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Abstract

The calculation of the electromagnetic response of random composite materials is a
matter not only of long—standing scientific interest, but also of increasing technological
significance. Provided electromagnetic wavelengths are sufficiently long as compared
with the length scales of inhomogeneities, composites may be considered as effectively
homogeneous and their constitutive properties estimated by means of homogenisation
formalisms. The work of this thesis concerns two aspects of homogenisation theory for
linear electromagnetic materials.

Firstly, the well-established Maxwell Garnett and Bruggeman homogenisation for-
malisms, along with the recently—developed incremental and differential Maxwell Gar-
nett formalisms, are applied to investigate the constitutive properties of complex com-
posite materials. Two classes of structures are considered: (i) Through a detailed
parametric study of a chiroplasma composite, a structure more general than that of
the Faraday chiral mediums is revealed; this generalised structure arises when the
component phases possess non-spherical topology. (ii) Biaxial composite structures
are found to develop whenever the component phases present two noncollinear distin-
guished axes. Distinguished axes of the component phases arising from both electro-
magnetic and topological origins are considered for nondissipative dielectric, dissipative
dielectric-magnetic and bianisotropic materials. A generalised biaxial structure, for
which the principal axes of the real and imaginary parts of the constitutive dyadics
do not coincide, is demonstrated. Additionally, orthorhombic biaxial structures are
presented which can arise even though the distinguished axes of the component phases
are non—orthogonal.

Secondly, the strong-property-fluctuation theory (SPFT) is developed for bian-
isotropic materials, under the bilocal approximation. The SPFT represents a ma-
jor advance over traditional approaches to homogenisation, such as provided by the
Maxwell Garnett and Bruggeman formalisms, by accommodating a more comprehen-
sive description of the distributional statistics of the component phases. In particular,
the SPF'T takes account of scattering losses and in its zero~order implementation the
SPET reduces to the Bruggeman homogenisation formalism. Detailed numerical stud-
ies are presented which highlight the role of the correlation length, as well as the
component phase topology and orientation diversity. Also, the choice of covariance
function is demonstrated to exert only a secondary influence as compared with the
effects of the correlation length. Finally, through calculating the third—order mass
operator approximation, the convergence of the bilocally-approximated SPFT is con-
firmed for isotropic chiral composites as well as for chiroferrites which are both weakly
uniaxial and weakly gyrotropic.
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Chapter 1

Introduction

1.1 Overview and notation

The work of this thesis concerns the linear electromagnetic properties of random com-
posite mediums in the long—wavelength regime. That is, we consider the case where
electromagnetic wavelengths are sufficiently long compared with the length scales of
inhomogeneities that the composite may be assumed to be effectively homogeneous.
Bstimation of the constitutive properties of such a homogenised composite material
(HCM)—by means of so—called homogenisation formalisms [1]~[3]—is a matter of con-
siderable scientific and technological importance, with applications across a diverse
range of disciplines. For example, homogenisation formalisms may be utilised in the
design and characterisation of novel materials [4, 5], in microwave remote sensing
measurements [6], as well as in the study of atmospheric aerosols and interstellar dust
[71.

T'wo of the most widely—used homogenisation formalisms are the Maxwell Garnett
(MG) formalism [1] and the Bruggeman (Br) formalism [5]. The basic MG formalism
applies only to low concentrations of particulate inclusions randomly embedded in
a host medium. However, the restriction to dilute composites is overcome in the
recently—developed incremental Maxwell Garnett (IMG) [8] and differential Maxwell
Garnett (DMG) [9] homogenisation formalisms. In Section 1.3, a brief outline of the
MG, Br, IMG and DMG formalisms is provided; detailed descriptions are available in
the research literature |1, 9, 10].

In Chapter 2, the MG, Br, IMG and DMG homogenisation formalisms are all
utilised in a comprehensive numerical study of a chiroplasma [11}]. When the par-
ticulate constituents have spherical topology, the resulting HCM structure is found
to belong to the class of Faraday chiral mediums [12]; whereas more general HCM
structures are revealed when the constituents are based on ellipsoidal topology.

Biaxial HCM structures are investigated in Chapter 3. Specifically, we focus on
scenarios where the constituent phases are themselves non—biaxial but collectively they
present two noncollinear distinguished axes; these axes can have either an electromag-
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CHAPTER 1. INTRODUCTION 2

netic or topological origin. The relationship between the biaxial HCM structure and
the geometry, orientation and composition of the component mediums is explored for
the nondissipative dielectric case [13]. Extending these studies to include the effects
of dissipation in dielectric-magnetic materials, a generalised biaxial HCM structure
is revealed for which the principal axes of real and imaginary parts of the permittiv-
ity and permeability constitutive dyadics do not coincide [14]. Furthermore, in the
bianisotropic regime, yet more general HCM structures arise; in particular, complex
symmetries are found in the constitutive dyadics which would not be anticipated from
a familiarity with the dielectric or dielectric-magnetic case [15].

A significant limitation of most homogenisation approaches—as exemplified by the
MG, Br, IMG and DMG formalisms—arises from their simplistic treatments of the
distributional statistics of the constituent phases. A notable exception is the strong—
property—fluctuation theory (SPFT) which, in principle, can accommodate spatial cor-
relation functions of arbitrarily high order. In the SPFT, statistical cumulants of the
spatial distribution of the component material phases are used perturbatively to refine
an initial ansatz on the nature of the HCM. The bilocally—approximated SPFT for
bianisotropic HCMs is developed in Chapter 4 [16]. Under the bilocal approximation,
a covariance function and its associated correlation length are used to characterise
the distributional statistics of the component material phases. Detailed numerical
calculations which consider the influence of ellipsoidal topology, orientation diversity
and correlation length are also presented [17]. The influence of the covariance func-
tion is explored through a study concerning the homogenisation of ellipsoidal metallic
inclusions with a non-conducting host medium [18]. Finally, by calculating higher—
order terms, the convergence of the bilocally—approximated SPFT is demonstrated for
isotropic chiral HCMs, as well as for chiroferrite composites which are both weakly
uniaxial and weakly gyrotropic [19].

A discussion of results and suggestions for further studies are provided in Chapter 5.

The following notation is adopted: 6—vectors (3—vectors) are in bold (normal) face
and underlined, whereas 6x6 (3x3) dyadics are in bold (normal) face and underlined
twice. The adjoint, determinant, inverse, trace, transpose and é’jth entry of a dyadic
Q are represented by adj(Q), detQ, 9_1, trQ, gT and [ Q |, respectively. For
dyadics and vectors, the dot product denotes contraction of indices. The unit vector
corresponding to a vector n is signified by 7, and the triad of Cartesian unit vectors
by (%, %, ©,). The ensemble average of a quantity N is written as (/N ). The 6x6
(3x3) identity dyadic is denoted by I (). The permittivity and permeability of free
space (i.e., vacuum) are given as €, and , respectively. A list of the most commonly
used symbols and abbreviations is provided on page v.
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1.2 Fundamentals of electromagnetics in complex

mediums

Theoretical descriptions of the macroscopic electromagnetic properties of materials are
founded on the Maxwell equations, which may be stated in the time domain as [20]

Y % H(r,1) - QD(T By o= JT.(rb), (1.1)
wﬁ(z,tn—g—tﬁ@,t) o ) (1.2
VDt = pelr.t), (1.3)
VeBt) = puln). (14)

In (1.1)—(1.4), D(r,t), E(r, t), B(r,t) and H(r,t) represent the dielectric displace-
ment, electric field, magnetic induction and magnetic field, respectively, while the
electric (magnetic) current and charge densities are represented by J_(r,t) (J,,(r,t))
and fe(r,t) (Pm(r,t)), respectively. The divergence relations (1.3) and (1.4) do not
contribute to the analyses of this thesis, since they are a consequence of the curl rela-
tions (1.1) and (1.2), combined with the following continuity equations for the source
terms 5

V- ie,m(f.: t) + 5t Pe;m (T, 1) = 0. (1.5)

Equations (1.1) and (1.2) present two vector differential equations in four unknown
vector fields. In order to specify unique solutions, further equations are required. These
are provided by the constitutive relations. For our present purposes, we restrict our

attention to the most general linear constitutive relations for spatially—local materials;
ie. [21, 22,

D) = [ [emi-) Be) +fei-0) Bet)] @, 06

— 00

B(r,t) = /t [

—00

Ty

[l

IE%]

(L t— t,) E(T t,) _E_(L t— t,) ° E_(L t,) ] dt’ ) (17)

where g(r, 1), (7‘ t), ( (r,t) and ,u(r t) are the time—domain constitutive dyadics. Ma-
terials described by the constitutive relations (1.6) and (1.7) are called bianisotropic.

It is mathematically convenient to introduce the frequency—domain constitutive
dyadics ¢(r,w), &(r,w), ((r,w) and pu(r,w), defined through the Fourier transforma-

tions
1

1) =5 [ o) exp(-iwt) o =e&Cmw, (19

along with the field phasors D(r,w), E(r,w), B{r,w) and H(r,w), defined similarly
via

T(r,t) = % /_: T(r,w) exp(—iwt) dw, (T=D,B,FE,H). (1.9)
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Thus, the constitutive relations (1.6) and (1.7) are expressed in the frequency domain
as

D(r,w) = &lr,w)* Er,w) +¢(rw) * H(r,w), (1.10)
B(r,w) = ((r,0)* B(r,w) + p(r,w) - H(r,w). (1.11)

Furthermore, the frequency-domain Maxwell curl equations (1.1) and (1.2) are given
by

V x H(r,w) + iwD(r,w) = J,(r,w), (1.12)
V x E(r,w) —iwB(r,w) = —J,(,w), (1.13)

wherein the source terms J,,,(r,w) are the Fourier transforms of J em(T, 1), defined
as in (1.9).
A self-consistent system of differential equations arises through substituting the

constitutive relations (1.10) and (1.11) into the Maxwell curl equations (1.12) and
(1.13); i.e., we have

[L(V) + iwK(r, )] *E(r,w) = Q(r,w), (1.14)

where, in 6-vector/dyadic notation [23], the linear differential operator L(V) and
constitutive dyadic K(r,w) have the representations

_| 0 vl _ | ) €nw),
L(V)= [_v <I 0 } K(r,w) = [g( @) ulr,w) ] (1.15)
while the electromagnetic field vector F(z,w) and source vector Q(r,w) are defined as
_ | Elr,w) | Je(mw)
E= | b w) } AT [ Lnlt,0) } B

Since (1.14) is a linear vector equation, its solution may be expressed in terms of the
dyadic Green function G(r,r’,w) as

F(r,w)= | G(r,r,w) - Q(,w)d, (1.17)
v

where field and source points are represented by r and 7', respectively, and all source

points are contained within the integration volume V'. The dyadic Green function
g(y_', 7', w) itself arises as the solution to the differential equation

[L(V) +iwK(r,w)] + Glr,r',w) =d(r—1)1, (1.18)

in which the role of the source term (cf. equation (1.14)) is provided by the product
of the Dirac delta function é(r — r') and the 6x6 identity dyadic I. Parenthetically,
we remark that explicit representations of dyadic Green functions are available only
for certain highly symmetric mediums, such as isotropic and uniaxial mediums [24].
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The bianisotropic constitutive relations (1.10) and (1.11), specified in terms of
the four 3x3 constitutive dyadics g(r, w), {(r,w), {(r,w) and u(r,w), characterise the
most general class of linear materials. In ge_neral, the constitutive dyadics are complex—
valued and therefore 36 complex—valued parameters are involved in the description of

bianisotropy. However, all linear materials are required to satisfy the Post constraint
[25]-[27]

br [(g(r_,w))_l y (g(z,w)Jrg(Lw))] =0; (1.19)

hence, only 35 independent complex—valued parameters are needed to characterise a
bianisotropic medium. A comprehensive list of the many subclasses which are con-
tained within the bianisotropic class of materials has recently been compiled by Wei-
glhofer [22]. Of particular relevance to the studies described in this thesis are the
distinctions between homogeneous and nonhomogeneous mediums and between dis-
sipative and nondissipative mediums: A homogeneous medium is characterised by
constitutive dyadics which are independent of the spatial coordinate r. The constitu-

tive dyadics of a nondissipative medium are required to fulfill the following conditions
[28]

e(r,w) = §+ (r,w), §__(Lw) = £+(L w), _ﬂ_(ﬂ")) = g+ (2, w), (1.20)

where * indicates the hermitian conjugate.

Henceforth, we shall be dealing exclusively with frequency-domain electromagnetic
field vectors and constitutive dyadics. For convenience, we adopt the usual practice of
suppressing the w dependency in our notation.

1.3 Homogenisation formalisms

We present in this section the general homogenisation framework and the specific MG,
Br, IMG and DMG homogenisation formalisms which are utilised in the proceeding
chapters.

1.3.1 Generalities

Throughout this thesis we concentrate exclusively on two—phase random composite
mediums. The component phases are designated as a and b. All space is partitioned
into the disjoint regions V,, and V, which contain the phases a and b, respectively. The
composite structure may be envisaged as arising from a random mixture of phase a
particulate inclusions in a phase b host medium. The volume fraction of phase a is
given by f,, while that of phase b by f, =1 — f..

The component phases themselves are taken to be homogeneous; i.e., constitutive
dyadics are assumed to be independent of the spatial coordinate r. We consider the
most general linear case where the component phases are characterised by bianisotropic
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constitutive relations, given in the frequency domain as

Clr) =K, F(r), reVy, (€=abd),  (121)
wherein the 6—vector electromagnetic fields
cw=| 29 ama po-| 29|, (1.22)
B(r) H(r)

are specified in terms of the complex—valued dielectric displacement D, electric field E,
magnetic field A and magnetic induction B phasors introduced in Section 1.2; while
the complex—valued 6x6 constitutive dyadic

e, &
K, =|=t =| 1.23
=¢ |: ge L ] ( )

T
comprises the 3x3 permittivity and permeability dyadics £, and K, respectively, as
well as the magnetoelectric constitutive dyadics ¢ §, and C Furthelmore we assume
the inclusions are randomly distributed as similarly orlented conformal ellipsoids with
surfaces parameterised as

R,(0,6) =nU - R(6,¢), (1.24)
where R_(@, ¢) is the radial unit vector depending on the spherical polar coordinates
and ¢, U is a real-valued symmetric shape dyadic, and 7 is a linear measure.

A mathematical construct of key importance in homogenisation formalisms is the
singularity of the free-space dyadic Green function, i.e., the depolarisation dyadic
D. The depolarisation dyadic associated with a U-shaped exclusion volume in a
bianisotropic medium with constitutive dyadics ¢, £, ¢ and p, is given as [29]

D D
D: [ “—ee —em } . (1.25)
- L D
—me —_—mm
where
—7-1 .y . —\T '
2)\)\’ —g 2)\)\: (g ) ) (}" A= €, m)> (126)
and
2m Q4 q g)gg sinf, do, d
D, =— / f @1, D4l swbydhydpy
Noodmiw gm0 Jo=o (@€ D@ D - (@8 DE-¢ D
with
€=U e U f=UH U, =TT
:’:(g_l)T'g'g_la :ee:gl’ gem=_§11 zme:__z.v’ _mngl
(1.28)

Parenthetically, we note that depolarisation dyadics associated with cylindrical ex-
clusion volumes in anisotropic mediums have also been developed recently [30]. These
may be used to develop homogenisation formalisms pertaining to composites consist-
ing of needle— or disk—shaped inclusions; however, this matter will not be considered
here.
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1.3.2 Maxwell Garnett formalism

The MG homogenisation formalism has been extensively applied, despite being re-
stricted to dilute composites [1]. In the general case of a bianisotropic composite, in
which the inclusion and host phases are characterised by the constitutive dyadics Il

and K, respectively, and the ellipsoidal inclusion geometry is specified by the shape
dyadic U, we have [31]

-1
K,o=K,+fa” - (I-iwf,D" o), (1.20)

as the MG estimate of the constitutive dyadic of the HCM. The term

f— ] ==h

at = (gaﬁ__lg_b) . [;ng’/"- (K ~K )]’1, (1.30)

in (1.29) is a generalised polarisability dyadic, and __QU/ b (21/ %) is the depolarisation
dyadic associated with an exclusion volume specified by the shape dyadic U (), in
the phase b host medium.

1.3.3 Bruggeman formalism

The Br homogenisation formalism has the advantage over the MG formalism in that
it applies for all volume fractions f, € (0,1) [5]. A characteristic feature of the Br
formalism is that the inclusion phase and host phase are treated symmetrically. Con-
sequently, when dealing with the Br formalism both the inclusion and host phases may
be assumed to have particulate topologies and the distinction between the “inclusion”
and “host” phases is rather artificial (although, for convenience, we will continue to
refer to phases a and b as the inclusion and host phases, respectively).

