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PREFACE

T his d i s s e r t a t i o n  i s  su b m itte d  in  acco rdance  w ith  th e  

r e g u la t io n s  f o r  th e  d eg ree  o f  M aster o f  S c ien ce  in  th e  

U n iv e r s i ty  o f  Glasgow. No p a r t  o f  i t  has been p re v io u s ly  su b m itte d  

by th e  a u th o r  f o r  a d eg ree  a t  any o th e r  U n iv e r s i ty .

The r e s u l t s  c o n ta in e d  in  t h i s  d i s s e r t a t i o n  a re  cla im ed  as 

o r i g i n a l  e x c e p t w here in d ic a te d  in  th e  t e x t .

I  sh o u ld  l i k e  t o  th a n k :

D r. H.R. DOWSON, f o r  h i s  encou rag em en t, gu idance and c o n s ta n t 

h e lp  th ro u g h o u t th e  p e r io d  o f  r e s e a r c h .

P ro fe s s o r  R.A. RANKIN, f o r  p ro v id in g  me w ith  every  p o s s ib le  

h e lp  and f a c i l i t i e s  in  th e  d e p a rtm e n t.

The U n iv e r s i ty  o f  R iyadh , f o r  t h e i r  f i n a n c i a l  h e lp  th ro u g h o u t 

th e  p e r io d  o f  r e s e a r c h .

F in a l ly ,  Miss I s o b e l l  D o h erty , f o r  d e v o tin g  h e r  s k i l l  and 

showing g re a t  p a t ie n c e  w h ile  ty p in g  t h i s  t h e s i s .
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QUASISPECTRAL OPERATORS, 

by

SALEH B. M. AL-KHEZI

A d i s s e r t a t i o n  su b m itte d  f o r  th e  d eg ree  o f

' M aster o f  S c ien ce  in  th e  U n iv e r s i ty  o f  G lasgow.

SUMMARY

The main s u b je c t  in  t h i s  t h e s i s  i s  th e  s tu d y  o f  q u a s i s p e c t r a l  

o p e r a to r s ,  t h e i r  b a s ic  p r o p e r t i e s ,  t h e i r  r o o t s  and lo g a r i th m s .

In  C hap ter One, which i s  n o t c la im ed  a s  o r i g i n a l ,  we in c lu d e  th e  

main r e s u l t s  on th e  s p e c t r a l  th e o ry  o f  l i n e a r  o p e ra to r s  and th e  b a s ic  

p r o p e r t i e s  o f  p r e s p e c t r a l  o p e ra to r s  which w i l l  be r e q u ir e d  in  o th e r  

c h a p te r s .

In  C h ap te r Two, we prove th e  e x is te n c e  o f  a com plex Banach space Y 

and a  homomorphism E (*) from  E in to  a bounded B oolean a lg e b ra  o f  p ro ­

j e c t i o n s  on Y such t h a t  E (« ) i s  n o t a s p e c t r a l  m easure o f  any c l a s s .

In  C h ap te r T hree we p rove  t h a t  i f  S i s  a s c a la r - ty p e  o p e ra to r  and 

A i s  an o p e ra to r  t h a t  le a v e s  in v a r i a n t  a l l  th e  m axim al s p e c t r a l  subspaces  

o f  S , th e n  A commutes w ith  S.

In  C h ap te r F o u r, w hich i s  th e  main p a r t  o f  t h i s  t h e s i s ,  we in tro d u c e  

th e  co n cep t o f  q u a s i s p e c t r a l  o p e r a to r .  We prove t h a t  a  q u a s i s p e c t r a l  

o p e ra to r  o f  c l a s s  T has a  un ique r e s o lu t io n  o f  th e  i d e n t i t y  o f  c l a s s  T 

and a un ique Jo rd an  d eco m p o sitio n  f o r  r e s o lu t io n s  o f  th e  i d e n t i t y  o f  a l l  

c l a s s e s .  We show t h a t  ev e ry  p r e s p e c t r a l  o p e r a to r  o f  c l a s s  r  i s  q u a s i­

s p e c t r a l  o f  c l a s s  T b u t t h a t  th e r e  e x i s t s  a q u a s i s p e c t r a l  o p e ra to r  which 

i s  n o t  p r e s p e c t r a l  o f  any c l a s s .  We show t h a t  a q u a s i s p e c t r a l  o p e ra to r  

i s  decom posable. We p rove  t h a t  i f  a q u a s i s p e c t r a l  o p e r a to r  h as  a c lo se d



ra n g e , th e n  so does i t s  s c a l a r  p a r t .  F in a l ly  in  t h i s  c h a p te r  we c o n s id e r  

f u r t h e r  d eco m p o sitio n s  o f  q u a s i s p e c t r a l  o p e r a to r s .

In  C hap ter F ive we o b ta in  an a lo g u es  f o r  q u a s is p e c t r a l  o p e ra to r s  o f  

r e s u l t s  in  C hap ter 10 o f  [ l2 ]  on lo g a ri th m s  and ro o ts  o f  p r e s p e c t r a l  

o p e r a to r s .  We g iv e  an a f f i r m a t iv e  answ er to  th e  fo llo w in g  q u e s t io n .  Does 

th e r e  e x i s t  a p r e s p e c t r a l  o p e r a to r  T o f  c l a s s  T such t h a t  f (T )  = A, w here A 

i s  a  g iven  p r e s p e c t r a l  o p e ra to r  o f  c l a s s  T?

F in a l ly  in  C hap ter S ix ,  we p rove a co m m u ta tiv ity  theorem  f o r  X  - s c a l a r  

o p e r a to r s ,  where CL -  C(K) and K i s  a  compact s u b se t o f  th e  complex p la n e .



f i e l d  o f  r e a l  numbers

f i e l d  o f  com plex numbers

a lg e b ra  o f  bounded l i n e a r  o p e ra to r s  on X

a lg e b ra  o f  a l l  c o n tin u o u s  com plex-valued  fu n c tio n s  
on a compact H au sd o rff  space  K u n d e r th e  supremum norm

d u a l space o f  X

a d jo in t  o f  an o p e ra to r  T

r e s t r i c t i o n  o f  a mapping ’T to  Y

norm o f  T

ran g e  o f  T

n u l l - s p a c e  o f  T

spectrum  o f  T

r e s o lv e n t  s e t  o f  T

ap p ro x im ate  p o in t  spectrum  o f  T

c o n tin u o u s  spectrum  o f  T

r e s id u a l  spectrum  o f  T

p o in t  sp ec trum  o f  T

s p e c t r a l  r a d iu s  o f  T

a n n i h i l a t o r  o f  a  c lo s e d  subsp ace  Y o f  X 

c h a r a c t e r i s t i c  fu n c tio n  o f  t  

a -a lg e b r a  o f  B o re l s u b s e ts  o f  C 

c lo s u re  o f  th e  s e t  A 

i n t e r i o r  o f  th e  s e t  A 

complement o f  th e  s e t  A

v a lu e  o f  th e  f u n c t io n a l  y in  X* a t  th e  p o in t  x o f  X 

i s  c o n ta in e d  in  

i s  s t r i c t l y  c o n ta in e d  in  

d i r e c t  sum o f  A and B



CORRIGENDUM

A gap o c c u rs  in  th e  p ro o f  o f  Theorem 4-. 1 .5  on page 34. 

D efine

L et 6 be a  c lo se d  s u b s e t  o f  C v K. O bserve t h a t  E(6)X i s  

i n v a r i a n t  u n d er T and <j ( t | e ( 6)X) ^  6 . A lso o( t | e (6)X ) c  k , 

s in c e  | |t | e ( « ) x || £  | | t ||.

Hence o ( t |e ( 6 ) X )  = 0  and th e r e f o r e  E ( 6 )  = 0 .  There 

i s  a  c o u n ta b le  fa m ily  {xn ) o f  c lo s e d  s u b s e ts  o f  C vK. S ince  

E(xn ) = 0 f o r  each  n i t  fo llo w s  from  th e  c o u n ta b le  a d d i t i v i t y  

o f  E («) in  th e  T -to p o lo g y  t h a t  E (C ^K ) = 0 and so  E(K) = I .  

Now d e f in e

Then SQ i s  a s c a la r - ty p e  o p e ra to r  w ith  r e s o lu t io n  o f  th e  i d e n t i t y

E (• )  o f  c l a s s  T and SQNo = ^0^o* u s i n g Theorem 3 . 1 .1 .  S in ce  SQ

and T commute, i t  i s  easy  to  se e  t h a t ,  f o r  6 c lo s e d ,  th e  s p e c t r a l

r a d iu s  o f  N Ie(6)X  does n o t  exceed  th e  d ia m e te r  o f  6 . The o 1

argum ent g iv e n  shows t h a t  Nq i s  q u a s i n i l p o t e n t . I t  now fo llo w s

t h a t  a ( S )  = a (T ) and hence t h a t  S = S , N = N . T h is o o ’ o

com ple tes th e  p ro o f .

K = { A £■ C: | A | < || T||}

XE(dA)
K o



L et AC X, We d e n o te  by A,A° and A* th e  norm c l o s u r e ,  th e  i n t e r i o r  

and th e  com plem ent o f  A in  X r e s p e c t iv e l y .

L et Y be a c lo se d  su bspace  o f  X. The q u o t ie n t  sp ace  o f  X by Y i s  . 

d en o ted  by X/Y.

L et T C L (X ) and l e t  TY C. Y. The r e s t r i c t i o n  o f  T to  Y i s  d en o ted  

by T |Y . The o p e r a to r  induced  by T on th e  q u o t ie n t  sp ace  X/Y w i l l  be 

d en o ted  by T^.

We w r i te  N(T) and R(T) f o r  th e  n u l l - s p a c e  and ra n g e  r e s p e c t iv e l y  

o f  th e  o p e r a to r  T. a (T ) and p (T ) d en o te  th e  sp ec tru m  and r e s o lv e n t  s e t  

o f  T r e s p e c t i v e l y .

- f (T )  d e n o te s  th e  fa m ily  o f  complex fu n c t io n s  a n a l y t i c  on some open 

neighbourhood  o f  o (T ) ,

a (T) d e n o te s  th e  ap p ro x im ate  p o in t  spectrum  o f  T.
3.

a c (T) d e n o te s  th e  c o n tin u o u s  spectrum  o f  T.

CTp(T) d e n o te s  th e  p o in t  spectrum  o f  T. 

cr (T ) d e n o te s  th e  r e s id u a l  spectrum  o f  T. 

v (T ) d e n o te s  th e  s p e c t r a l  r a d iu s  o f  T.

2 . S p e c t r a l  th e o ry  o f  l i n e a r  o p e ra to r s

1 . DEFINITION. L et T £ L (X ). The r e s o lv e n t  s e t  p (T ) o f  T i s  th e  s e t  

o f  com plex num bers X f o r  w hich (A I-T ) i s  i n v e r t i b l e  in  th e  Banach a lg e b ra  

L(X ). The sp ec tru m  a (T ) o f  T i s  th e  s e t  C v p (T ) .  The fu n c t io n

X (X I-T )"1 (X £  p (T) )

i s  c a l le d  th e  r e s o lv e n t  o f  T.

2 . DEFINITION. L et T £ L (X ) . The s p e c t r a l  r a d iu s  o f  T i s  d e f in e d

by

v(T ) = sup{ | X | : \ 6 a ( T ) } .



3 . DEFINITION. L e t T £ L (X ) . T i s  s a id  t o  be q u a s in i lp o te n t  i f

and o n ly  i f

l i m | |T n | | 1/n  = o .
n -* 00

L et T £ L (X ) . The r e s o lv e n t  s e t  p(T) i s  open . A lso th e  spectrum  

c (T ) i s  a  com pact s e t  w hich i s  non-em pty . The fu n c t io n

X +  ( X I -T ) '1 ( X e p ( T »  

i s  a n a l y t i c .  The s p e c t r a l  r a d iu s  o f  T h as  th e  p r o p e r t i e s

v(T)  = l im | |Tn | |^ n <. | | T | | .  
n  ■>

I t  fo llo w s  t h a t  T i s  q u a s in i lp o te n t  i f  and o n ly  i f  a (T)  = {0} .

The s p e c t r a  o f  T and T* c o in c id e .  M oreover

( (A I-T  ) " 1 )"  = (X I*-T *)-1  ( A £ p ( T ) ) .

For p ro o fs  o f  th e s e  f a c t s ,  see  [ 1 2 ]  » PP. 3 -7 .

it. DEFINITION. L e t T&L(X) .  D efine

cjp(T) = : X l-T  i s  n o t o n e - to -o n e } ;

a (T ) = (X e  £ : XI-T i s  o n e - to -o n e ,

(XI-T)X = X b u t (XI-T)X % X/;

cr (T ) = { X£ C  : XI-T i s  o n e - to -o n e  b u t (XI-T)X £ X}. r  1

Op(T) ,  a c (T) and ° r (T) a r e  c a l l e d  r e s p e c t iv e l y  th e  p o in t  sp e c tru m , th e  

c o n tin u o u s  spectrum  and th e  r e s id u a l  spectrum  o f  T. C le a r ly  < jp(T ),ac (T) 

and cĵ CT) a re  d i s j o i n t  and

c ( T)  = a ( T ) U o  ( T ) U a  (T) .p e r

I f  X£ a p^T) we say  t h a t  X i s  an e ig e n v a lu e  o f  T. I f  t h i s  i s  th e  

c a se  th e r e  i s  a  n o n -z e ro  v e c to r  x in  X such t h a t  Tx = Xx. Such a  v e c to r  

i s  c a l le d  an e ig e n v e c to r  c o rre s p o n d in g  t o  th e  e ig e n v a lu e  X o f  T.



5 . DEFINITION. L et T £ L (X ) . D efine

a (T ) = {X6C : th e r e  i s  a  sequence {x } in  X w itha  ~ n

I |x  II = 1  and l im | | (X I-T )x  I I -= 0 .} ,• i n 1• 11 n 1
n 00

a_ (T ) i s  c a l le d  th e  ap p ro x im ate  p o in t  spectrum  o f  T. a

6 . : DEFINITION. L e t T 6 L (X ) . We d e n o te  by c?(T) th e  fa m ily  o f  a l l

fu n c t io n s  w hich a re  a n a l y t i c  on some open neighbourhood  o f  a ( T ) .  L et 

f£ ,;f (T )  and l e t  U be an open s u b s e t  o f  C whose boundary  B c o n s i s t s  o f  

a  f i n i t e  number o f  r e c t i f i a b l e  Jo rd a n  c u rv e s .  We assume th ro u g h o u t 

t h a t  B i s  o r ie n te d  so  t h a t

J (X -y )_1 dX = 2iri ( y 6 U ) ,

B

|  (X -y )"1 dX = 0 ( y ^ U u B ) .

Suppose t h a t  U D  cr(T), and t h a t  UUB i s  c o n ta in e d  in  th e  dom ain o f  

a n a l y t i c i t y  o f  f .  Then th e  o p e ra to r  f (T )  i s  d e f in e d  by th e  e q u a tio n

f (T ) = 2 ^ -  j  f(X )(X X -T )_1dX.

B

The i n t e g r a l  e x i s t s - a s  a  l i m i t  o f  Riemann sums in  th e  norm o f  L(X ). 

I t  fo llo w s  from  Cauchy1s  theorem  t h a t  f ( T )  depends o n ly  on th e  fu n c t io n  

f  and n o t on th e  open s e t  U chosen  t o  d e f in e  t h i s  o p e r a to r .

7 . THEOREM. L e t T 6 L ( X )  and l e t  f £ ? ( T ) .  Then f ( a ( T ) )  = a ( f ( T ) ) .

F o r a  p ro o f  o f  t h i s  r e s u l t ,  th e  r e a d e r  i s  r e f e r r e d  to  [1 2 ] ,  p . 13 . 

T h is  r e s u l t  i s  known a s  th e  s p e c t r a l  mapping th eo rem .

co
8 . THEOREM. ( i )  L e t A S L ( X ) .  Then exp A = Z •------------  _ n in -o

( i i )  Let  A , B£L(X)  and AB = BA. Then

exp(A+B) = exp A. exp B.



( i i i )  L et A 6 L ( X ) .  Then exp A. exp (-A ) = I .

( i v )  L et A 6 L ( X ) .  Then exp A i s  i n v e r t i b l e  in  L(X).

F o r a  p ro o f  o f  t h i s  r e s u l t  se e  Theorem 1 .2 3  o f  [ 1 2 ] ,  p . 1 4 -1 5 .

9 . THEOREM. L et S , N £ L ( X ) ,  where SN = NS and N i s  q u a s in i lp o t e n t .

Then a(S+U) = a ( S ) .  I f  f  i s  a n a l y t i c  on a  neighbourhood o f  a ( S ) ,  th e n

f(s+N) = z £—— n • n=o

F or a  p ro o f  o f  t h i s  r e s u l t  th e  r e a d e r  i s  r e f e r r e d  to  Theorem 1 .2 7  

o f  [ 1 2 ]  , p . 1 9 .

L et Y be a  c lo s e d  su b sp ace  o f  X. Then Y i s  a  Banach sp ace  u n d er

th e  norm o f  X. The a n n i h i l a t o r  Y**" o f  Y i s  th e  c lo se d  subsp ace  o f  X*

d e f in e d  by

Ŷ * = { f  £  X" : f ( y )  = 0 f o r  a l l  y i n  Y}.

Now l e t  T £ L ( X )  and l e t  Y be  a c lo se d  subspace o f  X. Then Y i s  

s a id  t o  b e - in v a r i a n t  u n d e r  T i f  and o n ly  i f  TY Q  Y. I f  t h i s  i s  th e  c a se  

we can  d e f in e  an o p e r a to r  T|Y in  L(Y) by

(T|  Y)y = Ty ( y £ Y ) .

T|Y i s  c a l le d  th e  r e s t r i c t i o n  o f  T to  Y. N ex t, we in t ro d u c e  an e q u iv a le n c e

r e l a t i o n  on X a s  fo llo w s

x n ^  x^ i f  and o n ly  i f  x . - x ^ G Y .1 2  J 1 2

The s e t  o f  e q u iv a le n c e  c l a s s e s  o f  e lem en ts  o f  X c o rre s p o n d in g  to

t h i s  e q u iv a le n c e  r e l a t i o n  i s  a  com plex v e c to r  space  under th e  o p e ra t io n s

[x 1 + [x ]  = [x +x ]  ,
a- Y Y y

cx[x]Y = [ax]Y ( o e c ) .

T his v e c to r  sp ace  i s  c a l l e d  th e  q u o t ie n t  space  o f  X modulo Y and i s  deno ted



by X/Y. D efine

I l M y M  = in f{  | | x+y | | : y 6 Y } .

T h is  i s  in d e ed  a  norm on X/Y and m oreover X/Y i s  a complex Banach 

sp ace  u n d e r t h i s  norm. The m apping $ d e f in e d  by

<t>(x) = [x ]y

i s  c a l l e d  th e  c a n o n ic a l m apping o f  X o n to  X/Y. <J> i s  c o n t in u o u s , l i n e a r  

and | |cj) | |  <_ 1 . For a  co m p le te  d is c u s s io n  o f  th e s e  f a c t s  th e  r e a d e r  i s  

r e f e r r e d  t o  [A -] , p p .99-101 and 194.

Now l e t  T£-L(X) and l e t  Y be a  c lo s e d  subspace  o f  X in v a r i a n t  

u n d e r T. The map

t y W y = [Tx1y

i s  w e l l -d e f in e d .  M oreover Ty i s  a  bounded l i n e a r  o p e ra to r  on X/Y# .s in c e

i t  i s - t h e com p o s it io n 1 ft-o T o f  two cuiiLiiiuuLl!d> l i n e a r  m appings and-

t . A  (I ' v l U  II d ( .

1 0 . PROPOSITION. L e t Y be a  c lo s e d  subspace o f  X. Then th e r e  i s

a  l i n e a r  iso m e try  o f  (X/Y)* o n to  Y^" w hich i s  g iv e n  by

f o r  a l l  z in  (X/Y)* and a l l  x in  X.

For a p ro o f  o f  t h i s  r e s u l t ,  see  Theorem 5 .4 .5  o f  [ t ] ,  p . 196.

1 1 . PROPOSITION. L et Y be a  c lo s e d  subspace o f  X. Then th e r e  i s

a  l i n e a r  iso m e try  o f  X*/Y^" o n to  Y* which i s  g iv en  by

6 ?>j 2 [2:] y / > =<^ y ’ z l>

f o r  a l l  z in  X* and a l l  y in  Y.

For a  p ro o f  o f  t h i s  r e s u l t ,  se e  Theorem 5 .4 .4  o f  p . 195.

2L et E6>L(X).  Then E i s  c a l l e d  a  p r o je c t io n  i f  and o n ly  i f  E = E.



I f  E i s  a  p r o je c t io n  on X, th e r e  a re  c lo s e d  su b sp a c e s  X  ̂ and X2 o f  X 

such  t h a t :

( i )  X^ i s  th e  ra n g e  o f  E;

( i i )  X2  i s  th e  n u l l - s p a c e  o f  E;

( i i i )  X = X1 © X 2 .

C o n v e rse ly , l e t  X^ and X2 be c lo s e d  su b sp aces  o f  X such  th a t

X = X± @  x2 .

Then th e r e  i s  a  p r o je c t io n  E in  L(X) whose ran g e  i s  X^ and whose n u l l  

space  i s  X2 * M oreover E i s  u n iq u e ly  d e te rm in e d  by th e s e  c o n d i t io n s .

F or p ro o f s  o f  a l l  th e s e  f a c t s  th e  r e a d e r  i s  r e f e r r e d  t o  l > ] ,  p p .336-340.

Nov; l e t  E , T 6 L ( X )  and  l e t  E be a  p r o je c t io n .  Suppose t h a t  T

le a v e s  i n v a r i a n t  th e  ran g e  o f  E. T h is  i s  e q u iv a le n t  to

ETEx = TEx ( x 6 X )

and hence ETE = TE.

C losed su b sp a c e s  X^ and X2 a re  s a id  t o  re d u c e  T i f  X = X  ̂ © X2 

and a re  k o th  i-n v a r i an't u n d e r T. L et E be th e  u n iq u e  p r o je c t io n

whose ran g e  i s  X^ and whose n u l l  sp ace  i s  X2# Then th e  c o n d i t io n  t h a t  

X^,X2 re d u c e  T i s  e q u iv a le n t  t o  ETE = TE and

( I - E )T ( I -E )  = T ( I - E ) .

These c o n d i t io n s  a re  e q u iv a le n t  t o  ET = TE.

1 2 /  PROPOSITION. L et T 6 L ( X ) .  Suppose t h a t  th e  c lo se d  su b sp aces

^ 1 9̂ 2 ^ re d u c e  T. Then

o(T)  = a (T | X )U a(T|X ) .

For a  p ro o f  o f  t h i s  r e s u l t  th e  r e a d e r  i s  r e f e r r e d  to  

P ro p o s i t io n  1 .3 7  o f  [1 2 ] .



F in a l ly  in  t h i s  s e c t io n  we in tro d u c e  th e  co n cep t o f  s p e c t r a l  

p r o j e c t io n .  L et T€>L(X) and  l e t  t  be an o p e n -a n d -c lo se d  s u b se t  o f  

cf(T).  T here i s  a  f u n c t io n  f  i n J ^ ( T )  w hich i s  i d e n t i c a l l y  one on x and 

w hich v a n ish e s  on th e  r e s t  o f  cr(T). We p u t E(x , T)  = f ( T ) .  I f  i t  i s  

c l e a r  w hich o p e ra to r  T i s  b e in g  r e f e r r e d  t o  we w r i te  E(x)  f o r  con­

v e n ie n c e . I t  i s  c l e a r  from  Cauchy*s theorem  t h a t  E(x)  depends o n ly  

o n x  and n o t on th e  p a r t i c u l a r  f  in  ^ ( T )  chosen  t o  d e f in e  i t .  E(x)  i s  

c a l le d  th e  s p e c t r a l  p r o je c t io n  c o rre sp o n d in g  t o  t . I f  th e  o p e n -a n d -c lo se d  

s e t  x c o n s i s t s  o f  th e  s in g le  p o in t  X, th e  symbol E(A) w i l l  be u sed  in s te a d  

o f  E({A}) .  I t  w i l l  be c o n v e n ie n t a l s o  to  u se  th e  symbol E ( t )  f o r  any 

s e t  t  o f  complex num bers f o r  w hich x f \ a ( T )  i s  an o p e n -a n d -c lo se d  su b se t 

o f  o ( T ) .  In  t h i s  c a se  we p u t

E( t ) = E(xfl  a ( T ) ) .

Thus E(t ) = 0 i f  t A o(T)  as  em pty.

13. THEOREM. Let T k L ( X ) .  L et Z d en o te  th e  Boolean a lg e b ra  o f

o p e n -a n d -c lo se d  s u b s e ts  o f  a ( T ) .  I f  x £ Z q , th e n  E(x)  i s  a p r o j e c t io n ,  

TE( t )  = E ( t ) T  and a ( T | E ( x ) X)  = x .  The map x •* E(x)  i s  an isom orphism

o f  Z o n to  a Boolean a lg e b ra  o f  p r o je c t io n s  in  L(X).  T h is  means t h a t

( i )  E(tf) = 0 ,

( i i )  E ( a ( T ) v r )  = I - E ( x )  ( x 6 Z  ) ,o

( i i i )  E(x^U x2 ) = E (t 1 )+E(x2 ) -E ( x1 )E (x2 )

( i v )  E ( xnA x 0 ) = E(x,  )E(x0 ) ( x . , x 0 6 Z  ) .1 2  1 2  1  2 O

For a p ro o f  o f  t h i s  r e s u l t ,  see  Theorem 1 .3 9  o f  [1 2 ].

3 . P r e s p e c t r a l  o p e ra to r s

1 . DEFINITION. A B oolean  a lg e b ra  B o f  p r o je c t io n s  on X i s  a

com m utative s u b se t o f  L(X) such  t h a t



( i )  E2 = E ( E 6 B ) ;  •

( i i )  0 £ B ;

( i i i )  i f  E C  B, th e n  I -E 6  B;

( i v )  i f  E C  B, F C  B,  th e n

E V F = E + F-E F6B ,

EA F = EF6 B.

2 . DEFINITION. A B oolean a lg e b ra  B o f  p ro je c t io n s  on X i s  s a id

t o  be bounded i f  th e r e  i s  a  r e a l  number M such th a t

| |E | | £  M ( E £ B ) .

3 . PROPOSITION. L et E ^,E 2 , . , , ,  E^ be a f i n i t e  fa m ily  o f  p ro ­

j e c t i o n s  on X such  t h a t  E^Es = 0 i f  1 <_ r  < s <_ n . Suppose t h a t

c l , . . . .  ct S C« Then 1 n

n
I lE arEr l I 1  suP{|ocr | i l ^ r ^ n } ,  
r = l

where M = sup{ | |E | | : E £ B }  and B i s  th e  ( n e c e s s a r i ly  f i n i t e )  Boolean 

a lg e b ra  o f  p r o je c t io n s  g e n e ra te d  by E ^ , . . . ,  E .

F o r a  p ro o f  o f  t h i s  r e s u l t ,  see  P ro p o s i t io n  5 .3  o f  

N ex t, we in t ro d u c e  th e  co n ce p t o f  s p e c t r a l  m easure and th e n  d e f in e  

a p r e s p e c t r a l  o p e ra to r .

