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CHAPTER

l. JIntroduction.

In section 2, a brief survey is given of the presenf
position in the meson theory of nuclear forcese The
principal aim of this is to provide the background to the main
topic of this thesis, the existence of a strong spin orbit

coupling in meson field theory.

In section 3, the Mayer nuclear shell modol 1s briefly
discussed in order to demonstrate that a strong spin orbit
coupling in nuclear forces 1s required to explain the
oxperimental rosults concerning the stability of certaih

nucloi.

The need for a strong spin orbit coupling‘is further
enphasized in section %, in which spin polarization of
nuclcons, elastically scattered by nuclei, is discusscede
A possible explanation for this phenomenon is to introduce
a spin orbit coupling, betwecen the scattered nucleon and
the nucleus, of the same magnitude as that required by the

nuclear shell model,

Finally, in section 5, a survey is given of the most
important contributions made so far to obtain a satisfactory

spin orbit coupling in meson field theory.
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The meson theory of nuclear forcoes began when Yukaws
(1935) attemptéd to explain the.strongth and short range
of nuclear forces by tho assumption that nucleons interacted
through the exchange of quanta, just as electrons exchanged
photons, The strength of the nuclear forces could be explained
by a large coupling constant, in contrast with the small value
of !/137 of the .fine, structurc constant e /fic in glectro=
dynanicse The short range of nuclear forces could be obtained
by assigning a mass of approximately 200-300 electron masses

to the quanta or mesons.

The cosmic Tray M- meson, datocted shortly after, was
held responsible for nuclear forces, oven although it was
observed that it interacted weakly with nucleis This belief
vas held until 1947 when the T - meson was discovered in
Bristole It was recognized,vhen it became fairly evident
that the TU- meson interacted strongly with nuclei, that
this latter particle, and not the am- meson, was in fact
responsible for nuclear forcess It was thus with great
interest that physicists attempted to establish the properties
of the T - meson, both by photographic plate téchniques and

by /




-3-
by means of high energy particle acceleratorss

At the present timo, the salient properties of the
TU ~ meson appear to be fairly well established, namely,
that it exists in three charge states +e, 0, - ¢ and denoted
by T, M°, T 3 has goro ingtrinsic sping and has pseudoe
scalar transformation propertiess Further, due to the
observation that, within certain linmits, proton - proton
and proton - neutron forces are allke, it scems likely, as.
well as desirable, that a charge symmetrie 7 - meson theory
should be used in any theoretical calculationa

Thoe success of tho covariant theory of guantum
eloctrodynamics introduced by Schvwingoer, Tomonaga, Feynman
and Dyson (1949), in which infinitics were absorbed in terms
of mass and charge renormalization, provided a further stime
ulus for efforts to obtain a satisfactory meson fleld theory
of nuclear forces, Howevoer, éinée theny apart from a few
notable advances, the successes of a meson field theory of
nuclecar forcos have been very linmited, a qualitative fit

at most being obtained with experiment,

Matthews (1950) and Salam (1951) showod that the sane
mathematical techniques, as employed by Feynman and Dyson
in quantum electrodynamies, could be applied to meson field
theory with slight modifications, only provided that the

meson /



meson field were scalary with scalar coupling to the
nucleon field, denoted by 5(8), or pseudoscalar with
pseudoscalar coupling, denoted by PS(PS). As remarked
above, it seems rcasonably well established now that the

T - moson is pseudoscalars Thus the PS(PS) theory muét

be considered to be the only fo;m of ficld thcory which
can be employed in a theoretical discusgion of nuclear
forcess The remainder of this section Qill contaln a brief
sunmary of the most successful attempts made so far to
obtain a quantitative description of nucloar forces on

the basis of charge symmetric .PS(PS) meson field theory.

Firstly, it must be noted that the PS(PS) theory
involves the Dirac operator ¥; which, in tho noh—relativ—
istic regiony is (1) large (of order unity) for positive
—— negative energy transitions,-and (2) small (of order
vV/c o the nucleon velocity) for energy ﬁransitions wvith no
change of sign. It is quito clear thatjfrom the point of
view of perturhation_theory - some form of which is the
only possiblo treatment at present - the lowest, second
order, contribution, which must necessarily arise via an
energy transition of type (2), need not be nors, and is
probably less, important than the fourth order contribution,
which arises mainly from transitions of type (l)« In

consequence /
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conseqpencé, tuo rosults follbw, nanmely, that the coupling
constant required is very large and that an exact calculation
up to at loast fourth order is required. These two conseq=
uences of the PS(PS) theory are in fact the major obstacles
in the way of obtaining a potential with which one can
compare ﬁha»PS(PS) theory with exporiments A iarge coupling
constant casts serious doubts on a perturbation theorys One
saving factér is to invoke the argument of Wick (1953) that
the range of nuclear forces to be expected from an interaction
involving the simultancous exchange of n mesons is h /npc
where 2 is tho meson masse Thusy in the nonerslativistic
region, a rcasonable approximation to the PS(PS) potential
would still be obtained by including only the first few

terms of a perturbation expansions Further, an exact
calculation of even a fourth'order process ig extremely
tedious, and in fact has so far not been successfully carried

oute

The various attempts made to obtain a pbtantial up
to fourth order in the coupling constant, which agreed with
exporimental daté, were unsuccessful until Levy (1952)
obtained a satisfactory potential by a new approach to the
problem which uas not based on the Feynman-Dyson techniques

but on'the non=covariant treatment of Tamm (194%5) and

Dancoff /
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Dancoff (1950) which levy extended to includs the creation
and annihilation of virtual nucleon pairs and the exchange

of an arbitrary nunber of nosonse

levy's treatment consisted of expanding V¥ , the

wave functicnal of the twoenucleon system, in terms of
probabllity amplitudes a(m’")(k) y WAETE m and n
denote the number of mesons and nucleon pairs respectively
in the particular state considercd, and A specifies the
nomenta and spins of this sef of mesons and nucleons. This
expansion. leads, in the continuum, to a set of coupled
integral equationse Elinination of all tho amplitudes except

a'”?()\) gives riso to an oquation which has the form, in

momentun space and centre of mass systent
_ {o,0) f l } (0,9) 3,
. - = —_— ) N d
(w - 28) 4" (£,-f) mep,p WY )
wvhere W 1s the total energy of the systems

¥
EF - (Pz * Ml) : s using rational units h=c=I,
The kernel K ( ‘b"Pl ; W) is expressed ags a power series

in the coupling constant 9 Thus

!

K (b sw) = Zﬁ Leesw) @

Equation (1) can be tra.nsfomed into co-ordinate spacej

after some nanipulation it is;

/



(_‘_7_2 + e) " (c) = JU(t,*:’;\W ¢
" (3)

W-2mM = binding energy.

n

where e

P = | + 6/4_M

¢ (¢)

l
(21r)3/2

Vl ' 0,0} |
[—“M ] e a7 (p,-p)
ZE[,'H/\/
2n ‘
UZV\.

Ule, v 5w) Zn ] (. e w)

vharo UZn (t, \:';\/\/)

- 28+ ZE‘“""]VZ :
(1Y’ J [ Pr:ip : ) K'zn(Pk;W)
x exp (ipy —iP’.f’) Atp d’p

In the non-rolativistic region, U (r, v’ W) s Which

is in general a non-local interaction operator, rcduces to

an interaction of tho form

Ule, e5w) = S(e-x) V[42L) "

2

Thus equation (3) reduces in this case to a simple Schrodinger
equation with V(r) an ordinary potential,
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Various types of approximation may now be made in an
attempt to obtain \/(f)'éznalytically. Firétly, one may
consider only the first two terms in .the perturbation expansion
of K (&bt W) arid thus obtain a korrel corrcet up to
fourth order in ¢ . Secbndly, one may sat EF = EP' = sW =M
te obtain the low energy properties of the two « nucleon
systeme This approximation 1s usually termed the adiabatice

or. perturbation = static approximation.

laking thoso two approxzimations, Levy erroneously
obtainced the potential

\/(x) = M [\/,_(x) + Snz Vi (zc)] (%)
whoro X = ,.wf
V () = - 9/sx (F/ZM)Z e/
_.3 (31/411_)2 (’L/Q_M)z 7‘:2 i I%_K,(Zx) + %MX.%\'K'(”)] g

vhora K. is the hankel function of imaginary
arguncnt as defined by Levye

Vi) = - Therli) (17 E e L) €5

Sn 1s the tensor operator 3 ( QT.V_‘X;"Z-‘.C)/«’ - 6.6

V(x) 18 valid in the region x 2 x., where x. is a certain

\

internucleon separations For x < x. 4 the wave funetion of

the systom is assumed to be zero. This 1s equivalent to

introducing /
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introducing a repulsive core in tho potential for x < x. ,
which could be exzplalned physically by the presenca of heavy
nasons as weli as by interactions involving more than two
nasons simultancouslyes Thus, the valus of x. would be hoped
to be approximately '/3 , equivalent to the gompton wave=

length of a mass of three nmesons.

x. and g are taken to give the best £it for the
binding cnorgy of the deuteron and the singlet secattering
lengtine It 1s hoped that the value of 9 thus obtained
takes into account radiative corrections, which have so far
not been considercde Lovy finds good agreecment with the
other lou-cnergy paramncters, except the deuteron quadrupole
rnoment in which there 1s a discrepancy of Z(%Z, by taking

x, = 038003 and g*/4m = 97 =3 ,

Tho radiative corrections, which cannot be treated unamblge-
uously within the fPamework of the nonecovariant form of

tho TammeDancoff theory uscd by levyy are obtained by a
consideration of the copvariant {wo-Lody integral equation,
introduced by Salneter and Bethe (1951), in which the kernel
is obtained by Fe¥nman-Dyson techniquese Renormalization

can then ba carried through unambiguously. Levy obtains

the result that the maln effect is to change thoe valus of
the coupling constants The statement concerning the value

of 9 in the previous paragraph is thus reasonably Justified.

/
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The errors occurring in Levy's results outlined above
arose in neglecting certain important terms involving the
production of onc nuclecn pair in the intermediate stato.

The fourth order potential without radiative corrections

was correctly evaluated in tho same approximationg by Klein
(1953), whoso starting point was the BethoeSalpoter equation,
vhich was reduced to a three-dimensional Schrodinger equation.
A corraspondence was thus obtained between the Tammelancoff
and Dethe=-3alpetor methods. This method of obtaining the
potential reduced considerably the risk of introducing

orrorse lHowever, tho result of this corrcction of Levy's
potential was that the quantitative fit with expefiment was
loste

Klein obtained the following fourth ordor potentials

Vo) = = 3p( ) (pjam) 2 K00/ (o)
Tho difference occurs in the correction to this term of
order //7m (4in tho sense of an expansion in powers of
#/1m ) uhich Levy obtained, and which should not appeare

Since the perturbation « static potential up to fourth
order is not in agreement with experiment, ono can either
attenpt to obtain a fourth order potential in which nucleon
recoil 1s taken into account, or calculate the potential

to a higher order in the coupling constant while still

naking /
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making the same approximationss Klein adopted the second
point of view to investigate whethor any change in the
behaviour of the potential would occur, and in addition

to determine of the series of potentials thus obtalned did

in fact convergoe.

Ilein shows that the potential \/4(x.) is the first temm

~of a series

Viz) = Z V, (=) (7
whare
_ _ 2n 2(“"") n
Vo) = = o 20 D Ki(2nn) ]2
and X = qz/4ﬁ' }A/M

vﬂm(”) is the potential arising from the totality of graphs
of order 4n which represent an interaction between two
nucleons in which 2n nucleon pairs are present in the intere
mediate state and 2n mosons are exchanged, (i.ee no
radiative corrcctions are considered, and all processes are

gssontially convergent)s

Klein assunes, by considering a caononical transformation

of the intcraction Haniltoniantg



—_—— flz/lM \—|/-(;¢) W(x) qs.z(xz) + 6/2,\4\4/*(»)7:; 8§ Y(x) %’ ?i(’c)

W

H,bm-,. + H’ﬂradient

| (8)
that the maximum contribution to the potential i1s obtained

from graphs with the maximum number of nucleon pairs in the
intermediate state, since 9’/2m 41s an order of magnitude
greater than /20 4 1f 9 1is of the order of 10 .

