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Some problews involving partial differential equations

with wixed boundary conditions.

Ce Cs Bartlett

Swuuary -
A function 4) eatisfies the equation

4)*1 @ (Pvm.*' hz‘# =

in a2 region R bounded by & closed curve C on which wmixed
boundary conditions are specified, for exaumple (ﬁ::o on
a part A of the boundary andé%wﬁwg on a part B, where
C = A+ 3. It is required to find the values of kX for
which the equation possesses polutions satifying the
mixed boundary conditions.

iwo variational principles are given for these
elgenvalues, and conditions are obtained under which
these two principles would give upper and lower bounds
for the lowest eigenvalue. lranscendentel equations,
obtained for the deterwmination of the lowest elgenvalue,
are shown to be functions of an unknown function which is,
for exawple, the value of 4) on the part B of the boundary,
or ofbﬁﬂ&\on part A. If a first order approximation to
this function is wade, it appears that the reesulting
approxiwation to the eigenvalue is of second order.

ihe general theory, obtained for a siuple closed
curve, is extended to inveetigate a curve enclosing =a

certain type of cowposite region, and it is shown that
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the conditions under which the two variational principles
would glve upper and lower bounds are eiwmilar to those of
the siwpler problew.

Several problems are worked out in detaeil and some
numerical results are obtained for cOmparisoqgith resulte
obtained by other asuthors by other methods. It is shown
that in all of the chosen problews for which the two
variational principles can be given, the conditions that
they give uvper and lowex bounds are satisfied.

An alternative wethod of solution of these problems
is given, using conformal traneforwations in a elightly
modified form of Schwinger's ‘'"equivalent static problem"
wethod.

1he paper concludes with a bLrief note on the
application of variational principles to wixed boundary

problews in potential theory.
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Srzmsary

A function ¢ sstisfies the eguation

ém: 4 éyy

+ k% = C
in a region R bounded by & clesed curye C cn whlch mixed boundery conlditicns
are specified, for e¢xample ¢ = O cn @ zart A of the boundary end 9 ¢/2n = 0
on a part B, whexe C = A + B. It is roeguired to find the velues of k for
vhich the equation possesces solutions satisfying the mixed bomdary
canditions.
Two variational. principles exre given for these eigenvalues, and
conditions axe cobtained under which these two principles wounld gilve wpper
and lower bournds foi’ the lowest eligervilue. A mmber of problems eras worked
cut in detail and it is ghom that in mogt of them the conditioma for chbialning
uppar and lower bounds are satlsfied.
An elternative methed of solution is given, uging conformel transformetlions
in & slightly modified form of Schwingar’s ‘eznivalent static problem? method.
The paper conciudes with a brie? note an the applicetion of varisiional

principles to mixed bourdary yroblems in potential theory.




£ = s
g 1, Intrcduciicn.

The type of sigenvalue problem specified in the sumusry has an
extensive literature.

In the Reyleigh-Ritz varistionel oppreech the wnlnown fumctlion
¢ is replaced by the subelass of functlons ¢/ having the form
= ey él + ¢y §2 *oeee + ey —és where the triel functions ¢ satisfy
the gpecified boundary ond continuity conditicms, but not the differential
equation. The method gives only an upper bound for the eigenvalues with
no information about the sccuracy of the bound. Closer epproximations ere
obtainable, but the Ritz minimizing process becomes very compliceted,
espacially for higher modes. One is usuelly reduced to the scmewhat
haphazerd epproach of epplying tha methcd to problems whose resulis ave
already known eccurately, end ccmparing the approximate results with the
sceurate. This is not satiefactory because the examples chosen wey happen
to be purticularly fevoreble. Modiflcations which simplify the minimizing
process have been suggested, notably by Gelerkin (1 ) dut they €o not
ovexrcome the lack of a lower bound.

The Coursnt-Trefftz method { 2 )( 3 ) is effectively the ccuubarvart
of the Rayleigh~Ritz method in that triel functicns ere chosen to satisfly
the differentisl equation but less restrictive bowndary ang continuity
conditions. A lower bound is cobtained for the eigenvalues. Thils bound
cen be improved by imposing more siringent boundary conditions. Indeed,
the method can theoretlcally be made to yield an upper bound as well, by
imposing boundery conditions more stringent than in the original problem.
The algebraic process is, howevey, even more compllicated than in the Ritz

method.




A method hasg been given by Welnstein ( __1_: ) vhideh will give hoth upper
and lower bounds. Unfortunately the expression to be mianimized is very
complicated. Only very simple trial functions cen be wvsed, limiting the
closeness of approach of the two bounds. Halm ( 5 ), Godderd ( 6 ) and
others have solved related yrcblems by reducing them to the solutlon of
en infinite set of simultenecus linear equations, which must then be
solved numerically. Hansen (_L) has obialned en opproximate soluticn
by determining Xk so that certain sssumed field distributions gatisly
the specified boundary conditlons on ecertein points of the boundary.
Further applications of a gimilar metbod can be found, for insbence, in
(_8 ) pp. 1435, 1859. Related problems occur in coanection with the
reaonance frequencies in microwave cavities and a convenient methed for
computing these frequencies in practice is given in the chapter by
‘Marcuwitz in { 9 ).

Hansen end Chu (19 ) end Chu (_11) bhave used an extension of Schwinger‘s
integrel-equation variatione) methed. An exposition of Schwinger's method
epplied to propegation in wvave guldes is given, for instance, in ( _3;2).

The method used in this paper is also essentially Schwinger?s method

modified to epply to elgenvelue problems, but we bave approcched the problem
from & point of view which is sowewbat different from elther Schwinger's
original approach in propagetion problems, or the approach in {_11) sad {_10).
The argument in (1L _) is quelitative. The proofs in (_10) refer to impedance
beurdary condition 4:/ 5n +o-¢ = 0 and it seems to be difficult to apply
the avgument to cases where ¢ = O on part of the boundary erd 3¢/2n =0

on the remainder. The adventege of the verlaticral method over the methods
of Habn and Hansen meationed in the lest racograph 1s tkat it involves much
lecs labor for & specified degree of accuracy. A considerable number of

problems of prectical interest can be formulated in terms of mixed boundary-




value procblems 2nd some of them are considered below in detall. Ve shall not,
however, be concerned with the formmlaticn of the partial dlffevential equation
of the problems inventigsted, being content to state the prcblen end to quoie
the appropriate equaiion and boundary condltions. Aiter a development of ithe
general theory a simplze problem is examined in some detall. This problem

is of little practical interest, btut serves to intiroduce anl demonstrate
several aspects whiel recur in tke sveceeding prcblems, &ll of which ave

direct or indirect develomuents of this Tirst example.




§‘ 2. Ceneral Theory.

e use the notation

(‘C,ﬁy = gS; S;-CX,»))g(),L))LH(u),

(2)
(\,Qqﬁ\ [( Nb% + b«—; i)i‘ udy
3‘3 »\
Green®s theorem states that
5
( d
(g - (60g) + | 6334
vhere b/a r deuctes differentiation nozmal to the boundary in an oubward
direction. Suppese that ¢ sotisfies V 2§ + k¥ 4 = 0 in a closed regicn
R bounded by 2 curve ¢ = A + B with ¢ = O on the paert A of the boundary
and )é/bn = 0 on the part B. Let LJ be the lowest eigenvelus of this
problem, with corresponding elgenfunction él(x,y) normalized so that
\
(., ) - 3)
Fron Green's theorem
" . 2 \ j ____l
(V¢11v<‘h) - (d)' ’V LP'/ . (b’ ds
= k(4=
= : v T
(k)

We proceed to obtaln an vpper bourd kX, for the lowest eigenvalue kl'
We take a funetion §(x,y) vhich approximates d»l(x,,y) and sbow that if
{S is & firgi order approximation to ¢1, then the resulting k+ is & second

and Xk, R gAL

owder arproxiration & k‘L 5.



Assure that J{x,y) is nowmalized, so that

(¢, P)=1 (5)

and that é})_ 13 continuous In R, possesses continucus firgt-order

Contangys
derivetives in R and PiecewiseL s2cond-crder dexivatives. We éa2fine gn

error fupction § (x.y) by the egustion ES = (bl + & . From (5),

(d)\; § 4?,, §) = 1 ; and on expending and using (3),
208, ) + (5.5, ®

In order to obtain ar upper bound for the lovest eigenvalue kl suppose

that _BE satisf{ies tke followlng conditions.

Ll') Viﬁp + k‘z@ T QO b R «L-r Savb  cre st IQ,

(,.‘.] (P = O J\\PM Q JA".L! bco“g(bvn N
(anj; ¢ %if ds =o.

It will be seen later that in the application we consider, condition {{11)
provides a8 transcendental egquation from which 1:+ can be determined.
A3 in the derivetion of (4), using Green®s theorsm, ecuation (5),

and conditions (i) - (i{i) we have
(v‘b’vﬁ)’\@z- (7)

Also (V‘PvV‘P): (VL{>‘,V\Q) + 2(vd,9 ¢) r(VS,QS)’ 8)

(98,94 = 5,9 $) 4 5}%%43
= k\b(g;d)y\ . (9)

%



This shows that if ¢ is a firet order spproximation to b, then k. ia
a second oxder approzimetion to kl. From Reylsigh®s principle it ig w2ll
known that if § is sny function conbinucvs in R, with plecewlse continnous

first-order derivatives in R, and such that $ = ¢ when d =0 on C, then

(‘,7_;,_1’3\ = (11)
L$,3)
A brief account of Rayleigh's principie cen be found in (22) page 3068. A
more detailled account appears in (,}_5_) Ch III. Fron the definitions of
$ and ¢, the conditions of Reyleigh's principle are satisfied by d , so
that on using (11) in (10), ' 6o
k. Pk
Another veriational rriaciple for the lowest eigenvalue czn be cbhbtained
by considering a function \ which satisfies conditicns
(1) w2 y+x*F=0 in B for same conetant k_ ,
(115 O¥/dn = 0 on part B of the boundary,
(1115' j Q%%as = O.
A
On repeating the argument leading to {7) but wsing (i)’ - (iii)l we find
(V&I_),V\_{/) - k* (13)

As before, we define an error function &€ {x,y) such that ‘E = ¢» + & .+ The
result (9) with & in plece of § is no longer true since ;r' and thevefore
€ 1is no longer, in general, zero on part A of the boundary. Instead of (9)

we write

(ve,vd) = =, ve) fcb 4




On svbstituting (&), (6), (13), (&) in (18) we heve

k"= k2 - {( ve , V& )~ L»_z('s,w} (15)

This result should be ccmpared with (10). It shows thet if & is & first-order
approximetion to ¢l then k_ 1s a second-order approximation to kl. Unforeunately
Rayleigh's principle ro longer applies sioce _‘{' and therefore £ is nct in
generﬁl zero on those peirts of the houndary where ¢l is zero. Hence the

result (11) with € in place of $ is no longer aveilsble and we cannct

deduce from (15) that k_ < K. (Attempls to yrove results analogous to (11)

for &, by the methcd used to prove (11) in (13 ». 164, ron into the
non-unifoim convergence difficulties mentioned in (_13) pp 102-104.)

However, the result that k_ < kl will be proved for scme epplizetions in

this paper.




s P 4 D 1 -~ o o ® aon e - - - -
2 3 A Problen iavelving a rechangulad
N e = e R

we consider a rectongulaxr regicn 0 < x < g,

gides except x =a, 0< y <D, on whlch

9¢/b7(:0)6<|.35k,; \t);‘o .Og'jl: ..
(16)

‘-——Q—%

A7

18
|
|
Flgure T b

& —»

31

B

sl X

Thig will be referred to as the Simple Prcblem.
By seperation of variables a sclution of éxx ¥ cﬁw + k% = 0 which satisfies

th2 bounde.y corditions on x =0, y =0, ¥y =h i

by = & & faud¥x Tyl (172
oo
vhere Z: : 5wl wso } .
% 3 whes N70

(17v)

N'-

! . 2 <
Y, = [@varr- ] = [k emmSE

We assume a time factor exp(-iwt) and this is the reesoa Tor the minus sign in
the last equatior. We can obtain approxixatiors to the eigenvalues in either

of two ways which will be distinguished throughout as cases I end I1.

Coge I. Consider & functlon § defined oy
o0
\
@(‘l-b}) = Z 2. € etk P t Wyl (18)

nee
: e
P« [Gau/™ k2T ifk Hiie) J* (19)

vhere




D = O T OEYNEE S
M {52 ]
= F’({) X =04 N B 3 <b

sco that § sotigTies condition (ii) in & 2. The functlon W{y) is wdmouwn. IF

A A T Ain g 3 mry g
e use (18) to give a fomm for d(a,y), muleiply it by cos - - end integrate

fram O to b with respect to y, it follows, using (20), that

b
( FD e i d’}' (21)

Q“Co‘skﬂrﬂa % = AL
bJ b
8

On substituting this result in (18}, taking the dorivative with respect So x, end
sa3tting X = 2, we have

L
g

cQ
3%} . 2 55T wAb FOD iy o (22)
t T

Qa
))\ i .D =0 ..L
Condition {41i) in § 2 gives
N (B@ dy = D
A y O

3 i

On substituting (20}, (22) in this expressica we find

n=9

= (,b 12
2 f“' P“ tz.n.\"\ P“p\ J F(‘ﬂ) &”'LEJ A%J = O, {07)
8

This is e transcendental eguotion for the dotermination of k " The anzlysis

-~

in & 2 indicates that if we choose as T(y) & first order approximebicn to the

value of ¢ on x = &, then the swellest root of this equation gives e sssond-crder

r

epproximation Lo the lovwesht eigenvalue 11:1. Also k.  ie grester than Sy
w ole

Case II. Conelder a function Y defired by

=
\P (‘*,U)) = i’: £. Ca wsh @ o W“'j/iz (£h)
=9

' I
2 2 -3 . K - (i Y T B
vhere O, = [(Vl'ﬂ AY-kT = - [‘:- (wr b)* | (25)

b



g0 that v° s}, £3 7 j = &nd hence & suatisfies e y () of
skall assome that
J 4 ) : e R
¥/ = Gy , r=a  o=y=S$,
{(256)
= O x: C‘. N 6 < U f b)
)

o that §> glso satisfies conditior (ii)Y in § 2. The fumetion ofy) is
unknovn. The censteats € in {(2%) can be expressed in texms of Gly):

C. O, shOWK =
On substitud

Yeyy -

ing this resvlt in (24) we find,

2
b

2

B
L ,(’ Gl oL i) (27)

for % =

a,

e 5Y
s &

=0

-l S
®. l}';ml« & } f C(:}) o h_‘::r] J-1 ) ‘%J .

S

Condition {iii)® in £ 2 gives

9

Bulstitution of (26) and

< ’ -t (_ g 2
Z. 3 @,GMLQa } ( J G(\)) e u_? dat = p,
YO o

This is a trenscendental
in § 2 indicotes thet if
3ds% on x = &, then the

to thz lowest

iR

t
©

4

(28)

in this expressica gives

.
exnalysis

eguation for the determination of k .
¢{y) is e first-ovder approximetion velue of
smallest root of (29) gives & seacnd crder epproximation

is shovn in & 5 thet &  1s less than k, .
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In this section we derive the tianscendental eguations {23) arnd {29) by an
integral equetion spproach. If we apply the boundsry conditions (16) to the

solution {17) we obtain the following "dual series?®:

(s~
~ 1
S 24 ¥ A suhYa wo myfh = 0, B<ys b (30a)
n:o
i '
?. @ v wi = O’ o= <K, .
s A wsh Yo tn wTy/, e (508)

=
Y

Constants Ay satiefying these relations exist only for specigl values of Xk, and
the problem is to find these velues of k and the ccrresponding values of Ah'
Equations (30) can be reduced to integral equations in either orf two ways, 2nd
a variational expression caen be derived from emsch of the integral equations,
corresponding to cases I and IT in § 3.

Case 1!, Suppose that the left-hand side of (30b) equals the {unknown)
function f(y), B < y < b. The constants A, cen be expressed in terms of

£(y) [c-£- (21)] end if the result is substituted in {30a) we bave

oo L
£ v Tkike qu\)m adfsa®r =0, 6<ysh (31)
w9 A

This is an integral equation for f{y) which possesses solutions only for
certain k. The difficulty in solving this equation exactly is thot we have
to find simultaneocusly k ani f(y) so tkat the 2quation is satisfied in
B<y<b. Ifveknew f(y), we could multiply (31) by £(y), integrate over

Yy and obtain

2

=5 b
' w ‘m)..a ‘V ) Wi =
“{%‘of‘b - (& (‘Aaxa_go'ji N -




15.
This hag removed the y-depondence and glves a gtiaight forward trenscendental
equation for k. OF course we do rot know F{y) exactly. Bub if ws guess
a reasonable spproximation to £{y), say F(y), and uwse this in plose of £{y)
in (32}, we should expect that the resulting equation would give a recsopabvle

Ca 0 .
approximation to k. Ths waowmy o vasonohe  wnll i clas ot

Case IL1'. Similarly suppose that the lelft hand sige of (30a), 1.e.
3d/n at x = &, equals the (unknown) function g(y), O < y < B . The constents
A can be expressed in terms of gly) (e.£.{27) end on substituting the result

in (30b) we have the integral equation

= [

1 bt
A {vnmm] f 9> o W 0 P =0, 0wy <8 (33)
=0 °
This posseeses solvutions only for certain valuzs of k. As before, we can
remove the y-dependence by multiplying by gl{y) and integrating over y. If in

the resulting equation we replace g{y) by an epproximetion to gl(y), say G(y),

we cbtein the transcendental equation {(29).



$ 5 Further general thecry.

In this section we shall generalize (23) and {29) and censider Hhe
stationary nature of the resuliing expressions directly. Consider the
solution of any second crder partial differentlsl equation in cuwrvllinear
coordinates (x,y) in tke region O <x<2 0<y<b. Assume that & solution
satisfying the boundary conditions on 2l)l boundery surfoces exeept ¥ = & csn

be found in the form

b= Z 4, X0 o
b
where jo \(N(j)'\.’“(j) 'LA =0 y ™ n ; TV, m=n.,

Suppose that mixed boundary conditions hold on x = a:

d=0, osy<8, /e =0, B<ysh,

Then proceeding exactly as in £3% or§l it is easily shown that we cbtain the
following results in which
P = X @O 4@ (35)
92(;__1_ . The integral equation for £(y), the exact value of ¢ on

x =8, B<y<b, is
o b
2 A f 'f(’\’ Y“Q’D A Ye(Wd)=0 g <y<bh.
n=o 8

The variational expression generslizing (23) is

2 Pl {J e Yol ‘5} (37)

whera T(y) is an approximation to the valuve of d on x =a, B< y < h.

