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Sum m ary

F irs t catalogued as entry  num ber 433 in an objective prism  survey of strong  H a  em ission line 

objects by Stephenson and Sanduleak in 1977, SS433 rose rapidly  to  fam e in 1978 following the 

observation of m oving hydrogen and  helium  lines in its  op tical spectrum . I t has since proved 

to  be an enduring astronom ical puzzle. SS433 is a  galactic object a t a  d istance of som e 5kpc 

and  is located very near the centre of the supernova rem nan t W 50 w ith which it is believed to 

be interacting. T he consensus on the SS433 system  itself is th a t it consists of a  b inary  system  

com prising an OB s ta r undergoing Roche-lobe overflow onto  a  supercritically  accreting com pact 

object, m ost probably  a neutron s ta r  though possibly a  black hole, leading to  the form ation  of 

a  geom etrically thick accretion disc. Em ergent from  the  narrow  funnels of th is thick disc are 

two oppositely aligned and highly collim ated je ts  which move a t a  rem arkably constan t speed 

of 0.26c.

The purpose of th is thesis is to  investigate the su itab ility  of rad iative acceleration as a 

m echanism  for accelerating the je ts  to  a speed of 0.26c and to  determ ine w hether such a mech­

anism  can satisfy the stringent constrain ts on the constancy of the je ts ’ speed im posed by 

observations.

In the overview of the SS433 detailed in chapter 1 , an historical account of th e  object is 

given as well as a  sum m ary  of the observations and the  m any theo tetical m odels th a t it  has 

inspired. Though th is review is by no m eans comprehensive, its length reflects the com plexity 

of the  ob ject and the vast am ount of work th a t has been published on it.

C hap ter 2 acts as a  theoretical prelude to  the rem aining research chapters. In the  first 

p a rt of th is chapter some com m on term s and definitions encountered in special re la tiv ity  and 

rad iative transfer are elucidated and some useful Lorentz invariants and Lorentz transform ations 

are introduced. In the  la tte r p a rt o f th is chapter the general vector equation  o f m otion  of a 

spherical je t  fragm ent m oving w ithin the tim e independent rad ia tion  field of a  blackbody em itter 

is derived.

Solutions to  the general vector equation of m otion for a  spherical je t  fragm ent, or ‘b u lle t’, 

m oving w ithin the rad ia tion  field of both  infinite p lanar and infinite conical, iso therm al black­

body rad ia to rs  are sought in chapter 3. Term inal speeds which are dependent on the  geom etry 

of the  rad ia to r are found to  exist. T he degree to  which rad ia tion  pressure can aid in the process 

of je t  collim ation is also assessed.

C ontinuing the analysis of chapter 3, the first topic considered in chapter 4 is the  m otion of 

a bu lle t above an  infinite, p lanar rad ia to r for which the em ergent, frequency in tegrated  specific 

in tensity  is given by a generalisation to the E ddington lim b darkening approxim ation. This 

is followed by an investigation of the m otion of a  bullet moving along the sym m m etry  axis 

of an infinite, conical rad ia to r for which the surface tem pera tu re  decays exponentially  with
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increasing distance from  the funnel apex. A pplicability of th is ad hoc tem pera tu re  profile to 

SS433 is achieved by ensuring th a t the e-folding distance of the tem pera tu re  profile is consistent 

w ith the observations. Brief sections on axial m otion above a  finite, isotherm al, p lanar rad ia to r 

and rad ial m otion above an isotropic, spherical rad ia to r then ensue. The concluding research of 

chapter 4 comprises an analysis of the axial equation of m otion of a  bullet m oving w ith in  a finite 

accretion funnel. T he funnel is m odeled first as an isotherm al, conical rad ia to r and then  as a 

conical rad ia to r for which the run  of tem pera tu re  w ith distance from  the funnel apex is given 

by th a t of a  polytropic gas w ith an index appropria te  for a  rad ia tion  dom inated  regim e. The 

results of the form er m odel are found to  be in surprisingly good agreem ent w ith the observations 

of SS433.

Finally, in chapter 5 topics related  to  the work contained in th is thesis and which could be 

considered in any further investigation are presented. These include suggestions for im proving 

the ‘b u lle t’ m odel of chapters 2,3 and 4 and the possible inclusion of a  phenom enon which has 

been term ed the ‘C om pton rocket’ effect.

A lhough a  sm all p roportion  of the research contained in th is thesis, principally  part of 

chapter 3, consists of m ateria l which has previously been published by Icke (1989), the work 

presented here was undertaken independently  and com pleted prior to  the publication  of Icke’s 

results.
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C hapter 1

SS433 : A n  O verview

$1.1 Introduction

T he purpose of this chapter is to  provide the reader w ith a broad understanding  of the SS433 

system . I t is no t intended to  be a comprehensive review. In his anecdotal account of the  ‘dis­

covery’ of SS433, C lark (1984) noted  th a t there were 2  papers published on the object in 1978, 

28 in 1979, 73 in 1980 and 122 in 1981. T his exponential increase in the  publication ra te  has, 

thankfully, no t been m ain tained  to  the present and has in fact become a decline in recent years. 

Even so, a recent lite ra tu re  search on the ‘S im bad’ d a ta  base revealed 506 citations relating  to 

SS433. The sheer volum e of published work on the system  clearly m akes a  comprehensive review 

an im possible task. For a detailed review of the first 6  years of observations the reader should 

consult M argon (1984) and for a  m ore recent perspective those of K atz (1986), Cherepashchuk

(1988) (particu larly  for photom etry) and Zw itter et al. (1989) are recom m ended.

I will begin w ith a  resum e of the early h istory of SS433 and the observations th a t prom pted 

the developm ent of the  k inem atic m odel. T his is followed by a sum m ary  of the observations 

a t all wavelengths and the m any theories th a t have been propounded. I will conclude w ith a 

discussion of the possible evolutionary p a th  followed by SS433 and its su itab ility  as an analogue 

for ex tragalactic  je ts.

$1.2 The R ise to Prom inence

T he enigm atic object SS433 was first catalogued in an objective prism  spectral survey of strong 

H a  emission line objects by Stephenson and Sanduleak (1977) as entry  num ber 433. T he region 

had previously been associated w ith prom inent radio emission (C lark, Green and Caswell, 1975) 

and recorded as an X-ray source in the Ariel 5 survey, catalogue en try  A1909+04, (Seward et 

al., 1976) and in the U huru satellite  observatory survey (Form an et al., 1976). It was again cited 

as an X-ray source in the fourth  Uhuru catalogue as entry  4U 1908+04 (Form an et al., 1978) 

though no identification w ith the radio and optical observations was m ade due largely to  the 

poor accuracy w ith which the X-ray and radio sources could be localised. However, in 1978 the 

association of these d istinct observations w ith the optical source SS433 was m ade independently 

by C lark and  M urdin (1978) and Seaquist et al. (1979) w ith the form er group and Ryle et al. 

(1978) proposing a possible link w ith the supernova rem nant W50. Confirm ation of the common
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WAVELENGTH (ANGSTROMS)

F ig . 1 .1 . T he red /in fra red  spectrum  of SS433 on th ree  of four consecutive nights, o b ta ined  with 10A resolu tion  on the 
Lick 0.6m reflector. T he d ram atic  changes in both  the  w avelength and profile of the two unidentified em ission features 
flanking H Q are well illu stra ted . Hel A5876, 6678, 7065 em ission is visible, as are th e  unresolved in te rste lla r NaD lines 
and the  A6284 band T he upper, centre and lower panels were observed in 1978 on O cto b er 23, 24 and 26 respectively 
(from  M argon e t al 1979a)
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F ig . 1 .2 . T he spectrum  of SS433 obtained  on M arch 20, 1979 with the Lick O bservatory  3m Shane reflector. T he 
principle emission fea tu res are identified with the prefixes ' +  ’ and denoting  lines in th e  redshifted and blueshifted 
system s respectively. Each division on the o rd inate  corresponds to  0.83 m ag (from  M argon e t al. 1979b).
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origin of the X-ray, optical and radio emissions was provided by an accurate determ ination  of 

the location of the X-ray source (Seaquist, 1981a). T he first m oderate-resolution spectral d a ta  

published (C lark and M urdin, 1978) showed a com plex red continuum , resulting from strong 

in terste llar reddening, dom inated  by strong broad emission lines, including the Balm er series 

(H o, H/?, H7 , H6 ), lines from  neutral helium  and higher excitation features. The spectrum  

bore sim ilarities to  th a t of the eccentric orb it X-ray b inary  Circinus X -l (C lark, Parkinson 

and Caswell, 1975) which was itself associated w ith a  supernova rem nan t (G321.9-0.3) leading 

C lark and M urdin (1978) to  ten tatively  suggest th a t they were m em bers of the sam e class of 

object. In December 1978 a t the Texas Sym posium , Bruce M argon reported the presence of 

moving hydrogen and helium  lines in the optical spectrum ; an event which m arked the begining 

of SS433’s ascension to  its present s ta tu s  as an object of great astrophysical significance. The 

spectroscopic observations of M argon et al. (1979a; Fig. 1.1) and M am m ano et al. (1980) re­

vealed unidentified emission features flanking the s ta tionary  hydrogen and neutral helium  lines 

th a t drifted periodically, shifting sm oothly by up to  ± 1 0 0 0  A th rough the spectrum  showing 

conclusively th a t C ircinus X -l and SS433 were different objects w ith SS433 being by far the 

m ore exotic. M am m ano et al. (1980) a ttrib u ted  the anom alous emission features to  Zeeman 

sp litting  whilst M argon et al. (1979a) considered the possibility, though seemingly im plausible 

on account of the enorm ous velocities and change in velocities im plied, th a t they were due to 

D oppler shifted satellites of the sta tionary  Balm er and neu tral helium  lines. Further obser­

vations by M argon et al. (1979b; Fig. 1.2) and Liebert et al. (1979) showed unam biguously 

th a t  the m oving spectral features were indeed Doppler-shifted B alm er and Hel emissions w ith 

Liebert et al. (1979) ruling out a m agnetic in terp re ta tion  for the features on the basis of po- 

la rim etric  m easurem ents. M argon et al. (1979b) reported the velocity variations to  be cyclical 

and roughly sinusoidal w ith a period of 164±3 days and m axim um  positive and negative radial 

velocities of + 50 000 k m /s  and -35 000 k m /s  respectively sym m etric ab o u t a red-shift of 2=0.04. 

D etailed analysis of the ‘s ta tio n a ry ’ lines spectra  by C ram pton , Cowley and Hutchings (1980) 

revealed a  13.1 day periodic variation w ith an am plitude of I\  =  73 k m /s  which they in ter­

preted  as representing o rb ita l m otion. The appearance and w idth of the profiles was sim ilar to 

those orig inating in the accretion disc of cataclysm ic variables prom pting  C ram pton , Cowley 

and H utchings (1980) to  in terpret the observations as representing a low m ass binary system  

not unlike Cyg X-2 (Cowley, C ram pton  and H utchings 1979). An explanation  and theoretical 

m odel for these unprecedented spectral features was necessary.

$1.3 The K inem atic M odel 

§1.3.1 T h e S im ple K inem atic M odel

One of the  earliest theoretical papers on the system  was th a t of M ilgrom (1979) in which 

he proposed th a t the H o emission comes from two regions, sym m etrically  situa ted  abou t a 

central object w ith velocities of equal constant m agnitude and opposite sign. Longitudinal



and transverse Doppler effects are responsible for the wavelength shift with the variation in 

wavelength resulting from changes in the angle between the velocity vectors and the line of 

sight due to a ro ta tion  of the line connecting the two regions. Milgrom (1979) discussed the 

schematic configurations which satisfied these constraints: T he  line emission comes from

i) the illuminated regions of a disc the m atter  of which moves in a circular Keplerian orbit 

about a  central object th a t  emits radiation in oppositely directed pencil beams.

ii) two opposite conical sections within which m a tte r  is free falling radially onto the central 

object.

iii) two opposite conical sections within which m atte r  is moving radially away from the 

central object.

Milgrom (1979a) noted th a t  configuration iii) is at an advantage over the other two possible 

configurations, requiring a central object only of stellar mass. Katz (1980) pointed out the 

difficulty with configuration iii) in finding a central, compact object with a 164 day rotation 

period th a t  would not be spun-up (or spun-down) in a fraction of its period by accretion torques. 

Fabian and Rees (1979) a t tr ibu ted  the features on either side of the Balmer lines to cool gas 

trapped  within approaching and receding jets em anating  from a central object which, they 

suggested, arose from the formation of shocks within a je t  of variable beam-speed. Amitae- 

Milchgrub, Piran and Shaham  (1979) suggested th a t  the features originated in a ring of m atter  

orbiting round a massive black hole ~  106 M q formed by the capture of a normal solar type 

star w ith  the periodicity arising from precession of the  ring about the central black hole.

CINTRAL
SOURCI

Fig. 1.3. A schem atic  rep resen ta tion  of the  kinem atic m odel (from Zhi, Ruffini and Stella, 1981).

W ith  the benefits of additional d a ta  not available to Milgrom, Abell and Margon (1979) 

were able to e laborate  on schematic configuration iii) proposed by Milgrom (1979a) to formulate 

the ‘k inem atic ’ model. The model conjectures tha t  m a t te r  is ejected from a central source in 

two collimated, closely aligned opposing je ts  which ro ta te  on a cone about some axis (Fig. 1.3).



T he emission lines in the je t  directed tow ards earth  are observed to  be blue shifted w hilst those 

in its receding counterpart are red shifted. T he sim ple kinem atic m odel, in which the ro ta tion  

ra te  is constan t, is specified by seven free param eters:

•  /3 the speed of the je ts  in un its of c

•  9 the sem i-angle of the cone form ed by the precession of the  je ts

abou t the ro ta tion  cone axis

•  i the inclination of the ro ta tion  cone axis to  the line of sight

•  Pq the ro ta tion  period

•  to a  tim e a t which the ro ta tion  phase is zero

•  x  the position angle of the cone axis projected onto the plane of the

sky

•  s rot the sense of the je t  ro ta tion ; + 1  for clock-wise and - 1  for an ti­

clockwise.

All bu t the last two of the m odel param eters can be derived from  the moving emission line d a ta  

and for this reason it is also known as the 5-param eter model. A com plete m odel param eter fit 

and the removal of the degeneracy in the angles 0 and i inherent in any deductions m ade solely 

from  the optical d a ta  is possible with additional radio observations. Abell and M argon (1979) 

provided accurate solutions to five of the model free param eters and predicted the cross-over of 

the m oving features from the red to  the blue and vice versa. T his prediction was la ter verified 

by observation (Bedogni et al., 1980; M argon, G randi and Downes, 1980). From  the w idths 

of the D oppler-shifted emission lines M ilgrom, Anderson and M argon (1982) concluded th a t 

the velocity of the je t m ateria l was very constant. Further confirm ation of the validity of the 

‘k inem atic’ m odel was provided by both  radio (G ilm ore et al., 1981; Hjellming and Johnston , 

1981 (a) and (b)) and X-ray (Seward et al., 1980; W atson et al., 1983) observations.

Q uoting the best-fit model param eters for the Doppler shifts of M argon and Anderson 

(1989) and the best-fit. param eters for the VLA d a ta  of Hjellm ing and Johnston  (1981b), the 

seven m odel param eters are:

/?(units of c) 0.2602

^(degrees) 19.85

i(degrees) 78.83

Po(days) . 162.50

<o(JD) 2 443 5<

X(degrees) 1 0 0

^rot - 1  .

T he VLBI observations of Spencer (1979) and W alker et al. (1981) also indicate a m ean position 

angle x  of 100°. It should be noted in passing th a t all seven m odel param eters can in principal
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be determ ined from  radio d ata ; however the  five m odel param eters derived from  the  optical 

d a ta  are adopted  on the basis of their greater accuracy.

A dopting the phase convention of Abell and M argon (1979) and M argon et al. (1979b), 

the Doppler shift of either je t is given by

z =  ôbs— =  ( 7  — 1 ) — 7 /? (sin 9 sin i cos(27rip) +  cos 9 cos i ) Sjet (1-1)
^line

where sjet =  +1  for the approaching je t, -1 for the receding je t, the  Lorentz factor 7 ~  1.036 

and the precessional phase ip is defined as

ip(t) =  ipo +  -— with ipo — —— arcco s(— cot i cot 0 ) . ( 1 .2 a, b)
P q 27T

The phase convention was chosen to  be sim ilar to s tan d ard  spectroscopic b inary  no ta tion . The 

je ts  are perpendicular to  the line of sight twice in one ro ta tion  period. T his happens when 

the D oppler shift of e ither je t  is identically equal to  the transverse D oppler red-shift which, by 

Eq. (1.1), occurs a t phase values 0 and 0.342. I t is evident from  Eq. (1.1) th a t the  Doppler 

shift of either je t  is biased by the ( 7  — 1 ) te rm  thus accounting for the sym m etry  observed in 

the D oppler shifts abou t z=0.04 (M argon et al., 1979b). T his is sim ply a  m anifestation  of the 

transverse Doppler effect and for the H a line, wavelength 6562.8 A, corresponds to  a  shift of 

~  234 A into the red.

§1.3.2 K inem atic D ev ia tion s and E m b ellish m ents

G eneral theoretical argum ents indicate th a t the  je t acceleration takes place in a ro ta tin g  accre­

tion disc suggesting precession of the accretion disc (see §1.6.3) as the  logical origin of the 164 

day ro ta tion  period (K atz, 1980, 1981; van den Heuvel, 1980). Sim ple stellar ro ta tio n  locked to  

the beam s as the underlying system  clock had  been ruled ou t (Abell and  M argon, 1979; Katz,

1980) on the grounds th a t the inferred kinetic energy of the je ts  is far g reater th an  the  to ta l 

ro ta tiona l energy of a  feasible com pact object w ith a  164 day period. T he precession hypothesis 

gained further credibility w ith the observations of C ram pton  and H utchings (1981) who found 

th a t  the H/? emission profile, the intensity  of the Hel em ission and the  Hel and Fell absorp­

tion  lines varied in a  m anner consistent w ith origin in a precessing accretion disc. Com parison 

w ith o ther X-ray binaries suggested the possible existence of a  su b stan tia l accretion disc as an 

add itional com ponent of the SS433 system .

It is evident from  the d a ta  (Fig. 1.4) th a t the  observed moving lines do not adhere rigorously 

to  the predictions of the sim ple k inem atic m odel. In fact the observations typically lie w ithin 

a s trip  of w idth ~  1 0 0  A abou t their predicted value (M am m ano et al., 1983). To da te  a t  least 

three types of deviation have been detected.

T he first form is m anifest as two short-term  periods (K atz et al., 1982; M am m ano et al., 

1983; Newsom and Collins, 1981) superposed on the 164 day periodic m otion of the moving
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F ig . 1 .4 . D oppler shift observations of SS433 over a 10 yr period. T he solid line indicates the  best fit to  the simple 
k inem atic m odel (from  M argon and A nderson, 1989).

emission features. T he  more dom inant of the short-term periods is 6.28 days with an amplitude 

~  10% of the 164 day precessional motion; the second is 5.83 days (Katz et al. 1982). A simple 

interpretation of the 6.28 day period, using linear perturbation  theory, has been discussed 

at length by Katz et al. (1982): The companion s tar exerts a gravitational torque on the 

accretion disc which, when averaged over one binary period, provides a steady torque to drive 

the counterprecession of the disc. One component of this torque has a period given by the 

synodic orbital period derived from the 13.08 day orbital and 164 day mean precession period. 

This periodic torque induces ‘nodding’ motions in the orientation of the accretion disc about 

the mean precessional motion. If the direction of the je ts  is governed by the orientation of 

the disc then these nodding motions will be detectable in the moving-line Doppler shifts. This 

theory however fails to predict the large observed am plitude  of the 5.8 day period; a problem 

which has been resolved by the generalised nodding model of Collins and Newsom (1986).



As m entioned above, the 6.28 day and 5.83 day periods are sim ply synodic com binations 

of the 164 day precession and 13.08 day o rb ita l periods. As their periods are conveniently 

sm all, these short-term  periods provide an excellent m eans of accurately determ ining th e  b inary 

orb ita l period. T he period of the binary  orb it is expected to  change w ith tim e as a result of 

mass loss th rough the relativ istic  je ts  (van den Heuvel et al., 1981; Anderson, M argon and 

G randi, 1983a). Consequently, the detection of any change in the orb ita l period th rough  the 

analysis of the D oppler shifts of the m oving lines a ttrib u tab le  to  the nodding m otion  provides 

a m eans of determ ining the m ass loss ra te  and thus the je t  kinetic energy independently  of the 

observed in tensity  of the rad ia tion  from  the je ts. T his technique is not dependent on knowledge 

of the true  form  of the precession instab ility  since 1/164 <C 1/13.08. M argon and Anderson 

(1989), utilising th is m ethod , found an upper lim it on any change in the  orb ita l period of the 

binary  system  to  be |P i3 | <  8  x 10- 6 . These nu ta tions have also been employed as a  m eans of 

investigating the s tructu re  of the accretion disc.

T he second class of deviation is evident as extended periods of tim e during which the 

predictions of the sim ple kinem atic m odel are system atically  shifted w ith respect to  the d ata . 

T he reason for th is discrepancy is no t well understood though its presence indicates th a t ei­

ther the  m odel precession period is wrong a n d /o r unstab le or th a t  the precession clock is more 

com plicated than  an tic ipated  (M argon, 1984). Anderson, M argon and G randi (1983b) investi­

gated the in stab ility  of the 164 day precessional period of the je ts  through several determ inistic 

m odels. T heir analysis showed th a t the more com plicated 7-param eter and sinusoidal models 

were b e tte r able (though not com pletely successfully) to  reproduce the fluctuations seen in the 

observations. Further, they deduced th a t the am plitude of the noise was no greater th an  th a t 

observed in the 35 day X-ray period of Her X -l, in which precession is also likely as the  driv­

ing clock, and th a t it consequently contains inform ation on how the fluid accretion disc and 

com panion s ta r precess. Hjellming and Johnston  (1986) discussed a m odel where these sys­

tem atic  deviations from  the sim ple k inem atic m odel arise from  the presence of two underlying 

clocks of periods of order 152 days and 175 days. T he beat period of ~  2 000 days of these 

sinusoidal variations is superposed on the 164 day precessional period. M argon and Anderson

(1989) point ou t th a t the two period m odel of Hjellm ing and Johnston  (1986) is essentially the 

sam e as the sinusoidal m odel of Anderson, Margon and G randi (1983). In their m ore recent 

analysis of the determ inistic  m odels, M argon and Anderson (1989) concluded th a t the nature  

of the instab ility  of the precessional clock is obscure and probably not increasing, th a t  both  

the 6  and 7 -param eter m odels are alm ost certainly not correct and th a t the inferred period 

of the  sinusoidal m odel has decreased to  1 299 ±  24 days. However, they could no t determ ine 

w hether the sinusoidal m odel had any physical significance or w hether it sim ply fitted  the d a ta  

on account of the large num ber of free param eters (9) in the m odel.

Even after sub trac tion  of em pirical fits to  the 164 day period instab ility  and the precession 

and nodding m otions from the best-fit m odel there still exist apparen tly  random  deviations of 

several thousand  kilom eters per second th a t are variable predom inantly  on a tim e-scale of days.



These constitu te  the th ird  type of deviation. T his ‘j itte r in g ’ m otion shows no obvious 164 day 

phase dependence so elim inating  scenarios where stochastic  variations of some of the  model 

param eters, such as the je t  velocity, are responsible for the  deviations. K atz and P iran  (1982) 

have noted th a t the deviations are com patible w ith a stochastic jit te r  in the beam  pointing 

direction of m agnitude com parable to  or sm aller th an  the je t opening angle. D uring these 

stochastic  excursions, the je ts  show evidence of m oving as a solid body (M argon and Anderson, 

1989): when the red beam  has insufficient red-shift, the  blue beam  has excess blue-shift and 

vice versa. The anticorrelation is no t quite exact and appears to  be tran sm itted  on tim e scales 

of several days or less. T his observation has led M argon and Anderson (1989) to  suggest th a t 

m ost o f the collim ation and poin ting  of the je ts  occurs very close to  the je t  source ra th er than 

in the  outer regions of a  thick accretion disc as is believed to  be the case in active galactic 

nuclei.

T he ‘k inem atic’ m odel provides a beautiful, sim plistic explanation  of the m oving line fea­

tures and is accepted by m ost (see K undt (1985, 1987) for dissent; §1.6.6) as the canonical 

scenario for SS433. However, it com pletely fails to  address m any of the  perplexing physical 

problem s posed by the system : the characteristics of the  constituen t sta r(s), the m echanism s 

th a t power, collim ate and precess the je ts  and the evolutionary p a th  th a t culm inated  in the 

form ation  of SS433.

$1.4 Basic Inform ation  

§1.4.1 G eneral D ata

T he source of the optical emission in SS433, known also as V1343 Aquilae, is located at 

<*(1950) =  19h 09m 21.282s ±  0.003s, <5(1950) =  04° 53' 54.04" ±  0.05" in the epoch of 1980 

(de Veght and Gehlich, 1979; K aplan et al., 1980) and has corresponding galactic coordinates 

I = 39.7°, b = —2.2° (M argon, 1984). The com pact radio  and X-ray sources are coincident with 

the optical source w ithin the bounds of m easurem ent uncertainty.

T he distance to  SS433 can be uniquely determ ined from  the radio m aps by com paring the 

radio  brightness d istribu tion  w ith  the helical p a tte rn  expected from  the tw in precessing je ts  

though  in m ost cases it is assum ed th a t the radio knots are m oving a t the  sam e velocity as the 

op tical emission line regions. T h is assum ption is supported  by the  absence of a  notable change 

in the  proper m otion of the radio  com ponents (Spencer, 1984). O n the basis of the  m ore reliable 

distance estim ates deduced from  the radio observations (VLA: H jellm ing and Johnston , 1981b; 

VLBI: Niell et all., 1981; M ERLIN: Spencer, 1984; VLBI: Fejes, 1986; VLBI Verm eulen et al., 

1993a), the presently accepted distance to SS433 is ~  5kpc. T he distance to the SN R rem nant 

W 50, based on the surface-brightness d iam eter relation resulting  from  the decreasing brightness 

of SN R w ith increasing distance from  the galactic plane, has been estim ated  as 3.3 kpc (Caswell 

and Lerche, 1979) in rough agreem ent w ith the estim ates of the d istance to  SS433.

T he apparen t m agnitude of SS433 is V  =  14.22 ±  0.04 (M argon et al., 1979a). The
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absolute m agnitude is M y  ~  —7 and the optical continuum  spectrum  is sim ilar to  th a t  of an 

0 5 -ty p e  s ta r suffering severe interstellar absorption A y  ~  8  m ag (M urdin et al. 1980). The 

bolom etric lum inosity  of the  system  is ~  4.4 x 1039 e rg /s  and the dom inant source of optical 

lum inosity  resembles a blackbody w ith a m ean colour tem pera tu re  ~  32 500 K (W agner, 1986). 

T he 2 — lOkeV X-ray lum inosity is ~  1036 e rg /s  (W arwick et al. 1981) and typical radio  flux 

densities (sum m ed over the central and extended sources) are l J y  a t 3.7 and 6  cm and 0.2 Jy 

a t 2 cm (Hjellm ing and Johnston , 1981b).

§1.4.2 T he S y stem  C onfiguration

SS433 is believed to  be a  b inary  system  in which bo th  com ponents follow (nearly) circular 

o rb its  (Collins and Newsom, 1986) w ith a period of ~  13 days. The prim ary is probably  an 

OB s ta r undergoing Roche-lobe overflow whilst the secondary is a  com pact object, perhaps a 

black hole though recent evidence (D ’Odorico et al., 1991; see §1.6.1) favours a neutron  star. 

M aterial from  the p rim ary  is accreted a t a supercritical ra te  (Zealy et al., 1980) onto the 

com pact com ponent form ing a geom etrically thick accretion disc. Two highly collim ated and 

oppositely  aligned je ts  m oving a t approxim ately  a quarter the  speed of light em erge from  the 

accretion disc funnels along the disc-norm al which precesses in a m anner consistent w ith the 

k inem atic model.

$1.5 O bservations

§1.5.1 G am m a-R ay O bservations

From  an analysis of the d a ta  collected by the high-resolution gam m a-ray spectrom eter on board 

the HEAO 3 satellite , Lam b et al. (1983) reported the presence of two gam m a-ray lines located 

a t energies of abou t 1.5 and 1.2 MeV. B oth lines exhibited fractional linew idths A E / E  of ~  1% 

and varied in intensity  by a factor of ~  3 on a tim e scale of days. Assum ing th a t the lines 

represent isotropic emission from SS433 then the com bined gam m a-ray lum inosity of b o th  lines 

is ~  2 x 1037  e rg /s  which is of the order of 250 tim es greater than  the 2-10 keV lum inosity 

(M arshall et al., 1979) and is a  significant fraction of the je t  kinetic energy. The gam m a-ray lines 

were in terp reted  as blue and red shifted com ponents of the 1.369 MeV line which arises from  a 

nuclear transition  of 24Mg from  its first excited s ta te  to  its ground sta te . Lamb et al. (1983) 

proposed th a t the  transition  was triggered by inelastic collisions of the 24Mg nuclei m oving a t 

~  0.26c (or equivalently w ith 33 MeV per nucleon) w ith  am bient protons. If this identification 

is correct then on the basis of solar abundances of 12C and 160  to  2 4 Mg, intense lines from 

12C and 160  should be present. These lines are not observed indicating th a t either the  24Mg 

identification is wrong or th a t the m agnesium  abundance in SS433 is anom olously high relative 

to  carbon and oxygen. In a cau tionary  note, N orm an and Bodansky (1984) stressed th a t if 

the gam m a-ray  features were due to  inelastic scattering  of 24Mg nuclei on protons then lines 

of sim ilar in tensity  should be observed a t ~  1.4 and ~  1.8 MeV. Such features have not been
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observed indicating th a t  the explanation proposed by Lamb et al. (1983) is possibly wrong. 

Alternative interpretations for the gam m a-ray lines have been formulated by several authors 

(K undt, 1985; Boyd et al., 1984; R am aty  et al., 1984; Heifer and Savedoff, 1984). Negative 

results have been reported by M acCallum et al. (1985) and Geldzahler et al. (1989) casting 

some doubt on the existence of the gam m a-ray lines reported by Lamb et al. (1983).

§ 1 .5 .2  X -R a y  O b s e r v a t io n s

In early Ariel (Seward et al., 1976; Ricketts et al., 1981), Uhuru (Forman et al., 1978) and 

HEAO-1 (Marshall et al., 1979) X-ray observations SS433 appeared as an unremarkable source 

with a 2-10 keV luminosity of ~  1036 erg/s. At the assumed distance of 5 kpc (Warwick et 

al., 1981) this corresponds to approxim ately 0.01% of the total system luminosity (accounting 

both for the kinetic energy of the je ts  and the radiation from the jets). The spectrum appears 

moderately hard ( k T  ~  14 keV) with evidence for iron line emission at 6.7 keV from Fe XXVII 

(Marshall et al.. 1979) and has the shape of a power law type or relatively hard bremsstrahlung 

spectrum  (Marshall et al., 1979; Rickets et al., 1981). Imaging observations in the range 

0.5 — 3 keV performed by the Einstein X-ray Observatory (Seward et al., 1980) revealed the 

presence of diffuse X-ray emission associated with the je ts  extending to at least 30 arc min 

from SS433 and aligned with the deformation in the W50 shell. The X-ray lumimosit.y of the 

central source accounts for about 90% of the total, the remaining 10%* being a ttr ibu tab le  to 

the X-ray lobes which are morphologically similar to the radio lobes of extragalactic objects 

(Fig. 1.5). The work of Seward et al. (1980) was extended by Watson et al. (1983) who 

found the X-ray lobes to be confined within a region subtending ~  30° at the central object 

and exhibiting spectral softening with increasing distance from SS433. The spectrum obtained

F ig . 1 .5 . A sm oothed IPC  X-ray im age of SS433 and the surrounding reg ion  in ~ 0 .7 —4 keV band with 64” pixels 
T he im age is a  com posite of th ree se p a ra te  observations, each corrected fcor telescope v ignetting  (from  W atson e t al., 
1983)
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w ith the E instein X-ray O bservatory showed none of the emission lines such as Si XIII and 

Si XIV expected from  a  therm al p lasm a a t a  tem pera tu re  of a few keV (G rindlay et al., 1984) 

so favouring non-therm al m odels for the  central X-ray source (Seaquist e t al., 1982; G rindlay 

et al., 1984).

B etter resolution spectra l observations from  the E xosat observatory (W atson e t al., 1986) 

and corroborative T enm a results (M atsuoka et al., 1986) revealed the presence of the  Fe XXV 

emission line of estim ated  lum inosity  Lyme > 1034  e rg /s  oscillating periodically across the spec­

tru m  over a 164 day period in a m anner consistent w ith the k inem atic m odel. T he existence 

of th is line seem s to  suggest a  therm al m odel for the central source. Only the blue shifted 

com ponent is observed. T he red shifted coun terpart is presum ably obscured by the accretion 

disc providing constrain ts on the system  geom etry and placing an upper lim it on the length of 

the  je ts  over which the X -ray line emission arises as 1012cm (W atson et al., 1986). T his X-ray 

je t  length is supported  by the results of S tew art et al. (1987) and requires th a t the je ts  be 

accelerated to 0.26c w ith in  1 0 12cm (i.e. in abou t 1 0 0  seconds) and consequently constrains the 

possible acceleration m echanism s (§1.6.4).

M ost of the X -ray em ission comes from  a sm all region a t the base of the relativ istic  je ts  

(W atson et al., 1986). W hen th is region is eclipsed by the  norm al s ta r during prim ary  eclipse, 

the dura tion  of the eclipse is related to  the relative size of the norm al s ta r and as a  result to 

the m ass ra tio  q (§1 .6 .1 ).

Band (1989) has pointed  ou t th a t during the period of E instein observations SS433 was 

a flaring X-ray source w hilst during the Exosat observations it was relatively quiescent. This 

flaring behaviour would account for the disagreem ent in the likely m odel for the emissions 

during the E instein and  Exosat observations.

Recent G inga X -ray observations (B rinkm ann et al., 1989; B rinkm ann et al., 1991) centered 

on the phases of op tical p rim ary  m inim um  indicate th a t  the source spectrum  is extrem ely hard 

and best fitted w ith a therm al brem sstrah lung  law and th a t the je ts  are precessing retrograde 

w ith respect to  the o rb ita l b inary  m otion.

§1.5.3 O ptical and Infrared  O bservations

T he m ean colour tem p era tu re  (§1.4.1) indicates th a t the spectrum  of SS433 probably peaks in 

the UV p a rt of the  spectrum . However, because SS433 is located very close to the  galactic plane 

the UV em issions are severely a tten u a ted  m aking observations in th is band very problem atic. 

In the rem ainder of th is section I will discuss in succession the s ta tio n ary  spectral lines, the 

m oving spectral lines and, finally, the photom etric observations.

T he sta tio n ary  spectral lines orig inate in the atm ospheres of the norm al s ta r  and the 

accretion disc and in the  stream  of accreting m a tte r between the two. T he dom inan t features 

in the  sta tio n ary  spectrum  are the Balm er and He I emission lines; the equivalent w idth of the 

Hct has exceeded 500A and was responsible for the inclusion of the  object in the SS catalogue. 

On occasion, bo th  the He I and Balm er emission lines display P-C ygni absorption wings. The
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He II A4686 and A10124 emissions, typical of cataclysm ic variables and galactic X-ray binaries, 

are also present as well as the  particu larly  strong C I I I—N III A4640-4650 emission blend 

(M argon, 1984) and the O I A8446 (M am m ano et al., 1980; M argon et al., 1979b) emission 

feature. T he emission line profiles are com plex and vary on tim e scales of less th an  a day. The 

spectrum  is particu larly  deficient in absorption  lines w ith only the strong O I A7773 and some 

Fe II lines being intrinsic to  the source, the rem ainder being due to  in terste llar absorption.

T he lines referred to  as ‘s ta tio n a ry ’ do not occur a t their rest w avelengths and in fact 

vary w ith a period of approxim ately  13 days (C ram pton , Cowley and H utchings, 1980). The 

periodic variations of the H and He I emission lines and the Fe II lines first indicated  the binary 

n a tu re  of SS433. From  the am plitude  of these variations the projected velocity was determ ined 

to  be 73 k m /s . T his velocity was incorrectly in terpreted  as representing the orb ita l m otion 

of the com pact object (C ram pton , Cowley and Hutchings, 1980). O bservations of the He II 

A4686, believed to  be form ed close to  the com pact object, showed a sim ilar 13 day m odulation 

(C ram pton  and Hutchings, 1981). If th is identification is correct then  the m odula tion  of the 

He II A4686 line represents the b inary  m otion of the com pact object. T he am plitude  of this 

m odulation  is I\ = 195 k m /s , w ith a  lower lim it of K  — 150 k m /s , which corresponds to  a  mass 

function

fm  —
(M* sin i)3

(M„ +  M x f

=  1.035 x 10- 7  (A '/k m s - 1 ) 3  (A ia /day) ( s in * ) - 3  M q 

= 10.6 (4.6) M 0 (1.3)

where M* and M x are the masses of the norm al s ta r  and the com pact ob ject respectively, 

i is the system  inclination and the bracketed m ass function represents the lower lim it. This 

would seem to  indicate the presence of a m assive com panion. However, the  He II A4686 line in 

the spectra  obtained by C ram pton  and H utchings (1981) displayed a com plex and unresolved 

profile m aking it difficult to distinguish the true orb ita l m otion from streng th  variations of the 

line com ponents. In a more recent investigation, D ’Odorico et al. (1991) m easured the orb ital 

m odula tion  of the resolved He II A4686 line and determ ined the am plitude  of the  Doppler 

m odula tion  to  be K  =  112 ±  5 k m /s  corresponding to  a m ass function f m =  2.0 ±  0.3M q  which 

is significantly lower than  th a t derived by C ram pton  and H utchings (1981). The different 

velocity am plitudes observed for the He II lines and the o ther sta tio n ary  lines can be explained 

if the o ther s ta tionary  lines are form ed in the stream  of m ateria l which, because of Roche 

lobe overflow, leaves the norm al s ta r and flows onto the com pact object. T he velocity of the 

accretion flow is sm aller than  the o rb ita l velocity and since the He II lines are form ed near the 

com pact object their velocity am plitude  will be greater than  th a t of the  o ther emission lines. 

T his explanation  also accounts for the phase difference observed between th e  He II line and  the 

o ther em ission lines.
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During the photom etric eclipse of the accretion disc, the intensity of the He A4686 line 

decreases slightly bu t never undergoes to ta l eclipse. From th is observation it can be deduced 

th a t  the line is form ed in an extended region such as the accretion disc corona and not in some 

localised hot-spot.

Spectral observations in the optical (A4674-5549) and near infra-red (A8355-8987) (Filip- 

penko et al., 1988) seem to show th a t the sta tionary  Paschen lines (A8755, 8670 and 8603) are 

double peaked w ith splittings of ~  290 k m /s . T he observations were m ade a t the  po in t in the 

precessional phase ju s t before the first crossing of the m oving lines and a t a  point in the  orbital 

phase close to  the secondary eclipse. If these lines occur in the outer regions of the  accretion 

disc then they constitu te  the first direct evidence of emission from the accretion disc. The 

sp littings m ay result from  ro ta tion  of the accretion disc.

Analysis of the m oving emission lines provided the first indication of the je ts  in SS433. 

Extensive observations of the lines have been m ade by num erous au thors (e.g. M argon et al., 

1980, 1981, 1982; C ia tti et al., 1981,1983; M am m ano et al., 1980). These observations show 

th a t the m ost dom inant line is H a  w ith a lum inosity of ~  1035 erg /s . Also present in the 

m oving spectrum  are the rem aining B alm er series, He I lines and in the infrared, the Paschen 

and B rackett series. The m oving emission lines are unpolarized (Liebert et al., 1979) and have 

typical line w idths of several thousand kilom eters per second from which an upper lim it on the 

opening angle of the je t  of 9 & 0.1 radians can be inferred (Begelm an et al., 1980). T he range 

of line profiles extends from the very complex (M argon et al., 1979a, 1980; M urdin e t al., 1980) 

to  the G aussian (M argon et al., 1984). Considerable changes are observed both  in the profile 

and in tensity  of the lines on a tim e scale of less than  a day. These intensity  variations include 

occasions where the blue and red shifted emission lines d isap p ear/reap p ear in synchronisation 

w ith one another w ith a tim e delay between the je ts  of less th an  one day. T his indicates th a t the 

rad ia ting  regions in each je t are less than  100 AU ap art. A part from these intensity  variations, 

indvidual lines have been observed to brighten then fade a t one particu lar frequency (M urdin 

et al., 1980) to be replaced by a sim ilar configuration a t a  slightly different frequency. This 

has been term ed ‘bu lle t’ behaviour. Each bullet takes on average ~  10 hrs to reach m axim um  

brightness then dim s w ith a typical rad iative lifetime of ~  2 days (Vermeulen et al., 1993c). As 

discussed in §1.3.2, the Doppler shifted emission lines do not stric tly  follow the predictions of 

the  kinem atic m odel, exhibiting both  nodding m otions and jitte r . T he m ost rapid  photom etric 

and spectroscopic variations so far observed occurred on a tim escale of 15 — 20 m inutes (Kopylov 

et al., 1986) and appeared to be correlated w ith the in tensity  of the sta tionary  H a  emission 

(A sadullaev and Cherpashchuk, 1986) suggesting th a t bo th  sets of lines are produced by the 

sam e excitation  m echanism . There is no evidence of He II lines and particu larly  the A4686 line 

which is prom inent in the sta tionary  line system . T he absence of the He II lines constrains the 

tem pera tu re  of the em itting  m ateria l to be between abou t 5 000 and 40 000 K w ith the most 

likely range, on the basis of the behaviour of the cooling function, being ~  10 000 — 20 000 K.

T he com plexity of the moving line profiles, a ttrib u tab le  to  them  being com prised of several
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com ponents, indicates th a t the  density of the je ts  is not homogeneous and instead ra th e r clumpy. 

T heoretical considerations indicate th a t the filling factor, f j , of the optical line em itting  m ateria l 

in the je ts  is such th a t / /  -C 1 ( Bodo et al., 1985; Begelman et al., 1980). T his is generally 

m uch sm aller than  the lim it f j  < 0.01 deduced from line profile fitting  (Borisov and Fabrika, 

1987).

A lower lim it for the length of the optically em itting  region of the je ts , lopt, can be deduced 

from a Black body lim it argum ent (Begelm an et al., 1980):

/opt >  1.6 x 1O1 2 0" »T 4 " 1 (LH a)35^ c m  (1.4)

where 9 is the je t  opening angle, T  is the therm al tem pera tu re  of the region and L n a is the 

lum inosity  of the H o line. T he spectroscopic variations on a tim e scale of m inutes m entioned 

above indicate th a t the em itting  region is relatively com pact w ith /opt <  1 0 13cm which is 

in agreem ent w ith the variability  observations of Kopylov et al. (1986) and A sadullaev and 

C herepashchuk (1986). In contrast, the spectroscopic d a ta  of Borisov and Fabrika (1987) indi­

cates th a t  /opt «  1 0 1 5 cm.

