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A b s t r a c t

G rav ita t io n a l  microlensing is an im p o rtan t  tool in the  search for Galactic dark  m a t te r .  

This thesis investigates how microlensing can be used to infer astrophysically interesting 

inform ation  abou t  the s truc tu re  of extended objects , as well as the feasibility of using 

extended source effects to improve the es tim ates of the lens param eters .

I develop a simple, widely applicable model of an ex tended stellar envelope, and use it 

as th e  source object in microlensing simulations. This dem onstra tes  the effect of the 

envelope s truc tu re  and the lens param eters  on the pho tom etric  and  polarim etric  light 

curves. It is shown th a t  im p o rtan t  information abou t  the  envelope is contained in the  light 

curve. Furtherm ore , the levels of variable polarization produced are well w ithin current 

observational capabilities, and the signal can be used to  effectively constra in  the mass, 

d istance and  transverse velocity of the lensing object. T he  use of polarization profiles as 

a microlensing diagnostic is dem onstra ted .

An overview of inverse problem theory is presented, w ith  particu lar  em phasis  on the 

B ackus-Gilbert technique which is used extensively in the thesis. This inversion m ethod  is 

then applied to the  problem of determ ining stellar limb polarizations from b inary  systems. 

1 s tudy  extensively the influence of the system orbital pa ram ete rs  and the d a t a  quality on 

the accuracy and stability of the inversion, and show th a t  the relative sizes and orbital 

inclination of the stars  is the most im p o rtan t  factor. I also show th a t  limb polarization 

profiles can be estim ated  with the same m ethod.

Finally, I invert simulated microlensing light curves, to determ ine limb darkening  and
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chrom atic  profiles of lensed stars . We show th a t  meaningful inversions are only possible in 

the  case of a t ran s i t  event. Furtherm ore , a lthough d a ta  quality is im p o r tan t ,  the num ber 

of d a ta  points  does not greatly  affect the inversion provided there are more th an  abou t  

fifty points. T h e  inner p a r t  of the disk is always poorly recovered, bu t the intensity  profile 

in the o u te r  p a r t  of th e  disk can be estim ated  to  a high degree of accuracy.

T he  basic work in this thesis can form the foundation of much more detailed studies, for 

which some suggestions are outlined a t the end.
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C h a p t e r  1

In t ro d u c t io n

It is to  be inferred  t h a t  there exist countless dark bodies close to  the  sun - 

such as we shall never see. This is, between ourselves, a  parable; and  a m oral 

psychologist reads the whole s ta rry  script only as a parable  and  sign-language 

by means of which m any things can be kept secret.

Friedrich Nietzsche, Beyond Good and Evil

1.1 Dark m atter  in cosm ology

T he fact th a t  most of the  universe is apparently  invisible can be ra th e r  unsettling. All our 

knowledge of the cosmos is derived from the light we can observe: for the  bulk of m a t te r  

to  be dark  implies a certain perverse sense of hum our on N a tu re ’s p ar t .

T h e  first evidence for a substan tia l  dark  m a t te r  component in the  Galaxy came from 

studies of galactic ro ta tion  curves. T he distribution of visible m a t te r  - s ta rs ,  gas and  dust 

- in a  spiral galaxy can be well represented by a two-component model, consisting of a flat 

th in  disk and a  massive central bulge. According to such a model, stars  a t a  d istance r far 

from the  galactic centre should orbit a t velocities proportional to  r - 1 / 2 (from K eple r’s 3rd 

Law). In fact, the ro ta t ion  curves of our Galaxy and o ther  spirals are flat a t  large r  - the
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1.1. D ARK M A T T E R  IN C O SM O L O G Y

velocity does not drop off w ith  d istance from the centre [1] [2]. This implies the  existence 

of an unseen, roughly spherical halo com ponent, com parable in mass to the  entire visible 

p a r t  of the  Galaxy.

Dynamical studies of galaxy clusters reveal even more dark  m a t te r .  By m easuring the 

velocity dispersion of the cluster galaxies one can estim ate  the mass contained within 

the  cluster by means of the virial theorem  [3]. Such calculations indicate a dark  m a t te r  

com ponent which is an order of m agnitude more massive than  the  visible galaxies [4].

An obvious question is: w ha t does this dark m a t te r  consist of? T here  is an equally 

obvious answer in our own solar system. Far from any s ta r  a  p lanet would be invisible, 

and  it does not seem unreasonable to imagine a population of Jupiter-like ob jects  or more 

massive brown dwarfs or stellar rem nan ts  making up the Galactic halo. These would be 

the  so-called MAssive C om pact Halo O bjects, or MACITOs.

Hut this cannot  be the whole story. T he  s tandard  big bang model and  observed light 

element abundances constrain  the  baryon density of the  Universe to  the  range 0.007/z-2 < 

Qb < 0.022h ~ 2 [5] (where is the  fraction of the  critical density th a t  is m ade up of 

baryons and h =  / /o /1 0 0 k m s_1M pc_1). Now this certainly implies a subs tan tia l  quan tity  

of baryonic dark m a t te r ,  since the density of visible m a t te r  is only Qv - 0.003 [6]. However, 

es tim ates  of cluster dark  m a t te r  give 0  ~  0.2 [7], which clearly implies th a t  some type 

of exotic m a t te r  dom inates  on such lengthscales. Massive neutrinos are merely the  most 

conservative suggestion.

Return ing  to our own Galaxy, the halo density is fG ~  0.02h_1(7?/t/7 0 k p c)  where Rh is 

the  halo radius. Observationally, Rh  70kpc [8], so, if our Galaxy is typical, baryonic 

dark  halos are ju s t  within big bang  nucleosynthesis limits. Even if this cons tra in t  proves 

too  tigh t (and a m ore typical halo radius might be R k  ~  200kpc [9]) it is still reasonable 

to  suppose th a t  a subs tan tia l  fraction of the dark m a t te r  in the halo is baryonic. Gas and 

molecular clouds are ruled out by X-ray observations and  dynam ical considerations [10] 

[11], so it seems likely a baryonic halo will consist of M ACIIOs.

F inding these com pact,  invisible objects  is where the fun s ta r ts .
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1.2. G RAVITATIONAL LENSING

1.2 G ravitational lensing

T he m easurem ent of light deflection round the Sun [12] was the first t rue  tes t  of General 

Relativity (G R ). Of course, one can ob ta in  an expression for the deflection angle a  of a 

light ray by a  mass M by purely Newtonian means [13]: a particle with velocity v and 

distance of closest approach  r will be gravita tionally  deflected through an angle given by

a  G M
t an  77 =  2 (L1)2 v zr

Simply se tting v = c and considering small angles gives the  “N ew tonian” deflection angle

2 G M  , x
1.2

cAr

T he same value can be obtained from mass-energy equivalence in the con tex t of Special 

Relativity; however, a  full general relativistic t rea tm en t  gives twice this angle,

A G M  n  ^a  = — —  (1.3)
cz r

T he experim ental  confirmation of the GR angle, and rejection of the New tonian value, was

a  decisive test for General Relativity (and  this event greatly  influenced P o p p e r ’s philosophy

of science [14]). Einstein later showed [15] th a t  light deflection can increase the  ap p a ren t  

brightness of a  source (after a suggestion by M andl), but it was Zwicky [16] who first 

proposed th a t  the lensing effect be used to  determ ine the masses of galaxy clusters.

T h a t ,  in a  sense, is the prehistory of the  field. Its history proper begins in 1964, when 

Refsdal [17] published a thorough t re a tm e n t  of the point mass lens. Lensing as a  m ethod  

for detecting dark  m a t te r  was discussed by Press & G unn [18], who proposed a  search for 

double images of d is tan t sources. However, the real b reak th rough  into the  m a in s tream  did 

not occur until 1979, when Walsh et al. discovered the first candida te  for a  lensed object 

- the  doubly-im aged quasar Q 0957+ 561 A,B [19].
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1.2. GRAVITATION AL LENSING

Gravitational Lens in Abell 2218 HST • WFPC2
PF95-14 • ST Set OPO ■ April 5,1995 ■ W. Couch (UNSW), NASA

Figure 1.1: A Hubble Space Telescope image of lens arcs in the  galaxy cluster Abell 2218

As will be shown below, a point mass will in general produce two images of the  lensed 

object.  T he more closely aligned are the  object, lens and observer, the m ore d istorted  

the  images until in the  case of perfect alignment a  single circular image is produced: the 

“Einstein ring” . Q0957+561A and B lie 6.1 arcseconds ap a r t  on e ither side of a cluster 

galaxy at z  = 0.36 ( the  quasar has redshift 2: =  1.41). Since 1979 a  handful of o ther 

m ultiply-imaged quasars have been found [20], some with as m any as four images, though 

the  difficulties involved in confirming th a t  two or more observed quasars  are indeed the 

sam e object mean providing an au tho ri ta t ive  num ber is impossible.

W hen the  lensed images can be resolved, th e  distortion caused by lensing becomes a p p a r ­

ent. This is m ost striking in the  “radio rings” , the  Einstein rings formed by a com pact 

radio source lying directly behind a  galaxy. A less extrem e, though more useful example 

can be seen in the  lens arcs such as in Abell 370. These long, filam entary s t ru c tu re s  are 

the  images of d is tan t galaxies lensed by th e  deep potential well of cluster A370, and  similar 

arcs have been identified in a num ber of o ther clusters. An HST image of cluster A2218

12



1.3. M IC R O LEN SIN G

(Fig. 1.1) clearly shows the overall circular p a t te rn  of the  lensed galaxies.

The im portance  of such arc s truc tu res  lies in the  fact th a t  they allow a de term ina tion  of 

the  lensing potential,  and thus the  mass of the intervening cluster [21]. In the  case of 

A370, a substan tia l  dark  m a t te r  com ponent was identified.

Arc systems are merely the most b la tan t  example of lensing by galaxy clusters. In the  limit 

of weak lensing, the elliptical image of a  d istant galaxy is m apped  into ano ther  ellipse [22]. 

However, a lthough individual images do not appear d is torted , the  lensing is still ap pa ren t  

in the circular p a t te rn  imposed upon the  field of galaxies. Given the unlensed orienta tions 

of the galaxies, one can invert to find the cluster potential.  U nfortunate ly  this inform ation 

is not available, so a  statistical s tudy  of large numbers of galaxies is required. It has been 

shown [23] th a t  m easurem ent of the  direction of polarization of the lensed galaxies greatly  

improves the inversion, but this has not yet been pu t into practice.

1.3 M icrolensing

Microlensing is more th an  ju s t  a smaller-sca.le version of lensing: it is a d istinct theo r­

etical and observational field in its own right. By definition, microlensing is a  lensing 

configuration in which the multiple images are unresolved. Consequently, it can only be 

detec ted  when the lens has a  significant transverse velocity relative to  the source, leading 

to  a  variation of the  apparen t source brightness with time. This is quite different from 

the  distinction between strong and weak lensing. Microlensing is s trong lensing: th e  “mi­

cro” refers to small angular separations between highly d istorted  images. In weak lensing 

the  gradient of the  amplification across the image is small. T he  fundam enta l distinction 

is clear: the lensing studies in section 1.2 involve s ta tic  two-dimensional images, while 

microlensing concerns the  analysis of one-dimensional tim e series.

C hang & Refsdal [24] discussed the  basic concept in 1979, though the te rm  “microlensing” 

was not coined until 1986 [25]. T he  earliest astrophysical results came from quasar obser­

vations. This is no coincidence. In a  multiply-imaged quasar,  if a brightness fluctuation in
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1.4. T H E  SCH W ARZSCHILD LENS

one of the quasar images is not m atched in the others the fluctuation cannot be due to  in­

trinsic variability of the source. Microlensing is then a plausible explanation. Q 2 2 3 7 + 0305 

is an ideal candidate,  as it consists of four lensed images surrounding a  nearby galaxy: a 

likely source of microlensing objects. Since 1988 [26] a handful of microlensing events have 

been seen in the images [27], allowing the stellar mass d istribution in the lensing galaxy 

to  be determined.

Presumably, therefore, some variability in single-image quasars could also be due to mi­

crolensing. On the basis of long time series quasar observations ( ~  20 years), Hawkins 

[28] has claimed long-timescale variability ( ~  months) in most quasars  and proposes th a t  

this is the  result of routine microlensing by multiple objects , ra th e r  than  intrinsic fluc­

tua t ions  in the quasars themselves. If correct, this implies a cosmological population  of 

com pact objects  near the closure density - and therefore non-baryonic. Hawkins suggests 

th a t  primordial black holes could make up this population, but his bold conjecture remains 

controversial.

In a highly influential 1986 paper [29], Paczyriski proposed a large-scale variability survey 

of ~  106 stars  in the Large Magellanic Cloud (LM C), in order to detect com pact objects  

in the  Galactic halo by observing their microlensing effects. Several microlensing surveys 

are now in progress, and have met with considerable success. Their techniques and results 

will be discussed in section 1.5, bu t first a more quan tita t ive  t re a tm e n t  of microlensing is 

in order.

1.4 T h e Scliwarzschild lens

A light ray which passes a  mass M  a t  a minimum distance r will be deflected through  an 

angle
4G M  2R s

o = ~ 2 ~  = —  1-4cLr r

14



1.4. T H E  SCHWARZS CHILD LENS

Dds Dd

Ds

Figure 1.2: T he  geom etry for a  schwarzchild lens M and a source S a t  distances Dd and 

D s respectively from the observer 0

where R s is the Schwarzschild radius of the lens.

From Fig. 1.2 it is clear th a t  a ray which reaches the  observer m ust satisfy the  condition

(1.5)

Denoting the angular  distance between the lens and  the observed ray by 

we can rewrite Eqn. (1.5) as

D s 2 R s
p d s =  t t v — ~D *sDd r

(3 = 0 -  2 R t Dds 1
D d D s 0

It is na tu ra l  to  in troduce a characteris tic  angular scale, the Einste in  radius , defined as

(1.7)

0o =  \ 2 R t
Dds

D dD f

This leads to  a  characteristic length scale in the source plane

£o =  0o D s — \ /2  R, D s Dds

D d

( 1.8)

(1.9)
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1.4. T H E  SCHW ARZSCH ILD LENS

which we will refer to  as the  projected E inste in  radius. 

T h e  lens equation Eqn. (1.7) can now simply be written

with the solutions

02 - p 0 - 0 2 = 0

0+f_ = I (/J± ^40jj + 02)

( 1 .10)

1 .1 1 )

We are now in a position to  calculate the  amplification of the source due to  microlensing. 

Defining the normalised angles

o = o /e  o ,

P =  P / 0 0

( 1 .12 )

1.13)

the source has two images, at the positions

1
0+,- — 2 ( @ ^  V ‘4  T  P 2 1.14)

As the intensity of a  ray is constan t along the ray p a th ,  the brightness ra tio  A  of the 

source and image is simply equal to the ratio  of surface areas, i.e.

0± d 0±
A-1—

P d p
(1.15)

in the cylindrically sym m etric case.

From Eqn. (1.14), the amplification factor for each image is therefore

PA jl. =
1

and

A_ =  -  
4 2 +  4

+
+  4

P
+ 2

+  4

P
-  2

(1.16)

(1.17)

By definition, these two images cannot be resolved in the case of microlensing. Fu rther­

more, the  time delay between the images is of the order R s/c  [30], or 10^s for a  1 M@
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Figure 1.3: Two sample microlensing light, curves.

lens. Therefore we can simply add the amplifications of the  two images together to  give 

the  to ta l  amplification function

,1+ t ) + (1 + t )
1.18)

1.5 M icrolensing surveys

We can now use these results to  set some characteristic  scales for microlensing. A point 

source a t  an angular distance of one Einstein radius from the lens will be amplified by 

a  factor A(/3 =  1) =  3 / \ /5  ~  1.34. In microlensing surveys this is set as the  threshold 

brightness increase for consideration as a  potential microlensing event. T he timescale of 

a lensing event is simply the time taken for the lens to  cross one Einstein radius, or

t =  ^ ,  (1.19)

where v± is the transverse velocity of the  source.
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Consider the  lensing of a s ta r  in the LMC by a  1 M@ M ACHO in the Galactic halo. If the 

lens is half-way between E a r th  and the LMC, the images are separated  by ~  10-3 arcsec, 

an unresolvable separation , and  the lensing timescale is ~  3 m onths  if V± = 200km s- 1 . 

Observing such a microlensing event is therefore possible, but how likely are we to  see it?

To answer this question it is useful to introduce the microlensing optical depth , r .  This is 

simply the  instan taneous probability  th a t  a s ta r  is lensed such th a t  A > 1.34, and can be 

w rit ten  as

[ D° A-k G D dD ds
t = ~ 2-----77— p {D d) d D d (1.20)

Jo C ids

where p{Dd) Is the average density of lenses a t  a  distance D d . A commonly used halo 

model has the radial density profile

R  o +  «2p (r )  = p o ~ ~ ^  1.21r z +  a z

where R q is the distance from the Sun to the Galactic centre, a is the halo core radius 

and po is the local dark  m a t te r  density. Inserting this profile and the LMC distance into 

Eqn. (1.20) yields a microlensing optical depth  in the halo of r^aio — 4.7 x 10- 7 .

These num bers determ ine the param eters  of microlensing surveys: the optical dep th  com ­

pels a. survey to observe ~  10-b  stars , and  the timescale makes several years of continuous 

observation necessary.

T here  are now several such surveys, but their methodologies are broadly similar. A suitable 

s ta r  held is m onitored for variability, and a  num ber of candida te microlensing events 

selected. This selection is far from trivial, as the cuts m ust discriminate microlensing from 

intrinsic variation in the source brightness. To be considered as a microlensing event, the 

fluctuation m ust satisfy the  following criteria:

1. Sym m etry :  T he microlensing light curve is symmetrical. This is unusual in stellar

variability, and can be used as a rough indication of whether a  par ticu la r  event is
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due to  microlensing or intrinsic variability. T he logical extension of this criterion 

is to dem and  th a t  the d a ta  passes a threshold goodness of fit to the microlensing 

curve.

2. Achrom aticity:  T he amplification function is frequency-independent, so one might 

expect the  light curve to be the same in all wavelengths. In practice, the amplifica­

tions in two different wave bands are required to  be the same.

3. Uniqueness: This is a slightly curious condition. After a candida te  event has been 

identified, the object is subsequently monitored to see if the event recurs. Since the 

optical depth towards the bulge or LMC is ~  10- 6 , the chances of a single s ta r  being 

lensed more than  once are tinv. Thus, any repeated  variability is almost certainly 

intrinsic. There  are two problems with this stipulation. Firstly, it is retrospective, 

so a t any time a microlensing event may be retroactively disqualified. Secondly, a 

genuine microlensing event may be missed if it occurs to  a s ta r  which also exhibits 

variability. Microlensing surveys generally avoid this possibility by simply removing 

known variable s tars  from consideration.

Each survey has its own “cu ts” , which fu r the r refine the selection process. These can be 

very involved, but the details can be crucial. A brief guide to the main surveys and  their 

results  follows: the  references provide much more information on the analyses.

Note th a t  the  results quoted below are the claims m ade by the survey groups themselves. 

As we shall see later, there are complications, particularly  extended source effects, which 

m ight bias these results in ways not accounted for in the  published analyses. (Note, 

however, th a t  the EROS group have consistently taken account of the effects of finite 

source size on the detection ra te ,  and the  MACHO group has recently folloed suit.)

1.5.1 T h e  M A C H O  co l laborat ion

T h e  M A CHO  group has been monitoring the LMC, SMC and Galactic bulge since Sep tem ­

ber 1992, during which time it has had  dedicated use of the G rea t Melbourne Telescope
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a t  M ount Stromlo.

T h e  analysis of the first ‘2.1 years of LMC d a ta  has recently been published [31]. Eight 

microlensing events were detected, in a survey of 8.5 million stars ,  with timescales between 

34 and  145 days. T he  main conclusions were:

1. T h e  microlensing optical depth  tow ards the LMC is Thai0 = 2.9^o g x 10- ' f° r events 

with timescales between 2 and ‘200 days.

