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PRINOIPAL _NOTATION

o ‘effective normal stress (total mimis hydrostatic). -
G},Qé,ﬁ%‘sl prlncipalestresses (refexr to yield in Part -I).
T “"'ahearing gtress
O
A_s ~' ratic of minor %o ma;or pr&ncipal stress at yield
1 S \
2 0- -—0’3"”0‘1
U = ‘Lode's parameter {where 0, > 0 3;0%),
,QF - o | s b
3 ™Y L
© _ angle defining position of stresa vector on rlght
. section of yleld surfaceg o
- 4 g funetion of.

$91$1?rale:tieg o

g true angle of internal friction.
s : i e
¢ . %rue cohesion.

Thick Gylinder Tests

T . any radius- -

a?b‘“ . Yore and outside raaius.\‘.
Pyy By bore and GutSide_ﬁres sure (refer to oconditions at

. yield in Part I) .
Gi,fﬁ%,kal radial, tangential, and axial principal stresses at
yield, subseript av. refers to aVerage stregses.
Gthéf infrequently used symbols are defined where they

oceur in the text.



INTRODUCTION AND SUMMARY

Most problems of soil mechanics may be divided info ‘two
principal groups namely; problems of stability, and problems
of defoxrmation. Stability problems deal with the equilibrium
of soils immediately preceding yield and into this category
come the problems of earﬁh pressure, of bearing capacity and
of stability of slopes. |

" Deformation problems deal with the deformation of the sqil
due to its own weight or due to superimposed loads. Settle~
ment problems fall into this ecategory. To solve these
.problems the relationship between stress end strain must be
known but the stress conditions for yield nced not be
congidered.

The French engineer Geulcmbcg)(*)(1773) wag the first to
present a hypothesis explaining the eriteria for yield of

soils under stress. Coulomb's equation can be expressed by

T = C, + O “ten g,

where T denotes shearing strength
C, denotes apparent cohesion

O ‘denotes total normal compressive stress .
on the plsnes of slip

ﬂé denotes the apparent angle of internal
friction.

(*)» The number refers- to Bibliography in Appendix VI.
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The values of Gapgnd;ﬁé,in,thiﬁ_eguation{can be determined
from laboratory tests.

In saturated soils a state of: strees is always associated
with a change of water content. If the stresses which ult-
‘mately cause failure are applied more rapidly than the water
“contént can change, a part of the applied normal stress will
‘be earried by a stress det up in the water.  This stress is
normally. referred to in Soil Mechanics as the excess hydro-
ptatic pressure.  In Coulomb's equation C, andfﬁg should be
reg&rded=asfempiricalxcoefficients which define a straight
line.  They are not absolute constants but depend on the
consolidation and conditions of drainage of the soil.

% A more baslec foxm of the Coulomb equation was suggested
=by-HVorslev(13)'in 1937. In this equation allowance ig made
for theXexcessvhydrostatia'preséuféiiﬁidrdér to calculate the

effective normal stress. The equation is

P = C + (0'- u)ten #

whe?a C denoﬁea true cahesion
g danotes true angle Qf internal friction
u denctes e;cess.hyarasﬁatic pregsure.
C and g are absolute conatanfs_foia'soii;
 In Britain the tendency at present is to use the total

stress method in étabiliﬁy problenms. Conditions of consoli-
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dation and drainage met with in the field are simulated in
laboratory tests and the values of O, and g, associated with
these conditions are found. In the United States the use of
theﬁﬁworslev equation is more popular. The hydrostatic excess
preSSure is either measured direetly in the field or estimated
from seepage force calculations.

;;The Coulomb equation in its various forms is a speciai
case of the NMohr theory of strength. This theory assumes
that yield is-independent of the intermediate prinecipal stress.
Bxisting information on the behaviour of solls under stress
comes mainly from the resulte of the triaxiasl compression test
in which the intermediate principal stress has a value equal
to the minor princiﬁal stress. The results of these tests
show a 1i§ear Increase in sﬁrength with inecrease in compressive
stress as predicted by the Mohr-Coulomb theory and it is
practice to assume this theory in their interpretation and
application to problems of stabllity. The stress systems in
many problems of stability are compatidle with that existing
in the triaxial compression test. 1In the solution of these
prohlemarit is admiseidble $o use the Mohr-Coulomb theory with
the soil constants found from the tests witpaut enquiry into
the agsumptions on which the theory is based. In other
problems, inecluding those in#nlving the states of stress around
drill holes, shafts and in deep bins, the intermediate principal

stress varies in magnitude between the values of the minor and
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the major principal stresses. A solution to these problems
con be obtained assuming the Mohr-Coulomb theory but a
rigorous enalysis cannot be made until the effect of the
intg:mediate prineigal stress on the conditién-of“yie&ﬁ is
invegtigated. 1

2 In Paxrt I of the thesié.an investigation into the condi-
tion of yield foxr drained tests on a sand is reported. The
investigation 18 conducted from the aspeet of determining'the
shape of the experimental surface of yield for the material in
& principal stress system of coordinates. The application
and adaption to sends of several exieting theories of strength
is considered, and the surfaces of yield which these theories
represent are compared fo form $he basis of the experimental
investigation. Yield is taken as the peak polnt on the stress
strain curve and the shape of the experimental surface of yield
is determined from the results of three different types of test.

These tests and the stress systems they produce are:

1) The Triaxial Compression Test in which the intermediate
principal stress has a value equal to the minor principsl
strews.

2) The Triaxial Extension Test in which the intermediate
principal stress hag a value équal t0 the major pwinclipal
stress.

'3) The Thick Cylinder Test.in which the intermediate



5:

principal stress has a value approximately equal to the
mean. of the wvalues of the major and minor principal

. gtresses.

The triéxiéllébmpréSSiéﬁ‘fééf'cenéisﬁs‘of éﬁbjebting‘é
cylindriaal sample of soil to a hydrastatic pressure and |
increaszng the axial stress until failure is in&ueed. mhis
test 15 the standard method fcr investigating the stress-strain
relationships for sDils‘

mhe triaxial extension test is performed in a similar
manner but in this cose the axial streas is deareased until
failure is inauced. | This test was carried out in the same
apparatua as that used for the triaxial ccmpression testt

. A stress system in whieh the intermediate prlnoipal atress
has a value appreximately equal to the mean of the values of
the maaor and the minnr pxinaipal atressea can be pro&uced by
fcrming a aample Gf soil into a thiek walled cylin&ar and
Bubaecting it to an external and. an inﬁernal pressure, foilure |
| being induced by increasing the intemmal pressure. 4An
apparatus to carry out Such aﬂtQﬂﬁgwaS”develﬂped;and;it%ideﬁign,
congtruction, and operation are described.

 The results of these three-tests performed on the sand at
a low porosity are used to illustrate the shape of the experi-
mental surfzce of yield. The results are presented in a two

ﬁiménsionalﬁform;byna»methed.derived;in:Appeﬁﬁfi.Ilza It is
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found that the Mohry~Coulomb theory accurately predicts yield
for stress systems where ‘the intermediate principal stress
hag a value either equal to the major or the minor principal
stress, but for stress systems where the intermediate princi-
pal stress has a value approximately equal to the mean of the
values of the major and minor principal stresses the theory
slightly'undereatimates the strength.

< Dae to the controversial nature of the results of triaxial
oom@feﬁsien and extension tests reported by other investigators
additional triaxial ecompression and extension tests were
carried out at porosities ranging throughout the limits for the
sand. From these tests it is concluded that the Mohr-Coulomb
theory is applicable throughout the range of porosity for the
send. | |

3:1& general it is canclﬁded in Part I %hét the Mohr-Coulomb
theory provides a reliable means of egbinating the strength of
sands under conditions of full‘&rainage.

' The obsexvation of the volume changes associated with
deformation forms an asaentiél paft of the testing of_sgpds,
The : volune éhangEQAhave gn important significance in problems
of‘éfabiiity\and grovide_a,vaxﬁable aid in understanding the
strength and failure characterlstics of the material. In.
Part II of the thesis %he volume chenge and other relevant
’ aaté, for the tésts peerrmeﬂ for thaipurpases of Part I, are

presented. These resulis are discussed with reference fo the
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gtrength and deformabion of vands snd 1t is - tentatively
-coneluded that in the fallure of-sands the compléete mass’
under ‘stress does not deform but that failure is due 0 the
‘deformation of & ambeﬁ::af_aweage@'~-b::= zones of mateérial within
.j{;}ie}}mass:‘ ' The limitations of standard shear testing
‘apparatuses for .measuring- the ailatency properties of sands
are also pointed out.



PAR? I

THE CONDITION . OF YIELD FOR. SANDS



SEGIION 1.

‘Review of Previous Experimental Work.

" As far as is known the only comprehensive investigation
into the yield condition of soils was performed by Habib(?’) (4)
in Parie. This investigation was conducted simultaneously
with that of the author. Incidental with other investigations
the effect of the intermediate principal stress was studied
fram,the'resulﬁs of triaxial compression and-extensicn testé,
in these tests the intermediate prinecipal étress is equal to
“the.minor principal stress and the majar yrineipal atress
respectively. o
| ' As part of the iu%estigatidn'carried owt by Habib, drained
triaxial aompression end extenaiun tests were performed on
aeveral_sandsé The sends were teste& near %heir oritical
pergsity.' \The~:esulﬁs showed“that the angle of internal
fri%ticﬁfééiéuléféh frém the Mbﬁrmcouldmb=thecry was consider-
ably lower in “the extansien tests than in the compression
tests. Taylor(14) also repertea a lower angle of internal
frxctmen far sands in the extension test than in the compression
test. | - o ‘

Resulﬁs published by Biahmp and Eldin(1) (a report of
results abtained by Elain(a)) ahnwed agreement between the

angle ef internal frictian in com@ression and extension tes*bs°
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Phig sgreement was thaiﬁé& throughout the range of porosity
of the sand.

" ‘Phe inconsistencies of these results led the author to
carfy out & comprehensive geries of triaxial compression. and
extengion tests in the investlgatien reperted in this thesls. :
These tests were performed to allow the results to be studied
et gorasities covering the range for the sand. |

S Habib continued his investigations into the yiela of
sande by subjecting specimens 4o & series of torsion tests.
Théée.ieS@S.WB?e_Ferf§$ﬁeﬁ an'cylindricgl.saﬁpleé with the
san§~cqpﬁinea,byﬁrubbex,g@mbﬁanes in the #sﬁél_yay; The
ig#ermeﬁiate‘principal stress was varied'heﬁﬁeen the limita~
of ﬁhe'minég;an@ theimgﬁoxfgriqqipay st:esses.by}applying_
axial loads to. the. sample, umﬁe -results Varied.widaly from
the. Mbhrﬂeaulomb theory of strength, | |

The results cI these 1nvestigatione axre discuused in
the light of the author‘s findings in Section 7.
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SECTION 2.

Existing Theories. of Streugth.

 fhe different behsviour of various materials under similar
‘éohaitiOns’of stress has 1ed7ﬁa the develapﬁént of several
ariteria to predlct yielﬁ. Only the theories which are applio-
able or can be a&apted to provide a pessible explanation of the
behaviour of sails are predented.

- Reference is made in this and in subsequent sections to
surfaees of yield. An explanatiun of the surface of yield
‘&ndﬁﬁhe terms used in referring‘to it are given here.

' A state of etress can be described by its three prinecipal
éﬁf§s$es G;Q 0ps énﬁ'eg and ‘can be represented as a pdxnt_iq;g
system of three dimensional coordinates (0, 0% 0%)« ‘The locus
of all the points representing states of stress which are suffi-
cie§#~tqléauéé‘yigldutrace out e surface in space which will be
knoﬁn'aé ﬁhe‘Sarfééé’of‘yiéigi: The eqﬁéfianTrapreﬁentingtthe
yield éaﬁditién ofﬂtﬁe various theories of strength define
theéretieal.surféééa‘ef yie1d-in-this»syéﬁém of coordinates.

f*@helghape Gfﬁfhé'sarfaceqpfqyielﬁ;can.ﬁe illustrated by
sections taken ﬁhrqﬁgh'it.: Those sections which are perpen-~
diaularftd:thefagis of ﬁhe surfadeiare=reférrea‘%o”as.yight
sectioﬁa;A -FQéTan iaotroﬁicﬂmaﬁérial thé axié*oﬁ the surface
caincides with the. space. ﬁiagonal, the line in space whose

aq_uation is O:l = '{3‘2 = 0:5 .
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2 a) mhe Theery of Von, Mises. e

- Yon- Mises in 1913(5) suggested that yield in a. material

takes plaee hhen the stressas ‘are. such that
o oy - ﬂ"g) + (0'2 03) + (0_' - 62') = constent s..0.(1)

aneky(a) laten,gaVe the law a- physical meaning by stating
‘%hat yleld takes place when the elagtic energy of distortion,
reaches a aritical value. .- A further physical interpretgtion
was given to the law by Hadai(g) by stating thaﬁhgtzﬁyéﬁpoint
;of‘y1@1d¢tgg;pctah@dxallgheariqg,stress,“.o, is a constant.
TD éan-bg‘prqved_to,have th@.yalue_

!

The conditian at yield is therefore doseribed by the
equation | "

ma lB A.Go.ﬂ.s’t;mt‘i_iihéoqob_cchictiiltuotncqot‘tiﬂﬁog'.(‘-?))_
- Bauations (1) and (3) define'theiiimiting surface of
yielding., The surfaee is a atraight cireular prism with its
axis coinciding with the space diagonal. .

The Von Mises condmtion assumes that the limiting strength
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o, + 0, + 05
1 32 3 and
infers that right sections of the yield surface are similar

doeg not depend on the mean normal stress

at any distance along the gpace diagonal. In materials where
it has been established that the strength varies with the mean
normal stress equation (1) can be médifiea to (4) as suggested
by Sehleicher(12) |

(0 ~ 002 + (0 - 05)3 + (05 - 0;)% = [£(0y + 0y + 0’3)]2 vee(4)

a8 a possible means 0f explalining their behaviour. The
surface of yield defined by (4) is a solid of revolution with
1te axis along the space diagonal. Right sections of the
surface are circles which vary in diameter with distance along
the axis. |

2 b) The Maximum Shearing Stress Theory of Tresca.

