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Abstract.

We consider plane harmonic incremental displacements superimposed on a
finite deformation, corresponding to pure homogeneous strain, of a plate with
rectangular cross—section, for which motions normal to the plane of this cross—
section are neglected. We assume that the plate is isotropic and hyperelastic,
with the underlying finite deformation satisfying the strong—ellipticity condition,
and consider both incompressible and compressible materials. Having set up the
governing equations of finite and incremental elasticity we consider the incom-
pressible case and study the problem with mixed traction—displacement boundary
conditions defined on two opposing faces and pure traction boundary conditions
defined on the other sides. It is found that, in general, nine distinct cases may
occur and frequency equations are derived for each case in turn, with two separate
modes possible in most cases. Necessary conditions for the existence of nontriv-
ial solutions are obtained for both the static and the dynamic problems and, in
order to study the frequency equations numerically, we consider the restriction to
equibiaxial underlying deformations as well as looking at the full problem for two
particular strain-energy functions. The corresponding problem for compressible
materials is then considered and frequency equations, similar to those in the incom-
pressible case, are derived. Unfortunately, due to the more complicated algebra,
fewer explicit results can be obtained in this case, as compared to the incompress-
ible case, but some necessary existence conditions are derived. Numerical results
are obtained in the static case for three particular strain-energy functions and one
of these stain—energy functions is then used to illustrate the full dynamic problem.
Finally we consider the related problem of an infinite layer, of finite thickness, with
traction boundary conditions applied on the surfaces, and show how the results

for the finite plate can be applied to this problem.
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Chapter 1 — Introduction.

This thesis is concerned mainly with the derivation and study of frequency
and bifurcation equations for incrementally linear, plane harmonic displacements
which are superimposed on a nonlinearly deformed configuration of an isotropic
hyperelastic material. We start off by considering vibrational modes of ‘thick’
plates, with rectangular cross—section, which are subjected to mixed traction-
displacement boundary conditions on two opposing faces, such that no shear forces
can be supported and no normal displacement is possible at these bounding sur-
faces. On the remaining.two surfaces, pure traction boundary conditions are pre-
scribed and displacements normal to the plane of this cross—section are neglected.
Both incompressible and compressible materials are studied, but we restrict our
attention to consider only underlying finite deformations that satisfy the strong-
ellipticity condition. It is found that, when the dynamical aspects are considered,
the controlling equations may also be hyperbolic or parabolic and in general nine
distinct cases are possible. In the final chapter we then show how the results ob-
tained for this bounded plate can be applied to the problem of an infinite elastic

layer of finite thickness.

The static equivalent of the finite block problem studied here, with mixed
boundary conditions on two surfaces, has been studied by many people, especially
when compared to the similar problem with pure displacement boundary condi-
tions applied at these surfaces, for both incompressible and compressible elastic
materials. The reason for this interest is that the mixed boundary conditions
admit solutions that are harmonic between the surfaces where they are defined,
whereas the pure displacement boundary conditions do not. Early results in this
field were obtained by Biot (1963, 1965), Levinson(1968), Nowinski (1969) and Wu
and Widera (1969) for incompressible materials and Burgess and Levinson (1972)

for compressible materials. In most of these papers the authors chose particu-
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lar forms for the strain-energy functions at the outset and considered solutions
with a hyperbolic dependence on the transverse variable of the plate. In the in-
compressible case, Sawyers and Rivlin (1974), together with Sawyers (1977), for
a plate with traction—free lateral surfaces, obtained general bifurcation equations
for arbitrary strain—energy functions in the elliptic domain. The authors also ob-
tained necessary conditions for the existence of bifurcation points and deduced
that bifurcation could only occur if the block was compressed along its length,
while Sawyers and Rivlin (1982) studied the stability of these bifurcation modes
for the neo-Hookean material. In the tensile case Hill and Hutchinson (1975) also
considered both hyperbolic and parabolic, as well as the elliptic, regimes for a class
of two—parameter strain—energy functions, while Young (1976) dealt with the cor-
responding compressive case. Again for incompressible materials, Ogden (1984)
gave a comprehensive discussion of the possible bifurcation modes for deformations
subject to the strong-ellipticity condition as well as deriving necessary conditions
for their existence. Ogden (1984) also considered the corresponding compressible
case and again gave a comprehensive list of the bifurcation modes possible, in or on
the boundary of, the strongly—elliptic domain; however, existence criteria were not
discussed for these materials. For compressible materials subject to compression
Davies (1989), by considering stationary points of the energy, was able to show
that for any block, with its lateral surfaces traction—free, there exists a value of

the compression ratio such that bifurcation can occur.

So far all of the above papers have been dealing with the static case, but on
turning our attention to the corresponding dynamic case we find that very little has
been published on the subject, although Mindlin (1960) was able to show that, for
the all-round traction-free problem, vibrational modes can only occur for certain
discrete values of the length-to—width ratio of the plate. In contrast there has been
a lot more work done on the related problem of waves propagating along an infinite
layer, which can be thought of as a finite plate with one length allowed to increase
to infinity. This problem was first studied by Rayleigh and Lamb in the late

nineteenth century whereby they derived frequency equations for plane harmonic
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waves propagating along the layer. However, it was not until Mindlin (1960) that
the complicated nature of the solutions, for such apparently simple equations,
was finally understood for real and complex values of the wavenumber. Texts
such as Graff (1975) and Achenbach (1984) further discussed the behaviour of the
solutions to these classical equations, called the Rayleigh—-Lamb equations, which,
for real wavenumbers, correspond to the propagation of so called Lamb waves.
Generalizations of the Rayleigh-Lamb equations were obtained by Biot (1965) for
an arbitrary isotropic incompressible material which had been subjected to an
initial compression along the length of the layer. Green (1982) obtained frequency
equations for bending modes of a transversely isotropic layer, with the axis of
transverse isotropy lying along the length of the layer, for waves propagating at
any angle relative to this axis of isotropy. Willson (1977), for a compressible
restricted Hadamard material, obtained frequency equations for waves propagating
in a layer which had been subjected to a pure homogeneous strain, having studied

the incompressible case in an earlier paper, Willson (1973).

If the thickness of the layer considered above is taken to be large in com-
parison with the wavelengths of the propagating waves, then it may be viewed as
representing a half-space on which Rayleigh surface waves may occur. The clas-
sical secular equations for Rayleigh waves can be found in Ewing, Jardetzky and
Press (1957), while Dowaikh and Ogden (1990) and (1991), dealing with incom-
pressible and compressible materials respectively, obtained the secular equations
of Rayleigh waves propagating on a homogeneously deformed isotropic half-space,

for an arbitrary strain—energy function.

We now discuss each of the chapters of this thesis in some detail. In Chap-
ter 2, following the approach of standard texts such as Truesdell and Noll (1965)
and Ogden (1984), we introduce the notation that will be used throughout this
thesis as well as setting up the equations of motion and constitutive relations used
in finite elasticity, for both incompressible and compressible materials. We then

introduce the corresponding equations for incremental deformations superimposed
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on a nonlinearly deformed state, as well as discussing the strong—ellipticity condi-
tion and, in the two-dimensional case, giving necessary and sufficient conditions

for it to hold with respect to plane strain and plane displacements.

In Chapter 3 we study plane harmonic vibrations of an incompressible mate-
rial, which, after being subjected to a pure homogeneous strain, is bounded by the
lines z; = *!; and z, = *l,;, with mixed boundary conditions prescribed on the
surfaces ;7 = %!l; and pure traction boundary conditions on z; = *+l;. We then
restrict our attention to finite deformations which satisfy the strong-ellipticity
condition. It is found that on taking a time-dependent displacement, u, of the

form

u = A exp(spz; + ipz; — wt) , (1.1)

the incremental equations of motion reduce to

cs*—2's°+d' =0, (1.2)

where a', b’

and ¢’ are independent of s, so that the nature of the solution (1.1)
depends on the relative values and signs of these terms. It is shown that, even
while the strong-ellipticity condition holds, nine distinct cases can arise. The
boundary conditions on the sides z; = &l; force p to be of the form p = nw/2l,,
for some integer n, while the boundary conditions on the other sides zo = %I,
can be used to determine frequency equations for possible bifurcation modes. It
is found that two separate modes can exist, one of which has displacements that
are symmetric about the z;-axis and the other has antisymmetric displacements
about this axis. Frequency equations are then derived for each of the nine cases in
turn. On taking the frequency w to be zero, we obtain the static forms described
in Sawyers and Rivlin (1974) and Ogden (1984) as well as generalizing slightly
the existence criteria contained therein. The full dynamic problem is then re-
introduced and necesssary existence conditions are found for those cases that do

not involve trigonometric terms, together with some asymptotic results for ‘thick’

and ‘thin’ plates. For underlying deformations that are equibiaxial we find that,
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since the material is incompressible, the frequency equations simplify to a form
which permits a numerical investigation. In order to obtain a quantitative idea
of the nature of the solutions to the general frequency equations, we choose two

particular strain-energy functions of the form
Wi, e, da) = EOP A7 400 -3) ., me(L2},  (13)

which are shown to cover all nine possible cases and then we solve the resulting

frequency equations numerically.

Chapter 4 deals with the same problem as Chapter 3 except that we now
consider a compressible rather than an incompressible material. Equations (1.1)
and (1.2) can again be shown to hold, with the terms a', ¥’ and ¢' suitably mod-
ified, and, as for the incompressible material, nine distinct cases can arise for
underlying deformations which satisfy the strong—ellipticity condition, with both
symmetric and antisymmetric modes again possible. Frequency equations are then
obtained for each of these nine cases but, when compared to the incompressible
case, because of the more complicated algebra few explicit results can be deduced
from them, although some necessary conditions for the existence of solutions and
some limiting forms are given. For compressible materials, in the static limit, only
three distinct cases can arise within the strong—ellipticity domain and we intro-
duce three particular strain—energy functions to illustrate each of these possible
cases. We then choose one of these strain—energy functions, namely a compressible

neo-Hookean material of the form

W(Ai, A2, As) = 52‘- (A2 + A2+ A2 — 2In(A\ Agds) — 3) (1.4)
as a basis for a numerical discussion of the frequency equations for the full dynamic
problem.

Finally, in Chapter 5 we look at how the results obtained in the previous two
chapters can be applied to the problem of plane harmonic waves propagating along

an elastic layer. We briefly introduce the equations of linear elasticity and use them
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to derive the classical Rayleigh—Lamb equations for Lamb waves propagating along
a waveguide. The incompressible limit of these equations is taken and dispersion
curves are plotted for various values of the Poisson ratio. We then discuss how
the results of Chapters 3 and 4 may be applied to this problem and use them to

recover previously known results for both Lamb and Rayleigh waves.



Chapter 2 - The Basic Equations.

2.1 Notation and introduction to finite elasticity.

In this section we introduce the basic equations of elasticity, following the
approach of standard works such as Truesdell and Noll (1965), Wang and Truesdell
(1973) and Ogden (1984), as well as introducing the notation that will be used
throughout this thesis.

2.1.1 Kinematics.

A homogeneous elastic body when unstressed is chosen to occupy the region
By in a three-dimensional Euclidean space. The points in this reference configura-
tion are denoted by the position vector X, relative to an arbitrarily chosen origin.
The body is deformed isothermally into a new configuration, By, say in which the

material point X moves to position x according to
x(X,t) = x(X) , X eBy, (2.1)

where the one-to—one mapping x, : B¢ — B: is the deformation of B; relative to
By and it is endowed with sufficient regularity as the subsequent analysis requires.
Cartesian bases {E;} and {e;} (i € {1, 2, 3}) are chosen to represent the reference
and current configurations respectively.

The deformation gradient tensor, denoted by A, is defined by
A = Grady, , (2.2)

where Grad is the gradient operator in By. In general, A depends on X; however
in the special case where A is independent of X the deformation is said to be
homogeneous. The assumed regularity conditions ensure that A has an inverse
A~!, which requires that detA # 0.

For a fixed time ¢, if we consider the differentials dX and dx in By and B;
respectively, then they are related by

dx = AdX , (2.3)
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which describes how line elements are transformed. Area elements are transformed

according to Nanson’s formula as
nda = (detA)A™TNdA (2.4)

where NdA and nda represent the surface elements in By and B; with unit outward
normals n and N respectively and A™7T = (A™")T denotes the transpose of A7,

Similarly, volume elements are related by
dv = (detA)dV , (2.5)

for dv and dV in B; and By respectively. From (2.5), it can be seen that since

finite volumes which, by definition are taken to be positive, cannot be annihilated
J =detA >0, (2.6)

for all physically reasonable deformations.

If we assume J = detA = 1 as a constraint on the allowable deformations,
then from (2.5) we have dv = dV, which means that the volume of any region in
By is unchanged by the deformation. Materials which satisfy this constraint are
called incompressible.

By (2.6), the Polar Decompostion Theorem can be applied to A and gives
A=RU=VR, (2.7)

where R is proper orthogonal and U and V are the symmetric, positive definite

right and left stretch tensors respectively, defined by
U?=ATA, VI=AAT.

Since U is symmetric and positive definite, there exists positive numbers A;

(: € {1, 2, 3}) and vectors u) (i € {1, 2, 3}) such that

3
U= Z /\,‘ u(i) ® u(i) , (28)

i=1



where ); are the principal stretches and u(? are the Lagrangian principal
axes of the deformation.

Similarly V can be written as

=1

3
V= Z AivD @ v | (2.9)

where from (2.7) the Eulerian principal axes, v() (i € {1, 2, 3}), are given by

v = Ru® . (2.10)

2.1.2 Analysis of stress and constitutive relations.

The traction, t, per unit area of a surface in the current configuration, B; ,

can be written as

t=on, (2.11)

where n is the unit outward normal to the surface in B; and o is a second order
tensor called the Cauchy stress tensor. Likewise the traction per unit area of

the reference configuration can be expressed as
t=STN, (2.12)

where N is the unit outward normal of the surface in Bg and S is the nominal

stress tensor. From Nanson’s formula (2.4) we have
S=JA lo. (2.13)

The balance of angular momentum forces o, and thus by (2.13) the tensor
AS, to be symmetric, so that in general S # sT.
If p is the density per unit volume in the current configuration and pg is the

density per unit volume in the reference configuration then by considering mass

conservation and (2.5), they are related by

p=Jpo . (2.14)
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Note that for incompressible materials p = pg throughout the body, for all allow-

able deformations.

The (Eulerian) equation of motion is given by
dive + pb = px ¢4 , (2.15)

where div is the divergence operator in the current configuration, b represents the
body force per unit mass and ( ), represents differentiation with respect to time.

This can be written in component form, with respect to the basis {e;,e2,e3} as
Joij
Oz;

(Note that, unless otherwise stated, the summation convention is assumed.)

+ pbi = pzTiee - (2.16)

The corresponding Lagrangian formulation of the equation of motion is

DivS + pob = poX,tt , (217)

where Div is the divergence operator in the reference configuration.
For elastic materials deformed isothermally, the stress depends only on the
deformation gradient, namely
oc=0(A). (2.18)
We require that this constitutive relation be objective under rigid body motions,

that is, equation (2.18) is invariant under subsequent superimposed rotations. This

can be written as
5(QA) = Qo(A)Q7 (2.19)
where Q represents a general rotation.

If we now assume that the material is isotropic, that is , the material has no

preferred directions, then we must have
o(A) = o(AQ), (2.20)

for all rotations Q, which implies that o can be defined solely in terms of the prin-
cipal stretches (alternatively, the principal invariants) of V. On taking Q = R7T,

where R is obtained from the polar decomposition (2.7), then
o(A) = o(ART) = o(VRRT) = 0(V)

10



which means that ¢ and V must be coaxial, since both are symmetric. This means

that o can be written in the form

3
o= v @yl (2.21)
i=1
where 0; = 0i(A1, Az, A3) (¢ € {1, 2, 3}) are the principal values of the Cauchy
stress.

The nominal stress tensor can be similarly expressed, in the form

3
S = Zti u® ® v() , (2.22)
=1
where t; = ti(A1, A2, As) (¢ € {1, 2, 3}) are the principal Biot stresses, cor-
responding to the Biot stress tensor T=SR which, for an isotropic material, is
symmetric.
An elastic material is said to be hyperelastic if there exists a scalar function

W(A) such that
d dA
aW(A) = Jtr (0‘ —d—t—) N (223)

such a function is called the strain—energy (or stored—energy) function per
unit reference volume and corresponds to the internal potential energy of the body.
For an unconstrained hyperelastic material the Cauchy stress tensor can be

written in terms of the strain—energy function as

ow

J0’=A—6I,

(2.24)

where, in components, (BW/BA)'-J. = JW/0Aj;. For the nominal stress, we get

the simpler relation

oW

>=%4

(2.25)

so that, S and A can be viewed as conjugate variables.

If W(A) is taken to be objective and isotropic, so that

W(A) = W(QA) = W(AQ)
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for all rotations Q, then it can be shown that W depends solely on the principal
stretches, that is
W =W(\, Az, A3), (2.26)

where the order of the A, A2 and A3 terms is immaterial. This means that for
a homogeneous, objective, isotropic hyperelastic material equations (2.24) and

(2.25), when evaluated along the principal axes, can be written as

Jo; = /\ig_‘/}_’_ , i€{1, 2, 3}, (2.27)
O
where no summation is implied, and
ow .
t; = 2 1€{1, 2, 3}, (2.28)

respectively.

In the corresponding case for an incompressible material the constraint
detA = /\1/\2/\3 =1 ’

applies, which implies that the principal stretches are no longer independent. To
circumvent this problem we introduce a Lagrange multiplier, p, with which the

constrained form, for an incompressible material, of (2.24) is

ow

It can be seen from (2.29) that the Lagrange multiplier, in effect, behaves as a
hydrostatic stress acting in B;. The corresponding form of (2.25) for the nominal

stress in an incompressible material is given by

S = A A7l (2.30)

For an isotropic, incompressible hyperelastic material (2.29) and (2.30) have

component forms

ow
1= A - P, 3 y 4 ’ 231
gi= A o, P i€ {1, 2, 3} (2.31)
where again no summation is implied, and
ow 1 .
ti= —— —pA\7t, , 2, , 2.32
3 A ief{l 3} (2.32)

when evaluated on the principal axes.
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2.2 The equations of incremental elasticity.

