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C ha p te r  1 

I NTRODUCTION

1 ,1 .  The p rob le m  o f  d i s c r i m i n a t i o n

The p ro b le m  o f  d i s c r i m i n a t i o n ,  a ls o  known as th e  p ro b le m  o f  

c l a s s i f i c a t i o n  o r  a l l o c a t i o n ,  may be d e s c r ib e d  i n  th e  f o l l o w i n g  

g e n e ra l  te rm s . P re v io u s  w ork  has se p a ra te d  a number o f  i n d i v i d u a l  

e x p e r im e n ta l  u n i t s  ( i n d i v i d u a l s )  i n t o  k  c la s s e s  o r  c a t e g o r i e s ,  

l a b e l le d  1 , k ,  th e s e  b e in g  n ^  i n d i v i d u a l s  i n  c la s s  i

( i  s i ,  . . .  , k ) . On each o f  th e  n  = ^  + . . .  + n fc i n d i v i d u a l s  th e  

same m c h a r a c t e r i s t i c s  have been measured. The c h a r a c t e r i s t i c s  may 

be q u a l i t a t i v e ,  such as th e  p re se n ce  o r  absence o f  a headache o r 

q u a n t i t a t i v e ,  such as d i a s t o l i c  b lo o d  p re s s u re .  The d a ta  a v a i l a b l e  a r  

t h e r e f o r e  n x m -d im e n s io n a l v e c t o r s ,  x ^ .  b e in g  th e  v e c t o r  a s s o c ia te d  

w i t h  th e  j * ' * 1 i n d i v i d u a l  i n  th e  i * ^  c la s s  ( j  = 1 , . . . »  i  -  1 ,  •« » ,

F o r  easy r e fe r e n c e  we s h a l l  d e n o te  th e  c o m p le te  s e t  o f  d a ta  by

z = { x . .  : j  = 1 , n . ;  i  *  1 ,  k }  . A lm o s t i n v a r i a b l y  th e re
—i j  J l

i s  a p p r e c ia b le  v a r i a b i l i t y  i n  th e  v e c t o r s ,  even w i t h i n  th e  v e c t o r s  

o f  a s i n g le  c l a s s .  A new u n c l a s s i f i e d  i n d i v i d u a l  w i t h  v e c t o r  

o b s e r v a t io n  x  i s  now u n d e r  s c r u t i n y .  The p ro b le m  o f  d i s c r i m i n a t i o n

i s  : to  w h ic h  o f  th e  c la s s e s  1 ............ k  does t h i s  i n d i v i d u a l

be long?



F ig .  l a  g iv e s  a g r a p h ic a l  i l l u s t r a t i o n  o f  a t y p i c a l  s e t  z o f  

d a ta  f o r  th e  case o f  tw o -d im e n s io n a l  v e c t o r s .  More g e n e r a l l y  th e  

p i c t u r e  i s  one o f  k  c l u s t e r s  o f  p o in t s  i n  an  m -d im e n s io n a l  r e c o rd  

o r  sample space , w i t h  p o s s ib le  o v e r la p s  o f  th e  c l u s t e r s .  A 

d i s c r i m i n a n t  p ro c e d u re  ca n  th e n  be d e f in e d ,  as a p a r t i t i o n  o f  t h i s  

m-d im e n s io n a l  re c o rd  space i n t o  k  r e g io n s  A 1 , A, w i t h  th e
1 K

c l a s s i f i c a t i o n  r u l e  : i f  x  e A .  c l a s s i f y  th e  u n i t  as f ro m  c la s s
i  J

i  ( i  « 1 , . . . ,  k ) .  See F ig ,  l b .

T he re  a re  two re q u i r e m e n ts  f o r  a s a t i s f a c t o r y  s o lu t i o n  o f  such 

a p ro b le m . F i r s t ,  we m ust be a b le  to  p o s t u la t e  a s u i t a b l e  m odel f o r  

th e  g e n e r a t io n  o f  th e  d a ta .  T h is  m odel m ust be p r o b a b i l i s t i c  i n  

o rd e r  t o  e x p la in  t h e  v a r i a b i l i t y  i n  th e  d a ta .  S e c o n d ly ,  we m ust be 

a b le  t o  d e f i n e  what i s  meant by good d i s c r i m i n a t i o n ;  t h i s  w i l l  

i n v o l v e  c o n s id e r a t i o n  o f  th e  consequences o f  m i s c l a s s i f i c a t i o n  o f  

v a r io u s  k in d s .  The p a r t i c u l a r  ty p e  o f  model and th e  c r i t e r i o n  o f  

good d i s c r i m i n a t i o n  must depend on  th e  p a r t i c u l a r  p r a c t i c a l  s i t u a t i o n  

u n de r i n v e s t i g a t i o n .

The p ro b le m  o f  d i s c r i m i n a t i o n  can  be f o r m a l l y  s e t  o u t as one o f  

m u l t i p l e  h y p o th e s is  t e s t i n g ,  th e  k  h yp o th e se s  in v o lv e d  b e in g :  

a r i s e s  f ro m  th e  d i s t r i b u t i o n  a s s o c ia te d  w i t h  th e  i^ * 1 c la s s  

( i  ■ 1 , . . . ,  k ) .  The th e o ry  o f  t e s t i n g  many h yp o th e se s  i s ,  however, 

one o f  th e  a re a s  o f  s t a t i s t i c s  where th e r e  i s  no g e n e ra l  consensus o f 

o p in io n  and so t h e r e  a p pea rs  to  be no g re a t  a d va n tag e  i n  such a 

f o r m u la t i o n .  I t  seems b e t t e r  to  e x p l o i t  w h a teve r  p a r t i c u l a r  a sp e c ts  

t h e  d i s c r i m i n a t i o n  p ro b le m  h o ld s .
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1 .2 .  Examples o f  f i e l d s  o f  a p p l i c a t i o n

( i )  Taxonomy. The f i r s t  e f f e c t i v e  s t a t i s t i c a l  t r e a tm e n t  o f  

d i s c r i m i n a t i o n  was p re s e n te d  by F is h e r  (1936) i n  a p ro b le m  o f  

b o t a n ic a l  taxonom y. T h is  was th e  p ro b le m  o f  d i s c r i m i n a t i n g  be tw een 

t h e  two p la n t s  I r i s  se tosa  and I r i s  v e r s i c o l o r , on th e  b a s is  o f

f o u r  m easurem ents : se p a l w id t h ,  s e p a l  l e n g t h ,  p e t a l  w id th  and
/ ■

p e t a l  le n g th .  S im i la r  taxo no m ic  p ro b le m s  o c c u r  i n  o th e r  b ra n ch e s  

o f  s c ie n c e .  A n o th e r  f a m i l i a r  e a r l y  s tu d y  i s  one i n  a n th ro p o lo g y  by 

M a r t i n  (1 9 3 6 ) ;  t h i s  in v o lv e s  an i n v e s t i g a t i o n  o f  a s e r ie s  o f  

E g y p t ia n  m a n d ib le s ,  th e  v e c t o r  o f  c h a r a c t e r i s t i c s  b e in g  6 -d im e n s io n a l .

( i i )  M e d ic a l  d ia g n o s is . One o f  th e  more p ro m is in g  r e c e n t  a p p l i c a t i o n s  

o f  s t a t i s t i c a l  d i s c r im in a n t  a n a ly s is  and one w h ic h  seems l i k e l y

t o  g row  i n  im p o r ta n c e ,  i s  t h a t  o f  d ia g n o s is  o f  d is e a s e s ;  see 

B a i le y  (1 9 6 5 ) ,  B o y le  (1 9 6 5 ) ,  L e d le y  and L u s te d  (1 9 6 2 ) ,  R ad h a k r ish n a  

(1 9 6 4 ) ,  and V a rn e r  (1 9 6 1 ) .  Here th e  o b s e r v a t io n  v e c t o r  x  d e s c r ib e s  

th e  s t a t e  ( s ig n s ,  symptoms, r e s u l t s  o f  c l i n i c a l  t r i a l s ,  m e d ic a l  

h i s t o r y ,  e t c . )  o f  a p a t i e n t  as  y e t  u n d ia g n o s e d ,  and t h a t  d a ta  z a re  

th e  s e t  o f  such s t a t e  v e c t o r s  re c o rd e d  i n  th e  p a s t  f o r  d ia g n o se d  

p a t i e n t s  w i t h i n  a r e le v a n t  c la s s  o f  d is e a s e s .

The d i f f i c u l t i e s  i n  t h i s  f i e l d  o f  a p p l i c a t i o n  a re  o b v io u s  and 

c o n s id e r a b le .  The s t a t e  v e c t o r  r e q u i r e d  f o r  c a r e f u l  d ia g n o s is  

ap p e a rs  i n  m ost cases  to  be o f  h ig h  d im e n s io n .  The p ro b le m  can  b e / . i . ,
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/ b e  c o m p l ic a te d  by th e  c o s t  and t im e  o f  o b s e rv in g  some o f  th e

e le m en ts  o f  th e  v e c t o r .  I t  i s  c e r t a i n l y  a p ro b le m  w h ic h  when

e v e n t u a l l y  p r o p e r l y  fo rm u la te d  w i l l  i n v o lv e  th e  use  o f  l a r g e  

a u to m a t ic  com pu te rs  f o r  i t s  o p e r a t io n  ; see Baron (1 9 6 5 ) ,  B o y le  (1965)

( i i i )  L o c a t in g  f a u l t s . An i n t e r e s t i n g  and le s s  f a m i l i a r  a p p l i c a t i o n

i s  i n  the_ l o c a t i o n  o f  a f a u l t  i n  a m ach ine . Here we. have a number 

o f  sou rces  o f  f a u l t  w h ic h  g iv e  r i s e  to  v a r io u s  sym ptom s.’ The 

p ro b le m  i s  to  t r y  to  l o c a t e  th e  f a u l t  e f f i c i e n t l y  on th e  b a s is  

o f  th e  symptom, v e c t o r  x  p re s e n te d ,  and th e  p a s t  h i s t o r y  z o f  

lo c a te d  f a u l t s .

1 .3 .  O u t l i ne o f  th e  t h e s is

C h a p te r  2 d e a ls  w i t h  s o - c a l le d  c l a s s i c a l  d i s c r i m i n a t i o n  

p ro c e d u re s .  The m a in  id e a  u n d e r l y in g  th e s e  i s  th e  a t te m p t  to  

c o n s t r u c t  some l i n e a r  c o m b in a t io n  o f  th e  e lem en ts  o f  th e  s t a t e  

v e c t o r  t o  fo rm  a l i n e a r  d i sc r i m in a n t . The m a g n itu de  o f  t h i s  

d i s c r im in a n t  f o r  th e  s t a t e  v e c t o r  x  o f  th e  new i n d i v i d u a l  i s  th e n  

used as a means o f  a l l o c a t i n g  th e  i n d i v i d u a l  to  h is  c la s s .  The 

th e o ry  i s  e n t i r e l y  based on th e  a s s u m p t io n  o f  m u l t i v a r i a t e  no rm a l 

d i s t r i b u t i o n s  f o r  t h e  d e s c r i p t i o n  o f  th e  v a r i a b i l i t y  o f  th e  d a ta .

I n  C h a p te r  3 we d is c u s s  B a ye s ia n  d i s c r i m i n a t i o n  p ro c e d u re s .

F o r  th e  o p e r a t io n  o f  th e s e  p ro c e d u re s  some a p r i o r i  i n f o r m a t io n  

a b o u t th e  r e l a t i v e  p l a u s i b i l i t i e s  o f  th e  v a r io u s  c la s s e s  i s  

r e q u i r e d .  T h is  p r i o r  i n f o r m a t io n  i s  s u b s e q u e n t ly  c o n v e r te d ,  a f t e r  

th e  o b s e r v a t io n  o f  x ,  i n t o  a p o s t e r i o r  a p p r a i s a l  o f  th e  v a r io u s  

c la s s e s .  The a l l o c a t i o n  i s  based on t h i s  p o s t e r i o r  a p p r a i s a l ,  / * ......... .