Obgervations made in thé course of extrusion tests on
soft metals led Tresca 15'1864(6) to the agsumptiaqvthat the
plastie state in such metals is éreated when the maximum
shearing stress reaches a limiting value which is a conptant
for the material. TFurther support was lent to this assumption
by the appearance of‘siip layers in deformed metals which
approximately coincided with the directions of maximum

éhearing stress. The condition for yielding in this thecry is

TN
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expregsed by

= Obnﬁtan'b (@rcessgneidonne sesserceenin » (5)

rt

o where Oy > Oy » Ozv

This condition can be expressed in its most general form by

the equaticn

[(0'1 - 2)_ - 9'2][(0'2 - 0'3)2‘- G'QJ[(G' - a:,)"’3 - 0'2J 0 .. (6)

where O, = constant
representing eix conditions of yield from which the inter—
mediate prineipal stress is always absent. ‘

The surface of yield for the Tresca theory is & straight
hexaganal priam whose axis coincidea with the space diagonal.
The" hexagonal prism can be 1nscribed in the eircular oylinder
representing the theory of Von Miaas by suitably choosing the
gonstant in (1) and (6).-

- 'The Tresca theory assumes that yleld is independent. of
the mean noxmal siress. For materials whose behaviour does
depend on the mean normal stress the theoxry can be adapted,
in o manner similar to that deseribed for the Von Mises theory
(ean.{4)), by assuming that at the point of~yiéld”the maximum

shearing stress beoomes equal to a function of the mean normal
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gtress. The generaligondit;oﬁ of yleld is then defined by
| > 5 | 5 ~ 2
%0'1"%3 - @‘%*0’2*%’]3{‘%‘?0'3) - [:ﬂ(cr,m'gws)]J

| {(0,5*51_)2;. [f(‘f’i‘*géfe's)]?  = O treneenennesenss(8)

. The~yield surface defined by (8) is a solid with ite axis
along the space. diagonal. Right sections of the surface are
regular hexagons varying in dimension at different ﬁiataﬁaeé
along the axis.

2 o) The Mohr Theory of Strength.

Accoxding to Mohr (1990)(9) a material may yield when
elther the shearing stress T in the planes of slip has reached
a value which will depend on the normel gtress acting across
these plaﬁes or when fha largest tensile normal stress has
reached a limiting value.

In certain duetile metals and natural rocks which have
been deformed, slip lines can be detected. These lines form
two systems of isogonal planes of elip which are inqlined to.
the aireetiong of the major (G;) and minor (G%) prinecipal
stresses and intersect each other along the direction of the.
intermediate principal stress (Gé)f

Congider a poinﬁ‘P in the Mohr diagram (Pig.1) to represent

& plene in the stressed material'alang which glip ig imminent.



ENVELOPE -+ .

 THE MOHR DIAGRAM

CFIG. |
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The coordinates of P arc ¢ .and .  Since, according to the
Mohx -theoxry, the 1imiting ahearing stress is dependent only
on the ncrmal stress in the plane. of glipy: 2 muat be 8
funetian of G . mhe ourve m f(ﬂ') therefore representa
values of the eam@oneut stresses in the planea of slip.

f(G’) therefore represents the common tangent of all major
stress circles which define stresses suffiament to cause yield.
This curve is- generally referred to as the ¥ohr envelope.
Thé“eqﬁéﬁiaﬁ‘bf the Mohy envelope can be expressed analytically

~in terms of the principal stresses by

O, -0, Oy + 05 -

(““1"——.1 )=i f("l"“"-i) A R E RN E ] (9)
: .2 : Lo 2 . .
vghere 0}3‘9—2‘7/" 0'3

(214%-2l reyreaents the radii of the 1argest principal stress

eircles and) cgiqiwgin repreaents the distances of the _

aentres of these eircles from the orig;n af the Mohr diagram.
@he Mﬂhr condition af yield in its most general form is

expressed by .

[(61—-62) - [:f(cr a-a-a)] j { (‘72“‘9'3) - [f(o‘zm )] }
{(G-m;) - [:f(0"+0'1)] } 0 ..................(10)
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-----

principal stress is always abaent. The surface of yield

defined by (10) is complex and is’ de&uced later in Section 3 b
for the special Goulcmb case.



™T=-T ',acf o

,MOHR D/AGRAM FOR COULOMB EQUAT/ON L
N F/G 2

ffF& D/AGRAM FOR SO/LS
FIG 3 DR
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2 4) The Mohr-Coulomb Theory of Strength as Applied to Soils.

It haa<beén assumed for allong time that the criterion
for yield in a mass of soil under cempressive streas ds giveﬁ
by the equation of Guulemh (1773)(9) The Goulomb-equation,
in its c¢lassical form, is given‘by '

T ﬂ ;l: m' :/‘U tiaanni.!@tQitqoilc;iﬁnit;l(11)

where T = shearing sttess on planes of §1ip,
' 0’~-e£fective‘normal\streSa‘(campxessive)_on
planes of slip, '

e &ﬁd /a -are given pasitive material constanta.

Equation (11) ean be viewed as being a special case ef
the Mbhr theory of strength where the enveloping. curve conaists
of two atraight linea inclined at thekéaﬁe'angle with the 0*
axis (Fig.2). The use of equaﬁion (11) to represent the Mohr
strength envelope on. the Mbhr diagram  glves the "Mbhrwconlomh

Theory" as it 1s used in Soil Mechanica today.

. According %o equation (11) yield will oceur when the
ahearing stress. in the planes of slip reaches a eritical value
T, which dependa On 8 certain shearing stress T1, but is
proportional t0o the normal eompresaive stress on these planes.

The ‘strength, therefnre, will inerease at greater distancea
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along the compregsive 0 axis of ‘the Mohr diagram. _The
quantity /uxr in eqaation (11) ean he tezmed ag a frictianal
‘foree, | /u heing interpreted as the. ceeffioient of internal
,:Eriction. /u. can therei‘cre be replaeed by the quant:l.ty tan ¢
where ﬂ is the angle af intemnal friction of the soil, If we
substitute the~cohesien 0, for.the congtant shearing stress
Ty» and ten # for /u‘in equation (11) the more familiar fexm

of the equation is obtained. \ '

m = i (e"!' 0‘ tm ‘d) {6{.‘0“;‘9!;;!OO:AQ\I-OdpAh_t‘.!!(12)

PR

Gf axis of tha Yohr dlagram as shown in Mg. 3.

. In the Mohr diagram Rig.3 the principalxﬁtress cirecle
which is tengential to the enveloping lines represents a .state
of stress at. inéipieﬁt yie1d<0f the soil. | The eondition of

......

tden??ad{fxqm,the‘gecmetry*qf Eigpswu‘;Equaxion,(12)‘than,hecmmes
5':;1(-@'1;. - 05) = & (2C cos, g + (0 + 03) sin £) ..vnre..(13)

Two special cases of the mchr~ﬁouiomb“theary are commonly

met - with in-sailvtestiﬁg.7 ~Fox-a pﬁrely“cohesiVe‘matgrial,
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the angle Of internal friction # is zero, equation (12)

becomes

Tz + 0 ‘l.ﬁ.‘l.'ﬂ.iI‘.I‘ﬁﬁtbl‘ciﬂj.oﬁ'.HiQt.QﬂQlli(14)
. ,

1

and ‘equation (13) degenerates to
0-1-03 = '-t"azc“‘otln.‘.-‘qiq‘ya;ni-na-ut‘ouiunaagf-’nq_p(15)

The envelope Fig.4 Eécomesvtwciéﬁréight lines parallel %o fhé
¢ axis and at & distance ¢ from it. For this case the Mohr |
theéry‘beﬁdﬁeﬁueainpiaenﬁvWiﬁh the Tresca fhebry of maximam
shearing stress. ~ = |

' THe second special case concerns a granular material
possessing no cohesion. The envélope consists of two straight
liﬁ§S‘whieh aré'inciineﬂ“éQually‘%Qfﬁhé*ﬁ’ axis and which pass
“thiroiigh the origin of the Vohr diagvam (Fig.5). From en
anelysis of Fig.5 equation (12) besomes SR

\T.—.::!-_G' 'ﬁm# (ilOﬁllootu‘ul‘iltb‘.!.iiu(‘!e)
and (13) becomes

' (0:‘ "" WB ) "'—"‘_"‘.'- (g’.‘ + 63) ﬁin # LI A r.&lc“,- LI N A N * (17&)

Prom equatién (17a) the prineipal stress ratio at yield is
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computed to be ..

% i-sing
| q3;5;_ 1 * stn ﬁ

d.uta.o&!ot.aitillttits!.(17h)

ét'yieldoxi mﬁe-réti¢=‘g%‘ 15 ganerally known as AL
The investigation in, this thesis is eoncerned only with
sands in which b = 0 and later referenae w111 only be made ta
the case cuvered by equationa (16), (17a), and (17b)
existing thearetical basia'uaed in the aalculation of - the :_
strength of solls. . The theory assumes that. yield iﬁ dependent
golély;@n,ﬁhe‘vélaes.af=the_mgjqr_and minqr principal(stresses,
_” : Qhe third principal etress may have any value as

indicated by Gq aé > :3 without having an effect on the
;Y;elgvgfzthe,SOi%{:=
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.Discassi&n ?ormingﬁthe Basis of Akperimental-investigatioﬁ 2

of the Suriace af Yield

\3 a) neflnitian nf Yield,

) In.materials aueh es sands which undergo deformations
which are not recoverable it is no% possible o relate ‘the
901nt of yieldmng in a sﬁresg etrain curve to the 1imit of
‘elasticity of the material._ _A typieal_st:esa strain curve
for a shear tegt(qn a sand is shown in Fig.6. Two points on
the-curve are féirly wéil'aefined and theae are represented
by x giving the peak stress and ¥ giving the ultimate stress
at a value lower ﬁhan X. Yielding is eenventlanally assumed
to oeeur aﬁ point X and the strength is caloulated from the
stresses dt this peak value. The peak stresses will be
referred to hereinafter aa_the stresses defihing the yield of
the matérial,

3 b) the Mohr-Goulomb_Surface of Yield.

mhe surface af yleld representing the MOhr_Goulomb theory
of strength has not been desgcribed before sg far as is known
and is therefore de&uced belowo{

mhe Mnhr-coulomb condition of yield fcr aands in the
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isotropic state can be expressed in its most general form by
Y2 [ ain: 2
{(0'3-0’1) - [sm ¢(9‘3 " 01)] } = 0 arreversa(18)
where g is the angle of internal friction of the material.

Bquation (18) represents six conditions of £low from which
the intermediatie prineipal stress is always absent,

Sands cannot transmit tensile stresses therefore the
surface can only exist along the compressive directions of the
sysﬁem of three dimensional eomrdiﬁates denoted by 03 ’ Gé and‘.:
0% - By equating 0y = 0, = 0% = 0 in (18) the surface at thé |
origin of the system of coordinates is found to be a point.
Sectiaﬂs of the surface must increase in dimension at greater
distances from the ovrigin slong the compressive directioné of
the coordinates.

In Fig.Ta the compressive dirsctions of the éxas of
reference are shown. In & section bisectihg the plane of
05 G% and along 7 the Mohr-Couwlomb sarface w;ll be as shown
in Fig.Th.  mhis sectlion passes through the space diagonal
and its axlg of reference become 0y and \/§'Ué = /2 0y + The
angle made by the space diagonal and the Gi axis is

goa™! —== = 542 a4,
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N The lines bcunding the seetion of the surface in Fig.Tb

are atraiﬂht and themr alopes with reference to the axis

1+ gin 4 1¢l = sin
w/m o, =2 Gf are glven by u 2\/2(1 ~ 8in | ? sat " T/—(1 + #in )

(Eee eqn 17b) in a section perpendiaular to the space

diagonal A O‘A‘\in Fig.?h the intercept A 0" made by line

Mo \/2 K Luﬁ) ‘and_the space diagonal -
( ﬁ 00" tan (t -1 \/2 -( 1 : :iz g ) = 35° 16*)) is greater

1 - gin & |
than the intercept mefé by line M mN/Q ( T oin 7 ) and the

| el (= 00%ten (250 16 o  dap=1 1 1= sin gy
space dlagonal (= 00 tag (35° 16 - %an V2 1+ sin g )

_ The values are 00’ tan 29° 307 and 00’ tan 22° for g = 30°.
Sectiéns of ‘the surface of yield perpendicular %o the spgce
diaganalfareﬁtherefare‘neﬁvsymmetricai about the:spaee
diagbnal. The amount of éccenﬁricity'is dependent on the
angle of internal frietion ﬁ.  |
Taking a view looking down the spacé diagonal in Pig.Tb

two.points on the yield surface A and A’ ave obtained. For
gimilar ccnsf;goﬁions points B and: B', and ¢ and C° can be
Obta%aed;- Thege ﬁOints ara:the’aprner pointg of a rights
sec%iaﬁ-cf the yield surface.  The right section of the
surface fcund in this way is shown in Fig.8 and it is seen to
be a hexagon with equal sides but opposite sidea not being
'parallel. | '

: mge shape of the‘mchrfcqalamb surface of yield for gands
is therefore a hexagonal pyramid with its apex at the origin
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and existing along the compressive directions of the system

of ccordinatea (G&, 0y 0%)3; mhe slupes of the, sldes of the
surface are detezmine& by # and are canstant._ Right sections
of the surface increase in size at inereasing distances from
the origin along the axis (the spece dlagonal). The shape of
the right sections are similar at any distance along the axis
and are in general as shown in Eig.&. The shape of the right
aection is dependent on & and reduces towards a triangle aélﬁ
fends to 9@9. The right section tends towards a regular

hexagon as ¢ tends to O.

3 Q)nAppliqatian]a£L0ther‘ﬁossible Thaoiiéég‘

.-;f-_ Existing information on the behaviour of sands under
strees comes mainly from the. triaxial - campression “test and it

JETE LT

- to assume the Mbhrwcaulomb theory in the interpretation
of the results It is ycssible however, to sugbest other
yield eriteria whieh.in the 1ight of existing knowledge would
be qggt as_satiatactoryv In this respeqﬁ,the Tresca and Von
Mis§§ tﬁearies of strepgth c@n’be used for séﬁ@s.bycextending
the7¢quition~ofvyiela”tb“include‘dgpendéncy on the mean

normai sﬁreas; |

The. extended Qresca condition tnen becames (from egn.ﬁ)
{(e 0)2 [K1 (cr«- 0'3)]“ 0')2 [K “(m-ow-cr)]]
2

5(-0'3-@‘1‘()2- [1(31 '%g(m’,’t-ﬂ'gm’g).] } = 0 serenveess (19)
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: where K, is a constant related to £(sin £).

The extended Tresca surface of yield represented by egn.19 is
a regular hexagonal pyramid with 1tes apex at the origin of the
system of three dimemsional coordinates. Right sections of
this gurface coiheide with right sections of the Mohr Coulomb
surface along the major principal stress directions at points
Ay, Band ¢ in Fig.9.

E The extended Von Mises condition of yield (from egn.1) is

expressed by
; 2

~where K, is a constant also related to f(sin g).

The extended Von Mises surface represented by eqﬁ.ao is a cone
wlith its apex at the origin of the system of three dimensional
¢ccidinates. Right sections of this surface are c¢ircular and
coineide with right seetions of the Mohr-Coulomb surface and
the extended Tresca surface along the major principal stress

directions, at points A, B and © in Fig.9.

