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PREP ACS

The following thesis is written in th© form of a
monograph which attempt© a unified, and somewhat gen.$rac
Used presentation of cyclic accelerator theoryt with
the associated design and operational problems*  The
larger fraction of the author@ original contributions
to the subject are contained in the following reports
and papers, copies of which are submitted with this
monograph a

Papers published, -

(a) °A Note on Resonance Damping, at Injectiont in
Betatrons and Synchrotrons3 Proc.Phys.Soc”B ,64,85(1951}.
(B) "On Resonance Damping at Injection in Betatrons

and SynchrotronsO, Proc .Phys.Soc .B,64,579 ,(1951) =
(G) espace Charge Forces in Strong-Focussing 3ynohrotronsb

Phys, Rev.,<£t 1378-1380, (1954),

(n) *Regenerative Deflection as a Parametrically Excited
Resonance Phenomenon0.Rsv.Sci »Xnstr, ,2"»587“593»(1954) .

(E) 'The wuse of an Electron Beam for th© Accurate
Measurement of Alternating Magnetic Field Strengths3
Proc. I. E, B.f 101. 441-449(Part 11)f (1954).
(GO-author with K, Phillips, M»So0, who was respon-
sible for the construction of th© instrument.)

a»»wilawaraajiw W P B

ﬁﬂJQesyelg!rS t o bMeBW |Q—L\AI/ b !>\i/\/§|zt]ed -

(F) 'Construction and Characteristic© of a 340 MeT
Electron Synchrotron0 Proo. |« K* S*
(Co-author with F,R*POrry, J*B.Hansell# E.A»Finlay,
and C*Ambasankaran* With E.A.Finlay, and the
assistance of C.Ambasankaran, the author was
ooncemed with measurements of the characteristics
of the synchrotron magnet)



Papers to be published  (continued)

(G) Preliminary injection studies on the 340 MeV electron
synchrotron at the University of Glasgow,, Proc.lI :
co-author with Ur.w.MeParlane and D«L,0ldroyd, With
Ur, MeParlane, and the assistance of D»L,0ldroyd, the
author was concerned with initial experiments leading up
to operation of the accelerator at the maximum possible
excitation,

(H) Operational Characteristics of a 340 MeV electron
synchrotron, - to be written by the author and

Ur, Wb McParlane,

Unpublished Reports -

(J) VAN approach towards a formal, quantitative theory of
Betatron-synchrotron Transitions,

(K) 9A beam extraction scheme for the 340 MeV electron
synchrotron at Glasgow ,

(L) 90n First-order Azimuthal Inhomogeneities in the
magnets of cyclic accelerators*.

(M) 90n the injection of electrons into small-aperture ,
high energy particle accelerators9 Parts | and I1*

(N) Synchrotron Memorandom-3* xvOn Injection into azimuthally
Inhomogeneous guide fieldsl

In this monograph, the essential results of these
papers and reports have been inserted where relevant,, In ad-

dition, the following sections of the monograph are original-

Chapter Two - The general theory of separable transverse
motion in section 202,I] general formulae for
calculation of momentum compaction coefficients
in section 2,2,1”~general focussing theory for
’smooth' parametric variations in section 2,2,3,2
theory of the second stability region in sections
2,2,301 and 2,2,3*2,



Chapter Three - treatment of forced resonances and forced

Chapter Four -

perturbations in 2,2 and 303 respectively,

in the former it is shewn that the upper half

of the harmonic range cannot give rise to
forced resonances, and that the highest har-

monic in this range gives rise to a change in
orbit radius, in the way a change of particle

momentum in a constant magnetic field does*
Possible uses of this effect in assisting

injection is discussed in Papers 1 and Me

The whole of this chapter contains original
comment from the author, and original experi-

mental work performed in conjunction with
Dr* W« MeFarlane v as aDready stated.

Space has not been found in this monograph for the

description of the eJperimental techniques and equipment
for use with the synchrotron with which the author has been

associated, and most of which will be described in papers
F* G, and H dealing9 in detail f with all aspects of the
synchrotron project.



INTRODUCTI ON

The Historical Development of Cyclic Accelerators -

In 1930 the first cyclic accelerators known ae
the cyclotron, was successfully developed'. It was not
until 1944. however, that a radial focussing mechanism
accompanying its accelerating mechanism waa recognised.
Us© of this so-called Qphase-focussing* mad®© possible
the stable acceleration of particles whose angular
velocity, ws «Bo/E = v/r, in a constant magnetic field,
B* varied with its momentum, p > (l/e)(E~-Bg)™°", B
and E representing the total energy and rest energy
respecvtively of particles circulating on an orbit of
radius, r p with linear velocity, v. Before the last
war the rate of increase of particle energy was kept at
an artificially high level to increase to a maximum the
kinetic energy of particles of rel&tiviatically increas-
ing mass using a fixed-frequency accelerating field. The
maximum energy gained is proportional to the square root
of the peak accelerating voltage, and this fact limited
proton energies to about 20 MeV, deuteron energies to
about 40 MeT, and so on. For the muoh lighter electrons
much more energy could be obtained by straightforward
application of electrostatic potential fields, then, by
acceleration in the cyclotron.

In 1940. however. Kerat successfully demonstrated
the principle of Induction acceleration3 in an electron
accelerator called the Betatrond"*. It was unique in it®
time in two aspects: first, it accelerated particles on
orbits of nearly constant radius in an increasing guide
field that need therefore only be established over an an-
nular region, and, second, the accelerating mechanism had



& stability condition, dependent only on partial® no
mentum, p, not on v, and was therefore non«r©aonaajt

In oharaoter. The first feature differed markedly
from conditions obtaining in cyclotrons, where an in-
crease in radius, r, is necessary for particles to gain
energy, and the nearly constant guide field, B, has to
be established over a circular region. This difference
necessitated a serious investigation of guide field
focussing mechanisms™ to provide axial focussing with-
out losing the radial stability inherent in induction

acceleration. Prom the point of view of the develop-
ment of very high energy cyclio accelerators it was

this basic analysis of the stability condition for
"betatron3 oscillations, rather than the successful
application of th© principle of induction acceleration
that was important.

Subsequently9 in 1944, as mentioned above, the
~resonant3d accelerating meohanism of the oyolotron was
extended by incorporating in it the radial focussing
mechanism present i£ either the accelerating field
frequency, f& = Qw/2-. ,3,»=° -and/or the guide
field*, Bv is changed slowly with time to accomodate the
change in w with energy, BJ This generalisation of the
SYesonant’ accelerating mechanism provided an automatic
tracking of the machine parameters,. B and £& by the
particle. parameters v, and E { or p }, and not the
tracking of the particle parameters by the machine para-
meters as was originally envisaged. This radially
stable sresonant9 accelerating mechanism, with betatron
axial focussing was then used in a large number of high
energy cyclic accelerator369 those above about 1000 MeY
using the annular, time-dependent ’'synchrotron9 guide
field rather than the circular, time-independent
Xyclotron’ guide field for economic reasons.



Despite this development, however, cyclic ac-
celerators for energies above about 1000 MeV were
becoming a formidable economic problem3 In the summer
of 1952 the solution to these economic problems was
found with the general!sation of the principles of
cbetatron5 guide field focussing7,* providing much
stronger radial and axial focussing, of particle trajec-
tories. The consequences of this development were a
aeries of design studies of very small radial and axial
aperture, large radius synchrotrons capable of accelera-
ting protons ang heavier particles to energies in the
range 30 - 10" MeY, the pro%lems associated with which
are atill under consideration , Electrons may not eco-
nomically be accelerated to energies above about 5000
MoV in cyclic accelerators because of the large energy
losses due to the near optical radiation emitted by them
while being radially accelerated in order that their
trajectories may be closed and approximately circular®
Several electron synchrotrons in the range 1 - 5 30V
are being designed4”, whi.le electrons have been acoelebi_
rated to between 500 - 1000 MeV in existing machines.

Generalisation of design principles -

During the 25 year®© of cyclic accelerator deve-
lopment 3 progress has been sufficient for a generalisation
of design principles to be attempted here. Throughout
any period of cyclic acceleration, the following general
relation must be satisfied between particle parametera,
total energy, 3, and l.inear velocity,, v, and the accele-
rator parameters, guide field, Bend orbit radiua, r s

(Bv ) « (Bor ) «p =(S2-B2)0‘5/c. (1)
Acceleration is obtained by increasing the momentum, ps

{dp/dt) @ d(Br)/dt s r <B>/"t dr/dt(<B> Arye (2)



of individual particles. Quantitative information for
design calculations is generally obtained from the funda-
mental equations:

dp/dt & d(m*v)/&t a ®.( E + Bav/o), (3)

describing the motion of a single particle of charge e
In an electromagnetic field - the domain of the vectors

E and B in vacuo, satisfying the vector equation®© :

V. B =V.B , O B=EO +Bft (4a)
\7abp = -(l/o K h/~)/ ~ =~ (4b)
B a (l/c)(dE/ t). (4a)

Motion of a charged particle in an electromagnetic field -
the domain of the vector potential A, and scalar potential
UP may also be described by either of the equation® s

dg/dt a (d/dt)(~LO/~v) + (d/dt)( v) =s(b L*/™ $), (5a)
otrjg/dt 3 «OH/"q and dg/di = D where: ( 5b)
LO « »m02( 1 - (v/c)2 is the free particle Lagrang'an,

XE » ©.( Amv/c - tj) is the interaction Lagrangian,

HO(p) s o(m~c2” nS ~he Hamiltonian of a free particle

of mometum g ®nov( 1 - (v/og’ '1/%I and

hsa Hy( p « /o) *®UJ » p.v- Lg—I"™ is the
Hamiltonian of the particle in the electromagnetic field*
The Lagrangian and Hamiltonian formalisms (5) are

equivalent to (3) through th© following relatione between
the two descriptions of th© electromagnetic fields

EO0= - c -~ *7B® « n®, (6)
B » VaA, 0O b tfScs, (7)

The basic analytio problems presented are 1

(a) Determination of the characteristics of the

electromagnetic field necessary to give radial and axial



stability to particle motion in approximately oircular
orbits, while providing the tangential forces required
to increase particle momenta.

(b) Design of the electromagnetic field sources
to provide the field oharaeteristics necessary for stable
particle acceleration, as determined in (a). With iron-
cored electromagnet© this problem simplifies ta the deter-
mination of the pol®© profile necessary to provide these
characteristics. It is this aepeot of the problem that
we shall bo solely ooncomod about in this monograph.

The first class of problems are by far the most
fundamental, their solutions establishing the essential
contributions required from all necessary components of
the accelerator installation, anong them the magnet produ-
cing the guide field. W emphasize here the problems as-
sociated with the design of this unit merely because it
Is the most expensive single item in such installations,.

These problems are moat conveniently posed in the
coordinates, r,z,£, of the circular cylinder, and the fol-
lowing assumptions are made in order to clarify the expo-
sition of generalised principlea of cyclic acceleration*

(*m) Absence of particle interactions - forces due
to interaction between charged particles in a beam are ta-
ken to b© negligibleo Thi© is implioit in the us® of single
particle equations of motion, and in the absence of charge
and current density terms in Maxwell’s equations (4)» This
assumption is not strictly valid, except for extreme rela-
tivistic particles for which v *=o0; such forces, called
space charge forces because of the approximations usually
adopted in estimating their effect on particle motion, are
discussed later in greater detail.

(1i)Circular symmetry of the filectromagnetic field -

a 0, for all r, z, giving aAz 0. If particle©



gain energy solely by tangential acceleration, then from (1)-

Er = E2« 0] Eg *>-buVb® - (l/o)"AE€/™t. (8)
Such symmetry obtains only in exactly circular magnets,

in particular, in the abseno© of straight sections* zero
order conditions for exactly circular, and therefore closed
partio3>© trajectories &re readily obtained by describing
the motion in rotating coordinates, as shewn below. Sub-
stantial modifications prove to bo necessary, however5

in order to obtain the effeot of assymetries, either deli-
berate th© introduction of straight sections) or unavoida-
bly alignment errors), on particle motion* This aspect of
the problem is dealt with later in greater detail; such
practical modifications are not essential to the exposition
of fundamental principles attempted in this chapterO

(1i1) Absence of radiation damping - This is a
sufficiently valid assumption provided the energy loss
during a single revolution i© much smaller than th© maxi-
mum available accelerating voltage, and the total radiation
loss during acceleration is negligible compared with the
final energy of th© particle* Details of such effects
will also bO© dealt with later.

With these assumptions, equation© (3) ®&y ba

written- é o] - /
(d/dt)(mr) - mre* a -er8. =?
(d/dt)(mz) a ©Or&Br | C9b)
(d/dt)(mr28 - <*0/2m) « (9*%)
wher0* (1/2n)(d0/dt) » (d/dt)./~(r*Bs)ar & «d(A”rJd/dt, (10)
Also t r*o| a- r(BBa/«$ t Ag o.'St f
r*Br * ~,(B JK OB, /S s)dr « m<$Aq/& z, (12)
& Ns) “oen B dEN/dt), (13

from (4b), (4a) and (40) respectively*



The .Lagrangiany and Hamiltonian, H, are nows

AWl -a02{ 1 - (r2~r29%z2)/cT * erAnd/e - eu8,
H=o( 4 °2 +Pr+v|_+(5rS-’\0e>2 * ellg,
where - py a 8 mr,

Pz «™~L/iz s mz,

pNr STL/N 4 smr29 + erA~/os
ere the generail Bed momenta canonically ©oajugate to the

position coordinates, rs z, 9 respectimely » in. term®© of
which the equations of motion* (9) s may be. written:

£, a oirdf - eréfrBs_/'o" (ei*;v/zm)(\r/\W/&r),
quj S ertS..Br/aK (e /2m)( o W/c! z),

- -e( PIB/N ©), '
from whichf assuming acceleration in the tangential
direction only, we have:

e2(dca/dt) 5e r & a (e2/2m)( OW/dt),
where the potential function, W is defined:

( Ote/o) (/1s.at * G)Ir

where G 1is an integration constants

)

WA now have the basic equations of particle motion

(14)
(15)

(16a)
(16b)

(17)®.

(17)o

(1B)

in a form readily adaptable for the application of the theory
of small oscillations,, in which framework the theory of that
multiply periodic system - the cyclic accelerator - is besi-

described« Consideration of the equilibriumtconditions
associated with these equations (zero-order approximation

to the description of particle motion), suffices to enable

one distinguish, between the various typea of accelerator
practicable to this order of approximation. These zero-
order aquilloriun conditi ona ars

; (o ffizlhr) & (c) w/h 2) ~No Of
which provide a de.soription of particle motion confined
to the plane where Br«Q, and to the circular orbit of



radius, sQ = (v/Q) B (Ev/eoB ), e =ne , (21)
in that plan©* The potential u is provided by ar i 5
field y of fundamental frequency f» wy”~w aa”™ Pea”™ voltage
Y, periodic in @ with period 2~v extending over a gap(or gap®
of negXigible ar.8gular extension™ so that

(*bU/ ~S)s ( W2if).2°°ain(/’6 w/,\»dt - K&HIT), (22

ka-oo0
In the zero order appr'eximation we consider the case where

the angular velocity, 8y is exactly equal to the highest
eubmultiple of the angular radiofrequanoy T « ?or k=d.
therefore wa have. (s ( W2w)axn 90* end we have®

oN(dm/dt) o eo(d/&t){ Bz .w*) - ec(&/dt) (B rQ/v)
- n

« Vesin(™ * 2wreS™>. (23)
The accelerating voltage required per particle revolution
may therefor© be writtent
(2wiwi )(d/dt)(B z/%2) « (2wl )(d/dt)(Bzrel/v)
s(y.sin(”e) * 212rOB| )j/c (24)
Two distinct classes of accelerating meiohaniam may
be recognised - one in which 9 la a cyclic coordinate* go
that pg is a time-independent constant* and ? 2 0} and
the other in which V 4 0* so that is time-dependent P
and 9 no longer cyclic* The first method is known as

Since, 3 -(e/o)rQ( AN5r) r 9it is clear
that zero order equilibrium conditions demand « Q»
giving re as. the time-independent stable orbit provided?
(“0/bt) m2wr”~Cbsz/ bt) (25>
Since @ 1is cyclic*, acceleration is independent ofparticle
velocity,, v and the method is essentially non-resonant in
character.

Smshsj™msL >
With, such mechanisms* Hj? ia generally negligible

compared to the radifrequency voltage, V, and acceleration
to the order of approximation oone!dared here depends** as
mentioned above, or. exact equality between and



making it resonant in character, Even then the aero-order
condition (24) is exact for particles with the correct ini-
tial conditions only if the rate of gain of energy is Ya
rdshingly small9i.ec 9e is almost aerc,, In order to exa-
mine the stability or otherwise of particle motion under a
wider range of initial conditions and with more rapid ac-
celeration we. require a first order analysis* given later
(Chapter 1), with the result?

(&/idt)(Bz/wl) » Cd/dt)(Bare/V) « wWV/2wP, (26a)
6r' «e « 1. (26b)
These relatione state that particles may be accelerated9
but slowly 9 only if Bz and/or are time“dependenta
The distinction between implicit and explicit time-depen-

dense is not yet made,

There is one unique condition which enables *resonant*
acceleration to talce place under cyclic conditions without
the synchronous stability conditions (2.4) and (26) beixag
satisfied, i.e., when -

(d/dtKBp = (d/dtXw]®) =0; Bz« vx Bev (27)
a condition which arises during the acceleration of par-
ticles of infinite rest mass in the original Sonventional3
or fixed-frequenoy cyclotron. The limiting condition -
Bz ¢ & is. most closely approached by protons and heavier
nuclei with kinetic energies below 1-10 MeV* but energies
about twice this, may be obtained by sufficiently rapid ae-
oelaration?in existing conventional cyclotrons* As will
be pointed out in Chapter 19 this mechanism lacks the syn-
chronous radial stability possessed by all other mechanisms
satisfying (26)a As a consequence of (27) heavy particles
in conventional cyclotron© travelled round in orbits of
increasing radii varying between very wide limits during
the period tQ of acceleration, Cyolio accelerators allow-
ing such variation© will generally be referred to as



CYCLOTRONS when d”™ di >> (rjnj/t0), (28)
where is the orbit radius when particles are
injected into the cyclic accelerator« Accelerators which
allow orbit variations between very narrow limits are

SYNCHROTRONS when dr™/dt << (r™nj/™0) . (29)V
Synchronous accelerators may be of both types™*

CYAQIRONS - B, is time-indeoendent for economic
reasons while ( or 6 ) is made to decrease with time
in order that the particles may be accelerated.

The Frequency-Modulated or Heavy particle Cyclotron
use.a a slow continuous decrease of for the acceleration

of heavy particles of finite mass whose total energy and
velocity inoreaae with time, This accelerator ie thus the
natural successor to the fixed frequency cyclotron for
proton energies above 20 MeV.

The Electron Cyclotron or Microtron14allows (3 to
decrease discontinuously by becoming increasing sub-multiples
of w, , which, with Bz, is kept constant,

SYNCHRQTROHS - 855 must now be explicitly or impli-
citly time-dependent9 and w, may be time-independent only
if v 1is constant ( as in the case of very light particles
when v is almost ¢ ) when , is also almost constanty or
if r0O is allowed to increase somewhat while still satisfy- -
ing (29) , In all synchrotrons constructed to date is
explicitly time-dependent, and e Is kept almost constant
during acceleration* They fall into the following groupas

Rix&d-frequendy or light particle synchrotronsy-5
Electrons are injected at velocities approaching that of
light ( v/io E 0098 when total electron energy is about 2 MeV)9

13

using as injectors
(a) the induction accelerator - betatron starting,

(b) the travelling wave Iinelz%r accelerator or the
electrostatic generator.,

10



0 N
E:o)/oanoti]Wer synchronous acceleratorsthe mlcrotroxx.1

Of these, the first tried was (a), which is the

method used in the 340 MeV electron synchrotron at Glasgow,
It ia not, however, the most effioient method, although it
is the most convenient* The more efficient method (b) is

rap&Xy gaining preference, while (c) has not yet been tried*

Frequency-Modulated or Heavy particle synchrotrons-19

In this case both the energy and velocity of the particles
increase during acceleration so that w, has to be increased
with time to keep rQ constant9 and has to increase still
faster in order to provide stable synchronous conditions, of
(24) and (26)c These conditions are generally applied to the
acceleration, of protons up to energies of 30,000 MeV at
present, although the principle has been used in an electron
synchrotron20 not using one of the pre-accelerating mecha-
nisms mentioned above to avoid problems associated with

frequency modulation*

The construction of a synchrotron is much lees ex-
pensive than the construction of a corresponding cyclotron
for kinetic energies above about 500 MeV due to the finite
flux density (about 20,000 gauss) at which most types of
magnetic material saturate* This forces the maximum orbit
radius for such particles to be much the same in both types,
of accelerator, when the annular character of the synchro-
tron guide field reduces quite considerably the energy stored
in the magnetic field, and the mass of iron required to pro-
vide a low permeability path for it* Such considerations
have, in fact, encouraged the latest developments in focus-
sing theory, which, by providing much stronger focussing,
have reduced by an order of magnitude at least the radial
and axial dimensions of the annular field containing the

particle orbits* The conditions for stable motion may, in
one form, be written:

11



0 & |<bBz/c)r>] <<IBa/S5r] ~ Bz/r, m>>l, (30)

The 3weak® or conventional focussing used in earlier ac-
celerators discussed above was provided bys
0 « ~<bB /br> « ¢B r < B fis« (31)

These relations s and their derivation, are examined in more
detail in Chapter 20 Howevers for the purposes of the &ere-
order classifioation of cyclic accelerators presented hare,
the difference between (30) and (31) ie vary significant,
Earlier, due to the axial focussing restriction, /ISr <05
B™ could not be made to increase significantly with time,

by virtue of deliberate changes in rO making Bz implicitly
time dependent at the position of the accelerated particles.
With the new focussing conditions (30) we may*, however, have
OBz/ot ~ 0, and still keep orbits in a narrow annular re-
gion by altering wl and therefore forcing r@ to move; into
increasingly larger guide fields * the magnitude of this
radial motion depending inversely on the magnitude of Bg/)r>o0
Frequency modulation then controls the rate of increase of
particle energy in much the same way as in the frequency-
modulated cyclotron* This new synchronous accelerator is
called the »fixed-field synchrotron*‘?flbecause its guide

field is annular, but not explicitly time-dependent» and

owes its exlatence to the developments in guide field focus-
sing theory discussed later,

EQvelosment of the Thesis -

Outlined above is the basic zero order analysis of
particle motion in cyclic accelerators;, and the types of
cyclic accelerator it covers* It is the aim of this work
to collects and collate theoretical and experimental studies
concerned with the design and operation of such machines,
with the main purpose of serving as a guide to the design

of very high energy cyclic accelerators* In presenting

12



euoh a survey elating studies hav© been presented In a
wider framework in oilier to bring out the underlying unity
in the problems, posed and the solutions offered. The limit
of future, developments for many years, to oome appear suf-
ficiently clear for such a unified approach to be profitable *
The emphasis here will therefore be more on general principles
than ©n their application to detailed design atudies, which
fall outside the scope of this monograph*

In the design of large cyclic accelerators, prelimin-
ary theoretical and experimental studies of the more novel
features of the equipment are of great importance. The
more detailed such studies the greater the assurance that
may be placed in the design* almost certainly it reduces
considerably the time taken in the final stages of develop-
ment concerned with, first the successful operation, and
eventually the efficient operation of the acceleratore
Where such careful preliminary investigation has been under-
taken, the product is invariably a sound engineering propo-
sition operating efficiently both on the basis of output
beam intensity and on the basis of the ratio of time spent
on operation and maintenance, -Th© objection to such an
approach is the development time factor, and several projects
have adopted a ’'cut and try’ policy from the start. Certain-
ly the design and construction of cyclic accelerators cannot
be expected to await theoretical developments ensuring the
certain success of the machine, and there are many accelera-
tor© operating successfully v and efficiently * under con-
ditions that cannot be wholly explained by any theory or
were not foreeen at the time the machine was designed.
Howeverj with the huge financial investment necessary today
in very large accelerators, a compromise is necessary, which
usually takas the form of preliminary experimental investi-
gations of acceleration conditions on fractional scale

models»

13
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CH APTSR ONE

ANALYTIC METHOES

I. introduction:
The analytic basis of the two problems to

be discussed here, nair.ely-
(a) Determination of the characteristics of particle
trajectories in various magnetic field con-

figurations, and
(b) Design of the electromagnet to posseaa the

field configuration necessary for stable and

effioient acceleration,
have been outlined in the introductory discussion. In

providing the zero-order analysis, the following basio as-

sumptions were made;

Assumption (i) Absence of particle interactions* Further
consequences of this assumption will be
discussed quantitatively in 2*4- of this
chapter, while accepting its validity for

the present.
Assumption (ii) Absence of circular assymmetry* This wo

dispense with in what follows,
Adsunpti onCiil) Absence of radiation damping. Wb shall dis-

ousa this matter further in 2*4- also 9
while accepting it for the present.

In this section we extend this analysis to the
consideration of the following first order deviations from
the equilibrium conditions deaoribed in the zero-order
analysi as

ro to ra( 1 + xr), (32a
ze to ze + Xxzre,xz = &l/*e, (32b
W to W( 1 +xwyv = (32c
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Pe to Pe( 1 +xp), (32d)

“to SE( X + * (52e)
tO WX X +)wy) } (32f)
te tO te{ X +Xf©)s (320)
M 10 agl 1 * x> C52h)

where p, E, v, t, mrepresent respectively the momentum,

total energy, velocity,, period of a single revolution, and
mass of the accelerated particles. The following relatione

between the first order quantities, , are. valid for all
types of cyclic accelerator -
YE s 5 YD ((4-4)/E2)x, = (vgl0)E*, (53a)
kv . (4 *g)Xp =(4 ~c2xe - < g (33b)
Xyz 8 IC%o ¢ and (330)
If a circular9 annular magnetic field of average
radius, r , is separated into parts by straight sections,
each of length, L, then, to the first order %
Xt « ( 1+ HjVS* (34)

The very important relation between xr and xp
emerges after the type of field in which the particle is
to be accelerated is chosen. The spatial dependence of the
radial and axial components of this field may, to the first

order in Xxr x2, be written %
B, Brsrer ¢ 1 + f~(®) - “gre)x “en22(e)xz * (35a)
Br = Bz>r=gi fo(9) "W 9)xz  Nrr(O}xr), (35)
whera -
(Bz>/eQ) ngP =< \war/~r>r~r ( ~ + *N©) )] ( 363)
(<Byw A4Q).A ,K 1:-<ABA/A2>zAzg( 1+ f](S) ), (36 b)
(<Bz>/re)’a1=z =< 2,j'bz>zsze( | +f*1(e) )
(<@2>/re) ABri~ r>r P (1 + n ( 360)
e
and <> = (1/2r) .12ff P(e) ,d«. ( 36a)

16



The time-dependenoe of th© firet-order variables,

defined in (32), ie obtained by substituting themin
(9)9 which may then be written?

