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In chapter one some of the work done on attempts %o confing
plasma by msans of magnetio fields is sumerissd, The non-adiadatie
mgnotie mirror mashine which ie the subjset of this wewrk 18 also
desorited, along with how it came to M sugzosted,

In ehapter tw tie general integral equation for & system of this
type is derived. This work is dus to Dye D.A, Dumett and B,¥, laing,

The sclution of this genemal intagral equation is a distrimtion fumotien
wvhich is & funotien of the veloaities of the partieclss in tie system. The
timoxry of how the mwean containment time of the particles in this
confingment aystem can W cfloulated 18 deseribded,

In chaptery thyee the equations necssasamy to ocaloulate the leynel of
tho infegral equation are derived from the sereral oquations for s charged
particls im a magnotio flsld, e mthod of caloulating this kernsl
sanrionlly from tiese equations is then desaribed and discusssd, Some of
the results of 'mrnels obtaimed in this way are given., This mthod, and tie
subsequent work are dws to the suthor in collmbermtion with Pws D.A,
Dunmstt and BV, Iaing, Chapter four desoribes the method used %o solve
merically the integml equation of chapter two, The mmthod of soluiion
is descrided slgeiwaloally and them the memyical csloulations involved snd
somp of the results of thece onleulations ere given,

In ehapter five more of ths results produced by this method are
prosented, These sre compared with the vesults obiained by a pure ly
rumsrioal method of dealing with the system, snd with those obtaimed frem
s diffusion equation tweatment of the integral equation of ohaptey we,



Yerk has lwen in progress for & geat mmny years on the study
of the properties of plasmms, or hot ionised mmses, dut thia study has
been intensified in the last 20 years in the hops that a wthed will be

F
found of confining plamma for leng enough to allow fusion or%

to talm place,

dany reactions involving light nuclei result in the liberetion
of evergy, and tiess are the resctions vhich aye utilised in attempts
to produce energy by mmans of fusion, The reactions vhioch are wmost
practiocabls are these vwhich do nofy med an extrexsly high tempereture
or a very high density of partiocles in order that the probability ef
tho reaction ecourying is large enough for thy veaotion te tw at leanst
o lf-sustaining, i.0. for it to preduce enough emergy for tlv reotion
to occur agaia, Various wmasursrmnts of probebility have becn mmde, and
it has been conoluded that the moat prueticabls seastions are thoes
involving the hoavy Lsotopes of hydrogen, nmamsly deuterium ond tritium,

In order that the reactions ocan scour the partiocles wmust e
contained in some type of system, Yany possible mthode of confinemnt
by mens of & mgetio fiald haw bheen suggreted, tut thess hawe been
to some degree or anothey unsuccessful, in that werious instadilities
bavo built up bhafore the cormeot eriteria of density and tesporeture
have hteon aastablished,



Aa2 Melc Pxincinles of Hirrer Machineg
Ve slmll b conosrmed in this work with plasmms which aze

confined by mpans of magretioc flelds, and among the many devices

whioh have wen suggested for this purpose is the mmgnetie mirror
machine, (A mmgretic mirrer is & region of locally high magnetie

field,)

e so-ocalled "wirrer effeot” 18 based on ome particular
quantity asseciated with & charged particle, namsly its magnetio
moment, The mgnetio moment of a charged partiols moving in a
magnetio fMeld is defined in & way amalogous $o that of & ourrent
flowing round & loop, If a current I i flowiaz round & loop of area
d3, then the magmetic moment of the curzrent loop ia defined to bte
148,

Iin 8 uniform magmetie fisld a charged partiols with mass m and
oharge @ gyrates heliocally with redius », (Isrmor redius) and
frequeney w about & magmetic fleld lime, The quantities w and ¥,
ore commected by the equation v, sy wr , visre v, is the weloeity of
the particle perpendioular to the magmetio fisld line and wr ie the
oyro-frequency of the partiocle (larmer frequevcy). The latter is
related to the mmgwtioc fleld strength H by w=g H , vhere o is e
speed of light, i1

If the gyrating particle is treated as & ourrent loop, its
mgmatic moment 4. may b defined as

s = :“"" LTt (3.3)
Cc

Nn substitution for v, , equatien (1.1} tmcomme
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In (1,2) W 48 the partiols energy perpendicular to the magmetio
field lire,

Ihe motion of & partiels is said to e "adiabatio” if it i
moving in a fi9ld vhich satisfies the following twe ariteria

A .94 (1.3)
whH a6 %1
Af the field is time dependent,
or ""g,. l1¢4)
—t | U] 4
H l =

if the field is spatially variadls,

Thees criteris mre wosssary eocsuse in a wariable magretio
field particles tend to drift across magmetic fleld limes, but for
fielde satisfying (1.3) and {1.4) this drift is smll and can W
neglected,

It bms beon shown by Hellwig (1) that in any rield satisfying
theee oriteris, AC is, to & good degree of approximation, & constant,
Ve shall consider only fields for which (1.3) and (1.4) hold, and
therefore im which 4( is an adisbatioc invariant,

In suoh & field, and with no electric field preesnt, ¥ = hav';
the total ensrgy of the particle, is & oonstemd, If W, is the
energy cormeaponding to the partiocle's wotiomn parellel to the
mgnetio field limwe then

WeaW,+ Yu

Iif ¥ inoreases in such & way that conditions (1.3) and (1.4)
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incvesses such that

W Yo '
o & e (1.8)

B Hy
wieze N, is tie initis]l mpwtic flold, and W is the initisl ewsrgy
porpondioulay to the magmetie flold, If the mximm valw of His H_
then

mar e

N,
m-anmnnmkmuhunomw" mist bocoms meye,
and this will enly coour whem

"_‘

v < !-""-3:'-' (1.8)
N, |
This is thevefore the oriterion for reflsction, Bubstituting b = for
Wand e for W, (1.6) osn t written
v: K,

vt Bl
If 0 is the angle Wtween tiw wlseity woter ¥y and the magmetio
munn.uuﬂ-nuwnuoluan-du!f—“‘:u

- ]
eriterion for reflection Wwommws

oin 0 2 j%'

The normmlissd magnetio momnt of & particle is defined as § = ;a,
and in terus of this the vefleotion criterion becoms § 2|9 .

A mmgmtie mirror maohing consists begioally of two vegioms of
high mgretie muq,.-mu by & rogiom of maler mgw tis



fleld H‘. s 1o showmn in ftgure 1,1,
H.t

Tr>r
0,

—_ 2
fig 1.1

The machine makes use of the adisbatic invarisnce of tie

migne tic neent of & charged particls in the following way. If in the
centrel region of tiw mmchine the particls has total emewgzy W and energy
Vo Porpendioculsr to the magmetic fleld then, using the invarience of
the magnetic novmnt of the particle, it ean be sson that the partiels o
reflscted on a mirrvop if - t

reaching M= R?}" In this way particles
are trepped in the system,

Aed Injection 'mobaniense

Gne of the Miggeet problams of the simple mirrer mschine of
£ige.l.l is the difficulty of injecting particles into it, If & partiols
bas & sufficisntly low magnetic momsnt $0 penetrete & miyrer and enter
the maching them 4t will be lost whem it next encounters & mirrow,
Varicus injection devices have heen suggpeted t0 owercoms this preblem,
smong them the following,

Ao Thme = Verving Fiald

Theze are various types of tim-varying fleld (sse 2), tut the

simplest of theme i» the fisld involving change of the mirror matioe,



The prinoiple of this is tiet after & particle bas entered $he mmohime
the mirrer retio of the machine is clanged in accordance with (1.3), {0,
o0 that the magrwmtioc morent of the particls is unchanged., Tere is then &
non-se¥o probability that the partiocls will M reflected wien it mets &
mivrar. The oondition for trepping has een given by Fost (5),

2. Collimion Epchenimme

There will always e soms collision Yeiwen particles in a mirrer
machine, which will change the megnetic mowsnts of some of tiw particles
encugh for thenm to te trapped, dut this ean b» stimulated artificially
by fiving dwems of particles simltansously frem both ends of the maohine,
This method tyaps & high proportion of the plasm (3).