Brown, Cassinelli and Collins (1991) have discussed possible m echanism s for heating  the 

H o bullets ou t to  distances of 5 x 1014 cm and turn ing  the emission off a t 1015 cm. They im pose 

the requirem ents th a t there be sufficient heating in the observed emission region, th a t the 

bullets be dense enough to suppress forbidden lines and to  em it enough H o by recom bination 

and th a t the lines are neither too broad nor display deceleration. Solutions for spherical bullets 

heated  radiatively  by emissions from  SS433 exist only for very massive (102 6 g) bullets which 

have an angular radius of ~  0.03 radians a t the central source and have a  num ber density 

n e ~  101 0 cm - 3 . Such a solution is very im probable since the inferred kinetic lum inosity  is 

~  1041 e rg /s . For heating by collisions from the wind of the com panion star, solutions exist for 

bullet masses ~  1 0 24  g, num ber densities n e ~  1 0 11 5 cm - 3  and an angular radius of ~  1 0 - 3  

radians. T he required wind-loss rates are in the range ~  10- 6  — 10- 3  M q /y r , the lower end of 

which is appropria te  for SS433. It seems therefore th a t collisional interaction  w ith the stellar 

wind is responsible for heating the optical bullets.

SS433 is a  relatively bright (V ~14) s ta r which is photom etrically  accessible to  sm all tele­

scopes. Consequently, num erous observations of the optical continuum  have been m ade by 

m eans of narrow band (Anderson et al., 1983b) and b roadband (Henson et al., 1983; Kem p et 

al., 1986; Mazeh et al., 1987; Zw itter, Calvani and D ’Odorico, 1991 and  references therein). The 

optical continuum  spectrum  resembles a  blackbody of m ean colour tem pera tu re  ~  32 500K and 

appears h o tte r when the brighter precessing object is seen pole-on and cooler when seen nearest 

equator-on (W agner et al., 1986). T his variation  corresponds to  an am plitude in the B-V colour 

index of 0.08m and m ay result from  gravity darkening in the norm al s ta r or the thick accretion 

disc, or perhaps from  high tem pera tu re  funnels in the accretion disc. Anderson et al. (1983b) 

had previously proposed th a t the accretion disc is thick w ith a diam eter-to-thickness ra tio
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of ~  3 /2 .

O bservations in the U, B and V colour bands show the tem poral behaviour of the  source 

to be erratic  w ith a  typical sca tter from  the sm ooth  light curve of ab o u t 0.3m in V and 0.25m 

in B. T he source is variable on a  wide range of tim e scales, from  hours to  years though there 

exists no evidence for m arked variations on tim e scales much less th an  an  hour (Lebedev et al.,

1981).

B oth the 13 and 162 day periods are clearly observed in the pho tom etric  d a ta . T he 13 

day o rb ita l period is responsible for the two broad m in im a observed in the B and V bands. 

T he prim ary  m inim um  occurs a t the sam e phase as the  m axim um  positive rad ial velocity of 

the s ta tio n a ry  B alm er emission lines and occurs ha lf of an o rb ita l period before the secondary 

m inim um . T he prim ary  and secondary m in im a are in terpreted  as eclipses of the accretion disc 

by the  norm al s ta r and vice versa respectively. In addition , the orb ita l phase difference between 

th is p rim ary  m inim um  and the zero phase of the 6.3 day nodding m otions is the sam e as th a t 

between the Balm er and H II emission line velocities (C ram pton  and H utchings, 1981). Since 

the nodding m otions can only realistically originate near the com pact object, the presence of 

the com m on phase offset conclusively proves th a t the He II line represents the true  o rb ita l 

m otion of the com pact object. In the U band , the p rim ary  m inim um  is fairly deep w hilst the 

secondary m inim um  appears not to be present.

O bservations in the  B and V bands (Cherespaschuk, 1981) indicate th a t  SS433 is an eclips­

ing b inary  system  in which the average brigh tness-tem perature  of the disc is abou t twice th a t 

of the norm al star. At the average brightness m axim um , the accretion disc contributes a t least 

60% of the to ta l optical lum inosity of the system .

Long-term  V band  observations (K em p et al., 1986), indicate the  presence of the  162 day 

precessional period. T he detection of a positive ‘h u m p ’ in the 162 day light curve a t around the 

secondary optical m inim um , bu t not a t the  prim ary m inim um , was in terpreted  as indicating 

the presence of a  thick accretion disc. A Fourier analysis of the sam e d a ta  (M azeh et al., 

1987) reveals the presence of the 13 day binary period and a periodicity  of 6.54 days which 

corresponds to  the first harm onic of the o rb ita l period.

Recent observations (Zw itter et al., 1991) indicate th a t the photom etric  variability  o f SS433 

consists of three separate  classes distinguished by their characteristic tim e scale At:  a) A t  > 6  

hours represents o rb ita l and precessional m otion of the system  com ponents. A disc-like outflow 

such as m ight occur in the supercritical accretion regime m ay also contribute; b) 30m ins <  A t  < 

6 hrs, possibly the result of an extended corona surrounding the je ts  and c) A t  <  30mins, may 

be linked to  the ac tiv ity  of the central engine which could account for the variable brightness 

of the exposed funnels in the thick accretion disc.

§1.5.4 R ad io  O bservations

T his section consists of two com plim entary parts: The first relates particu larly  to  radio obser­

vations of the extended regions of emission form ed by the je ts  of SS433 w hilst the second details



17

the environm ent of SS433, nam ely the supernova rem nant W50.

T he radio emissions from  SS433 have been observed extensively by various m eans. These 

include the VLA and M ERLIN m aps which have an angular resolution in excess of 0.1 arcsec 

corresponding to  ~  1016cm a t 5kpc and the VLBI m aps which have a resolution of ~  0.01 

arcsec. T he emissions exhibit quiescent and flaring m odes (Fielder et al., 1987; Bonsignori- 

Facondi et al., 1986; Vermeulen et al., 1993b) w ith a  typical quiescent flux density of ~  0.7 Jy  

a t 2695 MHz, often doubling during outbursts. The to ta l radio  lum inosity  of the  source is 

~  1 0 32 e rg /s . On the basis of this ra te  of energy loss, Spencer (1984) has estim ated  th a t the 

power source m ust have an energy o u tp u t in excess of ~  1 0 38  erg /s .

T he VLA m aps show th a t the m orphology of the  extended structu re  evolves over a  tim e 

scale of days producing a ‘corkscrew’ type pa tte rn  on the plane of the sky (H jellm ing and 

Johnston , 1981a; G ilm ore et al., 1981). These changes can be a ttrib u ted  to  the ballistic m otion 

of m ateria l ejected from  the je ts . T his is a  n a tu ra l extension of th e  optical k inem atic m odel to  

the radio  regime. A superposition of the je t  trajectories as predicted by the kinem atic m odel 

onto the radio m aps m akes possible a derivation of the m odel’s free param eters, an estim ate  

of the  distance to  the source and the removal of the degeneracy between the inclination  of the 

precession and ro ta tion  axes to the line of sight (§1.2). In addition  this analysis shows the sense 

of the  je t  ro ta tion  to  be clock-wise. The precessing beam s are observed to  extend to  a distance 

~  2 x 1017cm from  the central source (H jellm ing and Johnston , 1986) though no emission is 

detected a t greater distances as the je ts  im pinge on the shell o f W50. T he emission has a 

spectral index a  =  —0 . 6  (S  oc v Q) characteristic of optically  th in  synchrotron emission.

T he M ERLIN observations show the radio emission to  lie predom inately on the locus 

predicted by the k inem atic model. The beam s do not have a uniform  flux density and are 

composed of discrete knots (Spencer, 1984). These knots are observed to  form  in pairs, their 

form ation  coinciding w ith radio  ou tbursts, and as they move away from  the central source w ith 

constan t velocity, their brightness decays according to  a power law w ith a tim e constan t of 3 5  

days.

T he VLBI m aps indicate the presence of diffuse emission (R om ney et al., 1987) in addition  

to  the presence of m any discrete features. These discrete em ission features m ay be connected 

w ith the flaring seen in the radio flux density (Bonsignori-Facondi et al., 1986). T he radio 

em issions, as in the M ERLIN observations, generally lie on the locus predicted by the kinem atic 

m odel though deviations have been reported  (Rom ney et al., 1987). T he radio flux density varies 

on tim e scales of weeks or m onths (Fielder e t al., 1987; Johnston  et al., 1981, 1984) and  flares 

on tim e scales ranging from  a few hours to  a few m inutes (Seaquist et al., 1979; Seaquist, 

1981b). T he angular size of the central source is greater th an  ab o u t 5 m as (G eldzahler, Downes 

and Shaffer, 1981) corresponding to  ~  20 AU a t 5kpc. Vermeulen et al. (1993a), using a 

com plex VLBI system  based on one north  A m erican and five European sited radio-telescopes, 

have ob tained  high resolution observations of SS433 on 6  separate  occasions a t intervals of 

2 days. T heir radio m aps (Fig. 1.6a) show a strong and variable unresolved core (<  10 m arcs)
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and a series of discrete emission regions located on the predicted precession locus. Crosscuts 

th rough these m aps along the kinem atic m odel curve (Fig. 1.6b) show a high contrast between 

the knots and the intervening regions. There appears to  be a  ‘brightening-zone’ located a t 

~  250 AU from  the central source (Vermeulen et al., 1993a) which m ay occur when one blob 

overtakes the bow-shock of its im m ediate predecessor. Even though the blobs move a t the 

sam e speed, th is overtaking is possible since the ejection direction precesses and the bow-shock 

is directed backwards a t the Mach angle from the forem ost face of the leading blob. Beyond 

the brightening zone the blobs fade as they expand adiabatically . Assum ing each blob to  be 

a  sphere 15 m arcs in diam eter, a  distance to SS433 of 5kpc and a spectral index of —0.65, 

Vermeulen et al. (1987) have estim ated  the lum inosity of each blob to  be 5 x 1030  e rg /s  and 

the  energy of each blob to  be ~  7 x 1041 erg.

SS433 is located very near the centre of W 50, believed by m ost workers to  have originated 

from  a supernova explosion. T his evolutionary pa th  has been challenged by Konigl (1983) who 

has postu la ted  th a t the shell of W50 may be an expanding interstellar bubble which is driven 

by a strong  stellar wind em anating  from the norm al s ta r  in the SS433 system . T he angular 

dim ensions of the ellipsoidal shell of the nebula are 2° along the longer axis by 1°. T he scale 

of W 50 is vast: m ateria l travelling in the je ts  a t 0.26c takes between 1000 and 1500 years to 

traverse the interior of the shell (Vermeulen, 1989).

T he source of radio emission from SS433 is synchrotron rad iation , suggesting the presence 

of a  m agnetic field which m ust be ordered because of the high levels of polarization, up to  40% 

a t  2.7 GHz, in some parts  of the struc tu re  (Downes et al., 1981). P ro trud ing  beyond the eastern 

and western boundaries of W 50 are regions of radio emission centered abou t a  position angle 

of 100°. T he central location of SS433 w ithin W50 and the close correspondence between the 

position angles of the ansae and the precession cone axis (§1.3.1) clearly indicates th a t the je ts  

o f SS433 are in teracting  with W50; puncturing the shell to  form  the radio ansae. T he angle 

subtended  by the ansae a t the core (Geldzahler, Pauls and Salter, 1980) is considerably less 

th an  the  angle subtended by the precession cone a t the core (Niell, Lockhart and P reston, 1981) 

ind icating  th a t the je ts  are possibly being focused by the am bient m edium  w ithin W 50.

$1.6 Theories

§1.6.1 T he B inary  S ystem

T he s tan d ard  approach in m odelling the b inary system  is to  is to  adopt the following geom etrical 

assum ptions:

•  SS433 is a  b inary system  in which the com ponent orbits are (alm ost) circular.

•  T he norm al s ta r is phase-locked w ith the orb ita l m otion and the ro ta tion  axis of the star 

is approxim ately  perpendicular to the orb ita l plane.

• T he norm al s ta r fills its Roche lobe.
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•  T he angle i in the k inem atic m odel represents the inclination of the  o rb ita l plane to  the 

line of sight.

of these below.

Leibowitz (1984) assum ed the accretion disc to be cylindrical and the norm al s ta r to  be a 

sphere of uniform  brightness. By fitting th is 10 param eter m odel to  the observed light curve, 

Leibowitz (1984) found the precession to  be retrograde and  q > 0.8 a t the 95% confidence level. 

A dopting the m ass function of C ram pton  and Hutchings (1981), th is value for the  m ass ratio , 

by Eq. (1.5a), implies th a t M x  > 27(12)M© where the term  in parentheses (as in the rest of 

th is section) corresponds to  the lower m ass function evaluation. These results indicate th a t the 

com pact object is a  black hole. They do not however represent evidence for a  black hole on 

account of the m any additional approxim ations m ade.

A ntokhina and Cherepashchuk (1987) interpreted  the optical light curves in a  6  param eter 

m odel in which the accretion disc was approxim ated by an oblate spheroid. T heir m odel 

indicates th a t the norm al s ta r fills its Roche lobe w ith its equatorial region contacting the 

Roche lobe of the com pact object. They found q > 0.25 a t the 99% confidence corresponding to  

M x  > 4 .1  (1.8) M q  by the m ass function of C ram pton  and Hutchings (1981). M odel predictions 

for m ass ra tios m arginally  greater than  th is lower lim it do not agree w ith observations. Taking 

into account all the observational d a ta  A ntokhina and Cherespaschuk (1987) preferred the m ass 

ra tio  q = 1.2 and the resulting solution 71/* =  52 M q  and M x  =  62 M q . T he accretion disc was 

found to  be thick w ith an oblateness in the range 0.2 — 0.5 and a bolom etric lum inosity  in the 

range 1.4 x 1039  — 1.7 x 1031 e rg /s , close to  or in excess of the critical E ddington lim it.

An a lternative approach to  fitting the entire light curve to  the m odel predictions, as in the 

two cases discussed above, is to  m odel particu lar aspects of the light curve such as the w idth 

or depth  of an eclipse. Such an approach requires fewer m odel param eters and  is sim pler bu t 

does not represent the system  as accurately as the first m ethod. T his a lternative  approach was 

adopted by Leibowitz et al. (1984) in their analysis of V band light curves. T he w idth of the 

p rim ary  eclipse was estim ated  to be (0.30 ±  0 .0 2 )P i3 . No flat b o tto m  was detected in the light 

curve indicating  th a t the  accretion disc was not com pletely eclipsed. T he accretion disc was 

assum ed to  be geom etrically th in  and its surface norm al aligned along the instan taneous je t 

axis. W ith in  their m odel the no-to tality  condition and the eclipse w idth constrained q > 0.43 

corresponding to  the solution M x  > 9.5(4.3)71/©.

All th a t then needs be specified is the geom etry of the accretion disc; a  feature which obviously 

m akes any predictions m odel dependent.

On the basis of the above assum ptions the mass function (Eq. 1.3) can be expressed as

/ m a s «o + «)2 - (i  + «)2
M x  A/*

where M x (1.5 a, 6 )

Once the m ass ra tio  q is known, the m ass function determ ines the n a tu re  of the com pact object. 

T heoretical estim ates for the m ass ra tio  have been m ade by m any groups. I will consider several
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Stew art et al. (1987) analysed X-ray eclipse d a ta  obtained from  the  EXOSAT satellite . 

T he X-ray eclipse was coincident w ith the optical prim ary  m inim um  providing strong m odel- 

independent evidence for the prim ary  m inim um  being the eclipse of the com pact ob ject by the 

norm al s ta r. T heir m odel assum ed the accretion disc to  be a to rus w ith  a  trian g u la r cross section 

and  the X-ray emission from  the red shifted je t to  be obscured by the accretion disc (W atson et 

al., 1986). T he dep th  and dura tion  of the X-ray eclipse were then used in conjunction w ith  the 

m odel assum ptions to  provide constrain ts on the relative dim ensions of the system  com ponents. 

T he X-ray em itting  region of the je ts  was found to  be ~  1012 cm long and  the  accretion disc 

was deduced to  be thick and, assum ing a constant disc density, to  have a  m ass in excess of 

~  10- 8  M q . Com bined optical and X-ray light curve d a ta  restricted  the m ass ra tio  to  the 

range 1.5 >  q > 0.8. A dopting the m ass function of C ram pton  and  H utchings (1981), the 

m asses of the com ponents for q = 0.8 are M* ~  34.3 (14.9) M q  and M x ~  27.6 (11.9) M q  and 

for q =  1.5 the masses are M*. ~  6 6  (29) M q  and M x ~  100 (43) M q . T he inferred ste llar radius 

o f ~  3 x 1012cm is consistent w ith a m assive norm al com ponent. S tew art e t al., (1987) noted 

th a t  a  m ass ra tio  of q «  0.1 , required for the com pact com ponent to  have a m ass of 1 .4 M q  , was 

m arg inally  allowed by the X-ray constrain ts bu t excluded by the op tical d a ta . T hey concluded 

th a t  all the observations were consistent w ith bo th  the optical and com pact com ponents having 

m asses g reater than  IO M q .

B rinkm ann et al. (1989) employed the conventional approach to  analyse G inga X-ray 

observations taken during prim ary  eclipse. W ith  the stan d ard  assum ption th a t  the prim ary  

fills its Roche lobe they determ ined the m ass ra tio  to  be q = 0.1496 w ith  corresponding masses 

for the two com ponents of the system  M* =  1 4 M q  and M x =  2 .1 M q .  T hey noted th a t a 

slightly longer duration  of the  eclipse, or possible obscuration of the central p arts  of the je ts  

by a  thick disc, would lower the m ass of the com pact com ponent m aking  it im possible to 

distinguish  w hether the com pact object is a neutron s ta r or a  black hole. B rinkm am m  et al. 

(1989) concluded th a t two of the standard  assum ptions, specifically th a t  the prim ary  fills its 

Roche lobe and th a t it ro tates synchronously w ith the binary o rb it, required revision.

There have been num erous o ther recent m odels not discussed here (e.g. Zw itter and  Cal- 

vani, 1989, 1990; Kawai et al., 1989) all of which, like those detailed above, favour a black hole 

as the com pact candidate  bu t do not com pletely elim inate a neutron  s ta r  as the  alternative.

It is evident from Eq. (1.3) th a t the m ass function is p roportional to  K 3. T he am plitude 

m odula tion  m ust therefore be precisely known if reliable values are to  be ob ta ined  for the masses 

of the com ponents. In a recent investigation of the He II A4686 line, D ’O dorico et al. (1991) 

found the am plitude of the D oppler m odulation to  be I\ = 112 ±  5 k m /s  corresponding to  the 

m ass function /  =  2.0 ±  0.3 M©. A dopting the m ass ra tio  q «  0.245 (Z w itter and Calvani, 

1989) and the revised m ass function, the corresponding masses of the com pact object and the 

norm al s ta r are M x «  0.8 ±  0.1 M q  and M* «  3.2 ±  0.4 M q  respectively. These results imply 

th a t  the com pact com ponent is a  neutron s ta r ra th e r th an  a  black hole. G iven the  high quality 

of the  spectra  obtained by D ’Odorico et al. (1991) a significant error in th e ir derived value of
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K  seems unlikely. A higher m ass ra tio  could be inferred if the prim ary is m oderately  flattened  

or a  w ind-type m ass flow in the system  obscures the X-rays for a  sm all fraction of th e  eclipse 

(B rinkm ann et al., 1989).

It is evident th a t there is no consensus on the natu re  of the  b inary com ponents though, 

if the recent Doppler m odulation  of D ’Odorico et al. (1991) is accepted, then a t present the 

neutron  s ta r scenario is the m arginal favourite.

§1.6.2 T h e A ccretion  D isc

The observational evidence for a  geom etrically thick (e.g. Anderson et al., 1983a; Kem p et 

al. 1986; W agner et al. 1986), lum inous (eg. Cherespaschuck, 1981) accretion disc is very 

strong. T he presence of a  geom etrically thick accretion disc is also inferred by the  results 

of m odelling the 162 day light curve (§1.6.1) (Leibowitz, 1984; A ntokhina an Cherespaschuk, 

1987). Super-critical accretion onto the com pact object was realised to  be the power source for 

the je ts  (e.g. Zealy, D opita  and M alin, 1980; M artin  and Rees, 1978; Begelm an e t al., 1980; 

Sarazin, Begelm an and H atchett, 1980) largely on the basis of the large kinetic energy of the 

je ts  and  the in tensity  of the m oving emission lines.

W agner (1986) found the diam eter to thickness ra tio  d / h  < 1.3 indicating  th a t the accretion 

disc m ore closely resembles a sphere than  a greatly  flattened sphere or disc whilst S tew art et al. 

(1987) found d / h  ~  0.4. T he la tte r group additionaly  concluded th a t  for the accretion disc to  

provide the observed degree of obscuration of the red shifted X-ray je t  it m ust have a  m inim um  

num ber density n t ~  101 3 cm - 3  a t a  height of 5 x 1011 cm above the o rb ita l plane.

For fully ionized m a tte r in which Thom son scattering provides the m ain source of opacity, 

the E ddington  lum inosity for an object of m ass M  is

47rG cm pM  , , o8 M  .
^Edd = ---------- -—  =  1.257 x 10 7 7 —e rg /s  (1.6)

crT M q

where m p is the proton mass and <tt is the Thom son cross section. T his is the  m axim al 

lum inosity  of any non-ro tating , stationary , electrom agnetically neutral object. R o ta ting  objects 

can however have L > L sdd• In particu lar objects w ith large shear, sm all vorticity  and sm all 

density can have L/LEdd  1- These conditions exist in thick accretion discs (Abram owicz, 

C alvani and  Nobili, 1980). T he bolom etric lum inosity of the accretion disc is ~  1039  e rg /s  

(Cherespaschuck, 1981). For a com pact object of m ass M  ~  M q  such a lum inosity  exceeds the 

E ddington  lim it by abou t one order of m agnitude. If Thom son scattering  is the m ain  source 

of opacity  then, by equating  the Eddington lum inosity to  the  accretion lum inosity  it can be 

deduced th a t  the  critical accretion ra te , M c r j t ,  for accretion onto a central object of radius R* 

is

= iJ ~ t  = 1555 * 10-8 ( i s e ;) " o/ j*

Super-E ddington  lum inosities are possible only if M  > M crit.

(1.7)
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Fig .  1 .7 .  T h e  schem atic shape of thick accretion disks: (a) very supercritical accretion  as in SS433; (b ) mildly
supercritica l accretion  as in AGNs (from A bram ow icz et al., 1987).

The shapes of theoretical thick disc models are toroidal and in the limiting case resemble 

a sphere with two deep, narrow funnels along the ro tation  axis (Fig. 1.7). A compact object 

embedded in a thick accretion disc is attractive since accretion in such a deep potential well 

provides an efficient mechanism for energy generation. This is particularly true for a thick 

accretion disc in which the accretion rate must be high and possibly super-critical. Consequently 

the luminosity will be extremely high and may exceed the Eddington limit. In addition the 

narrow funnels provide a means of collimating and directing the jets. This is of great significance 

to SS433 where the jets are highly collimated, expanding with a cone half-angle less than  0.1 

radians (Begelman et al., 1980), and are oppositely aligned to a very high degree (see §1.6.4).

Abramowicz, Calvani and Nobili (1980) found the main properties of a thick accretion disc 

orbiting a black and radiating at or beyond the maximal limit to be dependent on the mass of 

the central object and the ratio r 0u t / ?\n  where r m is the distance from the centre of the compact 

object to the cusp on the disc located at the formation point of the accretion stream (the inner 

accretion disc radius) and r out is the limiting distance from the centre of the compact object 

beyond which the disc can be considered thin. Calvani and Nobili (1980, 1981) have described 

a model for SS433 based on a thick accretion disc orbiting around a black hole and found 

the values r in = 106 cm and r out =  105 7*,n to be in agreement with observations. Assuming 

th a t  rin % R+ then, by Eq. (1.7), the critical accretion rate for a compact object with an inner 

accretion disc radius r in =  106 cm is A/Crit ~  1-6 x 10-8  M q / yr. In the SS433 system the normal 

star transfers mass to the accretion disc at a rate of ~  10~4 M g /y r  (van den Heuvel, 1981). 

Such an accretion rate onto a solar mass compact object evidently constitutes super-critical 

accretion by about 4 orders of magnitude and amply satisfies the necessary condition for the 

system to have a super-Eddington luminosity.

§1.6.3 T h e  P re c e s s io n  M e c h a n is m

Following the conception of the kinematic model (Abell and Margon, 1979) and the discovery of 

the binary nature  of SS433 (Cram pton, Cowley and Hutchings, 1980), the large periodic Doppler 

shifts of the moving lines have been ascribed to the precessional motion of the jets about the
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orb it-norm al of the binary system . T his precession is conventionaly in terpreted  as the response 

of the spin angular m om entum  vector to  the g rav ita tional in teraction of the spinning object 

w ith the o ther m em ber of the  binary system . Four m odels were in itially  suggested bu t two of 

these, nam ely Lens T h irring  and geodetic precession, were elim inated  because their predicted 

precession periods were too slow. The two surviving m odels for the precessional m otion are the 

‘slaved-disc’ m odel and the dynam ical m odel bo th  of which I will discuss below.

The slaved-disc m odel was initially  developed by R oberts (1974) to  explain the 35 day 

periodicity  in the Her-X system  and was proposed as a  na tu ra l explanation  of the 164 day 

precession period in SS433 by K atz (1980). T he m odel has been discussed in the context of 

SS433 by van den Heuvel, O striker and Petterson (1980) and  W hitm ire  and  M atese (1980). 

T he basic scenario for the slaved-disc m odel is as follows: T he spin axis of the norm al s ta r  

is m isaligned w ith the orb it-norm al of the binary system  (as m ay be the case following a 

supernova explosion). The g rav ita tional torque applied by the com pact object will then  force 

the  spin axis of the secondary to precess a t a ra te  dependent on the m ass of each com ponent 

and the dynam ical ellipticity  param eter e (R oberts, 1974). For sm all centrifugal distortions, the 

dynam ical ellipticity  e =  w*2 R*3 /G M * where u*, R* and M* are the angular velocity, radius 

and m ass of the secondary respectively. If the residence tim e of the accreted m ateria l in the 

disc is short com pared to  the  precession and nodding periods then the accretion disc norm al 

will follow the precessing spin axis of the norm al star. In the slaved-disc m odel the  precession 

is retrograde if the stellar ro ta tion  is prograde (K atz, 1981). Such retrograde ro ta tion  of the 

precessing je ts  has been observed (e.g. B rinkm ann, Kawai and M atsuoka, 1989). W hitm ire  and 

M atese (1980) showed th a t a precession period of 164 days for the norm al s ta r was possible for 

reasonable estim ates of the dynam ical ellipticity param eter.

The dynam ical m odel (Collins, 1985; Collins and Newsom, 1986) describes the m otion of 

the je ts  in term s of the  classical m echanics description of a d istorted  body undergoing driven 

precession as a result of the presence of a close com panion. T his is the  sam e Newtonian driven 

precession as occurs in the earth-m oon-sun system . It is generally accepted th a t the je ts  are 

form ed close to  one com ponent of the SS433 system . In the dynam ical m odel it is assum ed 

th a t the com panion exerts torques on the source com ponent forcing it to  precess. If the je ts  are 

constrained to  follow the principal axis of th is com ponent then they too will precess. T he tida l 

deform ation th a t accom panies any g rav ita tional interaction of sufficient m agnitude to produce 

tidal-forced precession does not affect the dynam ical m otion of the system  except through sm all 

changes in the m om ents of inertia. In the form ulation of the dynam ical m odel the com ponents 

are trea ted  as rigid objects which they certainly are not. Such an approach however is vindicated 

by the work of Papaloizou and Pringle (1982) and Mestel and T akhar (1972) who have shown 

th a t  s tars  will precess as if they are rigid bodies for extended periods of tim e. For a  precession 

period of 163 days, the dynam ical m odel requires th a t the  spin ra te  of the precessing object 

be of the order of the orb ita l frequency (Collins, Newsom and Boyd, 1981). An interesting 

feature of pure grav ita tional precession, be it either N ewtonian or general relativistic geodetic
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spin-orbit coupling, is th a t the precession ra te  does not decay (D eC am pli, 1980). In the case 

of a precessing neutron s ta r th is m eans th a t the precession ra te  is no t a  good ind icator of the 

interior dynam ics of the s ta r since it is m ore sensitive to  ‘starquakes’ and variations in accretion 

or wind torques.

T he choice of m odel rem ains controversial. The slaved-disc m odel requires th a t the  com­

panion s ta r has a m isaligned and precessing spin. One problem  w ith  this m odel is th a t  the 

o rb its in SS433 are nearly circular (the orb ita l eccentricity e ~  0.05 (Collins and Newsom, 

1986)) and binary system s th a t display such tidal circularisation are unlikely to  show evidence 

for precessiona.1 m otion (Papaloizou and Pringle, 1982). A difficulty encountered w ith the driven 

precession m odel is th a t it requires the disc to  have a  low viscosity (K atz, 1986). T h is  seems 

unfeasible on account of the observed precession and 6  day periods of the inner regions of the 

disc (K atz et al., 1982). A possible solution to  this problem  is a  heterogeneous m odel in which 

the viscosity is sm all near the disc m idplane and large near its surface layers so th a t the mass 

averaged viscosity is low thereby perm itting  driven precession and the slaving of the inner disc 

to  the ou ter d isc’s precession by rapid  m ass transfer (K atz et al., 1982). The m odel, however, 

fails to predict the observed am plitude of one of the 6  day nodding m otions (see §1.3.2).

Regardless of the adopted  m odel it is assum ed th a t the je ts  follow the m otion of the  disc 

and rem ain aligned along its instantaneous axis. The best argum ent supporting  th is assum ption 

is th a t the random  deviations in the je t  direction are strongly anti-correlated  (K atz and Piran, 

1982). These m inor deviations in the je t  orientation  are easily detectable through spectroscopy: 

e.g. a  1° tilt of the je ts  tow ards the observer results in a Doppler shift of ~  1000 k m /s . If the 

m otions of the accretion disc can be determ ined from these deviations then SS433 presents an 

invaluable opportun ity  for the study  of accretion disc dynam ics.

§1.6.4 J et E nergetics, C ollim ation  and A cceleration

The kinetic lum inosity  of the je ts  in SS433 is vast. As discussed in §1.5.3 above, the m ajor 

axis of W50 is aligned w ith the je ts  of SS433 which indicates some interaction  of the  je ts  with 

the am bient m edium . Estim ates of the work required to expand the supernova shell against 

the in terste llar m edium  (e.g. Begelman et al., 1980; Zealy et al., 1980; K irshner and Chevalier, 

1980) typically  indicate th a t the kinetic lum inosity of the je ts  m ust be in excess of ~  1039  erg /s. 

From  an upper lim it estim ate  of the change in the o rb ita l period M argon and A nderson (1989) 

have concluded th a t mass-loss rates exceeding 1 0 - 3  M q / y t ,  corresponding to  je t  kinetic energies 

exceeding ~  1042  erg /s , can be excluded. Analysis of cross spectrum  d a ta  indicates th a t  the 

kinetic lum inosity  of the je ts  lies in the range 1039  — 104 ° e rg /s  (Z w itter et al., 1989) which 

corresponds to the E ddington lum inosity (Eq. 1.6) for a  10 — 100 M q  s ta r. It is therefore 

obvious th a t if the power source is accretion onto a com pact object of m ass less than  ~  10 M q , 

then the E ddington lum inosity lim it m ust be exceeded to  power the je ts .

T he narrowness of the m oving spectral lines, typically w ith a w idth  no greater th an  10% 

of their displacem ent, implies th a t the opening angle of the je ts  is less than  ~  0 . 1  radians
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(Begelm an et al., 1980). The work of Shakura and Sunyaev (1973) showed th a t je t  collim ation 

by the confining pressure provided by the funnels w ithin a thick accretion disc is possible. This 

m echanism  has been applied to  SS433 by several au thors (e.g. Davidson and M cCray, 1980; 

Sikora and W ilson, 1981; Calvani and Nobili, 1981; Bodo et al., 1985). S iko raand  W ilson (1981) 

showed th a t the angle of the beam  produced w ithin a thick accretion disc funnel depends on 

the region in which the beam  m ateria l originates and, as a  rough guide, m ateria l orig inating  

a t a d istance less than  ~  G M / c 2 from  the com pact object of m ass M  is collim ated w ith a 

beam  angle com parable to  the opening angle of the funnel. Begelman and Rees (1984) have 

proposed th a t the je ts  are collim ated by passing through narrow de Lavel nozzles which are 

s itua ted  ju s t beyond the m agnetopause of a  m agnetised neutron  star. Eichler (1983) has argued 

th a t a  je t  w ith a finite opening angle can be focused on entering a homogeneous m edium . The 

focal length is nearly independent of the je t  opening angle if all o ther je t  param eters rem ain 

the sam e. T he presence of such a  process is supported  by observational evidence. It has 

been shown (K rau tte r et al., 1983; Begelman et al., 1984) th a t collim ation of a relativistic 

gas propagating  in pressure equilibrium  into an am bient m edium  will occur if the am bient 

pressure decreases more slowly than  r - 4 . Kochanek (1991) has investigated the effect of toroidal 

m agnetic fields em bedded in a precessing je t and found th a t such tori could overcome the 

transverse expansion and focus the je t. This m echanism  is im p o rtan t in SS433 if L3 9 B3 - 1  <  0.05 

where L = L 3 9 IO39  e rg /s  is the kinetic lum inosity and B  =  1 0 - 3 i?3 G is the in itial toroidal 

m agnetic field. A nother possibility, which was ten tatively  suggested by Davidson and M cCray 

(1980), is th a t the differential action of rad iation  pressure on the electrons and ions w ithin the 

je t  m ay generate an EM F which m ay be sufficient to  drive a current in the je t  and consequently 

induce ‘pinching’ of the beam  in the m anner discussed by Benford (1978). T he apparen t absence 

of decollim ating effects may be indicative of the physical environm ent in the je t  fo rm ation  region. 

One such m echanism  is gravity decollim ation which can be induced in a je t  by the strongly 

curved spacetim e surrounding a black hole. If the  je t  consists of non-in teracting particles, the 

decollim ation can easily be obtained  by com paring the opening angle of a  p articu lar geodesic 

a t infinity w ith the in itial opening angle a t the origin of the je t. Lu and P ineault (1988) have 

investigated the effect of th is decollim ating m echanism  in a Schwarzschild m etric and found it 

to be dom inated  by collim ating effects unless the sonic point of the je ts  is located very close to 

the black hole.

T he je ts  are probably accelerated by rad ia tion  pressure. T his is evident from consideration 

of the a lternative  where the pressure is due to  ions and electrons: in order for th is pressure 

to  deliver a term inal speed of 0.26c, the in itial gas sound speed would have to  be com parable 

to  th is term inal speed which would require a. tem pera tu re  of ~  1011 K (D avidson and McCray, 

1980). At such a tem pera tu re  and for gas densities applicable in SS433, blackbody radiation  

pressure would exceed the gas pressure by m any orders of m agnitude. For the gas pressure to be 

dom inan t the rad iation  energy density would have to be well below the appropriate  blackbody 

density which could only occur if the optical depth was to  be im plausibly low. Consequently,
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radiative acceleration is the m ost frequently discussed m echanism  for accelerating the je ts  in 

SS433.

The observed constancy of the je t speed over extended periods of tim e is a  problem  th a t 

needs to  be addressed by any prospective acceleration m echanism . One of the  earliest a ttem p ts  

was the ‘line locking’ m echanism  proposed by M ilgrom (1979b). A sim ilar m echanism  had pre­

viously been discussed in connection w ith redshifts in quasars (e.g. S tr ittm a tte r  and W illiams, 

1976). For the m echanism  to  function only the following conditions need be satisfied: i) The 

intensity  of the underlying continuum  rad ia tion  is sufficient to  drive gas away from  the com­

pact object; ii) M om entum  transfer takes place predom inately through Lym an-line absorption 

by some hydrogenic ion; iii) The continuum  flux falls sharply for frequencies (as determ ined 

in th e  source fram e) above the Lym an edge of the absorbing ion. The gas th a t comprises the 

je t  will then be accelerated up to  a term inal speed /?t , in units of the speed of light, such th a t 

the Lym an edge wavelength in the comoving fram e is equal to  the L ym an-o  wavelength in th a t 

sam e fram e. T his occurs when (1 — /?t ) =  Ac/A a =  3 /4  (where Ac is the unshifted Lyman-edge 

wavelength and Aa is the comoving L ym an-a  wavelength) or equivalently when (3t. =  7 /25 . This 

is very close to the observed term inal speed of 0.26c; in reality the agreem ent is even better 

because the cut-off in the underlying continuum  flux occurs a t a slightly greater wavelength 

th an  Ac due to  the accum ulation of Lym an lines in the environm ent of the rad iation  source 

(Shapiro, M ilgrom and Rees, 1986).

T he term  ‘line locking’ refers to  the fact th a t once the term inal speed is reached the je t 

m ateria l can neither accelerate nor decelerate: If the je t  velocity were to fall below /?t absorption 

of rad ia tion  em itted  from below the Lym an edge in the source rest fram e would recommence 

so forcing the je t speed back up to 0 t - On the o ther hand, if the je t  velocity were to  exceed 

i3t the  m om entum  transferred to the je t  m ateria l would drop sharply because the only photons 

capable of exciting the Lym an lines are those th a t orig inate from beyond the Lym an cut-off 

where the continuum  flux is very low. The je t velocity would then drop back down to the 

term inal speed 3t .

In a detailed analysis of the line locking m echanism , Shapiro, M ilgrom and Rees (1986) 

found the acceleration region to  roughly lie in the range 1012L383 Z -4  cm to  1015cm (where Z  

is the nuclear charge of the hydrogenic ion and Lag is the to ta l lum inosity in units of 1 0 38 e rg /s) 

indicating  th a t the heavier the hydrogenic ion, the closer to  the com pact object the acceleration 

can begin. If the line locking elem ent is hydrogen then the gas m ust be highly clum ped w ith a 

clum ping factor ( (n 2 ) / ( n ) 2) of the order of the square of the  Mach flow num ber whilst if the line- 

locking elem ent is iron then no clum ping a t all is necessary. Line locking by both  hydrogen and 

helium  can be rejected since they require a m inim um  in itial distance of 2  x 1 0 13 cm and 1 0 12 cm 

respectively w hilst observations indicate a tta in m en t of a  term inal speed w ithin ~  1 0 12 cm from 

the central source. (A closer s ta rtin g  point results in full ionization and a  com plete break-down 

of the line locking m echanism .) Acceleration by the line locking of hydrogenic Fe is m arginally 

possible w ithin the required distance bu t necessitates th a t the abundance of Fe in the flow
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relative to  hydrogen be a t least ~  200 tim es the solar value. T he results o f W atson et al. 

(1986) indicate th a t the Fe emission in the je ts  has an equivalent w idth typical for m aterial 

w ith  cosmic abundances so ruling ou t Fe as the line locking elem ent. It is evident th a t the 

line locking m echanism  has severe problem s in its application to  SS433 and is p robably  no t the 

in itia l acceleration m echanism  though it is possible th a t it plays some role as a  ‘speed governor’ 

once the je t  m ateria l has been accelerated to near the term inal speed.

R adiative acceleration w ithin a thick accretion disc has been investigated as a  possibility 

for SS433 by several au thors (e.g. Davidson and McCray, 1980; Calvani and Nobili, 1981; Bodo 

e t al., 1985; Nobili, Calvani and Turolla, 1985; Icke 1989; Eggum , C oroniti and  K atz, 1985). 

T he m axim um  rad ia tion  pressure w ithin the disc funnel m ust be com parable to  the  em ergent 

kinetic energy density of the je t  corresponding to  blackbody tem peratu res between 1 0 5 ' 6 and 

107 4 K and certainly not much higher than  108 K (Davidson and McCray, 1980). Calvani 

and Nobili (1981) found th a t p lasm a beam s can be accelerated to  relativ istic  velocities and 

collim ated w ithin the accretion funnel. Bodo et al. (1985) investigated a  tw o-phase je t  model 

which is an adap ta tio n  of the stellar wind theory m odel of Ferrari et al. (1984, 1985) th a t  had 

been proposed initially  as a  m eans of m odelling je t  acceleration in active galactic  nuclei. The 

gas w ithin the accretion disc funnels is assum ed to be optically  th in . T he je ts  are accelerated 

to  relativ istic  term inal speeds which are dependent on the funnel geom etry and the rad iation  

field w ithin the funnel a t distances less th an  109 cm from the central source. T he em ergent 

beam s have a tem pera tu re  >  107 K. The je ts  then cool and fragm ent, as a  result o f therm al 

instab ilities, form ing condensations w ith a tem pera tu re  <  104 K which then act as the  sources 

of the moving emission lines. These sm all clouds then evaporate a t distances of ~  1015cm , 

in agreem ent w ith the observed length of the optical je ts , due to  conduction from  the  ho tter 

inter-cloud m edium . T he density contrast in such je ts  is ~  103 and the corresponding clum ping 

factor is no greater th an  ~  10"?. However, im posing the condition th a t the flow w ith in  the funnel 

be optically  th in  has the disadvantage of constraining the m ass efflux ra te , and efficiency, to  

ra th e r low levels (Sikora and W ilson, 1981) in contradiction to  the observations. T he m odel 

adopted  by Icke (1989) differs from the rest since it assumes th a t the je ts  are no t continuous 

b u t instead consist of discrete clouds or ‘bu lle ts’. T his is the approach th a t I have followed and 

will leave a detailed analysis of this m echanism  till later. One possible objection to  such m odels 

is their low efficiency: to  retain  the form of an accretion disc w ith a funnel opening angle of 

~  0.1 radians, requires abou t 99% of the infalling energy leaving only 1% to  con tribu te  tow ards 

the rad ia tion  and kinetic energy of the je ts  (Abramowicz, Calvani and Nobili, 1980).

A greater efflux ra te  can be achieved if the je t is dense and so capable of trap p in g  rad iation . 

Begelm an and Rees (1984) have suggested th a t this rad iation  m ay be in troduced in to  the gas by 

m echanical m ixing near the surface of a  neutron s ta r which could be achieved either by highly 

inhom ogeneous accretion or by the m agnetosphere of the neutron s ta r driv ing shocks in to  the 

gas. A diabatic  expansion of the je t subject to  inertial confinement by the funnel walls utililses 

the energy of the trapped  photons as well as their m om enta  to drive the je t  so increasing
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the  efficiency of the process. T he final je t  velocity is dependent prim arily  on the m agnetic 

m om ent and period of the neu tron  s ta r and is quite insensitive to  the m ass inflow ra te  whilst 

the  predicted je t  kinetic energy flux is in the range ~  1039-4° erg /s. T he drawback however is 

th a t  the  la teral force exerted on the funnel walls increases the funnel aperture  and decreases 

the ir po ten tia l for collim ation.

Eggum , C orran ti and K atz (1985) perform ed a num erical sim ulation of the coupled dynam ­

ics of the accretion disc and the je t  and found the m ass efflux ra te  to  be below th a t occurring 

in SS433. K atz (1987) has proposed th a t th is discrepancy m ay be explained by an in stab ility  in 

the  balance between photoionization and  radiative recom bination inherent in flows subject to 

rad ia tion  pressure. If these instab ilities grow then clum ping factors up to  108  m ay form . These 

density  enhancem ents would then  be sufficient to  reconcile the low m ass efflux ra tes predicted 

by supercritical accretion disc m odels w ith the strong intensity of the m oving line emissions.