4 . DEFINITION. A fa m ily  T Q  X* i s  c a l l e d  t o t a l  i f  and o n ly  i f  x C X

and \ x 9f ) > = 0  f o r  a l l  f  in  r  t o g e th e r  im ply t h a t  x = 0.

5 . DEFINITION. L et Z be a a - a lg e b r a  o f  s u b s e ts  o f  an a r b i t r a r y

s e t  ft. Suppose t h a t  a mapping E(»)  from  E in to  a Boolean a lg e b ra  o f  

p r o je c t io n s  on X s a t i s f i e s  th e  fo llo w in g  c o n d i t io n s :



( i )  E (6 l )+E(62 )-E (6 1 )E (52 ) = ( f i ^ e  E );

( i i )  E (61 )E (62 ) = E ^ r i  «2 ) (6 1#62 6 Z );

( i i i )  E(f t \6)  = I -E (6 )  ( 6 6 E ) ;

( i v )  E(ft) = I ;

( v )  th e r e  i s  M > 0 such  t h a t  | | E(6)  | | <_ M f o r  a l l  6 in  Z;

( v i )  th e r e  i s  a  t o t a l  l i n e a r  subspace  T o f  X* such t h a t  ^ ( O x , ^  i s  

c o u n ta b ly  a d d i t iv e  on Z, f o r  each  x in  X and each  f  in  T.

Then E(*)  i s  c a l le d  a s p e c t r a l  m easure o f  c l a s s  ( Z , T ) .

6 . DEFINITION. An o p e r a to r  T in  L(X) i s  c a l le d  a  p r e s p e c t r a l

o p e r a to r  o f  c l a s s  r i f  and o n ly  i f  th e  fo llo w in g  two c o n d i t io n s  a re  

s a t i s f i e d :

( i )  th e r e  i s  a  s p e c t r a l  m easure E(»)  o f  c l a s s  (Z ,r )  w ith  v a lu e s  in
P

L(X) such  t h a t

TE(6) = E(6)T ( 6 6  Z ) ,
P

where Z^ d e n o te s  th e  a - a lg e b r a  o f  B o re l s u b s e ts  o f  th e  com plex p la n e ;

( i i )  o ( T | E ( 6 ) X ) £  J  (o 6 Z ) .
1 P

The s p e c t r a l  m easure E(*)  i s  c a l le d  a r e s o lu t io n  o f  th e  i d e n t i t y  o f  

c l a s s  T f o r  T.

The n e x t p r o p o s i t io n  shows how t o  c o n s t r u c t  a p r e s p e c t r a l  o p e ra to r  

from  an a r b i t r a r y  s p e c t r a l  m easure

7 . PROPOSITION. Let ft be a s e t  and Z a a - a lg e b r a  o f  s u b s e ts  o f  ft.

L et E(*)  be a s p e c t r a l  m easure o f  c l a s s  (Z,T)  w ith  v a lu e s  in  L(x)  and 

l e t  f 6 B ( f t , Z ) ,  where B(ft ,Z) i s  th e  Banach a lg e b ra  o f  bounded m easu rab le  

fu n c t io n s  on ft u n d er th e  supremum norm. D efine

<f>(f) = f f U ) E ( d A ) .
J o

Then i f  x £ X ,  y 6 r  and y ( x )  = ^ E (T )x ,y ^  ( t 6 Z ) ,  we have



= [  f ( X ) y ( d X ) .

D efin e

F ( t ) = E( f"*1 ( T ) ) ( t £ Z  ) .
P

Then \ J j ( f )  i s  a  p r e s p e c t r a l  o p e ra to r  w ith  a  r e s o lu t io n  o f  th e  i d e n t i t y  

F (* )  o f  c l a s s  T. A lso

-Jj(f) = |  XF(dX).

C

F o r a  p ro o f  o f  t h i s  r e s u l t ,  th e  r e a d e r  i s  r e f e r r e d  to  

P r o p o s i t io n  5 .8  o f  [ 1 2 ] .

8 . DEFINITION. L et S be a p r e s p e c t r a l  o p e ra to r  on X w ith  a

r e s o lu t io n  o f  th e  i d e n t i t y  E(«)  o f  c l a s s  T such t h a t

s =  J,
Then S i s  c a l l e d  a s c a la r - ty p e  o p e ra to r  o f  c l a s s  T.

XE(dX). 
o(S)

9. PROPOSITION. Let S be a  s c a la r - ty p e  o p e r a to r  on X w ith  a

r e s o lu t io n  o f  th e  i d e n t i t y  E(«)  o f  c l a s s  T. D efine

^ ( f ) = f  (X )E(dX ) ( f 6 C ( o ( S ) ) ) .
o (S)

Then

( i )  o W f ) )  = f ( o ( S ) )  ( f  6  C ( a ( S ) ))

and ( i i )  ij/ i s  a  b ic o n tin u o u s  a lg e b ra  isom orphism  from  C ( a ( S ) )  in to  L(X).  

F or a  p ro o f  o f  t h i s  r e s u l t ,  see  P ro p o s i t io n  5 .9  o f  D 2 ] .

10. THEOREM. ( i )  Let T be a p r e s p e c t r a l  o p e ra to r  on X v jith  a r e s o lu t io n  

o f  th e  i d e n t i t } ' E(«)  o f  c l a s s  r .  D efine

S = XE(dX) , N = T-S .
a(T)

Then S i s  a sca ld f-ty p e  o p e ra to r  w ith  a r e s o lu t io n  o f  th e  i d e n t i t y  E(«)  o f



c l a s s  T, and N i s  a q u a s in i lp o te n t  o p e ra to r  commuting w ith  {E(t ) :  t 

Mo re o v e r  a ( S )  = a ( T ) .

( i i )  L et S be a  s c a la r - ty p e  o p e r a to r  on X w ith  a  r e s o lu t io n  o f  th e  

i d e n t i t y  E(«)  o f  c l a s s  T. Let N be a q u a s in i lp o te n t  o p e r a to r  on X 

commuting w ith  ( E ( x )  : x £ Z^}. Then S+N i s  a  p r e s p e c t r a l  o p e ra to r  w ith  

a  r e s o lu t io n  o f  th e  i d e n t i t y  E(*)  o f  c l a s s  T. M oreover c(S+N) = a ( S ) .

F o r a  p ro o f  o f  t h i s  r e s u l t 9 th e  r e a d e r  i s  r e f e r r e d  t o  Theorem 5.15

Then S+N i s  c a l l e d  th e  Jo rd a n  d eco m p o sitio n  o f  T c o rre sp o n d in g  to  th e  

r e s o lu t io n  o f  th e  i d e n t i t y  E ( « ) .  S i s  c a l l e d  th e  s c a l a r  p a r t  and N th e  

r a d i c a l  p a r t  o f  th e  d e c o m p o sitio n .

The fo llo w in g  r e s u l t s  summarize th e  fu n d am en ta l p r o p e r t i e s  o f  th e  

c l a s s  o f  p r e s p e c t r a l  o p e r a to r s .

12 . THEOREM. L et T be a  p r e s p e c t r a l  o p e r a to r  on X w ith  a  r e s o lu t io n

o f  th e  i d e n t i t y  E(«)  o f  c l a s s  T. L et A£L( X)  and l e t  AT = TA. Then

o f  [12] .

1 1 . DEFINITION L et T be a p r e s p e c t r a l  o p e r a to r  on X w ith  a

r e s o lu t io n  o f  th e  i d e n t i t y  E(*)  o f  c l a s s  T. D efine

g(T)
AE(dA)

f ( A)E(dA)Af(X)E(dX)

For a p ro o f  o f  t h i s  r e s u l t  th e  r e a d e r  i s  r e f e r r e d  to  Theorem 5.12

o f  [\2~\ .

13 . THEOREM. L et T be a p r e s p e c t r a l  o p e ra to r  on X w ith  a r e s o lu t io n

o f  th e  i d e n t i t y  E(*)  o f  c l a s s  T.

( i )  I f  F (» )  i s  any r e s o lu t io n  o f  th e  i d e n t i t y  f o r  T , th e n



f f (A)E(dX)  = f  f (X)F(dX)  ( f 6 C ( a ( T ) ) ) .
J g(T)  ' a(T)

( i i )  T h as a  u n iq u e  r e s o lu t io n  o f  th e  i d e n t i t y  o f  c l a s s  r.

( i i i )  T h a s  a  u n iq u e  Jo rd a n  d eco m p o sitio n  f o r  r e s o lu t io n s  o f  th e  

i d e n t i t y  o f  a l l  c l a s s e s .

For a  p ro o f  o f  t h i s  r e s u l t  see  Theorem 5 .13  o f  D 2 ] .

14 . THEOREM. L et T be a p r e s p e c t r a l  o p e ra to r  on X w ith  r e s o lu t io n  

o f  th e  i d e n t i t y  E(*)  o f  c l a s s  T ,  L et f £  ? ( T ) .  Then f ( T )  i s  a  p r e ­

s p e c t r a l  o p e r a to r  w ith  r e s o lu t io n  o f  th e  i d e n t i t y  F(«)  o f  c l a s s  T g iv e n  

by

F ( t ) = E ( f - 1 ( x ) )  ( t £ Z  ) .
P

For a p ro o f  o f  t h i s  r e s u l t  th e  r e a d e r  i s  r e f e r r e d  to  Theorem 5 .16 

o f  [1 2 ] .

15 . THEOREM. L et K be a com pact H au sd o rff  s p a c e , and l e t  be a 

co n tin u o u s  a lg e b r a  homomorphism o f  C(K) in to  L(X) w ith  ^ (1 )  = I .  Let

N, in  L(X) ,  be a q u a s in i lp o te n t  commuting w ith  ijj(f) f o r  e v e ry  f  in  C(K).  

Then th e r e  i s  a s p e c t r a l  m easure E(*)  o f  c l a s s  (X. . ,X),  where X d e n o te si\ JX

th e  c - a lg e b r a  o f  B o re l s u b s e ts  o f  K, w ith  v a lu e s  in  L(X*) such  t h a t

( i )  ijj(f)* f  (X)E(dX ) ( f  6 C( K) )
K

and ( i i )  N*E(x) = E( t )N* (t £ £„) •i\

M oreover i f  S 6 ^ ( C ( K ) ) ,  th e n  th e  a d jo in t  o f  T = S+N i s  p r e s p e c t r a l  o f  

c l a s s  X, and S:’:+N:’: i s  th e  Jo rd an  d eco m p o sitio n  o f  T*.

For a p ro o f  o f  t h i s  r e s u l t  th e  r e a d e r  i s  r e f e r r e d  to  Theorem 5 .21  

o f  [ i 2 ] .

16 . THEOREM. L et S , N 6 L ( X ) .  Suppose t h a t  S i s  a  s c a la r - ty p e

o p e ra to r  and N i s  a  q u a s in i lp o te n t  commuting w ith  S. Suppose a l s o  t h a t



A 6 L ( X ) ' a n d  A commutes w ith  S+N. Then A commutes w ith  each  o f  S and N.

M oreover, i f  S+N = S +N , w here S i s  a  s c a la r - ty p e  o p e ra to r  on X, N 
9 o o o 9 o

i s  a q u a s in i lp o te n t  and S N = N S th e n  S = S and N = N .^ o o o o  o o

For a  p ro o f  o f  t h i s  r e s u l t  see  Theorem 5 .23  o f  [1 2 ] .

17 . THEOREM. L e t S be a  s c a la r - ty p e  o p e r a to r  on X. L et N, in  L(X) ,

be a  q u a s in i lp o te n t  o p e r a to r  w ith  SN = NS. Then i f  T = S+N i s  p r e ­

s p e c t r a l ,  ev e ry  r e s o lu t io n  o f  th e  i d e n t i t y  f o r  T i s  a l s o  a r e s o lu t io n

o f  th e  i d e n t i t y  f o r  S. A lso , T = S+N i s  th e  u n iq u e  Jo rd an  d eco m p o sitio n  

f o r  T. M oreover N commutes w ith  ev e ry  r e s o lu t io n  o f  th e  i d e n t i t y  f o r  T.

F or a  p ro o f  o f  t h i s  r e s u l t  th e  r e a d e r  i s  r e f e r r e d  t o  Theorem 5 .24  

o f  [1 2 ].

1 8 . THEOREM. L et S be a  s c a la r - ty p e  o p e r a to r  on X w ith  r e s o lu t io n

o f  th e  i d e n t i t y  E(*)  o f  c l a s s  T. L et N, in  L(X) ,  be q u a s in i lp o te n t

w ith  SN = NS. Then S+N i s  p r e s p e c t r a l  o f  c l a s s  T i f  and o n ly  i f

NE(t ) = E ( t )N ( t £ E  ) .D

For a p ro o f  o f  t h i s  r e s u l t  see  Theorem 5 .25  o f  [1 2 ].

19 . THEOREM. L et T be a  p r e s p e c t r a l  o p e r a to r  on X w ith  r e s o lu t io n

o f  th e  i d e n t i t y  E(*)  o f  c l a s s  T. L et t be an o p e n -a n d -c lo se d  s u b s e t

o f  g(T) .  Then E( t ) i s  e q u a l t o  th e  s p e c t r a l  p r o je c t io n  c o rre sp o n d in g  

t o  T.

For a  p ro o f  o f  t h i s  r e s u l t  th e  r e a d e r  i s  r e f e r r e d  t o  Theorem 5.27

o f  D z ] .

20 . THEOREM. L et T be a  p r e s p e c t r a l  o p e r a to r  on X. Then a a (T) = °

F or a p ro o f  o f  t h i s  r e s u l t  see  Theorem 5 .47  o f  .



CHAPTER TWO

S o lu tio n  t o  a  problem  o f  T.A. G i l l e s p ie

The p u rp o se  o f  t h i s  b r i e f  c h a p te r  i s  t o  answ er a f f i r m a t iv e ly  

th e  fo llo w in g  q u e s tio n  posed, by D r, T.A, G i l l e s p ie ,  I s  i t  p o s s ib le  

t o  c o n s t r u c t  a  com plex Banach space  Y and a  homomorphism E(«)  from  

Ep in to  a  bounded B oolean a lg e b ra  o f  p r o je c t io n s  on Y, such  t h a t  E(«)  

i s  n o t a s p e c t r a l  m easure o f  any c la s s ?

1 , The example

In  o rd e r  t o  c o n s t r u c t  an exam ple o f  th e  ty p e  s p e c i f i e d  ab o v e , a 

p re l im in a ry  r e s u l t  i s  r e q u i r e d .

1 . LEMMA. L et T £ L ( X ) .  L et E,F be p r o je c t io n s  in  L(X) such  t h a t

EF = F and T , E , F  commute. Then

a ( T | F X ) C  c ( t | e x )C;  c ( T ) .

PROOF. L et Xg^p(T) .  Now E commutes w ith  T and hence a l s o  w ith

(XI-T)  \  T h e re fo re  (X I-T ) ^ le a v e s  EX i n v a r i a n t ,  and i t s  r e s t r i c t i o n  

t o  t h a t  su bspace  i s  a bounded o p e r a to r ,  c l e a r l y  in v e rs e  t o  (Xl-T) jEX.  

Hence X&p(TjEX)  and a(T|EX)C- c ( T ) .  S im ila r ly  T|EX commutes w ith  f | e 

and p ( t | f X) C a (T | EX) .

00

2 . EXAMPLE. On th e  subspace  o f  Z c o n s is t in g  o f  co n v e rg e n t

se q u e n c e s , th e  map w hich a s s ig n s  t o  each  such sequence i t s  l i m i t  i s  a 

l i n e a r  f u n c t io n a l  o f  norm o n e . Throughout t h i s  s e c t io n  L d e n o te s  a 

f ix e d  l i n e a r  f u n c t io n a l  on Z w ith  | | l | |  = 1  such t h a t  f o r  each  con­

v e rg e n t sequence we have



L ( U n >) = l i m -5n
n 0 0

00

D efine  o p e ra to r s  S and A on £ by

where

(n  = 3 , 4 , 5 ,  . . .  ) ;

(n = 1 , 2 )

C le a r ly  | | A | |  = 1  and P ?  -  0 . A lso

where rn 0 (n  = 1 , 2 )

n - 1  ^n (n = 3 , 4 , 5 ,  . . . )

S ince  L({y } ) = 0 ,  th e n  AS{£ } = A{£ } . I t  i s  e a sy  to  see  t h a t  n n n J

SA{£ } = A{£ } ,  and hence n n

AS = SA.

a ( S )  i s  th e  t o t a l l y  d is c o n n e c te d  s e t  c o n s i s t in g  o f  1 and th e  numbers 

( n - 2 ) / ( n - l )  f o r  n = 3 , 4 , 5 ,  . . .  . By r e g a rd in g  S a s  th e  a d j o in t  o f  an 

o p e ra to r  on &1 , i t  i s  e a sy  t o  se e  t h a t  S i s  p r e s p e c t r a l  w ith  a (u n iq u e )  

r e s o lu t io n  o f  th e  i d e n t i t y  E ( # ) o f  c l a s s  s a t i s f y i n g

E ({ 1 } ){ ^ k > = {^195 2 , 0 90 ,0

where d e n o te s  th e  K ronecker d e l t a .  D efine  th e  sequence hy

s e t t i n g

An = 1 (n  = 1 , 2 ) ,

An = (n = 3 , 4 , 5 ,  . . . ) .

(n  = 1 , 2 )

(n = 3 , 4 , 5 ,  . . . )



Then i t  i s  e asy  t o  s e e ' t h a t  f o r  t  in  Z , E ( t ) i s  th e  o p e r a to r  w hichp».  -
"til tm u l t ip l i e s  th e  n te rm  o f  a sequence by 1 i f  X ^£ T and by 0 i f  £  t .

The seq u en ce  o f  fu n c t io n s  on a ( S ) ,  g iv e n  by

f n (X) = * i f  x < •

y x ) = i  i f

f o r  n = 3 , 4 , 5 ,  . . .  co n v e rg e s  u n ifo rm ly  t o  th e  fu n c t io n  i d e n t i c a l l y  e q u a l 

t o  X on a ( S ) .  One s e e s  d i r e c t l y  t h a t

00

f  (X)E(dX) co n v e rg e s  t o  S in  th e  norm o f  L(£ ) ,  
o ( S )  n

and hence

■I . .
S = | XE(dX).

(S)

O bserve t h a t

/  \  •  00 1 ( l )  S i s  a  sc a la r- ty p e  o p e r a to r  on £ o f  c l a s s  £A ;

( i i )  S i s  th e  a d j o in t  o f  a  sca la r- ty p e  s p e c t r a l  o p e ra to r  on £1 ;

( i i i )  (£ * )*  i s  w eakly  com plete  by IV .8 .16 and IV .9 .9  o f  D ffls

( i v )  a ( S )  i s  t o t a l l y  d is c o n n e c te d .

We now c o n s t r u c t  a n o th e r  r e s o lu t io n  o f  th e  i d e n t i t y  f o r  S.

D efine

F ( x ) = E( t )+AE(t ) -E( t )A (t 6 £  ) .  (1 )
P

2
U sing th e  r e l a t i o n s  A = 0 and AE(t )A = 0 ( t 6 0 ,  i t  i s  e a s i l y  v e r i f i e d

t h a t  F ( * )  i s  a  homomorphism from  E in to  a B oolean a lg e b ra  o f  p r o je c t io n s  

on £°° w ith  F( g ( S ) )  = I .  C le a r ly  | | f (t )|  | £  3 f o r  a l l  t in  Z .

For each  p o s i t i v e  i n t e g e r  n l e t  e^ in  £*■ be g iven  by

 ̂00

e = {6 , } n nk . .k = l

A 00
and l e t  e ‘* be th e  c o r re sp o n d in g  l i n e a r  f u n c t io n a l  on £ . L et r., be th e  n 1

00 A A

t o t a l  l i n e a r  su bspace  in  (£ )* g e n e ra te d  by e “ -L , e^ '-L , and



{ei : : n .= .3 ,4 ,5 ,  . . . } .  S ince  f o r  each  t  in  E and x in  I  
n  9 9 9 p

<^F(x)x ,e“ >̂ = < (E (x )x ,e * />

\ F ( x ) x , e ” -L ^  = xT(D < vx 9e*-L^> (n  = 1 , 2 ) ,

i t  fo llo w s  t h a t  F ( * )  i s  T ^ -co u n ta b ly  a d d i t i v e .  S in ce  E(»)  and A 

commute w ith  S , e lem en ta ry  a lg e b ra  shows t h a t

F(x)S  = SF( x ) ( x £ Z  ) .
P

In  o rd e r  t o  p rove  t h a t  F(*)  i s  a  r e s o lu t io n  o f  th e  i d e n t i t y  f o r  S i t  

rem a in s  o n ly  t o  show t h a t

cj( s | f ( x H “ ) £  7  ( x £ £  ) .
1 “  P

By v i r t u e  o f  Lemma 2 .1 ,1  i t  s u f f i c e s  t o  p rove  t h i s  in c lu s io n  when x i s  

a  c lo se d  s u b s e t  o f  a ( S ) .  Again by Lemma 2 ,1 .1 ,  and th e  f a c t  t h a t  a ( S )  

i s  t o t a l l y  d is c o n n e c te d , i t  i s  s u f f i c i e n t  to  p ro v e  th e  in c lu s io n  f o r  an 

o p e n -a n d -c lo se d  s u b s e t  x o f  o ( S ) ,  I t  i s  ea sy  t o  see  from  th e  d e f i n i t i o n  

o f  F (* )  t h a t  E(*)  and F(*)  a g re e  on f i n i t e  s u b s e ts  o f  o (S )^ { l} .  S ince 

e v e ry  o p e n -a n d -c lo se d  s u b se t o f  a ( S )  i s  such  a  s e t  o r  th e  complement 

in  a ( S )  o f  such  a  s e t ,  F(*)  and E(*)  a g re e  on o p e n -a n d -c lo se d  s u b s e ts  

o f  cr(S).  T h e re fo re

cj( S | F ( x H  ) = a ( S | E ( x K  ) C x

f o r  x o p e n -a n d -c lo se d  in  a ( S ) .  O bserve t h a t

AE'({1})' { 1 ,1 ,1 ,  . . . }  = { 0 , 0 , 0 ,  . . . }

and

E({1})A{1 , 1 ,1 ,  . . . }  = { 1 , 1 , 0 ,

H ence, a lth o u g h  A commutes w ith  S , A does n o t commute w ith  th e  r e s o lu t io n  

o f  th e  i d e n t i t y  E ( * ) .  I t  now fo llo w s  from  (1 )  t h a t  F ({1}) |  E({ 1 } ) . 

T h e re fo re  F(*)  and E(*)  a re  d i s t i n c t  r e s o lu t io n s  o f  th e  i d e n t i t y  f o r  S.



O bserve t h a t  F * (# ) and E * (#) a re  B oolean a lg e b ra  homomorphisms

from  E i n t o  L (Y ), w here Y = (£  )* . A lso F *(» ) and E * (") a r e  bounded,
P

and

F*(C) = E*( C) = I .

We o b se rv e  t h a t  F *(x)S* = S*F*(x) and th e n  p ro v e  t h a t

a (S * |F * (x )Y )C  T  ( x £ E  ) .
P

By v i r t u e  o f  Lemma 2 .1 ,1 ,  i t  s u f f i c e s  t o  p rove  t h i s  in c lu s io n  when x 

i s  a c lo se d  s u b s e t  o f  c ( S ) .  Again by Lemma 2 .1 .1 ,  and th e  f a c t  t h a t  

c (S )  i s  t o t a l l y  d is c o n n e c te d , i t  i s  s u f f i c i e n t  t o  p rove  th e  in c lu s io n  

f o r  an o p e n -a n d -c lo se d  s u b s e t  x o f  a ( S ) .  We n o te  t h a t  f o r  such  a  x

F ( t )  = f  (X I-S )_1dX,21,1 J B

where B i s  a  s u i t a b l e  f i n i t e  fa m ily  o f  Jo rd an  c o n to u rs  w hich e n c lo se  x 

b u t ex c lu d e  a ( S ) \x .  We have

F * ( t ) = f (X I-S * )_1dX
2 lri JB

and so F *(x ) i s  th e  s p e c t r a l  p r o je c t io n  c o rre sp o n d in g  t o  th e  o p en -an d - 

c lo se d  s u b s e t x o f  a (S * ) = a ( S ) .  Thus

a (S * |F * (x )Y ) = x (x o p e n -a n d -c lo se d )

and so

a (S * |F * (x )Y ) c  7  (x £ E  ) .
1 “  P

I t  was e s ta b l i s h e d  e a r l i e r  t h a t  E («) and F (* ) c o in c id e  on open-and

c lo se d  s u b s e ts  o f  a ( S ) .  Hence F *(« ) and E *(» ) a l s o  c o in c id e  on open-and

c lo se d  s u b s e ts  o f  a (S * ) = a ( S ) .  T hus, th e  argum ent above e s t a b l i s h e s

s im i la r ly  t h a t  S*E*(x) = E*(x)S* and

a(S * |E * (x )Y ) C  x (x &E ) .
P

Now, S i s  p r e s p e c t r a l  o p e ra to r  and s o ,  by Theorem 5.22 o f  [12] , s*



i s  a  p r e s p e c t r a l  o p e r a to r  on Y. As n o te d  e a r l i e r ,  Y i s  w eakly  com p le te

and s o ,  by Theorem 6 .11  o f  \ j Z ]  , S* i s  a  s c a la r - ty p e  s p e c t r a l  o p e r a to r .

By Theorem 6 .7  o f  m .  S* has  a  u n ique  r e s o lu t io n  o f  th e  i d e n t i t y

G(*) s a y . I f  E *(*) and F * (#) were b o th  s p e c t r a l  m e a su re s , th e n  th e y

would form  d i s t i n c t  r e s o lu t io n s  o f  th e  i d e n t i t y  f o r  S*, and so a t  l e a s t

o n e , H(*) s a y ,  i s  d i s t i n c t  from G(#) .  T hus, th e r e  i s  a  com plex Banach 
00

sp ace  Y = (£  )* and a  homomorphism H (#) from  in to  a  bounded B oolean 

a lg e b ra  o f  p r o je c t io n s  on Y such  t h a t  H(• )  i s  n o t  a  s p e c t r a l  m easure o f  

any c l a s s .



CHAPTER THREE

A c o m m u ta tiv ity  th eo rem  f o r  a  s c a la r - ty p e  o p e ra to r

The p u rp o se  o f  t h i s  s e c t io n  i s  to  show t h a t  i f  S i s  a  s c a l a r -  

ty p e  o p e r a to r  and A i s  an o p e r a to r  t h a t  le a v e s  in v a r i a n t  a l l  th e  

maximal s p e c t r a l  su h sp a ces  o f  S , th e n  A commutes w ith  S. The method 

o f  p ro o f  i s  t o  f i r s t  o b se rv e  t h a t  th e  argum ent g iv en  in  Theorem 1 o f  

[ t ] ,  p . 526-530 i s  s u f f i c i e n t  t o  deduce a s p e c ia l  ca se  o f  th e  r e s u l t  

above. The g e n e ra l  c a se  th e n  fo llo w s  from a r e s u l t  o f  C o lo jo a ra  and 

F o ia s .