‘2 . T h e  halo mass of MACIIOs within 50 kpc is ‘2 .01q 7 x lOn M 0 .

3. T he  m ost probable MACHO mass is 0.51q 2^ © -

4. O bjec ts  in the  mass range 10- 4M© to  0.03M© make up less th an  ‘20% of the dark 

halo.

A surprisingly large num ber of events has also been detected towards the bulge. A full 

analysis has not yet been published, but preliminary results based on the first season of 

bulge d a t a  (42 candidates) give Tbu[ge - 3.92l'^ o2 X 10-(> [33]. This is significantly greater  

th an  the  expected T\}Uige =  1 x 10-6  [37], and may indicate a  bar in our Galaxy. Such a 

bar would enhance the optical depth  if its long axis were oriented roughly tow ards E arth .

1.5 .2  O G L E

T h e  Optical G ravita tional Lensing Experim ent has only monitored the bulge, and has

been doing so since 1992 using the lm  Swope telescope a t  Las C am panas. A full analysis

of the  first two years of d a ta  is in broad agreem ent with the MACHO bulge results [34]. In 

a  survey of over a million stars  ( ~  1.1 X 106 in 1992 and ~  1.4 x 106 in 1993 ), 9 microlensing 

events were detected, with timescales between 8.6 and 6*2 days. T he resulting optical depth 

is Tbuige = (3 .3 ±  1 .2 )X 10-b  forevents  in this timescale range. As with the M A CHO  results, 

this large optical depth  implies the existence of a Galactic bar.
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1.5 .3  E R O S

T he EROS group ( “Experience pour la Recherche d ’O bje ts  Sombres” ) has been com par­

atively unfortuna te .  T he survey has involved two telescopes a t La Silla: a  CCD -equipped 

40cm telescope looking for short timescale events (15 minutes ^  t ^  a few days) and the 

lm  Schmidt, sensitive to events in the range 1 day t < a few m onths. One year of the 

CCD time was spent on the SMC; the rest of the survey was only concerned with the 

LMC.

No short  timescale events were seen. Only two candida te  events were identified in the 

Schmidt da ta .  T he first candida te has subsequently been identified as a Be s ta r  [35], and 

the second as an eclipsing binary [36]. Thus there is considerable d o u b t  as to  w hether 

these are real microlensing events, ra th e r  th an  intrinsic variability of the  source.

Given the lack of any  very reliable events, the EROS conclusions m ust  necessarily be 

limited. Even so, the absence of short dura tion  events provides an upper limit of ‘20% to 

be set on the fraction of objects in the halo with masses between 10“ ' M @ and O.O2M 0 . 

This is consistent with the MACHO results, bu t extends to  a much lower mass limit.

1.5.4  D U O

T he DUO project is the last of the “established*’ microlensing surveys. It is concerned 

with determ ining the  spatial d istribution of lenses toward the  Galactic center, and employs 

the  ESO lm  Schmidt telescope in a  survey of between 6 and 13 million stars .  So far 12 

cand ida te  events have been reported , including one binary  event, which are apparen tly  

concentra ted  a t low Galactic la ti tude [38].

1.5 .5 O th er  p rojects

W hen  microlensing surveys were first proposed, there was considerable scepticism abou t 

their feasibility. T he  successes outlined above have inspired fu r the r p ro jec ts ,  expanding 

and refining the  current techniques. MOA (Microlensing Observations in Astrophysics) is
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a new New Zealand /  Jap an  microlensing collaboration; P L A N E T  (Probing  Microlensing 

Anomalies N ETw ork) uses four semi-dedicated telescopes to  follow up microlensing alerts 

w ith  rapidly-sampled photom etric  m easurem ents and A G A P E  (A ndrom eda Galaxy and 

Amplified Pixels Experim ent)  looks for microlensing of unresolved stars  in the  A ndrom eda 

galaxy. Microlensing is a rapidly expanding field - so much so th a t  this review will already 

be ou t of date.

T here  has also been a substan tia l  scientific payoff for the field of variable stars .  In the 

process of identifying and winnowing out a few microlensing events from the  surveys, the 

various groups have created a massive catalogue of intrinsic stellar variability. A stronom ers 

with in terests in Cepheids, RR Lyraes and eclipsing binaries have not been slow to exploit 

this da tase t .

1.6 C om plications

T h e  results outlined above are affected by m any  complicating factors: timescale limit­

ations, blending, complex lens systems and extended source effects. Some of these are 

simply problems, while others are opportunit ies  in disguise. We shall consider them  in 

tu rn .

1.6.1 T im e s c a le  l im i ta t ion s

T h e  timescale of a microlensing event can in principle take on any value between zero and 

infinity. In practice, microlensing surveys can only detect events within a finite range of 

timescales: the precise limits depend on the details of the individual survey, bu t  a  range 

of a few days to  a few hundred days is typical. At the extrem e ends of the  range, the 

detection  efficiency becomes very low.

Since the timescale is a  function of the lens mass, this imposes a limit on the range of 

M A CH O masses th a t  can be detected. This lim itation is well understood , however, and 

the  quoted results generally include the  appropria te  caveats.
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1.6 .2 B le n d in g

Microlensing surveys cover very crowded fields of s tars ,  in order to maximise the  p ro b ab ­

ility of seeing an event. But there is a danger, especially in such a dense field, th a t  an 

apparen tly  single s ta r  may be in fact two stars  whose separation is unresolvable. If one of 

these s ta rs  is lensed, the resulting light curve will be con tam inated  by the  light from the 

o ther  s ta r ,  introducing chromatic ity  and an additional baseline flux [39], and  systematic- 

allyreducing the lensing timescale. Blending can be taken  into account by adding ex tra  

param ete rs  to  the light curve fitting [31]: however, a highly blended event may not be 

recognised as microlensing a t all.

1.6 .3 C o m p l e x  lenses

So far, we have only considered single, point mass lenses. Extending the discussion to  a 

b inary  lens produces radically new results. It can be shown [40] th a t  the amplification 

function of two coplanar point mass lenses includes caustic curves, along which the m ag­

nification is infinite. (In the  single lens case, the caustics collapse to a point a t  the  lens 

position.) Fig. 1.4 shows an example of the light curve produced by such a  b inary  lens. 

It can be seen th a t ,  while the magnification is very high during caustic crossing, the light 

curve is very different from the s tan d a rd  single lens case.

This is a problem, because m any such events will not fit the survey criteria for microlensing 

candida tes  ( though a  few binary events have been detected: O G L E # 7 ,  D U O # 2  and 

M A C H O  L M C # 9 ) .  It is also an opportunity , as it presents a new way to  detect e x t ra ­

solar p lanets. In the case where one mass is very large com pared to the o ther,  the  resulting 

light curve resembles the “canonical” curve, bu t with spiky features caused by the  small 

o rb iting  mass (or masses). This has been proposed as a signature of p lane ta ry  systems

[41].
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Figure 1.4: A binary microlensing event, O G L E # 7 ,  detected by the O G L E  survey
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Figure 1.5: T he effect of finite source size on the microlensing light curve. T he  source 

ob jec t  is spherical, of radius R in units of the lens Einstein radius, and of uniform brightness
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1 .6 .4  E x te n d e d  sources

T he point-source approxim ation breaks down if the  source size is com parable to  the Ein­

stein radius. This has serious consequences for microlensing surveys: as we shall see in 

this section, there are a num ber of effects which can cause extended-source microlensing 

to  go undetected in the da ta .  Clearly, this will lead to  a  system atic  underestim ation  of 

the  lensing optical depth . On the o ther hand, we can exploit extended source effects to 

learn more abou t  the lens - and abou t the  source object itself.

W hen we abandon the point-source model, obtain ing a theoretical light curve becomes 

som ew hat more involved: the amplification m ust be in tegrated  over the source so th a t  the 

to ta l  flux a t a given time, Fu(t)  is given by

where (r ,  0) are radial coordinates in the source plane, and /^ (r ,  9) is the specific intensity.

This now opens up a remarkable set of possibilities. Any source s tru c tu re  (as expressed 

in I { r , 6 )  will be expressed in the light curve F(t) .

To s ta r t  with the simplest case, consider a spherical source of radius R  and  uniform 

intensity  To [42], [43]. If R  is of the same order of m agnitude as the  pro jec ted  einstein 

radius of the lens, the microlensing light curve will depart  from the point-source curve as 

shown in Fig. 1.5. T he  flux begins to rise sooner for greater R , as the  nearest edge of the 

source begins to  be lensed, but for small im pact param eters  the  m axim um  flux is lower 

since the  amplification is effectively smeared out over the source. For sufficiently large R  

the  amplification will never meet the threshold for detection by the microlensing surveys. 

It has been shown [70] th a t  events where R  3£owill go undetected. This reduces the

sensitivity of the surveys to  low-mass lenses, and sets a lower bound of 10 ' M® on

detec tab le  lenses. T he EROS survey has m ade some a t te m p t  to take this into account

[44]: the  M ACIIO group has recently s ta r ted  doing the same.

( 1 .2 2 )
source
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Figure 1.6: T he  effect of limb darkening on the  microlensing light curve. T he  intensity at 

the  limb of the darkened s ta r  is 0.9 times the intensity a t the center of the disk (and 0.9 

times the intensity a t all points on the disk of the uniformly intense s ta r) .

While this is indeed a problem, detecting the effects of finite source size in the  light curve 

can be immensely useful in constraining the lens param eters .  T he light curve gives the 

relationship between R  and £ce if R  can be determined spectroscopically, we immediately 

have an absolute scale for the  lens mass, distance and velocity. T he significant improve­

m ent this makes to  our information abou t  the lens has been examined by Peng [45].

If we now let I  vary across the  disk, we can see th a t  corresponding fine s t ru c tu re  appears  

in the light curve due to differential amplification across the source. T h e  lens effectively 

acts like a  magnifying glass passing across the disk. Fig. 1.6 shows the  effect of limb 

darkening: fur ther calculations can be found in [70] and [47]. In general, we might also 

expect colour variations across the stellar disk to manifest themselves as differences in the 

observed amplification in different wavebands, as well as in the behaviour of par ticu lar  

spectral lines during the  microlensing event. Vails-Gabaud has calculated these effects in 

detail [47].
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Figure 1.7: An example of a polarim etric signal induced by microlensing.

T h e  a s tu te  reader will realise th a t  this opens up a wonderful opportun ity  for s tellar im a­

ging. We can use the fine detail of the microlensing light curve to reconstruct / „ ( r ,  0); in 

o ther  words, to pu t  together a picture of the stellar disk. This possibility has been noted 

by a, num ber of au thors  ([70], [48], [47], [49]), in the context bo th  of stellar a tm ospheres  

and  of quasar accretion disks. T he practicalities of this process have h ither to  received little 

a t ten t io n ,  however: ju s t  how does one go abou t determ ining stellar a tm osphere  profiles 

from the  light curve, and w hat kind of information can be obtained? C h ap te r  6 of this 

thesis answers these questions.

Polarization is ano ther feature of the stellar limb th a t  may be picked up by microlensing. 

Differential amplification of a s ta r  with some degree of limb polarization can give rise to 

d ram a tic  variable polarization signatures (as in Fig. 1.7), even when the s ta r  norm ally ex­

hibits no net polarization [70]. Ju s t  as with the unpolarized flux from an extended source, 

this can help pin down the param eters  of the lensing object: fu r therm ore , polarim etric  

m easurem ents  show the direction of transverse motion of the lens. In fact, the  ex ten t to 

which the polarization signal constrains the  lens param eters  is very striking [50]: while 

a polarim etric microlensing survey is not feasible, polarimetric follow-up observations of
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microlensing alerts could prove very valuable. The m ajo r  factor affecting the  practicality  

of such m easurem ents is the degree of limb polarization in the source s tar:  if this is too  

low, the  polarization signal will be too weak to  be detected.

It is hard  to  say how good the prospects are for such studies, as m easuring  stellar limb 

polarization observationally is a difficult task. The basic problem is th a t  one needs a way 

of resolving a pa r t  of the stellar disk, which is only possible under special circum stances 

- such as an eclipsing binary system. Determining the limb polarization of an  eclipsing 

binary  s ta r  is discussed in some detail in C hap te r  5 of this thesis, where we shall see th a t  it 

has similarities to the microlensing problem. However, it is clear th a t  s ta rs  with extended 

sca tte ring  envelopes are the best candidates for producing s trong polarization signatures 

when lensed. Not only are they physically large, so th a t  R  ~  £0 for typical param eters ,  

bu t  they  also emit strongly polarized light from their sca tte ring  regions.

Accordingly, we begin this thesis by developing a stellar envelope model from scratch , and 

in C h ap te r  3 we shall see the effects of microlensing on such an object.
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C h a p t e r  2

A generic  m o d e l o f e x te n d e d  

s te l la r  envelopes

Can you bind the  chains of the Pleiades, or loose the cords of Orion?

Job 38: 31

2.1 M otivation

M easuring variable polarization induced by microlensing can be immensely useful. Simply 

having an additional light curve provides much tigh ter constra in ts  on the lens pa ram ete rs ,  

and polarization  is the only property  of the observed flux which can establish the  direction 

of lens motion. Furtherm ore , the effect of the finite source radius can be much more 

pronounced in the polarized flux.

T h e  only problem is the relative difficulty of making polarimetric m easurem ents.  This 

is not ju s t  because of the need to  m easure the  polarized flux in two directions, bu t  also 

because the signal is typically much weaker th an  the unpolarized flux. This is why po lar­

imetric microlensing surveys are not presently feasible: follow-ups to  microlensing alerts 

are the  favoured way of exploiting the phenomenon. Even so, for main sequence s ta rs  the
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signal may be im measurably feeble, especially if the more pessimistic es tim ates  of limb 

polarization are correct.

One way round this obstacle is to  concentrate  on those stars  which are likely to  give the 

strongest  polarization signal when lensed. Stars with extended scattering envelopes are 

good candidates,  as the intrinsic polarization in the envelope can be relatively high.

Simplistically speaking, the  polarization arises from the  optically thin layers of th e  a tm o ­

sphere, as multiple sca tte ring  will usually tend to  have a depolarizing effect. In s ta rs  on 

the m ain  sequence, this region is very th in  and so limb polarization is res tr ic ted  to  the  

edge of the stellar disk [74]. However, in giant s tars  a substan tia l  optically th in  com ponent 

can extend to several stellar radii beyond the photosphere. T he principal sca tte rers  in this 

envelope may be electrons (in a hot object such as a Be s ta r)  or dust particles (in a  red 

g ian t) .  In either case, a  considerable line-of-sight polarization may be expected.

W hen such an object is lensed, this line-of-sight polarization will produce a  net po larim etric  

signal as a result of differential amplification. Not only is the intrinsic polarization  larger 

than  in the case of a  main sequence s ta r ,  but also the main sca ttering region is fur ther 

removed from the  primary source of unpolarized intensity. For both these reasons, the  

induced polarization will be paricularly high. Furtherm ore , the red giant case can be 

expected to exhibit chromaticity, as sca tte ring  from dust is w avelength-dependent.

In this chapter  we develop a fairly simple model stellar a tm osphere  from first principles, 

which can be applied to a wide range of stellar types. In the following chap te r  we go on 

to calculate the polarimetric light curves produced by a  variety of microlensing effects. 

This will indicate the degree of polarization which an extended s ta r  may produce when 

lensed, and show how the envelope s truc tu re  is reflected in the shape of the light curve. 

We assum e a basic familiarity with the Stokes param eters  / ,  Q , U and V\  the unin itia ted  

will find enlightenm ent in Appendix A.
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Figure 2.1: T he model stellar atm osphere .

2.2 A  m odel stellar envelope: one size fits all

In this chapter  we shall take our extended source to  be spherically sym m etric, and shall 

assum e th a t  the stellar envelope is an optically th in  Thom son sca tte ring  envelope, illu­

m inated  by a finite spherical photosphere of uniform intensity  a t  its centre (Fig. 2.1). The 

central source has radius R o , and the envelope is of radius R env. There are no scatterers  

between Ro and a boundary  radius Rh'. the scatterers  follow a  power law in num ber dens­

ity between Rh and R env. T he region between Ro and Rh is considered to be optically 

thin.

W ith  R h  = R o  this model can represent a hot s ta r  with an extended electron scattering 

envelope. Such stars  are relatively rare, bu t their high intrinsic brightness makes them  

otherw ise promising microlensing candidates. T he m ajor  approxim ations in this model are 

spherical sym m etry  and low optical depth . T he  la t te r  is valid for many h igh-tem pera tu re  

c ircum stellar envelopes, which commonly have optical depths ~  0.1 to  0.3. Spherical sym ­

m etry  is more contentious, in th a t  the envelope m ay have a  flattened, disk-like geom etry 

ra th e r  th a n  a  near-spherical shape [54]: such a case will not be considered fur ther in this
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chap te r ,  though we will re tu rn  to  it near the end of C hap te r  3.

If we set Rh  ~  a. few R 0 we obtain  a basic model of a red giant s tar.  In this case the 

sca tte rers  are dust ,  and the  region close to the stellar surface is too hot for dust  particles 

to  exist. In this case the sca ttering cross-section has an additional A-4 wavelength depend­

ence. In principle, the Heyney-Greenstein sca ttering function would be more ap p ro p ria te  

for this envelope. However, this will not be used in these calculations in the  interest of 

m athem atica l  and com putational simplicity.

Red giants are prime microlensing candidates: indeed, m any of the events observed to 

da te  in the Galactic bulge have had red giants as sources. Typical optical dep ths  for these 

envelopes ~  0.2 to 0.6: the radius a t which dust forms depends on the dust condensation 

tem p era tu re  and the photospheric tem p era tu re  of the s ta r ,  bu t for realistic pa ram ete rs  

will be in the range 3 to 7 stellar radii [55].

Consider a  particle a t position (x , y , z ) with position vector r in a coordinate  system  with 

the  origin a t the  centre of the s ta r  and the 2r-axis in the  direction of the observer. This is 

the source frame (ex, ey, e,). We can define ano ther reference frame (e^ e^ e ',)  centred on 

the  particle, with the y '-axis parallel to  the y-axis, and the z'-axis aligned along r. Both 

these frames can also be described by polar coordinates (r ,  9,4>) and ( r ' ,  O', </>'), which are 

re la ted  to the Cartesian coordinates in the usual way.

From Fig. 2.2 it can be seen th a t  the source frame and  the  particle fram e are rela ted  by

e 2 =  — sin 0e'x +  co s0e'z (2.1)

e .̂ =  cos Be.'x +  sin 6e'z (2.2)

e'z = cos Qez + sin 9 e x (2.3)

e'x = — sin 9 e z +  cos 6 e x (2.4)

since e'z =  r and e'y = e y .
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y

Figure 2.2: T h e  sca tte ring  geometry. This figure shows the special case where r is in the 

x — z  plane. T he observer is at z  = oo.
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Now consider radia tion incident upon the particle from direction s', and sca tte red  in to  the 

direction e~, th a t  is, towards the observer. Together, s' and e z define the sca tte r ing  plane. 

Writing s' in the  particle frame basis,

s ' =  sin O' cos (p'e'x +  sin O' sin -f cos 0'e'z (2.5)

so the  sca tte ring  angle x  is given by

cos x  =  s' • e z = — sin O' cos </>' sin 0 +  cos O' cos 0 (2-6)

Let (J) be the angle of the scattering plane to the x — z  plane. Then

cos (f) =
e z x  s ')  • e y ( e ,  x s';

e ,  X s' sin x
(2.7)

Now

e z x  s ' =  sin O' cos cf)'ez X e x +  sin O' sin x e '; -f cos 0 'e z x  e'r (2.8)

=  sin O' cos 4>' cos Oe -f cos O' sin Oe' (2.9)

giving

Similarly

~ sin O' cos 6'  cos 0 +  cos O' sin 0
cos (f>= ------------  — :-----1 ---------------- (2.10)

sin x

. ~ sin O' sin (j)'
sm (b — ------------------  (2.11

sin x
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To ob ta in  the scattered Stokes param eters  a t a  point on the stellar disk we m ust in tegra te  

the  contributions from all volume elements along the line of sight. In this optically thin 

model, only single scattering is considered.

