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iv.

ABSTRACT

Techniques are well established for using the second method of Liapunov
to determine the stability of single loop systems containing one or more
nonlinear elements. In this dissertation these techniques are extended
to include three separate classes of multivariable systems.

In the first two classes, a linear multivariable process is controlled
by many feedback loops, each containing a nonlinear sensing or actuating
device. Distinction is made between linear processes which contain only
feedforward interactions, and those which contain only feedback interactions.
The two classes of systems considered are therefore represented by the
equations

y = - G(p)f (feedforward interactions in the process)
and

y = Gl(p) (-f + Gz(p) y) (feedback interactions in the process).

where p is the differential operator, y is the system output vector, f

is the output vector of the nonlinearities and G(p) = [g (p)l.

1]
Generalisation of the techniques of Lur'e and Letov in applying

Liapunov's second method provides sufficient conditions for total
stability of such systems. For a given n-variable system, the criteria
developed may be applied if the system is stable for all loop gains

g in the ranges k <g <K < = (i =1,2,,..n)

i i 1 1

provided that the corresponding nonlinear characteristics.fi(yi) are confined

to the same sectors of the input-output plane, namely

k. « 19 "
R e M S

Yi



For completeness, equivalent criteria for instability of these two
classes of systems are included.

The third class of systems considered is one involving multiplication
of system variables, and in particular a multinode representation of a nuclear
reactor. Such systems, unlike the two classes discussed above, have in most
cases only a finite region of stability in the state space. A stability
criterion is derived by Liapunov's second method which produces such a
finite region provided that the equilibrium point of the system is stable.
For the examples considered, this region is entirely adequate for all
realistic deviations of the system from equilibrium.

In all criteria developed, the principal objective is to produce
systematic stability tests which do not involve prior estimation of,
for example, the Liapunov function for any given system. Although
computation becomes difficult for high order systems, all criteria involve
only one parameter to be chosen such that results are optimum.

The criteria are not applicable to systems which are of a self-
oscillatory nature, and a chapter is included on investigation of the
oscillatory modes of a particular two variable system containing two

functional nonlinearities.
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1.

CHAPTER 1.

SINGLE LOOP SYSTEMS

Introduction

In this chapter, single loop feedback systems containing one
nonlinear device are considered. Use of Liapunov techniques has
provided many stability criteria for such systems, and in the first
section some of these criteria are given in detail to indicate the
principles involved.

whilst these methods are very satisfactory, they do not prove
readily extensible to multivariable systems containing many nonlinearities.
A more general approach to the stability analysis of single loop systems is
established in succeeding sections which proves very useful for extension
to multivariable systems.

Criteria are also developed for estimating the bounds of system
response to an initial disturbance. These criteria subsume certain of
the previously developed stability criteria of this chapter.

In all criteria, the ronlinear functions involved need not be
explicitly defined, but must bDe single - valued and are subject to a
general class of restrictions which confines their characteristics to be
within certain areas of the input-output plane.

1.1. The stability criteria of Lur'e and Letov.

The class of systems under consideration is that in which a linear
process is controlled by a feedback loop containing a nonlinear device.
This device may be an actuator, as shown in the block diagram of fig.1l,

or a sensor, as shown in fig.2.



The operational equations describing such systems are given by

y = G(p) (x - £f(y) ) (nonlinear sensor)
and
e=2x=-G6(p) £ (& (nonlinear actuator)
m *
where G(p) = p + am_l pm L & ceseectay
(n > m)

n n-1 -
+ + '.00‘l+
P bn—l p bb

and the nonlinearities are assumed to be single-valued functions. p is
the differential operator d/dt.

In the following presentation, the stability of the equilibrium
point x (t) equal to a constant for all t > 0 will be considered.
For this case, both systems may be represented by the equation

y-= - G(p) f(y). (1ol

Subject to certain restrictions on G(p), a system defined
by eqn. (1.1.1) may be represented by the so-called 'first canonic
form' of state variable equations (See Letovl, Chap. II). Two cases will
be considered. Firstly, when m <n in G(p), and secondly when
m = n in G(p).

l.l1a. m <n

The first canonic form of state equations is

N e
n

i Ajz; * f(%l) (i = 1,2,.45n) €1.1:2)
n
v & 3 o0sZ, {1:1:3)

. i
i=1 +



3.

The X; are the n poles, and the a; the corresponding n residues with
sign revérsed, of the partial fraction expansion of G(p). The canonic
variables z; will be real corresponding to real poles, and complex
éonjugate pairs corresponding to complex conjugate pairs of poles.

The caronic form of state variables is obtained by a linear
transformation of any initially chosen set of state variables. The
transformation will be non-singular only if G(p) contains no multiple
poles (see e.g. Rekasius? p.51). If m = n, a slightly different form
arises which is discussed below.

To investigate the stability of the above system, Lur'e3 considered

the following Liapunov function:

n 5 Nl
3 y 1l s
b= § ) =S - 7 fly)dy -2 A 2.’
1] =1 Aty 5 y, 9y 'Zl i“i
- (Agsp 2 z + A Z z + + A z z)
*1 “g+1 “s+2 8+3 “s+3 Tst4 swss el meEl TR (LB

where there are s real poles, and (n-s)/2 complex conjugate pairs

of poles in G(p). A; are real positive constants, and a, are as yet
undetermined numbers.
Noting that

a; a; 2.z,

J-%, 3 _ 7 g K
y T rallialie J (] a z e ) dr
; o) =

M~
"ne-—13

.
X

L3

it is easily proved (see e.g. Letov1 p.114) that V is a real, negative

definite function of the canonic variables and y provided that



4.
(a). The poles A: of G(p) are all different
(b) Re (33 ) < O foralli
() T £(y) ay > 0 for all |y| # 0, and £(o) = O
O

(d) The ccefficients a; are real corresponding to real poles,

and form complex conjugate pairs corresponding to complex

conjugate pairs of poles. For convenience, this correspondence

is described as having coefficients of appropriate algebraic

nature.

Differentiating egn. (1.1.4) gives

n n aj a; o .
v= 3 > (zizj+zjii)-yf(y)
i=1 j=1 Xi s

5 . .
- .E Ai 25 Zi -+ £As+1 (Zg41 2542 * 2542 Zgel ASEE

1=l :

A 5 ;
e 5 (z__, 2z, z zn_l)]. (1:d.5)

From egns. (1.1.2) and (1.2:3),

n
& = 2 Bi Zi -r f (y) (1.1.6)

n
where 8. = a; A andr = - ) a,

’J



b

Substituting from egqns. (1.1.2) and (1.1.6) into eqn. (1.1.5) gives

¥ = I

2 5 =]
. aizi) + rf‘ (y) - ‘E

i i=1

"ne~12

A.A.z,2
b i U

- [A,1 Ol v 249 Zgil 2Zs42..% An-l (pn An) Znoy Zn

n n
+ £(y) z, (2a, 23 - g - A, :
2L 13'21 W & - A (ho1. 7

where for convenience in writing the last expression one defines

AS+2 pd As+l, AS"’“: AS+3, '...'.AT] = A’.l_l.

Provided that the constant r > 0, the first four terms in 7 now
represent a positive definite function. If the coefficients of the
remaining terms (f(y). z; can all be made zero while satisfying condition
(d) above, the system will be proved totally stable (see appendix I). This ca

be achieved if the roots of the simultaneous quadratic equations

T i = R +A (i=1,2,:0.0) (1.1.8)
L 5ren i

correspond in algebraic nature to the system poles.

If the numbers Ai are made infinitesimally small, they will not
affect the nature of the roots of eqns. (1.1.8) but will still provide
a small positive definite term in V. The remaining terms constitute =
positive semidefinite function. The numbers A; thus play no direct

part in the analysis, but are necessary to establish total stability.
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An alternative form of the stability criterion is obtaired by

writing eqn. (1.1.7) in the form (rneglecting the small numbers A;)

. n " n n 3
V= (] agz +/r £y + £y | oaz. (20 ]
izl ~ §=1 2 s £ GNP PR G
J
= 3’;‘ ai - Bi)
and instead of eqns. (1.1.8) using the equations
L a3 ;
2a. Y N = ¥Yra.+ & (i=1,2,...n) (1.1.9)
i« i
=L M * g

to determine the coefficients a;. The correct algebraic nature of these
roots, together with conditions (a) (b) and (c) above constitute a second
stability criterion.

l1.1b. m=n

If m = n in G(p), the corresponding canonic form will be

N
£

A;2g * £ly) (1 =.31,2,...00 (1.1.10)

n
y = 2

. & F lo . )
; . Zs R f(y) CLiedw 1l

1

where the numbers oy and xi are as previously defined, and the constar:
is the remairder in the partial fraction expansion of G(p). Since ¥ wi
now involve f (y), the Liapunov function previously considered carnot

be used. Teke instead the form



. n 2 n n a,
ve () 4a;zi) +2f£(y) Y a;z. ) ]
i=1 * i=1 T 451 TRT FOh. P
Add to V the expression (see egn. 1.1.11)
n
f(y) (y - ) a:z; + R f(y)) = 0.
izl 7
If R > 0, then
T 2
= ( ) a;z; + /R f(y))" + v £ (y)
i=1
n n . ag
+ f(y) .21 Zi (? ai.zl - ; o -2 I/_R ai - ﬂi)-
b 3= i 3
The coefficient equations are therefore
n as
2a, ) = 2Ra+o; (i=1,2,...n) (1.1.12)
~ 9=l Xi + lj -

Tf eqns. (1.1.12) have roots of the appropriate algebraic nature, the
system 1s proved totally stable (by the addition of an infinitely small functi

as before) provided that



y £ (y) >0 for all ly | # 0, and £(0) = 0 (1.1.13)

Since R may be zero, this criterion is also valid when m € n. Several
other criteria may be established in a similar manner using the first
canonic form (Letovl, pp. 128, 138, 142, 147, 163). Systems which contain
poles of G(p) at the corigin of the p - plane may also be dealt with
(Letov’, pp. 118, 199, Chap. VI).

1.2. A more general anorcach

Although the criteria of section 1.1 are very satisfactory, the
_resulting Liapunov function derivatives contain only sign semidefinite
functions of the state variables. While this is of no conseguence in
single-locp systems, in the analysis of multivariable systems it proves
very useful to choose Liapunov functions which have truly sign definite
derivatives.

Consider therefore the following form as a Liapunov function for
the system of egns. (1.1.2) and (1.1.3):-
a: a. Z: .

i < bt Y
) S S O J € W=V (1.2.1)
=l . Wi o+ oW, o

)
tJd

where w, = ¢ + A:, and ¢ and n are real constants. (4 = 52 n)

i»

D n as
£ o
+ *(}7);21 z, Qaijgl W v, - R) (1.2,2)



9.
where V is the quadratic function of eqn. (1.2.1).

If n» > 0, this may be written as

Setting the coefficients of terms £(y) z; to zero gives

2, E ‘ = 2 a, - n Bi {3 & 1,20 21D (1.2.3)

Then if there exists some negative value of ¢ such that
(2) Earns. (1.2.3) have appropriate roots as forn =-landr <0
(b) Re (wi) and Re (xi ) > 0 forall i
V and V are positive definite and the system is unstable.
Conwersely, if there exists some positive value of ¢ such that
(¢) FEgns. (1.2.3) have appropriate roots a; forn =+l ardr > 0

(d) Re (wi) and Re(xi) < 0 for all i

V is negative definite, V is positive definite and the system is

rt

otally stable.
It is sufficient to take |n| = 1, since the value of}|n| does not
affect the rature of the roots of eqns. (1.2.3).
Frem the above conditions, stability may only be established when
all the poles of G(p) lie in the left-half plane, and instability when the

poles lie in the right-half plane.
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If ore puts n = 0 in V of eqn. (1.2.1), an alternative criterion
similar to the second criterion of section 1.1. may be established.

Aéd to V (eqn.(1.2.2.)) the expression

n.
Fly) (y -421 aizi) = 0.
Then
. n 9 . n n a.
Vel az) -2V +yily) ¢ £y ] oz, (a, ] —d— - 0y)
iz} ** i=l * =1 L]
The coefficient equations will therefore be
n a.
Qa; z W T ‘;;:" = ui (i = l,?,coon) (ln?ou)
- i=1 i 3

and if the nonlinear characteristic is confined to the first and thirc
suacrants, the syestem is totally stable, or unstable, depending on the
solutions of egns. (1.2.4), as discuséed above for eqns. (1.2.3), bu~
with n = 0,

When m = n in G(p), the criterion equivalent to eqns. (1.1.12) is
that again condition (1.1.13) be satisfied, and the roots of the equations

%, | mr— & WE a; +a, (1i=1,2,...m (1.2.5)
= x ’

be of appropriate algebraic nature. Depending on the parameter &, the

- & s 2

system is then totally stable or unstable as discussed above, but with



Lis
n = 0, and using eqns. (1.2.95).
Note finally that the above criteria do not represent improvements on
those of section 1.1. They are included to illustrate a means of achieving
3 Liapuncv function whose derivative is sign definite, as opposed to the

sign-semidefinite forms of section 1.1.

1.3. Agcsessment of the criteria.

411 of the criteria mentioned so far depend on the satisfaction of
certain restrictions on the characteristics of the nonlinearities, and the
nature of the roots of a set of simultaneous quadratic equations. For
sets of four or more such equations, an analytic solution is virtually
impossible. This difficulty may be overcome by modifying the Liapunov,
function used (Letovl, 5.163), but since digital solution of the equaticns
nroves readily attainable (See Appendix IT) this modification will not
be corsicered here. In any case, the modification produces criteria
which are subsets of the results otherwise obtained.

The criterion involving eqns. (1.1.9) and therefore eqns. (1.2.3)
apparently produces the most satisfactory results in many cases (Letov;,

ep. 131, 156).

In appendix IT, some necessary (but not sufficient) conditions

e

ire given for the roots of some of the quadratic equations derived to

be of the appropriate algebraic nature. One significant point arisins
from these conditions is that equations containing only the residues (aj)
on their right hand sides canrot have the necessary nature of ronts if the

nurber r = 0. Since r = 0 implies that n - m > 2 in G(p), many practical
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systems will be rejected by such criteria. Egns. (1.1.9) and (1.2.3) do
not have this cdrawback.

Tre restriction on the ronlinear characteristics are of two types:

~

(1) 7 £(y)dy > 0 forall | y| #0, £(0) =0, and
C

(2) wily) » 0 forall | y |# 0, £(0) = 0.

For example, in fig.3 the characteristic shown is acceptable
by a type (1) restriction provided that area A, »area A,. A type (2)
‘ &

restriction merely confines the characteristic to lie within the first
the

and third quadrants. If cutwith Vin §;§_y;ewlrestriction is

.

vicolated, then the system is no longer totally stable but merely

asymptotically stable provided the initial deviation of the variable

y lies within the region Ve SF 2 Vinapee In fig.4, for example,

i

the system will be stable under a type (1) restriction up to the point Y,, and

the system will be stable under a type (2) restriction up to the point V,.
Because of the lavity of both restrictions (1) and (2) above, it is

evident that all the tests must fail for many systems which are stable

under only slightly more severe restrictions on the nonlinear charac-eristic.

Since neither type (1) or type (é) can distinguish between linear

characteristics whose gains vary anywhere between 0 and « the criteria

will vield positive results only if the equivalent linear system (where

f(y) is replaced by a linear gain Ky) is stable for all values of

open-loop gain.  That is, a system whose roots-locus is confined

entirely to the left-half plane.
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Tf however a method could be derived which would confine the
nonlinear characteristic to lie in some finite sector of the first and
third quadrants, a great number of ctherwise intrectable systems could be
dealt with. Such a technique has been devised by Gibson' and RekasiusQ,
in which stebility is established provided that the nonlinear characteristic
is confired to the sector [k,K]*. This technique is considered in the

next section, using the approach of section 1.2.

1l.4. Stabilitv in the sector [k,K].

To 1limit the maximum slope of the ncnlinear characteristic at the
origin (i.e. the system's small-perturbaticn feedback gain), a simple
linear transformation of the variables y and f(y) may be applied as
folicws (Gibson ', D.330).

Rotation of the output axis of the nonlinear characteristic by an
angle 3 (se=—fde~b) is equivalent to defining a new input variable,

us=y-1 £y (1.4.1)

% .
where X = 1/tan(8) is the slope of thé rotated axis. The output varigble

will now be defined in terms of the new input as #(u) = f(y).

“The sector [k,K] of a nonlirear characteristic is defined by the area

between the lines f(y) = ky and f(y) = Ky.
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Substituting for vy from egn. (1.4.1) into the canonic egns. (1.1.2),

(1.1.3), (1.1.10) and (1.1.11) gives the modified form

z = Az, +8l0) = 1,2,...0) (1.4.2)

ws § eyzs - R A0 (1.4.3)

-
5y
[}
L
D)
=
[}
o
+
’_J
a9
P

wher2 7. are cdefined as in-section 1.2.

'_‘

Differentiating V w.r.t. time and adding the expression

+R & (u) = 0

gives
n o 2
=} a;z, + /R F(y)) = 2c¥ + uélu)
i=l  ~

" 2a/f§la, - a.)
1 i 3 1 i

The coefficient eguations are therefore

n a3 -
2a; ) o e ® 2V R a, +a; (1=1,2,...n) (1.4.4.)
= j:l - J
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The requirements for establishing stability or instability are then
as follows (cf section 1.2).
Tre function 4(u) must be single-valued, and
u#(u) >0forall | ul #0,6(0)=0 _ (1.4.5)
Restriction (1.4.5) confines the nonlinear characteristic to the
sector [0,X].

-

1f then there exists some negative value of c such that eqns. (l.&.4)

have éppropriate solutions,; and
(a) Re (w.) and Re (A, ) > 0 for all i then V and ¥ are positive
i
definite, and the system is unstable.
Conversely, if there exists some positive value of ¢ such that eqns.
(1.6.4) have appropriate solutions, and
(b)Y Re (w;) and Re (li ) < 0 for all i then V is negative definite,
7 is msitive definite and the system is totally stable.
In both cases, the number R = R + 1/K must be non-negative. The
tra~cformation (1.4.1) used in establishing the above criterion is in

fact equivalent to shifting the zerves of G(p) (Gibson,"*, p.330) and

will in future be referred to as the zero-shifting technique.

>
6

in gection 1.3, stability and instability may only be established
when the ﬁoles of G(p) lie respectively in the left and right halves of
the n-plane. Since the nonlinear characteristic is now confined to the
cectan {0,X], the criteria may be applied to systems which are either
stable or unstable for all linear feedback gains in the range [0,X].

If a given system is unstable for low values of linear feedback gzin
(that 1s has peles with positive real parts) then any applicable ecriterion

must further confine the nonlinear characteristic to some sector [k,K]
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whare X > 0,
Tz yestrict the minimum slope of the nonlinear characteristic

—

N 0
i i o 2 v o s s B o b
LSRR O Y E 5 48 & A 2

rotation of the input axis threugh an angle @ (see=Eiz=)

b

: ; s 2 . ; L
ic eruivalent to defining a new cutput variable (Gibson', p.329).

B hy) = £(x) ~- ky {1.4.8)
it iz shoim that the form of the system equations is unchanged.

Substituting fer £(y) frem eqn. (1.4.6) in egn. (1.1.1) gives

vz - al0) (uly) + k) '

7

or

V S - —(’\
VIS SR 1) = -G b (y) (1.4.7)

Comparing eqns. (1.4.7) and (1.1,1), the criteria of section 1.2.
aprly unaltered in form, where the parameters A; and oy are now the
ncles, and residues (with sign reversed) of G'(p).

Tne ccrresponding nonlinearity restrictions will now be that - ()
is @ single-valued function, and that either

(1) yuly) > 0ferall |yl #0, w0 =0 (1.4.8)

o

p(0) = 0 (1.4.9)
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-

denendirs on which criterion of section

|

.2 is used.
Restriction (1.4.8) confines the nonlinear characteristic to the
sector [k, =], whereas restriction (1.4.9) is somewhat weaker (cf.
seortion 1.3).
Rotation of the input axis has effectively shifted the poles of G(p), and

vill in future be referred to as the pole-shifting technique.

t
i 7
D
i)
J
O
<
D
3
]
5
O
(¥
il

7 applying firgt the pole-shifting technique (since the form of the
system equation is left unaltered), then the zero-shifting technique,
stability or instability criteria may be applied to any system which is

3

stahle for all linear feedback gains in the range [k, K].

bh

15 Control Quality.

Although stability is an essential property of any control system,
sora aestimate of the quality of response to an initial deviation from
equilibrium should be obtained. Liapunov methcds can provide estimates
of the largest and smallest envelopes ¢f such a response.

Censider the transformation of the state variables of section (1.1)

given by

(i=z1,2,...n (1.5

where A 15 a real constant.
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Substituting in the cancnic equations (1.1.10) and (1.1.11) gives

X, = (A +y) %, + F (v,8) 1= 132,5:0:0) {1:5:3)
vz ) ay X, = RE (v,1) (1.5.4)
$=1 -
At -it
where F(v,t) =2 £ (ve ). If some sign definite Liapurnov function

V = x Q x is chosen for the ahbove system, the sign of its derivative will

~

cdepend in some way upon X (from eqn. (1.5.3)). Suppose that ) is bourded

such that for A <, U is sign definite of the opposite sign to V, and for

“3

A > %, ¥ is sipgn definite of the same sign as V.
T

Tefine R(t) = 2 O 2.
20T
Then V = e R(t), and by definition of A, and 1, it follows that
-QAut —?Aet
2(0)e < R(t) <R(D)e . {1.5.4)
1

Letov™ (Chaps. IIT and VITII) obtains estimates of these constants

X, and A, by use of the 'second canornic form' of state variables. This

form however, 1s valid only when (Pekasiusgo. 62 )

-

(1) the zeroes of G{p) are all different, and

(?) tha order of the numerator of G(p) is one less than the order
of the denominater, i.e. n~m = 1,

Furthermore, stability may only be established when the zerves of

. i :
G(p) are 2ll in the left-half plane (letov™, Chap.VI). This means that

'stems which are unstable for high values of linear feedback gain cannot

VS
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he A=alt with., To apply the zero~shifting technique to state equations of
the zecond 2anconic form is impossible, since in this form y appears as a

FS

state variable, and terms df(y) would appear in the state eguations.
ak

Consider instead the first canonic form, of eqns. (1.5.3) and (1.5.4),

a2 a Liapunev function the form

anc take

~ n .80, 5%
a5 & > - V = : -~ N
Vax Qx= | ] (1.5, 5
di=l. H=1 He *+ o
o -
where = c+ X+ ):, and ¢ is a real constant.

l)

Differentiate V w.r.t.time and add the expression

¥. + PF (v,t)) £ Q.

