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The purpose of the work presented in this
thesis was to examine the applicability of
orthotropic plate theory to tlie behaviour of
corrugated decking under lateral loading, and to
pursue parallel to the theoretical work an appropriaté?i

experimental investigation.

A review of the relevant published literaturéij
is given in Chapter T. The development of
orthotropic plate theory and its application to
engineering problems is outlined and it is noted thaﬁ;i
much of the theoretical work of the past has been
limited due to the difficulty of adequately defining -
the convergence of the assumed series solutions. L
Further, this difficulty has inhibited the developmenﬁ}
of solutions of a general nature defining all possible.
variations of the elastic stiffnesses for a given
plate shape. It is further indicated that while
there.has been a great deal of interest shown in the
experimental evaluation of the appropriate plate
moduli and stiffnesses, little work has been carried
out in applying the results of these tests to the
behaviour of orthotropic plates under %ifferent loading

and boundary conditions.



The theoretical work of Chapter II opens'ﬁifﬁA

a brief outline of the derivation of the governing

equations for the elastic behaviour of an orthotropic

plate. The orthotropic plate compatibility equafioﬁ
and consistent boundary conditions are then derivedi
and the author's solution to the problem of the
bending of an orthotropic plate under uniform
transverse loading is given. A complete
investigation of the two major modes of solution is.
given and the plate behaviour for various combinations .
of stiffness ratios presented. The chapter closes
with an outline of a method devised by the author

for the assessment of the anticlastic surface
exhibited by an orthotropic strip when bent by a pure’
moment. This analysis is used to justify the
experimental evaluation of the principal stiffness -
of a plate by a simple bend test and the use of the

reciprocal relationships in orthotropic plates.

Chapter IIT describes the experimental
techniques developed to measure the plate stiffnesses:
and also the apparatus built to test and measure the
behaviour of decking specimens under a uniformly

distributed load.
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ABSTRACT

The purpose of the work presented in this
thesis was to examine the applicability of orthotropic
plate theory to the behaviour dquprrugated decking
under lateral loading, and to pursue parallel to the
theoretical work an appropriate experimental

investigation.

A review of the relevant published iiterature
is given in Chapter I. The development of orthotropic
plate theory and its application to engineering problems
is ou%lined and.it is noted that much of the theoretical -
work of the past has beemn limited due to the difficulty
of adequately defining the convergence of the assumed
series solutions. Further, this difficulty has
inhibited the development of solutions of a gemeral
nature'defining all possible variations of the elastic
stiffnesses for a given plate shape. It is further
indicated that while there has been a great deal of
interest shown in the experimental evaluation of the
appropriate plate moduli and Stiffnesses, little work
has been carried out in applying the results of these
tests to the behaviour of orthotropic plates undexr

different loading and boundary conditions.



The theoretical work of Chapter II opens with
a brief outline of the derivation of the governing
equations for the elastic behaviour of an orthotropic
| plate. The oxthotropic plate compatibility equation
and consistent boundary conditions are then derived
and the author's solution to the problem of the bending
of an orthotropic plate under uniform transverse loading
is given. A complete investigation of the two major
modes of solution is given and the plate behaviour forxr
various combinations of stiffness ratios presented.
The chapter closes with an outlime of a method devised

by the author for the assessment of the anticlastic

i

surface exhibited by an orthotropic strip when bent by

a pure moment. This analysis is used to Jjustify the

experimental evaluation of the principal stiffness of
a plate by a simple bend test and the use of the

reciprocal relationships in orthotropic plates.

Chapter III describes the experimental
techniques developed to measure the plate stiffnesses .
and also the apparatus built to test and measure the
behaviour. of decking specimens under a uniformly

distributed load.

The results of the experimental deflection

and strain investigations are compared with the/




ii

the theoretical values in Chapter IV and good

agreement is shown to obtain.

The design aspects of ligﬂt gauge metal
decking are discussed in Chapter V and this section
demonstrates the utility of the st}ut compression test
in estimating that stress at which elastic buckling
in a light gauge metal deck under uniform lateral load
is dmnitiated. An experimental investigation undertaken
to substantiate the above statement is detailed and
the chapter closes with the substantiation of a
simplified collapse load concept to provide the basis

for désign.

Chapter VI summarises the main findings of
the theoretical and experimental work and Chapter VII

contains a full bibliography and authoxr index.

The thesis concludes with six appendices
which enlarge on various aspects of the analysis and
also present the detailed results of the experimental

investigations.
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NOTATTION

x, 4, 3 Cartesian co-ordinates

“.}3 angles

a,6b length and breadth in directions
x and vy respectively

dq, bﬁ elastic modulus and constant
respectively

ﬁv‘ Poisson's Ratio relating an extensional
strain in the direction "i" +to the

corresponding strain in the direction "j"

D, D, elastic flexural stiffnesses in the
x and vy directions respectively

Di elastic torsional stiffness

Dz . ))/2.:1312. s 1)3/- :Du J 23 o :/)’2 A 2.@66
R P, s e B,

w deflection in the direction ;u

Z applied loading

ﬁ‘ : plate thickness

(0 radius of curvature
g, xj normal and shear stress respectively

é,(}f extensional and shear strains respectively
T, ﬁ% longitudinal and transverse bending |

‘ moment per unit length

ﬁ%j twisting moment per unit length

G Qﬂ shear force per unit breadth and

per unit length respectively




o shear reaction per unit breadth

Vv potential energy

A value of a determinant
& variational term

Yo Lévy transform operator

~

P

}i roots of the characteristic equation
(uniform loading)

8, 2, real and imaginary parts of a
complex root (uniform loading)

a4 applied moment

q, g " roots of the characteristic equation

(constant moment)

X, A real and imaginary parts of a complex
\ © root (constant moment)

A wall thickness of a thin walled section
oy critical longitudinal compressive
stress which initiates local elastic
buckling '
Im average compressive stress at
maximum load carrying capacity
Og' vield oxr O.l% proof stress
£, Young'!s Modulus and Poisson's Ratio
C local plate stress factor
b, effective width

The following constants also appear in the text and

are defined when derxrived:

F, t, g M, N, K, K, L, R




CHAPTER T

CRITICAL REVIEW OF PUBLISHED LITERATURE




I.1l. TINTRODUCTION.

The theory of the behaviour of anisotropic
bodies has been for some considerable time a fruitful
field of research for those mathematicians who have
lapplied their efforts to the mathematical theories of
elasticity. Much work of a purely theoretical nature
has been orientated towards finding a general solution
to the governing equations of anisotropic elasticity
without considering specific problems of anisotropic '
behaviour. The author has not reviewed this’type of
work in the belief that such attempts, while of
considerable interest, do not make a significant
contribution to the solution of practical problems.

Nor has the author fouhd it expedient to set out in

this review a separate account of each aspect of
anisotropic elasticity but has chosen to review relevant
work in chronological order. This has the advantage

of requiring a minimum of cross-referencing and enables
a clearer picture of the development of particular

lines of thought to be givemn.

Anisotropic plate theory has for many years
been applied to the engineering investigation of wvarious

forms of stiffemned plates. The problems investigated/




investigated have been principally those of the
behaviour of rectangular plates under bending oxr
shearing load actions, the principal axes of elasticity
of such plates being at right angles to each other and
parallel to the sides of the plate - the so-called
"specially orthotropic" plate. Tﬁ; orthotropic nature
of the plates has been obtained by wvarious forms of
stiffener attached to thin isotropic sheets or by
altering the cross-section of a uniformly thick plate to
‘give an appreciable difference in stiffness in the
longitudinal and transverse directions. Alternatively,

the orthotropic nature of the plate has been due to the

i
composition of the material, for example, various forms

of plywood and fibreglass constructions, or to the
geometrical configuration of the plate cross-section as

is the case in corrugated plates.

- The section I.2 of this review has been
written to provide a conspectus of previous work on
orthotropic plate problems, bearing in mind the limitations
of the present investigation, namely, that the plates
considered are of corrugated cross-section, and that
the analytical work has been carried out on the basis

of the so-called "small deflection" plate equation.




It is appropriate at this point to set down
the definition of some of the Tterms used in the

follbwing chapters.

The term "anisotropic" is used as referring
to a body in which the principal planes of elasticity
are inclined to each other at any general angle .
"Generally orthotropic" denotes a body in which the
angle d between the principal planes of elasticity
is 90°. In "specially orthotropic" plates d is
again 90b and the principal planes of elasticity
contain the major geometrical'axes of the plate which

is of rectangular form.

In this thesis the word "orthotropic" used by

itself denotes "specially orthotropic".

Throughout many of the papers reviewed below,
the terminology used has been random and subject only
to each writer's particular taste. Consequently for
this review the author has found it necessary to
re-cast many of the quoted equations, etc., and will
use throughout the following connotations for the
various constants employed. Where it has been found
impossible to follow this procedure, special mention

is made in the text.




Rectangular plates are characterized by a
Cartesian system of co-~ordinates, the plate-length in
the direction X being & the breadth in the direction
3 being b .

The quantity &, is termed®the elastic

J

MODULUS and relates an extensional stress in the

direction j to an extensional strain in the direction
< . Where the direction of the applied stress and

the éonsequent strain are in the same direction

(e.g. < =j =/ ) the modulus Ay is the reciprocal of

the Young's modulus for the direction considered,

!

eog- a”" ’ .'I azl" "_L'—
E Eza

where the subscript / refers to the direction X

the direction Y Tbeing referred to by the subscript
2 .

The elastic CONSTANTS é% are those constants
obtained by solving for the stress terms the general

statement of Hooke's Law for an anisotropic body.

The elastic flexural and torsional STIFFNESSEé
Z%j are the values obtained by integrating the terms
é%j over a predetermined region. In this review all

values of [; are those obtained by integrating the/
J .




the appropriate expressions for & over a plate

J

thickness.

Section I.3 dis a brief review of the problem
of the incidence of anticlastic curvature in isotropic
plates. The purpose of this section is to furmnish
the background to the work in section II.6. of this
thesis which deals with the behaviour of orthotropic

plates under pure bending.

I.2. ORTHOTROPIC PLATE THEORY.

The earliest recorded investigation of
anisotropic theory is that of GEHRING (1860) whose
work was primarily an extension of that of Navier and
Cauchy omn isotropic bodies. The practical application
of this work to the solution.of engineering problems
was the contribution of HUBER (1922, 1929) who derived

the orthotropic plate equation.

DH& e 2—%364“0— ﬂr‘ald‘ﬁ o8 ? (IoZ.l)
x4 6:«120)37' d\o“

_ Subject to the limitation that s » Vi Du
Huber applied equation (1.2.1) to the Behaviour of
concrete slabs and to that of rectangular plywood plates

under a uniformly distributed load, the edges of the/

»
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the plates being simply supported. Huber presented
tables for the maximum central deflection given in the
form

Wrex » L7 ¢ (1.2.2)

Loy

where ;d is a coefficient dependent on the plate
D.

aspect ratio and the ratio Dy, -

Huber also scrutinized the case of the bending
of aﬁ infinitely long rectangular orthotropic strip
with simply supported edges subjected to a uniformly
distributed transverse line load of finite length
orientated across the strip and over part of the strip

width &.

For this case, the applied load was considered

to be expanded as a Fourier Series

@
‘ »
?. 2{: a,. $in amry (r.2.3)
ne b
Huber then derived from equation (I.2.1) the
following expression for the maximum deflection at the-

middle of the loaded part of the plate

3
Wy 28 0BT (1.2.4)

=, sy t /Dy
77 = 4+ g [
* Vapa 2V D




Also presented were expressions for the

maximum bending moment in the = and j directions.

Huber dealt with the problem of the behaviour
off a strip under the action of a concentrated force
by considering such force action as the limiting case

of a load having a finite resultant and distributed

- over an infinitely small region.

SEYDEL (1930, 1931) published work on the
behaviour of corrugated plates under the action of
shear loads applied at the edges of a plate,in the plane
of thq plate. He considered an infinitely long narrow
plate and used a method devised by SOUTHWELL and

SKAN (1924) to solve equation (I.2.1) for the case when

2
f,-ZT{Jiif) where T is the intensity of the
éxéj

uniformly distributed shear load along the edges of

the plate. The assumed deflected form was
iy AN ()
W= L E G .e (1.2.5)

where the constants (, were obtained from the plate

edge conditions, these being fixed and free longitudinal/




longitudinal edges.

Seydel considered the compressive component
co;responding to the applied shear acting as the
governing condition and applied the Euler concepts for
eccentrically loaded columns to thé behaviour of a
sheet whose corrugated cross-section could be
represented by a simple trigonometric wave form. He
obtained expressions for the elastic stiffnesses
etc. in terms of the wave height f& , wave length 'fi ’
the developed length of the sheet over one wave length

éé_ , and the plate thickness ! as follows:

§

D, - L. £4L°

S s2(r-V*
Lhs = EZ
@as - _.é_ E’A 3
£ 6

where Z is the moment of inertia of the section of

the corrugated sheet per unit length about the neutral

axis.

KATO (1932) considered the case of an
orthotropic plate clamped at its four edges or clamped

on two opposite edges and supported on the other two/
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two, subjected to a uniformly distributed load. He
attempted a solution where the deflected form was
represented by a Fourier double cosine series. Graphs
were presented for the central deflection and bending
moments along the central line of ?he plate under the
action of the uniformly distributed transverse load
and extended this to the case of transverse vibration,
The solutions so obtained appear to yield satisfactory
results over the middle half length of the plate, but
deviate from the assumed conditions at the plate

boundaries.

! An interesting theoretical paper was
published by HOLL (1936) on the analysis of thin
rectangular isotropic plates simply supported on
opposite edges. The paper studied many aspects of
the behaviour of such plates, but of particular relevance
to tﬂe-work contained in this thesis is that related
to the case of a rectangular isotropilc plate simply
supported on two opposite edges and free on the other

two.

Proceeding from a Lé%y form of solution Holl
presented graphs of the variation of deflectioh,

moments and shear forces throughout the plate under a/
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a uniform load of intensity f . The results were
presented in the form of the conventional expressions
for a thin beam under the same loading conditions
multiplied by an appropriate coefficient.
Figs. IT.1 and I.2 indicate the figgres produced by Holl
for a square isotropic plate with Poissson's ratio

Vo= 0.25, +the plate being free on the edges

v = o0,b and simply supported on x = o,a.

The wider implications of Holl's work will be

discussed in Chapter II, section II.5.

~ SCHADE (l9h0) discussed the problem of a
reotaﬁgular grid of orthogonally intersecting beams
simply supported along the edges of the grid. Thel
construction was plated on one or both surfaces apd
supported a uniformly distributed transverse load over
the whole surface. §ohade proceeded from Huber's
solutiﬁn for the deflection & of an infinite strip
subjected to a partial line load.

W Cédx((as/sx - ol 51'/7/82:_) sin a7y (r.2.6)
A b

where ¢ is a constant dependent on the load intensity

and & and /B are factors of the plate aspect ratio/




rafio and number of stiffening beams. This

deflected form was modified by Schade introducing the
interacting loads between the stiffening beams and the
plate of which rigid transverse support is a special
case, these loads arising from the intersection of

the longitudinal and transverse beams.

He then proceeded to assume that there were
an infinite number of negative transverse lineal loads
equélly spaced along the infinite strip. | A panel
between any two of these lineal loads can then be
considered as a rectangular element of stiffened
plating. On this basis he devised loading conditions
and deflected forms which permitted the estimation of
central deflection and the appropriate values of

bending and shearing stresses.

The examination of flat plywood plates under
uhiform and concentrated loads was undertaken by
MARCH (19#2), the cases considered being all edges
simply supported and ciamped respectively. The |
deflected form was assumed to be sinusoidal and all
the wofk related to the case when the roots of the
characteristic equation obtained from (I.2.1) were real.

March obtained solutions which exhibited significant/




significant correspondence to those previously
deduced by Huber for the uniformly distributed load
case and graphs showing the correspondence were
presented. An approximate analysis was also put
forward based on the behaviour of an infinite
orthotropic strip subject to the é£ove mentioned
boundary conditions, correspondence to the earliest

work of Huber again being evidenced.

THIELEMANN (19&5) carried out a comprehensive
examination of the anisotropy of various types of
plywood, discussing the behaviour of these plates under
the action of shearing forces, the plates being
assumed to be infinitely long elastic strips.

Following the method pioneered by Southwell and Skan
for isotropic plates and utilised by Seydel,

Thieleﬁann assumed a deflected form simiiar to equation
(r.2.5) and applied this to a strip whose edges were
simply supported and clamped wespectively. Thielemann
also formulated an energy method of determining the
buckling loads of plates under pure longitudinal
compresgsion, this method being based on the eqguation of
the energy of deformation of the plate to the work

done by the externally applied forces. This method was
also used for the case of a plate loaded in pure shear,

values of the actual loads being obtained for plates/
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plates whose ratio of stiffmesses I%ﬁﬁ) = 22 the
2

roots of the characteristic equation for this value
being real. A final point about this paper is that a
method devised by NADAT (1915, 1925) and developed by
BERGSTRASSER (1927) foxr testing isotropic plates in
bending and twisting was used to determine the elastic

moduli of the wvarious plywoods.

The wvibration of rectangular wood and plywood
plates were studied by HEARMON (1946). The
expression for deflection of the governing differential
equation was taken to be of a double sinusoidal form
and a!solution obtained by means of the method of
Rayleigh-Ritz for the case of a rectangular orthoftropic
plate clamped on all four edges. The importance of
this paper lies in the fact that together with the work
of WARBURTON (1954) it is a source reference for a

great deal of research on the vibration of rectangular

orthotropic plates.

LEKHNITSKII (1950, 1957) in his two books on
anisotropic media and anisotropic plates respectively
has reviewed the field in a most comprehensive manner.
The former volume established the basic equations and

problems of anisotropic elasticity while the latter/
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latter dealt with investigations on the deflection
and stability of anisotropic plates. It is to the
latter book that this review refers, and then only to

such sections of it as are considered pertinent to the

present investigation.

Lekhnitskii considered the calculation of the
elastic stiffnesses O, etc. for a corrugated plate
subjected to loading applied in the plane of the plate,
with‘the corrugated cross-section expressed as a simple
trigonometric form. The technique of evaluation of
these stiffnesses was identical to that carried out by
Seydel, Lekhnitskii specifying that the plate could be
considered uniform and orthotropic if the number of
waves was sufficiently large, that is, the chord of
the corrugation is small in comparison with the plate

length.

To the author's knowledge Lekhnitskii was
the first investigator to indicate the three possible
modes of solution to equation (L.2.1) for the bending
behaviour of orthotropic plates. Lekhnitskii'began
by exa&ining the behaviour of uniform thin orthotropic

plates under pure bending, pure twisting and the case/
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case of bending to a cylindrical surface. A
detailed examination of the bending of an orthotropic
rectangular plate with four edges simply supported

was undertaken, the expression for deflection being

postulated as

o« <=3

L= Z /C?rm $in m;_Tx S$in /77;"( (1.2.7)
mei =

A similar form for the applied loading 7
was also used. For the above case, a soiution for the
orthotropic plate analogous to the Navier solution for
an isotropic plate was obtained. Due to the unwieldy
natur? of this solution, and indeed from the
compu%ational viewpoint of most double series solutions,
Lekhnitskii reconstituted the plate problems in order
that a method pioneered by Lévy (1699) for isofropic

plates could be applied.

For the case of an infinitely long plate with
the longitudinal edges simply supported, Lekhnitskii
took the solution for deflection of equation (I.2.1)

to be:
w = Z: X sin a7y - (1.2.8)
b

where X 1s a function of X only.



Substitution of this expression into equation
(r.2.1) yielded a characteristic equation for which
three modes of solution were possible, these being:

(1) The four roots of the equation were real
and unegual.

(2) The four roots were real and equal.

(3) The four roots were complex.

Attention was confined to the first root
condition and the following two sets of boundary

conditions were considered in detail:

(l) A plate with four simply supported edges.
(2) A plate with two opposite edges simply
supported and the other two edges clamped.
. For these problems, the maximum deflection
and bending moments Wefe found at the plate centre,
these being similar in form to the expressions

obtained by Huber.

17

Lekhnitskii then formulated a method of solution

for the :problem of the bending of an orthotropic

plate with two, three, or four simply supported edges

under arbitrary load, utilising the theory of bending

of an orthotropic strip. An infinite strip was/

v



was divided into a series of rectangles by straight
lines perpendicular to the sides of the strip, each
rectangle being equal in area to that of the original
orthotropic plate under comnsideration. It is
interesting to mnote that the methgd of solution and
final results bear a striking resemblance to the
results obtained by Schade. Lekhnitskii attributes
much of this to Huber whose work predated that of
Schade who appeared to have Been unaware of much of
Huber's work which appeared in publications of limited

circulation.

! This section of the book then proceeded to
discuss the Ritz solution of the expression for the
strain energy content of a rectangular orthotropic
plate. The solution for deflection was expressed in
the form of a double series solution and the energy
expression minimized for the case of a rectangular
orthotropic plate clamped on all four edges. The
subsequent expressions obtained for the maximum central
deflection were compared with those derived by the
Lévy method when the limiting case of an isotropic
plate was considered in each problem. The wvalue of

deflection ascertained by the Ritz method was found to/
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to be 3.8% smaller than that found by the Lévy

method.

ASHWELL (1952) carried out some interestiﬁg
work on the stability of shallow corrugated plates
where the mode of instability was assumed as similar
to that of curved thin plates in bending. The work

is reviewed in more detail in Section I.3.

HEARMON and ADAMS (1952) dealt with the
determination of the elastic moduli for plywood plates
by the series of bending and twisting tests suggested
by Thielemann, derived from the work of Bergstrasser.
The rélationships relating the plate deflectiomns to
the plate moduli were determined from the general
statement of Hooke's Law for anisotropic media, and.
these together with the above experimental work were
used to ascertain the plate elastic moduli for several
forms of plywood and isotropic metal plates. The
degree of accuracy obtained was such that the maximum
deviation from the mean for the plate moduli was about
3% for the.metal plates, but fairly large discrepancies
were e&ident in the case of some plywood specimens -
up to the order of 30%. Despite the discrepancies

noted,Hearmon and Adams concluded that for plywood/
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plywood plates the basic assumptions of anisotropic
elagticity hold for the behaviour of such plates when

subjected to uniform bending and torsional moments.

Identical tests to those carried out by
Hearmon and Adams were those of WITT, HOPPMANN and
BUXBAUM (1953), the materials under consideration
being three forms of bonded fibreglass. The results
do not demonstrate a marked degree of anisotropy and
the ratio Ehéaz , the principal Young's moduli was

not greater than 1.33.

A further point is that, in common with Hearmon
and Aaams, the results for the elastic moduli foxr the
plates studied were mnot used to discuss the behaviour

of those plates for loading conditions other than

bending and twisting.

In a series of papers reporting work carried
out at the Johns Hopkins University, Hoppmann and
Huffington have examined several aspects of

orthotropic plate behaviour.