3. Chense of Chaxep - Ao - Mags Eatie

Marticles oan W trapped if onoe inside the machine they hawe
their charge-to-mass yatio changed. This oan W domo by osusing oithey
neutral atoms or moleculsr ioms to dissociate, Foutral atoms disseciating
osn produce ions with most of their emergy in the trensverse direction and
therefore morve 1liable %0 b reflected at & mirrer,

These eystems have bwen imvestigated both theoretioally and
experimntally and are deserited in various souress ¢.g. (2). Bw west of
this werk will howwver be conceoymed with a difforent type of injeetiom
mpchaniam desaribed in section 1.5,

At The Sinp - Veye Modulated Mirreyx Meching
A yow systom of injection was suggmeeted and inwestigated
experimntally by Sinelnikov ot al (4), This consists of & mirrer




mchine thy fisld of which is modified in the centrel region by & small
sing wave modulation,

In the cemtral yegion the field is

H= Ho{lenain !7."',

wiere h4{1l and A is tie wawelength of the wodulation, This is shown

diagrammtically in figume 1.2,
H'ﬂ'- Pk A IR Sl NN R O EN  =5 8

2z ->
fig 1.2
This is & spatielly vavying fleld which deliwrately does not
satisfy the ariteriom (1.4), 1.0. it is & non-adiabatio modification to
the system,
Tartioles oan bo injected inte this system slong magwetic fisld
lines, i.0. with msro magre tic moment,
Frovided & particls’s initial conditions satisfy
2y =w),
visre v is the injection wminolity, w is the laymor frequeney in the
wokground fleld, L.e.w = 529, and )\ 1s the wavelength of the
modulation, them there is & resomant interanction with the field, and
parellel erergy is transforred into trensverss energy. This ealy ccours
when the particls is injecied off tlw axis of the system,
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If the marticle gains trunsverss orergy then ita magnetie
moment 48 altered, and this mpone that theme is now & non-mero
probabllity that the perticle will be zeflscied when it comms into
contaoct with & :egwtic mirray, The faet tiat the mgnotic momnt of the
particle is changed swvery time it passse through the modulation meens,
howwer, that awnthuslly the mignetie momnt may beomm so smmll that the
particls is lost when it next mets 6 mirray, Tuis Ls how particles ave
lost from this devies,

laing and Robeon (8) lawe mede detailed mumrical omloulations
of ordits in thiz type of twap, but foumd that decauss of younding-off
errore snd the ocomputing time necessary, it was not prestieabls to
compute move tham about 26 trensits of the system. It was %o overcoms
these difficulties caused by the et that tie modulations wre
sinusoidal that the model with whieh this tissis is concermed wes
sugpested, This is described in the next seotiom,

A.5 _Tp Squexe - Yave lodulated Mirrep Meohine

In this model tlw sinusoidal medulation of the previous ssetion
is replacod by & etep function which talme alternately the wlues
Hy(2 + h)ond H, (1« h) with h<< }; This is shom in figwe 1.3.
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fig 1.3

This system is unphysioal, owing %o She discontinuities in the
fisld, Wt it bme novertielsss been shown by Dunmett et al, (8) to hawve
closely similar properties te the simusoidal system, T™is is beoocsuse when
the charecteristic leangth over which the fleld veries is already of the
order of the Iarmor orbit disseter, further veduotion in the
charscteristio length does not asignificantly alter the effect of the field
ohange on the magnetio moment of the partieles (7).

This sguare wvawe aystem has Wen inwstigated numericelly (6)
and the thoery of this type of trep bas been studied by Dunmett and laing
(8). In this thesis somp of Shis theoretical treatmsnt is given and then
the work domw i» solving numsriocally the remulting integrel equation is
desoribed,



T mgwiie mirror mohine deserited in ssotion 1.5 ean be
represoniod symbolically by the aystem showm im figure 2.1,

Ly —Ea
7:"2__\\\&\\\&‘ berere
¥ 2 — B

fig 2.1

In this system A and B are magmwetio mirrers both with mirrer
retio M, aud C is somw type of symmtiric medulation in which the magmetie
momnt of & particls is ochanged, This is The sysrem considered c’n(9)

On ocoming in oontact with & mirver & particls will b trenssitted
1 1t%e mgetic momat 18 less thanil/if, and will de reilested with its
magnetic moment unchnged if 1% is grestey thea 1/i,

T quentity g, ( § /4% is the mminy of partisles per second
resching & mirrop with magnetio wmsnt in e yengs ($, § +4%), ™is
flux is inoldent from cutside tis machine and it 19 ssmamd that i§ hes
such & wagwetic moment that 1% will all b trensmitted,

Te quantity ¢, (£ )4% 1is the mmber of particles per soond
entering the mdulation scross & plane at right angles o the s-axip in
the renge (54 F +4%) and g, (E)4T is the numder of particles por
-mmmmuu-um“ (€s § ¢+4X),

e wiavicirof o particle in the modulation ie dependent not



only on ite magne tic moment but also on the phase with which it enters
the modunlation, The phase of a particls is & masuze of the pesition
wvhich the partiels has yeached in its ocireular orbvit, It is therefore
meoessayy to consider the effect which the phage of the particles ims on
the funotions g (£ )8, () and g ($). Toe phase of the particles
forming g .(S) is & mttor of choles, 8s this is &n input funetien, dut
to caloulate the phases of the particles forming g, (§) end g, (§) 48
is meoeasery to considor the changs of phase of a partiols passing through
e mirrey or Wwing refleoted by one.

laing and Robeon bave given & mihod of ocaloulating the phase
change on reflestien by an adisbatic mirrer in an appendix te (8), For
a parabolic mirrow, whioh is talwn as repressvrtatiw, this method shows
that the phass changs s proportiemsl to I, the length in whieh the field
doubles in styength, If L is sufficiently large the phase change is @
large multiple of 871, and this is the ususl condition for & mirror to e
adiabmtie.

If this oriterion is satisfied then & group of particles with
wagnetic moswnt betwsen £ and ¥ + 4% will bave & spresd in phase of
greatey than 271 aftey reflection at & mirrvor if the following cenditiom,
which is deriwd in (6), holde

L8 > axt( sy

In any physieal exporiment L usually setisfies this oonditien,
e in order thet the mirrer should b adiabetic L mist bo ressmmably large.

Therefore & mmall spread in magretiec momend produces phase
randomisation on reflection from & mirrer. "o oan tlerefore assump that the



phases of the partiolss ln eny flux which has deen reflected by s mirrar
are occmplotely randam, This asaumption has twen mmde by Vingersom ot al.
(9) and by Dunmett et al.(6).

