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Summary

This thesis concerns the compatibility of inhomogeneous cosmologies with our present un-
derstanding of the universe. It is a problem of some interest to find the class of all relativistic
cosmological models which are capable of providing a reasonable 'fit’ to the universe. One
can imagine building up an (infinite-dimensional) parameter space containing all cosmological
models. At any time the understanding of the universe would represent a blob in parameter
space in which, presumably, the real universe would sit. This thesis, in some respects, is
part of this process. We consider Stephani models, which are a generalisation of the stan-
dard Friedmann-Lemaitre-Robertson-Walker (FLRW) models, which can be thought of as
FLRW models with curvature which changes over time. This changing curvature reflects
the existence of spatial pressure gradients which leads to an acceleration of the fundamental
observers. Thus these models generalise the ‘dust’ assumption of standard cosmology.

Models normally considered in the ‘classification scheme’ approach are usually homo-
geneous dust or barotropic perfect fluid models. They are anisotropic however, and thus
generalise the FLRW models. Most importantly, because these models are homogeneous,
they satisfy the Copernican principle. The crucial aspect of this work is the retention of the
Copernican principle — an assumption regarded by many as crucial to cosmology. It states
that we are not at a special location in the universe. This is a vital aspect of the original
work in this thesis: consideration of an inhomogeneous model, while retaining the Copernican
principle has, as far as the author is aware, not been considered in detail before.

One may formulate the Copernican principle in many ways, from assuming we are not at
a special location, to assuming that all (or most) locations are equivalent, which more or less
forces homogeneity. Because the models considered here are inhomogeneous, they cannot
satisfy the stronger version of the Copernican principle entirely — all locations will not be
equivalent. However, we may demand that they are observationally indistinguishable. This
is the tactic we use here. En route to this goal we must therefore calculate all observable

quantities at any location in the spacetime. Certain properties of the Stephani models we
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consider allow us to do this exactly; consequently, many results of this thesis present, for the
first time, observational relations for a class of inhomogeneous cosmological models which
are exact, and valid for any observer position in the spacetime.

It may reasonably be claimed that the standard model is perfectly acceptable. However,
a number of the properties of the models considered here do make them rather appealing.
For example it is shown in §5.1 these models do not suffer from the horizon problem which is
prevalent in the standard model. Also, the current conflict between cosmologists measuring
a small but non-zero cosmological constant, and particle physics requiring it to be either
zero or one hundred and twenty orders of magnitude higher, may be motivation in itself for
considering cosmologies with a somewhat non-standard matter content.

In chapter 1 a brief review of the Copernican and cosmological principles in in homoge-
neous cosmologies is presented. A discussion is given of the present understanding of the
important parameters of the standard model, some methods used to find these parameters,
and some of the problems encountered.

In chapter 2 an overview of relativistic cosmology is presented. This is necessarily incom-
plete, with an emphasis on deriving observable relations, and on the FLRW models. The
1+3 formalism is presented. Some new results are presented concerning conformally related
spacetimes (which turn out to be useful but not necessary for deriving the observational quan-
tities in the Stephani models). FLRW models are then reviewed. We give a discussion of the
generalised definitions of the Hubble constant and deceleration parameter in non-standard
cosmologies.

In chapter 3 we discuss a theorem of fundamental importance to cosmology — the Ehlers-
Geren-Sachs theorem (1968). This condition singles out spacetimes which will allow an
isotropic cosmic microwave background (CMB). When applied to a dust universe it says
that the existence of an isotropic CMB for every observer in the spacetime implies that the
universe is FLRW. We extend this theorem to include the case of non-geodesic observers (in
a perfect fluid model), which singles out a subclass of the Stephani models with symmetry.
These models form the basis of the rest of the thesis. This chapter is a slightly extended
version of Clarkson and Barrett (1999).

Chapter 4 takes the models which were singled out in chapter 3 and derives the obser-
vational relations for these models. Consideration is given to non-central observers, and the

observational relations are then derived for any location in the spacetime.
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The following two chapters examine the models in some detail from every observer posi-
tion. The ‘worst case’ — ie, the observer position most restrictive on the parameter space — is
singled out for each constraint, and it is shown that there is a large area of parameter space
which is allowed by the tests we consider. In addition it is shown that some of the allowed
models are distinctly inhomogeneous. Chapter 5 is the most thorough, and deals exclusively

with the spherically symmetric subclass of the models derived in chapter 3.
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Chapter 1

Introduction and Review

Since Hubble discovered the expansion of the universe and the homogeneous and isotropic
expanding models of Friedman, Lemaitre, Robertson, and Walker (FLRW) were accepted
as the correct model of the universe, there has been relatively little consideration of
alternative cosmological models. It is natural that ‘mainstream’ cosmology focuses on
the understanding of the simplest acceptable models. However, it is also important to
consider other possibilities; seventy years concentrating on one class of models is likely to
lead to undue conviction in these highly special solutions. It is important to examine the
assumptions on which cosmology is based, in the hope of improving our understanding of
the universe. Indeed, it is essential that the assumptions can be tested wherever possible.
This thesis is an attempt to do just that.

The assumption I will investigate in this thesis is that we are geodesic, or freely
falling, observers. There are a number of reasons this assumption has been used: firstly
it simplifies things enormously; secondly, if one ‘imagines’ galaxies floating about in
space, then it seems ‘obvious’ that they must be freely falling; one assumes that galaxies
are like particles of dust (the classic billiard ball approach to a physical system) which,
in itself, implies geodesic observers.

As convincing as the geodesic assumption is, a standard FLRW dust universe cannot,
on its own, satisfy the latest supernovae Ia (SNIa) results (Riess et al., 1998, Schmidt
et al., 1998 and Perlmutter et al., 1999), which imply that the rate of expansion of the
universe is increasing; galaxies are moving apart faster and faster as time goes on. The
simplest generalisation to dust, which solves this problem is the cosmological constant,
or vacuum energy density: a concept which has been invoked and rejected as each new

crisis is faced by cosmologists (figure 1.1). It was originally invoked by Einstein because
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Figure 1.1: The variation in the accepted value of the cosmological constant over time, from
Freedman (1999).

of the belief at the time that the universe was static. It was only when Hubble discovered
that the universe is expanding and the FLRW models were generally accepted that an
alternative route was available. This led to the standard big bang cosmology.

It is possible to achieve an accelerated expansion of the universe without invoking
the cosmological constant, but this requires a large negative pressure: note that gravity
effectively becomes repulsive whenever the pressure is large and negative enough, that
is when

u+3p <0 (1.1)

(where u, p are the energy density and pressure respectively) which is precisely when
the strong energy condition fails (see §5.1.1 and §6.2). This happens because p + 3p
is the effective gravitational mass. This is most elegantly shown in the Raychaudhuri
equation (2.33), which is the fundamental equation of gravitational attraction. It says

that the expansion rate 6 changes with time according to
6~ —L(u+3p)+A (1.2)

where A is the cosmological constant. In fact, it is easy to see (§2.5.1) that a cosmological

constant is indistinguishable from a constant pressure; we may acknowledge this and
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identify the effective active gravitational mass with
p+3p—2A (1.3)

which shows why a cosmological constant may lead to an increasing expansion rate.

Central to this thesis is an assumption we shall keep: the Copernican principle. There
is no precise definition of the Copernican principle. In its weakest form it states that
we are not at the center of the universe. This is not particularly useful for this thesis,
so we will take a slightly stronger version: we are in a ‘typical’ location as observers
in the universe. (This is sometimes known as the weak cosmological principle; Ellis,
1975.) Stronger still would be to say that all observers are equivalent, which would then
force homogeneity. This is the cosmological principle (CP), and cannot be satisfied for
inhomogeneous models. The CP follows from (either version of) the Copernican principle
if we assume perfect isotropy about ourselves. With these assumptions we are lead to
the standard homogeneous and isotropic model of the universe. We aim to show that the
homogeneity of the universe does not follow from the Copernican principle, given that
observations about ourselves are not perfectly isotropic. This allows the CP, and thus
the standard model to be questioned.

Although it essentially a philosophical assumption, the Copernican principle must
be taken seriously (Ellis 1975): in order to reject an inhomogeneous cosmological model
on the basis of its conflicting with the observed isotropy of the universe it is necessary
to consider all observer positions and to show that for most observers in that spacetime
the anisotropy observed is too large to be compatible with observations. We could adopt
this view of the Copernican principle in this thesis, but, for simplicity, we will require
consistency with observations for all observers — our results will thus be rather stronger
than is strictly required by the Copernican Principle. In fact, it is only really possible
to consider the weaker version of the Copernican principle when the spatial sections of
the universe have finite volume (or, at least, when the number of observers, as measured
by the integral over the spatial sections of the number density of particles — cf. §4.2 -
is finite), otherwise the expression ‘most observers’ has very little meaning. For infinite
universes the stronger version of the Copernican principle must be adopted. With our
stronger definition we are thus prepared for all eventualities (although it will turn out

that the models we consider are all ‘finite’).
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Non-central locations are rarely considered in the literature in the analysis of inho-
mogeneous cosmologies however, owing to the mathematical difficulties that this usually
entails. Having said that, Humphreys et al. (1997) made a study of Tolman-Bondi mod-
els from a non-central location and applied their results to a ‘Great Attractor’ model.
Most other non-central analyses, however, look only at perturbations of standard FLRW
models.

Having adopted (a strong version of) the Copernican principle, the question then
arises as to whether the observed isotropy of the universe, when required to hold at
every point, forces homogeneity, thus validating the CP. Well, the nearby universe is
distinctly lumpy, so it would be difficult to claim there is isotropy on that basis. However,
the CMB is isotropic to one part in 10°. Together with the EGS theorem (Ehlers,
Geren and Sachs (1968)), or rather, the almost EGS theorem of Stoeger, Maartens, and
Ellis (1995) this allows us to say that within our past lightcone the universe is almost
FLRW (ie, almost homogeneous and isotropic), provided the fundamental observers in
the universe follow geodesics (that is, as long as the fundamental fluid is dust). What
the almost EGS theorem achieves is to provide support for the CP without the need to
blithely assume the (near) isotropy of every observable: isotropy of the CMB alone is
enough to ensure the validity of the CP (for geodesic observers).

The EGS theorem is crucial to this thesis. It states that if all observers in an ex-
panding dust universe see an isotropic radiation field, then that universe is FLRW. As
the observed high isotropy of the CMB so well established, we can combine it with the
Copernican principle as the starting point of this work. We generalise the EGS the-
orem to the case of an irrotational perfect fluid (ie, allowing for acceleration), to find
a class of models which generalise the FLRW model. These models are a subclass of
the inhomogeneous Stephani spacetimes with symmetry. We are left with a class of
spacetimes which allow an isotropic CMB for all observers. We then study these mod-
els from all observer locations to show that these inhomogeneous models are acceptable
given present observational constraints. They thus satisfy the Copernican principle while
being inhomogeneous.

A number of inhomogeneous or anisotropic cosmological models have been studied
in relation to the CP. The homogeneous but anisotropic Bianchi and Kantowki-Sachs
models (Kantowski and Sachs 1966; see Ellis 1998, §6 and references therein) have been

investigated with regard to the time evolution of the anisotropy. It can be shown, for
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example, that there exist Bianchi models for which a significant phase of their evolu-
tion is spent in a near-FLRW state, even though at early and late times they may be
highly anisotropic (again, see §6 of Ellis 1998 and references therein). Of the inhomo-
geneous models that arise in cosmological applications, by far the most common are
the (Lemaitre-)Tolman-Bondi dust spacetimes (Tolman 1934; Bondi 1947). These are
used both as global inhomogeneous cosmologies — probably the most important papers
being Hellaby and Lake (1984, 1985), studying geometrical aspects, and Rindler and
Suson (1989), Goicoechea and Martin-Mirones (1987), Schneider and Célérier (1999),
Célérier (1999), and Maartens et al. (1996) investigating observational aspects — and also
as models of local, nonlinear perturbations (over- or under-densities) in an FLRW back-
ground (Tomita 1995, 1996; Moffat and Tatarski 1995; Krasiniski 1998; Nakao et al. 1995).
See also Krasinski (1998) for a review.

There has been some consideration of Stephani solutions (Stephani 1967a,b; see also
Kramer et al. 1980 and Krasiriski 1983, 1997). These are the most general conformally
flat perfect fluid solutions — and obviously therefore contain the FLRW models. They
differ from FLRW models in general because they have inhomogeneous pressure, which
leads to acceleration of the fundamental observers. Dabrowski and Hendry (1998) fitted a
certain subclass of these models to the first SNIa data of Perlmutter et al. (1997) using a
low-order series expansion of the magnitude-redshift relation for central observers derived
in Dabrowski (1995), and found that they were significantly older than the FLRW models
that fit that data.

One unusual feature of the Stephani models is their matter content. The usual
perfect-fluid interpretation precludes the existence of a barotropic equation of state in
general (because the density is homogeneous but the pressure is not), although they can
be provided with a strict thermodynamic scheme (Bona and Coll 1988) - it has recently
been shown explicitly that they may be given a physically reasonable interpretation
(Sussman 1999). Moreover, even individual fluid elements can behave in a rather exotic
manner, having negative pressure, for example (cf. §5.1.1). For these reasons, amongst
others, Lorenz-Petzold (1986) has claimed that Stephani models are not a viable de-
scription of the universe, but Krasinski (1997, p.170) argues rather vigorously that this
conclusion is incorrect, as do we. Other cosmologies have sometimes been ruled out a
priori because the stress-energy tensor does not behave in the correct manner, or for

other reasons such as the lack of an FLRW limit — see Krasinski (1997) for a complete
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review. However, it has become increasingly difficult to avoid the conclusion that the
expansion of the universe is accelerating, with the type Ia supernovae data being the lat-
est and strongest evidence for this. It may be taken as evidence that there is some kind
of ‘negative pressure’ driving the expansion of the universe. In standard FLRW models,
this must correspond to an inflationary scenario, with A > 0, or a matter content of the
universe which is mostly scalar field (‘quintessence’ — see Frampton 1999; Liddle 1999;
Coble, Dodelson and Frieman 1997; Liddle and Scherrer 1998; see also Goliath and Ellis
1998 for a discussion of the dynamical effects associated with A). Either way, the real
universe is behaving in a manner that is at odds with ‘everyday’ physics, so it is not
appropriate to rule out Stephani models for exhibiting similar behaviour.