I sc = f  dz  j  / i ( e z ,s ' ) / ( r , s ')n ( r )< 7 rfD s/ (2.12)
2 — 00 2 47T

Usc = j  d z  j  f 2 ( e z , s ' ) I ( r , s ,)n(r)crcos2(f>dQ,si (2.13)
J —OO J 47T

/ o o  r

dz  / / 2( e 2, s ' ) / ( r ,  s ')n (r)crsin  20c/fls/ (2.14)
-O O  2 4 7 r

where

/ i ( e , , s ' )  =  z ~ {  1 +  cos2 x) (2.15)
1 07T

/ 2(ez. s') =  (sin2 x) (2.16)
167r

and ?r(r) and a  are the num ber density and cross-section respectively of th e  sca tte ring  

particles.

In the spherically symmetric case we have

/ ( r , s ' )  =  / ( r ,  O') (2.17)

n(r )  = n( r )  (2.18)

In troducing these simplifications and transform ing coordinates from z to  r  yields

f°° r dr f 2n f K rsc{a) = 2 - - /  /  / i  /(?*, 6')n(r)cr sin O' d6' d(f>' (2.19)
Ja \ / r  — az Jo Jo
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P OO i j t  P 2 7T P 7T

Usc(a) =  2 /  z / / f 2 l ( r ,  6')n(r)<jcos 24>sm O'd0'd(f>' (2.20)
./a v  r 2 — a 2 20 2o

/•oo r  cl r  f2 ir  rn
Q sc(a) = 2 / —  /  /  / 2 /(r ,  /̂)?i(r)a’sin 2 0 s in  0' d0' d(f)' (2.21)

2a \A  -  « 20 20

where « is the  radial coordinate across the stellar disk such th a t  r 2 =  a 2 +  22.

Consider £/sc and Qsc-

r°° r dr f 27r 3 ~
Usc(a)  =  2 /  —= = =  / — - ( s i n 2 x ) / ( r ,^ ) n ( r ) c r ( c o s 2 -  sin2 0 )  sin 0 ' c/0'c/(/>'

2a v  r  — a 2 2o 2o lo7T

3a f°° r n ( r )  dr [*  r / __ 2  2 , 0 2/,/ • 2
8 7 T  2 a  \ / r 2  -  

3 ( 7  f 0 0  7 ' 7 l ( r ) (

T  J a

3(7 2 00 rn ( r )  c

I 7(r, )[7r sin" O' cos 0 +  27T cos O' s in2 # — 7r siiC $'] sin O' dO'
20

= /  7(r ,  0;)[— sin2 sin2 0 +  2 cos2 O' s in2 0\ sin O' d6'
2 Jo

[  l( r, 0r) sin2 0[2 — 3 sin2 O'] sin O' dO' (2.22)
Jo\ / r 2 —

Clearly Q sc = 0.

Now l ( r , 0 ' )  =  I0 for O' <  a  (where sin a  =  R 0/ r ) .  Thus

I  / ( r ,  07)[2 — 3 sin2 O'] sin O' dO =  I q f  2 sin 67 — 3 sin'5 O' dO'
Jo  Jo

= Iq [ c o s  cv — cos3 a] (2.23)

which gives

3 d  f ° °  n {r )r  a2 , 3
U* :(a ) = I o ~  j  ! \ V- 7- - ^-[cos a  -  cos3 a] dr  (2.24)

8 J a V r 2 -  a 2 r L

where cos a  =  y r 2 — R ^ / r .

T he calculation for L r is a little messier.
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ro o  r  r 27r rir Q

Isc{a)  =  2 /  —= = =  /  —- ( 1 + c o s 2 x ) / ( r ,^ ) n ( r ) f T s in ^ f /^ f / ( / ) '
2a r 1 — a2 Jo Jo lt)7r

—  rp .rl dr [ *  I ( r ,8')[2x + i r sm 2 0' sin2 0 + 2k  cos2 O' cos2 0}s in0 '  dd' 
87T Ja y /r 2 -  a 2 Jo K n  J

[  —f= = =  [  I{ t , 0')[2 sin O' +  sin3 sin2 0 + 2 sin O' cos2 O' cos2 0] dO'
8 J a v r - f l 2 Jo

I q—  I  —/= = =  (  [(2 +  sin2 0) sin O' +  (2 cos2 0 — s in2 0) cos2 O' sin O'] dO' 
o Ja v r 2 — a2 Jo

3c  r  _ p p L = [ { 2 + ^ ) ( 1 _  c o s a )  + (2 , f_ _ 3 a ! ) ( 1 _ cos3 Q)]rfr (2 25)
8 Ja v r 2 -  a2 r-  3r z

2.3 In tensity  and polarization  profiles

We now have all the com ponents of a model stellar envelope, and  have gone as far as we 

can analytically. T he integrals in Eqn. (2.24) and Eqn. (2.25) must be solved numerically, 

with the  density profile n ( r )  specified. In these models,

n ( r )  -  <

0 : r < R h

n o ( - f c ) -13 ■■ Rh < r < Renv(2-26)

0 . r > R pnv

T he p aram ete r  t?o is set by specifying the optical depth  r  of the envelope a t  the centre of 

the  stellar disk. This is defined by

roo roo
— <j I n ( r ) d r  = no<j / ( r / R 0)~‘j dr,

J Rh J RhRh J Rh

yielding

R qUqg =  t (P -  l ) ( R h / R o ) ^ 1 .̂

Note th a t  the scattered  intensities are therefore linearly dependent on the  optical depth , 

in this optically thin approxim ation. In the figures in this chapter and  the  next, we take
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2.3. IN T EN SITY  AND PO LA RIZ A TIO N  PRO FILES

r  =  0.1. This is a t  the low end of the range of optical depths for circumstellar envelopes: 

to  ob ta in  the  results for higher optical depths, the intensity axes can simply be scaled 

by the  app rop ria te  factor. Of course, as r  approaches 1, the model breaks down and one 

would have to  solve the full equation of radiative transfer or carry out a M onte-Carlo 

simulation.

A fourth  order Runge-Kutta. in tegration of Eqns. 2.24 and 2.25 (with adap tive  step size) 

yields in tensity  and polarization profiles as shown in Figs. ‘2.3 to  2.11.

Fig. *2.3 shows the sca tte red  intensity profile for Rh — Ro , i.e. a s ta r  with a  hot electron 

sca tte ring  a tm osphere . I sc peaks close to the photosphere of the central source, a t r  ~  

1 -57?o-> and  is only ever ~  a few % of the direct intensity  Io- T he shape of the  profile is 

d ic ta ted  by two com peting factors. As the radial coordinate r increases, th e  length of the  

effective sca tte ring  region along the line of sight increases while the num ber density and 

incident luminosity decrease. T he profile has a m axim um  where these two trends balance. 

T h e  location of this m axim um  also depends on the scattering function, which in this case 

has a peak for forward scattering. Consequently, the peak in scattered  intensity occurs 

close to the source where the scattering angle is small.

R h  increases in Figs. 2.4 to 2.6, representing dusty  red giant envelopes with internal 

ionised regions of varying extents . T he profiles here are smaller and  broader,  with the  

peak pushed fur ther out as Rh increases. We can now clearly see the step  a t  r  =  Rq  

due to occulta tion by the central source - this step exists in Fig. ‘2.3, bu t  is practically 

imperceptible.

T h e  profiles for Usc, the polarized intensity, are shown in Figs. 2.7 to  *2.10. Qualitatively, 

the  profiles are similar to  the I sc curves, as the same factors govern bo th .  T he  m ain 

difference is th a t  the  contribution from the forward scattering to the polarized flux is very 

weak in this case, so the  effect of occulta tion  is much less pronounced. However, the  peaks 

in each case are a t the same locations as in the corresponding I sc profiles. Clearly the  

difference between the polarized and unpolarized scattering functions has only a  small 

effect on the  position of the peak.
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Figure ‘2.3: I sc as a function of radial coordinate (in units of R 0) across the  stellar disk. 

Here Rh  =  Ro- (O ptical depth  r  =  0.1.)
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Figure 2.4: I sc as a function of radial coordinate (in units of Ro)  across the  stellar disk. 

Here Rh = 3 R q. (Optical depth  r  =  0.1.)
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Figure ‘2.5: I sc as a  function of radial coordinate (in units of R q) across the  stellar disk. 

Here /?./, =  5 R q. (Optical depth  r  =  0.1.)
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Figure 2.6: I sc as a function of radial coordinate (in units of Ro)  across th e  stellar disk. 

Here Rh = 1 Ro- (Optical depth  r  =  0.1.)
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Figure 2.7: Usc as a function of radial coordinate (in units of Ro)  across the stellar disk. 

Here R h  = R q . (O ptical depth  r  =  0.1.)
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Figure 2.8: Usc as a function of radial coordinate (in units of R q) across the  stellar disk. 

Here R h  =  3 R q . (Optical depth  r  =  0.1.)
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Figure ‘2.9: U3C as a  function of radial coordinate (in units of Ro)  across th e  stellar disk. 

Here = 5 R q. (Optical depth  r  =  0.1.)
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Figure 2.10: Usc as a function of radial coordinate (in units of Ro)  across the  stellar disk. 

Here R h  = 7 R q .  (Optical depth  r  =  0.1.)
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Usc is smaller than  I sc, by a factor ~  2. However, it is much easier to  detect this component 

of the  sca tte red  light as it is the only element of the  stellar flux to  be polarized. Fig. 2.11 

shows the degree of polarization across the disk for the model considered in this section: 

a t  the  edge of the  envelope the light approaches 100% polarization as the sca tte ring  angle 

becomes closer to 90°. In con trast,  the unpolarized sca tte red  light I sc will be completely 

sw am ped by the much greater  direct flux.

T h e  upshot of all this is th a t  po larim etry  effectively picks the small flux from the envelope 

ou t  of the  much larger direct flux. Thus, polarization is a  powerful probe of the  envelope 

s tru c tu re .  This will become apparen t in the next chapter, where we examine in detail 

the  polarim etric  signal produced when such a s ta r  is microlensed. For now, we can argue 

roughly as follows: if we in tegra te  the microlensing amplification function (Eqn. (1.18)) 

over a  disk of one Einstein radius , centred on the lens, we obta in  a  to ta l  amplification 

factor of \/57r ( ~  7). If the Einstein radius ~  47?,o, say, and it magnifies the main sca tte ring  

region of the envelope where ! sc ~  0.002/o (see e.g. Fig. 2.4), the amplification will be 

~  20%: the degree of polarization in this region is ~  0.5 (Fig. 2.11), giving a polarization 

signal ~  10%. Of course, this crude estim ate  does not take into account the  magnification 

of th e  direct flux, which will dilute the polarization, bu t we can still reasonably expect a 

signal of 1 — 2% polarization, which is easily m easurable on a  reasonably bright object. 

Furtherm ore , the optical depth  of 0.1 is conservative, and a figure around three  times this 

would be perfectly reasonable.

Finally, dust sca ttering in a  red giant envelope is wavelength-dependent. We can see this 

in Figs 2.12 to  2.17, which show the scattered unpolarized and polarized intensities across 

the  disk in the s tan d a rd  B and V wavebands. T he central source is a  black body with an 

effective tem p e ra tu re  of 3500 K, and the units of intensity  are such th a t  I q = 1 in the B 

band. T he sca tte ring  cross-section is proportional to  A- 4 .

T he  unpolarized sca tte red  light shows very definite chromaticity, with I sc being relatively 

much more im p o rtan t  a t short wavelengths. As we shall see in the  next chapter ,  this 

chrom atic ity  can be amplified in a microlensing event, giving a characteris tic  chromatic
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Figure 2.11: Degree of polarization as a function of radial coordinate  (in units of R q ) 

across the stellar disk for Rh  =  R o, 3 R q, 5 R q and 7R q .

signal.

In con tras t,  the difference in polarized intensity in the two wavebands is very small. Nev­

ertheless, this can also be detected by microlensing under favourable circumstances. One 

would also expect significant amplification of spectral lines associated with the envelope, 

analogous to the predictions in [47] - this, however, is beyond the scope of the present 

work.

None of these effects are restr icted to giant stars: predicted polarim etric and  chromatic  

effects have been published for the case where a main sequence s ta r  is lensed ([70]). T he 

im p o r tan t  difference here is th a t  the sca ttering region where all the interesting  effects occur 

is some distance ( ~  a  few stellar radii) from the much brighter central source, ra th e r  th an  

being confined to  a narrow region abou t the limb. This means the lens can pick out this 

region w ithout the  signal being washed out by the  amplified direct flux, and  thus the 

observational prospects are greatly  enhanced.

To sum m arise, we now have a model stellar envelope which allows us to  calculate the Stokes 

pa ram ete rs  a t  any point on the disk. This model seems likely to  produce significant ex-
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tended source effects in microlensing simulations. In the next chapter,  we shall investigate 

this possibility more fully, presenting a suite of predicted light curves and quantify ing  the 

observational prospects.
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Figure 2.12: I sc( r ) across the stellar disk in the B and V wavebands for a  dust  sca tte ring  

envelope where Rh = 3R q
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Figure 2.13: Usc(r)  across the stellar disk in the  B and V wavebands for a  dust  sca tte ring  

envelope where Rh  =  3i?o
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Figure 2.14: I sc(r)  across the stellar disk in the B and V wavebands for a dus t  sca tte ring  

envelope where R ^ = 5 R q
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Figure 2.15: Usc( r ) across the stellar disk in the B and V wavebands for a dust  sca tte ring  

envelope where R^  =  5Ro
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Figure 2.16: 7sc( r )  across the stellar disk in the  B and  V wavebands for a dust  scattering 

envelope where Rh = 7 R q

0.00045
B ------

0.0004

0.00035

0.0003

0.00025

3D
0.0002

0.00015

0.0001

5e-05

6 102 4 8 12 14 16 18 200

Figure 2.17: Usc(r)  across the stellar disk in the B and V wavebands for a dust  sca ttering 

envelope where Rh  =  7R q
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C h a p t e r  3

M icro len s in g  light cu rves  for 

e x te n d e d  envelopes

Hofsta.dter’s Law: It always takes longer than  you expect, even when you take 

into account H ofs tad te r’s Law.

In the  previous chapter, we developed a  simple model stellar envelope which can apply to  

a b road  range of extended stars. We can now use this model as the source in microlensing 

simulations.

T he  basic approach is simple. For a given set of lens param eters ,  the  observed flux during 

the lensing event is given by

F,( t) = i i / L  / ( r ,X )  A(r ’* ’ () r d r d *  (3-D

where (r ,  x )  are polar coordinates on the stellar disk, R  is the distance from the  observer 

to the  s ta r ,  and A ( r , x , t )  is the microlensing amplification function (see Eqn. (1.18)). T he  

Stokes p aram ete r  /  is the to ta l  intensity of radia tion  em itted  a t a point (r ,  x )  on the  disk, 

as calculated in the previous chapter. T he distance between the origin (a t  th e  centre of
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the disk) and  the projected position of the lens is a  function of time t : evaluating this 

integral a t a series of time steps gives us a microlensing light curve.

We can construc t similar integrals for the polarized fluxes corresponding to  the Q and U 

Stokes param eters ,  viz.

F q ^ = ^ R 2 J J d[sc Q ( r , x ) A ( r lX, 0 c o s 2 x r d r d x  (3.2)

F u ^  =  Fk R 1 J L c Q ^ A ^ X ^  s in 2 ^ r d X (3.3)

Evaluating these in the same way as the to ta l flux F / ,  using the profiles from C h ap te r  2, 

allows us to  calculate the degree P  and direction iJj of polarization as a function of time, 

according to

■ M  +
P  =  ^   (3.4)

1 F jj
Tp = -  a rc tan  —— (3.5)

2  F q

(see A ppendix A for more details).

Throughou t this chapter,  the lensing object is always a point mass, Schwarzschild lens. 

Our focus will be on investigating whether extended stellar envelopes can produce appre ­

ciable polarim etric signals when lensed, how the light curves are affected by the  s truc tu re  

of the  envelope, and how best to  exploit this information. Thus, the analysis breaks 

down into two main parts: variation of the lens param eters ,  and the  lensing of a range of 

atm ospheres.

In all the light curves, time is measured in units of the time the  lens takes to  cross 

one stellar radius =  R * / v j_ =  D d / D s£o tiens, where £0 is the projected Einstein radius 

measured in stellar radii, D s and Dd are the source and lens distances, and  tiens is the 

lensing timescale as defined in Eqn. (1.19). T he time when the lens is closest to  the  centre 

of the disk is defined as t = 0.
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3.1 Lens param eters

T he Schwa.rzschild lens is characterised by four param eters: mass, transverse  velocity, 

d istance from the source s ta r  and impact param ete r  (distance of closest approach to the 

source). We can reduce this to two, as the amplification function depends only on the 

pro jec ted  Einstein radius in the source plane and the distance between the  lens and the 

centre of the stellar disk.

In this section, results will be presented for 7?h = R * and Rh = 57?*, corresponding to 

an early type s ta r  and a red giant respectively. In all cases the density power law index 

(3 = 2.

3.1 .1  P r o je c te d  E in s te in  radius

As far as the unpolarized signal is concerned, increasing the  Einstein radius of the lens 

simply boosts the amplification (Figs. 3.1 and 3.3). The polarized flux behaves som ewhat 

differently. This signal depends on differential 'amplification across the disk: as the  Einstein 

radius increases, the  increased signal from the highly polarized envelope is offset to  some 

ex ten t by the  fact th a t  the high amplification now extends fu r the r across the  source, 

amplifying the direct flux from the central photosphere. In Fig. 3.2, there is little difference 

between the £o =  47?* and £o =  87?* cases, as this law of diminishing re tu rns  comes into 

play. T he  red giant case (Fig. 3.4) is less affected by this problem, as the m ain  sca tte ring  

region is much fur ther separated  from the source star.

T h e  double peaks seen in the  polarization curves are similar to those presented in [70] for 

a lens t rans i t  across a stellar disk. T he  basic idea here is similar, except th a t  “t ra n s i t ’’ 

here m eans the lens traverses the inner par t  of the disk where there is little scattering.
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Figure 3.1: Unpolarized light curves for microlensing of a hot giant s ta r .  T h e  unlensed. 

flux =  1. Four cases are shown: Einstein radius =  7?*, 27?*, 47?* and 87?*. O ptical dep th  

r  =  0.1, Im pact param ete r  =  0.
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Figure 3.2: Polarized light curves for microlensing of a hot giant s tar .  Four cases are shown: 

Einstein radius =  7?*, 2AN, 47?* and 87?*. Optical depth r  =  0.1, Im pact p a ram e te r  =  0.
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Figure 3.3: Unpolarized light curves for microlensing of a  red giant s ta r  (72^ =  572*). 

T he  unlensed flux =  1. Four cases are shown: Einstein radius =  72*, ‘27?*, 472* and  8/2*. 

Optical dep th  r  =  0.1, Im pact p a ram ete r  =  0.
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Figure 3.4: Polarized light curves for microlensing of a  red giant s ta r  (72^ =  57?*). Four 

cases are shown: Einstein radius =  7?*, 2/2*, 472* and 872*. Optical dep th  r  =  0.1, Im pact 

p aram ete r  — 0.
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3 .1 .2  Im p a c t  p a ra m eter

As the im pact param ete r  increases, the unpolarized signal decreases markedly: when 

the  im pact p aram ete r  has reached 5 -ft*, the amplification is small. None of this is very 

surprising.

