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S U M M A R Y

The f i r s t  theorem  p e r t a i n i n g  to  th e  minimum w eigh t la y o u t  o f , p i n - j o i n t e d  
frameworks i s  due to  J ,  C. Maxwell and shows t h a t  tmy framework which con­
s i s t s  e n t i r e l y  of te n s io n  b a r s  o r  e n t i r e l y  o f  com pression b a rs  i s  an optimum. 
However c e r t a i n  c o n d i t io n s  must be s a t i s f i e d  by the  e x t e r n a l  fo rc e  system  i f  
such a framework i s  to  be p o s s i b l e .  Follow ing  Maxwell, A. G. M, M ich e l l  
d e r iv e d  a theorem w hich  g iv e s  s u f f i c i e n t  c o n d i t io n s  f o r  a framework c o n ta in in g  
b o th  t e n s io n  and* com pression members to  be an optimum: th e  b a r s  must l i e
along l i n e s  o f  c o n s ta n t  p r i n c i p a l  s t r a i n  in  a com patib le  v i r t u a l  de fo rm ation  
of sp a c e ,  w i th  th e  s ig n  o f  th e  s t r a i n  ag ree in g  w ith  th e  s ig n  of th e  load in  $ 
the  b a r .  D isp lace m en t ,  s t r a i n  and c o m p a t ib i l i t y  of s t r a i n  a re  p h y s ic a l  con­
cep ts  which can be d e s c r ib e d  by a m a th em a tica l  model in v o lv in g  f i r s t  and 
second o rd e r  t e n s o r s .  In  M ic h e l l ' s  theorem i t  i s  th e  m a th em a tica l  r a t h e r  
than  th e  p h y s ic a l  model which i s  s i g n i f i c a n t ;  t h i s  p o in t  i s  p a r t i c u l a r l y  im-_ 
p o r t a n t  in  co n n ec tio n  w i th  th e  optimum la y o u t  of frameworks on p la n e  and curved 
s u r f a c e s .

L ines of p r i n c i p a l  s t r a i n  can ,  in  g e n e r a l ,  be r e p r e s e n te d  by th re e  o r th o g ­
ona l f a m i l i e s  of curves  in  t h r e e  d im en s io n a l  space .  The g e n e r a l  p r o p e r t i e s  of 
o r th o g o n a l  c u r v i l i n e a r  sy s tem s ,  and the  p a r t i c u l a r  p r o p e r t i e s  of th o se  which 
d e f in e  la y o u ts  f o r  minimum w eig h t frameworks, a re  r e a d i ly  d e r iv e d  by means of 
the t e n s o r  c a l c u lu s .  The e q u i l ib r iu m  eq u a t io n s  f o r  a continuum can be adap ted  
to  apply  to  the  optimum frameworks and, a g a in ,  t e n s o r  c a lc u lu s  i s  the  most 
conven ien t  a n a l y t i c a l  te c h n iq u e .  The la y o u t  and e q u i l ib r iu m  eq u a t io n s  so 
d e r iv e d  apply  to  optimum frameworks b o th  in  th r e e  d im en s io n a l  space and on p la n e  
and curved s u r f a c e s .

The te c h n iq u e  of l i n e a r  programming p ro v id es  an o th e r  approach to th e  minimum 
w eigh t d e s ig n  of p i n - j o i n t e d  frameworks. The method i s  more d i r e c t  in  t h a t  i t  
f in d s  an optimum framework f o r  a g iven  fo rc e  system b u t  i s  r e s t r i c t e d  by th e  
f a c t  t h a t  th e  framework nodes a re  s e l e c t e d  from a p re d e te rm in e d  s e t :  however,
g iven  th e  r e s t r i c t e d  n o d a l  p a t t e r n ,  th e  optimum framework s t i l l  s a t i s f i e s  the  
M ich e l l  c r i t e r i o n .  The fo rm u la t io n  of th e  framework d e s ig n  problem as a 
l i n e a r  program  e n ab le s  some s im ple  b u c k l in g  c o n s t r a i n t s  t o  be  inc luded  and 
a l s o  a llow s f ix e d  p o in t s  of r e a c t i o n  to  be s p e c i f i e d ,  so t h a t  the  e x t e r n a l  
f o r c e  system  i s  in  p a r t  dependent on th e  form of the  framework ( t h i s  r e p r e s e n t s  
a d e p a r tu re  from th e  c o n d i t io n s  ijnposed in  th e  theorems of Maxwell and M ic h e l l ,  
in  which th e  b a r s  a re  a l l  assumed to  be a t  e i t h e r  th e  l i m i t i n g  com pressive o r  
t e n s i l e  s t r e s s ,  th e s e  be ing  ta k e n  as m a t e r i a l  c o n s ta n t s ,  and th e  e x t e r n a l  fo rc e  
system i s  co m ple te ly  s p e c i f i e d ) .  L in e a r  programming problem s can be e f f i c ­
i e n t l y  so lved  on a d i g i t a l  com puter, a l th o u g h ,  in  th e  case  o f  th e  framework 
p roblem , a c o n s id e r a b le  amount of e x t r a  com putation  i s  in v o lv ed  i f  th e  d a t a  i s  
to  be read  i n ,  and th e  r e s u l t s  p r i n t e d  o u t ,  in  a co n v en ien t  form.

F u r th e r  developm ents in  optimum la y o u t  of frameworks have been a long the  
l i n e s  of m a th em a tic a l  programming, o f  which l i n e a r  programming i s  a s im ple  c a s e ,  
and away from M ic h e l l ’ s theorem , which rem ains a unique and s t i l l  f a s c in a t i n g  
c o n t r i b u t i o n  to  s t r u c t u r a l  d e s ig n .
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-  1 -

C H A P T E R

INTRODUCTION

THE DESIGN PROBLEM

Whereas in  s t r u c t u r a l  a n a ly s i s  b o th  th e  e x t e r n a l l y  a p p l ie d  fo rc e  system  and 
the  s t r u c t u r e  s u p p o r t in g  t h i s  system  a re  com plete ly  d e f in e d  and th e  o b je c t  i s  a 
to  de te rm ine  th e  s t r e s s  d i s t r i b u t i o n  in  th e  s t r u c t u r e ,  in  a d e s ig n  prob lem , 
th e  f i n a l  form o f  th e  s t r u c t u r e  and i t s  s t r e s s  d i s t r i b u t i o n  have b o th  to  be 
de term ined . The e x t r a  v a r i a b l e s  in t ro d u c e d  in  t h i s  way r e q u i r e  t h a t  more 
c o n d i t io n s  th an  th e  u s u a l  ones of e q u i l ib r iu m  and c o m p a t ib i l i t y  be s u p p l ie d  i f  
the problem  i s  to  have a unique s o l u t i o n .  The e x t r a  c o n d i t io n s  a re  f i r s t l y  
t h a t  the  s t r e s s e s  l i e  w i th in  p r e s c r ib e d  s a fe  l i m i t s  and second ly  t h a t  the  
s t r u c t u r e  be in  some r e s p e c t  an optimum. The sense  in  which the  s t r u c t u r e  
i s  an optimum, and th e  degree  to  which i t  i s  i n i t i a l l y  u n d e f in e d ,  a re  the  main 
f a c t o r s  in f lu e n c in g  the  method of s o l u t i o n  of th e  problem . In  t h i s  p a r t i c u l a r  
s tu d y ,  optimum i s  synonymous w i th  minimum w e ig h t ,  o r  minimum volume, and the  
o n ly  in fo rm a t io n  g iven  about th e  s t r u c t u r e  i s  th a t  i t  i s  a p i n - j o i n t e d  fram e­
work of e l a s t i c ,  as opposed to  p l a s t i c ,  d e s ig n :  the  c r i t e r i o n  of minimum w eigh t
i s  to  be a p p l i e d  to  d e te rm ine  th e  la y o u t  of th e  framework.

HISTORICAL BACKGROUND ' )

The f i r s t  s te p  towards th e  s o lu t i o n  of t h i s  problem was taken  by Maxv/ell 
( r e f e r e n c e  1) in  th e  l a t t e r  h a l f  of th e  l a s t  c e n tu ry ,  b u t  th e  most s i g n i f i c a n t  
c o n t r ib u t io n  i s  from M ic h e l l  ( r e f e r e n c e  2) whose theorem , p u b l i sh e d  in  1904, 
g iv e s  s u f f i c i e n t  c o n d i t io n s  f o r  any p i n - j o i n t e d  framework to  be an optimum, and 
embraces th e  theorem of Maxwell as a s p e c i a l  c ase .  The im portance of t h i s  
work was n o t  r e a l i s e d  u n t i l  th e  1950's  when f i r s t  Cox ( r e f e r e n c e  3) and then  
Hemp ( r e f e r e n c e  4) became i n t e r e s t e d  and made f u r t h e r  c o n t r ib u t io n s  to  th e  
s u b je c t .  They succeeded in  g e n e ra t in g  a f l u r r y  of i n t e r e s t  in  M ic h e l l ’s theorem 
b o th  i n  t h i s  coun try  and abroad ( r e f e r e n c e  5 ) ,  u n t i l ,  in  1964, th e  p u b l i c a t i o n  
of a p ap e r  by Dorn, Goraory and G reenberg ( r e f e r e n c e  13) s e t  a t r e n d  in  optimum 
layou t s tu d ie s  which i s  s t i l l  unbroken and which has  l a r g e ly  p u t  a s to p  to 
f u r t h e r  r e s e a r c h  a long  the  l i n e s  e s t a b l i s h e d  e a r l i e r  by Hemp. This p ap e r  d e s -  

■c r ib e d  a com ple te ly  o r i g i n a l  app roach ,  based  on a fo rm u la t io n  in  term s of 
l i n e a r  programming and s o lu t i o n  by a n u m e rica l  a n a ly s i s  te ch n iq u e  c a l l e d  th e  
Simplex m ethod, developed  a few y e a rs  e a r l i e r  by D antz ig  ( r e f e r e n c e  14) in  an 
e n t i r e l y  d i f f e r e n t  c o n te x t .  I t  was r e c o g n ise d  by Hemp and Chan ( r e f e r e n c e  16) 
th a t  the  optimum frameworks d e r iv e d  by l i n e a r  programming s a t i s f i e d  M ic h e l l ' s  
c r i t e r i o n  and t h a t  th e  n e c e s s i t y  of th e  c r i t e r i o n  was thus e s t a b l i s h e d ,

SOME GENERAL POINTS

M axw ell 's  theorem  shows th a t  to  o b ta in  a minimum volume framework i t  i s  only 
n e c e s s a ry  to  m inim ise  th e  volume of com pression members or the  volume of t e n s io n  
members, from which i t  fo l lo w s  th a t  any framework which c o n s i s t s  e n t i r e l y  of ■ 
com pression members o r  e n t i r e l y  o f  t e n s io n  members i s  an optimum. The problem  
then  i s  to  d e te rm ine  under what c o n d i t io n s  such a framework i s  p o s s i b l e ,  and 
some c o n s id e r a t io n  i s  g iven  to  t h i s  in  ch a p te r  two, where i t  i s  shown t h a t  the 
f u n ic u l a r  polygon c o n s t r u c t io n  i s  o f  some re le v a n c e  in  th e  case  of p la n e  fo rc e  
system s. The l a t t e r  p a r t  of c h a p te r  two i s  an account of M ic h e l l ' s  theorem , a 
c lo se  look b e in g  taken  a t  some of th e  m a th em a tica l  r e l a t i o n s h i p s  invo lved  in  i t s  
p ro o f .  According to  th e  theorem , optimum fivtmeworks have t h e i r  members a rranged  
along l i n e s  of p r i n c i p a l  s t r a i n  in  a com patib le  v i r t u a l  d e fo rm a tio n  of space .
The s ta n d a rd  p r o o f ,  which in v o lv e s  a comparison of th e  s t r a i n  energy of v a r io u s



frameworks s u b je c te d  to  th e  same v i r t u a l  d e fo rm a tio n ,  o b scu res  to  some e x te n t  
th e  e x a c t  n a t u r e  o f  the  o p t im is a t io n  p r o c e s s ,  and thus  a d e t a i l e d  exam ination  
of th e  p ro o f  i s  b o th  i n t e r e s t i n g  and i n s t r u c t i v e .

The v i r t u a l  d e fo rm a tio n s  of p a r t i c u l a r  i n t e r e s t  as r e g a rd s  M ic h e l l ' s  theorem 
are  th o se  in  which the  p r i n c i p a l  s t r a i n s  a re  a l l  of th e  same m agnitude b u t  n o t  
a l l  of the  same s i g n ,  and so th e  l i n e s  of p r i n c i p a l  s t r a i n ,  which a re  th e  l a y ­
out curves f o r  optimum fram eworks, form o rth o g o n a l  s e t s  of c u rv es .  The g e n e ra l  
p r o p e r t i e s  of o r th o g o n a l  c u r v i l i n e a r  systems a re  d e r iv e d  in  c h a p te r  t h r e e ,  by 
means of th e  t e n s o r  c a l c u l u s ,  which i s  th e  most a p p ro p r ia te  m a th em a tic a l  te ch -*  
n ique  in  t h i s  case  because  th e  r e s u l t s  appear in  a form which makes them p a r t i c u ­
l a r l y  s u i t a b l e  f o r  a p p l i c a t io n  to  th e  problem  of c o m p a t ib i l i t y  o f  s t r a i n  in  
c h a p te r  f o u r .  In  th e  l i t e r a t u r e  on te n s o r  c a l c u lu s ,  th e  main a s p e c t s  o f  n o t a ­
t i o n  and te rm ino logy  a re  s ta n d a rd ,  w i th  some m inor v a r i a t i o n s  depending on 
i n d i v id u a l  a u th o r s .  Where th e re  i s  la c k  of u n i fo rm i ty ,  th e  conven tions  adopted 
h e r e in  a re  as f o l lo w s :

a) A c o o rd in a te  i s  deno ted  by th e  l e t t e r  x w ith  a s in g l e  s u p e r s c r ip t  
e .g .  x \  x ^ , x^ .

b) Greek in d i c e s  r e f e r  to  s u r f a c e s  and have th e  range 1 -2 ;  l a t i n  
in d ic e s  r e f e r  to  th e  en v e lo p in g  space  and have th e  range  1 -3 , 
e .g .  x'- i s  a s e t  o f  t h r e e  space c o o r d in a te s ,  x^ i s  a s e t  o f  tw o ' 
s u r fa c e  c o o r d in a te s :  [ i j , k j  i s  a space C h r i s t o f f e l  symbol of th e
f i r s t  k in d ,  i s  a s u r f a c e  C h r i s t o f f e l  symbol o f  th e  f i r s t
k in d :  A** B; i s  the  sum of th r e e  te rm s ,  A  ̂ B^ i s  the  sum of two 
te rm s .  Wlien a number i s  used as an index  i t  w i l l  be c l e a r  from 
the  c o n te x t  which c o o rd in a te  system  i s  being employed. This 
n o t a t i o n  i s  in t ro d u c e d  because  th e  th e o ry  of s u r f a c e s ,  from which 
c e r t a i n  r e s u l t s  ap p ea r  in  c h a p te r  t h r e e ,  does n o t  in v o lv e  simply 
an i n v e s t i g a t i o n  o f  th e  m e t r i c  p r o p e r t i e s  of tw o-d im ensional 
Riemannian sp aces .  The id e a  of an envelop ing  sp a c e ,  w i th  i t s  
own m e t r ic  p r o p e r t i e s ,  i s  of param ount im portance .

c) However c e r t a i n  r e l a t i o n s  between th e  fundam ental q u a n t i t i e s  
which d e s c r ib e  a space can be s t a t e d  w ith o u t  r e f e r e n c e  to  
e i t h e r  th e  d im ensions o f  th e  space o r  th e  p re sen ce  or absence 
of an en v e lo p in g  s p a c e ,  and in  such a c a se ,  c a p i t a l  l e t t e r s  a re  
used  as i n d i c e s .

d) I t  i s  co n v en ien t  to  in t r o d u c e  s u b s c r ip t s  and s u p e r s c r i p t s  which 
do n o t  p o s se s s  t e n s o r i a l  s i g n i f i c a n c e .  These a re  en c lo se d
in  b r a c k e ts  e . g .  ĝ j|  ̂ i s  a second o rd e r  c o v a r ia n t  t e n s o r .

e) When an index  r e p r e s e n t in g  a power i s  ap p l ied  to  a q u a n t i t y  w i th  
a t e n s o r  s u b s c r ip t  o r  s u p e r s c r i p t ,  th e  q u a n t i ty  i s  e n c lo se d  in  
b ra c k e ts  to  avoid  co n fu s io n .

The b r i e f  accoun t of some of th e  b a s ic  id e as  of t e n s o r  c a lc u lu s  a t  th e  
b eg inn ing  o f  c h a p te r  t h r e e  i s  in te n d e d  to  in t ro d u c e  and d e f in e  th e  q u a n t i t i e s  
to  be used  in  th e  subsequen t a n a ly s i s  and i s  n o t  to  be co n s id e re d  as a l o g i c a l l y  
developed  t r e a t i s e  on th e  s u b je c t .  D e t a i l s  of s ta n d a rd  theorems can be found 
in  r e f e r e n c e s  C, 1 and 8; where d e t a i l s  of a p ie c e  o f  a n a ly s i s  a re  g iv e n ,  th e  
a n a ly s i s  i s  n o t  p a r t  of the  g e n e ra l  th e o ry ,  b u t  has been u n d e r ta k en  s p e c i f i c a l l y  
in  co n n ec tio n  w ith  th e  p r e s e n t  s tu d y .

As Borg has s a id  in  h i s  book "M atr ix -T enso r  Methods in  Continuum M echanics", 
the s i g n i f i c a n c e  of th e  e q u a t io n s  of c o m p a t ib i l i t y  of s t r a i n  i s  " o c c a s io n a l ly  a 
m a t te r  of some c o n fu s io n " ,  and t h e i r  p a r t i c u l a r  s ig n i f i c a n c e  in  th e  case  o f  
M ic h e l l ' s  theorem has tended  to  be even more obscure  than in  o th e r  a p p l i c a t i o n s .  
Thus th e  emphasis in  c h a p te r  fo u r  i s  on the  m a th em atica l p ro c e s se s  which a re
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in v o lv e d ,  and th e  p o i n t  i s  u n d e r l in e d  in  Appendix A, where some o f th e  la y o u t  
e q u a t io n s  a re  r e - d e r i v e d  w ith o u t  r e f e r e n c e  to  e i t h e r  s t r a i n  or' c o m p a t ib i l i t y  
of s t r a i n .  The la y o u t  and e q u i l ib r iu m  eq u a t io n s  of c h a p te r  fo u r  r e p r e s e n t  
an e x te n s io n  of work done by Hemp, who f i r s t  d e r iv e d  th e  e q u a t io n s  a p p ro p r ia te  
to  optimum p la n e  frameworks ( r e f e r e n c e  4) u s in g  a d i f f e r e n t  te c h n iq u e .

The d es ig n  of optimum frameworks by l i n e a r  programming, d e s c r ib e d  in  c h a p te r  
f i v e ,  i s  r e l e v a n t  t o  a s tu d y  c e n t r e d  on M ic h e l l ' s  theorem in  t h a t  i t  d em o n stra te s  
t h a t  any optimum framework s a t i s f i e s  M ic h e l l ' s  c r i t e r i o n  and th e  c r i t e r i o n  i s  
th u s  proved  to  be n o t  on ly  s u f f i c i e n t  b u t  n e c e s s a ry :  i t  a l s o  s e t s  th e  p a t t e r n ’'
f o r  f u r t h e r  s tu d ie s  in  minimum w eigh t d e s ig n  le a d in g  to  th e  s o lu t io n  of more 
r e a l i s t i c  p ro b lem s , and in  t h i s  r e s p e c t  (and t h i s  r e s p e c t  on ly) i s  seen to  be 
s u p e r io r  to M i c h e l l ' s  approach . The p r e s e n t a t i o n  o f  the  id e a s  i n  c h a p te r s  f i v e  
and seven i s  in te n d e d  to  show c l e a r l y  how th e  fo rm u la t io n  o f  th e  framework 
problem  as a l i n e a r  program , in v o lv in g  on ly  e q u i l ib r iu m  c o n d i t io n s  (and n o t  
c o m p a t ib i l i t y  c o n d i t io n s )  as c o n s t r a i n t s ,  i s  j u s t i f i e d  u l t im a te ly  by th e  form of 
th e  s o l u t i o n ,  which i s  always a s t a t i c a l l y  d e te rm in a te  framework: in  g e n e r a l ,
i n t e r f e r e n c e  w i th  th e  b a s i c  problem  b reak s  th e  l o g i c a l  c i r c l e ,  r e q u i r i n g  a r e ­
fo rm u la t io n  which i n e v i t a b l y  in v o lv e s  n o n - l i n e a r  c o n s t r a i n t s .  However th e r e  
a re  two ways in  w hich th e  problem  can be e la b o ra te d  w i th o u t  in t ro d u c in g  non- 
l i n e a r i t i e s .  The f i r s t  i s  to  a l lo w  th e  l i m i t in g  com pressive s t r e s s  in  fram e­
work members to  depend on th e  le n g th  of the  member, so t h a t  sim ple b u ck l in g  
c o n s t r a i n t s  a re  e f f e c t i v e l y  in t ro d u c e d :  th e  second i s  n o t  to  s p e c i f y  the
com plete  e x t e r n a l  f o r c e  system , b u t  g iv e  some fo rc e s  and some p o in t s  of r e a c t i o n .  
Both dev ices  a re  used in  th e  computer program d e s c r ib e d  in  c h a p te r  s i x .  The 
fo rm er ,  however, does have th e  obvious d e f ic ie n c y  t h a t  two s h o r t  com pression 
members jo in e d  end to  end a re  t o g e th e r  l i g h t e r  than  one long com pression member 
bu t a re  q u i t e  u n a c c e p ta b le  as a d e s ig n  f e a t u r e .  The computer program d e t e c t s  
t h i s  and o th e r  s i m i l a r  types  o f  i n s t a b i l i t y  and t r i e s  to  f in d  an a l t e r n a t i v e  
s o lu t i o n .

The p ro g re s s  of s t r u c t u r a l  o p t im is a t io n  from 1964 to  th e  p r e s e n t  day, in  so 
f a r  as i t  i s  based  on th e  minimum w eigh t la y o u t  of fram eworks, i s  t r a c e d  in  
c h a p te r  s e v e n ,  and a g a i n s t  th e  background of knowledge accumulated in  t h i s  
p e r io d ,  M ic h e l l ' s  theorem i s  seen  to  be s t i l l  a un ique  and ex trem ely  v a lu a b le  
c o n t r i b u t i o n  to  th e  th e o ry  of d e s ig n .
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C H A P T E R  2

THE THEOREMS OF 

MAXWELL /\ND MICHELL

MAXWELL'S THEOREM

M axw ell 's  theorem  s t a t e s  t h a t  in  any f u l l y - s t r e s s e d  p in  j o i n t e d  framework, 
the  e x p re s s io n  oft) i s  a c o n s ta n t  depending on the a p p l ie d  fo rc e s
and t h e i r  p o in t s  of a p p l i c a t i o n ,  where i s  th e  t o t a l  volume of te n s io n  '
members, V(c) th e  t o t a l  volume of com pression  members , andoit) and Oic") a re  the  
l i m i t i n g  s t r e s s e s  in  te n s io n  and com pression r e s p e c t i v e l y ,  th e s e  l a t t e r  two 
q u a n t i t i e s  b e in g  p r o p e r t i e s  o f  the  m a t e r i a l  from which th e  framework i s  
c o n s t ru c te d .  Maxwell h im se lf  gave th r e e  p ro o fs  of t h i s  theorem ( re f e r e n c e  
1, pages 175-177) o f  which a v a r i a t i o n  of th e  t h i r d  one, due to  Cox ( r e f e r e n c e  
3, page 83) i s  p r e s e n te d  h e r e .

L et th e  p o s i t i o n  v e c to r s  of th e  n nodes o f  a framework be r ,̂), r̂ ^̂ , . . . , 
and th e  fo r c e s  a p p l ie d  a t  th e s e  nodes be Jo), F(,̂ ). The b a r ,  of
le n g th  l(tn,)and c ro s s  s e c t i o n a l  a re a  which jo i n s  nodes I and m e x e r t s  on
the  node I  a f o r c e  T(tn,) g iv e n  by:

 ^(im ) -  b a r  in  te n s io n

u : -  b a r  in  com pression

The s c a l a r  p ro d u c t  of T(tii)with th e  v e c to r  (T(ŷ ) -  r^^  ̂ ) i s  Cl(hn)l('i,v,) ûT(t) 
or -  Cl(ivvi) l(lm)0"(c) > and th e  summation of such p ro d u c ts  over a l l  th e  b a rs  i s  

“ ^(0<%) • The p ro d u c ts  may a l s o  be w r i t t e n  as the  sum of the  two 
terms “ T({,vii)* r^q and -  * 3(ivi) » and s in c e  f o r  any n o d e , l  , s ay .

?

where th e  suimtiation ex tends  over a l l  nodes connected  to  node I , the  f i r s t  
summation i s  ^F^-p^ ' r p̂̂  and so :

y  It) tret) -  V(c)(T(c) = h f ( p ) . r ( p )  _ (2.1)

The q u a n t i ty  on th e  r . h . s .  o f  e q u a t io n  (2 .1 )  depends on ly  on the  
e x t e r n a l  f o r c e  system , and th e r e f o r e  th e  e x p re s s io n  on the l . h . s .  has th e  
same v a lu e  f o r  a l l  frameworks which su p p o r t  t h i s  f o r c e  system . The t o t a l  
volume of a framework, V, i s  th e  sum of and , and, u s in g  ( 2 . 1 ) ,  i t  
may be w r i t t e n  in  th e  a l t e r n a t i v e  forms :

V Vit) ( I A  ) “ ±  AjFcf') .jcp) .. 2,)
% )  O f c / * '

Tk

V  -  V ( o  ( i  ''f j f e )  )  h (p) ' J c p )  -  (2 .2b)
G ( t )
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From th e se  e x p re s s io n s  i t  i s  e v id e n t  t h a t  to  m in im ise  th e  volume of a 
framework, i t  i s  s u f f i c i e n t  to  m inim ise  e i t h e r  th e  volume of te n s io n  members 
or th e  volume o f com pression members. F u r th e rm o re ,  i f  a framework can be 
found which c o n s i s t s  e n t i r e l y  o f  com pression members, o r  e n t i r e l y  of te n s io n  
members, i t  i s  an optimum framework, and i t s  volume i s  g iven  by (2 .2 a )  
w ith  V f equa l t o  z e r o ,  o r  (2 .2b ) w ith  eq u a l  to  z e ro .

A l l - t e n s io n  o r  a l l - c o m p re s s io n  frameworks a re  th e  s im p l e s t  form of 
optimum, b u t  t h e i r  e x i s t e n c e  i s  dependent upon c e r t a i n  r e s t r i c t i o n s  on the  
a p p l ie d  f o r c e  system . Any f o r c e  system  f o r  which Ffp). J (p ) is  z e ro ,  a s ,
f o r  exam ple, in  th e  case  o f  a system  of coup les  in  w hich th e  l i n e  j o i n in g  th e  
p o in t s  o f  a p p l i c a t i o n  of a p a i r  o f  equa l  and o p p o s i te  f o r c e s  i s  a t  r i g h t  
ang les  to  th e  d i r e c t i o n  of th e  f o r c e s ,  p re c lu d e s  th e  p o s s i b i l i t y  o f  d e s ig n in g  
such a s t r u c t u r e .  W h en ^ F fp ) .  r(p)is  p o s i t i v e ,  an a l l - t e n s i o n  s t r u c t u r e  may 
e x i s t ;  when i t  i s  n e g a t iv e  an a l l - c o m p re s s io n  s t r u c t u r e  may e x i s t .  The 
a b s o lu te  v a lu e  i s  o f  l i t t l e  s i g n i f i c a n c e :  i f  th e  m agn itude  of each fo rc e
in  a g iven  system  was h a lv e d ,  and a l l  d i s t a n c e s  were a l s o  reduced  by a h a l f ,  
th e  d i r e c t i o n s  and r e l a t i v e  m agnitudes of th e  fo r c e s  and th e  d i s t r i b u t i o n  
of p o in t s  of a p p l i c a t io n  would s t i l l  be th e  same and so  th e r e f o r e  would be 
th e  form of any optimum framework t h a t  might e x i s t ,  b u t  ^ F (p). would be 
one q u a r t e r  i t s  o r i g i n a l  v a lu e .  ~

The s m a l l e s t  convex polyhedron  which can be formed by u s in g  c e r t a i n  of 
th e  p o in t s  o f  a p p l i c a t i o n  as v e r t i c e s ,  and w hich e n c lo s e s  th e  rem ain ing  
p o in t s  o f  a p p l i c a t i o n ,  i s  of some im portance .  I f  t h e  f o r c e s  a p p l ie d  a t  any 
j o i n t  of a framework a re  drawn as a s e t  of arrows a l l  d i r e c t e d  away from the  
j o i n t ,  th e  arrows cannot a l l  be to  th e  one s id e  of a p la n e  p a s s in g  th rough  
th e  j o i n t  i f  e q u i l ib r iu m  i s  to  be m a in ta in e d .  Thus a  s e t  o f  b a rs  w i th  th e  
same type of lo a d in g  ( i . e .  a l l - t e n s i o n  o r  a l l - c o m p ie s s io n )  , m eeting a t  a 
f r e e  j o i n t ,  must occupy more than  a h a l f  sp a c e ,  and i f  th e  j o i n t  l i e s  o u ts id e  
th e  p o lyhed ron  the  b a rs  cannot a l l  be d i r e c t e d  tow ards  th e  po lyhedron  s in c e  
i t  i s  convex. I t  fo l lo w s  t h a t  th e r e  can be no f r e e  j o i n t s  and th e r e f o r e  no 
b a rs  o u ts id e  th e  p o ly h ed ro n .  C onsider  now the  e q u i l i b r i u m  of th e  j o i n t s  a t  
th e  v e r t i c e s  of th e  p o ly h ed ro n .  I f  th e  a p p l ie d  f o r c e  a t  a  v e r t e x  i s  to  be 
r e a c te d  by a s e t  of b a r s  a l l  having  th e  same type  o f  lo a d in g  and a l l  ly in g  
w ith in  the  p o ly h e d ro n ,  the  l i n e  of a c t io n  of th e  f o r c e  must pass  in s id e  
the  po ly h ed ro n : i f  th e  f o r c e  i s  d i r e c t e d  tow ards th e  i n t e r i o r  th e  b a rs
a re  in  com press ion , and i f  i t  i s  d i r e c t e d  away from t h e  i n t e r i o r  th e  b a r s  
a re  in  te n s io n .  These r e s u l t s  fo l lo w  d i r e c t l y  from th e  s ta te m e n t  made 
above r e g a rd in g  th e  e q u i l ib r iu m  of a j o i n t  under a s e t  of f o r c e s ,  and they 
g iv e  r i s e  to  th e  fo l lo w in g  n e c e s s a ry  c o n d i t io n ,  to  be s a t i s f i e d  by a f o r c e  
system which adm its  of an a l l - t e n s i o n  o r  a l l - c o m p re s s io n  framework:

C ond it ion  (a) The s m a l l e s t  convex p o ly h e d ro n ,  form ed by u s in g  some, or a l l  
of the  p o in t s  of a p p l i c a t i o n  of f o r c e s  as v e r t i c e s ,  and e n c lo s in g  th e  
rem ain ing  p o in t s  o f  a p p l i c a t i o n ,  must be such t h a t  th e  l i n e s  of a c t io n  of 
th e  f o r c e s  a t  th e  v e r t i c e s  p a ss  i n s i d e  th e  p o ly h e d ro n ,  th e  f o r c e s  a t  the 
v e r t i c e s  a l l  be ing  d i r e c t e d  inw ards t o ,  or a l l  ou tw ards  from , th e  i n t e r i o r  
of the  po ly h ed ro n .

For p la n e  system s of f o r c e s ,  th e  po lyhedron  becomes a po lygon , and i f  
th e  po lygon c o n ta in s  p o in t s  of a p p l i c a t i o n  only a t  i t s  v e r t i c e s ,  and n o t  
in  th e  i n t e r i o r ,  the above c o n d i t io n  i s  n o t  on ly  n e c e s s a r y ,  b u t  s u f f i c i e n t .  
C onsider f ig u r e s  2 .1 a  and 2 ,1 b .  The fo rc e s  , . . .  , J ’(n) a re  a p p l ie d  
a t  th e  p o in t s  n(i) , . . . ,  n^^  ̂ r e s p e c t i v e l y ,  in  f i g u r e  2 , 1 a ,  and the  
co rresp o n d in g  fo rc e  po ly g o n , HIJKLM, i s  shown in  f i g u r e  2 .1 b .  A p o i n t  0 
i s  chosen in  th e  i n t e r i o r  of th e  f o r c e  polygon and jo in e d  to  each v e r t e x .
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The l i n e  AB i s  then  drawn p a r a l l e l  to  MO, s t a r t i n g  from an a r b i t r a r y  
p o in t  on the  l i n e  of a c t i o n  of f o r c e B C  i s  p a r a l l e l ,  t o  HO, CD
to  10, DE to  JO, EG to  KQ, and GA to  LO. That th e  p o i n t s  A and A'
c o in c id e  to  form a c lo sed  po lygon , ABCDEG, may be p ro v e d  as fo l lo w s .
The t r i a n g l e  LMO in  f i g u r e  2 .1b may be ta k e n  as a t r i a n g l e  of f o r c e s ,
the  fo rc e s  TdQ and T(a) b e in g  in  e q u i l ib r iu m  w ith  and a c t in g  a t  th e
p o in t  A in  f i g u r e  2 .1 a .  S i m i l a r l y ,  t r i a n g l e  MHO i s  th e  t r i a n g l e  of
fo r c e s  f o r  e q u i l ib r iu m  of and ^ ( 2) a t  B. But JpCzj) i s
r e p re s e n te d  in  m agnitude and d i r e c t i o n  by th e  l i n e  OM w h i le  TÔ ) i s
s i m i l a r l y  r e p r e s e n te d  by MO, and so th e  two f o r c e s  a r e  eq u a l  and *
o p p o s i te .  I f  they  a re  b o th  a p p l ie d  a long  the  l i n e  AB, t h e i r  r e s u l t a n t
i s  z e ro .  The r e s u l t a n t  of each of th e  p a i r s  o f  e q u a l  and o p p o s i te
fo rc e s  a long  the  l i n e s  BC, CD, DE and EG i s  l ik e w is e  z e r o ,  and th e r e f o r e
the  p a i r  of f o rc e s  T(k,) and T^d) must be th e  é q u i l i b r a n t  o f  th e  system  of
fo rc e s  , . .  . , FCfo) . I t  i s  e v id e n t  t h a t  u n le s s  A’ c o in c id e s  w ith  A,
ohe p a i r  of: eq u a l  and o p p o s i te  f o rc e s  T(/0 and T( î) c o n s t i t u t e  a cou p le ,
so t h a t  i f  the  sum o f  th e  moments of th e  a p p l ie d  f o r c e s  i s  z e r o .  A'
must be th e  same as A. The c lo sed  polygon ABCDEG i s  known as a f u n i c u l a r
polygon . (For a p la n e  system  o f  f o r c e s ,  th e  c o n s t r u c t i o n  o f  a f o r c e
polygon and a f u n i c u l a r  polygon de te rm ines  w he ther  o r  n o t  th e  system  i s
in  e q u i l ib r iu m :  i f  the  form er c l o s e s ,  th e r e  i s  no r e s u l t a n t  f o r c e ,  and
i f  the  l a t t e r  c lo se s  th e r e  i s  no r e s u l t a n t  moment).

P ro v id ed  t h a t  th e  f u n ic u l a r  po lygon ABCDEG in  f i g u r e  2 .1 a  l i e s  e n t i r e l y  
in s id e  the  polygon formed by j o i n in g  th e  p o in t s  o f  a p p l i c a t i o n  of the  
f o r c e s ,  the  la y o u t  of an a l l - t e n s i o n  framework i s  g iven  by th e  f u n ic u l a r  
polygon i t s e l f ,  t o g e th e r  w ith  th e  l i n e s  jo in in g  each v e r t e x  to  th e  p o in t  
of a p p l i c a t i o n  of  th e  fo rc e  a c t in g  th rough  t h a t  v e r t e x .  The s i z e  o f  th e  
f u n ic u l a r  polygon depends on th e  p o i n t  A from which t h e  f i r s t  l i n e  i s  
drawn and s in c e  t h i s  p o in t  i s  a r b i t r a r y ,  th e  polygon can be reduced to  any 
r e q u i r e d  s i z e :  however i t  may be n e c e ssa ry  to  redraw  th e  f o r c e  polygon a t
c e r t a i n  s t a g e s ,  because  th e  o rd e r  of th e  fo rc e s  in  th e  f o r c e  polygon must 
be the same as in  th e  f u n i c u l a r  po lygon , so t h a t  i f ,  f o r  example, th e  p o in t  
B were to  l i e  on th e  o th e r  s id e  of th e  i n t e r s e c t i o n  o f  th e  l i n e s  o f  a c t io n  
o f  F(2) and F(s), th e  o rd e r  of th e s e  two f o rc e s  i n  th e  f o r c e  polygon would 
need to  be re v e r s e d .  The f u n i c u l a r  polygon i s  convex and th e r e f o r e  
s u i t a b l e  as a la y o u t  f o r  an a l l - t e n s  ion  framework p ro v id e d  t h a t  th e  c o n d i t io n s  
re g a rd in g  th e  o rd e r in g  o f  f o r c e s  a re  s a t i s f i e d ,  and p ro v id e d  a l s o  t h a t  th e  
p o in t  0 i s  chosen so t h a t  a l l  th e  l i n e s  j o i n i n g  i t  t o  th e  v e r t i c e s  of th e  
f o r c e  polygon l i e  e n t i r e l y  i n s id e  th e  f o r c e  po lygon . An i d e n t i c a l  
c o n s t r u c t io n  p roduces  a com pression framework f o r  a sy s tem  of inw ardly  
d i r e c t e d  f o r c e s .

