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A bstract.

We consider plane harmonic incremental displacements superimposed on a 

finite deformation, corresponding to pure homogeneous strain, of a plate with 

rectangular cross-section, for which motions normal to the plane of this cross- 

section are neglected. We assume tha t the plate is isotropic and hyperelastic, 

with the underlying finite deformation satisfying the strong-ellipticity condition, 

and consider both incompressible and compressible materials. Having set up the 

governing equations of finite and incremental elasticity we consider the incom­

pressible case and study the problem with mixed traction-displacement boundary 

conditions defined on two opposing faces and pure traction boundary conditions 

defined on the other sides. It is found that, in general, nine distinct cases may 

occur and frequency equations are derived for each case in turn, with two separate 

modes possible in most cases. Necessary conditions for the existence of nontriv­

ial solutions are obtained for both the static and the dynamic problems and, in 

order to study the frequency equations numerically, we consider the restriction to 

equibiaxial underlying deformations as well as looking at the full problem for two 

particular strain-energy functions. The corresponding problem for compressible 

materials is then considered and frequency equations, similar to those in the incom­

pressible case, are derived. Unfortunately, due to the more complicated algebra, 

fewer explicit results can be obtained in this case, as compared to the incompress­

ible case, but some necessary existence conditions are derived. Numerical results 

are obtained in the static case for three particular strain-energy functions and one 

of these stain-energy functions is then used to illustrate the full dynamic problem. 

Finally we consider the related problem of an infinite layer, of finite thickness, with 

traction boundary conditions applied on the surfaces, and show how the results 

for the finite plate can be applied to this problem.



C hapter 1 -  Introduction.

This thesis is concerned mainly with the derivation and study of frequency 

and bifurcation equations for incrementally linear, plane harmonic displacements 

which axe superimposed on a nonlinearly deformed configuration of an isotropic 

hyperelastic material. We start off by considering vibrational modes of ‘thick’ 

plates, with rectangular cross-section, which are subjected to mixed traction- 

displacement boundary conditions on two opposing faces, such tha t no shear forces 

can be supported and no normal displacement is possible at these bounding sur­

faces. On the remaining two surfaces, pure traction boundary conditions are pre­

scribed and displacements normal to the plane of this cross-section are neglected. 

Both incompressible and compressible materials are studied, but we restrict our 

attention to consider only underlying finite deformations that satisfy the strong- 

ellipticity condition. It is found that, when the dynamical aspects are considered, 

the controlling equations may also be hyperbolic or parabolic and in general nine 

distinct cases are possible. In the final chapter we then show how the results ob­

tained for this bounded plate can be applied to the problem of an infinite elastic 

layer of finite thickness.

The static equivalent of the finite block problem studied here, with mixed 

boundary conditions on two surfaces, has been studied by many people, especially 

when compared to the similar problem with pure displacement boundary condi­

tions applied at these surfaces, for both incompressible and compressible elastic 

materials. The reason for this interest is that the mixed boundary conditions 

adm it solutions th a t are harmonic between the surfaces where they are defined, 

whereas the pure displacement boundary conditions do not. Early results in this 

field were obtained by Biot (1963, 1965), Levinson(1968), Nowinski (1969) and Wu 

and W idera (1969) for incompressible materials and Burgess and Levinson (1972) 

for compressible materials. In most of these papers the authors chose particu-
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lax forms for the strain-energy functions at the outset and considered solutions 

with a hyperbolic dependence on the transverse variable of the plate. In the in­

compressible case, Sawyers and Rivlin (1974), together with Sawyers (1977), for 

a plate with traction-free lateral surfaces, obtained general bifurcation equations 

for arbitrary strain-energy functions in the elliptic domain. The authors also ob­

tained necessary conditions for the existence of bifurcation points and deduced 

th a t bifurcation could only occur if the block was compressed along its length, 

while Sawyers and Rivlin (1982) studied the stability of these bifurcation modes 

for the neo-Hookean material. In the tensile case Hill and Hutchinson (1975) also 

considered both hyperbolic and parabolic, as well as the elliptic, regimes for a class 

of tw o-param eter strain-energy functions, while Young (1976) dealt with the cor­

responding compressive case. Again for incompressible materials, Ogden (1984) 

gave a comprehensive discussion of the possible bifurcation modes for deformations 

subject to the strong-ellipticity condition as well as deriving necessary conditions 

for their existence. Ogden (1984) also considered the corresponding compressible 

case and again gave a comprehensive list of the bifurcation modes possible, in or on 

the boundary of, the strongly-elliptic domain; however, existence criteria were not 

discussed for these materials. For compressible materials subject to compression 

Davies (1989), by considering stationary points of the energy, was able to show 

tha t for any block, with its lateral surfaces traction-free, there exists a value of 

the compression ratio such that bifurcation can occur.

So far all of the above papers have been dealing with the static case, but on 

turning our attention to the corresponding dynamic case we find that very little has 

been published on the subject, although Mindlin (1960) was able to show tha t, for 

the all-round traction-free problem, vibrational modes can only occur for certain 

discrete values of the length-to-w idth ratio of the plate. In contrast there has been 

a lot more work done on the related problem of waves propagating along an infinite 

layer, which can be thought of as a finite plate with one length allowed to increase 

to infinity. This problem was first studied by Rayleigh and Lamb in the late 

nineteenth century whereby they derived frequency equations for plane harmonic



waves propagating along the layer. However, it was not until Mindlin (1960) that 

the complicated nature of the solutions, for such apparently simple equations, 

was finally understood for real and complex values of the wavenumber. Texts 

such as Graff (1975) and Achenbach (1984) further discussed the behaviour of the 

solutions to these classical equations, called the Rayleigh-Lamb equations, which, 

for real wavenumbers, correspond to the propagation of so called Lamb waves. 

Generalizations of the Rayleigh-Lamb equations were obtained by Biot (1965) for 

an arbitrary isotropic incompressible material which had been subjected to an 

initial compression along the length of the layer. Green (1982) obtained frequency 

equations for bending modes of a transversely isotropic layer, with the axis of 

transverse isotropy lying along the length of the layer, for waves propagating at 

any angle relative to this axis of isotropy. Willson (1977), for a compressible 

restricted Hadamard material, obtained frequency equations for waves propagating 

in a layer which had been subjected to a pure homogeneous strain, having studied 

the incompressible case in an earlier paper, Willson (1973).

If the thickness of the layer considered above is taken to be large in com­

parison with the wavelengths of the propagating waves, then it may be viewed as 

representing a half-space on which Rayleigh surface waves may occur. The clas­

sical secular equations for Rayleigh waves can be found in Ewing, Jardetzky and 

Press (1957), while Dowaikh and Ogden (1990) and (1991), dealing with incom­

pressible and compressible materials respectively, obtained the secular equations 

of Rayleigh waves propagating on a homogeneously deformed isotropic half-space, 

for an arbitrary strain-energy function.

We now discuss each of the chapters of this thesis in some detail. In Chap­

ter 2, following the approach of standard texts such as Truesdell and Noll (1965) 

and Ogden (1984), we introduce the notation tha t will be used throughout this 

thesis as well as setting up the equations of motion and constitutive relations used 

in finite elasticity, for both incompressible and compressible materials. We then 

introduce the corresponding equations for incremental deformations superimposed



on a nonlinear ly deformed state, as well as discussing the strong-ellipticity condi­

tion and, in the two-dimensional case, giving necessary and sufficient conditions 

for it to hold with respect to plane strain and plane displacements.

In Chapter 3 we study plane harmonic vibrations of an incompressible m ate­

rial, which, after being subjected to a pure homogeneous strain, is bounded by the 

lines x\  =  ± /i and X2 =  dr/2 , with mixed boundary conditions prescribed on the 

surfaces xi =  ± /i  and pure traction boundary conditions on X2 =  d :^ . We then 

restrict our attention to finite deformations which satisfy the strong-ellipticity 

condition. It is found tha t on taking a time-dependent displacement, u, of the 

form

u  =  Aexp(sp:c2 +  ipx\  — iut)  , (1*1)

the incremental equations of motion reduce to

c's4 -  2b's2 +  a! =  0 , (1.2)

where a', b' and c' axe independent of s, so tha t the nature of the solution (1.1) 

depends on the relative values and signs of these terms. It is shown that, even 

while the strong-ellipticity condition holds, nine distinct cases can arise. The 

boundary conditions on the sides xi =  force p  to be of the form p = n7r/2/i, 

for some integer n, while the boundary conditions on the other sides X2 =  

can be used to determine frequency equations for possible bifurcation modes. It 

is found that two separate modes can exist, one of which has displacements that 

are symmetric about the z i-ax is  and the other has antisymmetric displacements 

about this axis. Frequency equations are then derived for each of the nine cases in 

turn. On taking the frequency u  to be zero, we obtain the static forms described 

in Sawyers and Rivlin (1974) and Ogden (1984) as well as generalizing slightly 

the existence criteria contained therein. The full dynamic problem is then re­

introduced and necesssary existence conditions are found for those cases that do 

not involve trigonometric terms, together with some asymptotic results for ‘thick’ 

and ‘th in’ plates. For underlying deformations that axe equibiaxial we find that,



since the m aterial is incompressible, the frequency equations simplify to a form 

which permits a numerical investigation. In order to obtain a quantitative idea 

of the nature of the solutions to the general frequency equations, we choose two 

particular strain-energy functions of the form

W(Ai, A2, A3) =  -^(Ar, +  AJ’ +  AJ*-3) , m € {1, 2} , (1.3)
771

which are shown to cover all nine possible cases and then we solve the resulting 

frequency equations numerically.

Chapter 4 deals with the same problem as Chapter 3 except that we now 

consider a compressible rather than an incompressible material. Equations (1.1) 

and (1.2) can again be shown to hold, with the terms a ;, b1 and c; suitably mod­

ified, and, as for the incompressible material, nine distinct cases can arise for 

underlying deformations which satisfy the strong-ellipticity condition, with both 

symmetric and antisymmetric modes again possible. Frequency equations are then 

obtained for each of these nine cases but, when compared to the incompressible 

case, because of the more complicated algebra few explicit results can be deduced 

from them, although some necessary conditions for the existence of solutions and 

some limiting forms are given. For compressible materials, in the static limit, only 

three distinct cases can arise within the strong-ellipticity domain and we intro­

duce three particular strain-energy functions to illustrate each of these possible 

cases. We then choose one of these strain-energy functions, namely a compressible 

neo-Hookean m aterial of the form

W ( \ u  A2, As) =  §  (A? +  Al +  Af -  21n(A1A2A3) -  3) , (1.4)

as a basis for a numerical discussion of the frequency equations for the full dynamic 

problem.

Finally, in Chapter 5 we look at how the results obtained in the previous two 

chapters can be applied to the problem of plane harmonic waves propagating along 

an elastic layer. We briefly introduce the equations of linear elasticity and use them



to derive the classical Rayleigh-Lamb equations for Lamb waves propagating along 

a waveguide. The incompressible limit of these equations is taken and dispersion 

curves axe plotted for various values of the Poisson ratio. We then discuss how 

the results of Chapters 3 and 4 may be applied to this problem and use them to 

recover previously known results for both Lamb and Rayleigh waves.
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C h a p te r  2 - T h e  B asic E q u a tio n s .

2.1 Notation and introduction to finite elasticity.

In this section we introduce the basic equations of elasticity, following the 

approach of standard works such as Truesdell and Noll (1965), Wang and Truesdell 

(1973) and Ogden (1984), as well as introducing the notation th a t will be used 

throughout this thesis.

2.1.1 Kinematics.

A homogeneous elastic body when unstressed is chosen to occupy the region 

Bo in a three-dimensional Euclidean space. The points in this reference configura­

tion axe denoted by the position vector X , relative to an arbitrarily chosen origin. 

The body is deformed isothermally into a new configuration, Bt , say in which the 

m aterial point X  moves to position x  according to

x (X ,t)  =  Xi(X) , X  € Bo , (2.1)

where the one-to-one mapping Xt : Bo —> B* is the d e fo rm a tio n  of Bt relative to 

Bo and it is endowed with sufficient regularity as the subsequent analysis requires. 

Cartesian bases {E,} and {e,} (i € {1, 2, 3}) are chosen to represent the reference 

and current configurations respectively.

The d e fo rm a tio n  g ra d ie n t te n so r , denoted by A, is defined by

A =  GradXt , (2.2)

where Grad is the gradient operator in Bo. In general, A depends on X; however 

in the special case where A  is independent of X  the deformation is said to be 

h o m o g eneous. The assumed regularity conditions ensure that A  has an inverse 

A -1 , which requires tha t detA  ^  0.

For a fixed time t , if we consider the differentials dX  and d x  in Bo and B* 

respectively, then they are related by

dx  =  A d X  , (2.3)

7



which describes how line elements are transformed. Area elements are transformed 

according to N a n so n ’s form ula as

n da = (detA )A “ TN dA  , (2.4)

where NcL4 and n da represent the surface elements in Bo and B* with unit outward 

normals n and N  respectively and A ~ T =  ( A ~ 1)T denotes the transpose of A -1 . 

Similarly, volume elements are related by

dv =  (detA)dV’ , (2.5)

for dv and dV  in Bt and Bo respectively. From (2.5), it can be seen that since

finite volumes which, by definition are taken to be positive, cannot be annihilated

J  =  detA  >  0 , (2.6)

for all physically reasonable deformations.

If we assume J  =  detA  =  1 as a constraint on the allowable deformations, 

then from (2.5) we have dv =  d V , which means tha t the volume of any region in 

Bo is unchanged by the deformation. Materials which satisfy this constraint are 

called incom pressible.

By (2.6), the Polar D ecom postion  T heorem  can be applied to A and gives

A  =  R U  =  V R  , (2.7)

where R  is proper orthogonal and U  and V  are the symmetric, positive definite 

right and left stretch  tensors respectively, defined by

U 2 =  A t A, V 2 =  a a t  .

Since U  is symmetric and positive definite, there exists positive numbers A,-

(t € {1, 2, 3}) and vectors u ^  (i £ {1, 2, 3}) such that

3

U  =  £ >  u(i) ® u(i) , (2.8)
I — 1

8



where A,* axe the principal stretches and are the Lagrangian principal 

axes of the deformation.

Similarly V  can be written as

3

V = £ A i V (i)0 v (i) , (2.9)
i - i

where from (2.7) the Eulerian principal axes, (i G {1, 2, 3}), axe given by

v (0 =  R u (i) . (2.10)

2.1.2 Analysis of stress and constitutive relations.

The traction, t, per unit area of a surface in the current configuration, B* , 

can be written as

t =  an , (2-11)

where n is the unit outwaxd normal to the surface in B* and a  is a second order 

tensor called the Cauchy stress tensor. Likewise the traction per unit area of 

the reference configuration can be expressed as

t  =  St N  , (2.12)

where N  is the unit outwaxd normal of the surface in Bo and S is the nom inal 

stress tensor. From Nanson’s formula (2.4) we have

S =  J A ~ l a  . (2.13)

The balance of angulax momentum forces a , and thus by (2.13) the tensor
• •  7 1A S, to be symmetric, so that in general S ^  S .

If p is the density per unit volume in the current configuration and po is the 

density per unit volume in the reference configuration then by considering mass 

conservation and (2.5), they are related by

p = J - ' p 0 . (2.14)

9



Note that for incompressible materials p = p0 throughout the body, for all allow­

able deformations.

The (Eulerian) equation of motion is given by

div <7 +  pb = p x tu , (2.15)

where div is the divergence operator in the current configuration, b represents the 

body force per unit mass and ( )}t represents differentiation with respect to time. 

This can be written in component form, with respect to the basis { e i ,6 2 , 6 3 } as

+  pbi =  pxi}tt • (2.16)

(Note that, unless otherwise stated, the summation convention is assumed.)

The corresponding Lagrangian formulation of the equation of motion is

Div S +  p0b  =  p0x,» , (2.17)

where Div is the divergence operator in the reference configuration.

For elastic materials deformed isothermally, the stress depends only on the 

deformation gradient, namely

a  =  <r(A) . (2.18)

We require that this constitutive relation be objective under rigid body motions, 

that is, equation (2.18) is invariant under subsequent superimposed rotations. This 

can be written as

<KQA) =  Q<t(A )Q t  , (2.19)

where Q represents a general rotation.

If we now assume that the material is isotropic, that is , the material has no 

preferred directions, then we must have

a (A )  =  ff(AQ) , (2.20)

for all rotations Q, which implies that a  can be defined solely in terms of the prin­

cipal stretches (alternatively, the principal invariants) of V. On taking Q =  R T , 

where R  is obtained from the polar decomposition (2.7), then

a(A ) =  <t(ARt ) =  ct(V R R t ) =  a (V )  ,

10



which means tha t <r and V  must be coaxial, since both axe symmetric. This means 

th a t a  can be written in the form

3

ff =  ^ < r jV(i> ® v w , (2.21)
i- 1

where <7,- =  cr,(Ai, A2 , A3 ) (* € {1, 2, 3}) axe the principal values of the Cauchy 

stress.

The nominal stress tensor can be similarly expressed, in the form

3

S =  ® v (i) , (2.22)
i=l

where £,• =  t,(Ai, A2 , A3 ) (t € {1, 2, 3}) axe the principal Biot stresses, cor­

responding to the Biot stress tensor T = S R  which, for an isotropic material, is 

symmetric.

An elastic material is said to be h y p e re la s tic  if there exists a scalar function 

W ( A) such that

* W ( A )  = J t r ( * £ )  , (2.23)

such a function is called the s tr a in -e n e rg y  (or s to re d —en erg y ) fu n c tio n  per 

unit reference volume and corresponds to the internal potential energy of the body.

For an unconstrained hyperelastic material the Cauchy stress tensor can be 

w ritten in terms of the strain-energy function as

J a  =  ■ (2 -24)

where, in components, ( d W / d A ) ^  =  d W /dA j i .  For the nominal stress, we get 

the simpler relation

s  =  S -  <2-25)

so that, S and A  can be viewed as conjugate variables.

If W^A) is taken to be objective and isotropic, so that

W ( A ) =  W ( Q A ) =  W ( A Q ) , 

11



for all rotations Q, then it can be shown that W  depends solely on the principal 

stretches, that is

W  = W ( Ai,A2, A3) ,  (2.26)

where the order of the Ai, A2 and A3 terms is immaterial. This means that for 

a homogeneous, objective, isotropic hyperelastic material equations (2.24) and 

(2.25), when evaluated along the principal axes, can be written as

d W
Jvi  = A , i e  {1, 2, 3} , (2.27)

where no summation is implied, and

d W
t i = d ^ ’ * e  {1 ,2 i  3} ’ (2-28)

respectively.

In the corresponding case for an incompressible material the constraint

detA  — Ai A2 A3 ee 1 ,

applies, which implies that the principal stretches are no longer independent. To 

circumvent this problem we introduce a Lagrange multiplier, p, with which the 

constrained form, for an incompressible material, of (2.24) is

a  =  A —  -  p i . (2.29)

It can be seen from (2.29) that the Lagrange multiplier, in effect, behaves as a

hydrostatic stress acting in B*. The corresponding form of (2.25) for the nominal 

stress in an incompressible material is given by

S = ^ - P A _ 1 - (2.30)

For an isotropic, incompressible hyperelastic m aterial (2.29) and (2.30) have 

component forms
d W

ai = \ i - - p ,  i £ {  1 , 2 , 3 } ,  (2.31)

where again no summation is implied, and

d W
ti =  g r - P K  , i € {1, 2, 3} , (2.32)

when evaluated on the principal axes.

12



2.2 The equations of incremental elasticity.

2.2.1 Incremental constitutive relations.

An isotropic, homogeneous body is finitely deformed quasi-statically into the 

configuration B relative to the unstressed configuration Bo, so that the results 

of Section 2.1 apply. A small time-dependent displacement 6 x (X , t )  is now su­

perimposed on this finite deformation, where small implies tha t terms of order 

(Sx )2 can be ignored, the change in the deformation gradient corresponding to 

this displacement is

6A  =  £(Gradx) =  Grad(x +  Sx)  — Gradx =  G rad(£x) ,

which is an exact equation. The corresponding increment in det A , however is not 

exact, and is given by

SJ = J t r ( ( £ A ) A _1) , (2.33)

to the first order, where tr  denotes the trace of the tensor.

