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SYNOPSIS

The work of thig Theeslg ls presented in two parbs.

Part I gives a force anglysls for the crankshaft of a
glx-~oylinder diesel engine with seven main bearings, laber

uged as & vest engine.

The action of centyifugal forces, and all forces due to

the torsionel vibrations of the orankshaft, were conslidered.

The crankshalt was counsidered ag & coubinuous elastic
body simply supporited iun the bearings and, thus, the loads on

the bearings due to the shove forvee actions, were obbained.

The behaviour of the fourth main Journal besring

gubjected to a load, as described above, was thern gbudied.
Firstly, analybical work was carried out to find the
Jouvrnal lateral displacements.

Secondly,; the correspoading dlsplacements were

investigated experimentally.

Electronic measurement gear wasg deslgned for the

purpose and found to function sabtisfactorily.

Finally, expervimental and analytical results were
compared, and the conditions for which the theovetical force-

digplecement snalysis was valid, were thus established.
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Part I1 containg a study of shrink-fitted assemblles

loaded in ‘torsion.

Piratly, an analytical examination was carried out
for a ring Litted over a plain shalt. gtiffnesses, stress
concentrations and energy disgipation for such assemblies

were computed.

It was found that appreciable digsipation of vibrational
energy ocours as a result of differentiasl slip between the

ring and the shaft.

Secondly, this enewgy dissipation was investigated
gxperimentally in terms of percentage damping for btest

gpecimens incorporating shrink-fitted asgsenblies.

Experimental gear wasg developed for the purpose,
introducing some improvements of arrangements used by

investigators of internal damping.

The experimental results obtained confirymed the
theoretical work and, thus, it was esbtablished that shrink-
£it denping may be an important source of damping Lfor bullt-
wp crankshafts.

Pinally, some interesting information related to the
coefficlient of friction bhetween the hub and the shailt of the

ghrink-fitted assemblies, was obtained.




T
TORBWORD
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It was often necessary, however, to carxry owt modiflicationg
and gomebtimes extensions, to bring the snalysis into

complete units.

The crenkshaft snalyels is, but for minor differences,
taken from Timeghenko.

The journal bearing snalysis originates Lrom Stodola
and hag been developed later, but 1t was necessary for the
anthor to carry out modiflcations where previous work

showed contradictions between analysie and definition.

The analyels 0f shrink-fitted assemblies is, but forx
¥

technique, entirely due to the author.

The expverimental work hag been caryied out at the

"]

Royal College of Selence and Technology, Glasgow.

Begides the generval laboratory assisgbance; the authowr
has been Lfortunste to be able bo dirvect the work of vaxious
gtudents towards o common alm.

Faturally, this orgenisabion of the experimental work

paid dividends in the form of a larger volume of results.
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GENERAL, TNTRODUCTE ON.

This Thesis i1s another work presented in a Tield which
has already heen gbudied for nearly Lifty years. VWheun it
wag Tivest resllsed that vibration could be a sevious dangex
to orankshaflts, publications on the subject followed as a
nateral conseguence. Through time the volume of publica-
tions has steadily increased, but it can by no means be

sald that the subject ig yet exhaunsted.

A brief suxvey of the hisbory of the subject will now
be given, bubt it should be kept in mind that higbtory in
itgelf is not the objeet -~ the idea being to establish a

background for present-day knowledge.

Vibrations are generally assoclated with dengevous
resonence Lyveguencies -~ conditvions which the designew
prefers to avoid. Vaturally, bthe study of vibration was
therefore in the beginning confined to determining these
condlitions ov, in other words, resonance frequencles.

For bthis purpose,; a erankehoft system ds most convenlently
reduced to an equivelent sysbtem consisting of balenced
imartié& fixed to o plein shalft, snd it 1o sufdicient bo
gongider inertia forces and sbiffness forcees only. Much
work haos been domne on this slde of the subject and today

resonance fregquencies for erenkshalts can be predicted with



reasonable certaluiy.

However, with improved knowledge, the scope of the
gubject also increased and toveional vibrations were

grafually conglderved in a different light.

Ag the regulrements went wp, resonance condiivlons
gould not always be avoided snd dunbterest had to be fooussed
on amnplitudes of vibration as well as oeriticel speeds.
fongequently, it become necessary %o extend the analyses b0
inelude veloeliby-vesistant forces a@ﬂ energy dissipatlion.
Thus, the situdy of damping avose as o slde-line bto that of

erankshalt tovsional vibrations.

Generally, damping has also been tveabted quite exten-
slvely in the svallable literature and, ln particular, much
atbtentlion has been pald Ho inverunsl damping. Howevewr, the
knowledge sbout damping in relation te torsgional wibratlons
of crankshafts still vemaing somewhat obscure, although some

publications make valwable contributions 10 the subject.

It will be convenient to give a short survey of some of

the workg.-

Dorey made a pavrbicular study of the ilmpoxrtence of

internal damping(1)o

Shonnon dliscovered that a nmain part of the energy

(1) Dorey,5.F. - Blastic Hysteresis in Crankshaft Steels.
(Proc.fnst.Mech.Bng.~ Dec. 1932).
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dissipation of the crankshsft system occurred in the
bearings and Dramlnsky later carried oub a cloger study

(152)
of the same phemﬁmemem(-* Vo

The importence of eylinder frxlietlion deuping has been
discussed by various euthors and found to be small and
other gounrces of dampling, such as fundeument damplng, are

also small as well as difflcult %o approach by analyses.

The general picoture emerging from the above de that,
although vardous gources of damping have been studied in
some detsil, 1t is not yet possible to predict the damping
of aun engine orankshaflt system quantitatively at the design
gbage. This is partly due bo lack of debtailed information
about the various sourees of damping bub, in the suthor's
opinion, the main obstaecle lies in the lack of on oversll

foree analysis for the crankshaft sysbtem.

A proper fovee snalysis would also carry a second
advanbage. Since energy dissipation is a divect vesult of
foreoe actlon, principal souwrces of damping can be expected
where the vibratioval forces ave largesb. As well as
helplng to clarify the picture of alveady known sources of

dempling, a force snalysis may thervefore give a lead to other

(1) Shennon,J.¥.- Damping Influence in Torsional
Ogcillation.~(Insb.Mech. ing.~Dec. 1935)
(2) Draminsky,P.- Dacmpningen Ved Torsionssvingningsr
I Kruwmbapaksler.- Copenhagen, 1947.
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gources which are, as yet, undlscovered.

with the above consgidevations as a background, 1t
was declded by the authox o make hig first approach to the
gtudy of btorsionel vibrations in the form of an ettempt on

g fovce analyals.

By wmaking some sssumplbions which seemed ressonable, 1%
was found that a forece anelysis Lor the crankshaflt system

was possible, though somewhat lengbhy.

the analysis developed, as it appears in its final'
form, is glven in the fivet mein section of this Thesis.
It contalng four chaplters, the firglt of which 1s devoted to
the elastic behaviouy of single cranks. The second chape-
ter 1s en extension which deasls with the behaviour of multi-
bearing erankshafts. The third chapter then gives an
analysie of some general appllied forces and, finally, the
fourvth deals with the effect of certain crankshaft loads on

the beavings.

A numevical example related to the erankshaft of o
glix-cylinder diesel engine (R.R. ¢. 60.), on which besbs
were later caryied oul, has been taken right throwgh the
entive analyels as an 1llustration to the symbollcal work.