T h e  polarized light curves are more interesting. In the case of the  hot,  electron sca tte ring  

envelope the signal still drops with increasing im pact p a ram ete r ,  and  the dip a t  t =  0 

becomes less pronounced. This is because the bulk of the sca tte red  light comes from 

regions close to the central photosphere. In con trast,  the level of polarization from a lensed 

red giant is hardly affected by increasing the im pact param eter.  Here the  sca tte ring  shell 

is far from the s ta r ,  and  provided the lens crosses this region a t  some point during the 

event the peak polarization will reach the same value. T he main  difference between the 

curves is that, the section around t = 0 is much flatter when the lens is no longer t ransit ing  

the  inner p a r t  of the envelope. Consequently, we can expect a  high degree of polarization 

when a  red giant is lensed even when a  large im pact param ete r  leads to a  low unpolarized 

amplification.
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Figure 3.5: Unpolarized light curves for microlensing of a hot giant s tar .  T h e  unlensed 

flux =  1. Two cases are shown: Im pact param ete r  =  7?* and 57?*. Optical depth  r  =  0.1, 

Einstein radius =  ‘27?*.
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Figure 3.6: Polarized light curves for microlensing of a  hot giant s tar.  Tw o cases are 

shown: Im pac t param eter =  7?* and 57?*. Optical depth  r  =  0.1, Einstein radius =  27?*.
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Figure 3.7: Unpolarized light curves for microlensing of a hot giant s ta r .  T he  unlensed 

flux =  1. Two cases are shown: Im pact param ete r  =  7?* and 57?*. Optical dep th  r  =  0.1, 

Einstein radius =  87?*.
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Figure 3.8: Polarized light curves for microlensing of a  hot giant s ta r .  Two cases are 

shown: Im pact param ete r  =  /?* and 57?*. Optical depth  r  =  0.1, Einstein radius =  87?*.
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Figure 3.9: Unpolarized light curves for microlensing of a  red giant s ta r  (Rh = 572*). T he 

unlensed flux =  1. Two cases are shown: Im pact param ete r  =  72* and 572*. Optical depth  

r  =  0.1, Einstein radius =  ‘272*.
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Figure 3.10: Polarized light curves for microlensing of a  red giant s ta r  (Rh = 572*). Two 

cases are shown: Im pact p aram ete r  =  72* and 572*. Optical depth  r  =  0.1, Einstein radius 

=  ‘272*.
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Figure 3.11: IJnpolarized light curves for microlensing of a red giant s ta r  ( R^  = 57?*). 

T h e  unlensed flux =  1. Two cases are shown: Im pact p a ram ete r  =  7?* and 57?*. Optical 

depth  r  =  0.1, Einstein radius =  877,.
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Figure 3.12: Polarized light curves for microlensing of a red giant s ta r  (Rh  — 5R*).  Two 

cases are shown: Im pact p a ram ete r  =  R * and 5R*. Optical depth  r  =  0.1, Einstein  radius

=  87?.,.
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3.2 E nvelope structure

O ur simple model envelope can be specified with three param eters :  the density  power law 

index, the optical depth , and the extent of the region between the photosphere  and  the 

sca tte ring  envelope. Since the envelope is optically thin, the light curves simply scale with 

th e  optical depth , making this param ete r  profoundly uninteresting.

This section divides natura lly  between extended early type stars  {Rh = R *) and red giant 

s ta rs  {Rh > R*)-

3.2 .1  E x te n d e d  hot stars

Fig. 3.13 illustrates the effect of variations in the atm ospheric  density power law on the 

light curve. Increasing [3 s teepens the polarimetric light curve, as the density of sca tte rers  

falls off more sharply with radial distance from the centre. T he peak polarization also 

decreases slightly with [3, presumably because the increased density close to  the  source of 

direct flux does not quite com pensate  for the decreased density in the  ou ter  reaches of the 

envelope, as the dilution by the direct flux is comparitively stronger.

In Be stars  (3 is thought to vary between 2 and abou t  3.5 [54], so Fig. 3.13 covers the range 

of realistic cases.
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Figure 3.13: The effect of the density power law on the polarized light curves for mi­

crolensing of a hot giant s tar.  Three cases are shown: density power law index /3 = 2, 3 

and 4. Im pact p aram ete r  =  0. Optical depth  r  = 0.1, Einstein radius =  8 R*.

3 . 2 . 2  R e d  g i a n t  s t a r s

In this case, varying the power law index has a steepening effect similar to  th a t  for the hot 

envelope (Fig. 3.14), though it is som ewhat less pronounced. However, the  fact th a t  the 

dust forms far from the photosphere means the effect on the peak is the  opposite to  our 

previous case: concentrating  the scatterers  into a smaller region increases the  polarization 

when th a t  region is lensed.

If we change the dust formation radius (Fig. .3.15, we see th a t  the position of the polariza­

tion peak very closely follows th a t  change: so much so, in fact, th a t  one can virtually read 

Rh  directly from the light curve (assuming we know the im pact p aram ete r) .  Of course, if 

the  im pact pa ram ete r  were sufficiently increased this would become less easy, but we can 

see here how a microlensing trans it  can practically image the stellar envelope. C h ap te r  6 

shall deal with this issue in much more depth.
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Figure 3.14: T he effect of the density power law on the polarized light curves for microlens­

ing of a red giant s ta r  (Rh = 5R m). Three  cases are shown: density power law index (3 = 

2, 3 and 4. Im pact p a ram ete r  =  0. Optical depth  r  =  0.1, Einstein radius =  &R*.
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Figure 3.15: T he effect of the dust forming radius on the polarized light curves for m i­

crolensing of a  red giant s tar.  Three  cases are shown: Rh = 3/£*, 5 ft** and  7R*. Im pact 

p a ram ete r  =  0. Optical depth  r  =  0.1, Einstein radius =  8R*.
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Figure 3.16: T he  difference between the unpolarized light curves in the 13 and  V bands for 

a red giant s tars  with Rh =  5/?*. Im pact param ete r  =  0 and 5A*. Optical dep th  r  =  0.1, 

Einstein radius =  8 A*.

3.3 C hrom atic ity

T he cool dusty  red giant envelope can be expected to show chromatic effects under mi­

crolensing, as the sca tte ring  is wavelength-dependent. Figs. 3.16, 3.17 and 3.18 illustra te  

this for a Te/ /  =  3500A' black body s ta r  whith an envelope whose sca tte rers  have a A-4 

wavelength dependency. The difference between the signals in the  s tan d a rd  B and V 

photom etric  bands is plotted against time.

T h e  unpolarized flux is dom inated by the  central s tar. Only the polarized light curves 

are significantly affected by the scatterers .  T he dependence on the im pact p aram ete r  

and on Rh  are qualitatively similar to  the m onochrom atic  cases, simply reflecting the 

dis tr ibu tion  of dust across the disk. Quantitatively, the difference in polarization never 

gets much higher th an  0.2% in the r  =  0.1 atm osphere: even with a higher optical depth  

this difference would be barely on the bounds of detectability.
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Figure 3.17: T he difference between the polarized light curves in the  B and  V bands for 

a  red giant s tars  with Rh  =  57?*. Impact p a ram ete r  =  0 and 57?,*. Optical dep th  r  =  0.1, 

Einstein radius =  8/?*.
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Figure 3.18: T he  difference between the  polarized light curves in the  B and V bands for 

red giant s ta rs  with Rh  =  37?*, 57?* and 77?*. Im pact p aram ete r  =  0. Optical depth  

r  =  0.1, Einstein radius =  87?*.
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Figure .3.19: T he effect of the  im pact param ete r  b upon the direction of polarization. Two 

cases are shown: b = i?,* and b = 5R*.

3.4 T h e d irection  o f  polarization

For every event, the behaviour of the position angle of polarization is exactly  the same. 

T h e  ro ta tion  of the polarization direction is independent of the details of the  atm osphere , 

and  only depends on the im pact param ete r  b. This is a purely geometric effect, and applies 

to  any a tm osphere  in which the sca tte red  light is polarized a t right angles to  the direction 

of the  incident ray: if (f) is the position angle,

t a . n 0 = ^ ^ ,  (3.6)

where b is the  im pact param eter.

This is significant, not only because it gives a  clean determ ination  of the  im pact p aram ete r ,  

bu t  also because the position angle can be measured much more easily th a n  the degree 

of polarization [56]. T hus, even when the polarization signal is too  small to  tell us much 

ab o u t  the  stellar a tm osphere  directly, it can still be invaluable in constra in ing the  lens 

param eters .
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3.5 N on-spherica l envelopes

We can extend this analysis to the case of a  non-spherical, optically thick stellar envel­

ope. T he  polarim etric signal is of a similar size to  the spherical case, bu t some new and 

in teresting phenom ena appear  when spherical sym m etry  is broken.

Figs. 3.20 to  3.25 show the results of a M onte-Carlo simulation, carried out by Jon 

E. B jorkm an, of lensing a s ta r  with an optically thick, disk-shaped envelope (n =  no{a +  

s i n m 0 )r~ 3). Because this object is axisymmetric, it has an intrinsic unlensed polarization, 

which depends on the  angle of inclination i.

In general, the flux profile is sym m etric, but the  polarization profile is m arkedly a sy m m et­

ric. This  is because the polarized flux is em itted  from the (axisym m etric) envelope, while 

the  unpolarized flux mainly comes directly from the  central s tar. T here  is potentially  a 

great deal of information contained in the polarimetric profile: the shape of the polarized 

and unpolarized light curves can tell us abou t its density s truc tu re ,  and the ro ta tion  of the 

polarization angle indicates the thickness of the disk. Thus, the polarized and unpolarized 

flux are powerful diagnostics of the  s tru c tu re  and form of the disk.

A similar model could apply to  quasars, which are the o ther im p o rtan t  microlensing can­

didate ,  a l though in th a t  case the signal is more likely to  be complicated by multiple 

microlensing. T he  amplification function in such a case becomes much more complic­

ated ,  with extended cusp s tructures ,  m aking the calculations much more intensive and  the 

in terp re ta tion  of the light curve more ambiguous

Confining ourselves to  the stellar case, there are of course many more possible sources of 

polarization and chromatic ity  in a stellar atm osphere . S tarspots ,  for example, would give 

rise to  narrow but potentially significant features in the light curves, and we have not even 

touched on spectroscopy (which is the u lt im ate  extension of the work on chrom atic ity). 

One particularly  interesting case is je ts  from a s ta r  or quasar. These could give a unique 

double signal, as the lens passes separately over the disk and over the  je t ,  with the  two 

peaks polarized a t  right angles to  each other. It should be appa ren t  by now th a t  this
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is a  very fertile area, with scope for building up more and  more complex features onto 

the  source model and seeing how they feed through into the light curves. T h e  general 

principles remain the same as in this chapter, however: the closer the  feature  is to  the  lens 

position, and the fur ther away from the main source of direct flux, the m ore distinguishable 

and  informative the signal.

3.6 P olarisation  as a m icrolensing d iagnostic

One of the main problems - possibly the main problem - in microlensing is determ ining 

w hether some brightness variation is due to  lensing ra th e r  th an  some intrinsic variability 

in the source itself. A number of criteria m ay be (and have been) adop ted  in order to 

make this distinction, bu t none of them  are perfect.

1. S ym m etry:  This is actually the most reliable criterion. Figs. 3.20 to  3.22 show 

th a t  even when the envelope is asym m etric , the (unpolarized) light curve will be 

symmetrical. Thus, dem anding sym m etry  is unlikely to result in dismissing genuine 

microlensing events. On the o ther hand, it is a  som ewhat weak condition, and  cannot 

be relied upon to discriminate microlensing events from other forms of variability.

2. Achrom aticity:  For a point source this criterion m ust hold true , b u t  any variations 

in colour across an extended source will manifest themselves in a microlensing event 

due to differential amplification across the  source. This thesis is only concerned with 

extended sources, so for our purposes any interesting event is likely to be excluded 

by a strict achrom aticity  condition. Fortunately, the M ACHO group have stopped 

dem anding achrom aticity  in their candida te  events.

3. Uniqueness: This dem and generally leads to  variable stars  being dismissed as sources 

for microlensing. However, as we shall see, it is possible to be a  little m ore subtle.

If we combine polarimetric m easurem ents with our photom etric  light curve we have a 

new and  powerful way to  distinguish microlensing events from o ther  types of variability.
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Flux Magnification vs. Lens Position (i=81 deg)

Figure 3.20: Unpolarized signal from an axisymmetric disk, inclined a t  81° from the line 

of sight (i.e. almost edge-on).
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Flux Magnification vs. Lens Position (i=49 deg)
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Figure 3.21: Unpolarized signal from an axisym m etric disk, inclined a t 49° from the line 

of sight.
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Flux Magnification vs. Lens Position (i= 18 deg)
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Figure 3.22: Unpolarized signal from an axisymmetric disk, inclined a t 18° from the  line 

of sight (i.e. a lmost face-on).

69



3.6. POLARISAT ION AS A MIC ROLENSIN G D IA G N O S T IC

Map of Polarization vs. Lens Position (i=81 deg)
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Figure 3.23: Polarized signal from an axisym m etric disk, inclined a t  81° from the  line of 

sight (i.e. almost edge-on).
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Map of Polarization vs. Lens Position (i=49 deg)
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Figure 3.24: Polarized signal from an axisym m etric disk, inclined a t  49° from the  line of 

sight.
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Map of Polarization vs. Lens Position (i=18 deg)
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Figure 3.25: Polarized signal from an axisym m etric disk, inclined a t  18° from th e  line of 

sight (i.e. almost face-on).
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T he polarization signatures obtained in this chapter  are quite unique to  microlensing, 

and  should be able to  pick out microlensing candidates even in a variable s ta r .  Any s ta r  

whose variability is due to  primarily radial pulsations will show little or no polarim etric 

variability, and even in s tars  with some degree of variable polarization the  characteristics of 

this variation are quite different. For example, the peak polarization in lum inous la te- type 

variables coincides with the m in im u m  unpolarized flux [52].

T he  o ther  m ain  point of this section is th a t  polarization can be an effective probe of the 

stellar envelope. It is not too difficult to  see why. Virtually  all the unpolarized light comes 

from the  central s ta r ,  so the photom etric  light curve contains essentially no inform ation 

ab o u t  the  envelope. In con trast,  all the  polarized intensity is em itted  from the  extended 

envelope. This means th a t  polarimetric m easurem ents quite natura lly  see only this pa r t  

of the  star.

Microlensing can make some unique contributions here. It allows essentially model - in ­

dependent estim ation of im p o rtan t  stellar param eters ,  such as the density profile in the 

envelope and (in red giant s tars) the ex tent of the ionized region within the  dust-forming 

shell. Of course, it is not the only possible m ethod , but its ability to probe the  a tm osphere  

directly makes it very powerful. For example, in Be s tars  the az im uthal density d istri­

bution in the envelope is poorly understood, and difficult to  determ ine by “t rad it io n a l” 

m ethods [57]. A glance a t Figs. 3.23 to  3.25 shows th a t  the width of the polarim etric 

microlensing light curve gives a  direct indication of this otherwise inaccessible param eter .

It is worth  mentioning the direction of polarization separately. As was seen in section 3.4, 

the  behaviour of this angle gives the im pact p aram ete r  directly (in a spherically sym m etric  

system ). Independent knowledge of this value is extremely useful, not only in determ ining 

lens param eters  bu t  also when inverting the light curve (see chapter 6). Even in the non- 

spherical case, the  polarization direction can tell us abou t  the im pact p a ram e te r  and the 

inclination of the disk: here, however, the s i tuation  is not quite so clear-cut.
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3.7 O bservational prospects

U nfortunately, microlensing of a given s ta r  is an unpredic table, one-off event. If the  

results of this chapter are to  have any practical consequences, there m ust be a reasonable 

probability th a t  a t least a few events will involve a giant s ta r  being lensed, and th a t  

the  param eters  will be such th a t  the extended source effects can be detec ted . C urrent 

microlensing surveys are already able to  distinguish the effects of an ex tended  source on 

the photom etric  light curve [58], bu t the polarim etric signal is much fainter. C an  we hope 

to  detec t it?

L e t’s s ta r t  by se tting a detectability  threshold. Giant s ta rs  in the microlensing surveys 

have ap paren t  m agnitudes m y  ~  17 in the Galactic Bulge, and m y  ~  19 in the  LMC [33]. 

If we assume th a t  photon shot noise dom inates the  polarimetric errors, and consider a 1 

hour integration time on a lm  telescope, the  polarimetric accuracy achievable is ±0 .2%  

for a bulge giant, and ±0.6%  for a giant in the LMC [59]. Requiring the polarim etric 

signal to  be g reater  than  the noise sets our threshold for a detectable polarization  signal.

Next, we need some idea of the event rate . Recall the microlensing optical dep th ,  r ,  

in troduced in Eqn. (1.20). T he M ACHO collaboration has m easured the optical depth  

for microlensing of giant stars  in the Bulge, obtaining r  =  3.9^]'2 X 10“ ' based on 13 

events [32]. No separate  es tim ate  of r  for giants has been published for the  LM C, but 

M onte-Carlo simulations predict ~  10% of all LMC microlensing events will involve giant 

s ta rs  [31].

Consider the LMC. T he most probable M ACHO mass is ~  0.5M q : if the ob ject  is half­

way between E ar th  and the LMC, the projected Einstein radius ( o ~ 3 x  103i?©, or abou t  

8i?.* for the models discussed in this chapter. If such an object lenses an LMC s ta r ,  the 

event will be considered as a microlensing candida te  if the  amplification is g rea te r  th an  

1.34. Neglecting the small contribution of the  unpolarized sca tte red  flux, we can see from 

[70] th a t  the im pact param eter  m ust be ^  107?* for the amplification to  reach th a t  level.

Fig. 3.26 shows the  polarized light curve for a red giant source in this m argina l case.
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Figure 3.26: The polarized light curve for an LMC red giant ( R)x =  5 if**) whose unpolarized 

microlensing signature is on the threshold of detectability. Optical depth  r  =  0.1, Einstein 

radius =  8 R m.

T he peak polarization is ju s t  over 0.7%, which exceeds the detectability  threshold for 

polarization. Given th a t  the optical dep th  here is a very conservative 0.1, and  th a t  the 

polarization could therefore easily be 3 or 4 times this large, we conclude th a t  every  

LMC microlensing event with a red giant source has a m easurable polarization signature. 

T hus  the prospects for polarimetric follow-up observations of LMC microlensing alerts are 

excellent: since the typical timescale of these events is ~  37 days [31], a subs tan tia l  par t  

of the  light curve could realistically be observed in this way.

T he  prospects for the Bulge are not so easy to analyse, as estim ates of the mass of lensing 

objects  in th a t  direction are not yet forthcoming. However, since we can expect to  be able 

to measure signals as low as 0.2% polarization, every light curve presented in this chapter 

is observable, including the  chromatic effects. As a  rough guide, for a  given lens mass, and 

assum ing the lens is half-way between E ar th  and the Bulge, the projected  Einstein radius 

is approxim ate ly  \ /5  times smaller th a n  in the LMC case, or ju s t  less th an  half as large. 

If the mass distribution of lenses is similar to th a t  toward the LMC, we can again expect

75



3.7. OBSERVATIONAL P R O S P E C T S

all red giant lensing events to display clearly observable polarization. On the  o ther hand , 

if the  lenses are much smaller towards the bulge, hot s ta rs  such as Be stars  become more 

likely to  show polarimetric variability. For example, M/ens =  O.OOIMq yields a projected  

Einstein radius of 28R@ towards the Bulge, which is ~  a few R* for a  Be s ta r  ([54], [60]).

We have so far entirely ignored the effects of interstellar polarization on the  signal. This 

is justified to  some ex ten t.  We are interested in variable polarization: provided the  in­

terstellar polarization towards the  lensed s ta r  is does not change on these timescales, it 

can in principle be measured after the event and sub trac ted  from the  d a ta .  In practice, 

this will increase the errors on the polarization m easurem ents,  and a small variable po­

larization may be swamped by the  interstellar com ponent. However, for reasonably large 

polarim etric  signals we may assume th a t  the microlensing and interstellar polarizations 

can be disentangled.

In conclusion, then , microlensing can produce interesting and inform ative polarimetric 

signals from extended stellar envelopes. These signals are readily m easurable in the fields 

of existing microlensing surveys, and the necessary polarimetric follow-up observations are 

em inently  practicable. Given the great s tatistical difficulties involved in in terpre ting  the 

curren t,  limited microlensing d a ta ,  such observations can and should be m ade as a m a t te r  

of course.