For an unconstrained material, the increment in the nominal stress to the first 

order is

SS =  A  6A  , (2.34)

where A — d S / d A  is the fourth-order tensor of instantaneous elastic moduli 

associated with the conjugate variables (S ,A)  and referred to Bo . If we now 

let a superposed dot represent the increment in a quantity, so that A  =  SA  for 

example, then (2.34) can be written in component form

Sj\j — Aijkl^l,k • (2.35)

For incompressible materials, since J  =  1 then (2.33) becomes

tr ((A )A -1 )  =  0 , (2.36)

whereas from (2.30) the corresponding form of (2.34) is

S =  A A - p A - 1 + p A -1 (A )A -1 . (2.37)

13



If the reference configuration is updated to the quasi-statically deformed con­

figuration, then relative to this new reference state we have

Ao =  grad(^x) =  A A -1 ,

together with

So =  «7_1A S ,

and corresponding to (2.34), for unconstrained materials, we write

So =  Ao Ao , (2.38)

where Ao is the fourth order tensor of elastic moduli referred to B, and the sub­

script zero represents a quantity evaluated relative to B. In component form, by 

comparing (2.34) and (2.38), we can see that A  and Ao are related by

Aoijki  =  J  A {a A kt A s j t i  •

For an incompressible material, when the reference configuration is updated 

to the deformed state, equations (2.36) and (2.37) simplify to

div x  =  0 , (2.39)

and

S0 =  -4o A 0 — p i -f pAo , (2.40)

respectively.

The incremental constitutive relations (2.38) and (2.40) have component forms

Soi j  =  A o i jk l% l , k  ) (2*41)

and

Soij =  Aoijkl^l,k 4" P^i,j P^ij ? (2.42)

where *, j ,  k, I E {1, 2, 3), 6{j is the Kronecker delta and ( ) j  represents d /d x j .

14



If the material is hyperelastic then S =  d W / d A , and so A  can be written as

A = * W _
d A d A  ’

or, in component form
,  d2W

Aijk i  =  ~ 5 ----- •
oxj'idxi'k

For isotropic, hyperelastic materials the nonzero components of Ao , relative to 

the principal axes of the quasi-static deformation, for an unconstrained material 

axe given by

JAonjj  =  XiXjWij , (2.43)

(W  -  X j W j M
\2   \2 » 1 T1 J 5 r  )

•M o y ; =  { ' ; . . (2.44)
i  -  JAoujj  +  W O  , i ^ j  ’ Xi = X> ’

JAoijji  — JAojiij  — JAoijij  AjWi , I ^  j  , (2.45)

with z, j  € {1, 2, 3}, where Wi =  d W / d \ i  and W,j =  d2W / d \ i d \ j , using the

form of W  given in (2.26); note that the summation convention is not implied

here.

If the quasi-static deformation is homogeneous the tensor A q is seen to be 

constant and in particular when the body is in an unstressed configuration, cor­

responding to classical linear theory, for an unconstrained material (2.43)-(2.45) 

become
=  A -f- 2/i , AoUjj =  A ,

A - A  -  ( 2 ‘4 6 )•A-Oijij — <A-Qijji — /i ,

for i ^  j ,  where A and /i are the classical Lame moduli.

For incompressible materials, the components of Ao are given by (2.43)-(2.45) 

with J  =  1, but this time in the unstressed configuration, Ao reduces to

•^Oiii* =  A o i j i j  =  fl
; j ,  (2.47)

A o U j j  — A o i j j i  =  0  
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where p. > 0 is the shear modulus.

2.2.2 Incremental dynamics.

In the absence of body forces, the incremental form of the equation of motion 

(2.17) is

Div S =  pQx }tt , (2.48)

and on updating the reference configuration to be the quasi-statically deformed 

state, this becomes

d ivS 0 =  pxtf  . (2.49)

For an unconstrained, compressible material (2.49) can be w ritten in compo­

nent form as
Q

(«<̂ 0jikl — P%i,tt (2.50)

for *, i ,  fc, Z € {1, 2, 3}, which simplifies to

A qjikl Xl}jk =  P%i,tt (2.51)

if the underlying deformation is homogeneous.

For an incompressible material, the component form of (2.49) is

Q
0 ^ 7  (Aojiki x l)k) +  p,jXj,i -  p,i =  pii,tt , (2.52)

and, if the underlying deformation is homogeneous, this simplifies to

Aojiki Xljk P,i — pXittt > (2.53)

for z, j , Ar, I (E {1, 2, 3}. In component form the incompressibility condition (2.39)

can be written as

xi,i =  0 . (2.54)

• TNote that, the incremental traction S0 n  per unit area on a surface in B, with 

unit outwaxd normal n, has component form

— AojiklXltk̂ >j ) 
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for compressible materials, and

Soji'nj — (Aojikl “1“ pfijl &ik) P^i 5 (2.56)

for incompressible materials.

2.2.3 The strong-ellipticity condition.

The strong-ellipticity condition states that

t r[ («4(m® N))(m<g)N)] >  0  , (2.57)

for all rank one tensors m  (8 ) N  ^  0 , where m  is an Eulerian vector and N  is 

a Lagrangian vector. If equality is perm itted in (2.57) then this becomes the 

Legendre-Hadamard condition. When the strong-ellipticity condition holds for 

a given deformation, the equilibrium equations form an elliptic system and so 

rule out certain discontinuities in the solution, for example the shear-band solu­

tions discussed by Knowles and Sternberg (1977) cannot occur when the strong- 

ellipticity condition holds.

The strong-ellipticity condition, first studied by Legendre and Hadamard, 

was introduced to study wave propagation in linear elastic materials, by means of 

the acoustic tensor P (N ) defined, in component form, by

P ij = A sitjN 3N t . (2.58)

It was shown by Marsden and Hughes (1983) that the strong-ellipticity condition 

was a necessary and sufficient condition for the existence of travelling waves with 

real wavespeeds.

In terms of the acoustic tensor, necessary and sufficient conditions for strong- 

ellipticity to hold are

P ,i(N ) >  0 , i 6  {1, 2, 3}

P ii(N )P jj(N ) -  P jj(N ) > 0 , j  + i e  {1, 2 , 3} (2.59)

d etP (N ) > 0 .
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for all N  ^  0.

Corresponding expressions for (2.59) in terms of the components of A  axe in 

general very complicated; however, if attention is restricted to the two-dimensional 

case then simpler forms can be found. Dowaikh and Ogden (1991) noted that 

necessary and sufficient conditions for strong-ellipticity to hold in a compressible 

material axe

« 4 o iiii  >  0  , A02222 >  0 , «4oi2i2 >  0 , .A02121 >  0 j

i  1 (2.60)
( • 4 o i l l l  -^02222) 2 +  (^01212 *4o212l) 2 ±  6 > 0 ,

with 6 =  »4.oii22 +  *4o2ii2) whexeas for an incompressible m aterial the constraint 

m .N  =  0 must also apply and in two-dimensions, necessary and sufficient condi­

tions for strong-ellipticity to hold axe

«4oi212 >  0 , -4 o2121 >  0 ,
i  (2.6i)

* 4 o illl  +  *4()2222 +  (*4oi212 -4o212l) 2 “  2£ >  0 .
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C hapter 3 -  P lane V ibrations o f  an Incom pressible E lastic P late .

3.1 Formulation of the problem.

We now consider the situation in which the unstressed configuration of a 

homogeneous, isotropic body, corresponding to the rectangular region defined by

- L i  <  X i  < Li  , i G {1, 2, 3}

is chosen to be the reference configuration, Bo. The body is then subjected to a 

pure homogeneous strain

=  A1.X1 , # 2  =  X2 X 2 , — A3 .X3 ,

and is deformed into the configuration, B, defined by —/,• <  x,- <  where 

li = Xi Li , i G {1, 2, 3}. A small time-dependent displacement u =  (txi, 1x2 , u3 ) 

is now superimposed on this finite deformation and we restrict our attention to 

two-dimensional motions with U3 =  0 and u\  and U2 independent of X3 , so that 

the equation of motion (2.53) reduces to

-^ 01111^ 1 ,11  +  -^ 02121^ 1 ,22  4" (-^ 01122  4 “ *^ 02112) ^ 2 ,1 2  — P , 1 =  PUl, t t  j
(3.1)

-^ 0 1 2 1 2 ^ 2,11  +  -4 o 2 2 2 2 « 2 ,2 2  +  ( - ^ 0 1 1 2 2  4* -4 o 2 1 1 2 ) ^ 1 ,12  — P ,2 — P ^ 2 ,tt •

The incompressibility condition (2.54) now becomes

«i,i 4 - « 2 ,2  =  0 , (3.2)

and from this we deduce the existence of a function of x \ , X2 , t such that

mi =  ^,2 , . (3.3)

On substituting from (3.3) into (3.1) and eliminating the terms in p between the 

two equations, the equation of motion can be written as

< ^ ,1 1 1 1  4- 2 6 ^ ,1 1 2 2  4* C 0 f2222 — P ( V >,1 1 «  4- ^ ,2 2 t t )  ,
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where a, 6  and c are defined by

a  =  «4oi212 , C =  A q 2121 j
(3.5)

26  =  ^4oi 111+^-02222 — 2.<4.01122 — 2^4o2112 »

w h i c h  r e d u c e  t o

a  =  b =  c  =  jj, (3.6)

when the material is undeformed relative to Bo-

By substituting the definitions (3.5) into (2.61), we find tha t necessary and 

sufficient conditions for strong-ellipticity to hold are

a >  0  , c > 0  ,
(3.7)

6 >  —yfac ,

the first two inequalities being equivalent here.

We choose the boundary conditions so that the increment in the tractions 

So 21 and So22 is zero on the sides X2 =  ± /2 , while on the sides x \ =  ± /i we take 

the displacement, u j, in the ri-d irection  to be zero, with the increment in the 

shear traction, So 12, also zero. For values of Ai < 1 this could correspond to the 

problem of a block being compressed between two parallel, rigid, greased plates. 

From (2.56) these boundary conditions can be written as

ui =  0 ,
. _  (3.8)
So 12 =  -401212^ 2,1 +  «4 oi221« l ,2 =  0  ,

when xi — ± / i ,  together with

So 21 =  *402121^ 1,2 +  *4 0 2 1 1 2^ 2,1 =  0  ,

So 22 =  «4 oil22Ul,l +  (A )2222 +  P)  ^ 2,2 — P  =  0 ,

when X2 =  ± /2 -

After using (3.3) and eliminating the term  in p from (3.9) by use of (3.1)i, 

(3.8) and (3.9) become

V>,2 = 0  

V \ n  =  o
(3.10)
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and

(26 +  c -  <j2 )Vmi2 +  cipt222 -  p'Patt =  0  )
> on 12 =  ± /2 > (3-11)

<*P,22 +  (c72 -  c)V>, 11 = 0  J

so tha t by (3.4), (3.10) and (3.11), we have tha t both the equation of motion and

the boundary conditions are linear in the scalar function ip = ip(xi, r 2, t), with

coefficients depending only on a, 6 , c and <72.

3.2 Derivation of the frequency equations.

We consider time-harmonic vibrations of frequency u  and seek solutions for 

ip of the form

ip =  A exp(spx 2 +  ipx i — iu t)  , (3.12)

where A is an arbitrary constant and s and p are to be determined. The boundary

conditions (3.10) can be satisfied by taking linear combinations of expressions like

(3.12) to give

{ A exp(spx2 -  iu t)sm p x !  1 [ 2 ,4 ,6 ,.... 1
> with p =  —  , n  =  < > . (3.13)

A exp(spx 2 — iu t)  cospxi ) 1 [ 1 ,3 ,5 ,.... J

Substitution of (3.13) into (3.4) leads to

p2(a — 2bs2 +  cs4) =  pu 2( 1 — s2) , 

which can be rearranged as

c's4 -  2b's2 +  a! = 0 , (3.14)

where

a' = a — Q,2 , 26' =  26 — ft2 , c' =  c , (3.15)

and

ft2 =  pu2/p 2 . (3.16)

Equation (3.14) yields four solutions for s (which depend on fl), and hence the 

general solution for ip can be constructed. It then remains to satisfy the bound­

ary conditions (3.11). Several different cases arise depending on the nature of
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the coefficients in the quadratic (3.14) for s2, and we deal with these separately. 

Throughout, we assume tha t a > 0 in accordance with the strong-ellipticity con­

dition (3.7), and hence d  =  c >  0.

If s2 and s \ are the roots of (3.14) then the different cases are defined by:

If V >  — (a V ) 1/ 2 and a1 >  0 we can have

case 1 — s2 and s2 are distinct and positive, 

case 2  — s2 =  s\ with both positive, 

case 3 — s2 and s \  are complex conjugates.

If V <  — (a 'c ' ) 1/ 2 and a ' >  0 we can have 

case 4 — s\ =  s2 with both negative, 

case 5 — s2 and s \  are distinct and both negative,

If a! < 0 we have

case 6  — one of s2 and s \  is positive and the other is negative.

Or if a' =  0 we can have

case 7 — s2 =  0 and s\ =  (26 — Q2)/c  >  0, 

case 8  — s2 =  0  and s2 =  (26 — fi2)/c  <  0 . 

case 9 — s2 =  s\ =  0 when 6; =  0 also.

We now look at each of these cases in turn,

Case 1 : a! > 0 , b' > y/aFc.

In this case the roots, s2 and s2 say, of the quadratic (3.14) are distinct and 

positive, and given by

.2 _  ib' +  V ^ 2 -  a'c) .2 (6' - W 2 -  a'c)
5 1 — j s2 ~  j V0*1*/C C

with si and S2 chosen to be the positive square roots of these expressions.

The general solution for ip can be written in the form

sin p ri
V- =  rf(*2 ) { J e~iut , (3.18)

COS px  1 
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where

<j>(x2 ) =  Acosh(sipx2) +  B  sinh(sipa:2) +  C  cosh(s2pr2)
(3-19)

+  D sm h(s 2 px 2 ) ,

A , B , C  and D  being constants.

Substitution of (3.18) with (3.19) into the boundary conditions (3.11) leads,

after rearrangement and use of the formula c(s2 +  -s2) =  26', to

(csj +  c — 0 2 ) cosh(si?7)A +  (cs* +  c “  co sh ^ p JC ' =  0 , (3.20)

(csj A c  — 0 2 ) sinh(si77)I? +  (cs^ +  c — 0 2 ) sinh(s2 p)i^ =  0 , (3.21)

si(cs2 A c  — 02)sinh(si77)A +  ^ (c s j  A c  — (7 2 ) sinh(s2 T])C =  0 , (3.22)

si(cs2 A  c — a2 ) cosh(si?7)J5 +  S2 (csl +  c — 0 2 ) cosh(s2 p)-D =  0 , (3.23)

where the notation

7? =  p/2 , (3.24)

has been introduced.

These equations decouple as two pairs of equations for the constants (A, C) 

and (B , JO), which can therefore be treated independently. W ith B  — D  =  0, ip 

becomes an even function of X2 , Ui an odd function of X2 and U2 an even function of 

X2 . This gives rise to an a n tisy m m e tric  (or flexural) mode. For equations (3.20) 

and (3.22) to yield non-trivial solutions for (A, C), the determinant of coefficients 

must vanish. This leads to the freq u en cy  e q u a tio n  fo r a n tisy m m e tr ic  m odes, 

namely
tanhfaai) =  s2(csf + c - c r 2) .g 2g.
tanh(jj52) S l{cs\ + c - a 2f  '

On the other hand, with A = C  =  0, ip corresponds to sy m m etric  (or 

barreling) modes, and the freq u en cy  e q u a tio n  fo r sy m m etric  m o d es  is

tanh(»ya1) _  a i(ca | +  c -  a2f  
tanh(r?«2) s2(csj +  c -  o2f  '

23



It is useful to note that (3.25) and (3.26) can be written jointly in the form

sinh[p(si -  s2)]
j2\/a'c(6/ A c  — 0 2 ) — d c  A  (c — 0 2 ) 2

dh 2̂ >/a'c(6/ A c  — 0 2) +  a'c — (c — 0 2 ) 2

(51 - s 2)
sinh[77(si +  s 2)]

(3.27)

(si +  s2)

where the plus and minus signs correspond to (3.25) and (3.26) respectively. We 

also note that

c (s i — s 2)2 =  2(6' — y/aFc) , c (s i -f s2)2 =  2(6' +  y/aFc) (3.28)

C a s e  2  : a ' >  0  , b1 =  y/aF c.

Here s2 =  s \ > 0 and we take si = s2 =  s =  (a;/c )* . The general solution

for tp again has the form (3.18), but with <p(x2) now given by 

<p(x2) =  Acosh(spa:2 ) +  B  sinh(spx2 )+C'«spx2 sinh(spr2)

+  D spx2 cosh(spr2) .

In this case the boundary conditions (3.11) can be cast in the form 

Aesinh(sr?) +  C  [(e — 26')sinh(sp) *f esrj cosh(sp)] =  0  ,

Ae cosh(srj) A  C [2b1 cosh(sp) +  csrj sinh(s77)] =  0 ,

(3.29)

(3.30)

Be  cosh (si}) A  D [(e — 2 b') cosh(srj) +  esrj sinh(s7/)] =  0 , 

B e  sinh(s77) +  D [2b1 smh(sTj) +  esrj cosh^^)] =  0 , 

where we have introduced the notation

(3.31)

e =  b1 +  c — 0 2 . (3.32)

Two possibilities arise :

(a) e =  0 , in which case it follows that C  =  D  =  0 (provided 0 2 /  c ; if 

0 2  — c then a1 =  b1 = 0 ,  which possibility is covered in Case 9). This allows both 

antisymmetric and symmetric modes to occur simultaneously.

Since b1 =  0 2 — c =  y/aFc we conclude that 0 2 >  c and

H2 =  a — =  2 ( 6  A  c — o2) . (3.33)
c
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The latter equation in (3.33) imposes restrictions on the state of stress and defor­

mation for which this special case is attainable.

(b) e 7̂  0, in which case the equations for (A, C) and (13, D) decouple. 

For B  =  D  =  0 we obtain the frequency equation for antisymmetric modes, and 

for A =  C = 0 the corresponding equation for symmetric modes. Jointly these 

equations are written

sinh(2 sr?) _  , (y  +  c -<r2) .
2  st] ( 3 V- c  + c2) ’ ( ’

the +  (-) sign corresponding to antisymmetric (symmetric) modes. Again, with 

b' =  Vo'c, (3.34) yield restrictions on the state of stress and deformation. It is 

worth noting tha t (3.34) can be obtained directly from (3.27) by talcing the limit 

Si —> s2 — s with b' =  y/a/c.

Case 3 : a' > 0 , —y/a/c < b' < \faJc.

Here, sj and s \ are complex conjugates and we write

si =  7  4 - iS , s2 =  7  — iS , (3.35)

where

<«>
The general solution for can again be written in the form (3.18) with (3.19) but 

with complex arguments; when expressed in real form it involves both trigonomet­

ric and hyperbolic functions, but we do not write it explicitly here. The resulting 

frequency equations Eire obtained directly from (3.27) by using (3.35) to give

sin(2 ?7<!>)
2̂ \Za^c(6; +  c — <j2) — o!c -F (c — a-2 ) 2

=  ±  [2 v V < 6' +  c -  <r2) +  a 'c  -  (c -  a2f ]  , (3‘3?)

with the +  (-) sign corresponding to antisymmetric (symmetric) modes.
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Case 4 : a' >  0  , If = —y/aFc.

Here s j =  s \ <  0 and we write si =  s2 = is* , where s* is real and positive

with s*2 = y/aFJc. This time we have

<f)(x2) =  Acos(s*px2) +  B  sin(s*px2)+Cs*px2 sin.(s*px2)
(3.38)

+  Ds*px2 cos(s*px2) ,

and, as in Case 2 , two possibilities can arise:

(a) e =  0 , in which case, antisymmetric and symmetric modes can occur 

together with (3.33) again holding but this time we must have

02  <  c ,

(b) e ^ O ,  the frequency equations axe given by

_  ± / 6' +  c - ^ )  , (3.39)
23*77 (3b* — C +  <72)

where 4 - (-) corresponds to the antisymmetric (symmetric) mode.

We note that the inequality

a > 2b ,

must be satisfied in this case.

Case 5 : a' >  0  , b' < —y/aFc.

In this case s* and s\ are distinct and negative and we write

si =  is* , s2 = is; , (3.40)

where s j and s j axe real and positive. The expression (3.19) is now replaced by

(j>(x2) = A co s(slp x2) +  B  sin(s;px2) +  C cos(s;px2) +  D sin(s;px2) , (3.41)

and the frequency equations (3.25) and (3.26) become

tanfoa;) _  a |(c  -  caj2 -  a2f  ± ,3  ^
ta n ^ sj)  ^^(c — c s j2 — < r2)2
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with the +  (-) sign corresponding to the antisymmetric (symmetric) mode. The 

frequency equations can also be written, corresponding to (3.27), as

sin[)j(s* -  s2)][2 V a'c(b' +  c — cr2) — a'c -F (c — cr2)2j
W  "  S?) (3.43)

=  ±  [ 2 V ^ (b ' + c - a 2) + a'c -  (c -  <x2f ]  +  * S)1
W  +  * 5 )

Note that, we again must have

a > 26 .