2.2.1 Incremental constitutive relations.

An isotropic, homogeneous body is finitely deformed quasi-—statically into the
configuration B relative to the unstressed configuration By, so that the results
of Section 2.1 apply. A small time-dependent displacement éx(X,t) is now su-
perimposed on this finite deformation, where small implies that terms of order
(6x)? can be ignored, the change in the deformation gradient corresponding to

this displacement is
A = §(Gradx) = Grad(x + éx) — Gradx = Grad(éx) ,

which is an exact equation. The corresponding increment in det A, however is not
exact, and is given by

§J = Jtr ((JA)ATY) (2.33)

to the first order, where tr denotes the trace of the tensor.
For an unconstrained material, the increment in the nominal stress to the first

order is

§S = A 6A | (2.34)

where A = 0S/0A is the fourth-order tensor of instantaneous elastic moduli
associated with the conjugate variables (S, A) and referred to By . If we now
let a superposed dot represent the increment in a quantity, so that A = 8A for

example, then (2.34) can be written in component form

Sij = Aijutik - (2.35)
For incompressible materials, since J = 1 then (2.33) becomes
tr ((A)A‘l) -0, (2.36)
whereas from (2.30) the corresponding form of (2.34) is
S=AA-pA" 4+ pATI(A)ATL, (2.37)

13



If the reference configuration is updated to the quasi-statically deformed con-

figuration, then relative to this new reference state we have
Ay = grad(6x) = AA7?,

together with
So =JAS,

and corresponding to (2.34), for unconstrained materials, we write
So=AoAg, (2.38)

where Ay is the fourth order tensor of elastic moduli referred to B, and the sub-
script zero represents a quantity evaluated relative to B. In component form, by

comparing (2.34) and (2.38), we can see that A and Ay are related by
Avijet = T Ais Akt Asju -

For an incompressible material, when the reference configuration is updated

to the deformed state, equations (2.36) and (2.37) simplify to
divk =0, (2.39)
and
So = Ay Ag — pl + pAg , (2.40)

respectively.

The incremental constitutive relations (2.38) and (2.40) have component forms
Soij = AvijuEL (2.41)

and
Soij = AoijkiZi,k + pti,j — pbij , (2.42)
where %, j, k, | € {1, 2, 3}, §;; is the Kronecker delta and ( ) ; represents 8/0z;.

14



If the material is hyperelastic then S = OW/0A, and so A can be written as

PW
A= OAOA "’
or, in component form
Ao _OW
ikl = 6$j,56$1,k )

For isotropic, hyperelastic materials the nonzero components of A, relative to
the principal axes of the quasi-static deformation, for an unconstrained material
are given by

JAo,','jj = /\,'/\jW,'j , (2.43)

(Wi = A W) .
A?—’\f ] Z?l-'], )\i#/\j,

%(JAO:'H:‘ - J.Ao,','jj + )\;W,-) , i '_léJ , Ai= /\j s

J Aoijij = (2.44)

JAoijji = JAojii; = JAoijis — AiWi, 1#7, (2.45)

with i, j € {1, 2, 3}, where W; = W/9); and W;; = 8°W/d); 8);, using the
form of W given in (2.26); note that the summation convention is not implied
here.

If the quasi-static deformation is homogeneous the tensor A is seen to be
constant and in particular when the body is in an unstressed configuration, cor-
responding to classical linear theory, for an unconstrained material (2.43)-(2.45)
become

Aviiii = A+2p,  Aoij; = A, (2.46)
Aoijij = Aoijji = 1
for ¢ # j, where A and pu are the classical Lamé moduli.

For incompressible materials, the components of Ay are given by (2.43)—(2.45)

with J = 1, but this time in the unstressed configuration, Ay reduces to

Aoiiii = Aoijij = i
| oo

(2.47)
Aoiij; = Aoijji =0

15



where p > 0 is the shear modulus.

2.2.2 Incremental dynamics.

In the absence of body forces, the incremental form of the equation of motion
(2.17) is
DivS = poX ¢t , (2.48)

and on updating the reference configuration to be the quasi-statically deformed
state, this becomes

divSe = pXk 1 - (2.49)

For an unconstrained, compressible material (2.49) can be written in compo-
nent form as
3]

3z, (Aojikt £1,k) = piut (2.50)

for i, j, k, I € {1, 2, 3}, which simplifies to
Aojikt Ti ik = pTi e (2.51)

if the underlying deformation is homogeneous.

For an incompressible material, the component form of (2.49) is

0 i . : :
55 (Aojikt 1k) + i — Bi = pliu (2.52)
J

and, if the underlying deformation is homogeneous, this simplifies to
Aojikt Tt,5k — P,i = pTiee (2.53)

for¢, 3, k, I € {1, 2, 3}. In component form the incompressibility condition (2.39)
can be written as

#::i=0. (2.54)

. . T . . .
Note that, the incremental traction S; n per unit area on a surface in B, with

unit outward normal n, has component form

Soj,-nj = AgjiriT1kn; , (2.55)
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for compressible materials, and
Sojin; = (Aojirt + pj1 6ik) E1,.kmj — P (2.56)

for incompressible materials.

2.2.3 The strong-ellipticity condition.

The strong—ellipticity condition states that
tr[(A(m@N))(m@N)] >0, (2.57)

for all rank one tensors m ® N # 0, where m is an Eulerian vector and N is
a Lagrangian vector. If equality is permitted in (2.57) then this becomes the
Legendre-Hadamard condition. When the strong-ellipticity condition holds for
a given deformation, the equilibrium equations form an elliptic system and so
rule out certain discontinuities in the solution, for example the shear-band solu-
tions discussed by Knowles and Sternberg (1977) cannot occur when the strong—
ellipticity condition holds.

The strong-ellipticity condition, first studied by Legendre and Hadamard,
was introduced to study wave propagation in linear elastic materials, by means of

the acoustic tensor P(IN) defined, in component form, by
Pij = Asitj Ns Ny . (2.58)

It was shown by Marsden and Hughes (1983) that the strong-ellipticity condition
was a necessary and sufficient condition for the existence of travelling waves with
real wavespeeds.

In terms of the acoustic tensor, necessary and sufficient conditions for strong—

ellipticity to hold are

Pii(N) >0, 1€ {1) 2, 3}
Pu(N)P;(N)=PL(N) >0,  j#i€{L,23) (2.59)
detP(N) > 0.
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for all N # 0.

Corresponding expressions for (2.59) in terms of the components of A are in
general very complicated; however, if attention is restricted to the two—dimensional
case then simpler forms can be found. Dowaikh and Ogden (1991) noted that

necessary and sufficient conditions for strong—ellipticity to hold in a compressible

madterial are

Ao1111 >0, Ao2222 >0, Aoizi2>0, Ag2121>0,

1 1 (2.60)
(Ao1111 Ao2222)? + (Ao1212 Ao2121)* £6 > 0,

with 6 = Ag1122 + Ao2112, whereas for an incompressible material the constraint
m.N = 0 must also apply and in two~dimensions, necessary and sufficient condi-

tions for strong-ellipticity to hold are

Ao1212 >0, Ao2121 >0,

1 (2.61)
Ao1111 + Ao2222 + (Ao1212 Ao2121)* —26 >0 .

18



Chapter 3 — Plane Vibrations of an Incompressible Elastic Plate.

3.1 Formulation of the problem.

We now consider the situation in which the unstressed configuration of a

homogeneous, isotropic body, corresponding to the rectangular region defined by
-L;<X;<L;, i€{l,2,3}

is chosen to be the reference configuration, Bg. The body is then subjected to a

pure homogeneous strain
1 =MX1, 22 =MX2, 23 = AXs,

and is deformed into the configuration, B, defined by —l; < z; < l;, where
l; = \iL;, i €{1,2,3}. A small time-dependent displacement u = (uj, u2, u3)
is now superimposed on this finite deformation and we restrict our attention to
two—dimensional motions with u3 = 0 and u; and u; independent of z3, so that

the equation of motion (2.53) reduces to

Aoi111u1,11 + Ao2121u1,22 + (Aor122 + Ao2112) 2,12 — P1 = puse
(3.1)
Ao1212u2,11 + Aoz222u2,22 + (Ao1122 + Ao2112) ¥1,12 — P2 = puz,1t -

The incompressibility condition (2.54) now becomes

uigtug2 =0, (3.2)

and from this we deduce the existence of a function ¥ of =1, z2, t such that

ur =Y, ug =—tp1. (3.3)

On substituting from (3.3) into (3.1) and eliminating the terms in p between the

two equations, the equation of motion can be written as

a 1111 + 20 1122 + ¢ 2222 = p (Y110 + Y 22tt) (3.4)
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where a, b and c are defined by

a = Ap1212 ’ ¢ = Ap2121 ’
(3.5)
2b = Ao1111+Aoz222 — 2Ao1122 — 2402112
which reduce to
a=b=c=yp, (3.6)

when the material is undeformed relative to By.
By substituting the definitions (3.5) into (2.61), we find that necessary and

sufficient conditions for strong-ellipticity to hold are
a>0, c>0,
b>—+/ac,

the first two inequalities being equivalent here.

(3.7)

We choose the boundary conditions so that the increment in the tractions
So21 and Sg 2 is zero on the sides z2 = *+lp, while on the sides z; = +I; we take
the displacement, u;, in the z;—direction to be zero, with the increment in the
shear traction, So 12, also zero. For values of A\; < 1 this could correspond to the
problem of a block being compressed between two parallel, rigid, greased plates.

From (2.56) these boundary conditions can be written as

up =0 ’
. (3.8)
So12 = Ao1212u2,1 + Ao122141,2 =0,
when z; = %I, together with
Soz1 = Aogz121¢1,2 + Ao2112u2,1 =0, (3.9)

So22 = Aor122u1,1 + (Ao2222 + p)uz e —p=0,

when z, = +l5.
After using (3.3) and eliminating the term in p from (3.9) by use of (3.1);,
(3.8) and (3.9) become

P2 =0
s : 0 onz; ==l , (3.10)
11 =
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and
(26 + c — o2)Y,112 + cp,222 — pY,2ee = 0
chaz + (02 —c)p11 =0
so that by (3.4), (3.10) and (3.11), we have that both the equation of motion and

} on zo ==%lp, (3.11)

the boundary conditions are linear in the scalar function ¥ = ¥(z;, z2, t), with

coefficients depending only on a, b, ¢ and o,.

3.2 Derivation of the frequency equations.

We consider time-harmonic vibrations of frequency w and seek solutions for

¥ of the form
¥ = Aexp(spzs + ipz1 — iwt) , (3.12)

where A is an arbitrary constant and s and p are to be determined. The boundary
conditions (3.10) can be satisfied by taking linear combinations of expressions like
(3.12) to give

Aexp(spzy — iwt) sin pzy n 2,4,6,....
= withp=—, n= . (3.13)
Aexp(spzry — twt) cos pzy 2l 1,3,5,....

Substitution of (3.13) into (3.4) leads to
p*(a — 2bs® + cs?) = pw?(1 — s?)

which can be rearranged as

cds*—2ts* +d' =0, (3.14)
where
ad=a-0%,20 =20—-Q%, ' =c, (3.15)
and
Q? = pw?/p® . (3.16)

Equation (3.14) yields four solutions for s (which depend on 2), and hence the
general solution for 1 can be constructed. It then remains to satisfy the bound-

ary conditions (3.11). Several different cases arise depending on the nature of
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the coefficients in the quadratic (3.14) for s?, and we deal with these separately.
Throughout, we assume that a > 0 in accordance with the strong—ellipticity con-

dition (3.7), and hence ¢' = ¢ > 0.

If s2 and s% are the roots of (3.14) then the different cases are defined by:

If b > —(a'c")'/? and a' > 0 we can have

case 1 — s} and 2 are distinct and positive,
case 2 — s? = s with both positive,
case 3 — s? and s are complex conjugates.

If o' < —(a'c")!/? and @' > 0 we can have

case 4 — s? = s2 with both negative.
case 5 — s? and s? are distinct and both negative,

If o' <0 we have

case 6 — one of s? and s2 is positive and the other is negative.
Or if ¢’ = 0 we can have

case 7T— 2 =0 and s2 = (26— 02)/c > 0,

case 8 — s? =0and s = (20— Q?%)/c < 0.

case 9 — 7 =s2 =0 when ¥ = 0 also.

We now look at each of these cases in turn,

Casel: a' >0, ¥ >+Vde

In this case the roots, s? and s say, of the quadratic (3.14) are distinct and

positive, and given by

o+ Vb2 —adc b — Vb2 —ac
1= 55 = (8.17)
c ’ c ’ )

S

with s; and s2 chosen to be the positive square roots of these expressions.

The general solution for 3 can be written in the form
sin px, .
¥ = é(z2) e vt (3.18)
oS pT1
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where

¢(z2) = Acosh(sypzs) + B sinh(s;pzs) + C cosh(s2pzs)
(3.19)
+ D sinh(s2pz,) ,

A, B, C and D being constants.
Substitution of (3.18) with (3.19) into the boundary conditions (3.11) leads,

after rearrangement and use of the formula ¢(s? + s3) = 2V, to

(cs? + ¢ — o2) cosh(s17)A + (cs3 + ¢ — a7) cosh(s2n)C =0, (3.20)
(cs? + ¢ — 02)sinh(s;9)B + (cs2 + ¢ — 03)sinh(s3n)D =0 , (3.21)
s1(cs2 + ¢ — o3) sinh(s17)A + s2(cs? + ¢ — 02) sinh(s25)C =0, (3.22)

s1(cs2 4 ¢ — a2) cosh(s17)B + s2(cs? + ¢ — 02) cosh(san)D =0 , (3.23)

where the notation

n=plz, (3.24)

has been introduced.

These equations decouple as two pairs of equations for the constants (4, C)
and (B, D), which can therefore be treated independently. With B = D =0, ¢
becomes an even function of 25, u; an odd function of 2 and u; an even function of
z,. This gives rise to an antisymmetric (or flexural) mode. For equations (3.20)
and (3.22) to yield non-trivial solutions for (A4, C), the determinant of coefficients
must vanish. This leads to the frequency equation for antisymmetric modes,

namely
tanh(ns;)  sa(es? +c— o2)’
tanh(nsz) (cs2+c— 02)2

(3.25)

On the other hand, with A = C = 0, ¥ corresponds to symmetric (or

barreling) modes, and the frequency equation for symmetric modes is

tanh(ns;)  si(cs} +c— o2’

tanh(nsa) sa(cs? +c—a3)*

(3.26)
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It is useful to note that (3.25) and (3.26) can be written jointly in the form

sinh[n(s1 — s2))
(81 — s2)

sinh([n(s; + s2))
(s1 + s2)

[2\/21’—c(b' +c—oag3)—a'c+(c— 0'2)2]
(3.27)

SN ——

where the plus and minus signs correspond to (3.25) and (3.26) respectively. We
also note that

c(sy —s2)?2 =200' —Va'c),  c(s1+s2)? =200 +Va'c) . (3.28)

Case2: a' >0, b =+de
Here s2 = s2 > 0 and we take s; = s, = s = (a'/c)%. The general solution

for 1 again has the form (3.18), but with ¢(z2) now given by
#(z2) = A cosh(spzq) + B sinh(spzs)+C spz, sinh(spzs)

(3.29)
+ Dspz4 cosh(spzs) .
In this case the boundary conditions (3.11) can be cast in the form

Aesinh(sn) + C [(e — 2b') sinh(sn) + esn cosh(sn)] =0, (3.30)

Ae cosh(sn) + C [2V cosh(sn) + esnsinh(sn)] =0, '
Becosh(sn) + D [(e — 2b') cosh(sn) + esnsinh(sn)] =0, (3.31)

Besinh(sn) + D [2}' sinh(sn) + esncosh(s)] =0, -

where we have introduced the notation

e=b+c—o2. (3.32)

Two possibilities arise :

(a) e = 0, in which case it follows that C = D = 0 (provided o, # ¢ ; if
oy = c then @' = V' = 0, which possibility is covered in Case 9). This allows both
antisymmetric and symmetric modes to occur simultaneously.

Since ' = g3 — ¢ = v/a'c we conclude that o3 > ¢ and
RY)
X C Sl PV SPS (3.33)
c
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The latter equation in (3.33) imposes restrictions on the state of stress and defor-
mation for which this special case is attainable.

(b) e # 0, in which case the equations for (A, C) and (B, D) decouple.
For B = D = 0 we obtain the frequency equation for antisymmetric modes, and
for A = C = 0 the corresponding equation for symmetric modes. Jointly these

equations are written

sinh(2sn) 4+ (b +c—02)

2smp T (8Y —c+o3)’ (3:34)

the + (-) sign corresponding to antisymmetric (symmetric) modes. Again, with
b = Vd'e, (3.34) yield restrictions on the state of stress and deformation. It is
worth noting that (3.34) can be obtained directly from (3.27) by taking the limit

81 — s9 = s with ¥ =+Vad'ec.

Case3: d >0, —Vde<V <Vde.

Here, s? and s2 are complex conjugates and we write

$1 =’)’+’£5, 82=’)/—’I:5, (335)

1 1
b ++Vaec\’ Vae—-b\*
= (“—z—> b= <2—) : (3.36)

The general solution for ¥ can again be written in the form (3.18) with (3.19) but

where

with complex arguments; when expressed in real form it involves both trigonomet-
ric and hyperbolic functions, but we do not write it explicitly here. The resulting

frequency equations are obtained directly from (3.27) by using (3.35) to give

- o
=% [2\/aTc(b' +c—o3)+adc—(c— 02)2] Sinhfyzfl')’) , )

with the + (-) sign corresponding to antisymmetric (symmetric) modes.
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Cased4: da' >0, b =—Vde
Here s2 = 82 < 0 and we write 3; = s, = is*, where s* is real and positive
1 2 ) p

with s*? = y/a'/c. This time we have

¢(z2) = Acos(s*pz2) + B sin(s*pz2)+Cs*pzs sin(s* pzra) (
3.38)
+ Ds*pzs cos(s*pzq) ,
and, as in Case 2, two possibilities can arise:

(a) e = 0, in which case, antisymmetric and symmetric modes can occur

together with (3.33) again holding but this time we must have
g2 <cC,

(b) e #0, the frequency equations are given by

sin(2s*n) (b +c—o2)
=+ ,
2s*7) (8Y —c+ 02)

(3.39)

where + (-) corresponds to the antisymmetric (symmetric) mode.