Subsequently, two other series are derived

/)c = w\/l x
\/() 2; 4%() 9)

where V4:»(>c) arisos froa graphs with 2n-! pair inter=

actions and 2 gradient interactions, and

Vi) ) Vi, )

where \/:MZ(x) is obtained from graphs with 2~ pair
interactions and 7 gradient intcractionse. Tho general

terms of these two series arot



These three series have approximately tho same radius of

convergence X, defined by the relation
e e ¢ > Ju (11)

ror 9°/4w =10, x.> 057

Tor 32/4_Tr = [5 y X >O'8S

The convergence of these series 1s very slow in the region
of interest x = | , for tho cxpected values of q' 14T o
Further, no better it is oblalned with experimenty However,
it 1s suggested by Klein that nucleon pair production may

be severasly damped by radiative corrections and thus the
effective coupling constont for k4}M¢ would be much smallers
This wvould have the effect of making convergence much nore
raplide Unfortunately, the effect also invallidates the
argument that V' and V” are small corrections to V ana,

more /
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more important, that the series with more than ? gradient
intoractions, not considered at all by Klein, are negligible.
In fact, onc nmust rewrite the transformed interaction

Hamiltonian (8) as

!
H /(Jc ) = >\ H!#m‘,\ + H ﬁra.dle,nt
(12)
’ >\ may be as small as '/io 4 in which case it is conceivable
that a differont approach should bo mada, where neither Hlk:m'v‘

nor H/ﬂm.alie.m(i 1s considered more important than the other.

Brief nention may be made here of work performed by

Brusckner and Watson (19953)s Their starting point is the
/

assumption that H qradient 1S more important than H’pa\'f .

The Schrodinger cquation
(Mo + H)Y Y = EY (13)

is rewrittien in terns of the lioller waveenatrix Q

v o= ()X, (1)

where X, is an eigenstate of H,

The formalisn of Lippman and Schwinger (1950 ) 4is used

and extendad. so that nucleon pair production and non linear
interactions may be treateds A nuclear potential is dorived
up to fourth order in g , vhich gives a not unfavourable
£it with experiment. IU is also apparent that a different
type of perturbation expansion results in this treatment,

namely /



namaly, that the interaction expansion haé'a general nth
tern proportional to ‘32w comparaed with the usual ﬁZ“'.
Tha objections to this theory are that radiative corrections
cannot be considerdd at all and that tho damping required
for F4¥Mr is rather critical and more severe than would

be oxpecteds

Recent work by Taylor (195%) and Kursunoglu (195%),
in wvhich the covariant new TammeDancoff method introduced
by Dyson (1953) is used, indicates that the fourth order
potential obtainoed by Klein 1s roproduced in ths same
adiabatic approximatione In this new theory, the procedure
of renormalisation is not so cecure as in the Batho=3alpator
equation, which wag used by Levy, as mentioned above, in

an attenpt to find tho effect of radiative correctionsa

At the prosent time it seems 1ikaly that, until a
thorough non=-adiabatic treatment of the. tuo-body nuclear
potantial up to fourth order is carried throughg little
can bo said concerning the success or failure in obtaining
a gquantitative £it with exporirment on the basis of the
charge symmetric P3(P3) thoory, In addition, calculation
of tho effect of highor order terms and of rédiative
corrections remains virtually impossible in any approximation
other than the perturbation-statice

Numerical calculations have beon carried oub by Blatt
and /
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end Kalos (1954%) using a potential
\/ = \/2 + >\\/4_

(15)
vhere V, and V. are the seecond and fourth order “
potentials respectively, originally obtaincd by Levye
These seened to glve the Lest £it, although their
dorivation was faultye ) vas rogarded as an arbitrary
parameter which, it wos hoped, would represent radiative
correctionse 94, *c and A were alloved to vary arbit-
rarily and the low-cnergy propertiag of the twoenucleon
systen wvere calculated on an electronie computors Resulis
showed that there was no rogion of the parameter space
(ﬁ,xc,)) in which all the lowecnergy properties wore
simultaneously fitteds Further, the previous fit obtained
by Levy is not os good as 1t first appears, for exact
fitting of the deuteron quadrupole moment is critical, a
small variabtion outside the obscrved quadrupole mement
producing a large fluctuation in the singlet and triplot
effective rangese According to Villars (1952), Descr (1953)
and Sessler (1954), some variation of the quadrupole moument
is possible if one takes into account the effect of meson
exchangej thus there still remains the possibility that

a potential of the Levy form will still fit experimental
resulbtse Bven if this wore so, 1t could still not bo
stated conclusively that the PS(PS) theory gives a good
account /
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account of nuclear forces, since the Lovy potential 1is
Certainly not obtained up to fourthlorder in a consistent
perturbation - static (PS(PS) thoory. The possibility still
remains that higher order, radiative, and non-staﬁié
corrections to the Klein fourth order static potential may
change its character to such an extent that agreement with

experiment would oncec more be obtalned.

In conclusion, it can be said that, although a
qualitative £it has not resulted as yet, the qualitative
characteristics of P3(FS) theory, which cerfainly do not
occur in S(S) theory, aro cncouragings Thus, the long=-
range tensor force in the second order potontial gives é
large quadrupole moment, ‘while the fourth e;nd higher order
potentials contribute to a strong shorte-range interaction
which ensures that reasonable singlet and triplet offective

ranges are obtaineds
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3¢ Juclegr sholl structurg.

It has been known since about 1230 that some kind of
structure exists in nuclel, for experiments showed that
nuclei composad of certain numbers of protons or neutrons

vere particularly stable.

Mayer (1948) presented a sories of facts which shoved
conclusively that especially stable nuclel existed with 2,
8, 14, 20, 28, 50 and 82 protons or necutrons and with 126
neutronse These numbers were called "magic numbers", no
doubt due to the faet that no theory scemed capable of explain-

ing their occurrcnce,

briefly, the evidence for nuclear structure was
obtained by observing that a greater number of isotopes
and lsotones existed at magic numbers. Further, nuclei

with a magic number of nucleons are more abundant in naturej

this occurs because of thoir higher binding energys

More ovidence for magic nuaborg was obtained by
observing variation of energy of alpha-particles emitted
by radie~active nuclei. Low cnorgies wore obscrved if the
parent'npcleus were magicj high energies if the daughter

were magice Similar trends were observed in beta-decays

Finally, cross-sections for radiative capture of
medium energy neutrons (Several MeV), and for thermal

neutron /
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neutron capture, were seen to be very small in the case of
nmaglc nuclel, wvhen compared with the average crossescctions

for nuclel near these magic numbers.

These experimental results indicated that nucleons
arranged themselves into shells, which contained a certain
maximum number of either protons or nsutrons. These shalls
vould be very stable when completely filleds This is in
complete analogy with atomic structure, in which electrons
arrange themselves into shells of ccrtain maximug numbers,

leading to the explanation of the poriodic tablo,

Pursuing furthey the analogy with atomic physles, a
first attenpt at cxplaining the occurrence of magic numbers
is to assune that a nucleon in a nueleus roves under the
influence of a constant central potential which is the effect
of the prescnce of the other nucleonse This smoothing out
of the variations in tho interaction boetween a particular
nucleon and the rest of the nucleus is usually termed the

"indeopendent particle model",

It appoars at first sight that the criterion for the
use of the independent particle model 1s not satisfied,
namely, that tho mean frec path of a nucloon in nuclear matter
is sevoral times the diameter of the nucleus, This 1s due

to the fact that nuclear forces are very strong, and the

nucleon /
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nucleon density of nuclear matter is large. Ilowevor, two

effects contribute much towards lengthening the mean free
path. Nuclear forces, although very strong, are extremely
shorterangeds furthar; the Pauli exclusion priﬁciple is
important in éonsidoring tho interaction botueen nucléons
in a nucleus, forbidding many collisions which would

normally be thought possible in a less rigorous treatment,

A calculation based on the independent particle modal,
in which the common potential is a square vell of reasonable
depth and width, lecads to a definite sholl structure, oach
shelly, as in the atom, having a definite angular momentume
Howovor, the numbers appearing here are not the magle
nunbers, exeept for scveral at the beginning of the sories.
Variation of the sguare uell wifhin reason (such as rounding
off the discontinuity) does not produce any sipnificant

changess

1t was suggested by Mayor that a simple explanation
of the magic numbers could bs obtained if one assumes that
there ié a spin orbit coupling hetuecen nucleons, as well as
the static central force. The requiremants‘on this spin
orbit coupling are rather surprising. Firstly, inverted
doublets are requiredj that is, an enargy level, correspond=-
ing to a particular orbital angular momentum |k , is split
into two levels vith total angular momentum (l+3) K and

/
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[1"%> 2 g corresponding to the spin and orbital angular
momentum of tho nuclecon being parallel or anti-parallel
respectively, and the higher energy level must correspond

to the anti-parallel state. Socondly, the lovol splitting
must amount to at least £ MeV, increasing with l. 1t
these requirements are satisfied, and a potential intermediate
betwveen a square well and a harmonic oscillator is uscd,

then the levels previously obtained eross cach other in such
a way that they now group themselves togather quite nature
ally into shells containing the corroct numbér of nucleons

to produce the oboscrved maglc numberss

1t was stated above that the requirements on the spin
orbit coupling woerc rathor surprisinge This is only so
if one wishes to pursue the analogy with atomle physics
to the endjy for a spin orbit torn occurs there, namely,
the Thomas relativistie corrcctions If this were the source
of tho spin orbit coupling required for the nuclear shell
model, then these .equirenments would not be satisfiede Tho
opposite sign would be obltained, loading to ordinary doublets,
and the magnitude would be approximately '/15h  too smalls

However, the success of the nuclear shell model, in
its subsequent application, for example, to intrinsic spins
and magnetic moments of nuclei, Is unquestionable., One is

thus /
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thus justified in believing that there nust be some other
sourco from which an adequate spin orbit force, both in

magnitude and sign, can be obtained.

The purpose of the work to be discussed in dotail later
is in part an attempt to obtain a satisfactory field
theoretical explangtion for this large spin orbit coupling

on the basis of the current pseudoscalar meson theorye



In section 3, the existence of a spin ortit coupling
in nuclear forces has becn discuséed with referenco to the
Mayer nuclear shell models, The possibility of a parallel
effect in nucleon~nuclecon scattering was reported by Case
and Pais (1950), who showed that the high encrgy protonw
proton scattering data could be explained by means of adding
a spin orbit coupling to the static nuclear potentiale The
results they obtalned were not reliabley as shoun later by
Goldfarb and Fefwaa.n (1952), due to the fact that a strongly
singular potential had to be used to it tho obsarved
variations in the scattering crosse-sectionss The importance
of the worl: by §ase and I'ais, howcver, was that it indicated
that the proesence of a strong cpin orbit coupling could
considorably affect nucleon-nucleon scatterings Theseo
authors also suggested o possible connection with the Mayer
shell model, although it was not cxpected that the model
would still be valld at high ensrgics,

The presence of a spin orbit coupling is very difficult
to ascertain in single nucleone-nuclcon scattering, wnere only
scattoring crossescetions and angular distributions can be
neasureds liowever, a spin orblt term produces a spin polar-
ization of nucleons, due to a difference in scattering
cross=sections for the two spin orientations in the
incident beame This cannot be observed difectly, but by

measuring /
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meaéuring the right « left asymmetry produced in a subsequent
second scatteringe A similar procedure can be follouwed in

double scattering of highecnergy protons by nucleli,

Rocent experiments in double scattering of high energy
protons by nuclei reveal considerably more poldrization
than is observed in proton - proton double scattering.
Results also shou that the largest asymoetry occurs in the
range where elastvic scattering by the nucleus is cexpected

to predoninate,

it was proposed indecpondently by Fermi (1954%), Malenka
(1954) and others, that the asymmetry in nucleon-nucleus
scabttering could be oxplained by moans of the spin orbilt
interaction uscd in the nuclecar sholl rodeles These authors
assumed that essentially the samo spin orbit interaction
acted between the nucleus and tho nueleon being elastically
scattoreds An 'optical model' was used to describe tho |
S£atic interaction. Thus, 1n Malenka's notation, the nucleus

exerts a potential H' on the incident nucleon:

H' = (1 + ié)\é(w) + oz V/(f) s. L
| (16)
where & = ¥ x kﬂ ;
& tales into account nuclear absorptions Its value at
100 eV is approximately 0-5 , and incrcases slowly with
energy. For example, at 340 1eV, 1t has incroased to 0°CG
/
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Vﬂ@) 1s a central potential well and Vi(¢)
deseribes the radial dependence of the spin orbit
couplinge The form of 'V, is not necessarily dependent
on \, o However, it is oxpccted that V, will be bost
represented by a modifisd sguare well, and o possible
form for \4 ¢ in analogy with the Thomas coupling, 19
\/‘ S %. % « The spin orbit term is, according té:

Fermi, |S times larger than the Thomas couplinge

Qther forms of \4(f) envisazed are (1) a nodified

square well, ascumning a uwnifomrm spin orbit effect, and

d ()

vodre
where ¢%f) charactcerizes the collective action of the

(2) a generalization of the Thomas coupling,

COI'Gse

Calculations were carried out using the first Born
approximation, which is expeetad to givo, 1n tho high
energy region, guantitatively correct results for the
polarizations Results indicate that type (2) for Vf(f)
gives better results. Using the magnitudo suggested by
Permi, these authors find that tho approximate magaituds
and angular location of the maximum polarization aro 5()2
and 10° respectivoly, for 340 MoV nuclecons on carbone

Those results are in rough agreement with experiment.

