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Abstract

This thesis deals with the development and application of an existing [169] non-linear,

one–dimensional mathematical and computational model of pulse wave propagation in the

human pulmonary circulation with an aim to improve our ability to predict blood pressure

and flow in the pulmonary arteries and veins and enhance our understanding of haemody-

namic changes occurring during health and disease. The existing model by Vaughan [169]

is developed in two ways, firstly by improving the descriptions of venous geometry, values

of physiological parameters, inflow and outflow boundary conditions, and then by extend-

ing the model to predict pressure drop across the pulmonary vascular beds.

The arteries and veins are treated as thin, homogeneous elastic tubes, and blood as a

viscous, homogeneous and incompressible fluid. The non–linear effects of pulse wave prop-

agation are predicted in the large arteries and veins, solving the governing equations by

means of two–step Lax–Wendroff scheme. For an accurate haemodynamic prediction,

the effects of downstream vasculature are incorporated through dynamic structured–tree

matching conditions by linking the arterial and venous pressures and flows. For each blood

vessel in the structured trees, linearised governing equations are solved analytically.

The modelling capability is enhanced by imposing four outflow conditions at the orifices

of four large veins opening in the left atrium. Considering the fundamental differences

between pulmonary and systemic compliance behaviour, a revised compliance parameter

value is used to obtain improved predictions of the pulmonary pressure pulse. The model

is applied to various hypotheses of pulmonary hypertension to analyse the haemodynamic

disorders linked with the causes of the pulmonary hypertension. The prescribed flow–rate

boundary condition at the system inlet limits the occurrence of any changes in the flow

patterns due to the hypertension, so a new pressure boundary condition, simulating re-

modelling of the heart or ventricular dysfunction, is imposed to study the effects of the

hypertension on the volume flow–rate. To better understand the microcirculatory charac-
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teristic in the pulmonary circulation, under normal and diseased conditions, the model is

further extended to predict the mean pressure drop across the pulmonary arterioles and

venules by treating the connected structure trees not only as boundary conditions but also

an active fluid dynamical part of the model. A more insightful interpretation of the results

is provided by separating the pulse waveforms into incident and reflected components us-

ing Wave Intensity Analysis. Finally, the model is applied to assess the effectiveness of

commonly used techniques to estimate local pulse wave velocity in the pulmonary arteries.

This thesis is a step forward in understanding the performance of the pulmonary circulation

and its behaviour in response to various anatomical and physiological changes in health

and disease. Moreover, despite having room for further developments and validation, the

model has the ability to simulate physiologically relevant pulse waveforms at a reasonable

computational cost and therefore has a prospect of clinical application in the long run.
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Chapter 1

Introduction

This chapter provides a brief introduction to the subject and an overview of existing

relevant work. At the end of this chapter a chapter-wise layout of the thesis is also given.

1.1 Cardiovascular circulatory systems

The cardiovascular circulation is comprised of two separate and distinct systems, the

systemic and the pulmonary circulation, both connected to the heart (see Figure 1.1).

The heart consists of four chambers, two ventricles and two atria, and its function is to

provide the energy to move the blood through these two systems across the whole body.

During a cardiac cycle the size of the heart varies due to contraction and relaxation of the

heart muscles. During the contraction phase, known as systole, almost an equal volume

of blood (stroke volume) is pumped through aortic and pulmonary valves into ascending

aorta and main pulmonary artery (MPA). During diastole, the relaxation phase, the aortic

Figure 1.1: Diagram has been removed due to Copyright restrictions.

A depiction of cardiovascular circulatory system in the human body. The picture illus-

trates the arrangement of pulmonary and systemic circulations and their connection with

the heart. The blue colour in the figure indicates the deoxygenated blood whereas

the red colour indicates the oxygen rich blood. The right heart regulate the deoxy-

genated blood which is pumped in the lungs through pulmonary arteries where it gets oxy-

genated and transported back to the left heart through pulmonary veins. Figure taken

from csuglobal.blackboard.com/bbcswebdav/courses/Recycle%20Bin/hcm305 4/hcm305 4.html#

on 25/11/2013.
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Chapter 1. Introduction 2

and pulmonary valves shut while the mitral and tricuspid valves open to fill the left and

right ventricles with the blood coming from left and right atria, respectively. The systemic

circulation transports oxygenated blood from the left heart to organs and muscle in the

body and back to the right heart, and the pulmonary system, which serves to remove CO2

and re-oxygenate the blood, transports blood from the right heart through the lungs and

back to the left heart.

The pulse wave

Initiated by the contraction of the heart, the arterial pulse wave is a propagated pulsation

or disturbance in the longitudinal direction along the arterial lumen. The propagation of

the pulse involves simultaneous changes in potential (pressure) and kinetic energy (flow–

rate) which propagates faster than the bulk flow velocity of the blood. The shape of

the pulse, both in the systemic and pulmonary arteries, depends on the pattern of ven-

tricular contraction, motion and properties of the blood, and the structural and material

properties of the blood vessels. Thus the features of the pulse wave, such as the shape,

speed and magnitude of the pressure and flow waveforms, carry vital information about

the complex architecture of arterial network and its dynamic interaction with the heart.

A detailed analysis of the pulse wave helps us to understand the contribution of physio-

logically important parameters, such as the arterial stiffness through pulse wave velocity,

in understanding the overall haemodynamics in the circulation.

1.2 Modelling the circulation

The purpose of mathematical modelling is to develop a theoretical representation of the

real world system that may be solved to simulate the functional behaviour of the real

system. Thus a good mathematical model includes the essential features of the real world

system and, more importantly, can be solved to simulate an outcome, the behaviour of

which mimics with that observed in the original system. The fundamental motivation of

mathematical modelling is to improve our understanding and insight into the function of

the system by investigating the simulated results in detail. However, with ever improving

technology and the boost in computational resources, the modeling objective has also

evolved from deep understanding of a phenomenon to devise control strategies of the real

world system, based on the predictions through model simulations.
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Likewise the modelling of cardiovascular circulatory systems and the simulation of pulse

wave propagation in the arteries is of great interest for mathematicians and physiologists

alike. Computational models of blood flow significantly improve our understanding of the

system and provide useful insight into the underlying mechanisms, such as the relation

between blood pressure and the geometric and material properties of the blood vessels and

the role of peripheral resistance in characterizing the pulse wave propagation in the main

arteries. A good understanding of normal cardiovascular function also helps to improve

our understanding of abnormal function. Therefore, powered by modern technology, like

Magnetic Resonance Imaging (MRI), the enhanced capability to model the cardiovascular

systems by incorporating the detailed in vivo data is playing an increasingly significant

role in improving the diagnosis and treatment of the cardiovascular diseases, which remain

the major cause of deaths in the developed countries.

The lungs have a unique structure, consisting of complex network of arterial and venous

vessels, airways and alveoli which makes the pulmonary circulation vastly different from

systemic circulation. However, most previous modelling studies (e.g. [50,52,103,116,145])

only focus on the systemic arterial system, while relatively little attention has been given

to the pulmonary circulation. The physiological importance and complex anatomy not

only makes modelling of pulmonary circulation a unique and interesting problem for both

mathematical modellers and physiologists but it also highlights the need to model the pul-

monary system as a distinct system with an aim to predict the pulmonary haemodynamic

in detail. By developing a computational model specific to the pulmonary circulation, it

is not only possible to predict the normal physiological behaviour of pressure and flow

in the lungs but the effects of disease, like pulmonary hypertension, on the pulmonary

haemodynamics may also be analysed.

1.2.1 Anatomy and physiology of the pulmonary circulation

To understand better how to approach studying the dynamics involved in predicting the

propagation of pressure and flow in the pulmonary system, we first need to understand the

anatomical and physiological design of the pulmonary circulation and outline similarities

and differences between the systemic and pulmonary systems.

The pulmonary circulation extends from the outlet of right ventricle (RV), into main

pulmonary artery (MPA), to the orifices of four pulmonary veins in the left atrium (LA).

Unlike the systemic circulation there is immediate branching of the MPA towards right
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Figure 1.2: Diagram has been removed due to Copyright restrictions.

A sketch of pair of human lungs, taken from Atlas of Human Anatomy by Frank H. Netter [54].

Only those vessels that are to be modelled explicitly are labelled. The picture depicts the start

of pulmonary circulation from the right ventricle, its branching toward right and left lungs and

return to the left atrium via four large veins.

and left lungs (right and left pulmonary arteries) which further branch rapidly and pro-

gressively until the level of the bronchi where the capillaries loop around the bronchia

to facilitate maximal perfusion of oxygen and carbon dioxide with the lungs [177]. The

MPA exhibits significant tapering from its proximal end to the point of bifurcation at the

distal end, where it bifurcates into the left (LPA) and right pulmonary arteries (RPA) [12].

Moreover, the path length along pulmonary vascular segments are shorter than their sys-

temic counterparts with an approximated total path length of 34 cm between pulmonary

valve and the left atrium [73, 74, 148]. The two systems transport the same volume of

blood, but the pulmonary system is much smaller and operates at a much lower pressure.

Moreover, the pulmonary system only stores about 10% of the total blood volume (about

500 ml of blood). This is still significant, given that the lungs only comprise 1% of the

total body weight [163].

A more important difference between the two systems is that, in the pulmonary cir-

culation, the arterial and venous walls are thinner and more compliant than the systemic

vessels, giving rise to a low pressure and low resistance system [105, 121]. Moreover, the

pulmonary vessels do not get stiffer as they progress away from the heart [13, 121] and

therefore the pulmonary capillaries are also found to be more compliant than the systemic

capillaries and they also tend to dilate with a raised transmural pressure [178], however,

this relationship is complex and the extent of their compliance is not clear [179]. The mean

driving pressure in the pulmonary arteries is about 10 mmHg1 compared to 91 mmHg in

the systemic arteries, and, since the volume flux is equal in both systems, the resistance in

the pulmonary circulation is nine times less than that of systemic circulation [63,111] but

this low resistance increases with age [90]. The low resistance in the pulmonary microcir-

culation also leads to the transmission of pulmonary arterial pulse pressure to the alveolar

capillaries and therefore pulsatile flow in the capillaries [141] and even on the venous side

1As common for studies examining cardiovascular dynamics, all pressures are given in mmHg. The

conversion to SI units is 1 mmHg = 133.3 Pa. Also 1 atm = 760 mmHg.
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Figure 1.3: A schematic of pressure distribution across different levels of cardiovascular circulatory

systems. The pressure in the pulmonary arteries is much lower than in the systemic arteries, but

the pulmonary veins are pressurized unlike their systemic counterparts [63].

Figure 1.4: Diagram has been removed due to Copyright restrictions.

Anatomy of pulmonary veins. A depiction of different branching patterns of pulmonary veins

anatomy found through MRI images from patients under control and with arterial fibrillation.

Shaded portions indicate different parts from typical anatomy. A, typical branching pattern. B,

short common left trunk. C, long common left trunk. D, right middle pulmonary vein. E, two

right middle pulmonary veins. F, right middle pulmonary vein and right upper pulmonary vein

(from Kato et al. [82]).

of pulmonary circulation is observed [18,101].

As for the pulmonary veins, a variety of anatomic patterns may be observed in peo-

ple with normal and abnormal pulmonary function (see Figure 1.4) [82]. However, the

most commonly observed pattern is where four veins, left and right superior and inferior

pulmonary veins, return the oxygenated blood from both lungs into the left atrium. In

this thesis, as shown in Figure 1.4–A, the most common or typically healthy pulmonary

venous geometry is simulated. Furthermore, the pulmonary veins serve not only as chan-

nels through which oxygenated capillary blood flow is transported into the left atrium,

but they also regulate fluid filtration pressure in the upstream capillary network via active

vasomotion, contributing significantly towards total pulmonary vascular resistance [56].
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1.2.2 Modelling approach

The detailed modelling of structurally complex systems, like the pulmonary system, leads

to mathematical complications which make it extremely difficult, if not impossible, to

solve the model analytically or numerically. In such situations, by keeping in mind the

application requirements and the available resources for modelling, one has to carefully

decide which aspects of the systems are essential, which may be ignored, which part of the

system must be modeled explicitly, and which can be approximated.

Blood flow in the arteries is a three–dimensional phenomenon and as large scale compu-

tations are becoming increasingly feasible, it is possible to simulate three dimensional pulse

wave propagation in the arteries by numerically solving the governing three dimensional

equations [50,61,102,107,129,170]. While this approach is useful, especially to understand

the response of pressure and flow field to the local biomechanical forces occurring, e.g. due

to initiation and development of atherosclerotic and aneurismal disease in the large arter-

ies [189], in most clinical situations, e.g. during surgery, only one–dimensional pressure

and flow profiles are required to monitor and infer patients’ haemodynamical response.

Although the information about one–dimensional pulse may be extracted from the three–

dimensional models, computationally this approach is not feasible for full circulatory sys-

tem particularly when one is only interested in a detailed analysis of one–dimensional pres-

sure and flow waveforms. It has been observed that predictions through cross–sectionally

averaged one–dimensional models of blood flow agree with the corresponding simulations of

resulting three–dimensional models when averaged over the cross–sectional area [107,129].

Thus where detailed simulations in full scale three–dimensional circulation models remain

computationally expensive, the one–dimensional models may provide accurate prediction

of quantities like, cross–sectionally averaged pressure and flow along the arterial lumen,

at the fraction of the cost of three–dimensional models. In this thesis we also focus on a

simpler one–dimensional model to simulate the pressure and flow in the large pulmonary

arteries and veins.

One–dimensional models

Linear approach: The simplest approach to study the blood flow in arteries starts

by considering an invscid, incompressible fluid in an infinitely long compliant tube with

uniform cross–sectional area in which the axial flow is governed by conservation of fluid

volume and momentum along with a state equation that relates the undisturbed cross–
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sectional area of the tube to the local transmural pressure [32]. The linearised version of

governing equations is achieved by considering the small perturbations (long wavelength

approximation) in the initial undisturbed state (finite pressure and zero axial velocity) of

the tube and the fluid contained in it. The resulting pulse wave propagates along the tube

with a constant wave velocity without changing the shape of the pulse wave while the

pressure and flow waves remain in phase. If the analysis is considered in a tube of finite

length, bifurcating into daughter vessels, then the changes in pressure and flow along the

parent tube can be explained in terms of reflections generating from the site of impedance

mismatch due to abrupt changes in the local geometry and material properties at the

junction.

The phase difference between pressure and flow was discussed by J. R. Womersley

for the first time in his analysis of pulsatile blood flow in the arteries [182]. He derived

the system of linear partial differential equations under the assumption of axisymmetry,

linear viscoealstic wall properties, and by perturbing the pressure and axial velocity about

the undisturbed state to govern the fully developed pulsatile flow in an elastic vessel.

The resulting system of equations can be solved analytically and the solution involves

Wormesley parameter, w = r
√
ω/ν, that defines the relation between angular frequency

of oscillation in pressure gradient (ω) and the kinematic fluid viscosity (ν) through the

vessel radius (r). Womersley explained that at lower frequency of oscillation, ω, the

viscous effects would be dominant, yielding w ≤ 1, so the parabolic velocity profile will

have enough time to develop fully during each cardiac cycle, as is the case in small blood

vessels. However, in the large arteries when ω is higher, the viscous effects become weak

and the shape of the velocity profile become more plug–like for large values of w (≥ 10).

In this case there is phase lag between pressure gradient and the blood velocity.

Non–linear approach: The non–linear approach for simulating the pulse wave prop-

agation in the arteries involves solving a hyperbolic system of partial differential equa-

tion consisting cross–sectionally averaged conservation of volume and momentum and a

so–called state equation that relates the vessel cross–sectional area with the transmural

pressure. The one dimensional governing equations are based on the assumption that the

component of blood flow velocity in the axial dimension is dominant and the changes in

pressure over the cross–sectional area can be neglected for the viscous, incompressible flow

in a thin walled elastic tube. The resulting non–linear system can be solved by using
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the method of characteristics or by using a finite–difference [113, 169] or a finite–element

scheme [145] subject to suitable initial and boundary conditions.

1.2.3 Boundary conditions

Faced with increasing complexity due to rapidly increasing number of vessels and the total

cross–sectional area after each generation in the vascular trees, the non–linear computa-

tions at all generations become increasingly difficult. One approach is to define a domain

of interest by choosing a small subset of arteries or veins where the non–linear effects are

to be simulated in detail while accounting for the remainder of the vascular tree through

boundary conditions. Since the root of the arterial tree is a single vessel emanating from

the heart, it is reasonable to impose a measured flow–rate or pressure profile as an inflow

boundary condition. However, at points where the blood flows out of the arteries, that

lie within the computational domain of interest, depending on number of generations in

the tree the number of outlet points grow exponentially and it is not feasible to measure a

pressure or flow–rate profile at each outlet to be imposed as outflow boundary conditions.

Thus, in order to incorporate the effects of downstream haemodynamics on the pulse wave

in the main arteries, an outflow boundary condition is required to be used at the terminals

of main blood vessels that is not only physiological but its implementation is also feasible

from the computational point of view.

This can be done by creating a simplified representation of peripheral vascular beds,

which describe the general features of input impedance. One approach is by combining the

effects of physiologically important parameters, such as the total peripheral resistance and

compliance, in a lumped–parameter model while neglecting the spatial variations of these

parameters within the model. Another relatively new approach is to prescribe a network

of small blood vessels, based on the physiological description of actual vascular beds, such

that the effects of spatially distributed phenomena and the aspects of wave propagation

throughout the circulatory system may be taken into account. A popular example of afore

mentioned lumped–parameter model is the three–element Windkessel representation of the

vascular beds [9, 25, 133, 154] whereas the structured–tree representation of vascular beds

is a good example of distributed downstream models. In many recent studies concerning

the blood flow in the arteries [35,36,40,114–116,153,169], the structured–tree models are

further developed and preferred over the lumped–parameter models.
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Windkessel model

Originally derived by the German physiologist Otto Frank in 1899 [53], the earliest resistance-

capacitor (RC) or two–element Windkessel model, consisting of a resistance and a compli-

ance element, was developed to describe the ventricular afterload in response to dynamic

interaction of the heart with systemic and pulmonary arteries. Analogous to a windkessel

in a fire engine (see Figure 1.5), the arterial compliance plays the role of the Windkessel1

that helps in damping the oscillations in the blood pressure during systole and assists in

maintaining the organ perfusion during diastole. However, more than often the Wind-

kessel models are also described in analogy with electric circuits such as the one with

a parallel combination of a capacitor and a resistance, i.e. the two–element Windkessel

model, whereas the blood flow from the heart is considered analogous to current flowing

in the circuit and the blood pressure as the time varying electric potential. The RC model

interprets the entire arterial system lumped into two components: total compliance (CT )

of the larger (or proximal) arteries and the total peripheral resistance, RT , equivalent to

the combined resistance of all distal vessels in the microcirculation. The CT is determined

by the elasticity of the large arteries and obtained by calculating ratio of volume change,

∆V , to the corresponding pressure change, ∆P , i.e.

CT =
∆V

∆P
.

The RT is calculated as the ratio of pressure difference of mean aortic and venous pressures

to the cardiac output, Qin, i.e.

RT =
Pmean(aortic) − Pmean(venous)

Qin
.

To better account for the cumulative effect of vascular beds, a modified RCR or three–

element Windkessel model has been implemented in many studies (e.g. Burattini et al. [25],

Porenta et al. [133] and Stergiopulos et al. [154]) to prescribe a terminal or input impedance

at the distal ends of the large terminal arteries. The RCR model consists of an additional

resistance in series with a parallel combination of resistance and capacitor, and unlike the

RC model, it may take into account both resistive and compliant effects of proximal vessels

beyond the point of termination. The frequency–dependent input impedance Z(0, ω) of

the RCR model is given by

Z(0, ω) =
RT + iωCTRpRd

1 + iωCTRd
,

1A German terminology that roughly translates to “air chamber” in English.



Chapter 1. Introduction 10

R ¼ Pao;mean " Pven;mean

! "
=CO # Pao;mean=CO

with Pao,mean and Pven,mean mean aortic and venous pressure

and CO cardiac output. The compliant element is mainly
determined by the elasticity of the large, or conduit,

arteries. It can be obtained by addition of the compliances

of all vessels and is therefore called total arterial
compliance. The value of total arterial compliance, C, is

the ratio of a volume change, DV, and the resulting pressure

change DP:

C ¼ DV=DP

However, it is very difficult to perform an experiment were

a volume is injected into the arterial system without any

volume losses through the periphery. Therefore several
methods to derive total arterial compliance were devel-

oped, and those based on the Windkessel are discussed in

detail below. Actually the compliance of the large arteries
acts as the Windkessel, but over time it became customary

to call these lumped arterial models, made up of resistance

and compliance, Windkessel models. The strict separation
of conduit (compliant) arteries and small arteries and

arterioles (resistance vessels) is not possible, because large,

compliant, arteries have small resistive properties as well
and resistive vessels have, some, compliance. When

accounting for R and C only, we deal with the Frank or

two-element Windkessel model.
The two-element Windkessel predicts that in diastole,

when the aortic valve is closed, pressure will decay

exponentially with a characteristic decay time RC (see
below). Frank’s goal was to derive cardiac output. With the

characteristic decay time RC, derived from the aortic

pressure in diastole and an independent estimate of total
arterial compliance the peripheral resistance could be cal-

culated. Mean flow (i.e. cardiac output) is then simply

mean aortic pressure divided by peripheral resistance.

Frank estimated total arterial compliance from pulse wave
velocity in the aorta. This example shows that Windkessel

models and wave transmission of pressure in the aorta give

complementary information.
The Windkessel is a so-called lumped model. In other

words this lumped model describes the whole arterial

system, in terms of a pressure-flow relation at its entrance,
by two parameters that have a physiological meaning. One

cannot study phenomena that take place inside the arterial
tree such as wave travel and reflections of waves, etc.

It is interesting to note that in the past hypertension

research focused mainly on peripheral resistance, while the
contribution of total arterial compliance to blood pressure

was often neglected. (The groups of Safar [58] and West-

erhof [46] were exceptions in this respect, Fig. 2). In 1997,
however, it was shown that pulse pressure is a major pre-

dictor of cardiovascular morbidity and mortality [3, 36].

This observation made researchers realize that arterial
compliance is also of great importance, especially in old

age (systolic) hypertension.

The two-element Windkessel model tells us that the load
on the heart consists of peripheral resistance and total

arterial compliance and that both are important.

2 Improvement of Frank’s Windkessel:
the three-element Windkessel

Frank had only (aortic) pressure to base the two-element

Windkessel on. The diastolic pressure, Pdia(t), in the
proximal aorta with closed valves can be described by an

exponential decay and the two-element Windkessel indeed

predicts such a decay (Fig. 3):

Pdia tð Þ ¼ Pese
"t=RC

with Pes = end-systolic aortic pressure.
In the 1930s and 1940s a number of researchers tried to

improve the two-element Windkessel by adding resistance

Fig. 1 The concept of the Windkessel. The air reservoir is the actual
Windkessel, and the large arteries act as the Windkessel. The
combination of compliance, together with aortic valves and peripheral
resistance, results in a rather constant peripheral flow

Fig. 2 A sudden decrease in arterial compliance, but constant
peripheral resistance results in an increase systolic aortic pressure
and decrease in diastolic pressure. (Adapted from Randall et al. [46])
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Figure 1.5: The concept of Windkessel. The large (or proximal, in case of vascular bed) arteries

act as the Windkessel. The combination of compliance, together with characteristic impedance

and peripheral resistance, results in a rather smooth peripheral flow. Figure 2 from Westerhof et

al. [180].

which results in the pressure–flow relation in the time–domain [113,154], and the outflow

boundary condition takes the form

∂p

∂t
= Rp

∂q

∂t
− p

RdCT
+

qRT
RdCT

.

Here Rp represents the resistance to the flow due to proximal arteries that have a total

compliance CT whereas Rd is the combined resistance of distal microvasculature. More-

over, RT = Rp + Rd is defined as the total resistance in a vascular bed. Thus for each

terminal impedance three parameters CT , RT and R1/RT must be specified to implement

this model as a boundary condition. A more recent development in the class of Wind-

kessle models is the addition of a lumped inertance parameter that also takes into account

the combined inertial effects of the vessels beyond the terminal artery in a four–elements

RCLR model [180].

The ability of Windkessel models to adequately describe the pressure–flow relation

at the entrance of the arterial system that they model, is proven [180] and the use of

these models as an outflow boundary condition in a distributed models of large arteries

provides fairly accurate approximation of downstream haemodynamics. Moreover, com-

pared to fully distributed arterial models, the Windkessel representation of entire or part

of the arterial system is easier to use, especially when one is only looking for ventricular–

arterial or artery–arteriole coupling and is not interested in the fluid dynamical aspects
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of blood flow beyond explicitly simulated large arteries. Otherwise, due to spatially in-

variant, lumped description of physiologically meaningful parameters, the haemodynamic

within these models have little physiological meanings and, for instance, the measurement

of pressure distal to proximal resistance does not represent the pressure in distal vascular

system. Thus the model cannot include the effects of wave propagation, blood flow dis-

tribution and local vascular changes in parts of the system it models [180], and therefore

they do not make a good choice if one is interested in studying the spatially changing

fluid dynamics within the vascular beds. Moreover, for a single physiological case study

the parameters estimation for Windkessel requires in vivo pressure and flow data, which

is often obtained using invasive techniques. This approach is not feasible especially when

parameter estimation is required to study multiple physiological and pathological con-

ditions. This aspect limits the use of Windkessel models to simulate only physiological

waveforms, and its application for pathological conditions remains technically difficult and

time consuming.

Structured–tree model

Faced with the issue of a suitable downstream boundary condition, Olufsen [113–116] de-

veloped a distributed downstream model to analytically determine the dynamic, frequency

dependent, impedance of the arterial vasculature, which is viewed as an asymmetrically

structured tree outside the computational domain. The method involves the use of the

analytical solution of Womersley’s problem in the frequency domain by defining the input

impedance, Z(0, ω) = P (0, ω)/Q(0, ω) of a single vessel segment, based on the geometric

and material properties of the vessel and the terminal (or output) impedance, Z(L, ω), and

then recursively computing the input impedance of the entire vascular tree by assembling

the tree using the pressure continuity and flow conservation at the bifurcations and start-

ing from the terminal branches. The advantage of this type of boundary condition is that

it allows the effects of wave propagation on the non–linear flow and pressure in the main

arteries to be incorporated, compared with the lumped vascular models where the effects

of entire downstream haemodynamics is predicted by a lumped–parameter model which

can not include the effects of wave propagation within the model. Another advantage of

this model is to be able to change the local parameter values, such as the local compliance,

and the the density of the vascular beds, which enables us to study the pathological con-

ditions. Moreover, this approach is computationally efficient too, as the input impedances
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only require to be computed and stored once.

Olufsen used this boundary condition to study the blood flow in the systemic [113,116]

and pulmonary arteries [115] and other authors including Steele et al. [153] and Clipp &

Steele [35, 36] also implemented this boundary condition with modified structure trees to

study the blood flow in the systemic and pulmonary arteries, respectively. The most recent

development in this regards came form Cousins [40] and Cousins & Gremaud [38] who

adopted a different approach to obtain and solve the linearized governing flow equations for

each vessel segment in the structured tree. In their work they derived the flow equations by

linearizing the non–linear system of equations about a reference state and then analytically

solved the wave equations by applying the Laplace transform methods in order to compute

the total input impedance. However, the final simulations were found to be similar to those

of Olufsen [116].

In reference to pulmonary circulation, one of the major development in this regard came

from G. D. A. Vaughn [169] who extended the one–sided model of arterial structured tree

to a two–sided model of connected arterial and venous structured trees with an aim of

incorporating the effects of downstream vascular resistance offered by combined arterial

and venous vascular beds on the blood flow in the pulmonary arteries and veins. This

was an important development as the physiology of the pulmonary circulation is different

to the systemic side and unlike the systemic veins the pulmonary veins are believed to

regulate the upstream haemodynamics by contributing to the total peripheral vascular

resistance [56, 190]. This boundary condition is also used to match the arterial pressure

and outflow with the venous pressure and inflow to model the pulmonary circulation in

this thesis. The details of this matching condition are provided in Chapter 2.

1.3 Related work

To the best of author’s knowledge, to date only a few detailed analyses of the pulmonary

haemodynamics, concerning the pulse wave propagation, can be found in the literature [35,

92,115,169]. All these models take a non–linear approach and incorporate the anatomical

data such as the dimensions of the largest pulmonary arteries and the in vivo measured

flow data imposed as inflow boundary condition to solve the system numerically. However,

these models differ in the way they treat the downstream boundary condition, inclusion

of pulmonary veins and the species under consideration.
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The pulmonary circulation system consists of three longitudinal vascular segments

that are arranged in a series as the arteries, the resistance vessels and the veins but many

models either do not include the role of veins in flow regulation (one–sided models) [35,

115], or ignore the physical domain of vascular resistance, offered by resistance vessels in

the form of vascular beds, by considering lumped–resistance models [92]. The study by

Olufsen et al. [115] is an implementation of her structured–tree based model of systemic

arteries [116] to simulate the blood flow and pressure in the human pulmonary arteries

where the pulmonary specific in vivo anatomical data is incorporated to simulate the new

geometry, and a new inflow profile is imposed at the system inlet. Moreover, in this work

a new algorithm is also developed to compute the pulse pressure and the mean pressure

drop across the systemic and pulmonary vascular beds. The study by Clipp & Steele [35]

focuses on studying the effects of respiration and the zone dependent dynamic impedance

of downstream pulmonary vasculature on the pressure and flow in sheep. The highlight of

this work is the evaluation of zone specific parameters to define the size and geometry of

the structured tress at different vertical levels in the lungs. Optimization algorithms and

in vivo pressure and flow data were used to obtain these parameter values. The non–linear

fluid model by Li & Cheng [92] does include the venous side of circulation but it uses a

lumped parameter model to connect the arterial and venous haemodynamics. Moreover,

no detailed simulations are given in this paper, nor can any follow up work can be found

in the literature.

Out of the above mentioned computational models, only one model developed by G.

D. Vaughan [169] includes both sides of the pulmonary circulations and the vessels of

diameter≥100µm through connected structured trees. The connected trees represent the

diverging arterial vascular beds at the microcirculation level, which is connected with a

convergent venous vascular beds, after reaching a predetermined minimum radius. This

model, however, includes a common venous return to the left atrium and the geometry of

the pulmonary veins is considered as the mirror image of pulmonary arteries. Although

Vaughan adopted this approach because of the unavailability of the subject–specific venous

data for his study and that very little data about the dimensions and material properties

of the pulmonary veins can be found in the literature, the resultant venous geometry was

inappropriate to represent a truly physiological system. Among all the cases observed for

the venous anatomy (see Figure 1.4), in no case is a single large vein is found to transport

all the blood from two lungs back into the heart. Furthermore, all the above models
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have found to struggle with a suitable choice of compliance or stiffness parameters for

the pulmonary vessels which often lead to either too low [115] or too high [169] blood

pressures in the simulations. In the above studies various approaches have been adopted

to pick the compliance parameter in order to simulate the pulse waveforms with observed

physiological features. These approaches and the influence of compliance parameter have

been discussed in detail in Chapter 3.

Other approaches concerning the computational modelling of the pulmonary circula-

tion include image–based anatomical models of pulmonary blood flow, focusing more on

blood flow heterogeneity in the lungs rather than the pulse wave propagation, by taking

into account the anatomically based, zone dependent geometry of large and small blood

vessels and pulmonary airways. One such example is the extensive work by K.S. Burrowes

and collaborators [26–28, 162], who systemically developed a subject–specific, full–scale

geometric model of human lung, based on detailed anatomical data, obtained through

X-ray computed tomography imaging, for up to 25,00 vessels including large and small

arteries and veins. The accompanying airways geometry and description of pulmonary

capillaries are generated using empirically based algorithm [27]. The focus of analysis in

most of these studies is to analyse the effects of branching structure, respiration, gravity

and posture on blood flow distribution at various levels within the lung. Thus a detailed

analysis of pulmonary flow, in steady state condition based on Poiseuille flow solutions

in rigid tubes, is carried out within the capillary network, whilst a reduced model based

on non–linear Navier–Stokes equations in compliant arteries has also been developed by

Burrowes et al [28] to analyse the effects of important parameters on pulsatile flow and

pressure within the pulmonary arteries. Although the geometric development of arterial,

venous and capillary flow models in these studies is very detailed and include all the

key elements of a real functioning lung, these flow models are independent of each other

and haemodynamical changes in arteries, for example, does not incorporate the effects

of changes in the capillary haemodynamics. The coupling technique used in this thesis

may potentially be developed further to couple the anatomical flow models together to

complete the flow circuit within a lung. For a more detailed overview of pulmonary blood

flow models see [161].

Another aspect of the study of pulse wave propagation is the separation of measured or

simulated pulse wave into incident and reflected components by using a suitable technique.

Since the pulse wave observed at a given location is the composition of forward running
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incident and backward running reflected waves, the separation of pulse wave provides us

a useful insight of underlying mechanisms involved in shaping the pulse wave and helps

to interpret the result in a more rigorous manner. One such technique, routinely used for

pulse wave separation, is the Wave Intensity Analysis (WIA) [117, 118]. To the best of

author’s knowledge only a few studies analyse this aspect of pulse wave analysis in the

pulmonary circulation [47,48,69–71,150,151]. Among these studies, E. H. Hollander [69,71]

carried out the first ever WIA of pulmonary arterial blood flow using the in vivo pressure

and blood flow velocity measurements in anaesthetised open–chest dogs. Among major

findings of her study is the appearance of reflected wave from the junction of the MPA

and which decreases the amplitude of incident pressure wave. Among other most recent

studies are by Smolich et al. [150, 152], Dwyer [48] and Dwyer et al. [47], which are also

carried out by using the method of WIA and invasively measured simultaneous pressure

and velocity data in the pulmonary arteries of anesthetized late–gestation fetal sheep

and healthy anesthetized sheep, respectively. Dwyer et al. [47] also recognised the main

pulmonary bifurcation as a reflector that generates pressure wave reflections which serve to

reduce the amplitude of incident pressure wave, agreeing with Hollander [69]. In addition to

sheep, Dwyer also reported in his thesis [48] the first ever study of arterial wave reflections

by using the WIA in healthy and diseased human pulmonary vasculature. All of these

investigations have been carried out by using invasively obtained in vivo pressure and

velocity data and, to the best of author’s knowledge, no such study can be found that uses

the simulated pulmonary pressure and flow (or velocity) waveforms.

It is worth mentioning that the motivation and objectives of mathematical and com-

putational modelling of the cardiovascular systems are far more diverse than studying

the aspects of pulse wave propagation. In a review paper in the memory of Sir James

Lighthill, T. J. Pedley [127] mentions other aspects of modelling the arterial fluid dynam-

ics and discusses some of the developments in the study of fluid flow in complex arterial

geometries. Some examples include, modelling and simulation of steady and unsteady flow

in collapsable, one [128] and two–dimensional [96–98] tubes or channels and analysis and

simulations of flow in tubes with, non–uniform [99] and uniform time–dependent curva-

ture [176]. The objective of such analysis is to investigate a single physical phenomenon,

such as the wall shear stress and self–excited oscillations, and study its influence on the

biological properties of an isolated component of cardiovascular system, blood vessels for

instance. These studies have diverse applications in variety of physiological phenomenon,
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e.g blood flow in coronary arteries and gas exchange in the pulmonary air ways, therefore

results from theses studies can be readily reproduced for studies concerning multi–scale

modelling of a particular system with an aim of analysing global aspects of related phys-

iological phenomenon. Another aspect of cardiovascular fluid dynamics is the analysis of

fluid–solid interaction by means of immersed boundary methods. Such analysis has shown

to be very useful in simulating the detailed three dimensional fluid dynamics of heart

valves [60]. Finally, a rather different, and computationally intensive, aspect of cardiovas-

cular modelling is the patient–specific, image–based three–dimensional modelling of car-

diovascular system, an approach classified as fully computational and non–mathematical

by Pedley [127]. A most recent development in this regard is the detailed simulation

of a multi–scale, three–dimensional, full–body model of human arterial network [184].

Although computationally expensive, such models are very useful in understanding the,

complex multidimensional local and global haemodynamical changes due to stenosis, for

example.

1.4 Motivation and objectives of this thesis

The basic motivation behind this work is to improve our understanding of pulmonary

pulse wave behaviour under physiological and pathological conditions by analysing the

relation between structural and functional changes in the human pulmonary vasculature.

This can be achieved by simulating physiologically relevant pulse waveforms in the largest

pulmonary arteries and veins through a detailed one–dimensional model of human pul-

monary circulation that incorporates necessary and sufficient features of the real system.

The starting point is to refine an existing, partially subject–specific, one–dimensional

model of human pulmonary circulation [169]. This model includes an unrealistic venous

arrangement (large veins) and uses a stiffness parameter that does not exhibit the physio-

logical behaviour of pulmonary compliance. Consequently the pressure profiles simulated

through this model exhibit higher than normal pulmonary blood pressures. To achieve

our objectives we set some specific goals and follow the following line of action

• Numerically solve the revised model by assigning a new set of values to physiologi-

cally important parameters and simulate the pressure and flow profiles at different

locations along the large pulmonary arteries and veins over a complete cardiac cycle

for a normal physiological case.
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• Apply this newly revised model to test various hypothesis of disease condition clas-

sified under the definition of pulmonary hypertension.

• Extend our analysis by developing a new algorithm to predict the mean pressure

drop within the arterial and venous vascular beds.

• Improve the interpretation of our results assisted by a technique that decompose a

local pulse wave into its incident and reflected wave components.

• Where possible, validate our results by comparing our observations with physiologi-

cally observed features of pulmonary pulse wave.

• Look for possibilities to exploit our model and simulations to test and improve tools

for clinical purposes.

1.5 Thesis layout

This thesis is arranged into eight chapters and two appendices. This chapter (Chapter 1)

gives physiological and anatomical description of cardiovascular circulatory system in gen-

eral and pulmonary circulation in particular along with a brief introduction to the subject

of mathematical modelling of the circulation with reference to the existing relevant work.

The organization of the remaining chapters is given below.

Chapter 2 includes the description of the revised model of the pulmonary circula-

tion and the details of preliminaries, which include: the equations governing the one–

dimensional non–linear fluid dynamics in the large arteries and veins; linearised flow equa-

tions governing fluid dynamics in arterioles and venules; description of all the boundary

conditions which includes inflow, outflow and bifurcation conditions whereas a detailed

mathematical derivation of arterial venous matching condition is also provided. Finally a

brief description of the Lax–Wendroff finite difference scheme is given at the end of the

chapter. Besides the revised model description, the algorithm to execute the matching

condition in Section 2.4.1 is explicitly stated for the first time while in Section 2.5.2 the

inclusion of an inflow pressure condition through the numerical scheme is also the new

work of author.
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Chapter 3 focuses on to obtain a set of parameter values to represent the normal phys-

iological case for this study. Most of the discussion and analysis in this chapter revolves

around finding a suitable value of the compliance parameter.

Chapter 4 includes detailed simulations of the normal physiological case and apply the

model to analyse the hypothesis of pulmonary hypertension for two cases (i) normal heart

function (ii) with right ventricular dysfunction.

Chapter 5 extends our analysis to derive a new algorithm to predict the mean pressure

drop across pulmonary vascular beds in physiology and pathology.

Chapter 6 includes some new preliminaries to describe the theory of Wave Intensity

Analysis (WIA) and then apply this theory on our simulations to analyse the patterns of

wave reflections in the human pulmonary arteries during health and disease.

Chapter 7 studies the effects of linear wave separation using the estimates of local pulse

wave velocity and highlights the prospect of this model for clinical applications.

Chapter 8 summarises the thesis achievements and highlights the limitations of this

work by suggesting some directions for future work.

Apendix A gives description of how three–dimensional system may be reduced to an

axial, one–dimensional system.

Apendix B provides detailed of how bifurcation and matching conditions are incorpo-

rated through Lax–Wendroff numerical scheme.



Chapter 2

Formulations and Methods

This chapter first details the geometric description and mathematical formulation of our

one–dimensional model of pulmonary circaulation followed by methods used to solve the

resulting hyperbolic system of PDEs. The contents of the chapter thus include a detailed

description of the geometry, equations governing the fluid structure interaction and the

numerical methods used to solve the resulting problem subject to specified boundary

conditions.