We note that the inequality
a>2b,
must be satisfied in this case.
Case5: a' >0, <—Vde
In this case s? and s? are distinct and negative and we write
$1 =187, S2 =185 , (3.40)
where sT and s3 are real and positive. The expression (3.19) is now replaced by
#(z2) = Acos(sipzs) + Bsin(sipzy) + C cos(s3pzz) + Dsin(s;pzz) , (3.41)

and the frequency equations (3.25) and (3.26) become

(3.42)

) g7 %1
tan(nsy) | s3(c—csi? —a3)
tan(ys3) ’

st(c—cs3? — ay)?
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with the + (-) sign corresponding to the antisymmetric (symmetric) mode. The
frequency equations can also be written, corresponding to (3.27), as
: * __ ok
[2\/ a'c(b +c—og2)—d'c+(c— 02)2] s1n([77£sl s*;z)]
S1 — $2

=% [2Vdc( +c—0z) +ale - (c - 02)?] Sin([zgi :r;;;‘)] _

(3.43)

Note that, we again must have

a>2b.

Case6: a' <0.
With the definition (3.17) it follows that s > 0 and s3 < 0, so we write

sg = ts3 with s3 positive. The expression for ¢(z;) now has the form
#(z2) = Acosh(s1pzz) + Bsinh(s1pzz) + C cos(s;pzz) + Dsin(s;pzz) , (3.44)

where A, B, C, D are real constants, and the frequency equations (3.25) and (3.26)

become )
tanh(ns1) = s3(csi+c—o02) (3.45)
tan(ns3) x2y2 )
NS2 s1(c — o2 — cs3°)
and )
tanh(ns;)  si(c—oq — cs3?) (3.46)

tan(ns3) ~ si(cs?+c—o2)’
corresponding to antisymmetric and symmetric modes respectively.

Note that for this case, the frequency equations cannot be written in a form

similar to (3.27).

Case7: d' =0,0 >0.
Here, 5?2 = 2b'/c > 0 and s2 = 0 so we take

¢(z2) = Acosh(sipzs) + Bsinh(sipzz) + C + Dz, . (3.47)

The boundary conditions (3.11) become
A(c — oq)sinh(s;n) =0,

: (3.48)
A2V + ¢ — o2)cosh(s1n) + C(c—02) =0,
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Bsip(c — 02) cosh(s1n) + D(2b +c—02) =0,
B(2V' + ¢ — 02)sinh(s17) + Dla(c —02) =0 .

For antisymmetric modes, (3.48) yields no nontrivial solutions for a3 # c; however,

(3.49)

if 02 = c then (3.48) gives A = 0, so that we can have a solution with
oS p&y _
p=C et (3.50)
sin pzq

which corresponds to a displacement

sin pry . 3.51
Uy =Cp{ }e_“"’t . ( )

For symmetric modes equations (3.49) lead to

tanh(sin)  (c— 02)?
sin (20 +c—o02)? ]

(3.52)

which can also be obtained directly from (3.26) by taking the limit s — 0. Note

that no solution is possible when o; = ¢. Also, the inequality
a<?2b,

must be satisfied in this case.

Case8: a' =0, b <0.
This time, s2 = 2b'/c < 0 and s2 = 0, so we set s; = is], where s} is positive
and take
#(z2) = Acos(sipzz) + Bsin(sipzz) + C + Dz, . (3.53)

As in Case 7, no antisymmetric modes occur when o2 # ¢ but the solution repre-
sented by (3.51) can again occur for o3 = c.
For symmetric modes the frequency equation is

tan(sin) (¢ —o02)?
sty (2 +c—o09)?

(3.54)
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Note that this time when o; = ¢, equation (3.54) yields

sin=kn , for some integer k. (3.55)

The inequality

a>2b,

must hold here.

Case9: d =0b=0.

In this case s? = s3 =0, and so ¢(z2) must be of the form

¢(z2) = A+ Bzs + Cz2 + Dzj . (3.56)

The boundary conditions (3.11) give

(0’2 - C)C =0 ’
(3.57)
pi(c—02)A+ [2c +7?(c — 0'2)] C=0,
and
p* (02 —c)B+ [3(02 —c)n? +6¢c]| D=0, (3.58)

p*(02 —c)B+ [(02 —c)p? —6c] D =0.

For antisymmetric modes if o3 # ¢ then equations (3.57) do not permit any
nontrivial solutions, but when o, = ¢ solutions of the form (3.51) can again occur.
This time for symmetric modes, the situation depends on whether o3 = c or

not. If o3 = ¢ then equations (3.58) reduce to D = 0, so that solutions of the form
cos pzq ,
% = Bz e~ vt (3.59)
sin pzy

exist for this case. In terms of the displacement u, (3.59) can be written as

cos pr1 .
uy =B e~ Wt |

sin pzq

sin pzy ot
uz = Bpz, e .
— cos pz

(3.60)
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Otherwise, when o, # ¢, the equations (3.58) give

Bp® +2Dp* =0, (3.61)

together with
n*(c — g3) = 6¢, (3.62)

and hence we require 0; < c for these symmetric modes to exist.

Note that this time we must have

a=2b.

3.3 The static case with w = 0.

3.3.1 Bifurcation criteria for quasi—static modes.

When w = 0 the solution in (3.13) corresponds to a quasi-static incremental
mode of deformation. Then, if the strong—ellipticity condition (3.7) holds only
Cases 1-3 in Section 3.2 can arise, while Case 4 corresponds to the transitional
situation in which strong-ellipticity just fails. The frequency equations for these
cases become bifurcation equations which describe the states of deformation
and stress in which the incremental modes of deformation can appear on a path of
pure homogeneous deformation from the natural configuration. Some special cases
of these equations have been examined by Ogden (1984) and, for convenience, we
summarize the relevant results here for reference and also generalize those results

slightly.

Casel: a>0, b>+/ac

Here the bifurcation equations are

tanh(ns;)  [sa2(cs? 4+ ¢ — 02)? 1
tanh(ns2) | s1(cs?2 + ¢ — 03)?

, (3.63)
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where the exponent +1 (—1) corresponds to antisymmetric (symmetric) modes.

These are as in (3.25) and (3.26) respectively but now s; and s, are given by

b 2 — Vb2 —
2 bV —ac VZ o2 = b__b_ﬁ (3.64)

As in (3.27) the equations (3.63) can be rearranged in the form

[2V/ac(b+ ¢ — 02) — ac + (c — 02)?] sinh[n(s1 — s2)]

(81 — s2)

=+ [2v/ac(b+ c — g2) + ac — (c — 02)’] Sin}EEZ(il :;)32)] .

(3.65)

Equations (3.65) generalize the corresponding equations given by Ogden (1984,
equation (6.3.138) ) for o2 = 0. Contact is now made with the results in Ogden
(1984) by introducing the notation

A=MAVE L AT =02 (3.66)

and writing the strain—energy as a function of A and A;. Thus, we define

W, As) = WO, A1A7Y2 ) 2), (3.67)

so that
g — 02 = AW,\ y (3.68)
a=XMNc= W/ (M =1), 20b+c)= Wi . (3.69)

We note that in Ogden (1984) the dependence of W on \; was suppressed. Here,
the subscript A denotes partial differentiation with respect to A.
In terms of W the strong-ellipticity inequalities (3.7) take the form

AW - 2AWy
/\2_1>0, /\W,\,\+/\2+1>0. (3.70)
For Case 1, which we are dealing with here, we have
- ZAW)‘
2
71
)\W,\,\>/\2_1>0, (3.71)
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from which it follows that (3.70) are automatically satisfied.

" In Ogden (1984) it was shown that neither antisymmetric nor symmetric
modes can occur in tension (A > 1) when g, = 0. In compression, on the other
hand, again for o2 = 0, it was shown that for A < A < 1 only antisymmetric
modes can occur and for 0 < A < A, only symmetric modes can occur, where A, is
the first (and possibly only) value of A for which A3 Wi + W, vanishes on a path
of deformation on which A decreases from unity.

Turning now to states of stress with o, # 0 we see that, since s; > s; and
tanh is a monotonic increasing function of its argument, a necessary condition
for antisymmetric modes to occur is that the right-hand side of (3.63) with the
positive exponent should be greater than unity. Use of (3.64) enables this condition

to be cast in the form

2v/ac(b+ ¢) + c(a — ¢) + 2(c — Vac)oz — 02 >0, (3.72)

or, equivalently, in terms of W,
AW

Ty ()\3WAA + WA) -

2/\W,\

(/\2—+1)02 — 0'% >0. (373)

On the other hand a necessary condition for the existence of symmetric modes is
provided by reversing the inequality in (3.72) and (3.73). Clearly, the two sets of

conditions are mutually exclusive.

Further, by considering (3.65) and the monotonicity of sinhz/x we deduce

that
(c—02)* > ac, (3.74)
and

g2 <b+c, (375)

are both necessary for either antisymmetric or symmetric modes.

Noting the chain of inequalities
c—+ac— [2\/E(b+\/ﬁ)]% < c—+ac < c++ac
<c—+ac+ [2\/(E(b+\/c7c')]% <b+c,
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we conclude from (3.72), (3.74) and (3.75) that for antisymmetric modes to exist

either

¢ — vac — [2v/ac(b + Vac)]? < o < ¢ — y/ac,
or

¢+ /ac < 03 < ¢ — vac + [2v/ac(b + vac)]?
must hold.

Similarly, for symmetric modes to exist it is necessary that either

02 < c— Vac - [2vac(b+ Vae)) *

or
¢ — ac+ [2v/ac(b+ vac)]? <oz <b+tc.

We also note that neither mode is possible if

c—+Vac< oy <c++ac.

(3.76)

(3.77)

(3.78)

(3.79)

(3.80)

Clearly, all the above inequalities can be expressed in terms of A, Wi and W,\A,

but we do not give details here.

Similar necessary conditions were first obtained by Sawyers and Rivlin (1974)

for the case o3 = 0. On setting o, = 0 we recover the results given in Ogden

(1984). In particular, (3.77) cannot hold, while for (3.76) to hold it is necessary

that ¢ > a, and hence that W) < 0 and A < 1 (corresponding to plane strain

compression). Similarly, (3.79) cannot hold, and (3.78) again requires that ¢ > a.

In tension, on the other hand, ¢ < a and (3.80) holds for o, = 0, i.e. neither mode

is possible in this case.

We note that, with reference to (3.65),

2v/ac(b+ ¢ - 03) — ac+ (¢ — 92)* = [02 — (¢ — v/ac)]" + 2v/ac(b - vac) ,

which is positive, and

2v/ac(b+ ¢ — 02) + ac — (¢ — 02)* = — [02 — (¢ = Vac)]” +2/ac(b + vac) ,
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which again ca.ﬁ take either sign. In the reference configuration (with A =X; = 1,
o2 = 0) the latter expression is positive. Thus, by continuity, it will remain posi-
tive on a path of deformation and stress from the reference configuration until it
vanishes; thereafter it can become negative. It follows from (3.65) that antisym-
metric modes will always appear before symmetric modes in quasi-static loading
from the reference configuration. This generalizes the result given in Ogden (1984)

for the case o = 0.

Case2: a>0, b=+/ac
Here s = A and (3.32) becomes

e=bt+c—a=(N+1)c—o0z. (3.81)

Then, either

(a) e = 0, which allows both antisymmetric and symmetric modes to occur
together,
or

(b) e # 0, in which case (3.34) reduces to

sinh(2An) | (A +1)c—o2
2\ T (3N —=1)c+op

(3.82)

From (3.82) we deduce that necessary conditions for antisymmetric and symmetric

modes to occur are
—(8X —1)c < o2 < —(A2 = 1)c, (3.83)
and
o2 < —(3)% = 1)c, (3.84)
respectively, coupled with the requirement b = A%c. We note that the isolated
value o2 = (A2 + 1)c corresponding to (a) above lies outside the ranges of values
in (3.83) and (3.84).
As for Case 1, neither mode can occur for A > 1 when o2 = 0, in which

case A2 < 1/3 is a necessary condition for symmetric modes to occur, as shown in

Ogden (1984).
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Case 2 applies when A =1 (A; = A2) and then

a=b=c=

WAA(]-) )‘3) . (3'85)

N

Here e = 0 corresponds to o, = 2c and when e # 0 the bifurcation criterion (3.82)

reduces to
sinh(2n) (2¢ — 02)
i , 3.86
2n (2¢ + 02) (3.86)
while the inequalities (3.83) and (3.84) respectively become
2c<ay <0, (3.87)
and
o2 < 2. (3.88)

In different notation the results (3.86)—(3.88) were given in Ogden (1984).

Case3: a>0, —yac<b<+/ac.
From(3.36) we have

7=(b+\/ﬁ)%, 5=<\/a——b)%, (3.89)

2¢ 2c

and (3.37) reduces to

[2\/<z_¢(b + ¢~ 02) —ac+ (c — 02)?) fﬂ(?’?_‘s)

sinh(277) . (3.90)

= £ [2vac(b +c—02) ac— (e - 02)’] =

Because of the occurrence of the trigonometric function in (3.90) it is not pos-
sible to seek general necessary conditions for the existence of antisymmetric and

symmetric modes in this case; however, if

2v/ac(b+c— a2) +ac — (c— 02)® =0,

296 =nmw , n=1,2, ...,
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then (3.90) is satisfied for both antisymmetric and symmetric modes. Sawyers
(1977) and Ogden (1984), with o, = 0, display the complex nature of the solution
branches of (3.90).

Cased: a>0, b=—/ac.
The inequality b = —y/ac corresponds to loss of ellipticity, and we have s* = A
with
e=btc—0o=—-(A2-1)c—o0. (3.91)

As in Case 2 both modes are possible when e = 0 while if e # 0 the bifurcation

criterion is
sin(2An) | [(1—A%)c—ay]
20p oz —(8A2 4 1)]

Bifurcation criteria for Cases 5-9 may also be written down formally but they

(3.92)

are of limited interest since strong-ellipticity does not hold.

Depending on the form of the strain—energy function, either Case 1 or Case 3
will arise on a path of deformation and stress from the reference configuration (in
which the conditions for Case 2 hold). Case 4 may arise after passage through
Case 3.

We now make direct contact with the results of Sawyers and Rivlin (1974)
and Sawyers (1977), for the case with o3 = 0, by considering the parameter A

given by

S
Sawyers and Rivlin (1974) noted that the nature of the bifurcation equations
depend on the size of this parameter and studied the cases with A > —1, corre-
sponding to Case 1 here, and A = —1, corresponding to Case 2, while Sawyers

(1977) considered the situation, corresponding to Case 3, where A lay in the range

2 2
—(’\ +1) <A<-1.

A2 -1

Note that the deformation parameter A used by Sawyers and Rivlin is different to
the definition, (3.66), given here.
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3.3.2 Some limiting cases.

Here we consider the specialization of the results in Section 3.3.1 to the situ-
ations in which the aspect ratio 7 is very small or very large.
() n—0

For Case 1 it can be shown from either (3.63) or (3.65) that for antisymmetric
modes the asymptotic form of the bifurcation equation, to the first order in 5?, is

either
o2 = c+Vac+ %(b —Vac)A*np? (3.93)
or

o2 =c—+ac— %(b +vac)A?p? . (3.94)

For symmetric modes, on the other hand, we obtain

2 _
o2 =b+c— l(b___a_clnz . (3.95)
6 c
together with the O(n™2) solution
o2 = —6cp~? (3.96)

these formulae are consistent, respectively, with the inequalities (3.77), (3.76),
(3.79) and (3.78).
In Case 2 (b) the asymptotic form of (3.82) is

o3 = —(A2 = 1)c— %-/\40772 , (3.97)

for antisymmetric modes and o3 = —6¢n~2 for symmetric modes. Note that (3.97)

is consistent with (3.83).
In Case 3 the asymptotic results obtained from (3.90) are again (3.93)—(3.96),

as for Case 1, but the required chain of inequalities

b.+c<c—\/a_c+ [2\/a_c(b+\/<;)]% < ¢+ +ac,

is the reverse of that applying in Case 1.
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Finally, in Case 4, equation (3.92) yields
2 2.4 2
o2 =(A* +1)c— -é-/\ en’, (3.98)
for antisymmetric modes and 07 = —6¢np~? for symmetric modes.

(b) n— o0

Asymptotic results for large n can be obtained in a similar way to those above
for small 5, but they involve exponentials. Here we give the limiting results for
n — 00.

In Case 1 the equations (3.63) for antisymmetric and symmetric modes coin-

cide in this limit and both yield

2v/ac(b+c—o3)+ac—(c—0a2)>=0. (3.99)
On setting b = v/ac in (3.99) the results for Case 2 are recovered and yield either
o2 = (A% + 1)c, (3.100)

or
o2 = —(3)% = 1)c. (3.101)
These can also be obtained directly from (3.81) and (3.82) respectively. In Case 3
the limiting equation is again (3.99), while in Case 4 the limiting result
oy = —(A% =1)c, (3.102)
obtained from (3.92) coincides with the special case e = 0.
It is worth noting that (3.99), or, equivalently,

A2W,,
(At -1)

2AW)\ 2
“erp 2=t

(/\3 Wax + WA)

is the bifurcation criterion for surface deformations on a half-space subject to
the same deformation as considered here (Dowaikh and Ogden, 1990). In the

present context the inequality (3.73) is sufficient to exclude symmetric modes of
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deformation, while for a half-space it provides an exclusion condition for surface

deformations. This point will be discussed further in Chapter 5.

3.4 Discussion of the incompressible frequency equations.
We now consider the full dynamic problem and try to obtain necessary condi-
tions for the existence of vibrational modes, noting that the quasi-static underlying

deformation must satisfy the stability criteria discussed in Section 3.3.

3.4.1 General existence criteria.

Casel: da' >0, ¥ > Ve

Here the frequency equations for the antisymmetric and symmetric modes
are given by (3.25) and (3.26) respectively, or alternatively (3.27) describes both
modes.

In the antisymmetric case, since we chose 31 > 32, the left-hand side of (3.25)
is strictly greater than unity, using the monotonicity of tanh, therefore by applying
this restriction to the right-hand side and using the definition (3.17), we obtain

the condition
2vVa'e(b' + ¢) + ¢(a’ — ¢) + 2(c — Va'e)a, — 02 >0, (3.103)

which is necessary for the existence of antisymmetric modes. Note the similarity
of (3.103) to the corresponding result (3.72) in the static case; the frequency
dependence of (3.103) entering solely through the terms

ad=a—0% and 20 =26—Q%.

A necessary condition for the existence of symmetric modes is given by (3.103)
with the inequality reversed, so that for a given state of deformation and stress
these modes are mutually exclusive.

By considering (3.27) and using the monotonicity of sinh z/z it is found that
(c—02)? > dc, (3.104)
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and

g <b +c, (3.105)

are necessary for both antisymmetric and symmetric modes to occur. As in the

static case we have a chain of inequalities

o=

<c—Vdc<c+Vde
<c—Vaec+ [2\/a'c(b' + \/a’c)] <b+e,

c— Va'c— [2vdc(t! + Varc)]

=

which can be used to give existence criteria in terms of the stress o;.

