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‘....Are waves that beat on heavens shore.’

William Blake, ‘Auguries of Innocence’ (c. 1803) 1. 71
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Preface

This thesis is an account of the work conducted during the period October 1994 through
to October 1997 towards the development of low loss suspensions for use in the GEO 600

laser interferometric gravitational wave detector.

Chapter 1 contains a brief introduction to the nature of gravitational radiation and the
astrophysical processes that are predicted to produce such waves of a strength detectable
on Earth. The two main detection schemes are discussed with emphasis on laser inter-
ferometric detectors. The noise sources which are expected to limit the sensitivity of
such detectors are also reviewed, with the importance stressed of the need to reduce the
effects of thermal noise in the suspensions of the test masses. The material presented in

this chapter is derived from published literature.

An introduction to the theory of thermal noise is given in Chapter 2. The fluctuation-
dissipation theorem (which relates the thermally induced displacement of the test masses
to the mechanical loss of the system) is introduced. A discussion follows of the various
forms of external and internal loss mechanisms which may be present in a system and
which can lead to an increase in the level of thermal noise if care is not taken. A method
of determining the level of mechanical loss associated with a given vibrational mode of
the system is described. The various modes of a test mass suspension are discussed. The
required levels for the loss factors associated with each of these modes for GEQO 600 are
given. The theory presented in this chapter is derived from published literature. The
GEO 600 thermal noise specification is obtained from the GEO 600 design proposal [1].

In Chapter 3 the measurement of the loss factor of samples of carbon steel wire is

discussed. It is concluded that a wire material of lower intrinsic loss is required if the

Xiv



thermal noise specification of GEO 600 is to be met. Experiments to test the suitability
of fibres pulled from commercially available (‘standard grade’) fused quartz are reported.
In addition, the unexpectedly high level of gas damping observed in these experiments
is discussed. The work described in this chapter was carried out with the assistance of
Prof. J. Hough and Dr. S. Rowan. The RF furnace was developed by Mr. R. Hutchins

formerly of the Dept. of Electronics and Electrical Engineering, University of Glasgow.

Recoil damping is a form of loss that can seriously limit the loss factor measured for
a given mode of a test mass suspension. Chapter 4 contains a report of experiments
conducted to determine the level of recoil damping present in the structure used to
measure the loss associated with the longitudinal pendulum mode of our test pendulums.
Having ascertained this, we took steps to improve the system, and an improved value for
the level of recoil damping is given. The experiments were conducted with A. McLaren

at the suggestion of Prof. J. Hough.

A discussion of experiments conducted to characterise the loss factor associated with
the pendulum mode of pendulums suspended from carbon steel wires is presented in
Chapter 5. The level of loss expected in the suspension due to an excess loss mechanism
known as ‘stick-slip’ damping is derived and found to be consistent with that observed
experimentally. An investigation into the source of an additional loss mechanism which
was observed is reported and consideration given to such sources of loss as eddy current

and hysteresis damping.

In Chapter 6 experiments conducted on small mass pendulums suspended from fused
quartz fibres are reported. An unexpected loss mechanism was observed and was found
to result from electrostatic charging of the pendulum mass. A model was devised that
was consistent with the level of damping observed. Further experiments were conducted
once the effect of charging had been effectively eliminated and it was found that the
level of loss measured was still above that expected. Sources of loss such as a load
dependence in the loss factor associated with the material of the suspension fibres and
a loss introduced by the method of attaching the fibres to the point of attachment were
considered. The excess loss was reduced significantly by clamping the fibres to the point
of suspension and pendulum mode loss factors of the order required for use in GEO 600

were subsequently observed.

XV



In Chapter 7 a number of techniques are discussed that can be employed to attach the
fused quartz suspension fibres to fused quartz test masses. . The bond strength and ease
of forming each of the bonds are compared. Experiments conducted to measure the
magnitude of the loss factor associated with four internal modes are reported for the
various bonding techniques. The loss associated with each bond is then scaled to predict
the level of loss for a GEO 600 sized test mass. The decision on which bonding method
will be employed in GEO 600 is presented. The indium bonded mass used in these
measurements was made by H. Rohner of JILA, Colorado. Hydroxide catalysis bonding
has been developed by D.-H. Gwo of Stanford University. Both the experimental and
modelling work reported in Chapters 5 to 7 were carried out with the assistance of Prof.

J. Hough and Dr. S. Rowan.
In Chapter 8 the conclusions drawn from the work presented in this thesis are given.

Appendix A contains the derivation of an equation which can be employed to predict
the loss factor associated with the level of external gas damping present in the system.

This derivation followed from discussions with Dr. N.A. Robertson.

Appendix B contains a number of sections. Firstly there is a derivation of the level of
recoil loss exhibited by the experimental test structure as a function of its mechanical
properties. Following this is a discussion of an inverted pendulum accelerometer and its
calibration. Finally a proof showing the phase relationship between the shadow sensed
motion of the pendulum and the force applied to the support structure is given. The

derivation of the recoil limit was carried out with advice from Prof. J. Hough.

In Appendix C there is a derivation of the expected levels of eddy current and hysteresis
damping present in our pendulum suspended in a magnetic field gradient from carbon
steel wires. The derivation of the limit due to eddy current damping was carried out
following a suggestion from Prof. J. Hough, whilst that of hysteresis damping followed

discussions with Mr. A. Grant.

Contained in Appendix D is a derivation of an expression for the rms motion induced in
a pendulum due to seismic excitation of the point of suspension of the pendulum. The

derivation was carried out with the assistance of Prof. J. Hough.
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Appedix E contains a description of the revised mirror sizes for GEO 600 and the con-
sequences 'in terms of the achievable levels of thermal noise associated with them: This

summary is the work of the author based on the latest information available.
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Summary

Developments Towards Low Loss Suspensions for Laser In-

terferometric Gravitational Wave Detectors

Einstein, in his General Theory of Relativity, predicted that fluctuations in gravitational
effects propagate as waves at the speed of light through space-time. Currently there
has only been indirect evidence for the existence of these elusive gravitational waves.
Scientists working on a number of large-scale research projects around the world are
concentrating their efforts on detecting gravitational waves directly. Not only will their
detection provide a test of some of the predictions of Einstein’s theory but also much

information about the astrophysical processes and sources that produce them.

Gravitational waves are quadrupole in nature and produce a tidal strain in space. How-
ever their interaction with matter is very weak, making them difficult to detect. Grav-
itational waves emitted by violent astrophysical events are predicted to produce strains
at the Earth of the order of ~ 1072! to ~ 10722 at frequencies accessible to ground-
based detectors (i.e. a few tens of Hz to a few kHz). All detection schemes involve
trying to sense these strains in space. One such detection scheme is based on the laser

interferometer.

Researchers at the University of Glasgow are working with collaborators from Germany
on a project called GEO 600. GEO 600 is an interferometer with arms of 600 m in which
light from a Nd:YAG laser is reflected between mirrors suspended as pendulums in a
vacuum system. Scientists from the Max-Planck-Institut fiir Quantenoptik at Hannover

and Garching, the University of Cardiff and the Albert Einstein Institut at Potsdam also

xviil



work on this project, together with collaborators from the Laser-Zentrum, Hannover.

The design criteria of the GEO 600 detector defines that the thermal noiée ‘as‘socl,iafedj
with internal modes of the fused silica test masses will limit the low frequency sensitivity
of the detector. Taking a value of the intrinsic loss factor of @;nternal(w) = 2 x 1077 for
fused silica, we can show that the thermal noise due to this loss results in a motion of
one test mass of Zinsernat(w) = 7 X 1072°m/+/Hz at 50Hz. The loss factors associated
with the modes of the suspension, including the presence of any additional external loss
mechanisms, can increase this minimum level of thermal noise and consequently decrease
the detector sensitivity. In order to prevent the achievable level of thermal noise being
degraded by contributions from these other sources of thermal noise a design specification
is set. Our aim is to achieve a level of thermal noise displacement of no greater than
Tpend (w) =2x 10—20 m/\/ﬁz_ at 50 Hz at each test mass from the source of thermal noise
associated with the 1 Hz pendulum mode. This corresponds to an acceptable loss factor

of Ppend, .o (W) = 3.7 x 1078 at 50 Hz for a GEO 600 sized test mass.

The work contained in this thesis covers various methods of reducing the levels of loss
in the test mass suspensions and thereby minimising the impact of thermal noise on the
overall detector sensitivity. Suitable techniques have been developed towards the final

design of a test mass suspension for GEO 600.

To achieve a low level of loss factor associated with the pendulum mode requires a
suspension wire or fibre material which is itself of low intrinsic loss. The projected
material loss at 50 Hz for samples of carbon steel wire is ~40x higher than that set by
the GEO 600 thermal noise specification. Fused quartz is known to be a material of low

loss and so tests were performed on samples of ribbon fibres.