/ a p p r a i s a l ,  p o s s ib l y  t a k in g  in to  a cco un t th e  r e l a t i v e  s e r io u s n e s s  

o f  th e  v a r io u s  ty p e s  o f  m isc l a s s i f  i c a t i o n .  I n  th e  l i t e r a t u r e  on 

B a ye s ia n  d i s c r i m i n a t i o n  th e  d a ta  z a re  u s u a l l y  assumed to  be 

e x te n s iv e  and t h i s  a s s u m p t io n  i s  used t o  make p l a u s i b l e  th e  use  o f  

known d i s t r i b u t i o n s  i n  th e  b a s ic  B a ye s ia n  m ode l. A t  th e  end o f  

C h a p te r  3 we su g g e s t  how t h i s  a s s u m p t io n  m ig h t  be r e la x e d .
o *

I n  th e  n e x t  two c h a p te rs  p ro c e d u re s  o f  more r e c e n t  o r i g i n  a re  

d is c u s s e d .  I n  C h a p te r  4 we c o n s id e r  tw o p ro c e d u re s  -  an  o rd e r  

s t a t i s t i c  p ro c e d u re  and a cony e x - h u l l  p ro c e d u r e , b o th  r e c e n t l y  

p re s e n te d  by K e n d a l l  (1 9 6 5 ) .  The s u b je c t  o f  C h a p te r  5 i s  a r e v ie w  

o f  m ethods suggested  by S ebestyen  (1 9 6 2 ) ,  i n  p a r t i c u l a r  a d is t a n c e  

o r  s i m i l a r i t y  in d e x  p ro c e d u re  arei a n o n - l i n e a r  p ro c e d u re .

Where p o s s ib l e ,  th e  p ro c e d u re s  a re  i l l u s t r a t e d  by examples and 

i n  C ha p te r  6 we p r e s e n t  some g e n e ra l  comments and c o n c lu s io n s .



C hap te r  2 

CLASSICAL DISCRIMINATION PROCEDURES

2 .1 ,  I n t r o d u c t i o n

The f i r s t  d i s c r i m i n a t i o n  p ro c e d u re  was p re s e n te d  by

F is h e r  (1 9 3 6 ) .  T h is  was f o r  two c la s s e s  and based on th e

a s s u m p t io n  o f  m u l t i v a r i a t e  n o r m a l i t y .  The m a in  id e a s  u n d e r l y in g

h is  p ro c e d u re  w ere  as f o l l o w s .  I f  two c l u s t e r s  o f  p o in t s  i n

m-d im e n s io n a l  space a re  r o u g h ly  e l l i p s o i d a l  i n  shape th e n  an

a p p r o p r ia t e  way to  a t te m p t  to  s e p a ra te  them i s  by means o f  a

h y p e rp la n e .  The e q u a t io n  o f  such a h y p c rp la n e  in v o lv e s  a l i n e a r  

/
c o m b in a t io n  ^ x  o f  th e  e lem e n ts  o f  th e  s t a t e  v e c t o r  x  o f  an

2 * 
i n d i v i d u a l .  T h is  c o m b in a t io n  w i l l  be n o rm a l ly  d i s t r i b u t e d  w he the r

th e  i n d i v i d u a l  i s  c la s s  1 o r  c la s s  2. The c h o ic e  o f  3 i s  a t  o u r

d is p o s a l .  Each 3 g iv e s  two o n e -d im e n s io n a l  no rm a l d i s t r i b u t i o n s

f o r  p ' x ,  one on a c la s s  1 a s s u m p t io n  and one on a c la s s  2 a s s u m p t io n .

Now th e  amount o f  s e p a r a t io n  o f  two o n e -d im e n s io n a l  norm a l

d i s t r i b u t i o n s  N (X ^ ,a 2 ) and o 2) in c re a s e s  as

in c re a s e s ,  as shown i n  F ig .  2a, b and c .  I t  t h e r e f o r e  seems

p la u s i b l e  to  ta k e  as a p p r o p r ia t e  v a lu e s  o f  3 i n  th e  d i s c r im in a n t  6 x

t h a t  3 w h ic h  m ax im ises

~  I
A e ' s  e)

where x. , x_ a re  th e  means o f  th e  s e ts  o f  c la s s  1 and c la s s  2 
1« 2*

v e c t o r s ,  and S i s  th e  po o led  sample v a r ia n c e - c o v a r ia n c e  m a t r i x .



XXXX 212

F ig .  2a.

F ig .  2b. where o i s  s m a l le r

F ig .  2c. where ( X ^ X jJ  i s  s m a l le r
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I n  t h i s  c h a p te r  we f i r s t  p re s e n t  F i s h e r ' s  p ro c e d u re ,  and 

th e n  v a r io u s  o th e r  v e r s io n s  o f  i t  based on l i k e l i h o o d - r a t i o  

a rgum en ts  by Wald (1 9 4 4 ) ,  S m ith  (1945) and A n derson  (1 9 5 7 ) .

2 .2 .  N o t a t io n

We make th e  a ssu m p t io n s  o f  m u l t i v a r i a t e  n o r m a l i t y  and o f  

independence  o f  th e  s t a t e  v e c t o r s .  Thus ou r model i s  th e  f o l l o w i n g .

a re  in d e p e n d e n t ,

Note  t h a t  t h e r e  i s  an  a s s u m p t io n  o f  e q u a l i t y  o f  v a r ia n c e - c o v a r ia n c e  

m a t r i c e s .  We w r i t e

, .. • , n ^) b e in g  £ )

n2 ) b e in g  N(v«2 , £ )

x

x 2-

S

f o r  th e  u s u a l  e s t im a te s  o f  y and £



2 *3 .  F i s h e r 1s approach

I f  x  i s  N(p» 2 )  th e n  3 x  i s  N (3 / x ,  3^2 B )  and th e  mean

and v a r ia n c e  o f  th e  d i s t r i b u t i o n  o f  BXx a re  es t im a ted  by

( i )  an<̂  B S 3 i f  x  i s  f ro m  c la s s  1 ,

( i i )  B/ x 2# and 3 ^  3 i f  x  i s  f ro m  c la s s  2.

The u se  o f  3/ x  as a d i s c r im in a n t  g iv e s  an  e s t im a te d  "m easure  o f  

s e p a r a b i l i t y "  o f  th e se  two d i s t r i b u t i o n s  :

| e ' ( x 1# -  x2>) |  / / ( s '  s s).

The c h o ic e  o f  3 t o  m a x im ize  t h i s  "m easure  o f  s e p a r a b i l i t y "  i s  g iv e n

b y ,

_J_ ° ts/ ( x l . -  x2>) 

8 B / ( s 's  B)
0 ,

i . e .  1

( x ^ -  x 2 # ) B/ S 3 -  3/ ( x 1#-  x ^  ) S 3  = 0 .

By n o t in g  t h a t  37 S $ J  B ( x ^ -  x 2#) i s  a f a c t o r  c o n s ta n t  f o r  a l l  th e

unknown c o e f f i c i e n t s ,  we see t h a t  th e  r e q u i r e d  c o e f f i c i e n t s  a re  

p r o p o r t i o n a l  t o  th e  s o lu t io n s  o f  th e  e q u a t io n s .

( x ^ -  x 2#) *  S 3 .

Thus F i s h e r ’ s d i s c r i m i n a t i o n  r u l e  chooses a c o n s ta n t  c and th e n

a l l o c a t e s  x  to  c la s s  1 i f

,  - 1(x .  -  x 0 ) S x  > c ;
1 * 2 *

o th e r w is e  x  i s  a l l o c a t e d  to  c l a s s  2.



ra g e  y

2 .4 .  W a ld ^  c o n t r i b u t i o n

W a ld*s  c o n t r i b u t i o n  to  th e  p ro b le m  o f  d i s c r i m i n a t i o n  was 

e s s e n t i a l l y  to  p o in t  o u t  t h a t  a l i k e l i h o o d - r a t i o  c r i t e r i o n  le a d s ,  

f o r  th e  ca se  o f  known no rm a l d i s t r i b u t i o n s ,  to  th e  use  o f  a l i n e a r  

d i s c r i m i n a n t .

The l i k e l i h o o d - r a t i o  c r i t e r i o n  i s  th e  f o l l o w i n g .  I f  

th e  d e n s i t y  f u n c t i o n s  a s s o c ia te d  w i t h  c la s s  1 and 2 a re  ( x )  and 

p ^(x )^  th e n  th e  l i k e l i h o o d - r a t i o  i s  d e f in e d  as

A (x )  = p 1 ( x ) / p 2 (x )  ,

and th e  r u l e  o f  c l a s s i f i c a t i o n  i s  : a l l o c a t e  x  to  c la s s  1 i f  t h i s

r a t i o  i s  g r e a t e r  th a n  a g iv e n  number c ;  o th e rw is e  a l l o c a t e  i t  to  

c la s s  2, W elch  (1 9 3 9 ) .  F o r  norm al d e n s i t y  f u n c t i o n s ,

p . ( x )  *=---  i-_ ----------- exp { -  J ( x - u . )  I  1 ( x - p . ) }  ( i  = 1, 2)
I n .  J 1

( 2 tt)  | z |

so t h a t  we a r e  i n t e r e s t e d  i n  an e q u a l i t y  such as

exp i  ( x - y  ) £ ^ x - y ^ }
A ( x )  = ----------- -------------- i  i -  > c

i
exp { -  \ ( x - y 2> E ( x - y 2 ) }

S in c e  th e  l o g a r i t h m ic  f u n c t i o n  i s  a m o n o to n ic  in c r e a s in g  

f u n c t i o n  an e q u iv a le n t  i n e q u a l i t y  can  be o b ta in e d  i n  te rm s  o f  

l o g a r i t h m  as

1 - i  / - i  /
-  J { (x -y ^ ,) Z ( x - y 1 ) -  ( x - y 2 ) £ ( x - y 2>} > lo g  c -  c

/  -1  /  -1  /  
i . e .  x  £ ( y 1- y 2>- [ 2 ^p i " p 2^ > C



The f i r s t  te rm  o f  th e  above i n e q u a l i t y  i s  a l i n e a r  

f u n c t i o n  o f  th e  components o f  th e  o b s e r v a t io n  v e c t o r ;  i t  i s  a 

l i n e a r  d i s c r i m i n a n t .  The second te rm  i s ,  o f  c o u rs e ,  a known 

c o n s ta n t  and can  be absorbed i n t o  th e  c o n s ta n t  on th e  r ig h t - h a n d  

s id e  o f  th e  i n e q u a l i t y  to  g iv e  p ro c e d u re s  o f  th e  f o l l o w i n g  

f o r m :  i f
x  I  ( ^  -  y ) > c ,

a c o n s t a n t ,  a l l o c a t e  to  c la s s  1 ; o th e r w is e  a l l o c a t e d  to  

c la s s  2.

Note  t h a t  th e  d a ta  z a re  n o t  r e le v a n t  to  t h i s  case s in c e  

th e  a s s u m p t io n  i s  t h a t  th e  c la s s  d i s t r i b u t i o n s  a r e  known.



2 .5 .  S m ith 1s l i k e l i h o o d - r a t io  a p p ro a ch

The d i f f i c u l t y  o f  W ald*s a n a ly s i s  o f  th e  p ro b le m  o f  

d i s c r i m i n a t i o n  i s  t h a t  we seldom know th e  d i s t r i b u t i o n s  a s s o c ia te d  

w i t h  th e  two c la s s e s .  S m i th 's  s o lu t i o n  to  t h i s  d i f f i c u l t y  was to  

assume t h a t  th e  c la s s  v a r i a b i l i t i e s  a re  d e s c r ib e d  by c la s s e s  o f  

d e n s i t y  f u n c t i o n s

{ p i ( x | e i ) : 0̂  ̂ £ ( i  = 1 , 2)

o f  known ( i n  h is  t r e a tm e n t ,  n o rm a l)  fo rm s ,  to  o b t a in  f ro m  th e  d a ta

A A
z ,  e s t im a te s  S ^ (z )  and unknown p a ra m e te rs  and 0^

and to  a p p ly  th e  U ald  c r i t e r i o n  w i t h

A ( x ,  z )  = p 1 ( x | § 1 ( z ) )  j  p 2 ^ x |§ 2 ( z ) )

Fo r th e  case where x ^ j  ( j  ® 1 , . . . ,  n^  ; i  = 1 , 2) 

a re  in d e p e n d e n t N (p ^ ,  £) ( i  = 1, 2) we have

exp P -  s
A ( x ,  z ) = ------------ — --------------------------    > c

exp Q  S 1 ( x - x 2) 'J

r  / « i  * - x  ~
i . e .  -  } l ( x - x 1>) S ( x - x ^ )  ( x - x 2>) S ( x - x 2>)

/
> lo<t c = c

i .  e. x /  S 1 ( x 1#- x 2%) -  { ( x l t ~x 2 . )  S 1 ^x l . “ x 2*^ > q /

S in ce  th e  second te rm  i s  c o n s ta n t ,  we can a b so rb  i t  i n  th e  r i g h t

hand s id e  w i t h  th e  c o n s ta n t  c 7 • Then th e  r u l e  o f  d i s c r i m i n a t i o n  i

/  -1  m
a l l o c a t e  x  t o  c la s s  1 i f  x  S (x ,  - x «  ) > c o th e r w is e  a l l o c a t e1 * 2 *

i t  t o  c la s s  2. Thus S m i th 's  ap p ro ach  g iv e s  e x a c t l y  th e  same 

l i n e a r  d i s c r im in a n t  as  F i s h e r ' s  o r i g i n a l  a p p ro a ch .