Ben g,{5) and g_( §) are independent of the phases of the | :
particles forming thes, Yp therefore chocas that the phasse of the
particles forming the imput flux g (5 ) are completely random,

QUE,E) €% 1o dofined to bo tie probability that & particle
entering C with magmotio moment in the vange (5, 5 + d¥) will w
transmitted through C and exsrge with magretic moswnt equal to ¥ .

M §,5) 4% 10 dofined to b the probability that s partiocle
entoring C with magretio woment in the venge (5, ¥ + dX) will b
reflocted in C and smerge with mgnetie mowont equel to § .

Ten P(F,E) 4% +Q(§,F) 4F 1o the probability that a
particls entering C with magnetic momwnt in the yange (S, % ¢ 4%)
vill emerge, having been oithey treansmitted or reflected, with magnetie
moment equal to ',

There fore !

J[’(;o"’ "Q‘;.s')-l ‘!'. b |

Since the system is entively symmtrie, then HE,E) = P(§'o§l.
that is, the protebdility that a particle entering C with mgmetio
momont 5 1a trensmitted vith magnetie momnt I ie the ease e the
protability that & partiels entering C with mmgnetic mowmnt S'u
tyensmitted with mmgnetic mommnt S,

Also QL £,%) = Q3.

Using theose definitions w oan write

gl =g (T)*O(E -2/ g (E) (2.1)
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and gali'l = JQ!;.S') g, l8) ag + Sr( ;,g') g({3) 4% (2.2
whors ° o FT<am ®
oE - Jm
by L E>u

Then, nb-tiiutm for g (% ), (2:2) bwoomms

g (g = J[Pti £) +3.5) 6,6 ) 4F

. ,f[x;,;;.q(:.;;]otg,mn JE 3
This oan W written =

g (E) =0,(2) ‘f“ $.5) 8 Z-2M) g, (5) (2.3)

o

vhore K(3,5) =M E,E) +Q(E,E)

et 0(5)= jx(f.;': e ,(E) dE
Incerporeting O({ £ - 1/M ) in the limits of integration (2.3)

be coms 8 3
gig) =05+ { K 3,%) 6,(%) 4 (2.4)
Y

™hie is tho general integrel equation vhich s to b solwd
for the systen,

2.2 Calonation of Containment Tum
The moet useful quantity which oan be derived from the selution

of (2.,4) is the man conteinment time of & partiols in the mmohime,
and this oén b done as follows,

The numbey of particles in the region hetwsen & mirrer and the
modulation C is '

g'i&:ﬁz’uz (2.5s)
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where u(g) is the axial velocity of a particle with magnetic
moment &, and £ is the length of the region between a mirror
and the modulation,

Then (2.5) boconlol

Le,(E)
¥ -5)0’s

The number of particles in a length of the injected bLean

equel to the length between a mirror and the modulation is &/v
if the particles have zero magnetic moment,

Therefore the density increase in the nmachine is
1

This is equivalent to the containment time normalised to
“(;, vhich is the time a particle would take to traverse the
system along the axis if its velocity was all parallel to the
field, )

Therefore the mean contsinment time = -(, §.(%)

ORI



L

As defined in sectiem 2.1, the larmel of the genesal
integral equation (2.4) 18
E(E,%) » P (B,2) +Q (5,8)

Ton X (X,5) 45 1s the predability that a particle
entering the modulation with mgnetic momnt in the yengs (E,%5+ 4%)
vill loave the modulstion with magmtie mmnt equel o X having
boon oither reflected or tranmmitted,

To ealculate this probability it is mecvassary to oomsider
in detail the setual form of the medulation, In this chapter the
oquations nossssary o ealoulate this prodability are derived, snd
the mumriosl ealoulation of the probability is deserited,

3.2 Equations of Motion
Those have heon derived by laing and Robeom (6) for the
sine wawe modulation of meotiom 1.4, snd by Dumett, laing, Bobeom
and Roberts (6) for the sguare waw medulation of ssetion 1.8,
Using cylindrieal polar coopdinetes (r, O, s), then the
nen-adiabatic mgretio fisld ean M Topressnied by the weotor
potential 4 = ( 0, frE f(s), O ), For the sire wew model
£{z) = 1+ h sin 5, and for the equare wawe model f(s) = 1 ¢+ h op
t(l)-l-hhp-ﬂuwtbngludthﬂlhuuo

' nnmmma.uunst-bi.a.hu.ﬂ-) Jo
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Then a8 in (B), the equations in such & field for a charged
particle of charge e DmSs m Are

ﬁ-;@;-g‘;ﬂ;n‘ (3.1)
N [Bo-oiet; gl it (5.2

Po» & oonstant of the motion, is giwen Wy
’o."g‘: ';.Q'o (3.8)

By substituting £ = §t, vhere W = g°. (3.3) woosns

ouin ¥ @0
tisrefowe C is nlso & constant of tie motion,
Equations (3.1) and (3.2) have ag u first integrel

(B (@) @-wee ow

2
vbnv--lky.u,!-w‘hdv.twm.

h.wﬂupuulmﬂmhth‘lhﬂ.uzt
sesotion thece eguations aye applied to tin square wvave model.

3a3 Fouaiiona fox Jquaxe Veve liodsl
| If thems equations are applisd %o the system of figure
1.3, ths central modulstions ave givem by

1+h 1 even
g, =
1-h i ocld

ap in figuwe (3.1).
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SEE.

fig 5.1
Then for the i th regiom the equation for redisl motion
o [ IR
and this lms the gevernl solutieca
et ma; 4P, con(2r, T +y) (3.8)
ware a; - B =07
4% the bomdary detwsen the i th and the i+l ¢h regions
both r and am oon timious, ﬁu omtinuous eosum the
disomtinuity is & singular redial fisld, which does not affect
mwotion parellel to it. Ten r* and rﬁm eontinuous,
Applying these last two conditioms and using (3.5) giwves
a; +B; coaf = a,,, +R,, ﬂ‘l»’m} G
£, P o0, =, B, 0ta Y.,
lotting T = 0 om the boundary,
In (3,6) 2, = phage ot the end of the i th region
W, = phase at deginning of the 4 th vegiem
M@;-q};+05.ﬂ-n 0. is the phase change in the
i th regiem,
@, 1e given W 9; -mm 1. 4s tte longth of te
1 th region, and u utbnmlnholwhtb L th region, In
this tyeatment the unit of length 18 A/2TV , wiere )\ is the
wwlength of the corresponding sinmuscidal modulati~n., Timrefore
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in arder %o mmtch the two medulations 1, =TT,

Also --f— (,- e
&t
Bt by (3.4)

B - v'z( BTN i
26 - )
Differentisting (3.5) with respect to “{ this yeduces om
substitusion to
ot

T
2 ¢ 0L, -'G"f‘

9 -rw%‘ (3.7)
e P,

Substituting 5. = P oos . a2 h, = Biu-lvé. thon equaticna

Then

(3.6) bwoomw
8. *5;, %00 *+ 5,000, -~ h; sno, (s;c)
Mooe =2 (S mu8; + b, o0e0; )
wore k| =€ /8,
If 67 is defined by
€, =a,+ 5 cosd; - b sind
then (3.8) gives ' s
Siur =it - .‘.-'a-( Hiw + 3 ,] (3.9)

&l 4[‘?. "é’“l;:', ‘}‘::‘7)]
Thees equations alse hold for & particle going through
the modulation fyom right to loft, because of tis symm btry of the
systom, it with 4 + 1 seplaced Wy i - 1,
The normelised mgnetic mment $ of the partiole is

given ws _ﬁ-t.(:-iy

v



Then in the 1 th yegiom
2
S = 1=
Substituting for u ; this weomms
gb. v> @ *"5‘&' °)
Therefore