(d/dt)(<Bz>BrMe) = <Bz>wa(-f0 + nZT*r + nzz*z+ *E +«w),
MAD(<B >X,/Vg) = <3,2W,( T'§ - X, - N ¥ )

(a/dt){ (*]Me)(d/dt)(<Bz>jtriwe)  + )

( *J<V< £0 " <l-nzr)xr - nz~z) + )=(T/2w)stn S’

(rg/«)( <Ba> -(CC/Ssrn)) i

where. QJ = wa#txwa Using (24), equation (37©) may be
simplified to - -

2 :
(a/dt)(™-dT{~J~ 3+ + 0;3W *r “ azz*z)j -

e

(V/2v)(sin 9» - sin
where « 0, and rQ time“independent when the betatron
condition (25) is satisfied*

It is olear from (37) that the possibility of
first-order coupling between radial and axial motion of
particles during their acceleration, exists, in general *
We shall shortly consider, however, two special types of
field configuration in which such first-order coupling is
considerably reduced, if not completely removed* For the
present9mention must be made of an important assumption

implicit in the derivation of (37) and (38), namely*

Aasumption- (iv) Validity of linearisation of the equations,”
i,e, absence of any significant effects
from moand order deviations, xg,
which make the equations non-linear, The
consequences of this assumption will be In-
vestigated in 2 ij. of this chapter*

Ore. final assumption has now to be made to sim-
plify the analysis of (37) and (38)* It is one of the
most soundly based, aid :Le made in the form %

17
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Aaauraptlon {v) Validity of the Adiabatic Theorem* under
circumstancea in which the fractional change
in energy of a particle during a single
revolution due to external accelerating torquea,
or forces, 1© extremely small. This leads,
in the limiting case of no net acceleration,
when the average orbit radius and the average
guide field along it are time-independent, to
Conservation of linear and Angular Momentum,
and the first-order relation?

Xm * + *r = constant - Xx = (39)

from (37) it i© clear that radial motion, in the absence
of any net accelerationv or significant radial-axial coup-
ling, is due to the guide field, B (r,*9), and the r,f. vol-
tage T9 i.eforces which, in practice, produce gui.de field
focussingand synchronous acceleration respectively, To
determine quantitatively the conditions under which theae
two cause© of radial perturbation may be considered separate-
ly, we substitute ''(39) into (38), ignoring axial coupling
terms, We have then?

9;‘2?3 N rs? CEQ1 YWJ

- (VHe /<B_>.2irft)c 0 4
tit2 - e8e/<Bg>-21rE)« 0, vau)

assuming 1S4 ~ Qe’« 1, and <Ba,§ and We to be time-indep en-
dent, and defining-'

*ro " we' 1“ nzr(e))l/2» - (+D
Substituting @ exp(-iw t) into this linearised, ©on-
atant coefficient differential equation, we have for wQ:

W2 2/1 -1, + _, 4j(1-22£1ZZ)X/2 } &42)
WO ~ x-j?  * P 12wri<Sz'wg - -

S W +](L1- ALY, A« 2Y(1-nA)“2irt]

Radial motion is therefore oscillatory if A <1, and may

be separable into two distinct type.©, which are uncoupled.
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to a high degree of approximation if A << 1, which than
satisfy the general equations%

(fi/dat)( <Bz»?r/wa) + we<Bz>( £B + - naz*a) = ». «3*>

«**>%e< *B + Kw + ) = O = <Bz>we-*p> (47bJ
from (39), where D is time-independent9 and

(d/dtHr*"B~XTf* + rSgp-Xy - » (Y/2w){ ain © - sin €@} s
{44a)
( Nz r * n2z*z. *e + xw fo' = 0i (44Db)

The fir at pair of equations (43) describe the so-called
Betatron, oscillations5, which accompany guide field fo~
cussing independently of synchronous acceleration, and even

in its absence (V®0). The aeoond pair of equations, (4'*)*
describe the much lower frequency radial 6synchrotron5 osoil-
letione accompanying the phase focussing mechanism, in synch-
ronous acceleration, and are obtained from (3?&) and (38)

by neglecting the radial acceleration term - (d dt){<&=z»IvA\g)*
corresponding to the neglect of the term - d*99dt~ in ,40) 3
fhese two pairs of equations (43) and (44) may be rewritten?

The Betatron Radial Equation -

»a .2\ . & 45
w +( 1 - nsr>*r * “*«*« * *p * {0 (

The Synchrotron Equation —
(d/dt)(r*<Ba>)( xr + xg 4 xw ) ==(Y/2tt)( ain 9? - sin 9Q) ](46)

WBR emphasise here the generality of these two
equations describing the radial motion of particles in
cyclic accelerators« Their main restriction lias in the
neglect of second order deviations from equilibrium condi-
tions, The final equation (37b) describing axial motion may

be given here for completeness*
The Axial Equation. -

(42)
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where we haves e = g > (4.Q)

a& a consequence of Assumption (v) and equation (13) &

The analysis of equations (45) ,(46) , and (47) for
various combinations cf uik(£) and ™ * Z(G) oonatitute the
basis of the math©matleal theory of cyclic accelerators.
Analytical methods adapted for this purpose are described
in the following section 21 together with further consequen-
ces of assumptions (i) (iii) ,(iv) and (v) nmade in deriving
the 3 basic equations above. In section 3 the analytical
methods used in the solution of the lesser problems associa-
ted with the design of the guide field magnet are discussed«

21 PARTICLE TRAIBCTOBIES AND THEIR STABILITY CHARACTERISTICSg

201 Statement of the problem - two dimensional

approximations™ and aaymptotio solutions%

Equations (45) - (47) mays by virtue of assumption (V)
be divided into two groups -
Group 1 - The Betatron radial (45) and axial (47) aquations
fall naturally into one group* which define ,-in

Case. A - for intervals of the order of one revolution
period, the radial and axial motion of particles of different
initial momenta, which are ooupled in general, independently
of the mechanism of acceleration, or of the rate of acceleration?
and in Case. B - for intervals of the order of very many revo-
lution periods, the asymptotic behaviour of such radial and
axial motion, which depends now on the rate of acceleration,
and also on the; meohanism of acceleration* These 2
equations in group |I are dearly dependent only, in ocaae .A
on the spatial dependcmce 9 and in case B on the temporal
dependence of the guide field as wall. Radial and axial
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motion may thus.* in case A* be treated independently of
Ii»B slow azimuthal (tangential) acceleration, and the pro-
blem of motion in 3 dimensions resolves into one of motion
In 2 dimensions*

The analysis of these two equations contain the
whole first-order theory of the Betatron, subjeot to the
assumptions (i) ,(ill) .,(iv) and (v).

Group Il - This contains the remaining Synchrotron equation
(46), which describes the independent (to a high degree of
approximation) radial motion accompanying synchronous ac-
celeration . Befo2e this equation may be solved9 however,
the very important relation between <xr> and Xxp must be
determined from the Group | equations, This relation.,,
which is known as the 9momentum compaction equation9, will
depend on the spatial, and not the temporal dependence of
the guide field. Solutions of this equation may also be
obtained under the two special conditions mentioned above,
namely, oaasA - for intervals of the order of one synchro-
tron oscillation period, when the radial motion is indepen-
dent of the average) rate of gain in energy* which is pro-
portional to the time-dependsnee of the guide field, and

in case B - for intervals of the order of very many synch-
rotron oscillation periods, the radial motion being again
described by asymptotic solutions whioh depend on the average
rat© of gain in energy*.

By virtue of its dependence on the momentum compac-
tion relation, the behaviour of particles undergoing syn-
chronous acceleration depends very largely on the spatial
properties of the guide field, and the mechanism of guide

field focussing. It is interesting also to note that while
vwe have lineail sed the equations in Group I, we have not
completely linearised the equation in Group Il, whioh con-

tains a term proportional to sin(G*), where 05 will even-
tually be the dependent variable.
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Assuming a momentum compaction relation of the
form

n. G)rta«7ip2 (49)
and re-defining the dependent variables nr9 «k=z as
follows - 0
FT=*1 «*r =wan2 ' *a *« *BHx > (50)
the equations of the two groups defined above may be
written -
I* THE betatron equation
r - [t1]. (51)
w.afeK-
i . 0
1-n d/dt)/% an
© {52)
0 0 (&7 &%)/ *
N, 0 nar (d/dt)/we
1 ° fZ1
H2 A
M x3 and M = 0 (53)
x4 R

this matrix notation is partioularly convenient for the
analysis described in the following section*

the synchrotron equation

/IC<b >(dO»/at

(d/dt] ain(e0) )' (54)
kw.
m
-1
V\fnere* m :( | + _%~ (540
2"re
which may be derived from (46) t using (39)»(34) (33) =

It mat be noted that conservation of linear nom
entum applies only to the betatron motion* and conservation

of angular motion to synchrotron motion as a result of
Assumption (v). Clearly conservation of angular momentum

Is an intrinsic property of induotion acceleration O0n”}y to
7Qio- o*clef af>pi‘o<i'mekio*L, .
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202 Linear Transformations in Phase Spaces

In this section we shall consider solutions of the

vector-matrix equation -

[~y = [allx] + [.] (55)
which is identical to (51) with D5 (l/lwQ(d/dt), (56)
and [id *1[»] B M (57)
"o 1 0] 0 " ' 0 O cf
0 0 O 1 0 O
A o 0 1" 0010 (58)
0O 1
rr 0 _Hzr 0 O O

If A(©) is continuous in any interval, then
there exists a unique solution of the homogeneous equation;

[dx/ae'] = [ A]lfx] , (59)
which may be expressed in terms of the initial conditions-
at £ * 0, (60)
in the form*
[»(e)] - [t] [» (4 (61)
The matrix may be regarded as an operator

giving rise to a linear transformation in phase, space con-
verting initial values j}t(Op] into the final values deter-
mined by £AT] . The transformation matrix, M , is re-
lated to JXJ by the equations:

al[yl/&s =£M «)][y3 , [y(o0 =1L1I (62)
and its determinant is given by the equation:

IY] = exp( /®tr(A).de ), = 1, (63)
from whioh it is clear that Yj is independent of
and non-singular. The solution to the inhomogeneous

equation may therefore be expressed in the forms

[*(©)] = * o ft de- (64
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The. linear transformation operator, , has now
to be constmeted from a knowledge of the charaoieristios
of [A] . Now an important inherent characteristic of M
in the theory of idealised cyclic accelerators is its perio-
dicity of 2~? representing physically a complete revolution

In general, however, for an arbitrary j~AQ)jJof any periodi-

city the equation (62) cannot be solved explicitly. Special
cases., however, whers [A(e)]is constant for all 8,

or is piacewiee constant over limited angular regions 8,
© < $0 < 8 + 2w/h, fundamental period 4w/h» may be given
explioit solutions, as will be shewn later* Approximate
solutions .may be found for the more general cases, however,
from an analysis of the properties of solutions when Qf]

is nearly constant, but otherwise arbitrary, and when DO
in an arbitrary periodic function of 0%

Ca 8) Hhearly constant, but otherwise arbitrarys
It may be shewn that there exist© a matrix T
capable of changing oollineatory transformation!

. by 712 b1z bx4
X2 b23 °24

0O O 0 x4

to a triangle matrix%where the X are 4 roota of
the daterminantal equation -

(65)

IA - XiIj = 0, (66)
called the characteristic! equation of j~A , which are. not
necessarily distinct,, Then the change of variable

W - DOD3 (67)
oonverts (59) into the. equation -
dgrdJ/M = CA'IJW : (68

and it is clear that in general each vy, is a linear com-

bination of exponentials whioh have polyn.Oiai.als in 6 aa
coefficients, The necessary and sufficient condition that
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all solutions of (59) tend to zero at G = oo is that all

real parts of the characteristic values., be negatives
When the four x" are distinct,{A]] ia a diagonal matrix, and
the transformation matrix, [Y] is given by the equation*
Q O 0 0
ra =g o 0 % ep(lAl ). (69)
0 0aX3® 0
0 0 0 eH®

(70)
TT3/1 (xr Xxi)#
using Sylvester9 the orem*

These results apply to the cases in which QQ ia
a oonstant matrix- Ehwever,, if Qal ia nearly constant,
and expressed in the form -
[A(e)3 =[A']+[B(ey]

with [b(©TJ= 0, © = 0, and |[3&Bdc]] d© < w,
and the characteristic roots of [X] are distinct, a matrix
Jr(Ef] converts [dx/d€f] s [a( to

T</deQ=[7(8)] (e®(®3x - [TCleh(gng)l * g

where [« [TAdT/dO] d© < @y/™ dXi(0)/do df < oa,
and tends to N as Q tends to infinityO
“(Ojjan arbitrary periodic function of period aa

The solution of the matrix equations

d MeIFdd = [a(9)][y(0)] . [r(o)] = [fj, (62)

may be shewn to have the forms

[v(s)] . [a(©O]eB ®],{a(C+«)]. @(e)} (72)
and [B] is a constant,, axdin general complex matrix, if
(1(0 + @) s |A&)]]is continuous for all Q, As a general
consequence, we have- [Y(9-*X)3~ FY(©)Jexp( [b™c) 9 (73)

which is the general form of a theorem first formulated
by Bloquat* the solutions of the determinants! equeiioioj

y(«) - j - 0 (74)-
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providing the characteristic values of the transformation
matrix Cy(oc)d * In the general oase we can not find an
explicit form for this matrix, but we may determine the
form of general relations affecting the boundedness of
solutions to (55) from the nature of its characteristic
values. 0, whioh, from (74) nmay be expressed in terms of
its elements* Since the |[y(oc)3 are unimodular ( cf (63) )
density in phase space is preserved ( Liouvillee Theorem) ,
and (74) has the general form %

p4 - AP3 +B02 - AP + 1 = 0,
where A and B are the real combinations of the elements
of lif(e)j i
A = Tr [YU)] = Y1l(o+Y22(<xx)+Y33(«)+Y 44(«)
B = 2 + (Y11(=)+Y22(e))(Y53(«)+Y™ (@®)). \(/\7/5)
The 4 solutions of (74) may be put in theform —
iv &x="1V &pV:e” ,p3':'\é ph=e
where, Vv 10
2cos(v) = (A/2) + ( (Al4) +2 - B) : (77)
ana the solutions to (55) are bounded if %
< oos(v?) < 1> -1 <oos(v") <1 - (78)

The general problem of coupled radial-axial motion
may thus be solved by considering the effect of the strength
and character of the coupling on the inequalities*

-2 £E(AI12) 1 ( (A2/4) +2 - B)1l/2 * 2y
(A/2)2 +2 -B i O.
The satisfaction of these inequalities is a prerequisite
for bounded solutions and hence stable radial and axial
motion during cyclic acceleration, The boundaries between
stable and unstable zones are thus defined by lines on whioh
vl and are multiples of

The general rules to be satisfied for stable coupled

motion have been given above , and suffice if such motion is
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described by the homogeneous equation (59). |In general,
however, the inhomogene.ous equation must be use* to deas-
cribe partiole motion, even in a 'perfect5 magnet owing to
the presence of the terms *p in g » IProm (64) then,

due to the finiteness of the particular integral, a stable
closed orbit, i.e. x(e) a x(0 « 2ff) 9 is possible only if

ITCW -= | 4 0.
Approximation in practical applications?

As already mentioned the general theory outlined
above may be used only if the transformation matrix,

can be derived explicitly from JX] , Two approximations
are currently used for this purpose?

(I)In general the transformation matrix fr(0J
over the range 0 <0 < 2w may be subdivided so ae to
be represented by the product of an arbitrary number of
transformation matrices, [Yn(d©Jj, 8~ <g < On+0, over which
reng@ the matrix QQ might be adequately represented by a
constant coefficient matrix. This method is particularly
suited to the design cf strong focussing synchrotron in
which 0) is piecewise constant over limited angulaf
ranges, when the only approximation involved in the uae
of this method of fabricating IY(2w*] is the assumption
that changes disoontinuously at the endsof theaa
unit cells. This method will widely used in the discussion
of focussing and accelerating mechanisms in Chapter Two»

(I'l) Reduction of the 4x4 transfprmation to a
pair of 2>Xubmatrioes by partitiowning; whioh is inti-
mately conneofed with the problem of reducing to zero the
coupling between radial and axial betatron oscillatory
motion. Prom (58) it is clear that an obvious method of
achieving this reduction is to have nzz « » Of i.e.*
msking the guide field symmetrical about an axial plane,
ccmmonly known as the median plane, This is, however, not
the only way of reducing the transformaticn matrix as will

be shown in Chapter Twoc



Associated with this reduction is the reduction
of a quaternary quartic ( 02 biquadratic ) form to a
pair of binary quadratic forms, all of which remain in-
variant throughout the cyclic motion of a given particle
if the damping effects of acceleration are neglected*
The existence of such an invariant multilinear form
associated with the group of orthogonal, unimoduiar
matrices to which £y(0)jjbelongs is a consequence of
general Invariant theory/ which will not concern us here.
In the reduced form, however P the pair of invariant binary
farms associated with the reduced 2x 2 transformation
matrices are of direot physioal interest* defining
respectively a tubular surface in **2 radial phase
space and x”,x4” axial phase space. The cross-section
of these tubular surfaces at any azimuthal position is
elliptical in shape > l-he equation defining its boundary
being of the general form:

.B(% jcp ti% ~ Ij2 N cons *a¥vn -1}

where AG - N constant vb- -
In an invariant associated with £ts Explicit evaluation

of these coefficients in terms of the elements of [y] is
possible if we write this transformation matrix in the forms

[T1 - [3(9)1 wl[r (V)] £5(©j} (65)
where {g( v)IJ Is an orthogonal, unimoduiarnmatrix represen-
ting rotation through an angle v = oo0b"'( Tr(V}2 )
whioh is independent of Q , and £s(G)jis also/brthogonal
matrix which describee the deformation of the ellipse in
phase space as a function of 9, General differential
equations describing this deformation as a function of 9
for arbitrary periodic functions, n**0) con also be abs
tained in terras of the coefficients, P, G, and H» by
differentiating (81) with respect to 9* when we have?
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QF/d@ a2H( 1 - n ), or ’\F/’\\/© a 2anr , (8*a)
, N
oG/ =-2H, or bGr/bQ = -2H, (84b)

'dH/Ze =X - nzr)G - F,or H/"™"Q» n G - F, (840)

in th© oases of radial and axial motion respectively.
It 18 easily shewn that both the coefficients, F,G, H9
and their derivatives satisfy the invariant (82)*

The differential equations (84) may also be obtain-
ed by using for [s(9)] a matrix providing an infinitesimal
shift in a unit cell providing a transformation in phase
space represented by {\/_l .

The application of the analytical techniques des-
cribed in this section will be described in Chapter Two*
The credit for the application of such methods to describe
the oharaoteristies of cyclic acceleration has been separate-
lj- aaoribed -to Snyder"2 Caianiello25 and Le Couteur24.

Series expansions in Analytic functions?

The aquations of radial and axial motion in the
uncoupled approximation are of the form*

d2S/ de2 + ( a - 2<i.R(e) ).£ = n(9), (85)

where a and g are real constants* and R(G) ia an
arbitrary function, with a periodicity not exceeding 2wa
These equations belong to a general class known as HILL'S
equation, and are solved by expressing R(Q) as a fourier

series, with the nature of the solution, bounded or un-
bounded, depending on the relationship existing between

the two parameters, a and g & As a consequence of this
approach, the analysis of the equation when R(O) has a
finite number of discontinuities is more conveniently,

and accurately, performed using the matrix operator approach
of the previous section, although by this method the phase
Ifcrajectory is specified only at the discontinuities, its
behaviour at other points having to be determined by the

use of the oharaoteristies of the transformation matrix
associated with them, Under these ciroumstanoeeknowledge



of the behaviour of the invariant ellipse is particularly
valuable, as it enables the azimuth at which the particle
trajectories may deviate most from its average value to

be easily determined, whatever the initial conditions.

In the absence of any discontinuities in R(9), the method.
using a Fourier expansion is more conveni/t\ant, although in
principle 9 as has been shown by Minorski” ",an arbitrary,
though finite9number of discontinuities may be used to
approximate to a continuously varying function*

Two special oases of HILL'S equation (85) are
MEISSNKR'S equation” where R alternates between two
constant values, which is more conveniently analysed using
the techniques outlined in 22, and MATHIETI®S equation2/#
when R(9) * qos(2G).

It has been shown that when R(9) is giveny the
(a,q)-plane for the homogeneous part of (85), i>e. A = Oy
may be divided into 'stable and unstable* regions, the pair
of solutions to the homogeneous equation being unstable
(unbounded) if (a,q) is situated in an unstable* region,
and stable (bounded) if (a,q) is situated in a ‘enable*
region. If (a,q) is situated on the boundary tetween
these regions one; solution has a period of w yr 2vv
provided R(9) has a period srv the other independent
solution being non-periodio and unbounded, The major prob-
lem in analysis lies in the determination of the equations
governing these boundaries in a-q space for given
Although it is knowny from the generalised statement of
Floquet,*a theorem in 2,2 that every solution of the
homogeneous part of (85) has the forms

5 . 6vle Q™e) + ev2% 2(G)v (86)
where QY9) and Qg(G) are periodic of period there
exists no simple method for obtaining the constants
explicitly, given a, g, and R(O), The following simple
czfLterion for stability of the solutions, due to Liapounoffv
lila quite general, and therefore particularly valuable,.
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Some General Stability Rulea -

THEOREM | % (Liapounoff) R(0) continuous and periodic,
period ~ *
All solutions of
f/d«2 + (a- 29q.R(6) ).£ =0
are bounded as |0j tends to infinity provided
(a) (&<I) > (2A)*™ R(eMO ,
(b) ( Jal(@ir/2) - (2/ir) X j6\q.R(e)!d€ : (88h)
Another important general stability theorem may
be stated in the form -

THEOREM |l 1 R(9) continuous, not necessarily periodic*
All solutions of (87) a™e bounded if, for all O,
a « 2q«R0) £m >0$ (89)

where m is any real constant.
An alternative, and less strict condition is

a- 2(g,HO) > 0,/°°(a - 29gR(S)).dQ = oo. (90)
Another important related stability rule is
THEOREM 11t R(0) as in Theorem 1.

If all solutions of
+
are oscillatory as 0 tends to infinity, and if
$2 £7r3 2 A N (92)
then all solutions of
(d/dOXKNC©),™) + (3™9) .u

are also oscillatory.

An important general effect of the periodic R(0)
on the stability of solutions of (87) is clear from the first
two theorem*f a stable solution may exist if (a - 2<€R(0)) is
negative only if R(©) is periodic. A particular consequence

of this is that if g«0, solutions of (87) are unbounded
if a <0, while if q# 0, a periodic R(©) may, in the
same circumstances, nake these solutions bounded, while a
non-periodic R(0) may not do so. This is very important
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in the theory of focussing and accelerating mechanism®
described in Chapter 3Anx

The general stability theorem 1 given above pro-
vides very general, and hence unnecessarily restricted con-
ditions for stability of the solutions of (87)* However,
explicit conditions for stability of these solutions may be

obtained by defining the boundaries of the stable and unstable

regions in a-q space. Using Floquet*a theorem these

boundaries in a-q space are given by theequations?
cos(2irv) = ( + OI2£2(25) ) * £ 1,

where f~(9) and are ingependent solutions of (87)?

satisfying the initial conditions «
£:1(0) (df2/ae)e=0= X,

f2(0) = (dfjlac)e 0. O,

The disadvantage is this method is that independent solu-
tions of (8?) must be known before such boundaries may be
definede The stability regions are consequently known

in. the greatest detail in the oases of Mathi®*u9% and
Meiasner'S equations respectively for whioh solutions are
comparatively easily obtained,

Amlytic solutigns for _ HILL3S SQUATION -

A- The classical method, introduced by Hill* in»
volves the solution, of an infinite determinant, after the
expansion of R{9) in the Fourier cosine series;

g*R(@) » 10 xpr soos(2r”), )9 ? converging,

dA
which makes the assumption that R(9) is symmetrical about

OaO, ioQu even in ©a The solutions are obtained in the

foKa* 2 = ew. 20@8 o2 ez2rll

r=- r -
v being real * imaginary or complex? with the coefficients
°2r® ~2r satisfying the infinite number of recurrence

relations?

(94)

(95a)
(95b)

(96)
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°2r *A272r)(°2r-2 + °2r+27 + ( C2r~4 + °2r+4" + eee

* *x 2 B @ (98)
for r » .e* -1,0,1,e*»t with £2r Ka " (Sr-iv)".

For (97) to bo a solution of (87) » (98) must bo satisfied
simultaneously, requiring the infinite determinant

w1 (XgFeR)  AMFA2A sk

A(iv) « .eee(X2/feor A - & of (99)
09«( ) (Xg/"2’\ Og*
provided N

It oan be shewn that
sinM(ivw/2) a &(0) esin2(wa“/™/2) f
so that v ia determined if a(0) oan be evaluated*

This daterminantal method of finding v from a and “2r
Is convenient only if all the << a, when &(0) beoomesg

Mathieu'3 equation provides the special case where
>] *\g =Xg * **. ® 09 * 0/ 0, but the method given above
Is just as difficult to use unless (q << a*

B - The recurrence relations (98) mayt howeverbe
expressed in a transcendental equation for a in the form
of an infinite continued fraction, following Inoe289 who
first derived this for the speoial case of Mathieu*s equation
only* *The transcendental equation in the general case, for
HILLQBEequation has not been derived because of its complex-
ity, and is given here because of its usefulness in certain
speoifio applications in later chapters*

Defining  T2r-2 * N°2r/Qr-2" recurrence
relations, (9%) may be expressed in the forms

» Xh (102)
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where X?29( 1+ +76/?72 1 (103)
v2r-4 V2r-4 Vv2r-6

An alternative transcendental equation for be

derived, however9 by replacing r by (r-1) in the recur-

rence relations (98), end dividing throughout by °2r~2*

when we obtain*

«i2r-2A>> + (V»2r_4) . J£2S t2£2i0_ _
-------------------------------------------- '‘JzEz N
1 HHAA2) 0B +A2)+
with N
e (IAgrn) = N *NAV2r-2/X2 * -6 Y2r~2¥2r[X 2™+ **** (105)

M2r-472 ™M 1INV2r-6'F N MAXV2r -6v2r~8n '’
which ha© to be substituted in (104)0 For xX2r << \”"\9
r > 2, an equation between a and >*r may be obtained by
equating the expressions for v2r-2 derived (102),(103)
and (104),(105).

In the special case of Mathieu5s equation the
resulting transcendental equation, for r«l takes the
comparatively simple forml

2-1v)2 g2/(g-ly)2(4-1iy)S q2/(4-1v)2(6-1v)2
al(2-1v)2 - 1 ~ a 4-1v)™ - _al(6-iv)2 - °°
(106)
SXE + %W/i2<*vE. , 0 q2/(2-lyj2(4-ly.lg
* 1- al/[2-iv) - 1 - al(4-iv) -

Wfeea v 1b real the eoliitioaa (97) are unstable, end (106)
ig & relation between complex quantities, and equality be”
tween real end imaginary parts muat be separately established”
when v ha© to be determined from a knowledge of a and o>
When Vv I® imaginary, say -iv*0, P real, the solution®;

(97) are bounded and osoillato.ry 9 end may be rewritteng

107
s = r~cc02r”0Qa<2r™* )0 g °®2n+p(es<l)* ( )
wi-ioh repreaente a Mathieu fmotion of real iraotional

order, 27350 < & < independent and coexistant



solution of th© same order is written®

aw ® '<1) =rl-co a2T ™ ni2r™ )en
Mathieu functions of integral order, ©Sg”~Gtq) and ee _(e,q)
are obtained in the limit as G tends to &ero and unity
respectively, the second solutions as given by (108) and
(107) respectively vanishing in such limiting casea, being
replaced by the unbounded functions fa2n(™*q) an& g©2n  gQ.)

