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Chapter 3 is my own work, cxcept where the text indicates otherwise.
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Abstract

The twistor transform introduced by Penrose’s fundamental articles ([28],[40],[19],[12]) encodes
basic geometric and mathematical physics structures into holomorphic geometry. Differential
equations get replaced by complex manifolds and holomorphic bundles over them with well
defined properties. Hence direct constructions of such objects lead to constructions of various
classes of solutions to basic equations of differential geometry and mathematical physics.

The first successes of the twistor transformation method were associated with the self-dual
Einstein and Yang-Mills equations ([29],[36],[3],(1],[2], [10]). Non-Self-dual Yang-Mills equations
have been studied by Witten and Manin ([39],[14] and references therein). Deep interconnections
between twistor theory and non-linear integrable equations have been unveiled by Mason, Singer
and Sparling (23], [21] and [22]. More recently, twistor methods have been successfully used in
the study of quaternionic Kahler and hyper-Kahler manifolds [4], [13], {17], [18], [25], [27], [32].
[33] and [34].

In 1997, Merkulov [24] has developed the twistor theory for general irreducible G-structures
which was applied in 1999 by him and Schwachhofer to solve the long-standing holonomy prob-
lem [26].

The main theme of our work is the study of symmetries of G-structures in the twistor theory
context. The main result, Theorem (3.14), provides us with a surprisingly simple characteri-
sation of Killing vector fields. This theorem establishes a one-to-one correspondence between
Killing symmetry vectors and global sections of the dual contact line bundle on the associated
twistor contact manifold (see Theorem (3.14) for a precise statement).

This thesis is organised as follows. In the first chapter we provide a short introduction into
the theory of G-structures, and explain our notation. The material is classical except Section

(1.5) where we give a new characterisation of Killing vector fields.
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In Chapter 2 we explain Merkulov’s work which associates to any irreducible G-structure
a contact complex manifold (twistor space) and vice versa (via deformation theory). This
mathematical set-up is one of the basic requirements of our study:.

Chapter 3 is the main part of our thesis where we prove our main Theorems. We start with
the special case of conformal structures whose twistor (ambitwistor) spaces were understood
long ago. The twistor characterisation of conformal Killing vectors is given by Theorem (3.6).
Next we switch to the general case and prove in Section (3.4) the main Theorem (3.14). Finally,
we apply this theorem to get a new twistor description of symmetries on quaternionic manifolds

(Theorem (3.17)),



Chapter 1

GG-Structures.

1.1 Basic notions.

Before we begin our discussion on G-structures, we shall firstly introduce some of the essential
background material that is used throughout. Note that, unless stated otherwise, summation

from 1 to n takes place over repeated indices.

1.1.1 Fundamental definitions.

In this section we give an introduction to some of the fundamental tools used in differential

geometry.

Manifolds.

A Hausdorff topological space M is called a (topological) manifold if every point x € M has an
open neighbourhood U and a homeomorphism ¢ : U — V < R". The number n is called the
dimension of M.

The pair (U, ¢) is called a chart of M at z. U is called the domain of the chart (U, ¢).

The coordinates (x',...,z") of the image ¢(x) € R™ are called the coordinates of 2 in the
chart (U, ¢) or the local coordinates of . The chart (U, @) itself is often called a local coordinate

system at x.
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Vector fields and tangent bundles.

Let M be a smooth manifold of dimension n and let & be an arbitrary point in A7, Let O, be

the set of all smooth functions at x, then a tangent vector, X, at x is a lincar map

such that
1. X, is linear,

2. Xz(fg) = f(x)X(9) + g(2)Xz(f), where f(z),g(x) € R are values of f,g ¢ O, at r

respectively. This condition is known as the Leibniz rule.

In a local coordinate chart, any tangent vector, X,, can be identified with the first order
differential operator X”b—%, where X = X, (2%)

Let T M denote the set of all possible tangent vectors of . T, M is a linear vector space of
dimension n and is called the tangent space at € M. The dual of T, M, denoted by QA7 is
called the cotangent space at x € M.

Defince the set TM = UT,M. TM is called the tangent bundle of M. It can easily be
shown that TM is a smooth manifold of dimension 2n. Similarly, QA = UQLAM is called the
cotangent bundle of M. QM is also a 2n-dimensional manifold, however the cotangent bundle
is also a symplectic manifold (see Section (2.1)).

A vector field X on M is a smooth map
X:M->TM

such that

moX = [d.

Thus for any x € M, the value of the map at the point 2 is denoted by X, = X () € T, M =
7~ !(x). Since the map z : M — TM is smooth, in a local coordinate chart with coordinates

(™), X is represented as a first-order differential operator

J
o™

X =X%x)
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where X*(z) are smooth functions.
The set of all smooth vector fields on M is denoted by I'(T'M). (I'(T'M),[,]) is a Lic algebra
under the Lie bracket defined by

(X.Y]=XY —YX,

where X, Y € I'(T'M).
Note that there is a one-to-one correspondence between 1'(T'AT) and the set of lincar oper-

ators
X :0py — Opn
fo XS
such that
1. X is lincar

2. X(fg) = fX(g)+gX(f) for all f,ge Op.

Differential of a map.

Let M and N be differentiable manifolds of dimension m and n respectively and let. O, be the
set of all smooth functions at x € M.

Clearly a map ¢ : M — N induces the map
Qﬁ* : Oqg(x) - OI

Indeed, take any f ¢ Og(x) in a local coordinate chart (yi, ... , %) is Tepresented by a smooth

function of m variables. Then ¢*(f) is a smooth function of n variables given by

¢*(f) = f(:lll(d;la cee y-'L'n)a ce ,ym(mla ey ;1,‘”))7

where (z1,...,z,) are any local coordinates at x € M.

The map ¢ : M — N also defines the linear map
¢ TeM — Ty M

which is called the Jacobian or the differential of ¢ at @ € M. The map is defined as follows:

Giv(‘/n X‘z G FIT,-AI, (1GﬁIlO ¢*(XT) 6 T¢(I)]V as ¢*(XJ-)(f) = XCI'((p*(f)) f()r SOHme f & O(f)(l)
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The map ¢ : M — N is called a diffeomorphism at @ € M if ¢, : T,M — T, )N is a lincar
isomorphism and the map ¢ : M — N is called a diffeomorphism if it is a diffcomorphism at

cach point £ € M.

1.1.2 Lie Derivatives.

Integral curves of a vector field.

Let M be an n-dimensional manifold and I = (—r,4+r) C R be some interval. Then the map
p: I - M

defines a curve in M (it is assumed that ¢ is a diffcomorphism onto its image).

Clearly any curve ¢ : I — M determines a tangent vector Xy = ‘75*((1%) € TyyM, (tC ).
X is called the tangent vector to the curve.

Given a vector field X on M. A smooth curve ¢ : I — M is called an integral curve of X if,

forany t € I,

d
¢e(2) = Xoq)-

Theorem 1.1. Let X be a smooth vector field on M. For any point x € M, there is anr € R

and a smooth curve ¢ : I = (—r,r) — M such that
1. ¢(0) = z
2. ¢(1) is an integral curve of X.

Proof. The result is just a simple use of the classical theorem of existence and unigueness of

solutions of differential equations. O

Groups of transformations.

Let X be a vector field over a manifold M, then for every x € M, there exists an integral
curve ¢ : [ = (—r,r) — M of X as defined above (r € R*). Let us fix { € [ and let U/ be a

neighbourhood of xg then the map

G x> Py(x)
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is defined on U for t € I,. It is a local transformation of M gencrated by the vector field X.
Therefore this map takes a point x € U and goes to a point ¢ () € M along the integral curve

of X at x and the location of ¢;(x) along the curve is determined by ¢.

Theorem 1.2. A (smooth) vector field X on a compact manifold M generates a one parameter

group of transformations.

Proof. Let I be the intersection of all the intervals I, corresponding to a set of neighbourhoods
{U} covering M. Clearly I is non-empty as M is compact. Therefore ¢; with ¢ € I defines a

global transformation of M. We also have the composition law

Pras = 10 Ps
and cach ¢y has an inverse ¢_;. -
The set {¢:} is called a one-parameter pseudo group. We may also reverse this process, i.c.

let {¢:+} be a one-parameter pseudo group of transformations. Then we can define a vector field

X uniquely by the equation

d
X(il'):j?t =0

The vector field X is called the generator of {¢;}.
Lie derivatives.

Let X be a vector field on a manifold M and let Y be a p-contravariant tensor field. In local

coordinates (2“), Y will have the form

e, o}
Qi 3oy iy, e
§ Y ™ »( )81"'1 ®...8 pyC

Llyenip

Definition 1.3. The Lie derivative of a contravariant tensor field Y along X is the contravari-

ant tensor field LxY defined by

LxY|s = lim —[( )+ (Y (de(2))) — Yol

where {¢,} is the one parameter group of transformations generated by X .

It is easy to check that £ is an additive operator, i.c

Lx(Y+2Z)=LxY +Lx7Z,
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and that £ satisfies Leibniz rule, i.e
Lx(Y®RZ)=LxYRZ+Y ®LxZ.

This allows us to compute Y in a local coordinates, i.e

P ;0
.. (.):L_(\,,‘
o 0
Qx> T Q™M
0 N
D) @ S g

PN
oY () e @ Ly

LXY =Lx( Y Yo ®(g)

ilsn-yip

= 3 (Ex(o (@) 5

Zla"'vlp

+ Y iy tip ( )L:X(

dx™h

o

=)

Clearly,
Lx fle = lim = [f(d>z( ) = f@)] = X(Na

so it therefore remains to compute the Lie derivative of the natural basis of vector fields in our
coordinate system. Let x,y be the local coordinates in the corresponding points of M, ¢*(t,)
the coordinate expression of ¢y, (¢~1)*(¢, -) the coordinate expression of oy and ¢ (0, 1) = 2",
(671)2(0,y) =y~

By definition,

P T T 0 J
x(m)le = lim < 1@ e (Grz o) = gl
It is easy to see that
; Ao )ity O
Wy 2
(6 (Gpalee) = =g gaale
Therefore,
o . 1.8(¢)(ty) 8
SX(B:I:‘*) }l_.ot[ Oy* BIB‘T OxP g
Ao VLY, g 06770, y)
=0 o |t:00m[, |z, using &y = o
_ d 0¢8P 0 d O(¢~ ) T d gy
= dt&va[t ~05.5 7z, using — - —( o7 awﬂ) = 5 = 0.
Hence,
B o oXP o
Xz ~ " re 0xP
since
d¢
2L - X(6).

dt
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In a similar way we can also define the Lie derivative of a p-covariant tensor field Z along

X.

Definition 1.4. The Lie derivative of a covariant tensor field Z along a vector field X on a

manifold M is the covariant tensor field Lx Z defined by
o1
Lx 2|z = lim ~{(¢0)(Z(¢1(2))) = Ze]
where {¢} is the one parameter group of transformations gencrated by X .

As with the contravariant case, £ is an additive operator and it satisfies Leibniz rule. A

similar calculation to the onc above shows that in a local coordinate system (a%),

‘)X{Y
Lxdz® = (('3.'175 da?.

Remark:
If X,Y are both vector fields it is easy to see that
LxY =[X,Y].

1.1.3 Bundles.

Fibre bundles.
Let I2 and M be topological spaces and let m be a map
Tl - M

We call (£, M, ) a bundle if 7 is a continuous surjective map. M is then called the base and

7~ 1(x) is called the fibre at x € M.

Definition 1.5. Let (E, M, ) be a bundle and let 7= (z) be homeomorphic to a space I for

allz € M and let {Uy : @ € 1} be a covering of M such that

1. The bundle is locally trivial, i.c. there exists a homeomorphism
| .
o1 T (U(y) — Uy x F,

foralla € 1. {Uy,¢o} are called a family of local trivialisations of the bundle,
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2. Let q~5a = pr o @, where pr is the projection onto I. The homeomorphism
(?)ﬂ‘?r' L) © é)(_rl'vr‘ ) * I —F

is an element of G for allx € UoNUp and all v, 3 € I where G is a group of homeomor-

phisms of F onto itself,

3. The transition functions are continuous, i.e the induced mappings
M-G
€L gaﬁ(‘.l?)
are continuous, where gog = d;gl,,v- () © J);llrl(z),

then (K, M, F,G) is called a fibre bundle. If E, M and I are differentiable manifolds, © and
the transition functions are differentiable, G is o Lie group and the covering (Uy) is an atlas of
M, then (E,M, =, F,G) is called a differentiable fibre bundle. If ' is a vector space and () is

the linear group, the fibre bundle is known as a vector bundle.
Sections.
A section of a fibre bundle (E,M, 7, F,G) is a map

o: M- F
such that
oo =0com = Id.

The space of all sections o is usually denoted by H(M, K)

1.2 Connections.
1.2.1 Affine connections.
Definition 1.6. An affine connection on a smooth manifold M is a map

V :T(TM) x U(TM) — I'(T'M)
(X,Y) = VxY

which satisfies
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1. Linearity in the first argument, i.e Vx4vZ =VxZ + Vy Z,
2. Linearity in the second argument, i.e Vx(Y +2Z) =VxY + VxZ,
3. Leibnitz rule, i.e Vx(fY) = X(f)Y + fVxY,
4. Tensoriality in the first argument, i.e VyxY = fVxY,

for any X,Y,Z € T(TM) and f € Op The vector field VY is called the covariant derivative

of the vector field Y along the vector field X .