-
-

Flv,t) (v - E n

Ccroleting the apprepriate squares gives the coefficient

enuations

" A

o ¢ J s

2=: e —_— =2/ Rea; +a, (i =1,2,...n) £1.5.6)
3=l uet = &

leavin~ the derivative as
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V= 20w+ vEGr,t) MY ap x; + /R Fv,en’.
i=1 E
‘
22Xt
Since vi (w,t) = e yf(y) , if the same nonlinearity restricticn

applies as in the second criterion of section 1.2, namely

then the estimates of the bounds on %, A and ), may be obtained as follews,

Tf there exists some negative value of ¢ such that

(a) enqns. (1.5.8) have apprepriate roots for all A > A, say, ana

u)

(b) Re (ry ) > O for all i then V and V are positive definite, and
Ay ie an estimate cof the upper bound of A.

TF there exists some positive value of ¢ such that

(¢) eqns. (1.5.68) have appropriate roots for all X < Aoy Say and

(3) Pe (u3) < 0 for all i
ther V is negative definite, V is positive definite and A, is an estimate
of the lower bound of A.

Since the coefficients of V are dependent on A, the relation (1.3.u4)

DECOME'S, TN

Ry (Me ) < Rl(t) 1547

R,(t) <R, (0) e (1.5.8)
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where

3

Ro(t) = 2 Q? (z) (at x = Ae).

above criterion subsumes the stability criterion of
n no integral te

—

rms are used in the Liapuncv function).
Although ‘the

above analysis theoretically allows determination of an
upper bound of X,

the restriction on the nonlinearity (which allows an
infiritely large 1lin

-da

ear gain) means that eans. (1.5.7) cannrot yield

appronriate solutions when Re (u.) > 0, if the system is stable. The

nonlinearity must be restricted to some secter [k,K] (k <K< o)

,, 1s obtained.

Us2 of eqns. (1.4.2) and (1.4.3) then gives the canonic form

x; = (4 #24) %, + L (w,1) (1.5.9)
"2 Y a4, %, - RL (w,t) (1.5.10)
iZy & =
3 e % ~Nt
where R = R+ 1/, w=e u,axd L (w,t) =e ¢ (we )
Tha Liapuncv function
; R i s e (1.5.11)
v ooz )
1=1 4§51 My TV
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22, } ——=— = 2/ Ra:+a, (i=1,2,...n) (1.5.12)
L 203 uy *ous 1 i

ravidad that u é (u) > 0 for all fu | # 0, and & (0) = 0.

The bounds M, and A are then obtained as for the sector [0, ] above,
: u

but using enns. (1.5.12). This criterion for estimation of A andi

TF the nonlirearity is confined to some sector [k, = ] the form ~f
the sanonic eons. remrins unaltered, and it is sufficient to consider

the firat criterion of this section, where the poles of G(p) have heen

\frod as deseribed in section 1.U4.

N,
o |
[y J

H

1.6. Fyarnles

fotl)
farsider the system in which G(p) = (p+2)(p+3)

L am st
Lhen

P
r_J
1]
|
N
s
Ny
it
I
w
R
[
"
3t
-~
=2
N
1
|
N

Using enns. (1.2.5), the necessary and sufficient conditions for real

cnafficients a, ard a, are (See appendix IT)

+ N, W > 0 (1.6.1)

and

" + 92 > 0. (1:642)

1.8, $4=0) » 0

ana (1-r) -

(r-2)(c-3) —
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Tne above inecualities are both satisfied preovided that ¢ < 1.

AMen, for e <1 Re (1,) <0 for i = 1,2, It is therefore sufficient to

b}
pJ
3
n
0
Pl
!
= |
5
D
3
1
|
| —
it

........

4, = -2, and the system is totally stable

)
Yy
D
2
i
b)
)
~
t
bl
B
3
)
5
‘_l
’J
o |
D
o
®]
o
]
4
£
9]
f'f
D
3
LJde

stic is confined to the first and

thind guadrants as indicated in section 1.2. Note that

fu
N

” 2 § F .
. s o 3 b " |
v = la. Fs o +a ziY -2 3% § * 3 & 3
i T i 2 ) 1"&1 L .".'1 v + W,
- J- l

which ig a positive definite functicn of the state variables.

Consider the system in which G(p) = U4 - p and the given

214+pi2]_+p5

)
%)
3
t J
F)
1
W
4]
%3
P)
b6,
]
3
81
0O
rt
(0]
b
APP)
t
},J.
0
H-
9]
()

onfined to the sector [0,2]. Since the linear
gains between 0 and 5, one expects this

nonlincar cystem to be stable. G(p) has a zerc in the right half plare, anrd

the rzero-shifting technigue must be applied to confine the nenlinearity to

a, = /3, a, = -5/3 and K = 2 (see section 1.b)

Using eqns. (1.4.6) the necessary and sufficient conditions for real

]

coefficierts a, and a2 are (see appendix II)
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2 2 2 2 ? 2
i i-(vj - w?) + (wy - wg)(alwl - a?w?) + (alw1 - a2w2) > 0.
Substituting for a,, 6,y Wy and W, reduces these inequalities to
2
g = ge 12 [ (1.6.3)
(o=5)(c-1)
and (& - 8.325)(e - 0.7425) » 0 (1.6.4)

Trese inequalities are satisfied provided that either c > 4.325 or

than 1, it is sufficient to choose any value of ¢ between 0 and 0.7425 to

=2

=]

verify stability of the system.

Te estimate the bounds A, and Ay, it is sufficient to consider eqns.
(1.6.3) and (1.8.4) but with ¢ replaced by ¢ + A (see eqns. 1.5.12); The
ualities are then satisfied provided that
a+ X > 4325 0rc+ A < 0.7425 (1.8, 5)

Alzn, tha venmuirements Pe (p:) > 0 ford = A, and Re (u;) <0 for x = A

e el cta b
R -9 SN .o .-

u

A+ A >hand e+ k, = % (1.6.6)

where ¢ iz nesative in the first inequality, and positive in the second,

~f (1.5.6) (s2e section 1.5). Since |c| may be infinitesimally small in

i
>
>l

]

i}
[N
1
2 |
}_l

nrle-ilcop case, the inequalities (1.6.5) and (1.6.6) are satisfied

~vw\wyded that
crwvigcea thatl

.. > 4.325 and Ae < 0.7425.

1 — il
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Trient for X = X voos 0.325 & up = 3.325, while eqns. (1.4.6) have a
pair of roets a, = 0.530, a, = 6.u0,

e My T -3.2575 and My = -0.7425, while eqns. (1.4.€)

t

have a2 pair of weots a, = -0.992, a_ = -0.743.

From inenualities (1.5.7) and (1.5.8), the transient response of the

system is therefore bounded by the inequalities

-8.65%
-1.L485t
and Q?(t).: R2 (De

where
2 2

0.433 z1 + 1.867,17.2 + 6.1622

9
~~
ot
g
il

2
-0.152 73 - 0.420z,7, - 1.071zg )

1]

PQ(t)

1.7 . Cormant on Chanter T

T

~a methnds of secticne 1.2, 1.4 and 1.5 combine under the same criteria
the prohlams of stability, instability and quality of response. Urlile the
eriteria of letov™, the Liapunov functions chosen in the analysis have truly
n definite derivatives ~ a fact which proves extremely useful in

hing criteria for multivariable systems.
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The prerecuicite that any system must be stable for all open-loop linear gair
betwesrn 0 and « (secticn 1.2) may be overcome by use of the pole and zero-
shifting techniaues of section l.4. In general, the stability criteria may
r system which is stable for 2ll open-loop gains in the sector
[},X], srovided that thes nonlinear characteristic is confined to the same
sector, or in some cases a slightly weaker restriction if integral terms are

used Iin the appropriate Liepuncv function. This raises the following question:

If a given system is ztable for all cpen loop linear gains in the sector

[%,X], is the corresponding nonlinear system stable in the same sector?
5 : g ] -
Jurr® has sticceeded in producing a counterexample to this conjecture,

;
althauah it remaing valid in many cases (see e.g. letov™, p.156).
ying the criteria is the solution cf

£y

uations which may have complex ccefficients. Tha

.ﬁ)

digital wethod described in Agpendix IT allows rapid sclution of these

)
l
q
5
i)
o
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ﬁ
o
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3
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I‘
O
f{
'5
(&)
2
169]
ct
g
£
O
8 1
(9]
R
:
’J
m
fu
(@]
f+
O
+
(0]
Fde
<
6}
0
b5

coligtinns can b2 solved in some 25 gseconds on an English Flectric ¥DF 8
c2omputor,  Thie speed is achieved even when the initial set of valuen chosen
Ie up 2 100 times the initial programme step length from the true set of

-—w-"a‘-'-«nv-‘ﬂ
B T i I Y

Since all criteria preve total stability, the systems under cerc<ideration
«will aleo he ctable for any bounded irputs applied to them (see o.s, akein).

Ngte fina?ly that the criteria represent sufficient conditions cnlvy.

=J
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CHAFTER T1

Stability of Class 1 Multivariable Systems

Introduction

The natural extension of the single-locop analysis of Chapter I is to
éystems in which a linear multivariable process is contrelled by many
feedback loops, each loop containing a single-valued nonlinear element.
Class 1 systems are defined to be those in which there are only feedforward
interactions in the process (as illustrated in fig.6 for a two-variable
process). Experimental determination of the dynamic relaticnship (transfer
functions) between the inputs and outputs of a linear multivariable process
always results in mathematical mocels of a class 1 nature.

Previous analytic work on stability of multiple-nonlinearityv systems
is discussed in the first section of this chapter, and the disadvantages
of the criteria obtained are pointed out.

In extension of the methods of Chapter I to include class 1 systems,
construction of suitable canonic forms of state is found to be dependent
on the structure of the transfer matrix of the linear process. This leads
to two further subclassifications of class 1 systems. Stability and
instability criteria are then developed for these two subclasses.

Criteria are also developed for estimating the bounds of a system's
response to an initial disturbance. These criteria subsume certain of the
previously developed stability criteria.

Three worked examples are included at the end of the chapter.



2.1. The criteria of letov.

Letov’ (Chap.IX) considered the stability of a system containing two

nonlinearities, described by the followine canonic form cof state variables:

%; = AjX: * U, f1 (y) + Uy f, (y2)(1 E 1P gwenti) (2.3:1)
“ n
= = - £ 5 -
71 izl Eli -t h () =~ vy £, () (2:1.2)
g
- & — _ (f(
254 Pl TN vy = ¥gp F5 W) 1.3)

4

To reduce the system to block diagram form, substitute eqn. (2.1.1)

into eqns. (2.1.2) and (2.1.3), giving

Yy == G11 (p) f1 (yl) - Gy, (p) f2 (yz) (2.1..5%)
¥y == G21 (p) fl (yl) - 622 (p) f? (yz) ( 5)
where

4
G (P =-p (
g P Bk

ne~13
xm
b
o
n
-
I
2 )
~
N
~r

Equations (2.1.4) and (2.1.5) describe a two variable class 1 system

as shown in fig.6, but with the inputs X, (t) and X, (t) removed.
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From eqn. (2.1.6), each transfer function Gk (p) has a commen
s

denominator
n

P (p- )\i).

i=1
Letov states that the poles A, must all be different for the
canonic form to be valid; but in some cases this need not be true as is
seen below (sections 2.2a and 2.2b).
He chooses as a Liapunov function for this system the negative

definite form

4
¥y 3?

¥ 141"’—ff()d—f7f(~)<“~r
f: - 9 J lyl yl . ?./') "J?

where the assumptions are made, similar to Chapter I, that

(a) Re (Ai) <(Q for all 1

B j fl (yl) dyl and f f2 (YQ) dy2_1 0 for all
0 o]
Iyll » I_‘,’?l Z O, and fl (U) = f? (O) = (0

(c) the coefficients a, are of appropriate algebraic nature.

Differentiating V w.r.t time, using egns. (2.1.1.) to (2.1.3) sives

‘ n 2
—-— 2 bl
V = §§1 az xi) * ry £, () + Tos f2 (y?) % (r12 o ‘?]) fl(yl) f?(y?)



£ Y = (2a, g "3 13 - B
1L?=1 3: 1j=1 *i + ;] 1
(:3;3 n a: u

+ f2 jzl X, (2a; 321 A;J‘ Qij ~ %l).

V is easily constrained to be positive semidefinite by setting the

terms f1 (yl) z; and f, (y,) z; = 0 for all 1.

Then
n Qs Wiges
9 1]
?". = 03.7
:l 1.;2-1 Ai e )‘j + aLl (2 )
(i=1,2,|‘.n)
n Qe UA »
3 4] = B (2.1.8)
2ai Z 21

Acplying Sylvester's theorem to the remaining quadratic function
of the variables f, (yl) and f, (yz) gives the following conditicns
for V to be positive semidefinite in the state variables x.:

2

s Ton >0, Ur.r - (r*m + I"Ql) » U

i 0 11722 ;.

The 2n eqns. (2.1.7) and (2.1.8), however, contain only n
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dependent variables a,; for a satisfactory solution n system parameters must
be predetermined. Finding these values such that the resulting roots a;

are also of the appropriate nature is an extremely difficult task (Lctcvl,
p.264). For a given system in which all parameters are fixed, the

possibility of appropriate solutions of these equations is very remcte

Other analytic work on systems with multiple nonlinearities has
proceeded along the same lines (e.g. Qedelhaev7, Sultanov )

Consider as an alternmative using only one of the above equations, say
(2.2.7). Then the coefficients a; will be determined for arbitrary system

parameters, and

B - 2
V= §§1 2, x:)" + 1y f (jl) + vy, £, (y2)
Doay Uy y
+ . % . T . W
+(ry, r, ) f (/1) fz(yz) QiZ’ s (2a 'Zl Y By
-4 ]' — -
n 2
Because of the perfect square ( E a; %) , ¥ may be positive
= A

semidefinite only if certain relationships exist betiween the system
parameters (sze Appendix III).
Development of this apprcach by the author has led to a useful set
i3 . . 2
of stability criteria (Rae and Maclellan™). A more general aprproach,
however, is to extend the methods of Chapter T to include multivariable
systems. Before doing this, some further classific ns must be

<

considered which affect the canonic representation of class 1 systers.
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2.2, Cannnic rerresentation of class 1 svstems.

The operational equation describing a class 1 system is (feor all
inputs removed)

v = - Gf (2:2:1)
where G is the linear transfer matrix cf the system. As in Chapter I,
the abeove ecuation represents systems which contain either actuators
or sensors as nonlinear devices. It is assumed in all that follows
that each row of G is linearly independent.

To simplify the writing of the mathematics involved, the can~minc
forms used will be described by vectors and matrices associated wth

each (i,j)th transfer function of G. For example:

(13)
z would be a vector of the Qecanonic variables used in dnsarihin
the (i,3)th transfer function gij..(p), which contains Q poles.

(1)
A would be a Q x Q diagonal matrix whose elements are the Q pnles

of gil-b (p)

J

The order of any vector or matrix is thus determined by its superscrirt
(i), end is equal to the number of poles in the (i,j)th transfer function.

2.2a. Mo common poles in any row of G.

Consider the canonic form of the state variable equations

) G D (i3)

z  =A z *Es (s TPy san) (2.22.1)
ri. GPT (1)

e, = ( 7 = Res fi (y:)) (2.72.2)

1755 ij 73 3
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£13) (1) (i3)
where 2 and A are defined above. «a is a vector of the

residues (with sign reversed) of gij(p), Rij is the remainder in the

(13)
.{p), and fj denotes a vector all of

partial fraction expansion of 8i3

whose elements are fj (yj). n is the number of system outputs (and i%puts).

To show that these equations represent a class 1 system, substitution

43 ineo eqn. (2.2a.2) gives
n (13T (i3) (1j) -1  (i3)
¥ (a (pI - A )

for z

- b

7
-

Yy = - R, fj(yj))

£,
) 1]

q
A

where T 1s the unit matrix.

-The linear transformation which is used to obtain the above canonic
form from any initial set of state variables is nonsingular orly if
(see Appendix IV)

(a) there are no multiple poles in any transfer functions
and .

(b) the transfer functions of ahy row of G have no commen
poles among them.

Since many physical systems will violate condition (b), an
alternative form is given below for such systems (section 2.2b).

As an illustration of the above canonic form, consider the system

where



g (p) = 20 +7p + 8 3 -2
11 2 = p+1 + p+?
p +3p+2
= o) =
s - +
gl?(p) = p+0.1 2 £21'P P
3n + 15 2 1

Bpp(P) = 2

Then
(11
A - S g = |-
0 -2 2
(12) (12)
A = [-0.1 ] a = (%]
(21) 21
A = [-5] _ a = [-k]
(22)
42 5 fos 0 a = [-2
0 -6 w]
and R11 = 2, R12 = R21 = R22 =0
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2:2b. Common poles in nne or meore rows of G.

A suitable caronic form in this case is

(i) (i3 G (i3)
Z = A o+ 4 (L,5 % 1,250 il (2.2b.1)
{3) (1} (a3 n (i3)
5 = A z + ) A £ () (181,255 o) £2:75:2)
-— — .;1 ] ]
3
n €143)T (i) CLIT 1)
y; = 1 (a z - R,. f: (y)) + e z (2. 2543)
=1, 3 4 4

h is the number of rows of G which each have cne or more cormon peles
among them.
ti)3d
A ia a matrix of the poles of the (i,3)th transfeor function

which are not commorn to any other transfer function in the (i)th row of G.

£13)
a is a vector of the residues (with sign reversed) corresponding
(1317
o the ‘poles of A N
A (D is a matrix of the poles which are cormon to all transfer

functions of the (i)th row of G.

NEED

is a vector of the residues (with sign reversed) correspording

to the poles of A () in the (i,3) th transfer function.

:fl) is the unit vector.

Substitutirng for 3‘13) and Efl) from egns. (2.2b.1) and (2.2%.2)

in eqn. (2.2b.3) gives

noENT, Gy Gl
'l le & (p I - A ) = Rys fj (yj))

’..J
Lde

-



n
) Y & £f. (ys)
:1 i ] -

1
The poles of Ji)being independent of j, are the poles commen to the (i)th

YOw,

As is seen in Appendix TV, any linear transformation used to cbtain
the above canonic ferm is nonsingular cnly if there are ro multiple poles
in any transfer furction of G. Systems which have one common characteristic
equation can be represented by this canonic form.

As an illustration, consider the system where

3 2 2 1
Ln + 69n + 328 Tn + L4BY 7
gaalp) = 3
el p + 17" * 82p + 120

i

2 2 . 12/7
Ko, (3p? + 15p + 11) Kip K 3K
g. . (p) = . N 12,
. D> + 12p° + 4Tp + 60 pii  BH p*5
K21 (p2 + Sp + 6) —é—< -2 K 3 KQ.‘a
- - 21 5 A
g, () = . a8 P
53+ 10p2 + 29p + 20 ptl et p+S
8 2
3D + L5p + 135 1/2 p + 92
Bgp{P) = T3 2
P + 13p + Hup + 32
=13 1 8
= 57 & b + 7 + F
D+l P pt8
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Row 1 of G has common poles at -4 and -3.

Row 2 of G has

Then
(11)
A = [-10]
\(1?) s sl
\(??) . [-8]
A(l) )
= -4
N
NE I
0
and R__ = K,

common poles at -1 and -u.

(11) 19
g =[5
(12)
0.4 = [-3K12]
q(QI) = [-3 K]
- 5 21
2.(22) = [_g']
.
(1) (12)
— = =2 5 aQ
b ]
1
(22)
.2(21)= 1 X N ]
5 4, -
2
a K21
R21 =0

)
w

> ey
~J

|~
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2.3. Stability in the sectors [0, = ].

The first set of stability criteria derived will be those which

involve nenlirearity restrictions of the type

ys £, (y;) 2 0 for all | Vs | # 0 (9.3.1)
or

V.

ItOfg Ly »0forall ly. b £ D (2.3.2)

LM

where the nonlinear functions are single-valued, and are zero for all v, = 0.
For convenience, these restrictions will be referred to as confining the
characteristics to the secters [0,»], although (2.3.2) is a somewhat waeaker
restriction (see Chapter I, section 1.3).

2.3a. No common row poles.

\

Assume that k rows of G have no remainders in the partial fraction
expansions of their transfer functions,

i.e. R;x = 0 for all 1,3 <k.

.
) & -

[

Any Liapunov function chosen may then involve integrals of the
nonlinearities f.(y.) only for i <k, otherwise terms dy./dt will arise ir
its derivative (see eqn. (2.2a.2)). Consider as a Liapunov functin- for

the system of section 2.2a. the follcwing form:

non GHT G () kv
v=11 = Q oz -l [YOf (yp) ays (7.32.1)
i1 391 51 o ’

where the symmetric matrices 0 are defined by their (r,s)th element



(i3) i3y {13)
e = el g
(13) (13
) + W
r
(i3) (13)
ané  w., =0+ A, (cf, section 1:2, Chap.TI).

The above Liapunov function consists of groups of quadratic furctions
of the canonic variables describing each transfer function of G. There
are noc correlation terms between canchic variables of any two transfer

functions,unlike:the Liapunov functien of section 2.1. As will be seen

o

elaw, this type of Liapunov function simplifies the choice of the
ccefficients 'a'. The effects of system interactinns appear in the
corditions for V to be cign definite.