The pair of independent* coexistant solutions, oe2zi™®2xi "
satisfy Mathleu”s equation when the parameters a, q satisfy

(106) with -iv ¢ p a 2ns n»0,1,2,.».9 when the stable
solution o0©ga iiaar a Period The pair of independent

coexistent functions, ee2n 1» &Riul aafi®fy Mathieu*s

equation simultaneously when the parameters as q satisfy

(106) with -iv 5 7~ s 2n+l, when the stable

half of th© general solution*, s02n-1 ‘ms i
These tranaoendental relations between a and q for

ce?n* aeZn”l« ‘together with those for oe2n”l* se2n(irv” e
a-q space into regions in which the solutions of Mathieu"s
equation are bounded or unbounded, when £ is respectively
real or imaginary* For q >0 O is real between the
a-g curves corresponding to the functions ce?n%e2n"!
N 0™M 2« ** and ®&02n »* *e* Ng2n-fl * *xE* | 9O
between the characteristic curves, corresponding to solutions
of period w and 2- respectively, For g <0, p is real
between the characteristic curves corresponding to °eZn»
oe?n 1 ;and Ca2p»monfx» n The regions in a-q
space between tho characteristic curves corresponding to
functions both of period T or 2w give rise to unbounded
solutions of Mathieu@ equation.

Stable solutions, cem{3>Bem*p 0* orde~ M+gfOo<~<I#
have the period 2sw when 0 s p/sv a rational fraction
less than unity, Vy*em p is irrational these funotions
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are bounded9 butnot periodicOOnoe p or v is deter-
mined* the reourrenee relation® (106) may be used to eva-

luate the coefficients, c2r°

0 - Solution® of the form2
£ - etve.jy€*,£r)e (109)
0 being periodic in 0 with a period of w or 2w 9 arid
y a new pai*ameter were first suggested for Mathieu's

equatlon30 and later generalised to apply to Hill9© "
equatlongl* ris defined in terms of a, and \byi
a - (1 - *2- 4 - 11x2H _ 13x2x4x6 * X2 - ~-3x2 +
T 5 WigiT" TE 22184
* 3 2
+ eoa 2y(XO+M X4* XAX6+ 5x2x6 - x2 - XX4 - 17«5»h,
—r~tr i®r w pr -§ & o* +
+ coa 4dy(x2 + + N2 x4*6 - Mx2 + 9181~ »,,)
“S N T7S ‘TI1? 1769472 '
+ : (110)
from which v may be obtained using the equations
3 2 2
v wsin 2y( 2 +*2x4 "M% . "2 + * AN -
T ~F~ ' "13"® Bff ~ W "215" '
+S|n 4y(*2M + V'4X6 - 3x2 + 337X2 + ..... )
T31 -~rP5Z7 -ras4
-fc oOf.oos.’\ {HI1)
arid ©,T)« sin(€-T) + "2 n B »eg
2 2 *
il ! NN MBANN N ®0
' ' 3

MNQQAMNN N (x MNIMA Y +«o0 C )
This form of solution would clearly be very difficult to
usi8? even in the limiting; case of Mathieu's equation,
unless a >> << 1~ and clearly applies onlyto a
limited region of a-gq spaoe, i<,e, wherea has avalue
near unity. However, solutions of this form may be obtained
to apply throughout s.-g space by a suitable re-definition
of the series for a, and 09 as has been done quit®©
thoroughly in the case of Mathieu9a equation. It la clear
from (110) and (111) that the solutions are unbounded when
any Xgy ~ O» 8 a sufficiently near unity for y, and
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hence w to be real.

B - Solutions of HILL® equation provided in A,B,G
have used a courier expansion of H(9)» A different
general approach consists of converting the differential
equation (87) into an Integral equations

5} = f(©) + x-/0 H{e,u).S(u).du, (113)
where ? - = ->1/2 1/9
f(€) « ~(O)»oos(a *©) + (dE/deL na& ' Bin(a'
H€,u) = R(u)tein a*™(0O-u)
and \ s 2gqal’? %

or, alternatively

£(@) « 4(0) + (d4/d$)
H(«>u) = (G-u)( (a/2q) - R(u) )s
X « 2q9*

Equation (113) ie known as Tolterra*s Integral
equation of the second kindv and is exactly equivalent t?
PredhdbnOg equation of the second kind if the nucleus, K(§ .u)
in this latter equation is defined?

E(QU) « H{$w)» ©,
s 0 9 u> @
The solution to the Fre&holm equation may be ex-
pressed in the ferns

c :
49) N f(G) * X./0 K®©#)*f(u)aduf (3
where KY&w) may be expressed either as the LiouviXXe-

Heumann seriess
ITS(%,u) « 2 >n«K 7~ (Q,u),
s-0 ‘

with £~{B*u) «il£(£,y) .K(y lzll) *dy *SL (6 Q) 4<(€,u) ¥
fal 0 n4 ° X

or™ using a method due to Bredholm %

K°€>*u) o B(e,u)/B(x),

where-s
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ju(e,u) < K(eu) * nE(IDO(-i)n.Dn(e,u).aniI :

D (x) - n]“ (-1)n.Dn.xn/n!9
with the coefficients- of these infinite series being found

with the aid of the following recurrence relations?

Da * /7% -!
Ba(e,tt)= K(«eu).Dm*“ mK<e Yy)»Bjasl(ytu).dy,
and DO(9,u) = K(S,u),

In both expressions for the solution of (115) 9
(114) is uniformly convergent unless D(\) = Q@ Explicit
solutions of the inhomogeneous equation (115) in such oases
may be obtained using the Sohmidt-Hilbert method only if
K(G2u) is symmetrical, which does not apply in the cases
of interest to us, If f(9) « 05 however, (115) becomes
a homogeneous equation which poeaeses solutions not identi-
cally aero only if D(\) s 0, the solutions to the former
being known as the eigenfunctions, and solutions of the
latter being known as eigenvalues of the homogeneous in-
tegral equation3 It is interesting to note that £(£) may
vanish only if >'0) » (&£/dE)A A= 0, and in the complete
absence of foiling terms in (87) which would make it in-
homogeneous* It appears therefore that unbounded solutions
of (113) may occur for satisfying the equation D(\) = 0,

fhe analytic treatment of the HILL equation given
above is far from comprehensive v and for a more general
treatment reference must be made to the works of Strutt
It has nevertheless been made clear that explicit solutions
are necessary to define; the boundaries between ©Otable and
unstable regions in a°q space, and vice versaO While
it is possible to prove the existence of such continuous
boundaries in a-g space in which solutions of (87) are
stable or unstable, for arbitrary periodic R(G), this zb
of little practical interest in cyclic accelerator theory.
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Thuey while the special eases whioh comprise the Mathieu
and Meissner equations can be completely solved, solutions

of HILLJS equation are conveniently obtained only if all
Agr << a. For this reason the following approximate solu-
tions are of some practical significance.

Soma Approximate Methods for Solving HILL*S aquation?
I - If any one particular harmonic component9
say Xom.cos8mG +y ) , is much larger than all other

y*obe(2r9 + Tr) 9 then the HILL equation (87) may be put

in the forms

d2£/d@ + ( a ~ 2\2m.oos(2me+y ) }«E ~

= ( f°|2>’\poa(2rO-fTr) ).£.,
r=

whioh, with the change of independent variable-
(2me+Tm) = 2e> |
may be written in the forms
do™ + (a - 2q«coe(20") )«E = I

1115)
vrtlSrea * am2, q * "2mfa2, =fr-(rrnifo) = (H6)

Themethod of solution is to treatsolutions f«r; of
the LHS? which is MATHIEUSS equation,* as the first approxi-
mation to a solution of the complete equation, (115), and

obtain a closer approximation by obtaining the particular
integral... £ - £~ associated with (115) when £ is replaced
by £0 on the RHS9 and adding it to £Qto give £ » &0+
as the second approximation to a solution of (115)° The.

general solution of (115) may then be writtens

£ ="o0ol + B2 A09(n)f\u;du - £Q/ E£Di(u)f(u)dut
- (117)
where- f(u) « rkr% ?7 XQ cos(Sr%&lrl)) OEOII’]V (118)
and £ and £02 normalised to satisfy the equation-
£o2(lo I /a@,>* Sol.(aV /d®,} * la ulo>
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Under the special terms of its validity given above,

this method can be very useful,; so that solutions inher-
ently stable/ianstable due to the predominant harmonic com-
ponent MAX become unstable/stable in the presence of the
additional 9 much smaller magnitude harmonic terms provided
the point ar~q in (115) is very close to any boundary be-
tween stable and unstable regions in the appropriate a’-q
space 9 i*e that associated with MATHIEtPS equation*

Il ~ 1t is well lenown that a transformation of the
dependent variable., £, of the type-
4 -
transforms the eeocnd order differential equation,
d2s/aa2 +£(©).£(©) * o,
into the generalised RIGCATI equations
dw/de  +w(©)> + £($)* 0.
In the special case of HILLY9S equation we then have-
5() = eN<9» a - 21.R(9)
= a( 1 »2qH(«) /a) = 2q( j| -R(©>),
which is of the form-
5j.Cs)2 =«0 - r(e))»
The solution of (122) in the special oasee where * e
a 'large3 parameter, i.e. » O, ieparticularlysimple..
Rewriting (120) ? =~w-dO©

(122 i beoomee (1//5)(dw/ae) .. w+ O- r{©) ) * O,

solutions of whioh may be expressed as formal (Laurent)
series in K 'h m /o

Substituting this series into (122a), and equating the
coefficients of @3, hcO,l@,. ***, we obtain a series

(120)

<121)

122,

(125/

(124;

(120aj

(122a)

(125)

of recurrence relations from whioh w”(®) Gan be determined*

neglecting the contribution of terms in (125) for Ic >
we have for % in (120a) 2
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C.51(«r1”™ .edde'VS/o UH)de, (X26)
where Qis a constantand

5IX<®) “ ~(e) ~ (27 '-3g™?)/'8o0g]l, * » (ald«) ,"«(d/de)” (i27)
In this approximation therefore, two independent
solution© of (121) may be written*

§ #c-eT1/2. «1/24 51X{e).06) . 1128)

I f is real it is clear that the solutions (128) rep.re«
sent amplitude and frequency modulated, bounded osoillations
of frequency”™ f v with

f z {2w) , ¢ "SU*»($)» (129)

. i RSN .
and amplitude proportional to 4 : I f VL

complexs or imaginary the solutions are unbounded, and the
motion it describes is unstable* The conditions for a
Otable (bounded) solution to exist may therefore be written;;

« > 0, e > |Jre))] tMtvt r* - O0=r(e))r">3(r,)2/21

and .finally, : * 2 (130)
(2«)3(8 - r(e)) > (r'/12) - 3(r») /14 - O0=y)r" 2.

The two epQciial oases of interest are obvious from

(123) and (124) as-
xc=a>fg}>0 and =29 >>|aj>0 0

We have outlined above many rigorously exact, and
some deliberately approximate solutions to HXLL3S equation,
which is the general form of the equations of group Jp eqn.
(51)? which are basically linear* The equation of group 11
describing synchronous acceleration is not included in the
above discussion because it is basically non-linear* No
general theory of non-linear differential equations can
as yet be described, so that we shall content ourselves with
the treatment in the"foilowing seotion of the effect on
the stability c;:;{()klyH'rt]IecaNrCQeoJuations of both linear and non<=
linear perturbations,,
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2A The Perturbation off aysterna with Periodic solutions%
In sections 202 and 2,3 we have considered in
some detail th© behaviour of linear systems described by
equations of the form

| £dx/del + OCW ®
where [a\ is a constant or periodic matrix operator. We

shall concern ourselves in this section with equations of

the general form -

where is constant or periodic as in (55)* hut where

[N (9 is real, and,, in general, a polynomial in Q and
I * a© that (151) is both non-linear and non-autonomous

in general. We shall not attempt anything approaohing a
complete treatment of this equation, as, fortunately, par-
ticle motion in cyclic accelerators is almost completely
described by the linear * non-autonomous system (betatron
equations and focussing theory), and/or by the non-linear,)
autonomous system (synchrotron equation) * Nevertheless,
non-linear perturbations of the linear, non-autonomous
system, and non-autcnomous perturbations of the non-linear,
autonomous syste”kre of some importance in explaining im-
portant details of particle behaviour , or in avoiding
catastrophic instability of their cyclic motion5 both of
whioh require some consideration of differential equations
of the form (131)* Before this ie done * however, we shall
briefly consider the olass of non-linear, autonomous systems
to which the synchrotron equation (54) belongs* under the
conditions of Assumption (v)®

Non-linear« Autonomous systems - These are of the

form " [a*/at! * [a] [xI * OQil («2)
where the elements of [A] are, in general, polynomial®

of the elements of , In the special case of the

synchrotron aquation (54) we have:
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AN [CVI2WB)(L-~+iir.*) 0j *W jj-Vsin( §Q)/2w]J ?

when expressed in the form (132), or

N 0, fr>"™" Jo-V/2fb)(ein(«e)-*j+..)j *
3! (134)
when expressed in the form (13!)* where-

B «"<v X )<m" gM)"1l e (135)
in the. linear approximation clearly loth forma are identical*
Alternatively , we may write (54) in the forms

*2o0dw2 ® (V/2f¥b)( sinCnx) ~ 8in(GQ ) .d*»,
whioh may be integrated to read -
(*J/2)+ xr(xx) = G : (136)
re tI(*3)*“(V/™"nB) «/( ain XI _ Bin ©e ).dx,
» (V/2sB)( eos nL + K .sin «e ), (137)

and C isthe oonstant of integration representing the
total energy of this conservative system* which is deter-

mined by the initial conditionsO v
Equation (136) represent the integral curvee of (54)
in 9 or phafie space* Solutions in this form, ija

the conservative approximations suffice for the purposes of
synchrotron theory, where emphasis is placed on the ampli-
tude of particle, oscillatory motion, rather than on the fre-
quency of the motion, whioh would require explicit solution®
in N?ace such as is provided in 2*3, and will be
provided in 205 in discussing asymptotic solutions* Tha
positions of equilibrium of this system in phase space are
those satisfying the equations -

(V/12”b)( sin x - sin ) s x2 » 0. (136)
(%X>*2) satisfying (138) are also known as SINGULAR pointaO

The stability of these positions of equilibrium are
decided by the following two fundamental theorems due

Lagrange and Liapounoff respectively*
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STABILITY THEOREM (lagrange) - If the potential energy
UCx”), is a minimum at the point of equilibrium, then the
equilibrium is stable.

STABILITY THECREM (Liapounoff) ~ If the potential energy
IS not a minimum at the point of equilibriums, then the

equilibrium is unstableO
The positions of equilibrium of the synchrotron

equation (54), or (13.6), for - T < are clearly;
x»c Qe f and x* * («-Ge), 0 < £ "2 (139)
For R>0, % aqg ie the position of the po-

tial minimums and this singular point is a focus, while

Xi « * “®Me ja the position of the potential maximum, and
this singular point is Known as a saddle-pointe The limit-

ing phase angles for stable acceleration of particles for
whloh Xg e 0, are then
*1 * " ee» aaa *1 »wlth u™i) (140)
For B <0, x1 S Ge is the saddle-point9 and
Xy S W- @e Is the focus 9 the singhularity around which
stable synchronous oscillations occur,, The limiting phase
angles, when Xg s 09 are now

XX « 9e, and x£, with  TJ(xw) * (141)
When B *= , which occurs when

E& E Ep «m"1/2 g

U(xx) vanishes identicallyy and phase stability does not
exist. For energies below that given by (142), B < Q,

and above this energy, B > 0, so that when a particle ie
accelerated through this critical energy the stable, phase

angle changes discontinuously from (&« - €a) to Ge. In
other words the trough in the potential function 8 initially
at x»N = 9 flattens out completely and reappears im-
mediataLy at G@ = a shift in of (¥ - 2Gq), Such

a change is equivalent to a discontinuous shift in the
phase of the RF accelerating voltage of the same magnitude,,



The full implications of this discontinuity will be con-
sidered in greater detail in Chapter Two; it suffices for
the present to note that, from an analytical point of view,

this discontinuous change in the relative positions of the
singularities, or what is equivalent, a discontinuous change
In the magnitude and/or phase of the accelerating voltage,
makes the system non-autonomous, In this particular prob-
lem the critical energy is approached so gradually thatthe
use of asymptotic, or adiabatic solutions of the synchrotron
equation (54), described in the following section, 2.5, is
adequate for its consideration” We have now to discuss
briefly various types of perturbation of the synchrotron
and betatron equations,
Non- Autonomous Perturbations of the Synchrotron equation**
The conditions under which the discontinuous non-
autonomous disturbance* treated above, appear are approached
gradually, thus allowing the use of adiabatic approximation®
In evaluating its effects on synchronous stability and the
amplitude of particle radial oscillations, Non-autonomous
disturbances in generals and one important type in particular,,
do not* however,, permit an analysis of their effects in this
manner®  The particular important problem concerns an ©va-
luation of the effect on synchronous stability and radial
amplitudes of changes in the peak value, V* of the RP
accelerating voltage, whioh occur mainly very near the
beginning and/or the end of the period of synchronous
acceleration® As such it is one of the class of boundary-
value problems associated with cyclic accelerators, and dis-
cussed in greater detail in Chapter Pour of Part |I. Past

attempts at a solution of such problems are mentioned in
PAPER J9 accompanying this monograph, whioh introduces a
fresh approach to the subject * using the integral curves of

the autonomous theory discussed above and a limiting pro-
cedure based essentially on the linear theory of section 2»20
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Another type cf ncxn-autonomous perturbatiGiQ.m. tte
Synchrotron equation arise©, due to the presence of coherent
and :aan-roherent radiation damping”™ of miloh former is
mmoh 2.&m toportant than tto latter* which increase® as the
fourth powss* at fee. partiale energy and is therefor© slgnl~
fiornt osly at th© highest energies* An electron moYing
in a circular orbit radiates incoherently at the rate of

\6 *03/fr) ( Nex0"'0™ ©T/revolution« (145)
inhere r is the orbit ra&iu© in metres, B th® total enegl;\gy
and 3 th® rest energy of the electron or proton in ©Ye ~
This energy loss ie clearly much larger for electrons than
far proton© of the ©okb kinetic energy circulating on an or-
bit of the same radiuso In estimating the effects, of
©uoh losses on tho characteristics of the stable synchrotron
orbita, 7aow®mE*, it is sufficient to use asymptotic solutions
of the synchrotron equation discussed in the following station,

linear 9 and Non-Linear perturbations of the Betatron equation.”

In one of the early ass-omptlons made in deriTlng
the first-order betatron equation (51), namely, ASSUMPTION (i),
forces due to interactions between charged particles in a
beam of many particles were ignored* In practice, however*
©@uoh forces are not negligible, and in th© betatron, in
particular™ It is of some importance in obtaining suitable
injectlon condition® (Gf Papers A and B)e Such force®©
are taken into account without abandoning the basis of a
single partial® theory by assuming that this sing!© particle
move® in the 'smeared-out? sp&ce-charge field due to all the
other particle® in the be&fe  Such treatment of the problem
I© used in Paper G9 arid described in greater detail in Paper No
This treatment 1© Yery approximate % refinement at this theory
Is outside- the ©cope of this monograph. in. its? approximate
form this simple theory will be ussed extensively in subsequent
discussions of space charge forces in both strong and weak
focussing cyclic acceleratorse
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1D invesiigating the affect of BQQond order devia-
tions from equilibrium conditions 9 whioh introduce non-
linear pesturbine terns into the betatron equations, we are

clearly examining the validity of ASSUMPTION (lv)e The
general betatron equation© including all second-order term®
are equations (40) and (41} in PAPERP * The most import
t&nt second order terms in ‘these equations are those invol-
ving the f;motiona deeo:.dbing the radial and axial guide
field oopponents and their spatial depend©no©0 in general
these additional terms are of not much importance g which,
when combined with the difficulty of treating them in any
general manner9 will explain why such little space is aocor-
ded to them not only in this monograph, but more widely in
literature dealing with cyolio accelerator theory» Such
non-linear perturbation© are of significance only in very
special circumstances, of PAPER D, and are rarely anything
like bg important as the linear perturbation due to space-
charge force.® diaoussed above.

Before concluding this brief discussion, however9
m might introduce the following general stability theorems!
concerning the solutions of (55) in the presence of linear
and/or non-linear perturbing terms whioh transform it to
equations of the form (131)o where [1/C] is either constant or
periodic in Q0 Stability properties derived for the case
where QJj is constant carry over to the case where fX] 1Ia
periodic as a consequence of the canonical represantation
of solutions s equation {12% in the latter oaaa,

STABILITY THEOREM FOR LINEAR PERTURBATIONS- All solutions

ot [dx/d9] = ([A] + [b(9)] )£Ex].
are bounded if all solution© of
£dx/d™J x J IxJ
are bounded9 Al being either constant or periodic in $f
and [b(©)] = 0, ©* 09; /\\B©)| | d«

4'%f

<
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In the oase of non-linear perturbations the situa-
tion is much more complicated, Nevertheless, the stability
of any solution of a non-linear equation can always be made
to depend on the stability of the null( or trivial) solution
ws 0} of a related equation, whioh may be linear. Thus,
if x." Is areal solution of dx/d9 = F(9,x) whose stability
iIs to be investigated, let y = x?+w be another solution,
when we have dw/de » J(F x9w+ ..., (/14 4)
where JIFjx1) is the Jacobian matrix of F with respeot to
k'» The stability of the null solution of the linear approxi-

mation.,, dwid9 3 CT(FX5)’ . v

determines in some oases the nature of the stability of the
solution x* of the original non-linear equation. Then the
stability theorem may be stated in the following form -

IF THS CHARACTERISTIC EXPONENTS ASSOCIATED WITH

THE EQUATION OF FIRST VARIATION WITHRESPECT TO
THE SOLUTION x *x 1,»*»£), ALL HAVE NECATI YE REAL
PARTS, THEN THE PERIODIC SOLUTION *6 OF THS
NON-LINEAR EQUATION IS ASYMPTOTICALLY STABLE AS 9
TENDS TO INFINITY.

In the special case of the autonomous, non-linear
equation, dx/d9 = F(x), the type of asymptotL O stable
lity above may not exist beoause one of the characteristic
erponents(eigenvalues) asaooiated with the equation of first
variation may be taken as aero. It Is possible, however,
for a type of asymptotic stability to prevail whioh is of
great importance. Thesolution * » **(©) may be regarded
as a closed curve or orbit in x apace to whioh any solution
of the non-linear autonomous equation whioh comea near a point
in this orbit tends as 9 approaches infinity, provided all
but one of the eigenvalues of the equation of first variation,
whioh is aero, has negative real parts. The stability theorem
gowming this type of asymptotic orbital stability may be

stated- n ONE OP THS sxgsanntfjlUEs COF THE EQUATION

CF FIRST VARIATION HAVE NEGATIVE REAL PARTS.  THEN
THERE ESISTS AN t]>0 SUCH THAT IF A SOLUTION 0 CF
THS CORRESPONDING AUTONOMOUS NON-LINEAR EQUATION
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SATISFIES ~ 061) - k*(6,) <1 FORSOVE @
ANU 6 THERE EXISTS A CONSTANT 0 SUCH THAT

Niia”ojj |("®) “ x'(S+°)] Vv 0.

Not only is there asymptotio orbit stability, but each
solution near the orbit possesses an asymptotic phase, o.
It is possible that in certain exceptional circumstances
the asymptotic conditions prescribed by tltis last theorem
may exist in cyclic accelerators 25

The rather cursory treatment of the'effects of per-
turbations afforded in this section is a direct-result of th&
absence of any general treatment of non-linear Equationse
Of special solutions to particular problems much osgi be said
whioh would take up too much apace here. Further discussion
of these points will be found later in Chapters 2,3 eud 4,

2*5 Asymptotio Solutions?

As we have already mentioned, one of the conse-
guences of the last Assumption (v) is that we may deal with
the effects of particle acceleration on tine amplitudes and
frequencies of orbital motion with the aid of asymptotic
solutions of the appropriate equations of motion, expressed
with time, t, as the Independent variable rather that 0,
a®© in the description of the betatron oscillations (55)-
Fiirther, in the case of the synchrotron equation (54), it

Is usual to consider the asymptotio behaviour of only th©
small amplitude phase oscillations, for the deMoriptipn of

which the linearised version of (54) is a suffioientlyr ac-
curate approximation. Both betatron equations end t>"

synchrotron equation are then of the form -

d2*/at2 + 3*au + g(t).x « h(t)f (146)
whioh is transformed by the substitution -

u = *.exp( f(t) at,

to an equation -
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d u/dt2 + ?2(t).u = 0, (147?)

with F{t) = g(t) - (df/dt)/S - f(t)2/4.; (148)
we have neglected the forcing term and provided the equation
governing solutions (asymptotic) of the homogeneous equation*
to important feature of this transformation is that, provided
f**£{t)dt is finite for finite t , the zeros of * are the
same as the zeros of u *

If now we define u by the equation,

u m exp(/\)(t)dt),

N\
we haves ¢’ + (drjldt) + P(t) = O* (1489

which may be solved by the iterative process in whioh it is
assumed that P{t) is a vai™slowly varying function of t,
Prom the second iterative approximation we then have -

u* (F(t))-1 4.exp{zi/t(F(t))1l/2<it, (149)
from t2 , _p(t) + (i/2S'1/2)(dp/dt), (150)
Prom (150) we see clearly the failure of this iterative ex-
pansion at the zeros of F(t)$ the singularity of (149.) at
P(t) =0 1is a consequence of the failure of the series
solution of (X48#) 0 Actually no such singularity exists”®
tg9 satisfying P(t) * 0, is clearly a regular point of the
differential equation (147). Since the behaviour of physi-
cal system© are of interest in euoh circumstances, such ae
at the transition energy during synchronous acceleration when
©5 (54) and (135)* tends to infinity* wa may in the neigh-
bourhood of t*t0 approximate- to P(t) by the expression-

F(t) « c2( t - : ( 1 5 1 )

whan the resulting equation may be-solved in terms of Bessel
function© of 1/3 order* i0e9

v " (t*V 1/S ), U52s

« GvI1/SIpl/d),3 [13(w), (152b

where, w = /[* j21/2,at, t - V << tft <152s
to
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In order to match the solutions (152) neer the

transition energy with tb’se (149) valid at energies other
than the transition energy we require the asymptotic form
of (152) valid for (t-tQ) >>t.* This may be done by

replacing the Beesel functions by the first term in their

asymptotic ©spanslona i
J(t) 3 (2/»t)l/2.cos( t - p3C/S> ) (153)
Use of these will be made in the discussion of

synchronous acceleration in Chapter Two,

3- DE&ISN OP THE GUIDE FIELD MAGNET

3ol g~ataaent of the problems involved -

In the two section© above the major considerations
involved in obtaining th© spatial dependence of the guide
field necessary for stable acceleration in an aperture of
given dimensions have been defined by setting down th©
equations governing the particle motion and analysing the
properties of its solution&c In the present section the
problems of designing the magnet to meet the speoifications

resulting from such analysis applied to practical oases
will b© discussed9 and methods of solving them will be in-

troduced « Wk shall not be concerned here with the associated,
and no leas important9 problems affecting the supply of elec-
trical power to the magnet, and the associated electronic

controls that are ao necessary a part of an operating oyolic
accelerator» Discussion of these will be found in papers

Problems in guide field magnet design may broadlyp
and somewhat roughly, divided into the mechanical and the

electromagnetico Meoahnioal design has, somewhat unfortu-
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aately, to satisfy the mutually ©xoluaive requirements of
flexibility and stability, The closer the tolerances on the
desired spatial properties of the guide field the more strin-
gent do both these requirements become, more especially in
the strong focussing cyclic accelerators being designed than
on any previous weak focussing accelerator. we shall not
be concerned here with such mechanical features of magnet

design? the necessary tolerances and adjustments to be built
in to any design follow from a thorough examination of the
types of orbit instability that may exist* their possible
remedy, and the types of field disturbances that may give
rise to them* whioh include the presence of remanent and
eddy currents. All such features of the 'imperfect9 magnet
are discussed further in Chapters Three and Pive,

We are concerned here with the brief description
of analytic methods used to obtain a guide field with epeci-
fled spatial properties using an iron-cored structure* which
resolves itself into the problem of obtaining a pole-
profile to do this at all flux densities. This problem
iIs considerably easier, more especially in strong focussing
accelerators, than the related problem of obtaining the same
spatial properties with air-cored coils, despite the compli-
cation of flux transients and saturation which attend th©
use of iron cores. These problems, together with those-

concerned with the mechanical and electromagnetic ’'imperfec-
tions6 inherent in magnet design, whioh are mentioned above,
may be considered as being the »first-orderlproblems in
magnet design. The problem of obtaining a pole profile

to give the desired spatial dependence of the giude field

in th© absence of these effects may be considered as the
"aero order® problem in magnet design* having a similar
relationship to first order problems as in the treatment of
orbit characteristics., We shall discuss magnet design
theory in the following two sections ana in Chapter Five

in this context.
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3.2 The Zero-Order Problem in Magnet Design:

With the analytical techniquee outlined, in section 2
of this chapter we may specify the field properties along a
given circular plane(which is annular in synchrotrons) * nec-
essary for stable cyclic acceleration* which may then be used
to specify the field throughout the toroidal air space between
the pole shoes in terms of either a vector potential* A *
or a scalar potential /\J . Use of the scalar potential makes*
implicitly* the assumption that the air space is devoid of
electric current ( ASSUVPTION (i) )* whioh with quasi-atatio
approximation (ASSUMPTION (v) ) gives the vector relation -

NA? ® (154)
making/tthe existence of a scalar potential* known as the

aagnetoatatia potential * 9 satisfying the equations*
B=-Vy ad VB » ® O. (155)

- In this approximation one assumes that the surfaces
of highly permeable magnetic material are equipotentials for
which * constant* and with any of whioh the pole profiles
maey be exactly identified. The solution of LAPLACE'S
equation (155) is generally obtained either in the two-
dimensional approximation whioh neglects the curvature of the
guide field* or in the three-dimensional case assuming axial
symmetry. . Jn both cases the solutions are separable into

two independent functions eaoh of one dimension.