(36)

Case IXI. The integral equation for g{y), the exsct value of 3¢/4n on

X =8, 0<y<k is

(Hj 30 Vu)o\o] Y=o , owy<h. (38)




The varietionel expression generalizing (29) is

o g 1*
néj) 'FIL-){ {(;—(3)\(“(")311.‘3 } " (32
where G(y) 18 an approximation to the velve ¢fedfBn on x =a, 0 < y < B.
In order to investigate the stationary property of (37) suppose that
F(9) = & {3(3) PRI (10)

where ¢ is an arbltrary constent which is at owr disposal since the magnitudes
of F snd f are not fixed - f satisfies the hamogencous integrel equaticn (36)
so that f and F can be multiplied by any constent. (Similarly in§ 2 the
magnitudes of 4:1 &nd § are fixed arbitrarily). Once ¢ has been chosen it

is sssumed in the usval way that § (y) is a function which gives the shape

of the error function end 6 is a small coustent. The variational nature of
any expression containing F(y) is lnvestigated by varying § . It will appear

later that it is convenient to fix g by assiming that
b
f CEIY, (Ddy = o | (41)
B

From (%0) this means that
[ (b
ek j FOM Y, (9 dy /Je F ¥ (9dly.
[+ /
The constent o does not depend oa § and therefore we can Sl
BT ee———— 5 (Pl ke

F(j'\ & r(‘_‘)) 4 ST(‘S) whe  the $(~3) O s quua('w; o oL Gimad (42)

L@ we (wo)

On multiplying (36) by any function X(y) and integrating over y we have

) b b
.§°%‘9£ fo Yo gy L‘ku(v)% = B e

Expansion of 'Pn(k-t) in (37) in a Taylor seriles gives

pal) = P ¢ (- k) p ) 4 OCk, -k, (k)



I? we now fneexrt (42), (%) in {37) and wse (41) aud (3} with JO = © and

" = ¥ we can shov that

- 4

P UBEW LSCOLE Z (45)
= L X - 45
R -k s - 2 § : § o+ 0(8)

n O [Mpme |
8

M

My

©

ft

n

Hence the difference between k+ and X is second order. If further it is
assumed that

a) Pa (&) > 0 n | (46a)

)
b) 1,,'(h)<o . n20 (46b)

)

)

then (4b4) gives the result
ey % i
I+ should be noted that-although conditions (k5) are sufficient, they are not
necessary.
In the example in 53, on comparing (17) and (34),
f“(k) = Yutwhy,a.
Suppese we are investigating the lowest eigenvalue. Then, On physieal grounds,
it is evident thast O < k < n/2a. Thils means that ¥ 1s real for n > 1 so that
assumption (&) is satisfied. Noieo thaﬁ, fram (17b), pO(k) = -k tan ka < 0.
This is the reason for arranging that the relation {41) ies true so that the
sun in the mumerator of {(U45) sterts from n = 1. Ws bhave also
) = ~kal Oua) Gl %i & sehwa
so that condition (b) is sitisfied. Hence th2 transcendental ecquation {23)
gives an upper limit for the smellest eigenvalue.
In order to investigate the stationary property of {39) we procesd in
& similer way. As in the analysis leading to (41), (42) we cen arrange that

& (4)= § M)+ = /,('J)

where 'k 1) Yo @ty = ©
v
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Expansion of the term 1/pn(k ) and vse of thees

F L [Chwvaon’ )
! nT T“Ul) © (‘(" ~ ‘JS :\&/
h-k = P . 7+ 0™
fu' (k) :
h e » @

Hence the difference between k_and k 1is second order. If in addition
conditions (2) and (b) are satisfied, then

k. = k,
Since conditions (a) and (b) are satisfied for the problem of § 35 the
transcendentel egration (29) will give e lower limit for the smellest
eigenvalue.

We have thus established that we cea obtain upper and lower bounds fer
the lowest eigenvalue in this particular problem. We are able to do so, elso,
in several other problems. Further, in the problems computed we show that
Cases I and II give k_< k+ with the differences hetween k_ end k+ very crall.
‘The computetions in every case, however, involve the summation of infinite
series by approximation methods and the results may yet be upset by the

introduction of these approximations.



f 6. Numerical results for the Simple Problem.

Choice of F{y), G(y). 7o obtain numerical epproximations for the lovest

eigenvalue and the corresponding lowest eigenfunction of the prcblem of § 3 we
must first cheose sulteble triml functicns F(y), Gly). The rubstitution of
eny suiteble spproximation functicn F{y) in (23) results in s velue k_vhich

is no less than the lowest eigenvelue k We may further substitute into (23)

7"
an eligible function F(y) which €@epends upon ¢ne or more paremcters kl ke i e kﬂ’
and minimize with respect to the perameters. The minimun so achieved will glve
a lowest upper bound k+ with respect to the N parameters. The larger the number
N, the wider 1s the class of functions so defined and so, in general, the lower
is the computed upper opound for ;\1
Let us write .

Fo = 2 cefe (47)
vhere ¢ is e paremeter and fr('q ) is an eligikr? > epproximation function for
£(7 ). Substituting F{(7 ) for £{7) ) in (31) end writing f"n tanh i"na = An

vhere Pn is the resulting approximation to B’n, we obtain the equation

— "
Z f.‘.-\,. 2‘ Ce T.... (n“T‘fj/L =0
n = o

P
where I.. - | { o w4 /b A4
=

Multiplying by’ 5[ {. w e /b o BT y to remove the y-dependence, we
ocbtain the get of {m + 1) simulteneous equations
O w )
Z Z = A“C, p Is,, =0 , S0, ... m, (48)
nNTo r=o
For the lowest eigenvalue, A will be the predemirvant term. We therefore

rewrite (1&8) 5 Sere.ra.tlng out the H tems

Z‘ C+ ngISo ™ E o\hean. T(.
r=o

ngy F= 0

Zn Ce Srs V““‘" A\ Z )‘ Ta..-'rbh

=0



ig,
Ry

We have thervafore the system of {m + 1) squations with {m + 1) coafficients c_,

W

ot =

§: (-"‘"\'—\;9 !,l ST l,:: > St %
=0 L = o - 2 | ;

LY ™

Theae will be consigient 1i' th2 dotermipant

With scme manipnlation, this determinant may e written

l A l 1 1 u - ~
Et\ole" +Seo 5'.>‘a *I--o’-[oo"'s"o :".'\ol.'..iooi-\-zo
> 1! Y 43)
~ Bas T.OAS\’,,_IN ~Sol,, 4 On j - o : o ( 3)
= S°0 -‘{la 4 S)" joo . 3 - A - o.

which 1s linear in FIO and esn, &t least theoraticslly, be solved for 1;+ for
any m in (48). The computational labor for m > O Lecomes great very rapidly
es m inereases. We shall indicate pumerically that if fo is suitably chosen
the numerical resunlts of teking i‘r = 0, r> 1 are sufficlently accurate for
moat prectical purposes and that taking fo, 1’ f‘2 £ 0, fr =0, r >3, vhile
increasing the lebor encrmously, does not improve the resuvlis apprecisbly.

i¥ fr = 0 r > 1, we require to solve

*

AO T’O + §°O = O .
b

o 2
that is, -.i ). I,o + ‘2::' A“ Tov\ 0.

Pl

which is idential with (23).

Similarly if we write G();r) = g drgr(’l] ) (50)

where 4 is a parameter and gr( Y ) an eligible approximation function for gV ),
we arrive at a determinantal equation similar to (49) which reduces to (29)
when n = O.

Cholce of functions fo(y) and go(y) can be made by ccnsidering the edge
behavior of d) and its derivatives near the point x = a, ¥y = B. A summary of

the literature on edge conditions will be found in {14%) pp. 75-76.



In the inmediate neighborhood of a sherp cdge or corney the egustion
v + k% = 0 18 well spproximated by Laplace’s equationsz % = 0. in
terms of polar coordinates with the pole at the sherp edge or corasv, thia
has solution

4’ < (ﬁf"i + B )C(‘_ w O+ D v p&
where p is eny number and A, B, C, D, constant multipliers. For & o be
finite at r = 0 we must have B = 0. We consider two casss:

{1) At e sharp edge the boundary copnditiong are

34)/89 = Q 2 g =0 end 0 =2n . A o 0950
This is satisfied when @ =0 if D = 0. When @ = &x we require -pArP gin 2np =
of which the first non-trivial value of p is 1/2.
-' -
mmce b < Astete ek he- 40+ ods 20

Trhat is, the fleld is proportional to r_l/ & and the potentisl is proportional
to rl"':a, when r is small, r being the li;lffr distance fram the edge. Thus,
uhmdshes yve are congidering an aperturetgn a gtraight line, a circle or ony other
curve, the field and potential near the sharp edze of the aperture ere
approximately iaversely and directly proportional respectively to the square
root of the linear distance from the edge.

(ii) At a right sngled corner the boundary

conditicns are 6 = 3n/2

.
< F )

5'/'///////

7~ =
0 ® =0

722
Pl
o

§’%=°, & = 0 end @ = 3n/2.

With +those conditions, D is again zero snd gin 232 = 0.

The lovest nen-trivial value of p is therefore 2/3; end for thls value,

U3 19
¢ ~Ar wie vtk Wi - Zar 3 to (51b)

A problem involving such & corner is considered in § 10.



It follows that in the simple problem the mixed boundary conditions (16)
imply that on x = 8,

b~ (4-3) ! a y—=> 8, (522)
P |
°~;§~ c.\8-9) " & g8, (526}

Also on x =8, d¢/3x is finite at y = O and & is finite at y = b. Hence

suitable trial functions will be )
J
Fop = [ (s=87- (b-9']? (53e)

2 2 '21
Gty = (%90 (53b)

These have been chosen firstly because they satisfy the edge conditions (52)
and secondly because the resulting integrals can be evalusved simply ~ an
important consideration.

Limiting cases: We shall compute eigenvalues for the range of values of

the ratio B/b = O(4)1. The limiting cases B/b = 0, B/b = 1 will have the

regpective boundary conditions -

a) QJé¢px =0 , x =0, a
a¢/ay=0 ) y=0,0
a = . =
b) 5{& =0 , x w0
§‘$ = 0 ) y=0,b
é =0 , x=a.

By separation of variables, solutions of ¢xx - ¢yy + k%) = 0 satisfying these

conditions give the eigenvalues

o ke = [ @01
D ke o« [EEY + T

respectively, where r, s are integers. The lowest eigenvalues for the two

limiting cases are therefore k =0 and k = n/2a.




Bafore using trial functions (53) we can meke a very rough epproximetion
by teking the simple trial function

G(yd>= i
8

Then

it

o

I G(9) e ""‘S/b 0(43 (b/.,-rr)c,;.. GawBlh)

= 8
If we make the further sporoximations

M ozt

C':ﬁn@qa "-l, ©. b ~niw ; Nyl

equation (29) reduces to

M!h,a) . _;_*__( _‘_;_,)3_1 Z _L3 Mz(ﬂﬂﬁlb). (55)
2\ W L W
k. b B nz)
To sum the infinite series, let

2
o5 2 (o),

Mg

Py =

he
Differentiesting twice with respect to q,

o0
F¥ (@) =2 Z% cos 2naw - 2 log 2, guoting & well known result.
p |
Therefore integrating twilce successively,

Fey ~ —'o("[lc.al« - 3 ]

3 (56)
= —,{l /ﬂ‘l) ‘3’;/;

Using (56) in (55) we obtain a first approximation formula
ot koo 2

o & 2.25&
kb T w

: (57)
TS

Solutions for k a over a range of valves of the ratic B/b are shown in
Teble I(a).

As must be expected for such a crude approximetion, the method
feils when B/b is large.

Returning to trial functions (53) , the resulting integrals can be evaluated

explicitly by Sonine’s first integral [(?2) p 46 equation (5 )] :

b * ;
J; [ e NS g = b_(_i___b;ﬂ)(q)“j,(ﬁ“_fg-_“’) Cn»p (582)
L (b-8)

n=0,



)

B 3
2 T (58b)
[ 0%y oy ay = 275 () wvo.

The spproximations k+, k_ to the smallest eigenvalue k are the szallest roct

of the following transcendental equations, obtained by using {58a,b) in (23),(29):

3k buba - [Fs] h" L D bR () -

%{u mk_s)": 3 (@,Ltmt@“a)“']"(me/;), (55b)

A

To solve equation (59b) for k¥ we rewrite it in the form

(60)
L i wirBA ) + v B/y
z(k.\-\‘wh,\») u-.z. “Tl( ) né o, H w0, h'“ I( ).
The first serles on the right of (60) can be sumed by vriting .
(=] 2 N-A n 2 o r 2 6
? 13 @w =2 alow +.§N LIGo= S % (62)

where N is a suitable integer. S1 is evalvataed numericeally and N is chosen

large enough so that the Bessel functions in the second swmrpation can be

replaced by their asymptotic exparsion:

oo
\
5, ~ 2 E.N o R LS )

This is eveluvated by using the appreximation

i (:(n) ~ f -C(p.g( (62)

NN N-
More acecurate formulae can be used for evaluating this sum. See for exemple,

(15) p. 156 and appendix I at the end of this pmper. However, taking N = 16,
(62) is sufficiently accurete for the present analysis. The eccuracy of the

final sum (61 ) cen be checked by repeating the calculation with, say, N = 12.




el

We can now solve (€0) in the followving way. First we make the approximations

@b ~ w¥F 1 (63)
[ N1,
Towh O ~ | !

Then the second sum of (60) is zero; and the resulting transcendental equation
is easy to solve. Ve obtain a first approximation to k , shown in table I(b).
We can then use this first approximation for k_ to form a second eagtimate of
an and tanh Bna to replace (63) for the first N terms. Hence we cen estimate
the sum of the first N terms of the second series of (60), & series which is
quickly convergent, and solve to find a second estimate of k_. This procedure
is repeated until no change is found in the value of X . Eguation {592) can

be solved for k _in exactly the seme way. Final results are shown in Teble I(c)
end Fig. IV, which shows that the upper and lower limits are extremely close.
The accuracy depends on how closely F(y) and G(y) approximate the true values
of f(y) and g(y). Physically we should therefore expect k. a to be more accurate

us

when B is nearly equal to b, and k & when B is small. Even Hh;% approximations (63
o vasals shewm o Table TL) a

,remarkably accurate though, of course, this n> longer gives upper and

N

lower linits.

Finally we can choose the parameter laden trial functions
LEEN
Fo) = & e fheor- 6]
(2 & f"-';
GG,’)t Z 0(1-[6‘:‘]"]
o

corresponding to (47), (50). The resulting integrals, teking forms similar

to (58), are easily evaeluated. Taking m = 2, we reguire to solve a third order
determinant {49). The labor involved is enormously increased and in view of the
closeneas of the upper end lower bounds in Table I{c), the results cennot be
greatly improved. In the particulsr cese when B/b = 1/8, 1~::£JLq increases froa
0.50699 to 0.50701 .



~

An altercstive solution of this problem, using e conformal mepping technigw

is outlined in& 16. Values of k computed by this metbed are showa in Table I (4).

Values of the potentisl funciion &{x,y):

It is readily showm from preceding formules that approximate values for

the potential ¢{x,y) ares given by:

(e

‘ e
e 5 " ¥ 7 " \
case T: T (0=8) oSkt &> O wshhx 3 /ﬂz‘_‘;‘ﬂ) iy, 6

2h — et i 2N B
=R, 6 asee N gl Ta B
o
T <3 ! AT
Case II: "—1'- QR% fo Mg e cosh ©.% I.,("“g/L){"U"f . (65)
. " 1::__‘9 G}ﬂb._ O Bl @hk Q‘;&\’ O- &

We compute & pattern of wvalues of rb for both caces 7 and II at the points

a b
X = O(H)a ? ¥ 0('27)1":

-,

for the particular case a/b = 7/8. At the computed points where x < & the
retios cosh /" nx/coshf "n& and coshé’nx/sinh ®_a both tend rapidly to zero as
n increases,so that {6k) and (65) are easily suwmmed to & high degree of nccuracy.

When x = a these two ratlos tend rerxidly to unity and we therefore require to

evaluate the infinite sums

T -8 :
et (ﬂ_f':‘;_._]) s B2
o

+“ (6€a)
:. o (F) e P - (€6v)

\

b3

Taking N large enough, we replace Jo(x) 4 Jl(x) by their asymptotic values

- TR
J, O ~ ﬂi‘ o> (7“ ‘/T‘, \

- i
Jo ~ |2 e (x3r),
VT x -



and use gpproximation (63), viz © D o, The Serles |

t 2bL ",_ T; { ‘mg
e e e T Y.l 2
i ("'b ) p% n3h ["’(‘E 3 )‘s‘“"e ' (t10)
1 o>
-1 2% )L o 8 u,(hﬂg _m ) Wty
T (“._é N% W b T (‘ﬂb)

They therefore differ only by & constant multiplier snd &re obviously coanvergent,
although rather slowly so,when y is swell compared with b. They may be cumed
using equation (62).

Figure II shows that the potentlals cbieined from these formulae sgrec
setlsfactorily for 3 = %b. For B > 322) ve should expect (6%) to give more
accurate results and for B < %b, {65) should be more accurate. The egreement
Por B = éa indicates that setlsfactory results can be cbtained over the whole
range of B using the appropriate equation (64) or (565). TFigure III shovs tha’c.
the two sets are in satisfrctory agreement for B = gv;b The velue of the potenticl
should be zex'o::x = 8, over the range 0 < ¥y < B, With the approximations

G{y) and F{y) this will not be so,but it should aversge zero approximately.

Cemputing & set of values for ¢ in case I over this range shows that it is so.