We now briefly review FLRW models and then discuss the observational constraints

primarily used in this thesis.

1.1 The FLRW Models

The standard model of modern cosmology are homogeneous and isotropic expanding
FLRW models. They are parameterised by three independent functions of time; { Hp, Q9, Q4 }.
The present day expansion rate is given by the Hubble constant, Hy; the density of mat-
ter today is given by g, which is normalised with Hy; and €25 represents a possible
cosmological constant.

These models expand from a big bang! into the universe’s present state. The models
may recollapse after a finite time or expand indefinitely into the future: they are called
‘closed’ or ‘open’ respectively depending on this future fate, while the limiting case
between the two possibilities is called ‘flat’. The different possibilities depend on whether
the matter density and cosmological constant (in the combination Qg + 24) are large
enough to halt the expansion of the universe. The time since the big bang depends
crucially on Hy. A significant problem facing cosmologists is an accurate measurement

of these parameters.

1.2 The Hubble constant

The Hubble constant, Hy, represents the present day expansion rate of the universe. It

is estimated, not surprisingly, by measuring the recession velocities of nearby galaxies,

!Some models may ‘bounce’ indefinitely depending on the model parameters.
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which move according to the Hubble law;
VR Hod, (1.4)

where v is the recession velocity and d is the distance to nearby galaxies. (This relation
holds only in the ‘local’ universe.)

Measuring Hubble’s constant has proved to be extremely difficult in practice; despite
70 years searching it still would be difficult to claim anything better than 10% accuracy.
In fact it is only within the past few years that the ‘factor of 2’ uncertainty has been
resolved. One of the biggest problems lies in calculating distance accurately: this be-
comes more difficult the further away galaxies lie. Distant galaxies are preferable because
their random or peculiar velocities are substantially smaller than the Hubble expansion.
The most common method of distance measurement is to use the observed magnitude.
To infer distance from this one must obviously know the actual luminosity — and one
must therefore use objects which have a narrow range of intrinsic luminosity which is
independent of distance. A good example of such an object are Cepheid variables which
pulsate regularly — the period of which is known to correlate to their luminosity. The
most promising example of distant standard candles are the supernovae Ia (SNIa), which
can outshine whole galaxies — and are thus observable to great distances. The maximum
brightness, and subsequent light curve shape is know to correlate to luminosity. Other
examples include spiral galaxies whose rotation velocity correlates with luminosity (the
Tully-Fisher relation).

The main error in using these standard candles? arises because they must be combined
together to obtain Hy via the ‘cosmic distance ladder’. One of the main sources of error
in Hy lies in finding the period-luminosity relation for Cepheids, which is a consequence
of errors in the distance to the Large Magellanic Cloud.

These methods are finally reaching conclusion, albeit with different groups reaching
slightly different mean values; finally, however, all the results seem to be consistent. At
the 95% confidence level Freedman (1999b) quotes 57 < Hy < 85 km s~! Mpc~!. Despite
this many would argue that Hy = 65 £5 km s~! Mpc™! is a safe bet; see Trimble and
Aschwanden (1999) for an entertaining discussion of this.

There are promising new methods for measuring Hy from observations of objects at

large distances. These include time delay in gravitational lensing events, and use of the

% Actually, a standard candle is an object with a very narrow range of brightness, but there is no need
to labour this point here.
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Sunyaev-Zel’dovich effect from the X-ray emitting gas in clusters affecting the cosmic
microwave background (CMB) spectrum.

Measurements of Hy from gravitational lensing make use of distant variable sources
which are lensed, producing multiple images. The different paths the light travels will
result in a time delay effect, which is measurable. Measurements of the angular separation
of the two images then allow Hy to be determined. The problem with this is that the
mass distribution of the lensing galaxy will not be known independently. This, combined
with the difficulty of finding a suitable system makes gravitational lensing a test for the
future (Freedman 1999a).

The Sunyaev-Zel’dovich effect is the scattering of the CMB photons off electrons in
the X-ray emitting gas of rich clusters (Sunyaev-Zel’dovich 1969). This results in a change
in the CMB spectrum. The X-ray flux is distance dependent, but the SZ temperature
fluctuations are not, therefore Hy may be determined. As with the gravitational lensing

measurements, it is still early days, with large uncertainties, and only a few clusters.

1.3 The Density Parameters )y and (23, and the Curvature

In the standard model the energy density, curvature, and cosmological constant are all

related by the normalised (with respect to Hy) parameters, {Qo, Q, 24} by
Qo+ QA+ Q=1. (15)

We see that determining any two of the three will give the third. Determining these will
determine the origin and fate of the universe.

The density and curvature of the universe remain in question, and this uncertainty
has led to the dark matter problem. The main problems here lie in the fact that
the luminous matter density of galaxies nearby give a value of (¢ ~ 0.01 (Big Bang
Nucleosynthesis also gives similar, but slightly higher, results — see Wainwright and
Ellis 1997, or Olive, 1999, for details), while dynamical studies of the same galaxies
suggest that £ 2 0.3 — ie, they are gravitationally bound by a far greater mass than we
see. This means that most of the matter in the galaxies is ‘dark’. There have been plenty
of suggestions as to what it may be, see Carr (1994) for further details. In addition to this
the latest SNIa measurements suggest that the deceleration parameter gg = %QO—QA <0

which necessarily implies that 24 > 0 — see figure 2.7. If the SNIa results are correct,
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then there is no way, in the standard model, to avoid invoking a cosmological constant
or scalar field® model.

Measurements of these parameters from ‘local’ (z ~ 1) observations (eg, SNIa) , and
from observations of the CMB (z ~ 1000) complement each other (Tegmark, Eisenetein
and Hu, 1998a; Tegmark et al., 1998b; Eisenstein, Hu and Tegmark, 1998a,b; see also
Tegmark, 1999; White, 1998; Efstathiou et al., 1998; and §2.8.2). The SNIa determine
the quantity Qp — Qa, while CMB results give Q¢ + Q5 (ie, the curvature). See §2.8.2
for details why. This means that the two data sets will give all of {Qg, Q, Q24 }.

Supernovae Results Riess et al. (1998), Schmidt et al. (1998) and Perlmutter et
al. (1999). These all suggest that A is distinctly non-zero and positive. Accurate mea-
surements of the SNIa constrain the deceleration parameter because they measure the
change in the expansion rate with distance. They are observed at roughly half the age
of the universe.

The primary errors in using SNIa for the determination of the density parameters
are similar as for Hy. In addition, the SNIa may evolve (as has been suggested by Drell,
Loredo, and Wasserman 1999) ie, intrinsic brightness changes with distance. This simply
amounts to not knowing precisely enough how intrinsically bright the objects in question
are at the time of emission. The SNIa have caused such a stir initially, because they are
thought not have this problem.

Perlmutter et al. (1999) quote their best fit as Q¢ = 0.73, Q5 = 1.32; while their
best fit results assuming a flat universe is Q¢ = 0.28, 25 = 0.72 with errors of 1:0.14.
Regardless of the type of fit its claimed that A > 0 at the 99% confidence level. The

other group achieve similar results.

CMB Measurements The CMB was discovered in 1965 by Penzias and Wilson, and
interpreted as a ‘relic’ of the big bang by Dicke et al. (1965).

The CMB is observed today to be a blackbody at a temperature of Ty = 2.734+0.01K,
with a dipole moment of T} = 3.343 £ 0.016 x 10~°K and quadrupole moment as big as
T, = 2.8 x 1075K (see Mather et al., 1994; Partridge 1997 for details and references). It
was emitted at a time when the radiation was no longer hot enough to keep Hydrogen

ionised, causing it to decouple from matter, which happens at T, ~ 3000K. At this time,

dec

3 Also known as a quintessence model — see later.
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the small perturbations (created by inflation) which were present in the universe left their
mark on the CMB surface. The baryons (electrons and protons) fell into the potential
wells created by the small perturbations. Because the baryons were still coupled to the
photons, the photon pressure acted as a restoring force against the motion of the baryons
into the potential wells. This led to acoustic oscillations. These oscillations may be
decomposed into their Fourier modes, with the first acoustic peak at [ ~ 200/v/Q + Q5 -
see figure 1.2.

Because the position of the first Doppler peak depends essentially only on the cur-
vature, the CMB is a good test of g + 4. From figure 1.2, we can see that the curve
favours a flat universe — the first peak is around [ ~ 200. The estimated curvature is
Qo + Q4 =1+£0.2. See Turner (1999), Straumann (1999), or Rocha (1999).

This is still a preliminary result, but the issue should be settled soon with some new
satellites being launched in the next year or so (eg, MAP, Plank, etc.). These results are
not particularly relevant for the work contained in this thesis.

The SNIa and CMB measurements may be combined to give more accurate informa-
tion on the density parameters — see §2.8.2. They can also be used to find the ‘equation

of state’ of the universe; see Perlmutter et al. (1999), or Efstathiou (1999).

1.4 Age

There are two ways to determine the age of the universe. Determinations of the ages
of ‘old’ objects such as globular clusters in the local universe provide a lower bound to
the age of the universe. Alternatively,' given a model of the universe, a measurement of
Hy provides an estimate of the age of the universe. Both are plagued with uncertainty
and there has been considerable disagreement until very recently, with globular clusters
being significantly older than the age as implied by the expansion rate.

From Hj we can obtain a range of ages from 8 Gyr for an Einstein-de Sitter model,
all the way up to 16-17 Gyr for a low density flat model, both depending on the value

of Hy. Given a set of parameters { Hy, 2o, 24} the age can be calculated simply from

T oo dz
v [ [T o)

where H(z) is given by equation (2.131).
Measuring the ages of globular clusters is quite a complicated process; it is based on

a number of complementary methods. It combines estimates from stellar models, with
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separate evaluations of the stars in the clusters turning off from the main sequence. As
stellar models are not perfect uncertainties of about 7% arise. The largest uncertain-
ties in the cluster ages arise from estimating their distance — and hence their intrinsic
luminosities which are required to calibrate the stellar models. Distance estimates are
made from parallax measurements, and from distance indicators such as RR Lyraes. As
in estimating Hj, calibration of these stars relies on knowing the distance to the Large
Magellanic Cloud, which again introduces considerable uncertainties.

The ages of the globular clusters have traditionally been quite high — certainly too
high for a flat A = 0 model, and led to the ‘age problem’ as it was known. However
recent recalibration of RR-Lyraes has led to a considerable reduction in the ages of
these to about 11-14 Gyrs (Chaboyer et al., 1998; Krauss, 1999); also recent parallax
measurements using the Hipparcos satellite confirm these results (Reid, 1997; Gratton
et al., 1997). For a high value of Hy or a high density model, the margin of error
between cosmological and globular cluster ages is still very small. See Freedman (1999b)
for discussion and references.

The age of the universe is important for this thesis because the Stephani models we
consider here were initially put forward for their ‘naturally’ high age, and as a solution
to the age crisis (Dabrowski and Hendry, 1998). We constrain the Stephani models later

using the age.
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Figure 1.2: The CMB multipoles as a function of temperature. From Max Tegmark’s home
page: http://www.sns.ias.edu/"max/foregrounds.html.
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Chapter 2

Relativistic Cosmology

The goal of cosmology is to find a model that best describes the universe on any particular
scale, preferably on all scales. The framework which is usually used, and will be used
throughout this thesis, is that of General Relativity (GR) as discussed in eg, Wald
(1984); Stephani (1990); Misner, Thorne and Wheeler (1971); Schutz (1990); Hawking
and Ellis (1973); that is to say spacetime is a manifold, which has a geometry described by
a Lorentz metric g4, and associated connection I'% ., containing matter whose physical
properties are described by the energy-momentum tensor, T,;. The curvature of the
spacetime is felt via the Riemann tensor, R,pq, which gives the lack of commutivity of

derivatives when parallel transporting vectors in a curved manifold (Schutz 1980);

(VaVs = V5Va) é = Rapeat?, (2.1)
for any vector field £2; these are the Ricci identities. The curvature of spacetime and
the matter content interact via Einstein’s field equations,

Gop &f Rab - %‘Rgab =Tap — Agaba (22)

where G, is the Einstein tensor, Ry, and R are the Ricci tensor and scalar, and A is
the cosmological constant.! These equations give local conservation of energy from the
geometry of the spacetime. The vector formed by taking the 4-divergence of Ty, V,T'%

represents the local creation or loss of energy. The Bianchi identities,
ViaRpg™ =0, (2.3)
when twice contracted (over the ac and ed indices) imply V,G® = 0, from (2.2) so that,

VT% =0, (2.4)

Tn this chapter units where 87G = ¢ = 1 will be used; in later chapters, where observational quantities
are important, they will be put into the equations.

13
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so that energy is locally conserved.

For any model of the universe, we must bear in mind that we have to extract obser-
vational predictions from it; (2.2) are not particularly intuitive. Rather than just start
from a metric and see what we get, it is desirable to break (2.2) down into a simpler (or
at least more intuitive) set of equations while retaining their covariant character, and at

the same time introducing quantities that are directly measurable.

2.1 The Covariant 143 Formulation of Fluids in GR

In this thesis, we don’t make much use of the 1+3 formalism (Ehlers 1993), but it is
necessary for the results of §2.3, and §3.2, and also for a proper understanding of modern
relativistic cosmology.

For a complete cosmological model one must specify not only a metric defined on a
manifold, but also a family of fundamental observers. These worldlines may be used to
represent galaxies at late times (where the galaxies sit on the worldlines) or radiation
at early times. It is usually assumed however that at any particular epoch there is, on
average, one dominant or fundamental congruence of worldlines, eg, that defined by the
CMB. The combinations of such a set of fluids will be described briefly later. These

worldlines will have a velocity

dx®
u? &f — 2.5
dT b ( )
where 7 is the proper time measured along the worldlines, such that u,u® = —1; ie, it is

timelike. This velocity field is very important and its properties (together with a matter
description) can be used to give invariant definitions of many cosmological models.