HOPPMANN (1955) applied the tests of Hearmon
and Adams to three forms of stiffemned plate, a

rectangular thin steel plate with longitudinal grooves/
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grooves milled from one surface, a rectangular thin
steel plate with brass stiffeners of circular
cross—-section silver soldered to one face and a
circular duralumin plate with rectangular grooves
milled in one face parallel Tto a d}ameter. The plate
stiffnesses 2. etc. were determined and he discussed
the accuraéy of determination of the wvarious moduli,

particularly the wvalidity of the assumption ha= Ras

Substantially different values were obtained
for these moduli, and Hoppmann in an interesting
discussion arising out of the written comment on this
paper ! justified his recourse to an averaging process
for the value 0On -4z, on the grounds that the plate
deflections were not sensitive to this constant. The
values of the elastic stiffnesses obtained from the
tests were used to predict the central deflection of a
circﬁlar test plate with a clamped edge under uniform
pressure loading, the variance between experiment and
theory being 8.5%, theory underestimating the value

of deflection.

An attempt to evaluate the elastic constants
by theoretical methods was presented by HUFFINGTON (1956),
where the flexural and twisting stiffnesses D» etc.

were conceived as applying to a homogeneous orthotropic/
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orthotropic plate which was equivalent to the actual
plate-stiffener combination discussed. This
combination was a thin isotropic plate ﬁith equally
spaced stiff§ners of rectangular cross-section
disposed symmetrically about the middle plane of the
plate, a limitation on the stiffener height being
that it did not exceed the stiffener width. The

determination of D, was as follows:

The actual plate was comnsidered as made up
of a series of plates of width 2c¢ , thickness A ’
separated by beams of rectangular cross-section having
width . 2e¢ and depth 2f+Ah . The equivalent
orthotropic plate was regarded as an infinite strip,
simply supported on the boundaries and loaded by
uniform pressure. The strain energy of bending and
twisting for the equivalent and actual plates were
evaluated and equated. From this equation a limiting

value of D was found to be given by

D= D o+ B2 (1.2.9)
3
where . D = E’(//z(/__vl)

Zs = Moment of Inertia of two stiffeners
with respect to the middle plane of
the plate.

S = 2fc+e) = widbth of a repeating section.
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This result for 2D» is that which would be
obtained by treating the stiffened plate as a wide

flange beam.

The evaluation of 2, was carried out in an
identical ménner. Two values for”  Z:: were postulated,
the first or lower bound being R2= D . This
corresponds to meglect of the stiffemers when
estimating transverse rigidity. The upper bound was
given as

3
D = E£LAM)] (r.2.10)
s2(1= %

where'!Afy) is the total thickness of the plate/stiffener

combination. This upper bound corresponds to the
situation where there are enough stiffeners present to

provide approximate homogenedidty.

The effective orthotropic shear modulus D
was determined by comparison of the torsional

rigidities of the actual and egquivalent orthotropic

plates. The value of Die is given by
! -
D = Lo & (T.2.11)
45
where & = the shear modulus of the isotropic

plate material
. ' . ’
Ka = form factor dependent upon the cross-

section of the actual stiffened plate.
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7). was determined from the equality
of bending moments for the direction mnormal to the
plate of curvature in the actual and equivalent plates.

A limiting value of D,, was found to be given by
Da = 3. D . (£.2.12)

and the limiting values of the two Poisson's Ratios to

be:

Vie = Dz ; Vo o Da (r.2.13)
.7),’2— Z)//

In the conclusions to this paper Huffington
stressed that the theory employed was essentially a
plate theory and that the analysis was subject to the
limitation that the ratio of stiffener rigidity to
plate rigidity must not become such that beam action
was predominant., He however suggested as a possible
extension to the case when the ratio of stiffener
height to stiffener width is greater than unity, that

a reduced height of the order of stiffener width be

employed.

HOPPMANN, HUFFINGTON and MAGNESS (1956) made
a preliminary study of the matural frequencies of

vibration of isotropic rectangular plates rendered/
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rendered orthotropic by grooves machined on one or
both surfaces of the plate. The plate moduli were
determined in a manner identical to that used in
previous work by Hoppmann (1955), the values of .
and “u quoted for each form of pl%te being different

by a small amount, of tihne order of 10%.

HOPPMANN (1956) suggested an experimental
method to determine the elastic constants of
orthotropic plates when bending and stretching of the
middle plane was significant. The plates were tested
as previously - Hoppmann (1955) - and the appropriate
moduli evaluated, these being proportional to the
cube of the plate thickness. Tensile and shearing
tests were then carried out to determine a further set
of constants proportional to Tthe plate thickness.
While the results are of interest, 1t is to be mnoted
that’the figures indicated by the author give a change
of value of &, Qn and Q. of the order of 0.0045,
6.0 and 0.006% respectively, and the values of Q=

and du are radically different, Qi 1is quoted as

-12.9 times the value of dmaz .

A study of the free flexural vibrations of

stiffened plate was rerorted by HOPPMANN and MAGNESS/
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MAGNESS (1957). The analytical methods used in the
papef to predict frequency of vibration took the form

of presuming the deflection of the plate to be:

W= Z E Sin m=, Sin ary. A(T) (r.2.14)
@ L
where FYC) is a harmonic function of time. This

solution was applied to the differential equation of
free vibration of an orthotropic plate (this is

. . . . s __—'- 2
identical in form to equation (I.2.1) ) with 7 = CWQQQ%Z1
where (?h = mass per unit area of the middle surface

of the plate. This provided a frequency equation.

The values of the plate constants used were those

obtained in the author's earlier work - HOPPMANN (1956)

for the case when stretching of the middle plane is
considered. The results, while they do exhibit some
discrepancy from observed values of frequency, do
demons%rate the utility of data obtained by simple

bending and torsion tests.

Continuing their work on the vibrations of
rectangular orthotropic plates, HUFFINGTON and
HOPPMANN (1958) applied to the equation for flexural
vibrations of an orthotropic plate a solution of the

Lgvy type. A variety of rectangular plate boundary/
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boundary conditions were examined all conforming to
two opposite edges simply supported and frequency
equations for each case were derived. This paper
does not set out a comparison with theory and
experiment, but refers to the earlier work by the
authors which has been reviewed above. Reference is,
however, made in written discussion to experimental

work on plates whose ratio of constants is 52/ =3.17.
22

A postscript to this work was provided by
HUFFINGTON (1961) who investigated the occurrence of
nodal pattermns in vibrating rectangular orthotropic
plates. Although 1t is considered that a detailed
account of this work is outwith the scope of this
review, it is pertinent ¥to note that a numerical
example using elastic comnstants determined by the
bending and twisting tests of Hoppmann (1955) was given,

where:

Dy . S Dsz . £8/0
Dss Doz

demonstrating that the roots of the characteristic

equation were still real.

CHANG (1958) discussed the solution to
equation (I.Z.l) for a rectangular orthotropic plate

clamped on four edges under the action of uniformly/
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uniformly distributed transverse loading. As with
many previous idinvestigators the expression for
deflection was stated as a double sinusoidal series,
This expression together with that for the strain
energy of deformation was used to obtain equations for
the edge reactions which were then equated to the
known edge moments and deflections. Chang also
examined the rate of convergence of the derived

solutions. The general gquestion of convergence is

discussed in Appendix VIII.5.

Orthotropic rectangular plates with arbitrary
boundary conditions were analysed by KACZKOWSKI (1959)
where the plate was loaded by edge forces acting in
the plane of the plate which was vibrating. The
expression for deflection was taken as a double
sinusoidal series and this was used to deduce expressions

for the plate edge reactions.

Once again one has reservations regarding
the mode of solution used in this publication,
particularly with regard to evaluation of quantities
such és edge moment near the corners of the plate due
to the difficulty of obtaining convergence of the

assumed series.
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HOLMES (1959) considered the behaviour under
transverse load, of a flat plate stiffened by beams
of regular cross-section. Thg analysis was that of
a flat plate and associated beams. Expressions
for the stress components in the plate and in the beam
were set up and the sftrains in the plate and the
stiffening beams at their common surface were equated.
Results were presented for longitudinal strain and

central deflection, but the dimportant point of lateral

strain variation is not touched upon.

WILDE (1960) probed precisely the same
problem as Kaczkowskli only taking the expression for
deflection as a cosine series. The expressions
derived are of course similar, but the importance of
Wilde's work is that he examines the convergence of
this form of double series and shows that with /M = 12
the coefficient for deflection represents an improvement
in accuracy of 2%% on that for /7 = 2, that is, the
convergence of the series must be considered to be

rather slow.

~

CHENG (1962) looked at the theory of bending
of sandwich plates, the core of which was considered

to be an orthotropic honeycomb structure. A sixth/
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sixth order governing lineal differential equation
for deflection was derived, this equation being

analogous to the biharmonic equation in the theory

— = .~

of isotropic plates.

For the case of a simply supported, uniformly
loaded rectangular plate the behaviour equation was

found to be:

/— Dhp §* _.Z%ﬁi.)AAtw‘=_Z (r.2.15)
ox* dy* D

2. and 2.. being the plate consbtants for the

orthotropic core.

The general solution to (I.2.15) was taken as

a4
-.«.5{.
T ) [

=1

oo
[ b D tashoary o+ B Y simh mr/"'[] Sin mIrx (r.2.16)
n ” a
. a & Q.
J

where the plate is simply supported on all four edges.

By substitution into the boundary conditions,
and solving for A, and &, an expression defining

"

the plate deflection was obtained.

An important paper on new btechniques for the
solution of orthotropic plate problems was written

by VINSON (1962). The principal method was to solve/
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solve the orthotropic plate equation (I.Z.l) by a
perturbation technique. The existence of a series

solution to (I.2.1) of the form
=24 " !
we ) /cé\/:gg)d (r.2.17)
n=0

was examined where

!
- D
‘j:(.&)ﬁj c-2fi= o ]
Du - (23,07

Vinson demonstrated the convergence of this
sclution for the case of a rectangular simply supported
plate and stated that convergence to a satisfactory
degreé was obtained with the first two terms. A
comparison of the derived solution with the exact
value obtained by the Lé%y method was made, and it was
shown that for a rectangular orthotropic plate simply
supported on all edges under a uniform lateral
pre&sufe for a range of values —/&® <09 with ?%%L= 1
the value of the central deflection was within 10% of
the exact value; Vinson's graphs demonstrating this
correspondence are shown in Fig. IT.3. Also
demons%rated was the expected result that for a square
plate the orthotropic effects are greatest and these

diminish significantly as the length to width ratio/
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ratio increases or decreases from unity.

This paper demonstrated the effectiveness of
this form of approximate method in determining the
deflection of an orthotropic plate but on examination
the method suffers from the limitation that the ratio

D?th must be close to unity, certainly within the
range 0% = D”/ 2% 20 for maximum deflectiom values to

be within 10% of the classical solution.

TSAI and SPRINGER (1963) published a
modification of the twisting tests of Bergstrasser for
the determination of the moduli of anisotropic plates.

As this paper was pased wholly on Bergstrasser's notation
and technigques etc., one must confess to some difficulty

in interpreting its purpose.

The use of MacLlLaurin's series to analyse an
orthotropic plate was suggested by RAJAPPA and
REDDY (1963) where the expression for deflection was

taken as

W= C}+C}zzﬂu%jz + Cox® 46&235L-+CL34

This method was based on first determining

the deflection expression for the condition of zero/



zero deflection at the plate boundary and then
modifying it by introducing moments to cancel those
given by the original expression. In the light of
the fact that the solution depends foxr its

convergence on a particular set of boundary conditions
this method would seem to be more applicable to the

analysis of beam gridworks than to that of plates.

In an analysis for the bending gf an infinite
isotropic strip reinforced by equally spaoeq identical
stiffeners on one side under uniform pressure
YAMACKI (1963) solved the problem as a combined
boundéry value problem associated with the conventional
plate and beam theories. The stiffened plate was
treated as a series of plate segments separated by
stiffeners, the deformation of each determined by
applying ordinary plate and beam theories, taking into
account the conditions of equilibrium and compatibility
along the Jjunction of the plate segment and stiffener,
It can be seen, therefore, that the work is principally
a continuation of that of Holmes. While there are
obvious advantages to the method, namely easier
computation than the: orthotropic plate theory, it

does seem in some ways to by-pass the problem of the/

33



the interaction of the two elements comprising

the complete structure.

T.3. THE BENDING OF PLATES TO AN

ANTICLASTIC SURFACE.

In section IT.6 of this thésis, a theoretical
examination of the bending of orthotropic plates under
a uniform moment is examined. This is undertaken in
order than an accurate determination of the elastic
stiffnesses of the orthotropic plates considered in
the experimental sections of Chapter IIT may be
conducted. To the author's knowledge no such
examination is available elsewhere, consequently the
following short review is of the bending of isotropic

plates to an anticlastic surface, the principles of

which are utilized in the subsequent examination of the

bending of orthotropic plates.

The essential reference to worlk on the

anticlastic curvature of plates in bending is that of

LAMB (1891) who examined the flexure of a flat elastic

spring bent into a circle of radius f’ by moments on
both ends. Lamb showed that the equation for W the

deviation at any point of the middle surface from the/

3k



the cylindrical surface of radius ¢ is:

o

4 ,
/z‘gl.a’cd’ " (/—'1/2)(11)’-{-\:’0C9> =0 (r.3.1)
3 dx¢
where ﬁ is the longitudinal axis_ of the strip,
XL  the lateral

2h

1l

the strip thickness,

2b = the strip breadth.

&% = the extension of the medial plane
in the x - direction
¥ = Poisson's Ratio.

The solution of (I.3.1) was considered to be
(a)‘-réof) s /C;)’nc‘osa’xm.f./(oix * @ns‘/h ax SihA dx (1.3.2)

where

A= 4 /3(1-V%) (x.3.3)

4_,/];;(92
The boundary conditions formulated by Lamb

were that on the edges x = *6

d _ N . dA

- -

gl 2 g5 (T.3.4)

n
Q



Substitution of (I.3.2) into (I.3.4) gave
values of the constants #f and &, which defined the

deviation of the strip from the cylindrical form of

radius of curvature f .

Lamb examined the implications of the
solution, particularly its accuracy at the strip edges
and reached the conclusion that at the edge the
magnitude of the deviation from the cylindrical form
was éomparable with the strip thickness 2Ah . A
further point that emerged from the above analysis was
that this deviation diminishes rapidly towards the
centre of the plate, but that the sign of deﬁiation
fluctuates. Lamb concluded by noting that amplitudes
of these fluctuations were so small that they were

never likely to be the subject of observation.

SEARLE (1908) examined in some detail the

distortion of the cross-section of rods and plates

36

under uniform bending and he showed that if a thin plate

or "blade" is bent by a uniform moment to a cylindrical

form of radius of curvature F , the radius of
curvature in the transverse direction is given by
% , 7 being the Poisson's Ratio for the plate.

material. Searle also demonstrated that an element/
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element of the plate with a longitudinal force 7
acting on it, and a radius of curvature f
experiences a resultant radial force of magnitude
2775 %é acting towards the centre of curvature,
where /A is the angle subtended by the énds of

the filament at the centre of curvature. This force
tends to reduce the anticlastic curvature developed
and Searle estimated that such curvature will be
eliminated when éz/éa’ >b , b and J being the breadth

and depth of the strip respectively.

An interesting experimental study to confirm
the expressions deduced by Lamb and Searle was
undertaken by ASHWELL and GREENWOOD (1950),  The
plates used were 15 in, broad, 0,125 in. thick, and
supported on knife edges 4 feet apart, uniform *
moment being applied by weights at the end of a 2 feet
overhang at each end. The authors concluded that on
a qualitative basis the results for deflections
obtained admirably demonstrated the distinction
suggésted by theory between the behaviour of plates
having.initial curvatures of opposite sign, and

quantitatively the results were a satisfactory

demonstration of the theories of Lamb and Searle.
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ASHWELL (1950) reviewed and extended the
work of Lamb and Searle, investigating fully the
implications of the analysis for anticlastic
curvature where the transverse effects were considered
as analogous to the bending behavi?ur of a beam on an
elastic foundation subjected to a non-uniformly
distributed load. Ashwell confirmed Lamb's analysis
regarding the fluctuations in sign of the deviation
across the plate from the cylindrical form and
confirmed that the critical ratié é?d defines the mode

of distortion of the plate cross-section.

i The stability of corrugated plates was also
studied by ASHWELL (1952) using equation (I.3.1) to
define the deflected form. The method used was
essentially that of expressing the corrugated shape
in as general a form as possible, this usually being
an infinite trigonometric series, substituting this
series into (I.3.1) and thereby obtaining an
expression for the distorted crosstection of the
plate in terms of the radius of curvature and the

constant & derived by Lamb - equation (I.3.3).

The analysis showed that as the curvature is

increased the corrugations become progressively flatter/
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flatter, this effect being due to the same radial
force as cause suppression of the anticlastic
curvature of flat plates in pure bending. The
limitations of the analysis are that the corrugated
forms that can be tackled by this method would need

to have a cross-section which could be expressed by a
comparatively simple mathematical series and the
overall height of the corrugations would be limited to

a maximum of three times the plate thickness.

CONWAY and NICKOLA (1964) used the work of
Lamb to obtain expressions for the stress variation
across a flat sheet when bent by a constant moment to
an anticlastic surface. The paper is of interest
primarily for the experimental work which was carried
out on thin steel and aluminium sheets, 14 and 24 in.
long respectively. Measurement of longitudinal and
lateral strains was effected by electrical resistance
foil strain gauges and the measured values were used
to deduce stresses which were compared to those
obtained-theoretically. The agreement obtained is
very good, particularly when one reflects that.the
experimenﬁal values of Young's Modulus and Poisson's
Ratio were only known to an accuracy of 2 - 3%. The

only reservation that could be expressed is that the/

-



the moments were applied to the plates through a
supporting bar to which the plates were fixed thereby
inducing some restraint on the transverse edges of

the plate.

I.4, SUMMARY AND COMMENTARY, o

Any assessment of the theoretical work to
date on orthotropic plates must be made with the
recognition that the advent of computers and their
widespread availability in thé last decade or so has
radically altered the mathematical outlook on the
problems of elasticity and elastic behaviour. Thus,
to criticise.the wori of éne's precursors on their
apparent unwillingness to undertake problems of wide
applicability is to ignore the very nature of the
computational tools available to them. The authoxr
hopes, therefore, that the followihg critical

assessment will be regarded as criticising without

castigating and disapproving without deprecating.

Farly theoretical work concentrated almost
exclusively on orthotropic plate problems where the
characteristic behaviour eqguation foxr +the con%idered
plate loading produced wholly real roots when

operated upon by the Lé%y method. For orthotropic/
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orthotropic plates supported on all four edges

HUBER and LEKHNITSKII have exhausted all the possible
solutions for real roots, the former using for most
cases a Fourier series for the deflected form and such
nﬁmerical work as waé done was car?ied out using only
the first term of the infinite series. LEKHNITSKIT
was to the author's knowledge the first to note the
limitation of the Fourier series methoas and re-~
Iformulated some of the plate problems for analysis by
the Lé%y method. As before, the cases considered
revealed only real roots of the characteristic equation,
aitho?gh Lekhnitskii did set out the extension of the
methoa to deal with complex roots. - The author would
thérefore consider that for the problems of
orthotropic plates under lateral load the basic work
of Huber and Lekhnitskii indicates that the double
series method, while of value, does mnot conbtribute

to any appreciable degree to the solution of such
problems, With this in mimnd, it follows that a great
deal of the theoretical work subsequent to that of the
above two analysts when applied to practical problems -

does not fulfil the promise of its stated intentions.

It is also noteworthy that the. work of HOLL/
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HOLL which would seem to the author to have indicated
fruitful lines of thought on orthotropic applications
of his methods has not been the spur to further
investigations. To a lesser degree, the same could
be said of the analysis carried out by SEYDEL, which
posed many questions regarding the behaviour of
corrugated plates. Indeed, the work of Holl in
evaluating forces and moments throughoﬁt an isotropic
plate with two edges free and that of Seydel in
applying to corrugated plates under edge shear loading
the orthotropic plate equation, seem to the author to

be pioneering work which has been sadly ignored.
1 4

WILDE and VINSON are the only recent
investigators to have considered the very relevant
problems of the convergence of the form of the
solution assumed, and as such these contributions are

of particular value,

Some recent papers have been but restatements
of the work of earlier theoreticians. However
the paper by RAJAPPA and REDDY putting forward a method
whereb& the deflected form is considered as a
MacLaurin's series is a welcome addition to thé

literature. The author believes that this work, while/
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while valuable, has a greater applicability to the
problems of linked beams and grillage mnetworks which
have been comprehensively tackled by TRENKS (1954),

PFLUGER (1947) and HENDRY and JAEGER (1958).

To date all the experimental work to find the
elastic stiffnesses of orthotropic plates has been
based on the bending and twisting tests of NADAI and:
BERGSTRASSER, and with the exception of those
performed by WITT et. al(1953), HOPPMANN (1955) and
HOPPMANN et. al(1956) has been on various

configurations of plywood or similar constructions.

i .
One of the major results of this

experimentation has been the initiation of an animated
correspondence (Journal of Applied Mechanids, 1955)

on the relative values of the moduli a2 and du . The
implications of the assumption dm=aa are discussed in
Chaptef IT, but the author would like to record at

this point his view that Hoppmann's concept is in all
probability the correct one, namely, that the moduli

Az and da are in fact equal.

A considerable amount of work has been based

on the ewaluation of the elastic constants for an/
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an orthotropic plate considered as a series of beams
linked by a considerably weaker plate. While this

is a Justifiable premise in many cases, the author
holds the view that any accurate analysis of the
bending of‘orthotropic plates must take into account
the overall behaviour of.the structure which is to

be comsidered as a plate. Furthermore, there has

been a general reluctance to apply the constants
evaluated either experimentally or theoretically for

a plate to the behaviour of the plate undexr essentially
different loading or boundary conditions. In this
context, the work of MARCH (1942), HOPPMANN (1955)

and HéPPMANN and MAGNESS (1957) is exceptional, although
March himself has taken the wvalues of the elastic
stiffnesses for his wooden plates from the work of
others and describes these values as "tentative".
Hoppmapn and Magness have used the values derived from
bending tests to investigate the nodal patterns
exhibited in wvibrating orthotropic plates, the
correspondence between theory and experiment being well
demonstrated. In all the above papers the authors
stress‘the value and difficulty of obtaining accurate

experimental data.
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As has been mentioned in the review, some
authors have considered the behaviour of an
orthotropic plate as being equivalent to a series of
orthotropic strips or beams, without stating either
the basis of this assumption or the range of stiffness
ratios for which it is assumed to apply. The author
accepts that in many cases the Justification lies in
the applied loading, e.g. longitudinal shear or
traction give boundary conditions to which the infinite
strip approach is particularly suited, but it is
difficult to rationalize the strip approach for problems
involYing transverse loading in any form. One of the
purpoées of the theoretical section in this thesis is

to investigate the validity of this approach.

