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SUMMARY

The first theorem pertaining to the minimum weight layout of pin-jointed
frameworks 1s due to J. C. Maxwell and shows that any framework which con-
sists entirely of tension bars or euntirely of compression bars is an optimum.
However certain conditions must be satisfied by the external force system if
such a framework is to be possible, Following Maxwell, A. G. M. Michell
derived a theorem which gives sufficient conditions for a framework containing
both tension and- compression members to be an optimum: the bars must lie
along lines of constant principal strain in a compatible virtual deformation
of space, with the sign of the strain agreeing with the sign of the load in N
the bar. Displacement, strain and compatibility of strain are physical con-
cepts which can be described by a mathematical model involving first and
cecond order tensors. In Michell's theorem it is the mathematical rather
than the physical model which is significant; this point is particularly im-.
portant in connection with the optimum layout of frameworks on plame and curved
surfaces.

lines of principal strain can, in general, be represented by three orthog-
onal families of curves in three dimensional space. The general properties of
orthogonal curvilinear systems, and the particular properties of those which
define layouts for minimum weight frameworks, are readily derived by means of
the tensor calculus. The equilibrium equations for a continuum can be adapted
to apply to the optimum frameworks and, again, tensor calculus is the most
convenient analytical technique. The layout and equilibrium equations so
derived apply to optimum frameworks both in three dimensional space and on plane
and curved surfaces.

The technique of linear programming provides another approach to the minimum
weight design of pin—-jointed frameworks. The method is more direct in that it
finds an optimum framework for a given force system but is restricted by the
fact that the framework nodes are selected from a predetermined set: however,
given the restricted nodal pattern, the optimum framework still satisfies the
Michell criterion. The formulation of the framework design problem as a
linear program enables some simple buckling constraints to be included and
also allows {ixed points of reaction to be specified, so that the external
force system is in part dependent on the form of the framework (this represents
a departure from the conditions imposed in the theorems of Maxwell and Michell,
in which the bars are all assumed to be at either the limiting compressive ot
tensile stress, these being taken as material constants, and the external force
system is completely specified). Linear programming problems can be effic-
iently solved on a digital computer, although, in the case of the framework
problem, a considerable amount of extra computation is involved if the data is
to be read in, and the results printed ouvt, in a convenient form.

Further developments in optimum layout of frameworks have been along the
lines of mathematical programming, of which linear programming is a simple case,
and away from Michell's theorem, which remains a unique and still fascinating
contribution to structural design. :
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CHAPTER 1

INTRODUCTION

THE DESIGN PROBLEM

Whereas in structural analysis both the externally applied force system and
the structure supporting this system are completely defined and the object is
to determine the stress distribution in the structure, iu a design problem,
the final form of the structure and its stress distribution have both to be
determined. The extra variables introduced in this way require that more
conditions than the usual ones of equilibrium and compatibility be supplicd if
the problem is to have a unique solutionm. The extra conditions are firstly
that the stresses lie within prescribed safe limits and secondly that the
structure be in some respect an optimum. The sense in which the structure
is an optimum, and the degree to which it is initially undefined, are the main
factors influencing the method of solution of the problem, In this particular
study, optimum is synonymous with minimum weight, or minimum volumz, and the
only information given about the structure is that it is a pin-jointed frame- _
work of elastic, as opposed to plastic, design: the criterion of minimum weight
is to be applied to determine the layoul of the framework.

HISTORICAL BACKGROUND . . Ty

The first step towards the solution of this prcblem was taken by Maxwell
(reference 1) in the iatter half of the last century, but the wmost significant
contribution is from Michell (reference 2) whose theorem, published in 1904,
gives sufficient conditions for any pin-jointed framework to be an optimum, and
embraces the theorem of Maxwell as a special case. The importance of this
work was not realised until the 1950's when First Cox (reference 3) and then
Hemp (reference 4) became interested and made further contributions to the
subject, They succeeded in generating a flurry of interest in Michell's theocrem
both in this country and abroad (reference 5), until, in 1964, the publication
of a paper by Dorn, Gomory and Greenberg (reference 13) set a trend in optimum
layout studies which is still unbroken and which has largely put a stop to
further research along the lines established earlier by Hemp. This paper des-—
“ecribed a completely original approach, based on a formulation in terms of
linear programming and solution by a numerical analysis technique called the
Simplex method, developed a few years earlier by Dantzig (reference 14) in an
entirely different context. It was recognised by Hemp and Chan (reference 16)
that the optimum frameworks derived by linear programming satisfied Michell's
criterion and that the necessity of the criterion was thus established.

SOME GENERAL POINTS

Maxwell's theorem shows that to obtain a minimum volume framework it is cnly
necessary to minimise the volume of compression members or the volume of tension
members, from which it follows that any framework which consists entirely of -
compression members or entirely of tension members is an optimun. The problem
then is to determine under what conditions such a framework is possible, and
some consideration is given to this in chapter two, where it is shown that the
funicular polygon construction is of some relevance in the case of plane force
systems., The latter part of chapter two is an account of Michell's theorem, a
close look being taken at scme of the mathematical relaticnships involved in its
proof. According to the theorem, optimum framoworks have their members arranged
along lines of principal etrain in a compatible virtwal deformation of space.
The standard proof, which involves a comparison eof the strain euergy of various
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frameworks subjected to the same virtual deformation, obscures to some extent
the exact nature of the optimisation process, and thus a deta11ed examination
of the proof is both interesting and instructive.

The virtual deformations of particular interest as regards Michell's theorem
are those in which the principal strains are all of the same magnitude but not
all of the same sign, »nd su the lines of principal strain, which are the lay-
out curves for optimum frameworks, form orthogonal sets of curves. The general
properties of orthogonal curvilinear systems are derived in chapter three, by
means of the tensor calculus, which is the most appropriate mathematical tech-*
nigue in this case because the results appear in a form which makes them particu—
larly suitable for application to the problem of compatibility of strain in
chapter four. In the literature on tensor calculus, the main aspects of nota-
tion and terminology are standard, with some minor variations depending on
individual authors. Where there is lack of uniformity, the conventions adopted
herein are as follows:

a) A coordinate is demoted by the letter x with a single superscript
Al

e.g. x*, ™, x=.

b) Greek indices refer to surfaces and have the range 1-23; latin
indices refer to the enveloping space and have the range 1-3,
e.g. x* is a set of three space coordinates, x¥ is a set of two "
surface coordinates: [ij,k] is a space Chrisioffel symbol of the
first kind, [an,X] 18 a surface Christoffel symbol of the first
kind: A B; is the sum of three terms, A% B( is the sum of two
terms. When a numbher is used as an index it will be clear from
the context which coordinate system is being employed. This
notation is introduced because the theory of surfaces, from which
certain results appear in chapter three, does not involve 51mp1y
an investigation of the metric properties of two—dimensional
Riemannian spaces. The idea of an enveloping space, with its
own metric properties, i3 of paramount importance.

c¢) However certain relations between the fundamental quantities
which describe a space can be stated without reference to
either the dimensions of the space or the presence or absence
of an enveloping space, and in such a case, capital letters are
used as indices.

d) It is convenient to introeduce subscripts and superscripts which
do not possess tensorial significance. These are enclosed
in brackets e.g. g&ﬂ is a second order covariant tensor.

e) When an index representing a power is applied to a quantity with
a tensor subscript or superscript, the quantity is enclosed in
brackets to avoid confusion.

The brief account of some of the basic ideas of tensor calculus at the
beginning of chapter three is intended to introduce and define the quantities
to be used in the subsequent analysis and is not to be considered as a logically
developed treatise on the subject. Details of standard thecrems cazn be found
in references €, 7 and 8; where details of a piece of analysis are given, the
analycls is not part of the general theory, but has been undertaken specifically
in connection w1th the present study.

As Borg has said in his book "Matrix~Tensor Methods in Continuum Mechanics",
the significance of the equations of compatibility of strain is "occasionally a
matter of some confusion", and their particular significance in the case of
Michell's theorem has tended to be even more obscure than in other applications.
Thus the emphasis in chapter four is on the mathematical processes which are



involved, and the point is underlined in Appendix A, where some of the layout
equations are re-derived without reference to either strain or compatibility
of strain. The layout and equilibrium equations of chapter four represent

an extension of work done by Hemp, who first derived the equations appropriate
to optimum plane frameworks (reference 4) using a different technique.

The design of optimrm frameworks by linear programming, described in chapter
five, is relevant to a study centred on Michell's theorem in that it demonstrates
that any optimum framework satisfies Michell's criterion and the criterion is .
thus proved to be not only sufficient but necessary: it also sets the pattern
for further studies in minimum weight design leading to the solution of more
realistic problems, and in thie respect (and this respect only) is seen to be
superior to Michell's approach. The presentation of the ideas in chapters five
and seven is intended to show clearly how the formulation of the framework
problem as a linear program, involving only equilibrium conditions (and not
compatibility conditions) as constraints, is justified ultimately by the form of
the solution, which is always a statically determinate frzuework: in general,
interference with the basic problem breaks the logical circle, requiring a re-
formulation which inevitably involves non~linear constraints. However there
are two ways in which the problem can be elaborated without introducing non-
linearities. The first is to allow the limiting compressive stress in frame-—
work members to depend on the length of the member, so that simple buckling
constraints are effectively introduced: the second is not to specify the
complete external force system, but give some forces and some points of reaction.
Both devices are used in the computer program described in chapter six. The
former, however, does have the obvious deficiency that two short compression
members joined end to end are together lighter than one long compression member
buk are quite unacceptable as a design feature. The computer program detects
this and other similar types of instability and tries to find an alternative
solution,

The progress of structural optimisation from 1964 to the present day, in so
far as it is based on the minimum weight layout of frameworks, is traced in
chapter seven, and against the background of knowledge accumulated in this
period, Michell's theorem is seen to be still a unique and extremely valuable
contribution to the theory of design.
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CHAPTER 2

THE THEOREMS OF -

MAXWELL AND MICHELL

MAXWELL'S THEOREM

Maxwell's theorem states that in any fully-stressed pin jointed framework,
the expression Vgyowy = V0% is a constant depending co the applied forces
and their points of application, where Vgyis the total volume of tension
members, V¢ythe total volume of compression members, and@fy and 0%y are the
limiting stresses in tension and compression respectively, these latter two
quantities being properties of the material from which the framework is
constructed. Maxwell himself gave three proofs of this theorem (reference
1, pages 175-177) of which a variation of the third one, due to Cox (reference
3, page 83) is presented here.

Let the position vectors of the n nodes of a framework be ruw, Lap ---»5 Loy
and the forces applied at these nodes be Fu, Fay ++-, Fw. The bar, of
length 1(1,,‘) and cross sectional area s which joins nodes } and m exerts on
the node | a force T(uy) given by:

i(lw) = C:)\:("“) N 2'("')) Aam) Ttt) - bar in tension
1(1»“)

.- - (ff(*m) "‘“ Q’(O) Aawy T
L(lm)

- bar in compression
- 1

The scalar product of E{b,‘)with-the vector (o) - ) ) is 6{(‘1.“)1(1“._) U,
or — CL('L\-w) Lam)()’a), and the summation of such products over all the bars is
Vi ¢y — Vo dg - The products may also be written as the sum of the two
terms - T(w)° I and - 3(,,‘1) * Xy o and since for any node, | , say,

ZF-’:: T{LP) -+ ) f (1,)_ = O

?

where the summation extends over all nodes connected to node l, the first
sumnation is Z:fdp) " Xgy and so: )

, .
Vcc) 0w \/(c) 0o ~ P%.Tl,!f (RN - (2.1)

The quantity on the r.h.s. of equation (2.1) depends only on the
external force system, and therefore the expression on the l.h.s. has the
same value for all frameworks which support this force system. The total
volume of a framework, V, is the sum of V) and Vi » and, using (2.1), it
may be written in the alternative forms:

n
\/ = v(ﬁ:) (‘ i Q’_{’Q> - ,,w‘m /}mil ™« T(p) ~ (2.2a)
0w 0 - |
o
Vo= N (It ow) + L el lip Tep - (2.2b)

0 Gy 0esy



From these expressions it is evident that to minimise the volume of a
framework, it is sufficient to minimise either the velume of tension members
or the volume of compression members. Furthermore, if a framework can be
found which consists entirely of compression members, or entirely of tension
members, it is an optimum framework, and its volume is given by (2. Za)
with Wx)equal to zero, or (2.2b) with V) equal to zero. :

All-tension or all-compression frameworks are the simplest form of
optimum, but their existence is dependent upon certain restrictions on the
applied force system. Any force system for which ;E:an X(is zero, as, *
for example, in the case of a system of couples in which the line joining the
points of application of a pair of equal and opposite forces is at right
ingles to the direction of the forces, precludes the possibility of designing
such a structure. When 3IFpy. r)is positive, an all—tension structure may -
exist; when it is negative an all-compression structure may exist. The
ebsolute value is of little significance: 1f the magnitude of each force
in a given system was halved, and all distances were also reduced by a half,
the directions and relative magnitudes of the forces and the distribution
of points of application would still be the same and so therefore would be
the fcrm of any optimum framework that might exist, but zggjp)agﬁ would be
one quarter its original value.

The smallest convex polyhedron which can be formed by using certain of
the points of application as vertices, and which encloses the remaining
points of application, is of some importance. If the forces applied at any
joint of a framework are drawn as a set of arrows all directed away from the
joint, the arrows cannot all be to the one side of a plane passing through
the joint if equilibrium is to be maintained. Thus a set of bars with the
same type of loading (i.e. all-tension or all-compiression), meeting at a
free joint, must occupy more than a half space, and if the joint lies outside
the polyhedron the bars cannot all be directed towards the polyhedron since
it is convex. It follows that there can be no free joints and therefore no
bars outside the polyhedron. Consider now the equilibrium of the joints at
the vertices of the polyhedron. If the applied force at a vertex is to be
reacted by a set of bars all having the same type of loading and all lying
within the polyhedron, the line of action of the force must pass inside
the polyhedron: if the force is directed towards the interior the bars
are in compression, and if it is directed away from the interior the bars
are in tension. These results follow directly from the statement made
above regarding the equilibrium of a joint under a set of forces, and they
give rise to the following necessary condition, to be satisfied by a force
system which admits of an all-tension or all-compression. framework:

Condition (a) The smallest convex polyhedron, formed by using some or all
of the points of application of forces as vertices, and enclosing the
remaining points of application, must be such that the lines of action of
the forces at the vertices pass inside the polyhedron, the forces at the
vertices all being directed inwards to, or all outwards from, the interior
of the polyhedron.

For plane systems of forces, the polyhedron becomes a polygon, and if
the polygon contains points of application only at its vertices, and not
in the interior, the above condition is mot only necessary, but sufficient.
Consider figures 2.la and 2.1b. The forces F@), ..., ¥n) are applied
at the points n@) , ..., ne,) respectively, in figure 2.la, and the
corresponding force polygon, HIJKLM, is shown im figure 2.1b. A point O
is chosen in the interior of the force polygon and joined to each vertex.



The line AB is then drawn parallel to MO, starting from an arbitrary
point on the line of action of force F¢), BC is parallel, to HO, CD

to 10, DE to JO, EG to KQ, and GA to LO.  That the points A and A’
coincide to form a closed polygon, ABCDEG, may be proved as follows.
The triangle IMO in figure 2.1b may be taken as a triangle of forces,
the forces Tq) and T(12) being in equilibrium with Fg), and acting at the
point A in figure 2.la. Similarly, triangle MHO is the triangle of
forces for equ111br1um of Tri) » Teayyand Fr) at B. But T@Q is
represented in magnitude and direction by the line OM while I69 ig
similarly represented by MO, and so the two forces are equal and
opposite. If they are both applied along the line AB, their resultant
is zero. The resultant of each of the pairs of equal and opposite
forces along the lines BC, €D, DE and EG is likewise =zero, and therefore
the pair of forces T(w) and T@D must be the equilibrant of the system of
forces F({y, «evs Fo)- It is evident that unless A' coincides with A,
the pair of equal and opposite forces T(u) and T(s)) constitute a couple,
so that if the sum of the moments of the applied forces is zero, A'
must be the same as A, The closed polygon ABCDEG is known as a funicular
polygon. (For a plane system of forces, the construction of a force
polygen and a funicular polygon determines whether or not the system is
in equilibrium: if the former closes, there is no resultant force, and
if the latter closes there is no resultant moment).

Provided that the funicular polygon ABCDEG in figure 2.1a lies entirely
inside the polygon formed by joining the points of application of the
forces, the layout of an all-tension framework is given by the funicular
polygon itself, together with the lines joining each vertex to the point
of application of the force acting through that vertex. The size of the
funicular polygon depends on the point A from which the first line is
drawn and since this point is arbitrary, the polygon can be reduced to any
required size: however it may be necessary to redraw the force polygon at
certain stages, because the order of the forces in the force polygon must
be the same as in the funicular polygon, so that if, for example, the point
B were to lie on the other side of the intersection of the lines of action
of F( and F(3), the order of these two forces in the force polygon would
need to be reversed. The funicular polygon is convex and therefore
suitable as a layout for an all-tension framework provided that the conditions
regarding the ordering of forces are satisfied, and provided also that the
point O is chosen so that all the lines joining it to the vertices of the
force polygon lie entirely inside the force polygon. An identical
construction produces a compression framework for a system of inwardly
directed forces.

In the mamner described above, an optimum framework may be found for
any system of forces which satisfies the necessary condition (a) and the
further condition that all the points of application of forces are vertices
of the smallest couvex polygon. However this latter condition is
unnecessarily restrictive, as figures 2.2a and 2.2b show. Fs) is applied
at the interior point n¢s), and & suitable funicular polygon, ABCDEG, can
still be formed. As the point ng moves away from N, the point at which
the force Fgi)crosses the boundary of the outer polygon in the same direction
(i.e. interior to exterior) as the forces at the vertices, it is impossible
to keep ng)outside the funicular polygon. For this particular construction,
the point R, which is the intersection of the line of action of F(s) with the
lines from S and T drawn parallel to LI and KI respectively, is the limiting
position of ng). However, by employing the system of figures 2.3a and 2.3b,
in which the forces are taken in a different order when drawing the force
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polygon, it is clear that n(g)can move as far as R', which is the intersection
of the line of action of F¢) with the line from ng;) drawn parallel to IL, R'U
being parallel to JL.

Thus what is important is the distance, d, from an interior point of
application to the point at which the corresponding force crosses the boundary
of the smallest convex polygon in the opposite direction to the forces at the
vertices. The necessary condition (a) sets a limit of zero on d: a sufficient
condition is that the value of d is not small relative to the dimensions of
the smallest convex polygon. How small it may be cannot be stated precisely,
but the limiting value for any given force system can easily be determined ¢
from the funicular polygon construction.

MICHELL'S THEOREM

Michell's Theorem provides the conditions subject to which a framework
containing both tension and compression members is an optimum. It states
that there must exist a compatible virtual deformation of space in which the
strain along compression bars is —Z , the strain along tension bars is + & ,
and no linear element of space has a strain numerically greater than & ,

& , being a small positive number: if the compatible deformation can extend
over the whole of srace, the framework is a global optimum: if it extends
only over a limited region of space the framework is an optimum relative to
frameworks whose members are confined to the region of the compatible
deformation. Michell himself only proved the sufficiency of these conditions
{reference 3, pages 589-591) but they have since been shown to be necessary
{see chapter 5). )

-

The volume of a framework may be written in the form:

‘ - o, U Ll 2 \Ay
Vo= \/(t) + \/Cc) ) "“2& (o’&) v &,Q(\/&)«’fm t \/(c) 0/(0) + 2.\ d&)>(\/[t)<{(t)-\’{é)@>

i.e., using equation (2.1)

! | - X
V= 3@ Modo Vodo)t 5 (7™ 75) 20 [o 1w

- (2.3)

and therefore to minimise the volume, it is sufficient to minimise the
expression Vﬂ)d&) + V&)U?Q . Consider a framework which supports the
system of forces Fqi) applied at the points with position vectors Idy»
and let the space occupied by the framework be subjected to a virtual
deformation in which no linear strain is numerically greater than £

The virtual work done by the applied forces is equal to the change in
strain energy of the framework, i.e.

R - — i
Uzt) % Al [(’zm‘; Eawy J(r.) %74 At { (v fam) - 2 ’ () * V()

>~

- (2.4)
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where the &g.) are the strains imposed on the framework members, the NG

are the vector displacements at the points of application of forces, and
the first two summations are taken over tension members and compression

members respectively. The ¢q. all satisfy the inequality:

~& S faw S & ‘ = (2.5)

and therefore
. *

O %;; aylantay = 9% ; d—(Lm) L € S 0’(&)2 q(cm)t(tm)g + G?c)zlc‘(bu) law)‘:‘

N
-

= ¢ (Vi + bV ).

Combining this inequality with equation (2.4) gives:

Voo + Viody 2 +2.10-Ye - @6

(2.6) sets a lower limit on the value of Vieyote) {QQQ@O for any framework
which supports the given force system and which has its members confined to

the region of space in which the deformation is defined. This limit is

attained by the framework (if it exists) for which the virtual strain is )
+ & along tension members and — € along compression members, which means,

by virtue of the inequality (2.5), that the members must lie along lines

of constant principal strain. Such a framework is, by equation (2.3), an
optimum,

The above proof is essentially the same as the one given by Michell
(reference 3). Certain aspects of it are worth looking at more closely,
because the equation of virtual work, which is represented by equaticn
(2.4), and which is central to the proof, is inexact, in the sense that
the expression on the l.h.s. of (2.4) is the change in strain energy of
a framework only if powers of the ¢(w) higher than the first are ignored.
However if the defining relation between the £gw) and the NP is taken to
be that between small strains and small displacements, which is represented
by the following tensor equation:

~ | s B ‘
A ol CEE ) - @.7)

err being the strain tensor and uy the displacement vector, then equation
(2.4) is mathematically exact. This becomes clear when the strain tensor
is referred to Cartesian coordinates and written in the familiar form:

2y, L0y 20y L (U 4 Mr)

oxt 2L 0x ox! 2\ oo O
< | [0l o D AU, _L.(c:u-z ; m3>
Qm .—Z(g; ’ lﬂ DDLL) Pl 2.\ 3 D

L~ -~
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Then Ellw 1s the mean value of the expression ejy l(hqlfﬂhD along
the bar joining nodes | and m, where‘lh@ is the unit vector in the direction
of the bar. But

. N 1 .. 2 o) t 2% 3
e U(m) Uum) = ( l‘am) %‘; + L(‘LM)%);L: ¥ l(zm)"'é";? )Qum)htl t l(lm)u-z t l(Lm) uz)

The expression on the r.h.s. of the above is the devivative in the &
direction of the bar of the component of virtual displacement along the
bar, and &) is therefore the difference between the component of virtual
displacement along the bar at one end and that at the other, divided by
the length of the bar. (This is not necessarily the exact value of the
mean strain in the bar as a result of the displacements BEN and/yhg of its
ends.) Each of the terms OZt) A 1,“,,1) Eam) or = (%) Clitm) i.(,,m) ‘E(L...) in equation
(2.4) is then -(T(w.¥Q) *T(w) + ¥Yew) and the summation of all such terms is
289 « ¥ as required. The exactness of equation (2.4) is thus dependent
on the mathematical relationship between the nodal displacements y() and the
linear strains €(iw), and this relationship depends in turn on equetion (2.7).