This velocity field can be used to look at tensors along these worldlines, and orthog-
onal to them. This is the ‘143’ splitting of the spacetime into ‘temporal’ and ‘spatial’
parts; it is also covariant because u® can be defined uniquely and without any coordinates
which would be required for splitting the spacetime into space+time.

Given u® we define a projection tensor by
hab & gab + ugus, (2.6)
which defines a ‘3-metric’ orthogonal to the congruence, and satisfies

h,® =3, hgu’=0; (2.7)



CHAPTER 2. RELATIVISTIC COSMOLOGY 15

ie, it is orthogonal to u®, it therefore projects things into the instantaneous rest space of
the congruence.

We also make use of the projected alternating tensor (a generalisation of the Levi-

Civita symbol)

Nabe & nabcduda (2'8)
where
Nabed & — v/ |g|60[a61b62053d] (29)

is the spacetime alternating tensor (the 4D Levi-Civita symbol).
We use angle brackets to denote the projected, symmetric, trace-free part of a 2nd
rank tensor,
Flap & (h(;hb;‘ _ %hathd) Fog, (2.10)
(and for a 1-form or vector, K & h,K3) so that any projected 2nd rank tensor has

the irreducible covariant decomposition
Fap = $Fhap + Nape FC + Flap, (2.11)

where F = F,4h%? is the spatial trace, and F, = %nachbc is the spatial dual vector of
the antisymmetric part of Fyp. In the 143 covariant formalism, all irreducible quantities
are either scalars, projected vectors or projected, symmetric, trace-free tensors.

With this projection tensor and velocity field, we can define two derivatives; firstly,

differentiation along the fluid flow — a time derivative, denoted by a dot,
Eop 8 0tV Foy; (2.12)
and also the derivative projected orthogonal to the flow lines — a spatial derivative,
VeFap & he he hf VaF.p. (2.13)

This new tensor is entirely orthogonal to u®; contraction of any index with u® is zero.

V. is no longer a proper 3-dimensional covariant derivative however, because in general,
ViaVyQ # 0; (2.14)

which means that the congruence is no longer orthogonal to the spacelike surfaces.

The covariant derivative of any scalar can be split into orthogonal and parallel parts;

VaQ = VoQ — Qug; (2-15)
while derivatives of vectors and tensors can be split into their irreducible covariant bits,

see Maartens, Gebbie and Ellis (1999) for the equations.



CHAPTER 2. RELATIVISTIC COSMOLOGY 16

2.1.1 Kinematics of the Fundamental Congruence

The derivative of the fundamental congruence V,u, can be split into irreducible quanti-

ties. These are:

— The expansion,
9 & V,u® = V,ul, (2.16)

which is the trace of the derivative of u® and also the 3-divergence of the congru-
ence. It represents the volume rate of expansion of the fluid elements. In general,

one can associate a fundamental or average length scale by

1, ¢
—f=- 2.1
3 ¢ (217)
which describes the volume change of the fluid.
— The acceleration,
u® g ydVul, (2.18)

is the time rate of change of u?; it describes motion of the flow moving under forces
other than gravity alone. This comment can be understood by thinking about a
Schwarzschild black hole: if someone sits at a constant proper distance from the
black hole, then the force of gravity will pull them into the center. In order to stay
at a constant proper distance from it, then there must be some non-gravitational
force pushing outwards. Acceleration is zero if and only if the flow is geodesic

(freely falling observers).

— The shear,
Oap & 6(aub), (2.19)

is the rate of shearing of the congruence; ie, the trace-free symmetric part, which
describes how the congruence will distort in time. While it doesn’t affect the volume
change of the congruence, the relative distances of objects will change because of
the presence of shear. Its magnitude is defined by o2 ¢f %aabaab, andc =0 &
o =0.

— The rotation,

~

Wap 4 V[aub] (2.20)
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describes the rate of rotation of the congruence; it is the orthogonally projected
anti symmetric part of the derivative of the flow. Objects will change their position
in the sky because of rotation. It also has magnitude w? g %wabw“b, with w =

0 & wgp = 0. We also define a rotation vector by w® df %n“bcwbc.

The covariant derivative can now be decomposed as
Vb = —Uqlip + 36hap + Oab + was, (2.21)

giving a covariant representation of the changing congruence in terms of invariantly
defined quantities — which also give a physical breakdown of different aspects to the
kinematics of the congruence. This equation is of fundamental importance to cosmology
— and relativity in general — and was first given by Ehlers (1961), translated recently as
Ehlers (1993). See also Ellis (1971).

We are now in a position to understand and expand (2.14), and a derivation is

probably useful:
VaVsQ = h,%hy ¢V b,V .Q
= QVuq + hothy 4V V4@,

which implies, using (2.20),
ViaViQ = —waQ (2.22)

for any scalar field Q. This result was first presented in Bruni, Dunsby, and Ellis (1992).
It shows explicitly that the fundamental congruence will define a spatial ‘3-metric’ or-
thogonal to the flow line if and only if the rotation is zero, because that is when V defines

a proper covariant derivative.

2.1.2 The Energy-Momentum Tensor

Regardless of the particular matter present, any energy-momentum tensor can be de-

composed with respect to the chosen fundamental congruence in the following manner:
Tab & prugup + phap + 2q(aUs) + Tab, (2.23)
with each of the quantities having a physical interpretation:
— The relativistic energy density

b2 utui Ty = uubGyy — A, (2.24)
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— The isotropic pressure

p & Lh%T,, = LhGyy + A; (2:25)

— The energy flux, or relativistic momentum density
do & T(a)buba (2'26)
which can be interpreted as the heat flow relative to u?%; it satisfies q,u® = 0;

— The anisotropic pressure
Tab & T(ab)a (227)

which is trace-free, m,% = 0, and u®mg = 0.
2.1.3 The Splitting of the Weyl Tensor

The trace-free part of the Riemann tensor is the Weyl tensor?, C,scq, which describes
the free gravitational field — tidal forces and gravitational waves — and to some extent

describes the null structure of the spacetime. It is defined by
Roped = Coped + ga[cRd]b - %Rga[cgd]b- (228)

In the 143 splitting of the spacetime, the Weyl tensor can be split too, into ‘electric’

and ‘magnetic’ parts:

Ea & Copequ‘u (2.29)

Hap 2 2acdeC%ypucul. (2.30)
Both of them are symmetric, trace-free, and orthogonal to u®.
2.2 Splitting Einstein’s Equations

If we take Einstein’s equations (2.2), the twice-contracted Bianchi identities, the Bianchi

identities (2.3), or using (2.28)

Vdcabcd = V[a (_Rb]c + %Rgb]c) (2'31)

2 Also known as the conformal tensor, due to its invariant nature under conformal transformations;
see §2.3.
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and the Ricci identities (2.1) for the congruence u?, and separate out all the independent
parts, we arrive at a set of evolution and constraint equations describing the structure of

spacetime. Not all of these are used in this thesis, but they are included for completeness.

EVOLUTION:

— The energy conservation equation
p+0(p+p) + 6aqa = —21,q" — Uabﬂab; (2.32)

shows that, for a perfect fluid, the expansion correlates directly to the change in

energy density along the flow lines;

— The Raychaudhuri equation (expansion evolution)
0+ 167 = Vaui® + 11,0° — 207 + 2w? — 1 (u + 3p) + A, (2.33)

which is the equation of gravitational attraction. This shows that a positive cosmo-
logical constant, or rotation, or acceleration will make the expansion rate increase
— which is the accepted scenario at present, see later — whereas shear will slow the
expansion rate. In a sense this is obvious; one would expect the ‘rotation of the
universe’ to increase the expansion rate, and similarly a large negative pressure

(or a positive cosmological constant — see (2.61)) will do the same;

— The momentum conservation equation
:(a) 4 4940 60, % ab _ __ab, “a _ » ab _ _abc 2.34
¢ + 309" + Vp+ Vpr® = —0%qy — (u + p)u® — upm® — 0" wpge,  (2.34)

which shows that a perfect fluid can have acceleration only if there are spatial

pressure gradients present;

— The shear and rotation evolution equations

w(a) + %owa — %nabc%buc + aabwb, (2_35)

5lad) 4 %00””’ = Viegd) 4 glegh) _ 5@ Cab)c —wlewd) — Eob 4 %'nab; (2.36)

the second equation shows that a fluid with w, = o4 = 4, = 0 will have the

electric part of the Weyl tensor proportional to the anisotropic pressure.
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— The evolution of E. and Hyy,
E(ab) + 0Eab _ ncd(a§chzi + %ﬁ(ab) — _% [e(aqb) + (,u + p)o,ab] + 30_(a (Eb)c _ %ﬂ,b)c)

—ilq" — 30n 4+ e (2ucH + welBY + 4n%]), (287)

[

g (ab) +OH® + ncd(a§ch)d _ %WCd(aecﬂ'wd — 30.(0 CHb)C + %w(aqb)
— e (20.E%) - weH% — Jo¥aa) . (238)
CONSTRAINT:
— The shear and vorticity divergence equations
6aw“ = Ugw® (2.39)
Voo = %6“0 — e (61,&)0 + 211,,%) —q%. (2.40)

The second equation is crucial in §3.2, where it is used to set energy flux equal to

zero in a QCDM model with an isotropic radiation field.
— The ‘curl ¢’ equation

nCd(“ecawd — H% = 2q{a,0 4 Tiah (2.41)

— The E,; and H,;, divergence equations

V,E® — 3w, H® = %[6“/1 — 09 + %[aabqb - %wa"]

+ e (O'dedc - %wch) , (2.42)
VeH® + 3w, B = %wmr"b — (p +p)w®
— nabc (%6ch + de[Edc + %W‘dc]) . (2.43)

2.3 143 Splitting Under a Conformal Transformation

A conformal transformation is an angle preserving transformation that changes lengths
and volumes. The importance of these types of transformations lies in the fact that, under
a conformal transformation, the null structure of the spacetime is preserved: indeed, it
trivially follows that the causal structure is preserved. We also have the important
property that the the Weyl tensor, C’abcd, is invariant (note that one index must be
raised) so that a conformal transformation will introduce no tidal forces or gravitational

waves; that is, a conformal transformation will only introduce ‘non-gravitational’ forces
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and matter into the new spacetime (by changing R, and thus the matter tensor Tj; via
Einstein’s equations).

We perform the conformal transformation
gab = €900, u® =e" 4%, u, = e%iig; (2.44)

where Q > 0is an arbitrary function, u® is a velocity vector with respect to gup: gapu®u® =
ugu® = —1; and 42 is the conformally related (parallel) velocity vector, and is normalised
with respect to §ap: Gap@®G® = —1.3 The covariant derivative of any one-form field v,
transforms as

Vavs = Vv — 2Q(40p) + 9abQ°ve, (2.45)
where Qo = Q4 = 6,1(2 — Quq. The expansion (0 = V,u®), acceleration (u® = u®Vjyu?),
rotation (wg = 6[aub]), and shear (o = V~7<aub)) of the two velocity congruences are

related by:
6=e?(0 —3Q)
lig =t — VaQ
Gab = €™ Vwap
Gap =€ %oy (2.46)

The equation for the acceleration corrects equation (6.14) of Kramer et al. (1980). These
show that a conformal transformation mat induce acceleration and expansion into the
new spacetime, by not shear or rotation: in particular, a conformally flat model must
have shear and rotation vanishing (as in eg, the Stephani models considered later).
With respect to gqp, a dot denotes differentiation along the fluid flow — a time derivative,
Eyy = u°V Fyp; and V, is the derivative projected orthogonal to the flow lines — a spatial
derivative, 66Fab = hdcheahf yVaFes, where hgy = gqp + uqup is the usual projection
tensor.

The Einstein tensor transforms as (see Wald 1982)

Ga = éab - 2anb - 2QaQb + Jab [2chc - Q2] ’ (2-47)
where G, is the Einstein tensor of dab, and Q2 = Q,Q°%. For clarity with the above, we
decompose derivatives of @) into time and space derivatives:

Qa = 6aQ - Qua,

3When performing conformal transformations, confusion can arise over which metric to use when

performing contractions; this will be avoided here by always using gas: ie, v®vs 2f gopv®0°.
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ViQa = VaViQ + taus (@ — i°V.Q) — Q (30ha + 0o — war)
+2uq [V @ + 369,)Q + (0 +wf) V@) - (2.48)

We also write Typ = G’ab, and Ty, = Ggp as general fluids, both with respect to u®:

~

Gap = filatip + Phap + 24y + Tab, (2.49)

Gab = puaup + phab + 2q(aup) + Tab; (2.50)

where {1, 9, o, fap}, and {{,p, qa, Tap} are the energy density, isotropic pressure, heat
flux, and anisotropic pressure of Gap and Gy respectively.
We can decompose G given by (2.47) into the fluid variables in (2.50) by using (2.48)

in the following covariant manner:

p=uubGyp = e*9f1 - 3Q (Q - %0) —2V,V°Q + V,.QV°Q, (2.51)
_ Lo .20, . 4 - 2 4 Sa 55 Sa
p=zh"Gap ="+ (Q— 30) Q-2Q0+3VaV'Q - 3VaQViQ  (252)
+20.V°Q,
G = —u’Gap = €90 — 2V,Q + 2 (%e - Q) V@ +2 (0,0 + wa”) VoQ (2.53)
Tab = G apy = Tab + 2Q0a5 — 2V, ViyQ — 2V (,QV Q. (2.54)

2.4 Relativistic Thermodynamics

Any realistic cosmological model must include some sort of thermodynamic scheme.
This means that we expect the laws of thermodynamics to hold throughout the evolution
of the universe.

Together with the conservation equations (2.4) the energy-momentum tensor (2.23),
which lead to the equations (2.32) and (2.34), there are a number of other conservation
equations which one may or may not impose upon the fluid. See Ehlers (1971) for
derivations and a discussion of kinetic theory in GR.

Firstly, we normally assume that the comoving number density is conserved; ie,
V(N =0, (2.55)

where N® &f ny® and n is the number density of particles — see Krasinski (1997), or

Maartens (1996). Now, (2.55) is equivalent to the condition

n+0n=0 & nd=const., (2.56)
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where (2.17) was used to demonstrate that the number of particles in a comoving volume
is constant.