Measurements on fused quartz ribbons, corrected for thermoelastic damping, yielded
values for the intrinsic loss factor of fused quartz of @mat; . (W) = (0.5 — 1) x 1076
in the frequency range 6 Hz to 160 Hz. This is potentially a factor of 10 better than the
maximum acceptable material loss factor for the suspension fibres as set by the GEO 600
design specification. It was found that the internal loss mechanism exhibited by ‘standard
grade’ fused quartz appeared to be consistent with that of structural damping. These
measurements were especially interesting because they were made over a frequency range

that lies partially within the detection band of GEO 600.
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The loss factor associated with the pendulum mode of various masses suspended from
two fused quartz fibres was measured. When the fibres were attached to the points of
suspension by mechanical clamps, the level of loss factor observed was found to be equal
to that determined by known losses of the system (i.e. the sum of the losses associated
with the material of the suspension fibres and a contribution due to recoil damping —
which results from the pendulum being suspended from a lossy support structure). All

excess loss mechanisms were therefore eliminated.

An all-welded suspension was also constructed. The loss factor was again found to be
set by the known losses in the system. By subtracting the recoil loss from the measured
loss, we could use the value of the remaining loss to predict the loss factor achievable by
a full sized GEO 600 suspension. This was calculated to be ¢peng,,,,, (w) ~ 8.5 x 107°
at 50 Hz, which is lower (and therefore better) than the GEO 600 design specification.
When attached with care to the point of suspension, fibres pulled from ‘standard grade’

fused quartz will be ideal for use in the test mass suspensions of GEO 600.

By considering various factors, a decision was made to use a four fibre suspension in
GEO600. In order to avoid increasing the level of thermal noise associated with the
internal modes of the test masses, a low loss method of attaching the fibres to the
test masses had to be found. The methods tested were welding, indium bonding and
hydroxide catalysis bonding. The relative strengths and the ease of formation of each
type of attachment were taken into account. The effects of the different types of bonding
on the measured loss factors associated with four internal modes were measured. When
the measurements (made on 500g masses) were scaled to that expected for a full size
GEO 600 suspension, the results suggested that hydroxide catalysis bonding could be
used without introducing significant excess loss. Thus, taking all of the factors into
consideration, it has been concluded that hydroxide catalysis bonding will be used to

attach the fused quartz fibres to the synthetic fused silica test masses in GEO 600.
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Chapter 1

The Nature, Possible Sources and
Methods of Detection of

Gravitational Waves

1.1 Introduction

In his General Theory of Relativity, Einstein [2] proposed that gravitational effects prop-
agate with finite velocity i.e. the gravitational field does not alter instantaneously at an
arbitrary distance from the source which is changing the field. In fact, the solutions to
the linearised Einstein Field Equations show that the effect of gravity propagates as a

wave with a velocity equal to that of light.

At present there is only indirect evidence for the existence of gravitational waves. This
has come from radio observations of the binary pulsar PSR 1913 + 16 by Hulse and Tay-
lor [3]. Data obtained from PSR 1913+ 16 has allowed a number of relativistic effects
to be observed. By far the most interesting effect for those working in the field of grav-
itational wave detection, however, is one that can only be explained should the binary

pulsar be emitting gravitational waves at a rate predicted by Einstein’s theory.

It has been observed that the orbital period of the binary pulsar is decreasing. From

the observed orbit Taylor [4] calculated the rate at which orbital energy should be lost



via gravitational radiation (as predicted by General Relativity). From the rate of loss he
then calculated the associated rate of orbital inspiral. The calculated rate and observed
rate agree within the accuracy of the experiment. Hulse and Taylor were awarded the

Nobel Prize for Physics in 1993 in recognition of their work on the binary pulsar.

Direct detection of gravitational waves remains one of the most challenging fields of
experimental physics this century. Scientists working on a number of large scale projects
around the world are currently aiming at this goal. Once gravitational waves have been
detected there will still be much to be learnt about their nature. Study of gravitational
radiation data will allow some of the predictions of General Relativity to be tested,
including measurements of the speed of propagation and polarisation of the waves, and
from these the rest mass and spin of the graviton can be deduced. In addition, the study
of gravitational waves will provide an opportunity to learn about the astrophysics of the
events producing them — they will provide astronomers with another ‘window’ on the

universe.

This chapter contains a brief discussion of the nature of gravitational waves, possible

sources of production and methods of detection.

1.2 The Nature of Gravitational Waves

To help our understanding of these waves we can draw a number of analogies between
electromagnetic theory and gravitation. For example, electromagnetic waves are pro-
duced by the acceleration of charge, whereas gravitational waves are produced by the

acceleration of mass.

In electromagnetic theory there can be no monopole radiation (or, put another way, no
time variation of the total electric charge). This is because there can be no change in
the total charge in an isolated system. In electromagnetic theory the dominant contri-
bution to the radiated field comes from the time variation of the electric dipole moment.
Consider now the gravitational case; conservation of energy (and therefore total mass)
is equivalent to conservation of charge in electromagnetism. From this we know that

there can be no monopole term for gravitational radiation. Einstein’s ‘Equivalence Prin-



ciple’ states that gravitational and inertial masses are the same. This, considered with
the fact' that the rate of change of the gravitational dipole moments must be constant
due to the laws of conservation of linear and angular momentum, precludes the pos-
sibility of gravitational dipole radiation. Thus we are led to conclude that the lowest
order of gravitational radiation must be quadrupole in nature. This means that only

non-axisymmetric accelerations of mass distributions will produce gravitational waves.

Gravity is the weakest of the four fundamental forces of nature. Trying to produce a
source of detectable gravitational radiation in the laboratory is quite impractical. Gravi-
tational waves are so weak that we must search for those waves produced by astronomical
scale masses (of high density), moving with large accelerations to have any chance of de-
tecting them. It is for this reason that all gravitational wave detectors will be used to

search for waves of an astronomical nature.

Before describing two of the main methods employed in the detection of gravitational
waves we must first understand what makes them observable. The effect of a gravitational
wave is to produce a tidal strain in space. This can be understood by considering the
effect a passing gravitational wave would have on a circular ring of free test particles. One
period of the disturbance produced by a gravitational wave of a particular polarisation
is shown in figure 1.1 where the wave is propagating in the direction normal to the plane
defined by the particles. As can be seen, the ring is effectively stretched along one axis
and compressed in the orthogonal axis during one half of a wave cycle and vice versa in
the second half. The amplitude of the gravitational wave is equivalent to the strain, A,

in space that it produces where h is defined as

h=— (1.1)

with L and 4L as shown in figure 1.1. In general a gravitational wave is a superposition
of two linearly independent polarisations. The first, hy, is shown in figure 1.1. The
second occurs when the maximum displacement induced in the ring of test particles is

rotated through 45° from that shown in figure 1.1. This polarisation is denoted hy.



Figure 1.1: lllustration of the effect of a gravitational wave on a ring of test particles.

1.3 Sources of Gravitational Waves

This section contains a summary of the various sources that are expected to emit gravita-
tional waves in the frequency range suitable for detection by ground based gravitational
wave detectors. This frequency band typically ranges between a few tens of Hz (possibly

a few Hz) and a few kHz.

1.3.1 Burst Sources

Burst, sources emit a few cycles of gravitational radiation at a characteristic frequency or
frequencies. They are typically associated with cataclysmic events in the Universe. Two

such sources are considered below.

Supernovae

Supernovae, which are catastrophic stellar explosions, are among the most spectacular
events to occur in the Universe. Supernovae are classified as either Type I or Type II. A
Type I supernova is believed to occur in a binary system of low mass stars. Bonazzola
and Marck [5] describe the two forms that a Type I supernova may take. The first can
be described by the following: consider a binary system consisting of a white dwarf and
a large, diffuse star. The supernova results from the detonation of the white dwarf on
reaching the Chandrasekhar mass limit (where Mch = 1-4M@ % 3 x 1030kg) 1, due

to accretion from its companion. This scenario is not expected to generate a signifi-

IMQ represents 1 solar mass



cant amount of gravitational radiation. The second scenario is more likely to produce
detectable ‘gravitational waves. If the two white dwarfs in a binary system are close
together and the total mass exceeds the Chandrasekhar mass, the white dwarfs will
merge. The smaller white dwarf is destroyed and forms a thick accretion disc around
the more massive white dwarf. The larger white dwarf is now highly deformed due to
its increased mass and angular momentum. If its mass exceeds Mgy, it will collapse

non-axisymmetrically with a strong emission of gravitational waves.

A Type II supernovae occurs when all of the core of a high mass star (greater than eight
solar masses) has been converted to iron. The nuclear reactions in the core stop and
the core starts to cool. Because the mass of the core is greater than the Chandrasekhar
limit, electron degeneracy pressure can no longer support it. The stellar core suddenly
collapses into a neutron star or, if the initial stellar mass is large enough, a black hole.