For bianisotropic composites, arising from particulate component phases a and b
of ellipsoidal topology characterised by the shape dyadics U* and Q’} respectively, the
Br estimate of the HCM constitutive dyadic K 5, 18 obtained by solving the nonlinear
equation

fa ga/Br 4+ fb%b/Br — g (1.31)

The generalised polarisabilities in (1.31) are

o = (K, -K, ) - [1+in” - (K, -K, )] (08

T N b T -1
Q!B = ("Eb—EBT) . [;-l-zw]__Q_U /Br (gb_?(__m)] . (1.33)
and D"/ (DV"/B") is the depolarisation dyadic of a U -shaped (U ,-shaped) exclu-
sion volume in the HCM with constitutive dyadic K "

The usual method of dealing with (1.31) is to apply the simple Jacobi technique
[32], by which an iterative solution is developed as

K, [=TK,R-1), n=1,2..), (1.34)
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with the initial value K , [0} = K, . and the operator 7 defined as

T, = {AK, [rranr e (g, ok, )]

fo [lﬂ'ng"/Br. (Eb—K )]_1}—1. (1.35)

1.3.4 Incremental and differential Maxwell Garnett formalisms

The IMG homogenisation formalism is a recent refinement of the MG formalism in
which the HCM is built incrementally, by adding the inclusion phase not all at once
but in a fixed number (V) of stages [8, 9]. After each increment, the composite is
homogenised using the MG formalism. Thereby, the IMG formalism cures one of the
major limitations of the MG formalism, namely the restriction of its applicability to
modest proportions of inclusion density. We have the iteraction scheme

—1
Kln+1] = Kn]+6a%" - (;—z’wdgﬂn .g_a/n) , (n=0,1,...,N—1),

B (1.36)
where we set § = 1 — f,/" and K[0] =K,. In (1.36), a*/" is the polarisability dyadic

of a U-shaped inclusion relative to a medium with constitutive dyadic K [n], i.e.,

o/ = (K, ~Kln]) - [I+wD" - (K,-KW)]", @3

while 21/ " (QU/ ") is the depolarisation dyadic of a spherical (U-shaped) exclusion
region in the medium with constitutive dyadic K [n]. The IMG estimate of the HCM
constitutive dyadic

.K—_.IMG =KI[N], (1.38)

follows after N iterations. All numerical IMG results presented in this thesis were
computed for N = b iterations.

The DMG homogenisation formalism arises from the IMG formalism in the limit
N — co. That is, the DMG estimate of the HOM constitutive dyadic K o 18 given
via the ordinary differential equation

K@) = ot (1.3

with initial value K (0) = K . In (1.39), v is a continuous variable representing the
inclusion volume fraction and g“/ Y is the polarisability dyadic of a U-—shaped inclusion
relative to a medium with constitutive dyadic K (v). The particular solution of (1.39)
for which v = f,; is the DMG estimate; i.e.,

K o= K (). (1.40)
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1.3.5 Comparison of homogenisation formalisms

Extensive numerical calculations have revealed that the IMG and DMG estimates of
HCM constitutive parameters are bounded by the corresponding MG and Br estimates
and that the IMG values rapidly converge to the DMG values as N — oo [9]-{11].

Significant differences between the MG, Br, IMG and DMG estimates of HCM
constitutive parameters arise when there is strong electromagnetic contrast between
the component phases. In such cases the most appropriate choice of homogenisation
formalism depends on the composite microstructure and numerical considerations:
For a low concentration of ellipsoidal inclusions embedded in a simply connected host
medium, the basic MG formalism is suitable; at higher inclusion concentrations the
MG is invalid and the IMG/DMG formalisms are preferable to the Br as their imple-
mentation involves simpler and more robust algorithms. Where the topologies of the
inclusion and host phases are both envisaged as ellipsoidal, and particularly where the
composite is expected to show a percolation threshold, the Br formalism is the most
appropriate.




Chapter 2

A Homogenised Chiroplasma

Composite

2.1 Introduction

Chiroplasmas, along with chiroferrites, are examples of mediums which belong to the
general class of Faraday chiral mediums. This classification term was introduced in
1992 by Engheta et al. [12] in an attempt to describe a material combining natural op-
tical activity — as exhibited by isotropic chiral mediums [33] — with Faraday rotation
displayed by gyrotropic mediums [28]. Chiroplasmas and chiroferrites were theoreti-
cally conceived as composite mediums [12] comprising, respectively, chiral objects ei-
ther immersed in a magnetically-biased plasma or embedded in a magnetically—biased
ferrite. The frequency—domain constitutive relations of Faraday chiral mediums were
rigorously developed more recently [34].

In this chapter a detailed numerical investigation of the constitutive parameters of
a chiroplasma is presented [11]. In particular, the relationship between the structure
of the HCM’s constitutive dyadics and the constitutive parameters and topology of the
constituent mediums is explored. It will be demonstrated that the incorporation non—
spherical component phase topology leads to a generalisation of the HCM structure,
beyond the concept of Faraday chiral mediums. This study complements and extends
previous numerical studies relating to chiroferrites [35, 9].

2.2 Homogenisation preliminaries

We consider a chiroplasma HCM arising from two component phases: Component
phase a is taken to be an isotropic chiral medium with

B = —i(copo) € E+ pop° H, (2.2)

D = ee® E+i (eopo) V2 E° H., (2.1)

10
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as its constitutive relations [33], where €°, u® and £¢ are the relative permittivity,
relative permeability and the chirality parameter, respectively. A magnetically—biased
(cold) plasma described by the constitutive relations [28, 36]

D=¢ [l—-idu, x I+ (& —)u,u,]| E, (2.3)
B =’ H, (2.4)

where €, b, € are relative permittivity scalars and 4 is the relative permeability
scalar of the plasma, is selected as component phase b. The cartesian unit vector u,
is parallel to the quasi-magnetostatic biasing field of the plasma.

Only component phases based on spherical topology are considered in Section 2.3,
while the influence of non-spherical inclusions is explored in Section 2.4. The MG,
Br, IMG and DMG homogenisation formalisms are all utilised to estimate the 3x3
constitutive dyadics of the HOM chiroplasma (g , . & , ¢ é"‘__ HCM), which

i o : S mon’ Laom
are related in the general bianisotropic constitutive relations

£ §_HGM el (2.5)
B EHCM.”H_' (2:6)

o
Q

fw o
1
o> lien

[

Q

E

2.3 Numerical homogenisation studies

2.3.1 Constitutive structure of a chiroplasma

Where the component phases are endowed with spherical topology, all four homogeni-

sation formalisms (MG, Br, IMG and DMG) result in a HCM with the 3x 3 constitutive
dyadics

gHC‘M = G [eHGﬂ/Ii - u x I + ( qoM EHCM) u, yzz] ) (2.7)
QHCM’ =3 (EQ,UI )1/2 [gHCMI _ ZfHCM‘U; X I + (fHCM o §HC'M) Qzﬁz] : (28)
€ ong = " (€olto VR [HOM — GeHOM y s [+ (EHOM — gHOMY gy o ], (2.9)
gHG‘M = Ho [N'HOM£ szCMu X I + ( M P’HCM) E&zl&z] . (2.10)
Thus, the HCM combines gyrotropic anisotropy (through the dyadics ¢ and
& HCM

with gyrotropic-like bianisotropy (through f and C 37, 22]. Fur-

B o

thermore, it is clear that the chiroplasma HCM 1nher1ts the nonrec1proca1 nature of
the constituent plasma, despite the fact that the magnetoelectric properties of the
HCM are attributable to the chiral constitutive medium which is reciprocal. A similar
finding was reported for the chiroferrite composite medium [35]. In view of the de-
velopments in Section 2.4, it should be emphasised, however, that the special form of
(2.7)—(2.10) applies strictly only if the constituent mediums are visualised as having a
particulate spherical topology.

We begin our detailed numerical investigations by considering component mediums
which are intrinsically nondissipative. For the plasma we choose ¢ = 3, & = 1,




CHAPTER 2 A HOMOGENISED CHIROPLASMA COMPOSITE 12

ep = 1.5 and fip = 4, whereas the permittivity and permeability of the chiral medium
are given by ec = 5 and /ic = 1.5, respectively. Figure 2.1(a) shows the behaviour of
the three non-zero elements of £~ * for a composite with the volumetric proportion
of the chiral medium selected as fa = 0.3 while the chirality parameter £c is varied
from —2 to +2. Figure 2.1(b) assumes the same parameters but for the difference
that £c is now assigned a fixed value of 1.5 and the variation is with respect to the
volumetric proportion fa of the chiral constituent in the HCM. Consequently, fa = o
corresponds to a HCM which is purely the plasma medium, whereas fa = 1 is an HCM
that is identical to the chiral medium.

[b]
Br
IMG

DMG

MG 1.
1

Figure 2.1: Estimates of constitutive parameters of a composite medium comprising
a plasma: ep = 3, ep = 1, @ = 1.5, np = 4 and an isotropic chiral medium: ec = 5,
/ic = 1.5. Plotted are £HCM"£"CM, (M (a) as functions of £c for fa = 0.3 and (b)

as functions of fa for £c= 1.5.

The diagrams show clearly that the magnetoelectric dyadics of the HCM have ac-
quired a gyrotropic structure due to the interaction between the (dielectric) gyrotropy
of the plasma and the isotropic magnetoelectric property of the chiral medium. Fig-
ure 2.1(a) shows that the HCM magnetoelectric scalar parameters are linearly propor-
tional to the chirality parameter and vanish, as expected, for the value £c = o, while
Figure 2.1(b) reveals that the maximum effect of anisotropy is reached for a volumetric
proportion fa & 0.5. We note that the graphs in Figure 2.1(b) are also consistent with
those of Figure 7 of [10] in which a chiroplasma was briefly considered as part of a
review of recent developments in the homogenisation of linear bianisotropic composite
materials.

Figures for the estimates of the constitutive parameters of_c s and £LHCM are
not reproduced because (i) they show only little variation with respect to £c and (ii)
as functions of fa they show approximately linear behaviour between their respective
values that are required at fa= 0 and fa = 1. The graphs in Figure 2.1 also reveal
a close agreement between all four homogenisation formalisms: MG, IMG, DMG and
Br. Indeed, for all computations carried out in the present study a high degree of
consistency was found between the four formalisms; for clarity, only results from the
Br and DMG formalisms are displayed in subsequent graphs.
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2.3.2 Influence of dissipation

We consider the influence of dissipation from two perspectives. Firstly, we take a
nondissipative plasma described by €? = 3, € =1, el = 1.5 and pP = 4 mixed with a
dissipative chiral medium given by € = 5(1 + id), £° = 1.5(1 +44) and pu¢ = 1.5(1 +
i6). The corresponding real and imaginary components of the magnetoelectric HCM
constitutive parameters are plotted in Figure 2.2(a) and Figure 2.2(b), respectively, as
d varies in the range 0 < § < 1 with f, = 0.3; and the imaginary components of £#M
gHOM | ¢HCM are plotted as functions of f, for § = 0.5 in Figure 2.2(c). As might
be anticipated, the imaginary components of the magnetoelectric HCM constitutive
parameters are more strongly dependent on ¢ than are the real components, and they
increase approximately linearly as both § and the volumetric proportion of dissipative
chiral medium increase. The HCM constitutive parameters not displayed in Figure 2.2
behave in a similar manner to those which are.

T .
0.5} Ref gHCM}-""'""""'"3""“'-[-31‘..,___*_._m.:“ﬁ ------
0.4 I -
0.3f Re{§H™ F
.......... —
0.2 -
0.1
0.1} Ref ‘K;ECN}
0 -
0 0.2 0.4 0.6 - l
3
w
0.6 fel _im{ghon .
ol -:--:"‘,".
R P
0 -.q.--—iij:"..,,. ‘‘‘‘‘‘‘‘‘‘‘‘‘ ];C; “
‘‘‘‘‘‘‘‘‘‘‘‘ 10 Im{ £}
-0.2¢ Tl N
-0.4 o
-0.6 Tm{ ERH
0 0.2 0.4 = -

Figure 2.2: Estimates of constitutive parameters of a HCM comprising a nondissipative
plasma: ¢ = 3, € =1, el = 1.5, f = 4; and a dissipative chiral medium: € =
5(1416), & = 1.5(1 +d), u° = 1.5(1 +i6). Plotted are the (a) real and (b) imaginary
components of E#CM, (HOM ¢HOM a5 functions of § for f, = 0.3; and (c) imaginary

EHCM gHCA/I HCM
EY)

components of » &g as functions of f, for § = 0.5.

Secondly, when the influence of dissipation is viewed from the alternative perspec-
tive in which a nondissipative chiral medium (e = 5, £&¢ = 1.5, p° = 1.5) is mixed with
a dissipative plasma (e? = 3(1 +10), &, = 1 +1d, € = 1.5(1 i), 47 = 4(1 + i4)),
an analogous picture to the first emerges. The corresponding imaginary components
of the magnetoelectric HCM constitutive parameters are plotted as functions of § for
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> e |

e .3110 Tm{EHCH " e
10 Im{égCM}. ....... - . 0 {&g ’A'.}:,. - -

- . .,

- -

Figure 2.3: Estimates of constitutive parameters of a HCM comprising a dissipative
plasma: €@ = 3(1+1d), €}, = 1+16, ¢ = 1.5(1+1d), P = 4(1+16); and a nondissipative
chiral medium: € = 5, £&¢ = 1.5, u® = 1.5. Plotted are the imaginary components of
EHOM | ¢HCM | ¢HOM a5 functions of (a) & for f, = 0.3 and of (b) f, for § = 0.5.

fo = 0.3, and of f, for 6 = 0.5 in Figures 2.3(a) and 2.3(b), respectively. As above, the
imaginary components of /M, (fOM (HOM ‘g5 well as the imaginary components of
all other HCM constitutive parameters not displayed in Figure 2.3, increase in magni-
tude approximately linearly as § increases. The real components of the HCM constitu-
tive parameters for the nondissipative chiral medium/dissipative plasma case are prac-
tically indistinguishable from those for the dissipative chiral medium/nondissipative
plasma case.

2.3.3 Gyrotropy parameter

We next turn our attention to the way in which the plasma parameter ¢ endows the
HCM with its gyrotropic nature. We choose constituent medium parameters: €? = 3,
et =1and pf =4; ¢ =5, & =1.5and u® = 1.5. The computed values for the scalar

parameters of the dyadics ¢ on 2nd € aon 2Xe plotted as functions of e for f, = 0.3

in Figures 2.4(a) and 2.4(b), respectively. Clearly, the gyrotropic nature of the HOM is
absent for el = 0; as ¢ increases, the degree of gyrotropy of the HCM (as reflected by
elCM and ¢HOM) increases in an approximately linear fashion, while the diagonal terms
of ¢ e 8nd g — remain approximately unchanged. The corresponding parameters

HOM relative to €#°M as compared with

the increase in €b relative to €” is displayed in Figure 2.4(c) for f, = 0.25,0.5 and

HOoM
g

relative magnitude of € and the dependency decreases as the volumetric fraction of

c
of Eoo behave similarly. The increase in €

0.75. The relative magnitude of ¢ is approximately linearly proportional to the

the non—gyrotropic constituent medium increases.
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Figure 2.4: Estimates of constitutive parameters of a composite medium comprising
plasma and isotropic chiral mediums: ¢ =3, 2 =1, u? = 4; ¢ = 5, £ = 1.5, u¢ = 1.5.
Plotted are (a) "M, M, fOM and (b) £#OM, ¢HOM  ¢HCM g5 functions of €? for
fo = 0.3. The relative magnitude of HCM gyrotropic scalar /™ is plotted against
the equivalent plasma medium quantity in (c) for f, = 0.25,0.5,0.75.