1 . The c o m m u ta tiv ity  theorem

P r io r  t o  p ro v in g  th e  f i r s t  r e s u l t  in  t h i s  s e c t io n  we r e q u i r e  some 

a d d i t io n a l  n o t a t i o n .  R d e n o te s  th e  r e a l  l i n e .  A lso , i f  t C C, and 

z£>C, th e n  x ( t , z ) d e n o te s  th e  c h a r a c t e r i s t i c  f u n c t io n  o f  th e  s e t  t 

e v a lu a te d  a t  z .

1 . THEOREM. L et S be a  s c a la r - ty p e  o p e r a to r  o f  c l a s s  T on X. Then

S“ i s  a  s c a la r - ty p e  o p e r a to r  on X* w ith  r e s o lu t io n  o f  th e  i d e n t i t y  F ( « ) ,  

s a y ,  o f  c l a s s  X. Suppose t h a t  A, in  L (X ), h a s  th e  p ro p e r ty  t h a t

A*F(6)X* C F(6)X* 

f o r  e v e ry  c lo s e d  s u b se t  6 o f  C. Then AS = SA.

PROOF. We f i r s t  o b ta in  some consequences o f  th e  h y p o th e s is  o f  th e

th e o re m . The f i r s t  i s  m ere ly  a  re s ta te m e n t  o f  t h i s  h y p o th e s is .

( l )  I f  6 C  C i s  c lo s e d ,  th e n  A*F(6) = F(6)A:’:F (6 ) .

N ex t, we o b ta in  an an a lo g o u s  r e s u l t  f o r  open s u b s e ts  o f  C.



(2 )  I f  t C C i s  o p e n , th e n  F (t )A*.= F (t )A*F(t ) .

To se e  t h i s ,  o b se rv e  t h a t  C \t i s  c lo se d  and so  by (1 )

A * (I* -F (t ) )  -  ( I * - F ( t ) )A * (I* -F (t ) ) .

On r e a r r a n g in g  we o b ta in  ( 2 ) .  We r e q u i r e  a l s o  th e  fo llo w in g  r e s u l t .

(3 )  I f  6 C C i s  c lo s e d ,  t £ E  and t fi 6 = $5, th e n  F (6 )A*F(t ) = 0 .
-  p

To see  t h i s  r e s u l t  o b se rv e  t h a t  by (1 )  and h y p o th e s is

f ( s )a*f (7 ) = f ( 6 ) f (7 )a*f (7 )  = o .

Now, p o s t - m u l t ip ly in g  b o th  s id e s  o f  th e  e q u a tio n  F (6 )A*F(t ) = 0 by F (t ) 

g iv e s  th e  d e s i r e d  r e s u l t .

Now l e t  E (« ) be th e  r e s o lu t io n  o f  th e  i d e n t i t y  o f  c l a s s  T f o r  S.

D efine

R = ReXE(dX) , J  = I ImXE(dX).
a(S) M S )

O bserve t h a t  S = R + iJ . By Theorem 5 .22  o f  p Z ] , p . 137 , we have

( f  f(X )E (d X ))*  = f  f(X )F(dX ) ( f  6  C (a (S ) ) ) .
M S )  M S )

U sing t h i s  in  c o n ju n c tio n  w ith  1 .3 .7 ,  we see  t h a t  R* i s  a  s c a la r - ty p e  

o p e r a to r  on X* w ith  r e s o lu t io n  o f  th e  i d e n t i t y  G(«) o f  c l a s s  X such  t h a t

Rs*: = XG(dX) , G(C\R) = 0 ,
M R )

and f o r  ev e ry  r e a l  number £ ,

(4 )  G({£ } ) = F(L ) ,

where i s  th e  l i n e  p a r a l l e l  t o  th e  im ag inary  a x is  th ro u g h  th e  p o in t  £ . 

L et x £ X ,  y& X *. D efin e

g(X) = <^A x,G ((-«,x] ) y / > (X 6  R) ,

h(X ) =< /x ,G ((-< »,x] )A*^> (X & R ).



Now ^Ax,G(* )y/> and ^ x ,G ( • )A *y^ may be re g a rd e d  a s  com plex B o re l m easures 

on R. Hence g and h a r e  r ig h t - c o n t in u o u s  com plex fu n c t io n s  o f  bounded 

v a r i a t i o n  on. R. T h e re fo re  th e  s e t  D o f  p o in t s  o f  R a t  w hich e i t h e r  g 

o r  h i s  d is c o n t in u o u s  i s  c o u n ta b le .  I f  £6.R\D we have

< (ax ,g '(U >  )y >  = < x ,G ({£})A *y>  = 0 .

H ence, u s in g  (4 )  we o b ta in

(5 )  <^x,A*F(L )y]>= <X ,F(L  )A * y /=  0 ( ? £ R \D ) .

Now, a (S )  i s  co m p ac t, and .so t h e r e  i s  a  p o s i t i v e  r e a l  number K such  t h a t

(6 )  a (S )  t  { z £ C  : -K < Rez < + K}.

L et ft d e n o te  th e  s e t  on th e  r ig h t -h a n d  s id e  o f  ( 6 ) .  O bserve t h a t

(7 )  F (C \ft) = F(C \ft) = 0 .

N ex t, we c o n s t r u c t  a  s u i t a b l e  sequence o f  fu n c t io n s  c o n v e rg in g  u n ifo rm ly  

t o  Rez on ft. L e t n be a  p o s i t i v e  i n t e g e r .  S ince  D i s  c o u n ta b le ,  R\D i s  

d ense  in  R and so  we may choose p o in t s  {£m : m = 0 ,1 ,  . . . ,  2n+l} in  RnD 

such  t h a t  th e  fo llo w in g  two c o n d i t io n s  h o ld :

(8 )  -K = 50 < e1 < . . . < e 2n+1 = +K;

- r
’m+l m

We o b ta in  im m ed ia te ly  from  (9 )

O )  |C . , - 5  -2 K /(2 n + l) | < 2 K /(2 n + l)2 (m = 0 , 1 ,2 ............... 2 n ) .

(1 0 ) < £  (“  = 0 ,1 ,  . . . ,  2 n ) .m+l m n

For m = 0 ,1 ,  . . . ,  2 n + l, l e t  L^ be th e  l i n e  p a r a l l e l  t o  th e  im ag inary

a x is  th ro u g h  th e  p o in t  £ „ D efin em

(1 1 ) t  = { z £ C  : £ . < Rez < K > (m = 1 , . . . ,  2 n + l) ;m «. m- 1  m

6 = { z 6 C : (€ n+S ) /2  < Rez < £ } (m = 1 ,  . . . ,  2 n + l) ;m « m- 1  m m 9 9 9

d 2 )

f n ( z )  = E 5 2m+l x(T 2m+l ’ z )  + 5 2n>x (7 2o*z )  ( z f c I 7 ) *m=o m=l



O bserve t h a t  by ( 1 0 ) ,  ^n d )  co n v e rg e s  t o  Rez u n ifo rm ly  on ft and so  as  

n +  00

(1 3 ) I f  (X)F(dX) +  f ReXF(dX) = [ ReXF(dX) = R*.
Jfi n h  J o (S )

(The f i r s t  e q u a l i ty  fo llo w s  from  ( 6 ) . )  T h is  le a d s  u s  t o  c o n s id e r  th e

e x p re s s io n  rj d e f in e d  by

11 = ( x * l  £ 2 m + l (A * F ( T 2 m + l ) _ F ( T 2 i n + l )A* ) y )m=o

(1 4 )

+ < S  l e 2m(A*F(T 2m) - F (T 2m)A* > y )  *m=l

Now, by (1 1 ) ,

t = t ( j L  , U h (m = l ,  . . . ,  2 n + l)m m u  m-1 m

and th e  s e t s  on th e  r ig h t - h a n d  s id e  o f  t h i s  e q u a tio n  a re  p a irw is e  d is -  

j  o i n t • T h e re fo re

(15 ) F (7  ) = F (t )+F(L n )+F(L ) (m = 1 , . . . ,  2 n + l) .m m m-1 m

However by (5 )

^x ,A *F(L m) y ^  = ^ x ,F ( L  )A*y^ = 0 (m = 1 , . . . ,  2n+ l) 

and so  (1 4 ) becomes

(1 6 ) ti = / x ,  Z K (A *F(t ) - F ( t  ) A * ) y \\  , m m m •m=l

O bserve t h a t  by (1 )

A*F(t ) = F (7  )A*F(7 ) (m = 1 , . . . ,  2 n + l) .m m m

Combining t h i s  w ith  (1 5 ) g iv e s  f o r  m = 1 ,  . . . ,  2 n + l,

A *(F(t )+F(L )+F(L . ) )m m m-1

= (F (t )+F(L )+F(L ))A *(F (t )+F(L )+F(L , ) ) .m m m-1 m m m-1



T h is  may be* r e w r i t t e n  as

(1 7 ) A*F(t ) -F ( t )A* = F(L . )A*F(t )+F(L )A*F(t ) m m m-1 m m  m

by v i r t u e  o f  th e  e q u a tio n s

F (t )A* = F (t )A*F(t ) ,  A*F(L ) = F(L )A*F(L ) ,m m m ’ m m m ’
A*F(L , ) = F(L -)A *F(L , ) ,m-1 m-1 m-1 ’

F (t )A*F(L ) = F (t )F(L )A*F(L ) = 0 , m m m m  m
F (t )A*F(L . )  = F (t )F(L )A*F(L . )  = 0 ,m m-1 m m-1 m-1 ’
F(L )A*F(L ) = F(L )F(L _ )A*F(L . ) = 0 ,m m-1 m m-1 m-1

F(L .)A *F(L  ) = F(L . )F(L )A*F(L ) = 0 ,m-1 m m-1 m m

a l l  o f  w hich fo llo w  from  ( 1 ) ,  (2 ) and ( 3 ) .  From (16) and (1 7 ) we o b ta in

2n+l 
> Z I 
m=l

(1 8 ) n = ( x ,  I  C„(F(L - ) a*f ( t )+F(L )A*F(t ) ) y / >.'  , m m-1 m m m '

We r e q u i r e  two more fo rm u lae  f o r  q . To o b ta in  th e  f i r s t  o f  t h e s e ,

o b se rv e  t h a t  by (6 )  and (8 )  we have F(L ) = F(L0 ..) = 0 . By (1 )  and (5 )o 2n+l

< ( x , F a n ) A * F ( L m )y )>  = < x , A * F ( L m ) y >  = 0 ,

F(L )A *F(C\(x U t ±, U L ) )  = 0 .m ra m+l m

I t  fo llo w s  from  th e  l a s t  two e q u a t io n s  and (5 )  t h a t

/ x , F ( L  )A*F(t ) y /> + /x ,F ( L  )A*F(t )y > =<^x ,F (L  )A*y)> = 0 .\  ’ m m x \ m m+l '  N ’ m J f

From th e s e  f a c t s  we may r e w r i t e  e q u a tio n  (1 8 ) a s  fo llow s 

2n
, Z
m=l

/ 2n i
(1 9 ) „ = < x ,  E (5n - ? E1+1)F(Ln!)A^F(Tm)y > .

Now, i t  fo l lo w s  from  (3 )  t h a t  F(L )A*F(t \ o  ) = 0 . T h e re fo re  (1 9 ) maym m m

be r e w r i t t e n



• (20 )  n = ( x ,  I (E -E . )F (L  )A*F(6 ) y V .'  , m m+l m • m 'm=l

I f  m i  r .  th e n  6 f \  L = 4> and so i t  f o l lo w s ' from (3 ) t h a t  1 9 m r

F(L )A*F(S ) = 0 . m r

A lso , i f  m i  r ,  th e n  6 A 6 = ^ and L D  L = ^ .  Hence1 9  m r  m r

■n = h1+n2 7

w here 2n
) I  

171=1

/  2n 2n \
= < x ,( 2 K /( 2 n + l ) ) ( F (  (J  L )A*F( ( J  S ) ) y > ,' TT1 _ Til '

2n 
I  i 

171=1

n. = ( x , ( 2 K / ( 2 n + l ) )  I  (F (L  )A*F(6 ))y)> 1 x m m

t m . inm=l m=l

n2 = < x ,  zn (5 ro+1-5 ra-2 K /(2 n + l))F (L ra)A=’=F(6in) y ) .

Now l e t  H = sup{ | | F (t ) | | : xGE^}* Then M < «> and 

| n i | < (2K/ ( 2 n + l ) ) 11A | 11!2 1 |x |  | | | y | | ,

I n2 1 £  (4 n K /(2 n + l)2 ) |  | a | ] IS2 1 |x |  | | | y | | ,  

u s in g  ( 9 ) .  Hence

1n [ < (4K /(2n+ l))M 2 | |A | |  | | x | |  | | y | |

(2 1 ) < (2Ktl2 / n ) | | A | |  | | x | |  | | y | | .

From (1 0 ) V7e o b ta in

(22)  su p jR e z - E S2m+1x (T 2m+1, z ) -  J  < jf  .
z 6  ft m=o m=l

Now, i f  f  i s  any bounded B o re l m easu rab le  fu n c t io n  on g( S ) ,  xq6

y th e n  we haveo

(23)  l<V ( f (X )F (dX)yo ' ) |  < 4 K | | x  | |  | | y  | | s u p | f ( A ) |  .
J a (S )  A £ a ( S )

Take x = Ax, y  = y and o 9 J o  J

X and



f ( z )  = R ez- E C2nrt.1x (T 2B+1, i ) -  I  £2mx(T 2m,z )  ( z 6 o ( S ) ) .
m=o m=l

We g e t  from  ( 1 2 , )  and (23)

( x ,( A * R * - E  C2m+1A^F(T2m+1) -
m-o m=l

< ( 4 H K / n ) | | A | |  | | x | |  | | y | | .

N ex t, in  (23)  ta k e  x^ = x and = A^y. Then we o b ta in

< x ,(R * A * - Z 52m+1F(T2m+1)A*- I  C2mF (? 2m)A.V)y>
m-o m=l

1  (4Ml</n)| |A | | | |x |  | | |y |  | .

From th e  l a s t  two i n e q u a l i t i e s  and (1 4 ) we o b ta in

(24)  | x,(A *R*-R*A *)y/> - n | £ ( 8MK/ n) |  | A| | | | x |  | | | y |  | .

From (2 1 ) and (24)  we g e t

|<(x ,(A *R *-R *A *)y)> | £  (2MK| |A| |  | | x | |  | | y | | / n )  (M+4).

Now n , x  and y a r e  a r b i t r a r y .  Hence A*R* = R*A*. S im i la r ly  A*J* = J*A*. 

S ince  S* = R *+ iJ* , we deduce t h a t  A*S* = S*A* and hence t h a t  AS = SA. 

T h is  co m p le te s  th e  p ro o f  o f  th e  th eo rem .

In  o rd e r  t o  p rove  th e  more g e n e ra l  v e r s io n  o f  t h i s  theorem  which 

we r e q u i r e ,  i t  i s  n e c e s s a ry  t o  in tro d u c e  a  more g e n e ra l  c l a s s  o f  

o p e ra to r s  c o n ta in in g  th e  p r e s p e c t r a l  o p e r a to r s .

2 . DEFINITION. Let T £ L ( X ) .  A c lo s e d  subspace Y o f  X i s  c a l l e d

a maximal s p e c t r a l  su bspace  f o r  T i f

( i )  Y i s  i n v a r i a n t  u n d er T ,

and ( i i )  Z i s  a n o th e r  c lo se d  subspace  o f  X, in v a r i a n t  u nder T , such

t h a t  a ( T | Z )  C c ( T | Y ) ,

th e n  Z C Y,



3 . DEFINITION. A n* o p era to r T , in  L(X) ,  i s  c a l l e d  decom posable

i f  f o r  e v e ry  f i n i t e  open c o v e r in g  {G^ : 1 i  5. n} o f  cr(T) th e r e  e x i s t s  

a  system  {Y^ : l < _ i  <, n )  o f  maximal s p e c t r a l  su b sp a ces  f o r  T such  t h a t

( i )  a ( T | Y i ) C G i  ( l < _ i < . n ) ,

n
( i i )  e v e ry  x in  X can  be e x p re s se d  in  th e  form  x = E y . ,  where

i = l  1
y . £ Y .  f o r  i  = 1 ,  . . . ,  n .J ^  1 9 9

4 . THEOREM. A p r e s p e c t r a l  o p e r a to r  on X i s  decom posable.

PROOF. L et T be a  p r e s p e c t r a l  o p e r a to r  w ith  r e s o lu t io n  o f  th e

i d e n t i t y  E(*)  o f  c l a s s  T. Let 6 be a  c lo s e d  s u b s e t  o f  C. I t  was shown 

in  Lemma 1 4 .3  o f  [jz] , p . 266 t h a t  E(6)X i s  th e  u n io n  o f  a l l  c lo se d  sub­

sp a c e s  Y o f  X w ith  TYC Y and g( t | y ) £  6.  In  o th e r  w ords, E(6)X i s  a

maximal s p e c t r a l  subspace  f o r  T.

L et {G^ : i  = 1 ,  n} be an open c o v e r in g  o f  a ( T ) .  Let  A £ o ( T ) .

Then A 6 G^ ,  f o r  some r  = 1 ,  . . . ,  n . There i s  an open d is c  ft^ w ith

c e n t r e  A such  t h a t  ft- C  G • L et D. be th e  open d i s c  c e n t r e  A and r a d iu s
A — r  a

h a l f  t h a t  o f  f t . .  The d i s c s  {D : A £ o ( T ) }  c o v e r  a ( T)  and s o , by th e  
A A

com pactness o f  a ( T ) ,  t h e r e  i s  a  f i n i t e  su b c o v e rin g  D^, . . . ,  D^, sa y .

We may assume w ith o u t l o s s  o f  g e n e r a l i t y  t h a t  f o r  r  = 1 , . . . , n  each  G^

c o n ta in s  a t  l e a s t  one o f  th e  d i s c s  D. , . . . .  D • O bserve t h a t  f o r  eachl 9 9 m

j = 1 ,  . . . ,  mwe  have

D. C G. ,
3 — i

D\ fl ( O G J  = rf,

f o r  some i  = 1 ,  . . . ,  n .  By U rysohn*s lemma, th e r e  i s  a fu n c tio n  f , in

C( o ( T ) ) ,  such  t h a t  f .  t a k e s  th e  v a lu e  1 on D. and th e  v a lu e  0 on O G . ,
D 3 ~ i

and s a t i s f i e s

0 £  f . ( A )  <_ 1 (A £  o(T)  ) .



D efine  t o  be th e  s e t  o f  j  such t h a t  supp f j  C  G^e (H ere supp d e n o te s  

th e  su p p o r t o f  th e  f u n c t i o n , )  Then we d e f in e

F. = Z f . ,
1 j G S .  3J 1

n
Now d e f in e  F = Z F. and o b se rv e  t h a t  

i = l  1

n m
F = Z F. > Z f . ,  

i = l  1 j = l  3

We n o te  t h a t  f o r  each  x in  a ( T )  we have

m
F(x)  >_ Z f  . ( x )  >_ 1 

3=1 3

s in c e ,  by c o n s t r u c t io n ,  f ^ ( x )  = 1 f o r  a t  l e a s t  one j .  Nov; d e f in e

n
<j>. = F . / (  Z F . )  ( i  = 1 ,  . . . ,  n ) .

1 i = l  1

O bserve t h a t

and

4>± G C ( c (T) )  ( i  = 1 ,  . . . ,  n ) ,

n
z <f>.(x) = i  ( x e o ( T ) )  

i = l  1

Sj, = supp <}k Q  ( i  = 1 ,  . . . ,  n ) .

Then, f o r  any x in  X, we have

x = Z x . ,  where x . = [ <}>. (A)E(dA)x £ E ( 6 .  )X.
• _ - i i  1 J 1 1

a (  T)

I t  s u f f i c e s  t o  ta k e  Y. = E(S. )X ( i  = 1 ,  . , , ,  n )  in  th e  d e f i n i t i o n  3 ,1 .3
1 1  9 ’

t o  e s t a b l i s h  t h a t  T i s  a decom posable o p e r a to r .

We a re  now in  a  p o s i t i o n  t o  p rove  th e  main theorem  o f  t h i s  c h a p te r .

5 . THEOREM. L et S be a  s c a la r - ty p e  o p e r a to r  on X w ith  r e s o lu t io n  o f

th e  i d e n t i t y  E(*)  o f  c l a s s  T and l e t  A £ L ( X ) .  Suppose t h a t  f o r  each  c lo se d



s e t  6 o f  C we have AE(6)XjG E(5)X.  Then AS = SA.

PROOF. D efine  an o p e r a to r  C (S ,S ) on L(X) by

C (S ,S)T  = TS-ST ( T e L ( X ) ) .

By th e  l a s t  th e o re m , S i s  a decom posable o p e r a to r .  I t  fo llo w s  from  th e  

h y p o th e s is  o f  t h i s  theo rem  and Theorem 2 .3 .3  o f  [ 5 ] ,  p . 48 t h a t

lim  | | c ( S , S ) nA | | 1 /n  = 0 . 
n 00

C le a r ly

lim  | | C (S**,S**)n AJ,s* j | = 0 ,
n  -*■ «

where C (S**,S**) i s  d e f in e d  in  an ana lo g o u s way a s  an o p e ra to r  on L(X **). 

A gain , from  Theorem 2 .3 .3  o f  [ 5 ] ,  p . 4 8 , we conclude t h a t

A**G(6 )X** O  G(6 )X**

f o r  each  c lo s e d  s e t  5 , w here G(*) i s  th e  (u n iq u e ) r e s o lu t io n  o f  th e  

i d e n t i t y  o f  c l a s s  X* f o r  th e  s c a la r - ty p e  o p e ra to r  S**. (N ote t h a t ,  s in c e  

S i s  a s c a la r - ty p e  o p e r a to r ,  so a re  S* and S * * .)  We now ap p ly  

Theorem 3 .1 .1  t o  th e  o p e r a to r s  S* and A* t o  conclude  t h a t  A*S* = S*A*. 

Hence AS = SA, co m p le tin g  th e  p ro o f .



CHAPTER FOUR'

Q u a s is p e c tr a l  o p e ra to r s

E rn s t  A lb re c h t in tro d u c e d  th e  c l a s s  o f  q u a s i s p e c t r a l  o p e ra to r s  

and e s ta b l i s h e d  t h a t  a  q u a s i s p e c t r a l  o p e ra to r  o f  c l a s s  T h as  a un ique 

r e s o lu t io n  o f  th e  i d e n t i t y  o f  c l a s s  r and a u n iq u e  Jo rd a n  d eco m p o sitio n  

f o r  r e s o lu t io n s  o f  th e  i d e n t i t y  o f  a l l  c l a s s e s .  In  t h i s  c h a p te r  we 

g iv e  a d i f f e r e n t  p ro o f  o f  th e s e  r e s u l t s  which i s  s im p le r  in  some r e s p e c t s  

th a n  A lb re c h tf s b u t l e s s  so  in  o th e r s .  I t  i s  shown t h a t  ev e ry  p r e -  

s p e c t r a l  o p e r a to r  o f  c l a s s  r i s  q u a s i s p e c t r a l  o f  c l a s s  r b u t t h a t  th e r e  

e x i s t s  a q u a s i s p e c t r a l  o p e r a to r  w hich i s  n o t p r e s p e c t r a l  o f  any c l a s s .

In  th e  rem a in d e r o f  t h i s  c h a p te r  and in  l a t e r  c h a p te r s ,  we d evelop  

f u r t h e r  p r o p e r t i e s  o f  th e  c l a s s  o f  q u a s i s p e c t r a l  o p e r a to r s .

1 . The b a s ic  p r o p e r t i e s  o f  q u a s i s p e c t r a l  o p e ra to r s

A lb re c h t C 3  in tro d u c e d  th e  fo llo w in g  c l a s s  o f  o p e r a to r s .

1 . DEFINITION. L et T £ L ( X ) .  Then T i s  s a id  t o  be a q u a s i s p e c t r a l

o p e r a to r  o f  c l a s s  T i f  t h e r e  i s  a  s p e c t r a l  m easure E(«)  o f  c l a s s  ( Z ^ , r )  

w ith  v a lu e s  in  L(X) such  t h a t  f o r  a l l  c lo se d  s u b s e ts  6 o f  C we have

( i )  TE(S)XC E(6)X,  

and ( i i )  c ( T | E( 6 ) X)  C 6.

The map E(*)  i s  c a l l e d  a r e s o lu t io n  o f  th e  i d e n t i t y  o f  c l a s s  T

f o r  T.



I t  i s  c l e a r  from  t h i s  d e f i n i t i o n  t h a t  i f  T i s  a p r e s p e c t r a l  

o p e ra to r  w ith  r e s o lu t io n  o f  th e  i d e n t i t y  E(*)  o f  c l a s s  r ,  th e n  T i s  

a l s o  a q u a s i s p e c t r a l  o p e r a to r  w ith  r e s o lu t io n  o f  th e  i d e n t i t y  E(«)  

o f  c l a s s  T. As w i l l  be shown l a t e r  in  t h i s  c h a p te r ,  th e  co n v e rse  i s  

f a l s e .

In  o rd e r  t o  e s t a b l i s h  p r o p e r t i e s  o f  q u a s i s p e c t r a l  o p e ra to r s  i t  

i s  n e c e s s a ry  t o  in t ro d u c e  th e  co n cep t o f  th e  s in g le -v a lu e d  e x te n s io n  

p r o p e r ty .

2 . DEFINITIONS. L e t TGL(X)  and l e t  x £ X .  An X -valued  fu n c t io n  

f  , d e f in e d  and a n a l y t i c  on an open s u b se t D (f ) o f  C such  t h a t
X X ^

(C I -T ) f  ( ? )  = x ( C 6  D (f ) ) ,
X X

i s  c a l l e d  a p re - im a g in g  fu n c t io n  f o r  x and T. I t  i s  e a sy  to  see  t h a t

- I
f  ( c )  = ( Cl -T)  x ( c e p ( T )  f \  D(f  ) ) .

X X

I f  f o r  a l l  x in  X and a l l  p a i r s  f ^ \  f ^ ^  o f  p re - im a g in g  fu n c t io n s  f o r
X X

x and T we have

f ^ 1 } ( c )  = ( c e D C f P h f l  D( f^2 ) ) ) ,A X X X

th e n  T i s  s a id  t o  have th e  s in g le - v a lu e d  e x te n s io n  p r o p e r ty . In  t h i s  

c a se  th e r e  i s  a  u n iq u e  p re - im a g in g  fu n c t io n  w ith  m aximal domain p ( x ) ,  

an open s e t  c o n ta in in g  p ( T ) .  The v a lu e s  o f  t h i s  fu n c t io n  a re  d eno ted  

by { x U )  : £ S p ( x ) } .  Le t  a ( x )  = C \ p ( x ) .  C le a r ly  a ( x )  O  a ( T ) .  p ( x )  

i s  c a l l e d  th e  r e s o lv e n t  s e t  o f  x and a ( x )  i s  c a l le d  th e  spec trum  o f  x .

F o r a p ro o f  o f  th e  fo llo w in g  r e s u l t ,  th e  r e a d e r  i s  r e f e r r e d  to  

Theorem 5 .3 1  o f  [1 2 ] ,  p . 143.