The property of the strain tensor which determines the existence of
principal strains is a general property of all symmetric, covariant second

order tensors. The expression Agyl , where A-n 1is an arbitrarty
symmetric tensor, varies in magnitude at a point as the unit vector | changes
direction. There are a set of extrema which are the roots %UQ’ of the

determinantal equation

H;n:r - 9\933-[

H

C) T (2.8)

The %ag , of which there are N in N-dimensional space, are all real if the
metric of space is a definite quadratic form. Corresponding to each simple
root there is a unique vector, tZQ , and, in particular, if all the roots are
simple, there are N vectors. These vectors form an orthogonal set and the
directions of the vectors are called the principal directions determined by
Ay . If the coordinate axes cooincide with the principal directions, the
tensor which determined the principal directions is diagonal in form. (See
reference 7, pages 47-50 and 12, 13). The principal directions determined
by the strain tensor are, of course, the directions of principal strain and
the corresponding AGQare the values of the principal strains. The pioblem
of determining the layout of optimum frameworks is, by Micheil's Theorem,
equivalent-to the problem of finding compatible strain fields in which the
numerical value of the principal strains is everywhere the same, and this
can be presented as the following mathematical problem:

To find the condition that the symmetric, covariant second order tensor
e€y7 » for which the numerical value of the expression QIIIFIJ along the
principal directions determined by e.; is everywhere the same, is of the
form } (uz,y *uy ), where uy is an arbitrary vector.

Stating the problem in this form removes any need to discuss the order
of magnitude of the quantities involved: what is important is the mathe-
matical relationship between eyy; and uy. as defined by equation (2.7).
However if, ep; is to be regarded as a strain tensor with constant principal
strains, and up the corresponding displacement vector, then the ccendition



that exy be of the form 3 (ug,y +uy,r ) is the compatibility condition for
small strains and small dlsplacements. Any other compatibility condition,
such as that for large deformations, is inappropriate. This point.will be
seen to be important when the layout of optimum frameworks on plane and curved
surfaces is discussed.

For any tensor ez, , the principal directions are uniquely determined and
are orthogonal except in the case when equation (2.8) has repeated roots. In,
this case, M vectors can be chosen, corresponding to the M identical AGO ’
which are orthogonal to each other, and to the remaining N“M Vectors. In the
subspace spanned by the set of M vectors, the value of eIfL (S is the same
in all directions, and in such a subspace, there is therefore no restriction on
the layout of an optimum framework, although the members must all carry the
same sign of loading. In parflcular, if ey is a constant multiple of the
fundamental temsor, all the Agk) are the same. In terms of a strain tensor
this would imply a uniform dilatetion of space, the straius being the same at
all points and all directions, and would lead to optimum frameworks of the
same type as established by Maxwell's Theorem.
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Figure 2-3b
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CHAPTER 3

ORTHOGONAL _ CURVILINEAR
CO-ORDINATES

As a preliminary to deriving the general equations of the.layout curves
for optimum frameworks, it is necessary to establish some general results
concerning orthogonal systems of curves in three dimansional space. These
results can be obtained most concisely by means of tha Temsor calculus.

It is not the purpose of this chapter to prove any of the basic theorems of
Tensor calculus but merely to state them and then apply them to particular

problems. Proofs of theorems can be found in references 6, 7 and 8. The
question of notation has already been dealt with in chapter 1.

The Fundamental Tensor

Riemannian space, of which Euclidean space is a special case, is charac-
terised by the form of the expression for the line element. The square of
the distance, ds, between the points with coordinates x- and x° + dx" is
invariant and is given by the following quadratic differential form:

i

o I J
ds NS dx dx = (3.1

where the symmetric covariant tensor gqy is known as the fundamental tensor
of the space, and the expression gy, dx® dx" is called the metric. | The
fundamental tensor of Euclidean space referred to rectangular Cartesian
coordinates is given by

9y = 1, T= T gy = O, T T

The latter property, that of the off-diagonal components being zero, is

a general property of the fundamental tensor of any Riemannian space referred
to a system of orthogonal coordinates (reference 6, page 70). In particular,

the fundamental tensor of three-dimensional Euclidean space, the metric of
which is positive~definite, may be written in the form:

e

- AT o, o
o= |0 B O - (3.2)
ot o o ¢° .

-
— -

2

where A, B and C are real functions of the orthogonal coordinates x’, x* and x

(The form of gij siven above is not in ifself sufficient to enmsure that the

space it describes is Euclidean. There are certain equations to be satisfied

by the functions A, B and C, these being cquations (3.7) below.)

For a given value of one of the space coordinates the other two coordinates

2

.
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can be thought of as a pair of surface coordinates. The corresponding

fundamental tensor is also diagonal and for the surfaces determined by the
. 3 -

space coordinates x> and x* , for example, is:

- 1

O r* o

oy

30{# O CZ. - (3.3&)

There are a further two sets of such coordinate surfaces, with fundamental
tensors:

2 - (3.3b)

"= (3.30)

o
% =

The three sets of coordinate surfaces are mutually orthogonal.

. TJ . . .
The contravariant tensor g J is defined by the equation:

. I SK
Sy 9 - ny

K .
where the Kronecker delta, ég , which may be regarded as a mixed second
order tensor (reference 6 page 9), is given by:

K - y -
Sf o= 4, 7=k
K :
83’

it
)
o
o
N
~

Therefore, for example:

) a0 O |
gy = O SR O - (3.4)
@, O C

Christoffel Symbols

The Christoffel symbols of the first and second kinds are defined respect~
ively by the equations:
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[I Iy K] = (chm + gi;x - g’gﬁ> -~ (3.52)
I = g [Tw, L] : - (3.5b)

J K

(Although the Christoffel symbols are not themselves tensors, the summation
convention for repeated indices is taken to apply, the indices in the Christoffel
symbols of the first kind all being treated as subscripts and those in the
Christoffel symbols of the second kind being treated as one superscript and
two subscripts). '

For an orthogonal coordinate system in Euclidean space, with the fundamental
tensor defined by equation (3.2), the form of the Christoffel symbols is part—
icularly simple, and the three sets of coordinate surface Christoffel symbols
are subgets of the set of space Christoffel symbols. They are contained in
tables 1 and 2,

Curvature Tensor

The covariant curvature tensor is a fourth order tensor which is formed
intirely from the components of the fundamental tensor and their dersvale;s
up to the second order. It may be written in the form:

2 2 -
R;LTK L= ( a._(l:i‘- + %953k - 29, . O oq
¥ DX T Dt Ok ot DK

g ([Tk, 81T L, T]= T L,s]Er,T)-00

The condition that a space with the positive definite metric defined by
equations (3.1) and (3.2) be Euclidean is that the curvature tensor be the
zero tensor (reference 7, page 117). The number of independent components
of the curvature tensor of an N-dimensional space which are not identically
zero isEN* % ~1) (reference 6, page 53) and therefore the condition that
Rijkl be the zero temnsor gives six independent equations, viz:

' = =D -
Riziz  “Ram *Rag =Rz "[\zuzg *Raiz2 @

Using equations (3.2) and (3.6) and table 1, the first of these may be
expanded as follows,

. ~
Rizz =L -_il" - .,iﬂ.at — %9 - 5")2_3_‘_ >

2 @t O onF 0= Bt ot o
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+ " (21 1102, 1] - [22 PJL, )y v g G

/ Lo
L g® ( )
/ L :
9% ( )+ 9 (21, 2]lre, 2] - [22,2)[11, 2])
£0 / '
+ 9% ( )
y , EO
Fogt e ) + 9= )
Lo & O
+ 33‘([2! 302, 3) - [22 31111,3))

120) 4+ AB2A a_&]
ox” A

— (‘o @) . 2@ )
2 \ox ot ax"am' e
C 2 ™ - P
+ L (8_5_6,) + ABRA BB | _ 1 |AB 20 2B
BTN ! ot O C* ox? ox?
e o RIZ}Z = O ‘I
> mm:sa 12AYN aB@..L@&) = A oA B ol
B o2 2x'\A ox! C x> C da

The other non-vanishing components of Rijkl
provide the set of equations:

_ AR D (_L @ﬁ_) ~ AR (,J)Ii) = A2A B2 - (3.7
S ox’t B o VA ox!/ C ox?* C O3
-BC2 (L 2B).BCo (i..?&) = BB C ¢ - (3.
2ANC dxt ox*\ 3 ox? Ao A ox'
_CAD (]l ¢ ).__ CA D (L ;@,@,):_,_. 2C A 24 - (3.70)
ox! VA D ox3\C ox® ok B ox”
- __D_i_@.. N .\C_)_.@‘ D_@ 4 ._l_ é.&. .Q__(:_ = O - (3.7d)
s o A ox' Dk > X2 DXt : '
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.2 C ¢ 2B 4 1 9C A4 = O - (3.7¢)
Ao Do B ot ox! A ox' At

~ A 4 LA 2C 4 1A B = O - (3.75)
D3 2t C a3 ox? B ot

The curvature tensor of a two-dimensional space has only one independent
component not identically zexro, Ry . If Rjay5 1is calculated for the set
of coordinate surfaces whosz fundamental tensor is given by equation (3.3¢), .
it is seen to differ from Roo of space only in that the term -
g3 (L21,3)[12,3] - [22,3]L11, 3)) is absent, there being no
third dimension, and this is the term on the r.h.s. of equation (3.7a). Thus
the expression on the 1l.h.s. of (3.7a) is R,2;,. corresponding to g&? , and
similarly the expressions on the l.h.s.'s of (3.7b) and (3.7c) are the non-
zero components of the two curvatuve tensors applying to the two sets of
surfaces whose fundamental tensors are respectively gi% and g§” ., as
defined by equatioms (3.3a) and (3.3b). &

It is clear that these expressions are not necessarily zero, surfaces
being, in general, non-Euclidean spaces.

- The Riemannian curvature, K, of a space, associated with the arbitrary,
independent vectors P° and QT , is defined to be the invariant

‘/\ = R:L':rm&. PI F)K QT QL
T_K_J

(. = G 950) PPQQ

The value of K at a point is unaltered if the two vectors are replaced
by any linear combination (reference 6, page 56). Since there are only two
independent vectors at any point in a two dimensional space, the Riemannian
curvature of a surface is uniquely determined, and is given by:

K = Rizz - - (3.8)

<]

J

where g is the determinant formed from the components of the fundamental
tensor of the surface,

From equation (3.8) it is evident that the Riemannian curvature of a
surface is an intrinsic property of the surface, and does not rely on the
concept of an enveloping space. Geometrically, the curvature of a surface
is related to tha change in direction of the tangent to the surface and this
tangent is a space vector: hence the need for an enveloping space. This
is not to say that the Riemannian curvature of a surface has no geometrical
significance. Tt is the same as the Gaussian curvature (reference 8, page
96) and is the product of the two principal curvatures of the surface.

In order to develop expressions for the principal curvatures of a surface,
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i

the quantities ¥, are introduced, and are defined by:

O X%
. Y
The space coordinates,, x! , are considered to be functions of the surface
coordinates, =¥ , The x& may be regarded, for a given i, as the components

. . %
of a covariant surface vector, and, for a given of, as the components of a

contravariant space vector, The tensor derivative of g; is defined to be:

[ N ~ b

1 2 2 Sk W)t
QCc{;/s’, = 0 x . 4 g .:\Cokacﬁ —_— DC;. - (3.9)
Ot Ox WR &3

(reference 6, pages 67 and 77).

x;:ﬁ is a contravariant space ve:tor for any givenq’muiﬁ%, and a
covariant second order tensor for any given i. It may be shown (reference

6, page 77) that each of the vectors X, is normal to the surface contain-
ing the ¥} , and therefore: Sf
) - -
KXo = bygh - (3.10)
5P P |
where &' is the unit normal to the surface. (The magnitude, P, of the

arbitrary vector P* is defined by
P T L= (3.11
P = gy PP G
and therefore a unit vector T&, satisfies the equation

Yy ™ = 1 - (3.12) )

Equation (3.10) is the defining equation for the symmetxric covariant
surface tensor hqﬁ .

The normal curvature of the surface in any direction is the curvaturce of
the normal plane section of the surface in that direction, and may be shown
to be bye t< t# (reference 6, page 80) where t¥ is the unit surface vector
in the given direction. The quantity by, t* t# possesses two extrema corres-—
ponding to the principal directions determined by the tensor bg g , and these
are the principal curvatures of the surface. A line which is a direction of
principal curvelare at all its points is called a line of curvature. There
is a relation between the curvature tensor and the tensor hsvg, viz:

wa(ﬁzf = }Deus )Df/g ~ )Do«/a ]?f)x
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which, in two dimensions, reduces to the single equation:

Riya = buyba - Cb"?’)& = b - (3.13)

where b is the determinant of by, . Since Ryayz /g is invariant, so also is
b/g, being the product of the two principal curvatures of the surface.
Equation (3.13) is the equation of Gauss {reference 6, page 79),

(In three dimensional differential geometry, the components of the tensor
bdﬁ , when the space coordinates are rectangular Cartesian, are called the
second order magnitudes of the surface. The components of the fundamental
tensor are called the first ovder magnitudes. The first order magnitudes
involve only the metric properties of the surface itself, whereas the second
order magnitudes depend also on the metric properties of the enveloping space
(reference 9, pages 51-63). The significance of the Gauss equation is that the
product of the two principal curvatures, which individually depend on the

second order magnitudes, is given ir terms of the first order magnitudes
only.)

Consider now the x* , x° coordinate surfaces. If the space coordinates
are chosen to be,x' , x?%, x> and the surface coocrdinates to be x* , %3 s
the quantities x} are simply b The gi.” are, from equation (3.9) and
table 2: sE

! _ { - o e U
X233 = O Xoep = T BB X353 = ~C 9C
’ L
A" dx! A
2, 2 2
x (I3 - 5o - o =
253 O DQ.?.)?. O xsj& O
3 - 2 3
.)Cz_tg - O -3(',2; = O DC3;3 = O

The unit normal to any surface is the unit vector along the x' coordinate
direction, which, using equation (3.11), is given by:

L =, 0, 0)
& 1, 0,
and so, from equation (3.10)

o  |~Banr @,

—c

b = Asx! - »C - (3.14a)
P O 7A 5x!

. W . . ' . Y .

The fact that bﬂ@ 18 in diagonal form means that the coordinate directions
are directions of principal curvature. The unit vectors in the two coordin-
ate directions are (1/B, 0) and (0,1/C) and therefore the magnitudes of the
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two principal curvatures are ~(1/AB)3B/ox' and —(1/ACT@C/axt The geometrical
significance of equations (3.7a), (3.7b) and (3.7¢) is now apparent: they are
the Gauss equations for the three sets of coordinate surfaces.

ﬁ? and é; , corresponding to the sets of surfaces defined by the pairs
- ; i

of space coordinates x® , x’' and x' , x% respectively, are similarly diagonal
in form:

- C
= B ox® -A DA - (3.14b)

3 A 0A
F O 2 ox*

@g@ ~ (3.1l4c)
S DX

@) -

The space coordinate curves form an arbitrary orthogonal network in space,
and therefore the above analysis shows that in any such system, the coordinate
curves are lines of curvature of the coordinate surfaces. The importance of
this result in the context of what follows is that in concentrating attenticn
on one particular coordinate surface it must be remembered that the two sets
of space coordinate curves which lie on the surface do not form an arbitrary
system of surface coordinates, but the particular system in which the coordin-
ate curves are lines of curvature.

The latter three of the set of equations (3.7), just as the first three,
represent specific properties of the sets of coordinate surfaces. The surface

tensor byz may be shown (reference 6, page 79) to satisfy the following tensor
equation:

'})Gﬂﬁgg _ bo(gg,ﬁ = 0

which gives rise to only two independent equations, viz:

b“.)z - tDEZZg,I = O - (3.15a)
b 22 | - l’ér,:. = O - (3.15b)
Equations (3.15) are the Codazzi equations. Consider the set of surfaces for

which b@g is given by equation (3.14a).

/ .
RO ® 0) g v 0 ) o/
bub'z_ = Obii -~ ! ) ID“ — éz %l) - g | >13” . 2 1‘)‘0
0 :23 2L (125 12))
S0

IS



...25._.

(The structure of the covariant derivative is given in reference 6, chapter
3.) The surface coordinates x' and x* are, in this case, the same as the

space coordinates x> and x? respectively, and so the above equation becomes,
using table 2:

m '
by = 2 (-8 bii) + 208, B 2B
> ox? A a:x,' x* ﬂ

;50

Similarly:

) @/ w/ 2 3,0 Py, 0) 2 (t)/
EIZJ = Ejb'l - | g brl - §~Ezz - % %lbu - 1311

N I I 2, | 21
o Lo Lo
C*ox® A ox' Box® A ox' ‘

Equation (3.15a) may be written:

g(;BbB 4+ L OB 9B 4 B 2B ¢ = O

3

A px'! /\ o b:x AC D> DX

which is the same as (3.7d). In this fashlqg, all tne equatlonu of the type
(3.15) corresponding to each of the tensors b R can be

d
shown to be identical to one of the three equatlons (g 7d), (3 7e) or (3.7f).

It has thus been proved that for any orthogonal network of coordinate
curves in Euclidean three dimensional space, the condition that the curvature
tensor be the zero tensor is equivalent to the condition that-all the coordin-
ate surfaces satisfy the Gauss-Codazzi equations.

Strain in Orthogonal Curvilinear Coordinates

The strain tenmsor, ej} , is given in terms of the displacement vector, uj

by equation (2.7). Taking e); as an example, and expanding the covariant
derivative gives the following:

S T s'gu. (20 - £
1 .

O ( ) )
:@g_.,.w_b_w +ﬁb___ 2_-P~A_b_fi‘*5
ox! AR B o' C* o

Expressions for the other five independent components of the strain tensor
may be derived in the above Ffashion. Thus:
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eu. = ‘?3LL' — _lliifi.tta -4~_£i jifi U,
Bx; ﬂ Bac‘ Bl Dl‘l. CJ. axﬁ%

_;i'
1)
1o/
1=
&
i

(3.164a)

B U,  BoBuy + B 2B u, - (3.16m

Coz = 6\11 - __'____.
D x> [Zox* C*dad A* !

Lyz = Qs —~ 10Cu; +C AC w, 4 € 0C u, - (3.160)
o x* Ox A* B ot

e, = _L(b_gt_t ~ oY DA W, — L DB U, - 36a)
2 \ox* ® ',/ A Dt Bax

€ = J.(Qt_u - m} w LDB Uy = L DC us - (3160
2\ox* 2x? B o C dox* .

€ = _L(_~_3 WD_L_L,:) - 9C us — L JA wu, ~ (3.16£)

ox' D3 C ' A Bt

The components of a tensor, when transformed from a Cartesian system to
another reference system may lose their physical significance and dimension-
ality (reference 6, page 102). To obtain the physical components of strain
and, displacement, it,is necessary to transform the quantities e{;itwﬁ © and

ufU , where'U and m’ are the unit contravariant vectors in the directions
of the x' and %’ coordinate curves respectively. Trom equation (3.11):

. . . N

L i J J

U= %k SR P 4

Py

e | | /S};h

Therefore, denoting the physical strains by eii and the physical displace-
ment vector by (u, v, w):

Eij = meégﬁ___ (no summation) - (3.17)
i 9
R T VooE s Ua W= Uns (34




Substituting in equations (3.16):
ey = Jou 4 v .@1 + w A - (3.19a)
A Ox' AR 9" AC x>
€oa = L3V 4 w 9B 4+ u 3B - (3.19b)
Bax* RC o’ BA dx'
€43 = L ow a4 U 9C 4L N 2C - (3.19¢) .-
Cax* (A > CB dx"
€n = 1[B 2 (v) .4 A3 (u)] - (a130)
S T 2lA S+ 8 bﬂ(ﬂ)J ’
€o3 = L | L Qz(‘“:”) F B o (.\!..) ~ (3.19e)
2 | B ax\C C x> \i3 .
< ay v ....L. ﬁ .E_\.J...s(_h.&.) e ...Q.._ _&. (ﬂ) - (3.19f)
2 LG a2\A/ T A ax'\C |

.-..27..

In obtaining the surface strains, it is not sufficient merely to consider
the two dimensional form of equation (2.7), since this gives the strains as
functions of a two dimensional surface displacement vector, whereas the actual
displacement vector may be a three dimensional space vector. The disadvant-—
age of equations (3.19) as they stand is that they are valid only for cooxdin-
ate curves on a surface which are llnes of curvature. However they may be
generalised as follows '

Take as an example the x* ) x?  coordinate surfaces, for which the relevant
equations are (3.19b), (3.19c) and (3.1%e). The displacement normal to the
surfaces only appears in the equations for the direct strains, and reference
to equation (3.14a) shows that they may be written:

)
£ = _1 BV .Y, 0B L w lﬂu - (3.20a)
B o BC >x? R*
Q)
Eon b__ - M J:-’:zz. - (3.20b)
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0 .
and since by, is zero, (3.19%e) can be re-written:

SRR X ORE SN EPE

(The space strains £y, ., E&i3 and &,y become, on the x , 23 surfaces,
€, Eay and €, respectively).

Now u, the physical displacement normal to the <= , x° surfaces is an
. invariant w.r.t. surface coordinate transformations. Denoting the normal.
displacement to any surface by u®™ , it is evident, from equations (3.16)
and (3.20) that the surface strains are given by:

D]
s = 4G v upd by~

The set of quantltles Cqp must be a tensor because each of the products

€ut t*l R Where'w is an arbitrary, contravariant surface vector, is an
invariant, being the same as ey P'P , where the space vector ' has the
same magnitude and direction as the surface vector ¥ . (This is an appli-

cation of the quotient law in a form which is valid for a doubly-subscripted
set of quantities, symmetrical in its subscripts, as S is: see reference
6, page 13.) The r.h.s. of equation (3.21) is evidently in tensor form and
therefore the equation is a tensor equation. It is wvalid for all surfaces
and all coordinate systems. In particular for a gemneral orthogonal coordin-
ate system, the physiral strains are given by:

QY
€, = ?L] % - %/_B%% - dnu - (3.22a)
€2 - .é g)_\_/ e .,LAB %Qf? - 5@ u(n) ~ (3.22b)
€ e = 1 |IB 2 (V A (W] = smu® .
= r[B 26+ 42.00] sl o

where the physical (surface) displacement vector is (u, v), the fundamental
tensor is given by equation (3.3c), sg and sg) are the normal curvatures of
the surface in the coordinate directions, and S¢ay is b;q /AB. The equations
for a plane surface are obtained by putting 'sgy , Sgpy and S(3) equal to zero.
They are identical to the equations obtained by expanding the two dimensional
form of equation (2.7).
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COORDINATES [22,1) [22,1] ~BIB/Ox!
s [21,2] [21,2] BB %!
[22,2] [ 22,2] BB
[11,1] ! 1:1] AW/DK
[11,3] [11,2] AR
[13.1] [12,1] MR
L3 1,1] [21.1] AOAR <>
SURFACE - ,
CONTAINING Ll 3,3:_] [: 1 2,2] cochHx!
SPACE . - '
COORDINATES [33,1] [22,1] ~CJC/ox"
o |3 1,3] [ 21,2] cocRx'
[ 33,3) [ 22,23 AR
TABLE 1
CHRISTOFFEL SYMBOLS OF THE FIRST KIND
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SPACE CHRISTOFFLL

SURFACE CHRISTOFYEL

SYMBOL SYMBOL
[22,:] [11,1] BB/ %™
[22,3] [11,2] | -BB/ox3
[ 23,2] [12,1] BB /O x3
: [ 3 2,2 ] ["2 1,1] BB /Ox
CONTATHING [ 23,3] [12,2] COCH ™
SPACE

COORDINATES [;2 2,3] IEZ 2,1) -CdC x>
I 2,3 L2 1,2 cdC/dx*
[ 33.3] |2 2,9] QAcH =

[12,3] 0

[31,2] 0

[23,1) 0

[13.2] 0

L2 1,3] 0

[32,1] 0

TABLE 1 CONT'D

CHRISTOFFEL SYMBOLS OF THE FIRST KIND
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SPACE CHRISTOFFEL SURFACE CHRISTOFFEL
SYMBOL SYMBOL

1 ¢1 124
11 (l 1y A Dx!
1 1 1 DA
%1 2} El 2} A x>
1) 1 13
2 15 921 A SR>
(2 1 2 ~ A dA
SURFACE C:L 1 11 B x>
CONTAINING . :
SPACE 1 1 -B B
COORDINA‘];ES 2 2 2 2 A Qx!
x! < ’
2 2 2 1B
2 1} 2 l BbX’
2 2 1 9B
{1 23 El 2} Box!
2 2 138
22 2 2 B ax?