3 d) General Eroperﬁies of The Surface of ¥Yield.

- In materials such as sands where yield ¢epends on the
ﬁeaﬁfmormal gtress the secticns of the surface will vary with

the distance slong the space diagonel. In the investigation
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nfiight sections of the surfaqe_of yleld for such materials
the precaution must be takeanhét the pointanoﬁ‘the surface,
defined by their principél streéSes, exigt on:the‘saMQ right
gsection. The points will exist on the same right section if
the'stressesAdefining fhem‘oﬁey the\conditiOn that
0} + 0y + G% = ( where O is a4éonstént. |

Fig.10 shows a righﬁ section of a surface of yield in a
gystem of three dimensional coordinates 0}, 0% G%». This
‘sectian ig in +the plane of the paper and it exists at aome
distence along the space diagonal, the axis; such that |
0y + 0, + 03 = c, eonstant. It is sufficient for the pur-
poges here %o consider thet a new origin is situated at 0’ (in
the plene of +the papex) snd that the extended major stress
directions are negative.

. The right section of the yield surface may be concave or
convex in any 120° segment but nob so that a radius cuts it
twice. For an imsotropic material if the éﬁresses.(ﬂ}, Gé,VQB)
represent yield so also do the- stresses (Gé, T3 0%);etc.,%mhe
right section of the surface is therefore symmetrical about
AA’, BB’ and GO’ Fig.10. In other words the shape of the
right section of the yield surface marked off by the three
coordinate directions is the same apart from reflectiané; In
the experlmental determination of the yield surface it is
suffioient to apply only these stress systems whose vectors

lie in a selected 60° segment. This may otherwise be expresaad
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in terms of the parameter U introduced by I;odé(a)°

* where 0= 0, > 03 (i.e. for segment BfO’A Fig.10)

- It can be shown that U = —/3 ten 6 where © is the
angle made by the stress vector 0'P'with direction 0'X in Fig.
10. © is negative or positive in the directions shoyn in
Fig.10, (This ie deduced in Appendix II, see also Hill(s)),‘
The righﬁisecﬁion of the experimental surface of yield con be
completely determined.by.apylying strass:gystema guch that €
covers the range from 0% to +30° and 0° to -30° in Fig.10

- with U varying from -1 to 0 to +1.

3 e) The Stress Systems Required for en Experimentsl

Investigation of the Surface of ¥Wield.

The three theories which have a possible application in
the predicﬁion,df yleld in sands are the mbhrmcqmggmb theory,
the extended Tresca theory and the extended Von Mises theory.
The éxt@ﬁsiéné made to the Tresca and Von Mises theories are
described in Section 3 e¢). The right sections of th@.yield
surface which these theariesvrepreéent‘are shcwn‘in‘fig;g.

In Eié,Q the'right.seations for all three theories have been
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made'te-caincide along the major principal stress directions,
at points A, B and G.X The right sections of the 5urface3‘
repiesented by the extended Tresca and Von Mises surfaces in
addition coincide at points A’, B’ and ¢’.

In the investigation of the surface of yield only a 60°
segment of the right section need he considered. TFor
simplicity further refersnce ig only made to one of these
segnents, segment B'C'A in Fig.9. In segment B'0°A a large
deviation is found between the right sectlons of the WMohr-
Coulomb surface and the extended Tresca and Von Mises sarfaces
along the direetion 0°B’.  The deviation between the Mohr-.
Comiamh right sechion and the Tresca right seqtian is greatest
along this direction. The greatest deviaitlon bebween the
extended Twresce and the extenaeaivnh Mises right sectiong is
found dlong the bisector of segment B'0°A, that is slong 0°X.
fhe right eection of the Wohr~Coulomb suriface devistes most
from thé'ch Mises surfoce slone 0°Z. 0°2 is the smallest
stress Veatbr (vﬁin.)‘:er the centre to the Mohr-Coulomb
surface. | mhe'ﬁqﬁifign.éf 7 ﬁarha’z\to be a minimum varies
with the value éf_ﬁ in the é@uatiqn (18). |

The right sections of the theoreticsl surfaces are based
on the values of the constants ﬂ; K{ and Ké, in éqpations (ia)
(19) end (20), whieh are obtained froﬁ a system of stress which
Q:QQides 8, éoint on the right section of‘the_surgace of yield

~at positipn A. A stress system which provides experimental
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points on the riéhﬁ aeetiohiof»ﬁhé-surfaae of yleld along
direction 0'B’ will indicate whether the Mohr-Coulomb theory
or %he extended Trééca and-VanEMisea theories are applicable.
If the Mohr-Coulomb theory is. proved wrong and the point on
therexperimental righﬁ gection aloﬁg 0’'B’ coinecides with that
of the extended Tresca and Von Mises theories 8 stress system
which provides points along the direction 0'X will prove to
the best aﬂvantage which dfﬁthesé théopieé is‘appiiﬁablee
Eﬁrthermore“if the stress aysﬁem|Which provides experimental
paints along 0’B’ shows that none of the theories is applicable
the best furthér iﬁdieaﬁiop of the true shape of the-experi#'
- mental purface of yleld will be given by a stress system which
provides points along the direction 0’X which is intermediate
between the positions of the points already found along 0'A
and 0’5’ . |

A’campleée‘and rigorous experimental investigation of the
right section of the surface of yield would require points to
be obtained on the surface at close intervals betweén B" and A.
ﬁn investigation as comprehensive as this would not be justi-
fied 1f the right section proved to be close to that of one of
the theories. The stress sysbtémes which give points on the |
right section of the surface of yield alcngvfhe diredtiong O“A,
0'B’ and O'X will provide the best firet mpproximation to the
true shape of the right section of the experimental surface of

yleld.  If the experimental right'section is found to vary
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widely from the theoveticel right sections ndditional pointe
will heve to be obtained between X and B’ end X and A.
.. The stress systens which are desired for the experimental
investigation of the right section of the surface of yield are:
S 1) o ﬁé@?ide points along direction ©°A (Fig.9)
f>% = G

ﬁhi¢h:in texmg of Iode's paremeter

eand O = utaﬁﬁ' w&?,~ﬁ «30°

~ 2). To provide poinis along direction 0'B’ (Flg.9)

snd O = t&ﬁﬁ1n*3*t:z _{3@0

~ 3) To provide points along 0'X (Fig.9)
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o, + O
where G—Z = J—;——i
8]

and ® = O

In addition to the investigation of the right sections of
the surface of yield it is slso necessary to establish the
shape of the surface in space. mhe surfaces of yleld for the
Mohr Coulonmb and the extended Tresca theories are hexagonél
pyramids and that of the extended Von VWises theory is a cone.
The apex of all three surfaces is at the orlgin of the system
of %hree dimenglonal coordinates and the rlght sections are
gimilar in shape but increase in dimension in the compressive
directions at greater distances from the origin along the space
diagonal. In order %o establish the shape of the experimental
surface in space it is therefore necessary that the stress
systems 1), 2) and 3) should provide a sufficient range of
stress to allow the shape of the surface to be investigated at

gections at different distences along the space diagonal.

3 f) The A@lgratus Requirea for the. Experimental Investigation

f of the Surface cf Iiela.

The standerd apparatuses used in the atrength testing of
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soils are the direct shear apparatus, end the triexial
apparatus. In the diréct shear apparatus the normal and
shearing stresses on the plane of alip are measured and by
assuning a condition 6f\yie1d the value of the major and minor
principal stresses can be found. The value of the inter-
mediate prinecipal stress isg indeterminate.

In the triaxial compression test a cylindrical semple is
subjected to a fiuid pressure and yiéld can he induced by
increasing the axlal stress. The principal stresses are
knaﬁn throughout the test. The minor principal gtress is
equél»to the intermediate principal stress and is the value of
the fluid pressure. The major principal stress is the sum of
thegiluid pressure and;thejiﬁarease in axial stress caused by
the ‘axial load. | - -

Of the stress gystems required for the1investigation iﬁtq
theiyield conditions (Seetion 3 e). 1) and 2)‘ban be obtained
in the triexial apparatus. |

~ Stress systen 1) G&>-Gé = G% reprea&nxs the stress eondi-
tians in an ordinary trisxial. compressicn test~as described

ahove.

 gtress system 2) a;: Gé > G% ¢an also be obtained in the
triaxial apparaﬁus by adapting 1t to ﬁroduae yield by relieving
the axial stress sa that the major and intermediate principal
stresses are equgl to ﬁhe fluld pressure. The axial stress is

the minor @rincipalfstrass*- This test is-gen@fél&y known as
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the triaxial extension tegt.

. In the triaxisl apparatus the fluid pressure can be
altered to allow the surface of yield to be invegtigated at
sections at different distances from the origin of the system
of coordinates.

, gy + a8
Forx the remaining stress system %) where Oé = u——§-2—
a new apparatus must be devised since no staendard soil testing

appératus can produce such a system of stress.
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SECTION = 4.

mhé‘ﬂesign>andvDesgrigtionfef the New Apparatus (The Thick

Gylinder Apparatus.

4 a) Analysia of COndmtmons at Point of Yield.

“ A suitable method of thainlng the desired sﬁress
distributions is by testing\the meterial in the form of a
thick walled éylinder. The thick cylinder sample can be
constrained by an inside and outside pressure, the ihSide
pressure can then be increasea until yield is induced. An
element of material is therefore subjected to radial,
tangential and axial compressive stresses.

 As was stated in Section 3 e) it was decided to apply a
system of stress which will provide points along 0’X, inter-
mediate between 0B’ and 0’'A in the right section of the
surface of yield Fig.9, and if the resulte required a fuller
enquiry to apply other stress systems which will provide
additional points on the surface between X and B’, and X and
A as a supplementary part of the investigation. Using the
tﬁiqk cylinder method of testing the first stress system can
be épproximately obtained by arranging the dimensions of the

sample such that the axial stress (intermediate) has a value

O; + QO
Y .._1...2_..1 (where 03 > 0, > 03),
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the axial etress being produced by load differences on the
sealed cap of the sample. Other stress systems, if they cure
required, can bo obtained in the thick cylinder apparatus by
adapting i1t to produce relief or increase of the axial stress.
for guidance in the design of the apparatus it was assumed
that the Mohr-Ooulomb theory of strength holds.
The stresses in a vertical section of the thick cylinder

sample will be as shown in Pig.1l where

b denotes the outside radius

a bore radius

P outside pressure
bore pressure

< radial stress at any radius r

0% tangential « . » r

The forces must be in equilibrium

at any radius r

T
0 dr « O (21a)
Cn differentiation (21a) teoom..
r dK
21b
dr (21b)

0 1s the major principal stress and 0" is the minor principal



streps. AESuming‘the Mphﬁ&G§u10mb condition of yield
0, = A0, (eqn.17b), Substituting for O in (21b) at yield

dr 40

o= ii«uoc,t-q-Qit-gn¢‘nqn-b(21c)

r o O A=

tn. integratiﬁg (210) beocomes

i‘ 7‘ 5 o 1 o .' ) .
log ¥ = s (log O, - log A)

quéeasaac-tsn;a--anopin(21d)

ér 0;

where A is a congtant ot integration

glving O, and hence 0 et any rvadius st the point of yield.
During the test the outside preé§are will be kept constant and
the inslde preaStre'will e inaxeased<uﬁtil failure ocours.

| At outgide radius b . Q;’” Ea . substituting for Q} in
(218) |

Fo

The radial stress at yleld at any radius r is therefore given Yy

=)
0'.'1. = ?o(-ﬁ) .;-‘..........-...(22)

The pressure at the bore (r = a) which will just cause yield
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is given by
. = Pi = POC %)(A* 1)Jnctoooiob-n(23)

Ta

and the tangential stress at yleld at the bore by

. ' : A A‘“1 v
%a RA?Q(%)( ) .onoapu#n«t-youu(24)

The aversge radial stress in the wall of the sample can

be obbalned from (22).

At any radius T the radiel stress O = P, £ yr= b
P, (A= 1),
The average radial stress = ———=>o - X }dr _
b(>\" 1) b - a
-3
P \
ot s 3» Q rvomare (h% - a)\) ‘661(25)

r U e .
. A p(A= N2l
The average tangehtial stress 18 obtained from conditions of

equilibrium of the sample.

P.D - P o8 .
G:b = Q ; 'i‘w« an--o»on’oannoimvpi(26)
av. b - a

The axial stress is constant over the horizontal sections of
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- the wall and is given by

P7ADS - BN e o o
G'aﬂ O - . i — .-...u.n..--nu...(??)
| Abe - Al
' ; : . ‘ az.»‘*" 8 , ) P
from (23) 'G&# RQ[ 5 ——— J?.l!ptnﬂﬁqtéﬂ.i.(ba)
Y /a2 L 4

The axial stress, the intermediate principal stress,
veries in magnitude between the values of the radial stress,
the major principal a%ress;'aﬁ& the tangentisl stress, the
minér principal stress, depending on the value of A and the
ratio of thé pample dimansieﬁs b/él. A windmum wall thickness
of 5/4” was deeclded upon for the mediwm send tc-be_used and the
sample dimensions were chomen for convenience, The outside
redins was fixed at 2" and mainteining a wali thickness‘oi 3/4“
the bore radius becomes 11" meking the ratio b/é,n 1.6 .,

The values of the average major, minor snd intermediate
principal stresses at yileld for the chosen sampleﬁdimensigns
ere ghown in Table 1. The siresses are computed from eqns.
| (25), (26) and'(27) for A = 0.3 (angle of internal friction
£ =320 36) and A = 0.2 ( 4 =42° 127),

A edmparison of the last two columns of Tabvle I shows

thnt the axial stress is very mesrly equal to helf the suvm of
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thefhajorvand minor prineipal stfesses for A values represent-
ing;q range of angles of internal friction of at least from

52° %o 42°.

Table I
——— ——
AN Lo (oL ) |0 (0 ) |0, (Tf) 1" 3
7 Tav. 3 " hay. 2. >
0.3 | 14155 B, | 0.347 B, .|0.750 B, | 0.751 B,
0.2 1.200 P, 0.240 P, 0.705 B, | 0.720 B,

. The distribution .of radiasl stress across the wall of the
saméle 8lso varies with the value of A . The radial strgss
at any radius is given by equation (22)

0 = I’Q( % )()l“' R
Qhé distribution of radial stress for A = 0,3 1sg éQOWn in
Fig.12.  The &urve is slightly convex but very nearly linear
within'the sample dimensions."imhé tangential stress at any

radius is equal t0 A times the radial stress.
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4 b) Description of ‘the Thick Cylinder Apparatus.

There are two parts to the thick eylindexr apparatus

namely the pressure cell and the pressurising system.

1)- The Pressure Cell.