Let (z!,...,z") be local coordinates on M, then V is represented by n? functions

d ., .0
Voo gee L@

The functions Flﬂ(x) are called the coordinate symbols (or Christoffel symbols) of the affine

connection V.

Curvature.

Given a smooth manifold M and an affine connection V on M, for any two vector fields X,Y

we define the map R(X,Y).
R(X,Y):T(TM) - T(TM)
Z— R(X,Y)Z,

where
R(X,Y)Z =VxVyZ - VyVxZ ~ VixyZ

It can be easily shown that the map, denoted by
R:T(TM)xI'(TM) x T(TM) — I'(TM)
(X,Y,Z)— R(X,)Y)Z,
is a tensor for each input i.e
L R(fX,Y)Z = fR(X,Y)Z,

2. R(X, fY)Z = fR(X,Y)Z,
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3. R(X,Y)(fZ)= fR(X,Y)Z,
for any smooth function f € Q.

Definition 1.7. The map R : [(TM) x T(TM) x I(TM) — U(T'M) is called the curvalure

tensor of the affine connection V.

In a local coordinate chart on M with local coordinates (), it is casy to show that I? is

represented by the functions Rim

0 0 0 0
R ——7 -——’ a o~ = 6 6 -———-7
(8.7:0‘ OzP (9;1:7) Rogy ord
where
A\ ) 6
') *dIB'Y_dFa'Y_*_(w(’ 1’5 wlw( [é)
afy — O 0.7/'6 Byt o oyt Bel
Torsion.

Definition 1.8. Given a smooth manifold M and an affine connection V on M, the torsion T
of V is a map
7 T(TM) x I(TM) — (T M)
(X,Y)—-T(X,Y)
where
T(X,Y)=VxY -V X - [X,Y].

It is easy to show that T is a tensor.

In a local coordinate chart on M with local coordinates (z®) we have

o 0 ) 9

T(%a W) = (Faﬂ — 11;;”)(();1;71

where I‘Zﬂ(m) are the coordinate symbols of V.

Definition 1.9. An affine connection V is called torsion free if T = 0.
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Connections in vector bundles.

It is very straightforward to define a connection on a vector bundle in termns of a covariant
differentiation operator - you simply take for guidance the rules of for an affine connection on

the tangent bundle discussed above, i.e
1. Vx(Y +Z)=VxY +VxZ,
2. Vx4vZ=VxZ+VyZ,
3. Vx(fY) = X(f)Y + fVxY,
4. VyxY = fVxY,
so we have,

Definition 1.10. Let (E,M,n,V) be a vector bundle, where M is a n-dimensional manifold

and V a k-dimensional vector space. A connection in a vector bundle is a map
V :T(TM) x H'(M,E) —» H'(M, E)
(X,0)— Vxo
satisfying
1. Vx{oc+p)=Vxo+ Vxp,
2. VoirpX =V X +V, X,
8. Vx(fo) = X(f)o+ [Vxo,
4. Vyxo = fVxo,
forallo € HO(M,E), X e T(TM) and f € Oyp.

The operator V is called the covariant differentiation along X. Many of the properties of an
affine connection discussed above are reproduced in this context (e.g. the curvature R is defined

by R(X,Y)o = VxVyo - VxVyo — Vx yj0).
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1.2.2 Parallel transport.

Let

¢: R — M.

be a curve on a manifold M. The tangent vector field to the curve is defined by
d
I - D —
Assume that, in addition to the curve ¢, we have a vector field X on M.

Definition 1.11. The vector field X is said to be parallel transported along the curve ¢(t), if

Vd)'(t)X - O

Theorem 1.12. For any tangent vector Xo € TyqyM there is a unique parallel vector ficld

X (t) on the curve ¢(t) such that X(t) = Xo.

Proof. In a local coordinate chart, X satisfics a system of differential equations and the theory

of differential equations says that the system has a unique solution. O

1.2.3 Metrics.

Let M be a manifold. A metric g on M is a non-degenerate symmetric tensor field of type (0, 2)

on M. In other words, g is a bilincar map

9: T(TM) x I(T'M) — Oy

(X,Y)— g(X,)Y)

such that

g(X’Y) = g(Y’X)

for all X,Y € T(T'M). Effectively, the assignment of a metric on M is an assignment of a scalar
product in each tangent space of M.

If at each point x € M, g(X;, Xz)(z) > 0 for all non-zero X € 1, M the g is said to be
positive definite. A non-singular, positive definite metric is usually called a Riemannian metric
on M (by non-singular we mean that if g(X,Y) = 0 for all non-zero X € I'(T'M) then Y = 0).

A non-singular but not positive definite metric is usually called a pseudo-Riemannian metric.



CHAPTER 1. G-STRUCTURES. 18

In a local coordinate chart with coordinates (z), the metric has components

g 0
gﬂﬂ(x) = 9(5;:;’ -({)J—“)’

where 903(x) = gga{x). It is usual to express the metric in the form
ds® = gaﬂdmadwﬂ :
this should be taken to mean that for any two vector fields X,Y € I'(T'M)
9(X,Y) = gapdz®(X)da’(Y) = gogX“Y".
Lowering and raising the index.

Let M be a manifold with metric g. Fix X, € T, M for some point z € M. We may then define

the map

9(Xs): oM — R

Yy — .(}(X;u Yr)(-r)y

where Y € T, M. This map is linear and thus defines an element of QJ‘CM} In a local coordinate

chart with coordinates (z) we have

%) = gap(z)da?,

9(
soif Y = Y"H% then

g(Y) = gaﬂ(m)Y"‘dzrﬂ,
i.e the components of g(Y) are gos(z)Y*. This process of constructing an clement of QLA
from an element of T, M, via g, is called lowering the index. In matrix notation, where the

components of elements of T, M are expressed as column vectors and the components of QLM

are expressed as row vectors, the map is given by
X - XTG(2)

where G(z) = (gq(x)). If g is non-singular an inverse map g=! : QLM — T, M may be defined

such that

WI(XI) = g(g*] (wr)a Xar)(-r)
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for any w, € QLM and X, € T, M. In matrix notation, the corresponding clement in T, A1 of

w; has components
G (a)w]

T

where G~1(x) is the matrix inverse to G(z). Denote by ¢*?(x) the entrics in G7!(x), then the
components w® of g7} (w,) are wgg?®(z). Note that G~ (x) is symmetric, i.c g™ (x) = g7 (x),

and that the ¢g®3(z) and the g,s(x) are related by

995 = 98,97 — 83

1

The map g~ is called raising the index.

1.2.4 The Levi-Civita connection.

Let M be a manifold with a non-singular metric g, it is possible to define a torsion-free connection
V:I(TM) xT'(TM) - I'(TM) on M which preserves the metric i.c. all parallel transports it

defines are isometries. Equivalently, the connection must satisfy
X(g(Y,2)) = g(VxY,Z) + g(Y,Vx Z),
for any X,Y,Z € I'(TM). As V is torsion-free it must also satisfy
VxY - VyX = [X,Y]

for any X,Y e I'(TM).

From these conditions we have the relation

J(VxY,2) = SUX(o(Y, 2)) + Y (g(X, 2)) ~ Z(6(X, )

+g([X, Y]’Z) - g([X,Z],Y) - .‘/(Xv [Yv Z])}a

for any X,Y,Z € T(TM). Using this relation and the initial conditions we may check that V
satisfies the axioms for a connection and thus V is known as the Levi-Civita connection for g.
In a local coordinate chart with coordinates (x*), the connection cocfficients of a Levi-Civita

connection are given by

v ] 76(89/36 09as _ 09!1/1)_

aB = 97 Vgpa U 9B Oxd
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1.3 Principal fibre bundles.
1.3.1 Definition of a principal fibre bundle.

We shall now define Principal fibre bundles and in particular we shall look at two very important
examples of principal fibre bundles, the frame and the coframe bundles. These two examples
will then directly lead to the definition of a G-structure.

In this section, GG is a Lie group and P is a differentiable manifold. Let 0 : P x G — P be a

differential map. This induces the map
R,:P—> P
p+—6(p,9),
for some g € G.

Definition 1.13. G acts differentiably to the right on P if for any g € G, Ry is a diffeomnpor-
phism and

Rgp = Rpo Ry
forallg,h € G.
Let us now look at the definition of a principal fibre bundle.
Definition 1.14. Let M and P be differentiable manifolds and let
7:P— M

be a differential map. Let G be a Lie group. (P,M,n,G) is then called a (right) principal

G-bundle if

1. G acts on P to the right such that for any p € P, if Rgp = p then g = ¢ (where ¢ is the

identity of G),
2. w(p1) = m(pa) if and only if there is a g € G such that Rypy = pa,
3. P is locally trivial over M.

Two very important examples of Principal fibre bundles are the frame bundle and the

coframe bundle,
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1.3.2 Frame and Coframe bundles.

Let M be an n-dimensional manifold. Let p, and p, be any two arbitrary frames in T, M, this
means that p, and p; are sets of n linearly independent vectors at € M. Let (¢',... ¢™) and
(é',...,é") be the sets of basis represented by p and p respectively. Obviously cach clement of

p can be expressed as a linear combination of p at «,
S 53
e = gﬁe

where (g5) = g € GL(n,R).

This defines a right action of GL(n,R) on the set of frames T, M. Let £(M) be the space
of all points (z, p,) for all z € M. Then (L(M), M, r,G L(n,R)) is a principal G L(n, R)-bundle
known as the frame bundle. The coframe bundle has a similar definition: Let p,. be an arbitrary
frame of the cotangent bundle, QL M, and we let £*(M) denote the differential coframe bundle
whose fibres consist of the set of frames p, for all z € M.

Also notice that a frame p; can be thought of as a nonsingular lincar mapping
pr ' R*" > T M
(vs, ..., 00) = 1%y
for some v = (v§) € R™. The right action of G = GL(n,R) is then just given by

R(](p) = p o g)
where p is considered as a linear isomorphism R" — T, M as above. The action is similar for the
coframe bundle except that a coframe is considered as a linear isomorphism from R™ to QLA7.
Let p, = {€*} be a frame and p = (x, p,.). Let {0,} be the basis dual to {e”}. We define
the map
0, : M — R"
ur— (0 (u),...,60,(u)

where u € T, M. So ©, maps a vector in T; M into its components with respect to the frame

pz- Define a 1-form 6 on £(M) with values in R™ as

Op(v) = Opmyv,
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where v € T,L(M). This 1-form is known as the soldering (canonical) form of M.
There is also a canonical 1-form that you can define on the coframe bundle in a similar

fashion. This is discussed in Section (2.1), Chapter 2.

1.3.3 Connections on principal fibre bundles.

Definition 1.15. Let (P, M, m, G) be a principal bundle with Lie group G and let V be a vector
space on which G acts to the right via the representation p of G on V. Then (I, M, 7, V, ()
is a vector bundle with fibre V' and structural group G and is said to be associated to principal

bundle (P, M, =, G).

A connection on a principal fibre bundle will define a conncction to any vector bundle
associated with it, for example if the principal bundle is the frame bundle then a connection in
the frame bundle will define at once the connections in all the tensor bundles.

We shall first look at the notion of horizontal lift on a manifold M with a connection.

Let X; € Ty M and let ¢ be a curve through = (¢(0) = ) such that (/)*(%)l,_.() = X,. LetY

be parallel along ¢, then at =

day e
dt

li=0 + T4, (2)Y (0)° X7 = 0.

We can define a curve ¢ on TM by ¢ = (¢(1), Y(t)) and the tangent vector to ¢ at { = 0 is

o
oz

9 o D
Yo = X;(W - /'l’y(;l")yf (())'(7)—)77;)’

d dy®
@(a)lt:o + 7 |t:oa

where ¢, = (¢¢). This is independent of the choice of ¢ (apart from the fact that X, had to be

its initial tangent vector) and thus we can define a map

o:T;M — TyqpTM

o y 0
Xz = 0(Xe) = Xz = X) (5= = T, (@)Y (0)55),

which we call the horizontal lift of Xy to Ty yT'M. This map is linear and injective, its image
a subspace of Ty (0)TM isomorphic to Ty (0))M. We call this subspace the horizontal subspace
defined by the connection. Thus a connection on M defines a collection of subspaces on TA.

In fact, this structure is equivalent to the existence of a connection on M.
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We now use a similar process to construct horizontal subspaces in the frame bundle. Let
L(M) be the frame bundle over a manifold M with a affine connection and let ¢ be a curve in
M. Let p € L(M) be a point such that m(p) = ¢(0) then there is a unique horizontal curve ® in
L(M) such that $(0) = p and 7(¢) = ¢ (this is a well known result). Morcover, for g € GL(n,R)
the horizontal curve through Ryp is just quAS.

At each point p € L(M) there is a set H, C T,L(M) consisting of the vectors tangent to
horizontal curves through p. This set is a subspace of T,L(M) and is known as the horizontal
subspace of T,L(M). Let Vp, = Tp(7!(x)) be the subspace of all vectors tangent to the fibre,

then T,L(M) =V, @ Hp. V, is usually called the vertical subspace of T,L(M).

Thus the definition of a connection in a principal bundie is just an adaptation of these ideas:

Definition 1.16. A connection in the principle bundle (P, M, 7, G) is an assignmeni, lo each

point p € P, of a subspace H, C T, P such that
1. Hy, ® Vp = T, P where V,, is the set of vectors tangent to the fibre,
2. H, defines a smooth distribution on P,

3. Hp,p = (Rg)«Hp.

Connection and curvature forms.