In order to illustrate the staticnary natuvre of the estinates k and k&

37

using epproximations (53) we have investigoted the sffect of verying 2 1n the

epproximations
9
S, _— l~ " - q‘
Feyy = [ (b-e) = (oo J v>o (682)
. -
Ge> = (B=4*) ~Nvo, (65b)
The imtegrals (58) are raplaced by
b >~ ~ a 21;—;-' 2Veq -
be6) =(1- ) L un /l, s ® E P(\)h) 2L L “i ‘ ﬂﬂ'i‘:)'bj) "
Jl; (G- ()" ] a3 dy Z wi{u-¢] (-8 ‘}’%P' W el

n

AV+
Epoad (b-£) /p(ved) “=d,
2



& e84

) - LY L-_:,, .
J (8*-9) wrvshdy = & v p(w‘.»( 2 NE T (=) .5,
: ®

<o

= @ r(l- '0)/1"(3'1. v) , n =0,

The infinite serioe;s corresponding to those in fqp&tions (59a), (59b) are of
the forms % 2 ’{"\,: w o anach 8 Né VFL;T. w’s the first
of which converges i7 ) > 0, end the seccnd if & < L. FNear these limits
the convergence is slow. The results are given in Table II, Figure V. I is
seen that on varying ) the resulting valves of k+ pass thrcugh a minimum and
the valves of k_ pass through 2 maximum. The rasults confirm that the velues
Y = % which has been used in (58) is very close to the cptimum value of 3/ .
Table I. Solntions of the Simple problem. .
Values of §k+a and %k_a, vith afo = 7/8, B/b = O{é)l.

a) Solutions of equeticn (57),

b) Solutions of {59) using epproximations (63),

¢) PExact® solutions of {59),

d) First epproximations from the Eguivalent Stetic Problem, £,

B/b 0 1/8 2/8 3/8 h/8 5/8 €/8 7/8 1

(a) .503 .6o2 .TOO0 811 .91k fails =

§k+u. .52h 631 <724 .811 .889 .950 .088 1.000
(0) TS

?:_a 0 .512 610 st .802 .880 .927 .95L

-ﬂé‘;_'_a. -507g .6087 =700, .7892 .873{+ .91.ua3 .9859 1.000

(e)
Xa| 0 .507, .608 700, .788; .8705 .931,  .9h7

(a) %}s_a 512 610 .7is .80k .888 .9k .985




Table II. Veriatlons of & e and k”a with , using the epprozimations
{68) ana (63) in (59), 8a/o=7/8, B/e=1/8.
0 1/h 1/2 3/ X
Y
Tk 8 . .545 .52 .536 1.796
Fka  0.50C  .500 512 JAho ;
Figure II. Values of the potential §Kx,y), Simple problem.

afo =7/8 ,

B/b = 1/2

Upper figures ere for k (Csse I)

Lower figures are for k_ uase IIL}

1000 897 768
1000 Bok 763
)
|
i
]
]
oo | _ _ __ms_ _ _ _ _|ap
027 7}17 -25
i
. o3
: Y12
I
852 625 2
860 o34 23




Figpre {EE.

Values of the pobventisl ${x,y), Simple pyohlsn.
a/b = 7/8 , B/b = 1/2
Upper figures are for k., (Cese 1)

Lower figures are for k_ (Cose II)

The figuves in the range x = a, ¥y = 0(b/32) b/8 are for
Case II only.

1000 993 976 260 . 952
993 974 95 950
gl 927 850 819 781

o6 [~ T "9 T e T Ten T |78

--'3»
v =il
. el

883 850 740 509 .
886 853 7 515 ;
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£ 7 Extension of Th2 General Theory to @ coamposits re

Th W D b T T ST O e e — e - -

Consider next the following problem involvine & cornosite reglon. Tan
funetion ¢ satisfies 79 + X% = O in 2 closed regicn R boundad by a currve C on
}which ¢ == O on some pert of C end 3% = 0 cn the remairnder. Suppose that R
is subdivided into two regions S and T, R = 86 + T, with a camon boundary D on
part of which 9¢/n = 0 and ¢ is continvous ecross the vemainder. The
significance of D is simply that in the applications considered later S and T
are chosen so thet the boundary value preblems can be solved by separetion-of-

variables in S and T separately, but not in R Bs & whole. Ve exiend the notation

{(2) in an cbvious way by writing, for exemple,

(;,3)5 = ”F(w) §(x9) b My,

As before, let k. be the lowest elgenvalue with correspcnding normalized

A
eigenfunction d)l. We Introduce again a normalized Dunction § which approximates
¢, and an error function §{xy) so that § = by + § wheve ¢ bas the some
properties as before except that this function and its derivatives may be
discontinuous aecross D.

We consider a region R = S + T as in Fig. VI bcunded by C, the simple
closed curve LRMRQVL? with LPQ the common boundary between S end T. On this
common kboundary we suppose that g—?{ = O on LP

and ¢ is continuous mcross EQ.

From Green'®s Thaorem

(vb,v@z,-w,vwm[ 3%y,
(v v) - (¢ v'@»'f' 't} %?ds.
vkt T Mctuw(i e wemal disroalives ,};\ o~k gé;\.' ot Sl o

’ / \3___)’
c&‘)m)wwg‘- v



ThereYore adding,

QV@)V&»{{ ~ —(\[) 'V’&}))R +[ L"P}Eg{s --J *{’g_fdsj (69)

fud 3 ae- L, 3R a]

In orderr to obteln an upper bound k for the lovest cigenwalue k. 2 Suppose that

§ satisfies the following conditions:

(1) 28 + k+2§ =0 in S and T separately for same constant Xk ,
(.ﬁ) § gatisfies the same conditions as 4> on C, (SQ)
(111) § is continuocus across PR,
(iv) I§ g-g- ds = 0 on PL, PLY.
Then (69) reduces to
T = . ("100)
(V\ijaf )' k‘ PM&‘ALP& b.,, QP ( SQP]JS o Gk (R)
2
Also ( v . Vd’-)g =k (5 , ) with the same proviso. Croey. X

Using exactly the same reascning that lead to equastions {10),(11},(12) it

Grow
follows that, 1f (PX) is satisfied, Xk Z> kl‘g, where if & 15 a FPirst order
approxiration to ¢l’ then k+ is 8 second order approximetion ta kl'

A second veriational princlple for the lowest eigenvalua can be obtained
by considering a function Ge which catisfics the conditione
(1) v° 9 + k2 ¥ =0 1in § and T separately for some comstant k ,
{14)v ‘I’ satisfies the same conditions as ¢ on C,
(111)°d ¥@Pn = 0 on PL, P'LY,
(1v)o j'fggds =0 on Qp, QP
We also define an error fanction ¥ (x,y) such thet ¢ = d"l + 2

A0 (Qob)
Repeating the ergument leading to z&(&? $2) but using (1)? - (iv)', we find

2

(V‘P,v\i’)g = k.. " ‘:)i}
provided L, ¥i ( 5%'**)09- ( 5‘?/3“ )9"" ]‘lg s (%)
and (V‘é' V&,)g = L."k-," k-‘(’-b, , 2 ) as in {(14).



Tt follows egaln that if 'T‘ 1s a first orier epproximation to ¢,, then k is
,» but not mecessarily trat k_© < k, 7.
The conditicns that k+ and X should glve upper ond lower bourds for the

a second order approximation to x

lowest eigenvalue k., will be exactly the same s those in é 5. Ii is shown

1
in the problem of 5 9 that these conditions are satisfled and thet therefore

k_<k.



$ 8 Klystron Resonators.

A girect extension of the Sinple praoblem leads to e problem ol praciical
interest, that of determining the natuvalmcdes and fregquencies of Xlysiron
resonutors. A Klystreon resonator is o type of electron vecuum tuke exployed
for the emplification and generation of microwave fregusncies. TFhyslcal
descriptions, applications cnd operabional requlrements are given, for exanple,
in {16), (17), {18) Extensive bibliogrephies are given in {19) and (20) and
detailed numerical results ere Lo be found in (21).

The basis of cperaticn of a Klystron explifier is the interection between
an electron beam and a resonant cavity. A simple form of such 2 resonator is
a re-entrent cylinder of circuler cross section, and cross section through its

axis OA as shown in Fig. VII. /\A

Figure VII 5

_____)L B c

A veloclty modulated electron beam passes in the direction OA Through &
copducting grid structure in the region BCDE, end exelites eleciro-magnetic
oscillations in the cavity. It 18 required in practice to know relative
dimensions of lengths BC and CD for maximum efficiency. Coupling to the
resonator is mede with a swell loop L. The positioning of this loop is
determined by the position of current nodes in the internmsl surface. A study

of such re-eptrant cavitles ig given in (g;) chapter VIII.



9 Southwell''s Proglem.

-y e e

We shall consider first o simple two-dimesnsional vroblem, regerding

Fig. Vilas the plsne cross sechbion of an infinite tube. This has been

dealt with in scme detail by Seuthwell in (22) by o Relexation wrethed.

There are two mejor objections to using Relaxation methods for this type

of problem, firstly thet the numeric&l work can becore excessive, end
waiacourulc

secondly that relaxstion becomes wesstsbidm in the neigbborhood of sn edge or

corner. Comparison of the resulis cbtained in this paper, witb those given

in (22) shows a discrepsncy in the eigenvalue camputations of up to 10%.
S TO N

Thies 18 most probably due to the E&f of the velexation procedure

near the re-entront edge.

Utilizing the symmetry properties of Fig. VI{it is sufficient to consider

a rectangular region o< x<a+d, 0<y<b, as in Fig. VIII.
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Fig. VIII. b
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We specify the boundosy conditlons governing a potentiel function d::

(1) $ =0 on AB,

{11) gg =0 cn BC, CD, DE, EF,

(ii1) Sgl a1 cn EA (8%)
(iv) ¢ continuous across FG (70

{v) 3% continuous across FG.




33
(Ve shnll be interested in the configuraticn in vaich 4 is ewnll coapered with
a, Whken this 1s so the resvlis are veyy littlie effecind vhetber ve use emdition
(iii) or veplmce it by ¢ = O on BA.)
Ve divide the figuwe into tvo regions.

It 0<x<a , 0<y<b,

i1 a<xzx<a+d, O0Lysh
with corresponding potential funetioms 4’1 and ¢2. By seraratisn of variables,
solutions of ¢n + éyy + h% = 0 in the two reglans, satiefying the boundary

canditicns sre

b0 = 2 B An ek Vex wliry ), (709)
Cb..(“"i) - 56 “% 7 @., g&hL‘fh(hhd)}(ﬁ(“‘j'/‘)’ (w

2 % L S v (3 (¢ & :
where Bn‘[(“m)'k] =i fie- m)], and &. is dofined

as in (17d). We can obtain approximotions to the elgenvalues, es in the Simple
problem, in either of two ways:

cagse I. We consider Munctions _{land §2 @zfined in regions T and IT respactively

by (f),(x.j) % 'E',.E:. £, f, wsh l’.xm@wslb)' —
‘E,(Tﬂ)) = f‘;,z-‘é., al{fGee ) ] o (g ) (720)
where Pv = [(‘“A)I“k‘tjez - [&.,1.(“"/‘)‘]35

8o that \7‘&."\4’@» = Qz&;*&taéa « @,

Ve imtroiuce wlmown functicas Fy(y), Foly), F(y) by writing
§;¢ {esy)
¢ (a,¥)
$i(a,y) - Sy} = Fily) ~Fly) =Fly), B<y<h,

=0 0<y<hH.

Fily), BZyghd
Fo(y)y BLysgd

(78)

so that § (x,y) setisfice comdition (iv) of (86¢)(T), whee o- P.u:k,_. wi, X mhﬂ‘;‘lj-




~ B
Conditicn (v) of (T1) reanires that D(E' > 5.&‘: O, X=a Oeys R

That 15, & £. (Q.aoh Mo ~Both Tad ) o (uys )xo, oeyrb, using (ii) of (71},
=0

so that C.othPad = A. sk Ta,
Substituting for 8. in (T2b) and using (T3) we obtain the expression for A
tosh Vol

b
A= f Yoo M2 A7
DO)L p‘(a‘o&" . F(f in b i (Th')

But condition (ii) of (T1) requires b&-/bm ~0, nea ) 6‘(:11-‘ L.
If we were to use {72a), (74) in this conditiom we would obtain the following

integral equation to determine the exact value of k:

5 on sobla whTud [ «rs . )
.{Lfk i T LFC‘S)tm = g o '% =0, §vq=b,

Multiplying by ¥(y) snd integrating with respect to ¥ to remove the y dependence,
a8 Por the Simple Problem,

o b 2
"., § j wq = O

hgo %t Gothlaa + AU T4 [ 8 P e IS 'ISJ (13)
vhich corresponds to (23) of the Simple Problem.

Case I Cousider fumctions F, ana ‘F. aerirea vy

‘k(u,j): (2/5)"5::02,'(.'" cos‘L(Q, xwa(“'"‘;/s), (76s)
Yt(g‘j)z (’2—/5) 3" f.'D.., s&(@,(*‘a‘d)-]m("j /i,)‘ (st)

h=o

where Cf and 5%/‘-,. ere continuous ecresse AX=6& , O <Y = , and where
X
@ = ((mm kT s i [k - amr]?

¢ 5 so that
VL*.{ k_?‘f’ - V, *$4L~'T1 = 0 .
We imtroduce an umknowvn fuuction G(y) by writing
%—g=%=@(‘j) , x4, o‘jf@‘ (17)

O' % = o, Gsn‘ku

il



3T
Fream {76) and (77) ve can quleXly derive the fozms

6
-t
Shllrerred £ 7 ()
’ 8
. ws {7€v)
D, A.. wsh O [ 6 - Bt

and hence, svbstituting (78) in (76) ond using the conmtinulty condition,

) [ 1
é £ 5'_ cotlh Q.0 4 ol o\a)[ f CGren 22 Jg] = 0 (79)

corwesponding to (29) of tha Simple problem.

Rumerical resulis for Scutinell!s pichlem.

To be able to compaxe results with thome of (22) reges 392, 39%, we
choose the dimensions of Fig. VIII ¢o bhe

b/@=8 , a/daT, B/t =0(1)8
The eigenvelues in the limiting cases B/d = 0,8 are exmetly es in the
Simple problem,

ke = (T4 (B]° =0, (80a)
kes = [(**’1)‘(3)’4[?)‘]’ , tla-s. (80b).

end the lowvest eigemvalue koo for B/A = 1{1)7 will therefore Be tebtwsen
zero aud xn/2.
The pyosess of finding mmerical spproximatiocns o the lowest eigenvalues
of this problem 13 almest identical with thot which dealt with the Siuwpls prchlen.
The ccaditicons for clhwosing suiteble trial funeticns P(y) and G{y) are

identical in the two pichlens, end we therefore take
. % e
¥p = [Ceot-Gp* Tt (81a)

¢~ [ ”].& {81b)

A slight simplilication is cbtained by writing b - B = C in {812), and

b-? = §, 80 vhat cur trlel functions will be



) = (c“?‘)!‘ ; (8za)
Py |
G- (6> 1) 7 (82n)

Substituting (C2a,b) in (75) and (79) respectivaly, we cbialin the approximabe
txanscendental equetlons for the doterminaticn of k{_ and & ,

| - *
"o s
Z il wth Mg ¢tk DA [ jl FG) G "g ’(f] =0, {832)

h

o 4 [ 2
{ . (u"\‘-\@u 4tm.L®A)[ LGG) (78 ':r';.s ,’sI =By (m)

A wvéry exude First aopraximation, corzesponding to {57), csn agein be fomd
by using the trial function G(pn) = 1 in (83b), together with the opproxizaticns
th Oua+ Wldd ~ 2 |, w3

)

&8s
<S)-\ -v%r 'h2|- ‘ )

Subatitution of (84) in (83b) redvees it 1o

i Letha alad - '621(,%)3;? 5o (wf),

Mg

ix1

for the right hand sids of which, being fdentical with the right hand gide of
{55), ve knov the approximate swm. The first approximation to (83b) is

thercelfore

g [uthatekd ] o Ry BRE (85)

Valuss of X a cbiained from this equation, over the range of values of B/b,
are ghown in Table ITX(a).

The next syproximations for k A and X to the cmellest elgenvalue ars
obinined by using the trial functions (82) in eqwmtions (83). The resulting
trangscendental equations are almost identical with eguaticns (59) and the
successive steps in thelr eporozimete soiut.ian ave precisely the cama. We
tharefore omit the detalls. Resulting values of k b end k b exe ghown in
Table I1X(b).



Fionlly uwsing the 4twial fimetion
mn e
6 = & o [&-p177°
rFso
e cbtain the following resulis for the cmse wkan B/ = 8, ¢/d = T, B/d = 1

— S

m (¢) 1 2

%s b | W3, w5, D6,

indicating slightly dmproved results for enormomsly increased lebor.

Teble III. Solwtion of Scailmell®s problem by the vaxietionol method.
Values or b and Zxh, wvithp/d=8, a/a=7, BJa=O0(1)8.
(a) Solutics of equaticns (85)
(b) Solutions of equations (82) using appracimating functicns {(81)

B/d 0 3. & 3 I 5 6 7 8
e — oo o e
;(a ) stgk-h i - 550 652 .38 .835 .927 foils - -
%‘4-5 : - .h798 .5857 .6781 .7665 .GSlh .92%,} .978,‘ 1.00C
"~ 0 ‘13733 -,5822 . 6751 . 761!" - 8393 09011 . 929u -

S (Tob)
Values “‘é’lmﬁembeobmmdﬁmfomm 8% ana 8.

The forms for Case IT are

0

.Q & i uSh % _C_O.‘_(‘e‘“ ‘(.nd’) nn*j

Z h.JMka n=" 6—0\ Su\\‘@.a

. =i Ml-(x—'«’t‘) - ._L seak [0, (1~A-d)]T Wi €Y ., u
‘Fz z k.o ok g o.4 ek Sk ( )

(86e)

(86v)



The infinite series in (B5) egain converge v repddly, asd can therelfore be
gummed etsily, exeept au th? lirs X = a. VWien 2 = & the Inficite ceries moy

be epprotinated by

.Zi 3 ath@a J, (-Eg)c. 'T';) & Yr_b; é‘w‘_"\ I(ﬁg{@)m u_EJ ’ (872)
) 4 " o }
ma &gy WAIT)eP 42 8 o g (e (870)

The infinite talls cf theas tvo expuessicus axe ideutlieal and eve the cone
as (66b). Their volues ave thevefora Enown.

Figawwe I shous valusg of ¢ computed for Cose I1. These ore compared
with Southvell’s Pigures (_2. page 382, in Figure X. Sorthwell les used the
valize -:‘:-(kh) h91 ccopared with cur -2-1: h = .l;73 It 13 of interest to
compars FMgures IX and X with Figwre XTI vhich giws values of $ compited from
gur expressicns (B7) but usirg Sowtwellls velve, S(th) = .OT, .

Figures IX, X, XI. Valuas of the potential ¢(z,y).

b/d = 89 alld = 7, B/d = 1.

Figwe IX.  Compwted fram (87), with Z6 = apy

1030 qF2 383, ¢ >
- {19
Q644 . o2 {LL o
3184 333
Qv £35 314 245 o




ot
»

Figure X. Sorchwells vemults, given in (22), page 392, wiih ?’% = 48T,

1000 Gt nts 4
Qe q'} M1y

341 b
Qi o 28.29 |

Figure XI. Campueed fronm (67),

1000 A 455 o °
L
Foot aa 182{2 »
w2t 340
qit 309 ws 350 fo

Valuesofblmdéaahmﬂd, of course, be equal on the line x =8, 0<y < B

With the epprovimaticns ¥(y) arcd G(y) this will not be so, but th: cveyage

difZerence shruld approximate zero.

this.