Case 6  : a1 <  0.

W ith the definition (3.17) it follows that s j >  0 and s\ <  0, so we write 

s2 =  is;  with s |  positive. The expression for </>(x2) now has the form

4>{x2) =  A cosh(sipx2) +  J3sinh(sipx2) +  C cos(s;px2) +  D sin(s;px2) , (3.44)

where A, B , C, D  axe real constants, and the frequency equations (3.25) and (3.26) 

become
tanh(t?Si) _  sl(cs j + c - a 2) 
tan(r?6 j )  3 l(c _  _  cs2 2 ) 2

and 2
t a n h ( ^ i )  _  ^i(c — <r2 — cs2 ) 4g
tanfr/Sj) iK csJ +  c — c 2 ) 2

corresponding to antisymmetric and symmetric modes respectively.

Note that for this case, the frequency equations cannot be written in a form 

similar to (3.27).

Case 7 : a1 =  0 , V > 0.

Here, s j =  2b1 /c  > 0 and s\ =  0 so we take

<t>{x2) =  A cosh(sipx2) +  B  sinh(sipx2) +  C +  D x2 . (3.47)

The boundary conditions (3.11) become

A(c — <72 )s in h (si7?) =  0 ,
(3.48)

A(26' -F c — cr2 )cosh(si77) -F C(c — a2) =  0 ,
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B s\p (c  — 0 -2 ) cosh(si7?) +  D(2b' 4- c — cr2) =  0 ,
(3.49)

B(2b' 4 - c — <72 )s in h (si77) +  D l2(c — a 2) =  0 .

For antisymmetric modes, (3.48) yields no nontrivial solutions for a2 /  c; however, 

if <j2 =  c then (3.48) gives A =  0, so that we can have a solution with

{cospxi
 ̂ , (3.50)

sin par 1

which corresponds to a displacement

ui =  0 ,
/  sinpxi 1 (3.51)

« 2  =  C p  < ) e
v,— cospxi

For symmetric modes equations (3.49) lead to

tan h (s i77) (c — cr2 ) 2 (3.52)
-si 77 (26; 4 - c — a 2 ) 2 ’

which can also be obtained directly from (3.26) by taking the limit s2 —* 0. Note 

that no solution is possible when a2 — c. Also, the inequality

a < 2b ,

must be satisfied in this case.

Case 8  : a' =  0 , b' <  0.

This time, s j =  2b'/c <  0 and s\ =  0, so we set si =  2\sJ, where s j is positive 

and take

<j>{x2) =  A cos{s\px2) 4- B sin(s lp x2) 4- C  4- D x2 . (3.53)

As in Case 7, no antisymmetric modes occur when cr2 ^  c bu t the solution repre­

sented by (3.51) can again occur for a2 =  c.

For symmetric modes the frequency equation is

tan (sf77) (c — a 2 ) 2

3 J77 (26' 4- c — <72 ) 2
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Note tha t this time when <72 =  c, equation (3.54) yields

s*rj = kn  , for some integer k. (3.55)

The inequality

a >  2b ,

must hold here.

Case 9 : a' = bl =  0.

In this case s2 = s% = 0, and so <f>(x2 ) must be of the form

(f>{x2 ) =  A  +  B x 2 +  £^2 +  -^^2 • (3.56)

The boundary conditions (3.11) give

(a2 -  c)C =  0  , 

p2(c -  a2)A  +  [2c +  rj2(c — cr2)\ C — 0 ,

and
P2(o2 — c)B  +  [3(<j2 — c)tj2 + Qc\D =  0 ,

(3.57)

(3.58)
p2(i72 — c)B  +  [(<72 — c)r)2 — 6c] D  =  0 .

For antisymmetric modes if <72 ^  c then equations (3.57) do not permit any 

nontrivial solutions, but when <72 =  c solutions of the form (3.51) can again occur.

This time for symmetric modes, the situation depends on whether <72 =  c or 

not. If <72 =  c then equations (3.58) reduce to D  — 0, so that solutions of the form

{ c o s p r i  'j
\  e~iujt , (3.59)

s in p z i  J

exist for this case. In terms of the displacement u, (3.59) can be written as

(cosp x 1
(s in p r i

(3.60)
{ sm pxi  ̂

>

—  COS px1 J

e-iu>t
cospxi
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Otherwise, when 0 2  7^ c, the equations (3.58) give

B p 2 +  2Drj2 =  0 , (3.61)

together with

r)2(c — 0-2) =  6c , (3.62)

and hence we require o2 < c  for these symmetric modes to exist.

Note tha t this time we must have

a =  2b .

3.3 The static case with lj = 0.

3.3.1 Bifurcation criteria for quasi-static modes.

When lj =  0 the solution in (3.13) corresponds to a quasi-static incremental 

mode of deformation. Then, if the strong-ellipticity condition (3.7) holds only 

Cases 1-3 in Section 3.2 can arise, while Case 4 corresponds to the transitional 

situation in which strong-ellipticity just fails. The frequency equations for these 

cases become b ifu rc a tio n  e q u a tio n s  which describe the states of deformation 

and stress in which the incremental modes of deformation can appear on a path  of 

pure homogeneous deformation from the natural configuration. Some special cases 

of these equations have been examined by Ogden (1984) and, for convenience, we 

summarize the relevant results here for reference and also generalize those results 

slightly.

Case 1 : a >  0 , b >  y/ac.

Here the bifurcation equations are

tanh(?7Si)
tanh(77S2)

•S2(csi +  c -  <72)21

_si(c^  +  c - 0-2)2. 
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where the exponent + 1  (—1 ) corresponds to antisymmetric (symmetric) modes. 

These are as in (3.25) and (3.26) respectively but now si and S2 are given by

b +  Vb2 — ac o b — \/b2 — ac
(3.64)

As in (3.27) the equations (3.63) can be rearranged in the form 

[2 y/ac(b +  c -  <j2) -  ac +  (c -  a2)2]
J { S i - S 2)

=  ±  [2y/ac(b +  c -  . 2 ) +  ac -  (c -  <72)2] +  52)1

(3.65)

( s i + s 2)

Equations (3.65) generalize the corresponding equations given by Ogden (1984, 

equation (6.3.138) ) for cr2 =  0. Contact is now made with the results in Ogden 

(1984) by introducing the notation

A =  AjAj72 , A- 1  =  A2A2 /2  , (3.66)

and writing the strain-energy as a function of A and A3 . Thus, we define

W"(A,A3) =  W (AA“ 1/2, A - 'A -172, A3) , (3.67)

so that

<7! -  <r2 =  \ W X , (3.68)

a =  A4c =  A5 W \/(A 4 -  1 ) , 2 ( 6  +  c) =  A2 Waa . (3.69)

We note tha t in Ogden (1984) the dependence of W  on A3 was suppressed. Here, 

the subscript A denotes partial differentiation with respect to A.

In terms of W  the strong-ellipticity inequalities (3.7) take the form

A1̂ a > 0 ,  A2WAa +  >  0 . (3.70)
A2 - 1  ’ A2 + 1

For Case 1 , which we are dealing with here, we have

A2W XX > >  0 , (3.71)
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from which it follows that (3.70) are automatically satisfied.

In Ogden (1984) it was shown that neither antisymmetric nor symmetric 

modes can occur in tension (A > 1) when <72 =  0. In compression, on the other 

hand, again for a2 — 0, it was shown that for Ac <  A <  1 only antisymmetric 

modes can occur and for 0 <  A < Ac only symmetric modes can occur, where Ac is 

the first (and possibly only) value of A for which A3Waa 4- W \  vanishes on a path 

of deformation on which A decreases from unity.

Turning now to states of stress with <72 ^  0 we see that, since si >  S2 and 

tanh is a monotonic increasing function of its argument, a necessary condition 

for antisymmetric modes to occur is tha t the right-hand side of (3.63) with the 

positive exponent should be greater than unity. Use of (3.64) enables this condition 

to be cast in the form

2y/ac(b +  c) +  c(a — c) +  2(c — yfac)<j2 — a 2 >  0 , (3.72)

or, equivalently, in terms of W ,

(F^ij -  ( S f t r < 3-73)
On the other hand a necessary condition for the existence of symmetric modes is 

provided by reversing the inequality in (3.72) and (3.73). Clearly, the two sets of 

conditions are mutually exclusive.

Further, by considering (3.65) and the monotonicity of s in h z /z  we deduce

that

(c — <72)2 >  ac , (3-74)

and

<72 <  b +  c , (3.75)

are both necessary for either antisymmetric or symmetric modes.

Noting the chain of inequalities

c — y/ac — [2y/ac(b 4- y/ac)] 2 <  c — y/ac < c 4- y/ac

< c — y/ac +  [2y/ac(b 4- V ^ ) ] 2 < 6 4- c ,
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we conclude from (3.72), (3.74) and (3.75) that for antisymmetric modes to exist 

either

c — y/ac — [2y/ac(b +  y/ac) } 2 <  cr2 <  c — y/ac , (3.76)

or

c +  y/ac < 0 2  <  c — y/ac 4 - \2y/ac(b 4- y/acj] 2 , (3.77)

must hold.

Similarly, for symmetric modes to exist it is necessary tha t either

0 2  <  c — y/ac — [2 y/ac(b 4- y/ac)}2 , (3.78)

or

c — y/ac 4 - [2y/ac(b 4- y/ac)}2 <  0 2  <  b 4- c . (3.79)

We also note that neither mode is possible if

c — y/ac < a2 < c 4- y/ac . (3.80)

Clearly, all the above inequalities can be expressed in terms of A, W \  and W \\,  

but we do not give details here.

Similar necessary conditions were first obtained by Sawyers and Rivlin (1974) 

for the case 02  =  0. On setting 02  =  0 we recover the results given in Ogden 

(1984). In particular, (3.77) cannot hold, while for (3.76) to hold it is necessary 

that c >  a, and hence that W \ <  0  and A < 1 (corresponding to plane strain 

compression). Similarly, (3.79) cannot hold, and (3.78) again requires th a t c>  a. 

In tension, on the other hand, c < a and (3.80) holds for 02  =  0, i.e. neither mode 

is possible in this case.

We note that, with reference to (3.65),

2 y/ac(b 4- c — 0-2) — ac 4 - (c — <r2)2 = [02  — (c — y/ac)}2 4 - 2 y/ac(b — y/ac) ,

which is positive, and

2y/ac{b 4- c — 0 2 ) 4- ac — (c — 0 2 ) 2 =  — [02  — (c — y/ac) ] 2 4- 2y/ac(b 4- y/ac) ,



which again can take either sign. In the reference configuration (with A =  A3 =  1 , 

<j2 =  0) the latter expression is positive. Thus, by continuity, it will remain posi­

tive on a path  of deformation and stress from the reference configuration until it 

vanishes; thereafter it can become negative. It follows from (3.65) tha t antisym­

metric modes will always appear before symmetric modes in quasi-static loading 

from the reference configuration. This generalizes the result given in Ogden (1984) 

for the case a 2 =  0 .

Case 2  : a > 0 , b =  y/ac.

Here s =  A and (3.32) becomes

e =  6 +  c — <72 =  (A +  l)c  — <72 . (3.81)

Then, either

(a) e =  0 , which allows both antisymmetric and symmetric modes to occur 

together,

or

(b) e ^  0, in which case (3.34) reduces to

sinh(2A77) _  , (A2 +  l)c  -  <72 f .
2Xtj (3 A2 — l)c  +  cr2 }

From (3.82) we deduce that necessary conditions for antisymmetric and symmetric

modes to occur are

—(3A2 -  l)c  <  <72 <  -(A 2 -  l)c  , (3.83)

and

<72 < —(3A2 -  l)c  , (3.84)

respectively, coupled with the requirement b =  A2c. We note that the isolated 

value <r2 =  (A2 +  l)c  corresponding to (a) above lies outside the ranges of values 

in (3.83) and (3.84).

As for Case 1 , neither mode can occur for A >  1 when cr2 =  0, in which 

case A2 <  1/3 is a necessary condition for symmetric modes to occur, as shown in 

Ogden (1984).
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Case 2  applies when A =  1 (Ai =  A2) and then

a = b = c = ^ W x x (  1 ,AS) .  (3.85)

Here e =  0 corresponds to <72 =  2c and when e ^  0 the bifurcation criterion (3.82)

reduces to
s i n h ^  =  , (3 .8 6 )

2  77 (2 c +  <t2)

while the inequalities (3.83) and (3.84) respectively become

—2c < cr2 <  0 , (3.87)

and

02  <  —2c . (3.88)

In different notation the results (3.86)-(3.88) were given in Ogden (1984).

Case 3 : a > 0 , —y/ac < b < y/ac.

From(3.36) we have

and (3.37) reduces to

[2 y/ac(b + c — cr2) — ac +  (c — 0 2 )2]
. x (3.90)

=  ±  [2 V ^ ( i  +  C -  <72 )  +  oc -  (c -  <72)2] .

Because of the occurrence of the trigonometric function in (3.90) it is not pos­

sible to seek general necessary conditions for the existence of antisymmetric and 

symmetric modes in this case; however, if

2  y/ac(b +  c — o’ 2 ) +  ac — (c — 0 2  ) 2 =  0 ,

and

2tj6 = mr , n =  1 , 2 , .... , 
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then (3.90) is satisfied for both antisymmetric and symmetric modes. Sawyers 

(1977) and Ogden (1984), with 0 2  =  0, display the complex nature of the solution 

branches of (3.90).

Case 4 : a >  0 , 6 =  —y/ac.

The inequality b =  —y/ac corresponds to loss of ellipticity, and we have s* =  A

with

e =  b -f c — 0 2  =  —(A2 — l)c  — 0 2  . (3.91)

As in Case 2 both modes are possible when e =  0 while if e /  0 the bifurcation 

criterion is
sin(2 A??) _  [(1  -  A2)c -  <r2]

2 A77 [cr2 -  (3A2 +  l)c] ' ( ’

Bifurcation criteria for Cases 5-9 may also be written down formally but they

are of limited interest since strong-ellipticity does not hold.

Depending on the form of the strain-energy function, either Case 1 or Case 3

will arise on a path  of deformation and stress from the reference configuration (in

which the conditions for Case 2  hold). Case 4 may arise after passage through

Case 3.

We now make direct contact with the results of Sawyers and Rivlin (1974) 

and Sawyers (1977), for the case with 0 2  — 0> by considering the param eter A 

given by
A 4 . 1  -  2 c ( t  -  V ^ c )

+  ( c - v /S c )2 '

Sawyers and Rivlin (1974) noted that the nature of the bifurcation equations 

depend on the size of this parameter and studied the cases with A > — 1 , corre­

sponding to Case 1 here, and A =  — 1 , corresponding to Case 2 , while Sawyers 

(1977) considered the situation, corresponding to Case 3, where A lay in the range

f X 2  +  1 V  A

(a2 - 1)
Note that the deformation parameter A used by Sawyers and Rivlin is different to 

the definition, (3.66), given here.
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3.3.2 Some limiting cases.

Here we consider the specialization of the results in Section 3.3.1 to the situ­

ations in which the aspect ratio 77 is very small or very large.

(a) 77 —> 0

For Case 1 it can be shown from either (3.63) or (3.65) that for antisymmetric 

modes the asymptotic form of the bifurcation equation, to the first order in 77s , is 

either

(72 =  c +  y/ac +  ^ ( 6  — y/ac)X2rj2 , (3.93)
o

or

<72 =  c — y/ac — ^ ( 6  +  y/ac)X2rj2 . (3.94)
o

For symmetric modes, on the other hand, we obtain

1 (62 - a c )  2
cr2 = b + c -   ------------ 77 . (3.95)

6  c

together with the 0(77  ~2) solution

<72 =  —6crj~2 ; (3.96)

these formulae are consistent, respectively, with the inequalities (3.77), (3.76), 

(3.79) and (3.78).

In Case 2  (b) the asymptotic form of (3.82) is

cr2 =  -(A 2 -  l)c  -  | a 4c?72 , (3.97)

for antisymmetric modes and <72 =  —6crj~2 for symmetric modes. Note th a t (3.97) 

is consistent with (3.83).

In Case 3 the asymptotic results obtained from (3.90) are again (3.93)-(3.96), 

as for Case 1 , but the required chain of inequalities

b -f c < c — y/ac +  [2 y/ac(b +  y/ac)\ * <  c +  y/ac ,

is the reverse of tha t applying in Case 1 .
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Finally, in Case 4, equation (3.92) yields

<72 =  (A2 4- l)c  -  ^A4C772 , (3.98)
o

for antisymmetric modes and <72 =  —6crj~2 for symmetric modes.

(b) rj —► oo

Asymptotic results for large rj can be obtained in a similar way to those above 

for small 77, but they involve exponentials. Here we give the limiting results for 

77 —> 0 0 .

In Case 1 the equations (3.63) for antisymmetric and symmetric modes coin­

cide in this limit and both yield

2y/ac(b -j- c — <7 2 ) 4- ac — (c — <72)2 =  0 . (3.99)

On setting b = y/ac in (3.99) the results for Case 2 are recovered and yield either

<72 =  (A2 4- l)c  , (3.100)

or

<72 =  —(3A2 -  1 )c . (3.101)

These can also be obtained directly from (3.81) and (3.82) respectively. In Case 3 

the limiting equation is again (3.99), while in Case 4 the limiting result

<72 =  -(A 2 -  1 )c , (3.102)

obtained from (3.92) coincides with the special case e =  0.

It is worth noting that (3.99), or, equivalently,

> ? W x  { \ 3 j j /  , T;, \  2AW x  _  2 ... n£ n i j ( A  Waa +  Wa)  -  _ _ p  -  a ,  =  0 ,

is the bifurcation criterion for surface deformations on a half-space subject to 

the same deformation as considered here (Dowaikh and Ogden, 1990). In the 

present context the inequality (3.73) is sufficient to exclude symmetric modes of
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deformation, while for a half-space it provides an exclusion condition for surface 

deformations. This point will be discussed further in Chapter 5.

3.4 Discussion of the incompressible frequency equations.

We now consider the full dynamic problem and try  to obtain necessary condi­

tions for the existence of vibrational modes, noting that the quasi-static underlying 

deformation must satisfy the stability criteria discussed in Section 3.3.

3.4.1 General existence criteria.

Case 1: a1 > 0 , b' > yfaFc.

Here the frequency equations for the antisymmetric and symmetric modes 

are given by (3.25) and (3.26) respectively, or alternatively (3.27) describes both 

modes.

In the antisymmetric case, since we chose si >  $2 , the left-hand side of (3.25) 

is strictly greater than unity, using the monotonicity of tanh, therefore by applying 

this restriction to the right-hand side and using the definition (3.17), we obtain 

the condition

2y/a/c{b' +  c) 4* c(al — c) 4- 2(c — y/aJ~c)(j2 — cr| > 0 , (3.103)

which is necessary for the existence of antisymmetric modes. Note the similarity 

of (3.103) to the corresponding result (3.72) in the static case; the frequency 

dependence of (3.103) entering solely through the terms

a' = a — £l2 and 2 b' =  2 b — Q? .

A necessary condition for the existence of symmetric modes is given by (3.103) 

with the inequality reversed, so that for a given state of deformation and stress 

these modes are mutually exclusive.

By considering (3.27) and using the monotonicity of s in h z /z  it is found that

(c — <72 )2 >  a!c , (3.104)
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and

<72 <  b' +  c , (3.105)

are necessary for both antisymmetric and symmetric modes to occur. As in the 

static case we have a chain of inequalities

c-y /^ T c-  [2v ^ ( 6' +  V ^ ) ] * < c - V ^ < c + V ^

<  c — yfa!c +  |2Va'c(6< +  \ /a 'c ) J * < b' + c ,

which can be used to give existence criteria in terms of the stress <72 .

From (3.103), (3.104) and (3.105) either

c — y/a/c — |2\/a'c(&, +  \ /^ c ) j  <  <72 <  c — y/aFc , (3.106)

or

c +  y/aFc <  <72 <  c — y/aFc +  +  > /a 'c)J2 , (3.107)

must hold for antisymmetric modes to exist. Whereas for symmetric modes to 

exist, either

<72 < c — y/a!c — |̂ 2>/<i,c(6/ +  Vo^c)j 2 , (3.108)

or

— y/aFc +  ^2\/a'c(6/ +  Va'c)! 2 <  <72 <  b' -j- c , (3.109)

must be satisfied.