S m ith  a ls o  c o n s id e r s  th e  case  where th e  v a r ia n c e - c o v a r ia n c c  

m a t r i c e s  c o u ld  be d i f f e r e n t ,  t h a t  i s  where x .  . ( j  = 1. . . . .  n . )> - i j  XJ * * 1

a re  in d e p e n d e n t E^) ( i  = 1 , 2 ) .  W r i t i n g  S^ and S2 f o r

th e  e s t im a to r s  o f  E^ ‘(r so t h a t

/
S. E ( x . . - x .  ) ( x . . ~ x .  ) ( i  = 1 , 2) 

in  i * '  i j  i *
1 n .  -  1 XJ 1J1

we have

| exp S~1 ( x - x ^ [ [  ■>
A ( x ,  z )  «  — -------------------- 7— v ----------------------- > c

exP Y ~ l ( x - x 2 t ) S~ ( x - x 2>) I

l e a d in g  to

| x  ( S ^  -  S21) x  -  2 x 7 ( x 2 S,^1-  x ^ S ^ )  > c .
c

Here th e  r u l e  o f  d i s c r i m i n a t i o n  i s  ; a l l o c a t e  x  to  c la s s  1 i f  

x  s a t i s f i e s  th e  above i n e q u a l i t y :  o th e r w is e  a l l o c a t e  to  c la s s  2.

I
2 .6 .  A n d e rs o n 's  l i k e l i h o o d - r a t i o  c r i t e r i o n

S m ith  had overcome th e  l i m i t a t i o n s  o f  W a ld 's  a s s u m p t io n  o f

known c la s s  d i s t r i b u t i o n s  by s u b s t i t u t i n g  e s t im a te s  f o r  unknown

p a ra m e te rs  i n  th e  Wald l i k e l i h o o d - r a t i o  c r i t e r i o n .  One p o in t  made

by A n d e rso n  (1957) i s  t h a t  S m i th 's  s u b s t i t u t i o n  i s  i n  a sense

in c o m p le te  i n  t h a t  he a b so rb s  th e  second te rm  ( x ^ . “  x 2*^  ^ ^ x l * ~  X2»^

o f  th e  i n e q u a l i t y  i n t o  th e  c o n s ta n t  o f  th e  i n e q u a l i t y .  A nderson

su g g e s ts  t h a t  i t  may be more re a s o n a b le  to  c a r r y  th e  s u b s t i t u t i o n

i n t o  t h i s  second te rm  and so use  a d i s c r i m i n a t i o n  p ro c e d u re

as f o l l o w s  ; i f  / 7 -1
* x  S ( x 1#”“ x 2 . ) “  5 ^x l * ~  x 2 .  ̂ S ( x i . ~  x 2. )  > c



a l l o c a t e  to  c la s s  1 ; o th e rw is e  a l l o c a t e  to  c la s s  2.

B u t Anderson  goes f u r t h e r  and sliows t h a t  i t  i s  p o s s ib l e  to  

a p p ly  a g e n e ra l is e d  l i k e l i h o o d - r a t i o  c r i t e r i o n  to  th e  p ro b le m ,  th e  

l i k e l i h o o d  f u n c t i o n  b e in g  formed f o r  th e  c o m p le te  s e t  o f  d a ta ,  

z and x .  More s p e c i f i c a l l y ,  i f  th e  two c la s s e s  o f  d e n s i t y  f u n c t i o n s  

a re
{P. H e . )  : e. e 0.} ( i  = 1, 2)

th e  g e n e ra l  i s e d - l i k e l i h o o d  r a t i o  i s  d e f in e d  as

2 n £
sup p . ( x l e , )  . 7T- . tt- p . ( x . . | e . )

1 1 1 1=1 J=1 1 I I 1 1
© 2 J J

A ( x , z )  «= ----------------------------------------------------------------------------
2 n *

SUP o p2 ( x | 0 2) . S l  Pi (x . . | 0 . )

V  e2

A d i s c r i m i n a t i o n  p ro c e d u re  i s  th e n  o f  th e  fo rm  : i f  A ( x , z )  > c

a l l o c a t e  to  c la s s  1 ; o th e r w is e  a l l o c a t e  to  c la s s  2*

F o r th e  m u l t i v a i a t e  no rm a l case  t h i s  means t h a t  he c o n s id e r s

x ,  x n 1 , . . . ,  x 1 as b e in g  in d e p e n d e n t N (y , E )  and x  1 f • • • »
11 1 2

as b e in g  ind e p e nd e n t 1^ 2 * £ ) as c la s s  1 h y p o th e s is  a g a in s t  th e  

c la s s  2 h y p o th e s is  t h a t  • • • *  x ^n a re  drawn f ro m  N (y^  , I  ) and

x ,  x 2 i»  • • • »  x 2n a re  ^ ra w n  ^ rOTn ^  ̂ w i t h  y ^ ,  \ i^ and E



Under th e  c la s s  1 h y p o th e s is  th e  maximum l i k e l i h o o d  e s t im a te s

o f  p ^ ,  Pp anc* E a re

‘11
<n i x i .  ♦ x > 

n i + 1
p12 = X2- •

n.

i = {j=i (xij" "n)(xij~ "id + (x"?n )(x
n i  2

Tl'

+ jSl (x2j" w12)(x2j" "l2)}

S in ce
ni

j ^ (xij~ ^u)(xi r  "n)/ + (x ~ "u)(x _ "id
/  ^ /  

l  ( X ] . -  x 1 , ) ( x 1 . -  x 1#) + n1 ( x 1<-  y n ) + (x  -  Pu ) ( x  -

n-

' = E (xii" xi - )(xij~ xi - ) + ITTT (x ~ xid<x “ X1.)Ij
Ue can w r i t e  E^as

n 1+ n^+ 1

n.

t t t  (x  "  x i - ) ( x  "  ’V *  + 111 »

wher e 2 n -
II = .2h .E- ( x .  x .  ) ( x . . -  x .  )

1=1 j = l  i j  i  • i t  i  •i j

Under th e  a ssu m p t io n  o f  th e  c la s s  2 h y p o th e s is  we f i n d  t h a t  th e  

maximum l i k e l i h o o d  e s t im a te s  o f  th e  p a ra m e te rs  a re



The l i k e l i h o o d  r a t i o  c r i t e r i o n  A ( x ,  z) i s  th e n  g iv e n



2, 7 .. I l l u s t r a t i o n

To i l l u s t r a t e  th e s e  d i f f e r e n t  methods we g iv e  t h i s  example 

[ K e n d a l l  ( 1 9 5 7 ) ]  .

A g ro u p  o f  25 norm al and 25 p s y c h o t ic  i n d i v i d u a l s  were g iv e n  

c e r t a i n  t e s t s ,  and f o r  each i n d i v i d u a l  a s iz e  and sliape v a r i a b l e  

x  and y  were d e te rm in e d .  The r e s u l t s  a r e  shown i n  th e  f o l l o w i n g  t a b i c .
o

Normal s P s y c h o t ic s Normals Psyc ho t i c s

X y X y X y X y

22 6 24 38 13 13 3 12

20 14 19 36 20 14 10 51

23 9 11 43 19 13 22 22

23 1 6 60 20 11 11 30

17 8 9 32 18 17 6 30

24 9 10 17 20 7 20 61

23 13 3 17 23 6 20 43

18 18 15 56 23 23 15 43

22 16 14 43 25 4 5 53

19 18 20 o 25 5 10 43

20 17 8 46 21 12 13 19

20 31 20 62 23 7 12 4

21 9 14 36

. -j



o

Normal s Psycho t i c s

Mean o f  x x_ = 2 0 ,6  
i  • x_ -  1 2 .6  

2*

Mean o f  y y ^ =  1 2 .32 y2. -  36.4

V a r ia n c e  o f  x 6.92 36.75

Covariance -  5.27 13.92

V a r ia n c e  o f  y 40.69 267. 92

C o r r e l a t i o n -  0 .3 0 .1 4

We ca n  see f ro m  th e  l a s t  t a b i c  t h a t  th e  c o r r e l a t i o n  i s  n o t 

s i g n i f i c a n t  b u t th e  v a r ia n c e s  a re  s i g n i f  ic a n t f jd  i f  f  er e n t .  So i t  

seems t h a t  a q u a d r a t i c  d i s c r im in a n t  f u n c t i o n  w i l l  be b e t t e r  th a n  

a l i n e a r  one,

( i )  F i s h e r ’ s te c h n iq u e

To a p p ly  F i s h e r ’ s l i n e a r  d i s c r i m i n a n t  we have to  assume t h a t  

th e  v a r ia n c e s  and c o v a r ia n c e s  a r c  th e  same, so i t  i s  n e c e s s a ry  to  

g e t  a common v a lu e  f o r  th e  two c la s s e s .  The most n a t u r a l  one to  

ta k e  i s  F i s l i e r 1 s v a r ia n c e  w i t h i n  g ro u p s ,  w h ic h  i s  s im p ly  th e  

w e ig h te d  mean o f  th e  v a r ia n c e s  f o r  n o rm a ls  and psycho t i c s ,  th e  

w e ig h ts  b e in g  th e  number o f  d e g re e s  o f  freedom .



TT . e 24 x  6 . 92 + 24 x  3 6 .7 5  _ 01
Common V a r ia n c e  o f  x = — ■—  -------------------------------------  -  21. o3

43

24 x  - 5 .  27 + 2 4 ‘ x 13 .7 2  , _
C o rd o n  c o v a r ia n c e  = ---------------- ----------------— .— — — -  4 . 3 3

4u

„  . .  2 4  X 4 0 .  3 9  +  2 4  x  2 8 7 .  9 2  i r /  .
Common V a r ia n c e  o t  v  =     = 134.4

4t U

V The l i n e a r  d is c r im in a n t  f u n c t i o n  i s• i

A ( x ,  y )  ~ 5x -  2v -  36.

By a p p ly in g  t h i s  l i n e a r  f u n c t i o n  we fo u nd  t h a t  A  i s  p o s i t i v e  

f o r  a l l  th e  n o rm a ls  g iv in g  a ze ro  e m p i r i c a l  e r r o r  o f  n i s c l a s s i f i c a t i o n  

o f  n o rm a ls ,  and n e g a t iv e  f o r  a l l  b u t  4 o f  psycho  t i c s  g iv i n g  a 

16% e m p i r i c a l  e r r o r  o f  n i s c l a s s i f  y in g  psycho t i c s .

( i i )  S m ith *s  te c h n iq u e

By u s in g  S m i th 's  m ethod, we g e t  th e  q u a d r a t i c  d i s c r im in a n t  

f u n c t i o n  ^ ^

By a p p ly in g  t h i s  f u n c t i o n  we fo un d  t h a t  A ( x ,  y )  i s  n e g a t iv e  f o r  

a l l  b u t  2 o f  th e  n o rm a ls  g i v i n g  an e r r o r  o f  3% and p o s i t i v e  f o r  

a l l  b u t  2 o f  th e  p s y c h o t ic s  g i v i n g  an  e r r o r  o f  8%.



( i i i )  Anderson* s tech n iqu e

Ly a p p ly in g  Anderson1 s method to  t h i s  exam ple , where

, ~1
0.046 -0 .0 0 1

-0.001 0 .006

x x = ( 2 0 .C 12 .32 )

x 2 -  (12. C 3 6 .4 )

i«r
Me fo u n d  t h a t ^ a l l  th e  normals th e  r a t i o  i s  g r e a t e r  th a n  one

g iv i n g  z e ro  e r r o r ,  w h i l e  i t  i s  le s s  th a n  one f o r  a l l  p s y c h o t ic s

e xce p t 4 g i v i n g  16% e r r o r .  Me n o t i c e  th a t  th e  same p e rso n s  who
\

were m i s c l a s s i f i e d  by F i s h e r ’ s method v e re  m i s c la s s i f i e d  by

t h i s  m ethod. So t h i s  te c h n iq u e  g iv e s  f o r  t h i s  example the
1

sane r e s u l t  as F i s h e r ’ s d i s c r im in a n t  f u n c t i o n .
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C hapter 3 

BAYESIAN DISCRIIIKATION PROCEDURES

3*1* I n t r o d u c t  io n

The p a t t e r n  c f  th e  deve lo pm en t o f  B a ye s ia n  d i s c r i m i n a n t  

p ro c e d u re s  i s  v e r y  s im i l a r  t o  t h a t  o f  c l a s s i c a l  o r  f r e q u e n t i s t  

d i s c r i m i n a t i o n  p ro ce d u re s  f ro m  Wald to  A nderson  -  f i r s t ,  th e  

a s s u m p t io n  o f  known c la s s  d i s t r i b u t i o n s ,  s e c o n d ly  th e  s u b s t i t u t i o n  

o f  e s t im a te d  p a ram e te r  v a lu e s  w i t h i n  th e  p ro c e d u re  d eve loped  

f o r  th e  f i r s t  c a s e ,  and th e n  a f u l l  B a ye s ia n  a n a ly s i s .