From (3.103), (3.104) and (3.105) either

N

¢ — Ve — [2\/32(1;' + \/aTc)] <oy <c—ae, (3.106)

or

c+Vaec<ors<c—Vac+ [2\/a'c(b'-{—\/a’c)]3 , (3.107)

must hold for antisymmetric modes to exist. Whereas for symmetric modes to

exist, either

=

02 < o= Valc — [2Vae(¥ +Va'e)|* (3.108)

or
1
2

c—+Va'c+ [2\/a’c(b' + \/a’c)] <oy <b +ec, (3.109)

must be satisfied.

Note that neither mode can occur if

c—Vadc<os <c+Vde. (3.110)

Case2: a' >0, bV =+de
We have the two possibilities:
(a) e=0, which gives
a=b+c, (3.111)

40



so that antisymmetric and symmetric modes can occur together.
(b) e # 0, in which case the frequency equations for antisymmetric and symmet-
ric modes are jointly given by (3.34). Using the result that sinhz/z > 1 for all

positive z, we find that for antisymmetric modes to occur we require
c-3 <oy <V, (3.112)
whereas for symmetric modes to occur, the inequality
oy <c—3b, (3.113)

must hold. However, if 2 > ¢ — b’ then neither mode can occur.

Note that, since ' > 0, the isolated value given by (3.111) lies outside the
ranges indicated in (3.112) and (3.113).

Cases 3, 4, 5, 6 and 8 all contain trigonometric terms, and so necessary condi-
tions for the existence of antisymmetric and symmetric modes cannot be obtained

in these cases.

Case 7: a' =0, bt >0.

If 02 = c then only the solution represented by (3.51) can occur, but otherwise
the frequency equation for the symmetric mode is given by (3.52). By noting that
tanh z/z < 1 for all positive z, a necessary condition for the existence of symmetric

modes, with o9 # ¢, is given by
o <b +c. (3.114)

Note that antisymmetric modes, with & # ¢, cannot occur for this case.

For Case 9, as was noted in Section 3.2, a necessary (and sufficient) condi-
tion for symmetric modes to exist is o2 < ¢, while if 02 = ¢ then the solutions

represented by (3.51) and (3.60) occur.

41



3.4.2 Some limiting cases.

(a) n=0.

As in the static case, asymptotic forms, for small 7, can be found from the
frequency equations obtained in Section 3.2.

In Case 1, for antisymmetric modes, the asymptotic form to the first order in

n? of the frequency equation (3.25) (or alternatively (3.27) ), is either

1/ !
o2 =c+Va'c+ %(b’ —Vaem? >ec, (3.115)

or

a
o2 =c—Va'c— %(b’ +Vaem? <ec, (3.116)

C

whereas for symmetric modes the only O(1) solution is given by
o, =b +c— é(b’2 —adept<b +c. (3.117)°

Note that, (3.115)—(3.117) are consistent with the inequalities (3.107), (3.106) and

(3.109) respectively. In the symmetric case, we also have the asymptotic form
o3 = —6cn~ 2, (3.118)

which obviously satisfies the inequality (3.108) when 7 is small. Equations (3.115)-
(3.117) can be rearranged to give the asymptotic behaviour of 2 in terms of small
values of 77, but we do not list the results in this case.

The asymptotic forms represented by (3.115)—(3.118) are again obtained for
Cases 3 and 5, while for Case 6 (3.115)-(3.118) still hold but with v/a’c replaced
by \/—(a’c), since a' < 0 in this case.

For Case 2(b), the asymptotic form of (3.34) corresponding to antisymmetric
modes is

g =c—Vdec— -2—0'172 , (3.119)

while for symmetric modes we obtain the asymptotic form given in (3.118). Note

that (3.119) and (3.118) are consistent with the inequalities (3.112) and (3.113)
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in Section 3.4.1. The equations (3.119) and (3.118) also hold in Case 4(b), for
antisymmetric and symmetric modes respectively. On rearranging (3.119), we

find that €2 can be expressed as

Q=+va—c(l—o02/c) |1+ o (azc(c__(cai);)z)nz] . (3.120)

In Case 7, provided o3 # c, only symmetric modes can occur and the asymp-

totic form of (3.52), to the first order in 7?2, is

b12

oy =b+c——n?, (3.121)
6c

which can also be obtained from (3.117) by setting a’ = 0. The solution represented
by (3.118) can again occur, and both (3.118) and (3.121) satisfy the inequality
(3.114), while (3.121) can be rearranged to givé

n=\/2(b+c—_@)[1 (c = 02)" } . (3.122)

- 12¢(b+c — 02)77

Case 8 gives rise to the same results as obtained for Case 7, while for Case 9,
we quickly see from (3.62) that only the solution given by (3.118) can occur for

og < C.

(b) . — oco.
For large values of 1, we ignore the asymptotic results, which involve expo-

nentials, and consider only the limiting results as n — oo.

In Case 1, as n — oo, both antisymmetric and symmetric modes have the

same limiting form, namely
2vVa'e(b +¢c) +c(a' —c)+2 (c - \/a’c) 02 —02=0. (3.123)

Equation (3.123) was derived, in another notation, in Dowaikh and Ogden
(1990) as the secular equation for the existence of Rayleigh surface waves on an
infinite half-space. This link between Rayleigh waves and vibrations of finite

blocks will be discussed further in Chapter 5.
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In Case 2, when e = 0, (3.33) gives
o2=b+c, (3.124)
while if e # 0 then (3.34) has the limit
o2 =c—3V, (3.125)

as 7 — oo. From (3.37), Case 3 has limiting form (3.123) as n — oo, while for
Case 4 only (3.124) can arise, regardless of the value of e. Cases 5, 6 and 8 contain
the trigonometeric term tan, and limits cannot be found in these cases. In Case 7,

equation (3.52) has limit o; = ¢ as does equation (3.62) of Case 9.

3.5 Egquibiaxial deformations.

We now consider the special case in which the underlying deformation is
equibiaxial with A; = Ap. Then, from (3.66), by incompressibility, A = \; AY/? = 1,
with o3 = 03 = 0, say and, as in (3.85), a = b = ¢. On putting this into (3.17),
we find that

s1=1, s2=v1-02, (3.126)

where

0 =0%a, (3.127)

and Q2 is given by (8.16). For real, non-zero  only Cases 1, 6 and 7 arise, and

we examine these separately.

3.5.1 Discussion of the frequency equations.

Casel: 0<?<1.

Equations (3.25) and (3.26) together specialize to

= o=y : (3.128)

tanh7 [\/1—-55(2-&)2r‘
tanh (nm) B
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where the 4 (=) corresponds to antisymmetric (symmetric) modes,andd = o /a.
It can be shown that a necessary condition for the existence of antisymmetric

modes is either
1+V1-02<e<1-vV1-02+01-0)iQ1+V1-02), (3.129)

or
1-v/1-02 -1 -5 +V1-M)<a<1-v/1-02. (3.130)
The corresponding necessary condition for symmetric modes is either
1—\/1—:—5"2—2+(1-s‘12)%(1+\/1———(ﬁ)<a<2-%(22, (3.131)
or
F<l-V1-2-(1-0)ia+V1-02). (3.132)

This time when 7 is small we obtain the asymptotic results, that for antisym-

metric modes to occur, either

= 1 — —\ 2 9
1+V1-@2 4+ ¢ 1—92(1—\/1-—92) ? (3.133)

o

or

g

— 1 — — 2 2
1-VI-@ - V1@ (1+vi-a2) o2, (3.134)

and we note that in (3.133) we must have & € (1, 2 + 5?/6), while in (3.134) we
have g € (—2—;’-2-, 1), with 5 small. Correspondingly, for symmetric modes, we must

have either

g=2-0%/2-Q%?%/24 , (3.135)

or

=—6n"2, (3.136)

where from (3.135) & must lie in the interval (2 — -’21;-, 2). Note that (3.133)-(3.136)
are consistent with (3.129)—(3.132) above.
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For antisymmetric modes, equations (3.133) and (3.134) can be rearranged,

in terms of 2, and can be written jointly in the form

Q% =(2-4) [a— + 2= 5):(35 b nz] , (3.137)

where & € [0, 2), with & # 1, for real values of < 1. Equation (3.135), in the

symmetric case, can similarly be rearranged to give

Q=22-5)1-2-a)m*/12), (3.138)

for values of 7 € (% - -;1;:-, 2), with n small.

Case6: 02>1.

In this case the frequency equation is

fanhy [ it Gl 5)2]*1 : (3.139)

— q: — —
o (1) | @7~
where the upper (lower) sign corresponds to antisymmetric (symmetric) modes.

A special feature here occurs when either & = 2 or & + Q22 = 2. For antisym-

metric modes, for example, when & = 2 the following frequencies are possible:

(2k-1)m

Y
Q _1+[ >

2
] . k=1,2,... (3.140)

Similarly, if @ + Q2 = 2 then

~ k) =2 kr\?
g=1- 7 , Q=1+ 7 , k=1,2,... (3.141)

For symmetric modes, the roles of k and (2k — 1)/2 are reversed in the above.
For other values of & each equation in (3.139) yields an infinite family of

solutions which may be plotted as curves in the (7, Q)-plane. Note, however,

that the chosen values of & should be consistent with the requirements of stability

deduced from Case 2 in Section 3.3.1. In particular, the configuration is stable for
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0 € 7 < 2, but stability fails in an antisymmetric mode for some value of & in the
interval (—2, 0) depending on 7. Specifically, for

2(2n — sinh 27)
(27 + sinh29) °

o =

(3.142)

Case 7: Q%=1.
In this transitional case antisymmetric modes are not possible, except for
o =1, as shown in Section 3.2 in a more general context. For symmetric modes

the equation
tanhp (1-0)?
no o (2-9)?’

must be satisfied, and a necessary condition for this is & < 3/2, with & # 1.

(3.143)

Equation (3.143) can be rearranged to give

1 - 2(tanh7/n)*

. F<1,
— 2
= { 1~ (tashn/m)? (3.144)
2
1+2(tanhn/n)l l<s<
1+ (tanhn/n)? 2

3.5.2 Numerical results for equibiaxial deformations.
In Figures 3.1-3.10 the line Q = 1 corresponds to Case 7 and so divides the

regions corresponding to Case 1 (below this line) and Case 6 (above it). From
(3.143) we see that only symmetric modes may occur when & = 1 and so no
antisymmetric branch may cross this line. Also, in this equibiaxial case, we see
that the solution branches of the two different modes do not cross at any point.
In Figures 3.1-3.5 we plot the modified frequency Q against the mode number
n for various values of the stress @ = o/a. By considering the intersections with
the n—axis the inequalities (3.87) and (3.88) derived for the static case are shown
to hold in that, when & = —3, a symmetric bifurcation mode may arise but
when ¢ = —1 an antisymmetric bifucation mode can occur while the underlying

deformation is stable for 0 < & < 2, with stability failing in Case 2(a) when & = 2.
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In Figure 3.4, with & = 1, the lowest antisymmetric mode lies along the line Q = 1,
corresponding to Case 7, and so represents the displacement given by (3.51).

In Figures 3.6-3.10 we plot the modified frequency Q against the stress & for
a range of successively decreasing values of the mode number 7 and it can be seen
that although the spacing of the solution branches varies, the underlying character
of the graphs is unchanged; with the point on the G—axis at & = 2 corresponding
to Case 2(a) bifurcation in each of the graphs. On taking the limit as 5 tends to

zero in (3.137), for the antisymmetric mode, it reduces to the upper half-circle
P4+(@-1)2=1, a>0, (3.145)

and we see from Figure 3.10 that this is almost the case even when 7 is as large

as 0.2. Alternatively, the limit of (3.128) as # — oo for both antisymmetric and

symmetric modes is
2-6-0)2=/1-Q22-5)%, Q>0,

which cuts the axis at & = +2 and we see from Figure 3.6 that this is almost the

case when n = 5.
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Figure 3.1: Dispersion spectrum for an equibiaxially deformed

incompressible material subject to a compressive stress & = —3. The

solid (broken) curves represent the antisymmetric (symmetric) solution

branches.
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Figure 3.2: Dispersion spectrum for an equibiaxially deformed
incompressible material subject to a compressive stress & = —1. The

solid (broken) curves represent the antisymmetric (symmetric) solution

branches.
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Figure 3.3: Dispersion spectrum for an unstressed incompressible
body (& = 0), where the solid (broken) curves are taken to represent the

antisymmetric (symmetric) solution branches.
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Figure 3.4: Dispersion spectrum for an equibiaxially deformed in-
compressible material subject to a tensile stress @ = 1. The solid (broken)

curves represent the antisymmetric (symmetric) solution branches.
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Figure 3.5: Dispersion spectrum for an equibiaxially deformed in-
compressible material subject to a tensile stress & = 1.5. The solid (bro-

ken) curves represent the antisymmetric (symmetric) solution branches.

93



1.8

Figure 3.6: Frequency-stress plot, with mode number = 5, for
an equibiaxially deformed incompressible material . The solid (broken)

curves represent the antisymmetric (symmetric) solution branches.
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Figure 3.7: Frequency-stress plot, with mode number 5 = 2, for
an equibiaxially deformed incompressible material . The solid (broken)

curves represent the antisymmetric (symmetric) solution branches.
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Figure 3.8: Frequency-stress plot, with mode number 5 = 1, for
an equibiaxially deformed incompressible material . The solid (broken)

curves represent the antisymmetric (symmetric) solution branches.
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Figure 3.9: Frequency-stress plot, with mode number n = 0.5, for
an equibiaxially deformed incompressible material . The solid (broken)

curves represent the antisymmetric (symmetric) solution branches.
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Figure 3.10: Frequency-stress plot, with mode number n = 0.2,
for an equibiaxially deformed incompressible material . The solid (bro-

ken) curves represent the antisymmetric (symmetric) solution branches.
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3.6 Results for particular strain—energy functions.

In order to illustrate the results of the previous sections and to provide a basis
for numerical calculations we now consider the class of strain—energy functions
given by

W=E0r 47 +a0-9)

where ¢ and m are constants. It follows from (3.67) that
W, As) = % (A'"A;"‘/? FATAT™? o Am 3) , (3.146)

and hence from (3.69) that

c=pA; ™A™ — Xm0 =1), a= e,

2b = pA; ™ {(m — DA™ — (m + DA™ +(m + DA™ (3.147)
—(m—-1)A""} J(M*=1).
For ¢ > 0 we require that

pum >0 . (3.148)

From (3.147) we obtain

b= ac= %#/\Emﬂ {(m = )A™2 — (m +1)A™
+m+ 1A —(m=-1)AT™} /(A% -1).

(3.149)

Without loss of generality we take 4 > 0 and m > 0 for consistency with (3.148)
since, as noted in Ogden (1984), the properties of the expression on the right-hand
side of (3.149) are unaffected by replacing (y, m) by (—, —m). It then follows that

>0 form>1, A#1,
b—+vac{ =0 form=1, (3.150)
<0 forO<m<1, A#1,

and b = \/ac when A = 1 for any m.

For convenience we introduce the notation

po=paym? (3.151)
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We now consider two particular values of m, namely m = 2 and m = 1,

corresponding to the neo-Hookean and Varga strain—energy functions respectively.

3.6.1 The neo—Hookean strain—energy function.

Here we have
a=p), c=pr"%, b= ‘—‘lz-(a +c), (3.152)
and the inequality 2b > a is satisfied. We also have
si=1 , sp=X4/1-Q2, (3.153)

where 2 is defined by (3.127).
Recalling the definitions of p,  and n from (3.13), (3.16) and (3.24) respec-
tively, we define corresponding quantities pg, €29, 7o which are independent of the

deformation by

nm 2 _ pw
Po=371-> Qp = 7 Mo =pol2, (3.154)
so that
po=0Ap, Q=020 , no=2. (3.155)

It follows that, for the neo-Hookean strain—energy function, Q2 = Q2/u is
also independent of the deformation.

Cases 1, 2, 6 and 7 are the only ones which arise for this material.

Case 1 : the inequalities @’ > 0, ' > Va'c' are equivalent to Q2 < 1 and
Q% # 1 — X\ respectively, and the frequency equations (3.25) and (3.26) become

+1
ta,nh(ngx\'z) _ /\2\/ 1-— 92(2 - A25'2)2 (3 156)
tanh(1o- /1 — Q'z) (2t — MQO2 +1-— /\252)2 ’ .
where 62 = o2 /[ is the only term depending on A;.
When Q = 0 and o; = 0 equations (3.156) reduce to
‘ —2 2 1

tanh(noA™*) _ 9 , (3.157)

tanh o (M 4+1)2
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and this can be shown to agree with the results of Sawyers and Rivlin (1974) for

the neo-Hookean material.

Case 2 : in this transitional case we have
2=1-2"1, (3.158)

and s = 1. Clearly, for real Q # 0 we require A > 1.
Subcase 2(a) in Section 3.2 corresponds to o2 = 2¢, while for subcase 2(b)

equation (3.34) becomes
sinh 2n (2¢ — 02)
== .
2n (2¢ + 02)

These are the same equations as apply for A = 1 in the quasi-static situation for

(3.159)

a general strain-energy function (equations (3.86) ), but, of course, the value of ¢

is different here. When Q = 0 equation (3.158) forces A to be unity.

Case 6 : here we have Q2 > 1 and
si=1 s5=Xv/Q2-1,
and the frequency equations (3.45) and (3.46) become

+1
tanh(noA=2) - A2V/02 —1(2 — A2%5,)?
tan(novQZ — 1) | (L+ M = X4Q2 - A25,)2 |
with the upper (lower) signs corresponding to antisymmetric (symmetric) modes.

This reduces to (3.139) when A = 1.

(3.160)

Case 7 : 0?2 =1withs; =1, s =0. ,
Here equation (3.52), for symmetric modes, reduces to

tanhny (¢ — o03)?
7 (2c—o02)?’

which, by identifying o2 /c with &, can be seen to have the same form as (3.143).

(3.161)

The equations (3.144) for & therefore apply equally to o2/c, which, unlike &,

depends on A. Antisymmetric modes are possible if g, = c.
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3.6.1 The Varga strain—energy function.

In this case m =1,

px®

— 1271 __ 4
o= ey = Vb= Xe, (3.162)
and
2 =22 —Q2/2 4 \/(“22 ((22/4—,\2+1) ,
(3.163)
2= _(2/2 — \/92 (92/4—,\2 +1) :
where
02 =0%/c. (3.164)

Although it is possible to express the results in terms of (3.154), which are inde-
pendent of the deformation, this introduces an explicit dependence on A3 into the
frequency equations and so we do not consider this here.