TABLE 2
CHRESTOFFEL SYMBOLS OF THE SECOND KIND
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SPACE CHRISTOFIEL SURFACE CHRISTOFFEL

SYMBOL SYMBOL
(1 (17 124
'{1 1 %1 1 | Eax
! 1 124
13 12 K ox3

o’
¢ 1 €1 124
31 (21 Aox3
SURFACE 3 2 2 ~A DA
CONTAINING L 1) 11 C*ox ®
SPACE
COORDINATES \ 1 1 *‘*Q 2C
x! x3 33 2 2 Ox!
3 2 13
31 2 1% - Cox?
3 2) 13¢
13 1 27 C dx'
/

(3 €2) 13¢
{3 3 2 2) C ox3

TABLE 2 CONT'D
CHRISTOFFEL SYMBOLS OQF THE SECOND “KIND
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SPACE CHRISTOFFEL

SURFACE CHRISTOFTEL

SYMBOL SYMBOL
(2 1 ™
(22 11 B ox>
( 2 1 1)B
(2 3 12 B 5x3
2 1 128
32 21 B 9x3
SURFACE 3) 2 ~B >B
CONTAINING 2 2) ! Crox3
SPACE . .
COORDINATES 2 1 ~C dC
x* %3 33 2 2 Brax ™
3 2 1 9c
32 21 C ox™
3) 22 193¢
23 12} Cox™
{3 2 13dc
@3 2 2 C ox3
TABLE 2 CONT'D
CHRISTOFFEL SYMBOLS OF THE SECOND ~KIND
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SPACE CHRISTOFFEL { SURFACE CHRISTOIFFEL
SYMBOL SYMBOL
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CHAPTER 4

LAYOUT NETWORKS FOR OPTIMUM
FRAMEWORKS

The layout lines for optimum frameworks are lines of constant principal
strain £ € in a compatible deformation of -space. A deformation in which
the principal strains are all of the same magnitude and also all of the same
sign leads to frameworks whose members are either all in tension or all in
compression, with no restriction on layout. Optimum frameworks containing
both tenmsion and compression members derive from deformations consisting of
positive and negative principal strains and there are therefore certain con-
ditions of orthogonality to be satisfied.

¥

Global Optima

The virtual deformation appropriate to a framework which is a global
optimwm must be compatible over the whole of 3-dimensional space. Lines of
principal strain may be used as a system of orthogonal coordinate curves,
referred to which the strain tensor may be written in the form:

Eu (DCI) 3615')\33)ﬂ1 O 0 O
ey = O e O . ~ (4.1)
O O =~aC '

. . ] . .

where &) is a function of x |, x* and x° and # 1is a constant (positive or
negative). £y and ¢ are the values of the physical strains. TFor frame-
works whose members are confined to a single surface, or family of non-inter-—

secting surfaces, these surfaces may be used as x* , x* coordinate surfaces

and the condition on §£,; is:
lgnl ‘~<- IEI - (4.2)

If the members are not so confined, the equality must be satisfied. In
this case there is one set of coordinate surfaces on which the principal strains
are the same in magnitude and sign, and on such surfaces framework members
need not be comstrained to lie along the (orthogonal) coordinate curves, but
may take up any direction on a surface.

The tensor ej; must be of the form defined by equation (2.7). In this
equation the components of the vector uj are single-valued functions of the
coordinates and therefore J? , the value of uj at the point Pg) whose coordin-
ates are xg, , is related to dz » the value of uj at the point P with

i
coordinates xg), by the expression:

) (e
)] !
w; = U +  dw

13
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where the integral is taken along any continuous curve joing Ry and Pz
Choosing rectangular Cartesian coordinates, so that covariant derivatives are

simply partial derivatives, the above may be written:

Ry
@) 0 J
W m Yy - Wiy ) ax ‘ - (4.3)
: )
(Equation (4.3) is not a tensor equation, but the tensor notation and
summation convention are retained for convenience in writing) The express-— s

ion under the integral sign may be reduced to one containing only the components
and their derivatives by the following process. From equation (2.7):

of EH
Ws o= oey oL (i - W)
. @) Q) &g Qﬂ J
A P oL:x + (ul,J - U5,1) dlx
G) A

’ P
= O A IR
oW t ey dx’  + i"jp (ui,.} SR d(x“xa))

0] )

Integrating by parts:

R 3 (:J )
) ) @
LLE?‘ - (v} ; - (/‘P() Qij ff "‘L- rz- u".Z) u-J§ )(_::{. ‘&(ﬂ)]y } L:){, I(,_))C{_E@w g},)]
j o

- ©) J I\, i) J '
= uy ey --;c(,“;)((f‘-fw; - o] i) f Lo+ (‘(z} C“wl uj)ﬂ)-]dlg
Now
’ ’ A ] ° —en, -
-'ﬁ: (L{i;}jl - LL‘jgt.l’) e rd!:: (ui}jl + (‘J“L)L)) __2%- (JLJJ(,L e uL}LJ)

P
-7 (Uﬂ: L 1 u*L;L') Z(lAJ)l(, -+ (li}JL)

2%

it

€l — ejly (using (2.7))

Therefore

}D
@ 0] Vo 0 RS
Wt = oAU T2 (e - ch)“*b;) j,i) "‘"_/ Uitex

L5
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. J‘ ».; +
where uL( =gyl + (X - ')C)(QL(}J' - Gjlgt)

Since the value of u%b must be independent of the path joining Pg) , to
P6) , Uil dx' must be a perfect differential i.e.

Uiy = Uika

and so:

i . j
Lei ~ & (euy - eiyi) = ekt + 9 Cean,) - ejh,i) ]

RN
(e = o W eiwsk = elik = eyl + gjkil) = O

The expression in square bracketas is identically zero, and since the
equation must be true for any (xjy - %) ): ‘

Cilyjk  F Gl T Cbik ~ kil = O - (4.4)

Equation (4.4) was derived using a Cartesian coordinate system. However

it is in tensor form and is therefore valid in any coordinate system, the
partial derivatives being replaced by covariant derivatives. The only limit-
ation of the derivation (due to Sokolnikoff - reference 1Q) is that it is wvalid
only in spaces which admit of a Cartesian coordinate system i.e. Fuclidean
spaces. If e;; 1is a strain tensor, then equation (4.4) is the compatibility
condition for small strains. However, while the physical ideas of strain and
compatibility of strain are only represented approximately by the equations
(2.7) and (4.4), it is emphasised that the mathematical derivation of (4.4)
from (2.7)contains no approximations: (4.4) represents the sufficient condition
that an arbitrary tensor field ej; can be expressed in terms of a vector field
ut in the form given by (2.7). The necessity of the condition is easily shown
by substituting from (2.7) into (4.4), the latter being identically satisfied.

Due to the symmetry of the pairs of indices il and jk, equation (4.4) pro-
vides only six independent equations:

€, 20 +o 2o T 2312,:2 = ~ (4.5a)

O
€1, 23 -4 Qgé)“ - 26;3)|3 = O - (4.5Db)
Cra, 22 o+ C33522 7 2623, 23 O - (4.5¢)
€x,127 T Qa3 ~ Cauin ~ Cam T O - wso
€11, 23 EA VS N = @,z 7 €z T O - (4.5e)
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€Cozo F €y~ Quzym ~ €aaz = O - (4.5f)

They may be expanded as follows. The general term in the equations is

given by:

. T T
eijykl = Qeijk - é,geﬁph - ‘T Cink — é 2‘?@':7 - (4.6)
dol il) ) kU :

Thus it is necessary to form all the first order covariant derivatives,
which may be done using the relation:

@Ljyh = BQLJ — EL %QLJ — %}‘ geil

> xR ik ik
and so
. / g oy ! N/
eujl = _-(.:).._%u - l QH ..,...QQ flew. %:3 %esi —-% %G‘Il“"‘$ z{zll—g g(’.ls
> x! ] Ulyeg Uiy Ul (11)Lto (Do

2(euA*) 2 28 e

O A o -

i

(using equation (4.1) and Table 2)

= AP €1
‘ S Ak

The other first order covariant derivatives are similarly calculated and
are listed in Table 3. From equation (4.6) and Tables 2 and 3:

) 3 . . - o
e“ﬁg‘?" - ‘.9._0;.’.}.)2 - } %QHJ’Z‘ - EQ 26—'1‘)-'2 - %’3 %QSJ)Q__
| 192)

D 2t 12 12),
- 3 “| ™ 3
E] €41, “E 2‘112,7_ - % 2(,;3,1 om g ;)Ciu,nm gz 2@11,%-2 %«2“,3
19 P (12) (22) (22) 22
= (ﬂ"‘@&) ~ 220 A"d% — 2B BB (€~ €)
A\ o Ao Ox? Baox! D

+£BoR AT . L 2B ATRE 4+ B B AT2e
Aroxt o B ox* ox* C*ox? o
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= ﬂﬁ_@i&t 4+ BoB% — A" Bb

A’ 2B ey - BATB & - (58)& + 2 B)
X O o 0! B ax*ax* (' oxtaa DA 2
Similarly:
£ 2.
5-2.7. ¥ = 2 (@.@ En 2(@.@\ £
) > N
QS x

¥

€rayn = BB Y& ~ ANAWEY 4 K@ﬂ)’ (225 ash L MAR]e,
’ ' 9 A Ox" dx/ \bx e ba o’

m% LMBJg ,,ﬁ)....(w T AYA. A @bmm ¢
Cr ot " \ox! O o A b?m 2 Ctow b},

Substituting in (4.5a):

Hlﬁjﬂj_ v ﬁ agu 'an @..__}_ BB BEH Bﬂ bB>

s 9" ox*\Adx"  Bax NCH
_ &, BaB 4 2:%:8”' (20 Ye ?).Lé]
ox' o' o \Boxt c 22

- 2A53 [@ __L_l@ [ A Btﬁ:] = Q - (4.72)
_ O\ B 3t C dx> D e .

The remaining five of equations (4.5) may be expanded in the above fashion
to give:

A* w_,g“ . A aa.. (2 A ~12CY ‘)f:,,<m ag)
D¢ O

A dn? C o O\ BT aoxt
_ 2en CBC 4 2AC g,.[“am (__‘_ bﬁ.) Y.
ox' o o0\ C Bt B o= o
e QHC{; g \Q 'ﬁ Jal “QQJ ::::O.— (4.7b)
Nevxd R DX ‘
£, [.J, 2B ac] - &[22 (128 + L 2B @_1 =0 - 0
fﬁ “3;£ D] 2§\L CoX A* agy;'glx}m
‘ QC Dcwn = - (4.74)
oact B ot '



O —
2A -~ A6 | dey
o’ R ox*] oact

4
'~,~' h 'aﬁ — n Z)(.. 38“. I — O - (4.7e)
| x> C o | o=’

0
B e, = O - @7 |

Voot

ox! ox3

vhere equations (4.7d), (4.7¢) and (4.7f) have been simplified using equations
(2.7e), (3.7€f) and (3.7d) respectively. :

Restricted Optima

The conditions expressed by equations (4.2) and (4.1) are to be satisfied
by the layout curves of frameworks which are global optima. The nature of
the restrictions on the layout curves of frameworks which are the best only of
those whose members are constrained to lie on a given surface is different,
the reason being that surface strains, Ccff s defined as in equation (3.21) in
terms of a three dimensional displacement, are not in general required to
satisfy any compatibility conditions: the componerts of the strain tensor may
be specified as arbitrary functions of the surface coordinates and the result
is always a compatible deformdtlon, provided the tensor byg is not the zero
tensor i.e, the surface 1s not plane. This may be proved as follows.

From equation (3.21):

e—qﬁ - "é:‘,(ﬁ - (/(,“) :)of/g - (4.8)
where Edﬁ = 5)2"_' <('L’~‘(),(:l‘ + u/a’,ot) - (4.9)

Now 3;5 has the same form as e;; , and the possibility presents itself of
cllmlnatlng eavg from (4.8) using the two dimensional form of equation (4.4)
i.e.: .

Capxs T C¥Sup T C¥gal T CxS¥p T O . w0

Equation (4.10) is indentically gatisfied, in Euclidean space, by express-—
ions of the type defined by (4.9). However a curved surface is not a Euclidean
space; the curvature tensor is non-—zero, which means that covariant differen—
tiation is not commtative (reference 6, page 51) e.g. Ua, 5% is not the same as
Ue(,¥ss and therefore (4.10) is not identically satisfied by the eqp . This
difficuliy may be overcome by concentrating attention on a particular point on
the surface and making it the origin of a Riemannian coordinate system (reference
8, pages 59-62). At this point covariant derivatives berome partial derivatives,
all the Christoffel symbols being zero, and therefore equation (4.10) is sacisfied
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’

by the‘EﬂB . In two dimensions (4.10) gives only one independent equation:
‘iH)’L'z.A + méjm_)w - QQ«V.Z,:'Z = O - (4.11)

Thus, from (4.8), (4.9) and (4.11):

-~

0" (QH + U “)13 ) e (Q::?_ + o )b 2 a (Qu + Um’)d) O . 122)
A o 5303 .

D]

Equation (4.12a) is a differential equation in u , formed from the three
independent equations represented by the tensor equation (4.8) by eliminating
u; and ug . From (4.8) and (4.9):

3] ' _
Bu., = e, u-( bll - (4.12Db)
ox!
duU. &)b h .
2 = €z + W Do - (4.12¢)
dx™

(n)

The three equations (4.12) enable the three displacement components u ,
u, and up to be determined at the origin of a Riecwannian coordinate system
when the three components of the strain tensor e,z are specified, and since
any point may be made the origin of a Riemannian coordinate system, it is clear
that, in general, there is no relation to be satisfied by the components of
exg .  However in the particular case of a plane surface, for which bag is the
Zero tensor, @og is the same as'Egg and its components must satisfy equation
(4.11), not only at the origin of a Riemannian coordinate system, but at any
point in any coordinate system, since the curvature tensor is zero. The fore-
going results are a direct consequence of the mathematical relationship between
the tensor g and the vector uw{ . They may be interpreted physically as
demenstrating that a curved surface can deform to accommodate an arbitrarily
specified strain pattern whereas for a plane surface and a solid the components
of the strain tensor are not completely arbitrary. The reason for this is that
a curved surface, which is a general Riemannian two-space (a Riemannian n-space
nay always be regarded as immersed in a Euclidean m—space provided that

A [ .
m _ ;3 el ﬂ-<41"+ ') (reference 7 page 51)

which means that any Riemannian two—space is a surface in Euclidean. 3-space) can
deform to give a different space with different metric properties, whereas a
solid must constitute the same Euclidean space before and after deformation, and
likewise a plane surface, subject to the limitations imposed by small displace-
ment theory. The compatibility equations for solids and plane surfaces are the
conditions that the curvature tensor of the appropriate space be the zero tensor
after a deformation (sze, for example, reference 11 pages 38~42). ‘

To obtain the compatibility condition for plane strain, consider the X ) x>

coordinate surfaces, for which the fundamental tensor 19 given by equation {3.3a).
The strain tensor is:



2 ’ .
f o 3y
Qa‘/@ B £ © 2 (4.13)
u - *
. O £C
and the first order covariant derivatives eugy are the same.as the corres-
omponent e, is the same as

ponding space derivatives e.g. the surface

the space component e,, ., as given in table 3. The second order covariant

derivatives are given by a similar equation to (4.6). Thus:
/ . / . : . y
l / 2
ell;fw. = BQH,'J_ - ! ATH - 2 a1,y — ATR) ,__g 2Q12,1
D x? i2) Loy (12 12) Lo (12)
£ 0 . ‘
K / '2 /
— CATR R § ¢,
22)50 22) £0
= =2 3¢ ., 22CaC \.
C "D,)(;l
= ~hef20)?
"
Similarly: .
2.
Caz,y = 48(.@.5_“
;{’3

N ‘l '1‘ - ‘-—‘ +
€ 12,12 2¢ (B - 2¢ @.Q) . 2:BaB ;2B &(b&)(bc)

\exc?/ o’ oot ¢ \ot/\aad

Substituting in (4.11):

2 (_..f. b_f...)
o \C »x?

The condition for flatness, Ryg, = 0, is obtained by equating the 1l.h.s.
of (3.7b) to zero, and therefore the layout equations for optimum plane frame-

if
G

works are:

6 éi“@ﬁ) = d b_{;) = () ~ (4.14)
C .

02 \C ax? D\ B vt

(An alternative derivation of these equations is given in Appendix A).  Analy-

tic solutions of (4.14) have been obtained by Hemp (referemnce 4) and Ghista and
Resnikoff (reference 5). Cox (reference 3) describes a graphical method of

obtaining solutions.
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Lt would appear at this stage as though any orthogonal network on a curved
surface could be used as a layout network for an optimum framework. However
considerations of equilibrium lead to certain restrictions, as will be demon-—
strated later. These restrictions do not apply to plane frameworks and, in
this case, equations (4.14) are the only ones to be satisfied.

Particular Cases of Equations (4.7)

Consider equations (4.7) with &€y equal to € . They reduce to: ¥

2 (L bﬁ) = O - sy

o (L aBY = O EERCRESE

2B 2A = O | = (4.15¢)

(A alternative derivation of these equations is given in Appendix A).

Now (1/AC)dA/Dx™ and (1/BCRIBR xS are, by equation (3.14e), the principal
curvatures of the x' ,x* surfaces, which, in this case, are the surfaces with
principal strains equal in sign and magnitude. Thus optimum frameworks in
three dimensions are to be laid out with all the members having one particular
loading sign on coordinate surfaces for which one principal curvature is zero,

and the members with the opposite sign of loading along the normals to these
surfaces. )

(-9 3 ; !
Suppose that the x ,x3 surfaces are parallel planes and the x curves the
straight lines normal to these planes. The x™ ,x® surfaces have both princi-
pal curvatures zerc and the other two sets of surfaces have one principal curv-

ature zero, namely that along the x' direction. Therefore, from equations
(3.14): '

.

OB = RC = 28 =24 = O - ¢1s
! 2 ox”™ PE

Substituting equations (4.16) into equations (3.7) and (4.15) provides the
conditions that the x' , x%, x¥ curves can be strained +&,+¢ ,—¢ respect—
ively, and the result is the same as equations (4.14). Optimum plane frame-
works are thus global optima.

Equations (4.15) need only be satisfied for frameworks with members not
confined to one particular set of coordinate surfaces. If the members are so
confined, €, need only satisfy the inequaiity (4.2) and, in particular, it
may be zero. Equations (4.7) can then be written, using equations (3.7):

0 (}% 5.C> = O - (4.17a)
2\ ot

Fha
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d (| 0B = O ~ (4.17b)

' \A !

%3 %%3 + 4, 0B ac =0 - (4170

Consider a plane surface whose coordinate curves, denoted Q&, ia, are such
that equations (4.14) are satisfied, and suppose the pattern of curves possesses
a line of symmetry. The plane can be rotated about this line to produce a three
dimensional system whose third set of coordinate curves, x', is a set of circles.
The derivatives of the components of the fundamental tensor with respect to x'
are all zero, and therefore equations (4.17) are satisfied. Optimum frameworks
based on such axially symmetric systems must, in general, have members confined
to radial surfaces, because the strains have only been shown to be compatible
when the strain along the radii is zero.

Equilibrium

As a limiting case of a pin-—jointed framework, as the number of joints tends
to infinity, a continuum is considered, in which che framework members lie along
lines of principal stress. The equilibrium equaticns obtained in this way will
apply to a framework whose members lie along orthogonal sets of curves. The
forces in the framework members can be associated with principal stresses in the
continuum due to the absence of shear stress in the directions of principal
stress. The stress equilibrium equations in general tensor form are:

ES:

al

i

Q - (4.18)

where EY is the stress tensor (reference 6, page 101), which is taken in the
form:

-
-

on/A* O O |
@) 0% /B @, ~ (£.19)
o O  ou/C

i
i

the Gﬁ being the physical components of stress and satisfying the relations:
.{j
oy = [ 151}

i

The general first oxder covariant derivative of the contravariant tensor




=i - FY 1) Y J E'l
E Yk a L -+ é gL. - )
D sk Lk élk)
Thus s
i ] H ll /
I — il "1 _2. A - 3
E = F .+ég{i+g’ E+g'21:
> ! [ 2D Lto  (BI)Lo :
[
" i «:H+ [QEM._}_ é]% =13
Ell 20) Lo (31) kO
- Niit 6;5' 4 ilfi mfﬁl
ox!' \A® A o' A*
= 1 oga
AT dx!
Similarly:
Em)z = 1 2B (lO’n - 0722) :
AR ox!

- 3l i

1
il

BC (Ojl (f'%z)
AL o

From equation (4.18), with j equal to 1:

- 21 - .
{.'._“| -+ E 52 + [:....’33 = QO

[y

Substituting from the above expressions

Q. (BC dfn) — Lok (LF] szz) ~_12C Cﬂgo “3) - (4.20a) |

fam—— ._.(,4-..-

axi ﬂ ox! | A dx!

The other two equilibrium equations are obtained in the same mammer as above
by giving j the values 2 and 3. They are:

0 (A gm) — L2C (ABGG) L 2A (scq,,) = O - (4.200)
ot 5 ox Box

__gl (ﬂ% (r?,) wosenn ___I_ _;) BC/ Cfli) “-".__i. ,b_& (C(")dzz) = O - (4 20¢)
D> C C o’



_[‘_6.-

‘ : 2. 3 . 2.3
The element of area on the x7 , x7 surfaces is BCdx dx, and therefore

(ﬁ,BCdk?de’is the net force normal to the element of area. In a
framework this is carried by a bar passing through the element ax> dx® ,
but the stress in the bar is not the same as O3 : it is the maximum
allowable stress in the x'’ direction,ﬁau), which is constant. The cross
sectional area of the bar,dlg),is not the same as the element of area, but
is given by: .

agq = BC docdxc® - (4.21)

Cffn )]

The total volume -of the bars along the x' coordinate curves is therefore

given by:
fa&).ﬂd:x;' Jff O

T

/q BC ‘7 -y C{Jf d"l

from which the volume of the whole framework is:

Vo= j/[m: + o

0’010 oD - (4.22)

where Oaﬁ o Ciu;) and G(y3) are all either O or 0 5 the limiting
stresgses 1n tension and compression respectively.