The horizontal subspaces Hp, of a connection on a principal bundle may be defined in terms of
1-forms. Let g be the Lie algebra of G and let X € g. For any element X € g we can identify an
element X, in V,. We may then define a 1-form w as follows: w,(X) is the element X € g such
that X, is the vertical component of X. Clearly, w is well defined, g-valued, lincar and smooth.

We call w the connection 1-form determined by the connection. It can be shown ([8]) that
Ryw = Ad g lw.

Definition 1.17. Let X,Y be vector fields on M and let X* and Y" denote the horizontal lifts

of X and Y respectively. The curvature form ) is a g-valued 2-form satisfying
1 QXR YR = dw(Xh Y,

2. QL,U) =0,
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where L € g and U € T'(P).

We then have the following fundamental structure equation
1
Q=dw+ E[w/\w].

To verify this, it is sufficient to show that both sides give the same value when applied to all

exterior two-vectors X, A'Y,, at every p € P.

1.3.4 Holonomy.

Let ¢ be a closed curve , beginning and ending at z, on a manifold M with a principal fibre
bundle (P, M,n,G) with a connection w. The parallel translation along ¢ of the elements
p € 7 Y(z) maps 7~!(z) to itself. Thus we have a map, also denoted by ¢, from 7 L) to
itself. The inverse of this map is merely obtained by parallel transport along the same curve
¢, except that you traverse the curve in the opposite direction. A composition is obtained by
defining the product ¢,¢2 as the mapping obtained by parallel transporting first along ¢, and
then along ¢;. Thus the collection of maps of 77!(x) has a group structure and it is called
the holonomy group, H, of the connection at z. By fixing a point p € 7 (z) it is possible to

consider Hp as a subgroup of G.

1.4 (G-Structures.
1.4.1 Definition of G-structures.

Among the class of all fibre bundles there are certain ones which play a central role in differential
geometry. Before we define G-structure we must first look at the definition of reduction and

then we will look at a few classical examples of G-structures.

Definition 1.18. Let (P,M,7,G) and (Q, M, m, H) be two principal fibre bundles of M such

that H is a Lie subgroup of G and Q is a submanifold of P. P is said to be reducible to Q if

the injection
1:Q — P

satisfies
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1. mou(q) = m(q), for all q € Q,
2. (Rpq) = Ryp(L(q)) for allge Q and all h € H.
We now turn to the definition of G-structures.

Definition 1.19. Let G be a subgroup of GL(n,R). A G-structure on an n-dimensional mani-

fold M, denoted by Gg, is a reduction of the frame bundle, L{(M), to the group (.

Looking at the definition of reduction we see that a (G-structure is a submanifold of the
frame bundle such that if p € Gg and g € GL(n,R) then the point Ryp is an element of the

G-structure if and only if g € G.

G-structures in a local coordinate chart.

Let M be a complex n-dimensional manifold and let £{M) be the frame bundle. A G-structure
can be understood as follows: Let {U,} be a covering of M, then TM|;;, can be trivialised by
a map

ba : TM|y, - R" x U,

This choice of ¢, corresponds to a choice of n-sections, {ngu)}, on TM over U, which are
linearly independent at each x € U,. Then a G-structure on a manifold M can be understood

as a covering {Uy, {ega)}} such that

j b
cz(-a) = gf(ab)(a:)cg- )
on each U, N Uy where (gf(ab)(:v)) is a function on U, N U, with values in G.

1.4.2 Examples of G-structures.

1. G = e. A manifold M with this G-structure is an assignment at each point & € M a
choice of frame p,. Let X; € T, M be a tangent vector at z. As p, can be thought of as
a non-singular linear map p; : R® — Ty M (see (1.3.2)), then p;! maps X, to some point
vy € R™. Let y € M and gy be the choice of frame at y then g, will map the point v, to a
tangent vector in T, M. Thus we have parallel translated tangent vectors from one point

to another on M. Because of this, an {e}-structure is called a complete parallelism of M.
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2.

Let V be a k-dimensional subspace of R™ and let G be the group of all linear transfor-
mations leaving V invariant. Let Gg be a G-structure with this group. Let p, € G¢; such
that 7(p;) = z. As before, p, is a non-singular linear map p, : R* — 1, M. Clearly p.(V)
will define a subspace of T, M which we denote by D,. Let ¢, be another point in Ge;
such that m(g;) = z, then ¢; = Rygp, for some g € GG (by the definition of a G-structure).
Thus,

q:r(v) = qur(v) = Pz Og(V) = pr(qv) - pd'(v)'

Hence D, does not depend on the choice of p. in G¢;. This means that G¢; gives rise
to a k-dimensional differential system on M. Conversely, let D be a differential system
on M and let G be a submanifold of the fame bundle such that p, € G¢ if and only
if p;1(Dy) = V. It is easy to see that G is a G-structure. Thus, in this example, a

G-structure is the same as a k-dimensional differential system.

. G is the orthogonal group O(n). Then in local coordinates we may regard the O(n)-

structure as the sets ({U,}, {ega)}) as described above. Define gf;) (x) in (Uy, {(’f“)}) as

gl(;l.) (;1:) = 52(;‘) — g((jl(a)’ 0;(1))‘

In U, N Uy we have,

b b a a
()((,( ), (3§ )) = g(B,{“(z,(c ), I?;»o[( ))
= BFBlg(cl el

= g(el((l), (’ga))a

by the definition of O(n). Thus we may construct a metric as follows: If ¢; = 'vj‘;y% then

define

Gog = 517;'115,17?;
Then the metric g = g(,gdz"‘d:rﬂ is a Riemannian metric. Conversely, given a Riemannian
metric on a manifold it is then straightforward to construct ({U,}, {('J(.“)}) and thus we

have a O(n)-structure on M. Therefore, giving an O(n)-structure is the same a giving a

Riemannian metric.
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4. Let G be the conformal group CO(n). Then a CO(n)-structure on M is the same as
a conformal structure on M in the sense of an equivalence class of metrics i.c. grlv/'f is
equivalent to g2 5 if and only if gog = gga and g}w = Slz(m)giﬁ for some function Q?(x).

The calculation used is similar to the one in the previous example.

5. Let G = Sp(n) be the symplectic group. Given a Gg(,,)-structure it is possible to define a
non-degenerate antisymmetric bilinear form on the tangent space at each point. of M. To
do this let w be a non-degenerate antisymmetric bilinear form on R* (s0 a g € (/L(n,R)
belongs to Sp(n) if and only if w(gu, gv) = w(u,v) for all u,v € R"*) and let p, € G¢; such

that m(p;) = z, where £ € M. Define a 2-form, ©,, on the tangent space at x as
0, (X,Y) = w(p; ' (X),p, ' (Y))

for any X,Y € T:M. Clearly ©, is a non-degenerate antisymmetric bilinear form. More-

over, if ¢z € G¢ is such that 7(g;) = z then

04, (X,Y) = w(g; '(X), a7 (V) = w((Rgp2) ™ (X), (Rgpz) "M (Y)) = w(ps ' (X),p, ' (Y))-

Thus O, is independent of the choice of p. Conversely, it is casily shown that a non-
degenerate antisymmetric bilinear form gives rise to an Sp(n)-structure. In conclusion,
giving an Sp(n)-structure on a manifold M is the same as giving a 2-form on M. Gsp(n)
is called an almost symplectic structure. A symplectic structure has the extra condition

that the 2-form be closed.
6. Let
J R _, R
be a linear transformation such that
JP =1
Let GL(n,C) be the subgroup of GL(2n,R) be such that
gJ = Jg

for all ¢ € GL(n,C). A GL(n,C)-structure on a manifold M is called an almost complex

structure. Lel M be a manifold with an almost complex structure and let p, € g(;,,("c)



CHAPTER 1. G-STRUCTURES. 28
be such that 7 (p,) = z for some x € M. Define the map JI":
JPr Ty M - T, M
Xz = pedpz ' (Xy)

where X, € TuM Let q; € G (n,c) be another point in the almest complex structure

such that 7(g;) = z, then ¢; = Rgp, for some g € GL(n,C). Then

JgT(Xz) = qLJq;l(XJ‘) = Rgpz"](”gpm)_l(xr)
= (pg)J(pg) " (Xz) = p(gJg )P~ (Xs)

=pJp 1 (Xz) = JP(X,),

for some X; € T, M. Thus JI* is independent of the choice of p, (so the map is instead

denoted by J;) and so J; is a linear transformation on cach tangent space varying dif-

ferentiably with z. Since J? = —1I, an almost complex structure on M is the same as
giving a linear transformation .J; on each tangent space Ty M such that J? = —I and J,

varies differentiably with z € M. Conversely, such a J; at each x € M clearly defines a
GL(n,C)-structure. Let M have an almost complex structure, then each tangent space
of M is a vector space over the complex numbers. A complex structure on a manifold Al

is one which we can introduce complex coordinates such that the transition functions are

complex analytic.

7. Let SL(n,R) be the set of all linear transformations of determinant 1. By a similar
calculation to example 5 it is easy to sce that giving an SL(n, R)-structure on a manifold

M is the same as giving a non-zero exterior form of degree n ( a volume form) on M.

8. Let GL(n,R)™ be the group of matrices with a positive determinant. Giving an GL(n,R)"-

structure on a manifold M is the same as giving an orientation on M.

1.4.3 ‘'Torsion-free G-structures.

Given a G-structure Gz on M and a representation p : G — End(V) for some vector space V.
We can form an associated vector bundle, V, whose typical fibre is V. Let g be the Lie algebra

of ;. Therefore g is a subalgebra of V ® V*. Now G acts on g via the adjoint representation;
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ad : G — End(g). Thus we have an associated vector bundle &,y whose typical fibre is g. Thus
g C V ®V* gets transformed into 8y € TM « QM.

A vector space W on which a linear action of G is defined is called a G-module. Therefore
V is a G-module, g is a G-module and V ® V* is a G-module. Now it can be shown that every
G-module gives rise to a vector bundle on M associated with G; (see [31]). Now we consider
the intersections of two G-modules which are both subsets of V @ V* @ V*;

gV =(@eV)n(Vesi(v))

1

This is a G-module, hence there is an associated vector bundle g(M) on M.

Lemma 1.20. The set of all torsion-free linear connections in the G-structure Ge; on M is an

affine space modelled on the vector space I'(M, g%}!)).
Proof. Given two torsion-free affine connections Vi and Vi on G¢;, we have to show that
V- Vy e I(M,g()).
Since both V1 and V5 are torsion-free then
Vi - Ve e I(M, TM & S?Q' M).
On the other hand, since they are connections of the G-structure,
V|- VeT(M,g® Q' M).
|

Consider a G-module V ® A2V* and its associated bundle TM  Q2M and consider a (-

submodule a(g ® V*) C V ® A2V* where a is the antisymmetric map. i.c.,
QA gRV  CVRV*gY* Sy o A2y
Define a quotient G-module
Tor :==V @ A°V*/a(g @ V*),
this has an associated vector bundle which we denote by Torps. There is a map

VoAV L Ve AV* Ja(go V?*).
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Hence we have a map of vector bundles, which we also denote by a;
TM & QM 2 Tory

Let V be a affine connection on Gi. Compute its torsion tensor, Ty € HO(M,TM 2 Q2A). In

general, Ty does depend on the choice of V, but

Lemma 1.21. a(Ty) does not depend on the choice of V on Gg. It is called the invariant

torsion, T, of the G-structure.

Proof. Let V be any linear connection on G¢;. Let Ty be its torsion, i.c, Ty € HY(M, TM@Q*M)

Consider the composition
@BV M >TMRUMROM - TM QM

and define

Invp =TM Q@ Q*M/a(®y 0 Q' M)
Then we have the following short exact sequence
0-6yRUMSTMRWM 5 Invy — 0

So we claim that 7w(Ty) does not depend on the choice of V. Choose V. Then V = V4w, where
we HY(M, 85 @ Q' M). Then Ty, = Ty + a(w). Hence n(Ty,) = n(Ty) + 7o da(w) = n(1v).

O

Definition 1.22. Gg; is called 1-flat (or torsion-free) if T¢; = 0.

1.5 Symmetries of G-structures.

Let

¢:M— N

be a diffeomorphism from M to N. This then induces the diffeomorphism

Oy L(M) — L(N).
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Definition 1.23. let gg’ and Qg" be G-structures on M and N respectively. Then a diffeomor-
phism ¢ : M — N which satisfies

e (GG) = G

s said to be an isomorphism of gg! onto Qé}’.

1.5.1 Symmetries of G-structures.

Let G be a G-structure on a manifold M. As explained above, any diffcomorphism ¢ : Al — Al

gives rise to a new G-structure ¢.(Gg) on M.

Definition 1.24. A diffeomorphism ¢ : M — M is called a symmelry of the G-structure Ge;
if p«(Gc) = Go

Definition 1.25. Let Go be a G-structure on a manifold M. A vector field X C (M, TM) is
called a Killing vector field if, for any local frame {e*} € G¢;, one has

b
Lye® = gpe’,

where gy are some local functions on M with values in the Lie algebra, g, of the group G

As explained in Section (1.1.2), vector fields on M gencrate a 1-parameter family of diffeo-
morphisms of M. It is well known that such a family of diffeomorphisins associated to a Killing
vector field of a G-structure Gg (if it exists) is a family of symmetries of G¢; in the sense of
Definition (1.25). Thus Killing vector fields is a very useful tool in the study of symmetries of

a given G-structure.