If the collapse is non-axisymmetric a strong burst of gravitational radiation will result.

The physics of the supernovae event is complicated, thus making it difficult to estimate
the strength of the gravitational wave emitted. Following the predictions of a typical
rate of collapse and degree of asymmetry, Schutz [6] approximates the strain amplitude,

h, that might be expected from a supernova as

1 1
E 2 (1ms\ 2 /1kHz 15 Mpc
5x 10 10—3Mgc? T f T (12)

where F is the total energy carried by the wave predominantly at a frequency, f, over a

time scale, 7, and where r is the distance of the detector from the source.

Equation 1.2 shows that for a burst of gravitational waves of energy 10~3Mgc? (~ 1% of
the energy available [6]), emitted over a timescale of 1 ms at 1kHz and at the distance

of the Virgo cluster, a wave of amplitude h =~ 5 x 10722 would reach the detector.

Coalescing Compact Binaries

Binary systems are among the most common astronomical systems and consist of two

stars orbiting around their common centre of mass. Compact binary systems are a type



of binary system where the density of each of the two stars is very high (e.g. neutron star—
neutron star, neutron star-black hole, black hole-black hole binaries). Compact binary.
systems, at a stage in their evolution close to coalescence, appear to be a promising
burst source of gravitational radiation. An example of a compact binary system has
already been discussed in the case of PSR 1913+16. As was previously explained, the
compact binary system emits gravitational wave energy causing the orbit to decay. The
two stars gradually approach each other, and the emitted radiation slowly increases in
frequency. The frequency of the radiation, at twice the orbital frequency of the system,
is too low for detection using ground-based techniques until the orbit has decayed so that
the components are within a few stellar radii of one another. At this point the frequency
of the radiation increases to one within the detection band of terrestrial detectors. In the
final few seconds before the two stars coalesce, the compact binary system will emit a
strong burst of gravitational radiation. The resulting quasi-sinusoidal waveform, rapidly

sweeping up in amplitude and frequency, is known as a ‘chirp’.

The expected signal strength for two coalescing neutron stars at a distance, r, and of

mass parameter, M, is [7]

5 2
N _93 100Mpc> ( M )5 ( f )3
ha1x10 (—r ) (1.3)

where M5 = uM %, M is the total mass, My + M, and p is the reduced mass equal to
M, M.
M1+ﬁ2 ’

The timescale, 7, over which the frequency changes is
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Schutz [7] noted that the product of A and 7 is independent of mass. If h, f and T

are measured (by a network of three detectors) and their values substituted into the
product of equation 1.3 and equation 1.4, a value for r can be determined. A measure
of the difference in burst arrival time at each detector can also be obtained. This will
give additional information about the direction of the source. A method for determining

Hubble’s constant, Hy, is available if, in addition to measuring r, it is also possible to



obtain a value of the recessional velocity of the source from the optical redshift [6].

The major uncertainty about coaiescing binary systems is the prediction of their evént
rate. An estimate of the number of these sources can be made by considering both the
number of observed pulsars existing in binary systems and the estimated pulsar birth
rate. This gives a coalescence event rate of 3 per year out to 300 Mpc [8]. A fraction
of the total number of binary systems will contain black holes instead of neutron stars.
The radiation amplitude of a black hole-neutron star coalescence would be larger than
the neutron star-neutron star coalescence considered above, thus increasing the chance

of detecting the event.

If detection of gravitational waves from coalescing binaries was made in conjunction with
observations from y-ray telescopes, it would be possible to establish whether y-ray bursts

were generated by such systems.

1.3.2 Continuous Sources

Continuous signals are emitted by stably rotating systems. As a result the gravitational
wave signal is quasi-monochromatic. A continuous signal (if emitted in the detection
band of a ground-based detector) can be located by a single detector if the output of the
detector is Fourier transformed into the frequency domain (i.e. is effectively searched with
a series of parallel filters) over long observation times. The achievable detector sensitivity
increases as the square root of the observing time (assuming that the noise present is
random). Once the frequency of the source is known the detector sensitivity can be
further improved by narrow banding the data processing around the observed frequency
(and, if the detector is an interferometer, making the interferometer resonant at the
observed frequency — this technique, known as ‘signal recycling’, is discussed further in
section 1.6). The signal frequency is Doppler shifted in a characteristic way due to the
detector (positioned on the Earth) accelerating through space. This complication needs

to be taken into account in the detection algorithm.

Ordinary binary systems, and compact binary systems at a stage in their evolution long
before coalescence, produce continuous gravitational wave signals. The frequency of

these signals is however too low to be observed by ground-based detectors. Much more



likely sources of detectable continuous gravitational waves are discussed below.

Pulsars

Single pulsars can radiate gravitational waves if they spin non-axisymmetrically. This
may occur as a result of irregularities in the surface of the pulsar being ‘frozen in’ on
formation. Another mechanism which can lead to a non-axisymmetrical situation and the
subsequent radiation of gravitational waves, is when the pulsar is driven to precess by the
accretion of angular momentum from a companion star. The degree of non-symmetry is
defined in terms of the star’s equatorial ellipticity, €. A pulsar at a distance, r, produces

gravitational waves of amplitude [9]

2
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at twice the frequency of rotation, f,,.

Wagoner Stars

Wagoner described a method by which gravitational radiation can be emitted. If ac-
cretion onto a neutron star spins the star up to the Chandrasekhar-Friedman-Schutz
instability point, the neutron star will become non-axisymmetric [10] and radiate any
additional angular momentum away in the form of gravitational waves. Because the rate
of accretion of angular momentum is proportional to the rate of accretion of mass, the
gravitational wave luminosity of such a system will be proportional to its X-ray luminos-
ity. This implies that the amplitude of the gravitational wave produced by such a system

can be inferred from the X-ray flux without knowing the distance, r, to the source [6].

Recent discoveries by the Rossi X-Ray Timing Explorer [11] suggest that the gravitational
wave signal strength of the X-ray source, Sco X-1, is k ~ 2 x 10726 //Hz at 500 Hz at
the surface of the Earth. Bildsten [11] reports that this source might be detected by long

baseline detectors if integration times of the order of a year are used.



1.3.3 Stochastic Sources

There is a third class of potentially detectable signal — the stochastic background. The
stochastic background appears as a gravitational wave signal that is both broadband in
nature and ever present and is due to the superposition of signals from sources randomly

distributed throughout the Universe.

One possible contribution to the stochastic background in a frequency band detectable
by ground based interferometers results from primordial gravitational waves produced
during or after an inflationary period immediately following the Big Bang [6]. Another
possible source is cosmic string production. In string theory it is believed that random
defects throughout the Universe will have reduced to linear ‘strings’ of enormous energy
density as the Universe expands. As expansion continues, more of these strings enter
from outside the horizon of observation. These strings evolve into loops which oscillate

and gradually lose energy in the form of gravitational radiation [12].

The stochastic background is indistinguishable from detector noise in a single detector.
Its frequency spectrum will however be identical for all detectors. By cross-correlating
the outputs of two or more detectors, the stochastic background signal can be separated
from random noise. Using detectors separated by reasonably large distances ensures that
no other local, external influence can be mistaken as a gravitational cause of correlation.
The distance of separation however should not be too large (i.e. no greater than -’\-il”-
where Ag,, is a typical gravitational wavelength). In this instance the two detectors
cannot respond to the same ‘set’ of random gravitational waves at the same time. The
result of this is that correlation is reduced and there follows a subsequent decrease in

sensitivity.

1.4 Detection Schemes

All detection schemes employed in the detection of gravitational waves involve measuring
the extremely small strains, h, produced in space by the wave. The two major types
of ground based detectors that will be discussed are resonant bar detectors and laser

interferometers. Ground based detectors operate in the region of a few tens of Hz to a



few kHz. These detection schemes will be discussed in section 1.4.1, 1.4.2 and section 1.6.
By placing a laser ‘interferometer into space, detection of much lower, frequency, signals.
can be achieved. The European proposal for a space-borne gravitational wave detector,

LISA, is discussed briefly in section 1.7.

1.4.1 Resonant Bar Detectors

Resonant bar detectors were the first detectors to be developed and were based on the
original concepts of Weber [13]. Such a detector usually consists of a massive (~ few
tonnes), right circular cylinder of a material of low mechanical loss (or high quality factor,
Q), typically aluminium or niobium. The passage of a gravitational wave of the correct
frequency through a suitably oriented resonant bar detector will drive the fundamental
longitudinal mode of the bar (at ~ 1kHz) causing small motions of its ends. This motion
can then be sensed using a transducer and amplifier. The resulting signal is proportional

to the induced gravitational strain.