In the light, therefore, of the above factors,
the work set out in this thesis was orientated to

investigate and discuss the following:

1. The analysis of the behaviour of
orthotropic plates as integral
structures and the application of a
concept of liﬁked beams.

2. The experimental evaluation of the
Qrthotropic stiffness of corrﬁgated
plates and the use of these .in

orthotropic plate analysis.



The theoretical and experimental
behaviour of corrugated decking under
uniform loading, the decking being
regarded as orthotropic constructions.
The development of a rational basis

for the design of decking systems.
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CHAPTER TIT

THEORETICAL ANALYSTIS

L7



L8

IT.1l. THE ELASTIC MODULI AND CONSTANTS FOR
GENERALLY ORTHOTROPIC PLATES.

To obtain relationships between the components
of force and the components of deformation in an
elastic body, it is mecessary to choose some model

s

which reflects the elastic properties of that body.

In the following analysis it will be assumed
that ﬁhe components of strain are lineaf functions of
those of stress, that is, the material under discussion
conforms to the generalised Hooke's Law. For the
general case of a homogeneous anisotropic body, the
equations which'express Hooke's Law in Cartesian

co—ordihates xY,0 have the form:
€x = Qubx A0y +Qs @G Qs ?53 + Qs Gy + e 7‘55
éﬁ = Qai 03¢ +au05 -~ - ~ - - - e - .
i
o
ﬁ‘(j = Qu 0% "'0‘00’5 + Q3 O3 +Oo;-fl‘i/; + Qug ?’x; + Qui f’;’rv

Where the coefficients aﬂ are referred to as

the "elastic moduli" foxr the body material.

If the body under consideration is in the form
of a plate where the lateral dimensions are much

greater than the plate thickness, equation (II.l.l) can/
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can be simplified to:

Ex = QuT=x amﬂ’s + Que ?5(3

€y =GOk + @20y + awlxy (Ir.1.2)

JRy = QuOx  + Qu O ~+ Qu Ty
Similarly the stresses JTx etc. can be

formulated as functions of the condition of strain as

Qg = bu éx ~- bIZ éU -+ bféd/;(y

O’Ta = bu & "'Jbzé\a) 4—1526‘7’5’5

(rr.1.3)
’(:\itj = by &x -‘-bbzétd +bu-d’5(\3
. \ Where Jﬁj are referred to as the "elastic:
constants" for the plate material;
Assuming that the Maxwell reciprocal
relationships hold, namely aﬁf. g, bq’: 6j£
and applying the normal rules for‘the solution of
equations to (II.1.2) and (IL.1.3) the following
identities relating txq and &ﬁ can be found
A bu = Q2. Qe — Qso '
Abzy » Abs = Go .G — Q2. Qe
Aba = Qu.Quw — au
Bbe + Qi@ = an (IT.1.4)
Aby » Ab, = Q.. Q26 = Qze. Qb

Ab}.o :_Abbl w Luz . Aib "'CZH.QZ{,




FIG.IT.1

Moments in the cross-section of a
plate element. :
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where:
Qu iz, Qre

Qat Tav Q-’lb

Qi oz Qoo

As indicated above the six elastic moduli
Ay , Az , Qua, Qu , e and de f‘uily characterize

the elastic behaviour of a generally orthotropic plate.

IT.2. THE BENDING OF GENERALLY ORTHOTROPIC PLATES.

The usual assumptions of the classical theory

of bending are made, namely:

. The plate is thin and may be considered to

be in a state of plane stress.

2. The bending deflection of the plate is small
compared to the plate thickness, i.e. the-

radius of curvature is large.

For an element of a generally orthotropic plate
under a uniform lateral load ? acted upon by moments
My , My, Mry as shown in Fig. II.1 the equilibrium
condition can be stated as (TIMOSHENKO and WOINOWSKY ~

. KRIEGER 1959):

&1/’425 -+ 261 XY "+ 62/"75 = '
Y 3x O 3y 7 (Ir.2.1)
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Ux.3.9 ; My

-

G5 %

M ) Wb

l"z” (Ir.2.2)
/“7:{3 = ‘E; (arﬂ.a,. ?

Assuming a linear strain distribution over
the plate thickness then for a point in the plate
distance ;}- from the meutral surface the displacements

due to the curvabure of the plate are:

Ex = =3 S | ;o €yt -3 W
= o s o (IT.2.3)
7y 5y

where W~ is the bending deflection of the plate.

On substituting the expressions for the
stresses and strains from equations (II.1.2) and
(IT.2.3) respectively into equation (II.2.2) and %hen
putting the resulting expressions for Mo etc. into

equation (II.2.1) the following equation is obtained:

D% . 4D, aDs S, 4D, D, D Y (IT.2.4)
. axsdn i oxdy* i aalc):f‘ ! y* {
where: -
Dﬂ =-,__/_\__3. bu ; D/b = _ﬁ_3. bwi / -Dz.; = _{f -152-2..
/2 ’2 /2

Deo = A3 b, D =,_{\~3(15f1+2.5u_) = Dz « 2s
/Z /2
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Condition of pure lonsgitudinal stress.

Y

o
My _//’/
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E‘x

Condition of pure shear stress.

FIG.II.?



52

This equation (IL.2.4) is the deflection
equation for a gemerally orthotropic plate subject to
a uniform loading of intensity Z . The constants
D+  etc. which contain the six elastic moduli will
be referred to as the "elastic stiffnesses" of the

plate.

ITr.3, THE DETERMINATION OF THE FLASTIC MODULI
OF GENERALLY ORTHOTROPIC PLATES.,

It has been shown that the elastic behaviour
of the gemnerally orthotropic plate can be characterized
by six elastic moduli. This section sets out the
theoretical background to the experimental evaluation

of these moduli,

Nadai bhas referred to the fact that to -
determine the elastic moduli of isotropid plates'two
conditions of stresses are particularly suitable, those
of pure longitudinal stress and shearing stress -

Figs. IT.2(a) and (b).

To determine a relationship between the
stresses produced by the plate loading and the plate
deflection equate the displacements &, qéb and /ﬁv

as given by equations (IL.1.2) and (IT.2.3) where/
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where ; ] @Q.

QA s =2 [Qu0x + Qo 00 + Qau Tx
ox* 7;(, L 3>
62‘4) = —2 (Qz; O.k' +ﬂu0T1 - Qg f%?) (II-B.l)
dy* y
_Q_z_uz‘ e —2 (q,(, 0x + Qzs 03 + Qe 2‘;?3)
61% A

Thielemann has shown that a general form for
the deflection W

which satisfies equation (II.3.1) is
given by :
W= -0z (Qr;17—4 Qai :jz “+ Qe xv)
A
-9:,3 (Q:z 2t + G, ‘J?' + Qg xU>
A

(11.3.2)
-f:i%(a:bxz"‘ a’zejz + A 75)

+C x + sz + (o

The term o + Gy +&3

determines the
position of the plate in

space and for the present
discussion has a value of =zero,

the origin of the
system being taken as the origin of the plate.

Lekhnitskii has demonstrated that the moduli
aA.J.

can be considered as the reciprocal of the

respective Young's Modulus or Modulus of Rigidity for
the direction ij
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direction JJ

au = I ', Q—a.:. > ,__,___,
En Ezz_
Qiz = "Wz = = (II.3.3)
£ Elaa
Qe = —Vi ; Aas = - %6 o Qee = _ L
E'l E&’-— éi!‘

Where )&j is the Poisson's Ratio relating a

stress in the direction A to a strain in the direction'f

The above analysis indicates that by careful
selection of a series of bending and twisting tests
the moduli aﬁj can be obtained for an orthofropic plaﬁe
and that such values together with equatiomns (IIL.1.7)
will vield the values of the elastic stiffmesses

in the orthotropic plate equation.

These tests and their application to troughed
decking are described in Chaptexr IIT.
IT.4, VERIFICATION OF THE SPECIALLY ORTHOTROPIC

PLATE COMPATIBILITY EQUATION AND CONSISTENT
BOUNDARY CONDITIONS.

It can be shown from the general statement
of Hooke's Law for an orthotropic plate that the

expression for the potential energy of bending is given/
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given by

/[ Dy az b 2D Qi S
dn™ dto"'

-+ gz-z,(gg_;_i)i + 4‘9{,6(()7(63 ] J:(c{t}

Applying the principle of virtual displacements,

(rz.4.1)

it is assumed that a small variation &w of the plate
deflection & is produced. During this assumed
virtual displacement the change in strain energy of

the plate must be equal to the work done.by the extermnal
forces. If the direction of the bending moments /I
and AMac and shear forces §an acting on the plate
subjeqted to a uniform lateral load of intensity Z

distributed over the plate surface are as indicated in

Fig. ITL.3(a) then the expression for the work done

during this virtual displacement is given by T

SV = ﬂ? Stu‘o(xafﬁ f/"/n 8w, ds f[@n -‘-()Mn'c) Sw ds (II.’-I-.Z)

The first integral represents the work of the
lateral load during the: displacement JdSw- . The
second, extended along the boundary of the plate

represents the work done by the bending moments due to

the rotation 6&2$\ of the edge of the plate, while the

third integral represents the work of the transverse/
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transverse shear forces applied along the edge of

the plate.

The calculation of the variation &) of the
strain energy of the plate will be presented here
in detail for the first term of equatiom (IIL.4.1),
that for the.other terms being presented in Appendix

VIIT.1l.

Therefore:

s/, %%{)wxaud

n

2D oy ey
I oar

"

() - & ]

2 Z.Duﬂ[ jx %%té%’) N (32)3‘ Sur) + 64& &&] a’xa’j

In a Cartesian system of co-ordinates for any function

-

P of x
ﬁép dxdnj . fP CoD/B.a‘S

g é? d=x du 2 fP s0r B ds

where the simple integrals are extended along the
boundary, /B being the angle between the outer normal

and the x-axis as shown in Fig. II.3(a)

6ﬂ3., axda . QD,K%%‘.gQ.de%

-+ 2]){(@1@ s «ﬁg.&u) cos g s
9t dx dx3
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Advancing along the boundary in the direction shown
in Fig. II.3(Db)

2w o 8w dn L 38w . ds Z.aéw‘tojﬁ._ 66ur s14 g

—

9x on  dx Js d=x

“Jfa szd:) - 27.7::[:;:{7 , Sw. a‘xdj '-» ZJ,P LJ"(é&a(ps _.c)&a'sw/g)(os

-2Dy 5!0‘ LS. cos B ds
xS ﬁ

Integrating by parts the second of the
bracketed terms of the R.H.S. of the above equation

-2 8;1 sm/g cas/a 6&4)— ds

:*Z.D,/[({zg_r.s»-;};cas/géw)_ 5:4)’5}_” :u)' SiA ms/a)clsj
S 7[

N R
~ As the integral is over the closed boundary

of the plate, the first term on the R.H.S. of the above

equation is zero.

Therefore the wvariation of the first term of

equation (II.4.1) is found to be

sﬂ Dn (%ig)ldxc!tg

= 2anr)_iu_)‘6k}’05(d‘3 ~+- 2-70/ W {05/8 é&w ds
9z#

(IT.4.3)

.,2Duf[a$ é‘uf $In “’73)' %3'&@;(05]3] §w. ds

A similar procedure can be carried out for

the variations of each of the other terms of equation/
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equation (II.4.1) to obtain

SD)L((&U da¢ dfj

” ZDzz[é%‘ Swr dx a"J + 2D c:_;g__} 5/6?3 a§_t«f', ds
&‘3 Y- In

..zDzz.j[aS azw s B wsjz) - 631()’ sm/B] Sw. ds

52%[{ a;v a%r dxdv
2

n ) - ) O smg) §w. d
= 492f c}_:j:’ c}xd .?Dz_féx ‘j (06/8 4-5;2_5\_] L7 /8) S

-+ ZDLf%[é% - c)zu}‘ Slhf (o&f&d ds

: | - -+ an.f(ézl«)‘ (0.5}3 +¢)21J" Sm)B) 3610‘ .ds

S 4.Pbé c’v(d
j] Sx 03 L

i 8944[%2«_3‘_.6& cfxdtj + B[ smjztosfz 35&* ds
2oyt c)xdj

4Deb f Q2 [4n*B - Cos*R) EW. ds
! JS[va}\j (s /3>

33w . B . Sir Sw. d
-+ 4.7766/[ g_m}h)_“j_m [:95/3 +é;_'%):3 SM/B] s

The variation of the strain energy is

therefore given by the sum of all the above derived/
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derived relationships

sV [’D S s D [ 4 2Da (S +4.D&.,[ ]&J. dx d
Iéx* 2[ dy* éx7élj [éx‘&q )

[Da/étd‘ 0B +Dn [dk sin*
. &lj"' .

731 321 ' b \“) »
- zf 3_;2; @ + l()'S/ /g) +4Dst v)djg; sm/@ (‘9? %c%_r ds

+ D,,f _éag ( c;”i‘% si5 zos/s) 63«)* {os/z.] D.Lj[a : Do s'm/g los /3 <}3td‘ $14 ]
-*Dzﬂ'a (azki %_)L_‘_)'_&) 5::’1}3 (aS/B - 'Dn.f( 3314)" (0 -+ 630.)'“ Sin )3)
S P

xév)

2D St [ sins - 4 N S smal
o és[v}xéj[gl )3 05/3)] éxsglms)g +éx‘dg ! f]

Sw.ds

Substituting this expression for &V into
equation (IIL.4.2) and equating appropriate series of
terms to zero the following three equations are

obtained

Duaur D Yo+ 2/D+ 2D6) S S dx. dy = IT. b 4)
ﬂ JacF ’ L&tl ! / ’ 06?;123% f] e ° ( '

J'[D,. Q% ms/s -.«Dué‘u) s/n/g + .'D,z(éu)‘ras/g + ;,,,"}g)
x')—

+ 4 Dsy ev.sm}acos/:; +Mn],§_§u-.d5 . ° (II.AL.;)
c)xt)tg | dn _
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[ fD,,[ (azu' s‘m/[?, (os/g) A3J los ] - Do c)(cz)‘!;); s/ri/s(as/g) 3_4[5/ /3]

-+ Dol d c)“ s 2 -Da [P (0;» 3 in
2/55. dy )] "‘f "“f 1-3?(:)9 +&x"93 / /3) (II " 6)

+2 Dbt S - {08 9 W (o o+ 93 9 $in +(*)Mn7)] Sw.ds
[cls éxdt;)g m 7 PB) (09‘ c)ﬁ.""r)\j /8) /QA j
= O
BEquation (IL.4.4) will be satisfied only if

for every point in the middle plane of the plate

Dy i +z/)>,z+z>;,f,)au + D % - g - (1IT.4.7)
Jxd ox 2oy Iyt

This is the compatibility or deflectiom
equation for an orthotropic plate.
In the case of a simply supported edge
Sw =0 and Mn =0
i.e. ec: cn (II.4.6) ié satisfied if Sw =0
Equation (II.4.5) is satisfied if

2 2. -+ 2
'Du%_;_:__{.zm/s + Da 0 _____ sm}3 + D %_ﬁ.(os t)k?‘ 9 /5)

+ 46t . $1a P cos /B)

éx33
. In the particular case of a simply supported

‘rectilinear edge parallel to the y-axis, /B =0°.

/V/,“ /p,,sw + D29 U) . o (IT.4.8)
oy
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For a free edge Sw and aﬁéﬁ are entirely
n
arbitrary. Also Ma = 0 and Gn+9dMrx = 0
: 38

Therefore from equations (II.4.5) and

(IT.4.6)
Dn c)i)‘ ('0573 + D t_)f_!;._?‘ Sin* + D (c} o (os ~+ 94 sz/B)
ox* d‘JL 9n*
2 (Ir.4.9)
+ 41 W . S B (os = O
b(,(c)x oY "')3 )3>

axn

3 2 3 s
/ [és c)2u)' S/n/3{05/&> - 5&)‘ (93/8] .21[&) -Q W {m/'B[pS/B) %_‘_;%‘ s/ /5]
Dr n - vf_L)” + g_i)' sSrA
) L[as Iy ex )‘/ /M%/Zg gyt ms/g dy o ” / /B] 2 (IT.4.10)

+ 20 _ S s B - D . sim ] = 0O
6[&5 (éxc)uj f:m/'; {0575}) dx é\f’ e‘»xzol:, h/B .

For a free rectilimear edge parallel to the

x-axis,. B = 90°%, (IT.4.9) yields

/Dzz 321«)-4, D Q%S = O (IT.4.11)
Jx*

and (IT.4.10) gives

Qtj-»é}M?ﬂJ = -(Dzz.ﬁiﬁ_)‘ + Dz w4 4D¢,5V3 WY = o (IT.4.12)
Ix oy I dy By :

IT.5. " THE SOLUTION OF THE OTRHOTROPIC PLATE
EQUATION,

It has been shown in the previous section that/
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FIG.IX.4 Boundary conditions of
‘orthotropic plate.
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that for an orthotropic plate, the deflection equation
can be written as:
Dy 9% 4 2D %W L Dy Y = 7 (Ir.s5.1)

Ix* oy Iy#

where
Dz o2 Dz o+ 2Dec

This section comsiders the solution of
equation (IL.5.1) for the case of a uniformlyﬁloaded
orthotropic plate which has two opposite edges simply
supported and the other two edges free, the origin
of co-ordinates being taken as a corner of the platé

as shown in Fig. IT.4.

A solution of equation (II.S.l) can be

obtained by the following substitution
W= W7 4ws - (II.5.2)

where w7 is a solution satisfying the eqguation

Do S L g
ox ¢

Expressing w7 as a trigonometric series representing
the deflected form of a uniformly loaded strip parallel

to the-x-axis, simply supported over a length «

wi - 4ga” Z 1. Sin miTx (Ir.5.3)
775D, me 2
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The expression w2 must satisfy

Dy . 2D dw L D W - o (II.5.4)
In? xSy Oy

Adopting a Lévy form of solution for Wi

=Z \(m Sin mIT>c o (Ir.5.5)
[~ 8

m=1,3..

where 7@ is a function of 3 only.

This expression (Ii.5.5) effects a separation

of wvariables for plates having two opposite edges

simply supported.

Substitute (II.5.5) into (IT.5.4) to obtain

d’Y, - 2Dss (M;T)szYm + Du (@£_T>4\ﬂ“ =~ o | (IT.5.6)

g:f Dz dj‘ Dza

The four characteristic roots of this equation

are :’.‘}zf , T ¥ where

/¢ w7 L (s Do~ D Do ?
a.
)b

~

Y

(1T.5.7)

;115

{ Do -/ DB
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From inspection of these roots, there are
three possible cases consistent with the actual

values of Dv etc.

1. Das > Du.lia - all roots real.

For this case, the form of Ym is given by

Y = AL (os/e.;a’j + B, rf'nhf’j + (. tosh }/'j + O, smh %7

2. TIRI = Du Daa - equal pairs of roots. ’¢'=)/
(7 + B, 4) osh gy + {Cn + D y) s/:;z{;/j
3. Doz 4. Du. Do - all roots complex.

ﬁ:gré} : }4:——9;/«,5%
Yin = (#2, ws3y + G s/h}f/) 1&5497 o s,y + Dh 5”52 7)545%9(7.
v It is readily seen that for any investigation
into the behaviour of orthortopic plates, cases 1
and 3 above must be fully examined; case 2, that of

equal pairs of roots can be considered as a special

case of 1 and 3 and is not discussed separately.

1. All Roots Reazal.

The deflection &« is given by W= W7 +» i

s Z [ /”77 + FZ‘/DSX}QIV ot B $00 4 5?/7

(1£.5.8)
mobe. +Lom oSA Yy +Don 174, }17] 5/ el :

which satlsfles the boundary conditions on >X=o and

‘;'Z:CI .

From equations (IT.4.11) and (IT.4.12) the/



65

the boundary conditions on Y = © and Y = b to
be satisfied are:
@12 élu)_. k- :DR— V)lf-()" =
S 2 G-j"-z
(Ir.5.9Y)
Dz %0 L Dudwr L 4D B = O

9ys Iy Jx® Oy-

Application of equation (II.5.8) to equations
(IT.5.9) gives the following group of simultaneous
equations:

S +ECm = A
FBn=R) + $Ou(§-2) =0
PP cosh b + 8. ok g5 &L wskys +8D, smhifb = £
& A (f~R) ;h&:(,w’é‘ +d B (~R) (osz(/dé |
| + Yl (5-R) smh b 44 Dy (6-R) 034t = O

(IZ.5.10)

where it

/=2¢a/d2"—a2('5:") -
§ - Dup-D(F)

A o= 412 : R = Do (MT/")?-
&
Cor)

Solution of the group of equations (II.5.10)

as indicated in Appendix VII.2 leads to the following

expréssions for ~,. etc.
/C?m - Eﬂa[%)-;m/\ﬂc/; 5/55}\515 -#/0/52//7"‘ Za:)/;%z; — losh 5&5 - (os/’dé (55/{}444)]
H
(rr.s.11)

B, - gﬁg'[ﬁ'é"mii P (105K ¢b-1) — )2 510k b Leosh B -/)]
£ /
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C,, =é_§[;p’%“’;gh/¢p’é shhyb »;;o’é’i//"// -'tos/aﬁ’g + Coshyb - (osé/a’é cas(;/é)]

. .(II.S.ll)
. FAE Ty snhyb (toshgb=1) ~FE *(cosh tb—1) sinh b
D 72@/_[}7 tnh b (toshgb=1) ~FE* (tosh o) 5t ;d]
where
A = (P8 g ) sirh b kb - 2881y (tosh gb cosd ypb~1)
3. All Roots Complex.
The deflection ™= Wi+ Wi is given by
4 = .
Tl ) Ly ¢ (Faeny v B py) eley
e (rr.s.12)
+ (¢, w53y + D «sm;v) s:h/wj]fm' mzx
Application of this equation (II.5.12) to the
boundary conditions (II.5.9) gives the following group

of equations:
af 1Dy - F
By (f-R42d) 1 Go(f-R-20uy) -0 i
o (f oshob cosy b -3 smhob anyb)
+ G ( f w0shob sin 26 +9g stnhob :os}é)
+ln (funh0b ws3 b -9 wshob 573 é) (IT.5.13)
+D;,1[]Cs:hl(eés/»ilé +9 coshob cos3 b) = £~
;g,n{[f_/zj(a?sw(eb @536 wshobsingb) ~9(3snkob ) b +0 wikob sy A)} |
+3m)'[ f-RXy osk ob (0sy b -+ sinkebsingb) -ﬁ@ sin/\eészalb—mas/zeézosg é)]
4 5,,1{(;-,@(9/05@6 mszé -7 Sinkob sm}/g) - 3(2«,%/\96 (057,6 + 8%k ob siny é)';
42),“[{ f——/z)(j,sln'/\gb ms;é 40 oshob Sn\}@ -3(}/51»{/\96 sin3 b ~@st:hob o5} 6)3

= Q
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where:

f= Palo™3Y) -Da wliby

3 = 2 91 DJ.?_
/e Az 5 R = 4D66(f£'_’_ *

Solution of the above group of equations as
indicated in Appendix VIIT.Z2 leads to the following

expressions for the plate constants:

Do £ f{qu-Nz)'/zmAgm\@,_A_{ L=/ 43y adeb Ty b
ol (oshob tos3,b lohob (@3 b 5

- (ko W liny 8) (-1 )donhods = (1 +10) 7o, 4]

Cim =FT.1 r | -/ 2\ Zanhob lans b1
N Jl: {/asﬁab.zasig +(F) - "2 3
4 L7 () lankob iny b (F+93)(Tanhob ~HTiny b) -(I1.5.14)
; |

() aklob Gy b { oy ! ) WA TR 2 Y

loshob (oﬁ},é[{fﬁ/—ﬁ/ﬂ) lxhob - (94 +fr) Zﬁnléj

5n = ""Cm (%)
where:
M= o(f-R=2Da32) ; N=:3(f-2+20n&)

L = (fN-gm) lanh 06 - (fs1+9N) n 3. b
K« (fa=9m) *dnk%sb *[fM+9N)ZYEn7“7-/6

+ (M ""—HYz)/f?‘-#j?) lLinh %o b Tm 5 b
losh &6 (os '}b
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It is seen from the above that the
deflection of an orthotropic plate can be defined for
the given boundary conditions for any variation of
elastic stiffnesses and aspect ratio a/b. This in
turn gives a means of determining the diétribution of
moments and shears throughout the plate for any

variation of these parameters.