2.1 Model description

The pulmonary vessels are organized in a complex tree like structure in which an individual

vessel can be viewed as a compliant tube that bifurcates further into pairs of daughter

vessels. Most previous models of pulmonary circulation only simulate pulmonary arterial

haemodynamics and completely ignore the role of pulmonary veins. Since the pulmonary

veins contribute towards overall vascular resistance that regulate flow in the pulmonary

arteries, studying arterial system alone is not adequate.

A complete model of the pulmonary circulation can be constructed by breaking the

whole system into four regimes: large arteries, small/resistance arteries (arterioles) and

veins (venules) and the large veins. The pulmonary circulation illustrated in Figure 2.1

consists of large arteries and veins organized in a tree like structure. The main pulmonary

artery (MPA) emanates from the right atrium and bifurcates into two vessels, the right

(RPA) and left (LPA) pulmonary arteries transporting blood to the right and left lungs.

As the heart is located on the left side of the body, the RPA is significantly longer than the

LPA. These two main vessels further bifurcate into the right and left interlobular arteries

19
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Figure 2.1: Schematic of pulmonary circulation model arranged in a sequence of larger arteries,

arterioles, venules and large veins. The large pulmonary arteries and veins are specified explicitly,

while the small vessels are represented by structured trees. The main pulmonary artery (MPA) is

the root vessel within the pulmonary arterial tree. A flow waveform measured using MRI is specified

at the inlet to this vessel. The MPA bifurcates into the right (RPA) and left (LPA) pulmonary

arteries. The RPA bifurcates into the right interlobular artery (RIA) and the right trunk artery

(RTA), and the LPA bifurcates into the left interlobular artery (LIA) and left trunk artery (LTA).

The RIA, RTA, LIA and LTA are the terminal vessels of the large pulmonary arterial model, and

it is to the outlet of these vessels that the structured-tree matching conditions are applied to join

the arterial and venous systems. The outlet of the RIA is matched with the inlet of right inferior

pulmonary vein (RIV), the RTA with the right superior vein (LSV), the LIA with the left inferior

vein (LIV), and the LTA with the inlet of left superior vein (LSV). The pulmonary veins open into

left atrium in pairs draining blood from left and right lungs and therefore at the outlet of each vein

a constant pressure condition is applied. Continuous-pressure and flow conservation conditions are

used at each bifurcating junction, marked by a ‘.’ for large arteries.
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(RIA and LIA) and the right and left trunk arteries (RTA and LTA). The tree of large

arteries is truncated at this point (after three generations from the heart) making R/LIA

and R/LTA the terminal vessels. Attached at the terminals of these arteries are structured

branching trees of resistance vessels in which arteries continue to bifurcate such that the

daughter vessels are scaled relative to parent vessels. After a predetermined minimum

radius (rmin) the structured tree of smaller arteries is also truncated and joined with a

topologically equivalent confluent tree of small venous vessels.

The venous vessels closely follow the branching patterns of the arteries, with the ex-

ception of four large veins, the right and left inferior (RIV and LIV) and the right and

left superior (RSV and LSV) pulmonary veins, which deliver blood to the left atrium. In

the large arteries and veins non-linear inertial effects cannot be neglected, whereas for the

smaller vessels viscous effects play an important role [32]. Therefore the large vessels, i.e.,

the MPA, R/LPA, R/LIA, R/LTA, R/LIV and R/LSV, are modelled explicitly, and the

small vessels, including the small arteries (veins) and arterioles (venules), are represented

by structured trees. This separation is similar to other studies [115,116,153], however none

of these studies considered the effects of the venous circulation. One study by Li et al. [92]

does include both arteries and veins, but this study uses a lumped parameter model to

represent the small vessels, so it is not possible to predict the effects of wave propagation

and pressure drop over the complete system. Moreover, the smallest capillaries offer little

flow resistance [55] and are not included.

2.1.1 Large arteries and veins

We classify large pulmonary arteries and veins together as the large vessels, which are

the main region of interest for which non-linear effects on time dependent pressure and

flow waves are studied. The large vessels have function of transporting blood to and

from the arterioles/venules and capillaries and they constitute a small portion of the

complete circulatory system. Since the pulmonary system is too extensive and complicated,

computationally it is not feasible to explicitly predict the non–linear haemodynamical

changes in all parts of the system.

Despite the fact that there is very little data available for geometric and material prop-

erties of human pulmonary veins and that the role of veins and their contribution towards

total pulmonary vascular resistance varies significantly with species, age, conditions of the

flow and vascular distention, there are sufficient evidences, which suggest that for mod-
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elling purposes pulmonary arteries and veins can be described in a similar way. Firstly

the arteries and veins more or less follow the same pathway to transport blood suggesting

that they have similar geometric properties. Secondly, besides the function of large vessels

(transporting blood to/from small vessels), some experimental studies in animals suggest

that material properties of the pulmonary arteries and venous network are similar. For

instance, in a neonatal lamb lungs, it is found that when the lung was perfused in reverse,

from the left atrium to the pulmonary artery to distend the veins with high transmural

pressure, the fractional resistance in the veins was same as that in arteries during the for-

ward flow [56]. Moreover, another study by Zhuang et al. [190] of the feline lung suggests

that the pulmonary arterial and venous compliance is same for the blood vessels smaller

than 2 mm in diameter. It can be inferred from these studies that the blood vessels in

pulmonary arterial and venous trees share identical geometric and material properties and

hence can be viewed generally as large blood vessels for modelling purpose.

Before describing how the haemodynamics is computed in the large vessels, we first

describe the geometry used for generating the domain for the computational model.

Vessel geometry

As described in [115], the geometry of the large pulmonary arteries was specified from

measurements from a healthy young volunteer. These data were collected using magnetic

resonance imaging (MRI) at the Scottish Pulmonary Vascular Unit. Figure 2.1 shows a

schematic of the measured arteries, specifically the first three generations of the pulmonary

arterial tree, while vessel lengths and diameters are summarised in Table 2.1.

A comparison of proximal and distal diameters of arteries from Table 2.1 suggests

that the pulmonary arteries taper along the length. Thus we model large arteries as a

bifurcating tree in which individual vessels are considered to taper exponentially along the

length. Thus the radius r(x) at any position along the vessel is given by

r(x) = rproxexp(−kx),

where the tapering factor k = log(rdist/rprox)/L is given by Olufsen et al. [116]. With this

value of k the radius takes the following form

r(x) = rproxexp

(
log

(
rdist

rprox

)
x

L

)
= rprox

(
rdist

rprox

)x/L
, (2.1)

where rprox and rdist are the proximal and distal radii of an artery. Also at each bifurcation

the distal cross–sectional area of the parent vessel is greater than the individual proximal
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No. Name Prox. diam. Dist. diam. Length

(cm) (cm) (cm)

1 MPA 2.72 2.60 4.50

2 RPA 1.86 1.20 5.75

3 LPA 2.20 2.16 2.50

4 RIA 1.14 1.10 1.25

5 RTA 0.92 0.92 1.00

6 LIA 2.08 1.80 2.25

7 LTA 1.16 1.16 1.00

8 RIV 1.18 1.10 1.25

9 RSV 1.02 0.92 1.50

10 LIV 1.94 1.80 2.25

11 LSV 1.28 1.16 2.00

Table 2.1: Dimensions of the large pulmonary vessels including the main pulmonary artery (MPA),

the right (RPA) and left (LPA) pulmonary arteries, the right (RIA) and left (LIA) interlobular

arteries, the right (RTA) and left (LTA) trunk arteries, the right (RSV) and left (LSV) superior

veins, and the right (RIV) and left (LIV) inferior veins. For each vessel, the proximal and distal

diameters are given together with the vessel lengths. For both arteries and veins, proximal and

distal refer to vessel entry close to and away from heart. The measurement resolution for all

diameters is up to 1d.p. (mm), and all vessel lengths are rounded to the nearest 2.5 mm to match

the spatial resolution used in numerical computations. The RTA and LTA were too short to obtain

both inlet and outlet diameters, thus these vessels were assumed not to taper and their lengths

were estimated.
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Figure 2.2: Left: Structured tree of small arterial vessels by Olufson et al. [114], used to provide

outflow conditions to large arteries. Right: A schematic of structured trees of small arteries (blue)

and veins (red), joined together to provide a matching condition to large arterial and venous trees.

cross–sectional areas of any of the daughter vessels, however, the sum of the proximal cross–

sectional areas of the daughter vessels is greater than that of the distal cross–sectional area

of parent vessel meaning that the total cross–sectional area increases at each junction.

Unfortunately, the MRI studies did not provide measurements for the large pulmonary

veins (numbered 8–11 in Table 2.1) therefore we have obtained their dimensions from

literature [83,87]. This is done by combining the observations from these studies with the

requirement that the distal diameter of each terminal large artery (i.e. each of the RIA,

RTA, LIA and LTA) must be the same as the distal diameter of its matching terminal vein

(the RSV, RIV, LSV and LIV, respectively) (Figure 2.1).

2.1.2 Small arteries and veins

The purpose of including arterioles and venules (small/resistance vessels) in this model is

to built a resistance model that includes the effects of periphery flow dynamics outside

the computational domain, by relating the arterial flow and pressure with the venous flow

and pressure, through a suitable matching condition. This approach was first introduced

by G. D. Vaughan [169] by prescribing separate structured tree models for the arterial and

venous trees, extending Olufsen et al.’s (2000) [116] model for the systemic circulation, and

then join these two trees. This approach completes the pulmonary system by providing a

physiology based matching condition, which translates the wave propagation effects and

the role of arterioles and venules on blood flow regulation. Since the small pulmonary veins

are known to follow closely the course of the pulmonary arteries, the pulmonary venous
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Figure 2.3: Effects of radius exponent (ξ ∈ [2.3, 3]) and asymmetry ratio (γ ∈ [0.2, 1]) on cross–

sectional area ratio (η). η decreases by the decreasing the values of either of ξ or γ.

tree is described as a ‘mirror image’ of the pulmonary arterial tree depicted in Figure 2.2.

The two trees are represented by the same topology, assuming a one-to-one correspondence

between each vessel, but vessels are allowed to have different length-to-radius ratios and

material properties (e.g. compliances), from vessels in the mirror tree. To ensure the

same number of branches in arterial and venous trees, the radius of the root (i.e. largest)

vessel must be the same for both arterial and venous trees. Both the arterial and venous

structured trees are set up, as described by Olufsen et al. [114–116], assuming that at each

junction the daughter vessel radius can be predicted from the parent vessels as rd1 = α rp

and rd2 = β rp, i.e., for any vessel the radius r = αiβjr0, where r0 is the radius of the root

vessel. Scaling factors α and β were determined from studies suggesting that branching of

smaller arteries are governed by three relations: a radius power-law, an asymmetry ratio

γ and an area ratio η, given by

rξp = rξd1 + rξd2 , 2.33 ≤ ξ ≤ 3, (2.2)

γ = r2
d2/r

2
d1 , (2.3)

η =
r2
d1

+ r2
d2

r2
p

=
1 + γ

(1 + γξ/2)2/ξ
, η > 1, (2.4)

where the subscript p refers to the parent vessel and subscripts di, i = 1, 2 refer to the

daughter vessels. Only any two of these relations are mathematically independent. Also,

in figure 2.3, it can be observed that increasing either ξ or γ leads to an increase in the

area ratio η. This implies an increase in the total cross–sectional area of daughter vessels

at each bifurcation, leading to more number of generations between r0 and rmin and hence

a denser structured tree. The value of exponent ξ in the radius relation was obtained from

considerations associated with minimising work in the arterial system. A value of ξ = 3
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is optimal for laminar flow, ξ = 2.33 for turbulent flow and ξ = 2.76 is a good choice

for arterial blood flow [132, 159, 166]. Also based on earlier studies [115, 116], we choose

η = 1.16, which together with ξ = 2.76 yield an asymmetry ratio γ = 0.41. Finally, the

scaling factors α and β for these values are given by

α = (1 + γξ/2)−1/ξ = 0.91,

β = α
√
γ = 0.58,

which satisfy observations that the areas Ad1 , Ad2 < Ap while Ad1 +Ad2 > Ap.

In addition to the radius relations, the length of each vessel must be specified. For the

pulmonary vessels, a length-to-radius relation was obtained by analysing data summarised

by Fung [55] (based on experiments by Singhal et. al. [148]) combined with observations

from studies by Huang et al. [75] that suggest a length-to-radius relation given by

l =


15.75r1.10 for arterial radius ≥ 0.005 cm,

1.79r0.47 for arterial radius ≤ 0.005 cm,

14.54r for venous radius ≤ 0.2 cm,

(2.5)

where the l and r (both specified in cm) denote the length and radius of the vessel, whilst

throughout this thesis we will refer to coefficients of r, in each equation in (2.5), as length

to radius ratio, denoted by lrri (i = A, V ). Also, note that the different scaling for the

arteries and veins provides asymmetry between the two structured trees.The details of

how these scaling ratios are obtained may be found in [169].

A recent study by Cousins & Gremaud [38] showed that the impact on resistance from

the structured trees critically depends on the value of rmin, the minimum vessel radius at

which trees are terminated. By using a one–sided structured tree with a finite number

of generations, they showed that the total resistance of the structured tree converges as

rmin → 0 if and only if ξ > 3 in equation (2.2). As described above that the theoretical

and physiological value of ξ ∈ [2.33, 3], and based on existing studies, we also chose

ξ = 2.76. Therefore, for the pulmonary arterial and venous structured trees we chose

rmin = 0.005 cm. This cutoff choice also allows us to use a single equation ((2.5)1 and

(2.5)3) within each arterial and venous tree.
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2.2 Fluid dynamics of large blood vessels

In order to derive the one–dimensional equations governing the blood pressure and flow

in large blood vessels, one must use approximations that reduce a three–dimensional phe-

nomenon to a one dimensional problem. Different approaches can be found in literature

resulting in different one–dimensional systems of equations. Commonly used approaches

include deriving the equations of flow directly from the theory of fluid flow for viscous,

incompressible fluid in a longitudinally–tethered compliant tube without assuming any

axisymmetry or shape of the cross–sectional area allowing for the no–slip conditions at the

wall for an axially dominated velocity field to obtain a very general form (e.g. [77,78]). Al-

ternatively, one may adopt the quasi–linear approach suggested by Barnard et al. [15], by

first eliminating the radial and angular momentum equations by imposing assumptions on

the velocity field (ur � ux) and then averaging the continuity and momentum equations

by integrating them over vessel cross–sectional area.

In this thesis we follow the approach, originally based on the work from Barnard et

al. [15] and Peskin [130] and put forward by Olufsen et al. [116], in which the volumetric

flow–rate, blood pressure and cross–sectional area is predicted in time along one spa-

tial dimension using two equations ensuring the conservation of volume and momentum.

Among more recent studies, similar approach is also followed by R. B. Clipp [34] and

W. B. Cousins [40] to study blood flow in pulmonary and systemic systems. The deriva-

tions below are from Olufsen et al. [116], which are also used in her more recent work on

pulmonary circulation [115].

Shown in Figure 2.4 is the schematic of a large blood vessel, assumed as a compliant

tube in cylindrical polar coordinate system (r, x, θ) with radius r and length L. Thus each

point inside the vessel can be described by (r, x, θ) with 0 ≤ r < R(x, θ, t), 0 < x < L and

0 ≤ θ ≤ 2π. Here R(x, θ, t) [cm] denotes the variable radius of the tapering vessel at a fixed

position along the length, L [cm] of the vessel for all t [s], implying a variable cross–sectional

area A(x, θ, t) = πR2(x, θ, t) [cm2]. Let u = [ur(r, x, θ, t), ux(r, x, θ, t), uθ(r, x, θ, t)] [cm s−1]

be the velocity field of the fluid within the vessel, where subscripts r, x and θ respectively

represent the radial, axial and angular components of the velocity field in chosen coordinate

system. Let p(r, x, θ, t) be the blood pressure [mmHg] inside the vessel and p0 is the

constant diastolic or external pressure. Moreover, at t = 0 we get p(r, x, θ, t) = p0 and

R(x, θ, t) = r0(x) which refers to equilibrium or unstressed state of the vessel.

Further, we consider blood to be a viscous, homogeneous and incompressible fluid with
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Figure 2.4: A schematic of an axisymmetric compliant vessel, with variable cross–sectional area

and tapering walls, is shown in equilibrium (unstressed) state at p = p0. A0 and r0 are the

equilibrium cross–sectional area and radius whereas rprox and rdist denote the proximal and distal

radii, respectively.

a constant viscosity µ = 0.49 [g(cm s)−1] and density ρ = 1.055 [g cm−3] and the flow inside

the blood vessels as laminar. In order to formulate a one-dimensional model we further

assume that there are no swirls in the fluid i.e. the motion in circumferential direction may

be neglected implying uθ(r, x, θ, t) = 0. Moreover, the flow in the vessel is axisymmetric

i.e. the blood flow velocity and pressure are independent of the θ coordinate. Under these

assumptions the conservation of mass (continuity equation) implies that the divergence of

velocity field vanishes i.e.
∂ux
∂x

+
1

r

∂(rur)

∂r
= 0, (2.6)

and the radial and axial balance of momentum (Navier–Stokes equations) become

ρ

(
∂ur
∂t

+ ur
∂ur
∂r

+ ux
∂ur
∂x

)
= −∂p

∂r
+ µ

(
∂2ur
∂r2

+
1

r

∂ur
∂r
− ur
r2

+
∂2ur
∂x2

)
, (2.7)

ρ

(
∂ux
∂t

+ ur
∂ux
∂r

+ ux
∂ux
∂x

)
= −∂p

∂x
+ µ

(
∂2ux
∂r2

+
1

r

∂ux
∂r

+
∂2ux
∂x2

)
. (2.8)

The left hand sides (LHS) in both equations define inertial forces through the sum of local

(first terms on LHS) and advective (2nd and third terms in LHS) accelerations (or material

time derivative of the velocity) in radial and axial directions. This is balanced with the

sum of normal and shear stresses on the right hand side (RHS), dominated by negative
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pressure gradient and the viscous forces defined through shear stresses.

Due to the natural structure of the blood vessels, i.e. vessels are much longer in the

axial direction than in the radial direction, we consider R(x, t)� L. Moreover, the vessel

walls undergo small transverse motion and for laminar flow in a compliant vessel the

maximum value of radial velocity ur(r, x, t) is the radial velocity of the vessel wall. This

leads us to the assumption that ur(r, x, t) � ux(r, x, t) in large blood vessels. As shown

by Barnard et al. [15] the implication of this assumption reduces (2.7) to

∂p

∂r̃
≈ 0, (2.9)

which means that dependency of pressure on radial coordinate is negligible i.e. p = p(x, t)

only. Moreover, the last term (∂2ux/∂x
2) in (2.8) also gets eliminated in the same process,

leaving us with

∂ux
∂t

+ ur
∂ux
∂r

+ ux
∂ux
∂x

= −1

ρ

∂p

∂x
+ ν

(
∂2ux
∂r2

+
1

r

∂ux
∂r

)
, (2.10)

where ν = µ/ρ [cm2s−1] is kinematic viscosity. Detail of how (2.7) and (2.8) are reduced

to (2.10) can be found in [15] and also provided in Appendix A for readers’ convenience.

Further, the vessel wall is assumed to be impermeable so the fluid contained inside

obeys no–slip condition at the wall i.e. the velocity of the fluid at the wall is same as the

velocity of the wall. Since the vessels are also longitudinally tethered, the walls undergo

transverse motion only, yielding the no–slip conditions

[ux(r, x, t)]r=R(x,t) = 0 and [ur(r, x, t)]r=R(x,t) =
∂R(x, t)

∂t
. (2.11)

Carrying on to obtain a one–dimensional system, we first integrate (2.6) over cross–

sectional area

0 = 2π

R∫
0

(
∂ux
∂x

+
1

r

∂(rur)

∂r

)
rdr,

= 2π

R∫
0

∂ux
∂x

rdr + 2π

R∫
0

1

r

∂(rur)

∂r
rdr,

= 2π
∂

∂x

R∫
0

uxrdr − 2π
∂R

∂x
[rux]R + 2π[rur]R. (2.12)

Since A = πR2, using the no–slip condition (2.11), the last term in (2.12) becomes

2π[rur]R = 2πR
∂R

∂t
=
∂A

∂t
. (2.13)
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Defining volumetric flow q(x, t) [cm3s−1] (volume/time) as

q(x, t) = 2π

R∫
0

ux rdr (2.14)

and using (2.13) and (2.14) in (2.12), we get the one–dimensional equation of continuity

∂q

∂x
+
∂A

∂t
= 0. (2.15)

In order to obtain a one–dimensional equation ensuring balance of momentum, we now

integrate (2.10) over the cross–sectional area

2π

R∫
0

(
∂ux
∂t

+ ur
∂ux
∂r

+ ux
∂ux
∂x

)
rdr = −2π

ρ

R∫
0

∂p

∂x
rdr + 2πν

R∫
0

1

r

∂

∂r

(
r
∂ux
∂r

)
rdr. (2.16)

Since p 6= p(r), integration of RHS is straight forward, yielding

2π

R∫
0

∂ux
∂t

rdr + 2π

R∫
0

(
ur
∂ux
∂r

+ ux
∂ux
∂x

)
rdr = −A

ρ

∂p

∂x
+ 2πν

[
r
∂ux
∂r

]
r=R

. (2.17)

Using the no–slip condition (2.11) and the volumetric flow defined in (2.14), the first term

on the LHS of (2.17) becomes

2π

R∫
0

∂ux
∂t

rdr = 2π

 ∂

∂t

R∫
0

uxrdr −
∂R

∂t
[rux]R

 =
∂q

∂t
. (2.18)

Simplification of second term in (2.17) requires integration by parts and use of the no–slip

condition (2.11) and the continuity equation (2.6), so

2π

R∫
0

(
ux
∂ux
∂x

+ ur
∂ux
∂r

)
rdr =2π

R∫
0

ux
∂ux
∂x

rdr + 2π

R∫
0

ur
∂ux
∂r

rdr

=2π

R∫
0

ux
∂ux
∂x

rdr + 2π

[rurux]R −
R∫

0

ux
∂

∂r
(rur)dr


=2π

R∫
0

ux
∂ux
∂x

rdr + 2π

R∫
0

ux
∂ux
∂x

rdr

=2π

R∫
0

∂u2
x

∂x
rdr. (2.19)

Substituting (2.18) and (2.19) into (2.17) gives

∂q

∂t
+ 2π

∂

∂x

R∫
0

u2
xrdr +

A

ρ

∂p

∂x
= 2πν

[
r
∂ux
∂r

]
R

. (2.20)
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In order to evaluate the second term involving integral of u2
x on LHS and the frictional

force term involving derivative of ux in radial direction at the wall on the RHS of (2.20),

we need to make assumptions about the velocity profile.

Studies show that the velocity profile changes from almost flat at the entry region of

the aorta to a fully developed parabolic profile at the resistance arteries [111, 124, 125].

Keeping this in view, we choose an assumed Stokes–layer velocity profile, introduced by

Olufson et al. [116] in her model of systemic circulation, given by

ux(r, x, t) =

 ūx for r ≤ R− δ

ūx(R− r)/δ for R− δ < r ≤ R
, (2.21)

where ūx(x, t) is the constant axial velocity outside the Stokes–layer (or boundary layer),

defined as a thin region of thickness δ such that δ � R along the walls, where the viscous

effects are strong and transition to no–slip condition takes place. According to Lighthill [94]

the thickness of Stokes–layer can be estimated from the viscous penetration depth based on

the first harmonic i.e. δ = (νT/2π)1/2. For ν = 0.046 cm2s−1 and cardiac cycle T = 0.7 s,

we get δ = 0.07 cm.

It should, however, be noted that this is not the only profile that may be used to study

blood flow in arteries. Many researchers (e.g. [6, 38, 103, 145]) have used a more general

power–law to describe the shape of velocity profile in the vessels given by

ux(r, x, t) =
n+ 2

n
ūx

[
1−

(
r

R(x, t)

)n]
,

where the parameter n determines the shape of the profile, e.g. for n = 2 the velocity

profile becomes fully parabolic (Poiseuille profile). A more detailed comparison of these

and other velocity profiles can be found in [168].

Here we continue to the use velocity profile prescribed in (2.21). The integrals in (2.14)

and (2.20) can be expanded as power series in δ as

q = 2π

R∫
0

uxrdr = Aūx

(
1− δ

R
+O(δ2)

)
,

and

2π

R∫
0

u2
xrdr = Aū2

x

(
1− 4

3

δ

R
+O(δ2)

)
.

Combining these two terms yields

2π

R∫
0

u2
xrdr =

q2

A

(
1 +

2

3

δ

R
+O(δ2)

)
. (2.22)
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Using (2.21) in the frictional force term on RHS of (2.20) will provide[
r
∂ux
∂r

]
R

= −Rūx
δ

= −R
δ

q

A
(1 +O(δ)). (2.23)

Retaining the leading order term in (2.22) and (2.23) and inserting them in (2.20), we get

the one–dimensional momentum equation

∂q

∂t
+

∂

∂x

(
q2

A

)
+
A

ρ

∂p

∂x
= −2πνR

δ

q

A
. (2.24)

Equation (2.15) and (2.24) involve three unknowns (A, q, p) therefore, in order to close

the system, we need to relate any two of these three unknowns. This can be achieved by

analysing vessel distention due to the time varying blood pressure, resulting in a relation

between the vessel cross–sectional area, A(x, t), and the transmural pressure, p(x, t)− p0.

Let us assume that vessel wall tissue is isotropic, incompressible and homogeneous

with uniform wall thickness, h, along the vessel. We also assume that vessels are thin

walled (h/r0 � 1) and longitudinally–tethered in vivo so they undergo transverse motion

only and deformation in the axial direction is negligible i.e. εxx ≈ 0. These assumptions

lead us to ignore the stresses acting in the longitudinal and radial directions and that the

external stresses are acting in the circumferential direction only i.e. σxx, σrr � σθθ and

εxx, εrr � εθθ, where σ (mmHg) and ε (dimensionless) denote stress and strain respectively.

Under these assumptions, one may express the circumferential tensile stress by using the

Laplace’s law as [111]

σθθ =
rp

h
. (2.25)

A corresponding circumferential strain is defined as

εθθ =
r − r0

r0
, (2.26)

where r0 is the equilibrium or unstressed vessel radius. It should be noted that other re-

searchers (e.g. [6,145]) have also used a slightly different geometric strain (εθθ = (r−r0)/r)

to describe pressure–area relation. The wall behaviour under these two strains is approxi-

mately same for small deformations but start to deviate significantly as deformations grow

larger.

Assuming further that viscoelastic effects are small within the physiological range [160],

then the vessel wall constitutive law reduces to [10]

εθθ = σθθ
1− υxυθ

E
, (2.27)
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where E (mmHg) is the elastic (Young’s) modulus and υx = υθ = 0.5 are the Poisson

ratios in the longitudinal and circumferential directions.

Finally, using (2.25) and (2.26) in (2.27) and solving for transmural pressure, one can

derive a simple elastic relation between A(x, t) and p(x, t) as

p(A) ≡ p(x, t)− p0 =
4

3

Eh

r0

(
1−

√
A0

A

)
. (2.28)

Equation (2.28), also known as the tube law, was first given by Barnard et al. [15] and used

by Olufsen [113–116], Clipp & Steele [35, 36], Vaughan [169] and Cousins [40] in recent

works to predict systemic and pulmonary haemodynamics. From equation (2.28), one may

write

A(x, t) =
A0

(1− 3p(A)r0/4Eh)2
, (2.29)

⇒ dA

dp
=

3r0A0

2Eh(1− 3p(A)r0/4Eh)3
=

3r0

2Eh

√
A3

A0
. (2.30)

Equations (2.29) and (2.30) tell us that if the elastic modulus E remains constant then

dA/dp will increase non–linearly with an increase in p or A. This implies an increase

in compliance and decrease in stiffness, which is opposite to physiological behaviour, as

the arteries get stiffer with an increase in pressure, above a certain pressure. Thus corre-

sponding to assumed Hookean properties of vessel walls, A and dA/dp will increase until

at point where p = 4Eh/3r0. At this pressure the vessel area will become infinite and the

artery will burst. On the other hand, a negative or extremely low transmural pressure

may cause the vessels to buckle [111]. This characterises the non–linear compliance of the

vessel, which contradicts the assumption of linearly elastic vessel walls.

However, the blood vessels in vivo are tethered in all directions, which greatly inhibits

the vessels’ wall movement. Observations suggest [126] that within the physiological range

of pressure ∣∣∣∣A−A0

A0

∣∣∣∣ < 0.1,

which means that when the pulse wave propagates along the vessel wall, in vivo, it may

undergo only small deformations in the circumferential direction from a reference state

implying, |A − A0| � A0. Thus as far as the blood vessels are considered thin-walled,

isotropic and tethered in the longitudinal and circumferential directions, the linear elastic

theory remains valid and the use of non–linear tube–law for assumed linear elastic vessels

is justified within the physiological pressure range.
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Finally, we use the term Eh/r0 in equation (2.28) to describe the stiffness of the wall

within a vessel and for vessels at different generations in the vascular tree. Therefore this

parameter determines the system compliance and is discussed in detail in Chapter 3.

2.3 Fluid dynamics of small blood vessels

Based on Womersley’s classical theory [182], we adopt Olufson’s approach [113] in this

thesis to study the blood flow in the small vessels. The linearized theory from Womersley

is also used by Atabek and Lew [11], Atabek [10], Pedley [126] and Berger [19] to study

the fluid flow in the compliant vessels. More recently Clipp & Steele [35,36] used the same

model to include the description of small pulmonary arteries in their model of pulmonary

circulations.

The original solutions by Womersley are obtained by analysing the motion of the

fluid, motion of the vessel wall and the internal and external forces acting on the system.

However, other much simpler approaches are shown to lead similar solutions. For instance,

very recently Cousins & Germaud [38] have shown that a similar solution can be reached

with far less calculations by linearising the averaged continuity (2.15) and momentum

(2.24) equations, about A = A0 and q = 0, rather than first linearizing and then averaging

the equations, as done in Olufsen et al. [116]. In the following we give a brief detail of

equations governing the haemodynamics in the small vessels. A detailed derivations of

these equation by Womersley’s theory can be found in [113].

As for the large vessels, three equations are required to determine the flow pressure

and area for each small vessel in the structure trees. However, for these small vessels the

viscous forces are more dominant than the inertial forces [32]. Moreover, unlike the large

blood vessels we assume the small vessels to be short and non–tapering with a uniform

cross–sectional area A0 and that the flow inside small vessels is axisymmetric and have no

swirl, while the effects of gravity are negligible. Under these assumptions the non–linear

effects become small allowing linearization of the governing equations that yields a reduced

form of axial momentum equation (2.8)

∂ux
∂t

+
1

ρ

∂p

∂x
=
ν

r

∂

∂r

(
r
∂ux
∂r

)
. (2.31)

Assuming that all quantities are periodic, with period T (length of a cardiac cycle), pres-

sure and flow can be expressed in the frequency domain using complex periodic Fourier
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series given by

p(x, t) =

∞∑
k=−∞

P (x, ωk)e
iωkt

q(x, t) = 2π

∫ r0

0
u(r, x, t)r dr =

∞∑
k=−∞

Q(x, ωk)e
iωkt,

where

u(r, x, t) =

∞∑
k=−∞

U(r, x, ωk)e
iωkt

and ωk = 2πk/T is the angular frequency, with

P (x, ωk) =
1

T

∫ T/2

−T/2
p(x, t)e−iωktdt, Q(x, ωk) =

1

T

∫ T/2

−T/2
q(x, t)e−iωktdt,

and

U(r, x, ωk) =
1

T

∫ T/2

−T/2
u(r, x, t)e−iωktdt.

Thus for each value of ωk, equation (2.31) becomes

iωU +
1

ρ

dP

dx
=
ν

r

∂

∂r

(
r
∂U

∂r

)
, (2.32)

where for convenience we drop the suffix k. Assuming that the small vessels do not taper,

equation (2.32) can be solved to give

U =
1

iωρ

∂P

∂x

(
1− J0(rw0/r0)

J0(w0)

)
,

where w2
0 = i3w2, w2 = r2

0ω/µ is the Womersley number, and J0(x) is the Bessel function

of the first kind and zero order.

Defining the frequency-domain volumetric flow-rate in terms of velocity,

Q = 2π

∫ r0

0
Urdr (2.33)

⇒ iωQ =
−A0

ρ

∂P

∂x
(1− FJ), (2.34)

where

FJ = 2J1(w0)/w0J0(w0)

and J1(x) is a first-order Bessel function of the first kind.

The one-dimensional continuity equation for the small vessels is the same as for the

large vessels. Using the tube law (2.28), the continuity equation (2.15) can be written as

C
∂p

∂t
+
∂q

∂x
= 0, (2.35)



Chapter 2. Formulations and Methods 36

where C is the compliance, which can be approximated by linearizing the tube law (2.28),

giving

C =
∂A

∂p
=

3A0r0

2Eh

(
1− 3pr0

4Eh

)−3

≈ 3A0r0

2Eh
(2.36)

as Eh� pr0.

Using the compliance approximation in (2.35) and assuming periodicity, the continuity

equation becomes

iωCP +
∂Q

∂x
= 0. (2.37)

Differentiating (2.37) with respect to x and substituting the result into (2.34) gives a wave

equation of the form

ω2

c2
Q+

∂2Q

∂x2
= 0 or

ω2

c2
P +

∂2P

∂x2
= 0, (2.38)

where the wave propagation velocity is given by

c =
√
A0(1− FJ)/ρC, (2.39)

which is complex due to FJ . These equations must be solved for every vessel in the arterial

and venous structured trees. Solving (2.38) and using (2.37) gives the flow and pressure

in the frequency domain at any spatial position x along a vessel segment

Q(x, ω) = a cos (ωx/c) + b sin (ωx/c) (2.40)

P (x, ω) = ig−1
ω (b cos (ωx/c)− a sin (ωx/c)) , (2.41)

where a and b are constants and gω is another complex quantity, given by

gω =
√
CA0(1− FJ)/ρ.

The zero frequency component (ω = 0)

In order to obtain the solutions for Q and P corresponding to ω = 0, we take ω = 0 in

Fourier transformed linearized x–momentum equation (2.32) to get

dP

dx
=
µ

r

∂

∂r

(
r
∂U

∂r

)
. (2.42)

Since µ and dP/dx do not depend on r, integration of (2.42) with respect to r yields

∂U

∂r
=

r

2µ

dP

dx
+
B

r
, (2.43)
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where B is the constant of integration, which can be evaluated by assuming that ∂U/∂r

is finite at r = 0⇒ B = 0. Further integration of (2.43) with respect to r gives us

U =
r2

4µ

dP

dx
+K, (2.44)

where K is the constant of integration. Using the no-slip condition at the wall i.e. U = 0

at r = r0 ⇒ K = 0, so the final velocity profile is

U =
r2 − r2

0

4µ

dP

dx
. (2.45)

Using (2.45) into (2.33), we obtain

Q = 2π

∫ r0

0
Urdr, (2.46)

= − π

8µ

dP

dx
r4

0. (2.47)

It is to be noticed that for ω = 0 we have a normal Poiseuille flow profile. Moreover,

steady flow and continuity imply that ∂q/∂x = 0, and the Fourier expansion of flow shows

that ∂q/∂x = 0⇔ ∂Q/∂x = 0 so we may write

Q = Υ, (2.48)

where Υ is a constant. Substituting (2.48) into (2.47) and rearranging, we get

dP

dx
= −8µΥ

πr4
0

, (2.49)

⇒ P = −8µΥ

πr4
0

x+ Γ, (2.50)

where Γ is the integration constant.

2.4 Boundary conditions

The system of equations (2.15), (2.24) and (2.28) are hyperbolic, thus to close the system

for each vessel a boundary condition must be applied at each end. For the MPA, the

flow is specified at the inlet (See Figure 2.1) using the MRI measured flow-rate waveform

shown in Figure 2.5. This inflow profile was measured during the MRI scan to measure

the dimensions of largest pulmonary arteries of a healthy male subject. The readings were

taken at a proximal position in the MPA over five consecutive cardiac cycles at 45 equally

spaced time points over every heart beat. This was then averaged over the five cycles and

interpolated for 4096 points to match the temporal resolution of our numerical scheme.
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Figure 2.5: Inflow profile at the inlet of MPA. The profile is interpolated from MRI measurements

sampled at 45 points per period and averaged over 5 cardiac cycles. (From Olufsen et al. [115]).

At each bifurcation, two conditions are required to connect outflow from the parent

vessel and inflow to the daughter vessels. These are imposed by ensuring continuity of

pressure and conservation of flow, i.e.

pp(L, t) = pd1(0, t) = pd2(0, t), (2.51)

qp(L, t) = qd1(0, t) + qd2(0, t), (2.52)

where subscript p denotes the parent vessel and subscripts di, i = 1, 2 denote the two

daughter vessels.

The outflow from the large terminal arteries and the inflows to the corresponding large

terminal veins are obtained by connecting arterial and venous structured trees, which is

discussed in detail in the next section.

Finally, at the outflow of each large veins (at the inflow to the left atrium) we specify

a constant pressure of 2 mmHg. Since this condition is to be imposed just above the left

atrium, we consider this to be the left atrium filling pressure and believe that setting the

pressure to a constant low value is reasonable as the blood flows relatively freely into the

left atrium. Moreover fixing a constant pressure at the outlets ensures a pressure gradient

throughout the system that drives the blood flow across the system.



Chapter 2. Formulations and Methods 39

Figure 2.6: Linking an arterial tree with a venous tree. For each vessel in the arterial tree there

is a mirror vessel in the venous tree which may have different compliance and length-to-radius

ratio. The radii are defined as functions of root vessel radius via scaling factors α and β. Starting

from terminals of structured trees, both trees are connected by joining the pairs of vessels in series

and in parallel. Flows qA2 and qV1 , denote qA(L) (flow at distal end of large terminal arteries) and

similarly qV (0) (flow at proximal end of large terminal veins), respectively, and pressures pA2 and

pV1 , represent pA(L) and pV (0), respectively. The flows are related to the pressures by a 2 × 2

admittance matrix Y(ω). Note that the labels of branches are the ordered pairs, which refer to

generation of vessel in the tree and are powers of scaling factors α and β, i.e. the label (i, j)

indicates that the radius of the vessel is αiβjr0.

2.4.1 Structured tree matching conditions

Originally suggested by C. S Peskin and first derived by G. D. Vaughan [169], we set up

expressions determining the admittance of each structured tree using a 2 × 2 matrix Y

(e.g. see [131]) relating pressure and flow at the outflow of each large terminal artery

to pressure and flow at the inflow to the corresponding large terminal vein to connect

the networks of arterial and venous vessels as shown in Figure 2.6. This approach is

an extension of Olufsen’s structured tree outflow condition for the systemic arterial [116]

and pulmonary arterial circulations [115]. The advantage of such boundary conditions

over lumped parameter models (e.g [6, 8, 133, 154, 156]) is that these physiology–based

conditions may accurately take into account the influence of the downstream vasculature

on the haemodynamics predicted in computational domain which otherwise, due to the

matching complexity of the system, cannot be modelled in detail.

Moreover, unlike the structured tree outflow condition [114] in which prediction of the

root impedance required a constant impedance applied at the terminal branches of the

structured tree, for the structured tree matching condition no specific value of pressure
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Figure 2.7: Admittance for a single vessel.

and flow relations are required at the joining points of two trees. The only condition

needed to set up the admittance matrix are the junction conditions requiring continuity

of pressure and conservation of volume flux. The total or root admittance is calculated by

joining admittances in series and parallel as described in Algorithm 1 at the end of this

section.