The effects of seismic and acoustic noise sources on the resonant bar are minimised by
suspending it from vibration isolation layers and placing the bar under vacuum. The
sensitivity of the detector is then limited by noise in the sensors and the thermal noise of
the bar itself. Reduction in the level of thermal noise is achievable by cooling the detector
to cryogenic temperatures (a few kelvin or below). In addition, the bar is constructed
from a material of low intrinsic loss (or high quality factor, ). As a result, once the
bar has been excited by a gravitational wave it will oscillate for a long period of time.
This allows a measurement to be made over a long time interval which helps to average
out the effect of sensor noise. However, this measurement is also made against a level of
slowly varying thermal noise. To reduce the effect of the thermal excitation we need to
shorten the measurement time interval (at the expense of an increase in sensor noise!).
Clearly a compromise has to be found. With current technology this is typically set at
a measurement bandwidth of ~ -1-%)5 of the resonant frequency of the bar and leads to

resonant bar detectors being intrinsically narrowband in nature.

Low temperature resonant bar detectors have been developed in Stanford, Louisana
State University (ALLEGRO), Rome (NAUTILUS), CERN (EXPLORER), and Aus-

tralia (NIOBE). Cryogenic versions of resonant bar detectors have achieved strain sen-

10



sitivites of h & 6 x 1071® over bandwidths of a few Hz at ~ 1kHz [14, 15] at 4K. It is
- believed that developments of the transducer and amplifier will improve ‘sensitiv_ity‘ to a,
level that will allow detection of strains of k &~ 1 X 10~1°. One proposed development
is to improve the performance of the low-noise pre-amps. Another development is to
increase detector bandwidth (to up to 70 Hz) and also detector sensitivity by cascading
two small mechanical resonators (instead of using one as at present). The effect of this

is to improve the impedance matching of the bar to the input port of the transducer.

Experimental groups in Padova (AURIGA) and the USA have developed techniques
enabling the bars to be cooled further. By reducing the temperature from ~4K to
ultracryogenic temperatures (~50mK) it is expected that a strain sensitivity of the

order ~ 10720 will ultimately be achieved [16].

It is possible to increase the sensitivity of a resonant bar detector further by increasing
the mass of the detector (thus reducing the effect of thermal noise) and increasing the
number of independent strain detectors present. Both of these criteria can be met by
moving from a bar detector to one with a spherical configuration. A spherical detector
has the advantage of being much more massive than a bar of the same resonant frequency
without significantly increasing the overall size, and thus the cost of the cooling dewar.
In addition a sphere has five usable quadrupole modes (as opposed to the bar’s one)
allowing the sphere to act as a multiple antenna when the sensors are positioned suitably.
The ratio of the amplitudes of the modes can be used to determine the direction and
polarisation of the passing gravitational wave. Spherical detectors have been proposed

by experimental groups in the USA (TIGA) and the Netherlands (GRAIL).

An important limitation to the achievable sensitivity will be determined by the Heisen-
berg Uncertainty Principle [17, 18]. When a gravitational wave passes through a reso-
nant bar detector, the resulting displacement is sensed by the unbalancing of an electrical
bridge circuit and the resulting signal is amplified by an amplifier stage. The amplifier
stage has electrical noise associated with it. This noise acts back through the transducer
causing mechanical noise in the mass one quarter of a cycle later (i.e. this noise is as-
sociated with the momentum of the bar). With a standard, phase-insensitive method of
detection, this noise causes an uncertainty in the measured displacement. It is possible

to evade this ‘back-action’ by using a phase-sensitive method of detection. One method
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Figure 1.2: Diagram of a simple Michelson Interferometer.

might be to vary the amount of coupling between the amplifier and the bar. This can
be achieved by modulating the drive signal on the bridge circuit and sensing the signal
during one quarter of the cycle. The amplifier noise feeds back into the system dur-
ing the next quarter cycle. However the coupling is reduced during this quarter of the
cycle and as a result a measurement would not be made. The uncertainty in the mea-
sured displacement can therefore be reduced. This experimental technique is known as
‘back-action evasion’ and still requires further development before it can be successfully

implemented in resonant bar detectors.

1.4.2 Laser Interferometric Gravitational Wave Detectors

The effect on a ring of test particles by the passage of a gravitational wave was shown
in figure 1.1. It is easy to see that the orthogonal arms of a Michelson Interferometer
might provide the ideal method for measuring the differential change in length caused
by the quadrupole nature of a gravitational wave. Interferometric gravitational wave
detectors were pioneered by Forward [19] and by Weiss [20]. The simplest configuration
of a Michelson Interferometer is shown in figure 1.2. The interferometer is illuminated
by light from a laser. The light incident on the beamsplitter is divided evenly between
the two arms. The two beams traverse the lengths, L, between the beamsplitter and the
end mirrors where they are reflected and returned for recombination at the beamsplitter.

Changes in the resulting interference pattern due to the relative motion of the mirrors

12



caused by the passage of a gravitational wave are detected as changes in intensity at the
~ output port by a photodiode. ' The optical components are suspended as pendulums under.
vacuum to isolate them from seismic and air pressure fluctuations. The use of pendulum

suspensions allow interferometric gravitational wave detectors to be broadband in nature.

In more detail, the motion induced in a detector by an optimally orientated gravitational
wave causes one of the interferometer arms to increase in length by § L whilst causing the
orthogonal arm to decrease in length by the same amount. The result is a differential
change in arm length of 26 L. This motion causes a change in optical path length resulting
in a relative phase shift in the interfering return beams which, in turn, causes a change
in light intensity detected by the photodiode. In practice, since it can be shown that
the best sensitivity of the interferometer can be achieved when the detector is operated
close to a dark fringe, control electronics are used to hold the interferometer close to a
minimum. The feedback signal that is required to keep the detector in this condition can
be used as a measure of the relative displacement of the mirrors and hence the strain

caused by the gravitational wave.

Clearly, an increase of the optical path length, L,pticqr, Will result in a larger relative
phase shift being generated for a given gravitational wave and hence will result in a
more sensitive detector (provided other noise sources do not increase). The maximum
sensitivity that can be achieved in an interferometer is obtained when the light is stored
in the arms for half of the period of the gravitational wave. For example, this would
correspond to an optical path length of L,pticar = %ﬂ ~ 75km using a typical value
of Agw ~ 3 x 10°m for the gravitational wavelength. It is impractical to build an
interferometer on Earth with a physical separation of the beamsplitter and end mirrors
of much greater than ~ 4km. It is however possible to increase the distance that the
light travels by making it travel up and down the arms of the interferometer many times.
There are two different methods for increasing the path length, and hence the light
storage time, within the interferometer; the delay-line and the Fabry-Perot cavity. The

basic principles behind these methods will now be discussed.
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Figure 1.3: Schematic diagram of a delay-line interferometer.

The Delay-Line Interferometer

Delay-line detectors were first proposed by Weiss [20]. This type of detector has been
developed by the group at the Max-Planck-Institut fir Quantenoptik, Garching, Ger-
many [21]. The optical path length in a delay-line interferometer is increased by the use
of multiple non-overlapping beams that are reflected between two mirrors. The delay
line is illuminated via a hole in a mirror placed in the interferometer arm close to the
beamsplitter. In the arrangement developed at MPQ the light exits the delay-line by the
same hole. A simplified schematic diagram of a delay-line interferometer can be seen in

figure 1.3.

The maximum strain sensitivity achieved in a 30 m delay-line prototype interferometer

at Garching was h ~ 1 x 1071 m/+/Hz above 1.5kHz [22].

Fabry-Perot Interferometer

This method of increasing the storage time inside the interferometer was first developed
at Glasgow [23]. In this example the light is injected into two Fabry-Perot cavities
built into the arms of the interferometer. The light enters the cavities by partially

transmitting input mirrors and in this scheme the reflecting beams lie one on top of
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Figure 1.4: Schematic diagram of a Faby-Perot interferometer.

another. A schematic diagram of a Fabry-Perot interferometer can be seen in figure 1.4.
In this type of interferometer, one of the Fabry-Perot cavities (the primary cavity) is
held on resonance by adjusting the laser frequency using control electronics. Here it is
assumed that the distances between the beamsplitter and the inboard cavity mirrors are
such that there is a null output at the photodetector when both cavities are on resonance.
The secondary cavity is then kept on resonance by feeding back some of the photodiode
signal to an actuator at one of the mirrors. When a gravitational wave is present the
wave changes the length of both of the interferometer arms. The change in length of the
primary arm is compensated for (and the cavity kept on resonance) by a corresponding
change in the laser wavelength. As a result of this, the change in wavelength of light used
in both arms of the interferometer contains information about the change in arm length
of the primary arm. The gravitational wave also changes the length of the secondary
cavity by a length equal and opposite to the primary cavity. The size of signal required to
keep the cavity on resonance and hence maintain the null fringe condition at the output
(achieved by moving one of the mirrors in the secondary cavity) is proportional to 26L.
In practice the distances between the beamsplitter and the inboard cavity mirrors has
also to be controlled. A detailed description of the control electronics typically required

in such a detection scheme can be found in Sigg [24].
The main disadvantage of the Fabry-Perot interferometer is the increased amount of
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control electronics required to keep the cavities of the detector resonant and the output
locked to a dark fringe. It does however have the advantage of requiring much smaller,
mirrors for operation since the multiple beams overlap one another. A further advan-
tage of the Fabry-Perot interferometer is that the effect of scattered light within the

interferometer arms is reduced [21].