The recults shown in Tablz IV egree with



Teble IV. Valiuss of §,, é, in Southwells problem,om ihe line

X = Dy B/‘ﬁ = 1, "n/& w & ¥ = C(L,’;C By %h_b = w3,
y 0 b/32 2b/32 3p/32  b/8 (-8) e o h
62 29"'57 2978 50!&9 3155 5527

Higber eigenvalucs k are easlily foaamd. For example, from (80) we cee that

the second lowest symetricnl elgenvalue k].]. will lie elc:ne‘;hm bstvean the
. [(n/a)a 3 (n/b)2] i [(5:/&)2 - (n/b)a] ,

that 48 o2 + (M/a)® < (k- b)- < %% + (3ub/22)? {cB)
when 0 < B/b < 1. It follows that @0 = [(nn)‘? - (’k“)‘l)]%:ls iraginayy for
n = C, 1 and alse thot the function ®n vhich 18 wmest depenfent upon kll will
be 01. Separating out the first two terms of (83b), usivg approx:!mtim;
(82b) end wemult (56b), cwit pu“@) 0,218 6,219 | 55 bux B -t O o veed "

ot Ga mw)* ((.teo-t» r‘)I(“'s)
3 2" ( mL@.m&»NA)J ‘(z8) (29

M= o b

2:931.(

A first estimste of k,, for given B/o is best famd by sssuming 3 lireer
relsticaship between k,,b ond B/b, vsing (8B). Using the xesults in the first
term of (89), ard spproximetions (84) in the right side of (89), a second
estizate 1s obtalined. An iterative process now easily improves the approximaticn
to ku'b o any Gesixed agccurscy.

We bave computed k).b and correspcnding valnes of 4;1 in a particulexr cace.
The results, shown in Figure XIT can be campaved directly with Southwell's
resulis, Figure XIII, for the same comfiguration. OGur wvalue of k..b = 5.0359

Al
is to be campared with Scautinells, kllb =~ 5.15.



Figure XII. Scuthwell®s problem, valuwes of ¢ Tor second lowest symetrical

elgenvalve k,, = 5.039 , 2/A =7, b/d = 8, B/é=1

=160 ~W1d 306 €4l 334 } "
EET)S - 327 151 g2 551 9

G 1 -15) =% 28 o
) 313 ¢ "M g .
1000 Sl i s s 1 5

Figuwre XIII. Southwell®s results (22) page 394, with the ssme confimuration

as Figure XII. Eigenvalue R~ 5.15
~i5¢ -5 315 e 18 %N 3
uwy -1 wo WIS sv 0
no L R A 1 LI 0
12t W - "Nt -l 5
- oL B A 0

Lpper e&nd Lower bounds for Scuthwell®s problem.

In determining vhether the inequelities k_< k; <k, eve true for the
lovest eigenvalue k, of Southwell’s problem, the form of the fincticn pn(k)
of expressions (46) is

e« v, [cal¥ug + Toak ¥ea 77

! o>
e T Y3 I 0 ANy TR TS

i 7
It 1s cbviously true that p (k) > 0 forn > 1. Ve also require -&{p n(k)) s
'.Dn"(k) to be negative for n > 0.



. . T ' "
aae - &
Whea n > 1: L = = [ - "J
B r) Lo . {ﬂ& + “(./“L X'v\ ‘{ Yl (‘?ﬂ)

(l"tb..\tr\’ }’nd\) ‘('&‘/ﬂ\(uﬂ\«zb"c.°'>

vhere E = =
n ]
Lk;d‘" \Aw A ¥ teonta th

< | B rmL Bh (k < l =5 thL X‘. /l. gl;“& wTLYy\°>' 5 C‘-‘]Z]

[‘,Q‘th ¥, 0 + tank Yud

Therefore pn°(k) is negative provider. ;-1-5 >1 - tenh ¥ 4, vhich is eo.
¥,

Whem n = O: ¥ = -ik and p (1) = -k{cot ka - tan k4)™,

(=
Therafore po"(k) = ~(cot ka - tan lsa}'l' - &(a cosee® ka + & sec?® k&).

But we alveady kaov that for the lowist eligemvalua, 0 < o < n/2. Thewefors
with the dimenpicns ka = Tké, it follows that cot ke > tan k3 ard hence

that p o“(k) is negative. Cases I and II do therafare give true wprer and

lower buinds respectively for the louest eigervalue of Somtilrrellls prohlem.



2 19. cylindrical Klystron.

The problem of the lost section is easily extanded to <het of a tdree

dimensional resonator with circular axial symnetry, as ehown in Figuve X1V

42
‘ A
Yad | !
b
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|
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"

Figere XTIV
A method for the solution of this problem is given by L. S. Goddard in (6),
vhere the prcblem is reduced to the solution of an infinite set of simulianecus
linear equations which must De sclved numerically. FElectric and mognetic
field vectars E = (Er, E,, Eé) end H = (nr, H,, H‘b) satisly the conditions
of symmetry

E¢ = 0, B, =H = 0 , (a3
and Maxwell's equetions
S PRR | AL L
cKEp o® .“"%(T“*) Qe
vhere DMy, g gk, U (-2 )My =0
et v PR
We chocse the boumdary conditions
Ee =0  T=a opxhl=xb,
<0, r=A grhi=b
Ee = O, MRI=8 a2 121zt et A TTea Gs)

£ ok He aubmnsas s ¢ A 0 131 < B,

)



If we write Hq, = Y 80 Wmt KD, = %-3-% {r¥), then we require Y to

satinly the equabicn

2y WY ¥ -
SOFS B R AT LT 195)

The gsymmatry conditicns mnke it sufficlent to conslder the regicn indicated
in Figwre XV, which we divide into two xegloms,
I: 0<T<A , 0<z<B

II: A<r<a , 0<z<b

o

T |

l 1 |

' " 1 |

\ v J

e

- — —— Q= = — =)
Flgure XV

Effectively we are dividing the rescnator intc a cylindrical spece of ruding A
and & toroidal space radii A and a, of rectangular cross section. Salutions
9"1 &ndl}’a of {96) in those two spaces, subject ¢o the bowndary conditicams, ave
abtained by sepayation of variebles to glive

T: %@ ek L@, (mn
S (972)
n \{’1 - (i)'go 130N G.,/g—“ M(/S..J’)l«n (e /u)
. i :
o o0, % Y R® fi/R)Tr = -1 [enk) - h‘]*' (970)
PRI IS GO (b - v T

LQ’(\" % Sv(‘)‘:\,
Mo - 3 (e Yo faaes - Je (o 0) Y, ()



s “'; i’,(*“’.)’ fz) £ 0kl (P DGz /8 {98a)
L2 (< )=t § £ B % M’(r/s.)m(nn% J) |
v ¥ b aze {(S6b)
P M L J, > 4 ..".!C LGy = Tiee)
M'(v-;z.) = j.(v/s.)‘f.(alp.y.. IV RL AR

We can find epproximations to the eigenvalunes if we use the method of Case IX
of the earlier problems, and vrite, on r = A,

12G%) s 136% - fo>  ovas8 (99)
= ) g =2=bh

£(s) is the unknown function for which we sb2ll require to choose a ¢rial function.
From (98) and (99) we obtain expressicns for the constents A and B,

3
kAL L’(ﬂ\),) L f(_{) o (u'«-l/&);lz = f..(ﬁ) , Seq,

n

uw

kR 6. M'(QI:J Ib «r(e) G5 (un 1/;) i = ﬁ:\_ M.

and therefore expressicns for the potential function in the two regions are
v - _-2 5! k) LQ:_.'_? &‘(3) m@‘“%/a)’
]

e O LEM {100a)
» o ' ._'. ____&__2 3 /b)
s = L) & (M2
qlt b g":o p~ ™ &{ A) ( ( {100b )
The trenscendental equatien for the detexminstion of k_ found by using the
continuity of W at r = A, 0<:<B, 1s therefore
o L LE-h MG.a)
! ] " 101
Zo?n [so!.. L (L h)j ( L,s M({s A) jf Q”J s
ne-

Bumerical results fpr the cz_l_indrica.l klmm;l.

In choosing a foaam fay the wakacwn {z), we have at the point r = A,
z = B, an angle of 3xn/2 instead of a sharp edge. Result (51b) suggests

a trial function of the fora ‘
te) = cle=-2*)
(102)



[
s\) tl‘vl?} 3’\(‘”;, = C 1“‘- { 5 5' G \ 3 )d\l ! , ,’ /
fro.\,« = C {5 (nY %Y 2 g Oomgf )dr = (285 = LS dy @D
LA\~ ] = !

J - RN
. 0 > - o > g ""
00 §.@ = 82 B ey 0w J o)
<

Soluticn of (101) for the lowest eigenvalme k& Tfollous the saze lines cs In
the previouy prcblems. To chtain Tiyst approdhmation we write

L B~ g b ~ o w2 N {10ha )
f ) | :

)

L .8 . T, (vva/s)

—t A n2N siew wvwA/e 321
L' T, (xn /o) ' 7

MG @ LD OO () U (o)
= n 7z .

p'(. RY T,("-E'q)\(o(“’\;’) oI ..4%“) \(.(nj_:f) - K..(nrgl) 4

Scparating the first temm cf (101), using spprovivetions (10%) with H = 1,

{10%0)

and integrals (103), we raquiﬁe to solve for k_ the equatica

....'..— [ ﬁ Il(ﬂk-) \(J(Ow_)—jo(ub-‘!\(.(ﬁh-) ) ﬁ H 3‘ (qb.)
kAL b (k) Y, @ y- TG Y, (AR 2 J(Ar) ]
~ (2} 7)l;‘°-5—[ "‘",m 1,:'3’ ST

B 11) vz ;,‘ el & )'4\0 + " { . | .

The inPinite series 2on be surwed by the methods in (61) end {62) snd then
the solution of (105) is easily Poumd. A&s before; 17 ve use this first
approximastion for k_ to form a second estimate of the fNmeticns dn (104) Zov
the First N temme, wa can solve a medified fomm of (105) to obiain 2 better
estimete of k .

To be able to compare results wvithk those glvea by Geodderd we have taken
the dimensicns of Piguve XVes b =24, D = %A, & = 28(2A)8A. Results,
together vwith those of Geddard and Warnecke ‘21) are given in Toble V.

This pioblem is one vhich lemds itself readily to soclutlon by the Bguivalent
Static method. Such a solution is given in §('] ), the results baing showm in

Tebla V.



y :;,-‘." X “ ~ L 3 oy 8 » %
Valpes of A = i-:-—-‘ with b = 84, B =yh, = = 2a022)86
- L
= 31 QA ‘4.}.\- 6!.& 1 ".
|Byuivelsnt Stetic Msethod 15.45% 20.07 2h.k5 23.3%

1t Aroroxizeticn i
Variational Method

s
\
=3

20.27 2.5 28.53

2ng fyproximeiion 3s.00 A, 82 25.18 29.45
Goddard 13.99 20.72 25.07 29.01
ilhrneeka (21) poge 226 14.20 21.00

Values of thr pobantial ‘W » Forxmmlasz for the exnet valuss of thz fmcetion

in the two regions aeve given by expressims (100). Meking uwse of (102) and
{10h) with e suitcble choice of N, the infinite serles in (100) ers foumd to

ecozverge vory rapldly excapt when r = A. This 19 heccuse the exprassien

M(ol.r) B 5 (;s,n K (ema) 4 ‘I,s,q,-) K(Aar) YR
F' (e} I'(/;-A)y(,?s_n] - T, 54.5) K,?..m K. A)
{1ob)
~ O i 5 g Sf. =70
P \ wL_v“ v\\/d- Qi‘ ol ﬂ

in the csse vhen ¥ = A, 1P wve eporoxismate this ratio by wmity when v > Ik,

vz are regulred to sum th2 infinite series

<

2 __,/3 J’A (n‘i’r/E Y o (nr. 2 /l,). Oo‘n
4]
A=z S
This ls effectively the sawe as (66b) and can bz eveluried by methods used

foxr the eaxrlier series. Resulis for the configzinanticn b = 2A, B = :_;L;A., a = LA

axre shown in Figures XVI



Figure XVI Cylindeical Xlystrom. Values of the potentlel l},U "
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8 11. An in¥inite eylinder of cilroular cross-sacticn, with a slit.

‘-A_‘ -~

A prcblen of cansiderable Lipovtance is thel of the lelmholtsz resonator,
tl?.a simplast fomm of videh Is 2 halloy spharve with & civeular speriure. RBefore
considering this we will lock at o slightly simpler problenm, that of Tindiog
the eigenvalues of an Infinite cylinder of circunlay cmss;aec’aim with & slil.
This is effectively tha Helxholtz rvesamator reduced to two dirensions; and is
samevhat similar to the Simple problem of & 3. |

We require s rotential functlon ¢ to satisly the comditicas

(1) v +1% =0, |

o)
(11) ¢=0,I‘=a,-ﬁ‘595ﬁ,

(i11) g-i- =0, . r

{iv) ¢ Pinite at r = O. @ 39

writing (1) in polar form,

a, BSOS en - B,

1 % & 1& Li + x%.o, Figure XVII
r229% T IF i e

a solution, cbtained by separctlion of variables, sptisfying (i) and (iv), is

b - Z €' (om0 + 8, 0ind) T8/ T (ka) (109)

n:=eo
Ve can apain cobtain approximations to the eigenvalues in either of two wvays:

Case I Consider a funciion § defined by

@ (x.y)= gof.' (A.c.nns + f....;..g) 3. (ke ‘/J.(k, a) (120)

8o that § satisfies v + X * § = 0, cnd therefore conditicn (1). 17 ve

saswme that

$ o , TEO - peOTL, ;

<F@, F- 0@ )/’ 59{2}(-/3

(111)



then § satinfies condition (11i). Frem (120), (211),

?l’-ﬁ
ﬂ“ = .'-L‘.] F@IYunnd 4O :“" Il(m’ say

/6
l'ﬂ-f
6.. = ;:_f F(974-3~V\9w = %— I‘(vn_
/S
Substituting these results in (110), taking the derivative with rxespact to

r and setting » = &, wa find

( }_‘E ) . K bl i_'('l'.(-n (nub ¢t I‘(».),u.;..e) T:(‘l,-)/]'u(\sn

(XN ® az0
which, by condition (111), is zero. Multiplying by F(© ) arnd integrating,
ve cbtain the transcendental equation for the evaluation of k ,
> ' . o
5 e & [ Im¢Lm]=o0
hso .Iv\ (E:»)

Cese II. Consider a function P defined by
Ve = 2 f..'(C.u.nwO +D..4~L.u9)1.(k:)/]'_(\3,) .
=2

If we asswse that (3 ¥/ar) =0, r=8, BP<O<2x -p,
=G6), r=8, B<OLB
ve arriw by a sinilay argument at the transcendenteld egquation for the

evaluation of k ,

S ¢ Jlmp o s
. - " “ = O
I o RECRRACH
whera I‘(“)'- f" G(©) b de ,
»
T, = S’G(ea otang AO.
s

52.

(112)

(113)

(114)

(115)

In choosing trial fimections F{e) and G{O) we arc concerned with the immediate

neighkorhood of the points v = a, @ = + B, wvhere there is effectivaly the same

sharp edge configureubtion &as in the Simple problem of § 5. Therafora, if we

first rearrenge Il(n) and Ia(n) into tha forms



3 ’j").
TE) =69 | ) ennodd ,

~¥
¥
"

I.,("h = (“h[ FEY vm no 4O ,

- ¥

vhere Y =3 - B, wa can cheose trial Mmcetions
Fer= c(¥>9?) : ;
cey = © (/‘"‘9’)-{.

exnctly as before. It follows at cace that Ie(n) = Ih(n) = 0, and
I @ <@ XF Ty, T,6)zc¥’W/2,

-

I,.(‘“ 5 BY 3. Gu/;) , I, (e ¥ B4

The exnct transcendental equaetions (112) (115) ere therefore reploced by the

approzimate equations
vt X l(ka) - K 1 tk“> 1 -
v' Jolka) , S LT W)= D

T T o & The ’ (116)
C 3 (ho\

—' J ke\ 3 2' 3&. 2 "

ALY i B »BR - E. (u7)

The limiting cases are:

a) 29 =0, r=a forall O,

ar o P ,
Toat 1s, from (109), J. €. (A tan® 16 enno )T (Ra) = O,
n+o

For the lovest eigenvelue k,, this gives 360(1:19.) 2 0 i.e. Jl(k.a) = 0.
mmfom l? = 0-

) d=20, r=2 foralle

Thet is, 5 5 (Puwnos Buamue )Tk = O

Rt o

Por the lowest eigenvalue k,, Jo(kg.) =0, ke = 2,405
Thus for intermediate cases, O < kp < 2.405

The sumreiion of the infinite series of {116)(117), using the approwimotion
' a
j\\ (hﬁ\/j“(kk) & { - ka/l n 7 N .

a N+ X

(u®)
is very similar to esrlier sumuations. Resuliing values of ka ars given for
Cases I and II in Teble VI.



Tebhle VI Infinite cylinder with a slit. Volues of ka with B = C{n/8)x .

B o «/8 2%/8 32/8 kx/8 52/8 61/8 t2/8

Cage I |- - 880 1.048 1.285 1.400 1.875 2.290 2.405

-

Case II [O T35 875 1.086  1.237 1.k71 1.835 -

The analysis of Czse II breaks down for § > %’; « This is because Jl"((m)/.!l(lm)
—3 0 as ka —) 1.840, so that the sum of the serdes in (117) becomes infinite.
This fact bPecames significant vhen we comsidsyr the problem of upper and lower
boursis.

Upper cnd lower Bounds for the lowest e volve ky

The question as to whethor k< kl < k’,_ depends on the slgns of the fumetian
P (k) and p °(k), where

t 3 - L T, ,T-u. it9)
pu(hy = k) = o4 “
vhere - i - R
Jon 0 s 2 -3 g £ z S
s 1 (‘() h.;o k'. P(yu-h‘z) kzo k'n(h-‘hﬂ)
- R
xSy 2t e

2 oo Rk TRkl 2 L Dlekn)

Therezore -p.(W) > 2 . ke, L
) ke Z a+

> O ‘L (ka)te: ?.u(u“),



W)
I

This s 80 ifn > )l since ka € 25
When n ~ 1, we require (k2)° < b. Although this 1s not so for all valves of
the lowvest eigenvalue In the rangs 0 <P < %, 1t 1s =zo Tor the yange of

velves of £ over which ve ave eble to campare k and k*, as sihrnwn 1ln Table VI.