Differentiating V w.r.t. time,

. N GDT GD 0D K
M o= 2 .E Z z Q ?_' -n .E yi f; (y )' (") 32.2)
=1 3=1 1=l *

From eqns. (2.2a.1) and (2.2a.2), since Rys = 0 for all i,j <%

-

g n (i3)T €13T €i3) (i)
. = § @ CA z + f. ) K1=142,...k)
% S=1 - =J
) ? ()T (13)
or y. = ) (8 % - P e U3 )) (2.33.3)
ji j;'l — - i3 3 ¥
(i3) (293 €292
where 8 = A a , and rij is the sum of the residues of the (i,j)th

transfer function.
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Substituting from eans. (2.3a3.3) and (2.2a.l1) in eqn. (2.3a.?) gives

non UNT GH O GEHlg) (1D
V= 2 ) 7 = Q 6@ Z+ f.
i=1 j:l - 4
? n (13)T 43%)
-n ) (B g f.(v.) = vss (57 . (. .
L %Zl B z Syd - rys £ilys) £30y))
(i3)
By definition cf the matrices 9 , 1t follows that
Gor g P odn dant G o2 _
2z Q vz (a z ) -2V
13 " (i3) ; .
where a is a vector of the coefficients a associated with the
matrix Q(l]) anc
n n (i3)T (131) (i3)
=3 7 =2 Q Z (see eqn. (2.3a.1)).
i=1 3=1 = -

The derivative can therefore be written as

: _ n n (13T (:J) 2
V=-2V+ ¥ 7 (a z )
121 391
n N i30T Y33) £33
# 2 ) 1 f:lydz Q e
jelf=l <4 ¢4 T -
k n (130T (a9)
- a1 1 fo(yp (s 2 g £y Ly DD (2.3a.L)
i=1l j=1 1 iy 3 J
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In constraining v to be a possibly sign-definite quadratic function
of the state variables and the nonlinear functions fi(yi)’ it should be
done in such a manner that if the system interactions were removed (i.e.
813 (p) =0 for all 1 # j), any criteria obtained would be equivalent
to n independent criteria similar to section 1.2, Chapter I. Also,
some equations must be found which yield specific values for the
coefficients ar(lj) (1 # j) pertaining to the interaction transfer
functions. It is possible to do this in two ways, similar to the

criteria of section 1.2, Chapter I.

Firstly, add to ¥V the expression (see eqn. (2.2a.2))

n n 130T %330 n
] £ )y, -1 a z + 1 Ry. £2 (y:)) T 0.
isk¢1 1 Ti 1 331 jekel 0373

Provided that nry; and Ryy > 0 for all i, one may then complete

the necessary squares in V and rewrite it in the following manner

(cf. section 1.2, Chapter I):

k k GGl ad) . QT 31)

. - 2
Vo=l jZl @ z  +a oz +/aryy fily))
(i#5)
n n (31T 311) GIIT (51) 2
* z Z (a z +a z + /Ry5 fi (y.))
izk+1 j=k¢l =
(i#3)
n n (DT (i) GIT (i) 0
-2 )l oa oz a oz o+ ] oy f(y)
izl §=1 frsr "= = T2
(i#3)



(i3)

. )
+n r.. f. (y.) £f. (y.) + Rig £, 800 £ £9:)
{=1 9=1 R R 5] JTk+1 13
(i) (i#3)
E % LT €433 ? ? (1T
=N £, $vi) B z - £: (y.) a
izl j=1 - jsk+1 j=1 * "3
(i#3) (i#3)
K (i3)T ¢ii) (41) Ciid (i)
+ Z £, (y)) z (2Q e -2/nr;5 a -n & )
i=1
n (i1)T (id)y i) (11) (ii)
+] f5(y) 2z (2Q e -2/ Rij a -a )
izk+1l
k Xk (2307 £33) £43) (i3
+ ¥ 7 £. (y.) z (2Q e -2/ar..a )
i=1 3=1 ] 4 = - 3 =
(1#3)
non (130T (i3) 1y (ig)
€® 3 1 £o (V2) 2 (2Q = - 2/R.. a )
i=k+1 j=k+1 4 3~ = 3=
(i#3)

where e is the unit vector.

¢2.3a.5)
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(1i3)
The coefficients a may be determined by setting the last four

summations of eqn. (2.3a.5) to zero:

(ii) (ii) (11 (i1)

2Q _e_ = 2 v nrii i ¥ n _6 (i = 1,2,...}() (2.36.-6)
(31) (31) (ii) (ii)

2Q g = 2 /Rii a +a (1 = k1, k+2,.4400) (2.3a.7)
(i3) (1i3) (i3)

Q e = Vnrjj a (13 = 152404 0K 127D (2.3a.8)
(33 €139 (33)

e = /Rjj a (1,7 5 ktl, kt2,...0y 2#7) (2.3a.9)

For some given transfer functions each withq poles, say, the

above equations written out in full are

. (ii)
S *n (ii) (ii)
2ae Zl = - & 2-’n1‘ii ae +q3e (2.3a.10)
e o (11, o (di)
€ m
gy TP c% A LGP D
= m=1 (ii) (ii) = 2/Ryy & ® @ (2.3a.11)
W + W
e m
q . (i)
m
mgl (13) (i3 ° "NTy5 (2.3a.12)
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£34)
§ 4n
E5D) ag) = /R.. (2.3a.13)

m=1

where e = 1,2,...9. Egns. (2.3a.10) and (2.3a.11) are exactly those
which would be obtained for the uncoupled system (see eqns. (1.2.3) and
(1.2.6)). Edns. (2.3a.}?) and (2.3a.13) are simultaneous linear equations
in the coefficients am(l]) (1#£3).

From the above analysis, the following criterion may be formulated.

CRITERION 1.1.

The restrictions on the nonlinearities are

(1) those of eqn. (2.3.1) for 1 = 1,2,...k

(2) those of egn. (2.3.2) for i = k+l, k+2,...n.

Then if there exists some negative value of ¢ such that
(a) Eqns. (2.3a.6) to (2.3a.9) have appropriate roots

forn = =1, r:.

T 0 and R:. » 0 for alil i
35

333 $33)
(b) Re (Ae ) and Re (we )& 0 for.all 6,044

then V is positive definite, and if v is positive definite the system
is unstable.
Conversely, if there exists some positive value of c such
that
(c) the eqns. have appropriate roots forn = +1, r;; > 0 and
Rii > 0 for all i,

(1) {179
(d) Re (A J and Re (w, } <0 forall egi;]
e
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then V is negative definite, and if V is positive definite the system is
totally stable.

A prerequisite for establishing either stability or instability
is that V be positive definite. From eqn. (2.3a.5),taking the nonlinearity

restrictions into account, ¥ is positive definite if the following quadratic

(i3)
function of the state variables z and the nonlinear functions fi(yi)
is positive definite:
n n (d30T i) 2 kK n
W= -2V+ ] | (a z ) #n ) § ., f (9 £y
i=1 321 = O B
kK k (14)T (i) GT G
+2 7 ] ¥/ ; 1 (y;)(a 2z + a 2 )
i=1 j=1
(i#3)
n n (11)2 (31) (10T (i)
+2 37 Y /R.. f. (y.) (a & + a z )
isk+l j=k+l M+t T2 ; - -
(i)
k n (3T Ld3) .o n (i30T (i3)
-n E ) £, o) 8 Z -y £, (y.) a 2
izl j=1 i 1 izk+1l j=k+1 1
(1i%#3) (1%3)
17
+ Ris Fao Cys) £ (ys) (2.3a.14)
izk#l j=ke#l Y3 O0F TE 3 7D



46.
Thanks to the use of the parameter c, the first two expressions

in W constitute a positive definite quadratic function of the state

variables when the conditions of criterion 1.1 are satisfied.

(1i1)
Since every state vector z in W occurs only in conjunction with
- (ii)
the corresponding coefficient vector a , definition of the new variables
(1i) ¢iiy (14)
b = a z (2.38.15)
e e e

(1ii)
enables the sign of W to be determined independent of the vectors a o

Practical application of the criterion is then as follows.

(1) If all system poles have negative real parts, denote by ¢4
the smallest modulus of these real parts. If all system poles have
positive real parts, denote by c, the smallest of these real parts.

(2) Solve the simultaneous linear eqns. (2.3a.8) and (2.3a.9) to
give the coefficient vectorslgfl]) (i#3) in terms of the system parameters
and c.

(3) Substitute for these vectors in W of egn. (2.3a.4).Using the
transformation (2.3a.15), determine if W is positive definite for any
values of ¢ lying either in the range

0 <c <¢y (stability)
or -c,<c < C (instability)

(4) See if eqns. (2.3a.5) and (2.3a.6) have appropriate roots for
any ¢ lying in the pertinent range defined in (3).

As an alternative to the above criterion, one may be established

which yields results similar to those of eqns. (1.2.5) in the single-loop

analysis.
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Add to V of eqn. (2.3a.9) the expression

? E (1337 €13) E
£, (y.) (y: - x z + Ry, E
a1 173 TR a7 B jekel M3

g2 = 0
J

where the summation is over all i, instead of over i = 1,2,...k as in

criterion 1.1. Manipulation very similar to that above then yields

the following criterion.

CRITERION 1..2.

The nonlinearity restrictions are those of eqn. (2.3.1) for all 1.

The coefficient equations are

(i1) (ii) (ii)
2Q = = a (2 B Loy Zyms <00
(13) (a3) (ii) (1ii)
2Q e =/Ry; & +a (1 = K*l,; K#2;ceuhl)
€i3) (13) (13)
Q e = v’nrjj a. (l,Js® Le2snncky 1 #3)
(13 #Ka3) (i3)
Q e = /Rjj a (1.3 & ktl, K+2,...0, 157)

The function W which must be positive definite is

n n  UPT G 2
)

=
]
|
N
0
<l
+
t~1
~~
o]
|N

(2. 3a.

(2.358.

(2.3a.

(2.3a.

16)

19)



uBl

K n n n
a3 1 v, E.oQUys) £ Cysd o+ vo B0 () £ (y2)
LS N B Sl B M Vs R = G L S
k k (511 (51)
+ 2 ] ] £y a z
f=1. =1 =
(i#3)
n n (GOT (3i)
#2 3 y /'R, £, {y.) a z
izk+l j=kel 12 *
(1#3)
k #n (i3 (13) n n (33T {dj)
-n 1 1 £y z -1 1 fly)e % (2.3a.20)
i85l 451 * i=1 §=1
(i#3)
(ii)
In this case the sign of W is not independent of the vectors a 5

and the simultaneous quadratic equations (2.3a.16) and (2.3a.17) must be
solved before the sign of W may be determined.

Stability or instability are established as outlined for critericn 1.1,
but using eqns. (2.3a.16) to (2.3a.19). n is again chosen as -1 {(instability)
or +1 (stability).

2.3b. Common row poles

Assuming again that kX rows of G have no remainders in their partial

fraction expansions, take as a Liapunov function the form
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(1)T ) (1) n = 2T @3 La7)
v 2 Q z

e~

Y,
-
g £; (y;) dyz (2.3b.1)

(1)
where the symmetric matrices Q are cdefined similarly to the matrices

Q

section 2.2b).

(13), but with reference to the common poles of the ith row of G (see
As in the previous section, the above Liapunov function contalns no
interaction terms among the canonic variables of any two transfer functions.
Furthermore, the canonic variables pertaining to the common row poles
(see egn. (2.2b.2)) also form separate quadratic groups.

Differentiating V w.r.t.time using eqns. (2.2b.1) to (2.2b.3) gives

h (AT fi) 2 n n {i3)T Cij) 2

v = (a z )+ ) ] (a z ) -2V
i=1 izl j=1
}f rzl (1T ) 1P ' }Z< ,
+ 2 z Q & f: (y.) - n o £ (5 )
1=1 j=1 B jel * 2 *
n n GPT G5 G
+2 J 3 = Q e £. (y:) (2.356.2)
i=1 j=1 373

where V; is the quadratic portion of V, namely
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(DT (1) (1) n n (13T (13) (d13)

h
V.= Jz Q =z +] ] z Q@ 'z
i=1 i=1 j=1

From egn. (2.2a.2), for i <Kk,

? (i33T (i) _ ; (10T L1)
8 = - - . Y = e B L))+ 2.3Ds
V5 b £ 2 rij fJ (yj) fl] f] (yj)) A 2% (2.3b.3)
where one defines

(1)7 (AT Q)
A= e A

(1)T (iy)

Pi; = ¢ a
_ (i30T (13)
r.. = e a "

ij - -

(1) (1)
) is therefore a vector of the poles of A (common to the ith row

of G). fij is the sum of the residues of these poles in the (i,3j)th transfer

function, and ;Ej is the sum of the fesidues of all other poles of the

(i,3)th transfer function. It therefore follows that ﬁij + ;ij = i

is the sum of the residues of the (i,j)th transfer function.
Substituting for y; from egn. ‘(2.3b.3) in eqn. (2.3b.2,)
h (AT ) 2 n n (13)T €ij) 2

v = ) (a z ) + ] ] (a z ) -2V
1=l i=1 §=1



-

o (AT () i) k CLIT £a)
+2 ¥V ) z Q & o by ) - 8 J f: X2 2
. > e — s J . . i 1" -
i=1 3=1 2 1=1
n n (30T 3 49
+2 ] ] £z Q &
j=2 §s1 4 7
& M (31T £15)
- 7 faly.y 2 =P, #Pes) £ Gy )) (2.3D.4)
n iﬁm_jzl iy (8 z is * Fig) £y O

There are now three different groups of coefficients for which
(idy i (1)
equations must be derived. These are a 5 & (i#j) and a . This
case is unlike the previous one (section 2.3a) in that the structure
of the linear process has a feature (common row poles) which is only
of importance for multivariable systems.

Again there are two alternative forms of criterion possible. Firstly,

add to V of egn. (2.3b.4) the expression (see eqn. (2.2b.3)):

n n GHT G n (T (D)
}Of y WMy, -] o z L) R E «p.0 € z J=0
jsk+1 1 T2 71 33y j=k+1 13 3 3

To obtain equations for the coefficients, and at the same time
leave V as a possibly sign-definite quadratic form, it is necessary to
complete squares as in the previous analysis, but in this case taking the
(1) (1)
additional vectors z and a into account. Two cases must be considered,

namely
(1) h < k and (2) h > k.

This natural extension of the analysis of.section 2.3a yields

the following criterion.
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CRITERION 1.3.

The nonlinearity restrictions-are
(1) Those of egn. (2.3.2) for i = 1,244, .k
(2) Those of egh. (2.3.1) for i = k+l; k#2,uehi

The coefficient equations are

(i) (id) (31D
2Q e = 2 /nrii * n B (1=1,2,...k)
(i1) (ii) (ii) (ii)
2Q e = 2/R5 2 +a {d & Kl RF2y vuill)
(133 (433 RO < ¢
Q e = /nrjj a (3.3 & 1Py sueks id)
(13 i1 ¢13)
Q [ = /Rjj a £3.47 8 Kbl KA, . oolly AT

and either (for h < k)

Cid €33 (i) (i)
2Q & 2/nf~ii§ +ax (i =1,2,...h)

or(for h » k)

(L) (13) &) (1)
+ni (i =1,2,...k)

le>
"
N
2
4

2Q

(1) (i1 (3 (1)

e
i
)
a
+
©

2Q (1 = k¥l Kk#2,.:.h)

(2.3b.5)

(2.3b.6)

(2.3b.7)

(2.3b.8)

(2.3b.9)

(20:35..10)

(2.3b.11)



The quadratic function of the state variables and the functions

£; (y;) which must be positive definite is

_n n GPT GP2 b WT @) 2
W=-2V, + J ) (a z ) +) (a z )
= i=1 j=1 i=1l
k k = (11T (41) (Jdi¥T {3a)
+2 V7 Y ar.. f. (y.) (a z +a z )
izl 4=1 4. & T = = - =
(1#3)
n n (33)T fLid) (333T (33D
+#2 ] 3 /Rez £x (v (& z +a z )
izk#l j=k#1 L O+ 7L
(i#3)
I3 )
el ¢ Po. Ty Kyid £ (yed # Roo €. byl £. Gyed
fspgmr MO S I goke dmen WO TR D
h n (DT (D) G
2 } ) E (y) z Q a. o
Ll T
(i#3)
kK n GHT G n n (AT (1)
-a I 08 oz - ] ] £ z
f=1 §=1 - i=k+l j=j¢l
(i#3) (i#3)

(2.3b.12)
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where for h <Kk,

X YT i)
Y= 2 ] /2 £ (y)a %
i=1 i h
' h ()T D
+2 3 /Rii £, (y;) a z

i=k+l

(2. 38.13]

(2.3b.1u4)

For some given transfer functions each containing q poles, say, egns.

(2.3b.9) to (2.3b.11l) are of the form

(i) tii)
(1) q & & (1) (1)
2ae Z - - ' = an’ii dy + 0k
m=1 w 1) 4 ey
e m
and
s () £43)
5 (1) (i' a & (i)
e & T B Stap gy M
W +w
e m

By defining the new variables

(i) (i1) C12
A = & a
e e e

(2.35.15)



the equations may be written in the form

e g A,n(’*) ¢43 i1y 4D
2A : = 2 /np.. A +1 & A
©  mel @, (D =oe °
W W
e m
(1)
Cad Q Aﬁ (1) ()
2Aé ngl (1) t1) = & Rii Aé * %
: W +w
e m

which Is identicel to that of egns. (2.3a.10) and (2.3a.1l) of

section 2.3a. The conditions for appropriate solution of these

equations are therefore those discussed in Appendix II, since the

variables A, correspond in algebraic nature to the variables a,.

As in criterion 1.1, the sign of W may be cdetermined independent of

the vectors a(ll), by cefinition of the new variables

(ii) (i1) (i1
b = a z : {2.38.16)

e e e
As an alternative to the above criterion, one may add to V (ecn.
(2.3b.4)) the expression (see egn. (2.2b.3)
n (i3)T (13) (i)T (i)

n
f. (y:) (y; =) «a z + ) R.. f.lys) -e z ) B
1 X 1 h E j=l — j=k - b J - -

10~

C.
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Completing the necessary squares in V, this time to give coefficient

equations depending on the vectors ¢ rather than the vectors g (cf,

criteria 1.1. and 1.2) yields the following criterion.

CRITERION 1.k

The nonlinearity restricticons are those of egn. (2.3.1) for all i.

The coefficient equations are

(id) €da) (ii)
&

2Q e = £ = TPy quk)
(i1} €31) (13) (i)
2Q e = /Rii a +a (1 = k+l,k+2,...n)
$19 05139 = £i3)
e = /nrjj a (1,3 = 1,2,...%, 1£3)
(353 %33) (i3)
Q & = VF%j a (i3 = kKl K¥250 Dy 155)

nd either (for h < k)

(1) (ii) (1)

2Q 5 B (i=1,2,...h)

| R

or (for h > k)

fix (&) €id

2Q & = e €l 3 Ay 2y o)
iy &aa) ¢1) (i)
2Q & = o/ Rs: + e (1 = k¥l k+2,.::H)

(2: 3b:17)

{(2.3b.18)

(2+3Ds18]

€2.3b.20)

(2.3b.2%)

(2-8b.22)

(2.3b.23)



The function W which must be positive definite is

o MRTED 2 b (DT @ 2
) (a Y + ] ta oz )
= Eei

= 431 9=k i

(31T (3i)

E K

+2 7 ) V/ar:; f. (y;) a 2

PN j:l l * -
(1#3)

3

(11T (i) (31T (31)

n n
2 ) I YRy £ (yp) (a z 8 z )
izk+l j=k+1 = =
(i#3)
i] I
+n P:0 Ls (y:) £ (ys) # Riz L.y )T (y:)
U R Bl B 15 B S - S
h n GAJT €1y «i3) n n (130T (13)
+2 7 ) £ fyiz Q@ & - L L f.y)e z
izl j=1 4 73 izl §=1 =
(1#3) (1#£3)
E ? (13) (130T % CLIT Gd)
- n z f£: (y:) B -n fs (ys) A z
iz §=1-  * F < 5 S
+ Y (2.3b.24)
where for h <k,Y¥ = 0, and for h > k,
(1)T (1)
(2.3b,25)

K
Y="2 } VR, £ (y;) a z
i=k+l 3 - -
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2.4, Stability in the sectors [0,K.]

If a given class 1 system is such that one or more of the
uncoupled loops of the system is unstable for high values of linear
open~-loop gain, the pole shifting technique of section l.4, Chapter I
must be used to establish stability. Conversely, if a given system has
one or more loops which are stable for high values of linear gain only,
the technicue must be applied to esteblish instability.

Systems which have zerces in the right-half of the p-plane may
then be handled.

Assume that (n - q) loops are unstable (or stable, if instability
is being established) for high gains. Then rotation of the output axes
of the corresponding (n-q) nonlinear characteristics is equivalent
to defining the new input variables (see egn. (l.4.l1), Chapter I).

1

Wy Sy~ K fi (yi) (i = g¥l, g%2, i) (2.5.,1)
The outputs will then be defined in terms of the old outputs as

2 (ui) = f. (y;) (1= gtl, g+2,...n) (24 4:2)
The restrictions on these (n - g) nonlinearities in the

resulting criteria will then be of the form

u; 9; (u;) >0 forail |u, | # 0 (2.4.3)

i
where the functions ﬂi (u;) are assumed to be single valued and zero
at the origin u, = 0. Egn. (2.4%.3) confines the nonlinear characteristics
-~

to the sectors [0,X;].
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2.4a. No commorni Yow voles

-

-

Substituting for y. and £, (yi) from egns. (2.4%.1) and (2.4.2.)

in the cancnic egns. of section 2.2a gives

(13) (13> LX) (133

.:'E = A _Z_ ¥ Qj (2.148.-1)
n GigdT €133

w, = )} (a z - R.. 8. (us)) (2.4a.2)

a j;l e o = *J j -

(359 2 1;2550:R)

where for convenlence one defines

uj =y; ad R, = Ry; foralli <gq (2.5%a.3)
§ij = Rij for all i # 3 (2.%a.4)
Riy = Ry + Ko foralli>g (2.%a.5)

Assume the first k rows of G have no remaincders in the partial
fraction expansions of their transfer functions, that is
R = R.. =0foralli,j < k < q.
1] 1] - -
Since the canonic form of egns. (2.%a.l) and (2.4a.2) is of
identical form to that of section 2.2a, the analysis of section 2.3a
may be applied directly to yield the following two criteria (c¢f. criteria

1.1 and 1.2).