Admittance for a single vessel:

For every small vessel in the structured trees a 2× 2 matrix Y can be derived using the

frequency domain flow and pressure at given position x along the vessel segment. First

making P (x,w) and Q(x,w) dimensionless by

P (x, ω) = ρglcP̃ (x, ω), (2.53)

Q(x, ω) = qcQ̃(x, ω), (2.54)

where qc (= 10 cm3/s) is the characteristic flow, g(= 981cm/s2) is gravitational acceleration

and lc(= 1 cm) is the characteristic length. Using (2.53) and (2.54) in (2.40),(2.41),(2.48)

and (2.50) from Section 2.3 and removing tildes for the sake of convenience by choosing

to denote Q̃(x, ω) ≡ Q(x, ω) and P̃ (x, ω) ≡ P (x, ω), we obtain the dimensionless pressure

and flow

Q(x, ω) =
1

qc
(a cos(ωx/c) + b sin(ωx/c)), (2.55)

P (x, ω) =
i

ρglcgω
(−a sin(ωx/c) + b cos(ωx/c)), (2.56)

Q(x, 0) = Υ/qc, (2.57)

P (x, 0) = − 1

ρglc
(
8µΥ

πr4
0

x− Γ). (2.58)

One can determine the constants a and b, and eliminate Υ and Γ, by evaluating the flow

and pressure at the proximal (x = 0) and distal ends (x = L) of the vessel. Thus evaluating
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(2.55) and (2.56) at x = 0 and x = L, gives us

Q(0, ω) =
a

qc
, (2.59)

P (0, ω) =
ib

ρglcgω
, (2.60)

Q(L, ω) = − 1

qc
(a cos(ωL/c) + b sin(ωL/c)), (2.61)

P (L, ω) =
i

ρglcgω
(−a sin(ωL/c) + b cos(ωL/c)). (2.62)

As shown in Figure 2.7, we denote the flow and pressure at proximal end by Q(0, ω) ≡ Q1

and P (0, ω) ≡ P1 and at distal end by Q(L, ω) ≡ Q2 and P (L, ω) ≡ P2. Moreover, we

introduce terms CL ≡ cos(ωL/c) and SL ≡ sin(ωL/c).

Inserting (2.59) and (2.60) into (2.61) and (2.62), we get

Q2 = −Q1CL +
iρglcgω
qc

P1SL, (2.63)

P2 =
−iqc
ρglcgω

Q1SL + P1CL. (2.64)

Rearranging (2.63) and (2.64) and writing them in a matrix form, for ω 6= 0, we obtain Q1

Q2

 =
igω
SL

ρglc
qc

 −CL 1

1 −CL

 P1

P2

 . (2.65)

Repeating same procedure for ω = 0, (2.57) and (2.58) give

Q1 = Υ/qc, (2.66)

Q2 = −Υ/qc, (2.67)

P1 = Γ, (2.68)

P2 =
1

ρglc
(Γ− 8µΥ

πr4
0

L). (2.69)

Rearranging (2.66)-(2.69), we can express flow at proximal and distal ends as functions of

pressure at both ends of the vessels Q1

Q2

 =
ρglc
qc

πr4
0

8µL

 1 −1

−1 1

 P1

P2

 . (2.70)

Matrix relations (2.65) and (2.70) are the admittance matrix relations for a single

vessel and may be expressed in a more compact form as

Q = Y(ω)P, ∀ ω ∈ [0, ωk], (2.71)
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Figure 2.8: Admittance for two vessels joined in parallel.

where Q = (Q1, Q2)†,P = (P1, P2)† and Y(ω) = Yij (i, j = 1, 2), so

Y =
igω
SL

ρglc
qc

 −CL 1

1 −CL

 for ω 6= 0, (2.72)

and

Y =
ρglc
qc

πr4
0

8µL

 1 −1

−1 1

 for ω = 0. (2.73)

Now given YS and YT , the individual admittances of any two arbitrary vessels S and

T joined in parallel or in a series, one may find a combined admittance in the form of a

2×2 matrix.

Admittance for two vessels in parallel:

Consider two vessels, S and T , in parallel connected to a common inflow and outflow,

as depicted in Figure 2.8. For each vessel their exists a unique Y such that

QS = YSPS and QT = YTPT , (2.74)

where QS = (QS1 , Q
S
2 )†,QT = (QT1 , Q

T
2 )†, PS = (PS1 , P

S
2 )† and PT = (P T1 , P

T
2 )†. Since

the pressure is continuous at a bifurcating junction, the pressure at the inlet to vessel S

is the same as the pressure at the inlet to vessel T . Similarly, the pressure at the outlet of

vessel S is the same as the pressure at the outlet of vessel T. Denoting the inlet and outlet

pressures by P1 and P2, respectively, this connection can be described by PS1 = P T1 = P1

and PS2 = P T2 = P2. So (2.74) becomes

QS = YSP and QT = YTP. (2.75)

Since the volume flux is conserved across a bifurcation, for two vessels connected in

parallel, the total inflow Q1 = QS1 +QT1 and the total outflow Q2 = QS2 +QT2 means that
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Figure 2.9: Admittance for two vessels connected in series.

the equations in (2.75) can be added to obtain

Q = Y
‖
P, (2.76)

where Q = (Q1, Q2)T and

Y
‖

= YS + YT (2.77)

is the admittance of two vessels joined in parallel. Here the symbol ‘‖’ indicates the

combined admittance of two vessels in parallel.

Admittance for two vessels in series:

Next we consider two vessels connected in a series, as depicted in Figure 2.9. Flow and

pressure at proximal and distal ends of both vessels is given by

QS1 = Y S
11P

S
1 + Y S

12P
S
2 , (2.78)

QS2 = Y S
21P

S
1 + Y S

22P
S
2 , (2.79)

QT1 = Y T
11P

T
1 + Y T

12P
T
2 , (2.80)

QT2 = Y T
21P

T
1 + Y T

22P
T
2 . (2.81)

The system above can also be written in a compact form as

Qik =
2∑
l=1

Y i
kl P

i
l , (2.82)

where i = S, T and k = 1, 2 with Ykl being the components of the 2×2 admittance matrix.

Let P = PS2 = P T1 along with QS2 = −QT1 at the junction of two vessels in series, then the

system (2.82) can be solved for P using (2.79) and (2.80) i.e.

Y A
21P

S
1 + Y S

22P + Y T
11P + Y T

12P
T
2 = 0, (2.83)

rearranging for P , we get

P = −Y
S

21P
S
1 + Y T

12P
T
2

Y S
22 + Y T

11

. (2.84)
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Figure 2.10: An idea of grand matrix for a simple network.

Substituting (2.84) in (2.78) and (2.81), we obtain

QS1 =

(
Y S

11 −
Y S

21Y
S

12

Y S
22 + Y T

11

)
PS1 −

Y S
12Y

T
12

Y S
22 + Y T

11

P T2 , (2.85)

QT2 = − Y T
21Y

S
21

Y S
22 + Y T

11

PS1 +

(
Y T

22 −
Y T

21Y
T

12

Y S
22 + Y S

11

)
P T2 . (2.86)

Which can be expressed as matrix relation QS1

QT2

 = Y
⇔

 PS1

P T2

 , (2.87)

where

Y
⇔

=
1

Y S
22 + Y T

11

 det(YS) + Y S
11Y

T
11 −Y S

12Y
T

12

−Y S
21Y

T
21 det(YT ) + Y S

22Y
T

22

 (2.88)

is the admittance matrix for two vessels connected in series. Here the symbol ‘⇔’ represents

the admittance matrix of vessels joined in series.

Grand admittance: Linking arterial and venous trees together

To link the arterial and venous trees, the two trees should be ‘mirror images’ of each other

in as much as that they should have the same number of bifurcations and terminal vessels,

however, each tree is allowed to have different vessel properties including compliance and

length-to-radius ratio. The admittance matrices (2.72) and (2.73) are computed for each

individual vessel, and the total admittance of the two connected trees is found recursively

by combining the admittance matrices of vessels and subtrees in series (using (2.88)) and

in parallel (using (2.77)) as appropriate.

To set up the recursion algorithm, each pair of vessels (arterial and venous) are assigned

an index (i, j) indicating that the radius of the vessel is αiβjr0; in addition each vessel is

assigned a label “A” or “V” specifying if the vessel is an artery or a vein. For example,
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the total admittance for a small network consisting of an arterial (A) and a venous (V )

tree, each having one bifurcation with branches scaled by factors α and β, is given by

Y = YA(0, 0)⇔ [{YA(1, 0)⇔ YV (1, 0)}‖{YA(0, 1)⇔ YV (0, 1)}]⇔ YV (0, 0),

or equivalently

Y = YA(0, 0)⇔ [{YA(1, 0)‖YA(0, 1)} ⇔ {YV (1, 0)‖YV (0, 1)}]⇔ YV (0, 0).

Below we describe the general algorithm valid for trees where the compliance is identical

for arterial and venous vessels, while the length-to-radius ratio is larger for vessels in the

venous tree.
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Algorithm 1: Recursive algorithm to compute the 2×2 admittance matrix Y

for a connected network of arterial and venous vessels

The root admittance matrix Y is computed recursively by calling Y = admit(0, 0).

Recursive function Y(i, j) = admit(i, j)

• if r(i+ 1, j) < rmin (α-branch)

∗ for k = A, V

Yk(i+ 1, j) = eqn (2.72), ω 6= 0

Yk(i+ 1, j) = eqn (2.73), ω = 0

end

Y(i+ 1, j) = ser(YA(i+ 1, j),YV (i+ 1, j))

else

Y(i+ 1, j) = admit(i+ 1, j)

end

• if r(i, j + 1) < rmin (β branch)

∗ for k = A, V

Yk(i, j + 1) = eqn (2.72), ω 6= 0

Yk(i, j + 1) = eqn (2.73), ω = 0

end

Y(i, j + 1) = ser(YA(i, j + 1),YV (i, j + 1))

else

Y(i, j + 1) = admit(i, j + 1)

end

• Ymid(i, j) = Y(i+ 1, j)+ Y(i, j + 1)

• for k = A, V

Yk(i,j) = eqn (2.72), ω 6= 0

Yk(i,j) = eqn (2.73), ω = 0
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end

• Y(i, j) = ser(ser(YV (i, j),Ymid(i, j)),Y
A(i, j))

Series function Y(i, j) = ser(YS(i, j),YT (i, j))

For vessel (i, j) compute determinants

Dk =Yk
11 Yk

22 - Yk
12 Yk

21, k = S, T

then Y has components

Y11 = (DS + Y S
11 Y

T
11) / (Y S

22 + Y T
11)

Y12 = (−Y S
12 Y

T
12) / (Y S

22 + Y T
11)

Y21 = (−Y S
21 Y

T
21) / (Y S

22 + Y T
11)

Y22 = (DT + Y S
22 Y

T
22) / (Y S

22 + Y T
11).

Once a grand admittance is obtained it can be used to relate the frequency domain

pressure (PA(L,w)) and flow (QA(L,w)) at the end of large terminal arteries with the fre-

quency domain pressure (PV (0, ω)) and flow (QV (0, ω)) at the beginning of large terminal

vein by the following relation QA(L, ω)

QV (0, ω)

 =

 Y11(ω) Y12(ω)

Y21(ω) Y22(ω)

 PA(L, ω)

PV (0, ω)

 . (2.89)

Using the grand admittance relation obtained in (2.89), we can relate the pressures

and flows at the terminals of large arteries and veins through a convolution integral in the

real domain as the following:

qA(L, t) =
1

T

∫ T/2

−T/2
(pA(L, t− τ)y11(τ) + pV (0, t− τ)y12(τ))dτ, (2.90)

qV (0, t) =
1

T

∫ T/2

−T/2
(pA(L, t− τ)y21(τ) + pV (0, t− τ)y22(τ))dτ. (2.91)

The equations above can also be expressed in a more compact form as

qk(t) =

2∑
l=1

T∫
0

ykl(τ) pl(t− τ) dτ, k = 1, 2, (2.92)
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where q1(t) and p1(t) are the volume flux and pressure at the root of the arterial tree, and

q2(t) and p2(t) are the volume flux and pressure at the root of the venous tree. ykl(t) is the

inverse Fourier transform of Ykl(ω). Equation (2.92) is the matching boundary condition

to be applied at the end of terminal arteries and veins.

This is a novel boundary condition that not only completes the pulmonary circulation

by connecting the arteries and veins but also, as we see later, turns out to be an extremely

efficient tool to predict the microcirculatory characteristics of blood flow in both arterial

and venous vascular beds.

2.5 Numerical solution

The system of equations (2.15), (2.24) and (2.28) can not be solved analytically therefore

we have to solve them numerically but before that it is convenient to write the governing

equations((2.15),(2.24)) in dimensionless form. To do so, we define the following dimen-

sionless variables

x = rcx̃ t =
r3
c

qc
t̃ r = rcr̃ δ = rcδ̃ h = rch̃

A = r2
c Ã q = qcq̃ p = ρgrcp̃ E = ρgrcẼ

Where rc is the characteristic radius of the vessel and qc is the characteristic flow, chosen as

rc = 1 cm and qc = 10 cm3/s respectively. Also ρ = 1.055 g/cm3 is the density of the blood

and g = 981cm/s2 is the acceleration due to gravity. First, using the above quantities in

(2.15), we get the dimensionless continuity equation

∂Ã

∂t̃
+
∂q̃

∂x̃
= 0. (2.93)

The dimensionless momentum equation is given by

∂q̃

∂t̃
+

∂

∂x̃

(
q̃2

Ã

)
+ Ã

∂p̃

∂x̃
= − 2πr̃

δ̃Re
q̃

Ã
, (2.94)

where Re = qc/(νrc) is the Reynolds number. The state equation (2.28) in the dimension–

less form is given by

p̃(Ã) =
4

3

Ẽh̃

r̃0

1−

√
Ã0

Ã

 . (2.95)

In equations (2.93) and (2.94) all quantities of the form Φ̃ are dimensionless but from now

onward, for convenience we drop tildes from the dimensionless quantities.



Chapter 2. Formulations and Methods 49

In order to solve the system, we adopt a two–step Lax–Wendroff method, which re-

quires the system of equations to be written in conservation form. In order to write these

equations in conservation form, we introduce a function B in the dimensionless from by

B(r0(x), p(x, t)) =

p(x,t)∫
p0

[A(r0(x), p′]dp′. (2.96)

Writing A(x, t) = A(p(x, t); r0(x);x, t) from equation (2.28), we get

A(x, t) = A0

(
1− p(x, t)

f(r0)

)−2

, (2.97)

where

f(r0) =
4Eh

3r0
.

Using (2.97) in (2.96), we get

B = f(r0)
√
A0A.

Differentiating B with respect to x, we get

∂B

∂x
=
∂B

∂A

∂A

∂p

∂p

∂x
+
∂B

∂r0

dr0

dx
,

= A
∂p

∂x
+
∂B

∂r0

dr0

dx
.

In view of above expressions, the momentum equation (2.94) can be written as

∂q

∂t
+

∂

∂x

(
q2

A
+B

)
= −2πr0

δRe
q

A
+
∂B

∂r0

dr0

dx
. (2.98)

After coupling momentum equation (2.94) with the equation of state (2.95), the last term

of (2.94) is evaluated as

∂B

∂r0

dr0

dx
=

(
2
√
A

(√
πf +

√
A0

df

dr0

)
− df

dr0

)
dr0

dx
, (2.99)

Plugging (2.99) in (2.94) and combining with continuity equation (2.93), the system can

be expressed in conservation form

∂

∂t
U +

∂

∂x
W = S, (2.100)

where U, W and S are given by

U = (A, q), (2.101)

W = (W1,W2) =

(
q,
q2

A
+ f

√
A0A

)
, (2.102)

S = (S1, S2) =

(
0,− 2πr

δRe
q

A
+

(
2
√
A

(√
πf +

√
A0

df

dr0

)
− df

dr0

)
dr0

dx

)
. (2.103)
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Figure 2.11: Ghost point, marked with a circle, at spatial point x = −1/2, i.e. a half spatial step

before the entrance of any vessel and at time–step n+ 1/2. Points marked with a cross are known,

and the point marked with a square may be found by averaging the points at adjacent time-steps.

2.5.1 Richtmeyer’s two–step Lax–Wendroff scheme

Let Un
m = U(m∆x, n∆t) and similarly for W and S. Here m ∈ [0,M ] and n ∈ [0, N ]

with M and N being the maximum number of discrete points along spatial and temporal

axis, respectively, of a grid in the (x, t) domain. The solution at all points in the interior

(excluding boundary) is determined by first determining some intermediate values at steps

(m + 1/2, n + 1/2). Using a uniform grid, we can derive a four point formula, predicting

the flow at time level (n+ 1) as follows,

Un+1
m = Un

m −
∆t

∆x

(
W

n+1/2
m+1/2 −W

n+1/2
m−1/2

)
+

∆t

2

(
S
n+1/2
m+1/2 + S

n+1/2
m−1/2

)
(2.104)

Using two intermediate points at time level (n + 1/2), and using (2.102) and (2.103),

it is possible to determine

Ω
n+1/2
m+1/2 Ω

n+1/2
m−1/2 ,

Ω being either W or S, by using the definition

U
n+1/2
j =

Un
j+1/2 + Un

j−1/2

2
+

∆t

2

(
−

Wn
j+1/2 −Wn

j−1/2

h
+

Snj+1/2 + Snj−1/2

2

)
. (2.105)

where j = m+ 1/2 and j = m− 1/2.

Inflow condition

The inflow into the system is described by a periodic function, see Figure 2.5. Also, A will

be determined from the boundary condition for q. In order to find A, we need to evaluate
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Figure 2.12: Ghost point, marked as a circle, at spatial point x = M + 1/2, i.e. a half spatial step

beyond the outlet of any vessel and at time–step n+ 1/2. Points marked with a cross are known,

and the point marked with a square may be found by averaging the points at adjacent time–steps.

q
n+1/2
−1/2 . This can be found by introducing a ghost point q

n+1/2
−1/2 (see Figure 2.11). Then,

q
n+1/2
0 =

1

2

(
q
n+1/2
−1/2 + q

n+1/2
1/2

)
(2.106)

⇔ q
n+1/2
−1/2 = 2q

n+1/2
0 − qn+1/2

1/2 (2.107)

and from (2.104),

An+1
0 = An0 −

∆t

∆x

(
(W1)

n+1/2
1/2 − (W1)

n+1/2
−1/2

)
+

∆t

2

(
(S1)

n+1/2
1/2 + (S1)

n+1/2
−1/2

)
, (2.108)

where (W1)
n+1/2
−1/2 = q

n+1/2
−1/2 and (S1)

n+1/2
−1/2 = 0.

Outflow Condition

In contrast to the inflow to the system at the entrance of the MPA, at offices of four large

veins i.e. the outflow from the system the pressure is known but the flow q is unknown.

Sine the area A can be expressed in terms of pressure by using (2.97), the area A is

also known at the system outflow and therefore q can be determined from the boundary

condition for A. To do this, we need to evaluate A
n+1/2
M+1/2. This can be done by using

another ghost point beyond the outlet of terminal vessels, see Figure 2.12, so that

A
n+1/2
M =

1

2

(
A
n+1/2
M−1/2 +A

n+1/2
M+1/2

)
(2.109)

⇔ A
n+1/2
M+1/2 = 2A

n+1/2
M −An+1/2

M−1/2. (2.110)

Now, (2.104) gives us

qn+1
M = qnM −

∆t

∆x

(
(W2)

n+1/2
M+1/2 − (W2)

n+1/2
M−1/2

)
+

∆t

2

(
(S2)

n+1/2
M+1/2 + (S2)

n+1/2
M−1/2

)
, (2.111)
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Figure 2.13: A computed pressure profile to replace an MRI measured inflow at the inlet of MPA.

where (W2)
n+1/2
M+1/2 and (S2)

n+1/2
M+1/2 are given by (2.102) and (2.103) respectively. Equa-

tion (2.104) also tells us that,

An+1
M = AnM −

∆t

∆x

(
(W1)

n+1/2
M+1/2 − (W1)

n+1/2
M−1/2

)
+

∆t

2

(
(S1)

n+1/2
M+1/2 + (S1)

n+1/2
M−1/2

)
(2.112)

⇒ q
n+1/2
M+1/2 =

∆x

∆t

(
AnM −An+1

M

)
+ q

n+1/2
M−1/2 , (2.113)

since (W1)nm = qnm and (S1)nm = 0. Equations (2.110), (2.111) and (2.113) provide us a

system of three equations for in three unknowns A
n+1/2
M+1/2, q

n+1/2
M+1/2, and qn+1

M .

2.5.2 Time varying pressure as an inflow condition

The work presented in this section is new and it results in simulated waveforms presented

in Section 4.3. The motivation of using a new inflow pressure boundary condition is

described in Section 4.3, for now we only provide details of how this new inflow pressure

boundary condition can be incorporated in the numerical scheme.

Using the two–step Lax–Wendroff scheme it is possible to replace the flow–time rela-

tion with a pressure–time relation as an input boundary condition at the inlet of MPA.

However, we are interested in using a physiologically relevant pressure rather than using

any arbitrary data set to be seen as pressure. Since we are using a physiological inflow at

the inlet of the pulmonary system, we may choose the corresponding computed pressure

at the boundary and then fix it by letting the flow to be a dependent quantity at the

inlet. To do this we need to modify the numerical equations at the upstream boundary

by rewriting cross–sectional area A(x, t) as a function of transmural pressure p(A(x, t)) in

(2.28) and then deriving the corresponding numerical equations at x = 0 for the MPA.
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Now the pressure p, given in Figure 2.13, is fixed instead of flow q at the inlet of large

arterial tree so, again by using (2.97), the area A is known and the flow q will be deter-

mined by using this time varying p. To do this, we need to evaluate A
n+1/2
−1/2 by again using

a ghost point explained in Figure 2.11, so that

A
n+1/2
0 =

1

2

(
A
n+1/2
−1/2 +A

n+1/2
1/2

)
(2.114)

⇔ A
n+1/2
−1/2 = 2A

n+1/2
0 −An+1/2

1/2 . (2.115)

Now, (2.104) tells us that,

qn+1
0 = qn0 −

∆t

∆x

(
(W2)

n+1/2
1/2 − (W2)

n+1/2
−1/2

)
+

∆t

2

(
(S2)

n+1/2
1/2 + (S2)

n+1/2
−1/2

)
, (2.116)

where (W2)
n+1/2
1/2 and (S2)

n+1/2
1/2 are given by (2.102) and (2.103) respectively. Also from

(2.104) we have

An+1
0 = An0 −

∆t

∆x

(
(W1)

n+1/2
1/2 − (W1)

n+1/2
−1/2

)
+

∆t

2

(
(S1)

n+1/2
1/2 + (S1)

n+1/2
−1/2

)
⇒ q

n+1/2
1/2 =

∆x

∆t

(
An0 −An+1

0

)
+ q

n+1/2
−1/2 , (2.117)

since (W1)nm = qnm and (S1)nm = 0.

Equations (2.115), (2.116) and (2.117) provide us with a system of three equations for

the three unknowns A
n+1/2
1/2 , q

n+1/2
1/2 , and most importantly, qn+1

0 .

Full details of numerical implementation of bifurcation and matching conditions through

two–step Lax–Wendroff scheme are separately provided in Appendix B at the end of the

thesis.

2.6 Summary of the chapter

In this chapter, we have set up a one–dimensional model of human pulmonary circula-

tion that includes both small and large arteries and veins to enable simulations of blood

flow and pressure along the complete path emanating at the right ventricle and ending

at the left atrium. The geometric description of the large arteries and the inflow bound-

ary condition (flow-rate) is based on subject–specific anatomical measurements of large

pulmonary arteries and the inflow data, obtained from MRI experiment, whereas the pul-

monary veins were set up according to the most prevalent venous anatomy and dimensions

found in the literature. Moreover, the systems of equations governing the fluid–structure

interaction in the large and small blood vessels are given and a set of boundary conditions
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is prescribed, and explained in detail, to complete the modelling process. In particular, a

detailed derivation of the structured tree matching condition is provided and an algorithm

is stated for the first time to compute the admittances in the structured tree. Finally a

numerical strategy is devised to solve the resulting model.



Chapter 3

Pulmonary Compliance

The aim of this chapter is to determine a set of parameter values (ξ, γ, rmin, lrrA , lrrv , C),

which represent the normal physiological case for this study. In particular, the compliance

parameter, C, remains an undetermined parameter at this point in our study and therefore

we discuss in detail the determination of C in this chapter. It is essential that the selected

parameters values not only represent the normal case but also provide us the flexibility to

change the value of a certain parameter in a plausible range around the normal value in

order to simulate some disease case scenarios, such as pulmonary hypertension. The con-

tents of this chapter thus include discussion on existing studies, approaches used in other

pulmonary models and our analysis regarding the effects of compliance on our simulations,

which finally leads us to specify the value of C.

3.1 Compliance of the pulmonary vessels

Compliance refers to the ability of an elastic structure to distend from its equilibrium state

under pressure, thus it gives us a measure of distensibility or stiffness of that structure and

can be obtained by computing the fractional change in volume per unit change in pressure.

Since the blood vessels are elastic in nature, the elastic properties of vessel wall tissues

determine the compliance of the entire system, which may change significantly throughout

the system. From Section 2.3 (the linearised theory of pulse–wave propagation), it can

easily be illustrated that the compliance, C, affects the pressure–flow relation and the

change in total blood volume in response to an alteration in blood pressure. Thus any

change in C influences the distribution of blood flow and the pulse–wave propagation

throughout the lung and hence determines the changes in shape, speed and magnitude of

55
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the pulse–wave.

Due to the anatomical and functional differences the behaviour and the distribution

of compliance in the two cardiovascular systems is significantly different. In the systemic

arterial tree the compliance is mainly located in aorta (80% of total compliance in thoracic-

abdominal aorta) whereas in the pulmonary circulation the compliance is distributed over

the entire circulation system [21, 144]. For instance, in the pulmonary circulation the

total number of peripheral vessels is 8–10 times more than those in the systemic system

and that it has an exceptional ability to recruit blood vessels during periods of high

flow (e.g during exercise), which makes the pulmonary circulation a highly compliant

system [48]. Moreover, unlike the systemic circulation, the pulmonary circulation is known

for its varying anatomy and physiology within a population, especially in the case of human

beings in whom the value of pressure and vessel diameters varies over a large range among

individuals. This suggests that the direct comparison between systemic and pulmonary

compliance is not trivial, yet several studies [49,59,120] report pulmonary arteries about 2–

10 times more compliant than the systemic arteries. These numbers depict a large variation

and in the absence of subject–specific measurements of in vivo pressure and diameters it

becomes difficult to have a consensus about what value of pulmonary compliance should

be used in theoretical studies. Faced with this problem, different pulmonary models [92,

115,169] adopt different approaches to approximate the compliance parameter by defining

C = C(Eh/r0) (see equation (2.36)).

3.1.1 Parameter estimation for mathematical models

In the context of modelling circulation, a good approximation of C is important to simulate

physiologically relevant pulse waveforms. Therefore, one must look to use the parameter

approximations which translate the underlying mechanisms of observed behaviours. For

a subject–specific study, ideally one would like to have in vivo measurements of pressure

and diameters to determine C but such measurements involve highly invasive procedures.

Thus in the absence of detailed anatomical data it becomes impossible to determine the

subject–specific parameters. Alternatively, one may refer to existing studies in the litera-

ture and infer the parameter value by taking into account the qualitative conclusions from

these studies. A drawback of the later approach is that it may not always be possible to

reproduce the physiologically observed features from a theoretical model by implementing

the existing approximations without taking into account other study aspects like experi-
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Figure 3.1: Radius dependent modulus of systemic compliance given by Olufsen [116].

mental technique, study conditions (in vivo or ex vivo) or the species under investigation.

Since this study is only partially subject–specific and we do not have detailed in vivo data

of pressures and diameters for the subject under consideration, we have no choice but to

explore the literature to infer a valid compliance approximation for our model.

3.1.2 Use of a radius–dependent systemic modulus

One common approach is to use a systemic compliance modulus by scaling it up to rep-

resent the pulmonary compliance [35, 169]. Among recent studies, Clipp & Steele [35, 36]

support using a larger compliance value, about three times that of systemic arterial com-

pliance value, for their model of pulmonary arteries. They choose this particular scaling

based on the observation that the simulated pulse pressure is in close agreement with av-

erage experimental pulse pressure. Whilst reasonable, this approach may lead to a neglect

of any shape features of the pulse waveform that, from a clinical point of view, are as

important as the magnitudes.

Both Clipp [35, 36] and Vaughan [169] estimate the compliance parameter by scaling

down the radius–dependent stiffness modulus of systemic arteries, presented by Olufsen [116]

(see Figure 3.1.2),
Eh

r0
= k1 exp(k2r0) + k3, (3.1)

where k1 = 2 × 107g/s2cm, k2 = −22.53/cm and k3 = 8.65 × 105g/s2cm.1 As C =

C(Eh/r0), both studies used this modulus by scaling down the constant k3 by a factor of

0.3 and 0.5 respectively.

11mmHg = 1333.333 g s−2cm−1
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3.1.3 Direct measurement of pulmonary compliance

Besides the systemic compliance approach, a number of studies can be found in litera-

ture [59, 67, 88, 89, 95, 140, 185, 186], which either study pulmonary compliance or provide

data, which may be used to estimate the pulmonary compliance. However, most of these

studies are carried out using data obtained from in vivo and ex vivo experiments on an-

imals and the results reflect sensitivity to the study conditions as the elastic properties

of blood vessels change subject to whether they are in vivo or excised [167]. One of the

major mechanical differences between in vivo and ex vivo conditions is that in vivo, the

vessels are longitudinally tethered and surrounded by tissues and they transmit a contin-

uous cardiac activity, which keeps the whole system under constant stress state. On the

other hand, only some residual stress is present in the wall tissues of an excised vessel and

vessels are largely in a stress–free state and tend to shrink as they are no longer tethered

longitudinally or surrounded by tissues.

A few of the above mentioned studies concern human pulmonary vasculature for which

the measurements are available both in vivo [59, 67], e.g. during open heart surgery and

right heart catheterization, and ex vivo [185,186], such as from postmortem lungs. In this

regard, however, one of the most comprehensive sets of data was accumulated by Krenz &

Dawson [89]. Collected from 26 studies of six different species including human, they used

linear fit to a mixture of in vivo and ex vivo measurements of pressure and diameters on

a log–log scale, to propose a very specific pulmonary compliance value of 0.02 mmHg−1.

Below we discuss in detail the methodology and findings of Krenz & Dawson [88, 89],

followed by brief discussions on source studies, used by Krenz & Dawson, specifically

dealing with human pulmonary circulation.

Krenz & Dawson (2002 & 2003) Some experimental studies [2, 3, 41], conducted

on pulmonary vasculature of canine, suggest that despite the variations in vessel wall

composition and several orders of magnitude range in vessel diameter throughout the

pulmonary circulation, the distensibility of pulmonary vessels is essentially constant and

independent of vessel diameter and wall composition. Based on these conclusions Krenz

& Dawson published two studies [88, 89], first in a diverging arterial tree of distensible

vessels with a common inlet and multiple outlet branches [88] and then in connected trees

of diverging arteries and converging venous with a common outflow or inflow pressure [89],

to analytically prove that any arbitrary vessel in these trees will receive the same fraction
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of the total inflow regardless of the total inflow or pressure at the tree inlet. In other

words, if F denotes the total inflow to the tree, for each vessel n in the tree there exists

a constant fn such that Fn/F = fn, where Fn represent the flow in the nth vessel. They

proved this by assuming a Poiseuille flow profile for every vessel in the tree that obeys

the same distensibility relation of the form D/D0 = f(P ). They also assumed that every

terminal vessel in the tree has the same terminal pressure and that the viscosity of the

blood in an individual vessel remains constant. The analytical proof in the study leads to

the conclusion that the compliance of the pulmonary arteries is diameter independent over

the several order of magnitude range in vessel diameter, which is unlike the compliance

behaviour of systemic arteries [116] (see Figure 3.1.2).

The simple pressure–diameter relation, specific to pulmonary vessels [2], used by Krenz

& Dawson [89] is given by
D

D0
= 1 + λP, (3.2)

where P = p − p0 is the transmural pressure, where, in most experimental studies, p0 is

taken as diastolic pressure [59,67,95]. Also, D0 is the diameter at zero transmural pressure,

which is normally taken as the diastolic diameter. Further, λ (denoted by α in the actual

study [89]) is the linear coefficient of distensibility (or compliance) defined as the gradient

of fractional change in diameter corresponding to the change in pressure

λ =
(D −D0)/D0

P
=
D −D0

PD0
(3.3)

with the units of mmHg−1.

Using this definition of λ, Krenz & Dawson [89] compiled the data for vessels of various

internal diameters from 26 different studies, including five studies related to human be-

ings [59,67,95,185,186], to show that the data is in good agreement with the fitted straight

line with a gradient λ = 0.02 mmHg−1 (see Figure 3.2) and inferred that the pulmonary

compliance remains constant over large range of diameters. However, a close inspection of

Figure 3.2 shows that where the data for other mammalian species show good agreement

with the fitted line, the human data seems to be scattering away in most cases and may

not show such a good agreement with the fit for the same λ, if plotted alone.

Despite the fact that Krenz & Dawson, in both of their studies [88, 89], ignored the

effects of pulsatile flow and non-Newtonian behaviour of the blood in capillaries, it seems

reasonable to conclude that the pulmonary compliance is distributed more uniformly than

the systemic compliance and that the pulmonary compliance modulus is diameter indepen-
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Figure 3.2: Figure (7) by Krenz & Dawson [89] showing the relationship of change in diameter per

mmHg pressure rise (αD0) to the unstressed/diastolic vessel diameter (D0) measured in isolated

pulmonary vessels (arteries, veins, capillaries) in 6 different mammalian species. It should be noted

that the same value of λ can be obtained by correlating λP with P instead of λD0 with D0.

dent. This conclusion is further supported when we take into account the anatomical and

functional differences between systemic and pulmonary circulation and reflect upon the

design feature of pulmonary system that stabilises the effect, in the face of large variations

in cardiac output (from rest to exercise), on the flow distribution i.e. if the distensibility

is a function of vessel diameter it is unlikely that stability could be achieved.

In order to relate λ with C = C(Eh/r0) in our model, let us rewrite equation (3.2) as

r

r0
= 1 + λ(p− p0), with λ = 0.02 mmHg−1, (3.4)

Also rewriting the equation of state (2.28) gives us

r

r0
≈ 1 +

3r0

4Eh
(p− p0). (3.5)

Comparing (3.5) with (3.4), we get

Eh

r0
=

3

4λ
. (3.6)

For λ = 0.02 mmHg−1, we obtain

Eh

r0
= 37.5 mmHg ≈ 0.5× 105 g s−2cm−1.

This value of Eh/r0 is approximately 17 times smaller than that of k3 in the systemic

stiffness modulus (3.1), which would imply that pulmonary arteries are 17 times more
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compliant than the systemic arteries, significantly larger than the factor of 2–10 pro-

posed by several in vivo studies [49, 59, 120]. Olufsen et al. [115] used this values of λ

in her structured tree based model of pulmonary circulation and, albeit for a different

outflow condition, it leads to a low (3–14 mmHg) and rather featureless pulmonary arte-

rial pressure profile, whereas the typical pulmonary arterial pressure should range from

10–25 mmHg [55, 63]. Thus whereas it is reasonable to conclude a diameter–independent

human pulmonary compliance, the absolute value of λ proposed by Krenz & Dawson

does not fit with pulmonary circulation models. On the other hand, the value used by

Vaughan [169], one half of the systemic compliance, produces a significantly higher systolic

(32 mmHg) and pulse (23 mmHg) pressures.

With this in mind, we decide to choose a value of compliance parameter somewhere

in the middle so that the simulations performed with our model agree better with the

reported pressure range in the literature. In order to do this we first give a brief review of

published studies concerning the elastic properties of human pulmonary vessels.

J. C. Greenfield & D. M. Griggs (1963) : One of the earliest studies analysing the

pressure–diameter relation in the human MPA is by Greenfield & Griggs [59]. With an aim

to get insight behaviour of pulmonary compliance, Greenfield & Grigges tabulated pressure

(units of [cmH2O])2 and diameter [cm] measurements (along with heart rate, diagnosis,

weight (kg) and age) of in vivo MPA of 11 patients during open heart surgery. Three

of these patients were suffering from Pulmonary Hypertension (PH) whereas the other 8

patients had normal pulmonary function. By using these measurements they computed

the pressure–strain elastic modulus, given by Ep = ∆PR0/∆R (≈ λ−1), to analyse the

distensibility (units of [cm(cmH2O)−1]) of the MPA. They also published a figure (see

Figure 3.3) that reveals some of the shape features of normal pulmonary pressure pulse

and demonstrates the remarkable similarity between radius and pressure pulsations.

The analysis in this work draws some useful conclusions. Firstly, it was found that the

normal pulmonary artery appears to be about five times as distensible as the ascending

aorta. The mean change in the area of the MPA (22.9%) during the cardiac cycle was

found more than twice of that in the ascending aorta (11%) obtained using the same

experimental technique. It was also observed that in vivo area change in the MPA was

less than that of excised pulmonary artery of man [104], which suggests that pulmonary

21 cmH2O = 1.3556 mmHg
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Figure 3.3: Figure (2) taken from Greenfield & Griggs [59] showing a remarkable similarity

between lateral intravascular pressure and radius of MPA.

arteries are relatively stiffer in vivo than they are ex vivo. The data published in this

study is also used by Krenz & Dawson to estimate the pulmonary compliance behaviuor

and we have also utilised this data to estimate λ for the MPA.

Philippe Herve et al. (1989) : Published in 1989 by Philippe Herve and collab-

orators, this study was originally meant to understand the effects of Almitrine3 on the

pulmonary distensibility with a stated hypothesis that Almitrine decreases the pulmonary

distensibility of large pulmonary arteries in man. Although the focus of this paper is dis-

ease related, it provides a good set of data from 9 patients, known not to suffer from any

pulmonary condition, before and after using Almitrine. The diameters [mm] and pressures

[mmHg] were measured in vivo in all patients in supine position by using cinefluroscopic

and catheterization techniques. The complete data, tabulated in the paper, shows a mean

distensibility (λD0) of 0.27 for the RPA only. Used by Krenz & Dawson, we also choose

to use these measurements to predict the slope of linear pressure–diameter relation for the

RPA.

3A drug used to improve the ventilation–perfusion matching under a pulmonary condition.
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Ref. Vessel P (sys.) P0(diast.) D (sys.) D0 (diast.)

mmHg mmHg cm cm

20.0 6.00 3.2 2.8

21.8 4.60 3.9 3.3

Greenfield 22.1 5.40 3.3 2.9

& MPA 28.0 12.3 3.4 2.9

Griggs 18.0 6.00 2.3 2.3

[59] 19.9 12.0 2.7 2.5

16.5 7.10 2.5 2.3

21.0 11.3 2.5 2.3

Mean±S.D. 20.9± 3.2 8.1± 3.2 3.0± 0.5 2.7± 0.4

15.0 3.00 2.3 2.0

28.0 7.00 2.7 2.1

P. Herve 27.5 10.0 3.0 2.5

et al. RPA 30.0 15.0 2.6 2.3

[67] 24.0 12.0 2.7 2.4

22.0 12.0 2.3 2.2

20.0 9.00 2.6 2.3

20.0 9.00 2.8 2.4

22.0 8.00 3.1 2.5

Mean±S.D. 23.2± 4.7 9.4± 3.4 2.7± 0.3 2.3± 0.2

Combined average ±S.D. 22.1± 4.2 8.8± 3.3 2.8± 0.4 2.5± 0.4

Table 3.1: In vivo measurements of systolic and diastolic pressures and corresponding diameters

of the MPA and RPA from the literature. The values of pressure and diameter are presented after

making the units consistent with mmHg and cm, respectively.
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Figure 3.4: An estimation of coefficient of compliance, λ, for the MPA (from [59]) and RPA

(from [67]), by using the values given in Table 3.1. A linear regression is fitted for λP± S.E. that

shows a very similar value of λ for both vessels.

Estimating λ for the MPA and RPA

Table 3.1 presents the in vivo pressure and diameter measurements given in [59] and [67].

For the case of the MPA, we ignore the measuerments of three patients suffering with

pulmonary hypertension. After making the units consistent (mmHg and cm) we compute

λ for every single patient. It is observed from the table that the average pressure ranges

from approximately 8–21 mmHg in the MPA and from 9.4–23 mmHg in the RPA, whereas a

combined average of approximately 9–22 mmHg is observed for these vessels. A regression

line is then fitted for individual groups to λP±S.E vs P to estimate λ both for the MPA and

RPA. As shown in Figure 3.4 that the RPA is slightly more compliant (λ = 0.012 mmHg−1)

than the MPA (λ = 0.009 mmHg−1), however, R2 is also lower in the case of RPA than

that of MPA. We discuss these findings further in the next sections along with some other

values of λ proposed for different diameter ranges.