However, in a more realistic model this may not be true at some stages of the evolu-
tion, see for example Gunzig et al. (1997) where a particle creation rate is introduced to
model creation of radiation due to inflation. Other generalisations include adding a vis-

cous pressure term; eg, Coley, van den Hoogen, and Maartens (1996), or Maartens (1995).

The First Law of Thermodynamics

The first law is the Gibbs equation which applies in equilibrium:

TdS = d (ﬁ) +pd (1) , (2.57)
n n
where S is the entropy density, and T is the temperature of the fluid; or
a_o [E] . 1l a
TV,Sdz®* =V, dz® + pV, dz?% (2.58)
n n

which becomes, upon dividing by an increment of proper time along the congruence, and
substituting from (2.56),

§= o (it 6(u+ ) (2.59)

which shows that S = 0 for a perfect fluid (cf, (2.32)): ie, entropy per particle along a

particular flow line remains constant.

The Second Law

Entropy flux is generally defined as a vector;
a

S¢ = Snu® + R? (2.60)

where R® represents all dissipative processes, and S and T are related by ((2.57) — ie,
they are scalars defined in local equilibrium). In the simplest cases R® is assumed zero,
or equated with the energy flux. The second law states V,5% > 0, where equality applies
in equilibrium (where R® = 0).

Equations (2.55), and (2.57) comprise a thermodynamic scheme which implies that
the right hand side of (2.57) has an integrating factor — see Krasiriski, Quevedo and
Sussman (1997). These are additional constraints on cosmological models. (This is used

in §3.1.3.)
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2.5 Fluids in Cosmology

Equation (2.23) is a general equation describing any fluid. Different types of fluid have
different energy-momentum tensors, which we will now discuss in order of importance
for cosmological models.

The most important fluids used in cosmology are dust solutions, often with a cos-
mological constant. The simplest of these are the FLRW models, which are generally
believed to represent the universe on a suitably large scale; perturbations of these mod-
els give a more realistic representation of the universe. However, simple does not mean
correct and therefore other models have been studied to give a different view of the
universe; among these are the dust Lemaitre-Tolman (LT) models and Bianchi models -
the latter often used because they are ‘close to FLRW’ for some suitable length of time,
and therefore give a better understanding of FLRW models themselves.

Generalisation of a simple dust solution to a perfect fluid is a necessary, but not
always simple, task if one wants a model of the universe before recombination; most
solutions of Einstein’s equations which are used as cosmological models are perfect fliuds
(in particular, a scalar field can always be written as a perfect fluid).

Here it will be useful to note that a cosmological constant can always be absorbed

into the energy-momentum tensor by redefining the density and pressure.

Gab = Tap + Agab
= pugup + Ahgp — Augup
= (1 = ANugup + Ahgp; (2.61)

ie, a perfect fluid with constant pressure. A cosmological constant does not need to be

studied separately in the other perfect fluid cases.

2.5.1 Perfect Fluids and Dust Models

A perfect fluid occurs when 7 = ¢* = 0; in the case of dust? (‘CDM’) we also have
p = 0, which necessarily implies (by (2.34)) that the fundamental congruence is geodesic;
74® = 0. These models are implicitly in equilibrium; that is, the dynamics are completely

reversible and no heat is generated from friction or anything else (S = 0).

4Also known as an incoherent fluid.
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From the energy conservation equation (2.32), we get the simple relation for the

expansion,
g=——FH _ (2.62)

and similarly for the acceleration (2.34),

g = — P (2.63)
p+p

However, the Raychaudhuri equation remains unchanged — emphasising that it is an
equation relating the important kinematic quantities of the flow, rather than the more
complex anisotropic pressures, energy flux or Weyl curvature. We can substitute (2.62)
and (2.63) into the Raychaudhuri equation (2.33) to get a second order differential equa-
tion for the matter quantities.

From the Gibbs relation (2.57) (which defines the temperature) the entropy of a

perfect fluid cannot change along the congruence (cf, 2.59);
S =0. (2.64)
The adiabatic speed of sound is given by

cs = (2.65)

pSTy

which must be less than the speed of light.
Perfect fluids can be split into different types, according to their dependence of u

on p.
A Barotropic Equation of State

Generally a useful simplifying assumption to make upon the fluid is that of a barotropic
equation of state (EOS). It is a fairly ad hoc assumption which simply requires that the
pressure depends only on the density: p = p(u). It is adopted usually for mathematical
simplicity rather than for any physical reasons®. This functional dependence can in
principle take any form. There are a few results which follow from this simple EOS.
From (2.63) we get
Vialg =0 & 7%V, =0, (2.66)

5J. Ehlers, private communication.
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so that rotation is conserved,
w4 200 = % wy, (2.67)

cf (2.35).

For these types of cosmological models the entropy is a global constant; (from 2.57),
V.S =0; (2.68)
which implies VS = 0. This is an isentropic fluid - an unrealistic situation.
Dust: p=0.

This is the most common fluid form used for a cosmological model. Its simplicity lies in
making the motion geodesic, and thus eliminating many terms in Einstein’s equations.
In this case the energy density scales inversely with volume. In general, one defines

the characteristic length scale of a model by

1, ¢
20 =< 2.69
hence, by (2.62) we have .
3¢ J -3
— == ~ {70, 2.70
7 il ¢ (2.70)

Dust is a particularly simple cosmological model to deal with. It models the late
universe of galaxies as ‘particles’ of dust moving under gravity alone. It requires that
the random velocities of the galaxies be negligible — ie, the temperature is very low, so

may not be used in the radiation dominated era.

v-law equation of state

This is a classic simple type of perfect fluid, which can describe a number of situations.

We have an equation of state of the form
p=(y—Nu: 1<7<2, (2.71)

where « is constant. v = 1 corresponds to dust, described above. Again, from (2.62), we
have p ~ £737. The other important case is that of radiation, v = 4/3.

If v = 2, then we have a ‘stiff fluid’, in which the speed of sound equals that of light.
This is, in a sense, the equation of state of the ‘ether’. It is usually discounted as a

physically reasonable form of matter as it fails the energy conditions, but some scalar
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field models have an effective equation of state of this form. A cosmological constant
may be accounted for by vy =0, = A.

In the standard model (FLRW), we have a multi-fluid description: we have a mixture
of (non-interacting) matter and radiation, with the radiation dominating at early times.
If we have the characteristic length scale £ in an expanding universe, then radiation
density falls off as £7%, but the matter density of the dust decreases as £73: hence, if we
proceed forward in time from the initial singularity (£ = 0), then radiation will dominate

early on, but matter will take on the dominant role later.

2.5.2 Scalar Fields

Scalar fields are fashionable at the moment for their use in describing inflationary sce-
narios in the early universe, but they may be present today (quintessence). There is no
need to go into any physical detail here, but the basics are required for §3.2. A scalar

field has an energy-momentum tensor of the form
Tab & VadVid — gab (3VcpVP +V(4)) (2.72)

where V' must satisfy the Klein-Gordon equation;
V'($) = VOV, (2.73)

If V,¢ is timelike then we may define the velocity field

eVt (2.74)

V=Vi$Vie

so that T,; has the form of a perfect fluid with effective energy density and pressure
p=—3VapVh+V(p), p=-3VapV’0—V(9). (2.75)

2.5.3 Velocity Fields

In general there is no canonical definition of the ‘correct’ fundamental velocity field to
use and the energy-momentum tensor will have a different interpretation depending on
the chosen congruence. That is, it is not obvious whether fundamental observers should
be identified with the natural congruence in, say, a perfect fluid, or with some other
velocity field (Coley and Tupper, 1983, 1984, 1985). This is fundamental to the 1+3

formalism: the decomposition above is velocity field dependent.
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If we take a perfect fluid
Top = fiiiqiy + Phap (2.76)

and consider this with respect to another congruence u? defined such that
4* & T'(u® + v%) (2.77)

with v%u, = 0 (ie, v* is the 3-velocity relative to 4%) and ' = 1/v/1 — v? — basically
a Lorentz boost — then Ty, will have the general form (2.23), with the relative energy

densities etc., related by

p=f+T%% (0 + p)
p=p+ 3T%0*(i +p)
do =T*(3 + P)va
Tap = D2(f2 + P) {vovy — %vzhab} . (2.78)

(See Wainwright and Ellis, 1997.) We can see that for a perfect fluid a relative energy
flux will always be introduced by a change of velocity field. This is required for §3.2.
In the case of a general fluid with respect to another velocity field, the transformations

are given in Maartens, Gebbie and Ellis (1999).

2.5.4 More General Fluids

The perfect fluids considered up to now are clearly unphysical: the entropy is constant
and there is no frictional heating. While this is not a problem if all we want is a rough
and ready model to work with (eg, the standard model), we require something a little
more involved for a decent model of the universe: thermodynamic processes in the real
universe are (probably) not reversible. Unfortunately, there doesn’t seem to be a well
formulated theory of relativistic dissipative fluid mechanics, and there only seem to be
a couple of cases occasionally used, such as bulk viscosity to describe inflation using
the truncated Israel-Stewart theory of irreversible thermodynamics (Israel and Stewart,

1979, 1980); see Maartens (1996) for a review. See also Gariel and Le Denmat (1994).

2.6 The CMB Anisotropies

In §1.3 we discussed the observed characteristics of the anisotropies in the CMB radiation.

Relativistic cosmology must explain the effects which cause these anisotropies before
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decoupling (ie, perturbations of the spacetime structure, density fluctuations etc.) and
effects that occur after the last scattering surface which affect the size of the anisotropies
as the photons travel to us (eg, lensing by structure, the Rees-Sciama effect — the changing
redshift of the CMB photons as they pass through varying gravitational potentials; Rees
and Sciama 1968 — interstellar dust — Finkbeiner and Schlegel 1999)

The first attempt at a relativistic treatment was by Sachs and Wolfe (1967) by inte-
grating the null geodesics in a perturbation of a flat A = 0 FLRW model to examine the
redshift function along the null rays. This has been done in a gauge-invariant and co-
variant 143 way by Challinor and Lasenby (1998, 1999) for scalar perturbations. These
approaches have been generalised by Maartens, Gebbie and Ellis (1999) to include some
more non-linear effects — see also Maartens (1999), Challinor (1999), Gebbie and El-
lis (1999). The essential steps, after choosing a suitable velocity field, are to decompose
the photon distribution function, the collision term in the Boltzmann equation and the
temperature fluctuation into spherical harmonics to get the multipole moments for an
inhomogeneous spacetime.

The covariant and gauge invariant results are presented in the above references, and
are a bit of a mess. In this thesis we will only require a small part of the calculations
which give additional evolution equations for radiation other than those given by (2.32)-
(2.38).

For a radiation field, the energy-momentum tensor is given by

T (a') = ppuu’ + L h® + 2¢{%u) + 728 = / p°p’f (2%, p°)d%p, (2.79)

R

where

p* ¢ E(u+e%): E=—pu,, (2.80)

is the photon momentum, with e® a unit spacelike vector, and d*p = EdEd is the vol-
ume element on the future null cone at z*. f(z¢,p°) is the photon distribution function,
which gives the number density of photons at z* with momenta p®, and must satisfy the
Boltzmann equation,

af
7 = ¢, (2.81)

with C being change of f along the geodesics (parameterised by v) from all types of
collisions, absorptions, etc., and which is effectively zero after decoupling. The terms

in (2.79) define the first three multipole moments: 4, is the monopole, and represents
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the average temperature over the whole sky via the Stefan-Boltzmann law;

(T*) OC g, (2.82)

all sky
so if the distribution function is a Planck distribution, then the temperature is that of
a black body. Any fluctuations in brightness across the sky are given by the higher
order multipoles, g7, wgb, [1192%, Now, if the observers’ frame (v?®) is moving non-

relativistically relative to the CMB frame (u®) then these evolve according to

fin + 30p, + Vag® + 200g® + 005m =10, (21,07 — ¢%va ) + O[3)] (2.83)
tj,ga) + 30g% + Fuu" + %{7(1”}2 + V~7b7r}‘:b + a"bq}%7 +
1 wygpe + U = n 0, (%pﬂv“ — g+ w;bvb) + O[3] (2.84)
which are the new forms of (2.32), and (2.34) for the case when the radiation field is
not quite aligned with the (baryonic) observer. There are evolution equations for all the

higher order multipoles as well, which are not given in a simple fluid description: the

quadrupole evolves according to

~ 87 ~
7-r}<2ab) + %eﬂ_;zb_*_ %/,I,Rdab—i— %V(aqb) + lvcnabc

'35
2 - {(a . b) 2W° (ab)d ; 2 _ (a_b)c 32m T1ebed
+2utTq) 2w g T+ G0 T, _ﬁgacd
= —n,0, (%wsb - %q}gavb) - %Habcvc - %uRv<avb)) + O[3] (2.85)
while the higher multipoles (¢ > 3) evolve according to
: = 2+1) &
I1{40) 4 4911Ae (e 1Ae-1) (+1) 1A

_ (e + 1)(€ — 2) . bA, - {apTTAL-1) b (agTTAL-1)C
BL+3) wpII° + (€ 4 3)u'\*I1 + b’ npe\ MIT
-1+ 1)(E+2) _peq, 5¢ (aeTrAc—1)b (acas—177Ae—s)
@ttt +s e Tyt o (420t
= —ng o, | T4 — [TAe-140) _ (23—_:_1—?) 4eey, ] + O[3]. (2.86)

For £ = 3, the II{4c-19%) term on the right-hand side of equation (2.86) must be multi-
plied by % n, is the free electron number density and o, is the Thompson scattering
cross section. The series expansion terminates at O[3] = O(ev?,v®) where € is a small
parameter to represent how close the radiation and baryonic frames are: there is no ne-
glect of physical and geometric quantities. All that is assumed is that the matter moves

non-relativisticaly.
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These results are required for the EGS theorem later: without them (especially with-

out (2.85)) Theorem 1 cannot be proved in the 143 formalism.

2.7 Observations in the 143 Formalism

Observations in cosmology are made by observing light® which has travelled on our past
light cone. They are made essentially from one spacetime point — ‘here and now’. All
we can hope to know directly from this is where the light is coming from and how it
travelled here. The point of cosmology is to infer as much information about the universe
as possible, hopefully with as few assumptions as possible. As a generic problem, the
absolute limit to the amount we can know has been shown by Ellis et al. (1985) to be
that part of the universe enclosed in our past lightcone, even assuming infinite precision
in the observations (and assuming Einstein’s equations (2.2)).