CRITERION 1.5

The nonlinearity restrictions are
(1) those of egn. (2.3.2) for i = 1,2;.4:k

(2) those of ean. (2.3.1) for i = ktl,k+2,..:q

(3) those of eqn. (2.4.2) for i = g+l, g+2, ...n
The ccefficient equations are
(ii) (di) Lid) ¢ii)
2Q e =2 /nrii a + n8 (i =1,2,...K
(2i) &3d1) e Cdd) ¢il)
2Q e = ¥R a +a - (i=k+l,k+2,...n)
233 £33 (i3>
Q e = /nrjj a (23] & A4 uuaaky TE]D
(430 173D - (13)
Q e = YR a (1] = K¥l K¥250en, 32))

The function W which must be positive definite is

N T (43) 2
I (a z )
=1

=
1

n
-2¢V + )
is] 3
k k
2 11 Yovgppp up e oz ta oz
izl j=1
(i#3)

-+

n n (11T (i1) 41T
2 ] } /R.. 8, () (a s +a
isk#l j=k#l P17
(i#3)

+

(iddT €13 (34T (32

=

)

(]

(2.4a.6)

(

.
-
P

2.4a.7)

(2.4a.8)

(2.%a.9)

)



-

64‘.0

K n n n
+n J ¥V r.. 0. (u)B, (u)+ ] ) R..
i=13=1 3 * 2 ) ) 4=kl g=kel H
X n (33T €43 n n
-n 5 3 @, Cu) B z -7 ) B.u)a
fe1 =] A & i=k+l S=xk+1 * i
(i#3) (i#3)

CRITERION l.&6.

The nonlinearity restrictions are
(1) those of eqn. (2.3.1) for i = 1,2,...9
(2) those of egn. (2.4%.2) for i = q+l,q+2,...n

The coefficient equations are

(11) (41 (ii)
2Q e = a (i = 1,240 :K)
(41) «ai) (1) (i)
2 e = /R.,a +g (i = k*1,k#2,...n)
(39)  €i3) (247 |
Q e =fma (.5 = 12, penk, 85D
(13) (i (i3)
Q e s lﬁﬁj a (1,5 = k+l,k+2,n, i#3)

The function W which must be positive definite is

2. (u.) 2. (u:)
A 3 J

GAPL i)

Z

(2.4a.10)

tl.la,01)

(2.%a.12)

€2.b8.13)

(2.4a5,14)



B n A0 Eide (a3) 2
W= -2V+ | ] (& z )
k Kk G3I)T (53
+2 7 ] /ar.. B, (u,) a z
A | s 2 il 5E - o —
L= ]-l
(1#3)
% n (14T «(41) (32)T (349
+2 3 Yy /R.. 8, (u,) (a Z + a z )
T P b i X - - = =
1=K+l jJ=k+1l
(i# 3
) Pl ox
*d )} . B lwd B Cu) W ) R, B, (u:;) 0, (u.)
g1 4 W ¥ T 3 i=k#l s=xfl 43 253
k n Ca3J® (333 n n (i4T (432
-0 ¥ ¥ B, (u) E z - 7 § Bs () z
gl 424 & = T - f=1 4=l e
(i£3)

The comrents on criteria 1.1 and 1.2 in section 2.3a. apply to
criteria 1.5 and 1.6 respectively.

2.4b, Common row poles

Substitution for y; and £:(y;) from egns. (2.4.1) and (2.4.2) in the

appropriate canonic egns. of section 2.2b gives



(i3) (i3> K13} €i3)
z & A z + gj LRl D vt (2.4b.1)

&) (2 n (ij>
5 = & Z +) & B. e} 4= L@y el) (2.4b.2)
- - 121 J 4

n (i3 (130 (T (329

1 = - K . (us) + ;

ug = jzl (o z xij 25 (uj) g z ) (2.42.3)

where for convenience the defirnitions (2.4a.3) to (2.4a.5) are
again made. The above equations are of identical nature to the

canocnic form of section 2.2b. Assumin;

o
L=

agein that the first X rows

of G have no remainders in their partial fraction expansions, the two
following criteria may be written down by direct comparison with section
2.3b, and criteria l.3 and l.4.

CRITERTON 1.7,

The nonlinearity restrictions are

l,2,.'.k

(1) those of eqn. (2.3.2) for i

k¥l, k+2, ...Q

(2) those of egn. (2.3.1) for i.

(3) those of egqn. (2.4.2) for i = q+l,q+2,...n.

The coerfficient equations are

(i) (13) (ii) (ii)
2Q e = Wn?ii a + n8 (E 2 32 yn ek (Z.4b.4)
(ii) (43 (ii) ¢ad)
2Q e z 2 /—R—ii a * oo (1 = kel k2 004n) (2.4b.5)
(i1 {i7) _ (132
Q e — nrj. a (L,3= 3,2,: 0K 123D (2.4D.6)
J



Bk.

(i3 %) (i3)
Q e ¢ VR.. & (1,3 = k+1,Kk#2,...0,1#3)

@y (ad) (1) 2.1
2Q & z 2¢Vnd.. @& + ni (Grln TN S

or (for h > k)

(2.45.7)

90) (2,4b.8)

(1) i1) (1) Q)
2Q & = 2/nf;. a *nd (& 8 2.2,.. K (2.45.98)
¢i) {4 R & & (1)
2Q & = ¥R;; a8 +e (L= ktlk#2,...0) (2.4b.20)
The function W which must be positive definite is
B n n (igiT (i3] 2 n (13T t3) 2
W=-220; + [ ] (a z )+ ] a z )
i=1 3=1 i=1l
2 (LT (41)  (GLT (31)
+2 7 ) Y/ar,. 8. (u) (a z + a z )
181 §=1 oot - -
(i73)
n n (213T K13 (33T (3d)
+ 2 ) /R:s By (u) (& z +a 2z )
izk+l j=k+l = =



o
m

K I n
#on J ¥ v, B a0 nd 4 ] R,. 25(u,) B, (u.)
if14=2 1 0+ 3 ) qax#1 3 =ker R
}§ R CiaT (i (334 n n Li73T (d3)
¢+ 2 7 ] B lwa)g Q & - 7 ) 3lugda z
iz 3=1 J 3 fektl Jekel
(343) (i#3)
X n HDT  ED
= i -

and for h > k,

(8 i
(ui) a 4

(1)

CRITERICON 1.8:

The nonlinearity restrictions are

-

(2.8.33 ford B dydges &

Fy

(1) those of eqgn.

(2) those of egn. (2.4.2) for i = q+l,q+2,7v.0

(2:4b.12

(2.45.13)
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The coefficient equations are

(ii) (1) (di)
2Q e =a (i =1,2y...k)
(i1) (ii) (ii) (i)
2Q e = 2/R;; a+a (i=ktlk#2,...0)
(i3) i3 . (239)
Q e = /nrjj a (1,7 = 1,2, cneky 357
(43 & _
Q e 2 /REj a (i3 = k¥l X#24u sy 187)

and either (for h <k)

(1) (i) @)
20 & =e ({=1,2,...W)

or (for h » k)

(1) (ii) (1)

2Q & e (i = 1,2,...k)
(1) (11) (L) (1)
2Q & = 2 /iﬁi a +e {4 = bl 4200 ,000)
The function W which must be sign definite is
h N (AT €1)) 2 h (1)T %i) 2
W==2cV + ] ] (a z ) + ] (a z )

i=1 §=1 i=1

(2.4b.1%)

(2.4b.15)

(2.4b.16)

(2.4b.17)

(2.4b.18)

(2.4b.183)

(2.4b.20).



K B == (32)T (Gi)
+2] | /T, 8, () a Z
(i#3)
n - R CLIDT (1) (32T C34)
+ 2 ) /R B, (u) (a z +a 2 3
fokAl 4ekai. >~ + & T -
(i#3)
oz 27 g
+ n ) re. @, Lu,) 8, Gugd + ) Beo B, () 8. Cn,)
i=13=1 1 13 j=k+1 d=k+1 23 2 1 T 3

(AT (1)

¢

e
|
|t

(2.40.21)

where for h <K, ¥ = 0 and for h > Kk,

h (LT (1)
Y= 2 ] /R.. a z (2.4b.22)
isk#l ** 7T



2.5. Stsbility in the sectors [k., <]

If a given class 1 system is such that one or more of the uncoupled
loops of the system is unstadble (stable) for low values of linear open-loop

applied

(48]

gain, the pole-shifting technique of section 1.4, Chapter I must b
to establish stability (instability).

The above statement refers to esteblishing stability and instability
respectively.

Lssume that ( n - ¢ ) of the loops are unstable (stable) for low
feecdback gains. Then rotation of the input axes of the corresponding
(n - @) necnlinear characteristics defines the new output variables (see

egn. (1.4.7)).

v (y:) = £.(y.) = Ky, (1 = gtl, q+2,...n) £2.5..1)
Substituting for f£;(y,) from egn. (2.5.1) iIn the system equation

(2.2.1) gives (for x(t) = 0)

y=-G(y+x y)
ory = -(I +G sifl . Gy=-G'y (2:542)
where for convenience one de s
vy (yg) = £, (y3) for all i % gy

and k 1s a diagonal matrix whose first g elements are zero, and the

2aining (n-q) are the constants k..



(03]
(Y@]

Comparing egns. (2.5.2) and (2.2.1), the pole-shifting technigue
has not altered the form of the system eguation, and the criteria of
section 2.3. (Nos. 1.1l to l.4) apply unalterec in substance, where the

- -y

poles and residues of G are ncw replaced by those of the new Transfier matrix,

Inherently unstzble systems (containing cne or more poles with non-
negative rezl parts) may be dealt with by the above transformation. Since
all the clements of G' have a common cenominator

only criteria 1.3 and 1.4 will in fact apply (common row poles).
The nonlinear restriections (2.3.1) and (2.3.2) will then be replaced by

¥ W Opade U for all | Vs I £ 0 (2.5.3)
or [ (y.)ay. > O foreally.| #0 (2.5.%)
O i

(2.5.3) confines the nonlinear characteristics to the sectors [k., =]
whereas (2.5.4) is somewhat weeker (see section 1.3. Chapter I).
Application of both pole and zero-shifting technigues allicows a
stability or instebility test for any nonlinear charvacteristics confined to
the sectofs [k{, K.]. - Since pole-shifting does not alter the form of the
-

E2XS

Q.

system ecuation, this technique should be applie
The zero=shifting technigue unfortunately reguires invertion of the

operational matrix of egn. (2.5.2.), which is by no means a simple task for



Estimates of the upper and lcwer bounds of the envelope of system

nsient response to an initial disturbance may be obtained by 'A-

7

transformations' similar to secticn 1.5, Chapter I. As in esteblishing

o

stebility, it is necessary to choose Liapuncov functions which have sign-
definite functions cof the state variables in their derivatives.

2.6a. No common row poles: sectors [0, =1,

Pefine the new variables (cf. section 1.5 Chapter I)

(

X

t 1.
~
P
rt
N
-
wJ
~~

b

(2.6a.1)

1
fl
It

3T = 22y vienedt)
vV, = e y (2.6a.2)

Substituting for z and y. from the above egns. into egns. (2.2a.l)

3_ = (al + A ) x +. F. (2:.6a.3)

=
|
}_l

| &
(@8]
L)
L]

_{

where I is the unit matrix, end

AL - AT
e 1

Egns. (2.6a.3) and (2.6a.%) are Identical in form to the originzal

anonic egns. (2.2a.1) and (2.2a.2). Chcose therefore as a Liapunov function

for the above system the form



n o tagrg g Gda)
v Y V x Q X (2.68..5)
is]l 451 T
-
(a3
where the symmetric matrices Q are cdefined by their (r,s)th element
(137 (132
Cig) &, a.
E = s 2 i
b (133 (1i3)
oo
W t g
(13 (ij)
and v, se® AT A (ef. egn. 2.3a.1).

Then the analysis of criterion 1.2, section 2.3a, may be applied
(i3) (1i3)
cirectly to this system by replacing A, Dby A + A throughout.

-

The ccefficient equations, nonlinear restrictions and the function W

of eriterion 1.2 {(for k = 0, since no integral terms have been used in
(i3) (i3)
this case) may be used to determine bounds on A by replacing A By X # R

Since system stebility m= cnl De established for positive values of
gy Y I

¢, it follows that Re (A + A, ) must be negative for all r,i,] (see criterion

-

-

1.2). X must therefore be less than the smallest modulus of the real parts

of the system poles. No upper bound on A is obtainable using the above

Liepunov function. In the single locop case, it was sufficient to take ¢ = 0,

wnen the relevant liapunov function derivative is positive definite regardless

of the sign of the function itself (see section 1.5, chapter I, and cxemple 1.2).

It is sufficient therefore to use criterion 1.2 to estimate the locwer
(1i3) (i3)
bourid of A, Ae’ by putring k = 0 and replacing kr‘ by x + A, fop all
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.
~———-

3 ’ G o - - -
Note that k = 0 requires that at least every transfer function g..(p)
-
y ~ S i S - regig -~ - 3 - < et - AP 3
has & remzinder in its partial fraction expansion, and many sysiems which
& SRR DA S =S 3 i 99 2 - N I
may be established as stable by criterion 1.2 will reject the above methcd
for estimating transient response.
It is easily shown thet the remaining criteria cen be used in a
Ty T 5 s s I e T e = 7 entmvy A~ v A = Y FAnmy 2 mTuan pom iy
similer manner to detersmine a lower bound of i for a given SysiIenl wihlda

has been established &s stable. In secticn 2.6b below the appropriate

Liapurcv functicns for the A-transformed systems are given for the various
-2x t
e

b

v ~ T Aty Ao A = y N
determined the lower bounds of A, Ae, then e is
guaranteed to contain, for all t, the moculus of these functions (see egns.

(1.5.7) ang (1.5.8), section 1.5, Chepter I).

2.6b., lLiapunov functions parallel to the stabilitv criteria.

Criterion 1.4

<
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b
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e
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bie
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D al Y
b=
N
N
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b
}_l
b

<
1
1 [~

'_a
[

For all three cases, X is effectively zero in the stability criteria,
and as for criterion 1.2 (see section 2.6a) not all systems which may be
established &s stable can be givern en estimate of transient vesponse by
the above methods.

- 3 v ~) % b A R G i e e -— o b ]
O SysSTEms 1n WNRlICH The NChilnearitlies are CCnlix ed to secteors LK. @
-
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2.7« Examples

Exemple 2.1.

Conslder the system where

@)

p * 13p + 38
|
2{p-1) |
S.h

Since gy.(p) and g,, (p) both have a zerc In the right hall of

the p~olane, stability may cnly be established for nonlinear characteristics
& 4o - |

confined to scme finite secters [0, Ki] (i = 1,2) such that the zaro-

(o

5y G S s
shirting tecn:ucz..e moves These Zeroe

03]
il
et
O
ct
)
l._l
M
b4y
i
)
}—l
1)
"
b
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£
L
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%
!
L

that the ronlinear chaerecteristics are con

n,
O..
rt
O
ct
o
W
3]
]
(

ct

O
0

—
(@n]
’ F
by, %
(8%}
[

and [0, 1/10], i.e. Kl = 1/3 and X = 1/10. Criterion 1.5 may then De

-

used To establish stability. Note that since k = 0 (see section 2.4a)

e

criteria 1.5 and 1.6 will yield icentical results.

The partial fraction expansions of g,,(p) and g,

11 (p) are

ro
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From section 2.4%a, the relevant

13 11
R = -3 o . = =2
1 1
1l) 11)
k? = «f a2 S
(22) (22)
A = =3=32 o = =L

|

(22) (22)

P

X9

-

S £ =
)
IMERTECTE

Since there are no

-

St -~ =
system perameters

e

“11

ion dynamics,

vanish, and the effects of system interaction
Rlz and RQ;.
To determine the sign of the

new variables (see ecn. (2.3a.15
i1 €13 GER]
>, = a8y z b,

T(22)
Z

9
-

(223 (225

=1

-

oLk

) (11)

¥
¢4

(22) (22)

are

i

’..J
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r

3

o

)
2
£22)
2
2

function W (egn. (2.4a.10) cdefin



3 N % o] 3 - o Y ~—~. - - < B , - - -
Substituting for the above veriables and the system parameters in edn.

(2.4a.10) gives

(1132 ) 1y € i (222
g o 3 3 S

w= __=2 _ b B =t B D, + W,
’ 5a L 5572 1 2 Tiaag- 2

. . (22)2 (22) (22) A ) (22)2

3 + & ; 192 3 = )2

= i b- B oagmtes B B, + = D
+ 3 + 32-C i g=2C 2 X 3 = J2=C 2

(11 31 (22) (22)
+2/35 8 () (b +b5 4% 2/i0 B

ro

2 2

- 9 o z + 1 It s + IA*.A" 3 | v "-
1 (ul) 10 32 (hg) 0.85 o) (Ll) ZQ \u2>

G
&
3

~m
-

o s N . & 4 :
W may De written in the cuacratic form x A X, where

(1) €119 (22) £22)
X :LDi ; b2 S y D2 y e KL Jy E (u Yite

fLa)

(€8]
'I
o |
O
(18]
ot
®
f
P
'?f
(D
w
U’
7~
3
Y
I

1,2) constitute a positive

inite function in W provided that c.< 3 (see detalled explanaticn

in criterion l.1l: ¥ is negative cdefinite for ¢ < 3) it is sufficient,
by Sylvester's theorem, that the fifth and sixth leading minors of A be

L (35ao0 % A = S A = S Tk vy Vi genadiy
positive. These miners will of course be real, since A 1s the matrix

of a real quadratic function. The minors are reacdily found to be



~-5000¢e (c - 6)
-

= (e=S)(c-4)(2c-13)% (2c-8)2

>

(4]

Provided that ¢ < 35 A, is positive for all positive ¢y and & is

positive for e » 0.8%2. ©So far, therefore, the pestriction. imposed upon

4
it

¥
-

¢ is <t

0,942 <& <3 C2:2e1)

T

From appendix II, the necessary and sufficient conditicns for

eppropriate soluticn of the ccefficient equations (2.4a.7)

(1) A= 1+ = + » § «(f = 1,23

1
~
4

)

Fown T & & = 3¢ - 40c + 77

-9 C"L'f (—_9) o-4 ) _io (L.?.-.)

o~ . -
10 + f2‘3§%l_ - 20¢” - B2c + 128 > g (2.7.3
c-3)2 +4 5 ==
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The numerators ¢f the expressions on the left of inequalities (2.7.2)
> 4 ~ . . -~ o - 3 = : -I_‘__‘ = = flins
ané (2.7.3) are positive for all ¢t These inegualities are tTaereiore

satisfieqd for 211l 0 g % 3.

for all 0 < ¢ < 3, by choosing

£,

then inequalities (2) are also satisfie
the positive sgquare root in each case.
Ean. (2.7.1) therefore represents necessary and sufficient conditicns

for V to be negative definite, V to be positive definite. The system is
Totelly stadle.
Cii) by
To obtain an estimate of transient response, yeplacing A
53

A+ A (ryi = 1,2) in the above criterion yields as the corresponding
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wnere A must be less than 3 (see sectiocn 2.8&).



Also, Re (u )< 0 for al

) = FEIC: o) ¢ = e oo o o ~a s -— . -ad 2 W RS
nocose ¢ = 0.S842 (or as near as desired to 0.842, tc satisly inequality

9] b 5 o T S PN Y s P e & 2 - S RN ¢ =
(2.7.1)) since this gives the largest value of X possible, and is therefore

-

-—) — > — - FECe -1 Lz 2 . - e [
-ne bestT estimate obtainable. Then inequality (2.7.4)

s satisfied provided

oo

-y - o Fol o T - - . ~ - -~ o~ - - = - 0 Y3 - 3
that X < 2,056, It row remains to verifiy that for ¢ = 6.84%2, 2 = 2,088,
2 o e ® G s My T - S e — = S
&z ang A~ are positive and the coefficient equatlons have appropriate
DA 5 < - el bd

& o] EES e
I TS CCErTACientT

0
+
>

-~ i O - B e ] | i 3%
solutions. Since c 18 effectively veplaced oy

er condition is inherently satisfied since (c+i) = 3.

For Az and 4g to be positive it is sufficient that
~ e )
and

X # (e = 9.5x - 16.838 (e + 1.39)(c - 0.942) <0 (2.7, 6)
£t hand sides of inequalities (2.7.5) and (2.7.8) are then -0.942 and

~1:328 respectively. A = A, = 2.508 is thereicre a lower bound to the

(1l) (i1 Kdly «(dd) (11)2

131)2

Y o

=
fu
]
L2
£

1

o)
- L, z?
l <

Vo= —— z, (1%} (11 (X1)
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; SREIZ (2232 2a 2 2 2 a
& C;" 4 - ‘.. 2 :. 2 + 2 22
—-— Sy e
3 * (22) (273 — (27)
. + U s
2y, L1 &) 29

(see criteria 1.5 and 1l.1).

<
! 1/ *
11 %19 :
~ 1 1
G = pri p+_~
| 1 ¢
Xo1 99
pt2 pre |
e _.J v
3 has & comron pole of =1 in the first row, end & common pole of -2 in the
second row. Provided that X;3 and K,, are positive, criterion l.4% may be used

to investigate stability of this system in the secrors [0, =].

LR

Prom section 2.2b, the relevant system parameters are
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(i)

The necessary conditicn Re (w_ ) <0 for all r,i is satisfied

-— e Y oy Sl
Prom the coefficient equations (2.3b.2hk),

[ l-c (232 2-c €2.7:8)

-~
; B = »e v r
a.ﬁ - "\-;1 (=] Lo N o
- B — -
T oo N N - . e & I T8 et e (202" B e ¢ o
IThese solutions are real &s reguired if again ¢© < 1. The function W of
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CHAPTER III

STABILITY OF CLASS 2 MULTIVARIABLE SYSTEMS

Intrcduction

Class 2 systems are defined to be those in which the linear multivariable
dek

precess to be controlled contains only feedfewwessd interactions (see fig.7).
The process 1s assumed to be controlled by many feedback loops each
conteining a single-valued nonlinear device, as for class 1 systems.
In general, class 2 systems may be transformed into equivalent class 1
systems, but due to the difficulty of inverting matrices of transfer
functions it 1s convenient to consider the two classes separately.

Examples of processes described by a class 2 transfer matrix are
linear nuclear reactcr models (Harveylo) and some types of electrical

power systems (e.g. parallel connected synchronous machines).