In  th e  manner d e s c r ib e d  above, an optimum framework may be found f o r  
any system of f o r c e s  which s a t i s f i e s  th e  n e c e s s a ry  c o n d i t io n  (a) and the 
f u r t h e r  c o n d i t io n  t h a t  a l l  the  p o in t s  of a p p l i c a t io n  o f  f o rc e s  a re  v e r t i c e s  
of th e  s m a l l e s t  convex polygon. However t h i s  l a t t e r  c o n d i t io n  i s  
u n n e c e s s a r i ly  r e s t r i c t i v e ,  as f i g u r e s  2 ,2 a  and 2 .2 b  show. F($) i s  ap p l ie d  
a t  th e  i n t e r i o r  p o i n t  n(s), and a s u i t a b l e  f u n i c u l a r  polygon^ ABCDEG, can 
s t i l l  be formed. As th e  p o in t  n(tj) moves away from N, th e  p o i n t  a t  which 
the  fo rc e  c ro s s e s  th e  boundary of th e  o u te r  po lygon  in  th e  same d i r e c t i o n  
( i . e .  i n t e r i o r  to  e x t e r i o r )  as the  fo rc e s  a t  th e  v e r t i c e s ,  i t  i s  im p o ss ib le  
to  keep n ^ ) o u t s id e  the  f u n i c u l a r  po lygon . For t h i s  p a r t i c u l a r  c o n s t r u c t i o n ,  
the  p o in t  R, which i s  th e  i n t e r s e c t i o n  of  th e  l i n e  o f  a c t i o n  of E(s) w i th  th e  
l i n e s  from S and T drawn p a r a l l e l  to  LI and 1(1 r e s p e c t i v e l y ,  i s  th e  l i m i t in g  
p o s i t i o n  of n/^j . However, by employing th e  system  o f  f i g u r e s  2 .3 a  and 2 .3 b ,  
in  which th e  fo r c e s  are  taken  in  a d i f f e r e n t  o rd e r  when drawring th e  fo rc e
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po lygon , i t  i s  c l e a r  t h a t  n(g)can move as f a r  as R’ , which i s  the  i n t e r s e c t i o n  
of th e  l i n e  of a c t io n  of w ith  th e  l i n e  from n^'^ drawn p a r a l l e l  to  XL, R'U 
being  p a r a l l e l  t o  JL.

Thus what i s  im p o r ta n t  i s  th e  d i s t a n c e ,  d ,  from an i n t e r i o r  p o in t  of 
a p p l i c a t io n  to  th e  p o i n t  a t  which th e  co rrespond ing  f o r c e  c ro s s e s  th e  boundary 
of the  s m a l l e s t  convex polygon in  th e  o p p o s i te  d i r e c t i o n  to  th e  fo rc e s  a t  th e  
v e r t i c e s .  The n e c e s s a ry  c o n d i t io n  (a) s e t s  a l i m i t  o f  z e ro  on d: a s u f f i c i e n t
c o n d i t io n  i s  t h a t  th e  v a lu e  of d i s  n o t  sm all  r e l a t i v e  to  th e  dim ensions of 
th e  s m a l le s t  convex po lygon . How sm all  i t  may be canno t be s t a t e d  p r e c i s e l y ,  
b u t  the  l i m i t i n g  v a lu e  f o r  any g iven  fo r c e  system can e a s i l y  be de term ined  
from the  f u n i c u l a r  po lygon c o n s t r u c t io n .

MICHELL'S THEOREM

M ic h e l l ' s  Theorem p ro v id e s  th e  c o n d i t io n s  s u b j e c t  to  which a framework 
c o n ta in in g  bo th  t e n s io n  and com pression members i s  an optimum. I t  s t a t e s  
th a t  th e r e  must e x i s t  a com patib le  v i r t u a l  d e fo rm a tio n  of space in  which the 
s t r a i n  along com pression b a r s  i s  -  g , th e  s t r a i n  a long  t e n s io n  b a rs  i s  + 5  , 
and no l i n e a r  e lem ent of space  has a s t r a i n  n u m e r ic a l ly  g r e a t e r  than  2. ,

£  , b e ing  a sm a l l  p o s i t i v e  number: i f  th e  com patib le  de fo rm a tion  can ex tend  
over the  whole of s r a c e ,  th e  framework i s  a g lo b a l  optimum: i f  i t  ex tends
only  over a l im i t e d  r e g io n  of space th e  framework i s  an optimum r e l a t i v e  to 
frameworks whose members a r e  con f in ed  to  th e  re g io n  o f  th e  com patib le  
d e fo rm a tio n .  M ic h e l l  h im se lf  only  proved  th e  s u f f i c i e n c y  o f  th e se  c o n d i t io n s  
( r e f e r e n c e  3 ,  pages 589-591) b u t  they  have s in c e  been shown to  be n e c e s s a ry  
(see  c h a p te r  5 ) .

-  I

The volume of a framework may be w r i t t e n  in  th e  form :

V  = V ft) + Vfr) = i  4 ) ) + 2

i . e . ,  u s in g  e q u a t io n  (2 .1 )

V  " i  (̂4 ) ' 4 ) X V t)4o + H o  4 )) 4 ) )  f
“ (2 .3 )

and th e r e f o r e  to  m inim ise  th e  volume, i t  i s  s u f f i c i e n t  to  m inim ise  th e  
e x p re s s io n  V^t)d(q + <f(c) • C onsider a framework which su p p o r ts  the
system of f o r c e s  E(i,) a p p l ie d  a t  th e  p o in t s  w ith  p o s i t i o n  v e c to r s  r [̂  ̂ , 
and l e t  the  space  occup ied  by the  framework be s u b je c te d  to  a v i r t u a l  
de fo rm a tio n  in  which no l i n e a r  s t r a i n  i s  n u m e r ic a l ly  g r e a t e r  than  £
The v i r t u a l  work done by the  a p p l ie d  fo r c e s  i s  equa l  to  th e  change in  
s t r a i n  energy of th e  framework, i . e .

^ t )   ̂Y(P)

-  (2 .4 )



where th e  a r e  th e  s t r a i n s  imposed on the  framework members, th e  
a re  th e  v e c t o r  d is p la c e m e n ts  a t  th e  p o in t s  of a p p l i c a t io n  o f  fo rc e s , ,  and 
the  f i r s t  two summations a re  taken  over te n s io n  members and com pression 
members r e s p e c t i v e l y .  The a l l  s a t i s f y  th e  i n e q u a l i t y :

e e (2 .5 )

and th e r e f o r e

Oa)
ct)

Combining t h i s  i n e q u a l i t y  w i th  e q u a t io n  (2 .4 )  g iv e s :

V { ( : ) O t t )  +■ ^  4 2 ^ 1 » -.Y C p ) C2.6)

(2 .6 )  s e t s  a lower l i m i t  on th e  v a lu e  of Tor any framework
which su p p o r ts  th e  g iv e n  f o r c e  system  and which has i t s  members con fin ed  to  
th e  re g io n  o f  space in  which th e  d e fo rm a tio n  i s  d e f in e d .  This l i m i t  i s  
a t t a i n e d  by th e  framework ( i f  i t  e x i s t s )  f o r  which th e  v i r t u a l  s t r a i n  i s  
-f- 2 a long t e n s io n  members and a long  compression members, which means, 
by v i r t u e  of th e  i n e q u a l i t y  ( 2 , 5 ) ,  t h a t  the  members must l i e  a long l in e s  
of c o n s ta n t  p r i n c i p a l  s t r a i n .  Such a framework i s ,  by e q u a t io n  ( 2 .3 ) ,  an 
optimum.

The above p ro o f  i s  e s s e n t i a l l y  th e  same as the  one g iven  by M ich e l l  
( r e f e r e n c e  3 ) .  C e r ta in  a sp e c ts  o f  i t  a re  w orth  look ing  a t  more c l o s e l y ,  
b ecause  th e  e q u a t io n  of v i r t u a l  work, which i s  r e p re s e n te d  by eq u a t io n
( 2 .4 ) ,  and which i s  c e n t r a l  to  the  p r o o f ,  i s  in e x a c t ,  in  th e  sense  t h a t  
th e  e x p re s s io n  on th e  l . h . s .  of (2 .4 )  i s  the  change in  s t r a i n  energy of 
a framework on ly  i f  powers of th e  h ig h e r  th an  th e  f i r s t  a re  ig n o red .  
However i f  th e  d e f in in g  r e l a t i o n  between th e  £(in) and th e  i s  tak en  to
be t h a t  between sm all  s t r a i n s  and sm all  d is p la c e m e n ts ,  which i s  r e p re s e n te d  
by the  fo l lo w in g  t e n s o r  e q u a t io n :

e. (2 .7 )

exT be ing  th e  s t r a i n  t e n s o r  and u-j; th e  d isp lacem en t v e c t o r ,  th en  e q u a t io n
(2 .4 )  i s  m a th e m a t ic a l ly  e x a c t .  This  becomes c l e a r  when th e  s t r a i n  te n so r  
i s  r e f e r r e d  to  C a r t e s i a n  c o o rd in a te s  and w r i t t e n  in  th e  f a m i l i a r  form:

G
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Then i s  th e  mean v a lu e  o f  th e  e x p re s s io n  ejj i I along

th e  b a r  j o i n in g  nodes 1 and m, where i s  th e  u n i t  v e c t o r  in  th e  d i r e c t i o n
of th e  b a r .  But

The e x p re s s io n  on th e  r . h . s .  of the  above i s  th e  d e r i v a t i v e  in  th e  ^
d i r e c t i o n  of th e  b a r  of th e  component of v i r t u a l  d isp la c e m e n t  along th e  
b a r ,  and i s  t h e r e f o r e  th e  d i f f e r e n c e  between the  component of v i r t u a l  
d isp lacem en t along th e  b a r  a t  one end and th a t  a t  th e  o t h e r ,  d iv id e d  by 
the  le n g th  of th e  b a r .  (This  i s  n o t  n e c e s s a r i l y  th e  e x a c t  v a lu e  of the  
mean s t r a i n  in  th e  b a r  as a r e s u l t  o f  th e  d isp lacem en ts  Va  ̂ and o f  i t s  
e n d s .)  Each of th e  terms or -  0{c) in  e q u a t io n
(2 .4 )  i s  then  -(T(Ly aad the  summation of a l l  such te rm s i s

. ,y(p) as r e q u i r e d .  The ex a c tn e s s  of e q u a t io n  (2 .4 )  i s  th u s  dependent 
on th e  m a th em a tic a l  r e l a t i o n s h i p  between th e  nodal d isp la cem e n ts  Vfp) and the  
l i n e a r  s t r a i n s  è'(im), and t h i s  r e l a t i o n s h i p  depends in  tu r n  on eq u a t io n  ( 2 .7 ) .

The p r o p e r ty  o f  the s t r a i n  te n s o r  w hich de te rm ines  th e  e x i s t e n c e  o f  
p r i n c i p a l  s t r a i n s  i s  a g e n e ra l  p r o p e r ty  of a l l  sym m etric , c o v a r i a n t  second 
o rd e r  t e n s o r s .  The e x p re s s io n  , where Â -̂ - i s  an a r b i t r a r y
symmetric t e n s o r ,  v a r i e s  in  m agnitude a t  a p o in t  as th e  u n i t  v e c to r  changes
d i r e c t i o n .  There a re  a s e t  of ex trem a which a re  th e  r o o t s  of th e
dete rm in a n ta l  e q u a t io n

r l . I T  ~  0 -  (2 . 8)

The , of w hich  th e r e  a re  N in  N~dimensional s p a c e ,  a re  a l l  r e a l  i f  the
m e t r i c  of space i s  a d e f i n i t e  q u a d r a t i c  form. C orresponding to  each s im ple  
ro o t  t h e r e  i s  a un ique  v e c t o r ,  , and, in  p a r t i c u l a r ,  i f  a l l  th e  r o o ts  a re
s im p le ,  th e r e  a re  N v e c t o r s .  These v e c to r s  form an o r th o g o n a l  s e t  and th e  
d i r e c t i o n s  of th e  v e c to r s  a r e  c a l l e d  th e  p r i n c i p a l  d i r e c t i o n s  de term ined  by 
A jy  . I f  the  c o o rd in a te  axes co o in c id e  w ith  the  p r i n c i p a l  d i r e c t i o n s ,  the  
t e n s o r  which de te rm ined  the  p r i n c i p a l  d i r e c t i o n s  i s  d ia g o n a l  in  form. (See 
r e f e r e n c e  7, pages 47-50 and 12^ 13). The p r i n c i p a l  d i r e c t i o n s  de term ined  
by the  s t r a i n  te n s o r  a r e ,  of co u rs e ,  the  d i r e c t io n s  of p r i n c i p a l  s t r a i n  and 
th e  co rresp o n d in g  a r e  th e  v a lu e s  of th e  p r i n c i p a l  s t r a i n s .  The problem 
of d e te rm in in g  th e  la y o u t  of optimum frameworks i s ,  by M ic h e l l ' s  Theorem, 
e q u iv a le n t  to  th e  problem  o f  f in d in g  com patib le  s t r a i n  f i e l d s  in  which the 
nu m e rica l  v a lu e  of the  p r i n c i p a l  s t r a i n s  i s  every^jhere th e  same, and t h i s  
can be p r e s e n te d  as th e  fo l lo w in g  m a th em a tica l  problem:

To f in d  th e  c o n d i t io n  t h a t  th e  sym m etric ,  c o v a r ia n t  second^ o rd e r  t e n s o r  
e^^j , f o r  which the  n u m erica l  v a lu e  of th e  ex p re ss io n  e ^ y i f  ( a long th e
p r i n c i p a l  d i r e c t i o n s  d e te rm ined  by e^y i s  everywhere the  same, i s  of the  
form ) ,  where u% i s  an a r b i t r a r y  v e c to r .

S ta t in g  th e  problem  in  t h i s  form removes any need to  d is c u s s  the o rd e r  
of m agnitude of th e  q u a n t i t i e s  in v o lv e d :  what i s  im p o r ta n t  i s  the  mathe­
m a t ic a l  r e l a t i o n s h i p  between ex r  and Uj- as d e f in e d  by eq u a t io n  ( 2 .7 ) .
However i f ,  e%;. i s  to  be re g a rd e d  as a s t r a i n  te n s o r  w i th  c o n s ta n t  p r i n c i p a l  
s t r a i n s ,  and the co rresp o n d in g  d isp la cem e n t v e c t o r ,  th en  the c o n d i t io n
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t h a t  erxT be of th e  form  ̂ ) i s  th e  c o m p a t ib i l i t y  c o n d i t io n  f o r
sm all  s t r a i n s  and sm all  d is p la c e m e n ts .  Any o th e r  c o m p a t ib i l i t y  c o n d i t io n ,  
such as t h a t  f o r  l a rg e  d e fo rm a t io n s ,  i s  i n a p p r o p r i a t e .  This  p o in t  w i l l  be 
seen  to  be im p o r ta n t  when the  la y o u t  o f  optimum frameworks on p lane  and curved 
s u r f a c e s  i s  d i s c u s s e d .

For any te n s o r  e^;,- , th e  p r i n c i p a l  d i r e c t i o n s  a re  u n iq u e ly  d e te rm ined  and
are  o r th o g o n a l  ex ce p t  in  th e  case  when e q u a t io n  (2 .8 )  has  r e p e a te d  r o o t s .  In%. 
t h i s  c a s e ,  M v e c to r s  can be chosen , co rresp o n d in g  to  th e  M i d e n t i c a l  ,
which a re  o r th o g o n a l  to  each  o t h e r ,  and to  the  rem ain ing  N-M_vectors. In  th e
subspace spanned by the  s e t  o f  M v e c t o r s ,  the  v a lu e  of i s  th e  same
in  a l l  d i r e c t i o n s ,  and in  such  a su b sp a ce ,  th e re  i s  t h e r e f o r e  no r e s t r i c t i o n  on 
th e  la y o u t  of an optimum framework, a l th o u g h  the  members must a l l  c a r ry  th e  
same s ig n  of lo a d in g .  In  p a r t i c u l a r ,  i f  ej-^ i s  a c o n s ta n t  m u l t ip l e  of the  
fundam ental t e n s o r ,  a l l  th e  a re  th e  same. In  terms o f  a s t r a i n  t e n s o r
t h i s  would imply a un ifo rm  d i l a t a t i o n  o f  s p a c e ,  the  s t r a i n s  be ing  th e  same a t
a l l  p o in t s  and a l l  d i r e c t i o n s ,  and would le a d  to  optimum frameworks of the  
same type  as e s t a b l i s h e d  by M axw ell 's  Tlieoreni.
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C H A P T E R  3

ORTHOGONAL CURVILINEAR 
CO-ORDINATES

As a p r e l im in a r y  to  d e r iv in g  th e  g e n e ra l  e q u a t io n s  of th e  la y o u t  curves  
f o r  optimum fram ew orks, i t  i s  n e c e s s a ry  to  e s t a b l i s h  some g e n e ra l  r e s u l t s  
concern ing  o r th o g o n a l  systems o f  curves in  th r e e  d im ens iona l sp ace .  These 
r e s u l t s  can be o b ta in e d  most c o n c is e ly  by means of th e  Tensor c a l c u lu s .
I t  i s  n o t  th e  p u rpose  o f  t h i s  c h a p te r  to  prove any of th e  b a s i c  theorems of 
Tensor c a lc u lu s  b u t  m ere ly  to  s t a t e  them and then apply them to  p a r t i c u l a r  
prob lem s. P ro o fs  of theorems can be found in  r e f e r e n c e s  6 ,  7 and 8. The 
q u e s t io n  o f  n o t a t i o n  has a l re a d y  been d e a l t  w i th  in  c h a p te r  1.

The Pundamental Tensor

Riemannian s p a c e ,  of w hich E u c l id ea n  space i s  a s p e c i a l  c a s e ,  i s  c h a ra c ­
t e r i s e d  by th e  form of th e  e x p re s s io n  f o r  the  l i n e  e lem en t.  The square  of 
the  d i s t a n c e ,  d s , between th e  p o in t s  w i th  c o o rd in a te s  and + dx'*" i s  
i n v a r i a n t  and i s  g iven  by th e  fo l lo w in g  q u a d r a t i c  d i f f e r e n t i a l  form:

o l s 'T,T -  (3 .1 )

where th e  symmetric c o v a r i a n t  t e n s o r  g-̂ ĵ i s  known as the  fundam ental t e n s o r  
of th e  s p a c e ,  and the  e x p re s s io n  ĝ ^̂ j ds?  ̂ d:)Fis c a l l e d  the  m e t r i c .   ̂ The 
fundam ental t e n s o r  of E u c l id ea n  space r e f e r r e d  to  r e c t a n g u la r  C a r te s ia n  
c o o rd in a te s  i s  g iven  by

9.U.0 1 X  J 3 ,x j

The l a t t e r  p r o p e r t y ,  t h a t  o f  th e  o f f - d ia g o n a l  components be ing  z e ro ,  i s  
a g e n e ra l  p r o p e r ty  of th e  fundam en ta l t e n s o r  of any Riemannian space r e f e r r e d  
to  a system  of o r th o g o n a l  c o o rd in a te s  ( r e f e r e n c e  6 , page 70 ) .  In  p a r t i c u l a r  
th e  fundam ental t e n s o r  o f  th r e e -d im e n s io n a l  E u c l id ea n  s p a c e ,  the  m e t r i c  of 
which i s  p o s i t i v e - d e f i n i t e ,  may be w r i t t e n  in  th e  form:

A ’- o o

O B " ' 0 -  (.3.2)
O 0

where A, B and C a re  r e a l  f u n c t io n s  o f  th e  o r th o g o n a l  c o o rd in a te s  x* , x ^  and x^ .  
(The form of g q  g iven  above i s  n o t  in  i t s e l f  s u f f i c i e n t  to  en su re  t h a t  th e  
space  i t  d e s c r ib e s  i s  E u c l id e a n .  There a re  c e r t a i n  e q u a t io n s  to  be s a t i s f i e d  
by th e  fu n c t io n s  A, B and C, th e s e  be ing  e q u a t io n s  (3 .7 )  be low .)

Eor a g iven  v a lu e  of one o f  the  space  c o o rd in a te s  th e  o th e r  two c o o rd in a te s
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can be though t of as a p a i r  of s u r f a c e  c o o rd in a te s .  The co rrespond ing  
fundam ental t e n s o r  i s  a l so  d ia g o n a l  and f o r  the s u r fa c e s  de term ined  by th e  
space c o o rd in a te s  and x"̂  , f o r  example, i s :

(i)
3 ^

s ' "  o  

o  c ' (3 .3 a )

There a re  a f u r t h e r  two s e t s  of such  c o o rd in a te  s u r f a c e s ,  w i th  fundam ental 
te n s o r s  :

wcl ' r 0

. 0 ah -  (3 .3 b )

3̂  =
. 0

o ’
sh -  (3 .3 c )

The t h r e e  s e t s  o f  c o o rd in a te  s u r f a c e s  a r e  m u tu a l ly  o r th o g o n a l .  

The c o n t r a v a r i a n t  t e n s o r  g^'^ i s  d e f in e d  by th e  e q u a t io n :

■XK

c
where th e  K ronecker d e l t a ,  O j‘ , which may be regarded  as a mixed second 
o rd e r  t e n s o r  ( r e f e r e n c e  6 page 9 ) ,  i s  g iven  by:

iC 
J* 1

o

T h e re fo re ,  f o r  example;

J= l<
) 7/- K

o O '

/B" p
O

(3 .4 )

Chri s t o f f e l  Symbols

The C h r i s t o f f e l  symbols o f  th e  f i r s t  and second k inds  a re  d e f in e d  r e s p e c t ­
iv e ly  by the  e q u a t io n s :
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£ j  K ^  L ]  ■ -  (3 .5b)

(Although, th e  C h r i s t o f f e l  symbols a re  n o t  them se lves  t e n s o r s ,  the  sunanation 
conven tion  f o r  r e p e a te d  in d i c e s  i s  talcen to  a p p ly ,  the  i n d i c e s  in  the  C h r i s t o f f e l  
symbols o f  th e  f i r s t  k ind  a l l  be ing  t r e a t e d  as s u b s c r i p t s  and those  in  the  
C h r i s t o f f e l  symbols of the  second k in d  being  t r e a t e d  as one s u p e r s c r i p t  and 
two s u b s c r i p t s ) .

Eor an o r th o g o n a l  c o o rd in a te  system  in  E u c l id ea n  s p a c e ,  w i th  th e  fundam ental 
t e n s o r  d e f in e d  by e q u a t io n  ( 3 . 2 ) ,  th e  form of th e  C h r i s t o f f e l  symbols i s  p a r t ­
i c u l a r l y  s im p le ,  and th e  th r e e  s e t s  of c o o rd in a te  s u r f a c e  C h r i s t o f f e l  symbols 
a r e  s u b se ts  o f  the  s e t  of sp ace  C h r i s t o f f e l  symbols. They a re  c o n ta in ed  in  
t a b le s  1 and 2.

C urva tu re  Tensor

The c o v a r i a n t  c u rv a tu re  t e n s o r  i s  a f o u r th  o rd e r  t e n s o r  which i s  formed 
i n t i r e l y  from th e  components of the  fundam ental t e n s o r  and t h e i r  d e r i v a t i v e s  
up to  th e  second o rd e r .  I t  may be w r i t t e n  in  th e  form :

V,ô-x c)=c c)x-^ 2)00 2)00 /

■f ( [ I  K , S j [ . I  L , T j -  EO L ,S J [ i  K ,t ])-(3.6)

The c o n d i t io n  th a t  a space w i th  th e  p o s i t i v e  d e f i n i t e  m e t r i c  d e f in e d  by 
e q u a t io n s  (3 .1 )  and (3 .2 )  be E u c l id e a n  i s  t h a t  th e  c u r v a tu r e  t e n s o r  be the  
zero  t e n s o r  ( r e f e r e n c e  7, page 117). The number of in d e p e n d e n t  components 
o f  the  c u rv a tu re  t e n s o r  of an N -d im ens iona l space w hich  a r e  n o t  i d e n t i c a l l y  
ze ro  i s T iN "  (N^ -1 )  ( r e f e r e n c e  6 ,  page 53) and th e r e f o r e  th e  c o n d i t io n  t h a t  
R yh l the  zero  t e n s o r  g iv e s  s ix  independen t e q u a t io n s ,  v i z :

R f z i z  " R 2313 Û
Using e q u a t io n s  (3 .2 )  and (3 .6 )  and t a b l e  1, th e  f i r s t  o f  th e se  may be 

expanded as f o l l o w s .

R 12.12. -  A
2  'àpc! c)x^ 'à.'iô  /
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+ 3“ C[2 I ,  I ][/ 2 , ) J - [2 2, ) ] [ / / ,  ; J )  f ( -------------)

/ L o

)  +  9 ^ ^  C [ 2  I ,  2 j [ ? 9 . ,  2 ]  -  [ 2  2 ,  Z ] f  / I ,  2 ] )  ^

f

H- j "  (-  

^ 0
4'  q

/ -  o

4  o

)

cP^' d x '
4"

/S
B  c )J ^  ~ d ^

b :b V

4"
z

+  /-IB M  14.
d x ' /  bx"^ C

/ 1 6  d)A-------------—   , y

1212. 0

4  - 3 6 4 4 -
bjB V li

a  6^  / I
b x* v a  d x '  /

a  b A  _ S  b i 3
C S-X̂  C i)X^

The o th e r  n o n -v a n ish in g  components of Rijfel may be s i m i l a r l y  expanded to  
p ro v id e  the  s e t  of e q u a t io n s :

flL3 X  f±  M  
2>j2-[B 3.r

3 6 2  [  I 1)6  ̂ = j 3 ci3  j 3 S>6 -  (3.7a)
ax' V3 2>x'J c  2>x̂  C dx^

BC _o | J .  ^  
d :< B { c  ô-x^

B C U  f i .  -ÔC.) 
è-X I  6  Ô X 7

4 M  i  M
n  a r  ,3  - s x '

(3 .7b )

C A B  A  2 c  
'6 x ' V 3  a x '

C.3 X  f±  M 
ô x ^ V C  'd p .

C ' d C  5 3  
B 2)x̂ B Ô x'

(3 .7 c )

d '  B  +  1 6  ô_3 -+- _ l  4 4  Z) C ~  C.)
3.x'0x^ A i x '  3 x^  C 2>x  ̂ â ,x '

(3 .7d)
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■-)- ,_L  M .  M  +  ‘ '5 i3^  ~  O  -  (3 .7 e )
ô:x?îtoJ 6  ^'XP- Q x i FI D x '

5 ^ ^  4- _ L  ^  5 C .  +  _ i .  , M  b _ 6 .  =  O  -  ( 3 .7 f )
ôsJ’à.x’’ C 7)x̂  OxF B hJ? Z> xF

The c u rv a tu re  t e n s o r  o f  a tw o-d im ensiona l space has on ly  one independen t 
component n o t  i d e n t i c a l l y  %ero, . I f  R)Zi% i s  c a l c u l a t e d  f o r  th e  s e t
of c o o rd in a te  s u r f a c e s  whose fundam ental t e n s o r  i s  g iven by eq u a t io n  ( 3 ,3 c ) ,  
i t  i s  seen to  d i f f e r  from Rjei2. of space on ly  in  t h a t  th e  term

( L 2 1, 3,] C l  2 ,  3.1 “ [2  2 ,  3 ] C  1 1, 3.] ) i s  a b s e n t ,  th e re  be ing  no
t h i r d  d im ension , and t h i s  i s  th e  te rm  on the  r . h . s .  of eq u a t io n  ( 3 .7 a ) .  Thus 
th e  e x p re s s io n  on the  l . h . s .  o f  ( 3 .7 a )  i s  co rre sp o n d in g  to  , and
s i m i l a r l y  th e  e x p re s s io n s  on th e  l . h . s . ' s  o f  (3 .7b ) and (3 .7 c )  a re  th e  non­
zero  components of th e  two c u rv a tu re  t e n s o r s  app ly ing  to  th e  two s e t s  of 
s u r f a c e s  whose fundam enta l t e n s o r s  a r e  r e s p e c t iv e l y  and g %  , , as
d e f in e d  by e q u a t io n s  (3 .3 a )  and (3 .3 b ) .  '

.! I t  i s  c l e a r  t h a t  th e s e  e x p re s s io n s  a re  n o t  n e c e s s a r i l y  z e ro ,  s u r fa c e s  
b e in g ,  in  g e n e r a l ,  n o n -E u c l id ean  sp a c e s .

The Riemannian c u r v a tu r e ,  K, of a s p a c e ,  a s s o c ia te d  w i th  th e  a r b i t r a r y ,  
independen t v e c to r s  and Q'  ̂ , i s  d e f in e d  to be the  i n v a r i a n t

(  9.TK 3jjL P P Q Q

The v a lu e  o f  K a t  a p o in t  i s  u n a l t e r e d  i f  the  two v e c to r s  a re  r e p la c e d  
by any l i n e a r  com bination  ( r e f e r e n c e  6 ,  page 5 6 ) .  S ince  th e r e  a re  only two 
independen t v e c to r s  a t  any p o in t  in  a two d im ensional s p a c e ,  th e  Riemannian 
c u rv a tu re  o f  a s u r f a c e  i s  u n iq u e ly  d e te rm in e d ,  and i s  g iven  by:

K R ïZiZ  -  (3 .8 )

where g i s  th e  d e te rm in a n t  formed from the  components of the  fundam ental 
t e n s o r  of th e  s u r f a c e .

From e q u a t io n  (3 .8 )  i t  i s  e v id e n t  t h a t  the  Riemannian c u rv a tu re  o f  a 
s u r f a c e  i s  an i n t r i n s i c  p ro p e r ty  of th e  s u r f a c e ,  and does n o t  r e ly  on the  
concept of an en v e lo p in g  space .  G e o m e t r ic a l ly ,  the  c u rv a tu re  o f  a s u r f a c e  
i s  r e l a t e d  to  th e  change in  d i r e c t i o n  o f  th e  ta n g e n t  to  th e  s u r f a c e  and th i s  
ta n g e n t  i s  a space v e c t o r :  hence th e  need f o r  an enve lop ing  space .  This
i s  n o t  to say t h a t  th e  Riemannian c u rv a tu re  of a s u r f a c e  has no g e o m e tr ic a l  
s i g n i f i c a n c e .  ■‘̂ t i s  the  same as th e  G aussian  c u rv a tu re  ( r e f e r e n c e  8 , page 
96) and i s  th e  p ro d u c t  o f  th e  two p r i n c i p a l  c u rv a tu re s  o f  th e  s u r f a c e .

In o rd e r  to  develop e x p re s s io n s  f o r  the  p r i n c i p a l  c u rv a tu re s  of a s u r f a c e .
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th e  q u a n t i t i e s  a re  in t r o d u c e d ,  and a r e  d e f in e d  by;

I
DCc(

dyF <

The space c o o r d i n a t e s , . , a re  c o n s id e re d  to  be fu n c t io n s  of th e  s u r f a c e  
c o o r d in a te s ,  x*̂  The xj  ̂ may be r e g a rd e d ,  f o r  a g iven  i ,  as th e  components 
of a c o v a r i a n t  s u r f a c e  v e c t o r ,  and, f o r  a g iven  o(, as th e  components of a 
c o n t r a v a r i a n t  space  v e c t o r .  The te n s o r  d e r iv a t iv e  of x% i s  d e f in e d  to  be:c<

. X.DC (3 .9 )

( r e f e r e n c e  6 ,  pages  67 and 77) .

x ^ .^  i s  a c o n t r a v a r i a n t  space v e c t o r  f o r  any g iven  and ^  , and a
c o v a r ia n t  second o rd e r  t e n s o r  f o r  any g iven  i .  I t  may be shown ( r e fe re n c e
6, page 77) t h a t  each of th e  v e c to r s  x'  ̂ i s  normal to  th e  s u r fa c e  c o n ta in ­
ing  th e  xf̂  , and t h e r e f o r e :

# 4 . -

^  (3 .10)

where i s  th e  u n i t  norm al to  th e  s u r f a c e .  (The m ag n itu d e ,  P ,  o f  th e  
a r b i t r a r y  v e c t o r  P ” i s  d e f in e d  by

p "  =  3 ^ ,  , - - ( 3 . 1 1 )

and th e r e f o r e  a u n i t  v e c to r  T  , s a t i s f i e s  th e  e q u a t io n

S x r l T  =  i  . - ( 3 . 1 2 ) )

E q u a t io n  (3 .10 )  i s  the  d e f in in g  e q u a t io n  f o r  th e  symmetric c o v a r ia n t  
s u r fa c e  te n so r

The norm al c u rv a tu re  o f  th e  s u r f a c e  i n  any d i r e c t i o n  i s  th e  c u rv a tu re  o f  
th e  norm al p la n e  s e c t i o n  of th e  s u r f a c e  in  t h a t  d i r e c t i o n ,  and may be shown 
to  be b,,}̂  ti- ( r e f e r e n c e  6, page 80) where t “̂  i s  th e  u n i t  s u r fa c e  v e c to r  
in  the  g iven  d i r e c t i o n .  The q u a n t i t y  t-*̂  p o s s e s s e s  two extrem a c o r r e s ­
ponding to  th e  p r i n c i p a l  d i r e c t i o n s  de term ined  by th e  t e n s o r  bjŷ »̂ , and th e se  
a re  th e  p r i n c i p a l  c u rv a tu re s  o f  the  s u r f a c e .  A l i n e  which i s  à d i r e c t i o n  of 
p r i n c i p a l  c u rv a tu re  a t  a l l  i t s  p o in t s  i s  c a l l e d  a l i n e  of c u rv a tu re .  There
i s  a r e l a t i o n  between th e  c u rv a tu re  t e n s o r  and the t e n s o r  bg /̂  ̂ , v i z :
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w hich , in  two d im en s io n s ,  red u ces  to  th e  s in g le  e q u a t io n :

R  icirz ^  ^11 C h i z ' )  " b> -  (3 .1 3 )

where b i s  the  d e te rm in a n t  o f  b S ince  Rizi2, / g  i s  i n v a r i a n t ,  so a lso  i s
b / g ,  b e in g  th e  p ro d u c t  of th e  two p r i n c i p a l  c u rv a tu re s  of th e  s u r f a c e .
E quation  (3 .13) i s  th e  e q u a t io n  of Gauss ( r e f e r e n c e  6 ,  page 79),  ^

( In  th r e e  d im ens iona l  d i f f e r e n t i a l  geom etry , the  components o f  the  t e n s o r  
bo(/, , when the  space  c o o rd in a te s  a re  r e c t a n g u la r  C a r t e s i a n ,  a re  c a l l e d  th e  
second o rd e r  m agnitudes of th e  s u r f a c e .  The components of the  fundam ental 
t e n s o r  a re  c a l l e d  th e  f i r s t  o rd e r  m agn itudes .  The f i r s t  o rd e r  m agnitudes 
in v o lv e  only  th e  m e t r i c  p r o p e r t i e s  of the s u r fa c e  i t s e l f ,  w hereas th e  second 
o rd e r  m agnitudes depend a l s o  on th e  m e t r ic  p r o p e r t i e s  of th e  enve lop ing  space 
( r e f e r e n c e  9 ,  pages 5 1 -6 3 ) ,  The s i g n i f i c a n c e  of th e  Gauss e q u a t io n  i s  t h a t  th e  
p roduc t of th e  two p r i n c i p a l  c u r v a t u r e s , which in d i v id u a l ly  depend on th e  
second o rd e r  m ag n itu d es ,  i s  g iv en  in  terms of th e  f i r s t  o rd e r  m agnitudes 
o n ly . )

C onsider now th e  , x^ c o o rd in a te  s u r f a c e s .  I f  th e  space c o o rd in a te s  
a re  chosen to  b e , x '  , x ^  , x^  and th e  s u r f a c e  c o o rd in a te s  to  be x'^ , x^  ,
th e  q u a n t i t i e s  x^ 
t a b l e  2;

a r e  s im ply TRe x^ a r e . from e q u a t io n  (3 .9 )  and

i
3C.2J3 - 0

{
=  -

1
- c m

3C2-3 = 0 Z
2 ■“ 0 0

3 0 2
-  0 ^ ( 3;  3 ~ 0

The u n i t  norm al to  any s u r f a c e  i s  th e  u n i t  v e c t o r  along the  x* c o o rd in a te  
d i r e c t i o n ,  w h ich , u s in g  e q u a t io n  ( 3 .1 1 ) ,  i s  g iv en  by :

and s o ,  from e q u a t io n  (3 .10)

,Ci)
A  ô i '

O
-  (3 .1 4 a )

The f a c t  t h a t  b^^ i s  in  d ia g o n a l  form means t h a t  th e  c o o rd in a te  d i r e c t i o n s  
a re  d i r e c t i o n s  of p r i n c i p a l  c u rv a tu r e .  The u n i t  v e c to r s  in  th e  two c o o rd in ­
a te  d i r e c t i o n s  a re  (1 /B , 0) and (0 ,1 /C ) and th e r e f o r e  the  m agnitudes o f  the
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two p r i n c i p a l  c u rv a tu re s  a re  "-(l/AB)c>B/<)x'and -(l/AC)'bC/dx. The g e o m e tr ic a l  
s i g n i f i c a n c e  of e q u a t io n s  ( 3 .7 a ) ,  (3 .7 b )  and (3 .7c )  i s  now a p p a re n t ;  they are  
the  Gauss eq u a t io n s  f o r  th e  th r e e  s e t s  o f  c o o rd in a te  s u r f a c e s .

aand b^^aiiu , co rre sp o n d in g  to  th e  s e t s  of s u r f a c e s  d e f in e d  by th e  p a i r s
of space c o o rd in a te s  x'^ , x* and x '  , x^  r e s p e c t i v e l y ,  a re  s i m i l a r l y  d ia g o n a l
rn  rorm:

(3)

-  C 9C 0
= — a  bA -  (3 .14b)

. 0 S  c).x .̂

-• A ôfl 0
C 'ÙX? -  (3 .14c )

_ 0 C

The space c o o rd in a te  curves form an a r b i t r a r y  o r th o g o n a l  network i n  s p a c e ,  
and th e r e f o r e  th e  above a n a l y s i s  shows t h a t  in  any such sys tem , th e  c o o rd in a te  
curves a re  l i n e s  of c u rv a tu r e  of th e  c o o rd in a te  s u r f a c e s .  The im portance  of 
t h i s  r e s u l t  in  th e  c o n te x t  o f  what fo l lo w s  i s  t h a t  in  c o n c e n t r a t in g  a t t e n t i o n  
on one p a r t i c u l a r  c o o rd in a te  s u r f a c e  i t  must be remembered t h a t  th e  two s e t s  
of space c o o rd in a te  curves which l i e  on the s u r fa c e  do n o t  form an a r b i t r a r y  
system  of s u r fa c e  c o o r d in a te s ,  b u t  th e  p a r t i c u l a r  system  in  which th e  c o o rd in ­
a te  curves a re  l i n e s  of c u rv a tu r e .

The l a t t e r  t h r e e  of th e  s e t  of e q u a t io n s  ( 3 . 7 ) ,  j u s t  as th e  f i r s t  t h r e e ,  
r e p r e s e n t  s p e c i f i c  p r o p e r t i e s  of the  s e t s  o f  c o o rd in a te  s u r f a c e s .  The s u r f a c e  
t e n s o r  b^^ may be shown ( r e f e r e n c e  6 , page 79) to  s a t i s f y  th e  fo l lo w in g  te n s o r  
e q u a t io n  :

k o
which g ives  r i s e  to  o n ly  two independen t e q u a t io n s ,  v i z :

b

L>

IK 2.