In the following discussion the wvalues quoted
are those obtained using the first three terms
( m=1, 3 & )'of the sum to infinity for each quantity.
The convergence of the infinite series for .these
quantities is discussed in Appendix VIII.5 together

-

with the relevant sections of the computational

procedure. Also the designation Ry 1is given to
- D, . Dy .
the ratio 2%  and Rp to the ratio ,ﬁfgL , while

all the theoretical graphs plotted for variations of
these two ratios have been calculated for a value of
jlz of 300, this being the quantity”ff%é(ﬁuua for
a steel plate 0.048 in. thick with a Young's Modulus
E of 30 x 106 lbf/in? and a Poissont!s Ratio V¥

of 0.28.

The Deflected Surface: Fig. IIL.5 displays’/
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displays the variation in the deflected cross-section
of an orthotropic plate as the parameters R, and

R, are varied. It is seen that as for the isotropic
plate investigated by HOLL the deflection surface
across the plate is saddle shaped With a marked edge

effect.

As the ratio Ry is increased the value of
the deflection across the plate dimiﬁishes. It is
alsoloflinterest to note that as R; dis increased
the point of minimum deflection does not remain in
the centre but moves across the plate. This effect
was theoretically noted by HUBER for the case of an
orthotropic plate simply supported on all edges and
experimentally by MARCH for the same boundary conditions.
An attempt by March to correlate theory and experiment
must, however, be treated with some caution, as March

himself described the values of the elastic moduli

for his plates as "tentative,.

As would be dintuitively expected, for a given
value of R; an increase in Rs, the ratio defining
the tofsional stiffness of the plate, reduces the
variation of deflection across the plate causing the

central portion to remain relatively flat.
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Due to the transform applied fo
reconsfitute the orthotropic plate equation as an
ordinary differential equation, the theoretical
deflected form along the length of the plate is assumed
to be a sine wave. This is borme out by the
experimental work on steel and aluminium plates

described in the following chapter.

The Bending Moments: the bending moments M

acting on planes parallel to the y-axis are given by:
MDC. = —'(Duazk)" -+ Dlz._ézk)'> . (11-5.15)
Sc? d\-a"‘
where 'the deflection wW is given for the case of real
or complex roots by the appropriate equations (II.5.8)

and (II.5.12).

The variationm of this moment across an
orthotropic plate at the centre ( x=%% ) is given
in Fig. IL.6. For the ratios R; and R, equal
to unity the maximum value of this moment is at the
plate centre and has a value of 21.933 ZG%Q;@%Z
which for 0.048 in. thick steel reduces to 1.037 ¢ (¥4l
a valué which agrees exactly with that ob%ained by~HOLL
for an isotropic plate of Tthe same physical

dimensions. Examination of the expression for Mx

indicates that this is due to the domination of the/
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the term Z%(éaﬁg%z)

The valué of Mx is relatively insensitive

to increase in the ratio Ry, but the shape of the
distribution across the plate alters such that the
position of maximum Mx is at the plate edges, although
the difference in the Ak values between neighbouring
poinﬁs across the plate decreases. This concentration
of moment intensity at the edges of the plate is,
however, very small, and it is the author's opinion
that this is more an indication of the increasing
impdrtance of the term Zh(aaiﬁgﬁ in the expression
for Mx than a description of an actual phenomenon.
Fig. IT.7 gives the values of the expression for /T«
applied to the actual plates described in Chapter III.
This shows that Mx is a constant of value 16.814;

x ( f@/bfﬁ)u) x/04'. for 0.0468 in. thick steel which
on insertion of the appropriate values of Dy and ﬁ?%)
becomes 0.999851 YC%%iﬂa this being the value
derived if one comnsiders the orthotropic plate as a

series of strips or beams.

In his work on isotropic plates HOLL showed
that for a given plate as Poisson's Ratio increased,

the value of Mx at the free edge also increased./
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increased. This result is substantiated to some
" degree by the curves of Fig. IT.6 which show that for
any given value of Ry i1ncrease in Rp gives a larger
value of Mx at the plate edges. This difference is,
however, "small, and for values of Ry ?f 1 variation
of R, does mot alter the distribution of Mx to any

appreciable degree.

The bending moment /Wj acts on planes parallel

to the x-axis and is defined as:

M‘Z] s —(szg&ti{ +Dzz?}_2_‘_<_f (II-5-16)
Ix* dy*

The.theoretioal valuation of this moment across
an orthotropic plate at the plate centre is given in
Fig. IIL.8. As expected, the value of ﬁﬁj at the
plate edge dis zero while the intensity at any sec;ion
decreases with increasing Rq{ and for any given value
of Ry increases with increasing value of RZ' This
latter effect is readily explained by the increasing

effect of the term a;‘””ybxl in the expression

for Mj .

For R; and Rs equal to unity the shape
of the distribution agrees with that for the isotropic

plate but for any other values of R; and R, the/




the shape of the distribution alters. It is
interesting to mote that at a value of Ry = 10
and R, = 1 the distribution of N% has a small

negative value at the plate centre which coincides
with the minimum value of central ?eflection in

Fig. IT.5 and an apparently inconsistent value of the
shear force ng acting on planes parallel to the
x-axis given in Fig. IT.10. Examination of these
values leads one to the conclusion that they are
consistent within themselves and that the development

of a negative value of /Wj is rational.

i  For the actual plates described in Chapter
ITI, the theoretical distributions of #y shown in
Fig, IT.7 exhibit greater convexity for low values of
the ratio Rsp. The actual numerical values of‘tﬂe
intensity ﬁﬁj are small and are positive. The
longitudinal distribution of this moment /47 is
sinusoidal and therefore vanishes at the supported

edges of the plate.

The End Reactions: the support reactions

at the‘simply supported ends are given by:

R = Qx + dMay ,.,..[D,,ew _,_[.721-:—412,5)5&%*} ' (IT.5.17)
a% ox3 éxéﬂl
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The distribution of this reactiomn is given

in Fig.ﬂII.9 and is of considerable interest from
the theoretical viewpoint. The curves indicate
that for low valueé of R; the variation at the
corners of the plate is negative, %.e. downwards, a
result which would seem surprising were it not forxr
the fact that in the case of an isotropic plate simply
supported on all four edges under the action of a
uniformiy distributed load the corners do tend to 1lift.
For an isotropic plate with two free edges the end
reaction A= is of course positive, but increase in
the rgtio R2 for a wvalue of Rl = 1 gives a
markeély negative value of corner reaction. This is
explained by the increasing effect of the term

*4@%(63€;1k3ﬂ1) in the expression for RKx , which.is

twice the ratée of variation of the shear moment Wﬁﬁ .

For the actual plates the variation of Rx
'is shown in Fig. IIX.7 and is indicated as a uniform
reaction, This is what would be anticipated from
the curves of Fig. II.9 which demonstrate that as

the ratio R is dincreased the end xreaction tends to

1

a uniform value with the greatest variation from this

uniform state corresponding to the highest value of/
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of R, for a given wvalue of Rl’ For the first
three terms of the infinite series for Ax the
value for the 0.048 in. thick steel plate is given
as 0.93297 ¢ (70 where 7784 is that value
that would be obtainéd oonsidering'the plate as a

series of beams or strips.

The Shear Forces and Torsional Moment: the

shear force Gﬁ acting on planes parallel to the
x—~axis differs from the expression for the edge
reaction by the quantity .222166%{yaﬂév> which is the
rate of change of shear moment /W&valong the plate

free edge.

[Ezz.agbf + (Do +2Dw) Q3 (IT.5.18)
é-xzc)\j

Thus the shear force 6% is not zero on the free edges
but in fact, as is shown in Fig. TI.10 is a maximum

along these edges for a value of the ratio Rl = 1.

The change in shape of the curves for <93 as
R7 dincreases can be explained by the diminishing
effect of the term @h(¥w7%ﬂ3) and the resultant
domina%ion of the expression C&2—+22%5><¥??§z253
which is dependent on the ratio Ro . This dis the
principal reason for the resemblance between the

graphs of shear force and those of shear moment/
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moment /4xﬁ - Fig. II.11 as the rate of change with

Y of @H reflects the value of dﬁhﬂ/ﬂﬂ - at any
section. The graphs for the distribution of ﬁbw
have been drawn to indicate the wvariation of this
torsional couple at the support, as at the centre of
the plate the value of this couple is zero, this
being due to the cosine distribution of the series

for Whv .

For the plates used in the experimental
investigation the variation of CH and Whﬂ«are shown
in Tables IT.1(a) and IT.1(b). It is to be noted
that these quantities throughout the plate are small
and can be stated to be negligible compared to the
values of Mz, Rx and GH with the excéption of
the values of ﬁhﬂ at the plate corners where a finite
corner load of magnitude 2#&3 is produced. Thus the
summation of ( Pz +-¢/ij) along a supported edge of

the plate gives one half of the total static load on

the plate.

The shear force Qx acting on planes parallel
to the y-axis differs from the end reaction KAx by
a quantity 22 6%;gx3jz but the dominant term in

the expression for &x is Ok 33‘0'/67(3 .
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Ox [Dn a%r £ (Dz+2Due) %0 (1T.5.19)

D¢ &7

Thus as R; increases the value of &x will be closer
to that of Ax . This can readily be seen from the
graphs of Fig. IT.1l2 which show the distribution of

§x becoming more uniform as the ratio R¢ dincreases.

For the actual plates the wvalues of & are
identical to those for Ax to the fourth significant
digit indicating that the variation of the shear
moment ﬁﬁv'with the plate length X is negligible.

IT1.6. THE BENDING OF AN ORTHOTROPIC STRIP TO
AN ANTICLASTIC SURFACE.

In Section VIIT.3 of this thesis a oompiete
analysis of the bending of an orthotropic strip to
an anticlastic surface is given. This analysis
has been carried out to demonstrate the utility of a
pure bending test on an orthotropic strip to determine
the value of the elastic medulus &, . A brief

outliné of this analysis is given.

The compatibility equation for an orthotropic

strip bent by a comnstant moment /M dis:

Du O +2(D,1+2m,)6w“ + Do St sE Ao - o (1r.6.1)
dx*

3223'1 6",}4- Ez
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where «W~ 1is the distortion of any point on the bent
plate from the principal values of curvature (0 and
Ly is the Young's Modulus in the direction of the

length &

Applying the transform:

(')
= / mil =z
w” § va Sin Zj&
m=)3-.

to the equation (II.6.1) yields the ordinary

differential equation

d™n _ 2D (@_j"d”\rm + D »f_f)" L' + fféH(!v%z.»flr)]Ym(IIﬁ-a)
d \f D22 b AV dyT Dnl & (o)™

& ' ' = O
where +H is a coefficient defining the central

deflection of the strip in terms of the plate

thickness A

Proceeding as outlined in Appendix VIII.3
the roots of the equation (II.6.2) are determined for
the cases when all the roots of the equation are real

and complex respectively.

The solution of (IL.6.2) for real roots can

be stated as

W= Zm[;;fu(aSAc'j -+ BNS:;\AC‘;[ dfh\fosxg'j -J-@MS'D:\A(S‘JJSIL\ MITX: (II.6.3)

TT.
CL

mnahL3, -




and for complex roots as

L = Zj [@Q;anlj + &1wA27)MﬁLX3

+( Cun caslkj + Dy, S8 Ay )stdZy ] Sin e

The constants &, etc. are obtained from the
appropriate boundary conditions and the shape of the
distorted cross-section obtained as indicated and

discussed in Appendix VIITI.3. Thus the distortion

from a cylindrical form of radius /’ due to anticlastic

effects can be estimated.

It is also demonstrated in Appendix VIII.3
that fhese effects can be considered negligible for
the plates described in Chapter IIT and the value of

@y determined from the bending of a strip to -
cylindrical surface of radius f is accurate to

within the limits of experimental error.

A further use of this analysis is to examine
the validity of the assumption iz = Qui for the
range of plates discussed in Chapter IIT. As shown
in Appendix VIII.3 this assumption reduces to an

examination of the validity of the relationship

79

(IT.6.4)

Ver = Viz. Dew . (IX.6.5)
ny
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where V.. ds the Poisson's Ratio relating an
extensional strain in the x-direction to the
corresponding strain in the y-direction and Vai is
that relating an extensiomal strain in the y-direction

to the consequent strain in fthe x-direction.

As is demonstrated in Appendix VIII.3 the
distortions given by (II.6.3) and (II.6.4) can be
computed for relationships other than (IL.6.5) and it
is shown that for the range of experimental plates
considered the relationship (II.6.4) must hold. That
is, as stated in the Critical Review, the author
believes that the statement made by HOPPMANN (1955)
regarding the applicability and validity of the
relationship i = Az to be-correct and in fact the

only viable condition for orthotropic plates.
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EXPERIMENTAL INVESTIGATION
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The experimental work presented in this

Chapter covers:

1. Evaluation of the orthotropic plate
moduli and corresponding stiffnesses

for decking units of light gauge metal.

2. Tests of full scale corrugated deck units
under pressure loading. These tests
included complete deflection and strain
gauge examinations of decking behaviour.

IIT.1. THE TEST SPECIMENS AND DETERMINATION
OF THE ELASTIC MODULZT.

|
+

The test specimens were formed from sheet
material of galvanized steel and aluminium alloy
which was nominally 0.036 and 0.048 in. thick. The
effect of the galvanizing on the behaviour of the
steel sheets was considered to be megligible. A

thickness survey of the specimens revealed a variation

not greater than 0.05% for either material.

The steel. specimens used were particularized
by B.S. 3083 and, the aluminium alloy NS3H by

B.S. 1470.

For each test two samples were cut from the/
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the large scale unit and tensile tests were carried
out to determine Young's Modulus and Poisson's
Ratio, some seventy tests in all being undertaken -
see Appendix VIII.6. The average values of
Poisson's Ratio which were subsequ?ntly used in the

theoretical work were:

Aluminium Allov: Poisson's Ratio YV o= 0.33
Steel: Poi.sson's Ratio Y = 0.28

The actual troughed decking was cold formed
from sheets of 0.036 and 0.048 in. thick steel and
aluminium, each individual trough having the profile

shown in Fig. IIT.1(a) and Fig. IIX.1(b) for steel

and aluminium respectively.

The determination of &., ¢ for the

evaluation of & the rectangular plate having the
oo-ofdinate system shown in Fig. IIT.2 was used.

The pattern of points (1) to (9) was marked on

the flange of the sheet and on a specially prepared
part of the floor surface perpendicularly below.

The deflection of the plates was measured by micrometer
(étick and the increments of loading were such as to
provide adequate magnitudes of deflection. The

test comnsisted of applying increments of load up to/
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to a predetermined value, measuring the deflections
of the points (1) to (9). The loading was then
decreased in steps to zZero, the deflections of.points
(1) to (9) again being measured. Fig. III.3
shows a typical plate under test and Figs. III.4. and
IIL.5 give typical sets of results for 0.048 in. thick
steel and 0.036 in. thick aluminium respectively,
a full range of results being given in Appendix VIIT.6.
The slopes of the line through the experimental points
in all éases was determined by computation wvia the
method of least squares and these were subsequently
used %s shown in Chapter IV to evaluate the modulus
Qay ; The symmetry characteristics qf the plate
behaviour are demonstrated in Figs. III.6 and III.7,
which give the deflections of points other than those

used to evaluate daz .,

Three tests were undertaken for each plate,
and a careful examination of the results made.
Particular care was exercised in lining up the plate
under test and Fig. III.8 shows the arrangement for
ascertaining that the plate was correctly positioned
over each ball bearing support. A small spyhole
faéilitated the positioning of the support points -

Fig. IIIL,2, over the top bearing plate whose underside/
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underside contgined an oiled recess in which the ball
bearing could rotate. The bottom support plate had
marked on it the position through which the point
support given by the ball bearing had to act, and
adjustmént was made using a Cartesian system of axes
marked on this plate. Both the bearing plates were
made of 5/8 in. thick steel whose surfaces had been
machined smooth and the bottom plate was fixed by

adhesive to a solid steel frame.

The determination of (. : for this test a

square plate with the dimensions shown in Fig. III.9
was used. The plate was supported on two ball

bearing supports at opposite corners while the twisting
load was applied at the other two corners. Fig. IIT.10
shows a-plate undergoing a twisting test for whieh the
testing technique and the patterm marked on the plate
and floor were identical to those used in the bend

test for d,, , measurement of deflection again being

by means of a micrometer stick., A typical set of
results for 0.048 in. thick steel is given in

Fig. ITI.1l and for 0.036 in. thick aluminium in

Fig. IIT.12, the appropriate analysis from the slope

of these graphs being pursued in Chapter IV. The

symmetrical mature of the test results is indicated/
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indicated by Figs. III.13 and III.14.

As for the determination of &, great care
was taken when the load was changed and this was
facilitated by clamping the plate in the deflected
position, increasing the load and then releasing the
clamps.  As before, three tests were carried out on
each plate, deflection readings being taken for
increasing and decreasing load. The full results

of the tests are presented in Appendix VIII.6.

The determination of &u : two methods were

avail%ble for the determimnation of Q, . The first
of thése was to pursue an identical technique to

that used for the determination of Og, . A
preliminary test demonstrated this method to be -
experimentally unreliable as the rigidity of the plate
in the.direction of the corrugations was such that

the degree of bending obtained in this direction was

too small for consistent measurement.

" To obviate this difficulty it was decided
to test a single trough under pure bending and pursue
a separate analysis to determine Q, from this test.
A typical test is shown in Fig. III.1l5. Under load,

the deflected form of the trough was mapped using the/
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the three dial gauges shown in Fig. IIT.15, the
trough being restrained in its original profile by
the brackets equally spaced along the trough. To
assess whether cross-section distortions occurréd,
as originally anticipated, the tes} was repeated
with the brackets removed. No difference in
behaviour was observed. Even at large deflections
there was no evidence to suggegt that the trough was
in any way splaying. Three tests were carried out
for each material and profile. The analysis of
these is comnsidered in Chapter IV and a full range
of regults is given in Appendix VIII.6. Typical
sets éf results for 0.048 in. thick steel and 0.036 in.

thick aluminium are given in Figs. IITI.16 and III.1l7.

-

IIL.2, DECKING UNDER LATERAL LOAD.,

The test apparatus: before building a full

scale test apparatus for the examination of the
behaviogr of cold formed degking units under uniform
lateral loading some preliminary tests were performed
on single sheets 9 feet long and 2 feet wide, each
consiséing of four corrugations of the profiles shown
in Pig. III.1. The sheets were bolted to fixed end

supports, the two longitudinal edges being free and/




FIG. IIT.18 Loading Frame and Specimen



FIG. ITIT. 19 Water Manometer and Inlet Valve



FIG. III.20 Dial Gauges on Travelling Beam.



and dead loading in the form of 25 and 56 1bf weights
was uniformly distributed over the plate surface.

It was found that at a very low value of load
intensity the plates exhibited local buckling at the
supports after which the behaviourdwas as though

the plates were simply supported.

Thus when the design of an apparatus to test-
multi-breadth sheet was under consideration, it was
decided to make the loading arrangements such that
the composite sheet was simply supported on two ends
and completely free along the two spanwise edges.
Fig. ITIT.18 shows the structure built to subject a
deck to uniform lateral loading. Fach deck was made
up of three limnked parallel corrugated plates, 9 feet
long by 2 feet wide. Pressure was applied to th;
decking under test by means of three air vessels
with‘flexible walls, each of which was connected to an
inlet reservoir, the two outside vessels also being
connected to a water manometer - Fig. IIL.19. The
supported span of the multi-breadth decking tested
was 8 feet and deflections over this span were
measured by means of dial gauges mounted on a
travelling beam as shown in Fig. IIIL.Z20. The runway

for the beam consisted of V-rails set into solid/
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solid wooden beams which ran the length of the

test rig.

An air compressor with a delivery pressure
of'ZOO lbf‘/in2 was used to pressurize the vessels
and control was effected by means of a Schrader air
control valve on the delivery side positioned mnear

the water manometer for ease of accurate control..

The end supports of the composite deck were
mild steel flats bolted on to the decking at a span
of.8 feet. These flats rested on a 1 in., diameter
steel'rod welded to the test frame, thus ensuring
that %he deck unit was free to wrotate about the end

supports.

Test procedure: three single deck units

9 feet long by 2 feet wide were arranged parallel

with edges overlapping. The mild steel flats were
then laid across the decking at a.span of 8 feet and
holes marked through on to the smaller (tension)

flange. The sheets were then screwed to the flats

by means of 2 B.A. set screws, rubber and steel washers.
When the three single sheets had been fitted together

to form a deck, lines were scribed on to the underside/
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underside of the sheet. These lines which were

to mark the position of the required deflection
readings were at 1 foot from the line of each
support and at the quarter and centre points of the

larger (compression) flange.

The composite unit was then turned over to
bring the compression flange uppermost, a layer of
heavy felt placed on top and the three air vessels
laid.on, these running longitudinally along the line
of the troughs. The complete assembly was then
lifted and placed into the frame, the inlet tubes
coﬁnected to the inlet reservoir and the outlet to
a common line to the water manometer, the vessels
partially blown up to a position resembling that shown

in Fig. IIT.18 and then the last cover plate was put

into place.