3 . THEOREM. L et T be a  p r e s p e c t r a l  o p e r a to r  on X w ith  r e s o lu t io n

o f  th e  i d e n t i t y  E(*)  o f  c l a s s  T. Then T h as  th e  s in g le -v a lu e d  e x te n s io n



p r o p e r ty .

The fo llo w in g  e le m e n ta ry  r e s u l t  p ro v es  t o  be q u i te  im p o rta n t in  

th e  th e o ry  o f  q u a s i s p e c t r a l  o p e r a to r s .  O bserve t h a t  i t  i s  c o n v e rse  t o  

Theorem 3 .1 .5 .

4 . PROPOSITION. L et S be a s c a la r - ty p e  o p e ra to r  on X w ith  r e s o lu t io n

o f  th e  i d e n t i t y  E(»)  o f  c l a s s  T. Suppose t h a t  A 6L(X) and AS = SA. Then 

f o r  ev e ry  c lo s e d  s u b se t  6 o f  C we have

AE(S)X C, E(S)X.

PROOF. I f  6 i s  a  c lo s e d  s u b se t  o f  C, th e n  by Theorem 5 .33  o f  [ / 2 ] 9

p . 143 we have

E(S)X = { xS X  : a ( x )  O  6}.

Now i f  x £ X ,  we have

(Cl -S)Ax(c )  = A(£ l -S  ) x ( c )  = Ax ( £ £ p ( x ) ) ,

s in c e  AS = SA. A lso th e  map £ Ax(^) i s  a n a ly t i c  in  p ( x ) ,  and so we

o b ta in  s u c c e s s i v e ^

p(A x ) 2  p ( x )  ; a(A x) O  c ( x ) .

Hence i f  x6-E(<5)X, th e n  a l s o  Ax6E( 6 ) X.  The p ro o f  i s  c o m p le te .

N ex t, we  r e q u i r e  a s t r o n g e r  v e r s io n  o f  Theorem 5 .10  o f  [1 2 ] ,  p p .1 2 4 -5 . 

The p ro o f  o f  t h a t  theorem  d oes n o t  c a r ry  o v e r d i r e c t l y  t o  th e  p r e s e n t  

s i t u a t i o n .

5. THEOREM. L et T be a q u a s i s p e c t r a l  o p e ra to r  on X w ith  a r e s o lu t io n

o f  th e  i d e n t i t y  E(*)  o f  c l a s s  f .  D efine

S = XE(dX),  N = T-S .
o(T)

Then S i s  a s c a la r - ty p e  o p e ra to r  w ith  r e s o lu t io n  o f  th e  i d e n t i t y  E(«)  o f



c l a s s  T and N i s  a  q u a s in i lp o te n t  w ith  NS = SN. 

sL.
PROOF. The f i r s t  s ta te m e n t o f  th e  theorem  i s  im m edia te . Now l e t

e > 0 be g iv e n . Then we can  f in d  a  f i n i t e  open c o v e r in g  o f  th e  com pact 

s e t  a ( S )  by s e t s  {G^ : l < _ i < _ n ( e ) }  each  o f  d ia m e te r  l e s s  th a n  e ,  where 

th e  d ia m e te r  d(G) o f  a s e t  G i s  d e f in e d  by

d(G) = s u p { |x -y | : X £ G ,  y£.G}.

S in ce  S i s  a  s c a la r - ty p e  o p e r a to r ,  i t  i s  decom posable by Theorem 3 .1 .4 .

Hence th e r e  i s  a f i n i t e  fa m ily  {Y^ : 1 <_ i  <_ n ( e ) }  o f  maximal s p e c t r a l

su b sp a c e s  f o r  S such  t h a t  Y. = E(5 . )X w ith  6 . c lo s e d ,^ l  i  i  9

c t ( s | y . )  C  6.  C  G. (1 < i  < n ( e ) ) ,  ( l )
i  i  i  — —

n ( c )
and e v e ry  x in  X i s  o f  th e  form  X y . w ith  y . £  Y. .

i = l

O bserve t h a t  by th e  h y p o th e s is  o f  th e  theorem  we have 

TY£ C  Y ± (1 < i  < n ( e ) ) .

He now d e f in e

S. = ( S - X . I ) l Y .  (1 < i  < n ( e ) ) ,  (2)l  i  1 l  — —

T. = ( T - X . I ) l Y .  (1 < i  < n ( e ) ) ,  (3 )
i  l  1 i  — —

w here X^£ G^. I t  fo llo w s  from  th e  s p e c t r a l  mapping theorem  and ( l )  t h a t  

we have s u c c e s s iv e ly

cr(S^) = {X-X^ : X £ g(S |Y. . )} ,

a ( S i ) C { X - X ± : X £ G i >,

a ( S^ )  C  {y:  | y |  < s} (1 < i  < n ( s ) ) .  (4)

S im i la r ly  

%  Lo



o ( T . )  = {X-X. : X£ cr(T|Y. ) } ,
1  1  1 l  ’

a ( T . ) C {X-X. : X 6 6 . } ,l  — • ■ i  l

a (T^)  C {y : | y |  < e} (1  <_ i  £ n ( e ) ) .  ( 5 )

As n o te d  on p . 3 o f  t h i s  t h e s i s ,  th e  s p e c t r a l  r a d iu s  fo rm u la

lim  | |Tn | | = s u p { | x |  : X&aCT)}
n -*■ «

i s  v a l id  f o r  a l l  T in  L(X).  We th e r e f o r e  deduce from  (4 )  and (5 )  t h a t

lim  | Is1?| | = s u p { |x | : X & a ( S . ) }
n °o

lim  | |T??| | = sup{ |X | : X 6 a (T ^ )}  £  e ,
n ->■ «>

v a l i d  f o r  1 <_ i  < _n ( e ) .

S ince  th e  te rm s . o f  a c o n v e rg e n t sequence a r e  bounded , v;e deduce

th e  e x is te n c e  o f  a r e a l  c o n s ta n t  M > 0 such  t h a t£

| |S??| | < enn£ f o r  e v e ry  n >_ 0 and l < _ i < _ n ( e ) ,  (6)

I I I I < eT1̂ e ^o r  e v e ry n >_ 0 and l < _ i < _ n ( e ) .  (7 )

S in ce  T i s  a  q u a s i s p e c t r a l  o p e ra to r  w ith  a  r e s o lu t io n  o f  th e  

i d e n t i t y  E(*)  o f  c l a s s  T, i t  fo l lo w s  from  th e  d e f i n i t i o n  4 .1 .1  t h a t

TE(6)X C  E(6)X

f o r  e v e ry  c lo se d  s u b se t  6 o f  C. An a p p l ic a t io n  o f  Theorem 3 .1 .5  now 

y i e ld s  th e  c o n c lu s io n  TS = ST. Hence SN = NS.

We deduce from  (6 )  and (7 )  t h a t  f o r  1 <_ i  <_n ( e )  and ev e ry  p o s i t i v e  

i n t e g e r  n we have s u c c e s s iv e ly



| | ( T . - s . ) n | |  < 2 ( £ ) | | T k | |  | | s " - k | | ,  
* k=o

n
| | ( T . - S .  )n  | | < Z (” )Ek En“k = tl2 ( 2 E ) n ,

k=o
( 8 )

n
u s in g  th e  f a c t  t h a t  2n = ( l + l ) n = Z (??).

k_ K =o

Now d e f in e

Y = Yx ® . . .  ®Yn ( e ) .

O bserve t h a t  th e  l i n e a r  m apping

y ^ ®  . . .  © y n ( e )  +  y i  + . . .  + yn ( e )

from  Y in t o  X, b e in g  c o n tin u o u s  and s u r j e c t i v e ,  i t  fo llo w s  from th e  

c lo se d  g rap h  theo rem  t h a t  th e r e  e x i s t s  a c o n s ta n t  H >_ 0 such  t h a t ,  f o r  

ev e ry  x in  X th e r e  i s  a y^ ® • • •  © y n ^ ^  w ith  x = y^ + . . .  + yn ^e j an(^

I l y j  I + ••• + I lyn( e)l I 1  Ml M I (9 )

From ( 2 ) ,  ( 3 ) ,  ( 8 )  and (9)  i t  fo llo w s  t h a t  f o r  ev e ry  x in  X and a l l  

p o s i t i v e  in t e g e r s  n we have s u c c e s s iv e ly

(T -S )nx

(T -S )nx

(T -S )nx

n(T -S )

(T -S )nx

(T -S )nx

n ( e )
= | |  I  (T -S )ny | | ,

i= l

n ( e )
< Z | | ( T - S )  y . | | ,

i = l

n ( e )
< Z I I ( T . - S  )ny | | ,

i = l  ~

n ( e )
< Z I I ( T . - S  )n | |  | | y  | |

i = l

O T-l n ( £ )
< M (2E )n Z l l y . l l— e i = l

< HIi2 ( 2 E ) n | | x | | ,



whence

| | (T -S )n | | £ M I ^ ( 2 e ) n .

I t  fo llo w s  t h a t

n -> oo n 0 0

l im | | ( T - S ) n | | 1 /n  <_ lim(HM ^)1 /n  . (2e ) = 2e

Now, i f  a  sequence  o f  n o n -n e g a tiv e  r e a l  num bers f a i l s  t o  converge t o  0 , 

t h e n i t s  u p p er l i m i t  i s  p o s i t i v e .  S ince  z  > 0 i s  a r b i t r a r y ,  we conclude 

t h a t

n ■* co

and hence t h a t  N i s  q u a s in i lp o te n t .  The p ro o f  i s  co m p le te .

Our n e x t  r e s u l t  i s  an im proved v e r s io n  o f  th e  l a s t  r e s u l t  and 

c o n ta in s  th e  co n v e rse  th eo rem .

6 . THEOREM, ( i )  L et T be a  q u a s i s p e c t r a l  o p e ra to r  on X w ith  a 

r e s o lu t io n  o f  th e  i d e n t i t y  E(*)  o f  c l a s s  T. D efine

Then S i s  a  s c a la r - ty p e  o p e r a to r  o f  c l a s s  T and N i s  a q u a s in i lp o te n t  

o p e r a to r  commuting w ith  S. M oreover a (T)  = o ( S ) .

( i i )  L et S be a  s c a la r - ty p e  o p e r a to r  on X and l e t  N be a q u a s in i l ­

p o te n t  o p e r a to r  commuting w ith  S. Then S+N i s  a q u a s i s p e c t r a l  o p e r a to r .  

M oreover a(S+N) = c ( S ) .

PROOF, ( i )  The o n ly  s ta te m e n t n o t a lre a d y  p roved  in  th e  l a s t  theorem  

i s  a ( T)  = a ( S ) .  T h is  fo llo w s  from th e  q u a s in i lp o te n c e  o f  N and 

Theorem 1 . 2 . 9 .

( i i )  O bserve t h a t  i f  E(»)  i s  a r e s o lu t io n  o f  th e  i d e n t i t y  f o r  S , 

th e n  f o r  each  c lo s e d  s e t  t  we have S E ( t )X C E ( t ) X .  A lso , by

l i m | | ( T - S ) n | | 1 /n  = 0,

o(T )
XE(dX)



P ro p o s it io n  4 . 1 . 4 ,  we o b ta in . NE(t )X £  E ( t )X.  Yfe deduce th a t

(S+N)E(t )X c  e ( t )X

f o r  each  c lo se d  s e t  t . F in a l ly ,  v?e deduce from  Theorem 1 . 2 . 9  t h a t

a (  (S+N) | e ( t ) X )  = c ( s | e ( t ) X ) C  t

f o r  each  c lo s e d  s e t  t and th e  p ro o f  i s  com p le te

T h is  theo rem  le a d s  u s  t o  th e  fo llov7 ing  d e f i n i t i o n s

7 . DEFINITIONS L et T be a  q u a s i s p e c t r a l  o p e r a to r  on X. A sum

S+N such  t h a t  T = S+N, SN = NS, S i s  a s c a la r - ty p e  o p e r a to r  and N i s  

a q u a s in i lp o t e n t ,  i s  c a l l e d  a  Jo rd an  d eco m p o sitio n  f o r  T. S i s  c a l le d  

th e  s c a l a r  p a r t  and N th e  r a d i c a l  p a r t  o f  th e  d e c o m p o s itio n .

N ex t, we p rove  t h a t  th e  a d jo in t  o f  a q u a s i s p e c t r a l  o p e ra to r  i s  a 

p r e s p e c t r a l  o p e r a to r .

8 . THEOREM. L et T be a  q u a s i s p e c t r a l  o p e r a to r  on X w i t h . a  r e s o lu t io n

o f  th e  i d e n t i t y  E(*)  o f  c l a s s  T. Then T* i s  a  p r e s p e c t r a l  o p e r a to r  on 

X* o f  c l a s s  X.

PROOF. D efine

I t  fo l lo w s  from  Theorem 4 .1 .6  t h a t  N i s  a q u a s in i lp o te n t  o p e r a to r  and 

NS = SN. By Theorem 1 .3 .1 2 ,  we have

I t  now fo llo w s  from  Theorem 1 .3 .1 5  t h a t  T* i s  a  p r e s p e c t r a l  o p e r a to r  on

XE(dX),  N = T-S

a(T)
f(X)E(dA) ( f  e c ( a ( T » )

ifj(f )N = ItyCf) ( f  £ C ( a ( T ) ) )



X* *of c l a s s  X and th e  p ro o f  i s  co m p le te .

The fo llo w in g  b a s ic  p r o p e r t i e s  o f  q u a s i s p e c t r a l  o p e r a to r s  were, 

e s ta b l i s h e d  by A lb re c h t by a  d i f f e r e n t  m ethod. See Theorem 4 o f  

[ |  ] ,  p . 302.

9 . THEOREM. L e t T be a q u a s i s p e c t r a l  o p e r a to r  on X w ith  a  r e s o lu t io n

o f  th e  i d e n t i t y  E(*)  o f  c l a s s  r .  L et A, in  L(X),  s a t i s f y  AT = TA. Then

( i )  A f  f(x)E(dX) = I f(X)E(dX)A ( f 6 C ( o ( T ) » .
J a ( T )  J a (T)

( i i )  I f  F (* )  i s  any r e s o lu t io n  o f  th e  i d e n t i t y  f o r  T , th e n

f  f (X)E(dX) = f  f (X)F(dX)  ( f  £ C ( a ( T ) ) ) .
j a ( T)  J o ( T)

( i i i )  T has a  u n iq u e  r e s o lu t io n  o f  th e  i d e n t i t y  o f  c l a s s  T.

( i v )  T h as  a  u n iq u e  Jo rd an  d eco m p o sitio n  f o r  r e s o lu t io n s  o f  th e  

i d e n t i t y  o f  a l l  c l a s s e s .

PROOF. By Theorem 4 . 1 .8 ,  T* i s  p r e s p e c t r a l  o f  c l a s s  X. T here  i s  a

u n iq u e  r e s o lu t io n  o f  th e  i d e n t i t y  G(*) o f  c l a s s  X f o r  T* w ith  th e  

p ro p e r ty  t h a t

( [  f (X)E(dX) )*  = f  f (X)G(dX) ( f  6  C( a ( T) ) ) .
' a ( T )  J a ( T)

(See Theorem 5 .2 2  o f  [f2] , p . 1 3 7 .)  S ince  A*T* = T*A*, th e  f i r s t  s ta te m e n t 

now fo llo w s  from  Theorem 1 .3 .1 2 ,  th e  c o rre sp o n d in g  r e s u l t  f o r  p r e ­

s p e c t r a l  o p e r a to r s .  S ta tem en t ( i i )  fo llo w s  s im i la r l y  from  Theorem 1 .3 .1 3  

and s ta te m e n t ( i v )  th e n  fo llo w s  im m ed ia te ly .

Now suppose t h a t  th e  r e s o lu t io n  o f  th e  i d e n t i t y  F (* )  i s  a l s o  o f  

c l a s s  T. We have a l re a d y  e s ta b l i s h e d  t h a t

f f (X)E(dX) = f  f (X)F(dX) ( f e  C ( g ( T ) ) ) .
J g(T)  J g(T)



Let x 6 X ,  y & T. D efin e

y ( x )  = ( E ( x ) x , y / >  ( T 6 Z p ) ,

v ( t ) = <\ F ( T > x , y l ) >  ( t 6 E ^ ) #

By P ro p o s i t io n  1 . 3 .7 ,

f (A)y(dA)  = f (A)E(dA)x , y  
a(T)  ' ?

f (X)v(dX)  = \ f  f  ( X ) F ( d X ) x , y / ;
a(T)  *a ( T )

f o r  a l l  f  i n  C ( o ( T ) ) .  Hence

[ f ( A)y(dA) = [ f (X)v(dX)  ( f  6,C ( a ( T ) ) ) .
; a (T)  >a(T)

y ( #) and v ( » )  a re  f i n i t e  c o u n ta b ly  a d d i t iv e  m easures w ith  s u p p o r ts  

c o n ta in e d  in  a ( T ) .  Hence th e y  a re  r e g u la r  m e asu re s , and by th e  R iesz  

r e p r e s e n ta t io n  theorem  y = v .  I t  th e n  fo llo w s  t h a t

< ^ E ( T ) x 9y)> = (V(x)x ,y^> ( x £ Z  , x £ X , y £ f ) .
P

S ince  T i s  t o t a l ,  c o n c lu s io n  ( i i i )  fo llo w s  and th e  p ro o f  i s  c o m p le te .

As p rom ised  we now g iv e  an exam ple t o  show t h a t  th e  c l a s s  o f  

q u a s i s p e c t r a l  o p e r a to r s  i s  s t r i c t l y  l a r g e r  th a n  th e  c l a s s  o f  p r e s p e c t r a l  

o p e r a to r s .

00 •10 . EXAMPLE. On th e  su bspace  o f  Z c o n s i s t i n g  o f  co n v e rg e n t

se q u e n c e s , th e  map w hich a s s ig n s  t o  each  such  sequence i t s  l i m i t  i s  a 

l i n e a r  f u n c t io n a l  o f  norm 1 . T hroughout t h i s  s e c t i o n ,  L d e n o te s  a  f ix e d  

l i n e a r  f u n c t io n a l  on Z w ith  | | l | |  = 1  such  t h a t  f o r  each  c o n v e rg e n t 

sequence (Cn ) we have



Ul

D efine  o p e ra to r s  S and A on Z by

A{£ > = {LHE > ) , 0 , 0 ,  . . . } .

C le a r ly  | | A | |  -  1 and A  ̂ -  0 . A lso

S{V = {5n} ‘ {V ’
w here = 0 and

S ince  L({ri }) = 0 ,  we have AS{£ } = A{£ }. I t  i s  e asy  to  se e  t h a t  n n n

SA{£ } = A{£ } , and hence n n

AS = SA.

a ( S)  i s  th e  t o t a l l y  d is c o n n e c te d  s e t  c o n s is t in g  o f  1 and th e  numbers 

1 -n  ^ f o r  n = 2 , 3 , 4 ,  . . .  • By r e g a rd in g  S as  th e  a d j o in t  o f  an o p e ra to r  

on we see  t h a t  S i s  p r e s p e c t r a l  w ith  a u n ique  r e s o lu t io n  o f  th e  

i d e n t i t y  E(*)  o f  c l a s s  s a t i s f y i n g

E '({ l} )U k > = { ^ , 0 , 0 , 0 ,

= {«t o 5k > (n = 2 , 3 , 4 ,  . . . ) .

D efine  th e  sequence {X^} by s e t t i n g  X  ̂ = 1 and

Xn = (n  = 2 , 3 , 4 ,

I t  i s  e a sy  t o  see  t h a t  f o r  t in  E^, E(t ) i s  th e  o p e ra to r  w hich m u l t i p l i e s

"tTi /th e  n te rm  o f  a  sequence by 1 i f  X^£ t and by 0 i f  x . The

sequence { f n ) o f  f u n c t io n s  on a ( S )  g iv en  by

f  (X) = X i f  X < —  ,n n ’

f  (X) = 1 i f  X > —  ,n — n



f o r  n = 2 , 3 , 4 ,  . . .  co n v erg es  u n ifo rm ly  to  th e  fu n c t io n  i d e n t i c a l ^  e q u a l 

to  X on a ( S ) .  One s e e s  d i r e c t l y  t h a t

J f  (X)E(dX) co n v erg es  t o  S in  th e  norm o f  L(£ ) 
o (S)  n

and hence

S = I XE(dX).
J a (S )

00 1

I t  fo llo w s  t h a t  S i s  a  s c a la r - ty p e  o p e r a to r  on Z o f  c l a s s  Z l . S in ce  

A E ({ 1 } ){ 1 ,1 ,1 , . . . }  = { 0 , 0 , 0 ,  . . . }

and

E ({ 1 } )A { 1 ,1 ,1 , . . . }  = ' { 1 , 0 , 0 ,  . . . } ,

i t  fo llo w s  t h a t  A commutes w ith  S b u t n o t  w ith  th e  r e s o lu t io n  o f  th e  

i d e n t i t y  E ( « ) .  Ue now d e f in e  T = S+A. Thus T i s  th e  sum o f  S and a 

n i l p o t e n t  A t h a t  commutes w ith  S. I t  fo llo w s  from  Theorem 4 .1 .6  ( i i )

00 it h a t  T i s  a q u a s i s p e c t r a l  o p e r a to r  on Z o f  c l a s s  Z 1• Ue show now t h a t  

T i s  n o t p r e s p e c t r a l  o f  any c l a s s .

Suppose t o  th e  c o n t r a r y  t h a t  G(») i s  a r e s o lu t io n  o f  th e  i d e n t i t y  

o f  c l a s s  T f o r  th e  p r e s p e c t r a l  o p e ra to r  T. Then G(«) would a l s o  be a 

r e s o lu t io n  o f  th e  i d e n t i t y  f o r  S , th e  s c a la r  p a r t  o f  T, and A commutes 

w ith  ev e ry  v a lu e  o f  G(») .  Now, by Theorem 5 .33  o f  D 2 ] ,  p . 1 4 3 , th e  

p r o je c t io n s  G({1}) and E ({1}) have th e  same ra n g e . A lso

G ({ l} ‘) { l , l , l ,  . . . } e E ( { l } ) £ °

and

A G ({ 1 } ){ 1 ,1 ,1 , . . . }  = { 0 , 0 , 0 ,  . . . } .

However

A{1, 1 ,1 ,  . . . }  = { 1 ,0 ,0 ,  . . . } e  E ( { 1 } ) Z C° = G({1 } ) Z ° °

and

G ({l})A {1 , 1 ,1 ,  . . . }  = { 1 ,0 ,0 ,  . . . } .



T h is  g iv e s  a c o n t r a d ic t io n  and so T i s  n o t p r e s p e c t r a l  o f  any c l a s s .

I f  A w ere to  commute w ith  any r e s o lu t io n  o f  th e  i d e n t i t y  f o r  S , 

th e n  T would be p r e s p e c t r a l .  A does n o t  commute w ith  any r e s o lu t io n  

o f  th e  i d e n t i t y  f o r  S. In  f a c t  e v e ry  q u a s i s p e c t r a l  o p e ra to r  which i s  

n o t  p r e s p e c t r a l  h as  th e  fo llo w in g  p ro p e r ty :  i t s  r a d i c a l  p a r t  does n o t

commute w ith  any r e s o lu t io n  o f  th e  i d e n t i t y  o f  i t s  s c a l a r  p a r t .

We have a l re a d y  t a c i t l y  used  th e  fo llo w in g  r e s u l t  in  th e  c o u rse  

o f  p ro v in g  Theorem M-.1.9. We re c o rd  i t  f o r  c o m p le te n e ss .

11 . NOTE. Let T , in  L(X) ,  be a  q u a s i s p e c t r a l  o p e ra to r  w ith  a

r e s o lu t io n  o f  th e  i d e n t i t y  E(*)  o f  c l a s s  T. L et p d e n o te  th e  un ion  o f

a l l  open s u b s e ts  v in  C such t h a t  E(v)  = 0 . Then p can be ex p re sse d  as

th e  u n io n  o f  c o u n ta b ly  many such  open s e t s :  p = ( J  v , s a y . Then f o r
n n

each  n

( E(vn )x,y)> = 0 ,

<^E(p)x,y/> = 0 ( x £ X ,  y £ r ) .

I t  fo llo w s  t h a t  E(p)  = 0 .  The complement o f  p i s  c a l l e d  th e  su p p o r t o f  

E ( » ) .  D efine

S = [ XE(dX).
J g(T)

Then, by Theorem M-.1.6 ( i ) ,  we have g (T)  = a ( S ) .  A lso , by Note 5 .7  o f

9 p . 1 2 1 , th e  s u p p o r t o f  E(*)  i s  e q u a l t o  a ( S )  = o ( T ) .

Vie now p ro ceed  to  o b ta in  some f u r t h e r  b a s ic  p r o p e r t i e s  o f  q u a s i­

s p e c t r a l  o p e r a to r s .  L et T be a q u a s i s p e c t r a l  o p e ra to r  on X w ith  

r e s o lu t io n  o f  th e  i d e n t i t y  E(»)  o f  c l a s s  T. R e c a ll t h a t  in  

D e f in i t io n  1 . 2 . 5  we d e f in e d  f ( T ) ,  f o r  each  f  in  ^  (T) .

1 2 . THEOREM. L et T be a  q u a s i s p e c t r a l  o p e ra to r  on X w ith  r e s o lu t io n

o f  th e  i d e n t i t y  E(*)  o f  c l a s s  T. L et f  £ (T) .  Then f ( T )  i s  a  q u a s i-



s p e c t r a l  o p e r a to r  w ith  r e s o lu t io n  o f  th e  i d e n t i t y  F(* )  o f  c l a s s  r  g iv en  

by

F(x)  = E ( f_1(T ))  ( t £ £  ) .

PROOF. The fo rm u la  above c l e a r l y  y ie ld s  a  s p e c t r a l  m easure o f  c l a s s

(X , T ) .  L et t  be a  c lo se d  s u b se t  o f  C. S ince  f  i s  c o n tin u o u s  on some 
p

ne ighbourhood  o f  a ( T ) ,  f  ^ ( x )  i s  a l s o  a c lo se d  s e t .  A lso , s in c e  T i s  a 

q u a s i s p e c t r a l  o p e r a to r ,

TE(f""1 (T) )X O  E ( f ”1 (T))X.

I t  fo llo w s  from  th e  e q u a tio n  Tf (T)  = f ( T)T and Theorem 4 .1 .9  t h a t  

f ( T ) S  = S f ( T ) ,  w here S d e n o te s  th e  s c a l a r  p a r t  o f  T. Then from 

P ro p o s i t io n  4 .1 .4  we o b ta in

f ( T ) E ( f “1 (x) )X C. E ( f ”1 (T))X.