Note that neither mode can occur if

c — y/aFc <  <72 <  c +  y/aFc . (3.110)

Case 2: a' > 0 ,  b' =  y/aFc.

We have the two possibilities:

(a) e =  0, which gives

<72 =  b' +  c , (3.111)
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so that antisymmetric and symmetric modes can occur together.

(b) e /  0, in which case the frequency equations for antisymmetric and symmet­

ric modes are jointly given by (3.34). Using the result that s in h z /z  >  1 for all 

positive z, we find that for antisymmetric modes to occur we require

c — 36; < <72 <  c — b1 , (3.112)

whereas for symmetric modes to occur, the inequality

<72 < c -  3b' , (3.113)

must hold. However, if <72 >  c — b1 then neither mode can occur.

Note that, since b' > 0, the isolated value given by (3.111) lies outside the 

ranges indicated in (3.112) and (3.113).

Cases 3, 4, 5, 6 and 8 all contain trigonometric terms, and so necessary condi­

tions for the existence of antisymmetric and symmetric modes cannot be obtained 

in these cases.

Case 7: a' =  0, b’ > 0.

If <72 =  c then only the solution represented by (3.51) can occur, but otherwise 

the frequency equation for the symmetric mode is given by (3.52). By noting that 

tanh z /z  <  1 for all positive z, a necessary condition for the existence of symmetric 

modes, with <72 /  c, is given by

<72 < b' +  c . (3.114)

Note tha t antisymmetric modes, with a /  c, cannot occur for this case.

For Case 9, as was noted in Section 3.2, a necessary (and sufficient) condi­

tion for symmetric modes to exist is <72 <  c, while if <72 =  c then the solutions 

represented by (3.51) and (3.60) occur.
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3.4.2 Some limiting cases.

(a) 77 —» 0 .

As in the static case, asymptotic forms, for small 77, can be found from the 

frequency equations obtained in Section 3.2.

In Case 1 , for antisymmetric modes, the asymptotic form to the first order in 

rj2 of the frequency equation (3.25) (or alternatively (3.27) ), is either

<72 =  c +  y/aFc +  V a - (6; — y/aFc)jf > c , (3.115)
3c

or
a'c

<72 =  c — y/aFc  — (67 -f y/aFc)r)2 < c , (3.116)
3c

whereas for symmetric modes the only 0(1) solution is given by

<y2 =  b1 +  c — — {b'2 — a!c)rj2 < b1 +  c . (3.117)
6c

Note that, (3.115)-(3.117) are consistent with the inequalities (3.107), (3.106) and 

(3.109) respectively. In the symmetric case, we also have the asymptotic form

<72 =  —6ctj~2 , (3.118)

which obviously satisfies the inequality (3.108) when 77 is small. Equations (3.115)-

(3.117) can be rearranged to give the asymptotic behaviour of ft in terms of small 

values of 77, but we do not list the results in this case.

The asymptotic forms represented by (3.115)-(3.118) are again obtained for 

Cases 3 and 5, while for Case 6 (3.115)-(3.118) still hold but with y/aFc. replaced 

by > /“ ( a'c), since a7 <  0 in this case.

For Case 2(b), the asymptotic form of (3.34) corresponding to antisymmetric 

modes is

<72 =  c — y/aFc — -a 'rj2 , (3.119)
o

while for symmetric modes we obtain the asymptotic form given in (3.118). Note 

that (3.119) and (3.118) axe consistent with the inequalities (3.112) and (3.113)
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in Section 3.4.1. The equations (3.119) and (3.118) also hold in Case 4(b), for 

antisymmetric and symmetric modes respectively. On rearranging (3.119), we 

find tha t ft can be expressed as

2(c -  <j2 )3
ft =  y/a  — c(l — <72/c )2 1 + ■v (3.120)

3c (ac — (c — 0 2 )2)

In Case 7, provided <72 ^  c, only symmetric modes can occur and the asymp­

totic form of (3.52), to the first order in 7y2, is

6 '2
0-2 =  6' +  c -  ^  1 

6 c
(3.121)

which can also be obtained from (3.117) by setting a' =  0. The solution represented 

by (3.118) can again occur, and both (3.118) and (3.121) satisfy the inequality 

(3.114), while (3.121) can be rearranged to give

(c -  <t2)2 _
fi =  l/2(6 +  C — <72 ) 1 - (3.122)

12c(6 +  c — <72) J

Case 8 gives rise to the same results as obtained for Case 7, while for Case 9, 

we quickly see from (3.62) that only the solution given by (3.118) can occur for 

<72 < c.

(b )  7? —> 00.

For large values of 77, we ignore the asymptotic results, which involve expo­

nentials, and consider only the limiting results as 77 —* 0 0 .

In Case 1, as 77 —> 0 0 , both antisymmetric and symmetric modes have the 

same limiting form, namely

2\/<z'c(6/ +  c) -f c(a! — c) +  2 ^c — V afcj — g\  — 0 . (3.123)

Equation (3.123) was derived, in another notation, in Dowaikh and Ogden 

(1990) as the secular equation for the existence of Rayleigh surface waves on an 

infinite half-spaCe. This link between Rayleigh waves and vibrations of finite 

blocks will be discussed further in Chapter 5.
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In Case 2 , when e =  0, (3.33) gives

a2 = b' +  c , (3.124)

while if e ^  0 then (3.34) has the limit

<72 = c  —36' ,  (3.125)

as 77 —► 0 0 . From (3.37), Case 3 has limiting form (3.123) as 77 —> 0 0 , while for 

Case 4 only (3.124) can arise, regardless of the value of e. Cases 5, 6  and 8  contain 

the trigonometeric term tan, and limits cannot be found in these cases. In Case 7,

equation (3.52) has limit <7 2 =  c as does equation (3.62) of Case 9.

3.5 Equibiaxial deformations.

We now consider the special case in which the underlying deformation is
1 /2equibiaxial with Ai =  A2. Then, from (3.66), by incompressibility, A =  Ai A3' =  1 ,

with a i =  cr2 =  <7 , say and, as in (3.85), a — b =  c. On putting this into (3.17),

we find that

ai =  1 , S 2 =  %/l — n 2 , (3.126)

where

ft2 =  ft2/a  , (3.127)

and ft2 is given by (3.16). For real, non-zero ft only Cases 1 , 6  and 7 arise, and

we examine these separately.

3.5.1 Discussion of the frequency equations.

Case 1 : 0 <  ft2 <  1.

Equations (3.25) and (3.26) together specialize to

tanh t)

tanh ( r jV  1 -  Si2)
V l  -  ft2(2 -  a ) 2

( 2  _  a -  Q2)2

±i
(3.128)
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where the +  (-) corresponds to antisymmetric (symmetric) modes, and a = a  /  a . 

It can be shown that a necessary condition for the existence of antisymmetric 

modes is either

1 +  \ / l  -  ft2 <  9 < 1 -  \ / l  -  ji2 +  (1 -  ft2)* ( l  +  %/l -  n 2) , (3.129)

or

1 -  V l  -  n 2 -  (1 -  ft2)* (1 +  \ / l  -  ft2) <  9  <  1 -  \ / l  -  ft2 . (3.130)

The corresponding necessary condition for symmetric modes is either

1 -  \ / l - f t 2 +  (1 -  ft2) *(1 +  %/1 -  ft2) <  9  <  2 -  ift2 , (3.131)

or

9  < 1  — \ / l  — ft2 — (1 — ft2)* (l +  V l  -  ft2) • (3.132)

This time when rj is small we obtain the asymptotic results, tha t for antisym­

metric modes to occur, either

1 i 2
9  =  1 +  -\/l -  ft2 +  -  V i  -  ft2 ( l  -  V l  -  ft2)  r f  , (3.133)

or
1 2 

9 = 1 -  V l  -  ft2 -  g \ / l  -  ft2 ( l  +  V i  -  ft2)  v 2 . (3.134)

and we note that in (3.133) we must have a  G (1, 2 +  t;2 / 6 ), while in (3.134) we 

have a G ( - ^ J - ,  1), with 77 small. Correspondingly, for symmetric modes, we must 

have either

a =  2 -  H2/2  -  f iV /2 4  , (3.135)

or

a  =  —677“ 2 , (3.136)

where from (3.135) a  must lie in the interval ( |  — ^ , 2). Note tha t (3.133)-(3.136) 

are consistent with (3.129)-(3.132) above.
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For antisymmetric modes, equations (3.133) and (3.134) can be rearranged, 

in terms of 12, and can be written jointly in the form

Q2 = ( 2 -  a) ,  . ( 2 - < 0 ( < r - l ) 2 2'
o  H-----------------  r\ (3.137)

where a  G [0, 2), with a ^  1, for real values of 12 <  1. Equation (3.135), in the 

symmetric case, can similarly be rearranged to give

ft =  ^2(2 -  a) (1 -  (2 -  a ) t f / 12) , (3.138)

for values of a  € (§ — 2 ), with rj small.

Case 6  : ft2 >  1 .

In this case the frequency equation is

tanh 77

tan ( r jVti2 — l )

\/1 2 2 -  1 (2  -  o f  
(2  — a  — 122 ) 2

±1
(3.139)

where the upper (lower) sign corresponds to antisymmetric (symmetric) modes.

A special feature here occurs when either a = 2 or a +  122 = 2 . For antisym­

metric modes, for example, when a =  2  the following frequencies are possible:

122 =  1 +

Similarly, if a +  122 =  2  then

9 = l - ( ^
\  n

(2k — 1)7T
2 n k -  1 , 2 , (3.140)

ft2 =  1 + fc =  l , 2 , (3.141)

For symmetric modes, the roles of k and {2k — l ) /2  are reversed in the above.

For other values of a each equation in (3.139) yields an infinite family of 

solutions which may be plotted as curves in the (77, f2)-plane. Note, however, 

that the chosen values of a should be consistent with the requirements of stability 

deduced from Case 2  in Section 3.3.1. In particular, the configuration is stable for
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0  <  a  <  2 , bu t stability fails in an antisymmetric mode for some value of o  in the 

interval (—2 , 0) depending on 77. Specifically, for

.  =  2 (2 ? -  sinh 2 ^
(2rj +  sm h 2 f7)

Case 7 : f t2 =  1.

In this transitional case antisymmetric modes axe not possible, except for 

a — 1 , as shown in Section 3.2 in a more general context. For symmetric modes 

the equation
tanhjj _  (1  — &)2 ( 3  U 3)

V (2 - o ' ) 2

must be satisfied, and a necessary condition for this is a < 3/2, with a  1. 

Equation (3.143) can be rearranged to give

a = <

1 — 2  (tanh 77/ 77)1

1  — ( t a n h  7 7 / 7 7 )  ^

1 +  2  (tanh 77/ 77)5 

k 1 +  (tanh 77/ 77)1

a < 1 ,

(3.144)

3.5.2 Numerical results for equibiaxial deformations.

In Figures 3.1-3.10 the line f2 =  1 corresponds to Case 7 and so divides the 

regions corresponding to Case 1 (below this line) and Case 6  (above it). From 

(3.143) we see that only symmetric modes may occur when Q, =  1 and so no 

antisymmetric branch may cross this line. Also, in this equibiaxial case, we see 

that the solution branches of the two different modes do not cross at any point.

In Figures 3.1-3.5 we plot the modified frequency f2 against the mode number 

77 for various values of the stress 0  =  a/a . By considering the intersections with 

the 77-axis the inequalities (3.87) and (3.88) derived for the static case are shown 

to hold in that, when 5 =  —3, a symmetric bifurcation mode may arise but 

when a — —1 an antisymmetric bifucation mode can occur while the underlying 

deformation is stable for 0 <  a < 2, with stability failing in Case 2 (a) when a =  2 .
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In Figure 3.4, with a =  1 , the lowest antisymmetric mode lies along the line 0  =  1 , 

corresponding to Case 7, and so represents the displacement given by (3.51).

In Figures 3.6-3.10 we plot the modified frequency St against the stress a  for 

a range of successively decreasing values of the mode number rj and it can be seen 

that although the spacing of the solution branches varies, the underlying character 

of the graphs is unchanged; with the point on the a-ax is at a = 2  corresponding 

to Case 2(a) bifurcation in each of the graphs. On talcing the limit as rj tends to 

zero in (3.137), for the antisymmetric mode, it reduces to the upper half-circle

Cl2 +  (a  -  l ) 2 =  1 , SI > 0 , (3.145)

and we see from Figure 3.10 tha t this is almost the case even when rj is as large

as 0 .2 . Alternatively, the limit of (3.128) as 7 7  —> oo for both antisymmetric and 

symmetric modes is

(2 -  a  -  n 2)2 =  V l  -  fi2(2 -  a ) 2 , H  >  0 ,

which cuts the axis at a = ±2  and we see from Figure 3.6 tha t this is almost the

case when rj =  5.
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F ig u re  3.1: Dispersion spectrum for an equibiaxially deformed

incompressible material subject to a compressive stress a =  —3. The 

solid (broken) curves represent the antisymmetric (symmetric) solution 

branches.
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F ig u re  3.2: Dispersion spectrum for an equibiaxially deformed

incompressible material subject to a compressive stress a =  —1 . The 

solid (broken) curves represent the antisymmetric (symmetric) solution 

branches.
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F ig u re  3.3: Dispersion spectrum for an unstressed incompressible

body (<7 =  0 ), where the solid (broken) curves are taken to represent the 

antisymmetric (symmetric) solution branches.
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F ig u re  3.4: Dispersion spectrum for an equibiaxially deformed in­

compressible material subject to a tensile stress a =  1 . The solid (broken) 

curves represent the antisymmetric (symmetric) solution branches.
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F ig u re  3.5: Dispersion spectrum for an equibiaxially deformed in­

compressible material subject to a tensile stress a =  1.5. The solid (bro­

ken) curves represent the antisymmetric (symmetric) solution branches.
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F ig u re  3.6: Frequency-stress plot, with mode number rj =  5, for

an equibiaxially deformed incompressible material . The solid (broken) 

curves represent the antisymmetric (symmetric) solution branches.
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F ig u re  3.7: Frequency-stress plot, with mode number rj =  2 , for

an equibiaxially deformed incompressible material . The solid (broken) 

curves represent the antisymmetric (symmetric) solution branches.

8644
cr

55



6.0

5.5

5.0

4.5

4.0

3.5

Q

2.5

2.0

0.5

0.0

C7

F ig u re  3.8: Frequency-stress plot, with mode number rj =  1 , for

an equibiaxially deformed incompressible material . The solid (broken) 

curves represent the antisymmetric (symmetric) solution branches.
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F ig u re  3.9: Frequency-stress plot, with mode number 77 =  0.5, for

an equibiaxially deformed incompressible material . The solid (broken) 

curves represent the antisymmetric (symmetric) solution branches.
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F ig u re  3.10: Frequency-stress plot, with mode number rj =  0.2,

for an equibiaxially deformed incompressible material . The solid (bro­

ken) curves represent the antisymmetric (symmetric) solution branches.
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3.6 Results for particular strain-energy functions.

In order to illustrate the results of the previous sections and to provide a basis 

for numerical calculations we now consider the class of strain-energy functions 

given by

m

where /z and m  axe constants. It follows from (3.67) that

W {A, A3) =  ^  (AmA“ m/2 +  +  AJ* -  3 )  ,

and hence from (3.69) that

c =  ^A^m/2(Am -  A~m)/(A4 -  1) , a  =  A4c , 

26 =  MA3— /2 {(m -  l)Am+4 -  (m +  l)Am + (m  +  l)A4_m 

—(m — l)A-m } /(A4 — 1) .

For c >  0 we require that

(3.146)

(3.147)

fim > 0 .

From (3.147) we obtain 

b — y/ac — i / z { ( m  — l )Am + 2  — ( m +  1 )A’

(3.148)

(3.149)
+ (m  +  l)A2_m -  (m -  l)A "m} /(A2 -  1 ) .

W ithout loss of generality we take fj, > 0 and m > 0 for consistency with (3.148) 

since, els noted in Ogden (1984), the properties of the expression on the right-hand 

side of (3.149) are unaffected by replacing (/z, m) by (—/z, —m). It then follows that

>  0 for m >  1 , A ^  1 ,

b — y/ac < =  0 for m  =  1 , (3.150)

< 0  for 0 <  m  < 1 , A /  1 ,

and b =  y/ac when A =  1 for any m.

For convenience we introduce the notation

x —m / 2 (3.151)
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We now consider two particular values of m, namely m  — 2 and m =  1 , 

corresponding to the neo-Hookean and Varga strain-energy functions respectively.

3.6.1 The neo-Hookean strain-energy function.

Here we have

a =  /zA2 , c =  /zA- 2  , 6 =  ^ (a  +  c) , (3.152)

and the inequality 26 >  a is satisfied. We also have

a, =  1 , s2 =  A2\ / l  — Q2 , (3.153)

where ft2 is defined by (3.127).

Recalling the definitions of p , ft and rj from (3.13), (3.16) and (3.24) respec­

tively, we define corresponding quantities po, fto, Po which are independent of the 

deformation by
mr _o puj . .

Po =  , ft0 =  —  , Po =  PoL 2 , (3.154)Pq

so tha t

Po =  (AA^2)p , ft =  (AA^^fto , Po =  A2 77 . (3.155)

It follows that, for the neo-Hookean strain-energy function, ft2 =  ftg//z is 

also independent of the deformation.

Cases 1, 2, 6  and 7 are the only ones which arise for this material.

Case 1 : the inequalities a1 > 0, 6 ' > V a'c' are equivalent to ft2 <  1 and

ft2 /  1 — A- 4  respectively, and the frequency equations (3.25) and (3.26) become

±1
tanh(poA 2) A2v T ^ ( 2 - A 2c72)2 

(A4 -  A4 ft2 +  1 -  A2a 2 ) 2tanh(po V l  — ft2)

where o2 =  <r2 //z is the only term  depending on A3 .

W hen ft =  0 and a2 — 0 equations (3.156) reduce to

4A2 ■'±1tanh(r/o A ) 
tanh r/o (A4 +  l ) 2

(3.156)

(3.157)
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and this can be shown to agree with the results of Sawyers and Rivlin (1974) for 

the neo-Hookean material.

Case 2 : in this transitional case we have

fi2 =  1 -  A-4  , (3.158)

and 5 =  1. Clearly, for real ft 0 we require A >  1.

Subcase 2(a) in Section 3.2 corresponds to cr2 =  2c, while for subcase 2(b) 

equation (3.34) becomes

These are the same equations as apply for A =  1 in the quasi-static situation for 

a general strain-energy function (equations (3.86) ), but, of course, the value of c 

is different here. When ft =  0 equation (3.158) forces A to be unity.

Case 6 : here we have ft2 >  1 and

si =  1 s j =  A2 \ / f t 2 — 1 , 

and the frequency equations (3.45) and (3.46) become 

tanh(77oA“ 2)

tan(77o V ft2 — 1 )

A V ft2 —1 ( 2 - A 2cr2)2
±i

(3.160)
(1 +  A4 — A4ft2 — A2a 2)2

with the upper (lower) signs corresponding to antisymmetric (symmetric) modes. 

This reduces to (3.139) when A =  1.

Case 7 : ft2 =  1 with si =  1, s2 = 0.

Here equation (3.52), for symmetric modes, reduces to

tanh i? ( c - g 2 ) 2
/o \2  ’ (3.161)rj (2c-<72)2

which, by identifying cr2/c  with a , can be seen to have the same form as (3.143).

The equations (3.144) for a  therefore apply equally to <t2/c, which, unlike a, 

depends on A. Antisymmetric modes are possible if a2 = c.
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3.6.1 The Varga strain-energy function.

In this case m  =  1 ,

a =  ( a ^ t T )  =  x H  = A"c - (3-162)

and

(3.163)
s \ = A2 -  ft2/ 2 -  J f t 2 ( f t2/ 4 -  A2 + 1 )  ,

where

ft2 =  ft2/c  . (3.164)

Although it is possible to express the results in terms of (3.154), which are inde­

pendent of the deformation, this introduces an explicit dependence on A3 into the 

frequency equations and so we do not consider this here.

For this strain-energy function all nine of the cases described in Section 3.2

can occur, and arise as follows:

If A <  1 then s2 >  0 , for all Cl2, and so only Cases 1 , 6  and 7 can arise, 

depending on the sign of which is the same as the sign of (A4 — Cl2), When 

A =  1 we have s2 =  1 and s\ =  1 — Cl2, so tha t the results of Section 3.5 hold. 