The pressure cell consists of five individual parts:
the base, the base adaptor, the sample end piece, the sealing
‘cap and the transparent pressure eylinder. The pressure ¢ell
is shown assembled in Fig.13 .  The base, %he'base~adagtor,
the semple end piece, and the sealing oap are shown separately
in Figs.14 and 15. The transparent pressure oylinder is
shown in photo Fig.16 « |

The base is a steel plate with a raised ring on its upper
- gide. The ring forms the pedestal for the sample and i the
position of the outer membrane seal. Entries for water are
provided to the bore and to the outside of the sample. An
entry to the base of the‘samﬁléhiazalaayyrcvided to allow
volume ‘change measurements to be made.

The base adaptor is a hollow bylinder'with the upper
portion of the wall threaded to mate with the pedestal on the
bésea A gasket forms a 'seal between the adaptgﬁ'and the base.
The recessed portion on the adaptor provides the position of
the 1éwer~inner membrane aeal. The gwn of the tq;bknesses‘cf
the adaptor and the basé pedestal make wp the wall of the
sample.
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. The provision made in désigning the base adaptor so that
it isfremovable from the base allows the apparatus to,be‘simpiy
aﬂabté& forx testihg other soils in which different wall thick-
nesées a?e required.

. The sam@le end piece forms the position of the upper seal
Tfor the inner and outer membranes. An entry is alldwed 1o
the~wall so that the sample can be completely saturated with
water. The sealing cap screws down over the sample end piece.
A holding tool wﬁieh fite into two recesses on the end piece
allows the cap to be sealed without applying a torque to the
‘sampleg | |

| The roo0f of the sealing cap is coned to aIIQW'thé evacua~-
tion of air from the bore of the semple when it is filled with
water. The final sesl, isolgting the bore fromr the outeide of
thaﬁsamplé, is effected by a screw and gasket in the cap.

. The pressure cylinder is located 6n a groove on the base
plate and is held déwn by sixz bolts.

The autsiée and inside_formers required to prepare the
sampie are shown in Photo Fig.T?, The outer former is a split
‘héliow eylinder wiﬁh an insige diameter of 4 in. This foxrmer
fits into a groove on the base plate and locaﬁas the aaﬁple on
the pedesgtal. The ingide former is a solid wooden cylinder.
The thick oylinder samples have bore diameter of 2% in. an out-
side diameter of 4 in. &nd a height of 6 in. The rubber membranes
used to confine the samples have a wall thickness of 0.008 in.



g >zl

v BTy .
s =0 TN g IAa&u<O

- ONV

Ggu

> or



42,

2) ,iThe Pressure Applying and Measuring Bquipment..

j: The pressure system used in the thick cylinder test is
shoﬁn aiagramaticallj in Fig.is‘, The pressure for the outside
of the'SEmﬁle is gupplied from pregsure gource A. The pressure
is produced by the héader taﬁk,an& mercury column. = Changes in
the emount of mercm.r"y.* in the header tank caused by the deforma-
tion of the sample are acconmodated without. change of head_by
tﬁe-éxtensiOn of the‘compensating gpring. The headexr tank is
ausﬁéﬁded from a‘striﬁg over a pulley and can be set to produce
pressures ranging from 0 - T0 1b./in®.

' The pressure at the bore of the sample is increased by
pum@ing mércury up the ménometer byAmeans of the foot pump.
"(Preésuré'éource B, Fig.18).‘ Narrow (3/16" I.D.) tubing was
-chOSén for the manometérhso that the volume change would cause
relétivély 1arge decreases in head allowing equilibrium condi~
fibns to be quidkly obtaihéd and thus giving strain control.

The outside pressure ig accurately measured on the monometer
at the,sﬁaft‘of the test by'conneeting;pressure source A with
preésﬁré source B, fhe boré pressures are measured throughout
the test on the manomeber. | -

| ‘The seale on the:manometer is graduated in inches and
tenths. The pressure is obtained from a calibration curve
which makes allowances for the changing head in the air-water
éhéﬁgé#OVér and for the head of woater up to the pressuro cell.

A préssure of 1 1b./in® represents mpproximately two inches
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cn.the manometers ﬂeadzngs on the scale can be made with an
aocuracy of at 1east 1/20 inch.giV1ng a possible error of

* 1/4ﬁth inch representing an accuracy of x .063% at a pressure
of 26 1h. /1n « - Thig is within the desired acouracy as shown.
in Appendix Iv.:

3) _‘MSasﬁrément qf\SamQ;e Dimensions.

 The importance of the diameter measurements of the
specimen is 1llustrated in Appendix IV. The diameters are
measured. before the test and after fallure of the gpecimen.
The outside diameter is measured by ordinary outside callipers.
For the mneagurement of the bore diameter, special callipers for
inside measurement had tq'be made. Rstimations of 1/100th inch
¢ould be made with ‘thege. The accuracy of measuring the .
ﬂiameterS'is + th, ‘ineh representing. a possible error of

200

- 409 === th. or + 0.2% on en inside radius. of 1,25 inches and

¢'0.125% on an outside radius of 2 inches. -
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SBOTION 5% -

Description of Experimental Work.

5 a) The Sand Usged. .

Toch Aline sand was used in all teste reported in this
thesisa' The sand is fully descrlbed in Appendix I.

5 b) The Tasta Performed.

A summary of the tests performed is shown in Table II.

mable II;
| Summary af mests Performed

o | T Average Initial
‘ Type:°£ m9§#4 ,.;%?????#Hni_ _Porosity

‘Triaxial.compression E ]‘1‘ Ao o
— ‘ {1 | 4350%- "
mriaxialREgtgqgggg“‘, | N

$xiaxigl'dom@iéésibn

?#iaxial‘ﬂxtension o | -

'7Tri§$i§; c0mpresaion R
Triaxial Extension

3 | 3669

B mfiaiialfdompressian 
Triaxialiﬁxtensian o , S
 Thick Cylinder © | 5 | 35, 6%
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- Pour ‘geries of teste at alffarent poresiﬁles were carried
out in the triaxisl apparatus, each series consisting of a
‘range,of~c0mpressgen and-extensian tests. 'One series of
‘bests was performed at a low porosity in the thick cylinder
‘apparatus.

- The results of triaxial eom@recsmon and extenszon teats
reported by maylor(14) and Hablb(B)(4) (Section 1) disagrned
with the results of an early series of teste performed by the
Aauthor. In view of this disagreement three additional series
of triaxial. compression end extension tests were performed by
the authcr in order to confirm that the early results were
representative of the conditions at porosities renging through-
out the limits for the ssnd.  The results for the additional
series confirmed the results. of the. ‘early series1andwshcwed
~close agreement with the MohrmCQulomb theary@ The thick
cylinder tests were performed on samples at one porosity as the
'time taken to-pexfarm the tests was 1engthy anﬁ the results
hindiéate& further-cénfirmatianabf‘thé\ﬁohrucoﬁlomb theory.

It was found that by adnptlﬂg the same proce&ure in
‘placing the sand in- the sanples of each series, the parpsxty
_Wi#hiﬂ the gerles could be kept apprqximately constant. This
was desired to allow the resulté of the indivi&ual series to
‘be pbmpareﬁ and the Mnﬁr,envelqpes for the %riaxial tests to

| be‘drawn.-.tmhe porosity reportéd in Table II is the average
initial porosity fér thé\series,vthe initial'porosity'being
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“the perosity after ccnsolidstioﬁ~under the confining pressure.
The initial porosity of the thick cylinder tests is close o
that for the triaxlal tests of series of 4 and the results of
these tests are compared later.

mhg_method$ used in plaéing the samples were as'follows:-

Priaxiel Semples

‘Series 13-  Samples were formed by allowing the sand to settle

under a static head of water.

Seriés.2§w ‘samples were formed by placing the sand in three

layers, each layer being tamped 25 times with &"

‘diameter wooden rod.

Series 3s- Samyles were formed by placing the sand in three
| layers, each layer. heiﬂg'vibrated internally by a
hand'vibrator.

Series 4:- Samples were formed by placing the send in fifteen
| layers, each layer being tamped lightly 100 times

with a 4" diameter wooden rod.

Thick Gylinder Samplés,
mhiok ylinder samples were fanmed by placing—the sand in

three layers, each 1ayer beinb vibrated by the applmcation of a
” hand vibrator to the inside and autside formers.
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5 e) m:iaxia;5Gﬁmpressiangmests,

The-txiaxial7apparaﬁus-éné‘éet*up;ia shown diagramatically
in Mgi19 . - It is a standard mé,chine‘cfv the strain control
type. A constant head mercury tank is used for the application
of the confining pressﬁreS'(ﬁbessure Source A in Fig.18) and
loads,axe~a§plied by a piston through a proving ring. Samples
?f\;es’tea. on this machine are 14" in dlameter end 3" long.

" ohe triaxial test is standard snd no detalled description
of the experimeﬁtal préeedure is given. Lateral pressures.
were kept~cons§anfduring‘thg_tests agd_failureywas induced by
an inei‘eaéing..axial load, Hmring\'athe test fvi,olumaf changes were
ohgerved in'tﬁé bqrgﬁtelandtgxia; deflections were noted from

strain geunge readings teken at the top of the piston.

Corrections.

A'stady‘ef‘pistan fri¢ti0n at various cell pressures was
nades .;ﬁ“wés‘fqund,tha%_tha variaﬁigpﬁin_theAfrictidn~bétw8en
theVpiatdnvaﬂawﬁha.ésalingjchamber'at different extents of
travel was only slight and could be ignoved. The total error
as a result of the frietion could be eliminated by careful
gerqing-uf-the_prgvinglping extéﬁsameter.i

~ Allowence was made for the change of cross-sectional area
of the semple. It was noticed during the early tests that
‘aﬁpreciaﬁle §31gingjhéﬁwﬁaken1plggejat thé\cant;g of the gample

before the peak stresses were reached. The central cross-
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aec%ioﬁal aréé bf*ﬁhd samplé5Wés-calcu1¢ted using‘Simpaonb
'Rule assuming that the. area cf the sample inereasged parabuli~
‘_eally from,the en&s to the centre, . The end areas were assumed
to remain constant thraughout the test and the central ‘area

waswobtamned from,

_ where A, denotes the central area of the sample

At " f area"aﬁ the top of thé gample
Ab,'"\“‘_ A mon . hottom of the sample
va‘ ;1"> " 'original volume noowom

By " W ™ length v . W

av K3 " measured valﬁmé éhénge of the sample

al " * % gchange in'length

av and 41 were obtained from the test data.

The correction was only applied after bulging of the
sample was noted; previous to this the area used in stress
aa}églations_waepebtaigea from

Vox v
. Lo~ & R
(with the above notation).

A ==“
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xnf%he~sampiééfteafea*atiié* porosity (series. 4)vonly the

-Stresses after the peak pomntﬁwere affected. by . the bulging

.eorrectien._‘;'< 1"?;;;3

‘5?&$@mriaxialf3xteﬁ51én Tegts.

In these testa, also perfarmed on. the triaxial apparatus
-the stress aystem,; -0 02)*0% - wag obteined hy reducing
'the axial load untll yield was. reached. mhe lateral confining
preasures canstituted the two. major equal nrineipal atresses,
the minor principal strees being made up. of the dmfference of
this cenfining pregsure and the relief of stress transmitted
to. the ena of the sample by Aeana o the piston, -

The adaytion made to the triaxial apparstus ta pre&uea

~tne§jjia1 Telief of stress is. shown in Fig.20 . The relief

of streas waa tranamitted %o the sample through a eap ‘which
_fitted over the ball on ﬁhe sample en& ylece° Thxeehqontaet ‘
screws made eonneetion with the ball. - A projecting sorew an‘
the aap was picked up by 2 mating thread 1n “the pistcn and the
oﬁher end: of the piston. was. elamped rxgidly Yo thn praving '
-ring. Mhe axial stress was reduced by with@rawing the piston
fram the pressure chamber.,- mhe tensibn in the piston was
; meaaured by the proving ringﬂ S | |

A movement of: about ; mm%;ﬁés allewed befare the ccntact
~$¢rewa on. the eap ma&e apnneatlon with the ball on +the sample

end piece. &his mcvement was necessary to make the allowance
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for friction and for the geroing of the proving ring
exVengometeor. |

. In the extension tests the range of major principal stress
is }imiﬁed by the capacity of the constant head pressurising
sys%em, The maxinum pressure obtainable from the system as
desoribed in Section 4 b) 2) is 70 1b./in®.  In the tests of
series 4, where the A values were low it was necessary to
increase the capacity ofﬂthe system {0 reduce the éffeet of
errors in the.estimation of the minor principsl stress. A
cloged clircuit pressurising system was temporarily used where
the pressures were produced and controlled by a foot pump.

Pressures up to 150 lh./ine were obtained by this system.

Gorrections.

Extension test samples retained their cylindrical shape
%11l after the peak stresses wewre reached. The eross-sectiomal
area, used in stress compubations, was caleulated on the
assunption tha% the_aamylé deformed as a right cylinder having a
volume snd height as those indicated by the test deta.

. An allowance was made forxr the tension in the rubber membrane
cauged by the extension of~the-sample. ‘ths correction was
measured after the completion of each test; the”qqgfining
pressure was taken off; the piston was loweredxuﬁiil Zero
ﬂeﬁmééticn"was*registeréd~an‘fhg strein measuring extengometer;

the piston was then raised and the loads were measured at stroine
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¢arresyaﬁéingnﬁe'thésa éﬁﬁﬁha test:  The assumption was made
that the membreane tsnsi@n was 1nﬁeyenﬂ nt of the eell pressure
ana bhmde pigton laaﬁs wera subtracted Trom thous meassured in

tha test,

5 ¢) Dhick Gylinder Tests.

" The ﬁhlck cylinder ayparatus and pressurising system is

deacribed in beetiun 4 b.