G, = 5}&0 {. (8.10)

Sincs the change of phase in paseing threugh esch vegion
otn be odloulated fyom the magnotic moment in thet regiom, it is
therefors possible to caloulate the magnetis moment of any

particle leaving the modulation knewing its mgmetic msmsnt and
phage on endering the modulation,

3.4 Intommal Baflgotion at & Boundary

Bines X 1s & normmlised magnetio momwwd, then by
dofinition §- €1,
Therefore

a s g'?oi; (s.12)
Then, if on caloulation of soms valus of o firom the G of the
provious region the value of G la mwmb},i, ey £
ie the walue of £ in the § th region, then physieally this msns
that the particle is reflected at one of tie intermal
diseontinui ties:,



Rgtioles are reflectnd from an internal boundary with sn
unchanged mgnetieo moumnt Hhut with & change in phase, This chamge
of phase is the ohangs producod by the pertiocls trevelling threugh
tie rogion before She boundary from which it is efilscted, Te
particls is treapped heotwen two sucesssive disommtinuitiss until
its phase i# sush that it ean peretrnte Sioough into ows of e
adjacent rugiong. It lne teen postulated that Lt is this process
which treps mest of the lomg-lived pertieles im the mechire,

3.8 Caloulation of Xaymel

e theory deweloped in the mevious ssotions mkes 1%
possible % ealoulaty the magmetio moment of & partiols im any
region fyem the magnetie moswnt end phage of the particle inm the
previous region. :

For one purticular input mgnetic ot 1.0, the magmetie
noent wvith which tiw particles enteys the mdulation, it i
possibls $0 onlsulate the cutpud magnetie mumnt .0, the mgnetie
moment vith which the particle leaves the wodulation, for eash
input phass, aod tie veriatiom of this is shown in figs, Pl and F¥,
The region in fig, V2 vhich lms cutput magnetis moment omstant and
eQual %o e input wagnetic mowment eorresponids %o the plases which
are such that, MWt (5.11), the particle is reflected at tie first ©
mrrier, and thosefore mevey enters tie modulation. This eategory
of particles requires speoisl treatzent which will de desorided inm

® later seotiom,
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For o partiole entoring the modulstion with mgnetic
mosend X, whiat 10 vequized 18 X (E,5), where X (5,5) 4T 1o te
probability that the partisle entering the modulation with magnetie
momsnt in the venge (3, 5445 ) will Jeaw the wodulation with
magnetic moment £, and this ean b caloulsted from the greph of &'
againet iuput phase @, (This 1o refewred o in future as & (3 40 )
diagrem,

Supposs that & particle enters the modulation with magnetis
mespnt £, and rendom phame, 1.0, all phases bave sn equal probability
of ocoouring.

Supposs for simplieity that the (E,0 ) diagrem of this
input £ 1e as shown ia fig, 5.2,

£,
1
g

|
|
|
'
1
b

1’--—__

fig. 5.2
K(5,%,) 4% ts the protability that & particle entering with maguetie
mosent § will leawe with magnetic momsnt in the megion (£,%,+4 %)%
Defining MR(E ,5,) ae the probability that a particls entering with
mgnetio momnt 3 will leave with mgnetie momsnt greater tham §,
then
K(Z,5) aF, = ®ZT,E) - ME,E+4%)

Then £
K (gat.) .:{:0 3
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L. K (£,5,) --E’&,‘SJ-L,_; (s.29)
Sinoe all plama lavwe the suw proability of cccuring, then
ML, -j‘-fe (551

Vo omn gmerelise (5.15) to the case vhere T lecemws
ETeatsr _ §, 85 ..‘l’ocoo.o"‘n“ w.h“ ht’ at

".“.oooooo... with 8 < <, < .1. seessnetl 8,.< .n’o

B(T.5) -#4#0..“..5‘%
n
BM(E,5) 1s ¢ Nmotion of T whish varies frem 1 wien § = 0 40 0
vien § = 15
Vo tiub hawe & prosséuze for ealeulating K (¥ ,5,) whieh
otn o used mamrisally, snd how this 15 dove is deserided in the
follewing seotion

2.8 Moshod of Mmprice) Calowlation

Using equations (3.7) to (5,10) te output megnetie moment
E'ef o particle for any input mguetis mamnt 5 end phase O can e
caloulated. This is dows by first caloulating o, from S Saput
mgnotic muent § by 5,10, then ealeulating S, = B, 0os O and
H.wB, 8in 0, viewe §, = a - C, eud C is the constent dofined in
3.4 and 1s equal 0 &: O, 15 aleo ealeulated from 3.7, Using theme,
h,end them &, ase saleulated ly 3.8 end 3.9, o_ is compared with
b“, § o w08 12 10 16 gmeter Wimn this the particls 16 ccnsidered o
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have besm reflocted at the first boundary, If Hég:oi. the
particle will pesretrete into the sescond regiom, od G ond 8, am
caloulated, The whols process is repeated until the last boundary is
orossed, tien §"e‘(l,.-°). winre G, is the o in the regiem afber
the last boumdary. If the partiels is reflseisd at eny intermal
boundary the process is yepeated in revewss until the initial regiom
is reashed, or motiey reflsetion ceours,

Initially & regulay interval d £ of magnetio momnt, and a
regulay interval 40 of plags is chosen, and the ocutput megnetio momsnt
is oaloulated for £ going fram O %0 1 by steps of 6% , and for @ going
fyom O to 211 by steps of 47, The sise of 42 and 47 ean ' waried, and
in preotios tby'm mde progyessiwly mmller until the results
obtaived converge %o & limit, Thean for say particulay input magnetis
momwnt w have & seriss of cutput mgretie mumnts corresponding %o
different input phases, snd this is vhet is shown grephieally in fig.F2
and fig. n.hcmtg.n(i.s'i umumt'.‘mn—ou
1 in stepe of 4%, L-o.ibnh-ld?'mtb-uth-huot
5 slready used. For a fimd §tbnh.oduwmuo-.nn
in sgeending epder of the pheoe giving rise to them, i8. Siay ge fyem
G=0te =2, Then to caloulate oos entry of the square mtriz
n(?.s'lnmhmtumm-mgzhn-nd
m.uMﬂﬁ'E‘.nll!$iuhnh¥'h sscond is
manu?'.unuuuxmnwummouumw th
than ¥, Then to find 5,, which 1s the phass st which the mgsetic
mompnt is equal %o §', linear interpolation is used betwsen the peint
just veacind and the ome before it, The comparisom is then oomntinued



|

wntil an entry 18 found which ie Jess them X s and b, is found by
linsar hbu.huol'. ™is process iz oomtimwd until the last entyy is
nublmlmg: li__‘,uulnhbl. If the first entry is greater
m;.m..-ouh-ma.uuhmtnwumhru—
' then b_ = 877 Lo ioserted. Tais gives (5 ,¥ ).