Example:

Riemannian Geometry. Let O(n) be the orthogonal group in R", i.e. the group preserving the

scalar product n given by the following matrix,
N =1,ifa=b
0, otherwise.

If Go(n) is an O(n)-structure on an n-dimensional manifold M, then, as shown in Section

(1.4.2), M comes equipped with the Riemannian metric, given locally by,

g = e’ ® e,
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where {e} is any frame in Go(n)-
Lemma 1.26. X € I'(M,TM) is a Killing vector field of Go(n) if and only +f
Lxg=0
Proof. We have
Lxg = Lx(Mawe®®e)

= NabLx(e*) ® € + nape® ® Lx(e?)

= Nabg2e’ ® ¥ + e’ @ glef

= g€’ @€’ + gac® ® €, Ny’ := ghe in the Lic algebra of O(n)

= g’ ® e + gape’ ® e

= (gbc + gcb)eC ® e?

= 0
since goe = —ged- The latter follows from the well-known fact that the Lie algebra of O(n)
consists of skew-symmetric matrices. O

Remark:
If V is the Levi-Civita connection of the metric g, then the ”Killing” condition
Lxg=20
can be equivalently rewritten, in a local coordinate chart {x' ... 2"}, as
VEXY + VY XH =,
where V# = gtV 2 and X* are the components of X in the basis 3‘;—,
Example:

Conformal geometry. Let Goon) be a conformal CO(n)-structure on an n-dimensional manifold
M. As explained in Section (1.4.2), in this the manifold has a canonical class of conformally
related metrics,

{Q%(2)g} = { D nae” @ "},

where {e?} is an arbitrary frame in Geom)-
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Lemma 1.27. X € T'(M,TM) is a Killing vector field of the conformal structure Goony i and
only if
Lxg=(x)g

for some function Q(z).

Proof. As in the above example we have

‘CXg - (gab + gba)ea & cb,

where gqp = 7acgs, and gf is a function on M with values in the Lie algebra of C'O(n). Any

such function can be uniquely decomposed as follows,

Jab = fab + Q(w)nab

where fu = — fra- Hence

Lxg=Qz)nape’ ® e = Q(x)g

Remark:

If V is the Levi-Civita connection of any metric g in the conformal class {Q2?(x)g}, then the

condition
Lxg=Qx)g

can be rewritten, in a local coordinate chart, as
VEXY + VYV XH = Q(x)g",

for some function (z).

1.5.2 A new characterization of Killing vector fields.

Let M be a n-dimensional manifold and X = X “?;Q— be a vector field on M where () is

I(!
a local coordinate system for some open set U in M. Let G be a G-structure on M where
G C GL(n,C) is a closed irreducible Lie subgroup.
Let e = {€}a=1.. be an element of G over a point x € M, i.e {¢®} are sections of ALY

which form a basis of Q' M at that point so € = e2dz®.
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Then for all v € Q' M,

v = veet = vaehda®,

where v, € R.

So the right G-action on the G-structure G¢; is given explicitly by

@
€ g

where (g9) € G.

—1a b
be‘a(x)

34

Let p € Q' M then p = pgdz? for some pg € C". In the basis {€?}, one has p = p,e®. Thus,

p= ﬁaea

= ﬁae‘édmﬁ
= C?ﬂ;u

—-1\3
= (e™"ips

Let X be a vector field on M and let X be its unique lift onto Q! M, satisfying the conditions

mo(X) = X and L0 = 0 where § = pgdz®. Then X will have the form X = X“(.It)ﬁ% +

YA(x, p)Bg—ﬁ. Then the equation in general,

. X
L0 = L5 (padz®) = X(po)dz® + paL gdz® = Y’ (x,p)dz” + T)a(?) da? = 0
ox
implies
o0X*
8 _ _,

Y - Pa a.’IIB

and so finally this unique lift of X is given by
5 0 oxX* o

X=X (-’L')——am” ~pa—“—8$ﬁ (T)p_ﬁ

Let us find the coordinates of X in the (2, fi,) coordinate system. We have

N I
ox™ Oz 0B~ Oz 0p,
d ey 9

= —_— + ) —
ox® are 18 Opa

o 3((3_1)g()b~ B
oxr® dga AP O0pa’

or
0 4]

—
0:1)" 8.1:"
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. -1)8 Del
Since (e'l)ge% = 8% we have ﬂ;)—lzleﬁ (e 18228 =0, and

I"

0 ox? 9 + 0p, O _ 0 (e e (
— = .
0o Opa 028 ' Opa Opa ® D
Thus our lift is given by,
% a -1 aeﬁ a —1\0 J \
= X*— - X —_— 1.2
X=X~ X Nigpa aPrgs ~ “”” ( )i O (12)

Let mg be the right action of G on the fibre bundle Q'A, where (7 a Lic group. The the
right action of G on the (22, 5,) coordinate system to is given explicitly by

meg & — 2%,

~ b ~
MG : Pa — Yo () Db,
N} —Iya b
mg:eg — (g )b(’[i,
where (22, p,) is the local coordinate system following this transformation.

The following result seems to be new.

Theorem 1.28. Suppose there erists a nontrivial class of invariant gauge transformations such
that ma« (X) =X (i.e the Lie lift of a vector is preserved) then X is a killing vector field (and

hence a symmetry).

Proof. Let us find the coordinates of mq,(X) in the (z, ) coordinate system. We have

oz 8 N op, 0
Ox® 9z = Ox™ Op,
o a(q_')(L .0

= —+
ox™ gz Pe Opq

0
mau(ss) =

U R P
T o o 9P,
] dgs g ; )

= -1
(’)z” ( )u ox u d[)a
’s‘in(‘e d( —lye _ 5d h‘ agd “1\e da(g~_])(: _ A]‘
& € gc\g )u = 0, We have M%(g )a + ‘(]C—FITG- = (). S0,
9 6“Eﬁ 0 Opy O

mas\ 5= —s t —-— =0+ -1 ()l—A
So under this action X is transformed into
> 0 agt . 0
m;*X:X”———— - X© —1\c Yde A
e (X) gy (97 )a priliey
(g™ ")oe) B]
a hy —1\0 E v3) d . —1\a
+ Xegh(e )thbpd(.q )}57-37
axX* 3]

b i o Wo. .1
+ (q )1 agbpd() qn( ) ( ) ()Pf
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Thus, mg.(X) = X if and only if

8% 5, axe 5 0 09t 0

X« — -WhWo o - afg=lye 220 g,
™ gpa aPoop. te CaPr g (¢ Jagpn = X aguarig,
—1\h .
a hy —1\B d((] )', d —{ya a
— X%gR(e el P gypaly ") Lo
Ot 3
o a hy —1 ﬂ( B b d -1ya ¢
X ( ) 0 o (q ) 9p P 11( )j ({)[)f
—1\b, oxX“ ~N\B(,~1a d
- ((] ) (prd or ] (]a( )h((] )f i)f)j
Rearranging this we have;
del E) G It O
-1\B( ya 5+b _ ~te Y9 (
(C’ )a( Oz €a o .8 )pb 0pa ( (!] )a OJJ") Pb 8})(1
and from this we can see that
—1\8 aae% p OX* b '
(TAXSLE + e Z) = (Aol (13)

Where (Aq)f = X a(g*l)gggﬁ— and hence takes values in the Lie algebra of G.
As the gauge transformation is invariant, it is easy to show that the equality (1.3) does, in

fact imply, that X is a Killing vector field.



Chapter 2

Twistor Theory of GG-structures.

2.1 Symplectic Manifolds.

Definition 2.1. Let M be a smooth n-dimensional manifold and let w be o non-degenerale

closed 2-form on M. The pair (M,w) is then called a symplectic manifold and we say that w 1s

a symplectic structure on M.

As noted in Section (1.4.2), Example 5, a manifold with a Sp(n)-structure gives an exterior 2-
form on M and M is then a symplectic manifold if this 2-form is closed. Thus an isomorphism
defined by definition (1.23) is usually called a symplectic map and a symmetry defined by
definition (1.24) is usually called a symplectomorphism.

Let us look at a few examples

2.1.1 Examples.

1. Let M be an orientable surface. Thus there exists on M a non-degenerate closed 2-form

on M (the volume form) so M is a symplectic manifold.
2. Let M = R?*. Let w be the following 2-form

w=dr' Adz" + .+ da™ A da®

This is known as the “standard” symplectic structure on R?".

3. Let (M,w) be a symplectic manifold and let N be an even dimensional submanifold of M
such that the form w pulls back to a non-degenerate 2-form wy on N. Then (N,wy) is a

symplectic manifold known as a symplectic submanifold of M.

37
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4. Let M be a manifold and let Q' M be the cotangent bundle of M. Define a 1-form ¢ on

Q'M by the equation
6(v) = (. (v)),

for any v € To(Q'M), where p € Q'M and 7 : Q'M — M is the basepoint projection.

Let

w=d#,
then w is a symplectic form on Q' M.

To see this, let us compute 6 in a local coordinate chart with coordinates (2%). Let

p € QLM for z € M. Then locally p can be written as

©=p (u)dwllJE + .. 4 pa(p)dx"|,

1

Thus the functions z!,... 2", p1,...,p, form a local coordinate system on QM. 1t is

then straightforward to compute that, in this coordinate system,
0 = podx®.

Hence,
w = df = dpy A dx®

and so is obviously a non-degenerate closed 2-form.

2.1.2 Symplectic reduction.

Before we discuss the theory of symplectic reduction we state fundamental theorem due to

Darboux

Theorem 2.2, (Darbouz’ Theorem). Let M be a manifold and w be a closed 2-form on M

such that W™ is nowhere vanishing, then for every x € M, there is a local coordinate chart

T

1

y o

2™, p1,y...,Pn on some neighbourhood U of x such that

wlu = dpa A dz®.

Proof. See [31] d

We shall also discuss the notion of a distribution on a manifold M.
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Definition 2.3. A distribution D on a manifold M is a subsct of the tangent bundle TM such
that the fibre D, = DN Ty M is a vector subspace of Te M for all & € M. The dimension of D,

1s called the rank of the distribution D.

An integral manifold of a distribution D on a manifold M is a submanifold N of Al which
satisfies
t(TzN) = D,y
for all z € N, where ¢ : N — M denotes the canonical injection.

Definition 2.4. A distribution D on a manifold M is integrable if, for cvery point x € M there

erists an integral manifold of D which contains x.

Let (M,w) be a symplectic manifold of dimension 2n and let £ <— M be a submanifold of
M of dimension k, 0 < k < 2n. We restrict w from M to F'. We get a 2-form on F denoted by

w|p or wp. Since

wp =" (w)
where ¢ : F' — M is the inclusion map, then
dwp =" (dw) = 0, using d¢* = "d.

Thus wy is closed.
However, in general, wy is degenerate. For example, wp is always degenerate when the

dimension of F' is odd. On a local coordinate chart with coordinates (y) then
_ x 3
wp = Wagdy® A dy
Define a distribution D C TF (a subbundle of TF) as follows:
D, :={Y, e T,F : Y, wp = 0}.

If wp is non-degenerate (i.e if wp is a symplectic form) then D, = 0. But, in general, Dy, is

non-zero and moreover, D is an integrable distribution.

Lemma 2.5. Let F be a submanifold of a manifold M and let D be a distribution of I (D C

TF). The following statements are equivalent:
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1. D is integrable,
2. for all local sections X,Y of D, [X,Y] is a local section of D,
8. D is a sheaf of Lie algebras.

Proof. See [31] O
We also have the following theorem:

Theorem 2.6. (Frobenius Theorem). Let F' be a submanifold of a manifold M with a distribu-
tion D C TF such that D is integrable, then through any y € I, there passes a local submanifold

N of dimension p such that

TN = D|y

with rank D = p.
Proof. See [31] O

Thus, if wg is degenerate, then £ is foliated by p-dimensional submanifolds (leaves). Let #7

be an open subset of £, then there is a local submersion
v:F — 7

such that v=!(z) is a leaf from the above foliation for all z € Z. Z is called the quotient manifold

(or the parameter space) of the foliation.

Theorem 2.7. Z comes equipped with a symplectic form wy such that
wp = v (wgz)

Thus (Z,wyz) is a symplectic manifold.

This process, beginning with a submanifold F of a symplectic manifold (M,w) and ending

in the symplectic manifold (Z,wz), is known as symplectic reduction.
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Hamiltonian vector fields.

Let (M,w) be a symplectic manifold and let H be a function on Q' M. Define the vector field

Yy as follows:

YH w=dH

The pair (H, Q' M) is known as a Hamiltonian system and the integral curves of Yy are solutions

of equations called Hamilton equations which are given locally as

dz®  OH

dt Opa
dpo _ OH
At 9z

where (z!,...,2% p1,...,pn) are local coordinates in Q' M. Or alternatively we have

OH 0 oH o

Yy = o — .
H Opa 0z Ox™ Opy

2.1.3 Contact manifolds.

Let M be a complex (2n + 1)-dimensional manifold. Let D C T'M be a subbundle in T'M of

rank 2n. Then define the quotient bundle
L=TM/D
It is a line bundle so there is an exact sequence
0-»D—->TM — L —0.
With any such D C TM one can associate a Frobenius form
¢:N°D— L
(X,Y)— [X,Y] mod D

Definition 2.8. A contact structure on a (2n + 1)-dimensional manifold M is a rank 2n sub-
bundle D of the tangent bundle such that the associated Frobenius form ¢ is non-degenerate. L

s called a contact line bundle.