2.4 Beyond Faraday chiral mediums

In Section 2.3, spherical chiral inclusions were assumed for all calculations. We now
investigate the influence of non-spherical inclusion shapes on the HCM properties.
With the same basic constituent parameters as before (i.e. € = 3, el =19, ¢ =1,
pP = 4; € = b, £ = 1.5, u¢ = 1.5), we now consider the case where the inclusion phase
o consists of spheroidal particles characterised by the shape dyadic

UABA —

o O
o g o

0
0o |. (2.11)
A

(In the case of the Br formalism, as previously, a spherical geometry is assumed for
the host plasma medium). We find that the HCM constitutive dyadics are no longer
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of the form specified by (2.7)—(2.10), rather they are of the more general form:

(HCM  HOM
11 12
Crem =6 | —eM M0 : (2.12)
0 0 oM
ERCM EfeM 0
éHCM = i(copta)'’? g™ M0 : (2.13)
0 o e
_gHOM  cHCM 0
Cpon = Heop)? | EBOM —ggem 0| (2.14)
0 0 _ é*:gCIV[
MﬁCﬁ.’[ MgCﬂf 0
oo = Ho | —pEM pffM 0 - (2.15)
0 0 oM

The scalar parameters computed for the dyadics ¢ HOM ¢ and u are
= SHCM SHOM

plotted as functions of B/A for f, = 0.3 in Figures 2.5(a)—(c), respectively, and as

functions of f, for B/A = 2.5 in Figures 2.6(a)~(c), respectively. At the point B/A =1

the spheroidal shape becomes spherical and the HCM constitutive dyadics revert to the

3.5 rzigm
glicu eif 0.5 e B R S T
3 "\;ch '''''''''''''''' -
0.4} 21
2.5 tel 0.3 3 e -

0.5 1 1.5 2 2.5
B/A

Figure 2.5: Bstimates of constitutive parameters of a composite medium comprising
plasma and isotropic chiral mediums: e =3, ) = 1.5, ¢l =1, pif = 4;¢* =5, {¢ = 1.5,

u¢ = 1.5; with spheroidal inclusions described by shape dyadic QABA. Plotted are (a)

HCM _HCM _HCM _HCM. HCM ¢HCM ¢HCM ¢HCM ¢HCM. HCM , HCM
€117 5 €99 4 €337, €12 a(b) 1M & ™, &7, E5M, &40 (o) ™M, g™,

pBOM - BEOM a5 functions of B/A for f, = 0.3.
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form given in (2.7)—(2.10), as is apparent from Figure 2.5. However, as B/A deviates
from unity so the HCM becomes more unlike that specified by the dyadics (2.7)-
(2.10). This deviation from (2.7)—(2.10) is most marked for intermediate volumetric
proportions of chiral inclusion medium and diminishes as f, tends to unity or zero.

5 g
et w-“""'.": e
Lo “‘- .
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Figure 2.6: As for Figure 2.5 but with constitutive parameters plotted as functions of
fo for B/A = 2.5,

If the above calculations are repeated using the shape dyadic

UAAB —

o O o
o o

0
01, (2.16)
B

then the HOM constitutive dyadics retain the form of (2.7)—(2.10). The crucial differ-
ence between the two shape dyadics being that for QAAB the distinguished spheroidal
axis is aligned along the direction of the quasi-magnetostatic biasing field of the plasma

whereas for U484

it is perpendicular to the biasing field.

It is also clear that an even richer constitutive structure than expressed through
(2.12)—(2.15) will arise for the HCM if none of the principal axes of the spheroidal in-
clusions coincides with the direction u, any more. The consequence of non-zero entries
in the 13, 23, 31 and 32 slots of U*P# and U*#% in (2.11) and (2.16), respectively,
will lead to general dyadics in (2.12)—(2.15). While such possibilities provide many

interesting scenarios, these will not be pursued here.
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2.5 Concluding remarks

A detailed numerical study of a chiroplasma composite arising from the homogenisation
of a magnetically—biased plasma and an isotropic chiral medium has been presented.
Where the component phases are based on spherical topology, the HCM falls into the
category of Faraday chiral mediums; more general HCM structures develop in the case
where the inclusion phase is based on non—-spherical topology.

We note that both the Faraday chiral medium structure (2.7)—(2.10) and the more
general HCM structure (2.12)—(2.15) are consistent with the Post constraint (1.19)
[25]-[27].

The studies of the chiroplasma presented here complement investigations on chiro-
ferrites in which the plasma is replaced by a magnetically—biased ferrite. Both chiro-
plasmas and chiroferrites provide promising conceptualisations of novel composites for
use in a variety of microwave technologies. Homogenisation studies as reported here
are important stepping stones (i) to a better understanding of how the constitutive
properties of HCMs depend on constitutive properties and topology of the constituent
mediums, and (ii) towards the evaluation of the performance of different homogenisa-
tion formalisms themselves.




Chapter 3

Biaxiality in Homogenised

Composite Mediums

3.1 Introduction

The notion of biaxiality is well-established in classical optics and crystallography,
providing as it does the classification for orthorhombic, monoclinic and triclinic struc-
tures [38, 39]. Recent theoretical studies of electromagnetic biaxiality have focussed
on Green functions' [40]-[42], depolarisation dyadics [43, 30] and wave propagation
[44]-[48]. This chapter pertains to the conceptualisation of biaxial composite mediums
through the process of homogenisation. We consider in detail the relationship between
biaxiality and the geometry, orientation and composition of the component mediums,
and explore symmetries in the constitutive dyadics of the biaxial HCMs. Specifically,
we investigate scenarios where the particulate component phases are themselves non—
biaxial but collectively they present two noncollinear distinguished axes. The distin-
guished axes of the component phases may arise due to their intrinsic electromagnetic
properties or from the particulate geometries.

The development of biaxial composites through the homogenisation of assemblies
of parallel ellipsoidal inclusions is a familiar concept in the purely dielectric regime: A
brief review of early studies is provided by Ward [5]. Of particular historical interest
is the analysis of arrays of parallel dielectric ellipsoids by Wiener [49] (reproduced in
[1]). In the context of purely dielectric biaxial HCMs deriving from metallic ellipsoidal
constituents, Sherwin et al. [50] recently investigated the percolation phenomenon.
Further background material on composites with ellipsoidal inclusions may be found
in [2]. However, a detailed parametric study of the conceptualisation of biaxial HCMs,
relating both the intrinsic electromagnetic properties and the topological structure
of the constituents to the HCM form, has not been reported previously. Such an
investigation is reported in Section 3.3 [13], where we concentrate on relatively simple

1Obtaining the infinite-medium dyadic Green function of a biaxial dielectric medium remains an
unsolved problem [24].

19
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constituent mediums with a high degree of electromagnetic and particulate symmetry.
Thus, we consider only constituent phases which are, individually, either isotropic or
uniaxial with respect to permittivity and comprise particles of ellipsoidal, spheroidal
or spherical shape.

The studies of Section 3.3 are extended in Section 3.4 in two ways [14]: (i) allowance
for dissipative processes is made in the constitutive properties of the component phases;
and (ii) fully anisotropic biaxial HCMs are considered by perusing mediums with
dielectric and magnetic constitutive properties as constituents in the homogenisation
procedure. Thereby, a generalised anisotropic biaxial structure, for which principal
axes of real and imaginary parts of the permittivity and permeability constitutive
dyadics do not coincide, is developed.

The process of generalisation is completed in Section 3.5 where biaxiality in the
case of fully bianisotropic HCMs is considered [15]. A generalised biaxial bianisotropic
structure, characterised by 45 real-valued parameters, is presented. Complex sym-
metries are highlighted in the constitutive dyadics of the HCMs which would not be
anticipated from a familiarity of the dielectric or dielectric-magnetic cases described
in Sections 3.3 and 3.4, respectively.

In the present investigations the Br homogenisation formalism has been adopted
since, unlike the MG, IMG and DMG approaches, it permits the particulate shapes of
the constituent mediums @ and b to be varied independently. Except where explicitly
stated otherwise, an inclusion volume fraction f, = 0.3 was used for all calculations.

3.2 Characterisations of biaxiality

The relative permittivity dyadic of a nondissipative biaxial dielectric medium may be
represented by [48] (see also [28, 41])

gbi - p5£ + qe(-i—"’m—@n + '—@nﬁm) ’ (3.1)

where p. and ¢. are dimensionless real-valued permittivity scalars. Also, u,, and u,
represent two real-valued unit vectors which may be described in terms of spherical
polar coordinates as

Uy, = i 0 COS Py Uy, + sin O, sin @ u,, + cos b u,, (k =m,n). (3.2)

The advantage of (3.1) over the widely—used diagonal dyadic representation of biaxial
permittivity (see, for example, [51])

11

pi = Eolloly + Gl Uy + €U, U, (3.3)

is that the representation (3.1) affords an immediate crystallographic interpretation:
the unit vectors u,, and u,, give the two privileged directions in which monochromatic
plane waves propagate with only one permissible group velocity; i.e., u,, and u, lie
along the directions of the optic ray azes 38, 13].
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In the absence of dissipation (i.e., pe, ¢c, €z, €y, €, € R) the equivalence of representa-
tions (3.1) and (3.3) may be straightforwardly shown through diagonalisation of (3.1).
In geometrical terms, the three possible diagonalisations may be achieved by choosing
the coordinate frame such that u,, and u, lie in one of the three coordinate planes
with the plane axes bisecting u,, and u,. Therefore, there are three possibilities:

(i) u, and wu, lie in the zy plane with ¢,,, = 7 — ¢, = ¢
€y = (Pe — 20c 08 d)uzty + (pe + 2¢esin® PJuyu, + pew,u, s (3.4)
(ii) u,, and w, lie in the yz plane with 8,, =7 — 6, =0
€, = Peliy, + (D + 2qcsin® B)u,u, + (pe — 2g. cos® O)u,u, ; (3.5)
(iii) w,, and u, lie in the zz plane with 6, =7 — @, = @
€,; = (Pe -+ 2gesin” O)u uy, + pe,uy, + (pe — 24 cos® O)u,u, . (3.6)

A diagonal representation equivalent to (3.1) can thus be established. Note that the
nondissipative biaxial permittivity is characterised by three real-valued parameters in
both representations: €, €, ¢, in (3.3) and p, ¢, ¢ or @ in (3.4)—(3.6), respectively.
The presence of dissipative processes complicates matters. If we consider repre-
sentations (3.1) and (3.3) with p., g, €, €, €, € C, the diagonal forms (3.4)—(3.6) still
hold but — in trying to establish a correspondence between the different representa-
tions — solving (3.3) and (3.4)—~(3.6) for & or ¢ leads to #,¢ € C in general. This
would clearly conflict with our physical interpretation of u,, and u, as real-valued
unit vectors. This problem can be overcome by extending the representation (3.1) to

€, =& +ie (3.7)

=bi
with
€5 = a¥ I+ 0¥ (uful + uluX), (x =71), (3.8)

wherein a¥ and b¥ are real-valued scalars, and u¥, and uX are real-valued unit vectors
that can be represented in the standard form (3.2). If we similarly express the complex
form of (3.3) as

g, =& +iE (3.9)

=bi?

where € ZZ and € ;z are real-valued diagonal dyadics, then, as in the non—dissipative case,

we can identify é;ﬂ with a diagonalised form of ¢ Zi (with real-valued u, and ul,), and
€ ii with a diagonalised form of gibi (with real-valued u!, and u). As with the complex
diagonal form (3.9}, the equivalent permittivity representation (3.7) is specified by six

real-valued parameters: diagonal forms of €. and €, are each specified by two real

permittivity scalars (a?,b” and al, b, respectively) and one real angle (the half-angle
between uf, and u!, and between ul, and u!, respectively). Observe that, depending
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on the relative magnitudes of the diagonal terms in (3.9), the process of diagonalising
(3.7) may involve choosing u!, and !, to lie on a different coordinate plane from that
of u!, and u.

Biaxial dielectric mediums described by permittivity dyadics of the form (3.9) be-
long to the orthorhombic class of crystals [52]. In this class the three basis vectors
defining the primitive unit cell of the Bravais lattice are mutually perpendicular. How-
ever, there are more general classes of biaxial crystal structure: if only two of the basis
vectors are perpendicular then the structure is called monoclinic, while for triclinic
structures there are no pairs of perpendicular basis vectors. In the case of dissipative
monoclinic and triclinic biaxial materials the principal axes of the real and imaginary
parts of ¢,. do not coincide [7]. Thus, for the most general dissipative biaxial dielec-
tric structure, nine real-valued parameters are required to characterise the material
permittivity: three scalars for each of the diagonal forms of €}, and £}, and a further
three Bulerian angles relating the principal axes of g}; to those of };. For the general
case we may write either

el 0 0 el ap oy
~p 1 ~t il
€.,=1 0 € 0 |, €,= | a1 ¢ @ | (3.10)
| 0 0 621 Qg (3 6’21 i
or ) ) ) 3
€2 B B e 0 0
&=\ p €2 B =10 €2 0 (3.11)
=bi LBy 3 =bi Y ’
72 12
L ﬁZ :83 €& L 0 0 €

where all dyadic entries in (3.10) and (3.11) are real-valued.

Representations (3.10) and (3.11) are equivalent to representations of the form (3.7)
for the case where only one of the pairs u!, and u’ or u!, and u! lies in a coordinate
plane with plane axes bisecting the unit vector pair, and the other unit vector pair lies
in an arbitrary position. For example, selecting u, and u!, to lie in a coordinate plane
with plane axes bisecting u;,, and u! results in the diagonalisation of €,, while the
arbitrary position of u;, and u}, gives rise to a general symmetric form for € In this
case ¢ . is specified by nine real parameters: the diagonalised €, is defined by two scalar
permittivities along with the half angle between u!, and v}, and €, 1s specified by two
scalar permittivities together with the four angles defining the arbitrary positions of
ul, and 4, (i.e., 6%, 0%, ¢, and ¢},). Thus we have a representation equivalent to (3.10)
and specified by the same number of real parameters. An equivalent procedure may
be applied in the case of representation (3.11).

We conclude that (3.7) provides a convenient and physically—insightful character-
isation of dissipative biaxial dielectric mediums. The detailed discussion so far was
limited to dissipative biaxial dielectric mediums and revolved around the structure
of the relative permittivity dyadic ¢ ,;- Later in this chapter, when we consider biax-
ial anisotropic and bianisotropic mediums, representations analogous to (3.7) shall be
adopted for the relative permeability and magnetoelectric constitutive dyadics.




]
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3.3 Nondissipative dielectric properties

We begin our study of biaxial HCMs by considering the simplest case, namely that of
nondissipative dielectric materials [13]. Thus, in this section we consider only compo-
nent phases characterised by real-valued permittivity dyadics ¢ . and ¢ ;- Lhe exclusion
of dissipative effects constitutes an often—used approximation in parametric homogeni-
sation studies. Furthermore, we restrict the electromagnetic material properties of the
component phases to be either isotropic or uniaxial. Correspondingly, all host and

inclusion mediums considered here, can be characterised by permittivity dyadics of
the form

€8 cos® g+ €psin® Ay (€% — €;)sinAp cos Ay 0
€,= € | (€ —e)sindycoshg eFsin® A +ecos?, 0 |, (¢ =a,b), (3.12)

0 0 €y
where € and ¢; are scalar permittivity parameters. The distinguished permittivity
axis lies in the zy plane at an angle )\, to the = axis. The dyadic (3.12) is of general
uniaxial form; letting the distinguished axis coincide with the z axis (i.e., setting
A¢ = 0), reduces (3.12) to the more commonly used form ¢, = diag (¢f, e, ). Also,
the isotropic limit is achieved for €} = ¢;. Permeability is simply taken as the vacuum

value pig.

Throughout Sections 3.3.1-3.3.2 the, in general, ellipsoidal shapes of the particles

comprising component phases a and b are characterised by the shape dyadics Qa and
U, respectively, given as

g cos? 1y + Besin® by (ap — Be) sintppcosypy 0
U,= | (ce— Be)sintpecosipy cysin®ehy + Gecos?ep, 0 |, (¢ =a,b), (3.13)

0 0 Ye
where a, B¢ and -y, represent the ellipsoid semi—axis lengths. The specialisation 8, = ¢
leads to a spheroidal shape and in which case we refer to the semi-axis of length o
as the spheroid azis; whereas oy = (B = -, represents spherical constituent mediums.
Semi-axes of lengths oy and f; lie in the zy plane with the o, semi-axis at angle ¥,

to the x axis; the <y, semi—axis is aligned with the z axis.

In Sections 3.3.1 and 3.3.2 we explore two methods of attaining a biaxial HCM in
which both the host and inclusion mediums are isotropic dielectric. Directional effects
are introduced by choosing non-spherical shapes for the constituent particles. In
Section 3.3.3 then we look at a situation where the distinguished axes in the constituent
mediums do not arise from the shape of the particles themselves but from their intrinsic
uniaxial permittivity. Finally we investigate two mixed cases in Sections 3.3.4 and 3.3.5
where the two distinguished axes have different sources: one electromagnetic and the
other topological.