22,

0

O

-  (3 .1 5 a )

-  (3 .15b)

E qua tions  (3 .15) a re  th e  Codazzi e q u a t io n s ,  
which b^^ i s  g iven  by e q u a t io n  (3 .1 4 a ) .

bfo
; . .(1)

i)
U '

ro

I z )

C onsider th e  s e t  o f  s u r f a c e s  f o r  

/  (,)
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(The s t r u c t u r e  of th e  c o v a r ia n t  d e r i v a t i v e  i s  g iven  in  r e f e r e n c e  6 , c h a p te r  
3 . )  The s u r f a c e  c o o rd in a te s  x* and x^  a r e ,  in  t h i s  c a s e ,  the  same as the  
space c o o rd in a te s  x^  and x'^ r e s p e c t i v e l y ,  and so t h e  above eq u a t io n  becomes, 
u s in g  t a b l e  2 :

1 )  1̂”  '

1 I \  /I  >
k o

c 'K

a d x '

6)

s i m i l a r l y  ;

, 0) _

C)%'

=  -  J 3  à §  A  h Ç  .4. ±  à S  J  M
f \  'b-yJ 8  &jc'^ P) Ô-X,'

E qua tion  (3 .15a )  may be w r i t t e n :

A ()E) ■+ _ S  h i  =  O
l ) x } \  F S b x ' )  f \ b x } ' b x }  n C c ) - x ^ ^ a '

which i s  the  same as (3 .7 d ) ,  In t h i s  f a s h io i i ,  a l l  th e  e q u a t io n s  of th e  type 
(3 .15) co rresp o n d in g  to  each of th e  te n s o r s  , b ^  and can be
shown to  be i d e n t i c a l  to  one of th e  th r e e  eq u a t io n s  ( 3 . 7 d ) , (3 .7e )  or ( 3 . 7 f ) .

I t  has th u s  been proved t h a t  f o r  any o r th o g o n a l  ne tw ork  of c o o rd in a te  
curves  in  E u c l id ea n  t h r e e  d im en s io n a l  s p a c e ,  th e  c o n d i t io n  t h a t  the  c u rv a tu re
te n s o r  be th e  ze ro  t e n s o r  i s  e q u iv a le n t  to  th e  c o n d i t io n  t h a t  a l l  th e  c o o rd in ­
a te  s u r f a c e s  s a t i s f y  th e  Gauss-Godazzi e q u a t io n s .

S t r a in  in  O rthogona l C u r v i l in e a r  C oord ina tes

The s t r a i n  t e n s o r ,  eij , i s  g iven  in  terms of th e  d is p la c e m e n t  v e c t o r ,  uj 
by e q u a t io n  ( 2 , 7 ) .  Taking eq as an example, and expanding  th e  c o v a r ia n t  
d e r i v a t i v e  g iv e s  th e  fo l lo w in g :

^11 ~  K | ; l  ■' ^
c)x' Cl 1) 0  0  ■ () 0

^  ^ ktj 4. ^ A  u?„ 4- A  d *9
boo' A "ô-x' S ^ 'd x '’*

E x p ress io n s  f o r  th e  o th e r  f i v e  independen t components o f  th e  s t r a i n  t e n s o r
may be d e r iv e d  in  th e  above f a s h io n .  Thus:
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1̂1 g ,  ...|̂  A. "èB  ~h Û  ' k û  -  (3 .16a)
l ) : c '  /A 3 ) c '  (ST- 0 : ^  C "  %:%"

“  ]dUjL -»* -k ..B ^ J 3  -h ^  b_6 . X , -  (3 .16b)
B Ô C bx? bx'

i

-  " d U 3 —. ) b C  .^_C b C  a ,  -f. C^ u .^  -  (3. 16c)
b  C b x ^  b x  2)"*“ d x ^

S | 2  ^  JL TA & ' — — -1. (-̂ '1 -  i ^ S .  U.2. -  (3 .16d)
Sll/ÜZL' 5 :1 ' /  a x '  ES 1536'

gz% =  -1  _  b u A  __ _ 1  j a i l  ti% -  _1 !&(: 11,  -  (3 .16e)
.2 \()3L3 a k x i /  6  5 : x ?  ( :  ( 5 _ t '

^ 3) ^ —L f bk&3 .— 'bidA V.™. B-  ̂,C u.̂  — L b Vi
^  Vdx‘ b x V  C d x ‘ A b x 3 '

(3 .16 f)

The components of a t e n s o r ,  when transfo rm ed  from a C a r te s i a n  system to  
an o th e r  r e f e r e n c e  system  may lo s e  t h e i r  p h y s ic a l  s ig n i f i c a n c e  and dim ension­
a l i t y  ( r e f e r e n c e  6 ,  page 102). To o b ta in  th e  p h y s ic a l  com ponents.of s t r a i n  
and, d is p la c e m e n t ,  i t ,  i s  n e c e s s a ry  to  tra n s fo rm  th e  q u a n t i t i e s  e ij and
u(̂ % , where V and a re  th e  u n i t  c o n t r a v a r i a n t  v e c to r s  in  th e  d i r e c t i o n s
of th e  X*' and x** c o o rd in a te  curves r e s p e c t iv e l y .  From e q u a t io n  (3 .1 1 ) :

I -  : YtJ  -  ^

/  9kk / s k h

T h e re fo re ,  deno t in g  th e  p h y s i c a l  s t r a i n s  by g r  and the  p h y s i c a l  d i s p la c e ­
ment v e c t o r  by (u ,  v ,  w ) :

p ; '  ^  p "
J    (no summation) -  (3 .17)

iij' / g î t  94

^  ~ - h '  < ’• w  -  _ u a  _ (3 ig )
p \ ■ B C



27

S u b s t i t u t i n g  in  e q u a t io n s  (3 .1 6 ) :

n

33

d b U  r V 4- W  à  A -  (3 .19a)
A  b x ' A C  b x ^  '

W 4- iA b _ B -  (3 .19b)
B C b B A  b  x '

1
C

.JUL. b e _k V b e -  (3 .19c)
C A b x (: 6  b:%^

1
2

B  Ô.. 1
A  b x

.-k j 3  a  ( j à ' \
B  b x  \F \  /

-  (3 .19d)

23
2

Ç ,  1 .  7 w '  
B

J 2 .  3  / V
C  i L i

Û -i. i l  fw
. C  3 x  \ f t /  b x ' l C

(3 .19e)

-  (3 .1 9 f)

In  o b ta in in g  th e  s u r f a c e  s t r a i n s ,  i t  i s  n o t  s u f f i c i e n t  m ere ly  to  c o n s id e r  
th e  two d im en s io n a l  form o f  e q u a t io n  ( 2 .7 ) ,  s in c e  t h i s  g iv e s  the  s t r a i n s  as  
fu n c t io n s  of a two d im ensiona l s u r f a c e  d isp la cem e n t v e c t o r ,  whereas th e  a c tu a l  
d isp lacem en t v e c t o r  may be a th r e e  d im ens iona l space v e c t o r .  The d is a d v a n t­
age of e q u a t io n s  (3 .19 )  as th e y  s ta n d  i s  t h a t  they a re  v a l i d  only f o r  c o o rd in ­
a te  curves on a s u r f a c e  which a re  l i n e s  o f  c u rv a tu re .  However they  may be 
g e n e r a l i s e d  as fo llo w s

Take as an example th e  x^‘ , x^ c o o rd in a te  s u r f a c e s ,  f o r  which th e  r e l e v a n t  
eq u a t io n s  a re  (3 .1 9 b ) ,  (3 .19c ) and (3 .1 9 e ) .  The d isp la cem e n t  normal to  th e
s u r f a c e s  only  appears  in  the  e q u a t io n s  f o r  th e  d i r e c t  s t r a i n s ,  and r e f e r e n c e  
to  eq u a t io n  (3 .14a)  shows t h a t  they  may be w r i t t e n :

_ L  b y  •+ w  3 6  
B  D a k  6 C

X
+ - Y .  b C  

■ B e

- Ü  b i ,
S ’-

, 0 )

-  (3 .20a)

(3.20b)
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and s in c e  b l  i s  z e ro ,  (3 .1 9 e )  can be r e - w r i t t e n :

e. c .  2>. { Y z V  +  J 3 .  h .  f Y  
B D x A c ;  C  b x H B

I®
JJL b , , ,  (3 .20c )
B C

(The space  s t r a i n s  5^% ? E33 and
e S-%% and ëi-2, r e s p e c t i v e l y ) .

%become, on th e  x , x  s u r f a c e s .

Now u ,  th e  p h y s i c a l  d isp la cem e n t norm al to  th e  x , x s u r f a c e s  i s  an
i n v a r i a n t  w . r . t .  s u r f a c e  c o o rd in a te  t r a n s f o r m a t io n s .  D enoting  th e  norm al
d isp la cem e n t to  any s u r f a c e  by u^^ , i t  i s  e v id e n t ,  from e q u a t io n s  (3 .16)
and (3 .20) t h a t  th e  s u r f a c e  s t r a i n s  a re  g iven  by:

(n) I 
a  Dotyg (3 .21)

The s e t  of q u a n t i t i e s  must be a t e n s o r  because  each o f  th e  p ro d u c ts  
U I f  , where i s  an a r b i t r a r y  c o n t r a v a r i a n t  s u r f a c e  vector^, i s  an 

i n v a r i a n t ,  b e in g  th e  same as eij  I*" V , where th e  space  v e c to r  t  has th e  
same m agnitude and d i r e c t i o n  as th e  s u r f a c e  v e c to r  V , (This i s  an a p p l i ­
c a t io n  of th e  q u o t i e n t  law in  a form which i s  v a l id  f o r  a d o u b ly - s u b s c r ip te d  
s e t  of q u a n t i t i e s ,  sym m etr ica l in  i t s  s u b s c r i p t s ,  as i s :  see r e f e r e n c e
6, page 13 .)  The r . h . s .  of e q u a t io n  (3 .21 )  i s  e v id e n t ly  in  t e n s o r  form and 
th e r e f o r e  th e  e q u a t io n  i s  a t e n s o r  e q u a t io n .  I t  i s  v a l i d  f o r  a l l  su r fa c e s  
and a l l  c o o rd in a te  system s. In  p a r t i c u l a r  f o r  a g e n e ra l  o r th o g o n a l  c o o rd in ­
a te  system , th e  p h y s i c a l  s t r a i n s  a re  g iven  by;

n V b  A  
A B

30) a
(h)

-  (3 .22a)

£ è y 4" ĉ -13 — Sc?) Ü
A B  b

(a)
(3 .22b)

^(3.)Ul (3. 22c)

where th e  p h y s i c a l  ( s u r f a c e )  d isp lacem en t v e c t o r  i s  (u ,  v ) , th e  fundam ental 
te n s o r  i s  g iven  by e q u a t io n  ( 3 .3 c ) ,  ŝ ;j and s ^  a re  th e  normal c u rv a tu re s  of 
the  s u r f a c e  in  th e  c o o rd in a te  d i r e c t i o n s ,  and s^^j i s  b ,2. /AB. The eq u a t io n s
f o r  a p la n e  s u r f a c e  a re  o b ta in e d  by p u t t i n g  s o ■ca’) and S(%) eq u a l  to  ze ro .
They a re  i d e n t i c a l  to  th e  eq u a t io n s  o b ta in e d  by expanding th e  two d im ens iona l  
form of e q u a t io n  ( 2 .7 ) .
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SPACE CHRISTOFFEL 
SYMBOL

SURFACE CHRISTOFFEL 
SYMBOL

C l  i . i ] C 1 1 . 1 ] AhA/c)x*

r. 1 1 . 2] 1 1 1 .2 ] ‘ -A^A/ôx-'-

C 1 2 .1 ] [  1 2 , 1 ] ADA/dx^

[  2 1 ,1 ] C 2 1 . 1] x^
SURFACE

CONTAINING [  1 2 ,2 ] L 1 2 , 2J B(]B/ax'
SPACE

COORDINATES [  2 2 .1 ] [  2 2 . 1 ] -BÔB/ôx‘
5 x ^

[ 2  1 .2 ] C 2 1 . 2 ] BbB/c)x'
■

1 >  2 .2 ] [  2 2 . 2] B)B/Ôx^

[  1 l . l ] . [  3 1 . 1] AÎ)A/Dx‘

I  1 1 .3 ] [  1 1 .2 ] -AÎ'A/Sx^

[• 1 3 . 1 ] 1: 1 2 , 1] Ac)A/ô x'^

[  3 l . l ] C 2 1 . 1 ] jÙ>A/à x^
SURFACE

CONTAINING C 1 3 . 3 ] C 1 2 . 2 ] Ci)C^x*
SPACE

COORDINATES C 3 3 , l ] C 2 2 , 1] -C&C/c>x'
x '  x ^

1- 3 1 , 3] C 2 1 , 2] C^C/ôx'

[ 3  3 . 3 ] L 2 2 , 2] CclC>0x^

TABLE 1

CHRISTOFFEL SYMBOLS OF THE FIRST KIND
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SPACE CHRISTOFFEL 
SYMBOL

SURFACE CHRISTOFFEL 
SYMBOL

[ 2  2 , 2 ] b i ] BhB/àx^

[ 2  2 , 3 ] [1 1.2] -BZ)B/&x3

[ 2  3 . 2 ] 1: 1 2 , 1] BaB/0x3

[ 3  2, 2] [2 1, 1] Bc)B/ôx^
SURFACE

CONTAINING [ 2  3, 3] [ 1 2 , 2] CÙC/bx'
SPACE —1

COORDINATES [ 2  2, 3] [2  2, 1] -C&C/àx^
x^

[ 3  2, 3] [2  1,2] CÔC/Dx'^

[ 3  3, 3] [2  2. 2] Ce) C/à X?

[ l  2 . 3] * 0

[ 3  1. 2] 0

[ 2  3, 1] 0

[  1 3, 2] 0

[ 2 1 . 3] 0

[ 3  2, 1] 0J- U

TABLE 1 CONT'D

CHRISTOFFEL SYMBOLS OF THE FIRST KIND
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SPACE CHRISTOFFEL 
SYMBOL

SURFACE CHRISTOFFEL 
SYMBOL

SURFACE
CONTAINING

SPACE
COORDINATES

x'^

1 OA 
A àx"^

TABLE 2

CHRISTOFFEL SYMBOLS OF THE SECOND KIND
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SPACE CHRISTOFFEL 
SYMBOL

SURFACE CHRISTOFFEL 
SYMBOL

SURFACE
CONTAINING

SPACE
COORDINATES

X * x ^

I']
1

I  3

V'i

■2 .1

Vi

A bx '

i  bÈ
A ^ x 3

A b x 3

■A M  
C^bx^

•c he

c b x '  

1
C bx '

i b c
C 0x3

TABLE 2 CONT'D

CHRISTOFFEL SYMBOLS OF TIE SECOND KIND
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SURFACE CHRISTOFFEL 
SYMBOL

FACE CHRISTOFFEL 
SYMBOL

i  M
B '

SURFACE
CONTAINING

SPACE
COORDINATES

I  ^  
C c>x

c

TABLE 2 CONT'D

CHRISTOFFEL SYMBOLS OF THE SECOND KIND
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SPACE CHRISTOFFEL 
SYMBOL

[ 2*3^

[A]
i'i

SURFACE CHRISTOFFEL 
SYMBOL

TABLE 2 CONT'D

CHRISTOFFEL SYPffiOLS OF THE SECOND KIND
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C H A P T E R  4

LAYOUT NETWORKS FOR OPTIMUM 
FRAMEWORKS

The la y o u t  l i n e s  f o r  optimum frameworks are  l i n e s  o f  c o n s ta n t  p r i n c i p a l  
s t r a i n  £ in  a com pa tib le  defo rm a tio n  of space . A d e fo rm a tio n  in  which 
the  p r i n c i p a l  s t r a i n s  a r e  a l l  of th e  same m agnitude and a l s o  a l l  of th e  same 
s ig n  le a d s  to  frameworks whose members a re  e i t h e r  a l l  i n  te n s io n  or a l l  in  
com pression , w i th  no r e s t r i c t i o n  on la y o u t .  Optimum frameworks c o n ta in in g  
b o th  te n s io n  and com pression  members d e r iv e  from d e fo rm a tio n s  c o n s i s t i n g  of 
p o s i t i v e  and n e g a t iv e  p r i n c i p a l  s t r a i n s  and th e r e  a re  t h e r e f o r e  c e r t a i n  con­
d i t i o n s  of o r th o g o n a l i t y  to  be s a t i s f i e d .

G lobal Optima

The v i r t u a l  d e fo rm a tio n  a p p r o p r ia te  t o  a framework which i s  a g lo b a l  
optimum must be com patib le  over th e  whole of 3 -d im e n s io n a l  sp ace .  L ines of 
p r i n c i p a l  s t r a i n  may be used as a system  of o r th o g o n a l  c o o rd in a te  c u rv e s ,  
r e f e r r e d  to  which th e  s t r a i n  t e n s o r  may be w r i t t e n  in  th e  form:

O
O

O

e B '

O

O

O
p.C

-  (4 .1 )

where £ | |  i s  a f u n c t io n  of x* , x̂ * and x and £ i s  a c o n s ta n t  ( p o s i t i v e  o r  
n e g a t iv e ) .  En and g a r e  th e  v a lu e s  o f  th e  p h y s i c a l  s t r a i n s .  For frame­
works whose members a re  c o n f in e d  to  a s i n g l e  s u r f a c e ,  or fam ily  of n o n - i n t e r ­
s e c t i n g  s u r f a c e s ,  th e s e  s u r f a c e s  may be used as x^ , c o o rd in a te  s u r f a c e s
and th e  c o n d i t io n  on gjj i s  ;

s n £ (4 .2 )

I f  th e  members a re  n o t  so c o n f in e d ,  th e  e q u a l i t y  m ust be s a t i s f i e d .  In  
t h i s  case  th e re  i s  one s e t  o f  c o o rd in a te  s u r f a c e s  on which th e  p r i n c i p a l  s t r a i n s  
a re  the  same in  m agnitude and s ig n ,  and on such s u r f a c e s  framework members 
need n o t  be c o n s t r a in e d  to  l i e  a long  the  (o r th o g o n a l )  c o o rd in a te  c u rv e s ,  b u t  
may ta k e  up any d i r e c t i o n  on a s u r f a c e .

The te n s o r  e] must be of th e  form d e f in e d  by e q u a t io n  ( 2 .7 ) .  In  t h i s  
e q u a t io n  th e  components o f  the  v e c t o r  u{ a re  s in g l e - v a lu e d  fu n c t io n s  of the  
c o o rd in a te s  and th e r e f o r e  u[  ̂ , th e  v a lu e  o f  u{ a t  th e  p o in t  P(j.) whose coordin-

i s  r e l a t e d  to  u^ , th e  v a lu e  o f  U| a t  th e  p o i n t  w ith  
, by th e  e x p re s s io n ;

a )  0)

a te s  a re  x^.g ^
c o o rd in a te s  x ,\ Ù)

a;
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where th e  i n t e g r a l  i s  taken  along any con tinuous curve jo in g  and
Choosing r e c t a n g u la r  C a r t e s i a n  c o o r d in a te s ,  so t h a t  c o v a r i a n t  d e r iv a t iv e s  a re  
simply p a r t i a l  d e r i v a t i v e s ,  the  above may be w r i t t e n ;

ft) (■') j
a j  =» U i  +  U i . j  o h  ■ -  (4 .3 )

10

(Equation  (4 .3 )  i s  n o t  a t e n s o r  e q u a t io n ,  b u t  th e  t e n s o r  n o t a t i o n  and 
summation conven tion  a re  r e t a in e d  f o r  convenience in  w r i t i n g ) .  The e x p re s s -  * 
ion  under th e  i n t e g r a l  s ig n  may be reduced  to  one c o n ta in in g  only the  components 
of ey  and t h e i r  d e r i v a t i v e s  by th e  fo l lo w in g  p r o c e s s .  Prom e q u a t io n  ( 2 .7 ) ;

U i j j  =  e y  +  ^  ( U i j  - U j , j )

&) CO r’̂ ' '
u i  =  u t  +  i j  ( u ( , j  -  u j , 0

% '0

CO 
U

I n t e g r a t i n g  by p a r t s :

u . ®  =  u .“  +  J  eij d x ^  +

' ® % 'p(„

=  ( x %  ~ X q, ) ( u 'i ^ i -  o f]h )

% )

Now

'z (ui,jl - aj,cl) - (^L^l + ~ ŸCuj/d +

~ zCut^ij  +  f -U jtj)  “  i ' ( a j , u  +  U i^ j i)

^JtjL  (us ing  (2 .7 ) )

T h e re fo re

u - f  «  . %  T  4 ! o  f / U a c i . d
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and so :

where U l l  -  e i [  f  -  ^ j l / t )

Since  th e  v a lu e  o f  û [̂  must be indep en d en t of th e  p a th  j o i n in g  P(J) , to  
P^) , U ^  dx^ must be a p e r f e c t  d i f f e r e n t i a l  i . e .

L X i l^ h

(r

L % , k  -  C « y j  -  % 0  “  e v M  t
* t

+ Cdcw - x '')(ehJk -  Sjl/ik -  g&Al + gjkpl) = O

The e x p re s s io n  in  sq u are  b r a c k e ts  i s  i d e n t i c a l l y  z e ro ,  and s in c e  th e  
e q u a t io n  must be t r u e  f o r  any -  x^ ) :  '

« tU jk  •>- =  O  -  (4 .4 )

E q u a t io n  (4 .4 )  was d e r iv e d  u s in g  a C a r t e s i a n  c o o rd in a te  system . However
i t  i s  in  t e n s o r  form and i s  t h e r e f o r e  v a l i d  in  any c o o rd in a te  system , the 
p a r t i a l  d e r iv a t i v e s  be ing  r e p la c e d  by c o v a r i a n t  d e r i v a t i v e s .  The only l i m i t ­
a t io n  of th e  d e r iv a t i o n  (due to  S o k o ln ik o f f  -  r e f e r e n c e  Î0) i s  th a t  i t  i s  v a l id  
only in  spaces which admit of a C a r te s ia n  c o o rd in a te  system  i . e .  E uc l idean  
s p aces .  I f  e j j  i s  a s t r a i n  t e n s o r ,  then  e q u a t io n  (4 .4 )  i s  th e  c o m p a t ib i l i t y  
c o n d i t io n  f o r  sm a l l  s t r a i n s .  However, w h ile  th e  p h y s ic a l  id e a s  of s t r a i n  and 
c o m p a t ib i l i t y  of s t r a i n  a re  only r e p r e s e n te d  ap p ro x im ate ly  by the  e q u a t io n s
(2 .7 )  and ( 4 .4 ) ,  i t  i s  em phasised t h a t  the  m a th em a tic a l  d e r iv a t i o n  of (4 .4 )  
from ( 2 .7 ) c o n ta in s  no ap p ro x im a tio n s :  (4 .4 )  r e p r e s e n t s  th e  s u f f i c i e n t  c o n d i t io n
t h a t  an a r b i t r a r y  t e n s o r  f i e l d  e{j can be ex p ressed  in  terms of a v e c t o r  f i e l d  
uj in  th e  form g iven  by ( 2 .7 ) .  The n e c e s s i t y  of the  c o n d i t io n  i s  e a s i l y  shown 
by s u b s t i t u t i n g  from (2 .7 )  i n t o  ( 4 . 4 ) ,  th e  l a t t e r  b e ing  i d e n t i c a l l y  s a t i s f i e d .

Due to  th e  symmetry of th e  p a i r s  of in d ic e s  i1, and j k ,  e q u a t io n  (4 .4 )  p ro ­
v id e s  only s i x  in d e p en d en t e q u a t io n s :

Z'l 2  Q-iz^iz -  0 -  ( 4 .5 a )

2  €. 13 J 13 ^  0 -  ( 4 ,5 b )

^  22. ; 3̂ - -  0 -  ( 4 .5 c )

^ 33 ; 17 ' 3.3 ^  £ 3 ?. 32  - ^ 3 2 ;  31 =  0 -  ( 4 ,5 d )

%3 ■“b €  :  N ^  /%) 0 £  12 0 -  ( 4 .5 e )
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22 ; M l )ZZ 23 O -  (A .5f)

They may be expanded as fo l lo w s .  The g e n e ra l  term  in  th e  eq u a t io n s  i s  
g iven  by;

> U  u i )

rn- 'j
< -  (4.G)
. k l )

Thus i t  i s  n e c e s s a ry  to  form a l l  the  f i r s t  o rd e r  c o v a r i a n t  d e r i v a t i v e s ,  
which may be done u s in g  th e  r e l a t i o n :

and so

b  X*
(̂ 21 \

(us ing  e q u a t io n  (4 .1 )  and T ab le  2)

-  ' à  g i i
b  X *

e , |
(  i i 3 4 q 0 ^ (9

The o th e r  f i r s t  o rd e r  c o v a r i a n t  d e r i v a t i v e s  a r e  s i m i l a r l y  c a l c u l a t e d  and 
a re  l i s t e d  in  Table  3. from e q u a t io n  (4 .6 )  and Tables  2 and 3;

2

(1 a )  Qzz) (2.2 ) Czy

- Z M  ( Ÿ M ai -  2 .2 e  6 . M  ( S i r  t )
3x7' V ô.x‘/ A ôx  ̂ 6 3-x' 3x'

A ^ c > e i i  - 2  3 8  / - f l i ' i  - i-  B  3 6
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.4. -»..â3,bJ3 bêii 13(1̂36 "dèu 2fô)3 ]g/̂ 2  2fdB^t
'ày^dx^ bx’&Dc' 13 dx'ôx"̂  bx̂ bx̂  \5x7 bx%

s i m i l a r l y  : 

C Z1.J u ) e ,i
V 3 x V

l Y ’
KdxV

2 / ' m Y e

^ IZplQ, B c ) 6  b £ i t / 9  S A b s  
b.x* b  X  b x ^  b x "

"“i” ' M l  f 2 s )  :  f l M  -+i3'>fl ^  
, 3 x 7  k W  3 x 2 1  B 3 ? 5 x "

E, i

A B 3 A  3 R  

C '^  3 x 2 %
e, " 3 A Ÿ -  / 2 G Y ~  +  A  ô A  M  +  d S  M  c)B

, W  V3. I )  ^  B  C '
£

S u b s t i t u t i n g  i n  ( 4 . 5 a ) :

A % Y fiL  +  3 " ' M i'  f Z  è B
à x d x ' '

i ^ V + - M i ' f J 3 â  S B '  
B 3 x V  ô x Y c3  3 % \

M i l  B 3 B  4 . 2 R B e > i  
à x '  d x '

A  f J ^ A Q . ' )  +  ' S â  S B  
3 > x ^ V B 3 x /  c  ô x

2 A 6  £ A  s a !  -  1 .  à â  3 6 .
c)x̂ \6 2>xV 3x̂  3 X'

O (4 .7 a )

The r e m a in i n g  f i v e  of  e q u a t i o n s  ( 4 . 5 )  may be  expanded  i n  t h e  above f a s h i o n  
t o  g i v e :

■O ^n â__£iJ 
b x ô x

( 2  M  .4.  b c '
i A  Ik (2 b x  /  b  \  B   ̂ b x \

b  Bn C 2 > C  -4-. 2 / ^ C  En
b x '  b x ' 2 (ï “>) ■*’ Z l û Z i

4  2 A C £ A  ( 1 .  S i l l  -  2  3 5  s c
, 3 x ^  VC 3  X  V 6 ^ 3 % ?  0 -% l

Q  -  (4 .7b )

4 , ' / S B S C _  s ■2 . 3  (1[ . 3 . 6 . 1 .4 A .  M h e
. .Â " S x ' . . S 2 \ C è x V f)^ h A

O  - (4 .7 c )

h  C  c) 8 ,1

Ô 3 c '  d  ^

O -  (4 .7d)
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f \ ^  Y  g,
ô -x  d x

3
f ]  d F ) f i ^  , 3 6 _  

B  ô x "
ô  6

d  3 C

M i l , - r O (4 .7e )

A @  M
b x ‘ 2>cc

O  -  (4 .7 f )

where e q u a t io n s  ( 4 .7 d ) ,  (4 .7 e )  and ( 4 .7 f )  have been s i m p l i f i e d  u s in g  e q u a t io n s  
( 3 .7 e ) ,  (3 .7 f )  and (3 .7d )  r e s p e c t i v e l y .

R e s t r i c t e d  Optima

The c o n d i t io n s  e x p re s se d  by eq u a t io n s  (4 .2 )  and (4 .1 )  a r e  to  be s a t i s f i e d  
by th e  la y o u t  curves  o f  frameworks which a re  g lo b a l  o p tim a .  The n a tu re  of 
th e  r e s t r i c t i o n s  on th e  la y o u t  curves  of frameworks w hich a re  th e  b e s t  on ly  o f  
th o se  whose members a re  c o n s t r a in e d  to  l i e  on a g iven  s u r f a c e  i s  d i f f e r e n t ,  
th e  rea so n  b e in g  t h a t  s u r f a c e  s t r a i n s ,  , d e f in e d  as  in  e q u a t io n  (3 .21) in  
term s of a th r e e  d im en s io n a l  d is p la c e m e n t ,  a re  n o t  in  g e n e r a l  r e q u i r e d  to  
s a t i s f y  any c o m p a t ib i l i t y  c o n d i t io n s :  th e  components of th e  s t r a i n  t e n s o r  may
be s p e c i f i e d  as a r b i t r a r y  f u n c t io n s  of th e  s u r f a c e  c o o rd in a te s  and th e  r e s u l t  
i s  always a com patib le  d e fo rm a t io n ,  p ro v id ed  th e  t e n s o r  i s  n o t  th e  ze ro
te n s o r  i . e .  th e  s u r f a c e  i s  n o t  p la n e .  This may be p ro v ed  as fo l lo w s .

From e q u a t io n  ( 3 .2 1 ) :

' f
(4 .8 )

wnere -  (4 .9 )

Now has th e  same form as ey  , and the  p o s s i b i l i t y  p r e s e n t s  i t s e l f  of 
e l im in a t in g  e'c^  ̂ from (4 .8 )  u s in g  the  two d im en s io n a l  form  o f e q u a t io n  (4 .4 )
1. e.

- Û (4.10)

E quation (4 .1 0 )  i s  i n d e n t i c a l l y  s a t i s f i e d ,  in  E u c l id e a n  sp ace ,  by e x p re s s ­
ions  of th e  type  d e f in e d  by ( 4 .9 ) .  However a curved  s u r f a c e  i s  n o t  a E uc lidean  
sp ace ;  th e  c u rv a tu re  t e n s o r  i s  n o n -z e ro ,  which means t h a t  c o v a r ia n t  d i f f e r e n ­
t i a t i o n  i s  n o t  commutative ( r e f e r e n c e  6 ,  page 51) e . g .  i s  n^ot th e  same as

arid th e r e f o r e  (4 .10 )  i s  n o t  i d e n t i c a l l y  s a t i s f i e d  by th e  eoi/5 • This
d i f f i c u l t y  may be overcome by c o n c e n t r a t in g  a t t e n t i o n  on a. p a r t i c u l a r  p o i n t  on 
the  s u r fa c e  and making i t  th e  o r ig in  of a Riemannian c o o rd in a te  system  ( r e f e r e n c e  
8 , pages  5 9 -6 2 ) .  At t h i s  p o in t  c o v a r i a n t  d e r i v a t i v e s  become p a r t i a l  d e r i v a t i v e s ,  
a l l  th e  C h r i s t o f f e l  symbols b e in g  z e ro ,  and th e r e f o r e  e q u a t io n  (4 .10 )  i s  s a t i s f i e d
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by t h e . I n  two dim ensions (4 .10) g iv es  on ly  one independen t e q u a t io n ;

ly 2  £  rz ■”  O  -  (4 .11)

Thus, from ( 4 . 8 ) ,  (4 .9 )  and (4 .1 1 ) :

b x  ^ 2 ) 0 c 'd x \  /

E qua tion  (4 .12a)  i s  a d i f f e r e n t i a l  eq u a t io n  in  u ^  , formed from th e  th re e  
independen t e q u a t io n s  r e p r e s e n t e d  by th e  te n s o r  e q u a t io n  ( 4 .8 )  by e l im in a t in g  
u, and u?. . From (4 .8 )  and ( 4 .9 ) :

e</ -f -  (4 .12b)

b  11% — &%.% f  (I D%% ” (4 .12c)

The t h r e e  e q u a t io n s  (4 .12 )  en ab le  th e  th r e e  d isp la c e m e n t  components u , 
u, and U2 to  be determ ined  a t  th e  o r ig i n  of a Riemannian c o o rd in a te  system 
when, the  th r e e  components of the s t r a i n  t e n s o r  e^^ a r e  s p e c i f i e d ,  and s in c e  
any p o in t  may be made the  o r ig in  o f  a Riemannian c o o r d in a te  system , i t  i s  c l e a r  
t h a t ,  in  g e n e r a l ,  t h e r e  i s  no  r e l a t i o n  to  be s a t i s f i e d  by th e  components of
eo^ . However in  th e  p a r t i c u l a r  case  of a p la n e  s u r f a c e ,  f o r  which bc^ i s  th e
zero  t e n s o r ,  eo<̂  i s  th e  same as "e^^ and i t s  components must s a t i s f y  eq u a t io n
( 4 .1 1 ) ,  n o t  o n ly  a t  th e  o r i g i n  of a Riemannian c o o rd in a te  sy s tem , b u t  a t  any 
p o in t  in  any c o o rd in a te  system , s in c e  th e  c u rv a tu re  t e n s o r  i s  z e ro .  The f o r e ­
going r e s u l t s  a re  a  d i r e c t  consequence o f  the  m a th e m a tic a l  r e l a t i o n s h i p  between
th e  te n s o r  e^^ and th e  v e c t o r  . They may be i n t e r p r e t e d  p h y s i c a l l y  as 
d e m o n s tra t in g  t h a t  a curved  s u r f a c e  can deform to accommodate an a r b i t r a r i l y  
s p e c i f i e d  s t r a i n  p a t t e r n  w hereas f o r  a p la n e  s u r f a c e  and a s o l i d  th e  components 
o f  th e  s t r a i n  t e n s o r  a r e  n o t  co m ple te ly  a r b i t r a r y .  The reaso n  f o r  t h i s  i s  t h a t  
a curved s u r f a c e ,  w hich i s  a g e n e ra l  Riemannian tw o-space  (a  Riemannian n -sp ace  
may always be reg a rd ed  as immersed in  a E u c l id ean  m -space p ro v id e d  t h a t

m > 4 -n(u + i)' t  ( I ' /  ( r e f e r e n c e  7 page 51)

which means t h a t  any Riemannian tw o-space i s  a s u r f a c e  in  E u c l id e a n .3 - s p a c e )  can 
deform to  g iv e  a d i f f e r e n t  space  w i th  d i f f e r e n t  m e t r i c  p r o p e r t i e s ,  whereas a 
s o l i d  must c o n s t i t u t e  th e  same E u c l id ea n  space b e f o r e  and a f t e r  d e fo rm a tio n ,  and 
l ik e w is e  a p la n e  s u r f a c e ,  s u b je c t  to  th e  l i m i t a t i o n s  imposed by sm all d i s p la c e ­
ment^ th e o ry .  The c o m p a t ib i l i t y  e q u a t io n s  f o r  s o l i d s  and p la n e  s u r fa c e s  are  th e  
c o n d i t io n s  t h a t  th e  c u rv a tu re  t e n s o r  of the  a p p r o p r ia t e  space  be th e  zero  te n so r  
a f t e r  a de fo rm a tion  ( s e e ,  f o r  exam ple, r e f e r e n c e  11 pages  38 -42 ) .

To o b ta in  the  c o m p a t ib i l i t y  c o n d i t io n  fo r  p lan e  s t r a i n ,  c o n s id e r  th e  , x^ 
c o o rd in a te  s u r f a c e s ,  f o r  which th e  fundam ental t e n s o r  i s  g iven  by e q u a t io n  (3 .3a )  
The s t r a i n  t e n s o r  i s :
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s B
o

o
£ C

( 4 . 1 3 )

and th e  f i r s t  o rd e r  c o v a r i a n t  d e r i v a t i v e s  a re  th e  same as th e  c o r r e s ­
ponding space  d e r i v a t i v e s  e . g .  th e  s u r f a c e  component e,g^| i s  th e  same as 
th e  space component as g iv en  in  t a b le  3. The second o rd e r  c o v a r i a n t
d e r i v a t i v e s  a re  g iven  by a s i m i l a r  e q u a t io n  to ( 4 .6 ) .  Thus:

/ y'2% •

I

(22)  t o

2,M. . 2e C3C 
C  else"

J  ( 2 %

' ( 2 )  4 0  O z )

S im i la r ly  : 

I I

^  I'Z.IZ

4- 6

S g M T -  2 £ f k . Y .
\bo? y /

2 g  B d " B  +  2 l 3 g ( 3 6 Y 3 Y  
■ ô x h x ^  c

S u b s t i t u t i n g  in  ( 4 .1 1 ) :

t c  W

O

The c o n d i t io n  f o r  f l a t n e s s ,  Rj^r? " 0 ,  i s  o b ta in e d  by e q u a t in g  the  l . h . s .  
of (3 .7b ) to  z e r o ,  and t h e r e f o r e  th e  la y o u t  e q u a t io n s  f o r  optimum p lane  frame­
works a r e :

A
b x ^  \ C  d A

3 C O (4 .14 )
3 x " V B

(An a l t e r n a t i v e  d e r i v a t i o n  o f  th e se  eq u a t io n s  i s  g iven  in  Appendix A). Analy­
t i c  s o lu t io n s  of (4 .14 ) have been o b ta in e d  by Hemp ( r e f e r e n c e  4) and G h is ta  and 
R esn ik o ff  ( r e f e r e n c e  5 ) .  Cox ( r e f e r e n c e  3) d e s c r ib e s  a g r a p h ic a l  method of 
o b ta in in g  s o l u t i o n s .
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I t  would ap p ea r  a t  t h i s  s ta g e  as though any o r th o g o n a l  ne tw ork  on a curved 
s u r f a c e  could  be used  as a la y o u t  netw ork  f o r  an optimum framework. However 
c o n s id e ra t io n s  of e q u i l ib r iu m  le a d  to  c e r t a i n  r e s t r i c t i o n s ,  as w i l l  be demon­
s t r a t e d  l a t e r .  These r e s t r i c t i o n s  do n o t  apply to  p la n e  frameworks and, in  
t h i s  c a s e ,  e q u a t io n s  (4 .14 )  a re  th e  on ly  ones to  be s a t i s f i e d .