Throughout the progress of a theoretical analysis, it

ig dnvariably found that cewteln polnte vital to the



Te

snalysis as o whole, caunnot be investigated as thoroughly
as would be desixed. The necessity for experimental
investigation will be obvious, but difficulties may be
incurred. Under such civcumstances, it ig Justiflable to
nake assumpbtions in bhe hope that progress with the
theoretical enalysis will later veveal features of the

oversll problem which gsuggest simpley expevimental studies.

The above degeribed state of affairys is characteristic
of the enther's wovk on cvankshalfts and, consogquently, the |
need for expevimental sgupport is evident. furbther, since
actunl crankshaft loads can ounly be measured with great

difficulty, it was declided to seek other possibilities.

The golution finally was to make use of the variations
in 0il-film thiclkness for one of the Jjouvrnal bearings as a

measure of the load carvied by this bearing.

Experimentbal measurements of the varistions in oil-film
thickness for journal bearings heve been carried out by
vavious people, of whom, in particular, Kollmsnn snd Hockel
should be mentioned. They carried out measurvements on a
medium speed diesel engine, using capaclty pick-up units in
conjunction with electronic messurement gear operating on

the principle of freguency mm&mlaﬁicn(1)«

(1) XKollmann,X., end Hockel,H.h. - Emmittlung der Dicke des
Gebmierdilme ivn den Grundlpgeryn einer
Stationaren Dleselmotors.- W.T.%2. Jahrgang
14. Ne.%. May, 19535.
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Peineipally, the suthor has mede use of bthe same sywbem
as Kollmenn and Hockel, but some modlflcations were incor-
porated to suit partlicular requivements. It was found thati
reliable experimental readings could be obtained and soon a
position wes reached where crankshaft forces and bearing
displagenents for o multi-cylinder diesel engine could be
discussed in the light of experimental, as well as theoreli-

cal information.

®

Pinally, the following conclusion was reached. For an
engine with normal bearing clearances snd heavy crankshaft
loads, the theoretical force analysls glves reasonably
reliable values for the bearing loads end, counseguently, the
crankshalt fowees. Althoungh gomewhat complicated, the

analysle may therefore prove useful for design purpose,

The work on a general Fforce anslysis was thus concluded,

In the course of hle work on a general forvce analysis
For the crankshaft of a multi-oylinder engine, the subthor
came across information which revealed nobable differences

between bullt-up and so0lidly forged crankshefbs.

Rugsell had found by experiment that bullt-up cranks

were mueh more flexible in tovsion than $011d<§)u Dreminsky

(1) Russell,R. - Expevimental Studies on Crankshaft
Stiffness - Jouwrnal of Royal Technical
follege, Volume IV, 1937-40.
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gove resnlte which show that engines with buili-unp erank-
ghafts generally possess higher damping fox the tovsilonal

vibra%ians(1)w

It occurred o the awbthor that the above information
pointed towards o dAlfference in primeiplé between two
variebies of deslgn and, since the subject was of direct
interest to bthe study of borsiomal vibrations, 1t was

decided bo devote time to further investigatlion.

Thus, a sbady of shrink-fitted assemblies loaded in
borsion, was initlated and, in due couvrse, 1t developed so
well FThat Lt will now be presented as a second major section

of this Thesls.

The subhor hag applied prineipally the same technique
in hisg study of this latter problem as was used for the
general force snalysis. & theowetical snalysis based on
certain assumptions was first developed. Experimental
tests were then caryded ouwh, such thst the problem was
evantually digplayed in the light of danformation obtained

Lrom both sides.

It was found that differentiel slip between bthe mgbing
gurfaces of shrink-fitted assemblies may provide a majoy
contribution bo the damping of a crankshaft and, Ffurther,

that this contributlion can be greatly inoreased by

(1) Draminsky,P. - Dacmpningen Ved Torslionssvingninger
L Zrumbapaksler. -~ Copenhagen, 1947.
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inprovement in design.
The dlscoveries were therefore of practical importance
but we will return bo this in the course of the detailed

study presented later.




1.

HNOMENCLATURE

As & result of the large volume of theoretical
analyses presented ln this Thesls, the Nomeunclature has

become wopther bulky.

A sub-divigion wag therefore desirable and it hag
been Tound moet convenlent to present bthe Nomenclatbure
upnder headings corresponding to the chapbters to which it

applies.

Nomenclature which does not apply to sny of the main

enalyses has been collected under "Miscellaneousg",

Generally, the author has made use of bthe same
nomenclature in his Analysls, as wag used by one of the

previous writers in the same field.
the nomenclavure for crankshafts is thus mainly
token from Timoshevko, and for the shrink-fitted asgsemblies

Prom Loves



THEn  BLASTIC BREHAVIOUR OF THE ORANKSHADT

IN A MULTTCYLINDER BNGINGE

(2) "SINGLE

CRANEY ¢

bbb

i

it

4

i

crank redius.

length of crank.

(in.)

length of left-hand slde half-jounrmal. "

length of crankpin.

t

length of wxight-hend slde healf-journgl. ¢

torsional vigldity of Jjournals.

torslonal rigidity of web
(twigt around ¢-s).

worslonagl vigidlity of corankpin.
Llexural rigidity of journals.

Llexural rigidity of web
(in plane perp. 1o paper).

flexural riglidity of web
(in plane of paper).

flexural migldity of orankpin.
co~ordinate.
1

1

foree applied at centre of ovenkpin.

force applied at centre of crankpin.

bending moment in the plane of the
throw.

(1b.5n°°")

#

i
]

L
i

(in.)

t

(1b.)
(Lb.)
(1b. dn.)
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M = bending woment in the plane perpendicular  (Lb. in.)

0 the plane of ‘the throw.

Jﬁ& = twlebting moment. (v )

The suffix _L_refers o the left-hend side of the
crank.
Similarly, the guffix _p wefers to the righi-hand

glde of the crank.

9, = angle of vobation in the plene of the (Rad.)
throw of the left end of a crenk.

D, = angle of votation in the plane of the (Rad. )
throw of the xight end of a crenk.

A = support veaction. (i1b.)

B = support reacbion (1b.)

@ = angle @ due to load P . (Rod. )
k. = deflection coefficient = Q/p . (Rad. /1b.)
mcja:n = angle @, due to load «.BM (Rad. )

‘ [}
t.,, = deflection coefficlent = “’@a&» (Rad./1b,)
QW= angle ¢, due to moment MW, . (Rad.)

“) = gugle ¢, due to momentdy My- (m )
(@) = angle _Q_ duve o moment V. (» )
@)= angle G, due to moment N\ (n )
Oﬁl = glope at A caused by unit bemd:a,m&, (Rad./1h.in.)

moment applied at A. = (D'hAn
M: = glope at B coused by unit beuding (Rad./1b.in. )

wnoment &}?pwlﬁﬁ at B, = (3},)

o, = slope at B caused by wnit bending (Rad./1b.in.)
moment applied at A. ox slope at A.
cansed by unit bending moment applled

at B. = (@m).mg o ‘EP W
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YV, = sagle of wotabion in the plane pevpendicular  (Rad.)
$0 the plane of the throw of the left end of
a orank.
Y. = sngle of rotatlon in the pleone pevpendicular  (Rad.)
o the plane of the throw of the wight end
of a crank.
Y = engle Y, due to load S . (v )
Y = angle V. due to load S . (v )
M, = deflection coefficient = m‘:b’,z g 0 (Rad./1h.)
Mo = deflection coefficient = _V, /e . ¢ @)
a = engle VW due to moment [4. (Rad.)
M= angle Y, due to moment [7,. (* )
()= emgle Y, due to moment [ia. (v )
Yol angle Y, due to moment [y (» )
X . v
@; = glope at A caused by unit bending (Rad./lb.in.)
noment applied alt A. = gﬁ&h irﬂ@mw
B = slope at B eamsed hy wnit bending (v w0
moment applied at Be = (Yod/I 1o