1) ‘-fréparaﬁidn of the'Samplen

I‘ The mathaa a&optea in preparing thick cylindex samples is
descrmhed Wlbh.reference to Flgs.13 to 16. The base adaptor
was removed from the base and the inner rubber membrane was
fitted ama sealed,  The membrane was turneu inside the collar
of the aaaptar and the whole screwed 1nto the base, making

seal on the gasket. The inside former waa then fitted inside
the - memﬂvane and adaptar, and after the. outer membrane was
£1tted to the base the outside former was placed in the locating
groove. The outer membrane was stxetched and folda@ over the
top of the outside £o¢mer. The sand was filled between the
eutside’and 50fe fér&ers in the manner described praviously in
Section 5 b. ‘Garelwaé'ta%en &uring.filiing{tq_keep the inside
farmef centred. When the sand was level ﬁitn the top of the
outside former the S%mplerénﬁ_yiQQQ_w&$ y1acedWaad the bore

and outside membraneé sealed. The sample wasg then saturated
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>by*allpwingjwater,tgﬁf%pwiintoyﬁhgAbasa from the urette and
lwhgh;satufaﬁiég(§gs_cgmyl@teg=t§§ @rain(on,$ne'sample end
Plece was.élﬁseﬁ.iMéA331igh#¢Y%ﬁﬁE@fW@é:aPP1i9d~tQ-ﬁh9~$ample
"thrqﬁgh the burette and the;ipnmems-were removed and the sample
was méaéuréaa ‘ whsjsealing”eayﬂwas*than carefully placed on
the end pigqeiuaigg_g_holﬁ;ng_ﬁgal which £itted into the
Peoesaes on the gample‘énd,pieée-te prevent any torque being
éppiied,fo tﬁe\Qaﬁplé‘while the cap was heinglsqrewed=dawn,
The b@ra of the sample Was filled by allowing water to flow
ffaﬁ theuréaeerir,th$nughwvalves 4, & and. 2 (rig.18). When
the bore was full valve 5 was closed and fhe final seal,
isolating the bore from the outside, was made by the sorew and
gasket on tha‘tﬁp of the cep.  [The transparent pressure |
é&iinderwas then fitted and the sbace between the outside of
the sample\aﬁdvthe;aylinﬁex.was ﬁilled_With;water,hyAopeﬁing
valve 1. When the‘bressurexﬁylindér was full valﬁg_T and the
atq@ cock on the ﬁp@ssure‘cylindér.were cloged. Ehetogra@hs:
-af.é éamplé‘un&ar_preparaticn_and ready for test are shown in

Figs.21 and 22.

2) ' Zest Erogedurs,.

. The header temk of Pressure Source 4 in Fig.18 was sed o
the required lével using the pressure gamge as a guide. The
bﬁré;aﬁd’thezguyside‘ofﬂthe aﬁmplajwere~$h§n;pressuriseﬁ -

simultaneously by opening valves 1, 2 and 5 snd then valve 3.
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,Ehiu px&ssara aL mhiah hhe outaide of the gample vemaing
throughouts the ﬁeﬁﬁ:WaS measured aocurately from ¥he reading
ou 4he \manz@z&rﬁr’ nanometer &f ﬁ_eu valve 7 had been cpened.  The
togt was ready to start when valve 5 was closed dsolating the
bore from the oubside of the sample.
' The hore prepssure way increased by pumping meveury up the
nanometer weing the footh pump {Pregsure foures B). Increments
oF anproxama%alv 1 1b. /1 n were applied initially.  After
eaoh'prassnra inorement suffieian% dine was allowed fox: the
gample 0 drain and to allow the volume ch&ngéé t0 be read on
the burette.
| ‘Ae the yield boint was approached the pressur@»increﬁents.
.were ré@acéﬂ to approximately 0.2 1b./in3. As yield took ’
;:nlaee the volume of the bore of the sample inéreased and the
inside pressure Tfall until 1% came into equilibrium with the
redueed streng§h<pf the sample. Turther punping resulted in a
'fuxﬁher increasc in the bore volume snd the rvesulting equili-
briun was veached at a lower inside pressure. The zeserve of
'meraury in the small bore tube of the mercury manometer was
suffi¢iently.smal1 to prevent yunaway failures from ta§§ng
place. - The peak stresses wore eagily pieked out $inc§ %hey
were followed by marked reduction of the 1nside presgures
fSeveral teat&_ware\uen&ueted beyond the yield poini to
studj the failure of the sowple. Mosh tests however were

stopped as soon as yield was noticed.
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After completion of +the test the inslde and outside pressures
were equalised by opening valve 5 (Fig.18). After a slight
vocunm had been applied to the sample the pressure was released
and the water from the cell drained to waste through wvalve 6.
The pressure c¢ylinder was then removed and the bore and

outslde dimensions measured.

3) . Pactors Affeeting the Determination of the Yield

: Stresges in Thick Cylinder Test.

a) Sample Dimensions.

| The cealeulation of the stresses in the thick cylinder test
requires the knowledge of the bore and outside pressures and
dianeters of the sample.

Yield in the thick cylinder was manifested by a erack in
the centre of the sample after a slight uniform bulging had
occurred (Section 9 a Part II). The test in fheimajprity afﬁ
casesg was stopped immediately the yield stresses had bégg;
recorded and the sample was measured up. These dimensiégg were
used in the calculation of the yleld stresses. In a fewxég the
~samples tested beyond yield, observations showed that sﬁrqus
afiter the yleld point were caused by the outward rotation q?
»péﬁt of the wall on one side of the crack while the remainder of
thé'aample did not alter. It was thus possible to obtain the

sanple dimensions ét yield, in these tests, from measurements
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teken on the failed sample.

b) . Rubber Membranes.

' The effect of the bulging of the thick cylinder sample
induces stresses in the rubber membranes confining the sample.
The sffeSgéa'ithhe outgide membrane would cause a radisal
stress which inereases the outside radial stress while the
sfressea'in‘the«bdregmambrane,Will,re&uce ‘the inside radial
stress, .- The outside radial stress will thus be slightly
greater and the bore radial stress slightly less than those
measured. |

An estimation of the error induced by the Ainfluence of the
rubber membrane can be obtained knawing the sample dimensions
and the extension prop@rties of the membranes. A hoop tension
is induced into the mambrane by the bulging.  The tenalon L]

per unit length af membrane can be calaulated from
t = M'ec |

Qhe'ehange in radial stress c¢aused by this tension
Me

A _ % e - "o
do-r "" /1’ ‘4.-i~9n &0‘1‘?-3 --;---

'where M denotes the extension modulus of the membrane .

{2 1.5 1b./in for the 0,008" thick membranes used. (Hankel
 ana eilbert(5)y,

e&.denotes;theweiraumferential'strain
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T denotes the sample xadius,considgrea.‘

- Tc obtain the true radial stresa dc'gb mnst be added %o

the measured outside pressure and a0, r~ musf be subtracted

from the measured bore pressure. mhes: correctlans are small
at the yield point (in 't:he order 0f 0,025 1b./in? at the ‘
ouxside) and have a alight effect only at low pressures. After
the yield pamnt the membrane ‘extends locally in the region of

the craek and the above eorrection eannot be applied.



SECPION 6.

§§§eriﬁéﬂtal3neéu1§a,‘

6 a) Method of Presantatian af Results.

_ Diffieulty arisas in represenﬁing the expermmental resulta‘
to illustrate the shape of the right section of the surface of
yield,  The right sections vaxy in dimension along the space
diagonal and different results défine paihts on different |
right seetions. - (This is disdussed in Appendix III). The
experimental surface in space however proves to be bounded by
straight lines which pass through the origin of the system of
coordinates (e.gs PO in Pig.AP.III.2; Appendix III) and the
difficulty in illustrating the shape of the right section wis
overcome by plotting the tangent of the angle made by the line
jeiningAghe experiméntalfpoint;én the surface to the origin and
the .space diagonal. ~ In this way the experimental results can
be re&uce@ aa that they ean be considered t0o represent points
on an equxvalent right aection. This equmvalggx&right section
is referred to ags the reduced right section. The. Qoordinates
of the pcmnﬁs representing the experimental results on, Qpe

reduced right section are derived in Appendix III.
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6 b) The. Eeaults of the Iriaxial Tests.

The major stress circles for all the triaxial tests are
ghown:iagtbe mbhr-diagrams‘of Figa.23 to 26. The inelination’
of the Mohr envélopes cdrregponding_to the &ngle'of'interqal
frictiOn # in eans. (17) afe sden-in»Table IIi | The-poaitiong
of the points on “the re&uced rlght section cf the surface of
yield defined by the Tesults of the triaxmal compression and
extenszon tests of series 4 are shown by points 1 and 2
reS§eetive1y in Fig.QT . The theoretical Mebrucoulomb and
extended ‘Tresca and Vbn Mises surfaces (see Sect 3 e), based

on the results of the campression tests, are alao ahown.

Table III

i: Summary of Triaxial Results.:““

A&éfage , Stress

Series|Initisel | . Type of Test Distribution | 4

o Parosity | . | 4 . L _

e - - > - -y = .“! . - ‘ . G ’

1] 43.0%; iwriaxial Compreasionw G§‘> Qé Q% 290 36

: \Triaxial Extenslon 0y = Qé\> G%,szgk 50°

o | 38.5% I\Triaxial Gompressicn '93 > 0y = 93 '3?6429’

| ‘ Triaxlal Extensmon 03 =0, > Og 32° 47°

- | '6Q6 | @riaxial Gompression /-ng> Qé = @% 540 14'

5 3 6% -Triaxial Extension : G& g”Q§.>.‘03 350 15f

4 | 35019 :Qriggia} QQmpygsgian | Uﬁ‘>£Qé“=v q% ,389 58}

o770 Triexial Extension- Oy = 0y > Q% 38~ 45
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From & Gorsideration of Figs.23 to 26 and Table III 1t can be
gsaid that, within the”rénge’of‘sffesses‘usedy'for Loch Aline

sands

ﬁ) The Mbhr EnVelopes for all tests are stralght and pass
through the origin of the Mohr diagram

'2) . The anglea'%“féund in the compressian test are in close
- agreemént with those of the extension test at all
porosities,
'From a consideration of Fig.z? and 2) above, it can be said

 that:

3) ¢ The Mbhrucaulcmb theory prediets aecurately the yield
candition fer stress systems where (0}'> Gé ’s; ) and
(G;_‘a Géj> Gé) and that the extended Von Mises and Tresoca

theories do not fit the results for these stress syatems.

6 o) The Results of the Thick Cylinder Tests.

In the Thick Cylinder Test the radisl streésag\aﬁ the
Uuﬁside‘and thé bote of the sample arevkﬁcwn | mhe‘éxial Btress
which is constant over the section of the wall @an be computed
from the pressures acting on the closed end of the sample. ?
The average tangential stress can be calculated from the
eqai}ibrium.pf,tbg sgmple under the bore and outside pressures.

By assuming a distribution of radial stress across the
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wall of the aamplé ﬁhe éverégé raaial stresu'can be caleulated.
Uaing the average radial and tangential stresses and the axial
stresg, paints cn the surface of yield can be abtaineé to
giVQ an approximation to the true surfoce. It has already
been ahawn that the Mohr-coulomb theory predicts the yield
‘Qondition for the sand where the stress systems are
(ﬂ:‘_;? 0, = 3) | g.nd .(.G"l »== 6‘2 > {3‘3) end the suggested
extended Von Mises and Tresca theories do not fit the experi-
mental results {(mee Fig,27), It is likely therefore that the
| Mo@%;éoulomh thedry'will'prediat“the‘aonaitiqns of yield in the
thi&k eylinéef tests and that the distribution of radial stress
across the wall of the sample will be practicelly linear
(Section 4 a). o

* By agsuming a linear distribution the average raﬁial

stress is caleoulated from. .
. = P 3{? - P.)
& "0 o i 0

"pﬂhe.averagé'tangenfial stress from the equilibrium of the
semple is obtained from

(ean.2% Section 4 a)
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The axial stress is

S ‘;3‘?0' ‘ba - ,’Pi 32
0, = 0p = =i (eaqn.27 Seetion 4 a)

The stréSSQS'aﬁgyield in the thick eylindex tests ecalculated

~in«$h@_gb¢ye manner are shown in Table IV.

|  gable  IV.
Average Yield Stresges in Thick Oylinder Tests

Test Bor ol By - Lav. Yoy ’Ji %

1. /in? | 1o./in? 0| abe/in® | 1bi/n® | 1b./in®
1 14,40 | 21.21 | 17.81 3,36 10.50
2 | 1870 | 27.18 22,94 4.84 13,30

30,60 44,08 | 37.34 8.08 22,30

o W

38,50 | 55,68 | 47.09. | 9.75 | 27.95

m

45.80 | 65.75 | 55,78 | 10.55 | 32.30
6 47.92 | 68.63 | 58.28 10.95 34,05
7 | 50.30 | 72.88 | 61.59 1332 35,90

8 54.02 | 77.16 | 65.59 | 13.67. | 38.90

9 | 5480 | 78.43 | 66.62 | 12.95 38.20
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6 4) The Bx atimeﬁtélﬁsarﬁééé;of‘Yield,

Mo investigate the surfgéebf yleld for s material it is
neaéssary‘tutéanire'int¢f£hé;sh$§e»Of‘the‘surface in. space =
and ‘o investigate-tha shape.ﬂf,tigﬂt sections of the surface.

‘*¥The»expérimenxal'resultS}uéed in the investigation of
the surface are obtained from the tmiaxial,tests'of gseries 4
and the thick cylinde&'tests;

. The re&ubea.right'secﬁign;qﬁ'the surface of yield using
%héﬁtriaxial’pegults:ahd-thﬁaaverggaiyiela’streaSQS%in the
thick cylindex tests is shom in Fig.2] . fhe position of
the;pgints.xgpreganting the'thipk;¢ylinaer results 1 at 3 -
(Ei§.27)” The thearetiéal Mﬂhr—éeﬁlcmb aud‘ﬁhe‘exﬁenéédﬁVbn
Mises andniféséa right aectlons are also shown. As was
staﬁed previeusly the experlmental results fur the triaxial
compression and - extenaian tests eoinoide with the Mﬁhr~coulomb
theorya The experimentel results of the thick cylinder fests
inﬂieate 8 slight increase in strength over that predicted by
“the. Mbhr~00mlamb theoryﬂxr The experlmental results are suffi-
uiently removed, £r0m the extended, Von Miges and Tresgaxtheories
to ahow that they do nat prediet yield far this. material.

 Use. of the avarage stresses in the thick ¢ yllnder testsy
gmves an approxmmation of the surface at points intexmedzate ,
‘between those definea by the triaxial extension and compressian

'testa. Thisg- approximation ig sufficient to show that the Mohr-
Goulomh theory glves a close indication of the yield conditions.
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Assuming that the. Mbhrwaaulomb theory holds, the aistri~
hutlan of the #angentlal stress can be found, and the shape of
the yield surface can be chaeked fram the measured rwdidl and
‘axial streesaa at the hore and oatsmﬁe of the sample. mhe
'tangantial gbress O =AC _(at any point in the wall of the
sample.’ ,X 18 calculated frcm eqn‘(as) Section 4 a)

o | :]é:i“ 1; ( )0\*1)
The s%ates ot strehs suffioient to cause .yield are then defined
by (Og =Py, O, = &;,', ,X Pi) at the bore and by
(O'j_.=§’ | ﬁ‘zz" B z = /\P)aa:b the outside.
Qhe stresses calculated in the ‘ebove manner are shown in mable v.