Due to the finite annular width of the magnet poles9
however* leakage effects at the edges are severe* and relax©**
tlon methods have generally to be used to determine the pole

profile shape towards the e%es necessary to counter the
rapid weakening of the field due to such end Ileakage, and

maintain the necessary spatial dependence over as large a

radial region as possible compatible with the annular width

oz the poles. in this approximation it is possible to take
iito account the eiffeots of the presence of the magnetising

Q)il when it is sufficiently near the air gap to have sufficient*
effect on the field in that region.



3.3 First Order Problem® in Magnet Designs

ri-tcqyw w gnatn

It the spatial distribution of the guide field is
defined solely by the pole profile ~ jxinfectiy :
under all conditions of excitation* the magnet is generally
referred to as 'perfect'* It must* however, be clearly
understood that this is a theoretical idealisation of the
practical problem which always concerns ‘imperfect’ magnate,
The first order problems introduced here have to deal with
the nature * causes and effects of Buoh imperfections under
all realisable operating conditions, and in design one is
concerned with reducing the magnitude of these ‘imperfections

if not eliminating them entirely*
In describing quantitatively the »imperfections' in-

herent in an electromagnet we have to distinguish between
d.c magnets (as used in weak focussing conventional cyclo-
trons, synchrocyclotrons and miorotrons, and the strong-
focussing fixed-field alternating gradient synchrotron) s
and a»c magnets (as used in betatrons and both strong and
weak focussing proton and electron synchrotrons) O In the
former all the additional field sources due to electromag-
netic and mechanical disturbances give rise to 8mperfec-
tions 7 which are explicitly, but not necessarily implicitly,
time-independent. The additional field sources giving rise
to 'imperfections' in this case are due to remanent fields,
and errors in pole profile manufacture and/or alignment*
The variation in the properties of the iron path which give
rise to remanent field variations are serious more from, the
field distortion arising at high flux densities due to satu-
ration effects rather than because of the remanent field
variations* Thus in doO« magnets additional electromagnetic
field sources are not of any great importance* In a,o0
magneta9 however, electromagnetic field sources due to rema-
nence and induoed(eddy) currents are of much greater impor-
tance due to the fact that particles are injected when th©
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additional field sourcea, which we may refer to as serror3
field souroes, are of the same order of magnitude as the
field due to the magnetising current. These field sources
in this case are explicitly, and not implicitly time-
dependento The time-dependence of one error field can
differ very much from that of another. we are not, however,
conoerned here with the distinctive character!sties of
these error fields other than in outlining a mathematical
representation whioh will suffice for a description of their
characteristics and their effect on particle orbits.

The spatial and time dependence of the g~ compo-
nent of the magnetic field due to a source s in the Im-
mediate vicinity of the coordinate™ cI? may be represented
by the following series -

+ ( ) + ~-A«$t) +
1 3 0oJ At

when the time dependence is implicit, and by the series -

lj , V_S
43-»J
where gi>3 =q*#)J + 8«lta = **
Bg @“AixJdlj>©) = <Bgi(Birdj)> + alJ™tsBq L.eosCoS+Tj,) s
with <®R> =(1/2£)./ 2-'rode f when the time dependence

is only explicit. The spatial and time dependence of the
complete guide field is obtained by summing the contributions

of the field sources due to the main magnetising current as
well as all other sources of Qrror* fields*
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la general, we have -
8

3 & Q*
. J(«b5 ™ ) oo. )

Ae mentioned above the first order problems are more
Important in the oase of a,c, magnets them in the o0aa© of

doOo magnets, so the analysis of magnet imperfections here,
and in Chapters Three and Five, will be confined mainly to

the a0Q0 magnet, when, for any one souroe, we may write -

9
/\i)
f-"“W 1 -Sf
@] S \' { S V «
Wher® ome) = (»BqiV oe d®+Tm<Bqi (4i.1d)>
fﬁ<rﬁﬁe)* = (ftQ n )m.mSWSWFr( <nN>,, Q , (|56)
4m(S) = (cnq.igiV COS me+rm<n>qi ql >
S 0 o
<aom - ( AJ)>)( 4i,q3)>
8 a '3
and

This expression, for the field source, s, terminates with the

first term in the Taylor series* In applications we uae cy-
lindrical polar coordinates. |If = r, then g™=z, and we have
a description of the axial component, Bz< of the guide fieldo
to the first order in the variables, *r and *z° QI

and g\ s r, we have a description, to the first order in the
same variables9 of the radial component, £r VO® ‘tiae £iCl<lo
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The elxplicitly time-dependent fanctions* F8(t) may be a

constant, or a circular or exponential function, depending

on the conditions of excitation and magnet character!atioeO
In the presence of many sources of magnetic field,

we may write -
\ = 2aEqi ((i.13»@v't), (157)

which may readily be put in. the form of (156).

In any design of a cyclic accelerator magnet the
magnitude of the additional fierror3 field sources are reduced

to a minimum, and methods of achieving such reductions are
discussed later*
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CHAPTER TWO

POCUSSIfFfG AND ACCBLBRATING MECHANISVS

lo MTROQTCTIM*

In the first chapter an adequate analy-
tical basis for particle orbit studies and magnet design
has been outlined. This chapter is concerned with putting
It to use in design studies of focussing and accelerating
mechanisms in "perfeot* cyclic accelerators.

It has been shewn that under adiabatic conditions
we may treat analytically the fooussing properties of both
the guide field and the accelerating field * while under
asymptotic conditions we may treat analytically the effect
of particle acceleration on such fooussing. we may treat
the fooussing properties of the guide field and aocelera-
ting fields independently in those oases where the periods
of the bounded oscillations accompanying them are of dif-
ferent ordexs of magnitude( see pages 18 and 19)9 a condit-
ion satisfied in all the oases of interest to us. Given
this independence, guide field focussing mechanisms are
independent of the accelerating meohanism, be it induction
or synchronous acceleration in all but very exceptional
circumstances which we shall define below. Accelerating
mechanisms? however, are very much dependent on the foouss-
ing mechanism ( weak or strong) adopted, Accelerating meoh
anisms generally provide radial focussing only, while guide
field focussing has to provide axial focussing without
introducing radial defooussing, which would depend on the
magnitude of radial focussing provided by the accelerating

mechanism.
We shall discuss guide field focussing mechanisms

in section 2, and accelerating mechanisms in section 3®
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2c GUIDE FIELD FOCUSSING MECHANISMS 5

2d Statement of the problems -

First emphasis in considering guide field foousslng
mechanisms is placed on the problem of ensuring a®© little
first-order coupling between radial and axial motion* Until
the development of a strong guide field focussing mechanism
only one guide field configuration was known to provide
such uncoupled motion* With th8 generalisation of guide
field focussing theoiy to include strong focussingv further
study has shewn that another field configuration may be used
In special circumstances* The necessity for uncoupled
transverse oscillations9 and how it may be obtained, is dis-
cussed in 2*20l, in the adiabatic approximation*

The next choice open to the designer is the strength
of transverse focussing as related to the cost of the 'per-
fect” magnet and the magnitude of the beam of accelerated
particles* These problems are discussed Iin 2*2*2, again in
the adiabatic approximation* and will involve a quantitative
treatment of momentum, compaction*

These decisions are invariably made in the adiabatic
approximation, in which the subsequent detailed examination
of stability conditions may also be discussed (2&03)° The
asymptotic behaviour of particle motion in different focus-
sing mechanisms in disoussed in 2*2*

2*2 Adiabatic behaviour of guide field focussing

mechanisms -

2.2.1 Uncoupled transverse motion; The general
equation governing particle motion in the linear approxima-
tion is given by (55) and (58)o0 We shall be concentrating
here on the 'free* transverse oscillations described by (59)o0
The conditions necessary fbr the transverse motion to be
bounded is given by (79) » whera A,B are functions of the
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matrix elements of 9 which are derived from those of
(3 with the aid of (69) or (70),

The necessity for uncoupled transverse motion is
directly related to the difficulties of analysis under
woupledv conditions, and the many possibilities of such
coupling providing resonance conditions and consequent in-
stability * it is readily shewn that under uncoupled con-
ditions, i»e, when the transverse motion is separable into
two independent oscillatory modes, and expressed thus-
I

03 = I\él (153)

- I
'E 12!

where 0 are 2x2 null matrices, and [Li ] are 2X2
matrices of the form,

L12] =7 &? 3 o » (159)
L - *
then jV] is also expressed as a partitioned matrix operator,
w m O H -3 | <i6°>
with fivh 0 obtained from th© equations -
K ,2 = exP

008(*1 2 «©) (1A 1>2)(sin

-k-jpBInCkj™e) 00aCk™Mg©)
using Sylvester’'s theorem, (70) o0 these circumstances,
(79) becomes- -1 & O©os(k™ <1, AN

( cos k"0 - oae k™0 £ 0,

when instability may only arise, in the presence of small
perturbations9 when cos k"0 & cos kgO©.

The advantages of uncoupled transverse modes, and
methods through which it may be achievedare now obvious9
ioCo in (58) has to be reduced tothe form given by (158).
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One obvious method is to have nzz ~ nrr * 0 in (58),

making k’>>( = ~r VKI =-n7 in (159)3 and the result*
ing field configuration is that first introduced by iCeret
for guide field focussing in betatrons* and subsequently used
in all weak-fooussing cyclic acceleratorsv and most of the
strong focussing accelerators being planned today- W shall
approach this subject in a more general manner by writing
(59) in the transformed vector space -

[~] = [sI[>0 9 2
when it becomes transformed into -
mt* (59%*)
— *e. [1] . [s]0] [s]-1. (163)
The 4*4 transformation matrix operator, [3 is orthogo*
nal, and consequently has the fogm?
raE OE : ocE m03
with
Bl (8 as, . rs  oB (164)
where EF . x> 3= [0 2 (165)
Using these expressions for K M '1* we have from (162)
&IC +oocT+Coc0 00 ~c000-Hoe2—a0 2 +doc)
M -aocr’\br2 ’\ocz -fdocy a0 r="bocT"Coc0-fdcx'!
where 4 = 0 0 .
a o] * 'ft 3 k§ 0 id

The conditions under whioh 00 is of th9 form in (158] may
therefore be written -

K2 # k k5 - ~% yoap - K40 0 (166a)
32 ] f)_oeT 2 2 (166b)

Equations (165) and (166) provide 3 equations to obtain

3 unknowns in terms of the constants kPI’ékgg oglﬁ« It
appears therefore that there are many possible field con-
figurations whieh will give rise to uncoupled transverse

motions in a transformed coordinate system defined by £s]
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Certain relation© between Kk-"k”~jk~Mk”™  must, however, be

satisfied if a Maxwellian field configuration is to be pos-

sible* These restrictions are -

2
*2 K 1-2ny,

and Ney +nz&:k| k]
a 0 in the 2-dinensional approx,

=(B,/B ) in the axially symmetric
r 2 approximation*

In the obvious case mentioned earlier, we have -

giving a N p=T=20,
and £s] is the 4X4 unit matrix operator* One notioea
from (167b) that Br = 0 in the plane of symmetry8

Another very interesting oaae is that obtained
when kK| - = 0j n2 o, O

grving 2 32 =v2 = 1/2

In this case the sub-matrices in (158) may be written-

e W)

We may characterise the transformation operator,

as a two-dimensional rotation operator, in whioh case it

may be *represented by a single parameter, £, defined by
x=008<gy 0sr k-sin€ »

In the special case we are considering, S clearly

rotates the transverse coordinate axes through 45°, in

whioh two orthogonal planes the transverse motion is inde-

pendent subject to (168), A coordinate system oloaely
simi3|6ar to this has been suggested by Sigurgeiraaon of

GSRN5S except that in his system nz’r‘ » 0 so that ~ * Oy
kKl = -i Strictly, as seen from (168a), this system does
not result in completely separable transverse motion, but
In the limit of very strong focussing BN« Ry Ig’\,so
that the coupling is small, being entirely dueto the
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centrifugal force term in (45)» The transverse motion is

clearly separable, however, if the field configuration is
altered so that = 1/2, instead of zero, and Q>
The method outlined here will enable one to dis-
cover many field oonfugurations which give rise to uncoupled
transverse motion. It has been the purpose here not to dis-
cuss the merits and demerits of such different configurations,
but to emphasize the importance of having uncoupled transv-
erse motion, and to shew that, from the point of view of
analysing orbital stability, all field configurations giv-
ing uncoupled motion are equivalent. This will allow us
to discuss quite generally in this chapter the stability of
uncoupled motion in perfect8 accelerator magnets, and
leave until Chapter Three the discussion of coupling insta-
bilities in "imperfect9 magnets and to Chapter Five the
relative merits of different field configurations giving
such uncoupled motion,

2.2.2 Strength of Focussing and Momentum Compactiong

We turn now to a discussion of guide field
fooussing mechanisms as related to the annular aperture
(defined as the ratio of the half width of theennular re-
gion containing particle orbits to its average radius) of
a 'perfect’ magnet, and the energy and intensity of the, beam
of injected particles. W are concerned here with relating
tbs desirable characteristics of the fooussing mechanisms so
far discussed with the praotioal problem of injecting a
charged partiole beam of finite magnitude with a finite
angular and momentum spread, into an "imperfectl vacuum
over a finite time interval. The conditions under which
fooussing may be obtained do not ooncem us here$ we assume
this now and discuss it further in 2,2,3. The strength of
fooussing and the extent to which it solves the problems men-
tioned above will be discussed here, to form a brief intro-

duction to the general Initial Value problem analysed in
greater detail in Chapter Four.



The transverse oscillations resuiting from guide
field focussing may be written as a Fourier series -

*(©) = ~NANoosCme+rR) »
In general, however, the amplitude of one component, say
m=m% is likely to be predominant, and *(9)= oos(m',©+yiaV).

Bleotrons (or protons) may be injected, or deflected by elas-
tic collisions with atoms of the gas in the vacuum chamber,
at an angle, , at © = 0, where

tn=- A.8in(rm,) = ?*“* 1- ter/A)2 )1/2 |, (17°)
and &r is theamplitude of the oscillation atthe moment

of collision or injection,, The maximum amp3.itude of the
oscillation occurb at the azimuth-

© =nT- ( sin“tn/Am1) )m5 r W - TVVm*?2 |, \ « 1, (171)
and n=0,l,»<, : with its magnitude defined by the equation-
(170).

If we confine particle motion within the limits, r
and r”, rn>re >r*, the amplitude Ar, and angular
deviation, ti» must lie within the area in phase space
defined by the equations -

(Ar/ir)2 + (n/m52 = (r" - r)2 , >0,

= frre —r ) s A R 0» (172)
From such approximate analysis ( whioh is exact on-
ly in the weak focussing limit) it is clear that the max-

imum permissable A for a given aperture is proportional
to mc, the fundamental frequency of the oscillation, or

from (170), Al  jJr\M'\ (170a)
Strong focussing is merely a method whereby the fundamen-
tal frequency of stable betatron oscillations is increaseda

From the analysis presented earlier(Chapter One,section 2),
it 1s clear that this is achieved by allowing the parameters,

k 9in gl t0 ~ave a large amplitude 9 high frequenoy
periodicity in © , For example, if we assume that 2N
magnet sectors provide the k in with a oaoilla-
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tory component, sinusoidal and of period ‘N, then a

change in the independent variable oonvets the betatron 3gns,

to the form (85), and the eventual solution written ( of(107) )
X -

* = ri-00 02%<0CB"N"r"™NAA\P <6 <
and £ 1is obtained in terms of the k by using the trans—>
oendental equation (106), Thus, if 6 =1/2, and we take
0Q as the predominant ooeffioient in the series, then

* = *cos(N©/4), and the period of the oscillation is

1 0, the oscillation repeats itself after 8 sectors, and
the amplitude is reduoed by a factor inversely proportional
to No The magnitude of this parametric variation is rel-
ated to its. period by stability conditions to be described
in 2*2.3*

Such motion 1is characteristic of particle beha-
viour where the parameters, k, are arbitrary periodic
functions of 9 . a more general treatment of the beha-
viour of particles under stable conditions has been des-
cribed briefly in 2*23 using the operational rather than
the analytical approach, It is clear that if £y™ is -
In the form - D3 = oostke)  (Vk)sia(ko)'l

-ksin( k©) oos(ke) J

then”™associated ﬁ;’th the vegltqr matrix equation,
|

is the invariant bilinear form,

T « xf +(x2A)2 = +(X|A)2 a corstart,
whose principal axes, form the frame of reference* The

maximum displacement, (Kl)max = kU, and occurs when ¢&* o®

The expression for fjrj given in(l6la) is however, associa-
ted with a matrix {aJ independent of 9 * For an arbitrari-
ly varying, but still basioally periodic [aJ we may obtain

(161a!

an approximate [yJ composed of the products £YI][YJ »e*
each matrix being associated with efoazimuthal region.
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Infinitesimal if neoeasary, over which [a] Is substantially

Independent of G, or over which an average value for the
G dependent parameters in A over that range may be
ohosen. This & the approximation discussed on page "~7(1) *
This composite [y] satisfying (61) will giverise to a
general bilinear form of the type (81). However, a oo-linear
transformation of the matrix, [Y] by [S] f
£yl = [s] [yl [s] -1
leaves (61) invariant with |[5T] a [s] [*] » (174a)
and may reduce Y to the form (l6la)v so that the
associated bilinear form is referred to its prinoipal axes.
If we use s matrices of the form (164"), the following
parametrisation of Y is obtained-
(o0 -0] r coa(kG) (1/k) .sin(ke3
Y3 1 & j-k.ain(kG) QQs(kG) -
30s(kG) + o(Ok-"»)sin(kG); ( +02k)sin(kG) "1 ( )
({ 'w ak)sixi(kG) ; oos(kG) - oc(bk - )é.)sin(ke) |

This parametrisation may be simplified to the following -

Pxl s f*coB(kG) + ecsin(k0) 09sin(kG)
~ lj1+0c2){3 R Stin(k$) 00s(kG) - alin{kEf) (I*5a)

by having (£k-ﬁ) s x9 («2+02k) » 09 ,

G “cos(k®)-sin(kG) sinh/sin2)( jein(kG)( sinh~AcoeS~ooehn)
1*1 ~ ”~sin(k©)( ainhyoosSty-coshy) ;oeskG  sinkOslnhysinS*™ )t
where Bk ~ Y) » ~8in2£exnh (175b/
(«E/fc) + 02k * einh”"Goe2J + oosh*™
~cSk ~ (r2/k) - sinhffoosSX - oosh .

If the composite transformation operator is put in th© form
of any of the 5 alternatives provided by (175), the 9
matrix is immediately determined, and the bilinear form
readily expreeaable relative to its principle axes. An

alternative method to determine the set of parameters as
functions of G , is to use the differential equations (84) <
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la terras of the parameters « and (3s, these equations

are = -2« , b«/b© = - (1+«2)/P"
witllk, £ a (i-t«2)/e' , a =p j h * «,
whiohare consiﬁtent with (84) if (X-n )orn is
) v zrl zr
replaced by k , Maximumdisplacement is given by,
(KDmax = O0Onj*

la terms of the parameters V' 9 these equations are -

2ain2X (|- + D = (™'J'/'deK ooth”™00a2)C + 1),
k2Bin 2™ s

F s eooa'x2 + e Vvsinzt , Gae _zsir%’\ +I<'ev 0025’\,

H = -sin”cosjt (Ssinh”).
From the operational point of view it is more convenient to
use the parameters* ecf39, while the parameters,\p ,)( are
superior from the geometrical point of view as we readily
visualise it as the angle through which phase space is ro-
tated* an&”™as a measure of the stretching or contraction
of the axes* The maximum transverse displacement then
occurs when == 0, and f is a maximum* for a given value of
U e Again we notice from (176b) that* given U, the maxi-

mum displacement is proportional to 39, where, from (175a)

39 » 3+ (1A) 8k cni/’.

Thus, the presence of a finite 3 tends to reduce the
strength of focussing for a given Kk » Reasons for the
existence of such terms are given in 2*205»

We have discussed, at first on a specialised basis,
and then on a generalised basis* the strength of focussing
as related to the spatial and angular spread of the beam*
The causes, of such spreading are gas scattering, injection
conditions, space charge forces and the presence of radial
oscillation© accompanying the phase focussing mechanism in
synchronous acceleration* This last factor may, however,
be regarded as not only reducing the available aperture*
but, by introducing a momentum spread in the accelerated
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beam, as also modifying the focussing strength of the
guide field, Momentum spread also exists in the injected
beaou and we turn now to a discussion of the effects of
momentum spread on the spatial distribution of the beam, and
its relation with the focussing streingth of the guide field?9
that ia, the subject - momentum compactionO

Momentum Compaction - By this term wa refer to
equation (49), where the coefficient relates the mo-
mentum spread, * , to the average(with respect to 9) redial
spread, <Kr>, we note the presence of o™ in the synchro-
tron equation (54) 8 which is a measure of the interference
of the characteristics of the guide field focussing mecha-
nism with the synchronous acceleration mechanism* It can
be seen from (55) and (64) that < is closely related to
the particular integral of the betatron equation, which
may be used to evaluate it in those oases where (62) is
soluble and [y3 obtained explicitly in terms of the elements
of JaJ = Before we use this method, however, we must, spe-
cify more explicitly the influence of a momentum spread *
on the parameters in the betatron radial equation (45),
assuming the conventional configuration giving separable

transverse motion, i.e. with n,, =

Assume that the instantaneous orbit, defined as the

r

orbit whose radius of curvature * r , satisfies the equation,
eB(re)re ~ Pe , of a particle of momentum p@ is completely

circular,3 In a 'perfect9 magnet which we are considering
the field along this radius, B~ ) is constant, i.e. tQin
(53) is zero. At any azimuthal angle* £«£0 say, the ra-
dius of curvature, of the instantaneous orbits of par-

ticles of different momenta p s p@ 1 +x ) must satisfy

Kr * 'ri" re~e 3 5*1 = (1 “ n(V
In fact, if n were independent of G the particular

integral of (55) would be exactly
xr(all e ) = =XpA 1 - n). (100.
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The motion of particles of momentum p » pe( 1+ )«
about r s rQ, the inatantaneous orbi$ radius of particles
of momentum pe, is. described by the inhomogeneous equation-

d°xr/de’ +(1- n~fp) ).Xr = x . -(45")
Ey having f(% ® 0’ in (45) we introduce afield inho-
mogenelty at. r s re which has the same effect on a par-
ticle of momentum pe as if its momentum were pQX + * )»
and its motion described about r’\re.- It is worth noticing
that if we have fg =y 0, we describe the motion of
particles of momentum pe(l+Xp) about its own instantaneous
orbit =re( 1 +* /(1-n) )y by altering the field at
r‘rO0 to Ba(re)( 1 - kq)0 In the £irs” instance, however,
we introduce a field inhomogeneity of opposite polarity,,
Bz(re)( 1 * xp).
The effective field index, n(p) In this modified field is

nzr(p) «(ref/fea(re))( Bz/ r)(l € *p) 5 < zr"Pe) = 0-81)
Thus, the field index, n™"Cp) associated with particles
of increased momentum is proportionately increased, i,e

6nli » xp* and azr(p) :(I+ijan(Pg)* (1811
For Ny = constant therefore, the momentum compaction

relation (49) is a transcendental of the form -
*=1
<fr> = Vp o oo» «* = ( 1- a<Pe)(1 + *p) } = (49%)
* (1 +*rnzr(pe) )/ (1 - n3r(Pe) )=

When n(p ) is azirauthally dependent, and if the
Instantaneous orbit of a particle of momentum p ~ pe is
exactly circular, then theinstantaneous orbitsof particles
with different momenta are not circular* i,e# rp=r~(0)o ,
The momentum compaction relation is still, however, obtained
from the particular integral of (45*). The analytical result

ADr nzr~e”™ ~ con3”ant is (49v), which is an obvious par-
ticular integral of (459). The operational approach usin®

the equation (64) is Xe?s obvious, and is aescribed briefly
ih the following paragraph, in a form from which extensions

to more complicated oases may readily be madSo
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Preaaning atable conditions, the solution X of (62)
may be put in the form
gos kO (I'k)sin ko©
sin ko cos kO (1 -n%p))
so that [YCe)]™N")}-1 =[Y(e - «")] ,
and the latter part of the right hand side of (64) re-
presenting the particular integral of (55) put in the form-
s ~ p (I/fc)( (oosk©yk +  sin kO~|

P1o= -pL cos . (1/K)sin ko
The maximum and minimum, of Xxr = occurs when*2 =
I.e. tan k6 = k, or cos ko = + (1 + k2)"1*
giving N N (4911

The analytical approach, when n a n(©),for
obtaining the particular integral in terms of the eigen-
functions of the homogeneous equation, is a standard one,
and is outlined briefly in section 3 of PAPER No

Considerable space may be devoted to evaluating
the momentum compaction coefficients in a variety of field
configurations. The standard cases treated by others are
those in which the field characteristics change disooaiin-
uously from one sector to the next, for treating which the
operational approach is ideally suitable. The number of
possible arrangements of such discontinuous changes is
large, and must be governed by practical considerations
and, ultimately, by the net focussing provided for radial
and axial oscillations under 'perfect’ conditionsO The
coefficients associated with 'smooth’ changes in the
field gradient have not received any consideration, In
the next section we shall glsquss she stability conditions
associated with both »smooth’ and 4discontinuousJ field
gradient changes, and obtain simultaneously the momentum
compaction coefficients appropriate to the conditionso

It suffices here to point out that to a first
approximation a weak azimuthally dependent perturbation of

the field gradient index, n, does not modify the
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mconstant a* momentum compaction relation (49*)» However,

aa is shewn in PAPERS L and N, accompanying this mono-
graph, the presence of any field inhomogeneity contribu-

ting to f~ in (35a) does alter the momentum compaction
jsLationehip. Thus, if we assume that angular velocity is

conserved and,
£9(0) s cchcos( jQ+Y)) > (182)

then (49*) is modified to -
<Xr> = * 56 n(i+*p)/2( 1 - n{l+*p) )(3 -l«-n(I+*p))

If we assume linear velocity to be conserved then this
relation has to be modified to read -

«*(2 - n(l+xp))/2(I-n(I+xp))(j2-1+n(I1*xp)) 8

(183)

<*r> = ]
aam<p J-A

The conditions which make valid such particular integrals

are ~ X, « 1, (<] i2) « 1, i2 4 4(1 - <»>). (184)
3 340

This last condition in (184) implies the absence of reso-
nance conditions, under which circumstances particle motion
is quite different; these conditions are discussed in PAPERS
A,B,D and K, and later in Chapter Three* For *p<<I» the
additional terms in (183) are very slightly dependent onxp>
and may be considered a3 constant additives to <xr> for
particlesof all momenta, I*e, the linear relationship be*
ween <xr> and xp is further distortede

The effect of momentum compaction on injection
and acceleration conditions is quite considerable* In
those cases where jnj >> 1 it means that particle beams
with a considerable momentum spread may be confined in a
comparatively small radial aperture. This possibility
may give riae to stable focussing, as will be shewn in the
following section, only in the presence of a strong focussing,
alternating gradient field, when <n> may be considerably
larger than unity, and of either sign. This possibility
has been cleverly euqgjloited in a design of strong focussing
accelerators known as FIXED-FIELD ALTERNATING GRADIENT( FFAG)
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SYNCHROTRON. The average field <Bz(r)> may be written. -

Ba(r)» =<Bz(r0)>( 1 - <a,xr + <n>(<n>+)Kr - <n>( <n>+-1)( <n>+2)

—X T oxey
ft <Bz(Xo)>( 1 F<r>xr" , 1T <n>*r >> jf (185]
where
(186)
or <B_/ r> _ gs <B(r _)><n>/r
z r=r 0 0
(185) may be rewritten, X - Xr.= -<n>Xr,
giving = (1- <n> ).Xr e (187)

The FFAG Synchrotron differs in one important
aspect from the more conventional cyclic accelerators,
Particles are accelerated by a synchronous mechanism in
whioh the changing frequency of the RP accelerating field
forces their orbits, to move radially into an increasing
average guide fieldt i.e.the guide field at the orbit is
implicitly time-dependent (cf. equation (2) ). Two forme
of such accelerators have been proposedz-

(a) The Mark I accelerator using a reversed deC, field
to provide the alternating field gradients, and
(b) The Mark V accelerator using spirally ridged poles to
provide the alternating field gradients with d,c
fields of the same polarity throughout, thereby reducing
the circumference of the magnet.
This synchrotron is only a development of the general
principles of accelerator design already outlined in which
the momentum compaction aspect of strong focussing has been
emphasized and exploited in order to make possible the use
of a dOc, magnet as a strong focussing synchrotron. It haa
already been pointed out that the design of a d.c. magnet
is much simpler than that of a corresponding a.c. magnet
due to the many error field sources associated with tne lat-
ter, In the a.c,, synchrotron the effect of strong focus-
sing on momentum compaction is incidental, and not neoesaaiyf
and the coefficient amis generally larger than that associ-
ated with PFAG synchrotrons. This means that the transition
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energy, at which phase instability ooours( of (54) ),

Str = BO( 1 + 2™ enNom’ (188)
is reduoed, making it more likely to lie below the maximum
energy to which protons are accelerated. In electron
synchrotrons the muoh smaller rest energy ( EQ » 0.5 MeV)
makes it convenient to have as small a transition energy
as possible, in order to make easier injection at energies
above it. prom this point of view a strong focussing elec-
tron synchrotron is preferably an a.c. synchrotron, and a
strong focussing proton synchrotron preferably a d.e, syn-
chrotron,

The effect of momentum compaction on injection

conditions is considerable, and will be dealt with in
Chapter Pour. A very small momentum compaction coefficient 9
while increasing the magnitude of the current injected into
a given aperture, makes considerably more difficult efficient

injection in a.o. synchrotrons and betatrons where the
equilibrium orbit is substantially constant throughout
acceleration.