Finally, the same model was employed in the low

-~ energy /
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encrgy region by adalr et al. (1954%), who investigated

the scattering of 4OCkoV polarizad noutrons by heavy
nuclels 7The variation of the polzarization with the atonmic
nunber is in agreement with that expected from an optical
rniodel nodified by a spin orbit temrm -%fﬂéV’x(§'L:)'=.
In these calculations,y the absorption coofficient € was
taken to be 0'05 , in accordance with the rosults of
Portor, I'eshbach and Welsskopf (1953).

Thus, both high~cnergy and lou-encrpgy scattering
data appear Lo Le in agreement with calculations which
depend on the introdoction ol a spin orbit coupling of
the scaue magnitude and sign as that required by the

nuclear shell modols

In tho light of the digcuscion in this and the
provious section on the nuclear shell model, the existe
ence of a strony spin orbit coupling in nuclear forces,
énd the conncction between pelarization and the shell
rodel, are reasonably beyond doubts IHowever, so far,
there has been no attempt to justify its presence, In
tho next scetiony and in chapter 11, a possible explanation

will be given in details
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5 Spin orbit coupling in rmeson f£ield theoxnye

In scctions 3 and % the desirability for a strong
spin orbit coupling in nuclear forcoes has been stressed.
An intimate connection is suspectead between the strong
spin orbit term which appears in the Mayer nuclear shell
nodel and that required to explain polarization effects
in double scattering experimentse IHowever, the only
justificaticn given so far is that good aggreement is
obtainzde The form whicn the coupling takes 1s suggested
by the Thomas coupling, obtalned as a relativistic
correction to the cnorgy of a fermion moving under the
influenee of a scalar potential, and which is one order
of magnitude too saalle Thls has alrocady been discussed

in the previous sectionse

It was felt that there was need for some rundameptai
justification for the introduction of a spin orbit fofce
of this strengthe Although results obtained from neson
field theory in other branches of physies have been
somewhat disappointing, novertheless, it may boe argued
that there is no better guide 1n theoretical physics at
the present time, as farl as obtaining a fundamcntal basis
on which to build more exact theoriesj for field theory
is applicable, in contrast with other theories, to a
wide range of problems without alteration of paramotorse

on /
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Oa the other hand, in a scattering problem in' nuclear
physics, for example, 1f fleld theory is not employed, -
one must cpecify the scattering potential, and perhaps :
obtain a quantitative fit with experiment only by varying

czrtaln arbitrary parameters in the potential.

Thus, a ncasurc of success would bo achieved 1if,
out of some crude approximation, provided it were
consistent, mecon fileld theory ylelded a strong spin
orbit coupllng, an order of magnitude larger than the
Thomas efflcct, and opposite in sign, so that inverted

doublets would reosulte

Imnediately the ncod for such an investigation
arose, a strong spin orbit forece was obtained indcpende
ently by Rosenfeld and Gaus (1949)e Assuming vector
moson theory, these authors found that a suitable choice
of the veetor and tensor constants § and [ 1led to a
spin orbit coupling proportional to g f o The spin

rbit coupling thus obtained had the correct magnitude
and sign required by the shell model, However, recent
advances in neson experimental physics indicate that

the - meson is pseudoscalar (cf. scetion 2)s Consoge
uently, the spin orbit force of Rosenfeld and Gaus must

be discarded.

It was not until 1953 that further progress was made.
Klein /
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Klein (1953), in investigating the adiabatic ruclear

- potential on the basis of PS(PS) meson theory (cf. section

2), discovered that a more detailed treatment of the
two-~nucleon fo.rth order potential, without radiative
corrections, revealed a wveloclty dependent correction
in the form of a spin orbit forces The method used by
Llein to obtain this correcticn is very cimilar to that
which will be used in sections 3 and % of chapter 11 to

extract spin orbvit coupling from the total matrix element.

Tho spin orbit coupling obtained by klein was not
large cnough, lcading to a doublet splitting of approxe
inmately 1 lleVe In ahy ccse, the oppocite sign was

obtained to that reguired by the shell rmodel,

Dresner (1953) has calculated spin orbit correections,
on the basis of PS(PS5) theory, corresponding to some
typical Feynman digzrans for two =, three -, and four =
nucleon potentialses The resulting level splittings are
too small, although here contributions of toth signs
arc obtained. Little ecan be said further about these
caleulations, for it is not known vhether in a fuller
treatmnent, the total ncgative contribution will be
larger or smaller than the positives Apgain, those
calculations wore confined to fhe non=covariant Tamm =
Dincoff methods Thus radiative corroctions once more

ware /
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were not considerad,

Klein!s resultsy and in part Dresnerts, can bo
applied to nuclel in a straightforward way, for Hughes and
Ie Couteur (1950) have shown that tho resultant of the
twoe~particle spin oirbit forcos acting between tho nucleons
of a saturated ccbe and an external nucleon leads to a
one-particle spin orbit force between the outer nucleon
and the corce Thus, by following this procedure, one
obtualns a one—parg%gﬁzsspin orbit coupling for the two=
particle spin orbit/obtained by Klein ond Dresner,

1hus, so far, all treatuents have shovn that twoe
nucleon spin orvit rorces are either of the vrong signy:
ox too snally for apnlication to the shell model and
similarly, as discussed in section 4, for high and low

energy scattering,

A different approach to the problem was proposed
by Chisholm and Touschek (1953) (reforred to hereafter
as Ci)e This consisted of reprecenting the interaction
betueen the saturated nuclear core and the external nucleon
by a scalar central potential, and of calculating the
change in the s@lfecnergy of the external nucleon duc to

the presence of the cores. Physically, the spin orbit

coupling /
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coupling arlscs in the same way as the anomalous magnetic
monment of the electron in electrodynamics; 1t 1s conside-
erad Lo arise tihrough the influcnce exerted on the mesonie
cloud around the'nuclaon by the inner nucloar cores Due
to the very much larger coupling constant in the moson =
nucleon intoraction, an important spin orbit force 1s
likely to arisee The importance of this effect should
caertainly be investigateds The interesting aspect of

this work is unat it.dcpends solely on radiative

corrections to give rise to the required spin orbit effect.

Ivaluation of the spin orblit coupling was carried
2
out to order 9 in the sense of a perturpoation caleul=-
aticn and employing the Teynman = Dyscn tocliniquese A

spin orbit coupling was obtained strong enough to lead

- to a doublet splitting of several MoV for heavy nuclel.

Hougver, the wrong sign was again obtainede

This result is disappointing at first, Ilovever, CI
neglected certain important terns in their evaluation
of the spin orbit coupling, Those terms coniribute to
the spin orbit force in a reduction of the matrix element
to the nonerelativistic limits These corrections are in
fact exactly twice tho term originally obtained by CT,
and are opposite in signe The result os that this self
energy effect now gives rise to a spin orbit coupling

which /
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which is of the right order of magnitude and sign for
application to the Mayer nuclear shell model, Details of
these calculations will be given in Chapter 1i, section
3, and have rccently beasn published. by the author (1955).
Finally, it should be noted that the magnitude obtained
here is still too small to explain the He splitting,

which is much larger than the splitting in heavier nuclel,

On the strengtin of these calculaticns deseribed above,
it appears provable that the main contribution to spin
orblt ccupling arises from sclfecnergy e¢ffectes This
conclucion ig suprorted to some extent by calculations
recantly carried cut by Hoorhouse (195%) in which thao
ney dann - Duncoff mevinod is modlified to compare states
of A and A+| uclconse The A nucleon state, rather
than the vacuun, ls taken o be the compbarison states
in particulary, the differcnce in tne self-cnorgics of the
two states considered is obtained by considering a
nmodel in which bound virtual mesons are ciitted and
reabsorbed by the nuclcus. The effect of the Paull
exelusion principle is taken into accounte Iesults of
these calculations indicate that in light -~ medium nuclel
(4— LA¥L 4-0) inverted doublets occur, with a large
splitting in agreement with expcrimente In the case of
He® , the position is not so secure, since the centre of
mass motion is neglected, but there is a teadency for a

substantial /
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substantial increase in the splitting, in gualitative

ageeenant with experiments

However, some doubt may be cast on tho CT results,
since no account has boen taken of the possibility that
tho nesons exchanged betwecen the nuclear core and the
external nucloon, the effcct of vhich is represented
in this nodol by a scalar central potential U (v) ,
nay in soue way affect the strength of the couplinge
To investigate this, 1t was thought vorthuhile to cstinate
Ain orbit coupling obtalned by particularising the
notential YY) Lo be the potential betwcen tuo nucleons
wviiich arises from the cichange of nesons and evaluating
cuin orbit coupling dicetly fron graphs analagous

57 CZe Since Ut} is a scalary onc

ot
C
cr
=3
¢y
ct
0
[$
[
P
0
'_J
o,
O
3
(@)
£u
(‘vl

aust assune that, since the mosons exchanged are pscudos
ccalan, U(v) arises fron the exchange of an even numbor

of mosonse Yhus, the simplest case to consider is the

exchange of two mesonsse The evaluation of theso graphs,
which a.e of sixth order ia 4 , comprises the main
part of tiris thesisy a detailed account will bLe given

in chapter 1I, section s
As will be seen later, results of thosc calculations

are /



- 34 -

are cncouraging, in that they support the treatment
given by CT. Although both methods, that of CT and

that to be deseribed in the next chapter, involve
perturbation theory and other approximations, and
therefore must be suspect "ab initio", taken together
they appear quite convinelnge A relatively good fit
betwecen mceon field theoxy and experiment is certainly
obtained on the basis of regarding tho spin orbit force
as a sclf-cnergy eoffecte The prosenco ¢f spin orbit
foreeso of opposite sign must be talen into account, since
thoy also appear in the same tincory, but theso cffeets
secn to be snaller than tho seif-cnerpgy erfectse 1t
cannot, acuever, be said that the CT and tloorhouse

asults should bo addeds dathor, thoso should be viewed
ag two differcnt models of the same basle effect, nanely,
the scli-energy offects That botlh nethods agree with

experiment should be considercd most satisfactorye



1. Jdntroductione

in this chapter, details will bo given of work carried
out by the author on the possibility of the existence of s

strong cpin orbit coupling, arising from a sclfecncrgy

In section 2, an outline of Chisholn's method for
evaluating Se-matrixz clements is givens This will scrve two
purposese It will give the necessary mathematical baclie
ground to the rmethod of evaluation of tho Sematrix elements
in the lattoer part of the chaapter and it will serve to
introduce tho notation to be used extensively laters The
reason for using Chisholm's method is that it reduces all
S~matrix elements to a standard form, thus reducing the
risk of introducing errors. It allows one to evaluate
graphs with two or more 'internal momentat' (that is, indepe=
ondent momentum integration variables), with the same
facility as the simpler grapihse. The couplexity of the higher
order graphs 1s instead avusorbed into tedious algebraic
analysis and, finally, a complicated intogration over a
set of parameters, which can in general be performed only

nunericallys

Section 3 contains details of the work carried out

by /
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by Chisholn and Touschek, and subsequently revised by

the author, fto investigate whether the presence of a
nuclear core would affect tho self-ficld of g nucleon in
such a way that a large spin orbit force, of the correct
sign for the nuclear shell modely would arisee. Tho interw
action of tha core and the outor nucleon is represented

by a scalar central potential, (J(+).