Ta.bla V C :

Yield Straqses in Phick Ggg;nder Tegts, Acccrding to the Mohy-
Gmllomb ‘.Eheery. _

| Aﬁ Qutside | Axxpare

Test| ;X_l f”Po'ﬂ 0& 1 f?af?fggfggi = 0 :31 = f3"5; = Qé}

ol L awe /i ~u/m 1bﬁnjguum3.
1| 0.196 14.4oni‘f_‘ 2,82 | 21.21 . | . 4.16.| 10.50
2 | 0.208| 18.70 " | .3g89_“, 27:18 | . 5.65.| 13.30
3 0,216 | 30460 | 6.61 | 44,08 | 9.52 | 22.30
4 | 0.215 | 38.50. - 8.28 55;63'_ ¥1{@95 27.95
5| 0.192 | 45.80 | 880 | 6575 |  12.61 | 32.30
6| 0.198 | 47.92 | 9.48 | 68.65 | 13.60 | 34,05
7 | 0.215| 50,30 10.81 | 72.88 | 15.63 | 35.90
8 | 0,219 | 54.02 "H11.83<3~A77 16 | 16.90 | 38,90
9 | 0.197 | 54,80 10.80 | 78.43 | 15.40 | 38.20
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mha'raé@awﬁ right gocticn of the pleld surface obbained Lrom
theas stresces ie shown in Mewd3% o Phe poesition of the
‘yﬁintm in ot 4 for the b&r&-ﬁtw$$$ﬁﬁ pnd ol & for the strass
ot the ﬁmﬁﬁiﬁﬁ (Pl 88) e The results of the thiek erlindor
tont indionte o slighd inerease dn gtrengih over that praedioted
by ﬁhé Holiv-Couloub theory. This increans revproesonds approxi-
mokely 27 in the wngle of internsl friction.  The shape of %he
vight section of the ax§@rimﬁnt§1 gurfoon however approxisates
closely to the theoretiesl Mohr«tioulonb suwriacso.

@h@ Hohy envelopes Lor the triaxial compression and
extongion tests sre straisht lines pasoiuvg throush the origic
of the Mohr dingren (Plps. 2% to 263 Phip dg cufficient to
ghow that losli of the coinds on the surfoce in spnce dofined
Wy the sbrvess systons (ﬁa>-$é = ﬁ%} and (ﬁg = Héf?@é) ary
straicht Jines poesing through the ovdglin of the syston of
three dimensional ecordlnoktes {soe fSeobion % b).

The poluts on the surfece dofined by &itﬁe&“ﬁ%&%ﬁﬁb&asea
at the bove or outsids of the thick oylinder semple do not 1io
on the sume yadiung {07F in Flg.ARTITVL) aag:tavﬁha‘acattex
of the remulis (ses Fig.28).  The points are however sufii-
elently olvse to all@w the shape of tha'ﬁuxxaaa'iﬁsﬂ@a@@ to be
inveotigated along thedy dlroetiouns. In P29 ﬁ&giang&éa
nede by the lines joining the points on the surface, defined by
the stresses at the bore and éh@ a&%ﬁiﬁé of the sampie, to the
oxigin of the systen of coordiuates ond the space dlugonel
{a&éig‘ﬁ%@‘ in P APJITL.2.) are plotted ﬁﬁéi&ﬁ%zﬁhé1éiﬁﬁaﬁﬂ&
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\ along the épaée éiagéﬁal;, :t is seen from Fig.ﬁg that there
is no variation of “the anﬁies w1th the distanee along the space
diagenal. The 1ocii nf the pnints defined by atre3$es in the
“thi ok eylinder test ‘can therefore be considered to be straight
lines which pass fhraugh ﬁhe aripin of the ajstem of three |
dimensional coordinates. ‘ |

Frem the above aisous sion 1% can be sald that the surface
in space is a pyramid with its apex at the Qrigin of a system
of ;hree dimensional cqordmnatesﬁ(@&, Oy 5) and that
gsections of the surfece are similar in shape but increase with

distanoe from: the origin along the space diagonal.
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Discussion of Experimentel Results and Other Investigations.

1t was noted in the Review (Section 1) that a considerable
discrepancy exists between the findings of different investi-
gators in drained triaxial compression and extension tests.
The author's results show close sgreement at all porogsities in
the angle of internal friction found in the two tests. (This
finding is in agreement with Bishop and Eldin(1) (Elﬂin(g))
for£$ests performed throughout the limits of porosity on a
medium fine éﬁﬂd;’ The différences exloting between the
res@lts of the author, Bishop and Eldin, and those of Habib(s)(4)
andﬁmaylor(14) are difficult to explain but the close approxi-
mation of the results of the thick ecylinder test with the Mohr-
Coulomb theory suggests that the angle of internal frietion
» exhibited in the trisxial compression and extension test should
be the same.

* The results of the torsion testsperformed by Habib show s
wide variation from the Mohr-Coulomb theoxry. These teosts were
performed on cylindrical samples confined in rubbexr membranes in
the normal manner. Follure was induced by applying a torque
to the end of the sample. Some doubt is cast on the accuracy
of the torsion results due to the effect of the ruﬁber membrane
on the torsional resistance. The membrene is situated at the

naximum radius of the sample where its influence on the measured
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torsional resistance ié greatest. No satisfactory method of
estimeting the effect of the rubber memb#ane{apyeare& to have
been fownd. . The assumption of a uniform distribution of shear
stresélgcxogsﬁﬁqQ aeétion of ‘the ssmple mey .be another source
of;ép?gr.in'thg;calcqlation of the shearigg.rgsistancevin
these tests. . . B T e
1:mhe,resu1ts_o£ the Haﬁ%ﬁ‘s:tesﬁs have been transformed by
the method qesgr;beﬁ‘;n.Ayggndix;;II-and thé reduced right
section of the surface offyigld;that they definé is shown in
F;gﬁﬁg. ~ The experimental right;sqcﬁion.isAseen,&éivary, _f
widely about the~theoreti¢al‘Mbhracoulomb;:ight aectién, The
différence from the thgofepical,right‘seqtian along directions .-
0&?% .céy,_\an& G%} ‘:ep?gsegtguan.angle'of,interngl frietion
for the extension tests .79;flowex than for the compression
tests. - mhe fptal‘variatign{kgpxesenﬁs a range of 11swtin

the measured angle of internal frietion.




Snemxenz-g;“-’

gummary and Conclusions to Part. I,

The thick eylinder appatatus has proved satisfactory in
itsﬁfﬁhafion and in its 6peratidn, Qhe'apparaﬁus is suitable
for investigations in other types of soils. The new method
of presenting the results to illustrate the reduced right
secticn of the experimental surface of yield can be adapted
fo:@use in other soils ox for any isotropic material whose
| yiefa surface is pyramidal or genicél in form.

N The experimental results show that the Mohr-GCoulomb theory
aecurately predicts yield for the sand for stress systems in
whlch the intermediate prineipal stress has a value either
equal to the minor ox the majar principal etreeses, this condi-
tion being true at all percslties. For stress systems where
the' intermediate prinozpal stress has a value 0 = : Si;%_igi
the Mohr-Coulomb thecry~is~fcund~tuwundarestimate the strength.
The’ amount -of the underestimation is slight and is considered
to have no practical impdriance.

" The close agreement between the experimental results and
the “theory in the~triaxial-gompression-and extension tests.
.wéula‘lead 40 the edﬁélﬁ&ien that Qhe-aséumptiOn made in the -
Mbbiédouiomb7theory;*that the intermediste principal stress has
no 9ffect'on-£hg~yiaid of sands, is correct. It is thought
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ﬁhaf the canditian\bf pléne strain which appraxiﬁately obtains
, in the thick cylinder test is in some . way requnsible far the
general,q&gd#t&ggiof yieldﬁig_gan@g,@gpen@s_tqlaomelextent on
Iatxain.k_bw | o 1 , , “: | 1 ,  . |
:; Sinée the increase in strength, over that predicted by the

.Mohfucculomb theory, pro&uced in the, thiok cylmnder testa, is
'.only slight a. further,inyestigation of the yield surface is
- considered unnecessary* y P o
| It is therefcre conemuded that. the Mohr~coulomb thecry
,Aprovidea a reliable means of eatimating the strength of. sands
..'under~conditians of full drainage. .j.
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PART . II.

| umheanta;pgesenteﬁjand,disqassedvin Part II is that
obtained frqm the‘tests pexfggmegwfqr the_pur?oaes of Part I.
'ﬂheﬁexpgrimentai:ﬁoxh igldeg@tibgd in Section 5 Part I and
éetailg of tﬁe génd used in the tests are given in Appendix I.

SECTION 9.

Presentation of Test Data.

QVa);thckﬂgylinaer Teats.

1)  Mode of ra;;ureiai.mhick_cy;indeéégamgles.

Eailureliﬁ‘theﬂthigk cylindq; aamplés was due to the
3f6rmation of wvertical cracks in the Wall of thé sample." In
.all cagee but one a single crack was produced such as shown in
Fig. 31 . A front view of the fatlure crack is shown in Fig.3%l s,
Fig 31b ehows a glde view of the seme sample looking from the
right in Eig 31a.  These. photographs and meaa&xements taken
on failed samglea indicate that part of the wall on one slde of
the crack has rataﬁed cutwards, about an axis remote from the
crack, while the remainder of the sample has retained its
cylindrieal shape (see E&g.33) The increase in hore volume

after the peak pressures were reaohed was due to the Outward
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rotation of this part of the wall. Rig.32a gnd 32b ghow the
front and side views of the sample which failed as the result
of two oracks forming in the wall. = In this sample the portimm
q;\ﬁhéfﬁﬁil bgﬁwéenuthe éra¢k§,@aa‘hgen forced outwards.

'qghe Toch Aline send wsed in the tests showed a slight
pghegiénlwhan wet snd it was possible tio sfrip the membranes
from some of the failed samplea without the sample collapeing.
A seale drawing of a section cut through the centre of such a
sample is shown in Fig. 33 - A vigusl inspectlon of the
section showed that unmy a small wedge of material in the
Vicinity of the arack had been deformed. No sign of a single
surface of rupture was. nnticed and slip had evidently ocourred
within the wedge af deformed material. The points where the
beundariea af the wedge struck. the surface of the wall were
well def.med (AA, end BB, in mg,ss) but it was not possible to
trace their path thraugh the wall.

It is thaught that the lines AA end BB (Fig 33), forming
"the kaunaariea of the wedge, reprasant ahear traaeotories as
defingd by the Mb§r~caqlgmb theory of strength. fThe equatian
of the maemma ié”aéz‘iveﬁ in ',A.ppenaix ¥ (eqn.AR.V.4). In
?ig.34 ‘the theoretical trajectories for angles of intornal |
frictmnn # = 490 and ﬂ' 26° are shcwn. mhe trajectories far
10w values of ﬂ are inclined 1ess gteeply to radisl planes and
sweep Gut 1anger paths thraugh the wall than the traaectories
for larger'values of 4. mhe trajectory BB in Fig.33 is steepe 1
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thanvﬁrajeotorg AAiandrw¢uld theréfgxe'repreéent 8 higher angle
of internal friction.  Although measuréments eould not’ be -
taken with sufficient accurscy to allow the g values to be
estiﬁaté&'it is ﬁhought that the trajectory through'BB;repres~
ents the pesk angle of intérnal friction while that ‘through

AA represents the ultinmate angle of internal friction.

2) vblume Ghanges in Thiok cylinder Tegts.

; A typical curve showing the volume change plotted againat
the{ratio of the bore and out side pressures for a thick cylinder
)<sample which failed as the result of a single failure crack is
| il&ustrated in Fig.35a. An initial volume decrease f&llowed
.by a volume increase 1s noted. The pressure ratios at the
point of volume increase is in the range of 1,32 to 1.38 for
aliftests. The rafe of fhé volame‘inérease 1s greaﬁest at the
peak pressures and reduces after the peak pressures have
obtained. - In tests continued beyond the peak pressures it was
found that the volume never becane ccnstant. This was probably
due to the extension of the orack in the wall of the gample.

 The volume inoreases measured in,the thick aylinder teats
‘are very small. The ave:age wltimate increase represents
approximately O 45% of ihe %dtél volumne of the aampie and is
considerably 1cwer than the average of 7.5¢% obtained in the
triaxisl tests of series 4 which were conducted near the same

poroaity. The volume ahangenpressure ratio curve for the
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sample which failed by two failure craaks is shown in Fig. 35b .
The volume inarease pro&uced in thia samﬁle is seen to bel
eonsiderably greaﬁer than thaﬁ produced in the sample Wthh
failed by a single craok. | ) ‘

The smallneas of the volume incresses msasured in the
thmak lemnder test lends support to the abservation made on
failea samplea that only - very :mall part of the sample has
deformad &uring the teet. The volume increases appear to be
dependent on the- total length of the aracks produced in the
wall o£~the’aample-;ndicating~that-the deformed part of the
Samﬁletlieé‘inﬂﬁhe'ﬁeighhourhdéd,of the crack as is shown in
P33 . o | |

9 b) Triaxial Tests.

1) ipgeneralvﬁemgrksf

o fsThevtésf date féviéﬁédlia that obtained from the trisxial
teaté deSefibedyin Secfién 5 Parf 1.' The results of three
additional compreasion tests are hﬁwever included. mhesé |

‘tests were perfermed at high porosities snd are included in |
Series 1. A swmmary of the tests is gmven in Pable VI. The
1nitia1 porogity in mahle VI is the porasity after cansolida—

. tlan under the confining pressure.

) Fcr the reasona described in Section 10 a) it was desirea

#o aompare the volume changes prcduced in ccmgression samples

whiuh failed by bulging with those of compression samples Which
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failed by e plane of rupturé. mhese two. failure types were

produced, intentionally in the,aampressian tests of series 4.

B Summargrof mriaxial Leats,

| sextes | Type “f‘pf_' JE§5t;‘ 3@$§§rg§i£§;§331
T »_mxiaxialjfcqmﬁrgssipn,k 4.2 - 43.7
B Qriaxial,‘Extengipn | 42.8 - 43.2
- Triaxisl Compression 38.1 - 38.9

Priaxial Extension

| Trisxial Compression

. : 60‘- - 6“
Triaxial Extension | 3 .33 56.9

Triaxial Compression

Triexial ZExtension 34.7 - 35.5

It was“nqte&‘éarlyfin‘thé pérfox@aﬂée‘ﬁf*the‘tests on the dense
sauples of series 4 that bulging failures were always cbtained.
" To obtain the‘reqdireé‘xﬁbtﬁreﬁﬁlapeaﬁailures it was necéasary
éo‘in&uee.a‘alight‘eccéhtrictty of loading to. the sample. This
was aahieved by placing the sample alightly off cenlre.on the
base pedestal ‘0f the apparatus. | |

© Mo illustrate the types of fallures produced some of the
aamp&es of serles 4 were placed inpalternate layers qf_drtd'and
‘n;a’ei;im,l sand. - The dyeing of the sand did not affect the

shearing properties in any way..
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2) © The Mode of Fallure a£3mriaxialhsgmplgsg_x

e} . Compression Semples. .