The permittivity dyadics for all HCM structures arising in Sections 3.3.1-3.3.5 have
the biaxial form

€ prons = €0 [ PeL + Qeltlmlin + L) ] (3.14)




CHAPTER 3. BIAXIALITY IN HOMOGENISED COMPOSITE MEDIUMS 24

where pe, ge £ R and the unit vectors um and un are given by (3.2) with Om = 70n = 0
and (fim— —o ?i.e.,

um = sin 6 cos + sino sin (fuy + cos Ouz, (3.15)
un = sin 0 cos (pUx+ sin 0 sin (uy —cos Quz. (3.16)

3.3.1 Isotropic ellipsoidal inclusions/isotropic spherical host

We first consider ellipsoidal inclusions in combination with spherical host particles
where both host and inclusion mediums are isotropic with respect to permittivity. We
choose

eb = €= 12, =0, b= Pb=1b= 1, i>b = 0; 3 17)

e =ea=35,MA=o0, aa=2,Ba=1, m=0.
Values for the dielectric constitutive parameters, i.e., the scalar, relative permittivity
constants pe and gein (3.14) of the resulting HCM along with unit vector angles 0 and
@in (3.15) and (3.16) were computed as the ellipsoid eccentricity increased along the
z axis: 7a ranged from 0.5 to 1. These results are plotted in Figure 3.1(a). With the
exception of the polar angle 0, the HCM parameters show very little variation with ya,
indeed, no variation at all in the case of 0; 0 —>:rv 2 and the HCM becomes uniaxial
as 7a —>1 (i.e., as the ellipsoidal inclusions become spheroidal). In this particular case
the dependency on inclusion volume fraction fa was also investigated: for 7a = 0.5,
the HCM constitutive parameters were calculated as a function of fa over the range 0
to 1 and the results displayed in Figure 3.1(b). The scalar ea shows an almost linear
increase with fa whereas es vanishes as fa tends to o and 1, respectively, and reaches
it maximum value for fa % 0.55. The orientations of um and un are little influenced
by fa: as fa increases, () increases only slightly and ¢ remains constant.

1.5
1.25
1.0

0.5

Figure 3.1: Isotropic ellipsoidal inclusions with isotropic spherical host. Relative per-
mittivity scalars pe and ge (left scale) and angles 0 and ¢ (in degrees, right scale) of
the HCM plotted against (a) inclusion ellipsoid semi-axis 7,, and (b) inclusion volume
fraction fa.
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3.3.2 Isotropic spheroidal inclusions/isotropic spheroidal host

We now look at the homogenisation of isotropic dielectric mediums where both the
host and inclusion phase particles are chosen to be spheroidal. The spheroid axis of
the inclusion particles is set at an angle 1), in the 2y plane to that of the host medium
particles. Specifically, the parameters are

6?26531.2, A[,:G, ab:2, ﬁb:')’bzl, ’gbb:();

3.18
€ =6=35,N=0,0,=2, fo=7%=1. (3.18)

Estimates of HCM parameters pe, ¢., & and ¢ were computed as v, ranged from 0 to 7
radians and the results are plotted in Figure 3.2. The plane in which v, and u, lie, as
given by ¢, rotates about the z axis as 7, increases, whereas the angle between u,, and
U, as given by 2(0 — 7/2), increases to a maximum at 1, = w/2 and falls to 0 as ¥,
tends to 0 and w. At ¢, = 0,7, the spheroid axes of the host and inclusion mediums
are parallel and anti-parallel, respectively; therefore the constituent mediums together
present only one distinguished axis and the resulting HCM is accordingly uniaxial. The
scalars p. and g, are not greatly influenced by ,.

1.5 Pt

150
125

1.0 - o ~~._ {100
-~ , -
0.75 a P | {75
4
o a
0.5 . - 50
0.25 PR it b 25

0

25
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Figure 3.2: Isotropic spheroidal inclusions with isotropic spheroidal host. Relative
permittivity scalars p. and ¢, (left scale) and angles 8 and ¢ (in degrees, right scale)
of the HCM plotted against inclusion spheroid axis angle 1),.

3.3.3 Uniaxial spherical inclusions/uniaxial spherical host

We now turn our attention to the case where both host and inclusion phases comprise
spherical particles of uniaxial permittivity. The angle A\, was varied from 0 to 7 radians
and the corresponding parameters of ¢ Heu’ based on the input quantities

6}?—’—3, E[,:l, Ab=0, th,:ﬂb:’)’b:]., ’lf)b:(};
€e=3, =1, =0u="Y%=1,%=0,
are displayed in Figure 3.3. The scalar permittivity parameters p. and g. are consider-

ably more orientationally dependent than they were in Section 3.3.2. As A\, — 0,7, we
see that # — 7/2 and the scalars p. — 1 and ¢ — 1 and thus the HCM permittivity

(3.19)




CHAPTER 3. BIAXIALITY IN HOMOGENISED COMPOSITE MEDIUMS 26

dyadic acquires the uniaxial form. Unlike the situation in which the distinguished
axes arise from the shape of the constituent particles, the orientation of the plane
containing um and un does not follow the angle of the distinguished permittivity axis
Aa, rather it oscillates about the x axis.

1.25 125
1.0 100
0.75 75
0.5 50
0.25 25

Figure 3.3: As for Figure 3.2 but for uniaxial spherical inclusions with uniaxial spher-
ical host. Constitutive parameters of the HCM plotted against inclusion permittivity
axis angle Aa.

3.3.4 Isotropic spheroidal inclusions/uniaxial spherical host

Here we homogenise spheroidal inclusions with a host medium comprising spherical
particles where the inclusion and host phases are taken to be isotropic and uniaxial,
respectively, with respect to permittivity:

eb=3,eb=1, =0, ab=3F=76=1, ph=0;
@@=ea=35,M=0,0a—2,/a=ya= 1.

As before, the HCM constitutive parameters were computed as a function of the angle
i between the distinguished axes directions in the xy plane; the results are presented
in Figure 3.4. All four HCM parameters display a similar pattern of behaviour with
respect to orientation angle jja as they did in Figure 3.3; the most notable difference
being that the degree of sensitivity on orientation angle is rather less in the present
case.

3.3.5 Uniaxial spheroidal inclusions/isotropic spherical host

Finally we consider the alternative mixed case where we have the inclusions solely
responsible for directional effects: uniaxial spheroidal inclusions homogenised with an

isotropic host medium of spherical particulate topology with chosen values as
eb “ eb= 12, Xb= 0,ab=Ph=1b = 1, =0; . 22)
ex - 3,ea=1, Aa=0,aa= 2, (3a = ya= 1.

In Figure 3.5 the corresponding HCM constitutive parameters are plotted as a function
of angle ipa, the angle between the two distinguished inclusion axes in the xy plane.
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100

50

100

Figure 3.4: As for Figure 3.2 but for isotropic spheroidal inclusions with uniaxial
spherical host. Constitutive parameters of the HCM plotted against inclusion spheroid
axis angle jpa.

As for Section 3.3.4, the plane containing the unit vectors um and un does not follow
the rotation of the distinguished axes, instead it oscillates about the x axis; however,
here it oscillates in the reverse sense. As with all previous results, uniaxiality results

when the two distinguished axes in the component mediums become collinear (i.e., for

T = 0, 7).

100

50

25 50

Figure 3.5: As for Figure 3.2 but for uniaxial spheroidal inclusions with isotropic
spherical host. Constitutive parameters of the HCM plotted against inclusion spheroid
axis angle ipa.

3.4 Dissipative anisotropic properties

We now broaden our investigation of biaxial HCMs, firstly by introducing the effects of
dissipation in Section 3.4.1, and secondly by considering dielectric-magnetic mediums
in Section 3.4.2 [14]. For all calculations presented in Sections 3.4.1 and 3.4.2, the
HCM constitutive dyadics are found to have a biaxial form and we adopt the following
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generalisation of representation (3.7), (3.8) for their characterisation

€ o = €0 Wel + @ (Wietine + unur,) + 1 [Pl + gi(ubuh, + whul )]}, (3.22)

B pony = Mo APLL+ G, + up )+ (DL + 6 (i, + uh,00,)] )5 (3-23)

where pg;ﬁ and q; ;'j are real-valued scalars and we describe the real-valued unit vectors
in terms of spherical polar coordinates

X — gin@¥ X in 0% sin X X
Uxe = sSin6, cos g u, + sin O, sin ¢f, u, + cos 0%, u, ,

(x=r14 k=m,n; c=¢p). (3.24)

The biaxiality of the HCM arises from the fact that the constituent mediums collec-
tively possess two noncollinear distinguished axes. These axes originate from either
the particulate topologies of the component mediums or from uniaxiality in their elec-
tromagnetic constitutive properties. With one exception, in Sections 3.4.1 and 3.4.2
we consider only constituent mediums with distinguished axes lying in the zy plane.
As a consequence, our calculations reveal that the HCM unit vector pairs wX, and

uX, always lie in planes perpendicular to the zy plane with the zy plane bisecting the
angle between uX,, and u¥X.. Therefore, we have the following identities

O = m — O = 65, e = e = O%, (x=r4 c=eu).  (3.20)

The one exception occurs when we consider ellipsoidal inclusions of varying eccentric-
ity; in this case one distinguished axis can lie along the z axis and we shall treat this
as a special case in Section 3.4.1A.

All graphs displayed in Sections 3.4.1 and 3.4.2 are presented with reference to the
key given in Table 3.1.

Table 3.1: Key for Figures 3.6-3.14. X =06, ¢, p or q.

3.4.1 Dissipative biaxial dielectric
A. Isotropic ellipsoidal inclusions/isotropic spherical host

We begin by considering the homogenisation of a nondissipative isotropic host medium
of permittivity ¢, = 1.2¢,1 and spherical topology with a dissipative isotropic inclusion
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medium of permittivity ¢ = (3+ 3i)e, and ellipsoidal geometry characterised by the
shape dyadic U = diag(2,1,v,). The HCM permittivity € yope Was calculated as
the ellipsoid eccentricity varied along the z axis. For this particular example (and no
others) the identities (3.25) do not hold; instead here we take 872 = 7% and ¢l = @7
and plot these angles as a function of v in Figure 3.6. Three distinct regions are
evident. For v, < 1, we have X = m — 6%, and ¢X, = ¢X, = 0, (x = r,1); Le,
the unit vector pairs ug, . and _@ine,m both lie in the zz plane with the plane axes
bisecting both 6}, .. and 65, ... As -y, enters the region 1 < 7, < 2, the unit vector
PAIrs Upe . and y_iwm come to lie in the zy plane and we have 8%, = 60X = =7/2
and @, = —¢X, (x = r,7). Finally for v, > 2, u% _ all occupy the yz plane and

Yme,ne
%, =m— 6% and ¢X, = —¢X, = —7/2, (x = r,i). At points where the inclusion
shape becomes spheroidal (i.e., 7, = 1, 2), the unit vectors g}'}fﬁm all lie on a common

axis and the HCM becomes uniaxial. The scalar permittivity parameters pl* and g
exhibit only a rather weak dependency on ellipsoid eccentricity and are not displayed.
Since, for all values of y,, both the unit vector pair u},, . and the pair u?, . lie in a
coordinate plane with the plane axes bisecting the angles between both pairs, we find
that ¢ . .~ 1s diagonal and hence the HCM belongs to the biaxial orthorhombic class.
This reflects the fact that in this case biaxiality arises from a geometrical structure

based on three mutually perpendicular principal axes, namely the inclusion ellipsoid.

150

100

50

Figure 3.6: Dissipative ellipsoidal inclusion medium with nondissipative spherical host
medium (both mediums isotropic dielectric). HCM unit vector angles 7% and ¢%*
plotted against inclusion ellipsoid semi-axis ,. (Key: X =0, ¢ in Table 3.1).

B. Isotropic spheroidal inclusions/isotropic spheroidal host

Next we consider a second example where both the inclusion and host mediums are
isotropic dielectric but in this instance each component medium presents one distin-
guished axis. We choose a host medium of permittivity ¢ , = 1.2¢,] and of spheroidal
topology characterised by U, = diag(2,1,1), and homogenise with inclusions of dissi-
pative permittivity ¢ = (3+3i)eoL and of the same shape as the host medium particles
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but with principal spheroid axis rotated by i in the xy plane, i.e.,
20 fpa + sill2 Xu sin Jpa (3B jm 0
Ua= sin jpacos ipa 2sin2ijpat-cos2ipa 0 . (3.26)
0 0 1

The defining angles Op/and <gp’ for the HCM unit vectors upff are plotted as functions
of the spheroid axis angle jpa in Figure 3.7. The HCM scalar permittivities ppi and
gp! vary little with ijpa and are not displayed. The variation of O¢ and <2 (and af
and bf) with ijpa is similar to that found for the non-dissipative dielectric case in
Section 3.3.2, and the quantities arising from dissipative processes (9/, @\, a\ and b))
behave in an analogous manner. At the endpoints pa = 0,7, the unit vectors up’en(
all lie on a common line (the x axis) and the HCM has a uniaxial structure. At
the midpoint jpa = 7r/2, we have g = 7t/2 and therefore ¢+ HCM has a diagonal
form and the HCM 1is orthorhombic biaxial. In keeping with the previous example
of ellipsoidal inclusions in Section 3.4.1, the orthorhombic case arises in this instance
when the distinguished axes of the constituent mediums are orthogonal. Aside from
these special cases, we observe 0* + 9\ ~ @ ~ (ol and the biaxial HCM is of the
monoclinic/triclinic type, in spite of the fact that the chosen values were such that

Ree = line (where ¢ =Ree Tzlme ,and Ree ,line are real-valued).
—a —a —a —a —a —a —a
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Figure 3.7: Dissipative spheroidal inclusion medium with nondissipative spheroidal
host medium (both mediums isotropic dielectric). HCM unit vector angles 9p/ and (p!
plotted against inclusion spheroid orientation angle jpa. (Key: X —0, #>in Table 3.1).

Greater differences between 92 and 0%, and between (e and (\, than those displayed
in Figure 3.7 can be achieved by choosing ReeQ” “m"a- expl°re this matter
further by repeating the homogenisation of Figure 3.7 but with an allowance made for
dissipation in the host medium by taking e = 1.2(1 +i6)eOL For a spheroid inclusion
angle of Vu = 70°, the HCM unit vector angles 6¢)/ and <2l and scalar permittivities
aJA and Ppl are plotted against 6 in Figures 3.8 and 3.9 respectively. The point of
interest occurs at 6 = 1 and we find,
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130 65
127.5 63.75
125 0 ___—-{62.5
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Figure 3.8: As for Figure 3.8 but with dissipative host medium. HCM unit vector
angles 67 and ¢ plotted against degree of host medium dissipation 6. (Key: X = 6, ¢
in Table 3.1).

where p is a proportionality constant. At § = 1 the HCM is orthorhombic biaxial
(since ¢ = ¢t), despite the distinguished axes of the constituent medium spheroids
not being perpendicular. Furthermore, the structure at this point is a highly specialised
form of orthorhombic for which e is specified by only four real-valued parameters

EHCM
(07, ¢L, pt and ¢7), although the HCM is both biaxial and dissipative.

2 20
p
1.5 15
P 10 9
0.5 5
q
0 . 0

0 0.2 0.4 0.6 0.8 1 1.2 1.4

Figure 3.9: As for Figure 3.8 but with dissipative host medium. HCM scalar per-
mittivities pi* and ¢”* plotted against degree of host medium dissipation §. (Key:
X =p, ¢ in Table 3.1}.