R. T. Yen & S. S. Sobin (1988) and R. T. Yen et al. (1990) : Yen & Sobin [186]

studied elasticity of non-capillary microscopic vessels of diameter < 100µm (0.01 cm)

in human pulmonary vascular beds by using the measurements from three postmortem

lungs of healthy young individuals. Later, Yen and coworkers [185] also analysed elastic

properties of pulmonary arterial vessels, with diameters ranging from 200–1600µm (0.02–

0.16 cm), and pulmonary venous vessels with diameters in the range of 100–1200µm (0.01–

0.12 cm). The measurements for the later study were obtained from three postmortem

lungs, different from the previous study [186]. In the first study, both for the arteries

and the veins, they estimated λ (with units of [µm(cmH2O)−1]) by linearly correlating

vessel diameter [µm] with transmural pressure (p − p0) (units of [cmH2O]) [186]. In the
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later study they estimated λ (with units of [cmH2O−1]) as the slope of linear relationship

between the fractional change in vessel diameter and the transmural pressure. To the best

of our knowledge, these are the only most detailed studies available in the literature, which

provides a good picture of elastic behaviour of the excised pulmonary vessels and therefore

have also been used by Krenz & Dawson [89].

D0 λ Eh/r0 Eh/r0

Data source Vessel type (cm) (mmHg−1) (mmHg) ×105 (g/s2cm)

Figure 3.4, (right) MPA 2.7 0.009 83 1.11

Figure 3.4, (left) RPA 2.3 0.012 63 0.84

0.16–0.10 0.009 83 1.11

0.10–0.06 0.009 83 1.11

[185] Arterioles 0.06–0.04 0.006 125 1.67

0.04–0.03 0.007 107 1.43

0.03–0.02 0.008 94 1.25

non– 0.006 0.002 375 5.00

[186] cappillaries 0.003 0.003 250 3.33

(arterial) 0.002 0.005 150 2.00

Mean 0.007 141 1.89

0.12–0.08 0.005 150 2.00

0.08–0.04 0.006 125 1.67

[185] Venules 0.04–0.02 0.009 83 1.11

0.02–0.01 0.013 58 0.77

non– 0.006 0.003 250 3.33

[186] cappillaries 0.003 0.005 150 2.00

(venous) 0.002 0.007 107 1.43

Mean 0.007 132 1.76

Mean (all vessels) 0.007 137.5 1.83

Table 3.2: Estimation of linear distensibility parameter adopted from literature [185, 186] and

approximated by using available data (see Figure 3.4).
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3.2 Choice of λ

Based on the findings and data available from the studies discussed above, we summarise

the values of λ [mmHg−1], after making the units consistent, in Table 3.2. Except the

MPA and the RPA, all other values are taken directly from literature and they belong

to ex vivo studies. The last two columns illustrate the stiffening of blood vessels, where

values of Eh/r0 are converted from λ by using equation (3.6). From Table 3.2, one may

observe the overall trend of compliance distribution across human pulmonary arterial and

venous tree.

It seems that the compliance of largest pulmonary arteries remains almost constant

above a diameter of 0.06 cm, except for the RPA which is more compliant than other

vessels in this range but also has a smaller R2 value than the MPA in Figure 3.4. Below

D0 = 0.06 cm, the vessels get stiffer in the diameter range 0.06–0.04 cm. However, further

below this point the compliance increases again and smaller arteries (arterioles) become

very compliant at D0 = 0.02 cm again. At the non–capillary level, the smallest vessels

are observed to be stiffer than the larger arteries but at this level too the compliance

keeps increasing down the tree, a similar pattern observed for vessels in diameter range

0.06–0.02 cm.

As for the venous side, unfortunately, no data was available for the four largest pul-

monary veins opening into the left atrium which means that we have to estimate the

compliance values for these vessels. However it can be observed from the table that the

smaller veins (venules), in diameter range of 0.12–0.01 cm, are more compliant than the

larger veins. Although the venous vessel at the non–capillary level are more compliant

than their arterial counterparts in the similar diameter range, the general trend of com-

pliance at this level remains same i.e. vessels are stiffer than the larger vessels but become

compliant towards capillaries. Moreover, the averaged value of λ = 0.007 mmHg−1 (or

Eh/r0 = 138 mmHg) is same for both arterial and venous sides and it appears specific to

human pulmonary vasculature. This value is less than half of that proposed by Krenz &

Dawson [89] (i.e. λ = 0.02 mmHg−1) yet significantly larger than the systemic compliance,

about five times.

Ideally, we should be able to simulate reasonable pressure and flow profiles by assign-

ing the compliance values, given in Table 3.2, to the vessels belonging to corresponding

diameter ranges in the model. Unfortunately, this approach does not work as the resulting

pressure and flow profiles appear to be either too chaotic to be termed as physiological
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or the numerical solution fails to converge in some cases. This leaves us with no choice

but to make some adjustments in the parameter values and perform trial simulations to

obtain physiological pressure and flow waveforms.

Since the arterial and venous structured trees are joined together when rmin = 0.005 cm

(D0 = 0.01 cm), the observations from [186] about non–capillary arterial and venous vessels

are not directly applicable in this study. Also from Table 3.2, based on a comparatively low

accuracy of the linear fit for RPA, if we ignore the compliance difference of the RPA then

the overall compliance of the pulmonary arteries above D0 = 0.06 cm becomes constant.

Further, based on the averaged compliance behaviour, we assume the same compliance

distribution for arterial and venous sides. Finally, we stick with the radius–independent

compliance value and keep λ uniform for both arteries and veins but different for large

and small vessels.

Besides the compliance parameter C, the other parameters of interest are rmin, ξ, γ,

lrrA and lrrV . These parameters are chosen as described in Section 2.1.2, i.e. ξ = 2.76,

γ = 0.41, lrrA = 15.75 cm, lrrV = 14.51 cm and rmin = 0.005 cm. However, the simulations

are also very sensitive to rmin, so where appropriate, we vary rmin a bit in combination

with compliance for the purpose of trial simulation. Thus keeping ξ, γ, lrrA and lrrV

fixed, we select 9 different combinations of parameter values for rmin, λlarge and λsmall and

divide them in three general groups A, B, and C. The grouping is done based on how the

compliance of large and small vessels is different, e.g. in group A the large vessels are

more compliant than the small vessels, a generally observed phenomenon in the systemic

arteries, whereas the λ for small vessels is forced to be consistent with some of the values

in the literature. This is opposite in group B and C where large vessels are stiffer than the

small ones but the base value of λ in Group C is smaller than Group B. All these values

are presented in Table 3.3 along with C– and s–ratios in columns 6 and 9 representing the

ratio of large to small compliance and stiffness, respectively.

3.2.1 Results

We run our numerical code for 9 combinations given in Table 3.3 by solving the system

of equations (2.100)–(2.103) with a the two–step Lax–Wendroff scheme at a temporal

resolution of 4096 per cardiac cycle. The results for pressure and flow–rate waveforms are

plotted for the MPA and RSV at proximal, midpoint and distal locations over one cardiac

cycle.
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rmin λlarge λsmall (Ehr0 )large (Ehr0 )small

Group No. (cm) (mmHg−1) (mmHg−1) C–ratio (mmHg) (mmHg) s–ratio

1 0.005 0.040 0.009 4.44 18.7 78 0.24

A 2 0.001 0.020 0.006 3.33 37.5 123.8 0.30

3 0.005 0.009 0.002 4.50 82.5 375 0.22

4 0.200 0.020 0.33 0.06 37.5 2.3 16.3

B 5 0.050 0.011 0.10 0.11 67.5 7.5 9.00

6 0.007 0.009 0.10 0.09 82.5 7.5 11.0

7 0.005 0.0051 0.03 0.17 146.25 26.5 5.52

C 8 0.005 0.0043 0.02 0.21 176.25 37.5 4.70

9 0.005 0.0038 0.02 0.19 195.00 37.5 5.20

Table 3.3: A selection of three groups (A, B & C), each consisting of three distinct sets of parameter

values with main focus on the variability of the stiffness of both small and large vessels. λ is

the distensibility parameter whereas Eh/r0 is the stiffness parameter involved in our calculation

through the tube–law. The C–ratio and the s–ratios are respectively the ratios of large vessel

distensibility and stiffness to those of small vessels. After experimental simulations a single set of

values (C(9)) is proposed as the normal physiological values for our model of pulmonary circulation.
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Figure 3.5: Pressure in the MPA (top) and RSV (bottom) corresponding to three sets in Group

A given Table 3.3. The pressure is predicted at three different locations, at the vessel inlet (solid

blue), the midpoint (dashed magenta) and at the end of both vessels (solid cyan).

Group A : Figures 3.5 and 3.6 show the pressure and flow–rate profiles corresponding to

the combinations in group A. For combinations A(1) and A(2), we have kept large vessels

about 3–4 times more compliant than the small ones but also keeping the large vessels more

compliant than the generally observed compliance (0.04 & 0.02 vs 0.009) at the same time.

As a result, both pressure and flow waveforms in the MPA are extremely chaotic and their

appearances is far from being physiological. The panels corresponding to combination

A(3), however, show very different behaviour. As observed from the figure, the pressure in

the MPA ranges from 10–25 mmHg, agrees almost perfectly with the pressures reported

in the literature [55, 63], but the pressure profiles at all locations are extremely smooth

and featureless and do not share any of the shape features observed in Figure 3.3. This

may be due to significantly stiffer large and small vessels and the highest C–ratio within

this group. Furthermore, for A(3), the corresponding flow and pressure in the MPA and

RSV, respectively, show some unusual oscillations whereas the shape of flow waveform in

the RSV looks more like arterial pressure. If we only stick to the criterion of agreement

of arterial pulse pressure with that of experimental studies, then the values in A(3) may

be the most appropriate choice for this study.
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Figure 3.6: Predicted volume flow–rate in the MPA (top) and RSV (bottom) corresponding to

three sets in Group A given Table 3.3. The flow is predicted along three positions, at the vessel

inlet (solid blue), at the midpoint (dashed magenta) and at the end of both vessels (solid cyan).

Group B : In Figures 3.7 and 3.8 we predict the pressure and flow–rate for the combi-

nations of values given in group B. In terms of C–ratio, for two cases, B(4) and B(6), we

maintain highly compliant large vessels by keeping λlarge similar to those in group A, but

unlike group A, we make smaller vessels extremely compliant, in fact about 16 times more

compliant than the larger vessels. This is an exaggeration of the pattern when smaller

vessels are more compliant than the larger ones. The purpose of doing this is to observe

the other extreme and then look for something in the middle.

It can be observed from theses figures that the pressure profiles are much more con-

sistent than those in group A but initially show a much lower pressure than expected

(3–9 mmHg for B(4)). However, the pressure increases gradually as the large vessels are

made stiffer. It must be noted though, for these choices of compliance values we have to

compromise for the value of rmin, as rmin varies the most in group B. As far as the shape is

concerned, the pressure profiles look more like flow–rate profiles with an amplified second

peak during diastole. Again by increasing the stiffness of large vessels the shapes change

a little, but still look very different than the physiological shape of pressure waveform.

Analysing the flow waveforms in Figure 3.8, we observe that, unlike group A, the devia-

tions in the compliance parameters hardly affect arterial and venous flow and they behave
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Figure 3.7: Pressure in the MPA (top) and RSV (bottom) corresponding to the sets in Group B

given Table 3.3. The pressure waveforms are simulated along three different positions in both the

vessels, i.e. at the proximal end (solid blue), the midpoint (dashed magenta) and the the distal

end (solid cyan).
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Figure 3.8: Flow rate in the MPA (top) and RSV (bottom) corresponding to three sets in Group

B given Table 3.3. The flow is evaluated at three locations in both vessels, i.e at the proximal end

(solid blue), the midpoint (dashed magenta) and the the distal end (solid cyan).
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Figure 3.9: Pressure profiles corresponding to different compliance values stated in Group C of

Table 3.3 for the MPA (top row) and the RSV (bottom row). The results are plotted at proximal

(solid blue), midpoint (dashed magenta) and distal ends (solid cyan) of both vessels.

very consistently.

Group C : Finally we run our numerical code for combinations 7–9 in group C to

simulate pressure and flow in the MPA and RSV. Taking into account the outcomes of

group A and B, which suggest (a) the large vessels should be stiffer than the small vessels

and (b) increasing stiffness of large vessels, while maintaining a suitable C–ratio, improves

both shape and magnitudes of pressure waveforms, we make both large and small vessels

stiffer by maintaing a C–ratio = 0.2. As seen from Figures 3.9 and 3.10, this is by far the

most well behaved group that allows us to run all the simulations, for all three cases, with

a fixed rmin = 0.005 cm. The results from C(8) and C(9) show that not only we achieve

a physiologically observed pressure range of 10–25 mmHg but also the shape features are

very similar to those observed in in vivo MPA pressure waveform [59].

As for the veins, although we do not have any physiological venous pressure waveform,

the simulated pressure waveforms for RSV are also consistent for the value given in this

group. The same holds for both arterial and venous flow wave forms.
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Figure 3.10: Flow–rate simulations in the MPA (top) and RSV (bottom) corresponding to three

sets in Group C given Table 3.3. The flow is predicted along three positions, at the vessel inlet

(solid blue), at the midpoint (dashed magenta) and at the end of both vessels (solid cyan).

3.3 Discussion

From these results, we observe that the compliance of pulmonary vessels is indeed one

of the most influencing parameters in our model. We note that despite the fact that the

small vessels are outside the computational domain, their compliance is a key determinant

of pressure waveforms in the large vessels, which testify the role of peripheral vessels on

upstream haemodynamics and highlights the need of including the effects of these vessels

in a circulation model through physiology based dynamic boundary condition.

After examining all the options in Table 3.3, we conclude that for this study it is

appropriate to choose the parameter combination C(8) or C(9) to represent the normal

physiological case. It should be noted that these simulations are obtained for the values

of λlarge ≈ 0.004, which is significantly smaller than the observed λ =0.009 mmHg−1 for

the MPA, and λsmall = 0.02, the value proposed by Krenz & Dawson [89]. Moreover, the

predicted pressure through this group is closest to the suggested pulmonary pressures in

the literature i.e. 10–25 mmHg [55, 63], and the averaged pressure range calculated from

data in Table 3.1, which is 8.8–22.1 mmHg.

Moreover, our simulations look much better when compared with the predicted pressure

waveforms from other structured tree based models of human pulmonary circulation given
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Figure 3.11: Pressure wave simulation over one cardiac cycle at the midpoint in the MPA from

three different pulmonary models, all based on a structured tree related boundary condition. Left:

waveform simulated through our model using C(9) in Table 3.3, Middle: by Vaughan [169] and

Right: by Olufsen et al. [115].

by Vaughan [169] and Olufsen et al. [115]. As shown in Figure 3.11, Vaughan predicted

10–33 mmHg of pressure in the MPA, measuring a much higher pulse pressure of 23 mmHg.

Also the predicted pressure given by Olufsen et al. [115] is much lower, ranging between

3–14 mmHg. As for the shape, the behaviour of our predicted pressure profile shares most

features of in vivo measured pressure waveform presented by Greenfield & Griggs [59] (see

Figure 3.12), whereas the pressure profile put forward by Vaughan shows a prominent, and

clinically significant, left shoulder (or point of inflection) in the early systole. While, on the

other hand, due to a high compliance value throughout the system Olufsen’s wave profile

is rather smooth and featureless and predicts a low blood pressure. Finally, although

we partially adopted Clipp & Steele’s approach [36] to determine compliance value for

our model, our simulations are not exactly comparable to them as their study deals with

pulmonary circulation of sheep with specific focus to study effects of respiration on the

pulmonary pulse wave.

3.4 Conclusion

Based on discussion, we can conclude this chapter by selecting a set of parameter values

that predict pressure waveforms, which share most features of the pulmonary pressure

pulse from the literature. In this chapter, we also observe that the suggested value of

λ = 0.02 mmHg−1 by Krenz & Dawson [89] for the entire pulmonary system is too large

for our study (about 17 times than the systemic arteries) and does not conform with

the suggested relative approximations of pulmonary arterial compliance [49, 59, 120] i.e.
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Figure 3.12: The pressure profile in the MPA, published by Greenfield & Griggs [59]. Cropped

and modified for the purpose of comparison.

pulmonary arteries are 2–10 times more compliant than the systemic arterial compliance,

significantly less than the factor of 17. This difference may be due to the fact that me-

chanical properties of blood vessels change when they are excised [167], whereas Krenz &

Dawson use all sort of data that result in this value. However, most studies agree with a

uniform compliance distribution at different levels of the pulmonary system suggesting a

constant compliance parameters both for large and small vessels. Consequently, a constant

compliance parameter is used by taking (Eh/r0)large = 195 mmHg (2.6 × 105 g s−2cm−1),

which is approximately the same value chosen by Clipp & Steele [35, 36] after scaling

k3 in the radius dependent systemic compliance modulus and (Eh/r0)small = 37.5 mmHg

(0.5 × 105 g s−2cm−1), the value proposed by Krenz & Dawson [89]. In the absence of

published data for the elastic properties of the pulmonary veins, we use the same value for

pulmonary arterial and venous vessels. Moreover, the sudden transition between two com-

pliances is more of a model requirement than the true physiological behaviour, which limits

the use of these values to this model only and may not necessarily provide good results

in other structured tree based models. Nevertheless, these values give simulated pressure

waveforms consistent with the physiological pressure range [59,63, 67] and shape [59] and

enable us to improve the existing results given by Vaughan [169].



Chapter 4

Simulating The Normal Pulse and

Applications To Disease

Conditions

In this chapter we present the results of pressure and flow waveforms for a healthy young

subject, whose measured vessel diameters are given in Table 2.1, followed by results for

computational models of pulmonary hypertension. While vessel geometries and inflow into

the MPA were partially obtained from measurements, other quantities such as density, vis-

cosity, and scaling ratios, were determined from literature values. The system of equations

(2.100)–(2.103) is solved by a two–step Lax–Wendroff scheme at temporal resolutions of

4096 in order to predict the pressure and flow–rate waveforms in the large arteries and

veins subject to the set of normal physiological parameters values concluded in Chapter 3.

Finally, this new pulmonary model is applied to analyse four clinical conditions associated

with pulmonary hypertension, viz. pulmonary arterial hypertension (PAH) associated with

increased resistance and stiffening of pulmonary arterioles and venules, pulmonary venous

hypertension (PVH) triggered by increased left atrium (LA) pressure due to a left heart

condition, vascular remodelling associated with hypoxic lung disease (HLD) and chronic

thromboembolic pulmonary hypertension (CTEPH) represented by increased stiffness of

the large pulmonary arteries. We also analyse the effects of pulmonary hypertension com-

bined with right ventricular dysfunction (RVD) by modifying our model to read the time

varying pressure at the system inlet, instead of the MRI flow–rate, as the inflow boundary

condition.

76
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Figure 4.1: Distribution of flow (left) and the propagation of pressure wave (right) through the

tree of large arteries over one cardiac cycle. The waveforms are predicted at the midpoint in each

artery.

4.1 Normal case

The arterial side

Figure 4.1 shows the flow partitioning and the pressure wave propagation through the

large arterial tree. The waveforms are plotted at the midpoint of each artery over one

cardiac cycle. In the first panel, it is observed that the the blood volume is distributed

such that the arteries with larger inlet cross–sectional area receive more volume flux than

those with the smaller cross–sectional area. Moreover, the flow behaviour in all the arteries

maintains the key features of imposed MRI measured inflow profile such as the maximum

volume flux during systole and minimal during diastole. However, a small retrograde flow

is observed at the end of systole in the MPA and the vessels bifurcating from it, i.e the

RPA and LPA, which disappears in the vessels after second bifurcation in the tree (RIA,

RTA, LIA, LTA). This may be due to the closure of pulmonary valve and seems not to

propagate too far in the system. Also the flow during diastole in all vessels is influenced

by wave reflections originating from the junctions and periphery vessels.

The second panel in Figure 4.1 depicts the simultaneously predicted pressure wave,

which reveals the effects of wave propagation throughout the tree. It is observed that the

foot of the pressure wave, at the beginning of systole, propagates forward in time as it

arrives slightly late in the distal vessels whereas the peak pressure not only propagates

forward but also increases towards the distal locations in the tree. The peaking of pressure

is due to the effect of vessel’s taper and positive wave reflections in the microcirculation

whereas the wave propagation is an attribute associated with the normal physiology of the
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Figure 4.2: Predicted pressure at three locations along the large arteries. For each artery, pressures

are evaluated at the vessel inlet (solid blue), at the midpoint (dashed magenta), and at the end

(dashed-dot green).

pulse wave. In diastole, a very pronounced dicrotic notch, giving rise to a local minimum,

appears in the proximal vessels but tends to fade away with distance and become more like

a point of inflection in the distal arteries. The dicrotic notch corresponds to the negative

flow–rate at the end of systole and thus indicate the moment the pulmonary valve closes

to begin diastole.

In order to have a closer look at the behaviour of pressure and flow–rate along indi-

vidual arteries, we plot these waveforms separately for the first six arteries in Table 2.1.

Figures 4.2 and 4.3 show the predicted pressure and flow at three locations along the MPA,

RPA, LPA, RIA, RTA and LIA. In Figure 4.2, the pressure in the large arteries range from

about 10–25 mmHg. Moreover, slight differences in peak pressure and arrival time for the

reflected waves can be observed between proximal and distal ends of the MPA, RPA and

LIA while no significant difference can be observed in the LPA, RIA and RTA. The visible

increase in pressure in the distal MPA and LPA suggests that vessel tapering plays a role

despite the fact that pulmonary vessels are more compliant and shorter compared to their

systemic counterparts. Moreover, in the case of the LPA, we observe limited effects of wave

propagation because the LPA is short (2.5 cm). Similarly, RIA and RTA are too short for

wave propagation to be effective and the transmission of pressure is almost instantaneous

along these vessels.
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Figure 4.3: Simulated flow at three locations along the large arteries. For each artery, flow and

pressure are evaluated at the vessel inlet (solid blue), at the midpoint (dashed magenta), and at

the end (dashed-dot green.)

As for the flow in these arteries, very little change is observed with distance along

individual vessels, but the differences in geometry between the left- and right-sided vessels

lead to a greater flow in the LPA and LIA than in the RPA, RIA and RTA. For instance,

a significantly greater flow enters the LPA compared to the RPA, because the diameter of

the LPA in this subject is significantly larger than the RPA (1.8 vs. 2.2 cm). Moreover,

for LIA, RIA and RTA, since tapering is minimal and no side branches are included within

these three vessels, the flow does not vary significantly among the three locations within

each vessel.

The venous side

In Figure 4.4, we predict the blood flow distribution and the pressure wave behaviour

at the midpoint of four largest veins (RIV, RSV, LIV, LSV). Just like the arteries, the

veins geometry plays an important role in the blood volume distribution, and the vein

with the largest distal cross–sectional area (LIV with A = 2.8 cm2) receives the greatest

flux, q ≈ 150cm3/s. However, unlike the arteries, the flow in the veins is much smoother

and the maximum flux passes through the veins during diastole, during which flow from

the veins fills the left–atrium (LA). As for the pressure, the magnitude and variations in

the pressure are low and the pressure in all four veins either oscillates about the constant

fixed pressure or shows a biphasic profile with two maxima.
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Figure 4.4: Flow partitioning (left) and the pressure wave simulations (right) in the large veins.

The waveforms are predicted at the midpoint in each vein over one cardiac cycle.

A more detailed picture of pulmonary venous haemodynamics is given in Figure 4.5,

which shows the pressures and flow waveforms along three positions in all four veins. The

four panels in the top row show the venous pressure dynamics. Also depicted in Figure 4.4,

we observe that the pressures in RIV, RSV and LSV are biphasic and the LIV pressure

oscillates about 2 mmHg, the constant right atrial pressure specified in the model. In

the RSV and LSV, the pressure remains above 2 mmHg, however the maximum pressure

variation is only about 0.4 mmHg in the LIV and LSV. The geometry may also explain

different oscillatory pressure behaviour observed in veins.

The second row in Figure 4.5 shows the venous flow–rate waveforms. It can be seen

from the Figure that there is almost no change in the flow with distance along individual

vessels, a behaviour similar to that observed in the arteries. Moreover, the flow through

the LIV is much larger than the other veins, since the LIV is connected to the LIA, which

has a large distal diameter (1.8 cm), and since the way in which we have constructed the

structured-tree model for the vascular beds requires the distal diameters of pairs of large

arteries and veins to be the same. Thus the flow distribution in veins is governed by the

way they are connected with the corresponding arteries in left and right lungs.
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Figure 4.5: Predicted pressure (first row) and flow (second row) at three locations along the large

veins. For each vein, pressure and flow are evaluated at the vessel inlet (solid blue), at the midpoint

(dashed magenta), and at the end (dashed-dot green).

4.2 Pulmonary hypertension

Pulmonary hypertension is a rare condition, with less than 50 cases per million people [122].

However, its occurrence is significantly higher for at-risk patient groups including HIV

patients [62,149], patients with systemic sclerosis [108], and with sickle cell disease [51,100].

Moreover, the consequences of the disease for those affected are often severe. The condition

may arise as the result of multiple mechanisms, and as a result the disease is often divided

into subcategories [123, 146]. In 1998, a new classification was proposed that divided

pulmonary hypertension on the basis of presumed underlying etiology of the pulmonary

vascular disease [142]. While a large number of specific subcategories are explained in the

most recent updates [147], in this study we analyse the effect of pulmonary hypertension

according to four major groups characterised by observed anatomical changes of the blood

vessels. These include:

Group I : Pulmonary arterial hypertension (PAH)

Patients with pulmonary arterial hypertension have idiopathic pulmonary arterial hy-

pertension (IPAH), formally called primary pulmonary hypertension, localized to the small

pulmonary arterioles, such as connective tissue disease [72]. This group of conditions in-

cludes pathophysiology observed in patients with increased stiffness and resistance of small

pulmonary vessels of diameters less than 500µm [90,140].



Chapter 4. Simulating The Normal Pulse and Applications To Disease Conditions 82

Group II : Pulmonary venous hypertension (PVH)

Often referred as secondary pulmonary hypertension, the patients in this group have

elevated pulmonary pressure, most frequently as a consequence of either mitral valve dis-

ease or left ventricular (LV) diastolic dysfunction [142]. Particularly the condition occurs

due to the inefficiency of the left heart to adequately pump the blood into the systemic

system [146] that leads to a chronic elevation in the diastolic filling pressure of the left

heart, causing a backward transmission of the pressure to the pulmonary venous system,

which triggers vasoconstriction in the pulmonary arterial bed [142,183].

Group III : Pulmonary hypertension associated with hypoxic lung disease

(HLD)

Hypoxia, combined with medial hypertrophy of more proximal arteries, induces muscu-

larization and loss of distal vessels, which is compounded by the loss of lung parenchyma

in the setting of lung disease [142]. Thus this pathophysiology is associated with vascular

remodelling associated with underlying respiratory disease, typically affecting vessels with

a diameter less than 500µm. In particular, it has been reported that due to the loss of lung

parenchyma, patients with HLD have a reduced density of vessels within the pulmonary

vascular bed (microvascular rarefaction1) [164].

Group IV : Chronic thromboembolic pulmonary hypertension (CTEPH)

The patients in this group have slowly progressive onset of dyspnea2 with physical

exertion and ultimately develop the signs and symptoms of right heart failure. The problem

is initially located in larger vessels, which display decreased vessel diameter and increased

stiffness, while there are arterial pathways that appear relatively unaffected by vascular

disease [142]. However, the condition may eventually propagate and also affect small

pulmonary vessels as observed for patients with PAH [33, 43]. With the involvement of

distal microvessels the pathology may more closely resemble to that of PAH [142], which

often indicates a worse prognosis.

1Terminology alert: Not to confuse the term ‘rarefaction’ with ‘rarefaction waves’ in Physics. In

physiology ‘rarefaction’ refers to functional or structural modifications in the small arteries such as the

reduction in microvascular density within a given volume of tissue. Throughout this thesis we use this

term in physiological context.
2Shortness of breath, a subjective symptom of breathlessness.
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4.2.1 Simulations of pulmonary hypertension

Since our model of pulmonary circulation takes into account the contribution of microvas-

cular haemodynamics through structure trees of small vessels and explicitly includes the

venous description, we may extend this model to simulate the disease conditions with

pathophysiology located in the large pulmonary vessels or in the distal microcirculation

i.e. the small vessels. Therefore, in this section we apply our model to test the disease

hypothesis, explained above, and the results of computations simulating these four disease

classes are shown and discussed below. Since the normal patterns of pressure and flow in

the RIA, RTA and LIA do not appear to be significantly different than the patterns in the

MPA, RPA and LPA (see Figures 4.2 and 4.3), the pressures and flows are predicted for

all four conditions of pulmonary hypertension along the midpoint in the MPA, RPA and

LPA only, the same is also done for all the veins i.e RSV, RIV, LSV and LIV.

Pulmonary arterial hypertension (PAH)

Pulmonary arterial hypertension can be triggered by a variety of pathologies [17], but

an underlying feature of the condition is the stiffening of the smaller pulmonary arteries.

In [140], it was shown that the arterial distensibility is decreased in healthy ageing and in

patients with chronic hypoxia, and that reduced distensibility leads to increased stiffening

of the small vessels. In this study, the reduction of distensibility is modelled by increas-

ing the stiffness parameter Eh/r0, which is inversely proportional to the distensibility

parameter.

Figure 4.6 shows the effects of small-vessel stiffening within the arterial and venous

structured trees on predicted pressures and flows in large arteries. Also the effects of PAH

in veins can be observed in Figure 4.7. In the arteries the increased stiffness results in an

increase in peak and pulse (the peak minus trough) pressure, and amplified oscillations of

the pulmonary venous pressure and flow waveforms, with little change in the flow through

the arteries. Moreover, the increased small-artery stiffness results in a delay of the peak

pressure wave arrival.

Pulmonary venous hypertension (PVH)

The main causes of pulmonary venous hypertension are associated with LV dysfunction,

including systolic dysfunction, diastolic dysfunction and valvular heart disease [72] leading

to an elevated left atrium (LA) filling pressure [142] and ultimately causing PVH. In this



Chapter 4. Simulating The Normal Pulse and Applications To Disease Conditions 84

0 0.2 0.4 0.6

10

20

30

p
 [
m

m
H

g
]

MPA

0 0.2 0.4 0.6

10

20

30

RPA

0 0.2 0.4 0.6

10

20

30

LPA

0 0.2 0.4 0.6

0

100

300

500

t [s]

q
 [
c
m

3
/s

]

0 0.2 0.4 0.6

0

100

300

500

t [s]
0 0.2 0.4 0.6

0

100

300

500

t [s]

0 20 40 60

10

20

30

stiffness %

p
 [
m

m
H

g
]

0 20 40 60

10

20

30

stiffness %
0 20 40 60

10

20

30

stiffness %

Figure 4.6: Effect of PAH (Group-I) on pressure and flow at midpoints of the MPA, RPA and

LPA. The curves correspond to change in small vessel stiffness parameters as: normal stiffness (solid

blue), 25% increase (dashed-dot red), 50% increase (solid cyan), 75% increase (dashed magenta).

The third row gives peak (solid blue), mean (dashed magenta), pulse (dashed-dot red) and trough

(solid cyan) pressures.



Chapter 4. Simulating The Normal Pulse and Applications To Disease Conditions 85

0 0.2 0.4 0.6

1.8

2

2.2

p
 [
m

m
H

g
]

RIV

0 0.2 0.4 0.6

1.8

2

2.2

RSV

0 0.2 0.4 0.6

1.8

2

2.2

LIV

0 0.2 0.4 0.6

1.8

2

2.2

LSV

0 0.2 0.4 0.6
0

10

20

30

40

50

t [s]

q
 [
c
m

3
/s

]

0 0.2 0.4 0.6
0

5

10

15

20

25

t [s]
0 0.2 0.4 0.6

0

50

100

150

200

t [s]
0 0.2 0.4 0.6

0

10

20

30

40

50

t [s]

0 20 40 60

1.8

2

2.2

stiffness %

p
 [
m

m
H

g
]

0 20 40 60

1.8

2

2.2

stiffness %
0 20 40 60

1.8

2

2.2

stiffness %
0 20 40 60

1.8

2

2.2

stiffness %

Figure 4.7: Effect of PAH (Group-I) on pressure and flow at midpoints of the RIV, RSV, LIV and

LSV. The pressure and flow waveforms shown in the first two rows correspond to modulation of

small vessel stiffness parameters as: normal stiffness (solid blue), 25% increase (dashed-dot red),

50% increase (solid cyan), 75% increase stiffness (dashed magenta). The third row gives peak (solid

blue), mean (dashed magenta) and trough (solid cyan) pressures.
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Figure 4.8: Influence of PVH (Group-II) on haemodynamics at the midpoint in each of the MPA,

RPA and LPA. The first two rows show the pressure and flow waveforms which correspond to the

increase in left atrium (LA) (or outflow) pressure as: 2 mmHg (solid blue) (normal case), 5 mmHg

(dashed-dot red), 10 mmHg (solid cyan) and 14 mmHg (dashed magenta). The changes in peak

(solid blue), mean (dashed magenta), pulse (dashed-dot red) and trough (solid cyan) pressures

with elevated LA pressure are shown in third row.
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Figure 4.9: Variations in pressure and flow at midpoints of the RIV, RSV, LIV and LSV under

PVH (Group-II). The first two rows depict the pressure and flow waveforms in the face of increased

LA pressure as: 2 mmHg (solid blue), 5 mmHg (dashed-dot red), 10 mmHg (solid cyan), 14 mmHg

(dashed magenta). The third row gives peak (solid blue), mean (dashed magenta) and trough

(solid cyan) pressures.

study, we model this condition by increasing the pressure at the opening of largest veins

into LA i.e. by altering the outflow boundary pressure at the venous. The corresponding

simulations are shown for arteries and veins in Figures 4.8 and 4.9, respectively.

It is clear from Figures 4.8 and 4.9 that under PVH the mean, peak and trough

pressures in the large vessels have a linear relationship with the LA pressure, which leaves

the overall pulse pressure unaltered. Moreover, the pressure shifts upward, by the same

amount as the pressure increase at the system outlet, in arteries and veins alike without

having any significant effect on the pressure wave propagation or on the flow in these

vessels.

Pulmonary hypertension associated with hypoxic lung disease (HLD)

Hypoxic lung disease results in hypoxic pulmonary vascoconstriction, microvascular rar-

efaction and vascular remodelling [164], all of which contribute to pulmonary hypertentsion
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ξ # of vessels ×105 % change

2.40 4.6 -27

2.50 5.1 -20

2.60 5.6 -12

2.76 6.3 0

2.90 7.1 +12

3.00 7.7 +22

Table 4.1: The effects of changing radius exponent ξ on the vascular density within the vascular

beds. The deviation in the total number of small vessels from normal values is presented for the

arterial structured tree connected to the RIA. The minus sign indicates a reduction in density while

a plus indicates an increase.

that aggravates the hypoxaemia already present. Here we focus on vascular rarefaction

and its contribution to pulmonary hypertension. In [115], rarefaction within the systemic

arterial vascular beds was modelled by reducing the radius exponent ξ and the asymmetry

ratio γ. Decreasing these parameters results in a decrease of the area ratio η within the

structured tree (see Figure 2.3). This approach is extended here to study the reduction of

total cross—sectional area within both arterial and venous structured trees. For a typical

structured tree the effects of changing ξ, in the neighbourhood of the normal physiological

value (ξnormal = 2.76), on the vascular density are shown in Table 4.1.

Figure 4.10 shows predicted pulse pressure and the flow waveforms in the arteries. In all

three arteries, rarefied vascular beds result in significant increases in peak, trough and mean

arterial pressures. Further, as the degree of rarefaction is increased, the separate peaks

from the incident and reflected pressure pulses merge forming a single, more featureless,

peak. Figure 4.11 illustrates the effects of rarefaction on the pulmonary veins, where the

amplitude of the pressure and flow waveforms are reduced. In addition, rarefaction causes

a phase shift in the venous pulse waves, with both venous pressure and flow waveforms

peaking earlier.

Chronic thromboembolic pulmonary hypertension (CTEPH)

The pathophysiology associated with chronic thromboembolic pulmonary hypertension

is similar to that of pulmonary arterial hypertension, except that it occurs in the large
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Figure 4.10: Effect of HDL associated PH (Group-III) on pressure and flow at midpoints of the

MPA, RPA and LPA. The first two rows show pressure and flow waveforms where the curves

correspond to the reduction in vascular beds density as: normal vascular bed density (solid blue),

10% decrease (dashed-dot red), 20% decrease (solid cyan) and 30% decrease (dashed magenta)

in the density of small vessels in the vascular beds. The corresponding peak (solid blue), mean

(dashed magenta), pulse (dashed-dot red) and trough (solid cyan) pressures are shown in row three.
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Figure 4.11: Changes in pressure and flow at midpoints of the RIV, RSV, LIV and LSV due to

rarefied vascular beds (Group-III). The first and second rows show the venous pressure and flow

during HLD associated hypertension as: normal vascular bed density (solid blue), 10% decrease

(dashed-dot red), 20% decrease (solid cyan) and 30% decrease (dashed magenta) in the vascular

bed density. The third row gives peak (solid blue), mean (dashed magenta) and trough (solid cyan)

pressures.
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proximal pulmonary arteries [33,43], and eventually the small vessels may get affected. In

Figure 4.12 and 4.13, we simulate the effects of CTEPH on pressure and flow initially

by stiffening the large vessels only. Subsequently, we also model the later involvement of

small vessels by uniformly stiffening the walls of both large arteries and the small arteries

and veins in the vascular beds.

The first, third and fifth rows in Figures 4.12 and 4.13 show the effects of increasing the

stiffness of the large pulmonary arteries. The results show an increase in peak and pulse

pressure in all three arteries, with a steeper earlier pressure peak followed by secondary

pressure peak appearing shortly after the first peak in the MPA. However, this steep earlier

peaking of pressure tends to fade in the RPA and LPA where the peak looks more like a

right shoulder or point of inflection. The increase in pressure and appearance of a second

peak agrees with observations of pressure pulses in patients with chronic thromboembolic

pulmonary hypertension by [90], although the observed increase in peak pressure is much

greater than our predictions. When the small and large vessels are stiffened uniformly, the

results look almost identical to those obtained for PAH (see Figure 4.6), which caused a

significant increase in arterial pressure and earlier peaking of the pressure pulse. However,

the observed increase in the peak and pulse pressures is still significantly lower than those

observed in [90] under CTEPH (ppulse: 26 vs 45 mmHg and ppeak: 32 vs 70 mmHg, approx-

imately). Nevertheless, due to significant increase in the pulse pressure, these results may

be more closely related with those observed by [90]. As for the flows, predicted flows in

the arteries hardly show any effects with increased stiffness, see Figure 4.7.

In the pulmonary veins, increased stiffness of the large arteries leads to a slight decrease

in the amplitude of the pressure waveform without significantly affecting the timings of

peak arrival (see Figure 4.13). Also a slight increase of flow waveform without any notable

changes in the shape of the waveforms is observed in all four veins. However, just like

arteries, the simultaneous increase in stiffness of large arteries and small vessels simulate

results similar to that of PAH, where an earlier peaking in pressure and flow was observed

with a significant increase in the venous flow.