In section 4, U (%) is particularised to be tho
potential arising from double meson exchange between two
nucleconse The resulting sixth order graphs, obtained
in complote analogy with section 3, are evaluatad by the

methods developed in section 2.

The potential U (v), of scection 4, is estimated in
section 9 in the same approximation as that made in section
4 for tho spin orbit couplinge. In tiais way, 1t is hoped
that consistency is maintained.

Finally, in section 6,4 results of the calculation
arc given and compared with the results of soction 3. A
short discussion is then given of tho significance of

thase results.



Chisholm's (1952) mothod of calculating S-matrix
elements consists of putting all line-factors in the
form of scalar boson line=factors acted on by a product
involving the usual Dirac matrices and a certain operator
t% y which depends only on the momenta of external lines
and on particle massese The integral over internal momenta
now assumes a standard form, A set of paraneters 1s
introduced which pormits this standard integral to be
performed. The effect of the product of opératnrs on
the integral is detcrmined and the S-matrix olement is
finally obtained as a multiple'integral over the sot of
parameters. The method outlined above is essentially
a gencralization of Feynmant's method of parameterss. It
is not in general applicable to divergent graphs, but only
in the special case of graphs with one internal momentume
Thig is due to the fact that many graphs have a divergent
part inscrted, such as a vortex part, but appear to be
convergent on first sighte A proof of the inapplicability
of the nmothod for these so«called 'primitively divergent
graphs! can easily be constructed by considering the

question of uniform convergence and the related question
of changing the order of integrations in a multiple

integral /
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intoegral.

Only the charge symmetriec PS(PS) meson theory will
bo considered in tho followlng more detailed account of
Chisholm's method.. Detalls will be restricted to those
with direct application to tho later discussion on spin

orbit coupling.

Line and vertex factors are
-1 8]

(2”)+ (b+k)z + //“2

HMeson lineg

Nucleon lines -+ Y (prk) - M
(270)F (prk)* + m? (1)
‘leson-nucleon vertexs 9 (2w)4-t£yg

where F is a linear combination of external momenta and

k is a linear combination of internal momentae

In the meson line factor, fgj refers to the iso-
topic spin matrices T; which occur at meson-nucleon
vertices. XZ(P*¢Q denotes the scalar product of the

four-vectors Yf'/ and (P*l")/u .

In order to reduce the integral over the internal
momenta to a standard form, the meson and nuclecon line

factors are replaced byt



ileson lines -y ) v/

Nueleon liné: v [‘M - LY, ? J:G ]
(2m) ] /L'))bﬂ, ]
| |
(;)-rk)l + &5

X

/
(b+k)? +o (2)

7= (2_;)4— ’?“%()

Use of these new line factors reduces integrand to a

=
product of factors of the form [(tw ) + 6‘]

The auxiliary parameters are now introduced, using

tho identitys

, = (5'|)! ‘rsTdCr /

$ =1

H‘tr A [:Zsc_fqlr']s (3)

a2

S
whero A is that portion of the hyperplane Z Cp = |
f=1
for which all ¢, are positive or zeros

. 2
9, 1is of the fornm [U),,--fk) + (w] vhere k 1is
a linear combination of kl) Ky eeness kl y the internal

nomentae

Thus, there occurs in the integral a quadratic

form /
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form

1 1
Qhks- k) = D Askkeke s 22 Ack + C
S=i

S,t21

(&)
where AS(;}AS, C are functions of thé \9“ s, and C..

The integral over k., kz, .....,kfz is of the form
4
34’4—kl \{dvﬂcl - T fd.”(.] {Q ( k‘() kl) T kl)J

The result is easily obtained and 1s
$-21-2 =~

S Y (s—Zl—l)!/\
(s-1)I L}fjdcf [(LW) ol T _J

$s-21-2
= (mz)z(s-zz-:)! 5TST A

A pé f= 2l (5)
whoro /\ (AL AL - A - (6)
Asy A - - - An
Ay Al - - - Ay
and : (7)
X = 1 A Azz - A'l A,
/\2. P\n - AN Al
All Alf)_ - AH Al
P\, (A\‘)_ - Al C




Since /\ does not dopend on the Pr and 6&,, only
the effect of a product of operators '}(Pm(r) on X ™

1s requireds That is,

[T % (o) X7

where n is tho numbor of nucleon lines in the graph.

n
y ™ >3

The assumption that m is not less thaner- 'E‘avoids divergent

graphsy which cannot in any case be evaluated by Chisholm's

methode

Usually, the product of "} operators will be interw

sparsed with ¥ matrices, but this need not be considored

here. Firstly, two quantitios nmust be definods

QPw = -M+
A\

An Al')_ All 3P¢‘kx
Au Ay - - Ay 9k,
Ay A - A Dk

A YA - YA Xy

Au Arz - - Ay gpfk'
A, An - - -An %k
Au A Al .k

SfS
bk, ke - - -k o

(8)

(9)
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dfky is defined by the statement that 29k, is the
coofficient of the scalar product P(.ke in
[(perk) + o] That is, ., = O, 1.

The result will now be statede The proof may be
obtained in the original publicatione

Firstly, the 'basic term! is formed by replacing
every f}(Pr,GX)by (\l}%‘ The basic term is thuss

T X" '
BRI a0

From this basic term, the 'derived tcrm3! are obtained
thuss a pair (IAZPS,KAQPE) s not necessarily adjacent,
is roplaced by (¥, Y« ) Qf’s be jt(.x with

X

sumnation over X4 This 1s repeated for all pairs, one
at a time, then for twe pairs simultaneously, and s0 on.
The sum of the basiec term and all thoe derived terms is

the required result,

The general S-matrix element has therefore been
gvaluated in the torms of tho quantities A, X, (Yp,,

lﬂ)}%h and X} matrices. At this point, the ]» and
s, are expressed in torms of tho momenta of the

external lines and particle masses, respectively. All

that /
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that remains to be dono now is a multiple integral over

the set of parameters Cr o

Chisholm's method will be illustrated in sections 3,
% and 5, where it will be extensively employed.



Refercnce has alrcady been made in Chapter I, section

5, to the work performed by Chisholm, Touschek and the

~author in investigating the possibility that tho selfe

energy corrections for a nucleon moving in a scalar
potential well LJCﬁ lead to a strong spin orbit coupling
in the charge symmetric PS(PS) meson theory. In this

section, full details will be given of this work.

The potential \J(f)represents tho interaction betwcen
the nuclear core and the external nucleons The intro-
duction of a scalar potential is justified if one assumes
that the main contribution to ﬁhe potential, from the
point of view of field theory, would arise from the exchange

of an even number of psceudoscalar mesoOnSe

Following Dyson's preseriptions, the second order
corroction to the potential energy (U(¥) of a nucleon
at * 1is

-

AZU({-) = - 12 gd"x_,d“'xl_P(Hl(x,))D(f))H'(m))

whore CD({f) is the potential density of the

(1)

nucleon at

= W () UV (1),
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The only second order graph contributing to a spin orbit
coupling corrcsponds to a Lambshift procoss, shown in

Flgure l.

-~ \\
// \\
// T Ny
N xy / > X > \ 2 >
U(+)
(Fig. l)

This graph can be easily evaluated in momentum spacee.

The equivalent graph in momentum space is shown in

Flgure 2.
k
nas \\\\
// \\
/
E /! hfk' y Ptk \\ fz
— > X >
Ulg,)
(Fige 2)

This leads to the following exprossion for the matrix

alement:

A(b., b))

3ig" ” Y () % Lm0 -] Uty (2% (hek)-M] Yo W(p)

(zrr)4- (k,l + /wl > [(%H{,}zﬂ\qi] [Q),+ k)q ‘U‘/Ill (2)

where /



where

U(~)

\

[ "4 ULy
Vim = [ e VI

The veetor notation being used here is that three-vectors
are underlined and four-vectors are note Whother a
quantity 1s a scalar or a four-vector must be inferred
from the contexts Thus, in the two definitions abovo,

. and <P are four-vectors, but ¢ and ¢ are sczlarse

/\ (b b)) is readily ovaluated as a simple applice
ation /A\ u(;tiéﬁ' Im's methods. Illowevor, it is more convenient
to treat the divergent part differently and so the method
will bo applicd only to those parts which are finite baefore
subtractions The reason for this procedure is that the
additional finite terms after subtraction are very smalls
this is moro casily scen by a direct treatment of the

matrix elemente
Liowy

A, b) = S3 B0 % F(s) Ulg) Flpur) 6 V() T
(o) | (3)

2
where finally & = <o = M™.
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/ _
T = |d*w . .
J (kz”&z)[wﬁ. k) + cﬂ][(h+lc)+52]
= 2[@ de, d ey [at"(k Q’
A

= kz+ QF,I(,-FC/

where @
b= ap o+ Gap
C = ¢ }*'1

Thus,

s T2/ %
whero X = C - Fz
: (Cl‘f‘CZ)zMi + Csﬂdz

i~
)

= (c+ c;)zMz + ("‘C"Q)fvl

using tho relation ¢,+c.+¢y= |.

thus A (P, )

n

- _3_7_2 de, deq dey V(p2) 0, 0, YY)
[ Y (%)
A

——

Here, the notation O,’, has been used for Y; Qh Y;

This, and the symbol Q; for Q)’» will be used hore=
afters



o L8 =

/\ (Fz) h) as given in (%), now represents the
part of tho matrix element which is finite boeforo sube
tractione

O = -M- Y (k-p), =02

(), (), contains four terms which all lead to a spin
orbit coupling in the nonerclativistic limits

@ - (1= - ) (LY b
Q) M (I- ‘l”cl) Y (.&z‘ﬁ)

TR NN,

(5)

C

g M (e e

That theose terms all lezad to a spin orbit coupling can

2

be seen from the following considerationss consider the

roduction to twoecomponent spinors ‘X: of tho potential

encrgy nmatrix elonent

VgV Yk (6)

aore V= A (Y RNYR)r BYLYs
+CYt + D

A) B C,D are all functions of 4, » and thus all lead

to scalar central potontialss
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y = E,iz. + bzbz
L - eh o ab

The reduction is effected by the substitutions

+ 6 ba
Vik) = [ x" XQ:;%Q
vih) = X )
Sk oy
7™M

The matrix element thoen roduces to the form

1.
X Vae % (8)
wvhere \/N‘ ¢ = V' (nonerelativistic)
\/M_ containg four spin orbit terms
@ A (9)

where S = Xf(g.ng.%,)%

O - vy (b-b) BS
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AS s for example, can be written as

iX AW s (pxh) X
=3 XtAQ) £ (gxp)X

(10)

b b
h (ot o)

vhere ﬂp

b

QV is the momentum transferred by tho core to the outer

\

nucleone P is the average momentum of the nucleons

On taking the Fourier transform with respeet to
4 , one obtains

Vit = - (TAL) = b )
where A(¢> _ jei,gc-\f A(ﬂ/) 0(,36[,

Hencae, the coutributions to the spin orbit coupling are

2 ! [~ e - -

|(7Tt2 0 (""C-"Cz)/bz ""(CH'CZ)zMz
x s (VU(v‘)xb)

(11)

0

_ 3(1,1 T c. (VUU) xk)

| (M
(12)



whers . ! t(l" x) dx , >\ :/J’/M )
- g o (F)¥ + 52
b N, = i 2¢MK"3€III>5.(VU><M
M (LT M2

| -y -3
(C) /\3 = - LM( 3

fl

_/\l

(d)e This term will not be given here, since it is
largely cancelled by tho subsraction terme. (d) can bo
regarded as the usual Thomas correction to tho static

radlative correction to U (f),

The integral 1 has the approximate valuo |2
Thus the total spin orbit coupling arising from the solfe
cnergy effect is

N+ N+ N\ = - 3'6(3/41?»4)2 g-(VU*?)