3.4.2 Dissipative biaxial dielectric-magnetic

We now extend our investigations to the case of dielectric-magnetic materials. Unlike
the previous two examples in Section 3.4.1, here we consider constituents in which
the distinguished axes have an electromagnetic, rather than topological, origin. We
explore the homogenisation of a nondissipative uniaxial host medium with constitutive

dyadics ¢ p = €o diag(3,1,1), B, = Ho diag(3,1,1), and a dissipative inclusion medium
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specified by

3(1+1) cos? A, + (1 +1)sin® A, 2(1 + %) sin A\, cos A, 0
€, =€ 2(1 4+ ¢) sin A, cos A, 3(1+4)sin® Ay + (L +1d)cos® )\, 0 ,
0 0 143
(3.28)
and
3(2+ i) cos® Ay + (2 +14) sin® A, 2(2 + %) sin A, cos A 0
b= Ho 2(2 + 1) sin A\, cos A, 32+14)sin® A + (2+14)cos® N, 0 |,
o 0 0 2+ i
(3.29)

where both host and inclusion mediums have a spherical topology. Notice that the
distinguished axes for the inclusion permittivity and permeability dyadics are par-
allel and lie at angle )\, in the 2y plane to the distinguished axes of the corre-
sponding host medium, which are also parallel. Plotted in Figures 3.10 and 3.11
as functions of A, are, respectively, the defining angles for the unit vector pairs
Uyl ne;muny 80 the corresponding permittivity (pf* and ¢i) and permeability (p7*
and qff') scalars. The general trends displayed by the graphed quantities with re-
spect to A, are the same as those found in the analogous nondissipative case in Sec-
tion 3.3.3. A uniaxial dielectric-magnetic HCM results when the distinguished axes
of the constituent mediums are aligned (i.e., A\, = 0,7). At the point A\, = /2,
the unit vectors pairs ul% s all lie in the zz plane with the plane axes bi-
secting the vector pairs ., Ui Whe Uhe Uy Une and uh w5 thus the HCM
structure is orthorhombic biaxial with respect to both permittivity and permeabil-
ity. With the exception of the special cases A, = 0, 7/2 and =, all eight angles
9"’i and T’i and all eight scalars p? and qe’z have distinct values and the biaxial
HCM is of the monoclinic/triclinic type as regards both ¢ € poa 80d B oonr This most
general biaxial dielectric-magnetic structure arises notwithstanding the numerical val-
ues of the constitutive dyadics of the component mediums being closely related; i.e.,
(1/e)Ree, = (1/e)Imeg, (1/,uo)Imu (I/ZMO)Re;L for all values of )., and
(1/eo)Reg = (1/uu)Im,u = (1/el)e, at /\ =0 and 7. We note, in particular, that
the 1nequahtles ot £ 9’ and ot # ¢r* are not attributable to the presence of dis-
sipation. On repeating these computations for the analogous nondissipative case, the
distinctions between permittivity and permeability angles remain (i.e., @ # 0}, and
Pe # ¢) - In fact, further calculations (not presented here) reveal that the HCM unit
vector angles 67 ’z and ¢, are largely independent of the degree of inclusion dissipation
provided the host medlum is nondissipative.

If both the inclusion and host mediums are taken to be dissipative then, depending
on the ratios of real and imaginary parts of their constitutive dyadics, symmetries can
arise in ¢, - and Bonr To illustrate this point we repeat the homogenisations of
Figures 3.10 and 3.11 but here with a more general host medium characterised by

€, = €o diag(3 + 36, 1 + 46, 1 +140), 1= to diag(3 + 3id,1 + 40, 1 +46) and with a fixed
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angle for the inclusion distinguished axis of A, = 50°. The angles 07 and scalars pl"t ¥
are plotted against § in Figures 3.12 and 3.13 respectively. (The eqmvalent graphs
for qb’c_'; and ggy, " show analogous behaviour to Figures 3.12 and 3.13, respectively, and
are not displayed). The salient features of these two figures (and the corresponding
graphs for ’ﬂ and g¢, : which are not displayed) may be summarised by

(1/e) Reg, = p(1/€,) Img, , (1/e0) Reg = p(1/e) Ime
= =0, di=¢, pi=p, &=¢, (3.30)
and
(1/no) Rep = 0(1/po)Imps (1/Ho)Rep = o(1/po)Imp
= 0, = 9:;; , ¢, = L, (3.31)

where p and o are proportionality scalars. In an analogous manner to the case of
spheroidal inclusions/spheroidal host medium presented in Figures 3.10 and 3.11, the
biaxial HCM structure becomes orthorhombic with respect to permittivity when ratios
of real and imaginary parts of ¢ , and €, are equal. Furthermore, it is an especially
symmetric form of biaxiality involving equalities between the scalar permittivities pl*
and ¢7*. An orthorhombic state with respect to permeability occurs when ratios of
real and imaginary parts of L, and b are equal; however, at this point p* # pt and
¢’ # ¢.. The graphs of pl and pt do Tntersect but not at § = 0. 5 and not at the pomt
where ¢7 and ¢! intersect. (Presumably, the reason why the permittivity scalars pl
and ¢ are equal at § = 1 but the permeability scalars pl¥ and ¢* are not equal at
0 = 0.5 is that at 6 =1, g, and ¢, have the same ‘magnitude’ — in the sense that the
dyadic ¢ , may be transformed into ¢ , Dy rotating basis vectors by 50° in the zy plane
— whereas at d = 0.5, b and L, do not have the same ‘magnitude’).

- A
9

100

50

Figure 3.10: Dissipative inclusion medium with nondissipative host medium (both
mediums uniaxial dielectric-magnetic). HCM unit vector angles 07 ” and plotted
against inclusion distinguished axis orientation angle A,. (Key: X =0, qB in Table
3.1).
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K

Figure 3.11: Dissipative inclusion medium with nondissipative host medium (both
mediums uniaxial dielectric-magnetic). HCM scalar permittivities p/ and ¢/ and

permeabilities pj;* and plotted against inclusion distinguished axis orientation angle
Aa. (Key: X =p, g in Table 3.1).

Figure 3.12: As for Figures 3.10 and 3.11 but with dissipative host medium. HCM

unit vector polar angles 0~ plotted against degree of host medium dissipation 5. (Key:
X = 6 in Table 3.1).

Another type of symmetry in the constitutive dyadics eﬂ*/&’ and [ Hem results

when  is a scalar multiple of p , and ebis the same scalar multiple ofp regardless
of the ratios of their real and imaginary components. We consider an extension to the
uniaxial inclusion/uniaxial host medium homogenisation of Figures 3.10 and 3.11 in
which e is defined by (3.28) with Aa = 50° and here we take (I//p O)p = (Z/e())e ,
a host medlum given by g = e0diag(3 + 1.5z, 1+ 0.5z, 1+ 0.5z) and (l/p ())p 6_ (r]/e())e .
The variation of unit vector angles with increasing p is displayed in Figure 3.14.
An equivalent figure (not shown) can be constructed for unit vector angles ¥ with
the graphs of (e and 0", and of o * and ok, intersecting at the same 7 value as in
Figure 3.14. The graphs indicate that

(l/e0)~u=p{l/p0)Ld UAOk~u=p(l/p0)1ia

=> ot =o0;, # =<+ (3.32)
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where p is a proportionality constant. Observe that, despite the symmetries in € € yom
and B oonr , the HCM 1is not of the orthorhombic biaxial type at n = 2 since ¢, #
¢ o No analogous results hold for the HCM scalar permittivities pi* and ¢, and

permeabilities pj; * and q” .

Figure 3.13: As for Figures 3.10 and 3.11 bu(; with dissipative host medium. HCM
scalar permittivities and permeabilities pE plotted against degree of host medium
dissipation 4. (Key: X = p in Table 3.1).

112.5} -

112} -

111.5

111

110.5

0T .

109.5 —

Figure 3.14: Dissipative inclusion medium with dissipative host medium (both medi-
ums uniaxial dielectric-magnetic). HCM unit vector polar angles 0% 2 ., blotted against

ratio of host medium permeability to host medium permittivity 7. (Key. X =40in
Table 3.1).

3.5 Bianisotropic properties

Finally, in this section we explore in detail the conceptualisation of biaxial bianisotropic
mediums through the process of homogenisation [15]. Biaxial bianisotropy is found to
arise when (i) the component mediums undergoing homogenisation present two non-
collinear distinguished axes and (ii) the most basic form of magnetoelectric coupling
in the form of isotropic chirality is present in at least one of the component medi-
ums. Two possible sources of directionality in the component mediums are considered:
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topological and electromagnetic. Illustrative examples of these are investigated by con-
sidering the homogenisation of particulate components with non-spherical topologies
and isotropic electromagnetic properties in Section 3.5.1, and uniaxial bianisotropic
electromagnetic properties and spherical topologies in Section 3.5.2.

For all calculations presented in Sections 3.5.1 and 3.5.2, HCMs arise with consti-
tutive dyadics (namely, ¢ HOM? é o’ g_ o and B related through the consti-
tutive equations (2.5) and (2.6)) of a biaxial bianisotropic form. We make use of a

generalisation of representation (3.7), (3.8) for their characterisation

IS

€ ponr = €0 \PLL A & (U, + uhun,) + i [PAL+ ¢ (uhul, + ub ol )]}, (3.33)

€ ons = W/eolka {PEL + G (Unneling + Ungine) + 1 [PeL + Gt (Upneling + Unglinne)] }
(3.34)

gHC'M = t/Cobho {p ¢L+ @ (Umcling + ﬁ:icﬁirzc) + [pé_{_ + ‘12 (@jncy_;g + szgﬁfng)] } )
(3.35)

Boyen = Mo 1 Lt G (i Uy, + Uy, ) + [PZ{; + qi& (ﬁfwgﬁgu + u:wy‘—:nu)} 1
(3.36)

where p¢ ., and g7 , are real-valued scalars and we describe the real-valued unit
vectors in terms of spherical polar coordinates as
g, = sin@ cos ¥, u, + sin 0%, sin @%, u, + cos 0%, u,,

(x=n1t c=m,n 7=¢¢&( ). (3.37)

Observe that a total of 45 real-valued parameters are required to specify the general
biaxial bianisotropic structure given by (3.33)—(3.36); i.e, 12 for each independent
constitutive dyadic (2 each for p¥ and ¢X and 4 each for 6%, and ¢X, where x =
ri; Kk =m,n; T =¢,& ¢, p) less by 3 through the choice of coordinate frame.

The (non-isotropic) magnetoelectric coupling in the HCM is caused by the pres-
ence of (at least isotropic) magnetoelectric coupling in the constitutive relations of one
of the constituent mediums. The HCM biaxiality, on the other hand, arises from the
fact that the constituent mediums collectively possess two noncollinear distinguished
axes. These axes originate from either the particulate topologies of the component
mediums or from uniaxiality in their electromagnetic constitutive properties. In Sec-
tions 3.5.1 and 3.5.2, our choice of coordinate system is such that we consider only
constituent mediums with distinguished axes lying in the 2y plane. As a consequence,
our calculations reveal that the HCM unit vector pairs u¥,, and uX, always lie in planes
perpendicular to the zy plane with the zy plane bisecting the angle between X _ and
uX . Therefore, we have the following identities

0%, =m— 0, =605, X =g =¢, (x=ni T=66GH).  (3.38)

Furthermore, an immediate simplification follows due to the fact that all component
mediums we consider are reciprocal. Consequently, the computed HCM constitutive
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dyadics are likewise reciprocal and results for the magnetoelectric dyadic =CHCM need
not be explicitly presented since :£HCM = —}éHCM . This last equality also guarantees
that the Post constraint (1.19) [25]-]27], a structural constraint that needs to be
fulfilled by all linear bianisotropic materials, is explicitly satisfied in all considered
cases. We further remark that the condition of reciprocity reduces the number of
real-valued parameters required to specify the biaxial structure given by (3.33)-(3.36)
to 33.

All graphs in Sections 3.5.1 and 3.5.2 are presented with reference to the key given
in Table 3.2.

NOE A A

Table 3.2: Key for Figures 3.15-3.18. A'= 0, 0, p or ¢q.

3.5.1 Isotropic ellipsoidal inclusions/isotropic spherical host

Consider ellipsoidal chiral inclusions characterised by the constitutive dyadics

K =3(X+ /x = 2(1+ i) /i07 ,
, X =a " 3.39)
£ =-C = {i +1)iy/TnGl,

their shape being specified by the dyadicU = diag(2,1,0.5). Our first numerical
study concerns the homogenisation of such a medium with a dielectric-magnetic host
medium specified by constitutive dyadics

e, = 18(1+i5)e®,  H= 14(1+iS /0, (3.40)

based on spherical topology. Notice that both component mediums are dissipative,
as is apparent from the presence of imaginary components in (3.39) and (3.40). The
parameter 5 specifies the amount of dissipation in the dielectric-magnetic component.

Applying the Br homogenisation formalism, our calculations show that AN=0
(regardless of the value of dissipation parameter <5 hence, the resulting HCM is or-
/

w Xgom? £H cMm
and C * Clearly, the orthorhombic state reflects the fact that biaxiality arises in

thorhombic biaxial with respect to all four constitutive d}fadics €.

this particular instance from a geometrical structure based on three mutually perpen-

dicular principal axes, namely those of the inclusion ellipsoid. In general, however,
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Figure 3.15: Chiral ellipsoidal inclusions homogenised with isotropic dielectric-
magnetic spherical host medium. HCM (a) unit vector polar angles (degrees), and
parameters (b) and (¢) plotted against dissipation parameter
(& (Key in Table 3.2: X = 9 for (a), X = p for (b), X = g for (c)).

the six unit vector angles 0e7 are all different as may be observed in Figure 3.15(a)
where these polar angles are plotted as functions of the host parameter <§ the HCM
parameters pe”4 and are likewise plotted against S in Figures 3.15(b) and 3.15(c)
respectively. In light of observations reported for dielectric-magnetic HCMs in Sec-
tion 3.4, it might be anticipated that the HCM constitutive dyadics exhibit a high
degree of symmetry at the point (6 = 1 where ratios of real and imaginary parts of
all constitutive dyadics of the component mediums become equal. This is indeed the
case for the bianisotropic HCM of Figure 3.15; the observed behaviour in the vicinity
of §= 1 may be summarised as

(1/e0)Ree = (l/eQ)Ime , (I/pO)Renb= (1//iO)Im/§6 =>
el = ell, pe=pl, p\=-p\ pr=pl, (t = p = ab), (3.41)

where r, = Rel,b -I-iImzrbLand Re=rb , Imi’,, are real-valued gr = ¢,a). Notice that
close inspection of Figure 3.15(a) reveals 9¢'1" 6/1"~ 6r* at the point (5=1.

We briefly mention two further points without presenting graphical results. Firstly,
further calculations demonstrate that an equally general biaxial bianisotropic HCM
structure arises when the host medium in the homogenisation of Figure 3.15 is replaced

with one which is nondissipative and non-magnetic, and indeed even when the host
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medium is free space (i.e., vacuum). Secondly, a general monoclinic/triclinic biaxial
bianisotropic HCM structure (i.e., one for which 6%, ¢X, pX and ¢ (x = r,4; 7 =
¢,&, 1) all have distinct values) results when the homogenisation corresponding to that
of Figure 3.15 is carried out for spheroidal chiral inclusions and an isotropic host
medium of spheroidal topology. This general structure degenerates to the orthorhom-
bic biaxial or uniaxial form when the orientation of inclusion spheroids is perpendicular
or parallel, respectively, to that of the host medium spheroids. We further remark that
analogous results arise when the topologies of the inclusion and host mediums are in-
terchanged.

3.5.2 Uniaxial spherical inclusions/uniaxial spherical host

We turn our attention now to the homogenisation of dissipative uniaxial bianisotropic
mediums based on spherical topologies. We choose an inclusion medium given by

e, =2aY,, §=-C=vaml, p=15mY (342

where
2cos? Ay +1 2sin),cos), 0
Y =(1+7) | 2sin),cos), 2sin?X,+1 0 |, (3.43)
0 0 1

and a host medium given by

(1/ee, = (1 m, = (<1 V&R, = (/Vals) ¢, = (1+i6) ding (3,1,1).
(3.44)

The angle A, represents the angle by which the distinguished axes of the inclusion
medium are rotated in the zy plane with respect to the host medium distinguished
axes (the distinguished axes of each constitutive dyadic all being parallel for both
component mediums). For the dissipation parameter § = 2.5, the corresponding HCM
polar and azimuthal unit vector angles ZEM and qﬁzé,“ and parameters p’e":é,” and q:,’é,u
are displayed as functions of A, in Figure 3.16(a)—(d) respectively. When the distin-
guished axes of the uniaxial component mediums are aligned parallel or anti—parallel
(i.e,, Ay, = 0 or w), then we have 6':”2:# = 4522’” = 0 and the HCM acquires a uni-
axial bianisotropic form. Also, when the distinguished axis of the host medium is
perpendicular to that of the inclusion medium (i.e., A, = 7/2), we see that ¢::2,“ =0
and a biaxial bianisotropic HCM structure which is orthorhombic with respect to all
four of its constitutive dyadics emerges. In general, however, the computed biaxial
HCM structure represented in Figure 3.16 is of the generalised monoclinic/triclinic
type with angles HL’,’Z;,” and gb’;:'é’w and scalars p::; ., and q:_,z .» all taking distinct values.
This most general biaxial form arises in spite of the high degree of symmetry which is
present between the various constitutive dyadics of the component mediums specified

in (3.42).
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Figure 3.16: Uniaxial bianisotropic spherical inclusions homogenised with uniaxial
bianisotropic spherical host medium. HCM unit vector (a) polar angles 6f  (degrees)
and (b) azimuthal angles (degrees), and parameters (c) pg* and (d) g plotted
against inclusion orientation angle Aa. (Key in Table 3.2: X = 0 for (a), X = s>for
(b), X =p for (c), X = g for (d)).