4.2.2 Discussion of results

In order to analyse the clinical applications of our model, we extended our model to sim-

ulate four cases of pulmonary hypertension i.e PAH, PVH, HLD, and CTEPH. In PAH

the dicrotic notch tends to disappear and the peak and pulse pressures increase with the



Chapter 4. Simulating The Normal Pulse and Applications To Disease Conditions 92

0 0.2 0.4 0.6

10

15

20

25

p
 [
m

m
H

g
]

MPA

0 0.2 0.4 0.6

10

15

20

25

RPA

0 0.2 0.4 0.6

10

15

20

25

LPA

0 0.2 0.4 0.6
5

10

15

20

25

30

p
 [

m
m

H
g

]

0 0.2 0.4 0.6
5

10

15

20

25

30

0 0.2 0.4 0.6
5

10

15

20

25

30

0 0.2 0.4 0.6

0

100

300

500

q
 [
c
m

3
/s

]

0 0.2 0.4 0.6

0

100

300

500

0 0.2 0.4 0.6

0

100

300

500

0 0.2 0.4 0.6

0

100

300

500

t [s]

q
 [
c
m

3
/s

]

0 0.2 0.4 0.6

0

100

300

500

t [s]
0 0.2 0.4 0.6

0

100

300

500

t [s]

0 50 100

10

15

20

25

p
 [
m

m
H

g
]

0 50 100

10

15

20

25

0 50 100

10

15

20

25

0 50 100
5

10

20

30

stiffness %

p
 [
m

m
H

g
]

0 50 100
5

10

20

30

stiffness %
0 50 100

5

10

20

30

stiffness %

Figure 4.12: Effects of CTEPH (Group-IV) on pressure and flow at midpoints of the MPA, RPA and

LPA. Initial effects of CTEPH (modulation of large arterial stiffness only) are shown in the odd rows

whereas the even rows depict the effects of uniform increase in the stiffness of large arteries and small

vessels. The results are simulated for the normal stiffness (solid blue), 25% increase (dashed-dot red), 50%

increase (solid cyan) and 100% increase (dashed magenta) in the vascular stiffness. The corresponding

peak (solid blue), mean (dashed magenta), pulse (dashed-dot red) and trough (solid cyan) pressures are

shown in the last two rows.
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Figure 4.13: Effects of CTEPH (Group-IV) on pressure and flow at midpoints of the RIV, RSV,

LIV and LSV. Initial effects of CTEPH (modulation of large arterial stiffness only) are shown in

the odd rows whereas the even rows depict the effects of uniform increase in the stiffness of large

arteries and small vessels. The results correspond to normal stiffness (solid blue), 25% increase

(dashed-dot red), 50% increase (solid cyan) and 100% increase (dashed magenta) in the stiffness.

The corresponding peak (solid blue), mean (dashed magenta) and trough (solid cyan) pressures

are shown in the last two rows.
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severity of the condition. These qualitative observations agree with observations by [90]

who compared a control group with data from patients with idiopathic pulmonary hyper-

tension. Similarly the increase in pressure and the appearance of a second peak under

CTEPH also agrees with the observations by [90] from patients with chronic thromboem-

bolic pulmonary hypertension, although the observed increase in peak pressure for the

two conditions is much greater than our predictions. However, when we simultaneously

increase both the small and large vessel stiffnesses, the observations about increase in

pressure are then more in line with those of [90]. The maximum change in pressure is

observed under PVH and HLD where pressure increases rapidly with increasing LA pres-

sure and rarefaction of the vascular beds. The results for PVH show a simple shift in

the normal pressure waveforms and do not affect wave propagation in any way, suggesting

that although we can simulate the pressure rise in the arteries corresponding to elevated

left atrium pressure, it misses a feed back mechanism that affects the wave propagation

and causes the phenomena like flow reversal and pulmonary edema in PVH. For the HLD

related hypertension, however, some interesting observations appear. The pulmonary cir-

culation is normally characterised by negative or open-end type wave reflections [71] which

reduce the right ventricular afterload but in the case of HLD, the observed increase in a

rather featureless pressure waveform suggests that within rarefied vascular beds positive

or closed-end reflections develop, amplifying the incident pressure waves and thereby in-

creasing the right ventricular afterload. This hypothesis needs more investigation, but it

does indicate that smaller vessels are the site of disease pathophysiology, an agreement

with clinical observations [142], and play an important role in improving or worsening the

disease condition.

Whilst pressure profiles are modulated by disease, predicted flows in the arteries

show negligible variations under disease conditions, unlike the observations reported by

Lankhaar et al. in [90], where a significant retrograde flow is observed at the end of systole.

This is because no measurements of flow and vessel dimensions were available for the dis-

ease conditions and the flow profile obtained by MRI measurements from a healthy young

subject is imposed even for simulations set up to predict the effect of disease. Maintaining

a healthy flow at the system inlet forces the flow to be normal, especially in the proximal

locations such as the MPA.
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4.3 Pulmonary hypertension under right ventricular dys-

function

The right ventricle is affected by and contributes to a number of disease process, includ-

ing pulmonary hypertension [173]. In the event of chronic pulmonary hypertension, the

right ventricle is exposed to pressure overload, which, after the initial adaptive response,

is followed by progressive contractile ventricular dysfunction due to myocardial hypertro-

phy3 [46, 173]. The weak right ventricular muscles can not produce the pressure required

to pump sufficient stroke volume into the pulmonary circulation, which leaves distal part

of lungs short of perfusion leading to pulmonary dysfunction. Besides hypertension other

diseases may also weaken the heart muscles and impair the ability of the RV to perform

its normal function, for instance arrthymogenic right ventricular cardiomyopathy4, which

primarily affects muscles in the right ventricle and causes right ventricular dysfunction

(RVD) [57].

Since pulmonary hypertension and heart remodelling is an interactive two-way process

and the observations about flow waveforms in previous section also highlight the impor-

tance of including a heart model instead of fixing flow at the system inlet for all times.

A coupled heart model with our model would enable us to invoke a feedback mechanism

that can adapt in the face of increasing RV afterload due to pulmonary hypertension.

Since this is beyond the scope of this thesis, we devise a simpler way to mimic the RVD

in order to observe the effects on pulmonary flow dynamics through the system. To do

this we replace MRI flow waveform with the computed pressure profile (see Figure 2.13 in

Chapter 2) at the inlet of MPA. By doing so we ensure that only a certain pressure can

propel the flow through the system in all situations including the down stream vascular

remodelling. This case is just like the right ventricular dysfunction when the right ventricle

can only produce a fixed pumping pressure which ultimately affects the flow distribution

through the system.

3Thickening or enlargement of heart wall tissues, leading to the narrowing of ventricular space.
4A special case of cardiomyopathy condition, occurring due to viral infection or deposits of harmful

substances in or between the heart muscle cells or degeneration of heart muscle cells in inherited diseases.
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Figure 4.14: Effect of PAH (Group-I) under RVD on pressure and flow at midpoints of the large

arteries. The curves correspond to change in small vessel stiffness parameters as: normal stiff-

ness (solid blue), 25% increase (dashed-dot red), 50% increase (solid cyan), 75% increase (dashed

magenta).

4.3.1 Simulations of pulmonary hypertension under RVD

In this section we present and discuss the results of computations simulating the four

categories of pulmonary hypertension by modifying our model to apply the time varying

pressure at the system inlet in order to mimic the condition of right ventricular dysfunction

(RVD). The pressure and flow waveforms are predicted at the midpoint in the MPA, RPA,

LPA and the four veins in our model.

Pulmonary arterial hypertension (PAH)

Figures 4.14 and 4.15 show the effects of PAH combined with an impaired right ventricle on

pressure and flow in the large blood vessels. In the arteries, very little change in pressure is

observed with the stiffened small vessels in the structured tree. Only a slight increase and

earlier peaking of pressure is observed in the RPA and LPA. However, imposing pressure

as an inflow condition reveals some interesting flow dynamics as the flow through the

arteries during systolic phase gets significantly lower with stiffened small vessels, however,

this behaviour reverses during diastole where an increasingly antegrade flow is observed

with stiffened vessel. This effect was missing in the previous case without RVD.

As for the veins, a slight increase and an earlier arrival of pressure and flow peaks is
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Figure 4.15: Changes in pressure and flow due to PAH (Group-I) under RVD, predicted at the

midpoints of the RIV, RSV, LIV and LSV. The waveforms correspond to modulation of small

vessel stiffness parameters as: normal stiffness (solid blue), 25% increase (dashed-dot red), 50%

increase (solid cyan), 75% increase stiffness (dashed magenta).

observed under PAH with RVD. This behaviour is same as we observed previously without

RVD, however the amount of flow through each vein is significantly lower this time.

Pulmonary venous hypertension (PVH)

In Figures 4.16 and 4.17 we show the simulations for pressure and flow under PVH in the

event of RVD. Contrary to the case of imposed MRI flow-rate boundary condition, where

variations in flow were non–existent, with an elevated right atrium pressure, we observe

significant amount of retrograde or back flow in arteries and veins. Moreover, the flow

decreases with an increasing venous pressure. As for the pressure, the elevated left atrium

pressure does not affect the pressure in the large arteries but increases the venous pressure

just like we observed in the case without RVD.

Pulmonary hypertension associated with hypoxic lung disease (HLD)

Figures 4.18 and 4.19 illustrate the effects of rarefied vascular beds on arterial and ve-

nous haemodynamics. In arteries we observe minimum variations in pressure in the MPA

whereas a significant increase and earlier peaking of pressure, with increasingly rarefied

vascular beds, is visible in RPA and LPA. In the veins, however, rarefied vascular beds

cause a slight drop in pressure with an earlier peaking, an effect similar to that with the
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Figure 4.16: Influence of PVH (Group-II) along with RVD on haemodynamics in the MPA, RPA

and LPA. The pressure and flow waveforms correspond to the increase in left atrium (LA) (or

outflow) pressure as: 2 mmHg (solid blue) (normal case), 5 mmHg (dashed-dot red), 10 mmHg

(solid cyan) and 14 mmHg (dashed magenta).
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Figure 4.17: Variations in pressure and flow at midpoints of the RIV, RSV, LIV and LSV due

to PVH (Group-II) and RVD. The results depict the pressure and flow waveforms in the face of

increased LA pressure as: 2 mmHg (solid blue), 5 mmHg (dashed-dot red), 10 mmHg (solid cyan),

14 mmHg (dashed magenta).
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Figure 4.18: Effect of HLD associated PH (Group-III) under RVD on pressure and flow at mid-

points of the MPA, RPA and LPA. The waveforms are for the reduction in vascular beds density

plotted as: normal vascular bed density (solid blue), 10% decrease (dashed-dot red), 20% decrease

(solid cyan) and 30% decrease (dashed magenta) in the density of small vessels in the vascular

beds.

imposed MRI inflow profile.

From Figures 4.18 and 4.19 one may also observe significant effects of HLD induced

hypertension on the flow-rate through arteries and veins. In arteries, increasingly rarefied

vascular beds cause greater oscillations with considerable retrograde flow during systole,

which is followed by significant amount of positive flow during diastole. It is also worth

noting that systolic flow in arteries does reach a maximum but drops sharply in the case

of HLD forming a narrower systolic flow profile and creating an overall biphasic flow

waveform. As for the veins, an earlier peaking and significant drop in the flow is evident

in rarefied vascular beds.

Chronic thromboembolic pulmonary hypertension (CTEPH)

The results for the effects of CTEPH under RVD on pressure and flow are shown in

Figure 4.20 for arteries and in Figure 4.21 for veins. In both the figures, the initial effects

are simulated by increasing the stiffness of large arteries only (first and third row), which is

then extended to small vessels and results are predicted corresponding to uniform increase

in stiffness of large arteries and small vessels in the connected structured trees (second

and forth row). As seen from the figures, CTEPH under RVD has negligible effects on
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Figure 4.19: Changes in pressure and flow at the midpoints of the RIV, RSV, LIV and LSV due

to rarefied vascular beds (Group-III) under RVD. The pressure and flow during HLD associated

hypertension are shown as: normal vascular bed density (solid blue), 10% decrease (dashed-dot

red), 20% decrease (solid cyan) and 30% decrease (dashed magenta) in the vascular bed density.

arterial pressure whereas in veins initially the pressure drops slightly but with involvement

of stiffened small vessels an earlier peaking and increase in pressure is observed, an effect

similar to that observed in PAH. A small decrease in arterial flow is observed with the

stiffened large arteries during systole and this flow depletion exaggerates with further

involvement of stiffened small vessels. Also in the veins, narrowing of flow waveforms with

amplification and earlier arrival of peak is observed with progressing CTEPH.

4.3.2 Discussion of results

In order to observe the influence of pulmonary hypertension on the pulmonary flow, we

simulated the condition of pulmonary hypertension, classified into four groups, under right

ventricular dysfunction in which right ventricle can only produce a certain pressure that

compromises its ability of maintaining adequate flow in the face of increasing afterload on

pulmonary valve. This is done by replacing the MRI flow waveform with the computed

pressure waveform as the inflow boundary condition.

In PAH and CTEPH, there is smaller flow during systole and an antegrade flow during

diastole with stiffened arteries and small vessels but at no point we observe retrograde

flow, an observation contrary to that reported in [90], whereas in IPAH and CTEPH a

considerable amount of retrograde flow is observed at the beginning of diastole. However,
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Figure 4.20: Effects of CTEPH (Group-IV) along with RVD on pressure and flow at midpoints of

the MPA, RPA and LPA. Initial effects of CTEPH (modulation of large arterial stiffness only) on

pressure and flow are shown in the first and third rows whereas the second and fourth rows depict

the effects more developed form of CTEPH (uniform increase in the stiffness of large arteries and

small vessels). The results correspond to normal stiffness (solid blue), 25% increase (dashed-dot

red), 50% increase (solid cyan) and 100% increase (dashed magenta) in the stiffness.
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Figure 4.21: Effects of CTEPH (Group-IV) under RVD on pressure and flow at midpoints of the

RIV, RSV, LIV and LSV. Initial effects of CTEPH (modulation of large arterial stiffness only) are

shown in the first and third rows whereas second and fourth rows depict the effects of uniform

increase in the stiffness of large arteries and small vessels on pressure and flow waveforms. The

results correspond to normal stiffness (solid blue), 25% increase (dashed-dot red), 50% increase

(solid cyan) and 100% increase (dashed magenta) in the stiffness.
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our observation is in close agreement with a more recent study [65] where the carotid flow

waveform was found to be unidirectional and bimodal with systolic and diastolic maximal

peaks and this phenomenon is positively related with parameters related to aortic stiffness

like impedance and pulse wave speed. Also in our results, an overall drop in venous flow-

rate by changing the inlet boundary condition indicates the effect of left heart dysfunction

and the compromised ability of RV under hypertension. During PVH a uniform rise in

venous pressure and a downward shift in the arterial and venous flows with an increase

in RA pressure, lead to a retrograde flow in the arteries at the beginning and end of

systole, which is an artifact of our outflow boundary condition than the true physiological

behaviour. In the case of rarefied structured trees due to HLD, increasing oscillations

and a very significant flow reversal with narrowing systolic profile suggest the presence

of dominant wave reflections, which also contribute in increasing peak pressure in the

RPA and LPA. Also the reduction in venous flow with increasingly rarefied vascular beds

show that a significant volume of blood flow pooled upstream, a phenomenon that causes

pulmonary edema.

4.4 Fidelity of model predictions

In this chapter the effects of pulmonary hypertension on pressure and flow in the largest

pulmonary arteries and veins are studied by appropriately changing parameter values in

a neighbourhood of the normal physiological values that were determined in Chapter 3.

The values of the compliance (or stiffness) parameter for the large and small blood vessels,

the exponent ξ in the radius relation (2.2) and the static pressure at the outlet boundaries

are changed to simulate the results of hypertension. Varying the value of a particular

parameter about the normal (or base) value may lead to computational challenges, and

therefore in this section we discuss the confidence intervals for these parameters within

which one may vary a particular parameter in order to simulate the new results presented

in this chapter. Although a detailed sensitivity analysis for this model may be carried

out, the reason why we did not perform this in this study is that a detailed sensitivity

analysis of the one–sided systemic circulation model by Olufsen [113], which has been

extended to develop this model, already exists in the literature. Since both models are

governed by similar equations, which are solved using the same computational approach,

the parameters involved in both models are identical and one may infer the qualitative
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effects of identical parameters for this model too.

For majority of the results, we changed one parameter at a time to simulate the

cases of PAH, PVH, HLD and CTEPH, whereas both small and large vessel stiffnesses

were increased simultaneously, by the same factor, for the developed form of CTEPH.

All results are simulated subject to an inflow boundary condition, rmin = 50µm, η =

1.16 (yielding a value of γ = 0.41), µ = 0.49 g/cm s, ρ = 1.055 g/cm3, T = 0.7 s, lrrA =

15.75 cm and lrrV = 14.54 cm. Also, for the large blood vessels, we fixed rprox, rdist and

the length of each vessel as given in Table 2.1. Thus the only parameters for which the

values have been changed are ξ, outflow pressures (pout), (Eh/r0)large and (Eh/r0)small

(kept same for arterial and veinous sides).

In Chapter 3, we observed that the numerical solution converges and behaves consis-

tently only if s–ratio> 1 (i.e. (Eh/r0)large > (Eh/r0)small), but we also observed that

independently changing the compliance parameter is not always possible and for partic-

ular values of compliance, e.g. those given in Group B in Table 3.3, other parameters,

such as rmin, used to be increased to obtain a realistic simulation. For the base values

of (Eh/r0)large = 195 mmHg and (Eh/r0)small = 37.5 mmHg, (s–ratio = 5.2), the simula-

tions were found to be in close agreement with physiological range of pulmonary arterial

pressure [63]. Besides this s–ratio = 4.7, which is the smallest s–ratio (> 1) displayed in

Table 3.3, also provides physiologically relevant pulse wave–forms. In the case of CTEPH,

we held all the other parameters fixed, including (Eh/r0)small, and increased (Eh/r0)large

by up to 100% for each large vessel (see Figure 4.12 and 4.13). The s–ratio in this case

increases maximum by a factor of 2 and remains signficantely greater than 1. So stiff-

ening the large blood vessels does not affect the numerical stability and provides results

consistent with physiological observations. Similar is the case when both large and small

blood vessels are stiffened simultaneously to simulate the developed form of CTEPH. In

order to simulate the PAH, only (Eh/r0)small is increased to stiffen the small vessels by

up to 75%, whilst keeping the large arterial compliance fixed. Doing so, however, yields

an s–ratio (≈ 3), a value significantly less than the smallest s–ratio (= 4.7) in Group C in

Table 3.3. So although the numerical solution still converges, as s–ratio> 1, simulations

of PAH are improved by first increasing (Eh/r0)large approximately by 23% and then in-

creasing (Eh/r0)small by up to 75%. Thus s–ratio∈ [3.9, 6.8] corresponding to new base

value of (Eh/r0)large and variations of 75–0% in (Eh/r0)small. As observed from the first

row in Figure 4.12 that a 25% increase in the large arterial stiffness have minimal effect
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on the arterial pressure pulse, stiffening the large vessels by 23% is not very significant.

Another influential parameter in the structured tree models is rmin, the effects of which

have been extensively studied by Olufsen [113] and Vaughan [169], and by Cousins and

Gremaud [38] in reference with branching exponent ξ. The result in [38] may easily be

augmented to show that if rmin → 0 then we must have ξ > 3 for a convergent admittance

of the connected trees. However, ξ ∈ [2.3, 3.0], a variation of approximately 17% below and

9% above the normal value of ξ(= 2.76), for almost all kind of flow conditions observed

under physiological conditions [113]. Moreover, both Olufsen [113] and Vaughan [169]

observed that by decreasing rmin < 50µm, the resistance in the structured trees increases

dramatically, which leads to an increase in peak, mean and trough pressures. Thus with

the current representation of the structured trees in the model, i.e. with constant viscosity

µ and uniform branching exponent ξ at all levels in the tree, any value of rmin < 50µm

would yield a higher than normal pressure in the pulmonary vessels. However, increasing

rmin up to any appropriate value in the neighbourhood of root radii, would reduce the

downstream resistance, leading to low pressures in the system. Considering the strong

influence of rmin on the tree admittance, and hence on the total periphery resistance in

the connected trees, we kept rmin = 50µm (0.005 cm) fixed for all simulations, which

also allows us to vary ξ in the interval [2.3, 3.0] to simulate the pulmonary hypertension

associated with HLD. Since the case of HLD is characterised by the reduction in vascular

density, it is sufficient to vary ξ in the interval [2.35, 2.76] to predict the effects of HLD

on the pulmonary pressure pulse.

Finally, it should be mentioned that all the results of pulmonary hypertension are sim-

ulated by using the anatomical data from a healthy, young male subject by imposing a

healthy flow or pressure profiles at the system inlet as inflow boundary conditions. More-

over, the effects of hypertension on cardiac cycle (T ), stroke volume (qin) or morphometric

remodelling of the blood vessels have been ignored in this study. These limitations are

subject to availability of detailed anatomical data specific to particular cases of the pul-

monary hypertension, and should there be any data available to us in the future the model

can be applied to quantify the uncertainty due to simulation of disease condition using the

anatomical data from a healthy subject.
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4.5 Conclusions

After developing a detailed mathematical and computational model of the pulmonary

circulation in previous chapters, in this chapter we presented and discussed the simulation

of normal pressure and flow waveform and extended our model to study four hypotheses

of hypertension subject to two different inflow boundary conditions. From the study

of normal case, we conclude that the pulmonary haemodynamics strongly depends on

vascular dimensions and, with more complete data from a single subject, it will be possible

to obtain more detailed patient-specific results. We also observed that under normal

conditions vascular beds, or structured trees in this model, are the site of maximum

resistance where most of the pressure drops. However, at this point in this thesis, we

are not clear about the relative contribution of small arterial and venous vessels toward

overall resistance. This aspect is studied in detail in the next chapter.

As for the cases of hypertension, we found that hypertension in association with HLD

is the condition that influences the pulmonary haemodynamics most strongly, whereas the

PAH and developed CTEPH are also found to be in line with the clinical observations.

Moreover, in most cases of hypertension, except PVH, the wave reflections from distal

locations seem to be an important determinant of shape and magnitude of pressure and

flow waveforms. This hypothesis also requires more investigation in order to understand

the underlying mechanism of elevated pressures with particular shapes. In summary, it

appears that the microcirculation is also the site of pathophysiology and it could not be

possible to study the diseases conditions like PAH and PH in association with HLD in the

absence of physiologically based structured tree boundary condition.

Finally, where most of our results tend to agree with clinical observations, we need

to incorporate important elements of circulatory system like a functioning heart model in

order to be able to predict more physiological results of pulmonary hypertension. By fixing

q(t) and p(t) as the inflow boundary condition, we actually simulate two extreme condi-

tions linked with PH and the transition phase of two-way process of disease progression,

where pulmonary hypertension causes right heart remodelling that in return influences

the smooth functioning of pulmonary system, remains missing. We have briefly discussed

some of the suggestions in Chapter 8 and would be keen to address these issues in future

investigations. Nevertheless, the model in its present shape provides an important new

tool for investigating normal condition and the hypotheses associated with pulmonary

hypertension.



Chapter 5

Mean Pressure Drop Within

Pulmonary Arterioles and Venules

In Chapter 4 we observed a maximum pressure drop across the vascular beds, represented

by the structured trees, which model the downstream matching condition. In this chap-

ter we extend our analysis to investigate the mean pressure drop within the pulmonary

arterioles and venules by shifting our focus from treating the connected structured trees

as boundary condition to use them as an active fluid dynamical part of the model. Thus

in this chapter, we first derive a new algorithm to compute the mean pressure across the

connected structured trees (vascular beds) and then give results to analyse the pressure

drop under physiological and pathological conditions.

5.1 Introduction

In the pulmonary circulation the veins play an active role when regulating haemodynam-

ics [56] and the pressure drop continues over both arteries and veins [190], whereas in the

systemic circulation the veins are passive and the majority of the pressure drop can be

found within the arteries and arterioles. Although in both the systemic and pulmonary

circulations the precapillary arterioles are the major site of resistance under both normal

and hypoxic conditions [16, 29, 91, 115, 134], there is still some confusion as to the rela-

tive contribution of arteries, capillaries and veins to total resistance to the flow in the

lungs [29,56]. Some results [91,134,190] suggest that the pre-capillary pressure drop takes

place across the small vessels of diameter 10–300µm making the vascular beds the loca-

tion of maximum resistance to the blood flow and the greatest pressure drop. This is also

107
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consistent with our observations in Chapter 4, where we noticed maximum pressure drop

in between the large arteries and veins i.e. the locations of structure trees.

The only study that has attempted to use computation to assess the pressure drop

over both large and small vessels is by Olufsen et al. [115], who predicted the pressure

drop across the systemic and pulmonary arterial vascular beds using a structured-tree

model. To our knowledge, there is no study that includes the effects of both arterioles

and venules on microcirculatory characteristics of blood flow in the pulmonary circulation.

Keeping this in mind, we extend our analysis to predict the mean pressure drop within

the vascular beds. The analysis is further applied to study the effects of hypertension on

microcirculatory pulmonary haemodynamics.

5.2 Method

In this section we develop a new algorithm to recursively compute the mean pressure (for

ω = 0) as a function of radius within the connected structured trees representing arterioles

and venules and linking the outflow from large arterial tree to the inflow into the veins.

This is done by using the admittance matrix computed in section 2.4.1. To do so, it is

necessary to first compute the pressures at the terminals of large vessels PA2 and veins

P V1 for ω = 0. These mean pressures can be extracted from the simulations in previous

chapter, and assigned to the root of the structured arterial and venous trees as

PA1 (0, 0) = PA2 , P V2 (0, 0) = P V1 ,

where PAk (0, 0) and P Vk (0, 0), (for k = 1, 2) denote the pressures (for ω = 0) at the roots

(α0β0) of the structured trees. The corresponding flows can be found from equation (2.71)

as

Q(0, 0) = Y(0, 0) P(0, 0), (5.1)

where Q = (QA1 QV2 )† and P = (PA1 P V2 )† are pressures and flows at the proximal ends

of arterial and venous vessels and Y(0, 0) is the admittance of the connected arterial and

venous tree.

For each vessel, the pressure at distal ends of arterial and venous root vessels can be

computed from equation (2.64) as

PA2 (0, 0) = PA1 (0, 0)− 8µLA

πrA
(0, 0)

qc
ρglc

QA1 (0, 0),
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P V1 (0, 0) = P V2 (0, 0)− 8µLV

πrV
(0, 0)

qc
ρglc

QV2 (0, 0).

The above equations may be expressed in a more compact form as

PSk (0, 0) = PSl (0, 0)−RS(0, 0)QSl (0, 0), (5.2)

RS =
8µLS

πrS
qc
ρglc

,

where (k, l) = (2, 1) if S = A and (k, l) = (1, 2) if S = V .

Pressure drop along α and β pathways

Suppose that there is a maximum of n generations along α branches from the root vessel,

i.e. vessels scaled by αiβ0, i = 1, . . . , n. Then, following the similar steps as those for the

root vessel, one may compute pressure and flow in any vessel segment along the α branch.

So for any vessel indexed (i, 0) in the tree, continuity of pressure gives

PA1 (i, 0) = PA2 (i− 1, 0),

P V2 (i, 0) = P V1 (i− 1, 0),

which can also be expressed as

PSl (i, 0) = PSk (i− 1, 0), (5.3)

where (k, l) = (2, 1) if S = A, and (k, l) = (1, 2) if S = V . Again, the flows can be

computed from

Q(i, 0) = Y(i, 0) P(i, 0), (5.4)

where Y(i, 0) is the admittance matrix involving all the vessels of and between generations

αiβ0. Finally, the pressure at the distal end of every vessel is given by

PSk (i, 0) = PSl (i, 0)−RS(i, 0)QSl (i, 0). (5.5)

In a similarly way, one may compute the pressure along the β branch with m generations.

Pressure in vessels at all generations

For any other generation vessel in the connected trees, the pressure continuity in the

case of α parentage implies that

PSl (i, j) = PSk (i− 1, j) (5.6)
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and if the vessel has β parentage then

PSl (i, j) = PSk (i, j − 1), (5.7)

where i = 1, . . . , n and j = 1, . . . ,m and k, l are defined for vessel S as (k, l) = (2, 1) if

S = A and (k, l) = (1, 2) if S = V . The flows at the respective ends are given by

Q(i, j) = Y(i, j) P(i, j). (5.8)

Finally, the pressures at the distal end of any vessel in the tree can be computed from

PSk (i, j) = PSl (i, j)−RS(i, j)QSl (i, j). (5.9)

On the next page, we give the recursive algorithm for computing the mean pressures across

α branches. Similar algorithm can also be derived to compute the mean pressure across β

branches and across branches at all generations.
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Algorithm 2: Mean pressure along α branches

Result: PMEAN

Input: Terminal pA2 (t) and pV1 (t)

• Apply FFT (fast Fourier transform)

PA2 (ω) = FFT(pA2 (t))

P V1 (ω) = FFT(pV1 (t))

• if ω = 0

For each vessel (i, j), i = 0, . . . , n, j = 0, . . . ,m, compute and store admittances

comp(i, j, :, :) =Y(i, j)

• for i = 0 : n

∗ if (i = 0)

PA1 (i, 0) = PA2

P V2 (i, 0) = P V1

else

PA1 (i, 0) = PA2 (i− 1, 0)

P V2 (i, 0) = P V1 (i− 1, 0)

Y(i, 0) = comp(i, 0, :, :)

for (S, k) = (A, 1) and (V, 2)

QSk (i, 0) = eqn (5.4)

for (S, k) = (A, 2) and (V, 1)

PSk (i, 0) = eqn (5.5)

end

• Apply IFFT (inverse fast Fourier transform)

(PMEAN)A2 = IFFT(PA2 (0))

(PMEAN)V1 = IFFT(P V1 (0))
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Figure 5.1: Pressure profiles in vascular beds (center). The first and third columns give pressures

at the roots of the vascular bed connecting the large terminal arteries with large veins. The

graphs in middle column show mean pressure changes along the α (dashed red) and β (dashed-dot

magenta) pathways, together with the mean over all vessels of the same radius (solid blue). The

mean (time-averaged) pressure is plotted against vessel radius on a linear-log scale.

5.3 Results

In this section we present the simulations of mean (time-averaged over one cardiac cy-

cle) pressure within the pulmonary vascular beds (structured trees) by implementing the

algorithm developed in the previous section. First we show the results for the healthy

young subject followed by the simulations under three categories of pulmonary hyperten-

sion viz. PVH, PH associated with HLD and CTEPH. These classifications of pulmonary

hypertensions are described in detail in Section 4.2.

Figure 5.1 shows the mean pressure drop across the arterial and venous vascular beds

connecting the RIA with the RIV (first row), the RTA with the RSV (second row) and

the LIA with the LIV (third row). The first and last panels in each row depict the

pressures at the root of the arterial and venous trees. These pressures are imposed as
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Figure 5.2: The logarithmic relationship between mean pressure and radius within the pulmonary

vascular bed connecting RIA and RIV. Doted blue curve is the computed mean pressure over all

vessels of the same radius and the solid red line is the liner fit.

boundary conditions and used to compute the mean pressure drop along the small vessels

connecting the large terminal arteries to the large veins. The second panel in each row

shows the mean pressure drop across the combined arterial and venous beds. The mean

pressures are plotted along the α branch (composed of vessels scaled by αiβ0, i = 1, . . . , n),

the β branch (composed of vessels scaled by α0βj , j = 1, . . . ,m where m < n), and the

average computed over all branches of the same radius. The scale used for the radius r

is logarithmic (log10 r), ranging from the largest to smallest arteries and then from the

smallest to largest veins.

Along the arterial trees the pressure drops from about 17 to 10 mmHg, and along the

venous trees the pressure continues to decrease from about 10 to 2 mmHg. It should be

noted that the pressure drops differ significantly between the two extreme cases: on the

arterial side, pressures in the β branches are greater than those in the α branches, and

vice versa on the venous side. For the α branches, the greatest pressure drop occurs in

the larger arteries and veins, whereas the opposite holds for the β branches. Due to the

negligible difference in the input mean pressures the results are similar for all the vascular

beds, therefore for the rest of the chapter we chose to display results only for one vascular

bed that connects the RIA to the RIV.

Figure 5.2 illustrates the continuous pressure drop phenomenon across the arterial and

venous vascular beds in the form of a log–linear relation between mean pressure and the

vessel radii. The fits to p vs log10r suggest that the arterial and venous mean pressures

are fitted well by

p =

 3.06 log10r + 18.25 mmHg, for arterioles,

−3.80 log10r + 0.58 mmHg, for venules,
(5.10)
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Figure 5.3: Effects of PVH on mean pressure in vessels connecting the RIA with the RIV. Mean

pressure is plotted against vessel radius on a linear log scale. The curves correspond to an elevation

in venous pressure as: 2 mmHg (normal case) (solid blue), 5 mmHg (dashed-dot red), 10 mmHg

(solid cyan) and 14 mmHg (dashed magenta). The two panels in the first row show the pressures

(and mean pressures; p̄ in the legend) at the the roots of the RIA and RIV in the case of PVH

whereas the panels in the second row correspond to the pressure averaged over all vessels of the

same radius (first panel), the α branch (second panel), and the β branch (third panel).
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Figure 5.4: Effects of PH associated with HLD on mean pressure in vessels connecting the RIA

with the RIV, plotted against log10r. The curves correspond to a reduction in vascular density:

normal (solid blue), 10% decrease (dashed-dot red), 20% decrease (solid cyan) and 30% decrease

(dashed magenta). The second row shows the pressures in: averaged over all vessels of the same

radius (first panel), the α branch (second panel) and the β branch (last panel) whereas the pressures

at the the roots of the RIA and RIV in the case of HLD (panels in the first row) are imposed as

boundary conditions.

where 0.005 ≤ r ≤ 0.55 cm both for arterioles and venules.

As for the pulmonary hypertension, since the pathophsiology of PAH and advanced

CTEPH is similar, we chose to simulate the effects of PVH, PH associated with HLD and

CTEPH on mean pressure drop across pulmonary vascular beds connecting RIA and RIV.

Figure 5.3 shows the effect of PVH on the pressure drop across the vascular bed

connecting the RIA and RIV. It is observed that the pressure rise throughout the system

due to PVH also increases the overall vascular bed pressure both in the small arteries and

veins by the same magnitude. Similar to our previous observations about PVH, the overall

behavior of pressure drop in all the vessels including α and β branches remains constant

and only an upward shift in vascular bed pressure is observed in PVH.

Figure 5.4 illustrates how the small-vessel remodelling (HLD) affects the pressure drop

across the vascular bed connecting the RIA and RIV. Most significantly, the increased

pressure at the inlet to the vascular bed raises the overall pressure in both the small

arteries and veins. In particular, the arteries in branches that decrease rapidly in radius
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Figure 5.5: Effects of CTEPH, on mean pressure in vessels connecting the RIA with the RIV.

Mean pressure is plotted against vessel radius on a linear log scale. The curves correspond to a

uniform increase in vascular stiffness as: normal (solid blue), 25% increase (dashed dot red), 50%

increase (solid cyan) and 100% increase (dashed magenta). The pressures at the the roots of the

RIA and RIV in the case of CTEPH (first row) are imposed as boundary conditions. The three

panels in second row show: the pressure averaged over all vessels of the same radius (first panel),

the α branch (second panel) and the β branch (third panel).

with generation number, such as the β branch illustrated in the last panel of bottom

row, experience higher pressures than average for their radius making them even more

susceptible to further injury and disease.

Finally, the effects of chronic thromboembolic pulmonary hypertension (CTEPH) on

pressure drop across the vascular bed connecting the RIA and RIV are depicted in Fig-

ure 5.5. Although there is a significant variation in pressure waveforms at the root of

structured trees in CTEPH, the negligible difference in the corresponding mean pressures

at the root (see the top row panels in Figure 5.5) barely show any effects of stiffened

pulmonary vasculature on the pressure dynamics in the small arteries and veins.

5.3.1 Pressure–drop across pulmonary capillary network

The capillaries in the human body are known to have the largest vascular surface area [55]

and therefore, despite having very small radii, the pressure drop (= flow × laminar flow

resistance) through capillary vessels remains small, due to small flux in the periphery
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Figure 5.6: Longitudinal pressure distribution in pulmonary blood vessels of cat plotted against

the order number of the vessel (Strahler order system in which smallest noncapillary vessels is of

order one). Numerals 1 and 2 refer to branching models 1 (symmetric) and 2 (asymmetric) in this

study from Zhuang et al. [190]. The figure has been annotated slightly to point-out the pressure

drop across the capillary network, which has been excluded in our model.

circulation, as a consequence of rapid branching and increasing total cross–sectional area

after each generation. However, like venules, pulmonary capillaries are also known to

contribute towards the total periphery resistance [24], however small it is. Figure 5.3.1,

from Zhuang [190], also shows a pressure drop of about 3.5 cmH2O (2.6 mmHg or 21.9 %)

across the asymmetric pulmonary capillary network.

The current formulation of our model does not provide any information about the

magnitude or patterns of pressure drop within the capillary network as the two trees have

been truncated and joined together neglecting the blood vessels of radius < 50µm. Since

the topology of the network of pulmonary capillaries is more sheetlike than the treelike [55],

extending the structure trees below the predetermined minimum radius of 50µm, in order

to include the capillary vessels, is not a trivial task. This is one of the limitations of

our model and certainly merits consideration for improvements in any future work. Foe

now, we augment our analysis to determine if the current structure tree representation is

sufficient to provide a crude estimate of likely pressure drop across the vessels with radii

< 50µm or what changes may improve the structured tree model in order to provide an

accurate representation of the capillary beds. Firstly, we may extrapolate equation (5.10)
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linearly by choosing r = 0.005 cm (50µm) and r = 0.0005 cm (5µm, typical capillary

radius) and then compute the pressure difference. For these values a further 3.06 and 3.8

mmHg of pressure drop may be predicted on arterial and venous sides, providing an overall

estimate of 7.14 mmHg between 5 < r < 50µm. This is about 47.6% of the pressure drop

between large terminal arteries and veins, computed with rmin = 50µm from the full-

scale model, and much higher than the capillary pressure drop predicted by Zhuang [190].

Moreover, extrapolation of arterial and venous fits in equation (5.10) provides a terminal

venous pressure of 11.21 mmHg, overlapping the terminal arterial pressure of 8.19 mmHg at

rmin = 5µm, which clearly violates the pressure continuity at the joining point of arterial

and venous vascular beds. Thus extrapolating equation (5.10) outside its domain is not a

good choice to illustrate the pressure drop across the capillary network.

Alternatively, assuming viscosity to be constant, the structure of the tree to be uni-

form at all levels, and neglecting the effects of phase separation at the junctions for vessels

with radii smaller than 50µm, the current model may be augmented to provide an es-

timate of pressure drop across the initially neglected capillary network. For example,

for a given rroot = 0.55 cm, (RIA-RIV) and fixed mean pressure PAin = 17.1 mmHg and

P Vin = 2.2 mmHg at the arterial and venous root vessels, respectively, of the connected

structured tree (yielding ∆P = 14.9 mmHg between the two locations), we get the follow-

ing statistics.

rmin [µm] PAr=50µm ∆PA (%) PVr=50µm ∆PV (%) ∆P capp
est (%)

50 10.1 7.0 47 10.1 7.9 53 – –

40 10.7 6.4 43 9.3 7.1 48 1.4 9

30 11.2 5.9 40 8.5 6.3 42 2.7 18

20 12.3 4.8 32 7.3 5.1 34 5.0 34

10 14.0 3.1 21 5.5 3.3 22 8.5 57

Table 5.1: Estimate of likely mean pressure–drop, ∆P capp
est , across vessels with radii < 50µm

(capillary network) using the structured tree.

From Table 5.1, it is clear that, despite the flow distribution in a rapidly branching

structured tree, adding more vessels of smaller radii would progressively increase the re-

sistance in part of the system below the small terminal radius rmin = 50µm. It may easily

be shown that this is an expected behaviour with the current structure of the tree. From

the Hagen–Poiseuille law, the laminar flow resistance Ω across a circular tube of radius r
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and length L is given by

Ω =
8µL

πr4
.

From equation (2.5), the length (in units of cm) of an arterial segment for r < 50µm

(0.005 cm) is given by

LA = 1.79 r0.47,

then the resistance of a vessel segment at generation (i, 0) in the α–branch, for example,

is given by

ΩA
α (i, 0) =

8µ

π

1.79

r3.53(i, 0)
,

and in a vessel at generation (i+ 1, 0) as

ΩA
α (i+ 1, 0) =

8µ

π

1.79

r3.53(i+ 1, 0)
=

1

α3.53
ΩA
α (i, 0),

since r(i+ 1, 0) = αr(i, 0). Thus the resistance in the vessel in α–branch at nth generation

is given by

ΩA
α (i+ n, 0) =

1

α3.53n
ΩA
α (i, 0).

Now the total resistance along the path between vessel at generation (i, 0) to vessel at

generation (i+ k, 0) is given by

RA
α =

ΩA
α (i, 0)

α3.53

k∑
j=1

1

αj
.