3.1. Canonic representatisn of class 2 systems

The general equation describing a class 2 system is
y=6 (x=-£f+Gy) (3l o dind)
where G, is an n x n diagonal matrix pf the transfer functions gii(p),
and G, is an n x n matrix of the remaining transfer functions gij(p)(iij).
A two-variable class 2 system is represented in block-diagram form in fig.7.
when x(t) = 0 for all t, eqn. (3.1.1) also represents systems in
which the nonlinear devices are actuators.
A suitable canonic form of state variable equations for x(t)= 0 is

given by
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(ii) (81) (34 (i1) (ii)
2 = A z + 5 + £, (3.1.2)
‘613D (13) €432 (i3) .
2z = A z Gl (i#3) (3:1.3)
= - “J
(i1)T (i1} .
y, = a z - Rii [fi (yi) # 1] (e B 1y2ye i) (3.1.4)
(ii)
where the notation is as in Chapter II. s is a column vector all of

whose elements are equal to the scalar quantity
n APT (13
s= ) (a z - Ris y.) (3 # 1) (3.1.53
- -_ — 1] 3
=1
To show that this form represents a class 2 system, substituting from

eans. (3.1.2) and €3.1.3) into egn. (3.1.4) gives

(11)T (ii) (ii) -1 (i1

Y; * a (pPI - A i ® - Rii X
n (iPT (ij) (i) -1 (i)
X £ (yi) + ) (g (pI - A ) e - R )y,
: j=1 ‘ 4
€j#i) :

The linear transformation which is used to obtain the above
canonic form from any initial set of state variables must be nonsingular.
One necessary condition for nonsingularity is that no transfer -function
contains multiple poles (see Appendix V). The necessary and sufficient
conditions are difficult to obtain in general, but a simple test for

nonsingularity is that the determinant of a certain matrix (See Appendix V)
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of order equal to that of the system should be finite and not equal to zero.

3.2. Stability in the sectors [0, =].

Assume that the first k transfer functions of G have no remainders
in their partial fraction expansions, i.e.

Rii = 0 forall 4 = 124 «Ke

Any Liapunov function chosen for the system may then involve
integrals of the nonlinear functions fi(yi) orly for 1 = 1,2s.:Ks

Cénsider the following form as a Liapunov function for the system of

section 3.1:-

y.
n o €33)T Uiy i) k 1
V= § } = Q 2 -n 1 [ £ (Gy)ay, .20
izl j=1 izl ‘o g e
& )
where the matrices Q are defined similarly to Chapter II, namely
by their (r,s)th element
(332 (13j) . ..
(ij) a J a . (l]) (l])
- r s (w = C+ A, D
s G Gn -
W + W ’
r s

Differentiating V w.r.t. time, using eqns. (3.1.2)-(3.1.5) gives

: _n on GPT GP 2k 2
V=-2V+ § | (a 2 1 ®*# 8] 2% @
i=1 j=1 izl 11 2
E ? (i30T £313)
+n r.. f. (y.) (a z -~ R, . ¥
j=1 4.1 %1 o = if 75
(1£))
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% €13)T (i1 ? (13)T (34) (211)
- n £. {y )& z + 2 £, (y:) 2 Q e
=1 1 i j=1 1 7%
n n (1i)T (33) (311) (1T (1i3)
* 2 } 3 2 Q e (a z ~Rys £o (y.))
i=1 3=1 j 5
(i%3)
n on GPT EH  ED
+2 )} ) =z Q e . (2.2
i=1 51 3
(i#3)

As for class 1 systems (section 2.3a, Chap.II), at this stage V
must be constrained to be a possibly sign-definite quadratic function of
all the state variables and the nonlinear functions fi (yi). This should
be done in such a manner that if the system interactions were removed,
any criteria obtained would be equivalent to n independent single-loop
cri?gria (see Chap.l). Equations must also be found for the coefficients
ar(l]) pertaining to the interacting transfer functions (i#j).

It is possible to achieve this in two alternative ways (cf. Chap.II,

section 2.3a.)

Firstly, add to V the expression (see eqn. (1.3.4%)

n n n 23T (31)
( )} f.&yd#+] ) a z )X
i=k+#1 1 "1 4i=1 421
(i#3)
(11)T (11)

Xy, - g z + Ry;[f; () +sDH =20 (8.2.3)
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2(31)
where o denotes a vector whose elements are the squares of the elements

of the vector E(ji).

The reason for introducing these squares is to allow for systems which
have interacting transfer function gains of either sign, as will be seen in
the examples at the end of this chapter (see also Rae and MacLellang).

Cempleting the appropriate squares in V and arranging it in the necessary
form (similar to all previous criteria) then yields the following criterion.

CRITERION 2.1

The nonlinearity restrictions are

I
1y | f£.0y.) dy, >0 foralll y. | # 0, and
2 & - 1

J

o

£.(0) = 0 for all i = 1,2,...Kk

(2) y\.fi (y ) > 0 for all | vs | # 0, and

£y (0) = 0 for all 1 = kK+tl,k+2,:sen.

The coefficient equations are

¢ii) (44) (ii) (3)

2Q s Yn r.. & + B (1 2 1325%esK) (3.2.4)
(13)» K41) (1i) (ii)

2 e =2Rz;a +a (i = k+1, k+2,...n) (3,2.5)
(13) i3 20333

2Q = = -a (23] 2 1250000 1£3) {342.56)
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Tre nature of eans. (3.2.6) is such that three of the necessary
conditicns for their appropriate solution are satisfied (see Appendix II).
If there exists some negative value of ¢ such that

(13)

(a) the above egns. have appropriate roots a for

N 2 =dy Bhe © 05 &and Rii > 0 for all i,

(i3 {553
(b) Re (Ae ) and Re (w, }> 0 for all e,i,j, then V is positive

~

definite, and if V is positive definite the system is unstable.
Conversely, if there exists scme positive value of ¢ such that
(c) the egns. have appropriate roots for n = +1 and T Rii >0 for all i,
(332 (i3)
(d) Re (A, ) and Re (w, ) <0 forall 4

then V is negative definite, and if V is positive definite the system is
totally stable.

The prerequisite that Q be positive definite is satisfied if the
following quacdratic function is positive definite:

_ non Cigrr £ija @ k 2
W= -22V+ ) .z (a Z ) # n.z r., f. (y.)

X (33T i)
¥2 ) ¥ A D fi(yi)-é 2

n (230 (dii)
+2 ) VY R: £, (yi) a z
K
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kK n (AT (E5) GPT G i
o izl jZl [rgy 007 & 2 -Ryle 20 - Ry fy Gk
(i#3)
k k (ii) (11)T €iid (13T (i3)
+ ) J (2 nr,a +8 ) =z (a g = Ry ¥l
i=1 §=1 S = - = = = ij 73
n n €ii) (i) T (i) (130T (313D
+ 3 ) (2 /R.. a +a ) 2z (o & s R W )
i=k+l j=k+l = = 2373
(1%£3)
n n s (13)  GI3T 33
- 7 3 g?(lj)T z (a z - Rk £ (p) %8 ) {3.2.7)
i=1 §=1
(i#3)

For brevity in writing, the substitution for yj in terms of the
state variables (see egn. (3.1.4)) has not been made in the above equation.

Unlike class 1 systems, the criterion is valid when some or all of
the constants r,; are zero.

The above criterion is similar to criterion 1.1 in that it subsumes
the same stability properties of the uncoupled system (see eqns. (2.3a.4)
and (2.3a.5)).

Alternatively, one may add to equn. (3.2.2), instead of the expression

(3.2.3),the expression

n n n 2(723T a9
() f. )+ ) ) a z ) X
i=1 *+ "* =1 3=

(i#3)

: (i1)
X (yi -,g(ll)T_E + Ri' £ (yi). +s]) =0



Similar manipulation then yields the following criterion (compare with

0
X
| ol
ct
)
8]
e
O
b |
3 o J
(o]
-
:
d
H
o
g

The nonlinearity restrictions are

£, (yi)-i 0 for all Iyi | # G, £, (0) = 0

for ali 1.

The coefficient eqns. are

(i) «dii) (11)

2Q e : a (1. 3 1.2, cmek) (3.2.8)
(i1) Gdi) (1i) (ii)

2Q 8 = '/Rii a £ @ (1 =k+tl,k+2,...n) (3.2.9)
(i €13) 2(i3)

2Q & = - a (1, = 1,2,...n, i#j) (3.2.10)

Since the constant n does not enter into the coefficient equations,
and the resulting Liapunov function derivative has all coefficients of
terms involving fi (yi) multiplied by n for i < k, it proves sufficient

in this case to put n = 0. " Then the function W which must be positive

n n (3327 (337 2 n 2
v=-22V+ ] )] (a z ) + ) R.f. (y;)
izl j=1 izk+1 1+ 2
n (AT (i1)
» o
- ._l:};kl R s f. (y;) a z
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~
k k (1T (id) (APT @)
+ ] 1 z  (a ¥ -R. y.)
i=1 j=1 iy 4
(i#3)
n n (ii) (1) T 23> €313 (33D
£ 3 ) (2V/R,, a * & )z (a g % R )
izk+1 jsk+1 A1 - - 1] 73
(i#3)
? § 2(ijT (i3) (3307 (33
- a Z (E Z - ReJ £, (y)+ s] (3.2.11)
Cigg)

If there are no remaincders in the partial fraction expansions of gii(p)

(i =1,2,...n), W reduces to a quadratic function of the state variables only.

3.3 Stability in the sectors [O,Ki]

If a given system is such that one or more of the uncoupled loops
of the system is unstable for high values of open locop linear gain, the
zero-shifting technique must be applied before stability can be established.
Assume that (n-q) loops are unstable for high gain. Then rotation
of the output axes of the corresponding (n-q) nonlinear characteristics

defines the new input variables (section l.%, Chap.I).

Uy S i. fi (yi) (i=g+l,q*2,...n) (3.3.1)
The outputs will then be defined in terms of the new inputs as

Py (ui) z £, (yi) (1 = ghlya¥2; saail) {3:8:2)
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Substituting for y; and fi(yi) from egns. (3.3.1) and (3.3.2) into

eqns. (3.1.2) to (3.1.4) gives the modified canonic form

(31) €331 (ii) (1i)
(11) = A z + s £ 0 (3.3.3)
_é_ 45
K3 ) Gy €13) i ) (13)
z = A z + u, +1 A. (i#3) (3.3.4)
- - E E -
J
(11)T (di1)
H. = @& Z - R, B. (u.¥*sX1,3 = 1,2,...N) {3:3.5)
i = = i 1 1
(1i)
where all the elements of the vector s are equal to the scalar
quantity
n (i3)T €33)
= ) (a z -R,, (u. +1 9, (u.))) (i#3)

and for convenience one defines

ug =9, for all 1 <q (3:3:6)
R..=R,. +1 foralli>q (3.3.7)
12 11 X,
-1
Riv® Rew for @ll 4 %9 £3.3.8)
ii iz -

Assuning again that the first k transfer functions of G, (k <qg)

1
have no remainders in their partial fraction expansions, take the followi:

-

form as a Liapunov function for the above system:-
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(33T €130 €439 k -
Q z - n ‘Z é fi (yi) dyi

ne-123
S

Differentiating V w.r.t. time, and adding the expressicn

n o G o' 2(33)T «31)
( Z 2. (ui) + E 2 a z )X
i=kel * i1 §=1
(3£1)
(Ll (33l
X (u, - a z + R, L0, (W)+ s]=0
i = = it i i

yields the following criterion (compare with criterion 1.5).

CRITERION 2.3

The nonlinearity restrictions are

Vi
(1) é £, (y;) > 0 for all | y;1 #0, and £; (0) = ©
for all 1 = 1,2,...k
= 0

(2) yifi (y,) > 0 for all | v3 | # 0, and fi (0)
for all i = k¥l, Kt2;.. «Qs

(3) The functions ﬂi (ui) must be single-valued, and u, ﬂi (ui) > 0 for

all | u;

i1 #0,

2;(0) = 0 for all 1 = g+l, g+2,...n.

The coefficient eguations are

(4i) (1i) ¢ix) (dii)
2Q e = n r;; @ +8 (i s 3,2 0eek) (3.3.9)



(ii2 K3d) (ii) (ii)

2Q e = 74 ?i. a + a (3 & Bl k2450 sl
{ = {2 &
(z27) Li39 2(i3)

2Q s = o | (i,j = 1,2,-..1‘1, i#j)

- The function W which must be positive definite is

{3:3.,10)

(3.3.11)

3 n n  (iPT 1P 2 X 2
W= -2V+ ) § (a z )+l or. 2 (u)
izl 3=l it = +
K (1dT (1)
+2 ) Yar,. B, (u) a Z
i=1 il X x == —
n (11T (4i1)
+ 2 ) /R 2, W)a z
izk#l M O+ 2 -
kK k (iT (i)
+n Y 7 r.. 2. (u) (a z - R.,. u.)
g Sed 11 "4 f = = 3 3
(i#3)
kK k (i) (i) T . (1) GPT G
+ ) J@Yir;za +g )z (@ oz —Ru)
i%Y Ju3 J
(i#3)
n n e Fid) QDT ED  E@r W
+ ) ) (2 / R.. a * .0 ] Z (a z v Ay )
izk+l j=k+l 4, - - - - 13 3]
(1#3)
n B 2 n n LUEPT (1] (33)T (3
+ z R g. (u.) - z a z (a z
i=x#1 i1 0+ 3 i1 j=1
(1#3)
(3.3.12)

-R..[ D= ;
]][ﬂ] (U]) + s]
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The alternative to the above criterion is obtained by adding to V

the expression

n 7 0 205107 (41)
$) B.(u)+ ] ] a Z ) X
i1 0+ 2 i=1 4=1

(173D

(21T (1i) B
X (u:.L - o z + Rii[ﬂi (ui) 5] =g

which gives (compare with criterion 1.6)

CRITERION 2.4

The nonlinearity restrictions are

(1) yifi(yi) > 0 for all | ' | # 0, and fi (0) =0 for all i = 1,2,++4q

(2) The functicns B; (ui) must be single-valued, and us Di (ui) >0

for all | ui | # 0, 8;€0) = 0 for all i = q+l, q*2,...n.

The coefficient equations are

(ii) (i1) (i)

20 e =a (1 & 1385 vkl (3.3.13)
(i1) (ii) _ (D) (D

2 e =2/R.a +ta @ (i=kt, k2.0 (3.3.14)
(i3) (i3 2(i3)

2Q e = -« §145 & X8 atis 123 {3:3:15)

The function W which must be positive definite is
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n n (93T «33) 2 n 2
W= -2V+ ] ] (a z ) o+ ) .. B (u.)
i=1 3=1 izk¢l 2 *
n C113T «adid
+ 2 )y J/JR.,.p;)a 2
i=k+l 1 i
kK k (i1)T (i1) (23)T €ij)
+ 1l oe oz Cxz =R
i21 §=1 i3
(1£3)
n n (41 1) T £di) (i50T (43
) ) (2 /R., a +a ) z (a z - Riou.)
izk+l j=k+l - 1] 3
(1#3)
n n 20839 143) (333 €530
+ ) Z a z (o z -R[2, U+ s]) (3.3.16)
i=1 3=1 . i3 3
(i#3)

3.4. Stability in the sectors [ki, w],

If a given system is such that one or more of the uncoupled loops of
the system is unstable for low values of open-loop linear gain, the pole-
shifting technique must be used to establish stability.

Assume that (n-q) loops are unstable for low values of gain. Then
rotation of the input axes of the corresponding (n-g) nonlinear characteristics

defines the new output variables (section l.%, Chap.I)



) - = 5 e i = + e e 3.”.1

Vs (yll' £ (yi) ki Y. (4 = gtl, 9%, ..l) ( )

Substituting for f; (y.) from egn. (3.4.1) in the system operational egn.
: i

(3.1.1) gives (for x(t) = 0)

where for convenience one defines

Vi (yi) = fi (yi) forall i sg (3.4.3)
and X is a diagonal matrix whose first q elements are zero, and the

remaining (n-q) are the constants ki' Rearranging eqn. (3.4.2),

-1
v= (I+GK 6 (u+6,y

G (w+6, ¥ (3.4.4)

Since G. and K are diagonal, Gi is also diagonal.
Egn. (3.4.4) is therefore identical in form to the original eqn.
(3.1.1) and the criteria of section 3.2 now apply to this transformed
system (compare with section 2.5, Chap.Il).

The general element of the matrix 6] is

!

gi; (p) = - (3.4,5.)
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ne transformation (3.4.1) has therefore effectively shifted the poles

his

of only the transfer functions gii(p).

3

The nonlinearity restrictions will be either

(1) y; w; (yy) > 0 for all | y; | #0, gy (0) =0

-

i
%
-

"

or (2) v (yi)dyi > 0 for all | Vi | #0, w;(0) =0

|
J
depencing on whether criterion 2.1 or 2.2 is used.

Application of first the pole-shifting technique then the zero-shifting
technique, will allow stability or instability tests for any system corresponding
stable or unstable for all linear gains in the sectors [ki, Ki].

~

38, Control Quality

Similar to class 1 systems, it may readily be shown that the
stability criteria of the preceeding sections may be used to dete?@ine a
lower bqgnd of the envelope of transient response. Replacing Ar(lj) by
P 2 | = in criteria 2.2 and 2.4 enables a lower bound of A, A, to be

determined. No integral terms may be used in the Liapunov functions chosen
for the A-transformed class 2 systems (cf. section 2.6, Chapter II) and the
method is only valid for k = 0 in criteria 2.2 and 2.4.

Many systems which may be established as stable cannot therefore

te given an estimate of transient response by this method.

3.6 Exanples

Txarple 3.1

Consider the system where

g:(p) =__1 8,,(P) = _K_
i p*l 12 p+2



dULl,

g (P = S 822(P) = 1_)%.3_

and the nonlinear characteristics are both assumed to be confined to the
sectors [0, <«].

The canonic equations of section 3.1 are then

(1l (11 (12)
zy ==z, - kzl # fl(yl)
(22) (22) (21)
2 = -3z, - kz, + f2(y2)
€12) (12)
21 = -221 + Yy
(21) (21
Z1 = —1421 + yl
(133
yl = _zl
(22)
y2 = -zl

From appendix V, or directly from the. above equations, the canonic variables
(339

z rmay be expressed in terms of the physical variables Yy and y2 as
(11
2y = -y
(12)
zy - % (yp + by ¥ 5 (yy2)
(21)
Zq = % (3y2 ty,t £, (YZ))
(22) '
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Using criterion 2.2, the coefficient eqns. (3.2.8) and (3.2.10) give

(11)2 (22)2
a a
- 1
e #5% ] s =1 - (22) = -1 £3.6:1)
w W,
L 1
(12)2 €21)2
al a l
T = <k T = & (3.6.2)
wl wl

Substituting for these variables and the system parameters in eqn.

(3.2.11) gives

{1132 ¢1l) (12) 2 (12)2 2 (21)2
[ =
W = Zl + kzl zl + 2k zl + L4k zl
€215 (22) (22)2 2 12) k22) 2 (11) C2L)
+ Kzl zl + 3zl + X zl zl + k zq zq .
T
Writing W in the form x Ax, where
T (L1 (12) (2L) (22)
x = [zl > 2y s % s 2 ]

the leading minors of A are easily found to be

Al=-1
8, =7 K°
m
by = k' (4 - k)
7
8, = Kkt (k - 31.6)(X2 - 10.4)
16
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The inequalities a; > 0 (1 =1,2,3,4) are satisfied provided that

K% <10.4,

The above example was previously considered by the author using
the method mentioned in section 1, Chapter II (see Rae and MacLellang,
example 1). To obtain a result then required selection of two arbitrary
constants, and total stability was established for k%2 <10.1. Since each
transfer function is first order, the parameter c does not enter into the sign
of W (¢f. example 2.2. Chapter II). For real coefficients, however it
is necessary that ¢ <1 (see eqns. (3.6.1) and (3.6.2)). Since ¢ <1
is also the necessary and sufficient condition for real, negative definite

V the lower bound A, of the transient response is also 1.

Examnlie 3.2

Consider the system where

gll(p) = Kll glz(p) = Kyp
p-6 pHe

ng(p) = K2l g22(p) E Koy
p+10 pHi

Since gy,(p) has a pole in the right half of the p-plane, the pole-
shifting technique must be applied to confine the nonlinear characteristic
£.(yy) to some finite sector [k, »] such that the pole at +6 is effectively

moved into the left half plane (see section 3.4).



where fl(yl) is now confined to the sector [kl, »],

LN

(11)

e relevant system parameters are
(11)

=

¢ =gk

-10

*

£12)

(21)

(22)

(i3)

The necessary conditions Re (Ar

) and Re (w
r

= =K

t+hen

1T

(ij)

establishing stability are satisfied provided that

6 - kK, <0,

C <4, c+b - kllxli <0

Using criterion 2.2, the ccefficient equations are

2

B b T

L

a1

(11)2

€12)2

5t

~K19

(2533
2
22y

-

_}(2

2

) <0 for

(3.6.3)
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Provided that Kll and K22 > 0, the coefficients are real when

inequalities (3.6.3) are satisfied. The function W of egn. (3.2.11) is then

¢11)2 (1) (12) 2 (1232
W = (KlKll -8) Kll z.l + Kll}(l2 z1 zZy + 8K12 zq

2 (2112 (21) (22) (22)2
1NY
5 05, 24 ¥ K2l KZZ zq Zq + MK22 zl

2 (12)  (22) 2 (1) (2L).
* X, X7 2y v Ky 7 2

Writing W in the appropriate quadratic form, the relevant leading

minors are found to be

(

"
A
5
d
~
e
S

I

(o))
~

32
b, = 80Kiq K2 Kei? (k. Ko =B =1 1 K 2)
4 T B Ny R N Bp 37—-K11 =y By By
2 2 2
4. = K _ K K (k. K.. « 61 B 1 E K
4 11 22 Mo 2 [ 1 11 = 11 77 31 21
1 A

G, Koq Kop (200 Ko + 16 Ko,) c

11 721 22 21 12 y| X (320 - 26 - 5K, K,

g 12 22 22
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The satisfaction of the inequalities Ai > 0 (i=1,2,3,4) represents
sufficient conditions for total stability. Since ¢ may be taken as zero,
the lower bound of A is obtained directly from inequalities (3.6.3):

A = 4 or kK =05,
€ 1 11

whichever is smaller.

-~

Example 3.3

Consicer the three variable system where

& 2 6 & 1 N
&1 P = meages BtV T+E 3P = 553
.

T (p)_ 8 )y = 3

ng(p) 25 F 14 ’ gzz P/= 2p + 11 ’ 823 & 2p + 1
. -

= = ik = e oo (p) = 4
031(p> - Gp + 5o ° g32(p) 3p + 45 °? 633'P _EII__-—

and the tnree ncnlinear characteristics are confined to the sectors

[0, =»]. Using criterion 2.2, the function W of eqn. (3.2.11) is

. o (1152 13 (22)2 (33)2 {12)2
W= é& 2 + —% 2y + 421 +zg
(13)2 (21)2 (23)2 (31)2
g 7 + 27 + §- Z
¥ lbzl + II Zl Zl m 1.
" R €32)2 (11) (12) (1) (13) (22) {Z21)
_5 z1 t oz zy + 22, z + 2z o

h 1 &
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€22)  (23) (33) (31) . (33) (32)

4
+ 62l zl + zl z1 + 3 zl z1
(12) (22) (13) (33) 1 (21) (11)
* zl z] + Hzl zl + 5 zl zl
(31) (11) (23) (33) Y (32) (22)
+ 5 2 zl + 18 2 zl t 3 z1 zl .