It was earlier reported in Section 3.4 for biaxial dielectric-magnetic HCMs aris-
ing from uniaxial components that an orthorhombic HCM structure results when the
ratios of the real and imaginary components of the host and inclusion medium con-
stitutive dyadics are equal, despite the distinguished axes of the constituents being
non-perpendicular. We investigate the generalisation of this result to bianisotropic
HCMs by repeating the homogenisation of Figure 3.16 with the orientation angle Aa
fixed at 50° and allowing the dissipation parameter 5 to vary. The resulting HCM
constitutive parameters are plotted as functions of (¢ in Figure 3.17. At the point
6= 1 we have

Rerfi= Imr6, Rera=Imro, (T=-¢ 1, /1), (3.45)

and, from Figure 3.17(b), we observe Gif = s+ (r = e,£, /i); i.e., the HCM is or-
thorhombic biaxial with respect to all four constitutive dyadics. We emphasise that
this orthorhombic state is not associated with perpendicularity of the distinguished
axes in the component mediums (i.e., Aa * 7t/2). An equivalent orthorhombic state
does not arise in the case of the homogenisation of Figure 3.16 since £ 7" 1 in this

instance. Furthermore, inspecting Figure 3.17(a), (b) and (c), we see that this is an
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especially symmetric orthorhombic state for which 67 = 6%, pI = pi, and ¢/ = ¢&
(r=6&mn).

1147
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Figure 3.17: Uniaxial bianisotropic spherical inclusions homogenised with uniaxial
bianisotropic spherical host medium. HCM unit vector (a) polar angles 9:’2 .. (degrees)
and (b) azimuthal angles qﬁ’s':é,# (degrees), and parameters (c) pZ;é’” and (d) q;’;“ plotted
against dissipation parameter §. (Key in Table 3.2: X = 6 for (a), X = ¢ for (b),

X =p for (c), X = ¢ for (d)).

A significant difference between the biaxial bianisotropic HCM represented by Fig-
ure 3.17, and the analogous biaxial dielectric-magnetic HCM reported in Section 3.4.2
(see Figures 3.12 and 3.13 ), is that in the present example the orthorhombic structure
does not emerge if the ratios of real and imaginary parts of only one of the component
constitutive dyadic—types are equal. That is, for example, here we have

Re

Hen

, =1me,, Reg =Imeg #=> ¢ = oL, (3.46)

in general.

We further explore the symmetric nature of the HCM constitutive dyadics by
considering the case in which the constitutive dyadics of the component mediums are
scalar multiples of one another. Continuing with the dissipative uniaxial bianisotropic

inclusion/host medium example-type, we consider the homogenisation of components
given by

=a

e, =«Y , € =-C =05VemY , p =15mY , (3.47)
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where
cos2Aa+ 1 sinAacos Aa 0
Y =(2 +0.5i) sinAacosAa sin2Aat+ 1 0 (3.48)
0 0 1
and
Ie=foZt, ib = ~ib, tft = 7Mo£t>  (3-49)
with
Z b= (1 + 0.5z) diag (3,1,1). (3.50)
109.5 9.5 [b]
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Figure 3.18: Uniaxial bianisotropic spherical inclusions homogenised with uniaxial
bianisotropic spherical host medium. HCM unit vector (a) polar angles 0" (degrees)
and (b) azimuthal angles @ 4 (degrees) plotted against ratio of host medium perme-
ability to host medium permittivity 7. (Key in Table 3.2: X = 0 for (a), X = (f for
(b)).

As earlier, both component phases are assumed to have spherical topology; and we
take the angle Anin the xy plane between the inclusion and host medium distinguished
axes to be 50°. The defining polar and azimuthal angles calculated for the HCM unit
vector pairs anc” —nA,/i are plotted as functions of 7 in Figures 3.18(a) and
3.18(b) respectively. The points of greatest interest occur at 7 = 1.5,\/3 and 2; we
summarise the salient features of Figure 3.18 at these points as

(1A 0)ip=r(1/To) T, | (1A o)e (= r(l/n());;la =y
A A RN (3.51)
(Meo)i, = s(l/zy/€010)Cb, (1/eo)t = s(1A\AoMo)t
o o' o # o= $ (3.52)
(IAVAoMoH = {1/%0)h (1/Vemox  =t(l/fLOf]
. b —a A
nr __ nr pi

— “p ., ~

b (3.53)

where r, s and ¢ are proportionality scalars. As was the case for the corresponding
homogenisations for the dielectric-magnetic HCM (see Figure 3.9 in Section 3.4.2),
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we observe that the biaxial bianisotropic HCM structure is not orthorhombic at =
1.5,4/3 and 2, notwithstanding the symmetries outlined in (3.51)-(3.53). Analogous
results do not arise for the scalar quantities p’cz ., and ‘12’2 .. and these are not presented.

3.6 Concluding remarks

For dielectric mediums it is well established in Sections 3.3 and 3.4 that, through the
process of homogenisation, an effective medium biaxial with respect to permittivity
arises provided the component mediums present two noncollinear distinguished axes.
If the distinguished axes of the component mediums are perpendicular, or alternatively
if the ratios of real and imaginary parts of the permittivity dyadics of the host and in-
clusion mediums are equal, then an orthorhombic biaxial structure results, for which
the complex HCM permittivity dyadic can be diagonalised. Otherwise, the biaxial
dielectric HCMs have a monoclinic/triclinic structure — a structure characterised as
having a complex permittivity dyadic with principal axes of real and imaginary parts
which do not coincide. The generalisation of these results to the homogenisation of
dielectric-magnetic mediums gives rise to richer HCM structures in which orthorhom-
bic dielectric and magnetic forms may be realised independently of one another. Gen-
eralising further — through the introduction of magnetoelectric coupling — vastly
increases the range and complexity of HCM structures which may be conceptualised
from relatively simple component mediums. Even with the restriction to reciprocal
mediums, a generalised biaxial bianisotropic HCM form emerges which requires 33
real-valued parameters in order to completely specify its constitutive dyadics. With
such a large parameter space, only illustrative examples giving insights into the struc-
ture and symmetries of the constitutive properties were practicably presented here.
A highly symmetric biaxial bianisotropic HCM, orthorhombic with respect to all of
its constitutive dyadics, is achievable through balancing real and imaginary compo-
nents of the component medium constitutive dyadics, even though the distinguished
axes presented by constituents are not orthogonal. Further simplifications of the bi-
axial bianisotropic HCM form arise where the constitutive dyadics of the component
mediums are scalar multiples of each other.




Chapter 4

The Strong—Property—Fluctuation
Theory

4.1 Introduction

In general, the electromagnetic response of a composite medium depends upon the
topological and distributional details of the component phases as well as their physi-
cal properties. In the widely—used MG homogenisation formalism and its incremental
and differential variants, as well as the Br homogenisation formalism, allowance can
be made for ellipsoidal component phase topology; however, the distributions of the
component phases are characterised solely through their volume fractions [1, 3, 10].
In order to incorporate a more extensive statistical description of the composite mi-
crostructure, higher-order spatial correlation functions are required.

A homogenisation formalism which, in principle, can accommodate spatial cor-
relation functions of arbitrarily high order is the strong—property—fluctuation theory
(SPFT). In the SPE'T, a preliminary ansatz is made about the nature of the compos-
ite; the ansatz is used to perturbatively calculate corrections in orders of statistical
cumulants of the spatial distribution of the constituent phases. Solutions are expressed
in terms of a so—called mass operator which—due to the process of iteration—has an
infinite series representation. In the usual SPFT implementation, the second—order
truncation of the mass operator—known as the bilocal approzimation—is adopted. A
covariance function and its associated correlation length characterise the distributional
statistics of the component phases in the bilocally—approximated SPFT. In particu-
lar, within a region of linear dimensions given by the correlation length, and of shape
determined by the covariance function, the correlated responses of scattering centres
result in an attenuation of the macroscopic coherent field. On the other hand, the re-
sponses of scattering centres separated by distances much greater than the correlation
length are statistically independent. In the limiting case of zero correlation length,
the SPFT reduces to the Br homogenisation formalism.

The SPFT has been successively developed for isotropic dielectric [53], anisotropic

44
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dielectric [54], and chiral-in—chiral [55] composite materials. Under the bilocal ap-
proximation, the SPFT is developed in Section 4.2 for the most general linear class
of composite materials [16], namely bianisotropic composites. Detailed numerical cal-
culations which consider the influence of ellipsoidal topology, orientation diversity
and correlation length are presented in Section 4.3 [17]. In Section 4.4, the influence
of the covariance function is explored through a study concerning the homogenisa-
tion of ellipsoidal metallic inclusions with a non—conducting host medium [18]. Fi-
nally, by explicitly calculating the third-order mass operator term, the convergence
of the bilocally—approximated SPFT is demonstrated in Section 4.5 for isotropic chi-
ral HCMs, as well as for chiroferrite composites which are both weakly uniaxial and
weakly gyrotropic [19].

4.2 Formalism for bianisotropic composites

The SPFT is presented for the homogenisation of a two—constituent bianisotropic
composite [16]. Following a general presentation of the statistical parameters used to
describe bianisotropic composites, we introduce the notion of a bianisotropic compar-
ison medium (BCM). The BCM is a local homogeneous medium which serves as our
initial ansatz in the iterative process resulting in the SPFT estimate of constitutive
properties. We develop the Dyson equation for the average electromagnetic field in
terms of the mass operator, and present the bilocally—approximated mass operator.
Next we derive the relation between the constitutive dyadics of the exact effective
medium {which includes all correlation effects) and the Dyson equation. We then con-
sider the case where principal electromagnetic wavelengths are long compared with
the correlation length, and the composite medium can therefore be regarded as ho-
mogeneous. Finally we implement the SPFT, under the long-wavelength and bilocal
approximations, for the case of reciprocal bianisotropic composites based on ellipsoidal
topology.

4.2.1 Generalities

We begin the analysis with the frequency—dependent version of the source—free Maxwell
curl equations

VxE(r) = wB(r), (4.1)
VxHr) = —iwD(r), (4.2)

and the constitutive relations of a nonhomogeneous bianisotropic medium, given in
the notation of (1.21) and (1.22) as

C(r) =K(r) - E(r), (4.3)
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with (
_ | &) &,
e [ 0 } 4
Combining (4.1), (4.2) and (4.3), we have
L(V) - E(r) = —iwK(r) - E(r), (4.5)

where the linear differential operator L(V) is defined in (1.15).

We consider a two-phase composite consisting of two bianisotropic constituent
phases mixed at the microscopic, but not molecular, length scale. Let all space be
partitioned into disjoint parts V, and V, containing the phases labelled a and b, re-
spectively. For r € V,, (£ = a,b), we write

er)=¢,, E=¢,, dD=¢, po=p, revy, (46)
so that
K=K reVe. (4.7)

=’

We introduce two characteristic functions 6, as

1 reV;
o(r) = : (4.8)
0 r¢ Ve

thus,
Ou(r) +0i(x) =1, reV,uv;. (4.9)

Any of the r—dependent constitutive quantities can be expressed everywhere in terms
of the characteristic functions 6,(r); for example,

K(r) =K 6u(r) + K, 0(r), reV,uy. (4.10)

Throughout this work, we use the concept of ensemble—averaging, i.e., averaging
over a large number of different samples of the two—phase composite, and we denote
ensemble averages by ( ). The complete statistical information about the composite
is contained in moments of the characteristic function 6,(r). The nth moment is the
expectation value (0,(r;) . ..0.(r,)) and represents the probability for ry,...,r, being
inside V,; equivalently, we may use b instead of a due to (4.9). We assume that, on
average, the composite is homogeneous.

The first moment for the phase a is its volume fraction

fo = (0a(r)) (4.11)

which is constant with respect to 7. The same holds for the volume fraction f, = (0,(r))
of phase b. Obviously, f, + f, = 1.
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The two volume fractions f, and f, contain only minimal geometrical information
about the composite. A more detailed description is provided by the second moment
(0a(1)0a(r")) of 84(r), or, equivalently, by the second cumulant or covariance

D(R) = (lu(r)8u(r))) — (0a(r)){ba(r))
(On(r)0s(r")) = (Bu(1))(Bu (")) , (4.12)

where R = r — r'. If the composite is disordered, it is usually possible to define a
correlation length L such that I'(R) is negligible for | R| >> L; i.e., on scales larger
than L, the composite may be considered homogeneous.

The formulation of SPFT requires the introduction of a bianisotropic comparison
medium (BCM), which allows an approximate treatment of electromagnetic fields aris-
ing in V,UV,. The constitutive dyadics ¢ , & , € and of this medium
are not r—dependent; hence it is not ongrcfomggceﬂéeo_ugcgﬂt also spzﬁzlally local. The
BCM will later on serve as the preliminary ansatz for the SPFT and will be shown
in Section 4.2.2 to actually be in agreement with the Br homogenisation formalism.

Electromagnetic wave propagation in the BCM is described by

L(V) * Epcn(r) = —wK ;.o * Eponl(r) (4.13)
where
_ | son & _ | Epeulr)
K pou = [ ¢ #BCM } g Epem(r) = [ Hpons (™) | (4.14)
2BcM  =BOM == L

with F gopr(r) denoting the local spatially-averaged electromagnetic field. We in-
troduce the 6x6 dyadic Green function G . (r — 1) which satisfies the differential
equation

(L(V) + K ) * G oy —1) =18 — 1), (4.15)

BCM) =X BCM
where §(r — r') is the Dirac delta function. The singular behaviour of G el =)
in the limit » — 7' can be conveniently isolated through

G, 8B =PG

BCM (B) +D(R), (4.16)

BCM

where P is the principal value operation excluding a certain infinitesimal region centred
on K =0 and D is the corresponding depolarisation dyadic of the specified region in
the BCM [29]. The dyadic D is fixed at a later stage in the analysis.

4.2.2 The Dyson equation

With the foregoing generalities established, we now proceed to derive the central equa-
tion in the SPFT: the Dyson equation. From (4.5) we obtain

(LOV) + K e, ) “E0) = =i (K@) ~ K, ) "E@.  (@17)
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By virtue of (4.13) and (4.15), the solution of (4.17) may be represented by the fol-
lowing Fredholm equation of the third kind [56]

E(r) = Fpon(z Zw/_BCM . (E(f) _§BCM) ‘F(r)yd*r'. (4.18)

Clearly, F zop(r) now serves as a solution of the homogeneous version of (4.17), i.e.,
F pon(r) is the complementary function.

Equation (4.18) cannot be evaluated perturbatively when the constitutive param-
eters in K(r) fluctuate strongly. This is due to secular terms produced by the singu-
larities of the dyadic Green function G G, CM(R) in the source region. The singularities

can be removed from the right side of (4.18) by taking advantage of (4.16); thus,

B = Epon®) —iP [ Qoo -1) - (KE)-K,,,) -EC) &7

—iwD - (K(r) CE(r). (4.19)

K o)
Next, after introducing the exciting field
Eczc(.t) = [l“' ZU—’Q * (K(T) BC‘M)} * E(ﬁ) ’ (4‘20)

we rewrite the integral equation (4.19) as

Fezc( ) FBC’M +P/GBC’M ) 'é(f) Femc( )d3 I’ (421)

with a generalised polarisability dyadic defined as

x(r) = —iw (K@) ~ K0, ) - [I+i0D - (K@) - chM)]—l. (4.22)

The next steps are canonical: We calculate the ensemble-average ( F,,.(r)) of the
exciting field by ensemble-averaging both sides of the integral equation (4.21). For
this purpose, we formally represent (4.21) in terms of its Born series as

. (PngCM(EI’ . ,_r_lll) . é(f”) 'EBCM(_T.‘.”I) d3£”l) dsg"] d3£1 N , (423)

and average each term of the series separately [6]. By ensemble—averaging the terms
of (4.23) separately and re—ordering terms using a Feynman-diagrammatic technique
[67], the Dyson equation

(Fare®) = Eoon@ +P [ Gy e 1) - ( [ 2 =) (Bel?) )d3£"> ar
(4.24)
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is developed. The mass operator X(r' — ") has an infinite series representation, the

terms of which comprise products over P G BOM

of x(r' — r"). For later convenience, we express

(r' —r") and the statistical cumulants

S(R) = B,(R) + 2, (R) + Z,(R) + Z,(B) +---, (4.25)

where the subscript j in g}.(ﬁ) refers to the order of x(R).
For practical purposes, an approximate evaluation of the mass operator is necessary.
The lowest—order truncation of the mass operator series; i.e.,

S(R)~ % (R) =0, (4.26)

leads to the trivial result K Dyo = K oo The BCM is conventionally chosen so that

the first-order mass operator approximation does not add to the zero—order approxi-
mation [53]-[55]. Thus, we have the condition

(x(r)) =0, (4.27)

and ¥ (R) = 0 correspondingly. The condition (4.27) removes the secular terms from
the Born series expansion [58]. Substituting (4.10), (4.11) and (4.22) into (4.27), we
obtain

(ga—gBCM) ) [l-l-'iwg' (ga—gchﬂwl fo +
(ﬁbWEBCM) | [l_{_iwg. (ﬁb_EBCM)]—Ifb = g, (4.28)

which is the Br equation for bianisotropic composites [31]. Thus, we see that elec-

tromagnetic wave propagation in V, UV, can indeed be approximately described by
means of the BCM.