The part relativistic cosmology has to play is to determine the cosmological model
(or indeed the entire class of models) which fits the observations best: that is, what
is the metric gqp and matter content Ty, = Ggp (and necessarily the fundamental con-
gruence, u?) of the universe? This is distinct from other areas of cosmology insofar as
it need not, in the first approximation, describe the details of structure, or how the
structure formed. It must, however, be able to describe gross features like the CMB; for
example, the anisotropy of the CMB has been used to limit some global properties of u®
such as the shear — see Ellis, Treciokas and Matravers (1983a,b); Stoeger, Maartens and
Ellis (1995); Maartens, Ellis and Stoeger (1995); and Theorem 1.

We must be able to relate the light that is observed to the metric g,; and velocity
field u®. The most important methods are also the most direct: light observed from

discrete sources, and light from the CMB.

2.7.1 Observable Quantities From Discrete Sources

The foundations of this subject come from the now ‘famous in the right circles’ paper
by Kristian and Sachs (1966), who first treated the subject in a covariant manner (see
also MacCallum and Ellis (1970)). Their method was to identify the various distance
measures available in cosmology and relate them to redshift using the intrinsic and

observed brightnesses (or equivalently, magnitudes) of the sources.

80r gravitational waves, or neutrinos.
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Luminosity-Distance Relations

If we observe a star to have some flux F that has some intrinsic luminosity £ then its

luminosity distance is defined to be

L
def _ 2
ry, df 1 (2.87)

This is a simple extension of the variation of the brightness of objects in non-relativistic
physics because the flux that we observe not only decreases because of the decreased
number-density of photons, but also because each photon is losing energy due to the

expansion of the universe’. This loss of energy of each photon is given by its redshift, z;

Aobserved _— Vemitted __ % (2.88)
itted oot '
emitted Vobserved e

1+2z¢f
which shows redshift to be a time dilation effect. Although this last equality is true for
photons,? it is actually true for any null-connected points in any (smooth) spacetime.
Redshift, therefore, reflects the stretching effect of expansion of spacetime; since it is a
directly measurable quantity, it is of fundamental importance. It is therefore of some
importance to write down other quantities in terms of redshift. There is, however, a
problem, and one which is quite difficult in practice. If a galaxy is observed to have a
redshift z then determining how much of this is cosmological, 2., and how much is due

to the relative motions of source (z.) and observer (z,) requires a careful study of the

galaxy movement and a knowledge of our relative motion. The redshifts are related by
L4z = (1+42)(1 +2)(1 + z), (2.89)

although the z, term can be inferred from a knowledge of the CMB dipole — the CMB

frame.

Redshift

Redshift can be treated in a more rigorous way. By solving Maxwell’s equations on a
pseudo-Riemannian manifold in a charge and current free region, and assuming that the

wavelength of light is small compared to the spacetime curvature (the geometrical optics

"For ease of discussion I will assume throughout this thesis that the universe at some time (ie, now)
is expanding — although models can be constructed which are static that give similar observed redshifts
— but the analysis applies in any relativistic model.

8This is true in the geometrical optics approximation which basically says that photons move on null
geodesics.
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approximation), we find that light is tangent to null surfaces of constant phase ¢, and
therefore travels on null geodesics. So if a photon’s velocity is given by a null (geodesic)

vector k% & V¢ (& V,ky = 0):
0 = VoV = k%k,; k*V, k? =0, (2.90)

(the first of these is the eikonal equation — see Ehlers and Newman 1999) then the angle
between this vector and some velocity field u® is the relative (angular) frequency of the

photon as measured by an observer traveling on u?,
w = —u’k,. (2.91)

This frequency is clearly observer dependent; an observer moving in a different manner
would measure a different frequency (doppler shift). If a photon travels between two
points then the redshift is the relative change of frequency between the two points;
ugk?|
1 dof €, 2.92
+z Wk, (2.92)
We can see this more explicitly by calculating the rate of change of frequency along the

photon path;
k*Vow = k*Vo(—upk®) = —k*k"Voup = (—30hey + taup — 0ap) kK" (2.93)

k® is a null vector, and so can be written as a linear combination of a component parallel

and orthogonal to u?, viz;
kS = —upkP(u® + €%). (2.94)

where e® is a normalised spacelike vector orthogonal to u®: e%e, = 1; ugze® = 0; it simply

defines the direction of the photon relative to u*. Substituting this into (2.93) we find
k°V,w = —w? (%9 + e%u, + eaebaab) . (2.95)

It is now clear that the relative direction of the photon is important when considering
frequency change; important effects also come from the kinematics of u®. For example
expansion will decrease the photon frequency and thus increase the wavelength, making
it redshifted. However, the change in frequency caused by shear and acceleration is di-
rection dependent: acceleration can either increase or decrease the frequency, depending
on the direction of the incoming photon relative to the direction of acceleration; similarly
shear will decrease the frequency by varying amounts depending on the direction of the

incoming photon and the principle directions of the shear (ie, its eigenvectors).
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The Redshift Structure of Conformally Related Spacetimes.

If we have two conformally related metrics gqp = efo)ab: @ > 0, then null geodesics,

9abk®k? = 0, are conformally invariant:
KV,k® =0 = k*Vpk® o k2, (2.96)

where V, and ﬁa are the covariant derivatives associated with g, and §up respectively.
Although the null geodesics associated with 6(1 are non-affinely parameterised, the struc-
ture of the lightcones is identical for both spacetimes (see, for example Wald 1984). The

affine parameters ), \ associated with the V-geodesics and §a-geodesics are related by

% = qe’@. (2.97)
with ¢ constant. Now we associate a different null vector with each metric: k% is tangent
vector to a geodesic with affine parameter A, and k% is tangent to a geodesic with affine
parameter X. In some basis, z*

d _jef9 _ 2%

0
= pys =gqe N = qeszo‘—' (2.98)

oz’
since the basis vectors are linearly independent, we now have established the general

result
R Cad (2.99)

Hence, if the geodesics with respect to ﬁa are known explicitly then we can find them
easily for V,.

Suppose we have a metric g, in comoving coordinates, u® = —|gog|~1/26¢, which is
conformally related to another metric §,, and there exists a coordinate transformation
z® (z9) : 9aB — 9o’ Where gy g = exp [2Q(z")]gar g explicitly in the primed coordi-
nate system. This means that the frequency of a photon travelling along a null geodesic

becomes

oz” / —
Uak® = uawka = —|goo| /258

ot lgoo|~1/268 Ot .o
Skt = = Ao b (2.100)

It is then straight forward to show that if g, g is in comoving coordinates the redshift

becomes
a
Uak IGalazy _

l+z= upk?| ¢ =eo9ls(1+2). (2.101)

Observer

where 2 is the redshift associated with §up.
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Area and Luminosity Distance

In addition to (2.87) as a distance measure, we can also measure the angular size of
an object, df2. If this object has an intrinsic proper area dS, then the area distance is

defined by the ratio of these;
dS

d_Q.

This is related to the luminosity distance (2.87) by the reciprocity theorem, which states

Y gf (2.102)

rp =ra(l +2)% (2.103)

as first proved by Etherington (1933). It is essentially a geometrical result, but can also
be viewed as a time dilation effect, relating geodesics traveling up and down the null
cone. See figure 2.1.

Area distance is measurable, and can be found by integrating the geodesic deviation

equation — see MacCallum and Ellis (1970). Using (2.103), and (2.87) we can relate the

metric to directly measurable quantities: redshift, luminosity and area distance;’
L
=" 2.104
F 4rr (1 + 2)4 (2.104)
The Magnitude-Redshift Relation
If we take the logarithm of (2.104) we get the magnitude-redshift relation;
m— M — 25 =5logoTL- (2.105)

As it stands though, (2.105) is virtually useless until a cosmological model is given (or,
at the very least, a metric). However, the cunning Kristian and Sachs (1966) managed
to expand r4 in a power series in z, and thus making a generalised magnitude-redshift

relation. The result of that expansion is, in the notation of MacCallum and Ellis (1970),
KKKV, Vyu,

(KIKeV gu,)? O] ?
0 RapK°K®  3(K°K°K°V,Vpuc)? N KK KKV, V,V ug 2
6(KcKIV ugq)? 4(K9KeV gue)* 3(KeK/V.us)® |,
+ O(2%), (2.106)

m — M — 25 = 5logg z — 5logy, K“Kbvaubl + %logloe { [4 -
o

Relating area distance to the metric and redshift is not simple in general, and results are model
dependent.
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dS;is the intrinsic
area of the galaxym0_~ ~

dQ, is the angle subtended at the observer
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Figure 2.1: An observer measuring the area distance of a galaxy.

where
a

Ko s %HO ie, K9, =—(ut+e%),. (2.107)

Obviously, (2.106) is extremely complicated for a general cosmological model — even

for the lowest order terms. It is also questionable how accurate this series expansion
will be when truncated at low order in redshift. Certainly it will be useless for z > 1
unless the exact function m(z) has a very special form, or all terms > O(z) die off very

rapidly — see figures 2.5 and 2.6.
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Number Count-Distance Relations

A potentially interesting area of observational cosmology comes from number counts as
a function of either redshift or magnitude. It works by simply counting galaxies at a
certain redshift in a solid angle of the sky d€2 up to some limiting magnitude. If we know
the (mean) density of galaxies in the spacetime then by counting how many we see in
this volume will give us information about the spacetime geometry.

We do not use number-counts in this thesis (although the relevant formulae may be
derived) because there is large uncertainty in the source evolution function (Mustapha,
Hellaby and Ellis, 1998 — although it is unclear if their result holds if multi-colour ob-

servations are taken into account!?).

2.8 FLRW Models

The standard model of modern cosmology is based on a hypothesis: the Cosmological
Principle (CP; Ellis 1975). One of the key issues in this thesis is the validity of the CP.
The cosmological principle assumes perfect isotropy about our location and extrapolates
this to every other location using the Copernican principle which necessarily implies
homogeneity of the universe.!! Once the CP is in place then one must conclude that
the universe has an FLRW form. The proof of this is intuitive, and can be found eg, in
Wald (1984).
The metric of FLRW models has the form (in isotropic coordinates)

a(t)?

ds? = —dt* + ————
® (1+ Lkr2)2

(dr? + r?dQ?) (2.108)
where

d0? g d9? + sin? 9dp?; (2.109)
k is a constant which characterises the spatial hypersurfaces of the model: k£ <,=,>,0

corresponds to hyperbolic, flat, or spherical geometry'2. Almost all the properties of the

FLRW models follow from (2.108). The fundamental velocity field is given by

W=1; =0, (2.110)

108, Bassett, private communication.

1 Any universe which is isotropic about three points will be homogeneous.

12These are often called open, flat, or closed geometries on the assumption that only the spherically
symmetric case has closed spatial sections. This is not true in general and an open model may not be
infinite ~ a non-trivial topology may be imposed to give eg, an open model with closed spatial sections
(eg, Luminet and Roukema 1999; Cornish and Spergel, 1999, show that such a model is favoured over
an infinite open model, on the basis of COBE data.
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which has expansion

_ () ;
o) =325, (2.111)

with the shear, rotation, and acceleration vanishing. The energy-momentum tensor
automatically has the form of a perfect fluid spacetime with respect to this congruence.
In fact, the FLRW models can be invariantly classed as perfect fluid spacetimes with a
fundamental congruence that has o, = wyp = u® = 0, as can be proven from the field
equations (2.32-2.43) - see Krasinski (1997).

The energy density and pressure are given by

_sk g (3} s (2.112)
=2 a ’ '

i k a\?
P= —2(—1- - a—2 - (E) + A, (2113)

as can be found using (2.24) and (2.25). Eq. (2.112) is the Friedmann equation. Com-
bining these gives the Raychaudhuri equation (cf, (2.33))

p
- = —L(u+3p) + 1A (2.114)

The Friedmann equation (2.112) and (2.114) gives equation (2.32).

The function a(t) is free, but will have a specific form once the thermodynamics is
settled upon; this usually takes the form of a barotropic equation of state, or multiple
(non-)interacting fluids. As far as the standard model is concerned, the matter is assumed
to be radiation until decoupling and dust thereafter. Once the matter specified (2.112)
and (2.114) give a differential equation for a(t), which can be solved in principle — see
eg, Ellis (1998).

We can define various scalars to get an idea about the dynamics of any particular

model. We define the Hubble scalar as the expansion rate

H#30=7= Z—; (2.115)
the deceleration parameter )
17 aa
q RT @ (2.116)
and the density parameter
. A
Q & SHZ - I T 32 +1. (2.117)



CHAPTER 2. RELATIVISTIC COSMOLOGY 39

where the last equality (from (2.112)) shows that the density parameter may be used to

characterise the spatial surfaces in a A = 0 model. We can also define

def 11
0y & Ve (2.118)
and
Qy &f k 2.119
k= = o (2.119)
which implies that the deceleration parameter becomes, using (2.114),
_1 p .
g=10 (1 + ;) — 4, (2.120)
for dust, we have the simpler, more familiar, form
g=30-Q. (2.121)
From (2.117) we have the normalisation condition
Q+ Q7+ Qe =1, (2.122)

which means, even though all the parameters are functions of time above, that we can

always characterise the curvature of the spatial surfaces in the following way:

Q+ Q4 > 1 | closed spatial surfaces | k>0 | Q<0
Q4+ Qp=1]| flat spatial surfaces [ k=0 | Q=0
Q+Qp <1 | open spatial surfaces | k<0 | ;>0

2.8.1 The Magnitude-Redshift Relation

The magnitude-redshift relation is quite easy to derive due to the symmetry of the
solution, as can be found in, eg, Peebles (1993). The key steps are outlined below.
(Factors of ¢, the speed of light, are included in this section.) We are aiming to find
the function m(z) — a relationship between measurable quantities. The information we
have about the spacetime is the metric (2.108), the Friedmann equation (2.112), and the
Raychaudhuri equation (2.114). What we don’t know is the function a(t) which is going
to be needed if we want to compare the models to data. The usual route is to assume
that the universe is dust after decoupling, and solve (2.113) for a(t).