2.2.3. Stability Conditions for Transverse Pooussingg

Using the operator approabh, and assuming
unooupled transverse oscillatory modes, the stability con-

ditions are expressed, using (79°) and (161), thus-

1 < cosVl = (1/2)Tr M < 1, (79")
-1 < cosv2= (l/2)5r M < 1,
where "1 and My are products of *constant parameter’
matrix operators. Where ~1 and M describe the effects
of field configurations on partiole orbits exactly,that is,
when parametricc exoitation is piece-wise constant with a
finite number of discontinuities, the stability conditions
iIs readily obtained in the form (79”)» The stable region
in k~"k” 8Pa08 is "then defined by the curves obeying the

equations - Jcosv?j  » Jcos M2J = 1. (169
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Theae conditions are quite general, and apply to all cases
uncoupled transverse modes referred to their appropriate
principal axes.

When the number of discontinuities is infinite we
have the limiting oase of smooth changes in the parameter,
k , for whioh oases it is difficult to state the stability
conditions exactly, either analytically or using the opera-
tor techniques, except in very special cases, such aa when
the azimuthal dependence cf g is expressable as a cir-
cular function or as a *sawtooth® function. In general,
however, the operator methods are far more flexible, and
some attention has been given by others to determine how
to approximate to 9smooth* parametric variations with
piece-wise constant parametric variations including a small
number of discontinuities, the fewer the better. In the
following disoussion of stability conditions on a quantita-
tive basis we shall be concerned with this problem

2.283*1 Pield. Configurations with a finite number
of 'dlsoonTinuilles -

(a) Mo discontinuities - weak focussing.
In this case, we have,

rMi ?(2“}1 _ roos(2kl.2ir) (1A i,2)(sln 2k*

L 12 J “  [gkI,2Bin(2IEi,2w) 003(2151(2») J »
SivVing’ 1008(271,2*)! < 1 (190)
as the stability condition. With K_ = (I-nzr)»~ s
and k2 = (azr),(190) canbe rewrittenin the form,

0 < nzr < 1 (190"

in which case it is the standard Karst stability condition
for transverse oscillations in a betatron,;
(b) weak focussing with straight sections,
The transformation matrix for a straight

section is- 1 <93l , 9S being the angle in ra-
dians subtended by”~the straight section at the centre of the

magnet. If the magnet is composed of stasght sections of dif-
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Theae conditions are quite general, and apply to all cases
unooupled transverse modes referred to their appropriate

principal axesa
When the number of discontinuities is infinite we

have the limiting case of smooth changes in the parameter9
k Tfor which oases it is diffioult to state the stability
conditions exactly, either analytically or using the opera-
tor techniques* except in very special cases* such as when
the asimnthal dependence of kq 2 ©xpressable as a cir-
cular function or as a Sawtooth* function. In general,
however, the operator methods are far moreflexible, and
some attention has been given by others todetermine how
to approximate to 'smooth’ parametric variations with
piece-wise constant parametric variations including a small
number of discontinuities, the fewer the better. In the
following discussion of stability conditions on a quantita-
tive basis we shall be concerned with this problem

2.2.3.1 Pleld Configurations Wlth a finite number
oi“™scohflnuitibs -

(a) No discontinuities - weak focussing.
In this case we have,

Li» J |ij|,25|n(2k|f2ir) 003(2*1 er) J 9

gving, codrw Smy < 1
as the stability condition. With kq = (I-nzr)1n >

and k2 ~ (nzr)1//2s (190) can be rewritten in the form,
0 < nzr < 1» (1909)
in which case it is the standard Kerst stability condition
for transverse oscillations in a betatron.
(b) Weak focussing with straight sections.
Ihe transformation matrix for a straight

section is- f1 €39 , 0Q being the angle in ra-
dians subtended by the straight section at the centre of the

magnet. If the magnet is composed of stisght sections of dif-

74



-ferent angular lengths * and separating we™ak focus-

sing curved sections of angular length and with
Nsl+ Ns2+ AB+M = 2n/ft* N =1,2,3,.,., then the overall
y21 = 87204 - ~2Biali,2€4 (o0os\2V N2V 3iadl2 »

* ! U *
as Iin case (a) above» It isJinteresting to notice here

that this inequality is violated if kx>2 %0,1,2 *»

the two smallest integers defining the weak fooussing

boundary values, n - 0,1-, In addition, howeverv the in-
equality is violated also when kx 2 ~ 1/2 ,3/2,5/2 *«««o,

All values but the first give conditions violating (190 s)«

The first value, k™ ©1/2 , gives inherent radial invtabi-

lity, at = 3/4%, and inherent axial instabilitv at ng~=1/4<
These are the well-known parametric resonanoea in weak-
focussing guide fields which we diaou~s in greater detail

in the following Chapter Four, or the 9 or half integral
resonances of strong fooussing theory., By inherent5 we

are stressing that such instability does not lead to anti-
damping of the guide field induced oscillations in the ab-

sence of a definitive periodicity of Nr9 as will be she-wn now0
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These operators may be put in the form (175a) if we define
new parameters, kf 2, e9, 09 satisfying the equations3

coa(2inc® 2/U) = cos(2HMNA2(i Bi)/A) - (ir~2&/N)sin(2frk 2Q.-e)/N)
oc sin:2TK® AM) = (=k~ Qa/ft)sin (27k™ 2(1-a)/N ),

3»sin(2nkjjn2/U) » (2-alfc)cos(2-k™ ~N(X-aj/K) +
*  (iAl.2sin(2wkx ™ 1-a)/») ,
For a <« an approximate solution is,

N*2 ~Ax 2™ * o = (N x 2alftD 9 P* * (MM ,2 s
and the stability condition becomes -
{008(2-~ gd-a),*)! < 1 uoo")
leading to (1909),
The momentum compaction relationship is. derived

£r« [:a m /> « - -« iy -
R1,4c)(sin k}G - (cos k}9)A 3)
plcos kW (I- oc/k9)  sink j9(oc « 1,4c9)
Extrema in xx °°cur when 72 = 0, i*e«>9 tan(kffe)=(cc~k9)/(L+<*k9) 9
giving, in this approximation,
s (I/'kx kE )jtp =~(I'#a).{1l — NN P) IL(191)

These resulta shew that while the magnitude of the stabi-
lity region is not changed to the order of approximation
considered here, the frequency of both radial and axial
oscillations is reduced * so reducing the focussing provided

by the guide field, and the radial spread for a given mo-
mentum spread is. also increased proportionally to the

increase In ciroumfereri5e due to the presence of straight

sections* It is also clear, from (190,f) that the
parametric resonance mentioned above occurs only if N « Xs
I e 0 When there is a definite periodicity provided by

. . and
the presence of only one straight section,/when *

(1 - n*X X~2a) = 1/4 (radial case) 09f)
(n ,)(lI-2a) = 1/4 (axial case),,
In these Qircumatanoes we may regard %e straight section
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as providing a single 'negative9 bump in n .. so that a

similar resonance instability must be expected for a single
'‘positive” bump in n,. If H>2 in (190'), i.e. two or
more straight sections of equal length are present, then
parametric resonance may not occur for values of @
the range 0 </MI® <> which is equivalent to (190s).
Howeverg i f the length of any one section is not equal to
the others, then periodicity exists and parametric
instability recurs when (192) is satisfied. In its analy-
tical form this problem has been discussed in great detail
in papers A* B» 1), R, and will be analysed further in
Chapter Threea

(c) Large number of discontinuities - Strong
Poroussihig ljimit~ ——a

As has already been shewn, strong focussing
is obtained by creating guide field conditions which sub-
stantially increase the frequency of guide field induced

'free' oscillations, without destroying their boundedness.
We shall now analyse stability conditions when the field
gradient, alternates between values and a”n, >0 ,

n2 <0 * over angular regions ird+aJ/F and w(l-a)/U
respectively”™ giving an overall periodicity of 2w/F.

The transformation operator in these circumstances
is written5

l -3k
boshAc osB-(~2-V2$ ~NinhAsihB $
B
. 2 . -1 . .
;coshAc osB+(XR-ig) 7 (||__J-Y 2) ZsinhAsinB

coshCoosB fr] Ct / T  ]sinhCsinD

C«27 )] : :
axial veo.. CoshCcosB - ( U/IV )sinhGsihD
where U2 = n ~2 |, v2 r~/tf , ¢ = 1-a), d = Un(l-!-a)
A = »(l+a)(U2 - (141)2)1//2, B= ~(l-aJC-V2+ (I/H)2}1'2.

The boundaries of stable regions in U - Y space are

defined by the equations -
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cosh w(i«a)(-y2)3*2.co3”™(ls-a)U ~ (2.93)

QU2gav2) M -~31/2 H3iInU aw(l-aH-Vv2)172~11T1 »(I+a)U N i 19

which defined. the region of axial stability, and

eosh ir(lI+a)(u —22) ~ .co3«r(l~a)("2 ™MW) ~  +

i( (nN2(u2+2) - I)AttVv-1)1/2(1-**2w)1"™ * (123f)
sinh Tr(1™)(u2-i2)1/23inn(l-a)(™~2*“V2)

which defines the region of radial stability *

The standard case, originally treated by Courant,
XivingBtone and Snyder:?7is that in which a = 0. In general
strong focussing is only obtained if N >> 1, so that with
these two simplificatizona, (163) and (163*) reduce to -

oosh(wU)oos(wiT) + (U+V ) .sin(iriV) .ainhfivu)radial (19 3a)
~21W)

co8h(ifiV)ooa(~TJ) - ,LMEIJEN)sinli(ffiV) sin(»U) , ~axial. (193hb)
(21TIY j

It will be noticed that these last two equations are

equivalent if W and -V2 in either ia replaced by -V2
and U|O respectively*
When the idea of strong focussing was first pro-

posed, these boundaries were thought to enclose a region
throughout which radial and axial stability existed in a
'perfect5 magnet. It is now known?’,9 however,, that this
region is subdivided into smaller stable regions by three
types of resonance phenomena |

(a) theforced, or 27 resonances,

(b) theparametric, or w resonances, and
(c) theresonances due to coupling betv/eenthe

transverse oscillatory modes*
As a result, the statement that regions enclosed by(193)
provide stable conditions can only apply to perfectly
designed and constructed magnets,, for while all three
resonance phenomena may arise through constructional errors,
as will be shewn in Chapter Three, design errors may also
introduce such instabilities* Accepting the existence of
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finite constmotional errors as inevitable , the region in

U,V space enclosed by (193) has not the significance it pos-
sessed originally. The curved boundaries satisfy equations

of the form- 2 2

£(x»y) = oosh(x)cos(y) + ( j3inh(x)sin(y) * +1, (194)
and may be obtained most conveniently by points in X,y

space at which they intersect with the straight lines -

X S ry
Thus, for r =1, both (193&*h) give the following trans-
cendental for x 8
cosh(x) ,cos(x) =+ 1 f (195)
and the smallest of the infinite number of values satisfying
(195) are- x , Oj i#7, 4.67, 4,72, ... , (195")
or, where , with N representing the number of

identical units comprising the magnet (2N is then the leaat
number of magnet sectors necessary), (195®) may be written-

(-pN2) = o, 0.354; 221,225 ; ———* (195"
The first two values define the corners of the CLS
(Courant-Living btone - Snyder) stable region lying on the
diagonal in sPaoe (points 0 and A in Fig("#6)
The second pair of values define the corners of a second
stable region lying on the same diagonal, but at very much
larger values of and-a2° It is shewn as an insert in
Fig™-Sy from which its much smaller size when compared with
the CLS stable region is obvious,, while the existence of
this, and even smaller stable regions is probably recognized,
it has never been explicitly emphasised, despite the much
stronger focussing that it affords? the frequency of radial
and axial oscillations induced by the guide field is at
least 205 times that in the CLS region, for the same
periodicity in guide field characteristics*!, e, the same
value of IN The anew3r to this lies in the treatment of
resonance phenomena and magnet imperfections discussed in
Chapter Three. Stable regions for a ™~ 0 are depicts*
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The momentum, compaction coefficient, oc®, la given

by -
where,
£(i-n2)1'"toah<2*r/IN (*1-1). aia”™/N)(I-n2)1/<i -
1- (nl1l-1)1/2sinh(2n,/U)(al-1) 1/~ >00a(2s/H)(X-a2) /™
when a ~ o. When a / 0, the magnitude of this coef-

ficient is again obtained using (64),

(d) Strong focussing - with straight sections %
The effect of straight sections on the stab-

ility region and on the compaction coefficient is again a
standard problem whose, solution commences with the construc-
tion of the overall transformation operator, [Y] , which is
straightforward, if tedious, when all parameters are piece-
wise constant, and all changes are discontinuous* The nec-
essity for straight sections Iin pactical accelerators with
cyclic orbits is obvious, as are the possible methods of
introducing them. In all cases where the length of the
straight sections are comparable with the circumferential
lenth of the curved sections the stability region is sub-
stantially reduced in size, and the possibility of x
(parametric) and 27 (forced) resonances seriously increased*
The optimum situation amd magnitude of straight sections is
consequently a very important part of detailed magnet des-
ign studies which do not fall within the framework of this
monograph* The effect on the stability region of certain
particular combinations of straight and Céérved sections is
ilfluatrated in the fya”Y Wwaynholwy & if the stability

condition,, however complicated, is reduced to the form-

1 < ‘]:os fov)] < 1,

then the number of betatron oscillations per revolution is

Q = (N/a*).v 097)
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2.2.3.2 Smooth parametric v~giatioaa - the limitin
sage ox an minalte number of i rufiniteaiata

hi.boontiauities ?
crem s-r-r-*tawynartfciiuujuuw i L>i"n<IgcHPQMBA— w

In *the limited space available we shall dis-

cuss a weak, focussing limit when the smooth paramtric
variations are in the form of perturbations, the strong foe-
ussing limit when the smooth parametric variations are domi-n
nant, and the effect in this case of the introduction of
straight sections, and finally a brief analysis of the ope-
rational approach using various conventions to relate the
smooth variations to *equivalent9 discontinuous variations*
The particular case of smooth variations has been the sub-

ject of analysis in several papers by the author (A,B,C,D,
K, I-r My K), and has; recently assumed increased importance

in cyclic accelerator theory due to the introduction of the
H?AC synchrotron with spirally ridged poles.

(a) Weak focussing limit — 'smooth4 parametric
perturbations-

Parametric perturbations in this limiting case,

may occur as the result of field and/or field gradient
asimuthal variations* due to error fields (Papers B,E,L M

or to space charge, forcesnm]'fPapersArBfC)» prom the analysis

contained there it is clear that the stability region in the
presence;of parametric variations of the form -

(a - 2qR(n) ) , qH") = x;,co0(2y)* of (96),
°L's n(>c) = <> + a-jcos(39+y) = <> @ .cos(2k},
where a«4(X~<n>)/32, q =X * (2«c™/j2), radial case.*
and a= 4<n>/52, g mx2 ~ -2o0cN/329 axial caso,
J k1,2,5 X2 « 19 isdefined by the requirement

that vin (109) is real, or 0 <&<1lin (107) =

It is a consequence of (.106) that guide field oscillations
under each circumstances, are unstable when a sQLs 4, 9? *
unleas parametric variation coefficient, \0 vaniahea., in
the following equations we define the boundaries of stable
and unstable regions in a,x2 space * for* \0 << 1.
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as 03 a Kk -(x22/2) + (172/128) -

giving <n> P ~(<>§’/\/232) in the axial case,

and <n> * 1 + (ccj/1232) in the radial case.

a <1 - a =1 1'.?"2—“5/@1 WV -

a s1 -X- xX|/B+,..,
giving, 2 ) )

<n> * (3/2)7 £ In the axial case f
and : i )

<> » (1 N1l 9 in the radial case,,
a z 49 = 4 <(X22/L2)+ ...

a = 4 w(5X2/-L.2)m »*eeee
giving,

<a> = J2( 1 - (>-2/48) )

» 32( 1 + (5x1/48) ) in the « lal oase’
and > al -j2( ! _ (xi/48) )
3 ’321( 3 +/(§€2/48)v3/ in the radial case,

These boundaries are plotted in <> 3 space , 3=1,2,*.

in the accompanying figure . from which it is clear that this
region is subdivided into at least 15 major regions * with
each of which may be associated different modes of radial
and/axial stability or instability. Thus, we have-

Region A - Axially stable, but radially unstable in all modes.
Region P - Radially stable, but axially unstable in all modes.

Region B - Axially stable in 3=0,1 inodes f but not in the
3=2 mode, and radially unstable in all modes as in i,
Region 0 —Radially stable in the j=0,I modea, but not in

the 3=2 mode, and axially unstable in all modes
as in P.

Region C - Axially stable in 3=0rl modes, but not in the
3=2 mode, as in B, and radially unstable in the
3=0 mode, but radially stable in the 3=1 mode.
The presence of additional 3 terms slightly in-

creases the size of this region.
Region N - Radially stable in the 3=0,1 modes, but not in

the 3=2 mode as in 0, and axially unstable in
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radial and axial stable regions in weak focussing guide; FIELDS.

WITH PARAMETRIC PIRTDRBATIONS.

It must be noted that the instabilities discussed
opposite, and depicted above are parametric resonances. Ad-

ditional coupling resonances further subdivide the regions
above into stable and unstable regions. These phenomena are

treated in the following chapter,
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the 3=0 mode, but axially stable in the
mode. Againv as in G, the presence of addition-

al 3 terms slightly increases the size of this region *

Region D -
Region L —
Be ion
egion
Region
Region S
Region M
Region G
Region J -

Radially stable in the 3=0*1,2 modes, and
axially stable in the 3=0>1 modes, but axially

unstable in the 3=2 mode. In the imoediate
vicinity of <n> =1 there ie 3=1 axial instab-
ility which we have neglected because of its
relatively small magnitude, compared to G and D*
Axially stable in the in the 3=071,2 modes,

and radially stable in the 3=0,1 modes, but
radially unstable in the 3=2 mode. As in the
case of regions G and D, there is 3=1 radial
instability in the immediate vicinity of <n>=0,
which has been neglected because of the relative-
ly small size of this region compared with
regions L and N.

léfB Radially anf axially unstable in all modes of

K ) parametric excitation.

—Radially stable when 3=0,2 and unstable when

3=19 and axially stable when 3=0,1, and un-
states when. 3=2.

Axially stable when 3=0,2 and unstable when
3=1, and radially stable when 3=0,1 and un-
stable when 3=2.

Axially stable when3=0,1.,2 and radially stable
when 3=0,2 , but radially unstable when 3=1*
Radially stable when 3=0,1,2 and axially stable
when 3=0*2 but axially unstable when 3=1*

The modification to this diagram in the presence
of coupling resonances will be dealt with in the following

chapter, where they will be shewn further to subdivide
F,H, and K where parametric stability of both

regions

radial and axial oscillations exists,

84



Regions 1)a& and are of ©Ospecial interest
because they provide axial instability in the presence of
radial stability, and radial instability in the presence
of axial instability for 371*2* 00y i Le* in the presence
of parametric excitation, The significance of this is di3*
cussed in Chapter Pour in connectlon with extraction mecha-
nisms for synchrocyclotrons,

Per vi41,2,3 *v,.,
and o2 « 02/ 2 1)

we have a? B v- » 2( 1 - <> )1/2/3

1)

and the momentum compaction relationship is given by -
Ky a th( (W) - (£/L6)(2v.2+5)/t v™-4)(y2-\L)~* (198)

(b) Strong Focussing Limit- / smooth* parametric
variations-

In this limit the following inequality

iIs satisfied -
1 <«<Ja] « jSipl << 5 , (199)

when solutions are of the form given by (107) end (108)*
and £ supplied by the transcendental equation (1C6),
which simplifies under the conditions given by the second
half of the inequality in (199) to the equation -

2 0 2 2
Or/d) - { 4/c )(Or+4)/ICpg-4)2 =(-PA®)+ § *2/J O lux/-*)
= - <>t # (200)
This is identical, except for a small change in notation.

with equation (7) in Paper G . Boundaries of the region

in which both radial and axial motion is stable is given by
(200) with s 6 s 0,1 , and is given on the Figure on
page 860 The stable region thus defined is the equivalent
of the CIS stable region, which is also given on the figure
for purposes, of comparison. As in the strong focussing magnet
with di8Continuous parametric changes, 2*2*5»X(e) ,, there ia

a family of such stable regions, obtained at success ively
larger values of <n>, and becoming increasingly small*
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RADIAL AKD AXIAL STABLE REGIONS IN STRONG FOCUSSING GUIBS
FISLBS USING PARAMETRIC VARIATIONS

la,b Parametric variations piecewise constant, and
changing discontinuously«

Ila,,b Parametric variations sinasoidal*

In the insert, stable region ila is referred to
the scale on the top and right v while stable

region lib is referred to the scale at the
bottom and left.



In the largest of these additional stable regions, radial

and axial motion may be described by series of the form -
X c2 raCos™"23?+I+fO(NG/2) , and (1Q7J)

X =r]_“ c2r.8in(2r-1+p)(N©O/2) , (108»}
the coefficients satisfying recurrence relations similar

to the Mathieu form of (102) or (103). The parameter O
is given by the equation -

. 1 1 \ *

2{ 2-'(4 <> Ai*)-x] 6~ ' (p+3)2-(4<u*/K2)-\2 'Gi ) *
O+1j2 - (4<n>/U2) (201a)

in the case of axial motion, with ,
N r a2« 4<n>/1T2 2 ) -1 AT
'm Ty? c ( (Er+5rf)2 72 2r+5 ) 1 20Jd.b
** (Sr-Jdrf)2.;,! T N (205.))
2r— k (2r-3+£)

In the radial case, <n> above is to be replaced with (1. —<n>) "
and these two sets of equations then define the boundaries

of the stable region when 0O is given the apeial values. —

08 1* It is plotted on the Figure on page 86 on a slightly
larger scale in the insertf where it may be compared with

its counterpart when parametric changesare discontinuous,

Equations (107)* (108) which are suitable for des-
cribing transverse- particle motion in the. larger stable
region are rapidly converging infinite series in whioh the
x¥*=Q term is predominant, Thus, as tends to zero only
cO remains finite, and both the equation and its solutions
degenerate to those corresponding to the harmonic oscillatorO
To the first order therefore these eigenfunctions are those
of a harmonic oscillator of frequency - ONw/2 cycles/sec.,
where w is the rotational frequency of the particles*

This oscillation frequency is of the order of ON times that
obtaining in a weak focussing synchrotron, W representing
the least number of identical unit? comprising the magnet.
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As already mentioned therefore, for a given angular spread
from the injector the amplitude of these free oscillations
Is decreased by the factor - (pN)-l, In the case of the
eigenfunctions (X075) and (108'), however, we have a more
slowly convejtgj.ng series which degenerates into a harmonic
oscillator eigenfunction, i,e. only c1 remains finite, as
tenas to zero* To a less valid approximation therefore
the eigenfunctions are those of a harmonic oscillator of
frequency (£+I)Nw/2 cycles/sec., which is (p+I)N times
that obtaining in ordinary synchrotrons with weak focussing,
and (£+1)/p times that obtained in the larger stable
region* For @ ™ 0*5 the focussing strength in the smaller
of the two stable regions is 3 times greater* a big
disadvantage, howevers is the much smaller size of the
stable region$ and the relative merits of these two regions
will be discussed in chapter Three taking into account
the presence of magnet imperfections and resonance mechanisms.
The appropriate momentum compaction coeffi-
cient may be written -

<*r> - 20l | (202)
T

+
( NO-2) NO+2) |—Pf’

where co has to satisfy the normalising equation -

(1/°0)2 -ON/2) = (02/c0)20-i2)(N/2) + (C_2A0)2HO-2)/2
ir(°2/co)(l1+P)cos(2e) + N(o_2/c0)(p-1)o0a2© +
PN(c2c_2/c£)cQs(4e) . (202a)

The ration °-2/co are obtained from recurrence

relations of the form (108.) =

(c) amng”™ocugging asing-ismoothj. p_arametric
variationB - introduction of equivalent
parametric discontinuities -

The difficulty and complexity of even simple
calculations using the analytical approach when parametric
variations are continuous throughout will be obvious in the
strong focussing example given above, It is of some impor-
tance therefore to determine the equivalent discontinuities
that may be introduced to produce the same effect as the
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sinusoidal parametric variations* At a firat appriximation

zero field regions may be introduced oetween regions with
field gradients which are piecewise constant, but of oppo-

site polarity. |If the zero field regions are of angular
dimensions, 9 ~ and the curved regions each of angular

dimensions, Q ~ (1—a)w/fcT, the stability condition may be
written -

coaAcoshB - \nx“n2]  _.sinAsinhB - (npnp) SinAsinhB j
T " 1
1/? i 1/2 .
I * G fio "cosAsinhB - ni  sinAooahB (2009
. 1/2 1/2
where A * irCl-a)~ “/ft f B * fi(l-ajxu “/ft, G= wa/N, N»1
The boundaries are defined by the 1HS equated to + 1, the

extreme corners of this region lying along the A =B
diagonal in a\™2 space being defined by the equation -

(cosAcoshA + A(a/X-a)( coaAsinhA - sinAcoshA)

ﬁ TM(AZ/z)(a/l-a)sinAsinhA )

which reduces to (195) when a = 0, Solutions of (203)
for different values of a are given belowg

=11  (203)

aso0s A 0,1,87 (n™N2) 0, 0,354, *,
a =0.042A 0,1.89.... (&1/72) ~ 0, 0.355. «
a *0.10?2 A 0,1, l,ose«u  (ni/lU2) =0, 0.380» .-
a =0.18s A 0.1,6 . o (Nx/N2) =0, 0.382, .,
a «0.23* A 0,1.5, 9.99 (n™Mft2] -0 0.39? oo*
a =040% A 0,1®@5 . (n™Nfr2) « 0, 0.44, -=.c

The trend here is obvious* z&fo-ffetid sectio>ts of angular
length about 0,4 times the basic periodicity, i*a 2/3
the angular length of a curved section, are required to
simulate the effect of *smooth5 sinusoidal parametria
variations,, This is a very rough estimate based only on
normalising the diagonal lengths of the two stable regions
defined by (200) and (200®) above. The introduction of
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field-free regions of curved sections is therefore
a useful approximation to a 1smooth"” sinusoidal variation
of field gradient. This is not identical to the problem
of introducing physical field-free, sections between curved
sections as discussed in 2.2*3.1(d), when the length of the
field-free sections included is independent of the angular
length of the curved sections, and the behaviour of the
stable region with increasing length of straight sections
Is that of the parameter A in (203)» i.e., the diagonal
length of the stable region, in units of n/ft™? decreases
as the square of A as 9@9is increased.