The most widely—adopted procedure is to implement the second—order truncation
of the mass operator series, whence

-~ E,c—r) =(x) PG, -1 x)), (4.29)

which is known as the bilocal approzimation [59]. Since

X(r) = x 0a(r) + x 6o(r), (4.30)

(4.29) leads to

B(8) =@ (x, - x,) *PCpon® - (x,-x,) (431

after some algebraic manipulations exploiting (4.27), the covariance I'(R) having been
introduced in (4.12).

Higher—order mass operator approximations and the issue of convergence are ex-
plored in Section 4.5.
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4.2.3 Nomnlocal effective medium

In order to complete the SPFT formulation, we go on to determine the relation be-
tween the ensemble-averaged fields ( C(r)) and (F(r)). The ensemble-average of the
constitutive relation (4.3) may be stated as

(C(r)) = (K() - F(r)). (4.32)

The relationship between (K(r) * F(r)) and (F(r) ) must be linear, because the com-
posite is linear. Furthermore, this relation has to be of the form of a convolution
integral

(K(r) - B / K, (B) - (E(-B)dE, (4.33)

due to translational invariance. The dyadic K Dy (R) contains the constitutive proper-
ties of the effective medium consistent with the SPFT. In general, K Dy (R) is spatially
nonlocal and, therefore, signifies spatial dispersion.

Equations (4.20) and (4.22) yield

X(0) * Boelr) = =it (K() ~ K ., ) ~E(), (4.34)

whence
(X(0) * o)) = —iw (K@) E@) = Ky, - (F@))) - (435)

The ensemble-averaged counterpart of (4.20) is given by

(Eere)) = (I~ iwD K0, ) - (B@) +wD - (K@) E@).  (4.36)

Furthermore, on taking the ensemble average of (4.21) and comparing it with the
Dyson equation (4.24), we get

(X(0) Pone)) = [ 2= 1) - (Bnclt) )L (4.37)

Finally, after rearranging (4.35)—(4.37) and inserting the ensemble-averaged constitu-
tive relation (4.32) in (4.33), we obtain

(c)+ [Be-r) D <0(r'>>d3_':

Koot (E@)) — -—/)3 r—r') —iwD - EBCM) (F(r))d'.  (4.38)

This integral equation gives a linear relation between (C(r) ) and (E(r) ). Its solution
for (C(r)) enables the emergence of the desired constitutive dyadic K Dy("E’) of the
nonlocal effective medium.
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Since the integral equation (4.38) is of the convolution type, it can be solved by
the Fourier transform technique [60]. Therefore, we define the following quantities:

B(g) = [(E@)exp(—ig 1) ', (439)
&) = [ (o) expl-ig 1) d'r, (440
(g = / S(r) exp(—ig * r) d°r, (4.41)
K, (0 = [ K,,@e(-ig-n dr, (142)

g being the three-dimensional spatial frequency vector. The Fourier—transformed ver-
sion of (4.38) reads as follows

~ - 1 = _ -
(1+20) D) €0 = K0 - 1520+ (1- DKy, )| - B0
(4.43)
But C (9) = EDU (@) _ﬁ‘_(_q_) by virtue of the foregoing relations; hence, (4.43) yields
~ 1 . -1 .
Kp, (0 =Kpoy— = (I+20) D) -£(0). (4.44)
The constitutive dyadic K Dy(ﬁ) then emerges as the inverse Fourier integral
1 [ .
K@= e / K, (@exw(iq-r) dq. (4.45)

The Dyson equation (4.24) involves the ensemble—averaged exciting field (F _..(r) ).
In order to determine the ensemble-averaged electromagnetic field (F(r)) itself, we
take the ensemble average of (4.5) and use (4.33) to get

L(Y) - (EW) +ie [ K, (B) - (B~ B)) PR =0. (4.46)
The Fourier—transformed version of this equation is
0 ig X I > =
= = = K ‘F(g)=0 4.47
[( LigxI 0 ) + zw:Dy(g)] F(g) =0, (4.47)

from which E(g) may be extracted by standard dyadic techniques [33]. Thus, depend-

ing on a specific choice for the evaluation of D, the SPFT homogenisation formulation
is now complete in the bilocal approximation.

4.2.4 Local effective medium

When the principal electromagnetic wavelengths are much larger than the correlation
length L, we can achieve a macroscopic description of the composite as a homoge-
neous local continuum [1]. Although it has a different provenance, this description is
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conceptually no different from that available from the MG and the Br formalisms: the
mixture is considered homogeneous in the long-wavelength approzimation.

Suppose the long—wavelength approximation is appropriate. Let us then introduce
the macroscopic fields C, 0 (r) and F ... (1) by spatially averaging the microscopic
fields (C(r)) and (F(r)) over a region V; thus,

._G_mac?a Vv / ( C 7 + 7"”) )dsT” , (448)

F nacro(r) = % /V (E(r+r"))dr". (4.49)

The minimum linear cross-sectional extent of the region ¥V must be larger than L, but

smaller than the maximum principal electromagnetic wavelength. Inserting (4.32) and
(4.33) into (4.48), we find

o) = 5 [ ([ K, (@) - (B 41 - B)ER) 7'
- / K () * Pz = B) PR

% [ K, (B) *Eoero(r) PR. (4.50)

This leads to the macroscopic constitutive relation

Crmaero(r) = K, (0) = F e (L) - (4.51)

The constitutive properties of a two-phase bianisotropic composite in the long—
wavelength approximation are thus specified by the dyadic g Dy 0) = K Dyo’ Evidently
from (4.44), (4.41) and (4.31), the key step in estimating K pyo 18 the evaluation of

"X‘a B éb) ’

20 = [0 ¢R= (x,~x) - [P [10)&,0,BPH] - (x
(4.52)

We note that the presence of I'(R) within the above principal value integration is
justified, because I'(0) = fo(1 — f.) = f»(1 — f») cannot be null-valued for non-trivial
problems.

Although an explicit expression for G R) cannot be written down, its Fourier

BCM(
transform

¢ 3
G pop (@) / G o (B)exp(—ig - R) d°R, (4.53)

can be obtained by taking the Fourier transforms of both sides of (4.15). Thus,

; (4.54)

where

éBCM(Q) = [ _(q/;) I - 0 :] K o (4.55)
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For later convenience, we note that (4.55) can be manipulated to deliver G G ;o (@ in
the following general form
& (@=Lt (T@w+T,@w) +T,@ )" +T,@) +T,@
oM w ta(@)(F)" + (@ (F)* + 1@ (5)? + 1@ () + (@)
(4.56)

Here, T (§) are 6x6 dyadic functions, and t,(g) are scalar functions (n = 0,1,2,3,4)
of the unit spatial frequency vector ¢. Furthermore, g BC M(g) may be partitioned as
[29, 62]

A ~0
gBC’M'(g) = Q—BCM(Q) + GBC]\,[( ) (457)
where - (A)
‘G'BCIVI( ) hm G —BCM (q) Z(.U tzl (q) (458)

and (suppressing the dependencies of gn and t, on §)
G ponld) =
g
(4T, — t3£4)(5)3 + (T, — t2£4)(‘¢%)2 + (t4£1 - 75124)(%) + (LI, — I, .
Wty [t4(%)4 + (5 +1a(F)? + 11 () + to]

(4.59)

Explicit coordinate—free representations of G G M(q) are already available for chiral
[65], general dielectric [62], and dielectric-magnetic [63] mediums; we consider the
structure of G G ., (@) for reciprocal biaxial bianisotropic mediums in Section 4.2.5.

In order to advance our analysis, we have to specify the depolarisation dyadic
D; we do so by considering the topology of the composite. Let V;* be an ellipsoidal
region, centred at the origin of our coordinate system, of size determined by the
linear measure 17 and of shape specified by the real symmetric dyadic U, as specified in
equation (1.24). We imagine that both constituent phases are distributed as conformal
ellipsoids of surfaces parameterised by the shape dyadic U. We mean here that both
constituent phases are present with a distribution of i such that there is no vacant
space in the composite medium. The same fractal-like topology is inherent in the MG
and Br homogenisation formalisms, although it is rarely mentioned. Having selected
U, we determine D as [29]

e
I

; 3
33/, Erou ) T

= abe lim ng_BCM(U H) &*H, (4.60)

where the spherical region V§’ has radius 6, H = g“l * R, and q,b and c are the
positive eigenvalues of U. The covariance I'(R) is chosen to reflect the ellipsoidal
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topology relating to D. Accordingly, we adopt the physically-motivated [61]

fafb E S ‘/E
I'(R) =To(R) = , (4.61)

0 R¢VE

where L is the correlation length. Covariance functions in the form of step functions,
for both isotropic (64, 65] and anisotropic [53] types, have been considered in previous
SPET analyses. Alternative choices of covariance functions are explored in Section 4.4.

Let Vi_; = VFf — V¢ and V{_5 = V7 — V{. The principal value integration in
(4.52) now proceeds through the introduction of the Fourier transform of G ., (R),
facilitated by the changes of variable H = u- '“Rand v = U-w (where H, v and w
are dummy vector variables), as follows

fa fb 79 / To(R) G ., (R) &R

6—0

= lim » [WEBGM( ) exp(iw * R) d° }dffﬁ

1 = -1, . 3 3
- (151—{% 1,chM(g v) [/‘;S exp(iv « H) d ﬂil dy

= L—3§
= _ 4 (sinvl
— [ Gt o) |1 (2 _LCOSUL)]dsg
v
_ 4r (sinvd 3
_}1_13% _G_BOM(U —)[ﬁ( " wécosvd)]dy.

(4.62)

Now, from [62] we have

i
l

(27r)3 50 f, =—BCM v?

_ d (sinvE
(27r f__BCM(U _)[Uz( . ——Ecost)jI

for E > 0. Thus, combining (4.62)—(4.64) along with (4.57), we find

3R _ Jalv sinv .l 1 .
P/FO(R G ooy B)TR =52 /—BCM )( - —Lcova) v—zdy_.

(4.65)

im (G (U )Fﬁ (Slxl:é—dcosv&)]d?’y (4.63)
d’v

fl

(4.64)

Although very cumbersome for reproduction here, a straightforward analysis shows
that the determinant of A Aoyl
ums (i.e., ¢ = e , § = —(; and b= ,LLT) and general dielectric/magnetic mediums (i.e.,

w) is quadratic in w? for reciprocal bianisotropic medi-

§ = ¢ = 0). Consequently, provided the numerator of G’ (w) is an even function

2 =2 BCM
of w, the integration in (4.65) with respect to v may be evaluated by conventional

calculus of residues for such mediums . However, for the general bianisotropic case,
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the determinant of A A ., (@) is not an even function of w and alternative methods
may be required to compute the integral (4.65).

In addition to being central to the calculation of K Ko the integral (4.65) provides
a correction to the depolarisation dyadic D when the exclusion region V¢ is of finite
size. This is also reflected in the fact that g , tepresents a modification of K

indeed,

BC’M1
1 -1 .
éDyD - §BCM W (I + 2(0) ) * E(Q) . (4.66)

The evaluation of this key equation (4.66) is central to the remainder of this chapter.

4.2.5 Implementation of the long—wavelength approximation

In order to illustrate the implementation of the long—wavelength approximation in
the bilocal SPFT framework, we consider a two—phase composite for which both con-
stituent phases belong to the general class of reciprocal biaxial bianisotropic mediums.
The constitutive dyadics €, £ = —g ) and gp of the constituent phases are taken to

have the same eigenvectors, i.e.,

€ 0 0 &€ 0 0 @0 0
e, =0 g 0|, £=]08&0 | =-C, p=[0u 0]

0 0 e 0 0 ¢ 0 0 w
(4.67)

where all diagonal entries are complex—valued.

As emphasised in the Section 4.2.4, the crucial step in applying the long-wavelength
approximation is the calculation of the volume integral (4.65). We now proceed to
evaluate the integration with respect to v in (4.65) by means of residue calculus,
exploiting symmetries in the integrand along the way. We begin by considering the

singularities of Q__(; onr (@), Le., the zeros of £4(2) det A A ., (0). Taking the determinant
of (4.55), we find
det ABC‘M( ) = t‘l(ﬁ) (’U/W)4 + tz(@)(’l)/(ﬂ)2 + 1o, (468)
W) = @ epoy Doop D) +O0E 0)@E, D),
(4.69)
() = tr[@xadi(e,g,)) - @xadi(p, )
~(@xadi(e, ) @xadi¢ )]
+o- [EBCM | (§-BC'M’§BCM) =BCcM
—gBC’M . g(21301‘4’21%71\4) | =BGM] ‘2, (4.70)
to = det(I), (4.71)
Fmyp = (twl-m]- [(wn)l-n]-[(rm-p)l-m-n], (472)
U = €pom Lo T Enon  Enon (4.73)
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where m and p are arbitrary 3x3 dyadics. The issues of the location and nature of the
singularities of G G ;.,,(v) are rather involved in the most general setting; see Cottis &
Kondylis [66] for a detailed discussion in the case of an anisotropic dielectric medium.
We refrain from considering pathological special cases here: that is, for all values of
we assume that

(i) t4(2) #0, and

(i) the v? roots of det A pon (@) are distinct, i.e., £, # k_ where

Ky =w ( ta2(2) \é ; ((3 — 4ty( v)to) _ (4.74)

We note that the possibility ;. = k_ is most likely to arise when we have isotropic
constituent phases combined with spherical topology; but SPFT in this instance has
been treated by Michel & Lakhtakia [55].

With the foregoing simplifications in place, we find that the singularities of G
occur as simple poles at

BC]\/[( )

v= \/a’ *\/Ha \/I—it, _\/K' (475)

Therefore, for definiteness, we take both /K, and ,/k_ to lie in the upper half of the
complex v—plane (inclusive of the real axis).

We next turn our attention to symmetrles of G, . (v). For reciprocal biaxial

= BCM
G () is a dyadic function that is cubic
in v. However, by a straightforward — albeit lengthy — utilization of (4.55), we find

that the odd terms in the numerator of G

bianisotropic mediums, the numerator of G

G .., (v) integrate to zero with respect to
the angular variables in (4.65). The remaining even terms T (%), (n = 0,2,4), in
the notation of (4.59), are conveniently expressed in terms of four 3x3 dyadics gi‘l (D),
(A = ee, em, me, mm), as follows

o) L)
T (2) = , n=0,24. (4.76)

By symmetry considerations, only the diagonal entries of T’\ ,gwe rise t0 non-zero

integrals in (4.65). Thus, in evaluating (4.65), we can replace G G G ;o (2) by
1 A@)(v/w)* + X ()
iw (t4(@)(v/w>4+t2@)(v/w>2 +to> ’ &1
where we have
. t2(2) . .
L@, ~ 7 1L, ¢ (mod 3) = j (mod 3),
[A®)], = ol (zol, (4.78)

0, 2(mod 3) # j (mod 3),
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and
A [gﬂ(@) ]Ej t;('u) [a4(m)] £ (mod 3) = j (mod 3),
[x®], = (4.79)
0, £(mod 3) # j (mod 3),

for £, =1,2,...,6; and [T ]gj denotes the Ejth entry of the 6 x 6 dyadic I.
The dyadlcs T o(@) and T (9) are readily extracted from the adjoint of A
They are given in coordlnate—ﬁee form as

A o).

Epom adj (g) "‘chM adj (g)
L@ = : (4.80)
éBCM * adj (g) Epenr * ] (g)
and
A (‘@'ch’M.@)ﬁﬂ _(Q.éBoM.@")ﬁ@
24(2) = ' (4.81)
(Q ) ch'M ) Q) bd (@- “Cpem _) 29

The dyadic T 2(@) has a more complex structure, but only its diagonal components
are needed to evaluate (4.65)

z5@], = [(2c-adiw — e (- adi() L+p-£(,9) -00
“Ep§r§r00) - (@ e Dadi()] , £=1,23, (482
[zr@], = [(Eep-£-deu©)1) 00
“E(erpr 90,9 -@-§-0)adi©)] , £=123,  (483)
[Tr@], = -[ (Eew & det©)1) 20
“Elepr22,§) - (0 £ Dadi©)] , £=1,23,  (489)
[zem@)], = [ (2adi(9) - p—tr (adife) - p) L+ e~ FE,9) -0
_E(Eaé'g'ﬂ@)—(Q'g'f_i)adj(g)]u, £=1,2,3. (4.85)

Residue calculus thereby results in the following evaluation of the integral with respect
to v in (4.65)

sinvl 1 Tws 1 1
- L) Ly =
/—BGM )( v Lcosu ) v? d 21 ftll(g*l ) {fﬁ+—/€_

o [’L"(l—sz) (A(Q* )+;(g__—1.@)ﬂ = ++]f_:(g—1.@)}cm,

<

w? p2
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where d ) = sin@df d¢. Thus, (4.65) reduces to a surface integral which, in general,
must be handled numerically.