Aleo P"“(k) = El- .(k)\—, -~ ng = Iﬁh. Jh - Jun .J-.'
> dk(" / (m }‘"5 &
Inn Y foxt- 244 T,
g ®AR — I kel S0 2
: [ ( ==Y Ry e i (120)
| - Wl Tusi (k) \ = tun . j}_‘;_ > 0
. Re T (k) 7 ka  Swrl

Therefore f.«'(k) <o , w3po.

BanceeasesIandIIgivenppaandlombomdsforklmrthamngeof
values of £ vhere they can both be obtalned.



56.

_5 i2. Tha Helmbholtz Resanntor

in early investigatiocn of the absoiblilon 2nd seatiering of o plane wave
incident woon a sphexricitl shell with a ciyecular avertwre is given by Raylelgh
in {24). Golving the equmtiocn 0V + k¥ Y = 0 cn such a shell with boundery
condition 3Y/3r = 0, r = a, except on the sperture, on ewxpression ic obieinsd
for V¥ in Yerms of the normml scund velecity w = 9 W/3 » in the apexture.

An approximate form for u 18 essumed and the cantimulty of presswae at the
apertioe is exzamined.

An approximate eoluticn of zhe eigemvalie provlem for the simplest
Helmholtz resonstor is £ = ,3; K/v,, vhere £ o 18 the lowest normal freguency,
Vo is the volume of the resconstor and K is ¢the dismeter of the apertwrs. This
regult vhich is apprcximately $rue only vhen K 48 emall corpared with Ve, is
glven, for example, in (34) and (35).

We consider e hollow sphere of radius a ocn vhase surlfoce

(1) é/3r =20, r=a, p<O<H B ..

A solution of ©% + k®§ = 0 vwhich satisfies these bomdary canditions is

<

¢ = Z ﬂ\. Pn(‘«ne)jn(k"] (121)

h=- o

in terms of legendre polyncmials and spherical Begssel functions.
Case I. Ceonsider 2 fnction § (x,y) = nio A Pn(cos ) Jn(k+r).

Ifwvewrite $ =0, r=a, y<0<nx,
(122)
=F(8), r = a, 0<B<L 7,

vhere ¥ = n - B.

Then § satisfies V= § + k2§ =0.

Fram (121) and {(122), mltiplying by Pn(cos O)sin © and Integrating with
regpect to 8 from -x to +x, and using the result

n 2

J; Po () P(08)aes 04D = S Fumi ?



3T
AL Inn
Ba ©

k1
O fﬂ") CEst it dt

Then to satisfy candition (1),

> b = B
(._./ ) = kz :J\ <k“) ?_L«H F“(MO)[ F((} F\Gc’t Yot df
),r rzo ns o )l\ (ka) l )

= O D=O=Y.

tultiplying by F(€)sin @ and integrating fram O to X with respect to ©, we

obtain a {ranscendental equdicn for the dwterminnticn of k 9

Ju Cka) 204 4

h?o f\.(k“) —{ [ I (]23)
¥

whre T = J FO e ant db.

Case II. The correspauding transcendenial equaticn for a funciion
\I/ (’N‘\)) = Z A P, (X)) j_(h") (124)
LLESR\Y
satisfying (’i) = 0 pEOEE,
}'f r= QO y (125)
& C—(e) , D = e f/ﬁ,
ond therefore v* ¥+ k ® ¥ =0,
g g: j.ﬁlu‘) z::, [ _I )]1- - e 95/ 25)
® 1 G 2 S g (
n<o

vhare I, (..). = EPG(D Coltosd) aia t dX .

For the epproximetion fumetions F(6) end G{0) we choose

fa

F(e) = A{cos & ~ cos ¥) s X=% - By
c{8) = B{cos © ~ ccs B‘j'/‘.

The choice 1s determined equally by the feet that these functions 1t the edge

conditiong and thet the resulting integrals csn be evaluated simply.

™o eveluate
the integrals we use ths results given in (8) p. 1326.



o>
72 3 fzi“{(m;)/s] Pulwn®) = J o o=p s
2 '/(w»&*“”/!)" 0T8O Fg <
J_ﬁe»(‘“‘”(’ (wstaij- = 26
6 " 2Rk ™

Ya
Than with F{@) = (cos € - cog ) ,

¥ b
T\("") = I (ust"ﬂx)’ P st e t gt

o

i )t b
= I“ Pulost) it wot db “”\‘J P e £ ) tam
. (Ml-wbﬁ o ((..pf ~“’,)317‘

vhexe, waing (127), (128),

f

a6 ¥
pr,(mt)u;.ur . Yig M%nt"\fYIDP’((.\f)?‘(mt)'u;\*dk

(c.,st .

"

N (0et)n]. 35

{129)

{150)

To evaludte the lst integral on the right of (129), we use {127) and mske the

substltation cos t = z to obiain

o

iz %k‘“"aﬁ}j Pa@), 2 CLGraz

]
L -3

<

where -ZP (}" = - [(W“)P\\u(i\ 3 ”\()"‘"(3)}.
Bence using (128), (131) reduces to

28 [ 2 (o] +(;f3)m;(<ma>w1.

2n +) g

The form for Il(n) is therefore

_I‘(h) = Lﬁ [ - - @v;ku—’.,)};j{- '_‘_f_lm {Q\.{}’)'{]

2n-) 2w+ 3

RSN j

2na

" -

< A [ 2‘!‘. m&»[(w--'z‘)‘sj- {i:z@'“ [("*%)a]}.

2 NH

(131)



22,
-
With G(9) = B{cos 6 - cos B),

A =4
Il(n) = g (%9“‘-‘0;3) &(&-&(‘)'&;t'lk

< B oasl(eids]

Ll
'?..un

The approcimations to the transcendental equaeticns (183), (126) are tharelce

a4 ).u'(h°) Lz 3 N ; &
b & i (m[ ool - o] -0 (132)

| B

2‘ 3 .'n_(!:i‘_‘_ OM'-L(IM{)/] =

2wy )u’(}lﬂ (]\33)

>

>~a

Solution of these eqmtions for k 42 end k 8 fallows the same lines ag in
previous problexs. It is tedicus but strmightfcrwaird. For layge n we replacs
j. (k) /J'“(ka) by J‘,,"‘w/)’,,g(h) - (+)/ ka  wvhich, when n is large
enovgh, 18 epproximately equal to g (n + ) - B2 = L . (134)
The liniting cases for the lowest eigenvalue ave:

3) ar’o foral.le, T = 8-

: A 1 :
Thet 1is [ = ].‘;(k \]m

de
For the lowest eigenvalue, n = 0, 8o that we require
[ : T, (k" . 0
de r a

vhich reduces to tan ka = kn, the first solutlon being kla = 0.

) $=0 forall e, r =a.

That 48, from (121), Z Au .0 j,(ka) = O

nso

Tuerefore for the lowvest eigenvalue, J o(lm.) = O,

tmt is, \/E?E sin ka = O of which the first solution is k,a = .
Therefors for values of P intermediaste bigtween O and x
0 < l&a < .

Yalues of E:;- obteined by solving {123), (126), are given in Table VII.



Table VII  Balmhicliz reoomtor, redivs e, 8 = Qfx/G)x.

Values of =2fa .

B o =/8 2t/8 3»/8  ba/8  52/8 6u/8  F=/8 st

. Case I - .2:‘2!‘ ‘a% .385 0500 0$8 .8?5 .9;0 l-om

Case ST | 0 .200 .272 385 Lo7 B36 589 - -

Upper ol Jower limite for the lowest elgesavalue.
Whather oxr pot the two csses glve wrper and lower limits foxr Xk deponds on
the function p (k) = 3,%(xa)/3 (kn) where

ot . d . .
j.. (ke = [ TAPRC )qu.

a) pn(k) = Jn"(ka)/.jn(ka). The Spherienl Bessel function :jn(n) can be
exprassed in terms of crdirary Bessel fimeticns of the first kind,

J
“ 2 (¥
JRCONE (Fﬁ) Tuy () (133)

The first zezo o J'/z (=), and therefore of Jn(ka.) is &% ka = 3 and the Diret
zercs of J_ y,(=2) end therefore of Jn(ka), vhera n 15 on intoger greoter

than zere, is st ka > z. Bee, for example, (3Q) p. 479. Therefore in the

1enge of values of ithe lowvest elgenveluve ka in vhich ve are interosted, tlwt

i8 0 < k < =z, it Pollows that J n(lm.) is greater then zewo. Tims for ,pn(k) to
be grester than zero we reguive Jn"(m) > 0. ¥e shadl reguive the IvCUricace
reletionships

_}'MGN J:“h(x) ® 2—-? l.“ €y ! {136)

0o ' b (1)
2 ,“(“-’)nh(ﬂ' Ju : (1365)



&8 [ ; PR
Ac . (- {x/23" .. . ‘
Using (145) and tbe sevies expansion Jn(x) = g ' iy » b follaus

gDt A Ny

fram (136) that

’ y o k ; R
' (Y5 L00m (22
j”CX) i jlx (Z> Z k! r‘Lb.-in ¥ 3/2) L 2‘ u'(k"-l‘\‘* 5"—;3 j

k<o
n x=
vhich is grester than zexo if 3 > rm s

Thet ie, JnD{x) >0 if 2n{n + 3/2) > x®, 0 < x < xn. This will be so if

1l it is cosy to ghow that

n22. ¥hen n

J‘(x)’>o ) oS x<x L, (137a)

¥ J (157v)
vhere L ~ 2.08. Tlmapn(k) is greatzr than 26x0, n > 1, provided 0 < x < L

and is 1238 than zero, L<Xx < «.

1 A j.(ka)J Yey = Js ke
(b) A Pn(h\ = “ -
o- Ah( _-( i R

which we require to be negative, n > C.

From (136)  j.® = jue | el v:{ o 2 ®,
Therefore, putting ka = x,

' A [P‘W)} = j.(“)l‘q«o‘)[g;:“—)_ (El-‘ +') j- ™) - j"‘h(\)] (158)

a ax. juH(“ ’u (i‘

Since Jr(x)>0, r>0, 0<x<ux we reqiire to shov that

200 . (;4,44 )_1:..(’_‘?- ¢ Jusa 0O
x J“‘\ (x) ;b(l)

$ Iy 1k 1R
But ’“(X) N 3\;\0{(13 ) 2 g g_ )'_(Y/)) Z‘P (-)’2 (5111)
J'.‘.(x) j..;‘(n x :o kL P (Ransin e B P(h,ﬂ* 5/ )

: ' ("/1)‘
> P8 { r‘(“q;/‘) - \"'('\asl-,)jr('“s/’), ">/0‘)(‘7o

2 [ ne 37 - ”/z\‘]
%

Z
aiv\*ij 0o £ NE2,

>

W

Y



-
62,

‘Mherefore %E [pn(k)] <0 iz i"i';ﬁ'l <fa+1fedi +1),0<xg2,

J..{z)
ne+l iy
gince oj:rﬁ-— > T 0 1 Tais ig tzue vhen n > 2.

It is easy to show mgzexieally that gﬁ? [pn(k)] <0 1fn=0,1 05_::5_2.

Welawtm;sshownthat.pn(k)>0 p a>1l 0<x<2

-l
pnﬂ((k)<0, n>0 o<x<2,
and we have upper snod lover baamds for k fopr this yange of values of x.
Expression (b5) shows thet a poszible aliernative set of conditions to (k6)
ccuid be
p,(k) <O, a2l (139=)

p'(k)>0, =n3o0 (139m)

Bowvever we have alrvesdy seen that

3,7{x) > o n>2 oLxLa

and 310{.—.:) < 0 L<x<n, L.~ 2.08.

Thus neither condivions (46) nor (139) zlve on ansver a8 to vhether we heve
uppes cad lower boundds for the lowest eigenvalie in the range L < x € wx. This
does not mean that we do not iandeed have such bounds, mexely that we have noh
astablisbed that we do.



_§ 15 Diffraction by a plane angular gector.
An important problem which proves amemoble to the pyesent varlational

approech 1s that of a plane anguler sector. Its impoxdance In aiffyacticm
theory and in electrostatics is dus to the fact that such a sector is the
simplest flat strip with & shaxp cornexr.

An epproximete solution of this pocblem is given by Nodle in (31) using
a method deviloped in (36). Eigenvalue equations ave obtained in the form of
dual series equations. These are approximated by ignoxing pari of the infinite
series after which en unknown fimction £{¢) is intreduced. The dual series axe
reduced to a single integrel equation vhich can be solved exacitly far £(d).
Approximations to tb;e cigémvalue can now be fo&xﬁd aml e method for lmproving
thege approximetions is given. Other refarences to this prodblem are given in
(31). .

We consider such a sector, containing an angle 2, lying in 0 < r €< o,
8 2n/2, -a< ¢ < qa, wvhere r; 9, b exe spherical po&nr'eomﬂinates. We smll
consider only those sigenfimeticns vhich are symmetrical sbout ¢ = 0, x, and
about © = n/2, end we shall require a potential function @ to satisfy the
boundary conditions

(1) ®=0, 6-W2 0= <¥< 2 alls

o/

© ) or Y/ , L < &sf\’a“f

() 5 s ;

ﬂ

</

F

and the equetion v2 ¢ + k2 ¢ =0 . (140)

We express (140) in sphericel coordinates end solve it by scparation of variables.

Making the substitution @ = R(r) s(e,4) in the equmtion

%(*Ag)*wew( SN) e 3? ' kl‘wjf Ay (141)



Oy,
v cbtain the equations
..( Ldﬁ> p[ k- plun)]R =0, (1:2)

) 3
w7 (w0 %) o b‘# EplpdE =0, (243)

where {142) has solwiilons
x 7% T Goor gy ey |
R < [ A s " \J

Again, putting g = U(@)V(¢) in (143) we find
w8 Blan 0 d%) 3 [ uCuanto -] u <o, (24)

amd &V, V=0, (145)

05

For eigenvalues symmetyical about & = 0,7 and sbawt 8 = /2, (145) yields

V = me* (1255)
Substituticn of cos @ = z reduces (1h4) to lagendre’s eqration with svlutices
K= 0 (we) (1b7)

Thus the general solutiom of (143) satisfying the required symmeiry conditiouns
oD

12 s(04) = é'ooz., a“(me)mm$ ,

(1%8)
vhich we shall require tc golve for eigenvalues A¢ .
Oaing (148), the boundary conditions {1} and (i1) can be expressed
' EGOMC@NJ’ =0 , oxd <o,
GY 5 Qmonwd <0 | w<bs=T,
were o L o o o, (149)
Ao Qv = odnm d%) P/"M(W’GSJ o:Vh . (B5)
Caga I Comsider a func‘c.ion $ defined by
(P(W) = 5 oo P(w,o)mmb {150)
zo

sothat@aatisﬁes_l.sé(mg )4,4“0‘)4’ 4/.4*(/.4.)4) o,

vhe:'e/x+ is an approximation to/a



If w2 ocssvme that

® = Z fuwmd <o , pE¢<T 9””2K‘ (252.)

wm=Q
“Fd o~sq>s/s TR
vhere A = o I}i (0), ¥{($) is en wninowm Ametion of ¢, edd B = 5t - O

it follous at once that
’ -
A= O [ E@> s 4, (1522)
and 0, = (-;')LP =2 ,l(j) ' (152n)
If then § aldo satisfies ad/30 =0, 8 =x/2, a<d<x, ties is 12

§ Q.“' l,;r)W(* - <
-
N - 2 O % (?(,’ﬁ o

Yo o=
vhore ‘\n" = % [qn /g::, {cos 8)} o = x/2 uwe cbiain the integral formulathicn
2 ' ] ) < (155)
Z 7 - ]’.(m\mm(’);:o, ‘#T/‘, .
LL Y P
and hance the variationnl form
' \ l
LR e, (154)
where Il(m) nj F($) cos md 2o , n=0,1 2 ...

0

Case II In a similar vay ve define a Nmciion ¢ (6,9) in terms of 4L,
another spproximation to M, and obiain a formulation correspording to (153)

[

g‘o‘iw' %—:. 1. @ w:w\4> c O 0‘4)""?‘ a<:T(‘-7(:..

vhere B '%5:1- {0), ond a variatioral form
2 & = T.eo =0 (155)
0 -

where Ia(n) = IQGN)) cosmb 8 m=0,1, 2, ... is in terms of
(4]
an wknown funetion G{$).

The limiting cases for the lowest elgenwalua are

&) Wheng =2  ©@(r,0,¢) is zero everyvhere in the plane 0 = %/2 80 tihat

’

from ':;;50) g ol Ie (o-) WDNC} = .[04- a“ ¢ =



N
o

The lovest eigenvelua is therefore glven by EMKO} = Q. The scluibilen yvhlich
iz finite at @ = 0, x, and odd aboud O = »/2, :ie/t i 5

d) Wkn a =0, 3@/0¢ is zero everyvhaere in the plene 6 = n/2, giv’mg/a e Q.

aperieal Regulls.

The c232 vhen a = x/2 covvesponds €0 the case of & half plane for which

M = 1/2 exactly. It has been comjectured (31) %hat 4 = afx bolds for

0< o< x, and this is covtainly consisient with those thies known valuaes
M= 0, 1/2, Lvlen g = 0; x/2, x respectively. It proves aot 1o be correct
but wo can convenilantly uze the Manr relationship to give a set of firgt
approximations to M for specified values of o in this interval. A met of
values of s« for a =0 (x/10)x is cbtained in (31) end, for purposes of
coparison we chocoss \.ha same st of walues of q.

Suiteble <rial functions will be
F@ = (‘.(ﬂ’-d")?‘
G@ = bl )7
giving L,(m) = 2 J,(0), w321 }

. (156a)
= x PN , m=0
Ie(m) - (1:/2).3’0(!&2) m > 0. {256b)
Ve therefore replace the exact equations (154); (155) wsing (156} by
Qe -2 [ < a4 T @]
;‘r' X %[ mz-.u ﬁ: . ﬁ)] \ 6157)
= 6. 2
m & 8 g bes (158)
g’ M
i k-
vhere B : ~2 r 0(’ it uadk Q; is the sepme but
a. [ N =
do { F/“O (MO)X o T4

with/u+ reploeed by/(_ .
Thece expressions ctn be put into & more comverient form, using equeticas (20)

end (23) of (23) Vol. I p. M5.