P a r t i c u l a r  Cases o f  E qua tions  (4 .7 )

C onsider e q u a t io n s  (4 .7 )  w i th  eq u a l  to  £  . They reduce  to :

A .  f J -  h d  ^  ~  O  -  (4 .15a )
\C /

i .  A l  -  0  -  (4 .15b)

3x‘ \C 3xv

3  B  3 A  = 0  -  (4 .1 5 c )

(An a l te r n a t iv e ^  d e r iv a t i o n  of th e s e  e q u a t io n s  i s  g iven  in  Appendix A ) .
Now (l/AC)oA/bx^ and (l/BG)^Bybx^ a r e ,  by e q u a t io n  ( 3 .1 4 c ) ,  th e  p r i n c i p a l
c u rv a tu re s  of th e  x ' ,x ^  s u r f a c e s ,  w hich , in  t h i s  c a s e ,  a re  th e  s u r f a c e s  w ith
p r i n c i p a l  s t r a i n s  eq u a l  in  s ig n  and m agnitude. Thus optimum frameworks in  
th r e e  d im ensions a r e  to  be l a i d  ou t w i th  a l l  th e  members having  one p a r t i c u l a r  
load ing  s ig n  on c o o rd in a te  s u r f a c e s  f o r  which one p r i n c i p a l  c u rv a tu re  i s  z e ro ,
and th e  members w i th  th e  o p p o s i te  s ig n  o f  lo a d in g  a long  th e  norm als to  th e s e
s u r f a c e s .

Suppose t h a t  th e  ,x^ s u r f a c e s  a re  p a r a l l e l  p la n e s  and th e  x* curves  th e  
s t r a i g h t  l i n e s  norm al to  th e s e  p la n e s .  The x^ ,x^ s u r f a c e s  have b o th  p r i n c i ­
p a l  c u rv a tu re s  zero  and th e  o th e r  two s e t s  of s u r fa c e s  have one p r i n c i p a l  curv­
a tu r e  z e ro ,  namely t h a t  a long  th e  x '  d i r e c t i o n .  T h e re fo re ,  from eq u a t io n s  
(3 .1 4 ) :

b B  := 3  C  b  A  -  -  O  -  (4 .16 )

S u b s t i t u t i n g  eq u a t io n s  (4 .16 ) i n t o  e q u a t io n s  (3 .7 )  and (4 .15 ) p ro v id es  th e  
c o n d i t io n s  t h a t  th e  x '  , x ^  , x'^ curves  can be s t r a i n e d  h & , + E r e s p e c t ­
i v e l y ,  and th e  r e s u l t  i s  th e  same as eq u a t io n s  (4 ,1 4 ) .  Optimum p lan e  fram e­
works a re  th u s  g lo b a l  op tim a.

E qua tions  (4 .15 )  need  on ly  be s a t i s f i e d  f o r  frameworks w i th  members n o t  
co n f in ed  to  one p a r t i c u l a r  s e t  of c o o rd in a te  s u r f a c e s .  I f  th e  members a r e  so 
c o n f in e d ,  need  only s a t i s f y  th e  i n e q u a l i t y  (4 .2 )  and, in  p a r t i c u l a r ,  i t
may be ze ro .  E q u a t io n s  (4 .7 )  can then  be w r i t t e n ,  u s in g  e q u a t io n s  ( 3 .7 ) :

O ( 4 . 17a)
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^  ( . 1  A B  
' b x ' K f t  0 -% '

O (4 .17b)

3  (  I A B  ) .j_ _ L  ô B  3 C  
SYnc 3xV A" 3x‘

=r- o -  (4 .17c)

C onsider a p la n e  s u r f a c e  whose c o o rd in a te  c u rv e s ,  den o ted  x^ ,  x , a r e  such 
th a t  eq u a t io n s  (4 .1 4 )  a re  s a t i s f i e d ,  and suppose th e  p a t t e r n  of curves p o s se s s e s  
a l i n e  o f  symmetry. The p la n e  can he r o t a t e d  about t h i s  l i n e  to  p roduce  a th r e e  
d im en s io n a l  system  whose t h i r d  s e t  o f  c o o rd in a te  c u rv e s ,  x* , i s  a s e t  of c i r c l e s .  
The d e r iv a t iv e s  o f  th e  components of th e  fundam ental t e n s o r  w ith  r e s p e c t  to  x^ 
a re  a l l  z e ro ,  and th e r e f o r e  e q u a t io n s  (4 .17) a re  s a t i s f i e d .  Optimum frameworks 
based  on such a x i a l l y  symmetric system s m ust,  in  g e n e r a l ,  have members con f in ed  
to  r a d i a l  s u r f a c e s ,  because  th e  s t r a i n s  have only been shown to  be com patib le  
when the  s t r a i n  a long  th e  r a d i i  i s  z e ro .

E q u i l ib r iu m

As a l i m i t i n g  case  o f  a p i n - j o i n t e d  framework, as  th e  number of j o i n t s  tends 
to  i n f i n i t y ,  a continuum i s  c o n s id e re d ,  in  which the  framework members l i e  along 
l i n e s  of p r i n c i p a l  s t r e s s .  The e q u i l ib r iu m  e q u a t io n s  o b ta in e d  in  t h i s  way w i l l  
apply to  a framework whose members l i e  along o r th o g o n a l  s e t s  o f  cu rv es .  The 
fo rc e s  i n  th e  framework members can be a s s o c ia t e d  w i th  p r i n c i p a l  s t r e s s e s  in  th e  
continuum due to  th e  absence of s h e a r  s t r e s s  in  th e  d i r e c t i o n s  of p r i n c i p a l  
s t r e s s .  The s t r e s s  e q u i l ib r iu m  e q u a t io n s  in  g e n e ra l  t e n s o r  form a re :

c  y  .
O (4 .1 8 )

where E^ i s  the s t r e s s  t e n s o r  ( r e f e r e n c e  6 , page 101 ) ,  which i s  taken  in  the 
form:

£ y  -
c d / A 'o
o

o
o

o i A C
(4 .19 )

th e  Oy b e ing  the  p h y s i c a l  components of s t r e s s  and s a t i s f y i n g  th e  r e l a t i o n s

a h l j

r  4  i . j .

J

The g e n e ra l  f i r s t  oxder c o v a r i a n t  d e r i v a t i v e  of th e  c o n t r a v a r i a n t  t e n s o r  
E'ü i s :
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H M y

b
'h , t ' *  +  ^  )  e "

Ik) Cik)

Thus : 

/I I I H IdE" + V ) E. 
b x '  a u  ( 2 1 )  t o

t \  Ç' }£'"•+ A ) £'"
(21) to (3))

/ /

"  + A
( 3 ( ) 4 o

d  / c ( |

Ô 9 c ‘

M /

.j.. 2  3 A  O u

A 3x' ■ A’"

A d

Similarly;

i__  b  B  ( %  -  Oq.z)
\ % t-> E 1

b : c '

TTC ~

From equation (4.18), with j equal to 1 :

ZI r  21
S 0

Substituting from the above expressions;

d  (BCa^i) _  J . M ( C f l O i 0  - J . 1 Ç  ( A S  03^1 =  O  -  (4.20a)
b j c * ’ A  3 x '  A  b x '

The other two equilibrium equations are obtained in the same manner as above 
by giving j the values 2 and 3. They are;

d  ( C A  ozz) — J_ ^  ( A B  ( A s )  — d  3 A  (BC o'/I) ~ O - ( 4 . 20b) 

bad 15 b,x^ B b x -

M  (A B -  J  M  (BC cTm) _ J  AB  (cAMz) = 0  _ (4.2 0c) 
' ô x ^  C  b x ’’ C  b
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Tlie e lem ent o f  a r e a  on th e  :s , x s u r f a c e s  i s  BCdx dx, and t h e r e f o r e  
(7)̂} BCdx** dx"̂  i s  th e  n e t  fo rc e  norm al to  the  elem ent o f  a re a .  In  a 

framework t h i s  i s  c a r r i e d  by a b a r  p a s s in g  through th e  e lem en t dx^ dx' , 
b u t  th e  s t r e s s  in  th e  b a r  i s  n o t  the  same as Ô n : i t  i s  the  maximum 
a l lo w a b le  s t r e s s  in  the  x ' d i r e c t i o n , , which i s  c o n s ta n t .  The cro ss
s e c t i o n a l  a r e a  of th e  bar,<.l(’,;^ is  n o t  th e  same as the  e lem ent o f  a r e a ,  b u t  
i s  g iven by : ,

a c o of:

0(rtO

B e  c l x “ d2c" (4 .21 )

The t o t a l  volume o f the  b a rs  a long  th e  x* c o o rd in a te  cu rves  i s  t h e r e f o r e  
g iven  by:

Vci) ■■= f a c t). A c(x' = J f  f

from which th e  volume of th e  whole framework i s  :

Oil
<y(tii)

A  B e  I x c l x ' d x '

V
where

A B C clx dx  ̂dx^
-  (4 .22 )

^Ol2) and o'fnj) a re  a l l  e i t h e r  (/(Q o r  tTfc) , th e  l im i t in g

+ +
n<i<) :iu) o'(m)

s t r e s s e s  i n  t e n s io n  and com pression r e s p e c t i v e l y .

Tlfo of th e  e q u i l ib r iu m  e q u a t io n s  f o r  a s u r fa c e  are  o b ta in e d  from th e  two 
d im en s io n a l  form of e q u a t io n  (4 .1 8 ) ,  The e q u a t io n  of e q u i l ib r iu m  in  the  
d i r e c t i o n  norm al to  a s u r f a c e  may be o b ta in e d  as fo l lo w s .  E qua tion  (4 .20a) 
i s  th e  e q u a t io n  of e q u i l ib r iu m  normal to  th e  x"^ , x'  ̂ c o o rd in a te  s u r f a c e s .  
D iv id ing  a l l  th rough  by ABC g iv e s :

^ (ô ii B C dx*‘c(x̂ ) '1- E b ,, t  £  1 0
6C doc d x  Adx

r  %% |0)
^2:

-  (4 .23 )

where E and E a re  th e  components of th e  s u r fa c e  s t r e s s  t e n s o r

£ .  oyB

and bo<̂  i s  d e f in e d  by e q u a t io n  (3 .1 4 a ) .  The f i r s t  term of e q u a t io n  (4 .23) 
may be i n t e r p r e t e d  as F / t  where P i s  f o r c e  p e r  u n i t  a r e a  norm al to  a s u r f a c e ,  
and t  i s  th e  s u r f a c e  t h i c k n e s s .  The e q u i l ib r iu m  of a s u r f a c e  i s  th u s  r e p r e s ­
e n te d  by th e  t e n s o r  e q u a t io n s :

0

/ t

-  (4 .2 4 a )

-  (4 .24b)
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For th e  a r b i t r a r y  o r th o g o n a l  c o o rd in a te  system of e q u a t io n s  ( 3 .2 2 ) ,  equa­
t i o n s  (4 .24) g iv e :

b  ( B o ' l l )  b S

O X  Ô X

o (4 .25a)

à  ( A  ( f a z )  
Ô r c ^

Ç) A  (Til o (4 .25b)

Sô) o il  -I- SCQ (Tzz P/t “ (4 .2 5 c )

C orresponding  to  equation^ (4 2 1 ) ,  th e  c r o s s - s e c t i o n a l  a re a  of th e  b a r  which 
t r a n s m i t s  the f o r c e  dj, tBdx^ norm al to  th e  l i n e  e lem ent Bdx^ i s  g iven  by:

CIO) .oI l

a'ciii)

-  (4 .26 )

and th e  t o t a l  volume of th e  framework i s  t h e r e f o r e :

V (T̂ Z.X
o 'a to

\  / 1 6  d x  dorJJ (4 .27)

E xcept in  th e  case o f  a p la n e  s u r f a c e ,  f o r  which P must be ze ro  and equa­
t i o n  (4 .25c )  i s  i d e n t i c a l l y  s a t i s f i e d ,  the  t h r e e  eq u a t io n s  (4 .2 5 )  imply a 
r e s t r i c t i o n  on th e  o r th o g o n a l  c o o rd in a te  curves i f  e q u i l ib r iu m  i s  to  be p o s s ­
i b l e .  The a c t u a l  form of th e  e q u a t io n  to  be s a t i s f i e d  by A and B i s  r a t h e r  
com plica ted .  I t  may be d e r iv e d  as fo l lo w s .

Assume t h a t  n e i t h e r  s ,̂  ̂ n o r  s ^  i s  zero  and e l im in a te  from e q u a t io n s  
(4 .25a) and (4 .25b) u s in g  (4 .2 5 c )  to  g iv e  two f i r s t  o rd e r  l i n e a r  d i f f e r e n t i a l  
e q u a t io n s  in  Cr̂ i which may be  w r i t t e n :

'àcTn

S x *

o x '

I %

S cT jj  — '“I"  ̂ X  ^  Oh j

( 4 . 28a)

f (2% ) = C) (4 .28b)

where

00
I +  ^ 0  \  

So.)/
( 4 .2 9 a )
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k l2 )

T a i >

T ( z i )

J- AS P
4- R  II  b  & X '  S (z)

L ^4 f  I + Sg) -f S(ÿ ^  f So) 
1  ()ZC^ \  S ( t ) /  S c i ) b : d \ h ) 0f \

S o  d  f  P  '
tS6) bx’-\S(z),

D A p

(4 .29b)

“ (4 .29c)

(4 .29d)
t  A Ô X ^

C  S f o  ^  0  ^ SC 2) / -  O  )

D i f f e r e n t i a t i n g  th e  f i r s t  o f  (4 .28 ) w . r . t .  x and s u b s t i t u t i n g  from the

ing from the f i r s t for b#p/6x

V - o l , •+ cTTi I

'  + Cfii ( A È i )
c>.x' D x’-

f l j o f u o )  ,4 ,(foof(2.î-) _  “  O  (4.30a)
/  V /

V D x ' y

^^These^ e q u a t io n s  can be t r e a t e d  as s im u ltaneous  e q u a t io n s  in  o{, and 
0  (qi/bx . The d i f f e r e n t i a l  r e l a t i o n s h i p  between th e s e  two q u a n t i t i e s  

f i n a l l y  g iv es  th e  e q u a t io n  to  be s a t i s f i e d  by th e  m e t r ic .

I f  one of th e  c u rv a tu re s  i s  z e r o ,  say S(,) , then  (4 .2 5 c )  g iv e s ;

o i .22.
- P
t  S(£)

which can be s u b s t i t u t e d  i n t o  (4 .25b) to  g ive

a1, •■= -  b  / A P D / t P d-

b x ’- \  S f i ) d x X

R eplacing  0^ and in  e q u a t io n  (4 .25a) by th e  above e x p re s s io n s  p ro v id e s  
th e  fo l lo w in g  e q u a t io n :

E x '
E .  3  f û î '  
t

' M o (4 .31 )
So.) Ô X

c S(|) o S>(z) ^
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An a n a ly s i s  of two examples quo ted  by M ic h e l l  in  r e f e r e n c e  2 , u s in g  
th e  e q u a t io n s  d e r iv e d  in  c h a p te r s  3 and 4 , i s  c o n ta in e d  in  Appendix B.
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SYMBOL VALUE

A c)£j/lbx*

A<ifii/ôx^

0

0

0

^33, 1 0

0

0

^ia,i Ce^i^, } k b k / b x ^ d - e n )

Î'Z.yx B^B/èx' (6tj-£)

0

(^32.^0 0

â3_>2. (g3i 7̂.) -•2£ BSb /ôx^

Gasp 2 g ChC/ùx'-^

G 31̂ 1 ^Gjs î ) -AèA/^x^ (E4g;,)

0

^G|^p) c h c /ô x ‘ (e-^g,i) •

TABLE 3

FIRST ORDER GOVARIANT DERIVATIVES 

OF THE SPACE STRAIN

COMPONENTS
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C H A P T E R  F I V E  

NUMERICAL APPROACH

The a n a l y t i c a l  te ch n iq u es  developed  in  the  p re v io u s  c h a p te r s  se rve  only  
as an in v e r s e  method of o b ta in in g  optimum frameworks; t h a t  i s ,  a com patib le  
s t r a i n  f i e l d  i s  f i r s t  d e r iv e d ,  which leads  to  la y o u t curves f o r  t e n s io n  and 
com pression members of p o s s i b l e  optimum frameworks, and f i n a l l y ,  by drawing 
b o u n d a r ie s  and u s in g  th e  c o n d i t io n  o f  s t a t i c  e q u i l ib r iu m  a t  th e  b o u n d a r ie s ,  
an a p p r o p r ia te  a p p l ie d  f o r c e  system  i s  found f o r  each framework. The p ro ­
blem of f in d in g  an optimum framework f o r  a g iven  fo r c e  system  i s  one which *
cannot r e a d i l y  be s o lv ed  a n a l y t i c a l l y .  In  i t s  s im p le s t  form i t  may be 
s t a t e d  in  the  fo l lo w in g  te rm s: to  f in d  q u a n t i t i e s  A, B, C, t(,) , t(^) , t ( i )
( t  (i) , t (2) j t (3̂  ^  0) w hich s a t i s f y  th e  la y o u t  e q u a t io n s  (4 .7 )  (w ith  ( 4 .4 ) )  
and e q u a t io n s  (3 .7 )  to g e th e r  w i th  th e  a p p ro p r ia te  d i f f e r e n t i a l  e q u a t io n s  of 
e q u i l ib r iu m  e .g .  e q u a t io n s  (4 .20 )  o r  ( 4 .2 5 ) ,  and a l s o  th e  boundary e q u i l i ­
brium c o n d i t io n s .  S ince  th e  a s s o c ia t e d  v i r t u a l  d isp la cem e n t f i e l d  must be 
c o n t in u o u s ,  so  a l s o  must be  A, B , C, to )  -, and t  (,s) b u t  they need only
be p ie c e w ise  c o n t in u o u s ly  d i f f e r e n t i a b l e  i . e .  they  may be d e s c r ib e d  by d i f f ­
e r e n t  a n a l y t i c  f u n c t io n s  in  d i f f e r e n t  r e g io n s ,  as long as th e re  i s  a un ique  
v a lu e  o f  each  a s s o c i a t e d  w i th  every  p o in t .  The problem  i s  f u r t h e r  com pli­
ca te d  by th e  f a c t  t h a t  t h e r e  may be re g io n s  i n  which th e  l i m i t i n g  s t r e s s e s  
OCdi) 3 and (7cd3) a re  e i t h e r  a l l  CT̂ t) o r  a l l  0(c) , and in  t h i s  case
th e re  i s  no r e s t r i c t i o n  on la y o u t .

The n u m e rica l  method d e s c r ib e d  in  t h i s  c h a p te r  approaches th e  problem of 
d e s ig n in g  an optimum framework f o r  a g iven  fo r c e  system  from an e n t i r e l y  
d i f f e r e n t  d i r e c t i o n  to  the  a n a l y t i c a l  method su g g e s te d  above. I t  does ,  
however, le ad  to  frameworks which a r e ,  i n  a l im i te d  s e n s e ,  M ic h e l l  frameworks. 
In  t h i s  app roach ,  o r i g i n a l l y  d e s c r ib e d  in  a paper by Corn, Gomory and 
Greenberg ( r e f e r e n c e  13) th e  d es ig n  problem  i s  fo rm u la ted  as a problem in  
l i n e a r  programming which can th en  be so lved  by means of th e  Simplex method 
(due to D an tz ig  -  r e f e r e n c e  14). The d u a l i t y  th e o ry  of l i n e a r  programming 
e s t a b l i s h e s  th e  co n n ec tio n  between th e  optimum framework so o b ta in e d  and 
M ich e l l  frameworks.

The fo rm u la t io n  i s  as f o l lo w s .  A g r i d  of nodes i s  d e f in e d  which r e p r e s ­
en t  p o s s i b l e  nodes of a framework. A framework b a r  can j o i n  any node to  
any o th e r  node so  t h a t  i f  th e r e  a re  n n o d es ,  th e r e  a re  n ( n - l ) / 2  p o s s i b le  
b a r s .  The framework which c o n ta in s  every  p o s s ib le  b a r  i s  r e f e r r e d  to  as 
the  ground s t r u c t u r e .  The n e x t  s te p  i s  to  s e t  up th e  eq u a t io n s  of j o i n t  
e q u i l ib r iu m  f o r  th e  ground s t r u c t u r e ,  th e r e  b e in g  between 3n and (3n-6) 
such e q u a t io n s ,  w hich may be r e p r e s e n te d  i n  th e  fo l lo w in g  way :

( 5 .1 )
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The f i r s t  e q u a t io n  i s  th e  e q u a t io n  o f  e q u i l ib r iu m  of node 1 in  th e  x - d i r -  
a c t io n  (x , y ,  z b e in g  r e c t a n g u la r  C a r te s ia n  c o o r d in a t e s ) ,  th e  second r e p r e s e n t s  
e q u i l ib r iu m  of node 1 in  th e  y - d i r e c t i o n ,  and so on, to  th e  l a s t  e q u a t io n  which 
r e p r e s e n t s  e q u i l ib r i u m  of node n i n  th e  z - d i r e c t i o n .  The IVĵ  a re  th e  t e n ­
s io n s  in  the  b a r s  of the  framework and each o f  the  c o e f f i c i e n t s  d̂ ĵ  ̂ i s  
e i t h e r  one of th e  d i r e c t i o n  c o s in es  of th e  b a r  i f  th e  b a r  i s  connected  
to  th e  node to  w hich  th e  î *'' e q u a t io n  a p p l i e s ,  or ze ro  o th e rw is e .  The a re
th e  components o f  th e  a p p l ie d  fo r c e s  a t  th e  v a r io u s  nodes .  At nodes where 
th e r e  a re  c o n s t r a i n t s  in  any of the  c o o rd in a te  d i r e c t i o n s  th e  correspond ing  
e q u i l ib r iu m  e q u a t io n s  a re  m issed  o u t ,  s in c e  the  r e a c t i v e  fo r c e s  a t  such p o in t s  
may have any v a lu e .  The number o f  redundan t e q u a t io n s  i n  th e  s e t  (5 .1 )  i s  * 
from zero  to  s i x .  In  any c o r r e c t l y  fo rm u la ted  problem th e r e  a re  a t  l e a s t  as 
many v a r i a b l e s  as in d e p e n t  e q u a t io n s ,  and in  most cases th e s e  a re  c o n s id e ra b ly  
more v a r i a b l e s  th a n  independen t e q u a t io n s .  The form er case  p roduces  a unique 
s o lu t i o n  w hereas th e  l a t t e r  g iv e s  r i s e  to  a m u l t i p l i c i t y  o f  s o lu t io n s  from 
w hich must be chosen th e  one which m inim ises th e  s t r u c t u r a l  volume. I f  th e  
s t r u c t u r a l  volume can be e x p re s sed  as a l i n e a r  fu n c t io n  of th e  v a r i a b l e s  
then  th e  problem  d e f in e d  above is  one in  l i n e a r  programming.

I t  i s  n e c e s s a ry  now to  c o n s id e r  some a s p e c ts  of th e  g e n e ra l  l i n e a r  programm­
ing  p rob lem , w hich may be p r e s e n te d  as fo l lo w s ;

-  g

^  0 ,  Xfj,. 3 0 , . . * . , xp/̂ ) 0 t h a t  maximise

q - )  3C(j) f XCn)

ao)) X Q ) ■f a(i3) ’ - aciu)

a c 3 j ) X o ) i - ■ + a c in )  XCvCj (5 .2 )

CtCwu)Xco "h ” " " t - d O M

The c o e f f i c i e n t s  c / j^  a re  c a l l e d  th e  p r i c e s  of th e  v a r i a b l e s  X(J) and th e  
l i n e a r  form z i s  r e f e r r e d  to  as th e  o b je c t i v e  f u n c t io n .  The rem ain ing  m 
e q u a t io n s  a re  th e  c o n s t r a i n t  e q u a t io n s .  The g e n e ra l  problem  may c o n ta in  
i n e q u a l i t y  c o n s t r a i n t s ,  b u t  th e s e  a re  converted  to  e q u a l i t y  c o n s t r a i n t s  by the  
a d d i t io n  o f  " s l a c k "  and " s u r p lu s "  v a r i a b l e s  ( r e f e r e n c e  15, page 72). The 
v a r i a b l e s  X(j; a re  d e f in e d  to  be n o n -n e g a t iv e  and th e r e f o r e  any v a r i a b l e  which 
in  p r a c t i c e  i s  u n r e s t r i c t e d  in  s ig n  must be r e p re s e n te d  in  th e  l i n e a r  programm­
ing  problem as th e  d i f f e r e n c e  between two v a r i a b l e s ,  bo th  of which a re  non­
n e g a t iv e  ( r e f e r e n c e  15, page 168). Thus, in  th e  framework p roblem , in  which 
a l l  th e  v a r i a b l e s  T(j) a re  u n r e s t r i c t e d  i n  s i g n ,  the  number o f  v a r i a b l e s  in  the  
co rrespond ing  l i n e a r  program i s  tw ice  th e  number of b a r s  in  the  ground s t r u c t u r e .  
The rea so n  f o r ' J i e  n o n - n e g a t iv i t y  r e s t r i c t i o n s  appears  to  be t h a t  the  Simplex 
a lg o r i th m  f o r  s o lv in g  l i n e a r  programs was o r i g i n a l l y  developed  to  d e a l  w i th  
problem s a r i s i n g  in  th e  f i e l d  of economics (as i s  w e l l  i l l u s t r a t e d  by th e  
te rm ino logy  a s h , e l a t e d  w i th  l i n e a r  programming) and in  such problems th e  v a r ­
i a b l e s  w ere ,  by t h e i r  n a t u r e ,  r e q u i r e d  to  be n o n -n e g a t iv e .  The com puta tional 
e f f i c i e n c y  of th e  Simplex a lg o r i th m ,  and i t s  v a r i a n t s ,  i s  such  th a t  i t  i s  b e t t e r  
to r e t a i n  the  n o n - n e g a t iv i t y  r e s t r i c t i o n s  a t  th e  expense of in t ro d u c in g  e x t r a  
v a r i a b l e s  than  to  a t te m p t to  make use  of an a l t e r n a t i v e  p ro ced u re  in  which the  
n o n - n e g a t iv i ty  r e s t r i c t i o n s  a re  removed. Any s o lu t i o n  of the  c o n s t r a i n t
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e q u a t io n s  which, s a t i s f i e s  th e  n o n -m e g a t iv i ty  r e s t r i c t i o n s  i s  c a l l e d  a f e a s i b l e  
s o lu t i o n .

The g e n e ra l  p rob lem  has been p r e s e n te d  in  terms o f  m ax im isa tion  b u t  minim­
i s a t i o n  problem s can e a s i l y  be d e a l t  w i th  by ta k in g  -  2 I c q  x/j^ as th e  o b j e c t ­
iv e  f u n c t io n .  A f e a s i b l e  s o lu t i o n  which maximises th e  o b j e c t iv e  f u n c t io n  i s
c a l le d  an o p t im a l  f e a s i b l e  s o lu t i o n .

The fundam en ta l theorem of l i n e a r  programming a s s e r t s  t h a t  i f  an op tim a l 
f e a s i b l e  s o lu t i o n  e x i s t s ,  th e n  t h e r e  e x i s t s  an o p tim a l f e a s i b l e  s o l u t i o n  in  
which th e  number of n o n -z e ro  v a r i a b l e s  i s  n o t  g r e a t e r  uhan th e  number of 
indep en d en t c o n s t r a i n t s .  T h is  r e s u l t  i s  proved in  r e f e r e n c e  15. The non­
zero  v a r i a b l e s  to g e th e r  w i th  enough of the  zero  v a r i a b l e s  to  make a t o t a l  of 
m, m b e in g  th e  t o t a l  number of c o n s t r a i n t s ,  a re  r e f e r r e d  to  as b a s ic  v a r i a b l e s .  
The co rresp o n d in g  s o lu t i o n  i s  c a l l e d  a b a s i c  o p tim al s o l u t i o n .  The Simplex 
a lg o r i th m  o p e ra te s  by f i r s t  e s t a b l i s h i n g  a b a s i c  f e a s i b l e  s o lu t i o n  i . e .  a 
f e a s i b l e  s o lu t i o n  in  w hich a t  l e a s t  (n-m) v a r i a b l e s  a re  ze ro  where n i s  the
number of v a r i a b l e s ,  and th e n  a l low ing  a n o n -b a s ic  v a r i a b l e  to  become non­
zero  w h ile  s im u l ta n e o u s ly  d r iv in g  to  ze ro  one o f  th e  b a s i c  v a r i a b l e s ,  a p ro c e ss  
which e f f e c t i v e l y  exchanges a b a s i c  and a n o n -b a s ic  v a r i a b l e  to  g iv e  a new s e t
of b a s i c  v a r i a b l e s .  The new b a s i c  v a r i a b l e  i s  chosen in  such  a way as to  g ive
an improved v a lu e  (o r  a t  l e a s t  a v a lu e  n o t  l e s s  than  th e  p re v io u s  one) to  th e  
o b j e c t iv e  f u n c t i o n .  S ince  th e r e  a re  a f i n i t e  number of b a s i c  s o l u t i o n s ,  the  
o p t im a l  s o l u t i o n ,  i f  one e x i s t s ,  i s  o b ta in e d  in  a f i n i t e  number of i t e r a t i o n s .

The i t e r a t i o n s  a re  c a r r i e d  ou t w i th  e q u a t io n s  (5 .2 )  in  th e  fo l lo w in g  canon­
i c a l  form:

%

a  ( jo)  

a c z c )

with

-  (5.3)-,

^  n)X(n)™

a o o ) o
The b a s i c  v a r i a b l e s  have been deno ted  X(,) , . . . . ,  x ĵ^  ̂ ( a l th o u g h ,  of c o u rs e ,  

they  a re  n o t  n e c e s s a r i l y  th e  f i r s t  m v a r i a b l e s  of th e  o r i g i n a l  l i n e a r  program) 
and the  b a s i c  f e a s i b l e  s o lu t i o n  i s  z =Z(B) j s ^6) = ^ ( 20) ? • • • * ,

The t r a n s fo rm a t io n  of th e  eq u a t io n s  (5 .2 )  to  th e  ca n o n ic a l  form
(5 .3 )  c o n s t i t u t e s  Phase 1 o f  th e  s o lu t i o n  of th e  l i n e a r  program. E qua tions
(5 .3 )  a re  c l e a r l y  l i n e a r l y  independen t because  each c o n ta in s  a v a r i a b l e  th a t  
does n o t  occu r  in  any o th e r  e q u a t io n .  I f  t h e r e  were p red u n d an c ies  in  th e  
o r i g i n a l  c o n s t r a i n t s  th e n  p of th e  e q u a t io n s  a re  vacuous i . e .  a l l  th e  c o e f f ­
i c i e n t s  Ï . . . .  a re  zero in  th e s e  e q u a t io n s .  The b a s i c
v a r i a b l e s  a s s o c i a t e d  w ith  vacuous e q u a t io n s  a re  a r t i f i c i a l  v a r i a b l e s  n o t  
b e lo n g in g  to  th e  s e t  of v a r i a b l e s  o r i g i n a l l y  d e f in e d  f o r  the l i n e a r  program. 
Phase 1 w i l l  be d is c u s s e d  in  more d e t a i l  a f t e r  Phase 2 has been p r e s e n te d .

Phase  2 b eg in s  w ith  th e  f e a s i b l e  c a n o n ic a l  form (5 ,3 )  and i t s  a s s o c ia t e d
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b a s i c  f e a s i b l e  s o l u t i o n .  This  s o l u t i o n  i s  o p tim al i f  a l l  th e  C(j_j a re  l e s s  
th a n  o r  equal to  z e ro  because  in  t h a t  case  any in c r e a s e  in  the  v a lu e  of the 
n o n -b a s ic  v a r i a b l e s  e i t h e r  produces a d e c re ase  in  th e  v a lu e  "z (b) of the  
o b je c t i v e  fu n c t io n  o r ,  f o r  th o s e  co rresp o n d in g  to  th e  zero  'c (j) , g ives
an a l t e r n a t i v e  o p t im a l  s o l u t i o n .  Suppose th a t  'c(inj.{-i) i s  p o s i t i v e :  then
by in c r e a s in g  from ze ro  to  some p o s i t i v e  v a lu e  a new s o l u t i o n ,  w ith
an in c re a s e d  v a lu e  of z , i s  g iven  by :

Z. ^  2  (o') ^ *

-  (5 .4 )

X-(ïY\) (t (w M tic) f jz)

The maximum v a lu e  to  which can be in c re a s e d  i s  th e  minimum of th e
term s Cl(;Co) / tvifk) f o r  which i s  p o s i t i v e .  Thus one b a s i c
v a r i a b l e ,  X(Q , s a y ,  becomes zero  w h ile  a l l  th e  r e s t  rem ain  p o s i t i v e .  A new 
f e a s i b l e  c a n o n ic a l  form w i th  a b a s i c  v a r i a b l e  and X((j a n o n -h a s ic  v a r ­
i a b l e  i s  o b ta in e d  by d iv id in g  every  term  in  th e  e q u a t io n  by CL(l 
-  the. p i v o t  e lem ent -  and then  s u b t r a c t i n g  m u l t ip l e s  of t h i s  e q u a t io n  from 
a l l  th e  o th e r s ,  in c lu d in g  th e  z - e q u a t io n ,  so t h a t  th e  column o f  c o e f f i c i e n t s  
of -  th e  p ^ o t  coltmin -  has a l l  i t s  e lem ents  zero  ex cep t th e  one c o r r e s ­
ponding to  th e  I c o n s t r a i n t  e q u a t io n ,  which i s  one. The row of c o e f f i c i e n t s  
of th e  c o n s t r a i n t  e q u a t io n  i s  c a l l e d  th e  p iv o t  row. The cho ice  of the
v a r i a b l e  to  e n t e r  th e  b a s i s  ( i . e .  become n o n -b a s ic )  i s  made by d e te rm in in g  the 
l a r g e s t  p o s i t i v e  • This  does n o t  n e c e s s a r i l y  produce th e  l a r g e s t  p o s s ­
i b l e  in c r e a s e  in  th e  v a lu e  of th e  o b je c t iv e  fu n c t io n  s in c e  th e  maximum p e rm is s ­
i b l e  v a lu e  o f  may be v e ry  s m a l l ,  even ze ro .  However i t  has been d e t e r ­
mined e x p e r im e n ta l ly  t h a t  m axim ising the  in c r e a s e  in  th e  o b j e c t iv e  f u n c t io n  a t  
each s ta g e  (method of s t e e p e s t  a s c e n t s )  does n o t  lead  to  a s i g n i f i c a n t  d e c re a se  
in  th e  number o f  i t e r a t i o n s  r e q u i r e d  to  reach  an op tim al s o l u t i o n  in  a g iven  
l i n e a r  program , and th e  e x t r a  com putation  in v o lv ed  i s  th e r e f o r e  n o t  w orth  
w h ile  ( r e f e r e n c e  15, page 111).

I f  th e  minimum ( Ct(io) /  i s  n o t  u n iq u e ,  then  b a s i c  v a r i a b l e s  o th e r
than  th e  one to  be exchanged become zero  and th e  new b a s i s  i s  s a id  to  be 
d e g e n e ra te .  From e q u a t io n s  (5 .4 )  i t  i s  c l e a r  t h a t  a t  th e  n e x t  i t e r a t i o n ,  i f  
th e  v a lu e  of co rre sp o n d in g  to  a b a s i c  v a r i a b l e ,  , w ith  th e  v a lu e  ,
ze ro  ( i . e .  ftCici) i s  z e r o ) ,  i s  p o s i t i v e ,  the  maximum p e r m is s ib le  v a lu e  of 
i s  z e ro ,  so t h a t  th e  v a lu e  of th e  o b je c t i v e  fu n c t io n  i s  unchanged and th e  new 
b a s i c  s o lu t i o n  i s  s t i l l  d e g e n e ra te .  In  t h i s  s i t u a t i o n  i t  i s  co n ce iv ab le  t h a t  
s e v e r a l  i t e r a t i o n s  m igh t p roduce  a s e r i e s  of d e g e n e ra te  s o l u t i o n s ,  le a d in g  back 
to a s e t  o f  b a s ic  v a r i a b l e s  i d e n t i c a l  to  a p rev io u s  s e t .  I f  a s e t  of b a s i c  
v a r i a b l e s  i s  r e p e a te d ,  th e  c a n o n ic a l  form i s  e x a c t ly  r e p e a te d  because  th e re  can 
be only  one s e t  of l i n e a r l y  in d e p en d en t eq u a t io n s  c o n ta in in g  a g iven  s e t  o f  
b a s i c  v a r i a b l e s .  Thus th e  sequence of i t e r a t i o n s  i s  r e p e a te d  ad in f in i tu m .
This p r o c e s s ,  knovm as c y c l in g ,  can be avoided by a p a r t i c u l a r  cho ice  of the  
minimum ( t l C t û ) mj-k) ) the  ev en t of a t i e ,  which e n su re s  t h a t  no b a s i s  i s  
e v e r  r e p e a te d .  The method o f  male ing th e  cho ice  is  s t r a i g h t - f o r w a r d ;  th e  
minimum of th e  q u a n t i t i e s  ( d ( i r , Y ) / c l ) f o r  th e  v a lu e s  o f  i  which produced 
the  same (It(vc) /d(rmd?)) d e te rm in es  th e  p iv o t  row. I f  th e re  i s  s t i l l  a t i e ,  
then  th e  minimum of (dqTraH) /  Atl ) i s  de te rm in ed ,  and so on u n t i l  a d e c i s io n
i s  reached . The th e o ry  u n d e r ly in g  t h i s  method, which i s  th e  p e r tu r b a t io n
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method of C harnea, i a  d e s c r ib e d  i n  C hapter 6 of r e f e r e n c e  15.

In  th e  absence o f  d eg en e racy ,  th e  v a lu e  of th e  o b j e c t i v e  fu n c t io n  improves 
a t  every  i t e r a t i o n  and th e r e f o r e  th e r e  i s  no p o s s i b i l i t y  of a b a s i s  be ing  
r e p e a te d .  When degeneracy  o ccu rs  th e  method j u s t  d e s c r ib e d  ensu res  t h a t  no 
b a s i s  i s  r e p e a te d  and so th e  o p tim a l s o l u t i o n ,  i f  i t  e x i s t s ,  i s  reach ed  in  a 
f i n i t e  number of i t e r a t i o n s ,  w hether  degeneracy  o ccu rs  o r  n o t .  In  some 
problems th e r e  may n o t  be a b a s i c  o p tim a l s o l u t i o n :  from e q u a t io n s  (5 ,4 )
i t  i s  e v id e n t  t h a t  i f  a l l  th e  Ccci-w\t-k) a re  n e g a t iv e ,  can be made
a r b i t r a r i l y  l a r g e ,  p roduc ing  an unbounded s o lu t i o n  in  which th e  number of 
n on -zero  v a r i a b l e s  can be one g r e a t e r  than  th e  number of b a s i c  v a r i a b l e s .