§1.6.5 A ltern a tiv e  T heories

As an alternative  to the kinem atic m odel K undt (1985, 1987) has proposed th a t the moving 

em ission lines are em itted  near the inner edge of an accretion disc at a distance of 1 0 7 cm from  

the centre of a 1.4 M q neutron s ta r. The spin of the neutron s ta r  is inclined a t 53° to  the o rb ita l 

plane and forces the inner edge of the accretion disc into its ro ta tional plane via its coro tating  

m agnetosphere. The m oving em ission lines are then em itted  in the approxim ate region of the 

two intersections of the inner accretion disc w ith the outer one. The torque between the neutron 

s ta r  and the accretion disc forces the neutron s ta r to  precess. W ith in  this model the k inem atic 

m odel param eters are: i = 67°, 6 =  53° and /3 >  0.9999. T he distance to  SS433 becomes 

3 ±  0.5 kpc.

Fabian et al. (1986) have proposed a phenom enological trip le s ta r scenario for SS433 as 

an alternative  to the conventional binary m odel. T hey suggested th a t SS433 consists o f a  short 

period binary  (~  1.5 days) orb iting  a massive OB star. T he close b inary then precesses in a 

m anner sim ilar to the E arth-M oon system . Mass transfer takes place either w ithin or on this 

close b inary  leading to the form ation  of je ts. Eclipses w ithin the close b inary system  should 

produce a  1 . 5  day photom etric m odulation  which to  date  has not been observed.

Manka. and Bednarek (1992) have suggested a. string  theory in terp re ta tion  of SS433 in which 

a  cap tured , precessing ellipsoidal loop of a  superconducting cosmic string  bo th  m odulates the 

speed of the je ts  and collim ates them .

A novel a lternative to  rad ia tive  acceleration has been proposed by H arrison (1990). The 

je ts  orig inate  in some way a t the surface of a neutron  s ta r where the protons have a kinetic 

energy equal to the pion m ass (139.57 M eV /c2). H arrison (1990) assum es the typical escape 

energy for a proton from a neu tron  s ta r to  be equal to  the m uon m ass (105.66 M eV /c2). Con­

sequently, far from  the neutron  s ta r the protons have an energy equal to  the pion-m uon mass 

difference which fortu itously  corresponds to  a pro ton  m oving w ith speed 0.262c. T he pion rich 

condensates necessary for th is process m ay be form ed deep in the interior of the neutron s ta r
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as a result of rapid oscillations induced by some therm odynam ic instab ility  perhaps a t a  par­

ticularly  evolutionary stage. These condensates then rise to  the surface of the neutron star, 

expanding rapidly as they do so, following the p a th  of least resistance along the ro ta tion  axis 

of the neutron s ta r and emerge from  the surface as hypersonic je ts. T his scenario is sim ilar to 

terrestria l volcano theory where hot m agm a replaces the pion rich condensates.

$1.7 The Evolutionary Track

In com m on w ith the massive X-ray binaries, the SS433 system  is composed of an early-type 

s ta r plus a com pact object. T he m ain  discrim inating  factor appears to be the accretion rate: 

in SS433 this is ~  10- 4  — 10- 3  M q / yr  w hilst in X -ray binaries the ra te  is typically less than  

~  10- 8 M © /yr and corresponds to the Eddington lim it. T he possible progenitor for SS433 

may have been a massive X-ray binary (van den Heuvel, 1981) with a period between th a t of 

Vela X -l (8.96 days) and 4U1223-62 (34.5 days). The possible sequence of evolutionary phases 

has been discussed by van den Heuvel (1981) and is illustra ted  in Fig. 1.8. Beginning from 

an unevolved system  consisting of a  2 0 M© sta r and an 8 M© sta r (phase a) the anticipated  

evolution is as follows:

T he m ore massive com ponent evolves faster and begins to  fill its Roche lobe and transfer 

m a tte r  onto the less massive com ponent (phase b). A fter com pletion of the first phase of mass 

transfer the system  is a  W olf-Rayet b inary and consists of a W R  s ta r  and a massive OB star 

(phase c). After a further period of abou t 5 x 106 yr, the W R  s ta r explodes as a  supernova 

to  become a com pact object. Due to  the asym m etry  of the supernova explosion the com pact 

s ta r receives a random ly oriented ‘kick’ velocity. T he im pact of the SN shell on the OB star 

causes a d isruption  bu t does no t destroy the entire system  which becomes a run-away star. The 

run-aw ay velocities of the rem aining com ponents are of sim ilar m agnitude and are less than  the 

in itial o rb ita l velocity of the OB sta r and  independent of the kick velocity (De C uyper, 1981). 

If the com pact object form ed in the SN explosion is a  pulsar, an active period of ~  104 yr may 

begin (phase d) as is observed in the C rab pulsar. Once this activ ity  has ceased the system  

will probably  lie dorm ant for abou t ~  106 yr until the OB s ta r  has evolved into a supergiant 

and begins to  oveflow its Roche-lobe or em it a strong stellar wind. The com pact com panion 

now becomes an X-ray source (phase f) which is eventually quenched when the accretion occurs 

on the therm al tim escale of the supergiant over a period of abou t 3 — 10 x 104 yr . These 

stages constitu te  the stan d ard  evolutionary scenario for an X-ray binary. T he accretion rate 

is now 1 0 - 4  — 1 0 - 3 M© /y r  and far in excess of the critical accretion ra te  of ~  1 0 - 8 M © /yr. 

T his accreted m atte r is expelled from the system  by the super-E ddington lum inosity from  the 

com pact s ta r in directions perpendicular to the accretion disc which m ay grow to  fill its Roche 

lobe (phase g). The m a tte r  ejected in the beam s will carry angular m om entum  from  the system  

causing the o rb ita l period to decrease which, after ~  1 0 4 yrs, will lead to  the form ation of a 

very close binary system  com prised of the evolved core of the massive s ta r and the com pact
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Unevolved system

First stage of mass transfer

Double- l ine Wolf-Rayet binary

Active young pulsar ♦ 
unevolved massive star

Quiet compact star ♦ 
unevolved star

Massive X - R a y  binary 

(beginning Roche- lobe  
overflow and/or strong wind)

Roch e- lo be  overf low on 
thermal timescale ;
Formation of supercrit ical  
disk; large mass loss f rom  

system.

Second W o l f - R a y e t  phase.

F ig . 1 .8 . T h e  sta n d a rd  evolutionary  sequence for a massive close binary system  up to  the X-ray stage, fram es (a) to 
(f) inclusive, plus the expected  fu rth er evolution of a massive X-ray binary, fram es (g) and (h) (from  van den Heuvel, 
1981)

H E L I U M
S T A R

T  L 2

104yr s

5«10 yrs
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object. If the core mass is ~  6 — 8 M q  it will probably resemble a W R  star (phase h).

If this is indeed the evolutionary path  then any supernova rem nant formed in the process 

should have disappeared long ago. This requires th a t  W50 has been formed solely by the jets 

of SS433 (van den Heuvel, 1981). An alternative scenario which does perm it the existence of a 

young SN rem nant is ' t a n d e m ’ evolution. In this model the system begins with two stars with 

near equal mass. The evolutionary phases are illustrated in Fig. 1.9.

M, M2

M = M - A  M t = 0
2 1 1

ma ss  loss

/  WR 1 f  I WR 2 (or O B I )

t *  5x10 yrs

young

pu lsar
t3*  5.5x10 y r s  

WR 1 has exploded  

a s  a SN.
WR 2(or OB I )

WR 2 (or O B I )

Fig.  1.9.  T he possible evolution of a massive close binary w ith an initial mass ra tio  close to  unity. W hen the more 
m assive com panion explodes, its com panion already is a post m ain-sequence s ta r  which soon afterw ards begins to 
overflow its Roche lobe. T his leads to th e  form ation  of a supercritical accretion  disk around a young com pact sta r. 
T he system  may, a t th a t tim e, still be surrounded by a SN rem nant (from  van den Heuvel, 1981).

ijl.8 Analogous  Objects

Obvious similarities exist between SS433 and active galactic nuclei, including radio galaxies and 

quasi-stellar objects: both exhibit well collimated relativistic outflows. Indeed this similarity 

was the motivation behind the twin-jet model of Fabian and Rees (1979). The je ts  in an AGN, as 

in SS433, are believed to be formed by the accretion of m atte r  onto a compact object which then 

dissipate their energy in double radio lobes. In both cases this dissipation occurs over a length 

scale many orders of m agnitude greater than the scale on which the jets are formed. The radio 

m aps of the extended structure  of SS433 have a corkscrew appearance and are morphologically 

similar to radio m aps  of AGN indicating th a t  precession too plays a role in AGN though with 

a period in excess of ~  10 000years. There are obvious differences: the principal emissions
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from  SS433 are recom bination lines produced by a therm al p lasm a m oving a t 0.26c whilst the 

emission from  ex tragalactic  je ts  is largely nontherm al synchrotron rad ia tion  from  relativistic 

electrons. An additional dissim ilarity, noted briefly in §1.3.2, is the  region in which the je ts  are 

collim ated and directed: in SS433 this seems to  occur close to  the je t  source w hilst in AGN 

the sam e function is believed to  be perform ed by the outer regions of a  geom etrically thick 

accretion disc. The best evidence for any analogy between SS433 and ex tragalactic  je ts  would 

be the observation of je t  velocities of 0.26c; je t velocities in AGN are highly relativ istic  and to 

date , none have been found with velocities com parable to  those in SS433. I t seems th a t SS433 

m ay not sim ply represent a  scaled down version of an AGN though the case is by no means 

closed.

It is reasonable to  conclude th a t, since SS433 is so d istan t, the  galactic density  of such 

objects is very low and th a t only a few m ay exist in our G alaxy. It is no t inconceivable th a t all 

bu t one of these is obscured leaving SS433 as the only observable representative of its class in 

the entire Galaxy.

To date , none of the  galactic objects proposed as belonging to the sam e class as SS433 such 

as the b inary  system  Circ X -l (B rad t and M cClintock, 1983) and the b ipolar nebula surrounding 

HD 44179 (W ebster, 1979) have displayed the spectra  necessary to  w arran t m em bership. If the 

high absolute m agnitude estim ated  for SS433 (see §1.4.1) is a  generic feature then  it should 

be possible to  observe analogous objects in the M agellanic Clouds. If present in M31, such an 

object would be w ithin the spectroscopic range of large telescopes. In either case the outstanding  

problem  is knowing exactly where to  look.
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C hapter 2

T h eo retica l P re lu d e

52.1 Introduction

T he theoretical fram ework for the physical m echanism  of radiative acceleration is form ed, p rin ­

cipally, by the disciplines of special relativ ity  and rad iative transfer. In P a rt I o f this two p a rt 

chapter I will clarify some com m on term s and definitions encountered in special re la tiv ity  and 

rad iative transfer. T his is followed by the in troduction of a couple of useful Lorentz invariants 

(i.e. quan tities which are the sam e in all Lorentz fram es) and some transform ations th a t  are of 

im portance in P a rt II as well as a  discussion of the physical phenom ena of Doppler sh ift and 

aberra tion . As will become evident in la te r chapters, these phenom ena play a crucial role in 

governing the speed of the je t. P a rt II begins w ith com m ent on the advantages th a t fragm ented 

je ts  have over their continuous counterparts and w ith speculation on the m eans of form ation 

of such fragm ented je ts . Building from the theoretical foundations laid in P a rt I, I conclude 

P a rt II w ith a derivation of the general vector equation of m otion for a. spherical je t  fragm ent 

m oving in the tim e independent rad iation  field of a blackbody em itter.

For a more com plete analysis of the topics discussed in P a rt I the reader should consult: 

for special relativ ity  e.g. R indler (1982) and for radiative transfer and special relativ ity  e.g. 

M ihalas and M ihalas (1984) and Rybicki and L ightm an (1979) and for radiative transfer e.g. 

Sw ihart (1981) and Shu (1991).

P art I_____________________________________________

$2.2 Special R elativ ity

The theory of special relativ ity  is based on two fundam ental principles, both postu lated  by 

E instein. The first is the relativ ity  principle which s ta tes th a t all inertial fram es are to tally  

equivalent for perform ing all physical experim ents w ith the im plication th a t all the laws of 

physics m ust have an invariant form. T he second principle, com m only referred to  as the  uni­

versality of the speed of light, sta tes th a t the speed of light is the sam e in any inertia l fram e 

regardless of the m otion of the source. The la tte r postu late  is incom patib le w ith the G alilean 

transfo rm ation  in which space and tim e are separate entities. C om patab ility  is retained by the 

coupling of space and tim e into one entity  known as spacetim e and by the in troduction  of the 

Lorentz transform ation .
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§2.2.1 T h e L orentz T ransform ation

C onsider two inertial fram es ZS and ZS' each containing a cartesian  coord inate la ttice . Suppose 

th a t ZS' is m oving w ith uniform  velocity v in the ^-direction of ZS w ith bo th  fram es having co­

incided a t t = t' =  0; the stan d ard  fram e configuration. Invoking b o th  postu la tes and  im posing 

the constra in t th a t any transform ations be linear yields the s tan d a rd  Lorentz transfo rm ation  

equations

x ' = x  , y' =  y  , z' = y ( z - v t )  , * '=  7  (2 . 1 a, 6 , c,d)

where the Lorentz factor 7  is given by

7 (f )  =  " 7— - -  ■ (2-2)
V 1 - ^

Suppose now th a t ZS' moves w ith a velocity v in an a rb itra ry  direction relative to ZS with 

both  sets of cartesian axes aligned and having coincided a t t = 0 =  t.'. A sim ilar bu t more 

com plex argum ent to  th a t outlined above gives the general Lorentz transfo rm ation

f ' = l  ’ x ' =  x +  { [ 7  -  1] -  7 *} L (2.3a, 6 )

which can be expressed in m atrix  block form  as

, tI7 ,  , « ) ( : ) - * ( : )

where (3 =  v/ c,  3/3 is a  3 x 3 dyadic, I is the 3 x 3  identity  m atrix  and the Lorentz factor now 

has the form

7 (2 ) =  r l   • (2.5)

T he 4 x 4  m atrix  A in Eq. (2.4) above is referred to as the  general boost m atrix .

§2.2.2 Four-V ectors and R e la tiv istic  K inem atics

T he laws of physics when expressed as tensor equations containing four-vectors and four-tensors 

are covariant under Lorentz transform ation . Therefore, expressed in th is form , they satisfy the 

principle of relativity. Consequently, relativ istic  generalisations of s tan d a rd  non-relativistic 

expressions can be derived by re-expressing them  in four-tensor form.

Let X v  be the contravarian t four-vector generalisation of the position vector x  represented

by

X*t = ( X ° , x )  (2.6)



where the tim e-com ponent X ° is equal to  ct and the conventional three-vector x  consists of 

the  three com ponents (X 1, X 2, X 3). The norm  of the differential of th is four-vector defines the 

invariant interval d s 2

d s2 =  dX^dXp, =  c2 d<2 — dx • dx (2 .7 )

which is null for all photon paths.

T he proper tim e interval d r , for a m oving particle, is identical to  the tim e interval dt 

m easured by a clock attached  to the particle for which, obviously, dx =  0  and d s 2 =  c2 d r 2. 

E quating  this invariant interval w ith th a t of Eq. (2.7), dividing through by c2 d<2 and taking 

the positive square roo t gives the useful relation

d r  1

d? =  W )  ■ ( 2  8)

Since the proper tim e is a world scalar and X *4 is a  contravarian t four-vector, the quantity  

d X ^ /d r  is also a contravarian t four-vector and, as s ta ted  earlier, m ust satisfy the principle of 

relativity . T he appropria te  expression for four-velocity is then

d JC ̂  d d
v *  =  ~ ^ r  = ~  d* =  7 ^  (c ,~) (*2-9)

where use has been m ade of the relation given by Eq. (2.8). It is triv ial to  show from Eq. (2.9) 

th a t the four-velocity has a constant m agnitude given by

V " % = c 2 . (2.10)

C ontinuing in a logical m anner it is apparen t th a t the appropriate  definition for four-acceleration

is

=  = j ( v ) ^ { j ( v ) ( c , v ) }  ( 2 . 11)

whilst th a t for four-m om entum  is

= m 0V ^  = j ( v )  m 0 (c, v) = m  (c, v)  =  (me, p) ( 2 .1 2 )

where m 0 is the particle rest m ass and m  — yu io  is the relativistic m ass. T he appropriate form
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For a particle of constan t rest m ass m 0, Eq. (2.13) can be w ritten  as

d V *
F fi = m ° ~ d (2.14)

D ifferentiation of Eq. (2.10) w ith respect to  proper tim e gives

d i V u V 1*) d V *
= (2.15)

which w ith Eq. (2.14) gives the useful relation

VfjF1* = 0  . (2.16)

E quation  (2.16) shows th a t the four-force for a particle of constan t rest m ass is orthogonal to 

the four-velocity in space-tim e. If the four-force vector is given by

F» = ( F ° , F )  (2.17;

then Eqs. (2.9) and (2.16) im ply th a t for a  particle of constan t rest m ass

F°  = '  (2.18)

If the three-vector p a rt of the four-force is now expressed as

E  = l ( v ) f  (2.19)

where /  is the conventional three-force, then it follows from Eqs. (2.17) and (2.18) th a t the

four-force has the form

f "  =  7(t!) ■ (2.20)

Last is the null photon-propagation four-vector which is defined as

I<lt = ( k , k )  (2 .2 1 )

where the m agnitude of the three-wave vector |£ | =  2iru/c. I shall define the raypa th  vector k

as being a  un it three-vector in the direction of photon propagation  such th a t

(2 .22 )
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$2.3 E lem entary R adiative Transfer 

§2.3.1 Specific In ten sity

In general, a rad iation  field is a  function of bo th  position and tim e and a t some given position 

has a d istribu tion  in bo th  angle and frequency. The specific in tensity  I v ( x , k , t )  of rad ia tion  at 

position x  and a t tim e t travelling in direction k  w ith frequency v  is a  quan tity  which describes 

the rad ia tion  field and is defined such th a t the am ount of energy transpo rted  by the rad iation  

in the frequency range u to u + d v  across an area elem ent dA w ith un it norm al n in the  tim e 

interval d t into the solid angle dS7 around k  is

dE„ =  h, t ) k  • n d A  d fi dv  dt . (2.23)

In vacuo, the m onochrom atic specific intensity  I„ is a  conserved along any ray p a th  and has the

SI un its [Iu\ = J m - 2s - 1 Hz- 1ste rad ian - 1 .

§2.3.2 A ngular M om en ts o f  th e  Specific In ten sity

(a) Energy Density

Consider a cylinder of length cdt and end area dA w ithin a rad ia tion  field of energy density per 

un it solid angle per un it frequency U„{0.). The energy w ithin this cylinder will be

dE u = U„(Q) cdt dA  dv  dQ . (2.24)

All of the energy w ithin this cylinder will exit in a  tim e dt. Therefore

dE„ = Iv dtf dA dv  d fi . (2.25)

E quating  Eqs. (2.24) and (2.25) gives

U „( Q) =  ^  (2.26)

which, when integrated  over all solid angles, gives the m onochrom atic energy density

uv =  J  Uv {Sl)dQ =  i  J  I„dQ . (2.27)

T he m ean m onochrom atic specific in tensity  is given by

J v = -L  J  I v d ft (2.28)

Therefore,
4 ttJ„

Wp —
c

(2.29)
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(b) Energy Flux

T he m onochrom atic energy flux in the direction k is

£ „  =  J  I » k  dft (2.30)

and  the energy flux in the direction k  is

Z =  f  L v &v-  (2-31)
Jo

T he m onochrom atic energy flux norm al to a  surface elem ent dA  w ith un it norm al ft is

T v — n ■ = J l u k n d Q  = J l „ c o s 0 d Q ,  (2.32)

where 0 is the angle between k  and n,  and the energy flux norm al to  the surface is

fOO
E  = E v d v .  (2.33)

Jo

(c) M om entum  Flux

Since the m om entum  of a photon of energy E  is E / c, the m om entum  flux across a surface with 

u n it norm al n  in the direction k and in the frequency range v  to  v  +  dv  is

P„ =  V * '  (2-34)

T he m onochrom atic m om entum  flux norm al to the surface is

Pv — Pu fk — ”  J  h  cos2 9 dQ (2.35)

and the m om entum  flux norm al to  the surface is

/'Jo
p„ dv  . (2.36)

In general, different com ponents of a  stress tensor denote the ra te  of m om entum  transfer across 

surfaces w ith specific orientations. In dyadic no tation  the above result can be expressed as

P = \ J  J  I u k k ^ d v  (2.37)

where p  is the rad iation  stress tensor.
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§2.3.3 T he E quation  o f  R ad ia tive  Transfer

T he tran sp o rt of rad ia tion  through m a tte r is described by the equation of rad iative transfer 

which can be expressed in the form

- ^ r  + k - V U  =  ^ - p i * - p < b ‘ L - p K ’ ™ I v  + P K l " ‘  f  ¥>„(*,*') (2.38)
C a t  J

where p is the m ass density, j v is the em issivity per un it mass, K°bs is the to ta l absorption

opacity, Ksuca is the to ta l scattering  opacity and <Pv(k,k ) is the probability  of a photon within

the solid angle dfT abou t h being scattered  in to  the solid angle dQ abou t h. T he  sum  of 

each of the positive term s on the right hand side of Eq. (2.38) denotes the increase in the 

specific in tensity  per un it length along the ray p a th  w hilst the sum  of each of the negative term s 

denotes the  decrease in the specific in tensity  per un it length along the raypath . T he scattering 

probability  satisfies norm alisation  and reversability constrain ts such th a t

j  <pv ( k t£ ) d n '  = J  <Pv{k>!i) dQ = 1 . (2.39)

T he em issivity j u consists of two distinct com ponents; one resulting from  spontaneous 

emission and the o ther from  induced emission. In the rest fram e of the gas, the spontaneous 

emission com ponent is usually isotropic whilst the induced emission com ponent exhibits the 

sam e directional dependence as the specific intensity. For th is reason the contribution  from the 

induced emission com ponent is conventionally absorbed in to  the —pK„b$ I„ term . T he resulting 

K*bs is term ed the ‘true absorption corrected for s tim ulated  em ission’. T he quantity

k„ = Kaubs +  < ca (2.40)

is called the to ta l opacity (corrected for stim ulated  emission) or ju s t  the opacity. If the  light 

travel tim e across an object is much less than  any of its evolutionary tim escales, the tim e 

dependence in the equation of rad iative transfer (Eq. 2.38) can be dropped leaving

i ' H  +  f U ,  = p ( ^ - j .  +  C a* v ) (2.41)
47T

where is the specific intensity  weighted by the angular phase function for scattering  and is 

given by

$ v ( k , x )  = J  ‘P ( L £ ) I v C k , x ) d t t '  ■ (2.42)

For isotropic scattering  <p =  1 / 47r and by Eq. (2.28), then equals the m ean intensity J u.

Defining the source function by

S „ ( i ,x )  =  —  ( £ -  +  < “ * „ ) ,  (2.43)
K i/ t7i
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and denoting some path-length  along the raypath  by s such th a t k • V  =  d /d s, perm its 

Eqn. (2.41) to  be expressed as

+  p KuI v =  pKySv  . (2.44)
ds

F urther sim plification of Eq. (2.44) is possible by the introduction  of a  variable called the optical 

dep th  defined by

=  f  pK„ ds (2.45)
J 3 a

where s 0 is a rb itra ry  and sim ply corresponds to  the point a t which the optical dep th  is zero. A 

m edium  is term ed optically  thick when t„ > 1 and optically th in  when tv <  1 .

§2.3.4 T herm al R ad iation

Any rad ia tion  field th a t is in therm odynam ic equilibrium  and th a t can be characterised by 

a unique d istribu tion  function th a t depends solely on the absolute tem pera tu re  is a  therm al 

rad ia tion  field. A good approxim ation to  such a s ta te  occurs in the  deep in terior o f stars  or 

dense accretion discs where |V T |/p /cT  <C 1 and the rad iation  is in equilibrium  w ith the m a tte r  

a t a  very uniform  tem peratu re. T herm al radiation is described by the P lanck function which

can be derived by invoking Bose-Einstein quantum  statistics. It takes the form

BAT)  =  2kv- J -   (2.46)
} e x p (h i / /k T )  — 1 V '

and is the isotropic specific intensity of a  system  in therm al equilibrium . Such rad ia tion  is 

usually referred to as blackbody rad iation  and is em itted  by a blackbody or perfect rad ia to r. 

T he in tegrated  Planck function is defined by

B V )  = j B A T ) 4 * = ¥ £ i T* = % T *  (2.47)

where a is the rad ia tion  constant and is given by

8tr5fc4
a =

15c3fi3

T his is related  to  the S tefan-B oltzm ann constant a  through

(2.48)

ac
<T= T (2.49)

and thus, since the surface energy flux, T , of a sphere of uniform  brightness B  is sim ply irB,

T  =  <rT4 (2.50)

which is the S tefan-B oltzm ann law.
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A tw o-com ponent gas is in stric t therm odynam ic equilibrium  when bo th  com ponents of 

the gas are in sta tis tica l equilibrium . T his occurs when the d istribu tion  of photons is given 

by the Planck function w hilst the d istribu tion  in the energy of the m a tte r particles is given by 

M axw ell-Boltzm ann sta tistics. If the photon d istribu tion  function differs from  th a t  given by 

the Planck function bu t the m ateria l particle d istribu tion  is still given by M axw ell-Boltzm ann 

sta tis tics  then the (m a tte r com ponent of the) gas is in local therm odynam ic equilibrium . In 

th is case the em issivity has a therm al value which is given by K irchhoff’s law

j ,  = . (2.51)

§2.3.5 T he E dd in gton  A p p roxim ation  and Limb D arkening

In tegral to  the above approxim ation are the assum ptions th a t the rad ia to r geom etry is p lanar, 

th a t  rad ia tion  traversing the rad ia to r is scattered isotropically and th a t  the opacity  of the 

ra d ia to r’s atm osphere is gray, or independent of frequency. In the deep layers o f the atm osphere 

far from  the boundary  a t which r  =  0, the specific intensity  becomes very nearly isotropic. The 

E ddington approxim ation  consists of the further assum ption th a t th is holds for all depths 

leading to  the following identification for the rad iation  pressure

=  ^  (2.52)

where J  is the m ean frequency in tegrated  specific intensity; the  m ean m onochrom atic specific 

in tensity  is given by Eqs. (2.28) and (2.29). By solving the equation  of radiative transfer for 

a  sta tic , gray atm osphere in rad iative equilibrium  it can readily be shown th a t the em ergent, 

frequency in tegrated  specific intensity is

I ( f, , T  = 0 )  =  +  (2.53)

Identification of the in tegration constant can be m ade by noting th a t the em ergent, surface 

energy flux is given by

F  = 2tt f  0) dfi (2.54)
Jo

which w ith Eq. (2.53) leads to  the deduction th a t r 0 =  2 /3 . Hence the em ergent specific 

in tensity  is

/(/»,<)) =  | l ( l , 0 )  ( / .  +  ! ) (2.55)
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T he above equation gives the lim b darkening in the E ddington approxim ation; the  em ergent 

specific intensity  a t the lim b (/i =  0) is 2 /5  the value of the  em ergent specific intensity  a t  the 

centre (/i =  1). T he gas tem pera tu re  varies w ith optical depth  according to

Thus, the gas tem pera tu re  and the effective tem pera tu re  are identical a t a  continuum  optical 

dep th  of 2 /3  w hilst a t the surface T (0) =  0.8409 Tej j .

52.4 Transform ations, Invariants and Phenom ena  

§2.4.1 T he P h ase Space D en sity  Function

C onsider an a rb itra ry  rad iation  field and some infinitesim al volum e elem ent d3x =  da; dy  d z  a t 

position x w ithin the field. T he average num ber of photons d N  w ith wave vector jc th a t are 

w ithin the volume elem ent d3x a t tim e t is

(2.57)

where / ( x , k,  t) is the phase space density function or the  d istribu tion  function. It can be proven 

th a t the phase space volume d3 x d 3£ is a  Lorentz invariant. Since d N  is a  countable quantity  

and, therefore, also a Lorentz invariant it can be deduced th a t

f ( x , k , t ) =  Lorentz invariant . (2.58)

T he energy in the volum e elem ent a ttr ib u tab le  to the photons in the solid angle dfi around k 

w ith a wave vector of m agnitude between k  and k  +  dk  where k  =  2'k v / c is

d N  =  f ( x ,  k, t) d x d k

d E u = hu f ( x , k , t )  k 2 d Qd k  d3x = hu f ( x , ^ ^ - k , t )  d fi —  d i/d 3x . (2. 59)

§2.4.2 T he Lorentz Invariant I„ / v 3

C om paring Eqs. (2.24) and (2.59) for identical volume elem ents (d3x =  cd<dv4) it can be seen 

th a t the  phase space density function f ( x , k , t ) is proportional to  Uu/ u 3. U tilising Eq. (2.26), 

which relates the m onochrom atic energy density per un it solid angle to the  specific intensity, 

and the Lorentz invariance of the phase space density function (Eq. 2.58) then gives the  required 

result th a t

^  =  Lorentz invariant . (2.60)
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§2.4.3 T ransform ation  o f  a R aypath  V ector

Let the photon-propagation  four-vector in ZS', by analogy w ith Eq. (2.21), be given by K ,fi = 

(Jc',k'). T hen using the general boost m atrix  A given in Eq. (2.4) it is sim ple to  show th a t

lc' = y(Jc -  0 - k )  jc' =  - 7 /? +  A +  [ 7  -  1] 0  • (2.61a, 6 )

From  the definition of the raypath  vector given by Eq. (2.22) it is then  obvious th a t the  raypa th  

vector transform s according to

k +  
k = ------

(7 -  1) -  7
(2.62)

7 ( 1  -  £ -k)

§2.4.4 D op p ler  Shift

Recalling th a t k = 2tcu/ c and using Eq. (2.22), Eq. (2.61a) can be re-expressed as

i/' =  7 ( l  - p - k ) u  (2.63)

which describes the physical phenom enon known as Doppler shift: If in the s tan d a rd  fram e 

configuration, a  source a t rest in ZS a t an inclination # to  the z-axis em its rad ia tion  a t a 

frequency u then  the sam e source observed in ZS' will have a lower frequency v'  given by 

v'  -  7 (1  — /?cos 6)u.  If this source is located on the z-axis such th a t # =  0 and the prim ed 

observer moves tow ards/recedes from  the source w ith speed cfi then the observed frequency 

will be higher/low er by a factor /  yjj+jij- The transverse D oppler effect occurs when

the source location is perpendicular to  the direction of m otion. In this case 6 =  tt/2  and the 

frequency of the rad ia tion  observed in the prim ed fram e is, by Eq. (2.63), higher by a  factor 7 

than  th a t observed in ZS.

§2.4.5 A berration

Let the source be located a t the origin of a  stan d ard  spherical coordinate system . In the s tan d ard  

fram e configuration one can, w ithout loss of generality set <j> =  0 , such th a t the ray p a th  vector 

k = (s \n6 ,0 ,cos6 ) .  S ubstitu ting  this expression into Eq. (2.62), setting  k =  ( s in # ',0 , cos# ') 

and equating each com ponent gives

. sin # . cos 6 — 3
s i n 0  m cose = 1 r a (2 .6 4 a ,6)7 ( 1  — /? cos #) 1 — p cos 6

which upon further m anipulation  yield the aberration  form ula

t a n 0 ' =  S' " 9 . (2.65)
7 (cos 6 — (3)
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E quation (2.65) is w orthy of some discussion. In the lim it /? —► 1

ta n #' —► —— cot (2 .6 6 )

indicating  th a t in the (standard  configuration) prim ed fram e the photons are incident in a 

narrow  cone in the direction of the  negative z'-axis. Consider rad iation  em itted  in the plane 

0  = 7r / 2 . Clearly, in the highly relativistic lim it the perceived angle th a t th is rad ia tion  makes 

w ith  the z '-ax is when observed from the prim ed fram e, by Eq. (2.66), approxim ates to  the very 

sm all angle 7r — I / 7 ; the rad ia tion  appears to come from  in front o f the observer. If a  source 

em its isotropically in ZS then  half of all the photons will be em itted  into the hem isphere w ith 

0  < 7r / 2  and the rest into the hem isphere w ith 0  > 7t / 2 . Consequently ha lf of all the  photons 

incident in ZS' will have 0' >  7r — I / 7  w hilst very few will be incident w ith 0 '  <C 7r — I / 7 . 

T h is effect is known as relativ istic  beam ing and along w ith the phenom enon of D oppler shift 

has im p o rtan t consequences, as will become clear later, for the relativistic m otion of particles 

w ithin a rad ia tion  field.

§2.4.6 T ransform ation  o f  an E lem ent o f  Solid  A ngle

In the co-moving fram e ZS' an elem ent of solid angle has the form

dD ' =  sin O' d0 ' d<f>' = —d / i 'd <f>' (2.67)

where O' and <j)' are the standard  spherical polar coordinates and / /  =  cos# '. In the  standard  

fram e configuration, cos#' transform s according to  Eq. (2.646) which upon differentiation gives

d" '  =  T2(1d! ^ )  =  G ) 2 ^  <2 -68)

where the last equality  has been deduced using the Doppler shift form ula, Eq. (2.63). I t is clear 

from  Eqs. (2.1a, 6 ) th a t in the stan d ard  fram e configuration the azim uthal angle is invariant 

under Lorentz transform ation  and th a t therefore d<j>' =  d <j>. I t is then  evident from  Eq. (2.68) 

th a t  in the stan d ard  fram e configuration

v 2 d/i d<f> = Lorentz invariant . (2.69)

E quation  (2.69) m ust also be true for a general Lorentz boost. Therefore, by Eqs. (2.63), (2.67) 

and  (2.69), an elem ent of solid angle transform s according to

dQ ' = ----------------. . (2.70)
7 2 ( l - 0 k ) 2
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§2 .4 .7  T r a n s f o r m a t io n  o f  a  T h re e -F o rc e

Assume for the in terim , by analogy w ith Eq. (2.17), th a t the four-force vector in ZS' has 

the form  F =  ( F ,0,F^).  Then from  the inverse of the m atrix  A given in Eq. (2.4) and by 

Eq. (2.20) it can easily be shown th a t the three-vector com ponent of the four-force acting on a 

body of constan t rest m ass transform s according to

j f  = y F ,0l 3 + F '  + ( 7 - 1 )
£ '■ /?

0 - (2.71)

A com parison of the expression for F tft and Eq. (2.20) indicates th a t the four-force vector in 

ZS' m ust, since v =  0 in th is fram e, have the form F — ( 0 , / ')  and th a t therefore Eq. (2.71) 

can be rew ritten  as

/  =  -  
~  7

/  • 0
f '  -  0L  02 H

L ' l a
+ - p r £ . (2.72)

which is the required transfo rm ation  equation for a three-force.

P art II____________________________________________

$2.5 Fragmented Jets: Their Advantages and Formation

T he tem poral and spatia l density struc tu re  of the je ts  in SS433 varies over several orders of 

m agnitude. O bservational evidence for this conclusion, from both  optical and radio observa­

tions, is unam biguous: The narrowness of the  moving emission lines, which have a typical width 

of ~  1 3 0 0 k m /s  (Vermeulen, 1989), indicates th a t the optical je ts  are fairly sm ooth on a length 

scale of ~  1013 cm, bu t are variable on length scales of 1014 — 1015 cm, whilst VLBI radio obser­

vations (Vermeulen et al., 1987) clearly show th a t the je ts  are form ed from a series of evolving 

‘b lobs’.

At present there exist no concrete theoretical reasons or conclusive observational evidence 

to  exclude the possibility th a t the je ts  are form ed by the successive ejection of discrete gaseous 

blobs from the vicinity of the com pact object. Indeed, if the  je t s truc tu re  close to  the je t 

source is inferred from  the observed je t s truc tu re  of the optical and radio je ts  then it would 

seem m ore probable th a t the je ts  are composed of gaseous blobs ra ther th an  from a continuous 

stream  of m ateria l. If such a fragm ented je t  were to  be accelerated principally  by hydrodynam ic 

processes, the inherent na tu re  of which is to m ain tain  a constan t je t  m om entum  density, the 

expected je t velocity would certainly not be constant. Such an outcom e would be incom patible 

w ith observations which clearly show th a t the je t  velocity in SS433 is constan t to a very high 

degree as if governed by external factors. Therefore, it would appear appropria te  to  investigate 

the  acceleration in a. near constan t external rad ia tion  field of such gaseous blobs or ‘bullets’ 

as the ir optical facsimiles have been term ed. S u c h  a n  in v e s t ig a t io n  is t h e  p u r p o s e  o f
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th i s  th e s is .  However, before deriving the general equation  of m otion of such bullets, I will 

discuss some of the inherent advantages th a t a  discretely composed je t  has over its continuous 

counterparts and the possible sequence of events th a t m ay lead to  the form ation of discrete 

parcels of m ateria l near the com pact object. T his la tte r topic is, by its very natu re , largely 

conjecture.

C ontinuous je ts  encounter severe difficulties when they im pinge on density enhancem ents 

w ithin the m edium  through which they are propagating . Such in teractions force th e  je t  to 

bend, though it is possible for the je ts  to  bend through a lim ited angle only before a  d isruptive 

shock form s across the je t  (Icke, 1989). These shocks have a lower probability  of form ing in a 

gaseous bullet and thus a je t  form ed from such entities is m ore likely to  survive encountering 

a  density enhancem ent. For m a tte r  in a continuous je t  to  access the driving rad ia tion  field, 

the  optical depth  along the je t  axis to the region of interest m ust be less than  of order unity. 

Such optical depth problem s do not arise in je ts  composed of gaseous bullets where the driving 

surface of the bullet, the rear surface, is easily identifiable. O f course such bullets also have a 

front surface which presum ably could lead to  a rapid  deceleration of the bullet on im pact w ith 

the am bient m edium  th a t may exist w ithin the funnel. T his problem  can be resolved if the 

bullets are em bedded in a comoving stream  of diffuse gas as would appear to  be the case in 

SS433.

As regards the production of the bullets, consider first the case where the accreting object 

is a  spinning neutron star. If the pulsar is not to tally  buried and the m agnetosphere reaches 

as far ou t as the speed-of-light cylinder then the spin ra te  will decrease in the sam e m anner as 

an exposed pulsar (Davidson and McCray, 1980). M aterial from  the outer regions of the  disc 

will sp iral inwards as the angular m om entum  is conveyed outw ards th rough  viscous dissipation. 

For such a cocoon-enclosed pulsar the accreted m ateria l aquires a constan t angular m om entum  

per u n it m ass dependent on the neutron s ta r spin ra te  (Davidson, Pacini and Salpeter, 1971) 

leading to  the form ation of an effective centrifugal-gravitational po ten tia l $  per u n it mass. As 

m ore m a tte r  is accreted and heats up the potential well fills up to  $  «  0 producing an hour­

glass shaped central funnel. Accreted m a tte r th a t has an abnorm ally  low angular m om entum  or 

high tem pera tu re  m ay ‘evapora te’ from  the inner walls of the funnel and enter the acceleration 

region. T he ra te  of in-fall will increase as the density of the m ateria l in the toroidal po ten tia l 

well increases resulting eventually in the presence of a considerable am ount of m ateria l w ithin 

the funnel. T his m a tte r will be confined by the pressure of the dense torus and will be driven 

tow ards the sym m etry  axis of the configuration by the lateral com ponent of the rad ia tion  force. 

I t will then be subject to the greatest outw ard driving force since the ho ttes t p a rt of the  funnel 

will be directly behind the bullet. As the gaseous bullet accelerates rapidly its leading surface 

will experience a  ram  pressure as it im pacts on the am bient m edium  w ithin the funnel which, 

in conjunction w ith the aberrated  rad ia tion  pressure and the pressure provided by the  funnel 

walls, will confine the m ateria l as it accelerates to  a locus centred on the moving bullet. If the 

com pact object is a black hole, then a sim ilar centrifugal barrier to  th a t discussed above for
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a spinning neutron star will evolve but of course no angular m om entum  will be provided for 

the accreting material by the black hole, nor will there be any congregation of m atte r  in the 

vicinity of the black hole. As with the neutron star, material will spiral inwards as angular 

m om entum  diffuses outwards but only up to a radius r «  6G M /c 2 where M  is the mass of the 

black hole (Davidson and McCray, 1980). At smaller radii general relativistic effects dictate 

th a t  material will spiral inwards without further loss of angular momentum. There is no reason 

for the angular m om entum  per unit mass in the upper reaches of the accretion disc to fall below 

the lower limit in the disc equatorial plane. Consequently, if the thickness of the accretion disc 

is considerably greater than  ~  6G A //c2, a centrifugal barrier will be present perm itting  the 

formation of a funnel. (In SS433 the disc thickness is probably >  10n cm (see §1.6.2) which 

is roughly 4 orders of m agnitude greater than 6G A //c2 for a 10 M© black hole.) Material tha t  

enters this funnel will be subject to equivalent confining pressures found in the neutron star 

funnel and will be driven away from the central black hole as a gaseous bullet.

§2.6 Derivat ion of the  Equation of Motion

Consider two coordinate systems: an unprimed system (ZK) in the rest frame of the radiator 

and a primed system (ZK') in which the radiatively driven bullet, assumed to be spherical, 

is instantaneously at rest. In the unprimed frame the sphere moves with velocity v — c/?. 

The radiation force experienced by the sphere will be evaluated in the primed frame and the 

equation of motion derived from the transformation of this expression back to the unprimed 

frame.

U p

< -----

d c ;

F ig . 2 .1 . T he configuration geometry as observed in the instantaneous rest frame of the bullet: radiation originating 
from a surface element of the rad ia to r  at Q  impinges on a surface element of  the bullet, with unit  normal n'p , at P  
within a solid angle d f ig  about  a direction k_'. The  solid angle subtended by the area  element on the surface of the 
bullet, located at P ,  a t  the centre  of the bullet, O, is dfl'P

Now consider an area element on the surface of the sphere at P  and an area element on 

the surface of the blackbody radiator at Q  which subtends a solid angle dfig  at P  (Fig. 2.1).
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T he differential m om entum  flux a t P  due to  photons incident w ithin a solid angle d Q'q about 

kf and in the frequency range u' to  u' +  du'  is

=  (2.73)

where is the specific intensity  of the blackbody rad ia to r as observed in the rest fram e

of the bullet. Let the surface area elem ent on the sphere a t P  be denoted

d A ' = r ,2dQ'pn'p (2.74)

where r' is the radius of the sphere, dQ'p  is the solid angle subtended by the area elem ent P  a t 

the  centre of the  sphere and n p  is the  outw ard norm al a t P.  T he differential force a t P  due to  

photons incident w ithin a solid angle d ftg  abou t k and in the frequency range v '  to  v'  -f dv '  is

d2&> =  ~ ( d^ '  • =  r '2^ £ Q  d«£, dft'g (k ■ n P ) t  • (2.75)

Using the Lorentz invariant B u/ u 3 (Eq. 2.60) and the Lorentz transfo rm ation  v  — 7 ( 1  + k ■ fi)v'  

(Eq. 2.63) where the Lorentz factor 7  =  1 / \ J \  — fi2 (Eq. 2.5) th is can be expressed as

d 2/'^, =  - r ' 2 ( p j  ^ p -  d0,'p dQ'g (£ ' -h'P ) g

=  _ r ' 2M ! Q  dQ>  L ^ f .  k . (2 .7 6 )
c 7 3 (1  +  k  • f t )3

Using the expression for the Doppler shift (Eq. 2.63) and th a t for the transfo rm ation  of the 

ray p a th  vector (Eq. 2.62) it is possible to show th a t

d v 1 = -------^ ------- . (2.77)
7 ( 1  + £  -f t )

In tegra ting  Eq. (2.76) over all frequencies 1/ ,  by Eqs. (2.47), (2.49) and (2.77), yields

r°° r/2 V  ft1 r r°°
d 2f ' = --------d2f , d v '  =  d f l 'p d f t 'o  --------  /  B„(T)  du

-  J o  c 74(1 + * - f t ) 4  L™
k'

r> °rr+t l , P  j k  ILP=  n - M L ^ d f l p d f l o  = ^ = r  k  (2.78)
c ^  ~  7 4 ( 1  + k • ft)4

where T ( —k)  is the tem pera tu re  observed in the direction — k w ith the relationship between 

jc and  jc being given by Eq. (2.62). T he three-force acting on the sphere, as m easured in the
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instantaneously comoving frame (ZK'), is found by integrating Eq. (2.78) over all solid angles 

and therefore has the form

P  Q

T 4 ( - ' k C k \ p ) ) ( k '  -n 'p )k ' 

( i  + k - P ) 4
(2.79)

Since the integrand is suitably continuous for all physical values of ft the order of integration 

may be reversed giving

/ '  =  -
r‘-a  1 f  T  \ - k ( k , 0 ) ) k

/  1----------- / k  UpoUf
JSi '  a  +  k  - B ) 4 l/n '

(2.80)

To facilitate the integration over Q'p  in Eq. (2.80) I will assume tha t  all parallel raypath vectors 

incident on the surface of the sphere denote the paths of photons with the same frequency v ' . 