For this strain-energy function all nine of the cases described in Section 3.2
can occur, and arise as follows:

If A < 1 then s? > 0, for all 2, and so only Cases 1, 6 and 7 can arise,
depending on the sign of s, which is the same as the sign of (A* — Q2), When
A =1 we have s? = 1 and s = 1 — {32, so that the results of Section 3.5 hold.
However when A > 1 we have 3 possible solution paths depending on whether
A2 <2, M2 =20r A% >2,

i) 1 < A2 < 2, here when 2 is such that

Q% <4V -1), (3.165)

the expression (3.163) has complex roots (Case 3) but when equality holds in
(3.165), we have s? = s2 > 0 (Case 2). For values of Q? such that

4N -1) < Q2 <, (3.166)

both roots of (3.14) will be distinct and positive (Case 1), with s3 changing sign as
we go through the value {22 = A* (Case 7 when Q2 = \* and Case 6 for Q2 > %),
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#1) A2 > 2, again we have complex roots (Case 3) when (3.165) holds, but this
time we have a negative double root when Q2 = 4(A? — 1) (Case 4). Both roots
remain negative (Case 5) when (3.166) holds with s? changing sign at 2 =
(Case 8 then Case 6).

i) A2 = 2, we again have complex roots while (3.165) holds, but when
Q2 = 4()\? —1) = X* we have s? = s2 = 0 (Case 9) with s > 0 and s3 < 0
(Case 6) for all values of {2 greater than this.

We note, however, that since, by (3.162), b = \/ac, only Case 2 is compatible
with Q = 0.

Casel: 4(02—-1)<Q? <) <2)2
The frequency equations are given by (3.25) and (3.26) with (3.162)—(3.164).

Case 2:  either @ =0or 02 =4(\2 — 1) < M < 2)\2.
Here we have s = v/2 — A2 and we observe that 1 < A2 < 2. Subcase 2(a) in

Section 3.2 corresponds to

3- )2 ifQ#£0,
Gy = (3.167)
A2 41 ifQ=0,
where 62 = 02 /c and we note that these coincide if A = 1.
For subcase 2(b), equation (3.34) gives
. _ 2 _ 2 _ ~
sinh(2nv2 — A%) " (3 =A%) — 6 (3.168)

MmV2—A T (5-3X)+5; ]
if Q # 0 while (3.82) applies if 2 = 0.

Case 3 : 02 <4(X2 —1) < I

Here equations (3.36) and (3.37) apply with (3.162), and we note that a

necessary condition for this case to hold is A > 1.
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Cased: 2X2<Q?2=4(A2-1)< ).

This case applies for A2 > 2; subcase 4(a) corresponds to
G2 =3-2%, (3.169)

while subcase 4(b) yields

sin(2nv A2 —2) n (8—=X%) -6
VAT —2  (5—3X2)+6;

(3.170)

Case5: 2X2<4(A2-1)< 02 <)
The frequency equations are given by (3.43) appropriately specialized.

Case 6 : Q2 > M.
The frequency equations are (3.45) and (3.46), again specialized with use of
(3.162)—(3.164).

Case 7 : 02 =\ < 2)2.
Antisymmetric modes are not possible unless o0; = ¢, while for o2 # ¢ the

frequency equation (3.52) for symmetric modes specializes to

tanh(nAv2 — A%) (1 —62)? (3.171)
IW2—X2 N2 A2)+1-6g)° '
Case8: 2 =x>2)2
Here (3.171) is replaced by
2 — 5.)2
tan(nAvA? —2) (1-462) (3.172)

MIAWVAZ =2 [A2(2=A2)+1—6,)%

with this time symmetric modes, as well as antisymmetric modes, also possible

when o9 = c.
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Case 9 : Q2 = M =22,
If o, = c the antisymmetric and symmetric modes given by (3.51) and (3.60),

respectively, can occur, while for o2 # ¢ only symmetric modes can arise, with

G2 =(1—-6n"%). (3.173)

3.6.3 Numerical Results.

The solutions to the frequency equations obtained in Section 3.6.1 for the
neo—Hookean material are shown in Figures 3.11-3.19, while those found in Section
3.6.2 for the Varga material are represented in Figures 3.20-3.28.

In Figures 3.11-3.17, for the incompressible neo-Hookean material, we plot
dispersion spectra, that is we plot the modified frequency § against the mode
number 7g; for several values of the stretch A = A; )\;1,/ 2 and stress g2, and we
note that these graphs may be compared with Figures 3.1-3.5 in Section 3.5, for
which A = 1, with the line = 1 again corresponding to Case 7 and so dividing
the two regions with Case 1 lying below the line and Case 6 above it. It can be
seen from these graphs that increasing (decreasing) the stretch A has a stabilizing
(destabilizing) effect on the underlying deformation for a given value of ;. By
specializing the results of Section 3.3.1 to the neo-Hookean material, we see that

the underlying deformation is stable provided
AT —1<5, <2241,

so that there is only a small range of values of &, where stability is assured. From
Figures 3.3, 3.12 and 3.15, with 2 = 0, we see in the static limit that the results
obtained here agree with Ogden (1984), in that bifurcation modes only occur for
A < 1. However, if nonzero values of d; are permitted, as Figure 3.14 shows,
bifurcation modes may occur for A > 1.

Figures 3.17 and 3.18, together with Figure 3.8, show frequency-stress plots
for several values of the stretch and we note that varying the mode number does

not affect the nature of the graphs obtained but merely alters the spacing of the
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solution branches, with the spacing decreasing as the mode number increases,
much as in the equibiaxial case. In Figure 3.19 we plot the frequency spectrum
for Q against A and we again note that the nature of this graph does not depend

markedly on the parameters 1y and &, although we do not show the results here.

The results shown in Figures 3.20-3.22 for the Varga material can be compared
with Figures 3.12, 3.14 and 3.15 respectively in the neo-Hookean case and the
behaviour of both materials is seen to be very similar, even though the variables
have a slightly different meaning in each case; although Figure 3.23, for A = 1.2 and
g2 = 2, has the lowest symmetric mode lying beneath the lowest antisymmetric
mode, a feature which does not occur for the neo-Hookean material. However, if
larger values of the stretch )\ are considered the behaviour differs greatly; while
the neo-Hookean material behaves much as in Figures 3.16 and 3.17, in the Varga
case with A > 1/2, as Figures 3.24 and 3.25 show, there is a layer corresponding to
Case 5 in which the solution branches representing the two different modes cross
over one another, so that for some values of 7 the lowest symmetric mode can lie
beneath the lowest antisymmetric mode.

These changes in behaviour are also present in the frequency-stress plots;
while graphs for A < 1, not shown here, behave as those for the neo-Hookean
material, when 1 < A < /2, see Figure 3.26 with A = 1.2, the lowest antisymmetric
and symmetric solution branches cross—over at a point, with §; = 1.56 and  ~
1.33, corresponding to Case 2(a), but again the character of the graph does not
change as 7 is varied. For values of A > /2, as Figures 3.27 and 3.28 show for
A = 1.8, the character of the graph changes markedly depending on the value of
the mode number, in that some of the higher modes can also cross over each other
for certain values of 7.

Figure 3.29 shows how the (), {2)-plane is divided up into the nine cases that
arise for the Varga material; the parabola, Q= A2, (on which Cases 7 and 8 occur)
and the hyperbola, {2 = 2¢/A% — 1, (on which Cases 2 and 4 occur) divide the four
regions corresponding to Cases 1, 3, 5 and 6, with Case 9 arising at the single

point where they meet. Figure 3.30 then shows the frequency spectrum obtained
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for the Varga material, with 2 = 0 and = 1, and we note that although varying
the values of 7 and 6, alters where the solution branches cross, they do not greatly

change the overall character of the graph obtained.
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Figure 3.11: The dispersion spectrum for an incompressible neo—
Hookean material subjected to a stretch A = 0.9 and a stress d, = -3,

where the solid (broken) curves represent the antisymmetric (symmetric)

solution branches.
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Figure 3.12: The dispersion spectrum for an incompressible neo—
Hookean material subjected to a stretch A = 0.9 and a stress 6, = 0,
where the solid (broken) curves represent the antisymmetric (symmetric)

solution branches.
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Figure 3.13: The dispersion spectrum for an incompressible neo—
Hookean material subjected to a stretch A = 0.9 and a stress g, = 1,

where the solid (broken) curves represent the antisymmetric (symmetric)

solution branches.
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Figure 3.14: The dispersion spectrum for an incompressible neo~-
Hookean material subjected to a stretch A = 1.2 and a stress 52 = —1,
where the solid (broken) curves represent the antisymmetric (symmetric)

solution branches.
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Figure 3.15: The dispersion spectrum for an incompressible neo-
Hookean material subjected to a stretch A = 1.2 and a stress g, = 0,
where the solid (broken) curves represent the antisymmetric (symmetric)

solution branches.
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Figure 3.16: The dispersion spectrum for an incompressible neo—
Hookean material subjected to a stretch A = 1.2 and a stress g = 1,
where the solid (broken) curves represent the antisymmetric (symmetric)

solution branches.
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Figure 3.17: Frequency-stress plot for an incompressible neo-
Hookean material, with mode number 7y = 1, which has been subjected
to a stretch A = 0.9. The solid (broken) curves represent the antisym-

metric (symmetric) solution branches.
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Figure 3.18: Frequency-stress plot for an incompressible neo-
Hookean material, with mode number 7y = 1, which has been subjected
to a stretch A = 1.2. The solid (broken) curves represent the antisym-

metric (symmetric) solution branches.
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Figure 3.19: The frequency spectrum for an incompressible neo—
Hookean material with &, = 0 and 7o = 1, where the solid (broken)

curves represent the antisymmetric (symmetric) solution branches.
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Figure 3.20: The dispersion spectrum for an incompressible Varga
material subjected to a stretch A = 0.9 with the stress 6, = g5/c = 0,
where the solid (broken) curves represent the antisymmetric (symmetric)

modes.
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Figure 3.21: The dispersion spectrum for an incompressible Varga
material subjected to a stretch A = 1.2 and a stress 6 = —1, where the

solid (broken) curves represent the antisymmetric (symmetric) modes.
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Figure 3.22: The dispersion spectrum for an incompressible Varga
material subjected to a stretch A\ = 1.2 with the stress &2 = 0, where the

solid (broken) curves represent the antisymmetric (symmetric) modes.
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Figure 3.23: The dispersion spectrum for an incompressible Varga
material subjected to a stretch A = 1.2 with the stress 6, = 2, where the

solid (broken) curves represent the antisymmetric (symmetric) modes.
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Figure 3.24: The dispersion spectrum for an incompressible Varga
material subjected to a stretch A = 1.8 and a stress 6o = —1, where the

solid (broken) curves represent the antisymmetric (symmetric) modes.
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Figure 3.25: The dispersion spectrum for an incompressible Varga
material subjected to a stretch A = 1.8 with the stress 6, = 0, where the

solid (broken) curves represent the antisymmetric (symmetric) modes.
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Figure 3.26: Frequency-stress plot for an incompressible Varga
material, with mode number = 1, which has been subjected to a stretch

A = 1.2. The solid (broken) curves represent the antisymmetric (sym-

metric) solution branches.
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Figure 3.27: Frequency-stress plot for an incompressible Varga
material, with mode number n = 1, which has been subjected to a stretch
A = 1.8. The solid (broken) curves represent the antisymmetric (sym-

metric) solution branches.
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Figure 3.28: Frequency-stress plot for an incompressible Varga
material, with mode number n = 2, which has been subjected to a stretch
A = 1.8. The solid (broken) curves represent the antisymmetric (sym-

metric) solution branches.
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Figure 3.29: Disposal of the nine cases possible for the Varga

strain-energy function.
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Figure 3.30: The frequency spectrum for an incompressible Varga
material with stress 62 = 0 and mode number n = 1. The solid (broken)

curves represent the antisymmetric (symmetric) solution branches.
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Chapter 4 - Plane Vibrations of a Compressible Elastic Plate.

4.1 Formulation of the compressible problem.

As in the incompressible case, we assume that when unstressed the body

corresponds to the rectangular region defined by
-Li<X;<L;, i€{1,2,3},
which is subjected to a pure homogeneous strain
z;=MNX;, t€{1,23},

and is deformed into the configuration defined by —I; < z; < l;, where [; = \; L;,
(z € {1, 2, 3}). We now consider a small time-dependent displacement v'super-
imposed on this finite deformation and we again restrict our attention to two—
dimensional motions with v3 = 0 and v; and v; independent of z3. With this the

incremental equations of motion (2.51) reduce to

Ao1111v1,11 + Ao2121v1,22 + (Ao1122 + Ao2112)v2,12 = pv1,1e 1)
Ao1212v2,11 + Ao2222v2 22 + (Ao1122 + Ao2112)v1,12 = pV2,11
and we introduce the notation
aij = Aoiijj , (2 €{1,2})
1 =Aor2z12, 72 = Ao2121,

(4.2)
-A2112 = A02112 = -A01221 )

6 = Ao2112 + Ao1122

and note that for a hyperelastic material a;2 = a3;. The two equations of motion

(4.1) can be combined to give

avi 1111 +2bvi 1122+ ¢vi 2222 = plen1 +71)vi 116+ (22 +72)vi 2200+ P2 vi et , (4.3)

(with 7 € {1, 2}), where

a=a1mn, C = Q2272 ,
\ (4.4)
2b = aj1a + 1172 — 6° .
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We again assume that the incremental tractions Sg 21 and So 22 vanish on the
sides o = =l,, while on the boundaries =; = +l;, we take So 12 and v; to be
zero. On using (2.55), restricted to two dimensions, we see that these boundary

conditions can be written as

’U1=0,

} on ==l , (4.5)
V2,1 = 0 )

together with

v2v1,2 + A2112v2,1 =0,
on 2 =+l . (4.6)

a12v1,1 + av22 =0,

On substituting the definitions (4.2) and (4.4) into the strong-ellipticity condi-
tions (2.60), for a compressible material, it can be seen that necessary and sufficient

conditions for strong-ellipticity to hold are

ai; >0, %>0(:€e{1,2}), b++ac>0, (4.7)

which give a > 0 and ¢ > 0 as necessary conditions for strong-ellipticity to hold.

4.2 Derivation of the frequency equations.

We consider time-harmonic solutions of frequency w, and look for incremental

motions, v, of the form
v; = A; exp(spzz + ipr; — twt) , i€{1, 2}, (4.8)

where A; (i € {1, 2}) are arbitrary constants and s and p are to be determined.
It is quickly seen that the conditions (4.5), on the boundary z; = %3, can be

satisfied by solutions of the form

— sin(pz) _
v = ¢1(1’2){ ’ }C_M )

0,24
cos(pa1) where p = n_ﬂ'_, andn = (4.9)
cos(pr1)) . . 2L 1, 3,5
v = ¢a(z2) e,
sin(pz;)
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for arbitrary functions ¢;1(z2) and ¢2(z2). On taking linear combinations of ex-
pressions like (4.8), so that they are of the form (4.9), and substituting these into

the equations of motion (4.3), we obtain the polynomial
cptst — 2bp*s® + ap* = p(aa1 + M)p°w? — p(azz + 12)p*w? — p*w*,  (4.10)

which is a quadratic in s2. On writing
Q? = p?[p? (4.11)
equation (4.10) can be expressed as
st — (20— (a2z +72)Q2) 8% + (@11 — )M - Q%) =0. (4.12)

Equation (4.12) yields four solutions for s, the nature of which being deter-
mined by the underlying deformation and the frequency w. The general solutions
are then found by taking suitable linear combinations of (4.8) and then satisfying
the boundary conditions (4.6) together with a second equation of motion from
(4.1). Again, as in the incompressible case, nine possible cases arise for deforma-
tions within the strong—ellipticity domain, and they are labelled, as in Chapter 3,
according to the nature of the solutions s? and s3 of the quadratic (4.12).