One problem which arisse in ealsulating this prodedility is
viat to do if, as in fig, MR, mny succosaive entries give aa cutput
equal to tie input magnetic mumnt and %o ¥ tienbines & computer
oannot recognise the absolute equality of mumbers whish awp not intesers
the results obtained do not mim ssnse, as the cutput cammot be classed
striotly as lose \imn or grester then §. To cops vith this we ealeulste
(3 ,5) end M(E,F), vhere ¥, =%’ +0,0001 and §_= &'~ 0,0001,
vo taks R(E,5') to te FR(E,§,) and store tie difference

M(T) = WM(¥E) - T,
% b dealt with ssparately, as this corresponds %o the probability
that & particle will i reflected without entering the modulation, smd
thozefore with its magnetie moment unchenged,

T result of baving caloulated !R(E.§') is & sgquare armey
of mmders, etsh yow of which ( cormspending to & comstant input
mmgnetio moment |} lea first entry equal to 1 amd last entry equal 6o
sero, For & fimed ¥, the greph of PR against T is of the form showm
in fig. 5.3, and the grephs of various P’g are shown in figs. F3 and
M. "hat 18 Teally required is the derivative of the Mmetion at sash
entry in the row, and this bas to de dove mamriocally,

This is done by different mtheds in diffevent regims of
the rangs of Ty boocsus of the shape of the eurve,
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In yogion 1 BB(3,¥) = 1 for all T, therefore
ﬂt.s»--dm-o

Similarly, in vegion 8, M(X ,% ) -om.nt. tiore fore xt},z)-o.
In region 2 X (5,%) ia caloulated using the firet three tewms of
Stirling’s formla, as given on page 208 of (11), Varicus formilse wre
oongidered, Wt for this particular shape of curve this formula gawe
tis most vapid eonvergence for the smllest mumbey of terms, In this
wy the arrey K (3 ,%) --ds'!- ’S.i'_}_utu-d. Thie is A sguare
-wamuau-—u};rmuummm-nzyw
the sim of the intervel 4%,

3.7 Sarvigles Refipcoted without entexing the odulation

Section 3.6 desoribes how, for certain input plasea,
particlas ave yefiscoted at the first boundayy of the modulation and
therefore leawe the modulation with magnetic moment wnebanged. This
planomsnon only occurs at fairly high mgnetie mommnta, unlsss the
step 1o very high, This rangs of O foy which cutpas T 4s equal %o ¥~



crottes A problem, &» it produces im effpot a discontinuity of height
BA(Z) in te greph of M(F ,5') for this valuw of T, as shew in
fig. M, and conplicates the mumrical differentiatien. This is solved
in the follewing way.

BA(Z) is the prolability that a particle with mgretie
moment ¥ will be pefieated without entering the modulstion and with
mgnetio mament umehanged.

% dofive '(F,5") oo tet M(E,X) 4% 10 tin
prodability that a partiels which euters the modulstion with magnetie
ncmot in the region (¥, +4F ) leawes 1% with mgnetic moment
greatey than ¥,

Ten fer §°'< £
mEE) = MEE) -}

This semoves the discontinuity in (3 ,E), and tie curw
!l’( S.‘i‘l Ims the same derivatiwe ap I(!.E') with respect to i".
except 8t the potnt ¥ =% &

A, & now matrix 2( ¥ X)) 1e defined Wy

2(%,3) 45 ts the prodability that s pertiele whish
enters the modulation with maguetio moment ¥ will e reflected or
transmitted vithmgnetio momsnt in the rengw (3, £ ¢+ 4 E ),

Tien the entries of R are giwn Wy

®F3) --ai&‘lz_{

This mtrix is tie seap as K (?."E'). with the oxeeption of the
disgonal tezms, which are conmeoted by the equation

R(§,3)+m (5)=x (3,3,
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for any partioular imput parassters, H ow this is dong is deserided in
the mext chapter.

2.9 Nompeligstion of the Fexnel

As & payiicle whioh enters the modulatiom with magmetic
moment £ ™ust ewerge with seme velus of mgretic moment, and
corvermly & garticls omrging from the medulation with magnetioe
moment T mmst bave entered with some valus of megretie moment, then
the fellowing :.u-n-nn econditions mst hold for K,

K({E,5) a¥'=1 TR

“

'k (Fa) 4% =1 (3.18)
!;.. oo ke checked for tie ealsuinted mymels using
various techniques for numrieal integretion, and they ave been
found %o W spproximately cormot, Wt it 1s impertant for the
sslution of the integrel egiation that thie nommlisstion should de

exaot,

It is impossible to achieve complet® nermmlisation of both
rows and colums of the metwrix, but it will be showm in the neat
chapter that it is mose impordant that (3.14) should be satisfied than
that (35.15) should W satisiied,

Satisfying equation (3.14) is equivalens %o nermalising
the yows of the mtrix K (3,5 ).



The metinrd of neremlisstion is o intogreis the yow using
the trapeseidal rule, &8s this is the integreation precsdure used in the
subsequent work. The season for choosing this integration proessdure is
oxplained in the nexzi chapter. All the entriss in the row aze then :
divided by tiw integral of tin row, Squation (3.14) is then eatisfied,

3.2 Pamulte
The lmynel as teen salculated for mny values of the

initial paremmpisrs, Mt to show the gememal charecteyistics w ohoose
o typioal case. Thip is the system shewn in fig, 3.4 vith a = 11,

fg. 5.4 :
W chooss the other initial permmters h « 0,042, v = 2,21,
Caloulations have sbhowu Slmt the kewrel hms couverged wiwn 4 § € 0,008
sod &0 6 0.1,
Figs. Pl end FR show two typleal mts of cutput $s for
o fimd input ¥ and vagying input phoss O,
Yigs, PS5 and T4 shov R (¥, ) for the sems input I's
s in M1 and ¥2,
Figs. ¥, ¥ and 7 show thaee yows of tie finsl kewmel
2 (¥,5) for fixad inpus I *s.
Tow that ve Mave developed a tecimigue for ealoulating
the kermel for any st of input parammters w oan procsed to use this



in the solution of the integral equation derived in chapter 2, This
is dome in the mext clmpler,
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FIGURE F3
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In chapter 2 the gonemal integrel equation for this
non-adiadatic mirror machine was deriwed, and in this clapter the
me thod which was used to solve it is deserided.

4.1 Solution of the Joogpaeous Zauation
The gereral integral equation for tke system is

c,_(t'l = G, E) + r K( S.E'l g,5) 4% (4.1)
%

viare g, ( £) a5 1 the mmder of perticlos leaving the modulstion in
the yenge (3, Z'+ axit

Vo solve firet the equatiom
d

8.l3) -In;.;') gl 51eE (62)
&

Sines X{X,X') 1s & symetric mtrix the solution of the
gemezal equation (4.1) osn be ealmlated quite simply from the
solution of this oquation, The commetion atween thnm two solutioms
is deriwed in the mext swotiom,

The method used in the solutiom of this equation is thet
desorided on page 442 of (10), This is the method of finding
chazucteristiec values or sigonvalues, and characteristic fumolions or
eligenfunstions, for the kermel, This method discovers the charwcteristie
velue with the smllest absolute velus and then, by subtwecting out the



cormsponding eigenfumction gives suocosssively larger oigenwelues.