We now leave envelope modelling, though one could certainly continue adding features 

to  the  relatively simple models developed here, and investigate a related aspect of mi­

crolensing. Can we exploit microlensing to image stellar a tm ospheres directly, w ithout 

any underlying model? To answer this question, we m ust first go into the  theory  of in­

verse problems, to  which the next chapter is devoted.
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Inverse  p ro b le m  th e o ry

“This obsession with the specific activity of quantified functions is w h a t  science 

shares with pornography.”

Dr. N a than ,  The Atrocity Exhibition , (,J. G. Ballard)

Inverse problems are an inevitable feature of remote sensing. Loosely speaking, any ob­

servational d a ta  is the result of some mechanism (an instrum ental  response, say, or a 

propagation  function) processing the information you want into  a far less useful form. In ­

verting this d a ta  to  find the original source is a  little like trying to determ ine the  breeding 

behaviour of the hedgehog from a random  sample of roadkill.

T he  numerical and m athem atica l properties of inverse problems have been studied most 

extensively in the context of geophysics, bu t  they arise in many o ther  fields. Indeed, 

as tronom y has been called the u lt im ate  inverse problem [61], since the  physical processes 

are uncontrollable and in situ  m easurem ents impossible.

An understand ing  of the theory and practice of inverse problems would therefore seem es­

sential in astronomy. However, with a few notable exceptions ([62], [63]), few astronom ers  

have appreciated  this. Instead, they have generally preferred their t rad it ional weapons of 

forward modelling and param eter  fitting. In this chap te r  we outline the  need for a more
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IN V ER SE PR O B L E M S

sophisticated  approach, and discusses the particu lar  s tra tegy  which will be used la te r  in 

this thesis.

4.1 Ill-posedness and ill-conditioning: the  problem  w ith  in­

verse problem s

W henever we measure anything in science, we do so in the hope of using the  results to  

find ou t abou t  some feature of a physical system. To put this in ra the r  more formal term s, 

we want to  find a solution /  6 F  given a d a ta  set g 6 G. One can classify such problems 

in to  two categories, well-posed and ill-posed, based on their m athem atica l  p roperties  [64], 

[65]. A well-posed problem is one which satisfies the following criteria:

1. There  exists a solution /  £ F  for every g £ G.

2. T he solution is unique.

3. T he solution /  depends continuously on </, th a t  is the solution is stable to  small 

p e r tu rba tions  in the data .

If one or more of these conditions is not satisfied, the problem is ill-posed.

Let us write the relationship between the d a ta  and the source function as

K f  = g (4.1)

where K  is an integral operator.  Unless K  is a delta  function, it will in general have 

a sm oothing effect. As a consequence, an arbitrarily  large localized variation in /  can 

produce an arb itra rily  small variation in g. Hence the problem is ill-posed.

As a  more concrete example, introduce a  per tu rba t ion  b j  =  A q sin (ojy),  where A q is 

an a rb i t ra ry  constan t.  Clearly the  corresponding p er tu rba t ion  in the d a ta ,  bg , can be 

m ade arb itra rily  small by considering sufficiently large values of u; (for a continuous kernel
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k ( x , y ) ) .  In effect, the kernel sm ooths  out the  high frequency contributions to  the  source 

function. Of course, this also works the o ther  way: small p e r tu rba t ions  to  g can result in 

a rb itra ri ly  large p e r tu rba t ions  to  / .

One can th ink  of the  op era to r  K as m apping a  large region of the source function space F  

into a  small region of the  d a ta  space G.  T he  dangers of the  forward-fitting approach  are 

then  clear. Simply because a given source model /  fits the d a ta  g closely is no guaran tee  

th a t  it is in any way a  good approx im ation  of the true  source function.

4.2 H y p o th eses  and data

So w hat does all this m ean in practice? Well, in the first instance we see th a t  forward 

modelling can lead to  a ra th e r  blinkered approach. Any model will give some kind of best 

fit to  the d a ta ,  and if this fit seems close enough the  model will generally be accepted 

even if the physical ideas behind it are wrong. In a strictly falsificationist approach  this 

is perfectly sound: the hypothesis has not been ruled out by the  d a ta .  However the 

philosophical niceties are often overlooked in the  squalid trench warfare of d a ta  analysis, 

and  an a t t ra c t iv e  curve can d is trac t  a t ten t ion  from the fact th a t  whole classes of solution 

have been rejected a priori.  We have only allowed the d a ta  to  answer a specific, limited 

question, ra th e r  than  listening to w ha t it is really try ing to say.

So why not work directly back from the d a ta ,  and explore all the solutions it allows? Well, 

there  are serious difficulties here too. T he  source function is essentially a derivative of the 

d a ta .  Differentiating such discontinuously varying d a ta  gives a wildly oscillating solution: 

thus ,  the naive solution of Eqn. (4.1) is highly unstab le and yields little useful d a ta .

T h e  m ost obvious way of dealing with these problems is not to differentiate the  d a ta  itself, 

b u t  to  draw a  continuous curve th rough  the  d a ta  points and then invert this curve. This 

is a  (poor) form of regularisation: the  d a ta  has been sm oothed in order to stabilise the 

inversion. While such an approach will work, in the  sense of giving a  stable , well-behaved 

answer, there  is a nasty  sting in the  tail. This kind of sm oothing is a  subjective process -
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real features in the  d a ta  may be lost, making the whole exercise seem som ew hat pointless.

It is therefore necessary to  take a  far more rigourous approach to  the  whole issue. In 

doing so. we shall see th a t  regularised inversion can enable us to  ex trac t  the meaningful 

information from the d a ta  w ithou t fooling us into thinking we know more th a n  we do. 

Furtherm ore , we can determ ine which regions of the source function are well-constrained 

by the  d a ta ,  and which are essentially unresolved.

4.3 T h e B ackus-G ilbert m eth od

T he Backus-Gilbert m ethod  is one of a family of m ethods for a ttack ing  inverse problems. 

T here  are several general in troductions to  the m ethod: Parker [67] gives an  excellent 

review, and  Loredo &: Epstein [66] give an  example in an  astrophysical contex t.  For a 

deep and rigourous trea tm e n t,  th e  courageous reader is referred to  Backus &; G ilb e r t ’s 

1970 paper [68]: in this section, we will t ry  as far as possible to bring out the underlying 

physical ideas.

We wish to  recover a source func t ion f ( r  ). We cannot measure this function directly, but 

instead m easure an integral of it, G'(s). For all the cases considered in this thesis, G  is 

re lated to  /  th rough an integral of the  form

G ( s ) =  /  f ( r )K (r ;  s) dr,  (4.2)
Jo

where the kernel A '( r ; s )  can be calculated a priori.  T he  set of N  observations th a t  we 

make, gx =  G (s ;) ,  is therefore related to the  source function by

9i = [  f ( r ) K i ( r ) d r  + ni,  (4.3)
Jo

where K f r )  = / i ( r ; s * )  and is a  random  adm ix ture  of noise. From these m easurem ents  

we wish to  produce an es t im ato r  f ( r )  of the  underlying function f ( r ) .

In the  Backus-Gilbert m ethod , we assum e th a t  the source function is related to  th e  m ean 

of its es t im ato r  th rough

£ ( 7m ) = f  A ( r , r ' ) f ( r ' ) d r ' ,  (4.4)
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where A (r ,  r') is known as the  averaging kernel.

Now, since we do not know the  underlying function, the  averaging kernel is of no use to 

us directly; however we can s tudy  its properties, and use our d a ta  gt in such a way as to

is the  Dirac delta  function. However, such a solution is highly sensitive to  noise in the 

d a ta  and  hence very unstable. We a t ta in  stability by increasing the width of A (r ,  r ' ) ,  and 

hence sm oothing the recovered value over a wider region of the source function -  th a t  is, 

we minimise the width of A ( r ,  r') while try ing to ensure th a t  the resolution of A (r ,  r') 

remains sufficient for the problem a t  hand, in a sense we shall make more precise below.

We define the es tim ator  f ( r )  th rough a set of response kernels q i (r ), which produce an 

es t im ate  of the underlying function through

If we subs t i tu te  Eqn. (4.3) into Eqn. (4.5), and assume E  (Yli Qi{r )n i) — 0, i.e. t h a t  the 

weighted noise has zero m ean , then  Eqn. (4.4) implies

optimise those properties, and  so minimise the dependence of the  es tim ate  f ( r )  on the 

underlying function and the noise. It is clear from Eqn. (4.4) th a t  f ( r )  =  f ( r )  if A (r ,  r ')

(4.5)

(4.6)

This allows us to form some measure of the  width of A ( r ,  r') such as

A (4.7)

q( r ) 1 W (  r )q ( r ) ,

where

(4.8)

and

q  ( r ) T =  (9 i( r ) , . . . , t f /v (r ) ) . (4.9)
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This is the  usual definition of the width; others  are reasonable, and  m ay be preferable in 

different circumstances (though Gough [63] asserts th a t  the final result is not sensitive to 

the  par ticu la r  form of W  provided it rises steeply enough for r'  > >  r).

Again assuming th a t  E  (q  • n) =  0, one can easily show th a t  the variance of /  is given by

6  = Var f ( r )  = q ( r ) TS q ( r ) ,  (4.10)

where the  noise covariance m atr ix  Sij  =  E(niT i j ) .  In this thesis, we take the to  be 

independent and Gaussian with s tandard  deviation a; in this case, Sij =  Sijcr2, and  our 

assum ption  E {q • n ) =  0 is necessarily satisfied.

Finally, the  dem and  th a t  A (r ,  r') be normalised, i.e.

/  A (r ,  r') d r 7 =  1, (4-11)
Jo

requires, from Eqn. (4.6),

where R t =  f  K t(r)  d r .

q ( r ) - R =  1, (4.12)

T h e  Backus-Gilbert m ethod  consists of finding the set of qt(r)  which minimise A  +  XB,  

where

A  + XB = q ( r ) - [ W ( r )  +  A S ] -q ( r )

=  / ( , -  r ' ) 2[A(r, r ' ) ]2 dr  +  A Var w(r),

for some selected param ete r  A, subject to the constra in t q  • R  =  1. T he  minimisation 

problem has the explicit analytic solution

[W (r )  +  AS]"1 - R  ,
R - [ W ( r )  +  A S ]-1 - R ‘ (4 ‘13)

Eqn. (4.5) then  gives f \ { r )  in term s of the d a ta  (/;. T he n a tu re  of the  trade-off in the 

m inimisation is clear: in order to  improve the  stability of the recovery, we choose a  A which

makes A (r ,  r') broader, and so generate response kernels q{ which ex tend  the  weighted
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average over a g reater  num ber of the d a ta  points </;. T he  cost of this is th a t  the es tim ate  

of the  recovered point will be biased by the inclusion of the ex t ra  d a ta ,  and  this will be 

more m arked when the  underlying function is rapidly varying.

T he  Backus-Gilbert scheme is hardly tran sp a ren t ,  and the best way to get a  feel for how it 

works is to  pu t it into practice (as we shall do in the next two chapters). In the  m eantim e, 

we can gain some insight by looking again a t equations 4.10 and 4.12. Consider the  simple 

case where all the R{ are equal to  1 and the noise has o — 1 so th a t  Sij  = 6tj . Then 

Eqn. (4.12) becomes
TV

E ? *  =  1 <4 -14)
i=i

and  Eqn. (4.10) becomes

B = (4 -15)
2 — 1

Eqn. (4.14) implies th a t  as the num ber of d a ta  points (and hence the num ber of increases, 

B  will decrease, improving the recovery. This is what one would hope and intuitively 

expect,  but it is now possible to  quantify the impact of increased d a ta  on a  particu lar  

inversion.

T he  first im p o rtan t  point abou t the  Backus-Gilbert m ethod  is th a t  the pa ram ete r  A allows 

us to  ad judica te  between the conflicting dem ands of minimising the width of the  kernel 

A ( r ,  r') and  minimising the sensitivity of the recovered value (which is a  realisation of 

the s ta tis tica l variable f \ ( r ) )  to  the m easurem ent noise, and th a t  this ad judica tion  can 

be done prior' to any data being collected, based only on the characteristics of the  kernel 

/v’(r;s) and the noise.

Secondly, we m ust emphasise th a t  the  q,\(7) we obtain  gives us, th rough  Eqn. (4.5), a 

single point in the recovered function, f \ { r ) .  This means th a t  in this simplest version of the 

Backus-Gilbert m ethod we must perform the  inversion for each value of r for which we wish 

to  find f \ ( r ) .  Since the calculation of the coefficients qA(^) involves a  m a tr ix  inversion, 

which is an n 3 procedure, it can be com putationally  expensive, bu t this l im ita tion  will be 

acceptable in our particu lar  case, as the  num ber of d a ta  points will usually be < 100. This
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Figure 4.1: An example of a  trade-off curve for the Backus-Gilbert inversion scheme.

feature  has the compensation th a t  we can if necessary select a  different op tim al value of A 

for each recovered point. A modified, faster inversion m ethod is presented in [69].

4 . 3 . 1  T h e o r e t i c a l  l i m i t s  o n  i n v e r s i o n s

One s treng th  of the BG m ethod is th a t  we can do a lot of the analysis before we have any 

d a ta .  This gives us an  understanding  of the limitations of our analysis, and  allows us to 

pick an optim al value for the sm oothing param ete r  A.

Eqn. (4.13) produces a one-dimensional family of solutions, param etrised  by A. We can 

represent this as a solution curve on a graph of s tandard  deviation of the  recovered /  

against the  chosen m easure of the width of the resolution function : the  resolution is 

inversely related to  the width, so such a curve illustrates the trade-off between accuracy 

and bias in the recovered solution. Fig. 4.1 shows an example of a trade-off curve (in fact, 

this curve was generated  from the kernels of C hap ter  5, a purely a rb i t ra ry  choice).
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T he features common to all these curves are th a t  they are m onotonic and non-increasing, 

approaching a  minimum width at one limit and a m inimum s tandard  deviation a t  the  other. 

(P roving  this is ra th e r  involved: a thorough discussion and geometrical in te rp re ta t io n  are 

provided in [68].) In general, one usually considers in term ediate  values of A, around  the 

tu rn ing  point between the two extremes. Precisely which A one chooses depends on the 

relative im portance  of stability and resolution in the particu lar  problem.

It is clear from Fig. 4.1 th a t  the high resolution can only be obtained a t the  cost of a high 

s tan d a rd  deviation in the recovered value. If we try  to increase the accuracy, we end up no 

longer measuring the source function proper, bu t ra th e r  a  “blu rred” value of this function, 

sm oothed  by convolution with the averaging kernel. In general, E  f ( r ) j  /  /(?*), and  the 

m ore rapidly varying the function a t the point of interest,  the  g reater  this biasing will be.

4 . 3 . 2  T h e  m e t h o d  in  p r a c t i c e

T he Backus-Gilbert m ethod is one of many inverse problem m ethods in which one func­

tional of the recovered solution, A , is minimised subject to regulation by an o th e r  quan tity  

B.  In this case, A  is the width of the averaging kernel, and this is regulated by the  variance 

of the estim ate. In o ther inverse problem m ethods, the functional A  is some m easure of 

the  goodness of fit between the d a ta  and the forward problem, such as a  y 2, regulated 

by the  dem and th a t  the solution be sm ooth , or th a t  some non-linear functional of the 

solution, such as its negentropy, be minimised.

So why pick this particu lar m ethod  out of the m any possibilities? Well, one a t t rac t iv e  

feature  is th a t  it makes no prior assum ptions abou t the form of the solution. But inverting 

d a ta  to  find the source function is really the  secondary role of the B-G m ethod . Its main 

purpose is in distinguishing real features in the recovered solution from artifacts .  By 

analysing a  given observational setup, we can say jus t  how much (or little) inform ation 

can be obtained abou t  the  source function, and we can pick out those regions of the  source 

which are well resolved.

In C h ap te r  5 we will ob ta in  a num ber of trade-off curves for the problem of measuring
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limb polarization in an eclipsing binary system. These will show us the l im itations on 

such m easurem ents,  and indicate the best s tra tegy  for overcoming these problems. Then 

in C h ap te r  6 we will invert microlensing light curves from extended  objects .  T h e  Backus- 

Gilbert analysis will indicate which regions of the source s ta r  can be well-recovered from 

a  microlensing event, and will show the  feasibility of using g rav ita tional  microlensing as a 

stellar imaging tool.
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In v e rs io n  o f eclipsing  b in a ry  light 

cu rves

Vila: “Avon, this is s tupid!”

Avon:  “W hen did th a t  ever stop us?”

Bla ke ’s 1: S tar  O ne , Chris Boucher

5.1 D e te c t io n  o f  limb polarization  in eclipsing binaries

We are now in a position to apply the  inversion theory of the previous chap te r  to the 

problem  of imaging stellar surfaces. Eventually, this will involve inverting microlensing 

light curves (C h ap te r  6). Before th a t ,  however, a digression into eclipsing binary  stars  

is in order. There  are three reasons for this detour. Firstly, observations of eclipsing 

binaries have been used to  constrain stellar limb polarization. This is clearly of interest 

as far as the feasibility of using polarim etry  to obtain  lens param eters  is concerned: if the 

intrinsic limb polarization is too low, m easurable polarimetric effects from microlensing 

are unlikely. Secondly, inverting eclipse light curves is a  perfectly reasonable way in its 

own right of obtain ing stellar surface information. And finally, the experience and insights
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gained by tackling the  relatively simple eclipsing case will prove invaluable when it comes 

to  the  much less intuitive problem of inverting microlensing d a ta  (see also [84].

C h an d ra sek h ar  ([71], [72]) calculated the polarization profile of a pure electron sca tte ring  

atm osphere , showing th a t  the degree of polarization is g reatest a t the  limb ( ~  11.7% in 

this idealised case). Shortly thereafter  ([73]) the first a t tem p ts  were m ade to  observe the 

effect of this limb polarization in the eclipse phase of a binary system, bu t  it was not until 

the  remarkably sensitive observations of the Algol system by Kemp et al. ([74]) t h a t  limb 

polarization was detected in this way.

Wilson and Liou ([75]) analyzed the Algol d a ta  to ob ta in  a limb polarization in the  prim ary 

of 0.219%. This was one of a large num ber of param eters  they obtained  by least-squares 

fitting a model to the d a ta  which included tidal and  ro ta tional distortion, g rav ity  darken­

ing, limb darkening, reflection, circumstellar polarization and an accretion s tream . They 

simultaneously fitted the plane of ro ta tion , residual constan t polarization ( in terste llar or 

in s trum en ta l) ,  circumstellar electron density, s tream  position and density and circum stel­

lar cloud radius.

The dangers of such an approach should be evident from the previous chap te r .  W ith  

such an ill-conditioned problem it is easy to obtain  an apparently  excellent, bu t  entirely 

wrong, p a ram ete r  fit. In this chapter,  we apply the Backus-Gilbert inversion scheme to 

the  eclipsing binary problem.

5.2 A n  overview  o f  the  problem

We will assume th a t  the light emerging from the stellar disk is partially linearly polarized 

perpendicu lar  or parallel to the radial direction. One can calculate the  to ta l  flux from 

the eclipsed s ta r  by in tegrating the  intensity I  over the visible part  of the disc. Similarly, 

to  ob ta in  the to ta l  polarized flux one simply in tegrates the Stokes p a ram ete r  Q over the 

sam e p a r t  of the disc, in troducing a ro ta tion  factor to  transform  the polarized intensity 

a t each point into the appropria te  reference frame. T he choice of frame is a rb i t ra ry :  here,
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the origin is at the centre of the eclipsed s ta r  and our x-axis is parallel to  the  transverse 

velocity of the  occultor.

F,(t) = i ^ J L s c  (5.1)

F q ^  = T t tW  J L  c c o s 2 y r d r d y  (5.2)

F u ^ = 4 w R ? I J d '  s i n 2Xr d r d X (5.3)

where r, y are polar coordinates on the stellar disk, R  is the d istance from the  observer to

the s ta r ,  and A (r, y , i )  is zero for an occulted point on the disk, 1 otherwise.