ALtar some mn.f.y;&atian we chialn
A PEelim it pd PEm-ip)
P("‘%‘”‘é/n) P(“‘;“z"""i/,)
For laxge x, | {x)/] {x + %)A‘ 3/ x™* and therefore
Aw o ! !
Cridmedp, Y Cim-ddt
P .3//‘4_ i""_ 3 p
= (s ‘ié“)'{(l— fz Y

2 t

Wa therefors approximate {157) and (158), uaing (160), by

g _ﬁ;[g ') TLOp | 57t
- LEAN PR nt My, 2WM-)

A, =

o]
i 5 ‘(“‘/3 )]

A, QA\ N A Gy & - \ 3 z
s = -2 Z B—,—i—' To @) ""Z a(‘"i’w) 1 ()
YA ) ] N

n.' y‘.) Mz
vhere, in this particular problem we choose F = 6.

We compare sestlts with the ‘lincar wvariation?! conjscture and with

those of Noble given in {31).

Toble VIII Diffraciion by 2 plane angular sector, half eagle o = O(x/10)x.

Velues of/u.

(159)

(160)

(161)

{162)

o 0 x/30 25/10 3%/10 ux/20 5n/10 6x/10 Ta/10 8x/10 9n/10 «
Linecar .

veriationl® i 3 2 3 R .5 B, 7 .8 8 3
Noble 0 .95 .26h  .332 B10 505 620 .753 .82 .95 )
Case I |- 196, 2635 3313 hogg s5c5, 612, A5, 881, 989, 1

Case IT |0 193, 263 3 hog 505 6 ™3 837
8 2 T 2 o 2

Agreemont with Noble!®s results is good for all values of ¢. If, hovever, we

cuxpure the rosults of Case I for large values of o, that is for values of o

vhere Case I should be most accurnte, with the corresponding figures of Noble

the dirferences are slightly greater than elscubere.
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Gl

This mmy be due to Hehles having used the approwimatiocn A / A’ = 2/ whore

we have used the slightly more accuTote one Ah/.e\m” = x-n'(l - -55).

Uppar erd Lover bounds for the lowest elganvalue.

y 48 pu(p= G.' . _DCItiw i P rdm -3y ’ (163)
A~ PCiedm #gp) P (Gm-4 i)
then eases I and II give wpper and lover bownds mr/‘if
PaEY S0 . w0t o<t (18%2)
[" <o, wyo, o mel. {264p)

Ifmvriteaag(m-&/), ba%(n-/() ve note that a and b are both
greater then zero vhbenm > 1, 0< 4 <1.

Therefore p(u) = POta) PE <8 s
P(‘,'nu\ vGH

8ince ["{x) > O vhen x > 0. Condition {26h8) is therefore zatisfied.

s M)‘ ) O‘:/h<l‘

Also Z o ({) (/..’ IT‘({+¢)\"(L')[V'(1+1)PG_+£) - () P'(I‘H»)J 7 i{"(-!,-m)f'(,k)]d

= p(dp (44 b>[r"(1,+a\f’(n-n%+aw'a.)] }

If wo write [ (z) = ¥(2)/ {z), this reduces to

A P ()T 44
1.|/*(F‘ #) = P(Lead P () [ il ol \H{"’)"%)]- s

When m > 1 all the goeme functions in (165) ere greater than zero and therefore
a(_(’.\gm) <oy €= [ ¢ () =¥ o [~ [HE4)- ¥ ] <0
But by (23) Vol. I, equaticn (1) p. 15 e.nd (1), (2) p.20

Y({'%’\ Y@En = ZJ iITRg y Xzo

> &
Therefore E = Qj {1 + t)'l (t o '1)&1: vhich {8 less thon zero if
o

2a _ ,2-1

13 €0, 0<t<1. This vill be %o if 2a > & - 1, that is, if

2/4+3 > 0 . wndch 15 trud I 0 < K < 1.



éo.
Hram=0 , a= 4/2, b= ~A/2 ond therafore,

2 _' [P(/A)J V(H /‘/l)?( /b-/t) [q/([lt\ *( = h5 ) = ,_4,( J/"t&) ;_q’( /\h\]
/ V(4 ) r’(‘/‘r:) 3

- @y.){ [ \V(u/m% ‘i’(l,‘/‘/t)]- {4(’:-/‘/-% Y(- «n)]}

vhere R{#) is a negative eonsten?, 0 < 4 <1,
Using (23) Vol. I, equaticn (8) P. 16 and (1), (2), P(20),

¥ (L) 4 Cop <[ YCA)- 5 /" T- [ * 55 ]

"%[,lfgfﬂ" : —}-
Therefore 2Jr[(’y:] —2!254»{] t” /au ;J_'IS
5
S J,, :u‘u‘I <;{"ET‘F"U‘ , oSl
That 15 |- Ly 2 <f°_';s_u4—<to32 o =a<t
Also 1,'/U, > % , OEpS L,

It follows that

-
{ S‘Jk‘;{ o & 1 ‘i>1+(|2€up)‘7o
~ 1+ -/u
and theyefore %ﬁ[f’.gn 7(0 , o< p< f

4 <

and generally, a}(‘o~“"]< o wx0, o<t

Both conditions {164) bdeing satisfied, coses I and IT do indesd give wpper

and lower bounds for/.



g 1 4 Portially Clomped eiveuwlar plete.

A8 & final problem wa axsmine the wihwabireme ~4 o olpc ey plate of #udive a,
clumped along pvoert of its edge and sinply supparéed on the yvemminler IP the
i ly b tid cmdlant compession lod § par ualt bagh ) e drtadeneo
plate is subject to akmm ecting in the middla surifese of the
plate and to a pexicdic lced p( P ,O)e”"t perpeadicular o the plate, the general

diffeventisl equation of the problem is
. ):i $ ' wh
NS g(la'p'()+/u\n-)-;1 rq ¥ g=plpode (175)
where N, 4 , b arve physical ccnstants of the system, and » =1 /a.

1 = Adludinn o plet.

:F_'igure XX

{ 1
!
An asalysis of the berding and buckling of piotes 1s given in (25) wheve

solutions of prcblems of this type are epproachked by finite difference methods.
Weinberger (20) has develcped finite difference methods to give both wpper end
lover bamds, the upper bound being obtained by using a grid vhich is soaller
than the regicn R of the problem, and the lower by using & grid which e
glightly larger. These processes are further developed in, for instence, (£7)
ans (28).

This specific prcblem is discussed in detail in (29) by a methed involving
the gpproximate solution of an infinite mmber of slmwltal >us linetr horogenacus
algebraic equations. The eigenvalues cbtained in (29) do nst agres with those
cbtained here.



I7 we make 4he substitutions ¥ = Eei e 2 of £ aeiei s &nd

a 4 “‘:"i = x2
N @
andt consider frec vibratioms, putting p = 0, we can rewritz (195) as

Fot+@prv- b Jw =0
»_ ) y 2 19"
Tﬁm V = = ¥ .2 + s Tan
ptopLO LI
Ve epsclify tixe boundary comditicns
(11) = 0Q, ~X COCT 5 L =l {2 to the clarping),
dw 1w ]
{113 i ¥ + e = 0 <O -
)[L"@ (7 % * 258 » YERSH-T,
viere V is Poisson’s ratlo.

If wve epply a Fanier transform
PRy
Y= J w ) B dO
Ws('\f " ®,p -~ '

v
\JUC(@T) - [ w(e,f-’)m wo 4O

w (O.r"‘ - T—'r 2 % [W:(»,frume + ‘Ws ("‘f” 4,,:...9] -

to {176) we obtain
3_

2 £ 14w kW~
[dl,o f olf) ,o j W N c(p‘ ‘[’d/o P‘]W‘ k W* 0 {178)
vhere § stands for either s or c.

Az a polation, we Ty wt = A J (P X) vhere X 13 scme constant, end J (2 K)

satisfies [;{;t /""/’ (V"’ " )]T Kp) =

T S R

ané hence AR A TR AN T
(178) therefore reduces.to
[k =@k =% ] Tep= 0 (2780)



which Sctcenines valews of K:
Ko’ = 30 % + (4% + k) ] (2792}
, 2 i
R MR S AR N (2790)
Solmticns of (178) can thmo Be written in the foram
W = A e> Tdpers G Sople
Condition (1) roguizes thet W, = O ca /2 =1, cnd thevefewe

t
Aw Tn@® = 8w Ip = c @ (say). (180

Sudatitutien of (180) in (177) gives the egredien

o

w st A ]v\ ) (e Y
sl R - jm,sf [ feoeano vcym ane ] (a81)

Nplyirg comditicas (ii) end. (844 )successively to (181) we Pinelly ebiain the

tvo egmtions
2 Lk [Cc(ﬂf«»ne tCeiwe [0 SYsesy P {182a)
=0
E' IV RN ST e weelso YTOEW e
Ta @ . % "Wed
Wi = o Y— = ..—.-—M = (’) = i
L“ J. G r‘(:ﬂ) T () /5 _———9%) {1832)
PRI CIPRE M @®
m Mh - -——--’-. . ﬁ A 4 \)Ln - {183'9)
iLd) 1—“ ¢)
Casa I We definc & funciien & P »9) metisiyiag the conditions
(1)° ¢ =0 oo v 2W | p=I
< ~ — wh = 1‘-3;
(11)0 D§/¥’ o €0 = e, /) | SR od

# 198 ~2 €T,
(211)0 §’/S(,'4\:( z,ﬂ /,; >e> o,

(vye (VT @WTRD PO

(Bote: We are using @ in this prcdlem vitk ¢wo different meanimgs, Fivstiy
in (1792) 2nd secenddy in (11)° and (4i1)° abeve. This does not lead 20 any
cenfusion).



I? we fuwrther let Qé o) , «w<e<ao '{,.o = 2 where Q) 1s on
wlmorn fimeiicn ox’ 9, then (1823} gives
(s
go €. L. [Cc("‘»mns + Cs(nm&ae] = O ol EET RN ot (184)

-Fy -A¥OF o 4 PRk,
Solving for C (n) end C ((n) and gubstituting in {A82H) ve chiaia the fomildior

form of the tyanscendental equntion to be solved fox 13

o

' M. iy .
Z e TI,(M 4 I,()] = 0 {195)

Nz

o
vhers Il(n) = f F{§)cosnxdx,
-a

) = [ B(5)etnnras
= & gin n »
@ -

Case IY The equstion for K_ corresponding to (185) is

2 S % £ S 2 I,,(")] =0 (186)
uhere 13(11) = j C{¥) coz nydg,
-¥

L(a) = J G{¥) sinny ag,
in temrs of the mlmoun functiaa G(O), ~¥ <6< VY.

Loproxipeticns to 1. and M :

Tn order %o De able to sum the indinite sevies ia (185), (188) we roquire
approxdrations for the ratio I'n /Hn for lexge velwes of n. From expregsions
(183) ve oind thet M, LS T.OLGG - AT ¢ I 6O

Lw 4 3y '(4)]'.?5) - 5 T By 3. (B
vhich, sfier scme monipulation, reduces o

Me o G 4 (J’J/s’)[ o T—-—-—-—"'() U‘“ ]

£ I~ @) Jug®

(187)

We shall consider the following WENID problemspnsig e (175):



7.
1) p=0, q=0, an therefore frem {179), o =0 =/x « £ , soy.
This 18 the problen of frvee oscillaticn with ro ecapressive lond.
2) p=0,q#0, w =0 and therefore &k = 0. Then of = q/fff, 8 = O.
This is tbe huckling problem for the plate.
3) P£Q, w=20,9g=0. Then @ =p = 0. This i3 the prcblem of the

static bending of the plate.

For n large campared with x ve use the asymptotic forms, given in (30) or (31),
Jo0 ~ G \“_ G Y
w!

P 3

s\

1. 0O ~ G”?“ i v + @RS

———

e Wit
01 i) X (1688)
9 D) N4 Glnedywead ) o
L I 5. N EEEER. I
In(™ i1 wlwsY(nery J° {188b)

Using (188) in the three different problems we find:

PA'&IH!lz
':4._'-‘ & W) +2‘Q[j-:‘.‘.—.(5) 1 Ihh(‘e)]—,

L IO T
~ V=) 41({—:&,]" = 2naVEL
gmbléma
Jwia @) o |
t%_: - ~N=-1 + 'L[ 4&)}
A N-1 ) d‘% s 2w v .
Problem 3)
Mo L ey b {u,ﬁ. PRECRPSWT
L oL, A0 J.@ Ta @
lw,_ Ia&l (€3] I“” (o() s
= ~N-! + By { 2 [ ).‘d + I..(d)]
N ETI Al e
FEX



Toe
We ghadl theyefore Lo ebly, very convenilently , to eppyatimnie the %“%ails’® of
the two
the infinite sexries in (185) aud {185) respactively, Jov EEiEEEEw nrchliemng

simtanecously. The opprosimate foxms will be

M. n‘ " Z 2 ) n )
52 (e 16 ]~ Iemf1el e, (2850)
nz Ny
end J Ly [1,@*‘4 Lf;"} b Z: Taaw i h "'“I G"] (186%)
n. Nt M ' ==

Nurorical results for the partially clamped ciycular piate.
In choosing suitable txriel functions ¥{0) and G(©), the canfiguration of this

prcblem is effectively the =eame as thot in § 11. We con therefore chooge

FO) o & leven® , ~dxled , (1g0a)
-3 ~-YT0<=Y J=W-d,
5y = ¢ (¥*-o" ‘
C ’ (2900)
The functions being symmetrical ebout O = 0, integrals I,(n) and Ih(n)
are all zoxro snd
i 1% 5 . '
L. A (123 wntdy = AT LoD wmy (1912)
& ¥
22 s \1ﬂ3!7/u— V=0,
Tivt ), - (291b)
I';(;])-' ‘;x (5— w .\Bc( - ‘%E’\l(r\\\ y 1> 0, 9
2y

Finally substituting fram (189), (290), (i91) in (185), (186) end using
asymptotic spproximations for J (n«) and J,(n¥) for large n, the eppraxination

equations to be solved mmerically ere

N 2 oo
g_‘ tli'. ti" N ¥ o 7»\49“![ v
S L, . n:zl' L & )‘ (“ ) k L ¢ u-s'“‘ i ]

N o \ .
5 2 I T el {'”‘“"‘] .
* g‘\ M. Woww {192n)

3



Liml%ing casszs.

a) If the plate 13 clampedialumg tha whole of 1%s edge, d=0

3‘; = 0 farall§, o =1.
Than {184) reduses %o

=+
Joa L Jcmmns scmuwne] s0 featle., (195a)
nzo
The lowest elgeavalue will be given by Lo = Q, thet 1
Jz‘._(i.’#/g L£’=o {15ka)
jo(d" I,g’7

b) If the plate is cimply supported all arcund with no elamping, ¥ =0,

‘)1“7 ."'\..\.’.‘—r %) )..’._\.)r - \ =
gp’»*\)(f’ 3o " o~ B0 4 TO fe ol O, =1,

2 5., [C.(n)w\ B+ Ctymm "‘9]:0 o ol 8, i

The lovest eigsnvalue will be given by Y = 0 where, frem (187), {194n)

'.E - (N 4 (J’ym[ o 13’:%\’ + ?%’)] -"
Frchlem 1) Partially clemped circuler plate. Free cscillations with no
campressive load. (p = 0, g = 0).
Solutions of the limlting cace equaticns (19%a) cnd(lghh) when g =P = vk =0
ave £.= 3.196 and £ = 2.205 respectively. " (1%he)
Solwcicms of (192), putting Poisacn’s Retilo ¥ = 1/4, are given in Tsble VIIL.

Table VIII. TIree oscillations of a partially clarped eircular plate. ILowest

eigenvalue.
Velues of £ =+v/k where k2 ;ﬁ/{hwzfﬁ, Y = /%,

.4 0O uf8 228 3x/8 /8 Sx/B 6x/8 Tn/B =
Cegse 1 o 2.423 2.520 2.623 2.750 2.860 3.020 3.)kk 3.3196

Case II | 5,205 2.517 2.517 2.620 2.735 2.857 2.980 3.021 -




The vesult in (29) for ¥ » &/8 is £ = 3.98. This lies oubuide the renge fov
the lowest eclgamwelue given by the limiting cases (19%c¢). &n Ixwestigation of
ths next lovest gyrairles)l elgenvalve gives the range of values ol £ es
3.70 & ¥4 < 5,611 for 0 < ¥ < n. It ecemed poceible that the valve

A =3.98 for ¥ = 2x/8 might, in foet, be this next elgenvalue. Ve thavofore
nva investigated those seccnd elgsnvalues more closely.

The limiting cases are cbtained from (193) with L, = 0, M, = 0. The
resulting values ave £ = B.81, £ = 3.720 respectively. Ia chooging &rial
Dmetions F(8) and G{e) ws require them %0 be zewo at P = 0 and entisymmstric
gbcut € = 0. We therefoxe choose

P
Fe) =« A §(dnp)*, -4 FO2d,
Ge) = 65(‘0‘— Y3, -YTes\.

These being o] Mmetions, the integrals Il(n) end IB(n) are now zero end
egquations (185), {186) reduce to

o0

S ML oo

L W T :

nz

Sk 3w =0
M.

nsy
Using the same approximetions @s in the earlier sclution we chizin the values
for 4 , given in Table IX.

Teble IX. Free oscillations of a particlly clamped plate. Second symvetrical

eigenvalues. values of £ =Yk vhere k2 = M/, v =1/
)1 o =/8 /8 3x/8 ux/8 S5z/8 6a/8 /8 =
Cege I o - 3.855 3.991 4,190 L4111 L4.532 %.6058 B4.611

case II | 3.72 3.78 - 3.857 4.000 k.o 4,363 - - .




The velue for ¥ = 5t/%, £ ~3.86, stidl éoes not ggree well with the remit

(29), £ ~3.98.

Uppez end Tower bowmds for prcdlen 1).

W eeyit pk)>0 |, n>!

o%(h {f,\h‘]<o y "0

o) . T 1
whese P,(h): V-l +21[Zm) + -I‘l'i«(—)] ’

( '-'.)-i, 7..1--<‘e<3_2t

Using the esrles em:s.nmm

2.0 () 2 M T s Gy (e

}

TG ey v

it follows quickly tlat
'5..,(‘> 2/2 . T\nh(‘(’ e £

)

T T (£n)? ’ 1. h4\
and thevefore that
. AL Tk
OUY = Sun () ¢ I £

g ) 1.(0 E ne =@y
Bence pn(};) = ¥ =14 280()
b A R bl ZY N~ ('?’1)’]

S N-y 42 {nu —2.5(,] Stme 22<h< 32

S o0 wh W NER T

It 18 easy to show mmerieally that p,(k) >0, 2.2< £<3.2.