- glope at B caused by unit bending ( ¢ noow )
moment applied abt A, ox vice

versa. = (/A = (Vandl

angle W, due bo deflection of webs and (Rad. )
twist of erenkpln vwnder the action of a

woment .

angle Y, due to deflection of webs ond (= )
Ywist of evaunkpin under the action of g
moment [~) .

sngle of twist of erank, ()

L
i

"
¥,

it

:|£l\l
=

i

o o
§ 8

: gngle of bwist of xighit-hand journal. (" )

@, = angle of bwist of leftwhend journal. (")
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O, = sngle of twlet of cwenkpin. (Rad.)
O, = change of slope of webs. (n )
A o= dellectblon coefficlent = _GZt . (Rad./lb&inw)
VY = sngle of robation about the Y-axis of (Rad.)

the ends of a crank due to a twisting
moment | .

WO = deflecbion corresponding o the engle VW . ( in.)

Y = deflection due to the Fflexure of the web. ( ")

B = deflection due to the btwist of the crankpin. ( )

_&_ = deflection coefficlent = _V/T .  (Rad./Lb.in.)

Do, = twist of orenmk produced by moment [7]. (Rad.)

MM angle Y, due to twisbting moment | (= )
snd force S . |

V" = amgle VY, due to bwistlng moment e (" )
and force S .

W = deflection coefficlient = —=orA+ M,. (Red./1D.)

B = deflection coefficient = Sv/a, Mo (n w0

(b) "MULII-THROW ORANKSHARTM .-

The suffix _)  applied to a symbol indicstes the
erank nuvmber or support number for whiech the symbol ig
valid.

dee dntroduection to "Mulbi-throw Crankshaibts".

4 = engle between Htwo consecutive throws. (Red . )

{(Looking on the front end of the ovankshall,

the emgle _Y 1s measured positive in the
clock-wise direction).
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YA, = integral numbew,
Qwan = coefficlient in o eysten of simulbaneous equations.
The subscript ay, Genotes the number of the egquabion
and the subscwript _an the number of the wnkuown to which

the coefficient applies.

= gongbant in the abeve equations.

i

Coa
J::\ natrix notation of coefficlents in the sbove equabtion.
2 = matriz notation of the unknown moments.

C = matrix notation of the constanbe.

& = modulus of wigiaity (1o /inz)

1



17.

QENTRIFUGAL TORCES AND TORCES DUR 70 TORSIOWAL
VIBRATIONS ACRING ON A MULRILTHROW CRANKSHARE

This seotion algo covers the nomenclature which

applies in

B
]
tH

B &

i

i

Appendix I.

= angular co-ordinate of crank.

anplitude of nth. harmonic of
torelonal vibration of a crank.

: phase angle of nth. hermonic of

torsional vibration of a evank.
gongtant anguler veloclty of crank.
sngular veloelty of crank.

angular acceleration of crank.

dangential accelerstion of crankpin.

radial accelevation of crankpin.
grank radius
one particular harmonic number.

dleplacement of the reclprocating
nasg from its poslition st T.D.C.

veloelty of faaiproeaﬁing MASH
acceleration of reciproeating nass.
length of comnecting-rod
coefficlent.

coefficieut.

coefficient.

goefficient.

(Rad.)
(Rad.)

(Degrees)

(1/sec.)
()
(1/$aﬁoé°)
(int/gee°2)
(v v
(in.)

(")

(in./sec.)
(in./sec.2°)

(iﬂm )
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time

angle bebween any crank and crsnk number 1.

: robating mass.

: disbance bebween centre of gravity
and axis of robtabion.

rotating oub-of-balance. = ANR
equivaleoent masgs at erankpin{
reciprocating mnass.

thrust between pigton snd cylinder wall.,

angle between comnecting rod and
cylinder centre line.

bangential force on crankpin.
radial forece on crankpin.

above tangentlal Lorce due to Wth.
hoynonic of cranksheft torsional
vibrations.

above radlal forece due to Nth.
hovmonic of crankshaft torsionsl
vibrotions.

mean value of the centrifugal foxce.

(sec.)

(Rad.)

(1%.sec?/in.)

( in.)

(1bc ﬁieeg)
(l%.sea?/in.)'

it 1l )
(Lb.)

(1h.)
()
(")
(")

(")
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JOURNAL BEARTNGS 50 SUALL VARTATTIONS TN

A CONSTANT TOAD OR A CONSTANT

CENTRITUGAL TORCE.

w2

H]

it

i

i

4

é

attltude angle.

mean eccentileity.
radial clearance.
dlametral cleavance.
eccentriclty ratio = _€/Cq
dleometer of Jjournal.
radivs of Jowrnal,
Length of sghell.

sheatft speed.

shalt speed.

congbant load.

mean cenitrifugal forge.

frequency of Wth. hammonic
voriation of centrifugal fovce.

vigcoslty.
nominel pressure = _CT/Dl .

capacity numbey.

(Degrees)
(im.)
(")
(")

(")
(™)
(")
(BePelfs)
(1/see.)
(Lbs.)
(" )
(1/see.)

(Lb.see./ins*)

{(1ba./ins")

load nwumber = ﬁ (fi@?‘)a (__Dd?-

co--0rdinate.

co~0rdinate.

Digplacement in x-dirvection due to

force in x-direction.

gbiffness = Eﬁ{/é i

(in.)

(1b./in.)
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gmall change of load P in x-direction

displacement in x-divection due
to force in g-dirvection.

= stiffness = OF: /s .

small change of load P in z-divection.

displacement in g-divection due to
force in x-direction.

abtiflfnenss = ;éii Cann

dioplacenent in z-direchbion dus to
foree in g-direction.

stiffness = J§E§A§m&-

veloelty weuwlstance coefflicient
in x-8irvection,

veloclity resigbance coefficient
in z-8dvection.

small cyelic force in z-~-divection.
amaldl cycllce fLorce dn z~direction.
phagse angle of ;Em .
phase angle of gz -
force.

n

#

harmonic numbex.

angnlar position of any pick-up unit
with vrespect Lo the cylinder centre
linea.

inertia forvee.

(1%.)

(in.)

(113»/55.31@)
(1v.)

(in.)

(:Lb u/ﬁ.no )
(ifﬂ.a)

(lb ./ﬁ,n- )

(lbu :‘33@0»/'5»&;)

at )

(1b.)
(")
{Degrees)
¢ * )
(1n.)
(")
(v

(Degrecs)

(1b.)
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THEORBLTCAT,  ANALYSTIS OF SHRINK-FITTED ASSEMBLEES

it

=]

i

4

4

8

i

#

i

Pl

LOADED TH TORSION

vadial co-ordinate (8ee Flg.52.)
axlal co-ordinate (w w v
anguloxr Go-ordinate (n v vy
axial shear sbtress (»n w w0
vadial sheav stress (n v w)

sbress Luncetion.

congtant value of ¥ over boundery A»E»Goba
MG, ebo. constants.

coefficient of Lwiction.

normal pressure.

applied torque.

clreumferential displacement at any point.

angular displacement ot eny point. = W

torsional gbtiffness = 1ﬁﬁha
radlus of shaf+t.

nominal. shesr gtrain, i.e. shear gtrain in
the shalv far away Lrow the cornew.

ratio of any shear strain in the assembly
t0 the nominal shear strain.

axlal sheor strain.
cirvounferential shear strain.
axial abtrain ratio.

givcumferontial strain ratio.
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qW = vegultant strain rabtio. = sbress concentration factor.

swspaiTIT

O = ratio of interface grip to nominal shear stress

= Gangential motion belween two corrvesponding poinis
on the mating surfaces in the shyvink-fltted assembly.