Hence

f  (T)F( t )X <1 F ( t )X. (1)

I f  X £  C \ x , th e  fu n c t io n  h g iv en  by
O

h(X) = (X - f ( X ) ) ' 1O

i s  a n a l y t i c  on a  ne ighbourhood  o f  f  ^ ( t ) .  Hence i f  C i s  a  s u i t a b le  

f i n i t e  fa m ily  o f  r e c t i f i a b l e  Jo rd a n  c u rv e s  su rro u n d in g  f  ^ ( t ) we h av e , 

by D e f in i t io n  1 . 2 . 6  and P ro p o s i t io n  1 .2 .1

f e l ,
h(X)T (X)dxl(X I - f ( T ) ) E ( f  1 ( t ) )  = E ( f  1 ( t ) ) ,o o

where

T (X) *= { (X I-T ) | E ( f  ( t ) )X} .o '

T h is  shoves t h a t

a ( f ( T ) | F ( t )X)C t . ( 2)

From (1 )  and (2 ) we deduce t h a t  F(*)  i s  a r e s o lu t io n  o f  th e  i d e n t i t y  fo r



T, and th e  p ro o f  i s  co m p le te .

13 . THEOREM. Let T be a q u a s i s p e c t r a l  o p e ra to r  on X w ith  r e s o lu t io n

o f  th e  i d e n t i t y  E (* ) o f  c l a s s  T. D efine

S = XE(dX) , N = T -S .
J a (T )

L et f  £  }  (T ) . Then

f(T )  = Z f f ( n ) (X )E(dX ),
n ln  * J rn=o * ■'a(T)

th e  s e r i e s  co n v erg in g  in  th e  norm o f  L(X ).

PROOF. I t  fo llo w s  from  Theorem 4 .1 .6  t h a t  o (T ) = o (S ) and so

?  (T ) = }  (S ) .  The p r e s e n t  theo rem  w i l l  fo llo w  im m ed ia te ly  from 

Theorem 1 .2 .9  as  soon as we show t h a t

f  (S ) = f f  (X )E(dX) ( f £ ? ( S ) ) .
j a (  S)

L et x £ X  and y S T .  Then i f  y ( x )  = \E ( x  )x,y^> (x £  E ) we have
P

\  g (X )E (d X )x ,y /= f  g(X )y(dX )
J r r ( £ )  J n ( Q )

(3 )

f o r  e v e ry  g in  C (a (S ) ) .  O bserve t h a t ,  i f  C i s  a s u i t a b l e  f i n i t e  fa m ily  

o f  r e c t i f i a b l e  Jo rd an  c u rv e s  su rro u n d in g  a (S )  and i f  f  C  ( S ) ,  th e n  by 

P r o p o s i t io n  1 .3 .7

^ f(S )x ,y ^>  = - ~ t- |  f (X)<^(XI -S)  1x ,y ) >dX

2 i i  l c f M  < a ( S )
(X-£)”1y(d£)} dX.

A s ta n d a rd  argum ent in v o lv in g  F u b in i’ s theorem  shows t h a t  we may i n t e r ­

change th e  o rd e r  o f  in t e g r a t i o n  in  th e  do u b le  i n t e g r a l  t o  g e t



/ f ( S ) x , y \  = f f (X)y(dX) .  (4)
N 7 J n ( ^o(S)

S in ce  T i s  t o t a l ,  i t  fo llo w s  from  (3 )  and (4 )  t h a t

f ( S )  = f f  (X )E(dX) ( f £ $ ( S ) ) .
} o (  S)

T h is  co m p le te s  th e  p ro o f .

14 . DEFINITION. L et T be a  q u a s i s p e c t r a l  o p e r a to r  on X w ith  r e s o lu t io n  

o f  th e  i d e n t i t y  E(»)  o f  c l a s s  T. D efine

= XE(dX) , N = T-S .
J (T)

T i s  s a id  t o  be o f  ty p e  m i f  and o n ly  i f

f ( n ) (X)E(dX) ( f e  3  (T) )
m nn

f  (T) = I  iL- 
_ n:  n -o <J(T)

15. PROPOSITION. L et T be a q u a s is p e c tr a l  o p e r a to r  on X w ith  r e s o lu t io n

o f  th e  i d e n t i t y  E(*)  o f  c l a s s  T. D efine

S = XE(dX) , N = T-S .
cr(T)

I i

( i )  T i s  o f  ty p e  m i f  and o n ly  i f  N = 0 .

( i i )  T i s  a  s c a la r - ty p e  o p e ra to r  i f  and o n ly  i f  i t  i s  o f  ty p e  0 .

i I

PROOF. I f  N = 0 , th e n  c l e a r ly  th e  fo rm u la  o f  Theorem 4 .1 .1 3  re d u c e s

t o  th e  fo rm u la  o f  D e f in i t io n  4 .1 .1 4 .  C o n v e rse ly , i f  T i s  o f  ty p e  m, vie 

see  by p u t t in g

f (X)  = XD+1/(m + l) l  

in  th e s e  two fo rm u lae  t h a t

0 = Nin+1 E(dX) =
o( T)

T his co m p le tes  th e  p ro o f  o f  ( i ) .  S ta tem en t ( i i )  fo llo w s  im m ed ia te ly .



16 . PROPOSITION. L et T be a q u a s i s p e c t r a l  o p e r a to r  on X w ith

r e s o lu t io n  o f  th e  i d e n t i t y  E(»)  o f  c l a s s  T. D efine

S = AE(dA) , N = T-S.
J a (T)

Let  f  (S ( T) .  The s c a l a r  p a r t  o f  th e  Jo rd a n  d eco m p o sitio n  o f  f ( T )  i s  

e q u a l t o  f ( S ) .  I f  T i s  o f  ty p e  m, th e n  f ( T )  i s  a l s o  o f  ty p e  m.

PROOF. By Theorem 4 .1 .1 3  and i t s  p r o o f ,  we have

f ( T ) = Z f ( n ) (S)  ^  ,
n !

■ I
f ( S )  = I f (X)E(dX) .

(T)

D efine

F( t ) = E ( f _1( x ) )  ( t £ Z  ) .
P

By Theorem 4 .1 .1 2  and P ro p o s i t io n  1 .3 .7 ,  F(«)  i s  a r e s o lu t io n  o f  th e  

i d e n t i t y  o f  c l a s s  T f o r  b o th  f ( T )  and f ( S ) .  Thus i f  we can show t h a t  th e  

o p e r a to r

N = Z f ( n ) (S) 1̂T  
1 n = l n!

i s  q u a s i n i l p o t e n t , th e  f i r s t  s ta te m e n t w i l l  be p ro v ed . L et (L be th e  c lo se d  

com m utative s u b a lg e b ra  o f  L(X) g e n e ra te d  by N and

{ | f (X)E(dX) : f  6  C ( c ( T ) )} .
a ( T)L.

O bserve t h a t  th e  r a d i c a l  o f  ( I  i s  a c lo se d  id e a l  o f  (/ . Hence 11̂  i s  q u a s i-

mH"ln i l p o t e n t .  To p rove  th e  second s ta te m e n t ,  n o te  t h a t  N = 0 and so

m /  \ rTn
N = Z f  (S ) -V  .

1 n = l n!

m + 2

Hence N^ = 0 and th e  p ro o f  i s  co m p le te .



We have a l re a d y  seen  t h a t  a  q u a s i s p e c t r a l  o p e ra to r  may have 

d i s t i n c t  . r e s o lu t io n s  o f  th e  i d e n t i t y  c o rre sp o n d in g  t o  d i s t i n c t  t o t a l  

l i n e a r  su b sp a c e s  o f  th e  d u a l sp a c e . However, a s  we now show, th e  p ro ­

j e c t i o n  c o r re sp o n d in g  to  an o p e n -a n d -c lo se d  s u b s e t  o f  th e  spectrum  

alw ays c o in c id e s  w ith  th e  s p e c t r a l  p r o je c t io n .  A lso , th e  ra n g e s  o f  th e  

p r o je c t io n s  c o r re s p o n d in g  to  a  c lo se d  s e t  a re  e q u a l .

17. PROPOSITION. L et T be a  q u a s i s p e c t r a l  o p e ra to r  on X w ith

r e s o lu t io n  o f  th e  i d e n t i t y  E ( # ) o f  c l a s s  T. L et t be an o p e n -a n d -c lo se d

s u b se t  o f  a ( T ) .  Then E ( t )  i s  e q u a l t o  th e  s p e c t r a l  p r o je c t io n  c o r r e s ­

ponding  t o  T.

PROOF. O bserve t h a t

< j ( t | E ( t ) X ) C  t and a (T|  ( I - E ( t ) )X) C- C vr.

The d e s i r e d  c o n c lu s io n  now fo llo w s  from P ro p o s i t io n  1 .5 3  o f  [1 2 ] ,  p . 37.

In  o rd e r  to  p ro v e  t h a t  th e  ra n g e s  o f  th e  p r o je c t io n s  c o rre sp o n d in g  

t o  a c lo s e d  s e t  a r e  e q u a l ,  some p re l im in a ry  r e s u l t s  a r e  r e q u i r e d .

18 . LEMMA. L et T £ L ( X )  and l e t  Y be a  c lo se d  sub sp ace  o f  X i n ­

v a r i a n t  u n d e r T . I f  T has  th e  s in g le -v a lu e d  e x te n s io n  p r o p e r ty ,  th e n  so 

does T|Y.

PROOF. L et y £ Y ,  and l e t  f  and g be a n a ly t i c  Y -valued  f u n c t io n s ,

d e f in e d  on open s e t s  D( f )  and D(g) r e s p e c t iv e l y ,  such t h a t

( S I - T ) f ( O  = y ( £ &  D ( f ) ) ,

( § I - T ) g ( 5 )  = y  ( £ £ D ( g ) ) .

S ince  T h as  th e  s in g le - v a lu e d  e x te n s io n  p r o p e r ty ,

f ( € )  = g U )  ( 5 6  D ( f ) A D ( g ) ) .

T h e re fo re  T|Y h as  th e  s in g le -v a lu e d  e x te n s io n  p r o p e r ty .



1? . THEOREM. L e t T be a q u a s is p e c tra l o p e ra to r  on X . Then T has -

th e  s in g le -v a lu e d  e x te n s io n  p r o p e r ty .

PROOF. I t  fo llo w s  from  Theorem 4 .1 .8  t h a t  T* i s  a p r e s p e c t r a l

o p e r a to r .  By Theorem 5,22 o f  D 2 L  p . 137 , T** i s  a l s o  a  p r e s p e c t r a l  

o p e r a to r  and so by Theorem 5 .3 1  o f  [ |2 ], p . 143 , T** has th e  s in g le - v a lu e d  

e x te n s io n  p r o p e r ty .  Nov; T i s  th e  r e s t r i c t i o n  o f  T** t o  i t s  c lo s e d  i n ­

v a r i a n t  su b sp ace  X. I t  now fo llo w s  from  th e  p re c e d in g  lemma t h a t  T a l s o  

has th e  s in g le - v a lu e d  e x te n s io n  p ro p e r ty  and so  th e  p ro o f  i s  co m p le te .

20. LEMMA. L et T , i n  L(X) ,  have th e  s in g le -v a lu e d  e x te n s io n  p r o p e r ty ,  

and l e t  x  £ X. The sp ec trum  cr(x) o f  x i s  empty i f  and o n ly  i f  x = 0 .

PROOF. The fu n c t io n  £ x ( £ )  i s  e n t i r e .  I f  | c |  > | | t | | ,  th e n

{ x ( 5 ) , y ^ =  ^ (5 I -T )  1x ,y ^  (y  6  X*)

and th e  r ig h t - h a n d  s id e  te n d s  to  0 a s  £ 00. By L i o t tv i l l e f s th eo rem

x ( £)  = 0 ( £ £  C) and so x = ( £ I - T ) x ( £ )  = 0 .

21. THEOREM. L et T be a  q u a s i s p e c t r a l  o p e ra to r  on X w ith  r e s o lu t io n

o f  th e  i d e n t i t y  E(*)  o f  c l a s s  r .  L et 6 be a c lo s e d  s u b s e t  o f  C. Then

E(5)X = { x 6 X  : a ( x )  C 6}.

PROOF. L et x £ E ( S ) X  so t h a t  E(S)x  = x . S ince  cr(Tj E(6 )X) C; 6 ,  we see

from  th e  r e l a t i o n

( ( £ I - T ) | E(o )X)""1E(6 )x = ( ( £ I - T) | E (6 )X)”1x

that for £ in Ĉ<5 the left-hand side is a pre-imaging function for x and 

T. Hence p(x)D C\S and so a(x) C 6.
** L A'C'i'c'A/'i 1/

C o n v e rse ly , assume that a(x) C 6. Observe t h a t  th e r e  i s  ah,sequence
A

{t } o f  c lo s e d  s u b s e ts  o f  th e  s e t  a ( T ) 0  (C\6)  w ith  n „
00

U  t = a ( T )  A  ( C \ 5 ) .  
n = l  n



By U rysohn’ s lemma, th e r e  i s  a fu n c t io n  h ^ . i 11 C ( a ( T ) )  such th a t

h (X) = 1 ( X 6 t ) , h (X) = 0 (X£  6/1 a ( T ) ) ,n n n

0 < h ( X ) < l  ( X £ a ( T ) )  and th e  su p p o rt o f  h i s  d i s j o i n t  from  6« As in— n — n

P ro p o s i t io n  4 .1 .4 ,  th e  sp ec tru m  o f  th e  elem ent y = I h (X)E(dX)x i s
■'o(T) n

c o n ta in e d  in  c ( x )  and in  th e  s u p p o r t on h ^ . By Lemma 4 .1 .2 0 ,  y = 0 . Let

y f e r  ’and y ( x )  =<^E(x)x,  J >  ( x e z  ) .  By L ebesguef s theo rem  o f  dom inated
P

convergence and Note 4 .1 .1 1

/ ( I - E ( S ) ) x , y ^  = lim  f  h (X)y(dX) = 0 
n -»■ co ■'a(T) n

and s o ,  s in c e  T i s  t o t a l ,  E ( 6 ) x  = x .

F in a l ly ,  we show t h a t  th e  spectrum  and th e  ap p ro x im ate  p o in t

spec trum  o f  a q u a s i s p e c t r a l  o p e r a to r  c o in c id e .  F or th e  d e f i n i t i o n  and

p r o p e r t i e s  o f  th e  ap p ro x im ate  p o in t  spectrum  th e  r e a d e r  i s  r e f e r r e d  t o

D e f in i t io n  1 .1 5  and Theorem 1 .1 6  o f  j j2 ]  , p p .8 -9 .

22. THEOREM. Let T be a  q u a s i s p e c t r a l  o p e ra to r  on X w ith  r e s o lu t io n

o f  th e  i d e n t i t y  E(«)  o f  c l a s s  T. Then a (T) = a ( T ) .a

PROOF. L et G = c ( T ) \ a ^ ( T ) .  Now G i s  op en , s in c e  i t  i s  eq u a l t o  th e  

i n t e r s e c t i o n  o f  CVa^CT) and th e  i n t e r i o r  o f  o (T ) .  I f  6 i s  any compact 

su b se t o f  G, th e n  Ca (T |E(6)X)  = ^ s in c e

c (T |E(6)X)  C  a ( T | E ( 6 ) X )  f ]  a (T)£<5 f j  a (T) = <t>.a a  a

H ence, by Theorem 1 .1 6  o f  [lZ ] , p . 9 ,  th e  boundary  o f  th e  com pact s e t  

a ( T | E(6 )X)  i s  empty and so a ( T | E ( 6 )X)  = (6. T h e re fo re  E(6)X = { 0 } , and 

so f o r  a l l  x in  X and y in  r  we have <^E(6 )x,y)>  = 0 . Each m easure 

<^E(« )x,y^> i s  c o u n ta b ly  a d d i t iv e  on and s o ‘\E (G )x ,y /> > = 0 . S in ce  T i s  

t o t a l  E(G) = 0 . H ence, by N ote 4 .1 .1 1 ,  E(p(T)  (J G) = 0 . Again by 

Note 4 . 1 . U ,  p(T)  i s  th e  l a r g e s t  open s e t  on w hich th e  s p e c t r a l  m easure



E(*)  v a n is h e s .  T h e re fo re  G = <t> and a (T) = o ( T ) .a

2.  R e s t r i c t i o n s  o f  Q u a s is p e c tr a l  o p e r a to r s .

The m ain p u rp o se  o f  t h i s  b r i e f  s e c t io n  i s  t o  show t h a t  a  q u a s i­

s p e c t r a l  o p e r a to r  i s  decom posab le .

1 . PROPOSITION. L et T be a  q u a s i s p e c t r a l  o p e ra to r  on X and l e t  Y be

a c lo s e d  su b sp ace  o f  X in v a r i a n t  u n d er T . I f  T|Y i s  a  q u a s i s p e c t r a l

o p e r a to r ,  th e n  a ( T | Y) C-  a ( T ) .

PROOF. By Theorem 4 .1 .2 2 ,  a j T )  = c (T)  and cj_( t | y ) = a ( T ] Y) . A lso ,■—— a  a

by Theorem 1 .1 6  ( i )  o f  P 2 .J 9 p . 9 we have a ( T | Y ) ^  a (T)  and so th ea a

d e s i r e d  c o n c lu s io n  fo l lo w s .

N ex t, we show t h a t  i f  T i s  a q u a s i s p e c t r a l  o p e ra to r  on X w ith  a 

r e s o l u t i o n  o f  th e  i d e n t i t y  E ( * ) ,  th e n  E(6)X i s  a maximal s p e c t r a l  sub­

space  f o r  T f o r  each  c lo s e d  s u b se t  6 o f  C.

2 . PROPOSITION. L et T , in  L(X),  be a q u a s i s p e c t r a l  o p e r a to r  w ith

r e s o lu t io n  o f  th e  i d e n t i t y  E(»)  o f  c l a s s  T and l e t  6 be a  c lo s e d  su b se t 

o f  C. Then E(8)X i s  th e  u n io n  o f  a l l  c lo s e d  su b sp aces  Y o f  X w ith
A*

TY C  Y and a ( T | Y)  C 5 .

PROOF. L et Y be a  c lo se d  su bspace  o f  X w ith  TY Y and a ( T | Y)C-8 .

Lemma 4 ,1 .1 8  shows t h a t  TjY h as  th e  s in g le -v a lu e d  e x te n s io n  p r o p e r ty .

L et yv and y v be r e s p e c t iv e l y  th e  maximal X -valued  and Y -valued  a n a ly t icA Y

f u n c t io n s  w hich s a t i s f y

( £ I - T ) y x (6)  = y ,  f o r  a l l  £ i n  Px ( y ) ,

( £ I - T )yy ( £ ) = y ,  f o r  a l l  £ in  p y ( y ) ,

w here pv (y)  and pv (y)  a re  th e  dom ains o f  d e f i n i t i o n  o f  th e s e  f u n c t io n s .X Y
L et crv (y ) and a (y )  be th e  com plem ents o f  th e s e  s e t s .  yv may be re g a rd e d  X Y x



we have py (y )  C  Px (y)« 

T h e re fo re

ax Cy) Q  ay ( y )  C  o(T|Y)  C  6.

By Theorem 4 .1 .2 1  we have

E(6)X =' { x £ X  : ax (x)  C  6}

and so Y £  E(6)X.  F in a l ly  o( t | e ( 6 ) X ) C  6 and so  th e  p ro o f  i s  c o m p le te .

In  v iew  o f  th e  p re c e d in g  p r o p o s i t io n ,  th e  argum ent o f  th e  p ro o f  o f  

Theorem 3 .1 .4  s u f f i c e s  t o  p ro v e  th e  fo llo w in g  more g e n e ra l  r e s u l t .

3 . THEOREM. A q u a s i s p e c t r a l  o p e r a to r  i s  decom posab le.

3 . R e la t io n s h ip s  betw een a  q u a s i s p e c t r a l  o p e ra to r  and i t s  s c a l a r  p a r t .

The p u rp o se  o f  t h i s  s e c t io n  i s  t o  p r e s e n t  an a lo g u e s  f o r  q u a s i s p e c t r a l  

o p e r a to r s  o f  r e s u l t s  o f  Foguel [ n ]  on th e  r e l a t i o n s h ip s  betw een a s p e c t r a l  

o p e ra to r  and i t s  s c a l a r  p a r t .  The c o rre sp o n d in g  problem  f o r  p r e s p e c t r a l  

o p e ra to r s  was i n v e s t ig a t e d  by Dowson ]  and Nagy \2 .6 \ .

L et T be a  q u a s i s p e c t r a l  o p e r a to r  on X w ith  r e s o lu t io n  o f  th e  

i d e n t i t y  E(»)  o f  c l a s s  r.  T hroughout t h i s  s e c t io n

S = XE(dX) , N = T-S .
J o (T)

1 . LEMMA. L et T be a  q u a s i s p e c t r a l  o p e ra to r  on X w ith  r e s o lu t io n

o f  th e  i d e n t i t y  E(*)  o f  c l a s s  r.  Then S i s  in  th e  c lo s e d  su b sp ace  o f  

L(X) g e n e ra te d  by { E ( t )  : t £ £  ,  O ^ t } .

PROOF. L et e > 0 be g iv e n . By th e  d e f i n i t i o n  o f  th e  i n t e g r a l  th e r e

i s  a p a r t i t i o n  t  , t . ,  . . . ,  t  o f  a ( S )  in to  B o re l s e t s  w ith  th e  p o in t  0 o 1 n r

in  a t  m ost one o f  th e  c lo s u r e s  t . and w ith

as X -v a lu e d  and so by th e  m a x im a lity  o f  P v ( y )



n
| |S  -  £ X . E ( x . ) | |  < e

i= o  1

f o r  any c h o ic e  o f  th e  com plex num bers X  ̂ in  x^ . I f  O ^ a ( S )  t h i s  p ro v e s  

th e  lemma. I f  0 6 a ( S )  we. may w ith o u t lo s s  o f  g e n e r a l i t y  ta k e  0 £ xq and 

Xq = 0 in  th e  in e q u a l i t y  ab o v e , w hich p ro v es  th e  lemma in  t h i s  c a se  to o .

2 . THEOREM. Let T be a  p r e s p e c t r a l  o p e ra to r  on X w ith  r e s o lu t io n

o f  th e  i d e n t i t y  E(*)  o f  c l a s s  T. L et T b e long  to  th e  r i g h t  ( l e f t )  i d e a l  

J  in  L(X).  Then e v e ry  p r o je c t io n  E( t ) w ith  O ^x  b e lo n g s  to  J .  I f  J  i s  

c lo s e d ,  th e n  S and N a l s o  b e lo n g  to  J .

PROOF. Suppose t h a t  ^ £ 1 ^  and O ^ x .  Let  T^ = t | e ( x )X. S ince

c ( t | e ( x ) X ) £ :  7 ,  i t  fo l lo w s  t h a t  OSpCT^) ,  and hence T ^ e x i s t s  a s  a  

bounded l i n e a r  o p e r a to r  on th e  space E(x)X.  Let  V , i n  L(X) ,  be d e f in e d  

by th e  e q u a tio n

V x = T“ 1E (x )x  ( x £ X ) .T T

Then TV = E(x)  = V T,  w hich p ro v e s  t h a t  E ( x ) 6  J .  I t  fo l lo w s  from  Lemma x x

4 .3 .1  t h a t  S and hence N a l s o  b e lo n g  to  J  i f  J  i s  c lo s e d .

3 . THEOREM. L et T be a q u a s i s p e c t r a l  o p e ra to r  on X w ith  r e s o lu t io n

o f  th e  i d e n t i t y  E(*)  o f  c l a s s  T. L et T b e lo n g  to  th e  c lo s e d  r i g h t  ( l e f t )  

i d e a l  J  o f  L(X).  Then ev e ry  p r o je c t io n  E(x)  w ith  O ^ x  b e lo n g s  t o  J .

A lso S and N b e lo n g  to  J .

PROOF. By Theorem 4 . 1 .8 ,  T* i s  a p r e s p e c t r a l  o p e r a to r  on X* w ith

r e s o lu t io n  o f  th e  i d e n t i t y  F(»)  o f  c l a s s  X such th a t

f f (X)E(dX) - f  (X)F(dX) ( f  £ C ( a ( T ) ) )
U c ( T) a(T)

I t  fo llo w s  t h a t  th e  Jo rd a n  d eco m p o sitio n  o f  T* i s  S*+N*. O bserve t h a t  

th e  fa m ily  J*  = {A*£ L(X*) : A £ J }  i s  a c lo se d  l e f t  ( r i g h t )  i d e a l  o f  L(X;,;) .



By th e  p re v io u s  th eo rem  S *6  J* and so  c l e a r l y  we ha^e S £ J .  Now o b se rv e  

t h a t  S i s  a  s c a la r - ty p e  o p e r a to r  and so p r e s p e c t r a l .  A nother a p p l ic a t io n  

o f  th e  p re v io u s  theorem  shows t h a t  i f  O ^ x ,  th e n  E ( x ) £ J .  F i n a l l y ,  s in c e  

J  i s  an i d e a l ,  T 6 J  and S £ J ,  we have a l s o  N = T-S £  J .  The p ro o f  i s  

co m p le te .

4 . COROLLARY. L et T be a q u a s i s p e c t r a l  o p e ra to r  on X w ith  r e s o lu t io n

o f  th e  i d e n t i t y  E(*)  o f  c l a s s  T. I f  T i s  com pact, th e n  so  a re  S,N and 

ev e ry  p r o je c t io n  E(x)  w ith  0 ( £x .

PROOF. By C o ro lla ry  2 .9  o f  [ i Z ] , p . 4 8 , th e  com pact o p e r a to r s  on X

form  a  c lo s e d  tw o -s id e d  id e a l  o f  L(X).

5.  COROLLARY. L et T be a  q u a s i s p e c t r a l  o p e ra to r  on X w ith  r e s o lu t io n

o f  th e  i d e n t i t y  E(«)  o f  c l a s s  T. I f  T i s  w eakly com pact, th e n  so a re  S,N 

and e v e ry  p r o je c t io n  E(x)  w ith  O ^ x .

PROOF. By C o ro lla ry  V I .4 .6  o f  fl.^] , p . 484,  th e  w eakly com pact

o p e r a to r s  on X form  a  c lo se d  tw o -s id e d  id e a l  in  L(X).

O bserve t h a t  i f  Y i s  a  c lo s e d  su b sp ace  o f  X, th e  s e t

{A6L(X)  : AX O  Y} i s  a  c lo se d  r i g h t  id e a l  o f  L(X).  Hence we can  deduce

th e  fo llo w in g  r e s u l t  from  Theorem 4 . 3 . 3 .

6.  COROLLARY. L et T be a  q u a s i s p e c t r a l  o p e ra to r  on X w ith  r e s o lu t io n

o f  th e  i d e n t i t y  E(*)  o f  c l a s s  T. Then th e  ra n g e s  o f  S,N and E(x)  w ith

0^ . x  a r e  c o n ta in e d  in  th e  c lo s u re  o f  th e  ran g e  o f  T.

L et A , in  L(X) ,  be f ix e d .  Then th e  s e t s  o

' {A 6  L(X) : A A = 0},  o

' {A6 L(X) : AA = 0 } ,  o

a re  r e s p e c t iv e l y  c lo s e d  r i g h t  and l e f t  i d e a l s  o f  L(X).  Hence o u r n e x t



r e s u l t  a ls o  fo llo w s  from  Theorem 4 . 3 . 3 .  .