Therefore condition (1952) is saiisfied.

To investigate (195b) we vse expansions (196) to obiain the forms

"«’.(.\f“-Q5 -juﬂ«)

i8-

in

(196)

(197)

, " (er) 2 (RAD* g;zf_" L
{ I-a) & (V\M\(u.nl) s (;\.sl')\(uu_)(‘“;) o e,(" )4—0(“5)0 (1983)

), Tl w2t & (_L‘)
£ T (nn)(“.;rﬁ (ma)(wa2) (wa3) " t0 N7 (196)




Diffeyentioting {(157) vith respscet o k, we find
& - 2 '
2 Jk Jh{‘f’»az’j = -5,_((?-?&2 )
whITe Q' - L_’_g -2+ [ J-qu.,(«f)] [r"h l)] ZHHQ

evetore 4 [e.@] <o | @y, -1 vo.
Bt L@, . - 28, g[ Taally  Tunl . {2993
€ @ Tl Ihwj = Bl

vheve, usirg (168),

0 el
1

I+ 2 Q”-)* ' a’”b (‘l'l*-l'I‘(Hi wey)
Y (nag)(ne3) ol(n*)

A T, Bl il
i 1. 80 (ny (w2) :;’

+
4 > 2('1\4.)[|_ —z.(i./‘.)_ ] (M)

(20cb)

and thevefore using (200) in (199),

lr
«((-},;7 8 (£/») >0 wn3jo.

Q MY {ne2)(ne3) :
Thus condition (195b) is aleo satisfied, end the Ceges I and II do thexefore

Eive upper aud lowsey Sawmis for the lowes? elgenvalue,

Picblem 2) Partially clemped circulsr plate. The tuckling prdblem.
(D=0, a0, w=u0, of =a/i . £ =0).

Fran (19%a, b) the limiting cazes for the lovest eigenvalve aye given by

() :
(o4 -1'-(—-7 = 0 of which the first noa-zero solution is o = 3.8316,

ﬂf&)‘ [Jlm) - (a) - y,;lqa)J =0 with solwtion o = 2.017.

Solving eguations {198) with the epprapriate forms for L end i , we cbiatn,
over a get of veluss of the angle ¥, valuvas of o and therefcxe of the xatio
q/l at vhich buckling will teke plece. Tha values ave given in Tablz X.
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Table X Buckliung of a partially clamped circular plate.

4
Values of of = (9/8) for T = o(W/e)T,

k1 0 Tiy 3 "-ng 3'/? & a/g 8% (5 lr/F T "/i mr

Case I -e 20709 2-‘52% &;6902 2.888 3.4 3.47V 3.750 30832

Case IX | 2.017 2.3708 2.525, 2.6390 2.887 3.1h2 3.u463 - -

The result for ¥=20/ given in (29) pege 257, is &~ 3.13.
Upper_and lower bounds for problem 2)

To determine whether cases I and II give true upper awd lower bounds for o ,

and therefore for the buckling foree q, we require

Pn(q.) 2 O ; n=! 5 (20])
ol
| e lg) O y N> 0
d‘th 2 ’ (202}
where Patg) = vt o+ o J, 0 Ju ol 4)
b
and PARHEES | i/N) ‘
From p. 78 we have that
A Tu @) /Ty @) > 2(na)- 27/2,
Condition (2018) is therefore satisfied if
Dasoep o €/ O (V"{"). (203)

where we require 2.017 < o < 3.832.
It is clear that {203) is satisfied for all values of of in this range if
n > 3. It is easy to show numerically that (201) is also satisfied for

n = 2, 3 for ell the given o , and also for n = 1 provided « < 3.508.



To investigate (202b) we observe that

; d
3 [e0] - 34 &

2B _ B0 )
2@[ a— Rl ( +1
which is less than zero if

- v(’lr J—nw Jhﬁ}1 >'
w ot )

e
-

provided Ja @ /7w > 0 in the given range of 4 , which is so.

From (198a)
L2 I (3l )
ar L@ (nu)‘[ (m—o)(ml) " 0( ] G“-')z

o
ey 22 N = [u— Q/}i ¥ o(_l_)) b (4n)*
N+t INN(J') (ﬂ“xﬂﬂ) n (MHYN'Z)

Therefore, adding (204}, (203),

:’:11[2& o IR . (o(/z)‘{ SONTDY
" ) S Tue, N+ nat YER

2
= | & (Arz)

(ha*(ns2)

519 n2 0o

81

(204)

(205)

Conditions (201), (202) are therefore satisfied over the range of values of

for which we can make comparison,and cases I and II do give upper and lower

bounds for the buckling force q.



G2,

5§15 Equivalemt Statlc Metbocl

wWe invesiigate briefly an elicimative apprcach to the soluticn
of the type of picblenm alveedy comsidered, by & methed utilizging conforial
mspping. The uvwse of conform=l mapping implies, of course, & limitation of
this apprcach to problers which are essentinlly two dimensicnal, that is,
truly tvo dimensional, or rossessing propexties of symmetrxry which cnable the
cynomic equetions to be redueed to two dimensicnel equatioms. This approsch,
proposed by Schvinger (39) is refevwed o 25 the equivalemt static method.
Applying this methed to problemsof vave propegation and scattering, Scluvinger
bas shown thet by comparing the solution of a static prcblem with that of
& dynamic problen of idsntieal cross secticn, it is possible to obiaim in
principle a vigorous solution of the dynmamic problem. We shall shov thet by
considering a static problem with 8 cross section similar to that of a
dypemic problem we can find approximations ¥o the elgenvalues of the dynemic
problem. This spproach leads easily to first approximeticns which could then
be used as & starting point for cbtaining better approximations by the
variational methods elready described. Ve shall apply the methed totwo
of the proﬁlm investigated earlier in the paper and compare results.



e g By the coulval yhatde method,
§16 The Simple Prcblem by the eguivelent siotic hod

Befining the dynomle picblem exactly os befome, we cdhtein the Integral
eqmtion formulasion®s (31) and (33), from Cases T and I respestively. To
simplify the presextation we shall carry through the eualysis using Cose IT

only. Tke intezrnl equetica {33) ean b2 written

é oo e
! !
kb twka I gl = 2 2 b el f 441 e '1;11 dw‘ s n%.. -

o nzy [

- We choose for sn spproximtely equivalent stetic problen s cemi-infinite

chaznel x < O of wiGih b; vith an gperiure 0 < y € B in the otherwise clesed
!
1

In order to ohiain egulvelance betweon the static and Synomic problems wa

cad at x = Q.

P -

'
3

'...

£ - -

st permit the existance of sowneez 2% infinity vhich excite higher shetic
Yincicdent waves® of arbitrary amplitndes. I, tken, the bovndery comditions

ars (1) g-gno s ¥Y=0, y=D?
(11)-3-230 s ®=0, B<Ly<h,

{134) ¢ =0 , x=0, O<Ly<B,

the stream function ¢ can be expressed in the form

o sy we/y
$-Vx + b2 (207)

=y

yhere ve ore pemitiing & gowree 8t X = - 00,

Then (%}ij) =V, 4 {g‘inx,.w{ﬁ-

)‘to



vhere £{y) is an wnknowm fimetion of y, 1t follows tlat

i | B .

vor % | F(ay, (208a)
&

ST o

and hence, substituting for V_ end b in {207) and putiing % = 0,

oD &
= 2 - : vMh wit
4’,,20 2 b, vt = 2 nJo y(q)a» T A ‘33

B A=

'y
(o]
<
A
s
"
o~

Wt is
o>

6 -
Wby ™ 2 z %\ L ’k‘P‘" ".‘;}Aa‘ m“’i‘)ﬁ % BENE 8. {209)

The right hand membars of (206) end (209) exe very similar. If indeed we use

our earlier approxlmilons taphy & ~ 1, & b~ nf, (206) is approxirated by

63 - .8
i} ! nil ¥ "
j ﬁ(’P*'\ % ¢ ,\Z.. _hf, 9E b’l‘h‘ w1 '-E

kb tew k.a o {210)
and the right hend morbers of (209) and (210) ave identical in form.
Defining Fiy) = of(y)/bo and G(y) = egly) where ¢ is o constant such that
U .
kb Yonka ‘,EU‘ T E W (2L1a)
ve £ind F(y) = G(y) and bence, using (208a),
¢
[G(@M = = 6¥ 7k, . {211b)
Thus ve chtain fram (211) a eimple approximetion equation for k
kj) Guokha = = L’V"/{"" . (212)

Ve mve therefore reduced the problem to cne of finding values of hc end VO.



e
GH e

We proceed vo &0 so by mapping the yegion of the ariginal problem conforsw.lly
into o gemetvically simpley reglon cver which & solubica eczan be found by means
of camplex funetion thewy. The proecefiwwe yields walid yosnlits since a
colution of laplacds eqinticn in a transformed chnonel is also a solyiion 3n
the criginnl clannel, if the transformation is conformel.

We find a suitable tronsformtion in two steps, {irst a transformitlcn
vhich meps the channel periphery in the z-plane into the real amis of the
w-plane, seconi 2 transformaticn which waps an infinite chonpel with parallel
sides in the t-plane into the real axis of the w-plane. This gives us
& transformation firom the z~ to tho t-plave which maps the criginal ehannel into
en infinite channel with parallel sides.

W= o .W“f
; :
|

-zl"m b W=W, = v, [ <0

| !
1 "
2 v

) wel Plgure XX

The Sclg.rtz-mristoﬂel transformation fréam the z-plane to the w=plans

3 A
vill be given by f-\;: m,‘

o

el
80 that 2 0 cosh Wit

If ve chocse values of vouch that when w=1 , 2 =0
wﬂq-'l, ‘-m

V=W 2 = 1B

0.

then 2 %wk"w il Vi = wt (EBILY. (213)



The scemd transformmilion frvm the t-plane to the w-plone

e - " :—w,
1
w plose \
oo w, t oo [ t P(M.
|
|
Figue XXI e . ot
is given by % = —Féim ’
(w1 )(w-v )
v +1

e, 2 (o]
go that t = A eogh [ ey (W = = =) 5
lvo - 1) 5")

If vhen v = v, % = 1b
v=1, t=0
: w_ o+ 1l
= -1 2 0
then t = ;(-cceh [-(;::TI (‘Bw-—ﬁ——) + Ib

and therefove W= —=t . werl o) It
2 2 s
L D 4+ Ceeds ‘Iéf wlae € = 2 (W8 /20 ) —_—
N ocow (88/26)

Finally the transformaticn frem the 2- to the t-plane is cbiained frem
(223), (28) 0+ CawmshOth) = wsh(24),

-%t/y ~txb aafL - xt/
that 1is, Ca =2 +2 -20-Ce | (215)

This gives t as an implielt functlion of z vhiech, because of its coaplexity,
is difficult to expravs explicitly. It can in fact be chiained explieitly
vsing & theorem due to Iagrange (10) peges 132-133, Put consldering the

erudlty of the spproximtion we have used chove we can procesd in & simler way.



As we are considering only nogative valuss of tho real parts of z
end ¢, @ firat appromation t( to t can be obtained at once from
(215)¢ /'Q"t“/b 4 L-‘t%/b 1‘..2“”‘."25

» . &.uu't[, < 2pe™i &'m}/;:]

g //
Henco (o ¢ e s —'ﬂi/s+|.o3(\-2o wh c‘“b)

glving t explicitly in terms of s, = T
‘ﬂtm/b -y € 4 W2/6 4 “2.',' o, R e

vwhore the «, s are reaJ. constant coefficients.

A seccond approximation & rouows from (215) by writing
P8 W w0 /h
Ce e <) - Ce 5 (21.6b)
and further approximations can bs found in an obvlcus way.
The set of goluticne of Laplace's equation in the t-plane whioh satisfies
the propor boumdary conditions is W= U+ iV~ ;{-M/s wvhere U is any
integer, Ho oxamine the partioular solution pd = ¢t where p is a
constant of proportionslity, The corresponding solution in the s-plano
is, from (214),
o w4

TTPW/b=T‘f/b4€UJL + 2 wé

nes

where the /5..'5‘ aro also resal constant coefficients.
Equating real and imaginary parts,

&(T’t'“’/b)' (456 47"‘/‘: 4

l‘la- fbc‘h (dﬂj/k)

ﬂll

That is, wnafb

T 2b (Qw. .;x.. b z £2 Cn(ﬂy&)
Ra (pw c)n ,../" ¢z

If wo now identify (217) with (27), we obtain the rosultss

Lo < %_.—E f.ﬁ (&\‘;—E—>’



Gie

Ap we are comppidering only negative valuea 'of the reel parts of =
3l
aed 4, a first approximation t(‘ v t car to obtalned at onco from
17 " / ’
(215)¢ Cent 7o £-1%b _ _Q"%/b—'ZD

=

. i
any/
O il T P u e I Sl

' e
Hoace L’fjc « Wt R . "“i/f:*log(i-lb n!/b.'_rﬂt b)
giving t* explicitly in terms of z, e. g fo
"’/ (e 130 4 B R
T' 't b . l @4 et (21&)

where the «, 's are re&l oonatant coefficlents,

A second approximation &' !'ollowu grom (215) by writing
a% 2% %M/t
Ce & Cog - Ce 5 (216b)

and further approximatlons can be found in an obvicus way,

Tho set of golutions of Laplace's equation in the t~plane which satisfies
the propor btoundary conditions is W= U+ iV~ ;{.nt/s where I 1is any
intoger., UHe exemino tho particular soluticn pf = ¢ where p 1s a

constant of proportionmality, The corresponding solution in the s-plans
ia, from (23 4),

/ / ne ¢

where the /5.\3 are also real constant coofficients.
Eguatiog recal and imaginary parts,
LA R /b

Re ('n PW/b)-: (05 e+ sl 4 ;f., 2 m(‘mj/‘o>.

Ckale by ( ) Cn(ﬂ )
. Caigy = V8 )iy 2 Z o N

1f wo now identify (217) with (207), we obtein the rosultes
R

b = 2y (""";i),



88.

apd hence feem (212) the epprasdiration to the eizenvelue eguation is
-5

| - 2 ( * e pa’;}
kS tink o ‘ ;T(”‘J ) ek

This result, being obtained from Case II, 1s mesdt accuiote for sumll values

of B. If B is sa=2l) cozpared with b and we moke tha eypreszimntleon
sin g- ~ %’ the right bend maher of (218) is syproximotely eqtal to
(- 2005(). Tt aiffers very little from the righ: hand member of (57),
(- 2n0g(2222).

Fumerical solutions of (218) are shovz in Teble I{d) end can be conpared
with solution of {57) in Table Ifa). Sex pese 27. |

.'me theoretical extension of this analysis to clitain clogser approximetions
is quite streightforvard. The practical manipulation becomes immediztely wvery
involved and the pacbhlem of estimtf.ng the oricr of approximnticn very difficuli.
The useful applicaticn of the method 1s theiefore thet it ylelds cuickly
first approximations which can be used as a starting point for the weriaticoal
method cf salution.



& 17 Toulwlent Stotic metbod avplled teo the Cylimdvicul Klystran

As a second Qenwrstraticn of the applicellua of the sguivalent statie
method we return to the cylindrical Kiystron nochlem of £ 10.

Fomtions (100) sre

PN B
_ 2 s' 1 _L_ﬁ:_*_\_ ; co""'\k( NT24 )
\§/s © B n%i - Ln L'Eem Eo g(‘) i ke il
\k‘ i E Z 5 b __%_) ] .}(v) G "“']g(»" (c.,)wné/g.,
n:o /S,, ng-«ﬂ\ 2
etk alo = £ = ¥,

The requivement that ¥ be continnons at r = 4, 0 € 3 < B, then gives

8
o LB Mtk T ( § (d |
[,he L'(kA ko Mty o P4 (219)

o 8
= j = ___‘____L@nﬁ\ w )/ A - ....L.. ME-A " 3
23 [ Ho i e oo B o)k

Using the first spproximaticms (10%ka,b,c) aud putting

® = $ L(kj\\ . | M‘ha'] 2
Ak i k& Lk kb M T ARRY L W S

8 % .16 A me - {220}
4O Pl 2 54 [ =P gt e T,

where the right hand meaber is 8 dimenslonless canstant. If we choose
a constant ¢ such thet cf(t]) = F(']) is a sclutico of the equntion

~ "2‘ = j F(«p[ o 4+ w "thn"!';?]o“} kg {221)
then we can vrite tha spproximtion equation(220) in the foxm

, 8 .
H(h)jé CRIU (222)

where we shnll empley the eguivalent statle mathod to find a wlve Por

joB F{1)aq .



80,
We lcok for e siatic problan with a evoas section simllor to OUmit of the crgss

¥
sectica of Figuare XV, vhich leads to an integral eguation like (238,

\A]
Wi

corsider an infinite chanpel with purallel sides vith & sbep denge In beight
at ¥ = 0 as in Flgure XXII.

- L)
|
M) '
VL.
o . " i
b, <\inid, 1 : : - 3_2: s Vi
| . & A
' ‘ ' ¢‘ z Vt’('b.
LV J 3 \L - e e
X=w
Figwre XTI

-3

Procesding s before we define = strrem fimeiion ¢ = 4y, ¢, n regleus I
II ¢to the loft and right of x = 0 respectively, wbere & satisfies
92 + kX% = 0. In order to obain equivelence between the static eand
dynamic problems we again permit the exlstence of souwees at infinity.
let us suppose that the eanditicns are
$1=V°x+ao 8 X = - ®
ézule-bbo ot X =+ ®
and that the nomral derivatives of ¢ are gzero on the solid boundarles.

The condition of continuity will require 2t Vob - le. The peream Nmetlion

can then be expressed in the form of infinite saries:

i x /i
b = Vox + "2‘ a. (,,5@.3/5)4 , (223a)
S
. - -wan/B
4’-‘, 2 Va B’l i u:zul)' &n("‘“j/’).ﬁ . (2251’)



In the apertwte 8t x = 0, O<y <B.

(%) . (38)

®=0 ™ xa
If we set thors both equwl 20 an wnknovm function gly) over the interveld

0<y<B, tirn

(5¢,> = Vo + & Guen(my/b) =0 Beysb ’
/M=o n=o X
:6&‘3) O\(‘js'—' 5

bd)‘ i - oFT € ¢
(7b~’>m : Wi- S b @Gay/R) - 4O ¢,
and therefore WwW:o

3
Wb s | DAy
o (22%a)

X ;%jsjwm(m-\/ntl«), n b

(224b)
B
b R J g Lo y/e¥Rg . 31 (225e)

The integral equation obtained frem the requirement that $(z,y) be continuvcus
acress the lipe x = O i8

40y) = 45(0,¥) = 0 0<y<B.