#

The guffix & to a symbol lndicates that the symbol
applies to the shaft.
The suffix Ej t0 a symbol indiocates that the symbol

applies to the hub.

H

B indicoteg area.

. " « forece.

M " - work.

tzg; " ~  percenbage danplng.

= . - ENergy.

QI; " -~ polay moment of inertia.
@ﬂh W - length.

9
]

- modulus of rigidity.

L—i
i

: regulteant shear shress.
Ra Ra

I = ( ((%zﬁm %”&H) dldz.

.,.J R.,"




VLS CRLLANBOUS

The following nomenclature was used in the design of

experimental gear for tests on shrink-fitted sssemblics:~

MW = cnergy dissipation. (Lb.in./cycle)
_T_ = applied vibrational torgue. (Lv.in.)
o = frequency. (L/se0C.)
& = gtifiness coedficient. (Lbein.)
S = veloclty resisbance coefficient. (lb; in. sec.)
& = angular inertia. (1b.in.pec.>")

The followling nomenclaiture applies to an optical

syatem used for measwring small engular deflections.

éﬁLﬂm movement of virbtual point objects (in.)
B = movement of point image on screen. ( *)
O = disgtance of light source from lens. (")
Ar = distance of screen from lens. ( ")

S = digbence of light sownrce from wirror. ( »)

o5
i

angular deflection of mlirror. (Rad.)
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CRANEKSHATD TORCES AND JOURNAL DESPLACENENTS

HRLATED G0

A BIX CYIINDER DIESEL BENGINE.




COMPUTATION _OF FORCES AND DISPLACEMENTS.
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PHE  BLASTIC PBEHAVIOUR OF THE CRANKSHART TH A

MULIIOYLINDER BNGING.
I, QINGLE CRAVK.

Introduction.

The ecrenkeheft in a multi-cylinder engine has been the
subject of study fow many suthors, and suitable treatments
for moat practlecal purposes can be found in the avallable
literature. The objeet of the following two chaplbers is
therefore not so much o provide any owviginal work, as to
give a survey of work which is necessary fLor other psris

-

of this Thesls.

The main bulk of work on erankshafts is primarily
concerned with how to find the sbtiffness of this body in
torgion as this characterlgile is required for the impore
tant enalyses of the torsional ?ibrationscq)a Qui.te a few
papers, however, also treat the aspects of bendling rather
%horeughly(g)g and a few later ones conslder the longltnd-

=
inal sﬁiﬂfmess())¢

(1) Die Redukbion der Kurbelkrgpfung, by Seelmann, %.
V.01 8o 6919 1925%;

(2) Abplied Blastielty, by Timoshenko end lessels, eh.VIII.

(3) strength of Warine Ingine Shafting, by 5.F.Dovey,
North-Fast Institution of Engineers end
Shipbuilders, Trans. vol.LV, 1938-39, p.203.
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The following two chaptexs have been arrvanged with the
aim of giving a elear preparatory treatment of the problem
guch that the final solutions can be found by means 0 the
"relaxabtion method®. In approach the treatment is very
similar o that glven by Timoshenko and Liessells (ref. 2 om
the previous page), but slight modifications have been
necessary bto make the expressions dewived dirvectly applilc-

able to the practical problem of interest.

For convenience the ssme notation as Timoshenko and
Lessells used, has also been wused here, only a few new
gymbols have been introduced as will be indicated lagter.

The numerical calculations of the chapter velate To
the crankshalt of a six cylinder high speed diesel engine
(Rolls Royece €.60, Wn.51.), and the figures may bherefore

be taken as vepresentative for a working design.

Initial Reductlon.

Por the subsequent tresbment of the evenkshaft in this
chapter it is essential that the actusl physical eranks can
be considered as bullt up of beams and torsion bars of
negligible cross-sectional syes. In other words, the
actual crank must be reduced to a more convenient representa~
tion, which will be texmed the "reduced crank®, and +the

Process of carrying this oulb will be referyed to as the
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winitlal veducblon®.

Owing %o the complex shape of an gectual crank, it is
readily uwnderstood that the inltial reduection to a great
axtent must be based on empirvical information and Jjudgement.

Certaln rules of cawnse should be adhevred to, as for instance:

The weduced eyrank should be made t0 coineide with the

gentre-lines of the actual crenk.

As a consequence of the above shotement all lengths

ghouwld vemaln wasaltered through the lwitial reduction.

The size effects of the pin-web or Journal-web Junce
tiong, the effeet of fillet redll or other features which
would affect the stilfness of the actual crank, must theve-
Tore be Laken into account by proper adjusitments of the

vigildities of the rveduced cvenk.

The mein uacertainty in the inltial reduction definitely
ariges from the behaviovy of the junctions between the jour-
nals and the webs and th@ ping and the webs. However, a
profouand consideration of this boplc has been given in the
chapters "Theorebical Analyses of Shrink-fitted Assemblies
Loaded in Towslon.", which may be vefevred o for further
consultations.

A Turther considerabtion which also mey be of some

importance veetn on the fact that the torsional stiffness of



TN NS TSEND9 DU

..W\
- 3 e T

o -

L.m:ul



tig. 2.

-

: I | -
~Crang Nro, Lo tﬁ_Z 3 A .5 6

v, 2ua o lasa . l4s2 . 2wo | l4sa . l4sa |

v L4sa | l4sa ;V,,_Zu.no t L4y | l4sa . 2u9
" U ©.859 ! @252 .| 6.94 ‘l__.(p.% l 0.252 | (©.889
bt | 273.6% 10°
v 25, v
S - [32.5
I 406.5  » )

L 1 8.7 "

w3 3 | 3 . 3% 3 3

- BSa288 . Dass

v Dass . Bass . dass . dass

| |54

| {me-s-c!@-r%

IJII:IEI)IS;IQN& OF lig;puggp CBQ!‘_\I I



29,

a crank isg the most dwportant of its characteristics. One
ghould therefore sim at accurate representation, preferably
as Tar as twist of crank-pin and journals and bending of
the webs are concerned, at the expense of accuracy of the

ovher chavrscterietics, rather than vice versa.

Mg.1 shows a sketeh of the actual crank, for which
the numerical calculations are carried owb. The lebttering

MR Pmg=-S~t  Indicates the reduced craunk.

It ig thought unnecessary to present the aclual
caloulations, and therefore the vesults only are given in
Pig.2. Since the cranks in the actbual crankshaflt vary
glightly along the engine, this table presents complete
figures for all the different cranks, and in that way gives
all the required information for the next step in the

caleulations. (See Nomenclature for meaning of symbols,)

Single Crank.

This section will give a study of the behaviour of a
slngle crank under the various types of loads which may be
impoged on 1it., Beaxing in mind that the single cranks
which are trealted will ultimately be linked together to form
a multithrow crankshaft, it has been found most convenlent
0 vepresent thelr elastic behaviour by means of deflection

coefficients and the objeet of this section is veally to



devive these.