The magnitude-redshift relation in the case of A = 0 was first solved by Mattig (1958).

The general formula for vanishing pressure was first found by Kaufman (1971) after the
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initial generalization by Kaufman and Schucking (1971) to include A > 0 in a closed
model.
We will derive it explicitly here to facilitate comparison with later derivations for the

Stephani models.

Redshift: For a general spherically symmetric spacetime it is necessary to solve the
geodesic equation for the null ray connecting the galaxy to the observer in order to
determine the galaxy’s redshift. More specifically, for a null ray from the galaxy, G,
at (r,7) to the observer, O, at (0, 79), the tangent vector along the ray & is obtained as
a solution of the geodesic equation. Once we have k% along the ray, though, the redshift

is obtained immediately from (cf, Ellis 1998)

(2.123)

where u? is the four-velocity of the perfect fluid, ie, of the galaxy (G) or the observer (O).

Since u® is a four-velocity it is normalised by
gapulul = —1, (2.124)

and in comoving coordinates only u° is nonzero, so that (2.124) completely fixes u®.
However, the high symmetry of FLRW models means that the redshift can be obtained
directly without having to integrate the geodesic equation — see eg, Wald (1984) for
a derivation. However we can use a novel approach outlined in §2.7.1, which can be

implemented if we write the metric in the conformally static form
ds® = a(t(n))? [dn® + (1 + 1kr?) "2 (dr® + r?dQ)] (2.125)

where 7 is the conformal time coordinate;

nd__e./%, (2.126)

Using (2.101), we immediately have (because the part in square brackets in (2.125) is

static and there are no gravitational redshifts)

ao
= —; 2.1
1+2 o)’ (2.127)

where ag = a(T) is the scale factor today.
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Lookback time: Consider radial null ray (ie, dy = dp = ds?> = 0) from a source at
(r, 7) reaching the observer (r = 0) at time 7. The relationship between 79, 7 and r can
be obtained directly from the metric symmetry guaranteeing that the raypath is purely

radial so it is parameterised by a function 7(r) by integrating

dr dt

= . 2.128
1+ k)~ “a®) (2.128)
between r and r = 0. Now we have, on using (2.127),
dt dal dz
—_— = 2.129
a(t) a2 H aoH’ ( )
where H is given by (2.115). From (2.70) we have
a(t)?
L (2130)
a4y
so that (2.112) becomes, using (2.127) once again,
H(2)? = H§ [Q0(1 + 2)° + Qo (1 4 2)* + Qu ] ; (2.131)
where a subscript ‘O’ means the present day value; viz;
10 k A
Qn — _F g, =8 2.132
0 3H§7 Qko 3H37 Ao 3H3 ( )

Together with (2.128) this gives the function r(z):

2 — 1
k>0 Wtanl(—z-\/r’;r)
k=0 r
k <0| —2=tanh™!

VIkl

1 z dz'
- H / 3 2 )
(%\/Wr) aoilp Jo \/Qo(l+z) + Qo (1 4 2)2 + Q4

(2.133)
We now have the coordinate distance as a function of redshift. We must now relate this

to some measurable distance quantity.

Angular diameter distance: Angular size distance, r 4, is the ratio of an objects physical
diameter to its apparent angular diameter. As is well known, in spherically symmetric
spacetimes the angular size distance of an object as seen from the centre is given by (the
square root of) the coefficient in front of the angular components of the metric (dQ?)
evaluated at the time the light was emitted.

For any inward radial null rays, in the plane § = 7/2, say, the angle coordinate ¢

obviously does not change along the path. This means that the apparent diameter, g,
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of a galaxy is just determined by the difference between the ¢ coordinates at either edge
of the galaxy, at the time the light we observe was emitted (ie, at ¢(r)): dg = é¢. The
physical diameter, D of the galaxy is given from the metric (with dt = dr = dd = 0):

_ a(t(r))r . a(t(r))r5
- 1+%kr2 N 1+%kr2 ¢

¢

a(t(r))r/(1 + 1kr?) just being the coefficient in the angular part of the metric). The
1 g

angular diameter distance, 74, is simply defined to satisfy D = r4dg, so that

_alt)r ag r(z)
B 1+ 2kr? B 1+ 2kr(2)21+2

rA(z) (2.134)

for FLRW models, where we have used (2.128) in the second equality.

The area distance can behave in quite an odd way: in non-relativistic situations
when things move further away they get smaller. This is not necessarily what happens
in a cosmological model: as something moves away it may get smaller at first but then
start to get bigger again. This is shown in Fig 2.2 where we can see that in a closed
model this refocusing occurs at some redshift.  This is because the light rays are
effectively traversing an expanding sphere, so a galaxy situated at the antipode to a
particular observer will be spread all over the observers sky. In (dust) FLRW models,
this refocusing only occurs once as z — oo because the expansion is always just fast

enough that the light rays never ‘catch it up.’

Luminosity distance: The key to deriving the luminosity distance, rr, is the reci-
procity theorem (see Ellis and MacCallum, 1970, and references therein), which allows

us to write
rp = (14 2)%r4. (2.135)

This equation is exact, and completely general, applying in any spacetime. Combining

this with (2.134) gives
(14 2)aor(z)
=" 2.136
ru(z) = T3 Lkr(2)? (2.136)

for FLRW models. Note that we can write this in the more familiar form
7(z) = —-\}—E sin2tan~! 2vkr(z) k>0,
ri(2) = (1+ 2)ao#(2) : () = r(2) k=0,  (2137)

#(z) = #sinhztanh-lé [k|r(2) | k <O.

&
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Figure 2.2: Area distance as a function of redshift for a variety of ‘standard’ models. The closed
model has {Qg, (A, }={0.3, 1.5}, Einstein-de Sitter (1932) has {1, 0}, flat: {0.3,0.7} and the open
model has {0.1,0}. All the models have Hy = 60 km s~! Mpc~!. Note that all the curves match
up for low enough redshift.

The function 7(z) is plotted in Fig. 2.3. Hence we have the result

sin[\/E 1 2 , dz' k>0
rr(z) = (1+2)ap 1 / . = k=
sinh[ /lkl a'OHU 0 \/Q()(]. + 2') + Qko(l + Z) + QAO ]2"2<1:?8)

Magnitude-redshift relation: The magnitude-redshift relation for an object of absolute

magnitude M then follows from (2.138) and

m(z) — M — 25 = 5log;q (1 + 2)ag X (2.139)
sin[Vk L g &z k>0

1 / k=0

sinh[/[] aoHo Jo /Qo(1+2)% + Qe (1 +2)2+ Q00 | £ <.

In Fig 2.4 is shown the m — z relation for the same models as Fig. 2.2. The closed
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Figure 2.3: Coordinate distance as a function of redshift the models of figure 2.2.

model has the refocusing issue as before; the apparent magnitude becomes singular at
that point.
As the integral in (2.140) is elliptic, it cannot be evaluated explicitly. However, a

series relation can be found relatively easily;

m—M—25=5logwﬁza

+ Flogige {(1- @+ [0+ Dl - 1) = 20| 4 069} 2140
We can now consider quantitatively the comments made in §2.7.1 on the validity of the
low order expansion. Consider Fig 2.5: the plot shows the difference between the exact
m(z) function and the series form (2.140) with an increasing power of redshift z up to
order 9. What we can see from figure 2.5 is that all the series expansions diverge from
the true function to more than 0.1mag (which is roughly the errors in the magnitudes
of the SNIa) at some redshift less than unity. While not massively important for the
FLRW models at low redshift, for supernovae at high redshift z ~ 1 it will be increasingly
important to use the exact relation, as even the ninth order expansion diverges from the

true result at these redshift, by a measurable amount.



m-M-25

CHAPTER 2. RELATIVISTIC COSMOLOGY 45

o : -Open
- Flat

[

Einstein-de Sitter

Closed

n
S S

_
I

Figure 2.4: Apparent magnitude as a function of redshift for the models of figure 2.2

If we jump ahead somewhat and consider the issue for a non-FLRW model (the
Stephani model considered in substantial detail later) then we can see from Fig (2.6)
that the situation is far worse: the series expansion can diverge very dramatically even
at low redshift.

We shall come back to the series form of the magnitude-redshift relation later in

relation to general cosmological models.

2.8.2 Observable Quantities in FLRW Models

For a dust FLRW model there are only 3 independent parameters to fit from data:
{Ho, Q0,,}. In practice, these have boiled down to the equivalent set {Hjy, go, 20}
This arises from the fact that most measurements are made at z < 1, or z ~ 1000 at the
CMB. Although the measurement of all three parameters may be made in principle from
any observations, it is essentially impossible to determine any more than two of these
from observations in a narrow range of redshift. This has been demonstrated explicitly in
a series of papers by Tegmark, Eisenstein and Hu (Tegmark, Eisenetein and Hu, 1998a;

Tegmark et al., 1998b; Eisenstein, Hu and Tegmark, 1998a,b; see also Tegmark, 1999;
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Figure 2.5: The exact magnitude-redshift relation minus the same function as a power series
relation to various orders. |m -m | > 0.1 would give a significant detectable error.

ezact series

White, 1998; Efstathiou et al., 1998; see Ehlers and Rindler, 1989, who first introduced
the ‘phase plane’ arguments used here). Essentially they have shown that the set of
possible €, 25, found from low-redshift observations will complement the set of values
preferred by high redshift experiments (ie, CMB results). (It should be noted that they
stress the need to fit all the data sets at the same time, instead of taking their conclusions
separately.)

For the low-redshift experiments (2 5 1), we can see from the series expansion of
m(z) (2.140) that they will be able to determine gy to some accuracy, but the extra
detail required for a measurement of 2y and Qj, separately would need knowledge of
the O(2?) term. For example, the latest supernovae Ia results of Perlmutter et al.
(Perlmutteret al.,1999) give the results of their data as an exclusion plot in the ¢ — Q4,
plane, Fig. 2.7. We can see in this figure that their best fit regions do not provide any
substantial constraint on €29 and 24, but they do provide quite good constraints in gq.

At high redshift a very similar thing happens, but in a less obvious way. The series

expansion of the m(z) curve is clearly useless for any intuitive idea of what’s going on.
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Figure 2.6: As in figure 2.5, but for the Stephani models considered later.

However, if we consider the CMB to have an intrinsic and apparent magnitude, then we
can examine the exact m — z relation at z = 1000 and plot the contours of constant m
on the Qy — ), phase plane. See Fig. 2.8, where m — M — 25 is plotted in the 25 — 4,
plane, with contours of constant m — M — 25 marked on it. In practice we can calculate
m — M — 25 for any object from observations (giving m) and assumptions about the
objects intrinsic brightness (M). Thus we can select just one contour in (2.8), and get
some limitations on {2y and 2,,. Just as in the SNIa results, the constraints will be
weak, with any particular contour selecting a large range of allowed values for g and
4, (unless Qg is small). It should be noted that this is a very simple analysis, because
the degeneracy of the CMB in the {2 — 5, plane comes from the position of the first
Doppler peak (cf, figure 1.2) rather than simply the m — z relation, but the principle is
the same.

Tegmark et al. have noticed that when the results from the CMB are taken together
with the SNIa results, then it is possible to get very precise predictions of 2y and 24,
separately. If we have a look at Fig. 2.8 we can see why. We have plotted contours,

as described above, for redshifts of 0.5, 5, and 1000. Typically, a set of observations
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Supernova Cosmology Project
Perlmutler ef al. (1998)
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Figure 2.7: The best fit to the m(z) function for the supernovae data of Perlmutter
et al., (1998b). the confidence regions do nothing for determining €y and 4,
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Figure 2.8: The phase diagram for the m — z relation for z = 0.5,5,1000 presented in the
Qo — Q4, plane. We can see that the contours move round the diagram with increasing redshift.

The faint dashed lines are constant qg, which shows that low redshift observations will give good
results for qo.
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at low redshift will determine one of the blue contours (obviously this means a set of
contours in a small neighborhood of some mean or ‘best, fit’ contour); similarly, the
CMB measurements will determine a similar set of the yellow contours. Because these
contours intersect at a fairly large angle, it is only the overlap of these curves where the
real universe will lie (provided the universe is FLRW of course).

For completeness, we show in Fig, 2.9 the results of Tegmark, Eisenstein and Hu (1998a)

who computed this overlap for future SNIa and CMB observations.
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Figure 2.9: A futureistic diagram of what might be expected from SNIa and CMB comple-
menting each other in the future. The errors on Bo and BAO (small black ellipse) are extremely
small (by cosmology standards) in comparison with the independent results. Plagiarised from
Tegmark, Eisenstein and Hu (1998a).

We also show another stolen picture, Fig, 2.10, which gives the same sort of results
as Fig, 2.8, but for number-counts, age and growth as well.

What is also interesting about figure 2.8 is something that none of the papers above
have mentioned; a quick look at the figure shows the contours chang angle from ~ 45°

to > 90°. This means that there will be some redshift (z ~ 3) for which the lines will be
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Tegmark, Eisenstein, Hu <& Kron 1998

Lum. & Size Counts Growth

Figure 2.10: Extra results similar to (2.8) for other number-counts, age and growth as well.
From Tegmark et al., (1998b).

vertical; ie, Po will be determined to very high accuracy from just one set of experiments
independent of Q\|. In fact it may be worth specifically looking for eg, quasars or SNla
at this redshift to give a very accurate determination of Po (and hence Q|0 from other

redshift surveys).

2.9 Observable Quantities in a General Spacetime

In the FLRW models, there is a simple relation between the fundamental length scale
a and the observable parameters Ho,qo etc. It is interesting to determine the correct
covariant definitions of Ho and go for a general cosmological model and to ask whether the
FLRW Pa generalises to other cosmological models. Almost invariably these parameters
are measured fitting distance-redshift data to an FLRW model (essentially eq. (2.4)).
What can this say about other inhomogeneous models; and what could be causing a
negative go other than a cosmological constant?

The standard generalisations of Ho and go are based on the fundamental length
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scale defined by (2.17) simply by generalising the definitions for FLRW models, (2.115)
and (2.116), viz;

H= 0; (2.141)

(30 o N
Il
| =

o

~% (2.142)

q froverd
Using the Raychaudhuri equation (2.33) we find simply that

1 P 1 2 n 1S a2
= — L — — N . 2.14
q 29 (1+ﬂ) Qp + I (2(0 w*) 3 [Vau +u] (2.143)

(See eq. (52) in Ellis, 1998. Note that his statement about the acceleration terms being
small from CMB anisotropies is false — see Chapter 3.)