We f i r s t  r e c a l l  th e  r e s u l t  i n  c o n d i t i o n a l  p r o b a b i l i t y  

t h e o r y ,  com m on lycknown as Bayes1s theorem . I f  a c la s s  o f  d e n s i t y  

f u n c t i o n s  (p C• I 6) : 0€ on a r e c o rd  space X fo rm  th e  p o s s ib le  

d e s c r ip t i o n s  o f  an e xp e r im e n t and i f  a d e n s i t y  f u n c t i o n  tt(0 )
i

can be assumed t o  exp ress  th e  assessm ent o f  th e  u n c e r t a i n t y  a b o u t 

th e  p a ram e te r  p r i o r  t o  e x p e r im e n ta t io n ,  th e n  th e  assessment 

p o s t e r i o r  to  th e  o b s e r v a t io n  o f  th e  re c o rd  x  i n  th e  e x p e r im e n t 

i s  g iv e n  b y  th e  d e n s i t y  f u n c t i o n  t t ( 0 | x ) ,  where

(0 € G)
pOO

w he re , o f  c o u rs e ,



3 ,2 ,  Case o f  known c la s s  d i s t r i b u t i o n s

On th e  a s s u m p t io n  o f  known c la s s  d i s t r i b u t i o n s  th e  

d a ta  z a re  i r r e l e v a n t ,  and die p a ra m e t r ic  space 0 can be i d e n t i f i e d  

w i t h  th e  s e t  I  = ( 1 ,  2 , , k }  , th e  s e t  o f  c la s s  l a b e l s .

We suppose th a t  th e  i ^ 1 c la s s  d i s t r i b u t i o n  has known d e n s i t y  

f u n c t i o n  p ( * | i )  on X and t h a t  th e  a p r i o r i  p r o b a b i l i t y  t h a t  an 

i n d i v i d u a l  i s  f ro m  c la s s  i  i s  7 r ( i ) ,  I f  x  i s  th e  observed s t a t e  

v e c t o r  o f  th e  i n d i v i d u a l  a w a i t i n g  c l a s s i f i c a t i o n ,  th e n  th e  

p o s t e r i o r  p r o b a b i l i t y  t l i a t  th e  i n d i v i d u a l  i s  i n  th e  i t h  c la s s  

i s ,  by T r ( i | x )

u / " I  \ n ( i ) p ( x | i )where i r ( i | x )  -   1 —I—c.
p ( x )

3 . 2 . 1 .  B a ye s ia n  d i s c r im in a n t  f u n c t io n , ( c i r n b a u n  ( I 9 6 0 ) ,  B a i le y  (1965 ))  

I We can  d e f i n e  a d i s c r i m i n a t i o n  p ro c e d u re  i n  te rm s o f  a 

p a r t i t i o n  { A ^ ,  A ^ }  o f  th e  re c o rd  s e t  X i n  th e  f o l l o w i n g  way.

L e t A .  = { x  : 7 r ( i | x )  = max 7 r ( j | x ) }
x j f t  i

and d e f i n e  th e  d i s c r i m i n a n t  f u n c t i o n  6 : X -*■ I
IT

by
d^Cx) = i  ( x 6 A . )  ( i  = 1 , . . . ,  k ) .

I n  w o rd s ,  we a s s ig n  x  to  th e  c la s s  f o r  w h ic h  th e  p o s t e r i o r  

p r o b a b i l i t y  7 r ( i | x ) ,  o r  e q u i v a le n t l y  i r ( i )  p ( x | i ) ,  i s  l a r g e s t .  

N ote  t h a t  we have e x p l i c i t l y  shown i n  th e  n o t a t i o n  th e  dependence 

o f  th e  d i s c r i m i n a n t  f u n c t i o n  and hence th e  p ro c e d u re  on tt ,



3 * 2 ,2 .  M i s c la s s i f  i c a t i o n  p r o b a b i l i t i e s

P r o b a b i l i t i e s  o f  m isc lass  i f  i c a t  i o n  can  be o f  two ty p e s  

( i )  c o n d i t i o n a l  and ( i i )  u n c o n d i t i o n a l .

( i )  The p r o b a b i l i t y  t h a t  a r  i n d i v i d u a l  o f  c la s s  i  i s  

m i s c la s s i f i e d  as o f  c la s s  j  i s  a c o n d i t i o n a l  p r o b a b i l i t y ;  we 

d e n o te  i t  by q^ ( j | i ) .
IT

( i i )  The p r o b a b i l i t y  t h a t  an i n d i v i d u a l  (whose c la s s  i s  

assumed s e le c te d  by th e  p r i o r  p r o b a b i l i t y  s t r u c t u r e )  i s  

m i s c la s s i f  ied  i n  some way i s  an u n c o n d i t i o n a l  p r o b a b i l i t y ; we 

d e n o te  i t  by q ,  •
TT

These m i s c l a s s i f i c a t i o n  p r o b a b i l i t i e s  can  be e v a lu a te d  

in  te r n s  o f  th e  c la s s  d e n s i t y  f u n c t i o n s .
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3 , 2 , 3 ,  A d m i s s i b i l i t y  o f  6 .----------------------- i--------  TT

We say 6 i s  a d m is s i l le  i f  t h e r e  i s  no o th e r  6 such 

t h a t  q f i ( j | i )  < ( j  [ i )  f t r  e v e ry  j  and i  and i  + j  .
IT

The B a ye s ia n  d is c r im in a n t  f u n c t i o n  6 w h ic h  m a x im ize s
J  TT

th e  q u a n t i t y  tt( i )  p ( x | i )  i s  t i e  same as th e  one w h ic h  m in im iz e s  

th e  p r o b a b i l i t y  o f  m i s c la s s i f  i c a t io n  .
TT

6 w h ic h  m in im iz e s  q . i s  a d m is s ib le  f o r .  i f  n o t .  t h e r e
I TT M  *  *

> . . .  11
e x i s t s  a n o th e r  d i s c r i m i n a n t  f u i c t i o n  h a v in g  none o f  i t s  e r r o r -

p r o b a b i l i t i e s  l a r g e r ,  and one cr more s m a l le r  th a n  th e

q ^  ( j [ i ) ' s  o f  6^ i n  q^  • But t h i s  w ould  g iv e  a s m a l le r  v a lu e  
it it

to  q^ , th u s  c o n t r a d i c t i n g  th e  f a c t  t h a t  6^ m in im iz e s  q^  •

* . . ° 11 ’ *Thus 6 i s  a d m is s ib le .
TT

We have seen t h a t  when th e  p ( x | i )  a re  known d e n s i t y  

f u n c t i o n s  we ca n  f i n d  a number o f  a d m is s ib le  B a ye s ia n  d i s c r i m i n a n t  

f u n c t i o n s  6^ i n  te rm s  o f  th e  r e l a t i v e  m a g n itu d e  o f  th e  q u a n t i t i e s  

i r ( i )  p ( x | i ) ;  each  a r b i t r a r y  c h o ic e  o f  th e  h y p o t h e t i c a l  p r o b a b i l i t i e s  

T r( i )  d e f i n e s  onesuch  f u n c t i o n .

I n  a g iv e n  c l a s s i f i c a t i o n  p ro b le m  i t  w i l l  be o f  i n t e r e s t  

t o  c o n s id e r ,  f o r  p o s s ib le  u s e  a t l e a s t  s e v e ra l  d i f f e r e n t  such 

f u n c t i o n s  <5̂  and to  compare them o n  t h e  b a s is  o f  t h e i r  r e s p e c t i v e  

s e ts  o f  e r r o r - p r o b a b i l i t i e s  q^  ( j | i ) .



The f i r s t  p rob le n  w h ic h  m ust be met i n  u s in g  th e s e

m ethods i n  p r a c t i c e  i s  the  c h o ic e  o f  one o r  s e v e ra l  s e ts  o f

h y p o t h e t i c a l  p r o b a b i l i t i e s  tt( i )  t o  u se  i n  d e f i n i n g  th e  f i r s t

B a ye s ia n  d i s c r im in a n t  f u n c t io n  to  be exam ined. U n f o r t u n a t e l y

th e r e  a r e  no g e n e ra l  r u l e s  a v a i l a b l e  w h ic h  g iv e  v e r y  u s e f u l

q u a n t i t a t i v e  in f o r m a t io n  tc g o v e rn  t h i s  c h o ic e ,  e x ce p t f o r

th e  ca se  w here  a p r i o r i  e s t im a te s  a r e  a v a i l a b l e .  However, much

q u a l i t a t i v e  i n f o r m a t io n  becomes a v a i l a b l e  as t o  th e  d i r e c t i o n s

i n  w h ic h  th e  tt( i ) 1 s should be v a r ie d  t o  g e t  d e s i r e d  m o d i f i c a t i o n s

o f  s u c c e s s iv e  d i s c r im in a n t  r u l e s  c o n s id e re d *

I n v e s t i g a t i o n s  o f  r o b u s tn e s s  a r e  u s u a l l y  a d v is a b le  i n

most s t a t i s t i c a l  a p p l i c a t i o n s .  » I n  t h i s  c o n te x t  such an

i n v e s t i g a t i o n  would ta k e  the  f o l l o w i n g  l i n e .  C o n s t r u c t  th e

( A . )  c o r re s p o n d in g  t o  th e  suggested ir and th e n  a s k :  I s  t h e r e
k

some s u b s e t  o f  th e  s e t  { tt( i )  : tt( i )  > 0 ,  I  ^ ( i )  ■ 1}
l

o f  a l l  p o s s ib le  p r i o r s  w h ich  le a d s  t o  th e  same (A ^ ) .

The b a s ic  c o n c e p t h e re  i s  th e  p r o p e r t y  o f  a d m i s s i b i l i t y  

o f  each o f  th e  d i s c r im in a n t  f u n c t i o n s  o b ta in e d .  A ls o  a u s e f u l  

f a c t  i s  t h a t  i f  a g iv e n  s e t  o f  tt( i ) 1 s g iv e s  e r r o r - p r o b a b i l i t i e s  

w h ic h  in c lu d e  to o  s m a l l  a p r o b a b i l i t y  o f  c o r r e c t  c l a s s i f i c a t i o n  

f o r  i n d i v i d u a l s  f ro m  a c e r t a i n  c la s s  i ,  t h e n ,  by in c r e a s in g  o n ly  

th e  c o r re s p o n d in g  tt ( i )  , and d e c re a s in g  some o r  a l l  o f  th e  / . . . . .  .<



/ t h e  o th e r  7 r ( i ) ! s one w i l l  g e n e ra te  a new d is c r im in a n t  f u n c t i o n  

w i t h  s m a l le r  p r o b a b i l i t i e s  o f  e r r o r  o f  each k in d  p o s s ib le  f o r  

i n d i v i d u a l s  f ro m  th e  g iv e n  c l a s s .

3 . 3 .  G e n e ra l is e d  B a ye s ia n  P ro c e d u re ,  (^Birnbaum ( I9 6 0 )} .

The B a ye s ia n  p ro c e d u re  d is c u s s e d  up to  t h i s  p o in t  i s  

a s im p le  B a ye s ia n  p ro c e d u re .  Sometimes th e  e r r o r - p r o b a b i l i t i e s  

fou nd  by t h i s  s im p le  p ro c e d u re  a r e  u n s a t i s f a c t o r y .  I n  t h i s  case  

we c o n s id e r  some g e n e r a l is e d  B a y e s ia n  p ro c e d u re .  The b a s ic  

method f o r  c o n s t r u c t i n g  a g e n e r a l is e d  B aye s ia n  p ro c e d u re  i s  

as  f o l l o w s .

L e t  ( A . . )  be a k * k  a r r a y  w here  A . .  « 0 f o r  each i .
J i  J xx
c .