Let us consider a crank loaded ps shown in Mg.3. The
axes of co-ordinates are chosen, such bthat the X¥-plane
eolncides with thet of the throw, and the H-axis ig s0
directed that rotbtation of a xight-hand soerew from ¥ to 4
would produce motion in the positive direction of the

Kem @238 5
The exbternal forces acbting on the throw avres-

1. The thrust ¢f the cownecting wod, ceatrifugsl

forees and vwibrational forces.

It will be assumed that these forces can gll be repres-
ented by two components, P and § , parvallel to the ¥

and %~ awls respecbively.

2+ The couple at the left-hond gide of the crank.

Thie couple isg resolved into three components, viz.-

My = the bending moment in bthe plane of the throw,

J;h,m the bending moment in the plane perpendicular

to the plane of +the throw and

L4 = the twisting moment.

I% will also be necessary at a later stage o congider
& couple at the vighb-hand side of the cxranlk, the components

of which wlll be given by:~ Me Nl and T,
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The pogldtive dirvectlon of bthe sbove moments is ghown in

Tig.3 by arrows.

The effects due ho the above different groups of
forces will now be analysed separabely and the combined
effect will be obtalued by the method of superposition,

In this manner, formulae necessary for the study of mulbi-

throw ocrankshafts will be obbsined.

Bending in the Plane of the Throw - Pigure 4(a)

Let us conslder the bending of the throw produced by
the foxrce P and a couple wy ascting in the X¥¢-plane
at the left support. In owdexr to meke further development
cleayr, +the following rule of signs Tor couples and Bobation
of ends is adopied. The relation between the positive
gense of the moment Ky, and the positive direction of the
4-pxle le Ghe same asg that belbtween rotation and translalbion
of a wlght hownd scvew. The same rule ls uged in determin-
ing the sign of the aungle of wotation of any crogs-section
of the Jjournal. In gccordance with this, the angle _§
(Fig.4(a)), representing the rotation of the left end is

poelitive, mod the angle P, is negative.

The veacbions A and B at the supports are as followss

P(g+Ph)-my

- A= 4 N
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Ple+T4) + iy
— 1 .. 2

The dlagramg of bending momend for Journals and crank-
pln obtained as fovr a gimply supported beam are given
separately for different growps of forces in Fig.4(b) and
(¢). Since the effect of direct bension in the webs is
small compaved bto that of tbtwist and bhending, it will be
iLgnored. In discussing deformatlon the Grapho-Analytlcal

mnethod will be usad(1),

The angles Y end @, of robtation of the supports
of the throw wlll be calenlated in berms of their camponent
parte ( ;a; s Qo ) due to the fovee ;Ei s (LB (Bh )
due to the moment N, end ( Qgﬂg,,gggh.) due to the

moment WM

In the ocase of bending by the force P , the distri-
buted imaginary load is represented in Tig.4(b) by the
snolosed avea. ALl the magnitudes required forx furbthew

caleulations ave given on the diagran.

It is convenient at this stage to inbtroduce the two
deflection coefficlents L, and _t, , which ave defined
by the following equabtions:

@' = Py, . .3

L]

(1) Applied Blastleilty by Pimoshenko and lLessels, fiveb
edition, 1925. Par.23%, page 84,
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Taling moments of the imaginary loading due to the
foree P on the crank about the support at B , the slope
at A is readily found. Making use of eguabtion (3)
£, may then be expressed in bterms of the crank dimensions

o follows:

R IR A (TS

\ +4(e+30) (4+IaY % + M+ g)
BT e e gk Ayeflosrtq] 7
m}‘jﬂ‘f*ﬁ) + 9 e+ )‘I

Slopilarly an expression may be obtained Ffoxr -,
( LR

R IR A ()
+ 5 (g Fler I Yo+ 2¥s €)

RV A e e e
+ i dgrler e+ efrlgTa))

e p
It should be noticed that the expressions foxr |,

and -k, are symmetrical, i.e. interchanging _@  and

% in one of them gives the othex.
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Tig.4(e) shows the second bype of loading applied To
the single cranks when they ave bent in the plane of the
cranlk. To represent the behaviour of the cyrank in this
case, it will be necessary to lantroduce the following

three deflection coelficlients (1}9 of, and O, which

are defined 40 bes

fﬂl = glope at A ocawsed by unit bending moment

i;

applied at A .
O = slope at B caused by wnit bending moment
applied at B .
O, = slope at B oczused by unit bending moment
applied at A , or the slope at A caused
by unit bending moment applied at B(1)~
lMaoking use of the informatlon given in Pig.4(c). the
three above deflection coefficlents are readily obtained

in terms of the crank dimensions ss shown by the following

eguations: - e \
3B,
AN 2 3
oft = W;{Y pal b= o [ N
rﬁd-&zbj)fa: fz,fk:},____.___mj

(1) It follows from "Reyleigh's Reclprocal Theorem" thatb
the slope at A ecoused by unit bending moment
applied at B is equal to the glope at B ocaused
by unit bending moment applied at A .

Sees The Hscadaltor Metvhod in Fangineering Vibration
Problems, by dJoseph Wowrwrdwsg Chepter 7, p.73.
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4 XB o

2B,

| .
o = —= +(E-E) i re)’~ e} .. . 8.
+ 75 {4+ + e}

4 _{3 \

OB,

o, = — Pl B g ler 5B~ glert %] . . . o

+ oo {4+ qer+ ([ re)qr

Txpressionsg for all the requived deflectlion coeffi~
cients for a representation of the behaviocur of & single
crank when subjected 4o the mogt common loads of bending
in ‘the plane of the crank, have now been derived. Through
the foxmulae glven auy of these deflectlon coefficients
which may be required, can easily be calculated, and hence
the effect of the corxresponding load may be obtained.

The total values for the end slopes are thereafter
gimply obbtained through an slgebralc summation of]the
slopes caused by the various load components.

Tor the angles 9 and @, , which ave the total

anglesg of robtation of the cross-gecbtbions of the crank atb



-
}mi.
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T’\%%)e_h_m" T~ | -
. (QW%)T* | A A (4)
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ﬂ%-@gf"l‘ Ple+ .;b'j_\_
Balerteq) Byler4+q)
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Benping in. THE . X Y=PLANE .
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the supports A and B regpectively, the following

eguationg therefore holds

@ = W~ mef, + Pt

qpa. == -—.(m&@‘%m fwl,.O{.'“mt'/Pt,“)

Bending in the Plane Perpeundlcoular to the Flane of the

Throw. (Fig.5 (=)).

The bending of the throw by the force 8 parallel to
5 9

the Z-azig, and, further, a couple M acting in the Xf-
?

plane, is now o be consldered.

The reactlions at the supports A snd B are given by

equations (12) and (13) respectively:

M -+ (g+Th)
A = X

e i o "1"9’7
B = ™ %i&a 2)

4
In addlition bth.the above weactiong, a moment j?@’ 9
about the Y-axis is applied at sach support to prevent

votation under the action of the forece 8

a

For the angles of votation produced by the Lowvce I
the imaginary loading is shown by Fig.5(b). Two deflec-

tlon coefficients M, and M, as defined by the
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followlng equations, will be lnbroduced:

V' = S A V')

and

Va:“*‘"”‘“ua.% e+« 15

\ ]
Y. =ma Y. represent the components of the sngle
of robtation of the cross-gection of the crank at the

gupport A , caused by S and M respeotively,

i 1]
VY, enda M, represent the components of the sngle
of rotation of the ocross-gechbion of the crank at the

support By, coused by 8 and M respsctively.