The definition of the expansion @ is the volume change along u*: defining H via (2.141)
is misleading. It gives the average distance change to neighbouring particles along u?;
whereas the actual distance change to a particle in direction e® is given by

%?; = %0 + ogpe’e® = H; (2.144)

as one would expect, the shear will affect the distance to neighbouring particles, as
some may be moving towards or away from you relative to the overall expansion — see
Ehlers (1993). Now this is a good definition of the Hubble scalar, and has been used
before. Often, the expansion tensor is defined as (eg, Wainwright and Ellis 1997)

Oap ¥ ooy + %ehab (2.145)
so we can now define
H ¢ ©gpe®el (2.146)

to give a covariant, direction-dependent definition of the Hubble scalar. This has been
used in Humphreys et al. (1997).

If we want to compare a non-standard cosmological model with the real universe
(or with an FLRW model, with values of Hy etc. derived from them) then we need a
generalisation of Hy and qp suitable for a decent comparison with data. It has been
suggested that equating the various order terms in the generalised m — z series relation
with those of the FLRW series would give the proper generalised Hy and gy (Humphreys
et al. 1997; Paczynski and Piran 1990; Domi'nguez-Tenreiro 1981a,b; also see Palle 1999).
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So, comparing (2.106) with (2.140) we can define

H™| & K“K”vaub[o , (2.147)
arbrrc
qobs g KK K°V,Vyuc _3 (2.148)
0 (K9KeVque)? |,
Expanding H o gives
Hgbs = %9 + ug,e® + aabeaeb; (2.149)
\ , N N——

monopole  dipole  quadrupole
where the quantities on the right hand side are understood to be evaluated at the present
time. This definition does not have the physical significance of (2.146); rather it is the
zero point of the linear Hubble relation. To compare a non-standard model to an FLRW
model at low redshift, then (2.149) is the definition which must be used. Eq, (2.149)
shows that a general inhomogeneous cosmological model has the effect of inducing a
dipole and quadrupole in the m — z relation as z — 0. However, this conclusion only
concerns measurements made at very small redshift, say z < 0.1, because, as we have seen
in §2.8.1, we cannot be sure that the low-order terms in the series expansion will give
a function even approximating the real thing for larger redshift (say, z 2 0.1). In other
words, at higher redshifts (eg, for SNIa) higher order terms may modify these moments
to some degree.
All of these low redshift surveys essentially use the linear Hubble Law which, for a
general cosmological model reads
obs

2= KaKbvaub|OrA +O(r2) = HY'ra + O(rd). (2.150)

If we write this in the more suggestive form

Uge®  ogpeted
= 2.151
2z~ Hor (1 + H, + Hy ) ) ( )

where Hj is the expansion rate (2.141) as in the FLRW models (basically the all sky
average expansion rate) Equation (2.151) reflect the effects of local small-scale inhomo-
geneities, ie, perturbations of the smooth background model. If we and add in these local
effects, (this is often done in terms of spherical harmonics, eg, Regos and Szalay 1989;

or Branchini et al. (1999); Tadros et al. 1999 — but we shall just use cosd expansion)

represented by constants by, by, b3 - - -, we have
Uae® | Olane’e’ 2
z~Hor |1+ Vi Jii + b1 cos®? + bar cos v + bgrcos® Y + - - -, (2.152)
0 0
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where 74 has been replaced by r because all definitions of r agree at very small redshift.
b; corresponds to the bulk flow of the local group moving relative to the CMB frame, and
b3 often corresponds to a shearing effect from our infall to the Great Attractor and Virgo
cluster — see eg, Lilje, Yahil and Jones (1986) who first reported the effect. However,
there is no physical local effect that will produce bs # 0. It is certainly not clear at all
that bp = 0 on observational grounds; this leaves acceleration as the only effect that will
produce a dipole in the Hubble law which grows linearly with distance.

If we try to determine from equation (2.152) from galaxy surveys then we must be
able to determine how much of the observed dipole is bulk flow and how much may be
attributed to any possible acceleration term; ie, whether any of the dipole grows with
distance. In principle we may be able to limit the acceleration quite strongly in this way.
However, preliminary results using the IRAS catalogue only constrain

> La
(uae >half sky

2. 2.153
H, <0 ( )

(Clarkson, Rauzy and Barrett, in preparation.) This is not strict at all, but it is likely
that a more complete survey such as the PSCz catalogue may provide stronger con-
straints.

The generalised ngs is not nearly so simple; expanding (2.148), and substituting for 6,

O (aby and Vo from (2.33), (2.36) and (2.40) respectively we find

) -

q = H, {%,u + %p - %A - %vaaa + gaz - %wz monopole
et [~26u0 — 3920 — iha + 00y + 24a
+3p,0 (660)6 + Qﬂbwc)] dipole

etel 2T gty + igatiny + o) = $ay + 30,0

+W(aWsy — %ac<awb>c] quadrupole

+e%ebe’ [—5u(aabc) — §<aabc)] — 3e“ebecedo<abacd>}. higher multipoles
(2.154)
This is somewhat complicated for an observable quantity. Measurements of gy are
nowhere near accurate enough to detect any multipole moments; in fact it is only recently
that the sign of the deceleration parameter has been decided upon, let alone a variation

in the sky. However, if we consider the mean value of (2.154) around the sky, then we
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have!3

05205 o~
(BY")  =lutlp—ia- 1t + 8o -3 (2159)

all sky

which, we can compare to the definition given by the length scale (2.143):

(H%q)

We find that the shear and rotation become less important in the observationally derived

=Lu+1p— 1A - 1V,00 - Jugu® + 2(0® — w?). (2.156)

all sky

relation, while the acceleration terms become relatively more important. More interest-
ingly though is the contribution from the acceleration vector %2, has disappeared: it will

actually contribute nothing to the value of the deceleration.

130bviously the multipoles of odd order are zero when averaged over the sky, and the even order
multipoles have an average value of zero because they are contractions of traceless tensors.



Chapter 3

The Ehlers-Geren-Sachs Theorem
and Some Generalisations

The high isotropy of the CMB is usually taken as strong evidence that the universe
is homogeneous and isotropic, ie, is well described by an FLRW model. The principle
justification for this is an important theorem of Ehlers, Geren and Sachs (1968) (based
on earlier work by Tauber and Weinberg 1961), which states that if all observers in an
expanding, dust universe measure an isotropic CMB then the universe is FLRW and
the cosmological principle is valid. The importance of this theorem lies in the fact that
it permits the homogeneity and isotropy of the universe to be deduced not from mea-
surements of the actual isotropy of the universe about us, but from only measurements
of the CMB, combined with the Copernican principle (that is, the assumption that all
observers in the universe see the same degree of isotropy). The Copernican principle
is often regarded as a powerful but untestable assumption in cosmology, although there
are suggestions that it may be testable using the Sunyaev-Zeldovich effect, for example
(Goodman 1995). Here we simply assume that the Copernican principle is valid and
study the consequences of applying it to the observed high degree of isotropy of the
CMB. That is, we examine spacetimes with an isotropic CMB for all observers.

The EGS theorem has been generalised by Treciokas and Ellis (1971) to include an
isotropic collision term. Ferrando, Morales, and Portilla (1992) find the general form of
the energy-momentum tensor and Einstein’s equations for spacetimes with an isotropic
radiation field, and consider some special cases with anisotropic pressure. It has also
been shown by Stoeger, Maartens and Ellis (1995) that the EGS theorem almost holds
when applied to an almost isotropic radiation field.

There are counterexamples to the spirit of the EGS theorem (that is, when some of

56
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the assumptions are relaxed the result fails to hold). In particular, Ellis, Maartens and
Nel (1978) show that the result does not hold if the expansion is zero (which is obviously
not relevant to cosmology), and Ferrando et al. (1992) emphasise that homogeneity
does not follow if there is anisotropic pressure in the energy-momentum tensor. Nilsson
et al. (1999) provide a counterexample to the almost EGS result when the Weyl curvature
is not negligible.

The basis of the EGS theorem is the Liouville equation for photons, which tells us
that if a radiation field (ie, a solution of the Liouville equation) exists such that for
every observer on some timelike congruence the radiation field is isotropic, then that
congruence is (parallel to) a conformal Killing vector (CKV). This may be expressed

more formally as follows (Ehlers et al. 1968; Ferrando et al. 1992):

Theorem 1 A spacetime will admit an isotropic radiation field if and only if it is con-
formal to a stationary spacetime, which happens if and only if there is a velocity field u®

satisfying

Ogp = U, (31)
Via (db] - %eub]) =0, (3.2)

where ogp, u* and 0 are the shear, acceleration and expansion of u®, respectively.

(Then u?* is the velocity field relative to which the radiation is isotropic, and is parallel
to the CKV.)

The proof of Theorem 1 is very straightforward in the 143 formalism, and follows
from the results of §2.6 and §2.3 in Chapter 2.
Proof

With reference to §2.6 a radiation field is isotropic (with respect to u?) iff ¢ = 7 =

0 =
T4, =0V £>2, and from (2.83)-(2.85) we find that this condition implies

) 4
Mg + ge,uR =0
1T + Vapty =0
Tab = 0. (3.3)

Now, if we write @ % —11Iny, in the first two conditions of (3.3) we find that

0=3Q, Ua=ViQ: <= V[ (iy)— 30uy)=0; (3.4)
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which, together with (2.46) and o4 = 0, tells us that the spacetime is conformally
stationary 6=1u"= Oap = 0. O

In the absence of some statement about the matter content of a spacetime, or further
assumptions about the congruence u%, Theorem 1 is all that can be said. In a cosmo-
logical context the simplest, and most common, assumption is that the matter is dust

(implying that u® is geodesic), which leads to:

Theorem 2 (Ehlers, Geren, and Sachs) If the fundamental observers in a dust space-

time see an isotropic radiation field, then the spacetime is locally FLRW.

Proof:

This is a straight forward extension of the proof of Theorem 1: we have for a dust
congruence 4® = 0 which implies V,Q = 0. Now, by (2.22) we find for 6 # 0 that
Qwab = 0: hence the spacetime is a perfect fluid with geodesic, irrotational, shear-free
flow, and is therefore an FLRW model (see Krasinski 1997). a

Alternatively, we can simply assume that u® is geodesic. The existence of an isotropic
radiation field then ensures (for non-zero expansion) that the energy flux relative to u® is
zero. If the anisotropic stress tensor is zero at any instant (so that the energy-momentum
tensor has perfect fluid form) then it will remain zero and the spacetime will be FLRW
(Ferrando et al. 1992, Corollary 1; but note that their statement that the anisotropic
stress is invariant along u® in general is misleading — from Egs. (31) and (40) of Ellis 1998
we have 7y o< Omgp).

It is worth emphasising that in applications of the above results to cosmology the
motion of the fundamental observers must be identified with the congruence u®. For
example, in §3.1.2 all Stephani models are conformally flat, and therefore conformally
stationary, but for most of these spacetimes the fluid congruence is not aligned with the
timelike CKV.

The matter content of the universe is not precisely known. Certainly, there is a large
number of possible contributors, including hot and cold dark matter (in their various
manifestations), electromagnetic fields etc., as well as the more obvious radiation and
baryonic matter. In particular, the type Ia supernova results of Perlmutter et al. (1999)
suggest that an important component may be a ‘quintessential’ scalar field. However, the
forms of matter that are thought to contribute significantly to the energy-momentum

tensor may be treated in general as perfect fluids. That is, their energy-momentum
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tensor may be written in the form
Tup = puatp + phap, (3.5)

where p and p are the energy density and pressure, u® is the timelike velocity congruence
of the fluid, and Ay, is the spatial projection tensor associated with u®. Scalar fields may
also be written in this form, with u? parallel to the gradient of the scalar field, provided
that this is timelike (see §3.2). Note that if several such components are present there is
no reason why their fundamental congruences (the u?’s) should be parallel. If they are,
then they may be treated as effectively a single perfect fluid with the energy densities
and pressures added together. If not, the decomposition of the energy-momentum with
respect to u® for one such fluid (as in equation (14) of Ellis 1998) will contain energy flux
and anisotropic stress terms from the other fluids (again, see §3.2). The fundamental
observers will be associated with one such congruence. Usually the fundamental observers
in standard models of the universe are associated with a dust-like (p = 0) component,
with the result that the acceleration 14 of the fundamental congruence is zero. However,
we wish to study the consequences of relaxing this assumption and consider models with
acceleration. This acceleration must be caused by some non-gravitational force (typically
pressure gradients for perfect fluid spacetimes, but in principle it could be the result of a
coupling between the fluid and some other component such as the electromagnetic field).

With this in mind, in this paper we consider perhaps the two simplest generalisations
of the dust hypothesis. Firstly we imagine that the dominant form of matter is a single
irrotational perfect fluid. We do not specify what form of matter this corresponds to,
but we allow pressure gradients that give rise to acceleration. Secondly we consider
cosmological models in which more than one matter component makes a significant
contribution to the energy density and dynamics of the universe. Specifically we consider
‘QCDM’ models, containing a non-interacting mixture of radiation, dust (CDM) and a
scalar field (or a cosmological constant). The observers are associated with the CDM
component, and are therefore geodesic. The difference between this and other theorems
assuming geodesic observers is that the the scalar field component can introduce effective
energy flux and anisotropic stresses relative to the dust congruence, and so the matter
need not behave as a perfect fluid.

In the following section we find all irrotational perfect fluid solutions admitting an

isotropic radiation field for the fundamental observers, showing that they form a subclass
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of the Stephani spacetimes and are FLRW if and only if the acceleration vanishes. Then
in §3.2 we examine QCDM models and prove that such models must be homogeneous
and isotropic if they admit an isotropic radiation field. Finally, in §3.3 we emphasise
the importance of acceleration for these results and show that the acceleration of the
fundamental congruence is, in principle, detectable, and measureable, in galaxy surveys.

Two appendices contain results relating to §3.1.2.