F o r  e v e ry  d i s c r i m i n a n t  f u n c t i o n  6 we can c a l c u l a t e  th e  w e ig h te d

sum o f  i t s  e r r o r - p r o b a b i l i t i e s
k  k

■ W = I  Z t . . q , ( j | i )  .
i - l j - 1  J1  6

The p ro c e d u re  w h ic h  m in im iz e s  W f o r  any  g iv e n  a r r a y  ( A . . )  i s  a
I  ^

g e n e r a l is e d  B a y e s ia n  p ro c e d u re  w h ic h  i s  a d m is s ib le .  W i s  

m in im iz e d  by th e  d i s c r i m i n a n t  f u n c t i o n  w h ic h  ta k e s  f o r  each x  

t h e  v a lu e  j  f o r  w h ic h
k

W. (x) » I  A. .  p ( x | i )
J i - 1  J l

i s  m in im iz e d .  Then, know ing  t h e  d i s t r i b u t i o n  p ( x | i )  and th e  / . . ,



/ t h e  a r r a y  ( 2 - . . ) ,  t o  c c n s t r u c t  th e  g e n e r a l is e d  B a ye s ia n  
J

d i s c r i m i n a n t  f u n c t i o n  ve have t o  compare f o r  each x  th e  k  

q u a n t i t i e s  W . ( x ) ,  as c o n t ra s te d  w i t h  th e  k  q u a n t i t i e s  n ( i )  p ( x | i )  

r e q u i r e d  f o r  a s im p le  fa y e s ia n  d i s c r i m i n a n t  f u n c t i o n .

I t  i s  u s e f u l  to  n o te  t h a t  by in c r e a s in g  one J t  £ 

w h i l e  l e a v in g  th e  o th e rs  unchanged te n d s  to  re d u c e  th e

o # . B *
c o r re s p o n d in g  q^  ( j  | i )  and o f  c o u rs e  t o  in c re a s e  one o r  more o f  

o th e r  e r r o r - p r o b a b i l i t i e s *

W h i le  t h e  method i s  n o t  r e s t r i c t e d  t o  a s p e c ia l  c l a s s  

o f  d i s t r i b u t i o n s  ( e . g .  n o rm a l)  i t  does  however i n v o l v e  th e  

a s s u m p t io n  t h a t  t h e  d i s t r i b u t i o n s  a r e  known.

V/e n o te  t h a t  we do  n o t  u s u a l l y  know th e  d i s t r i b u t i o n  i n  

p r a c t i c a l  w o rk .  Even i f  th e  p ( x | i ) * s  a r e  known to  be o f  a g iv e n  

p a r a m e t r ic  fo rm  we need a l a r g e  sample i n  o rd e r  to  use th e  above  

method i n  an  a p p ro x im a te  way by s u b s t i t u t i n g  e s t im a te s  f o r  pa ra m e te r  

v a lu e s .  I f  we u s e  a s m a ll  sample i n  t h i s  c a se  th e  method w i l l  

n o t  be v e r y  s a t i s f a c t o r y  s in c e  th e  e s t im a te s  w i l l  t y p i c a l l y  be 

s u b je c t  t o  f a i r l y  l a r g e  sa m p lin g  e r r o r .

I t  w ou ld  be p o s s ib le  t o  a p p ly  B a ye s ia n  p ro c e d u re  i n  

t h e  ca se  w here  th e  d a ta  a r e  n o t  s u f f i c i e n t  t o  a l l o w  th e  a s s u m p t io n  

o f  known d i s t r i b u t i o n .  F o r  exam ple , suppose t h a t  th e  d i s t r i b u t i o n s  

a r e  o f  known fo r m s ,  say p ^ ( * | 6 ^ ) t



The p a ra m e te r  space i s  now I  x 0 and an a s s u m p t io n  a b o u t a 

p r i o r  on  t h i s ,  say TT(i, 0 ) wou ld  le a d ,  by a s t r a i g h t f o r w a r d  

a p p l i c a t i o n  o f  B a y e s 's  theo rem  t o  a p o s t e r i o r  e v a lu a t io n

ir(i ,e) p.(x,  0.) p(z|e) 
ir(i,  0 |z,  X) -  1 1

z T T (i,e )  p . ( x | e . )  p ( z | e )
•  ^ 
i

We m ig h t  th e n  c o n s id e r  e v a lu a t in g  th e  m a rg in a l  p o s t e r i o r  

d e n s i t i e s ,  say

7 r ( i | z ,  x )  « ] T r ( i ,0  | z ,  x )  d0 

and c h o o s in g  t h e  c la s s  w h ic h  g iv e s  maximum i r ( i | z ,  x ) .
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3 * 4 ,  I l l u s t r a t i o n

There  a r e  two l o c a t i o n s  1 and 2 , a t  w h ic h  a f a u l t  may 

o c c u r  i n  a m a ch in e , and t h e r e  a r e  f o u r  m u t u a l l y  e x c lu s i v e  

symptoms w h ic h  may be d is p la y e d  when a f a u l t  o c c u rs .  The p r e v io u s  

h i s t o r y  o f  m ach ines  o f  t h i s  ty p e  has shown p r o p o r t i o n s  o f  

l o c a t i o n  x symptoms c o m b in a t io n s  as i n  th e  t a b l e  b e lo w . The
o . .

p ro b le m  i s  t o  d e v is e  a d i s c r i m i n a t i o n  p ro c e d u re ,  w h ic h  t e l l s  us  

w h ic h  l o c a t i o n  sh o u ld  be examined f i r s t  f o r  each g iv e n  symptom.

Symptom

1 2  3 4

M ach ine  
f a u l t  
a t

We s h a l l  f i n d  t h e  f o l l o w i n g  d i s c r i m i n a t i o n  p ro c e d u re s ,

( i )  th e  s im p le  B a y e s ia n  d i s c r i m i n a t i o n  p ro c e d u re ;

( i i )  th e  g e n e r a l is e d  B a y e s ia n  d i s c r i m i n a t i o n  p ro c e d u re s ,  based

on  th e  f o l l o w i n g  c o s t  s t r u c t u r e s  :

(a )  c o s ts  o f  i n s p e c t i n g  l o c a t i o n s  1 and 2 a r e  1 and 2 

r e s p e c t i v e l y .

(b )  c o s t s  o f  i n s p e c t i n g  l o c a t io n s  1 and 2 a r e  1 and 4 

r e s p e c t i v e l y .

1 0 .0 5 0 .1 6 0 .1 0 0 .0 3

2 0 .0 9 0 .1 3 0 .3 3 0 .1 1
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( i )  From th e  t a b l e ,  we have

i r(X) « 0 .34  tt(2) -  0 .66  ;

a ls o  th e  t a b le  g iv e s  p ( x ,  i )  ( i  *  1 ,  2) on each symptom f ro m  

w h ic h  we ca n  o b t a in  p ( x | i )  f ro m  th e  fo rm u la  p ( x ,  i )  ■ p ( x | i ) 7 r ( i ) .

Knowing th e  p ( x | i ) f s we can g e t  th e  p o s t e r i o r  

p r o b a b i l i t i e s  i r ( i | x ) ' s ,  where

* C l | x >  -  ,
j p ( x )

p ( x )  «* T r ( l ) p ( x [ l )  + tt( 2 ) p ( x |  2 ) .

The f o l l o w i n g  t a b l e  shows th e  p o s t e r i o r  p r o b a b i l i t y ,  one 

on each symptom.

v ( l | x ) tt( 2 | x ) Symptom

0 .3 5 7 0 .6 4 2 1

0 .5 5 2 0 .4 4 8 2

0 .2 3 2 0 .7 6 7 3

0 .2 1 4 0 .7 8 5 4

From t h i s  t a b l e  we see t h a t ,

i r ( l | x )  < i r ( 2 | x )  f o r  th e  symptom 1

n ( l | x )  > ir (2  | x )  "  "  "  2

n ( l | x )  < ti( 2 | x ) "  "  "  3

» ( l | x )  < i r ( 2 | x )  "  "  "  ' 4

w h ic h  t e l l s  u s  t h a t  f o r  symptoms 1 ,  3 and 4 l o c a t i o n  2 s h o u ld /



/ s h o u ld  be examined f i r s t ,  f o r  symptom 2 l o c a t i o n  1 sh o u ld  be 

examined f i r s t .

( i i )  I f  th e  c o s ts  o f  i n s p e c t i o n  a re  a^ and a^ f o r  1 and 2 

r e s p e c t i v e l y  th e n  expected c o s t  o f  i n s p e c t in g  l o c a t i o n  1 

f i r s t  i s

a l  i r ( l | x )  + (a x + a 2 > t t ( 2 | x )  , 

and o f  i n s p e c t in g  l o c a t i o n  2 f i r s t  i s

0 * 1  + a 2 ) tt( 1 1 x )  + a 2 tt ( 2 1x)

The f o l l o w i n g  t a b l e  shews th e s e  v a lu e s  f o r  each symptom 

i n  th e  tw o  d i f f e r e n t  cases . v

The r u l e  o f  d i s c r i m i n a t i o n  i s  : we examine

th e  l o c a t i o n  w h ic h  has minimum e xp ec te d  c o s t  o f  i n s p e c t i o n .
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C hap te r 4

RECENT DISCRINIKMION PROCEDURES -  THE ORDER 

STATISTIC AID CONVEX HULL PROCEDURES

4 .1 .  I n t r o d u c t i o n

Two d i s c r im in a n t  p ro c e d u re s  r e c e n t l y  suggested  by 

K e n d a l l  (1965) a r e  d e s c r ib e d  i n  t h i s  c h a p te r .  The f i r s t  -  th e  o rd e r  

s t a t i s t i c  p ro c e d u re  -  has th e  a dvan tage  o f  b e in g  d i s t r i b u t i o n - f r e e  

b u t  s u f f e r s  f r o m  th e  ha nd ica p  t h a t  c o n s id e r a t i o n  o f  components o f  

th e  s t a t e  v e c t o r s  one a t  a t im e  may m iss  some e f f e c t i v e  means o f  

d i s c r  im in a t i o n  d epend in g  on c o m b in a t io n s  o f  com ponents . The second -  

th e  con vex  h u l l  p ro c e d u re  -  c o n s is t s  o f  c o n s t r u c t i n g  th e  con vex  l u l l  

o f  each c la s s  c l u s t e r  and a l l o c a t i n g  a new s t a t e  v e c t o r  o n ly  i f  i t  

f a l l s  w i t h i n  one  and c n ly  one o f  th e  con vex  h u l l s .  I t  i s  u n f o r t u n a t e l y  

d i f f i c u l t  c o m p u t a t io n a l l y .

4 .2 .  The o r d e r - s t a t i s t i c  d i s c r i m i n a t i o n  p ro c e d u re .

C o n s id e r  th e  case o f  two c la s s e s .  We can  r e p r e s e n t  th e  

o r d e r in g  o f  th e  f i r s t  components o f  t l i e  s e t  z o f  s t a t e  v e c t o r s  

as i n  th e  d ia g ra m  b e lo w , and we can  say t h a t  th e  v e c t o r s  i n  c la s s  1 

to  th e  l e f t  o f  a ^  and th e  v e c t o r s  i n  c la s s  2 to  th e  r i g h t  o f  b^ 

a re  " s e p a r a te d ”  by t h i s  component.

F i r s t  component t  C la s s  Symbol
a x b1

1 0

2 X



We can o b ta in  such a s e p a r a t io n  f o r  each o f  th e  com ponents.

Suppose t h a t  i ^  i s  th e  component w h ich  s e p a ra te s  m ost v e c t o r s ,

say c la s s  1 h a v in g  components be lo w  a^ and c la s s  2 h a v in g

components above b . . K e n d a l l  su g g e s ts  t h a t  we now re p ro c e s s
X1

th e  v e c to r s  u n s e p a ra te d  by component i ^  , exam in ing  what i s  th e

b e s t  a d d i t i o n a l  s e p a r a t io n  by a n o th e r  com ponent. Suppose t h a t  i t

i s  i ^  , and t h a t  f o r  t h i s  component th e  s e p a r a t io n  i s  f o r  c la s s  1

components f a l l i n g  above b . and c la s s  2 components f a l l i n g  be low
2

a^ • The s t i l l  u n s e p a ra te d  v e c t o r s  a re  th e n  re p ro c e s s e d ,  and 

the  p ro c e s s in g  c o n t in u e s  u n t i l  a s a t i s f a c t o r y  s e p a r a t io n  i s  o b ta in e d .  

The d i s c r im in a n t  p ro c e d u re  th e n  ta k e s  the  f o l l o w i n g  fo rm :

( i )  I f  th e  i j t h  component i s  b e lo w  a^ a l l o c a t e  to  c la s s  1 , i f
' 1

above b .  a l l o c a t e  to  c la s s  2; o th e r w is e  p roceed  to  ( i i ) .
X\

( i i )  I f  th e  i  th  component i s  above b .  a l l o c a t e  to  c la s s  1 , i f
2 1 *

2
be low  a .  a l l o c a t e  to  c la s s  2 ; o th e r w is e  p roceed  to  ( i i i ) .

X2
And so on.