Note th a t  we assume the kernel A (r, y ,  t) is known. This is equivalent to  assum ing th a t  

we already have some m easurem ent of the stellar radii and the orbital elements of the 

system. T he first of these can be obtained from the spectral classifications of the  stars; 

the second, from the  photom etric  light curve a n d /o r  spectroscopic observations (see [76] 

and  references therein). We only consider spherically sym m etric  s ta rs  here, so we are 

assum ing th a t  the binary system is detached.

5.3 K ernels for the eclipsing case

In this section we derive the kernels for the case when one s ta r  is partia lly  eclipsed by 

another .  T he geom etry of this s i tuation is as shown in Figs. 5.1 and 5.2.

We can take the occultor to be opaque, equivalent to sub trac ting  off the  o ccu lto r’s (con­

s tan t)  flux from all m easurem ents. Its ‘transfer func tion1 A q(cI) is then

f 0 for d < p
A 0(d) = { , (5.4)

( 1 for d > p

where d is the (pro jected) radial d istance from the  centre of the occultor, and p is the 

radius of the occultor.
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Source

Transverse velocity

Occultor

Figure 5.1: T he coordinate system used in Section 5.3. (r ,  x )  are polar coordinates in 

the  projected plane of the source, and (s(t ) ,  4>(t)) are the  coordinates of the  centre of the 

occultor; bo th  x  a n d are taken from a radius perpendicular to the transverse  velocity 

of the  occultor.
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Source

Transverse velocity

Occultor

Figure 5.2: The eclipsed s ta r  has radius 1, and the occultor has radius p. For any annulus 

of radius r ,  the  segment with opening angle i{’( r ; s ; p )  is occulted.
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Here, the  source s ta r  is spherically symmetric. In order to exploit th a t  sym m etry  we use 

a polar coordinate system (r, y) with its origin a t the centre of the eclipsed s tar.  In this 

coord ina te system, the transfer function A (r, y ; s )  does not have such a simple form.

In te rm s of I ( r ) ,  the intensity of the s ta r  as a function of (pro jected) radius, the  to ta l  flux 

from the  eclipsed s ta r  is

Now we would like to  in tegrate  the r ight-hand side of Eqn. (5.5) over y: since th e  source 

s ta r  is spherically sym m etric, the inverse problem is inherently one-dimensional. This 

allows us to  reduce the inverse problem to the form of Eqn. (4.2), and hence to  implement 

the  techniques of C hap te r  4.

We can rewrite Eqn. (5.5) in the form

Eqn. (4.2)), with / ( r )  as the unknown source function and A ( r ; s )  as th e  kernel. Once 

we have obtained an analytical expression for this kernel we can put the  Backus-Gilbert 

inversion m ethod to work.

(5.5)

where A ( r ; s )  =  r /027r T ( r ,  y; ,s) dy . This is now in precisely the form we require (c.f.

It is easy to  see th a t  A ( r ; s )  =  r / 027r 1 dy. Writing 7 =  cos[0(r;  s) /2]  we find th a t

1 1 < 7

7 =  ( r 2 +  s 2 — p 2) / ’2rs  , — 1 < 7 <  1 (5.7)

I - 1 7 < —1

We can now write

A( r ; s )  = <

' 2r(7r — "0/2)

=  2ra r c c o s ( — 7 ) , |s — p\ < r < s + p
(5.8)

„ 27T7'

0 , r < - ( s - p )  

, otherwise

defined for r > 0 .
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T he calculation is a little m ore in tricate  for the Stokes param eters .  T he light from each

point on the s t a r ’s disk m ust be linearly polarised in the  tangentia l direction. Using the

angle y  defined in Fig. 5.1, the  Stokes param eters  (in the (.t, y) frame of Section 5.2) m ust 

therefore be iq / ( r ,  y ) — ~ P ( r ) sin 2y  and Fq ( t , y )  =  —P ( r ) c o s 2y ,  for some function 

P( r )  which we wish to recover (note th a t  we use the unnormalised Stokes param ete rs ,  

since the  normalised ones have contributions to  the noise from the intensity  as well as the 

polarization m easurem ents).  Defining

/•2tt
A Q(r;s,(j>) = - r  cos 2 y A (r ,  y; 5, 0 )  dy ,  (5.9)

Jo

we therefore find th a t  the to ta l  polarized flux in the  Q direction, measured when the

centres are a distance s ap a r t ,  is

FQ( s , <f >) =[  P ( r ) A Q(r; s, 0 ) d r ,  (5.10)
Jo

and  similarly for Aj j (r ,  y; s, 0) and iq / ( s ,0 ) .  This is now in the form of Eqn. (4.2). Setting 

/ ~  s cos 0 , we can thus see th a t

. 4 g ( r ; s , 0 )  =  r  cos 20 sin 0 (r; s)

( 2J - i) 70 L :=  2 r  2 — — 1 ) 7 v l  — 7 (5.11)

Au{r;s , ( f i )  = r s i n 2 0 s i n 0

=  4 r “ (1  ~  "T 12 7 \ / l  ~  7 2 (5.12;

Note th a t  s = s( t )  and 0  =  0 ( 0 ,  so the  kernels can also be expressed as A ( r , t ),  A g ( r , t) 

and  A j j { r , t). These kernels are broad  and sm ooth , hence the ill-conditioning of the  inverse 

problem.

In practice, we choose a  reference frame such th a t  U = 0 : this involves tak ing  the  Q , U  

d a ta  and ro ta ting  to  a  fram e aligned along the line of centres, so th a t  0  =  0. This  involves 

no loss of information, and simplifies the inversion since we now only have to  work with 

one kernel function, A q .
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5.4 A pp ly in g  the  B ackus-G ilbert inversion

In the  present case, we are interested in m easuring the polarization a t  the  limb, and it is 

clear from section 4.3.1 th a t  the resolution we need can only be obtained a t the  cost of 

a  high s tan d a rd  deviation in the recovered value. This is basically because alm ost all the  

polarized flux comes from a thin annulus a t  the limb, so if the solution is too  sm oothed  

the  limb polarization will be greatly underestim ated.

Looking at the low-A limit (ie, no-noise), we find th a t  the A (r ,  r') function is sharply 

peaked at r = 1, so th a t  in principle we can ex trac t  a well-resolved limb-polarization 

(Fig. 5.3). In fact, the quality of this peak degrades substantially  for r < 1: the  m ethod  

as presented cannot  reasonably resolve polarizations on the disk. As we increase A, the 

peak broadens, but the variance of the recovered u \ ( r )  decreases.

Before we can go on to invert real or simulated d a ta ,  we m ust decide w hat value of A to  use. 

To m ake th a t  decision, we must consider the level and approx im ate  functional form of the 

polarization P (r) ,  and use this to set the scale for the resolution and s tan d a rd  deviation 

we need to  achieve. In tu rn ,  this fixes the num ber of d a ta  points n we require in our d a ta  

and  the value of the param eter  A we m ust choose in our inversion. Despite the  fact th a t  

we are invoking a particular model a t  this point in our analysis, we emphasise th a t  this 

introduces no practical  model dependence. We are using an approx im ate  model purely 

to  help us unders tand  w hat counts as “sufficiently s tab le” or “sufficiently well resolved” , 

and after this unders tanding  is gained the numbers we recover remain model independent 

m easurem ents,  as opposed to any m ethod  of param ete r  fitting.

Firstly, C handrasekhar  suggests th a t  the  limb polarization is of the order of P ( l )  =  0.117; 

we therefore need a  s tandard  deviation which is a t  least as small as this. Secondly, if we 

are not to have an overly biased result, our resolution function m ust be narrow  com pared 

with the width of the underlying function P( r ) .  T he resolution we need is therefore of 

order W id th [P (r ) ] ,  where we define a w idth  m easure A  analogous to  Eqn. (4.7),
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ut-T
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0 0.2 0.4 0.6 0.8 1
r’

Figure 5.3: T he averaging kernel A (r , r ' )  as a function of r'  for three different cases. T he 

increase in the width of A ( r ,  r' ) as A increases is clear. Note the  poor resolution a t  r = 0.5, 

even when A is small. (Here there were 60 d a ta  points, with a — 0.017.)
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0.12
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0.06Q.

0.04
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0 0.2 0.4 0.6 0.8 1

Figure 5.4: T h e  polarization  profile for a C handrasekhar model a tm osphere

A  = J ( r  — r ' )2[P(r')]2 dr' .  (5.13)

For the  profile in Fig. 5.4, A  = 0.031 a t the  limb. These param eters  allow us to define a 

region on the tradeoff  d iagram  within which an acceptable inversion m ust lie. It is worth 

noting th a t  the  C h an d rasek h ar  profile is particularly  broad and has an especially high 

peak.

T he  trade-off curves for a  num ber of different d a ta  sets are shown in Fig. 5.5. T he  region 

of acceptable  solutions is contained within the box. T he  m axim um  accuracy achievable 

for a  given resolution (or vice versa) can be read off from the graph.

All these cases are based upon the  same eclipse param eters : the s ta rs  are of equal radii, 

and the im pact p a ram e te r  is 1 stellar radius. Tradeoff curves are p lo tted  for 25, 50, 100 

and 200 d a ta  points , with  G aussian d a ta  noise (a  = 0.02 in units of the  unpolarized flux). 

Even the  n = 200 case is only marginally acceptable. Given th a t  the acceptability  region 

is ra th e r  generous, we can say th a t  such noisy d a ta  will not give any reasonable es tim ate
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0.3

n = 25 —  
n = 50
i = 100 
1 =  200  ........

0.25

0.2

§
0.15

0.05

0.1 0.25 0.3 0.35 0.4 0.450 0.05 0.15 0.2
Standard deviation

Figure 5.5: A series of trade-oil  curves for the polarization inversion. T he  region of 

acceptable solutions is contained within the  box. (T he stars  are of equal radii, and the 

im pact param ete r  is equal to the stellar radius: here, the  noise level a  =  0 .0*2)
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Figure 5.6: T he  recovered values of P ( l )  for two realisations of noisy simulated d a ta  with 

the  sam e p aram eters .  T he  horizontal line is the correct value of P ( l ) .

of the  limb polarization in this par ticu lar  binary configuration.

T he  effect of the  sm ooth ing  is illustra ted  in Fig. 5.6, which shows the  recovery of th e  limb 

polarization from two sets of simulated noisy d a ta ,  each with ‘200 d a ta  points, as a  function 

of the  sm ooth ing  p a ram ete r .  It is clear th a t  the  solution becomes m ore stable as g reater  

sm ooth ing  is imposed. However, this also causes the  recovered value to  be averaged over 

more and more of the  stellar disk, gradually  biasing it to  lower values.

We can now ad jus t  the  various param eters  to see how this s ituation  can be improved.

5.4 .1 N o is e  level

Reducing the noise by an order of m agn itude  greatly  improves the  si tuation . Fig. 5.7 

shows th a t  a reasonable inversion is now possible. A limb polarization profile ab o u t  twice 

as sharp  as the C handrasekhar  profile can be detected  with this d a ta ,  if the  polarization 

level is as high as 11.7%. Conversely, if the  ac tua l  limb polarization is only one ten th  of

T ' '--- 1 I----- 1------- '--- ' 1----- 1------- '--- ' I----- '------
True limb polarization

J_______i_________ i____ .—I_______._________ .____ L
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Figure 5.7: Noise level cr — 0.00*2. T he stars  are of equal radii, and the im pact param ete r  

is equal to  the stellar radius.

the C handrasekhar  level it can still be detected with 200 d a ta  points - provided the  profile 

is broad.

If we reduce the noise by ano ther factor of ten we obtain  the  results in Fig. 5.8. Here 

we see th a t  the num ber of d a ta  points is of little im portance  when the  d a ta  is nearly 

noise-free. This is not too surprising, as the  light curve will be well represented by only a 

few points in this case, and  adding more points will not greatly  improve the  curve.

T he  most im p o rtan t  point in this case is th a t  the resolution rapidly approaches its th e ­

oretical limit. No m a t te r  how good the  d a ta ,  it cannot resolve limb polarization features 

narrower than  0.003 stellar radii. If the  ac tual profile is this sharp, the only way to  resolve 

it is to  s tudy  ano ther eclipsing binary system, with different orbital param eters .
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Figure 5.8: Noise level a — 0.000*2. The stars  are of equal radii, and the im pact pa ram ete r  

is equal to the stellar radius.

5 . 4 . 2  I m p a c t  p a r a m e t e r

Changing the impact param ete r  has a less drastic, b u t  still significant, effect. Fig. 5.9 

shows the case of a  near-to ta l  eclipse, with all o ther param eters  as in Fig. 5.5. T here  is 

a clear improvement, with 5% polarization now on the threshold of detectability. This 

im provem ent comes abou t  because a t  the  time of m axim um  eclipse the  light from the oc­

cluded s ta r  conies from a small narrow region of the limb - exactly the  place of in terest.  As 

the im pact p aram ete r  increases, more of the s ta r  is visible and so the  signal is increasingly 

lost (Figs. 5.10 and 5.5).

One might expect a similar effect from a near-grazing eclipse: the polarization  signal 

obta ined  from occulting a small pa r t  of the limb should be as inform ative as the  case 

where all bu t  the limb is covered. In fact this is very far from the t ru th ,  as Fig. 5.11 

illustrates. T he reason is th a t  the polarization is washed out by the unpolarized flux 

from the inner p a r t  of the stellar disk th a t  is never eclipsed. T he resulting weak signal
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Figure 5.9: Im pact param ete r  = 0 . 1  stellar radii. (<r =  0.02, equal stellar radii.)

is so thoroughly dom inated  by noise as to be virtually useless. Only when there  are very 

many d a ta  points does the tradeoff curve enter the acceptable region, showing th a t  a little 

inform ation is m aking it th rough the noise.

5 . 4 . 3  O c c u l t o r  r a d i u s

If changing the im pact param eter  afforded a t  best a  factor of two im provem ent,  could 

altering the radius of the occulting s ta r  give more impressive results? T he answer, unfor­

tunately , is no. It seems th a t  the ideal case is when bo th  stars  are of approxim ate ly  equal 

size: the  results from bo th  a  smaller occultor (Fig. 5.12) or a  larger (Fig. 5.13) are far 

worse th an  in the case of equal sizes (Fig. 5.5).

5 . 4 . 4  T h e  b e s t  c o m b i n a t i o n

Having studied the effects of altering the various param eters  individually, we can now 

look a t their effects in combination. R ather  than  calculate results for all the  possible per-
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Figure 5.10: Im pact param ete r  =  0.5 stellar radii. (<r =  0.02, equal stellar radii.)
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Figure 5.11: Im pact param eter  =  1.9 stellar radii, (cr =  0.02, equal stellar radii.)
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Figure 5.12: Occultor radius =  0.5 stellar radii, (<7 =  0.02, im pact p a ram ete r  =  1 stellar 

ra d iu s . )

m u ta t ions ,  we can simply take the param eters  from above which gave the best inversions 

arid pu t  them  together to  see what a “best-ca.se” result looks like. Specifically, low-noise 

(rr =  0 .0002), well-sampled (200 points) d a ta  from a  system of two stars  of equal size with 

nea r- to ta l  eclipse (im pact param eter  =  0.1 stellar radii).

T he  resulting tradeoff curve is shown in Fig. 5.14. T he limits of the curve are instructive. 

Firstly, when the noise level is very small it is possible to reduce the s tan d a rd  deviation of 

the  recovered value almost to zero. This is clearly good news if one wishes to  m easure low 

levels of limb polarization. T he real problem comes at the o ther  limit. We quickly reach 

the absolute  resolution limit for this case, which tu rns  out to  be 0.00330 stellar radii. If 

we want to  measure narrow limb polarization profiles, this resolution m axim um  will be 

the u lt im ate  limiting factor. Looking at the in term ediate  case, a limb polarization ~  1% 

of w idth  ~  0.005 stellar radii is ju s t  detectable in such a system.

It is quite clear from this analysis th a t  choosing the right system to  observe is a t  least
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Figure 5.13: Occultor radius =  2 stellar radii. (<r =  0 .02 , im pact pa ram ete r  =  1 stellar 

ra d iu s .)

as im p o rtan t  as obtain ing the best possible da ta .  W h a t  may be surprising is the limited 

im provem ent given by increasing the num ber of d a ta  points. It seems th a t  a few high 

quality  m easurem ents  of the right eclipsing system are worth far more th an  any am ount 

of d a ta  from the wrong one.

5.5 Limb darkening profiles

In Section 5.3, we derived kernels for the unpolarized flux, as well as the  polarized signal. 

We can use these to  determ ine the limb darkening of the  eclipsed star:  th a t  is, to  es tim ate  

I ( r )  across the stellar disk.

Limb darkening is not really the focus of this chapter,  so we will ju s t  i l lustra te  the  basic 

idea with a  small num ber of examples. This will give a slightly different perspective on 

the inversion m ethod  and its results, and will also an tic ipate  the next chap te r ,  in which
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Figure 5.14: A “best-case” result, using a combination of the best pa ram ete rs  in previous 

sections: ‘200 d a ta  points, a  =  0 .0002, im pact p a ram ete r  =  0.1 stellar radii.

microlensing light curves are inverted.

Here, we will only consider the case where bo th  stars  are of equal radius, and  the eclipsed 

s ta r  has a linear limb-darkening profile

J(/ i)  =  / 0( l - t t ( l - / i ) )  (5.14)

where the emergent angle /i =  \ / l  — r 2 and u is the limb darkening coefficient. In this 

section, we adop t u =  0.82.

Figs. 5.15 to 5.17 show the inversion results for three different im pact pa ram ete rs ,  p lo tted  

aga inst the true  intensity  profile. In these cases, the noise level a  = 2% of the baseline 

flux. This is ra th e r  a high error es tim ate  for an eclipsing binary light curve: it has been 

chosen to  allow easier comparison with the microlensing results of C h ap te r  6 .

T h e  most immediately obvious point abou t  these figures is th a t  the  central portions  of the 

disk are not recovered a t  all well. This is not so surprising, as these regions are eclipsed
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for the  least am ount of time and therefore contribu te  least to  the overall behaviour of the 

light curve. By con trast,  the regions towards the limb are ra th e r  more accurate ly  inverted, 

and  the  quality of the  inversion increases as the eclipse becomes more nearly to ta l .  This 

is consistent with the behaviour noted in Section 5.4.2 for the polarization inversion.

W h a t  does come out very clearly in these figures is the biasing effect of the sm oothing 

kernels. T h e  limb intensity is in general overestim ated, while the  intesity a t  small r is 

underestim ated . This is simply because the inversion a t a par ticu lar  point is stabilised by 

averaging over a  region of the stellar disk - thus, the  results are biased tow ard the  average 

intensity. In these first three cases, the d a ta  quality is poor and so the trade-off between 

stability  and bias leads to  a fairly biased result with large error bars.

T he  next three figures (Figs. 5.18 to 5.20) show the same s ituation , but with much less 

noisy d a ta  (a  = 0.005, c.f. [78]). As the im pact p aram ete r  decreases, a g rea ter  and  greater  

region of the disk can be recovered reasonably accurately w ithout unacceptable bias, until 

when the im pact param ete r  is 0.1 stellar radii, only the extrem e centre and edge of the 

s ta r  are poorly recovered.

In the next chapter  we will perform similar inversions to these, but with microlensing light 

curves. One might expect the regions of the s tar  closest to  the projected lens position to  be 

well resolved com pared to the eclipsing results, and unlike eclipsing it does not seem th a t  

the lens will necessarily have to t rans it  the source. We shall see how true  these intuitive 

ideas are in C hap te r  6.
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Figure 5.15: Model limb darkening profile and eclipse inversion results. Im pact p a ram ete r  

=  1 stellar radius, a  =  0.02.
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Figure 5.16: Model limb darkening profile and eclipse inversion results. Im pac t p aram ete r  

=  0.5 stellar radii, a  =  0.02.
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Figure 5.17: Model limb darkening profile and eclipse inversion results. Im pac t p a ram ete r  

=  0.1 stellar radii, a — 0.02.
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Figure 5.18: Model limb darkening profile and eclipse inversion results. Im pac t p a ram ete r  

=  1 stellar radius, a  =  0.005.
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Figure 5.19: Model limb darkening profile and eclipse inversion results. Im pact pa ram e te r  

=  0.5 stellar radii, a — 0.005.
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Figure 5.20: Model limb darkening profile and eclipse inversion results. Im pac t pa ram e te r  

=  0.1 stellar radii, a  =  0.005.
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C h a p t e r  6

In v ers io n  of m icro lens ing  light 

cu rves

Seek, then,

No learning from the s ta rry  men,

W ho follow with the optic glass 

T he whirling ways of s tars  th a t  pass - 

Seek, then , for this is also sooth,

No word of theirs - the cold star-bane 

Has cloven and  rent their hearts  in twain,

And dead is all their hum an t ru th .