The leading minors of W, evaluated on a digital computer, are found to be

g = +2.533.10% B, +7.872.10° s, = +6.657.10"

A, = +2.508.10% Ac = +2.235.10° b, = +2.206.10°
2- . . 5- . . 8- . v
Y o i ~ 2 _ L _ 5

by = +4.505.10 b = +5.326.10 bg = +8.832.10

The system is therefore totally stable. The time required to evaluate
these minors on an English Electric KDF9 computer was 13 seconds. As in all
systems with first order transfer functions (cf. previocus examples) it is

sufficient to take

"
]

2 = | smallest real part of poles I
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3.7 Ccrment on Chapter III

Liazpunov functions have again been chosen which involve quadratic groups
of the state variables pertaining to each transfer function of the system,
which azain reduces the complexity of the resulting coefficient equations.

n some ways, the criteria are more difficult to apply than the cilass

1 criteria. The signs of the relevant functions W cannot be determined
(1ii)

independently of the coefficient vectors a , and the coefficient vectors

(i3>
2 (i#3) are determined from quadratic and not linear equations.

~

|9

In criterion 2.2, however, W is a function of the state variables only.
Whereas a class 1 system would require evaluation of the last (n-m) minors
of an (m+n)-square matrix, a class 2 system would require evaluation of all
the minors of an m-square matrix (m is the system order, and n the number
of system variables). In some cases the latter calculation is easier to perform.
As mentioned at the beginning of this chapter, Class 2 systems are in
general transformable into equivalent class 1 systems. This requires
invertion of the system transfer matrices, and the resulting system is more
complex in the sense that each individﬁal transfer function is of higher order.

As an 1llustration, for the system of example 3.1 the equivalent class 1

system is
= -1 g 3
Y1 (p+l)(p+23(p+3)(p+*+)—k‘ (¢ p+2)(p+3)(p+l+)fl (yl)+k (p“l)fz(y2)]
=
Yo = = k(pt2)f. (y.) + (p+l) (p+2)(p+u) f,(y,)
. AT D DA T, (e ® PRI et Tylp))
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Zach transfer function has 4 common poles, and if criterion l.4 were

used, two sets of 4 simultaneous quadratic equations would have to be solved
(1l) £22)

to obtain the coefficient vectors a and a . This calculation is
unavoidable, since the sign of the function W of criterion l.4 depends upon
these coefficient vectors.

The application of the pole shifting technique to class 2 systems is
very simple (see section 3.4) since it does not require inversion of the
system transfer matrices (cf. section 2.5, Chapter II).

Estimation of the lower bound of transient response Aas is carried

out in a marner exactly analagous to class 1 systems.

>

s in all previous cases, the criteria represent only sufficient

concitions for stability or instability.



CHAPTER IV

THE NUCLEAR REACTOR

TnLrodL tion

In the first three chapters, criteria have been developed for systems which
contain purely functional nonliinearities, i.e. of the form y = f(x). Wnile
many physical processes can be adequately described in terms of linear and
functional devices, there are obvicusly very many other different types of
nonlinear systems.

ne commenly occuring nonlinearity is multiplication of several variables

t

ogether. Examples of systems with inherent multiplying media are nuclear

fission reactors, and some metabolic processes (for example the relationships

between vagus inhibition changes and heart beat rate are of a multiplicat:i

Since the method of recducing systems to a special 'canonic form' has proved
fairly successful for functional nonlinearities, in this chapter the method is
medified to handle systems involving multiplying media, and in particular the
nuclear ‘reactor,

It is found in general, that only a finite region of stability exists in
the state space for the nuclear reactor, unlike %he total stability which could
be established for systems containing functional nonlinearities.

The success of the method, if any, will therefore depend upon how large
a region of stability Liapunov techniques will provide, compared to both the
true region, and the region of physically realistic deviations from normal
operation.

Two models of a controlled, unmoderated nuciear reactor are considered,
firstly, a one-rode, 'lumped parameter' model of the reactor core in which

spatial distribution of neutron flux is neglected. Secondly, a multinode model



of the reactor core is examined, in which the core is represented Dy a set
of neutron sources, each interacting with every other source.

The ensuing stability analysis provides criteria for estimating the
region of stability to initial deviations, which give, in the examples
considered, guite adequate results for all practical deviations from normal
system operation.

4.1. A cne rode model

In this section the reactor kinetics are assurned to be representable
by a single point source, and spatial distribution of neutron flux is
neglected. The basic equations of neutron evolution are then (see

-
for example Schult:l‘ De18)

g §k ~ & ¥
—.—!1 - —————.-— n + L D' C' (“olol)
ot L E=1 Tk
dcC: %.
l — —-— . - N
= - = n P Cl (el 2)
where

n  is the total neutron flux at any instant.
& 1is the reactivity

the concentration of delayed neutrons in the i th group of

O
b
w

delayed neutrons
is the decay constant of the i1 th group of delayed neutrons
& is the fraction of delayed neutrons in the i1 th group

g = § £ is the fraction of total neutrons which are delayed neutrons.

=1

L

2 is the average neutron lifetime.
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Substituting for C. from egn. (4.1.2) into egn. (4.l1.1) gives
e

n = 1 g (p). §kn (4.1.3)
? b
where
E.(p) = L (4.1.4)
2+ ) -
=l po+ gy
ané p is the differential operator ¢ . From egn. (4.1.3), the response
dt

£ the open-loop reactor to a change in reactivity is unbounded.

In controlling the unmoderated reactor, the system shown in block
ilagram form in fig.8 is considered as one of the many possible control
configurations (Schulw M p.198). The neutron flux is measured, compared
with a cdesired neutron level, and the resulting error is normalised and
used to provide a change in reactivit?, which in turn alters the current
neutron level. The assumptions made in this representation are that
(1) the cevice used for measuring the neutron flux is linear, and
independent of frequency. For most forms of ionisation chamber detectors, the
output current is proportional to the nunber of neutrons per second

entering the chamber, and response can be considered instantaneous.
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(2) that the relationship between control rod position, or some such
actuating veriable, and reactivity is sensibly linear. Justification of this
assumption will depend upon the nature of the actuating system used, and
upon the geometry of the reactor core.

The eguation of the control loop will then be (see fig.8)

n.-n .
Vi o ~ o (u-l-b)
$k = G (pds ~
o}
By defining the normalised variable y = no= N , eqns. (4.1.3)
n
o

and (4.1.5) may be written as

G, (» &k (y+ 1) (4.1.6)

Wi

6K = -62 (D) v (4.1.7)

Assuming that Gz(p) has no poles at the origin of the p-plane, then
the equilibrium states of the system are

(L § k=0, y=0. This is the desired operating state.
(2) y=-1, 6k = G2(O). This state corresponds to zero neutron
flux and a finite value of reactivity, and is obviously not a stable moce

of operation.
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To reduce egns. (4.1.8) and (4.1.7) to a canonic form of state equations,

re-arrange them in the form

Gw(p)
2 - ——— §ky = R(p) éXkyu (4.1.8)
Y D + G (D) GQCE) w
‘ G, (p) G,(p)
&k = - 1 < §xy = - H(p) é&kv (4.1.9)

D+ Gl(p) Gz(p)

It may easily be shown that the common dencminator of R(p) and H(p) is
y Yy

in fact the characteristic ecuation of the closed-loop system for small

perturbations.

A suitable canonic form is then

z; = \zo t Eky (L=1,2,...n) (4.1.10)
IS}
= - v Bededld)
S (
n
Ek = J %, &, (4.1.12)
j=1 * 2

where A, are the poles of R(p) (and therefore H(p))and a; and y; are the
residues (with sign reversed) of R(p) and H(p) respectively. The condition
for the ebove canonic form to be valid are given in Appendix VI. One
necessary condition, as in all previous types of system considered, is

that there are no multiple poles present. For convenience in determining the
constants without finding the residues of H(p), it is easily shown

(see appendix VI) that



The reason for reducing the system to this canonic form becomes

apparent wnen the following Liapunov function is chosen (similar to all other

systems):
n n a.8; 2%
v § ol B (44 1:13)
izl j=1 W: + W
1l 3 % 3
where w; = c + Ags The conditions for V to be real and negative definite
are that (¢f. section l.la, Chapter I)

the coefficients a. should be of appropriate algebraic nature, and

(b) Re (1;) ard Re (w.) <0 for all i.

If the system 1s small-perturbation stable, then Re (A:) < 0
¥ 3 3

for all i, and ¢ can always be chosen such that condition (b) is

satisfied.
Since the system has two singularities in the state space, one of

which is unstable from physical considerations, only a finite region

of stability is to be expected. To determine this region, the following

1

theorem cdue to La Lalle and Lefshetz™" may be applied.

-~
| -
-~

(1) there exists a sign definite function V(z) which is continuous,
together. with its first partial derivatives, in a region § of the state
space z which includes the origin, and

constant form closed surfaces around the

(2) the surfaces V(z) =
(3) the total derivative of V w.r.t. time is sign definite (of opposite

Sign to V) in @



-

then all trajectories starting within @ return to the origin, i.e. the

-

system is asynptotically stable in Q.

The quadratic function V of egn. (4.1.13) can only produce stability

. P G S

regions of ellipsoidical shape surrounding the origin. If, for exanple,

stability were the entire state space to one side of a

kt;

The tru

[ 2
v

zion ©

e
n
plane } kiz; = constant, the best result obtainable from a Liapuro
=1, = .

function of the typs (¥.1.13) would be an ellipsoid touching this plane and
centred on the origin., If nowever this closed surface were to include all
physically realistic deviations of the state space, the result would be
quite satisfactory.

It remz2ins to investigate the Liapunov function (4.1.13) with these
consicerations in mind.

Differentiating V w.r.t. time gives

ince two transfer functions, R(p) and H(p), are involved, add to V

the expression (see egns. (4.1.11) and (%4.1.12))

|
O

Qe Z.))
1§

1 t~3,3

n
Eky (K () Y58: = 6K) = (y +
K g

(2D

nere X is a real constant. The coefficients a, may then be determined

from the simultaneous quadratic egns. (cf. section 1l.lb, Chapter I)



m aj
2a. Y“ - s, ™= : i = " e »i L". ..‘L"
i of. T Gy (Yi ( T S (4.1.14%)
- > i)
and the derivative remains as
. n 2
V= =2cV+ ( /_' a,z,) = 6ky (K §kx+y) (4.1.15)
’ " TS —

where §k and y may De expressed in terms of the state variables from

egns. (4.%1.11)

If ecns. (4.1.1%) have appropr

V is negative definite and

of the equilibrium point Z

have appropriate rcots for
actual restrictions on the

and hence the introcuction

Consider now some general properties of the function

(Radaddds

iate rcots, then for small perturbations

V is positive cefinite, thus proving stability

=
- Y

Egns. (4.1.14) should therefore ideally

0 and no other restricticns. The

Re (x:) <
-
system para

f the arbitrary constant X.

V. As previously

mentioned, the system has two singularities, one at the origin and one at

(see appendix VI)

6,(0)

_1.
5

(1 =

pie

It is useful

L2y eati)

(4,1.18)

to investigate the sign of V at this singularity. Substit

for zi from eqn. (4.1.18) in egn. (4,1.1S) gives
- 2y 3B T
V(is) = -2CG2 (0) 'é L A;R R

meters are more severe (see Appendix II)

4-.-\g
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egns. (4.1.14), this relationship becomes

2 n . . KY n
wei = 8 @@L § i ) ( ‘i:__;___»,n o
2 =1 3 i=1 £

for all K, G, (0).

LERI"N
-

e boundary of the region V > 0 therefore passes, in general, through
this singularity provided that the coefficients are of appropriate algebrai

G

nature.

From eaqn. (4.1.15), a necessary condition for this boundary to exist
(ive. V= 0) is that

§ky (Kék +y) >0

‘nequality (4.1.17) then defines sectors of the &k, y plane in which V
may be zero (see fig.9).

rthermore, for very large |z |, the curve V

0 has dasymptotes parailel
to the lines

§k=0,y=20, y+XKék=0.



.

Frcm the above information, the behaviour of the curve V = 0 in the
é ky v plane is of the nature shown inm fig.9. In fig.9, the positicn of
the second singularity of the system is indicated. The constant K must
be chosen such that

K <l/Gz(G) (i 118
otherwise (see fig.8) the curve & = 0 cannot pass through the singularity,
which can only be the case when eguations (4.1.14) do not have appropriate
roots.

Since y arnd &k represent planes in the z space, the general nature
of the curve V = 0 is three 'lobes' contained within the three sectors
of space cdefined by ineguality (4.1.17) (and fig.S), and convex in shape

looking from the origin.

ct
€]
{0

To cetermine the region of stability, the surface V = constant mus
found which touches the innermost point of these lobes. A general digital
computer progranme to determine this surface is described in Appendix VI.

A specific example will now be considered to clarify the above
appilication cf the above analysis.

Example 4.l.

If delayed neutrons are neglected, then egns. (4.1.1) and (4.1.2)

—_—

become the one ean.

Lssume that the actuating device has a first order respcnse. Then

(&2
-
"

A
~~
o’
~
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Froem eens. (4.1.8) end (%.1.9),
] ip ¥ X
R(p) /% . = G ’
< 2
p ¥ ip* 1) iTp *+ ip + K
I'Z(?) = < .
. ;
LT p +4p +K
. S . e N e
A typical neutron lifetime is £ = 10 ~ sec. Assume that the act
. . . . =3
time is 1/3 sec. and the gain 2/3. 10 ~.
Then
3
= 3 3
R(p) = 9 (o~ 3) i1t R I
2
p +3p+2 p+l B 2
H(p) = 2 2 . =2
2
p T3t 2 g+ 1 5 * 2
For convenience, cefine the new variable » = 10° §kx. T

nis will

. e 5 . . a
eliminate the factor 10° in the numerator of R(p) (see egns. (4.1.8)

angé (4%.2.93 %

The canonic system parameters are then

"
I

A

[

<
-
H

and the canonic egns. are

..2,
$3

el

*2
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N

From appendix VI, or directly from the above egns. the relationship
betwesn the canonic variables z and 2z, and the physical variables ranc y
g -
are given by
2, =y+l/2 7>
The singularities of the system are then at
1 = = v - =
() y-r-O,o*zl—zz-O
(2) y=-=1, »=2/3, or z) = ~2/3, 2, = - 1/3.
Frem Appendix II, the necessary conditions for eqns. (#.1.14) tc have

apprepriate real roots

(a) 2 -c >0

(b) 3-2K-c> 30
From irequality (4.
negative definite V, ¢ mu

arle

1.18), X must be less than 3/2, and for real,

-

Croosing X = 14

-
-

be less than 1 (Re (w;) <0).

inequalities (a) and (b) reduce to

g < 1, and e = 2

K = 1 therefore satisfies all the restrictions imposed. To determine the
largest region of stability V = constant, the digital programme of Appendix
VI is usecd for various values of c. Since ¢ is already ited to the
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region 0 <¢ <1 , the optimum value of ¢
For this value, the following results were
Tangent point of V and W at
y = -0.5$973678,
r = 0.0564348.
Value of V at tangent point = -(.
The results were obtained to 1l signi

off to 7. They are virtually indistinguis

V touches the singularity at (-1, 2/3), an
Substuting for the above values in eg

-

region of asymptotic stabil

2
V= -1/2y -1y -« 3/4k

.
-

This region is shown superimposed upo
portrait in fig.ll.

und to be 0.6350.

is readily fo

obtalned:

izures and rounded

ar=a]
s

hable from the ideal case

d has a value of - 1/6.
ne ( 4.1.13 ), the guaranteed

n the system's phase
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A more realistic speriel reoresenteticn of an unmoderated muciesr
reactcy 1s one which assurmes tne reactor core to be & finite number of
neutron sources, €afh effected by the neutren outpult of every other ssurce.
Such a model is constructed, for example, by finite difference representation

-

| 9 - A - - Prgps. S -
21 ecuations CeSCPlDlﬂq sSpatial Eeng TShpoyal

bt

of the pertiel different
reactcr Xinetics (iarv;/ ). The eguaticns cdescribing an m—-node model

are “then. or the Iorm

(4.2.1)

3
"
'di~
(p]
-
J
-
[e]
o
o |
4
ol
" i~3id
~
b |

[

vhere G.(p) and & are as defined in section 1, and ki* (1#3) are the
- -

interaction parameters between the fluxes n. and ng of the I th and § th

noces.
The equations of control for each node, based on the assumptions of
secticn. 1, are

R. - n. '
§R; = Gys (p) (;T_i—“—: ) (1= 1y25swam) (4.2.27

(8

I

where R, are the system inputs, and Hi are normalising coefficients as
yet undecided. A two-node model is shown in block-diagram form in fiz.l2.
iniike the single-node mocdel, the above system of equaticns has many

singulavities. If in the steady state ny = N. and 8ky = 4K;, then the

-
-

possible equilibrium states are given (from egns. (4.2.1) end (%.2.25)

by the solutions of the ecuatien
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G(0) AK.N: + £ § k.. N: =0 (4.2.3)
1 -~ R 3 S
(371)

SAEY I oI - i S (4.2.4)

To cdetermine these singulerities in general proves iImpessible.

A - Sy e TP SO - SR Rr PR (SR v b o o R ey e o -} . - -
Assume that for & particuler system of interest these équations are
3 %%
= 3 P, <o 3 R s L S -\ N - s
solved, and the reguired eguilibrium states n, = N; , &Kk = AK.
- -— = B
e

are selected from the solutions. The normalising cecefficients are then

chosen as the steady-state flux levels, i.e.
H, = N: . {4.2.5)

2
bR -~

To transfer the origin to the point N, , &K. , define the new variables

y. = - 5 W o e = A‘;(i". (4.2.6)

b

Substituting in egqns. (4.2.1) and (4.2.2) then gives

Gl(p> (aK; =+ ri)(1 + yi) Ny



Since N. and AK. satisfy the steady states cf egns. (+.2.3) and
{(4,2.4), subtract these equations from the above Two eguations. The

CYTIETIC DeNaVIouUr adoutl The Iéw Orilgin 18 Then Gescriled Dy

'J
LTS
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[
~7

Hoou-t
5
-~
b

~~
L R S PY

~ = =0 -

Rearranging these equations in a form similar to that of secticn 1l

(see egns. (4.1.8) and (4.1.9)),

t~1

Vi =.8354(p) 2gy. o+ ) g. Py (4:257)

. | 1] j
(3#1)

h, (D) y (4.2.8)

b

i

]

e
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'J
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N
LU -
.

4

~s

e Y (4.2.9)

o p+Gl(p)(u2i(p) - AKi )

o
.
P
'
N~
11

(4.1.10)

gi.(p)

and hs;:(p) = G,.(p) g:.({p) for all i,7.
i3 2 13
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A suitable canonic form of sTtate equatiocns representing the above

system is then {(ef. egns. {%.1.10) =(4.1.12), section 1)

J31) % 25 (zi m (ij)

: = A z * ry + 1 by (4.2.11)
- . - = T ]

€1£L)
gz K2d)
Y: = = a % (8.2.32)
(3338 (24) '

P. = Y Zl \'i - l,2,c.¢m) ("f-&ol:}\/
: Y 2

where the matrix notation of previcus chapters is empioyed. A is

therciore a matrix of the poles common to all (i,3)th transfer functions.
¥ N
i, (ii)
e —_-— e

ry s a vector all of whose elements ere the scalar r.vy a is a

vecter of the residues (with sign reversed) of g

of the residues (with sign reversed) of h..(p), and the vectors b (2252

-
Al

The conditions for the above canonic form to be valid are given in

. . <

Appendix VII. As always, o cessary condition is that there are no
rUlTing 3 3 svansfer furcti
o110 B _p...e _Do.ﬁes Ko ik oy Lianst e.. LJ AN L....OA ‘e

As in section 1, it is easily shown that (see appendix VII

(11) _
Y z GZ‘ Cdin

5 =% - r

—~
b
}J
L T
N
[
~
(%]
'.l
~
I~
f
b
4
~

Furthermore, it is also proved in gppendix VII that the retio of the
r th residue of g:.(p) to the r th residue of any g.:(p) (i#1) is the

same as the corresponding ratio between h:.:(p) and h..(p) (i#3),

ard is given by



(ii) (ii)

ha) LS & LARY - . 1
S A e L & (&) = 4 (4.2:15)

1

where b are the elements of the vectors b in eqns. #.2.9). Iz

: = e - s L T Tom gt = [ %5 P

iz thereiore sufficient to evaluate the partizl fraction expansions of only
(33, (1))

the transfer functicns g..(p), and the remaining vectors y and b are

c¢etermined from egns. (H.2:14) and (L.2.25). )
lTake as & Liapunov function for the ebove system the form

(11)T (ii) (1)
Q % (4.2.18)

3

Tne necessary conditicn (for real, negative cdefinite V) that Re

(1) " . x
(X, ) <0 for all r,i then recuires that the closed-loop system when

-~

0.

3) is stable for small perturbations (see ecns.