For k → ∞, the geometric series in the above relation diverges for α < 1. Thus adding

more generations, and hence more vessels, in the structured tree (leading rmin → 0)

would progressively increase the resistance in the tree. This aspect once more highlights

the shortcoming of the current structured tree model for a detailed analysis of micor–

circulation. However, according to Poiseuille law, the pressure drop across the α–branch

with n generations, beyond a critical radius (50µm) is given by

P (i+ n, 0) = P (i, 0)− ΩA
α (i, 0)

α3.53

n∑
j=1

Q̇(j, 0)

αj
,

where Q̇(j, 0) is the mean flow–rate in the vessel at jth generation. Thus the progressive

resistance in the tree may be compensated by accounting for variable viscosity, different

scaling ratios and phase separation effects below a certain critical radius within the tree, in

order to develop a better representation of capillary beds via structured tree representation.
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5.4 Discussion of results and conclusion

The aim of this chapter was to be able to simulate the pressure drop phenomenon across

pulmonary vascular beds, by developing a recursive algorithm to compute the mean pres-

sure as a function of radius in small vessels while reading the pressures at the terminals

of large arteries and vein (roots of structured trees) as inflow and outflow boundary con-

ditions.

As suggested by [56], mean-pressure predictions along pulmonary arteries and veins

can be used to study the contribution of the small pulmonary veins toward the total

peripheral resistance and haemodynamic regulation. It is observed that not only does the

blood pressure continue to drop across the convergent tree of small veins (Figure 5.1),

but the decrease is slightly greater across the venous tree compared to the arterial tree

(8 vs. 7 mmHg). Since both trees are topologically equivalent and mirror images with

same number of vessels in each tree, these are the different length-to-radius ratios, which

are responsible for this difference as the venules are slightly longer than the arterioles in

this study (see equation (2.5)). Moreover, there is close agreement with results reported

by Zhuang et al. [190], who studied the haemodynamics of cat pulmonary vessels and

reported that veins contribute approximately 49% toward the total pulmonary vascular

resistance (see Figure 5.3.1). Besides arterioles and venules, Zhuang studied the pressure

drop across the capillaries and reported a 15.4% and 21.9% pressure drop across capillary

network using a symmetric and an asymmetric branching modulus, respectively. Moreover,

corresponding pressure drop within arterioles was found to be 35.9% and 29.3% for the

symmetric and asymmetric networks.

As for the linear–log relation (5.10), a similar scaling law is reported by Olufsen et

al. [115] to describe the relation between the mean pressure and radius in the arterial side

of pulmonary vascular beds, given by

p = 14 log10rpulm − 25. (5.11)

Here r and p are the vessel radius (in units of µm) and mean pressure (in units of mmHg),

respectively, in the pulmonary arterioles only. The reason why our relation for pulmonary

arterioles in equation (5.10) is different than the Olufsen’s relation is that Olufsen et al.

used a one–sided structured tree that terminates after rmin = 50µm and does not link

to a venous tree. At each terminal branch a zero terminal impedance, which implicitly

assumes pressure to be zero at theses points, is imposed to recursively compute the total
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input impedance of the pulmonary arterial vascular beds. This assumption forces pressure

to be zero when r = 61µm (0.0061 cm) in (5.11), whereas the mean pressure in (5.10)

remains positive for all r as no such assumption is imposed on pressure or flow at the

joining point of the arterial and venous vascular beds. The results in equations (5.10)

and (5.11) are not comparable due to the fact that Olufsen’s model incorporates a smaller

domain of downstream pulmonary vasculature (no venules) and impose a very restricting

assumption on the terminal pressures, which limits the application of one–sided structured

tree to analyse the microcirculatory haemodynamics. Since our model is free from any

such assumption, we believe that our model and method provide a more realistic picture

of the true physiological phenomenon.

We also conclude that the structured tree representation has great potential for further

improvements; both, in terms of taking into account the effects of pulmonary capillaries

on global haemodynamics and to analyse the pressure–drop phenomenon across the pul-

monary capillary beds in more detail. Among the cases of hypertension, the maximum

change in pressure is observed under HLD where pressure increases rapidly with increas-

ing rarefaction of the vascular beds. HLD significantly raises the mean pressure in the

vascular beds, especially in the arteries (see Figure 5.4). This suggests that microvascular

rarefaction not only impacts the blood pressure in the large arteries but also in the smaller

vessels enhancing the risk of further small vessel pathology. This effect illustrates that an

initial elevation in the arterial blood pressure due to hypoxia would further damage the

small blood vessel due to high blood pressure, which may consequently lead to worsen the

hypoxia.

In summary, in this chapter we have successfully predicted the mean pressure across

pulmonary vascular beds of different sizes and densities and extended our results to study

the influence of PH on microcirculatory pressure drop. The results show good agreement

with other reported studies and confirm the contribution of small pulmonary veins to

overall vascular resistance.



Chapter 6

Reflections In The Pulmonary

Arteries

In previous chapters we developed a multi–scale one–dimensional fluid dynamical model

of the human pulmonary circulation to simulate the pressure and flow–rate waveforms

in the largest pulmonary arteries and veins during health and disease. In this chapter

we extend our analysis to interpret our results in a rather different and more insightful

way by analysing the pulse waveforms in more detail. To do so, we apply the method

of Wave Intensity Analysis (WIA) [118] on the data generated numerically in our model

of pulmonary circulation with the aim of identifying the nature of wave reflections in the

largest pulmonary arteries and their contribution in shaping the pulse waveforms. Where

possible, we have made qualitative comparisons with the existing results in the literature,

obtained from haemodynamic data measured in in vivo pulmonary arteries of animals

or human. The chapter is divided into three main sections; the first section gives an

introduction to wave reflections in the arteries, which is followed by the description of

method of WIA in second section. Finally we apply the WIA on the simulated pulse

waveforms shown in Chapter 4 to analyse the contribution of wave reflections in shaping

the pulse waveforms under physiological and pathological conditions.

6.1 Introduction

Blood pressure is an important index in the assessment of disease condition such as hy-

pertension, but the shape of the pulse wave at a given location in the arteries also carries

valuable information about the health of blood vessels, workload on heart ventricles, and

122
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the nature of complex dynamic interaction between heart and arteries. Therefore from a

clinical point of view, the shape of the pressure pulse is as important as its magnitude.

Throughout our simulations, we also observed significant variations in particular in the

shape and magnitude of propagating pressure wave both in physiology and pathology.

Understanding the underlying mechanisms involved in shaping the normal and abnormal

pressure pulse is vital to an early detection and treatment of diseases like hypertension.

It has long been recognized that the pulse wave, originated by cardiac contraction, gets

partially reflected and partially transmitted whenever it meets a discontinuity in the ma-

terial properties of vessels such as an abrupt change in compliance or the cross–sectional

area (e.g. at junctions) [13,111]. Since the arterial pulse wave velocity (PWV) is high (1.8–

4.8 ms−1 in the MPA [48, 106] and 3.5–14 ms−1 in the systemic arteries [188] in human),

the initial wave generated during systole has sufficient time to travel to and back from

distal reflection sites in the circulation within the same cardiac cycle and meet the incident

wave in the systole. These reflections make significant contributions to ventricular after-

load and overall haemodynamics, as the pulse wave observed at any given location is the

composition of forward running (originating from heart) incident and backward running

reflected waves (originating in the circulation) [172]. Understanding the contributions of

these reflected waves to overall haemodynamics requires the decomposition of the observed

pulse waveform into its incident and reflected components along with the quantification of

reflected waves and their arrival times. In this thesis, we use the term forward or incident,

denoted by a ‘+’ in the subscripts, to describe the properties associated with the waves

propagating from heart toward periphery and the terms backward or reflected, represented

by a ‘−’ sign in subscripts, to describe the attributes of waves traveling in the direction

opposite to the forward wave i.e. from periphery towards heart.

About quarter of century ago, based on the method of characteristics solution of one–

dimensional conservation laws in a compliant tube, Parker & Jones [118] developed the

new time domain technique of Wave Intensity Analysis (WIA). The objective of WIA

was to provide an alternative to traditionally used Fourier based impedance analysis [181]

to identify and analyse the origin, type, magnitude and direction of local waves in the

space–time domain without being the hostage of any periodicity or linearity assumption.

The WIA requires simultaneously measured pressure and velocity and the knowledge of

pulse wave velocity (PWV) at a fixed position in an artery to separate the pulse wave into

forward and backward running components.
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Since Parker & Jones [118], several studies used WIA to study the role of wave re-

flections in shaping the apparent pressure and flow–rate/velocity waveforms in the sys-

temic [79, 80, 84, 112, 157] and coronary [44, 158] arteries using simultaneously measured

in vivo pressure and velocity data. Some investigators [6, 7, 109, 110] also utilized the

numerically generated pressure and flow data from one dimensional models of circula-

tion to test the technique of WIA. Most of these studies, however, explicitly relate to

the systemic or coronary arteries and to the best of our knowledge, to date only a few

studies can be found which specifically discuss the wave reflections in pulmonary circula-

tion [47, 70, 71, 150,151]. Non of these studies use numerically obtained pressure and flow

data from pulmonary circulation models to investigate the contribution of wave reflections

in the pulmonary arteries.

The pulmonary system differs from the systemic circulation in more than one way

including the differences in compliance and geometry, which influence the PWV and pres-

sures in the system. Moreover, there is no dominant arterial pathway such as the aorta in

the systemic circulation, which makes it difficult to interpret the results in terms of reflec-

tion sites in the pulmonary circulation [126]. As for the disease conditions, under clinical

situations, it has been observed that due to the high compliance and an exceptional ability

of the pulmonary circulation to recruit blood vessels in the microcirculation during the

periods of high flow, about 50–60% of the pulmonary microcirculation is diseased before a

pressure rise is manifest in the large arteries [42] and that the pulmonary hypertension is

a late manifestation of pulmonary vascular disease [48]. This suggests that comparing in

vivo results of pulmonary WIA with the numerically generated results from a model that

does not truly represent the the pulmonary circulation, would not be the best approach.

In Chapter 4 we showed that the diseases like PAH and PH associated with HLD, which

have their pathophysiology located in the microcirculation, can be simulated by changing

the structured tree parameters in our model. This allows us to carry out an in-depth

analysis of observed pressure and flow waveforms under functional and structural changes

in the periphery circulation by investigating the influence of microcirculatory parameters

on wave reflections, which is not possible to do in in vivo studies. This may help in

explaining the contribution of wave reflections on the progression of diseases like PAH and

PH in HLD. Where possible, we have tried to test the reliability and validity of our model

through qualitative comparison of our WIA results with the existing results from in vivo

studies [47,48,69,70].
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6.2 Method of wave intensity analysis (WIA)

In this section we describe the details of wave intensity analysis (WIA) by first giving the

definition of wave intensity (dI ′) followed by the separation of the nonlinear pulse wave

into forward and backward components. The method of WIA is well established but still

developing [117]. The analysis presented in this section is the “traditional WIA” [5], which

is used by many investigators [44, 47, 70, 71, 79, 80, 84, 112, 150, 151, 157, 158] to study the

patterns of wave reflections. The analysis below is based on the original work of Parker &

Jones [118], Mynard et al. [109] and Sherwin et al. [145].

6.2.1 The wave intensity (dI)

Parker and Jones [118] suggested that instead of treating pulse wave as summation of

sinusoidal wavetrains, it can be studied by fragmenting the simultaneously measured pres-

sure and velocity waves into infinitesimal elements, usually referred as ‘wavefronts’ in the

context of WIA [117–119], which run forwards and backwards in (x, t) space. In the WIA

these wavefronts are the fundamental elements, defined as the temporal changes in p and

u at a fixed position x = X along the arteries

dp(x, t) = p(x, t+ δt)− p(x, t), (6.1)

du(x, t) = u(x, t+ δt)− u(x, t), (6.2)

which sum up to provide the original wave [175]. The net wave intensity, dI ′, at a given

location in an artery is simply defined as the product of simultaneously occurring pressure

and velocity wavefronts i.e.

dI ′(x, t) = dp(x, t) du(x, t). (6.3)

In the above definition, dI ′ has the dimensions of energy flux per unit area and the

units of W/m2, which corresponds to acoustic intensity [93]. However, it refers to energy

flux associated with the wave motion only and is much smaller quantity than the flow

power per unit area, PU [118]. The dimensional interpretation of dI ′ in analogy with

acoustic intensity does contribute to its physical meaning, however, the actual utility of

this definition relies on its ability to identify the contribution of forward and backward

running waves at all times during the cardiac cycle [117]. The problem with this definition

though is that it requires the segmentation of p and u, which implies that the value of dI ′

necessarily depends on the time discretisation and e.g. doubling the time interval would
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double the magnitude of dI ′. To tackle this issue many investigators [47,48,81,112,139,157]

have used an alternative definition where the wave intensity is defined as the product of

rate of change of p and u instead of simple wavefronts i.e.

dI =
dp

dt

du

dt
, (6.4)

which has the uints of W/m2s2. However, dI now loses its analogy with the acoustic

intensity as there does not seem to have any physical quantity with the same dimensions as

dI. Nevertheless dI retains the utility to identify the contribution of forward or backward

running waves [81,157].

The sign of dI (and dI ′) indicates the presence of four predominant waves at any given

location. If the net wave intensity, dI, is positive then the forward running waves are

dominant and if dI is negative that would indicate the dominance of backward running

waves. The forward and backward waves are further classified into forward and backward

compression or decompression waves. The successive wavefronts add up to a compression

wave, if there is a positive change in pressure (dp > 0); a decompression or expansion

wave, if the changes in pressure are negative (dp < 0); accelerating waves, with positive

changes in the velocity (du > 0) and the decelerating waves with negative changes in the

velocity (du < 0). This interpretation of dI is summarised in Table 6.1.

dp Wavefront du Wave Nature dI Wave Type Wave Origin

> 0 Compression > 0 Accelerating > 0 Forward Compression heart

< 0 Decompression < 0 Decelerating > 0 Forward Decompression heart

> 0 Compression < 0 Decelerating < 0 Backward Compression circulation

< 0 Decompression > 0 Accelerating < 0 Backward Decompression circulation

Table 6.1: Identification of compression and decompression waves, their nature and location of

origin, through wave intensity.

Although the calculation of dI does not require the knowledge of the local PWV or a

linearising assumption that approximate the PWV [117], the wave intensity in this case

only reflects the net effect of forward and backward waves so that, e.g. a backward wave

may not be detected if a large forward wave exists around the same time. Also, dI may

be zero if there are no wavefronts at all or a forward and backward wavefronts of same

magnitudes exist at the same time. Thus to further clarify the contribution of forward

and backward waves it is necessary to decompose dI by separating the wave intensity
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Figure 6.1: Figure 3.1 (p. 68) from Dwyer (2010) [48] shows typical pattern of wave intensity profile

in the resting proximal pulmonary artery of a healthy sheep over one cardiac cycle. Different types

and nature of the local waves, explained in Table 6.1, are identified and indicated in the figure.

The expansion waves, indicated in the figure, are defined as decompression waves in this thesis.

(Figure reproduced with permission from the rights holder.)

profiles into forward and backward components. This requires the knowledge of PWV

which is a challenge, especially when the simultaneous pressure and velocity measurements

are obtained using invasive means of data acquisition. Since we have the advantage of

prescribing the pressure–PWV relation through tube law, we can perform the non–linear

wave separation without making any linearity assumption about the PWV [109].

Below we present the mathematical analysis which leads us to decompose the pressure

and velocity waves and hence the wave intensity profiles. The theory is based on the time–

domain analysis of conservation of mass and momentum by the method of characteristics,

also known as the Riemann method of characteristics, after his work on the solution of

hyperbolic PDEs in 1859 [143], which was exploited by Parker & Jones [118], for the

first time in 1990, to study the wave reflections in the arteries. Although mathematically

subtle, the analysis leads us to the results which are simple to implement.

6.2.2 Separation of pulse wave

Consider the conservation of volume and momentum in (A, q, p) variables, given by (2.15)

and (2.24)
∂A

∂t
+
∂q

∂x
= 0, (6.5)

∂q

∂t
+

∂

∂x

(
q2

A

)
+
A

ρ

∂p

∂x
= −2πµR

ρδ

q

A
. (6.6)
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Conventionally the WIA is carried out by using the governing equations in (A, u, p) instead

of (A, q, p) system [76]. If the viscous losses are small then the interconversion of flow-rate

and velocity only requires the knowledge of area as q = Au. Substituting this into (6.5)

and (6.6) and expanding, we obtain

∂A

∂t
+ u

∂A

∂x
+A

∂u

∂x
= 0, (6.7)

∂u

∂t
+ u

∂u

∂x
+

1

ρ

∂p

∂x
=
F
ρA

, (6.8)

where

F = −2πµRu

δ
,

is the viscous dissipation or frictional loss term. The pressure–area relation for a purely

elastic vessel is given by (2.28), which states that

p(x, t) = p0 + f(r0(x))

(
1−

√
A0

A

)
, (6.9)

where

f(r0(x)) =
4

3

Eh

r0(x)
.

From (6.9) one can rewrite the pressure gradient term in (6.8) as

∂p

∂x
=

∂p

∂A

∂A

∂x
+

∂p

∂A0

∂A0

∂x
+
∂p

∂f

∂f

∂x
. (6.10)

Inserting it back into (6.8) will yield

∂u

∂t
+ u

∂u

∂x
+

1

ρ

∂p

∂A

∂A

∂x
=

1

ρ

(
F
A
− ∂p

∂A0

∂A0

∂x
− ∂p

∂f

∂f

∂x

)
. (6.11)

Method of characteristics

Writing system of equations (6.7) and (6.11) in a non-conservative form, we get

∂U

∂t
+ A

∂U

∂x
= B, (6.12)

where

U =

 A

u

 , A =

 u A

1
ρ
∂p
∂A u

 , and B =

 0

1
ρ

(
F
A −

∂p
∂A0

∂A0
∂x −

∂p
∂f

∂f
∂x

)
 .

The system (6.12) is a fully non–linear system where the non–linearities arise from convec-

tive term, pressure–area relation, frictional loss term, non–uniform compliance and spatial
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variation of cross–sectional area A0 due to taper. It is also apparent that, apart from fric-

tional losses, the matrix A contains all the necessary information, such as distensibility,

fluid density, local geometry and convective acceleration, which may influence the pulse

wave propagation. Further more, since A and 1
ρ
∂p
∂A > 0, A has two real eigenvalues, given

by

Λ± = u±

√
A

ρ

∂p

∂A
. (6.13)

Bramwell and Hill [23] noted that the square root term in (6.13) has the dimensions of

velocity and therefore recognised it as the velocity of wave propagation (PWV), conven-

tionally denoted by c. Thus the eigenvalues can be written as

Λ± = u± c. (6.14)

Since the eigenvalues of the A are real, (6.7) and (6.8) coupled with (6.9) form a nonlinear

system of hyperbolic equations. Corresponding left eigenvectors v± of A can easily be

determined as

v†± [A− Λ±] = 0,

which gives us

v+ = ζ

 c
A

1

 and v− = ζ

 − c
A

1

 ,
where ζ is the scaling constant. By introducing the matrix of left eigenvectors, L of A,

the matrix A can be decomposed in terms of diagonal vector D of Λ±, as

A = L−1DL, (6.15)

where

L = ζ

 c
A 1

− c
A 1

 and D =

 Λf 0

0 Λb

 .
Substituting (6.15) in (6.12) and premultiplying by L we get

L
∂U

∂t
+ D L

∂U

∂x
= L B. (6.16)

In order to solve the above system we introduce the following change of variable

L =
∂R

∂U
, (6.17)
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where R = [R+ R−]† is the vector of characteristic functions or Riemann variables.

Substituting (6.17) into (6.16), we obtain

∂R

∂U

∂U

∂t
+ D

∂R

∂U

∂U

∂x
= L B, (6.18)

or
∂R

∂t
+ D

∂R

∂x
= L B. (6.19)

Let us define x̂ = x̂(t) as a parametric function in the (x, t) space, then the variation in

R along x̂(t) may be written as

dR(x̂(t), t)

dt
=

∂R

∂t
+

dx̂

dt
I
∂R

∂x̂
. (6.20)

Comparing (6.20) with (6.19), we observe that if

dx̂

dt
I = D, (6.21)

then along the path x̂(t) we have
dR

dt
= L B, (6.22)

where d
dt = ∂

∂t + Λ±
∂
∂x is the total time derivative. Equation (6.22) tells us that one can

solve for R(x̂(t), t) along the path x̂(t) merly by integrating (6.22) along x̂(t) and by using

the initial value of R. Thus x̂(t) defines the characteristic paths or directions, C±, in (x, t)

space along which the information (about the wave) contained in R propagates with speed

Λ±. From (6.21), two characteristic paths C+ and C− are given as

C± ≡
dx̂±
dt

= Λ± = u± c . (6.23)

According to (6.22) the values of Riemann variables R± change due to the frictional

losses and elastic and geometric changes along C± in the (x, t) space. Moreover, under

normal physiological conditions u� c, so Λf > 0 and Λb < 0. Since Λf > 0, it follows that

the information about pressure and velocity perturbations contained in R+ propagates

along C+ in the forward direction in (x, t) space i.e. from proximal to distal locations

in the arterial system, whereas along C−, the path with negative slope, the information

contained in R− travels backward in (x, t) space i.e. in the opposite direction from distal

to proximal locations in the arteries.

The system (6.12) is non–linear due to the convective term u∂u∂x , the non–linear pressure–

area relation (6.9) and the frictional loss term F
ρA , which makes it impossible to analytically
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solve the coupled system (6.22) for R. However, the system can be decoupled under certain

simplifying assumptions before solving for Rieman variables R+ and R−.

Since under physiological conditions the flow in the large arteries is inertia driven with

a flat velocity profile [126] and the frictional losses can be neglected, which leads us to

ignore the term in (6.8) by assuming F
ρA � 1. This assumption may be overly restrictive

if applied to the arterial system as a whole but in the WIA we only require local validity

of this assumption as p and u are measured at a fixed location in the arteries. Therefore

as long as this and other assumptions are valid in the neighbourhood of the measurement

site, the analysis is valid [118]. Moreover, if the equilibrium cross–sectional area A0 and

material properties f(r0(x)) are constant along the length of an artery then B = 0 in (6.22),

which makes (6.22) a decoupled system of equations

dR

dt
= 0 (6.24)

that provides us two equations in R± as(
∂

∂t
+ Λ±

∂

∂x

)
R± = 0, (6.25)

In conventional one-dimensional fluid dynamics, for any function g, if Dg
Dt = 0, where

D
Dt = ∂

∂t + u ∂
∂x , then the rate of change of g moving with a fluid particle with speed u is

zero implying that g is a constant function. Thus a comparison of d
dt in equation (6.24)

with D
Dt illustrates that the Riemann variables R±, propagating along the characteristic

paths C± with speed Λ±, are constants. In this case R± are called “Riemann invariants”

instead of “Riemann variables” of the system (6.7) and (6.8) [117]. This result, however,

only remains valid subject to the assumptions of a uniform vessel and negligible viscous

dissipation in the neighbourhood of measurement location. In order to integrate (6.17) for

the Riemann invariants, the following equation has to be satisfied

∂2R±
∂A∂u

=
∂2R±
∂u ∂A

,

which requires the scaling factor ζ of matrix L to be constant. Thus, for ζ = 1, the

Riemann invariants in terms of u and A can be determined by integrating (6.17) about

the reference state (A0, u0) as

R± =

∫ u

u0

du∗ ±
∫ A

A0

c (A∗)

A∗
dA∗ = u− u0 ±

∫ A

A0

c (A∗)

A∗
dA∗. (6.26)

Using the pulse wave velocity relation

c2 =
A

ρ

∂p

∂A
(6.27)
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and the known pressure–area relation (6.9), we get

c(A) =

√
f

2 ρ

(
A0

A

) 1
4

. (6.28)

Using (6.28) in (6.26) and assuming that during diastole, when A = A0, there is no velocity

in the arteries i.e. u0 = 0, we get

R± = u± 4 (c0 − c), (6.29)

where c0 is the constant PWV at A = A0, given by

c0 =

√
f

2 ρ
. (6.30)

The expression (6.30) for c0 above is the Moens–Korteweg PWV given by Moens and

Korteweg in 1878, although first discovered by Young in 1809 [187]. A similar looking

result for R± is also obtained by Sherwin et al. [145] by using a different equation of state,

given by

p(x, t) = p0 + Ψ(x)

(√
A

A0
− 1

)
, (6.31)

where Ψ(x) = f(r0(x)) in equation (6.9). The tube law in (6.31) corresponds to slightly

different expressions for Riemann invariants, given by

R± = u ± 4 (c− c0),

where

c =

√
Ψ

2 ρ

(
A

A0

)1/4

due to a different pressure area relation. Noting from (6.27) that

c =
A

cρ

∂p

∂A
,

the integral in (6.26) can be written as∫ A

A0

c (A∗)

A∗
dA∗ =

∫ p

p0

dp∗

ρ c (p∗)
.

Thus the Riemann invariants can also be expressed in terms of p instead of A as

R± = u− u0 ±
∫ p

p0

dp∗

ρ c (p∗)
, (6.32)

where the pressure dependent PWV in (6.32) is given by

c (p) =

√
f − p(A)

2 ρ
, (6.33)

and p(A) = p(x, t) − p0. The conversion from c(A) to c(p) leads to the same expression

for R+ and R− given by (6.29).
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Wave separation

By using the solution of R from the method of characteristics one can decompose the pulse

wave into forward and backward running components by incorporating the non–linear

effects arising due to convective acceleration and dependance of c on p or A. However

this technique does not capture the non–linear effects due to frictional losses on wave

separation.

From equation (6.32), the changes in Riemann invariants corresponding to changes in

p and u can be written as

dR± = du± dp

ρ c(p)
, (6.34)

Solving for dp and du, we obtain

dp =
ρ c(p)

2
(dR+ − dR−), (6.35)

du =
1

2
(dR+ + dR−). (6.36)

Since the Riemann invariant along a backward characteristic, C−, that intersects two for-

ward characteristics, must be preserved for all times, the changes in pressure and velocity

in the absence of changes in R−, between the two points of intersection are defined as

‘forward’, and vice versa, so

dp+ = dp |dR−=0 and dp− = dp |dR+=0,

du+ = du |dR−=0 and du− = du |dR+=0.

Thus the forward and backward wavefronts of pressure and velocity in terms of Riemann

invariants can be deduced from (6.35) and (6.36) as

dp± = ±ρ c±
dR±

2
, (6.37)

du± =
dR±

2
, (6.38)

where c± = c(p±) indicating the pressure dependent PWV that would vary from net c(p)

if only forward or backward waves exist. Also writing (6.37) and (6.38) together yield an

expression

dp± = ± ρ c± du±, (6.39)

which is the well known Water–Hammer (WH) equation, first derived by Johannes Von

Kries in 1883, a German physiologist, during his work on pulse propagation in blood
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vessels [174]. The WH equation reveals the coupled nature of pressure and velocity in

elastic tubes and provide an expression for PWV, given by

c± = ±1

ρ

dp±
du±

. (6.40)

Moreover, plugging (6.34) into (6.37) and (6.38) gives us

dp± =
1

2
(dp ± ρ c(p) du), (6.41)

du± =
1

2

(
du ± dp

ρ c(p)

)
. (6.42)

Equation (6.41) tells us that a forward pressure wave is a compression wave if dp+ > 0 and

a decompression wave of dp+ < 0. Similarly the backward pressure wave is compression

or decompression wave if dp− > 0 or dp− < 0, respectively.

Finally, the separated forward and backward components of pressure and velocity

waveforms can be obtained by integrating the corresponding wavefronts over a complete

cardiac cycle, which provides us

p± = p0 +

t∫
t0

dp±, (6.43)

u± = u0 +

t∫
t0

du±, (6.44)

or in discrete from as

p± = p0 +
t∑
t0

dp±. (6.45)

u± = u0 +
t∑
t0

du±. (6.46)

Here p0 and u0 are the constants of integrations, normally chosen as the values of p and

u at the end of diastole but may be taken differently such as the values of p and u at any

t = t0 or p = u = 0.

Separated wave intensity: Using the solution for Riemann invariants, the net wave

intensity can also be expressed in terms of Riemann invariants as

dI ′ = dpdu =
ρ c(p)

4
(dR2

+ − dR2
−). (6.47)

The separated wave intensities are given by

dI ′± = dp± du± = ±ρ c±
4

dR2
±. (6.48)
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Or in the time derivative form as

dI± =
dp±
dt

du±
dt

= ±ρ c±
4

(
dR±
dt

)2

. (6.49)

dI ′± and dI± may also be calculated explicitly in terms of dp and du by using (6.41)

and (6.42). The results above show that the forward or backward running wave components

make strictly positive or negative contribution to the net wave intensity i.e. the associated

wave intensities of forward or backward waves are strictly positive or negative. Moreover,

dp±, du± and dI± are computed non–linearly by incorporating the pressure (or area)

dependence of PWV, therefore the forward and backward components are not additive in

general [136].

6.2.3 Quantification of reflections

The pulse waves are partially reflected and partially transmitted at the site of impedance

(ρc0/A0) mismatch, such as the arterial junctions, and the type of reflections depend on the

local properties of reflection sites. Several authors [32, 55, 126] discuss the quantification

of reflected waves by calculating a linear reflection coefficient R, defined as the ratio of

amplitude of reflected waves to that of incident wave, in terms of local impedances at the

junction. However, it is possible to quantify the amount of reflected waves by relating the

changes in the wave intensities to the properties of reflection sites in the circulation.

For a network of arteries with a single parent and two daughter vessels, it has been

shown in [5,145] that the changes in the reflected pressure and velocity (dp−,du−) in the

parent and two daughter vessels can be related to the corresponding changes in the incident

pressure and velocity (dp+, du−) by using the method of characteristic solution of linearized

version of (6.5) and (6.6), coupled with (6.9), about the reference state (A, p, q) = (A0, p, 0)

with small perturbations (a′, p′, q′) in the quantities.

Considering the frictional effects to be negligible (F ≈ 0) in the parent and daugh-

ter vessels of an arterial bifurcation, initial small perturbations (4ai,4pi,4qi) (for i =

p, d1, d2) in the undisturbed state (Ai, pi, qi) = (Ai0, p
i
0, 0) will propagate toward the junc-

tion to produce a wave in each vessel with perturbations (δ̂ai, δ̂pi, δ̂qi) that propagates

away from the junction. Consequently, using the method of characteristics solution of

linearized system of equations along with pressure continuity and flow conservation at

the junction, the reflected pressure and velocity wavefronts (dp−,du−) in each vessel are
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related to the corresponding changes in the incident pressure and velocity (dp+, du−) by [5]

dpi− = Ri dpi+, dui− = −Ri dui+, i = p, d1, d2, (6.50)

where Ri is the linear reflection coefficient, given by

Rp =
Y p − Y d1 − Y d2

Y p + Y d1 + Y d2
, Rd1 =

Y d1 − Y d2 − Y p

Y p + Y d1 + Y d2
, Rd2 =

Y d2 − Y d1 − Y p

Y p + Y d1 + Y d2
. (6.51)

Here Y is local admittance of the vessels given by

Y =
A0

ρ c0
,

the reciprocal of which is known as local impedance of vessel, normally denoted by Z [32]

(see Appendix C of [5] for the derivations of (6.50) and (6.51)).

Clearly the reflection coefficientRi depends on the local properties of vessel and defines

the behaviour of reflection site, a junction in this case. Considering the case of the parent

vessel as an instance, from (6.51) one may observe that if the sum of the admittances

of daughter vessels is same as that of parent vessel, then Rp = 0 and the junction is

called a well–matched junction. In this case no waves are reflected into parent vessels

and the incident wave is completely transmitted into the daughter vessels without getting

reflected. However, if the sum of admittances of daughter vessels is greater than the parent

vessels, then Rp is negative and there is a reflected wave back into parent vessel which

is out of phase with the incident wave. Such reflections are called negative or open–end

type wave reflections and have a cancelling effect on the incident wave so they serve to

reduce the amplitude of observed pressure or velocity wave at a given location. These

kind of junctions are known as open–end junctions and may only occur if the sum of

the cross-sectional areas of daughter vessels or the compliances are much larger than the

parent vessel. In this case Rp → −1 with increasing compliance and (or) the total cross–

sectional area of daughter vessels. On the other hand, at a closed–end junction, the total

cross–sectional area at the entrance (proximal end) of daughter vessels is smaller than

the outlet (distal end) cross–sectional area of the parent vessel and (or) they are stiffer

than the parent vessel, which means that the sum of their admittances would be less than

the admittance of parent vessel yielding a positive Rp. A positive Rp causes a positive

or closed–end type wave reflection which is in phase with the incident wave and serve to

augment the amplitude of incident wave. In this case Rp → 1 with narrowing of passage

at the junction with stiffer daughter vessels. Thus for any situation Rp ranges between -1

and 1 to reflect the junction behaviour.
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From (6.50) the wave intensities of reflected and incident waves can be related through

local reflection coefficient R as

dI− = −R2dI+. (6.52)

Using the relation between local R and dI±, an apparent reflection coefficient may be com-

puted for any arbitrary vessel as the ratio of area averaged values of forward to backward

intensities [5], given by

Rapp = ±

√
−I−
I+
, (6.53)

where

I± =
1

T

∫ T

0
dI ′±dt,

or given in the discrete form

I± =
1

tend − t0

N∑
i=0

dI ′±(ti)δt (6.54)

is the averaged wave area or cumulative intensity and N is the number of equally spaced

time points in the cardiac cycle T such that ∀ t ∈ [0, T ], ti = iδt, where i = 0, 1, . . . , N .

The sign of Rapp is determined by the nature of reflected wave i.e. Rapp < 0 if the

reflected wave is a decompression wave (dp− < 0) or positive of the reflected wave is a

compression wave (dp− < 0). The Rapp defined above is comparable with the traditionally

usedR∆p [32,55,85], which is defined as the amplitude ratio of reflected to incident pressure

wave [110] i.e.

R∆p =
∆p−
∆p+

, (6.55)

where ∆p+ and ∆p− are the amplitudes of incident and reflected waves, which become

known after separating the waves thus making it possible to compute the reflection coef-

ficient.

By using a computer model, Mynard et al. [110] showed that Rapp does not reflect

the true behaviour of R in the case of non–linear flow whereas R∆p remains relatively

insensitive to the non–linearities and therefore suggests R∆p to be the method of choice

to calculate the local reflection coefficient. In this study, we also stick with R∆p as the

reflection coefficient. Furthermore, the transit (tT) time between the forward and backward

wave is defined as the time difference between the arrival of peak or foot of the backward

and forward running waves i.e.

tT = t− − t+, (6.56)



Chapter 6. Reflections In The Pulmonary Arteries 138

where t− and t+ are the arrival times of backward and forward running waves, respectively.

The tT can also be calculated as the time difference between the area averaged intensities

associated with forward and backward wave, given by

t± =
1

TI±

∫ T

0
dI ′± t dt

or equivilantely

t± =
1

(tend − t0)I±

N∑
i=0

dI ′±(ti) ti δt. (6.57)

Finally, with a known PWV c, the distance (LR) to reflection site can be calculated by

LR =
1

2
tT c. (6.58)

Junctions in our model

Given the dimensions of largest pulmonary arteries, one may easily calculate the area ratio

of daughters to parent vessels, Ξ, as

Ξ =
A1prox +A2prox

Apdist
,

where A1,2prox are the cross–sectional areas of the proximal end of the daughter vessels

whereas Apdist denotes the cross–sectional area of the distal end of the parent vessel.

Before terminating the tree of large arteries, there are only three junctions in our model,

which are: the main pulmonary arterial junction, bifurcating into RPA and LPA; the right

pulmonary arterial junction, bifurcating into RIA and RTA and the left pulmonary arterial

junction bifurcating into LIA and LTA. The corresponding local area ratios and the linear

reflection coefficient R, given by (6.51), at these junctions are given in Table 6.2.

Junction Distance from Area ratio Reflection coeff.

name root [cm] Ξ [cm2] Ri

MPA 4.50 1.23 -0.103

RPA 10.25 1.48 -0.097

LPA 7.00 1.22 -0.193

Table 6.2: Calculated from the model geometry and material properties, given are the local area

ratios, Ξ, and the linear reflection coefficients, Ri (computed from (6.51)), for three junctions of

the large pulmonary arteries.

The value of Ξ for MPA junction is within the suggested range of 1.2–1.3 given by Caro

& Saffman [31] and Collins & Maccario [37] for the isolated perfused lungs. Moreover, the
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value of Ξ > 1 and R < 0 for all three junctions suggest that they should behave as

open–end reflectors.

6.3 Results

In this section we present the results of separated pressure, velocity and wave intensity

profiles in the MPA, RPA and LPA. The results are simulated at the midpoint of each

artery both for the normal case and for pulmonary hypertension. Throughout our results

we have chosen p0 and u0 to be zero in equations (6.43) and (6.44) to simulate the forward

and backward waveforms and we refer the originally simulated pressure and velocity simply

as the pressure and velocity or the pulse wave in a general manner. Moreover, all the wave

intensity profiles are given for the time derivative definition of wave intensity, dI, while the

numerically computed PWV is averaged over the cardiac cycle to estimate the distance,

LR, to the reflection sites.

6.3.1 Patterns of reflected waves in the large pulmonary arteries in nor-

mal physiology

Figure 6.2 shows the simulations of forward and backward components of pressure, velocity,

pressure wavefronts and the wave intensity at the midpoints of the MPA, RPA and LPA.

From the panels in the first two rows, we observe that the shapes of p+ and u+ look

similar, which suggests that it is p− that defines the characteristic shape of the pressure

waveform. For pressure wavefronts, the positive region in the panels in third row defines

the compression waves (forward if dp+ > 0 and backward if dp− > 0) and the negative

region illustrates the decompression waves (forward if dp+ < 0 and backward if dp− < 0).

With the help of panels in the row three and the wave intensity profiles shown in row four,

one may identify six distinct waves passing through the midpoints of all three arteries

during the cardiac cycle. These are an early systolic forward compression wave (FCW),

followed by two distinct forward decompression waves (FDCW) in the late systole which

are immediately followed by another forward compression wave at the end of systole.

As for the reflected waves, an early mid systole backward decompression wave (BDCW)

may be spotted in the MPA, which is almost non-existent in the RPA. However a rather

pronounced BDCW is observed in the LPA, which arrives almost in the early systole. In

all three arteries, a significantly large backward decompression wave (BDCW) may also
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Figure 6.2: Simulation of pressure and velocity waveforms (solid blue) separated into forward

(dashed red) and and backward (dashed-dot green) running components at the midpoint in the

MPA, RPA and LPA (first two rows). The separated wave intensities and wave fronts, dI+ and

dp+ (solid blue) and dI− and dp− (dashed red) in the MPA, RPA and LPA are shown in the last

two rows.
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be observed in the late systole. The effects of these waves on the observed blood pressure

and flow may be interpreted from the panels in the first two rows, where the early FCW

corresponds to forward flow acceleration in the velocity graphs whereas the late systole

FDCW decelerates the blood flow. Moreover, the mid systole BDCW also contributes in

accelerating the forward flow by reducing the systolic pressure pressure whereas the late

systolic BCW serves to decelerate the forward flow by augmenting the blood pressure.

Artery RBCW
∆p RBDCW

∆p LR [cm] tT [s]

MPA 0.28 -0.13 23 0.14

RPA 0.36 -0.09 17 0.10

LPA 0.28 -0.19 16 0.10

Table 6.3: The table shows the calculated reflection coefficients, given by (6.55), and the distance

to reflection site (LR), given in (6.58), at the midpoints of MPA, RPA and LPA. The transit time

(tT) that an initial wave takes to travel to and from a reflection site is estimated by using (6.56).

Table 6.3 shows that the reflection coefficient for the BCW (RBCW
∆p ) and BDCW

(RBDCW
∆p ) increases in the RPA. Moreover, for BCW the distance to reflection site form the

midpoint of the MPA is estimated to be 23 cm which reduces to 17 and 16 cm in the RPA

and LPA respectively. However, it must be noted that LR computed here is approximated

and not exact as it is calculated by averaging the numerically computed value of c over

the cardiac cycle. Also clear from the table is that a nearer reflection site means a shorter

tT for the waves to and from the reflection sites which is evident in the case of RPA and

LPA.