+ 033 > ARC el dx” CbC3
o(nsl

- 1

Two of the equilibrium equations for a surface are obtained from the two
dimensional form of equation (4.18). The equation of equilibrium in the
direction normal to a surface may be obtained as follows. Equation (4.20a)
is the equation of equilibrium normal to the x* , x® coordinate surfaces.
Dividing all through by ABC gives:

v s } ) ~ o
BCdx dx® Adx RS

" an
where B and E are the components of the surface stress tensor

Edﬁ 0% /Bz O
e 033/ ™

p

i

and ézg is defined by equation (3.1l4a). The first term of equation (4.23)
may be interpreted as P/t where P is force per unit area normal to a surface,
and t is the surface thickness. The equilibrium of a surface is thus repres—
ented by the tensor equations:

ol s
3 /’»‘a' = 0O ' ~ (4.24a)
o 54 s o
E ﬁkh% = - P/t | ~ (4.24D)
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For the arbltrary orthogonal coordinate system of equations (3.22), equa-
tions (4.24) give:

A (B OIH) - DB Ulzz = O - (4.25a)
dx S !
WQ (ﬂ szp_) — D fi} T = O -~ (4.25b)
o x™ D

SG)IO‘T[ F 5¢D 022 = - P/_t - (4.25¢)

i
Corresponding to equcltlon (4.21), the cross—sectional area of the bar which
transmits the force thX normal to the line element Rix™ is given by:

am = \g___/]_;_“ t BOL’.‘K} - = (4.26)

¢

and the total volume of the framework is therefore:

Vo= j/ qul o[} AB da'dx®
' U(m) T )

Except in the case of a plane surface, for which P must be zero and equa- °
tion (4.25c¢) is identically satisfied, the three equations (4.25) imply a
restriction on the orthogonal coordinate curves if equilibrium is to be poss~
ible. The actual form of the equation to be satisfied by A and B is rather
complicated. It may be derived as follows.

Assume that neither sgy nor sg is zero and eliminate 0%, from equations
(4.25a) and (4.25b) using (4.25c¢) to give two first order linear differential
equations in ¢4, which may be written:

o0 -+~ ‘10(.:) ("‘ls xz>0’n "-"Fc.a) (3‘3351) = O (4,280
Ot o

i

Oan iy ..‘ch) (‘.‘:(,') o) T .'C(u) (:ac% xb) O (4.28b)

O x*
where

f ’”::,. Y (l -+ S (4.292)
(u) ‘
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{, = ~_1 28 P - (4.29b)
U?) 't k5 E)Zf} S&O

i

"F@. p} /Q‘ a :L

iy = =S» 0O ( P
"["(7,)_) ) tSc;) ?}L <

(sp # O,

S

28, (14 S0) 4 500 (S0) - o

53(0

) SR L I - (4.294)

Differentiating the first of (4.28) w.r.t. x* and substituting from the
second for 'bﬁfléx , and dlfferenLlatlng the second w.r.t. x' and substitut-
ing from the first for Q6 /x' gives:

Ao 4 o (Db

...-.—,—

D D da*

a4 O’t»@;fé-p -

160 ‘F(za)> + (ﬂ'n) Foy — bﬁlz)) O (4.30a)

‘f}(zmc(n)) e (F(:u) “ic(na) MBQE[Q«) = QO (4.30b)

!

Thesg’equatlons can be treated as simultaneous equations in 0f md
o GLlox dx'. The differential relationship between these two quantities
finally gives the equation to be satisfied by the metric. -

If one of the curvatures is zero

» say s8¢y , then (4.25¢) gives:

U322 = —:—E««

t S

which can be substituted into (4.25b) to give

0y = -9 QL.) t oA

Sk 0x”

Replacing 07 and U3, in equation (4.25a) by the above expressions provides

the following equation:

e [._5_ 9. / ] Qw = O - (.3
bsc' 5 t a?f.l SLL E’) :

C Sy = O

Sy #F 0 )
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An analysis of two examples quoted by Michell in reference 2, using
the equations derived in chapters 3 and 4, is contained in Appendix B.
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SYMBOL VALUE
®hy AREE»/DX’
SITEY S Aﬁa&ﬂaxl
€y3 - AdEw/ox?
Can,l 0
e2252 . 0
€2243 0
€33, : ' 0

" Canga 0
€3353 0
Ca,1 (Ezl,u > ADA/OX™ (5~ €n)
2,2 (ez,2) B3B/Ox' (€1y~&)
2,3 (ean,3) 0
Caz,4 (93230 ' 0
293, (es0,2) ~2€ BOB/AX
ex3,3 (eaz)?,) | 2 € CC/Ox™
@34 (913,1) ~-MDARE E+EY)
e31,2 (eyz,2) 0
Cap,z (eip3) coc/ex' (&g

TABLE ii

IRST ORDER COVARIANT DERIVATIVES
OF THE SPACE STRAIN
COMPONENTS
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CHAPTER FIVE

NUMERICAL APPROACH

The analytical techniyues developed in the previous chapters serve only
as an inverse method of obtaining optimum frameworks; that is, a compatible
strain field is first derived, which leads to layout curves for tension and
compression members of possible optimum frameworks, and [inally, by drawing
boundaries and using the condition of static equilibrium at the boundaries,
an appropriate applied force system is found for each framework, The pro-
blem of finding an optimum framework for a given force system is one which
cannot readily be solved analytically. In its simplest form it may be
stated in the following terms: to find quantities A, B, C, ta) , t¢ , t@
(tay s t@» t 2 0) which satisfy the layout equations (4.7) (with (4.4))
and equations (3.7) together with the appropriate differential equations of
equilibrium e.g. equations (4.20) or (4.25), and also the boundary equili-
brium conditions. Since the associated virtual displacement field must be
continuous, so also must be A, B, C, t¢y , tz and t(z) but they need only
be piecewise continuously differentiable i.e. they may be described by diff-
erent analytic functions in different regions, as long as there is a unique
value of each associated with every point. The problem is further compli-
cated by the fact that there may be regions in which the limiting stresses
0w, Ot and 0wz are either all Uy or all J() , and in this case
there is no restriction on layout. '

The numerical method described in this chapter approaches the problem of
designing an optimum framework for a given force system from an entirely
different direction to the analytical method suggested above. It does,
however, lead to frar~works which are, in a limited sense, Michell frameworks.
In this approach, originally described in a paper by Dorn, Gomory and
Greenberg (reference 13) the design problem is formulated as a problem in
linear programming which can then be solved by means of the Simplex method
(due to Dantzig - reference 14). The duality theory of linear programming
establishes the connection between the optimum framework so obtained and
Michell framewcrks. ‘

The formulation is as follows. A grid of nodes is defined which repres-
ent possible nodes of a framework. A framework bar can join amy node to
any other node so that if there are n nodes, there are n(n~1)/2 possible
bars. The framework which contains every possible bar is referred to as
the ground structure. The next step is to set up the equations of joint
equilibrium for the ground structure, there being between 3n and {(3n-6)
such equations, which may be represented in the following way:

‘M“T . ' e
;i_‘(iég) jzj) + [‘O
2odey Tgy  * Fe = 0O

‘ . - (5.1)

i

O

L}

2dep Ty + Fow =0

¥
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The first equation is the equation of equilibrium of node 1 in the x-dir-
ection (x, y, z being rectangular Cartesian coordinates), the second represents
equilibrium of node 1 in the y-direction, and so on, to the last equation which
represents equilibrium of node n in the z-direction. The Tgy, are the ten-
sions in the bars of the framework and each‘?f the coefficients d¢iy is
either one of the direction cosines of the j“ bar if the j‘ﬂ'L bar is connected
to the node to which the itt equation applies, or zero otherwise. The T¢j) are
the components of the applied forces at the various nodes. At nodes where
there are constraints in any of the coordinate directions the corresponding
equilibrium equations atre missed out, since the reactive forces at such points
may have any value. The number of redundant equations in the set (5.1) is
from zero to six. In any correctly formulated problem there are at least as
many variables as indepent equations, and in most cases these are considerably
more variables than independent equations. The former case produces a unique
solution whereas the latter gives rise to a multiplicity of solutiouns from
which must be chosen the one which minimises the structural volume. If the
structural volume can be expressed as a linear function of the variables T¢p,
then the problem defined above ia one in linear programming.

L3

It is necessary now to consider some aspects of the gemeral linear programm-
ing problem, which may be presented as follows: :

Find x () Z 0, XGD_;? O, covey Xm) 2 O that maximise z where

Coy Xgy T CapyXy+ -7 7 o+ (e Xmy T &

agyocy F AU Xt o T F Agw ey = A

1

AEyXg)y T AedXey+ -~ " T Q) X QL (20) -~ (5.2)

] . —
i

) Xey T QD Cc + - =~ d0mw) X)) = Amo)

The coefficients c¢j)y are called the prices of the variables x¢j) and the
linear form z is referred to as the objective function. The remaining m
equations are the constraint equations. The general problem may contain
inequality constraints, but these are converted to equality constraints by the
addition of "slack" and "surplus" variables (reference 15, page 72). The
variables x¢}) are defined to be non—negative and therefore any variable which
in practice is unrestricied in sign must be represented in the linear programm-—
ing problem as the difference between two variables, both of which are non-
negative (reference 15, page 168). Thus, in the framework problem, in which
all the variables T¢) are unrestricted in sign, the number of variables in the
corresponding linear program is twice the number of bars in the ground structure.
The reason for _he non-negativity restrictions appears to be that the Simplex
algorithm for solving linear programe was originally developed to deal with
problems arising in the field of economics (as is well illustrated by the
terminology ass.ciated with linear programming) and in such problems the var-
iables were, by their nature, required to be non-negative. The computational
efficiency of the Simplex algorithm, and its variants, is such that it is better
to retain the non-negativity restrictions at the expense of introducing extra
variables than to attempt to make use of an alternative procedure in which the
non-negativity restrictions are removed. Any solution of the constraint
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equations which satisfies the non-negativity restrictions is called a feasible
solution. '

The general problem has been presented in terms of maximisation but minim-
isation problems can easily be dealt with by taking - EKCQD x¢;) as the object~
ive function. A feasible solution which maximises the objective function is
called an optimal feasible solution.

The fundamental theorem of linear programming asserts that if an optimal
feasible solution exists, then there exists an optimal feasible solution in
which the number of non-zero variables is not greater vhan the number of
independent constraints. This result is proved in reference 15. The non-
zero variables together with enough of the zero variables to make a total of
m, m being the total number of constraints, are referred to as basic variables.
The corresponding solution is called a basic optimal solution. The Simplex
algorithm operates by first establishing a basic feasible sclution i.e. a
feasible solution in which at least (n-m) variables are zero where n is the
number of variables, and then allowing a non-basic variable to become non-
zero while simultaneously driving to zero one of the basic variables,-a process
which effectively exchanges a basic and a non~basic variable to give a new set
of basiec variables. The new basic variable is chosen in such a way as to give
an improved value (or at least a value nct less than the previous one) to the
objective function. Since there are a finite number of basic solutions, the
optimal solution, if cne exists, is obtained in a finite number of iterations.

The iterations are carried out with equations (5.2) in the following canon=-
ical form:

- A + -ECMTD x(m.ﬂ) 4 - EC“)'?-C(‘W) = wﬁ?(@)
o T AGm) Xyt T AN T A0)
6 T A@mi Xyt - han)Ae = @0

- (5.3).

XY+ Agn ) U ¥ T Gy = A (mo)

The basic variables have been denoted X¢y, ++.., XOM)(although, of course,
they are not necessarily the first m variables of the original linecar program)
and the basic feasible solution is =z =26 s XC)= EQ%@: X@) = 21&@, ey
Xﬁ§=216ﬂ®. The transformation of the equations (5.2) to the canonical form
(5.3) constitutes Phase 1 of the solution of the linear program. Equations
(5.3) are clearly linearly independent because each contains a variable that
does not occcur in any other equation. If there were p redundancies in the
original constraints then p of the equations are vacuous i.e. all the coeff-
icients ZLG@), ELanD , ....;ﬁ(h)are zero in these equations. The basic
variables associated with vacuoug equations are artificial variables not
belonging to the set of variables originally defined for the lineav program.
Phase 1 will be discussed in more detail after Phase 2 has been presented.

" Phase 2 begins with the feasible canonical form (5.3) and its associated
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basic feasible solution. This solution is optimal if all the'zcb are less
than or equal to zero because in that case any increase in the value of the
non-basic variables eilther produces a decrease in the value E(a) of the
objective function or, for those x¢j) corresponding to the zero T () , gives
an alternative optimal solution. Suppose that CT(wmrk) 1is positive: then
by increasing Xgmsky £from zero to some positive value a new solution, with
an increased value of z , iz given by:

z = Zey t .E.(m-i'!z‘) Himik)

%

361} = ELQS) - Ei@;w+k)3ﬂ0m+k)

Ly F o Amd) T G mek)DC(m ok

The maximum value to which Xm.y can be increased is the minimum of the
terms Zichg/tl(iynﬂq for which a4imﬂ@ is positive. Thus one basic
variable, %), say, becomes zero while all the rest remain positive. A new
feasible camonical form with x(yu4) a basic variable and x¢) a non—basic var-
iable is obtained by dividing every term in the P equaticn by Q{meﬂg
~ the pivot element - and then subtracting multiples of this equation from
all the others, including the z —-equation, so that the column of coefficients
of X(muk) — the p%yot column - has all its elements zero except the one corres-—
ponding to the ™ constraint equation, which is ome. The row of coefficients
of the ™ constraint equation is called the pivot row. The choice of the
variable to enter the basis (i.e. become non-basic) is made by determining the
largest positive Cimely. This does not necessarily produce the largest poss-—
ible increase in the value of the objective functiomn since the maximum permiss-—
ible value of Xy, may be very small, even zero. However it has been deter-
mined experimentally that maximising the increase in the objective function at
each stage (method of steepest ascents) does not lead to a significant decrease
in the numbher of iterations required to reach an optimal solution in a given
linear program, and the extra computation involved is therefore not worth
while (reference 15, page 111).

If the minimum (Q¢ioy / & (imels)) 1s not unique, then basic variables other
than the one to be exchanged become zero and the new basis is said to be
degenerate., From equations (5.4) it is clear that at the next iteration, if
the value of 34{;“A9, corresponding to a basic variable, x¢iy, with the value .
zero (i.e. d(is) is zero), is positive, the maximum permissible value of X(myk
is zero, so that the value of the objective function is unchanged and the new
basic solution is still degenerate. In-this situation it is conceivable that
several iterations might produce a series of degenerate solutions, leading back
to a set of basic variables identical to a previous set. If a set of basic
variables is repeated, the canonical form is exactly repeated because there can
be only one set of linearly independent equations containing a given set of
basic variables. Thus the sequence of iterations is repeated ad infinitum.
This process, known as cycling, can be avoided by a particular choice of the
minimum (?L(ﬁgluaafnﬁﬁ) in the event of a tie, which ensures that no basis is
ever repeated. The nmethod of making the choice is straight-forward; the
minimum of the quantities (G(im) /% iak) ) for the values of i which produced
the same (d(iy /E{ngg) determines the pivot row. If there is still a tie,
then the minimum of (&¢§m+0 ,’ﬁcgm+g)) is determined, and so on until a decision
is reached. The theory underiying this method, which is the perturbation
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method of Charnes, is descrihed in Chapter 6 of reference 15.

In the absence of degeneracy, the value of the objective function improveas
at every iteration and therefore there is no possibility of a basis being
repeated. When degenerzcy occurs the method just described ensures that no
basis is repeated and so the optimal solution, if it exists, is reached in a
finite number of iterations, whether degeneracy occurs or not. In some
problems there may not be a basic optimal solution: from equations (5.4)
it is evident that if all the a4pmgg are negative, X(m;k) can be made
arbitrarily large, producing an unbounded solution in which the number of
non-zero variables can be one greater than the number of basic variables.

Phase 1 begins with the problem in the form of equations (5.2). In order
to obtain a feasible canonical form, an augmented program is formed by the
additiorn of artificial variables, x(i), to give the equations: '

Tz FCoyXay ¥ FCw)Xp) = O
L‘CCm-z) + O,C”) ’XC‘) oo + ‘;[(IY“):{(?\) =3 O
XLnw) + a@‘) Xyt - vk C{Cm)zzc ) = O

- (5.5)

ey T Agnd) Xyt - - 0 dgnn) Xy = O

The artificial variables are initially taken as basic varisbles. An
auxiliary objective function, u, is formed, which is minus the sum of the

artificial variables. Using equations (5.5) this can be written:
m m m-
it N1 -
-t Zaﬁ GGy Xy T Ll Xyttt T Ll X F LA

~ (5.6)
Equations (5.5) and (5.6) constitute a feasible canonical form of the augment-
ed problem, By maximising u, using the Simplex algorithm as in Phase 2, the
sum of the artificial variables is made as small as possitle. At each itera-
tion an artificial variable is removed from the basis and a legitimate variable
inserted, until the optimality criterion is satisfied i.e. all the coefficients

in the auxiliary objective function are negative or =zero. If the value of u
is zero at this stage, then all the artificial variables are zero and a basic
feasible solution to the original problem has been obtained. There may still

be artificial variables present in the basis, and unless they belong tc vacuous
equations, they must be eliminated to prevent them becoming non-zero during
Phase 2. This can be done simply by exchanging with non-basic legitimate
variables. The solution is unaffected because all the variables concerned

are zero. The presence of vacuous equations indicates redundancy in the
original constraints. The corresponding artificial variables cannot be
eliminated from the basis, but equally they caunot become non-zero, since the
equations containing them will remain vacuous duriang Phase 2.  Other artificial
variables can be dropped from the list of non~basic variables and Phase 2
initiated. In Phase 2 the auxiliary objective function is ignored. If the
auxiliary objective function cannot be reduced to zero in Phase 1, there is no
basic feasible solution to the original problem, and therefore no optimal solu-
tion,
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Returning now to the framework problem, an optimal solution to equations
(5.1) can be obtained using the above method provided that the objective
function is a linear function of the variables T¢jy .  There is then a basic
optimal solution with the number of load-carrying members not greater than
the number of independent equilibrium equations. Also, from the form of
any basic golution, it is clear that none of the basic variables can be ex-
pressed as a linear combination only of the remaining basic variables. In
the first place, this means that the optimum framework is statically deter-
minate, and in the second, it ensures that only one of the two bounded
variables corresponding to each unbounded variable Tg¢;; can appear in any
basis. Since the optimum framework is statically determinate, the omission =«
of any elastic compatibility conditions in the constraint equations (5.1) is
justified. The cross~sectional areas of the framework bars, ¢, , are thus
not included as variables in the constraint equations and can be chosen to
satisfy the criterion of minimum volume only. The objective function. for
minimum volume is then:

() .
minY = J.Zlad)ld) = _,(_‘/_Z LJ)‘(J) + “073/‘ 1(3) (5.

§

- 1‘ PR n*. c—— T \”
where Ty = Ty =~ Ty 3 Ta,Tgy 2 0
A computer program for solving the framework problem (with some elabora-
tions) using the Simplex method is described in the next chapter.

Related to every linear programming problem there is a dual problem (ref-
erence 15, chapter 8), which, in the particular case of the framework problem,
provides the link with Michell frameworks, If the original (primal) problem
is presented in terms of maximisation, then the dual problem is one of minimisa-
tion, and vice versa. The importance of the dual problem is that if there
is an optimal solution to the primal problem, there is also an optimal solution
to the dual problem, and both solutions are the same. In the framework problem,
the dual variables may be interpreted as a set of virtual nodal displacements,
the dual objective function as virtual work of the external forces, and the
dual constraint equations as a limit on.the linear strain between any two nodes
(reference 16). At the optimal solution the virtual work is maximised while
the virtual strain between any two nodes joined by a load-carrying member is
either + &w) or ~ £€(y, depending on whether the load is tensile or compressive,
and the value of the virtual strain between all other pairs of nodes lies
between = £y and + Lgy . There is a slight difference from the criterion
satisfied by Michell frameworks in that the limiting virtual strains £g) and
= €&y do not necessarily possess the same numerical value (they only turn out
to be the same if U7 and g are the same). However this strain system
is removed from that of Michell only by a pure dilatation of space, and there-
fore any framework which admits of the one, admits also of the other. (Dorn,
Gomory and Greenberg, who first formulated the problem of optimum framework
design as one in linear programming, were apparently unaware of Michell's
theorem and interpreted the dual problem in terms of the actual displacements
of the framework nodes under the given applied force system, and the related
strains in the framework bars.)

The solution of the framework problem by linear programming is quite general,
in that given a system of applied forces and points of reaction such that
equilibrium of all the external forces is possible, an optimum framework can
be determined, and any such optimum framework satisfies Michell's criterion.

Of course since there are only a finite number of possible nodes defined for

the primal linear program, the virtual displacements arising from the dual,
which are determined at the nodes only, are not given as a continuous vector
field, as in Michell's theorem. Likewise, the virtual strains are only defined
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between possible nodes, and not over the whole of the space occupied by the
framework. These differences are merely a result of the way in which the
linear programming problem is formulated; by increasing the number of nodes
in the ground structure, the virtual strains and displacements could theoret-
ically be made as close to continuous tensor fields as desired. It may

therefore be said that the necessity of the Michell criterion for optimum
frameworks has been established. ‘



CHAPTER S'1X

COMPUTER _ PROGRAM

The program, which is listed at the end of this chapter, finds the lightest
framework of those whose nodes are confined to specified points, which can
equilibrate a given force system and which can satisfy certain conditions of
yielding and buckling. The programming language us=d is Fortran.

st

PRESENTATION OF DATA

The pattern of possible nodes and the method of numbering them is shown
in figure 6.1, NX, NY, NZ are the first three numbers presented as data and
they specify the nodal pattern completely. A bar may join any node to any
other node. The bars are numbered such that bar 1 joins nodes 1 and 2, bar
2 joins nodes 1 and 3, and bar NJ-1 joins nodes 1 and NJ, where NJ is the total
number of nodes; bar NJ joins nodes 2 and 3, bar [(NJ-1) + (NJ—Zﬂ joins
nodes 2 and NJ, and so on. With this convention, the number of the bar joining
nodes I and J, where I <« J, is given by:

v

K1l = J=I%(I+1)/2 + NJ*(I-1)

Two other parameters, CB and SR, are read in along with NX, NY and NZ, SR
is the ratio of the tensile yield stress to the compressive yield stress: CB
is such that if the square of the length of a bar is greater than CB * SR, it
will fail by buckling before it reaches the compressive yield stress, or, if
CB is zero, failure by buckling is not considered. The introduction of CB, a
constant for all bare, embodies the assumption that the second moment of area
of a bar is directly proportional to its cross~sectlona1 area (CB is, in fact,
the constant of proportLonallty multlplled by W E/UYQ where E is Young's
Modulus and ¢'¢t) is the yield stress in temsion). This in turn implies that
the buckling load is directly proportional to the cross—sectional area, and the
volume of a fully-stressed member is thus always a constant times the member
load.  Another assumption which maintains the linearity between volume and
maximum load, is that the slendermess ratio of all bars is the same. Then all
bars fail at the same compressive stress, whether by buckling or yielding, and
in this case CB can be set to zero and an appropriate value given to SR, The
parameters CB and SR only affect the values of the coefficients in the objective
(merit) function.