If the elgenvalues a1® A hy.icceanpApecs SENmIGR in
order, With A<, <A\ Qorecnse < ApCooose Bnd tie esrrospending
eigenfunctions axe t"’(fh t“(s Jpsossaviveg c‘ﬂg)......‘...; tien
any trial funotion y,( ) oan b expresssd as & linsar combinstion of
these oigenfunetions plus & Nmotion p(§) which satisfies

KE,5) plE) 45 =0
Then y,ts)-z.,}”cg)o.(g)

where each gP(¥) nnml the imtegral eoquation

£UE) - ‘\.-E( £,8) AE) @ E (4.3)

Subetituting this trial functiom inte tw right-hand side

of oquation (4.8), this gives & now trial fumctiom
4

7,_!'6" -'g'. JI(EJ‘) aciE)ax
=4 'h
using equations (4.3) this giws
7.l5) -éu‘.’.’m

"ay Ar-

Contiming this process of substitution giwes, ou the n th itemtion

-(3\'('. V(%) ‘("\5:‘”(5) + )Jt,c(”lgl + ..1

uaSm.l.oth-(%‘ tends %0 sero for all r>1,

msn.nuom&rmh)\’.
Tnus

A move efficient retie to oaloulate A is
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i
S Lv,,(!):.,,(t)o?. s
L[g,,,(h]alk
which can be derived using & weristioml rrineiple, snd this is the
vatio which was used in $his problesm. '

Vien )\, Ins converged te the socuresy which is mesded then
the eigenfunction correspomding to it is ncrmmlised, The normmlimed
sigenfunstion ia known ss y'"(¥)% This eigentunction is subtescted
out frem the trial funmction and the winle process is repated, this
tise givisg A I} Lo eeessary to tale tie sdditioral precaution of
mbtracting out suy remnants of 3y () from each sucosssive iteretion
produced,

The process is repented %o giw successiw eigenvaluss and
sorvesponding eigenfunotions until snough eicenvaluss have been
obtained. This depends entizely on the relative magmitudes of tie
eigonvalues, a8 will o shown in the wext ssetiom,

This mthod tecomss successiwly more clumey as the mumber
of eigenfunstions %0 W subtzected cut incressss. At this stage tie
mthed is not ccourate, snd the mmber of iterations weocsssary fow
convergence insreams greatly at each step, It thevefowe tales Soo
mich cemputer tism $o caloulate woze tham about 10 sigenwalues, bt
Shis 1s ummlly oonsidemably move than is recsssary.

bfose proceding, it is nsessmaxry %o shaw wiy it is wore
tmportent thet (3.14) should be satisfied tham (3.18).

7"(E) setisfies the integral oquation

L) = M.I 58 ™ %) ak
~



kil
Integreting this fiom O to 1 vith respeot %o £
|

j yLE) o -A..fc;f X (£,5) Pk ) 4k
=A j ""(zz cgfm; 5} at’

Then A is inversely mmnto f K (E,5) a5,

Tiorefore e sigsnvalies ot (4.2) s directly dependent
QJ K(E, 5) a;.uu-mmmnmxuqmux.

It oan also b showm in thy following way timt the smmllest
eigenvalus A, is greater then 1,

The eigmfmotion gt”(E) setiafien the squaticn

& ) = f £ (348 sV1eh a¥'
®

m-umtm-mmi'm-oux
! '

fc"’(é"t - /\.fcg'f K (EeE) 6(E) c;';
m tie ordey of hh;l.:'u
f"’tg‘» 4%’ = AJ "’(s) '13 J-I(E.'I) ax.

it j!(gof-!l;'lo

o J"c"’(g') iz -X.j: (¥ aE.
o I3

)
Now g{V( £ ) mst do positive, as the trial funotion uasd to obtain 1%
ie always positive, and also ths heznel is positive, Therefome, if
3(;)(§l is positive for svery value of §, them

] [ :
[ e oy 2 [m) ax:
o L
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Thevefome

. J" 5, it

——
c'”(t) s
Then A, > 1 unless |'§(E) 4F =0

4a2 Solutien of Gempel intecrel Boustion
This wathed is desorilted im (10), I Siw eigenvalues of

(623) 838 Mgk pesessoghpors Witk oorrespeniting newmalised
otgontmotions yM(E1e 3 E)aciersvon ¥ AE Joesrserans tion the
goneral solutiom of (4.2) u

' 8al¥) -2.... )(§);
o, = [ 8. (E) yPAT) AT, sinw \he etgeutmetions ase crthegweal
and nm&'.nnl. is. they mtiafy

H
. o “
‘ !N(S) 76)(!) ag = { '
A=)

Tquation (4.1) is .
8,050 =0 (E) + jx (Fo8) £, (3) oF.
Then f'
62 F -0, () = Lf (3,E) 6,0} aF-
The solution of this is
ca(t) -0.(§) -20..:“(5) (444)

-.;- c ‘tb-i.(th r 8 axt

lot = [ e, (5 ) ag
3 (!') U o




Then 8, =9, ¢, (4.5)
Mlbiplying (4.1) by ¥™(&') and integrating from 1/M %o 1 with
respect to g’. it woomse

l
[:,(;') y™ &) ag'w Lo,(;‘) y™(¥) ax’

N { (4.6)
™M ) Ge, ! J ‘
+ jy (!)[S K(X,.%) lt(t)‘fj‘t
L ~

Changing tlhe erder of integretion in the last integmal, and using tiw
rolationship i
¥ IE) =An S#t (E68) 7 UE) ax'

the equntion (4.56) twocmee
- ]
o, =f, ¢ -X: (4.7)
[ ]

Elimirating ¢ ,, Wtwon (4.68) and (4.T7) giwee

$, % glitege T
”
ﬂ'
On substituting this walwe for a, in (4.4) the solutiom becowss

8.(%) 'l“.(g’ *i'_x.t_._'.\r 7"°(§i (¢.8)

viere £, -.sn,(gy R IIR L
A

This gives the complete solutiom of the gerewal integral
equation (4,1) in terms of the eigenfimetions of the homogenecus
integrel equation (4.2).
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The integral on the right hand side of squation (4.1) is
mmmmrth”lllhlultbmun.a(t') is defined
over the total rsmge O $o 1, Consideratiom of the integrel equation
shows that the velues of g ,(§) for § less than 1/M are entirely
depondent on ths values of g, (E) for § groster tham 1A, Mcsuss of
this the equation (4.1) csn bo divided into two parts, oms for &
groatey than 1M and the other for ¥ lese than 1AM,

Ve oan define
gL lE) =g (8) +g, (¥)

where . g (E) 0é ¥ < am
l."t"' .;tc.m

: g, E) e z'én
and ‘~(§) - { ® 3 6 to<m

0, (E) oan o similarly sublivided inte
0 1E) =0, (%) +0,(8) ,

o " ‘0’ {“o(i’ 06 ¥ <1/m
3l ) e e

o 0, () s g'éy
¥ 8 s { 0 o= ¥ <M

Then equation (4,1) decomss
6,050 45, (2) =0 () 20,8) B
¢ | ®(5,8) [g,(8) +5,(%)] a¥.