The 10 m Fabry-Perot interferometer at Glasgow has reached a displacement sensitivity

of £ ~ 6x1071° m/+/Hz, or a strain sensitivity of b &~ 6 x 10~2° /+/Hz at about 1 kHz [25].

1.5 Noise Sources

There are a number of noise sources present that limit the sensitivity that can be achieved

by laser interferometric gravitational wave detectors.

1.5.1 Optical Readout Noise

The passage of a gravitational wave through a laser interferometer causes a change
in the light power at the output port. A suitably positioned photodiode detects the
gravitational wave as a change in this power. The minimum level of detectable change
in light power is a fundamental limit to the sensitivity of the dectector. This is set
by vacuum fluctuations [26] of the electromagnetic field which enter the interferometer
through the output port. If these fluctuations in light have the correct phase to increase
the amplitude of the light in one arm, they reduce the amplitude in the other — effectively
causing a phase change at the photodiode. This source of noise is equivalent to that
calculated by Poisson statistics when counting the number of detected photons. The
vacuum fluctuations superposed on the laser light also produce a fluctuating force at the

mirrors. The effect caused is radiation pressure noise.

e Photon Counting Statistics

Light occurs in finite ‘chunks’ or photons. Measuring optical power is equivalent to
counting the number of these photons arriving during a particular time interval, 7.

The minimum detectable relative displacement in the time interval is determined by
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the minimum detectable change in light power and is limited by the v/N uncertainty
in counting N photons in time 7. This uncertainty gives rise to noise.in the.
photocurrent of the photodiode — referred to as ‘shot noise’. Because the output
intensity is used as a measure of the gravitational wave amplitude, these statistical
fluctuations in the detected signal will limit the sensitivity of the detector. In the

case of a delay-line interferometer the sensitivity set by shot noise is given as [27]

hshot(f) = (62:6) ? sin(j:frs) /\/I‘E (1.6)

where F is Planck’s constant divided by 27, A is the wavelength of the laser light, ¢
is the quantum efficiency of the photodiode, P, is the input power, c is the speed
of light, and 7, is the light storage time, i.e. the time that light spends in one
arm of the interferometer. From equation 1.6 we can see that the effect produced
by photon counting statistics can be reduced by setting the storage time equal to
half of the period of the gravitational wave. The sensitivity can be improved by
increasing the level of input power (it can also be shown that the sensitivity can

be further improved by operating the detector close to a dark fringe).

e Radiation Pressure Noise

The result of statistical fluctuations in the number of photons reflecting off the
mirror surfaces causes the mirrors to recoil in a noisy manner. This is radiation
pressure noise and has the effect of altering the phase difference in the recombined

beam. It can be expressed as [28]

b (f) = — | 22 /T (L7)

mf2L \ 2m3cA

where P, is the input optical power, m is the mass of the mirror, L is the arm
length, ¢ is the speed of light and A the laser wavelength. The level of radiation
pressure noise falls off at higher frequency. Radiation pressure noise at a given

1
frequency increases with increased P, (as P2).

The total optical noise is the quadrature sum of photon shot noise and radiation pressure
noise and is known as the optical readout noise. Its spectrum is dominated by radiation

pressure noise at low frequency and at high frequency by photon shot noise.
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For a given gravitational wave frequency, f, there exists a minimum noise spectral den-
sity (due to the combined effects of photon shot noise and radiation pressure noise).
which occurs when the input laser power is set to an optimum level, Popiimum (f). At
this optimum power we have the condition hgpot(f) = hrp.(f) [28]. The locus of points
of minimum noise is called the quantum limit. The quantum limit sets a limit to the
minimum differential displacement of two masses that can be determined [29]. In in-
terferometric detectors currently under construction the quantum limit is significantly

below the other noise sources present.

It is difficult to reach the optimum laser power in a typical interferometer. At realisable
laser powers the sensitivity of an interferometric detector will be limited at high frequency
by the level of photon shot noise. The sensitivity set by radiation pressure noise at low

frequencies is well below that of the other noise sources.

1.5.2 Thermal Noise

Thermal noise is generated by the random motion of the atoms of the test masses (or
mirrors) and their suspensions, which are at some finite temperature and which have a
number of resonant modes. Using the equipartition theorem we can assign a mean energy
of kgT to each mode {where kp is Boltzmann’s constant and T is the temperature in
Kelvin). By designing low loss suspensions (i.e. suspensions with the energy of the modes
packaged into narrow bands about their resonant frequencies) where the resonances are
outside the detection band of the interferometer, we ensure that the off resonance thermal
motion within the observation band is kept to a minimum. There are three main sources

of thermal noise:

e Thermal Noise Associated with the Pendulum Mode

The maximum thermal motion of a pendulum occurs at its resonant angular fre-
quency, wo. For mirror suspensions used in interferometric detectors, wy is typically
around 27 x 1 rads™!. In the detection band of the interferometer, high above
the resonant frequency, the spectral density of thermal motion associated with the

pendulum mode is approximated to
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(refer to section 2.6) where kp is Boltzmann’s constant, T' is the temperature in

Kelvin, and ¢pend,,,, (w) is the mechanical loss factor associated with the pendulum

mode (which will be discussed in further detail in Chapter 2).

Thermal Noise Associated with the Transverse (Violin) Modes of the

Suspension Wires

The first few transverse (or violin) mode frequencies of the suspension wires typ-
ically occur within the detection band of the interferometer. By constructing the
mirror suspensions from low loss materials, the loss associated with the violin
modes is also very small. This implies that there will be several high, but narrow,
peaks present within the detection band centred on these frequencies. It is likely
that the wire resonances will therefore swamp any signal from a gravitational wave
occurring at these frequencies. The small regions of frequency space affected by

the violin modes will therefore be notched out of the data.

Thermal Noise Assoclated with the Internal Modes of the Test Masses

The dimensions of each test mass are chosen so that the lowest internal mode
frequency is well above the upper frequency limit of the detection bandwidth (~few
kHz). Most of the thermally induced motion is concentrated very close to the
resonant frequencies.

At frequencies well below the fundamental longitudinal mode the thermal motion
due to the sum of the contributions from all of the significant internal modes will

have a spectral density of [30]

2
— Oy MWEW

1

. 4kpT ¢; w)\ | ?
xinternal(w) = [Z ( B ¢mternaln( )):| m/ /Hz (19)
where @internal, (w) is the loss associated with the internal mode (of order n) of
the test mass. In this equation a,m is the effective mass for each mode of the test
mass, where «,, depends on the geometry of the laser beam, the mass of the mirror

and the resonant frequency, w,.
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A more comprehensive discussion of thermal noise can be found in Chapter 2. The study
of thermal noise in GEO 600 and the methods employed to minimise its impact. on the

overall sensitivity of such a detector is the subject of this thesis.

1.5.3 Seismic Noise

There are two routes by which seismic noise can effect the mirrors.

e Seismic Noise Introduced Through the Mirror Mounting

The level of seismic noise experienced by the interferometer is site dependent, and

very often time-of-day dependent. At a quiet site the level of seismic motion present

in the frequency range between 1 Hz and ~100 Hz is approximately (1[};7) m/v/Hz

in all directions at the surface of the ground [28].

Each test mass must be isolated from the seismic motion of the ground in the
range of frequencies over which the detector operates. Pendulums give attenua-
tion of ground motion above the resonant frequency of the pendulum. A single,
low loss pendulum attenuates ground motion by a factor of ~ (f70)2, where fp
is its resonant frequency. Suspending two or more pendulums in series increases
the horizontal attenuation with each additional pendulum. However the isolation
provided by pendulums in the vertical direction is not as good as in the horizontal
(since the vertical resonant frequency is much higher than the horizontal resonant
frequency, the level of vertical isolation at a given frequency is much smaller than
the horizontal isolation at the same frequency). Vertical displacement can couple
into horizontal motion at some level and so additional vertical isolation must be in-

cluded in the design to minimise the amount of this horizontal motion. This can be

provided by incorporating cantilever springs into the final suspension design [31].

Additional isolation is provided by suspending the double pendulum from a series
of vibration isolation stacks — alternate layers of rubber and steel. Isolation stacks
provide isolation in the vertical, horizontal and tilt directions by attenuating the
seismic motion above the corresponding resonant frequencies of the stacks. In
addition, since the rubber is of intrinsically high loss, the stack does not significantly

amplify the seismic motion at its resonant frequencies.