Y. eand Ya slve the total angles of rotation of

the cross-~sectlons at A and B respectively.

Bxpressiong fox the deflection coefficients required
to represent the crank when loaded in bending in the plane
perpendicular Yo the plane of the throw, are most easily
obtalned by a couparison with the case of bending in the
plane of the throw.  Comparing Flg.4(b) and (e) with
Fig.5(b) and (c) 1t is readily seen bthat the diagrams of
the imaginary loadlng are exactly similawr, if B, in

Pig.4 is weplaced by _C, 0Or Vice versa.

For the deflection coefficients A\, and M, we

may therefore write directly frvom equations (5) and (6)
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the following expressions:

'.35,,{‘% (e +°57z)(ﬁ ""%Ja

e B g%+ o+ 4
M, — A . s 5 16

, LR b sy i)

+T, {cr \qu'*'fi)('f'f q) + Cg'i” (@*-"Z)}

N\

and

RO O

+ 5 (g3 lerte s+ Ya))
™ U | = (et k dlertlert 95}
+3 grlerdalerd) + & (q+ 3}

“~ ”

The case of the bending moment M is more complicated
then the previous two. The angles of rotation of the ends
are now not only affected by bthe angulay deformation of
different pawxrts of the ‘thwow in the plane of M , but also

by the deflection of the webs and the twist of bthe crankpin.

Ag Toxr the case of bending in the plane of the crank
by a moment m , three dellection coeflicients denoted by

P 3L ht 3 h 3 - 4 L3
“gtg B end W@$j and defined gs follows, wlll be reguired.



I
i

applied

i

aglope atb

A caused by unit bending moment

at o -

@5; glope at B caused by unit bending moment

applied

wgm.* gslope ab

applied

The sngles of

at B .
B  caused by unit bending moment

at A, Oor Vice versa.

rotation of bthe ends due bo angulay

deformabions of the various parts of the crenk are obtained

for uwnit moment by

(7), (8) and (9).

Tthe effect of
of the oxankpin is
ghows Yhese labtter

Trom the figure 1%

replacing B by (a in the equations

the deflection of the webs, and the btwist
mogt readily obtained from Fig.6, which
crank-deformstlons largely exaggevated.

(3

is seen thab:e

Y= = § T

pnd hence

Y."'=== \jihsﬂ -+ 331 —-:"—\ .. 19

Making use of

the above equations, the bthree required

deflectlion coefficlenty can thevelfore bhe writben in bterms

of the crank dimenglons as follows:

A 2p? ]
5~ BB
gl = o | - R)sldegl- g7 L. 20
' ’ 2
g qfe gl « 22
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X + Gt - L
r
( AT ard ]
CB, 5B, ]
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The total value of the end slopes foxr a crank
gubjected Go bendimg in the plane perpendicular bo the
plane of the throw can now be obbalned through an alge-
braic sumuation of all the component effects. Renmember-
ing the definitlons of the deflectlion coefficients, and
the sign-convention, the following two equations may be

wyritteng—

Vo= o Bl e ™ S R

L3

. . r
\j-‘;m o %&H.ﬂ.—" /\L?,.f;g {-!@5\ MV‘ g [ & 24'

Twiot of gimply Supported Throw.

Pig.T ie a dlagremmatlc representation of o throw
twisted by the moment _|  applied ab the middle croseg-

gectlon of the jJjouwrmals. As before, the dotted lines
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represent the deformed crankshalt. The tobtal twiast coun~
gigte of the gum of the deformatlons of the portions e
and g. of the jowrnals, of the ovankpin, and of the Hwo
webs. Wow, if _©  and _@, avre angles of twist of the

Journals, and O, of the crankpin, respectively,

"’T"‘;, j"‘.“ "'T'Ei
e, "~ C, - N Ci« and Oz (s

Purther, bhe bending mf each web produces the angular
digplacenent mg& egual to the angles bebween bthe bangents
%0 the curve of flexure at ite ends. The bending moment
15 egual to the twisbting moment _| .  Since the moment
at sach ervosg-gecbion ie consbant, the curve of Flexure of
the web is a clrele. Jongidering it as a beam of length

o 2
T

. .= Ba

The total welatlve mogular displacement _© ,
meassured bhetween the middle secbions of the Jounrnals, will

be the sum 0f the above components.
A deflectlon coefficient _af will now he introduced

sueh thaty-

ez

Q== | s o 0 25

Uging The above velations, M- can be expressed in

termg of the crank dimengliong as followss

erdy . o
gy == [ v C'.'g +

ar
P c o o 26
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The couple _|  produces not only the twist _©_
but also a votation VY of the terminal cross-sechions
about the Y- and the Y~ eoxis. @his rotation, due
b0 the bending of the webs and the twist of the crankpin

(g.7 (b)), is given by the Tollowing equations-

y=-%

o o

é is o deflection as indicabed in Fig.T7(b).

The Llexure of the web prodwuces a deflection,

\ v
A,

X )

and vhe deflection due o the twist of the crankpin ils,

'T'iv*
:{1 = L’b

The deflection coefficient & as defined by the

following equation will be introduceds-

\y) =k wr% e & o 2‘7

From the above equations it is veadlly shown that
thig deflection coefficient can be expressed in bexms of

the crank dimenglons as followsg-

s
i \
s =4 {5 + £ ..

Wow, the twist of the throw produced by the moment M
of Fig.5(n) can easily be found. Denoting this twist by
By, and applying the "Reciprocal Theorem" o the cases

of Bigs.5(a) and 7(a), it is found that:~

Pﬂﬂ”ﬁﬁﬁT¥§@




and, employing (27) and (28)

- 90 = ‘\’/lfg #8 o o 29

K3 »

gt medr A e tan T § et e A ‘:’hn Joaard esded 2 on11l o

&hﬁwmﬁ%ﬁmmat ig in &h@ direction of the twigting couple
"T; of Pig.T(a). When ‘bhere sare two bending moments,

R8T,

My and e, one at each support, the corresponding

twlet is obtained in +the same manner and will be egual to:-

o = (Mt Mos .. . 201

If, in the cape of Mig.5(a), B be made equal o zexo
and in Pig.7(a) the moment (T + Sr/2) be substituted fow
T 5 the combinabion of these two cases gives bthe case

ghown in Pig.8.

In vhe further development of the subject the values
of the angles Y and VY4, Plg.8, are nocessary. Using
equations (23), (24) and (27) we gebi-

\:i/ Nlﬂr‘& (-T- . f';)b _){, . \a\....,)
Vo = (T + 1S

The above two equations wmey be written asz Lfollowss—

W
\;}/; = TE} —— vz‘&() @ & @ 30

wrey

i/““ tﬁh""‘?a. e & o 31

The two new deflection coefficients ‘Jﬁu and J& )

pye expressed in terms of the crank dimensions by means of



Tig. 8.
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YWIDSTING AND BENDLNG OF CPP\NK.
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Y)‘ = mz, i A 1 e &0 u 32
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The deflection coefficients M, end MU , are
obtained fvom equabtions (16) and (17). _8 is obtained

from equation (28).

‘This completes the treatment of a single crank o8
formulae have been devived fox all the deflection coeffi-
clients which ave wequlived for the gpubsequent breabtment of
a malti-throw crankshaft.

Pig.9 gives the numerical values of these deflection
coefficlents as obtained for the various crenks in the

evankshaft of the six eylinder diesel engine (BR. ¢. 60.).