W .B . Yeats

6.1 M icrolensing  as a probe o f stellar a tm osp h eres

As a child, I was crestfallen to learn th a t  no telescope on E a r th  could resolve a  stellar disk, 

th a t  the  vast, beautiful s tars  described in my books would never be m ore th an  points  of 

light. Later in life, it became clear th a t  the radia tion field of any stellar model would always
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have to  be in tegrated over the whole disk before any observational predictions could be 

m ade. Of course, there are cunning m ethods of teasing s truc tu ra l  inform ation ou t  of the 

in tegra ted  light, from old standbys like ro ta tional line broadening to sophisticated  new 

techniques such as interferom etry  and Doppler image tom ography [79]. Such approaches, 

while very useful, are somewhat unsatisfactory for two reasons. Firstly, any one technique 

is only suitable for a  limited class of star; secondly, they are intrinsically m odel-dependent.

Microlensing offers a direct way of imaging a stellar surface, w ithout m aking any model 

assum ptions abou t  the s truc tu re  of the atm osphere . Furtherm ore , it can happen  to any 

kind of s ta r .  T he only drawbacks are th a t  microlensing is a  random , uncontrollable event 

and th a t  the resulting light curve is not easy to interpret.

This chap te r  will focus on the la t te r  issue, using the inversion m ethods from previous 

chapters  to  assess the informational content of microlensing d a ta  and to reconstruct surface 

brightness profiles (see also [86]). Sadly, arranging controlled microlensing on dem and  is 

beyond hum an  ability.

6.2 K ernels for the m icrolensing case

T he microlensing amplification function A{r,Q)  is given by

in the  coordinate  system of Fig. 6.1.

VVe can write the in tegra ted  flux Ft from the lensed s ta r  when the lens is a t  a  distance d; 

in the  form

(6.1)

where

C =  r 2 -f d2 -  2rd  cos 0 (6.2)

R
(6.3)
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L ens position

Figure 6.1: A microlensing object a t a projected distance d (in the source frame) from the 

center of a spherically symmetric source of radius R.
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where
r 27r

A i ( r )  =  /  A { r , 0 , d i ) r d 6  
Jo

This can be expressed in term s of elliptic integrals as

A i ( r )  =  27rr -  2£ {(.Ti -  .T!) [H (n i |u ; )  -  n ( h i | n ; ) ] - f  ( a i  -  a 2 ) A ' ( w ) }  r

=  2 7 r r  -  £  { (a .* 2  -  x 2 ) [ H ( n 2 \ w )  -  H ( n 2 \ w ) ]  +  ( a 2 -  a i ) K ( w ) }  r

where

x 2 -  Xi
n\  =

X \ X 2 -  1

1 x 2 -  X \  

X i  X \ X 2 -  1

.1*1 -  x 2 
n  2 =  x 2  --

X \ X 2 —  1

n 2
1 X\  ~  x 2 

x 2 X I X 2 - 1

2 (  x 2 X\
w  =  n i i i i  - n 2 n 2 -  -------------------- --

\ X } X 2 -  1

_  2 v/ . t i . t 2 
Xi X2 -  1

.i’i =  ai + \ J a [ -  1

x 2 =  a 2 +  \/«2 -  1

x\  =
1

Xi

1

^2

(6.4)

(6.5)

(6.6)
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r 2 +  clf
ai =  o l"Zrd i

4 +  r 2 +  d2
«2 =   ; L2 rd{

and II and K  are elliptic integrals of the th ird  and first kind respectively [80]. (This 

formulation of the kernel is due to Norm an Gray: a  brief derivation can be found in 

A ppendix IL)

In this form, the kernels can be in tegrated numerically with a  s tan d a rd  G aussian 

qu ad ra tu re .  We can insert these into the Backus-Gilbert formalism of the previous chapter.

We will consider only the unpolarized light curves, and discuss basic chrom atic  effects, 

using a simple model stellar a tm osphere . We will not t rea t  line profiles here, as this would 

involve ra th e r  more complex a tm osphere modelling, although the m ethod  could clearly 

be extended to this case. Furtherm ore , we do not invert any polarized light curves, as 

this would involve integrating  the kernel as in Eqn. (6.5), bu t with an  additional ro ta t ion  

factor. This introduces substantial m athem atica l difficulties, so we are  at present confined 

to inverting the unpolarized signal.

6.3 Inversion o f  sim ulated  d ata

This section seeks to answer the following questions:

1. How well can the intensity (or limb darkening) profile be reconstructed  from a  m i­

crolensing light curve?

2. flow well can the colour dependence of this profile be determ ined?

3. How sensitive are these reconstructions to  the  lens param eters?

4. W h a t  improvements are possible with more extensive and accura te  da ta?
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6.3. INVERSION OF SIM ULATED DATA

6 .3 .1  L im b darken ing  profiles

Here we use the commonly-adopted linear intensity  profile

I ( / i )  = / 0(1 -  u ( l  -  f i))  (6.7)

where the  emergent angle /.i =  y / l  — r 2 and u is the limb darkening coefficient. These 

coefficients have been calculated by Claret & Gimenez [81] for a range of stellar models 

with effective tem pera tu res  from 4000A' to  6730A' and surface gravity  log#  in the range 

‘2.0 to  4.6.

T he  simulated d a ta  here assumed im pact param eter  and Einstein radius equal to the stellar 

radius. T here  were 100 d a ta  points, each with Gaussian noise added (s tan d a rd  deviation 

2% of baseline flux). This is broadly in line with the ac tual d a ta  from the M ACHO project 

(see e.g. [58]), a lthough it is worth noting th a t  the P L A N E T  and GM A N  projects  can 

achieve considerably more accurate  pho tom etry  . Results of the inversions are shown in 

Figs. 6.3 to  6.12.

In th e  upper  figures, the error bars indicate the s tandard  deviation of the recovered intens­

ity, and  thus the stability of the inversion a t  th a t  point. T he lower figures show the width 

of the  averaging kernel a t  each point. These widths are indicated by vertical lines: the 

longer the  line, the sm oother the kernel. It might have been more intuitive to  represent 

this by horizontal ra th e r  th an  vertical lines, but in practice such a presentation  is cluttered 

to the  point of incomprehensibility.

It is clear th a t  the limb darkening profile is best recovered in the region 0.6 7' & 0.9. At

the  limb, the recovery is somewhat more unstable since this is where the resolution m ust 

be narrowest. We can also see th a t  the light curves contain virtually no inform ation abou t  

the  region r & 0.5: the results here are sm oothed over most of the disk, and  w ithout such 

drastic  sm oothing are so unstable as to be meaningless.

The quality of the  inversion is essentially unaffected by the limb darkening coefficient: in 

all cases the only useful information is in the  region r > 0.6.
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u = 0.63 -----
u = 0.76 -----
u = 0.82 ......
u = 0.920.7-
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Figure 6.2: T he function / ( r ) /7 r / 0 for four values of the limb darkening coefficient u.

Some indication of why this should be can be seen in Fig. 6.2. In the absence of lensing, 

the flux from an annulus on the disk, a t  a radius r and  of w idth d r  is / ( r ) 7 r rd r  =  / ( r ) d r .  

Clearly the region of the disk which makes the greatest  contribution to  the to ta l  flux is 

also the region which can most accurately be reconstructed  from the light curve.
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Figure 6.3: Inversion results for limb darkening coefficient u =  0.63. 100 d a ta  points, 

a — 0.02, im pact p a ram ete r  =  Einstein radius =  stellar radius. E rror bars indicate the 

s tan d ard  deviation of the  recovered intensity.
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Figure 6.4: T he  width of the averaging kernel at each point for the  u =  0.63 inversion, in 

units of the stellar radius.
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Figure 6.5: Inversion results for limb darkening coefficient u = 0.67. 100 d a t a  points, 

rr - 0.02, im pact p a ram ete r  =  Einstein radius =  stellar radius. E rro r bars indicate  the 

s tan d a rd  deviation of the  recovered intensity.
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Figure 6.6: The w idth of the averaging kernel a t each point for the u = 0.67 inversion, in 

units of the stellar radius.
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Figure 6.7: Inversion results for limb darkening coefficient u = 0.71. 100 d a ta  points, 

a — 0.02, im pact p a ram ete r  =  Einstein radius =  stellar radius. Error bars  indicate the 

s tan d a rd  deviation of the recovered intensity.
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Figure 6.8: T he width of the averaging kernel a t each point for the u = 0.71 inversion, in 

units  of the stellar radius.
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Figure 6.9: Inversion results for limb darkening coefficient u =  0.74. 100 d a ta  points,

cr — 0.02, im pact param ete r  =  Einstein radius =  stellar radius. E rror bars indicate the

s tandard  deviation of the recovered intensity.
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Figure 6.10: T he width of the averaging kernel a t each point for the u — 0.74 inversion.

in units of the  stellar radius.
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0.35-1----------------------------------------------------------------------------------------------------------------------------------------------------------------

 --------------------------------------------- Inversion result i-o-h
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Figure 6.11: Inversion results for limb darkening coefficient u = 0.82. 100 d a ta  points, 

a — 0.02, impact p a ram ete r  =  Einstein radius =  stellar radius. E rror bars indicate the 

s tan d a rd  deviation of the recovered intensity.
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Figure 6.12: T he width of the averaging kernel a t each point for the u — 0.82 inversion, 

in units of the stellar radius.
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6.3.2 C hrom aticity

Here the lens and d a ta  param eters  are the same as in th e  previous section. Figs. 6.13 to 

6.16 present the results for two cases:

1. T ef f  = 4000A', logr/ =  2.00

2. Tej j  = 6730A',log# =  4.50

T he “chromatic ity  profile” I ' ( r ) is the difference in intensity between two wave bands (in 

this case D and U), i.e. I ' {r )  =  I b {t ) — As before, the limb darkening coefficients

for these wavebands are from Claret & Gimenez [81].

T he  remarks abou t  the quality of the limb darkening inversion apply here also, b u t  the 

stability  near the  limb is even poorer. T he only region th a t  can well-resolved is 0.6 ^  

r <  0.8. This is not really bad news: if one is interested in discriminating between 

atm ospheric models on the basis of their chromaticity, this is typically the region where 

the  model profiles differ the  most. Thus, observing chrom atic  effects in microlensing can 

produce tangible astrophysical results.

This point is illustrated in Fig. 6.17, which shows the profile and  inversion results of 

Fig. 6.15 alongside a model profile which differs from the t rue  model only in its surface 

gravity  term . T he  recovered intensity differences a t  r = 0.7 and r = 0.8 can clearly 

distinguish between the rival models.
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Figure 6.13: Inversion results for limb darkening coefficients B  = 0.76, V  = 0.63. 100 d a ta  

points, a — 0.02, im pact param eter  =  Einstein radius =  stellar radius. E rror bars  indicate 

the  s tandard  deviation of the recovered intensity.
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Figure 6.14: T he  width of the averaging kernel a t  each point for the B  =  0.76, V  = 0.63 

inversion, in units of the stellar radius.

In v ers io n  re su lt  ne— i 
C h ro m atic ity  profile ------

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9



6.3. INVERSION O F  SIMUL AT ED DATA
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Figure 6.15: Inversion results for limb darkening coefficient B = 0.9*2, V  = 0.82. 100 d a ta  

points, a  =  0.0*2, im pact param eter  =  Einstein radius =  stellar radius. E rro r  bars indicate 

the  s tan d a rd  deviation of the recovered intensity.
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Figure 6.16: T he width of the averaging kernel a t  each point for the  B  =  0.9*2, V  =  0.82 

inversion, in units of the stellar radius.
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Figure 6.17: C hrom atic ity  profiles for two a tm osphere models (bo th  have Tef  j  = 4000A'), 

and the inversion results for the case log g =  *2.00. 100 d a ta  points, a  = 0.0*2, im pact 

pa ram e te r  =  Einstein radius =  stellar radius. E rro r bars indicate the  s tan d a rd  deviation 

of the recovered intensity.

6 . 3 . 3  S e n s i t i v i t y  t o  l e n s  p a r a m e t e r s  

E in s te in  rad iu s

All the previous simulations have involved a lens with projected  Einstein radius £ equal 

to  the stellar radius R.  Figs. 6.18 to 6.21 illustrate the  effects of increasing £ while the 

o ther param ete rs  remain unchanged.

Clearly, the  increased Einstein radius greatly  improves the inversion. Indeed, large Ein­

stein radii allow the region around r ~  0.7 to be recovered with virtually no erro r or bias. 

Since, as discussed in Section 3.7, we expect these larger Einstein radii from the  survey 

d a ta ,  this is excellent news as far as the  prospects for microlensing inversion are concerned.
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Figure 6.18: Einstein radius £ =  4 R,  limb darkening coefficient V  = 0.63. 100 d a t a  points, 

a = 0.02, im pact p a ram ete r  =  stellar radius. E rror bars indicate the s tan d a rd  deviation 

of the recovered intensity.
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Figure 6.19: Einstein radius £ =  8R,  limb darkening coefficient V  = 0.63. 100 d a ta  points, 

a — 0.02, im pact param ete r  =  stellar radius. E rror bars indicate the s tan d a rd  deviation 

of the recovered intensity.
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Figure 6.20: Einstein radius £ =  4 R,  limb darkening coefficient V  = 0.82. 100 d a t a  points, 

a — 0.02, im pact p a ram ete r  =  stellar radius. E rror bars indicate the s tan d a rd  deviation 

of the recovered intensity.
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Figure 6.21: Einstein radius £ =  87?, limb darkening coefficient V  = 0.82. 100 d a t a  points, 

a = 0.02, im pact p a ram ete r  =  stellar radius. E rror bars indicate the s tan d a rd  deviation 

of the recovered intensity.
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Figs. 6.2*2 to 6.25 illustrate the improved quality of the chrom atic ity  inversions with 

increased Einstein radius. As with the limb darkening case, the  inversions improve d ra ­

matically with increased Einstein radius, allowing the chrom atic  s t ru c tu re  to  be picked 

ou t  with great  accuracy for 0.6 & r & 0.9.
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Figure 6.22: C hrom atic ity  inversion for Einstein radius £ =  4 R: model param eters  B  =  

0.76, V  =  0.63. 100 d a ta  points, a  =  0.02, im pact p a ram ete r  =  stellar radius. E rror bars 

indicate the s tan d a rd  deviation of the recovered intensity.
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Figure 6.23: C hrom atic ity  inversion for Einstein radius £ =  8R: model param ete rs  B  = 

0.76, V  = 0.63. 100 d a ta  points, cr — 0.02, im pact p a ram ete r  =  stellar radius. E rro r  bars  

indicate the s tan d a rd  deviation of the recovered intensity.
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Figure 6.24: C hrom atic ity  inversion for Einstein radius £ =  4R:  model pa ram ete rs  B  =  

0.92, V  = 0.82. 100 d a ta  points, a  =  0.02, im pact p a ram ete r  =  stellar radius. E rro r  bars 

indicate the s tan d ard  deviation of the recovered intensity.
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Figure 6.25: C hrom atic ity  inversion for Einstein radius £ =  8R:  model p aram ete rs  B  — 

0.92, V  =  0.82. 100 d a ta  points, a — 0.02, im pact p a ram ete r  =  stellar radius. E rro r  bars 

indicate the  s tan d a rd  deviation of the recovered intensity.
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Im p a c t  p a r a m e te r

The im pact p aram ete r  has a more d ram atic  effect. In the  case of a trans i t ,  when the  lens 

crosses the stellar disk, the intensity profile can be very well constrained. However, as 

the impact p aram ete r  becomes greater th an  the stellar radius the quality of the inversion 

quickly deteriorates.

Figs. 6.26 and  6.27 show the case where the im pact p aram ete r  b =  0.5/? (and all o ther 

param eters  are as in section 6.3 .1).Com pared to Figs. 6.3 and 6.11, the region 0.6 ^  r  0.8 

is much more accurately  determined. Some improvement can be seen for r <  0.5, while 

the limb is a  little less well recovered than  in the case b = 1.0.

The results for larger im pact param eters  are less promising. Even when b is as small as 

211 the inversion is ra th e r  poor (Figs 6.28 and 6.29), and  the recovered profile for b = 4R  

is indistinguishable from a constant intensity (Figs 6.30 and 6.31). In this case all th a t  is 

determined is an average intensity across the disk, and the closer the true  intensity  at a 

given point is to this average the more accura te  is the recovery.

C ontrary  to the expectations of Section 5.5, then, a trans i t  does seem to  be necessary for 

a lensing event to  be usefully invertible.
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Figure 6.26: Transit: b = 0.5/?, V  =  0.63. 100 d a ta  points, a  =  0.02, Einstein radius 

stellar radius. E rro r bars indicate the s tandard  deviation of the recovered intensity.
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Figure 6.27: Transit: b = 0.5R,  V  =  0.82. 100 d a ta  points, a — 0.02, Einstein radius 

stellar radius. E rror bars indicate the s tandard  deviation of the recovered intensity.
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Figure 6.28: Im pact p aram ete r  b = 2R,  V  = 0.63. 100 d a ta  points, a — 0.02, E in­

stein radius =  stellar radius. Error bars indicate the s tan d a rd  deviation of the recovered 

intensity.
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Figure 6.29: Im pact p a ram ete r  b = 2R,  V  = 0.82. 100 d a ta  points, cr — 0.02, E in­

stein radius =  stellar radius. E rror bars indicate the s tan d a rd  deviation of the  recovered 

intensity.
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Figure 6.30: Im pact param eter  b = 4R ,  V  =  0.63. 100 d a ta  points, a — 0.0*2, E in­

stein radius =  stellar radius. E rror bars indicate the  s tan d ard  deviation of the  recovered 

intensity.
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Figure 6.31: Im pact p a ram ete r  6 =  4R,  V  = 0.8*2. 100 d a ta  points, a  =  0.02, E in­

stein radius =  stellar radius. Error bars indicate the s tandard  deviation of the  recovered 

intensity.
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Figure 6.32: b =  0 .5R,  B = 0.76, V  =  0.63. 100 d a ta  points, a = 0.02, Einstein radius =  

stellar radius. E rror bars indicate the s tandard  deviation of the  recovered intensity.
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Figure 6.33: b = 0.5R ,  B  = 0.92, V  = 0.63. 100 d a ta  points, a  =  0.02, Einstein radius =  

stellar radius. E rro r bars indicate the s tandard  deviation of the recovered intensity.
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Figure 6.34: Im pac t p a ram ete r  b = 2R ,  B  =  0.76, V  = 0.63. 100 d a ta  points, a  =  0.02, 

Einstein radius =  stellar radius. Error bars indicate the s tandard  deviation of the  recovered 

intensity.
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Figure 6.35: Im pact p aram ete r  b =  27£, B  — 0.92, V  =  0.82. 100 d a ta  points, a  = 0.02, 

Einstein radius =  stellar radius. Error bars indicate the s tan d a rd  deviation of the  recovered 

intensity.
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Figure 6.36: Im pact param ete r  b = A R , B  = 0.76, V  =  0.63. 100 d a ta  points, a — 0.0*2, 

Einstein radius =  stellar radius. Error bars indicate the s tan d a rd  deviation of the recovered 

intensity.
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Figure 6.37: Im pact p aram ete r  b = A R , B  = 0.9*2, V  = 0.82. 100 d a ta  points, a  =  0.02, 

Einstein radius =  stellar radius. Error bars indicate the s tan d a rd  deviation of the  recovered 

intensity.
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6 . 3 .4  D a t a  q u a l i t y

Having seen how the inversion depends on the lens param eters ,  we can now experim ent 

with altering the  quality of the da ta .  This is the kind of information th a t  is needed to 

assess the feasibility or otherwise of a given proposal, as well as giving a guide to  the  best 

observing strategy, given the available resources.