2*3 Asymptotic behaviour of guide field focussing
mechanisms -

We have dwelt at some length in section 2.2
on the adiabatic behaviour of transverse oscillatory motion
in guide fields of different types. The asymptotic behavior
of all transverse oscillations in all such fields is, however,
as similar as their adiabatic behaviour is different, and

much less space will be devoted to their treatment here,

) ) solutions to )
The asymptotic behaviour of/the betatron equations

under all circumstances of interest are given in Chap.1.2.5,
equations (146)f(148)/149). From (37a) and (37b) it is then
clear that the amp3.itude of these transverse oscillations

varies as ( ] or aTl 2, ie, positive damping
occurs as particles are accelerated, although the damping
IS much greater for relativistic than for non-relativistic

particles.

The asymptotic behaviour of the ‘°forcing' terms,
i.e. due to the vector, JgJ , in equations (51)? (53)? caused
by the momentum spread of the injected beam and/or the ixijec-

tion of a monoenergetic beam of particles into a time depen-
dent guide field, and also to any azimuthal variations of the

guide field, is inversely proportional to the relativistic

momentum,, p s e<Bz>*a, i1*e> proportional to <BZ>_l a3 oom-
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pared with the asymptotic behaviour of the ‘free* oscilia-

tion amplitudes which are proportional to <B__L,>_132 as

shewn above,, This asymptotic behaviour due to *P IS eaaen-
tially a motion of the 2instantaneous®orbits about which
both the ’tree* and *forced™* transverse oscillations occur.
In the absence of any accelerating mechanisms, the radius
of these orbits contract steadily as shewn with increasing
guide field. This behaviour is of some use in solving

some initial value problemsvil,e injection, which is dis-

cussed in Chapter Four.

3v  ACCKLBRATI MG MECHANISMS AND THBIR FOCUSSING PROPJBRTI3S s
3.1 Statement of problems -

Guide field focussing in an elemental form was
orignally introduced in fixed-frequency cyclotrons by pole

face shimming in order tc introduce some degree of axial
foc:ussing.41 It has retained this essential purpose in all
designs of cyclic accelerator, as the accelerating mechanism
generally provides radial focussing, which is the subject of
discussion in this section. Guide field focussing was first
introduced, and, essentially, remains to provide axial focus-
sing without introducing too much radial defocussing, and,
certainly, without introducing the dangers of radial insta-
bility during the period of acceleration.

We are concerned here with the two known forms of
accelerating mechanism - INDUCTION ACC3LBRATION, discussed
in 3»2S and the far more flexible SYNCHRONQUS AGGBLRRATION,
diaoueaed in 3.3e

3*2 Meohanism of Induction Acceleration -

Introductions The theory of this mechanism
was first treated as a consistent whole by Karst andSEerber,
and first put to practical use in Betatrons by Kerst . In
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the theory, treatment was given of gui.de field i

mechanisms for the special case. when, the field graaient inaex,
n, is independent of a&muthal angle, which proved the most
important development from the point of view of cyclic ac-
celerators in generalo The principle of induction accelera-
tion itself had previously been stated by others4,-2and con-

cerned only the forcing term, F, given by (37c) and (39), as -

F = = (6#/E(Ia_) + consﬁant,
where 80 =0e - 0 , Oe = 2”re<Bz>, 0 being- the
magnetic flux threading the orbit of radius r = ro. In. the weak
focussing approximation we then have -

<xr> = ec ( + Constant ), owm = 1/(1-n). (204)

In the adiabatic limit \9\5 may then have <xr> = 0 only if

8§0/0+ constant =0, (204%)
i.e. in this limit the2radius e defined by -

0 = 2Trre<Bz( )> =80 - constant (204"
istime-independent. These are the lilnstantaneous orbits’ of

Kerst and Serber’s theory * The presence of the central flux,#,

in (204) allows the forcing term, F, to be made zero over a range
of orbit radii determined by the magnitude of the constant, in the

adiabatic approximation, so keeping these radii constant in this
approximation. This is the essence of the principle of induction
acceleration. In a slowlyvarying field, however, onlyone of
these orbits are asymptotically time-independent, i.e. that de-
fined by - 2 2 }> = 0 = (25,}
n e z e
3.2.2. The focussing mechanism : ~ Focusing during

induction acceleration is described therefore by the asymptotic
behaviour of instantaneous orbits of radii , and, in general,
is expressed in terms of the momentum compaction coefficient oc

The quantitative relation for the asymptotic radial focussing
that occurs during induction acceleration is obtained from (204)

in the form - Govrs/dtN | a<Brsidt drnsat



Stated in this form it is obvious that the physical quan-
tity of interest ia the instantaneous orbit radius, rt,
about which the guide field oscillations occur, while we
have assumed rg to be time-independent above, it is rarely
so in practice. The non-linear dependence of magnetic flux
upon current makes and hence p” time-dependent, which
for very slow and small changes may be looked upon as a time-
dependence of re.i.e. dre/dt / 0. As will be mentioned

in F~ , measurements of this parameter are taken
together with those of d<Bl>/dt, so that it is always
possible to determine dr~/dt. This is particularly im-
portant in the case of betatron-started electron synchrotrons
where the betatron flux bars are deliberately designed to
saturate during the period of electron acceleration, just
after transition to synchronous acceleration. W might
regard thi3 inherent imperfection of magnetic material iIn

not having a linear flux-current characteristic as giving rise
to defocussing of the particle beam, in the sense that it
increases the probability of losing particles to the walls

of the containing vacuum chamber. In this connection it
might, somewhat belatedly, be appropriate to define as a
defocussing mechanism any mechanism that increases t*is pro-
bability, and as a focussing mechanism any mechanism that
decreases this probability. While this is not strictly the
general description of focussing and defocussing, it most
certainly is consistent with all the uses to which such terms
are put in cyclic accelerator theory.

3*3  Synchronous acceleration Mechanisms, -
3.3*1 Introduction; While the mechanism of in-
duction acceleration maintains an equilibrium orbit of nearly

constant radius throughout the period of acceleration-the
elegant simplicity of the method would have to be sacrificed

for the radius to be made deliberately time-dependent - the

method of synchronous acceleration is sufficiently flexible
for the radius to have any desired time-dependence by merely

programming the frequency of the accelerating voltage, In

03



addition the mechanism of induction acceleration is suitable
only for accelerating electrons to energies below the level
at which radiation losses become excessive? while synchronous
acceleration WS suitable, in different forme, for accelera-
ting all charged particles over a wider range of energies.
The effect of synchronous acceleration on particle
motion is, in general, to provide radial focussing indepen-
dently of guide field focussing. Indeed, using the definition

of fooussing and cbfixsussing given above guide field axial fo-
cussing produces a measure of radial defocussing, The be-
haviour of radial motion during synchronous acceleration is
described by equation (46) or (54). The behaviour of solu-
tions of this equation under adiabatic conditions determine
particle motion when the net acceleration is aero, or negli-
gible during a single period of rotation. This aspect of
the mechanism is discussed Iin 3,2*2 *

The asymptotic behaviour of particle motion and
its stability characteristics are, however, much more compli-
cated than the comparable problem associated with guide field
focussing and induction acceleration discussed above,, ana is
discussed in 3*3.3*

3-3.2 Adiabatic characteristics of -particle motion
during synchronous acceleration -

The essential characteristics of this non-

linear equation in the absence of non-autonomous perturbations
has been treated adequately by phase plane approach in
Chapter One, 204* The solution in this form clearly demon-
strates the existence of phase stability during synchronous
acceleration* Of much greater interest, however,, is the
behaviour of these solutions in the presence of non-autono-
mou3 perturbations such as exist during the start of synchro-
nous acceleration. For this reason we pass on to a discussion
of asymptotic behaviour and return to adiabatic behaviour in
Chapter Four in discussing some Initial value problems.

94



Before this, however, we might relate the general synchrotron

equation (54), and its associated stable region with that
existing in weak focussing guide fields. The synchrotron

equation may be written -

(d/dt)( 1.ff3 - (V/2w)(sin @ - sin C) = 0, (54))
where , p o S0,”3 , , o
1 ="re<Bz>/tare)teai " j#* = B (cf (135) (54a)
In a weak focussing synchrotron without straight sections
<t m (X-n)*1,and | reduces to the conventional form-

| = (Se/kWg)(I/K); K =1 + (n/1™n)(c2/v2).

"I*  may be looted upon as the moment of inertia of _the ’'phase*
pendulum, and is positive as long as o™ > (Bo/3e)2, i,e as
long as ec™ > 1. Now in weak focussing synchrotrons without
straight sections am = (1-n)*'1™ 4. However, if the length
of straight sections introduced is 1/4 the circumferential
length of the curved sections, then, again for n=3/4,

cc™ =(4/5)(4) -3*2 , and the moment of inertia. I, is in-
creased.* The area in phase space in which stable synchron-
ous acceleration may take place is enclosed by the curve
satisfying the equation -

t—trnn 1/2 . £
~ 9 (d9?dt) s (Y/nX) (cos©3+ cos©® + sinQl&+&-'&) S

I-B<0, (ae’/dt) _ (v/frj2»"~00s©* - cos@e + sin©CQ©s~ee) ) ,

which follow from the treatment in Chapter One, 2A.
The maximum phase velocity, that occurs in the stable system
when B>0, G- =C ; b <0, © » , has the magnitudes-

b >o01 (ae’'/at)mRY= (2v/wi)l/2(cosee - ein©e( ej )1/s\
b <os (devat)nmgt= (2v/*i)1l/2(aos e9+ amee( f. - C) )x/2,
for the two cases of interest* In both cases it is clear

that an increase in the moment of inertia, |, reduces the
magnitude of the stable region. Where this occurs as a re-
sult of strong guide field focussing it is the result of
strong momentum compaction as would be expected, Now the

relation between the amplitude of phase oscillation ©I'©5»j



<*r > in general, be written -

K~n{ieldt)/*e = (fc<Cr>focm)( oc™ - ~S0/Ne)2 >*
Again, in the wealc focuesing guide field without straight
sections this reduces to

*W = k<xr>( 2 n+ (1-n)(v/c) )

Radial motion as a result of phase oscillations is therefore

<*r> % (em/?™)(weVnic<eEz>f(oc™ -(g8§)S f1/2 f(6' ,Ge), (206)

where £(©* t9Q) has the two different forms given above for
B < 0. The use of the azimuthally averaged lde <Kr>pin
the description of synchronous oscillation amplitude is a
direct consequence of the assumption that the period of
such oscillations is many times the period of a single revo-
lution* a sufficiently accurate approximation for our pur-
poses in first-order theory. It is interesting to note that

the shape of the synchronous stable region is dependent only
on 96,. which is a measure of the minimum accelerating vol-
tage required per revolution to keep the cyclic particle
motion in synchronism with the frequency of the accelerating
voltage ? and. on the polarity of | =B , which, depends on

the characteristics of the guide field focussing mechanism.
The figure on page 97 illustrates the stable regions for
several and for both polarities of B « It is also clear
from (206) that the magnitude of radial synchronous oscilla-
tions is rapidly increased as the energy of particles approaches
the transition energy defined by (142), despite the fact

that the phase oscillation amplitude is reduced as rapidly9

a measure of the rapid disappearance of synchronous focussing*
We pass now to a discussion of asymptotic behaviour, in which
more discussion of particle behaviour as this transition en-
ergy is approached is provided.

2*3.3 Asymptotic behaviour of particle motion during
Rynchronous, acceleration, -

While adiabatic behaviour( in the ab&ence of
any significant net acceleration of the particle) is very much
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TYPICAL STALLS REGIONS ASSOCIATED WITH TAO DIPFhRENT MODES
OP SYNCHRONOUS ACCELERATING MECHANISMS,

The B <0 mode Is the linear accelerator mode, while the
B >0 1is the weak focusing cyclic accelerator mode.

Only in strong focussing cyclic accelerators do both typeo®©
exist, the B>0 mode following the B<0 mode »
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dependent on initial conditions, asymptotic behaviour is not
s 0 dependent, Nevertheless, there is considerable differ-
ence between asymptotic behaviour of synchronous oscillations
in weak and strong focussing guide fields due to the possibi-
lity of transition between the two modes of behaviour dis-
cussed in 3*3,2. At the instant of transition between these
two modes, the moment of inertia I-B- oo, and the function,*
P(t) in the normal asymptotic solution, given by (14.9) as -

*r = F-1/4ei/tpl/2'dt , (W9)
vanishes, making this form of asymptotic solution invalid*
As shewn in 2.5,Chapter One, however, an alternative form
of solution (152) may be found to overlap (149) sufficiently
away from the transition energy for a solution to be ob~

tained at all energies.

There is no space to deal more fully with this
phenomenon, jt is sufficient to note that if a change in”ihhase
of (w —28 ) occurs at the instant of transition, the width
of the stable region is not altered, and the amplitude of
phase oscillations is not dangerously increased subsequently *

We shall discuss this two-mode behaviour again in
Chapter Pour.

4. CONCLUSIONS s

We have, discussed in this chapter from a generalised

theoretical basis outlined in Chapter One, the various types

of Guide field focussing and Accelerating mechanisms, prom
the analysis presented it is possible to see the particular
advantages of different combinations of these two distinct
aspects of accelerator theory, it is because of the generalised
approach adopted that this distinction can be drawn so clearly,
Alao we have neglected inherent imperfections and the

many resonance mechanisms that follow aa a natural consequence.

Classification of the many imperfections and resonances that
may occur is the purpose of the following chapter.
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CHAPTER THREE

MAGNET_XMPBRIFECTIONS AND RESONANCE, MECHANISMS

. ' mmmmm -

Resonance mechanisms in general give rise to
radial and/or axial defocussing* In the linear approximation,
to which we confined ourselves in Chapter Two and continue to
do so in this chapter, this leads in almost all cases to a
build-up of oscillation amplitudes to infinity in favour-
able circumstances* In very special circumstances resonance
mechanisms are used to give a controlled focussing or de-
focussing effect® this aspect of the subject lies within the
province of Chapter Pour* we shall confine discussion here
to giving, in section 2 a general classification of resonance
mechanisms in terms of their causes end general characteristics*

Magnet imperfections do, in general, al30 give rise
to radial and/or axial defocussing either by producing forced
oscillations, or by inducing resonance mechanisms* In section 3

a general classification of magnet imperfections is described,

£ M HaMIAVE, = A GENERAL, GLASSIFICATION 3

n T Loy

@n poTANTPIVA

2.1 Some general, definitions -
The stability regions of guide field focussing

mechanisms discussed in Chapter Two are surrounded in para-
meter space (the parameters are the radial'and axial field
gradients) by regions of instability where the oscillation
amplitude may, in the linear approximation and in a guide

field of infinite transverse dimensions, tend to infinity.
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Mechanisms giving rise to build-up of infinite amplitude
oscillations under such circumstances are resonance mecha-
nisms in general, and parametric resonances in particular0

These particular resonances also belong to the general class
of ’'continuuml resonances, because the values of parameters
at which they can occur occupy an area in parameter space *
There is another clasa of resonances which occur for valuea
of a parameter lying along a line in parameter space, whioh
may appropriately be referred to as ‘'line* resonances* Para-
metric resonances, which may either be ’'line* or ’continuum
resonances, are characterised by the fact that they are
induced by spatial variations in the parameters of guide
field focussing mechanisms,i*e radial and axial field gra-
dients, as already mentioned* Which particular field com-
ponent it is whose axial or radial gradient is involved de-
pends on the oscillatory modes into which the transverse
guide field induced oscillations are separated.

In adcfitlon to parametric resonances there are
'forced* resonances and ’'coupling* resonances. The former
are predominantly line resonances, and are due to instabi-
lity of forced oscillations,i,e those described by the par-
ticular integral of the betatron equation, at special values
of parameters lying along lines in parameter space. The
latter, i*es coupling resonances* are closely related to
parametric resonances, and are due to coupling between the
nearly independent oscillatory modes produced by guide field
focussing«

We deal first, in 2*2, with forced resonances,
followed in 2*3 by a treatment of parametric resonances,
and followed finally in 2A by discussion of coupling reso-
nances,

2,2 Poroed Resonances -
In the operational approach introduced in 2,2
Chapter One, it was shewn that the particular integral could
be written in terms of the transformation operatory ,(T].
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It v&s cileo pointed out there that for the pre”™ .-
vitaole closed orbit in the presence of forcing term j

betatron equations (55)«*1*e, for forced resonances W .=
sent* £y(2w)] must satisfy the inequality -

IYCH) - i\ 4 0, or (1L -Tr\Y2%)] )d (t V., 7)
Now the shift in phase in betatron oscillations after 'as
complete revolution,(cv, is given by: ooa(kv) = Tr N

the condition necessary for forced resonances may be writtea-

kv ~2i*r 1 =0,1,2,3,a. %- <*C7!)
In other words, for a forced resonance to occur it is nec~
essary for the phase shift ,kv, once round to be an integral
multiple of 2%* or there must be an integral number of
betatron radial and axial oscillatory periods in 2W we

have stressed the fact that the condition (207*) is neces-
sary, it does not follow immediately that it is sufficientc
For any particular value of 2 1in (2075) it is necessary

for a forcing term of the appropriate frequency to be also

present. This clearly emerges from the analysis of the :
equivalent problem of forced resonances when the parametric
variation Is sinusoidal, It can then beshewn thatin the

presence of forcing terms ofthe form

fO * «*p.cos(pG+Ap) > (2«8)
with the parametric variation in the form -
n(Q) g <n> + oc”.cosCKO+rn) , (206 )

forced resonances may occur for values of the mode parametert
satisfying the equation -

pk =1 2p , 0 < P< , (209)
6 1In this case is defined by (200), and is identified with
points in parameter apace Ila in the Figure,page 86. It is
related to the mode parameter, v * in(2078) by the relation-

2 -0 i 2v * . {210}

It is clear at once that forcing terms with periods less than.

that corresponding to p a k/2, cannot give riae to forced
resonances., and, more important, even if 6 does satisfy
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the condition (209), aay for p » p9, such a forced resonance
Is absent if <"J, =2 0, Another important feature which emerges
from the analysis of sinuisoidal parametric variations is that
in stable region lla(Fig*¥on page 86) only forced oscillatlona
of frequences giving p values in the rax®e 0 ™ p* (k/2)
may give rise to forced resonances,, i»e4 constant terms ana
the lower half of the available range of harmonics of the
frequency of revolution* Since the mode parameter, Of will
be about 0»5, forced oscillations of greatest potential dan-
ger will be those with p &Kk/4..

The condition for forced resonances in stable region

Ilb (Fig. on page 86) may similarly be written -

(£-1) &-2p/k, or 3 ®1 ~ 2(p/k)? 0 <3 <1. (211)
Again* resonances may not occur for (k/2) <p <k, iw for
the upper half of the available harmonic range* The differ-
ence with conditions in region lla is, however, that for very
low harmonics, p << k, resonances, 6 ~0 in lla, while 6 *
in lib,, For 0 s 0*5, however, the resonance frequences in

both regions are roughly equal. Nov/, the larger we make (3
the stronger is guide field foeussingj this, means that in

stable region Ila the stronger the focussing the higher the
forced oscillation frequencies giving rise to forced resonances9
while in region lib the stronger the focussing the lower the
frequencies giving rise to forced resonances. The significance
of this will be discussed later in this chapter*

Forced radial and axial resonances of all available
frequencies up to p=sk/2 nevertheless subdivide both stable
regions | and Il into (k/2)p smaller regions, 30 that the
larger we make k, the smaller are the elemental regions in
which both radial and axial motion remains stableB For. equal
k we have shewn already (Page 87-88) that focussing atrength
in lib is about 3 times that in Ila, so that for equal
focussing atrength &xib ~ ~Xla/™* i ,e the number, N, of mag-
net sectors is reduced by a factor of about 3, making the
number of regions into which 1lb is subdivided by forced
resonances about 1/9 of the number into which Ila is divided.
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Thus the elemental stable regions in IXa and Ilb are of
roughly the same size in (n/k2) space. The n value in both
cases is roughly the same, however, so that in n~space the
elemental stable regions in IXa remain an order of magnitude
larger than those in Ilbc Perturbations changing the n value
are thus far more serious in Il b than they are in lla*

It is clear from the analysis above that forced

resonances are 'line* type resonances,, They are also known
as *2~ - resonances* *

2*3 Parametric Resonances -

In operational notation the general stability
condition is written (cf equation (79") )

[Tr.Y(™MD)i < 1, (79
where Kk, as usual, represents the basic periodicity of the
parametric variation* If this ideal periodicity is destroy-
ed, and replaced by the periodicity, k* =k/3, 3=1,2,3
Th™ (79™) must be replaced by the stability condition -

jricyY@”jlk)| < 1, (212)
Bovit is easily shewn that

Tr.Yk/™(2wj/k) = Tr.Y(2"),
so that stability is ensured for all values of 3 if

[Tr>Y(2tt)] < 1? or (cos W& <1, (2?
giving the condition for parametric resonances as -
vic = J*
(Note that the forced resonance stability condition is -
1 cos vk ) < 1*

A case of parametric resonance has been introduced
already in Chapter Two,section 2*2*3(b) ,pg 75* which treats
from the operational standpoint the. characteristics of weak
focussing guide fields mechanisms. It is shewn there that

parametric resonances occur in the radial case when n * 3/4#

and in the axial case when n, a 1/4*, in the limit of vanish-

r
ing parametric variation.. The analytical approach to the
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same problem is discussed in Paper B, and from both approaches

it is clear (a) that parametric resonances in the weak focus-
sing li~ vt are continuum resonances, as parametric exci-
tation. increases these regions of parametric instability

become the unstable borders around stable regions | and II

in the Figure (pg,86), Parametric resonances in general are
continuum resonances, as opposed to forced resonances, which
are inherently 'line9 resonances as long as the magnitude of
forcing terms is finite. Parametric resonances are line
resonances only in the limiting case of vanishing parametric

excitation,, In the particular case of the strong focussing
limit, this occurs when y(2«) tends to Y~C~//lc),
(b) parametric resonances in this limiting case

occur when the frequency of the guide field oscillations is
half the frequency of the term giving rise to the parametric
excitation. This is only obvious from the treatment of the
weak focussing case. A similar proof for the strong focus-
sing case may be obtained using the approximate solutions

to HILL'S equation outlined in pages 39-41,

2,4 Coupling; Resonances -

The basis of all analysis of coupling resonances
iIs that the coupling is in the nature of a perturbation,,
and that the transverse oscillatory modes produced by guide
field focussing are almost separable.. An analytic method
for determining the possible separable modes in maxwellian
field configurations has been outlined in Chapter Two(2,2,X)0
It was pointed out there that even in a perfectly separated
system coupling instability may occur when the frequency of
radial and axial oscillations is almost equal. Thus, in the
weak focussing case, such coupling resonance occurs when
(1-a) sn , or n=r.050* In the presence of coupling pertur-
bations, the inequalities (79) must be satisfied for resonance
instability to be absent. Such conditions are unfortunately

not very suitable for practical application to coupled systems
in general, and we state the results obtained by Bell below,
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It is clear from (79*) that even when the transverse
oscillatory modes are completely separated there is the pos-
sibility of resonant coupling when-

cos(kv') ® cos(kv”), or

z kv9» kv i =0,1,2,....,
where v% v", kvf, kv" are defined in terms of the elements
of (Y2« gind rY(2wik)j> which may be written -

(214)

kA= g 0 o
0 0 V) (215a)
o o 0] d2_
fA2 b2 0 oI
(a2 00 5y (2ua) (215b)

0o O () d2
by the relations,
cos(v') - (al+~1)/21 cos(vn) » (a2+d2) , (215c¢)
oos(kv') = (A1+Di)/2,cos(lcv") = (A2+D2)/2,
The general problem is to determine which of the possibilities
in (214) give coupling instability when &+dl = a2+d2«
Belialas shewn, that under these circumstances, and in a
slightly perturbed system, the combined system is stable unless
either of the possibilities in (214) is satisfied at the

same time that and 0Oo are of opposite polarity*
where, Noo=((sin kv?)/sin v8«<” | and

O =((3in kv{)/sin Vv") »cO -
Thus, if ¢~ and have the same sign coupling instability
may arise only if sin kvT * -sin kv”, or kv5=2*%~ - kv¥ ,
i ,e0 kv l+tkv’»integral multiple of 2v,, The other o&se™ when
kv,-kv'I=23»n?is stable under these circum&tances, It only

becomes unstable In the alternative case when ¢ and

have the opposite polarity,
in most of the proposed strong focussing designs
and (o have the same pdarity, so that the condition
for coupling instability is
kvl+kvM 2 * (214)
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The general theory of nearly coupled transverse whose

results were briefly described above was a first-order theory,
i.e, the radial and axial displacements entered only to the
first power in the betatron equation, and™coupling terms were
neglected as being of higher order. Such a coupling term
exists in the axial equation (Paper B, equation (4) ), and the
consequences of this second order coupling in weak focussing
accelerator theory is presented in this papertsection 3).
The results presented there shew that second order resonances
occur for <n> = 0*2 and 0*5, of which the former is much the
stronger because of the larger area of the continuum in para-
meter space over which it may occur* The other resonances at
<n> = 0*7,0.8,.. are of higher order still, and much less like-
ly to cause serious instability.