(13)
It may be noted in passing that the result obtained by

Chisholnm /
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Chisholm and Touschek had the opposite sign but the

same magnitude, However, these authors necglected the
importance of the terms /\2 and /\3 s thus obtaining
the total spin orbit coupling from /\w aloncs There is
also a slight discrepancy in the magnitude, 3'0 being
obtained instead of 3 , but this is not of great

importance.

The problem of renormalization of the (graph will
nou be considereds The object of the discussion is to
show that this can be carried through with negligible
offect on the results given in (13)e The matrix elemcnt
(2) contains a term & U y Where & 1s a scalar

divergent quantitye

31',62 " tib{(bl.‘,k)i—[‘/\]{:i\{(?ﬁk)ff‘q]

1) ] e ) [kt [ ) e )
(1)

K 1is logaritimically divergent, To remove the
infinity unambiguously, a term &, rmust be subtracteds
®, 1is obtained from & by setting P = p. = F°'
b, is a four-momentun satisfying the Dirac equation

L){Po-f-m = O , Thus,
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«, = 3+ j(m [V (povk) + M)
2] (e ) k) +m7)?

(15)
In  , oguation (14), b, and Pz can bs replaced

by (Q, LE) in the nonerelativistic limit, and similarly
LY b =i Yh o= - E

R = E-M = binding e»nergy of nucleon and core
= - 8oV, on the avaragc. (16)
Thus
.2 ’ 2
£ = B_lljm (idk+ M-€]
2
(2e)F (k?+ ) [\a- 2k,E + M‘-E’]
1
.2 .
= Jm (Y-8
(2m)* e ) i 2em = 2me ]’
(17)
Equation (17) is obtained by replacing KkE by kM

and E*-M' py IMB

N, is obtained from « by setting B =0

&, = 3‘;ﬁ2 j(ﬂrk [- k2]
1o () (- 2eom)
(Ir) p a



(17) can be writtont

o2 ] : 2
X = 3% fzxdxfd*k~ELX'k-B] 3
@Qm)* Yo Uci = Dx kM=~ 2xMB + (l-x_)/wz]

low let k = ﬂ/’ M/, Ml = (Q) 1.'r‘/)m:)

Then
2 ) 2
of = dig J,onlx jﬂ@ (x)/.q,+h4>c - B)
@2t d (92 + L)s
vhere . .
L= M - (IMBapt)x t
Thus, |
£ = ﬁij}xdxjo“ﬂ, (’%2+’°2”1”2MB”>
QNYF_ o (01/2‘}‘ L)3 |

since denominator is a function of | q/z.

C oy ol -
"
VI gty |
(19)

!

Also, putting B = O , ono obtains:

_ 3&32 ! A% Tt
X, : )+ jzk dy %»- J__z_i + (QX}M?} rz([-x)) ;IL %
VA 0 | (‘1, +L°) (20)
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where L, = M™x® + /wz(("‘-)

lere approximation is introduced of moglecting j*
since at this stage it is seen that its neglect does not
introduce any ‘'infra-red! divergencess The socond terms
in (19) and (20) are thene qual and thus cancels (This
approximation can bo shoun to be valid).

Thusy

X, = & - &,

1
)
[#2V)
[ Y

(21)

The integral in (21) can be ecasily evaluated and has the
value -28/m , neglecting higher powers in B/m.

) 2B
JeCe °<c = §-—ﬂ—- (22)
4w
Bl E-as q = lo.
Thus . = -0 / :
(23)

The total effective static potential 1is thus



Uv’tnofmai(zei = (\ + 3318 > u (21"')

Substituting the value of X from (23) into (24),
it is secen that the static radiative correction amounts
to about C%: of U . Since the Thomas splitting is
itself an order of magnitude, smaller than the spin orbit
coupling obtained in (13), this additional contribution
is nogligibles 1t is important to go through with the
renormalization, for it appears at first that term (4)
of equations (12) leads to a sizeable spin orbit tern.
In any case, the result (24%) 1s important for another
reasons For it is W,..,em. which is observed in nature
and not U  itsolfe Tho result (13) would thus bo

substantially altered for a completely different reason.



he (1), Antroductione

The programme adopted in section 3 of this chapte:
will be followed here as closely as possiblces Tho general
central potential (U(r) is now particularised to be the
potential arising from double meson exchange between two
nucleonss The assumptions invoived hors are (1) that

U (+) arises from a sum of twoenucleon interactions,
and that manyebody forces are not importants (2) that the
two-nucleon interaction can itself be represented approxe
imately by double meuon exchange. Thus, in the calculation,

U(+) is replaced by .V@(«) s obtained from graphs 1
and 2 The spih orbit coupling, by analogy with the
previous sectlony 1is to be obtained from graphs 1(a) and
2(a)e

T T \ 7

{ { h /

{ { \\ /

) J £

| ! />

' /N
'( [ / \
: h L >
Fige ls Fige 24
P \\\ // \\\
/ \ s AN
/ \ 4 \

/ ' \ ! c -

[

{ ! N /

. 7/

I [ N4

| 1 %N

] \ /N

| l / A

i L i A

Fige 1(a) Fige 2(a) /



- 50 =

§.0.
The final result V| obtainod from these graphs is
put in tho form

1\

\/S.o. x (‘j/g}_-ﬁm)z s (V\/A_x P)

"
(25)
The value of X , in magnitude and sign, must then be
compared with the corresponding result in the phenomene

ologzical troatnment of section 3.

It may be argued that there is a lack of consistency
in omittlng all the other sixth order graphs from tho
above programmce Corrcecponding to graph i, for cxampla,
Lhe QVGPL‘S 1(b), H{ba), e}, Udi) and ‘(dz) also
yicld a spin orbit couplings

e
 — e ——— .
- — — — —— —

e e =~

Fige |(b) Fige |(bs)




|

(
t
f
g |

Fige ‘(dJ Fige | (d,)

e = — - — -

There is a sinilar set corresponding to graph 2 These
graphs cannot bte treated by Chisholm's methods, for the
type (b) contains a vertex part, (c) a nucleon solfe=
energy part, and (d) a meson self-cnergy parte These
parts must all be renormallzed before the total graph

is evaluateds The matrix cloments can thus not be reduced

to a standard forme

liovevery the spin orbit coupling could be estimatod
by some other means, which would be much more laborious.
The main reason for neglecting this latter sot of graphs,
of types (b), (e¢) and (d), 1s that they seem to belong
more naturally to another programme. The graphs |(b). . \(ds)
can all be obtained by rmodifying vertices or propagators
in graph 1+ Thus tho set of graphs can be presented thuss

. y

- i

)

I {
] |
|

(

|

|

AI

Fk

I
|

| e — 4w

— o ———

[ I
| |
! |
! {
I

| |




and similarly for \(Lz) and l(d¢> .

f_; , SIF and AF/ are the modified )/g , SF

and 4O, correct to second order in 9

llouy, the two fourth order graphs 1 and 2 also
contain a spin orbit coupling. Thus; it 1is nore natural
to comsider graphs |(b) - - 2(d,) as supplying
corractions to the spin orbit coupling in Vﬁ than to
include them in the result which is to be directly
compared with the results of scction 3 Adnittedly, a
full treatment of the twoenuclcon spin orvit coupling
would lead one to consider both programmos, but this is
not tie object in vicw, nazely, to obtain the spin orbit

coupling as a sclfeenergy offect,

Iinally, the spin orbit coupling obtained by Klein,
in a TanmeDancoff treatiment of graphsll and 24 was much
smaller than the sclfeenergy eifocts Tho hope to be
expressed is that there will be tho same tendency in the

graphs | (b) . . 2{ dy) o

In scction (4.2)y the total matrix element, correse
ponding to graph 1(a), i1s obtaincd as a nultiple éntogral

over the auxiliary parameters ¢, ¢ This matrix elenment

contains /
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contains a spin orbit couplingy the extraction of vwhich is

carried out in scction (4e3)e

In scction (Yelt) the graph 2(a) is considercde A
correspondence is established betwcen 1l(a) and 2(a), which
enables one to obtaln the spin orbit coupling directly in
torns of quantities defincd in scction (Ye3)e

Section (4e5) Ceals with types of approximation which
nust be made in order to put the contribution to the spin

orbit éoupling in a manageable forme

Finally, in socecticn (4e6)y a short discussion is given
on the dependence of the results on tho isotopic spin state

of the two nuclcoonss



k+ ke
/"—&\\\
/"/’ \\\\\
d N
d AN
N4 > : - ' . N
b kot k : kg + k + ! ‘ eyt k bs
! l
: l
| | )
\(‘\'4—((? 't’(((;‘t-(('
} ‘
| \
[ ] - ) >
PZ kz' ! h+
Finally,
ke = b e = k.

ol
~
]
NJ
~
(%Y
W

y o= b o, -

onghs —
‘jb (2m)*" L:t_)+ L:BS _ P g’
(2 (ar)? (2m)*

P = NN HETFY| N FHY

el seq.

In (27),hthe following notation is employeds

e leovx, (a.)

wweleon U,)

(26)

(27)
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Oij = Qkikj
. = P, s)
MIN =

[M] nucleon *) i [ N ] nucleon (b).

N
o, ! - integration

jj il at [{(hk‘)zw’.%i(k’— kl)z'i' ‘2%il (lerles) + 0’3%

QUi e+ s ] (K )'e s F Gerle' NCTEHE sﬂ—'

A{[nazlj,
-7 - - 2-
=U{ﬁo&c* “WGMWQ7 IAECRI
V=i .
A

0'.__5'--,—(:/\4,1.
|
!

4 S ¢

2 | /\

- ( ! L(z 2_- —

] L'JE“““) X
A

(28)

ko= - -+ C7%(k*(°(+ cr) +

Q - c,i(lwk.)”o’.% ¥ cz%(k'”'ﬁz)z*@?{
;

/
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A
B

o 64 -

Ak + 2Hkk +Bk  + 226Gk + 2F K +C

where

—

\

\

-

C, + C3 + Cu + C7

L, + cq *+ Csg T &9

C7

ik, + Caiks * Cohe + Gk
(c‘+c'z>)5, iy, (inally.

~ey kg * caks o Coke t ¢ 5 ky

(cs-f C7)F' —-Cz!Dl —CSP:,, ) &ina.”y

"=t

(co+ cs ¥ cg) ,J + og(l,l_f,g)z

treating nucleons as freo initially and finally,

A

AB - H*? - (29)
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Y= |A H G| = AC-AFP-BGT+ TH(GF)
H B F
(30)
G F ¢

P )CfJ must now be evaluated. The basic ternm is

Xs QR ¥ n7 Ys Q'YS' ' Ys Qz ¥s >dl's

——

~ = -3
- O, 0,0 |0, x,
Thus, following the prescripiion given in sectlon 2,

p x‘3

- 0, 0,0, ] O X,
ﬂ-m.; A, 0+ Y% % O,
YO0 - 40,10, 0,

-2

R N R E N T ST

10, 0y - 40, 0] 280K

(31)
The term in )2-’ contdins no spin orbit couplinge In
the X, torm, only the };] X; part of 7@] ¥4 contribe
utess Thus, the remaining part of P X > , which contains
all the contributions to the spin orbit ccupling, 1s

.