In the present study, there  are two param eters  we can alter: the num ber of d a t a  points 

and the noise level. We consider them  in tu rn .

N u m b e r  o f  d a ta  p o in ts

A very poorly sampled light curve may have as few as 10 d a ta  points covering the  lensing 

event. At the o ther  extrem e, some recent, long-timescale events have ~  ‘200 points, and 

the  P L A N E T  collaboration’s program  of rapid-sampling follow-ups to microlensing alerts 

aims to achieve this level of coverage on a routine basis.

Figs. 6.38 to 6.40 show the inversion results for light curves with 10. “25, 50 and  ‘200 points 

(all o ther param eters  are the same as in section 6.3.1). T he results are a little surprising.

When there are only 10 points in the d a ta ,  the resulting inversion is unsurprisingly poor 

(Fig. 6.38). Going up to “25 points (Fig. 6.30) markedly improves the result, as one would 

expect. Further increasing the num ber of d a ta  points has a  much less d ram a tic  effect, and 

200 points are not particularly  b e t te r  th an  50.

This means th a t  even short-timescale events can provide a reasonable am oun t of inform­

ation, and th a t  fu r ther investment in improving the sampling ra te  is really not necessary 

for this par ticu lar  aspect of microlensing.
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Figure 6.38: n =  10. cr =  0.0'2, im pact param eter  =  Einstein radius =  stellar radius. 

Error bars indicate the s tan d ard  deviation of the recovered intensity.
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Figure 6.39: n — 25. a - 0.02, im pact param eter  =  Einstein radius =  stellar radius. 

Error bars indicate the s tandard  deviation of the recovered intensity.
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Figure 6.40: n = 50. a  =  0.0'2, im pact param ete r  =  Einstein radius =  stellar radius. 

Error bars indicate the s tandard  deviation of the  recovered intensity.
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Figure 6.41: n =  200. <j  = 0.02, im pact param eter  =  Einstein radius =  stellar radius. 

Error bars indicate the s tandard  deviation of the  recovered intensity.
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N o is e  leve l

Playing around with the noise level can produce some quite instructive effects.

In Fig. 6.4*2 an inversion has been carried out as in section 6.3.1, but with the  noise level 

reduced by a factor of 10. For r ^  0.6 the results are excellent, and even the limb intensity  

is relatively close to  the  mark. W hen the noise level is greatly  increased, to  10% of the 

baseline flux (5 times the level in section 6.3.1), the results natu ra lly  deter iora te .  But 

even in this case of extremely noisy d a ta  a  meaningful inversion can be obta ined , and  the  

recovery compares favourably to Fig. 6.31 for which the  d a ta  is much less noisy but the  

im pact param ete r  is greater.

This indicates th a t  the im pact of d a ta  noise on the inversion is less serious th an  some of 

the o ther effects examined in this chapter, and th a t  some inform ation can be ex trac ted  

even from very poor da ta .
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Figure 6.42: a = 0.002. 100 d a ta  points, im pact p a ram ete r  =  Einstein radius =  stellar 

radius. E rror bars indicate the s tandard  deviation of the  recovered intensity.
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Figure 6.43: a  =  0.1. 100 d a ta  points, im pact p a ram ete r  =  Einstein radius =  stellar 

radius. E rror bars indicate the s tandard  deviation of the recovered intensity.
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6.4 Put t i ng  it all t oget her

So w hat are the implications of this chapter?  Well, the  most im p o rtan t  point is th a t  

microlensing can resolve intensity and chromaticity  profiles across a stellar disk. In p a r­

ticular, the regularised inversion m ethod  used in this chap te r  is able to  pick ou t  those 

regions of the  disk which can be well determ ined from the  d a ta ,  and estim ate  the  value of 

the  profile a t  those points.

There  are two types of param eters  involved in this process: those we can control, and  those 

we cannot. T he  analysis of d a ta  quality showed th a t  low-noise d a ta  can result in very good 

profiles, bu t th a t  having a  large num ber of d a ta  points is not really so im p o rtan t .  One of 

the  limitations on the num ber of points is the  timescale of the lensing event: we can thus 

expect to be able to  ob ta in  good inversions even from rapid  events.

T he  m ost im p o r tan t  limiting factor is the im pact param eter.  A trans i t  can give a great 

deal of information, while events which are only m oderately  far from being trans i ts  are 

essentially useless. According to [70], som ewhat more th an  half of all observed events will 

be transits ,  so we can reasonably an ticipate  finding useful inform ation in a  large fraction 

of microlensing events.

C om paring these results with the eclipsing inversions in Section 5.5, we see th a t  eclipsing 

binary light curves provide much more even coverage of th e  intensity  profile. Microlensing 

can produce far b e t te r  results a t  particu lar regions of the disk, a t the cost of poorer recovery 

elsewhere. However, the regions best resolved by microlensing are the m ost astrophysically 

interesting par ts  of the stellar disk, so this tradeoff is well worthwhile.

In conclusion, then, microlensing can provide a powerful probe of stellar a tm ospheres ,  in­

dependent of any atm ospheric  model. T he prospects for this kind of analysis are excellent, 

and  with the current interest in microlensing surveys we can look forward to  new insights 

in to  stellar astrophysics from this novel tool.

T h e  gnostics believed th a t  the materia l universe is the flawed creation of an insane deity.

I have always though t such a creator m ust have been cackling maniacally a t as tronom ers
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when it filled most of the cosmos with dark m a tte r .  Well, we can still have the last laugh.
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C h a p t e r  7

F u tu re  P ro s p e c ts

One of these days I ’m gonna get in shape, become an as t ro n au t  

One of these days my fears are gonna fall down the stairs

One of these days I ’ll sell my soul and  let ’em find out w hat they

bought

One of these days I ’m gonna shave off all my hair

Cop Shoot Cop, “Any Day Now”

W hen  I began this project nearly th ree years ago, extended source effects in microlensing 

had  only ju s t  s ta r ted  to  be considered. T he  field has filled out a  little since then , but 

huge regions remain to be explored. T hroughou t this thesis, I have consistently aimed for 

simplicity in the underlying models, so as to  more clearly bring out the  effects of interest.

T here  are m any ways to fill in the framework presented in this thesis, and to  ex tend  it to 

cases of g rea ter  complexity. Take the modelling in C hap ters  2 and 3 for example. The 

basic idea is simply to  model a  par ticu lar  object, pass a  lens in front of it and in tegra te  

up the  amplification function across the source to ob ta in  a light curve. Obviously, one

could extend this to  a wide variety of objects such as discs or je ts , and  could perform  the

calculations for optically thick atm ospheres, s tars  with spots and o ther  surface features,
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and  so on. G alactic radio je ts  in particu lar may show d ram atic ,  and potentially  resolvable, 

po larim etric  variability when lensed.

A m ore ambitious step would be to  simulate microlensing by several masses s im ultan­

eously. This is not ju s t  a linear combination of single lens cases: multiple lenses give 

rise to  an amplification function with complicated s truc tu res  of cusps. This is of some 

relevance to  stellar microlensing, where a t least one binary lens has been detected , but 

is m ore im p o rtan t  a t  cosmological scales where quasars may be microlensed by many ob­

jects  simultaneously. Calculating the amplification function in this case becomes a  m ajo r  

com puta t iona l  task , bu t otherwise the approach is exactly the sam e as in this thesis, for 

bo th  the  pho tom etric  and polarimetric variability. This could settle the  issue of quasar 

microlensing, by predicting an associated characteristic polarimetric behaviour.

As far as the inversion work is concerned, the most im m ediate  next step is to extend the 

CD approach  to the  polarized light curve. This could be done along the sam e lines as the 

pho tom etric  inversions in C hap te r  6, although the m athem atics  involved in in tegrating  

the kernel is nontrivial. T he o ther m ajor  development will be inverting d a ta  from a  2-D 

source, a  s ta r  with spots, for example. Spectral line inversions are ano ther  fruitful area  

where microlensing could provide a powerful diagnostic of stellar s truc tu re .  T he  real goal, 

of course, is to  apply this theoretical work to real da ta .  As both  the q uan ti ty  and quality 

of recorded events improve, so too do the prospects for inversions.

Even as I write this, much of the above work has been s ta r ted .  We can look forward to 

fresh astrophysical insights from microlensing for a long time to come.
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A p p e n d ix  A

A g u id e  to  p o la r im e tr ic  ja rg o n

T h e  word “polarization” refers to the orientation of the direction of v ibration of a  classical 

wave with respect to  some axis. In astronomy, the polarization of rad ia tion  carries inform­

ation ab o u t  asym m etries in the em itting object (or in the in terstellar m edium through  

which the  radia tion  propagates).  T he two most im p o rtan t  polarizing processes are sca t­

tering (which gives rise to  linear polarization) and m agnetic fields (resulting in circular 

polarization through the Zeeman effect). This thesis only considers sca tte ring  processes.

T h e  most useful ( though hardly the most intuitive) representa tion  of polarized light is in 

te rm s  of four intensities: the Stokes param eters .  An excellent and thorough discussion of 

this formulation can be found in Clarke & Grainger [82], and  Swihart [51] has a terser 

discussion: this section will focus only on those points which are necessary for the  rest of 

the thesis.

Consider a  plane electrom agnetic wave travelling in the z direction. T he electric vector a t 

a point and a time t can be expressed in term s of two orthogonal com ponents in the x  

and y  directions as

E  — E x cos (cot — k z  +  &r)x +  Ey  cos ( u t  — k z  -f 6 y )y (A . l )
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where E x and E y are the amplitudes of the x — and y — com ponents,  Sx and 6 y are the 

phases a t z — 0, u  is the angular frequency and  k  is the wave num ber.

In general, the electric vector will trace out an ellipse th rough  t im e in the x — y plane. 

There  are three im p o rtan t  special cases:

1. Linear  polarization, when the phase difference Sx — Sy = 0.

2. Circular  polarization, when the phase difference is ±7t/2 .

3. Unpolarized radia tion , when E x = E y and the phases Sx and by vary randomly.

A combination of polarized and unpolarized radia tion ( the  usual case in practice) is term ed 

partial  polarization.

Four param eters  are required to completely describe th e  ellipse. In Eqn. (A . l )  these are 

E x , E y , 6X and 6 y . It is more convenient to combine these quantities  into the  Stokes  

parameters , given by

/ = C l  + El)(A.2)

Q  = {El-El)(A.3)

U =  (2Ex E y cos (6 y -  Sx )) (A .4)

V  = (2 E x E y sin (Sy -  Sx )) (A .5)

Physically, /  represents the to ta l  intensity of the radia tion, Q is the  difference in intensity 

of the x  and y com ponents of the electric vector, U is the intensity  difference between 

orthogonal com ponents of the electric vector along axes a t an angle of 45° to  th e  x  and 

y axes and V  is the difference in intensity between the left and right circularly polarized 

components. Circular polarization is not discussed in this thesis, and henceforth only / ,  

Q  and U  will be considered.
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In stellar astronomy we are usually concerned with the net polarization from an unre­

solved source. T he to ta l  Stokes param eters  are simply obtained  by adding together the  

p aram eters  a t each element of the source, taking care to refer all the p aram eters  to  a  single 

coordinate frame. In the limit this becomes

ho t — I  I  (A.6)
source

Q to t  f  Q '  (A .7)
source

' tot = I  U'  (A .8)
source

where

Q' = Q co s29 +  U sin 20 (A .9)

U'  =  — Q sin 29 +  U cos 29 (A .10)

and 0  is the rotation angle between the source element frame and the  observation frame.

Polarization is often described by the degree of polarization P  and the  direction of po lar­

ization ■0. In terms of the Stokes param eters ,  these are

P  =  —2 (A .11)

1 U .
0  =  — arc tan  — (A .12)

2 Q

T he above discussion has dealt only with purely polarized rad ia tion , th a t  is, rad ia tion

which can be resolved into two coherent orthogonal com ponents. Usually the  ray also
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contains a com ponent of unpolarized light. This provides an additional contribution to  / ,  

so th a t  I tot = I  +  lunpolarized , while not affecting the o ther Stokes param eters .  Eqn. ( A . l l )  

shows th a t  such an adm ix tu re  of unpolarized radia tion reduces the degree of polarization, 

bu t  clearly the direction is unchanged (Eqn. (A .12)). This “dilution” of the  polarization 

plays an im p o rtan t  role in this thesis.
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A p p e n d ix  B

T h e  m icro lens ing  kerne ls

Here we derive the  kernels for the microlensing inversion, as used in C h ap te r  6.

T h e  amplification function is

A ( r , 9 , s )  = -
4 \  2 /  4 \  2

+ c2) +(1 + c2
where

£ =  r 2 -f s 2 — 2 rs  cos 6

P u t

1 (
eld, dz  = iz  d 9, cos 9 = -  I z  -\—

This gives

£ =

yielding
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4 C2 +  4 22 -  4+rr2+ j2 z  +  1
+  C2 -  C2 -  , 2 _ r i t i i , +  1

This allows us to  calculate A(r ,  s)  =  / 02'1 A { r , 0 , s )r  dO in the following way. Let I  be a 

contour integral in the  complex plane, such th a t

(z  -  x 2)(z  -  x 2) \ *  f ( z -  x 2)(z -  x 2) \  2

(z  -  Xi )(z -  x 1 (z  -  x i ) ( z  -  Xi)
dz (B . l )

where

xi a\  +  \Ja{  -  1

=  «2 + yjc

1
xi  = —

Xi

1
X 2 =  —

%2

I'2 +  S2

=  ~ ^ T

4 +  r 2 +  s 2 

t t2 ~  2rs

Note th a t  \ < X\ < x 2

There  is one pole inside the contour, a t 2 =  0.

Res (2 =  0) =  ^ (1  +  1) =  t (B.2)
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Im

1(6 )

K3),
1/X2 1/xi

1(2 ) 1(5)

KD

Figure B .l :  A section of the contour. Note the cuts between .tj and X2 , and between x \

and X‘2 .

giving

I  = 27r i ( —i) =  27r (B.3)

Now, we can also write

(see Fig. B .l)  where 

h  =  A / r

12 : z  = x 2 + exp (27rz)<7, a — (x \  -  X2 ) —> 0, dz  = exp (27n)da

[3  : z  = X2 + p e x p ( i 6 ), 0 =  2tt —► 0, dz =  ip  exp (i9)d0

I4 : z  = X2 + ct, cr = 0  — (x i  — X2 ), dz  =  d a

h  =
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Now

I 3 ~  1 f  ( x 2 - x 2 + p e x p ( i 0 ) ) (pexp( iO))  ^  ^
a 2 +  /9exp(i0) \ ( ^ 2  -  ®i +  P  exp ( i 0 ) ) ( x 2 ~  x i +  /t>exp(t0))7

—> 0 as p —>■ 0

and

— i r °  1 /  (xr> — x.n -I- p x n  ( el'iri\(T  R e y n  ( 2 x 7  VtI  \ ^ 2
do-

_  - i  f °  1 /  (x 2 -  x 2 +  exp (27rf)<j)(exp (27rz)fr) \
2 Jx i - x 2 ^2 +  cr \ ( a 2 -  +  exp (27tz)(t)(^2 -  *1 +  exp (27t*)(t)/

=  Z * / °  _ J _ ( --------(g »-T ^  - ) ± i e x p (± iT )d o -
2 Jxi -x^  x 2 +  a \ ( x 2 -  Xi +  cr)[x2 -  x x +  a ) )

=  A

T hus we only have to  worry abou t I4. Changing no ta tion  such th a t  z  — x , dz  =  da;, 

x  = x 2 X\ gives

j  z i  r 1 1  (x ~ ~  ^ 2)_______ d
4 2 7 x 2 x  [(a -  Xi )( x  -  xi)(ar -  a 2)(a  -  x 2 ) ] 1! 2

+  / Sl I __________ (a- -  aq )(a  -  ag)__________ ^
2 7x2 x [ ( x  -  x 2)(x  -  x 2)(x  -  X \ ) ( x  -  X i ) } 1 ! 2

- i  r i ________________ x  -  2a 2 +  ^________________
2 7x2 [(a2 -  .t)(x! -  x ) ( x x -  a ) ( a  -  a 2)]1/ 2( - l ) 3 / 2

x  — 2o.i +  -J C.1 x________________  Ax
[{x2 -  a ) ( a i  -  x ) ( x x -  x ) ( x  -  a 2)]1/ 2( — l ) 3/ 2

7*1 _________ a -  (fli +  a2) +  I __________ ^

7 x 2 [ ( x 2 ~  ® ) ( « i  -  z ) ( ^ i  -  x ) ( x  -  a 2 ) ] 1/2

= J \  — {ci\ +  n2)t/ 0 +  J — 1 (B-5)

where J i ,o ,- i  correspond to elliptic integrals: in G radsh teyn  & Ryzhick [83] J\  m atches

E q n .3.148.(2,3), Jo m atches Eqn.3.147.(2,3) and J_  1 m atches E q n .3.149.(2,3).
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W riting
' x 2x i  +  x \ x 2 -  2

w  =
l ( x 2 -  Xi)(.Ti -  x 2 )

/  (^2 -  x i ) (x i -  x 2 ) J X! X2 +  XiX2 -  2

and  denoting the elliptic integrals of the first and third kinds by F  and II respectively, we 

can write J i ,o ,- i  hi two equivalent forms:

■h 

J o  

J - 1

( x 2 -  x 2) n ( ^ ,  —— ^ - , w )  +  X2 F(^- ,  w)  
2  x 2 — X\ 2 V ( x 2 ~ a?i)(an - x 2)

V ( x 2 -  x i ) O i  -  x 2) 2

/ -  \ t t / ^  X 2 ( x 2 X \ )  _  7T .
( x 2 -  x 2 ) l l ( - , — ------- —  , W )  +  X 2F ( - , W )

2  x 2 ( x 2 -  x i )  2 x 2 x 2 \ J ( x 2 -  X i ) ( x l -  x 2 )

J 1

J o

(x i  -  ® i ) n ( ^ ,  — — , w )  + X i F ( ^ - , w )
2  x  i — x 2 2 y / ( x 2 -  -  X 2 )

y / ( x 2 -  xi)(ari -  x 2) 2

J - 1  =
/ — \rr/ x l ( x l ~  \ , -
( . T i  -  x i ) I I ( — , —   — - ,  W)  +  X \ F {  — , w

2 x i ( x i - x 2) 2 x 2x 2\ / ( x 2 -  Xi)(.Ti -  X2)

We can simplify the no ta tion  a little by introducing

—  X ! 1

1 x 2 -  Xi

X \  X \ X 2 -  1

=  x 2
X\  — x 2

X \ X 2 -  1

1 Xi  -  x 2

X2 X\X2 -  1
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2 \J'X  i X 2 

XiX’2 — 1

yielding two equivalent expressions for I 4

h  =  i
7T 7T 7T

(x* 2  -  z 2) [ n ( - , n 2, w) -  R ( - , h 2 ,w ) \  -f (x 2 +  x 2 -  a x -  a2 ) F { - , w )

= £
7f 7T 7̂1"

(*i -  x i ) [ n ( - , n 1,u;) -  n ( - , n i , w ) ]  +  (si  +  &i -  ax -  a 2 ) F ( - , w ]

From Eqns B.3 and B.4, setting U ( ^ , n , w )  =  n(n|iu), F ( ^ , w )  =  K ( w ), we ob ta in  the 

expression used in C h ap te r  6:

A( r )  = 2irr — 2£ {(a:i — x 4) [TT(ni|in) — TT(7ii|m)] +  (a\ — a 2)K '(it?)} r 

= 2wr -  2£ {(x2 -  x 2 ) [n(n2|m) -  n (n2|w)] +  (a2 -  a{)K{w)} r

Expressed in this form, A  can readily be evaluated by s tan d a rd  numerical algorithms.
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