4 . 2 . 1 .  I l l u s t r a t i o n

To i l l u s t r a t e  t h i s  method c o n s id e r  a g a in  p ro b le m  ( 2 .7 )  o f

c l a s s i f y i n g  i n d i v i d u a l s  as n o rm a l o r  p s y c h o t i c ,  based on two

measurements x ( s i z e )  and y  (s h a p e ) .

The o r d e r in g  p ro c e s s  can be c o n v e n ie n t l y  s e t  o u t  h e re  as 

two f re q u e n c y  t a b le s .



F re q u e n c y  t a b le  o f  x  and y  f o r  n o rm a ls  and p s y c l io t i c s

X N orm a ls P s y c h o t ic s y Norm als P s y c h o t ic s

* 1 0
_ 10 *  6 5 1

11 - 2 7-10 6 1.

12 - 1 11-14 6 1 , •

13 1 1 15-18 6 2

14 1 1 19-22 - 2

15
S

2 23-26 1 -

16 - 2 27-30 - 2

17 1 . - 31 -34 1 1

18 2 - 3 5 -3 8 - 3

19 2 1 39 -42 - -

20 6 4° 43-46 - 6

21 2 - 4 7-ov er - 6

22 2 1

23 ' 7 ' - -

24 1 1

25 1 •*



We o b se rve  t h a t  th e  ' / -com ponen t g iv e s  th e  g r e a te r  s e p a r a t io n ,  th e re  

b e in g  a common ra n g e  0 ,< y ^  34 w i t h  35 v e c to r s  i n  i t ,  and one 

n o n -o v e r la p in g  ra n g e  y  > 34 w i t h  15 v e c t o r s  i n  i t  and so s e p a ra te d .  

F o r  th e  x -com ponent th e  o v e r la p  ra n ge  i s  13 ^  x  ,< 24 , c o n ta in in g  

36 v e c t o r s ,  so t h a t  o n ly  14 v e c t o r s  a re  s e p a ra te d  by x . Thus we 

ta k e  as our f i r s t  d i s c r i m i n a t i n g  v a r i a b l e  y  w i t h  the  f o l l o w i n g  f i r s t

p a r t  o f  th e  d i s c r i m i n a t i o n  r u l e .

1
( i )  I f  y 35 a l l o c a t e  to  p s y c h o t ic ;  i f  y < 35 proceed to  

s te p  ( i i ) .

By d o in g  so we have 35 cases f o r  w h ic h  y  l i e s  i n  th e  common ra n g e .

We now ta k e  th e  35 u n s e p a ra te d  v e c t o r s  and c o n s t r u c t  a
c

f re q u e n c y  ta b le  f o r  th en  i n  r e s p e c t  o f  th e  x component.

F re q u e n cy  T a b le  f o r  35 u n s e p a ra te d  v e c t o r s .

X Norm als P sycho t  i c s

^  10 5
11 - 1
12 - 1
13 1 1
14 - -
15 - -
16 - -

17 1 -
18 2 -
19 2 -

20 6 1
21 2 -

22 2 1
23 7 -

^  24 2

. ........ ................... i



A c c o rd in g  to  th i-s  t a b le  we see t h a t  th e r e  i s  a common ra n g e  

13 x ,< 22 , 19 cases l y i n g  i n s id e  t h i s  ra n g e . We can  th u s  add 

to  s te p  ( i )  th e  f o l l o w i n g  s te p :

( i i )  I f  x  ^  12 a l l o c a t e  to  p s y c h o t ic s ;  i f  x  ^  23 a l l o c a t e  

to  n o rm a ls ;  o th e r w is e  p roceed  to  s te p  ( i i i ) .

S in ce  t h i s  s te p  e xh a u s ts  th e  components a v a i l a b l e  we add th e  

f i n a l  s te p ,

( i i i )  No re a s o n a b le  a l l o c a t i o n  can be made,

4 *3 ,  The convex  h u l l  d i s c r i m i n a t i o n  p ro c e d u re .

Any c l u s t e r  o f  p o in t s  z.  = { x - , .  . . .  , x- } i n
J . 1 11 ln ^

m -d im e n s io n a l space has a convex  h u l l

n l  n l
C ( z - )  -  { E a . x- . : a . x > 0 ( i « l ,  . . .  , n ) , E a . = 1 }

l  i  x i  i  i  i = l  ^

th e  s m a l le s t  convex  s e t  c o n ta in in g  a l l  th e  p o in t s .  Thus , f o r  th e  

d a ta  o f  each c la s s  c l u s t e r  v e  can c o n s t r u c t  a c o r re s p o n d in g  convex
c

h u l l .  I f  z „  = ( x 01 , • • • , x 0 } i s  th e  c l u s t e r  a s s o c ia te d  w i t h
2 21 2 ^

c la s s  2 th e n  we d e n o te  by C (z ^ ) i t s  convex  h u l l ,  K e n d a l l  (1965) 

th e n  sug ges ts  th e  f o l l o w i n g  d i s c r i m i n a t i o n  p ro c e d u re  f o r  th e  

case  o f  two c la s s e s .

I f  x ^ C ( z ^ )  ~ c ( z 2  ̂ a l l o c a t e  to  c la s s  1 , i f  x € C ( z 2 ) -  C (z ^ )  

a l l o c a t e  to  c la s s  2 ; o th e r w is e  re g a rd  th e  v e c to r  as u n c l a s s i f i e d  

on th e  i n f o r m a t io n  a v a i l a b l e .

N ote  t h a t  by t h i s  p ro c e d u re  x  re m a in s  u n c l a s s i f i e d  i f  i t  b e lo n g s  

e i t h e r  to  th e  i n t e r s e c t i o n  C ( z ^ ) f \ C ( z ^ )  o r  to  th e  e x t e r i o r  o f  

b o th  convex  h u l l s ,  (C (z ^ )  U C (z ^ )  • See F ig .  3 ,  w here  / .................



x  c la s s  1 » 

o c la s s  2 ,

\

F i r s t  component

Second
component

F ig ,  3 ,



/w h e re  th e  case o f  tw o -d im e n s io n a l  v e c t o r s  i s  i l l u s t r a t e d .

F o r more th a n  two c la s s e s  th e  e x te n s io n  i s  s t r a i g h t f o r w a r d .

I f  x  £ C ( z . )  -  Z C ( z . )  a l l o c a t e  to  c la s s  j ;  o th e r w is e  re g a rd  th e  
J i * j  1

v e c t o r  as u n c l a s s i f i a b l e .  P resum ab ly  i n  th e  l a t t e r  case  some

p a r t i a l  c l a s s i f i c a t i o n  may be p o s s ib le ;  f o r  exam ple , i f

x € C ( z .  ) f i C ( z .  ) -  . C ( z . )  th e n  we n i g h t  c o n c lu d e  t h a t  x i s
j i  j 2 i

l i k e l y  to  b e lo n g  to  one o r  o th e r  o f  c la s s e s  and b u t  n o t  to  any 

o th e r  I c la s s .

I n  m ost a p p l i c a t i o n s  th e  v e c t o r s  w i l l  be n u l t i - d im . c n s io n a l  

and th e  m a in  p ro b lem  i s  how to  d e te rm in e ,  w i t h o u t  th e  p o s s i b i l i t y  o f  

a g r a p h ic a l  r e p r e s e n t a t i o n ,  w h e th e r  x b e lo n g s  to  a g iv e n  co n vex  h u l l .  

K e n d a l l  e x p r e s s e s t h i s  as m a th e m a t ic a l  p rogram m ing  p ro b le m  as 

f o l l o w s .

M in im iz e ,  w i t h  r e s p e c t  to  ( a . )  and s u b je c t  to  a . > , 0  
! 1 1

( i  *= 1 , . . . ,  n) and Za^ = 1, th e  sum o f  th e  a b s o lu te  v a lu e s  o f  th e
n .l

com ponents o f  E a . X - . -  x .  I f  t h i s  minimum i s  ze ro  th e n  x 6 C( z .  )
i - 1  1 11 1

We i l l u s t r a t e  th e  method by a p p ly in g  i t  to  th e  n o rm a l -p s y c h o t ic  

p ro b le m . F ig .  4 shows th e  c l u s t e r s  o f  p o in t s  f o r  th e  two c la s s e s  and 

t h e i r  co nvex  h u l l s .  F o r t h i s  example we see th a t  12 cases a re  l e f t  

u n c l a s s i f i e d .

On co m p a r in g  th e  r e s u l t  o f  th e  two methods we f i n d  t h a t  a l l  12 

v e c t o r s  u n c l a s s i f i e d  by th e  co nvex  h u l l  p ro c e d u re  a re  u n s e p a ra tc d  by 

th e  o r d e r - s t a t i s t i c  p ro c e d u re ,  and th e  7 f u r t h e r  v e c t o r s  u n c la s s i f i e d  

by th e  o r d e r - s t a t i s t i c  p ro c e d u re  a re  i n  f a c t  c l a s s i f i e d  by the  

c o n v e x - h u l l  p ro c e d u re .



x .psychotic  

o normals
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C h ap te r 5

RECENT DISCRIMINATION PROCEDURES BASED ON DISTANCE 

AND SIMILARITY INDICES

5 .1 , S im ila r ity  S.

Let z « {x . , . . . .  x } be a c lu s te r  of n p o in ts  in  *
i n

m-d im e n s io n a l space and x  some p o in t  in  t h i s  space. Suppose

th a t a d is tan ce  fu n c tio n  or m etric  d is  defined fo r  th is  space.

The s i m i l a r i t y  S (x , z) of x and th e  c lu s t e r  z i s  d d in e d  as th e

mean-square d is tan ce  between x and the n members of the c lu s te r ,

so th a t . n o
S (x , z ) “ — E d  (x ,  x . )  (5 .1 .1 )

n i= l  ' 1

I t  is ,  of course, po ss ib le  to  d e fin e  s im ila r i t y  ind ices w ithout 

th e  use of a d is ta n c e  fu n c tio n  (see , fo r  example Sokal and 

Sneath (1963 ) ) ,  but the use of S does prov ide  one convenient

way of o rd erin g  p o in ts  by th e ir  closeness to  z.

5 .2 .  S im i la r i ty  d is c r im in a tio n  procedure

Suppose th a t th e re  a re  two c la s s e s , w ith  g iven c lu s te rs  

z^ and z^ of d a ta . The s im i la r i t y  d is c r im in a tio n  procedure, as 

d efin ed  by Sebestyen (1 9 6 2 ), can then be stated  in  the  fo llo w in g  way.

I f  S (x , z^) < S (x , z^) a llo c a te  x to c lass 1 , i f  

S (x , z^) < S (x , z^) a l lo c a te  x to  c la ss  2. The extension to  

more than two c lasses is  obvious : a l lo c a te  x to  c lass  j ,  w h e re /. . .*



/w here S (x , z . )  » min S(x, z . ) *
J i  1

The m e tric  d to be used has not been s p e c ifie d * There

w i l l  u s u a lly  be many possible m etrics  on the space, and the qu estion

now a r is e s  as to  how the m etric  should be chosen*

C le a r ly  any d is c r im in a tio n  procedure depends not only

on th e  "nearness” of x~ to the v a rio u s  c lu s te rs , but a lso  on the

r e la t iv e  measures of concentra tion  of the c lu s te rs *  One way o f

ta k in g  account of th is  aspect is  to  attem pt to  choose a m etric

which in  some sense g ives sm all d is tan ces  between p o in ts  of the

same c la s s  c lu s te r  and large  d is tan c e  between p o in ts  o f d i f fe r e n t

c lu s te rs .

To achieve th is  we d e fin e  the fo llo w in g  two measures.
o

The in t r a -c lu s te r  s im ila r i t y  index A (z^ ) o f c lu s te r  z^ is  defined  

as the mean-square d is tan ce  between a l l  p a irs  o f po ints  in  z^,
i

so th a t

A ( z . ) ------------------ ------ -- Z Z d2 ( x , . ,  X- . )  ( 5 . 2 . 1 . )
a 1 /  -I \  H^ ( i ^ - 1 ) i f j  j

The in te r -o r  be tw een -c lus ter s im i la r i t y  index of z^ and z  ̂ is

defin ed  as the  mean-square d is tan ce  between a l l  p a irs  o f p o in ts ,

one from z^ and one from  z^ , so th a t



The o b je c tiv e  of "separating" th e  c la s s  c lu s te rs  w h ile  co n cen tra tin g  

the  po in ts  w ith in  c lu s te rs  is  then achieved by choosing a m e tric  

to  maximise B (z^ , z^) while ho ld ing constant A(z^ U z ^ ) , the  

in t ra -c lu s te r  index fo r  the two c lu s te rs  z^ and z^ regarded as
A

one c lu s te r*  That is ,  we t r y  to choose d so th a t

Ad *^ Zl ^  Z2^ = k ( 5 .2 * 3 . )

and ii

^ d * (Zl *  Z2  ̂ “ m X  * Bd^Zl ’ Zt)  : Ad^Zl U Z2  ̂ *  k  ̂ ( 5 .2 .4 . )  

Sebestycn m odifies  th is  approach in  the fo llo w in g  way. He f i r s t  

s im p lif ie s  the problem by a r e s t r ic t io n  o f the c la ss  of po ss ib le

m etrics  to  those of the form

2 m 2 v v 2d (x , y ) -  Z w^ (x  -  y ) ( 5 .2 .5 . )
v**l

'The ju s t i f ic a t io n  of th is  choice is  considered in  5 .3 .