7 . COROLLARY. L et T be a  q u a s i s p e c t r a l  o p e ra to r  on X w ith  r e s o lu t io n

o f  th e  i d e n t i t y  E ( # ) o f  c l a s s  T. I f  A^T = 0 ( r e s p e c t iv e ly  TAq = 0 ) ,  th e n

A S = A N = A E(x)  = 0 i f  O ^ x  ( r e s p e c t iv e ly  SA = NA = E( t )A i f  o £ t ) ,o o o  o o  o r

For th e  d e f i n i t i o n  o f  a q u a s i s p e c t r a l  o p e r a to r  o f  f i n i t e  ty p e  m

th e  r e a d e r  i s  r e f e r r e d  to  D e f in i t io n  4 .1 .

8 . COROLLARY. L et T be a  q u a s i s p e c t r a l  o p e r a to r  on X w ith  r a d i c a l

p a r t  N. Then T i s  o f  f i n i t e  ty p e  i f  and o n ly  i f  NPT = 0 f o r  some p o s i t i v e  

i n t e g e r  p .

PROOF. I f  T i s  o f  f i n i t e  ty p e ,  th e n  Nn = 0 f o r  some p o s i t i v e  in t e g e r

n and so Nn T = TNn = 0 . C o n v erse ly  i f  some power o f  N a n n i h i l a t e s  T, say

NPT = TNP = 0 ,

th e n  i t  fo llo w s  from C o ro lla ry  4 . 3 . 7  t h a t  NP+^ = 0 and so  T i s  o f  f i n i t e

ty p e .

9 . COROLLARY. L et T be a q u a s i s p e c t r a l  o p e r a to r  on X w ith  r e s o lu t io n

o f  th e  i d e n t i t y  E(*)  o f  c l a s s  T. L et x&X.  I f  Tx = 0 and O ^ t , th e n

Sx = IIx = E( t )x = 0 .

PROOF. O bserve t h a t  f o r  a  g iv en  x in  X, th e  s e t

' {A £  L( X) : Ax = 0}

i s  a  c lo se d  l e f t  id e a l  o f  L(X).  The r e s u l t  now fo llo w s  a t  once from

Theorem 4 . 3 . 3 .

10 . COROLLARY. L et T be a q u a s i s p e c t r a l  o p e ra to r  on X w ith  r e s o lu t io n

o f  th e  i d e n t i t y  E(«)  o f  c l a s s  T. L et a bounded sequence in  X f o r

w hich {Tx } i s  c o n v e rg e n t. Then n



( i )  i f  0 ^ 7 *  ( E ( t ) x^} i s  c o n v e rg e n t;

( i i )  c o n v e rg e n t;

( i i i )  (2 ■•X } i s  c o n v e rg e n t.

PROOF. The s e t  o f  a l l  A, in  L(X) ,  f o r  w hich i s  c o n v e rg e n t, i s

a l e f t  i d e a l  o f  L(X) w hich i s  c lo se d  b ecau se  {x } i s  bounded. Then

r e s u l t  now fo llo w s  a t  once from  Theorem 4 . 3 . 3 .

11 . COROLLARY. L et T be a q u a s i s p e c t r a l  o p e ra to r  on X w ith  r e s o lu t io n

o f  th e  i d e n t i t y  E(*)  o f  c l a s s  T. L et {x } be a  bounded sequence in  X f o rn

w hich i s  co n v e rg e n t t o  0 . Then

( i )  i f  0<£7, ' { E ( t ) x^} i s  c o n v e rg e n t t o  0 ;

( i i )  {Sx } i s  co n v e rg e n t to  0 ;

( i i i )  {Nx } i s  c o n v e rg e n t to  0 . n 0

PROOF. The s e t  o f  a l l  A, in  L(X) ,  f o r  w hich (Ax } i s  co n v erg en t to  0 ,

i s  a  l e f t  id e a l  o f  L(X ) w hich i s  c lo se d  b ecau se  {x } i s  bounded. Then

r e s u l t  now fo llo w s  a t  once from  Theorem 4 . 3 . 3 .

12 . THEOREM. L et T be a q u a s i s p e c t r a l  o p e ra to r  on X w ith  r e s o lu t io n

o f  th e  i d e n t i t y  E(*)  o f  c l a s s  T. L et A£L(X)  and l e t  II = N E({0}). Theno

TA = 0 i f  and o n ly  i f  A-E({0})A = N A = 0 .o

PROOF. Let N A = A-E({0})A = 0 . Then we have---------  o

E(t )A = E( t )E(C\{0})A = 0

i f  0 ^  t .  I t  fo llo w s  from Lemma 4 . 3 . 1  t h a t  SA = 0 . M oreover

NA = n [E ({0})+E (C \{0})]A  

= NE({0})A+NE(C\{0})A 

= N A+n [a-E ({ 0 } )a]

= 0 .



I t  fo llo w s  th a t  TA = SA+NA = 0 .

C o n v e rse ly , l e t  TA = 0 . O bserve t h a t  th e  s e t

{B £  L(X) : BA = 0}

i s  a c lo s e d  l e f t  id e a l  o f  L(X).  H ence, by C o ro lla ry  4 . 3 . 7 ,  we have 

E( t )A = 0 i f  0^ -x .  Now, f o r  each  x in  X and y in  T we have

<^E(C\{0})Ax,y^> = lim  ^E (x n )Ax,y^> , 
n -> 00

where

t = {z : IzI > n 1 }n 1 1  —

f o r  each  p o s i t i v e  in t e g e r  n .  S ince  T i s  t o t a l ,  A-E({0})A = 0 and th e  p ro o f  

i s  co m p le te .

13 . COROLLARY. L et T be a q u a s i s p e c t r a l  o p e ra to r  on X w ith  r e s o lu t io n

o f  th e  i d e n t i t y  E(«)  o f  c l a s s  T. I f  E ({0}) = 0 , th e n  TA = 0 i f  and on ly

i f  A = 0 .

PROOF. By Theorem 4 .3 .1 2 ,  TA = 0 i f  and o n ly  A = 0 in  t h i s  c a s e .

The fo llo w in g  r e s u l t  i s  v a l id  f o r  q u a s i s p e c t r a l  o p e r a to r s  b u t f o r  

i t s  p ro o f  we r e q u i r e  th e  s p e c ia l  c a se  o f  th e  r e s u l t  f o r  p r e s p e c t r a l

o p e r a to r s .  V7e in c lu d e  th e  p ro o f  o f  t h i s  f o r  c o m p le te n e ss . See Theorem 11.12

o f  [12.], p p .218-219 .

14. THEOREM. L et T be a p r e s p e c t r a l  o p e ra to r  on X w ith  r e s o lu t io n  o f

th e  i d e n t i t y  E(*)  o f  c l a s s  T. L et x £ X  and l e t  n be a p o s i t i v e  in t e g e r .

Then (AI -T)nx = 0 i f  and o n ly  i f  E({A})x = x and Nnx = 0 .

PROOF. L et (AI -T)nx = 0 and l e t  x be a c lo se d  s u b se t o f  C such  th a t

A £ C \ x .  Let  T = T|E(x)X and I  = l | E ( x ) X .  Then A 6 p ( T  ) and so
X 1 X 1 X

E( x ) x  = (AIT-TT)“n (AI-T)nE ( x ) x ,

E( x ) x  = ( AI -T ) ' nE( x ) (AI -T ) nx = 0.
X X



Let t = {z : | z -X|  > n and l e t  y £  T, Thenn 1 —

^ E ( C \ { X } ) x , y V  = l im<^E(xn ) x , y / >>= 0
n 00

S ince  T i s  t o t a l  we o b ta in

E(C\{X})x = 0 , E({X})x = x

Hence

Sx -  SE({X})x = J yE(dy)x -  XE({X})x = Xx,
{X}

w hich shows t h a t

(XI-T)x = -Nx

and hence t h a t

0 = (X I-T )nx = ( - l ) nNnx

T his p ro v e s  th e  n e c e s s i t y  o f  th e  c o n d i t io n s .  Now, c o n v e r s e ly ,  suppose

T h e re fo re  (X I-T )nx = 0.

In  o rd e r  t o  p rove th e  more g e n e ra l  v e r s io n  o f  th e  l a s t  r e s u l t  

a p p l ic a b le  t o  q u a s i s p e c t r a l  o p e r a to r s ,  some p re l im in a ry  r e s u l t s  a re  

r e q u i r e d .  P r io r  t o  p ro v in g  t h e s e ,  we in tro d u c e  some n o ta t io n .

L et S be a s c a la r - ty p e  o p e ra to r  on X w ith  r e s o lu t io n  o f  th e  i d e n t i t y  

E(*)  o f  c l a s s  T. L et f € . C ( a ( S ) ) .  D efine

t h a t  E({X})x -  x and Nnx -  0 . I t  fo llo w s  as  above t h a t  (XI -S)x  = 0 and

hence t h a t

(X I-T )nx -  ( - l ) nNnx

supp f  = cl{Xfc g(S) : f (X)  ^ 0}

and

f(X)E(dX)

15 . LEMMA. L et S be a  s c a la r - ty p e  o p e r a to r  on X w ith  r e s o lu t io n  o f

th e  i d e n t i t y  E(*)  o f  c l a s s  f .  Let x£.X and f £ C ( a ( S ) ) .  Then



o O K f #  C supp f .

PROOF. Suppose t h a t  £.6 CVsupp f .  Then th e  fu n c tio n  d e f in e d  by

g£ ( x )  = F F  f o r  x

g ^ S )  = o ,  .

i s  i n  C ( a ( S ) ) .  M oreover th e  fu n c tio n

£ - >^ (g^)  (£€- C \supp f )

i s  an a n a l y t i c  o p e ra to r -v a lu e d  fu n c t io n .  F urtherm ore

( £ I - S ) ^ ( g ^ ) x  = r p ( f ) x  

and so £ 6  p ( ^ ( f ) x ) .  The r e s u l t  fo l lo w s .

16. PROPOSITION. L et S be a  s c a la r - ty p e  o p e ra to r  on X w ith  r e s o lu t io n  

o f  th e  i d e n t i t y  E ( # ) o f  c l a s s  T. L et x B X  and f  6 C ( a ( S ) ) .  Suppose t h a t

a ( x )  0  supp f  = <t>.

Then ij;(f)x  = 0 .

PROOF. L et £ -*■ x ( £ )  be th e  (u n iq u e ) X -valued a n a l y t i c  fu n c tio n

d e f in e d  on p ( x )  and s a t i s f y i n g
4

( £ I - S ) x ( £ )  = x ( £ £ p ( x ) ) .

I t  fo llo w s  t h a t

(£ I -S ) \j ;( f  )x(£ ) = ip(f ) ( £ I - S ) x ( £ )  = t|;(f)x  ( £ £ p ( x ) )

and so p ( x ) 0  p ( ^ ( i r ) x ) .  T aking  com plem ents we o b ta in

a ( \ ^ ( f ) x )  C a ( x ) .

However, by th e  p re v io u s  lemma,



a(if>(f )x) Q; supp f .  •

Hence

a ( i|K f)x )  = <b.

We deduce from  Lemma 4 .1 .2 0  t h a t  i^( f )x  = 0 .

17. THEOREM. L et S be a  s c a la r - ty p e  o p e ra to r  on X w ith  r e s o lu t io n  o f 

th e  i d e n t i t y  E(»)  o f  c l a s s  T. L et 6 be a c lo se d  su b se t o f  C. Then 

x £ E ( 6 ) X  i f  and o n ly  i f  ip( f )x = 0 f o r  a l l  f  i n  C(a (S) )  w ith  su p p o r t d i s ­

j o i n t  from  6 .

PROOF. L et x&E ( 6 ) X.  By Theorem 4 . 1 . 2 . ,  we have a ( x )  £■ 6.  I f

f £ C ( a ( S ) )  and 6 f) supp f  = th e n

a ( x )  r \  supp f  -  <t>

and ,  by th e  p re c e d in g  p r o p o s i t i o n ,  we have ^ ( f ) x  = 0.

C o n v e rse ly , assume t h a t  i£i(f)x = 0 f o r  a l l  f  in  C(cr(S)) w ith  su p p o rt 

d i s j o i n t  from  6. O bserve t h a t  th e r e  i s  aivsequence {Tn ) o f  c lo se d  s u b s e ts  

o f  th e  s e t  a ( S ) A  (CV.6) such  t h a t

CO
( J  T = o ( S ) f )  ( c \ 5 ) .  

n = l

L et n be f ix e d .  By U rysohnf s lemma, th e r e  i s  a  fu n c tio n  h^ in  C( a ( S) )  

such t h a t

h (x )  = i  ( x e  t ) ,n n *

h (X) = 0 (X £ f i A o ( S ) ) .n

and 0 < h ( X ) < l ,  f o r  a l l  X in  o ( S ) .  O bserve t h a t  — n —

l i n  h (X) = 1 ( X £ g ( S )  0  ( Cs S) ) ,, n -n 0 0

l i m h (X) = 0 (X £  a ( S )  A  6 ) .nn 0 0

By Note 4 .1 .1 1 ,  th e  su p p o rt o f  th e  s p e c t r a l  m easure E(*)  i s  g (S) .



L et y £ P .  I t  fo llo w s  th a t

< U - E ( S ) ) x , y > =  ( E ( ( C \ 6 ) f i  o ( S ) ) x , y ) > .

Let y ( t )  = ( e {t )x ,y )> ( t  6 £ ) .  O bserve t h a t  th e  m easure y i s  f i n i t e  and
P

s o ,  by L ebesgue! s theorem  o f  dom inated  convergence^

^ E ( ( C \ 6  ) C \ a ( S )  ) x ,y /> = lim  [ h (A)y(dA)
n -> °°^a(S) n

= lim  ^ ( h  )x ,y )>  = 0 , 
n ■+ co

by h y p o th e s is .  Hence

< f(I-E (S ))x ,y )>  = 0 ( y e r )

and , s in c e  T i s  t o t a l ,  E(6)X = x . T h is  com ple tes  th e  p ro o f .

18. THEOREM. L et T be a q u a s i s p e c t r a l  o p e ra to r  on X w ith  r e s o lu t io n

o f  th e  i d e n t i t y  E(*)  o f  c l a s s  T. Let x £ X  and l e t  n be a p o s i t i v e  in te g e r ,  

Then (AI -T)nx = 0 i f  and o n ly  i f  E({A})x = x and IJnx = 0 .

PROOF. F i r s t ,  we n o te  t h a t  i t  fo llo w s  from Theorem 4 .1 .8  t h a t  T* i s

a p r e s p e c t r a l  o p e r a to r  on X* w ith  r e s o lu t io n  o f  th e  i d e n t i t y  F(*)  o f  c l a s s  

X such  t h a t

( f f (A)E(dA)
g(T)

f  (X )F(dX) ( f  £ C ( o ( T ) ) .
a(T)

A lso , by Theorem 5.22 o f  [1 2 ] ,  p . 137, T -” i s  a p r e s p e c t r a l  o p e r a to r  on X 

w ith  r e s o lu t io n  o f  th e  i d e n t i t y  G(») o f  c l a s s  X” such t h a t

f f (X)F(dX) -

J g(T) «g(T)
(X )G(dX) ( f  6  C(o(T)  ) ) .

I t  fo llo w s  t h a t

f(X)E(dX) - f(X)G(dX) (f £C(g(T)))
‘ «g(T ) • g(T)



In  D a r t i c u l a r ,  th e  Jo rd a n  d eco m p o sitio n  o f  T* i s  S*+N* and th e  Jo rd a n  

d eco m p o sitio n  o f  T** i s  S**+N**. Let

x -*■ x

deno te  th e  c a n o n ic a l  em bedding o f  X in to  X**.

Suppose t h a t  (AI-T)nx = 0 .  Then from above

(A I**-T **)n x = 0

and s o ,  by a p p ly in g  Theorem 4 .3 .1 4  t o  th e  p r e s p e c t r a l  o p e r a to r  T**, we 

deduce t h a t

(N **)nx = 0 ,

G({A})x = x .

Hence Nnx = 0 and x S g ({A})X“ 5': . Suppose t h a t  f ,  in  C ( a ( T ) ) ,  h as  th e  

p ro p e r ty  t h a t  AE. C \supp f . By th e  p re v io u s  theorem  and th e  d is c u s s io n  

above we have s u c c e s s iv e ly

f (A)G(dA)x = 0 ,
a (T)

[ J f (A)E(dA) 
a (T)

x = 0 ,

f (A)E(dA)x = 0 .
j a (T)

Hence x£.E({A})X,  a g a in  u s in g  Theorem 4 .3 .1 7 .

Now c o n v e r s e ly ,  suppose t h a t  E({A})x = x and Nnx = 0.  Vie have

Sx = SE({A})x = yE(dy)x - AE({A})x = Ax,
{A}

w hich shows t h a t

(AI -T)x  = -Hx

and hence t h a t

(A I-T )nx = ( - D V x  = 0 . -



T hus, th e  c o n d i t io n s  a re  n e c e s s a ry  and s u f f i c i e n t .  T h is  co m p le te s  th e  

p ro o f .

O bserve t h a t  in  th e  c o u rse  o f  p ro v in g  th e  l a s t  th e o re m , we have 

e s ta b l i s h e d  th e  fo llo w in g  r e s u l t .

19 . COROLLARY. L et T be a q u a s i s p e c t r a l  o p e ra to r  on X w ith  s c a l a r

p a r t  S. Then c (T) C* c ( S ) .
p  —  p

F or co m p le te n ess  we in c lu d e  th e  s p e c ia l  v e r s io n s  o f  Theorems 4 .3 .1 4  

and 4 .3 .1 8  a p p l ic a b le  to  s c a la r - ty p e  o p e r a to r s .

20 . THEOREM. L et S be a  s c a la r - ty p e  o p e ra to r  on X w ith  r e s o lu t io n

o f  th e  i d e n t i t y  E(*)  o f  c l a s s  T. Then A6 c?p (S ) i f  and o n ly  i f  E({A}) ^ 0 .

M oreover, i f  f o r  some x in  X and some p o s i t i v e  in te g e r  n we have

( \ I - S ) nx = O .th en  Sx = Ax. Thus i f  A 6 a (S ) th e  a s c e n t o f  th e  o p e r a to r
P

A I-S i s  one .

21 . THEOREM. L et X be s e p a ra b le  and l e t  T , in  L(X),  be a  q u a s i s p e c t r a l

o p e ra to r  w ith  r e s o lu t io n  o f  th e  i d e n t i t y  E(*)  o f  c l a s s  T. Then o^(T)  i s  

c o u n ta b le .

PROOF. By Theorem 4 .3 .1 8 ,  we have a (T) C {X : E({A}) ^ 0 } . T here i s
P

M > 0 such  t h a t

| | e ( t ) |  | <_ M < oo ( T £ Z p ) .

Let x ^ 6  X, x^E  X w ith  th e  p r o p e r t i e s  | | x^ |  | = | | x^ |  | = 1 ,  E({A})x^ = x^

and E({y})x = x . Then i f  y and A a re  d i s t i n c t  p o in t s  o f  a (T ) we havey y p

l l xx"xy ll  1  M_1| | E ( { A } ) ( x x- x p ) | |  = M"1 | | x x | |  = i f 1 .

S ince  X i s  s e p a r a b le ,  i t  fo llo w s  t h a t  a (T ) i s  c o u n ta b le .
. P

F o r a p ro o f  o f  th e  n e x t r e s u l t ,  th e  r e a d e r  i s  r e f e r r e d  to  Theorem 11 .19  

o f  [ J 2 J ,  p . 221.



22 . THEOREM. * L et T , in  L(X) ,  be a  p r e s p e c t r a l  o p e ra to r  o f  c l a s s  T.

I f  T h as  a  c lo se d  r a n g e ,  th e n  so  does S, th e  s c a l a r  p a r t  o f  T.

We deduce from  t h i s  a  more g e n e ra l  v e r s io n  a p p l ic a b le  to  th e  c l a s s  

o f  q u a s i s p e c t r a l  o p e r a to r s .

23 . THEOREM. L e t T , in  L(X) ,  be a  q u a s i s p e c t r a l  o p e ra to r  o f  c l a s s  T.

I f  T h as  a  c lo s e d  r a n g e ,  th e n  so  does S , th e  s c a l a r  p a r t  o f  T.

PROOF. I t  foliLows from  Theorem 4 .1 .8  t h a t  T* i s  a  p r e s p e c t r a l  o p e r a to r

on X* w ith  Jo rd a n  d e co m p o sitio n  S*+N*. By Theorem V I .6 .2 .  o f  [|/^] , p . 487 , 

s in c e  T h as  a  c lo se d  r a n g e ,  so  a l s o  does T*. I t  fo llo w s  from Theorem

4 . 3 . 2 2  t h a t  S* h as  a  c lo s e d  ra n g e . By Theorem V I .6 .4  o f  [/^-] , p p .488 -489 ,

S h as  a c lo se d  ra n g e  and so th e  p ro o f  i s  co m p le te .

For a p ro o f  o f  th e  n e x t r e s u l t , th e  r e a d e r  i s  r e f e r r e d  t o  Theorem

1 1 .2 0  o f  [1 2 ] ,  p p .221-223 .

24 . THEOREM. L et T be a p r e s p e c t r a l  o p e ra to r  on X w ith  r e s o lu t io n

o f  th e  i d e n t i t y  E(* )  o f  c l a s s  T. Then T has a c lo se d  ran g e  i f  and o n ly  i f  

th e  fo llo w in g  two c o n d i t io n s  h o ld .

( i )  E i th e r  O S  p(T)  o r  0 i s  an i s o l a t e d  p o in t  o f  o ( T) .

( i i )  The o p e r a to r  TE({0}) h as  a c lo se d  ra n g e .

We deduce from  t h i s  a  more g e n e ra l  v e r s io n  a p p l ic a b le  t o  th e  c l a s s  o f  

q u a s i s p e c t r a l  o p e r a to r s .

25 . THEOREM. L et T be a q u a s i s p e c t r a l  o p e ra to r  on X w ith  r e s o lu t io n

o f  th e  i d e n t i t y  E(«)  o f  c l a s s  T. Then T h as  a c lo se d  ran g e  i f  and o n ly  i f  

th e  fo llo w in g  two c o n d i t io n s  h o ld .

( i )  E i th e r  0 6  p(T)  o r  0 i s  an i s o l a t e d  p o in t  o f  o ( T) .

( i i )  The o p e r a to r  TE({0}) has a c lo se d  ra n g e .



PROOF; Suppose t h a t  T has a c lo s e d  ra n g e . I t  fo llo w s  from  Theorem

4 .1 .8  t h a t  T* i s  a  p r e s p e c t r a l  o p e r a to r  on X*. By Theorem V I . 6 . 2  o f  

[ / ^ ] » P*487, s in c e  T has a c lo s e d  ran g e  so a l s o  does T*. I t  fo llo w s  by 

a p p ly in g  th e  p re c e d in g  theo rem  t o  th e  p r e s p e c t r a l  o p e ra to r  T* t h a t  e i t h e r  

0 6  p(T*)  o r  0 i s  an i s o l a t e d  p o in t  o f  a ( T * ) .  S ince  o(T)  = a (T*)»  we 

have p roved  t h a t  e i t h e r  0 6  p(T)  o r  0 i s  an i s o l a t e d  p o in t  o f  o ( T ) .  In  

th e  f i r s t  c a se  E ({0}) = 0 and th e  second c o n d i t io n  ( i i )  i s  p ro v ed . Suppose 

now t h a t  0 i s  an i s o l a t e d  p o in t  o f  a ( T ) .  L et C be th e  p o s i t i v e l y  o r ie n te d  

c i r c l e  c e n t r e  0 and r a d iu s  e > 0 so sm a ll t h a t  a (T )\{ 0 }  l i e s  o u ts id e  C.

Then

E ( { 0 } ) = j l r  J ( X I - T ) _1dX

and so TE({0}) = E ({0})T . L et y be in  th e  c lo s u re  o f  th e  ra n g e  o f  TE({0})

and l e t  {x } be a  sequence in  X such  t h a t  TE ({0})x -► y . S ince  T has  a n n

c lo se d  r a n g e ,  th e r e  i s  an x in  X w ith  Tx = y and so

TE({0})x = E({0})Tx = E ({0})y  = y ,

which p ro v e s  ( i i ) .

C o n v erse ly  we assume ( i )  and ( i i ) .  I f  0 6  p ( T ) ,  th e n  TX = X, and so 

we may assume t h a t  0 a ( T ) .  L et y £  TX and l e t  be a  sequence in  X

such t h a t  Tx^ y . S ince  0 i s  an i s o l a t e d  p o in t  o f  a ( T ) ,  th e  argum ent above 

shows t h a t  TE({0}) = E({0})T  and so

TE({0})xn = E({0})Txn -v E ({0} )y

an d , s in c e  th e  ran g e  o f  TE({0}) i s  c lo s e d ,  th e r e  i s  a v e c to r  w w ith

TE({0 } )w = E({0 } )y.

A gain , u s in g  th e  f a c t  t h a t  0 i s  an i s o l a t e d  p o in t  o f  a ( T ) ,  we deduce th a t  

0 6 p ( T | E ( C \ { 0 } ) X )  and so f o r  some z in  E(C\{0})X we have Tz = E(C\ {0})y .

Hence



T(x+E({0})w ) = E (C \{0})y+ E ({0})y  = y* . 

which p ro v e s  t h a t  th e  ran g e  o f  T i s  c lo s e d .

4 . D ecom positions o f  q u a s i s p e c t r a l  o p e ra to r s

The p u rp o se  o f  t h i s  s e c t io n  i s  to  p rove  a n a lo g u e s , v a l id  f o r  q u a s i­

s p e c t r a l  o p e r a to r s ,  o f  two r e s u l t s  o f  D unford p e r ta in in g  t o  a lg e b ra s  o f  

s p e c t r a l  o p e r a t o r s ;  nam ely Theorem 13 o f  J j3 ]  , p p .343-344 and Theorem 14 o f  

[ 1 3 ] ,  p p .344-345 . We th e n  p ro cee d  t o  c o n s id e r  v a r io u s  d eco m p o sitio n s  o f  

q u a s i s p e c t r a l  o p e r a to r s .

I f  T,U,  . . . ,  VGL(X) ,  th e  symbol d ( T , U ,  . . . ,  V) d e n o te s  th e  s m a l le s t  

su b a lg e b ra  o f  L(X) ,  which i s  c lo s e d  in  th e  norm to p o lo g y  o f  L(X) ,  which 

c o n ta in s  T,U,  . . . ,  V and I ,  and w hich c o n ta in s  th e  in v e rs e  VI ^ o f  any o f  

i t s  e le m e n ts ,  p ro v id e d  t h a t  th e  in v e rs e  e x i s t s  as  an e lem en t o f  L(X).  I f  

K i s  a com pact s u b s e t  o f  C, R(K) d e n o te s  th e  un ifo rm  c lo s u re  o f  complex 

r a t i o n a l  f u n c t io n s  w ith  p o le s  in  CXK. C le a r ly  R(K) i s  a c lo s e d  su b a lg e b ra  

o f  C(K).  Two Banach a lg e b ra s  a r e  s a id  t o  be e q u iv a le n t  in  ca se  th e y  a re  

to p o lo g ic a l ly  and a l g e b r a i c a l ly  iso m o rp h ic .

1 . THEOREM. L et T , in  L(X) ,  be a  q u a s i s p e c t r a l  o p e r a to r  o f  c l a s s  T.