This will certainly be true for an infinite, isothermal radiator. However, for a radiator with a 

non-uniform tem pera ture  profile it is an approximation equivalent to assuming th a t  the sphere 

is small in comparison to the length-scale of any tem perature  variation.

F ig .  2 .2 .  in  th e  tra n s fo rm e d  basis , lo c a ted  in th e  in s ta n ta n e o u s  re s t fram e  o f th e  b u lle t, th e  i -a x is  is a ligned  o p p o s ite  
to  som e d ire c tio n  o f th e  in c id en t ra d ia tio n , k_ T h e  p h o to n s  in c id e n t u p o n  th e  su rfa c e  o f th e  b u lle t in th is  a rb i t r a r y  
d ire c tio n  a re  a ssu m e d  to  have th e  sam e  frequency , u ' , a n d  co llectively  illu m in a te  p rec ise ly  one  h a lf  o f th e  to ta l  b u lle t 
su rface  a re a .
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T he in tegration  over Q'P is then m ost easily perform ed in the  transform ed basis (denoted 

by a tilde) obtained by ro ta ting  the prim ed basis centred on the bullet such th a t the  new z-axis, 

z, is aligned opposite to  some direction of the incident rad iation  (Fig. 2.2). In th is basis

jc =  —(0 ,0 ,1 )  and n P  =  (sin ^ cos 0 , sin 0 sin <̂ , cos 0) (2.81a, b)

and the  in tegral over Q'p  reduces to

f  h'p dQ'p =  -  /  d j > [  
J n '  J o  Jo

c o s0 s in 0 d 0  =  — n (2.82)

Hence on su b stitu tin g  Eq. (2.82) in to  Eq. (2.80) the three-force experienced by the sphere can

be expressed as

r, _ c D  1 f  T \ - k ( k , 0 ) ) k
“4 “ fig (2.83)

q ( i  + k - 0 )

where D  =  n r '2 is the cross-sectional area of the sphere. I t now only rem ains to  transform  

Eq. (2.83) to  the unprim ed basis.

As detailed  in P a rt I, (Eq. 2.62) a  raypath  vector k  transform s according to

k +
k =

/ -txP'k.
(7 -  1 ) j T  - 7

7(1 - 0 - k )

and the elem ent of solid angle d fig  (Eq. 2.70) transform s according to

d fiodQ'„ =
7 2(1 — 0  • k )2

I t is triv ia l to show from  Eq. (2.62) th a t

! +  * ' • / ? =  1— -v27 2(1 -  0  ■ k)
(2.84)

which, along w ith Eqs. (2.62) and (2.70), when su bstitu ted  in to  Eq. (2.83) yields

0 - k
(2.85)

T he three-force, recalling Eq. (2.72), transform s according to

/ = -
“  7
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Hence, Eq. (2.89) can alternatively  be w ritten  as

2 * (2 * dT) + S  = iQ i ) g } ( l  - t h  (2.92)

where, in a cartesian  coordinate basis the general velocity vector 0  (in units of the speed of 

light) has the form

/ A \
0 =  I 0y I (2.93)

and the raypa th  vector k is given by

/  sin 6 cos <j> \
k =  I sin#  sin I . (2.94)

\  cos 9 J

In the following chapters I will investigate solutions to  this equation  for various funnel 

geom etries and tem pera tu re  profiles w ith particu lar em phasis on those w ith model param eters 

applicable to SS433.
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C hapter 3

M o tio n  A b ove  an In fin ite , Iso th erm a l R ad ia tor

$3.1 Introduction

To begin the analysis of solutions to the general vector equation of m otion derived in chap­

ter 2 I will consider the sim plest possible case: a bullet of constan t radius m oving above an 

infinite isotherm al p lanar or conical rad ia to r in which g rav ita tional effects are ignored. I shall 

investigate axial m otion above such a rad ia to r and progress to  general off-axis m otion. The 

correspondence of the rad ia to r geom etries is obvious: the infinite plane represents an idealised 

thin accretion disc whilst the infinite cone represents an idealised thick accretion disc funnel.

$3.2 Axial Motion

§3.2.1 T he A xial E quation  o f M otion

Let the rad ia to r be orien tated  such th a t for the plane, the surface norm al is aligned along the 

z-axis of a cartesian coordinate basis, whilst for the cone, such th a t the axis of generation is 

aligned along the z-axis. An axial velocity vector will then have the form

*= U J

and the vector equation of m otion (Eq. 2.89) will be given by

^ x \  crD 1 f ~ n
(3y = -------------- /  /  T 4( - £ ( M ) ) T ( / ? ; M ) ( l - & c o s 0 ) s i n 0 d 0 d < ?i (3.2)

y 2pz I ^moc2 7 Jo Jo ~

where

— X(/?; 0) <i>) =  k  — J 2 (1 — P • k )  0  =  I sin 6 sin <f> I (3.3a, b)
sin 6 cos <j>

df
7  (cos# — 0Z)

a id  0o corresponds to  the angle of incidence which a  photon em itted  a t infinity m akes w ith the 

positive z-axis. If the tem pera tu re  profile of the rad ia to r is azim uthally  sym m etric such th a t
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T (  — jc(9, <fi)) =  T{6)  then  the integral over <f> in Eq. (3.2) is triv ia l and yields

(P.x \  o-n i r°o
Py = -------------- /  T 4( 9 ) * ( p - , 0 ) ( l - p z c o s 9 ) s m 0 d 0  (3.4)

7 I 7rm0c 7  J o

where

* ( £ ; # ) =  / 2* T (£ ;# ,< ? i)d 0 =  ( o ) .  (3.5)
0 \2 7 T 7 2 (c o s  9 — p z) /

E quations (3.4) and (3.5) clearly dem onstra te  th a t if the m otion of the bullet is in itially  axial 

then it rem ains so for all la ter tim es, as would be expected from  consideration of the  sym m etry  

of the problem  alone. If the rad ia to r is assum ed to  be isotherm al such th a t T(0)  =  T  then  

Eq. (3.4) fu rther simplifies and, by Eq. (3.5), the axial equation  of m otion has the form

2/t D T 4 1 t 9°
P z  =  x /  (cos# — p z )  ( 1  — P z  cos#) sin fld#  (3.6)

m 0c2 7  J Q

which, by m eans of the substitu tion  /x =  cos#, can be re-expressed as

2 crDT4 1 f 1

L

° D T '  1 [ - 2 & / , 3  +  3 (l +  i8 , V - 6 M i .  (3.7)

2(tD t * i r
pz =  r -  ( A i - A ) ( l - A / i ) d # i

7 JUa
_  a D T 4 1

m 0c2 3 7

where /x0 =  co s# 0 and the Lorentz factor 7  =  1 / y l  ~ P ] -  T he acceleration is thus dependent 

on the bullet param eters, nam ely m ass and radius, through the ra tio  D / m 0, dependent on the 

rad ia to r geom etry th rough the integral lim it /x0 and, on account of the proportionality  to  T 4, 

is sensitive to  the blackbody tem pera tu re  of the driving rad ia tion  field. E quation  (3.7) can 

readily be m ade dim ensionlessf yielding

^  =  5 [ - 2 0 , t ?  +  3(1 +  A 2)//2 -  6 A /* ]i. (3.8)

where

t<i =  W t  and W  =  a D T 4 j m 0c2 . (3.9a, 6 )

The param eter W  obviously represents the ra tio  of the power intercepted by the bullet to  its 

rest m ass energy and, on account of its  p roportionality  to  m ust be large to  ensure rapid

f A variable th a t  has been m ade dim ensionless is denoted by the subscript ‘d \
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acceleration. Since the param eter D  represents the cross-sectional area of the bullet, Eq. (3.96) 

can alternatively  be expressed as

air  r ,2T 4 r/2T4
W  =  — --------« 2 x  1 0 "24---------  . (3.10)

cJ m 0 m 0

It should be recalled from  §2.6 th a t for an isotherm al rad ia to r, the derived equations of m otion 

are exact even if the size of the bullet is com parable to  th a t of the cone. The only constrain t 

im posed on the bullet radius is therefore obvious: r'  m ust be such th a t the bullet fits within 

the funnel. As rem arked in §3.1, the bullet radius has been assum ed constan t and therefore, if 

the  bullet is in itially  a t rest or approxim ately  so such th a t  r  «  r ' , its radius m ust satisfy

r < z0 sin a  (3 1 1 )

where z0 is the s ta rtin g  height of the bullet centre above the apex and a  is the half-opening

angle of the conical rad ia to r. Hence, by Eqs. (3.10) and (3.11),

W  <  2 x 10“ 24—  z02 sin2 or . (3.12)
m 0

T his is a general upper bound on the param eter W ,  the absolute upper bound occurring when 

the bullet is optically  thin. If the bullet is composed of fully ionized hydrogen and is optically 

th in , the to ta l cross-section th a t it presents to  incident rad ia tion  is D  — N e<7T where N e is the 

to ta l num ber of electrons w ithin the bullet and <t t  is the T hom son cross-section. The m axim um  

value of the param eter W  is then given by

Wmax =  7----- ■■T4 =  — ^ —  w e «  2.5 X lO - ^ T 4 (3.13)
( m e + m p ) c2 m e +  mp

where W e represents the param eter W  for a  single electron. A rough lower bound can be placed 

on W  by assum ing th a t a t form ation the bullet num ber density is com parable to stellar central 

densities; typically n e ~  1032 m - 3 . For such a num ber density, the bullet radius is

1.1 x l ( T 2m 03 (3.14)
47t \ m e +  m p J  n 

and consequently the approxim ate range for the param eter W  is

2.4 x 1 0 - 234  < W  < 2 x 1 0 "24— z js in 2 ** <  2.5 x 1(T 26T 4 . (3.15)
m 3 m 0

For SS433 in particu lar, physical constrain ts im posed on the bullets if they are to be 

collisionally heated (Brown, Cassinelli and Collins, 1991) indicate th a t they subtend an angular 

radius of ~  0.01 radians a t the central source and have a m ass in the range 5 x 1020 < m 0 < 

1021 kg. VLBI observations (Vermeulen, 1989) have revealed th a t the blobs are produced,
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on average, every 2-5 days. Since the kinetic lum inosity  Z-k .e . =  rnv2/ 2 of the je ts  is 1039 — 

104° e rg /s , the bullets m ust have masses in the approxim ate range 6 x 1021 <  m 0 <  1023 kg. The 

line w idths of the m oving optical lines suggest th a t  the je t  opening angle is less th an  0.1 radians 

(Begelm an et al., 1980) whilst the  tem pera tu re  a t the base of the je ts  probably lies between 

5 x 108 K and 8 x 108 K (B rinkm ann et al., 1991).

T he neglect of g rav ita tional effects is a justified approxim ation. Regardless of how the 

je t  acceleration works, the X-ray observations (§1.5.2) indicate th a t the  em ergent bullets are 

already m oving a t the term inal speed of 0.26c w ithin a  distance of ~  1010 m from  the  central 

engine which necessitates th a t the driving rad ia tion  force m ust greatly  exceed the  force of 

gravity. T his does not, however, m ean th a t gravity  is negligible over the  entire length  of the 

accretion funnel from  the im m ediate vicinity of th e  com pact ob ject outw ards. T his can readily 

be appreciated  by com paring the resu ltan t rad ia tion  force /  experienced by the bullet w ithin 

the  funnel w ith the force of gravity f grav- By Eq. (3.8), w ith =  0 and /i0 =  — cos a ,  the 

rad ia tion  force is approxim ately given by

/ ^  =  5 . 9 x l 0 1̂ ( I ^ ) 2 a i 2i ,  (3.16)

where a _ 2  is the constant angular radius of the bullet in un its of 10“ 2 radians. If one ignores 

any general relativistic effects and neglects the mass a ttr ib u tab le  to the accretion disc and 

considers only th a t of the central com pact object M x , the grav ita tional force is given by

f  = _ 1.3 x l 0 33 ( M v / ^ ) m £2,
- 0 ra’J (z /1 0 k m )2

where Tg =  T /1 0 8 K and sim ilarly m 021 =  m o/1 0 21 kg. For outw ard acceleration to  be possible, 

in the  absence of any o ther forces, f rad > f grav or equivalently, by Eqs. (3.16) and (3.17),

2: / 10km >  1.2 x 104 . (3.18)
± 8  CV-2

T hus, outw ard acceleration of the bullet is not possible for distances less th an  ~  108 m  from  the 

central engine which, although large, is sm all com pared to  the probable upper lim it o f 1010 m 

over which the acceleration takes place. Indeed, the derived bound  of ~  108 m will likely be 

sm aller in reality on account of the decrease in tem pera tu re  of the  funnel walls w ith increasing 

d istance from  the com pact object. In addition , for the system  (disc) to  be in equilibrium  outside 

the je ts , the disc m ateria l m ust be supported  against gravity  by a  com bination of ro ta tio n  and 

a tem p era tu re  near the surface of the  com pact object in excess o f 108 K which will fu rther 

lower the lim it on 2  in Eq. (3.18). T his tem pera tu re  constra in t can be deduced by equating  

the rad ia tion  pressure a t the surface of the com pact object to  the  pressure a ttr ib u ta b le  to 

g rav ita tional a ttrac tio n . If one neglects any contribution  to  the  support of the disc by the 

cen tripetal force and assum es th a t the  accretion disc is spherical, has a radius m uch greater
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th an  th a t of the com pact object, is of uniform  density and is in hydrostatic  equilibrium  then, 

by solving the hydrostatic  equation  of equilibrium  it can be shown th a t the pressure a t the 

surface o f the com pact object P ( R x ) is given by

1 + 2 M x
M ad

Rad
H x

(3.19)

where the  subscripts <‘ad ) and ’X ’ refer to  the accretion disc and the com pact object respectively. 

If  th is g rav ita tional pressure is countered solely by rad ia tion  pressure then, in the lim it where 

Rad  ^  R x ,  the tem pera tu re  a t the surface of the com pact object necessary to  su pport the 

thick disc is

Tg ~  1.3
( M a d / l O M o ) ( M x / M Q)

R a d J R x /  10km)
K (3.20)

Hence, on the basis of the  com m ents above and by Eq. (3.15), the range of the p aram eter 

W  appropriate  for SS433 is

T 4 T 4 z^ n-2
2.4 x 10~3— <  W  < 0.2 - <  2.5 x 1067 ^1 /3  -m 0;, m c

(3.21)

where, for the inner regions of the je t, Tg probably lies in the range 5 <  Tg <  8. T his is of 

course a great over-sim plification. In a m ore realistic representation of the acceleration funnel 

the cone should be finite in size and have a surface tem pera tu re  th a t decreases w ith increasing 

distance from  the apex. Such a m odel will be considered later in chapter 4.

The resu ltan t rad ia tion  force /  experienced by a s ta tionary  bullet located above an 

infinite isotherm al plane is directed along the norm al to  the plane and has m agnitude

<j T a 
f rad =  D . (3.22)

If all relativ istic  effects are ignored then the  rad iation  force experienced by the bullet for all 

later tim es will be given by Eq. (3.22) and, for a  bullet of constant rest m ass, the tim e taken 

to  accelerate to  a speed v will be sim ply

moCtM  ̂ j
v a T 4 D

Consequently, the param eter W  can be regarded as denoting the tim e taken for the bullet to 

accelerate from rest to the speed of light and as such represents a  m easure of the  characteristic 

tim escale of the problem  t c = l / W .  For an electron, by Eq. (3.13), t c ~  (3 .8 /7 s )4 s w hilst for 

a  bullet of m ass m 0 =  1021 kg and num ber density n e =  1032m - 3 , by Eqs. (3.10) and (3.14), 

the characteristic tim escale is t c ~  (4 .5/Tg)4 s. Note, however, th a t the assum ptions adopted
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above are at best inaccurate and th a t  the outlined arguments provide a crude description of 

the param eter \V.

§3.2 .2  T h e  P l a n e

T he  plane represents a specific case of the general conical radiator in which the semi-angle

a =  tt/ 2 . A photon em itted  infinitely far from the bullet will, in the rest frame of the radiator,

make an angle 0o =  tt/2  with the positive 2-axis. Thus fj,0 = 0 and the dimensionless, axial 

equation of motion, by Eq. (3.8), is

A -  = i v / iT r ^ l ( 3 A 2 - 8 A + 3 )  . (3.24)

From inspection of Eq. (3.24) it is clear th a t  a physical solution to 0 ,d = 0 exists. This occurs

at, f3z =  /?oo where

4 -  \ /7
P o o  = — Y ~  «  0.4514 (3.25)

is the terminal speed of the bullet above the plane. The terminal speed is clearly independent 

of the param eter  W , unlike the acceleration which is directly proportional to W .

2

l

d&
did

decelerationaccelerationdeceleration

o

0 -1

F ig .  3 .1 .  T he  dimensionless acceleration experienced by a spherical bullet moving axially above an infinite, isothermal, 
p lanar  r ad ia to r  p lo tted  as a function of the bullet  speed (in units of c).

A plot of d 3z /d td  as a function of f3z (Fig. 3.1) contains two distinct deceleration regions 

with the first, for motion towards the radiator ( — 1 <  j3z < 0), having a maxim um  a t /3Z «  

— 0.674 and the second, for motion away from the radiator but at a speed in excess of the terminal 

speed (Poo < fiz < 1), having a minimum at (3Z % 0.797. Between these two deceleration bands 

lies the acceleration region (0 < (3Z < /?oo)-



60

0.5

0.2

■d

F ig s .  3 . 2 a , b .  T he  results of integrating the equation of  motion for a  bullet moving above an infinite, isothermal, 
p lanar  rad ia to r  with the initial condition 0: (a) speed (in units of c) versus dimensionless time, (b) speed (in units 
of c) versus dimensionless distance.

A . 1% 0 .1%

0

- 0 .9

+0.9

2.685

3.180

3.471

4.145
4.640

4.937

T a b le  3 .1 .  The  degree of  terminal speed a t ta inm en t .  T he columns headed 1% and 0.1% show the dimensionless time, 
t j,  taken for a bullet with the selected initial speeds, 0 tQ , to  be within 1% and 0.1% of the terminal speed respectively

The terminal speed is, in reality, an asymptotic  limit th a t  the bullet approaches as its 

journey time and its distance from the plane tend to infinity. The results of a numerical 

integration of Eq. (3.24) for a bullet with an initial speed 0Z — 0 are shown in Figs. 3.2a,b 

whilst the dimensionless a t ta inm ent times for both this bullet and those with initial speeds 

of ±0.9c are tabulated  in Table 3.1. The latter initial velocities have no particular physical 

significance but they do illustrate what appears at first sight to be a peculiarity: Inspection of 

Table 3.1 shows th a t  a bullet with initial velocity —0.9c has a more rapid degree of terminal 

speed a t ta in m en t  than an identical bullet with initial velocity +0.9c. This is indeed bizarre if one 

recalls, from Eq. (3.25), th a t  «  0.4514. An understanding of the reasons for this behaviour 

can be appreciated from Fig. 3.3 which depicts the comoving angle of incidence O' (with respect 

to the c'-axis) of a photon emitted infinitely far from the bullet as a function of /?, and from 

Fig. 3.4 which shows the ratio of frequencies v '/u  as a. function of (3t for photons emitted 

infinitely far from the bullet (0  =  t t / 2 )  and for photons emitted from the region of the plane 

directly below the bullet (0 =  0). These graphs are of course representations of the phenomena 

of Doppler shift and aberration which I have already discussed in §2.4.4 and §2.4.5 respectively. 

It is evident from Fig. 3.3 th a t  for any j3z ^  0, photons em itted  infinitely far from the bullet 

will, in the comoving frame, appear to be incident from ahead. These photons thus serve always 

to decelerate the bullet. As the m agnitude of the bulle t’s velocity increases it can be seen from 

Fig. 3.4 th a t  the energy of these photons and of course their momenta, as perceived in the bullet 

frame, also increases; particularly so for \{3Z \ > ~  0.5. This, in tandem  with their increasingly
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F ig .  3 .3 .  The angle of incidence (with respect to the positive *'-axis),  as observed in the rest  frame of the bullet,  of 
a photon em itted  infinitely far from the bullet versus the axial bullet speed.
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F ig .  3 .4 .  The  ra t io  u ' / u versus I3Z for photons em itted  infinitely far from the bullet, 0 =  7r/2, (dashed-do tted  line) and 
for pho tons  em itted  from the region immediately below the bullet, 0=0, (full line).
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m ore forw ard direction of incidence, m eans th a t photons em itted  from  the extrem ities of the 

rad ia to r act dynam ically to  reduce the m agnitude of the b u lle t’s velocity. Photons em itted  

from  the region directly below the bullet suffer negligible aberration  and are therefore always 

incident w ithin some sm all solid angle abou t the z-axis. These photons will always drive a 

bullet away from  the p lanar surface and can therefore act to  decelerate or accelerate the bullet 

depending on the direction of its m otion. From  Fig. 3.4 it can be appreciated  th a t, on account 

of the D oppler shift of these photons, a  bullet moving highly relativistically  tow ards the plane 

will be rapidly  decelerated by photons em itted  from  directly below it whilst a  bullet moving 

highly relativ istically  away from  the plane will be accelerated a t a  considerably reduced rate 

by the sam e photons. It can be realised, therefore, th a t all photons em itted  by the rad ia ting  

plane ac t to  decelerate a bullet m oving tow ards it whilst only those em itted  from  its extrem ities 

decelerate a bullet m oving a t a  super-term inal speed. T his enhanced deceleration experienced 

by bullets m oving tow ards the plane and the tendency of photons em itted  from  the region of the 

p lane directly below the bullet always to drive the bullet from  the plane regardless of w hether 

it has a super-term inal speed or not make it possible for a highly relativistic bullet directed 

tow ards the plane to  have a m ore rapid degree of term inal speed a tta in m en t than  an identical 

bullet m oving with the sam e speed away from the plane. This tendency is m anifest in Fig 3.1 by 

the generally greater m agnitude of the ‘negative’ deceleration region com pared to  the  ‘positive’ 

deceleration region.

T he zero end-points which occur a t \(3Z\ =  1 in Fig. 3.1 are worthy of explanation . A 

m ateria l particle can never a tta in  \(3Z\ — 1 bu t in the lim it |/?2 | —► 1, |d ,^ /d /d | — 0 indicating 

th a t a super-relativ istic  bullet suffers m inim al deceleration. T his does not m ean th a t the 

m agnitude  of the rad iation  force on the bullet also tends to zero; on the contrary, the m agnitude 

of the rad ia tion  force tends to  infinity. The axial three-force experienced by a body of constant 

rest m ass m 0 m oving a t speed 0 Z, by Eqs. (2.11), (2.14), (2.19) and (2.87), is

fz  — m 073c . (3.26)
di

T hus, by Eq. (3.24), the axial rad ia tion  force experienced by the bullet is

£ -  80Z + 3  x
f . = m . c W  (3.27)

which, by the in troduction  of the  dimensionless rad iation  force f Ztj =  f z / m 0c\V,  can be re­

expressed as

Zf i  -  8ft + 3 
3(1- A 2)

/*„ =  L T  ■ (3-28)

Clearly, therefore, / - d —*■ ± oo  as j3z —► qpl. The dimensionless rad ia ton  force is, of course, zero 

only a t (3Z = (3^.
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As already m entioned, the principal driving force originates from photons em itted  from  

the region on the rad ia ting  plane directly below the bullet whilst the principal inh ib iting  force

originates from photons em itted  infinitely far from  the bullet. T he differentiation between

driving and decelerative photons can be m ade m ore precise: In the comoving fram e, all photons 

incident with O' >  7t / 2  decelerate the bullet whilst those incident w ith O '  <  7t / 2  drive the bullet. 

By the aberration  form ula (Eq. 2.65) a  photon incident a t an angle O '  =  t t / 2  in the comoving 

fram e is observed in the rest fram e of the rad ia to r to  be incident a t an angle 0* where

0* =  arccos(3Z . (3.29)

Therefore, in the rad iation  source rest fram e, all photons incident a t an inclination 0 to  the 

positive z-axis in the range 0 <  0 < 0m (0Z < fi <  1) accelerate the bullet whilst all photons 

incident in the range 0* < 0 < 7t/2 (0 < / * < & )  decelerate the bullet. The individual 

contribu tion  m ade by both  photon fluxes to the m otion of the bullet can now be deduced. Let 

the to ta l acceleration of the bullet be given by

a <  =  k r  -  (3.30)

where f3 ^cn and p^ecn are contributions to the to ta l dimensionless axial acceleration by the 

accelerative and decelerative photon fluxes respectively. T hen, by Eq. (3.8),

+  (3-31a)

and

= 5 (3 -  A  2) A  2 - (3.316)

T he behaviour of and cn as a function of j3z are shown in Fig. 3.5. The solid angles

subtended  by the two photon fluxes a t the bullet in the rad ia tion  source rest fram e are

/•arccos f3t

Qaccn = 2n  sin 0 <30 =  27r (1 — (3Z) (3.32a )
Jo

Qdecn — 2tt j  s in # d O  =  2 tt (3z (3.32b )
•/arccos

Evidently, as the bullet accelerates from  rest, QacCn decreases linearly w ith 0 Z w hilst Qdecn 

increases from zero linearly w ith (3Z up to 27r/?oo.

From the discussion above it is in tu itively  obvious th a t the term inal speed above an infinite 

p lan ar rad ia to r with a tem pera tu re  profile th a t decays from the centre outw ards will be greater
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than  th a t  above an infinite isothermal plane. This problem will be addressed quantitatively in 

chapter 4.
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Fsg. 3 .5 .  The accelerative and decelerative com ponents  of the to tal  dimensionless, axial acceleration versus the axial 
speed of  the bullet  T he  crossover point marks the terminal speed

The behaviour of a bullet subject to a small perturbation e from the terminal speed can 

readily be deduced by linearising Eq. (3.24): Let the bullet be perturbed by a small am ount e 

form the terminal speed p ^  such tha t

Pz — 0OO +  C (3.33)

where |e| <C 1. Substitu tion  of Eq. (3.33) into Eq. (3.24) yields

dc 2
^ 7  =  j V l - / % ( 3 / 3 „ - 4 P  + o ( d ) (3.34)

which, ignoring terms of o(e2) and higher, can be integrated to give

:(Zd ) =  e e x p j  |  y / l  -  0 ^  ( 3 & 0  -  4 )  *d j  

«  c exp {-1 .574  Zd} • (3.35)

Thus, the dimensionless e-folding time for reversion back to the terminal speed is ~  0.635 which 

is, from inspection of Fig. 3.2a, comparable for the time taken by the same bullet to accelerate 

from rest to approximately one third of the speed of light.



65

§3.2.3 T h e  C o n e

A photon em itted  from the surface of an infinite conical radiator of semi-angle a ,  infinitely far 

from the bullet will make an angle 60 = tt — a  with the positive z-axis. Hence p 0 =  — cos a  and 

by Eq. (3.8) the dimensionless axial equation of motion is

=  -  \ / l  — /3~ {3/?? sin2 a  — 2& (4  +  cos3 a  -f 3 cos a )  +  3 sin2 a}  . (3.36)
O

F ig .  3 .6 .  An isometric projection of the m agnitude  of the dimensionless bullet acceleration p lotted as a  function of 
the bullet  speed, 0 t , and the funnel semi-angle. The bullet speed increases from -1 to 1 along the base axis labeled 
X whilst the funnel semi-angle,  a ,  increases from 0° to 90° along the  base axis labeled Y. The  bo t to m  of the trough  
marks the  domain in 0 t and a  for which the bullet moves at a constant  speed.

An isometric projection of the m agnitude of the dimensionless bullet acceleration as a function 

of the semi-opening angle of the cone and the bullet speed is shown in Fig. 3.6. T he clearly 

defined trough delineates the region where the dimensionless acceleration is zero and therefore 

corresponds to the terminal speed of the bullet for a given cone opening angle. By setting the 

dimensionless acceleration equal to zero, it can easily be shown th a t  the functional dependence 

of the bullet terminal speed on the cone semi-opening angle a  is given by

a i \ i \ rrr\— ? i / \ 4 + cos Q + 3 cos«Poo(a) =  P (a)  -  V P  (a ) -  1 where p(a )  =  --------- . ,-----------3 sin“ a
(3.37a, 6)
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F ig .  3 .7 .  The terminal speed, /?oo, versus the funnel semi-angle,  a ,  in degrees.

A plot of the terminal speed as a function of the semi-opening angle a  is shown in Fig. 3.7. 

Although Eqs. (3.37a, 6 ) are valid for a  >  90° these values have not been displayed since such 

inverted conical radiators have no physical significance. For the bullet to have a terminal speed 

of 0.26c, the same as th a t  observed in SS433, the required semi-opening angle of the cone is 

~  67.1°. This is far greater then the funnel opening angles predicted to occur in the accretion 

discs of compact objects undergoing highly supercritical accretion such as SS433. The required 

half-opening angle of ~  67.1° is also incompatible with the observations which indicate th a t  a 

representative half-opening angle is ~  1° unless the bullet is much smaller than the funnel. This 

latter condition may be satisfied if the radiation field within the funnel contributes significantly 

to the collimation process (see §3.3.2 and §3.3.3).

For cones with small half-opening angles, using the s tandard  trigonometric power series 

expansions (Gradshteyn and Ryzhik, 1980),

27 81
cos 0 = 1  — — a  +  — o  +

28 96
2 1 1 1 o 2 4

CSC CV = ^  + 3 +  l 5Q'“ + l 89a  +

(3.38a)

(3.386)

(3.38c)

it is possible to show th a t

. 8 J  53 2 59 4 \
P(Q)= 3 ^  { ‘ - 1 9 2 “  “  3840° + " j (3.39)
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and

r r -^,— 7 8 [ 53 2 329 4 1 ,
“ 1 = 5^5 j 1 “ 192“- -  agio °  + " j  (340>

and th a t  thus, the terminal speed is dependent on a  according to

(3.41)

Hence, the terminal speed for a bullet within a funnel with an half-opening angle of ~  1° is 

~  5 x 10- 5 c which is approximately three orders of m agnitude less than  the observed velocity 

of the optical bullets. It is obvious th a t  narrow, isothermal funnels are totally unsuitable for 

the a t ta inm en t of high terminal speeds. The reason for the decrease in the terminal speed with 

decreasing opening angle evident in Fig. 3.7 is simple: as a  decreases a greater proportion of 

the radiation th a t  impinges on the surface of the bullet originates from regions more directly 

ahead of the bullet. These photons impede the acceleration and restrict the terminal speed to 

lower values. The degree to which these inhibiting photons limit the terminal speed will be 

less in reality since the surface tem perature  of the funnel walls will decrease with increasing 

distance from the central compact component making the a tta inm ent of higher terminal speeds 

possible. In chapter 4 I will consider the tem perature  gradients required for this effect to be 

im por tan t  in SS433.

For completeness, consider the limiting case in which a  =  0. In this limit Eq. (3.36) reduces

to

0 i  =  - y ^ l  - / J 2 /3 (3.42)

which represents motion within an isotropic radiation field. Consequently there can be no 

preferred direction; the bulle t’s velocity vector, in the absence of all other forces, will be recti­

linear and will therefore have a single component which has been denoted by 0. Integration of 

Eq. (3.4*2) yields

Poo{a) = - f -a r  +  
16

7 ^ d ’7°^ ~  I ^  w h e r e  M < d , 7 o )  =  e x p ( - ^ d ) (3.43a, b)
1 +  n[td,  To) To +  1 3

and To is the Lorentz factor of the bullet at td = 0. These equations can readily be solved for

/3 to give

0 ( < d , T o )  (1 +  r 0 ) e x p ( - f  <d ) 7o _  i
    =  ----------------------or—r  where T0 =     . (3.44a, 6)

0o 1 +  r 0 exp(--^T d)  To +  1
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T he kinetic energy of a  bullet w ith (constant) rest m ass m 0 and Lorentz factor 7 , in u n its  of 

the rest m ass energy, is E k e & — 7 ~  1- Hence, by Eqs. (3.43a, b), the  ra te  of kinetic energy loss 

for a  bullet m oving w ithin an isotropic rad iation  field is given by

E KEd =  f c l l  =  - g *  . ( 3 .4 5 )
d'd  3 [ 1 To)]2

An obvious application of Eqs (3.43a, 6 ), (3.44a, b) and  (3.45) is to  the m otion of a  bullet 

th rough  the microwave background, the spectrum  of which can be fitted  rem arkably  well by a 

blackbody w ith a tem pera tu re  of T  = 2.735 ±  0.06 K (M ather et al., 1990). In th is context the 

term  ‘b u lle t’, ra ther than  referring to  a  conglom eration of m a tte r  as it has previously, is m ost 

applicable to  a free particle such as an electron for which, by Eq. (3.13), td «  2.6 x 10- 2 1 1.

Consider now the contribution  m ade to  the to ta l dim ensionless acceleration by the accel­

erative and decelerative photon fluxes. As in the p lanar case, all photons incident in the  range 

0 <  9 < 0* (flz < fi <  1) accelerate the bullet and therefore fl*ccn for an infinite, iso therm al 

cone is identical to  th a t for an infinite, isotherm al plane which is given by Eq. (3.31a). The 

range of incidence angles for the decelerative photon flux in the  conical case is 6* < 6 <  7r — a  

(—cos a  <  n < Pz) and thus, by Eq. (3.8),

=  -  5  V ^ f i !  (fit +  cos a ?  (fit  -  20,  cos a  -  3) . (3.46)

T he im p o rtan t point to note is th a t the contribution  m ade by the driving photons is independent 

of the  cone sem i-angle whilst the decelerative contribution  increases as a  decreases for a  given 

(3Z. T he solid angle subtended by the driving photon flux a t the bullet, as observed in the 

rad ia tion  source rest fram e, is also independent of a  and is given by Eq. (3.32a) whilst the  solid 

angle subtended by the decelerative photon flux is

/*7T — a

Qdecn =  27t I s in fld#  =  2 tt(&  + co sa r)  . (3.47)
J  arccos/?.

T he behaviour of 0,accn/Q,rad and Cldecn/Qrad,  where Q rad =  Qaccn +  Qdecn is the solid angle 

subtended  by the entire rad iation  field, as a  function of a  for a  term inal speed bullet is shown in 

Fig. 3.8. As the cone angle increases the proportion of the rad ia tion  field which contributes to  

the acceleration increases whilst the proportion th a t contributes to  the  deceleration decreases. 

T his coincides w ith an increase in the term inal speed of the bullet.

E quation  (3.36) can be linearised to reveal the behaviour of the  bullet under sm all per­

tu rb a tio n s from  the term inal speed. By Eqs. (3.33) and (3.37a, 6), such an analysis indicates 

th a t

=  - 4 - (I  - / & ) *  sin2 a c  (3.48)
Clld Poo
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F ig .  3 .8 .  The respective ratios n accn/ f2 r a d and C l d c cn / ^ r a<t versus the funnel semi-angle, a ,  for a bullet moving at 
the terminal speed given by Eqs (3.3 7 a ,6).
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F ig .  3 .9 .  The  e-folding time for reversion back to the  terminal speed versus the funnel semi-angle, a ,  for a  bullet 
moving axially within an infinite, isothermal funnel.
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which can be in tegrated  to  give

e(<d) =  c exp < - _ ( ! _ / & ) *  sin* or
, P oo

td
} ■

(3.49)

A plot of the dimensionless e-folding tim e for reversion back to  the term inal speed as a  function 

of a  in the range 1° < a  < 90° is shown in Fig. 3.9. For sm all opening angles, by Eqs. (3.41) 

and (3.49),

e(<d) =  € exp (3.50)

T hus, for narrow  funnels, the dim ensionless e-folding tim e is independent of the sem i-opening 

angle of the cone and is equal to 3 /16.

§3.3 Non-Axial Motion

§3.3 .1  T h e  O ff-A x is  E q u a t io n  o f  M o t io n

Let the rad ia to r be oriented as in §3.2.1 and let the  bullet move w ith a general velocity above 

the rad iator. T he general velocity vector is given by Eq. (2.93) and, by Eqs. (2.92) and (2.94), 

the general equation of m otion of the bullet will have the form

d 0 \  d 0  a D  1 f 2w [ 9° ~
0 *  | 0 x  -=  ) +-T7 =  n —  /  r 4(- i(0 ,^))T(2;MK(£;M)sin0d0d<>

Jo Jo
(3.51)

— dt J  df 7rm0c2 y 3

where

C(/?; 0, <p) = 1 — 0  ■ k =  1 — 0X sin 9 cos <t> — 0y sin 6 sin<p — 0 Z cos 6 (3.52)

and

/  sin 9 cos (f> — 72C(/?; 9 , <p)0x 
T(0]9,<t>) = k ~  'y2C{0',9,<f>)(l= ( sin9sin<f> -  j 2({0-,9,<i>)0y 

\  cos 9 -  J 2((0]9,<f))02
(3.53)

If the tem pera tu re  profile of the rad ia to r is az im uthally  sym m etric such th a t T{9,4>) =  T{9),  

the in tegration  over (f> can be readily perform ed. M aking use of the results

f 2n

I C2(/£; 9,0)  d<j) =  n {2 — 40z cos 9 -|- (0 2 +  0 2) sin2 9 +  202 cos2 9} =  ?r£(/?; 9) (3.54a) 
Jo

/>2jt
/  C(0 :9 , 0) d0  = 2 7r(l — 02 cos9)  (3.546)

Jo  ~

i  {3Mc)
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in tegration  of Eq. (3.51) over <f> yields

)sin 0 d9 

(3.55)

where £(/?; 6) is defined by Eq. (3.54a). By invoking the vector iden tity  given by Eq. (2.91), m ul­

tip ly ing  the x  and y  com ponents by f3x and /3y respectively and adding the resulting equations 

it is trivial to  show th a t

d /? \ dp <tD  1 [ e° 4,„x 
/  T a{9)

Jom 0 c2 7 3

Px sin 6 +  7 2£(/?; 9) Px 
p y sin2 9 +  7 2£(P\ 9 ) p y 

—2 ( 1  — Pz cos 9) cos 9 +  y 2£(P

_1

7
a D  i r 0°

( P  ■ P ) { P l  +  P ^ )  d J ( P x P x  +  P y P y )  —

m 0c2 7 3 J 0
f  ° T 4(0) { (Pi  +  Pi)  sin2 9 +  7 2m  m l  + P 2y)}  sin 9 d 9 . (3.

Jo
56)

If the com ponent Pr is now defined by

3r =  J  f t  + then  0r = M ^ h h -  (3.57a, 6)
V y / f t  +

and, if /?" -f /? 2 ^  0 as indeed they m ust for off-axis m otion, Eq. (3.55) can be rew ritten  as

( 0 . i 3 ) i3 + ± ; l3 = — ? J L L f ' >° T i ( 6 ) (  / 3rS, n’ el f L  ,  ) s i n « d t f  (3.58)
 ----- T_ _  m 0c2 7 3 J 0 \  - 2 (1  -  Pz cos 0) cos 0 +  v Z ( P , 0 ) P z  J

where the general velocity vector P has the form

£ = ( £ ) •  (359)
The Pr term  now denotes the velocity com ponent perpendicular to  the z-axis whilst the p z term

retains its original m eaning. T his sim plification of Eq. (3.55) reflects not only the azim uthal

sym m etry  of the tem pera tu re  profile of the rad ia to r b u t also its infinite extent. For m otion 

above such a rad ia to r there are only two orthogonal velocity com ponents and any m otion m ust 

therefore be confined to a plane. T he plane of the m otion is determ ined by both the in itial 

velocity of the bullet and by its in itia l position. If the rad ia to r is isotherm al such th a t T(9)  =  T  

then , by m eans of the substitu tion  y. =  cos0, Eq. (3.58) further simplifies to

(3 0 ) 3  +  1 3  -  1 /7 +  (3 6 0 )

where

i { 0 , n )  =  (2 3 l  -  3'ir ) t ?  - 4 3 , n  + Pr +  2 (3.61)
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and the param eter W  (Eq. 3.96) has been absorbed in the usual manner to make the equation 

dimensionless. Solving Eq. (3.60) for f3rd and (3Zd yields the coupled system of differential 

equations given by

1 f 1
A d =  A  /  {(A2 - 2A2 - l ) A - 2A / i  +  ( l - A 2 )+ « ( A /< ) }  (3.62a)

7 J no

1 f 1
Ad =  - /  {(2A2 - A 2 - 2 ) +  2 ( 1 - ( ( A / / ) A }  d*< (3.626)

which upon substitution of Eq. (3.61) and integration over /z yield

Ad =  |  a/ i -  A2 - A 2 {3(1 - M 2) A  +  ( - a ! +  9^0 - 8 ) }  A  (3.63a)

Ad = j v ' l  -  A2 -  A2 {3(1 -  M2) A2 -  2 ( - /< 2 -  3/i„ +  4) A  +  3(1 - M 2)} . (3.636)

§3 .3 .2  T h e  P l a n e

In this case /i0 =  0 and Eqs. (3.63a, 6) reduce to

A .  =  1 0  -  A3 -  A2 {3A  -  8 ) A  (3.64a)

Ad =  j  \ / l - A 2 - A 2 {3/3? -  8A  +  3} . (3.646)

It can be seen immediately th a t  if f3r =  0 then Eq. (3.646) simplifies to  Eq. (3.24) which describes 

purely axial motion and, in addition, th a t  [3r<i =■ 0 indicating th a t  the motion remains axial for

all later times. Since 3(3t — 8 < 0 for all /3Z and 0 < I / 7  <  1 for all /^.and f3r , it can be deduced

th a t  motion parallel to the plane is damped. An illustrative numerical solution to Eqs. (3.64a, 6) 

with an initial velocity =  (0.5,0) is shown in Figs. 3.10a,b. The velocity component parallel

0.5

0.4

0 .3

0 .2

0.1

0,

0 .2

t  d

F ig s .  3 .1 0 a , b .  A numerical solution of Eqs. (3 .64a,b)  with the initial condition =(0.5,0): (a) dimensionless distance 
versus dimensionless time; (b) dimensionless speed versus dimensionless time. The d istance traversed by th e  bullet 
from its release point is j j =  whilst the bu l le t ’s speed /?= \ J /?;:+/?*
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to the radiating surface is strongly damped on a characteristic time scale comparable to tha t  

for terminal speed atta inm ent. The form of the solution for flz {td) in Fig. 3.10b is very similar 

to th a t  for axial motion illustrated in Fig. 3.2a. This is to be expected given the likeness of 

Eqs. (3.24) and (3.64b). The solutions are, however, not identical: for a given (3Z and any 

m utually  realisable non-zero f3r , the axial acceleration component for a bullet moving off-axis 

is reduced by a factor

1 - f t - f t  
\ - K

(3.65)

compared to an identical bullet moving axially with the same /3Z above the same radiating 

plane. Obviously, as f3r increases the factor g decreases and the axial acceleration component 

decreases proportionately and, consequently, the terminal speed a t ta inm en t t im e increases.