The first data card, therefore, contains five quantities, of which the first
three are integers and the last two real numbers e.g.

fi Data card: 4 3 1 8.0 1.0

The above means that there are four nodes in the x~direction, three in the
y-direction and one in the z-—direction i.e. plane frameworks only are considered;
for any bar whose length is greater than ZVrQ the Euler buckling stress is less
than the compressive yield stress; the yield stress in tension is the same as
the yield stress in compression.

The next data supplies information about points of reaction and applied forces.
Each of the nodes has three integers and up to three real numbers associated
with it. The integers are either one or zero, one representing a constraint
e.g. 0 1 O implies a constraint in the y-direction. The real numbers are che
components of applied force at the node, the number of such components being,
in general, three minus the number of nodal constraints. However in the case
where the third integer of the first card is ome, as above, a storage saving
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device in the program comes into operation and this means that the third equili-
brium equation of each node is missed out, all the coefficients being zero,

The number of components of forece at a node is thus two minus the number of ncdal
constraints, This only applies when the third integer of the first card is one.
If one of the others is one, then trhe problem is treated as 3-dimensional,
resulting in a wastage of storage space. .

The sets of three integers, taken in order of nodes, are presented to the
computer first, then the real numbers. The following example illustrates these
points. . "

Y
:‘\fﬁ_ . . .
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>
M Jatacard: 1 1 1 0 00 0 00 00 01 1 1 0 00
3% data cardz 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 O O
¥ data card: 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
5% data card: 0.0 -1.0 -0.5 0.0 0.0 0.0 0.0 0.0 0.0 O

These integers and real numbers must be such that an external force system
in equilibrium is possible. If this is not the case, the program detects it
and prints out "NO BASIC FEASIBLE SOLUTION",

A final data card, containing either a one or a zero, controls the form of
the print out. A one causes intermediate stages of the calculation to be
printed out, whereas a zero gives only the final results.

"OUTLINE OF MODE OF OPERATION

The data is processed by the main program, in conjunction with subroutines
MP6 and MP9, to give a set of equations (equilibrium equations) and an object-
ive function (minimum volume). This linear program is presented to subroutine
Simplx which, with the aid of subroutines MP1, MP2, MP3 and MP4 solves it and
passes the results on to MP5. MP5 interprets the results as a particular
framework layout, this information being given first to MP8 to order and print
out, then to MP7 to analyse and detect nodal instabilities. A node is deemed
unstable if all the members meeting at it are in compression and lie in a
plane along the normal to which the node is unconstrained: in the case of
compression members in a straight line, the node must be constrained in two
directions. A number is assigned to each node indicating the type of inmstab-
ility, iLf any, which is present, and the information returned to the main program,
vhere nodal perturbations are calculated such that the unstable nodes are dis-
placed in the direction of instability. A check is made to determine whether
cr not an alternative optimum may exist: if so, the program returns to the
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beginning and the process begins again.

Termination occurs when a framework is found in which there are no nodal
instabilities (in the case of plane nodal patterns, when there are no in-plane
nodal instabilities) or when the test for alternative optima proves negative.

A flowchart showing the essential operations of the piogram is given in

figure 6.6.

QUTPUT OF RESULTS

During each cycle of the complete program, the output consists of the cycle
number, the nodal perturbations for the cycle, a list of bar temsions with the
numbers of the bars to which they apply and a zero or a one depending on whether
the limiting compressive stress in the bar is the compressive yield stress or
the Euler buckling stress, the optimum value of the objective functicn, the
values of the reactive forces at the constraints, the number of iterations in
each of the two phases of the optimisation process, and details of unstable
nodes. If no further improvement can be made, the message "NO RE-CYCLE.
OPTIMUM SOLUTION OBTAINED" is printed,

SOME DETAILED COMPUTATIONAL ASPECTS
1. STORAGE

The array A contains the coefficients of the objective function, the constraint
equations and the auxiliary objective function. The doubly subsecripted quanti-
ties @({j) are stored in a one-dimensional array using the formulas

A (i) = A(I*IROW + J*JCOL+1)

where IROW has the value 1 and JCOL has a value equal to 1 plus the maximum
value of the subscript i - in other words the length of a column of A. The
storage is organised in this way to suit the needs of subroutine Simplx, which
was developed from a program by Kunzi, Tzschach and Zebnder (reference 17).

The authors of the original program claimed increased efficiency in handling
two-dimensional arrays by such ‘a device. However the effect is not likely to
be very pronounced since the result is to achieve what the computer compiler
does anyway. The efficiency of the compiler will determine how much computing
time, if any, is saved. The addition of 1 to the A subscripts is to allow

the values of I and J to be zero, zero subscripts not being permitted in Fortran.
The zeroth row of A contains the objective function; in the notation of

chapter five: .
%) C= A(L)

c(k) = A(K*ICOL+1)

. L . . th .
The auxiliary objective function is stored in the (1+m) row, and in the
following rows are the coefficients of inadmissible equations i.e. equations
applying to directions in which the corresponding nodes are constrained.

The ordering of the coefficients within A for the general linear programm-—
ing problem of equations (5.2), deriving from a framework problem in which the
number of nodal constraints isT , is as follows:
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The inadmissible equations are not necessarily, of course, the last | equations
of the set. The value of (m+l ) is either 2*NJ or 3*NJ depending on whether
the problem is two~ or three-dimensional. The value of n is twice the number
of admissible bars in the ground structure (as a result of the non-negativity
restrictions — see chapter five); not all the bars in the ground structure

are admissible, those coustralned along their own directions at both ends being
discounted.

Lists INB and LB contain respectively the indices of the non-hasic and basic
variables corresponding to any given column or row of the array A. To start
with, only the drtlflPlal variables are basic, and these %re given the indices
(N+1) to (N+M), the M+RYM arvificial belonging to the K™ equation.

Thus, initially:

LB(K) = N#K
The original variables are all non-basic: initially, the coefficient of the Kth
variable is in the K™ column of the array, and so:

INB(K) =
The lists INB and LB are amended after each iteration of the Simplex algorithm.

L1 contains the indices of columns for consideration as the pivot columm.
Initially this comprises all the columns of the array A, but, during phase 1,
as artificial variables become non-basic, the indices of columns which corres-
pond to artificial variables are dropped. L2 contains the indices of rows
for consideratlon as the pivot row i.e. all the rows i...m of the array: it
remaing unaltered.

Lists LE1l, 1.2, LE3, and LE4 are involved only in data processing, for the
correlation of the variables and equations of the original framework problem
with those of the final linear programming problem. XL, DX, DY, DZ contain the
lengths and direction cosines of the bars in the ground structure. LBC(I)
takes the value one or zero depending on whether the 1limiting compressive
stress in the Ith bar is the Fuler buckling stress or the compressive yield
stress. INC contains the nedal constraints. AB and T are used in the
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interpretation of the zeroth column of A as a particular framework, the ten-—
sions in the members being stored in AB and the corresponding subscripts in

LI. MA is employed in the investigation of the stability of framework nodes
If the bar joining nodes I and J, J» I, is a load-carrying member in an opti-
mum framework, then the bar subscript is stored in the MA(L,J~1) and MA(J,I),
being positive if the bar is in tension and negative if the bar is in compress-—
ion. IN1 and IN2 contain the numbers of the two nodes to which any bar is
joined. Thus if the K™ bar joins nodes I and J, J> I, then:

IN1(K)=I, IN2(K)=J

LCN (I) contains a number which indicates the direction of instability, if
any, at node I. PERT (I,1), PERT (I,2) and PERT (I,3) are the nodal perturb-
ations in the x, vy and z coordinate directions at node I. Finally, B is a
list of the values of the applied external forces. :

The maximum dimensions of all the arrays used in the program are given in
table 4, The actual dimensions quoted in the program are calculated for a
plave gsystem containing a maximum of 20 nodes, with the number of admissible
bars in the ground structure limited by the constraints to a maximum of 125.

2. CALCULATION OF THE LENGTHS AND DIRECTION COSINES OF THE BARS
FORMING THE GROUND STRUCTURE

This section begins at statement 40, The coordinates of the nodes I and
J which the bar joins are determined by subroutine MP9, the basis of which is
the library function XMODF. XMODF (K,L), where K and L are integer arguments,
gives the remainder when K is divided by L. Use is also made of the fact that
an integer divided by another integer is rounded dzwn to the nearest integer.
The coordinates assigned to the nodes are in accordance with the numbering
system shown in figure 6.1. From the coordinates of the nodes and the corres-
ponding perturbations, if any, the lengths and direction cosines of the bars
are determined by subroutine MP6. Any bar which joins two nodes both of
which have a constraint along the bar direction is ruled out as a-suitable
structural member, and its length is set to zero. _

3, THE LISTS LEl, LE2, LE3 and LE4

LE1(K1) determines the number of bars rejected up to and including bar
number K1, where K1 depends only on the numbers of the nodes which the bar
joins. = LE2(K2) performs a complementary function; K2 steps by one each time
a bar is accepted and LE2(K2) contains the corresponding K1 value. LE3 and
KE serve the same purpose in the ordering of equations as LEl and Kl in the
ordering of bars. 1E4 and NC are not quite the same as LE2 and K2, since
NC steps by one each time an equation is rejected rather than accepted. Thus
LE4 contains the KE values of the inadmissible equationms. '

4. TORMATION OF THE EQUILIBRIUM EQUATIONS

All the non-zero coefficients in the equilibrium equations are direction
cosines of bars, which have already been calculated, so that this section
of the program involves only the transference of the numbers in the lists DX,
DY and DZ to the correct locations in A. Each iteration of the DO-loop ending
at statement 210 deals essentially with the coefficients of the equilibrium
equations applying to the node whose number is the same as the number of the
iteration. However, since each direction cosine is used again, with the
opposite sign, in the equation applying to the node at the other end of the
cerresponding bar, it is worthwhile inserting this value in the appropriate
location in A at the same time. This means that at the K* iteration of the
DO-loop, only the direction cosines of the bars which join node K to nodes
K+i, K+2, ...., NJ are involved, because the direction cosiunes of the bar
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joining nodes J and K, where JX K, were entered at the Jtt" iteration.

5. CALCULATION OF THE COEFFLCIENTS IN THE OBJECTIVE FUNCTION

The objective function is not exactly the same as given in equation (5.7),
but is multiplied by 0 to give:

. + e - ) . —
Min G/L{) V = ,],CJ)T(:) t 1@ ‘(‘z,) LA ?Gz,) ll(}z) O 1(!) I(I)
T

b3

+ o ot + 0+ Tale 72&),
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If 'LQ&D > SR % CB, then:
s .

]'Cj) > 0wy T £ I , by the definition of CB
VORI ()

2 .
i.e. 0y 7 IL..E._%. RG]
ag Ly

where 0%z is the Fuler buckling stress., In this case the coefficient of
Tg) in the cbjective function is not ( 0w/ diy) lgy but C aw/ I lgy -

0% Loy 2 SRAXL (J)
)

aw Ly = XL(J)*%3/CB
T"ey
All the coefficients in the objective function are stored as the negative

of their actual values since subroutine Simplx is a maximisation process, whereas
. the prcoblem to be solved is one of minimisation.

6. SUBROUTINE SIMPLX

The solution of the linear program is carried out by subroutine Simplx,
with subroutines MP1l, MPZ2, MP3 and P4, the method being iu strict agreement
with the theory presented in chapter five. The T&‘}‘) become the variables
1 to KRl of the linear program, the Ty the variables KR1 to N, and the
artificial variables the variables N+1 to N+M3, where KRl is the number of
admissible bars, N is 2*KRl and M3 is the number of admissible equatioms.

During a re—cycle of the program, the print control parameter, PC, is
given the value 1 when the magnitude of the objective function attains the
smallest value not less than 10% above the optimum magnitude of the objectiva
function in the first cycle, so that details of the layout for the current
iteration and all subsequent iterations are printed out. The reason for this
is that the method of nodal perturbations is designed to force a search for
an alternative optimum layout with the same weight as the initial optimum but
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without the nodal instabilities. However, the effect of perturbing the nodes
may be te produce a slight increase or decrease in the weight of any alterna-
tive optimum that may exist, if such an alternative optimum makes use of a
perturbed node., . For this reason it is necessary to have details of as many
layouts as possible with weights in the region of the first cycle optimum
weight,

The standard technique for determining alternative optimal solutions to
linear programs is to look for zero values in the coefficients of the

objective function when the optimal solution is obtained. From equations
(5.4) iF Eﬁmﬁg is zero, then x¢,,;) can be made any value and the value of
the objective function is unchanged. In the framework problem it would be

) to a value which drove one of the basic variables
to zero in order to ensure that the resulting framework would be statically
determinate: in other words, once the pivot column has been chosen by.deter-
mining the zero €umyy , the pivot row is determined by the same criterion as
is used in the Simplex algorithm. If the initial optimal basis is degenerate,
the new basis may also be degencrate, go that the solution is effectively the
S ame. In the framework problem, because of the fact that not every available
node is used, often more than half of the basic variables in an optimal solu-
tion are zero, and therefore in searching for alternative optima, it is
possible to perform a large number of iterations before any change in the
pattern of load—-carrying members is produced: in fact it often happens that
the optimum layout is unique in terms of load—-carrying members, although at
the optimal solution to the linear program there are zero coefficients in the
objective function. In these circumstances the method of nodal perturbations
seems a more satisfactory method of searching for alternative optima. It has
the disadvantage that not all possible layouts with weights in the region of
the original optimum weight are necessarily produced and therefore an alterna-
tive optimum could still be by-passed. Nevertheless, in terms of the amount
of computation involved, it provides a more realistic approach than the other
method.

necessary to increase Xemph)

The re—cycle is only initiated if the maximum coefficient of the objective
function is zero at the end of phase 2, because otherwise the possibility of
alternative optima can be ruled out.

7. SUBROUTINES MP5 AND MP8

From the indices of the basic variables, contained in 1list LB, the frame-
work bars to which these variables refer, and the sign of the load in each
bar, are determined in subroutine MP5. The bar numbers are stored in list LI
and the bar loads (positive tension, negative compression) and value of the
objective function are stored in list AB. The reason for not simply storing
this information in LB and the zeroth column of A is that the existing values
in these locations must be preserved im the event of the parameter PC being 1 -
and subroutine MP5 being called after every iteration in phase 2 of subroutine
Simp ix. However the values of the reactive forces at the constraints can be
put in the zeroth column of A, in the last NC locations, NC being the number
of nodal constraints, since the Tast NC rows contain the coefficients of inad-
missible equations and are thus vot involved in the optimisation process. The
indices of the constraint forces are in list LE4, the indices of forces being
the same as the numbers of the equations to which they apply.

The details of the framawork layout are printed out by subroutine MP8. Al-
though the value of the objective function is labelled "WEIGHT", it is not the
actual weight of the framework, but a non—dimeusional parameter from which the
weight may be obtained by multiplying by a factor pFd/oyy where p is the matex-
ial density, d is the distance between two adjacent mnodes and F the magnitude,
in units consistent with vr) s of the unit of force used in the data.
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8. SUBROUTINE MP7

Each row of the two-dimensional array MA, in subroutine MP7, contains the
numbers of the load-carrying members attached to a particular node of the
optimum framework,  The bar number is entered as positive if the bar is in
tension and negative if the bar is in compression. The rows of MA are then
scanned until one is found in which all the non-zero elements are negative,
The arrangement of bars and constraints at the appropriete node is examined
to determine if the node is unstable, and a number iladicating the type of
instability, if any, stored in list LCN. Thus:

LCN(I) = 0: Node I is stable
Three or more LCN(I) = 1: Direction of_instability at Node T has
¢ ompression bars a'comPQnent in the X ?oordlnate direction
or constraints LCN(I) = 2: Direction of‘lnstablllty at Node ? has'
in the same _ a-comp?nent in the y ?oordlnate direction
plane LON(T) = 3: Direction of‘lnstablllty aF Node ; has.
a component in the z coordinate direction
LCN(I) = 4: Directions of instability at Node I have
components in the y and z coordinate
Two compression d}rect%ons . A
bars. or one bar LCN(L) = 5: Directions 9f instability at Noée I have
i . components in the z and x coordinate
gnd onc constraint, directions
in line LCN(I) = 6: Directions of instability at Node I have

components in the x and y cooxrdinate
directions

9, CALCULATION OF NODAL PERTURBATIONS - !

Unstable nodes are displaced in the direction of instability so that the
arrangement of bars which caused the instability is no longer in equilibrium
and cannot be repeated in the next cycle of the program. The direction of
the displacement at a node (i.e. whether it is along the x, y or z coordinate
direction) depends on the corresponding value in LCN: the sign of the dis-
placement (i.e. whether in the positive or negative direction of the coordin-
ate axis) depends on the number of the cycle;being alternately positive and

negative in successive cycles. This minimises the possibility of an unstable
arrangement being repeated due to a set of nodes all being displaced in the
same direction. In the case of an instability due to two in-line compression

bars, a check is made to see if they can be replaced by a single bar without
altering the structural weight. Such a replacement is only possible if the
limiting compressive stress in all the bars involved is the compressive yield
stress and not the Euler buckling stress.

ILLUSTRATIVE EXAMPLES

Due to the limited amount of storage available on Glasgow University's
KDF9 computer, three-~dimensional examples with a realistic number of nodes
could not be run. In the early stages of development of the program, a
single cell of two nodes in each coordinate direction was used to check that
the various sections of the program were functioning correctly. The results
themselves are of little significance. However some interesting results can
be obtained using plane systems and consideration will now be given to several
examples of this type.

EXAMPLE 1

Cantilever framework to transmit force to rigid boundary:
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The data cards are as follows:
data card: .0 1.0
o dara card:
374 data card:
data card:
5 data card:
6 data cawrd:

0 0 O
1T 11

0
0
0 0.0
0 0.0

OO Co
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.0 0.
.0 0.

QO OO =~

Tor this example, the computer output for the Ifirst cycle and the beginn-
ing of the second cycle is given at the end of the chapter. The frameworks
produced at the end of each of the three cycles of the program are shown in
figures 6.2a, 6.2b and 6.2c. The C or T against the bar numbers indicates
compression or tension respectively. All the frameworks produced in cycles
2 and 3 with weights within 57 of the minimum weight of 10.0 relied on a com—
pressive load path between nodes 9 and 12, the unstable nodes 10 aand 11 being
suitably braced. The best alternative arrangement tc be found by the com—
puter is shown in figure 6.2d. Over the three cycles of the program there
were 118 iterations of the Simplex algorithm, including both phases 1 and 2,
and the total amount of computing time was 6 minutes 55 seconds..

" EXAMPLE 2

In this example the given forces form a system in equilibrium and there are
no nodal constraints.

i



ft data card: 4 3 1 3.0 1.0 :
94 datacard; 0 0 0 0 0 0 0 0 0 0 0 O O 0 O O O O
34 data card: 0 0 0 0 0 0 0 0 0 0 0 0 0 O 0 O O O
M data card: 1.5 0.5 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
* 4ata card: 0.0 0.0 0.0 ~1.0 =~1.5 0.5 0.0 0.0 0.0 0.0 0.0 0.0
6m' data card: O

The framework produced at the end of the first cycle is shown in figure
6.3a. Nodes 2 and 6 are unstable and therefore a second cycle is required,

which merely introduces the bracing shown in figure 6.3b. Apart from the
bracing members for nodes 2 and 6, the framework is very nearly symmetric 5
about a horizontal centre line. The symmetry is only spoiled by the long
tensile bar 27, which could be replaced by bars 48 and 24, with the additional
advantage of stabilising node 6. Pairs of corresponding bars, one above and
one below the line of symmetry, each carry the same magnitude of loading, one
bar being in tension and the other in compression. Thus the problem can be
dealt with by the method of the next example.

EXAMPLE 3
f i
iz
3F
! e @ o ©
3 )

-

T.f.
2

&

data card: 4 2 1 3.0 1.0
2 datacard: 1 0 0 1 0 0 1 0 0 1 0 0 0 0 0 0 0 0
O 0 0 0 0O 0
3ﬂ{ data card: 0.0 0.0 0,0 0.5 1.5 ~0.5 0.0 6.0 0.C 0.0 0.0 0.0
Ay
4 data card: O

The optimum solution is shown in figure 6.4: apart from the bracing bars
16 and 17 for the unstable node 6, the layout is the same as one half of the
symmetric framework of example 2. By duplicating the lavout below the line
of constrained nodes and assuming the same magnitude but opposite sign of
loading in corresponding bars, the reactive forces at the constraints become
zero, and the force system and optimum layout of example 2 are produced. The
advantage of using this method, for force systems with the necessary symmetry,
is that a finer grid of nodes can be used for any given amount of available
computer storage than is possible by solving the full problem. The disadvantage
is that the assumption of symmetry in the framework layout will inevitably lead
to a weight penalty in some examples although it dJdid not in this particular
examp le. If, however, the directions of all the foreces are reversed, one
" optimum layout is simply the teusile bar 19 joining nodes 4 and 5. Because
of the value 3.0 for CB, a bar of the sawe length as bar 19, carrying an equal
and opposite load, is considerably heavier, and rhe weight of the twn bars
together is 21.6667. Thus in this case the assumption of symmetry in the
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framework leads to a weight penalty of 117% over the absolute minimum. As a
~general rule it is best to base the whole framework on the half framework solu-
tion with the shortest compression members, which means solving that half of

the problem in which the main load carrying members are likely to be in com~
" pressiom.

No nodal instabilities can arise along the line of symmetry because the
constraints in the half framework problem permit only a horizontal reaction,
which means that bars meeting at a node on the line of symmetry cammot all
carry the same sign of loading.

EXAMPLE 4

The force system is similar to that of example 2 except that the points of
reaction for the tip load are twice as far apart. The solution, obtained by
the method of example 3, is shown in figure 6.5. To have solved the full
problem with the same nodal pattern would have resulted in a ground structure
of 276 bars, and a linear prcgram with 600 variables and 48 equations.
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NI=Number of nodes

NC=Number of constraints

ARRAY MAXIMUM DIMENSION IN MAXIMUM DIMENSION IN
3-D PROBLEM 2-D PROBLEM
A ((3RNI+2) % (NT* (NI-1)+1) ) ((2MWI+2) % (NT* (NI-1)+1) )
INB (NI*(NI-1)) I (8I-1))
LB (3%J) (2%0J)
L1 (N J% (NI-1)) MI* (NI-1))
L2 (3%NJ) (24N3) \

IE1 (NI* (NI=1)/2) (NI* (NI-1)/2).

LE2 NI* (NI-1)/2) (NJ* (NT-1) /2)

LE3 (3%NJ) (25%0)

LE4 (NC) (NC) )
XL (NI* (NJ=1)/2) (NI* (NI-1) /2) |

DX (NJ% (NJ~1)/2) (NI* (NI-1) /2)
DY MI% (NI-1)/2) (NI* (NI~1)/2)
DZ (NJ* (NI-1) /2) (WJ% (NI~1) /2)
LBC (NI* (NT-1) /2) (NI* (NI-1) /2)

INC (3%NJ) (3*J)

AB (3MNI-NC+1) (2*NI-NC+1)
LI (3*NJ-NC) (24NJ-NC)
MA (NJ,NJ-1) (N ,NJ-1)

INT (WI* (WI-1) /2) (NJ* (NI-1)/2)

IN2 (WI* (NI-1)/2) (NI* I~1)/2)

LCN ®I) )

PERT ™J,3) WJ,3)

B (3*NJ-NC) (2%NI-NC)

TABLE

4
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C START )

-~ READ DETAILS OF
APPLIED FORCE SYSTE

NODAL PATTERN AND :
MATERTAL CONSTANTS |

4 &
; .