L et T = S+N be th e  Jo rd an  d eco m p o sitio n  o f  T. Then Cl (T,S)  i s  a  com m utative 

Banach a lg e b ra  and

&  ( T , S)  = & ( S )  ®  J ,

where J  i s  th e  r a d i c a l  o f  $ , ( T , S ) .  F u rth e rm o re , (X(S)  i s  e q u iv a le n t  to  

R( a( T) ) ,  and ev e ry  o p e ra to r  in  Cl(T9S) i s  q u a s i s p e c t r a l  o f  c l a s s  T.

PROOF. S in ce  f t ( T , S )  i s  th e  norm c lo s u re  in  L(X) o f  e le m e n ts  o f  th e

form p ( T , S )  [a(T,S) j  where p ,q  a re  p o ly n o m ia ls , i t  fo llo w s  t h a t  (jt (T,S)  

i s  com m utative . Let E(*)  be th e  r e s o lu t io n  o f  th e  i d e n t i t y  o f  c l a s s  T f o r  

T. T here i s  M such  t h a t



I lE( T ) I I £  M < 00 ( j

I f  f  i s  r a t i o n a l  and a n a l y t i c  on a (T)  = a ( S ) ,  th e n  by th e  s p e c t r a l  mapping 

theo rem  we have f ( a ( S ) )  = a ( f ( S ) )  and hence

sup | f 1( X ) | <_ | | f  ( S ) | | <_ 4M sup | f ( X ) | .  
X 6 a ( S )  X 6  a (S)

n W o ^ -^ ro
Thus L L ( S )  i s  e q u iv a le n t  to  R ( a ( S ) ) .  S ince  C l ( S )  h as  no c u a s in i ln o t e n tA

e le m e n ts ,  we see  t h a t  & ( S )  + J  i s  a  d i r e c t  v e c to r  sum c o n ta in e d  in  & (  T , S ) .  

To g e t  an in c lu s io n  in  th e  o p p o s ite  d i r e c t i o n ,  we f i r s t  o b se rv e  t h a t ,  s in c e  

S+N i s  a  Jo rd a n  d eco m p o sitio n  f o r  T we have SN = NS and

■ J .S = I XE(dX). 
a (T)

D efine

i|>(f) = [ f (X)E(dX) ( f e C ( o ( T ) ) ) .
J a ( T)

O bserve t h a t  i t  fo llo w s  from  Theorem 1 .3 .1 2  t h a t

Nip ( f ) = if/(f)N ( f £ C ( a ( T ) ) ) .

By Theorems 4 .1 .1 2  and 4 .1 .1 6 ,  f ( T )  i s  a q u a s i s p e c t r a l  o p e r a to r  o f  c l a s s  

T w ith  Jo rd an  d eco m p o sitio n

f ( T )  = f (S)+Nl9

w here N i s  a a u a s in i lp o t e n t  commuting w ith  S. H ence, in  p a r t i c u l a r ,  i f  

T ^ e x i s t s  th e n

T_1 = S_1+N2 . (1 )

A lso

T -  s  +h3 ,

Tn Sm = Sn+B+N, 4
and so

p ( T , S )  = p (S ,S )+ N 5 , (2 )



where p i s  a  p o ly n o m ia l and i s  a q u a s in i lp o te n t  o p e r a to r  w hich commutes1 

w ith  S b eca u se  i t  i s  a p o ly n o m ia l in  S and N. I f  q i s  a l s o  a p o ly n o m ia l 

in  two v a r i a b l e s ,  th e  o p e ra to r

r ( T ,S )  = p ( T ,S ) [ q ( T ,S ) ] -1

w i l l  be d e f in e d  a s  an e lem en t o f  d ( T , S )  i f  and o n ly  i f  q(X,A) ^ 0 f o r  a l l  

X i n a ( T ) ,  In  t h i s  c a se  we see  from  (1 ) and (2 )  t h a t

r ( T , S )  = r ( S , S ) +N 6 ,

where i s  a  q u a s in i lp o te n t  o p e ra to r  commuting w ith  S. An a r b i t r a r y  U in

f / l (T,S)  i s  a  l i m i t  o f  r a t i o n a l  fu n c t io n s  r  in  T and S. L et (H/be th e  v 5 n

maximal i d e a l  sp ace  o f  d ( T , S ) .  S ince

a ( T)  = a ( S )  = S({*D = T(t»0

and

T(m) = S(m) (m^fti/),

we o b ta in

sup | r  ( A , A) - r  (X,X) |  = s u p |{ r  ( T , S ) - r  (T , S)} (m) |
Xfca(S)  n p rnfiH n p

< | | r . n ( T , S ) - r p ( T , S ) | | .

Hence th e r e  i s  f  in  R ( a ( S ) )  such  t h a t  r n (X,X) -> f (X)  u n ifo rm ly  on a ( S ) .

Thus r n ( S , S )  -> f ( S )  in  ( j i ( S ) ,  A lso  { rn ( T ,S ) - r n (S ,S )}  i s  a  Cauchy sequence 

o f  e lem en ts  o f  J ,  each  o f  w hich commutes w ith  S. S in ce  J  i s  a c lo se d  tw o- 

s id e d  id e a l  o f  ( / . ( T ,S ) ,  i t  fo llo w s  t h a t  U & (X (S ) ®  J .  F in a l ly  each  

o p e r a to r  in  d ( T , S )  i s  th e  sum o f  an o p e r a to r  o f  th e  form  \jj( g) f o r  some g 

in  C ( a ( S ) )  and a  q u a s in i lp o te n t  w hich commutes w ith  S. By Theorem 1 .3 ,12^1-3 .7 , 

i t  fo llo w s  t h a t  each  o p e r a to r  in  a  ( t , s )  i s  th e  sum o f  a s c a la r - ty p e  

o p e r a to r  and a  commuting q u a s in i lp o te n t  o p e r a to r .  By Theorem 4 .1 .6  ( i i )  

such  an o p e r a to r  i s  q u a s i s p e c t r a l  o f  c l a s s  T and th e  p ro o f  i s  co m p le te .

The l a s t  r e s u l t  in  t h i s  s e c t io n  i s  an an a lo g u e  o f  Theorem 14 o f  0 3 ] .



p p .344-345 . I t  i s  p roved  by a  m ethod s im i la r  t o  t h a t  o f  th e  l a s t  theorem  

and so we m e re ly  s t a t e  i t .

Then ( /, = \J i {T,i>>(f ) :  ( f&C( a ( T) )} i s  a  com m utative Banach a lg e b ra  and

where J  i s  th e  r a d i c a l  o f  [/(,• F u rth e rm o re , ev e ry  o p e r a to r  in  [ / i  i s  q u a s i -  

s p e c t r a l  o f  c l a s s  r.

E a r l i e r  in  t h i s  c h a p te r  we o b ta in e d  th e  Jo rd an  d eco m p o sitio n  o f  a 

q u a s i s p e c t r a l  o p e r a to r .  Ue now c o n s id e r  some o th e r  d eco m p o sitio n s  o f  

q u a s i s p e c t r a l  o p e r a to r s .

3 . LEMMA. L et S be a  s c a la r - ty p e  o p e ra to r  on X w ith  r e s o lu t io n  o f  th e  

i d e n t i t y  E(»)  o f  c l a s s  r .  Then S can be e x p re sse d  in  th e  form

2 . THEOREM. L et T , in  L(X) ,  be a q u a s i s p e c t r a l  o p e r a to r  w ith  r e s o lu t io n

o f  th e  i d e n t i t y  E (» )  o f  c l a s s  T. D efine

f(X)E(dX) ( f e c ( a ( T » .

1 =  ■ { i Hf )  : f  ec(o(T))} © J ,

S -  S ^+ iS ^9

w here and a r e  s c a la r - ty p e  o p e ra to r s  o f  c l a s s  T such t h a t

( i i )  c ( S^ )  and aCS^) a r e  s e t s  o f  r e a l  num bers,

( i i i )  t h e  B oolean a lg e b ra  o f  p r o je c t io n s  g e n e ra te d  by th e  r e s o lu t io n s

o f  th e  i d e n t i t y  o f  and i s  bounded.

PROOF.

XE(dX) ReXE(dX)+ i ImXE(dX)



where i s  th e  o p e ra to r  on th e  l e f t  and iS^  th e  o p e ra to r  on th e  r i g h t , 

and

E^ ( t ) = E({z  : z = x + iy  and  x £ x } ) ,

E2 ( t ) = E ({z : z = x + iy  and y £ x } .

C o n d itio n s  ( i ) ,  ( i i )  and ( i i i )  a r e  e a s i l y  v e r i f i e d .

4 .  THEOREM. L e t T be a q u a s i s p e c t r a l  o p e ra to r  on X w ith  r e s o lu t io n

o f  th e  i d e n t i t y  E(*)  o f  c l a s s  r .  Then th e r e  e x i s t  o p e r a to r s  R and J  on X 

such  t h a t

( i )  T = R +iJ and RJ = JR ;

( i i )  cj(R) and a ( J )  a r e  s e t s  o f  r e a l  num bers;

( i i i )  R i s  a  s c a la r - ty p e  o p e r a to r  o f  c l a s s  T;

( i v )  J  i s  a  q u a s i s p e c t r a l  o p e ra to r  o f  c l a s s  T;

(v ) th e  B oolean a lg e b ra  o f  p r o je c t io n s  g e n e ra te d  by th e  r e s o lu t io n s  

o f  th e  i d e n t i t y  o f  R and J  i s  bounded.

I f  R^ and J^  s a t i s f y  c o n d i t io n s  ( i )  and ( i i ) ,  th e n  th e y  a r e  q u a s i­

s p e c t r a l  o p e r a to r s  o f  c l a s s  T and th e r e  e x i s t s  a q u a s in i lp o te n t  o p e ra to r  

Q such  t h a t

R^ = R+Q, -  J+ iQ .

I f  R^ and J ^  s a t i s f y  c o n d i t io n s  ( i ) ,  ( i i )  and ( i i i ) ,  th e n  R = R^ and J  = J

PROOF. Let S+N be th e  Jo rd a n  d eco m p o sitio n  o f  T. U sing th e  n o ta t io n

o f  Lemma 4 . 4 . 3 ,  d e f in e

R = S1 , J  = S - iN .

C o n d itio n s  ( i ) - ( v )  th e n  fo llo w  from  Lemma 4 . 4 . 3  and Theorem 4 .1 .6  ( i i ) .

Now suppose  t h a t  R^ and J^  s a t i s f y  c o n d i t io n s  ( i )  and ( i i ) .  Then

R-ĵ T = TR^ and J^T = ^  from  Theorem 1 .3 .1 2  t h a t  R ^ ,R ,J^  and



J  a l l  commute. L e t u  = u , ( r  9R^ 9* J,J^ ) and l e t  M be th e  maximal id e a l  

space  o f  t h i s  a lg e b r a .  O bserve t h a t

0 = (T -T )(m ) = (R-R1 ) ( m ) + i( J - J  )(m ) (mfc/vt).

However (R-R^)(m ) and ( J - J ^ ) (m )  a r e  r e a l  num bers by c o n d i t io n  ( i i )  and 

hence

(R-R1 )(m) = ( J - J 1 )(m ) = 0 (m C ^t).

Thus i f  Q = R^-Rj th e n  Q i s  a  q u a s in i lp o te n t  and = J+ iQ . A nother

a p p l ic a t io n  o f  Theorem 4 .1 .6  shows t h a t  R^ and a re  q u a s i s p e c t r a l
\

o p e ra to r s  o f  c l a s s  T.

F i n a l l y ,  suppose t h a t  in  a d d i t io n  R^ i s  a s c a la r - ty p e  o p e r a to r  o f  

c l a s s  T. Then, s in c e  a(R ^) and a(R ) a r e  s e t s  o f  r e a l  num bers, we deduce 

from Theorem 5 .4 0  o f  D M , p . 154 , t h a t  a f t e r  a p p ro p r ia te  e q u iv a le n t  

ren o rm in g s o f  X, b o th  R^ and R become h e rm itia n  o p e r a to r s .  By Theorem 4 .1 8  

o f  p i ]  , p .  109 , th e r e  i s  an e q u iv a le n t  reno rm ing  o f  X u n d er w hich R and R 

become s im u lta n e o u s ly  h e r m i t ia n .  Assume t h a t  t h i s  reno rm ing  h as  been  

c a r r i e d  o u t .  Then R-R^ i s  h e rm it ia n  and q u a s in i lp o te n t .  By S i n c l a i r ^  

th e o re m , Q = 0 , R = R^ and J  = J ^ .  (See Theorem 4 .1 0  o f  [jZ ] , p . 1 0 5 .)

The p ro o f  i s  c o m p le te .

NOTE. The argum ent g iv e n  in  th e  p ro o f  above shows t h a t  i f  we m ere ly

assume t h a t  R^ and s a t i s f y  c o n d i t io n s  ( i ) ,  ( i i )  and th e  c o n d i t io n

( i i i )  R^ i s  a  s c a la r - ty p e  o p e r a to r ,

th e n  th e  c o n c lu s io n  R = R^ and J  = rem a in s  t r u e .

5. LEhllA. L e t S be a  s c a l a r - t y p e  o p e r a to r  on X w ith  r e s o lu t io n  o f  th e  

i d e n t i t y  E (» ) o f  c l a s s  T. Then th e r e  a re  s c a la r - ty p e  o p e ra to r s  and S^ 

b o th  o f  c l a s s  T s a t i s y i n g



( i )  = S,

( i i )  o (S ^) i s  a s e t  o f  n o n -n e g a tiv e  r e a l  num bers,

( i i i )  a (S 2 ) i s  a s u b s e t  o f  th e  u n i t  c i r c l e ,

( i v )  th e  B oolean a lg e b ra  o f  p r o je c t io n s  g e n e ra te d  by th e  r e s o lu t io n s  

o f  th e  i d e n t i t y  o f  and S2 i s  bounded.

PROOF. I t  fo llo w s  from  th e  o p e r a t io n a l  c a lc u lu s  f o r  a  s c a la r - ty p e

o p e ra to r  t h a t

S = = f |x|E(dX)
M S )

w here

XE(dX) 
a (S )  M S )

sgn X = -r—t  i f  X i  0
| X | '

sgnXE(dX),
a ( S )

and

sgn 0=0.

Thus S = S^S^, v iiere

S. = f | X | E(dX) = 
M S )

yE (d y ) ,
* J-

where E^ ( • ) i s  d e f in e d  b}7

Ex ( t ) = E' ({x : IX I e  t } )

and

S = f sgnXE(dX) =
2 M S )

w here C i s  th e  u n i t  c i r c l e  in  C and

yE (d y ) ,
C

E2 ( t )  = E ({ X : sgn X £  t } ) .

C o n d itio n s  ( i ) - ( i v )  a r e  e a s i l y  v e r i f i e d .

6 . 'THEOREM. L et T be a p r e s p e c t r a l  o p e ra to r  on X w ith  r e s o lu t io n  o f

th e  i d e n t i t y  E (« ) o f  c l a s s  T. Then th e r e  e x i s t  two o p e ra to r s  P and U such



t h a t  •

( i )  T = PU = UP,

( i i )  a (P )  i s  a  s e t  o f  n o n -n e g a tiv e  r e a l  num bers,

( i i i )  g (U) i s  a  s u b se t o f  th e  u n i t  c i r c l e  in  C,

( iv )  U i s  a s c a la r - ty p e  o p e ra to r  o f  c l a s s  r,

(v ) P i s  a p r e s p e c t r a l  o p e r a to r  o f  c l a s s  r ,

( v i )  th e  B oolean a lg e b ra  o f  p r o je c t io n s  g e n e ra te d  by th e  r e s o lu t io n s  

o f  th e  i d e n t i t y  o f  P and U i s  bounded.

PROOF. L et T = S+iT be th e  Jo rd a n  d eco m p o sitio n  o f  T. U sing  th e

n o ta t io n  o f  th e  p re c e d in g  lemma, p u t U = and P = S^+S ^N. O bserve t h a t  

i t  fo llo w s  from  Theorem 1 .3 .1 0  t h a t  S^N = ITS • C o n d itio n s  ( i ) - ( v i )  a re  

e a s i l y  v e r i f i e d  from  Lemma 4 ,4 .5  and Theorem 1 .3 .1 0 .

7 . THEOREM. L et T be a  q u a s i s p e c t r a l  o p e ra to r  on X w ith  r e s o lu t io n

o f  th e  i d e n t i t y  E (* ) o f  c l a s s  T. Suppose t h a t  T i s  i n v e r t i b l e  and pow er- 

bounded in  th e  sen se  t h a t

I l Tn| I 1  K < 00 ( n £ Z ) .

Then T i s  a  s c a la r - ty p e  o p e r a to r  o f  c l a s s  T.

PROOF. L et T = S+IT be th e  Jo rd an  d eco m p o sitio n  o f  T. By Theorem 4 .1 .8 ,

T* i s  a  p r e s p e c t r a l  o p e r a to r  on X* o f  c l a s s  X and i t s  Jo rd a n  d eco m p o sitio n

i s  T* = S*+1T*. M oreover, T:’; i s  i n v e r t i b l e  and pow er-bounded• I t  fo l lo w s

from  Theorem 10 .17  o f  m .  p p .212-213 t h a t  T* i s  a s c a la r - ty p e  o p e r a to r ;  

t h a t  i s  N* = 0 .  Hence N = 0 and th e  p ro o f  i s  co m p le te .

8 . THEOREM. L et S^ and S^ be commuting s c a la r - ty p e  o p e r a to r s .  I f

S^+S^ i s  a q u a s i s p e c t r a l  o p e r a to r ,  th e n  i t  i s  o f  s c a l a r - ty p e .

PROOF. L e t E ^(* ) and E £(* ) be r e s o lu t io n s  o f  th e  i d e n t i t y  o f  S^ and S^

r e s p e c t i v e l y .  D efin e



I t  fo llo w s  from  Theorem 1 .3 .1 2  t h a t  R ^ ,J^ ,R 2 , J 2 a *̂̂ - commute. From 

Theorem 5 .4 0  o f  D z J .  p . 1 5 4 , we deduce t h a t ,  a f t e r  a p p r o p r ia te  e q u iv a le n t  

ren o rm in g s o f  X, b o th  ^2*^2 ^ ecoITie he r ro it ia n  o p e r a to r s .

L e t E ( 0  be a  r e s o l u t i o n  o f  th e  i d e n t i t y  o f  th e  q u a s i s p e c t r a l  

o p e ra to r  D efine

= f XE(dX) , Q = S.+S -S ,

R = ReXE(dX) , J  = f ImXE(dX).
j o (S 1 +S2 ) } o  ( S ^ )

A gain by Theorem 5 .4 0  o f  D 2 ] ,  p . 1 5 4 , i t  fo llo w s  t h a t  th e r e  i s  an e q u iv a le n t  

reno rm ing  o f  X u n d e r w hich R and J  become h e rm itia n  o p e r a to r s .  By Theorem 

4 .1 .9 ,  th e  seven  o p e r a to r s  R ,J ,R  , J  ,R , J  ,Q a l l  commute. By Theorem 4 .1 8  

o f  D 2] , p . 1 0 9 , th e r e  i s  an  e q u iv a le n t  renorm ing  o f  X u n d e r  w hich 

R ,J ,R ^ ,J ^ ,R 2 , J 2 become s im u lta n e o u s ly  h e rm i t ia n .  Assume t h a t  t h i s  reno rm ing  

has been  c a r r i e d  o u t .  D efin e

G, = (u r . j . r^ j ^ r^ j ^ q ) ,

and l e t |v [ /b e  th e  maxim al i d e a l  space  o f  (L o We have

R1 (m)+R2 (m )+ iJ^ (m )+ iJ2 (m) = R (n )+ iJ(m )+ 0  (mel%).

T h e re fo re

(R-L+R2~ R )(m )+ i(J^ + J2“J)(m ) = 0 (m efvi).



I t  fo llo w s

and so Q = 

theorem  i s

t h a t

Rj+I^-R = 0 , Jx+J2-J = 0,

0 . T h e re fo re  S^+S2 i s  o f  s c a la r - ty p e  and th e  p ro o f  o f  th e  

co m p le te .



CHAPTER FIVE

Roots and lo g a r ith m s  o f  q u a s is p e c tra l o p e ra to rs

The pu rp o se  o f  t h i s  c h a p te r  i s  tw o fo ld . In  th e  f i r s t  s e c t io n  we 

o b ta in  an a lo g u es  o f  r e s u l t s  in  C h ap te r 10 o f  D2] on lo g a r i th m s  and r o o ts  

o f  p r e s p e c t r a l  o p e r a to r s .  In  th e  o th e r  s e c t io n  we so lv e  a f f i r m a t iv e ly  

th e  fo llo w in g  prob lem . L et A be a p r e s p e c t r a l  o p e ra to r  o f  c l a s s  r.  Does 

th e r e  e x i s t  a  p r e s p e c t r a l  o p e r a to r  T o f  c l a s s  T such  t h a t  f (T )  = A?

1 . R oots and lo g a r i th m s  o f  q u a s i s p e c t r a l  o p e ra to r s

1 . DEFINITIONS. I f  T i s  an o p e r a to r  on X, an o p e ra to r  A on X such

t h a t  exp A = T i s  c a l le d  a lo g a ri th m  o f  T. A lso , i f  m i s  a p o s i t i v e  

in t e g e r  and B i s  an o p e ra to r  on X w hich s a t i s f i e s  Bm = T, th e n  B i s  c a l le d  

an m*"*1 r o o t  o f  T.

2 . LEMMA. L et T 6  L(X ). Suppose t h a t

X = Xx © . . .  @ Xn ,

where each  X^ i s  a  c lo se d  subspace  o f  X in v a r i a n t  u n d er T and T|X^ i s  q u a s i ­

s p e c t r a l  o f  c l a s s  r r  ( r  -  • • • »  n ) 9 where each  i s  a su bspace  o f

X g(r = 1 , . . . ,  n ) .  Th^n T i s  q u a s i s p e c t r a l  o f  c l a s s  r ,  where

r = q  © . . .  © rn .

PROOF. /"Let E ( • )  be th e  r e s o lu t io n  o f  th e  i d e n t i t y  o f  c l a s s  T f o r

/ 7 n r  rT lx . I f  x = X x w ith  x £ X , we d e f in e  f o r  ev e ry  t in  I  —'- r -  '  r  r  r*  pr = l  y



n
E ( t ) x  = X E ( t ) x  .r  rr = l

C le a r ly  E(«)  i s  a  s p e c t r a l  m easure o f  c l a s s  (X^,r) .  L et 6 be a c lo se d  

su b se t o f  C. By h y p o th e s is

TE ( 5 )x = E (6)TE ( 6 ) x  ( r  = 1 ,  . . . ,  n ) ,r r r r r  » » »

and so we o b ta in

n n
X TE ( o ) x  = X E (6)TE ( 6 ) x  ,

.  r  r  . r  r  r ’ 
r = l  r = l

from w hich we deduce t h a t  f o r  each  c lo se d  s u b se t 6 o f  C and a l l  x in  X 

we have

TE(S)x = E(5)TE(S)x

and so TE(S)X C E(S)X.  Now l e t  A £ C \ o .  B}r h y p o th e s is  we  have

a(T | E  (6)Xyi) c  6 ( r  = 1 ,  n )

and s o  i t  f o l lo v 7 s  t h a t

A £  p(T |E (6)X ) ( r  = 1 ,  n ) .i r  r  5 9

Hence AI-T maps each  o f  th e  su b sp aces  E_^(6)Xr) in  a o n e - to -o n e  manner 0 n to

a l l  o f  i t s e l f .  T h e re fo re  AI-T maps E(6)X in  a  o n e - to -o n e  manner o n to  a l l

o f  i t s e l f .  T h is  shows t h a t  A £ p (T|E(6)X)  and hence t h a t

o ( T | E ( 6 ) X ) C  6 ( 6  c l o s e d ) ,

w hich co m p le te s  th e  p ro o f  t h a t  T i s  a q u a s i s p e c t r a l  o p e ra to r  o f  c l a s s  T.

3. LEM!'A. Let S be a scalar-type operator on X with resolution of
2the identity E(#) of class T. Let P6L(X), Suppose that P = P and

P E ( t )  = E ( t ) P  ( t £ X  ) .
P



Then s J P X  i s  a s c a la r - ty p e  o p e ra to r  o f  c la s s  r .

PROOF. D efine  G(t ) = E( t ) I p X ( t £ E  ) .  O bserve t h a t  T i s  a t o t a l  s e t
  P
f o r  th e  Banach. space  PX. Hence G(• )  i s  a s p e c t r a l  m easure o f  c l a s s  ( E ^ , r )  

w ith  v a lu e s  in  L(PX).  I t  fo llo w s  from  Lemma 2 .1 .1  t h a t

a(S  I G(t )PX) C c ( s | e ( t ) X ) £  t (t £  X )
P

C le a r ly

AG(dA)S | PX =
J tC

and so s |PX i s  a  s c a la r - ty p e  o p e r a to r  o f  c l a s s  T .

4 . THEOREM. L et S be a s c a la r - ty p e  s p e c t r a l  o p e ra to r  on X w ith------------  o

f i n i t e  sp ec tru m . Assume t h a t  S i  0 .o 1

( i )  L et T be a q u a s i s p e c t r a l  o p e ra to r  on X w ith  r e s o lu t io n  o f  th e

i d e n t i t y  G(») o f  c l a s s  T. Suppose t h a t  TS = S T ando o

G(t )S = S G(t ) ( t £ E  ) .o o p

Then T+Sq i s  q u a s i s p e c t r a l  o f  c l a s s  r .

( i i )  L et S be a s c a la r - ty p e  o p e ra to r  on X w ith  r e s o lu t io n  o f  th e  id en tit}?1

G(*) o f  c l a s s  T. Suppose t h a t

G(t )S = S G(t ) ( t £ E  ) .o o p

Then S+S^ i s  a s c a la r - ty p e  o p e r a to r  o f  c l a s s  T.

PROOF. L et E(»)  be th e  r e s o lu t io n  o f  th e  i d e n t i t v  o f  S and l e t---------  o

{A^ : r  = 1 , . • . ,  n} be th e  n o n -ze ro  p o in t s  o f  a ( SQ).  Then

n
S = Z A E(A ) ,  o . r  r  9 r = l



where n
I  = E(0)  + I  E(X )• 

r = l  r

and

X = E(0)X © E(X1 )X ©  . . .  © E( X n )X. (1 )

L et Y be one o f  th e  (n + l)  su b sp a ces  on th e  r ig h t -h a n d  s id e  o f  (1 )  and l e t  

P be th e  p r o je c t io n  o f  X on to  Y. Then, by th e  co m m u ta tiv ity  theorem  fo r  

s p e c t r a l  o p e r a to r s .

PG(t ) = G(t )P ( x e z  ) .
p

Let T = S+N be th e  Jo rd a n  d eco m p o sitio n  o f  T. By th e  p re v io u s  lemma, S|Y

i s  a s c a la r - ty p e  o p e r a to r  o f  c l a s s  T. T h e re fo re ,  by P ro p o s i t io n  1 .3 .7 ,

th e  o p e r a to r  (S+Sq ) | y , w hich i s  S|Y p lu s  a  s c a l a r  m u l t ip le  o f  th e  i d e n t i t y

on Y, i s  a l s o  a s c a la r - ty p e  o p e ra to r  o f  c l a s s  r .  M oreover, s in c e

NSq = S 1'J, we have HP = PN and n Jy  i s  a  q u a s in i lp o te n t  o p e ra to r  t h a t  commutes

w ith  (S+S ) | Y.  I t  now fo llo w s  from  Theorem 4 .1 .6  t h a t  (S+S +N) | y i s  ao '  o '

q u a s i s p e c t r a l  o p e r a to r  o f  c l a s s  T. An a p p l ic a t io n  o f  Lemma 5 .1 .2  s u f f i c e s  

to  com plete  th e  p ro o f  o f  th e  th eo rem .