In the Newtonian limit ()3 <C 1), Eqs. (3.64a, 6) decouple to yield

P r d -  Vr ~  Vro e x p  ( - ~ t d (3.66a)

~  1 vz ~  cld +  v. (3.666)

Evidently, in this limit, there is no terminal speed though the velocity component parallel to 

the surface of the plane is exponentially damped with an dimensionless e-folding time of 3/8. It 

m ust however be reiterated th a t  Eqs. (3.66a, 6) are only valid for 3  <C 1 and, since the terminal 

speed ficv is the same for all bullet and plane configurations, the equat ions apply only to the 

initial stages of the motion of a bullet released with a small initial velocity.

:d

F ig s .  3 .1 1 a ,b .  Collimation above an infinite, isothermal p lanar  radiator:  (a) the dimensionless distance normal to 
the  plane,  versus the dimensionless distance parallel to  the plane, r d , (b) the angle, 9rj, which the  bu l le t ’s velocity 
vector makes with rhe positive 2 -axis versus the dimensionless time. In bo th  il lustrat ions the  bu l le t ’s initial, axial 
velocity component is zero whilst the initial velocity component parallel to  the surface of the rad ia to r  increases from 
0.1c to  0 9c, in increments of 0.1c, from left to right.
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Equations (3.64a, b) provide a means of deducing the degree to which the infinite, planar, 

isothermal blackbody surface can collimate radiatively driven material. Illustrations of this are 

provided by Figs. 3.11a,b and Fig. 3.12. Even in the extreme case where (3ro = 0 .9 ,  it can be 

seen from Fig. 3.11a th a t  a bullet will be closely aligned with the normal to the plane within 

a dimensionless distance (parallel to the surface) of 0.5 units. This corresponds to a physical 

distance of c / 2 W  metres and since, by Eq. (3.21), the m inim um  value of the param eter  W  is 

~  2.4 x 10_3Tg / n i o 21, represents an upper bound on the distance r ~  6.3 x 1 0 10m o 21/ T g  metres. 

The angle which the bulle t’s velocity vector makes with the z —axis is given by

Op = arctan (3.67)

and is plotted as a function of the dimensionless time in Fig. 3.11b. As one would expect, those 

bullets which have the lowest values of 0ro are collimated the most rapidly. The dimensionless 

time taken for a bullet to achieve the marked degree of collimation as a function of (3ro is 

shown in Fig. 3.12. For all but the most extreme values of /3r o , the radiatively driven bullet is 

collimated to within 2°, 1° and 0.5° of the normal to the plane in ~  2, 2.5 and 3 dimensionless 

time units respectively. Since the initial condition (3Zo =  0  has been assumed these values 

represent upper bounds on the time taken to achieve the designated degree of collimation for 

all (3Zo in the range 0 < (3Zo < /?«, . Hence, it can be concluded that,  for example, all radiatively 

driven bullets moving above an isothermal, planar blackbody radiator with an initial velocity 

( P r 0 , P z 0 ),  where 0 <  (3Zo <  will be collimated to within 1° of the normal to the plane 

within 2.5 dimensionless time units of being exposed to the radiation field. This represents an 

upper limit, by Eq. (3.21), of ~  10~2moai/Tg days.

2

o

F ig .  3 .1 2 .  T h e  dim ensionless tim e, td, taken for the b u lle t’s velocity vector to  m ake th e  labeled angle, 8 p } w ith respect 
to  the  p lane norm al, p lo tted  as a function of th e  initial velocity com ponent, (3To , parallel to  the  surface of the  rad ia ting  
plane. T h e  initial velocity com ponent along the  surface norm al, f3t0 is zero in all cases.
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Since both Pr and (3Z are functions of td and /3Zd ^  0 for all pr and for all (3Z in the range 

0 < p z < poo, the chain rule may be invoked to re-express Eqs. (3.64a, b) in the separable form

W r
P r

3 f t  - 8
APZ ■3ft2 -  8f t  +  3

By the integral result (Gradshteyn and Ryzhik, 1980; result no. 2.103:5)

(3.68)

/ ( M  x A  N ) d x  M  
A  +  2B x  +  C x -  ~  2C

, 9I N C - M B
In ,4 -f 2B x  -f C x  A ln

C x  + B  — V B 2 -  A C
2C V B 2 -  A C

which is valid for A C  < B 2, Eqn. (3.68) can then be integrated to give

3 f t  -  4 +  y/7

C x  A BA-  V B 2 -  A C
(3.69)

f t  ( f t)  = f t c
13ft -  8f t  A  3| 

| 3 f t o -  8 f t  0 A  3 1 3 f t  -  4 -  y/7
3 PZo - 4 -  v/7

3 f t . - 4  +  n/7

71
(3.70)

F ig .  3 .1 3 .  The  ratio /3r //3ro versus the velocity component 0 t along the surface normal for the labeled values of the 
initial velocity component (3lo

T he na tu re  of f t ( f t ) / f t 0 for several f t Q in the range 0 < f t c <  fto  is shown in Fig. 3.13. The 

solutions are very nearly linear except in the immediate locality of f t  =  f to .  If the solutions 

are assumed linear over their entire range then it is simple to show th a t  an approximation for 

f t ( f t ) is given by

(3-7l)

where f t 0 < p z <  ft©.
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§3.3.3 T he C one

As in §3.2.3, /z0 =  — cos a  and Eqs. (3.63a, 6) therefore sim plify to

Prd — \  ~  Pr ~  Pi  {3 sin2 a(3z +  (cos3 a  — 9 cos a  — 8)} pr (3.72a)
o

0 Zd =  1  y / l  _  _ 0 2  { 3  sin2 _  2(cos3 a  +  3 cos a  4- 4)/?* +  3 sin2 a }  . (3.726)
o

As indicated earlier, the m otion of the bullet is confined to  the  plane which is determ ined by 

bo th  its  in itial velocity and its s ta rtin g  position. W ithou t resorting to  a num erical in tegration  

of the equations of m otion it is possible to deduce th a t any bullet which is released w ith a  non- 

axial velocity com ponent will eventually have an axial tra jec to ry  which need not necessarily 

coincide w ith the sym m etry  axis o f the rad ia to r bu t will be coplanar w ith it. T h is follows 

from  the  fact th a t Prd = 0 only for Pr = 0 and Prd < 0 for all (3Z. Thus, for exam ple, the 

rad ial velocity com ponent of a bullet released w ith a non-zero radial velocity com ponent on the 

sym m etry  axis of the cone will decrease in m agnitude and tend tow ards zero. The bulle t will 

then have a near axial tra jec to ry  which will not coincide w ith the sym m etry  axis o f the  cone. 

T his behaviour is particu lar to  the infinite geom etry of the rad ia to r and can best be appreciated  

by considering the radiation  void as viewed by an observer a t rest w ith respect to  the rad iation  

source and located instantaneously a t the centre of the bullet (assum ing for the in terim  th a t 

the bullet is transparen t to  the incident rad iation). T his observer, regardless of position w ithin 

the rad ia tion  field, will perceive the rad iation  void (since it is infinitely d istan t) to  be circular 

and to  subtend a solid angle constant in tim e a t their location. These observations will be 

identical to  those m ade on the true  axis of sym m etry  of the rad ia to r. Consequently, once the 

rad ial com ponent has been dam ped to near zero, the bullet tra jec to ry  will lie along one of the 

infinite num ber of these axial vectors only one of which passes through the apex of the  cone 

and tru ly  describes the sym m etry  axis of the cone.

In the above it is im plicitly  assum ed th a t the in itial conditions are such th a t the  bu lle t does 

no t collide w ith the funnel walls. T his need not be the case and obviously if such a  collision 

does take place then the ejection of the bullet will be im peded and perhaps prevented. Equa­

tions (3.72a, 6) plus the sim plistic constrain ts outlined below provide a m eans of determ ining 

the in itia l conditions for which ejection is possible: Let the bullet be released a t tim e <d =  0 

on the true  axis of sym m etry  of the cone a t a  height z<j0 above the apex w ith a  velocity /? a t 

an inclination 0po to  the z-axis. Suppose th a t after some tim e interval td the  bullet centre is 

located a t a  height ztd above the apex and a t a radial distance r ld from  the true  sym m etry  axis 

and is m oving w ith a velocity P a t an inclination Op to  the z-axis. Assum e th a t if any contact 

between the bullet centre and the funnel wall is fuller th an  a  grazing contact then  the  bullet is 

cap tured . For a cone of sem i-angle a  it then follows th a t
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(a) ejection is guaranteed if 6po < a

(b) ejection is guaranteed if 9p < a  and r td <  z td t a n a

(c) ejection is possible if 8p >  a  and r td <  ztd t a n a

(d) ejection is impossible if Op > a  and r td >  ztd t a n a

and the problem reduces to finding a (3 such th a t  at some later instant dp =  a  a t r td = z td tan a .  

The results of such calculations, for selected initial, dimensionless release heights Zd0 =  (WVC) zo 

and cone half-angles of 1° and 0.5°, are depicted in the logarithmic polar d iagram s of Figs. 3.14a- 

d. As one would expect, the permissible release speeds are less for the cone with the smaller 

opening angle and increase with the release height. These graphs highlight the role tha t  the 

radiation pressure can play in collimating the bullets so perm itting  ejection in cases where 

one would naively expect the bullet to be captured: If one assumed th a t  following release the 

bullet travelled ballistically within the funnel then only those bullets th a t  had initial release 

inclinations 0po in the range 0 <  0po < a  would be ejected. This is evidently not the case as 

Figs 3.14a-d illustrate and it can consequently be appreciated that the radiation pressure can 

contribute significantly to the collimation of the jet.

a

i \ " " -

F igs .  3 .1 4 a -d .  L ogarithm ic polar d iagram s dep icting  th e  range of initial velocities, for a  bullet located  on-axis, for 
which escape is possible. T h e  initial, dim ensionless heights of the bullet above the funnel apex are: a 10— 3; b 10- 2 ; 
c  10-1 and d 10°. T he initial speed is p lo tted  logarithm ically  along the rad ius of each d iagram , each step  inwards 
corresponding  to  a decrease in the speed by a fac to r of 10. T h e  o u te r circle corresponds to  a speed o f 1 (in units of 
c) w hilst th e  inner circle corresponds to  a  speed of 10 ~ 4; the  cen tre  of each d iagram  corresponds to  a release speed of 
zero T he angle of release with respect to  the  positive z-axis increases in increm ents of 30° in a clock-wise d irection  
a round th e  periphery  of each digram  with the  funnel axis being d irectly  upw ards in all cases. T he inner closed curve 
represen ts a funnel of sem i-angle 0.5° w hilst th e  o u te r closed curve represen ts a  funnel of sem i-angle 1°. A bullet which 
has an initial velocity vector which lies w ithin e ith er closed curve will escape from th a t  p a rticu la r  configuration .
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$3.4 Conclusions

T he analysis of this chapter has revealed th a t the m otion of a  bullet above or w ithin an infi­

nite p lanar or conical blackbody rad ia to r w ith an azim uthally  sym m etric tem pera tu re  profile is 

confined to a plane which is determ ined by bo th  the in itial velocity of the bullet and its initial 

location. If, a t the outset, the m otion is axial then it rem ains so for all la ter tim es. R em em ber 

th a t in the context of the infinite plane, the term  axial refers to  any tra jec to ry  th a t is perpen­

dicular to  the p lanar surface w hilst in the context of an infinite cone it refers to  any tra jecto ry  

th a t is parallel to  the geom etrical axis of sym m etry  of the cone bu t which need not necessarily 

coincide w ith it. T he ra te  of acceleration of the bullet is proportional to  the p aram eter W  

which is defined as the power intercepted by the bullet divided by its rest m ass energy. The 

param eter W  is, on account of its p roportionality  to  the fourth  power of the tem pera tu re  of 

the rad ia to r, sensitive to  tem pera tu re  as too, consequently, is the ra te  of acceleration.

There exist term inal speeds for m otion above bo th  infinite p lanar and conical rad ia to r 

geom etries which are, in all cases, independent of the param eter W  and which represent an 

asym potic lim it th a t the bullet approaches as both  its journey tim e and distance above the 

release point tend to infinity. The term inal speed above an infinite isotherm al p lanar rad ia to r is 

approxim ately  0.4514c and occurs when the decelerative m om entum  flux of the blue-shifted and 

considerably aberrated  photons em itted  from  the extrem ities of the plane is exactly balanced by 

the driving m om entum  flux of the red-shifted and m inim ally aberra ted  photons em itted  from the 

region of the  plane directly below the bullet. T he term inal speed w ithin an infinite isotherm al 

conical rad ia to r is a function of the cone opening angle and decreases from the lim iting planar 

value to  zero for m otion w ithin an isotropic rad iation  field. For narrow funnels the term inal 

speed is proportional to the square of the opening angle and in particu lar, for an half-opening 

angle of 1° appropriate  for SS433, the term inal speed is ~  5  x 10“ 5c which is m arkedly less 

than  the value of 0.26c observed in the je ts  of SS433. Indeed, the half-opening angle necessary 

for a term inal speed of 0.26c is 67.1°. Narrow, infinite, isotherm al conical funnels are wholly 

unsu itab le  for the rad iative acceleration of gaseous bullets to m ildly relativistic speeds. The 

rad ia tion  pressure can, however, contribute significantly to the collim ation of the ejected bullets.
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C hapter 4

M o tio n  A b ove  N o n -Iso th erm a l and  
F in ite  R ad ia tors

$4.1 Introduction

C ontinu ing  from  the analysis com pleted in chapter 3, I begin th is chapter w ith an investigation 

of the m otion of a bullet moving above an infinite, p lanar rad ia to r for which the frequency 

in tegrated  specific intensity is given by the E ddington lim b darkening approxim ation  and in 

add ition  by a generalisation to this approxim ation. Following this, the m otion of a  bullet 

m oving w ithin an infinite, conical rad ia to r w ith an exponentially  decaying tem pera tu re  profile 

is considered. A pplicability of the m odel to  SS433 is achieved by ensuring th a t the e-folding 

distance of the tem pera tu re  profile is consistent w ith the observations. A ttention  is then turned 

to  the study  of m otion above a finite, isotherm al p lanar rad ia to r and then briefly to  m otion 

above a spherical, isotropic rad ia to r in which the applicability  of New tonian dynam ics to  high 

speed ste llar winds is considered. The concluding section consists firstly of an analysis of the 

behaviour of a bullet subjected to  the rad iation  field of a  finite, iso therm al funnel and la tterly  

to  the m otion of a bullet w ithin a finite funnel for which the run of tem pera tu re  w ith  distance 

from  the funnel apex is given by th a t of a poly tropic gas of index np — 3 which is of relevence 

to  rad ia tion  dom inated  regimes.

$4.2 M otion Above an Infinite. Planar Limb Darkened Radiator

T he gas tem pera tu re  a t all points on the surface ( r  =  0) of a p lanar, lim b darkened rad ia to r is 

the sam e and alt hough the tem pera tu re  increases w ith optical dep th  according to  Eq. (2.56) such 

th a t  the rad ia to r is, by definition, non-isotherm al the surface of the rad ia to r is an isotherm al 

plane. T he em ergent frequency in tegrated specific intensity  is, however, a ttenua ted  tow ards the 

lim b according to Eq. (2.55) and therefore the contribu tion  m ade to  the em ergent energy flux 

by the ou ter regions of the plane is dim inished. Indeed, it can be shown th a t half of the surface 

energy flux is a ttrib u tab le  to em ergent photons w ith raypath  vectors inclined a t less than  41° 

to the plane norm al. It is in this restricted sense th a t I intend the  description ‘non-isotherm al’ 

to  apply.

In the derivation of Eq. (2.92) it was assum ed th a t the rad ia tion  field was Planckian and 

th a t therefore, the frequency in tegrated  specific in tensity  was given by Eq. (2.47). Suppose in­

stead th a t the rad ia to r is subject to  the constrain ts discussed in §2.3.5; the em ergent, frequency



80

in teg rated  specific intensity  will exhibit lim b darkening and, in the E ddington approxim ation, 

will be given by Eq. (2.55). Consequently, in this regime Eq. (2.92) will take the form

+  0  =  f  H - L o ) { k - 7 2 ( i - i - k ) i } ( i - i  k ) d Q Q . (4.1)
m 0 C“ 7  J f i Q < J

§4.2.1 T he A xial E quation  o f M otion

In accordance w ith the no ta tion  adopted in §3.2 and by Eq. (2.54), the equation of m otion 

(Eq. 4.1) can be expressed as

where T i s  given by Eq. (3.3b). As in the case of the isotherm al blackbody rad ia to r, the 

only azim uthal dependence occurs in the T (0, <f>) term  which again constrains any bullet released 

w ith zero velocity com ponent parallel to  the plane surface to  have a  tra jec to ry  along the norm al 

for all la ter tim es. Introducing the su b stitu tion  fi = cos<f> and perform ing the in tegrating  over 

<f> yields the axial equation of m otion

o m 0c 7  J q

=  5 5 / ( 1 ' 0 )^ ; (24/3' - 5 9 A + 2 4 )  <4 -3>

for which the term inal speed is

=  5 9 ~ 4̂ ITff «  0-5144 . (4.4)

Consider now a generalisation of the Eddington limb darkening approxim ation given by

/ ( M )  =  r j ^ / ( 1 , 0 ) ( A )/I+ 1 ) .  (4.5)

where A 0 is the limb darkening param eter. T his expression represents limb brightening for 

— 1 <  A 0 < 0  and limb darkening for A 0 > 0 w ith the value A 0 =  3 /2  corresponding to  limb 

darkening in the Eddington approxim ation. If the em ergent, surface energy flux is independent 

of A 0 then , by Eq. (2.54), the frequency in tegrated  specific in tensity  em ergent norm al to  the 

surface m ust be such th a t

/ ( 1 ' 0 )  =  § 5 J T T 3 r -  ( 4 ' 6 )
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The equation of motion then has the form

• tQ A \ 1 D T  1 f no2 3 ( 9 A 0 +  16 . . 0
Pz (Pz 1 A 0 ) — 2 \ ?>(3 f ) p z  -("3

3 m 0c- 7 ( 2 \  2 T 0 + 3
(4.7)

which reduces to th a t  for motion above an isothermal blackbody radiator in the limit where 

T 0 —► 0 and T  — <xT4 or equivalently when the effective tem perature  T ej j  of the limb darkened 

rad ia tor  is the same as the tem perature  T  of the blackbody.

The terminal speed is a function of the param eter T 0 and is given by

P o o ( A 0 ) = (9T 0 +  16) -  v/17T2 +  96T 0 +  112
(4.8)

4 (2 T 0 +  3)

The lower bound on the terminal speed occurs in the extreme limb brightening limit ( A 0 —* — 1) 

when p 0o —► (7 —>/33)/4 % 0.3139 whilst the upper bound occurs in the extreme limb darkening 

limit ( T 0 —► oo) when p ^  — (9 — \ / l 7 ) / 8  % 0.6096. Between these limiting values, the function 

Poz(A0) is monotonic (Fig. 4.1). The role th a t  the photons em itted  from the limb of the radiator 

have in governing the terminal speed of the bullet is evidenced by the decrease in the terminal 

speed as the frequency integrated specific intensity emergent, from the radiator limb increases 

relative to th a t  emergent from the point on the radiator immediately below the bullet.

Linearising Eq. (4.7) reveals tha t  the dimensionless e-folding time, r j ,  for reversion back 

to the terminal speed following a small perturbation is

rd(T0) =
2 (2T« +  3)

(4.9)
7 (1  -  /?U.4„)] (17.4J +  96.4. +  112) ’

a plot of which is shown in Fig. 4.2. It is evident th a t  this e-folding time increases monotonically 

from a lower limit of ~  0.367 to an upper limit of ~  1.224 as T 0 increases f ro m - 1 . This behaviour 

results in the dimensionless a tta inm ent time taken by the bullet to reach a substantial fraction 

of its terminal speed increasing with T 0.

0.55

0.35

Td 0.7

F ig .  4 .1 .  T he term inal speed, poo,  versus the limb d ark ­
ening p a ram e te r , A 0 , for m otion above an infinite, p la­
na r ra d ia to r  for which the em ergent, frequency in teg ra ted  
specific in tensity  is given by a  generalisation  to  the Ed­
d ing ton  lim b darkening approx im ation  (Eq. 4 5).

F ig .  4 .2 .  T he dim ensionless e-folding tim e, Td, for rever­
sion back to  the  term ina l speed versus th e  limb darkening 
p aram eter, A 0, for m otion above the  ra d ia tio r  described 
in the  cap tion  to  Fig. 4.1.
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§4.2.2 T he O ff-Axis E quation  o f  M otion

If the em ergent, frequency in tegrated  specific in tensity  is given by the generalisation to  the 

E ddington lim b darkening expression (Eq. 4.5) then it can be shown, in the m anner outlined 

in §3.3.1, th a t the com ponent equations of m otion are given by

A .  =  5 > A T « { 3 A - | ( ^ | 2 ) } « -  (4.10a)

f t .  =  {3ft2 -  |  )  f t  +  3} . (4.106)

Since the braced term  in Eq. (4.10a) is negative for all physical values of 0 2 and A 0, the 

velocity com ponent parallel to the p lanar surface is always dam ped. In addition , since the 

term inal speed is a tta ined  when 0rd =  0Zd — 0, Eq. (4.10a) implies th a t the term inal speed 

is achieved when 0 r = 0  and therefore all m otion above an infinite, p lanar rad ia to r for which 

the em ergent, frequency in tegrated  specific in tensity  is either limb darkened or brightened is 

u ltim ate ly  parallel to  the rad ia ting  surface norm al.

T he effect th a t the limb darkening coefficient has on dam pening the velocity com ponent 

parallel to the p lanar surface, and thus in aiding collim ation, can be appreciated from  the  ra tio  

given by

0rd {A 0 \ ft,-, 3z ) c( A ^  ̂ u t t  A Q N 19 A 0 / 4 1 1  , \
_ _ _ _ _  =  i  -  / ( ^ ; ^ )  where / M )  =  4 ( 8  _  3/y  +  3 -

As one would expect, f ( A 0; 0 Z) is positive for those values of the  param eter A 0 which correspond 

to  a lim b darkened rad ia ting  plane and vice versa for a  lim b brightened plane. T his indicates 

th a t m otion parallel to the plane surface is m ore strongly a ttenua ted  when the rad ia to r is limb 

brightened than when it is limb darkened. T his behaviour is due to  the  increased energy flux 

incident a t the bullet from the limb of the rad ia to r when the rad ia ting  plane is limb brightened 

as opposed to limb darkened. Also, it is obvious from Eq. (4.10a) th a t, for a  given value of the 

limb darkening param eter, A 0, and the m agnitude of the  velocity com ponent parallel to  the 

^-axis, \0z\, the velocity com ponent (3r is m ost strongly dam ped when the direction of m otion 

is downwards tow ards the plane.

$4.3 M otion Above an Infinite. Conical Radiator with an Exponential 
Tem perature Profile

As a. first step tow ards the investigation of an astrophysically m ore realistic tem perature  profile I 

will now in troduce the ad hoc assum ption th a t the tem pera tu re  profile decays exponentially with 

increasing radial distance r  from  the base of the accretion funnel. The blackbody tem peratu re
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profile of the inner surface of the accretion disc will then have the form

T (r )  =  T0 exp ( - 7 7 ) (4.12)

where T0 is the tem perature  at the funnel base and H  is some scale height. If z is the height of 

the bullet centre (assumed to be located axially) above the cone apex and 9 is the inclination 

of an incident photon trajectory with respect to the positive z-axis (observed in the rest frame 

of the radiator) then from Fig. 4.3 it can be deduced th a t

r{0 , z' ,a) =
sin 9

sin (0 +  a )

and consequently the tem perature  profile can be re-expressed as

sin 9

(4.13)

sin(# -)- q ) H
T{9,  z ; a ,  H )  =  T0 exp j -  

By Eqs. (3.4) and (3.5) the axial equation of motion is then given by

aD T ?  1

(4.14)

• <xDT04 1 r ~ a f
0z =  ‘2    -  /  exp I - 4

m0c- 7 Jo I
sin 9

sin(# +  a]
— f (cos 9 — 0Z) (1 — 0z cos 9) sin 9 d9 . (4.15)

The im portan t  feature of Eq. (4.15) is the explicit dependence of the integrand on z.  This 

means tha t ,  unlike all the examples considered so far, the problem is no longer scale invari­

ant. Integration of the equation of motion is now more complex and is most readily achieved 

nu mericallv.

ooOG

F ig . 4 .3 . If th e  b u lle t’s radius is sm aller than  the charac te ris tic  length-scale of th e  te m p e ra tu re  variation on the funnel 
wall then , all pho tons o rig ina ting  from the point S, which is a  slant height r above the  funnel base, will approxim ately 
make an angle H w ith respect to  the positive £-axis when they im pinge on the bu lle t's  surface, the  centre  of which is 
located  a t a height s above the apex. N ote th a t  for sim plicity I have sketched th e  bullet as a sphere although it will, 
in all likelihood on account of L orentz  con traction , be observed as an o b la te  spheroid  in the  rest fram e of the funnel.
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As was mentioned in chapter 2, the derived equation of motion will be a valid approximation 

only if the bullet is small in comparison to the typical length-scale of any tem perature  variation 

011 the interior surface of the accretion funnel. In the context of this particular problem the 

imposed constraint is th a t  the scale height H  be much greater than the bullet radius 77. Before 

proceeding further it is therefore necessary to determine the value of the scale height appropriate  

for SS433 and to ensure tha t  the aforementioned condition is satisfied.

The bolometric luminosity of the accretion disc is ~  1032 J / s  (1039erg/s) (Cherespaschuck; 

1981). If the disc is assumed to be spherical and to have a radius R ad then its bolometric 

luminosity will simply be

(4.16)

and therefore

i r = K (417>

where the effective tem perature  and accretion disc radius have been expressed in units of 104 I\ 

and 1010 metres respectively. This expression is in good agreement with the observations of 

Wagner (1986) which indicate th a t  the dom inant source of optical luminosity in SS433 resembles 

a hot blackbody with a radius of ~  30R q  (R ad10 ~  2) and mean colour tem perature  ~  32 500 K. 

The assumption th a t  the disc is spherical is well justified; indeed if the disc is the principal 

source of optical luminosity then its diameter to thickness ratio is less than about 1.3 (Wagner; 

1986) and it is, consequently, better represented by a sphere than a greatly flattened sphere 

or disc. The surface tem perature  of the most luminous optical source in SS433, however, is 

certainly not uniform. Temporal variations of the colour tem perature  are consistent with von 

Zeipel gravity darkening of the optical star or thick accretion disc and also with the presence of 

high tem pera tu re  accretion funnels. Since the inclination of the orbital plane to the line of sight 

is ~  79° (see §1.3.1 and §1.6.1) and since the semi-angle of the cone formed by the precession 

of the je ts  about the normal to the orbital plane is ~  20°, the inclination of the accretion 

funnels to the line of sight is never less than ~  59°. Thus, because the accretion funnels are 

very narrow, radiation th a t  originates deep within them can never be observed directly by 

a terrestrial observer; only radiation scattered from the funnel m outh  can be observed. For 

this scattered radiation to account for the observed variation in the colour tem perature, the 

tem pera tu re  at the funnel base needs to be extremely hot (Wagner, 1986). The presence of a 

blue shifted iron line (Watson et al., 1986) indicates th a t  the tem peratu re  at the base of the 

jets exceeds ~  5 x 10' K whilst hydrodynamical modelling of the jets provides acceptable fits to 

the data  for tem peratures at the funnel base between ~  5 x 108 K and 8 x 108 K (Brinkmann 

et al., 1991). A base tem perature  of ~  8 x 108 K is, therefore, a reasonable estimate.



85

Now a t the disc surface T ( R ad) = Tej j ,  and by Eq. (4.12),

"“ -53+1f e w  <418>

which, by Eq. (4.17), can be expressed as

H 10 as * • ' »  -  • (4-!9)8 +  log(T0. ^ R ^ )

In the present context the term  ‘disc surface’ refers to  the  surface of the  sphere of radius R ad 

from  which m ost of the lum inosity originates. T his, therefore, represents the surface a t which 

the transition  of the disc m ateria l from  the op tically  thick to  the optically  th in  regime occurs; 

the  disc atm osphere, though, may extend out to  radii in excess of R ad■ For a  feasible central 

tem p era tu re  of 8 x 108 I< the scale height for a  disc of radius 109 m is, by Eq. (4.19), 1.3 x 108 m  

w hilst for a  disc of radius 10lo m the scale height is 109 m. T hus, a  typical scale height is 

H io ~  O.li^adio which is su itab ly  large to w arran t the unquestioned earlier assum ption th a t  the 

funnel walls do indeed rad ia te  as a blackbody.

Since the m axim um  possible bullet radius a t a  height z  above the apex of a narrow  cone 

of sem i-angle a  is approxim ately z a ,  the m axim um  radius of a bullet a t a  distance of one scale 

height above the apex will sim ply be H a  «  10~ 2H  for semi-angles appropria te  for SS433. Thus, 

if a  m axim um  radius bullet is released a t a height less th an  ~  H  above the apex the necessary 

condition detailed above is satisfied and Eq. (4.15) is therefore a  justified approxim ation. I will 

re tu rn  to  this topic later.

In troduction  of the dimensionless variables

-=d =  -^  , =  and X  = - W ,  (4.20a, 4, c)
H  H  c

where the param eter W  is defined by Eq. (3.96) w ith the iso therm al tem pera tu re  T  being 

replaced by the tem pera tu re  T0 a t the base of the accretion funnel, allows the identifications

A = S s i * and A = (421a' 6)

and  perm its Eq. (4.15) to be expressed as

zd = 2 X (1-&* f
Jo

exp < — 4
sin 9 

sin(0 +  a )
2 d |  (cos 9 — 2d) (1 — 2d cos 6 ) sin 9 d 9

(4.22)

T he dim ensionless variables defined by Eq. (4.20a, 6, c) have been ascribed tildes to  differentiate 

them  from  very sim ilar dimensionless variables th a t  will appear in la ter sections.
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The results of numerical integrations of Eq. (4.22) for selected values of the cone semi-angle, 

each evaluated at Zd =  0, are illustrated in Figs. 4.4a,b. From Fig. 4.4a it can be seen that as 

q decreases from the m axim um  value of 90° the dimensionless ratio (3~/W = z ^ / X  develops 

a turning point which decreases in m agnitude and peaks at increasing values of Zd- This is a 

direct result of the integrand in Eq. (4.22) being explicitly dependent on zd and represents what 

was m eant by the earlier reference to ‘scale invariance’: The radiative acceleration experienced 

by the bullet is a function of its speed and its height above the cone apex.

0.5'

F ig s . 4 .4 a ,b .  The dimensionless acceleration , 0  t<i= 0 1 /  W  , experienced by a s ta tio n ary  bullet located  on the  axis of 
sym m etry  of an infinite, conical funnel w ith an exponentially  decaying tem p era tu re  profile versus the dim ensionless 
height , 2 .i, of the bullet centre above the  funnel base for selected values of the  funnel sem i-angle.

The problem, however, does become scale-invariant in the limit where / /  —► oo or equiv­

alently as id — 0 when the radiator is effectively isothermal. From Eq. (3.36), in the limit 

where j3z — 0, it is evident th a t  f3z / W  =  sin2 a .  Thus, for a s ta tionary  bullet confined within 

a narrow, isothermal cone, the initial radiative acceleration is proprt.ional to As was shown 

in chapter 3 , the terminal speed is also proportional to o r  and the terminal speeds th a t  can be 

achieved are, consequently, well below the value of 0.26c observed in SS433. In Fig. 4.4b the 

ratio 0 Z /  W  is depicted as a function of Zd f°r semi-opening angles of 0.5° and 1° degrees. The 

m axim um  value of (3Z /  W  occurs at Zd ~  0.25 which, if one recalls tha t  realistic scale heights are 

~  0.1 R ad10i is well within the funnel. It has a magnitude of ~  2 x 10“ 2 for a funnel semi-angle 

of 1° and ~  10-2  for a funnel semi-angle of 0.5°. These values are respectively ~  65 and ~  130 

times greater than those for motion within isothermal cones with identical opening angles. This 

fact per se does not ensure th a t  any terminal speed, should it exist, will be high but it does 

however mean th a t  the rate of terminal speed a tta inm ent will be greater for bullets which begin 

their motion in the general locality of the maxima.

Before entering into a more detailed analysis of Eq. (4.22) it is prudent to first determine 

suitable values for the dimensionless release height of the bullet, zod, and for the param eter X .  

I will first consider zod: By Eq. (3.14) the minimum bullet radius is ~  105mo21 metres which, 

for motion within a narrow funnel, necessitates th a t  the bullet be released at a height

z0 t >  m 0321Q l 2  • (4  *23)
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Now for rad iative acceleration to  be viable the outw ard rad iative force experienced by the bullet 

m ust exceed the inward a ttrac tio n  of gravity. Noting from  Fig. 4.4b th a t 0 Z/ W  ~  10-2  for 

sem i-angles ~  1°, it can be shown th a t the rough inequality  th a t needs be satisfied is

z0s >  1.8 m |21a ; l f  . (4.24)

B oth inequalities are therefore satisfied if the m inim um  release height is ~  107 m etres. Since 

typical scale heights are of the order 108 — 109 m, suitable initial dim ensionless release heights 

zod need be greater than  ~  10- 2 .

In deriving typical values for the  dim ensionless param eter X  it should first be recalled from 

Eq. (4.20c) th a t the p aram eter X  is given by the product of the p aram eter W ,  discussed in 

detail in the previous chapter, and the light crossing tim e across one scale height. Evidently, 

from  w hat has been said im m ediately  above and by Eq. (4.206), H / c lies in the approxim ate 

range 1 /3  <  H /c  <  10/3 and therefore, by Eq. (3.21),

8.0 x 10- 4 T 4gm ^ R a d i o  < X <  6.7 x 10_1 T^6 z^Ba 2_ 2 m~2\ R a d i 0  . (4.25)

In the in itia l stages of its m otion, w ith which I am  concerned here, the bullet will be extrem ely 

optically  thick; the absolute upper bound present in Eq. (3.21) applies when the bullet is 

optically  thin and as a result can be ignored for the interim . A dopting 8 x 108 I< as the 

likely upper lim it on the central tem pera tu re , Eq. (4.25) im plies th a t the upper bound on the 

dim ensionless param eter X  is

X max ~  2.7 x 1032:28a? .2m ” 1j it!adlo . (4.26)

Fam iliarised now w ith the basic m odel param eters it is w orthwhile reconsidering in more 

detail the  condition under which the invocation of Eqs. (3.4) and (3.5) was m ade and ascer­

ta in ing  the degree of its validity. As I s ta ted  a t the beginning of th is section, the bullet m ust 

be much sm aller th an  the scale height of the tem pera tu re  profile if the  approxim ation is to  be 

a good one. Obviously, therefore, the equation of m otion (Eq. 4.22) is m ost accurate when the 

bullet is sm all and least accurate when the bullet is large. In addition, from consideration of 

the geom etry of the problem  (w ith the bullet assum ed to  be a t rest with respect to  the ac­

cretion funnel for sim plicity) it can readily be appreciated th a t for a  selected incident raypath  

vector, agreem ent on the tem pera tu re  in the reverse of th a t direction between observers located 

respectively a t the points on the illum inated hem isphere fu rthest from  and closest to the  funnel 

apex is best when the raypa th  vector is aligned parallel to  the  norm al to  the funnel surface. 

A greem ent is poorest when the raypath  vector is perpendicular to  the surface norm al. This 

configuration arises for the regions of the funnel furthest from the apex where the tem peratu re  

can be considered as being zero and the effect of any inaccuracies nullified as a  result. T he same
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is released a t a height of ~  H  (the reasons for which will becom e clear la te r) above the  apex 

where it com pletely fills the funnel. If the raypath  vector is, for the  purposes of illustration , 

selected to  be parallel to the positive z —axis and the funnel sem i-angle is 0.01 rad ians then  the 

tem p era tu re  seen in the reverse direction by an observer located directly  above the apex will 

be T 0  w hilst for an observer located on the periphery of the illum inated  hem isphere it will, by 

Eq. (4.12), be T0e-1 «  0.34TO. In th is case the approxim ation  is fair. O n the  o ther hand , for 

the best case scenario the bullet radius is ~  105 m and the peripheral observer will see, for an 

accretion disc of radius 109 m , a tem pera tu re  of T 0 e~° 1 «  0.90To K and for an  accretion disc 

of rad ius 10lo m a tem pera tu re  of T 0 exp-0  01 «  0.99To K. In bo th  these estim ates use has been 

m ade of the fact th a t H io ~  0.1/2a<ilo. Therefore, when the bu lle t rad ius is close to  or a t the 

m inim um  value, the approxim ation th a t the tem pera tu re  of the funnel observed in a  certain 

direction from  different locations on the surface of the app rop ria te  hem isphere is the sam e, is 

valid.

Num erical in tegration of Eq. (4.22) reveals th a t term inal speeds do exist for m otion within 

a  conical accretion funnel w ith an exponentially decaying surface tem p era tu re . T his s ta tem en t 

needs qualification: for a given set of in itial conditions, in teg ration  of the  equation  of m otion 

beyond t <j «  1015 yields, to  a precision of a t least 10 significant decim al places, exactly  the 

sam e speed. Further, the release point of the bullet (assum ed to  com m ence its m otion from 

rest) m ust be close to the base of the accretion funnel. Precise quantification  of the term  ‘close’ 

is difficult since it is dependent on the value of the p aram eter X . As a  rough guide the  initial 

release height can be regarded as being close if it is less th an  ~  H . T he  reasons for th is  will 

becom e clear later. If this is not so, or if the param eter X  is no t adequately  large, the  bullet 

will not be accelerated to  sufficiently high speeds a t which the re lativ istic  effects responsible for 

governing the b u lle t’s speed can become effective.

From  the form of the integral in Eq. (4.22) it is obvious th a t  z^ —► 0 as Zd —*► oo and, 

therefore, the bullet asym ptotically  approaches its true term inal speed, /?oo> in the l i m i t s  —*• oo. 

T he speed of the bullet after 1015 tim e units is then a tru n ca tio n  of the  tru e  term inal speed. 

However, since the a tta in m en t tim e for the bullet to  reach a significant fraction of its  true 

term inal speed is ~  103 units, in tegration over an interval of 1015 u n its  (representing a  physical 

tim e of a t least ~  107 years) is suitably large to provide a  very accurate  approxim ation  to  the 

true  term inal speed. In this section and those th a t follow I will adop t the convention th a t the 

term inal speed of the bullet, /?ist, is the speed of the bullet after a  period of presence w ithin 

the driving rad iation  field of 1015 tim e units.

From  an extended d a ta  base form ed by ten years w orth of d a ta , M argon and Anderson 

(1989) found the best fit to  the Doppler shifts of the m oving lines, w ith in  the fram ework of the 

kinem atic m odel, to be m ade by a je t w ith speed (0.2602 ±0.0013)c. T he deviation  in the  speed 

of the je t  perm issible w ithin the confines of this m odel, and its o ther m ore com plex variants, is

f T he no ta tion  should be self-explanatory.
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extremely small, typically representing only 1 part  in every 200. Since the true terminal speed 

Poo represents an upper bound on the bulle t’s speed, any further deviance in its speed once it 

has a tta ined  99.5% of this value will be less than 1 part  in 200. This is the criterion th a t  I 

have imposed on the d a ta  illustrated in Figs. 4.5a,b,c which represent motion within a cone of 

semi-angle 1°.
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F ig s .  4 .5 a ,b ,c .  The results of a numerical integration 
of  the equation  of motion for a bullet, initially at rest, 
moving along the axis of symmetry  of an infinite, conical 
funnel of  semi-angle 1° with an exponentially decreasing 
te m p e ra tu re  profile for the selected values of the p aram ­
e te r  A’' =  10° (full line), 101 (dashed line), 102 (dashed- 
d o t ted  line) and 103 (do t ted  line) In a the ( t runca ted )  
terminal  speed, P n  , is p lotted as a function of the initial 
dimensionless height, £0<1, of the bullet above the funnel 
apex; in b the dimensionless time, *d , taken by the bul­
let to a t ta in  99,5% of the ( t runca ted )  terminal speed is 
plo tted  as a function of : 0i  whilst in c  the dimension­
less d istance, £d , over which the bullet realises 99.5% of 
its ( t ru n c a te d )  terminal speed is plotted as a function of
£od

In Fig. 4.5a the terminal speed is depicted a,s a function of the initial dimensionless release 

height for various values of the dimensionless param eter A'. It can be seen tha t  the terminal 

speed is remarkably independent of the release height for values of iod up to ~  1. Beyond 

this value the terminal speed falls off dramatically and the point at which the fall-off occurs 

increases marginally with X . Thus, to maximise the terminal speed for a specific value of A' 

the bullet needs to be released with an initial dimensionless height less than ~  1. In addition 

the terminal speed increases with the param eter X  yielding, for example, P15 =  0.20846 for 

X  = 103. From inspection of Eq. (4.26) it is apparent th a t  values of the param eter X  ~  103 are 

permissible. The prospects for the a t ta inm ent of terminal speeds ~  0.26c appear promising. I 

will consider this topic, in more detail later.

In Fig. 4.5b the dimensionless time taken for the bullet to a t ta in  99.5% of the terminal 

speed is plotted as a function of the dimensionless release height. The minimum atta inm ent time
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also occurs at zod ~  1, increasing slightly with X . The increase in the dimensionless a tta inm ent 

time with zod for zod < 1 is relatively small e.g. with X  =  103 the minimum a tta inm ent time 

is ~  ‘213 units occurring a t  %d =  2 whilst for zod — 10_1 and 10~ 2 the a tta inm ent times are 

~  286 and ~  338 units respectively. Since H / c ~  1 (in units of time), by Eq. (4.206), ~  t

and it can therefore be appreciated th a t  these time-scales are very similar to the acceleration 

time-scale in SS433 which, on the basis of an estimated X-ray region of length ~  1010 m, is of 

the order of 100 seconds (Watson et al., 1986).