The non-degeneracy condition in the above definition is as follows; Let {e,} be any local

basis of D and {ep} be any local basis of L. Then

®(¢arep) = dap(@)-co
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where @a3 = —@ga, /3 = 1.....2n. ¢ is called non-degenerate if det ¢ng # 0. It can be casily

shown that this is well defined.

One can also easily verify that the above non-degeneracy of D is equivalent to the fact that

the 1-form 0 € HO(M, L ® Q! M) satisfies the condition
6 A (d)" #0
where ¢ is the “twisted” 1-form defined by the exact sequence
0-D-MY Lo
We also have the following important definition:

Definition 2.9. Let Z be a complex submanifold of a (2n + 1)-dimensional contact complex
manifold Y such that TZ C D (Z is said to be isotropic). Then of Z has dimension n then Z

is said to be a Legendre submanifold of Y.

2.2 Jet bundles.

Let M and N be manifolds and let x € M and y € N. Let f be a differentiable map
f:U— N,

where U is some open neighbourhood of z, such that f(z) = y. Let Oz (M, N) denote the set
of all such maps. In a local coordinate chart in neighbourhoods of x and y respectively, with

coordinates () on M and (y*) on N, we can express an element f of O, (M, N) in terms of

a Taylor expansion. This leads to the following definition:

Definition 2.10. Let f and g be elements of Op (M, N) and let () and (y*) be local coor-
dinates of local coordinate charts defined in a neighbourhood of x € M and y € N respectively.

Then we say that f and g are tangent to the k-th order at x if they have the same Taylor

expansion up to the order k.

This definition allows us to then define an equivalence relation on Oy (M, N).

Definition 2.11. Let f and g be elements of Oy (M, N). We say that f and g are cquivalent

to order k if they are tangent to the k-th order at x. It can be shown that this relation is an
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equivalence relation in Og (M, N) and, moreover, that this relation does not depend on the
choice of local coordinates. The equivalence classes for this relation are called the k-th jets from
z to y thus an equivalence class for an element f € O, ,(M, N) is called the k-th jet of f at the
point = and is denoted by jkf. The set of k-jets from x to y is denoted by Jf‘y(/\/l, N)Y and the

set of all the k-jets from M to N are denoted by J*(M, N) and it can be shown that JY(MLN)

has a manifold structure.
Let f € O, (M, N). Define the map j*f as follows:
M — JE (M,N)
x> grf
We call j* f the k-jet extension of f.
J'E in a local coordinate chart.

Let (E,M,n,R?%) be a rank a vector bundle E over a manifold M of dimension n. We define
the set J*E as the space of k-jets of local sections of . Thus J¥E is contained in J*(M, I).

Since E is locally trivial we can cover M by open neighbourhoods {(U;, ¢:)} such that the map

¢; :HU;) — Uy x R?

is a homeomorphism. Let z € #~!(U;) := E|y, and let ('J:%)) be coordinates in Uj, then
¢1(p) - (‘Ifz)’ v?z))

where a =1,...,a and p=1,...,n. For x € E|y,ny, we have

x’(’i) = ij)(I?j)) forpg=1,...,n
¢ (¢4 3
vy = g(ij)ﬂ(mgj))vzj) fora,p=1,...,a

Let v € J'E then in U; N U; we have
vap (@) = (2, v, (2F))

where cach v?;) is given by

o _ .« a P
V() = Vi) WPy
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Hence v(;) is given by the map
Ty = (@ vy W)

such that on U; N Uj,
P _ P (.4
o = Jin ()

_ q el
Vi) = 9Gns(E ()G
0z, g
¢} (i5)B ) i
wh) = Far dat, O, Vi) + 968 %s())»

where p,q,8,5§=1,...,nand o, 8=1,...,a

Consider a subspace of vectors of the form (0, wg j)), then

QJ

: 4)
W) = 908 5z,

’ll) )

thus EQQ' M is a subbundle of J! E consisting of all vectors of the form (0, w;’(i)). Since K2 M

has rank na and J'E has rank na + a then we have the following short exact sequence:

0—-EQQOM > J'E>E->0

0— (v§,0) - (v*,vY) - (v¥) > 0
s 3

Locally, a connection V on F is a set of functions I’ 7{, € E®wE*® QM and so V defines a

map (also denoted by V):
V:J'E-EQQM
(v%,v5) = (vg + Lgyo?)
and this in turn defines a map (also denoted by V):
V:E—>JE

(v) > (W%, ~To50")

2.3 The Normal bundle.

Let Y be a manifold and let Z be a submanifold of Y. Then we define the space

N, =T,Y/T,Z
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for each z € Z. N, is called the Normal space of Z < Y at the point z € Z. The set
Nzy = UN, for all z € Z is called the Normal bundle of Z — Y and is a vector bundle. Denote

TY |z to be the vector bundle T'Y restricted to Z, then by definition, we have
0-TZ—>TY|z— Nzy — 0,

which gives,
0— Npy = Y|z > Q'Z — 0.

The normal bundle in a local coordinate chart.

Let Z be a r-dimensional submanifold of an n 4+ r-dimensional manifold Y. Obviously, Z is

covered by coordinate neighbourhoods Y; in Y. We choose a local coordinate

(yi»zi):(yila"-ay?»z'il""az{)

on each neighbourhood Y; such that Z NY; coincides with the subspace of Y; determined by

y}:...:yi":().

A general 1-form on Q'Y |y, is given by

w = wA(yv Z)dy{" + wa(ya z)dz{‘,

and a typical vector of TZ is given by 3%, where A=1,...,nanda=1,...,r. Thus,
weN*@wJaz? =0
S wa(0 z)aly-AJi + wa (0, 2)dz =)
’ PToL T ok 7
where A=0,...,nand a,b=0,...,r.
But
0 ow
dwf i = 5 = ¢
P7928 T B2
0
dz? j— = 82,
J(’)z? b

Hence w € N* if and only if wp(0, z) = 0 and so

wlz = wa(0, 2)dy| z,
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for any w € N*, where A=0,...,n.

Similarly, a tangent vector v in N at the point z € Z will have the form
0

v, = vaA(0, 2)—=|,.

z (0,2) By |2

The Normal bundle of a Legendre submanifold.

Let Z be a n-dimensional Legendre submanifold of a (2n + 1)-dimensional complex contact
manifold with contact structure D and line bundle L. Then the normal bundle Nz of Z is
isomorphic to J'Lz, where Lz = L|z.

From Section (2.2) we have the exact sequence
0-EQQUM—J'E—E—0

where E was any vector bundle over a manifold M. Therefore, in this case, with Z a Legendre

submanifold of a contact manifold Y, because J'Lz = Ny, Nz fits into the exact sequence

0> QUM®Lz - Nzy — Lz —0.

2.4 Kodaira relative deformation theory.

We shall now give an overview of a theorem by Kodaira from 1962. For further details see [15]

and [16].

2.4.1 Analytic families.

Let Y be a complex manifold of dimension n + r. Let M be a complex manifold. We can form

the product space Y x M and let 7y be the canonical projection of Y x M onto M.

Definition 2.12. Let Z be a complex analytic submanifold of Y x M of codimension v such

that

1. for each x € M the set ZN (Y x z) is a connected, compact submanifold of Y x x of

dimension n,

2. for each z € Z, there exists v holomorphic functions

fl(yv‘r)""afr(y‘w)
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defined on a neighbourhood U, of z in Y x M with coordinates (y',...,y" ", x) such that

a(fla-'-vfr)

ot .y
and Z is defined by the simultaneous equations
fily,2) = ... = fr(y,z) = 0.

then the pair (Z, M) is said to be a complex analytic family of Y. We call M the Kodaira

moduli space of the family. For each point x € M we set
Z, xxz=2N(Y xz).
The submanifold Z, of Y is called the fibre of Z over x.

So an analytic family is a complex submanifold Z — Y x M such that the restriction of the
projection 7; of Z is a proper regular map. Let my be the canonical projection from Y x M to

Y and let v := m;|z and p := 7|z, the family Z then has a double fibration structure

For each r € M we say that the compact complex submanifold
Zy=pov z) =Y
belongs to the family Z.

Definition 2.13. Let zo be a point in M and let (2, M) be an analytic family of compact
submanifolds Z, of Y (where x € M) such that for any analytic family (W, N) of compact

submanifolds Wy, y € N, of Y with the property
Wyo = Zro
for a point yo of N, there erists a neighbourhood Uy, of N and a holomorphic map
hiy = h(y)
of Uy, tnto M sending yo into xo such that
Wy = Zn)

Jory € Uy,. Then we say that (Z, M) is marimal at the point g of M.
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Let (Z, M) be an analytic family of Y. There is a linear map jg,
Jr : TeM — HO(V_l(a:),N,,-x‘Z),

which is the natural lift of a tangent vector v € T, M to a global section of the normal bundle

of the submanifold v~ !(x) = Z, x £ < Z. We then define the composition

kz 1= Uy O jmv
where
[T HO(V_I(Z'),NV—l(x)IZ) — HO(Zza NZJ,D")a

is the differential of u.

Definition 2.14. An analytic family (Z, M) of Y is called complete if the map k, is an iso-

morphism for all x € M. Thus dim M = h®(Z,, Nz.v)-
In 1962 Kodaira proved the following theorem:

Theorem 2.15. Let Y be a complex manifold and let Z be a compact complex submanifold of Y
with normal bundle N. If HY(Z,N) = 0 then Z belongs to a complete mazimal analytic family

(2, M) of compact submanifolds of Y.

Proof. See Kodaira ([15]) a

2.5 Deformations of compact Legendre submanifolds of com-

plex contact manifolds.

We shall now be interested in the specialisation (which will actually turn out to be a generali-
sation) of the Kodaira relative deformation problem where the initial manifold Y is a complex
contact manifold with a compact Legedre submanifold Z and we are concerned with the set of

all holomorphic deformations of Z inside Y which remain Legendre.

Definition 2.16. Let (Z, M) be an analytic family of a complex contact manifold Y be such
that for any point x € M, the corresponding subset Z, = po v~ (x) is a Legendre submanifold

of Y. Then we say that (2, M) is an analytic family of compact Legendre submanifolds. The

parameter space M is called a Legendre moduli space.
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Let (Z, M) be a analytic family of compact Legendre submanifolds of a complex manifold
Y. According to Kodaira there is a natural linear map k, : T,M — H®(Z,, N Zr|y). We say

that the analytic family (Z, M) is complete at a point x € M if the composition
se 1 TeM 25 HY(Z,, Ny yv) 25 HY(Zs, Lz,)

provides an isomorphism between the tangent space of M at the point x and the vector space

of global sections of the contact line bundle Lz, := L|z, over Z,, where L is the line bundle

defined by the contact structure on Y.

In 1995 Merkulov ([24]) proved a simple condition for the existence of complete Legendre

moduli spaces.

Theorem 2.17. Let Z be a compact complex Legendre submanifold of a complex contact man-
ifold (Y,L). If H(Z,Lz) = 0, then there exists a complete analytic family of compact Legendre

submanifolds (2, M) containing Z. This family is mazimal and dim M = h®(Z, Lz).

Proof. See Merkulov [24] O

Let Z be a complex manifold and Lz a line bundle on Z. There is a natural "evaluation”

map H%Z,Lz) ® Oz — J'Lz whose dualization gives rise to the canonical map
Lz ®S*THJ'Lz)* = Lz ® S¥(J'Lz)" ® [HY(Z, Ly)]"
which in turn gives rise to the map of cohomology groups
HY(Z,Lz; ® S¥T1(J L)) & HY(Z, Lz © S*(J'Ly)") & [H(Z, L))"
For future reference, we define a vector subspace

HYZ,L; ® S**1(J'Lz)*) :=ker ¢ C HY(Z, Ly @ S*T1(J'Ly)").

2.6 G-structures induced on Legendre moduli spaces of gener-

alised flag varieties.

Recall that a generalised flag variety Z is a compact simply connected homogencous Kahler

manifold. Any such a manifold is of the form Z = G/P, where G is a complex semisimple
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Lie group and P C G a fixed parabolic subgroup. Assume that such an Z is embedded as
a Legendre submanifold into a complex contact manifold (Y, L) with contact line bundle L
such that Lz := L|z is very ample. Then the Bott-Borel-Weil theorem and the fact that
any holomorphic line bundle on Z is homogeneous imply that H'(Z,Lz) = 0. Therefore,
the above thecrem, there exists a complete analytic family of compact Legendre submanifolds
{Z, — Y|z € M}, ie. the initial data”Z < Y™ give rise to a new complex manifold M which,

as the following result shows, comes equipped with a rich geometric structure.

Theorem 2.18. Let Z be a generalised flag variety embedded as a Legendre submanifold into a

complez contact manifold Y with contact line bundle L such that Ly is very ample on Z. Then

1. There exists a complete analytic family (2, M) of compact Legendre submanifolds with
moduli space M being an h°(Z, Lz)-dimensional complexr manifold. For cach x: € M, the

associated Legendre submanifold Z, is isomorphic to Z.

2. The Legendre moduli space M comes equipped with an induced irreducible G-structure,
Gind — M, with G isomorphic to the connected component of the identity of the group of
all global biholomorphisms ¢ : Lz — Lz which commute with the projection w: Lz — Z.

The Lie algebra of G is isomorphic to H*(Z,Lz ® (J'Lz)*).