T

uncoupled (k.. = 0 for i
(4.2.7) and (L.2.8).)
Differenticting V w.pr.t: time,

. m (T <d1) (1) (i1) n (43)
Vs 23 Z Q (G Z * oy #



m (i L2t 2
= -2V + (] a 2 )
mon (223D (id)
+ 2 ) _.’_': Q

where a is a vecter of the
(i) (3i)

RS o = 3 e o

matrix O ; end e i3 the

4dd to V the expressicn (see secti

-) r y. . ly; ta
3 % —

-
3= e -
- -

m (i3)T (41)

+ 2 0 DY 2 Q e
e b e =E
S R S

(353

-

ju
«

w4
(aad

=5 - - = = . e Rl S T 1

CoRriiciencts a assoclated widll T

™

Y

vector (cf. eaqn. (8.2,2) Chapter III.)

n 1, and eqns. (%.2.12) and (4.2.13))

9

The ccefficient equations are then

- m 33T Ciiy 2
Va2V +{)] a z )

T 1 ;8 i
23 L
(L& Dy cntil (4:2.17)

(4,2.18)
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The region 61 Hility can Be determined; &s in se n 1, by
2 0 S A coanF = & I g g il = = X O s o .
findine the surface V = constent which lies within the region V > 0. Th

F - = Al A - =7 3 £~
ccmplexity of the medel does not ellow any general investigation of this
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Tvample 4.2. A Two-ncde model.
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SRR \.k...‘c“,’cu.. neuTYCns are a}_aa.._.‘ Y = .-L‘.\..\.CC, Hen 4 D - A SSute
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The systam is symmetric, and that
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Egns. (4.2.3) and (%.2.4) defining possible steady states are then

[-—
e
:7
2
4
‘r‘\
P
"
o

L ¥ 8Ky N, + Ky = 0

[ &3
Vo
"
X
~
u
|
]
’“l
N
[ -
o~
il
0]
st
~/

L}

ar) b =

aNi ®% NP S 2 3

=N - 2N + kN, =0 (4.2.18)
g R 8 a - <

R K 2
= N.- =N KN, =9 (4.2.20)

g
s
+
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-

ine effects or ine system interacticns n appear 1n the last term of

fi
ol
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The goluticons of egns. (%#:2.19) and (4.2,20) are easily found to be

V)
}._l
C

-3
~

) N_ =N, =0 Cih.2.21)

}
ro
.

) 2KV, = (KR - kH) = /(R-KE)(XR+3k7)

~
)

(4,2.23)

Nl N N N

(KR-KH) + 7 (K&-K5) ("Rk+3)

o
£
<D
!

]
5
1]
>
-+
i
I
iz
T
1]
{0
o
4]
0O
8
~~
r
L 7
(€4}
s
~s

RX

H= =
K=k

e
.,
o

4 >
{'A

Rt -
(R-J -it': ) = =K.
N

=%
I
[>
/\
g%
i
9

The singularities of the system are then, from egns. (4.2.21) to (4.2.23)

(2 r\‘l=r‘2ZDaOPYI:Y2=-1,I‘l=I‘2:}(
(2) mp=mp= _RK_ ,ory =yy;=7 =0ry=0
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Assume thet K= 2077, and x = 0.8 x 10 . Then for a typicel value

¢f L = 10 7, the ebove singu

(L) vy =y _=-1, v, =2 =10 (4.2.24)

'.l
N

(2) ¥ (4.2.25)
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Tne soluticns of (3) above are imaginary.

t

e pelevant system parameteyrs sye then

(11) (22)
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FIG. IF. PHASE PORTRAIT OF TWO - NODE EXAMPLE AND

THE CALCULATED REGION OF STABILITY. Vv=16°(c-i0®)
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Proom eeng. (Ba2.18) and (4.2.26)

a (1192 e,
vE =Sy B # RO
2w, 2w;
--5 o] ‘2
= 0 (-0t ).

(227

-—

Z + -

_ ' (1132 X o

(22)2

p—

(b.2.27)

(22)2

L)
[2N]
o
L
N

(s 3 (22)
w. Wa

(113
sy 1

it
}_.l
O
!
(2]
N
(9]
w
RO

C)(l.6x12 1.2xyx, + 1.6x, +

Provided that C

(5]

s w2 - 2 3
189 T - l.2xlx2 + ;.6x2 * Xy + Ky 2 a.

T == o]
In Sigure 13 the

relevant portion of

(4.2.28)) is superimposed on the syst

through the singularity (=1l,-1),

i Z

the curve V =
en's pnase

and since V is positive 'to the

(22)

(4.2.28).



SRairal RaE. s Pl e
Eoove® TR1IS urve, Tie Caicu
2

-~ Y oy - con~ oAy 1) - S - il TN )
V = constant which passes through the point (-1,-1). From ean. (4.2.27)

10 - A 2 D -0 2
Ve Sp— (C-10700x," + x,°) = 10~ (e - 107) at (-1,-1).

= i ; s e sl : Fniie
ihe stability yegion is therefore simply the eircle

-
4
+
Ped
1
ro

T - = - . e T Sy A e — - D mm S 3 - T
SIOWnH 1n Ilgure .Lo. ine choice of the constants C and © do not affect

w

This result, provided that C <10 and ¢ <1,6, Since the established region
=/

£ Faha S+ 3 Tey - | - 5 = o 1 bl
of stability includes zero power level (-1,-1) and twice full power level

(1,1) it includes all physically sensible deviations from the operating state
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Comment on Chapter IV.

Reduction of the nuclear reactor equations to a special canonic form
has again proved useful for stability analysis. In the one node model,
this ferm utilises the poles of the closed-loop process when linearised.
In the multinode model, the form utilises the poles of the uncoupled
closed loops when linearised. Liapunov functions are then chosen based
on the prerequisite that these loops are small-perturbation stable.

Although simple quadratic Liapunov functions are used, in the two
examples considered an adequate region of stability is obtained from
physical considerations. TFor the one node model, the general nature
of the Liapunov function derivative indicates equally satisfactory
results for systems of arbitrary order. though the multinode model
is considerably more complicated, it is to be hoped that the similar
approach taken will also provide adequate results in general.

It is possible to apply the 'A-transformation' methods of Chapters II
and III to the nuclear reactor analysis, to obtain estimates of transient
response to an initial deviation. Since the stability region obtained i
only a small fraction of the true region (although adequate from physical
considerations), such estimates are bound to be poor. For example, for
an initiai deviation near to the point (1,1) in fig.l3, any estimate must
dictate a very great time to return to the origin, since the deviation is
near to the theoretical stability limit. In practice, the point (1,1)
is virtually an infinite distance from the stability boundary in the upper
half of the phase plane. Criteria for estimating transient response are

therefore not included here.
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Use of a digital computer is unavoidable for' any but the simplest

- B el e o £ as mevs |
of systems. The obtained region of stebility, hcowever, is always of
- P - (I -— X -

& cuadratic form. Linear transformation from canonic variables to a

system's physical variebles (see eppendices VI and VII) then provides

= . : :
surface within which stability i1s guaranteed.
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a simple

A
-

CYIXeria DEPrEesent .‘-y SUITiclent COI‘.dl"CLO’I‘.S, and furthermore

(6]

since the systems consicered are not totally stable, no information is

H,

given ebout stability under time-varying forced inputs to the systems

~

(cf. Class 1 and Class 2 systams).
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CAL:LAAI .La..R V

SELF-OSCILLATORY SYSTEMS

Introduction

In chapters I, 1I, and III stability criteria were derived for systems
containing functional nonlinearities. These criteria established either
total stability or instability of sich systems. The criteria rust fail,
however, for systems which are of a self-oscillatory nature, since such
systems are globally stable in the sense of Liapunov. Their response
is finitely bounded but is not asymptotic to the origin.

To derive Liapunov functions for such systems is extremely
difficult. For a system which possesses a stable limit cycle, for
example, the derivative of any negative definite function chosen would
have to be negative definite within the region of state space enclosed
by the limit cycle (thus proving that all trajectories within the cvcle
move away from the origin) and positive definite outwith the limit cycle
(thus proving that all trajectories outside the cycle move inwards towards
it).

Assuming that such functions could be constructed, the task of
finding the appropriate regions of inward and outward turning trajectories
would be virtually impossible in the multidimensional case.

The problem is an important one, however, since unless systems
physically destroy themselves, unstable modes are often of an oscillatory
nature. If a given system should by accident assume an oscillatory mode,
it is desirable to be able to predict the amplitude and frequency of

such a mode, and therefore the degree to which the system will be damagec.
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The common technique of estimating such modes from system equations
is very elementary, and in essence consists of determining wnether or not
a sine wave will satisfy the equations. Since most real systems have
linear transfer functions which have attenuative properties, it is possible
to neglect any harmonic distortion of the sine wave as it passes through
any nonlinear device present.

For single loop systems containing one nonlinearity, the graphical
describing function technique (see e.g. Gibson®) is commonly used, and
a vast amount of literature has been published on this method.

For multivariable systems containing many nonlinearities, this
graphical method is not easily applicable, since it would involve plotting
frequency characteristics for many different values of describing function

] ;
4y, In this

amplitudes. An analytic approach must be taken (see e.g. Popov
chapter a particular system of class 2 configurations (see Chap.III) is
examined for oscillatory modes using such a technique.

S5.1. Oscillatory modes of a two-variable system.

Consicder the following class 2 system:

y; = 811(P) (X - 0.0Ly;%) + Ky, (5.1.1)
2
y2 = Kyy + g9,(p) (X2 - 0.01y,™) o CB 2]
where
gll(p) = g22(p) = 1 , and Xy and X2 are constant reference
3
D+ P2 +Dp

signals. Assume that the system has an eguilibrium state (Yy,¥5)..
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Then defining the new variables

SRl R R T T

-

ecns. (5.1.1) and (5.1.2) may be written as

2
Xl - O.OlYl + KY2 = 0

3
1
Jq
[
~~
'O
~r
|
I
o
O
=2
]
(-

]
L]
oQ
N
~
O
~r
)
I
o
L]
=)
i
H
N
-+
—
| S |

where

(o) 1
p3 % p2 Do+ 0.0ZYl

2!

Jq
N
”~\
'O
s
"

3 2
p +p +p#* O.O2Y2

For Yl and Y2 < 50, gl(p) and gz(p) have roots with negative real

parts,and the criteria of Chapter III could possibly be applied to

establish system stability under these equilibrium conditions.



For Yl and Y, > 50, g,(p) and g,(p) each have one positive real root and

a complex conjugate pair of roots with negative real parts. Since

y 2 : S B ik
the functions r12 and T, cannot have thelr 1nput axes rotated without

tersecting the characteristics, the pole-shifting technique cannot be
applied to this system. Consequently the criteria of Chapter III cannot
be applied for Yl and Y2 > 50, since the condition Re (Ai) < 0 for
all i can never be satisfied.

Assume that solutions exist of the form

= ¥ 1 =Y +
yl l+alsmwt 1 ylP

Yy = Y2 + a, sin (wt + 8) = Y + Y,

2 P

If all harmonics higher than the fundamental are assumed to be heavily

attenuated, then the outputs of the nonlinear devices are

5 2 al2
.= + 1
Yy Yl 2Ylal sin wt + .
2 a .
_ 1
= Yl - 3 + 2Yl ylP
2
2
y “s* Y2+ 2va sin (wt+0)+ 22
2 2 2 2 S
2
2 a 2
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Substituting for vy, y.!2 and y22 in egns. (5.1.1) and (5.1.2)

gives

2
3 2 _ 2 a :
(p” + p° + p +0.02Y)) y = X - 0.01¥,° - 0.0 22 + KYp + Ky,p (5.1.3)

2
3 2 2 a -

- o - - 2 } ]
(p” +p +p+ O.O2Y2) Yop X, - 0.01 Y, 0.01 : * KY, + Ky, (5.1.4)

Equating the constant terms in eqns. (5.1.3) and (5.1.4) gives

2
0= X - 0.01Y.2-0.01°1+xy (5.1.5)
l » l 2 2 . .
2 a 2
0 =X - 0.01 Y.2 -0.01 3 +xv (5.1.5)
2 2 - ;

and equating sinusoidal terms gives

2
(p° + p° 4 b+ 0.02Y) vy = Kyyps (5.1.7)

2

3
(p" +p *pm+ 0.0?Yz) Yop = Kylp : (5. 1..8)

Eliminating Y,p from eqns. (Bude7) and (5.1.8),

3

(p6 + 2p5 + 3;)L+ +# (2 +a) p +(Lra)p

2 -
+ap + B - K) ¥ip 0 (5.1:59)



where

a = 0.02(Yl e Iy £=4.,10

2

The condition that eqn. (5.1.8) be satisfied for all t may effectively

be found by replacing p by jw (w real), since Y1p is a sinusocidal functian

(see e.g. PoDovlu, chaps. XVI and XVII). Equating real and imaginary parts

in eqn. (5.1.8) then gives

Re: w2 = 1or w2 z 1/2 o
Im: a = £ + 1 - K2 for w2 —

or = 1/8 o + 1/ ol & J/2 o+ B - K

2
C for w" = 1/2 a.

The latter equation has real roots for negative a only, and since
w? = 1/2 a in this case ro real solutions exist for w? = 1/2 a.
The necessary and sufficient conditions for oscillations to be present
in the system are therefore, frcm the above equations,

- - 2
w-=1,a = £ +1-K°

Tne theory therefore predicts that all oscillatory modes should have

a frequency of 1 radian per second, and that the relationships between

the constant parts of the outputs, Y. and Y

1 2 should be defined by th

equation

(0,02, - 1)(0.02Y, - 1) = ¥° (5.1.10)
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25
30
35

40 .

25

35

20
25
30

20
25

35
40
10
15
20
25
30
35
40

10
15

Table 1, Results from simulated system.

23.9
234
234
22.9
3242
31.6
3.2
3045
39.0
3845
3740
36.1
L3
4149
40,0
3945
39.0
48,5
49.5
49.9
L3y
42.5
41,0
41,5
514
50.8
50 o4
5040

2442
4L0.7
5245
61.0
28,46
431
53.9
62.0
9.7
340
45.5
63.0
4945
36
49.5
5743
6 o0
k.9
18.0
2649
40.8
50.0
5846
66.0
ol
8.3
15.1
2 ok
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Table 1 (continued). Results from simulated system.

K = 0.1 (continued)

Y

4845
45 el
L3.9

L3

L2.9
51 o
50.8
514
49«5
L9.0
49.0
L45.8
4543
L4 8
52 4
51.8
5045
50.0
49.0
4845
46,3
533
5343
5343
5243
5243
5149
514
49.2

5

L3t
L7¢5
4940
49.0
5149
23 ot
31.6
37.0
40,0
42,9
4349
4740
L85
514
23 ol
3.2
395
41,0
L3
4543
L85
22.9
3045
3641
390

1.5

4249
L4k o8
50.9

84

40.8
LA,3
L7.8
49,2
50.8
40,7
43.1
4545
4945
50,0
52.0
550
57,0
5845
5245
539
573
58.6
5946
61.1
64«8
61.0
62,0
63,0
64 .0
66.0
66.5
67.0
70.7

i

3546
42,7
52.0
59.6
66.5
748
14.2
19.5
293
3845
L7.8
53.8
6141
67.0
10.2
15.6
3167
40,8
L9.2
57.0
6242
12.2
173
2 ols
3301
L42.5
50,8
5845
68.3
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15
20

25

10
15

25
30

15
20

10
15
20
30

K=0.2

307
2942
2648
25 o4
37.8
3546
33.6
32 ¢
3.7
41,2
38,1
3841
3542
3440
46,1
Ll .6
L2.7
4045
3842
375
L7.5
451
bdy o1
4361
4L 0.9
3845
4840
L5.6
Ly o6
40.1
38¢5

L 641
475
48,0
49.0

41,2

4y o6
4541
4546
4645
3748
42.7
by o1
4de6
45.8
307
3546
38.1
417
431
4640
2942
3346
3841
3842
42,0
by o6
26.8
32 k4
35e2
42,7
b3l

Lo
1546
2349
25,8

12
19.0
2.8
29.0
3146
2ok
2947
33.6
3745
39.8
842
272
3.0
40,0
L3l
4743
3349
39.2
Ui 0
4740
5047
5540
548
4946
5244
60.2
60,8

8.2
339
54 .8
6245

2
2742
3942
49 .6
5843

142
3440
42, .0
52 ot
603
L e
19,0
2947
3843
47,0
6247
15.6
2 .8
3346
4341
L9.7
64 .0
2349
29,0
37.5
59.2
65.5

Table 1(continued). Results from simulated system.
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K = 0,2 (continued)

T

49.0
4645
45.8
46,0
Lk .6
431

T

25 o4
317
340
375
385
3845

3643
3940
40.0
41,7
827
33.0
37.8
38.8
4045
30.8
33 ekt
3340
3648
30.8
3149
3346

62.5
5843
6043
62.7
6440
6545

1446
239
2943
324
17.0
273
334
373
40,0
31.3
37.8
41,0
44,3
213
4646
4845

25.8
31.6
39.8
L7.3
5540
60,8

17.0
313
4145
4945
1446
25.2
37.8
L6.6
5547
2349
3364
L0.7
L8.5
2349

- 3743

Ll o5

Table 1(continued). Results from simulated system.
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From egn. (5.1.10), curves may be drawn in the (Yl’ Y,) plane which
represent possible values of these parameters when oscillations occur.
These are shown in fig. 15, together with experimental values obtained
by simulation of the system on an analogue computer. The experimental
values were obtaired by setting Y15 ¥y and their derivatives equal to
zero at t = 0, and selecting different constant inputs X, and X,.

]

The full set of results obtained is given in table 1.

From eqns. (5.1.7) and (5.1.8)

¥ip X al _ "
el (jl) = o = X - 0’02Y2_"' (S.1.,11)
Y2p 2 0.02Y,-1" 4

and
Yip (s . X I 0.02%o-1 | ¢5,1,12)
=~ (j1) =B = sign S —a— = sign PR S
o 0.027,-1 e

From egn. (5.1.12), it is easily shown that @ is 180° on the lower

branches of the curves of fig. 15 and 0° on the upper branches.
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In all experimental results, the phase angle was never more than 10°
from the value of 180°. The frequency of cscillation was Indistinguishable
from 1 radian/second, but in scme cases, particularly when the amplitudes of
2 ard y, were of similer magnituce, subharmonic effects became noticeable,
as shown in figure 1l6.

It is theoretically possible, from egns. (5.1.5), (5.1.6), (5.1.10) and
(5.1.11), to cetermine for given inputs X; and X, the output variables
Yy, Y2, &, and 2y In fact a fifth order polynomial is involved, and no
analytic solutions can be found. At best, one may determine the limiting

values of X; and X2 necessary to maintain oscillations.

For real a, and a,, from eqns. (5.1.5) and (8.1.B),

X, > 0.01‘1’.2 - XY
1 2

) (8:1.13)
X, > O.OlY2 - XYy

Combining eans. (5.1.13) with ean. (5.1.10) the boundary of oscillatory
response in the (Xl, X2) plane may be canstructed for various values of X as
shown in fig. 17, together with the experimental results obtained from the
simulated system.

Finally, in fig. 18 are shown the theoretical.and experimental
cdependence of the ratio of system amplitudes, al/az, to the output level Y:.

Since Y, and Y2 are uniguely related by ean. (5.1.10), it is irrelevant whether

Yl or Y2 is used as a coordinate.



145,

5.2, Comment on Chapter V

Since the two transfer functions of the system are highly attenuative even
at 1 rad/sec., it is to be expected that the method will be reasonably successful
for the example chosen, as in fact is seen from figs. 15, 16 17 and 18. The
worst discrepancies between theory and reality apparently occur when the loops
are weakly coupled (K small) and also when the two ocutputs Yy and y, have

similar amplitucdes. These would seem to be significant features

~
o ol ot
44 «.ue

pae

approximations of the theory.

Certain values of output levels have been predicted (the upper branches of
the curves in fig.l5) as existing in oscillatory modes. These modes could
not be found in the simulated system and are assumed to be physically nonexistent.
Unfortunately, the method does not guarantee stability or otherwise of any
predicted oscillatory modes. It is possible that the upper branches of the curves
o>f fig. 15 represent an unstable limit cycle; no evidence of this could be found

from the simulated system.

17

There are several existing techniques'(Wést,ls, Cosgriff1°, Bonnen™

jrensted ®) for investigating stability of oscillatory systems by means of
>erturbation techniques. An attempt was made to apply Cosgriff's method
ref. 16, Chap.8) but no meaningful results were obtained for the system of
jection 1.
R . R ’ 3 .8

In a recent paper by Gurel and Lapidus™ =~ Liapunov tecktniques are appliec
o second-order oscillatory systems. Although use of a digital computer is
equired even for such low order systems, the method may be capable of

eneralisation.



Since the Lurie technique has proved fairly successful for the systems
considered in previcus chapters, it is to be hoped that scme further modifications
will enzble oscillatory systems to be cealt with. No such modifications have

yet been found by the author.
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CHAPTER VI

CONCLUSIONS AND COMMENT

6.1. Class 1 and class 2 systems.

The principel aid to using Liapunov's method for nonlinear systems is
apparently the choice of state variables used to describe the system. If
the system state variables are not chosen to be the special cancnic forms,
the choice of general Liapurov functions can be extremely difficult. .

By use of the parameter c, the criteria obtained are applicable, in
general, to all systems whose linear eguivalents are stable, or unstable, as the
case may be (see comments on Chaps. IT and III). Class 1 criteria are very
little more difficult to apply than the single loop criteria of Chapter I.

Class 2 criteria are more difficult to apply, but the calculations involved
are in general less laborious than those incurred by transferring to the
equivalent class 1 systems and using the relevant common row pole criteria.

It is worthwhile to compare some of the results obtained here with frequency
cdomain criteria based on the work of POpévzs. A recent paper by Jury and Lee?l
gives a frequency domain criterion for systems which include class 1 (and hence
by transformation, class 2). For an n-variable system, the criterion recuces
to satisfaction of the inequality (see eqn. 5.13, ref. 21).

H K + (I + 3wQ) G (3wl > 0 (6.1.1)
for all - » < w <« + = | where
H is the hermitian operator

G(p) is the system transfer matrix, which must be stable (as in the criteri

developed here)



148,

Q is an n x n diagonal matrix of arbitrary constants c.

o
-

K is a matrix of the constants K; which confine the ronlinear characteristics
to the sectors [O,Ki].
In generel, inequality (6.1.1) must be at least as difficult to apply
as any of the criteria proposed here, since it must be examined for all values
of w, and various values of the n constants qi3, until the inequality is
satisfied. If scme system parameters are unspecified, optimm values of the
q;; must be found to give the least restraint on these parameters for stability.
Tha freqguency domain criterion has the distinct advantage, however, of
Zeing applicable to systems involving time celays, and systems whose frequency
responses are cnly experimentally known.