Phase 1 b e g in s  w i th  th e  problem  in  th e  form of e q u a t io n s  ( 5 .2 ) .  In  o rd e r  
to  o b ta in  a f e a s i b l e  c a n o n ic a l  form , an augmented program  i s  formed by th e  
a d d i t io n  of a r t i f i c i a l  v a r i a b l e s ,  xcm d), to  g iv e  th e  e q u a t io n s :

Z  f  h  —  • -b CCu) -^ ( h)  0

f  ‘ “  O
b 61(1,) b ' ' " b ClC2.n)X (n) - O

-  (5 .5 )

Xcni-m) Cl#i) b — > b- a{jmv):X(jY) O

The a r t i f i c i a l  v a r i a b l e s  a r e  i n i t i a l l y  ta k en  as b a s i c  v a r i a b l e s .  An 
a u x i l i a r y  o b je c t i v e  f u n c t i o n , u , i s  form ed, w hich i s  m inus th e  sum of th e  
a r t i f i c i a l  v a r i a b l e s .  Using e q u a t io n s  (5 .5 )  t h i s  can be w r i t t e n :

rn m m m

ivi  ̂ 1,-i i-t
-  (5 .6 )

E quations  (5 .5 )  and (5 .6 )  c o n s t i t u t e  a f e a s i b l e  c a n o n ic a l  form  of th e  augment­
ed problem . By m axim ising u ,  u s in g  th e  Simplex a lg o r i th m  as in  Phase 2 ,  th e  
sum of the  a r t i f i c i a l  v a r i a b l e s  i s  made as sm a l l  as p o s s i b l e .  At each i t e r a ­
t i o n  an a r t i f i c i a l  v a r i a b l e  i s  removed from th e  b a s i s  and a l e g i t i m a te  v a r i a b l e  
i n s e r t e d ,  u n t i l  th e  o p t i m a l i t y  c r i t e r i o n  i s  s a t i s f i e d  i . e .  a l l  th e  c o e f f i c i e n t s  
i n  th e  a u x i l i a r y  o b j e c t iv e  fu n c t io n  a re  n e g a t iv e  o r  z e ro .  I f  th e  v a lu e  of u 
i s  ze ro  a t  t h i s  s t a g e ,  then  a l l  th e  a r t i f i c i a l  v a r i a b l e s  a re  zero  and a b a s i c  
f e a s i b l e  s o lu t i o n  to th e  o r i g i n a l  problem  has been o b ta in e d .  There may s t i l l  
be a r t i f i c i a l  v a r i a b l e s  p r e s e n t  in  th e  b a s i s ,  and u n le s s  they  belong to  vacuous 
e q u a t io n s ,  they  must be e l im in a te d  to  p re v e n t  them becoming non -ze ro  d u ring  
Phase 2. This  can be done sim ply by exchanging w ith  n o n - b a s ic  l e g i t i m a t e  
v a r i a b l e s .  The s o lu t i o n  i s  u n a f f e c te d  because  a l l  t h e  v a r i a b l e s  concerned 
a re  ze ro .  The p re s e n c e  o f  vacuous e q u a t io n s  i n d i c a t e s  redundan.cy in  the  
o r i g i n a l  c o n s t r a i n t s .  The co rresp o n d in g  a r t i f i c i a l  v a r i a b l e s  cannot be 
e l im in a te d  from the  b a s i s ,  b u t  e q u a l ly  they  canno t become n o n -z e ro ,  s in c e  th e  
e q u a t io n s  c o n ta in in g  them w i l l  remain vacuous d u r in g  Phase  2. O ther a r t i f i c i a l  
v a r i a b l e s  can be dropped from th e  l i s t  o f  n o n -b a s ic  v a r i a b l e s  and Phase 2 
i n i t i a t e d .  In  Phase  2 th e  a u x i l i a r y  o b je c t iv e  f u n c t io n  i s  ig n o red .  I f  the  
a u x i l i a r y  o b je c t i v e  f u n c t io n  cannot be reduced  to  ze ro  in  Phase  1, rh e re  i s  no 
b a s ic  f e a s i b l e  s o l u t i o n  to  th e  o r i g i n a l  p rob lem , and t h e r e f o r e  no o p t im a l  s o lu ­
t io n .
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R e tu rn in g  now to  the  framework p rob lem , an o p tim al s o lu t i o n  to  eq u a t io n s
(5 .1 )  can be o b ta in e d  u s in g  th e  above method p rov ided  t h a t  th e  o b je c t i v e  
f u n c t io n  i s  a l i n e a r  f u n c t io n  o f  th e  v a r i a b l e s  . T here  i s  then  a b a s i c
o p tim a l  s o lu t i o n  w i th  th e  number of lo a d -c a r r y in g  members n o t  g r e a t e r  than  
th e  number of in d e p en d en t e q u i l ib r iu m  e q u a t io n s .  A lso ,  from the  form of 
any b a s i c  s o l u t i o n ,  i t  i s  c l e a r  t h a t  none of th e  b a s i c  v a r i a b l e s  can be ex­
p re s s e d  as a l i n e a r  com bination  only  of th e  rem ain ing  b a s i c  v a r i a b l e s .  In 
th e  f i r s t  p l a c e ,  t h i s  means t h a t  th e  optimum framework i s  s t a t i c a l l y  d e t e r ­
m in a te ,  and in  th e  second , i t  en su re s  t h a t  on ly  one of th e  two bounded 
v a r i a b l e s  c o r re sp o n d in g  to  each unbounded v a r i a b l e  T^J^ can appear in  any 
b a s i s .  S ince  th e  optimum framework i s  s t a t i c a l l y  d e t e r m in a te ,  th e  om ission 
of any e l a s t i c  c o m p a t ib i l i t y  c o n d i t io n s  i n  the c o n s t r a i n t  eq u a t io n s  (5 .1 )  i s  
j u s t i f i e d .  The c r o s s - s e c t i o n a l  a re a s  o f  th e  framework b a r s ,  a ( ] ;  , a re  thus 
n o t  in c lu d e d  as v a r i a b l e s  in  th e  c o n s t r a i n t  e q u a t io n s  and can be chosen to  
s a t i s f y  the  c r i t e r i o n  of minimum volume o n ly .  The o b j e c t i v e  f u n c t io n  fo r  
minimum volume i s  th e n :

J (J(t) J UCc) ^

where [q  ~  7 ^ ,  ~  I (j)  % C)

A computer program f o r  so lv in g  th e  framework problem  (w ith  some e l a b o r a ­
t i o n s )  u s in g  th e  Simplex method i s  d e s c r ib e d  in  th e  n e x t  c h a p te r .

R e la ted  to  every  l i n e a r  programming problem th e re  i s  a d u a l  problem ( r e f ­
e rence  15, c h a p te r  8 ) ,  w hich , in  th e  p a r t i c u l a r  case o f  th e  framework problem , 
p ro v id e s  th e  l i n k  w i th  M ic h e l l  frameworks. I f  the  o r i g i n a l  (p r im al)  problem 
i s  p r e s e n te d  in  term s o f  m a x im isa t io n ,  then  th e  d u a l  p rob lem  i s  one of m in im isa­
t i o n ,  and v i c e  v e r s a .  The im portance  of th e  dua l  p rob lem  i s  t h a t  i f  th e re  
i s  an o p t im a l  s o l u t i o n  to  the  p r im a l  prob lem , th e re  i s  a l s o  an op tim al s o lu t i o n  
to  th e  d u a l  p rob lem , and b o th  s o lu t i o n s  a re  th e  same. In  th e  framework problem , 
the  d u a l  v a r i a b l e s  may be i n t e r p r e t e d  as a s e t  of v i r t u a l  noda l d is p la c e m e n ts ,  
th e  d u a l  o b j e c t i v e  f u n c t io n  as v i r t u a l  work of th e  e x t e r n a l  f o r c e s ,  and th e  
d u a l  c o n s t r a i n t  e q u a t io n s  as a l i m i t  o n , th e  l i n e a r  s t r a i n  between any two nodes 
( r e f e r e n c e  16). At th e  o p t im a l  s o lu t i o n  th e  v i r t u a l  work i s  maximised w h ile  
th e  v i r t u a l  s t r a i n  between any two nodes jo in e d  by a  lo a d -c a r r y in g  member i s  
e i t h e r  E a )  o r  -  depending on w hether th e  load  i s  t e n s i l e  o r  com press ive ,
and th e  v a lu e  o f  th e  v i r t u a l  s t r a i n  between a l l  o th e r  p a i r s  of nodes l i e s  
between -  Bcc) and s* . There i s  a s l i g h t  d i f f e r e n c e  from th e  c r i t e r i o n
s a t i s f i e d  by M ic h e l l  frameworks in  t h a t  th e  l i m i t i n g  v i r t u a l  s t r a i n s  and
-  do n o t  n e c e s s a r i l y  p o s s e s s  th e  same n u m e rica l  v a lu e  ( they  only  tu rn  ou t 
to  be the  same i f  cF/t) and (%) a r e  th e  same). However t h i s  s t r a i n  system 
i s  removed from t h a t  o f  M ic h e l l  only by a p u re  d i l a t a t i o n  o f  sp ace ,  and th e r e ­
fo re  any framework w hich adm its  of the  one, adm its a l s o  o f  th e  o th e r .  (Dorn, 
Gomory and G reenberg ,  who f i r s t  fo rm u la te d  th e  problem  of optimum framework 
des ign  as one in  l i n e a r  programming, were a p p a re n t ly  unaw are of M ic h e l l ' s  
theorem and i n t e r p r e t e d  th e  d u a l  problem  in  terms of th e  a c t u a l  d isp la cem e n ts  
o f  th e  framework nodes under the  g iven  a p p l ie d  fo r c e  sy s tem , and th e  r e l a t e d  
s t r a i n s  in  th e  framework b a r s . )

The s o l u t i o n  of th e  framework problem  by l i n e a r  programming i s  q u i t e  g e n e ra l ,  
in  th a t  g iven  a system  of a p p l ie d  f o r c e s  and p o in t s  o f  r e a c t i o n  such  th a t  
e q u i l ib r iu m  of a l l  th e  e x t e r n a l  f o r c e s  i s  p o s s i b l e ,  an optimum framework can 
be d e te rm in e d ,  and any such optimum framework s a t i s f i e s  M ic h e l l ' s  c r i t e r i o n .
Of course  s in c e  t h e r e  a re  only  a f i n i t e  number o f  p o s s i b l e  nodes d e f in e d  fo r  
th e  p r im a l  l i n e a r  program , th e  v i r t u a l  d isp lacem en ts  a r i s i n g  from the  d u a l ,  
which a r e  determ ined  a t  th e  nodes o n ly ,  a re  n o t  g iven  as a con tinuous  v e c to r  
f i e l d ,  as in  M ic h e l l ' s  theorem . L ik ew ise ,  the  v i r t u a l  s t r a i n s  a re  o n ly  d e f in ed
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between p o s s i b l e  n o d es ,  and n o t  over th e  whole of th e  sp ace  occupied by the 
framework. These d i f f e r e n c e s  a re  m ere ly  a r e s u l t  of the  way in  which th e  
l i n e a r  programming problem  is  fo rm u la te d ;  by in c r e a s in g  th e  number o f  nodes 
in  th e  ground s t r u c t u r e ,  th e  v i r t u a l  s t r a i n s  and d isp la c e m e n ts  could  t h e o r e t ­
i c a l l y  be made as c lo s e  to con tinuous te n s o r  f i e l d s  as d e s i r e d .  I t  may 
t h e r e f o r e  be s a id  t h a t  th e  n e c e s s i t y  of th e  M ic h e l l  c r i t e r i o n  fo r  optimum 
frameworks has been e s t a b l i s h e d .



C H A P T E R  S I X

COMPUTER PROGRAM

The program , which i s  l i s t e d  a t  the  end of t h i s  c h a p te r ,  f in d s  th e  l i g h t e s t  
framework of th o s e  whose nodes a re  co n f in e d  to  s p e c i f i e d  p o i n t s ,  which can 
e q u i l i b r a t e  a g iv en  f o r c e  system  and which can s a t i s f y  c e r t a i n  c o n d i t io n s  of 
y i e ld in g  and b u c k l in g .  The programming language used  i s  F o r t r a n .

*
PRESENTATION OF DATA

The p a t t e r n  o f  p o s s i b l e  nodes and th e  method of numbering them i s  shown
in  f ig u r e  6 .1 .  NX, NY, NZ a re  th e  f i r s t  th r e e  numbers p r e s e n te d  as d a ta  and
they  s p e c i fy  the  n o d a l  p a t t e r n  co m p le te ly .  A b a r  may j o i n  any node to  any 
o th e r  node. The b a r s  a re  numbered such  th a t  b a r  1 jo i n s  nodes 1 and 2 , b a r
2 jo i n s  nodes 1 and 3 , and b a r  NJ—1 j o i n s  nodes 1 and NJ, where NJ i s  th e  t o t a l
number of n o d es ;  b a r  NJ j o i n s  nodes 2 and 3 , b a r  [(NJ-1) + (NJ-2^ jo in s  
nodes 2 and NJ, and so on. With t h i s  co n v en t io n ,  th e  number of th e  b a r  jo in in g  
nodes I  and J ,  where I  J ,  i s  given, by;

Kl = J - I * ( I + l ) / 2  + N j a ( I - l )

Two o th e r  p a ra m e te r s ,  CB and SR, a re  read  in  a long  w i th  NX, NY and NZ. SR 
i s  th e  r a t i o  of th e  t e n s i l e  y i e l d  s t r e s s  to  th e  com pressive y i e ld  s t r e s s ;  CB
i s  such t h a t  i f  th e  sq u a re  of th e  l e n g th  of a b a r  i s  g r e a t e r  th an  CB * SR, i t
w i l l  f a i l  by b u c k l in g  before, i t  reach es  th e  com pressive y i e l d  s t r e s s ,  o r ,  i f  
CB i s  z e ro ,  f a i l u r e  by b u c k l in g  i s  n o t  co n s id e re d .  The in t r o d u c t i o n  of  CB, a
c o n s ta n t  f o r  a l l  b a r s ,  embodies th e  assum ption  t h a t  th e  second moment of a re a
of a b a r  i s  d i r e c t l y  p r o p o r t i o n a l  to  i t s  c r o s s - s e c t i o n a l  a re a  (CB i s ,  in  f a c t ,  
th e  c o n s ta n t  of p r o p o r t i o n a l i t y  m u l t i p l i e d  by TT E/cT^t) w here E i s  Young’ s 
Modulus and i s  the  y i e l d  s t r e s s  in  t e n s io n ) .  T h is  in  tu r n  im p lie s  t h a t
the  b u c k l in g  lo a d  i s  d i r e c t l y  p r o p o r t i o n a l  to  th e  c r o s s - s e c t i o n a l  a r e a ,  and th e  
volume of a f u l l y - s t r e s s e d  member i s  thus  always a c o n s ta n t  tim es  th e  member 
load .  A nother assum ption  which m a in ta in s  th e  l i n e a r i t y  between volume and 
maximum lo a d ,  i s  t h a t  th e  s le n d e rn e s s  r a t i o  o f  a l l  b a r s  i s  th e  same. Then a l l  
b a r s  f a i l  a t  th e  same com pressive s t r e s s ,  w hether  by b u c k l in g  or y i e l d i n g ,  and 
in  t h i s  case CB can be s e t  to  zero  and an a p p ro p r ia te  v a lu e  g iven  to  SR. The 
p a ram e te rs  CB and SR on ly  a f f e c t  th e  v a lu e s  o f  th e  c o e f f i c i e n t s  in  th e  o b je c t i v e  
(m er i t )  f u n c t i o n .

The f i r s t  d a t a  c a rd ,  t h e r e f o r e ,  c o n ta in s  f i v e  q u a n t i t i e s ,  of which, th e  f i r s t  
th r e e  a re  i n t e g e r s  and th e  l a s t  two r e a l  numbers e .g .

D ata c a rd :  4 3 1 S.O IrO

The above, means t h a t  t h e r e  a re  fo u r  nodes in  th e  x - d i r e c t i o n , t h r e e  in  th e  
y - d i r e c t i o n  and one in  th e  z - d i r e c t i o n  i . e .  p la n e  frameworks only  are  c o n s id e re d ;  
f o r  any b a r  whose l e n g th  i s  g r e a t e r  than  I s f l ,  the  E u le r  b u c k l in g  s t r e s s  i s  l e s s  
than  the  com pressive  y i e l d  s t r e s s ;  the  y i e l d  s t r e s s  in  t e n s io n  i s  th e  same as 
th e  y i e l d  s t r e s s  i n  com pression .

The n e x t  d a ta  s u p p l ie s  in fo rm a t io n  about p o in t s  of r e a c t io n  and a p p l ie d  fo rc e s ,  
Each of th e  nodes has th r e e  i n t e g e r s  and up to  th r e e  r e a l  numbers a s s o c ia t e d  
w i th  i t .  The i n t e g e r s  a re  e i t h e r  one or z e ro ,  one r e p r e s e n t in g  a c o n s t r a i n t
e .g .  0 1 0  im p lie s  a c o n s t r a i n t  in  th e  y - d i r e c t i o n .  The r e a l  numbers a re  che
components of a p p l ie d  fo rc e  a t  th e  node ,  the  number of such components b e in g ,
in  g e n e r a l ,  t h r e e  minus th e  number o f  n o d a l  c o n s t r a i n t s .  However in  the  case
where th e  t h i r d  i n t e g e r  of the  f i r s t  card  i s  one, as above, a s to r a g e  sav ing
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d e v ic e  in  th e  program comes in to  o p e ra t io n  and t h i s  means t h a t  th e  t h i r d  e q u i l i ­
brium e q u a t io n  o f  each node i s  m issed  o u t ,  a l l  th e  c o e f f i c i e n t s  be ing  ze ro .
The number of components of f o r c e  a t  a node i s  thus  two minus th e  number of noda l 
c o n s t r a i n t s .  This  only a p p l ie s  when th e  t h i r d  i n t e g e r  of the  f i r s t  card  i s  one. 
I f  one o f  th e  o th e r s  i s  one ,  then  th e  problem  is  t r e a t e d  as 3 -d im e n s io n a l ,  
r e s u l t i n g  in  a w astage of s to r a g e  sp ace .

The s e t s  of th r e e  i n t e g e r s ,  taken  in  o rd e r  of n o d e s ,  a r e  p r e s e n te d  to th e  
computer f i r s t ,  then  th e  r e a l  numbers. The fo l lo w in g  example i l l u s t r a t e s  th e se  
p o i n t s .  $

A  F■p ------ o o « «

I
r

a :

d a t a  c a rd ;  1 
d a t a  c a rd ;  0

4" d a ta  c a rd :  0 .0  
5 d a t a  c a rd :  0 .0

1 1 0 0 0 0 0 0 0 0 0 1  1 1 0 0  
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  

0.0 0.0 0.0 0.0 0.0 0.0 0.0 0 .0  0.0 
“ 1 .0  - 0 .5  0 .0  0 .0  0 .0  0 .0  0 .0  0 .0  0 .0

These i n t e g e r s  and r e a l  numbers must be such th a t  an e x t e r n a l  f o r c e  system 
in  e q u i l ib r iu m  i s  p o s s i b l e .  I f  t h i s  i s  n o t  th e  c a s e ,  th e  program  d e t e c t s  i t  
and p r i n t s  o u t  "NO BASIC FEASIBLE SOLUTION".

A f i n a l  d a ta  c a rd ,  c o n ta in in g  e i t h e r  a one o r  a z e ro ,  c o n t r o l s  the  form of 
the  p r i n t  o u t .  A one causes i n t e r m e d ia te  s ta g e s  of th e  c a l c u l a t i o n  to  be 
p r i n t e d  o u t ,  w hereas  a zero  g ives  o n ly  th e  f i n a l  r e s u l t s .

OUTLINE OF MODE OF' OPERATION

The d a ta  i s  p ro c e s s e d  by the  main program , in  c o n ju n c t io n  w ith  s u b ro u t in e s  
MP6 and MP9, to  g iv e  a s e t  of e q u a t io n s  ( e q u i l ib r iu m  e q u a t io n s )  and an o b j e c t ­
iv e  fu n c t io n  (minimum volum e). This l i n e a r  program i s  p r e s e n te d  to s u b ro u t in e  
Simplx w hich , w ith  th e  a id  of su b ro u t in e s  MPI, MP2, MP3 and MP4 s o lv e s  i t  and 
passe s  th e  r e s u l t s  on to  MP5. MP5 i n t e r p r e t s  th e  r e s u l t s  as a p a r t i c u l a r  
framework la y o u t ,  t h i s  in fo rm a t io n  be ing  g iven  f i r s t  t o  MP8 to  o rd e r  and p r i n t  
o u t ,  then to  MP7 to  a n a ly se  and d e t e c t  n o d a l  i n s t a b i l i t i e s .  A n o d e  i s  deemed 
u n s ta b l e  i f  a l l  th e  members m eeting  a t  i t  a re  in  com pression  and l i e  in  a 
p la n e  along th e  norm al to  which th e  node i s  u n c o n s t r a in e d :  in  th e  case  of
com pression members in  a s t r a i g h t  l i n e ,  th e  node must be c o n s t r a in e d  in  two 
d i r e c t i o n s .  A number i s  a s s ig n e d  to  each node i n d i c a t i n g  th e  type  of i n s t a b ­
i l i t y ,  i f  any, which i s  p r e s e n t ,  and th e  in fo rm a t io n  r e tu r n e d  to  th e  main program , 
where n o d a l  p e r t u r b a t i o n s  a re  c a l c u l a t e d  such t h a t  th e  u n s t a b l e  nodes a r e  d i s ­
p la c e d  in  th e  d i r e c t i o n  o f  i n s t a b i l i t y .  A check i s  made to  de term ine  w hether 
or n o t  an a l t e r n a t i v e  optimum may e x i s t :  i f  so ,  the program  r e tu r n s  to  the



60

b eg in n in g  and th e  p ro c e s s  b eg in s  ag a in .

T e rm in a t io n  o ccu rs  when a framework i s  found in  which t h e r e  are  no n o d a l  
i n s t a b i l i t i e s  ( in  th e  case  of p la n e  n o d a l  p a t t e r n s ,  when th e r e  a re  no in -p la n e  
n o d a l  i n s t a b i l i t i e s )  o r  when th e  t e s t  f o r  a l t e r n a t i v e  optima proves n e g a t iv e .

A f lo w c h a r t  showing th e  e s s e n t i a l  o p e ra t io n s  o f  the  program i s  g iven  in  
f i g u r e  6 .6 .

ft
OUTPUT OF RESULTS

During each  c y c le  of th e  com plete program , th e  o u tp u t  c o n s i s t s  of the  cy c le  
number, th e  n o d a l  p e r t u r b a t i o n s  f o r  th e  c y c l e ,  a l i s t  of b a r  te n s io n s  w i th  th e  
numbers of the  b a rs  to  which they  app ly  and a zero  o r  a one depending on w hether 
th e  l i m i t i n g  com pressive  s t r e s s  in  th e  b a r  i s  th e  com pressive y i e ld  s t r e s s  or 
th e  E u le r  b u c k l in g  s t r e s s ,  th e  optimum v a lu e  of th e  o b j e c t i v e  f u n c t i o n ,  th e  
v a lu e s  of th e  r e a c t i v e  f o r c e s  a t  th e  c o n s t r a i n t s ,  th e  number of i t e r a t i o n s  in  
each of  th e  two phases  of th e  o p t im is a t io n  p r o c e s s ,  and d e t a i l s  of u n s ta b le  
nodes . I f  no f u r t h e r  improvement can be made, th e  m essage "NO RK-CYCLE.
OPTIMUM SOLUTION OBTAINED" i s  p r i n t e d .

SOME DETAILED COMPUTATIONAL ASPECTS
1. STORAGE

The a r r a y  A c o n ta in s  th e  c o e f f i c i e n t s  of the  o b je c t iv e  f u n c t i o n ,  the  c o n s t r a i n t  
e q u a t io n s  and th e  a u x i l i a r y  o b je c t i v e  f u n c t io n .  The doubly s u b s c r ip te d  q u a n t i ­
t i e s  6t(tj) a re  s to r e d  in  a o n e -d im en s io n a l  a r r a y  u s in g  th e  form ula?

a c i j ) '  = A (I*  IRON 4. jAJCOL+1)

where IRON has the  v a lu e  1 and JCOL has a v a lu e  eq u a l to  1 p lu s  th e  maximum 
v a lu e  o f  th e  s u b s c r i p t  i  -  in  o th e r  words th e  le n g th  of a column of A. The 
s to r a g e  i s  o rg an ised  in  t h i s  way to  s u i t  th e  needs of s u b ro u t in e  S im plx, which 
was developed  from a program by K unzi, Tzschach and Zehnder ( r e f e r e n c e  17).
The a u th o rs  o f  th e  o r i g i n a l  program c la im ed in c re a s e d  e f f i c i e n c y  in  h an d lin g  
tw o-d im ensional a r r a y s  by such a d e v ic e .  However th e  e f f e c t  i s  n o t  l i k e l y  to  
be v e ry  pronounced s in c e  th e  r e s u l t  i s  t o  ach iev e  what th e  computer com piler  
does anyway. The e f f i c i e n c y  of th e  com pile r  w i l l  d e te rm in e  how much computing 
tim e , i f  an y , i s  saved . The a d d i t io n  of 1 to  th e  A s u b s c r ip t s  i s  to  a llow  
th e  v a lu e s  of I  and J  to  be z e ro ,  ze ro  s u b s c r ip t s  n o t  b e in g  p e rm i t te d  in  F o r t r a n .  
The z e ro th  row of A c o n ta in s  th e  o b je c t iv e  f u n c t io n ;  in  th e  n o t a t i o n  of 
ch a p te r  f i v e :

2(b) A (i)
c(k) -  A(KAJCOL-H)

The a u x i l i a r y  o b je c t iv e  f u n c t io n  i s  s t o r e d  in  th e  (1+m) row, and in  the  
fo l lo w in g  rows a re  th e  c o e f f i c i e n t s  of in a d m is s ib le  eq u a t io n s  i . e .  e q u a t io n s  
app ly ing  to  d i r e c t i o n s  in  which th e  co rresp o n d in g  nodes a re  c o n s t r a in e d .

The o rd e r in g  of th e  c o e f f i c i e n t s  w i th in  A f o r  th e  g e n e ra l  l i n e a r  programm­
ing  problem  of e q u a t io n s  ( 5 . 2 ) ,  d e r iv in g  from a framework problem  in  which the  
number of n o d a l  c o n s t r a i n t s  i s  1 , i s  as f o l lo w s :
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The in a d m is s ib le  e q u a t io n s  a re  no t n e c e s s a r i l y ,  of c o u r s e ,  th e  l a s t ]  e q u a t io n s  
of th e  s e t .  The v a lu e  of (m+l ) i s  e i t h e r  2*NJ or depending on w hether
the  problem  i s  two™ or th re e -d im e n s io n a l .  The v a lu e  of n i s  tw ice  th e  number 
of a d m iss ib le  b a r s  in  th e  ground s t r u c t u r e  (as a r e s u l t  o f  th e  n o n - n e g a t iv i t y  
r e s t r i c t i o n s  -  see  c h a p te r  f i v e ) ;  n o t  a l l  th e  b a rs  in  the  ground s t r u c t u r e  
a re  a d m is s ib le ,  th o s e  c o n s t r a in e d  a long  t h e i r  own d i r e c t i o n s  a t  bo th  ends be ing  
d is c o u n te d .

L i s t s  LNB and LB c o n ta in  r e s p e c t i v e l y  th e  in d ic e s  of th e  n o n -b a s ic  and b a s ic  
v a r i a b l e s  co r re sp o n d in g  to  any g iven  column or row of th e  a r ra y  A. To s t a r t  
w i th ,  only th e  a r t i f i c i a l  v a r i a b l e s  a r e  b a s i c ,  and th e s e  a r e  g iven  th e  in d ic e s  
(N+1) to  (N4M), th e  (N4K)^^ a r t i f i c i a l  be lo n g in g  to  th e  e q u a t io n .
Thus, i n i t i a l l y :

LB(K) = N->K

■tkThe o r i g i n a l  v a r i a b l e s  a re  a l l  n o n -b a s ic :  i n i t i a l l y ,  th e  c o e f f i c i e n t  of the  K
v a r i a b l e  i s  in  the  column of th e  a r r a y ,  and so :

LNB(K) = K

The l i s t s  LNB and LB a re  amended a f t e r  each i t e r a t i o n  o f  th e  Simplex a lg o ri th m .

LI c o n ta in s  th e  in d i c e s  of colurans f o r  c o n s id e r a t io n  as  th e  p iv o t  column. 
I n i t i a l l y  t h i s  com prises a l l  th e  columns of th e  a r ra y  A, b u t ,  du r ing  phase  1, 
as a r t i f i c i a l  v a r i a b l e s  become n o n - b a s ic ,  th e  in d ic e s  o f  columns which c o r r e s ­
pond to  a r t i f i c i a l  v a r i a b l e s  a re  dropped. L2 c o n ta in s  th e  in d ic e s  of rows 
f o r  c o n s id e r a t io n  as the  p iv o t  row i . e .  a l l  th e  rows 1 . .  .m o f th e  a r r a y :  i t
rem ains  u n a l t e r e d .

L i s t s  LEI, 1 . 2 ,  LE3, and LE4 a re  in v o lv ed  only  i n  d a t a  p r o c e s s in g ,  f o r  the  
c o r r e l a t i o n  of th e  v a r i a b l e s  and e q u a t io n s  of the  o r i g i n a l  framework problem 
w ith  th o se  of th e  f i n a l  l i n e a r  programming problem. XI., DX, DY, DZ co n ta in  the  
le n g th s  and d i r e c t i o n  c o s in e s  of the b a rs  in  th e  ground s t r u c t u r e .  LBC(I) 
takes  the  v a lu e  one o r  ze ro  depending on w hether th e  l i m i t i n g  com pressive  
s t r e s s  in  the  I^^  ̂ b a r  i s  the E u le r  b u c k l in g  s t r e s s  or the com pressive y i e l d  
s t r e s s .  LNC c o n ta in s  the  nodal c o n s t - r a in t s . AB and LI a re  used in  th e
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i n t e r p r e t a t i o n  of th e  z e ro th  column of A as a p a r t i c u l a r  fram ework, the  t e n ­
s io n s  in  th e  members b e in g  s to r e d  in  AB and th e  c o r re sp o n d in g  s u b s c r ip t s  in  
LI. MA i s  employed in  the  i n v e s t i g a t i o n  of th e  s t a b i l i t y  of framework nodes 
I f  th e  b a r  j o i n in g  nodes I  and J ,  J > I ,  i s  a lo a d - c a r r y in g  member in  an o p t i ­
mum framework, th e n  the  b a r  s u b s c r ip t  i s  s to r e d  in  th e  M A (I,J-1 )  and M A (J ,I) ,  
be ing  p o s i t i v e  i f  th e  b a r  i s  in  t e n s io n  and n e g a t iv e  i f  th e  b a r  i s  in  com press­
ion .  LNl and LN2 c o n ta in  th e  numbers of th e  two nodes t o  which any b a r  i s  
jo in e d .  Thus i f  th e  b a r  j o i n s  nodes I  and J ,  J > I ,  th e n :

LN1(K)=I, LN2(K)=J
i

LCN (I )  c o n ta in s  a number which i n d i c a t e s  th e  d i r e c t i o n  o f  i n s t a b i l i t y ,  i f  
any, a t  node I .  PERT ( 1 ,1 ) ,  PERT (1 ,2 )  and PERT (1 ,3 )  a r e  the  n oda l  p e r t u r b ­
a t io n s  in  th e  x ,  y and z c o o rd in a te  d i r e c t i o n s  a t  node I .  F i n a l l y ,  B i s  a 
l i s t  of the  v a lu e s  of th e  a p p l ie d  e x t e r n a l  f o r c e s .

The maximum d im ensions  of a l l  th e  a r r a y s  used  in  th e  program a re  g iven  in  
t a b le  4. The a c t u a l  d im ensions quo ted  in  th e  program a r e  c a l c u l a t e d  f o r  a 
p la n e  system  c o n ta in in g  a maximum of 20 n o d es ,  w i th  th e  number of a d m iss ib le  
b a r s  in  the  ground s t r u c t u r e  l i m i t e d  by th e  c o n s t r a i n t s  t o  a maximum of 125.

2. CALCULATION OF THE LENGTHS AND DIRECTION COSINES OF THE BARS 
FORMING THE GROUND STRUCTURE

This s e c t i o n  b eg in s  a t  s ta te m e n t  40, The c o o rd in a te s  o f  th e  nodes I  and 
J  w hich the  b a r  jo i n s  a r e  de te rm ined  by su b ro u t in e  MP9, th e  b a s is  of w hich i s  
th e  l i b r a r y  f u n c t io n  XMODF. XMODF (K ,L ) , where K and L a r e  i n t e g e r  argum ents , 
g iv es  th e  rem ainder  when K i s  d iv id e d  by L. Use i s  a l s o  made o f  th e  f a c t  t h a t  
an i n t e g e r  d iv id e d  by an o th e r  i n t e g e r  i s  rounded d c m  to  th e  n e a r e s t  i n t e g e r .  
The c o o rd in a te s  a s s ig n e d  to  th e  nodes a re  i n  acco rdance  w i th  th e  numbering 
system  shown in  f i g u r e  6 .1 .  From th e  c o o rd in a te s  of th e  nodes and th e  c o r r e s ­
ponding p e r t u r b a t i o n s ,  i f  any, th e  le n g th s  and d i r e c t i o n  c o s in e s  of th e  b a rs  
a re  de term ined  by s u b ro u t in e  MP6. Any b a r  which j o i n s  two nodes b o th  of 
which have a c o n s t r a i n t  a long th e  b a r  d i r e c t i o n  i s  r u le d  o u t  as a - s u i t a b l e  
s t r u c t u r a l  member, and i t s  le n g th  i s  s e t  to  ze ro .

3. THE LISTS LEI, LE2, LE3 and LE4

LEI(Kl) d e te rm in e s  th e  number of b a rs  r e j e c t e d  up to  and in c lu d in g  b a r  
number 1(1, where Kl depends only  on the  numbers of th e  nodes which th e  bar  
j o i n s .  ■ LE2(K2) perfo rm s  a complementary f u n c t io n ;  1(2 s t e p s  by one each time
a b a r  i s  a c c e p te d  and LE2(I(2) c o n ta in s  th e  c o r re sp o n d in g  Kl v a lu e .  LE3 and 
I(E se rv e  th e  same pu rp o se  in  th e  o rd e r in g  of eq u a t io n s  as LEI and 1(1 in  the  
o rd e r in g  o f  b a r s .  LE4 and NC a r e  n o t  q u i t e  th e  same as LE2 and K2, s in c e  
NO s te p s  by one each time an e q u a t io n  i s  r e j e c t e d  r a t h e r  th a n  acc ep ted .  Thus 
LE4 c o n ta in s  th e  KE v a lu e s  of th e  in a d m is s ib le  e q u a t io n s ,

4. FORMATION OF THE EQUILIBRIUM EQUATIONS

A ll  th e  n o n -z e ro  c o e f f i c i e n t s  in  th e  e q u i l ib r iu m  e q u a t io n s  a re  d i r e c t i o n  
c o s in e s  of b a r s ,  which have a lre a d y  been c a l c u l a t e d ,  so t h a t  t h i s  s e c t io n  
of the  program in v o lv es  on ly  th e  t r a n s f e r e n c e  of th e  numbers in  th e  l i s t s  DX,
DY and DZ to  th e  c o r r e c t  l o c a t io n s  in  A. Each i t e r a t i o n  o f  the  DO-loop ending 
a t  s ta te m e n t  210 d e a l s  e s s e n t i a l l y  w i th  th e  c o e f f i c i e n t s  o f  th e  e q u i l ib r iu m  
e q u a t io n s  ap p ly in g  to  th e  node whose number i s  th e  same as th e  number of the  
i t e r a t i o n .  However, s in c e  each d i r e c t i o n  co s in e  i s  used a g a in ,  w ith  th e  
o p p o s i te  s ig n ,  in  th e  e q u a t io n  ap p ly in g  to  th e  node a t  th e  o th e r  end of the 
co rresp o n d in g  b a r ,  i t  i s  w o r th w h ile  i n s e r t i n g  t h i s  v a lu e  i n  th e  a p p ro p r ia te  
l o c a t io n  in  A a t  th e  same tim e. This  means t h a t  a t  th e  i t e r a t i o n  o f  the 
DO-loop, on ly  the  d i r e c t i o n  c o s in e s  of the  b a r s  which j o i n  node K to  nodes 
K t l ,  K+2, NJ a re  in v o lv e d ,  because  th e  d i r e c t i o n  c o s in e s  o f  th e  b a r
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j o i n in g  nodes J  and K, where J <  K, were e n te re d  a t  th e  J  i t e r a t i o n .

5. CALCULATION OF THE COEFFICIENTS IN THE OBJECTIVE FUNCTION

The o b je c t iv e  fu n c t io n  i s  n o t  e x a c t ly  the same as g iv e n  in  e q u a t io n  ( 5 .7 ) ,  
b u t  i s  m u l t i p l i e d  by to  g iv e :

iriL 0(f) V ~ 1(1) To  ̂ lo 1%  Th) 'V) +■ 0x0 lo) 1(1)
m o

•f ^  Î-0) + ........... .
cTfc) cT(c)

I f  1 Q  >  SR * CB, th e n :

^  ( t {€) r r  L I  , by th e  d e f i n i t i o n  o f  CB

O' @ (tft) 0-cj)

I . e . (TfO > rr  ̂ £ J  = o'(g)
<^0‘) ÎÜ)

where i s  th e  E u le r  b u c k l in g  s t r e s s .  I n  t h i s  case  th e  c o e f f i c i e n t  of
T j ;  in  th e  o b je c t iv e  f u n c t io n  i s  n o t  ( cC(t') /  (/(c) ) l (j )  b u t  ( cĈ t)/ cfcs)) ^(j)

fh  ko =
crcc)

CTCt) Lq) = XL(J)**3/CB

O'CS)

A ll  th e  c o e f f i c i e n t s  in  the  o b j e c t iv e  fu n c t io n  are  s to r e d  as the  n e g a t iv e  
of t h e i r  a c t u a l  v a lu e s  s in c e  s u b ro u t in e  Simplx i s  a m ax im isa tion  p r o c e s s ,  whereas 
th e  problem to  be s o lv ed  i s  one o f  m in im isa t io n .

^  SUBROUTINE SIMPLX ■

The s o lu t i o n  of the  l i n e a r  program i s  c a r r i e d  out by s u b ro u t in e  Simplx, 
w i th  s u b r o u t in e s  MPI, MP2, MP3 and MP4, th e  method b e in g  i n  s t r i c t  agreement 
w i th  th e  th eo ry  p re s e n te d  in  c h a p te r  f i v e .  The T^  ̂ become the  v a r i a b l e s  
1 to  KRl o f  the  l i n e a r  program , th e  Tq  th e  v a r i a b l e s  KRl to  N, and the 
a r t i f i c i a l  v a r i a b l e s  th e  v a r i a b l e s  N f l  to  N+M3, where KRl i s  the  number o f  
a d m is s ib le  b a r s ,  N i s  2*KR1 and M3 i s  th e  number of a d m is s ib le  e q u a t io n s .