3. If Ging s k-flat, k > 0, then the obstruction for Ginq to be (k + 1)-flat is given by a tensor

k1)

field on M whose value at each * € M 1is represented by a cohomology class p, €

HY(Z,, Lz, ® S**3(J Ly, )").

4. If Ging is 1-flat, then the bundle of all torsion-free connections in G,,q has the typical fibre

of an affine space modelled on H%(Z,Lz @ S?(J'Lz)*).
Proof. See Merkulov ([24]) O

Remark:

The above theorem is actually valid for a larger class of compact complex manifolds Z than
the class of generalised flag varieties - the only vital assumptions are that Z is rigid and the

cohomology groups H1(Z,0z) and H'(Z, L) vanish.
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The geometric meaning of cohomology classes p[f e YWZa Ly, @ SM2(J' L)% of

Theorem (2.18 (3)) is very simple - they compare to (k 4 2)th order the germ of the Legendre
embedding Z, — Y with the "flat” model, Z, — J!Lz_, where the ambient contact manifold
is just the total space of the vector bundle J!Lz_ together with its canonical contact structure
and the Legendre submanifold Z; is realised as a zero section of J'Lz, — Z,. Therefore, the
cohomology class pg[vk ! can be called the kth Legendre jet of Z, in Y. Then it is natural to
call a Legendre submanifold Z, — Y k-flat is ka] = 0. With this terminology, the item (3) of
Theorem (2.18) acquires a rather symmetric form: the induced G-structure on the moduli space

M of a complete analytic family of compact Legendre submanifolds is k-flat if and only if the

family consists of k-flat Legendre submanifolds.

2.6.1 Examples
This general construction can be illustrated by two well known examples.

1. The first example is a "generic” GL(n,C)-structure on an n-dimensional mamifold Al.
The associated twistorial data Z < Y is easy to describe: the complex contact manifold
Y is the projectivized cotangent bundle P(Q' M) with its natural contact structure while
Z = CP" ! is just a fiber of the projection P(Q'M) — M. The corresponding complete
family {Z, < Y|z € M} is the set of all fibres of this fibration. Since Ly = O(1) and
J'Lz =C*®@0z, we have HY(Z, Lz ® S¥+2(J'Lz)*) = 0 for all k > 0 which confirms the
well-known fact that any GL(n,C)-structures on an n-dimensional manifold are locally

flat.

2. The second example is a pair Z — Y consisting of an n-quadric @Q,, embedded into a
(2n + 1)-dimensional contact manifold (Y, L) with L, &~ *Ogpnt1(1), i : Q, — CP""'
being a standard projective realisation of Q,. It is easy to check that in this case
H%(Z,Lz ® (J'Lz)*) is precisely the conformal algebra implying that the associated
(n + 2)-dimensional Legendre moduli space M comes equipped canonically with a confor-
mal structure. Since H(Z, L, ® S?(J'Lz)*) = 0, the induced conformal structure must
be torsion-free in agreement with the classical result of differential geometry [6]. Easy

calculations show that the vector space H!(Z, Ly ® S3(J'Lz)*) is exactly the subspace
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of TM ® Q1'M ® Q22M consisting of tensors with Weyl curvature symmetrics [6]. Thus
Theorem (2.18(3)) implies the well-known Schouten conformal flatness criterion [6]. Since
H%(Z,Lz;%S%(J'Lz)*)is isomorphic to the typical fibre of Q' M, the set of all torsion-free
affine connections preserving the induced conformal structure is the affine space modelled

on H(M,Q!M), again in agreement with the classical result [6].

How large is the family of G-structures which can be constructed by twistor methods of

Theorem (2.18)7 As the following result shows, in the category of irreducible 1-flat (G-structures

this class is a large as one could wish.

Theorem 2.19. 1. Let H be one of the following representations:

(a) Spin(2n + 1,C) acting on C**, n > 3;
(b) Sp(2n,C) acting on C**, n > 2;

(c) G2 acting on C7.

Suppose that G C GL(m,C) is a connected semisimple Lie subgroup whose decomposition
into a locally direct product of simple groups contains H. If G is any irreducible 1-flal
G - C*-structure on an m-dimensional manifold M, then there erists a complex contact
manifold (Y, L) and a generalised flag variety Z embedded into Y as a Legendre subimnan-
ifold with Lz being very ample, such that, at least locally, M is canonically isomorphic to

the associated Legendre moduli space and G C Ging. In particular, when G = H one has

(a) Z =80(2n +2,C)/U(n+ 1) and Gina is a Spin(2n + 2,C) - C*-structure;
(b) Z = CP*"*! and Ging is a GL(2n, C)-structure;

(c) Z = Q5 and Ging is a CO(7,C)-structure.

Let G € GL{(m,C) be an arbitrary connected semisimple Lic subgroup whose decomposi-
tion into a locally direct product of simple groups does not contain any of the groups H
considered in (1). If G is any irreducible 1-flat G -C*-structure on an m-dimensional man-
ifold M, then there exists a complex contact manifold (Y, L) and a Legendre submanifold

Z =Y with Z = G/P for some parabolic subgroup P C G and with Lz being very ample,
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such that, at least locally. M is canonically isomorphic to the associated Legendre moduli

space and G = Gypng.

Proof. See Merkulov ([24]) O

The conclusion is that there are very few irreducible G-structures which can not be con-
structed by the twistor methods discussed. It is also worth pointing out that Theorem (2.18)

gives rise to a new and rather effective machinery to search for exotic holonomies.

2.7 From Kodaira to Legendre moduli spaces and back.

In this subsection we first show that any complete Kodaira moduli space can be interpreted as a
complete Legendre moduli space and then use this fact to prove a proposition about canonically
induced geometric structures on Kodaira moduli spaces.

If Z— Y is a complex submanifold, there is an exact sequence of vector bundles
0— N3y - Q'Y|z - Q12 -0,

which induces a natural embedding, P( EIY) — P(Q'Y), of total spaces of the associated
projectivised bundles. The manifold ¥ = P(Q'Y) carries a natural contact structure such
that the constructed embedding Z = IP(N%]Y) < Y is a Legendre one. Indeed, the contact
distribution D ¢ TY at each point § € Y consists of those tangent vectors X g €T gf’ which
satisfy the equation < g, 7.(Xy) >= 0, where 7 : Y — Y is a natural projection and the angular
brackets denote the pairing of 1-forms and vectors at 7(g) € Y. Since the submanifold ZCY
consists precisely of those projective classes of 1-forms in Q'Y|Z which vanish when restricted

on TZ, we conclude that TZ C D| ;. One may check that this association
Kodaira moduli space — Legendre moduli space

{Z: = Y|z € M} = {Z, :=P(Ny ) = ¥V :=P(Q'Y)la € M}

preserves completeness while changing its meaning, i.e a complete Kodaira family of compact

submanifolds is mapped into a complete family of compact complex Legendre submanifolds

(which is usually not complete in the Kodaira sense).



Chapter 3
Twistor Transform Of Symmetries.

3.1 Basic Notions.

Let M be any complex manifold and let Q'M be its cotangent bundle. There is a canonical
holomorphic 2-form on Q'Af which can be defined as follows. If w : Q'M — M is the base
point projection, then, for every v € T,(Q' M), define a 1-form 6 on the total space QUAT by
the equation

6(v) = a(m.(v)).

Thus 8 is a holomorphic 1-form on QM and w = d# is the canonical symplectic form on QLA
To see this, let us compute @ in local coordinates. Let z : U — R™ be a local holomorphic
coordinate chart. Since the 1-forms dz!,...,dz" are linearly independent at cvery point of U,

it follows that there are unique functions p; on QM so that, for « € QLU,,

a=pa)d2 e + ...+ pa(a)dz,.

1

The functions z',..., 2", p1, ..., pn then form a holomorphic coordinate system on 2! M in which

the projection mapping n is given by
7(z,p) = 2.

It is then straightforward to compute that, in this coordinate system,
0 = podz“

Hence, w = dp, A d2® and so is obviously non-degenerate.
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Thus the total space of the cotangent bundle Q'Af has a canonical holomorphic symplectic
structure represented in a natural local coordinate system {z®, p,} by the 2-form w = dp, Adz".
Then the sheaf of holomorphic functions on Q! M is a sheaf of Lie algebras relative to the Poisson
bracket {f,g} = w™!(df,dg), or, in local coordinates,

_Of 09 Of 9y

{/.9} = Opa 020 2% Op>’

Suppose & is a CO(n, C)-structure on an n-dimensional manifold Af. With such a & there

is naturally associated a subbundle @ cOM

F={pe Q' M\0: g(u p =0}

where g is any metric in the conformal class [Q%g,] defined by &. This subspace 3, called
the subspace of "null” or “isotropic” 1-forms, is a hypersurface in Q'M. There is a natural

C*-action on F:
C* 3 — 3,
B Ap

where A € C*. Note that if g(u, ) = 0, then g(Ap, M) = Mg(u, u) = 0. Let P(Q'M) =

Q' M\0/C* and let F' = §/C* ¢ P(Q! M) to be the quadric lying in the projectivized cotangent
bundle P(Q!M).

3.1.1 Rank 1 Distribution On §.
Consider the symplectic form w restricted to § C Q' M. We shall denote it by w| 5 Now
d(wlz) = (dw)lz =0lz=10

so that w3 is a closed 2-form on 3. Clearly, wlz is degenerate (as the dimension of F is odd).

Hence, there is a distribution © 5C Té defined by
Dz= {ve TF : w(v, )|C€ = 0}

which is non-empty. Actually, rank ® = 1 and it is locally spanned by one vector field

b ¢
,D _ a(ga papb)[ a Fb p d ]
— 7 fafb/ _ p ——
ap° 0z¢ 7 Opa
where g“b is inverse to a metric g4 and I’E’,a is the Levi-Civita connection of gqp, gap being any

metric in the conformal class G
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3.1.2 Killing Vector Fields Versus Dj;.
Take any vector field X = X“(z)?;":’—r on M. Define an associated function hx = X%p, on Q'AI.

Theorem 3.1. hy |~3 is constant along the distribution Dz if and only if X 1s a conformal Killing

vector field, in other words Dhx|z = 0 if and only of X satisfies VFXY + VY XH = O2ghv.

Proof. § is a quadratic hypersurface in F — Q'M\0, given by one equation

f=9paps =0

Indeed,

F = {neQ'M\0: g(p p) =0} = {padz® : g(padz”, pgdz?) = 0}

= {padz® :papgg(dz“,dzﬂ) =0} = {padz®: pap}gg“ﬁ =0}

Let X be a vector field then

9
X = X%(2) g = hx = X*(2)pa

on Q'M. Clearly h x |3 s constant along the leaves of the distribution Dz il and only if Dhx|; =

0, where

of , 0 0
D= —(~—— Y e —)|z
(91),,(82" +F(,gpw 8pli)’3

Let us study the equation Dh xl‘;’. = 0. In local coordinates (2%, p,), it takes the form

8(9%peps) O(X°ps) v . O(XOps),
Bpe Bz e, e =0

é

X
= (20" po) (55

ps + I ap XP)|5 = 0

ox?®
= (2" 0z

)
0ze

pspo + 29°°T ] 3pypo X7)|3 = 0

= (2_(]0(’

pspo + 26°° T gpype X”) = Q2 g™ papps

for some function 2. Changing the notation slightly we have,

v
f1x

0X . ‘
9 0z@ PubPv + gl °1 f’,gXﬁPu:Du = QZQWP;LPU

or

e oxX" voa axX*

+ 9 6~,a

9 0z

+ "X + g Tl X P = Qg
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which is precisely the equation
VEXY + VVXH = Q% gH.

We have already shown that this equation is equivalent to saying that X is a conformal Killing

vector field (see Section (1.5.1)). O

3.2 Twistor Transform Of A Conformal Killing Vector Field.

The integral curves of the rank 1 distribution Dl@ foliate §. Let ¥ be the parameter space
of these integral curves. If M is sufficiently "small” ¥ is a holomorphic complex manifold of
dimension 2n — 2. Moreover, Y has a symplectic form @ such that o) = w|3. There is a
C*-action on Y. The quotient ¥ /C* = Y2"~3  is a contact manifold of dimension 2n ~ 3. When
the dimension of Y is one, then this space is called the ambitwistor space. We shall also call Y
an ambitwistor space for any dimension. The contact line bundle L on Y is just the guotient

L = § x C/C* relative to the natural multiplication map
FxC-o3FxC,
(p’c) - (AP’A’C)

where A € C*.
Given a conformal Killing vector field X, we produce the function hy = X“%p,. We know
that this function is constant along the integral curves of D 5z Hence hy = 1w (fx), for some

function fx on Y which is homogenous of degree 1 with respect to the C* action.

Theorem 3.2. Any conformal Killing vector field X on (M, G) gives rise to a global section

sx € HO(Y, L*) on the associated ambitwistor space.

To show this we must first introduce the notion of Euler vector fields.

3.2.1 Euler Vector Fields.

Let E — Y be a holomorphic vector bundle of rank k over a n-dimensional manifold Y. Let

{Yk), (28syr vixy)} be a coordinate covering of K. Then on Uy Nty # B we have

a ar. b ] i )
2y = 9°(2(n)s Vi = 95 (200
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for some holomorphic functions g*(2), g;(z), where 2{yy are coordinates in the base and vy, are
coordinates in the fibre.