5 .3 . Non-1 inear procedures

Sebestygn describes h is  s im i la r i t y  index approach of § 5 .2 . 

in  terms of l in e a r  tran sfo rm ations  and Euclidean m etric s . He 

p o in ts  out th a t i f  th e  m etric  is  the square ro o t of a p o s it iv e  

d e f in i t e  form then the  problem of de term in ing  the optimum m etric  

is  eq u iva len t to  asking the qu estion  : what l in e a r  tran sfo rm atio n  

is  such th a t the  transform ed c lu s te rs  have maximum mean s q u a r e / , . . . . *



/sq uare  in te r -c lu s te r  Euclidean d is ta n c e  fo r  g iven  s p e c ified  

mean square in t ra -s e t  Euclidean d is ta n c e .

Consider the l in e a r  tran s fo rm atio n

y » Wx ( 5 .3 .1 . )

so th a t

y l i “ Wxi f ^  “ • • • >  » y2 j *  Wx2 j ^  ”  n2  ̂ ( 5 .3 .2 . )

form the transformed c lu s te rs . I f  B ^(z^t z^) denotes the  

mean-square in te r -c lu s te r  Euclidean d is ta n c e  fo r  the  W-transformed  

data then
1 nl  n2 2

Bw (z l *  Z2) ”  -------- 1 E I I  y l i  ~ y2 i I I  (5 .3 .3 a )
\  n i n 2 i= 1

1 ' '» — 7> £ ( x . . - x „ . )  W W(x. x „ . )  (5 .3 .3 b )l i  2 j l i  2 i
nl  2 1 J 

® /
"  k-1  wk V wk ' (5 .3 .3 c )

where ^ ^ 1  * ' *  wkm  ̂ * S tk e  k row? of W and

n l  n 2 /

A  <Xl i ~  x 2 j ) ( x l i “ X2 j } <5 - 3 ' 3d>n1n2 i « l  j « l  J J

has the s tru c tu re  of a va ria n c e  covariance m a tr ix . In  e x a c tly  

the same way the mean-square in t r a -c lu s te r  Euclidean d is ta n ce  can 

be expressed in  th e  form  / • • • . . .............. ..



/fo rm
/

cw(z i»  z^> " £ vkTwk ( 5 .3 .4 . )

where T is  again  a kind of v a ria n c e  covariance m a tr ix  constructed

from z ■ (z ^ f z^ ).

The problem is thus seen to  be th a t of choosing
/

wk (k  ** 1 , . . . ,  m) to maximise E wjVwk subject to  th e  c o n d itio n  
/

th a t E wk^wk ** c » a constant. Using the method of Lagrange

m u lt ip l ie r s  we thus maximise

/  /

1 wkVwk ~ X^ WkTvV

w ith  respect to  wk (k  « 1 , m) and A. T h e d e riv a tiv e

equations fo r  the maximising wk and A a re  thus

(V -  AT) wk « 0 ( 5 .3 .5 . )

A ^ A
Z wfcTwk ■ c ( 5 .3 .6 . )

From ( 5 .3 .5 . )  and ( 5 .3 .6 . )  we have th a t

*

BW^Z1* Z2  ̂ *  X 1 ^ k ^ k  “ X C ( 5 .3 .7 . )

Thus we must ta ke  A to be the la rg e s t ro o t of |v -  AT| = 0 ,
-1

i . e .  the la rg e s t e igenvalue of T V. Then w^, say may be the  

eigenvector corresponding to  th is  la rg e s t e igenvalue and

s a tis fy in g

A  *  '

WjTw^ *  c ,  and wk ■ 0 (k  « 2 , • • • , m) ( 5 .3 .8 . )
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W

j u s t i f i e s  S e b e s ty e n 's s p e c ia l fo rm  o f  m e t r ic .

T h is  te c h n iq u e  o f  d e a l in g  w i t h  l in e a r  t r a n s fo rm a t io n s  

may be extended to  th e  case  o f  n o n - l in e a r  t r a n s fo r m a t io n s .  The 

c la s s  o f  a l l  c o n t in u o u s  t r a n s fo rm a t io n s  is  to o  g e n e ra l to  y ie ld  

a p r a c t i c a l  s o lu t io n ,  and th e  c la s s  c o n s id e re d  by S eb es tyen  is  

r e s t r i c t e d  to  p o ly n o m ia l t r a n s fo r m a t io n s ,  i n  th e  f o l lo w in g  sense.

The k **1 com ponent y ^  o f  y ,  th e  r e s u l t  o f  t r a n s fo rm in g  x  is  

g iv e n  by

y (k> “  VU [ > 7  ( 5 . 3 . 9 . )
U  —1 iht

Thus th e  m a t r ix  W « d e f in e s ^ t ra n s fo rm a t  io n .  A g a in

S ebestyen  succeeds in  d e te rm in in g  a W w h ic h  g iv e s  an  optim um  

m e tr ic  in  th e  sense a lre a d y  d e f in e d .  The c o m p u ta t io n s  a re  n a t u r a l ly  

m ore com p lex  and we do n o t re p ro d u c e  th e  c o m p lic a te d  a lg e b ra  

h e re .



5 .4 .  An i l l u s t r a t i o n

The c o m p u ta tio n s  in v o lv e d  in  th e  a p p l ic a t io n s  o f  ^ 5 . 2  

and 5 .3 .  a re  heavy th o u g h  n o t p r o h ib i t i v e  on an  a u to m a t ic  com put 

We i l l u s t r a t e  th e  te c h n iq u e  h e re  f o r  a n o th e r ,  c o m p u ta t io n a lly  

s im p le r  v e r s io n  suggested  by S ebestyen . .T h is  in  e f f e c t  uses  

tw o m e t r ic s ,  one f o r  m e a su rin g  d is ta n c e s  fro m  z ^ ,  th e  o th e r  f o r  

treasu ring  d is ta n c e s  fro m  z ^ . These m e tr ic s  a re  s e le c te d  fro m  th e  

c la s s  ( 5 . 2 . 5 . )  and a re  such th a t  th e  m ean-square  d is ta n c e  

betw een v e c to r s  o f  a c lu s t e r  i s  m in im is e d  s u b je c t  to  th e  vo lum e 

o f  th e  c lu s t e r  b e in g  h e ld  c o n s ta n t .

A p p ly in g  t h i s  te c h n iq u e  to  th e  n o rm a ls -p s y c h o t ic s  

p ro b le m  we f in d

w^ « .9 3  , *  0 .0 7  f o r  no rm a ls

w- “  • 97 , “  0 *03  f o r  p s y c h o t ic s
/o r jo r

and t h a t 'C l l  th e  25 n o rm a ls  e x c e p t tw o S (x , N) < S (x , P) a n d ^ a l l  

25 p s y c h o t ic s  e x c e p t 6 S (x , P) < S (x ,  N ). We n o te  th a t  8 cases 

a re  m is c la s s i f ie d  by t h i s  m e tho d , 2 fro m  n o rm a ls  and 6 fro m  

p s y c h o t ic s .



C h ap te r 6

GENERAL COMMENTS ON THE DISCRIMINANT PROCEDURE

6 .1 .  G e n e ra l re m a rks

In  t h i s  c h a p te r  we s e t  o u t b r i e f l y  some o f  th e  a d van tag e s  

and d is a d v a n ta g e s  o f  th e  v a r io u s  d is c r im in a t io n  p ro c e d u re s  we have 

d is c u s s e d . T h e re  i s  c e r t a in l y  no p ro c e d u re  w h ic h  i s  g e n e r a l ly  

a p p l ic a b le .  I t  i s  p o s s ib le  to  e n v is a g e  f o r  each p ro c e d u re  a 

s im p le  p r a c t i c a l  s i t u a t io n  w here i t  w i l l  f a i l .  The p ro b le m  o f  

s t a t i s t i c a l  d is c r im in a t io n  i s  c l e a r l y  o n ly  a t  a v e r y  e a r ly  s ta g e  o f  

i t s  d e v e lo p m e n t. I t  c o u ld  be a rgued  th a t  i t  re m a in s  a d i f f i c u l t  

p ro b le m  because  o f  i t s  m u lt i - d im e n s io n a l c h a r a c te r .  F o r s ta te  

v e c to r s  o f  on e , two o r  th re e  d im e n s io n s , i t  i s  easy to  o b ta in  a 

p i c t o r i a l  r e p r e s e n ta t io n  o f  th e  c lu s t e r s  o f  c la s s e s  a n d , fro m  th e  

p a t te r n s  we se e , be g u id e d  to  s e n s ib le  d is c r im in a t io n  p ro c e d u re s . 

F o r h ig h e r  d im e n s io n a l v e c to r s  no such p ic t u r e  i s  a v a i la b le  to  u s  

and t h i s  p re v e n ts  us  fro m  e a s i ly  d e te c t in g  p a t te r n s  o r  c lu s t e r s .

The m a in  hope a t  th e  moment f o r  o f f - s e t t i n g  t h i s  human d e f ic ie n c y  

seems to  l i e  in  th e  p o s s i b i l i t y  o f  o rg a n is in g  co m p u te rs  to  engage 

in  some s o p h is t ic a te d  fo rm  o f  p a t t e r n  r e c o g n i t io n .



6 .2 .  The advan tag es  and d is a d v a n ta g e s  o f  th e  p ro c e d u re s

( i )  C la s s ic a l  p ro c e d u re s . These a re  w h o l ly  based on th e  

a s s u m p tio n  o f  m u l t iv a r ia te  n o r m a l i t y  o f  th e  s ta te  v e c to r s ,  and 

la r g e ly  on th e  a ssu m p tio n  o f  e q u a l i t y  o f  c o v a r ia n c e  m a t r ic e s .  The 

q u e s t io n  o f  how u s e fu l  such a p ro c e d u re  is  when th e s e  a s s u m p tio n s  

a re  n o t j u s t i f i a b l e  i s  the  q u e s t io n  o f  ro b u s tn e s s . L i t t l e  w o rk  

on ro b u s tn e s s  has been done in  t h i s  a re a , and o n ly  c o n je c tu re s  

ca n  be made. The p ro c e d u re  le a d s  to  a l in e a r  d is c r im in a n t ,  th a t  

i s  a d iv i s i o n  o f  th e  s ta te  v e c to r  space by a h y p e rp la n e , o r  

h y p e rp la n e s . I t  n ig h t  be c o n je c tu re d  t h a t  th e  p ro c e d u re  w ou ld  

g iv e  re a s o n a b le  d is c r im in a t io n  f o r  m ost s i t u a t io n s  w here  th e  

c lu s t e r s  a re  ro u g h ly  e l l i p s o id a l  (see  F ig .  5 ) .  I t  does n o t 

f o l lo w  th a t  any c a lc u la t io n s  o f  m is c la s s i f i c a t io n  p r o b a b i l i t i e s  

based on n o r m a l i t y  a ssu m p tio n s  w ou ld  n e c e s s a r i ly  be r e l i a b l e .

When th e  c o v a r ia n c e  m a tr ic e s  a re  u n e q u a l c la s s i c a l  

p ro c e d u re s  le a d  to  " q u a d r a t ic  d is c r im in a n ts ” . F o r exam ple  w i t h  

d a ta  o f  F ig .  5 some cu rve d  d iv id in g  l i n e  w ould  p ro b a b ly  be more 

r e l i a b le  th a n  th e  s t r a ig h t  l i n e  d iv i s io n  because o f  d i f f e r i n g  

c o n c e n t ra t io n  p a t t e r n  o f  th e  c la s s e s .  The c la s s ic a l  p ro c e d u re  

w ou ld  p ro b a b ly  a g a in  g iv e  s e n s ib le  d is c r im in a t io n  even a lth o u g h  

n o r m a l i t y  c o u ld  n o t be assumed.
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( i i )  B a ye s ia n  p ro c e d u re s . These depend on th e  a b i l i t y  

o f  th e  e x p e r im e n te r  to  p ro v id e  p r i o r  in fo r m a t io n .  I f  t h i s  is  

a v a i la b le  th e n  B a ye s ia n  p ro c e d u re s  a re  v e r s a t i l e  enough to  d e a l 

w i t h  m ost p a ra m e tr ic  m o d e ls . They a re  v e r y  r e a d i l y  a p p l ie d  to  

s i t u a t io n s  w here  th e  s ta te  v e c to r  c o n s is ts  o f  q u a l i t a t i v e  

com ponents. Because o f  th e  g re a te r  d i f f i c u l t y  o f  m aking  p r io r  

assessm en ts  f o r  d is t r i b u t i o n s  o f  q u a n t i t a t iv e  f a c to r s  th e y  a re  

c le a r l ly  le s s  a t t r a c t i v e  in  t h i s  f i e l d .