However when A > 1 we have 3 possible solution paths depending on whether 

A2 <  2 , A2 =  2  or A2 > 2 ,

i)  1 < A2 < 2 , here when Cl2 is such that

Cl2 < 4(A2 -  1 ) , (3.165)

the expression (3.163) has complex roots (Case 3) but when equality holds in

(3.165), we have s2 =  s\ > 0  (Case 2 ). For values of Cl2 such that

4(A2 -  1 ) < Cl2 < A4 , (3.166)

both roots of (3.14) will be distinct and positive (Case 1 ), with s\ changing sign as

we go through the value Cl2 =  A4 (Case 7 when Cl2 = A4 and Case 6  for Cl2 > A4).

i2 =  A2 -  Cl2/ 2 + J C l2 (Cl2/ 4 -  A2 +  l )
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ii) A2 >  2, again we have complex roots (Case 3) when (3.165) holds, but this 

time we have a negative double root when Cl2 =  4(A2 — 1) (Case 4). Both roots 

remain negative (Case 5) when (3.166) holds with s2 changing sign at ft2 =  A4 

(Case 8 then Case 6).

Hi ) A* =  2, we again have complex roots while (3.165) holds, but when 

Cl2 =  4(A2 — 1) — A4 we have s2 =  s2 = 0 (Case 9) with s2 >  0 and s\ < 0
A

(Case 6) for all values of Or greater than this.

We note, however, that since, by (3.162), b =  y/acy only Case 2 is compatible 

with ft =  0.

Case 1 : 4(A2 -  1) <  ft2 <  A4 <  2A2.

The frequency equations are given by (3.25) and (3.26) with (3.162)-(3.164).

Case 2 : either ft =  0 or ft2 =  4(A2 — 1) <  A4 <  2A2.

Here we have s = y/2 — A2 and we observe that 1 <  A2 <  2.

Section 3.2 corresponds to

3 -  A2 if ft ^  0 ,

A2 +  1 if Q =  0 ,

where & 2 =  and we note that these coincide if A =  1.

For subcase 2(b), equation (3.34) gives

sinh(2r/\/2 — A2) __  ̂ (3 — A2) — cr2
2 t7 V ^A 2  (5 -  3A2) +  &2 ’

if Ct 0 while (3.82) applies if Q. = 0.

Case 3 : &  < 4(A2 -  1) < A4.

Here equations (3.36) and (3.37) apply with (3.162), and we note tha t a 

necessary condition for this case to hold is A >  1.

Subcase 2(a) in

(3.167)

(3.168)
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Case 4 : 2 A2 < f r  = 4(A2 -  1 ) <  A4.

This case applies for A2 >  2 ; subcase 4(a) corresponds to

<t2 =  3 — A2 , (3.169)

while subcase 4(b) yields

s i n ( 2 W A ^ 2 )  =  (3  — A2) — a 2

2r)VW^2 (5  — 3A2) +  <72 K ’

Case 5 : 2 A2 <  4(A2 -  1) <  6 2 <  A4.

The frequency equations axe given by (3.43) appropriately specialized.

Case 6  : Cl2 > A4.

The frequency equations axe (3.45) and (3.46), again specialized with use of

(3.162)-(3.164).

Case 7 : Cl2 = A4 <  2 A2.

Antisymmetric modes axe not possible unless <72 =  c, while for <72 ^  c the 

frequency equation (3.52) for symmetric modes specializes to

tanh(rjXy/2 — A2) (1 — <72 ) 2

j/AV^TA 2 [A2 ( 2  -  A2) +  1 -  <r2 ]2

Case 8  : 0 2 =  A4 >  2A2.

Here (3.171) is replaced by

tan^AVA2 — 2) (1 — <r2)2

(3.171)

 _____  -  — y , (3.172)
n Av/A2^  [A2(2 — A2) +  1 — <72]

with this time symmetric modes, as well as antisymmetric modes, also possible 

when <j 2 =  c.
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Case 9 : Cl2 =  A4 =  2A2.

If (72 =  c the antisymmetric and symmetric modes given by (3.51) and (3.60), 

respectively, can occur, while for <72 ^  c only symmetric modes can arise, with

<72 =  (1 -  6 r?-2 ) • (3.173)

3.6.3 Numerical Results.

The solutions to the frequency equations obtained in Section 3.6.1 for the

neo-Hookean material are shown in Figures 3.11-3.19, while those found in Section

3.6.2 for the Varga material are represented in Figures 3.20-3.28.

In Figures 3.11-3.17, for the incompressible neo-Hookean material, we plot

dispersion spectra, that is we plot the modified frequency ft against the mode
1 /2number 770j for several values of the stretch A =  AiA3' and stress and we 

note that these graphs may be compared with Figures 3.1-3.5 in Section 3.5, for 

which A =  1 , with the line ft =  1 again corresponding to Case 7 and so dividing 

the two regions with Case 1 lying below the line and Case 6 above it. It can be 

seen from these graphs that increasing (decreasing) the stretch A has a stabilizing 

(destabilizing) effect on the underlying deformation for a given value of 0 2 . By 

specializing the results of Section 3.3.1 to the neo-Hookean material, we see that 

the underlying deformation is stable provided

A 2 — 1 < <72 <  A +  1 ,

so tha t there is only a small range of values of <72 where stability is assured. From 

Figures 3.3, 3.12 and 3.15, with we see in the static limit that the results

obtained here agree with Ogden (1984), in tha t bifurcation modes only occur for 

A <  1. However, if nonzero values of 0 2  are perm itted, as Figure 3.14 shows, 

bifurcation modes may occur for A > 1.

Figures 3.17 and 3.18, together with Figure 3.8, show frequency-stress plots 

for several values of the stretch and we note th a t varying the mode number does 

not affect the nature of the graphs obtained but merely alters the spacing of the
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solution branches, with the spacing decreasing as the mode number increases, 

much as in the equibiaxial case. In Figure 3.19 we plot the frequency spectrum 

for ft against A and we again note that the nature of this graph does not depend 

markedly on the parameters 770 and a 2 , although we do not show the results here.

The results shown in Figures 3.20-3.22 for the Varga material can be compared 

with Figures 3.12, 3.14 and 3.15 respectively in the neo-Hookean case and the 

behaviour of both materials is seen to be very similar, even though the variables 

have a slightly different meaning in each case; although Figure 3.23, for A =  1.2 and 

0-2 =  2 , has the lowest symmetric mode lying beneath the lowest antisymmetric 

mode, a feature which does not occur for the neo-Hookean material. However, if 

larger values of the stretch A are considered the behaviour differs greatly; while 

the neo-Hookean material behaves much as in Figures 3.16 and 3.17, in the Varga 

case with A > \/2 , as Figures 3.24 and 3.25 show, there is a layer corresponding to 

Case 5 in which the solution branches representing the two different modes cross 

over one another, so that for some values of 77 the lowest symmetric mode can lie 

beneath the lowest antisymmetric mode.

These changes in behaviour are also present in the frequency-stress plots; 

while graphs for A <  1, not shown here, behave as those for the neo-Hookean 

material, when 1 < A <  y/2, see Figure 3.26 with A =  1.2, the lowest antisymmetric 

and symmetric solution branches cross-over at a point, with 0 2  =  1.56 and ft k, 

1.33, corresponding to Case 2 (a), but again the character of the graph does not 

change as 77 is varied. For values of A >  \/2 , as Figures 3.27 and 3.28 show for 

A =  1.8, the character of the graph changes markedly depending on the value of 

the mode number, in that some of the higher modes can also cross over each other 

for certain values of 77.

Figure 3.29 shows how the (A, ft)-plane is divided up into the nine cases that 

arise for the Varga material; the parabola, ft =  A2, (on which Cases 7 and 8  occur) 

and the hyperbola, ft =  2y/X2 — 1 , (on which Cases 2 and 4 occur) divide the four 

regions corresponding to Cases 1 , 3, 5 and 6 , with Case 9 arising at the single 

point where they meet. Figure 3.30 then shows the frequency spectrum obtained
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for the Varga material, with <72 =  0 and rj =  1, and we note tha t although varying 

the values of 7 7  and a2 alters where the solution branches cross, they do not greatly 

change the overall character of the graph obtained.
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F ig u re  3.11: The dispersion spectrum for an incompressible neo-

Hookean material subjected to a stretch A =  0.9 and a stress o<i =  —3, 

where the solid (broken) curves represent the antisymmetric (symmetric) 

solution branches.
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F ig u re  3.12: The dispersion spectrum for an incompressible neo-

Hookean material subjected to a stretch A =  0.9 and a stress =  0, 

where the solid (broken) curves represent the antisymmetric (symmetric) 

solution branches.
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F ig u re  3.13: The dispersion spectrum for an incompressible neo-

Hookean material subjected to a stretch A =  0.9 and a stress — 1 , 

where the solid (broken) curves represent the antisymmetric (symmetric) 

solution branches.
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F ig u re  3.14: The dispersion spectrum for an incompressible neo-

Hookean material subjected to a stretch A =  1.2 and a stress a 2 — ~  1? 

where the solid (broken) curves represent the antisymmetric (symmetric) 

solution branches.
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F ig u re  3.15: The dispersion spectrum for an incompressible neo-

Hookean material subjected to a stretch A =  1.2 and a stress 0 2  — 0> 

where the solid (broken) curves represent the antisymmetric (symmetric) 

solution branches.
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F ig u re  3.16: The dispersion spectrum for an incompressible neo—

Hookean material subjected to a stretch A =  1.2 and a stress d~2 =  1, 

where the solid (broken) curves represent the antisymmetric (symmetric) 

solution branches.
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F ig u re  3.17: Frequency-stress plot for an incompressible neo-

Hookean material, with mode number 770 =  1, which has been subjected 

to a stretch A =  0.9. The solid (broken) curves represent the antisym­

metric (symmetric) solution branches.
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F ig u re  3.18: Frequency-stress plot for an incompressible neo-

Hookean material, with mode number r)0 =  1 , which has been subjected 

to a stretch A =  1.2. The solid (broken) curves represent the antisym­

metric (symmetric) solution branches.

75



3.5

3.0

2.0

0.5

3.00.5 1.5 2.51.0 2.0

A

F ig u re  3.19: The frequency spectrum for an incompressible neo-

Hookean material with a2 =  0 and tjq =  1 , where the solid (broken) 

curves represent the antisymmetric (symmetric) solution branches.
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F ig u re  3.20: The dispersion spectrum for an incompressible Varga

material subjected to a stretch A =  0.9 with the stress <72 =  0 2 / °  =  0, 

where the solid (broken) curves represent the antisymmetric (symmetric) 

modes.
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F ig u re  3.21: The dispersion spectrum for an incompressible Varga

material subjected to a stretch A =  1 .2  and a stress & 2 — —1 , where the 

solid (broken) curves represent the antisymmetric (symmetric) modes.
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F ig u re  3.22: The dispersion spectrum for an incompressible Varga

material subjected to a stretch A =  1.2 with the stress <72 =  0, where the 

solid (broken) curves represent the antisymmetric (symmetric) modes.
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F ig u re  3.23: The dispersion spectrum for an incompressible Varga

material subjected to a stretch A =  1.2 with the stress & 2 =  2, where the 

solid (broken) curves represent the antisymmetric (symmetric) modes.
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F ig u re  3.24: The dispersion spectrum for an incompressible Varga

material subjected to a stretch A =  1.8 and a stress & 2 =  — 1, where the 

solid (broken) curves represent the antisymmetric (symmetric) modes.
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F ig u re  3.25: The dispersion spectrum for an incompressible Varga

material subjected to a stretch A =  1.8 with the stress =  0, where the 

solid (broken) curves represent the antisymmetric (symmetric) modes.
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F ig u re  3.26: Frequency-stress plot for an incompressible Varga

material, with mode number 77 =  1 , which has been subjected to a stretch 

A =  1.2. The solid (broken) curves represent the antisymmetric (sym­

metric) solution branches.
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F ig u re  3.27: Frequency-stress plot for an incompressible Varga

material, with mode number t] =  1 , which has been subjected to a stretch 

A = 1.8. The solid (broken) curves represent the antisymmetric (sym­

metric) solution branches.

84



5.0

4.5

4.0

3.5

3.0

2.5

2.0

1.5

1.0

0.5

- 8  - 6  - 4  - 2 0 2 6 84

°2

F ig u re  3.28: Frequency-stress plot for an incompressible Varga

material, with mode number 77 =  2 , which has been subjected to a stretch 

A =  1 .8 . The solid (broken) curves represent the antisymmetric (sym­

metric) solution branches.
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F ig u re  3.29: Disposal of the nine cases possible for the Varga

strain-energy function.
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F ig u re  3.30: The frequency spectrum for an incompressible Varga

material with stress a2 = 0 and mode number 77 =  1. The solid (broken) 

curves represent the antisymmetric (symmetric) solution branches.
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C hapter 4 -  P lane V ibrations o f a C om pressible E lastic P la te .

4.1 Formulation of the compressible problem.

As in the incompressible case, we assume that when unstressed the body 

corresponds to the rectangular region defined by

—Li <  X i  <  Li , i G {1, 2, 3} ,

which is subjected to a pure homogeneous strain

Xi = A {Xi , i G {1, 2, 3} ,

and is deformed into the configuration defined by —/,• <  Xi <  where U = A,• L,-, 

(i G {1, 2, 3}). We now consider a small tim e-dependent displacement v  super­

imposed on this finite deformation and we again restrict our attention to two- 

dimensional motions with V3 = 0 and v\ and V2 independent of £3 . W ith this the 

incremental equations of motion (2.51) reduce to

-4oilll^ l,ll -f -4o2121^1,22 +  (*4oil22 +  -^02112)^2,12 =  Pvl,tt ,
(4.1)

* 0̂1212^2,11 +  ^ 02222^2,22 +  (*Aoil22 +  ^ 02112)^1,12 =  pV2 ,tt , 

and we introduce the notation

ocij =  -4o**jj ) (i  £  {1, 2})

7l =  -4oi212 } 72 =  ^0 2 1 2 1  5
(4.2)

-^2112 =  -^02112 =  -^01221 j

8 =  -4.02112 +  -401122 j 

and note that for a hyperelastic material 0 1 2  — <*21- The two equations of motion

(4.1) can be combined to give

26^1122+cv ,-,2222 =  + 7 i)v* ,n«+ /?(Q;22 + 7 2 )^*,2 2 tt~\-p2 Vi,tttt 5 (4.3)

(with i G {1, 2}), where

a =  a u j i  , c =  0 2 2 7 2  , 

2b =  0 h 0 2 2  +  7 1 7 2  — 82 .
(4.4)



We again assume that the incremental tractions So 21 and So 22 vanish on the 

sides £ 2  =  i / 2 , while on the boundaries £1  =  ± /i , we take So 12 and Vi to be 

zero. On using (2.55), restricted to two dimensions, we see tha t these boundary 

conditions can be written as

*> i= 0 , )
> on £1  =  ± l\  , (4.5)

*>2,1 = 0 , J

together with
72*>1,2 +  -4 .2112*>2,1 =  0 ,

} on £ 2  =  db/2 • (4.6)
<*12*>1,1 +  <*22*>2,2 =  0  ,

On substituting the definitions (4.2) and (4.4) into the strong-ellipticity condi­

tions (2.60), for a compressible material, it can be seen that necessary and sufficient 

conditions for strong-ellipticity to hold are

<*« > 0 , 7 i >  0 (i G {1, 2}), b +  y/ac >  0 , (4.7)

which give a > 0  and c > 0  as necessary conditions for strong-ellipticity to hold.

4.2 Derivation of the frequency equations.

We consider time-harmonic solutions of frequency u>, and look for incremental 

motions, v, of the form

Vi =  A, exp(sp£2  +  ipx i — iu*t) , i G {1, 2} , (4.8)

where A,- (i G {1,2}) are arbitrary constants and s and p  are to be determined. 

It is quickly seen that the conditions (4.5), on the boundary £ 2  =  ±^2 ? can be 

satisfied by solutions of the form



for arbitrary functions <̂1(2:2 ) and ^ 2 (^2 )- On taking linear combinations of ex­

pressions like (4.8), so that they are of the form (4.9), and substituting these into 

the equations of motion (4.3), we obtain the polynomial

cp4s4 — 2bp4s2 +  ap4 =  p (a u  -f 71  )p2w2 — p (a 22 +  7 2 )p2^ 2 — />2^ 4 , (4.10)

which is a quadratic in s2. On writing

£l2 =  pu)2/p2 , (4-11)

equation (4.10) can be expressed as

cs4 -  (26 -  (0:22 4- 7 2 ) ^ )  * 2 -1- ( a n  -  Q2)(7l -  H2) =  0 . (4.12)

Equation (4.12) yields four solutions for s, the nature of which being deter­

mined by the underlying deformation and the frequency to. The general solutions 

are then found by taking suitable linear combinations of (4.8) and then satisfying 

the boundary conditions (4.6) together with a second equation of motion from

(4.1). Again, as in the incompressible case, nine possible cases arise for deforma­

tions within the strong-ellipticity domain, and they are labelled, as in Chapter 3, 

according to the nature of the solutions s\ and s\  of the quadratic (4.12).

It is worth noting that by writing a n  =  a n  — f22 and 71  =  71 — fl2 equation 

(4.12) can be written in the form

c's4 -  26's2 +  o! =  0 , (4.13)

where
c — c — OL2 2 1 2  ,

26; =  a n  £*22 +  7 1 7 2  — 82 , (4-14)

a '  =  a n 7 i  »

so that the frequency dependence of (4.13) occurs only through the terms a n  and 

7 1 . On making the associations d n  <*11 and 71 *-* 71 we see that (4.13) and 

(4.14) reduce to the results in Ogden (1984, Section 6.3) for the static case, but

90



this time, even when strong-ellipticity holds, we may have a n  <  0  or 71 < 0  (or 

both).

Also note that
^  =  ±  =  « n 7 x (4 15)

c 0 1 2 2 1 2

and

s l + sl = ™  = (“ " a ” + ™ - S 2 ) . (4.16)
c {a2 2 7 2 )

We now consider each of these cases in turn:

Case 1 : a' > 0 , b' >  y/aFc.

In this case the roots and s \ of (4.13) are distinct and positive, and are 

given by
ht -t- \ / / ^ 2  — n.fn _ y  — o!C

—  , (4-17)=

(4.18)

c c
with si and S2 the positive square roots of these expressions. The general solution

can be w ritten in the form (4.9) with <^1(22) and <f>2(2 :2)  defined by 

<t> 1 ( ^ 2 )  =  Ai s i n h ( s i p r 2 )  +  B \ c o s h ( s i p x 2 )  +  C\ s i n h ( s 2 p £ 2 )

+  D \ cosh(s2px2)

<̂2 (^2 ) =  M  cosh(s!px2) -f B 2 sm h(sipx2) +  C2 cosh(s2px2)

4- D 2 sinh(s2px2 )

where the A,-, 2?,-, C,- and Z>, (i G {1 , 2}) are constants. On substituting (4.18) 

and (4.9) into the equation of motion (4.1)i, we obtain the identities

(4.19)

while on substituting (4.18) and (4.9) into the remaining boundary conditions 

(4.6), on x 2 =  ± l2l we get

(7 2 S1A1 +  A 2u 2 A 2) cosh(sirj) + ( i 2s2Ci +  A 2n 2C2) cosh(s2rj) =  0 ,

(0 :1 2 ^ 1  — s ia 22A 2)sinh(sir]) +  (0 1 2 ^ 1  — s2a 22C2)sm h(s2r]) = 0 ,
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( “ 11 -  72S1)
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. S i . b 2.

c r 'C 2 -
( f i l l  -  J 2 S 2 ) =  Ss2

. S i . D 2 _

(4.20)



(7 2 * 1  £i + *̂ 2112-̂ 2) sinh(s177) + {1 2 S2 D 1 + A2ii2-D2)smh(s277) = 0  ,
(4.21)

(« i2^ i  — s i a 22 -B2 )cosh(si77) 4. ( a i2.Di — S2 CX2 2 D 2 ) cosh(s2 rj) =  0  ,

where 77 = pl2- It can be seen from (4.19)-(4.21) that, as in the incompressible 

case, the equations decouple into two systems in (A,-, C,) and (1?,-, D{) respectively 

and so we can treat them independently. Considering first the situation where 

B{ =  D{ =  0 (t € {1, 2}) we see from (4.9) and (4.18) that v\ is an odd function of 

x2 and v2 is an even function of x 2, so that this gives rise to a n tisy m m e tr ic  (or 

flexural) modes. Using the identities (4.19) in (4.20) and taking the determinant 

of the coefficients to be zero, we obtain the frequency equation for antisymmetric 

modes,

tanh(si77) _  s i(A 2i i 2Qn +  <*1272^2 )(fti2<S -  Q11Q22 +  7 2 ^ 22^1) 
tanh(s277) 52(̂ 2112̂ 11 + ori27 2 *i)(a i2  ̂-  anO!22 + 72«22S2)

which, following the corresponding result in Ogden (1984) for the static case, can 

be simplified to
tan h p iq )  ^ ( A - s ? )
tanh(s2T7) s i(A  — s%)

where

A  = ~  A h F  • (4-33)
7 2 (« 11«22  “  « i2)

Alternatively, on considering the situation where A,- =  Ci =  0 (i G {1, 2}) we 

find, from (4.18) and (4.9), that v\ is an even function of x 2 while v2 is an odd 

function of z2, which gives rise to sy m m etric  (or barreling) modes. In this case, 

the frequency equation for symmetric modes is given by

tanh(si77) Si(A — 6 2 )
tanh(s2 77) s2(A  — s j)

It is worth noting that (4.22) and (4.24) can be written jointly as

(4.24)

sinh(5 i + 62)77 sinh(si -  62)77

( „ + „ )  + -41 =  ±  ( „ - <a) [^ 2 -  - (4-25)

where the + (-)  corresponds to antisymmetric (symmetric) modes.
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Case 2 : a' > 0 ,  V — y/aTc.