Define in 4 the vector field

€k) = Z ”(k)

It is easy to show that €y) = €() on each Yy Ny # B. Hence, we have a globally defined

'U(k)

vector field on the total space F which we call the Euler vector field.
Now let be L be a line bundle and (z?k)’ 5(k)) @ local coordinate system of L. In this case

€= s(k)&% is the Euler vector field of L.

Lemma 3.3. Let L — M be a complex line bundle over M. Let Oy, be the sheaf of holomorphic

functions on L. Then

{f €T(L,OL);ef = kf} = T(M, (L*)®")

Proof. Let Uy be a covering of L such that ﬂ’l(ﬂ(k)) = Ury X € Then (zqy.800) € Uy x C
and (2(), s0y) € Yy x C, Uy Ny # O are the same point on L if sy = ey (x5 where
the transition function c(x)(2(k)) is a non-vanishing holomorphic function on Uy Ny, Let

f € (L,0L). Then locally on iy we have f = f(k)(z?k)’ 8(ky) and

e i = e & 809 28— kfuo e f = 10 ()5t
6 Ju) =Rty & stz ==Kl & ) = Jig(zm)say

Thus, on Yy Ny # 0, foy = fijy(z0))sfyy = f(OU(Z(z))lf(kz)(z(k))ksf}c) = S Gw)sty = Jw-
Thus,

foo (zay) = C(kl)(z(k))kf((;)(z(l))
f(ok)((k)) defines a global section of (L*)®k over M since the transformation law of f(“k)(:(“) i
the same as the transformation law of a section w € D(M, (L*)®*). To see this, locally on Uiy,
wiky € T'(Lry, (L*)®") must have the form Wik = Ty (2k))e®. . .®e where ¢ € (g, L7) which
vanishes nowhere. On Uy Ny # B, ey = hy(2(k))eq), Where higyy(zx)) is a non-vanishing

holomorphic function on Uy N4y Thus we have on LUy N4y # 0

way = rolzgleq ® - .- @ewy = ray(20)) (hwy (2@))ew) @ - - @ bun ((zgy))ew))

ray () (b (za)) ey © .. ® ek) = Ty (Zy)ewk @ . ® ey = wiy
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Thus,

iy (zey) = (hoen () r ()

as required. O
Proof Of Theorem: From the above Lemma, when k = 1 we have
{feT(L,OL);ef = f} =T(M, L")

Then since sx, given by hx|§ = p*(sx), is a global function on Y homogenous of degree one

and is an element of {f € I'(L,OL);cf = f}, sx is an element of H(Y, L*). QED.

3.3 Inverse Twistor Transform.

In the previous section we have shown that any conformal Killing vector ficld X on the conformal
manifold M gives rise to a global section sx € H%(Y, L*) on the associated ambitwistor space.

Now we want to show that this association;

{Killing Vectors on M} — {global sections of L' —Y}

is one-to-one.

Let s € H°(Y,L*) by Lemma (3.3), s can be viewed as a global holomorphic function f;
on the total space of the contact line bundle L on Y of homogenity one with respect to the
Euler field. Then p*(fs) is a global holomorphic function on ¥ which is homogenous of degree
1 with respect to the C* action po — Aps. By Lemma (3.3) again, p*(f,) is a global section of
the line bundle O(1)|r, where O(1) is the line bundle on the total space P(Q2'M) dual to the

tautological line bundle O(—1). We denote this element of HO(F, O(1)|z) by 4.
Lemma 3.4.

H(F,0(1)|r) = H'(B(Q' M), O(1)).

Proof. The space F' is a relative irreducible hypersurface in the projectivised cotangent bundle
P(Q'M). Since it is also irreducible any function g € Olp( py vanishing on I must be of the

? . . . . .
form g gaﬂpapg for some ¢'. Since gaﬂpapg is homogenous of degree two in py, it can be viewed
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of an element of O(2). Hence ¢’ € O(~2). Thus an the ideal sheaf of ' C P(Q' M) is isomorphic

to O(—2) and we have an exact sequence of sheafs,
0 — Opian(—2) = Opqiny — O — 0
Tensoring this extension with O(1), we get
0 — Opiary(—1) = Opar (1) = Op(1) = 0
This in turn implies the associated long exact sequence
0 — H(P(Q'M),0(-1)) — H'(P(Q'M),0(1)) — H(F,0p(1)) — H' (P(Q'M),0(-1)) -
However, by Leray spectral sequence (see [5]), we have for M "small”,
HOP(Q'M),0(-1)) = H' (M, 7)(O(-1)))
and
H'(P(Q'M),0(-1)) = H' (M, m,(O(~1)))
In our case, 7~ 1(z) = P*~. Hence,
m(O(=1)) = H'(P"',0(-1)) = 0
and
T (O(=1)) = H*(P"1,0(=1)) =0
and the result is proved. |

Corollary 3.5. HO(Y, L*) is isomorphic to the subspace {f € O\ E£f = [.Dflz = 0}

Proof. We have shown already that s € HO(Y, L*), defines an element § of H°(F, O}) and hence,
by Lemma (3.4), an element § of HO(P(Q!M), O(1)). By Lemma (3.3), H(P(M),O(1)) = {[ ¢
Oquianos Ef = f}, i.e. 5 gives rise to a global function on QM of homogeneity of degree 1 with

respect to the transformation p, — Apy, 1.e. f is linear in p,,

§ = X*(2)pa (3.1)

for some smooth functions X* on M.
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By construction,
implying

Thus we have produced an injection

HO(Y,L*) — {f (S O()‘M\Oylgf = f,:D/'];? = ()}

O
This is actually one-to-one according to Section (3.2), thus we have the following theorem:

Theorem 3.6. There is a one-to-one correspondence between the vector space of Killing vee-
tor fields X on a conformal manifold (M,G) and the vector space H*(Y, L"), where Y is the

associated ambitwistor space and L is the contact line bundle on Y.

3.3.1 Grassmannian Manifolds.

We shall begin this section with a review of Grassmannian manifolds. Let V be a n-dimensional
C-vector space and let Gr(k, V) := {the set of k-dimensional subspaces of V} for & < n. Such
a Gr(k,V) is called a Grassmannian Manifold. The Grassmannian manifolds are clearly gen-
eralisations of the projective spaces (in fact, P(V) = Gr(1,V)) and can be given a manifold
structure in a fashion analogous to that used for projective spaces.

Consider, for example, Gr(k,C"). We can define the map
72 Mgxn(C) — Gr(k,C")
where My, (C) denotes the set of complex-valued k& x n matrices and

far

m(A)=m | . | = {k-dimensional subspace of C" spanned by the row vectors {a;} of A}

ak )
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We notice that for ¢ € GL(k,C) we have m(gA) = 7(A) (where gA is matrix multiplication),
since the action of g merely changes the basis of 7(A). The mapping 7 is surjective.  Let
Gr(k,C™) have the quotient topology induced by the map =, i.c U C Gr(k,C") is open il and
only if #~1(U) is open in Mgx,(C). Hence 7 is continuous and Gr(k,C") is a Hausdorfl space
with a countable basis.

We can also make Gr(k,C") into a complex manifold. Consider A € M, (C) and let
{A1,..., A} be the collection of k x k minors of A. Since A has rank k, A, is nonsingular for

some « and there is a permutation matrix P, such that
AP, = [AaAs]

where A is a k x (n — k) matrix. Note that is ¢ € GL(k,C), then gA, is a nonsingular minor
of gA and gA, = (gA)a. Let U, = {S € Gr(k,C"); S = n(A), where A, is nonsingular}. This
is well defined. The set U, is defined by the condition det A, # 0; hence it is an open set in
Gr(k,C"), and {U,}! _, covers Gr(k,C").

We define a map

ha : Uy — CFOF)

by setting

h(,(ﬂ'(A)) — A;lfi(, c Ck(n——k,)

where AP, = [AqAs]. Again this is well defined and it is easy to sec that this defines a
holomorphic structure on Gr(k,C"). Hence, Gr(k,C") is a complex manifold.
Let z € Gr(k,V) where V is a n-dimensional complex vector space, and let S, be the

k-dimensional subspace corresponding to x. We denote
S = {(z,v);z € Gr(k,V),v € S;} C Gr(k,V) x V,

We then let w: S — Gr(k, V) be the projection onto the first component. We call S the tauto-
logical vector bundle on Gr(k,V) and the fibre of S at x € Gr(k,V) is just the A-dimensional
subspace 8.

We can represent the tangent bundle of Gr(k, V), denoted by TGr(k, V), in terms of the

tautological vector bundle as follows. Let Gr(k,V) x V be trivial vector bundle with fibre V.
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Then we define a rank n — k vector bundle S by the exact sequence
0-8—>Grk,V)xV =8 —0.
The tangent bundle of the Grassmannian factorises as follows.

Theorem 3.7.

TGrk,V)=8S® 8"

Proof. See Manin [20]. 0

We shall now be interested in Gr(2,C*) to illustrate the use of Theorem (3.6).
Proposition 3.8. Gr(2,C*) has a canonical conformal structure.

Proof. We know that a metric gq on a manifold M is a section of T'(M, Q' M Q! M). Therefore,
a conformal class of metrics {Q2%(2)gqp} must determine a line subbundle, say L, in QM Q' A,
where the fibre of L at x € M is {Cgyp}. In other words, a manifold M will have a canonical
conformal structure if and only if there exists a line subbundle in Q' M @ Q' M admitting a non-
degenerate section. We shall show that in the case M = Gr(2,C*) the bundle Q'Gir(2,C)
O Gr(2,C*) does indeed have a canonical line subbundle.

We know that Q'Gr(2,C*) = §* ® S, therefore,

QGr(2,CH e Q'Gr(2,CY) = (S*R8)O(S*R®S)
= §'O0S8*QRSOS + A8 & A%S

Since, A2S* ® A%S has a rank of one and locally has non-degenerate sections, this is the

canonical line bundle that represents the canonical conformal structure on Gr(2,C1). a

According to Penrose [30], the pair (Gr(2,C*), A28* ® A2S) represents the compactified
conformal Minkowski space.

Now let us return to the notation used in Theorem (3.6) with M = Gr(2,C"). Then with
this notation F = F(1,2,3 : C*) and Y = F(1,3;C?), where F(1,2,3;C*) = {The sct of all
pairs (Ly,S,, D;) in C* where L, is a line in C*, S, is a 2-surface in C* and D, is a 3-surface

in C*}.
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Since Gr(1,C*) = CP? with coordinates 2%, a = I,...,n and Gr(3,C") = CP* with coordi-
nates wg,a = 1,...,n, then clearly Y is a hypersurface in C? x CIP? given by 2%, = 0. Hence,
Y has a contact structure with contact line bundle L* = O(1, 1)]y. We shall now use Theorem

(3.6) to prove the following result.
Theorem 3.9. There are 15 linearly independent Killing vector ficlds on Gr(2,CY).
Proof. Let n be the number of linearly independent Killing vector fields. By Theorem (3.6),
n= HO(Y, L")
Let us compute n. We have the short exact sequence
0— 0(0,0) - O(1,1) — Op(1,1) -0
which gives the long exact sequence

0 — HO(CP? x CP*,0(0,0)) — HCP? x CP*, 0(1, 1))

—  HOY,L*) = H'(CP? x CP*, 0(0,0)) - ...

However,

HO(CP? x CP3,0(0,0)) = H(CP3, O(0)) & H°(CP*, O(0)) = C,
HO(CP? x CP*,0(1,1)) = HY(CP*, 0(1)) & HO(CP?, 0(1)) = C" & C*,
and
H'(CP*xCP*, 0(0,0)) = H'(CP?, O(0))® H(CP*, O(0)) & HO(CP, O(0))ea 1 (TP O(0)) - 0
Thus, the long exact sequence becomes,
0—C—-C'oC" > HY(Y, L") -0

and so

fIO(Y, L*) — Clti/(c — (le')
Hence, n = 15 as required. Q

This is a new proof of the classical result in differential geometry (see Novikov [11]).
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3.4 The General Case.

The next natural question that arises from this result is whether or not that this result can be
generalised, in other words a Killing vector field X on a complex manifold A with an arbitrary

G-structure corresponds to a global section of I'(Y, L*).

3.4.1 The Twistor Construction Of All “Elementary” Geometries.

Let M be an n-dimensional complex manifold and £(M) the holomorphic coframe bundle
w: L*M — M. If G is a closed subgroup of GGL(n,C), then the set of holomorphic G-structures
G on M, i.e the set of principal subbundles G € £(M) with the group (7, can be identified with
the set of holomorphic sections o of the quotient bundle 7 : L(M)/G — M whose typical fibre
is isomorphic to GL(n,C)/G.

Suppose that G C GL(n,C) is a irreducible Lie subgroup,and G is a G-structure on Al
With any such G there is naturally associated a subbundle ' ¢ Q'M whose typical fibre is
isomorphic to the cone in C* defined as the G-orbit of the line spanned by a highest weight
vector. Denote § = 17‘\()13, where 0 is the “zero” section of p : F — M whose value at cach
z € M is the vertex of the cone p~!(2). The quotient bundle v : § := F/C* > M is then a
subbundle of the projectivized cotangent bundle P(Q2*M). Let the dimension of the fibres of
P(Q2'M) be equal to m.

The total space of the cotangent bundle 2! M has a canonical holomorphic symplectic strue-
ture represented in a natural local coordinate system (2, p,) by the 2-form w = dp, A dz©.