' M
Nt Lx‘ (‘s.g") 33(}} 4 = 0, since g, (§) = 0 over the rengs of
integration, so (4.9) becomss



i e

cs(ti l'..(E)"ﬂ;(t)*G (E) + fﬂEot’l“(t)dg “.IQ
I£1Mé E @ s (4.10) vecomss

s 8 e 8 [HinEie mer e
and 1£ 0 & ' <1/, (4:20) boosmme
g (&) =0, (E) *I K (5,%) g, (8) a% (6.22)

From (4.12) 1% ean be soen that the solutien for &' in the
rengs { ©; 1/ ) is entively dependent on the solutiom for E 'in the
renge { 1/8, 1),

In mactice tie eigenvalues and eijpnfunctions of the
homageneous equation gorresponding ¢o (4,11)

tw: g,(5) = [’:(;.z's g, (E) 4F
sre found, and then tis selution of (4.11) caloulated using the
formila (4.8), Frem this solution g, (') is caloulated using (4.12),
This gives tho total solntiom of g ( £} for 11 §/in the venge (0,1)%

From this solution thew mwpen contairment time of the perticles
in the modulation oan by caloulated Yy moans of tho formile derived
in seotion 2.2,

44 e Source Rmotion £ (X)

There remmins tls problem of the initial input distrilmtion
funotion g, (¥ ), sad the functiom G, () vhieb is derived fyom i,
In ssotion 2,1 wo made tie restriotion that g, (&)
consiste of payticles which will all enter e modulation, Then
g, (%) =0far £ ®1/M Also, it tas teen shom in (B) thet the
mximm gain in magnetic moment st each step for & papticle going



tirough tho wodulation is of the order of h, Thezefore if a particle
has o0 low & magnetic moment on endering tle modulation them it may
not gain sufficient magnetic momnt to Y trapped, and may therefore
pass styaight through tie mmohing,

Tin choiee of tie distributien function is arbitwary, Mt
usually w choose @& unit flux funotion with a flipd magretic momsnt
end coupletely rerden phusn, This flumed mgnetio momwnt ¥ 5o less
than 1/M, Wt is high encugh for sam of tis particles to reash, in
one transit of the goten, & mgmetic moewnt such that they ame
trapped.

Then g, (8)=8(k-%,)

viere § (¥ = Z,) is th» Direoc Delta Fumobion]
|

6 ES = fm.:'x g (5) 4

Ron 0 _(E) =K (E,8)
From this, esch of the £, can be caloulated.

4.5 Naprics) Selution of the Gepersl intmarel Dqustion

A trisl function ie chosen, and the iteratiwe proesdure
deseribed in ssotiom 4.1 is used to find successiw approximtions
The trial Function used is 4 X)=§
to the fiwst eigenvalie )\MM‘ is oonsidered to have ecomverged
sufficisntly whem the difference tetwen e )\ 's producsd bky twe
-10
suocoesive iteretions is less then 10 : " The eigonfunetion
ecorvespending to this eigenvelie is then mormmlised, and subtzected

out from the trial fmotion, and the wocess mpeated to giw e



sscond eigenvalue,

This proocess onr e yepsated to giw as many eigonveluss
a3 arve desired, ut im prmetice wo more than about § are necessary.
Yor exauple, for & typieal cam with M= 10, h = 0,042, n =], and
v = 2,2], then the first fiw eigenvalues axe

A.-W’

Ay 1519633

A= 1A4MTL

A= 1,66988

Ag = 2,24308
The torm depending om A, is proportiocual $o o 80 ting 1t is

-
the relative magnitudos cthm ineretsing n which ia ingertant’,
”‘
In this oase them retics are ‘
40,173 5,093 2.0283 1.518) 0,8748,

Thovefose the relative importmsce of the terms drops off sharply with
esoh successive eigemvalue, :

Another problem whiéh arises in this numerical calculation
is the choice of an integration procedure. Some of the quantities
to be integrated have sharp peaks at certain points, and therefore
any integration procedure which weights points unequally is liable
to give answers which depend on the choice of weighting factors.
Simpson's formula (see page 234 of (11)) which uses unequal
weighting was rejected for this reason after it had proved to
be numerically impracticable to obtain a fine enough mesh to
overcome the problem, It was finally found by experiment that the
procedure which gave the most consistent results was the simple

trapezoidal rule (see page 232 of (11)). Since this method of
integretion was used in the solution of the integral equation it



was also chosen as the integretion precedure fur normslising tim
ksrrel, in order to obitain consicteney atwpen the two parts of the
solution, Since the first eigenvalue is nemlly very eloss %o 1,
anything which ehanges the walue of )\, slightly makes correspondingly
.ﬂmmucﬁ_:sm the toial solution depends om
this yatioc it is extremwly importent that the nosmaliemtion, whigh
affects ), should be cormed.

There remains the problem of integresing X (£,E) ¢ (§)
with reapect o ¥, ¢inw

K{E,6) =R (5,5) ¢ 2 ()6 (3 %)

wisre S(E - %) 10 the Divme Diite Amotion,
Then

tht.t)e (3) &% = f[x(;.;nmsysti ;’)]. (¥ oLE
= f“f.imtus unmcm

~
..,
Then (4.18) gives the mthod of integration of X (;,g)g(;-)_

Irom the solution of the gemerel integral equation the
msen oontainment time of purticlas in ihe wachine ie esloulated, and
it is this moan contalmmnt time which osn e compared with the
results obiained by othey metheds of doaling with the system, e
Tosults of this treatoent snd those with whish tiey oan be ocompared

are given in the next cheapter,

4.13)



DABE D

Cemparison of results from this treatssnt with those fyom the

statistical tweantapnt

§,=0'5
n, ", b
n 20 0,042
7 8 0,064
15 14 0,033

2.21
2,16
2.4

B, =no, of stepe in this trestment

4
80.8 1,

23,1 ‘f.
7.5 T,

n, = no, of steps in staiistical treatuprt

“Z, = men contalment $imp in this Wentmnt

1o = man oontalment tim in statistienl treatssnt

€a
27 7,

28 T,
@1,



aRE2

Comparison of results from this treatment with thomss from the
diffusion equation treattwmnt

ve= 2,15 h= 0,089
n i 4, Range of 1,
11 10 8.1 1, BT, - 87T,
7 10 B2 2, 87T,- B1,
? 3 'J fo w.‘ u{.

“C, = man contaimmnt time for diffusion equation treatwnt
“f’_' man oontaiment time for this tweatwent
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OBAFIER B

ERSULRS

In oxder %o discuss the significanas of the meeults
obtained using the mthod desorited in the mrevious chapters, it s
oecessmry %o desayibe trisfly the otley mwthods which have been used
to treat this type of system, end the results whish have bteen obtained
using those wsethods,

Bese otler methods ziw results with which to compare the
results obteined in this thesis, ™e purely mmprioal trestmsnt will be
dosoritod first, snd then the diffusion equation treatment,

Sad 4 Jtatintioal Smatment

Mis 1s deserided in (6), Tie mthod oonsists basically of
taking a particle with & flmed input magnstio mmwat and & ceaplately
random phass, and tracing tte history of the partisls using the
eguations dorived in chapter 3, The aAsmmption is made that the plase
of the perticle is complately rendomised every time it is refleoted at
a mirror: thie 18 showm in (6) to e & Justifiadles sscumption, By
tracing the psth of the particls whils it is in the wmachive the
oontaiment tim of the partiols omn bte oaloulated,

In oxder o find ke geveral whaviam of particles in this
ayster, & statistionlly significant number of particles is taken, i.e.
1000 partiolss or more, efch with the stew input magnetic moment and
with & plase chossn by soms method producing rendom mmbers, iyom the
econtaiment timms of each of timss particles, te meen oontsirmnt time



of the particles in tie systom is caloulated, for this input mgnetio
moment,

It is not possidle to compare exactly the results obtained
by this method and thome obtained by the wthod deserided in this thesis.
Thie is because those in (6) have been obtained fur & non-symmwtrie
modulation, 14. for & complate munber of periods of modulation, viereas
the mothed described in this twsis depends entiely on the comsideretion
of a symoiric system whioch pwoduces & symmtric kernel for the integrel
equation of ohmptor 2,