A traverse was then made with the dial
gauges mounted on the travelling beam, zero readings
noted and then the pressure successively increased
in suitable dincrements. The pressure reading at -
which ﬁaving in the compression flange was initiated

was noted and the structure was loaded to collapse.

Two complete tests were performed for each/
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FIG. 111,23 Strain Gauge Wiring

0,0U8 in. thick steel.



FIG. 111.26 Strain Gauge Wiring

0.036 in. thick steel.
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each material, thickness and profile, eight tests
in all. Typical sets of results for 0,048 in.
thick steel and 0.036 in. thick aluminium are shown
in Fig. IIIX.21 and III.22, a full range of results
being given in Appendix VIII.6. An isometric view
of the c¢cylindrical surface to which each plate

deformed is given in PFigs. IIT.23 and III.24.

To supplement and complete the above
investigation, a complete strain gauge examination
was carried out for each type of deck. Four decks
were strain gauged using %;inch linear 70 ohm foil
strain gauges attached to both surfaces of the larger

(compression) flange.

To avoid unnecessary duplication of the .
labour involved in fixing some 88 gauges per channel
the decks were gauged as shown in Fig. ITI.25 and
Fig. ITT.26 for 0.048in. thick and 0.036 in. thick
steel respectively, that is, omne deck was used to
obtain the strain variation on the two outside
troughs of a sheet, the other used for the two inner
troughg. A map of the strain gauge'layout on the
top side of single trough is given in Fig. III.Z227.

An identical and corresponding pattern was used on the/
# .




FIG. IITI.28 Strain Gauge Wiring

Aluminium Deeking.
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FIG.IIT. 29 ‘Diagrammatic sketch of strain gauge layout
on the aluminium decking.

1/2 in. gauges.
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FIG. IITI.30 Solartron Data Logging Equipment



the underside and the two gauges covering each

point wired in series to read direct effects only.

The aluminium alloy decks were used to
examine the lateral strain variation across a plate.
Fig. IITL.28 shows an aluminium plate with the strain
gauges in position and Fig. IIIL.29 indicates the
gauge layout on each trough. Once again the plate

was gauged on both sides to obtain direct effects only.

The tests on the strain gauged plates were
carried out using a test procedure similar to that
adopted for thelAQtermination of the deflection
distribution. The strain readings were recorded
using "Solartron Data Logging Equipment". This
equipment which measured voltage changes corresponding
to strains on a digital voltmeter and printed out
the readings at rates up to 10 channels per second,
is shoﬁn in Pig III.30. All the strains were
measured at each increment of loading in the elastic
range, the maximum load being a load just less than
that required to initiate yield in the compression
flange; and then unloaded in decrements to =zero. Two
complete tests were performed for éaoh materia;

thickness and profile, making eight tests in all, and/
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and in an average test some 700 strain readings

were noted.

Figs. III.31, IITI.32, IIIL.33 and III.34
indicate typical results for the longitudinal strain
&x  and the lateral strain éb for 0.048 in. thick

steel and 0.036 in. thick aluminium respectively.

A full range of results is given in Appendix VIII.G6.
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CHAPTER IV

DISCUSSION OF RESULTS
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IV.l., THE DETERMINATION OF THE FLASTIC MODULTL.,.

In the bending tests used to determine the
elastic moduli i and Quw the deflections relative
to that of the ceﬁtral point (9) of all the points
(1) ‘to (8) for any given load wére read.

Appendix VIII.6, however, presents only those

actually used to derive the values of the moduli,
other deflection readings used to demonstrate symmetry
being excluded as they are wholly repetitious. Fach
of the graphs Fig. VIII.8 to Fig. VIII.1l3 shows the
experimentally measured values as points and the
solid! line represents that calculated from the

experimental points by the method of least squares.

The calculation of Q,, is carried out in .
detail in Appendix VIII.M.and the method can be
summarised as follows for a 0.048 in. thick steel
plate,.the behaviour of which in this test is

typified by Fig. IIIL.L.

From equation (II.3.2) and considering the
loading arrangement described in Chapter III the
modulus dd,, is given by

Ay = 7(0"'/\.3 | n
AR A /b
36.P.4" /4
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where &/ is the average deflection of the points

(1) and (5) for increasing values of load P .

From Fig. IIT.4 the average value of

is 11.855 1bf/in. and from Fig. IIT.2 Yy = 6 in.

Aoy = 4556/ x10" 4> mz//é}

A complete range of values is given in Table Iv.1l.

As a general statement it can be said that
the stiffer the plate the more consistent is the
test for 4. The bending tests for the aluminium
plates were in fact performed many times to obtain
consistency, this being necessitated by the difficulty
experienced in keeping the plates stable on the ball
bearings. However, it can be concluded that the-

test was satisfactory and did give results which

-repeated to within 2% of the mean.

In the twisting tests for Qg the main
difficulty lay in making sure that the specimen was at
all times level. As for the test for Qi the
deflec%ions of points other than those actually used
to derive the modulus were examined to check that the

measured values of deflections were comnsistent and/
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and obtained when the plate was in a stable position.

The calculation of {du is carried out in
detail in Appendix VIII.4 but 0.048 in. thick

steel can be summarised as:

The co-ordinate system used is that given
in Fig. III.9 where the points (2), %), (6) and (8)
have the co-ordinates (—x, y), (x, y), (x, -y) and

(-x, -y) respectively.

From equation (II.3.2)

Qoo = 2w K°
36.1223

i
where & is the mean of the deflections of the points

(2), (4), (6) and (8) with respect to (9) for an

increment of loading P . ' .

From Fig. IIT.11l for 0.048 in. thick steel

(L) = 16.016 1ps/in.

o =337“L¢“94A3m$“#

A complete range of values is given in Table IV.1l.

‘In this series of tests, the maximum

variation from the mean was again of the order of 2%.

The use of ball bearings to simulate point/

97



98

point support in both the above tests proved highly
satisfactory as did the use of the micrometer stick

to measure deflections from a fixed datum on the floor.

For the determinatién of Q. the tests
involved the mapping of the deflected form of a single
trough bending under constant moment. The value
of deflection was read at selected points along the
trough length firstly to obtaim a contour and
secoﬁdly to permit the determination of relative
deflections and so minimize the effect of any movement
at the supports. In Appendix VIII.4 the calculation
of thé modulus Qu is carried out in full, assuming
that the anticlastic deformation is negligible. That
this is tenable is shown in Appendix VIII.3 where the
magnitude of the distortion to an anticlastic shf%ace
of an orthoitropic plate bent by a constant moment is
demoﬁstrated to be megligible for the stiffness wvalues
of the plates considered in this thesis. In
consequence the constants are evaluated from the values
of deflection along the central line of a beam. This

can be summarised as follows, a complete analysis

being given in Appendix VIII.4.

Considering a beam bending under a pure moment/
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moment /v
E, T = Md?

—

2w
and M= Px
where " is the deflection re;ative to the centre
of the beam of two points on the centre line of the
beam a distance 2d apart. lad is the load applied
and is considered to be acting at a distance X from

the supports - Fig. IIT.1l5.

From Fig. ITI.16 for 0.048 in. thick steel the
average value of (Pir) is ( y6.42162) 1bf/in. and

d = 24 in.

Therefore from eqguation (II.B.B):

X

= Z o 41827 10" T, i/ 1b].

A full range of results is given in Table IV.1l.
As before, the maximum variation from the mean of a

series of tests was of the order of 2%.

It is appropriate at this point to state
the relevant effects that were noted during the
performance of the tests for Q. . As has already
been stated, the single troughs when bent with the
brackefs removed exhibited no splaying at any section

along the test length. Nor was there any difference/
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difference between the deflected form on the
compression flange of the trough and that along the
trough 1lip. At all points fthroughout the loading
range the deflected form was that of a shallow circular
arc and attempts to detect a variation of deflection
across the trough revealed a complete absence of any
such effect. This substantiates the assumption that
Qyz = Qay . A full discussion on the background

relevant to this assumption is given in Appendix VIII.3.

IV.2. THE BEHAVIOUR OF DECKING.

., The testing and examination of the behaviour

under lateral loading of large scale decking units

of  the dimensions used in the tests described in

Chapter IITI constitute many problems, mot the least

of which is the simulation of a uniformly distributed

load.,  The method described in Chapter III provides

an excellent method of testing and control. With

the use of a high pressure air source, an air control

valve, a small degree of constant leakage from the

system_and a water manometer fitted on the low pressuré

side of the system the 1oadin% can be kept constant to
# 1/16 in. of head of Wate£ which corresponds to

2
a pressure fluctuation of + 0.00225 1bf/in .
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The deflection réadings were taken with one
and two inch travel dial gauges calibrated to read
in divisions of 0.0005 in. In the graphs of
Fig. ITI.21 and Fig. IIT.22 the points shown represent
the average value of several tests, this averaging
process being carried out to eliminate local
fluctuations in the level of the travelling beam.
Great care was taken to ensure that there was no
movement of the travelling beam during the reading of
the dial gauges, the averaging process being used to
take care of small discrepancies. The solid and
broken lines represent the theoretical deflected forms
compuﬁed from equation (II.5.12) the constants
etc. having been calculated from eguations (IL.5.1L4).
The solid line represents the theoretical defleqted
form computed on the basis of a continuous plate, i.e.
the aspect ratio(%ﬂﬂ = é@ while the broken line
represents that computed on the comnsideration of the
plate as a series of linked beams each with aspect
ratio (%) = 16. The difference between the two
theories in all cases is not more than 4%, i.e. for
the stiffness ratios and loading conditions obtaining
the decks may be reasonably considered on the basis of

a linked beam concept. Good agreement is shown, the/
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the deviation at the top of the loading range being

due to the initiation of elastic buckling.

Deflection readings were taken from all the
troughs across the total width of 6 feet and for all the
complete troughs there was no deteéﬁable difference
in the deflected form, which agrees with the
theoretical prediction of uniform deflection across the

plate. Figs. IIT.23 and III.24 indicate the
cylindrical surface to which the plates deform, the
values shown being a complete justification of the sine

transform for the longitudinal deflected form.
|

Typical results of the strain investigations

are given in Figs. III.31 to PFig. IITI.3k.

-

For the wvariation of éxig %&{ the strain in
the longitudinal direction, the agreement between the
experimental and theoretical is good. However, as
the loading approaches that corresponding to the 1limit
stress of the material there is a tendency for the
experimental values of & to be greater than those
predicted ﬁheoretically‘from the second derivative with
respeét to X of equation (II.5.12). Figs. IIT.31

and II.32 show the strain values for two sections/
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sections along a typical trough of the steel decks.
It is to be mnoted that a comparison of corresponding
strain values in troughs forming the one deck do not
show a significant variation in the values of &x
and éj . It can be concluded from this that the
overlapping arrangements in the steel decks provided
an adequate support and in effect provided a support

for the compression flange equivalent to that of a

continuous section. Further, the results again

demonstrate the wvalidity of the linked beam approach.

This was not the case for the aluminium
decking, howéver; and FPigs. IIT.33 show the variation
of the lonéitudinal strain & in the 0.036 .in. thick
aluminium alloy decks. For the troughs C and D
(Fig. IIL.29) the.values of & agree with those )
theoretically predicted, the theoreticallprediction on
the bésis of a plate as against that of a beam being
some 3.0% higher. For the troughs A and B indicated
by the gauges 4, 2/6 and 14, 12/16 respectively
the longitudinal strain drops to a value averaging
91% and 73% of the theoretical prediction. This can

be attributed solely to the overlapping support

condition at the end of the flange A, which, it appears/
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appears, did not give the required continuity to

the plate.

As explained in Appendix VIII.5, the
theoretical evaluatiop of the lateral strain set a
number of problems which did mean laborious
computational work for which the TFerranti Sirius
computer was not suitable. In order to carry out the
calculation of the transverse strain in a quick and

effective manner, the following technique was used.

Considering each plate as a series of beams
(i.e.(ﬁ/b)== 16) the deflected form across the
trougﬂ ﬁas computed. On plotting the values obtained,
it was found that they gave to a remarkable accuracy
the form of a circular arc. This arc is plotted-in
Pig. IV.1l for 0.048 in. thick steel and in Appendix

VIII.6 for each of the four types of deck considered.

For all points across a beam, therefore, the
theoretical deflection &éw relative to the central
point of the trough was known and thus the radius of
curvature of the corresponding circular arc.calculated.
Using the customary assumption that 7? =é%€@ﬁ; in the

transverse direction, the transverse strain can be

predicted.
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This was the method used to compute the
theoretical strain distribution indicated by the

solid lines in PFigs. IIT.32 and III.3L4.

Figs. ITII.32 give the lateral strain
distribution for a trough of 0.048Jin. thick steel
decking at two sections along the plate length Q .
The first point about the experimental wvalues is that
they indicate that the values of lateral strain
across a typical trough is almost comnstant for a given
value of loading and that the wvariation is linear.
This is in complete agreement with the deflected for,
of a circular arc obtained theoretically. Such
variation as does obtain is consistent with Fig. IV.1
namely, the strain values away from the compression
flange centre correspond with greater accuracy to those
obtained from the circular arc concept. This effect

is small and can only be observed over a large number

of readings.

FPigs. III.34 display the variation of the
lateral strain éﬁ for the 0.036 in. thick aluminium
decks. As with the readings of longitudinal strain

€x there is a lower value in the flange A, in this

case gauges O and 1 gave wvalues of éﬁ which were/
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were 65% of the theoretical for 0.048 in. thick
aluminium. An interesting point is that the strain
readings és on the flange B were not diminished

to quite the same extent as those.of €&x the reason
probably being that the edges of the flange B provide
more adequate support for lateral variation than for
longitudinal variation whatever the support |

conditions of the flange A.

A basic assumption of the theoretical
treatment is that of the linearity of the orthotropic‘
plate material. It is notable that the specimens
of orﬁhotropic plate manufactured from cold formed
-aiuminium sheet - a material which is non linear in
the elastic range - do in fact exhibit this linearity
in both the tests for the determination of the .

elastic moduli and those investigating the plate

behaviour under lateral loading.
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CHAPTER V

DESTIGN CONSTIDERATTIONS
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The preceding chapters of this thesis
have been concerned with the deftermination of the
elastic behaviour of decking under uniform lateral
loading utilising orthotropic plate analysis. This
analysis has shown that decks with the stiffness
ratios of the order considered may, for the above
stated loading conditions, be considered as a series
of linked beams. Thus, when the problem of
designing such decks is faced, a beam analysis can
be considered to be appropriate. The purpose of
this chapter is to demonstrate that the effective
width concept as laid out Addendum No. 1 (1961) to
B.S. ﬁ49, 1959, ¥“The Use of Structural Steel in
Building" is appropriate +to the prediction of the uniform
transverse loading for deck units manufactured from

cold formed light gauge metal.

The compression flange of a thin walled beam
bent in a plane perpeﬁdicular to the flange can be
considered as subjected to a uniform compressirve
stress and behaves in substantially the same manner
as the- plate element of a uniformly compressed strut.
Such an element may fall due to local buckling at a

stress below the yield or proof stress of the material.
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V.l. THE MAXIMUM STRENGTH OF COMPRESSED
PLATES IN LOCAL BUCKLING.

The critical longitudinal compressive stress
which initiates local elastic buckling in concentrically
loaded flat plates, or struts of thin walled section

consisting of flat plate elements is given by

(%

0 » KTE 629 (v.1.1)
/zﬂ~ P*)

in which £ is the Young's Modulus, 3 is the
Poisson's Ratio, b is the width of the plate,
T is the wall thickness and K is a numerical

constant depending primarily on the longitudinal edge

support conditions of the plate element.

Values of %:‘have been obtained by a number
of investigators - STOWELL, HEIMERL, LIBOVE and '
LUNDQUIST (1952), CHILVER (1951, 1953 (a) ) and
HARVEY'(1953) - for a variety of edge support

conditions.

Initial elastic buckling does not imply
complete collapse, and it has been shown -
CHILVER (1953 (b) ) - that the average compressive
stress at maximum load carrying capacity, Um , may

be considerably greater than J¢ . The relevant/
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relevant parameters are(oa/é%) and (U%/Jg) where

OE is the yield or proof stress of the material.

CHILVER (1953 (b) ) has demonstrated that

it is convenient to define Um in the form

T F(GS) (v.i1.2)"

OR Oc
The coefficient /4 is determined by experiment and
values for both steel and aluminium alloy have been
obtained by Harvey and Chilver from tests on struts of
these materials. The values of /# define the average
strength in compression and a conservative value of
~ f'or both steel and aluminium alloy was given by

KENEDI, CHILVER, GRIFFIN and SHEARER SMITH (1960) as

o . 0-66(9}-){" C (v.1.3)
oy 7y

The plate components considered herein are
the compression flanges of the decking units
described in Chapter IIT and it is comnsidered that in
this case each plate component is adequately supported
along the longitudinal edges. A value of K = L
is taken corresponding to a plate simply supported

along both edges. Om  can now be obtained from

equations (V.1.1) and (V.l.j) by incorporating the/
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FIG. V.3 Dial Gauges measuring Flange Deflection
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FIG. V.4 0.0"8 in. thick steel specimen under a load of
(a) 1 tonf.
(b) 5 tonf.

(c) Collapse at 6.6 tonf.
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the appropriate material constants. The Jm +values
can be written in the form of "local plate stress
factors" (_ where (. - (Uaé%) and these are
shown in Fig. V.l.

V.2. THE EXPERTIMENTAL EVALUATION.OF
THE CRITICAL LOAD,

A series of étruﬁ tests were carried out to
investigate the validity of equation (V.1.3) for the
compression flange width to thickness ratios of
typical deck sectiomns. The cross-sections of the
struts tested are shown in PFig. V.2, and to ensure local
buckling the overall length was limited to 18 in.
Specimen thicknesses were 0.036 in. and 0.048 in. and
the materials were those described in Chapter IITI for

the large scale decking tests.

The ends of the sfrut wére simply supported
and lateral deflections of the flange were recorded
using dial gauges as shown in Fig. V.3. The
behaviour of a typical specimen as the load increased

is shown in Fig. V..4.

An experimental critical load was obtained

from a plot of compressive load against lateral/
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lateral deflectiop of the flange plate. A

typical plot is shown in Fig. V.5 for two of the
steel specimens. The critical load was taken at
the point of intersection of a tangent to the curve
through the point of inflection and a straight line
through the pre-critical part of the curve. A
full range of results is given in Appendix VIII.6,

Figs. VIIT.28 to VIII.35.

The Om values were derived from the
experimental maximum load carried by the specimen.
The values of 63 the yield stress and O.i% proof
stress for steel and aluminium alloy respectively
were determined by cutting specimens from the failed
component and using electrical resistance strain
gauges to determine the values of & |, v’  and’ 63 .
For the specimens used for the series of tests, there
was éome variation in the values obtained for the
material characteristics and wherever necessary the

individual values obtained from each tensile test

were used in the analysis of experimental work.

The experimental results are compared with
equation (V.1.3) in Fig. V.6. This shows that

equation V.1.3 gives a comservative estimate of G /

112
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for the steel and aluminium alloy struts tested.

V.3. THE PREDICTION OF THE COLLAPSE TLOAD
FOR DECKING.

\

The critical compressive stress which
initiates elastic buckling is thatdgiven by o<
in equation (V.1.1). When the compressive stress
reaches a certain average value of Om > Oc the
compression flange ceases to take any further load.
This, however, does not imply collapse of the beam
which will not take place until the tension flange
reaches the wyield stress GS the whole beam failing in
a manner similar to the concept of "plastic" failure.
On this simplifiedibasis the limitation of the

compression flange stress to Um 1is equivalent to

1 -

assuming that certain regions of the compression
flange have become "ineffective'" and that the operative
effective width b, is given by
b, .;(934_)5 « C.b (Vv.3.1)
9y
Failure of the beam as a whole is then
assumed to take place in a '"plastic" manner, the
stress distribution at failure on the reduced section

being of the fully plastic type.
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As has been mentioned in Chapter III, the

deflection tests of the full scale decking units were

taken to collapse of the deck. Considering the

deck as a series of single troughs and
‘methods outlined in the above analysis
initiate elastic buckling and to cause

be calculated as indicated in Appendix

using the
the loads to
collapse can

VIIT.6 and

the theoretical collapse loads are included in Table

"V.1. As can be seen from these, very

good agreement

was obtained between the theoretical and experimental

‘collapse loads. This indicates that the concepts

put forward form a rational basis for the design

assessment of the ultimate load carrying capacity of

corrugated decking.

114
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CHAPTER VI

SUMMARY AND CONCLUSIONS
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VI.1l. THE ORTHOTROPIC PLATE EQUATION.

From a survey of the literature on
orthotropic plate behaviour it is clear that previous
theoretical work on engineering problems concentrated
on those cases where the roots of the characteristic
equation were real. Alternatively, the problems
studied were such that a radical assumption could
be made from the physical nature of the structure
or piate system under consideration. This
assumption usually took the form of considering the
plate system to be that of a series of connected plate
strips or beams. Furthermore, much work must be
considered to be of very restricted applicability

owing to the mnature of the assumed deflected forms.

-

In the present work the effect of the
variation of +the stiffness ratios DQ@%Z and Z%?%Az
has beén clearly demonstrated and the distribution
of deflection, moment intensity and shear force
intensity throughout orthotropic plates under given
loading and boundary conditions indicated.  An
importént point that has been confirmed is that for
the pﬁrpose of the consideration of an orthotropic

plate as a series of beams, no theoretical prediction/
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prediction of a change-~-over range can be deduced from
orthotropic plate theory. However, it is noted

that the distribution of the end reaction KAy and

the moment intensities AMx and ﬁ4j throughout a plate
indicate that for the determination of deflections

and strains in the plate Dbékz = 10 provides a

boundary line. For plates whose ratio of stiffnesses
QQQ}; < /0 any calculations carried out would
need to be on the basis of plate behaviour. For

plates therefore where D;ﬁlz 7 (0o the behaviour of
the complete plate may be readily estimated by the

calculation of that of a typical beam or strip.

With regard to the computation of quantities
such as the longitudinal distribution of deflecti?n,
the longitudinal strain &, and the longitudinal
variation of moment intensity, sufficient accuracy
for engineering purposes can be obtained by considering
only the first term ( h1=f) of the appropriate
infinite series - this applies for all values of the
ratio a?@%z . For the lateral variation of
deflection etc. the use of the Lévy Method and
consequent transform means that while qualitatively the

theoretical distributions are correct, an accurate/
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accurate quantitatiﬁe assessment can only be made

by considering at least the first two terms ( m = 1,3 )
of the theoretical series. This is particularly

true of the series for the lateral. strain 4&3 as the
problem of "front end cancellation'" which is explained
in Appendis VIII.5 is met, and means refined and
laborious computation. This does mot in any way
detract from the method as the convergence after two
terms is good, while that after three terms ( m=1,3 5 )
is more.than adequate for engineering purposes.