A great many more resonances would be brought into
view if we considered in greater detail the effect of the many
higher order terms in the betatron equations, which make them
non-linear, it is not intended to consider such problems here,,
where accelerator theory is based essentially on the first-
order or linear approximation.

3- MAGNET IMPERFECTIONS - A GENERAL CLASSIFICATION,;

3.1 Introduction. -

By magnet imperfections we include all causes of per-
turbation which make the guide field depart from exact charac-
teristics demanded by the focussing and resonance coupling
theory presented sofar. Such imperfections that we shall
discuss will be analysed on the basis of the first order

perturbations that they producec

Such imperfections are caused always through mechani-
cal and/or electromagnetic disturbances which give rise to
forcing terms(such as azimuthal field variations described
in (156) by functions f ), to perturbation of parametric
variations(disturbance of field gradient variations due,
among other causes, to space charge forces, and described by f*),
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and finally to coupling perturbations (introduction of addi-
tional unwanted field gradients described by functions £ in
(156)0 These three types of disturbances have been shewn above
to give rise under suitable conditions to transverse oscillation
instability due to resonance conditions being established. In
addition, forcing terms produce a forced oscillation whose,
magnitude is given by the particular integral of the betatron
equations, and, far from resonant conditions, independent of
the nature and magnitude of parametric variations. Indeed,

as was shewn in section 2a>of this chapter, there are a
whole group of forced oscillation frequencies which may not

in any circumstances give rise to resonant instability, but

do give rise to stable forced oscillations. In the following
sections we list the causes of all such perturbations, and

discuss the relation between their magnitude and the orbit
perturbation that results.

5,2 The perturbation of parametric variations -

As has been shewn above, perturbed parametric
variations give rise to parametric resonances or coupling
resonances depending on whether the parameter(i,e, field
gradient) considered is producing guide field focussing or
coupling between the transverse oscillatory modes. Thusv in
the conventional betatron synchrocyclotrons and synchrotrons
the parameter producing guide field focussing is n « <)B/™/*r,
which is, in the absence of perturbation, independent of
azimuthal angle 9e , The parameter producing first order
coupling is nnQC r* In an alternative separable
system suggested in Chapter Two, the parameter producing guide
field focussing is nrr * "Br/ ~r, while the parameter produ-

cing coupling is n we are concerned here with
the possible causes of parametric perturbations, whether it

produces fooussing or coupling,

Electromagnetic Error Fields - These fields, are

due to spatially dependent remanenee in the iron and/or to
spatially dependent induced currents in a,e* magnets. The
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spatial dependence of remanent fields are caused by varying
iron properties, different magnetic path lengths, non-uniform
flux distributions'; the spatial dependence of induced(eddy)
currents depends on the variation of interlamination resis-

tances Iin the iron paths and the presence of metal objects in.
the vicinity of the air-gap. The time dependence of these
error fields is also of importance, depending on the tine
dependence of the MW across the magnet gap. Transient condi-
tions are fairly common in. modern, accelerators, and considera-
bly modify the flux distributions in a,c. magnets due to the
finite time constant associated with the build-up of magnetic
flux, The wholeis one of great complexity, and is nev/here
more so than in the large betatron started electron synchrotrons,,
where a combination of all these problems arise, paper P
gives some thought9 and much careful measurement to determin-
iIng the parameter perturbations produced in a typical weak
focussing accelerator of this type.

We might also consider as an electromagnetic distur-
bance of guide field parameters the space charge forces in
charged particle beamse These are not imperfections in the
true sen”™e of the word, but they nevertheless modify consider-
ably the spatial and time dependence of the field gradients.

Papers B and C are treatments of this problem in weak and
strong guide fields respectively. An important point to em
phasize Aere concerns the first harmonic variation with azi-
muthal angle produced by the injected currents. The importance
of this was emphasized in Paper B in connection with injection
into weak focussing synchrotrons and betatrons. A similar
azimuthal variation will exist in any cyclic accelerator at
Injection owing to the fact that space charge density builds
up in front of the injector to a value larger than that behind
the injector. This provides an inherent source of excitation
of the parametric or » resonances even in a perfectly asaem-
bled magnet with no electromagnetic field disturbances other

—comm rm JwwriiBi®»j KNrrm iF - — -1

them thoae due to space charge forcea.
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Apart from qualitative calculations of the effect of
space charge on guide field parameters (Paper 0) it is not con-
venient to determine, even qualitatively, the effect of rema-
nent fields or eddy currents inside the magnet core on the
guide field. As a consequence a great deal of emphasis is
placed on measuring the guide field characteristics under a
variety of excitation conditions; such a comprehensive pro-
gramme is described in paper F, where some rough qualitative
discussion of the effect of transient conditions on guide
field characteristics is given*

3«2,2 Mechanical Misalignments - The following
constructional errors give rise to perturbing parametric vari-

atione 2

(a) Variations in shape of pole profile*
(b) Differences in the length of straight sections?

These errors are common to strong and weak focussing
synchrotroas.

(c)Differences in the length of curved sections; such errors
are important only in strong focussing synchrotrons where
alternate sections have very different spatial, properties*

(d) Twist of magnet sections about the median plane. This
misalignment error introduces a coupling term if the os-
cillatory modea in the perfectly aligned magnet are on-
coupled. Thus, if i™"Bz/5,ri>> 0 , =0 ia a
perfectly aligned system, then a twiat of £0 , gf.ves

6(1"Bal6z0 = 2ZJazrli£>q] , (216).
while in. a axsgnet designed 80 that )>>BZ/iz) »_ 0, Z/}>x =0,
the same twist, gives

6(] b3z/br\) = 2 |nrr(. Itel. <2160
(e) Finally, all mechanical disturbances giving rise to for-

cing terms give rise also to parametric variations if one

takes into account variation of angular velocity, with
conservation of linear velocity, in the betatron equation.
(paper B, equation (3) - note the presence of the h”©) term
on the LHS)x The relation between mechanical, misalignments
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and the forcing terms it produces are. discussed in the follow-

ing section 3»3»

3*3 Introduction of *forcedY perturbations -

The particular integral of the betatron equation-
As already mentioned, the effect of "forced"
perturbation on particle motion is obtained quantitatively from
the effect of £3’(’3(O) on the r.h.s of the betatron equation,
(51)* on. its particular integral. In the general case when
the betatron equations are of the class of HILL'S equation,
the matrix operational approach, using piecewise constant
parametria variation to approximate to any given variation,
is probably the moat leadily applied to obtain quick numerical
resultso In this section, however, we shall obtain the parti-
oular integrals of the betatron equations when they are of the
form of fLKTHIKUS equation.
For Mathieu eigenfunction written in the form (107)
and (108), with the forcing term,
D Q=COS(pG-tXp) y » <P <N
and the parametric variation of the form,
n{9) = <n> * ak.cos(kO-fTjE) f
the particular integral is written in the form -

M oo
xP.X = r’\:-oo|2__co§\|%%9f:\189?§’\* NP+ t2*-7)
where F* m4p2 - k2(2rl+3) ) ( sInX.ainY + -471+ |)cosXqgosY),

- (4p2 -k2(2r2+p) )Y'wwainX,sinY - |J(r2+])oosXcQ8Y ),
X = (pe + xP), Y = (ri—r2)(k«+r.,'),
A reasonable first approximation is obtained by considerateon

of the single term, for = 0a The general normalising
« « *

reduces to & ~ (lyj3), and xpej may be written in the. aim-
plifted form- X N «p(2/k)2_ . COO(pe+x”) (217Db)
P°( (2p/k)2 - @) *

It is clear from (217) that the forced resonance con-
dition is p 3+ (2p/k) , (209)
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Since 0 <£ <1 in the stable region it is important to no-
tice, as has been mentioned already, that forced resonances
may not occur for (k/2) « p <k. Of the frequencies of
farcing terms in this range, one of particular interest is
that for which p =k , i.e. the frequency of the forcing
term is equal to the frequency of parametric variation.
In weak focussing synchrotrons', this is a natural consequence
of the effect described in 3.2.2(e) above, In strong focus-
sing synchrotrons this effect is dominated by the large para-
metric variation required for the focussing mechanism when
the frequency of this variation is equal to that of the forc-
ing term* For the weak focussing case, this effect is des-
cribed and analysed in Papers L, M(Part 1), and N» M(Part2) has
general ‘treatment of the. problem, with results for the three
spacial cases, (i) harmonic oscillator approximation,
(ii) weak focussing approximation, and
(iii)Strong focussing approximation.
Ms problem ?/ae first investigated by the author in the
second special case for reasons associated with the existence
of large, high harmonic variations of the guide field des-
cribed in Paper N. Previous to this investigation the
criterion for validity of solutions providing the effect of
forcing terms, i.e. the particular integral, was P < 1-*
for all p . During preliminary investigations of guide field
variations in the 340 Mev Glasgow synchrotron it was found
that non-uniform flux distributions due to the presence of the
betatron flux bars gave large amplitude, <k:p » 1, high harmonic,
p >> 1, remanent field variations. The analysis that was per-
formed showed that the proper criterion fof smallness of per-
turbation should be (ocp/fcp') , and not ~ . on this basis
it was found that apart from a unidirectional orbit shift, the®
origional particular integral remained unaltered provided p™P « ™
The subsequent papers Mgeneralised the problem, and sought
to make use of the orbit shift to assist injection efficiency.
This aspect is discussed further in Chapter Pour.



3.3*2 Biectromagnetlc Srror fields - All the electro-
magnetic disturbances mentioned in 3*2,1 , with the exception
of space charge effects, give rise to forced oscillations, and,
for appropriate values of the guide field parameter, to the
'forced5 resonances already discussed. In large weak focus-
sins S?)E:rtllé r11’otrons It has been general practice to inject par-
ticles at relatively low energies ( ~10Q kSY) and to modulate
the frequency of the accelerating voltage, or use betatron
acceleration to provide stable acceleration along an orbit of
nearly constant radius during the period when the electron
velocity is substantially below that of light. For 3,00 key
electrons, <BZ->inj' »ring’ = 1155 gauss*cm. - in the Glasgow
synchrotron r. . r 125 cm. * so that <853>in,\s' 9.2 gauss.

The particular integral, (217), in the weak focussing approxi-

mation. (.6 » 4(1-<n>)/k”, is written-

al - — I b--m-mmm e .cos(p0> \ ),
(P - (-<*>)) “
and for p-~1, kd it N 0.01,<n> ®0,7, q:Pmu.st not exceed about

0.0(38, 1*e. the guide field must beuniform to within about
0.07 gauss. Paper Fgives a full account of the efforts
made in measurement and construction to maintain adequate

field uniformity in this particular accelerator.

For weak focussing machines in general, 0 < <n> < 1,
so that there is not any possibility of forced resonances, and
the p 1 harmonic is the most serious harmonic to contend
with. It is made even more important to eliminate because?
as pointed out in 3«2,2(e) such azimuthal variation may also
give rise to parametric resonances when <> = 3/4 (radial
instability) or ,<n>=l/4 (axial instability). The significance
of the <n> H 3/4 parametric re.spnance is not diminished by the
fact that moat weak focussing synchrotrons have been designed
with <n> in the range 0*5 < «n> < 0.75. The effects of this
resonance on particle behaviour near injection is discussed in
paper B and in the following Chapter Four

3.3*3 Meohanical Misclignments. - The most import®©ro-

of such uusalignments which give rise to azimuthal field vari-
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ations (not field gradients as discussedin 3d2,2) aret

(a) Relative radial displacement of magnetsections-
The radial displacement of a magnet sector, ar™# produces a
field change, bBs, at a particular orbit of ra:jius, r, given by,

- '6B2/<B2> x n(e) *(srQ/r) . (218)

It is interesting to notice that in weak focussing synchrot-
rons a small first harmonic radial variation of magnet sec-
tions corresponds just, to a sideways shift of the magnet which
carries particle orbits with it* Thus, (5%/r):(f,/<&>:|§,al_.
In the strong focussing synchrotron this- phenomenon is exten-
ded to all forced oscillations with p << k, provided condi-
tions for forced resonances do not exist*

(b) Relative axial displacement of magnet sections -

The axial displacement of a magnet sector, 5550*produces a
field change, 5B. , at a particular orbit of radius, rs given by,

- = a(e).(&zc/r) (218%)

la this case, an upward shift of all sectors by the same amount,
gives xp T ~ 8zQ/r = as one .expects the displaced orbit moves
with the magnet* A first harmonic axial displacement r however,
produces an axial oscillation “several times the maximum
sector displacement in amplitude9 in the case of weak focussing
accelerators* In strong focussing accelerators ifcis easily
shewn that, as for radial displacements,, the very low harmonic
axial displacements will carry the disturbed orbits with them,

(c) Twist of magnet sectors about the radial centre

of the median plane,* This produces a radial
field, 8B~ related to the twist, 5 , 5% << 1, by the equation,
bBy/-<Bz> 3 G « (219/

It is pointed out in Paper P that for weak focussing synchro-
trons this gives, the most severe alignment problem, even though
the problem of coupling instability is not a serious one.

in all the analysis given above only the conventional
guide field , which is symmetric about the median plane,
bBz/'h& = 0, bB”/ dr s 09 haa been considered* In an alter-
native guide, field configuration to give separable oscillatory
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inodes (Chapter Two, 2,2»lfpage 62), bBz/~r * SB/ bz = 0*
a radial displacement error gives rise to axial field errors
and therefore radial forced oscillations, and vice versa, so
that slowly varying radial and axial misalignment errors of
magnet sections are very much more serious, when compared
with the behaviour of forced oscillations under similar
conditions in the more conventional type of guide field.
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CHAPTER FOUR

INITIAL - TOUB _PROBUBMS

I. INTRODUCTION s
In the earlier chapters we have emphasised

the general mathematical theory of steady-state accelerating

conditions in cyclic accelerators. In this chapter we deal
with problems in which boundary(or initial) conditions in
one form or another are involved, i.e. with 'transient’

ra ther than with steady-state phenomena. We cannot hope
to deal with all aspects of the three types of initial value

problem - (i) Injection Mechanisms, section2.
(i1) Ejection Mechanisms, section. 3*
(1ii) Transition Mechanisms,s.ection

so. we”turn from the general to the particular and deal with
the * detailed characteristics of such mechanisms in two
weak focussing cyclic accelerators with which the author has
been associated during the past five years. One is the 20 MeV
betatron at Metropolitan-Vickers Electrical Go.jltd.,, Manchea<*
ter4,‘4'and the other is the 340 MeV betatron-started electron
synchrotron in the Department of Natural Philosophy, Univer-
aity of Glasgow.45 The experimental results obtained-from

the operational character!sties of the betatron were obtained
in collaboration with Do Major* and the results obtained
from the synchrotron were obtained in collaboration, with

Dr.. W MeFarlane , and the valuable assistance of Malior,

W* simpson and T.Elder.

Sections 2y 3, and 4 deal respectively with injec-
tion, ejection and transition, mechanisms. The observations
and interpretations of significant characteristics is ori-
ginal works which was, stimulated by discussion with the above
mentioned individuals, B. A . Finlay and C.Ambaaankaran.
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2«  XorgoTJOBf MECHANISMS, !

20l Betatron injection -
2XX The control ol important parameters-

In any weak or strong guide field focussing
mechanism, the parameters of importance are t*fZ(6)t ) 9
and f2(8)v which in the conventional guide fielvd configﬁration
are terms which produce forced, parametric asicoupling excita-
tion or resonances respectively. In the induction acceleration
mechanism the.re is also the asymptotic movement of ’instanta-
neous” orbits towards the Equilibrium orbit, radius r 9 de-
fined by (25). Control of these parameters is important; in
the case of the functions, f, above, this is especially impor-
ant during the period during, and immediately subsequent to
particle injection, and happily, such control is particularly
convenient to provide during this period when the guide field
iIs weakest* Control of r throughout the period of induction
acceleration is also not as important as control during the
period of.injection; usually the most suitable orbit during
the injection interval is satisfactory for the rest of the
period of acceleration* except in very exceptional circum-
stances, which arise during betatron flux core saturation
or during a period dominated by transient flux disturbancesu
In the rest of this section we consider, briefly, the control

of these five parameters, f’a(9),, fB(G)’ f-l,(9), f..(8), and Fon

fcz)(S)Nl Although there is no danger of forced re.so*
nances in weak focussing synchrotrons and
betatrons, small amplitude, low harmonic
azimuthal variations of B,59 described by £(Z?(8)*
can produce large radial oscillations, and
can, in suitable circumstances (<n>=3/4,1/4)
induce a parametric resonance,, f~ is con-
trolled near guide field zero (when injection
occurs) by quadrature currents induced in
coils enclosing all the guide field flux over
a region of azimuthal extension, 2n/J> These
p coils control all harmonic variations up
to the (p/2)th. In the betatron, with its
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rectangular yoke, p=£ coils were used on the pole face
for this purpose. In the 340 Me? synchrotron,

coils were used, one around each of the 20 sections of
its distributed yoke. The large 20th harmonic caused
by the non~uniform flux distribution in the presence
of betatron flux bars (Paper P gives a fuller deacrip-
tion of this point) was not corrected aa a result of
conclusions based on the analysis given in Paper

f;(9) and Control of both these parameters may be conveniently
f~(0) "obtained using currents through coils concentric with

particle orbits attached either to the pole faces or
to the toiddal vacuum chamber(doughnut) « Prom stan-
dard electromagnetic theory we have for the radial pro-
uced in air at the radius r = rC"6r, & << 1, on the
plane equidistant between those of 2 single turn coils9
of equal radius, VCLWith centres on the same axis
spaced 2z <cm. apart, the expression -

Br « —2— r=2Trr-ni - k + ),
2rJ r8-«.6r)J (1 + f(rc+6r) :
where 1° and are the magnitudes of the currents in the two

coils, and the negative sign in (220) applies if the direction
of current flow is the same in both coils,, and vice versa, and

K and E are complete elliptic integrals of the first and
second kind. In most eases of interest, especially in the
case of the larger radius accelerators, z > r. s and (220)
may be simplified to the form -
Br 5 2(IX7 12)/zjl + 36£cj, (220%)
sxxicc 2(xig/z)2 n 25 and 8
If these coils are attached to the pole faces of

infinitely permeable iron, and we assume that the pole faces
are, very nearly parallel and have an annular width comparable

with its mean radius, then (2205) has xo be rewritten-



or, alternatively, and expressing 1 in amperes -

Br = (li £12)(0.36/z). (220"
Similarly, we have,
6Br/b z * - (1jlr12)(l + m2/8)/5z2, (221)
where | ia again expressed in amperes, and the positive sign

applies to the case when the direction of currents in both

coils are the same, Prom (221) we then have -
61 = (rc/<Bzx>)(0.46/z2){ ix £+ i2). (222)

It is clear from these expressions that if the polarities

and magnitudes of these currents are separately controlled
then the same set of pole face coils may be made simultaneous-
ly to control f£($) and Prom (220s) it is readily
shewn that using these coils the effect oh £2°) negli-

gible; more exactly,

"oBp/S r ~ -BrlrQ* (225)
in the 20 MeV betatron a very coarse control
only of <n> is available with the aid of a single coil in
the centre of each pole face, i,e, a single control of the
unidirectional current in both coils is provided which may
alter both their magnitude and polarity simultaneously *
In the 540 MeV synchrotron a much more extensive
control of the guide field is provided, Five concentric
coils on each pole face, with independent control for magni-

tude and polarity of current in each coil, control <n> and
<*?>. In addition facilities: are provided for the control
of the azimuthal variation of both n and with another

set of pole face coils» With a sufficient number of controls
of magnitude and polarity of current in each coil, harmonics

up to the loth may be altered, although as used only harmonics
up to the 2nd, may be affected* Results of experiments with

such an arrangement of coils is described in the following
sections,

fg(G) 3 This parameter is clearly little effected by
current in the pole face coil, and would require currents in
coils in the median plane. No such control has been used.
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2.2.,2 The characteristica of a 20 MeV Betatron.-
The following are significant experiments be-

traying characteristics of the injection mechanisms in small

betatronso
EXPERIMENT - Effect on betatron output of the value of

<n> during and just after the injection interval*
Curve |1 s <n> characteristic before introduction of shimming

wires on pole faces. o _
& <n> characteristic with steel shimming wires on

pole faces,

1112 <> characteristic after removal of steel wires
on pole faces.

Curve 11

Curve

peak emission in all cases was about 0*5 <amps,

-012 -00( -oofc .-003 ,, O +0 03 +oot +009 &n



racto (cm) .

Experiment - Radial dependence* of the focussing parameter, n,
at the injector azimuth.
Curve Xx Normal radial variation of sifeel sUv*s)

Curve 11 Variation of n with radius with a current of
amp”™pk, through a single coil on the upper pole
facew Erom this measurement, we have in the central

region immediately below the coil(radius, 19 cm.)V
$n * - 0,02 / amp,pk.
The theoretical formula gives $n -70*03 /ampopk*
(equation (222.) ),
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EXPERIMENT - Variation of output with intensity of injected
electron, current of Kkinetic energy 30 key*

Other parameters -

Curve
Curve
Curve

Curve
Curve
Curve
Curve

Betatron equilibrium radius 20 cm.

injection gun radius 22 cm.
0 - Rmmission characteristic with steel wire shims on poles.
I - Emission characteristic without steel wire shims.
II-Gharacteristic with no shims, current through single coil

at 19 cm. = -0*7
IT-Characteristic,
];Y-Characteristic,
V -Characteristic,
YI-Characteristic .

en - -0.015.
noshims, gn * -0.03.
no shims, in« -0.045.
no shims, an » -0 006.

no sfcu&a,6ri -0.075.
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2.103 Some characteristics of a 540 MeV electron
synchrotron -

The following experiments give evidence of

significant characteristics of the injection mechanism in a
oomparati sly large betatron-started electron synchrotron.

BXPBRIMSNT - A typical azimuthal distribution of electron
current at a given instant during the injection
interval, under conditions which give the maxi-

mum intensity of circulating curreatComprising
electrons which complete at least one revolution

AZIMUTH
0 *[2 1 5u/4 2N



0 100 200 300 400 300 600 700
Peak electron current injected - in milliampereac

EXPERIMENT ~ Effect on output of the intensity of the
injected beam of kinetic energy 75keY,

Curve | - Low harmonic field variations adjusted to give
maximum output with peak emission 400 ma»
Curve 11- Same optimisation as in curve |, this time made

when the peak emission was 800 ma.

Curve m - Some adjustments iaade when the peak emission was
600 ma.



peak Injector Voltage (kV)

EXPERIMENT - The effect on output intensity of the electron
kinetic energy at injectlon.

Curve I - Peak electron current injected - 80C ma* All
other parameters were unaltered as the injector

voltage was increased.

Curve IX - Electron current injected (max) 400 ma. Adjust
low harmonic field variations for each measured
point to obtain maximum output, which is, as a
consequence much less critically dependent on

injector voltage,

All other parameters had been adjusted to give
maximum output with a current of 800 ma, 7j kév

electrons,
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EXPERIMENT
|

125 121 129 131
radial coordinate (om)

VARIATION OF USEFUL RADIAL ABSRTURE WTH AZIMUTH.

Radial limitere at $ c tx

Injector voltoge 70 kV, peak emission 600 m&
Radial limiters at 6 « 1©7Q
Injector voltage 70 kVc peak emission 600 ma,

Radial limiters at 0 ss10? w*
Injector voltage 80 kV» peak emission 800 ma®

Thaaa are typical curves obtained when the

accelerator is producing its best output®

9N PHAO
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Radial position of the tip of the internal probec

EXPERIMENT  BEAM INTENSITY AS A FUNCTION OF THE RADIAL
POSITION- OF THE INTERNAL PROBE

I Probe inserted at @ » tf.
Il Probe inserted at Q» 1.7.

The rapid decrease in intensity at about 1PQ.7 QGa
Is due to the interception by the probe of high energy
electrons before they lose any appreciable fraction of
their energy in the target.
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above median plane ora* below median plane
BXPERIVBKT VARIATION OF USEFUL AXIAL APERTURE WITH AZIMUTH»

Injector voltage 70 KY, peak emission 600 mae

I Aperture limiter© at Q «
Il Aperture limiter© at @ « 1*770

These are typical results obtained when the

accelerator Is producing it® best output*
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Radial position of injector filament«

EXPERIMENT  BEAM INTENSITY AS A FUNCTION OF THE RADIAL
" POSITION OF THE INJECTOR*

~

Injector voltage 70 kV, peak emission 70 aa.

was obtained one week after curve

[ —

I, with

Curve 11
current®

everything except the magnitude of corrector coil

unchangede

"‘“Injector voltage 73 kVs peak emission 800 m&*

*urve |1l was measured, with the early timing peak, and

curve IV with the late timing peak*
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121 122 213 124 cm. 125 126 127 128 129
radial position, of the tip of the internal probe

EXPERIMENT INSTANT OF COLLAPSE CP THE BETATRON QUTPUT AS A
~ FUNCTION OP THE RADIAL POSITION OP THE INTERNAL

PROBE.

I . Internal probe at £ s 1?7

I1. Internal probe at Q s L7 it,
In the case of e-rye |, the intensity of the betatron
pulses increase when the internal probe is moved in bey-
ond 121 cm(the target radius)? but starts to decrease
when the tip of the probe moves in beyond 122 onk
An early ’'loss* peak (50 mioroaeconds after injection)t

Is accompanied by a second about 10 microseconds later

when the probe mcvco beyond about 12? cite, at 0 =



Top

Bottom

0.1

Top o

q +0,,1 -0*5 =0*3 0 +0*3 -frO5
SSPERIMSKT - Effect, on synchrotron output intensity ox
current through individual pole face colls

at different radial positions attached to
upper and lower pole faces,

In all cases the current in 9 coils was kept constant, ae
were all other parameters, while the current in the remain-
ing coil was varied, ao that optimum output is obtained
withburrents corresponding th the maxima of all ,10 curvesO
The magnitude of the current is given in terms of the

change in field gradient index, cn, © median plane
at a radial position immediately below the coil, so that
the total change at this position for a given output

I© the sum of the changes due to both upper and lower coils.)

plus smaller effects due to the other 8 <coils. General
formulae for calculating such effects are given in section
~N.1.3 of this chapter (Pour).

130



position

Measurement Of the quadrant pole face coil currents at i-adii
123«7.4( Curves | and Il) and 128,8 cm (Curves IIl and 1V),
expressed in terms of the changes £n, and they produce.

These two sets of azimuthal distributions were measured

at different periods when the accelerator output was near Its

maximum. The different results obtained have to be correlated

with the different currents IN the <n> coils. Curves | and 111

were measured when the <n> cuil currents were th©se corresponding

to the maxima of the curves IiNn FigCpage 130)*
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Radial coordinate (cm.)