W can, howwer, compsrw the resulte obtaimed in (6) with the
results from tis mthod in this tiesis for & system with are Dawer step,
1.0, » compare n = 11 for this thekls with n = § pevieds (10 stape)

for (‘)‘o

With this oemndition, ths oompsrabls results axe showm in
table 1.
5.2 A Diffusion Pq uation Trestmank

Anotlery mthod of dealing with this type of system bag been
devised by Dunnett and laing, and is deseriled im (8),

This involwes initislly deriving a st of coupled integral
equations, csch one of which is similar to eguation (6.1).’ bt refers
only $0 Grensmiscion from ons region of the mofulatiom %o thy sext
segion, and not to tranmmission through end reflection frm the whele
modulation,




fig. 8.1
If the Slstridution fimctions g in tie various regions are
those indicated im fig, 5.1, then & typioal mpabey of tim st of
integral equations ie ns follows,

g, (%) = J 0,.,.,,(§.£; g, ) ax'e . (E) g, (%) (s

Sinoce the modulation is totally symmetyic, and mince a total syamtry
is imposed on the system by injection through both mirrers of tiw
syastem, then

g; (%) =g (%)
oo oQquation 6,1 bsooms

g (%) = ‘(‘Q“"(E.E'l g {8) 03’42 (51 g (%) (5.2)

sﬂl

Yiere B, (%) is tie pwolabllity tiat & pawrtisle with mgnetic momsnt
§ .in tie 1 th region is reflected 8% the boundary botween the i th and
the 1 + 1 th reglors

Q.. (5,5) 4% 1o the probability thet a particle with mgnetic momsnt
in the xenge (t'. t'+ 4%’} will be trensmitted into the L+ 1 th regien
with sagnotic mmnt ¥,



T

IS osn o shown thet ¥'- £ 15 mmll compared with ?’Mmt'm
contritute to the integral in 5.2, Then by letting y = § ‘= ¥, (8.2)

bocomes
o0

s (§) = JQ;;“(E.E‘ ¢ (S+¥) eg'+2 (%) g 13 (8.8

The asoumption is made that Q&:‘ltf u--u-xyma-mo-dg'.
mluan-ltc‘,:'(g +y) mhwucm.mnohug.

e QI,‘%’I’ -.~ ‘g) "’W b’%’ﬁ-’ M

Then equation (5.3) becomms

g (%) =0, g 0%) +8,,, ﬁ,;)ﬂx a‘ggﬁcsx

. ; e + 2,09 ‘n;_ig)

vhere Gie, 1™ T A, el ’
Q.. (§,%) 4

b £ RALLAN FTORTE A

Biiee ('~ g )|

[ L]

The sot of equations tilus produced is oapable of being
solwd mumrisslly, wieress the selution of tie originel set of soupled
integral equations beoomes vory complicated for moye than § regions,

Since the diffusion equations depend on & symmtrie
modulation, the rweulis oan b compared with thoss obtained for the seme
sumber of stops by the mthod of this thesis,

The resuilis olifained using the diffusion equation treatmpnt
wre caloulated with a moze complicnted smuures fimetion than the simple

source funetion used im this treatownt, Wt it is mevertieless poseidle
%o oompare the omders of magnitude of the sesulis obtained by the twe




mthodas, This is dong in table 2.

5.3 Dissuasion of Fogults
It ia interesting to look &t the eigenvaluss produced by

this mthod, and ad the form of the corresponding eigsnfunctions and
of the resu_ting distribution fimotiom,

As w» lmve seon in cinpler 4, tie eigesnvalies are greater
than 1, and becomm progxessively larger, Yo baw algo shown that the
relative importance of tho %erm imvelving )\,is propertiomal to ’\n‘_ =
and not dtneﬂywnlhk,;ht-nuh-.ctb. the
eigenvalues aye reasmmably oleoe e one Anotler, btut this is compensated
for by the faot that the smallast eigenvelwe )\, is very olose to 1, and
it therefore mekes & vory large cmtribution ¢o tie vemulting distribtutien
function, For large h the eigenveluss decomm oconparatively large quite
rapidly, but the mmllest eigenvalue is usually net so close to 1, Tms
the smller h i, the greater the contrilution tie first eigsnfimetion
mins to the Setal distribtution f\metien,

It ia interesting to lock at the simpe of the distribution
funotien g_ (¥ )s A typioal one of these is shows in fig.(F8) and alse
shown in the figure is the comtribution made to the distributiom
funotion by the fivet eigsnfimotion g‘” {(§)s It can » ssen that the
oemtritution of &£ ¥ ) Lo loss thmn the total distribution fumetion
in the lower yenges of ¥, 18.%<-7, ut {s greater in the higher
yanges of £ Te peak at high values of § is almost certainly dus to
particles af hgh magne®ic moment being interrally reflected in the




modulstion and tims spending longer in $hp modulation than thosp with
lowsr magnotio moments, It is this high peek which contribkutes greatly
to the high entaimmnt timws obtained by this methed,

It sseme likely from the simpes of the eigenlimotitms that
the fivset ol.Mu represonts almost all the particles whish spend
e long tise in the mechire, as there is no sign of this peak at high
valuss of £ appearing in any of the subdbsequent eigenfimotions. Te
is a possible ayea for further investigetion,

Another interesting feature which appears in the
dietridution funotion g, () 10 & pesk ot & vory low valus of £, in
the case of this example at ¥ = 0,25, T™his is wobably dus to the fact
that there is & reflocting barrier in § at £ = 0, This will alveys W
& amll poak, o tiese particles lmave such amll g e tio momnts that
they will o lost vian they met & miryor,

$-4 Comperieon of Rpgulis
From %able 2 16 oan b9 ssen that tt» Tosults from this

m thod are very different from those obdtaimed by the diffusion equation
treatment, The difference 1s one of an opdey of magnitude, and not jJust
of a fow time (. Since the results of the diffusion equation treatwnt
have wen ealoulated, Dunnett and others hawe postulated that the low
values obtaimed YWy this rethod may W dus %o the faet that the
distritution fimetions 35.(‘51 very toe rapidly for high valuss of g
for them %o '» socuretely exmessed by mans of a Taylor series
expsnsion, Tids 1s bogme out Yy comparison of an average flux functiem



derived frem the diffusion equation treatuent with s total flux
funotion for tie mwthod sutlined in tle Fovicus chaplers with tis e
initial peremters (fig.79).

From $ha yesults in table 1 it can bo ssen that, allowing
for the additiomal step in the meulis from (6), tie results frem the
etatistioal treatuent and from the method desorided in this work ave
vory similay, Therefore, asmming tlat the statistioal mesults eare
cormwet, the mthed outlined in this thesis gives an saccurate description
of the mhmululus.mdm”mhhnt tims for
particles in & modulated mirror msohine, with the particles trented se
an ensemble, mthor tlam simply se individwml particles,

£.8 Duxtex Foxk

There axe verious fNurther inwestigetions whioh might W
made along the lines of the methed outlined in this thneis, It ms been
sugzested that it might b instructivwe to i sows investigation into
the struoture of the eigenvalues rwoduced. Anctier pessidility would bte
to leck at tho results obtalind by varying the parampiers h and v,

There aye various otlheyr problems to whieh a diffusiom
equation approsch ms ylelded results which axre incumpatible with those
obtained by experimenial mthods. It is poscidle that an approsch
similar to that deserided in this thesis mmy giwe results compatible
with the exporimental dste for such preblems,
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