VI.2. THE APPLICATION OF ORTHOTROPIC PLATE
THEORY TO DECKING,

One of the basic assumptions of the
theoretical treatment delineated in this thesis is
the "small deflection" limitation. Consequently-
any examination of orthotropic plates which derive
théir orthotropy from their corrugated form poses
the problem of a definifion of this limitation. For
the decking units considered, the overall deﬁth of
which was 2% in. and the unformed sheet thickness a
maximum of 0.048 in., it is manifest that a simple
criterion of behaviour defined in terms of a plate

thickness, real or equivalent, raises as many problems

as it answers. From the experimental work and the/
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the correspondence between it and the theoretical,

the limitation to the theory emerges as that value

of transverse loading which initiates a stress

equal to that to initiate local elastic buckling in

the compression flange of the formed corrugated deck.
This limiting stress defimnes the range of applicability
of orthotropic plate theory to the form of decking
considered, the behaviour of decks made from both

steel and aluminium alloy being linear up to this

stress wvalue.

From the correspondence between theory and
experiment, in particular that between the wvalues
of lateral strain 6j , 1t can be concluded thaﬁ?the
determination of the plate conétants by simple
bending and twisting tests is satisfactory as thi;
strain 63 is particularly sensitive to variations
in the constants I» and D« .  Also, as demonstrated
in Appendix VITI.3, the relationship Vi e \]m[D“’?/‘,,)
does hold for corrugated decking, where Via is the
value of the Poisson's Ratio for the unformed plate
material,. The determination of the modulus Qu and

subsequently the stiffness V. by the bending of a

strip of material has been Jjustified for the stiffness/
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stiffness ratios involved and the analysis carried
out in Appendix VITII.3 shows the utility of this

form of test.

VI.3. THE DESIGN OF DECKING.

The design method put forward is based on
the assessment of the behaviour of a typical beam.
The vindication of this assumption has been stated
in VI.1 for the stiffness ratios considered herein,
and the excellent agreement between the theoretical
and experimental collapse loads confirm the "effecﬁive

width" concept as a rational basis for design.
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CHAPTER VIIT

APPENDICES.




VIIT.1l. THE PLATE COMPATIBILITY EQUATION.

The expression for the potential energy of
bending of an orthotropic plate is given in equation

(IT.4.1) as:

V= {[Dr(éiz)‘uﬂchy_. 3w +Du(9.32) + A (S Jc’%da (VIIr.i.1)
Ix ™ oxt oy oyt Vady /

In section ITI.4 the variation of the first

2 (Wb
texﬂli%[%%> is set out, the variations of the

remaining terms are as follows:

6{[23:2_ 94w é:ﬁu dady
dﬂ

H

anf[ %) 4.9 W a;i?ﬂ dxly

n

AR5 - L) - ]

Z'Drzj]‘[ _eg c)(guﬂ) a}{\)jﬁ; .S 4—5%;”:’_1 Swr

o [dw Y/ 968 9o M
+o‘j IxE XQL;)') j}:[éz 9%y S +§ﬁ’1.&)—] Cb(dtj

using the relationships

c)P C[ c{(. O cl ’
Iax " IPH/@ : (VITL.1.2)

f[%:?_ dxdq :f?’:u«i/aa’s




(a)

(b)

"FPIG.VIII.1
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& ZD:-L[&T QM L dy
ax* e%"-

5 (VIIT.1.3)
= 2?7/:%]290&) c’y{cf‘x “+ 2@2{[&-3@_ W Sw wsgds
:)11&\, Iy . Indy?

-+ anf[_é__zq)_ & _ Q- . Sw] f:A/sts
dx? dy mq

examine the term: 2911‘[ Pw . é_‘.sl"] (os/s ds
dy*  x

Transform in the x-direction as indicated in

Fig. VIII.l(a)

3w - é&a (0:/3 - é&«r s B (VIIT.1.4)
= :
R ZDn.ﬂ:ézu)- & ] (05/3 ds

(VIIT.1.5)
. zulféw /os Ju:r ds - zblzféu (os :14/39_&_0-
RIS

= 202 r)u' 5073_6_5)' $ Zszc} (60 Sin Q»f)gwds—zhz}clurm/zmsﬁ&az

As the integration is over the closed boundary of the
plate the last term of the above is zero.
Examine the term: ZD.:.J[ 3 é_&_u_r] sm‘F ds
Ix? &\f)
Transform in the y-direction as indicated in

Fig. VIII.1(b)

3w . c\&w cmls + a&u- (05)3 (VIII.1.6)
dy
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ZDrlﬂ"\%_k;(_); é_éc%_)‘] :‘m‘/g ds

= 2D g’ﬁu_r.c,.;’}s.a_g@_r. ds +2Da a?:& cm]e (osj? &, ds (VIrr.ir.7)
o™ dn 08

ot

= 2De(d% n’ é_(c)zt_._:.asi -2D, P ezw I /ws}g)&aas

+ 2Dz } %2_8% SM'/B fDSF &u)
X

The last term of (VIIL.l.7) is zero as the integration

is over the closed boundary of the plate.

.'. Inserting equations (VIII.1.5) and

(VIII.1.7) into equation (VIII.1.3) the variation is

obtained as:

5..2%:[@2_@ 9% . dedy
3x? 83

- 492}6&) c/?a’lf - ZD/T.ﬂ'éﬁu) Llos g+ ‘Ei“_".fln‘/s-] ds. Sw-
oy 919y 9%y (VIII.1.8)

+ 20, ~ 0w ] 514 B tosp SwW.d
j;s q EFJ ‘F 73 ;

+2)2[[‘;\u- s 4—9‘4)' .s’m/g]é&o' ds

J -
The variation of the third term in equation (VIII.1l.1)

i

is found as follows:

5]%(9«;) dx
94"

= ZDA/. c)zu é&d’ dzo’ti
&t, v)\]

!
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= meﬂ[% ___2 é&:})’) dﬁ'g( 33(0‘ Sw) -+ 5__(4_):' 6@-] o chj

Using the relationships (VIII.1.2)
5[{ Du (_6_15__) )-Ld;r dy
. Q)Liz

= e d 2 (77 S _ ¥ & 1o
zﬁzsza"u .Swr cdy +znﬂ d:;.ééx]u a:)é' w 5“1/3.:15

!

Transforming in the y-~direction as indicated in

equation (VIII.1.6)

6[(@1 97‘&} c)xd\j
= .ZD?—z[fr)td' &, dx dy - 20 %@i.g@f!#}ﬁc}s

X 138w ¢ “
+ ZDzzf_gq_L (é__g_) St P +é5ur (05/3) s/ )3a’s

where: 2Dn{dw dSw. s p sin B ds
dy* s

- zbzz)it:; . Sin {os)aéw/ - 21)27.L)5 S‘In‘)@t@%ﬁ)&d.cis
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The first term of the above is zero as the integration

is over the closed boundary of the plate.

6ﬁ1>n( )AM

= ZDz':./ 3114' 5&4} dnd«.j £ 2D c)u} KMF 5&«) ch

(VIII.1.9)

-2sz[[ ‘u}- Sin !o:};) + 3310' Y'r\fi] SwW. dg

The variation of the fourth term in equation (VIII.1.1)

is foﬁnd as foliows:

sﬂ 4 Ds6 a;k@ dx du |
= 2x 4-%]‘[(69(65 [375;5)) dx dy -
- 4%4[[ )(c)j;)‘ [ai:v) _D,_gﬂ dxdy  (VIII.1.10a)
+4p""f/ 5 ax&,) aﬁ‘f) (32‘&) M“’)] d oy (VIII.1.10Db)

Examine the term (VITI.1.10a) which can be expressed as:

PSSR — 5 5,29 + () 5]
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which on transforming via the relationships (VIII.1.2)

becomes

4‘/7136[ . SW, cixd‘j + 4Dec.f(31&j—t’) 6&.)‘) (05f>c%s

M Y

. (virr.ir.11)
— 4 Dse r)%— . Sw, Smﬁ s
é)t."oh, ;

Considering the second term of (VIII.1.11) and

transforming in the y-direction as in Fig. VIII.1l(b).

"M%ﬂaww%}w%$

= 4l Qfgg ]: é_c&_)' . Sty -+ a_<_5_g_)' los tos 2 s
02 Oy on /5 s /87 /E

- 4%5{3 2«)’ {/n/s (05/8 3&)’ ds -+ 450y ] Q4 fo.s;g.Su)
x d

e 417@6[&5 [9"97 (05/73) & s, ]

where ‘the term 4%&) f?;hj .('052/3. sw } is mero as the
Aoy

integration is around the closed boundary of the plate.

Therefore (VIIL.1.10a) can be expressed as:

4D S dndy  ~ 4D, (P S sm g s
“ﬁ dxtdy? L N Wy 7/
(virr.i.12)

40 (d " Sor.ds — 4Dg (D [V 0s*B)\ Sw . d
+&éx3{1‘9/3t&sF9vs aéf (Qﬁ’ os/B)cds
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In a similar manner (VIII.1l.10b) can be shown to be:

4D@fﬂ64‘<)’ LOw. dx do.] — 49&{934«) . 6‘&./&:/3 ds
x'y* éxév
(VIIT.1.13)

~+4Dpe (' . St B tas 66«) ds +4/3z,6f_g\_ 020 smg ) Sw . ds
‘s, P LG5 F)

Adding equations (VIII.1.12) and (VIIT.1.13) gives the

variation of the fourth term to be:

5[/ 4ﬂ‘(axdq> o dy

= 40 {Aﬁi&gl 8. deg

+ 2 % g Cas/B c)&d“ ds
oy /ﬁ - (VITIT.1.14)

)/ds cz;:;’; SM’)B - /os}‘B) :) Sw. ds

- f[ fj;: los B+ éé:gl] . Sn’ ]&u ds

Thus the equations (VIII.1.8), (VIII.1.9) and
(VITII.1.14) fogether with equation (II.4.3) give the
variation of the potential energy of bending of an
orthotropic plate, the plate compatibility 'equation

being derived as indicated in Section II.4
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VIIZ.2. SOLUTION OF THE PLATE EQUATION.

The orthotropic-plate equation for a
rectangular plate under a uniformly distributed load
can be stated in Cartesian co-ordinates das:
Du W 4 2Ds N, D Vo g (VITI.2.1)
Ix+ éx2671 63

As shown in Chapter II the solution of

(VIII.2.1) for the deflection & can be considered

in the form:

- W Wi+ Wh (VIII.2.2)
where ¢ -
Ny zz ,9& mTTE
‘77“.3' mzh3,., e
[+~
j’ St mIT=x
" a
Mz ,3an. '

and the characteristic equation obtained for «h

namely

J_}\% L 2353( 777 d? Yh o D /*‘%{Iff‘fh <o (VIII.2.3)
. (1 'I.

The roots of this equation are:

’z‘ t oo [Peer /BB

Y - Ln:"/%:__ Do =/ Dod - i} ™
Qa

(VIII.2.4)
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‘There are two possible cases consistent with

the actual wvalues of ZL etc. to be considered.

1. All Roots Real: D > D, Dmn

The form of Ym is given by:

A = (as/\)@’f] + 8, s»&l\//? + C (051}[7 + -D,.‘Saail;ly

and the deflected form & in equation (VIII.2.1) is

given by:

o2}
M=%QZ[(;%;+ 7. wky + G owl +i(od%y+Q,;»A(5lﬂsu{ﬂgang(VIII.2.5)

M:i,},..

From the equations (II.4.11) and (II.4.12)
the bpundary conditions on the free edges vy-= 0 and
v = b are

EDzQiT + ?hgﬁi =0
oxt Jy* .

(VIIT.2.6)
Daa Q% + D2 + 4Doe ) =0

33 5331 QEQ%

Therefore performing the appropriate
differentiation on equation (VIII.2.5) the following

conditions are obtained.

a On v = 0
(a)

D2V 2 D o
dx dy*
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.‘.-mz/,,gr)“[(;); r g G] B 7 iG] <o

Cﬁm[@zldz‘nz/%-r)lj -+ [m Do }L'L-—D,,_ [,%7-?‘)1-]

4 D
[Mﬂ)aqz
Rl s A (VITI.2.7)
(szz 634)' + [P 44176:-) O3y
é?fzc)-.l
2 d-’*ar + [ Dk 44./754) Q3 -0
du' a)(zol'-‘

o De (P38, 130 - (D ;ms)/;/@ 14 B HE)* = 0

P A Da (T = 40 (BD] 4 D[ B Da () /”‘ ']

—

| G (R +SD(ER) =0 (VIII.2.8)
where . A = 406 //”7%)7.
(C) On Yy o= b szc_):zi}_ o+ Dzz Q_?‘_(,i = O -
. ox? dy?

.'--Drz( ukiy [(MW) 2 4, /os(ffé G, sAdb + ¢ = toshyb 42, §m4}[£]§m M
+Dzzlﬂ »’:Z"/oS( ?(5 + Q( 5; fmf(ﬂé +}4th /asf}lé -/-}/ZQ,‘ sth}/é] Stn X = O
Q

M[Dz.:.ﬁ D,,_//»Tr) ]/osx,dé + 8, [Da/d —"Dz( ) JSMZ #b
A (M[Du;/ - D (2] coslyb D] Desp® = Daf 27 | sinkpth = Dz oy

,',117”‘/),/05»(}9’& +8M/), §/n%?’¢é + 17/"-5 «’051}44 —f?,.,-—S‘JMA}‘é = F (VIII.Q .9)

(d) On y = b

Da’ & (Da+ 4D = O
9y* o9y |




1hk
D [P kg 105 ok gh + % sk b + 3R, coshyh ]
~(D: +4P“Y%7‘61[ G5k gb +PB wskgh +4 sk +y T wshgd] =0
- P D /,;h@ +405) 2T | sd b + P8, [Dag > (B + 405" ] cosd

>—" }/[mfuz)/z— (sz+4m)['%-7f)‘] 4{n£}fé + %B,..Z:Dz}/z- (Dy. + 4%){%?(@5&%5 =0

.Ul Q’/—Z‘ [5}-—-.'?) sz’ﬁ(é -+ Q/Bm/gb—,'?)(o.ﬂlt@lc{
' (VITI.2.10)

+ YLl (8-R)Sink ¢ b +4 D (6-R) tosdyd = 0O

From (VIII.2.7) and (VIII.2.8)

Cm = F~ = ﬁm:)/ a Dm = - 8. ((}""2)
' S . nld ,@/5& (&-R)

Substitute for Cm and D, into (VIII.1.9)
ﬁ?..,dlfms[y'é + &, ) :m"(ﬂé
J—/F—ﬁn L’) & cosk b — & Ba (}-B) - &sinh ¢b
3 ¢ (6 -R) kel

- Now examine the identity: F-k . 8

§-R

(VEIT.2.11)

‘e R— (2"*6} = O

Do (PPe?) - (22 D
= ()t 2 (P2 ©
)

. = 42, - = AD
"k (4

i.e. the identity is correct.
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Substitute (éQJ ‘for th%%le) in equation
(VIIr.1.11)

FZWJ’ /ps/{/é + E')”f 5/;/(/5 —»57”2/ /ﬂs,(?/é -—%EL. §*smd g:ﬁ = F//-— /ﬂs'(/!zé)

Hence

B s - 4b) = B () ik B b g & sl Yb) (VITI.2.12)
i (rosl g4~ cosd ¥4)

Substitute into equation (VIII.2.10) (.

from equation

(VIII.2.7), Dn  from equation (VIII.2.8) and o from

equation (VIII.2.12) to obtadin:
(§8*smd g6~ smdiph ) [ j - (1-coskygb) = Bualyprsmh gl - #8%aial b )]

+P7E% 4 B, //osip/é-—mslgzé)z + P pesind Y b (tosd g -aoslyth) G* = o

> -

from which Bm is found as

B8, . F ¢r $ 86 il 46 (1ot b-1) ~ ypr sk b ( tosd F4-1)
(P65 + 1o )smh gb smh b — 20641 t0s J8 coslyth - )

Substitution for 8. into (VIII.2.12), (VIII.2.7)

and (VIII.2.8) gives the following expressions for

the constants . etc.

Lo = /"94/, Wymz,dé $inh }/5 4@’57‘//-# /odpfé -és(;% ~ Coshyb Cos[p’ﬁ)}
( ,C’( 24, ;&2/—4) Sl ;/é 1nd ;lé - 2%5"52},2‘ (tosd g/é (951{/}, )
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Coi = FEPE sinde Jh stnk b+ GE44)* (1= wosd Fhocosl b ~cosdiih coslp b) |
§ {80+ ) sonh gt sindph 262y 105 gl coskyh 1)
(VIII.2.13)
Do = £56 {1t sk yb losl gh=0) ~F6 sl fb (roshyph 1)
(#5624 2D cmhgh smbith — 20679 Cosl Hheoslyb-1)]

Thus for the case when L3z 7 DD the

deflected form defimed by equation (VIII.2.5) can be

computed for a series of uniform loads Zﬁ

2. All Roots Complex Dhy- < Du Do

The form of Y, is given by:

Z (Q (0527 + B §m27>(05/16’3 +[C 605}:7 +'D fmzj)flnléy

mz43,.

where

e - (22) /%i 7 a(%zz) JD,,F,%;‘: D

- The deflected form 4/ in equation (VIII.2.1)

is given by:

W - _%_ Z[(MF)S_-.L[%? fas;j + 8, ""2))"”5’{‘97

(VIIT.2.14)
-+ (G, zasyj + D nn;y) f/nn/97] sin m‘Tx

Using the boundary conditions given by

equations (VIIL.2.6) the following are . obtained:
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a On v = O
(a)

D2 9. L DndW o
O’ Iy?

~D'2—(’?777“) [(mzr P 45%‘] + ?22/61*29% +29;3_ -Dm] = o

/Qm{:Dn/Qz-"j,z) “‘Dz(%{r) :[ + - -2«92. Doz = 4D

(. a®
,::Zn_f D9 2 F , ‘ (VIII.2.15)
(b) Oon y = 0 , Dzz 9\;:{ 4 (9’14‘4%&)&1:—5:) = 0
uz[(o‘—f)/é’.,j +6,08) +263 (8,-6- G,.7)]
' — (D:J_+4-Péé)[3 Z-i—C é’]émw. =0

283 [ Dalo7) - (D2t 20 BTV + 2D 07 ]

»

+C., v&’[Dzz(@z'"Zé ~(Da +4D.',5Y"'ELME)= - 2.331.21] =0

g;-.i[f—/z + 2D, 0°] +(m.9[fﬂR ~ZD»12‘] =0 (VIII.2.16)
(C) On vy = b, 'Dzz_é_z_lf —l-h:-.é_’_‘_‘d‘m_.:o
ox™ ohy&

Da {/5"”—21)[@ coshobcosyb +G cosh ob sing 6 + G sk pb 0536
/ ) + D $inh &b ﬂnjé ]
+263] B, smkobwsyb ~A suk ob sz b +D, coshob wsyb f
=l coshob aizh ]
— D (mn)i[ojﬁ)r + 5. wshob rosj,é + G, twshob wigh o
+ G 00k 0b 053 6 +ZLfmZaéﬁﬁ26]
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e B [fms/ueé os3 6 - 9 s‘m':( 6b ﬂn‘}A] +BM[)C195A96 5143, b 4—{7%2 66 1053 b ]

+ (m[meZ ob ws;é—- bi toshob f/njéz

+ B[ fsmkobsiiy b+ g wsob fasjéj = £ (VIIL.2.17)

(d) On vy = b Dzz.‘a_s_k__q)‘ + (P2 +4-D(-6> 9 = O
(;‘j.a 97(2017

5D [ (0%y) [ (g coshobsiyb +unl 6 s538) 48, (yeoshobeoy b + Psnlob g 4)
[ G 3 5101 0b 5153 b +Ocoshe b sy §) + Bulysind o b cosy b +0005h0b s1i3b) j

+20} [ B (-3 smlobwsy b =0 coshob sy b) +8, (-3 50k 0bsiny b+6coskob w5y 8)
+(, [;2 :asb&mszé - égm'(aé 43,6 ) +D,,,[-Z (oslob sigb +&smhob s34 ))

- (9 +417m)[ ’Z:W)ZVLZ,. (o5l obwsyb -1 wshobsinyb) +B. (s 0 stig b 25351(915 ws3 &)]

+ (o [t0shol wsyb ~ 9 smhob sin 26) +Da (6roshob b+ Zslnzaé ws3,6)

ﬂm[//ﬂ-z)/é’ sinh b cosy b 3 cosdob ;:Aj’b,) - j[} inh £b tosy b +Ocoshob 2 b) }

+3,,.[ [}—E)[y,wsl 6b {057/6 + quzé’&;m'zé) —j(z 51&%96%’26 -0 sk b /.952/3) ]

4| ()L-lz}/p tosh ob ws3.b -3 sk obsmyb) -9 sk obtosy b + Osml 0b iy 6) ] |

412,1[ (}L«/?.)[; Sink 0b (os}/() + 8 wosleb ¢;n'7,f>) -ﬂ(z wshob f’ifj,é ~Gsnbob €0s3 é)]

= O (VIII.2.18)
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From equations (VIII.2.15) and (VIII.2.16)

/C:?m = /E"“fZDm

B 2 —nB[f-R-2Pa3y) | -G
M [f--R+ 2Pne)

Substitute the above into equation (VIII.2.17) to

z]x

obtain

Con Stnheb rasjé[f— %y} ~ Cu loshob f/hlé[j-fj[--_/\ﬁ]
N
"+ D, smheb f141£[f -+ 37;]
= ;[/"(/;,‘)/%(05/19(& 495215 wj{n‘:l\ eb ;xﬁzé)]

Henc:e Con = F[/-‘{%‘)((A’Sl(ﬁé/&é}é -—j sink ob i 26) -~ 9/*:7\96514'2[;[}+ 5%)]
smh &b cos3 A[f - j._%’_) -dshob Gm’lﬁ/ﬁ +f%ﬂ,)

Now substitute into equation (VIII.2.18) Cn, B,
and “hm

L E-Dw 9 [([--2)[9:.-,{1\95:‘057,6 ~}/as19£ sim36) - ﬂ[}fkﬁd@é (psj’b_{_ Swoshob 51*3"’//[7) ]

o r
_zjt_}i‘ F[ /- (Vj’)(fwslab cos3b-9 :/n'1\9l>§/d}é)][ [/‘-?ZY;@JAQA(%;MQQAA% sm3,b)
N .

~ D simhob suiy b (f+37F) -9 (3 smhobswin b~ oroslob tosyb)
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+F | /- (///)(frosl(ab ws3 b- g cnhob fm'},b) ) [[}»2}(@@9(95/05}& -25»5![\9/) iy L) J
H .