FAY

FORM CONSTRAINT EQUATIONS
AND OBJECTIVE FUNCIION

ALLOCATED

PRINT DETAILS

OF EXCESS YES STORAGE
e = EXCEEDED?
Y NO
Y
SOLVE LINEAR PROGRAM
PRINT "NO BASI( .
! 1 4 - r) T
.. \FEASTBLE SOLUTION" / NO EASIBLE SOLUTION?
Y /
PRINT "NO FINITE
: SOLUTION"
<
PRINT DETAILS OF PRINT DETAILS OF
OUT~0F~PLANE FRAMEWORK LAYOUT
% INSTABILITIES IN '
PLANE FRAME— NO
WORKS AND
NODAL
COLINEAR BARS . :
i f) (el
REPLACED BY ‘ INSTABILITIES? YES
e g SINGLE BAR -
,// .
\ RE~CYCLE
1 1 ?
A CALCULATE NODAL 7 NECES SARY?
PERTURBATIONS
‘wmew_w(:’ STOP j) ~ o
AN

FIGURE ~ 6.6
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CYCLE 1

NODAL PERTURBATIONS

NODE 1 0. 0000 0.0000 0.0000
NODE 2 0.0000 0.0000 0.0000
NODE 3 0.0000 0.0000 0.0000
NODE 4 0.0000 0.0000 0.0000
NODE 5 0.0000 0.0000 0.0000
NODE 6 0.0000 0.0000 0.0000
NODE 7 0.0000 0.0000 0.0000
NODE 8 0.0000 0.G000 0.0000
9

NODE 0.0000 0.0C00 0.0000
NODE 10 0.0000 0.0000 0.000C
NODE 11 0.0000 0.0000 0.0000
NODE 12 0. 0000 0.0000 0.0000

LAYQUT AT END OF PHASE 2

T 1 0.0000 0

T 15 =0.0000 0

T 34 0.0000 0

T 24 -0.0000 0 COMPUTLER OQUTPUT
T 7 0.0000 1 FOR EXAMPLE 1
T 33 0.0000 0

T 60 0.0000 0

T 5 0.0c00 0

T 48  -0.0000 0

T 53 -0.5590 0

T 26 0.0000 o

T 59 =-0.0000 0

T 64 ~0.0000 0

T 49 0.0000 0

T 6 1.6771 0

T 61 -1.0000 0

T 56 1.4142 0

T 65 ~1.0000 0

WEIGHT 10.0000

FORCES AT CONSTRAINTS

F 1 -1.5000
F 2 -0.7500
F 9 0.0000
F 10 0.0000
F 17 1.5000
F 18 -0.2500

NUMBER OF ITERATIONS TN PHASE 1
19 .

NUMBER OF ITER&.sIONS IN PHASE 2
12

NODE 10 IS UNSTABLE
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CYCLE 2

NODAL PERTURBATIONS

NODE 1 0.0000 0.0000 0.0000
NODE 2 0.0000 0.0000 0.0000
NODE 3 0.0000 0.0000 0,0000
NODE 4 0.0000 0.0000 0.0000
NODE 5 0.0000 0.0000 0.0000
NODE 6 0.0000 0.0000 0.0000
NODE 7 0.0000 0.0000 0.0000
. NODE 8 0.0000 0.0000 0.0000
NODE 9 0.0000 0.0000 0.0000
NODE 10 0.0000 ~0.1000 0.0000
NODE 11 0.0000 0.0000 0.0000
NODE 2 0.0000 0.0000 0.0000

PHASE 2, ITERATION 10

T 1 0.6667 0
T 15 -0.3333 0
T 34 0.0000 0
T 25 0.0000 0
T 2 0.0000 0
T 49 0.0000 0
T 60 1.0000 0
T 5 0.4714 0
T 46 0.3333 0
T 53 -0.9317 0
T 17 0.7454 0
T 59 -0.9428 0
T 61 0.0000 0
T 66 0.0000 0
T 6 0.5590 0
T 62 ~0.6667 0
T 36 0. 0000 0
T 55 0.6667 0

WEIGHT 11.3333

FORCES AT CONSTRAINTS

F 1 ~1.5000
F 2 =-0.5833
F 9 0.0000
F 10 0.0000
¥ 17 1.5000
F 18 ~0.4167

PHASE 2, ITERATION 11

T 1 0.6667
T 15 -0.3333
T 34 0.0000
T 25 . 0.0000
T 2 0.0000
T 49 0.0000C
T €0 1.0000

T 5 0.2357

S Coo0oo0oQ0O0O

"COMPUTER QUTPUT

" TOR EXAMPIE 1

CONTINUED
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T 48 -0.2357 0
T 53 -0.7454 0
T 17 0.7454 0
T 59 ~0.9428 0
T 61 0.0000 0
T 66 0.0000 0
T 6 0.7454 0
T 62 -0.6667 0
T 36 0.0000 0
T 55 0.6667 0

WEIGHT 11.00C0

FORCES AT CONSTRAINTS

F 1 -1.5000
¥ 2 -0.5000
F 9 0.0000
F 10 0.0000
F 17 1.5000
I

18 -0.5000

PHASE 2, ITERATION 12

T 1 0.0000 0

T 15 ~0.0000 0

T 34 0.0000 0

£ 2; 8.8883 8 COMPUTER GUTPUT
T 49 0.0000 0 FOR_E;AMPLE 1
T 60  0.0000 0 CONTINUED

T 5 0. 0000 0

T 48 -0.0000 0

T 53 =0.5590 0

T 17 0.0000 0

T 59 -0.0000 0

T 61 0.0000 0

T 66 -1.0000 0

T 6 1.6771 0]

T 62 -1.0000 0

T 36 0.0000 0

T 56 1.4142 0

WEIGHT 10.0000

TORCES AT CONSTRAINTS

r 1 +<1.5000
¥ 2 -0.7500
r 9 0.0000
F 10 0.0000
Fo17 1.5000

F 18 -0.2500
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FORIRAN PROGRAM TO DETERMINE THE
LIGHTEST PIN-JOINTED FRAMEWORK WHICH CAN

SAFELY EQUILIBRATE A GIVEN FORCE SYSTEM
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DIMENSION A(10550) ,INB(250),LB(40),L1(250),L2(40),LE1(190),
#1E2 (190) ,LE3 (40) ,LE4 (40) ,XL(190) ,DX(190) ,DY(190) ,DZ (190) ,
*LBC(190) ,INC(60) ,AB(40) ,LI (40) ,MA(20,19) ,IN1(190) ,IN2(190),
*LON (20) ,PERT (20,3) ,B(40)

INTEGER PC

READ 10,NX,NY,NZ,CB,SR
FORMAT (80%)
NJ=NX*NY*NZ

KK=3*NJ :
READ 10, (INC(K) ,K+1,KK)

LNG(K) EQUAL TO 1 INDICATES A NODAL COMSTRAINT OY. POINT OF
REACTION. THE CORRESPONDING EQUILIBRIUM EQUATION 1S SUBSEQUENTLY
MISSED OUT

NJ1=NJ-1
MON5=0

MON5 COUNTS THE NUMBER OF CYCLES OF THE MAIN PROGRAM

K2=0
DO 30 I=1,NJ
DO 20 J=1,3
PERT (I,J)=0.0
CONTINUF,

CALCULATTION O THE DIRECTION COSINES OF THE BARS FORMING THE
GROUND STRUCTURE.

DO 160 I=1,NJ1

CALL MP9 (I,NX,NY,NZ,IX,IY,IZ) B
T1=I+1 '

DO 150 J=I1,NJ ,

IF (LCN(I).EQ.0.AND.LCN (J).EQ.0.AND.MON5.NE.0) GO TO 150

AFTER THE FIRST CYCLE THE DIRECTION COSINES NEED ONLY BE
RE-COMPUTED FOR PERTURBED NODES

CALL MP9 (J,NX,NY,NZ,JX,JY,JZ)
Kl=J-I% (I+1) /24NJ* (I-1)

K1 IS THE NUMBER OF THE BAR JOINING NODES I AND J

IF (MON5.NE.O) GO TO 120

IN1(K1)=1I

IN2(K1)=J

IF (K1.LE.190) GO TO 120

PRINT 110 :

FORMAT (25HBAR SUBSCRIPT EXCEEDS 190)
GO TO 450
DELTAX=JX+PERT(J, 1) -IX~-PERT(I,1)-
DELTAY=JY+PERT (J,2)-IY~PERT (I,2)
DELTAZ=JZ+PERT (J,3)~I1Z~PERT (I,3)

CALL MP6 (DELTAX,DELTAY,DELTAZ,SXL,SDX,SDY,SDZ,INC,TI,J)

MP6 CALCULATES THE LENGTH AND DIRECTLON COSINES OF THE BAR
IF THE BAR IS5 INADMISSIBLE THESE QUANTITIES ARE SET TO ZERO



aaoaaoan

aaoaocaoaan

QaaooOon

130

140

150
160

165

170

180

_.81...

IF (MON5.NE.O) GO TO 140
IF (SXL.LE.10.0E-10) GO TO 130

THERE ARE TWO NUMBERS ASSOCIATED WITH EACH BAR. ONE(K1)DEPENDS
ON THE NUMBERS OF ‘THE NODES WHICH THE BAR JOINS,AND THE OTHER ON
THE NUMBER OF ADMISSIBLE BARS ALREADY DETERMINED. LISTS LE1 AND
LEZ CORRELATE THESE TWO NUMBERS

R2=K2+1

LE2(K2)=K1

IF (K1.EQ.1l) LE1(K1)=0

IF (K1.NE.1) LEL1(K1)=1LE1(K1l-1)
GO TO 140

IF (K1.EQ.1l) LEL(K1l)=1

IF (K1.NE.1) LEL(R1)=LE1-1)+1
XL (K1) =SXL

DX (K1)=8DX

DY (K1)=SDY

DZ (K1) =SDZ

CONT INUE

TF (MON5.NE.O) GO TO 185
IROW=1 '

AS WITH THE BARS,THERE ARE TWO NUMBERS ASSOCIATED WITH EACH
EQUILIBRIUM EQUATION. ONE DEPENDS ON THE NUMBER OF THE NODE AND
THE COORDINATE DIRECTION TO WHICH THE EQUATION APPLIES,AND THE
OTHER ON THE NUMBER OF ADMISSTBLE EQUATIONS ALREADY DETERMINED
LISTS LE3 AND IF4 CORRELATE THESE TWO NUMBEKS

KE=0

DO 165 K=1,KK

IF (NZ.EQ.1.AND.XMODF (K,3).EQ.0) GO TO 165

KE=KE+1 -
IF (INC(K).EQ.O0.AND.K.NE.1) LE3(KE)=LE3(KE-1) -

IF (INC(K).EQ.O.AND.K.EQ.1) LE3(KE)=0

IF (INC(K).EQ.1.AND.K.NE.1) LE3(KE)=LE3(KE-1)+1

1F (INC(X).EQ.1.AND.K.EQ.1) LE3(KE)=1

NC=LE3 (KE)

IF (INC(K).EQ.1) LE4(NC)=KE

CONTINUE

IF (NZ.EQ.1) KK1=2%NJ

IF (NZ.NE.1) KK1=3#NJ ' -

M3=KK1-NC

JCOL=KK1+2

FOR PLANE SYSTEMS THE X-Y PLANE SHOULD BE USED TO SAVE
STORAGE SPACE

KR=NJ*(NJ-1)/2

KR1=KR-1LE1(XR)

IF (KRL.LE.125) GO TO 180

PRINT 170

FORMAT (46GHNUMBER OF BARS IN GROUND STRUCTURE EXCEEDS 125)
GO TO 450

KA=JCOL* ( 2%KR1+1)

READ 10, (B(K) ,K=1,M3)
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THE APPLIED FORCE SYSTEM IS STORED IN B AND TRANSFERRED INTO A
DURING EACH CYCLE OF THE MAIN PROGRAM

DO 190 K=1,KA
A(K)=0.0

FORMATION OF EQUILIBRIUM EQUATIONS

IFT AN EQUATION IS INADMISSIBLIE THE COEFFICIENTS ARE STORED IN THE
BOTTOM ROWS OF THE MATRIX A IN ORDER TO CALCULAYE SUBSEQUENTLY
THE REACTIONS AT THE CONSTRAINTS

DO 210 I=1,NJl

J1=NJ*I-T*(I+1)/2

J2=J1-LE1(J1)

J 3=NJ*(I~1)~(I-1)*1/2

IF (J3.EQ.0) J4=1

IF (J3.NE.0) J4=J3-LER1(J3)+1

DO 200 J=J4,J2

I1=3%1-2

I2=3%1-1

I3=3%T

IF (NZ.EQ.L1l) GO TO 191_

IA=T1 ‘

IR=I2

GO TO 192

TA=2%T~1

IB=2*T1

IF (INC(I1).EQ.n) Kl=(TA-LE3(IA))*IROW+J*JCOL+1
IF (INC(I1).EQ.1) Kl=M3+1+LE3(IA))*IROW+J*JCOL+1
IF (INC(I2).EQ.0) K2=(IB~-LE3(IB))*IROW+J*JCOL+1
IF (INC(I2).EQ.1) K2=(M3+1+LE3(IB))*IROW+JI*JCOL+1
IF (NZ.EQ.l) GO TO 193

IF (ILNC(I3).EQ.0) K3=(I3~LE3(I3))*IROW+J*JCOL+1
IF (INC(I3).EQ.1) K3=(M3+1+LE3(L3))*IROW+I*JCOL+].
K4=LE2(J) ‘

TI=K4+T*(T+1) /240 T*(1~1)

IT IS THE NUMBER OF THE NODE AT THE OTHER END OF BAR K4
FROM NODE T

IT1=3*%*11-2

II2=3%11-1

II3=3%11

IF¥ (NZ.EQ.1) GO TO 194

ITA=TI1 :

LIB=I1I2

GO TO 195

TTA=2%TT-1

IIB=2*11 -

IF (INC(II1).EQ.0) X5=(ITA-LE3(IIA))#IROW+J#JCOL+1
IF (INC(IT1).EQ.1) K5=(M3+1+LE3(LTA))*IROW+JI*JCOL+1
IF (INC(II2).EQ.0) K6=(TLIB-LE3(IIB))*IROW+I*JCOL+1
IT (INC(II2).EQ.1l) K6=M3I+1+LE3(IIR))*IROW+IAJCOL+1
IF¥ (NZ.EQ.1) GO TO 196

IF (INC(II3).EQ.0) K7=(IL3-LE3(II3))*IROW+JI*JCOL+1
IF (INC(II3).EQ.1) K7=(M3+1+LE3(I13))*IROW+I*JCOL+1
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196 A(K1)=DX(K4&)
A(K2)=DY (K&)
IF (NZ.EQ.1) GO TO 197
A(K3)=DZ (K4&)
197 A(K5)=-A(K1)
A(K6)=-A(K2) ‘
IF (NZ.EQ.1) GO TO 200 -
A(K7)=-A(K3)
200 CONTINUE
210 CONTINUE
DO 230 I=1,M3
DO 220 J=1,KRl
K1=I*IROW+J*JCOL+1
K2=T*TROW+ ( J+KR1) *JCOL+1
220  A(K2)=-A(K1)
230 CONTINUE

THE VARTABRLES ARE UNRESTRICTED IN SIGN

DO 235 K=1,M3 b
235  A(K+1)=B(K)

DO 250 I=1,M3

K=I+1 :

IF (A(K).GE.0.0) GO TO 250

J1=2%KR1+1

DO 240 J=1,J1

K=T*TROW-+ (J-1)*JCOL+1
240 A(X)=—A(K)

THE CONSTANT TERMS IN THE EQUATIONS MUST BE POSITIVE TOR
SUBROUTINE SIMPLX

e NeNeNe!

250 CONTINUE

CALCULATION O THE COEFFLCIENTS IN THE MERIT FUNCTION

a0

NV=KR+M3
DO 253 K=1,NY
253 LBC(K)=0
DO 260 J=1,KR1
J1=LE2(J)
K1=J%JCOL+1 : i
K2=(J+KR1)*JCOL+1
STGMA=CB*SR/XL (J1) %%2 )
IF (CB.NE.0.0.AND.SIGMA.LT.1.0) GO TO 255

IF BUCKLING CONSTRAINTS ARE INCLUDED AND THE -BUCKLING STRESS
IS LOWER THAN THE LIMITING COMPRESSIVE STRESS,THE BUCKLING
CONSTRAINT TS ACTIVE

oo

A(K2)=-XL(J1)*SR
GO TO 260
255  A(K2)=-XL(J1)%%3/CB
LBC(J1)=1
260 AKL1)=—-XL(J1)
N=2%KR1
IF (MONS5.NE.O) GO T0 265
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READ 10,PC

PC CONTROLS THE FORM OF THE PRINT OUT.IF PC EQUALS ONE THE
STRUCTURAL LAYOUT AND CONSTRAINT FORCLS ARE CALCULATED AND
PRINTED OUT,BY SUBROUTINES MP5 AND MP8,AT EACH ITERATION IN PHASE
2 OF SUBROUTINE SIMPLX.IF PC EQUALS ZERO,ONLY THE STRUCTURES
OBTAINED AT THE COMPLETION OF PHASE 2 IN EACH CYCI& AND THE
CORRESPONDING CONSTRAINT FORCES ARE PRINTED OUC

MON 5=MON 5+1

PRINT 267,MON5, (I, (PERT(I,J),J=1,3),I=1,NJ)

FORMAT (6H1CYCLE,I3//19HNODAL PERTURBATTONS//(4HNCDE ,14,3F10.4))
CALL SIMPIX (A,IROW,JCOL,N,M3,KR,KR1,NJ,NC,PC,MON2,MON3,MON4 ,MONS,
*INB,1B,L1,L.2,1E2,LE4,LBC,LT,AB,IN1,IN2 ,MA,DX ,DY,DZ ,1NC,LCN)

SIMPLX PERFORMS THE OPTIMISATION PROCESS

PRINT 270 ,MON3,MON4

FORMAT (//31HNUMBER OF ITERATIONS IN PHASE 1/13/
#31INUMBER OF ITERATIONS IN PHASE 2/I3)

IF (MON2.EQ.1) GO TO 450 ..

NP=0

™ THE FOLLOWING SECTICN PERTURBATIONS ARE CALCULATED SO THAT
CRITICAL NCDES ARE DISPLACED IN THE DIRECTION OF INSTABILITY

DO 430 I=1,NJ
IF (LCN(I}.EG.0) GO TO 430
IF (LCN(I).LE.2} GO TO 330
DO 280 J=1,NJ1

IF (MA(L,J).NE.O) GO TO 290

IF (J.EQ.NJ1) GO TO 330

Kl=-MA(T,J) i
Jl=J+1

DO 300 J=J1,NJ1

IF (MA(T,J).NE.0) GO TO 310

IF (J.EQ.NJ1.AND.MA(T,J).EQ.0) GO TO 330
K2=-MA(L,J)

STL=(XL (K1) +XL (K2))#*#42

IF (STL.GT. (CB*SR).AND.CB.NE.0.0) GO TO 330
N1=IN1(K1)

N2=IN2(K2)

K3=N2-N1% (N1+1)/24NI* (N1-1)

PRINT 320,I,K1,K2,K3

TORMAT (//19HINSTABILITY AT NODE,I3,1X,14HMAY BE REMOVED/
#17HBY REPLACING BARS,I3,1X,3HAND,L3,1X,6HBY BAR,13)
GO TO 420 ‘

IT MAY BE POSSIBLE TO REPLACE TWO COLINEAR BARS WITH A SINGIE BAR
WLTHOUT INCURRING A WELGHT PEMNALTY

LONI=LCN (T)

GO TO (340,350,360,370,380,390) ,LCNL
IFr (NX.EQ.1) GO TO 400

PERT (T, 1)=0.1%({(~1.0)**MON5)

NP =NP+1.

GO 'T0 400

IFr (NY.EQ.1) GC TO 400
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PERT(L,2)=0.1%((-1.0)*%MON5)

NP=NP+1 '

GO TO 400

IF (NZ.EQ.1) GO TO 400

PERT (T ,3)=0. 1% ((~1.0)**MON5)

NP=NP+1

GO TO 400

IF (NZ.EQ.1) PERT(I,2)=0, 1% ((~1.0)**MON5)

IF (NZ.NE.1) PERT(I,3)=0.1%((~1.0)**MON5)

NP=NP+1 .

GO TO 400

IF (NX.EQ.1) PERT(I,3)=0.1%((~1.0)*%MON5)

IF (NX.NE.1) PERT(I,1)=0.1%((~1.0)**MONS)

NP=NP+1

GO TO 400

IF (NY.EQ.1) PERT(I,1}=0.1%((~1.0)**MON5)

IF (NY.NE.1) PERT (I,2)=0.1%((~1.0)**MON5)

NP=NP+1

PRINT 410,I

FORMAT (//4HNODE ,I3,1X,11HIS UNSTABLE)

IF (ABS(PERT(I,1)+PERT(I,2)+PERT(I,3)).1E.10.0E~10) LCN(I)=0
CONTINUE '
IF (NP.NE.O.AND.MON2Z.NE.2) GO TO 40

PRINT 440

FORMAT (//38HNO RE-CYCLE. OPTIMUM SOLUTION OBTAINED)
CALL EXIT

END

SUBROUTINE SIMPLX (A,IROW,JCOL,N,M3,KR,KR1,NJ,NC,PC,MON2,MONJ,
*MON4 ,MON5 ,INB,18,L1,L2,LE2,1E4 ,LBC,LI ,AB,IN1,IN2 ,MA,DX ,DY D% ,INC,
#LCN)

ROUTINE FOR THE OPTIMISATION OF A LINEAR PROGRAM USING THE.""
SIMPTEX METHOD
DEGENERACIES ART TAKEN INTO ACCOUNT

DIMENSION A(1),INB(1),LB(1),L1(1),L2(1),LE2(1),LE4(1),LBC(L),
*LT (1) ,AB(L) ,INL(L) ,IN2(1) ,MA{NJ,1) ,DX(1),DY(1),DZ (1) ,INC(L),
FLCN (1)

INTEGER PC

MON 1=1 .

MON2=1 -

MON 3=0 '

MON 4=0

MONL AND MONZ WAKE THE VALUE ZERO WHEN PHASES 1 and 2 ARE
TERMINATED. MON2 EQUAL TO ZERO MEANS THERE ARE NO ALTERVATIVE
OPTIMA. MON3 AND MON4 COUNT THE TTERATIONS IN PHASES 1 AND 2

INITIALISATION OF THE INDEX LISTS

DO 10 K=1,N
L1(K)=K
INB(K)=K
NL1=N

DO 20 I=1,M3
L2(1)=I

LB (I)=N+TI
NL2=M3
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IPC=PC

COMPUTATION OF THE AUXILIARY OBJECTIVE FUNCTION IN PREPARATION
FOR PHASE 1

N1=N+1

DO 60 JJ=1,N1
J=JJ~1
Q1=0.0

DO 50 1I=1,M3

K=I#TROW+J*JCOL+1
Q1=Q1+A(K)

K= (M3+1) $ TROW+J* JCOL+1
A(R)=-Q1.