Radial variation of the #uide field focussing parameter, n,

in the median plane» 340 Mey electron synchrotron,)Paper Re
If the limits of the stable region are defined as
the radii at which n=0,1* then these radial limits are at

r ~ 11805 and r « 131.5, an annular region of about 13 om*
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2.1.4 Some observations on, and interpretations of
the characteristics of injection mechanisms in
betatrons -

The problem is essentially that of low; energy
injection into weak focussing guide fields- The difference
between injection into an induction accelerator and injection
directly into a weak focussing synchrotron is that in the latter
the accelerating mechanism is started independently of the guide
field focussing mechanism- Thus particles may .ie injected on
dinstantaneous® orbits whose radii are contracting comparative-*
ly rapidly as the guide field increases, and the accelerating
voltage may commence at a time most suitable to trap in stable
orbits the largest number of particles in such contracting or-
bits* The problem of getting particles to miss the injector
structure is therefore rather straightforward on paper (con-
traction rates are sufficiently large to ensure some confidence
on this point) , but, in practice, as shewn by coamotron and
Birmingham experience, efficient injection is not 00 readily
obtained,, we shall not discuss any further here the problem
of direct injection into a synchrotron except to note that it
iIs a special case of the transiton problem discussed in section 4»

While betatron-synchrotron transition is very efficient,
and easily put into operation, as our experience on the Glas-
gow synchrotron has shewn, the facts of successful injection
In betatrons have no established theoretical basis* making the
task of getting any one accelerator to work for the first time
an extremely difficult one. It was the conviction of the author
that while a comprehensive system of controlling the spatial
distribution of the guide field is essential during the 9opti-
mising"” period,, when both the magnet excitation, end efficiency
of injection would have to be considerably increased9 such con-
trols should fee reduced to a minimum, and the magnet operated
continuously at the lowest possible excitation during the period
occupied by initial injection experiments, when effort would be

concentrated on improving techniques for defecting low energy
electrons and determining the number of revolutions completed
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by a fraction of the electrons within the acceptance interval.
This programme, its oonsequenoes and the initial injection ex-
periments are fully described in Paper @,

Ve turn now to an outline of the major characteristics

of betatron injeotion mechanisms common to most efficiently,
and reliably operating betatrons and electron synchrotrons,
CHARACTERISTIC | - Space charge forcesi The probability of
any single electron, injected at any angle and at any instant
during the acceptance interval, avoiding the injector structure
in completing successive revolutions during this interval is
usually negligible, unless the spatial and/or time dependence
of the guide field is specially adjusted in order to make this
probability significant. This probability is considerably in-
creased if the single electron is accompanied by other electrons*,
the increase being proportional to k>iP where 1 is the
magnitude, of the injected current during the acceptance inter-
vale, As | is further increased a maximum (k«0) is reached,
-after which output decreases with increasing emission from the
injeotor. The locus of the maxima of such curves for different
injector voltages does not appear to reaoh a maximum for vol-

tages up to about 100 kv.

CHARACTERISTIC Il -in all accelerators the focussing indexy a,
lies in the range 0.5 <n < 0*75. The greater fraction
have 0.65 <n < 0.75*
CHARACTERISTIC 111 - Successful injection is obtained
with the injector at the radius, r > re external7 injection,
<r0 ‘'internall injection.,

where re is the betatron equilibrium radius.

CHARACTERISTIC IV - Injection efficiency ie not sensi-
tive to mechanical restriction of the radial aperture immediate-
ly behind the injector* auch as may be obtained by extending

the injeotor anode struoture* or using separate aperture limiters.
Thus, Pig(pg.121) demonstrates characteristic I,

Rigs (pg,120 and 122) demonstrate characteristic 11, the fact,
that the 20 MeV betatron uses external injection and the 240 MeV
synchrotron uses internal injectior demonstrates characterise

tic 111, ana finally Pig(pg.125) demonstrates character!sttic V.



Indeed, this last oharaoteristio ia the most remarkable; out-*
put decreases by only about 10 percent when a vertical wire,
part of a specially designed aperture limiter, was moved a whole
centimetre beyond the radial tip of the injector anode*

In all oases the original Keret-Serber theoiy is quite
inadequate for explaining these basic common features of the
injection mechanism*

Before going on to emphasize the distinctive features

of the 2 accelerators with which the author has been associated,

a brief survey of efforts made to explain the common charac-
teristics mentioned above will be given*

All theories put forward have to include an explana-
tion of how the defocussing effects of space charge forces
assist injection efficiency (characteristic 1) # and produce
characteristics Il and 1V. There, are two classes of theories
based on this space oharge defocussing effect to provide an
injection mechanism, one using a plausible time d” endence
of the space charge density during the acceptance intervals
while the other uses a plausible spatial dependence of these
forces . The two theories in the first class are due to

, 47
fcerst and wideroe, the theory in the second class is due to

the author*

46

Kerst suggested that during injection the circulating
current increases with time, storing electromagnetic and elec-
trostatic energy in the beam which results in a loss of kinetic
energy of electrons first injected, and a consequent shrinkage
of their orbits. There is, in addition* an increase in radial,
oscillation amplitude during this period , and it is the net
affect which is significant, a fact not emphasized by Kerst.
Furthermore, there is the problem O0f explaining how the cir-
culating space charge builds up for a sufficiently long period
to give th© required contraction , the fact that the
effect is reversible when charge density eventually decreases

and the damaging fact that the orbit shrinkage(expansion) is

of the same order as the oscillation amplitude build-up(damping)O0
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When faoed with the formidable features Ill and IV, the conclusion
reached by several investigators4_3'is that the operative injection
mechanism la much more powerful than that suggested by Kerst.

The other theory in this class, due to wideroe, suggests
that the doughnut fills up with primary and secondary electrons

and that it is theydollapse of this accumulated charge at the
end of the acceptance interval which produces the rapid oscilla-

tion damping. The only difference between Wideroe »e theory and
that of Kerst is that the latter based his estimate of oscilla-
tion damping on linear, azymptotic theory, while the former
bases his estimate on non-linear theory using the potential
ooncept introduced into betatron theoiy by Rajohman and Cherry.
Both theories are therefore subject to the same criticisms,
from which one concludes that a more powerful meohanism than
that produced by time dependent space charge effects is necessary.
A more powerful injection mechanism is based on the
spatial dependence of the space charge density, in particular,
a first harmonic component in the variation of charge density
with azimuthal angle. This theory, due to the author, is
presented in Papers A and B* where it is shewn to exhibit all
the common oharaoteristies mentioned earlier. Depending on a
parametric resonance phenomenon near <> = Qo75, and bearing
in mind that space charge forces increase n from the point
of view of the radial oscillations, it appears plausible that
conditions for its occurrence are extremely favourable provided
the first harmonic azimuthal variation of the correct phase is
present, and "> is sufficiently close to 0.75, but never
greater than this value. The reason for this was not emphas-
ised elsewhere., but is nevertheless reasonably obvious. If,
during the acceptance interval, space charge forces increase
«n> above 0.75 where parametric de-exoitation of radial oscil-
lations may occur, then at the end of this interval successfully
trapped electrons would have to be accelerated through a period
during which ~n> became exactly 0,75 as dissipation of oharge
density commenced, which would lead to their complete loss through

radial instability. It would be impossible to guarantee that
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coupling inhomo&eneitiesg other than that caused by spatial
distribution of charge density, did not exist in magnitudes
sufficient to give rise to serious radial instability in such
circumstances, Removal of space charge &efocuesing, when, in
the presence of space charge, <n> < 0*/5* would rapidly result
in radial stability if the change in charge density was suffi-

cient, even though the presence of some amplitude modulation of
the radial oscillations in such circumstances would result in

the amplitude of some previously damped oscillations subsequently
increasing in amplitude- The magnitude of this aaplitude modu-
lation may be calculated from equation (iO) of Paper B- Thus}

an important feature of this mechanism is that it should be

very sensitive to <n> near 0-75, with <n> ™ 0*75 in the absence
of charge, and aa uniform as possible over the guide field an-
nulus, especially over that half of it containing ‘instantaneous*
orbits- In the betatron, with external injection* this would be
the outer half, while in the case of the synchrotron* using in-

ternal injection, this would be the inner half®
The effective $n produced by a current | amperes,

of charged particles, forming a ring of circular cross-section,
with a radius £ times the mean radius of the ring, and uniform

density is written -
6«zr = -6 " « 6(e./lia)v*Vval(I- ,

where Vv is the particle velocity- Thus, for electrons of
kinetic energy 25 kev(v=0*3c), £=0*15, 1=0*5, 6n « 0-07, while
for electrons of kinetic energy 100 kev(v=0-55c), £=Q,X5, 1=0*5P
6n £ 0*012, or for £=0.05, 1=0*5, an ~ 0-1.

Having briefly outlined the major theories that sug-
gest possible injection mechanisms, and having partially con-
cluded that, of these, only the resonance damping theory offers
a mechanism sufficiently powerful to explain all the charac-
teristics of the injection mechanism common to most betatrons,
weturn now to some interpretations of the special characteristics
of the injection mechanism in the two accelerators described

in sections 21 -2 and 2*1*3 of this chapter.
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Pigs (pages 119 and 150) provide some evidence of how
critical infection efficiency is to changes in <n>. Thus, in
the betatron a change ~ 0*03 reduces output by half, and
a change 511/ 0.05 reduces output to zero* In the synchrotron
a change of $n « 0.04 reduces output by half, and the change
£n » Ocl reduces output to zero. These results are unfor-
tunately complicated by the fact that the change &n is ac-
companied by axial orbit shift related to 6* by the equation-

$<2> 2. 5H,
which may be derived from (220") and (222), where 2z is the
mean axial height of the gap between pole faces. For the
betatron, a = 3 cm,, so that the axial shift for * 0.05 ie
O#15 cm. t while for the synchrotron, z » 5 cm. so that the
axial shift is 0,5 oau for an * 0,1 e These axial shifts
are too large to be ignored, and we may only assume that some small
fraction of the effect is duo to axial shift of the median, plane.

If we assume that the doughnut is uniformly filled with
space charge at infection then the azimuthal distribution in
the Fig(page 122), which was measured by noting the magnitude
of the electron currents collected by individual sectors of
the doughnut, gives a reasonable measure of the spatial dis-
tribution which provides the coupling inhomogeneity for para-
metric resonance at <&wefg ~ 0.75.

We turn finally to the two most interesting and sig-
nificant sets of results described in the previous two sections.
In the emmiesion characteristics displayed in Fig(page 121) it
Ia clear that there are more than one maximum, or, at the least,
a maximum accompanied by a point of inflexion, in each charac-
teristic. When these experimental results are observed to oc-
cur in a guide field whose focussing index has the radial de-
pendence depicted in the Fig(pg.120), some very plausible con-
clusions favouring the resonance damping theory of injection,
may be deduced. It is suggested that the first maxima (or
points of inflexion) in the emission characteristics occur for
instantaneous orbits with radii in the range 18 to 19 cm.
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where is closeet to 0*75, while the second maxima (or

points of inflexion) occur for instantaneous orbits with radii

in the range 20 to 21,5 cm. where <n> is much lower - about
0*6? - and would require a larger charger charge density to
bring <n> tc about 0*75. Thus, in the case of curve X1, the

first maxima occurs for a peak emission of 250 ma, ana the
second for a peak emission of about 500 ma. The difference,

250 ma.9 corresponds to a change, ~n * 0004, while the dif«

ference between the maxima and minimum of the curve | (pg 120)
at radial positions 19 cm, and 21 cm, is about 0.08* This
difference is not serious because the $n due to the space
charge is very sensitive to the value of £ assumed. The
important point to stress is. that the qualitative nature of
the emission characteristic and the radial dependence of the
focussing parameter, nr make such a suggestion extremely plau-
sible and support any theory which states that injection effi-
ciency is at a maximum for a given value of the focussing
parametero

The other very interesting result is shewn in the
Fig(page 129)» Here we have the very remarkable fact that a
betatron beam is detected some 100 microseconds after injec-
tion even when the tip of the probe is inserted so that its
extremity reaches 128 cm., |l.e, only the radial region between
X28m.o and about 130 cm* is left for electrons to circulate
throughout the acceptance interval and for the subsequent 100

microseconds, at the azimuthal angle 9 ~ ~ which is diametri-
cally opposite the gun Indeedv the single vertical wire which
comprises the radial limiter when used in the azimuthal posi-

tion would not completely remove the betatron beam whatever
its position within the stable region, and, as shewn in the
Figo(pgl25) completely removed the synchrotron beam only over
the radial region between 125 cm* and 126*5 cm. Similar ex-
periments at, 9 * 1*7 « (just behind the injector) produced
quite different resuitss the betatron output was reduced dras-
tically to zero when the tip of the probe, or the vertical
radial limiter wire was moved beyond about 123 cm, These two
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striking experimental facta suggest the following observations 3
(a) Curve | represents the variation of the radius, r. s
of some instantaneous orbits which follow closely the variation
of the betatron equilibrium orbit radius* res with flux density,*
Due to the slow contraction Of the latter* and the relation
(205) between r. and rQl we have r. ~ r . The time scale has
to be converted to a flux scale before it may be compared with
the betatron orbit characteristics described in Paper F* Thus*
3.00 microseconds here represents a guide field flux density
increase of about 80 gauss, or an increase in electron energy
of about 3 Me?, and it appears that a betatron beam a 12 Me?
may be obtained, A rather curious feature is the splitting of
the betatron beam at about 123*5 cm. and an energy of about
9 MeV, so that one part spirals in very rapidly* while the other
part spirals in rather more slowly. This cannot at present

explained,,

(b) The drastic decrease of infection efficiency to
zero when the internal probe is inserted beyond about 123 cm,
behind the injector, and the fact that a similar probe may be
inserted well beyond the centre of the stable region (.125 cm))
diametrically oppoate the injector without reducing injection
efficiency to zero, suggests that during the injection interval
the amplitude of the radial oscillations may be large only in
the vicinity of the injector and very small diametrically op-
posite th® injector™ This can occur only if rapid oscillation
damping is accompanied by very slow precession rates* Small
damping rates with fast or slow precession, or rapid damping
with rapid precession, rates will not exhibit such characterise
tics,a®© readily as the first combination of damping and preces~
sion rates, which are easily obtained with the resonance damp-
ing mechanism* Furthermore, it is interesting to note that
that particles oscillating about orbits outside the convention-
ally defined acceptance interval ( about 119 cm to 125 cm¥*),

i*e, those orbit3 with radii between 125 cm* and 128 cia#) are

accepted for induction acceleration. The assumption implicit
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in these observations is that the effects observed experimentally
at 0 sw appear also in the vicinity of this azimuthal positicn9
iIn other words it is not due to any local distortion of the in-
stantaneous orbits in this position* However, it is unlikely
that any such changes in the shape of instantaneous orbits will
explain these remarkable resultsg

All sach observation on the injection mechanism
must take into account the possible existence of errors
in field. gradients due to field disturbances which become
significant at the low guide fields existing during the
injection process. Thus, measurements described in Paper F

indicate errors in nzr ~ 0.1

141



3*1 SjatgjBjgnt of problens -

There is a large variety of ejection mechanisms, all
of which depend on providing a perturbation either of the guide
field focussing or the accelerating field focussing mechanisms.
The difficulty of extracting a well defined beam from a cyclic
accelerator, however, increases considerably if the beam is to

consist of charged particles(electrons or protons), and it is
much simpler to make experimental U3e of the high energy charged
particles within the accelerating chamber, or to convert them
into an electrically neutral particle beam (neutrons, or photons)
which is then readily extracted in a well defined beam *
In addition, there is also the problem of extracting
such charged or neutral particle beams over extremely narrow
or extremely wide time intervals depending on the type of ex-
periment one +3 performing* although with some experiments,
the mdth of the extracted beam is of little interest» Very
narrow output pulse.a are required either for experiments in
which the lifetime of short' lived particles (e,g, muons) or
excited nuclear levels is to be measured accurately in the ab-
sence of bae%*oun& radiation from the accelerator, or, if a
charged particle beam, as monoenergetic as possible is required*
Very wide output pulse b afc generally nmeJe<t when neu-
tral particle beams are used, and the need for a monoenergetic
charged particle beam is not as important as the improvement
In counting statistics that results from the ratio -
beam on / beam off
being as large as conveniently possible.
3 Election of charged particle beams -
Much effort,, and many different mechanisms have
been applied to this problem* However, if it is essential to
extract efficiently a well-defined charged particle beam from
cyclic accelei'atoro, some form of magnetic shunt is essential*
Such shunts have been successfully used only in cyclotrons, so
far where a thick-wailed magnetic channel is used with an ejec-
tion. mechanism powerful enogh to separate the orbits of parti-
cles in successive revolutions sufficiently to enable a signi-
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f leant- number to enter the channel without striking its walls*
Perturbations of the accelerating field mechanism( such as by

shifting the equilibrium orbits, by rapidly changing frequency)
to not sufficiently quick acting, In such casea a particularly

convenient mechanism is the excitation of a radial parametric
resonance, For the cyclotrons, where <n> * 0 a convenient
radial resonance is obtained in regions L, N (Pig.on page 83),
which gives radial instability with a second harmonic variation
n(-S) « o0c-.cos(2”™ +Y2) 9 without axial instability provided cer«
tain coupling resonances are avoided. Paper D gives a full
analysis of this mechanism, and all source references.

The application of parametric resonances of this class
to synchrotronsf where ~ 0.7, is discussed in Paper K.

It may be concluded that for efficient charged parti-
cle ejection a magnetic shunt and a suitable parametric reso-
nance mechanism are essential, a conclusion fortified by the
successful application of such principles to the University
of Liverpool syhchrocyclotron. It might be added that in these
circumstances it would be natural to obtain a narrow output
pulse, and the modification of the mechanism to obtain wide

output pulses would be difficult, though not impossible.
3®3 Election of neutral particle beams -

This is a much simplex' problem, and a great many

solutions are known, which ia not worth cataloguing here,, The
major problems here are not efficiency and well defined beams%
over these factors we have little control other than altering
the physical size and material of the converter used. Instead,
the problem, is that of obtaining when required very narrow or
very wide pulses. For the former a parametric resonance is
again the obvious solution, and the mechanism described in
Paper K has been used successfully in America to produce out-

put pulses of photons from a large synchrotron over time inter-
. 51
vals < 0.2 microseconds.

The problem in obtaining wide output pulses is that of
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maintaing uniform intensity during the duration of the pulse.
Thus, while it is easy to separate photons coming at the start
of the pulse from photons coming at the end of the pulse by
intervals i to 2 milliseconds in the Glasgow synchrotron, it
is much more difficult to ensure that they emerge at the same
intensity throughout this period. The mechanism used to pro-
duce such wide pulses in Glasgow consists of perturbing synchro-
nous stability conditions by slowly reducing the peak accelera-
ting voltage, and non-uniform distributions which vary from
pulse to pulse are common, and control is difficult*

The problem here is that at the time of ejection the
electron bunch has been reduced considerably in size through
asymptotic damping, and has to be moved through N~ 3 cm. before
electrons begin to strike the converter (target) and subsequently
through ~ 1 cm. before all electrons are converted to photons,
or lost through striking the walls of the doughnut. ldeally
the electron beam should be moved radially compa”ively quick-
ly at first and subsequently much more slowly as the first elec-
trons begin to 3trike the converter. Fluxolggeturation, which is
used for beam ejection in large and small betatronsyproduces
the opposite effect .i.e. radial motion becomes increasingly<
rapid with time. The time behaviour of the orbit suggested
as ideal above, if wide output pulses are to be obtained in a
controlled manner, can be obtained with the aid of an induc-
tive transient started late through the accelerating period
and used to provide induction acceleration or deceleration
(expansion or contraction of particle orbits), a small igrxi-
tron may be used to provide the switch starting the transient
current build-up in the ejector coils, which may also derive
their power from the main tuned circuit exciting the synchro-

tron magnet *

4. TRANSITION MECHANISMS -

Discussion here will be confined to the betatron-

synchrotron transition mechanism which occurs in betatron-

started synchrotrons. Treatment is, however, readily general-
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ilaed to deal with all types of transition mechanism, a collec-

tive term describing particle behaviour during the interim per-
iod between the start of one form of accelerating mechanism and
the end of another, when the two types of accelerating mechanism
co-exist. Thus, Betatron-synchrotron transition mechanism deals
with particle motion in the interval between the start of syn-

chronous acceleration and the end of induction acceleration |,

where the former is taking over from the latter. The efficiency
of this transition mechanism is a measure of the number of par-
ticles which are accelerated in stable synchronous orbits after

the end of betatron acceleration relative to the number in sta-
ble betatron orbits before the synchronous mechanism was started.

The efficiency of transition is equal to the capture?
efficiency into phase stable orbits provided the radial, excur-
sions occuring as a result of the largest phase oscillation,
when superimposed on the radial oscillations about the betatron
equilibrium orbit as a result of guide field focussing and azi-
muthal field variations, allow, particles to remain within the
stable region of the guide field, defined pessimistically as
the annular region of the guide field between n=0 and 0=1 ( see
figure on page 132).. Thus, displacement of the betatron orbit
r from the centre of the stable region inevitably increases
the probability of losing particles undergoing the larger ampli-
tude phase oscillations, although from the analysis in Chapter Twos
section 302®@(Page 92) it is shewn that the einstantaneous”
orbits about which radial oscillations occur never coincides
exactly with a time-dependent betatron orbit except for the
iInstant when they may intersect one another. Also* it is shewn
in equation (206) that the amplitude of the radial excursions
accompanying phase oscillations is proportional to , Where
V is the peak value of the r,f« accelerating voltage, which
is assumed time-independent. The main problem is that during
the transition period we are discussing,,, V is always time-de-
pendent, rising more or lesa rapidly to its maximum value,
which is usually arranged to remain constant during the period
of synchronous acceleration, depending on the power in the
r«fo oscillator and the Q of the resonant circuit (the quarter-

wave resonator which forms part of the dougnut). Particle beha-
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vfour during this transition period when V is increasing,
and the stable phase angle G slowly increasing as the mag-

nitude ox induction acceleration slowly decreases (gradual sa-
turation of the betatron flux bars cai&sing a gradual contrac-
tion of the radius of the betatron equilibrium orbit radiua),
is described therefore by a non-linear and norx-autonomous
synchrotron equation, with whose analysis one is concerned in
order to estimate quantitatively the efficiency of capture,

during this period, Many earlier attempts to solve it, under £o

a variety of simplifying conditions* are referred to in Paper J#
which a3.so contains a new approach to the problem, and quanti-
tive estimates of capture efficiency.

In the analysis presented in Paper J it is assumed that
Y rises to its maximum value in a series of discontinuous, steps,
so that during any interval to be made as small as desirable,
both v and G = sin~*(v*/V), A whole family of integral
curves (phase trajectories) of the general form (136) is thus
obtained, each characterised by different, but constant, values
of V and vB» Initial conditions fix the values of and
(d$s/dt)0 0 t and the va3,ues ofV and v- for the first
trajectory, and subsequent valuesare obtained under the stipu-
lation that physical continuity of elementary phase trajectories
iIs maintained* although, using such methods, the trajectory as
a whole may not be analytic at these points. The result of
such analysis shews that a particle is captured in phase stable
orbits if it lies within the region in phase space defined by-

= (*ifH F(ep * f(v') +WboB(«p+ vyer+en-(i+20)s ), I

(224)

where it is assumed that the peak r.f., voltage, Y increases
from an initial value*, V‘_t* to VMi while v? increases from 1
to vl during the same period, and subsequently remaining con-
stant, with = sin  *(vA/V™)-  Alsov
F(«<p = viGo3(«p + W) “00s(Q; ~2v™ (224a)
f(v') = vl - (M-hv~ ], and ' (227)

-2p'w o« tt - o < -2(M=Dtr/m 0 43* « positive integer.(224c)
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The limiting cases of this general treatment occur
for M=0, and M >> &» corresponding to the instantaneous rise

of V to its maximum value , the assumption made in QGWar&ls 52

treatment, and the infinfinitely slow rise of ~s~°

maximum value, the assumption whioh ma-Vee Kaiaers treatment

exact when v'?=0 throughout. In these limiting cases we have™

M» 0 % f(v«) =P « 0, 9(0'Q * vtt°os(«J*
Capture efficiency, assuming that partic lea are uni*
farmly distributed in a rectangular region in phase
space stretching from - -» to €f « approaches
100 per cent only if Ym » VM conditions under
which stable phase oscillations are sufficiently large
to make particles spiral out into the unstable regions
of the guide field, Experimental results do not agrre

with predictions from this limit&ig cgae of general theory.
M>> m 8 =Ma @D, p©») * 0,
The stability condition now becomes -

Vo =(%Ai). (22<
The remarkable feature of (225)» first noticed by
Kaiser using a more approximate analysis, was that
it was independent of and that they/ dimension
of the rectangular stable region defined by (225) is
iIs (1/2)~"™ times the maximum height of the stable
region associated with voltage, in the limiting
case M=0. Both these facts mean that 100 per cent
capture efficiency is obtained if the r,f. voltage
rises infinitely slowly to a value (2 )I/2 times
the voltage whose stable region has a maximum radial
width corresponding to the radial spread of particles
at. the atart of the transition period,
A general treatment of the problem may be made using the results
In equations (224) for any function V(60> and quantative cap-
ture efficiencies obtained,, In paper J this analysis has

been applied to the case where V increases linearly with phase
angle Osa The results given there show that capture efficient

ciea rapidly converge to 100 per cent, for 1 <39 < 10.



In. the case of the Glasgow synchrotron this range of p®
corresponds to rise times of the r,f, peak voltage, Y from
zero to a maximum value of the order of 3Q0C volts while the
electron energy ie of the order of 3 MeV, of from 3 - 30
microseconds. It has been found that deliberate attempts to
increase the rise time above about 10 - 20 miarose cord e have
little effect on the synchrotron beam intensity, and hence on
capture efficiency- Thus there is good agreement between the
theoretical predictions and experimental results although the
former was based on a linear increase of V with phaae anglg ;
Os, while the experimental results were obtained with r*f*
shaping which gave a linear voltage increase with time. This
is some proof that the exact manner in whioh the voltage rises
is not of importance to the first order as is the period over
which it rises to its. maximum value. Theoretical proof ot
this could be obtained from the theory presented here, although
It would hardly be worth the effort in view of the order of

the effect one is expecting*
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CHAPTER FITE

COTCLUSIOWS -
THEORY OF MEGBT DESIGN ATO PRACTICE OF ACCELERATOR OPERATION

In this monograph the majority of space has bean de-

voted to general theoretical principles, and the mathematical

theory required for their solution (Chapters One to Three),
while in chapter Four we discuss the facte of injection Into
betatrons and electron synchrotrons, among many other initial
value problems, and find that in 15 years sinoe the development
of the betatron all tecvtes past and present do not wholly
succeed in explaining them. These two aspects of accelerator
physics, i*©* the theoretical idealised aspect and the opera-
tional aspect, are not inconaistent, but they do indicate a
principle relating to economy of effort in this field of

endeavour <

A line has to be drawn between over-emphasizing the
importance of experimental measurement of guide field charac-
teristics in the absence of electron beam effects (or proton
beam effects in proton accelerators), and relying entirely ©n
injection experiments in commissioning an accelerator, we
must stress the reference to experimental measurements and
the exclusion of theoretical efforts* because the latter do
not hold up injection experiments* while the former do ¢ This
is especially important in the case of the strong fooussing magoats
at present in the design stage. All measurement of field
characteristics, at all excitations up to the maximum, and in
the absence of space charge effects, should be done as indivi-
dual sections of the magnet are completed*, the form taken by
the excitation being identical to that envisaged for the com-

plete structure,, as soon as the magnet is assembled as one
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complete unit, and the mechanical stability, structural align*

ment end electrical character!stics(voltage transients etc.)
are within the required limits * then injection experiments

should commence, supplemented by field measurements as they

appear necessary**, In view Of the experience with the tvto

accelerators discussed in Chapter Four, this procedure is
strongly recommended,
Another point to stress is that provision for control

of every important parameter must be includea in the design,
and brought gradually into use during the initial injection

experiments* Strong focussing accelerators are more complex
dynamical structures than weak focussing accelerators, and

while such controls near the injection interval only suffice
for the latter, programmed controls that may be applied through*
out the period of acceleration will be necessary for the former,

With these, few. comments on accelerator programme

planning, we conclude this thesiso
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