Figure 4.5c illustrates the dimensionless distance traversed by the bullet (measured from 

the cone apex), as a function iod, in a tta in ing 99.5% of its terminal speed. As before, the initial 

dimensionless release height zod ~  1 marks a critical boundary: for zod greater than  ~  1 the 

a t ta in m en t  distance increases rapidly whilst for Zod less than ~  1 the a t ta inm ent distance shows 

very little dependence on 5od- In addition, the a tta inm ent distance increases with A'; a fact 

which is a ttr ibu tab le  to an increase in the terminal speed with A'. For JV =  103 the a t ta inm ent 

distance is ~  44 units which is, since H io ~  0.1/?adlo, very roughly 4 R ad metres. Although 

such a distance lies outwith  what has been defined here as the surface of the accretion disc it 

is still of the same order of m agnitude  as the radius of the accretion disc and is comparable to 

the length-scale within which the je ts  are accelerated to their terminal speed.

0
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0 0

0 2 0 4 0 6 0 8 0
a

F ig .  4 .6 .  The value of the  p a ra m e te r  X  which permits  the a t ta inm en t  of a t runca ted  terminal speed of 0.2602c versus 
the funnel semi-angle, a ,  for selected values of the  initial, dimensionless height £0d The dashed line corresponds to 
£od =  l 0. the dashed-do tted  line corresponds to  i O |=0  1 and the full line corresponds to ; O j=0 01

The values of the param eter  X  necessary for the bullet to a tta in  a terminal speed of 

(0.2602 ±  0.0001 )c as a function of the funnel semi-angle for several values of the initial dimen­

sionless scale height are shown in Fig 4.6. The param eter A' is very insensitive to iod f° r ^od <  I 

and o <  4°: for the values of zq4 displayed, the critical value of X  for a = 0.5° is 1.2085 x 104
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w hilst for a  = 1 ° the appropriate  value of X  is 2.0524 x 103. For funnel sem i-angles in excess 

of ~  4°, particu larly  w ith zod >  1, the value of the param eter X  necessary for the a tta in m en t 

° f  /?i5 =  0.2602 becomes increasingly sensitive to  the in itial, dimensionless release height.

T he insensivity of the param eter X  required for the bullets to  a tta in  a particu la r term inal 

speed to  the in itia l release height for narrow funnels is an extrem ely significant feature. O f a host 

o f perplexing facets associated w ith SS433, the m ost bewildering is probably  the rem arkably  

constan t speed of its je ts. T he results displayed here indicate th a t if the funnel sem i-angle is 

less th an  ~  4° and th a t the  m ateria l th a t forms the bullets enters the accretion funnel a t a 

d istance less th an  abou t one scale height from  the funnel apex then the term inal speed of the 

ejected bullets will, for a  specific a ,  depend solely on the param eter X .  T h is fact, in addition  

to  several assum ptions, perm its conjecture on the degree of variability  in the accretion rate: If 

it is assum ed th a t any variation in the angular size of the  accretion funnels occurs on a tim e- 

scale much greater than  the ra te  of bullet form ation and th a t bullet form ation takes place a t a 

relatively constan t height above the funnel apex then the bullet radius should be constan t to  a 

good degree. Since the param eter X  (Eq. 4.20c) is p roportional to  ^ T q  / m 0  the  ra tio  T o /m 0 

m ust then, w ithin the context of th is particu lar m odel, rem ain  constan t if the bullet ejection 

speed is also to be constant. T his either requires th a t bo th  To and m 0 are individually  constan t 

or, and I th ink  more likely, it requires th a t To and m 0 vary in tim e bu t in a  m anner such th a t 

Tq / m 0 is always constant. The m ost probable source of variation in these two param eters is 

a  change in the accretion rate  M ac. The characteristic boundary  layer blackbody tem pera tu re  

for th in  disc accretion onto a  com pact object is proportional to  M i / 4 (Frank, King and Raine, 

1985). If this applies to  thick discs too, a fact which is certainly no t assured, then the bu lle t’s 

m ass m ust also be proportional to  the accretion rate. Assum ing th a t the ra te  of bullet form ation 

is related directly to their ra te  of ejection then the bullets are form ed on average every 3 - 5  days 

(Verm eulen, 1989). For an approxim ately  constant bullet m ass th is observation then restricts 

the accretion ra te  to vary by a factor of abou t 2  a t m ost.

M aking use of the relation H io ~  0.1Rodlo and of Eq. (4.20a), Eq. (4.26) may be a lte rna­

tively expressed as

x mal ~  2.7 x (4.27)

I t is evident from inspection of Fig. 4.5a th a t in order to  m axim ise the a tta in ab le  term inal 

speed (w ith (315 ~  0 .2 ) for a  selected value of the param eter X , a  bullet needs to be released a t 

a  dim ensionless height no greater th an  about. 2 units from  the funnel base. T his condition, in 

conjunction w ith Eq. (4.27), then im plies th a t

Xmax ~  1.1 X 106a 3 2 m o211^ a d 10 (4.28)
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a a

F ig s .  4 .7 a .b .  Graphical solutions to  the limiting funnel semi-angle problem In both  a and b the full line running from 
top  left to  bo t tom  right,  where it eventually bifurcates, represents the  d a t a  displayed in Fig 4 6 In a the pa ram ete r  
X  is plotted as a function of a  and the lines running from bo t to m  left to top right  represent A'mar  for a bullet of  mass 
1021 kg and an accretion disc of  radius /?ai<10=0.1 (full line), 0.5 (dashed line) and 1.0 (dashed-dotted  line). All funnel 
semi-angles less th an  th a t  which, for a given set of parameters ,  marks th a t  intersection are precluded if a terminal 
speed of  0 2602c is to be possible In b the param e te r  A' is again plo tted  as a  function of a  whilst the lines running 
from bo t to m  left to top right represent X max for an accretion disc of  radius R ad 10= 0  1 and a bullet of mass m 021 = 0  5 
(full line), 5 0 (dashed line) and 50.0 (dashed line). As in a, all semi-angles smaller  than  th a t  which marks a given 
intersection are precluded, for those model param eters ,  if a terminal speed of 0.2602c is to be achieved

By utilising the data  displayed in Fig. 4.6 and the constraint on the param eter X  imposed by 

Eq. (4.28) it is possible to deduce the limiting funnel semi-angle below which, for a given set 

of the param eters m 02l and R ad10i a t ta inm ent of a terminal speed of 0.2602c is not possible. 

Graphical solutions to this problem are depicted in Figs. 4.7a and b. The full line running 

from top left to bottom  right in both Figs. 4.7a and b represents the d a ta  displayed in Fig. 4.6. 

It is therefore formed from the superposition of three distinct lines which can clearly be seen 

to branch into two for cv >  4°. In Fig. 4.7a the lines running from bottom  left to top right 

denote the value of X max for m 021 =  1 and selected values of R adl0- Each intersection marks 

the limiting value of or for the given parameters m 021 and R ad10■ Thus, for a bullet of mass 

1021 kg and an accretion disc of 10lo m the funnel semi-angle must be greater than ~  0 .2° if a 

te rm inal speed of 0.2602c is to be possible. For R aci =  5 x 109 and 109 metres the corresponding 

semi-angles are ~  0.3° and ~  0.9° respectively. The bullet mass need not be 1021 kg, though, 

from the form of Eq. (4.28) the upper limit on the param eter A' is more sensitive to variations 

in the radius of the accretion disc than to variations in the mass of the bullet. The effect th a t  

changing the bullet mass has on the limiting semi-angle for an accretion disc of radius 109 m is 

displayed in Fig. 4.7b. The striking feature of Figs. 4.7a and b is th a t  the limiting values for a  

are very similar to the accepted semi-angle of the accretion funnel in SS433, believed to be in 

the range 0.5° < o <  1°. This indicates tha t ,  for this particular model, the terminal speed of 

the je ts  in SS433 is very close to, if not at the highest, that can possibly be achieved.

As has been discussed, once the bullet has reached a speed equal to 0 .995 /?i5 any further 

deviation in its speed will be proportionately comparable to the observational uncertainties in 

the speed of the jets in SS433. Therefore, for a speed of 0.2602c the required terminal speed 

is ft 15 =  0.2615. For a funnel of half-opening angle ~  0.5°, such a terminal speed necessitates
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th a t  X  = 1.2261 x 104 whilst for a half opening angle of 1° the required value of the param eter 

X  is ‘2.08(5 x 103. The results of numerical integrations of Eq. (4.22) with these values of the 

param eter  X  and corresponding semi-angle are illustrated in Figs. 4.8a,b and c.
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F ig s .  4 .8 a , b , c .  T he  results of a numerical integration 
of the  equation  of motion for a bullet, initially a t  rest, 
moving along the axis of symmetry  of an infinite, coni­
cal funnel (with an exponentially decreasing tem pera tu re  
profile) of semi-angle 1° (full line) and 0 5° (dashed line) 
with the param e te r  A' = 2  086 x 103 and 1 226x 103 respec­
tively. In a  the  ( t runca ted )  terminal speed, j315 , is plotted 
as a function of the initial height, i o d , of the bullet; in 
b  the dimensionless time t d taken by the bullet to a t ta in  
99 5% of the terminal speed is p lotted as a function of £od 
whilst in c  the  dimensionless d istance over which the 
bullet a t ta in s  99.5% of its terminal  speed is plotted as a 
function of  : 0 ,
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From inspection of Fig. 4.8a it can be seen th a t  the a t ta inm en t speed, specifically selected 

to be 0.2602c, is extremely well behaved up to  zj «  2 for a  =  1° and up to 5d % 2.5 for 

a  =  0.5°. The dimensionless time-scales taken by the bullet to a t ta in  99.5% of the terminal 

speed, or equivalently to reach a speed of 0.2602c, are shown in Fig. 4.8b. For a semi-angle of 1° 

the m in im um  a tta inm en t time is approximately 179 units whilst for a  = 0.5° the corresponding 

time is roughly 189 units. A representative minimum time-scale is, therefore, about 184 units. 

For an accretion disc of radius 109 m and a core tem pera ture  of 8 x 108 K ( H io =  0.13R adl0) 

this corresponds to a physical time of about 80 seconds whilst for a disc of radius 1010m 

( H io =  0.1 R adl0) th 's  represents a period of approximately 614 seconds. These time-scales are 

in excellent agreement with the interval of ~  100 seconds over which the bullets in SS433 must 

be accelerated to their terminal speed. For rapid terminal speed a t ta inm ent it is obviously 

advantageous for the disc radius to be ~  109 metres rather than  ~  1010 metres. Indeed for 

Rad ~  109 m an a tta inm en t time inside approximately 100 seconds is possible within a funnel
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of sem i-angle 0.5° for zqa in the rough range 1.1 x 10“ 1 <  zod <  3.7 and w ith 0 = 1 °  for zoA in 

the  approxim ate range 0.27 x 10-2  <  zoA <  3.0.

The dim ensionless distance from the apex of the accretion funnel a t which the speed of 

0.2602c is reached is, from  Fig. 4.8c, ~  48 units for a  =  0.5° and ~  46 units for a  =  1°. A 

representative distance is, therefore, ~  47 units which, for a  disc of radius 109m, corresponds 

to  a physical distance of ~  6 R ad whilst for a disc of radius 10lo m it corresponds to  a physical 

distance of 3Rad■

T he inclination of the accretion disc norm al (which is aligned parallel to  the funnel axis) 

to  the line of sight is never less than  ~  59° and the acceleration region is, as a  result, always 

occluded to  the terrestria l observer. X-ray observations (§1.5.2) indicate th a t the  length of the 

acceleration region is no m ore than  ~  10lo m which, on the basis of the inform ation above, 

suggests th a t the accretion disc radius needs to  be less than  ~  1.7 x 109 m etres. T his poses an 

obvious problem : If the disc radius is a t m ost ~  1.7 x 109 m then how can the bullets be obscured 

from  the observer up to distances ~  1010 m etres from  the centre of the accretion disc? One 

possible solution is th a t the bullet is ‘cam ouflaged’ by the strong stellar wind em anating  from 

the com panion OB sta r and by an intense wind orig inating from the surface of the accretion 

disc. W ith  respect to  the la tte r point, it should be recalled th a t the com pact object is likely 

undergoing supercritical accretion and is therefore predisposed to  em anating  an intense wind. 

The term inal speed of the stellar wind is vw =  5 0 0 k m /s  and the m ass loss ra te  is M w = 

3 x 10-5  M o /y v  to  w ithin a factor of 2 in bo th  instances (W agner, 1983). T he radial optical 

depth of the wind from infinity to the surface of the s ta r can readily be shown to  be given 

by =  <tt  M w /4 irvwm R i', where m  is the m ean m ass per particle of the winds constituents. 

Thus, assum ing the wind to  consist predom inately of hydrogen and assum ing a ste llar radius 

R+ ~  307?q (W agner, 1986), the radial optical depth of the wind is ~  0.6 which m ay be 

sufficient to provide the required degree of obscuration. T he optical depth  along a non-radial 

pa th  will exceed the value quoted above and therefore the optical depth along an observer’s 

line of sight will, in all likelihood, exceed 0.6 so enhancing the obscuring effect of the wind thus 

aiding in the cam ouflaging of the em erging bullets.

Finally, if the disc radius is ~  109 m then, from  Fig. 4.7a, for a  bullet m ass of ~  1021 kg 

the funnel sem i-angle needs be greater th an  ~  0.9° if a  term inal speed of 0.2602c is to be 

achieved. A rough lower bound on the bullet m ass is 5 x 102° kg (Brown, Cassinelli and Collins; 

1991) which, on the basis of the d a ta  depicted in Fig. 4.7b, excludes funnel sem i-angles less than  

approxim ately  0.8°. Therefore, the preferred geom etrical funnel param eters for the acceleration 

of bullets to  0.26c w ithin 1010 m etres are R ad = 109 m etres and  a  =  1°.

$4.4 M otion Above a Finite. Isothermal Plane

In deriving Eq. (2.92) it was assum ed th a t all parallel raypath  vectors incident on the surface 

of the bullet denoted the paths of photons w ith the sam e frequency. For an infinite, isotherm al
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plane this assumption is completely justified but for a finite, isothermal plane it is valid only 

in a certain limit. Consider Fig. 4.9a: If the inclination, 0, with respect to the positive z- 

axis of some ray path  vector incident on the surface of the sphere (which for the purposes of 

this discussion is at rest with respect to the plane) is less than  7 t /2  — 6 then all the co-parallel 

ravpath  vectors toget her illuminate an hemisphere of the bullet. For all such raypath vectors the 

assumption expressed by Eq. (2.82) and invoked in the derivation of Eq. (2.92) is fully justified. 

This is not so however if Q > 7t / 2  — 6 ; in this case the hemisphere is only partially, rather than 

completely, illuminated and the assumption declared by Eq. (2.82) becomes inaccurate. Rather 

than  embarking on an esoteric quest to quantify the effect of these finite size effects precisely, 

I will instead determine the regime for which Eq. (2.92) is a valid approximation and explore 

the motion of a bullet above a finite, isothermal radiator within these limits.

F ig s .  4 .9 a ,b .  A schem atic represen tation  of the m odel geom etry for m otion above a finite, isotherm al plane See the 
tex t for a discussion.

It is evident, from Fig. 4.9b tha t  for the approximation to be good the length Ao must 

be much less than the radius of the plane. If this is not so then a (comparatively) substantial 

region beyond the extremity of the radiating plane, where the tem pera ture  is strictly zero, will 

be a t tr ibu ted  with a tem perature  identical to th a t  of the plane itself. From Fig. 4.9b it can 

readily be deduced that

sin 60 = ~r~ = j (4.29)

and therefore

A o  =  - , / f l a  +  e .  ( 4 . 3 0 )

T he condition th a t  needs be satisfied is, consequently,

(4.31)
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where

rb 2

n d = -5 -  and zd = —  . (4.32a, 6 )
l ip l ip

The inequality  denoted by Eq. (4.31) can never be satisfied unless r*id <C 1. T his is an intuitively 

obvious constrain t. If the condition r<,d <C 1 is indeed satisfied then it can be deduced from 

Eq. (4.31) th a t the condition zd rj,d m ust also be m et if the approxim ation is to be good for 

zd -C 1. Thus, for exam ple, when considering an optically  th in  hydrogen plasm a for which the 

characteristic  ‘bullet rad iu s’ is ~  y/&r fhe approxim ation is valid, to  all in ten ts and purposes, 

from  the surface of the rad ia to r upwards.

T he angle of incidence (w ith respect to  the positive z-axis) of photons orig inating  from  the 

edge of the rad ia to r is, from Fig. 4.9b,

(4,33)

Therefore, by com parison w ith Eq. (3.7), the axial equation of m otion is

a D T 4  1 f 1a D T 4  1 f 1
& = 2 r -  /  ( / i - & ) ( l - / ^ ) d / i

m 0c2 7  I
(4.34)

which, again w ith reference to  Eq. (3.7) and w ith the in troduction  of the dim ensionless variables

U = ■ ^  =  ^7± = P‘ ’ ^  =  =  —  ̂  and *  =  (4 .3 5 a ,6 , c ,d )Hp did d ij  c c

where W  is defined by Eq. (3.9b), can readily be in tegrated  to  yield

{3z<5 — 8 id +  3} H-------------- 3- 12(4^d +  3)id — 3(1 +  z^) 2 ( 1  +  zd )zd |
( l  +  -d2) " 1 .

(4.36)

As w ith the tem pera tu re  profile discussed in the im m ediately preceding section, the equation 

of m otion is explicitly dependent on the dimensionless variable Zd and as a result the problem  

is not, in general, scale invariant. O f course, in the lim it where the radius of the plane tends 

to  infinity the variable Zd —*■ 0 and Eq. (4.36) reduces to  the scale invariant equation of m otion 

given by Eq. (3.24). It is triv ial to  show from  Eq. (4.36) th a t for zd = 0,

X  
1 +  z '

zd =  r r - r - 2  ■ (4-37)

From  a com parison of this result w ith Eq. (3.24) it is obvious th a t the initial radiative accelera­

tion of a s ta tionary  bullet located on axis a t a dimensionless height Zd above a finite, isotherm al 

plane is a factor 1 +  z \  less than  th a t for m otion above an infinite, isotherm al plane.
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T he term inal speed of the bullet, by definition, is approached as t d —<► oo or equivalently 

as zd —s► oo. In this lim it Eq. (4.36) sim ply indicates th a t  zd —*■ 0. T h is result could easily have 

been deduced using common sense and it unfortunately  reveals nothing new abou t the term inal 

speed of the bullet. Inform ation on this subject is best obtained by adopting  a num erical 

approach.

Prior to  investigating Eq. (4.36) in m ore detail I will first discuss the su itab le  range of the 

m odel param eters . For radiative acceleration to  be possible along the norm al axis of the disc 

above an accreting object of m ass M*. the elem entary inequality

T T ~ 2  > - (4 -38)1 +  z \ RpZd 

m ust be satisfied. T his can be solved for zd yielding

Z d - \ Z i ^ r  where (4 -3 9 M )

Hence, for rad iative acceleration to  be viable the param eter Z a m ust be in the range 0 <  Z a <  1; 

for any Z a > 1 gravity  dom inates. T he m axim um  value of the p aram eter W  is achieved in the 

lim it where the m a tte r to be accelerated is optically  th in . Therefore, for a  fully ionised hydrogen 

plasm a, by Eqs. (3.13) and (4.396), the lower lim it for the p aram eter Z a is

«  18(M */A /.)fl-20r 4- 4 . (4.40)

In m any physical s ituations the accretion disc is sufficiently th in  th a t the m ovem ent of m aterial 

w ithin the disc can be modelled as a two dim ensional gas flow; this is the th in  disc approxim a­

tion. If the disc is assum ed to  be optically thick in the z-direction then each area elem ent, a t a 

rad ial d istance v from the disc centre, will rad ia te  as a  blackbody w ith a tem pera tu re  (Frank, 

King and  Raine; 1985) given by

T (r )  =  r*

where T* is a characteristic tem pera tu re  which can be expressed as

_  /  3G M JW

(4.41)

T* = ( i^ r J  <4'42“>
=  4.1 x 104M 1*3( M * / M . ) ^ ^  K (4.426)

=  1.3 x 107M i(A f* /A f .)* /& / K . (4.42c)

E quation  (4.426) is appropria te  if the accreting object is a w hite dw arf whilst Eq. (4.42c) is 

applicable if the accreting object is a  neutron star. It should be noted in passing th a t the
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lum inosity  of the whole disc, obtained by in tegrating  <rT4(r) over bo th  surfaces of the  disc, is 

L ad = ^ L acc where the accretion lum inosity  is given by

G M M
L aCc — n  • (4.43)

it*

The rem aining lum inosity originates from  a very hot boundary layer close to  the surface of 

the  accreting object. I will not consider such com plexities here bu t will merely adop t the 

tem p era tu re  T* as being characteristic of the surface tem pera tu re  of the accretion disc. On this 

basis, by Eq. (4.40), typical m inim um  values for the p aram eter Z a are 6.4 x 10 2R p 20 and 

~  6.3 x lO-12# " 2 for an accreting w hite dw arf and neutron s ta r respectively. Recalling th a t 

Z a < 1 for rad iative acceleration, these expressions im ply th a t the radius of the accretion disc 

m ust be greater than  ~  2.5 x 109m for an accreting w hite dw arf and greater than  ~  2.5 x 104m 

for an accreting neutron star. For an accretion disc of radius 1010m , Eq. (4.39cr) then  im plies 

th a t Zd > 0.26 for m otion above a white dw arf whilst Zd >  2.5 x 10"6 for m otion above a 

neutron star. In reality the respective lower bounds on will likely be considerably less on 

account of the therm al energy of the plasm a. Even so it is clear th a t the conditions for the 

rad iative acceleration of m a tte r  from  the im m ediate vicinity of an accreting white dw arf are 

not favourable.

T he upper bound on the param eter X , by Eqs. (3.13) and (4.35d), is

«  8.3 x 1 0 -9f lPloT? (4.44)

whilst the lower bound on the param eter X  for which radiative acceleration is possible (in the 

lim it where z^ —► oo) is, by Eqs. (4.35d) and (4.396),

X mi„ ss 1.5 x 10- 7(M */M 0 ) « - ‘ . (4.45)

Thus, for a w hite dw arf located a t the centre of a  th in , isotherm al accretion disc of radius 

~  1010 m the param eter X  m ust, if rad iative acceleration is to  be a t all possible, lie in the 

approxim ate range 1.5 x 10~7 <  X  <  2.3 x 10-6  and in the rough range 1.5 x 10-7  <  X  < 

2.4 x 104 for m otion above an accreting neutron star.

T he results of a  num erical in tegration of Eq. (4.36) for selected values of the param eter X  

app rop ria te  for an accreting neutron s ta r  are shown in Figs. 4.10a,b and c. As in the previous 

section it was found th a t the speed the bullet is, to  very good accuracy, constant after a period 

several orders of m agnitude less than  1015 dimensionless tim e units. Therefore, in the sam e 

vein as §4.3, I have adopted the speed of the bullet after 1015 dimensionless tim e units as 

representing the (truncated) term inal speed.

From  Fig. 4.10a it can be seen th a t the term inal speed increases with A* and, for the 

values of Ar depicted, is very much independent of the in itial release height up to z0d ~  10“ *.
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F ig s .  4 . 1 0 a , b . c .  T he  results of a numerical integration of 
the  equation  of motion for a  bullet, initially at rest, mov­
ing along the sym m etry  axis of a finite, isothermal plane 
for selected values of the p a ra m a te r  X  appropria te  for an 
accreting  neutron  sta r  T he  correspondence between X  
and the line types is; 1 0 - 2 , full line; 1 0 °, do t ted  line; 
102. dashed line and lO4, dashed-dotted  line In a the 
( t ru n c a te d )  terminal  speed, Pi s ,  is plotted as a function 
of the  initial height , z 0 . , of the bullet; in b  the dimen­
sionless t ime t.i taken by the bullet to a t ta in  99.5% of the 
terminal  speed is plotted as a function of ,j0d whilst in 
c the  dimensionless d istance over which the bullet a t ­
ta ins 99 5% of its terminal speed is plotted as a function 
of ; 0 ,

' ° d

'°d

T he former fact permits the a tta inm ent of high terminal speeds e.g. for X  =  104 the highest 

achievable terminal speed is /?is - 0.9959. It can readily be appreciated, too, th a t  the terminal 

speed for axial motion directly above an accreting white dwarf will be low. The same conclusion 

can also be drawn from simple radiation wind theory in which the terminal wind speed, Vqo, 

is related to the escape velocity, vesc, from the central compact object and accretion disc 

luminosity, L ad< by the expression — Vesc [Lad/LEdd — I ) 1/"’- Since the escape velocity from 

a white dwarf is ~  0.01c high terminal speeds are possible only if L ad LEdd■ This is in

contrast to motion above a neutron star for which the escape speed is typically ~  0 .6c thereby 

perm itting  relativistic terminal speeds for L ad ~  LEdd-

T he dimensionless time taken by the bullet to a tta in  99.5% of its terminal speed as a 

function of the initial release height is shown in Fig. 4.10b. As a general rule the a t ta inm ent 

time is very much independent of the initial, dimensionless s tarting  height for z0d < 10“ 1. For 

20d beyond this rough value the a t ta inm ent time increases rapidly even though the terminal 

speed is falling off quickly. A curious feature and exception to this general trend is evidenced 

by the sudden down-turn in the a tta inm ent time which occurs at z0l ~  1 for A' =  104; the same
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behaviour is just discernible in the d a ta  set corresponding to A' =  103. For an accretion disc 

of radius 1010m, by Eq. (4.35a), one dimensionless time unit corresponds to a physical time 

of ~  33 s and the m inim um  a tta inm ent time for X  =  104 represents a physical time of only 

~  94 seconds. The dimensionless distance above the plane at which the bullet a tta ins  99.5% of 

its terminal speed is plotted as a function of z0d in Fig. 4.10c. Clearly there exists a  range of 

initial release heights for each value of the parameter X  for which the a t ta inm ent distance is 

quite independent of z0d. This range is coincident with th a t  over which the terminal speed is 

independent of the initial release height.

$4.5 M otion  above a Spherical,  Isotropic  Radiator

In this section 1 will consider the role th a t  special relativistic effects can play in the radiation 

driven winds of hot luminous stars. In particular I will investigate these effects for continuum 

radiation pressure which in stellar winds is due mostly to Thomson scattering opacity. Al­

though stellar wind theory is conventionally conducted in the non-relativistic regime some of 

the observed terminal wind speeds are marginally relativistic (e.g. the terminal wind speed of 

the galactic s tar  HD 48099, which is of spectral type 06 .5  V, is 3500 k m /s  (Conti and Underhill; 

1988)) and a cursory realtivistic t rea tm ent is worthwhile if only to confirm tha t the Newtonian 

limit is appropriate.

P  
r

F ig .  4 .1 1 .  A schematic representat ion  of the model geometry for motion above a s ta r  of radius /t* The s ta r  subtends 
an half-angle 0 o at the point P , a  distance r  from the centre of the star.

Consider a star of luminosity L* and radius R+. The energy flux at the point P  (Fig. 4.11), 

a radial distance r from the centre of the star, is

and the  semi-angle subtended by the star at P , observed in the stellar rest frame, is

0O =  sin - 1 ( ! y  \ . (4.47)
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T he energy flux a t th is sam e point is, by Eqs. (2.32) and (2.33), given by

T  =  j  d * j  I s i n $ c o s 6 d 9  =  k I  ^  (4.48)

and hence, by equating Eqs. (4.46) and (4.48), the frequency in tegrated  specific intensity  is

1 =  toPR* ' (4 49)

By appealing to  Eq. (4.1), the radial equation  of m otion can be shown to  have the form

<tt  1
0  = 2 n  j  — I I  (cos9 — 0 ) ( l  — 0 co s9 )s in 9  d9 (4.50)

mpc 7 Jo

which can be readily in tegrated  to  yield

^  = <451)

where

2 4 - ( c ^ + 3 ) c o ^  
o sin 90

T he function /  is m onotonic, decreasing rapidly  from a m axim um  of 8 /3  a t r =  /2* and 

asym pto ting  tow ards a lower bound of 2 as r  —► oo. By the introducing the param eter

r  =  , (4.53)
L>Edd

where L£dd is the E ddington lum inosity (Eq. 1.6) and retain ing term s of order 0  and less in 

Eq. (4.51) it is sim ple to show th a t, for v /c  <C 1, the radial acceleration due to continuum  

rad ia tion  pressure alone is given by

du „GM *. f ,  . . .  ,
d7 =  r —  I * - / ( * • > - }  • (4.54)

T he function /  falls off very rapidly  w ith r  a tta in ing , for exam ple, a  value of 2 +  6.412 x 10-3  

a t r =  2R+. Thus, for r  >  2/2* Eq. (4.52) is very well approxim ated by

dv  GA/*— = r
dt r"

{ ! - 2 n  (4.55)

and, consequently, for wind speeds ~  3000 k m /s  there will be a typical reduction of ~2%  in 

the continuum  rad ia tion  pressure due to  rad ia tion  drag. T his will, in all likelihood, have an 

insignificant effect in the term inal wind speeds predicted by stan d ard  theoretical models. The
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same cannot, obviously, be said for wind speeds much in excess of ~  3000 k m /s  and it seems 

reasonable to conclude th a t  relativistic effects ought to be given consideration in any theoretical 

modelling where the terminal wind speeds are significantly greater than ~  3000 km /s .  Whether 

such objects exist I do not know but A G N ’s involving black hole accretion are the most likely 

candidates.

54.6 M ot ion  W ith in  and Above  a Finite  Accret ion Funnel 

§ 4 .6 .1  T h e  I s o th e r m a l F u n n e l

Prior to considering a similar geometric configuration with a more realistic tem pera tu re  profile I 

will first consider the simplest possible case: the acceleration of an electron-proton pair moving 

within a finite, isothermal funnel. I shall not a t tem p t  to introduce any degree of rigour at 

this stage but will explore the solutions to the appropriate equation of motion, derived below, 

which will give an indication of the generic behaviour of the solutions which can be expected 

in a more representative model. The length-scale of the ‘bulle t’ is negligible in comparison to 

the dimensions of any physical accretion disc and, therefore, finite size problems need not be 

considered. 1 will, for the interim, also ignore any gravitational effects.

Fig .  4 . 12 .  The  model geometry for axial motion within and above the funnel of a thick accret ion disc sis perceived by 
an observer in the rest  frame of the accretion disc. The  ou te r  surface of the disc is a t  a blackbody te m p e ra tu re  T 2 and 
is spherical , with a radius R a<i T he  accret ion funnels are conical, with an opening half-angle a ,  and isothermal  at a 
blackbody tem p era tu re  T \ .  For any location between O  and Q  the bullet is il luminated solely by radiat ion  originating 
from the funnel walls whilst for any location beyond Q  the bullet is i l luminated by radiation originating from both the 
funnel walls and the ou te r  surface of the accretion disc.
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Consider the depiction of the accretion disc displayed in Fig. 4.12: T he interior surface of 

the  disc is a t a  blackbody tem pera tu re  T\  and is conical w ith a sem i-opening angle a .  T he 

exterior, spherical surface is a t a blackbody tem pera tu re  T 2  and  has a  radius R ad- I t  is evident 

from  consideration of the geom etry of the disc (in the disc rest fram e) th a t the  ‘b u lle t’, or m ore 

appropriately  in th is case test-particle, will experience two d istinct rad ia tion  regimes. In the 

first the  bullet is driven solely by rad ia tion  th a t originates from  w ithin the accretion funnel. 

T his corresponds to  any location between the points O  and Q  in Fig. 4.12. Above the  point 

Q, which is a t a t a  dim ensionless distance Zd =  sec a  above the funnel apex a t O, the  bullet 

is driven bo th  by rad ia tion  em itted  from  w ithin the accretion funnel and also by rad ia tion  

em anating  from  the exterior surface of the accretion disc. T his dom ain represents the  second 

rad ia tion  regime. For some axial bullet location Pi  between O  and Q  the m axim um , lim iting  

angle o f incidence of any raypath  vector is, from a sim ple application of the sine rule, given by

6 \ =  cos-1 (  .— Z<L .— ^ where zd =  . (4.56a, 6)
y  +  z \  — 2 Zd  C O S  a  J  R a d

For a general, axial location P 2  beyond the point Q  the m axim um  angle of incidence of any 

photon orig inating from  w ithin the accretion funnel is again given by 9\ whilst the m inim um  

and m axim um  angles of incidence of photons em itted  by the exterior surface of the  disc are 6 1 

and

6 2  =  c o s" 1 1 j  (4.57)

respectively.

By analogy w ith Eq. (4.34) and w ith reference to  Eq. (3.7) it can easily be shown th a t the 

com plete, axial equation of m otion can be expressed as

id  = \ x a i ( \  - i d2) 4 -  2 id ( l  -  /i?) -I- 3(1 +  z^) (1 -  (4 )  -  6 id ( l  -  A«i) +

H ( z d -  sec a )  { - 2 z d ( n \  -  & )  +  3(1 +  i d ) ( ^ 1  “  ^ 2 ) “  6 id (/ii -  H2 )} (4.58)

where

 ̂ _  c ,  2 _  _  * - d2*d _  R *d h v  trDT} Rad , A c n _— rp t ) — 1, — H z  j Zd — 1,2 — $ z > — 2 > (4.59a, o ,c, a)K  ad cttd d t i  c m 0 cz c

7i(x )  is the  Heaviside function defined such th a t

” <■>-{!:  <*■»>

and a 1 =  cos 9 1
3  3
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Fig .  4 .1 3 .  A plot of z<i/X ad = a t /  ( o  DT* /  (due to  radiat ion originating from the funnel walls) versus dimension­
less height , for a s ta t ionary  bullet located on the axis of a finite, isothermal accretion funnel for selected values of 
the  funnel semi-angle.

It can be deduced from Eqs. (4.58) and (4.59c,d) th a t  the contribution made to the radiative 

acceleration of a s ta tionary  bullet by radiation originating from within a finite, isothermal funnel

is

sin2 ota D  T-i4a z =  -------1 , ---------- =--------------------- ,
m 0c 1 +  — 2 Zd  c o s  a

(4.61)

a graphical illustration of which is shown in Fig. 4.13. This is a factor 1 +  — 2zd cos a  less

than  the equivalent expression for motion within an infinite, isothermal funnel. A feature which 

is immediately  obvious from Fig. 4.13 is the progressive narrowing of the acceleration ‘h u m p ’ 

as q decreases. Since the maxim um  value of az occurs at zd = cos a,  or equivalently when 

the bullet centre is coplanar with the funnel m outh, it is reasonable to expect the bullet to 

be accelerated as it approaches the top of the accretion funnel; particularly so if the funnel is 

narrow. Such behaviour would seemingly not augur well for the a t ta inm ent of a terminal speed 

in the proximity of the funnel mouth.

It is plausible to conclude th a t  the param eter X ad in Eq. (4.58) will, like its counterparts 

in §4.3 and §4.4, play a critical role in determining the final bullet speed. Though, for the 

purposes of expediency, I am at present only considering the motion of a test-particle rather 

than a much larger bullet, it is necessary to ensure tha t  the numerical values of the param eter 

X ad employed in Eq. (4.58) are appropriate for a massive bullet if the results are to be a good 

indicator of the behaviour th a t  can be expected in such a model. To this end I will adopt the 

param eter  values R ad ~  1010m, m 0 ~  1021 kg and assume a minimum bullet radius, given by
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_1

Eq. (3.14), of i'b ~  10_ 2 nio metres. By Eq. (4.59c/) typical values for the param eter  X ad are 

then

X ad ~  6 .6  x  1 0 - 2 / / adlom o' 3t r 84 . (4 .6 2 )

Hen ce for bullet parameters appropriate for SS433 the param eter values log10A ad =  —2, —1,0, 1 

and 2 correspond approximately to funnel tem peratures T\ ~  0.6, 1.1, 2.0,3.5 and 6.2 x 108 K 

respectively.

T he dimensionless time, t^x , and speed, z^x , of the bullet when it exits the funnel (zd =  

cos a )  are tabula ted  in Table 4.1 whilst graphical solutions to the equation of motion (Eq. 4.58) 

are provided by Figs. 4.14 and 4.15.

Q

— 0

r d
yex
~d + ex 

ld
; e r
d

■iex
l d

Lex
zd

60 11.849 0.0856 2.130 0.3694 1.654 0.4497

45 17.045 0.0916 3.857 0.3597 3.298 0.4494

30 26.560 0.0861 7.929 0.3412 7.251 0.4486

15 58.906 0.0676 27.869 0.3023 27.000 0.4460

5 292.081 0.0425 235.812 0.2332 234.658 0.4368

Table 4 .1 . T h e  d im ens ion les s  t im e  ta k e n  by th e  bul le t ,  w i th  th e  in it ia l c o n d i t io n s  ^d =  0 a n d  i d = 0 ,  t o  e x i t  t h e  acc re t io n  
funnel  a n d  th e  d im ens ion les s  spee d  a t  th e  exi t  p o in t  fo r  se lec ted  values  of th e  funne l  s em i -ang le ,  a ,  a n d  th e  p a r a m e t e r  
A'ad

0.45

0.35

Z j X 0.25

-10.15

- 20.05

0. 15

0. 35

Z d  0 .25

0 .1 5

0.05

F i g .  4 . 1 4 .  T h e  d im ens ion les s  speed  o f  th e  bu l le t ,  i d ,  ver- F i g .  4 . 1 5 .  T h e  d im en s io n les s  s p e e d ,  i “ , o f  t h e  bu l le t
sus  t h e  d im ens ion les s  t im e ,  t d, sca led  by th e  d im ens ion less  u p o n  e x i t in g  th e  f in i te ,  i s o th e rm a l  funne l  versus  th e  fun-
t im e ,  ta k e n  to  ex i t  t h e  f in ite,  i s o th e rm a l  funne l  for nel sem i -ang le  for t h e  in d ic a ted  va lues  o f  t h e  p a r a m e t e r
X a d =  l a n d  th e  i n d ic a ted  values of t h e  funnel  sem i-ang le .  Ara d

The rapid acceleration near the funnel m outh  alluded to earlier, particularly for the nar­

rower funnels, is clearly visible in the Fig. 4.14. One feature which should be remarked upon and 

which can readily be seen from inspection of Fig. 4.15 and the tabulated  d a ta  for log10A"ad =  2 

is the proximity of the exit speed to the terminal speed above an infinite, isothermal plane given 

by Eq. (3.25). In fact the speed /?oo =  0.4514 represents an absolute upper bound on the exit 

speed from a finite, isothermal funnel.
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F ig s .  4 .1 6 a ,b , c ,d , e , f .  Grahpical i l lustrat ions of numerical solutions to Eq. (4.58) for axial motion within and above 
an accretion disc with an ou te r  surface tem pera tu re  T j  and inner, funnel tem pera tu re  T i for the indicated  values of 
the  p a ram e te r  X ad and for ra t io  T 2 / T i = 0 , plots a, b, and c and for T 2 / T i  =  1, plots d, e and f  T he  designat ion of 
line a t t r ib u te s  to  values of  the pa ram e te r  X ad given in e applies to  all of the graphs.  In a and d the dimensionless 
time, t j ,  taken to  a t ta in  99.5% of the ( t runca ted )  terminal speed is plo tted  as a function of  the funnel semi-angle; in 
b and e the dimensionless distance, z d, over which 99.5% of the ( t ru n ca ted )  terminal speed is achieved is plotted as 
a function of the funnel semi-angle and in c and f the ( t runca ted)  terminal  speed, /?i5, is p lo tted  as a function of the 
funnel semi-angle
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T he results of in tegrating  the com plete equation  of m otion for selected values of the ra­

tio  T2 /X 1 are illustrated  in Figs. 4.16a-f. The, by now, fam iliar convention of assigning the 

(trunca ted ) term inal speed to  be th a t of the bullet after 1015 dim ensionless tim e units has been 

adopted . T he d a ta  specific to  a funnel of half-opening angle of 0.5° are tab u la ted  in Table 4.2.

i°SlO Xad

T2/ T l =  0 T 2/ T x =  0.316 T2/ T x =  1

W i o 4 Zd /?15 td /1 0 4 Zd /?15 <d/ i o 4 Zd /?15
- 2 2.347 1.300 0.022 2.453 28.372 0.026 2.417 90.183 0.129

- 1 2.336 1.314 0.065 2.373 28.883 0.077 2.358 73.627 0.336

0 2.335 1.325 0.177 2.348 28.201 0.209 2.341 43.600 0.652

1 2.335 1.307 0.403 2.340 23.707 0.465 2.337 20.304 0.876

2 2.335 1.237 0.686 2.337 16.481 0.743 2.336 11.507 0.960

Table 4 .2 . The dimensionless time and distance taken by the bullet, with the initial conditions z<i=0 and i<i=0, moving 
within a finite, isothermal funnel of temperature Ti and semi-angle 0.5° to attain 99.5% of the (truncated) terminal 
speed, /?is, for selected values of the temperature ratio T3 /T 1 and the parameter X ad . Note that once the bullet has 
proceeded beyond the funnel limb, z <j>cos0, it will be illuminated by a finite, isothermal plane of temperature T\  and 
dimensionless radius /?Pd= sin o  and when beyond the point Q in Fig. 4.12, ?<i>seca, both by this same finite plane 
and by an incomplete spherical, isothermal radiator of temperature T3  and dimensionless radius /t« jd = 1 .

Since the la tte r p a rt of Eq. (4.58) is proportional to  the  fourth  power of the ra tio  T2/ T \ , 

rad ia tion  orig inating from the outer surface of the accretion disc will enhance the term inal speed 

m arkedly only if T2 is roughly com parable to  T\.  T his is evidenced by Figs. 4.16c,f for which the 

ra tio  (T2 /T 1 ) 4 is, respectively, 0 and 1. T he increase in the term inal speed over th a t a tta inab le  

for To =  0 is m ost significant when the funnel is narrow  and  negligible for m uch broader funnels. 

T his trend  has an obvious explanation: the solid angle subtended by the exterior surface of the 

accretion disc a t the bullet centre when the funnel opening angle is sm all is much greater than  

solid angle subtended by the external surface of the disc a t the bullet centre when the funnel 

sem i-angle is large. Enhancem ent in the term inal speed on account of rad iation  em anating  from 

the ou ter surface of the disc is accom panied by an increase in the distance taken by the bullet 

to  a tta in  99.5% of the term inal speed (Figs. 4.16b,e). T his reflects the fact th a t the bullet 

continues to accelerate a t considerable distances above the funnel m outh  and is a  feature which 

is m ost certainly not observed in SS433.

By Eq. (4.17) the effective tem pera tu re  of the accretion disc in SS433, assum ing a  disc 

radius R ad =  1010 m , is ~  3.4 x 104 K. If th is tem pera tu re  is equated  to  the assum ed blackbody 

tem p era tu re  T2 then, for funnel tem pera tu res Ti ~  108 K, the ra tio  T 2 / T 1 ~  10~4 and the 

contribu tion  m ade by rad iation  from  the exterior surface of the disc, even for the narrow  funnels 

likely to  be present in SS433, in enhancing the term inal speed will be com pletely negligible. 

Figures 4.16a,b,c are, therefore, m ost relevant to  SS433.

From  the d a ta  tabu la ted  in Table 4.2, in particu lar th a t d a ta  corresponding to  T 2 / T 1 =  0, 

it can be deduced th a t a  term inal speed of 0.26c can be achieved w ithin an accretion funnel 

of sem i-angle 0.5° if the param eter X ad is in the rough range 10° <  X ad < 101. For the 

bullet param eters specified above th is corresponds to  a perfectly reasonable funnel tem pera tu re  

Ti  ~  2 — 3.5 x 108 K. Recalling from  §3.2.3 th a t  the  term inal speed w ithin an infinite, isotherm al 

funnel is, for sm all a , «  3 /16  a 2 (Eq. 3.41) regardless o f the  funnel tem pera tu re , it is
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apparent, th a t  an isothermal funnel of finite extent is far superior as a means of radiatively 

accelerating material to relativistic speeds than its infinite analogue.