COMPUTATION OF A BASTC YEASIBLE SOLUTION BY MEANS OF THE SIMPLEX
METHOD, MP3 DETERMINES THR MAXTIMUM COEFFICIENT OF THE AUXILIARY
OBJECTIVE FUNCTION

CALL MP3 (A,M3+1,IROW,JCOL,JP,L1,NL1,RMAX)

K=(M3-+1) *TROW+1

IF (RMAX.GT.10.0E-10.0R.A(K).GT.~10.0E-10) GO 70 80
PRINT 75

FORMAT (26HNO BASIC FEASIBLE SOLUTION)

RETURN

THE AUXILIARY OBJECTIVE FUNCTION CANNOT BE REDUCED TO ZERO. NO
BASIC FEASTBLE SQLUTION EXISTS

IT (RMAX.GT.10.0E-10.0R.ABS(A(X)).GE.10.0E~10) GO TO 120 o

IF THE AUXILIARY OBJECTIVE FUNCTION HAS THE VALUE ZERO A BASIC
FEASTBLE SOLUTION HAS BEEN FOUND. ARTIFICIAL VARIABLES '
REMAINTNG IN THE BASIS AT A ZERO LEVEL,AND NOT BELONGING TO-
VACUOUS EQUATIONS MUST BE ELIMINATED TO PRUVENT THEM BLCOMING
NON-ZERO DURING PHASE 2

DO 90 IP=1,M3

IF (LB(IP).NE.IP+N) GO TO 90

CALL MP4 (A,IP,IROW,JCOL,LL,NL1,JP ,RMAX)
IF (ABS(RMAX).GT.10.0E-10) GO TO 130
CONTINUE

MON1=0

GO TO 210 ‘

CALL MP1 (A,%2,NL2,IP,IROW,JCOL,JP,QlL,N)

MP1 CHOOSES THE PIVOT ROW
CALL MP2 (A,0,M3+1,0,N,IP,JP,IROW,JCOL)
MP2 TRANSFORMS THE MATRIX OF COEFFICIENTS

MON 3=MON 3+1

IF (LB(IP).LT.N+1) GO TO 200
DO 140 K= ,NLi

IF (L1(K).EQ.JP) GO TO 150
NLL=NL1~1.

DO 160 NM=K,NL1

LLNM)=L1 (NM+1)
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ONCE AN ARTTIFICIAL VARIABLE TS REMOVED FROM THE BASIS ITS INDEX
IS ELIMINATED FROM L1,I.E.IT IS NOT CONSIDERED FOR RE-ENTRY TO
THE BASIS

IN THE FOLLOWING SLECTION UP TO 210 THE LISTS LB AND INB ARE
AMENDED

NM=INB (JP)
INB(JP)=LB(IP)

LB (IP)=NM

IF (MON1.NE.O) GG TO 70

PHASE 2.0PTIMISATICN SECTION

IF (PC.NE.1) GO TO 2i0

CALL MP5 (A,LB,LE2,AB,LI,M3,KR1,KR,TROW,JCOL,NC)
CALL MP8 (A,LE4,LBC,LI,AB,NC,M3,MON&,PC)

CALL MP3 (A,0,IROW,JCOL,TP,L1,NLL,RMAX)

IF (RMAX.GT.10.0E-10) GO TO 220

MON2=0

IF THE MAXIMUM COEFFICIENT OF THE OBJECTIVE FUNCTION IS LESS
THAN OR EQUAL TO ZERO,THE OPTIMUM SOLUTION HAS BEEN ORBRTAINED

IF (RMAX.LT.-10.0E-~10) MON2=2

IF (PC.EQ.1) GO TO 215

CALL MP5 (A,LB,LE2,AB,LI,M3,KR1, KR, IROW,JCOL NC)
CALL MP8 (A, LE4 LBC LI ,AB,NC,M3 MOWA PQ)

GO TO 250

PRINT 217

FORMAT (//17HPHASE 2 COMPLETED)

PC=1PC o
GO TO 250

CALL MP1 (A,L2,NL2,IP,IROW,JCOL,JP,Ql,N)

IF (IP.NE.Q) GO TO 240

PRINT 235

FORMAT (18 HNO FINITE SOLUTION)

RETURN

CALL MP2 (aA,0,M3,0,N, IP JP,IROW,JCOL)
MON4=MON4+1

IF (MON5.EQ.1) Wl=—1.1%A(1)

IF (MON5.EQ.1.0R.PC.EQ.1) GO TO 200

W2=-A(1)

IF (W2.GE.W1) GO TO 200

CALL MP2 (A,0,M3,0,4,IP,JP,IROW ,JCOL)

MON4=MON 41

PC=1

GO TO 205

CALT, MP7 (A.MA LI,1M1,IN2,AB,DX,DY,DZ,INC,LCN ,M3,KR NJ)
RETURN -

END

SUBROUTINE MP1 (A,L2,NL2,IP,IROW,JCOL,JP,QL,N)

MP1 DETER.INES THE MINIMUM OF ALL THE QUOTTENTS

~A(I*TROW) /A(I*TROW+JP%*JCOL) FOR WHICH TUE A(I#IROW+IP*JCOL)
ARE LESS THAN ZERO.DEGENERACY IS TAKEN INTO CONSIDERATION

DIMENSION A(1),L2(1)
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IP=0

IF (NL2.LT.1) BETURN
DO 1 I=1,NL2
K=L2 (1) *IROW+1
K1=K+JP*JCOL

IF (A(K1).LT.~10.08~10) GO TO 2
RETURN

Q1=-A(K) /A(KL)

IP=12 (1)

I1=I+1

IF (I1.GT.NL2) RETURN
DO 6 I=I1,NL2
K=L2(I)*IROW+1
K1=K+JP*JCOL

1F (A(X1).GE.-10.0E-10) GO TO 6
Q=—A(K)/A(K1)

IF (Q.GE.QL) GO TO 3
IP=L2(I)

Ql=q

GO TO 6

IF (Q.NE.Ql) GO TO 6

HERE IT IS DETERMINED WHICH OF TWO ROWS WITH EQUAL QUOTIENT
SHOULD BE USED AS PIVOT ROW TO ENSURE THAT CYCLING DOES NOT OCCUR

10=L2 (1)

DO 4 J=1,N
KO=IP*TROW+J*JCOL+1
K2=1P*IROV+JP*JCOL+1
K=TO#LROW+J% JCOT +1
QP=-A(KO0) /A(R2)
QO=-A(K) /A(K1)

IF (QP.LT.Q0) GO TO 6
IF (Q0.LT.QP) GO TO 5
IP =IO

CONTINUE -
RETURN

END

SUBROUTINE MP2 (A,10,I11,J0,J1,IP,JP,IROW,JCOL)

MPZ2 EXCHANGES A BASIC AND A NONBASTC VARIABLE AND TRANSFORMS THRE
MATRIX O COEFFICIENTS

DIMENSION A(1)

K=TP* TROW+JP#JCOL+L
PIV=1.0/A(K)
1T0=TO+1

II1=T1+1

JJO=JO+1

JI1=J1+1

DO 2 II=II0,ITIl
I=II-1

IF (I.EQ.TIP) GO TO 2



[sNeNeoNe!

OO0

—

- 89 -

KO=T*IROW+JP*JCOL+1
A(KO)=A(KO)*P LV

D0 1 JJ=JJO,JJ1

J=JJ-1.

TF (J.EQ.JP) €O TO 1
K1=I* IROW+J*JCOL+1
K2=TP*IROW+J*JCOL+1
A(KL)=A(K1)~A(K2)*A(KO)
CONTINUE

CONTINUE

DO 3 JJ=JJO,IJ1

J=JJ-1 _
K2=TP*TROW+J*JCOL+1

IF (J.NE.JP) A(K2)=-A(K2)*PIV
A(R)=PIV

RETURN

END

SUBROUTINE MP3 (A,TI1,IROW,JCOL,JP,L1,NL1,RMAX)

MP3 DETERMINES THE MAXIMUM OF THOSE COEFFICIENTS FOR WHICH THE
INDEX IS CONTAINED IN THE LIST L1

DIMENSTON A(1),L1(1)
K=I1*IROW+L1 (1) *JCOL+1
RMAX=A (K)

JP=L1(1)

IF (NL1.LT.2) RETURN
DO 1 J=2,NL1

K =T1%TROWALL(J)*JCOL+1
IF (A(K).LE.RMAX) GO TO 1
RMAX=A (K)

JP=L1 (J)

CONTINUE

RETURN

END

SUBROUTINE MP4 (A,I1,IROW,JCOL,LIST,NLIST,JP ,RMAX)

MP4 DETERMINES THE NUMBER WITH THE LARGEST ABSOLUTE VALUE WHICH
BELONGS TO ROW I1 AND TO ONE OF THE COLUMNS WHOSE INDEX IS
CONTAINED IN LIST

DIMENSION A(1),LIST(1)
JP=LIST(1)

K=IL1*TROW+1
KO=LIST(1)*JCOL+K
RMAX=A(KO)

TF (NLIST.LT.2) RETURN
DO 1 J=2,NLIST
KO=K+LIST (J)*JCOL



[eNeNe Nl

(@]

[eReoNeoNa!

O

Qo

10

30

40

50
60

_.90_

IF (ABS(RMAX).GE.ABS(A(KO))) GO TO 1
JP=LIST (J)

RMAX=A(KO)

CONTINUE

RETURN

END

SUBROUTINE MP5 (A,LB,LE2,AB,LI,M3,KR1,KR,IROW,JCOL,NC)

MP5 CALCULATES THE STRUCTURAL LAYOUT AND CONSTRAINT FORCES
CORRESPONDING TO THE CURRENT VALUES OF THE ELEMENTS IN THE
MATRIX A

DIMENSION A(1),LB(1),LE2(1),AB(1),LI(1)
DO 10 K=1,NC

K1=M3+2+K

A(K1)=0.0

DO 60 I=1,M3

IF (LB(I).LE.KR1) GO TO 30
T1=LB(I)-KR1l

IF (I1.GT.KR1) I2=I1~-KR1+KR

IF THE VARIABLE HWAS AN INDEX GREATER THAN TWICE THE NUMBER OF
ADMISSIBLE BARS,IT IS AN ARTIFICIAL VARIABLE

IF (T1.LE.KR1) I2=IE2(I1)
AB(I+1)=-A(TI+1)

IF THE INDEX IS GREATER THAN THE NUMBER OF ADMISSIBLE BARS,THE
CORRESPONDING BAR IS IN COMPRESSION

GO TO 40 ’
AB(I+1)=A(T+1) _ -
I1=LB (1)

12=LE2(I1)

LI(I)=I2

IF (NC.EQ.0) GO TO 60

CALCULATION OF THE REACTIVE FORCES

DO 50 K=1,NC

IF (ABS(AB(I+1)).LE.10.0E-10) GO TO 50
Kl=(M3+1+K) *IROW+1

K2=K1+I1%JCOL
AK1)=A(KL)-A(K2)*AB (IL+1)

CONTINUE

CONTINUE

AB(L)=-A(1)

RETURN

END
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SUBROUTINE MP6 (DELTAX ,DELTAY ,DELTAZ,SXL,SDX,SDY,SDZ,INC,I,J)
MP6 CALCULATES THE LENGTH AND DIRECTION COSINES OF EACH BAR

DIMENSION INC(1)

SXL:= (DELTAX** 2+DELTAY %% 24DE LT AZ%%2) %0, 5
SDX=DELTAX/SXL

SDY=DELTAY /SXL

SDZ=DELTAZ/SXL

LCX=0

LCY=0

1.CZ=0

II1=3*1-2

TI2=3%I~1

II3=3*T

JJ1=3%J=2

JI2=3%J-1

JJ3=3*J

IF (INC(II1).EQ.1.AND.INC(JJ1).EQ.1) LCX=1

IF (INC(II2).EQ.1.AND.INC(JJ2).EQ.1) LCY=1

IF (INC(II3).EQ.1.AND.INC(JJ3).EQ.1) LCZ=1

IF (LCX.EQ.1.AND.ABS(SDX~1.0).LE.10.0E-10) GO TO 5
I¥ (LCY.EQ.1,AND.,ABS(SDY-1.0).1E.10.0E~10) GO TO 5 ‘
IF (LCZ.EQ.1.AND.ABS(SDZ~1.0).1&.10.0E~10) GO TO 5
IF ((LCX+LCY).EQ.2.AND.ABS (SDZ).LE.10.0E~10) GO TO 5
IF {(LCY+LCZ).EQ.2.AND.ABS (SDX).LE.10.0E~10) GO TO 5
IF ((LCZ+LCX).EQ.2.AND.ABS (SDY).LE.10.0E~10) GO TO 5
IF ((LCX+LCY+LCZ).EQ.3) GO TO 5

IF THE BAR IS CONSTRAINED ALONG ITS OWN DIRECTION AT BOTH ENDS

IT IS INADMISSIRLE : B
GO TO 6
SXL=0.0
SDX=0.0
SDY=0.0
SDZ=0.0
RETURN
END

SUBROUTINE MP7 (A,MA,LI,IN1,IN2,AB,DX,DY,DZ,INC,LCN ,M3,KR,NJ)
MP7 TESTS FOR UNSUPPORTED COMPRESSION NODES

DIMENSION A(1),MA(20,1),LI(L),IN1(1),IN2(1),AB(L),DX(1),DY (L)
%DZ (1) ,INC(1) ,LON (1)

NI 1=NJ-1

DO 20 I=1,NJ

LON(I)=0 : _

DO 10 J=1,NJ1 : -
MA(I,J)=0 :

CONTINUE

DO 30 I=1,M3

12=LI(I)

IF (I2.GT.KR) GO TO 30

1
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TT1=IN1 (12)

II2=IN2(12)

J1=112~1

J2=IT1

IF (AB(I+1).GT.10.0E-10) MA(ITI1,J1}=I2
IF (AB(I+1).LT.-10.0E-10) MA(II1,J1)=-12
MA(II2,J2)=MA(II1,J1)

CONTINUE

THE NUMBERS OF THE BARS AT EACH NODE ARE STORED IN MATRIX MA.
THE BAR SUBSCRIPT GOES IN AS POSITIVE FOR A TENSION MEMBER,
NEGATIVE FOR A COMERESSTON MEMBER

DO 180 I=1,NJ

T1=3%I-2

12=3%1-1

I3=3%T

DO 40 J=1,NJ1

IF (MA(I,J).GT.0) GO TO 180

A NODE IS STABLE IF IT HAS AT LEAST ONE TENSICN MEMBER

JJ=0

DO 50 J=1,NJ1

IF (MA(L,J).LT.0) JJ=JJ+1

IF (JJ.EQ.0) GO TO 180

DO 60 J=1,NJ1

IF (MA(I,J).NE.0) GO TO 70
Kl=—MA(L,J)

IF (JJ.EQ.1) GO 10 170

J1=J+1

DO 80 J=J1,NJL

IF (MA(1,J).LT.0) GO TO 90
K2=-MA (I ,J)

PERPX=DY (K1) *DZ (X2)-DZ (K1) *DY(X2) _ o
PERPY=DZ(K1)*DX (K2)-DX (K1) *DZ (K2)
PERPZ=DX (K1)*DY (X2)~-DY (K1) *DX (K2)

THE VECTOR PRODUCT DETERMINES THE NORMAL TO THE PLANE CONTAINING

THE TWO BARS,UNLESS THEY ARE COLINEAR

IF (JJ.EQ.2) GO TO 120

J1=J+1

DO 100 J=J1,NJ1

IF (MA(I,J).NE.Q) GO TO 110.

K3=-MA(I,J)

IF (ABS (PERPX).LE.L0.O0E~10.AND.ABS (PERPY).LE.10.0E~10.AND,
*ABS{PERPZ).LE.10.0E~10) GO TO 130

IF (JJ.EQ.2) GO TO 160

STP=DX (K3) *PERPX+DY (K3) *PERPY+DZ (K3) *PERPZ
GO TO 140

Ir (JJ.EQ.2) GO TO 170

PERPX=DY (K1) #DZ (K3) ~DZ (K1) *DY (K3)

PERPY=DZ (K1)*DX {K3)-DX (K1) *DZ {K3)

PERPZ=DX (K1) *DY (K3)--D¥ (K1)*DX(K3)

IF THERE ARE MORE THAN TWO BARS ,AND THE FIRST TWO ARE CCLINEAR,
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THE FIRST AND THIRD CANNOT BE COLINEAR

STP=DX (K2 ) *PERP X+DY (K2) *PERPY+DZ (K2 ) *PERPZ
IF (ABS (STP).GT.10.0E~10) GO TO 180

IF THE SCALAR TRIPLE PRODUCT IS NON-ZERO,THE BARS ARE NOT CO-
PLANAR AND THE NODE IS STABLE

J1=J41
DO 150 J=J1,NJ1

IF (MACT,J).EQ.0) GO TO 150

K4=-MA(T,J)

STP=DX (K4 ) *PERPX+DY (K4 ) ¥PERPY+DZ (X4 ) *PERPZ

IF (ABS(STP).CT.10.0E-10) GO TO 180

CONTINUE

Z1=INC(I1)*PERPX

Z2=INC(I2)*PERPY

73=INC(I3)*PERPZ .

IF (ABS(Z1).GT.10.0E~12,0R.ABS(Z2).GT.10,0E~10,0R.
%ABS (Z3).CGT.10.0E-10) GO TO 180

IF THE BARS ARE CO-PLANAR AND IF THERE IS NOT A NODAL CONSTRAINT
WITH A COMPONENT IN THE DIRECTION OF THE NORMAL TO THE PLANE,
THE NODE IS UNSTABLE

IF (ABS(PERPX).GT.10.0E-10) LCN(I)=1

IF (ABS(PERPY).GT.10.0E-10.AND.LCN (I).EQ.0) LCN(I)=2

IF (ABS(PERPZ).GT.10.0E~10.AND.LCN (I).EQ.0) LON(I)=3

GO TO 180

NS=INC(I1)+INC(I2)+INC(I3)+1 :
G0 TO (171,172,173,180),NS -
IF (ABS(DX(K1)).GT.10.0E~10) LON (I)=4

IF (ABS (DY(K1)).GT.10.0E-10.AND.LGN(I).EQ.0) LCN(I)=5

IF (ABS (DZ(X1)).GT.10.0E~10.AND.LCN (I).EQ.0) LCN(I)=6

GO TO 180 =
PERPX=DY (KL)*INC (I3)~DZ (K1) *INC(I2)

PERPY=DZ (K1) *INC (T1)~DX (K1)*INC(I3)

PERP Z=DX (K1) *INC (L2) ~DY (K1) *INC(I1)

IF (ABS (PERPX).LE.10.0E—~10.AND.ABS (PERPY) ., LE.10.0E~10.AND.
*ABS (PERPZ).LE. 10.0E~-10) GO TO 171

GO TO 165

PERPX=FLOAT(ILNC(I1)-1)

PERPY=FLOAT (LNC (I2)-1)

PERPZ=FLOAT (INC(I3)-1)

71=DX (K1) *PERPX

7.2=DY (K1) *PERPY

Z3=D7(KL)#PERPZ

IF (ABS(Z1).LE.10.0E-10.AND.ABS(Z2).1E.10.0E~10.AND.
#ABS (z3) .LE.10.0E~10) GO TO 165

A NODE AT WHICH THERE IS ONLY ONE BAR OR TWO COLINEAR BARS ,MUST
BE CONSTRAINED IN TWO DLRECTTIONS PERPENDICULAR TO A BAR OR THE
NODE IS UNSTABLE

CONTINUE
RETURN
END
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SUBROUTINE MP8 (A,LE4,LBC,LI,AB,NC,M3,MON4,PC)
MP8 PRINTS OUT THE LAYOUT DETAILS CALGCULATED IN MP5

DIMENSION A(1),LE4{1),LBC(1),LI(L),AB(1)
INTEGER PC

IF (PC.NE.1) GO TO 40

PRINT 10,MON4

FORMAT (//17HPHASE 2,TTERATION,I3/)
GO TO 60

PRINT 50

FORMAT (//24HLAYOUT AT END OF PHASE 2/)
DO 80 I=1,M3

12=LI(I)

PRINT 70,I2,AB(I+1),LBC(I2)

FORMAT (1HT,13,F10.4,5X,T1)

CONTINUE

PRINT 90,AB(1)

FORMAT(//6HWELGHT ,F10.4)

IF (NC.EQ.Q0) GO TO 130

PRINT 100

FORMAT (//21HFORCES AT CONSTRAINTS/)
DO 120 K=1,NC

K1=M3+24K _

PRINT 110,LE4 (K) ,A(K1)

FORMAT (1HF,I3,F10.4)

CONTINUE

RETURN

END

SUBROUTINE MP9 (K,NX,NY,NZ,KX,KY,KZ)
MP9 DETERMINES THE COORDINATES (XX,KY,KZ) OF NODE K

NXY=NX*NY

IF (XMODF (K,NXY).EQ.0) GO TO 20
KZ=K/NXY

KXY =XMODF (K ,NXY)

IF (XMODF (KXY ,NX).EQ.0) GO TO 10
KX=XMODF (KXY ,NX)-1

KY=KXY/NX

GO TO 30

KX=NX-1

KY=KXY,/NX~1

GO TO 30

RX=NX-1

KY=NY~1

KZ=K/NXY-1

RETURN

END
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CHAPTER SEVEN

FURTHER DEVELOPMENTS

The minimum weight design of a pin~jointed framework for a single loading
case has been shown to be a problem in linear programming. However any
elaboration of the basic constraints gives rise to problems in non-linear
progranming, the solution of which is considerably more complicated. The
non—-linearity arises in the first place, simply as the result of the addition
of non—linear constraints such as deflection constraints or buckling constr—
aints in which the second moment of area is not directly proportional to the
cross—sectional area: 1t arises, in the second place, because any increase
in the number of independent constraints, whether by the addition of linear
or non-linear types, over the minimum number, which is the number of independ-
ant equilibrium equations, destroys the argument that the optimum framework
mast be statically determinate, and therefore, from the point of view of
elastic design at any rate, compatibility conditions are necessary. The
incliusion of compatibility conditions means that there is no direct proportion-
ality between load and cross—sectional area in structural members, so that the
two sers of variables T() and Q.¢j) are not interchangeable and must both be
included as variables in the constraints. In the compatibility constraints
they occur in non-linear groupings. In plastic design, where a structure is
said to be acceptable if any statically admissible stress distribution can be
found such that the stresses in the members are less than or equal to the
corresponding yield stresses, the question of compatibility does not arise.

In this case, provided that additional constraints are themselves linear, as,
for example, in the multi-load problem, where there are several sets of equili-
brium equations, one for each loading case, the problem can be kept within the
realms of linear programming. .

The most direct method of forming compatibility conditions is to apply
Castiglianc's theorem of compatibility to the ground structure. Thus if the
ground structure possesses k degrees of redundancy, k self“equlllbratlng systems
are chosen and the following equations formed:

() .
ol = O R SN 3 - (7.1)

e )

dR w A

i

where U and Rf” are respectively the strain emergy and force in the redundant
member of the i™ gelf-equilibrating system. Equations (7.1) can be written:

m m D) S |
§' Oy =O0,¢= 1,....,k - (7.2)
E C&g} P("'

where the summation extends over all the members of the 1!‘system, including

the redundant member. The disadvantage of equations (7.2) is that they are
only meaningful as compatlblllty equations if none of the T? becomes zero.