It is worth noting that by writing @;; = a11 — Q% and ;3 = 71 — Q2 equation

(4.12) can be written in the form
st -2 +d' =0, (4.13)
where ,
C =C= Q272 ,
20 = aiaz2 + y1vy2 — 52 , (414)
d =anh,
so that the frequency dependence of (4.13) occurs only through the terms &;; and

%1. On making the associations @11 < aj; and 4; < 71 we see that (4.13) and

(4.14) reduce to the results in Ogden (1984, Section 6.3) for the static case, but
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this time, even when strong-ellipticity holds, we may have a;; < 0 or 93 < 0 (or

both).
11y (4.15)

Also note that

(4.16)

and
2 2
s1+s=—=
1 2 c (0122‘)’2)

We now consider each of these cases in turn:

b > Ve
In this case the roots s? and s3 of (4.13) are distinct and positive, and are

Case 1l: a' >0,
VI de L, - ET—de
= , 32 - c ] (4'17)

given by

2
1 c
with s; and s; the positive square roots of these expressions. The general solution
can be written in the form (4.9) with ¢1(z2) and ¢2(z2) defined by
é1(z2) = A, sinh(s1pz3) + By cosh(sypz2) + C sinh(szpzs)
+ D cosh(szpz
1 (s2pz2) (4.18)

$2(x2) = Az cosh(s1pz2) + Bs sinh(sypzz) + C2 cosh(szpz2)
+ D, sinh(szpz2)

where the A;, B;, C; and D; (i € {1, 2}) are constants. On substituting (4.18)

and (4.9) into the equation of motion (4.1);, we obtain the identities

[A; ] A T
(@11 — 728%) = 081 ;
| B; | | B; |
' - - T (4.19)
C] C,
(@11 — 7253) = 052 ,
| Dy | | Dy |

while on substituting (4.18) and (4.9) into the remaining boundary conditions

(4.6), on z2 = %z, we get
(725141 + A211242) cosh(s17) + (1252C1 + A2112C2) cosh(sen) =0, (4.20)

(0112A1 - 31012214.2) sinh(sl 77) + (0[1201 bt 82(12202) sinh(szn) =0 ’
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(7281 B1 + A2112B2) sinh(s17) + (y282D1 + A2112D2) sinh(s2n) =0,

(4.21)
(Ot]gBl — 81052232) COSh(sln) + (a12D1 d SQQQQDQ)COSh(SzT]) =0 )

where = pl. It can be seen from (4.19)-(4.21) that, as in the incompressible
case, the equations decouple into two systems in (4;, C;) and (B;, D;) respectively
and so we can treat them independently. Considering first the situation where
B; =D; =0(: € {1, 2}) we see from (4.9) and (4.18) that v; is an odd function of
z and v, is an even function of z;, so that this gives rise to antisymmetric (or
flexural) modes. Using the identities (4.19) in (4.20) and taking the determinant
of the coeflicients to be zero, we obtain the frequency equation for antisymmetric
modes,

tanh(s;n) _ s1(A2112811 + a127252 ) (0128 — @r1a22 + Y2a2253)
tanh(szn)  s2(A2112811 + 127282 ) (@126 — @122 + yoa228%) ’

which, following the corresponding result in Ogden (1984) for the static case, can

be simplified to
tanh(s1n) _ s2(A— i)
tanh(syn)  s1(A—s2)°’

(4.22)

where

A= C_*11(_’71’)’2 — A%112) . (4.33)
Y2(@n0az — afy)
Alternatively, on considering the situation where A; = C; =0 (2 € {1, 2}) we
find, from (4.18) and (4.9), that v; is an even function of x2 while v; is an odd
function of z2, which gives rise to symmetric (or barreling) modes. In this case,

the frequency equation for symmetric modes is given by

tanh(s;)  81(A — s3)

= . 4.24
tanh(szn)  s2(A — s?) (4:24)

It is worth noting that (4.22) and (4.24) can be written jointly as
sinh(s1 + s2)n [s152 + A] = ismh(s; —s2)n [s152 — A] , (4.25)

(81 + s2) (51 — 52
where the +(-) corresponds to antisymmetric (symmetric) modes.
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Case2: a' >0, V¥ =+dec
Here (4.13) has a positive double root s? with

sE=b/c=+/d/c, (4.26)
with s taken to be the positive square root. The general solution is again of the
form (4.9) but this time

¢1(z2) = Aj sinh(spzy) + By cosh(spzz) + Cispza cosh(spzz)

+ D, spz; sinh(spzz) ,

4.27
$2(z2) = Az cosh(spzz) + Bs sinh(spzs) + Caspzs sinh(spzs) (4.27)

+ Dy spz, cosh(spzz) .
Substituting (4.27) with (4.9) into the equation of motion (4.1); gives the

C: C,
w22
D

identities

1 -D2
| p ) (4.28)
1 1 2
(@11 — 128?%) — (@ + 7125%) [ ] = 6s ,
1 D1 Bg

and using (4.28) together with (4.27) and (4.9), the boundary conditions on the
sides, z2 = #+l;, can be written as

m cosh(sn)A; + [n cosh(sn) + symsinh(sn)]Cy =0,

4.29
rsinh(sn)A; + [tsinh(sn) + snr cosh(sn)]C1 =0, (4.29)
m sinh(sn)B; + [nsinh(sn) + spm cosh(sn)] D1 =0, (4.30)
r cosh(sn)Bi + [t cosh(sn) + snrsinh(sn)] D1 =0, .
where
m = aiz728® + @1 dan1z ,  n=anemes’ — andonz
r = &11022 — a2 — 202287, t = —27302957

After considerable algebraic manipulation, it can be shown from (4.29), with
B; =D; =0 (i € {1, 2}), that the frequency equation for antisymmetric modes is

sinh(2sn) 2 — A
2sn 24+ A’

(4.31)
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where A is again defined by (4.23). While from (4.30) we find that the frequency

equation for symmetric modes is

sinh(2sn) _ s> —A

2sn 2+ A (4:32)

Note that (4.31) and (4.32) can be derived from (4.25) by taking the limit as

S1 — S2.

Case 3: b2—dc<0.

In this case s? and s2 are complex conjugates, and we write
s1 =7+ 1€, Sg =79 —1€, (4.33)
where

1/2 1/2

(¥ ++dc / [ Vale=V / (4.30)
T= 2c ’ €= 2c ) )

The general solution for this case can again be written in the form (4.9) with

(4.18), but this time it will involve trigonometric as well as hyperbolic terms and

so we do not list it here. However, the frequency equations can be found by

substituting (4.34) into (4.22) and (4.24) (alternatively (4.25)) to give

sinh(2yn) | 7(*+ € - A)
sin(2en) e(v?+e2+.A)°’

(4.35)

where the 4(—) corresponds to the antisymmetric (symmetric) modes.

Case4: d' >0, b =-Vde
In this case, we find that s? is the unique negative double root of (4.13) and
so we set s = is*, where s* is positive and s*2 = y/a'/c. This time we have
#1(z2) = A; sin(s*pzy) + By cos(s*pzs) + Cis*pza cos(s*pza)

+ D, s*pzq sin(s*pzs) , (4.36)
$2(z2) = Az cos(s*pze) + B; sin(s*pzz) + Cas* pz, sin(s* pzs) '

+ Dys*pzq cos(s*pza) ,
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and the frequency equations for this case can be found by putting s = is* into the
results of Case 2, namely

sin(2s*n) | s*?+ A
e :}:s*2 — (4.37)

with the +(-) sign corresponding to antisymmetric (symmetric) modes.

Case 5: a' >0, ¥V <+de.

This time s? and s are distinct and negative, so we write
s1 =187, S3 =183 , (4.38)

where s} and s} are positive. The general solution is given by (4.9) with this time

$1(z2) = A sin(sipzz) + B cos(sipzz) + Ci sin(s;pz2)

+ Dj cos(s3pz2) ,

* . . (4.39)
$2(z2) = Az cos(sipz2) + Bz sin(sipzrz) + C; cos(s;pz2)

+ D sin(s3pz2) ,

and on putting (4.38) into (4.22) and (4.24) the frequency equations become
tan(sin) _ [s3(A+s12)]*

tan(sjn)  |si(A+s3%)]

where +(-) corresponds to antisymmetric (symmetric) modes. Note that corre-

(4.40)

sponding to (4.25), the frequency equations can be written in the form

sin(s} + $3)0, . .

sin(s} — s3)n
(st+s3) "1

(s —s2)

Al =+ [s1s3 + A] . (4.41)
Case 6: a' <0.

In this case one of s2, s2 is positive and the other is negative. We take s? > 0
and set s; = 153, where s3 is taken to be positive, so that the general solution is
given by (4.9) together with

$1(z2) = A; sinh(sypz3) + By cosh(s1pzz) + Ch sin(s;pz2)

+ D; cos(s5pz2) ,
. 1’.= (s2pz2) (4.42)
$2(x2) = Az cosh(sypz2) + Bg sinh(s1pz2) + C; cos(s;pz2)

+ D, sin(s3pz2) -
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This time the frequency equation for antisymmetric modes is given by

tanh(s1n) _  s3(A—si)

- , 4.43
walgn) © s(AT 5 449
and the frequency equation for symmetric modes is
*2
tanh(s1n)  s1(A+s3?) (4.44)

tan(s3n) — sj(A-si)

Note that in this case the frequency equations can not be written in a form similar

to (4.25).

Case7: a'=0, b >0.

In this case, one of the roots of (4.13) is zero with the other being positive

2

and so we choose s? = s? > 0 and s = 0, where

2 a T1y2 — 62
2. 22 _ cnaxn + 7172 ) (4.45)
c Q2272

This time we take

¢1(z2) = By + Ajz3 + D cosh(spzz) + C sinh(spz) , (4.46)
#2(z2) = Az + Baza + Cs cosh(spzz) + D; sinh(spz2) ,

which can be substituted into the boundary conditions (4.6), with z2 = *i3, to

give the paired equations

Y2 A1 + Az112pA2 + v253p cosh(sn)Cy + Az112pcosh(sn)Cy =0,

. : (4.47)
—ag2l3 Ay — @i, sinh(sn)C1 + azzssinh(sn)Cz, =0,

Az112l2 By + 425 sinh(sn) Dy + Az112sinh(sn)D2 =0,

(4.48)
—pay2 By + az:B; — payg cosh(sn)Dq + azzspcosh(sn)D; =0 .

This case arises when a’ = 0, which can happen only if either &;; = 0 or
71 = 0 (both cannot hold together, since (4.45) would give s = —§?/as272, but

s? > 0 by definition) and we look at each case separately.
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(a) an =0 (an =0?%).
On substituting (4.46), together with (4.9), into the equation of motion (4.1),,
we obtain the identities
B, =0,
—py242 = 641,

C, Ci
= §s .
D, D,

If we consider first symmetric modes, with A; = C; = 0 ( € {1, 2}), then
(4.48) becomes

(4.49)

(a228? —71)

—a126Dy =0,
(4.50)
—ai2(B1 + cosh(sn)Dy) + agzzscosh(sn)Dy =0,

and we see that the solution depends on whether a;2 = 0 or not.
(¢) If ayz = 0 then (4.49) and (4.50) reduce to B, = D; = D, = 0, with B,

undefined, so that we may have solutions of the form

COS Pz _
vy = Bl e—:wt ,
{— sinpxl} (4.51)

'02‘-=0,

occurring for all values of 77
(1) If a1z # 0 then (4.49) and (4.50) give B; = D; = 0 (¢ € {1, 2}), so that no
nontrivial solutions are possible in this case.

Alternatively, if we take B; = D; = 0 (z € {1, 2}), corresponding to antisym-
metric modes, then on using (4.49) the boundary conditions (4.47) can be written

as

(7172 — A21126)A2 + @126 cosh(sn)C, =0,

. (4.52)
12718042 + (71012 + Az1120225%) sinh(sn)C2 = 0,

and again the nature of the solution depends on whether a;2 = 0 or not.
(i) If a12 = 0 then on noting that s2 > 0 and 6 # 0 (if § = 0 the equations of
motion (4.1) decouple), we get that A; = C; =0 (¢ € {1, 2}) and so no nontrivial

solutions are possible.
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() If a1z # 0 then by taking the determinant of the coefficients of (42, C2) in

(4.52) to be zero, we obtain the frequency equation for antisymmetric modes

tanh(sn) _ afr 172
sn (172 — A21126)2

(4.53)

Since the left-hand side of (4.53) is strictly positive, a necessary condition for the

existence of solutions in this case is clearly 4; > 0, which can be written as

ann =< . (4.54)

() n=0 (n1=9%.

The results obtained in this case are essentially complementary to those ob-
tained in part (a), but this time the nature of the solution depends on whether
A2z112 = 0 or not.

(¢) A2112 = 0. Here no symmetric modes can arise but the solution given by
v =0,
oy = A, {sin(pwl)} pmivt (4.55)
cos(pz1)
can occur in the antisymmetric case for all values of 7.
(#1) Az2112 # 0. This time no antisymmetric modes may arise, but the frequency

equation for symmetric modes is given by

~ 2
tanh(sn) _ _anazzAan _, (4.56)
sn (@11022 — 126)
which requires that
n=0<an, (4.57)

for solutions to exist.

Case8: a' =0, b <0.
This time we have one root of (4.13) zero with the other root, s? say, negative
and so we write s = ¢s* with s* taken to be positive. The results in this case can

be obtained from those of Case 7, by setting s = is* and give:
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(a) &11 =0.
If a2 # 0 then no symmetric modes can occur, while the frequency equation

for antisymmetric modes is

tan(s*n) _ o172
s*n (7172 — A21126)?

(4.58)

If 32 = 0 then the solution given by (4.51) can again occur, with no nontrivial

antisymmetric solutions possible in this case either.

(b) M =0.
The frequency equation for symmetric modes, provided Az112 # 0, is given
by
tan(s*n) _  @noAl,
s*n (@11022 — a126)?’

(4.59)

with only the solution represented by (4.55) occurring when Az112 = 0.
Note that in this case, if @1 = 41 = 0 then (4.58) (and (4.59)) have the

solution

8*n =kw , for some integer k. (4.60)

Case9: d =V =0.

Here zero is a double root of the quadratic (4.13), so that we must have
anan +ny -8 =ann=0, (4.61)

and since we require § # 0, by (4.61), we cannot have @;; = 41 = 0. The general
solution is of the form (4.9) with
$1(z2) = By + Ayz2 + Dy75 + Ciz3

(4.62)
$2(z2) = Az + Bazy + Caz} + Doz} |

and on substituting this into the boundary conditions (4.6), on z2 = +l3, they

become
72(A1 + 3BC1) + pAzniz(42 + C2) =0,

(4.63)
—a12p(A1 + B2C1) + 2a22,C, =0,
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271 D1 + pAs112(B2 +12D2) =0,
—algp(Bl + I%Dl) + azz(Bz + 31%1)2) =0.

We again have two possibilities, namely, either @;; = 0 or 43 = 0, and we

(4.64)

look at each separately.

(a) C_lu = 0

In this case (4.61) becomes
Ty = 8. (4.65)

On substituting (4.62) into the equation of motion (4.1),, we obtain the identities

Dy =0,
26D, = —p71 By
36Cy = —pNC2 ,
pbA; = 20220y — p* 1 A2 .

(4.66)

Consider first the antisymmetric case with B; = D; = 0 (¢ € {1, 2}), so that
on substituting from (4.66) into (4.63), the boundary conditions can be written as

a126p* Az + (@126n% — 2a2272)C2 =0,

(4.67)
P*F1a1242 + (242112022 + 0112’)’27)2/3)02 =0,

and so the nature of the solution again depends on the value of a;2.
If ay2 = 0 then (4.67) reduces to Cz = 0, since azz > 0 by strong-ellipticity,
and (4.66) then gives C7 = 0. This permits solutions of the form

-7 COs pT; .
V1 = A2 ) . 6_““ y
Az112 —sinpz;

sin pzr; )
Vg = Ag e—-zwt ,
€OS pT1

which exist for all values of 7.

(4.68)
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However, if aj; # 0 then we obtain from (4.67) the frequency equation for

antisymmetric modes

= 3c(6 + A2112)

4.
- (4.69)
A necessary condition for (4.69) to give positive solutions for n? is
Az112 1
1 4.70
oy > 32 (4.70)

For symmetric modes with 4; = C; = 0 (¢ € {1, 2}), on using (4.66), the

boundary condition (4.64); reduces to
(M172 — A21126)D1 =0, (4.71)

and from (4.65) we see that this requires either a2 = 0 or Dy = 0. If a3 # 0 then
no nontrivial solutions can occur in this case, however when a;2 = 0 the solution

described by (4.51) can again occur.

(b) 7 =0.
This time we find that for antisymmetric modes, no nontrivial solution is
possible when Ajz;12 # 0, but if Az112 = 0 the solution represented by (4.55) can

occur. For symmetric modes it is found that if 4112 = 0 then the solution given

by
COSs pT ]
v = B1 . e—:wt ,
— Sl pTy

~ sin pz,
pai —i
VU = Blivz € twt ’

COS PT1

(4.72)

exists for all values of 7, but otherwise the frequency equation is given by

2 _ 36(5 + a12)

4.73
Aiad? (473)

which requires that

12 1
> -, 4.74
Az112 2 (4.74)
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for positive values of n2.

4.3 The compressible static case.

4.3.1 General bifurcation criteria.

When w = 0 the solutions found in Section 4.2 correspond to quasi-static
incremental deformations and the frequency equations derived there can be viewed
as bifurcation criteria. When the strong-ellipticity condition (4.7) holds, only
Cases 1, 2 and 3 of Section 4.2, can arise and we restrict our attention to just
these three cases. These equations, together with the results for the cases that
occur on the boundary of the strongly—elliptic domain, were obtained by Ogden
(1984), but a full discussion of their nature was omitted. Here we restate the
relevant equations, giving a brief discussion of them, before studying them in

more detail using particular strain-energy functions.

Case 1: b > /ac.

The bifurcation criteria are given by

tanh(sym) _ [Sz(A— 3 ]*‘ , (4.75)

tanh(sen) | s1(A — s2)

where the +(-) sign corresponds to antisymmetric (symmetric) modes of deforma-

tion, and we have

32_b+\/b2—ac 2 b—+vb2—ac
1= ¢ ’ S2 = ¢ )
with

A= 011(7172 - 'A%IIZ) . (476)

12(0n1022 — o)

As in (4.25), equations (4.75) can be rearranged as

. h . h —
sinh(s1 + o), L ogp =g SRR s g (4.77)

(s1 4+ s2) (s1 — s2)
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By using the monotonicity of tanh, it can be seen from (4.75) that a necessary

condition for the existence of antisymmetric modes is

s152 > A, (4.78)

while for symmetric modes to exist we must have
s152 <] A| . (4.79)

However, since sinhz/z is also strictly increasing (for nonzero z) (4.77) gives us

that, for either mode to occur we must have

A<O0, (4.80)

so that on combining (4.78)~(4.80) we find that a necessary condition for antisym-

metric modes to exist is

—3182 < A0, (4.81)

while

A< —8189 <0, (4.82)

is necessary for symmetric modes. In the unstressed configuration, from (4.76)
and (2.46), we see that A = 0 and s; = s = 1, so that on a path of pure
homogeneous deformation from this unstressed configuration, by continuity, we
must pass through (4.81) before (4.82) can be satisfied, that is, antisymmetric
modes can always occur before symmetric modes.

By noting that s?s% = a/c, (4.81) and (4.82) can be written as

ai, A1z _ (( )1/2+(a o )1/2) <0 (4.83)
(a11022)1/2  (y172)1/2 7172 11022 , )
and
2 2
12 Ad112 1/2 1/2
(a11@22)1/2  (11792)1/2 - ((7172) 2 4 (a11a22) / ) >0, (4.84)

respectively. In Dowaikh and Ogden (1991), equation (4.83), in a slightly different

notation, was found to be an exclusion condition for the existence of quasi-static
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surface deformations on a half-space, whereas here it can viewed as an exclusion

condition for the existence of symmetric modes.

Case 2: b= +/ac.
Here, s? = y/a/c and the bifurcation equations are given by

sinh(2sn) :!:.s2 -A

—_— 4.
2sn 2+ A° (4.85)

with the 4(-) corresponding to antisymmetric (symmetric) modes. Again by not-
ing the monotonicity of sinhz/z, a necessary condition for antisymmetric modes

to exist is

-2 < A<0, (4.86)

while for symmetric modes to exist, the inequality
A< -s?<0, (4.87)

must hold and so, as in Case 1, antisymmetric modes can always occur before sym-
metric modes. Note that (4.86) and (4.87) are consistent with (4.81) and (4.82),
and that they can again be written in the forms (4.83) and (4.84) respectively.

Case 3: b < ac.

Here we have complex roots and the bifurcation equations are given by

sinh(2yn) _ (7’ + € — A)
sin(2en)  e(y?+e2+A)’

(4.88)

where from (4.34), we have

. (biz_a‘cf . (ﬁ_—_é)% | (4.50)

2c 2¢

and the +(-) corresponds to antisymmetric (symmetric) modes. The occurrence
of trigonometric as well as hyperbolic terms in (4.88) does not allow us to obtain

necessary existence criteria as in the other two cases.
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4.3.2 Results for particular strain—energy functions.