- D sind ob Su%jb (}-f ﬁZL) -—3('2 (05;4‘95 (05},5 + Osmk 95514'15)

Dn[[} "?2)(154\/\96 ms;!; +9ms.49£>sm‘7,6) —j[; tosh b s 3b -0 snhob los3 ) ]
(VIII.2.19)
where J{ = fmkob ws;,é U——g_//:_{’l_] —twshob ﬂn‘;é [7 +f_%4_]

Separate the terms containing F from the above

to obt‘}ain:

£ {W@a[(;-mg.e- 9% ] ~ lanyb [(-R)9.3 +9%]

74_4/\ lary b -R)o - + 3 (-R)7 + i
7,-5,7},@[“ oblixg b{(F-Ro =93] + {(f-003+90] ]
- [énlnebé—n}b{[f‘“@é -52} -:‘[Cf—-—ja)l*ﬁg—g:z
J')[l“nlab I%Lj,é{(/[——lz)jl-rgzgz Gnhob (55 3b {[/——B)jg ?Zg
ey lind, 4 - .
7—5 /osAaéms;é[ 06 & M' 2} 59} Z[f -R)8 - ﬁ”

- [~ Gahob buyb [(f-0y +90) + {(f-)6~97] ]
14 [fhob o b f-2)g0 -9 - Gkobiin’y b [(f-R)93 +9%]

(VITII.2.20)
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Examine the terms:

[(}-R2-92] and (-0 9]

(f—ﬁ)@ “‘72 = przzéz'-.pzz.zz— D L%)z-*4-‘%6 [ )_g‘_l_r/:f)'&z — 2Dn 6’27'

u

9{ Dizo™- :172.7,}1 - Df?.(maﬂ-)l - 4‘%6[MI)1~ ZDLzﬁ‘Lg

= @[}-—E-szzzzg = M

rm——a
e ——

similarly
(F—-Q)Z 4—-3’(9 = N

Using these relationships and collecting
appropriate terms expression (VIII.2.20) for the sum

of the I +terms becomes

£ ( mtahob - Wiy b]

£
2R
i F/M ) { dikeb g - Gilob fog +ngamzu(vm L)

(oshob s Y b f

Now separating the terms containing Daw from

equation (VIII.2.19) to obtain:

_Hi(f R)(9 (inkeb - }7&16) 3[} ko b +o 4&7/5)}
M
A

/

F .
. % M Gnheb &}J;.(f_ﬂu j/}) (f"@[l +OGxho bliriyb)~ (3 lanhob buzb~ 6)]
“Dn lnkob buph [y ) {(F-D(0- Grhob Trugb) ~g(y + oked & z6) |

N

+Dn [(F-RNy Gdgh 0 tan3d) -9 (3 G 3b -6 lidod) |
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On expansion and collection of terms using

the relationships (f—QhD-jj = M

the above becomes:

%j [ lenkob (fn-9M) + a3 b //LM +9 M]

& (M) /fz+g9 land b ‘Ze‘aﬁ’z b f

FC-N

and (f-R)3 +96 = N

(VIII.2.22)

Equating (VIII.2.22) to — (VIII.2.21) and solving

for :Dh\

[ F (N ko b b

!

(0sh o b cos;é

- E ’L;{MZZ-«/»QG—NﬁnZé}{(fN-—?M)ﬁ»(&é‘/7N+fM)/gn;é>gJ

X

loshab 0s3, b

L~ _f%mg/’ @253‘

[l 0b (- gm0 — Gy b (gu f) > ] ]

" /M1+Nz)/f l+j"‘) lnk b Tin™3 b

L

Hence:

Cm AN I
( coshof (s 6

(osh ob s, b

f

=/ + 9 TGnkob Gy b 2

Z [//\/-yM)fé"n(@zé -/7%%/‘4)@&;6 ( :
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- FN [ (M2n)f59) Gd'ob lan™ 4 f[m - +-z~ tinhob Gy b
wsd e b 2y) 6 [{fﬁ/—jM) ld o b ~[7N -f-fM)‘/z%mzég

)

w/f/—) G Aob é‘ft;é{/»zﬂtﬁ‘)[iw linkeh - Zt@nzé)
((fn~IM): Gh2ob ~ (FM+9 )" G b |

e

L (M) [fz—fﬁz) lnhdb [flnzZé
\ losherb (05

Fipy = }é(/c*gDm)

Bn = —Co.

2z

| (VIII.2.23)

Thus the deflected form given by equation

(VIITI.2.14) is fully defined for the case of complex

2
roots resulting from the relationship Dhss < DuDn

Therefore equations (VIIL.2.13) and (VIII.2.23)
fully characterize the solution of the orthotropic plate

equation (VIII.2.1)

In the analysis for anticlastic curvature detailed
in Appendix VIII.3 the cases of real and complex roots
to the characteristic equation (VIII.B.ll) give the

groups of equations (VIII.3.14) and (VIII.3.17)/



(VIII.3.17) respectively.

The solution of these equations can be carried
out in a manmner identical to the above by considering
appropriate terms in the equations of section VIII.2

above replaced by the correspondiné terms of section

VITII.3.
Thus ﬁ' and ¥ are replaced by Q and €

4D is wreplaced by Vi M
(n7r)> a*

& and j are replaced by X and A

The solution of the equations for the bending
to an anticlastic surface of an orthotropic strip
under a pure moment is therefore obtained as in the

above analysis and the resultant forms are given in

equations (VIIL.3.15) and (VIII.3.18).
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FIG.VIII.Z Distorted cross-section of an
orthotropic plate under pure bending.
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VITIT.3., THE BENDING OF AN ORTHOTROPIC STRIP
TO AN ANTICLASTIC SURFACE.

If an orthotropic strip of length & breadth b
and thickness h is subjected to a uniform moment of
intensity /™ per unit length across its ends, let it
be assumed éhat the distorted cross-section is shown

in FPig. VIII.Z2.

Assuming that the elastic properties of the plate

material are given as:

E. Young's Modulus in the x-direction.

1

Em = Young's Modulus in the y-direction.

Yo = Poisson's Ratio relating an
extensional strain in the Xx-direction
to the corresponding strain in the
y-direction.

»

Vi = Poisson's Ratio relating an
extensional strain in the y-direction
to the corresponding strain in the
x-direction.

In Fig. VIII.2 the neutral axis of longitudinal

strain has been taken as the y-axis.

Consider the section}ﬁ%s which as 55 tends
to zeroc becomes a rectangle whose centre of gravity
will lie on the line 0 ~ 0. Consider the stress

distribution normal to the face pq+s given by the/



156

the customary equation

Ox . £ o (vIIT.3.1)
o

¢

As has been argued by Searle and Ashwell the
longitudinal stresses over the faces of yq*s are
proportional to their distances from the mneutral axis,
therefore the average stress over the element will
be the stress at the centre of gravity of fhe section.

Thus the resultant force on yf¢s will be:

77 = E"'%'h'&3 (VIII.3.2)
- .

Whereé} is now the distance of the section centre line

from the neutral axis.

As 77 will be tensile when 3 is positive, t;:.e
longitudinal strip of which f?*s is the cross-section
is subjected to a mnett temsion if the centre of
gravity is above the neutral axis and a nett compression .
if the centre of gravity is.below the neutral axis.

This strip is, however, bent to a radius [0 and by the
analysis of Searle rel%ting bending about the
principal axis to circumferential tensions and
compressions.this bending has the effect of a nett

pressure of magnitude AL per unit length along the/
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the plate where:

P . E"}'h'é‘j (VIII.3.3)
Ca‘:.

This pressure tends to deflect the strip towards

the neutral axis. This dis the effect discussed by
Searle when analysing the tendency for the anticlastic

curvature to be mneutralised.

_Now'consider cut across the pléte a strip whose
dimension in the direction of the x-axis is &a .
This segment will be known as the "transverse strip"
in contrast to the longitudinal strip whose cross-—section
is Fq%s . As the plate bends under the moment /M
the transverse strip should develop a curvature of
magnitude \2240 . However, as has been shown 3bove,
the development of this curvature is inhibited by the
pressure developed longitudinally. This restriction
of free development produces strains across the
plate which in turn imply additional longitudinal strains.
However, no longitudinal strains can occur other than
those given by the relationship é}c%4? therefore the
implied longitudinal strains must appear as changes
in the longitudinal stresses. Assume that the usual

bending theory for the transverse strip holds, i.e.

that the transverse stress at any point is proportional/
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proportional to distance from the mneutral axis,

which neutral axis will be the horizontal centre line
of the cross-section of the transverse beam since a
resultant transverse force cannot exist. This can
only mean that the transverse stresses due to the
change in curvature induced by the pressure variation
along the transverse strip add up at any section to

a pure moment or couple about this assumed neutral

axis.

Therefore, along the neutral axis of the

transverse strip, the strain is given by

[}
’

Fal = 05 -V 0% =0 (VIII.3.k)

but the bending moment VM is given by
h/'z_

™ f 0% .3 s (VIII.3.5)
.-.\/L

Therefore the couple acting on the transverse beam

is given by
X
_f; 04-5-y = Var M. (VIII.3.6)
‘2

" This suggests that the change in curvature of
the transverse strip does not affect -the magnitude of
the nett force on the element P?Jﬁ , which force is

which force is
therefore still representedxby equation (VIII 3. 2) -/
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(VIIX.3.2). This means that the transverse beam is
in effect a beam on an elastic foundation, the non

uniformly distributed load of intensity Eb;}Adﬁl/%z
per unit length transversely being proportional to é}

the distance of the centre line from the x-axis.

The author would at this polint suggest that
a solution for the anticlastic curvature of an
orthotropic plate under uniform moment can be obtained

as follows:

It has been shown in Sectionm ITI.4 that the
equat;ong (rr.4.4), (I1.4.5) and (ITZ.4.6) described the
behaviour and boundary conditions of an orthotropic
plate subjected to a general loading of intensity

7 . Thus from the above analysis the problemr
of the bending to an anticlastic surfac@ of an
orthotropic plate under a moment of intensity W can
be approached through the solution for displacement of
a transverse strip of such a plate subjected to a
uniform moment of intensity ‘@JJ%- and a non uniform
pressu?e fz&JAé%/el where @ is the displacementlof
any point in the middle plane of the strip from the

y-axis.
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Therefore equation (II.4.4) yields the

compatibility equation for such a strip of unit width

to be
D | 2(Vn +2006) P 4D V0 4 5 AW = o (VIII.3.7)
dx* ox g™ 674 er.

Considering the co-ordinate system for the
strip to be as in Fig. II.4 the boundary conditions
on the ends j==0,b are given by

"D W L T W . VL M
¥ * dy* 4
(VIII.3.8)

Day c‘?_.';ic__} + D 3% + 4D % )
é‘-}a c)x"dxj dx t:‘uz'L

As the strip is bent into a cylindrical form
of radius of curvature € it is suggested that the-

following transform in the x~direction is applicable.
o

W = Zi‘ Y., st mrrze (VIII.3.9)

Y3, -~

Substitution of this form into the equation

(VIII.S.?) gives the characteristic equation

4 — 2D miT z ¢ T D mt . B A = o
JH: = (=) 5 ~¥£ = [ * g;hz]wi (VITI.3.10)
It is important at this point to examine the
, £ . s .
ratio 5%47?%R¢ and to rephrase it within the confines

of the present “"small deflection" amnalysis.
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l. It can be readiiy shown from equations

3
TT.1.7), (IT.2. d (II.3.3) that D - £, A
( 7) ( 5) - ( ) > /2// /L\At)

2. If a strip of length & and thickness A~
is bent by a moment WM such that its central deflection
is Hh its radius of curvature € is given by

a”, h H o4 tant
= wlilielre 1S5 a constar
/BHhk

therefore Es b o D G H (1= Ay )
(07'_'/2“_ DJ_J_ a4—

Therefore equation (VIII.B.lO) can be restated

as

a"’%« - 2Ds [w dd:f“ « 2 fot) I %ﬁ%f’wl W =0

(VIrr.s.11)

The four roots of this equation ft; s 5

where
. 1
g :f_%_ [Das o/ D= Du B { 1F crafaé’/:;)a%z.a/z,)ﬂ
. (VIII.3.12)
vy
['; :_/rz_q_fﬁl_[%a“./% J;Dzz_{/+4’6*//(//)’777;7_/1/>3_i

*As in section II.5 it can be stated that
there are three possible cases consistent with the

actual values of u etc. Inspection will be made/
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made of the two more important cases, mnamely, that of

four real wroots to the characteristic equation and
that of four complex roots.

1. Four Real Roots.

The deflection & 1is givenjby the expression

W= =) A B sink e L wdlu + D s " m 4.
;;£”man gﬂ + g gj A (05 67 M S Agj)sz _%5' (VIII 3 13)

Substitution of this expression into the boundary

conditions (VIIL.3.8) gives the following simultaneous
equations:

!

j//j,.\ -*gfm = ]21/. vl

FE -0+ ¥ B (5-R)

U
0

JAuAS b+ JBosink G b+ € ol Eb +&Dusmh B b = v M

88, (2) 51nk Cb +§ﬁg—2)(psigb wg(,,f/&'@ sinl 5..; + g'Dm[S—E)fad%b = O

(VITI.3.14)
where '&V= ngu“mz(Mﬂ-z

S

a

)

D& =D (5T

R

4Z%;(ﬁg31
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The solution of the group of equations (VIIL.3.1L4)
is indicated in Appendix VIII.Z2. The expressions

for Z, etc. are:

i [g&’ sk, gésm( 5[; gé"-[/»/ (oszgé - foslzgé -/as(gb da.ﬁa(éoé)]gé}/

*l

Bn = ___/’_'I:{(;S ik Cb (wsl Eb- ) %J. 9%55@4@’& /)]
H

Con = Vi, M [gzs“m;( Ch sk &b +§6%6)(1-tosd S b+ tosh § b -aosk G aosd 5 )]
SH

D' She st [ ek §b (sl Sbmr) -7k § 4 (ros Gb ol 514 -)]ss
7 , |

(VIII.3.15)

where X = (5254+§?'4)§/1;((;'[)5!;-4gé_‘?(gg"ga}[ms[gé%{%é_,)

2. Four Complex Roots.

The deflection & 1is given by

®
a)":Z [[/—'-7,., (.?52'1 + 3, S/A/erl) /0542’7 (VIII.3.16)
heh3, .. ) .
‘ + (G fasztj + D f/n?w)l) sink 'X€7 ] Stn Ingx
where

C st , & ==x=4

X« owm Da }:gﬂm;[ﬂ;—vjh/9+?NML%:%J]

(43 ])L?_ a P&l ( Iedd 77.) 4




164

Substitution of equation (VIII.3.16) into the
boundary conditions (VIII.3.8) gives the following

group of equations
%}C -+ 'ij -191!. U,

B.x(f-2+ 2P %) + G A(f~- 2P0 XY = O

= (fzas(/'léws Zb - 9 Smh b 512 Zb)
| —»’-3,,{}@5126 SinZb -*lf/';/'rv( 25 5&5Xé>
+ln( fomd Xbroszb -9 ok 2b s Xb)

'. ' +D.H(7Ls;};1\ b stmb +9 cosd 24 ras;?fé) = vhi M

/-7»15(} RUAs1nh b coskh — X wshqb sin 2b) = G(T 5tk b tosT bt 2 cosk Xbs 51 7:5)}
-+ &E[ J-rRX cosh b tos Tbt 2 sk 2 50 ) = 9 stk 2o 507 b -2 tosd 2b rasZé)K
4 Con SOF-RY A osd2b cos b= sind b S/r{?fé) - 3(% cosd b cos Xb -+ 2 sl Xy s Zé)g
+ D f[[——R)(Rfsth}lé tos Vb + 2 sl 2L s1n Z:’;) - j[z’zas(lb s Zb = 2 smd b cos 2’6)}
A -5
(VIII.3.17)

where - [ = Do (A2 - 2’7-) - P/z[ﬁfg]_jl

ﬁ =2'2~;Z.DLL :, R = 4;&(./%{_’_1

The solution of the above equations is/
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is indicated in Appendix VIIT.2 which gives the

following expressions for the constants 4~ etc.

fDm = \)J.l. /\'[S ][/ML-}N'L) ﬁ?n(lé 2@,2’5 ( t -/ 4.(

a s 2b syl L @shabwszh |

g
f;
) “ (M bk 2b= Wi 28) L(IN-gM) B 2 [ f 4 90) T 2 )

¢ 1 -y Gy Tank Ab los Zh
LeoslXbos 24 4[7') Q ) i

Jd
L

. L ~ 4 Gn b
GV O Nj et kb gy D

- tosh 2 wsE[(fN-g1) Gk 2b = (94 + f) lin b ]

-4 God Ab lan b ([1rq)( M and. b~ N ln )

Igm ] ‘1911'. M - Dm
FoRF :
B =« - '

L1
N

(VIXI.3.18)
where M = 3(}—/‘? —ZDzz?fz)

N =x(f-R+ 2Dn2¥)

Lo~ (fN-9P) lanh Db~ (fMaqw) o Zb
-
K = [;N_7M)Z@AZ,L5 ~(fmrwgm)" G xh
ot (e pregy Ed2b G2
ok b cosXb
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It is seen from the above derivation and
analysis that the anticlastic behaviour of an
orthotropic strip under a constant moment can be
obtained for a variety of central deflections defined
as a constant # times the plate thickness. In the
following discussion the above expressions are used
to obtain for a value of #~ = 0.125 the deflected form

for a wvariety of stiffmesses and aspect ratio.

Figs. VIIL.3, VIIL.4 and VIII.5 show the
variation of the displacement % across the strip for

three values of the ratios R R and %Q; . The

17 72
value's shown are for the value of M equal to unity,
i.e., the first term only of the infinite series for

w- o, The convergence of the equation for W is
discussed in Appendix VIIIL.5 and it can be stateg
that the utilisation of the first term only of the
infinite series is adequate to describe the cross-
section distortion of a strip subjected to pure moment.
All the graphs were drawn considering the strip bent
by a positive value of moment W giving for the
principal strip a deflected form convex downwards.
Thus a positive value of the displacement & indicates

distortion away from the centre of principal curvature

‘and a negative value of the displacement is indicative/
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indicative of distortion towards this centre. It

is convenient to examine the mode of distortion by
discussing the effect on this distorftion of variation
of each of the parameters Ry = D%ﬁh; , Ra= Desp,,

and the length to breadth ratio %/,

For a constant value of Rl increase of the

ratio %/b causes the magnitude of the distortion at

any section from the cylindrical form of radius f
to dincrease. However, the variation of this
distortion across the plate decreases with increasing
2/b that is, the statements of LAMB and SEARLE
that the cross-section of the strip becomes
progressively flatter as the length to breadth ratio
is increased is confirmed for an orthotropic plate.
Also, fsr fixed values of the ratios Rl and q/l
increase of the ratio/ggpresses the magnitude of the

distortion but alters the variation across the strip

by a negligible amount.

For a value of R of unity the distortion of

1
the cross-section is positive, that is, the displacement
is away from the centre of principal curvature. This

agrees with the experimental work carried out by

ASHWELL on isotropic plates and can be stated to be/
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be due to the relative dominance of the effect of

the couple i, M on theldistorted cross—-section.
However, as Rl increases the overall effect of

this couple  Vu M diminishes and that due to

the non-uniform pressure ELARTZ?{ in consequence
increases. Thus the strip is distorted more towards

the - centre of principal curvature than hitherto and the

actual magnitude of the distortion increases.

" Imcrease in the wvalue of R2 for any value
of Rl other than unity has the effect of increasing
the magnitude of the distortion at any section away
from the centre of principal curvature. This is not
readily explained without reference to the solution
of equation (VIII.3.11) and careful examination of
the roots. It can briefly be stated, however, gkat
an increase in the value of D,, for a fixed ratio R,
causes the value of the root § . of equation (VIII.3.12)
to decrease faster than the rate at which the root C?
increases. This in turn causes the constants &,
and &, and thence the terms & (o34 g‘j and B, sm4 ‘g‘j
to doninate the expressions for the displacement Wwr -

As the terms involving ~, and &, are always

positive, while those involving C, and :D“ alternate

in sign and decrease faster than those containing/
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containing 47, and &, the value of the displacement

«w” becomes more positive as R, increases.

Thus, although the present theoretical
investigation has not been as exhaustive as that
carried out by LAMB aﬁd SEARLE onlisotropic plates,
it can readily be seen that all the salient points
that they derive for isotropic plates are relevant
to the behaviour of orthotropic plates under pure

bending.

PFig. VIII.6 gives the curves for the actual
experimental beams of Chapter III, these beams
having a ratio qyb = 9.885. These curves are as
would be expected from the above analysis, namely,
those beams with the lower values of R2 exhibiﬁ’

the largest negative value of deviation from the

cylindrical form.

The actual beams were 2% in. deep and from
Figs, VIII.12 and VIIT.1l3 the end load to give a
central deflection of 0.3125 in. for each beam can be

found.

For 0.048 in. thick steel this load is

54.25 1bf.




Beam

Central
Distortion

6

ins. x 10

Half Width
Distortion

6

ins. x 10

0.048" steel 24,01 6.92
0.036" steel 13.92 20.25
0.043" alum. 27.70 11.40
0.036" alum. 360.3 225.5

TABLE VIII.i(a) Vay = VL.(D“/DM)

-

Beam Central Half Width
Distortion .Distortion
inches inches
0.048" steel 0.3877 0.1628
0.036" steel 0.2855 0.1150
0.048" alum. 0.1618 0.1650
0.036" alum. 0.4780 0.2800
TABLE VITI.1(b) = Ve = v
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The bending moment v is 54.25 x 1.75 x 12 =

1139.25 1bf.in.

From Fig. VIII.6 the distortion at the
beam centre is 24.01 x 10-6 in. i.e. this is the

distortion from the cylindrical form of radius f .

Also from Fig. VIII.6 the distortion across

half the beam width is 6.92 x 10-6 in.

This calculation has been carried out for
each beam specimen and the salient results are given

in Table VIII.1(a).

It is readily seen that these distortioms
would not be detected.by dial gauges nor indeed would
they have'any significant bearing on a calculation
based on the'assumption that the beam is bent into a

cylindrical form of radius (O = al/g%//z

As has already have mentioned in the Critical
Review sections I,1 and I.3, and ih the Theoretical
Analysis section IL.6, a point of discussion among .
previous writers has been the application of the

Maxwell Reciprocal relationships to the'study of

orthotropic plates, in particular to the identity Qu = Qa
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From equation (II.3.3) assuming these

relationships to hold a,;=-Jm = =V
En Ess
Ce. Y. V. Ean . Ve, Dua (VIII.3.19)
E‘“ —DII *

For the beam specimens described in Chapter
ITIT and using the above analysis for anticlastic
curvature it is possible to evaluate the distortion

of the cross-section assuming equation (VIII.3.19) is

not true.

For each beam the value of the Poisson's Ratio
Vi has been taken as that for the unformed plate
material, i.e. 0.28 and 0.33 for steel and aluminium
respectively. As shown in Appendix VIII.4 this
. J : -6 -6
gives values of 14 of 21.42 x 107, 9.802 x 10 ,
35.86 x 10‘6, and 17.26 x J.O"6 for 0.048 in. and

0.036 in. thick steel and aluminium respectively.