During a r e - c y c l e  of th e  program , th e  p r i n t  c o n t ro l  p a ra m e te r ,  PC, i s  
g iven  the  va lue , 1 when the  m agnitude of th e  o b je c t iv e  fu n c t io n  a t t a i n s  th e  
s m a l le s t  v a lu e  n o t  l e s s  than  10% above th e  optimum m agnitude o f  the o b je c t iv e  
fu n c t io n  in  th e  f i r s t  c y c l e ,  so t h a t  d e t a i l s  of the  la y o u t  f o r  the  c u r r e n t  
i t e r a t i o n  and a l l  subsequen t i t e r a t i o n s  a re  p r i n t e d  o u t .  The reaso n  f o r  t h i s  
i s  t h a t  th e  method o f  nodal p e r tu r b a t io n s  i s  des igned  to  fo rc e  a s e a rc h  f o r  
an a l t e r n a t i v e  optimum la y o u t  w i th  the  same w eigh t as the  i n i t i a l  optimum b u t
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w ith o u t  the  n o d a l i n s t a b i l i t i e s .  However, the  e f f e c t  o f  p e r tu r b in g  the  nodes 
may be to  p roduce  a s l i g h t  in c r e a s e  o r  d e c re a se  in  the  w e ig h t  of any a l t e r n a ­
t i v e  optimum t h a t  may e x i s t ,  i f  such an a l t e r n a t i v e  optimum makes use o f  a 
p e r tu rb e d  node. . For t h i s  r ea so n  i t  i s  n e c e s s a ry  to  have d e t a i l s  o f  as many 
la y o u ts  as p o s s i b l e  w i th  w e ig h ts  i n  th e  re g io n  of th e  f i r s t  cyc le  optimum 
w e ig h t .

The s ta n d a rd  te ch n iq u e  f o r  d e te rm in in g  a l t e r n a t i v e  o p t im a l  s o lu t i o n s  to 
l i n e a r  programs i s  to  look f o r  ze ro  v a lu e s  in  th e  c o e f f i c i e n t s  of th e  
o b j e c t i v e  f u n c t io n  when the  o p tim a l s o lu t i o n  i s  o b ta in e d .  From eq u a t io n s  
(5 .4 )  i f  i s  z e ro ,  th en  can be made any v a lu e  and the  v a lu e  of *
th e  o b je c t iv e  f u n c t i o n  i s  unchanged. In  the  framework problem  i t  would be 
n e c e s s a ry  to  i n c r e a s e  X(-jviHi) t o  a v a lu e  which drove one o f  th e  b a s i c  v a r i a b l e s  
to  zero  in  o rd e r  to  e n su re  t h a t  th e  r e s u l t i n g  framework would be s t a t i c a l l y  
d e te rm in a te :  in  o th e r  w ords ,  once th e  p iv o t  column has been chosen b y . d e t e r ­
m ining th e  zero  c^^di) > th e  p iv o t  row i s  determ ined  by th e  same c r i t e r i o n  as 
i s  used in  th e  Simplex a lg o r i th m .  I f  th e  i n i t i a l  o p t im a l  b a s i s  i s  d e g e n e ra te ,  
th e  new b a s i s  may a l s o  be d e g e n e ra te ,  so t h a t  the  s o lu t i o n  i s  e f f e c t i v e l y  the 
same. In  the  framework p rob lem , b ecau se  of the  f a c t  t h a t  n o t  every  a v a i l a b l e  
node i s  u sed ,  o f t e n  more th a n  h a l f  o f  th e  b a s i c  v a r i a b l e s  in  an op tim al s o lu ­
t i o n  a re  z e ro ,  and th e r e f o r e  in  s e a rc h in g  f o r  a l t e r n a t i v e  op tim a, i t  i s  
p o s s i b l e  to  p e rfo rm  a la rg e  number o f  i t e r a t i o n s  b e f o r e  any change in  the  
p a t t e r n  of lo a d - c a r r y in g  members i s  p roduced : i n  f a c t  i t  o f te n  happens t h a t
th e  optimum la y o u t  i s  un ique  in  term s of lo a d -c a r ry in g  members, a l though  a t  
th e  o p tim a l s o l u t i o n  to  th e  l i n e a r  program th e r e  a re  zero c o e f f i c i e n t s  in  th e  
o b je c t iv e  f u n c t io n .  In  th e s e  c irc u m stan c es  the  method o f  noda l p e r tu r b a t io n s  
seems a more s a t i s f a c t o r y  method of s e a rc h in g  f o r  a l t e r n a t i v e  optima. I t  has 
th e  d isa d v a n ta g e  t h a t  n o t  a l l  p o s s i b l e  la y o u ts  w i th  w e ig h ts  i n  th e  re g io n  of 
th e  o r i g i n a l  optimum w e ig h t  a re  n e c e s s a r i l y  produced and t h e r e f o r e  an a l t e r n a ­
t i v e  optimum cou ld  s t i l l  be b y -p a s se d .  N e v e r th e le s s ,  in  terms of th e  amount 
of com putation in v o lv e d ,  i t  p ro v id e s  a more r e a l i s t i c  approach  than  the  o th e r  
me th o d .

The r e - c y c l e  i s  o n ly  i n i t i a t e d  i f  th e  maximum c o e f f i c i e n t  of the  o b je c t iv e  
f u n c t io n  i s  ze ro  a t  th e  end of phase  2 ,  because  o th e rw ise  th e  p o s s i b i l i t y  of 
a l t e r n a t i v e  optima can be r u l e d  o u t .

7. SUBROUTINES MP5 AND MP8

From th e  in d ic e s  of th e  b a s i c  v a r i a b l e s ,  co n ta in e d  in  l i s t  LB, the  frame­
work b a rs  to  w hich th e s e  v a r i a b l e s  r e f e r ,  and th e  s ig n  of th e  load in  each 
b a r ,  a re  de term ined  in  s u b ro u t in e  MP5. The b a r  numbers a re  s to re d  in  l i s t  LI 
and th e  b a r  loads ( p o s i t i v e  t e n s i o n ,  n e g a t iv e  com pression) and v a lu e  of th e  
o b j e c t i v e  fu n c t io n  a re  s to r e d  in  l i s t  AB. The reason  f o r  n o t  simply s to r in g  
t h i s  in fo rm a t io n  in  LB and th e  z e ro th  column of A i s  t h a t  th e  e x i s t i n g  v a lu e s  
i n  th e s e  lo c a t io n s  must be p re s e rv e d  in  the  even t of th e  p a ra m e te r  PC be ing  1 - 
and s u b ro u t in e  MP5 be ing  c a l l e d  a f t e r  every  i t e r a t i o n  in  phase  2 of s u b ro u t in e  
Simplx. However the  v a lu e s  of th e  r e a c t i v e  fo rc e s  a t  the  c o n s t r a i n t s  can be 
p u t  in  the  z e ro th  column o f A, in  th e  l a s t  NC l o c a t i o n s ,  NC be ing  th e  number 
of noda l c o n s t r a i n t s ,  s in c e  th e  l a s t  NC rows c o n ta in  th e  c o e f f i c i e n t s  of in a d ­
m is s ib l e  e q u a t io n s  and a r e  thus n o t  in v o lv ed  in  th e  o p t im is a t io n  p ro c e s s .  The 
in d ic e s  of the  c o n s t r a i n t  f o rc e s  a re  in  l i s t  LE4, the  in d ic e s  of f o r c e s  being 
the  same as the numbers o f  th e  e q u a t io n s  to  which they  app ly .

The d e t a i l s  of the  framework la y o u t  a re  p r in t e d  out by s u b ro u t in e  MP8. Al­
though th e  v a lu e  of th e  o b je c t i v e  fu n c t io n  i s  l a b e l l e d  "WEIGHT", i t  i s  n o t  th e  
a c t u a l  w e ig h t o f  th e  framework, b u t  a non -d im ens iona l  p a ra m e te r  from which the 
w eigh t may be o b ta in e d  by m u l t ip ly in g  by a f a c t o r  _/Fd/(y(.(  ̂ where j> i s  th e  m a te r­
i a l  d e n s i t y ,  d i s  th e  d i s t a n c e  between two a d ja c e n t  nodes and F th e  m agnitude, 
in  u n i t s  c o n s i s t e n t  w i th  crVt) s o i  th e  u n i t  of fo rc e  used in  th e  d a ta .
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8. SUBROUTINE MR7

Each row of th e  tw o-d im ensiona l a r r a y  MA, in  s u b ro u t in e  MP7, c o n ta in s  th e  
numbers of th e  lo a d -c a r r y in g  members a t ta c h e d  to  a p a r t i c u l a r  node o f  th e  
optimum framework. The b a r  number i s  e n te re d  as p o s i t i v e  i f  the  b a r  i s  in  
te n s io n  and n e g a t iv e  i f  the  b a r  i s  in  com pression. The rows of MA a re  then 
scanned u n t i l  one i s  found in  which a l l  the  n o n -ze ro  e lem en ts  a re  n e g a t iv e .  
The arrangem ent of b a r s  and c o n s t r a i n t s  a t  the  a p p r o p r ia te  node i s  examined 
to  de te rm ine  i f  th e  node i s  u n s t a b l e ,  and a number i n d i c a t i n g  th e  type of 
i n s t a b i l i t y ,  i f  any , s to r e d  in  l i s t  LCN. Thus:

Three o r  more 
com press ion  b a r s  
or c o n s t r a i n t s  
i n  th e  same 
p lan e

Two com pression 
b a r s ,  o r  one b a r  
and one c o n s t r a i n t ,  
in  l i n e

LCN(I) = 0 : Node I  i s  s t a b l e

LCN(I)

LCN (I )

LCN(I)

LCN (I)

LCN (I)

LCN ( I )

-  2; 

= 3 :

= 4 :

= 5 : 

=  6 :

D ir e c t io n  of i n s t a b i l i t y  a t  Node I  has 
a component in  th e  x  c o o rd in a te  d i r e c t i o n  
D i r e c t io n  of i n s t a b i l i t y  a t  Node I  has 
a component in  th e  y c o o rd in a te  d i r e c t i o n  
D i r e c t io n  of i n s t a b i l i t y  a t  Node I  has 
a component in  th e  z c o o rd in a te  d i r e c t i o n

D ire c t io n s  of 
components in  
d i r e c t i o n s  
D i r e c t io n s  o f  
components in  
d i r e c t i o n s  
D i r e c t io n s  of 
components i n  
d i r e c t i o n s

i n s t a b i l i t y  a t  Node I  have 
th e  y and z c o o rd in a te

i n s t a b i l i t y  a t  Node I  have 
th e  z and x c o o rd in a te

i n s t a b i l i t y  a t  Node I  have 
th e  X and y c o o rd in a te

9. CALCULATION OF NODAL PERTURBATIONS

U nstab le  nodes a re  d i s p la c e d  in  th e  d i r e c t i o n  of i n s t a b i l i t y  so t h a t  the  
arrangem ent of b a r s  which caused th e  i n s t a b i l i t y  i s  no lo n g e r  in  e q u i l ib r iu m  
and cannot be r e p e a te d  in  th e  n e x t  cy c le  of the  program. The d i r e c t i o n  of 
th e  d isp la cem e n t a t  a node ( i . e .  w h e th e r  i t  i s  a long th e  x ,  y o r  z c o o rd in a te  
d i r e c t i o n )  depends on th e  co rre sp o n d in g  v a lu e  in  LCN: the  s ig n  of th e  d i s ­
placem ent ( i . e .  w hether  in  th e  p o s i t i v e  or n e g a t iv e  d i r e c t i o n  of the  c o o rd in ­
a te  a x i s )  depends on the  number of th e  cyc le^ be ing  a l t e r n a t e l y  p o s i t i v e  and 
n e g a t iv e  i n  s u c c e s s iv e  c y c le s .  This m in im ises  th e  p o s s i b i l i t y  of an u n s ta b le  
arrangem ent b e in g  r e p e a te d  due to  a s e t  of nodes a l l  b e in g  d is p la c e d  in  the 
same d i r e c t i o n .  In  th e  case  of an i n s t a b i l i t y  due to  two i n - l i n e  compression 
b a r s ,  a check i s  made to  see  i f  they  can be r e p la c e d  by a s in g le  b a r  w ith o u t  
a l t e r i n g  th e  s t r u c t u r a l  w e ig h t .  Such a rep lacem en t i s  on ly  p o s s i b l e  i f  th e  
l i m i t i n g  com pressive  s t r e s s  in  a l l  th e  b a r s  in v o lv ed  i s  th e  com pressive y i e l d  
s t r e s s  and n o t  th e  E u le r  b u c k l in g  s t r e s s .

ILLUSTRATIVE EXAMPLES

Due to  th e  l im i t e d  amount o f  s to r a g e  a v a i l a b l e  on Glasgow U n i v e r s i t y 's  
KDF9 com puter, th re e -d im e n s io n a l  examples w ith  a r e a l i s t i c  number of nodes 
could  n o t  be run .  In  the e a r ly  s ta g e s  of development of th e  program , a 
s in g l e  c e l l  of two nodes i n  each  c o o rd in a te  d i r e c t i o n  was used  to  check t h a t  
th e  v a r io u s  s e c t i o n s  of th e  program w ere fu n c t io n in g  c o r r e c t l y .  The r e s u l t s  
them selves a re  of l i t t l e  s i g n i f i c a n c e .  However some i n t e r e s t i n g  r e s u l t s  can 
be o b ta in e d  u s in g  p la n e  system s and c o n s id e r a t io n  w i l l  now be g iven  to  s e v e r a l  
examples o f  t h i s  ty p e .

EXAMPLE 1

C a n t i l e v e r  framework to  t r a n s m i t  f o r c e  to r i g i d  boundary:
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I

A

CB=8.0
SR=1.0

The d a t a  ca rds  a re  as fo l lo w s :

d a t a c a rd ; 4 3 1 8 .0 1.0
d a ta card  : 1 1 1 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0

a I'd 

6 ^

d a t a c a rd : 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 0
d a ta card  : 0 . 0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0
d a ta c a rd ; 0. 0 0 .0 0 . 0 0 .0 0 .0 0 .0 0 .0 0 .0 1 .0
d a ta card  : 0

For t h i s  exam ple, th e  computer o u tp u t  f o r  the  f i r s t  c y c le  and th e  beg in n ­
ing of th e  second c y c le  i s  g iven  a t  th e  end o f  th e  c h a p te r .  The frameworks 
produced  a t  th e  end of each  o f  th e  th r e e  c y c le s  of th e  program a re  shown in  
f i g u r e s  6 .2 a ,  6 .2b and 6 .2 c .  The G o r  T a g a in s t  the  b a r  numbers i n d i c a t e s  
com pression or t e n s io n  r e s p e c t i v e l y .  A l l  th e  frameworks produced in  cy c le s  
2 and 3 w ith  w e ig h ts  w i th in  5% of th e  minimum w eigh t of 10.0 r e l i e d  on a com­
p r e s s iv e  load p a th  between nodes 9 and 12, the  u n s ta b le  nodes 10 and 11 b e in g  
s u i t a b l y  b race d .  The. b e s t  a l t e r n a t i v e  arrangem ent to  be found by th e  com­
p u te r  i s  shown in  f i g u r e  6 .2 d .  Over the  th r e e  cyc les  of th e  program th e re  
were 118 i t e r a t i o n s  of th e  Simplex a lg o r i th m ,  in c lu d in g  b o th  phases  1 and 2, 
and th e  t o t a l  amount of computing tim e was 6 m inu tes  55 s e c o n d s .-

EXAMPLE 2

In  t h i s  example th e  g iven  f o r c e s  form a system  in  e q u i l ib r iu m  and th e re  a re  
no n o d a l  c o n s t r a i n t s .

31-
a

t :

SR=3.0 
CB=1.0

V

3F
2 y 'l  

1 1 -  
i 2
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rxM.
O T ii

d a ta card  ; 4 3 1 3 .0 1 .0
d a t a card  ; 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
d a t a c a rd ; 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
d a ta card  : 1. 5 0 .5 0 .0 0 .0 0 .0 0 .0 0. 0 0 .0 0,.0 0. 0 0 .0  0 .0
d a ta ca rd : 0. 0 0 .0 0 .0 - 1 .0 -1 .5 0. 5 0 .0  0..0 0. 0 0 .0  0 .0  0 .0
d a ta c a rd ; 0

The framework produced  a t  th e  end o f  th e  f i r s t  cy c le  i s  shown in  f ig u r e  
6 .3 a .  Nodes 2 and 6 a re  u n s ta b l e  and th e r e f o r e  a second cy c le  i s  r e q u i r e d ,  
which m ere ly  in t ro d u c e s  th e  b ra c in g  shown in  f i g u r e  6 ,3 b .  A part from the 
b r a c in g  members f o r  nodes 2 and 6 , th e  framework i s  v e ry  n e a r l y  symmetric s
about a h o r i z o n t a l  c e n t r e  l i n e .  The symmetry i s  on ly  s p o i l e d  by th e  long 
t e n s i l e  b a r  27, w hich could  be r e p la c e d  by b a rs  48 and 24, w i th  th e  a d d i t i o n a l  
advantage of s t a b i l i s i n g  node 6. P a i r s  o f  co rrespond ing  b a r s ,  one above and 
one below th e  l i n e  of symmetry, each  c a r r y  th e  same m agnitude o f  lo a d in g ,  one
b a r  be ing  in  t e n s io n  and the  o th e r  in  com pression, 
d e a l t  w i th  by th e  method of th e  n e x t  example.

Thus the  problem can be

EXAMPLE 3

.6
/k

CB=3.0 
, SR=1.0

;j*
1̂  d a ta  card, 

d a ta  card

3^^ d a t a  ca rd  
4 d a ta  card

4 
1 
0 
0.0 
0

2 1
0 0
0 0

0 , 0

3 .0  1 .0
1 0  0 
0 0 0 

0 .0  0 .5

1 0 0 1 0 0 0 0 0 0 0 0

1.5 - 0 .5  0 .0  0 .0  0 .0  0 .0  0 .0  0 .0

The optimum s o lu t i o n  i s  shown, in  f i g u r e  6 .4 :  a p a r t  from th e  b ra c in g  b a rs
16 and 17 f o r  th e  u n s ta b l e  node 6 ,  th e  la y o u t  i s  th e  same as one h a l f  of th e  
symmetric framework of  example 2. By d u p l i c a t in g  th e  la y o u t  below th e  l i n e  
of c o n s t r a in e d  nodes and assuming th e  same m agnitude b u t  o p p o s i te  s ig n  of 
lo a d in g  in  co rresp o n d in g  b a r s ,  th e  r e a c t i v e  fo rc e s  a t  the c o n s t r a i n t s  become - 
z e ro ,  and th e  f o r c e  system  and optimum la y o u t  of example 2 a re  produced . The 
advantage of u s in g  t h i s  method, f o r  f o r c e  systems w ith  th e  n e c e s s a ry  symmetry, 
i s  t h a t  a f i n e r  g r id  of nodes can be used f o r  any g iven  amount o f  a v a i l a b l e  
computer s to r a g e  than  i s  p o s s i b l e  by so lv in g  th e  f u l l  problem . The d isad v an tag e  
i s  t h a t  th e  assum ption  of symmetry in  th e  framework la y o u t  w i l l  i n e v i t a b l y  le ad  
to  a w eight p e n a l ty  in  some examples a lthough  i t  d id  n o t  in  t h i s  p a r t i c u l a r  
example. I f ,  however, th e  d i r e c t i o n s  of a l l  the  f o r c e s  a re  r e v e r s e d ,  one 
optimum la y o u t  i s  s im ply  th e  t e n s i l e  b a r  19 jo in in g  nodes 4 and 5. Because 
o f  th e  v a lu e  3 .0  f o r  CB, a bar  of th e  same le n g th  as b a r  19, c a r ry in g  an equal 
and o p p o s i te  lo a d ,  i s  c o n s id e ra b ly  h e a v i e r ,  and th e  w e igh t o f  th e  two b a rs  
to g e th e r  i s  21.6667. Thus in  t h i s  case  the  assum ption  o f  symmetry in  the
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framework le ad s  to  a w e igh t  p e n a l ty  of 117% over  th e  a b s o lu te  minimum. As a 
g e n e ra l  r u l e  i t  i s  b e s t  to  b a se  th e  whole framework on th e  h a l f  framework s o lu ­
t i o n  w i th  th e  s h o r t e s t  com pression  members, which means s o lv in g  t h a t  h a l f  of 
th e  problem  in  w hich th e  main load  c a r ry in g  members a re  l i k e l y  to  be in  com­
p r e s s io n  .

No n o d a l  i n s t a b i l i t i e s  can a r i s e  along th e  l i n e  o f  symmetry because  the  
c o n s t r a i n t s  in  th e  h a l f  framework problem p e rm it  on ly  a h o r i z o n t a l  r e a c t i o n ,  
which means t h a t  b a r s  m eeting  a t  a node on th e  l i n e  of symmetry cannot a l l  
c a r ry  th e  same s ig n  of lo a d in g .

EXAMPLE 4

The f o r c e  system  i s  s i m i l a r  to  t h a t  of example 2 ex ce p t  t h a t  th e  p o in t s  o f  
r e a c t io n  f o r  th e  t i p  load  a re  tw ice  as f a r  a p a r t .  The s o l u t i o n ,  o b ta in e d  by 
the method of example 3 , i s  shown in  f i g u r e  6 .5 .  To have so lv e d  th e  f u l l  
p roblem  w ith  th e  same n o d a l  p a t t e r n  would have r e s u l t e d  in  a ground s t r u c t u r e  
of 276 b a r s ,  and a l i n e a r  program  w ith  600 v a r i a b l e s  and 48 e q u a t io n s .
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NJ=Nuinher of nodes 

NC=Number o f  c o n s t r a i n t s

ARRAY MAXIMUM DIMENSION IN 
3-D PROBLEM

MAXIMUM DIMENSION IN 
2-D PROBLEM

A ( (3*N J-J-2) * (NJA (N J -1 )  +1) ) ( (2*NJ+2)* (NJ* (NJ-1) +1) )

LNB (NJ*(NJ-1)) (NJ* (NJ-1) )

LB (3&NJ) (2*NJ)

LI (N J*(N J-D ) (NJ*(N J-1))

L2 (3*NJ) (2*NJ)

LEI (NJ*(NJ“ l ) / 2 ) (N J* (N J- l) /2 )

LE 2 (N J*(N J~ l)/2 ) (N J* (N J - l ) /2 )

LE3 (3&NJ) (2*NJ)

IR4 (NC) (NC)

XL (N J* (N J- l) /2 ) (N J* (N J - l ) /2 )

DX (N J*(N J~l)/2 ) (N J* (N J - l ) /2 )

DY (N J* (N J- l) /2 ) (NJ*(NJ“ l ) / 2 )

DZ (N J* (N J- l) /2 ) (N J* (N J-I) /2 )

LBC (N J*(N J~ l)/2 ) (N J* (N J - l ) /2 )

LNC (3*NJ) (3*NJ)

AB (3*NJ-NCtl) (2*NJ-NC4l)

LI (3*NJ“NC) (2*NJ-NC)

MA (NJ,NJ“ 1) (NJ ,N J-1)

LNl (N J* (N J- l) /2 ) (NJ* (N J - l ) /2 )

LN2 (N J*(N J-4)/2 ) (N J* (N J - l ) /2 )

LCN (NJ) (NJ)

PERT (NJ,3) (N J,3)

B
«h»..».».

(3*NJ-NC) (2*NJ-NC)

TABLE
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FIGURE 6 . 1



71

NODE 10 UNSTABLE

6lc

WEIGHT; 10.0000

FIGURE 6 .2 a

NODE 11 UNSTABLE

6 r

WEIGHT: 10.0000

..FIGURE 6 .  2b
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WEIGHT: 9.9364

EIGHEE 6 .2 c

3F
%. U o

60T

WEIGHT: 10.8932 
(11.0000 WITH NODE 

10 UNPERTURBED)

FIGURE 6 . 2 d
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6ir

S O c

NODES 2
AND 6

UNSTABLE

1C 12 c

9 H

Ÿ F

0

WEIGHT: 10.0000

EIGURE 6 .3 a

3 f

25t
27-t

12CI c

2.

WEIGHT: 10.0149

FXGÏÏEE 6 . 3b
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23. C

JOc 2 1 Ç

2

WEIGHT: 5 .1778

EIGURE 6 .4

¥
4

3F é l  C
a4

WEIGHT: 8.0000

FIGURE 6 . 5
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START

READ DETAILS OE 
APPLIED FORCE SYSTE 
NODAL PATTERN AND 

MATERIAL CONSTANTS

FORM CONSTRAINT EQUATIONS 
# D  OBJECTIVE FUNCT'ION

PRINT DETAILS 
OF EXCESS

ALLOCATED
STORAGE

EXCEEDED?

SOLVE LINEAR PROGRAM

PRINT "NO BASIC /  BASIC
FEASIBLE SOLUTION" /  ^ NO^.-'^ASIBLE SOLUTION?

PRINT "NO FINITE 
SOLUTION"

BASIC 
OPTIMAL SOLUTION?

YES

\  PRINT DETAILS OF 
FRAMEWORK LAYOUT

PRINT DETAILS OF 
OUT-OF-PLANE 

INSTABILITIES IN 
PLAŒ FRAME 

WORKS AND 
COLINEAR BARS 
REPLACED BY 

SINGLE BAR

NODAL 
INSTABILITIES?

RE-CYCLE
NECESSARY?CALCULATE NODAL 

PERTURBATIONS
STOP

FIGURE 6 , 6
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CYCLE

NODAL PERTURBATIONS

NODE 1 0.0000 0 .0000 0.0000
NODE 2 0.0000 0.0000 0.0000
NODE 3 0.0000 0.0000 0 .0000
NODE 4 0,0000 0.0000 0.0000
NODE 5 0.0000 0.0000 0.0000
NODE 6 0.0000 0.0000 0 .0000
NODE 7 0.0000 0.0000 0 .0000
NODE 8 0.0000 0.0000 0 .0000
NODE 9 0.0000 0 .0000 0.0000
NODE 10 0.0000 0.0000 0,0000
NODE 11 0.0000 0.0000 0,0000
NODE 12 0,0000 0.0000 0.0000

LAYOUT AT END OF pha:

T 1 0.0000 0
T 15 -0 .0000 0
T 34 0.0000 0
T 24 -0 .0000 0
T 7 0.0000 1
T 33 0.0000 0
T 60 0.0000 0
T 5 0.0000 0
T 48 -0 .0000 0
T 53 “ 0.5590 0
T 26 0.0000 0
T 59 “0.0000 0
T 64 -0 .0 0 0 0 0
T 49 0.0000 0
T 6 1.6771 0
T 61 -1 .0000 0
T 56 1.4142 0
T 65 -1 .0 0 0 0 0

COMPUTER OUTPUT 
FOR EX AMI'LE 1

WEIGHT 10,0000

FORCES AT CONSTRAINTS

F 10 
F 17 
F 18

-1 .5 0 0 0  
-0 .7 5 0 0  

0.0000 
0.0000 
1.5000 

“ 0,2500

NUMBER OF ITERATIONS TN PHASE 1 
19
NUFIBER OF ITERATIONS IN PHASE 2 
12

NODE 10 IS UNSTABLE
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CYCLE

NODAL

2

PERTURBATIONS

NODE 1 0 .0 0 0 0 0 .0 0 0 0 0 .0 0 0 0
NODE 2 0 .0 0 0 0 0 .0 0 0 0 0 .0 0 0 0
NODE 3 0 .0 0 0 0 0 .0 0 0 0 0 ,0 0 0 0
NODE 4 0 .0 0 0 0 0 .0 0 0 0 0 .0 0 0 0
NODE 5 0 .0 0 0 0 0 .0 0 0 0 0 .0 0 0 0
NODE 6 0 .0 0 0 0 0 .0 0 0 0 0 .0 0 0 0
NODE 7 0 .0 0 0 0 0 .0 0 0 0 0 .0 0 0 0

. NODE 8 0 .0 0 0 0 0 .0 0 0 0 0 .0 0 0 0
NODE 9 0 .0000 0 .0 0 0 0 0 .0 0 0 0
NODE 10 0 .0 0 0 0 - 0 .1 0 0 0 0 .0000
NODE 11 0 .0 0 0 0 0 .0 0 0 0 0 .0 0 0 0
NODE 12 0 .0 0 0 0 0 .0 0 0 0 0 .0 0 0 0

PHASE 2^ITERATION 10

T 1 0 .6667 0
T 15 - 0 .3 3 3 3 0
T 34 0 .0 0 0 0 0
T 25 0 .0 0 0 0 0
T 2 0 .0 0 0 0 0
T 49 0 .0 0 0 0 0
T 60 1 .0000 0
T 5 0 ,4 7 1 4 0
T 46 0 .3 3 3 3 0
T 53 -0 .9 3 1 7 0
T 17 0 .7 4 5 4 0
T 59 “0 .9 4 2 8 0
T 61 0 .0000 0
T 66 0 .0 0 0 0 0
T 6 0 .5 5 9 0 0
T 62 - 0 .6 6 6 7 0
T 36 0 .0 0 0 0 0
T 55 0 .6667 0

WEIGHT 11.3333

FORCES AT CONSTRAINTS

F 1 - 1 .5 0 0 0
I' 2 " 0 .5 8 3 3
F 9 0 .0 0 0 0
F 10 0 .0 0 0 0
F 17 1.5000
F 18 —0 ,4 1 6 7

PHASE 2j> ITERATION 11

T 1 0 .6 6 6 7 0
T 15 -0 .3 3 3 3 0
T 34 0 .0 0 0 0 0
T 25 . 0 .0 0 0 0 0
T 2 0 .0 0 0 0 0
T 49 0 .0 0 0 0 0
T 60 1 .0000 0
T 5 0 .2357 0

COMPUTER OUTPUT 
FOR EXAMPLE 1 

CONTINUED
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T 48 -0 .2 3 5 7 0
T 53 - 0 ,7 4 5 4 0
T 17 0 .7 4 5 4 0
T 59 -0 .9 4 2 8 0
T 61 0 .0 0 0 0 0
T 66 0 ,0000 0
T 6 0 ,7454 0
T 62 - 0 .6 6 6 7 0
T 36 0 ,0 0 0 0 0
T 55 0 ,6667 0

WEIGHT 11.0000

FORCES AT CONSTRAINTS

F 1 “ 1 .5000
1' 2 - 0 .5 0 0 0
F 9 0 .0 0 0 0
F 10 0 .0000
F 17 1 .5000
F 18 - 0 .5 0 0 0

PHASE 2^ITERATION 12

T 1 0 .0 0 0 0 0
T 15 -0 .0 0 0 0 0
T 34 0 .0 0 0 0 0
T 25 0 .0 0 0 0 0
T 2 0 .0 0 0 0 0
T 49 0 .0 0 0 0 0
T 60 0 .0 0 0 0 0
T 5 0 .0 0 0 0 0
T 48 “ 0 .0 0 0 0 0
T 53 - 0 .5 5 9 0 0
T 17 0 .0 0 0 0 0
T 59 “ 0 .0 0 0 0 0
T 61 0 .0 0 0 0 0
T 66 - 1 .0 0 0 0 0
T 6 1 .6771 0
T 62 “ 1 .0000 0
T 36 0 .0 0 0 0 0
T 56 1 .4142 0

WEIGHT 10.0000

FORCES AT CONSTRAINTS

F 1 - 1 .5 0 0 0
F 2 - 0 .7 5 0 0
F 9 0 .0 0 0 0
F 10 0 .0 0 0 0
F 17 1 .5 0 0 0
F 18 - 0 .2 5 0 0

COMPUTER OUTPUT 
FOR EXAMPLE 1 

CONTINUED



79 -

FORTRAN PROGRAM TO DETERMINE THE 

LIGHTEST P IN -JO IN T E D  FRAMEWORK WHICH CAN 

SAFELY EQ UILIBRATE A GIVEN FORCE SYSTEM
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DIMENSION A C10550),LN B (250),LB (40),L1(250),L2(40),LE1(190), 
*IE2(190) ,IE 3(40) ,LE4(40) ,XL(190) ,DX(190) ,DY(190) ,DZ (190) , 
*LBC(190) /L N C (60),A B (40),L I(40),M A (20 ,19),IN 1(190),LN 2(190), 
*LCN(20),FERT(20,3),B(40)

INTEGER PC
READ 10,NX,NY,NZ,CB,SR 

10 FORMAT (80Z)
NJ=NX*NY*NZ
KK-3*NJ
READ 10,(LNC(X),K+1, KIC)

C
C LNC(K) EQUAL TO 1 INDICATES A NODAL CONSTRAINT OP. POINT OF
C REACTION. THE CORRESPONDING EQUILIBRIUM EQUATION IS SUBSEQUENTLY
C MISSED OUT
C

NJ1=NJ-1 
MON5=0

C
C MON5 COUNTS THE NUMBER OF CYCLES OF THE MAIN PROGRAM
C

K2=0
DO 30 1=1 ,NJ 
DO 20 J = l ,3  

20 PE R T (I ,J )= 0 .0
30 CONTINUE

C
C CALCULATION OF THE DIRECTION COSINES OF THE BARS FORMING THE
C GROUND STRUCTURE.
C

40 DO 160 I=1,NJ1
CALL MP9 (I,NX,NY,NZ,IX,IY,IZ) '  ' '
11= 1+1
DO 150 J= I1 ,N J
IF (LCN(I).EQ.O.AND.LCN(J).EQ.0.AND.M0N5.NE.0) GO TO 150

C
C AFTER THE FIRST CYCLE THE DIRECTION COSINES NEED ONLY BE
C RE-COMPUTED FOR PERTURBED NODES
C

CALX MP9 (J,NX,NY,NZ,JX,JY,JZ)
K l= J - I * ( I + l ) /2 + N J * ( I - l )

C
C KI IS THE NUMBER OF THE BAR JOINING NODES I  AND J
C

IF (M0N5.NE.0) GO TO 120
LN1(K1)=I
LN2(K1)=J
IF (K1.LE.190) GO TO 120 
PRINT 110

110 FORMAT (25HBAR SUBSCRIPT EXCEEDS 190)
GO TO 450

120 DELTAX=JX+P ERT(J , 1 ) -IX-PERT(1,1 )  - 
DELTAY=JY+PERT (J,2)-IY--PERT (1 ,2 )
DELTAZ=JZ+PERT(J,3)-IZ-PERT(1 ,3 )
CALL MP6 (DELTAX,DELTAY,DELTAZ,SXL,SDX,SDY,SDZ,LNC,I,J)

C
C MP6 CALCULATES THE LENGTH AND DIRECTION COSINES OF THE BAR
C IF THE BAR IS INADMISSIBLE THESE QUANTITIES ARE SET TO ZERO
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IF (MON5 .NE.0) GO TO 140 
IF (SXL.LE.10.0E“ 10) GO TO 130

G
C THERE ARE TÎJO NUMBERS ASSOCIATED WITH EACH BAR. ONE (Kl)DEPENDS
C ON THE NUMBERS OF THE NODES WHICH THE BAR JOINS,AND THE OTHER ON
C THE NUMBER OF ADMISSIBLE BARS ALREADY DETERMINED. LISTS LEI AND
C LE2 CORRELATE THESE TWO NUMBERS
C

K2=K2+I
LE2(K2)=K1
IF (K I.E Q .l)  LEI(K1)=0 
IF (K l.N E .l)  LE1(KI)=LE1(K1-1)
GO TO 140 

130 IF (K I.E Q .l)  LE1(K1)=1
IF (K l.N E .l)  LE1(K1)=LE1“ 1)+1 

140 XL(K1)=SXL 
DX(K1)=SDX 
DY(K1)=SDY 

150 DZ(K1)=SDZ 
160 CONTINUE

IF (MON5.NE.O) GO TO 185 
IR0W=1

C
C AS WITH THE BARS,THERE ARE TWO NUMBERS ASSOCIATED WITH EACH 
C EQUILIBRIUM EQUATION. ONE DEPENDS ON THE NUMBER OF THE NODE AND 
C THE COORDINATE DIRECTION TO WHICH THE EQUATION APPLIES,AND THE ' 
C OTHER ON THE NUMBER OF ADMISSIBLE EQUATIONS ALREADY DETERMINED 
C LISTS LE3 AND I F 4 CORRELATE THESE TWO NUMBERS 
C - '

KE=0
DO 165 K=1,KK
IF (NZ.EQ.1.AND.XM0DF(K,3),EQ.0) GO TO 165 
KE=KE+1
IF (LNC(K).EQ.O.AND.K.NE.l) LE3 (KF,)=LE3 (KE~1)
IF (LNC(K).EQ.O.AND.K.EQ.l) LE3(KE)=0 
IF (LNC(K).EQ.l.AND.K.NE.l) LE3(KE)=LE3(KE-1)+1 
IF  (LNC(K).EQ.l.AND.K.EQ.l) LE3(KE)=I 
NC=LE3(KE)
IF (LNC(K).EQ.l) LE4(NC)=KE 

165 CONTINUE
IF  (NZ.EQ.1) KK1=2*NJ 
IF (NZ.NE.l) KK1=3*NJ 
M3=KK1-NC 
JC0L=KKl+2

C
C FOR PLANE SYSTEMS THE X-Y PLANE SHOULD BE USED TO SAVE
C STORAGE SPACE
C

KR=NJ*(NJ-l)/2
KR1=KR“LE1(KR)
IF (KR1.LE.125) GO TO 180 
PRINT 170

170 FORMAT (4ÔHNUMBER OF BARS IN GROUND STRUCTURE EXCEEDS 125)
GO TO 450 

180 KA=JCOL:'< ( 2&KR1+1 )
READ 10,(B(K),K=1,M3)
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185
190

191

192

193

194

195

THE APPLIED FORCE SYSTEM IS STORED IN B AND TRANSFERRED INTO A 
DURING EACH CYCLE OF THE MAIN PROGRAM

DO 190 K=1,KA 
A(K)=0.0

FORMATION OF EQUILIBRIUM EQUATIONS

IF AN EQUATION IS INADMISSIBLE THE COEFFICIENTS ARE STORED IN THE 
BOTTOM ROWS OF THE MATRIX A IN ORDER TO CALCULATE SUBSEQUENTLY 
THE REACTIONS AT THE CONSTRAINTS

DO 210 1=1,N Jl
J l= N J*I“ I * ( I + l ) / 2
J2=J1“LE1(J1)
J  3=N J * ( I - 1 ) - ( I - 1 )* I /2  
IF  (J3 .EQ .0) J 4 = l  
IF (J3 .N E.0) J4=J3-LE1(J3)+1 
DO 200 J= J 4 ,J 2  
11= 3* 1-2  
12=3*1-1 
13=3*1
IF (NZ.EQ.1) GO TO 191
IA=I1
IB=I2
GO TO 192
IA=2*I-1
IB=2*I