3.1 The Irrotational Perfect Fluid Solutions.

We wish to consider the constraints imposed by the existence of an isotropic radiation
field for the fundamental observers on perfect fluid spacetimes in which the rotation of
the fundamental congruence is zero. Since it follows from Theorem 1 that the shear of the
fundamental congruence must also be zero we immediately know that all the acceptable
solutions are members of the Stephani-Barnes family, which is the family of all shear-
free, irrotational, expanding (or contracting) perfect fluids (see Krasinski 1989, 1997). It
only remains, then, to impose condition (3.2) of Theorem 1 and thus find the sub-class
of Stephani-Barnes models which admit an isotropic radiation field for all fundamental
observers.

The Stephani-Barnes family contains the Barnes solutions, which are of Petrov type D,
and the Stephani models, which are conformally flat, although these two classes overlap
where the Barnes solutions degenerate to type O (these solutions then become Stephani
models with symmetry). The FLRW models are a subcase of these solutions. The Barnes
spacetimes all possess symmetry (see below), whereas the Stephani spacetimes, in gen-
eral, do not. In all cases the metric in comoving coordinates can be written in the form

(we use the same notation as Krasiniski 1997):
ds® = V72 {~(FV,)2dt® + dz* + dy? + d2*} (3.6)

where F = F(t) and V = V(¢,z,y, z). F(t) is arbitrary, but there are some restrictions
on the form of V' depending on the symmetries of the solution, and these will be discussed
in due course (but the impatient reader may wish to note Egs. 3.12, 3.14, 3.15, and 3.17).
Expressions for the energy density and pressure can be found in Krasiriski (1997).

The fluid velocity is given by (without loss of generality we can assume that V' > 0)

a

V_sa (3.7)

-
AT
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with expansion

. 3
0= —SlgnL‘/’t)rp—l’ (38)
and acceleration
19} V
’l:ﬁ() = 0, ’U;z = '8? In 'V—’t, (39)

where i = 1,2,3, ¢ = {r,y,2}. Note that (3.8) differs from the expression usually given
for the expansion (in Krasinski 1997, equations (4.1.4) and (4.9.6), for example) by the
inclusion of the —sign(V;) factor. Neglect of this factor is inconsistent since F' enters
the metric only quadratically, so the sign of the expansion cannot depend on the sign
of F. The sign of § does depend on that of V, though: for the Friedmann subcase of the
Stephani-Barnes models, for example, V is related to the scale factor R(¢) by V =1/R,
and |[FV,;/V| =1 (see §3.1.2), so that § = 3R/R = —3V,/V = —3 sign(V)/|F|. This is
important here because the constraint (3.2) contains the expansion. Note, too, that F
is not a true degree of freedom parameterising distinct spacetimes, but rather represents
a coordinate freedom, corresponding to different choices of the time coordinate.
From (3.7), (3.8) and (3.9), the condition (3.2) leads to the constraint:

32
5oig; Ve =0, (3.10)

which is satisfied if and only if the function V' has the form
V(t,z,y,2) =T(t) X (z,y,2) + Y (z,y,2), (3.11)

where T, X, and Y are arbitrary functions. This equation is the key additional constraint
on the Stephani-Barnes solutions.
It is worth noting that it follows from (3.10) that the acceleration scalar is constant

2 = q4,1u%), as can be seen

along the fluid flow for every observer, ie, 4: = 0 (where u
by calculating (42) ; from (3.9). In fact, it can be verified more generally that for any
conformally stationary spacetime (ie, a spacetime satisfying (3.1) and (3.2)), even with

rotation, the acceleration scalar evolves according to
uV,i? = 24°V,0,

where V denotes the spatially projected gradient (see Ellis 1998). It follows from equa-
tion (32) of Ellis (1998) that V6 = 0 whenever the rotation vanishes (for a perfect fluid),

which is the case for the Stephani-Barnes models.
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Note that if V has the form (3.11) we can immediately write the metric in a manifestly

conformally static form
X2
ds® = o5 {—dr® + X7(ds” + dy? + d27)

where d7 = T4 F dt, which shows that these models will indeed be conformally stationary,

as required by Theorem 1. We now discuss each subcase in turn.

3.1.1 The Barnes Solutions.

The Barnes solutions all have spherical, plane or hyperbolic symmetry (ie, they possess
three-dimensional isometry groups acting on two-dimensional orbits, cf. §3.1.2). The
restrictions on the metric function V' depend on which of these symmetries the space-
time possesses (see Krasifiski 1997). For the solutions with spherical symmetry (the
Kustaanheimo-Qvist solutions) or planar symmetry we introduce a new independent
variable u(z,y, z) defined by u = r? = 2% + y? + 2? in the spherical case and u = z in
the planar case. Then V is defined by V = V(¢,u), subject to the condition:

g—i‘; = f(u)VZ2 (3.12)
where f is an arbitrary function. Since V = V(¢,u) we know from (3.11) that in order

to admit an isotropic radiation field for all observers V' must have the form
V(t,u) =T(t) X (u) + Y (u). (3.13)

Equation (3.12) then imposes a constraint on the functions X and Y, which will be
outlined below.
For the solutions with hyperbolic symmetry the constraint on V' is very similar. This

time we introduce the variable u = z/y. V can then be written

V(t,z,y) = yW(t,u), (3.14)
where W satisfies \
oW 9
- = 3.15
= fWW?, (3.15)

with f once again a free function. The condition (3.11) now gives

V(t’ :Evy) = T(t)X(iE, y) + Y(x,y) = yW(t’u)'
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Dividing by y and redefining X and Y in an obvious fashion we obtain

W(t,u) = T(t) X (u) + Y (u), (3.16)
in which X and Y are again constrained by (3.15).

For all three symmetries of the Barnes solutions, then, the constraints on the metric
function V essentially reduce to the second-order differential equations (3.12) or (3.15).
Imposing the condition (3.11) introduces the additional constraint (3.13) or (3.16). Sub-
stitution of (3.13) or (3.16) into (3.12) or (3.15) respectively and differentiating twice
with respect to time, dividing by T'; each time (and recognising that T; # 0, X # 0, so
that V; # 0 in (3.6)), leads directly to the condition

flw) =o.

Barnes solutions with f(u) = 0 are conformally flat (Krasinski 1997, p.142) and are
therefore actually a subcase of the Stephani models. That is, proper Barnes spacetimes
can be ruled out: they do not admit an isotropic radiation field. It only remains to apply

the condition (3.11) to the Stephani models, which we do in the next section.

3.1.2 The Conformally Flat Solutions

The conformally flat sub-case is the entire class of conformally flat, expanding, perfect
fluid solutions, and is the Stephani solution (Stephani 1967a,b). The function V' is most
often written in the form (see Krasinski 1997; Barrett and Clarkson 1999a,b):
V(t:2,,2) = 75 (14 H(Ox = x0(0)) (3.17)
In general the five functions of time in V' are free. For our purposes, however, it turns

out to be more convenient to use
V =al(t) + b(t)r? — 2c(t) - r, (3.18)

as in Barnes (1998), again with five free functions (we adopt three-dimensional vector
notation, so that ¢ = (¢, ¢g, ¢3), for example). In fact, this form is slightly more general
than (3.17) — see Barnes (1998).

We must be able to write V' in the form (3.11) for the spacetime to admit an isotropic
radiation field for all fundamental observers. From (3.17) or (3.18) it is clear that the

functions X (z*), and Y (z*) in (3.11) can be at most quadratic in the zf. Writing X,
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and Y as quadratics in (3.11) and equating in (3.18) all powers of z?, we obtain the

following constraint equations:

a(t) = a1 T(t) + ag,
b(t) = biT(t) + by, (3.19)
c(t) =c;T(t) + co,

where T'(t) is a free function of time and the a;2, b1 2 and c;2 are ten independent
constants. Not all of a;, b; and ¢; can be zero (in order that V,; # 0 in (3.6)).
Equations (3.19), along with (3.6) and (3.18), provide the complete set of irrota-
tional perfect fluid spacetimes admitting an isotropic radiation field. Not all of the
possible choices of parameters give rise to distinct spacetimes, though, and we outline
in appendix A how coordinate transformations may be used to eliminate many of the
parameters in (3.19), and determine when the models can be reduced to manifestly

spherically symmetric form (¢ = 0).

The Constraints on R, k and xy.

To find the constraints on R, k and x¢ in (3.17) corresponding to (3.19) first equate
powers of z* in (3.17) and (3.18) to obtain

a(t) = % + %Ixolz, (3.20)
b(t) = %, (3.21)
c(t) = %xo. (3.22)
Solving these equations for R, k& and x( gives
R(t) = ﬁ (3.23)
() = # (3.24)
%o % (3.25)

which are valid whenever ab — |c|2 # 0 (otherwise V cannot be written in the form (3.17)).
To impose the constraints (3.19) perform the transformations of appendix A so that

¢ =c# as in A.3) and a; # 0. Then |c|? = ¢?, and b and a are related by

b
b= —a+ <b2 - ;;‘2) = va + 6, (3.26)
1
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where v = b1/a; and § = by — bjay/a; are constants. Using this in (3.23) and (3.24)
leads, after some rearrangement, to a quadratic relationship between k£ and R:

(g)z —(y+6R) (g) —~yc*R? = 0. (3:27)

In addition to this constraint relating k and R we can trivially rewrite (3.22) or (3.25)

as

xg = %cﬁ. (3.28)

Equations (3.27) and (3.28) are the constraint equations on R, k and x( corresponding

to the equations (3.19), or rather (A.3). If desired (3.27) can be solved to obtain

ko1
i=5 [1+ R+ VY +6R)? + 94OR7.

From (3.27) it is clear that the spherically symmetric Stephani spacetimes admitting

an isotropic radiation field, for which ¢ = 0, satisfy
k(k
1 (Z—(’Y-HSR)) =0,
which has the solutions £ = 0 and R(¢) free (flat Friedmann), or % linearly related to R,
1

with R(t) again free (when 6 = 0 these become Friedmann models with curvature k =
4v). This fixes notation for the rest of this thesis.

At this point we can say that perfect fluid spacetimes admitting an isotropic radi-
ation field for all fundamental observers are FLRW if and only if the acceleration of
the fundamental observers is zero. This follows because the Stephani models with zero
acceleration are FLRW (see Krasinski 1997, although it can easily be seen from (3.9): if
% = 0 then V = T'(t) X (2!) for some functions T and X, showing that a, b and ¢ depend
on the single free function T and so must be FLRW by the results of the next section).

Thus we have proved:

Theorem 3 The irrotational perfect fluid spacetimes admitting an isotropic radiation
field for the fundamental observers are Stephani models with the free functions restricted

by (3.19) (or (A.8)). These spacetimes are FLRW if and only if the acceleration of the

fundamental observers is zero.
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Spacetimes satisfying Theorem 3 will be referred to as IRF models. It is worth noting
that all of the models admitting an isotropic radiation field are manifestly conformal to
(part of) the Einstein static spacetime (cf. §5.1) once they have been transformed so

that ¢ = cZ as outlined in appendix A. From (3.18) and (A.3) we obtain

b
Ve=aT, (1 + —1r2) :
ai
since ¢y = 0 when ¢ = ¢Z (as noted in appendix A we can assume a; # 0). Changing
the time coordinate via dt — a1 T+ F dt, the metric (3.6) becomes
g (I+ %Ar2)2

T Ve

1
{—dt2 + m(d(l)z + dy2 + dZQ)} y (329)

where A = 4b;/a;. The factor in braces is the Einstein static metric. In the following
chapter we use this conformal relationship to simplify the study of the observational

characteristics of these models.

3.1.3 Symmetry and Thermodynamic Schemes.

Having obtained the conditions (3.19) for a Stephani model to admit an isotropic radi-
ation field it is possible to say immediately that all such spacetimes possess (at least)
a three-dimensional symmetry group acting on two-dimensional orbits (just as for the
general Barnes models). This follows from the work of Barnes (1998), who showed that
the dimension of the isometry group of any Stephani spacetime is determined by the

dimension d of the linear space spanned by the five free functions a, b, and c:

1. if d =4 or 5 (ie, at least four of the free functions are linearly independent), then

the spacetime has no Killing vectors;
2. if d = 3 there is a one-dimensional isometry group;

3. if d = 2 there is a three-dimensional isometry group acting on two-dimensional

orbits;
4. if d =1 there are six Killing vectors and the spacetime is Robertson-Walker.

It is clear from (3.19) that a, b, and ¢ depend on (at most) only two functions of time:
f1(t) = T(t) and the constant function fa(t) = 1 (since V¢ # 0 we must have T'; # 0,

so that these are necessarily linearly independent). Thus, d = 2 and the solutions have
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three-dimensional isometry groups as claimed. If a; = by = ¢ = 0 in (3.19) thend =1
and the spacetime is FLRW (see appendix A).

It follows further from this and the work of Bona and Coll (1988) (see also Krasiriski,
Quevedo and Sussman 1997) that all Stephani models that admit an isotropic radia-
tion field for all fundamental observers also admit a strict thermodynamic scheme (that
is, entropy and temperature functions can be found that depend on the energy density
and pressure and satisfy the second law of thermodynamics). The converse is not true,
however, since there are Stephani spacetimes with d = 2 (which must admit a ther-
modynamic scheme) that cannot have an isotropic radiation field (these are models for
which the second independent function f2(t) is not restricted to be 1). So, we have the

following corollary to Theorem 3:

Corollary 1 An irrotational perfect fluid spacetime that admits an isotropic radiation
field has spherical, planar or hyperbolic symmetry and admits a strict thermodynamic

scheme.

On the subject of thermodynamics, let us mention for completeness that the thermo-
dynamic scheme occurring most often in the literature is that of a barotropic equation
of state. It is known that the only Stephani models with a barotropic EOS are precisely
the FLRW models (Bona and Coll 1988; Krasiriski 1997). Thus, the only spacetimes
with a barotropic EOS admitting an isotropic radiation field are FLRW models. This
also follows (when p + p # 0) from a theorem of Coley (1991). See also Collins and
Wainwright (1983).

3.2 QCDM Models.

The type Ia supernova results of Riess et al. (1998), Schmidt et al. (1998) and Perlmutter
et al. (1999), which suggest that the expansion of the universe is accelerating, have led
to an increased interest in cosmological