20



e Direct Coupling of Seismic Noise (or Gravity Gradient Noise)
The test mass can also couple with seismic motion directly’ through local fluc-
tuations in the gravitational field (due to matter moving in the vicinity of the
detector) [32, 33]. Vibration isolation systems have no effect on this noise source
as gravity gradient noise effectively ‘short circuits’ the stacks and pendulums. The
noise spectrum resulting from gravity gradient noise is too low to limit the sensi-
tivity of the initial long base-line detectors. However as seismic isolation designs
improve and other noise sources are reduced, gravity gradient noise may ultimately

determine the achievable sensitivity of a detector at low frequency.

1.5.4 Displacement Noise Sources

Radiation pressure noise, thermal noise and seismic noise are all examples of displacement
noise. Displacement noise sources cause noise in the form of mirror motion and therefore
limit the displacement sensitivity that the detector can achieve. This form of noise is
one of the main reasons against employing detectors with short baselines and aggressive
beam folding. However the effect of displacement noise can be reduced by increasing the
physical separation of the mirrors. This is one of the principal driving forces behind the
building of detectors with long arm lengths. Consideration of levels of displacement noise
likely to be present in a detector suggests that it is necessary to move to arm lengths of

the order of a km to achieve the desired strain sensitivity of 10-2! to 1022,

1.5.5 Other Noise Sources

The main sources of noise have been discussed above. However there are a number of
other noise sources which must be considered and controlled to reduce their effects to

levels which are negligible.

Several of these are associated with the laser. They include frequency fluctuations of
the laser light (caused by scattering) which introduces noise into the detector. These
fluctuations can be stabilised by locking the laser frequency to one of the arms of the
detectors. The effect of intensity fluctuations of the laser are reduced by modulation

techniques (which ensures that the change in intensity to be detected is at a frequency
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that is shot noise limited) and operating the detector at a dark fringe. Variation of laser
- beam position, orientation and geometry are also important. These variations can be .
minimised by using a mode cleaning device such as a single mode optical fibre or a mode

cleaning cavity.

Fluctuations in the residual gas pressure of the vacuum system can lead to changes in
the optical path length of the detector. This effect can be reduced by operating the
detector at vacuum pressures of ~ 108 mbar or less. Control systems are used to damp
the various modes of the suspension systems. Care must also be taken so that electronic

noise in these systems does not in itself cause significant motion of the masses.

1.6 The German-British project, GEO 600

There are a number of long baseline interferometric detectors currently under construc-
tion around the world. Scientists working on the LIGO [34] project in the USA are
constructing two 4 km detectors at sites in Washington State and Louisiana. A French-
Italian collaborative group, VIRGO [35], is building a 3 km detector near Pisa in Italy.
TAMA, the Japanese 300 m detector project, is being built near Tokyo in Japan [36].

The German-British project is called GEO 600 [1] and it is a project being undertaken
by groups from the Max-Planck-Institut fiir Quantenoptik at Hannover and Garching,
the University of Glasgow, the University of Cardiff and the Albert Einstein Institut at
Potsdam, together with contributions from the Laser-Zentrum, Hannover. This project

is advancing rapidly at a site near Hannover, Germany.

GEO 600 is an interferometer with a four-bounce delay-line in each 600 m arm. The input
laser power (of between 5 and 10 W) will be provided by a stabilised diode-pumped
Nd:YAG laser. Before the light is sent into the interferometer it is passed through
two modecleaners [37] to reduce the beam orientation and geometry noise. The mirrors
within the mode-cleaner cavities are suspended to isolate them from the effects of ground
vibrations. After passing through the modecleaners, the laser light is sent into the
interferometer. To reduce random phase shifts of the light in the optical path due to

fluctuations in gas density, the path lengths are entirely enclosed inside vacuum systems.
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The suspension system for each test mass is likely to consist of a vibration isolation stack
plus a triple pendulum, incorporating 2 layers of cantilever springs for extra vertigal.
isolation. The additional vertical isolation is required to reduce the amount of cross-
coupling that can occur. This is due to the mirrors used for the second and fourth
bounces being positioned one above the other (and results in the laser beam making
a small angle with the horizontal) allowing the sensing of a small amount of vertical

motion. The whole suspension system is entirely closed within a vacuum system.

To ensure that the sensitivity of GEO 600 is competitive with that of 1°* stage LIGO and
VIRGO detectors, the limitiations set by the shorter arm-length of GEO 600 must be
compensated for from the outset. The advanced optical techniques employed include high
factor power recycling and signal recycling. Firstly we shall consider power recycling.
When the interferometer is locked to a dark fringe all of the recombined light at the
beamsplitter is returned to the laser. To prevent this light from being lost, a mirror (the
recycling mirror) is positioned between the laser and beamsplitter to form a resonant
cavity between the mirror and the interferometer [38]. The optical power circulating
in the interferometer is therefore increased and the effect is equivalent to using a more
powerful laser 2. This increases the phase sensitivity of the system. A power recycling

factor of ~ 2000 will be employed in GEO 600 in comparison to a factor of ~ 30 in LIGO.

The passage of a gravitational wave through a suitably orientated detector phase mod-
ulates the carrier frequency of the laser light. This has the effect of encoding the gravi-
tational signal in sidebands around the laser frequency. When the detector is locked to
a dark fringe, the carrier frequency is returned towards the laser whilst the sidebands
are emitted at the output of the interferometer. By suitable positioning of a partially
transmitting mirror between the beamsplitter and the photodiode a cavity (referred to
as the signal recycling cavity) can be formed for one of the sideband frequencies between
this mirror and the two arms. This allows the sideband frequency to be returned to the
interferometer and the technique is known as signal recycling [39]. This technique has
the effect of resonant enhancement of the signal of a particular frequency thus improving

the shot noise limited sensitivity in narrow bandwidth operation.

To minimise the effect of thermal noise in the frequency band of interest, synthetic fused

2This technique only works for mirrors of low optical loss.
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silica (which exhibits particularly low levels of intrinsic loss) will be used as the mirror
material: Because of its low loss' we have developed suspension fibres made of fused.
quartz 3 to suspend the mirrors. This is an approach to test mass suspension which has
not been proposed by the other major interferometer projects (all of 1% stage detectors
associated with the other projects intend to use steel wires). Methods of bonding the
fused quartz fibres to the mirrors that do not degrade the obtainable levels of internal
thermal noise have also had to be developed for use in GEO 600. The characterisation of
fused quartz as a suitable low-loss suspension material and aspects of the design of the

test mass suspension is the subject of this thesis.

The sensitivity curve of GEO 600 is shown in figure 1.5. The blue curve is the photon shot
noise calculated for a four-beam delay-line (illuminated by 5W of laser light (1.06 pm)
and assumes a factor of 2000 in power recycling). The green curve is the total thermal
noise (calculated for a 16 kg fused silica test mass, 25cm in diameter, 15cm long, and
assuming an intrinsic 10ss @insernat(w) = 2 X 1077 and structural damping). The red
curve represents the seismic noise (the design specification at 50 Hz is to achieve a level
of residual seismic noise at each test mass that is a factor of 10 lower than the thermal
noise associated with the internal modes at 50 Hz) after filtering by the suspensions and

the black curve is the total noise.

1.7 Space-Borne Detectors

LISA (Laser Inteferometric Space Antenna) [40] has been proposed as a cornerstone
mission in the Post Horizon 2000 programme in ESA and is a space-borne Michelson In-
terferometer that should be able to observe gravitational waves occurring in the 0.1 mHz
to 0.1 Hz frequency range. Gravitational waves emitted in this frequency band are un-
detectable by ground-based detectors due to gravity gradient noise. Typical sources of
gravitational waves emitted in this frequency band range from stellar-mass binary sys-
tems with relativaly large separations, to interactions of massive black holes. LISA will
consist of three identical spacecraft positioned in a heliocentric orbit 20° behind the

Earth, with each spacecraft forming a vertex of an equilateral triangle. Each spacecraft

3The term fused quartz is used to refer specifically to SiO, produced from natural sources and fused

silica used when either fused quartz or synthetic fused silica would be appropriate.
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Figure 1.5: The sensitivity curve of GEO 600. The blue curve is the photon shot, noise
calculated for a four-beam delay-line (illuminated by 5W of laser light (1.06pm) and
assumes a factor of 2000 in power recycling). The green curve is the total thermal
noise (calculated for a 16kg fused silica test mass, 25 cm in diameter, 15cm, long, and
assuming an intrinsic loss fiintemal {®) = 2 X 10" and structural damping). The red
curve represents the residual seismic noise (the design specification at 50 Hz is to achieve
a level of seismic noise at each test mass that is a factor of 10 lower than the thermal
noise associated with the internal modes at 50 Hz) after filtering from, the suspensions
and the black curve is the total noise. The data point on the plot represents the relative

source strength of the Crab pulsar.
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in LISA will be separated from its neighbour by a distance of 5 x 10° m. Each spacecraft
“contains two test masses and two laser transponders (Nd:YAG) allowing the sides of .
the triangle to form two semi-independent interferometers. A gravitational wave strain
sensitivity of h ~ 1072! /+/Hz is expected to be achieved. The proposed date of launch
of a cornerstone mission is likely to be post 2015. However a joint ESA/NASA mission

could be launched earlier.