(LNC(Il).EQ.O)
(L N C (Il) .E Q .l)
(LNC(I2).EQ.O)
(LNC(I2).EQ.I)
(NZ.EQ.1) GO TO

IF
IF
IF
IF
IF
IF
IF

Kl= (IA-LE3 (IA) )*IR0W+J*JC0L+1 
1(1= (M3+1+LE3 (lA) )*IR0W+J*JC0L+1 
1(2= (IB-LE3 (IB) ) *IROW+J* JCOL+1 
1(2=(M3+1+IF3 (IB))*IR0W+J*JC0L+1 

193
(LNC(I3).EQ.0) K3=(I3-LE3(I3))*IR0W+J*JC0L+1 
(LNC(I3).EQ. 1) K3=(M3+1+LE3(I3))*IR0W+J*JC0L+1 

K4=LE2(J)
I I= K 4 + I* ( I+ l ) /2 + N J * ( l - I )

I I  IS THE NUMBER OF THE NODE AT THE OTHER END OF BAR 1(4 
FROM NODE I

111=3*11-2
112=3*11-1
113=3*11
IF (NZ.EQ.1) GO TO 194
IIA =H 1
IIB = II2
GO TO 195
IIA = 2*II-1
IIB=2*1I
IF (LNC(IIl).EQ.O)
IF (L N C (II l) .E Q .l)
IF (LNC(II2).EQ.O)
IF (LN C (II2) .EQ .l)
IF (NZ.EQ. 1) GO TO 
IF (INC(II3).EQ .O )
IF (L N C (II3).EQ .l)

1(5= (IIA-LE 3 (IIA) ) *IROW+J* JCOL+1 
1(5= (M3-M+LE3 (IIA) ) *IR0W+J*JC0L+1 
K6=(IIB-LE3(IIB))*IR0W+J*JC0L+1 
K6=(M3+1+LE3(IIB))*IR0W+J*JC0L+1 
196
1(7 = ( I I 3 -LE 3 ( I I 3) ) * IROW+J* JC0L+1 
1(7= (M3+1+LE3 (113) )*IROW+J* JCOL+I
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196 A(K1)=DX(K4)
A(K2)=DY(1<:4)
IF (NZ.EQ.1) GO TO 197 
A(K3)=DZ(K4)

197 A(IC5)=“ A(K1)
A(K6)=” A(K2)
I F  (NZ.EQ. I)  GO TO 200 
A(K7)=“ A(K3)

200 CONTINUE 
210 CONTINUE

DO 230 1=1,M3 
DO 220 J=1,KR1 
K1=I*IR0W+J*JC0L+1 
K2=I*IR0W+(J+KRl)*JC0L+1 

220 A(K2)=“A(K1)
230 CONTINUE

C
C THE VARIABLES ARE UNRESTRICTED IN SIGN 
C

DO 235 K=1,M3 
235 A(K+1)=B(K)

DO 250 1=1,M3 
K=I+1
IF (A(K).GE.0.0) GO TO 250 
J1=2*KR1+1 
DO 240 J = 1 ,J1  
K=I*IROW-i- ( J “ l )  * JCOL+1 

240 A(K)=-A(K)
C
C THE CONSTANT TERMS IN THE EQUATIONS MUST BE POSITIVE FOR
C SUBROUTINE SIMPLX
C

250 CONTINUE ■ _
C
C CALCULATION OF THE COEFFICIENTS IN THE MERIT FUNCTION
C

NV=KR+M3 
DO 253 K=1,NV 

253 LBC(K)=0
DO 260 J=1,KR1 
J1=LE2(J)
K1=J*JC0L-M
K2=(J+KRl)*JC0L+1
SIGMA=CB*SR/XL(J l ) **2
IF (CB.NE.O.O.AND.SIGMA.LT.1 .0) GO TO 255

G
C IF BUCKLING CONSTRAINTS ARE INCLUDED AND THE BUCKLING STRESS
C IS LOWER THAN THE LIMITING COMPRESSIVE STRESS,THE BUCKLING
C CONSTRAINT IS ACTIVE
C

A(K2)=-XL(J1)*SR 
GO TO 260 

255 A(K2)=-XL(J1)**3/CB
LBC(J1) = I 

260 A(K1)=-XL(J1)
N=2*KR1
IF (MON5 .NE.0) GO TO 265
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READ 1 0 , PC
C
G PC CONTROLS THE FORM OF THE PRINT OUT,IF PC EQUALS ONE THE 
G STRUCTURAL LAYOUT A.ND CONSTRAINT FORCES ARE CALCULATED AND 
C PRINTED OUT,BY SUBROUTINES MP5 AND MP8,AT EACH ITERATION IN PHASE 
C 2 OF SUBROUTINE SIMPLX, IF  PC EQUAL,S ZERO,ONLY THE STRUCTURES 
C OBTAINED AT THE COMPLETION OF PHASE 2 IN EACH CYCT.E AND THE 
C CORRESPONDING CONSTRAINT FORCES ARE PRINTED OUT 
C

265 M0N5=M0N5+1
PRINT 267,MON5, ( I , ( P E R T ( I , J ) , J = 1 ,3 ) , I = 1 ,N J )

267 FORMAT (6H1CYCLE,I3//19HN0DAL PERTURBATIONS//(4MCDE , 1 4 , 3F 10.4) )
CALL SIMPLX (A,IR0W, JCOL,N ,M3,KR,KR1 ,NJ ,NC,PC,M0N2 ,M0N3 ,M0N4 ,M0N5 , 

*LNB ,LB ,L1 ,L2 ,LE2 ,LE4 ,LBC,LI ,AB ,LN1 ,LN2 ,MA,DX ,DY ,DZ , INC, LCN)
C
C SIMPLX PERFORMS THE OPTIMISATION PROCESS 
C

PRINT 270,M0N3,M0N4 
270 FORMAT (//31HNUMBER OF ITERATIONS IN PHASE 1 /1 3 /

*31HNUMBER OF ITERATIONS IN PHASE 2/13)
IF (M0N2.EQ.1) GO TO 450 
NP=0

C
C IN THE FOLLOWING SECTION PERTURBATIONS ARE CALCULATED SO THAT 
C CRITICAL NODES ARE DISPLACED IN THE DIRECTION OF INSTABILITY 
C

DO 430 1=1,NJ
IF (LCN(I) .EQ.O) GO TO 430
IF (LCN (I).LE.3) GO TO 330 , ,
DO 280 J=1,NJ1 

280 IF (MA(I,J) .NE.O) GO TO 290 
290 IF (J .E Q .N Jl)  GO TO 330 

K1=-MA(I,J)
J1=J+1
DO 300 J=J1,N J1 

300 IF (MA(I ,J ) .N E .O )  GO TO 310 
310 IF (J.EQ.NJl.AND.MA ( I ,J ) .E Q .O )  GO TO 330 

K2=-MA(I,J )
S TL =(XL(K1) +XL(K2))**2
IF ( S T L . G T .  (CB*SR) .AND.CB.NE.O.O) GO TO 330 
N1=LN1(K1)
N2=LN2(R2)
K3=N2-N1*(N l+l)/2+N J*(N 1-1)
PRINT 3 2 0 , I ,K l , i a ,K 3  

320 FORMAT ( / / 19HINSTABILITY AT NODE ,13 , IX, 14HMAY BE REMOVED/
*17HBY REPLACING BARS,I3,1X,3HAND,I3,1X,6HBY BAR,13)

GO TO 420
C
C IT MAY BE POSSIBLE TO REPLACE TWO COLINEAR BARS WITH A SINGLE BAR 
C IMTHOUT INCURRING A WEIGHT PENALTY 
C

330 LCNI=LCN(I)
GO TO (3 4 0 ,3 5 0 ,3 6 0 ,3 7 0 ,3 8 0 ,3 9 0 ) ,LCNI 

340 IF (NX.EQ.l) GO TO 400
PE RT ( 1 ,1 ) = 0 .1 * ( ( “ 1 .0 )* *M0N 5)
NP=NP+1 
GO TO 400 

350 IF (NY.EQ.l) GO TO 400
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PERT(1, 2 ) = 0 .1* C( - 1 . 0 ) **M0N5)
NP=NP+1 
GO TO 400

360 IE (NZ.EQ.1) GO TO 400
P E R T (I ,3 )= 0 .1 * ( ( “ 1 . 0 ) **M0N5)
NP=NP+1 
GO TO 400

370 IF (NZ.EQ.1) P E R T (I ,2 )= 0 .1* ((-1.0)**M0N5)
IF (NZ.NE.l) PERT(I,3)=0.1*C(~1.0)**M0N5)
NP=NP + 1 
GO TO 400

380 IF (NX.EQ.l) PERT(I,3)=0.1*((-1 .0)**M 0N5)
IF (NX.NE.l) P E R T (I ,1 )= 0 .1 * ( (“ 1.0)**MON5)
NP=NP+1 
GO TO 400

390 IF  (NY.EQ.l) PE R T (1 ,1)=0 .1*( (~1.0)**M0N5)
IF (NY.NE.l) PERT (I ,2 )=0.1*((~1.0)**M 0N 5)
NP=NP+I

400 PRINT 410,1
410 FORMAT (//4HN0DE, 1 3 , 1X,11HIS UNSTABLE)
420 IF  (ABS(PERT(I,1)+PERT(I,2)+PERT(I,3)).LE.10.0E"10) LCN(X)-0
430 CONTINUE

IF (NP.NE.O.AND.MON2.NE.2) GO TO 40 
PRINT 440

440 FORMAT (7/38HN0 RE-CYCLE. OPTIMUM SOLUTION OBTAINED)
450 CALL EXIT 

END

SUBROUTINE SIMPLX (A,IROW,JCOL,N ,M3 ,KR,KR1 ,NJ,NC ,PC,MON2,MON3 , 
*M0N4 ,M0N5 ,LNB ,LB ,L1 ,L2 ,LE2 ,LE4 ,LBC , L I , AB ,LN 1 ,LN2 ,MA,DX ,DY ,DZ ,LNC, 
*LCN)

C
C ROUTINE FOR THE OPTIMISATION OF A LINEAR PROGRAM USING THE.'
G SIMPLEX METHOD
C DEGENERACIES ARE TAKEN INTO ACCOUNT
C

DIMENSION A (l) ,L N B (1) ,L B ( 1 ) ,L 1 ( 1 ) ,L 2 ( 1 ) ,LE2( 1 ) , IE 4 ( 1 ) ,LBC(1), 
*LI(1) ,AB(1) ,LN1(1) ,LN2(1) ,MAi(NJ,l) ,DX(1) ,DY(1) ,DZ (1) ,LNC(1) , 
*LCN(1)

INTEGER PC -
MON 1=1
MON2=1
MON3=0
MON4=0

C
C MONl AND MON2 TAKE THE VALUE ZERO WHEN PHASES 1 and 2 AIE
C TERMINATED. MON2 EQUAL TO ZERO MEANS THERE ARE NO ALTERNATIVE
C OPTIMA. MON3 AND MON4 COUNT THE ITERATIONS IN PHASES 1 AND 2
C
C INITIALISATION OF THE INDEX LISTS
C

DO 10 K=1,N 
L1(K)=K 

10 LNB(K)=K
NL1=N
DO 20 1=1,M3 
L 2 ( I )= I  

20 LB(I)=N+I
NL2=M3
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IPC=PC
C
C COMPUTATION OF TUE AUXILIARY OBJECTIVE FUNCTION IN PREPARATION
C FOR PHASE 1
G

45 N1=N+1
DO 60 JJ=1,N1 
J = J J - I  
Q1=0.0 
DO 50 1=1,M3 
K=I*IR0W+J*JC0L+1 

50 Q1=Q1+A(K)
K=(M3+1 )* IROW+J* JCOL+1 

60 A(K)=-Q1
C
C COMPUTATION OF A BASIC lEASIBLE SOLUTION BY MEANS OF THE SIMPLEX
C METHOD. MP3 DETERMINES THE MAXIMUM COEFFICIENT OF THE AUXILIARY
C OBJECTIVE FUNCTION
C

70 CALL MP3 (A,M3+1,IROW,JCOL,JP,L1,NL1,RMAX)
K=(M3+1)*IR0W+1
IF (RMAX.GT.10.0E-10.0R.A(K).GT.“ 10.0E-10) GO TO 80 
PRINT 75

75 FORMAT (26HNO BASIC FEASIBLE SOLUTION)
RETURN

C
G THE AUXILIARY OBJECTIVE FUNCTION CANNOT BE REDUCED TO ZERO. NO 
C BASIC FEASIBLE SOLUTION EXISTS 
C

80 IF (RMAX.GT.10.0E-i0.0R.ABS(A(K)).GE.10.0E-10) GO TO 120
C
C IF THE AUXILIARY OBJECTIVE FUNCTION HAS THE VALUE ZERO A BASIC 
C FEASIBLE SOLUTION HAS BEEN FOUND. ARTIFICIAL VARIABLES 
C REMAINING IN THE BASIS AT A ZERO LEVEL,AND NOT BELONGING TO 
C VACUOUS EQUATIONS MUST BE ELIMINATED TO PREVENT THEM BECOMING 
C NON-ZERO DURING PHASE 2 
C

DO 90 IP=1,M3
IF (LB(IP).NE.IP+N) GO TO 90
CALL MP4 (A,IP,IR0W,JC0L,L1,NL1,JP ,RMAX)
IF (ABS(RMAX).GT.lO.OE-10) GO TO 130 

90 CONTINUE
MON1=0 
GO TO 210

120 CALL MPI (A,L2,NL2,IP,IR0W,JC0L,JP,Q1,N)
G
C MPI CHOOSES THE PIVOT ROW 
C

130 CALL MP2 (A,0,M3+1, 0 ,N , I P , JP,IROW, JCOL)
C
C MP2 TRANSFORMS THE MATRIX OF COEFFICIENTS 
C

MON3=MON3+l
IF (LB(IP)„LT.N+1) GO TO 200 
DO 140 K=, ,NL1 

140 IF (LI(K) .EQ.JP) GO TO 150 
150 NL1=NL1~1

DO 160 NM=K,NL1 
160 L1(NM)=L1(NM+1)
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C ONCE AN ARTIFICIAL VARIABLE IS lîEMOVEU FROM THE BASIS ITS INDEX
C IS ELIMINATED FROM L I , I . E . I T  IS NOT CONSIDERED FOR RE-ENTRY TO
C THE BASIS
C
C IN THE FOLLOWING SECTION UP TO 210 THE LISTS LB MD LNB ARE
C AMENDED
C

200 NM=LNB(JP)
LNB(JP)=LB (IP)
LB(IP)=NM
IF (MONl.NE.O) GO TO 70

C
C PHASE 2 . OPTIMISATION SECTION
C

IF (PC.NE.l) GO TO 210 
205 CALL MP5 (A,LB,LE2 ,AB,LI ,M3 ,KR1 ,KR,IROW,JCOL,NC)

CALL MP8 (A,LE4 ,LBC , L I , AB ,NC ,M3 ,M0N4 ,PC)
210 CALL MP3 (A ,0 , IROW, JCOL, TP ,L1 ,NL1 ,RMAX)

IF (RMAX.GT.lO.OE-lO) GO TO 220 
MON2=0

C
C IF THE MAXIMUM COEFFICIENT OF THE OBJECTIVE FUNCTION IS LESS
C THAN OR EQUAL TO ZERO,THE OPTI ÎUM SOLUTION HAS BEEN OBTAINED
C

IF (RMAX.LT.-IO.OE-IO) MON2=2 
IF (PC.EQ.l) GO TO 215
CALL MP5 (A,LB,LE2,AB,LI,M3,KR1,KR,IR0W,JC0L,NC)
CALL MP8 (A,LE4,LBC,LI ,AB,NC,M3 ,M0N4 ,PC)
GO TO 250 

215 PRINT 217
217 FORMAT (//17HPHASE 2 COMPLETED)

PC=IPC 
GO TO 250

220 CALL MPI (A ,L2,N L2,IP , IROW,JCOL,JP,Q1,N)
230 IF (IP.NE.O) GO TO 240

PRINT 235
235 FORMAT (18 UNO FINITE SOLUTION)

RETURN
240 CALL MP2 (A,0,M3,0,N,IP,JP,IROW,JCOL)

MON4=MON4+l
IF (M0N5.EQ.1) W1=-1.1*A(1)
IF (M0N5.EQ.1,OR.PC.EQ.l) GO TO 200 
W2=-A(i)
IF (W2.GE.W1) GO TO 200
CALL MP2 (A ,0,M 3,0,N ,IP ,JP ,IR0W ,JC0L)
M0N4=M0N4-1
PC=1
GO TO 205

250 CALL MP7 (A,MA,LI,1N1 ,LN2,AB,DX,DY,DZ,LNC,LCN,M3,KR,NJ)
RETURN
END

SUBROUTINE MPI (A,L2 ,NL2 , IP , IROW, JCOL, JP , Q1 ,N)
C
C MPI DETER.iINES THE MINIMUM OF ALL THE QUOTIENTS
C -A(I*IROW)/A(I*IROW+JP*JCOL) FOR WHICH THE A(I*1R0W+JP*JC0L)
C ARE LESS THAN ZERO.DEGENERACY IS TAKEN INTO CONSIDERATION
C

DIMENSION A ( l) ,L 2 ( . l )
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IP=0
IF (NL2.l t .1 )  RETURN 
DO 1 1=1,NL2 
K=L2(I)*IR0W+1 
K1=K+JP*JC0L

1 IF  (A (K l).LT .-lO .O E-lO ) GO TO 2 
RETURN

2 Q1=-A(K)/A(K1)
IP=L2(I)
11= 1+1
IF  (I1.GT.NL2) RETURN 
DO 6 I=I1,NL2 
K=L2(I)*IR0W+1 
K1=K+JP*JC0L
IF (A(K1).GE.-IO.OE-IO) GO TO 6 
Q=-A(K)/A(K1)
I F  (Q.GE.Ql) GO TO 3 
IP=L2(I)
QI=Q 
GO TO 6

3 IF (Q.NE.Ql) GO TO 6
C
C HERE IT IS DETERMINED WHICH OF TWO ROWS WITH EQUAL QUOTIENT
C SHOULD BE USED AS PIVOT ROW TO ENSURE THAT CYCLING DOES NOT OCCUR
C

I0=L 2(I)
DO 4 J=1,N 
KO=IP*irow+J*JCOL+1 
K2=IP*IR0W+JP*JC0L+1 
K=I0*IR0W+J * JCOT.+I
QP=»A(K0)/A(K2) . ,
Q0=“A(K)/A(K1)
IF (QP.LT.QO) GO TO 6

4 IF (QO.LT.QP) GO TO 5
5 IP =10
6 CONTINUE 

RETURN 
END

SUBROUTINE MP2 (A ,1 0 , I I ,JO ,J l ,IP ,JP ,IR O W ,JC O L )
C
C MP2 EXCHANGES A BASIC AND A NONBASIC VARIABLE AND TRANSFORMS THE
C MATRIX OF COEFFICIENTS
G

DIMENSION A (l)
K= IP A IRQ W+JP * J  COL+1 
PIV=l,OyA(K)
110=10+1 
111=11+1 
JJ0=J0+1 
JJ1=J1+1 
DO 2 11=110,111 
1=11-1
IF ( I .E Q .IP )  GO TO 2



89

KO=I*IROW+JP AJCOL+1 
A(KO)=A(KO)*PIV 
DO 1 J J = J J 0 , J J 1  
J = J J -1
IF (J .E Q .JP )  GO TO 1 
K1=I*IROW+J*JC0L+1 
K2=IP*IR0W+J*JC0L+1 
A (Kl ) =A (Id  ) -A (K2 ) * A (KO )

1 CONTINUE
2 CONTINUE

DO 3 J J = J J 0 , J J 1  
J = J J -1
K2=IP*IR0W+J*JC0L+1

3 IF (J .N E .JP ) A(K2)=-A(K2)*PIV 
A(K)=PIV
RETURN
END

SUBROUTINE MP3 (A ,I1 ,IROW, JCOL, JP ,L1 ,NL1 ,RMAX)
C
C >F3 DETERMINES THE MAXIMUM OF THOSE COEFFICIENTS FOR WHICH THE
C INDEX IS CONTAINED IN THE LIST LI
C

DIMENSION A (1 ) ,L 1 (1 )
K=I1*IROW+L1 (1 )* J  COL+1 
RMAX=A(K)
JP=L1(1)
IF (NL1.LT.2) RETURN
DO 1 J=2,NL1 . ,
K=Il*IROW-iLl(J)*JGOL+l 
IF (A(K).LE.RMAX) GO TO 1 
RMAX=A(K)
JP=L1(J)

1 CONTINUE 
RETURN 
END

SUBROUTINE MP4 (A,I1,IR0W, JGOL,LIST ,NLIST,JP ,RMAX)
C
C MP4 DETERMINES THE NUMBER WITH THE LARGEST ABSOLUTE VALUE WHICH
C BELONGS TO ROW I I  AND TO ONE OF THE COLUMNS WHOSE INDEX IS
C CONTAINED IN LIST
C

DIMENSION A (1),L IST(1)
JP=LIST(1)
K=I1*IR0W+1
K0=LIST(1)*JC0L+K
RMAX=A(K0)
IF (NLIST.LT.2) RETURN 
DO 1 J=2,NLIST 
KO=K+LIST(J)*JCOL
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IF (ABS(RMAX).GE.ABS(A(KO))) GO TO 1 
JP=LIST(J)
EMAX=A(KO)
CONTINUE
RETURN
END

SUBROUTINE MP5 (A,LB,LE2,AB,LI,M3,KR1,KR,IR0W,JC0L,NC)
C
C MP5 CALCULATES THE STRUCTURAL LAYOUT AND CONSTRAINT FORCES
C CORRESPONDING TO THE CURRENT VALUES OF THE ELEMENTS IN THE
C MATRIX A
C

DIMENSION A ( l ) ,L B (1 ) ,L E 2 (1 ) ,A B (I ) ,L I (1 )
DO 10 K=1,NC 
Kl=M3+2+K 

10 A(K1)=0.0
DO 60 1=1,M3
IF (LB(I).LE.KRl) GO TO 30 
I1=LB(I)-KR1
IF (Il .G T .K R l) I2=II-KR1+KR

C
C IF THE VARIABLE HAS AN INDEX GREATER THAN TWICE THE NUMBER OF
C ADMISSIBLE BARS,IT IS AN ARTIFICIAL VARIABLE
C

IF ( I l .L E .K R l)  I2=LE2(I1)
AB(I+1)=-A(I+1)

C
C IF THE INDEX IS GREATER THAN THE NUMBER OF ADMISSIBLE BARS,THE
C CORRESPONDING BAR IS IN COMPRESSION
C

GO TO 40 
30 AB(I+1)=A(I+1)

I1=LB(I)
I2=LE2(I1)

40 L I ( I ) =12
IF (NC.EQ.O) GO TO 60

C
C CALCULATION OF THE REACTIVE FORCES
C

DO 50 K=1,NC
IF (ABS(AB(I+I)).LE.lO.OE-lO) GO TO 50 
Kl=(M3+1+K)*IR0W+1 
K2=K1+I1*JC0L 
A(K1)=A(K1)-A(K2)*AB ( I+ l )

50 CONTINUE
60 CONTINUE

AB(1)=-A(1)
RETURN
END
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SUBROUTINE MP6 (DELTAX,DELTAY,DELTAZ,SXL,SDX,SDY,SDZ,INC,I, J )
C
C MP6 CALCULATES THE LENGTH AND DIRECTION COSINES OE EACH BAR 
C

DIMENSION LNC(l)
SXL= (DELTAX**2-i-DELTAY**2+DELTAZ**2)**0.5
SDX=DELTAX/SXL
SDY=DELTAY/SXL
SDZ=DELTAZ/SXL
LCX=0
LCY=0
LCZ=0
111=3*1-2
112=3*1-1
113=3*1
J J l= 3 * J -2
JJ2=3*J-1
JJ3=3*J
IE (IN C (II1),E Q .l .A N D .L N C (JJl) .E Q .1) LCX=1 
IE (LNC(II2).EQ.l.AM D.LNC(JJ2).EQ.1) LCY=1 
IF (LNC(II3).EQ.l.AND.LNC(JJ3).EQ.1) LCZ=1 
IF (LCX.EQ.l.AND.ABS(SDX-l.O).LE.lO.OE-lO) GO TO 5 
IF (LCY.EQ.l.AND.ABS(SDY-l.O).LE.lO.OE-lO) GO TO 5 
IF (LCZ.EQ.l.AND.ABS(SDZ-l.O).LE.lO.OE-lO) GO TO 5 
IF ((LCX+LCY).EQ.2.AND.ABS(SDZ).LE.10.0E-10) GO TO 5 
IF (àcY+LCZ) .EQ.2.AND.ABS(SDX).LE.10.0E-10) GO TO 5 
IF ((LCZ+LCX).EQ.2.AND.ABS(SDY).L E . lO.OE-IO) GO TO 5 
IF ((LCX+LCY+LCZ).EQ.3) GO TO 5

C
G IF THE BAR IS CONSTRAINED ALONG ITS OWN DIRECTION AT BOTH ENDS
C IT IS INADMISSIBLE
C

GO TO 6
5 SXL=0.0 

SDX=0.0 
SDY=0.0 
SDZ=0.0

6 RETURN 
END

SUBROUTINE MP7 (A,MA,LI ,LN1 ,LN2 ,AB,DX ,DY,DZ ,INC,LCN ,M3 ,KR,NJ)
C
C MP7 TESTS FOR UNSUPPORTED COMPRESSION NODES 
C

DIMENSION A (l) ,M A (2 0 ,1 ) ,L I(1 ) ,IN 1 (1 ) ,L N 2 (1 ) ,A B (I) ,D X (1 ) ,D Y (1 ) , 
*DZ(1),LNC(1),LCN(1)
NJ1=NJ-1 
DO 20 1=1,NJ 
LCN(I)=0 
DO 10 J=1,NJ1 

10 M A(I,J)=0 
20 CONTINUE

DO 30 1=1,M3 
I2 = L I( I)
IF (I2.GT.KR) GO TO 30
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II1=LN1(I2)
II2=LN2(I2)
J:L=II2“ 1
J 2 = II1
IF (A B (I+ 1 ) .G T .I0 .0F -I0 )  M A(II1,J1 )= I2  
IF  (A B (I+1).L T .-10 .0E-10) M A (II1 ,J1)=~I2 
M A (II2 ,J2)=M A (II1 ,J1)

30 CONTINUE
C
C THE NUMBERS OF THE BARS AT EACH NODE ARE STORED IN MATRIX MA.
C THE BAR SUBSCRIPT GOES IN AS POSITIVE FOR A TENSION MEMBER,
C NEGATIVE FOR A COMPRESSION MEMBER 
C

DO 180 1=1,NJ 
11=3*1-2 
12=3*1-1 
13=3*1
DO 40 J=1,NJ1 

40 IF  (MA(I,J).GT.O) GO TO 180
C
C A NODE IS STABLE IF  IT HAS AT LEAST ONE TENSION MEMBER 
C

JJ=0
DO 50 J=1,NJ1 

50 IF (M A(I,J).LT.O) J J= JJ+ I  
IF  (JJ.EQ.O) GO TO 180 
DO 60 J=1,NJ1 

60 IF (MA(I,J).NE.O) GO TO 70 
70 K1=-MACI,J)

IF  ( J J .E Q . l )  GO TO 170
J1=J+1 ' ‘
DO 80 J=J1,N J1 

80 IF (M A(I,J),LT.O) GO TO 90 
90 K2=-MA(I,J)

PERPX=DY(KI)*DZ(K2) -DZ(Kl)*DY(K2)
PEEPY=DZ(K l) *DX(K2) -DX(Kl) *DZ(K2)
PERP Z=DX(Kl)*DY(K2) -DY(Kl) *DX(K2)

C
C THE VECTOR PRODUCT DETERMINES THE NORMAL TO THE PLANE CONTAINING
C THE TWO BARS,UNLESS THEY ARE COLINEAR
C

IF (JJ .E Q .2 ) GO TO 120 
J1=J+1
DO 100 J=J1,N J1 

100 IF (MA(I,J) .NE.O) GO TO 110 
110 K3=”M A(I,J)
120 IF (ABS(PERPX).LE.10.0E“ 10.AND,ABS(PERPY).LE.IO.OE-IO.AND. 

*ABS(PERPZ).L E .lO.OE-lO) GO TO 130 
IF  (JJ .E Q .2) GO TO 160
STP=DX (K3) *PERPX-i-DY (K3) *PERPY+DZ (K3) *PERPZ 
GO TO 140 

130 IF (JJ .E Q .2 ) GO TO 170
PERPX=DY LK1)*DZ(K3)-DZ(Kl)*DY(K3)
PERPY=DZ(Kl)*DX(K3)~DX(K1)*DZ(K3)
FEEPZ=DX(Kl)*DY(K3)-DY(K1)*DX(K3)

C
C IF  THERE ARE MORE THAN TWO BARS ,AND THE FIRST WO  ARE COLINEAR,
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C THE FIRST AND THIRD CANNOT BE COLINEAR 
C

STP=DX(K2)*PERPX+DY(K2)&PERPY+DZ(K2)*PERPZ 
140 IF (ABS(STP).GT,10.0E“ 10) GO TO 180

C
C IF THE SCALAR TRIP IF PRODUCT IS NON-ZERO,THE BARS ARE NOT CO- 
C PLANAR AND THE NODE IS STABLE 
G

J1=J+1
DO 150 J=J1,N J1
IF (M A (I,J):EQ .0) GO TO 150
K4=-MA(I,J)
STP=DX (K4)*PERPX+DY(K4) *PERf?Y+DZ(K4) *PERPZ 
IF (ABS(STP).GT.IO.OE-IO) GO TO 180 

150 CONTINUE 
160 Z1=LNC(I1)*PERPX 

Z2=LNC(I2)*PERPY 
Z3=LNC(I3)*PERPZ
IF (ABS(Zl).GT.10.0E“ iO.OR.ABS(Z2),GT.10.0E“ 10.0R.

*ABS (Z3).G T .10 .0E-10) GO TO 180
C
G IF THE BARS ARE CO-PLMAR AND IF THERE IS NOT A NODAL CONSTRAINT
C WITH A COMPONENT IN THE DIRECTION OF THE NORMAL TO THE PLANE ,
C THE NODE IS UNSTABLE
C

165 IF  (ABS(PERPX).GT.IO.OE-IO) LCN(I)=1
IF (ABS(FERPY).GT.10.0E“ 10.AND.LCN(I).EQ.0) LCN(I)=2 
IF  (ABS(PERPZ)'.GT. 10.0E“ 10.AND.LCN(I) .EQ.O) LCN(I)=3 
GO TO 180

170 NS=LNC(I1)+LNC(I2)+LNC(I3)+1 
GO TO (1 7 1 ,172 ,173 ,180 )  ,NS

171 IF (ABS(DX(K1)).GT.IO.OE-IO) LCN(I)=4
IF (ABS(DY(Kl) ) . GT. 1 0 . OE-10 .AND. LCN(I) . EQ.0) LCN(I)=5 
IF (ABS(DZ(K1)).GT.10.0E-10.AND.LCN(I).EQ.0) LCNà)=6 
GO TO 180

172 PERPX=DY(K1)*INC(I3)-DZ(K1)*LNC(I2)
PERPY=DZ (Kl)*LNG (II)-DX(K1)*LNC(I3)
PERPZ=DX (Kl) *XNC (12) -DY(Kl) *LNC(11)
IF (ABS(PERPX).L E . lO.OE-lO.AND.ABS(PERPY).LE.IO.OE-IO.AND. 

*ABS(PERPZ).L E . lO.OE-iO) GO TO 171 
GO TO 165

173 PERPX=FLOAT(LN C(11 )-1 )
PERPY=FL0AT(LNC(I2)-1)
PERPZ=FL0AT(LNC(I3)-1)
Z1=DX(K1)*PERPX
Z2=DY(K1)*PERPY .■
Z3=DZ(K1)*PERPZ
IF (A B S(Zl).LE.1 0 .OE-10.AND.ABS(Z2).LE.IO.OE-IO.AND.

*ABS (Z 3) .L E .lO.OE-10) GO TO 165
C
C A NODE AT WHICH THERE IS ONLY ONE BAR OR TWO COLINEAR BARS,MUST
C BE CONSTRAINED IN TWO DIRECTIONS PERPENDICULAR TO A BAR OR THE
C NODE IS UNSTABLE
C

180 CONTINUE 
RETURN 
END
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SUBROUTINE MP8 (A,LE4 ,LBC ,LI ,AB,NC ,M3 ,M0N4 ,PC)
C
G MP8 PRINTS OUT THE LAYOUT DETAILS CALCULATED IN MP5 
C

DIMENSION A (l) ,L E 4 (1 ) ,L B C (1 ) ,L I(1 ) ,A B (1 )
INTEGER PC
IF (PC.NE.l) GO TO 40 
PRINT 10,MON 4 

10 FORMAT (//17HPHASE 2 ,ITERATION ,1 3 /)
GO TO 60 

40 PRINT 50
50 FORMAT (//24HLÂY0UÏ AT END OF PHASE 2./)
60 DO 80 1=1,M3 

I2 = L I(I)
PRINT 7 0 ,1 2 ,AB(I+1),LBC(I2)

70 FORMAT (IHT, 1 3 ,F 1 0 .4 ,5X ,I1)
80 CONTINUE

PRINT 90,AB(1)
90 FORMAT ( / / 6HWEIGHT,F10.4)

IF (NC.EQ.O) GO TO 130 
PRINT 100

100 FORMAT (//21HF0RCES AT CONSTRAINTS/)
DO 120 K=1,NC 
Kl=M3+2+K
PRINT 110,LE4(K),A(K1)

110 FORMAT (1H F,I3 ,F 10 .4 )
120 CONTINUE 
130 RETURN 

END

SUBROUTINE MP9 (K,NX,NY,NZ,KX,KY ,KZ)
C
C MP9 DETERMINES THE COORDINATES (KX,KY,KZ) OF NODE K 
C

NXY=NX*NY
IF (XMODF(K,NXY).EQ.O) GO TO 20
KZ=K/NXY
KXY=XMODF(K,NXY)
IF (XMODF(KXY,NX).EQ.O) GO TO 10 
KX=XMODF(KXY,NX)-1  
KY=KXY/NX 
GO TO 30 

10 KX=NX-1
KY=KXY/NX~1 
GO TO 30 

20 KX=NX"1 
KY=NY~1 
KZ-k/NXY-1 

30 RETURN 
END
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C H A P T E R  S E V E N  

FURTHER DEVELOPMENTS

The minimum w e ig h t d e s ig n  o f  a p i n - j o i n t e d  framework f o r  a s in g l e  lo ad in g  
case  has  been shown to  be a problem  in  l i n e a r  programming. However any 
e l a b o r a t i o n  o f  th e  b a s i c  c o n s t r a i n t s  g iv e s  r i s e  to  problem s in  n o n - l i n e a r  
programming, the  s o lu t i o n  of which i s  c o n s id e ra b ly  more co m p lica ted .  The 
n o n - l i n e a r i t y  a r i s e s  in  th e  f i r s t  p l a c e ,  simply as th e  r e s u l t  of the a d d i t io n  
of n o n - l i n e a r  c o n s t r a i n t s  such as d e f l e c t i o n  c o n s t r a i n t s  o r  b u c k l in g  c o n s t r -  t 
a i n t s  i n  which th e  second moment o f  a r e a  i s  n o t  d i r e c t l y  p r o p o r t i o n a l  to  th e  
c r o s s - s e c t i o n a l  a r e a :  i t  a r i s e s ,  in  the  second p l a c e ,  b ec a u se  any in c re a s e
in  th e  number of independen t c o n s t r a i n t s ,  w he ther  by the  a d d i t i o n  of l i n e a r  
o r  n o n - l i n e a r  t y p e s ,  over th e  minimum number, which i s  th e  number o f  independ­
e n t  e q u i l ib r iu m  e q u a t io n s ,  d e s t ro y s  th e  argument t h a t  th e  optimum framework 
mast be s t a t i c a l l y  d e te rm in a te ,  and t h e r e f o r e ,  from th e  p o i n t  of view of 
e l a s t i c  d e s ig n  a t  any r a t e ,  c o m p a t ib i l i t y  c o n d i t io n s  a re  n e c e s s a r y .  The 
in c lu s io n  o f  c o m p a t ib i l i t y  c o n d i t io n s  means t h a t  t h e r e  i s  no d i r e c t  p ro p o r t i o n ­
a l i t y  between load  and c r o s s - s e c t i o n a l  a r e a  in  s t r u c t u r a l  members, so t h a t  the  
two s e t s  of v a r i a b l e s  T^j) and CL(j) a re  n o t  in te r c h a n g e a b le  and must b o th  be 
in c lu d e d  as v a r i a b l e s  in  th e  c o n s t r a i n t s .  In  th e  c o m p a t ib i l i t y  c o n s t r a i n t s  
they  occur in  n o n - l i n e a r  g ro u p in g s .  In  p l a s t i c  d e s ig n ,  where a s t r u c t u r e  i s  
s a id  to  be a c c e p ta b le  i f  any s t a t i c a l l y  a d m is s ib le  s t r e s s  d i s t r i b u t i o n  can be 
found such t h a t  th e  s t r e s s e s  in  the  members a re  l e s s  th a n  o r  eq u a l  to  th e  
co rrespond ing  y i e l d  s t r e s s e s ,  th e  q u e s t io n  of c o m p a t ib i l i t y  does n o t  a r i s e .
In t h i s  c a s e ,  p ro v id e d  t h a t  a d d i t i o n a l  c o n s t r a i n t s  a re  them se lves  l i n e a r ,  a s ,  
f o r  exam ple, in  th e  m u l t i - l o a d  p rob lem , where th e r e  a re  s e v e r a l  s e t s  o f  e q u i l i ­
b rium  e q u a t io n s ,  one f o r  each  lo ad in g  c a s e ,  th e  problem  can be k e p t  w i th in  th e  
realms of l i n e a r  programming.