As a comparison of the two approaches, consider first example 2.1,

Chapter II. Inequality (6.1.1) then reduces to

4x2(1 + 91 wo)(2 + q22 wl) - K2 (1 + Q112 W) (4 + wd)

+ 202 - w1 -

2 2] 2 ) v2
Ay Gpp W 3 (ayy *a5,) w1 +w)(ly Qppl W )1 > 0

for all w

By choosing 9y © " Qpy = 1/2, this reduces to
1+ WK - 2% > o

It is therefore sufficient that

2
;Q < 8 =, 0.889



2
as compared to the result k = < 0.788 obtained in example 2.1.
2
K
’ -

Secondly, consider example 3.2. This system must first be transformed to
the equivalent class 1 system before inequality (6.1.1) may be applied. The
resulting inequality contains an eighth order polynomial in w, but for
comparison it is sufficient to consider the case w = 0. To further simplify
calculations, put K;; = K,, = K and K12 = K21 = k. Inequality (6.1.1) is

then satisfied, provided that

2 2
k K
1 - —55p5 (K K=5) » 0 (6.1.2)
” 2 2
and (k) k-6) - 8Lk K >0 (6.1.3)
(160)

For K = 103, k = 10 and k, = 3, the left hand sides of inequalities

(6.1.2) and (6.1.3) are -104.4 and -313306 respectively, and the frequency
domain criterion fails.
From example 3.2, the relevant leading minors of W are

9

. 11 17
2.3702.10 , 63 = 3.702.10++, 4, = 5.591178.10

- 6
Al - 2039"".10 9 A u

5 =
and the system is therefore established as totally stable.

From the above comparisons, it is clear that neither approach has
provided more than sufficient conditions for stability. For a single loop
system, the frequency domain criterion may be applied graphically, but for
multivariable systems a ;omputer is almost always required (see Jury and Lee?!

Pl

’
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For high order systems, a computer 1s also required for application
of the criteria developed here. In terms of computation, there appears to
be little to choose between the two metheds. It remains to be seen whether
in gereral one or the other can provide more satisfactory results.

The next step in improving the criteria of Chaps. II and IITI might
be to investigate the use cf & set of n parameters cy, one for each row
of the transfer matrix G (cf.the n parameters qji in the frequency domain
criterion). Although this would increase the number of arbitrary constants
by(n-1), the ability to select these constants as desired might provice

better results.

6.2. The nuglear reactor

The use of special canonic forms of state variables also plays
an important part in applying Liapunov's second method to systems containing
multiplicative nonlinearities. A simple approach has been acopted which
procduces quadratic regions of stability regardless of the shape of the true
stability region. From a physical point of view, this aporoach is
adecuate provided that the quadratic. surfaces include most deviation
likely to occur in a given system. For the particular examples considered
this was the case.

Even for simple reactor models, use of a digital computer is required,
but only one arbitrary parameter is involved, and rapid convergence to
optimum results is assured.

13

Kerr—> has considered the stability of a second order one node

reactor model using Liapuncv technigues, and has obtaired a stability

region somewhat greater than the quadratic surfeces defired in Chapter IV.

Although the analysis was confined to a second order system, the proposed
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'method of undetermined coefficients' (p.l20, ref. 13) for constructing
Liapunov functions mav prove useful in improving the general quadratic
functions used in Chapter IV.

One further example cof systems involving multiplications is to be
found in ref. 22 (Buruvoy and Slepov) which examines the stability of
some second order thermochemical processes by phase portrait methods.
In particular, the phase portrait of fig. 18 ref. 22, is remarkably
similar to that of example 4.2. Such processes should therefore be capable
of analysis by the type of criteria cdeveloped in Chapter IV.

6.3. Self oscillatory systems

Wnile the possibly oscillatory moccdes of a given system may be determined
by the elementary methcds of Chapter V, the question of existence or
stability of such modes is still largely an unsolved problem

The only promising approach using Liapunov technigues found in
the literature appears to be that of Zubov23, in which a Liapunov
functicn may be obtained from an iterative, convergent series for an
arbitrary system. Unfortunately, the.series thus constructed is not,
in generalmonotonically convergent, and a great number of terms may have
to be inclucded before a satisfactory stability region is obtained.

To determine the stability or otherwise of a predicted oscillatory
mode, 1t is possible to consider deviations about this mode, when a set
of differential equations with ericdic coefficients are obtained.

Techniques such as the Dual input Describing function (Westi®) and the
incremental Nyquist plot (Gibsont) may then be applied, but for multiverisebl

systems these D"'OCEGU"\?S become vexry laborious.
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Frequency demain criterie, similar to that mentioned in section 1, have

been established for systems with time-varying ccefficients. These

criteria ere only valid when the coefficients are positive for all time.

O
b |
V7]
A1)
8,
far
et
o1}
n
1]
'J
Y4
|

- I . . . I
The differential eguations obtained from deviati

- e i e Y L A Sl
oscillatory mode inevitedly contain sinusoidal coefficients, and these
24
S o O T T, B = e T -
criteria therefcre fail (see e.g. Naumove™)

-~ +i 5 o | sy
.4, CSome general comments

criteri

The simultanecus quacdratic equations which anpear in &l
ey e e e S « s < S ; T .
of this thesis have, in general, n” sets of roots, where n is the number
of system cutputs. More than one of these sets may be of the aprropriate
algebraic nature, and the question arises as to whether anv cne set will
In the examples considered throughout this thesis, ne evidence
has been found to support this proposition, but many more examples must

be dealt with before a general conclusion can be reached. In criteria
1.1 and 1.5; the sign of the relevant functions W is independent of the

quaedratic ccefficients. TFor these two criteria, therefore, the same

results are obtained for any appropriate set of rcots.

S
-
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L*a"u..\,v’s total stability trieoren for autonomous systems.

-

iven the general system cf differenticl ecustions

Then if there exists & functicn V(x), continucus together with its

first nartial cderivatives in the entire state space ¥, such that
(1) V(%) is sign definite in the entire space, i.e.

V(x) is of:one sign for all | x | # 0, V(0) = C
(2) 1im V(X)) +® as | x| =+ =

H
b)

(3) <&V is sign definite of the opposite sign to V in the entire space

then every trajectory of the system (A.l.l) leads toc the origin, and the

system 1s said to be globally asymptoticelly stable or totally stable.

Note that condition (2) is always satisfied by sign definite

quadretic functions.
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11.1. Some necessary cenditions for aporenriate soluticns of ccefficient

2 /Ra, t+9; He=i2, 0.0 (A.2.1

ineclucdes all other types of equation encountered in the stability criterie.

The conditions given belcow may be founc derived in detail in letov and

Mulziplying each of egns. (A.2.1) by w, and adding gives

Ty
(TR ]
o]
N/
(S}
1"
N
N
5
1" ~303
fu
=

Dividinz each of egns. (A.2.1) by w. end adding gives

PAe A~
|
|+
FY
ro
2
i~
]
+
~13

~1.3
fu
1,

i Yi
s S i /R+ o (A.2.3)

5
B
I

e

38

Straightforward addition of egns. (A.2.1) gives

i)

N

N o~
N
)

For the case n = 2, egns. (A.2.2) and (A.2.3) yield the further relation
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n a.
] = +
(3) The set 2a, ] —r— ¥Ra, +a,
=1 1 ]
require that
n
(a) R+ § 25 > 0
> S wi

4 2
(aywy + o owy)" + 2R (clw

2 2 2. 2 2
- a W -w + -W
1~ % 2)(wl 2 ) + R (wl ’ )> 0
For all three cases, the conditions given are necessary and sufficient

forn = land n = 2.

I1.2. A digital method of solution

If the general equations (A.2.1) are written in the form

fi(al’az""an) 290 (L& L8 wunil)

the solution of the equations may be expressed as the minimum of the
positive function

L 2
F= ) £.°. €5 2.6)

i=1

Any optimisation or hill-climbing digital technique may be used
to fird the minimum of the function F in eqn. (A.2.6). If complex
coefficients are involved, thz computer programme must include complex
algebra subroutines. I, and only if, solutions exist of the appropriate

Lol

nature, the minimun of F will be identically zero.
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APPENDIX III

A conditionally positive semidefinite function.

The quadratic function (see page 31)

V= izl a; x;) +r f) (yp) + vy, £57 (yy) + (rp, + 1y) £1(y))E (y,)
n n a; Una
2]
+f(y) ¥ a; (a, J§ J - s )

may only be at best positive semidefinite, and only when certain

relationships exist between the system parameters.

Define
aj U2j
1 Ai + Aj

2D. ¢ 2a.
$ 1 L&
* 3

"ne-—13

— b (12 1,2,5.:0)s

- T
V may then be written in the quadratic form X AX, where

T
X = [xl, Xps XgeeeeX s fl(yl), fz(yz)ﬂ
and
a 2
A = a1 ala2 LT alan 0
a,a a2 . ceisa Snln 0
1% 2 --- 2
: \ ’
alan adn  ___ . ____ an2 0
0 Q0 v misa s 0 r‘ll
b DO e b
_’1 2 n %-(r12+ Ty )

b
1
b,
b
n
1
5{r ,*ry,
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Since the first n leading minors of A are zero, A is at best only a
positive semidefinite matrix, and only when (see, for example Fraser,

Duncan and Collar) *

b ar‘ bI‘ [} ssasessecd bn-l

L= i

a
a

—
1}

3 eesrvene - b
a
2 r+l r+l an bn

71
LS

or in general, when

a. u_.
n J 4]
2a Z X + 1. — 82]_"
ap ) Pdegq & 2 (B 31
f n 8. T
i 2a = B ] +2i = B
rtl. j=z1 51 2,rtl

Only for n = 1 is the matrix A possibly sign definite without the

restrictions (A.3.1).

* FRASER, DUNCAN and COLLAR. Elementary Matrices. Cambridge Univ.

Press, 1Su6.
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APPENDIX IV.

Conditions for validity of class 1 canonic forms.

IV.1. No common row poles

(i3)
The canonic variables z (i, = 1,2,...n) of eqn. (2.2a.1) may

be expressed in terms of the physical variables of the system as follows.

The k th differential of eqn. (2.2a.2) is

Kk (15T (ij) k (ij) n L3337
Py = ] & (v 1z + ] a T f(y,)
i j=1 j=1 k )
where
k  k-m (i3) m-1 (i3) k
r = 3 p (A 1 e -R p (A.4.1)
k =1 i3

Since eqn. (2.2a.2) involves only the state variables pertaining to
the ith row of G, it is sufficient to differentiate each eqn. (2.2a.2)
(r-1) times, where there are altogether r poles, and therefore state
variables, in the ith row of G.

Defining
k
eqn. (A.4.1) may be written as

n (T (i3) k (i) :
] o (a1 z = F (A.4.2)
j=1 k

K = 051,2;00:0=1).



or in matrix notation,

where Z is a column vector of all the state variables of the ith row of G.

For the canonic form to be valid, it is sufficient that | B_.L | # 0

for all 1i.
$13)
|Bil z 1 ) 1 e T
all j,k (i1) (in)
A A
(i1.2 (in)2,
(an ] [A
’ \
(i1) r-1 (in) r-1
[A ] pne o oL s 12

The above determinant is the Vandermonde determinant (see e.g. Stoll)

of all the poles in the ith row, i.e.

| | (1ij) (130 1y
B, = I a 4 I ¢ A - A )
I andx © "aiimywe T
For | B, | = 0, it is therefore sufficient that
i

(1) No transfer function in G contains multiple poles, and

(2) No transfer function may have the same pole as any other in the same

row of G.

ST'OLL’ R. IR. LAineavr a.lscln‘a. and makbedx t"\eot/.

M€ Graw- Hill 1952.




IV. 2, Common row poles

The kth differential of eqn. (2.2b.3) is

|2

CA ]l z +e h 1 z

K n (32T «£17) k £ij3) (3T €i) k. (4)
!
(A.4.3)

k (13T (ij) m1 k-m k
a [A ] p -R p
m=1 ij

-—’
Py
"
Q

n
Fk =py. - Z Iy fj (yj),

eqn. (A.4.3) may be written as

n (i30T €13) k (i) ()T i)k K1)
! oa  [A ] z +e no1z =F (A.4.4)
=1

k= 0,1,2,...01)

where r is the total number of common and non-common poles in the ith

row of G. Writing eqn. (A.4.4) in matrix form,

B. Z=F
l—
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where Z is a column vector of all the state variables of the ith row of G.

For the canonic form to be valid, it is sufficient that IBi | # 0

for all 1i.

-
(i1) (in)
A A
(i1) 2 (in) 2
LA ] L A ]
i :
| |
: !
(i1) r-1 (in) r-1
[A ] LA ]

which is simply the Vandermonde determinant among all the common and non-

common row poles of the ith row of G. For |B | # 0,it is sufficient

1

that no transfer function in G contains multiple poles.
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APPENDIX V

The kth differential of eqn. (3.1.4), Chapter III is

"pPY. =a A z + ) b z L (A.5.1)
1 j=l -k = k

(3#1)

Kk (i1)T ([di)k (ii1) n (IJ)T (1]3) J

where -

()T GDT k  (Gidk-2 APT  (i)e-1 (T )R
b = a y A a A Py R ol A
-—k — l;l — — »‘.L 7

DTk k-t o=l (D) = (.)T- )
f =a A P £ [pkf(Y>+P ‘ J Rf\y]
"J

(i1)T X (1i)k-2 (ij)T 2-1 (ij)e-1-q qg-1
+ a z A (- a z A P ¥
-1 q=1

If there are a total of m poles in the ith row the transfer matrix
G = Gl + G (see section 3.1, Chapter III) the relationships between
(i3)
the m state variables z (j =1,2,...n, 1 constant) may be found by using
equation (A.5.1) for k = 0,1,2,...m-1. In matrix form,
B: Z =F
34 Z
where F is a column vector whose general element is

r
pyi—fr

and Bi is the matrix
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1
(11)T (12)T (1In)T
a . b e b
- e = e
(11)T (11) (12)T (In)T
E. A ? El ’ . T e s (O ey ) e El
r : r
r , |
[ ( |
[ | |
[ : |
f [ :
f 3 |
I - ’
(1T (11)m-1 (12)T (1In)T
] A ’ b D e e b
m-1 m-1
=

For the canonic form to be valid, it is sufficient that | B { # 0
i

for all i. Attempts to find | Bi | in general have failed. It is evident
(i3)

from the vectors Ek , however, that one necessary condition is that no

transfer function can have multiple poles. For given systems, the

determinants | B, | must be evaluated numerically.
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APPENDIX VI

Analysis of a one node reactor model

VI.1l. Conditions for validity of the canonic form

The kth differentials of eqns. (4.1.11) and (4.1.12) are respectively

k n k k

py=-) a A 2z +« J c éky (A.6.1)
=1 4 4 i m=l m

and

k n k k

pék= Yy A =z + J d ¢&ky (A.6.2)

iz 1 i i m=l m

where
k-m n m-1

c =p Z a A ’

m i=sl 2 3
k-m n m-1

d =p z Y A .

m j=] 4 43

Assume that the order of G (p) is r, and the order of G (p) is q.
1 2

To determine the relationships between the state variables z and the system
i

physical variables &k and y, it is sufficient to differentiate eqn. (4.1.11) r times

and eqn. (4.1.12) (q-1) times.

Define
k 3
-F =py+ ] ¢ & ky,
1k msl m
k k
F = pék- ) d éky
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Then from eqns. (A.6.1) and (A.6.2),

n k

] @ X 2z = F (K= 0,152, (A.6.3)
izl 1 i 1 1k

n k

Y ¥ a2 =z = F (k = 0,1,2,.¢¢q=1) (A.6.4)
izl 1 1 i 2k

Expressing eqns. (A.6.3) and (A.6.4) in matrix form,
BZ=F

where Z is a column vector of all the state variables z (1 =1,2,sssn)¢ For
i

the canonic form to be valid, it is sufficient that | B | # 0.

Suppose that in egns. (4.1.3) and (4.1.5)

G (p) = _alp) G (p) = S (A.6.5)
lp bp ’ 2 P d(p)

where a, b, ¢ and d are polynomials of p. The transfer functions R(p) and

H(p) (see egns. (4.1.8) and (4.1.9) may then be written as

d
R = 4 § H = ac
bdp + ac bdp + ac
Assume that
r s
a= I (p-w ) c = n (p-w ),
j=1 13 j=1 23
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Tt n
d= T (p-2 J)ybdpt+tac= 11 (p=21).
j=i 2] i=1 3
Then applying the residue theorem,
r p
n (A =w ) nmx -2 ) (A.6.6)
g = j=1 i 13 =1 i 27
i n
n (x - a2 )
=1 i 1)
(j#1)
and
r S
n (x» -w ) B(x -w )
y = - =1 i 19 9=1 1 W
i n (5, B.7.)
m (( - x)
j=1 1 3
(§#1)

Dividing eqn. (A.6.7) by eqn. (A.6.6),

S
Y, m (A -w )
e j=1 i wj
a 7 t =G (1) (from eqns. (A.6.5))

- 4y = & ) 2 i

j=1 i 2j

Thereforey =G (A ). a, (i =1,2,...n) (A.6.8).
i 2 i &

Substituting for vy from eqn. (A.6.8), the determinant of B is given bv
-3



| B| = n a, GMA),6x)), G )
all 1 ¢t 2 1 2 2 2 n
AG (), A6 (), _ X G ()
12 1 22 2 n 2 n
- [ { f
| { |
| [ |
; I |
| i
q-1 q-1 -1
A G (A, A G.(x ), __A G ()
1 2 2 2 9 n 2 n
-1’ _l, IR e R . Eis smpevess -1
-A1s -12,_______-An
! ( {
: ( |
( |
: I :
r
—Alr, -)\2,_________ Anr

vidently if any Ai = Aj (1 #j) the above determinant vanishes. Attempts
‘0o find the general determinant have failed, and |B| should therefore be

:valuated for each system under consideration.

'T.2. Singularities of the model.

In terms of the state variables, the singularitiés of the system are

it (see eqn. 4.1.10)
Z = - Ai
i




- s

Multiplying egn. (A.6.6) by a ~and sumning over i gives

p s
E‘ a.z, = -y = E a_i s ky | (A.6.7)
i izl A
Similarly
121 s Sl =i:fl :\_1 Sky | (A.6.8)

From eqns. (A.6.7) and (A.6.8), the system sinpularities are at

(1) 6k=y=0: 2z =0 foralli

n ys
n a L -
(2) 8k =-1/ ) 11’5”1’21 Ay 7
i=1 i 2
y & E
= n y§ R o1
P ) )
: A. 1= A
1=1 s 1
n Y n Y
But ] i ] di=RO.HD = 1
i=1 A izl 2
i i G (0)

So the second singularity is at



VI.3. A digital method of determining the region of stability

Mathematically, the problem may be stated as

V = minimum subject to the restriction ¥ > 0. Using the method of
undetermined multipliers, the required tangent point may be found from the

solution of the equations

3V v .
37, alv =0 (i=1,2,...n
2 1

where A is the undetermined multiplier.

From eqn. (4.1.13),

n az
3V - . 6
T = 2a; _Z;:l "3;_]4-_».1_ _ (A.6.9)
l .
]
From eqn. (4.1.15),
v n a (Ai + Aj) zj - ”
~— = 2a z 3 " + a. z Y 2 X (2a. -K yi)z.
z3 i J°1 Wit izl i id=1 - .
n n
+ " 2. . =2k v, A
Ty i£1 @ .z, 'Zl ( as Yl)zi (A.6.10)
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From eqgns., (A.S.g) and (AoBolO),

n
gV 4, ¥
z (*—a—z A azi) =0
izl
=2V +A(2V+ Sky (y + KEK))
= 2V+ X 8ky (y+ K 6k)

. 2V
] sky (y + K6§Kk)

and the tangent point is given by the solutions of the equations

F(z)= 3V - 2V 2V -,
1 3z Sky (y + K6 k) .
1 1

A digital optimisation procedure may therefore be applied, to find

the solutions as the minimum of the function
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APPENDIX VII

Propérties of the multinode reactor equations

Vll.1l. Some relationships between the residues.

In eqns. (4.2.7) and (4,2.8), the transfer functions of the system

may be written as

n (p-wlj) n (p—xzj)

gii(p) = ] J
mip-21.)
i ]
k., N * n(p-w ) n(p-w )
1] 3 . 13 23
g (p) = pl 3 j j
1] IN* m (p - Aj)
1 ]
n(p-w ) n(p-w )
h,.(p) = ] 13 ] 2)
4 n (p-21)
] ]
k N# n(p-w ) n (p- x )
B gl B oe—mddes o 2j 5| 1j
19 AN *
3 m (p-2a)
] ]

where A are the poles of these transfer functions

]

Alj are the poles of Gl(p)

A are the poles of G (p)
23 23,

w are the zeroes of G (p)
1 1

w are the zerces of G (p)
23 2i
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Applying the residue theorem, it follows that

(ii)
Y n (A =w )
r ] r 2 = G (A)
(11) = Zi( r
a n x - 2 )
r 3 r 23
and
(ii) (ii)
a Y R'Ni* [l (Ar-w )
r . _r (i#3) = -1 1)
(i) i kN
r r J r 1j
N *
- = G ()
k. N & i § r
ij 5

From eqns. (4.2.7), (4.2.8) and (4.2.11), the above ratio, in order that the

(1iy)
canonic form be correct, is also the inverse of the elements br (i #3).
V1l.2. Conditions for validity of the canonic form
The kth differential of eqn. (4.2.12) is
k (1T (iidk (ii)
Py =-a A z - f (A.7.1)
3 1k

(i1)T k=1 -1 m (i3)

where f = a ] p (ry + ] b y ).
1k L=1 j=1 j
(3#1)

The kth differential of eqn. (4.2.13) is



AT roa

k (ii)T ((iidk (i1)

Pr =y A z - f (A.7.2)
i . 2k
where
(i1)T k-1  ¢-1 m (ij)
F ==y ! p (m+ 1 b y)
2k L=1 i=1 j
(3#1)

Assume that there are m poles in G (p) and q poles in G (p). Then by using
8 § 2

eqn- (A-7ol) fOP k = 0,1,2n.om and eqnt (A0702) fOI" k = 0,1,2,0--q-1 the

(ii)
canonic variables 2 are found from the eqn.
(ii)
B Z =F
1
where F = i y n
i
py +f
i 11
I
I
|
'
m
py *7%
i 1m
r
i
pr # f
i 21
'
q-1
p r +f
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and B 1is the matrix
4

=~ (11T -
-0

DT (14)
a; A

-— e wm s e -

(11)T , (iidm

a A
(11)T

Y

(iD)T | (i)
Y A

- o o

Y(1:.)T A (ii)g-1’ )

Using the relationships of VII.1l, a necessary condition for nonsingular B
i
is that there are no multiple poles in any transfer function. Attempts to find
the general determinant of the matrices Bi have failed, and each particular
system must be dealt with numerically to check validity of the canonic

transformation.