Space-borne detectors will be complementary to ground-based detectors extending the

frequency coverage over which observations of gravitational waves can be made.

1.8 Conclusions

The long baseline interferometric detectors such as GEO 600 and the 1°* stage LIGO,
VIRGO and TAMA detectors are all currently under construction with aimed design
sensitivities of ~ 10721 to ~ 10722/ vHz over some of the detection band (between a
few tens of Hz and a few kHz). It is intended that GEO 600 will be operational within
the next three years when it will be possible to use this detector to perform searches for
continuous sources such as pulsars. GEO 600 will also be used as one in a worldwide
array of three or four detectors. This will allow coincidence observations of burst sources
to be made. By comparing the arrival time of gravitational wave signals at the detectors
in such an array, the position of a source will be determined. Space-borne detectors will
complement observations made by ground-based detectors by increasing the frequency

band over which searches for gravitational waves can be made.
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Chapter 2

An Introduction to Thermal

Noise

2.1 Introduction

A mirror, suspended as a pendulum by wires or fibres is a mechanical system which
has many normal modes of oscillation. In accordance with the Equipartition Theorem,
each normal mode of the suspension has a mean energy of kgT Joules associated with
it (where kp is Boltzmann’s constant and T is the temperature in Kelvin). This energy
appears as thermally driven motion of the system. The combined effect of the thermal
noise from all of the modes of the suspension means that thermally induced motion
of the test mass and it’s suspension fibres is a serious form of displacement noise in
interferometric gravitational wave detectors; the rms displacement caused by thermal
noise at the resonant frequencies of the last stage of the pendulum suspension system is
much larger than that which might be expected by the passage of a gravitational wave.
One might suggest that the effects of thermal noise could be reduced significantly by
cooling the suspension in a manner similar to that used in resonant mass detectors. While
this may be feasible for the next generation of advanced interferometric gravitational
wave detectors, current detectors will not employ cooling. Because of this, the effect of
thermal noise at frequencies of interest for gravitational wave detection must be reduced

by other methods.
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2.2 An Early Example of Thermal Noise

In his classic experiment of 1828, Brown [41] observed the random motion of pollen
grains suspended in water. Many years later Einstein showed that this random motion
resulted from fluctuations in the number of impacts of the water molecules with the
pollen grains [42]. In doing so Einstein recognised that these impacts caused the grains
to dissipate kinetic energy as they moved through the water. This was the first recog-
nised relationship between fluctuation (which, in this instance, excites the system on a
microscopic scale i.e. the random displacement of the pollen grains) and friction (which

dissipates energy in this instance on a macroscopic scale i.e. the viscosity of water).

A general relationship between fluctuation and dissipation was established by Callen
et. al. [43, 44] for any system that is linear and in thermal equilibrium. This is the

fluctuation-dissipation theorem and is a useful tool in the study of thermal noise.

2.3 Fluctuation-Dissipation Theorem

The fluctuation-dissipation theorem relates the power spectral density of the fluctuating
thermal driving force, F2_.(w), of a mechanical system to the real (dissipative) part of

herm

the mechanical impedance, (Z(w)), i.e:

Fform (@) = 4kpTR(Z(w)) perHz (2.1)

The mechanical impedance is defined as Z = —f— where v is the velocity response of the

system resulting from an applied force, F.

The fluctuation-dissipation theorem is of importance because it lets us predict the effect
on the thermal noise of manipulating the real part of the impedance (ie. the dissipation

or damping).

The fluctuation-dissipation theorem can be rearranged and expressed in a more useful
form. This is achieved by substituting the expression for the fluctuating driving force

into
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and rearranging into the form of 72, (w) (the power spectral density of thermal dis-

placement) to give

4kgT

R(Y (w)) perHz (2.3)

T ?herm (w)

where Y (w) is mechanical admittance (and Y (w) = 77157)

2.4 Forms of External and Internal Damping

In a real suspension system there are many sources of dissipation present that can increase
the level of thermal noise within the system. Some of the most significant are introduced

below.

2.4.1 External Damping Mechanisms

e external viscous damping in the form of friction from residual gas molecules. This

form of damping will be discussed in Chapter 3.

e The loss of energy from the pendulum suspension into a recoiling support struc-
ture (known as ‘recoil damping’). A discussion of recoil damping can be found in

Chapter 4.

e Energy loss due to eddy current and hysteresis damping. Whether either of these
losses are present and to what extent they affect the pendulum loss depends on
the materials used for the pendulum suspension and the proximity of naturally
occurring magnetic fields or of magnets and feedback coils within the system. A

discussion of these forms of damping can be found in Chapter 5.

e Frictional losses at the point of suspension and where the wires meet the test
mass. Experimental evidence of the first of these losses (known as ‘stick-slip’ damp-

ing [45]) and how it was reduced is reported in Chapter 5.
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e Finally, an unusual form of loss experienced in the course of this work — the ef-
- fect caused by unexpected electrostatic charging of the pendulum. This will be .

discussed in Chapter 6.

With careful design, these forms of damping can usually be reduced to negligible levels.

2.4.2 Internal Damping

Let us assume for the moment that all sources of external damping have been reduced
to levels where their contributions are no longer the dominant sources of loss. In this
situation the largest source of thermal motion in the test mass suspension is internal

friction in the material of the test mass and its suspension wires.

When a body is acted upon by some external force the material responds. The response is
not instantaneous. Instead each of the affected degrees of freedom in the body relaxes into
a new state of equilibrium after a time interval known as the ‘relaxation time’. Causes of
these lags in response include moving defects, shifting grain boundaries, thermal currents
and other internal variables. The combined effect of these individual lags represents
internal damping. The level of this damping can then be used to predict (by using the
fluctuation-dissipation theorem) the level of thermal noise that will be generated in a

pendulum hanging inside a gravitational wave detector at a given temperature.

Any resonant mode of a pendulum suspension e.g. internal mode of the test mass,
pendulum mode or violin mode of the suspension wire, can be modelled as a damped
harmonic oscillator represented by a mass, m, on a spring of constant, k. The combined
effects of dissipation from internal friction can be included in this model by introducing
a small imaginary term into the spring constant. The force associated with the spring is

therefore of the form

Fopring(w) = =k (1 + i¢(w)) 2. (24)

The imaginary term, ¢(w), is the loss angle (or loss factor) and represents the phase

lag (in radians) of the response of the system, z, to the applied force, Fyping(w). This
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departure from the ideal case of elasticity is known as anelasticity [46].

The equation of motion of a harmonic oscillator subject to internal friction is

Fw)=mZ+k(l+i¢(w))z (2.5)

where F'(w) is the internal thermal driving force.

We can obtain from the equation of motion, an expression for the motion induced in the
oscillator due to the combined effects of internal friction. First, the equation of motion

must be expressed in terms of velocity (using # = iwv and = = ;) to give

F(w) = twmv — zg (14 i¢(w))v. (2.6)

The fluctuating force, F(w), is divided by velocity, v, to give the impedance, Z(w), as

Z(w)=1 (wm - g) + d)(w)é (2.7)

The admittance is then obtained from the impedance,

Ep(w) -1 (wm - 5) .
(B6e) "+ (om - 2)’

Y (w) = (2.8)

Finally, this is substituted into the fluctuation-dissipation theorem (in the form of equa-

tion 2.3) to give the power spectrum of thermal motion

- 4kgT
Liherm (w) = w2 §R(Yv(“‘))) per Hz
4kpT p(w)E
2 T 5 7 Per Hz (2.9)
(56)" + (om~£)
which, on substitution of w2 = % and suitable cancellation of terms reduces to
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B ()= 4kpT ¢(w)wd
thrm () = AP () + R )

perHz. - - (2.10)

2.4.3 Form of the Internal Loss Factor, ¢(w)

The internal loss factor may take one of many forms. One form of the loss factor is
¢(w) proportional to frequency, f, in the form ¢(w) = 2w3f (where § is a constant).
It can be shown that when ¢(w) = 273 f, the imaginary (or internal damping term) in
equation 2.4 reduces to Fyriction = —bv (on substitution of z = #f and b = k). A loss

factor of this form is described as a source of ‘internal viscous damping’.