If, for example, Tm, is zero, then the mth equation of the set (7.2) can easily
be shown to mean that there is zero strain between the nodes which the j! bar
joins, a condition which is superfluous: if more than one of the terms in any
equation vanish, the constraint is quite meaningless. Accepting that there are
going to be some non-linear constraints in any case, a better approach is to
formulate the equilibrium equations in terms of the elastic stiffuess matrix, -
thus making all the equilibrium constraints non-linear and introducing the nodal
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displacements as variables in place of the bar tensions.

In recent years, a lot of attention has been given to the solution of non-—
linear programming problems, and their application to optimum design of frame-
works. The earliest work was done by Schmit (reference 18), but applied only
to simple statically indeterminate frameworks of fixed lavout. Dobbs and
Felton (reference 19) counsidered optimum layout of pin—jointed frameworks subject
to multiple loading cases. They also gave some attention to the problem of
buckling, by specifying that framework members be tubular in design and individ-
ually optimised for simultaneous occurrence of Euler and local buckling modes, '
thus giving rise to a stress constraint for each member »f the ground structure
in which appeared the square root of the cross-sectional arez of that mewber.
They did not consider buckling modes invelving more than one member and evid-
ently did not encounter the problem of an optimum design with two compressive
members at, or close to, their respective buckling stresses, pin-jointed end to
end and unsupported at the joint. Even in the context of non=linear programming,
it is difficult to see how constraints could be included to guard against this
gsort of instability. The stability analysis of a given structure, by means of
the geometric stiffness matrix and the associated linear stability determinant
(the meaning of linear in this case is far removed from its meaning in mathe—
matical programming), is a fairly complex procedure and not one which lends
itself readily to the formulation of constraints for a design problem. The
best approach would seem to be to adopt a basic structural form which is less
inherently unstable than a pin-jointed framework, and in this connection the
optimisation of rigid-jointed frameworks is worthy cof attention. Majid and
Elliot (reference 20) have considered the optimum layout of pin-jointed frame-
works subject to deflection constraints, but have ignored buckling.

Since the early analytical work by Hemp (reference &), little else has been
done on the analytical side of optimum layout studies. Subsequent to the
publication in 1964 of the paper by Dorn, Gomory and Greenberg, the emphasis has
been almost entirely on the numerical side of the work, and the advancement of
techniques in mathematical programming has continually widened the scope of the
problems which can be solved. The claim is usually made, not without some
justification, that progress is being made towards greater realism and that
results are being produced which are of value to the practising engineer, although
so long as layout studies are based on pin-jointed frameworks with zero joint
weight and a tendency to buckle, there is some ground for doubting the validity
of this claim. What can be said about the results is that because of the nature
of the numerical approach, in which each problem is treated individually, no
universal trend has been established and no fundamental txuth even hinted at,
and because of the restrictions imposed by computer storage on the extent of
ground structures, the optimum frameworks produced have been unremarkable from
an engineering point of view, and prosaic from an aesthetic point of view.

Both as regards basic philosophy and aesthetic appeal Michelil's theorem is
still the most fascinating aspect of the work done to date on optimum layout of
structures. The associated mathematical problem of determining the.classes of
curves satisfying the Michell criterion, which has been considered in some detail
herein, is one to which further attention could usefully be given. Now that the
link has been established between Michell's theorem and the linear programming
approach to optimum layout, there is nothing to be gained by attempting numerical
sclutions of the amalyrkical problem posad at the beginning of chapter five. The
Simplex algorithm is simple and efficient: the bulk of the computer program pres-—
ented in chapter six is concerned with the processing of data end results. More—
over mathematical programming has shown itseif to be flexible and potentially
capable of providing realistic solutions to structural design problems, which
means that any approximate solution of the layout equations of chapter four is
redundant, since it does not provide a structure of any practical value. However,



- 97 -

exact solutions, of which relatively few exist, are, if nothing else, of
philosophical interest and for that reason, further work on the analytical
side is to be recommended. The results could turn out to have some in=-
fluence on practical design: the inverse approach to the solution of
analytical problems in engineering has proved useful in the past.
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APPENDIX A

ALTERNATIVE DERIVATION
OF  THE LAYOUT EQUATTONS

It was shown in Chapter 2 that the important properties of the strain tensor,
as far as Michell's Theorem is concerned, are firstly that there are principal
directions in which the quantities egyl'l’ are extrewaa, and secondly that it
derives from a vector field in such a way as to establish the relation

Coag I-I'lff = . ILK b )( "{,N U,“)
:5:;‘5( o

The above equation is still true if ep; is related to uy by the equation:

i

Cxy Uz, 5. - (A1) .
The tensor e, 1s not now symmetric and it cannot therefore be diagonalised
in.a similar manner to the strain tensor. However in N-dimensional space

there still exist N orthogonal directions in which the quantities eyjfpff
are extrema, because '

-/ '
A= e U = = Ceqy + e;fiﬂl {7+ HET e:mnxl?
' , L O
— L |
- Q,_'I;]-’L l:r_ - (A.2)

3

where €3y is the symmetric part of egy . Thus the maxima and minima of A lie
along the principal directions determined by the symmetric tensor €yy .

The condition that the tensor egy form the symmetric part of ug,y (the small
strain compatibility condition) is more complicated than the condition that
exy be of the form uy,y. From the derivation of equation (4.4) at the beginning
of chapter 4, it is clear that the latter condition implies that the expressions
exy dx’ are perfect differentials, and so the eg must satisfy the tensor
equation:

s

Cry, K = Loy - (A.3)

The two dimensional form of equation (A.3) will now be used to derive equations
(4.14), which must be satisfied by the layout lines of optimum plane frameworks.
The layout lines are used as an orthogonal coordinate system, the coordinates
being denoted x* and x3. The fundamental tensor is g&ﬁ as given in equation
(3.3a). The diagonal components of the tensor QW@ are

-~
e = gR" ¢ony = - g(C
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as before. The off-diagonal components of‘E}ﬁ must be.zero, and therefore
the off-diagonal. components of exs must be equal and opposite. Thus

Qﬁé.m ElES ESC}F

- A
l-Bcf  -ec? e

where £ is an arbitrary function of the coordinates. Equation (A.3) provides

two independent equations in two dimensions, viz: - ¥
e;g», = el!,'L
- o
€21, = €oa, 1

whicl, on expanding the covariant derivatives, become respectively:

'

22298 4 °F = O

~3 ox*

O

i

C
2e3C L df
B ox* D

. o - ' ;] 2 o, ! .
Differentiating the first w.r.t. x and the second w.r.t. x and subtracting

gives:
2 (Jﬂbﬁa ) Gl‘gg;) = O -
2P \C D’ B oxt

This equation, combined with the equation Riage =0 gives equations (4.14).

In three dimensions the tensor e contains three arbitrary functions which
have to be eliminated from the nine ‘equations produced by (A.3). The process
is fairly lengthy, but it serves as a useful check on some of the three dimen-
sional layout conditions derived in chapter 4. The following is an.outline of
an alternative derivation of equations (4.15).

The appropriate form of ey is:

EN* ARF  Acy
ey = |=ABf €B® BCh - (A.5)
|-~ ACg ~BCh -&C*

where f, g and h are arbitrary functions of the coordinates. The nine equa-
tions from (A.3) are:
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€3i,2

i

i

i

Q31,3

223,

€322,

The above set of equations can be reduced, after some manipulation to the

following:

> x°

-

Y

C px?

-l o8B g

C o
120 g = _Lach
B axt! A o
-1 oA h + 22 2R
B dx* ¢ o’
LB + 1B h
C ox® A X'

~L2Cf + 2¢2C
B ox* A >x'
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D! ox®
dh = -_10B g
?x” A ox!
2h = 1 pCcy
BJS ﬂ @w

The partial derlvatlves can be eliminated using the nine equations of the .

type:
51 (‘ID 2 92, h ) =
Dxt dx

o (f 2 9> b:? ~ (A.6)
Yot ozt

It is found that the coefficients of the functions £, g and h in equations
(A.8) reduce to zero, and § is therefore a factor of every term. Four of
the equations are identically satisfied,

i

2

three reduce to equation (4.15¢) and

bﬂ(sacp 9&5c>
Adx! 2 26

ALy

the other two give equations (4.15a) and (4.15b). Tor example:
D 39 = ~h2 (fany
v B ox?/
- 2¢
b"r.
2 (m = ~F2 (WL 9.!")
o \ox '\ B ot
4 2€2
DX

= D¢l 1 dc A
BT ond dat

AB ‘fx ox'
o (1 Df‘>+ L 2|
o NC ot o VA o/
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The coefficient of h is zero by equation (3.7f); that of f is zero by

equation (3.7d); that of € is -4b/0x"((1/C)3AD%>) by equation (3.7c),
and so:

2 (L._i Q) = O
o3\ C o

which is equation (4.15a)
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APPENDIX B

TWO  EXAMPLES

This Appendix contains an analysis of two optimum frameworks discussed by
Michell (reference 3), making use of equations derived in chapters 3 and 4.
This provides a check on the equations, since results derived from them can
be compared with those quoted by Michell, and also iliustrates the applica-
tion of the equations to particular examples.

1. Layout Based on Equiangular Spirals

Figure B.l. shows the form of the layout network, It produces a plane
framework which can be used as a cantilever beam to tranmsmit the force F,
applied at the intersection of the two outer spirals, to a circle, or part
of a circle, centred on the origin of the spirals.

Equiangular spirals are curves which make a constant angle with the
radius vector, the angle in this case bclng~*45 Thus, in plane polars:

dr = Tt * 45° = X
7 do

The equations of the two sets of spirals can therefore be written in the
form:

- 1

I & ‘
T = 2C € ' - (B.la)
y N
™= D e = (B.1b)

The constants of inkegration, x' and x* , are now used as coordinates,
the two sets of gpirals being the coordinate curves.

o= C&;m})a é | - (B.2a)
& = 'Zsif"l‘{j (/) .— - (B.2D)

2 P
ds = di* + rde

= (@1‘ clac’ '@f} gt*ﬁ) 59 lxc + 06 ubf )L

E)ELI ﬁc 'b;£

=1 t (dx) NI 'C

2 !

0\35

f!
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Therefore the fundamental tensor referred to the equiangular spiral coordin-
ate system is:

. A ol o |/ 0 |
S e B

The functions A and B defined by (B.3) satisfy equations (4.14) in which
B, C, x” and x® are replaced by A, Byx' and x* respectively. The equiangular
spirals therefore provide a suitable layout for an optimum framework. The

equilibrium equations (4.25) become, with bﬂﬁ and P zero: )

ooy 4 I (g~ 0?.1) = O - (B.4a)
ox! Ot
0022 4. L (o5, ~ o},) = O - (B.4b)
o™ 2

Boundary Conditions

The concentrated force F is converted to a distributed force along the
edges of the beam by means of two concentrated edge members. Consider the
upper one, x' = (figure B.1); it can be conveniently imagined as part of
an x ,x° surface, where the x® are parallel straight lines perpendicular to
the x* ,x* plane. The function C, where, Cdx® is the element of distance
along the %3 lines can be taken as simply unity. The x curve is ‘a line of
curvature of the x= ,x3 surface and the normal curvature of the surface in
that direction is —(1/AB)dB/dx', by equation (3.l4a). The other principal
curvature is zero. Equations (4.25) can be applied with B, C, x> x> , Uza.
0, -¢, replacing A, B, x', x*, 0}, , @32 and P respectively. The first
gives:

d e

and therefore, from considerations of equilibrium at the tip of the beam:

O",(Z’l. sl F'

V2 tyte

where tegyis the thickness of the x',xf'L plane and t¢) is the thickness of
the x*,x® surface. The second equation is identically satisfied and the
third gives:

v, = - F DB = ~ F = = f (B.52)

OV R —

/2ty AB 2o 2ty (M‘Df}y/" 2ty T
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Similarly on the lower boundary, x = d;

0%y = F - ~ (B.5b)
\ SRV 4 - ,
Rty (' Y% 2t
Solution of Equilibrium Equations
By making the substitutions
{ . 2 }i
o = ga = (%D
/ — o — I 2 éf .
02, = Ty = (%P oy
equations (B.4) become:
! /
foker = L O
O ! 2!
D ! i ’
O 0, = 1. T
2
d SLL QZDC -
and the boundary conditions (B.5) become:
! [ .
o = - on. A =
2t0)
/ - - kR
Tan = e on x ™ L
2t
By changing the independent variables to x and y, where
By o = -*;L‘ (\")Cj i<h
12 * '.:C‘
y = A {,oc] 4
9 R
the problem can be stated as
- | /7 . 4 /
Q (TH i - O-‘;’.'Z. ® B 0%a, = - O{;
O x r) Yy
~ {B.6)
/ ( T . ~ ! :
0y \O, Lj) N “ G5 (= 5 O) = Mf_:_
N L
o LoDy
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. / _ - e
ie._ O 07 = Ty N oy (o, 4) = —IF.
Bmsz - 2t
~ (B.7)
/ -
(3?07,) = = F
D3¢ /(X,0) 2t )
The above can be solved by the use of the Laplace Transform, defined by: .

[__ )‘:uv(':g‘)g) : 3«9 tp]. m[u(xjg)ejnmdﬂ = CC(DCJQ‘)
“e _ - (B.8a) .

e

Thus (@_3_) = © (W) ~ (B.8b)

Q2

L\ = po - Ulx, 0 - (B.8c)

ks

53/

Using equations (B.8):

r=ze ..2 7 : * ...-/ -
o = (S'}.w{fu., = D (,_____0:_) = 2 [p# - & (b, 0]
i 2} .

DX By 9y o -
@ A _— A -
ce pPOO -~ & o= by
D ¢ 2t
" e — - . -3:;/ ‘ .
oo oo =1 e | - (8.9)
(3 '
where f is an arbitrary function.  But
— ! PY
o, (o, p) = Je g (o,g)dy = -_F - o
© | 2teyp

by (B.7). From (B.9) and (B.10):

fi = ~_E (paD)
2t i) P



Therefore
From reference 12, page 244
page 245

and so
/

oy = T_f

2t
where T(y) is the modified Bes

Ly® = Z.

T=0

o7, () = ZL"‘:_L
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(eF - l)' - F L

2tey P )
x* ‘.ﬂt}ilo) (23‘“}53}%)
/o ;
- I(«J) (2 Y )

gt@g

o

L[ 1]
Az: L“ PN ;3@)

i1

i

[( ) L(,) P gg) + T(o)(zac Uk )] (8.11)
Y -

sel function of order vV, defined by:

(z)2)° 3T
D+ DI+ 7+1)

The following recurrence relations are easily established:

z {10 @)

d =
= o (T) (7))
dlz

Using (B.6) and (B.12):

/

il

-.(B.12a)

NIy @ + Tw @

H

-1 W@ t+ = Loy ()

" - (B.12b)

O = _F g __J) .IC!)(Q Dc’.‘ig)i> + I(@ (2% 3%)]
Qt(”« L A\
Thus @}, and ¢, are:
op = F (G X (loL/x \ L ¢l Oﬂﬂ/}o o a/ao) § *"T(o\{( ogafrlogaf ?
T—) L\)\(Jct/ac -~ (B.13a) i
S )
o 7 P Tl
2 ‘C(g) Loqa X - (B 13b) 7
As :}L',‘z."“?” & 3 l{)ﬂ UL/'.')L',?""":'? OD and ..J“ ) ((LOC (l/.)(. : OJ CL/\L _?”""‘“”r" O
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But  lim _(_Ciflf‘;_/};yé L g(“”fj a ! log a./ xz)li{i

v, Pt
2> A {ogct/.‘c"

= lém, /_53__)35-1(1) (2.%%‘ 37}‘>

= UWL (QJ_)%' ZJ

(Dcli &%‘>"l“' 27

"y O \m o e e T=0Q :[’1 (’T - {) J:] (/]_ + 2)
=y = L [c»g @4 \
2 ~!
a - ' o A P 7]
P E I e R G Gl I P
2l Lo -
o - ax~4 T ]
Toaa, ) = Fo(ax) (OEJ a o+ |
2t L -

The results of the above analysis are shown in figure B.2. The dimension-
less parameter -qly/F where T, is tgof, , is plotted against angular position,
©. The coordinates x' and x* have been denoted ® and & for clarity in
printing. The origin coincides with the origin of the spiral system, and the
line & = 0 is the axis of symmetry of the beam as shown in figure B.1. The
steep lines are lines of constant x' or x>, and the curves joining the inter-
sections of the first set are curves of constant radius. 0f these latter
curves, the uppermost (labelled "root circle") denotes the cirele for which
&w) , in figure B.1l., has the value " i.e. the edge members intersect on
this circle. The curves also give the value of qxg/F when € is replaced by
-&.

Volume of Beam

Equation (4.27) is not very useful in this case, due to the difficulty of
evaluating the double integral amalytically. However there is another way
of calculating the volume of an optimum framework.  From equations (2.3) and

(2.6):
V = _L <,.J_. o L. Z’( Fo) M) = (_‘_ - >Zlf(p) c T (B.14)
. ~ 2 \Jw®

2e\0y 0 0%

In order to make use of (B.14) it is necessary to integrate the strain-
displacement equations (3.22), Using equations (B.2) and (B.3), the first
two of (3.22) become:

'du DU v = V2e - (B.15a)
T

%
o

67}

o/

- (B.15b)
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The physical displacement Vvector referred to plane polars, (u/ ) is:

/2

Substituting in (B.15) provides the following two equations:

W= b (wev) s v e L (ud )
z

o 4 v -~ Vo = 2F :

The symmetry of the spiral layout demands a solution independent of &,

o i Y R 2
vo W = Rp VAN 'Tlof/(hm“r

e

/ ,
where, for u = v/= 0 at the origin, kg = 0 (since ‘,,1}5“ (rlogr) = 0). The
part of v/ proportional to r (i.e. 22rlog keay ) describes a pure rotation

and may be ignored.
i

Y = (u/gv/) = (0, strbpgfr)‘

o~

The tangential forces at the root circle, integrated round the circumfer—
ence (on which y is constant) must equal qur(o-). The radial forces contri~
bute nothing to 2 .V :

o‘ el
a s ﬁ_}"Zﬁ'(P) Vg = 2 Fa {03 a = 25_@ 7o) [OEJ’?'@)
# Te)

= 2 Fa L09_€£ - - (B.16)
: A To)

The contribution to E{\‘r:‘@).gqa) from the tip load und the loads at the root
applied to the edge members is obviously zero. The contributicn from the
framework members terminating on the root circle is:

Be @é)
™ 28T Log ’r@J t@ o e de = T gty Lo\cj T (@ + ) B
= - O¢)
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since 0799 (@) =~ 0 (“ GD

(The physical components of stress transform as Cartesian tensors. Thus the
radial stress Uy is given in terms of ¢}, and Jh by the expression:

e = Lz WE] [on o [1/3]
Q Oan. J/Ji )

From the above, Ealgleﬂ 0 and the volume of the beam is, by equations
(B.14) and (B.16):

V o= (L >(]“CLlﬁ OL)
ow ) o)

2. Layout Based on Rhumb Lines on the Surface of a Sphere

This is an example of a global optimum in 3 dimensions, with members con-
fined to one coordinate surface. . The layout lines are the two sets of 45°
rhumb lines on the surface of a sphere. A compatible deformation exists in
which one set of rhumb lines, together with corresponding lines on concentric
spheres, is strained by + €, and the other sets of ,humb lines are strained by
~E. The radii from the centre of the spheres are unstrained. - Taking the
normal loading to be zero, it is found that the resultant of the surface
stresses around a line of latitude is a pure torque about a line joining the
poles of the sphere.

Rhumb lines are lines bearing a constant angle to the merideans of a sphere,
In this case the angle is +45°, and so, in spherical polar coordinates, r,® ,+'

_rde = ter 45° = |
Txn@d¢

Soody = ox
d e CSne

The two sets of rhumb lines are therefore given by

(‘15 o= (’Oﬂ C'Z)\“,l H:cWL @/2')
(f[) Eoe R {Ofl ( jx?’ l"f:ah o/ 2.| )

. The constants of integration, x> and xa, are coordinates in the system
in which the rhumb iines are coordinate curves. Taking x’ to be the same
as 1, the equﬂLlons deflnlng the transformation from the v, (3,5) cocrdinate
system to the x' ,x ,%° coordinate system arc:
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- (B.17a)
= ) - 2
+ - (03(%3) ~ (B.17b)

o = nl 1 )
l\‘cm "*(,mg J (3.17(1)

i
¥

¥

Using a similar method to the last example, the fundamental tensor referred
to the x',x*,x> coordinates is found to be:

e

1 @) O

‘B Qo _,g_@_')iwcz O
Jt) =" CH" 3(:1:&)2.

O o 26 !

(1 2oy

i

l.e.
A = | - (B.18a)
E3VA — -
B = (xV* V2 ~ (B.18b)
\™/ |+ xtxt '

s I 2, %_ . i T
C LQC> Ve - (B.18c)
I+ XX

The above expressions satisfy equations (3.7), the conditioms for an ortho-

gonal coordinate system in three dimensional Fuclidean space, and equations
(4.17), the compatibility conditions for a 0,+& ,~ & strain system.

The appropriate equ.Lllbrlum equations are equations (4. 25) Wlth P equal to
zero and ¢%;, 032, B, C, x ,x‘?’ replacing O, (52 » A, B, x! and x™ respectively.
Since f(n) and £6s) are both zero, the condition that a solutlon to the equili-
brium equations exists 1s, from equations (4.30):

_a.'fé ) = Ofay
D x3 C Dt

sp/se) 1s wnity ->nd therefore the above condition may be written:

B ;-.‘. ;)(,) oo :Q_ /‘ bﬁ)

C dxc* Do \8 Dt
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which is satisfied hy the given expressions for B and C. Equation (4.25c)
becomes

i

Uz - Gag

and substituting for O%3 in equations (4.25a) and (4.25b) gives ;

3 7,_7_ + 29C 0% = O
Do C ox'
00 wufoe 2 0B 9'”1:;1 = O
P B ox

These integrate in the form;

Oy = !iglq£;§£2 = Fbji)léfig
. C* RB*

. . : 2 .
where hg) and he) are arbitrary functions of ig and-x respectively, and
therefore:

: T, -
Gan = — O =™ K () x> ok

2 ‘ X - (B.19)
Cle xt3)™ .
where k is a constant. In spherical polar ccordinates (B.19) is:
O = = d3z ﬂ.‘,,.l._{z__z..h & ._E.s__ - (B.20)
e @ R

where R is the radius of the line of latitude through the current point.
The stress in the & coordinate dlrectlon D oo » and the stress in the?)coordin—
ate direction, U@# , are: : :

i

e O

The rvesultant of 0$¢ around a line of latitude is a pure torque of mag-
nitude T, say, where



- 113 =

t being the surface thickness. Thus:

H

T -
ot s’ @

i

022 T 0733

wd

and, from equation (4.27), the total volume of the framework, V, is given by:

- o 2 3
Vo= U BC doc’ clx - .21
G’co O’Lt) o v e '

If the torque is applied around the lines of latitude {}2=ﬂ]2fﬁ, (B.21)
becomes:

\/ = (L ’r’zs}n@ d©
02-‘:) (.t) rT'T SiY\a & X

2T (1 4 1 Y loglan (mm L A
(Uic) i 0&;)) Ea (4 +é)

i

<
i
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