- b
Mat 18 b,-A& . = _%r Z ;'\[g(v\)[mwljmniﬁ 3 mm‘\_q m"l‘ﬂ-jdv]_
Then G(i\) = g{q)/{b - &) is a soluticn of the equation

2 57 fcw[ S o) o Ty (e25)
{221) end (225) ave identical if F(4) = G{y)) (226)

Thesefore, using (22ka) and {(226) in (222), we chitrin the opproximetion eqwiion
for the evaluation of the lowest eigenvalue ki

ki -~ 28¢.
Wik (227)

Lac: WG o adiud on da W prradung (2200,




U

DBralintlan of the Static Faremetsxs:

In ordexr to solve (227) we svaluvaite ays b o? Vo by ceatfcemal mayping.
We ogrin use two transformations, moyping the criglual palygen in the
c-plane onto the real axis of the w=plane ond thance cwto an infinite

chopnel with ypozxallel sides in the v-plane.

W e oo
-— - » W=C
V. %
2z - plae Wl 4
B
e 4 —
PIGURE XXIXI

Giving to the vertices in Figure XHIII the w cocrdinates shown, the Sclnestzne
Christoffel transformaticn from the 2- 40 the v-plane is given by
a2 gle-0%

dw wl w-< )5

unere A Ond cmuat be determined. The result of integrating,

E " L"(zwvc-t ) L" (calw - 2¢C B g 1
Ll (amen) - L. (—m—>* +E (228)

must catisfly the following:
w=o¢ vhen z = ib
wu )l vhen 2 = 1B
2 is real Vhen v = - &®
Z2 =X <+ 1b vhon w =p 40,
For these 0 be satisfied we find
c :(\D/G)L L B -b/r , D=o, €= b/n = -T,
and therefore the trensformation (228) reduces to
-ne (,,sL"( omcen Y.ELQL"(tmlw-zc)_;w.-,

b ¢ -1 {c-ow
r oy T AT 4, ¢
~plome LA A £ rL )t
we=? w=0 VR we X Wy Y

7T 7 77 77

y '\1““4 (P

Yo S B 257 B S rag -7



Te tyonsformtica mopping the real axis of the w-ploape into the infinlte
channel in the tplane is v = aeat epd therelore, combining thae tvo, the

final ¢ransformation is
V2 o ooth 28 " ) ) '.(..E.f.f Re V% iy
© (r-c v I= BV IAE ok )t {229)
Agein, the set of goluticus of Iaplace®s egurtion in the € plape which

+
satisfies the proper bowmdary coudilticns g W = U + 1V = { e wrtfo a=0,1,2,..
e

If ve cxmnine the periticuldsy soluticn W = § whera p i a cenglant, substivution
for t in {229) gives W implieitly 2e a funciion of z. To empress W explicitly
es a8 function of z we proeesd o8 before:

&) vwhen % is large and negptive;

o "
s g 30w
’; - 4 T
Then g, #Lp > = "j- v (&) Jo + Of2 ):1
e 1 . % . 4 ¢
Therefore c,osL 5, . Lg(i, ¢ [i,’- 'I-)—» wq 2 t 4 C.i'g ) (2500)
t
Similarly let . = Sor + o8 .
" CN *
Then coshe {’ = (,;3(&4—{ —I )"‘CDSL ( (250)

ThereZore when t+ is large and negative, substituting (230} in (229}

R CE AR T R C R

t
— & ~! cu C~1 & i
+ - .
Lﬁs e & (05(« ) t Z £ ¢ (951&)
b) when t is large and positive we f£ind similarly thet
LE g B8 el T (c« e _ 4 4 oot SN ey ;
B c‘{s 4 ‘t #* -Z*c.e -0, (aﬁm)

Hence, substiituting the particulayr solutiom ¥ = ¢ in (231):



ck
a) ‘Uhon ¢t is large end negative & first approximiion o the explicit

expression for wl in reglan I is

)

PW‘( = (0’3 (T?E)_ Q-:1r+’ﬁ~é/¢, whae K = 5"‘2‘:‘3“”(%{)-

A second approtinmation is then
™

(€3] ' W,
PW. = low\” 4 C_zz-' €P
- wifi
iy e a0 - S
@) W M -k wafy
aod therefore K, PW. = (24 (g:,)~ R+ —5 +22 ¢ woltylh), (2522)

b) when ¢ 1s large and positive we find gimilarly thet in vegion 11,
[(§) - uc Wx el ~®rfb :
Ra PN& = CK—L‘SS(C—:\)* E'?‘Q R l.()(“j‘%). {232

Identifying W with ¢, equmtions (223) apd (231) give

@ = by X -] b = lef-ty 25 1.
4

s

. _eR
V. = Jpb - By 8 A8 2 b s T 2R /p-

)
and honce sqiedion (227) reduces to the simple trenscendantal equation, glving
a Tirst ayproximation to the lowest eigenvaluve k,

H (k) ~ #[%‘ uiL-.(E{f)*iaB%]WLMF:B/G' (=33)

Fumerical resulis.

Chioosing the sare dimensicos as in§10, we have v& = 2 = 8. The wight
baod side of (233) can therefore be corpted at coce, and the equatiocn can e

wiritten

1-08o4,

!
Solutiens for a = 2A(24)8A are shown in Table V|for vomparlson with the

lIa Moy g L(ha)]

kel © TFGa d Uko

eerlier ones.



§18 A nocte on the oyplication of varistionel prinsiples for mixed

bamdery-value prcblems in potential theory.

The methods used fu § 2 can be used in compildering the Pfollowing problen:
A potentiel function $ satisfies the equation ‘bx:; + daw = 0 in a vegion R
bounded by a cleged curve C en vwhich mixed buumdary ccaditions ave specified,

1) $ = £(s) on a paxrt A of the baundary.

i1) %%-s(s) on @ part B.
vhere C = A + B apd distance along C is denoted by 8. Rlectrostatic prchblems
of this type have been solved appraximately in (37) end (38) by formulating
them in terws of integral equations end then applying varieticanl prineciples
to the integral equaticms.

We use the notation (2) of §2, and Green’s Theorem in the farm

(90f,w9) = -(§ 9%9) + S;{? 23/, ds | {2k1)

where J/an denctss difforentistien normol 4o the boundaxy in an outvesd
direction. If a pctential function ¢ satisfies the conditions specified above,
then using (abl),

@b, 9 - (& vr6) s [ 6324
= f fe )4‘/&.’. ds 4 (%(5)4)(5')0(§_ (242)
. 8

Upper and Iower ILimiis.

We proceed to find upper erd lower limits by a methed very similar to that
of §5, using two Amctions 3 and ¥ vhich approximite to ¢.
a). Suppose § 1s = function which epproximtes to §, so that we cen eet
§=06+§ wvhere §is an ervor functiom, amll compered with ¢. We let
$ satisfy the conditions

(1)0 30/fn = GGY m B, so sk ¥z 0 o8,

(11)' v‘@:ov&\e‘&)'\wvt‘gfo w £,



™en (Y9 <B) < (vd o)+ 2(w8,v$) +(@s vs), (2h3)
ana (98, vFd= (96> 4 [ $ Xy

L)

- L fo §As ’ g?m %éds,

(2h)
Subetituting (28%) in (2h3),
\ _
(< @)VP - ZL fey 3@{; = (9p,96)- ALRQ ﬁ!s v (#5950, (ak5)
If ve define I{(x) = /&g(s)f(s)ds - L £(s)} %ﬁﬂ, (246)

then (245) can be written
<)
(b o) - 2 L fe %fo(s - T@p) + (VS,V
te. (9§, VD) -2 SA f(ﬂ‘gf ds 2 T($) ae (9§,95) >0, (247)
If § is & fixst order quantity, the difference betwcen the ¢wo sides of
{2l7) 1s seccnd-order. We have

(v 9§ - *@.V"@Hifi’%f/s
= f @(sw Qg\ds ‘fﬁ(”@@)ls.
8

A
Hence (2b7) givss

‘ 3¢ . _ e 2k3
(gﬁ“?&(nls + L §(S§ gdg l££(<) ;‘545 > I(nf)) . (2&8)
b) Suppese ¥ 1s a functlicn wvhich approximates of ¢, 8¢ thet we can write

¥=¢+ & where & is en error QAwction, swall compared with é. We iet ¥ catisfy

(1)ce V=f{s) mAsothat £ =Oon A

(11)°° p2J3 =0 in R so tatv® = 0 in R.
(vcb, v(b).¢ 2(?2 ’C’d')" (VE: VZ)) (2}$9)

-(s,wé) 4 { ¢ %ds
f 1&) Fesyds- Jj’@)(fa(sa 4s.
8 [

Then { vy %)

ana (s , v¢)

(250)



‘"]
=l
a

Cambining {£%9) and (250) and using (242) and (2%6), we £ind thal
-(v ¥ 9¥), 2__[5 g Frds = 1>~ (ve, e,
1y L9, YT 7—]; §61¥ o ds = TP aiva (W2, V2) Do {251)
Rit, wsing eomdition {11)°0,
@ ,9¥) = [ fo B acr [ 2F 4

Bence (251) gives

! H,Q@ 2—? As 4 f‘? D;‘fdv 2{5£S?‘?(sﬂ$js 1. (252)

3
Equtions (2h8) and (252) give upper and lover bomds for I{d) in terms of
line integrels along the biumdary of the region. Howewver, the expressisng
m the left of (248) and {252) ave not very useful as they stand. In (248)
for example, ve have nged condition (L)’ and essumed that 24An = gl=) on B.
This meens thot § eannot be chosen axbitrarily on A and B. We pwocsed o
derive the varietiocnal principlies.
a) Ia eddition to canditions (1)° and (11)°, suppose that § sstisfles
the cordition (111)¢ 2¢hn = G(s) cn 4, vhexre G{(s) 1s 2 chosen
epproximation to the unknown value of 3&An on A.
Then aé/an is knowa cn the vhole of the bamdery C, and by Green’s Theorem,
using suiteble CGreens Nmetlons, we can determine expressicag for the vninown
fmction §(s) on B in texws of g(s) and G{s):

$(s) = &K(s,t)a(t)dt + jB K(sst)a(t)at (253)

where K(o,t) is asswmed to be & known Ametion go timt 81l functions on the

right of {253) exre knowm. On substituting in (248) we find

Ss SB K(s,t)g(s)g(t)asac - J(c) > I($) (254)



vhere J{(G) = 2 {j’ £leja{slas + g f K{e,t)6{s)z{s)gsat
A A B

- ({ K(x;ﬁ)s(s)a(t)és&t} 3 {253)
AR

and in the derivation we have used the Jact thet K{s,t) = K(t,s) since
K ia dexrdived from a Gieen’s Hiwmeticn.

b)  In addition to ccndition (4)0%, (11)°, eupross that ¥ satisfiss
the condition (111)?" ¢ = F(s) ca B, vhere F(s) is o chosen
appraxiration $o the unknown value of & on B.

Then ¥ 1o known ca the whole of C and by Green's thoorem, vsing cuiteble
Green’s functicns, we cen deduce an cxpression for the unimown fwction
3¥/>n on A in temms of £(s) and F(s):

%g = JAI.{s,t)f(t)&t + g L{s, % )F{t)as,

vhere L{s,t) ie asswned kpown. On substitubing in (252) we find

”

B{F) - J ,(L(s,t)f(s}f(t)es ét < 1(d) (236)
A A
whare B(F) = 2 { [ g{s)F(z)ds - | f f L{e,t)2(s)r(t)as at
B A B
- f 5 L{s,t)r{e)r(t)es & }» : (257)
B ‘B J

Expressions (254), (256) yield the required variational yprinciples. By
choosing a form for &{s) which contains arbitrary paraweters ond by minimizing
the left side of {254) wiih respect to these perameters we ean find an uppes
bownd for I{¢). Similarly by choosing F(s) so as to mmximize the left side of
(256) ve can £ind a lower bound Lo I(d).

We con briefly derive intesral equeticas from the vasrdietional expressions.
Suppose that in (254), (255) we heve

a(s) = [(s) +4 ¥(s)

where ['(s) ic the exact value of 3¢bn cn &, and ¥y (s) is the error where ¥
is a small perameter. Then (1) gives



.
JG) = 3() +~ 24P, ¥) - 7*: j j Els, s r(s)y{s)es av
A A

vhare, on using the symmetsy of K3, t),

g

P, ¥) = j If(s){ #s) - | Kls,pla(elas - | K(s,t}-"{tmﬁ} as.
A B A
If the incqualdty (25%) is to be trve far any choice of G(s) this irmlies

tkat P{",5) = O for any ¥{s) end hepce

J K(s,8)/(t)dt = £{s) =-f K{s,t)glt)as , (= on A). {258}
A B

This is an integzel equetiom for /['(t).
Similarly from (256), (257), if F(s) = O(e) +p@{3) vwhere @(s) ic the cxnct
value of ¢ on B, we £ind the integral emmiicn for @:

Jg L{e,t)O(%)dt = g(s) - j‘q‘l-(sst)f(t)dt, (s on B). (259)

Special coses of the integyal equetions (18), (19) form the starting point for
the enalysis in (37) and (38). |



é 19 Ampendixz I. Summticn of Sexdes.

Tuo forms of Infinite sexles gcowr in the problems of peyegyarhs 6, 8,

11, 13, and, slightly mcdified, in pavagzayhs 10; 12, 1. They oxe

£ -‘;\ 2;('\0”]:('\4\ : (261)

n=TH
whare /,. and ¥ are pesitive integers or zero, and o ic some eonsient,
ad

2 L 3,60 tnabpe) (2c2)
AN

vhere v 1s a positive integer or zevo, f end y ave constants. Sexies (261)
eppears in the approximate solution of the eigenvalue emmtions, series (262)
in the eqmtions for the cvalwation of the potentisl Nmetion ¢. Their

sumetion can be caxried to any degrze of accuracy.

b d

BT e a8 = ul 5! ] (u.n_}:@d\
~ n;Zhn f( S\,(‘* E‘hr""
& 2 ]:A(fwthld)xv([mfk]-l)
"o {M#k)a&
= g ﬁ(xo‘“l‘)
W=o0
J (x)Jy(x)
vhere x_ = ko h = @, end £(x) = _/‘._T_. ,
We use & result, given in (15) page 156,
- - ' -
2 g(x,in«l-)‘i'f [’(no‘-rcdii(l.% fkfo°)43l-.lo A ). (263)
Mo X,
oo oD
Thea 2 ‘3\ j(““](’“‘) = J,{L T 00T,0048 + L(kd).};(‘t“
il i “;" /s e
an J{é(jh("))'ﬂ(x)] S«
t M X ) X:h.&
(264 )

The coefficients of suvccessive terms on the right of (26h) decreacs repidly and

the sum of the series can be camputed simply, (if leboricusly), to any desired



L
{ 1 s
accurrney if the valve of the inZegyel I a § = J (x) {x)éx is Looum.
. P e A #
Ao following By
By (23) page 92 equition {32), d=s is a ¢pecial ease of the Weber-Schafheitlin

integal whexe, IFf (/,ru. &) > 0,

) o T~/
(30T 4 o 2 anlp]
o 18 (\) ‘../J\
ko 1
Tme, sinee the value of the integrol 50 = {,,(x)J’({x)Gx can be chtelned by
any me of a mwber of mmwricfl epproximaticon metbods; the inlinite cexies
can be svimed If ¢ + 2 > 0,
/7 ® 3 2(xdex

If pp « ¥V = O we require to know the value ofj e o
ka x

Wy

We use (23) pege A7,
p z=V 'r> by Lt - L"’ et il
ge 0 PO T, @)= f Jv(ze 0 Xm0 (w8) df

¥here, if ¥ = O, 5
%_ _)',’(;1,:): f j,(?t]dv; §)dD

o

Dividing by n end integvating with respest to g,

e> M

o : % —
31 aoa - if f% b (394426348 n
o G o ]
3 %_j "[ j_(?w-zmm 6.‘;\‘1»(9
1& =
) aj J LY gy e
w v
b 200l am B e

But by (h1) pages 33, 3%
“ . )d'\’ > A= 2N 2
Sy ibgz by x e 2 (32000

Therefore replacing x by 2aq sin 6, we find fraa (235)



[?
o0 r f !l('-

, '~~( In ! Y e e
{ RE @ 2 -3 g2 -lgGanrely2 + i S wf"o.wi : il
o '\ n(n/) J
Tha infinite series in (B66) converges rapidly giving sy degirved ayproination
r® ) 2> = i 2
o j 7‘}, (") 44 and henee o 27‘}'_(3%1)‘
& ﬂ:k

b) Froceeding as before, using (15) rage 155, we can express (262) in the form
(=Y @D
E % LG ) - f % T Coes(£9 x) de 4 g{___J D wnliey] , .

AR L ls°"-

If ¥ > 0, we bave by (30) rage 105,
S. M(‘,’Qt d,t' = -" [T Ol‘tSL‘M(L/o.) G>‘3
] t /A 2

. a" w pt) b S 20.

AT ' #

We can therefmre sum the series (262).

If V = O (vhich is the important ecase in the problems considered),

ad

m'..' 4 ¥ )
g n Iy D@y ’f x A2 v F Jo (R4 ‘"(‘M)}
n: R ko e L ko

IT we wite

-0 -}

Jl M dt = f wo bt dF jK J.at) -1 bt db 4 [w]:(ad)_.,

] t K £ ] —___t—“—'_" o—‘"'—t——-‘ bl X

- I' 4 I, 4 1’5 '
oo

b
then I, = j 0820 6t which is fully tatmlated,

k J (at)»l.
( - co8 bt dt which can be gvalrmnted numerically for any

given K. o

J (at)ul
To evaluate I3 = -———=E==-- cos bt dt we obzerve that

’ 4 I5.60]= -t Jan,
{J {at) = l]

i

a a
Therefore )/0 Jl(xt)dx = =[%- Jo(xt)Jo



o .00
( J{at) =1 (®
and hence J N b 86 = = § | 3, (i )ecn bt &z &
(o 070 -

[#0)
&

a s
- aj ! J’l(:;!:t»)aos Ve €L dx.
0 ,J0

B by (30) page 105,

- A5
f S,‘(“” Coobt dt = -a e G /M') bya,
E (et s (a iy

w &x

Thezefore s J' -
13 N (':1.11)’1{ b4(b:_11 )llj

s { &31\, +(L’—>\‘)"‘]}
2b
= { b+ (Liat)- ] .

The sumation of (262) when ¥ = 0 can therefore also be completed to aay

required accuxrssy.

=
o
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