Iﬁl& (h)7 gzzn‘-len. 36:3 (32)



w 66 =

+i'4—‘®llﬁln37 * >(°"(-)'7Y°‘\'(32'(1'3

+ Y4Q7©(lY4Q23 - 4‘(—73\61 Ot’l

‘ﬁ:sY ﬁ'\ % Ql‘/ * ﬁzn')Y‘P‘Y‘rQ"l% "1)6:1

Ost - _',1 A H Iyt
2\

H B (Y

St

36(: ?“C{ fs

by (9), 82

Results of this are grouped together in the form of a
matriz ( () ) with s €  taking tho values 1, 2, 3, 7

and 1, 2, 3, 5, 7 respectivelye

[ﬁﬁlst

"
|

r
N_g  -H -8

¢

IN

+IH-A-R
C

(33)
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Evoluation of S Ls

QS is an element of the coluzn matrix

(] = -m o+ a0 LG
where [Ct] is the column matrisx

Ay ek ko ok ks c7k77g
S v fep oh oh sleR) b

This can bo shoun to be equivalent to the Qs defined

in scection 2, (8). QS can then be put into the form

3
. t
QS = -M +1Y-Z R t’t ,  S$= 1,237 (34)
€=

whero the r%f arcs
AR,
AR
AR,
AR,

0

N - Be + Hes + (H-B) ¢

-HCZ
- B¢; ~ Hes

\

“He, + Acs + (A- H) &7

AR = N= Aa
AR, = ~He- Acs
AR, = =-Be + He #(R-8) G
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AR, = -Ha

/\R,z N- Bey = Heg

AR = N+ (H-8e + (h-A)es + (20-a-8)c,
AR: = (A-He

AR, (H-8)¢s + (A- H)es

4
The following relations hold between the (%s which

]

\

n

greatly simplify the extraction of the gpin orbit coupling:
I [ _
R/| - K3 = |
2 1
R| - ng - O
3 I 2
Ki- Ry =~

These relations can be sumiarised by

v

.
R, = R+ & - Sy (35)



A1l tho material is now at hand for extracting the
spin orbit coupling from the graphe All nmomenta will now
be referred to the centre of mass of the tuo=-nucleon

systeme Thus, b = -b , Py = - £4 and J*)== i E

for all S . As an approximation for low energy, £

is sct equal to the nucleon mass ™

The follouing notation will be adopted for simplicity

E, = X R, s 2,37 e

3
S
t=1

In particular, E = E 3

Fo = Ry ~ Ry + Re v 5= 12, %739
-
= Y (1= 25) Ry
=1
In particular, Foo= Fy
b bi b ¥ _ coefficients of spin orbit
S, , S| , S. - coupling from ¥Y¥, ¥, %Y

torms, respectively,
basic tern.
d Sd’ Sd” = coofficients of spin orbit
S, P | coupling from Y¥, ¥, ¥ ¥
terms, rcspectively, in
derived terme

)

These coefficients will now be evaluated in terms of

quantities /
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qufmtities Es ) Fs and nst.. The results derived
in section 3 will be used, concerning contributions from
the small components of the initial and final spinor wave

functionse

Consider the expression

(M + Y Ry F,X-M + i\{ﬁvsks)( M+ Xe't}’t)
: {M(l-%mﬂ\:.ﬁ?f%3”"’(‘%75@)”1(' G

xim(\- E,ﬂ_) +1Y. Q.t tt%
using Q6)

This oxpression", multiplied by -M (1— E;), contains all

the basic tern contributions to the spin orbit couplings

b
@ S

M (1-€,) { (- e LY Ry b)Y RS be)
- (LR E YR p)
+ (}f. N M(z Q;b;)(" Efy‘*) f

on putting £, = E,
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At this stage, Y, may be replaced by 1 , after it
has bcenlpulled throuph to thoe left (or right) of all
other X/-matrices, since in S? s only the large
corponents of the initial and final spinor wave functions
contributes Tecrus which do not contribute to the spin

orbit coupling will be discarded at each stepe Thus,
b
$ - M- i(" (&SRS + R3 Ry)
S (-E)R{ RE§ (Y XY B)

i

MP (-6 {20 RS - (-5 RS (8- 8,) (X p)Ycee)
using (35)

M (1- €,) i (- E) RL- RE + R3)
(e R R ) ey b

b
On reducing S, 0o the non-relativistic limity, 6 using

"

(9a), this gives

$° < w(-8) | RUE) - R(-E) (RN R)
(38)

vhore use has been made of tho definition (37).



e
(\9) S{r’f
iM* Y. b {(R»rﬂ‘ Ry N EE-1)+ Ry (1 E'zﬂ

ME(-€,){ 206 6 - R - &7+ R7)
FU-E2 Ry - RD + ﬁ;)g (s b)Y < b)

incthe non-relativistic limit, using (9B)e Thus,

(I
- o
(N3 b

S‘T’ _ liMz(PEl)% Q(E,E‘_’-(){:’ + (l'E,z)F;%

(39)

P M3 (1-€,) Ve X by {'Q; (8- E) + R/ (.- E‘;)%
M (I-6) L Y (FS‘P‘)(E7'E') using (35)

S - M (FE ) EamE) (e b Xw by (40)

&« :iﬁeg Ee;:ﬁ&&g
d
@) 3,
SGL s ariscs from those terms in (32) which contain

two Q - factors belonging to the same nuclcon, namelys
Vi
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| X; §_17 5:2, £—>zs B fzia w%-leng\127 + 6:)3 g£)7'31-§ﬁ1m

Since, by (33)y (), = {),; , this becomes
W%X YR ) + (YR b Y ¥ 45 Pt)]ﬂ.z
- Q)—/ fess b)( ¥ R! h) Ql?

The atove terms have already been evaluated in obtaining

SF) (38)e Thus,
- 1R Qs RO R e

b) S?If
MY b 3 (&7 + @[ 40-8)00; + €825 + € Qu]
=) Q—Y)‘ [UVEHO:S t E'-Quz] }(

using (36)

Thus,

S?' = i F,[4%J—Eg)§7¢7-+ £y + By Clcz\

-

- F_) EU~EZ) Qf% A+ E,Qm;\ }
(e b))

(%2)
using (35), (37) and (9b).
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MY b JRY =R (O - Q) _

Thus,

{

-Sd“ = (szy - Q,7_> (‘f-f?%Xf-P')

(43)

using (35) and (9b)

Tho six coefficients of the spin orbit coupling have thus
bebn obtainod in terms of quantities E¢ , Fs  and M ,
which in turn are simple functions of the parameters C,
The above coefficients can thus casily be expressed in terms
of the ¢« + However, since a change of variable will be

nade later, this will not be done hore.
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The graphs 2(a) can be evaluated in exactly the same
way as graph 1l(a)es Instead, however, simple relations
between tho two graphs will be derived, by which the
cooefficients of the spin orbit coupling can simply be
inferred from tho results obtained in scction (Y4e3)e

Let quantities in 2(a) which correspond to similar
quantities in 1{a) be denoted by primes. Thus, for example,
I . '
corresponding to fﬂlgt there now occurs fﬁlst N

The graph 2(a) is to be labelled similarly to 1l(a)

to obtain the corrospondence as simply as possible, Thus,
graph 2(a) 1s

<R
///’ \\\
s N
. // . ((74- k +1< - AN - (CL)
> > < > y >
F, k. +k AN // by + k Fs
N /
v ks k!
A4
//\\
7 LA
// \\
» “ > AN > UD)
PZ k1+ [<! ‘04_
Finally, k, = b ky = k= 0

N
s
"
=
o
-
~4
'
=~
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It 1s obvious that the constant, (26), of tho graph and the

operator P , (27), are unchanged,

Duo to labelling the graph as in 1(a)y the o k' -
integration is similar, involving only a change of sign

in one factor of the integrand, namely,

' - kzy e (k'+ kz)z v 5 ()

Houever, this change of sign is significant and accounts

for most of the differences between the two graphse Thus,

A, B, C, (3 and H and hence /\, (29), are unchanged,
but F  is altercd.

= (Cg + C’M" + ¢, &34_ - C—g\’_g

X/, t, is accordingly changed to )Cz ', saye

It 1s easily scen that the following rolations holds

Qit - ngrf)(?gzt")gst (45)

O/S - Mo+ LY RI: Ft/

\l

(16)



vhore

e

t
and Rl: - (2325—\)(2%" i) v (47)

= Z (25,¢- IXQ Sye ~ 1) Re

= (l—2325>Fs
(48)

Fsl Z (l— ant @/C

£z

= Z QSQ_C - 2gzs) R/E

(- g?s) £ (49)

These primed quantities must now be substituted in the

"

{1

cocfficient of tha spin orbit coupling obtained in section

(%e3)e The results are as followst




a?an

S M) B (R) - E (R (sh)
¢ e |6 b=l
S:’ = %Mz(HFz\) { 1 (FF- ') =)+ ((- F'Z) E77§ (51)

o (=p) k)

Sfﬂ = M (4R P F) ()X b)) (52)
Dorived tormge

§Y = - {5, Q-5 Oy | (s h) £b)

(53)

SRR [ FECT AT HRY Y o TN O N
e 5] oo

SURTEN (o MR oW RETVEIN (55

C{,“
N

This cimpletes the evaluation of the spin orbit coefficients
of the two graphs in terms of the quantities Eg , F;

and EN);( ¢ The procedurs developed inm (10) and (11) is
followed again here %o effect the transformation from momentum

space /
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space to co=ordinate space. Nucleon (b) 1n the sixth
order graphs replaces the core of secction 3, and Fz is

replaced by P3 .
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4o 5. QDiscussion of approximationg.

It is impossible to evaluate exactly the integral over
the auxiliary parameters ¢+ o4 Some method of numerical
integration must be employed, together with a cortain
anount of approximation. AS the calculations to be carried
out are not so nuch to stand by themselves, but rather to
bo normalised, as it were, to the fourth order potential,
and then directly compared to the results obtained'in
scetion 3, it was felt that approximations which appeared
rather drastic at first, but which simplified tho amount
of computation tenfold, are in fact justifiable.

Thusy the approximation of putting all external nucleon
four-momenta as (9, M) was mades This is in effect
neglect of nucleon recoil and of tho total momentum exchanged
by the two nucleonss This is tantamount to having a

§ - function (contact) interaction botweon the tuo nucleons,
an interaction with no physical meaninge Howovor, the
justification for this lies in tho assumption that if the
same approximation is made in the fourth order potential,
then the ratio of the spin orbit coupling to the fourth order

potential is not much altered.

So.
More precisely, if V@ and \4_ are the spin orbit
coupling and the static potential, respectively,



o 8]l =

Ve o A s (75) 1b>

¢ s Say

(56)
V, = BS(r) say
.0
\, 1s to be written in the form
§.0. _ fi s §7\/ <
\/0 R ( 4 ‘E> (57)

A/ R 1s a constant here. The assumption outlined above
is that A/ R would not vary much if more roallstic potentials
were calculateds o proof can of course be given for this

drastic assumptione

However, be fure the main computations were carried out,
the results of which are given in section 6, another programme
of numerical work was undertaken, which will be discussed
briefly in this section. The coefficients of spin orbit
coupling S‘Ez and fo; alone were consldereds The
potentials obtained were central, static, but not contact,
potentialse The sixth order potential, had not the samo
shape as the fourth order potentialy and was of shorter
rangoes The radial dependence was approximately S

and e 2 respectivelys Thus, by setting

\Afﬁ- = e g‘_[:§7\g X p_]

it /
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it is apparént that X 1is now a function of the internucleon
separations In the region of interesty, o« 1is of the same
order of magnitude andrsign as the result originally obtained
by Chisholm and Touscheke This work was reported at the
Nuclear Physics'Conference, Glasgow (1954)s This result

is favourable to the assumption made abovaos

With the approximation of obtainigy contact potentials,
it is found that in the sixth order graphs a certain transe
formation to a new set of paramofers reduces tho integrand
to a function of four variables, and that the voluze of
integration is transformed from the hyperplans ic« =] to
the unit cubes v
In the fourth order graphs, a similar transformation reduces
the potential to a standard integrals This latter potential

will be evaluated in ssction 9.

Firstly, XI and )Cz assume the following

forns:

X, AN CAE .| (58)

e {/\(C’)'Cz)z T B(C' t Cas C")Z
- ZH(L_?,C?_XC,... C3 +L7)J
/&l /\ ((,4 + cg + Cb> (59)
+ MlKJ\(C‘:*Cz)Z t B(C‘+C’3+C7>2
-QH(C';"'Cl)(C«* c3+C—;>:\ /

A}

X,

n
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The spin orblt coupling coefficients are unchanged, being
independent of tho momenta apart from the torm (g:k{Xg:p)

1t is to bo noted that there 13 a certain degree of
sym-etry in the graphsi thus, ¢, and ¢ and likewigse

¢, and ¢; aluays oceur in tho combinations (c.+ ;)
aﬂd (Cl + C;) ™

A transformation is novw made to a new set of parameters

w, vV, W, X, Y, 2, by the relationss
¢y = w(ImV)(Imwlix)
e = w(F(-w) x
¢ = w (1-v) w
tq = kv (60)

e = ()t 2)
(-u)(1-9) 2

(=) y

The Jacoblan of the transformation (60) is

T o= W () U (ew) 1 (0 y)

o
w
I\

"

¢y

(61)

7
Z Co = | ) as rcquired.
Y=

The range of integration of each variable 1is (_o, l> .