The pullback, #*w, of the symplectic form w from Q'M\Ogipy to its submanifold ¢ : §
Q' M\Oqipy defines a distribution D C TF as the kernel of the natural lowering: of indices™
map TF 2 0, ie.

De:i={VETF:Vi'w=0}

at each point e € §.
Using the fact that d(i*w) = i*dw = 0, one can show that this distribution is integrable and
thus defines a foliation of @ by holomorphic leaves. We shall assume that this space of leaves,

Y, is a complex manifold. This assumption imposes no restriction on the local structure on M.
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Since the Lie derivative vanishes
Ly (i*w) =V ii*dw + d(V si*w) = 0

for any vector field V tangent to the leaves, the 2-form *w is the pullback relative to the
canonical projection fi : § — Y of a closed 2-form @ on Y. It is easy to check that & is non-
degenerate which means that the quotient (Y,&) is a symplectic manifold. The pair (Y,w) is
what is usually called the symplectic reduction of a symplectic manifold (2! M\Og1py,w) via its
submanifold %

If we restrict our attention to a coordinate domain U x C™ in Q' M with coordinate functions

(2%, pa) such that w|y cn\0) = @pa Ad2z®. Shrinking U C M as necessary, we may assume that

@{U is locally realised in U x C" by a system of equations

filz,p) =0,i=1,...k

where f;(z,p) are irreducible homogeneous polynomials in p, and & < n-m 1. Let V be any
torsion-free connection on the G-structure then it can be shown (see [24]) that the distribution

D defined above is locally spanned by the vector fields

ofi, 0 0
- . I"‘/ —.
1 apa ((‘)za + nrﬂpW (‘)P[i )

A G-structure on an n-dimensional manifold M is locally represented by an equivalence class

of frames,
{ca(z)}

where {¢g} ~ {‘A’{,’} if ¢ = Gb(2)e(2), where GP(2) is a local function on M with valnes in
the group G. The index a above is associated with a local coordinate system {r} on A, and
index a enumerates basis vectors in TM.

We have already shown that a Killing vector field X on M is, by delinition, a vector field X
satisfying, in any local coordinate system {x*}, where X = X”(Z)H?T and any frame {¢(2)}

from the G-structure, the equation
Cyeo =g’ (2)e
A('a - ga(")(ba

where ¢, = e;)’(z)(vg;, and gf’l(z) is a function on M with values in a Lie algebra, g, of (/.
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Lemma 3.10. If X is a Killing vector field of a given (i-structure {c(z)} on M, then
Ve, X = .(Alg("bv

where §8(z) is a function on M with values in g = Lie(G) and V = ”75‘3—,, . l‘l/,” 15 any

torsion-free connection on the G-structure.

Proof. A linear connection V : TM — TM @ Q'M on M is tangent to the given G-structure
{ea = €2(2)32=} if and only if

e Y ,
vﬁ%,-(’ﬂ - waa(z)(’b

where w? = Wb (2)d2? is a 1-form with values in g.

Then
Lxeq = gh(z)en
& (X, ea] = g2 (2)es
& Vxea — Ve X = gﬁ(z)(cb, because V is torsion free
& X*Whaep — Ve, X = g2(2)es
& Ve, X = §(2)es,
where §5(z2) == —~g%(2) + X°wh takes valucs in g. U

3.4.2 Homogeneous manifolds.

Let M be a complex manifold and let G be a matrix (n x n) group acting in C* = {Pa,a -

1,...,n}, by
G:.ct-Ct
Pao (";:.va
where (Gy) € G.
Hence G acts on the associated projective space P(C") = (C™"\0)/C*. If a point p ¢ P(C")

is represented by homogeneous coordinates [p,] then the homogeneous coordinates of (7.p are

[G’Zpb]. A submanifold N ¢ P(C") is called (-homogencous if, for any 2 € N one has (G ¢ N.
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Near any point zg € N C P(C"), the submanifold N can be described by algebraic equations:

filpa) =0,i=1,.. .k,

where f; = 3 ar [ ey« . Pay» are homogeneous polynomials in p, of degree [ € N, (for

some [).

If N is G-homogeneous, then, for any gf’l € g (the Lie algebra of () one must have

Z FE g oy Pay - PN = 0 (3.2)

albl

This follows from the (tondition that, for any x € N, one has (G.x again in N for any clement &
) Yy

in the group.

3.4.3 The General Result.

We have the diagram,

YLEFc Mo LM
and we have the projective version,
Yy £3 54 M.
Locally, the embedding § c 2! M\0 is given by homogeneous functions,

filpa) = Y F M (2)Pay Py =0,i= 1,k

a)..q

where p, are the coordinates in the fibre of Q'AM — M given by

q JN ¢ 1
pu - (“a,p(w
Po being coordinates associated to z®

Thus the functions f; are given by

5p) = > SN oy Py

aj...qq
As already mentioned, the fibres of the projection p are generated by vector fields
af , 0o 0
- 7 (L),
di = —=—(— +1 (,ﬁ(~)l)w7‘—)-

Opa 0z Opp

Assume X = X“(z)% is a Killing vector field. We associate to it a homogencous (degree 1)
function

’Lx = X (Z)pn



CHAPTER 3. TWISTOR TRANSFORM OF SYMMETRIES. 69

Theorem 3.11. If X is a Killing vector field of an arbitrary G-structure on an arbitrary compler
manifold M, then

dih,\'|f§ =0,i=1,...,k.

Proof. We have

8f2' BXH ﬁ ~

. (Gga T Fen X M)psls
afi
~ Bpa (V 2 X) sl

3
=1 Z i al("gll(vu—;,’,TX)/pﬁpa'z"'7'111‘@'

aj...qq

dihx|z =

=1 Y (Ve XD pppay - Paly

ay...a

by A3 .

= Z S (gl (f;)l]){g)fpaz -+ Pay|3 by Lemma (3.10)

aj...qq
- ay...a; b . .
=1 Z fi ! lga],plnpuz . 'I)tulff

a
=0
since the fibres of § — M are G-homogeneous manifolds, and q(’;; takes values in &, ]

Corollary 3.12.
hx = ji*(hx),

for some function hx on'Y which is homogeneous of degree 1. This is the same as a sceclion of

’-I,/\' S I‘()/7 IJ)

Thus we have now proved that any Killing vector field of M with a G-structure gives rise to

a global section of L over Y.

Theorem 3.13. To any global section, s € I'(Y, L), there corresponds o Killing vector field on

M.

Proof. s gives rise to a function, 8, on Y homogencous of degree 15 the latter gives rise to a
function, &z, on F, homogeneous of degree 1; the latter is just a global section of the bundle

O(+1)3, where O(+1) is the tautological line bundle on P(Q'AM), i.c.

s — 5 dg=H'(F 0(H1)z).
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It is well-known, that for gencralised flag varieties (see [5]), N C P(C™), one has
H°(N,O(+1)n) = H(P(C"), O(+1))

Thus,

HY(F,0(+1) %) = HYP(Q' M), O(+1))

since the fibres of § — M are generalized flag varieties.

Thus, in a local coordinate chart (2%, pg), 8z is of the form
5& = X”‘p,,
i.e 85 = hx, for some vector field X = X"‘(z);;’ZT on M.

It is easy to see that the equation

di h X If(s' =)
imply Ve, X = gf;c;, so that X is a Killing vector field. O
Thus we have proved the following theorem:

Theorem 3.14. Main Theorem. Let G be a semisimple Lie group whose decomposition into a

locally direct product of simple groups does not contain any of the groups
1. Spin(2n + 1,C) acting on C*", n > 3,
9. Sp(2n,C) acting on C*, n > 2,
3. Gq acting on C.

Then, given any wrreducible G o C*-structure, B¢, on a manifold M, there is a one-to-one
correspondence,

{ Killing vectors on B}« HY(Y, L*),
between the vector space of Killing vectors on (M, Be;) and the cohomology group HYY, L")

where (Y, L) is Merkulov’s contact manifold associated to By;.
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Remark:
We have excluded

1. Spin(2n + 1,C) acting on C?", n > 3,

2. Sp(2n,C) acting on C**, n > 2,

3. G5 acting on C7.

. . . . i .
because in these cases the associated twistor spaces do not encode full information about G-

structures. This phenomenon was first noticed by Merkulov (see Theorem (2.19)).

3.5 Quaternionic Manifolds.

3.5.1 DBasic Definitions.

Let G = GL(n,H)GL(1,H) C GL(4n,R) be a natural subgroup. A quaternionic manifold is,

by definition, a pair (M, Bg) consisting of an 4n-dimensional manifold A and an irreducible

torsion-free G-structure B¢ on M.

If B reduces to the subgroup G' = Sp(p, ¢)Sp(1), then the pair (M, Bey) is called a quater-
nionic Kahler manifold. If it further reduces to G” = Sp(p,q), the pair (M, Ber) is called a

hyper-Kahler manifold.

3.5.2 Salamon’s twistor space.

In order to talk about a quaternionic structure without reference 1o a Riemannian metric, one
must replace Sp(n) by the full group GL(n,H) of non-singular quaternionic n X n matrices.
Indeed consider GL(n,H) and GL(1,H) as subgroups of GL(4n,R) by letting themn act on H”

by left and right multiplication respectively. These actions commute, so the product
G = GL(n,)GL(1,H) C (L(4n,R)

is well defined and has maximal compact subgroup Sp(n)Sp(1). Because GL(n, H) and G'L(1, H)
share a 1-dimensional centre, one can economise by using Sp(1) instead of G'L(1,H) as in the
Riemmanian case, and G is double covered by GL(n, H) x Sp(1). We then have the following

definition.
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Definition 3.15. A quaternionic manifold is a 4n-dimensional manifold (n > 1) with a (-

structure admitting a torsion-free connection
Let us consider the 2-sphere
S == {ai+bj+ckeH:a®+b+c =1}

of unit imaginary quaternions. Let M be a quaternionic manifold with principle G-bundle @,

and fix a frame f € Q corresponding to an isomorphism
R S T M
Any u € §% acts on R*™ = H” by right multiplication, and so determines an endomorphism

¢(f,u) = fouo f

of T, M with square -1, i.e. an almost complex structure. If ¢ = A¢q € G with A € GL(n, H)
and q € Sp(1), then

$(fg,u) = ¢(f,4 'ug) (3.3)
Consequently the set,

Ze = {&(f,u) :ue §?%}
of almost complex structures does not depend upon f, and is therefore the fibre of a bundle Z
over M. From (3.3), Z is none other that the bundle

(2 Xy S2

associated to @ by means of of the adjoint action of Sp(1) on S? ¢ Im H = sp(1).
Any local section s € I'(U, Q) converts the basis 4, j, k of Im H into a triple of almost complex

structures I, J, K € I'(U, Z) satisfying
IJ=-JI =K.

In general, it will be impossible to define I,.J, K globally; for example HP™ cannot admit

even one almost complex structure for topological reasons.

u . W’
Now regard H as a right vector space over the complex numbers, and let the group Sp(1) of

unit quaternions act on H by left multiplication. Then any u € S* determines a complex lincar
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transformation of H with u? = —1. Thus H = L ® L., where Ly are the t-cigenspaces of .
We will use the correspondence

uw— L_

to identify S? with the complex projective line Pe(H); this identification is cquivariant with the
respective action of Sp(1). Now suppose that € = 0 (this is always true on a sufliciently small

open set), and choose a lifting Q € H'(M, GL(n,H) x Sp(1)). Then
Z = Q x (1) PcH 2 Pe(H)

is the complex projective bundle formed from the vector bundle H = Q) x sp(1) H.

Consider H" also as a right vector space over C, and let GL(n, H) act by matrix multiplication
on the left. Then the tensor product H" ®¢ H is naturally the complexification of a real vector
space R*" because it admits the complex conjugation

E®N=¢£0nj

e H", neH.

The action of GL(n, H) x Sp(1) on H” ®¢ H induces the representation of (¢ on R already

determined. Therefore defining an associated vector bundle

E=Q xgrpm H,
the complexified tangent bundle has the form

Since any representation of Sp(1) is sclf-dual, we can identify QM = £* oop 1. Moreover, it
follows from the above that if h belongs to the fibre H \{0} over z € M, the space of (1,0)-forms

associated to the almost complex structure z = Ch € Pe(H) = Z is equal to
AOM = E} @¢ Ch.

In the case HP", ¢ = 0 and H is uniquely defined as the tautologous quaternionic line

. . LFioN : n+1 , 7o
bundle. The total space of H minus its zero section can be identified with H"**/{0}, and 7 is

the complex projective space CP?"+!.
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Theorem 3.16. If M is a quaternionic manifold, the total space of the associated bundle Z s

a complez manifold.
Proof. See Salamon [35]. O

Theorem 3.17. There is a one-to-one correspondence between the vector space of Killing vector
fields on (M, BGL(n,lHI)GL(l,lHI)) and the vector space, H*(Z,TZ) of global holomorphic vector

fields on Salamon’s twistor space.

Proof. The Merkulov’s twistor space (Y, L) and the Salomon’s twistor spaces are related as

follows,

Y = P(QlZ),L = Onlz(~1)

By the Main Theorem, the vector space of Killing vectors is in a 1-1 correspondence with
HO(Y, L*).

Let us compute the latter. It is well-known that for a projective space B(V), V being some

vector space, one has
HY(P(V), Opyy(1)) = V*.
Hence, in our case

HOY, L") = HY(P(Q'Z),0(1)) = HY(Z, (' 2)) = 12, 17)

This completes the proof.
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