Here (4.13) has a positive double root s2 with

s2 — b'jc — y/aJJc , (4.26)

with s taken to be the positive square root. The general solution is again of the 

form (4.9) but this time

<̂1(^2 ) =  A\  sinh(spx2 ) +  B \  cosh(spx2 ) +  C ispx2 cosh(.spx2 )

+  Dispxo sinh(s»X2 ) ,
(4.27)

0 2 (#2 ) =  A 2 cosh(spx2) 4- B 2 sinh(spx2 ) +  C2 SPX2 sinh(spx2 )

4- D 2 SPX2 cosh(spx2 ) . 

Substituting (4.27) with (4.9) into the equation of motion (4.1)i gives the 

identities

(4.28)

and using (4.28) together with (4.27) and (4.9), the boundary conditions on the 

sides, X2 =  i / 2 , can be written as

m  cosh(s77)Ai +  [w cosh(s7y) +  spm  sinh(s7/)] C\ =  0  , 

rsinh(sr/)Ai +  [tsinh(sp) +  srjr cosh(s7y)] C\ =  0  ,

( a  11 - 72 -s2)
■ c r

. D l m

=  6s
m c 2

. d 2

>

( a n  - 7 2 s 2)
' A r

. B l m

-  (a n  + 7 2 S 2 )
cr
D i.

=  6s
A 2

b 2 .

(4.29)

m  smh(sr])Bi +  [n sinh(s77) 4 - sr/m cosh(s77)] D\ =  0 , 

r  cosh(s7y)Hi +  [ t  cosh ( s t j )  +  spr sinh(sr/)] D\ =  0 ,
(4.30)

where

m =  c*i272S2 +  CX11A2112 ? n =  0 1 2 7 2 s2 — <* 11A2112 ,

r  — OLilCX.22 ~~ 0 1̂2^ — 'J2 °i2 2 ^2 )  ̂=  ~2'Y2a 22s2 •

After considerable algebraic manipulation, it can be shown from (4.29), with 

B{ — D{ = 0  (i £ {1 , 2 }), that the frequency equation for antisymmetric modes is

sinh(2 s77) s2 — A
2sp s2 4" A  
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where A  is again defined by (4.23). While from (4.30) we find tha t the frequency 

equation for symmetric modes is

sinh(2sy) _  a2 - A  . .
2  sr, s2 + A '  ( >

Note that (4.31) and (4.32) can be derived from (4.25) by taking the limit as 

si -> s2.

Case 3: 6 '2 — a!c <  0.

In this case s2 and s\ are complex conjugates, and we write

sx =  7  +  *c , s2 =  7  — ie , (4.33)

where

The general solution for this case can again be written in the form (4.9) with 

(4.18), but this time it will involve trigonometric as well as hyperbolic terms and 

so we do not list it here. However, the frequency equations can be found by 

substituting (4.34) into (4.22) and (4.24) (alternatively (4.25)) to give

sinh(277?) j j 'y2 + e2 -  A )  ( .
sin(2 e?7) e(7 2 4- e2 +  *4)

where the + (- )  corresponds to the antisymmetric (symmetric) modes.

Case 4: a' > 0 ,  V =  —\faTc.

In this case, we find that s2 is the unique negative double root of (4.13) and 

so we set s =  is *, where s* is positive and s*2 =  y/aTfc. This time we have

(^2 ) =  A \ sin(s*pz2 ) +  B \ cos(s*px2) 4- C\s*px2 cos(s*px2)

+  D xs*px2 sm(s*px2 ) 

<f>2 (^2 ) =  A 2 cos(s*px2) 4- B 2 sin(s*px2 ) 4- C2 S*px2 sin(s*pz2 )

+  D 2 S*pX2 COs(s*pX2 )
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and the frequency equations for this case can be found by putting s =  is* into the 

results of Case 2, namely

=  ± f ! ! ± 4  , (4 .37 )
2 s * tj s * 2  —  A

with the + (-)  sign corresponding to antisymmetric (symmetric) modes.

Case 5: a1 > 0 ,  b1 < y/o!c.

This time s2 and S2 are distinct and negative, so we write

si =  is j , S2 =  is% , (4.38)

where s j and s j are positive. The general solution is given by (4.9) with this time 

01 (^2 ) =  ^ 1  sin(sjps2) 4- B \ cos(sJpr2) 4- C\ s in ^ p a ^ )

0 0 3 (5 ^ ^ 2 ) , ^

0 2 (^2 ) =  A 2 c o s (s*px2) +  B 2 sin(sjpa;2 ) +  C2 c o s ^ p a ^ )

+  D 2 sin(sjpx2) ,

and on putting (4.38) into (4.22) and (4.24) the frequency equations become

t a n ( s j 7/ )

t a n ^ ^ )
s%{A +  s* 2) (4.40)
sf(^44-sJ2)J

where 4-(~) corresponds to antisymmetric (symmetric) modes. Note that corre­

sponding to (4.25), the frequency equations can be written in the form 

sin(6 ? 4 - ^ ) 7  s m K —
t o + * s )  t o - * * )  l i 2 + -4 J - 1 '

Case 6 : a1 < 0.

In this case one of s2, s2 is positive and the other is negative. We take s2 >  0

and set S2 =  is j, where is taken to be positive, so that the general solution is

given by (4.9) together with

01 (^2 ) =  A x s inh(sipr2 ) 4- B \  cosh(sipr2 ) 4- C\ s in ^ p a ^ )

4- D x cos(sXpx2) ,
V 2 y (4.42)

0 2 (^2 ) =  A 2 cosh(sipr2) 4- B 2 sinh(sipx2) 4- C2 cos(s\px2)

4- D 2 sin(s2px2) .
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This tim e the frequency equation for antisymmetric modes is given by

tan h (si77) s ^ A  — s2) 
tan(s%r]) 5 i (^4  +  s J 2) ’

and the frequency equation for symmetric modes is

tanh(.si77) si(*4 +  s j 2) 
tan(s|r;) ^ ( .A - s J )

(4.43)

(4.44)

Note th a t in this case the frequency equations can not be written in a form similar 

to (4.25).

Case 7: a1 =  0, b' >  0.

In this case, one of the roots of (4.13) is zero with the other being positive 

and so we choose s2 =  s\ >  0 and s2 =  0, where

s 2 =  —  =  a i lQ f2 2  + 7 i7 2  ~  <S2 (4.45)
c a  2272

This time we take

<f> 1(^2 ) =  +  A\Xi +  D\ cosh(6px2) 4- C\ sinh(spa;2) ,
(4.46)

<t>2 (^2 ) = A 2 + B 2 x 2 + C2 cosh(spx2) +  D 2 sinh^pa^) ,

which can be substituted into the boundary conditions (4.6), with x 2 =  ± / 2 > 

give the paired equations

7 2 A i  +  A 2 \ n p A 2 +  7 2 5pcosh(sry)Ci +  A  i i 2Pcosh( 577)6*2 =  0  ,

—a i 2 l2Ai  — « i 2 sinh(s?7)6i +  a 22Ssinh(s77)C2 =  0 >
(4.47)

and

(4.48)
A2112I2 B2 +  7 2 5 s i n h ( s 7 7 ) D i  +  - 4 2 i i 2  s i n h ( s 7 7 ) n 2 =  0  ,

—p o i^ B i  +  OC22B 2 — pot\2 cosh(s77)Z>i +  oc22sp  cosh(sTj)D2  =  0  .

This case arises when a1 =  0, which can happen only if either a n  =  0  or 

7 i =  0 (both cannot hold together, since (4.45) would give s2 =  — 6 2 / a 2 2 ~f2 , but 

s2 >  0  by definition) and we look at each case separately.
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(a) a n  =  0  ( a n  =  ft2).

On substituting (4.46), together with (4.9), into the equation of motion (4 .1 )2 , 

we obtain the identities

# 2 = 0 ,

- P I 2 M  =  SAi ,

(4.49)
r c 2 i  r c i i

(a 2 2 s2 -  7 1 )
'< V ■ c r

=  8 s
. d 2. .D u

If we consider first symmetric modes, with A{ =  C% =  0 (i G {1, 2}), then 

(4.48) becomes

—ol\2 8 D 2 — 0  ,
(4.50)

—a i 2(i?i +  cosh(s77)D i) +  a 22s cosh(sr))D2 =  0 ,

and we see tha t the solution depends on whether a i 2 =  0  or not.

(*) If a i 2 =  0 then (4.49) and (4.50) reduce to B 2 =  D\ =  D 2 =  0, with B\ 

undefined, so that we may have solutions of the form

{cos pa; 1 ^
> e ~ i u t  ,

— sinpajiJ (4.51)

v2 =  0 , 

occurring for all values of rj.

( ii) If a i 2 ^  0 then (4.49) and (4.50) give B{ — D{ =  0 (i € {1, 2}), so that no 

nontrivial solutions are possible in this case.

Alternatively, if we take Bi =  D{ =  0 (i G {1, 2}), corresponding to antisym­

metric modes, then on using (4.49) the boundary conditions (4.47) can be written 

as
(7 1 7 2  -  A 2 n 2 6 )A 2 +  <*128  cosh(srj)C2 =  0 ,

(4.52)
<*i2 'Yist)A2 +  (7 i a J2 +  A 2 n 2 a 2 2 s 2 )smh(sTj)C2 = 0 , 

and again the nature of the solution depends on whether a i 2 =  0  or not.

(*) l f a i 2 =  0  then on noting that s2 > 0  and 6  ^  0  (if 8  = 0  the equations of 

motion (4.1) decouple), we get that Ai =  C{ — 0 (i G {1,2}) and so no nontrivial 

solutions are possible.
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(ii) If a \ 2  7̂  0  then by taking the determinant of the coefficients of (A2, C2) in

(4.52) to be zero, we obtain the frequency equation for antisymmetric modes

tanh(sty) <*j27 i 72 5„̂
W  (7172 -  ^2J12 )̂2

Since the left-hand side of (4.53) is strictly positive, a necessary condition for the

existence of solutions in this case is clearly 71  >  0 , which can be written as

a n  =  a 2 < 7 ! . (4.54)

(b) 71 =  0 (71 =  n 2).

The results obtained in this case are essentially complementary to those ob­

tained in part (a), but this time the nature of the solution depends on whether 

.4.2112 =  0  or not.

(i) *42112 = 0 . Here no symmetric modes can arise but the solution given by

vi =  0  ,

^  )1 (4.55)
Uos(pxi)J

can occur in the antisymmetric case for all values of 77.

(ii) .42112  7̂  0. This time no antisymmetric modes may arise, but the frequency

equation for symmetric modes is given by

tanh(af?) _  0 1 1 0 2 2 ^ 2 1 1 2  , 4  56n
577 ( a i l « 2 2  — OLi28)2 ’

which requires that

7l =  a 2 < a n  , (4.57)

for solutions to exist.

Case 8 : a' =  0, 6' <  0.

This time we have one root of (4.13) zero with the other root, s2 say, negative 

and so we write s = is* with s* taken to be positive. The results in this case can 

be obtained from those of Case 7, by setting s = is* and give:
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(a) a n  =  0 .

If ot\ 2  7  ̂0 then no symmetric modes can occur, while the frequency equation 

for antisymmetric modes is

=  . ( 4 . 5 8 )
s*v ( 7 1 7 2  -  A 2 n 2o y

If <*12 =  0  then the solution given by (4.51) can again occur, with no nontrivial 

antisymmetric solutions possible in this case either.

(b) 71 =  0 .

The frequency equation for symmetric modes, provided *42u 2 7̂  0, is given

by
tan(s'rj) _  a n a 22^ 2i i 2 ( 4  59)

s*rj ( a i i « 2 2  — « 12<^)2

with only the solution represented by (4.55) occurring when *42112 =  0.

Note that in this case, if a n  = 7 1  = 0  then (4.58) (and (4.59)) have the 

solution

s*rf =  k'K , for some integer k. (4.60)

Case 9: a' =  V =  0.

Here zero is a double root of the quadratic (4.13), so tha t we must have

a n a 22 +  7i72 - 8 2 = d n 7 i =  0 , (4*61)

and since we require 8 ^  0, by (4.61), we cannot have a n  = 7 1  = 0 .  The general

solution is of the form (4.9) with

^ 1(^2 ) =  B \  +  A \ x 2 4- D \x \  4- C \x \  ,
(4.62)

^ 2 (^2 ) — A 2 4- B 2 x 2 4- 4” D 2 X2 ,

and on substituting this into the boundary conditions (4.6), on x 2 =  zt/2 , they 

become
7 2 ( ^ 1  4- 3 /2 6 *1) 4- ^>^2 1 1 2 (^ 2  4- I2 C2 ) =  0 ,

—oc\2p(A\ 4- l2C\)  4- 2 0 :22^*2 =  0 ,
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and
271  D\ + p A 2 \ \ 2 (B 2 +  l2 D 2) =  0 ,

(4.64)
—&\2 p(B\ +  l2 D \)  +  oi2 2 (B 2 +  Zl2 D 2) =  0 .

We again have two possibilities, namely, either a n  =  0 or 71  = 0 ,  and we 

look at each separately.

(a) a n  =  0 .

In this case (4.61) becomes

7 i 7 2 =  6 2 . (4.65)

On substituting (4.62) into the equation of motion (4 .1 )2 , we obtain the identities

£>2 = 0 ,

28Di =  —P7 1 B 2 ,
(4.66)

3 8 C1 =  - p j i C 2 , 

p8 A\ =  2 a 22C*2 —p2 7 i A 2 .

Consider first the antisymmetric case with B{ =  £>,• =  0 (i E {1, 2}), so that 

on substituting from (4.66) into (4.63), the boundary conditions can be written as

a 128p2A2 +  ( a 128 rj2 -  2 a 2 2 j 2 )C2  =  0 ,
(4.67)

p2 7 i a i 2 A 2 +  (2^42ii2«22 +  ai272^2 /3)C*2 =  0  ,

and so the nature of the solution again depends on the value of a i 2 -

If a i 2 =  0  then (4.67) reduces to C2 =  0, since a 22 >  0  by strong-ellipticity, 

and (4.66) then gives Ci =  0. This permits solutions of the form

( cospri 1 
"PTi , I ^ I - iu tv i  =  - - — - A 2x 2 < >
« 2̂i i 2  ̂— s in p ri J

{sinpxi 1
I e-i*t

cospri J

(4.68)

which exist for all values of 77.
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However, if <212 ^  0 then we obtain from (4.67) the frequency equation for 

antisymmetric modes
2 3c(£ +  ^ 2112)

■ (4 M>
A necessary condition for (4.69) to give positive solutions for rjj2 is

>  4  . (4.70)
a  12 2

For symmetric modes with Ai =  C,- =  0 (i E {1, 2}), on using (4.66), the 

boundary condition (4.64)i reduces to

(7172 ~  A 2 i u 8 )D 1 = 0 , (4.71)

and from (4.65) we see that this requires either 0 7 2  =  0 or Di = 0 .  If <212 7̂  0 then 

no nontrivial solutions can occur in this case, however when a  12 =  0  the solution 

described by (4.51) can again occur.

(b) 71 =  0 .

This time we find that for antisymmetric modes, no nontrivial solution is 

possible when 4 2n 2 7̂  0 , but if *4 2i i 2 =  0  the solution represented by (4.55) can 

occur. For symmetric modes it is found that if *4 2 i i 2 = 0  then the solution given

by

{cospri }
\  e~iu;< 2 — sin pa: 1 J

(4.72)

v2 —  B \ x 2 < > e ,
a i 2  (^cospxij

exists for all values of 77, but otherwise the frequency equation is given by

^  =  3 c ^ )  > ( 4  ?3)
A 2 \ \ 2 o£

which requires that

“ 12 >  A  , (4-74)<4.2112 2
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for positive values of rj2.

4.3 The compressible static case.

4.3.1 General bifurcation criteria.

When u> =  0 the solutions found in Section 4.2 correspond to quasi-static 

incremental deformations and the frequency equations derived there can be viewed 

as bifurcation criteria. When the strong-ellipticity condition (4.7) holds, only 

Cases 1 , 2  and 3 of Section 4.2, can arise and we restrict our attention to just 

these three cases. These equations, together with the results for the cases that 

occur on the boundary of the strongly-elliptic domain, were obtained by Ogden 

(1984), but a full discussion of their nature was omitted. Here we restate the 

relevant equations, giving a brief discussion of them, before studying them in 

more detail using particular strain-energy functions.

Case 1 : b > y/ac.

The bifurcation criteria are given by

±itanh(si77)
tanh(s277)

s2(A  - s i ) '
5i ( 4 - 5 ^ )

(4.75)

where the +  (-) sign corresponds to antisymmetric (symmetric) modes of deforma­

tion, and we have

2 b + \ fW  — ac 2 b — Vb2 — ac
S  i , So  =  .

with

A  =  . (4.76)
72 (<*11<*22 “  <*12)

As in (4.25), equations (4.75) can be rearranged as

sinh(si 4 - s2)rj sinh(si -  s2)tj

(S1 + S 2 ) + -41 =  ± .......( s ~ 7 ; r [siS2 - -41 • (4 -77)
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By using the monotonicity of tanh, it can be seen from (4.75) tha t a necessary 

condition for the existence of antisymmetric modes is

*1*2 >1-4 | ,  (4.78)

while for symmetric modes to exist we must have

Sj s2 < | *4 | . (4.79)

However, since s in h z /r  is also strictly increasing (for nonzero x) (4.77) gives us 

that, for either mode to occur we must have

A  <  0  , (4.80)

so that on combining (4.78)-(4.80) we find that a necessary condition for antisym­

metric modes to exist is

—s is 2 <  A  <  0  , (4.81)

while

A  < —s\S2 <  0 , (4.82)

is necessary for symmetric modes. In the unstressed configuration, from (4.76) 

and (2.46), we see that A  =  0 and s\ =  s 2 =  1 , so that on a path  of pure 

homogeneous deformation from this unstressed configuration, by continuity, we 

must pass through (4.81) before (4.82) can be satisfied, that is, antisym m etric  

m odes can always occur before sym m etric m odes.

By noting th a t s \s \  =  a / c, (4.81) and (4.82) can be written as

+ + ( * ' - “ ) " ! ) 4  °  ■ ( 4 - 8 s >

and

(« „ « « )» /*  +  ( ^ S ) ^  "  ( ( 7 l 7 2 ) , / 2  +  (“ » “ 22)1/2)  >  0  • (4‘84)

respectively. In Dowaikh and Ogden (1991), equation (4.83), in a slightly different 

notation, was found to be an exclusion condition for the existence of quasi-static
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surface deformations on a half-space, whereas here it can viewed as an exclusion 

condition for the existence of symmetric modes.

Case 2 : b =  y/ac.

Here, s2 =  yfafc. and the bifurcation equations are given by

sinh(2 s77) s 2 — A
2 sr) s 2  4 - A  7

with the 4-(-) corresponding to antisymmetric (symmetric) modes. Again by not­

ing the monotonicity of s inhx/x , a necessary condition for antisymmetric modes 

to exist is

- s 2 <  A  <  0  , (4.86)

while for symmetric modes to exist, the inequality

A  < - s '2 < 0  , (4.87)

must hold and so, as in Case 1 , antisymmetric modes can always occur before sym­

metric modes. Note that (4.86) and (4.87) are consistent with (4.81) and (4.82),

and that they can again be written in the forms (4.83) and (4.84) respectively.

Case 3: 62 < ac.