FI1G. 9

FOR

CRANK NR. ! 2 5 4 5 S
t, b « 10° 146 | -133 | 169 | -I5 133 | 166
L 166 | 133 | .45 169 | 133 | 146
o Apinx 0] 0937 | 112 | 126 | 0928 | -u2 | 1242
Xy - 1242 12 1.0928 | -126 112 | 0937
Ko » | 0674 | 0638 | -0675 | 0675 | -0638 | -0674
My Ak x 109 113|103 | a3 17| 4103 j"wza
Mg v 128 | 103 | 07| -131 | 4103 ﬁi 113 ]
BE Abin x10° 0775 | 0929 | 102 0772 | -0929 | -101 |
L 101 | 0929 | 0772 | -102 | -0929 L_szimA
Py v | 046l | 0422 | 0463 | 0463 | 0422 1 0461 |
v | 0528 | 0504 | 0529 | .05p9 | 0504 | osps
s 0140 | 0155 | 0139 | .0139 xmssmm(mpg_q__
N b x 10° +:-092 | +0792 | +-110 | +-096 | -r“-_Q’TQ'Z_J +-107
n, 149 126 | 138 152 | -126 T 154
DEFLECTION COEFFICIENTS

CRANKSHAFT OF

R.R. C.60, Nr.5!.,
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IL. MULET-DHROW  CRANESHART

Genexral Cage.

Let us now consider a crankshaft with many throws, a

poxtion of which is shown in Tlg.10.

The bearing congtraints arve sssumed to be equivalent

to gimple supporits ot the middle cross-gections of the

Jovrnals, l.e. the crankshaft is free bto move directlonally

whereas no lateral movement is permiitted.

The supporis will be numbered 1, 2, 9, sceoe 1y, €5Ce,
and the throws similarly, such that the throw lying bebween
the supports i-1 and 1 will be the (I-1)th throw.

ALYl external fovces acting on o throw, and all deflection
coefflecients applying to a throw will carry the same sub-
peript as That throw. The bending moments which act
between the throws whewe they ave Joined bogether at the
supports are loads, internal Yo the crankshaft considered
as a whole, These moments will be given suffices which
are the ssme ag the number of the support at which they
ach. I& the above moments act on the throw to the left of
the support, they will also be given a subscript 4 and,

similarly, if they act on the throw to the right of the
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gupport the subscript _{  will be usad(1)o

When the twlsbting and bending noments at every supporty
ave kanown, it is easy to calcuwlate the deformatlons of any
throw from equabions given in the foregoing chapier. The
twisting moment at any support can be calculated withouw
difficulty from the eguations of statics. Tor calewlabting
the bending moments, the condition of continulty of the
elastic curve at the supporite must be taken into consldera-~
tion. In Flg.10, %wu congsecniive throws cut out of a
mul ti-throw crankshaft snd having supports i-l, i, and
i+l, axe represented. The bending moment at the suppoxt
i ls vesolved twice into bwo components, namely the
componantscgggeuwljzgy when the throw on the left of the
gupport i is considered, ond the components qn. end M

for the throw on the xight of the support i

a

As before, I denotes bending moments in the plene of
‘the throw congidexed, and [-] hending moments in the plane

perpendiculayr to the plane of the throw. The positive

directions of these moments are shown in Pig.10(a). The

(1) "his novation deviebes somewhst from bthe one used in
the previous chapber as, for instance, the bending
moment which ig gpplied at the right hand end o fthe
(i-1)th throw in the plane of the throw wouwld
previously be denoted by Mi., a8 against
new notation. The new notaltion hee been introduced,
since, in the Lollowing work, the main abtention ig

divected towards the throw-junctions rather bthan the
actual throws.

in the
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vepresentation of the same moments by vecbors is given in
Pig.10(b). As theve are no other moments acting, bthe
resultant of Qﬂﬁi,aﬂﬂ-mtl;,muﬁﬁ be equal and opposite bo
the vesulbant of _tal and |9 . Therefore, denoting by
mjgm]%he angle between the eonsecutive throws ot 1 , and
rosolving the couples in bthe dirveetions Yy ond Zgps the

following two equatious are Obﬁainedcq)sw

A A 7 L
| N MA_.m;},{a — Miswmf. = Y, o o o 34
L L w R -
mi M o+ Wil == 0 e oo 35

Two moye equations are obtained from the conditions of
eoabinuil ty. Jongider the throw on the left of the suppowrt
i, The positive divections of all the forces and couples
acting on thisg throw avre shown in Mg.11. Denote by 3@:

L y 3 Ix .
and Y. ‘the angles of vobabtion of the crogs-section at the
support 1 abowt the L end Yium ox biveLy(?)
ppoxrt i about the Ly~ and Y- oxis, respectively'“’.

The same xule holds fox the signs of the angles as before.

The ahove angles can be expressed in terms of the loads
on the (i~1)th <throw and ite deflection coefficients.

Uging equation (11) we obtain:-

\ A »
. g’i = Wi "{.g;-n """" ‘Wl_u-n%.unn “‘Q;».{tﬂ.&:n“m oo 2 36

(1) Looking on the fronlt end of the crankshaft the angle
i, 18 measured posifive in the clock-~wise direction.

(2) The same rule as applied to the suffices of the moments
alao applies to the suffices of the suguler deflections.
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where “La, ﬁ@& and O, ave given by the equations (6),
(8) and (9) respectively.

In the same manner, by using equations (24) and (31),
1.6, by pubting § equal to zmero in equation (24) and

adding the two equations, we obtaing—

Ve el ot g T
m Al M (B G ma«ﬂ’tgammi.L&:n&c&:nﬁsimﬁngum. o« o o 37

where “@ij fas & end V., are given by the equations

AR

(21), (22), (28) and (3%) wespectively.

Considering now the throw on the vight of bthe suppors
. . . r v .
i end denoting by @ and Y. the angles of rotabion of
the cross-sectlon at i asbout the J;~ emd Y, - axis of

thig throw, the following equations ave obbeined in +the

SEMEe Manney as abovege

r oA :

Q== el = st Pt »oe 0 38
v A X e

N, M;m&ﬁ_ == gen @m&.“" 1=y 5&"’2,,& w0 39

Hewe, 1z which is equal 1o Juat Senp , represents the
twi.sting moment at The gupport i , and the coefficlents
L, o, @f end ¥, ave given by the equations (5),
(7), (20) and (32) vespectively.

fhe smoll angles of robation calculated from (36),
(37), (38) and (39) can be represented hy vectors whose

directiong coinclde with the directions of the corresponding



|
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axis ol rotatian(q)g and whose magnitudes ave proporxtional
to the covresponding angles of robtation, (FLg.12). Wow,
N L 3]
as Q' and Y on one side snd @ and W' on the othex
represent the yobtabtiong of the same crogs-gection of the
journal at the support 1 , the resgultant roltation of E&'\‘
\ o \ e
and M must be equal to that of the rotations ¢ and

r - »
w\*.'lf.&" as shown in Flg.12.

Trom Fig.12 the following two eguations ave obhtaineds—

S Chwg)g A_gmyk . o . 40
. Y=~ Qo s "'*”Mrt%gi e 8

substituting from equabtions (36), (38) and (39) in
(40) an equation which relales the various bending momente
at ‘the support 1 d1g obbalined. Afber mome rearrangement

this equation may be written:-

Ly v
m~ e ™ maﬁrt)g_%&:;:\)

n 4
+ M0 Cosfi ~ MG, Con )i, .