For small funnel opening angles the dimensionless time taken by the bullet to a t ta in  99.5% 

of the terminal speed is insensitive to the param eter X ad and the ratio Tn/T\  (Figs. 4.16a,d and 

Table. 4.2). In particular, for a funnel semi-angle of 0.5° and a tem perature  ratio T i / T \  =  0 

the dimensionless a t ta inm en t time for a terminal speed ~  0.26c is approximately 2.3 x 104 

units. For an accretion disc radius of 1010m this is, by Eq. (4.59a), equivalent to a period of 

about one week. This somewhat lengthy timescale is a direct consequence of the bullet being 

rapidly accelerated only in the la tter stages of its motion through the funnel. One would, 

therefore, expect a bullet released at a considerable fraction of the funnel height above the apex 

to have a much shorter acceleration time-scale. The a t ta inm ent distance, again for this specific 

case, is approximately 1.3/?ad. This is certainly close to the funnel mouth and is of the order 

of the acceleration region in SS433. However, the physical legitimacy of such an isothermal 

configuration has to be questioned since the tem perature  a t  the surface of a thick accretion disc 

will undoubtably  be much less than at the centre.

In the cursory trea tm ent of the problem described above I circumvented consideration of 

finite size effects by assuming the bullet to be small and have neglected the effect of gravity. 

This approach may not be satisfactory for massive bullets depending on their density. I shall 

address each of these effects below starting  first with finite size effects.

ad

o
F ig .  4 .1 7 .  Let the bullet (assumed for simplicity to be at rest)  be located on the axis of the finite, isothermal funnel 
of slant height R ad and semi-angle a  with its centre,  P ,  at  a  height z above the  apex. Vectors which graze the  surface 
of the bullet  and which are parallel to  the raypa th  vector which intersects both  the funnel limb and the  bullet  centre 
intersect  the (would be) funnel a t  a dis tance A i  from the funnel limb.
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The geometry to be considered is illustrated in Fig. 4.17. I have, for simplicity, assumed 

th a t  the bullet is a t  rest with respect to the accretion disc. For the equation of motion to be 

a good approximation the length A i must be substantially  less than the accretion disc radius. 

By application of the sine rule it is a simple m atte r  to show th a t

A i =
_  y  ( A ~ cosa) +  sin a

sin a rb ■ (4.63)

A graphical representation of this equation for »  =  0.01 rads is shown in Fig. 4.18. T he trough

centred on Zd =  1 indicates the region where the approxim ation is most accurate. If the bullet
_1

is assumed to have a near minim um  radius such th a t  r&d ~  10- 5mo21 then the dimensionless 

distance A i d <  10-2  for >  0.1. Finite size effects are, therefore, minimal for dimensionless 

heights above the funnel apex greater than  ~  0.1 and the equation of motion given by Eq. (4.58) 

can be regarded as a good approximation in this regime.

A i,

U

0 3

0 2

0 0
1 0 “ 1

2d

F ig .  4 .1 8 .  A plot of A i d = A i / r 6, given by Eq. (4 63) versus the dimensionless height, z 0<i , of the bullet centre  above 
the funnel apex

For radiation pressure to be capable of driving a massive bullet away from the compact 

object located a t  the funnel apex the radiative acceleration experienced by the bullet must 

exceed the inward acceleration due to gravity. For funnels with small opening angles this may, 

by Eq. (4.61), be expressed approximately as

Zd > where «  2.2 x 1 0 " 2 (M * /M 0 ) m l  R ^ T r ' a  Zi3 D —2 rj-1— 4 „ — 2
10 (4 .64a ,6)

and use has been made of the expression for the m inim um  bullet radius (Eq. 3.14) in deriving 

Eq. (4.646). Hence, for a funnel tem perature  of 108 K radiative acceleration is possible for
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F ig s .  4 .1 9 a ,b .  Numerical solutions to Eq. (4.58) for axial motion within and above a finite, isothermal accretion 
funnel of semi-angle 0.01 radians with the ratio  T ^ / T ^ Q  and the pa ram e te r  X 0d = 2.36 for the values of the  initial 
dimensionless s ta r t in g  height, £0 d , indicated  in b  In a  the dimensionless distance Zd is plo tted  as a function of the 
dimensionless time «d whilst in b  the dimensionless speed of the bullet, id ,  is plotted as a function of td

10*

*d

F ig s .  4 .2 0 a ,b , c .  Numerical solutions to Eq. (4 58) for 
axial motion within and above a finite, iso thermal  ac­
cretion funnel of semi-angle 0 .0 1  radians with the rat io 
T 2 / T i = 0  and the param e te r  A”ad=2.36. In a  the dimen­
sionless time, td, taken by the bullet to  a t ta in  99.5% of its 
( t ru n ca ted )  terminal speed, /?i5, is p lotted as a function 
of the  initial dimensionless height, z 0 d ; in b  the dimen­
sionless d istance z d over which the bullet achieves 99.5% 
of /?ls is plotted as a  function of whilst in c, /?i5 is 
p lo t ted  as a function of z 0d .

015 o. is
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dim ensionless heights greater than  ~  0.13 whilst for T\ =  8 x 108 K, z<j needs be greater 

th an  abou t 2.3 x 10-3  un its. These crude criteria, in conjunction w ith those above deduced 

from  consideration of finite size effects, im ply th a t radiative acceleration is viable and th a t 

Eq. (4.58) is a  good approxim ation to  the  true  equation  of m otion for a  m assive bu lle t o f radius 

rb ~  10~2mo m etres and a t a  dim ensionless distance from  the funnel apex g reater th an  abou t 

0.1 units.

In the preceding analysis it was found th a t the contribution m ade by rad ia tion  em anating  

from  th e  exterior surface of an accretion disc w ith m odel param eters su itab le  for SS433 in 

enhancing the bullet term inal speed is negligible. T his well justified approxim ation  is inherent 

in w hat follows. For a funnel of sem i-angle 0.01 rad ians the m inim um  value of the param eter X ad 

necessary for the  a tta in m en t of a  term inal speed /?is =  0.2602 is X ad =  2.36. For an  accretion 

disc of radius ~  1010 m etres and a bullet of m inim um  cross-section and m ass ~  1021 kg th is 

represents a funnel tem pera tu re  of ~  2.4 x 108 K. T he dim ensionless d istance and speed of a 

bu lle t radiatively  driven along the sym m etry  axis of a  finite, isotherm al funnel of sem i-angle 

0.01 rad ians w ith X ad =  2.36 are p lo tted  as functions of the dim ensionless tim e for various initial 

dim ensionless heights in Figs. 4.19a,b. These figures indicate, as was suggested earlier, th a t the 

tim e taken by the bullet to  a tta in  its term inal speed decreases as the release point approaches 

the  funnel m outh , though for in itia l release heights im m ediately below the funnel m ou th  and 

beyond the term inal speed falls off dram atically . These points are additionally  illustra ted  by 

Figs. 4 .20a,b and c. T he m inim um  a tta in m en t tim e for a  term inal speed of 0.2602c is 1.9 units 

and occurs for z0d =  0.98 (Fig. 4.20a). For a disc of radius 1010 m etres this corresponds to  

a physical a tta in m en t tim e of abou t 63 seconds. T he distance from  the funnel apex by which 

99.5% of the term inal speed is a tta in ed  is (Fig. 4.20b) 1.37-Ra<*. T his a tta in m en t distance is, 

like the term inal speed (Fig. 4.20c), very insensitive to  the bullet release height for all release 

heights from  jus t  below the funnel m outh  to  much deeper w ithin the funnel. A lthough these 

results are pleasingly in keeping w ith the observations of SS433 it is unreasonable to  expect 

th a t  the  accretion funnels in SS433 can be accurately m odelled as finite, isotherm al rad iators. 

A m ore realistic tem pera tu re  profile is considered in §4.6.2 below.

§4.6.2 T h e P o ly trop ic  Funnel

C urren t accretion disc theory is incom plete and w ithout an archetypal m odel. However, some 

of the im p o rtan t properties com m on to  m ost thick accretion disc m odels are exemplified by 

the sim ple Newtonian equilibrium  m odel in which the grav ita tional a ttrac tio n  of the central 

com pact object is balanced by a com bination of gas pressure, rad iation  pressure and cen tripetal 

force. I will discuss th is m odel briefly below.

T he principal sim plifications are the  invocation of New tonian dynam ics and the assum ption 

th a t  the m ass M  of the com pact object is much greater than  the m ass of the accretion disc. In 

the sim plest possible case it is fu rther assum ed th a t the specific angular m om entum  I =  R 2Q 

(where R  is the radial coordinate in cylindrical polars and Q is the  angular velocity) is constant
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throughout the disc. The form of the accretion disc is prescribed by the equipotential surface 

for the given specific energy of the accreting material. These equipotentials are specified by the 

expression

sin t) —
R 2k

2 r R x  +  E r 2
(4.65)

(Frank, King and Raine, 1985) where r is the distance from the compact object, the polar angle 

6 =  s in - 1( /? / r ) ,  R k  is the radius at which the Keplerian angular velocity Q k  is such tha t  

R 2k & k  — I a°d  E  is the specific energy of the accretion disc material in units of the binding 

energy, E k  — G M / 2 R k  , of m a tte r  in a Keplerian orbit of radius R k - For the disc to  remain 

bound to the compact object the specific energy E  must lie in the range — 1 <  E  <  0; the most 

tightly bound configuration occurs for E  = — 1 when the disc becomes a ring of radius R k  

whilst the most loosely bound configurations occur as E  —► 0. The minimum polar angle, a ,  

can readily be deduced, by differentiating Eq. (4.65) with respect to r ,  to occur at r  =  — R.k / E ,  

Substitu ting  this expression back into Eq. (4.65) then gives

sin“ a = —E  . (4.66)

T hus, for the formation of a funnel of semi-angle 1° the specific energy of the accreting}: material 

needs to  be E  ss —3.05 x 10- 4 . Such a disc is depicted in Fig. 4.21 where the conical nature  of 

accretion funnels is clearly evidenced. It is apparent from Eq. (4.66) tha t  narrow funnels are 

formed when the accreting material is loosely bound to the central compact object. A direct 

consequence of this fact is th a t  material near the funnel walls can readily be driven outwards by 

radiation  pressure producing well collimated jets. The tem pera ture  of the funnel walls, however, 

remains completly unspecified by this model.
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F ig .  4 .2 1 .  T he  equipotential surface for which the minimum polar  angle is 1 ° A thick accret ion disc of this general 
geometrical  form is believed to  be present in the SS433 system. The o rdinate  corresponds to  the height , i ,  of the disc 
in units of  the Keplerian radius, R k , whilst the  abscissa denotes the radius, R,  of the  disc in units of  R k

} Strictly speaking there is no accretion in this nor any other equilibrium model since the 

disc m ateria l is assumed to have a null poloidal velocity component.
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To overcome th is problem  I will assum e th a t the pressure-density relationship w ithin the 

accretion disc can be expressed by a poly tropic equation of s ta te . Such an equation  of s ta te  

is applicable to  a gaseous sphere in hydrostatic  equilibrium  and has physical legitim acy as the 

generalisation of the  observed behaviour of an ideal gas undergoing an ad iabatic  change. Since 

the d iam eter to  thickness ra tio  of the accretion disc in SS433 has been variously estim ated  to 

be ~  1.5 (Anderson, M argon and G randi, 1983a) and less th an  1.3 (W agner, 1983) and the 

funnel sem i-angle is probably less th an  1°, the  assum ption th a t the  disc is spherical is well 

justified . T he assum ption th a t the disc is in equilibrium  is, on the o ther hand, valid only if the 

poloidal velocity com ponent of the accreting m ateria l is m uch less than  the toroidal velocity 

com ponent. A doption of the polytropic equation of s ta te  also involves the assum ption th a t the 

con tribu tion  m ade by the centripetal force to  the support of the disc is negligible. R ather than  

m erely quoting the relevant results obtained from the assum ption of a  polytropic equation of 

s ta te  I will provide an outline of their derivation below.

Define the quan tity  (3p such th a t the gas pressure and rad ia tion  pressure are given respec­

tively by

p ,  =  -  =  & P ,p m m h
a T 4

and Pr =  —  =  (1 -  0p ) P t (4.67a, 6)

where P% is the to ta l pressure given by the sum  of the rad ia tion  and gas pressures. Solving for 

T  by elim inating  Pt between Eqs. (4.67a, 6) yields

T  = 3(1 - 0 p ) k
p m m h a #p J

(4.68)

which when substitu ted  back into Eq. (4.676) gives

Pt =
3 l - 0 p

p m m h j  a  /?4 P 3 • (4.69)

If the gas pressure is a constant fraction of the to ta l pressure th roughou t the disc, and by 

definition therefore (3P a constant, Eq. (4.69) can be m ore sim ply expressed as

Pt = K p $  where K  =
p m m h

3 1 - 0 P
a /?4

(4.70a, 6)

is a  constan t of proportionality . T his equation  corresponds to  a poly trope of poly tropic exponent 

7 p = 4 / 3  or equivalently of polytropic index np =  3. In general the pressure-density relationship 

has the form

Pt(r)  =  K p ( r ) yp w ith j p =  *
np

(4.71a, 6)
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Any spherical, gaseous body in hydrostatic  equilibrium  for which the pressure and density have 

the  radial dependence expressed by Eq. (4.71a) is a  polytrope. A poly trope of index np =  3 /2  

conventionally represents a  s ta r in convective equilibrium  for which rad ia tion  pressure is unim ­

p o rta n t w hilst a  polytrope of index of np =  3 norm ally  corresponds to  a s ta r  in radiative 

equilibrium  in which energy is transpo rted  by rad ia tion  ra th er th an  by convection. The la tte r 

poly trope  is com m only referred to  as the standard  m odel and will be discussed further below. 

For com pleteness I will ju s t note th a t a  poly trope of index np — 3 can also represent a  rel­

a tiv istic , degenerate electron gas and such a poly tropic m odel therefore presents a  m eans of 

exploring the in ternal sructure of exotic entities such as w hite dwarfs.

By analogy w ith the deduction of the general polytropic expression for the pressure-density 

relationship  (Eq. 4.70a) from  Eq. (4.69) it is obvious from  Eq. (4.68) that, the  general polytropic 

expression for the tem perature-density  relationship is

i
T (r )  = J p ( r ) nt> where J  — 3 1 - A " 1

. fJ-m TTlh & ftP
(4.72a, 6)

Hence, to  determ ine the run of tem pera tu re  w ith radius, the run of density w ith radius m ust 

first be known.

Since the disc is assum ed to be spherical and in hydrosta tic  equilibrium  the relationship 

between the pressure and density a t every location w ith in  it is specified by the equation

d r  r*

where M ad(r ) is the m ass w ithin a radius r  and has the differential form

=  47rr2p (r) . (4.74)
d r

T he polytropic equation  of s ta te  (Eq. 4.71a) specifies the relationship  between the pressure and 

density and, therefore, by elim inating  Pt between Eqs. (4.71a) and (4.73) the run of density 

w ith radius can be obtained. The resulting expression has the form

d /  I<r2(np +  1) d p \  2
—  ----- /  p . . .  '  - f -  ~  - 4 t t G r y  (4.75)
d r  \ n pp(nr~ 1Wnp dr J

and represents one form  of the Lane-Em den equation. T he boundary  conditions for this non­

linear second order differential equation are p(0) =  pc and  p ( R ad) =  0; bo th  the param eter 

K ( 0 P) and the poly tropic index np are free param eters. E quation  (4.75) is best solved by 

transform ing  to the Em den variables, details of which can be found in standard  tex ts such as 

C layton (1968), Collins (1989) and, for a  m ore com plete trea tm en t, C handrasekhar (1939). By 

the in troduction  of these variables the norm alised run of tem p era tu re  w ith radius, p ( r ) jp c, can 

be derived from Eq. (4.75) which, when substitu ted  into Eq. (4.72a) yields T ( r ) / T c. The run



115

T_
Tc

o .

o .

0 .

0 .

0 .

0 .

0 .

0 .

1

3

0

r / R *

F ig .  4 .2 2 .  The normalised tem pera tu re ,  T / T c , versus normalised radius, r / R + , for the s tandard  model.

of normalised tem perature  with dimensionless radius for the s tandard  model is illustrated in 

Fig. 4.22. It should be noted tha t  the predicted surface tem perature  is 0 K. This follows directly 

from the imposition of the boundary condition p ( R ad) =  0 . Unfortunately analytic solutions 

to the Lane-Emden equation exist only for np =  0,1 and 5; for the remainder, which includes 

the standard  model, the equation has to be solved numerically. For the standard  model it can 

further be shown th a t  the radius, mass and central tem pera ture  of the accretion disc are given 

respectively by

Rad = 6.89685 \ l ^ —  pc 3 =  7.73821 x 1010//, s 1 1 3p
I< - x  

ttG
Pc (4.76a)

M ad =  8.07296tt ( A .  ) =  18.0101 > /l Pp 

P 2mPp
M (7)

and

(4.766)

Tc = J p i  =  3.19837 x 106 ( -— ^
P m P p

Pc (4.76c)

By Eqs. (4.76a, 6) the central density, pc, may be expressed as

1 M ad
pc =  25.72795

which when substituted into Eq. (4.76c) yields

R 3a d l0

TC6 = 1.37444 (3p p r 1 Mad
Radio M q

(4.77)

(4.78)
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Thus, if the two parameters M ad and the mean molecular weight, //m , are specified then the 

ratio of the gas pressure to total pressure, /3p , is prescribed by Eq. (4.766) and the central 

tem perature, after selection of the disc radius R ad, is subsequently defined by Eq. (4.78). Since 

T ( r ) / T c is also known, the tem perature  on the funnel surface at any distance from the apex is 

then specified.

A plot of Tc as a function of the disc mass for a disc of radius 1010 m and selected values of 

the mean molecular weight of the accreting material is illustrated in Fig. 4.23. Clearly central 

tem pera tures  of ~  108 K are not possible unless the disc mass is implausibly large. However, on 

account of the inverse proportionality of the disc radius to the central tem pera ture  (Eq. 4.78), 

a central tem perature  in excess of 108 K is possible for a disc of radius 109 m for all values of 

the mean molecular weight if the disc mass is greater than  approximately 15Mq.

0 8

M /M ©

F ig .  4 .2 3 .  The tem pera tu re ,  T c (in Kelvin) predicted by the  s ta nda rd  model to occur at the  disc centre, versus the 
disc m as s , M ad, in solar mass units for selected values of the mean molecular weight, / i „ T h e  selected values of 
are, from top to bo ttom , 2, 3 /2 ,  1 and 1/2.

Since the surface tem perature  of the accretion disc is, according to the poly tropic model, 

0 K the bullets are driven only by radiation originating from within the accretion funnel. It was 

found in §4.6.1 th a t  the contribution made by radiation em anating from the external surface 

of the disc in enhancing the terminal speed of the bullets is significant only if the tem pera ture  

of the disc surface is comparable to th a t  within the funnel. In SS433 this is most certainly not 

the case and a model disc surface tem perature  of 0 K constitutes a valid approximation.

I shall now proceed to derive the equation of motion: Assume th a t  the walls of the funnel 

radiate  as a blackbody for which the tem perature  profile along the funnel surface be given by

T(r )  = Tcf ( r ) (4.79)
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where r is the radial distance from the funnel apex, T c is given by Eq. (4.78) and / ( r )  is the 

numerical solution to the Lane-Emden equation for np =  3. By Eq. (4.13) the tem perature  

profile can then be expressed as

T{6, z ; a )  =  Tcg(9, z \ a )  where g(9, z; a )  =  f ( r (9 ,  z; a ) )  . (4.80a, b)

By Eqs. (3.4) and (3.5) the axial equation of motion is then given by 

a n  i r9
(3Z = 2  /  \g(0,z 'ia )] (cos 9 -  (3Z )(1 -  0z cos 9) sin 9 69 (4.81)

m oc 7  J o

where $1(2 ) is given by Eqs. (4.56a, 6). W ith reference to Eqs. (4.59a, 6 , c, d) the equation of 

motion can further be expressed as

zd = 2 X ad (1 -  id)* /  [g(t*,Zd-,(x)]4 (n -  i d )(l -  id/^)d/i (4.8*2)

where, of course, the tem perature  T\  in Eq. (4.59d) is now replaced by Tc. The ratio Z d / X ad 

for a bullet at rest within a finite, s tandard  model polytropic funnel of semi-angle 0.5° and 1° 

is shown in Fig. 4.24.
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F ig .  4 .2 4 .  T he  ratio z d / X ad versus z d for a bullet at  rest  within a finite, s ta nda rd  model polytropic funnel of 
semi-angle 0.5° and 1° (full lines) . For ease of comparison the rat io  Z d / X ad for a  s ta t ionary  bullet  within a finite, 
isothermal funnel (dashed lines) plus the d a t a  depicted in Fig. 4.4b for the exponentially decaying tem p e ra tu re  profile 
(dashed -do t ted  lines) are, by means of the approximation  id « 1 0 ? d ,  also p lo tted  to the same scale. It should be recalled 
t h a t  the  m axim a for the plots representing the  finite, isothermal funnel have a m agnitude of  1 unit.

Before proceeding to integrate the equation of motion (Eq. 4.82) I will first determine the 

domain in which the bullet release height must lie if acceleration due to radiation pressure is 

to exceed th a t  due to gravitational attraction .
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F ig .  4 .2 5 .  The funct ion h versus the radius,  r ,  in units of the accretion disc radius R ad

For the standard  model only, the mass of accretion disc material within a radius r is 

independent of the central density and can be simply expressed as

Ma d ( r )  = h( r )  M ad ■ (4.83)

The function h(r)  is obtained from a numerical solution of the Lane-Emden equation and is 

displayed in Fig. 4.25. An assumption inherent to Eq. (4.83) is th a t  the mass which can be 

regarded as ‘missing’ on account of the presence of the accretion funnels is negligible. This is 

certainly true for narrow accretion funnels with which I am  concerned here: the solid angle oc­

cupied by each accretion funnel is approximately ircx2 and hence the ‘missing’ mass a ttr ibutable  

to each funnel is about o r M ad l 4 which, for a funnel semi-angle of 1° represents ~  1.5 x 10~4M ad 

for the funnel pair. The acceleration due to Newtonian gravity is, therefore, well expressed as

ag =  h(r= 1.32706 . ( 4 . 8 4 )
r  ad i o  "‘'d

Consider now the acceleration due to radiation pressure. Let the bullet radius, for a given 

s ta r ting  height, be a fraction x  of the maxim um  possible such th a t  the bullet cross-section is

D = 7r ( x z s i n a )2 where x < 0 <  1 . (4.85)

Then, by Eqs. (4.78) and (4.82), the radiative acceleration is given by
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a r =  1.29173 x 105* 2flJ<?lo^ o r2m o‘a1,(A -/‘">)4 f  T r )  (4.86)V ^ 0  /  Jn x(zi ,a)

where a ,  assumed small, is in degrees. For the bullets to be driven outwards along the funnel 

axis the obvious condition ar >  ag must be satisfied. By Eqs. (4.84) and (4.86) this can 

alternatively be expressed as

(A/f \  ^ r l

-rr) / 1 • (4.87)
^*0 /  J

In Fig. 4.26 the left-hand side of Eq. (4.87) is shown as a function of zd from which it is apparent 

tha t  there exists, for each value of M ad / M q , a distinct range over which radiative acceleration 

is viable; for M ad >  15Mq the minimum release height needs to be greater than ~  10-2 ,•*d-

io>
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F ig .  4 .2 6 .  The  ra t io  a r / a g given by the lef t-hand side 
of Eq. (4.87) versus the dimensionless height, z<\, for the 
mean molecular weight p m =0.5, a  =  l °  and the pa ram e te r  
x =  l for selected values of M a<i / M Q  which, from top  to 
b o t to m  as displayed, are 25, 20, 15, 10 and 5. Since the 
pa ra m e te r  x  has been chosen to  equal 1 , the bullet cross- 
section is the grea tes t  permissible and consequently the 
values of the  ra t io  a r / a g shown represent an upper  bound.

F ig .  4 .2 7 .  T h e  minimum, dimensionless bullet radius, 
r fcd, for which radiative acceleration is viable versus the 
dimensionless release height for selected values of the ac­
cretion disc mass. T he mean molecular  weight p m =0.5  
whilst the  selected values of M a<j/A / 0  are, from top  to 
b o t tom  as displayed, 5, 10, 15, 20 and 25.

By determining the value of the param eter x, the remaining param eters remaining fixed, 

for which the left-hand side of Eq. (4.87) equals 1, it is possible to find the minimum value of the 

dimensionless bullet radius, for a given initial release height, for which ejection of the bullets is 

possible. This then permits the suitability of Eq. (4.82) as an approximation to the true, axial 

equation of motion to be determined. From Fig. 4.27 it can be seen th a t  a dimensionless bullet 

radius of ~  10~3 units is sufficient to ensure ejection for all accretion disc masses in excess of 

~  15M q .  Beyond the funnel mouth  it is not im portan t th a t  i'bd be such tha t  ar > ag. To 

appreciate this point one need only perform a simple Newtonian energy calculation in which 

the radiative drive beyond the funnel m outh  is assumed to be zero: it is simple to show that if
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F ig .  4 .2 8 .  Parallel vectors passing th rough the centre of the bullet a t  P  and which graze the bu l le t ’s surface intersect 
the funnel wall at  the points B  and A, C  respectively At A,  B  and C  the funnel wall is at  a  black body tem pera tu re
T a , T b  and T c  respectively.
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F ig .  4 .2 9 .  T he  rat io  A T / T  versus the dimensionless distance,  r &, of the point of intersection denoted  as B  in Fig. 4.28 
above. T h e  funnel semi-angle is 1 ° and the bullet  has a dimensionless radius r(,d = 1 0 ~ 3. The labeled values represent 
the  dimensionless height of the bullet centre above the  funnel apex. T he  bullet is located on the axis of  symmetry  of 
the funnel and,  for simplicity, is assumed to  be a t  rest  with respect to  it.
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the  bullet exit speed is fiex then

A ft «  1.48 x 1 0 -7^  where A/? =  fiex — Poo . (4.88)
Pex-tCadio

T hus, for exam ple, even for a  very massive, com pact accretion disc of m ass M ad — 25M q and 

rad ius R ad10 = 0 . 1  and an exit speed Pex =  0.2, the  reduction in the speed is only A/? =  

1.85 x 1 0 "4.

Let me now re tu rn  to  the question of the validity of Eq. (4.82) as a  representation of the 

true  equation  of m otion. I will, for expediency, assum e th a t the  bullet is a t rest w ith respect 

to  the funnel. Consider the geom etry depicted in Fig. 4.28. T he approxim ation  adopted in the 

derivation of Eq. (4.82) is equivalent to  assum ing th a t the tem pera tu res Ta , Tb , and T c  a t 

the locations A, B  and C  on the funnel wall are the sam e. T his will certainly no t be so since 

the tem p era tu re  predicted by the stan d ard  m odel (Fig. 4.22) is a  m onotonically decreasing 

function  of r  and  therefore Ta  > Tb  > Tc-  Evidently, for the  approxim ation to  be good the 

ra tio  (Ta  — Tc ) / T b  =  A T / T  m ust be sm all. From  inspection of Fig. 4.29 it can be seen th a t 

the approx im ation  is best for those regions of the funnel closest to  the bullet and poorest for 

regions a t or near the funnel m outh . T he la tte r behaviour occurs because a t locations near the 

funnel m outh  it is possible for Ta  T b ,T c  even though Ta , T b ,T c  <£. 1. In the lim iting case 

T a > 0 w hilst Tb  =  T c  =  0 and consequently A  T / T  —► oo. If  the approxim ation is deemed to 

becom e poor when A T / T  ~  1, then for in itia l release heights of ~  10—1, only the funnel surface 

up to  a dim ensionless distance of ~  0.35 from the apex is represented accurately. T his may 

seem to  be a very poor approxim ation  indeed bu t, if one recalls th a t the equation of m otion 

(Eq. 4.82) is dependent on the fourth  power of the tem pera tu re , and observes from  Fig. 4.22 

th a t a t ~  0.35, (T / T c)4 ~  0.54 «  6 x 10-2  it can be appreciated  th a t, on account of the 

relative im portance of those regions where A  T / T  >  1 during the  bullets initial stages of m otion, 

Eq. (4.82) represents a  fair approxim ation  to  the  true  equation  of m otion. I have stressed the 

word in itia l since in the la ter stages of the b u lle t’s m otion when it is m oving relativistically, 

aberra ted , blue-shifted rad iation  from  these sam e regions is of im portance and acts to  reduce 

the speed of the bullet. Fortunately  though, when rd ~  1 the ra tio  A T / T  ~  0.1, except for 

those regions essentially on the funnel lim b (rd «  1) where A  T / T  rises d ram atically  for the 

reasons already given above, and the approxim ation is again fair.

To sum m arise, Eq. (4.82) is a  reasonable approxim ation  to  the  equation of m otion for 

a  bullet w ith a dim ensionless radius r j d ~  10-3  and im proves as r j d decreases. There is, 

however, clearly scope for a  m ore com plete trea tm en t of the problem  which does no t involve 

the assum ption  th a t A T / T  =  0 bu t I will consider this topic no fu rther in the present work.

I shall now investigate the solutions to  Eq. (4.82). In Fig. 4.30 the (truncated) term inal 

speed, /?i5 , is shown as a function of the param eter X ad for m otion w ithin a funnel of sem i­

angle 1° and  for selected in itia l dim ensionless heights. T he upper line, in fact, consists of the 

superposition  of the d a ta  for z0d =  0.01 and 0.1 from  which it can im m ediately  be concluded 

th a t the term inal speed is insensitive to  the in itial bullet height from  z0d = 0.01 to  a t least 0.1.
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For the a tta in m en t of a  term inal speed of 0.2602c, in terpolation  of the d a ta  for z0d =  0.01 

and  0.1 reveals th a t X ad =  1235 is a  necessary condition w hilst for a  speed of 0.2602c to 

represent 99.5% of the term inal speed requires th a t X ad =  1255. In tegra ting  Eq. (4.82) w ith 

the la tte r  value of X ad yields the results displayed in Figs. 4 .31a,b,c. T he term inal speed 

(Fig. 4.31a) is constan t for all release heights less th an  0.55R od w hilst the m inim um  tim e for 

the a tta in m en t of a  speed of 0.2602c is 89 units (Fig. 4.31b) and occurs for a  bullet released at 

a  dim ensionless height of 0.55 units above the apex. By Eq. (4.59a) th is represents a  real tim e 

of approxim ately  3000i2adlo seconds which, for an accretion disc of rad ius 109 m , is in rough 

agreem ent w ith the observations in SS433. The a tta in m en t distance (Fig. 4.31b), however, lies 

well beyond the funnel m outh  and is typically 23R ad for bullets form ed a t a  distance less than  

0.5i2ad from  the funnel base. On the basis o f this fact alone the  poly tropic tem pera tu re  profile 

can probably  be regarded as inappropriate  to  SS433.

By Eq. 4.59d it is sim ple to  show, w ith T\ replaced by Tc, th a t

T*  =  ( « 5 T ^ ) T ,* W _ . ' d .  (4 '89>

which for a  bullet m ass of 1021 kg and dim ensionless radius 10-3  un its implies th a t, for the 

a tta in m en t of a  term inal speed of 0.2602c (X ad =  1235), the tem pera tu re  a t the funnel base 

needs be ~  1.17 x 108 K for an accretion disc of radius 10lo m and ~  6.58 x 108 K for an 

accretion disc of radius 109 m etres. These are perfectly reasonable base tem peratu res bu t, from 

inspection of Fig. 4.23, they are only possible w ithin the polytropic m odel for accretion disc 

masses in excess of 100MQ which is well above the likely upper bound to  the disc mass.

For the sim ple polytropic m odel considered above it is clear th a t the  disc masses necessary 

for the required funnel base tem pera tu res are absurdly high. These base tem peratu res can, 

however, be achieved for m uch sm aller disc masses if allowance is m ade for the presence of a 

com pact object a t the disc centre. Recalling Eq. (3.20) which gives the  tem pera tu re  a t the 

surface of a  neutron s ta r for a  disc of uniform  density to  be supported  solely by rad iation  

pressure, it is easy to  show th a t for a  typical neutron s ta r m ass of 1.4A/© and radius of 10 km 

th a t  the tem pera tu re  close to  the neu tron  s ta r surface m ust be approxim ately

TCi ~  1.4
M ad / 1 0 M o

(4.90)

Thus, funnel base tem pera tu res of ~  1 .1 7 x 8 K and ~  6.58 x 108 K can be achieved w ithin 

accretion discs of radii 1010 m  and 109 m  respectively for disc masses (excluding the m ass of the 

neu tron  sta r) of ~  5M q . Indeed, since in the derivation of Eq. (3.20) the  assum ption th a t  the 

density of the accretion disc is uniform  was used, the tem pera tu re  given by Eq. (4.90) is a  rough 

estim ate  of the lower bound on the tem pera tu re  a t the neutron s ta r surface. Consequently, a 

disc m ass of less th an  ~  5M q  would probably  be sufficient to ensure the requisite funnel base 

tem peratu res. T his value, though m uch lower th an  those dem anded by the sim ple polytropic
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m odel considered above, is still too high for self-gravity to  be neglected as is com m on in accretion 

disc theory. T he scenario is, on account of the substan tia l envelope m ass, sim ilar to  th a t 

proposed by Collins, Brown and Casinelli (1990) in which the je ts  orig inate from  polar holes 

in a precessing gian t s ta r a t the centre of which is located a com pact object. Such an anom aly 

could arise th rough the rapid  transfer of m a tte r  from  an evolved giant s ta r onto an already 

supercricical accreting com pact object w ith an existing pair of well established, oppositely 

aligned je ts.

T he large discrepancy between the central tem pera tu re  predicted by the polytropic model 

(Eq. 4.78) and th a t given by Eq. (4.90) arises from  the failure of the single polytropic m odel to 

account for the existence of a  neutron s ta r  a t the core of the spherical envelope. A be tte r and 

m ore representative m odel would consist of two d istinct polytropes: a  polytrope of index np — 3 

for the rad iative envelope and a poly trope perhaps of index np =  0, for which the density of 

the po ly trope is uniform , for the neutron star. I will, however, leave th is as a  topic for fu ture 

consideration.

A poly trope of index np =  3, am ongst o ther things, provides a m eans of deducing the rough 

form  of the run  of tem p era tu re  w ith radius th roughou t a  gaseous sphere in radiative equilibrium . 

If the  run  of norm alised tem pera tu re  w ith dimensionless radius for the single polytropic model 

(Eq. 4.806, Fig. 4.22) is, as would seem reasonable, sim ilar to  th a t in the rad iative portion  of 

a  com posite polytropic m odel, then the equation of m otion (Eq. 4.82) rem ains valid (and so 

too, therefore, do the results) though w ith the funnel base tem pera tu re  now given by Eq. (4.90) 

ra th er th an  by Eq. (4.78).

$4.7 C onclusions

For the m otion of a  bullet above an infinite, p lanar rad ia to r for which the em ergent, frequency 

in tegrated  specific intensity  is given by the Eddington limb darkening approxim ation, the ter­

m inal speed is 0.5144c. T his is m arginally higher th an  the figure of 0.4514c for m otion above 

an infinite, iso therm al plane. If the em ergent, frequency in tegrated  specific intensity is given 

by a generalisation to  the E ddington limb darkening approxim ation  then the term inal speed 

is lowest, w ith a  value of 0.3139c, in the extrem e limb brightening lim it and highest, w ith a 

value of 0.6096c, in the  extrem e limb darkening lim it. T his trend  results from  the action of 

ab erra ted , blue-shifted photons em anating  from  the rad ia to r lim b which for the limb brightened 

rad ia to r account for a  greater proportion  of the to ta l energy flux th an  do photons arising from 

a  sim ilar location on the limb darkened plane and, therefore, for a  given energy flux em ergent 

from  the  plane and a particu lar bullet velocity, provide a  greater decelerative force. Regardless 

of w hether the plane is limb brightened or darkened, m otion parallel to its surface is always 

a tten u a ted  w ith the degree of a ttenuation  being greatest for the m ost limb brightened rad iator. 

Also, for a  given degree of limb brightening or darkening and a particu lar speed parallel to  the 

2 -axis the  degree of dam ping  of the velocity com ponent parallel to  the plane surface is greatest
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when the direction of m otion is downwards tow ards the rad ia to r.

If the accretion funnels of SS433 are modelled as infinite cones for which the  blackbody 

surface tem pera tu re  decreases exponentially w ith radial distance from  the apex and the scale 

heights are chosen such th a t the effective surface tem p era tu re  is in agreem ent w ith  the  obser­

vations then , assum ing a funnel base tem pera tu re  of 8 x 108 K, app rop ria te  scale heights are 

~  0.1 R ad- Since the term inal speed is s tric tly  a tta in ed  in the lim it where t —* oo it cannot 

be determ ined precisely bu t only to  a high degree of accuracy if a  su itab ly  long tim e interval 

is em ployed; in th is work a period of 1015 dim ensionless tim e un its was used. T he term inal 

speed is dependent on the param eter X  which is given by the ra tio  of th e  power intercepted  by 

the  bullet to  its rest m ass energy all tim es the light crossing tim e across one scale height. For 

a  given value of the p aram eter X  the  term inal speed is found to  be rem arkably  independent 

of the height above the funnel apex a t which the  bullet is form ed i f  th is height is less than  

roughly one scale height or equivalently one ten th  of the accretion disc radius. If the  release 

po in t exceeds this rough lim it then  the term inal speed which can be achieved grea tly  decreases.

O bservational uncertain ty  on the je t speed is abou t 0.5% and therefore any relative devia­

tion in the  b u lle t’s speed once it has a tta ined  99.5% of its te rm inal speed will be com parable to 

th is observational uncertainty. T he m inim um  tim e taken by the bullet to  a tta in  99.5% of the 

term inal speed occurs a t a height of approxim ately  one scale height above the apex. T his same 

lim it also m arks the boundary  beyond which the distance taken by the bullet to  a tta in  99.5% 

of its te rm inal speed greatly increases. For release heights less th an  ab o u t one scale height the 

a tta in m en t distance is, like the term inal speed, rem arkably  independent of the  in itia l height. 

T he value of the param eter X  required for the a tta in m en t of a  specific term inal speed is par­

ticu larly  insensitive to  the release height for narrow cones w ith sem i-angles less th an  abou t 4°. 

T his insensitivity  is a  very im p o rtan t feature and m ay partia lly  explain why the observed speed 

of the  je ts  in SS433 is so constant. T he a tta in m en t of a  term inal speed of 0.2602c w ithin a 

funnel sem i-angle 1° necessitates th a t the value of the param eter X  be 2052. For the accepted 

values of the funnel semi-angle, the speed of the je ts  in SS433 is very close to , if not a t, the 

highest th a t can possibly be achieved.

T he m inim um  a tta in m en t tim e taken by a  bullet to  achieve a speed of 0.2602c, which 

represents 99.5% of the term inal speed, w ithin a  funnel of sem i-angle 1° w ith a  base tem perature  

8 x 108 K is ~  80 s for an accretion disc of radius 109 m and ~  614 s for an accretion disc of radius 

1010 m . T he form er value is in particu larly  good agreem ent w ith the observations which indicate 

th a t  the  acceleration tim e-scale is ~  100 seconds. T he corresponding a tta in m en t distance is 

~  6Rad for a  disc of radius 109 m and ~  5R ad for an accretion disc of ~  1010 m etres. Therefore, 

if the a tta in m en t distance is to be com parable to  the  10lo m indicated  by observations then 

the disc radius needs to be less th an  ~  1.7 x 109 m etres. However, if R ad 109 m  then , for a 

funnel base tem pera tu re  of 8 x 108 K, the funnel sem i-angle m ust exceed ~  0.8° if a term inal 

speed of 0.2602c is to  be possible even for a  likely m inim um  bullet m ass of 5 x 102Okg. Funnel 

sem i-angles in the upper p a rt of the range of accepted values and accretion disc radii less than
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~  1.7 x 109 m are, therefore, preferable.

Unlike th a t for m otion above an infinite, iso therm al p lanar rad ia to r the term inal speed of 

m a tte r  m oving axially above a finite, isotherm al rad ia ting  plane is no t restricted  to  one universal 

value. Instead, the term inal speed is dependent on the  p aram eter X  which is identical to  the 

p aram eter X  m entioned above excepting th a t the characteristic  tim e scale is given by the light 

crossing tim e across one plane radius. The in itia l height o f ~  O.IRp denotes the  rough lim it 

before which, for a given value of the param eter X , the  term inal speed is quite independent 

of the  release height and beyond which the term inal speed falls sharply  and the a tta in m en t 

distance rises quickly. T his dependence of the term inal speed on the p aram eter X  perm its the 

a tta in m e n t of highly relativistic term inal speeds e.g. te rm inal speeds in excess of 0.99c are 

possible for m otion above a th in  accretion disc w ith m odel param eters su itab le  for neutron  sta r 

accretion. T he m arked increase in the term inal speeds th a t  can be achieved is a ttr ib u ta b le  to 

a considerable decrease in the  effectiveness of photons em itted  from  the lim b of a  finite, planar 

rad ia to r to  provide a decelerative force com pared to  those em itted  from  the lim b of an  infinite, 

p lanar rad ia to r.

A cursory, relativ istic  trea tm en t of m otion above a spherical, isotropic rad ia to r showed 

th a t there is a  typical reduction of ~  2% in the continuum  rad ia tion  pressure for wind speeds 

~  3000 k m /s  relative to th a t derived in the  N ew tionian lim it. A lthough the discrepancy is 

negligibe for the range of wind speeds known to  date, a  relativ istic  trea tm en t should be adopted 

for wind speeds m uch in excess of 3000 k m /s  which are m ost likely to  occur as a  result o f black 

hole accretion in AGN.

Obvious sim ilarities exist between the exponentially decaying tem pera tu re  profile model 

and th a t  for the finite, isotherm al plane as regards the behaviour of the term inal speed and 

a tta in m e n t distance both  before and beyond a m odel dependent release height. M otion within 

the rad ia tion  field of a  finite, isotherm al funnel is no different: the term inal speed is, for a 

given value of the param eter X ad and the funnel sem i-angle, constant if the release point is 

located anywhere between the funnel apex and a point ju s t  below the funnel m outh . M otion 

w ith in  a narrow funnel is characterised by a period of very rap id  acceleration on the im m ediate 

approach to  the funnel m outh . For all funnel sem i-angles the  m axim um  exit speed is identical 

to  the term inal speed above an infinite, isotherm al plane.

For m odel param eters appropriate  to  SS433 the con tribu tion  m ade by the exterior, spherical 

surface of the accretion disc in enhancing the term inal speed is com pletely negligible. A term inal 

speed of 0.2602c can be achieved w ith a funnel of sem i-angle 0.01 rads if the param eter X ad has 

the value 2.36. For a bullet of m inim um  cross-section and a m ass of 1021 kg this corresponds to 

a tem p era tu re  of 2.4 x 108 K. On account of the inverse proportionality  of the tem p era tu re  to 

the square root of the  bullet radius th is quoted funnel tem p era tu re  represents a  rough upper 

bound on th a t required for the a tta in m en t of a term inal speed of 0.2602c. T he m inim um  

a tta in m en t tim e occurs for an in itial height given by 0.98R a<f- For an accretion disc of radius 

10lo m the a tta in m en t tim e and distance are ~  63s and ~  1.37R ad respectively. These results
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are in excellent agreem ent w ith the observations of SS433.