In order to obtain a further understanding of the results of the previous section
we consider three particular strain—energy functions, one or more of which lie

within each of the three cases that can arise while strong-ellipticity holds.

a) A compressible neo-Hookean material.

If we consider the strain—energy function

W =

N

(A2 + 22 + 22 —3-2In(MA2)3)) (4.90)
and take A3 =1 to be fixed, we get from (4.4) and (4.90) that

2 2
a=§—z(A§+1), C=%()\g+1), 2b=p*2+A"+2%),  (491)
2 1

= me—t .92
X(Z+1) (4.92)

which satisfy
b>0,

B —ac=pt(A72-2;12/4>0,
for all values (A1, A2). So, from (4.93), we see that if A; = A2 then Case 2 holds,
while Case 1 holds for all other values of A; and A,.

(1) A1 # Aa.

Here the solution lies wholly within Case 1 and on introducing the quantities

(4.93)

po and 79, as in (3.154), which are independent of the deformation, we find that

A1

Po = A1p, o =y"1- (4.94)
2

The bifurcation equations, from (4.75), can be written as

+
tanh(ng) _ [)\2()\% + 1)3/2 ! (4.95)
-2y 3 A1(A2 +1)3/2 ’ )
1+ 1(A2
tanh [(H—A;:;) 7’]0]

where the +(-) sign corresponds to antisymmetric (symmetric) modes.
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If we take the sides z; = +l; to be traction free, that is o = 0, then from

(4.90) and (2.27) we must have A; = 1, which on substituting into (4.95) gives

tanh(no) o 1)"’2]*1 ,

| 2v2

= 4.96
tanh [(1 + A;2)%no/¢§] (4.96)

and by considering the monotonicity of tanh, a necessary condition for antisym-

metric modes to occur is

MN>vVs-2, (4.97)

while for symmetric modes we require
M<vs-2. (4.98)

From (4.92) and (4.80) we see that for either mode to occur, we must have
A1 < 1, so that neither mode can arise for tensile values of oy, while in com-
pression, as the body is deformed on a path of deformation and stress from the
unstressed configuration, only antisymmetric modes may arise until A\? = /5 — 2
and thereafter only symmetric modes may occur.
(1) A= A2
In this equibiaxial case, if A; = A2 = ), say, then
a=b=c=pu}(1+272), (4.99)
A=(1-27%),
so that b = y/ac and the solution thus lies within Case 2. The bifurcation equation,
from (4.85), is
sinh 27 1

o Ton—1

which requires that 1/4/2 < A < 1 for antisymmetric modes to occur and A < 1/4/2

(4.100)

for symmetric modes.

b) Varga material.

Similar to the neo-Hookean material, we choose the strain-energy function

W = ﬂ(/\l + /\2 + /\3 -3- ln(/\lAzA;;)) ) (4101)
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which gives, when A3 = 1,

p’ A

_ _ AN, A
- Ag(x\l +)\2) - A2

a b=1c, (4.102)
AZ

which are all positive with > — ac = 0 and thus Case 2 holds for all admissible
deformations in this case. From (4.85), the bifurcation equations for antisymmetric

(4+) and symmetric () modes can be written as

sinh 210 AT+ -1
— =+ ) 4.103
2n0 3-AT =t ( )

From (4.103) it can be seen that a necessary condition for antisymmetric modes

to occur is

2< A+ <3, (4.104)

while for symmetric modes

AT+ >3, (4.105)

is a necessary condition.

c) Blatz—Ko material.

If we take the strain-energy function given by
W= -’2i(,\;2 F A2+ A2 4 200203 — 5) (4.106)

which for fixed A3 = 1 has

a=c= 3“2
=C= 0o
) Atz (4.107)
2 =56—=(8XME — M — X4) ,
A1)‘2
and so gives
2(\2 2)2
p(A1 — A3)
- =1 "2 < 4,
b— /ac IV <0, (4.108)
with
2
b+ vac= ——(14A202 — Xt — M%) . (4.109)

2X6X8
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The strong-ellipticity condition requires that b+ +/ac > 0, which from (4.109)

can be seen to be

M+M-143M <o, (4.110)

and this corresponds to the region, in (A;, Az)-space, in the first quadrant between

the two lines

A =(2+£V3)): . (4.111)

When strong-ellipticity holds, we see from (4.108) and (4.110) that b2 — ac < 0,
with equality only when A\; = Xy;. Therefore, for equibiaxial deformations, the
solution lies within Case 2, but for all other admissible deformations Case 3 applies.
(1) A1 # Aa.

From (4.107) and (4.89), we see that y2+¢? = 1, which can then be substituted
into the bifurcation equation (4.88) together with

1 -
==Y,

1
¢ = %2-(6—6")2 , (4.112)
3+ e )

(9—A1x3) ’
where £ = A2 /).
() A= (= A).

In this equibiaxial case we have

a=b=c=3p%/)\®,

3(M - 1)
A=Tara

and the bifurcation equation (4.85) becomes, for A\* # 3,

(provided A\* # 3) ,

sinh 2n 3- )\t
el A S ’
2770 2/\4

(4.113)

where the +(-) corresponds to antisymmetric (symmetric) modes. By considering
(4.113), it can be seen that symmetric modes cannot arise in this case, while

antisymmetric modes may only occur in compression.
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4.3.3 Numerical results for the static case.

The bifurcation criteria derived in the previous section were studied numeri-
cally and the results are shown in Figures 4.1-4.8.

Figures 4.1-4.3 deal with the neo-Hookean strain-energy function and Fig-
ure 4.1 represents the solution to (4.100) in the equibiaxial case. Figure 4.2 shows
plots of the stretch A; against the mode number 7y for various values of the stretch
Az and, as in the equibiaxial case, for each graph, there exists a critical value of
A1, Ac say, such that A\; > A, corresponds to antisymmetric modes while A; < A,
corresponds to symmetric modes and the value of A, decreases as the stretch A,
increases. Figure 4.3 shows a (A1, A2) phase plot of the bifurcation equations and,
as the value of the mode number 7 increases, the two solution branches can be
shown to approach one another, although only the branch corresponding to the
symmetric mode intersects the \;—axis.

Figures 4.4 and 4.5 dealing with the Varga material are seen to be very similar
to Figures 4.2 and 4.3, respectively, for the neo-Hookean material; however, in

Figure 4.5, as the value of 7 is increased, both curves approach the hyperbola

Il
O]~

(A = %)()\2 - %) (4.114)

For the Blatz—Ko material, we see from Figure 4.6 that there are two regions in
which bifurcation can occur and, for the case corresponding to larger values of A;, .
symmetric modes can occur before antisymmetric modes on a path of deformation
from the reference configuration. The sole antisymmetric solution branch predicted
from (4.113), in the equibiaxial case, is shown in Figure 4.7, with Figure 4.8 giving
a phase plot for this Blatz—Ko material. The upper two solution branches in
Figure 4.8 converge as they approach the line A\; = A, with neither mode possible

on this line, which is consistent with (4.113).
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Figure 4.1: Bifurcation curves for a compressible neo-Hookean
material subjected to an equibiaxial deformation with A; = Ay = A,
where the solid (broken) lines correspond to antisymmetric (symmetric)

modes.
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1.6

Figure 4.2: Bifurcation curves for a compressible neo-Hookean
material for several values of the stretch Ag; the solid line corresponds to
A2 = 1.0, the dotted line corresponds to A, = 1.5 and the dashed line
corresponds to Ay = 0.7. On each graph there is a critical value of the
stretch Ay such that antisymmetric modes occur above this value and

syminetric modes occur below it.
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Figure 4.3: Phase plot for bifurcation modes of a compressible
neo-Hookean material with mode number ¢ = 1.0, where the solid (bro-

ken) lines correspond to antisymmetric (symmetric) modes.



0.0

0.5 1.0 1.5 2.0 2.5 3.0 3.5

Figure 4.4: Bifurcation curves for a compressible Varga material
for several values of the stretch \y; the solid line corresponds to A, = 1.0,
the dotted line corresponds to A2 = 1.5 and the dashed line corresponds
to Ay = 0.7. On each graph there is a critical value of the stretch A; such
that antisymmetric modes occur above this value and symmetric modes

occur below it.
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Figure 4.5:

Phase plot for bifurcation modes of a compressible

Varga material with mode number 7y = 1.0, where the solid (broken)

lines correspond to antisymmetric (symmetric) modes.
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Figure 4.6: Bifurcation curves for a compressible Blatz—Ko mate-
rial with stretch Ay = 1.0, The solid (dotted) curves represent antisym-
metric (symmetric) solution branches while the dashed line represents

the boundary of the strongly—elliptic domain.
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Bifurcation curve for the only, antisymmetric, mode

Figure 4.7:
that occurs for a compressible Blatz—I{o material subjected to an equi-

biaxial deformation with A\; = Ay = A.
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Figure 4.8: Phase plots for bifurcation modes of a compressible
Blatz- Ko material with mode number 1y = 1.0. The solid (dotted) lines
represent antisymetric (syminetric) solution branches while the dashed

lines represent the boundary of the strongly—elliptic domain.
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4.4 Results for the dynamic problem.

We now consider, for arbitrary w, the frequency equations derived in ‘Sec-
tion 4.2. Unfortunately for compressible materials, few worthwhile results can be
found for an arbitrary strain—energy function, so that here we specialize the results

by restricting our attention to a neo-Hookean material.

4.4.1 Some general results.

Corresponding to the static case, existence criteria can be obtained for Cases 1
and 2, the other cases either containing trigonometric terms or having been dis-
cussed in Section 4.2.

For Case 1, we again find that (4.80)-(4.82) hold, although the terms involved
have a different meaning, so that corresponding to (4.83) and (4.84), we get

0‘%2 Agnz
(G11022)1/2 ~ (J1y2)1/?

- ((@11&22)1/2 + ("71’72)1/2) <0, (4.115)

as a necessary condition for the existence of antisymmetric modes in the dynamic
case, with

o, Adirz
(Gr1022)'/2 * (1y2)'/?

— ((6:110122)1/2 +'(’71’)’2)1/2) >0, (4.116)

necessary for symmetric modes. In Case 2, we again obtain the inequalities (4.115)
and (4.116) for the existence of solutions, but for this case using the condition that

b' = Va'c, we have in addition
2
[(51110122)1/2 = (’71’)’2)1/2] =6%. (4.117)

Unlike the incompressible case, asymptotics for small and large values of 7
yield no constructive results and so here we only list results for the limits as n — 0

and 1 — oo.

a) n—0.

On taking the limit 7 — 0 in the frequency equations derived in Section 4.2,

we find that for Cases 1-6, the frequency equations for symmetric modes have no
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limiting forms, while those for antisymmetric modes reduce to
A=0, (4.118)

which can be written as

(4.119)

Note that (4.118) holds for any material in its unstressed configuration, so that
in this state the block, with n — 0, can be unstable with regard to quasi-static

antisymmetric modes.

In Cases 7 and 8, ignoring the solutions (4.51) and (4.55) which exist for all
values of 7, we find that on taking the limit » — 0 in (4.53) (or (4.58)), with

aj; = 2%, we can get either

72(71 - all) = 62 or A§112 ’ (4.120)

which are distinct, since a2 # 0. While if we take 71 = Q2 then (4.56) (or (4.59)),

in the limit  — 0, becomes
0122(011 - ’71) = 62 or afz y (4.121)

with Az132 # 0. Since the right-hand sides of (4.120) and (4.121) are both positive,
only one or the other of these modes can arise, depending on the relative sizes of
aip or 71 (both must be positive by the strong-ellipticity condition).

For Case 9, taking the limit 7 — 0 in (4.69) and (4.73) gives

a1z + 242112 =0, (4.122)
with a;; = Q2 and
2012 + A2112 =0, (4.123)

with v; = Q2?, respectively.
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b) 7 — .
This time, on taking n — oo we find that limits only exist for Cases 1-4 and
the limits for the antisymmetric and symmetric modes coincide. For all four cases,

the limit as n — oo, of the frequency equations, is

A=—\7> (4.124)
which can be written as
a? A2 . i
(anaI;)l/z (,—,1,:21;12/2 - [(auan)’/ 2 +(7172)1/2] =0. (4.125)

In Dowaikh and Ogden (1991) equation (4.125), in a different notation and
form, was found to be the secular equation for Rayleigh surface waves on a com-

pressible half-space; the reasons behind this link will be discussed in Chapter 5.

4.4.2 'The particular case of a compressible neo~Hookean material.

We again consider a strain—energy function of the form (4.90), namely

W =

IR

although this time we also consider nonzero w. We again take A\3 = 1, so that a,

b and c are given by (4.91) with, from (4.14),

o =a— @2 +1)02+ 01,
Mz

2%’ = 2b — /\1—")‘2-(2)\% +1)0?, (4.126)

!
c =c,

and
4o D808/ -1
A2(A24+1) ’

where Qg is chosen to be independent of the deformation, as in (3.154), and is

(4.127)

given by
Q=A% . (4.128)
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On substituting (4.126) into (4.13) we find that

2 AT+ 1=23007

8 = )
AR (4.129)
2 A 52
89 = Xi-(l ol Al/\zﬂo) 3
2
(or possibly vice-versa) where
~ Q2
Q=22 (4.130)

7

From (4.129) we see that both roots are positive for Q% < 1/A;)2, one root
positive and the other negative when 1/X\1; < Q2 < (1 4 A[?)/A1)2 and both
roots negative for Q2 > (1 + A72)/A1 ..

Case 1: Q% < 1/X1)2.
Substituting from (4.127) and (4.129) into the frequency equations (4.22) and

(4.24), for antisymmetric and symmetric modes respectively, gives

1
ATZM 2202\ 2 ~
tanh (1'*' ]1+—A;2 ) 1o [(1 - /\1)\293)1/2(/\3 + 1)3/2

tanh (1 — MA02)3m0  LAZA2(1+ AT2 — M A, §22)372

rl . (4.131)

where the +(-) sign corresponds to antisymmetric (symmetric) modes and 7 is

defined as in (4.94).

Case 2: Q2 = X072 = ATH)/ A
Here we have s = s2 = 1, so that this case lies wholly within Case 1, and the

frequency equations, from (4.31) and (4.32), can be written jointly as

sinh(2/\2 To //\1) 1
= 132
2/\27‘]0//\] i2/\§ -1 ’ (4 3 )

where the +(-) sign corresponds to antisymmetric (symmetric) modes.
Clearly for either mode to arise we require that A; > Az, with antisymmet-

ric modes possible when 1//2 < Az < 1 and symmetric modes possible when
0< A2 < 1/v2.
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On considering (4.129) it is clear that Cases 3, 4 and 9 cannot occur for this

material.

Case 5: Q2> 1+ A7/ ).
Here s? and s2 are both negative and the frequency equations can be written

in the form

1
A Aaf12-1-272

2
1477 ) T [aAeff - 1)) +1)%2 *
tan (M A202 —1)ne [ AZA(M A2 —1-A72)3/2)

(4.133)

where the +(-) sign corresponds to antisymmetric (symmetric) modes.

Case 6: /2122 < Q% < (14 A7%) /A1 ).
Here s2 > 0 and s2 < 0 and the frequency equations can be written similarly to
(4.131) and (4.133), but this time in the forms (4.43) and (4.44) for antisymmetric

and symmetric modes respectively.

Case T: Q2 =1/\ ).
The condition Q2 = 1/\; A2 corresponds to 7; = 0 and this, together with the
fact that Az112 = p/A1A2 # 0, implies that (4.56) holds in this case. This means

that here only symmetric modes may arise, with frequency equation

A2mo Az270
= . 4,134
o | o | = ST (4.134)

Case8: Q% =(1+4+A3)/ ).
This time the condition Q2 = (1 + AT 2) /12 corresponds to &1 = 0, and for
this material we have a2 = 0, for all admissible deformations. This means that

only the solution represented by (4.51), namely

COS pT1 .
v = Bl e-—zwt ,
— S pr

’02'—‘0,
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may occur in this case, with

2
w? = p“p° A2 +1). (4.135)

4.4.3 Numerical results for the neo-Hookean material.

For this strain-energy function we find that in the first quadrant of (A, A,
Qo)-space the surface represented by 2 = 1/X;);, corresponding to Case 7, lies
strictly below the surface 02 = (1 + A7?)/A1 )2, corresponding to Case 8, and
so this quadrant is divided into three regions corresponding to Case 1 on the
bottom, Case 5 on top and Case 6 lying between these two surfaces; the remaining
Case 2 lies wholly within Case 1. In order to permit a comparison with the results
for incompressible materials, it is found that on substituting the strain—energy
function (4.90) into (2.31), the stress o can be written as

__ (-1

g9 = /\1/\2 (4136)

where 62 = A302/u is defined as in Section 3.6 for the incompressible neo~Hookean

material.

In Figures 4.9-4.13 we show dispersion spectra, i.e. we plot g against 7, for
the compressible neo-Hookean material proposed in the previous section. On com-
parison with the results for the corresponding incompressible neo-Hookean mate-
rial the most immediately striking difference is that now the solution branches for
the antisymmetric and symmetric modes can now cross over one another; all such
cross—over points occur within Case 5, which cannot arise in the incompressible

case, and correspond to values of A1, Az and Qg such that

kxw

* *
$1+8y=—,
n

for some integer k, where s} and s} are defined as in (4.38).
Figures 4.9-4.11, with A; = 0.7, A2 = 0.7, 1 and 1.5 which from (4.136) can

be seen to correspond to g2 ~ —1.04 in Figure 4.9, 2 = 0 in Figure 4.10 and
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g2 ~ 1.19 in Figure 4.11, can be compared with Figures 3.11-3.13, respectively, in
the incompressible case. The only major diﬂ'erénce between the two cases, apart
from the existence of cross—over points, occurs with the lowest symmetric mode,
which in the incompressible case has a cut—off frequency, above which it cannot
occur for any value of the mode number, but which has no such bound in the
compressible case. On taking (¢ = 0 it is seen that similar stability arguments
hold for both cases. Similarly Figures 4.10, 4.12 and 4.13, with A, = 1, can be
compared with Figures 3.12, 3.3 and 3.15, respectively, in the incompressible case.