Figures 6.3 show a three–dimensional depiction of numerically simulated pressures

and their forward and backward running components in (x, t, p) space. The panels in

the figure illustrate the wave propagation effects on the forward and backward running

pressure waves as we observe the peaking of p+ toward the distal locations in all three

vessels, with significantly higher degree of incident pressure peaking in the RPA. For the

reflected pressure waves, the mid systole BDCW observed in Figure 6.2 at the midpoint

of these arteries, shows a considerably broader and more amplified wave profile near the

distal junctions in these arteries but becomes narrow and diminished as it propagates

towards the heart. Again, this effect is exaggerated in the RPA where the BDCW almost

vanishes at the proximal end.
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Figure 6.3: Three–dimensional depiction of originally simulated pressures (first row) and their

forward (second row) and backward (third row) running components along the arterial lumen in

the (x, t, p) space. The waveforms are simulated in the MPA, RPA and LPA.
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Figure 6.4: Contours of simulated pressure waveforms, shown in Figure (6.3), in (x, t) space. The

results are presented in the MPA, RPA and LPA for the observed pressure waveforms (first row)

and their incident (second row) and reflected (third row) components.
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Figure 6.4 gives us a bird’s-eye view of pressure profiles shown in Figure 6.3 in the form

of two–dimensional pressure contours in the (x, t) space. From the figure, the different

haemodynamics in the RPA becomes clearer as both forward and backward components

show significantly more oscillatory behaviour than the MPA and the RPA. However, the

general pattern of reflected waves remains similar in all three arteries i.e. a broader BDCW

in mid systole tends to become weak towards the heart whereas the late systole BCW shows

an opposite behaviour.

6.3.2 Influence of pulmonary hypertension on the patterns of wave re-

flections in the large pulmonary arteries

In this section we present the simulations of separated pressure, velocity and wave in-

tensity profile during pulmonary hypertension. We investigate the effects of three cate-

gories of pulmonary hypertension, viz. pulmonary arterial hypertension (PAH, Group-I),

pulmonary hypertension associated with hypoxic lung disease (HLD, Group-III) and the

chronic thromboembolic pulmonary hypertension (CTEPH, Group IV), on the pattern of

reflected waves. All theses groups are explained in Section 4.2. Since the pathologies of

PAH and developed form of CTEPH are similar, we simulate the effects of PAH and initial

effects of CTEPH only. The simulated pressure waveforms have already been shown in Sec-

tion 4.2.1. The velocity profiles are also deduced from the corresponding flow–rate profiles

in the Section 4.2.1 and used here to simulate their forward and backward components.

Effects of pulmonary arterial hypertension (Group-I)

Figures 6.5 and 6.6 depict the effects of PAH on forward and backward running pressure

and velocity components in the MPA, RPA and the LPA. The results are produced by

decomposing the pressure waveforms shown in Figure 4.6. It is observed that FC and FDC

waves amplify with stiffened small vessels during PAH whereas earlier arrival and peaking

of the late systole BC wave can also be observed with increasing PAH. However, the late

systole BDCW shows a rather inconsistent behaviour in that the BDCW first amplifies

with an initial increase in small arterial stiffness but its amplitude reduces with a further

increase in stiffness. These changes corresponds to acceleration or deceleration of forward

blood flow, which is evident from panels in the third and fourth rows exhibiting the u+

and u− in all three arteries.

Furthermore, it is clear from Figure 6.6 that the peak wave intensity associated with
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Figure 6.5: Influence of PAH (Group-I) on the patterns of wave reflections at midpoint of the

MPA, RPA and LPA. The results are obtained by decomposing the arterial pressure profiles, shown

in Figure 4.6, and arterial velocity waveforms, obtained from the flow waveforms in Figure 4.6,

into incident and reflected components. The curves correspond to change in small vessel stiffness

parameters as: normal stiffness (solid blue), 25% increase (dashed-dot red), 50% increase (solid

cyan), 75% increase (dashed magenta).
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forward waves increases with an increase in the small vessel stiffness, whereas the wave

intensity associated with BCWs amplifies with the development of PAH, but shows a

non–uniform behaviour for the BDCW.

Effects of pulmonary hypertension associated with hypoxic lung disease (Group-

III)

Figures 6.7 and 6.8 illustrate how the pulmonary hypertension associated with hypoxic lung

disease contributes in amplifying the pressure pulse in the MPA, RPA and the LPA by

affecting the patterns of reflected waves. The incident and reflected pressure components

are simulated by decomposing the pressure waveforms shown in Figure 4.10. The general

observations from these figures suggest that the FCW amplifies, with an initial increase in

microvascular rarefaction but this behaviour changes as amplitude of the FCW decreases

with further loss in vascular density. Moreover, both figures show significant amplification

and earlier arrival of the BCW with increasingly rarefied vascular beds whereas the BDCW

reflects the effects of the initial FCW i.e it amplifies with an initial reduction in vascular

density but starts to diminish as the vascular density is reduced by 30%.

Effects of chronic thromboembolic pulmonary hypertension (Group-IV)

Finally, the effects of CTEPH on separated pressure, velocity, and wave intensities are

shown in Figures 6.9 and 6.10. The results are simulated for the initial development

of CTEPH that involves the stiffening of large arteries only. From the figures one may

observe the amplification of FCW, which returns as an amplified BDCW that arrives back

earlier with increasingly stiffened arteries. However, the stiffened large arteries do not

significantly affect the patterns of FDCW. The effects of the amplified FCW and BDCW

on the forward flow cancel out and the net velocity of forward flow remains very much

unaltered. This behaviour is consistent in all three arteries, although the degree of wave

amplification is much greater in the LPA. These observations are also translated in the

plots of wave intensity profiles shown in Figure 6.10 where the amplification of BDCW

and BCW with stiffened large arteries is evident.

Figure 6.11 shows that in PAH the transit time to and from reflection site decreases

with an initial increase of small vessel stiffness but does not alter with a further increase

in pathology. However, in CTEPH when larger arteries are made stiffer the wave transit

time, tT, shortens gradually as the waves in forward and backward directions travel much
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Figure 6.6: Behaviour of separated wavefronts dp± and dI ′± under PAH (Group-I). The results

are plotted at the midpoint of the MPA, RPA and LPA whereas the curves correspond to change

in small vessel stiffness parameters as: normal stiffness (solid blue), 25% increase (dashed-dot red),

50% increase (solid cyan), 75% increase (dashed magenta).



Chapter 6. Reflections In The Pulmonary Arteries 148

0 0.2 0.4 0.6
−5

0

5

10

15

20

p
+ [

m
m

H
g

]
MPA

0 0.2 0.4 0.6
−5

0

5

10

15

20
RPA

0 0.2 0.4 0.6
−5

0

5

10

15

20
LPA

0 0.2 0.4 0.6
−5

0

5

10

p
-
 [
m

m
H

g
]

0 0.2 0.4 0.6
−5

0

5

10

0 0.2 0.4 0.6
−5

0

5

10

0 0.2 0.4 0.6

0

0.2

0.4

0.6

0.8

u
+ [

m
/s

]

0 0.2 0.4 0.6

0

0.2

0.4

0.6

0.8

0 0.2 0.4 0.6

0

0.2

0.4

0.6

0.8

0 0.2 0.4 0.6
−0.4

−0.2

0

0.2

t [s]

u
-
 [
m

/s
]

0 0.2 0.4 0.6
−0.4

−0.2

0

0.2

t [s]
0 0.2 0.4 0.6

−0.4

−0.2

0

0.2

t [s]

Figure 6.7: Effect of HLD associated PH (Group-III) on separated pressure and velocity at

midpoints of the MPA, RPA and LPA. The p+ and p− are the incident and reflected components

of the pressures given in Figure 4.10 while u+ and u− are also deduced from the flow wave forms

given in the same figure. The curves correspond to the reduction in vascular bed densities: normal

vascular bed density (solid blue), 10% decrease (dashed-dot red), 20% decrease (solid cyan) and

30% decrease (dashed magenta) in the density of small vessels in the vascular beds.
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Figure 6.8: Variations in the separated wavefronts dp± and dI± due to HDL associated PH

(Group-III). The results are plotted at the midpoint of the MPA, RPA and LPA where the curve

correspond to: normal vascular bed density (solid blue), 10% decrease (dashed-dot red), 20%

decrease (solid cyan) and 30% decrease (dashed magenta) in the density of small vessels in the

vascular beds.
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Figure 6.9: Effects of CTEPH (Group-IV) on p± and u± at midpoints of the MPA, RPA and

LPA. Only the nitial effects of CTEPH (modulation of large arterial stiffness only) are shown in

this figure where the separated waveforms are obtained by decomposing the pressure waveforms

in Figure 4.12 (first row only) whereas the velocity waveforms are also deduced from the flow

waveform shown in the third row of the same figure. The results are simulated for the normal

stiffness (solid blue), 25% increase (dashed-dot red), 50% increase (solid cyan) and 100% increase

(dashed magenta) in the large arterial stiffness.
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Figure 6.10: Variations in the separated wavefronts dp± and dI ′± due to CTEPH (Group-IV).

The results are plotted at the midpoint of the MPA, RPA and LPA where the results are simulated

for the normal stiffness (solid blue), 25% increase (dashed-dot red), 50% increase (solid cyan) and

100% increase (dashed magenta) in the large arterial stiffness.
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Figure 6.11: Variation in transit time (tT) of of reflected waves (first row) and reflection coefficient

R∆ p (second row) at the midpoint of the MPA during pulmonary hypertension. The positive R∆ p

(dashed magenta) is for backward compression waves whereas the negative R∆ p (solid blue) is for

backward decompression waves.

faster in the case of stiffer large arteries. As for the PH associated with HLD, the wave

transit time show an unpredictable behaviour as tT increase with a 20% reduction in the

microvascular density but reduces with further reduction in the microvascular density.

Moreover, the reflection coefficient associated with BCW increases with an increases in

small vessel stiffness and the degree of microvascular rarefaction whereas it decreases with

increasingly stiffened large arteries. Also the reflection coefficient associated with the

BDCW decrease in CTEPH and increases in PAH but does not show significant variation

in HLD after an earlier reduction due to rarefaction.

6.4 Discussion of results

Simulations of wave intensity profiles in this chapter reveals the direction, timing and na-

ture of six different waves which suggest the behaviour of reflection sites in our model of

pulmonary circulation. In all three arteries considered for this study, we identify an early

FCW followed by two late systole FDCWs. These waves correspond to contraction and

relaxation of the right ventricle and serve to accelerate or decelerate the forward blood

flow, respectively. The FDCWs are also followed by a small FCW that corresponds to
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the dicrotic notch in the pressure waveform, which marks the closure of the pulmonary

valve and the start of diastole. The highlight of this chapter is the simulation of a very

early BDCW followed by a BCW in all three arteries (see Figure 6.2). The BDCW serves

to accelerate the forward flow which enhances RV emptying by supplementing the FCW.

In physiology, this early BDCW explains the remarkable ability of pulmonary circulation

to draw an entire cardiac load under such a low pressure. Moreover, the early arrival of

the BDCW and the comparison of R from Table 6.2 with RBCW
∆p form Table 6.3 suggest

that it is reflected from proximal junctions in the circulation, and not the distal micro-

circulation, thus confirming these junctions of open–end type reflectors. This observation

is mathematically supported as the geometric properties of all the junctions in our model

also support this conclusion (see Table 6.2). Furthermore, the observed late systole BCW

decelerates the forward flow and serves to augment the pressure wave to give pressure

profile its characteristic shape. The tT of BCW and the distance to reflection site (23 cm

for MPA) suggest pulmonary microcirculation to be the site of its origin.

All the above observations are in close agreement with Hollander et al. [71] and Dwyer

et al. [47,48], who observed the same type of wave presence approximately during the same

cardiac phase, as identified in our simulations, from their in vivo studies in the pulmonary

arteries of dog and sheep by using the method of WIA. Both authors also identified distal

microcirculation as the site of positive wave reflections (BCW) and the proximal junctions

as the sites of negative wave reflections (BDCW) to reach the conclusion that unlike the

systemic circulation, pulmonary circulation is characterised by negative waves reflections

in the systole. Dwyer [48] also reported the first ever results of WIA in vivo of a healthy

human. For humans, unlike the two FDCW found in our model, Dwyer reported a single,

broader late systole FDCW while observing the consistently present BDC and BC waves.

However, Dwyer mentions the difficulties involved in accurate measurement of in vivo

blood velocity in humans which, in his opinion, limit his analysis and he stresses the need

of further work to understand the patterns of reflections in human pulmonary arteries.

The different behaviour of forward and backward pressure waves observed in the RPA

goes back to the discussion in Chapter 4 where we pointed out the different dimensions

of this particular vessel. In this chapter, we continue to observe standout haemodynamic

features in the RPA (see figure 6.4). A close examination of second panel in the third row of

Figure 6.4 may possibly explain the RPA haemodynamics further in terms of reflected and

re–reflected waves (the wave trapping phenomenon [32,55]) in relation to vessel geometry.
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However, this aspect requires a further in depth analysis before any conclusion can be

drawn.

As for the effect of pulmonary hypertension, in the PAH and PH in HLD, the amplifi-

cation of BCW explains the observed amplification of pressure wave in hypertension (see

Section 4.2.1). Since the pathophysiology of these conditions is located in the microcir-

culation, their influence on the BDCW, which are reflected prior to microcirculation, is

very little in comparison to that of BCW. This observation is also in agreement with the

experimental study by Hollander et al. [71] who reported the creation and amplification

of BCW under hypoxia without significantly affecting the open–end type BDCW. These

observations also suggest that the loss of blood vessels during HLD trigger positive wave

reflections, which elevate the blood pressure in the large pulmonary arteries that conse-

quently lead to an increased RV afterload. In the CTEPH, the amplified BDCW and the

shorter tT is due to change in the properties of proximal reflection sites, which are the large

arterial junctions. Since the wave travels faster in stiffer vessels, the amplified negative

reflections from the proximal junctions arrive back much quicker.

6.5 Conclusion

For the first time, in this study, we have simulated the patterns of wave reflections in the

human pulmonary arteries, both for healthy and diseased condition, by using a full scale

mathematical model of pulmonary circulation and the traditional approach of WIA. Our

results show agreement with those reported in the experimental studies by applying the

WIA on invasively obtained pressure and velocity measurements in vivo animals [47, 71]

and human [48]. We have also reported for the very first time the effects of pulmonary hy-

pertension on the patterns of wave reflections by using a theoretical model, which helps us

to understand the underlying mechanisms of hypertension and the behaviour of reflection

sites in pathology.

However, it should be noted that despite being well established, the theory of WIA is

relatively new and still developing with the recent introduction of reservoir wave approach

that accounts for the pressure effects during diastole and claims to explain some of the

unexplained effects, like the self-cancellation of velocity components in the diastole [165].

Since our study misses a detailed comparison with in vivo data, a strict clinical interpre-

tation of these results may be a step too far. Also missing from our study is the detailed
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analysis that investigates any effects of downstream boundary condition, the structured

tree matching conditions in this case, in producing artificial reflections. Nevertheless, this

study provides us useful insight of clinically observed features of pulmonary pulse wave.



Chapter 7

Effects Of Linear PWV On The

Wave Separation

In this chapter we study the effects of linear pulse wave velocity (PWV) estimates on the

wave separation in the pulmonary arteries. We compare two common techniques, P-U

loop and Sum of Squares, to estimate the local PWV at different locations in the large

pulmonary arteries by applying them to numerically simulated pressure and velocity, and

comparing the results with averaged theoretical PWV. Finally we analyse the effective-

ness of these estimates in linear pulse wave separation by comparing results obtained in

Chapter 6.

7.1 Introduction

Knowledge of the PWV is necessary for the wave separation in the WIA. However, in the

absence of a prescribed pressure–area relation for the in vivo studies, it becomes almost

impossible to compute the non–linear PWV. This limitation makes it far from trivial to

evaluate the integrals in (6.26) or (6.32) in the WIA. However, one may adopt a linear

approach by ignoring the pressure dependance of local PWV and assuming it to be constant

over the cardiac cycle (i.e. c̄ = c(x) only), which makes it straightforward to evaluate these

integrals and obtain the separated waveforms [117].

Since the PWV is known to vary with pressure under physiological conditions with

intra-beat variation of 20–30 % [68] or even higher in the patients with hypertension [66],

any estimates of pressure independent PWV would be subject to some errors, which may be

compounded in the WIA due to other assumptions about the vessel geometry and frictional

156
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losses. Many investigators have studied the effects of weak non–linearities, including the

non–linear PWV, on the pressure, velocity and the wave intensity decomposition by using

simple one–dimensional models with the prescribed pressure–PWV relation and reported

an error of 5–10 % for pressure [135–137, 155], 2–5% for velocity and 10–12% for the

wave intensity [109] under normal physiological conditions. These errors are comparable

to measurement uncertainty under experimental conditions and therefore are considered

small, leading most researchers to believe that the linear wave separation makes only

small differences compared to non-linear separation [117]. Nevertheless, it has also been

observed [109] that the linear separation error may become significant under conditions

when the PWV varies substantially over the cardiac cycle and the local constant PWV

(c̄) used for linear separation is closer to the minimum or maximum pressure–dependent

PWV rather than the averaged value.

Depending on the type of measurements, various techniques are used to determine the

local PWV in the arteries [4]. Among these are the commonly used P-U loop [84] and

the Sum of Squares techniques [45]. Both these techniques require pressure and velocity

measurements only at a single location, to estimate the constant local PWV (c̄) and

therefore often referred as the single point techniques. The resulting PWV only represents

the local wave–velocity at a prescribed location and not the average speed over a distance.

These techniques are consistently used for the in vivo studies of WIA and also in the clinical

situations where these estimates are used as a predictor of arterial stiffness, through the

Bramwell–Hill equation (6.27) [20, 22, 171]. Thus an incorrect estimate of PWV may not

only effect the patterns of local waves in the arteries but may also potentially lead to a

wrong prognosis in clinical situations.

Since the high compliance of pulmonary circulation yields a much lower PWV (1.8–

4.8 ms−1 in the MPA [48, 106] and 3.5–14 ms−1 in the systemic arteries [188] in human),

non–linear effects are important when investigating the wave reflections in the pulmonary

arteries. Moreover, due to the difference in geometric structures of pulmonary and sys-

temic arteries, it is possible that the techniques which are suitable for the systemic or

coronary arteries may not be ideal for the use in the pulmonary arterial WIA. Since the

waveforms generated from computational models are free from experimental errors and

provide theoretical estimates of various haemodynamic properties including the PWV,

they make a useful resource to test the effectiveness of commonly used techniques to de-

termine the PWV and their influence on the WIA, by comparing the results from linear
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and non–linear approaches. To the best of our knowledge, this is the first study that

investigates the influence of these techniques on the wave separation in the pulmonary

arteries.

7.2 Reported pulse wave velocity in the pulmonary arteries

Table 7.1 shows the reported pulse wave velocities determined using in vivo pressure and

velocity measurements in the MPA of human, dog and sheep. We observe that for hu-

Source Specious Wave Speed Condition

[30,58,106] Human 1.8 ms−1 Normal

[106,141] Human 4.8 ms−1 Hypertension

[48] Human 1.9± 0.7 ms−1 Normal

[48] Human 4.8± 2.4 ms−1 Hypertension

[14] Dogs 2.75± 0.16 ms−1 Normal

[126] Dogs 2.5 ms−1 Normal

[126] Dogs 3.5 ms−1 Calculated

[71] Dogs 2.5 ms−1 Normal

[47] Sheep 2.1± 0.3 ms−1 Normal

Table 7.1: Reported wave speeds in the main pulmonary artery of various species.

mans the estimated pulmonary PWV is about 1.8–2.0 ms−1 in normal conditions and it is

more than double during hypertension. Moreover, in comparison to humans, the normal

pulmonary arterial PWV is higher in sheep and dogs.

7.3 Methods

In this section we describe the linear approach (using constant PWV) to separate the

pressure, velocity and wave intensity profiles along with P-U loop and Sum of Squares

techniques, which provide the estimates of constant, local, PWV for use in the linear

approach.
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7.3.1 Linear wave separation

The assumption of constant PWV makes it much simpler to solve the integral equa-

tion (6.32) by writing the constant factor ρ c̄ outside the integral, which yields

R± = u ± p

ρ c̄
. (7.1)

Solving (7.1) for p and u in terms of R+ and R−, we obtain

p =
ρ c̄

2
(R+ − R−), (7.2)

u =
1

2
(R+ + R−). (7.3)

The wavefronts or infinitesimal changes in p and u are given by

dp =
ρ c̄

2
(dR+ − dR−), (7.4)

du =
1

2
(dR+ + dR−). (7.5)

Taking the product of dp and du from (7.4) and (7.5) yields the expression for the net

wave intensity and gives

dI ′ = dp du =
ρ c̄

4
(dR2

+ − dR2
−), (7.6)

which is similar to that given by (6.47). Recalling the Water–Hammer equation (6.39)

with constant pulse wave velocity c̄

dp± = ± ρ c̄du±, (7.7)

and assuming that the forward and backward components of pressure and velocity are

additive, such that

dp = dp+ + dp−, (7.8)

du = du+ + du−, (7.9)

then one may separate the pressure and velocity wavefronts in terms of dp and du us-

ing (7.7) in (7.8) and (7.9) and solving for dp± and du±, to get

dp± =
1

2
(dp ± ρ c̄du), (7.10)

du± =
1

2

(
du ± 1

ρ c̄
dp

)
. (7.11)
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The corresponding components of wave intensity are given by

dI ′± = dp± du± = ± ρ c̄
4

(
du ± dp

ρ c̄

)2

, (7.12)

or

dI± =
dp±
dt

du±
dt

= ± ρ c̄
4

(
du

dt
± 1

ρ c̄

dp

dt

)2

. (7.13)

Finally the forward and backward components of pressure and velocity can be obtained

by integrating dp± and du± over the cardiac cycle using (6.43) and (6.44).

Equations (7.6) and (7.12) are apparently similar to those of (6.47) and (6.48), but

using the linear approach, dp±, du± and dI± are additive, which is not generally true in

the non–linear approach [136].

7.3.2 Theoretical pulmonary PWV in our model

The numerically determined PWV in our model implicitly depends on time through area

or pressure (see eq. (6.27)). From (6.33), we may write

c2 =
A

ρ

dp

dA
= c2

0 −
p(A)

2ρ
, (7.14)

which illustrates that due to the constant values of ρ and c2
0 (=Ψ/ρ), c2 decreases with

increasing pressure. This observation is qualitatively opposite to that observed in phys-

iology, i.e. an increasing PWV with an increase in pressure [14], and it can be tackled

by using Lighthill’s expression of tube law [94] (also used by Sherwin et al. [145], see

equation (6.31)). However, as far as the relative expansion of cross–sectional area remains

small, which is the case for the longitudinally tethered arteries in vivo, both models predict

identical and physiologically correct behaviour as

r − r0

r0
≈ r − r0

r
,

in the arteries and the error between these models is negligible.

7.3.3 PWV by using the P-U loop

In the absence of a prescribed pressure–area relation the local PWV can be determined by

careful analyses of pressure–velocity loop of simultaneously measured pressure and velocity

at a fixed position [64,84]. This technique is based on the Water–Hammer equation (7.7)

that gives

c̄ = ±1

ρ

dp±
du±

.



Chapter 7. Effects Of Linear PWV On The Wave Separation 161

0 0.5 1

10

15

20

25

MPA

u [m/s]

p
 [

m
m

H
g

]

 

 

c
P
 = 3.35 m/s

c
M

 = 3.29 m/s

c
D

 = 2.73 m/s

0 0.5 1

10

15

20

25

RPA

u [m/s]

 

 

c
P
 = 3.61 m/s

c
M

 = 3.12 m/s

c
D

 = 1.47 m/s

0 0.5 1

10

15

20

25

LPA

u [m/s]

 

 

c
P
 = 2.87 m/s

c
M

 = 2.61 m/s

c
D

 = 2.27 m/s

Figure 7.1: Estimation of pulse wave velocity in the MPA, RPA and LPA by using the pressure–

velocity loop of the numerically generated pressure and velocity in our model. The wave speeds are

estimated at proximal, midpoint and distal locations in the arteries, which are denoted by P, M

and D, respectively, in the subscript of c in legends.

Assuming that there are no reflected waves present in the early systolic upstroke i.e.

dp =dp+ and du =du+, then the constant local PWV (c̄) can be calculated by determining

the slope of linear portion of the P-U loop at the start of systole i.e.

c̄ =
1

ρ

dp

du
. (7.15)

It has been shown, in vitro [85] and in vivo [86], that c̄ from P-U loop method agrees well

with the c̄ determined form traditional, two point foot–to–foot method, which gives an

average PWV over a distance i.e. c̄ = ∆l/∆t, where ∆t is the time taken by the foot of

the pulse wave to travel between two locations separated by a known distance ∆l [111].

However, it has also been noted that the P-U loop method works well in the long vessels

like the aorta, but the assumption of only forward waves during the early systole makes it

unsuitable for the shorter arteries, such as the coronary arteries, where the early systole

waves are subject to influence from the peripheral wave reflections [48, 158], which makes

it difficult to determine a linear, reflection free, portion in the P-U loop.

7.3.4 PWV by using the Sum of Squares

Keeping in view the influence of early reflections and multiple haemodynamic interactions

on the linearity of PWV in the early systole, Davies at el. [45] introduced a new single–

point technique that does not depend on the assumption of linear relation between pressure

and velocity in the early systole. From equation (7.11) the difference of separated velocity

wavefronts gives

du+ − du− =
dp

ρc̄
. (7.16)
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Squaring and summing over an integer number of cardiac cycle provides us a pulse wave

velocity definition

(ρc̄)2 =

∑
(dp)2∑

(du+ − du−)2
. (7.17)

The denominator in (7.17) cannot be determined directly from the haemodynamic mea-

surements but it can be approximated by using the readily determined
∑

(du)2, which is

equal to
∑

(du+ + du−)2. So

∑
[(du+)2 + 2du+du− + (du−)2] ≈

∑
[(du+)2 − 2du+du− + (du−)2]

if and only if 2
∑

du+du− is much smaller than
∑

[(du+)2 + (du−)2]. Under this assump-

tion we get

(ρc̄)2 =

∑
(dp)2∑

(du+ − du−)2
≈

∑
(dp)2∑

(du+ + du−)2
=

∑
dp2∑
du2

, (7.18)

which implies that

c̄ =
1

ρ

√∑
dp2∑
du2

. (7.19)

An alternate derivation of the expression (7.19) can also be found in the Appendix in [45],

which is obtained by minimizing the sum of absolute value of the separated wave intensities

with respect to c̄. The advantage of this technique is that it does not require the vessel to

be long enough for two measurements or nor does it rely on a period during which only

forward waves are present.

7.4 Results

7.4.1 Pulse wave velocity

Table 7.2 shows numerical PWV (c), computed through equation (7.14), c̄
loop

estimated

from the P-U loops in Figure 7.1 using equation (7.15)1 and estimates of c̄sqrs from the Sum

of Squares technique using equation (7.19). The values are given at proximal, midpoint

and distal locations in the MPA, RPA and LPA.

It can be observed that c fluctuates significantly, 0.07 ms−1 (7 cm s−1) about c̄avg over

the cardiac cycle but c̄avg remains almost constant along various locations in the arter-

ies except for a small increase of 0.01 ms−1 in the RPA. This observation is due to the

use of constant compliance in our model and qualitatively it agrees with Attinger [12]

1By multipleying the slope of p [mmHg]u [ms−1] loop by a conversion factor of 0.1333 and dividing by

constant blood density [ρ = 1.055 g/cm3].
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Artery Location c
max

c
min

c̄
avg

c̄
loop

%error c̄
sqrs

%error

Proximal 3.42 3.28 3.34 3.35 0.30 2.76 17.37

MPA Mid-point 3.42 3.28 3.34 3.29 1.50 2.57 23.05

Distal 3.42 3.28 3.34 2.73 18.26 2.34 29.94

Proximal 3.42 3.28 3.34 3.61 8.08 4.25 27.25

RPA Mid-point 3.42 3.28 3.35 3.12 6.59 2.90 13.43

Distal 3.42 3.28 3.35 1.47 56.12 1.73 48.36

Proximal 3.42 3.28 3.34 2.87 14.07 2.25 32.63

LPA Mid-point 3.42 3.28 3.34 2.61 21.86 2.17 35.03

Distal 3.42 3.27 3.34 2.27 32.03 2.10 37.13

Table 7.2: Fluctuation in the numerically computed pulse wave velocity [m s−1] during the cardiac

cycle and its comparison with the wave speed determined by using P-U loop and Sum of Squares

techniques is shown in the table. The % error is computed about c̄
avg

, the average of numerically

computed non–linear PWV. All values are given to 2 d.p, measured at the proximal, midpoint and

distal positions in the MPA, RPA and LPA.

who reported a constant spatial PWV in the pulmonary arteries. Furthermore, in most

cases the PWV estimates from the Sum of Squares technique are significantly smaller than

c̄min (minimum of theoretical c) and when compared with c̄avg , the estimates of c̄
loop

yield

much smaller errors than c̄sqrs . Also both techniques provide their best estimates at the

proximal and midpoint locations in the arteries while the errors amplify dramatically at

distal location i.e. near bifurcating junctions, suggesting these locations to be unsuitable

for estimation of local PWV using these techniques. To the best of our knowledge no

in vivo or in vitro study suggest a precise location to obtain the best estimates of linear

PWV, although in most cases the PU-loop analysis is performed in the proximal arteries

at locations away from the junctions. Nevertheless, this observation requires further inves-

tigations and validation, e.g. in a simpler tube model with a single bifurcation. Moreover,

the haemodynamics differences in the RPA are also translated in the PWV estimates as,

unlike the MPA and LPA, the best estimates are obtained at the midpoint instead of the

proximal location.

A more general observation suggest that the best estimates of the local PWV are

obtained close to the heart, and farther the pressure and velocity measurements are ob-

tained, more erroneous the estimates are. As for the estimates using the Sum of Squares

techniques, the only possible explanation may be in terms of the assumption of smaller



Chapter 7. Effects Of Linear PWV On The Wave Separation 164

∑
du+du− than the

∑
[(du+)2 +(du−)2]. This might be a valid assumption in the arteries

where there is no linear portion in the P-U loop in early systole but in cases where there

is, the relative contribution of the term
∑

du+du− can not be neglected. Clearly this is

not the case in our simulations and a quick calculation at the proximal MPA shows that∑
(du+ + du−)2 6≈

∑
(du+ − du−)2 as∑

(du2
+ + du2

−)

2
∑

du+du−
≈ 3× 10−3.

Observations from Table 7.2 suggest that the PWV estimates using different methods are

bound to produce errors in the wave separation. However, at this point, the potential

impact of these errors on the type and nature of reflections is not clear to us. This is

studied further in the next section by using these estimates in the WIA.

7.4.2 Wave separation using WIA

In this section we present the results depicting the effects of local estimates of PWV,

using the P-U loop and the Sum of Squares methods, coupled with linear pulse wave

separation. The wave separation is performed by using WIA at proximal, midpoint and

distal locations in the MPA, RPA and LPA. The linearly separated forward and backward

wave components are compared with those obtained in Chapter 6 using the non–linear

approach.

Figure 7.2 shows the effects of different wave velocities on separation of pressure, flow

velocity and wave intensity profiles at proximal, midpoint and distal locations in the

MPA. It is observed that results using the P-U loop method are in complete agreement

with the non–linear PWV at the proximal and midpoint positions in the MPA but as the

wave propagates towards distal MPA near the junction, a significant deviation of linearly

separated wave components from the non–linearly separated components can be observed

as the amplitudes of both forward and backward pressure waves decrease towards the

junction. On the other hand, the estimates of PWV using the Sum of Squares technique

yield a significantly prominent backward compression wave (BCW) while underestimating

the forward compression wave (FCW) at all locations in the MPA. However, to our surprise,

the amplitude of BCW reduces progressively towards the junction despite the fact that the

estimated c̄sqrs yields greatest error at this location. The appearance of an artificial BCW

in the early systole leads to wrong interpretation of flow nature i.e. a flow deceleration

would take place due to an increased right ventricular afterload in the early systole.
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Figure 7.2: Influence of estimated PWV on the pulse wave separation in the MPA. The results are

plotted for: proximal (first column), midpoint (second column) and the distal end (third column)

for the numerically evaluated non-linear PWV (solid blue), PWV from P-U loop (dashed magenta)

and the PWV from Sum of Squares technique (dashed-dot red).
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Figure 7.3 illustrates the influence of different wave velocities on the patterns of re-

flected waves along three positions in the RPA. In the RPA too, the separated waveforms

using the estimates of P-U loop are observed to closely follow the patterns of non–linearly

separated pressure, velocity and wave intensity profiles at the proximal and midpoint lo-

cations. Although c̄sqrs yields a greater error in the wave separation in the RPA too but

unlike the MPA, c̄sqrs does not alter the type of reflected wave in the RPA. As observed in

the previous chapters, the haemodynamic along the RPA changes most radically from an

initial state of early systole BCW at the proximal RPA to an amplified backward decom-

pression wave (BDCW) at the distal RPA. It is observed that the estimates of constant

PWV consistently fail to translate the haemodynamic changes near the junctions and, as

seen in this case, the linear wave separation completely fails to capture the highly non–

linear behaviour of reflected pressure wave as an amplified BDCW close to the junction

goes almost unnoticed in the wave intensity profiles.

Finally, we observe the effects of c̄
loop

and c̄sqrs coupled with linear wave separation, in

the LPA. The P-U loops in Figure 7.1 and the normal waveforms in Chapter 4 illustrate

a similar haemodynamic pattern in the MPA and LPA. Consequently, the estimates from

the P-U loop and Sum of Squares techniques lead to similar patterns of reflected waves as

observed in the MPA. Here too, the use of c̄sqrs leads to BCW in the early systole, instead of

BDCW, which diminishes at the distal RPA. Moreover, although c̄
loop

successfully captures

the arrival of BDCW in the systole at all locations, due to a bigger error about c̄avg , the

use of c̄
loop

significantly underestimate the BDCW in the LPA.

7.5 Discussion

As expected, the estimates of local PWV using P-U loop perform much better than the

Sum of Squares technique in the analysis of linear pulse wave separation and despite

accumulating a progressive error farther from the heart, at no point the c̄
loop

fails to

identify actual type of reflected waves. Moreover, the simultaneous existence of FCW and

the BCW in the MPA and LPA in the early systole using the c̄sqrs indicates that the BCW

is nothing but an artifact of the PWV under consideration. The appearance of artificial

BCW raises doubts on the effectiveness of Sum of Squares technique in the pulmonary

arteries (in particular for this geometry and the model). This is the first time that we

have come across misleading results using the c̄sqrs in separating the pulse wave in the
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Figure 7.3: Influence of estimated PWV on the pulse wave separation in the RPA. The results are

plotted for: proximal (first column), midpoint (second column) and the distal end (third column)

for the numerically evaluated non-linear PWV (solid blue), PWV from P-U loop (dashed magenta)

and the PWV from Sum of Squares technique (dashed-dot red).
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Figure 7.4: Influence of estimated PWV on the pulse wave separation in the LPA. The results are

plotted for: proximal (first column), midpoint (second column) and the distal end (third column)

for the numerically evaluated non-linear PWV (solid blue), PWV from P-U loop (dashed magenta)

and the PWV from Sum of Squares technique (dashed-dot red).
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pulmonary arteries, but this is certainly not the first time that erroneous behaviour of

Sum of Square technique has been reported. In [1], it was reported that this technique

can produce erroneous results when measurements are performed very close to a reflection

site. However, in a study using a detailed one–dimensional model of systemic arteries,

Alastruey [4] concluded that the Sum of Squares technique performs better at the proximal

positions away from the junction, which is opposite to the observation in our model. This

suggests that the behaviour of Sum of Squares techniques may strongly depend on the

geometry and the physiological conditions, which are significantly different in the two

circulatory systems. Nevertheless, we recommend that any further use of this technique

in the pulmonary arteries should be subject to careful assessment of this technique using

various geometries and models of pulmonary circulation.

The accurate behaviour of c̄
loop

in the linear pulse wave separation at the proximal

and midpoint MPA highlights many aspects of this technique and the linear pulse wave

separation, few of which are: (i) the closer the estimates of local PWV to the average of

actual PWV (c̄avg) and within the range of maximum and minimum of actual PWV (i.e.

if c̄ ∈ [cmin , cmax ]), the more accurate the predicted patterns of reflected waves are; (ii)

the technique produces large errors if c̄
loop

is estimated close to a mismatched junction

or in the arteries after the first generation away from the heart, so the locations away

from reflection sites and proximal to the heart provide best estimates of linear PWV using

the P-U loop; (iii) the linear wave separation does not make significant difference if the

constant value of PWV, used for the analysis, is close to the averaged value of original

PWV (c̄avg), however, this observation is specific to the conditions when variations of c

about c̄avg are similar to those in this study and it may not be trivial to extrapolate this

conclusion if cmax and cmin fluctuate over a bigger interval about c̄avg . Observation (ii) is

also in partial agreement with Alastruey [4] who reported a decreased error for the P-U

loop method at locations close to well matched junctions in a full scale numerical model

of systemic circulation.

7.6 Conclusion

In this chapter we studied the effectiveness of two commonly used techniques of P-U loop

and the Sum of Squares methods to estimate the PWV in the pulmonary arteries and

to investigate their influence on the patterns of reflected waves obtained by linear wave
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separation technique. Based on our results and discussion, we may conclude that the

estimates of local PWV in the pulmonary arteries, simulated in this model, using Sum of

Squares method do not provide good approximations of actual PWV, which consequently

lead to misleading results, such as producing an artificial BCW at the beginning of systole,

and hence erroneous conclusions about the pattern of reflected waves. In contrast, the

performance of the P-U loop method is very satisfactory particularly when the PWV

is estimated close to the heart and away from mismatched junctions and therefore the

P-U loop technique proves to be a better choice for determining the local PWV in the

pulmonary arteries. However, one of the limitations of the P-U loop is the careful choice

of the linear portion in the loop and even the small change in the value of linear PWV

may become significant in the WIA. Finally, this is the first study that investigates the

effectiveness of these techniques in the pulmonary circulation model. Moreover, this study

also highlights that a detailed validation of the model presented in this thesis with in vivo

data present a good prospect of clinical applications of this model such as assessing and

developing tools for clinical investigations.



Chapter 8

Conclusion

The primary objective of this thesis is to simulate the physiologically relevant, one–

dimensional, pulse waveforms in the human pulmonary arteries and veins. This and other

specific aims, described in Section 1.4, are successfully achieved by improving and extend-

ing an existing model by G. D. Vaughan [169]. Below we give the summary of achievements

and the observations made throughout this thesis and state some of the limitations of this

work, which also set the course of our future work in this area.

8.1 Summary of achievements

The pressure and flow waveforms are simulated in the large pulmonary arteries and veins

by setting up a network including both small and large arteries and veins enabling simula-

tions of blood flow and pressure along the complete path emanating at the right ventricle

and ending at the left atrium. The waveforms are simulated in the large blood vessels

by numerically solving the non–linear, cross–sectionally averaged, Navier–Stokes equa-

tions combined with a state equation, subject to one inflow and four outflow conditions,

whereas the linearised Navier–Stokes equations with the same state equation are solved

analytically in each small vessel. The linearised model is first used to incorporate the ef-

fects of downstream haemodynamics, through a structured tree based matching condition,

on the pressure and flow simulations in the large vessels, and then to predict the mean

pressure drop within the pulmonary vascular beds by treating the structured trees as an

active fluid dynamical part in the model. The model is exploited to simulate a patho-

logical condition viz. the pulmonary hypertension and all results, both for physiological

and pathological conditions, are interpreted in a more useful and insightful manner by

171
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separating the pulse waveforms into their forward and backward running components by

using the tool of WIA.

We observed that by incorporating the more prevalent venous anatomy with four out-

flow veins, compared to a single outflow vein in the previous model, and by modifying the

compliance parameter (a constant compliance), pressure predictions are improved and the

simulated pressure waveforms give physiologically accurate predictions with values agree-

ing with pressures reported in [55] and [63]. The waveforms also share features observed for

in vivo MPA waveform, as given by Greenfield & Griggs [59] (see Figures 3.11 and 3.12).

We also observed that our simulations are extremely sensitive to the value of compliance

parameter and how different compliance values may lead to chaotic waveforms. The obser-

vations in Section 4.1 show that, for the given set of parameters and boundary conditions,

the model shows the expected behaviour throughout the tree, e.g. wave propagation and

peaking of pressure away from the heart due to vessel tapering and the high flow–rate

through vessels with bigger cross–sectional areas is visible in all the results. Moreover,

although the variations in the venous pressure about the imposed outflow pressure are

small, the model predicts a visible pulse pressure in the veins. We also observed in this

section that the basic geometrical data for the large blood vessels imparts significantly

on the results, and the haemodynamics in individual blood vessels vary a lot with local

geometric properties such as the vessel length and the amount of taper.