There is evidence to suggest that damping proportional to velocity is not the most
common form of internal damping in materials. Experiments [47] have shown that a
loss factor that is approximately constant with frequency is more realistic. A loss factor
independent of frequency is known as ‘structural damping’. Understanding the origin
of a constant loss factor is however more complex. It is thought that the loss factor,
¢(w), contains a number of distinct ‘peaks’. These peaks occur at the ‘characteristic
frequencies’ of the many contributing loss processes that happen simultaneously within
the material. These peaks, known as ‘Debye peaks’, are usually separated in frequency
by many orders of magnitude. In regions of frequency space away from the peaks of the
individual loss mechanisms, the combined effect of the tails of the peaks is effectively
constant with frequency [48]. The detection band of ground based interferometers usually

lies within one such frequency region.

However there does exist one mechanism of internal friction which may exhibit a peak
close to the detection band. In this instance the loss factor departs from the general case
of structural damping. This source of loss is called thermoelastic damping and will be

discussed in more detail in section 2.7.

Clearly the shape of the power spectrum for thermal displacement varies depending
on which of the functional forms of loss factor is present within the suspension. The
form of the loss factor must be determined if correct predictions of the limit set to the
detector sensitivity by thermal noise are to be calculated. For the pendulum suspensions

used in interferometric gravitational wave detectors the loss factors are very small and
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it is therefore extremely difficult to measure ¢(w) directly at all frequencies. The loss
factor, ¢(w), can however be measured at the resonant frequencies of the suspension (as
is explained in section 2.5). Should a number of modes of a given type be measurable
(e.g. vibrational modes of the suspension fibres or internal modes of the test mass),

information can be gained on the form of ¢(w).

It is useful to note that French [49] defines the quality factor, @, of a resonant system in

terms of the damping coefficient, b, and mass, m, as

Q(wo) = % (2.11)

The damping present within the suspension system is given by the real part of the
mechanical impedance. Referring to equation 2.7 we can see that this is ¢(w)f which is
equivalent to the damping coefficient, b, in equation 2.11 (where b is a constant in the case
of velocity damping but a function of frequency for structural damping). Substituting

for b (at w = wp) into equation 2.11 leads to a relationship between Q(wo) and ¢(wp) of

1
Q(wo) = Flwo)” (2.12)

2.5 Measuring the Loss Factor of a Damped Harmonic Os-

cillator at the Resonant Frequency of one of its Modes,

¢(wo)

The fluctuation-dissipation theorem allows all sources of thermal noise to be treated in
a similar manner. If there are a number of different sources of dissipation present within
a system (external as well as internal), they can all be considered by including their
combined effects in an overall expression of the impedance of the system as a function
of frequency. Effectively the total dissipation in a given system, at a frequency w, is the

sum of all of the individual loss angles i.e.
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' brotal(W) = d1(W) + Po(w) 4+ B3 (W) F i A Pr(w). - (2.13)

By measuring the ‘total’ loss factor exhibited by the suspension at an angular frequency,
wp, (the resonant frequency of one of its modes) and knowing the functional form of the
internal loss mechanism, the level of the loss factor at a frequency w can be determined.
This loss factor can be substituted with the relevant parameters of the test mass into
the fluctuation-dissipation theorem to predict the level of thermal noise (at a frequency
w) present within our suspension. This section contains a discussion of one method of

measuring the loss factor.

In our experiments we first excite a normal mode by some means. The mode is then
allowed to decay freely subject to the losses present in the system. The displacement of

the mode can be represented by

m(t) — .'Eoe_ ';"ﬁtotal(wo)woteint (2,14)

where z(t) is the amplitude at time, ¢, zo is the initial amplitude, wq is the resonant
angular frequency of the mode and ¢;p101(wp) is the combined effects of the loss mecha-
nisms present. We can determine the loss by measuring the amplitude decay envelope of

the free oscillation as a function of time.

Consider the amplitude decay term of equation 2.14

A(f) = moe~2Ptotat(wo)wot (2.15)

rearranging this we find

2 () 210

¢total (wO) = wol

If one measures the relaxation time, 7, taken for the amplitude to decay to A(t) = 2,

equation 2.16 reduces to
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woT

 Ptotar(wo) = (2.17)

which is recognisable as being equal to the reciprocal of a commonly used definition of

the quality factor, Q(wo) (Refer to French [49]). Once again we see that ¢(wo) = Q(L 3

In terms of the parameters A(t) and ¢ measured in our experiment, it is more useful to

express equation 2.16 in the following way;

In(A(t)) = —wt + In(zo) (2.18)
which has the form of a straight line when the natural logarithm of the amplitude,
A(t), is plotted with respect to ¢t. By calculating the gradient of the resulting plot and
multiplying it by —;%, it is possible to obtain a value for the loss factor at the resonant

frequency.

Once again let us assume that all external loss mechanisms have been minimised and that
internal friction is the dominant loss mechanism present. Measurement of the internal
loss factor at the resonant frequency tells us nothing about the frequency dependence of
the internal loss angle. However, as was discussed in section 2.4.3, it is usually possible
to infer the functional form of the loss, ¢(w), by measuring higher order modes of the
system. Measurements of the loss factor associated with the internal modes of fused silica
test masses have been performed by Gillespie [30], Braginsky [50] and Traeger [51] over a
range of frequencies in the tens of kHz region. The measured loss factor of fused quartz
will be taken to be ~ 2 x 10~7 and results have suggested that the material exhibits
structural damping. These results show that the loss was a measure of internal friction,
i.e. the ‘intrinsic’ loss factor set by the material itself and cannot be improved upon. The
level of thermal motion within the detection band resulting from this level of intrinsic
loss is discussed in the following section. A further example of this type of measurement
is discussed in Chapter 3. There a report is given of experiments performed to measure
the intrinsic material loss factor of an oscillating ribbon fibre at four frequencies in the

detection band of interest.
A point to note about the description given above for calculating the loss factor is that
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it assumes that the oscillator decays to a negligible amplitude. This however is not
“always the case. In the example of measurements made in. Chapter 3, the amplitude
tends to some background value, Apg, significantly greater than zero. Calculating the
loss factor by the simple method above would result in a loss that is less than the real
loss. A correction factor must be included in these instances. It is relatively straight
forward to prove that a better estimate of the loss factor can be calculated from a plot
of Iny/A(t)2 — A% versus time, t. instead of simply InA(t) versus ¢t. The gradient is then

A(t)2 — A2 time, ¢
calculated a ®) B VEISUS WG, Ty 1 2in the loss factor on resonance, ¢(wp).

ted and multiplied by —Z

2.6 Comments on the Fluctuation-Dissipation Theorem

Consider again the general expression for the power spectral density of thermal motion
of one of the modes of our suspension, &%, (w), in terms of internal dissipation as given
in equation 2.10. The level of thermal motion, Z;serm (w), can be altered by changing the

level of internal damping, ¢(w), present in the suspension.

This statement however appears to be at odds with the Equipartition Theorem which
states that every velocity component in a system has associated with it an average of
%kBT of energy. For example, in a 1 dimensional oscillator, the Equipartition Theorem

requires that

1 - 1
Z 2 — .
5mY 2k3T (2.19)
which can be rearranged to give
— kT
22 = "Z) - (2.20)
0

which is independent of loss, ¢(w). The fluctuation - dissipation theorem and the
Equipartition Theorem however do not disagree, they just give us different information.
The Equipartition Theorem refers to the mean square thermal displacement calculated
over all frequencies. This is equal to the square of the thermal motion calculated at each

frequency by the fluctuation - dissipation theorem then summed over all frequencies.
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Knowing that there is a ‘total’ mean squared displacement (given by the Equiparti-
“tion' Theorem) allows ‘us to refine our understanding of the information obtained from .
the fluctuation-dissipation theorem. Let us examine the power spectral density of dis-
placement in three distinct regions of frequency as given by the fluctuation-dissipation

theorem. Refer to equation 2.10 and consider first the case when w < wp:

_ 4kpT ¢(w)wd
R H
Ltherm (w) mw(wgqﬁz(w) + wg) per Hz
4kpT ¢(w)
Hz 2.21
mwwi (p?(w) +1) per (221)
and assuming ¢(w)? < 1 then
- 4kpT [ d(w
2 (w) & miz (—c(—u—z) per Hz. (2.22)
0
Consider also w > wy
_ 4kBTw2¢(w)
Tiherm(w) & — ((w2)20+ ) per Hz (2.23)
and once again, assuming that ¢(w)? < 1
k 2
B2 (W) & 4 anwo <¢w(‘:)) per Hz. (2.24)

Examining equation 2.22 and equation 2.24 we see that it is possible to minimise the
levels of thermal motion at frequencies away from the resonances of the suspension
system by designing the suspension to have very low levels of mechanical loss (¢(w) < 1).
However, to conserve the ‘total’ squared displacement over all frequencies (as given by the
Equipartition Theorem) there must be a correspondingly high response at the resonant

frequency, namely

4kpT ¢(wo)ws
mwow§ 2 (wo)

per Hz

it2herm (wo)
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4kBT 1
g ) P e

which results in a very large 7%, (wp) if ¢(w) < 1!
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