Here we have complex roots and the bifurcation equations are given by

sinh(2 7 i?) 'y j j 2 + 1 2 -  A )  . .
sin(2 e77) c ( j 2 4- e2 4- A )  ’

where from (4.34), we have

- ( ¥ ) ' '  «•*»
and the 4-(-) corresponds to antisymmetric (symmetric) modes. The occurrence 

of trigonometric as well as hyperbolic terms in (4.88) does not allow us to obtain 

necessary existence criteria as in the other two cases.
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4.3.2 Results for particular strain-energy functions.

In order to obtain a further understanding of the results of the previous section 

we consider three particular strain-energy functions, one or more of which lie 

within each of the three cases that can arise while strong-ellipticity holds.

a) A compressible neo-Hookean material.

If we consider the strain-energy function

w  =  |  (A2 +  A2 +  A2 — 3 — 21n(AjA2A3)) , (4.90)

and take A3 =  1 to be fixed, we get from (4.4) and (4.90) that

i .
A?

a — 7 2  (Aj +  1) , c — t t  (A2 4- 1) , 26 — p 2(2 +  A2 2 +  A2 2) , (4.91)
A 2

*4 =
(AjA2 - l )  
A2 (A2 4-1)

(4.92)

which satisfy

(4.93)
6 >  0 ,

62 — ac =  fi4 (AJ~2 — A^2)2/4  >  0 , 

for all values (Ai, A2). So, from (4.93), we see tha t if Ai =  A2 then Case 2  holds, 

while Case 1 holds for all other values of Ai and A2.

(0  Ai ±  A2.

Here the solution lies wholly within Case 1 and on introducing the quantities 

po and 770, as in (3.154), which are independent of the deformation, we find that

x AlPo =  Aip , r]Q = — 77 .
A2

The bifurcation equations, from (4.75), can be written as

(4.94)

tanh(77o)

tanh G 3 ? ) *70

A2 (A? +  1) 3/ 2

L Ai (A | +  l ) 3 / 2 J

±1

(4.95)

where the 4~(~) sign corresponds to antisymmetric (symmetric) modes.
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If we take the sides x 2 =  ± / 2 to be traction free, tha t is cr2 =  0, then from 

(4.90) and (2.27) we must have A2 =  1 , which on substituting into (4.95) gives

±i
(4.96)

ta n h (7 7 o )  f  (A j  +  l ) 3/ 2

tanh (̂1 -f X1 2 ) 2 770 /  \ / 2 J L 2 \ / 2 Ai

and by considering the monotonicity of tanh, a necessary condition for antisym­

metric modes to occur is

A ? > V 5 - 2 ,  (4.97)

while for symmetric modes we require

< VE  — 2 . (4.98)

From (4.92) and (4.80) we see that for either mode to occur, we must have

Ai <  1 , so that neither mode can arise for tensile values of 0 1 , while in com­

pression, as the body is deformed on a path  of deformation and stress from the

unstressed configuration, only antisymmetric modes may arise until A2 =  y/E — 2

and thereafter only symmetric modes may occur.

(« ) Ai =  A2.

In this equibiaxial case, if Ai =  A2 =  A, say, then

a — b — c — /i2( l  -f A-2 ) ,
V '  (4.99)

A =  (I — A-2 ) ,

so that b — y/ac, and the solution thus lies within Case 2 . The bifurcation equation, 

from (4.85), is

which requires that 1 /  y/ 2  < A < 1 for antisymmetric modes to occur and A < 1 / \ / 2  

for symmetric modes.

b) Varga material.

Similar to the neo-Hookean material, we choose the strain-energy function

W  =  j i (Ai +  A2 +  A3 — 3 — ln(AiA2 As)) , (4.101)
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which gives, when A3 =  1,

/i2 Ax, A?
a _  A2 (A3 + A 2) ~  A2 “  x f ’ ( }

which axe all positive with b2 — ac = 0 and thus Case 2  holds for all admissible 

deformations in this case. From (4.85), the bifurcation equations for antisymmetric 

(+ ) and symmetric (-) modes can be written as

sinh27/o __^A1 1 + A 2 1 —1 
2 t j0  3 -  A^ 1 -  A2

=  T V  • (4-103)

From (4.103) it can be seen that a necessary condition for antisymmetric modes 

to occur is

2  <  A" 1 +  AJ1 < 3 , (4.104)

while for symmetric modes

A]"1 +  Â 1 >  3 , (4.105)

is a necessary condition.

c) Blatz-Ko material.

If we take the strain-energy function given by

IV — ^-(Aj 2 +  A2 2 4 * A3 2 +  2 A1 A2 A3 — 5) , (4.106)

which for fixed A3 =  1 has

3/is

and so gives

with

a = c =
A?A| 1

2£> — ys^s  (8 A2A2 — Aj — A2) ,
(4.107)

(4.108)

b +  =  ^ S ( |(1 4 A f  A2 -  At -  At) . (4.109)
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The strong-ellipticity condition requires that b+y/ac > 0, which from (4.109) 

can be seen to be

A* +  A2 — 14A2A2 < 0  , (4.110)

and this corresponds to the region, in (Ai, A2 )-space, in the first quadrant between

the two lines

Ai =  (2 ±  \Z3)A2 . (4.111)

W hen strong-ellipticity holds, we see from (4.108) and (4.110) th a t 42 — ac <  0, 

with equality only when Ai =  A2. Therefore, for equibiaxial deformations, the 

solution lies within Case 2 , but for all other admissible deformations Case 3 applies.

( 0  A ! ^ a 2.

From (4.107) and (4.89), we see that 7 2 + e2 =  1, which can then be substituted 

into the bifurcation equation (4.88) together with

t 2 =  £ ( 1 4  -  -  r 2) ,

e2 =  ^ ( f - r 1)2 . (4.112)

=  3 ( 1  -  ({ +  r 1 -  A?A2)2)
(9 -  A}A^)

where £ =  A2 /Ai.

(ii) Ai =  A2(=  A).

In this equibiaxial case we have

a =  6 =  c =  3 p / A  ,

-A =  3(^ 4  +  3̂  (provided A4 ^  3) , 

and the bifurcation equation (4.85) becomes, for A4 ^  3,

, (4-113)
2 tjq 2A4 v '

where the + (- )  corresponds to antisymmetric (symmetric) modes. By considering 

(4.113), it can be seen that symmetric modes cannot arise in this case, while 

antisymmetric modes may only occur in compression.
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4.3.3 Numerical results for the static case.

The bifurcation criteria derived in the previous section were studied numeri­

cally and the results axe shown in Figures 4.1-4.8.

Figures 4.1-4.3 deal with the neo-Hookean strain-energy function and Fig­

ure 4.1 represents the solution to (4.100) in the equibiaxial case. Figure 4.2 shows 

plots of the stretch Ai against the mode number rjo for various values of the stretch 

A2 and, as in the equibiaxial case, for each graph, there exists a critical value of 

Ai, Ac say, such that Ai >  Ac corresponds to antisymmetric modes while Ai <  Ac 

corresponds to symmetric modes and the value of Ac decreases as the stretch A2 

increases. Figure 4.3 shows a (Ai, A2 ) phase plot of the bifurcation equations and, 

as the value of the mode number 770 increases, the two solution branches can be 

shown to approach one another, although only the branch corresponding to the 

symmetric mode intersects the Ai-axis.

Figures 4.4 and 4.5 dealing with the Varga material are seen to be very similar 

to Figures 4.2 and 4.3, respectively, for the neo-Hookean material; however, in 

Figure 4.5, as the value of 770 is increased, both curves approach the hyperbola

(A! -  1)(A2 -  i )  =  i  . (4.114)

For the Blatz-Ko material, we see from Figure 4.6 tha t there are two regions in 

which bifurcation can occur and, for the case corresponding to larger values of Ai, 

symmetric modes can occur before antisymmetric modes on a path  of deformation 

from the reference configuration. The sole antisymmetric solution branch predicted 

from (4.113), in the equibiaxial case, is shown in Figure 4.7, with Figure 4.8 giving 

a phase plot for this Blatz-Ko material. The upper two solution branches in 

Figure 4.8 converge as they approach the line Ai =  A2 with neither mode possible 

on this line, which is consistent with (4.113).
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F ig u re  4.1: Bifurcation curves for a compressible neo-Hookean

m aterial subjected to an equibiaxial deform ation w ith Ai =  A2 =  A, 

where the solid (broken) lines correspond to antisym m etric (sym m etric) 

modes.
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F ig u re  4.2: Bifurcation curves for a compressible neo-H ookean

m aterial for several values of the stretch A2 ; the solid line corresponds to 

A2 =  1.0, the dotted line corresponds to A2 =  1.5 and the dashed line 

corresponds to A? =  0.7. On each graph there is a critical value of the 

stretch A| such tha t antisym m etric modes occur above this value and 

symmetric modes occur below it.
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F ig u re  4.3: Phase plot for bifurcation modes of a  compressible

neo-Hookean m aterial w ith mode num ber t]q =  1.0, where the solid (bro­

ken) lines correspond to antisym m etric (sym m etric) modes.

112



0.8

0.6

0.4

0.2

0.0
3.50 .5 2 .5 3 .0

F ig u re  4.4: Bifurcation curves for a compressible Varga m aterial

for several values of the stretch A2 ; the solid line corresponds to  A2 =  1.0, 

the clotted line corresponds to A2 =  1.5 and the dashed line corresponds 

to A2 =  0.7. On each graph there is a critical value of the stre tch  Ai such 

th a t antisym m etric modes occur above this value and sym m etric modes 

occur below it.
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F ig u re  4.5: Phase plot for bifurcation modes of a compressible

Varga m aterial with mode num ber ijo =  1.0, where the solid (broken) 

lilies correspond to antisym m etric (sym m etric) modes.
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F ig u re  4.6: Bifurcation curves for a compressible B latz-K o m ate­

rial with stretch A2 =  1.0. The solid (dotted) curves represent antisym ­

m etric (sym m etric) solution branches while the dashed line represents 

the boundary of the strongly-elliptic domain.
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F ig u re  4.7: Bifurcation curve for the only, antisym m etric, mode

th a t occurs for a compressible B latz-K o m aterial subjected to  an equi- 

biaxia.1 deformation with Ai =  A2 =  A.
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F ig u re  4.8: Phase plots for bifurcation modes of a compressible

B latz-K o m aterial with mode num ber rjq =  1.0. The solid (do tted) lines 

represent antisym m etric (sym m etric) solution branches while the dashed 

lines represent the boundary of the strongly-elliptic domain.
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4.4 Results for the dynamic problem.

We now consider, for arbitrary u>, the frequency equations derived in Sec­

tion 4.2. Unfortunately for compressible materials, few worthwhile results can be 

found for an arbitrary strain-energy function, so that here we specialize the results 

by restricting our attention to a neo-Hookean material.

4.4.1 Some general results.

Corresponding to the static case, existence criteria can be obtained for Cases 1 

and 2 , the other cases either containing trigonometric terms or having been dis­

cussed in Section 4.2.

For Case 1 , we again find that (4.80)-(4.82) hold, although the terms involved 

have a different meaning, so that corresponding to (4.83) and (4.84), we get

( a n ° Z y / i  +  ( ^ l y / 2  -  ( ( “ ” “ « ) 1 /2  +  (7172)1/2)  <  0 , (4.115)

as a necessary condition for the existence of antisymmetric modes in the dynamic 

case, with

+  ( W *  "  + > 0 ' <4116)

necessary for symmetric modes. In Case 2, we again obtain the inequalities (4.115) 

and (4.116) for the existence of solutions, but for this case using the condition that 

b1 =  y/aFc, we have in addition

( « n « 2 2 )1/2  -  (7 i 7 2 )1/2] =  £ 2 • (4.117)

Unlike the incompressible case, asymptotics for small and large values of r) 

yield no constructive results and so here we only list results for the limits as rj —> 0 

and rj —> oo.

a) 77 —> 0 .

On taking the limit rj —> 0 in the frequency equations derived in Section 4.2, 

we find that for Cases 1-6, the frequency equations for symmetric modes have no
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limiting forms, while those for antisymmetric modes reduce to

-4 =  0 , (4.118)

which can be written as

a2 = 7J.l 2- z A m  . (4.H9)
72

Note tha t (4.118) holds for any material in its unstressed configuration, so that 

in this state the block, with 77 — 0 , can be unstable with regard to  quasi-static 

antisymmetric modes.

In Cases 7 and 8 , ignoring the solutions (4.51) and (4.55) which exist for all 

values of 77, we find that on taking the limit 77 —> 0 in (4.53) (or (4.58)), with 

o  11 =  ft2 , we can get either

72(71  “  <*11) =  <*2 or -42112 > (4.120)

which are distinct, since a J2 ^  0. While if we take 71 =  Q? then (4.56) (or (4.59)), 

in the limit 77 —»• 0 , becomes

0 2 2 (0 1 1  - 7 i )  =  or o 22 » (4.121)

with -4 2h 2 7̂  0. Since the right-hand sides of (4.120) and (4.121) are both positive, 

only one or the other of these modes can arise, depending on the relative sizes of 

o n  or 71 (both must be positive by the strong-ellipticity condition).

For Case 9, taking the limit 77 —> 0 in (4.69) and (4.73) gives

o i 2 +  2^42n 2 =  0 , (4.122)

with a n  =  and

2oi2 4- -42h2 =  0 , (4.123)

with 71 =  fi2, respectively.

119



b) 77 —> 0 0 .

This time, on taking 77 —* 0 0  we find that limits only exist for Cases 1-4 and 

the limits for the antisymmetric and symmetric modes coincide. For all four cases, 

the limit as 77 —* 0 0 , of the frequency equations, is

(4.124)

which can be written as

( 5 ^ 7 = + + ( W ' 1 = 0 • (4'125>
In Dowaikh and Ogden (1991) equation (4.125), in a different notation and 

form, was found to be the secular equation for Rayleigh surface waves on a com­

pressible half-space; the reasons behind this link will be discussed in Chapter 5.

4.4.2 The particular case of a compressible neo-Hookean material.

We again consider a strain-energy function of the form (4.90), namely

W =  |  (A? +  A’ +  A2 -  3 -  ^ ( A j A i A a ) )  ,

although this time we also consider nonzero lo. We again take A3 =  1 , so th a t a, 

b and c are given by (4.91) with, from (4.14),

. / ___ A* / 0 \2 , i\r>2 , r>4a =  a —
AiA

{2 Xi +  l ) fT +  f t 4 ,

2b' = 26 -  t-^ -(2 A \  +  l ) f i2 , (4.126)
A1A2

/c =  c

and
_  A2 A2 — l* ~  1 (4.197'\

A2 (A2 +  1 ) ’

where flo is chosen to be independent of the deformation, as in (3.154), and is

given by

=  Aiflo • (4.128)

120



On substituting (4.126) into (4.13) we find that

A2 + 1  -  A?A2n 2
Si =

(A" +  1)_ (4.129)
s\ =  ^ " ( 1  “  ^ 1 ^ 2^o) >

(or possibly vice-versa) where

Q20 =  ^  . (4.130)

From (4.129) we see that both roots axe positive for fig <  1/Ai A2 , one root 

positive and the other negative when I/A 1A2 <  <  (1  +  Â "2 )/AiA2 and both

roots negative for CLq > (1  +  AJ”2 )/AiA2 .

Case 1 : Hq <  I/A 1A2 .

Substituting from (4.127) and (4.129) into the frequency equations (4.22) and 

(4.24), for antisymmetric and symmetric modes respectively, gives

t a nh ( l  — AiA2ng) 2 77o

±1[ ( l - A 1A2ng)>/2(A2 +  l )3/2
LA2A2(l +  Ar2 - A IA2n 2)V2j (4.131)

where the + (-)  sign corresponds to antisymmetric (symmetric) modes and 770 is 

defined as in (4.94).

Case 2: Ct20 =  A2 (A" 2 -  A"2 )/Ai.

Here we have s2 =  s\ =  1, so that this case lies wholly within Case 1, and the 

frequency equations, from (4.31) and (4.32), can be written jointly as

smh(2A2 r?o/A1) , 1
2A2% /Ai 2A2 - 1 ’ ’

where the + (-)  sign corresponds to antisymmetric (symmetric) modes.

Clearly for either mode to arise we require tha t Ai >  A2, with antisymmet­

ric modes possible when l /y /2  <  A2 < 1 and symmetric modes possible when

0 < A2 <  l/y /2 .
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On considering (4.129) it is clear that Cases 3, 4 and 9 cannot occur for this 

material.

C a s e  5 : f ig  >  (1  +  Aj”2 ) / A i  A2 .

Here s2 and S2 are both negative and the frequency equations can be written 

in the form

t a a (  i+Ar* ‘ )  Vo
tan(AiA20g — 1)2770

(A1A2n 2 - l ) 1/2(A2 +  l )3/2
LA2A2(A1A2n 2 - l - A 1- 2)3/ 2 j

±1

(4.133)

where the + (- )  sign corresponds to antisymmetric (symmetric) modes.

Case 6 : 1/AiA2 < ftg <  (1  +  Aj"2 )/AiA2 .

Here s2 >  0 and s\ <  0 and the frequency equations can be w ritten similarly to 

(4.131) and (4.133), but this time in the forms (4.43) and (4.44) for antisymmetric 

and symmetric modes respectively.

Case 7: Hg =  I/A 1A2 .

The condition f2g =  I/A 1A2 corresponds to 71 =  0  and this, together with the 

fact that -4 2 H2 =  /VA1A2 7̂  0, implies that (4.56) holds in this case. This means 

that here only symmetric modes may arise, with frequency equation

tanh A270

LAi (A| + 1)1/2]
A2770

A i(A2 + I ) 3/ ’  '
(4.134)

Case 8 : fig =  (1  -f A]“ ) / A1A2 .

This time the condition fig =  (1  +  Â "2)/Ai A2 corresponds to a n  =  0, and for 

this material we have a i 2 =  0, for all admissible deformations. This means that 

only the solution represented by (4.51), namely

{cospxi  ̂

— sin p ri J

V2 =  0 ,
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may occur in this case, with

j i  _  _^£5_(A-2 +  ^  (4.135)
P A1A2

4.4.3 Numerical results for the neo-Hookean material.

For this strain-energy function we find that in the first quadrant of (Ai, A2 , 

flg)-space the surface represented by fig =  I/A 1A2 , corresponding to Case 7, lies 

strictly below the surface fig =  (1 +  Af2)/AiA2 , corresponding to Case 8, and

so this quadrant is divided into three regions corresponding to Case 1 on the

bottom , Case 5 on top and Case 6 lying between these two surfaces; the remaining 

Case 2 lies wholly within Case 1. In order to permit a comparison with the results 

for incompressible materials, it is found tha t on substituting the strain-energy 

function (4.90) into (2.31), the stress 0 2  can be written as

- _  (Ai “  1) pR\
=  ~ A iA ^ "  ’ ( 4 .1 3 6 )

where a? = \ 3 0 2 l  H is defined as in Section 3.6 for the incompressible neo-Hookean 

material.

In Figures 4.9-4.13 we show dispersion spectra, i.e. we plot Og against 77g, for 

the compressible neo-Hookean material proposed in the previous section. On com­

parison with the results for the corresponding incompressible neo-Hookean m ate­

rial the most immediately striking difference is tha t now the solution branches for 

the antisymmetric and symmetric modes can now cross over one another; all such 

cross-over points occur within Case 5, which cannot arise in the incompressible 

case, and correspond to values of Ai, A2 and Ho such that

* * kir
4* <̂2 — »

1

for some integer fc, where s j and sj 3X6 defined as in (4.38).

Figures 4.9-4.11, with Ai =  0.7, A2 =  0.7, 1 and 1.5 which from (4.136) can 

be seen to correspond to 02  ~  —1.04 in Figure 4.9, <72 =  0 in Figure 4.10 and
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<72 w 1-19 in Figure 4.11, can be compared with Figures 3.11-3.13, respectively, in 

the incompressible case. The only m ajor difference between the two cases, apart 

from the existence of cross-over points, occurs with the lowest symmetric mode, 

which in the incompressible case has a cut-off frequency, above which it cannot 

occur for any value of the mode number, but which has no such bound in the 

compressible case. On taking fto =  0 it is seen that similar stability arguments 

hold for both cases. Similarly Figures 4.10, 4.12 and 4.13, with A2 =  1, can be 

compared with Figures 3.12, 3.3 and 3.15, respectively, in the incompressible case.