The simulations of pulmonary hypertension in Sections 4.2 and 4.3 show how the pres-

sure and flow vary under different types of pulmonary hypertension for two extreme cases,

(i) when a healthy heart is able to maintain an adequate flow of blood through the system,

and (ii) when right ventricular dysfunction may only produce a certain pressure to pass

the blood in the face of growing downstream pathology. In either case, we have simulated

the qualitative effects (pressure rise and flow reversal) of these conditions on pressure and

flow, however, the quantitive effects (the amount of pressure rise and flow reversal) is not in

good agreement with related studies in the literature. Moreover, the simultaneous effects

on pressure and flow under progressing hypertension are also missing form our results.

The reason for this is that the two cases considered here are two extreme ends of the same

condition which are simulated by prescribing two different inflow conditions (time varying

flow–rate and pressure profile), which can not react to correspond the distal geometrical

and material changes in the model. Furthermore, venous hypertension only leads to an

upward shift in the pressure and flow by changing the LA pressure in our model and does
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not show any effects on wave propagation or pulse pressure. This observation also high-

lights the limitation of our model, which is associated with outflow boundary conditions.

These aspect are further discussed in future work section.

In Section 5.2, we further extended our model to predict the mean pressure drop across

the pulmonary vascular beds and provided a new algorithm to compute the mean pressure

within the smallest arterioles and venules included in our model. We provided a power–

law relation between mean pressure and vessel radius (≥ 50µm) (see equation (5.10)),

separately for arterial and venous sides and observed how pressure drop continues across

the venous side of vascular beds. We concluded that the vascular beds are the site of

maximum resistance where most, and an almost equal amount, of the pressure drops on

the arterial and venous sides of vascular beds while the steepest pressure drop occurs

through the vessels of smallest radius. We also extended this analysis to understand the

two way effects of pulmonary hypertension, in particular when the pathophysiology is

located in the microcirculation, i.e. PAH and PH associated with HLD, and observed

that in the case of HLD increase in rarefaction further risks increase in pathology. The

microcirculatory characteristic of pulmonary circulation has previously not been studied

in great detail and our work highlights this new aspect of pulmonary haemodynamics.

The limitation of this study, however, is that our model does not include the effects of

pulmonary capillaries and the arterial and venous structured trees are connected bypassing

the complexity of the capillary network and flow around alveoli.

In Chapter 6, we interpret our results by analysing the patterns of reflected waves in

the pulmonary arteries and use the traditional WIA to simulate the incident and reflected

components of pressure, blood flow velocity and the wave intensity profiles. We observed

that the proximal large arterial junctions in our model behave as open–end type reflectors

and serve to reduce the RV afterload whereas we recognised the micro–circulations as the

site of closed–end type reflections which augment the blood pressure and increase the RV

afterload. Moreover, the WIA of hypertension simulations suggest that the BCW amplifies

during hypertension that causes an elevation in the arterial pressure. These observations

are in agreement with related in vivo studies of pulmonary circulation which characterise

normal pulmonary circulation with negative or open–end type reflections. This observation

also highlights the physiological relevance and promising prospect of this model. However,

it should be noted that the traditional theory of WIA does not incorporate the non–linear

effects due to the frictional losses on the wave separation. Moreover the traditional theory
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does not explain the role of reflected waves from previous cycles, which can be studied by

using the most recent developments in the theory [5].

In Chapter 7, we analyse how the linear PWV influences the pulse wave separation and

observe that in the pulmonary arteries the PU–loop method provides more realistic esti-

mates of PWV than the Sum of the Squares technique and therefore the former technique

also provides more reliable results when used in the WIA. However, the current analysis

does not provide sufficient details to mathematically justify this difference, which certainly

merits further investigation in order to better understand the pitfalls of such, clinically

relevant, techniques.

8.2 Future directions

Although the current simulations, set up to predict pressure and flow dynamics under

physiological and pathological conditions, display good qualitative agreement with phys-

iologically observed features and observations about pulmonary haemodynamics during

hypertension, there is significant room to further improve this model both from modelling

and application point of view.

Validation: First of all, the model developed here is only partially patient specific; we

included geometric and flow measurements for the pulmonary arteries, whilst data from

the venous networks were estimated from literature. Since the vessel dimensions have been

observed to influence the local haemodynamics, the first step toward improving this model

should be to make it completely subject–specific. Moreover, throughout the thesis we have

used published studies from physiological literature to validate our model but a detailed

comparison of simulated pressure and flow waveforms with measured data is missing.

This is very important from the application point of view and in the long run a practical

validation would increase the confidence in the clinical applicability of this model. To do

this we recommend a new MRI experiment that can provide new measurements of arterial

and venous vessels and the blood flow–rate, from a single subject. The experiment should

be focused on collecting the dimensions (lengths and diameters) of the largest pulmonary

arteries and veins to as many generations as possible. Moreover, during the experiment,

besides the inflow at the entry of MPA, it may be possible to collate the blood flow at

different locations in the first three arteries and veins. These non–invasively measured

waveforms may then be used to compare the simulated waveforms at the same locations
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in those arteries.

Structured trees: Other than the length to radius ratios, structured trees for arterial

and venous sides in our model are constructed by using the same values for the parameters

like radius exponent (ξ) and asymmetry ratio (γ), throughout the trees. However, it has

recently been shown (R.B. Clipp [34]; W. B. Cousins [40]) that altering these parameters

within the structured tree better reflects the total resistance at different levels within the

vascular beds and gives improved predictions. The approaches in these studies can easily

be followed in our model too, with a further investigation into similarities and differences

within and between the arterial and venous side of circulation. Furthermore, in this model

we do not model the capillary level, and the vessels of diameter ≤ 100µm are left out.

Two issues appear if we look to include these vessels: firstly the blood at capillary level

behaves as a non-Newtonian fluid [126] and therefore the constant viscosity assumption

becomes invalid and does not give good predictions. Secondly, it has been shown that

choosing rmin ≤ 50µm makes rmin incompatible with other well defined structured tree

parameters, such as ξ, and may cause convergence issues (Cousins & Gremaud [38]).

Following the approach in [38], a preliminary study from one of our colleagues1 in the

group shows that the same condition is also true for a two–sided connected structured trees

with finite number of generations, i.e. the resulting admittance matrix Y is non–singular

and converges as rmin → 0 if and only if ξ > 3 in equation (2.2) (personal communication).

Since the physiological value of ξ ∈ [2.33, 3], the total admittance of the connected trees

become very sensitive to the choice of rmin. In addition, G. D. Vaughan [169] also showed

that the structured tree is not a suitable model to simulate the blood flow at the capillary

level as the blood pressure increases well above the physiological range for rmin ≤ 100µm.

There may be two possible ways to find a way round this problem: (i) modelling the

capillary level with different structured tree parameters and using a radius dependent

viscosity modulus [39], or (ii) using the existing theory of sheet flow in lung alveoli given

by Y. C. Fung [55]. For the first approach, physiological measurements of pressure and

flow and use of optimization techniques would be required to obtain the zone–specific

structured–tree parameters.

1Ellen den Ouden worked with Prof. Niholas A Hill as a summer project student in the mathematical

biology group at school of mathematics and statistics, university of Glasgow.
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Boundary conditions: Other significant improvements which can increase the sophis-

tication of this model are improvements in the boundary conditions, as the current model

misses an active mechanical response at the system inlet and outlets. The contraction

of the left atrium causes a biphasic flow profile in the large pulmonary veins, which may

propagate upstream while the remodelling of the right heart in disease is clearly linked to

disease within the pulmonary circulation. However, due to the prescribed pressure or flow

inflow as boundary condition the right heart can not react to any changes occurring in the

circulation. Moreover, due to the fixed pressure outflow at the opening of four veins, any

perturbation due to the left heart activity is prevent from propagation through the circu-

lation, thus leaving pulmonary haemodynamics insensitive to heart response. Therefore

coupling of this system with a dynamic heart model would invoke a feed back mechanism

in the face of downstream changes in the circulation and would significantly improve our

ability to simulate the conditions of pulmonary hypertension including the pulmonary ve-

nous hypertension, which is associated with the left heart condition.

In conclusion, this thesis is a step forward in understanding the performance of the pul-

monary circulation and its behaviour in response to various anatomical and physiological

changes in health and disease. The thesis presents a promising model of the pulmonary

circulation, which gives significantly improved predictions of normal pulmonary pressure

and flow at a reasonable computational cost. The model can be developed further to study

the effects of respiration, gravity, and branching patterns on pressure and flow distribu-

tion within the lung. Doing so may further enhance our ability to study a wide range

of pulmonary diseases that would further improve our understanding of the underlying

mechanisms of more complex disease processes. Finally, the current model is a base for a

more sophisticated model and with further extensions, improvements and validation, the

model has a great potential for clinical applications in the long run .



Appendix A

One–dimensional system

It is convenient to first make the equations (2.7) and (2.8) dimensionless to derive one–

dimensional system of non–linear equations. In order to perform dimensional analysis let

us define Vr and Vx as the characteristic velocities in axial and radial directions. Vr and

Vx also define the characteristic length, λ, in the x direction, over which deviation from

the axis is R0, characteristic vessel radius. We also define the characteristic pressure p0

by p0 = ρV 2
x and the time scale T in terms of Vr and Vx as

T =
R0

Vr
=

λ

Vx
.

Here we notice that R0/Vr = λ/Vx, which stems from the fact that we want to use only

one time scale. From these quantities we define our dimension less variables as

ur = Vrũr, ux = Vxũx, r = R0r̃, x = λx̃ and p = p0p̃ = ρV 2
x p̃.

Due to the natural structure of the blood vessels, i.e. vessels are much longer in the axial

direction than in the radial direction, we assume that R0 � λ, which also leads to that

fact that for a laminar flow in compliant tube the maximum value of radial velocity ur

is the radial velocity of the vessel wall. In the case of arteries the vessel walls undergo

small transverse motion which leads to the fact that ur � ux, which ultimately means

that Vr � Vx. Thus we define
Vr
Vx

=
R0

λ
= ε.

The analysis below is only valid for ε� 1.

177



Appendix A. One–dimensional system 178

We begin by rewriting and non–dimensionalizing (2.7) to determine the pressure de-

pendence on radial coordinate.

∂p

∂r
= µ

(
∂2ur
∂r2

+
1

r

∂ur
∂r

+
∂2ur
∂x2

− ur
r2

)
− ρ

(
∂ur
∂t

+ ur
∂ur
∂r

+ ux
∂ur
∂x

)
, (A.1)

after using the dimensionless quantities, we get

ρV 2
x

R0

∂p̃

∂r̃
= µ

(
Vr
R2

0

∂2ũr
∂r̃2

+
Vr
R2

0r̃

∂ũr
∂r̃

+
Vr
λ2

∂2ũr
∂x̃2

− Vr
R2

ũr
r̃2

)
−ρ
(
Vr
T

∂ũr

∂t̃
+
V 2
r

R
ũr
∂ũr
∂r̃

+
VrVx
λ

ũx
∂ũr
∂x̃

)
,

∂p̃

∂r̃
=

ν

R0

Vr
Vx

(
∂2ũr
∂r̃2

+
1

r̃

∂ũr
∂r̃
− ũr
r̃2

)
+
R0ν

λ2

Vr
V 2
x

∂2ũr
∂x̃2

− V 2
r

V 2
x

(
∂ũr

∂t̃
+ ũr

∂ũr
∂r̃

+
∂ũr
∂x̃

)
,

∂p̃

∂r̃
= ε

ν

R0

(
∂2ũr
∂r̃2

+
1

r̃

∂ũr
∂r̃
− ũr
r̃2

)
+ ε

R0

λ2

ν

Vx

∂2ũr
∂x̃2

− ε2

(
∂ũr

∂t̃
+ ũr

∂ũr
∂r̃

+
∂ũr
∂x̃

)
.

Since each term in the above equation contains ε and by our assumption ε→ 0, so we are

left with
∂p̃

∂r̃
≈ 0, (A.2)

which implies that dependency of pressure on radial coordinate is negligible i.e. p 6= p(r).

We now non–dimensionalise (2.10) by using the dimension less quantities.

ρ

(
Vx
T

∂ũx

∂t̃
+
VrVx
R0

ũr
∂ũx
∂r̃

+
V 2
x

λ
ũx
∂ũx
∂x̃

)
= −ρV

2
x

λ

∂p̃

∂x̃
+µ

(
Vx
R2

0

∂2ũx
∂r̃2
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Vx
R2

0r̃

∂ũx
∂r̃

+
Vx
λ2

∂2ũx

∂x̃2

)
,

(
∂ũx

∂t̃
+ ũr

∂ũx
∂r̃

+ ũx
∂ũx
∂x̃

)
= −∂p̃

∂x̃
+

λν

R2
0Vx

(
∂2ũx
∂r̃2

+
1

r̃

∂ũx
∂r̃

)
+

ν

λVx

∂2ũx

∂x̃2
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∂ũx

∂t̃
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∂ũx
∂r̃

+ ũx
∂ũx
∂x̃

)
= −∂p̃

∂x̃
+

ν

R0Vx
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λ

R0

∂2ũx
∂r̃2

+
λ

R0r̃

∂ũx
∂r̃

+
R0

λ

∂2ũx

∂x̃2

)
(
∂ũx

∂t̃
+ ũr

∂ũx
∂r̃

+ ũx
∂ũx
∂x̃

)
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∂x̃
+

ν

R0Vx

(
1

ε

∂2ũx
∂r̃2

+
1

εr̃

∂ũx
∂r̃

+ ε
∂2ũx

∂x̃2

)
(
∂ũx

∂t̃
+ ũr
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+ ũx
∂ũx
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)
= −∂p̃
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ν
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1

ε

(
∂2ũx
∂r̃2

+
1

r̃

∂ũx
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)
(
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)
Since the Reynolds number is defined by only one length scale, we choose to keep our

length scale R0 and set λ = R0, thus

Re =
R2

0Vx
νλ

=
R0Vx
ν

So that the x–momentum equation reduces to(
∂ũx

∂t̃
+ ũr

∂ũx
∂r̃

+ ũx
∂ũx
∂x̃

)
= −∂p̃

∂x̃
+

1

Re

(
∂2ũx
∂r̃2

+
1

r̃

∂ũx
∂r̃

)
(A.3)



Appendix B

Numerical Implementation of

Bifurcation and Matching

Conditions

The numerical equations derived in this Appendix are same as those derived in [113]

and [169]. However, in our model, f(r0) = constant, throughout our analysis, which

leads all derivatives of f(r0) to be vanished from the equations below. Thus the resulting

equations would be a special case of a more general case considered in [113] and [169].

However, here we also present the equations for more general case when f(r0) = f(r0(x))

and the derivation for special case become trivial.

B.1 Bifurcation conditions

Equations (2.51) and (2.51) give the bifurcation conditions prescribed on the pressure and

flow i.e.

pp(L, t) = pd1(0, t) = pd2(0, t), (B.1)

qp(L, t) = qd1(0, t) + qd2(0, t). (B.2)

So each bifurcation there is an outflow boundary condition at the outlet of parent vessel

and inflow boundary conditions at the inlet of two daughter vessels. Thus the quantities

ΩM , for the parent vessels and Ω0 for the daughter vessels (Ω=W,S) are unknown and

are to be determined. Moreover, for the solution at both interior and boundary points, the

quantities Ω
n+1/2
M+1/2 and Ω

n+1/2
M−1/2, with M = M for Ω originating from the parent vessels
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and M = 0 for Ω originating from daughter vessels, in this case cannot be estimated

explicitly at each time-level by using the ghost points

q
n+1/2
M =

1

2

(
q
n+1/2
M−1/2 + q

n+1/2
M+1/2

)
, (B.3)

A
n+1/2
M =

1

2

(
A
n+1/2
M−1/2 +A

n+1/2
M+1/2

)
, (B.4)

as they also require values at unknown boundary points, x = M and x = 0 at the half

time-step, (see Figures 2.11 and 2.12). Thus creating the ghost point at the junction

for parent and daughter vessels would increase the number of unknowns variables in the

system.

The bifurcation conditions at time level n+ 1/2 and n+ 1 can be written as

(p(p))jM = (p(d1))j0 = (p(d2))j0, (B.5)

(q(p))jM − (q(d1))j0 = (q(d2))j0, (B.6)

where j = n+ 1/2, n+ 1. Equations (B.5) can be written in terms of A using the equation

of state (2.28) as

(f (p))M

1−

√√√√ (A
(p)
0 )M

(A(p))
n+1/2
M

 = (f (di))0

1−

√√√√ (A
(di)
0 )0

(A(di))
n+1/2
M

 (B.7)

and

(f (p))M

1−

√√√√ (A
(p)
0 )M

(A(p))n+1
M

 = (f (di))0

1−

√√√√ (A
(di)
0 )0

(A(di))n+1
M

 , (B.8)

where i = d1, d2 and f(r0) = 4Eh/3r0. Since f(r0) is a constant function in the present

model, we may eliminate it from the above equations and throughout the system but for

the sake of generality, the numerical equations are derived with f as a function of r0. With

S1 being zero, from the numerical equations (2.104), q and A for the parent vessel at the

junction can be written as

(q(p))n+1
M = (q(p))nM −

∆t

∆x

(
(W

(p)
2 )

n+1/2
M+1/2 − (W

(p)
2 )

n+1/2
M−1/2

)
+

∆t

2

(
(S

(p)
2 )

n+1/2
M+1/2 + (S

(p)
2 )

n+1/2
M−1/2

)
, (B.9)

(A(p))n+1
M = (A(p))nM −

∆t

∆x

(
(W

(p)
1 )

n+1/2
M+1/2 − (W

(p)
1 )

n+1/2
M−1/2

)
. (B.10)

Similarly for the inflow to daughter vessel at the junction, we get

(q(i))n+1
0 = (q(i))n0 −

∆t

∆x

(
(W

(i)
2 )

n+1/2
1/2 − (W

(i)
2 )

n+1/2
−1/2

)
+

∆t

2

(
(S

(i)
2 )

n+1/2
1/2 + (S

(i)
2 )

n+1/2
−1/2

)
, (B.11)
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(A(i))n+1
0 = (A(i))n0 −

∆t

∆x

(
(W

(i)
1 )

n+1/2
1/2 − (W

(i)
1 )

n+1/2
−1/2

)
, (B.12)

where i = d1, d2. The system of equations (B.5)–(B.10) involves the following unknowns

x1 = (q(p))n+1
M x2 = (q(p))

n+1/2
M x3 = (q(p))

n+1/2
M+1/2

x4 = (q(d1))n+1
0 x5 = (q(d1))

n+1/2
0 x6 = (q(d1))

n+1/2
−1/2

x7 = (q(d2))n+1
0 x8 = (q(d2))

n+1/2
0 x9 = (q(d2))

n+1/2
−1/2

x10 = (A(p))n+1
M x11 = (A(p))

n+1/2
M x12 = (A(p))

n+1/2
M+1/2

x13 = (A(d1))n+1
0 x14 = (A(d1))

n+1/2
0 x15 = (A(d1))

n+1/2
−1/2

x16 = (A(d2))n+1
0 x17 = (A(d2))

n+1/2
0 x18 = (A(d2))

n+1/2
−1/2

Newtonian’s method

Each of equations (B.5)–(B.10) can be expressed as residual equations fr(x1, x2, . . . , x18) =

0. Thus the resulting system comprises eighteen non–linear equations in the variables listed

above. At each time step, n, the system can be solved to estimate x = (x1, x2, . . . , x18) by

using the Newton’s method which solves fr(xi) = 0 by extending the tangent line at some

current guess for the root xi until it crosses zero. Then it sets the next guess for xi+1 the

abscissa of that zero-crossing i.e. |xi|.

Algebraically, based on the first order expansion of Taylor’s series in the neighborhood

of a point x, the method gives

xi = xi−1 −
(
df(xi−1)

dxi−1

)−1

f(xi−1),

where the index i = 1, 2, 3, . . . represent the number of iterations which continue until

the error |f(xi) − f(xi−1)| < ε. The method only works if df/dxi 6= 0 and there is an

appropriate initial guess x0 is available.

Thus using the Newton’s method, we have

xi = xi−1 − (Dfr(xi−1))−1fr(xi−1), (B.13)

where i = 1, 2, 3, . . . refer to number of iterations and for method to converge subject to

a suitable initial guess x0 the Jacobian Dfr(x) has to be non–singular in all iterations.
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Residual equations for the Newton’s scheme

Eighteen residual equations ((fr)1, (fr)2, (fr)3, . . . (fr)18) are required to be extracted from

(B.5)–(B.10) to apply Newtonian’s method to approximate eighteen unknowns (x1, x2, x3, . . . x18).

Derivation of these equations is given below.

(fr)1 from equation (B.9)

(fr)1 = −x1 + (q(p))nM − θ
(
x2

3

x12
+B(M + 1/2, x12)−

(
W

(p)
2

)n+1/2

M−1/2

)
+

γ

(
F (M + 1/2, x3, x12) +

dB(M + 1/2, x12)

dx
+
(
S

(p)
2

)n+1/2

M−1/2

)
.

Here

θ =
∆t

∆x
and γ =

∆t

2
,

and

B(M + 1/2, x12) = f(r0)M+1/2

√
x12 (A0)M+1/2
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δR
x3

x12
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=

(
∂B

∂r0

dr0

dx

)n+1/2

M+1/2

,

=

(
2
√
x12

(√
πf(r0) +

√
A0

df

dr0

)
−A df

dr0

)
M+1/2

(
dr0

dx

)
M+1/2

Let

k1 = (q(p))nM + θ
(
W

(p)
2

)n+1/2

M−1/2
+ γ

(
S

(p)
2

)n+1/2

M−1/2

then (fr)1 can be written as

(fr)1 = k1 − x1 − θ
(
x2

3

x12
+B(M + 1/2, x12)

)
+

γ

(
F (M + 1/2, x3, x12) +

dB(M + 1/2, x12)

dx

)
(B.14)

(fr)2,3 from equation (B.11)

Similarly, we may find two the residual equations originating from daughter vessels i.e.

(fr)2,3 = −x4,7 + (q(d1,d2))n0 − θ
((

W
(d1,d2)
2

)n+1/2

1/2
−B(−1/2, x15,18)

)
+

γ

(
F (−1/2, x6,9, x15,18) +

dB(−1/2, x15,18)

dx
+
(
S

(d1,d2)
2

)n+1/2

1/2

)
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where corresponding B, F and dB/dx are defined in a similar ways as above. Now let

k2d1,2d2 = (q(d1,d2))n0 − θ
(
W

(d1,d2)
2

)n+1/2

1/2
+ γ

(
S

(d1,d2)
2

)n+1/2

1/2

then

(fr)2,3 = k2d1,2d2 − x4,7 − θ

(
x2

6,9

x15,18
+B(−1/2, x15,18)

)
+

γ

(
F (−1/2, x6,9, x15,18) +

dB(−1/2, x15,18)

dx

)
(B.15)

(fr)4 from equation (B.10):

(fr)4 = −x10 − θx3 + k3 (B.16)

where

k3 = (A(p))nM + θ
(
W

(p)
1

)n+1/2

M−1/2

(fr)5,6 from equation (B.12)

Similarly for two daughter vessels, the residual equations are

(fr)5,6 = −x13,16 + θx6,9 + k4d1,4d2 (B.17)

where

k4d1,4d2 = (A(d1,d2))n0 − θ
(
W

(d1,d2)
1

)n+1/2

1/2

(fr)7 from equation (B.3):

(fr)7 = −x2 +
x3

2
+ k5 (B.18)

where k5 is given by

k5 =
(q(p))

n+1/2
M−1/2

2

(fr)8,9 from equation (B.3)

Similarly for two daughter vessels, we have

(fr)8,9 = −x5,8 +
x6,9

2
+ k6d1,6d2 (B.19)

where

k6d1,6d2 =
(q(d1,d2))

n+1/2
1/2

2
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(fr)10 from equation (B.4)

(fr)10 = −x11 +
x12

2
+ k7 (B.20)

where

k7 =
(A(p))

n+1/2
M−1/2

2

(fr)11,12 from equation (B.4)

For daughter vessels, we have

(fr)11,12 = −x14,17 +
x15,18

2
+ k8d1,8d2 (B.21)

where

k8d1,8d2 =
(A(d1,d2))

n+1/2
1/2

2

(fr)13,14 from equation (B.6)

(fr)13,14 = −x2,1 + x5,4 + x8,7 (B.22)

(fr)15,16 from equation (B.7)

(fr)15,16 = −p(M,x11) + p(0, x14,17)

= −(f (p))M

1−

√
(A

(p)
0 )M
x11

+ (f (d1,d2))0

1−

√
(A

(d1,d2)
0 )0

x14,17

 ,

where f = Eh/r0. Let

k9d1,9d2 = −(f (p))M + (f (d1,d2))0

k10 =

(
f (p)

√
A

(p)
0

)
M

k11d1,11d2 =

(
f (d1,d2)

√
A

(d1,d2)
0

)
0

then (fr)15,16 can be written as

(fr)15,16 =
k10√
x11
−
k11d1,11d2√
x14,17

+ k9d1,9d2 (B.23)

(fr)17,18 from equation (B.8)

(fr)17,18 = −p(M,x10) + p(0, x13,16)

= −(f (p))M

1−

√
(A

(p)
0 )M
x10

+ (f (d1,d2))0

1−

√
(A

(d1,d2)
0 )0

x13,16

 .
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Since neither f or A0 depend on t, we may use the constants k9, k10 and k11d1,11d2 once

more to express (fr)17,18 as

(fr)17,18 =
k10√
x10
−
k11d1,11d2√
x13,16

+ k9d1,9d2 . (B.24)

Jacobian for the Newton’s scheme

The Jacobian for Newton’s scheme (B.13), is given by

Dfr(x) =



−1 0 χ1 0 0 0 0 0 0 0 0 χ2 0 0 0 0 0 0

0 0 0 −1 0 χ3 0 0 0 0 0 0 0 0 χ4 0 0 0

0 0 0 0 0 0 −1 0 χ5 0 0 0 0 0 0 0 0 χ6

0 0 −θ 0 0 0 0 0 0 −1 0 0 0 0 0 0 0 0

0 0 0 0 0 θ 0 0 0 0 0 0 −1 0 0 0 0 0

0 0 0 0 0 0 0 0 θ 0 0 0 0 0 0 −1 0 0

0 −1 1
2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 −1 1
2 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 −1 1
2 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 −1 1
2 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 −1 1
2 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 1
2

0 −1 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0

−1 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 χ7 0 0 χ8 0 0 0 0

0 0 0 0 0 0 0 0 0 0 χ7 0 0 0 0 0 χ9 0

0 0 0 0 0 0 0 0 0 χ10 0 0 χ11 0 0 0 0 0

0 0 0 0 0 0 0 0 0 χ10 0 0 0 0 0 χ12 0 0


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where

χ1 = −2θ
x3

x12
+ γ

dF (M + 1/2, x3, x12)

dx3

χ2 = θ

(
x2

3

x2
12

− dB(M + 1/2, x12)

dx12

)
+ γ

(
dF (M + 1/2, x3, x12)

dx12
+
d2B(M + 1/2, x12)

dxdx12

)
χ3 = 2θ

x6

x15
+ γ

dF (−1/2, x6, x15)

dx6

χ4 = θ

(
− x2

6

x2
15

+
dB(−1/2, x15)

dx15

)
+ γ

(
dF (−1/2, x6, x15)

dx15
+
d2B(−1/2, x15)

dxdx15

)
χ5 = 2θ

x9

x18
+ γ

dF (−1/2, x9, x18)

dx9

χ6 = θ

(
− x2

9

x2
18

+
dB(−1/2, x18)

dx18

)
+ γ

(
dF (−1/2, x9, x18)

dx18
+
d2B(−1/2, x18)

dxdx18

)
χ7 = −dp(M,x11)

dA

χ8 =
dp(0, x14)

dA

χ9 =
dp(0, x17)

dA

χ10 = −dp(M,x10)

dA

χ11 =
dp(0, x13)

dA

χ12 =
dp(0, x16)

dA

where the derivatives of B, F and p involved in χ1 − χ12 are given by

dB(l, xi)

dxi
=

f(r0)l
2

√
(A)l
xi

d2B(l, xi)

dxdxi
=

[
1

2
√
xi

(
f(r0)l

√
π +

(
df

dr0

)
l

√
(A0)l

)
−
(
df

dr0

)
l

](
dr0

dx

)
l

dF (l, xi1 , xi2)

dxi2
=

2π(r0)l
δR

xi1
x2
i2

dF (l, xi1 , xi2)

dxi1
=

2π(r0)l
δR

1

xi2

dp(l, xi)

dxi
= −f(r0)l

2

√
d(A)l
x3
i
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B.2 Matching conditions

The matching conditions linking the flows at the terminals of large arteries and veins are

given by two convolution integrals defined in equations (2.90) and (2.91) and given in a

compact form by

qk(t) =
2∑
l=1

∫ T

0
ykl(τ) pl(t− τ) dτ, k = 1, 2, (B.25)

with q1 representing the flow at arterial terminal and q2 at the corresponding venous

terminal. The incorporation of these integrals in the numerical scheme is described below

for the arterial and venous sides.

Arterial Side

On the arterial side of the matching boundary, the convolution integral can be written as

qA(M∆x, t) =

∫ T

0
(pA(M∆x, t− τ)y11(M∆x, τ) + pV (0, t− τ)y12(M∆x, τ)) dτ (B.26)

where the subscripts A and V denote the arterial and venous sides of the matching bound-

ary, respectively, and the matrix Y relates the flow and pressure on either side of the

matching boundary by  qA

qV

 =

 y11 y12

y21 y22

 pA

pV


Equation (B.26) can be discretised by

qnM =
(
pA(M,AnM )(y11)0 + pV (0, An0 )(y12)0

)
∆t+ (qAtms)

n
M (B.27)

where the current time is t = n∆t and

(qAtms)
n
M =

N−1∑
k=1

(
(pA)<n−k>N

M yk11 + (pV )<n−k>N
M yk12

)
∆t. (B.28)

Here, N is the number of time-steps per period, and < · >N denotes the modulo oper-

ator, the range of which is the set {0, 1, . . . , N − 1}. Since S1 = 0, from the numerical

scheme (2.104), the q and A at the terminal of larger arteries are given by

qn+1
M = qnM −

∆t

∆x

(
(W2)

n+1/2
M+1/2 − (W2)

n+1/2
M−1/2

)
+

∆t

2

(
(S2)

n+1/2
M+1/2 + (S2)

n+1/2
M−1/2

)
(B.29)

An+1
M = AnM −

∆t

∆x

(
(W1)

n+1/2
M+1/2 − (W1)

n+1/2
M−1/2

)
(B.30)
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The unknowns in these equations are

qn+1
M , An+1

M , (W1)
n+1/2
M+1/2, (W2)

n+1/2
M+1/2 and (S2)

n+1/2
M+1/2.

Similar to inflow, outflow and bifurcation conditions, these can be determined by estab-

lishing a ghost point (see Figure 2.12), such that

A
n+1/2
M =

1

2

(
A
n+1/2
M−1/2 +A

n+1/2
M+1/2

)
, (B.31)

q
n+1/2
M =

1

2

(
q
n+1/2
M−1/2 + q

n+1/2
M+1/2

)
. (B.32)

Creating a ghost point add two more unknowns, q
n+1/2
M and A

n+1/2
M , to the system. These

can be found using the boundary condition at the time levels n+ 1/2 and n+ 1,

q
n+1/2
M =

(
pA(M,A

n+1/2
M )(y11)0 + pV (L,A

n+1/2
L )(y12)0

)
∆t+ (qAtms)

n+1/2
M (B.33)

qn+1
M =

(
pA(M,An+1

M )(y11)0 + pV (L,An+1
L )(y12)0

)
∆t+ (qAtms)

n+1
M (B.34)

Venous Side

By following an identical argument as for the arterial side of the matching boundary, we

find the following six equations for the venous side of the matching boundary for a vessel

of length L∆x,

An+1
L = AnL −

∆t

∆x

(
(W1)

n+1/2
L+1/2 − (W1)

n+1/2
L−1/2

)
(B.35)

qn+1
L = qnL −

∆t

∆x

(
(W2)

n+1/2
L+1/2 − (W2)

n+1/2
L−1/2

)
+

∆t

2

(
(S2)

n+1/2
L+1/2 + (S2)

n+1/2
L−1/2

)
(B.36)

A
n+1/2
L =

1

2

(
A
n+1/2
L−1/2 +A

n+1/2
L+1/2

)
(B.37)

q
n+1/2
L =

1

2

(
q
n+1/2
L−1/2 + q

n+1/2
L+1/2

)
(B.38)

q
n+1/2
L =

(
pA(M,A

n+1/2
M )(y21)0 + pV (L,A

n+1/2
L )(y22)0

)
∆t+ (qVtms)

n+1/2
L (B.39)

qn+1
L =

(
pA(M,An+1

M )(y21)0 + pV (L,An+1
L )(y22)0

)
∆t+ (qVtms)

n+1
L (B.40)

Solving the equations

The twelve equations (B.30)–(B.34) and (B.35)–(B.40) have twelve unknowns listed below

An+1
M qn+1

M A
n+1/2
M q

n+1/2
M A

n+1/2
M+1/2 q

n+1/2
M+1/2

An+1
L qn+1

L A
n+1/2
L q

n+1/2
L A

n+1/2
L+1/2 q

n+1/2
L+1/2
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The number of equations can be reduced by substituting (B.31), (B.32) and (B.37) into

(B.33), and by substituting (B.31), (B.37) and (B.38) into (B.39). Hence (B.33) and (B.39)

can be written as

q
n+1/2
M−1/2 + q

n+1/2
M+1/2

2
=

pA(M,
A
n+1/2
M−1/2 +A

n+1/2
M+1/2

2
)(y11)0

∆t

+

pV (L,
A
n+1/2
L−1/2 +A

n+1/2
L+1/2

2
)(y12)0

∆t+ (qAtms)
n+1/2
M (B.41)

and

q
n+1/2
L−1/2 + q

n+1/2
L+1/2

2
=

pA(M,
A
n+1/2
M−1/2 +A

n+1/2
M+1/2

2
)(y21)0

∆t

+

pV (L,
A
n+1/2
L−1/2 +A

n+1/2
L+1/2

2
)(y22)0

∆t+ (qVtms)
n+1/2
L (B.42)

Thus a system of eight non–linear equations (B.30), (B.29), (B.34), (B.35), (B.36),

(B.40), (B.41) and (B.42) comprising eight unknowns

x1 = An+1
M x2 = qn+1

M x3 = A
n+1/2
M+1/2 x4 = q

n+1/2
M+1/2

x5 = An+1
L x6 = qn+1

L x7 = A
n+1/2
L+1/2 x8 = q

n+1/2
L+1/2

is to solved. As for the bifurcation conditions, we can solve this system by Newton’s

scheme subject to the initial guesses

(x1)0 = A
n+1/2
M−1/2 (x2)0 = q

n+1/2
M−1/2 (x3)0 = AnM (x4)0 = qnM

(x5)0 = A
n+1/2
L−1/2 (x6)0 = q

n+1/2
L−1/2 (x7)0 = AnL (x8)0 = qnL

Residual equations for the Newton’s scheme

From these equations we can write eight residual equation fr(x) = ((fr)1, (fr)2, . . . , (fr)8)

to solve for eight unknowns x = (x1, x2, . . . , x8).

(fr)1 from equation (B.30)

(fr)1 = k1 − x1 − θx4 (B.43)

where

k1 = AnM + θ(R1)
n+1/2
M−1/2
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(fr)2 from equation (B.29)

(fr)2 = k2 − x2 − θ
(
x2

4

x3
+B(M + 1/2, x3)

)
+

γ

(
F (M + 1/2, x4, x3) +

dB(M + 1/2, x3)

dx

)
(B.44)

where

k2 = qnM + θ(R2)
n+1/2
M−1/2 + γ(S2)

n+1/2
M−1/2

B(M + 1/2, x3) = f(r0)M+1/2

√
x3(A0)M+1/2

F (M + 1/2, x4, x3) =
−2π(r0)M+1/2

δR

x4

x3

dB(M + 1/2, x3)

dx
=

(
dB

dr0

dr0

dx

)n+1/2

M+1/2

=

(
2
√
x3

(√
πf(r0) +

√
A0

df

dr0

)
−A df

dr0

)
M+1/2

(
dr0

dx

)
M+1/2

(fr)3 from equation (B.34)

(fr)3 = k3 − x2 + k4pA(M,x1) + k5pV (L, x5) (B.45)

where

k3 = (qAtms)
n+1
M , k4 = (y11)0∆t, and k5 = (y12)0∆t.

(fr)4 from equation (B.35)

(fr)4 = k6 − x5 − θx8 (B.46)

where

k6 = AnL + θ(R1)
n+1/2
L−1/2

(fr)5 from equation (B.36)

(fr)5 = k7 − x6 − θ
(
x2

8

x7
+B(L+ 1/2, x7)

)
+

γ

(
F (L+ 1/2, x8, x7) +

dB(L+ 1/2, x7)

dx

)
(B.47)

where

k7 = qnL + θ(R2)
n+1/2
L−1/2 + γ(S2)

n+1/2
L−1/2

B(L+ 1/2, x7) = f(r0)L+1/2

√
x7(A0)L+1/2
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F (L+ 1/2, x8, x7) =
−2π(r0)L+1/2

δR

x8

x7

dB(L+ 1/2, x7)

dx
=

(
dB

dr0

dr0

dx

)n+1/2

L+1/2

=

(
2
√
x7

(√
πf(r0) +

√
A0

df

dr0

)
−A df

dr0

)
L+1/2

(
dr0

dx

)
L+1/2

(fr)6 from equation (B.40)

(fr)6 = k8 − x6 + k9pA(M,x1) + k10pV (L, x5) (B.48)

where

k8 = (qVtms)
n+1
L , k9 = (y12)0∆t, and k10 = (y22)0∆t

(fr)7 from equation (B.41)

(fr)7 = k11 −
x4

2
+ k4pA(M, (k12 + x3)/2) + k5pV (L, (k13 + x7)/2) (B.49)

where

k11 = (qAtms)
n+1/2
M − 1

2
(q
n+1/2
M−1/2)

k12 = A
n+1/2
M−1/2 and k13 = A

n+1/2
L−1/2

(fr)8 from equation (B.42)

(fr)8 = k14 −
x8

2
+ k9pA(M, (k12 + x3)/2) + k10pV (L, (k13 + x7)/2) (B.50)

where

k14 = (qVtms)
n+1/2
L − 1

2
(q
n+1/2
L−1/2)

Jacobian for the Newton’s Scheme

The Jacobian for Newton’s scheme (B.13), is given by

Dfr(x) =



−1 0 0 −θ 0 0 0 0

0 −1 χ1 χ2 0 0 0 0

χ3 −1 0 0 χ4 0 0 0

0 0 0 0 −1 0 0 −θ

0 0 0 0 0 −1 χ5 χ6

χ7 0 0 0 χ8 −1 0 0

0 0 χ9 −1
2 0 0 χ10 0

0 0 χ11 0 0 0 χ12 −1
2





Appendix B. Numerical Implementation of Bifurcation and Matching Conditions 192

where,

χ1 = θ

((
x4

x3

)2

− dB(M + 1/2, x3)

dx3

)
+ γ

(
dF (M + 1/2, x4, x3)

dx3
+
d2B(M + 1/2, x3)

dxdx3

)
χ2 = −θ2x4

x3
+ γ

dF (M + 1/2, x4, x3)

dx4

χ3 = k4
dPA(M,x1)

dx1

χ4 = k5
dPV (L, x5)

dx5

χ5 = θ

((
x8

x7

)2

− dB(L+ 1/2, x7)

dx7

)
+ γ

(
dF (L+ 1/2, x8, x7)

dx7
+
d2B(L+ 1/2, x7)

dxdx7

)
χ6 = −θ2x8

x7
+ γ

dF (L+ 1/2, x8, x7)

dx8

χ7 = k9
dPA(M,x1)

dx1

χ8 = k10
dPV (L, x5)

dx5

χ9 = k4
dPA(M, (k12 + x3)/2)

dx3

χ10 = k5
dPV (L, (k13 + x7)/2)

dx7

χ11 = k9
dPA(M, (k12 + x3)/2)

dx3

χ12 = k10
dPV (L, (k13 + x7)/2)

dx7

where the derivatives of B, F and p involved in χ1 − χ12 are same as defined previously

for bifurcation conditions.
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