- anf&a»‘?om)(‘ - M& f&w%m}( ﬂPﬁwn t,a.!.;m;j e o« o 42

-+ Vo ain C&&Ek ¥ (\A.-Q - LV?.\)E?VW Xb —
gimilarly, by making use of equations (37), (38)

and (39) in (41) end rearranging we oblain:-

(1) There exlsts between the positive dirvection of the axls
of rotation and the direction of robtation the same
relation as bebween rotabtion and translation in a
ighl-hand screw.
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LR L i ‘ i_w r
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T

oA )
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wima

Sl v RSN (e (Tign g&&)&g&x:

These two above equations bogebther with eguations (34)
and (35) form a gystem of four equations for the support i.
Analogous equations can be written for all bthe supports of
the multi-throw crankshaft. In this way a number of
equationg egual to the nunber of unknown quentities ﬂﬂﬁg
gxg; jj; aﬁdaijg; arve obtalned, as 1 = 13 2, 3, ..c. %,

and n 1 the vumber of supporbs.

When Y. s S ond fue arve all different from zero,

> — - + » l
equations (%4) and (35) will enable us to express WML and

' LY W v .
W dn terms of M anmd I, The following four equations
may therefore be wyitten downg-

L
™M 'sr"*" R o X!‘
Wil =""" TSy e 44
. T M;."c,@x;_ )
"n’ls . ﬁ%mi{:i s o o 45
i et M nCotaYiian
fvn (‘-I) = %VW Ywﬁ\."ﬂ t % v 4-6

O w0

ml(iﬂ)m S, ‘g(,s'm) ¢ e 47

=

£]

Making use of equations (44), (45), (46) and (47)

equation (42) may be written as follows:i-
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acomls | Ohicond
%&MXM H\ml} (—4&‘4% 45‘:’3\8‘_2[:]2

M______mg_x;,,.:.)m (i) Swn Xw- ) S, X\

Q‘ (=1 O{\; CO% \
( E"DVV\'KA. -+ %V‘V\-}{g +@h ﬁ}mk )H

qgh' Cgﬁg&&@% (o) 9&5 Cos x; a
"”'( o @a&@mx_i:)rﬂ&m“ e o - o 48

e %V\’\ \‘!.510 oy, ng

r

¢ /i%&" ")“kﬁ&ﬂ«'—ﬁ - “;)& t w Lo Xl-

e : s
+(Tigy — ;%;\gig);%mg,;

Similarly eguation (43) mey be written as:-

i%t&vﬂ) S\-q + (D(I& (&;gg: 2 u. &0% KL l\"“"l;

Ol v Wi Lo Yissy
- ( Savnr, Xt@; - {‘Sg. 2 C @%:Yu)M(k*l}+ E,?W\. \tfﬁm) ]\Ml&._&

=2 g e & .
— ( \(iw-n E?;?‘;(:ﬂ-i‘ \ %h‘-vﬁ‘?a.hnﬂ)

~ Pt Sy (s =Sm,) Co ¥

The above two equabtions play the same role in
calenlating multi~throw crankshafts as the well known
equations of bthyee moments of Clapeyron for the calcula~
tion of comtinuous beawms.

Whon either Yy _fi oF Jusn 38 equal o zevo, the
corresponding expressgion for the bending moment in the

plene of the bthrow breaks down. In that case it will be
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nogt convenlent o work from egquabtions (34), (35), (42)
and (43), which will provide sufficient relations for a

gsolution of the problem.

General Discussion,

To dillustrate a few general properties which arve
common. o all elastic systems sublected to load, the
pubgeript 4 dn bhe equabtions of the previous secbion
will now be replaced by its actual values (d.e. 1, 2, 3,
etes ), and the coefficients and constants in the equations

thus obtelned are caloulated.

Let us denote the coefficients to the unknown guenti-

tles (L.e. Tﬂ;y F1;3 fﬂ; veos ) i 'bhe above mentioned

equations By Quwa, where the subgeript m  denotes the number
of the equation, and the swbscript n the number of the

unknown 0 which the coefficlent applies.

The congbtants of the same equations will be denoted
by Cone

The complebe system of equations for a crenkshaflt may

then bhe wrlbtbten asse

_ Aogr
Ch.f’“l: + Qm,i“l: St amﬁ(ﬁﬂ = Qi
A Aomnv
_O_.miﬂ:. +ag.zH;+ """""" * Qan H(“izl)m CD.
e o « B0
etc

A Lorr
(o lv!?» + a'n;gﬂ.M':“t- _____ T+ Q’mnHﬁ‘&Q‘:h = CW\.

i
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Introducing matrix notvation, the above equations may

be written as(1)sm

_ QII Q-l'a. am ‘v‘: Cl
Gu O Oan | | M [==] Ca

Qow Goma Qo | [Metad | Con

e o« 50(a)

0rs

Al=C .. 50(b)

Tn equation (50(%)) the matrix j%L ropresents the

elagtic properties of the crankshaft. Thig matriz will

be called the Yeharacteristioc matrix® of the crankshaft.

ALl the elements of the characterigbic matrix are
derived from the material or the dimensions of the crank-

shaft, and the matrix ig independent of the external loads.

The nabtrix C: in bthe same eguation repregsents the
external loads, and 1t will therefore be referred to as the
Wload mabrixh, ALL fthe elements of the load matriz arve

lineaxly dependent on one exbternal load or asnother, and the

(1) Determinantes and Matrices - A.C.Altken, M.4., D.Sc.,
T.ReS. Seventh Bdition, 1951, pasge 3.
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load nmabrix will therefore vanish 1f all the external loads

are equal t0 Zexo.

Numerical Computbation.

The clagsification carried oub in the above pavagraph
suggests the Lollowing procedure for the numerical compuwba-
tion related to the effect of any combinalbion of loads

applied to a crankshafil.

Let us assume that it le deglred bo find the effects

of each load geparately.

Tirst of all, gince the charscteristic matyix of our
gyatem of equations 1s purely dependent on the crankshaft
dimensions, thies matrix, which is valid for any load

system, can be calcoulated once and for all.

The chavacterigtic matrix for the six-cylinder diesel

engine (R.R. ¢ 60., Wr. 51) is shown in Fig.14.

Secondly, the load matrices must be counpldered end il
will be necessary to dervive the load metrix for esch load
syaten under study. Resultent effects can be obtained,
elther by obteining the load matrixz due to the resultants
of the loads, or by a final addition of the effects due to

the separate load systems.

A congideration of various systems of forees applied



t0 a crankshaft is given in the following chapter which
nay therefore be considered as a paxrt of the numerical

example carried out in previous work.

Hefore this chapber is concluded, however, 1t will
be convenient to give a short survey of methods for practi-

cal. golutiong of large sets of linear simultaneous equatlions.

It is immediabely evident thet the orthodox method of
gitecessive elimination would luvvolve lavge practicsl Aiffi-
culties. Portunately, recent developments have given wore
efficlent methods, of which the "Difference ILterabtion
Meﬁhod“(1) and the "Relaxation Metha&"(z) ghould be

mansioned.

The succesgs of the wethod spplied depends largely on
the skill of the operstor, and the "Relazation Method",
with which the author is begt acquainted, has therefore

been chosen forxr the solution of our pariicular problems.

(1) Morris,d.3~ The Bgecalabor Method in Engineering
Vibration Pyroblemg, Chopmen and Hall,
1947, page 63.

(2) Allen,D.M.de €.3;- Relaxation Methods, 1954.
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