- The wepults of the compression tests indicate that all
triaxialgeampreﬁsion;sam&leé independent of thelr porogity
shnﬁla fail”by;aymmetrical bulging rather than by o plane of
rupfﬁre; xn;thg:cqmpressionQ%eﬁts,performed on -the samples
at ﬁhe-l&westtﬁoiéﬁity (series 4) rupture plane failures could
only be obtained by subjecting the sample to a slight eccentri-
dit&{af axial load. - If the sample was.parefully‘eentreé in the
aPpéiatus:fbulging,ﬁailures,were always produced. 'The oniy
rupture plane failﬁre otherythan.thcéenof series 4 was obtained
in:@griea_Ss .mhingas thained withoﬁt‘intention and it is
asaﬁﬁea,tp have been caused by some eccentricity of loading.

A eempression saﬂple-whieh has failed by "bulging" is
ahewn in Photo.Flg*SG . The strain in this sample was carried
well beyond the'usual and the photosxaph shows that the "bulging®
is Gauae& hy the«development‘af“numerdua planes of slip.

A ghotagraph of a compression sample: whigh hag failed by
a blane cf rupture is shown in Fig.3? .



(Q) FRONT VIEW (b) BACK VIEW (c) SIDE VIEW

EXTENSION SAMPLE WITH COMBINED
SURFACE OF DUPTURE
F1Gg. 38.

DIRECTION OF
MAX. SLOPE

PLANE 1
PLANE 2
(c) (d) €
FQONT VIEW BACK VIEW SIDE VIEW

ILLUSTRATION OF COMBINED
SURFACE OF RUPTURE
Ficg. 309.
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v)  Extension SampleS- 3

| All extenslon sam&las tested at low porosities falled by
& plane of: r&yture while in most sanples at high porositiea a
laaal re&uetian.in ares resulted in necking. -

Aslt,aﬁpearaduﬁrom‘as¢1ose exanination of the rupture
fallures of series 4 that some of these ‘samples haﬂ-nct_failea
ialcﬁgua.gingleAxupﬁura-plénewbuﬁgthat-the.surface“alnng.which
slipﬁhgﬂgocaurraﬂ¢waa‘mhde?up‘ofva'combinatian of more than one
plaﬁe..:y@he.phatagraphSwin Flg.38 ghow the,front,ubaskjand;Siae
vigﬁs)éf.aueh‘auﬁample. - Inthe front view Flg.38a, the surface
of #uptur@ i335§$n tQ strike-fhefeutside of the sample in a
-émobth obtuse dﬁrvee‘ - The baek view Fig.38b shows the surface
as a. mch more acute ¥V shaped curve. |

- AnAaxp}gnaticn;ofﬁthgsehshapes ié#givénfin Fig;?S where
faii#xsgis aaQumed‘td"bé~éauéea by slip down the combination of
twofﬁiéhés. mhese planes are at the same levels in the sample
\ but theix diructians of. maximum slope are dlsplaced Fig.39a.
mhe planes intersact at goints X and ¥ in the elevation shown
in~3i§a39b¢ A pessible gurface of rupture can be considered
along:xrf;on plane S and XQY on plane 2. The ehape of this
comhinea surfaee is similar to that shawn in the photagrapha of
Fig.BSa and b except that the small indenﬁation at ¥ in Fig.39
is not evident in the photograph Fig.38a. It is likely however
that thle inﬁentation will be eroded at larger strains until it
is at position f*. The aurfacg woul@ then pass thraugh PXQY'.
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The f£ront back end side views of this suvrface Fig.390,d and e,
clesély;xa&emblé,the,ghotpgfapha,Of_Fig.BBa,bhand Co -

534_fAnglea“oxmxniexnalJF:iétiou,;_

The prineipel’ data from the triaxial coupression smd
~ extension tests is shown in Tebles VII and VIII.  Reforring to
these tables it is seen that for the range of confining .. ;
pressurss used the peak angle internal friction (ﬂ’peaﬁ) within
each range of porosity can be consldered constant. No variation
1@ found in the compression tests between the peak aﬁélé,ef¢'
intemmal friection for sém@leénwhich-hﬁve'faileﬂuhy.buaging‘and
those which have failed by a plane of rupbure.  Close agreement
is also found between the angle of internal friction for the
aampressiéniand~éxteusion;$éatéwat‘each parosity;,,
'F-The¥measﬁred‘ulﬁimaté anéie;af inteinaijfriaﬁien, for
tha§g~tg§ﬁs_canwinued4to the“ultimate, is found to vary from
test to ‘test. Th-is hawevar in the range expressed by the
prinaipal=é%resa ratios i 1/0’) 2434~3:05 and cen. ‘be consider-
ed inaeyuﬁdeni of - hhe initial porosity.  The vnwggtions 4in the
ultimabe angle of inﬁernal friction are probably @ue to the
‘nbnpunifomm conditions of the sample at large stralna and to :
inaccuracies in “the estlmatian of the sample éimenmlana at the

ultimate s#ages.pf‘the-tests.
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4) Stress'Strain«and_vOlumefchanges in Iriexiel Tosts.

- Typleal stressmatralnﬁvolume -change curves for triaxial
tests of each series axe . shown. in Eigs.40 and 41. mo allow
cemparison;tolbe=made=between the individual curves the axial
strain is plotte& againat the prinempal stress ratio.»‘_mhe
Evolume ehange in tsubic inehes :Ls plot'bed against axial s“bra:.n
below. the stress strain ourves. _ “

A mhe ouryes, of Fig 41 are typical for cempression testu
.o, éands- the peak strains increase with 1ncreasing porouity?..
land the volume increase inereases wzth deareasing porosi+y.. :“
An initial deereaae in volume ia seen in all aurves including'
_lthatnfar the test at 1ow porosity series 4. The stress~strwh1
eurves are seen. to fall into a group contained by the envelape
fformed,by the curves fqr.high porosity (sexies 1) and low
| narosity (series 4). h |
| The stxessmstrain eurvea for the extensxon tests (Fig,40)
axe eharacterised by a mcre rapid drop in stress ra&ic with
axial straln then in the compresslon tests. These cgrves are
however nat direetly comparable wiﬁh thoae of the compxession |
test& sinee the axial strain in the extensian test 1l not the
major principal strain. mhe volume change aurves show |
,similar charaateristlcs to “those of The compression tests but
.the inoreases are much smaller.

. After an initial reduction the vclume 15 found to lncrease

in #ests at all porosities. = The stress ratio at the point of
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VGmuma~inggggge,,iagg1qgﬁ@?ﬁéoﬂﬂing,tp;the-1pwest ppiﬁt,on the
VQlﬁme.eﬁangé'enrve,‘is'fdﬁn&wﬁbaheAindependent of-thp'initial
porosity for the campression *eqts a8 coen be seen from Fig.42a .
~The averaﬂe value of. this strass ratia is 2.80.. . Fiﬁi42h ‘shows
.the variatian of princiyal stress ratis ab- the point of volume
rinerease with the initial porosity fox the extensian tests.
| mhe aurves shew ‘an; unexpeeted trend to be slighﬁly lower at
,intermediate porosities than at high and. lo% porositiea.
| In mables YII and VIII (pages 77 and 78) the total volume
 .inerease, that is %he increase from the pqint of maximum
dacrease, is ahawn.;; It can be seen from thase tables that
within each range af psresmty the botal volume increase
measured is noticeably higher at the pesak point and- markedly ,
higher aﬁ the ultimate . for comprassian samples which have
tailed by bulging than those which haVe failed by a plane of
rupture (see values. far Serias 4) mhese are in ﬁurn mueh
gregter¢thgn=$he-vqlume increase$~measured in the extenaion
tesﬁs. \
in rupture plane mailurus “the volume is faund Yo become
GOﬂstant at the ultimate. o mhe volume in hulgexéailuves in the
| uompression tests hawever seldom, beeomes conbtant and in mget
caaes oontmnues to inerease at a greatly reduoed rate,f.i
- The. amount. of the ultlmatd volume increase’ measured in

extension tests -appears to be 1nfluen¢ed by the PO 1tlan of ﬁhe

plane of rupture. . This is most evident in the:exﬁension tegts
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In the tegts in Wh&eh the
rupture plane haﬁ developed near the s&mpls ‘ends (samgleg '
ﬁesﬁea ak aonfining prassures ¢f 100 and 120 1b. /in?) “the -
mnasura& volwme increase is mal;gr;thanxfer.thqse_tests-iﬁﬂ

whigh the plane has developedfin«the centre.
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'SEOTION 10,

Discussion of Test Data.

10 a) The Reliability of Volume Change Measurements in the

friaxial A@paratus.,>

In the thick cylinder test fallure took place as ﬁhe
regult of glip within a deformed wedge shaped volume in the
wall of the satiple. mhe‘S&n&'wikhin the wedge appeared to
ﬁé the only part of thé_sam@le whic@‘ha&*expan&eﬂ during the.
test. | T&:St&dyvthé.QOS&ibility thaf-this«was ¢naraeteristic
of the failure of gands, and thet failure in the triaxial
samégesxalso;resulté& in the expansiqn-af wedge shaped volumes
"sitﬁaﬁed“abdut‘the plenes of slip,it was dewired %o gompare the
- volume increases measuied ln bthe compression teste failing by
huléing'with‘thesa~cf.thé'emmﬁﬁéséianftastsffailing.py:a single
»pl&ﬁg of‘ruptnrefaﬁdlﬁhas@~afftha extenaioa tests failing by
8 sihgieiplanéiof'rayﬁure. : It waa f9r:ﬁhisaraa$9n that;%he
Vmupture PrLene failures of the campxeaaimn testsmof sex;as 4
were Oﬂt&iﬂ@&;u A methoﬂ fox greﬁlcting bhe gtage by staﬂe
farmation of the suspeetea wedges Was QEleﬂpéﬂ assuming that
the wedges were swept out by the planes of maximum obliquity
at thé sbage reached in the test. Due to the com@léxity of
ﬁhe failurgdtyp§g_met with in the tests no experimental proof
of the method could be obtained.
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Although it was not possible to prove that wedges similar
to those developed in the thick cylinder tests are developed
in‘the-triaxial tests, the volume changes measured in the
triaxial tests indicate that only part of the sample has undexr-
gone expansion during these tests. Targe differences in the
quanfitieé of the volume ineréases were found in each series
for;cempressian samples which failed by bulging, for compression
samples which failed by a plane of rupture and for the failures
in the extension tests. These quantities in series 4 tests
are approximately in the ratio of 5 to 3 to 1 at the ultimate.
If the measured volume increases are caused by the expansion of
the material of the whole sample it would be expected that the
increases measured in all triaxial samples tested at the same
poréﬁi%y would be the same. This was not found to be so as
the above figures indicete and it must be presumed that only
part of the triaxial samples have undergone expansion during
the' tests. The nearest approach to the complete deformation of
the sample is: obtained in bulge failures in the compression
tests. Volumes at the ends of these samples however are likely
to remain undisturbed as is indicated by the photograph Fig.36.

”'Ehe faet that large variations in the amounts of the
volunme inerease can be produced by producing different types of
failure illuétxates the unreliable nature of the volume cﬁagge
meagurements taken in the triaxial tests. For a critical

investigation into the dilastency properties of goils an
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apparatﬁs.which.conatrainawthe.Whole sample to undergo a

uniform deformation should be: used.  Of the apparatus available,
ﬁhat.designedrby'Roscee(11)a£or"the application of simple shear
may. prove the most suitable. .

10:-b) Angle . of Rubbihg Friction.

| “ ' 'Phe volume in all triaxial samples tended to increase
aftor an initiélliéduqtidn;' The volume increase means that
thekgrains aré moving apart and coming out of their locking
pogitions. Thie movement can only bake place after the
rubﬁiﬁg friction of the grains‘is‘mbbilisgd. . The stress
ratio at which the volume gtarts to increase should therefore
rep%esent'the angleiof'rtbbiﬁg'friation'Of‘the material.

& ‘The initial reduction in volume at low stresses is
likely te'bé‘éaused by ‘the general compaction of the sample.
This is probably due to loecal shear failures ocourring in the
laxtioezbf the grains ocausing the particles to come into more
intimate”éoﬁtaétQ " Due to the nbh:uniférmiconditions'which
exist in the triaxial sample the initisl compaction will
\cbhﬁihné‘in'pérﬁs“bf“the'éamﬁlé‘after the point at whieh\'
expansion gterts in other ‘parts.  The stresses at the actual
point of‘igitiai'expansion'will therefore not be obtained frém'
triaxial date, ‘and the stresses at the point of volime inorease
which are used to define the angle of rubbing friction will

provide an over-estimation of the true engle.
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The rubbing;friction,ggmppnent.pf‘theTshear strength is
the part of the strength excluding other effects suéh a8 inter~
locking. . It is to be expected therefore that thisﬁqomponént
is. constant end independent of the porog;ty. _mhe.principal
gtress ratio at the point of volume increase in the triaxial
com@ressibn.testS‘was founﬁgtonbe independent of the initiél
porosity and had an average value of 2.80 (Fig.42a) ~In the
extensien tests a trend was found for thlB stress ratio to be
slightly lower at intermediate pprositiea than at high and
1nggprasities (Fig.42b). fmhis-trénd is.diffiault.tp‘explain
;andﬁthe.:eagqn‘may1lie-in_the inaccnracy of the estimatian of
the?exact_point at which the volume starts to 1nqiaase.

. The engle of rubbing friction estimated from the aveiage
value of the principal stress ratio at the pcxnt of volume
increase in the compression tests has a value of 28° 16!

Thzs overestimated angle is slightly hiuher than 8 value of
24° 30" found by msehebctarioff and Walch(15) for submerged
;tests in which the friction between a rcugh quartz crystal |
.surface and a. polished quartz surface was directly measured.
A% 1is however, smaller than the Value of 33° found by Penman(1°)
_for similar tests in which flat quartz surfaces were used.
Although the author's results lie between those of the abdve
,investigators the exact significance is not clear but 1t may
e that the condition o£ area contact for the aggregate grain

jmaterial in the eom@ression test is intermediate between those
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exiating in the two direct frietion tests.