A term inal speed of 0.2602c can be achieved above a finite, polytropic funnel of sem i-angle 

1° for which the run of tem pera tu re  w ith radius is appropria te  for a  system  in rad iative equilib­

rium  if the param eter X ad has the value 1235. For a bullet of m ass 1021 kg and dim ensionless 

rad ius rbd =  10-3  and a disc of radius 109 m th is represents an acceptable base tem pera tu re  

of 1.17 x 108 K. However, for the sim ple polytropic m odel considered th is central tem pera tu re  

requires th a t the m ass of the disc be in excess of 100M© which is far g reater th an  any realistic 

upper bound to  the disc m ass unless adequate account is taken of the com pact ob ject located 

a t the disc centre. T he term inal speed is independent of the height o f bullet fo rm ation  up 

to  a  distance 0.55R ad from  the funnel apex. T he m inim um  a tta in m en t tim e taken to  reach a 

speed of 0.2602c, which corresponds to  99.5%, of the term inal speed, is ~  300 s for an accre­

tion disc of radius 109 m whilst the m inim um  a tta in m en t distance, which is independent of the 

accretion disc radius, is ~  23R ad- T his large a tta in m en t distance indicates th a t the polytropic 

tem p era tu re  profile utilised in the  m odel is inappropriate  for SS433.

To sum m arise, the best m atch  to  the observations, particu larly  the a tta in m en t of a  te rm i­

nal speed close to the  funnel m outh , is obtained from the m odel in which the accretion disc 

funnels of SS433 are represented as finite, conical isotherm al rad iators. As I have previously 

m entioned, it is inconceivable th a t the accretion funnels are tru ly  isotherm al over the ir entire 

length  though it m ay be th a t the tem pera tu re  gradient along the length  of the funnels is m uch 

sm aller th an  anticipated . A lowering of the tem pera tu re  gradient m ay result if rad ia tion  from  

th e  h o tte s t regions near the funnel base is absorbed then re-rad iated  by those fu rther from  the 

apex thereby directly raising their tem pera tu re  above th a t for m ateria l equally d is tan t from  

the funnel apex bu t located within  the accretion disc. T his is analagous to  w hat has been 

term ed the ‘reflection effect’ which occurs in b inary system s. Possible observational evidence to  

support th is suggestion is provided by the periodic variation in the optical continuum  spectrum  

(W agner, 1986) which m ay be due to  high tem pera tu re  rad ia tion  being scattered  or re-rad iated  

from  regions near the funnel m outh .
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C hapter 5

F u ture W ork

§5.1 Introduction

In th is  concluding chapter I will present topics related to  the  work in th is thesis which could be 

considered in any fu tu re  investigation. T he first, and principle topic, involves w hat has been 

term ed the C om pton rocket effect (O ’Dell, 1981). T he term  ‘rocket’ refers to  the increase in 

the rad ia tion  pressure experienced by a hot p lasm a over th a t  experienced by a  cold p lasm a in 

the  presence of an anisotropic rad iation  field due to  C om pton scattering  of the incident photon 

flux. A hot p lasm a is driven away from the rad ia tion  source by both  the incident photon 

flux and by an anisotropic loss in in ternal energy. T he significance of the la tte r  contribution  

to the to ta l driving force increases w ith the in ternal energy of the plasm a. In §5.2 below I 

will derive the C om pton rocket equation  of m otion and highlight its  sim ilarity  w ith the bullet 

equation  of m otion derived in §2.6 and, in addition, present the equation of m otion in a  form 

which u ltim ate ly  perm its a  fluid trea tm en t of the  plasm a. T he solution of the  fluid dynam ical 

equations of m otion for a  p lasm a confined w ithin a  conical rad ia to r will be left as a  topic for 

fu tu re  research. An expression for the rad ia tion  force per un it volume acting on a  p lasm a at 

rest w ithin the rad iation  field produced by an infinite, conical rad ia to r of uniform  brightness 

will be derived and the m agnitude of the enhancem ent in the rad ia tion  force a ttr ib u tab le  to 

the C om pton  rocket effect in the context of SS433 will be considered. The rem aining topics, 

presented in the final section, represent a series of w orthwhile im provem ents and extensions 

which are related specifically to  the ‘bullet m odel’ outlined in the  previous research chapters.

§5.2 T he C om pton Rocket Effect

§5.2.1 D erivation  o f  th e F undam ental E quations

Consider a  volume elem ent of p lasm a m oving w ith a flow velocity in ^S (i), the  rest

fram e of the rad ia tion  source. Let the  instan taneous inertial rest fram e of the p lasm a elem ent 

be denoted by ZS(2 )- Consider one particu lar electron in the p lasm a elem ent th a t is observed in 

ZS(2) to  have a therm al velocity c/^ 2)t‘ Since the num ber of C om pton  scatterings is a  countable 

quan tity  it is a  Lorentz invariant. By Eq. (2.8) it is evident th a t  d<(2) =  T(2) t ^ ( 3 ) and therefore 

the sca ttering  ra te  o f this particu lar electron, as observed in ZS(2 ), is

d% > =  *N_
d<(2) 7(2)1 d<(3)
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where

7(2 )t =  - /  —  • (5-2)

In the  instantaneous rest fram e of the electron (ZS(3 )) the scattering  rate  is given by

d N
d /(3)

= J J  co-dri(3) (5.3)

where cr is the C om pton cross-section and dn(3) is the  differential photon num ber density in 

ZS(3) which is defined as the  num ber of photons per u n it volum e w ithin the frequency range 

i/(3 ) to  i/(3 ) -f d*/(3 ) m oving w ithin the solid angle df)(3 ),- abo u t the  direction k(3 )i- T he subscript 

‘z’ indicates th a t the param eter corresponds to  th a t of the incident photons. T he next step 

m akes use of the fact th a t

—  =  Lorentz invariant . (5.4)
v

T his  can readily be deduced as follows: From the definition of the photon differential num ­

ber density given above and by the definition of the differential num ber of photons given by 

Eq. (2.57) it is clear th a t

dn =  =  / ( x ,  k, t )d 3k = ^ (—’ ~~~k> 0  1 / 2  d^ d fi . (5.5)

By Eq. (2.58) the d istribu tion  function f ( x , k , t ) is a Lorentz invariant whilst by Eqs. (2.67) 

and (2.69) v 2 dQ, is also a Lorentz invariant. Since udu  m ust transform  in the sam e m anner 

as i/ 2 the quan tity  udvdQ. is a Lorentz invariant too and, therefore, d n / v  satisfies Eq. (5.4). 

U tilising this invariance and the Doppler shift relation given by Eq. (2.63) the scattering  rate, 

as determ ined in the instantaneous rest fram e of the electron, can be w ritten  as

d N
df (3)

= J J  c^ 7 (2 )t ( i  - / ? ( 2)t -1 (2 ),) d n (2) . (5.6)

According to  Eq. (2.59) the energy a ttr ib u tab le  to  the  passage of photons in the frequency 

range u to u du  w ithin a solid angle df2 abou t k  across a  differential surface elem ent of area

dA and  un it norm al n in a tim e interval dt is

dE„ = h f { x , ^ k , t ) u 3 d u d Q c d t ( k - n ) d A .  (5.7)

E quating  th is expression w ith the definition of the specific in tensity  given by Eq. (2.23) results

in the identification
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which upon substitu tion  in to  Eq. (5.5) yields

dn  =  di/dft . (5.9)
cnu

T hus, Eq. (5.6) can be expressed as

d N  f f  ^ ( 3)i(*(2).*(2)i.*(2)) a t \  j  Jri /c
= JJ  < T 7 (2 )‘ ------h ^ i  V1 -  B w  ■ ^  dfi<2>‘ ■ (510)

In the instan taneous rest fram e of the  electron the frequency of a  photon prior to  scattering, 

u(3 )i, is related  to  th a t after C om pton scattering, V(3 )s , according to  the relation

j/(3)s = ----------    / (3)\ --- ;----- r  (5.11)
1 +  7 ^  ( i  — ^(3). 4 ( 3 ) . )

where m e is the  electron rest m ass (B lum enthal and G ould, 1970). T he Thom son lim it corre­

sponds to  the regime in which

hv(3 )i m ec2  (5.12)

or equivalently, by Eq. (5.11), to th a t in which

V(3)s «  (̂3). • (5-13)

By the D oppler shift form ula, Eq. (5.13) can be w ritten  as

1 ~ d(2)t ‘ ̂ (2)*' /c
"m » “  ;— 5— ~ i —  (5 1 4 >

and, upon inclusion of Eq. (5.14) in to  Eq. (5.10) as the argum ent of a  de lta  function, perm its 

the  sca ttering  ra te  in the electron rest fram e (Eq. 5.10) to  be expressed as

x 6 di/(2)i di/(2), dfi(2)i • (5.15)

In the instan taneous rest fram e of the electron the Thom son differential cross-section (Blum en­

thal and G ould, 1970) is

d a  3
d ft(3 ) , 167T { i + ^ x - W ) 2} <516)
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from which it can readily be shown that in the flow fram e (ZS(2)) the T hom son differential 

cross-section is

d<r 3 
d fi(3), 16tt *

f

1
1  “  4 ( 2 ) »  ' 4 ( 2 ) 5

2 ’

1
7 (22 )t (* ~  ^ ( 2 )t ‘ ^ ( 2 ) * )  ( *  ~  —( 2 ) t  '  ^ ( 2 > )  . >

7 (2 ). ( i - ^ 2 ) l- i ( 2), ) ]
2 • (5.17)

W ith  reference to  Eqs. (5.1) and (5.15), the scattering  ra te  in the  flow fram e can then  be w ritten 

as

d N
d<(2 )

^ (3)iU (2 ).i(2 ).^ (2 )) /  ? \
I —   I,1 "  i(2)t • k V i )

x 8 V(2)»

h ^ 2 )i

1 ~  S-(2 )t ' ^ (2>' 

1 ~  £ ( 2 )t ' h?)*
^(2)» (

d<7
a n (2 )*

For a relativ istic  electron gas 7 (2)t ^  1 and in th is lim it

/?(2)t «  1 -  I T T -  
( 2)1

(5.19)

Therefore, according to the Doppler shift form ula, Eq. (2.63), the m axim um  and m inim um  

frequencies of the incident photons, as observed in the electron rest fram e, are respectively

u(3 ) f  ~  7 (2 ) t( l  -I- /?(2 )t)^(2)» «  2 7 (2 )(^(2 )t and 1/ ^ ” — 7 (2) t( l  — 0 (2 )t)v(2 )i & 2 y ^ t ' a ’ ^

T he frequency of the scattered  rad ia tion  as observed in the p lasm a flow fram e is related to  th a t 

in the electron rest fram e according to  the  relation

V( 2 )S =  7(2)t ( l  +  P{ 2 )t • 4(3)*) ^(3)* (5-21)

and, therefore, in the  Thom son lim it the  m axim um  frequency of the  scattered  rad iation  observed 

in ZS(2) is, by Eqs. (5.13) and (5.20a),

u ( 2 ) »  =  2 7 ( 2 ) ^  ~  27(2)^5)T  ~  47(22)t^(2)t • (5.22)

T hus, the  m axim um  energy of a  scattered  photon observed in the rest fram e of the p lasm a is a 

factor 47^ t greater th an  th a t of the incident photon. T he characteristic  frequency of a  Thom son
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scattered  photon is, therefore, ~  T^2)« t'(2)»* T hough the corresponding energy of th is photon is 

large it is sm all in com parison to  the rest mass energy of the electron if h u ^ y  ■< h ^ 2 )t

which, therefore, loses a sm all fraction of its to ta l energy as a result of each scattering . In  the 

K lein-N ishina lim it th is is no t so and the scattered  photon  carries away a  considerable fraction 

of the electron’s energy. In either case the relativistic electrons undergo C om pton cooling, a  

process which is com m only referred to  as the  inverse C om pton  effect. In the reverse situation , 

where the  incident photons are m ore energetic than  the scattering  electrons, the  photons will in 

general lose energy due to  the  C om pton recoil of the electrons which, in tu rn , becom e C om pton 

heated . Before proceeding further w ith derivation of the  fundam ental equations I will briefly 

consider the  applicability  of T hom son scattering  in the  context of SS433.

A likely upper bound on the tem pera tu re  a t the base of the  accretion funnels is 8 x 108 K. 

For a p lasm a a t such a  tem pera tu re  the m ost likely therm al speed of the  constituen t electrons 

is ~  0.575c (see below) and, consequently, the typical m axim um  frequency of any rad ia tion  as 

observed in the rest fram e of an electron is ~  2u^ )»• For a  je t  speed of 0.26c the m axim um  

frequency of any incident rad ia tion  observed in the flow fram e is ~  1.3i/(i)t- and therefore 

u(3 ) f  ~  2.6i/(i),-. If the funnel walls rad ia te  as a  blackbody a t a  tem pera tu re  T  then  according 

to  the W ien displacem ent law the frequency a t which the m axim um  in B „ (T ) occurs is

i/ =  5.88 x 108 T H z . (5.23)

T herefore the typical m axim um  frequency of the incident rad iation  as observed in th e  electron 

rest fram e is «  1.22 x 1020 Hz which corresponds to  a ra tio  h i / ^ f / m ec2 «  1. T his ratio  

is the  greatest th a t can possibly be achieved in SS433 for a photon w ith a  frequency given by 

the  W ein displacem ent law and, since the brightness of a  blackbody drops very steeply w ith 

frequency beyond the m axim um , it is also a very good indicator of the absolute m axim um  ratio . 

E vidently  the problem  should ideally be form ulated w ith the incorporation of K lein-Nishina

scattering . I will, however, leave such an analysis as a topic for fu ture  work and continue in the

T hom son lim it, bu t now aware of its lim ited applicability.

As m entioned above, in the Thom son lim it, a  d istribu tion  of electrons undergoing C om pton 

cooling lose a sm all fraction of their energy as a result of each scattering. In the flow fram e the 

energy gained by the photon is sim ply

A £(2 )Ph =  hv{2 )» ~  hv( 2 )i (5.24a)

for which the corresponding change in m om entum  is

AP(2,pft =  — —  i(2)» -  ~ 7 ~  h v  ■ (5-246)

T he ra te  a t which the electron loses energy in the flow fram e is given by the p roduct of the
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scattering  ra te  in the flow fram e (Eq. 5.18) w ith the energy lost a t each scattering  (Eq. 5.24a) 

leading to  the m athem atica l expression

d£, 
d t

(2)1

(2)

^ ( 2 ) . U ( 2 ) i  £ ( 2 ) » > * ( 2 ) )  /  jr \  ( h i -  h i -  \
 }— ---------------- - £ ( 2 ) .  -£ (2).j N .  - ' " ' ( » «

x 6

1 - 0
V(2 ),

t i ( 2 ) t  * ~ ( 2 ) »

1 - ^
^(2)*

d a
J f di/(2)* dl/(2)s df2(2). d fi(2 )»-(5.25a)

Sim ilarly, the ra te  a t which m om entum  is transferred to  the electron by the rad ia tion  field is

dp

d<
( 2 ) e

(2 )

f f f f  I ^(2),U(2).fc(2)i,<(2)) /  - \  ( h u {2)s - ^ ( 2)i - ^
" ~ J J J J  1-------------------------- i(2)i' l ~ i(2>‘ -  —  Lw )

x 6
1 ~  —(2 ) t  • —(2)»

1 -  (̂2)1 ■ -4(2)-
^(2)i di/(2)» di/(2), d ft(2,,- dQ f2)i- (5.256)

T he procedure for evaluating these integrals is lengthy bu t, on account of their sim ilar form, 

is much the sam e for each. For th is reason the approach to  in tegrating  Eq. (5.25a) will be 

outlined and the integrated  form of the ra te  of change of m om entum  equation merely sta ted , 

the rem aining m anipulation  being left to  the reader.

T he in tegration  over 2), is triv ial and requires no explanation  whilst the in tegration  over 

i/(2 )i can be perform ed by appealing to  the Lorentz invariance of I„ /u 3  (Eq. 2.60) and the 

D oppler shift form ula (Eq. 2.63). The ra te  of energy loss equation then has the form

= ~ II { *<‘))^cd/ “ 2(1 >/ ' k i » ) 4 11 -2(2), -i(2)i)

1 ~ 2 (2 )t - k m

1 ~ l ( 2 )t ' h v *
-  i

d <t

d^(2)»
df2(2)i dD(2)i (5.26)

where 7(i) is the frequency in tegrated  specific in tensity  as observed in the rest fram e of the 

rad ia to r. T he integral over D(2 )a is best perform ed by transform ing to the instan taneous rest 

fram e o f the electron. Using the equation for the transfo rm ation  of the raypa th  vector (Eq. 2.62) 

it can readily be shown th a t

/  1  —  P  ■ k  ■ \

. ~ (2)1 f  - 1 =  i f *  ( i  + i w  1 (3 ,.)  ( i  + £ , „  k m )  - 1 (5.27)
\ A £ ( 2 ) t - ( 2 ) ' /

which upon substitu tion  into Eq. (5.26), and w ith reference to  the differential T hom son cross-
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section given by Eq. (5.16), yields

^ 7  = ~iib'7TJ j i 1 -iWi-kix) (* -£ « . ~hx)
X [7(2)1 ( l  +  l {2), ■ 1(3).) ( l  -  —(2 )t ■ h ) i )  -  *] f1 +  ( i ( 3 ) i  • 4 ( 3 ) . )  ]  |  d n (2 ,i d n (2), 

=  - * ? / | jr( i ) ( i ( i ) . i ( i ) i . i (i))7(4i ) / ( i - ^ (1)/ i ( i ) i )  ( d —(2). 4(2).)  

x  [7(22)< ( '  -  £ ( 2), • 4 (2 ) .)  -  1 j d f i (2). • ( 5 .2 8 a )

U pon in tegration  over the  frequency of the incident rad ia tion , the frequency of the scattered  

rad ia tio n  and the solid angle into which it is scattered , the ra te  of change of m om entum  equation 

(Eq. 5.256) reduces to

% ) «
=  _ t / | / ( i ) f e ( i ) '^ ( i ) i '(( i) )7 ( i) /  ( i - S i i ) ,  4 ( i) i)  ( i - P m , k 2 x )  

x  [7(22 ) ,  ( l  — — ( 2 ) t  ' 4 ( 2 ) . )  d ( 2 ) t  ~  4 ( 2 ) . ]  }  d ^ ( 2 ) i  • ( 5 . 2 8 5 )

For the particu lar case in which the flow velocity is zero, the  inertia l fram es ^S(i) and ZS(2) 

are identical and Eq. (5.28b) simplifies to

d t
p<iĵ = _£xy (/(,)<*(,),!(,)(,/(,)) (1 - p mt ■kWi)

[7(1). (d -  £ ( i ) ,  ' 4(1).) § + ! ) ,  -  4(i)i] } d n (D< • (5 29)

( 1)

X

In the lim it where the frequency in tegrated  specific in tensity  is replaced by the frequency inte­

g rated  P lanckian (Eq. 2.47) and the Thom son cross-section is replaced by the rad ia tion  cross- 

section of the  bullet this is identical to  Eq. (2.85) derived earlier, through a  largely macroscopic 

approach, to  describe the three-force experienced by a  grey, m assive bullet m oving w ith in  a 

b lackbody rad ia tion  field. Since an electron has no physical size, Eq. (5.29) gives a very accu­

ra te  representation  of the equation of m otion in the T hom son lim it regardless of the physical 

form  of the rad ia tion  field. T his sam e degree of au thentic ity  applies to  the  m otion of a  massive 

bullet only w ithin the rad ia tion  field created by an infinite, iso therm al rad ia to r. For o ther rad i­

a to r configurations the problem  is blighted w ith finite size effects which, although considered in 

previous chapters in order to  ascertain the degree of validity of the various equations of m otion, 

ought to  be quantified properly in any fu ture  analysis.

From  inspection of Eqs. (5.28a, 6) it is obvious th a t b o th  in tegrands are functions of the 

incident raypath  three-vector as determ ined in both  fram es ^S (i) and  ^S(2). To m ake further
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progress in the  in tegration of these equations it is necessary to  select one specific inertial fram e 

and to  perform  all calculations in th a t fram e. Since the  frequency in tegrated  specific in tensity  is 

expressed in term s of the coordinates of the rest fram e of the rad ia tion  source, it is the na tu ra l 

fram e to  choose.

To transform  the integrand of Eq. (5.28a) to  ZS(i) bo th  the transform ation  properties of 

d ft(2)» and the quan tity  (1 — 0 ^ t ■k ( 2 )*) need to be known. The transfo rm ation  of an elem ent of 

solid angle is described by Eq. (2.70) w hilst the transform ation  equation for the la tte r  quantity  

can readily be deduced as below.

In the flow fram e the four-velocity of an electron is =  7(2)tc ( l> /^ 2)t) w hilst the prop­

agation  four-vector of an incident photon is given by =  (^(°2)»>£(2)»)- ^S (i) these sam e

four-vectors are given by =  7(i)rC ( 1 ,/ ? ^ r ) and =  (^(°i ) ,j A(i)») respectively where the 

subscrip t ‘r ’ indicates th a t the velocity of the electron as observed in the rad ia tion  source rest

fram e, , consists of the relativistic resultant of the velocities 0 , , . M and . Both—(I)*- —(1)/ —(2)* —(I)*-
and 7(i)r will be determ ined shortly. U tilising the fact th a t  any four-vector p roduct is a world 

scalar it follows th a t

^  =  =  M d . •£<.);) • (5.30)

T hen, by the definition of the propagation  four-vector given by Eq. (2.21) and the Doppler shift 

expression given by Eq. (2.63), it is obvious th a t

i -  • k,2v =  . T(‘)r ( :■ : (1)r (5-31)
(2)‘ 7 (2 )t7 (i) / y  1 -  ^ 1}/ • k ( i ) i

which upon substitu tion  into the ra te  of energy loss equation (Eq. 5.28a), along with the 

equation  for the transform ation  for an elem ent of solid angle (Eq. 2.70), yields

d£(2)e  _  7(1)— —<7x
d<(2) 7(2)t

7(2)t7(i)r ( l  -  0 ( i y  • k )  ~  7 (i)/ ( l  ~  • k ( i) i )  J |  dft(i)i . (5.32a)

S ub stitu tin g  these sam e expressions into the equation for the  ra te  of m om entum  transfer 

(Eq. 5.286), along w ith the equation for the  transform ation  of a  raypa th  vector (Eq. 2.62), 

gives

dp
/  V ( » ( £ ( l ) . i ( l ) i . ( ( l ) )  ( l - / W - | ( l ) i )  T ( 2 ) « T ( l ) r ( l - ^ ( 1)r i ( l ) . . )  £

-1 ( 1 ) ,-  -  {  (7 (1 )/ -  1) t (1 ^ » ~ (1)/ -  7 ( 1 ) /} /? ( ! ) / ]  |  dfi(i)i • (5.326)
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All th a t  is now required for Eqs. (5.32a, 6) to  be fully specified are expressions for the functional 

dependence of bo th  P ^ y  an d 7(i)r on P ^ ^ j  anc^^ (2) t’ These can readily be derived: the  relevant

four-velocities have been s ta ted  above and the appropriate  transform ation  is

v m  =  ^ ( - £ ( 1  (5 -33>

where the general boost m atrix , A(/?), is given in Eq. (2.4). T he tim e-com ponent and three- 

vector com ponent of Eq. (5.33) respectively yield

7 < i ) r  =  7 ( 2 ) 1 7 ( 1 ) /  ( l  + i<1y  • £ ( , , , )  (5.34a)

and

i ^ 2 )t +  { ? (!) / ~  h i ) /  “  *1 i ( i ) f
P(1)r = ------------*---------- 7------------------------------------   • (5.346)

7 ( 1 ) /  ( l + £ ( l ) J  'd(2)t)

T hus far, equations describing the  ra te  a t which a  single electron m oving w ith a therm al 

velocity Pf0, in a flow fram e which itself moves w ith respect to the rad iation  source w ith a 

flow velocity P ^ y  h ave been derived. I shall now extend the analysis applying the equations 

expressed above to an ensemble of electrons, or equivalently to  a volume elem ent o f plasm a. 

For th is to  be possible it is essential th a t the  d istribu tion  of therm al velocities of the electrons 

be known.

For a relativ istic  gas in local therm odynam ic equilibrium  (or a t least collisional equilibrium ) 

consisting of m ateria l particles of rest m ass mo, the d istribu tion  function is (Synge, 1957)

g ^ P ^ x )  =  4;rm f f , ^ m oy) exp w ith v  = ^  (5.35a,6)

where T  is the absolute tem pera tu re  of the gas, n (x )  is the particle num ber density a t x, P M is 

the particle four-m om entum , V ** is the flow  four-velocity and /< 2  is a  modified Bessel function 

of order 2. T he num ber of particles w ithin a  phase space cell d3z d 3p is then given by

d N  = g(<p,P't Vlt, x ) d 3 x d 3p  . (5.36)

H aving expressed the ra te  of energy loss equation (Eq. 5.32a) and the ra te  of m om entum  transfer 

equation  (Eq. 5.326) as functions of the  electron therm al velocity, P^ , ra ther th an  m om entum—(2Jl
it is preferable, for my purposes to  have Eq. (5.36) expressed in term s of ‘beta-space’ ra ther 

th an  three-m om entum  space. T his requires th a t the  relation between an elem ent of beta-space, 

d 3 P, and th ree-m om entum  space, d3p, be found.
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In spherical polar coordinates an elem ent of ‘beta-space’ and th ree-m om entum  space can 

be respectively w ritten  as

d3/? =  sin 9 d/? dd d<j> and d3p =  p2 sin 9 dp d0 d<f> (5.37a, b)

which together im ply th a t

d3p p2dp
(5.38)

d3/? /?2d/? '

From  th e  definition of four-m om entum  given by Eq. (2.12) it is obvious th a t

p 2 =  p • p  =  m 07 2c2/?2 =  moC2(7 2 -  1) (5.39)

and  it therefore follows th a t

pdp =  m,Q c2j d j  (5.40)

which upon substitu tion  into Eq. (5.38), by Eq. (5.39), yields

d 3 £  _  >»qC 3 T ( 7 2 ~  1 ) *  i t  _  3 3 , 5  ( 5  4 1 N

Hence, the num ber of particles w ithin an elem ent of phase space d3/?d3x is

d N  = g(<p, P^Vfi, x)  m 3c37 5d3/?d3z (5.42)

which, for a  spatially  isotropic d istribu tion , can, by Eqs. (5.35a, 6), be expressed as

diV =  exp ! - < p P  Y l . | 7 5 d3(3d3x . (5.43)
4wI\2{mo<p) [ J -

In the p lasm a flow fram e (Z S(2)) the four vector product P faV fflu  — l ( 2 )tm oc2 and therefore 

the  num ber of electrons w ithin the comoving phase space cell d3/ ? ^ t d3x^2) *s given by

dNe  =  4 > ]£ ( m * y ) exp d% ) <  d3£(’ ) • (5 -44)

T he d istribu tion  of electron therm al velocities, , for various tem peratures is illu stra ted  in

Fig. 5.1. T he m ost probable therm al velocity, (3̂   ̂ , is, by Eq. (5.44), such th a t

{exp ( - 7 (t)t m c^ )  7 (2 )t^ (2 )t}  =  0  ( 5 -4 5 )
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the solution to which satisfies

(™eV?)7(*23)t -  5y*2)t ~ (™e<p)7(2)t +  3 =  0 .  (5.46)

For tem pera tures  of 108, 4 x 108 and 8 x 108 K the most probable electron thermal velocities 

are 0.187c, 0.391c and 0.575c respectively.

l

4 x 1088

6

4

2

0
P ( 2 ) t

F ig . 5 .1 . T he d istribu tion  in speed for an electron  gas a t the  tem p era tu res indicated . T h e  o rd in a te  is p roportional to 
th e  num ber of electrons w ith speeds in the range P( 2)t +d/3(2), Each graph has been norm alised so as to  have
a m axim um  of unity.

As an aside, consider the behaviour of Eq. (5.44) for large values of y? or equivalently for 

low absolute temperatures. For large x  the modified Bessel function K n (x)  is given by the 

asym ptotic  expansion (Abramowitz and Stegun, 1970)

A'" (X> ~  { ‘ +  ^  +  ^  2 !^   ̂+ • • Wh<!re m  =  4n2 <5'47a ’6) 

and therefore for /3 <C 1, Eq. (5.44) is approximately

/  m e \  a f t  1X m t c2 \
V27x k T)  6XPl  ^T(2)‘  ̂ k T  J

which is the familiar Maxwellian distribution. The tem perature  T  in Eq. (5.356) is then identical 

to the kinetic temperature.
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Before entering in to  the  analysis for an ensem ble of electrons I will briefly define the  m ean 

o f a  quan tity  x. For any spatia lly  isotropic d istribu tion  this takes the  form

[ x ( 0 ) g ( P ) d 3p  1 f

< * > =  =  ( 5 ' 4 9 )

which for a  relativ istic  d istribu tion  function can, by Eq. (5.44), be expressed as

{*) =  K ™ m 0 < p )  j Q x ( ^ e x p  i - w o p y } y h P 2 & P
rOQ

I x ( y ) exp {—moy? cosh y} cosh y  sinh2 y  d y  . (5.50a)
Jo

m 0<p
K 2 (m 0 <p)

where

y  =  cosh 7  . (5.506)

R etu rn ing  now to  the task  of expressing the equation of m otion in a form  m ore su itab le  for

a fluid trea tm en t. By Eq. (5.49) the expected ra te  of energy loss per electron and the  expected

ra te  of m om entum  transfer per electron in the  flow fram e are respectively

( S f  )  = (5Mo)

where d£(2 )e/d*(2) is given by Eq. (5.32a) and

/ dP(2), \ _  i r i p ,
—  900(2),) d3/? (5.516)
2 )e J  d /(2)\  d *(2) /  n(

where dp. . /d<(2) is given by Eq. (5.326). Hence the ra te  of energy loss per u n it volum e and—( 2 ) e
the  ra te  a t which energy is transferred to  the p lasm a per un it volum e are 

and

% ) \  _  ,(/? (,) ,)  d3£  (5.526)
\ d t (2 ) / w J  d*(2)

respectively.

A t th is stage it is relevant to  introduce the four-force density F **. As the  nam e suggests it 

is a  slight varian t on the four-force, F ^ ,  which, for a  particle of constan t rest m ass, is given by 

Eq. (2.20). T he four-force density is defined to be

F ^  7  ( L 'V -=
“  A Vo AV0

( ^ . / )  (5-53)
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where AVo is a  proper volum e elem ent. Since F ** is a  four-vector and AVo is a  world scalar, 

the  four-force density is a  genuine four-vector. If the ordinary force density is defined to  be 

/  =  / / A V  it then follows th a t

c —
(5.54)

T he ra te  of change of m om entum  per u n it volum e given by Eq. (5.526) obviously comprises 

the  three-vector com ponent to  the four-force density in ^S(2) w hilst it can easily be shown th a t 

the  ra te  of energy loss per un it volum e given by Eq. (5.52a) comprises the  tim e-com ponent of 

the  four-force density in ^S(2). Therefore, since

(5.55)

the  ra te  of energy loss per un it volum e and the ra te  of change of m om entum  per u n it volume 

in the rest fram e of the  rad ia to r are given respectively by

/ d f o A
\ d ( ( i )  / + )/ \  dt (2) V l

(5.56a)

and

d& i(1)
d<( i)

_ / d^ >
dt (2)

+  \  7(1)/
d^(2) \  7(1)/ -  1
d *(2) / v Pi(1)/

)/ d t ( 2) VJ
(5-566)

If the  p lasm a is trea ted  as a relativistic fluid it is then possible to  determ ine the fluid-dynam ical 

equations which can be expressed in the form  (M ihalas and M ihalas, 1984)

M r  =  f ^ (5.57)

where is the m ateria l stress-energy tensor and the semi-colon, as is conventional, signifies 

the  covariant derivative. I will not, in this work, a tte m p t to  solve the fluid-dynam ical equations 

b u t do in tend a t a la ter stage to investigate their solution w ith particu lar em phasis on config­

u ra tions in which the p lasm a is constrained to  move w ithin the confines of a  conical rad iator. 

T h is  r e p r e s e n t s  a  m a jo r  f u t u r e  r e s e a r c h  to p ic . In the m eantim e consideration will be 

restric ted  to  the case where the plasm a flow velocity P_^y =  0. I will determ ine the  rad ia­

tion  force exerted on the p lasm a per u n it volum e and the ra te  of energy loss per u n it volume. 

T hough th is reveals nothing abou t the term inal flow speed of the p lasm a it will provide an 

ind ication  of the typical enhancem ent to  the  in itial driving force, due to the  finite tem pera tu re  

of the bullet, which can be expected.
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$5.2.2 A S im ple S o lu tion  o f  th e  F undam ental E quations

If the  p lasm a is a t rest w ith respect to  the rad ia tion  source such th a t =  0 then the

reference fram es ZS(i) and ZS(2 ) are identical and the ra te  of energy loss per electron is, by 

Eq. (5.28a), given by

d Si(l)e
d<( i )

= -<TT J  jj(i)(£(i)'i(i).''*(i)) [tci). (i — -  *] Jdtyui
(5.58)

w hilst the  ra te  of transfer of m om entum  to the p lasm a per electron is given by Eq. (5.29). For 

m otion  w ithin an infinite conical rad ia to r of uniform  brightness I ^ 0  and sem i-angle a  these 

equations, upon in tegration  over all directions of the  incident raypa th  vector become

d£,
d<

1 f
i l h  =  _ _ T(TT/ (1)oT2i ) t | 6 (/?(2i )tx + ^ (2i )ly + /? (2i) tJ  (c o sa  +  1) -

(@(i)t +  P(\)t )  (cos3 a  — 3 cos a  — 2) +  2 0 ^ t (cos3 a  +  1) — 2/?(i)tj sin2 a |  (5.59a)

and

d p  f
- j ^ y -  =  7(i )t 6 ( c o s a +  1) -  (p l1)tx + P ( i ) ty)  (cos3 a  — 3 cos at -  2) +

1 (  % ' K  \  (  ^  tC° s2 «  — 3 c °sar — 2] \  x
2/?2i)t i (c° s3 « +  i )  -  60(i)tz sin2 a )  II - I  /?(i)ty [cos2 a  -  3 c o sa  -  2] I >.(5.596)

\  /  V 3 sin2 a  -  2 [cos3 a  +  1] /  '

For a  spatia lly  isotropic d istribu tion , the differential num ber density of electrons in ^S(i) 

can, by Eq. (5.44), be expressed as

d n (1)e =  d n (1)e (/?(1)t) ^ )1 (5.60a)

where

d n (1)e(/?(1)t) =  ^ ^ y e x p  { - 7 (1)tm ev>}7(51)t^(21)td/?(1)t • (5.606)

Therefore, w ith reference to  Eq. (5.49) and denoting any of the three cartesian coordinate axes 

by the subscrip t ‘j \  the following identities hold true:

/ q  \ _  M i ) « , d n (i)« _  M i ) « d n (1)e(/?(1)<) J02X  sin ^ cos 6  dfl &<j> _  Q 
\  (1)t> / n (i )e n (i )e 4tt

/ 2  a \  f  7 (i)t0 (i)Ud n W* f  l ( i ) A i ) t d n (i)e(P(i)t] sm0cos9ddd<f>
 Z Z  =  Z Z ---------------------------- 5 --------------= 0 (5 -616)
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/  2  , 3 2  \  _  / T r(2i ) « ^ ( i ) * , < l n ( 1 ) e  _  / 7 ( 2i ) t / ? ( 2i ) t < l n ( i ) e ( / ? ( i ) t )  sin 0 cos2 0 d0 d<£
W ( l ) t P ( i ) t  /  — ------------ -------------------- — -----------------   T ~ -------------------
' 3 /  n ( l ) e  « ( l ) c  47T

Hence, by Eq. (5.59a), the  expected ra te  of energy loss in a un it volume of the p lasm a due to 

the incident photon flux orig inating  from  the funnel walls is

=  (COS£* +  (7(i)tP?i)t)  (5.62a)

w hilst the expected ra te  of m om entum  transfer to  a u n it volume of the p lasm a by the radiation 

field is, by Eq. (5.596),

( ^ ) v = ^ /(1,0{1 + 5(7(2l>'̂ 1>‘)} sin2a(j)  ■ (5-626)

These results are sim ilar to those derived by O ’Dell (1981) for a plasm a located in the vicinity 

of a point source of rad ia tion  w ith respect to  which it is a t rest. T he im p o rtan t feature of 

Eq. (5.626) is th a t for a  relativistic plasm a, the rad ia tion  force experienced per un it volume is a 

factor 1 +  ab ° ve th a t for a  cold plasm a. T his enhancem ent is due to anisotropic

C om pton losses in the p lasm a which are a direct consequence of the anisotropy in the radiation 

field to  which the p lasm a is subjected. T he in itial ra te  of acceleration of a  relativ istic  plasm a 

m oving w ithin a conical rad ia to r will, therefore, be greater than  th a t for a  cold plasm a; a 

feature which should reduce the typical tim escale for the a tta in m en t of a  given fraction of the 

term inal speed. T his is significant in SS433 where the acceleration tim escale is ~  100 seconds. 

Equation  (5.62a) indicates th a t the ho tter the p lasm a the m ore rapid  is its ra te  of cooling 

and consequently the enhanced acceleration ra te  may only be realised in the in itia l stages of 

the p lasm a’s m otion. However, in a  fu ture trea tm en t consideration should be given to heat 

transfer from  the b u lle t’s interior to its surface. (An analogous situa tion  arises in the sun 

where rapid  heat loss from  the surface is offset by heat supplied from  the in terior.) T he full 

im plications of the ra te  of energy loss equation on the ra te  of bulk acceleration can only be 

determ ined accurately w ithin the context of a  full fluid trea tm en t of the plasm a. Such an 

approach has previously been undertaken by Cheng and O ’Dell (1981) and Phinney (1982). 

T he form er au thors considered the m otion of a p lasm a m oving above a point source of radiation  

and found th a t the C om pton rocket effect can accelerate the p lasm a to relativistic bulk speeds 

on a tim e scale com parable to  th a t for energy loss. Phinney (1982) concluded th a t relativistic 

bulk speeds can be achieved though w ith seemingly unreasonable heating  rates and, further, 

th a t the C om pton rocket effect can significantly a lter the struc tu re  of thick, rad ia tion  supported 

accretion discs if some of the electrons are relativistic.
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The importance of the Com pton rocket effect is essentially governed by the m agnitude of 

the param eter which, by Eqs. (5.50a, b), is

/•OOJ exp { ~ m e ^ c osh y) cosh sinh4 y d y

TYl °
— eY— - /  exp { — m e ip cosh y} {cosh 5y — 3 cosh 3y +  2 cosh y} dy

16A2(m ev?) J 0

= Tr T \ { ^ 5(rneip) -  3K 3( m e<p) +  21<i(me<p)} (5.63)
16 I \ 2{me(p)

A plot ( )t$(\ )t) 35 a funcf i°n ° f  T  for an isotropic distribution of electrons is illustrated in 

Fig. 5.2. For a tem pera ture  T  — 8 x 108 K, the likely upper bound on the tem pera ture  at the 

base of the je ts  in SS433, (7 f l)tPf i )t) =  0.553. Thus the maximal initial acceleration th a t  can 

be expected in SS433 is a factor ~  1.37 greater than th a t  possible if the Com pton rocket effect 

is neglected, as in the analysis of chapters 3 and 4.

0 1

0 0

0 - 1

1 0 7 10®

F i g .  5 . 2 .  T h e  e x p e c t e d  value o f  versus  t e m p e r a t u r e  (K e lv in )  for  a n  i so t rop ic  d i s t r i b u t io n  o f  e le c t ro n s

In the treatm ent above it has been assumed th a t  the plasm a is dilute and therefore th a t  each 

electron in the plasma is subjected to the radiation field a ttr ibu tab le  to the funnel walls. This 

is unlikely to be so, particularly in the initial stages of the bulle t’s motion. A better trea tm ent 

should, therefore, include a realistic description of the passage of the radiation through the 

p lasm a which can, theoretically, be accomplished by solving the equation of radiative transfer 

(Eq. 2.38). It. was further assumed tha t  the electron distribution is isotropic in the plasma 

flow frame which, according to Phinney (1982), can only be achieved through collective plasma 

instabilities. This isotropy in the electron distribution can be expected, principally through 

Com pton scattering, to lead to a progressive isotropisation of the radiation field with increasing
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optical dep th  w ithin the plasm a. Since the C om pton rocket is fuelled by anisotropic C om pton 

losses resulting  from  an inherent anisotropy in the  illum inating  rad ia tion  field, th is progressive 

isotropisation  will tend to  dim inish the effectiveness of the  C om pton rocket m echanism .

$5.3 Further Considerations

T he m ost pressing problem  associated w ith the analysis in the  previous chapters has been the 

in trusion of finite size effects. T heir result is to  restrict the  validity of the  equations of m otion 

for a  m assive bullet to  instances where, in essence, the typical bullet length scale is much sm aller 

th a n  th a t over which any changes in the brightness of the rad ia to r occur. T he exception to  

th is  is the specific case where the rad ia to r is bo th  infinite and  of uniform  brightness. T he m ost 

readily achievable im provem ent to  the m odel would, therefore, be the  full incorporation  of finite 

size effects in to  the derivation of the  fundam ental equations of m otion. T his should be possible 

by extending the derivation described in §2.6.

T hroughout the work presented here, the bullets have been assum ed to  have a  constant 

cross-section. T his will, alm ost certainly, not be so since the tendency of any hot p lasm a is 

to  cool by expansion, converting therm al energy in to  bulk kinetic energy as it does so. A 

sim ple, prelim inary  investigation of the effect o f bullet expansion on, for exam ple, the  ra te  of 

bulk acceleration could be perform ed by assum ing th a t the bullet expands spherically w ithin 

an  infinite conical rad ia to r of uniform  brightness such th a t it always fills the  funnel. T he bullet 

cross-section will then be defined in term s of the location of its centre above the apex and 

the funnel sem i-angle, except for locations beyond a certain  height when the  bullet becomes 

optically  th in  and the cross-section rem ains constant.

A tten tion  should also be directed tow ards the bullet geom etry. T he form  of the bullet will 

evolve w ith the rad ia tion  pressure acting over its surface which will change as bo th  the bullet 

location w ithin the rad ia tion  field, and its velocity, change. An in itia l step in th is investigation 

would be to  consider the m otion of a spheroidal bullet, varying selected geom etrical param eters 

to  determ ine the effect each has on the ra te  of acceleration and the term inal speed of the  bullet.

In chapter 3 I considered the off-axis m otion of a  bullet m oving above or w ith in  an  infinite 

plane or cone. A w orthwhile extension to  this work would be an investigation of the  off-axis 

m otion w ithin a finite conical rad ia to r. Such an analysis should yield inform ation on the degree 

of je t  collim ation th a t  can be achieved and, given the observed degree of collim ation, could 

indicate the  region w ithin the funnel in which the bullets are form ed.

Further work could also involve the determ ination  of m ore realistic tem pera tu re  profiles 

for the rad ia tion  field w ithin the accretion funnel. One approach is to  solve the equations of 

stellar s truc tu re  whilst another possibility could involve the tw in polytropic m odel outlined in 

§4.6.2.
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