( i i i )  O r d e r - s t a t i s t i c  p ro c e d u re . The c la s s ic a l  and B a y e s ia n  

p ro c e d u re s  a re  b o th  based on a ssu m p tio n s  a b o u t th e  p a ra m e tr ic  

fo rm  o f th e  d i s t r i b u t i o n s  o f  s ta te  v e c to r s .  The m a in  a t t r a c t i o n  

o f  th e  o r d e r - s t a t i s t i c  p ro c e d u re  i s  t h a t  i t  i s  d i s t r i b u t i o n - f r e e  

and i s  c o m p u ta t io n a lly  s im p le .  I t s  g re a t  d is a d v a n ta g e  i s  th a t  i t  

exam ines th e  com ponents o f  th e  s ta te  v e c to r  one a t  a t im e . The 

e x a m in a tio n  o f  th e  com ponents o f  th e  s ta te  v e c to r  one a t  a t im e  

i s  a m ixed b le s s in g .  I n  some s i t u a t io n s  i t  w i l l  as c la im e d  by 

K e n d a ll g iv e  some c lu e  a b o u t w h ic h  com ponents a re  m ost e f f e c t i v e

in  d is c r im in a t in g .  F o r exam p le , an a p p l ic a t io n  to  F is h e r ’ s exam ple 

(se e  T a b le  6 ,1 ) o f  d is c r im in a t in g  betw een I r i s  s e to s a  and I r s  

v e r s i c o lo r ,  th e  s ta te  v e c to r  b e in g  o f  fo u r  com ponen ts , showed th a t  

th e  c la s s e s  c o u ld  be c o m p le te ly  d is c r im in a te d  w i t h  th e  use  o f  a 

s in g le  component p e ta l  le n g th  o r p e ta l  w id th ,  and th e  r u le  o f  

d is c r im in a t in g  i s  : a l lo c a t e  se to sa  i f  p e ta l  le n g th  le s s  t h a n / . . . . .
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/ t h a n  2 , o th e rw is e  a l lo c a t e  to  v e r s ic o lo r .  B u t on  p e ta l  w id th  

a l lo c a t e  to  se to sa  i f  p e ta l  w id th  l e s s  th a n  0 . 7 ,  o th e rw is e  

a l lo c a t e  to  v e r s ic o lo r .  We n o te  t h a t  in  two cases th e re  i s  no 

ra n g e  o f o ve rla p p in g . B u t i f  we c o n s id e r  s e p a l le n g th  g e t t in g  a 

ra n g e  o f  ove rlapp ing  w h ich  i s  4 .9  ^  s e p a l l e n g t h y  5 .8  w i t h  57 

v e c to r s  in  i t .  And on s e p a l w id th  th e  common ra n g e  is  

2 .3  ,< s e p a l w i d t h s  4 . 4  w ith  96 v e c to r s  in  i t .  W h ile  th e  

p ro c e d u re  th u s  g iv e s  th e  appea rance  o f p la c in g  th e  com ponents in  

o rd e r  o f  d is c r im in a t o r y  im p o rta n c e  i t  may f a i l  c o m p le te ly  even in  

a s im p le  case  w here d is c r im in a t io n  ca n  be s a t i s f a c t o r i l y  c a r r ie d  

o u t in  te rras  o f  a c o m b in a tio n  o f  com ponents . F o r exa m p le , in  

F ig .  6 o r d e r - s t a t i s t i c  p ro c e d u re  g iv e s  no d is c r im in a t io n  w h i le  i t  

i s  c le a r  th a t  th e  s t r a ig h t  l i n e  shown s e p a ra te s  th e  two c la s s e s  

e f f e c t i v e l y .

The p ro c e d u re  d i f f e r s  fro m  c la s s ic a l  and B a ye s ia n  

p ro c e d u re s  in  t h a t  i t  may le a v e  some s t a t e  v e c to r s  u n c la s s i f ie d .  

T h is  may w e l l  be a more r e a l i s t i c  c o n c lu s io n  th a n  th a t  o f  f o r c in g  

a c o m p le te  c l a s s i f i c a t i o n .

( i v )  C o n v e x -h u ll p ro c e d u re . The id e a  u n d e r ly in g  t h i s  

p ro c e d u re  i s  a t t r a c t i v e  b u t i t  has a number o f  s e r io u s  p r a c t i c a l  

d is a d v a n ta g e s . I t  in v o lv e s  a c o n s id e ra b le  c o m p u ta t io n  when th e  

s ta te  v e c to r s  a re  o f  h ig h  d im e n s io n , and i t  ca n n o t be a p p l ie d  to  

q u a l i t a t i v e  com ponents. M o re o v e r, we can  e n v isa g e  s i t u a t i o n s / . . . .
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/ s i t u a t i o n s  w here i t  w i l l  f a i l  c o m p le te ly ;  se e , f o r  exam ple 

F ig .  7.

( v )  L in e a r  and n o n - l in e a r  t r a n s fo r m a t io n  and s i m i l a r i t y .

F o r th e  d i f f e r e n t  ways o f d e f in in g  and m e a su rin g  s i m i l a r i t y  i t  

i s  l e f t  to  th e  in v e s t ig a to r  to  choose  th e  one w h ic h  i s  a p p l ic a b le  

u n d e r th e  g iv e n  c irc u m s ta n c e s . The s im p le s t  c o n ce p t o f  m easuring  

s i m i l a r i t y  m ean-cquare  d is ta n c e  was d is c u s s e d  by S ebesteyn .

The success  o f  l in e a r  t r a n s fo r m a t io n  depends on th e  

c h o ic e  o f  th e  m odel and th e  n a tu re  o f  c la s s e s  to  be d is c r im in a te d .  

I t  g iv e s  a good d is c r im in a t io n  in  th e  s i t u a t i o n  w here th e  

p r o b a b i l i t y  d e n s i t ie s  o f  c la s s e s  a re  u n im o d a l i . e .  th e y  possess 

o n ly  a s in g le  hump. The l in e a r  t r a n s fo rm a t io n s  o p e ra te  on one 

d im e n s io n a l in fo r m a t io n  and ig n o r in g  a l l  th e  o th e r  d i r e c t io n s .

When th e  number o f  c la s s e s  in c re a s e  l in e a r  t r a n s fo rm a t io n s  g iv e  

v e r y  p o o r r e s u l t s  and u s in g  n o n - l in e a r  t r a n s fo rm a t io n s  y ie ld  

good r e s u l t s .  The d i f f i c u l t i e s  o f  th e s e  te c h n iq u e s  in v o lv e  a 

c o m p lic a te d  c a lc u la t io n  and th e  u se  o f  d i g i t a l  co m p u te rs  is  

n e c e s s a ry .



C la s s  Symbol 
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SUMMARY

In  t h i s  th e s is  a c r i t i c a l  su rve y  o f  te c h n iq u e s  o f  s t a t i s t i c a l  

d is c r im in a t io n  i s  u n d e rta k e n . The p ro b le m  o f  s t a t i s t i c a l  

d is c r im in a t io n  a r is e s  w here p re v io u s  w ork  has s e p a ra te d  a number 

o f  in d iv id u a ls  in t o  k  d i s t i n c t  c la s s e s , th e re  b e in g  a v a i la b le  on 

each in d iv id u a l  a v e c to r  o f  m -m easurem ents. The p ro b le m  i s  to  

a s s ig n  a new u n c la s s i f ie d  in d iv id u a l  f o r  w h ic h  th e  v e c to r  o f  

m -m easurem ents i s  a v a i la b le ,  to  one o f  th e  k  c la s s e s .

Many d i f f e r e n t  te c h n iq u e s  f o r  s o lv in g  t h i s  p ro b le m  have been 

suggested  and th e s e  a re  c o n s id e re d  in  C h a p te rs  2 -5  o f  th e  th e s is .

The id e a  o f  c la s s ic a l  te c h n iq u e s  (C h a p te r 2) i s  to  f i n d  a 

l in e a r  c o m b in a tio n  o f  th e  m -m easurem ents and u se  i t s  v a lu e  f o r  

th e  a l lo c a t io n  o f th e  new in d iv id u a l .  T h is  id e a  i s  d e r iv e d  fro m  

th e  a s s u m p tio n  o f  n o r m a l i ty  o f  th e  v a r i a b i l i t y  o f  th e  d a ta  f o r  th e  

d i f f e r e n t  c la s s e s .  The te c h n iq u e  was in tro d u c e d  by F is h e r  (1 9 3 6 ).

A n o th e r te c h n iq u e , c a l le d  B a ye s ia n  d is c r im in a t io n  (C hap te r 3 ) 

r e q u ir e s  some p r io r  in fo r m a t io n  a b o u t th e  r e l a t i v e  fre q u e n c e  

th e  d i f f e r e n t  c la s s e s  w h ic h , a f t e r  th e  o b s e rv a t io n  o f  th e  new 

in d iv id u a l ,  can  be c o n v e rte d  in t o  a p o s te r io r  in fo r m a t io n  by th e  

u s e  o f  Bayes1 s th eo rem . The m a in  d e ve lo p m e n ts  o f  t h i s  th e o ry  to  

d a ta  r e q u i r e  know ledge  o f  th e  d i s t r i b u t i o n s  o f  th e  d i f f e r e n t  

c la s s e s .  ,



Some te c h n iq u e s  -  o r d e r - s t a t i s t i c  and c o n v e x -h u l l  methods*?. 

(C h a p te r 4 ) have r e c e n t ly  been in tro d u c e d  by K e i t f a l l  (1 9 6 5 ).

F o r th e  f i r s t  method th e  d is c r im in a t io n  p ro c e d u re  i s  b u i l t  up  i n  

s ta g e s . A f i r s t  s te p  to w a rd s  d is c r im in a t io n  i s  ta k e n  by 

c o n s id e r in g  th e  m easurem ents one a t  a t im e ,  and u s in g  th a t  

m easurem ent w h ic h  s e p a ra te s  in t o  c la s s e s  th e  m ost in d iv id u a ls .

A t  subsequen t s ta g e s , o n ly  p r e v io u s ly  u n c la s s i f ie d  in d iv id u a ls
v

and unused measurements a re  considered in  the  search fo r  the  

fu r th e r  re finem ent of th e  procedure. The second method consists  

of co nstru ctin g  the convex-hu ll o f each c la ss  and a llo c a tin g  the  

new in d iv id u a l i f  and only i f  i t  f a l l s  in  one of the convex-fculls.

, O th e r re c e n t  te c h n iq u e s  have been in tro d u c e d  by S ebestyen  (1962 

and a re  term ed s i m i l a r i t y  in d e x  p ro c e d u re s  (C ha p te r 5 ) .  The id e a  

u n d e r ly in g  t h i s  th e o ry  i s  to  c a lc u la te  th e  s i m i l a r i t y  o f  th e  

in d iv id u a l  to  each d a s s  and a l lo c a t e  i t  to  th e  c la s s  w h ic h  i s  m ost 

s im i la r .  The c o n c e p t o f  m e a su rin g  s i m i l a r i t y  w h ic h  i s  suggested  by 

S ebes tyen  i s  th e  c a lc u la t io n  o f  th e  m ean-square  d is ta n c e  be tw een a 

p o in t  and a c la s s  o f  p o in ts .

The m a in  c o n c lu s io n  (C h a p te r 6) i s  t h a t  th e re  i s  no g e n e ra l 

p ro c e d u re  w h ic h  ca n  be fo l lo w e d  i n  e v e ry  s i t u a t io n .  The a p p l ic a t io n  

o f  any te c h n iq u e  depends on  th e  n a tu re  o f  th e  p r a c t i c a l  p ro b le m .

The hope o f  o b ta in in g  im proved p ro c e d u re s  seems to  l i e  i n  th e  u se  o f  

la r g e  s c a le  co m p u te rs  to  p ro v id e  i n  some c o n v e n ie n t fo rm  a 

g e o m e tr ic  p ic t u r e  o f  th e  h ig h -d im e n s io n a l d a ta  in v o lv e d  i n  m ost 

p r a c t i c a l  p ro b le m s .