Since /



gince |J| does not contain x or z and (¢4 +cs)
and (Cw * Cg) are also independent of X and pa

the promised reduction to four wvariables is eifected.

The method of numerical integration employed was tho
Gauss methode Three polnts werc taken in each interval,
4
making a total of 3 = 3| points for the integrals

The integral

T - Jlo(udvd.wd.y )[(w,\/,w,j)

(]

has, according to the Gauss formula, the approximate value

I - ZMH“MVM”"%W) (62)

where (Lh;,vi,kdi) 7i) is ono of the 81 sets formed from

the numboers

TCE R R .
W, = () (#a)”

where m; 1is the number of times the 'mid point!?
QCaurs in the set (w;) Vi, W, j;).

~

The Gauss 3~-point numerical integration formula,
when applied to a one~dinmensional integral, is exact for
an integrand which is a polynomial of degree 5 in the
integration variable. When applled to a four-dimensional

integral /
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integral, the method of integration is thus exact for an
integrand which 1s a polynomial of degreoc 20 in the four
variables of integration, provided that vhen any three are
held constant a polynomial of degree 5 results in the

remaining variable.

It is hoped that tho integrands obtained for the spin
orblt coupling approximate roughly to these conditionss
Tests carried out with integrands, which imitated tho general
bchaviour of the ones actually obtained, but which could
also be performed exactly, indicated that it was not unrease
onable to hope that the estimate so obtainod would at least
give the correct order of magnitude, It 1s belileved that,
although some doubt may be cast on the magnitude, tho sign
obtained is definitely correcte It would indesed rcquire a
great fluctuation in the magnitude of the results to effoc}
a reversal of signj this was not noticocable when the comput-

ation was belng carried through,

It will bo assumed hereafter that the magnitude and
sign of the results would be reproduced if computations
were carried out with greater accuracys This conclusion
is supported to a great extent by the satisfactory results
obtailned.

All that remains to be don2 in this section is to give
b 4" ‘
/\, Xl) %1 ) S. 82 in terms of the new paramctors.
The /



- 86 -
The spin orbit coupling coofficients will be given throughout

without the faector (¢ Fs)(‘f-,?')'

=

= M-_,(I—M/‘f'l&\/-t(,\/l) (63)

RS

= /LL L (!— w tuv - u,\/z)i ‘*'("")(”W) + j({'“)%
(64)

2
+ M w((—u+uv)(v-w +vw)

+ Ebw v (- w) - j):lz
_ lu,v (\/~w+vw)[k\/“’ (1= ""Xl-‘j)] %

Y, - pt e lien e w) fetiviioa) + g0
' Mzmgwwwxww-m)l 0
+ [ wv s (l—le“j)]z
=) wv( v u—vw)[w + (l-w)(l-ﬂ]{

3

Sl: - M:w { i(&\/(\/*bd{-\/vd) - WV - U—u,)([—j)%
/\ x (l- WX(-'VX“]“"O
+§‘ U‘-v) \:u,\/ + (l—w)(l*j):\ + (l- («,X\/- W .(.\/N)%

RGN vl )

SRSICREEIGH Gt

—

(66)
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X 2 4 | .
S! ) ,\2/!/\4 [\/\“I—“> - W (’“VX‘- w + u\/)_}

¢ [(;,WX[,V)(TW)[{- wtuy - wv g (ieu) - ww(‘*V)}
*[(W)U- )+ wv —wv (vow +VW)]
=1 [q(rw)+ (&vw(\—v)]
x[p-kmv-wzwu- w)-ww@-vﬂg
30 [ r GXi)] # (- wvm v v )]

+ i l-w + wv - wv? g
SR
(67)
Sb" - MZ(L?.[ U )({ ) ( }2
) Wl=v)[l~utuv) = VYy(l-u
l § 7 - (68)

el Ly - )
+ ([—W)i NG w) + u\/w(]-v)%? (69)

[P
- &
(1
1
B
—
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2

4
S| - 4_“*/\4 ﬂrimj(p u)+ oww(lfv)f 70
| xsl4,w(!‘v)[w((-VXl-w+wv>— V‘j("“)]

1 U*w)[j(('w)—u,vwo’vg - WV (j+w)([‘wxl-\/)%
e U-le—\/)( \1 - w)
X %w(l—\/)(h u+w\/)— QV\j(Pu.) + m/’wo-v)%ﬂ

v (ERI)

The corresponding spin orblt coupling coefficicnis for

(71)

graphs 2(a) arc very similare Howoever, thoy will be given

below for completenessce

N L (- v) g+ w)

+§ (- V)(:Lw+ (‘,U,X;-.j)] F (- WV +u- WV)?

X g ~]<[,w) _ wvw((—u)%}

‘](l w + w (- v)((»u.{.u,u).}

—

\"“‘——1

(72)
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SN P T

"((l-w)(lfv)(ww)[l—w ruv- ey 4y (ime) £ WW(‘-V)]
T x [('“%X‘f’ﬂ p vy (Ve w—vw>:}

"2 [ q0n) = v (V)]

"[ et uv —wvt s y(1-u) uvw((-\/)}

s S e lig)] ¢ (e v

- 3[—-0»-(— l&V"%\/l%

X iw(l-vll—m+(~\/>+ vy (i-@% ]ﬂ

(73)
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Sfl ‘=' _4:\4_ H/sl j(l—‘w) — u,vv\/(l—\/)% (76)
x %- 4W(;-\/)[w(l—v)@—u+m/) vy (I- Vv)]
+ ([—w)[j(l—w)-f wv w (- vﬂ' “V(‘J'WXI’“")(" V)f

-—

b (e v) g+ w)
X iw O-VX]- w -H,w) + QV\jU- w)-b wv’ w([-v)%“

L | o
Sz N -4/\2 (!-%‘F“V) (77)

The total spin orblt matrix element in momentum space

for graph 1(a) is, apart from integration over the

paramcters w, VvV, W, “j;

T, b b! b d d! d’
L(a) S' + S, + S, S‘ t SI + Sl

+

X/: )0,2 (78)

B
§

There is a similar term for graph 2(a)e
T.(%) in (78) is an isotopic spin factore. This will be

discussed in the next secctione
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Since the charge symmetric PS(PS) meson theory is being
enployed, an operator T; appears at each mesocn=nucleon
vertex of a graphe The terminology *isotoplce spint has
of course no connection with mechanical spinj 'spin' refers
to the close resemblance that T; has with the spin
matrix Gi- « Just as a spin.‘/z particle has two spin
statesy so a nucleon can exist in two states, harnely, as

a noutron or a protone

The properties of T; are the same as those of & ¢

T tj = S“‘J- + &i—J'k Ty
-‘T(a) = T, T, Ty T, Z'J- T
= q -+ 2 -C'_:a. Tbh (79)
. T. T T Ty | TLTy
T, . TS |
= q - '2 Ea\ T;-L
(80)

It should be noted that only if the two graphs 1l(a) and 2(a)
give equal contributions, and also, as will be seen in
scction 54 if the two fourth order graphs are equal, in

the approximations made, will the spin orbit coupling be
independent of whether the two nucleons are in the isotoplc
singlet or triplet states As far as application to tuwow

nucleon /



nucleon phenomena is concerned, this dependence on isotopic
spin 1s important. The main purpose of this work, however,
is to supplement the phenomcnological calculations of section
3, and thusy in the spirit of these calculations, one is led
to assume that if any such isotopic spin dependence does
arise in twoe-nuclcon forces, the effect will be smoothed

out in the interacticn betwecen the nuclear core and the

extornal nuclcolne

Iect the strengths of the spin orbit coupling b
and «g in the triplet and singlet states respcctively.
It 1s to be expacted that an estimate of thoe spin orbit
coupling -4 betwecen the saturated nuclear corae and the

external nvelcon will be given by

|
s p (3 v ) (81)

This assumes an equal nunber of protons and neutrons in the
core, which is not nccessarily fulfilled, especially in
hecavy nuclei, and a statistical distribution of singlet

and triplet states.



In this section, the potential, arising from the two
fourth order sraphs 1 and 2 of section 4, is evaluated
in the approximation made in the sixth order graphse 1In
this approximationy it will be scen that the potential can
be evaluated cxactly, The méthods of section 2 are once

again employede

ynluatio
1 kx | "3
E \ : - T > ()
' |
} |
ek 4 b ey +le
| l
i |
— )
t’z l<2'|< P4.
Finally, k, = b, k, = P~ Ps
o= b ko0
-1 ¢ _ (6 4
" L) = g (82)
27)"
Cperato
SR A R AR o
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Ba- !_!! !‘Q, o4 E":ﬂg ;; Qx]

- ! e |
T et et
ilnﬁ.llj) )
_ 3\ Sﬁdcﬁjd"‘-k Q"‘T’ g = &, = MZ
Av-, 6y = S = P

= LT\-Z { ﬁ d.Cr 'L;
P\%‘:( X‘

(84)

vhero

i c,{(lc.+k)2w,§ boailek) . @Z
“eflewlra] e o
= 2 o+ 2%’-" + C

using the faet that 2 Ce

vhere

b ¢ b czt;z + c;“;‘—k:g)
C = <c3+c.,,>fﬁ

1

+ LB(PF(’z)z

treating nuclecons as free initially and finally,
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2 c 2 2
(I-eiea)p’ + (e-ady (85)

X, is given in (85) after the samo approximations as in
section 4 have been madej that is, F; y v =1, 2y 3, Y
has been set equal to (0 LM).

-2
P %( must now be evaluateds The bausie tern is
R -2
7/; Q;Ys YS Qz Y; X|

Thus, again following the proscription given in section

2y and writing Y. () Ye as () )

PX-Z = dllﬁz %1-2 * )o/())g(QQ X;_I

(
(36)
Since the fourth order potential reéquired must be central,
static, and spin~independent, only the fourth components

- (Y,  and Y noea e retaincd,

, 95/0

.0 by (9), §2.

36/6 Cg
Rasults are grouped together in the form of a matrix [Q st]

with s, bt taking the values 1, 2y 3y and 1, 2,
respectively /
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respectively.

~—
-

L

(873

>y —

Gyaluation of () s

 Again, QS is an clement of the column matrix

[Qs] - =M+ 2 [ [C‘t]

since, here, /\ = |.

[Ct] is the column matrix

LY. i C.k, Ca [Cl C3los {
v eh b aleh) |

OF - M o+ Y (b)) (88)
Q2= - M +LY,(F1"')>>

where k is the linear combination of F., i’l and P3
de{ined. in (84). .
Approximate forms to bs used for Q. and Qz are

n

— o—,

accordingly
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ﬁ. = - M (C’l- Cl)

——

0, = M(Cn’%>

(89)

Thus, by (82), (&%), (87) and (39), the approximate forms
for the mairix element of graph 1 is

. 2
Lﬁ*“‘zﬂﬁdcf[ — M L) + | ]

A X!

2 I - ¢y (=€i-Cy
fand I., ﬂ‘q’ﬂ Vg d.Cl \( A—Cz J 0(,63
° 0

)

X { 'Mz (C\’C’z)l ’/2
[U—c,—c2>}‘,2 + (crerY Ml]z

)(}> - Mz sz I/Z
;T
L [+ o] (=) p o ™

The form (90) is obtained by the transformation
3 = ‘C_l + G

lj = C{ - C_Z
The integration over *j 1s elenmentary and yields
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7iq T j‘m = (1)
s (91)

This integral has already been obtained in (12).

Hyaluation of oranh 2e

is indicated in scction (4.4), one can obtain results
in graph 2 corresponding to similar results in graph 1 by
very simple relationshipse To obtain these results most

simply, both graphs must be labelled similarly. Thus,

graph 2 is
b |<\:|< |:3 @
> < > ~7
\\\ ,“T(ryk
/
/\’<\
K K\f(,,.#—l(
/ \
. // R \\ . Lh)
b, kz+ k P
finally, .k, = b ey = - Ps
kz i Fé— |<4' = O

Tho matrix element for graph 2 can be writton down

imnmediately, and iss

] [~ ¢, ,’C"Cz
. &__2
° b v

" M2 (¢ + c1>2 '/
L [U"'Ct ’Cz.)fb?’ + (¢4 Cl)zM’T_ ((—c,— cz)r}' + (c,+cz)LM1
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Using the transformation
C = x j
C, = x(l— ‘j)

the matrix olement is simplified, and is

| 2 2 i
vt A x('—»{ T .
[U' x)#} . x}Mﬂ U‘X«)}*'z + x*Mm?