A s im i l a r  argum ent e s t a b l i s h e s  th e  fo llo w in g  r e s u l t .

5 . THEOREM. L et Sq be  a  s c a la r - ty p e  s p e c t r a l  o p e ra to r  on X w ith  f i n i t e

sp ec tru m . Assume t h a t  Sq ^ 0 .

( i )  L e t T be a q u a s i s p e c t r a l  o p e ra to r  on X w ith  r e s o lu t io n  o f  th e  

i d e n t i t y  G(«)  o f  c l a s s  T. Suppose t h a t  TS^ = SoT and

g ( t ) s  = s g ( t ) ( t ez ) .o o p

Then SqT i s  q u a s i s p e c t r a l  o f  c l a s s  T.

( i i )  L et S be a  s c a la r - ty p e  o p e r a to r  on X w ith  r e s o lu t io n  o f  th e  i d e n t i t y

G(*) o f  c l a s s  T. Suppose t h a t



G(t )S = S G(-t ) ( t 6 E  ) .
o  o  p

Then Sq S i s  a  s c a la r - ty p e  o p e r a to r  o f  c l a s s  r .

6 . THEOREM, L et A, in  L(X) ,  be a q u a s i s p e c t r a l  o p e r a to r  o f  c l a s s  T.

Suppose t h a t  th e  p o in t  0 l i e s  in  th e  unbounded component o f  p(A) .  Then 

th e r e  i s  T , in  L(X) ,  w ith  th e  fo llo w in g  p r o p e r t i e s .

( i )  T i s  q u a s i s p e c t r a l  o f  c l a s s  T and exp T = A.

( i i )  I f  B,  i n  L(X) ,  commutes w ith  A, th e n  B commutes w ith  T.

PROOF. For each  X in  cr(A), th e r e  i s  an open d is c  ft(X) w ith  X 6  ft(X)

b u t O ^f t (X) .  A f i n i t e  fa m ily  f t (X^),  . . . ,  o f  th e s e  d i s c s  c o v e r  a ( A) .
n

L et ft be th e  open s e t  form ed by ta k in g  th e  u n io n  o f  U ft(X  ) and th e  bounded
r = l  r

com ponents o f  p(A) .  Then ft i s  s im p ly  co n n ec ted  and so by Theorem 1 3 .1 8 (g )  

o f  [2 1 ] , p p .262-263 th e r e  i s  f  a n a l y t i c  in  ft such t h a t

exp f (X)  = X (X<E>ft).

S ince  a(A)C- ft, f  &C( a (A) ) .  Let  E(«)  be th e  r e s o lu t io n  o f  th e  i d e n t i t y  

o f  c l a s s  T f o r  /&• D efin e

S = [ XE(dX),
^a(A)

N = A-S,

f (X)E(dX ) .
- . - I . a (  A)

Note t h a t  exp(S  ) = S. D efineo

Q = N e x p (-S  ) .
o

S ince  A = S+N i s  th e  Jo rd a n  d eco m p o sitio n  o f  A we have NS = SIT. I t  th e n  

fo llo v js  from  Theorem 1 .3 .1 2  t h a t  NSq = S N, Hence Q i s  q u a s in i lp o te n t .



Let C d e n o te  th e  c i r c l e ,  c e n t r e  th e  o r i g i n ,  r a d iu s  J,  d e s c r ib e d  once 

c o u n te rc lo c k w is e . The o p e r a to r

Ho = - f i  j .(X I-Q )-1 log(l+X )dX

i s  w e l l -d e f in e d .  A lso crCN^) = { 0 } , and so  N i s  q u a s in i lp o te n t .  F u r th e r

exp N = I+Q.

S ince N S = S N and NS = S N, we o b ta in  o o o o o o

exp(S  +N ) = exp S exp N = (exp S )(I+Q) o o  o o o

= (exp S ) + (exp S )N ex p (-S  ) o o o

= S+IT = A.

D efine T -  S +11^• O bserve t h a t  T i s  th e  sun o f  a s c a la r - ty p e  o p e r a to r  o f  

c l a s s  T and a commuting q u a s in i lp o te n t .  Hence by Theorem 4 .1 .6  ( i i )  T i s  

q u a s i s p e c t r a l  o f  c l a s s  T.

Suppose now t h a t  BA = AB. I t  fo llo w s  from Theorem 4 .1 .9  t h a t  BS = SB, 

BN = NB, and BSq = SqB. Hence BQ = QB,

B ( W - Q ) _1  = (X I - Q ) _ 1 B ( X e p ( Q ) ) ,

and so BNq = T h e re fo re  BT = TB and th e  p ro o f  i s  co m p le te .

NOTE. C le a r ly  th e  h y p o th e s is  o f  th e  l a s t  theorem  co u ld  be w eakened.

Only th e  e x i s te n c e  o f  a  c o n tin u o u s  lo g a r i th m  on o(A) i s  r e q u i r e d .

7 . THEOREM. L et m > 2 be a  p o s i t i v e  in t e g e r .  Let A, in  L(X) ,  be a

q u a s i s p e c t r a l  o p e r a to r  o f  c l a s s  T. Suppose t h a t  th e  p o in t  0 l i e s  in  th e  

unbounded com ponent o f  p(A) .  Then th e r e  i s  T , in  L(X) ,  w ith  th e  fo llo w in g  

p r o p e r t i e s .

( i )  T i s  q u a s i s p e c t r a l  o f  c l a s s  T and TD = A.



( i i )  I f  B, i n  L(X) ,  commutes w ith  A, th e n  B commutes w ith  T.

PROOF. By Theorem 5 .1 .6 ,  th e r e  i s  T , in  L(X) ,  w ith  th e  fo llo w in g

p r o p e r t i e s .

( a )  Tq i s  q u a s i s p e c t r a l  o f  c l a s s  T and exp Tq = A.

(b )  I f  B, in  L(X) ,  commutes w ith  A, th e n  B commutes w ith  T •
9 o

D efine  T = exp(m ) .  Then T h as  th e  r e q u ir e d  p r o p e r t i e s .

NOTE. C le a r ly  th e  h y p o th e s is  o f  th e  l a s t  theorem  c o u ld  be w eakened.

Only th e  e x is te n c e  o f  a c o n tin u o u s  m*^ r o o t  on a(A)  i s  r e q u i r e d .

2 . R oots o f  p r e s p e c t r a l  o p e ra to r s

We n o te  f i r s t  t h a t  two o f  th e  theo rem s in  Q2 ]  , p p .196-199 have 

e s s e n t i a l  h y p o th e se s  o m itte d . The c o r r e c t  s ta te m e n ts  o f  th e s e  r e s u l t s  a re  

a s  f o l lo w s .

1 . THEOREM. L et Sq be a  s c a la r - ty p e  s p e c t r a l  o p e r a to r  on X w ith  f i n i t e

sp ec tru m . Assume t h a t  Sq ^ 0 .

( i )  L et T be a  p r e s p e c t r a l  o p e r a to r  on X w ith  r e s o lu t io n  o f  th e  i d e n t i t y

G(# ) o f  c l a s s  r .  Suppose t h a t  TS = S T ando o

G(t )S = S G(t ) (t 6 E  ) .o o p

Then T+Sq i s  p r e s p e c t r a l  o f  c l a s s  r*

( i i )  L et S be a s c a la r - ty p e  o p e r a to r  on X w ith  r e s o lu t io n  o f  th e  

i d e n t i t y  G(*)  o f  c l a s s  r .  Suppose t h a t

G(t )S = S G(t ) (x<SZ ) .o o p

Then S+Sq i s  a  s c a la r - ty p e  o p e r a to r  o f  c l a s s  r •



2 . THEOREM. ‘ L et Sq be a  s c a la r - ty p e  s p e c t r a l  o p e r a to r  on X w ith  

f i n i t e  sp ec tru m . Assume t h a t  Sq 4-0*

( i )  L e t T be a  p r e s p e c t r a l  o p e r a to r  on X w ith  r e s o lu t io n  o f  th e  i d e n t i t y

G(*) o f  c l a s s  r .  Suppose t h a t  S T = TS ando o

G(t )S = S G(t ) ( t £ E  ) .o o p

Then SqT i s  p r e s p e c t r a l  o f  c l a s s  T.

( i i )  L et S be a  s c a la r - ty p e  o p e r a to r  on X w ith  r e s o lu t io n  o f  th e  i d e n t i t y  

G(*) o f  c l a s s  T. Suppose t h a t

G(t )S = S G ( t ) ( x e E  ) .o o p

Then SqS i s  a s c a la r - ty p e  o p e ra to r  o f  c l a s s  r.

3. THEOREM. L et A be a p r e s p e c t r a l  o p e r a to r  on X w ith  r e s o l u t i o n  o f

th e  i d e n t i t y  E(»)  o f  c l a s s  T. L et f  be a f u n c t io n  a n a l y t i c  on a r e g io n  ft,

such t h a t  a(A) f ( f t )  and f^ (A)  ^ 0 f o r  a l l  A in  ft. Then th e r e  i s  an

o p e r a to r  T on X such  t h a t  T i s  p r e s p e c t r a l  o f  c l a s s  R and f ( T )  = A.
*

PROOF. L et A £ a ( A ) .  Then th e r e  e x i s t s  a  p o in t   ̂ in  ft such  t h a t

f ( c )  = A. By Theorem 1 0 .34  o f  [ 2 |]  , p . 217 , th e r e  e x i s t  open ne igh b o u rh o o d s 

V and VL such  t h a t  f  i s  o n e - to -o n e  m apping o f  V o n to  W . The s e t  VL i s
£ A £ A A

open and A £ VL . Hence we can f in d  an cpen d is c  D which i s  p ro p e r ly  con - 
A A

ta in e d  in  VĴ  and has  A a s  i t s  c e n t r e .  L et 6(A) be th e  open d i s c  w ith  c e n t r e

A and r a d iu s  h a l f  t h a t  o f  D . As A ru n s  th ro u g h  a ( A ) ,  th e  c o rre sp o n d in g
A

d is c s

{6(A) : A £ a(A)}

c o v e r a ( A ) .  S in ce  a(A)  i s  com pact, th e r e  i s  a f i n i t e  su b c o v e r in g ; t h a t  i s

n
a ( A ) c .  ( J  6 (A ) .

- i  rr = l



For b r e v i t y ,  l e t  6^ d e n o te  <$(A^) and l e t  17 d en o te  th e  open ne ighbourhood

c o rre sp o n d in g  to  A • L et g be th e  in v e rs e  o f  f  on W • D efine  r  ■ r  r  r

t 1 = 61 A  o (A ) ,  

t 2 = ( 52X61^ ^

n -1
Tn = f 0  51J )  A  a(A) .

r = l

O bserve t h a t  {t^  : r  = 1 ,  . . . ,  n} i s  a fa m ily  o f  p a irw is e  d i s j o i n t  s e t s

such t h a t  t £  E , r  p 9

Tr  ^  ur  ( r  = 1 , . . . ,  n ) .

n
c ( A ) C  ( J t . 

r = l

D efine

T =  © S r (A|E(Tr )X).
r = l

We know t h a t

a ( A | E( x r )X) £  xr  ( r  = 1 ,  . . . ,  n ) .

A lso by Theorem 1 4 .2  o f  2 ] ,  p p .265-266 , A|E( t^)X i s  a p r e s p e c t r a l  

o n e ra to r  w ith  r e s o lu t io n  o f  th e  i d e n t i t v  E ( » ) | E ( t )X o f  c l a s s  r .i r

How, by Theorem 10 .3 4  o f  [ c f l .  p . 217, g_̂  i s  a n a ly t i c  on W^, and so 

i t  fo llo w s  from  Theorem 5 .1 6  o f  [12] , p p .130-131 t h a t  g^(AjE(xr )X) i s  a ls o  

p r e s p e c t r a l  o f  c l a s s  T ,  I t  fo llo w s  from Theorem 5 .16  t h a t  th e  r e s o lu t io n  

o f  th e  i d e n t i t y  o f  c l a s s  Y f o r  g ( A | E( t  )X) i s  F ( • ) ,  where

f  ( 6 )  = e (<-"1 ( 6 ) ) | e ( t
1? a? X1

= E (c " 1 ( 5 ) ^  t  )|E(t.)X ( s e t  ; r  = 1 ,  n ) .
x r  P
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D efine n
F(6)  = Z F (6)  ( 6 6  Z ) .r  pr = l  r

We w ish t o  p rove  t h a t  T i s  a p r e s p e c t r a l  o p e ra to r  w ith  r e s o lu t io n  o f  th e

i d e n t i t y  F(*)  o f  c l a s s  T and t h a t  f ( T )  = A.

L et 6.. , 6 0 £ £ . O bserve t h a t
1 2  D

F(6 n  S 2 ) = I  52 )
r = l

n - i
Z E (g r J-(«i n  S2 ) A T r )

Z E( g; 1 (6 i ) A T r n  Ĵ 1 (« 2 ) n t r )

I  E C ^ S  ) A T ) A T  )
r = l

I t  fo llo w s  t h a t

FC« A 6 2 ) = Z Fr (6 l )Fr (lS2 ) = Z ) ,
r = l

u s in g  th e  f a c t  t h a t  x-^9 • • • 9 Tn a re  p a irw is e  d i s j o i n t .  A lso

F(C) = Z F (C) 
r = l

n - 1  
= z E C g ^ c o n x )

r = l

n
= Z E ( t ) 

r = l  r

= E ( c ( A ) ) = I .

Now l e t  5 6 1  . O bserve t h a t  
P



F( C\ 8 )  = E F ( 0 6 )  
r = l

n - 1E E ( e ‘l (C\6)  f \  t  ) 
r = l

i [E (g '1 (c )  a  t  ) -  E (g“1 (« )  n  t  )]  
,=i  r  -  t

- i ,i  E(Tr ) [ i - E ( g; x ( s ) n  t  >] 
r = l

n -1  
i  -  e (gYix ( 6 ) n  t >

r = l

= I  -  F(6 ),

Let 6 , £  E . Thenp

«2 ) = F(C\(C>«1 ) A  (CvS2 ))

= I -  F C C C ^ )  A (Cx62 ))

= I -  FCC^^FCC'Sj)

= I  -  ( I - F ( « 1 ) ) ( I - F ( « 2 ))

= F(61 )+F(62 ) -F (6 1 )F(62 ) .

A lso i f  I | E ( t ) |  | <14 < th e n  c l e a r l y  | | f ( t ) | |  <_ nM < «  (t ^ E ^ ) *

We deduce t h a t  i f  i s  a p a irw is e  d i s j o i n t  sequence o f  s e t s  in  E ,

th e n
k k

F( (J « ) = E F(6 ) .- m , mm=l m=l

Hence i f  x 6 X  and y £ T ,  th e n  we o b ta in



, _T r  m m=l r = l

z "  <ECa^a <« > r\ rT)x,y>
[=1 r = l

E U 6m) n  Tp )x,y^> .

L et k » • U sing  th e  p r o p e r t i e s  o f  th e  in v e r s e  image and th e  c o u n ta b le  

a d d i t i v i t y  o f  ^E (* )x ,y > > o n  E^ f o r  x  in  X and y  in  T , we deduce t h a t

( a )  lim  <^F( U  6 )x,y^> e x i s t s  ( x £ X ,  y £ D  
k oo m=l m

1c oo

(b )  l i m  ( f ( U f i  )x,y>> = ( f ( U s  )x,y>> ( x £ X ,  y £ T ) .
k “  m=l m m=l m

T his  co m p le te s  th e  p ro o f  t h a t  F(»)  i s  a  s p e c t r a l  m easure o f  c l a s s  ( E ^ , r ) .  

S in ce  g^ i s  a n a l y t i c  on a  neighbourhood  o f

^ ( A lE t ^ J X )  = 2 § r  ( gc.(^ )C ^ I-A ) |E (T r ) x r 1dA,
'  B

where B i s  a  s u i t a b l e  f i n i t e  fa m ily  o f  c o n to u rs  in  p(A|E(xr )X).  S in ce  A 

i s  p r e s p e c t r a l ,  i t  fo llo w s  t h a t

AE(t ) = E( t )A (t £  E )
P

and so a | e ( t^)X commutes w ith  E ( * ) | e ( t^)X.  We deduce r e a d i l y  from  t h i s  

t h a t  F ( • )  commutes w ith  gr (A|E(T^)X) and c o n se q u e n tly

TF(t ) = F ( t )T ( t £ E  ) .
P

Also
n

- 1 " "  ~ (6 6 E ) .F(6)X = © E (g r J'( 6 )  A O X  ( 6 £ E  :
r = l  p



Each o f  th e  su b sp a c e s  on th e  r ig h t - h a n d  s id e  re d u c e s  T and s o ,  by 

P ro p o s i t io n  1*37 o f  [ l Z ] ,  p . 25-26

n ,
o ( t | f ( 6 ) X )  = U cr(T |E (gr>J'( 6 )  A  t  )X 

r = l

n -1
= U a ( ( g r,(A |E(Tr )X )|E (g r J- ( i )  r \  Tr )X) 

r = l

5  ^  ( 6 £ E p )

by Theorem 4 .1 .1 2 .  I t  fo l lo w s  t h a t  F(«)  i s  a  r e s o lu t io n  o f  th e  i d e n t i t y  

f o r  T. F in a l ly

f ( T ) = f (  (A|E(t )X))  
r = l  r

n
= ©  ( f o g r ) (A|E(Tr )X)

r = l

n
= © A | E( t )X

r = l

= A,

and so th e  p ro o f  i s  c o m p le te .

4 . COROLLARY. L et A, in  L(X) ,  be a  s c a la r - ty p e  o p e r a to r  o f  c l a s s  T.

Let ft be a  r e g io n  and l e t  f  be a  fu n c t io n  a n a ly t i c  on ft such  t h a t  o(A) C- ft

and f*(X)  ^ 0 f o r  a l l  X in  ft. Then th e r e  i s  a  s c a la r - ty p e  o p e r a to r  S o f

c la s s  T such  t h a t  S f& tyZ fyP li (f(S) & J I f  (S) = A .

PROOF. By Lemma 5 .1 .3 ,  AjE(T^)A i s  a s c a la r - ty p e  o p e r a to r  o f  c l a s s  T

f o r  each r  = 1 ,  . . . ,  n ,  in  th e  n o ta t io n  o f  th e  p ro o f  o f  th e  l a s t  th eo rem . 

I t  fo llo w s  from  P r o p o s i t io n  1 .3 .7  t h a t  g^(A|E(T^)X)  i s  a l s o  a  s c a la r - ty p e  

o p e ra to r  o f  c l a s s  V and hence t h a t  T i s  a  s c a la r - ty p e  o p e ra to r  o f  c l a s s  T , 

T his com p le tes  th e  p ro o f .



F i n a l l y ,  t o  round  o f f  th e  c o n s id e r a t io n s  in  t h i s  s e c t io n  we s t a t e  

th e  s p e c ia l  c a s e  o f  Theorem 5 .3 .3  f o r  s p e c t r a l  o p e ra to r s  to g e th e r  w ith  a  

r e s u l t  o f  A p o sto l [ 2

5 . THEOREM. L et A, in  L(X) ,  be a  s p e c t r a l  o p e r a to r .  L et ft be  a

r e g io n  and l e t  f  be a  f u n c t io n  a n a l y t i c  on ft such  t h a t  a ( A ) C  f ( f t )  and

f*(X)  ^ 0 f o r  a l l  X in  ft. Then th e r e  i s  a  s p e c t r a l  o p e ra to r  T on X su ch
' o) ^ A- J l

t h a t  f (T  ) = A. M oreover, i f  T £ L ( X )  and f ( T )  = A, th e n  T i s  a  s p e c t r a l  A o

o p e r a to r .



CHAPTER SIX

A com m utativity theorem fo r  c er ta in  f t  - s c a la r  operators

The purpose o f  th e f in a l  chapter o f  t h i s  t h e s is  i s  to  prove a 

com m utativity theorem fo r  Q, - s c a la r  op erators, where Qi = C(K) and K i s  

a compact.subset o f  th e  complex p lan e.

1 . The c o m m u ta tiv ity  theorem  

L et K be a  com pact s u b s e t  o f  C. L et S be an f t  - s c a l a r  o p e r a to r  on
A/

X, in  th e  se n se  o f  F o ia s  and C o lo jo a ra ,  where a  = c ( k ) .  I t  fo llo w s  t h a t  

th e r e  i s  a c o n tin u o u s  a lg e b ra  homomorphism i|/ from  C(K) in to  L(X) such  t h a t

iK fo ) = I  , *(£,_) = S,

where

f Q(X) = 1 (X£K) , f  (X) = X (X 6 K).

Hence th e r e  i s  a  r e a l  c o n s ta n t  M such  t h a t

| | ipCf)|  I < M | | f | |  ( f 6 C ( K ) ) ,

where | | f | |  d e n o te s  th e  supremum norm on f .  We n o te  th e  fo llo w in g  p r o p e r t i e s

o f  such an o p e r a to r  S .

( i )  S h as  th e  s in g le - v a lu e d  e x te n s io n  p r o p e r ty .

( i i )  L et 6 be a  c lo se d  s u b s e t  o f  C. Then

X. = { x £ X  : a ( x )  C 6}
6

i s  a  .c lo sed  su b sp ace  o f  X and i s  a  maximal s p e c t r a l  su bspace  f o r  S.

( i i i )  S i s  a  decom posable o p e r a to r .



‘F or t h e  d e f i n i t i o n  o f  a  decom posable o p e r a to r  th e  r e a d e r  i s  r e f e r r e d  

t o  D e f in i t io n  3 .1 .5 .  F o r th e  d e f i n i t i o n  and p r o p e r t i e s  o f  f t - s p e c t r a l  

o p e r a to r s  and f t  - s c a l a r  o p e r a t o r s ,  t h e  r e a d e r  i s  r e f e r r e d  t o  p p .59 -67 .

1 . THEOREM. L e t K be a  com pact s u b s e t  o f  C and l e t  f t  = C(K).  L et

S be an f t - s c a l a r  o p e r a to r  on X. L e t A, in  L(X) ,  have th e  p ro p e r ty  t h a t

AX. C  X. o — o

f o r  e v e ry  c lo s e d  s u b s e t  6 o f  C. Then AS = SA.

PROOF. By Theorem 1 .3 .1 5 ,  S* i s  a  s c a la r - ty p e  o p e r a to r  on X* o f  c l a s s

X. I t  th e n  fo llo w s  from  Theorem 5.22  o f  [/2 j, p . 137 t h a t  S** i s  a  s c a l a r -  

ty p e  o p e r a to r  on X** o f  c l a s s  X*.

D e fin e  an o p e r a to r  C(S,S)  on L(X) by

C(S,S)T = TS-ST ( T 6 L ( X ) ) .

As s t a t e d  p r e v io u s ly ,  S i s  a  decom posable o p e r a to r .  I t  fo llo w s  from  th e  

h y p o th e s is  o f  t h i s  theo rem  and Theorem 2 . 3 . 3  o f  DO. p . 48 t h a t

n oo

C le a r ly

l i m | | c ( S , S ) n A | |  / n  = 0 .
n oo

lim  | | c ( S * f t , S * * ) nA * * | | 1 /n  = 0 ,
n -> w

where C(S:’:* ,S * * ) i s  d e f in e d  a s  an  an a lo g o u s  way a s  an  o p e ra to r  on L(X*S»). 

A gain , from  Theorem 2 . 3 . 3  o f  [ 5 ] ,  p .4 8 ,  we conc lu d e  t h a t

A**G( 5 ) X** O  G (o)X**,

f o r  each  c lo s e d  s e t  6 ,  where G(») i s  th e  (u n iq u e )  r e s o lu t io n  o f  th e  i d e n t i t y

o f  c l a s s  X:‘; f o r  th e  s c a la r - ty p e  o p e r a to r  S*::. He now a p p ly  Theorem 3 .1 .1

to  th e  o p e r a to r s  S* and A* t o  co n c lu d e  t h a t  A*S* = S:’:A*. Hence AS = SA, 

co m p le tin g  th e  p ro o f .

REMARK. I t  i s  an i n t e r e s t i n g  b u t u n so lv ed  problem  a s  y e t  t o  c h a r a c te r i z e

those a lg e b ra s  (I f o r  w hich th e  c o n c lu s io n  o f  Theorem 6 .1 .1  h o ld s .



2 . COROLLARY. - L et K be a compact s u b s e t  o f  C and l e t  f t  = C(K).  ■

L et and X be two n o n -z e ro  com plex Banach s p a c e s . L et and be 

f t  - s c a l a r  o p e r a to r s  on X  ̂ and X  ̂ r e s p e c t iv e l y .  L et A be a bounded l i n e a r  

m apping from  X^ in to  X^ such  t h a t

AX (6 )  C  X_ ( 6 ) ,

f o r  e v e ry  c lo se d  s u b s e t  6 o f  C, where

Xq (6 )  = {x £. X : g ( x )  C  6 } ,
bl  1

X (6 ) =' { x £ X 0 : a ( x )  c  8}.  
2

Then AS1 = S^A.

PROOF. T here a re  co n tin u o u s  a lg e b ra  homomorphisns and $  such

t h a t

V i ( f 0 ) = 1 s -  S!> ^ 2 ( f o ) = 1 9 1̂ 2 ( f l ) == S,

in  th e  n o ta t io n  o f  th e  th eo rem . Let X = X  ̂ © X  ̂ and

S =
0 s.

« ( f )  =

^ ( f )

« 2 ( f )
( f  £ C ( 1 0 ) .

Then h i s  a c o n tin u o u s  a lg e b ra  homomorphism from C(K) in to  L(X) w ith  

p ( f  ) -  I  and p (f., ) = S. By P ro p o s i t io n  1 .1 .3  o f  ^5~] 9 p«3

° s ( ( "‘i ’:;2 ) )  = ° s n (“i ) u  0 s 2 (x2 ) x ) .

i f  o i s  a c lo s e d  s u b se t o f  C, th e n  by P ro p o s i t io n  1 .4  o f  |_5"]9 P*^ 9 he have



u h e re  th e  t e r n  on th e  r iy h t -h a n d  s id e  i s  th e  maximal s p e c t r a l  su bspace  

c o rrc sn o n d in y  to  o . IIou A can  be r e p re s e n te d  on X by

0 0

A 0

Hence by th e  h y p o th e s is  o f  th e  theorem

A X s ( o )  C  X s ( o )

f o r  a l l  c lo se d  s u b s e ts  6 o f  C. By 

i s  e q u iv a le n t  to

0 0
\  °"

A 0 2

th e  p re v io u s  theorem  AS = S/l. T h is

\  °
0 0

o So A 02

;:hich i m l i o s  t h a t

“ o o' " 0 o'

ASX 0 _s2a 0

and hence t h a t  AS^ = S0A,
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