However, if équation (VIIL.3.19) does not
nold, the rational alternative for the light gauge
beams considered would be that 1)2/ = \)n_ = 028 o)l 033

the Poisson's Ratios for the unformed beam materials.

It is therefore relevant to compute the/
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the constants given by (VIIIL.3.18) for this case
and subsequently from (VIII.3.16) obtain the

distortion across the beam cross-section.

Fig. VIII.7 gives the results for this
computation of the distorted cross-section of the

beams .

For the 0.048 in. steel the distortion at the .
beam centre is therefore 1139.25 x 34 x 10”5 =

0.3877 4inches.

Also the distortion across half the beam

width is 0.1628 in.

Values for the other specimens are shown

in Table VIIL.1(b). *

The implications of the magnitudes of these
distortions across the cross-section are that there
would be considerable rotation and displacement of the
beam edges. For a beam characterized by the stiffness
values obtained for 0.048 in. thick steel, the
analysis indicates that a rotation across the beam

from edge to edge of some 12%0 of arc would be evident.
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This is at variance with the experimental
work reported in Chapter IIT and commented upon in
Chapter IV where it was stated that no such effect
transpired during the bending tests to determine

Qun even at high values of applied moment.

The author therefore obnoludes that for the
plates considered in this thesis, the assumption
Qiz = Qzy which implies the relationship (VIII.3.19)

between the two Poisson's Ratios, is correct.
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VIII.4. THE CALCULATION OF THE BELASTIC
MODULI AND STIFFNESSES.

In the following sections, full details
are given for the calculation of the moduli and
stiffnesses for plates formed from,0.048 in. thick
steel sheet, the moduli and stiffnesses for the other
types of plates considered being presented im Table

VIIT.Z2.

The Calculation of the modulus 2. : for

the co-ordinate system used for this test - shown
in Fig. ITI.2, the poimnts (1) and (5) have the
| : R
co-ordinates C:j,oo and (ﬂroﬁ " respectively.
Thus, from equation (II.3.2) the deflection & of
these points relative to that of the central point
,“

(2) is given by:

W -—-,O‘z-!,azz,‘jl in,
since, for an orthotropic plate + Qo= Qze =0

For the bending configuration described

where A43_ is the moment intensity acting on a plane

parallel to the x-axis.
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From Fig. III.2 My . b6 P o bk

3
T a = /o u . In®
3 /7'.,‘ ﬂ//é[-
35.?%.
For the plates and points considered ‘j = 6 in.
and the values of the average deflection W= 1w + Wr)
for increasing values of ~ are graphed in Figs.

VIIT.8 and VIII.9.

For 0.048 in. steel the computed equations

to the three sets of experimental values are

P = 12.046wW + 0.06707
P = 11.655« - 0.,06318
P = 11.865% w + -0.00655

Taking from these an average of the three

gradients 5&; , Qa1 can be calculated as:
3 ' 6,8 o
Qaz = 7 A = 45’5"'6/)(/0 A% in //b/L
36% /864
The Calculation of the modulus Qo : the

co-ordinate system used in this test is given in
Fig. III.9, the points (2), (4), (6) and (8)

respectively having the co-ordinates Gayv),(z,g)

(>, =y) and (-x,-Y)



Therefore, for the points (4) and (8) and
(2) and (6) respectively with a twisting moment

Myy only acting, equation (IT.3.2) reduces to
5

W % (u)+~+&)B> . = Gy, Ae. Xy 1A,
A

. Qug. 9(7 lin

¥

W = "5,((&)'7_-;- U);) =

>

w}u?r}é’ E/yclj = — é M?tﬁ }6}%’11

e
From Fig. III.6 | zbhv = (%4)77
o dee = 7 wh AP
36. # =y
where for the plates considered x = v = 6 in. and

the values of the deflection W - f{ﬂd4+cO@ —ﬁ[w&+&%)
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for ihcreasing values of P are graphed in Figs. VIII.1lO

and VIII.11l.

For 0.048 in. steel the computed equations

to the three sets of experimental values are

P = 16.181L« -~ 0.17867
P = 15.741 v + 0.00083
P = 16.126 w -~ 0.07164
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Averaging the three gradients /%&) , Qe

can be calculated as:

-6
Qoo = 7 A3 - 33Y.24 xt0 43(n34éﬁ
36%, /46016
The Calculation of the modulus “uv : Figs.

VIIX.1l2 and VIITI.1l3 indicate the experimental wvalues
obtained from the bending tests performed to obtain

the modulus Qu

From equations (II.3.3) an = _!

E.
For a beam bending a pure moment M
£z . 44
l ) " /! = ZL‘)“

where wr is the lateral deflection between two points
on the beam a distance 24 apart, £ and £, being
the Young's Modulus and second moment of area fors

the principal direction X,

For the beams described in Section III.1 the
dial gauges labelled (:) and graphed in Figs. VIII.12
and VIIT.13 were positioned 2 feet from the centre of

the beam, the deflection of centre being read on the

dial gauge <:) .

The computed equation from the three sets

of experimental values relating load P and deflection/




defloction W are for gauge (:) of the 0.048 in,

steel beams.

1.6916 & x 103 + 1.9996

P =
P = 1.6304 w x 103 + 2.1425
P = 1.6385w x 102 4+ 2.2664

and for the experimental values of the gauges (:) the

computed equations are:

5.6685 W x 10° + 6.6202

P =
P = 5.3008 ¢ x 103 + 6.8677
P = 5.4098 « x 10° & 6.6825

Taking an average of each of the gradients
(%) the rate of change of deflection kh and u4j over
the half length d for a given value of P can be”

determined as:

%) (P/1.6535) = 1072 = 0.60478 Px 10”7 ins.

il

Wy = (P/5.4597) x 1077 = 0.18316 P x 1077 ins.

QA :. '___L = 2(“)20 - LJ@)I:/
Eu ' Fx.d*

where X ig the moment arm of the load P carried by a

6 in. wide beam.

In the tests described in Chapter III/
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Chapter III

X = Rl A, d= 24 in,
Qe = 2.7Tw. 6. 042062 xip7F
2/. 24%*

s 041827 vi10 T /hz//b/;

The Calculation of the Stiffnesses: considering

as above the 0.048 in. steel specimen.

From equation (II.B.B)

_ Ezr = ! = 2/ T ?A..g /é][//”':.
1 ' e .
I . & .
Eu = = . 2-3908 4‘/0_/1’_;,_ /é/n,_

Observing the mnormal relationships for

orthotropic plates

?/2- ;ljzf = 77.?-/.51.}13 = '\//?—. £’2.2—.A3
/2 //-- Vay. ‘/r:_) 12/~ V. ‘\//7.)

. '1/;!. E. 77, = 1//2.. £z, _:_1\__3
/2.

For the specimens considered in this thesis

Vir.oo s baken as the Poisson's Ratio for the beam/
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beam material, i.e. v% = 0.28 and 0.33 for steel and

aluminium respectively.

01! w 028 .2/94-9 = 2/ 42 xr0~®
G
/2. 2-3908x/70

ORI VIR = O PR
', D// = /13_ Eza, - lE2.9/ /é//h

/2 //- '1//2.1/1:)

Z/Z N ’J/Z- :Dz;, - '\/)-r- Du = 5/ 2/‘0//1&/1- /1'4

.@6' - LA_?'. /- 24%/3/&/-,;;\

/2  Gos

Des

"
~
NP;

wb

Dsz = Do+ 20b = .5“4*6’-475/5%-/;\

Table VIII.Z2 gives the complete range of

values of the derived moduli and stiffnesses.
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VIIT.5. DETATLS OF THE NUMERICAL WORK.

The numerical work carried out in the
thesis will be represented here by reference to

0.048 in. thick steel.

For this material the Poisson's Rgtio

\/n- = 0.28.

The ratio za;/’@:i&; defines the mode of

solution of the behaviour equation.

ﬂlq\ﬁn - 2P (MTTZJ"’\&: ~ Du b 4N -
dy# D\ a ) dy® i;(a T o (VIII.5.1)
| : . N
where the roots of the equation are _—1_-_/(5 , + }0

1]

§ Do+ /Do -Dilm |

-

(VIII.5.2)

g = o
Loos ! {Dsa-_/pﬁh‘m.bnﬁ
(74

s

For real roots D <DiDa  this implies that:

for Dot =y 5 Dn oz 5.1984 for real roots
D2z . D22 .

for Doy : Eﬁ < 18.3186 for real roots
‘Do ’ Dz,

for Do -3 Pn ¢ 39.438L4 for real roots
.Dzz, DJ-L

since Dan = Do + 2D6 = Viz-Dez + 2Ds




182

From section ITI.5 the moments etc. throughout
an orthotropic plate are:
Mre = = [ Dnd'wy L Dol
ox Jy*
My =~ (Dds . Da %)
dx* dy*
F??f = [ Dn 9314)“ -+~ [Dz +4%6) “)3‘4)" ]
- 9xS Ox dy*
@(.-) = - [ D}L 6_3&) + (D{Z. +2D¢%) ‘93‘*)—}
, : g syt d=xdy
3
Qx = Dn 93 H} (D:z. + 2006 9_‘*__)'
. [ 69( _ )c)x (’\11]
2
Mxvy = = 2 Due VIIT.5.3
! (9?(037) ( )

Any discussion of the convergence of the

assumed series for deflection & and the above

gquantities can be resolved into that of an examination

of the terms. W, 9%, oW | v

) . This being
Y dy® ox "3y

due to the assumed sinusoidal form for deflection in

the direction =

For ease of computation the dimensions were/
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were considered to be:

the plate length, defined by X = & 7

the plate breadth, defined by 9 = O, [

1. Real Roots.

" Thus from section II.5 for real roots the
plate deflection is given by

+ A toskgdy o+ (’-gj“ Sk ;aﬁ + G o4 }47 # Du, Stah L1 | St MITX
7 y g v

) "'}" f/%)zl_ (hm‘)

me=n3 ..

v 970 fﬁ/é)Z[}?/f? /&51%7 +ﬂ/ ggm(p’y »l‘/klzf /os/;ly + ;sz 5/}145/?]5/»\;4;77,

13’ PN

v ?[a_/)zr [}p’ﬁ 5,,,(;!7 +/d G, il gy + % 4/::(%7 }Zsp,. fpsl;lyj«s/wwrx

‘D” bl .. [a/b"

S L . -—//[fmj By $in / - ool N
Sy zp,,g%)»z ?’ 1 /\;’5‘/ +PBE oy + Y Gooml ity + ¥ Du los v | s (/z;z/;)

’ (VIII.5.4)

For the above expressions, the constants /.
etc. are those obtained by substitution of the

quantities . etc. and the plate dimensional ratio/
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ratio (¥b) into equatiomns (II.5.11). Table VIII.3
gives the values computed for two cases of real

roots, mnamely,

(1) Duyp, =1, Dessp, =1
(2) 2n fp, = 10, Des frp, = 2

where for 0.048 in. thick steel D = £42/02(/~7)

= 300 1bf.in.
Thus from equations (VIII.5.2), for (1) above
2 = 1.595 w77 ¥ = '0.3595 w77

At the ﬁlate centre, vy = 0.5. Thus
considering the successive values of"}#y for

increasing m
m = 1 ;ﬂy = 0.797577 = 0.80.77 say, for

convenience in reading values from tables

.'.zaz@%ﬁ = 6.2131k, svﬁ{g@==6.13214

=
i

il

3 aniyy
5 caszyy = 138941.39538 55129

fmz\ﬂ(y

911.65311, waﬁ@ = 911.65256

B
i

138941.39538 19142
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D//Dzz =/ ," DM/D:J. - /- é . Dzz/? (Q/A)‘J-

d .
Quantity Zim=l Sim=3 S =),3,5°  [Position
W D x 102 13.39 13.36 13.37 X =R
Mz x D 23.53 22.05 21.93 x = %Y
My 2D xi0 51.39 ' 50.43 50.22 o = &Y,
Fx x D 28.78 39.70 Lo, 41 X =0
G * D 0.005640| 0.005400| 0.005340 =%,
May x D ~0.0710 ~0.0741 | -0.0750 x =0
Q:(X’JS 41.81 44.214 1-1-6.03 x = O

i ’D”/DLL = /0 Dé(ypzz = 2 :;S z Dzz/? (Q/é)ﬂ-

Quantity Zim= 13 Timsh3 5 Poﬁsition
wW-x D x> 1.292 1.281 1.281 x = @
Mz x D 22.07 21.16 21.31 o= XYy
My xD %00 2.881 2.265 2.064 x = %/,
Rz D 9.437 34.25 36.52 = o
Gy x D ~3.968 ~3.542 |, -3.237 -y
lejxp ~0.7002 ~0.7315 —-.741k X s
C?n;xg 36.54 41.85 43.36 v = o

TABLE VIITI.4 - Calculated quantities

Real Roots
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Using a computer operating to the eighth

digit means that accuracy can be preserved for m = 1.
For m = 3 accuracy is dependent on the
values of 4, etc. In fact as can be seen from

Table VIIL.3 the pairs #»/3, and Cn [P always
cqnstitute a pair of consténts each of which is of
obposite sign. Thus the values can be inaccurate for
a case where ~n and &, are similar in magnitude and
aocufacy is dependent on the fifth digit of the

values of (#sd gy and md @y .

'However, for m =5 there is no difference
i
between za‘sn/,zfy and -;”;4;»’? to the eighth digit, and for
cases where the values of &» and &, are similar

the problem of lost accuracy can assume serious 2

proportions particularly as the ratio ﬁ%@@h rises.

This effect is known as "front end cancellation
and could not Be readily circumvented on the Ferranti
Sirius computer. This meant that to preserve
accuracy prolonged arithmetical computations had to

be carried out by hand calculator.

Table VIIIL.4 gives the significant values of/



of the forces and moments etc. at certain positions
in an orthotropic plate whose aspect ratio &b = /3
These values correspond to the values of the constants

~, etc. in Table VIII.3.

2. Complex Roots.

For this case Dt < D Duy and the

roots of equation (VIII.5.1) are

/@/z 92"«(2 y ;Z"-"‘é.:.“"/{z

where
&= mr /D= ) Z = 77 .ﬂ,/D//-Dzz — .—D.:;
@) (/) [ Dz

i

and the relevant expressions are:

186

W= 7 (DC?:A) 2 ,L( . + (P 053y + Busvigm) cosd 0y | g
| : NCY TR w) Stnk 99] S ”%
il
%%i . ﬂi)/?zmz\; (673 (7, cosyy + B, srny) tosd oy )
Z + (Guisyy + T 503 35k 0y | A
()

+20y ( (Bm(asz‘j —-L?,,\Sr&ﬁ) ¢mh oy
Z +(%(05}L/ - Gun §tn1‘1} /0915”7
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f (%) Z [(67-3%)

-:—2@»}’

3&)‘ s { (121“2 Z
“‘"3

exla», i. (5 @7k)

+ Cm (& wsk oy cosyy - 3 smley suizy)
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-

ﬁm (6’ 5/44 97 [osj/h/ - 2 (0515‘? §M'QL))
+B (o tosloy tosy +0 koY Z50)

+ 1 (7, 5;;May msyf +& wséé‘j 9/»;7,/)
Sin M

T (- suil oy dos3y —0 oy sigy) (/b
4—8«[94@549«1 wsyY =3, sm7x¢9‘7 ‘;'427>

+ G (—zws%ey losyy — & smhoy "’}7”)

+ D (8 5k oy 053y =9 $mhoy 5'527) i
o pwikoy iy - ko si3)

+ Bu( & Stn'497 sy + 4.o5l0y msw)

5/,; minx
+ G (6 mslécf sy — 7 m‘(gt/ 56i79) &)
+ D (& toshoy s/n'” + 3 ;/nXey (057,7) j
(VITII.5.5)

The values of the constants ~ etc. in the

above equations appear in Table VIII.5 for the

following two cases:

(1) P,
(2) D”/Dzz

= 10, Dieg =1

1.514 x 10%, Dssy, . = 1.358



Case (2) is the actual 0.048 in, thick steel
decking for which the actual values of D etc.

appear in Table VIIT.Z2.

For case (l), v = 0.5

‘ O = 77b [/Dis = /IR wTT

———

Q D21

2 ~ 7rh 4/ D :Dzz—Ds; < 1848 nrir

a
m= | 9(3 = O&6T7T777 = O-&777 'SQLJ’

coshoy = 308026 sthk €4 = 2:9/342
ma 3 tosdoy = /0433264 Smhey = 0432779
mez & cosk oy = 37V TTETL 3

sink oy = 37 T7BE0

As can be seen fromlthe above, the same
difficulties arise as for the case of real réots,
with however the additional complication that for
complex roots the values of &, etc. do not remain

consistent in sign. Further, the equations/
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Oufpss =10, Dby = 1 D= P2sy i

Quantity Sime | Zma=\ 3 Zim=1,3,5 Position

W=D, xp* 1.237 | 1.232 1.233 X = qfy
Mo % D, 20.75 20.42 | 20.73 x =/
My x i x 10 ~2 .0kl ~2.481 ~2.663 x = Xy
Roc v Dy 35.34 4o.21 L2.02 X = O
Gy D ~2.118 ~1.903 -1.962 x = %
ng»ﬁ ~L.118 -6.54k ~7.981 x =0
G x D, 36.08 40.95 L5 .43 x =0

Y
D/ = 1314 X/04; Lee/p,, = 1350 B “%{7(‘7/5)‘*

Quantity S St mzl, 3 e 13,5 Position
WDy x/0° 13.22 13.09 13.07 x = Yy
MrxB vi6® | 173.4 167.2 166.2 x = @/
My xDy x00" 2.811 3.526 L.670 x = &fy
F??(xi,_woA 40.89 Ly L3 Ly ,07 > = O
Gyx Do nid | -51.05 _LL .80 ~L7.36 P
MxyxDyx0™ | 37.90 39.42 39.80 x =0

G x 2 x0™ | 140.89 L5.43 47 .07 % =0

TABLE “15T.6 -~ Calculated quantities

Complex Roots.
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equations (VIII.5.5) show that no simplifying
assumptions can be made as the hyperbolic terms are

qualified by simple trigonometric expressions.

This implies that for all values of m
the computations need to be checked by hand

calculation for possible numerical instability.

It was therefore to obviate the above

difficulties that the method indicated in Section IV.2

was used to determine the lateral strain éﬁ = 3

For the deflection forces and moments, the
convergence of the assumed series is indicated in

Table VIII.6.

From the above results for both real and =
complex roots to the characteristic equation the
author considers that qualitatively the Lévy method
gives satisfactory results for m = 1. Increasing
accuracy can be obtained with further terms oxr by
altering the plate aspect ratio </ , an increase in
Which - from the considered value of %= - will
depresé the value of ﬁ{ for real'roots; and © for

cemplex roots. This will lead to increased accuracy/



190

accuracy in computation and a possible avoidance of
numerical instability, particularly in the

expressions for deflection wW .

The author therefore considers.that if an
orthotropic plate, either by virtué of its stiffness
ratios or its physical form, can be approximated to
by a series of linked beams, the slight loss of
accuracy in computation of deflections‘etc. inherent
in this approximation is more than offset by the
resulting simplification in the necessary computational

work.
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VIIT.6. RESULTS OF THE EXPERIMENTAL
INVESTIGATIONS.

Material Properties: throughout the decking

tests specimens were cut from the failed component
to obtain experimental wvalues of Young's Modulus E
and Poissénﬁs Ratio ¥ . These were carried out
on specimens 0.95 in. wide using a small testing

machine and 4+ in, foil electrical strain gauges.

For the theoretical work utilising
orthotropiec plate theory, only the value of Poisson's
Ratio for each specimen was required and two typical
tests '‘are illustrated in Figs. VIII.36 and VIII.37
for 0.048 in. thick steel and 0.036 in. thick
aluminium respectively. For these two specimens

o

the material properties can be calculated to be:

13,600 Tonf/in” .

il

Steel: Young's Modulus E

Poisson's Ratio Vo= 0.275

Aluminium Alloy:

Young's Modulus E 4,700 Tonf/in .

H

Poisson's Ratio 3 = 0.317

For all the specimens tested, some seventy
in all, the average values were:

Steel/
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Steel: Young's Modulus E = 13,400 Tonf/in*

Poisson's Ratio % = 0.28

Aluminium Allovy:

Young's Modulus E .= 4,460 Tonf/in*

Poisson's Ratio ¥ = 0.33

For both materials there was some scatter of

results, the largest variation being of the -order

of 10% from the mean. The full range of results

for Poisson's Ratio is given in Table VIII.7.

The Critical Load: for the calculation of
the c}itical sﬁfess and the "local plate stress factor"
individual values of the matefial constants and the
yield stress Gﬁ were used. These were determinqg
as above, 0y for the aluminium being the 0.1% proof

stress.

For the 0.048 in. thick steel strut whose
compression test is shown in Fig. VIII.28(a) the

values of the material properties were:

13,600 Tonf/in .

Il

i

E
Y = 0.28
Oy

16.5 Tonf/in*.




From equation (V.1.1)

or R °E (_z:)‘“
uﬂ~dﬁ A

For 0.048 in. thick steel the profile is as
shown in Fig. VIII.38. Using the .above values the

stress initiating local elastic buckling is given as:

gz = 5'447?‘1‘?}//”1

This compares with the experimental value of :

R = 6.95 Tonf/in .

On the basis of simple beam theory and
assuming a fully effective compression flange

e = 6.44 Tonf/in” gives a value of moment

M 3.40 Tonf.in

2

.« The loading to initiate elastic buckling

' It
- 3.80 x 22M0 1 14 jpp/ig

8 x 6

The Collapse Load of Decking: for the

calculation of the theoretical collapse load of
0.048 in. thick steel decking made up of a series of
troughs of the profile shown in Fig. VIII.38 the

procedure is as follows:

4'2- = 87'5

b .
T 0048
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.+ From Fig. V.1l for mild steel
C; = 0.4727
The effective width bg = 1.98 in,

The position of the neutrdl axis N-N is

determined from the condition that the area above

and below it shall be eqgqual. This gives
e = 1.48 in. c = 1.47 in.
£f = 1.04 inm. d = 1,03 in.

At collapse it dis assumed that the yield

194

stress is reached across the complete effective section.

Therefore the collapse moment M¢ is given by:

Me “—'ZF—?‘JO"\E >

=[-[0“?‘N/'05) (04086 5) +( 1148 x 0 725) + (055 x147) :[.2 L0028, V‘C}

For this material the average value of vyield

stress was found to be 16.5 Tonf/in .

o Me = 547 Tonf.din.

Collapse loading

= 5‘42 = 2240 = 256 1bf/ft>.

1.78 1bf/in’ .

[}
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The above procedures for critical and
collapse loading can be carried out for all the types
of decking considered and the results are given in

Table V.1.
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