If the stress ratio at whieh the volume atarﬁs ‘o increase
is considered to represent the angle of rubbing f@ictiqn, two
factors contributing to the shear strength of sands can be
disﬁinguiShéd from the résﬁitshof triaxial compression tests.
These £aetora are ‘that &ue to rubbing friction and that due %0
dilatancy. " Bishop and Eldin(1) showed that the pavt of the
strength due to dilatancy in the acmpressien test can be

axpreaqed by

s;"‘.,?.?...“."f.‘f(ag)

"
&%
&R

where Oy denotes contribution to the strength made by dilatancy
B n . yolume strain . o |
B " axiel strein

Q% f'ﬁi confining pressure

- Fig.43 shows the variation with porosity of, the peak
;a§6?540f_1?#3ﬁnal friction (ourve I), the peak angle of
internal £rietipn correctied for dilatancy (curve II) and the
angle of rubbing friction (III) as obtained from the compression
tests. . The contributions made by.dilatanqy.ané,byltha rabbing
?ri@#ion grg:ahaﬁed, - Fig.43 shows that there is. an aaaitianai

factor contributing to the shear sirength which is not accounted
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for: by the dilatancy as calculated £rom equatinn (29), or by
the rubbing friction founa from the compression tests. .mhls
factor increases with decraasing pcxesity. :

- In the extension 'bests 'bhe ’V‘alue of # af‘ter being |
corrected. far dilataney was fcund to decrease with aecreaaing‘
parssity instaad af inereasing as in the cempressaon tests.

mhis difference wes 8lso noted by Eishop and Eldin(1)
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SECTION _41. . -

Gonclugipnaftd.rart.xx.-

1)

The ‘action of failure in sands is not yet fully
~undergtood. It is.probable*that the complete mass

- under stress does not deform and that failure is

due to the development and subsequent deformation

' of a number of wedges of zones of material within

.. the mass.

' The variation of porosity during shear tests on
. sands cannot be estimated from the volume change
: measurements taken in standard apparatuses due

- %0 the nonnuniform conditinns which exist within

the samples.



APPENDIX I

DESCRIPTION OF 10CH ALINE _SAND




B.S. SIEVE NUMBER
200 150 100 126052 56 25 18 14 10

0 06 0-2 0-6 20
COARSE FINE I MEDIUM COARSE
SILT SANP FRACTION

LOCM ALINE SAND
PARTICLE SIZE DISTRIBUTION

Fic. Apr 11.



FIG. Ap. 1. 2. X 30 ENLARGEMENT OF LOCH ALINE GRAIIB,
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' '1n élliexﬁériﬁeﬁ§31qurkhdéscribed in thig thesis'ﬁhe
material besbed wae Loch Aline semd, The send is white and
ﬁhe;grains are almost entively of purd quartsz.’

-Partiéles finer than B.S.Sileve o.200 were removed from
‘thexnatmral éénd;té prevent . these finer grains from penetiating
thegéipgngfsystems,of.tne:apggratuées. - The partlicle size
,aiéﬁ?ihmﬁion.af,theAﬁand as uged ie - shown in Flg.AP:1.1. The
curve illuétrateg’a poorly. graded medium sand.

;fla 30 timeﬁ,enlargemenﬁ‘of’thé‘grainssﬂf‘the sand is. shown
in %igﬁ$y*1@2., ‘The-aggregaﬁé;is‘aeen to be a mixture of
rounded end angular greins.

. Mhe limiting porosities found by the method suggested by
Kblﬁuszewski(v)fare~34.7%'an&a45x4%



4 PENDIX 3%

COORDINATES OF POINTS ON A RIGHT SECTION

OF A SURFACE OF

[ELD



or

RIGHT SECTION QF A YIELD SURFACE
FOR AN ISOTROPIC MATERIAL

Fig. Ap. H L
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A state af stress can he represented as a pclnt in sﬁace

'hy its thrae principal stresses (Gﬁ, Oy 3) with referenee to
a system of three dlmen51cna1 caordinates (0}, Gé,“3),n The
'lceua Qf all the pomnts describing the stresses at yield
representa a surface in gpace known as the surface of yieid.

A view af a8 right seetion of a surface of yleld is seen in
Fig.AP II 1. mhe right se¢tion can be at any distance from
the origin of the system of threendimensienal aoordinates but it
liea an the plane of the paper. A point P (0%, Gé, | ) on the
right sectmon can be expressed in terms of cartesian ccordlnatea
X and X, which aet in the plane of the paper. mhe~cartesian

.....

caordinates of ¥ in segment B‘e A (vhere 0y > @, > 03) ave:
. X = G}coa(x G )+ Génea(x,ﬁé} + Géces(x, 3)

where (X,G}) is the angle between the X axis and the O axis,etc.i
ST 0'1- 5 *x

\/2 Y V2 |
and 1 = Gicoa(x,ﬁ%) + Gécos(Y,Gé) + O‘cos(Y ' )

| P § Z 1

Y =2 mo‘ oot L3 0" ) =) ﬂ' —.
A ‘\/5 2 L 3,/5
-JG ,

. *% Stated by HLLL in ref. (6).




aa.
The a_nglé i;e 'b'e'hw_a'elxi_ vec'&_cvzr..xo“?\'éhd« the X axis is obtained :ﬁz_*oﬁ;

Tan @ = R SR 0'2 R S |

Tiode's (8) p?.rameﬁte‘r o

v == 3 1*‘ -/3 tan ©

6 oon have any value renging from

tan"":/-%- ( + 306)

for point P at B’ to

- wtan™! e -« (= 30°)

V3

for péint P at A. :



APPERDIX . III

THE METHOD OF PRESENTING EXPERIMENTAL RESULIS

ON. THE REDUCED RIGHT = SECTION
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Iﬁ A@péndix II'it wés shbwn that right sections of the
‘surfaee of yield can be ploﬁted in the plane of the paper using
the " cartesian eoordinates X and Y which are functions of ‘the
three pxineipal atresses. mhguy;eld.sggface for sends is
expected té‘be'aither pyramidal or conical so that righf
sections of the surface will vary in extent with the digtance
along the space diagonal. In plotting right sections of the
experimental surface of yiéld;iﬁ is therefore ‘necessary that
the. different experimental results can be considerea to define
points on the same righﬁ section.

. "Fig.AP.IIT.1. shows a right ‘section of a yield surface.
The .section is in the plane of the paper and is obtained by
1béking down the;spage‘éiaggnél‘e’ﬂg ‘ iet.Piany»paint on the
surface at this sectinnwhaVe'aoerdinatesufei,>Gé, ﬁ%). on |
this section point P can be defined by its cylindrical coordin-
ateﬁ 0'P and 6. e oan have a value between +30° and - 30 (see
Appendix II) in any of the six sectors marked by the major

stress directiona, o has”the‘value'ubtained from the expression

W 4 20,- 0, - O

- for segment shown whexes

0y 1s the major pfincibal,stress
A is the intermediate principal stress
0% is the minor principal stress




O+ve'

0-ve

1CX

FIG. Ap. m |

Fi1G. Ap.m. 2.

or
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mhe radius veetar 0 b3 can he found by tak&ng 8 section of the
*yield surfape alang the spaee dia onal and thraugh point P as
:ahawn in. Fig ﬂ? III 2« The SP&G& diagonaB is defined by the
'amndmtiqns; G& = Oy = 3,*

Distanee 20 = J/UH * a@a . 93?-
ona Ge‘ ( 63 ;ffgéf oGy
V4

+*s Angle P0OO*= cos™! . =

\/3-_,‘

and PO’= 00’tan{cos™)

S i

| Thénééndifian for the ieﬁuiﬁs %bﬁdéfiné'pointsfon‘the b
same right section of the surfaae of yield ig that the sum of
their principal stresses (G} ¥ Gé + G’) = eongtant.
Dmfficulty ia found in representing the experimental results .
on. a diagrem to illuatraﬁe the right secﬁiona since it is
impractieable o, _arrange- the, experiments 80 that the . abave

aondition ia obtalned._ Ebwever 4% the lines bounding. the

surface are straight the aiffienlty can be overcome by plotting
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the tengent of the angle made:by ‘the line joining the point on
the surface to the origin and the space diagenal (L.e: 4 P 0 0’

'Eig~APiIII'2)'instead of the true vector distance (O*P) ' The

qunvalent rlght sectlnn obtained in this way will be known as

* the reduced rlght seation. By making 00°= 1, vector 0°P is

expressed by

4 O ;»cr‘ .
0'FP = tan (oo™ 2 3 )

‘/3-/<:f1 + o;_, v 02

The point P on ﬁhe reduced right séctian af the surface of
yield Fig.AP.IIX.2 is then defined bys-

Vector 0P = tan (cos™ ! . 1 )
R "22"“ %

‘ - 20, - Oz - O
andée 2_‘.‘;&:&‘"1 1 2 ﬁ3 1
i - o
Since the loeus of the points oaueing yield mnst be
eymmetrical about G}G} ’ Oéﬁéh, 503 the pogition of
pomntwy‘;n ‘the other 5 sagtp:e cen be found in a sinilarxr

mennexr.




APPENDIX IV,

EFFECT OF SMALL ERRORS OF MEASUREMENT

'ON THE RESULTS OF THE THICK CYLINDER TEST
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E& By assuming that theﬁggggiﬁgglgmb theoxry is applicable
for estimating the yield stresses’ in the thick oylinder test
the effect of small errors in measurement on the angle of

internal frioction ¢ can be studied from the equation

".Pia Py (--2"'-)(1 f‘"\‘) veeses (AP.IV.1)
V (eqn.23 Sect.4 a)

1. - Errors‘in,Measurement of Pressure.-

Bore Pressure (Pi)

Assuming no error in P, & or b (AP.IV.1.) on differentiat-

becomes

dPy
T = = dA (10g b - log a) YRR (AP.IV&&)

/\g ( J“ = sin # ) -tr-o(AP-IVoB) (from 17-0 Sec'f;.Qd)
1 +singd ‘

ate dA ® o= 2008# a Phasnsases . .
&1 + sin ﬁ)gJ ] (AP IVJ4)

Substituting for aA ‘

ar ’ |
u-n-j:- = 2 log b - l?_—ﬁ.—g‘.] aos ‘ . dﬂ ce 0 (AP.IV- 5)
By (1 + sin &)
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Assuming #, ih the middle of the range expected, as 36° the
gallowable error-in Pﬁ'for“ipﬁerrbr"in estimation ¢ is obtained

from: (AP IV45): .

, )
6-—)100 = + 2[§°g . log°1§g§] cos 36°; JE; . 100
2y \_ {14 ein 36°)¢- - - 7 180

for a =1,25" and b= 2"

.*. the allowable exror in B, = 4 0.525% .

Qutsidéiﬁreésﬁre~ﬁﬁg)‘;'

Similéiiy’the aliowablé?error inj?Q = = a,szﬁa*for an

error of 1° in 4.

}}}}}}

2)  Errors in Estimation of namyle Bimansians.

Bore Raaius (az

Assuning no errar in Pi, P, and b (AP.IV.1) on differen-
tiating becomes :

da (1.'_-93? = /\“gb YdAs s eveesncnanns (ARLIV.6)

o

Substituting for A and dA from (AP.IV.3) end (AP.IV.4),




& a8.

(AP.IV.6) becomes

da | - cos g | \
-——he. T2 wm 1 w lO b d YEX) AP.IV.
a (og_a 8 )sini!(1+sin#). g ( "

Fcr_,_‘lo error in g with ¢ ”"360*‘ é. = 1,25" and b = 2" the

gllowable error in measuring a i1is obtained from (AP.IV.T)

‘ ,‘ - 0 ,
( da 1100 = «(log 1.25 - log 2) - gmxiﬁ 5 * 7(_ «100
" a : gin 36°(1 + #in 36°) 180

«'e 8llowable error in a8 = + 0.71%

Cutside radius (b).

. Similarly the allowsble error in measuring the outgide

radius (b)) = ¥ 0.71% for an exrror of 1° in 4.



APPENDIX ¥

SHEAR TRAJEOTORIES IN THICK CYLINDER SAMPLE

(ACCORDING TO MOHR-COULOMB _THEORY)
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. According ta,th@ Mohr-Coulomb Theory the limiting condition
of yielding for sands is expressed by ean,(17a Section 2d) and

restated here .as

(ca - 0’) a»‘+ (G} + G’) sin #

where 3> 0’2) G%

mhe?equati&n xegresenygkthe_MOhrvgnvglopenfor the material and
is the common tangent of the‘mgjbr principél stress cirecles on
the lohr diagram? The slope of the envelope is determined by
quentity ¢ which is a material constant Fig. (AP.V.1). The
points of tangency on the atress"t;ixjc::les?,}?f ete. represént_
théﬁélanés-in t@elmaterial where yiéld 6r slip takes}place.
The'orieﬂxaﬂioﬁ of these planes with respeettto the principal
.planea can be found from the ?ig.(AE V.1). It can easlly be
proved tha.t tha planes of $11p are inclined at

(450 L ﬁ/z) ;n........“u,(AP,V-‘i)'
%o ﬁhe direction of'the'majcrUprinciﬁéizéiéhéé and at
. (450 V :" . #/2) B Svusr st e ansasenven (APQVDQ}

to the direction of the minar.p;inciyai glanés. ?eintur




OPIENTATION OF PLANES OF SLIP
ACCORDING TO MOHR COULOMB TMEOPY

FiG. Apr. Vi

SHEAP TRAJECTORIES IN
THICK CYLINDER SAMPLE

FiGc. AP. 372"



400,

therefore répﬁaéen‘hs*a system of slip planes inclined as
indicated by (AP, V.1) and (AP, 7-2) . A

R In the thick cylinder samPle the major principal planes
are radial and the minor principal planes are the tangential
planes. . ‘ "

- Fig.AP, V.?. Bhaws a ﬁeetian of the wall of the thick
cyl:.nd_er sa.mple. In Fig.AiP V.E let AC be part of a sheaxr
‘trajeetary. ‘Tet the vradiue at A be r and at ¢ be r +é .
(ZBG = Jr) end let AC aubtend ang‘.l.e 5P at the centre,

‘Eor amall values of 5 r @nd Sp AC can be considered a
ds‘hxaight line making 8 cons*bant angle & with the radisl

plane .A:B. |
‘_"«-Therezﬁcre‘ ..é.’?...,u ~ fan
or -6—‘”— = ten &
| d= - Az Tten o
p-»e‘gp oo ape

'ana [ar gw/dpﬁan o
X

which on in‘beg‘raﬁing becomes

log.r == p tan &% + log 0 (where C is a

ocongtant of integration)
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At bore ra.éius =8, vlet f=0

thovefore constant G = &

'?'ﬁep tm“ kpt‘sql\optﬁﬁépuqimnunnac;(AF‘_V*B)
. & DA

: amé‘is in the form of a logarithmic spiral.

o ig the inalinatioﬁ<offthe %xajeafory to the radial, major
prineipal. planes, and has the Value'(45° + 4%) according to the
Mohr-Coulomb theory (AP.V.1). vwhefequatiah of the trajectory
according to the theoxy ié,therafére

-’-::: ep tm(4‘50 ""‘ g) “..’Qﬂit-ﬂi‘uigg(w.v‘4)

™

" whexe @& denotes the bore radiue
L'and  r -denotes the radius at angle B from the point
' where the trajectory strikes the bore surface

of the sample (i.c. B =0 at r =a).
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