]

(93)

The integral in (93) ic a standard form, and is readily

evaluatedes
Inotonic spin foctors,

As in section (4.6) for th: sixth order graphs, there
arec two isotopic spin factors to be obtained for graphs 1

—

and 2, denoted by T, and |, respeetivoly.

T = (/'fj‘b{,".!

n
<N
\
N
1y

)
1y
o—

(9%)
- 5 + 2 Ta ’(;—B
(95
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Inserting tho value [’2//P41 for the integral in (91)
and 0'14/M? for the integral in (93), onec obtains

Graph 1 Lo it gt T /w2 (96)

gron2 AT 97 T /P (97)

A3 remarked in seetion (%e6), tho spin orbit coupling
finally obtained would be independont of the isotople
spin state of the twoenuclcon system only provided graphs
1 and 2, at least, gave cqual contributionse ZReference

to results (96) and (97) shows that this 15 not tho case.

As o final noto of rore goneral a .plicability, it is
seen that (96) and (97), the sum of which is proportional
to the fourth order potential in the approxination made,
contain the imaginary factor 1  This factor 1
also appears in the sixth order matrix elementss This
arises from the corraespondence botuveen the Sematrix for
the interaction of two nucleoons nct influenced by an
external potentialf whose source is a sccond nucleone
Thus, in the notation of Dyson (19%9), there is a correse

pondence hetween S(Po) for two nucleons and U, for

onc nucleon acted upon by an external fields
and e (:iwst %ov‘v\. G.Nwox,(w\a.r(ov\ os. the §- malrip %of‘ the &cattef‘iuﬂ

og. a Siv\ci\e nucleon E\j an exfernal {;Jenl’.‘a.l /
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vhere
L/ (x) = g ¥x) YT 4o Vi)

UI = "L{ I'IFQX) dax (99)
whore .

o (=) - 2 Y | g e, PR W) - - Hi)
FLEl N !

and

Hex) = Y(x) Ulx) ¥Y(x)

These results uwere applied to cbtaih (1) of scction 3,

An S-matrix element, such as are obtained in sections 4
and 5, must be multiplied by 1  to obtain a real
potentiale It is important that this fact, though
elementary, should be considered, for otherwise, although
the factors + cancol out in the treatment of the

spin orbit coupling given in this thesis, doubt might

possibly be cast on the sign of thce resulte
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Lastly, in connection with the cancellation referred
to in tho previous paragraph, normalization factors, which
usually appear when transformation is effected from momentum
to co=-ordinate space, nced not ko considered here, as thoy
cancel out in the 'hormalization? of the sizth order spin

orbit ccﬁpling to the fourth order potential.
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6e Discussion of resultse

Resvlts will be given in the follouwing forme The

total spin orbit coupling will be given, as in (25), as

V" (1) 2 (9N d)

uhare V4. is the sum of the two fourth order graphs, (96)

and (97) (multiplied by a factor 1 )e Thus,

2 .4
il .(,0(3-2;@@%-;4(3+2§¢,§I,)7

Vi = VE |

2,4
= - 50T 9 /Ml in the singlet statoe

2 &
- 11379 /m*  in the triplet state

noting that CTa - Ty assumes the values - 3 and

I | in the singlet and triplet states respectively.

K 1s the sun of two contributions to tho spin orbit
coupling, «, from graph 1(a) and «, from graph
2(a). \/(_S'O' is put into the form (25) with the
factor (‘1/4—1TM)2 y SO that direct comparison may

be made uith the results obtained in scction 3Je

Due to the fact that the rosult depends on the isotopiec
spin /
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spin state of the twoenucleon systemy & and o

and thus also & , are correspondingly twoevalueds The

values caorrasponding to the singletkand triplot states will

be denoted, as in section (%.6), by the suffizes S and
T respectively., The factors 'Tka) and 'Tiuq are

incorporated in the results and ars

’ 3 S
T = 4+ Jzaze = ( ll) -
T = 9 -2t - ) @
2e) T =& = (7 T
g = - 074
o(m_ = - lO'4‘
«y, = = 032
O<2T = - O'S—7
Thus,
O<S = _( '
°(T = - {{‘O

When applied to the case of a spin orblt coupling between s

saturated nuclear core and an external nucleon, an estinmate

of the strength & of the spin orbit coupling is obtained

by toking a statistical average over the singlet and
triplet /
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triplet statos, as choun in (8l)e« Thus,

%_(3“1‘ t (XS)

X

- -85

on substituting tho valuos of « and & given above.

This result is to be compared with that obfained in ssetion

3y namely, X = -3 L

I% is encouraging that the results obtained agrea so woll
in order of magnituds and, especially, in sign. It uas
stated in chapter I that the cpln orbit coupling roquired
had to be opposite in sign and 15 times largor than the
Thomas coupling, wvhich is

S.0. _ } 5 V\/4_ . »

The results given above can be put into tho form

X 2 S.0

b ( g /24r) \/T
The expocted valuo of 9 /4T , according to Levy (cfe
Chapter I, section 2) is approximately 10. Thus, the spin

orbit coupling reéuiié& for the nuclear shell model, and for

polarization oifects in double seattering, is

/
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o _ 13T
12 /410
= ...5,7

The values obtained in both treatments given in this

thesis are thus close to the desired magnitude.

- Doth treatments are suspect in that they depond on
perturbation theory, the validity of vhich 1s questionable
with such a large coupling éonstant¢ Moreover, each

treatment can perhaps be criticized on different pointse

The phenozenological treatment of section 3 can be
criticized on the point that a scalar potontlial has been
used in o pseudoscalar mesen theorys This fact can,
however, be met by stating that the potential U/ (r) arices
from the exchange of an even numbor of mesonss Further,
the calculation assumes the persistence of L)(f) in the
intermadiéte states It 1s doubtful whether ﬁﬁis assumption
woﬁld be valid if the negative energy components of the

“spinor field wore more important, in tho intermediate state,

However, the substitution of a potential Y, U(+) for
kJ(“)leaves the sign unchanged, whilst a corresponding
change in tho potenﬁial for the Thomas Coupling causes

a change of signs This fact makes the resplts of section
3 quite trustworthy.

The /
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The second treatment ean bo eriticized on nmany
different points, Tho assumptions have been sonewhat
drastics Firstly, the tuoenucleon spin orbit coupling
is intended to represcnt the Interaction of the nuclear
core with an external nucleons This neglects the effocet
of many=-body forces, thao cffect of wvhich has been estime
ated to aomé extent by Dresner (1953)« Socondly, the

'aSSumption has been nmade, and only partly justified, in

section (4¢5), that the strength o« of tho spin orbit
coupling would not be substantinlly altered if more
realistic potentials were calculateds Thusy tha approxe
imation is made of sstting all four-momenta equal to

o, LM) after the spin orbit coupling has been
cxtractedy, and a sinilar approximation is made in the
fourth ordez potentials Lastly, tho method of numerical
integration employed in the calculation of tho sixth ordey
graphs can be expectcd to give only a rough estimate of
tho actual valuo of the integrale.

Iavertheless, tho calculations doseribed in this
thosis wore carriod out in tho hope that the assumptions
referred to above would actually not be far removed
from reality. The results, considered separately, aro
thus rather suspect in different aspects, although
argunents can be given in answer to rost of'tha eriticlismse

However, taken togethor, tho results are much more convince
ing /
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convineingy each result supports conclusions drawn fron

the other,.

Ono final remark is that no more mention has been
madas of the existence of a spin orbit coupling in the
fourth order potential and the sixth order terms which can
be regarded as corrcctions to tho fourth ordsre From the
results of Kloin (1953) the fourth order spin orbit coupling
appears to be appreciably smaller than the selfecnergy effect,
and it must be assumed that the sixth order corrections will
not alter this conclusione In fact, the effoct of the Kleln
spin orbit coupling and the corrections must be considered
in a consistent theory, although, as has boen stated in
section (4¢1), this constitutes a separate programmes Their
effoct, howevar, is not expectod to bo detrimentals Rather,
the spin orblt coupling obtained hore would be reduced

touards the value required by tho nuclear shell modsl,

In conclusion, one may say that charge symmetrie PS(PS)
meson theory leads to a strong spin orbit coupling arising
from a self-energy offect, of the right sign and order of
nagnitude for application to the Mayer nuclear shell model

and associated phonomenas
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Spin Orbit Coupling and the Mesonic Lamb Shift

By E. W. LamNe
Department of Natural Philosophy, University of Glasgow

[Received November 18, 1954]

IT has recently been shown by Chisholm and Touschek (1953) that the
self-energy corrections for a nucleon moving in a scalar potential well
U(r) lead to a strong spin orbit coupling for pseudoscalar mesons with
pseudoscalar coupling. Assuming charge symmetric meson theory,
these authors obtain a spin orbit coupling

AUBC=3(g/4n M )? l‘z—Ua. L, L=rxp. oo (D
This is of the right order of magnitude, but of the wrong sign, for applica-
tion to the nuclear shell model.

It is the purpose of this note to show that a more detailed investigation
of the total matrix element reveals contributions to the spin orbit coupling
from the small components of the initial and final spinor wave functions.
These contributions are such that they reverse the sign of the spin orbit
coupling, while leaving its magnitude unchanged.

We shall employ the usual Feynman-Dyson prescription for evaluating
the S-matrix element A(p,, p;) in momentum space. The only second
order graph which contributes is shown in the figure.

’k—n
pad - ‘\\\
. ~
/ \
/ Y
> [ > >< > ' >
P, Pk 7, @ Ptk P,

This leads to the following expression for the matrix element

A - 3ig* | P G(pa)ysliy-(po+k)—M]U(q)[vy-(p1 k) — Mysh(p,)
Po PU= (97 )t (B2 -+p2)[(po R+ MP[(py+ )2+ M)

L@
where Ulr)= Jd3q e’ Ulg).

A(p,, py) is logarithmically divergent. By the usual renormalization
procedure, A,= A(p,, p,) is subtracted from A(p,, p,). (py in 4, is a
free particle momentum.)
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The finite part A,= A— A, contains four terms which contribute to
the spin orbit coupling, namely :

A1=A1 —‘[’(Z’z) YiVYiP2iP1j ‘ﬁ(Z’l) U(g), !
Ay=A,P(ps) vavi Po; ¥(p1) U(),
Ay=A39(ps) y: Py $(p1) U(Q),
A=A, 9(ps) ¥(py) Ule), |

where ¢, j=1, 2, 3 and summation is implied. Here P,; is a linear
combination of p,; and p,, say a,p;;+b.ps;, k=2, 3. The constants
Ay, 4,, A, Ay, a,, b, are easily obtained by standard methods.

The A4,(un=1, 2, 3, 4) contain the following terms, 4,’, on reduction
to two-component spinors y in the non-relativistic limit,

Ay'=id x*o . (PaxPy) U(@)x )
=148, say _
Ay =(by—ay) A,5/2M, r N € §)
Ay =(ay+-by) A8/2H,
Ay =—if/(2M)? 4,8,
1
iS=—6£g o. L, in configuration space.

r dr

s - (3)

The results obtained are as follows - —

dr
Ay=A/=— A/

__—
Ay=sgaamp 6 1L,
r . (5)

A, is negligible, since, to the order considered, calculations show that
the static radiative correction amounts to only 69, of U(r).
Thus, the total contribution to the spin orbit coupling is
14U
—3(g/4m M )? ~a L. B ()
This is just a change of sign from the previous work by Chisholm and
Touschek, referred to above, which reported the contribution of the
term A,’ alone.

The results obtained are encouraging insofar as they afford a possible
field theoretical picture for the nuclear shell model. One must bear in
mind, however, that a systematic search for spin orbit coupling from all
possible sources should be made and that only the total contribution
should be compared with the experimentally observed spin orbit coupling.
For example, Klein (1953) obtains a spin orbit coupling of the wrong sign
for the shell model as a velocity dependent correction to fourth order
two-body forces. Further work is being done by the author along the
lines indicated above.
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In conclusion the author wishes to extend grateful thanks to Professor
J. C. Gunn and Dr. J. S. R. Chisholm, under whose guidance this work
was performed.
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