The most d i r e c t  method of form ing c o m p a t ib i l i t y  c o n d i t io n s  i s  to  apply 
C a s t i g l i a n o ' s theorem  of c o m p a t ib i l i t y  to  th e  ground s t r u c t u r e .  Thus i f  the  
ground s t r u c t u r e  p o s s e s s e s  k d eg ree s  o f  redundancy , k s e l f - e q u i l i b r a t i n g  systems 
a re  chosen and th e  fo l lo w in g  e q u a t io n s  formed:

= o , I - -(7.1)
a  R  c "  .

where and r J''̂  a r e  r e s p e c t i v e l y  the  s t r a i n  energy  and f o r c e  in  th e  redundan t
member of th e  i^^ s e l f - e q u i l i b r a t i n g  system . E qua tions  (7 .1 )  can be w r i t t e n :

y ,  h ' " i f  o V   ̂ - ( 7 . 2 )  .
J jpdi

where th e  summation ex tends  over  a l l  th e  members of th e  system , in c lu d in g  
the  redundan t member. The d isa d v a n ta g e  of e q u a t io n s  (7 .2 )  i s  t h a t  th ey  a re  
only  m ean ing fu l as c o m p a t ib i l i t y  e q u a t io n s  i f  none of th e  Td-̂ ' becomes ze ro .
I f ,  f o r  example, T ^ '  i s  z e ro ,  th e n  th e  m̂ '- e q u a t io n  o f  the  s e t  (7 .2 )  can e a s i l y  
be shown to  mean t h a t  t h e r e  i s  zero  s t r a i n  between th e  nodes  which th e  j^̂ ' b a r  
j o i n s ,  a c o n d i t io n  which i s  s u p e r f lu o u s :  i f  more th a n  one of th e  terms in  any
e q u a t io n  v a n i s h ,  th e  c o n s t r a i n t  i s  q u i t e  m e a n in g le ss .  A ccep ting  th a t '  th e r e  a re  
going to  be some n o n - l i n e a r  c o n s t r a i n t s  in  any c a s e ,  a b e t t e r  approach i s  to 
fo rm u la te  th e  e q u i l ib r iu m  e q u a t io n s  in  terras of th e  e l a s t i c  s t i f f n e s s  m a t r ix ,  • 
thus making a l l  the e q u i l ib r iu m  c o n s t r a i n t s  n o n - l i n e a r  and in t r o d u c in g  th e  n oda l
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d isp la cem e n ts  as v a r i a b l e s  in  p la c e  of th e  b a r  t e n s io n s .

In  r e c e n t  y e a r s ,  a l o t  of a t t e n t i o n  has been g iven  to  th e  s o lu t io n  of non­
l i n e a r  programming p rob lem s , and t h e i r  a p p l i c a t io n  to  optimum d es ig n  o f  f ram e­
works. The e a r l i e s t  work was done by Schmit ( r e f e r e n c e  1 8 ) ,  b u t  a p p l ie d  only 
to s im ple  s t a t i c a l l y  in d e te rm in a te  frameworks of f ix e d  la y o u t .  Dobbs and 
F e l to n  ( r e f e r e n c e  19) c o n s id e re d  optimum la y o u t  of p i n - j o i n t e d  frameworks s u b je c t  
to  m u l t ip l e  lo a d in g  c a s e s .  They a lso  gave some a t t e n t i o n  to  th e  problem  of 
b u c k l in g ,  by s p e c i f y in g  t h a t  framework members be tu b u la r  in  d es ig n  and in d i v id ­
u a l l y  o p t im ised  f o r  s im u ltan eo u s  o ccu rren c e  of E u le r  and lo c a l  b u c k l in g  modes, 
thus  g iv in g  r i s e  to  a s t r e s s  c o n s t r a i n t  f o r  each member of th e  ground s t r u c t u r e  
i n  which appeared  th e  sq u a re  ro o t  of th e  c r o s s - s e c t i o n a l  a re a  of t h a t  memiber.
They d id  n o t  c o n s id e r  b u c k l in g  modes in v o lv in g  more th an  one member and e v id ­
e n t ly  d id  n o t  en co u n te r  th e  problem  of an optimum des ign  w ith  two com pressive 
members a t ,  o r  c lo s e  t o ,  t h e i r  r e s p e c t i v e  b u c k l in g  s t r e s s e s ,  p i n - j o i n t e d  end to  
end and u n suppo rted  a t  th e  j o i n t .  Even in  th e  c o n te x t  o f  n o n - l i n e a r  programming, 
i t  i s  d i f f i c u l t  to  see  how c o n s t r a i n t s  cou ld  be in c lu d e d  to  guard  a g a in s t  t h i s  
s o r t  o f  i n s t a b i l i t y .  The s t a b i l i t y  a n a ly s i s  of a g iven  s t r u c t u r e ,  by means of 
th e  g eo m e tr ic  s t i f f n e s s  m a t r ix  and th e  a s s o c ia t e d  l i n e a r  s t a b i l i t y  d e te rm in a n t 
( th e  meaning of l i n e a r  in  t h i s  case  i s  f a r  removed from i t s  meaning in  m athe­
m a t ic a l  program m ing), i s  a f a i r l y  complex p ro ced u re  and n o t  one which lends 
i t s e l f  r e a d i l y  to  the  fo rm u la t io n  of c o n s t r a i n t s  f o r  a d e s ig n  problem. The 
b e s t  approach would seem to  be to  adopt a b a s i c  s t r u c t u r a l  form which i s  l e s s  
in h e r e n t ly  u n s t a b l e  than  a p i n - j o i n t e d  framework, and in  t h i s  co n n ec tio n  the  
o p t im is a t io n  of r i g i d - j o i n t e d  frameworks i s  worthy of a t t e n t i o n .  M ajid  and 
E l l i o t  ( r e f e r e n c e  20) have c o n s id e re d  th e  optimum la y o u t of p i n - j o i n t e d  fram e­
works s u b je c t  to  d e f l e c t i o n  c o n s t r a i n t s ,  bu t have ig n o red  b u c k l in g .

S ince th e  e a r l y  a n a l y t i c a l  work by Hemp ( re fe re n c e  4 ) ,  l i t t l e  e l s e  has been 
done on th e  a n a l y t i c a l  s i d e  of optimum la y o u t  s tu d i e s .  Subsequent to  th e  
p u b l i c a t i o n  in  1964 of th e  p ap e r  by Dorn, Gomory and G reenberg , th e  emphasis has 
been a lm ost e n t i r e l y  on th e  n u m e ric a l  s id e  of th e  work, and th e  advancement o f  
te ch n iq u e s  in  m a th em a tic a l  programming has  c o n t in u a l ly  widened the  scope of the  
problems which can be s o lv e d .  The c la im  i s  u s u a l ly  made, n o t  w ith o u t  some 
j u s t i f i c a t i o n ,  t h a t  p ro g re s s  i s  be ing  made towards g r e a t e r  r e a l i s m  and t h a t  
r e s u l t s  a re  b e in g  p roduced  w hich a re  of v a lu e  to  th e  p r a c t i s i n g  e n g in e e r ,  a l th o u g h  
so long as l a y o u t  s tu d ie s  a re  based  on p i n - j o i n t e d  frameworks w ith  zero  j o i n t  
w eigh t and a tendency  to  b u c k le ,  th e r e  i s  some ground f o r  doub ting  th e  v a l i d i t y  
of t h i s  c la im . What can be s a id  about th e  r e s u l t s  i s  t h a t  because  o f  th e  n a t u r e
of th e  n u m e ric a l  app roach ,  in  which each problem i s  t r e a t e d  i n d i v i d u a l l y ,  no 
u n iv e r s a l  t r e n d  has been e s t a b l i s h e d  and no fundam ental t r u t h  even h in te d  a t ,  
and b ecau se  o f  th e  r e s t r i c t i o n s  imposed by computer s to r a g e  on th e  e x t e n t  of 
ground s t r u c t u r e s ,  th e  optimum frameworks produced have been unrem arkab le  from 
an e n g in e e r in g  p o in t  of v iew , and p r o s a i c  from an a e s t h e t i c  p o i n t  of v iew.

Both as re g a rd s  b a s i c  p h i lo so p h y  and a e s t h e t i c  ap p ea l  M ic h e l l ’ s theorem  i s  
s t i l l  th e  most f a s c i n a t i n g  a s p e c t  of th e  work done to  d a te  on optimum la y o u t  of 
s t r u c t u r e s .  The a s s o c ia t e d  m a th em atica l problem of d e te rm in in g  t h e . c l a s s e s  of 
curves s a t i s f y i n g  th e  M ic h e l l  c r i t e r i o n ,  which has been c o n s id e re d  in  some d e t a i l  
h e r e i n ,  i s  one to  which f u r t h e r  a t t e n t i o n  could  u s e f u l ly  be  g iven .  Now t h a t  the  
l i n k  has been e s t a b l i s h e d  between M ic h e l l ’ s theorem and th e  l i n e a r  programming 
approach  to  optimum la y o u t ,  th e re  i s  n o th in g  to  be ga ined  by a t te m p t in g  num erica l 
s o lu t i o n s  o f  th e  a n a l y t i c a l  problem  posed a t  th e  beg inn ing  o f  c h a p te r  f i v e .  The 
Simplex a lg o r i th m  i s  s im ple  and e f f i c i e n t :  the  b u lk  of th e  computer program p r e s ­
en te d  in  c h a p te r  s i x  i s  concerned  w ith  th e  p ro c e s s in g  of d a t a  and r e s u l t s .  More­
over m a th em a tic a l  programming has shown i t s e l f  to  be f l e x i b l e  and p o t e n t i a l l y  
capab le  of p ro v id in g  r e a l i s t i c  s o lu t i o n s  to  s t r u c t u r a l  d e s ig n  p rob lem s, which 
means th a t  any approxim ate  s o lu t i o n  of th e  la y o u t  e q u a t io n s  o f  c h a p te r  f o u r  i s  
red u n d an t ,  s in c e  i t  does n o t  p ro v id e  a s t r u c t u r e  of any p r a c t i c a l  v a lu e .  However,
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e x a c t  s o l u t i o n s ,  o f  which r e l a t i v e l y  few e x i s t ,  a r e ,  i f  n o th in g  e l s e ,  of 
p h i l o s o p h i c a l  i n t e r e s t  and f o r  t h a t  r e a s o n ,  f u r t h e r  work on th e  a n a l y t i c a l  
s id e  i s  to  be recommended. The r e s u l t s  cou ld  tu r n  ou t to  have some i n ­
f lu e n c e  on p r a c t i c a l  d e s ig n :  th e  i n v e r s e  approach to  th e  s o lu t i o n  of
a n a l y t i c a l  problem s in  e n g in e e r in g  has proved  u s e f u l  in  th e  p a s t .
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A P P E N D I X  A

ALTERNATIVE DERIVATION 
OF THE l_AYODT

I t  was shown in  C hapter 2 t h a t  th e  im p o r tan t  p r o p e r t i e s  o f  the  s t r a i n  t e n s o r ,  
as f a r  as M i c h e l l ’s Theorem i s  concerned^ a re  f i r s t l y  t h a t  t h e r e  a re  p r i n c i p a l  
d i r e c t i o n s  in  which th e  q u a n t i t i e s  ejyl'^l a re  ex trem a, and second ly  th a t  i t  
d e r iv e s  from a v e c t o r  f i e l d  in  such a way as to  e s t a b l i s h  the  r e l a t i o n

& , i T  =  n ' r
C)x'< /

The above e q u a t io n  i s  s t i l l  t r u e  i f  e ^  i s  r e l a t e d  to  by th e  e q u a t io n :

e x j  =  -  (A .l)

The t e n s o r  e^^  ̂ i s  n o t  now symmetric and i t  cannot t h e r e f o r e  be d ia g o n a l i s e d  
in  a s i m i l a r  manner to  th e  s t r a i n  t e n s o r .  However in  N -d im ens iona l space 
th e re  s t i l l  e x i s t  N o r th o g o n a l  d i r e c t i o n s  in  which th e  q u a n t i t i e s  
a re  ex trem a, because

A = = i C e x , t  e=)l‘ r + i ( e i , - L H T
‘ér O

r i (A.2)

where i s  the  symmetric p a r t  of e^cT . Thus the  maxima and minima of )\ l i e  
a long  th e  p r i n c i p a l  d i r e c t i o n s  de te rm ined  by th e  symmetric t e n s o r  .

The c o n d i t io n  t h a t  th e  t e n s o r  e^-j form th e  symmetric p a r t  o f  uityjr ( th e  sm all  
s t r a i n  c o m p a t ib i l i t y  c o n d i t io n )  i s  more com plica ted  than  th e  c o n d i t io n  th a t  
e.xr be of th e  form u%,j . From th e  d e r iv a t io n  of e q u a t io n  (4 .4 )  a t  th e  beg inn ing  
of c h a p te r  4, i t  i s  c l e a r  t h a t  th e  l a t t e r  co n d i t io n  im p lie s  t h a t  th e  e x p re s s io n s  
e%j dx^ a re  p e r f e c t  d i f f e r e n t i a l s ,  and so th e  e ^  must s a t i s f y  the  te n s o r  
e q u a t io n  :

K -  (A. 3)

The two d im en s io n a l  form of e q u a t io n  (A .3) w i l l  now be used  to  d e r iv e  e q u a t io n s  
(4 .1 4 ) ,  which must be s a t i s f i e d  by th e  la y o u t  l i n e s  of optimuir p la n e  frameworks. 
The la y o u t  l i n e s  a re  used as an o r th o g o n a l  c o o rd in a te  system , th e  c o o rd in a te s  
be ing  denoted  x^ and x^. The fundam enta l te n s o r  i s  g^^  ̂ as g iven  in  eq u a t io n  
(3 .3 a ) .  The d ia g o n a l  components o f  th e  te n s o r  a re

£ , i  =  t B ' "  ,  « ^ 2  =  -
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as b e fo re .  The o f f - d i a g o n a l  components o f  e"c(̂ j must be z e r o ,  and th e r e f o r e  
th e  o f f - d ia g o n a l  components of must be equal and o p p o s i te .  Thus

£ B C f  

i C
(A.  4)

where f  i s  an a r b i t r a r y  fu n c t io n  of th e  c o o rd in a te s .  E qua t ion  (A.3) p ro v id e s  
two in d ep en d en t e q u a t io n s  in  two d im en s io n s ,  v i z :  s

^  i Ir.

£-21^ z e.'22. j I

w hich , on expanding th e  c o v a r i a n t  d e r i v a t i v e s ,  become r e s p e c t i v e l y

=  o2  £  7) B  

C

2  £  d  C  b  f O

%D i f f e r e n t i a t i n g  th e  f i r s t  w . r . t .  x‘ and the  second w . r . t .  x' and s u b t r a c t i n g  
g iv e s  :

- A  À  '

\  C  Ô A

This e q u a t io n ,  combined w i th  th e  e q u a t io n  R'îaïa. g iv e s  eq u a t io n s  (4 .1 4 ) .

In  t h r e e  dim ensions the  t e n s o r  e^j c o n ta in s  th r e e  a r b i t r a r y  fu n c t io n s  which 
have to  be e l im in a te d  from th e  n i n e ’e q u a t io n s  p roduced  by (A .3 ) .  The p ro c e s s  
i s  f a i r l y  le n g th y ,  bu t i t  s e rv es  as a u s e f u l  check on some o f  th e  th r e e  dimen­
s io n a l  la y o u t  c o n d i t io n s  d e r iv e d  in  c h a p te r  4. 
an a l t e r n a t i v e  d e r i v a t i o n  o f  e q u a t io n s  (4 .1 5 ) .

The a p p r o p r ia te  form o f e.y i s :

The fo l lo w in g  i s  a n . o u t l i n e  of

A 8 f A C g

" A B f BC I x -  (A. 5)
■ A C a ~ B C k - f C " _

where f ,  g and h a re  a r b i t r a r y  fu n c t io n s  o f  th e  c o o r d in a te s .  The n in e  equa­
t io n s  from (A .3) a r e :
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— ^ I 2 j l

^2 .2 ,3 ■-■zs

& 3 3 ;| z : e .3 i ,3

(^23; 1 = :

<^32,3

<N i)3 ^  Î3jl

^ I2 j 3 — G l S j l

£ 22. , !

I

The above s e t  of eq u a t io n s  can be red u ced ,  a f t e r  some m a n ip u la t io n  to  th e  
fo l lo w in g :

b f  c .  1 b A Iv
b x ' C d x '^

r 2 l d 6 9
b x " C D x ^

5  "p ~= 1 A i 3 -  A .  à£. k
b x ^ B ôx*- P  ÔX*

b  3  -;  -  1 M k +  2 2  b A
b x ' "B b-x'̂ C  5 x ^

b  g  : r  1 5 8  •f +  _ 1  b B  k
b C /A b x '
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b k
5 x '

à  k
b x - "

a a

.  1 M 0 4- b Ac Ô X '
» * 6 ô x '*

I 3 ■|" 2  £ c>B
f\ C )x ‘ C A x '

i K f f  2 g A C
A" 1

B d x '^

The p a r t i a l  d e r i v a t i v e s  can. be e l im in a te d  u s in g  the  n in e  eq u a t io n s  o f  the  
type :

A  ( f  s ÿ - ,  b ) " (A. 6)
b z c

I t  i s  found t h a t  th e  c o e f f i c i e n t s  o f  t h e ' f u n c t i o n s  f ,  g and h in  eq u a t io n s  
(A.6) reduce to  z e ro ,  and g i s  t h e r e f o r e  a f a c t o r  o f  every  term . Four of 
th e  e q u a t io n s  a r e  i d e n t i c a l l y  s a t i s f i e d ,  th r e e  reduce  to  e q u a t io n  (4 .15c) and 
the  o th e r  two g ive  e q u a t io n s  (4 .1 5 a )  and (4 .1 5 b ) .  For example:

A  f.às'
b a d  V b x

k  A  ( i  M k  -  i  . M  k i  A C  f  -J. .2 £  A C
b x  \ 6  ô x 'V  6  b x

P i  I d  

\  C  5 x '

A .  ( A s ' '
b x '  Vôx*,

■f A f ±  hC\ - J  M . fJ. M
b x '  V B  0 x 7  B  W \ C

■+ Z  K _ o  ( J  . b e  
5 x '  I  m A x '

k - h .
ô ' .x

-I— 1  ,A.c_ .A B  
6 C

f  I - à  A  , b C
b x '  \  6  b x b

2 6

. -1  . M  .A C  
A  6  A x .’ - b x '
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The c o e f f i c i e n t  of h i s  z e ro  by e q u a t io n  ( 3 . 7 f ) ;  t h a t  o f  f  i s  zero  by 
e q u a t io n  ( 3 .7 d ) ;  t h a t  of 0 i s  -4'b/ôx^ ( (1/G)hA/ôx^) by e q u a t io n  ( 3 .7 c ) ,  
and so :

_b n  'àR'\  = O 
b x n c  b c c A

which i s  e q u a t io n  (4 .15a )
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A P P E N D I X  B 

™ 0  EXAMPLES

This Appendix c o n ta in s  an a n a ly s i s  of two optimum frameworks d is c u s s e d  by 
M ic h e l l  ( r e f e r e n c e  3 ) ,  making use  o f  eq u a t io n s  d e r iv e d  in  c h a p te r s  3 and 4. 
This p ro v id e s  a check on th e  e q u a t io n s ,  s in c e  r e s u l t s  d e r iv e d  from them can 
be compared w ith  th o s e  quoted  by M ic h e l l ,  and a l s o  i l l u s t r a t e s  th e  a p p l i c a ­
t i o n  o f  th e  e q u a t io n s  to  p a r t i c u l a r  examples.

1. Layout Based on E q u ian g u la r  S p i r a l s

F ig u re  B . l .  shows th e  form of th e  la y o u t  ne tw ork . I t  p roduces  a p lane  
framework which can be used  as a c a n t i l e v e r  beam to  t r a n s m i t  the fo rc e  F, 
a p p l ie d  a t  th e  i n t e r s e c t i o n  o f  th e  two o u te r  s p i r a l s ,  to  a c i r c l e ,  or p a r t
of a c i r c l e ,  c e n t r e d  on th e  o r ig in  of th e  s p i r a l s .

E q u ian g u la r  s p i r a l s  a re  curves which make a c o n s ta n t  an g le  w i th  th e  
r a d iu s  v e c t o r ,  th e  ang le  in  t h i s  case  b e i n g T h u s ,  in  p la n e  p o l a r s :

d r  .=  tc iT L  ±  4 - 5 °  -  ±  /
r  do-

The eq u a t io n s  o f  the  two s e t s  of s p i r a l s  can t h e r e f o r e  be w r i t t e n  in  the  
form:

^  f e-
T  -  DC e  -  (B . la )

'S, — 0-
T — (B .lb )

The c o n s ta n ts  o f  i n t e g r a t i o n ,  x* and x ^  , a re  now used  as c o o rd in a te s ,  
the  two s e t s  o f  s p i r a l s  b e in g  the  c o o rd in a te  cu rv es .

T  C o c  DC -  ( B . 2 a )

a  =  ^ i r l o j C y V x )  -  (B.2b)

i l l  \  IT ^

d x ‘ C)x^ /  /
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T h ere fo re  the  fundam enta l t e n s o r  r e f e r r e d  to  the  e q u ia n g u la r  s p i r a l  c o o rd in ­
a t e  system  i s ;

&
" r "' o ' l " I  X /% ' 0

0 0
(B.3)

The fu n c t io n s  A and R d e f in e d  by (B.3) s a t i s f y  e q u a t io n s  (4 .14 ) in  which 
B, C, and x"  ̂ a r e  r e p la c e d  by A, B^x' and x^ r e s p e c t i v e l y .  The e q u ia n g u la r  
s p i r a l s  th e r e f o r e  p ro v id e  a s u i t a b l e  la y o u t  f o r  an optimum framework. The 
e q u i l ib r iu m  e q u a t io n s  (4 .25 )  become, w ith  b̂ ^̂  and P ze rb :  *

bO jj  (Ofj ( f z r )

2 dc*

o -  (B.4a)

2) X 2 x
L_ 0 “ (B.4b)

Boundary C ond it ions

The c o n c e n t ra te d  f o r c e  F i s  co n v er ted  to  a d i s t r i b u t e d  fo rc e  along the  
edges o f  th e  beam by means of two c o n c e n tra te d  edge members. Consider th e  
upper one, x = c t ( f i g u r e  B . l ) ;  i t  can be co n v e n ie n t ly  imagined as p a r t  of 
an x^'jX^ s u r f a c e ,  where the  x^ a re  p a r a l l e l  s t r a i g h t  l i n e s  p e rp e n d ic u la r  to 
the x ' ,x^  p la n e .  The fu n c t io n  C, w here ,  Cdx^ i s  th e  elem ent of d i s t a n c e  
along th e  x^ l i n e s  can be taken  as simply u n i ty .  The x^ curve i s  a l i n e  of 
c u rv a tu re  of th e  ,x^ s u r f a c e  and th e  normal c u rv a tu re  of th e  s u r f a c e  in  
t h a t  d i r e c t i o n  i s  -(l/AB)<)B/5x‘ , by eq u a t io n  (3 .1 4 a ) .  The o th e r  p r i n c i p a l  
c u rv a tu re  i s  z e ro .  E q u a t io n s  (4 .25 )  can be a p p l ie d  w ith  B, C, x^’ ,x"  ̂ , Oy.'i. 
0 ,  -  cq, r e p la c in g  A, B, x* , x ^ ,  Oj, , 0%% and P r e s p e c t i v e l y .  The f i r s t  
g iv es  :

'ÙO'-z.-L o

and t h e r e f o r e ,  from c o n s id e r a t io n s  of e q u i l ib r iu m  a t  th e  t i p  of the  beam:

•IX
7 2  t f â t c o

where t(%) i s  the  th ic k n e s s  of th e  x* ,x^  p la n e  and t(,) i s  th e  th ic k n e s s  of 
the  x ^ ,x ^  s u r f a c e .  The second e q u a t io n  i s  i d e n t i c a l l y  s a t i s f i e d  and th e  
t h i r d  g iv e s  :

rl,
/ Z  t(3.) A  6  b o o ' 2  l:D) 2 t ( i )  r

(B .5a)
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S im i la r ly  on th e  lower boundary , a ;

=  E , = J :   - (S .5b)
2 t ( î ) ( x ' x Ô ^  2 t f y r

S o lu t io n  of E q u i l ib r iu m  E quations  

By making th e  s u b s t i t u t i o n s

/or, ~ rcr, I = or,

o ' J  =  ■■= ( o c ' o d ) ^

e q u a t io n s  (B.4) become;

^  £ ^ 2  — _ j _  01 ,
, :
,zc

/

2)

and th e  boundary c o n d i t io n s  (B.5) become:

(%i ~_JL. O'O. 7 c '  ~  ( I f
7 t c i )

4 (“'■ '3_(Til  ̂ ' OYL OC - Ct
2  t  (3)

By changing th e  indep en d en t v a r i a b l e s  to  x  and y , where 

DC. —L  t  O C/

0  -  J „  I c q  . i l
J  2  -J

th e  problem  can be s t a t e d  a s :

<3(1, =: -  =  -  C l l^
():%  5  iu

i  -  (B .6 )

0 ^ '  ( o ,  ( j)  l - i L .  : ( z c ,  c{) =  _jFL ^

2 t C 0  2 t ( 3 )  ; /
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i . e .
c )3 :

all

' M l ' )
S  DC /  (DC 5 oA

(o, y )  =  -  F  
2 ' t c V

F

-  (B .7 )

The above can be s o lv e d  by th e  use  of th e  L ap lace  T ransfo rm , d e f in e d  by:

p  r  I P  *"z_ 1 a ( 'x ,y )  : y pj ~ / u (a ,y )e  dy = u
“ (B .8a)

Thus A
lb DC

(B.Sb)

7  a /

(B .8c)

Using e q u a t io n s  (B .8 ) :  

/
II A_.jQjLL.

b y
A  ( M l ' \  
b z c  \ 5  y  /

r     /  1
_b Lpif,, -  <4, (xj o)J
b x

p M ,
d  u c

o r,
/

9 t ®

by (B .7)

TDC.
01 "f- T  CFy £

. 2 t c s )

where f  i s  an a r b i t r a r y  f u n c t i o n .  But

,oO

oil (o , p)
o

e  or, ( o ,  y )  d y

by (B .7 ).  Frora (B.9) and (B .IO ):

£ 
2 t ( 3 ) p

(B .9)

(B.IO)

i  ( p ) . i _  (EjhJ')
2 t ( u  p
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T h e re fo re i/ = /  “J i - I) ----£ -L e 
' L 2 t(3 )  "

r

From r e f e r e n c e  12, page 244 1.0''^ i j

page 245

« I

2 [ p ' ^  e £ ]  “  J ( 0 )

2 t (3 )  P

*  u U t „ ( 2 4 > 3 * )

-  ‘̂ '0

and so

Of,

2 6 ( 3 )

7 ^ V  To) (2x '‘ y 0  +  Tfo) (2x'^ y’-J
\ v

( B . l l )

where i s  the  m o d if ied  B esse l  fu n c t io n  of o rd e r  D , d e f in e d  by

oO
1

1 ( D ) ( 2 )  =  Z
P  ( t  f  0  T  (Ù  +  T t  /}

The fo l lo w in g  r e c u r r e n c e  r e l a t i o n s  are  e a s i l y  e s t a b l i s h e d :

% d U  fo )  C'z)) 

i a

S cK-Ifi) (2)) 
d a

Using (B.6) and (B .12):

1  (1>) (%) I  (Of I) (H )  - .  (B . 12 a)

fO) ( 2)  r . T ( j ) f l ) ( 2 0  ■ ' -  (B.12b)

2 t (3 ) \ x -

Thus Oj, and a r e :

Cl,

02%

(x 'x^  )
M

( x d 2

2 t ( 3 )

r g u / X  V l  L p )  ^ ( i o y x / P .  l ü j  (i / d c )  j  'Œ ( c ) ^ ( l g t t / - T U g a ^ x ^

^lcga/)CV -  (B .1 3 a ) '

Of Cl/%, iocj Cl/% ) j  I P  ( o ) K U  Cl/%. laid/A
- ( B . 1 3 b ) ^

As V CL and l ( i )  ^ f P g  d / x ' .  lo^ Cl/x )  ( )
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iim.
(.0  ̂ C l / x l

% (i)  ^(îog % /a ' log j

(ciH [y
;x.-> 0

OO ) 1 '2T

' " ’ " . r c T b O r o  +  z )

y
2
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X
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0%% (c l  ÿ X  )
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_ F  ( a x T ^  
2 t o )

locj m  +
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.03 Cl "h I

The r e s u l t s  of th e  above a n a ly s i s  a re  shown in  f i g u r e  B .2 .  The d im ension- 
l e s s  p a ram e te r  -q l i ; /F  where %( i s  t ^ o j ,  , i s  p l o t t e d  a g a in s t  a n g u la r  p o s i t i o n ,  
0  . The c o o rd in a te s  x ‘ and have been denoted  rX a n d f o r  c l a r i t y  in  

p r i n t i n g .  The o r ig i n  c o in c id e s  w i th  th e  o r ig i n  of th e  s p i r a l  system , and th e  
l i n e  © = 0 i s  th e  a x is  of symmetry of th e  beam as shown in  f i g u r e  B . l .  The 
s te e p  l i n e s  a re  l i n e s  o f  c o n s ta n t  x '  o r  x ^ , and th e  curves  j o i n in g  th e  i n t e r ­
s e c t i o n s  o f  th e  f i r s t  s e t  a re  curves  of c o n s ta n t  r a d iu s .  Of th e s e  l a t t e r  
c u rv e s ,  the  uppermost ( l a b e l l e d  " r o o t  c i r c l e " )  deno tes  th e  c i r c l e  f o r  which 
OCo) y in  f i g u r e  B . l . ,  has th e  v a lu e  7T i . e .  th e  edge members i n t e r s e c t  on 
t h i s  c i r c l e .  The curves a l s o  g iv e  th e  v a lu e  of qTg/F when 0  i s  r e p la c e d  by 
- 0 .

Volume of Beam

E quation  (4 .27 )  i s  n o t  very  u s e f u l  in  t h i s  c a s e ,  due to  th e  d i f f i c u l t y  of 
e v a lu a t in g  the  double i n t e g r a l  a n a l y t i c a l l y .  However th e r e  i s  an o th e r  way 
of c a l c u l a t i n g  th e  volume of an optimum fraiaework. From e q u a t io n s  (2 .3 )  and 
(2 . 6) :

V  ( a

In  o rd e r  to  make use  0f  (B.14) i t  i s  n e c e s s a ry  to  i n t e g r a t e th e  s t r a i n -
d isp la cem e n t eq u a t io n s (3 .2 2 ) . Using e q u a t io n s  (B.2) and (B .3 ) ,  the  f i r s t
two of (3 .22) become;

l  A .  - ^  V -  V2 t -  (B.15a)
T b e b r T

•J. P y  " '/2, £- - (B.15b)
T 3 G- bT T
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The p h y s ic a l  d isp la cem e n t  v e c to r  r e f e r r e d  to  p la n e  p o l a r s ,  ( u ' , v ' )  i s ;

£  = _L (a-v) ; _T .(a+ v)
7 2  7 2

S u b s t i t u t i n g  in  (B .15) p ro v id e s the fo l lo w in g  two

2 -f b y  ^ V . ' =  2  £

T b  & b r T

I 4 b y /  -f _ u / = 0
r a  e bT r

The symmetry of th e  s p i r a l  la y o u t  demands a s o lu t i o n  indep en d en t of 0", 

® / 1 /  1
LL —

r
km : V ̂  = -rhj Ck(i, r)

where, f o r  u = v = 0 a t  th e  o r i g i n ,  1%)= 0 ( s in c e  ( r l o g r )  = 0 ) .  The
p a r t  of p r o p o r t i o n a l  to  r  ( i . e .  2 E r lo g  k(i) ) d e s c r ib e s  a pu re  r o t a t i o n  
and may be ig n o re d .

o 
a c y = ■= ( O 3 2 t ' r lo ^ r )

The t a n g e n t i a l  f o r c e s  a t  th e  r o o t  c i r c l e ,  i n t e g r a t e d  round the  c i rc u m fe r ­
ence (on which y  i s  c o n s ta n t )  must eq u a l  Fa/r^o^. The r a d i a l  f o r c e s  c o n t r i ­
b u te  n o th in g  to  23

. V(j.; ~  2 Falocja -  2£a  10 3 %
£ +g-)

-  2 Fa togLL ' -  (B .16)

The c o n t r i b u t i o n  to  21 F(p).r,jD) from the  t i p  lo a d  and th e  lo a d s  a t  th e  ro o t  
a p p l ie d  to  th e  edge members i s  obv io u s ly  ze ro .  The c o n t r i b u t i o n  from the  
framework members te rm in a t in g  on th e  r o o t  c i r c l e  i s  :

" 2  £  'X

n©(b)

g )  l o c j r ( 6 w t ( 3 )  crv,. o l©  =  " £ % h î ) L j % j ( c r i i  c t©
9® -  0(c)

"" O
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s in c e o i x  ( e ) (- ©)
(The p h y s ic a l  components of s t r e s s  t r a n s fo rm  as C a r t e s i a n  t e n s o r s .  Thus th e  
r a d i a l  s t r e s s  Cfrr i s  g iven  in  term s of (fn and oTr by th e  e x p re s s io n :

)
<Xr = L ' A a  ] a il 0 4 / Æ

_Q Ch.z,

From th e  above, 2] F̂ ŷ r̂ ÿ̂= 0 and th e  volume of th e  beam i s ,  by e q u a t io n s  
(B.14) and (B .16):

V

2. Layout Based on Rhumb Lines, on th e  S u rface  of a Sphere

This  i s  an example o f  a  g lo b a l  optimum in  3 d im ens ions ,  w i th  members con­
f in e d  to  one c o o rd in a te  s u r f a c e .  The la y o u t  l i n e s  a re  th e  two s e t s  of 45° 
rhumb l i n e s  on th e  s u r f a c e  of a s p h e re .  A com patib le  d e fo rm a tio n  e x i s t s  in  
which one s e t  of rhumb l i n e s ,  to g e th e r  w ith  co rre sp o n d in g  l i n e s  on c o n c e n t r ic  
s p h e re s ,  i s  s t r a i n e d  by £ ,  and th e  o th e r  s e t s  of .humb l i n e s  a re  s t r a i n e d  by 
“ £ . The r a d i i  from th e  c e n t r e  of th e  spheres  a re  u n s t r a i n e d .  ' Taking the 
normal lo a d in g  to  be z e r o ,  i t  i s  found t h a t  th e  r e s u l t a n t  o f  th e  s u r fa c e  
s t r e s s e s  around a l i n e  o f  l a t i t u d e  i s  a p u re  to rq u e  about a  l i n e  j o i n in g  the  
p o le s  o f  th e  sp h e re .

Rhumb l i n e s  a re  l i n e s  b e a r in g  a c o n s ta n t  ang le  to  th e  m erideans  o f  a sphere .  
In  t h i s  case  th e  ang le  i s  f 4 5 ° ,  and s o ,  in  s p h e r i c a l  p o l a r  c o o r d in a te s ,  r , 0  , ^

T c( e  
r  S o l

o ±  I
© c l CP

d . i

The two s e t s  o f  rhumb l i n e s  a re  t h e r e f o r e  g iven  by

. The c o n s ta n ts  o f  i n t e g r a t i o n ,  x '  and x' , a r e  c o o rd in a te s  in  th e  system 
in  which th e  rhumb l i n e s  a re  c o o rd in a te  cu rv es .  Taking x '  to  be the  same
as r , the  eq u a t io n s  d e f in in g  th e  t r a n s fo rm a t io n  from th e  r , ©  
system  to  th e  x' ,x“ ,x*'" c o o rd in a te  system a r c :

à) c o o rd in a te



I l l  -

T oc

2

(B.17a)

(B,17b)

e -  (B.17c)

Using a s i m i l a r  method to  th e  l a s t  example, th e  fundam enta l t e n s o r  r e f e r r e d  
to  th e  x ' , x ^ , x ^  c o o rd in a te s  i s  found to  be:

O u

1

o
o

o

%  0  + % V ) -  

O

o
o

1. e.

f \

B = 

C =
VDC /  l b

\3 C V  1  f  X 'X

-  (B.18a)

-  (B .lSb)

-  (B.lBc)

The above e x p re s s io n s  s a t i s f y  e q u a t io n s  ( 3 .7 ) ,  th e  c o n d i t io n s  f o r  an o r th o ­
gonal c o o rd in a te  system  in  t h r e e  d im ens iona l E uc l idean  s p a c e ,  and eq u a t io n s  
( 4 .1 7 ) ,  th e  c o m p a t ib i l i t y  c o n d i t io n s  fo r  a 0 , 4 - g , -  g  s t r a i n  system .

The a p p r o p r ia te  e q u i l ib r iu m  e q u a t io n s  a re  eq u a t io n s  (4 .2 5 )  w ith  P equa l to  
zero and (>33  ̂ B , C, 2̂ . ,x^ r e p la c in g  o f , ,  Ulr , A, B, x ' and x^  r e s p e c t iv e ly ,
S ince  f̂ ,̂ .) and f^xi) a re  bo th  z e ro ,  th e  c o n d i t io n  t h a t  a s o lu t i o n  to the  e q u i l i ­
brium e q u a t io n s  e x i s t s  i s ,  from e q u a t io n s  ( 4 .3 0 ) :

® q ) / i s  u n i ty  -’nd th e r e f o r e  th e  above c o n d i t io n  may be w r i t t e n

A  f T  à c
V C  Ô-C O X
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whiclL is. s a t i s f i e d  hy th e  g iven  e x p re s s io n s  f o r  B and C. E qua t ion  (4 .25c)  
becomes

and s u b s t i t u t i n g  f o r  6̂ 3 in  e q u a t io n s  (4 .25a) and (4 .25b) g ives*

c) "p. z  b e  <t z 2 ~ e )
Ô a £  C S x "

'd a 'z z  2  ^  o% z =  O

These i n t e g r a t e  in  th e  form;

= k o i J A l  =  h d O d ) .
c " -

where h^) and h ^  a re  a r b i t r a r y  fu n c t io n s  of x  and x * r e s p e c t i v e l y ,  and- 
th e r e f o r e ;

( T i l  "  -  V 3 i  -  J z l d l x M  -  (B.19)
(  I 'f

where k i s  a c o n s ta n t .  I n  s p h e r i c a l  p o l a r  c o o rd in a te s  (B.19) i s :

CTai = -  O 33 =  iS— - = _ k _  -  (B.20)
T  S i /  0  R ’-

where E. i s  th e  r a d iu s  o f  th e  l i n e  of l a t i t u d e  th rough  th e  c u r r e n t  p o in t .
The s t r e s s  in  th e  O c o o rd in a te  d i r e c t i o n , , and th e  s t r e s s  in  the  6 c o o rd in ­
a te  d i r e c t i o n , , a r e :  .

"  O

J i
R '

The r e s u l t a n t  of Crli around a l i n e  of l a t i t u d e  i s  a pu re  to rq u e  of mag­
n i t u d e  T, s a y ,  where

T  - 2irkt
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t  b e in g  th e  s u r f a c e  th i c k n e s s .  Thus:

01.1 = ~ O 33 ~  ~i~
2tt t /siVi' &

and, from  e q u a t io n  ( 4 .2 7 ) ,  th e  t o t a l  volume of th e  fram ew ork, V, i s  g iven  by:

V ^  A  ^  f f T  BC c(x \:tx% , 3 ,
^   ^ -  CB.21)

(0 o'ci) /J  J  2n 7- siu ■ e-

I f  th e  to rque  i s  a p p l i e d  around th e  l i n e s  of l a t i t u d e  0  ^  TT/zh/^, (B.21) 
becomes :

V = ( I  '

1. e,

(c)

■J- -L V rUj, r  T rsiaed©

V = 2 T /J_  + ,jL 1 locjtdn 6 1  + %) 
\  0(d) 0(t) /  4  "^7
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