In Figures 4.14 and 4.15 we plot the frequency spectrum, for o against A;,
corresponding to the cases with A2 = 1.0 and A2 = 0.7 respectively, and we note
that the lowest antisymmetric mode in Figure 4.14 does not occur in Figure 4.15;
on solving (4.132) for Figure 4.15 we find that A; =~ 0.22, which is less than
A2 = 0.7, so that Case 2 does not arise. Figure 4.14 can be compared with Figure
3.19, 2 = 0 and n¢ = 1 in each, and, apart from the cross—over points, the only
significant difference is that while all the incompressible modes occur within a finite
range of values for Q¢ only the lowest symmetric and antisymmetric modes are
so bounded in the compressible case. Finally, in Figure 4.16 we plot a frequency
spectrum for g against Az, with a fixed value of A;, which can be compared with

Figures 4.14 and 4.15 above for the reverse situation.
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Figure 4.9: Dispersion spectrum for a compressible neo-Hookean
material which has been subjected to an equibiaxial deformation with
Al = A2 = 0.7. The solid (broken) curves represent the antisymmetric

(symmetric) solution branches.
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Figure 4.10: Dispersion spectrum for a compressible neo-Hookean
material which has been subjected to a homogeneous deformation with
Ap = 0.7 and Ay = 1.0. The solid (broken) curves represent the antisym-

metric (symmetric) solution branches.
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Figure 4.11: Dispersion spectrum for a compressible neo-Hookean
material whicli has been subjected to a homogeneous deformation with
Ay = 0.7 and Ay = 1.5. The solid (broken) curves represent the antisym-

meiric (syvuunetric) solution branches.
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Figure 4.12: Dispersion spectrum for an undeformed compressible
material, where the solid (broken) curves represent the antisymmetric

(symunctric) solution branches.
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Figure 4.13: Dispersion spectrum for a compressible neo-Hookean
material which has been subjected to a homogeneous deformation with
A = 1.5 and A; = 1.0. The solid (broken) curves represent the antisym-

metric (symmetric) solution branches.
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Figure 4.14: Frequency spectrum for a compressible neo-Hookean

material, with stretch Ay = 1.0 and mode number 7y = 1, where the

solid (broken) curves represent the antisymmetric (symmetric) solution

hrauches.
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Figure 4.15: Frequency spectrum for a compressible neo-Hookean
material, with stretch Ay = 0.7 and mode number 1y = 1, where the
solid (broken) curves represent the antisymmetric (symmetric) solution

brauches.
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Chapter 5 — Applications to Elastic Waveguides.

In this chapter we discuss briefly the theory of linear elasticity and with it
derive the Rayleigh-Lamb frequency equations for plane waves in a linearly elastic
waveguide. We then show how the results of Chapters 3 and 4 can be applied to
the related problem of an infinite elastic layer of pre-stressed material and justify

them by deriving known results for Lamb and Rayleigh waves.

5.1 Linear theory of elastic waveguides.

If u(x, t) is a (small) displé,cement from a given unstressed reference configu-

ration then the corresponding small-strain tensor, E, is given in component form

by
1
Eij = -2-(%',1’ + uji) (5.1)

so that E is clearly symmetric. If T is the linear stress tensor then it is related to

the strain E by the constitutive relation
T=AE, (5.2)

where Ay has the component form given by (2.46) when evaluated along its prin-

cipal axes, and with this T can be written in component form as
T,'j = /\Ekkaij + 2/1.E,'j , (5.3)

where A and p are the usual Lamé moduli.

On substituting from (5.1) and (5.3) into the equation of motion
divT = pu g , (5.4)
we obtain the component form of (5.4), namely

puiji + (A + p)uj i = puige - (5.5)
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In order to simplify the form of the equations of motion we can take the

Helmholtz decomposition of the vector u, namely
u=Ve¢+VxT, VY¥=0, (5.6)

where ¢ is an arbitrary scalar potential and ¥ is an arbitrary vector potential; the
condition divW¥ = 0 ensures that the decomposition is unique. It can be shown,
Achenbach (1984) for example, that in an unbounded medium, any solution of
(5.5) can be written in the form (5.6); however when boundary conditions must
be satisfied such a decomposition provides a restriction on possible solutions.

On substituting from (5.6) into (5.5) we obtain two uncoupled wave equations

1 9%
Vo=
0 (5.7)
Viy = ..1_6_‘1'
- c o2’
where ¢, and cr are constants given by
A+2u p
2 2
¢l = , cr=—, 5.8
L P T P (5.8)

which represent the speed of propagation of P-waves and S-waves respectively;
see, for example, Miklowitz (1966).
We now consider the specific problem of an infinite layer with —l; < z; <y,

and restrict our attention to plane strain solutions in the (z, z2)-plane, so that

we have
=0, 2()=0
) 3273 ’
and thus the equations (5.7) reduce to
¢ ¢ _1_32¢
oz? ~ 9z 3 o2’ (5.9)
%y P 0?

where 1 is a scalar potential function. We now look for plane-harmonic waves

propagating in the z;-direction and so we consider solutions of the form
¢ = w1(z2) exp (i(wt — kz1))
(5.10)
Y = wa(z2) exp (Hwt — kz1)) ,
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where w is the frequency, k is the wavenumber and w; and w, are arbitrary func-
tions of z2. On putting (5.10) into (5.9), the equations reduce to

n
wl = a2w1 )

(5.11)
w{,’ = ﬂzwz )
where
2 UJ2 2 (,,_)2
=k, k- (5.12)
L ch
The equations (5.9) then have the general solution
# = [Asinh(az2) + C cosh(azsy)] gilwt—ks1)
' (5.13)

% = [B cosh(Bz2) + D sinh(Bz;)] '@ =F=1) |

Note that a? and A2 could also be negative, in which case we would get
trigonometric, instead of hyperbolic, terms (isolated transitional cases also occur,
but we do not consider them here).

If we now take the surfaces z2 = +l; to be stress—free, so that
T21 = T22 =0 ’ when T = ﬂ:lg y (5.14)

then on substituting from (5.13) into (5.3), (5.6) and (5.14), we find that two
distinct modes are possible. On taking B = D = 0, which corresponds to anti-

symmetric (or flexural) modes, we obtain the frequency equation

tanh(aly)  4k%af
tanh(Bl;) — (B2 + k)2’

where o and 3 are chosen to be positive. On the other hand, if we take A = C =0,

(5.15)

which corresponds to symmetric (or barreling or longitudinal) modes, then the

frequency equation is given by

tanh(aly) (8% + k?)?
tanh(8lz) = 4k2af

(5.16)

Equations (5.15) and (5.16) are the Rayleigh—Lamb frequency equa-
tions for antisymmetric and symmetric modes respectively (Rayleigh (1889),

Lamb (1890) ). For a material with positive bulk and shear moduli, we must have
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A+ %u > 0 and p > 0 respectively, so that from (5.8) we must have ¢} > ¢2. for all
such materials. From (5.12) we now see that three distinct possibilities can arise,

namely

(!) a2>0, B2>0.
The frequency equations are given by (5.15) and (5.16) in this case.

(1) a®?>0, B2 <0.
On writing § = i3, with B taken to be positive, the frequency equations can

be written as

tanh(aly) 4k*ap (5.17)
tan(ly) ~ (k2 B2’ '
for antisymmetric modes, and
2 _ 32\2
tanh(alz) (k% — B?%) (5.18)

tan(Blz) =~ 4k%2af ’

for symmetric modes.

(12) a?<0, pg%2<0.
Here we take a = i@ and § = if3, with @ and 3 both taken to be positive, and

with this the frequency equations can be written as

ta.n(alz)_[ 4k’ap rl ’ (5.19)

tan(Bla) | (k? - B2)?

where the +(~) sign corresponds to antisymmetric (symmetric) modes.

In Case (i), by making use of the monotonicity of tanh, it is possible to obtain
necessary conditions for the existence of solutions, though we do not list them here;
however, the situation in Cases (i7) and (4i) is much more complicated. It was not
until Mindlin (1960) that the full frequency spectra, for such apparently simple
equations, were understood for these two cases. Mindlin (1960) obtained bounding
curves for each of the solution branches by considering the related problem with

mixed boundary conditions, T2 = 0 and us = 0 on the surfaces 5 = +I;, instead
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of (5.14). In this case the corresponding frequency equations have a much simpler
structure than the Rayleigh-Lamb equations and the solution branches can be
described analytically. The use of modern computers has allowed the results of
Mindlin to be easily verified, and in Figures 5.1-5.3 the dispersion curves of the
Rayleigh-Lamb equations are shown for several values of Poisson’s ratio, with

Figure 5.3 corresponding to Figure 18 of Mindlin (1960) for v = 1/3.

Note that here we are only interested in propagating waves and so we restrict
our attention, solely, to real values of the wavenumber.

So far in this section we have been dealing with compressible materials but we
now consider the incompressible limit of these equations. For an incompressible
material we must have the classical Lamé modulus A — oo, which from (5.8)
and (5.12) requires that @ — kZ, in this limit; this corresponds to the fact that
longitudinal P-waves cannot propagate in an incompressible media. This means
that the Rayleigh-Lamb frequency equation for an incompressible material, from

(5.15) and (5.16), can be written as

3 +
tanh(klz) [ 4k*p ] ' , (5.20)

tanh(Blz) ~ [(B? + k?)?

where the +(-) corresponds to antisymmetric (symmetric) modes, with a similar
expression possible for Case (i2). The dispersion curves in this case are shown in
Figure 5.4.

Note that since a? = k? > 0, Case (1) cannot occur for an incompressible

material.
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Figure 5.1: Dispersion curves for the compressible Rayleigh-Lamb
equations with v = A = 0, where ¢ = ¢/er = Q and n = kl,. The solid
lines represent the antisymmetric modes while the broken lines represent

the synunetric modes.
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Figure 5.2: Dispersion curves for the compressible Rayleigh-Lamb
equations with v = 1/4, where ¢ = ¢/cp = Q and n = kl,. The solid (bro-

ken) lines represent the antisymmetric (symmetric) modes respectively.
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Figure 5.3: Dispersion curves for the compressible Rayleigh-Lamb
equations with v = 1/3, where ¢ = ¢/cp =  and 7 = kly. The solid (bro-

ken) lines represent the antisymmetric (symmetric) modes respectively.
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Figure 5.4: Dispersion curves for the incompressible Rayleigh—
Lainb equations (v = 1/2), where ¢ = ¢/er = Q and 5 = kl,. The solid

(broken) lines represent the antisymmetric (symmetric) modes.
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5.2 Lamb Waves.

If we allow l; — oo for the finite block studied in Chapters 3 and 4 then, in
this limit, it can be represented by an infinite layer in the z;—direction of thickness
2ly. Now, if we again look for plane displacements v, of the form (4.8), that is

v; = A;exp(spzs + ipz1 —wt) , @€ {1, 2}
(5.21)
v3 =0,
then the expression (5.21) can be viewed as representing a plane wave in the
(z1, 2)-plane. If p and w are chosen to be real then we see that (5.21) represents
a wave propagating in the z;-direction with wavenumber p and phase velocity
w/p.

Note that unlike the results of Chapters 3 and 4, where the boundary condi-
tions on z; = %l force p to be of the form nx/2[;, in this case no such boundary
conditions apply and p is arbitrary.

The equations of motion and the boundary conditions on the top and bottom
surfaces, zo = £ I3, of the layer, are identical to those of the finite plate in
Chapter 4 (or Chapter 3, if the material is incompressible), which means that
the results obtained in Chapters 3 and 4 also apply to this case. The frequency
equations derived earlier can now be viewed as frequency equations for Lamb waves

in an elastic waveguide.

5.2.1 Special cases for a compressible material.

From the results of Section 4.2, we see from equations (4.22) and (4.24), for
Case 1, that the frequency equations for antisymmetric (4) and symmetric ()

Lamb waves can be written as

tanh(s1n) _ [Sz(A - s%)] * (5.22)
tanh(sz7) s1(A—s?) ’ '
where n = pl; and from (4.23)
A= &11(;7172 - 'A%112) (523)

Ya(@r1a22 — ady)
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For an isotropic material, when the elastic layer is unstressed, the components
of the tensor of elastic moduli Aq are given by (2.46), which on substituting into
(4.13) gives us

Q2 2
s?=1 =1-=-,
2u+A 1
Q2 2 (5.24)
2 _ c
32-—1—_—1""_2',
I 7y

where ¢4 and c?. are defined as in (5.8) and ¢ = w/p. Further, by substituting from
(2.46) into (5.23) and then into (5.22), the frequency equations can be simplified

to

tanh(s;7) _[ 4515 rl , (5.25)

tanh(sn) | (s3 +1)?
where the +(-) sign corresponds to antisymmetric (symmetric) modes. On writing

a = s1p and B = s2p we see that (5.25) becomes

ta.nh(alz)__[ 4p°ap rl (5.26)

tanh(B8l2) — (B +p*)?
We see from (5.15) and (5.16) that (5.26) are the Rayleigh-Lamb frequency equa-
tions for a compressible material. Correspondingly, the frequency equations (4.40),
for Case 5 in Section 4.2, in the unstressed configuration reduce to (5.19), while
for Case 6 the frequency equations (4.43) and (4.44) simplify to (5.17) and (5.18),
respectively.
If we now take the material to be transversely isotropic, with the axis of
isotropy lying along the z;-axis of the layer, then the components of Ay can be

written as
Ao1111 = A +4pp — 2ur Ao2222 = A+ 2u1

(5.27)

Aoi212 = Ao2121 = Av2nrz = ur Aotz = A,
where py, and pr are the the shear moduli along and transverse to the z;-axis
respectively. Note that when ur = ur = g, (5.27) reduce to the isotropic forms
(2.46). The coefficients (5.27) can then be substituted into the equation of motion
(4.13), but unfortunately, in this case, the roots s and s2 of this quadratic do not

have simple forms.
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On substituting from (5.27) into (5.22) and (5.23) we find that the frequency

equations can be written in the form

tanh(s17)  [s2[s}(mimg — A?) + m, Q7] 1
tanh(szn) | s1[s2(mima — A?) + m,1Q2) ’

(5.28)

where the +(-) corresponds to antisymmetric (symmetric) modes and
m1=)\+4,uL—2pT—Qz, me = A+ 2urp .

The antisymmetric form of (5.28) was obtained by Green (1982), in a different no-
tation. On setting pr, = pr = g, (5.28) reduces to the Rayleigh-Lamb equations.

5.2.2 Special cases for an incompressible material.

For a traction—free incompressible layer we see from the results of Section 3.2

that, when Case 1 holds, the frequency equations for Lamb waves are given by

(3.25) and (3.26), namely

tanh(s1n)  [s2(s} +1)? *1 (5.29)
tanh(sen) ~ [s1(s?2 +1)2 ' )
where the +(-) sign corresponds to antisymmetric (symmetric) modes.
In the unstressed configuration, from (3.14) and (2.47), we find that
02
si=1, s§=1—7. (5.30)

On writing 32 = p?s? = p?—w?/c%, with cZ. given by (5.8), the frequency equations

(5.29) can be written as

tanh(plz) [ 4p3pB ]il
tanh(Bl2) — [ (8% +p%)2]

which, on comparison with (5.20), can be seen to be the Rayleigh-Lamb equations

(5.31)

for an incompressible material. From (5.30) we see that Case 6 modes can also
occur here and correspond to Case (i1) of Section 5.1.
If we now consider applying a hydrostatic stress to the layer, so that oy =

o, = 0o say, then since the material is incompressible we must have A\; = Ay = 1.
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The results of Section 3.5 can now be applied to this problem and we note that

the frequency equations (3.128), for Case 1, can also be written in the form

tanh(plz) _
tanh(Blz)

(5.32)

(2-3)°p°B ] =
(8% + p2(1 - 3))° ’

where the 4-(-) corresponds to antisymmetric (symmetric) modes, and & = o / p.
The numerical investigation of (5.32), and the corresponding equation when Case 6
holds, was carried out in Chapter 3 and we refer back to Figures 3.1-3.5 in Section
3.5 for the dispersion curves of the Lamb waves.

When the wavelength is taken to be large compared to the thickness of the
layer, that is the product n = ply is small, we see from equations (3.137) and
(3.138) that Case 1 modes can only occur, in the limit, for & € [0, 2), with the

phase velocity of the antisymmetric waves being given by given by

& =ck(2-5) [a + (2= a)ga D nz] . (5.33)

Whereas for symmetric waves we find that

c=cr/2(2-4) (1 - (2—"5)772) : (5.34)

12

for 7 € (3, 2).

5.3 Rayleigh Waves.

If we now consider what happens in the short wavelength limit, which cor-
responds to the wavenumber being large, then the thickness of the layer is much
greater than the wavelength. From (4.9) and (4.18), when Case 1 holds, the am-
plitude of the displacement has a hyperbolic dependence on the thickness variable
T2, so that on taking the limit p — oo, most of the displacement will take place
at or near the surfaces o = +l;. This is the condition for Rayleigh surface waves
to occur.

In Section 4.4.1 it was noted that, for Case 1, in the limit as = ply — oo,

with the frequency w suitably chosen so that in this limit the ratio ¢ = w/p remains
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finite, both the antisymmetric and the symmetric forms of the frequency equations

have the same limit (4.125), namely

2 A2
— st T+ — 21121 - [(&11022)% + (:/1’72)%] =0, (5.35)
(@11022)7 (M172)?

which was shown in Dowaikh and Ogden (1991), in a different notation, to be the
secular equation for Rayleigh surface waves, on a compressible half-space. When
(5.35) is evaluated in the undeformed configuration, it can be written in the form

3 2# 7’ _
£ —8§2+8(3—A+2u)§—16(1—/\+2u>_0, (5.36)

where ¢ = ¢?/c2., which is the classical Rayleigh equation given in Ewing, Jardet-
zky and Press (1957).

In the incompressible case, if we again consider the short wavelength limit,
the frequency equations (3.25) and (3.26), being viewed as holding for an infinite
layer, again have a common limiting form given by (3.123), which in the notation

of Chapter 4 can be written as

VA172(811 + @22 — 26 + 272) + 72(71 — 72) + 2(72 — VA172)02 — 05 =0, (5.37)

which was shown in Dowaikh and Ogden (1990), in a different notation, to be
the secular equation for Rayleigh waves on an incompressible half-space. On

specializing (5.37) to the undeformed configuration it becomes
£ —4(2 —02)€% + 6(02 — 2)%6 + (02 —4)(02 —2)* =0, (5.38)

where o7 can be viewed as a hydrostatic stress and ¢ = ¢? /c%.. Equation (5.38) was
given in Dowaikh and Ogden (1990) and the corresponding classical form, with
gy = 0,

£ —8E24+246-16=0, (5.39)

was given in Ewing, Jardetzky and Press (1957).

The static exclusion conditions obtained in Sections 3.3.2 and 4.3.1 for incom-

pressible and compressible materials respectively can similarly be explained.
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