In Figures 4.14 and 4.15 we plot the frequency spectrum, for Oo against Ai, 

corresponding to the cases with A2 =  1.0 and A2 =  0.7 respectively, and we note 

that the lowest antisymmetric mode in Figure 4.14 does not occur in Figure 4.15; 

on solving (4.132) for Figure 4.15 we find that Ai «  0.22, which is less than 

A2 =  0.7, so that Case 2 does not arise. Figure 4.14 can be compared with Figure 

3.19, & 2 — 0 and 770 =  1 in each, and, apart from the cross-over points, the only 

significant difference is that while all the incompressible modes occur within a finite 

range of values for flo only the lowest symmetric and antisymmetric modes are 

so bounded in the compressible case. Finally, in Figure 4.16 we plot a frequency 

spectrum for CIq against A2, with a fixed value of Ai, which can be compared with 

Figures 4.14 and 4.15 above for the reverse situation.
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F ig u re  4.9: Dispersion spectrum  for a compressible neo-Hookean

m aterial which has been subjected to an equibiaxial deform ation w ith 

X[ =  A'2 =  0.7. The solid (broken) curves represent the antisym m etric 

(sym m etric) solution branches.
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F ig u re  4.10: Dispersion spectrum  for a compressible neo-H ookean

m aterial which has been subjected to a homogeneous deform ation w ith 

A] =  0.7 and A<> =  1.0. The solid (broken) curves represent the antisym ­

m etric (s3rm m etric) solution branches.
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F ig u re  4.11: Dispersion spectrum  for a compressible neo-H ookean

m aterial which has been subjected to a homogeneous deform ation w ith 

A] =  0.7 and A_> =  1.5. The solid (broken) curves represent the antisym ­

m etric (symmetric) solution branches.
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F ig u re  4 .12: Dispersion spectrum  for an undeform ed compressible

m aterial, where the solid (broken) curves represent the antisym m etric 

(sym m etric) solution branches.
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F ig u re  4.13: Dispersion spectrum  for a compressible neo-H ookean

m aterial which has been subjected to a homogeneous deform ation w ith 

A] =  1.5 and A2 =  1.0. The solid (broken) curves represent the antisym ­

m etric (sym m etric) solution branches.
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F ig u re  4.14: Frequency spectrum  for a compressible neo-Hookean

m aterial, with stretch A2 =  1 . 0  and mode num ber rj0 =  1 , where the 

solid (broken) curves represent the antisym m etrie (sym m etric) solution 

branches.
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F ig u re  4.15: Frequency spectrum for a compressible neo-Hookean

material, with stretch A2 =  0.7 and mode number rjo — 1 , where the 

solid (broken) curves represent the antisymmetric (symmetric) solution 

branches.

131



5.5

5.0

4.5

4.0

3 .5

3 .0

2 .5

2.0

1.5

1.0

0 .5

0 .5 1.0 1.5 2.0 2.5

A2

F ig u re  4.16: Frequency .spectrum for a compressible neo-Hookean

m aterial, w ith stretch A] =  1 . 0  and mode num ber 77 =  1  , where the 

solid (broken) lines represent the antisym m etric (sym m etric) solution 

branches.
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C h a p te r  5 -  A p p lica tio n s  to  E las tic  W avegu ides.

In this chapter we discuss briefly the theory of linear elasticity and with it 

derive the Rayleigh-Lamb frequency equations for plane waves in a linearly elastic 

waveguide. We then show how the results of Chapters 3 and 4 can be applied to 

the related problem of an infinite elastic layer of pre-stressed m aterial and justify 

them  by deriving known results for Lamb and Rayleigh waves.

5.1 Linear theory of elastic waveguides.

If u(x , t) is a (small) displacement from a given unstressed reference configu­

ration then the corresponding small-strain tensor, E , is given in component form

by

Eij =  2^Ui^  "b » (5*1)

so th a t E  is clearly symmetric. If T  is the linear stress tensor then it is related to 

the strain E  by the constitutive relation

T  =  Ao E , (5.2)

where Ao has the component form given by (2.46) when evaluated along its prin­

cipal axes, and with this T  can be written in component form as

= XEkk îj +  2/iE,j , (5*3)

where A and /i are the usual Lame moduli.

On substituting from (5.1) and (5.3) into the equation of motion

d iv T  =  p\iftt , (5.4)

we obtain the component form of (5.4), namely

Hu i,jj +  (A +  n)u jtji =  pu^tt . (5.5)
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In order to simplify the form of the equations of motion we can take the 

Helmholtz decomposition of the vector u, namely

u  =  V ^ +  V x $ ,  V .^  =  0 , (5.6)

where <j> is an arbitrary scalar potential and ^  is an arbitrary vector potential; the 

condition div ^  =  0 ensures that the decomposition is unique. It can be shown, 

Achenbach (1984) for example, that in an unbounded medium, any solution of 

(5.5) can be written in the form (5.6); however when boundary conditions must 

be satisfied such a decomposition provides a restriction on possible solutions.

On substituting from (5.6) into (5.5) we obtain two uncoupled wave equations

V 2 ■ l  d 24>
* ~ c\ m  ’

r2 i— 1
4  at2

where cl and ct are constants given by

2 A +  2/j 2 n
L  ~  > CT  “  ~  » ( 5 -8 )

P 9
which represent the speed of propagation of P-waves and S-waves respectively; 

see, for example, Miklowitz (1966).

We now consider the specific problem of an infinite layer with — 12 <  £2  <  h ,  

and restrict our attention to plane strain solutions in the (®i, r 2 )-plane, so that 

we have

U3S0> ^ 7 ()s0>
and thus the equations (5.7) reduce to

d2<f> d2(j> 1 d24>
dxJ +  dx\ ~  c l  W  ’
d2rl> d2tl> 1 d2ij>
dx\ + d 4 = ' ^ ' W  ’

where ^  is a scalar potential function. We now look for plane-harmonic waves 

propagating in the x \-direction and so we consider solutions of the form

(j) =  iy1(a;2)exp (z(u;f — kxi)) ,
(5.10)

V* =  ^ 2 ( ^ 2 ) e x p  ( i ( u t  — k x i ) )  ,
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where u  is the frequency, k is the wavenumber and W\ and W2 are arbitrary func­

tions of X2 . On putting (5.10) into (5.9), the equations reduce to

w'l =  a 2w\
(5.11)

w2 w2

(5.13)

w ' i  =  f t  w 2 ,

where

a 2 =  k2 -  , ft 2 =  A: 2 -  ^  . (5.12)
CL CT

The equations (5.9) then have the general solution

(f> =  [Asinh(aa;2) +  C cosh(ax2)] e 

ij) =  [J? cosh(ftx2 ) +  -D sinh(ftx2 )]

Note that a 2 and ft2 could also be negative, in which case we would get 

trigonometric, instead of hyperbolic, terms (isolated transitional cases also occur, 

but we do not consider them here).

If we now take the surfaces X2 =  ± / 2  to be stress-free, so that

T 21 =  T 22 =  0 , when x 2 = dz/2 , (5-14)

then on substituting from (5.13) into (5.3), (5.6) and (5.14), we find that two 

distinct modes axe possible. On taking B  =  D  =  0, which corresponds to anti­

symmetric (or flexural) modes, we obtain the frequency equation

tanh (a /2 ) _  4k2ctf3 . .
tanh(ft/2) “  W + T 2)2 ’ ( }

where a  and ft are chosen to be positive. On the other hand, if we take A = C =  0,

which corresponds to symmetric (or barreling or longitudinal) modes, then the 

frequency equation is given by

tanh (a /2) =  (ft2 +  k2)2
tanh(ft/2) 4F a f t  * K ’ }

Equations (5.15) and (5.16) are the R ay le ig h —L am b freq u en cy  eq u a­

tio n s  for antisymmetric and symmetric modes respectively (Rayleigh (1889), 

Lamb (1890) ). For a material with positive bulk and shear moduli, we must have
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A +  >  0 and n > 0 respectively, so that from (5.8) we must have c \  > Cj. for all

such materials. From (5.12) we now see that three distinct possibilities can arise, 

namely

(z) a 2 >  0  , ft2 > 0 .

The frequency equations axe given by (5.15) and (5.16) in this case.

( i t )  a2 >  0 , ft2 <  0.

On writing ft =  ift, with ft taken to be positive, the frequency equations can 

be w ritten as
tanh(o:/2 ) 4 fc2aft
tan(ft/2) (k2 -  ft2 ) 2 ’

for antisymmetric modes, and

tanh(aZ2 ) (k2 — ft2 ) 2 

tan(ft/2 ) £k2afi ’

for symmetric modes.

(5.17)

(5.18)

(Hi) a 2 <  0  , ft2 <  0 .

Here we take a  =  id  and ft =  ift, with a  and ft both taken to be positive, and 

with this the frequency equations can be written as

±i
(5.19)tan (a /2 )

tan(ft/2)
4 k2dP

(Jfc2 - f t2)2J ’

where the + (-)  sign corresponds to antisymmetric (symmetric) modes.

In Case (z), by making use of the monotonicity of tanh, it is possible to obtain 

necessary conditions for the existence of solutions, though we do not list them here; 

however, the situation in Cases (ii) and (Hi) is much more complicated. It was not 

until Mindlin (1960) that the full frequency spectra, for such appaxently simple 

equations, were understood for these two cases. Mindlin (1960) obtained bounding 

curves for each of the solution branches by considering the related problem with 

mixed boundaxy conditions, T 12 =  0  and 1*2 =  0  on the surfaces X2 =  ±^2, instead

136



of (5.14). In this case the corresponding frequency equations have a much simpler 

structure than  the Rayleigh-Lamb equations and the solution branches can be 

described analytically. The use of modern computers has allowed the results of 

Mindlin to be easily verified, and in Figures 5.1-5.3 the dispersion curves of the 

Rayleigh-Lamb equations are shown for several values of Poisson’s ratio, with 

Figure 5.3 corresponding to Figure 18 of Mindlin (1960) for v  =  1/3.

Note that here we are only interested in propagating waves and so we restrict 

our attention, solely, to real values of the wavenumber.

So far in this section we have been dealing with compressible materials but we 

now consider the incompressible limit of these equations. For an incompressible 

material we must have the classical Lame modulus A —> oo, which from (5.8) 

and (5.12) requires that a 2 -* k2, in this limit; this corresponds to the fact that 

longitudinal P —waves cannot propagate in an incompressible media. This means 

that the Rayleigh-Lamb frequency equation for an incompressible material, from 

(5.15) and (5.16), can be written as

±i
(5.20)tanh(/;/2 )

tanh(/?/2 ) (/?2 +  P )2 J

where the + (-)  corresponds to antisymmetric (symmetric) modes, with a similar 

expression possible for Case (ii). The dispersion curves in this case axe shown in 

Figure 5.4.

Note that since a 2 = k2 > 0, Case (Hi) cannot occur for an incompressible 

material.
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F ig u re  5.1: Dispersion curves for the compressible Rayleigh-Lam b

equations w ith v  =  A =  0, where c =  c / c ?  =  ^  and rj =  k l 2 . The solid 

lines represent the antisym m etric modes while the broken lines represent

the sym m etric modes.
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F ig u re  5.2: Dispersion curves for the compressible Rayleigh-Lam b

equations with v  =  1/4, where c =  c/ c t  =  &  and 77 =  k l 2. The solid (bro­

ken) lines represent the antisym m etric (sym m etric) modes respectively.
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F ig u re  5.3: Dispersion curves for the compressible Rayleigh-Lam b

equations with v  — 1/3, where c — c /c j<  =  D and r} — kb^ .  The solid (bro­

ken) lines represent the antisym m etric (symmetric) modes respectively.
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5.2 Lamb Waves.

If we allow /i —> oo for the finite block studied in Chapters 3 and 4 then, in 

this limit, it can be represented by an infinite layer in the ^ -d irec tio n  of thickness 

2 /2 . Now, if we again look for plane displacements v, of the form (4.8), th a t is

Vi =  Ai exp(spx2 +  ipx\ — iut)  , i E {1 , 2 }
(5.21)

V3 =  0  ,

then the expression (5.21) can be viewed as representing a plane wave in the 

(z i, Z2 )-plane. If P and u  are chosen to be real then we see tha t (5.21) represents 

a wave propagating in the a; 1-direction with wavenumber p and phase velocity 

u / p .

Note tha t unlike the results of Chapters 3 and 4, where the boundary condi­

tions on xi =  ± /i force p to be of the form n7r/2/i, in this case no such boundary 

conditions apply and p is arbitrary.

The equations of motion and the boundary conditions on the top and bottom  

surfaces, X2 =  db /2 ? of the layer, are identical to those of the finite plate in 

Chapter 4 (or Chapter 3, if the material is incompressible), which means that 

the results obtained in Chapters 3 and 4 also apply to this case. The frequency 

equations derived earlier can now be viewed as frequency equations for Lamb waves 

in an elastic waveguide.

5.2.1 Special cases for a compressible material.

From the results of Section 4.2, we see from equations (4.22) and (4.24), for 

Case 1 , that the frequency equations for antisymmetric (+ ) and symmetric (-) 

Lamb waves can be written as

±1

(5.22)
ta n h ^ ip )
tanh(s2?7) 

where 77 =  p /2 and from (4.23)

s i{A  - s i ) '

A =  Q ii(2172— A  ̂ (5.23)
7 2 ( 0 1 1 0 2 2  -  oc{2 )
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For an isotropic material, when the elastic layer is unstressed, the components 

of the tensor of elastic moduli Ao are given by (2.46), which on substituting into 

(4.13) gives us

5? =  1 -  .  " ,  . =  1 -
'h

a 2 c

1 2 /i +  A c2 ’
P L (5.24)0 2  c 2

S 2 — 1 — 1 9  ’/i Cfp

where c2L and are defined as in (5.8) and c =  w/p. Further, by substituting from 

(2.46) into (5.23) and then into (5.22), the frequency equations can be simplified 

to
tanh(sip) 4si$2
tanh(s27?) .(s2 +  I)2.

±i
(5.25)

where the + (- )  sign corresponds to antisymmetric (symmetric) modes. On writing 

a  =  s ip  and /? =  S2P we see that (5.25) becomes

tanh (a/2 )
tanh(/?/2 )

4p2a(3
L ( ^ T 7 ) 2J

± 1

(5.26)

We see from (5.15) and (5.16) that (5.26) are the Rayleigh-Lamb frequency equa­

tions for a compressible material. Correspondingly, the frequency equations (4.40), 

for Case 5 in Section 4.2, in the unstressed configuration reduce to (5.19), while 

for Case 6  the frequency equations (4.43) and (4.44) simplify to (5.17) and (5.18), 

respectively.

If we now take the material to be transversely isotropic, with the axis of 

isotropy lying along the i i-a x is  of the layer, then the components of Ao can be 

written as
A j l l l l  =  A - f  4 PL — 2 P T  > ^02222 =  A +  2 (IT  j

(5.27)
^ 01212  =  *^02121 =  A o2112 = PL > -^-01122 =  A ,

where p i  and p x  fhe the shear moduli along and transverse to the aq-axis 

respectively. Note that when p i  =  p x  = p, (5.27) reduce to the isotropic forms 

(2.46). The coefficients (5.27) can then be substituted into the equation of motion 

(4.13), but unfortunately, in this case, the roots s2 and s\  of this quadratic do not 

have simple forms.
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On substituting from (5.27) into (5.22) and (5.23) we find tha t the frequency 

equations can be written in the form

±l
(5.28)

tanh(sir/)
tanh(s2 ?7)

•S2 [>Si(m i m 2 “  ^2) +  n ^ i^2]
Si [62(77117712 — A2) +  777if)2]

where the + (- )  corresponds to antisymmetric (symmetric) modes and

m i =  A +  4 m  — 2h t  — ^ 2 ? m 2 =  A +  2p r  .

The antisymmetric form of (5.28) was obtained by Green (1982), in a different no­

tation. On setting p l  — P T  =  P ,  (5.28) reduces to the Rayleigh—Lamb equations.

5.2.2 Special cases for an incompressible material.

For a traction-free incompressible layer we see from the results of Section 3.2 

that, when Case 1 holds, the frequency equations for Lamb waves axe given by

(3.25) and (3.26), namely

tanh(si77) 6 2 (6 ? +  1 )21  ± 1

6 1 (^ 2  +  l ) 2.
(5.29)

tanh(s277)

where the + (—) sign corresponds to antisymmetric (symmetric) modes.

In the unstressed configuration, from (3.14) and (2.47), we find that

O2
s2 =  1 , s\ =  1 -  —  . (5.30)

On writing /?2 = p2s2 =  p2— a;2/c^ , with Cy given by (5.8), the frequency equations

(5.29) can be written as

± 1

(5.31)tanh(p/2 )
tanh(/?/2 )

4p3/3
,(P2 + P 2)2 J ’

which, on comparison with (5.20), can be seen to be the Rayleigh-Lamb equations 

for an incompressible material. From (5.30) we see that Case 6 modes can also 

occur here and correspond to Case (it) of Section 5.1.

If we now consider applying a hydrostatic stress to the layer, so tha t oq =  

<72 =  cr say, then since the material is incompressible we must have Ai =  A2 =  1.
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The results of Section 3.5 can now be applied to this problem and we note that 

the frequency equations (3.128), for Case 1, can also be written in the form

±i
(5.32)tanh(p/2 )

tanh(/?/2 )
( 2  -  S ) V /?

(/?2 +  p2( l  -  a ))2

where the + (- )  corresponds to antisymmetric (symmetric) modes, and o — o /  p. 

The numerical investigation of (5.32), and the corresponding equation when Case 6 

holds, was carried out in Chapter 3 and we refer back to Figures 3.1-3.5 in Section 

3.5 for the dispersion curves of the Lamb waves.

When the wavelength is taken to be large compared to  the thickness of the 

layer, that is the product rj =  p /2 is small, we see from equations (3.137) and 

(3.138) that Case 1 modes can only occur, in the limit, for a € [0, 2), with the 

phase velocity of the antisymmetric waves being given by given by

c2 =  ct{ 2 — a) (2 — <r)(<r — l ) 2 2 
0  d------------- o----------- V (5.33)

Whereas for symmetric waves we find that

=  c t V 2 ( 2  -  <7 ) ( 1  -  ^ 1 2 g V ) (5.34)

for (7 e  (§, 2).

5.3 Rayleigh Waves.

If we now consider what happens in the short wavelength limit, which cor­

responds to the wavenumber being large, then the thickness of the layer is much 

greater than the wavelength. From (4.9) and (4.18), when Case 1 holds, the am­

plitude of the displacement has a hyperbolic dependence on the thickness variable 

r 2 , so that on taking the limit p —> 0 0 , most of the displacement will take place 

at or near the surfaces X2 =  ± /2 . This is the condition for Rayleigh surface waves 

to occur.

In Section 4.4.1 it was noted that, for Case 1, in the limit as rj = pi2 —> 0 0 , 

with the frequency lj suitably chosen so that in this limit the ratio c — u / p  remains
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finite, both the antisymmetric and the symmetric forms of the frequency equations 

have the same limit (4.125), namely

-gig +  -  [ ( a n a 22)2  +  (7 1 7 2 ) 2 ] =  0 , (5.35)
(<*110:2 2 ) 2 (7 1 7 2 ) 2 L J

which was shown in Dowaikh and Ogden (1991), in a different notation, to be the

secular equation for Rayleigh surface waves, on a compressible half-space. When

(5.35) is evaluated in the undeformed configuration, it can be written in the form

£ , - 8 £' + 8 ( 3 - i l f e ) £ - i 6 ( i - r f c ) - ‘i ' (5-36>

where £ =  c2 /c ^ , which is the classical Rayleigh equation given in Ewing, Jardet- 

zky and Press (1957).

In the incompressible case, if we again consider the short wavelength limit, 

the frequency equations (3.25) and (3.26), being viewed as holding for an infinite 

layer, again have a common limiting form given by (3.123), which in the notation 

of Chapter 4 can be written as

V 7 1 7 2 ( ^ 1 1  +  <*22 - 2 8 + 2 7 2 ) +  7 2 (7 1  -  7 2 ) +  2 (7 2  -  a/7 i 7 2 ) 0 2  - 0 -2 = 0 , (5.37)

which was shown in Dowaikh and Ogden (1990), in a different notation, to be 

the secular equation for Rayleigh waves on an incompressible half-space. On 

specializing (5.37) to the undeformed configuration it becomes

-  4(2 -  < r 2 ) ( 2  +  6 (<t2 -  2 )2f  +  (erf -  4 )(cr2 -  2) 2 =  0 , (5.38)

where <r2 can be viewed as a hydrostatic stress and £ =  c /cj.. Equation (5.38) was 

given in Dowaikh and Ogden (1990) and the corresponding classical form, with

<j2 =  0 ,

f 3 -  8 £ 2 +  24£ -  16 =  0 , (5.39)

was given in Ewing, Jaxdetzky and Press (1957).

The static exclusion conditions obtained in Sections 3.3.2 and 4.3.1 for incom­

pressible and compressible materials respectively can similarly be explained.
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