An expression equivalent to (4.86) can be developed without explicit reference to
the components T (%) of the adjoint dyadic of A A ., (0)- This derivation — though
less instructive — leads to a surface integral more amenable to numerical evaluation

than that of (4.86). Introducing

g = By ) — e (ABCM< >> g;m@ s
=T @t DO, D@E, DEE, D)
we find that
/Q_BCM Ut (vaL—Lcova) —12' 3Q=WZ~3/{H i,i
X [e;; (1 —iLlv) (N(U ™ o) + N(-U ! _))T::Jr i%(f) }dQ. (4.88)

The specification of the bilocal SPF'T equations in the long—wavelength approximation
for reciprocal biaxial bianisotropic composites with spherical topology is completed by
the following expression for the corresponding depolarisation dyadic [29]

g 1 L
D= 4dmriw / t4(g-1 %) 24(__._[[_ o) 2. (4.89)

Thus, the constitutive dyadic K Dy of the local effective medium is fully specified
through (4.66), (4.52), (4.86), (4.88) and (4.89).

Finally in this section, we consider the long-wavelength regime |L,/kxr| < 1.
Retaining terms only of O(L,/k%), we see that the integrals (4.86) and (4.88) become
null-valued. This is consistent with the finding reported for chiral mediums that the
bilocally—approximated SPFT does not yield a correction to the Br homogenisation
formalism in the static limit [64]. However, on retaining terms up to O(L?ky), the
"t (1 —4Lv) term in the integrand of (4.86) and (4.88) reduces to 1+ (Lv)?/2; hence
the principal value integration (4.65) becomes

3 waafb (U— ’D)
73/1“( G o (B R =~ /u(g“ e, (@

For constituent mediums with real-valued constitutive parameters K , the integrand
of (4.90) is correspondingly real-valued. Thus, it is clear from (4.66), (4.52), (4.22)
and (4.89) that scattering losses cannot be predicted under the long-wavelength ap-

proximation represented by (4.90). A similar result was reported for SPFT applied to
chiral mediums [64].

4.3 Parametric numerical studies

We now apply the bilocally—approximated SPFT developed in Section 4.2 to detailed
numerical investigations of three different classes of HCM [17]. Specifically, we explore
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the influence of the correlation length in Section 4.3.1 where an isotropic chiral HCM is
studied; direct comparison of results with earlier SPF'T analyses is made. The effects
of the component phase topology and orientation diversity are considered for a biaxial
bianisotropic HCM and a chiroferrite HCM in Sections 4.3.2 and 4.3.3, respectively.
The HCMs of Sections 4.3.1 and 4.3.2 belong to the reciprocal biaxial bianisotropic
category of materials; accordingly, we calculate the constitutive dyadic K Dyo for these
HCMs via the numerical evaluation of (4.88) (or, equivalently, (4.86)). However, the
chiroferrite HCM encountered in Section 4.3.3 is inherently nonreciprocal and in this
case direct numerical evaluation of (4.65) is necessary to calculate K

=Dyo’
An angular frequency w of 2r x 10'° rad s~ was used for all calculations reported

in this section.

4.3.1 Isotropic chiral HCM

In order to allow direct comparison with the SPFT analyses of Michel & Lakhtakia
[55], [65], we choose the phase a to be an isotropic chiral medium described by the
constitutive dyadic

K = .eoeag t/€ofho Ea L , (4.91)
= —iy/€pobal  Hofal

where ¢, = 2.304, £, = 0.724 and p, = 1.728. The phase b is simply taken to be
free space itself. Spherical component phase topology is assumed. For this isotropic
example, the effective medium is characterised by the constitutive dyadic

K - €o€nyo L iy/Eotbo Enyo L (4.92)
=Dy | i feliobpyol  pottpyo L

The computed values of epyg, {pyo and pipyo are plotted as functions of correlation
length L in Figure 4.1 for three different values of volume fraction f,. All three ef-
fective constitutive scalars exhibit a similar dependency on L: their imaginary parts
increase sharply from zero as the correlation length increases from zero, whereas their
real parts remain almost constant. Upon converting from the present Tellegen nota-
tion to the Drude-Born-Federov notation [33], the computed values of the effective
constitutive scalars at f, = 0.3 are found to be in complete agreement with those
values calculated previously [65]. We note that the derivation presented by Michel &
Lakhtakia [55] proceeded in a somewhat different manner to that in Section 4.2, as
an explicit expression for the dyadic Green function is available for chiral mediums.
Over the range 0.3 < f, < 0.5, the graphs in Figure 4.1 clearly demonstrate that the
degree of attenuation (due to scattering losses) increases as the volumetric proportion
of phase a increases. In this context, the extended MG [67, 68] and the extended Br
[69] homogenisation formalisms also predict attenuation losses, but in terms of finite
inclusion—size and not in terms of a correlation length. We note that some disagree-
ment {70] has recently emerged on the completeness of certain extensions of the MG
and the Br formalisms.
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Figure 4.1: The effective constitutive scalars of an isotropic chiral composite plotted
as functions of the correlation length L for f, = 0.3,0.4 and 0.5.
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Figure 4.2: The (a) real and (b) imaginary parts of the effective constitutive scalars
of an isotropic chiral composite plotted as functions f, for a correlation length L =

5x 107% m.

This issue is pursued further in Figure 4.2 where, for a fixed correlation length
L = 5x107% m, the constitutive scalars of the effective medium are plotted as functions
of f,. The maximum degree of attenuation, as indicated by the magnitude of the
imaginary parts of the effective constitutive scalars, occurs at f, =~ 0.75. Beyond this
value of f,, fewer scattering centres are present in the composite. The real parts of

the effective constitutive scalars follow an almost linear progression between the values

they must hold at f, =0 and f, = 1.
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4.3.2 Biaxial bianisotropic HCM

We focus attention here on a biaxial bianisotropic composite medium constituted by
a biaxial dielectric medium and an isotropic chiral medium. Biaxial constitutive prop-
erties — which encompass the orthorhombic, monoclinic and triclinic crystal classifi-
cations — abound in nature, and have been the focus of recent MG and Br homogeni-
sation investigations [13]-[15], as described in detail in Chapter 3. In this section we
estimate the constitutive dyadic K Dyo of a biaxial bianisotropic HCM by means of the
SPET; for comparison, estimates of the HCM constitutive dyadics K g and K
calculated using, respectively, the Br and IMG homogenisation formalisms are also
presented. Henceforth in this section, the subscript p = Dy0, Br, IMG.

The constituent mediums are (i) a biaxial dielectric medium described by

€ cos?tp + e¥sin®tp (€8 — €¥) sinthcosyp 0
€,=¢6 | (€ —c)singpcostp ersin®p+elcos®p 0 |, p =pol, (4.93)
=q —a =
0 0 €2

a

and (ii) an isotropic chiral medium with the following constitutive dyadics

M~

y f m——gb:iuéo,u,ufbi, gb:'u,u,(w)é. (494)

=b

The parameter values selected for calculations are as follows: €& = 4 +70.4, € =

34i0.3, ¢ = 1.5+70.15; ¢, = 2.5+40.5, & = 1 +40.2 and g = 1.75 + 10.35. The
ellipsoidal topology was captured by the shape dyadic

U= Tac}—mm—\/—UyU.z_diag(Um, UpUs),  (UaU,Us>0).  (495)
where U, =146, Uy, =1, U, =1 — (§/2) and 6 is the eccentricity parameter. Thus,
the principal axes of ¢ , are rotated with respect to the principal axes of U by the
angle 1 in the zy plane. A sample of calculated results is presented in Figure 4.3.

We begin by considering the effect of the correlation length L. The constitutive
properties of the HCM were estimated for f, = 0.3, § = 0.5, ¥ = 0, whilst L ranged
from 0.0 to 0.0015m. The HCM constitutive dyadics were found to have the form

e, = & diag(ef, &, ¢), (4.96)
§ =—¢ =ivedog(§,8,6), (4.97)
B = b ding (g, 1f, 15) . (4.98)

The real parts and imaginary parts of ug, uj and p} are plotted as functions of the
correlation length L in Figures 4.3(a) and 4.3(b), respectively. With respect to L,
the HCM constitutive quantities not displayed in Figures 4.3(a) and 4.3(b) behave
in a broadly analogous manner to those which are. The Br and IMG values are in-
dependent of correlation length. Furthermore, the SPFT and Br values are identical
when L = 0; but the SPFT values deviate rapidly from the Br values as L increases.
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Figure 4.3: Representative plots of the estimated effective constitutive parameters of
a biaxial bianisotropic composite medium as functions of the correlation length L in
(a) and (b); volume fraction /,, in (c); eccentricity parameter 6 in (d); and orientation
angle ip in (e) and (f). Key: solid line for p = DyO; dotted line for p = Br; dashed
line for p = IMG.

This is because the actions of increased numbers of scattering centres (i.e., the inclu-
sions) become correlated as L increases, and, consequently, the number of significant
multiple-scattering events escalates.

Next, using fa E [0, 1] as an independent variable we estimated the constitutive
dyadics of the HCM with L = 0.00lm, 6 = 0.5 and jp = 0. The 3x3 diagonal
dyadic form (4.96)—4.98) was found to hold for all three formalisms. As functions
of the volume fraction, the constitutive parameters estimated by the SPFT, Br and
IMG formalisms all behave similarly. Representative graphs are provided by those
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displayed in Figure 4.3(c) for the imaginary parts of ¢y, €5 and €. Notice that the
simplest homogenisation formalism — whereby the HCM constitutive parameter val-
ues are estimated as the volume-weighted averages of the constitutive parameters of
the constituent mediums — results in a linear relationship between the values which
the HCM constitutive parameters must take at f, = 0 and f, = 1. Therefore, the
nonlinearity of each of the graphs in Figure 4.3(c) is a measure of the deviation of the
respective SPFT, Br and IMG homogenisation formalisms from the simplest formal-
ism. Comparisons between the Br and IMG estimates as functions of f, have been
extensively reported for various types of composite mediums [8]-[10].

We turn now to the influence of the inclusion shape. The HCM constitutive dyadics
were estimated as functions of the eccentricity parameter § € [0, 0.5], while the pa-
rameters L = 0.001m, f, = 0.3 and ¢ = 0 were kept fixed. Once again, (4.96)—(4.98)
describe the form of the computed HCM constitutive dyadics. An increase in the ec-
centricity of the ellipsoidal shape underlying the topology of the composite medium
was found to have the distinct effect of increasing the contrast between the diago-
nal elements of the 3x3 constitutive dyadics. This is illustrated in Figure 4.3(d) by
representative parameter values, provided by the real parts of £, £ and &7.

Lastly in this section, we consider the dependency of the HCM constitutive param-
eters on the orientation diversity between the principal axes of ¢, and U, as quantified
by the angle . Calculations were carried out for 0 < ¢ < «/2, with L = 0.001 m,
Jfo =0.3 and § = 0.5. Instead of conforming to (4.96)—(4.98), the constitutive dyadics
of the HCM were now found to be of the more general form

e ¢ 0 e b 0
€,= € Ef,, ¢ 0|, gp:ﬂo vy MY 0 |, (4.99)
00 & 0 0 u
& & 0
gp:-g’*;:z'\/am &0 . (4.100)
0o 0 &

We remark that the surface integral evaluation (4.88) is also applicable for mediums
of the type (4.99)-(4.100), but not for more general forms of bianisotropic biaxial
medium. Our calculations show that the off-diagonal elements in (4.99)-(4.100) dis-
appear when either ¢ = 0 or ) = 7/2, and electromagnetic response characteristics of
the HCM are then in accordance with (4.96)—(4.98).

The influence of 9 is revealed in Figure 4.3(e) for the real parts of ¢, ¢} and
€55 and in Figure 4.3(f) for the real parts of & and £;. The relative permittivity
scalars €, €5 and efa are strongly influenced by the orientation of the principal axes
of ¢ , the zy plane, but € is not. A similar relationship is demonstrated by the
magnetoelectric constitutive scalars of the HCM; however, the permeability parameters
are considerably less sensitive to 1) than their dielectric counterparts are.
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4.3.3 Chiroferrite HCM

The homogenisation of a chiroferrite composite medium, formed by mixing a magnetically—
biased ferrite with an isotropic chiral medium, is considered here. Chiroferrites, to-
gether with chiroplasmas, were theoretically conceived as composite materials [12];
and, subsequently, their constitutive relations were rigorously developed [34]. Both
chiroferrite [35] and chiroplasma [11] HCMs have been developed using the MG and
the Br formalisms. Further details are provided in Chapter 2.

The constituent mediums are (i) a gyrotropic magnetic medium characterised by

=ty [pa L~ ip 8, X L+ (py — pa) @, 8] , (4.101)

a Py

and (ii) an isotropic chiral medium with constitutive dyadics as given by (4.94). The
following parameter values were chosen: €, = 1.2+ 0.4, p, = 4.5+41.5, pg = 2.4+ 0.8,
pe =1.84+10.6; ¢ =2.54+10.5, & = 14+170.2 and pp = 1.754170.35. Both constituent

mediums « and b are assumed to have ellipsoidal topologies described by the shape
dyadic

1

(U U, U, )"
+ (Upsin® a + Uycos®a) @

I<
I

{ [Upcos® a+ Uysin® a + (U, — Uy)sin® 8] 4, 4,

_I.
+[ (U —Uy)sinacosa] (@, @, +2,0,)
+

+[(Uy = Uz)sinfBcos 8] (G, +0,0,) } , (4.102)

where Uy = 146, Uy =1 and U, = 1 — (§/2). Thus, for § = 0, the angle & represents
the rotation of the ellipsoid principal axes in the 2y plane about the z axis; while the
angle § represents the rotation of the ellipsoid principal axes in the zz plane about
the y axis when o = 0. Representative plots are presented in Figure 4.4.

With f, = 0.3, 6 = 0.5, and a = = 0 fixed, estimates of the HCM constitutive
parameters were computed as functions of the correlation length L € [0, 0.0015] m.

The permittivity and the permeability dyadics of the HCM were found to possess the
respective forms

n 12 1 12
& € 0 By My O
—_ 12 22 — 12 22 .
A N S A N ENC L
0 0 0 0

whereas the effective magnetoelectric dyadics have the more general form

1 12 _elt g2l
& & 0 r & 0
ép =iyels | 2 0 |, gp =iel | & —¢# 0 . (4.104)
0 0 & 0 0 -
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Figure 4.4: Representative plots of the estimated effective constitutive parameters of a
chiroferrite composite medium as functions of the correlation length L in (a) and (b);
volume fraction fa in (c); ellipsoid eccentricity parameter 6 in (d); orientation angle
a in (e) and (f); and orientation angle /3 in (g) and (h). Key: solid line for p = DyO;
dotted line for p = Br; dashed line for p = IMG.
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Equations (4.103) and (4.104) show that the considered composite medium is more
general than the so—called Faraday chiral mediums, as exemplified by chiroferrites and
chiroplasmas endowed with spherical microstructural topology [34]. We note that the
constitutive dyadics of chiroplasmas possessing non-spherical topology [11] have the
same structure as (4.103) and (4.104). See Chapter 2 for further details.

As in Sections 4.3.1 and 4.3.2, the SPFT calculations are acutely sensitive to the
correlation length, while those computed using the Br and IMG formalisms are inde-
pendent of L. This is illustrated by the representative plots of the imaginary parts
of pf, ¥ and pZ; and £1% and £ in Figures 4.4(a) and 4.4(b), respectively. Once
again, the escalation in the magnitudes of the SPFT estimates with increasing L is a
manifestation of the rising number of multiple-scattering events within V§.

Next, we consider the influence of the volume fraction f, € [0, 1] on the constitutive
properties of the chosen HCM. Calculations were made for L = 0.001m, § = 0.5 and
a = # = 0; and the results conformed to (4.103) and (4.104). The computed diagonal
entries of all four 3x3 constitutive dyadics display an approximately linear behaviour
with respect to f,, between the values they must take at the endpoints f, = 0 (where
ép = gb) and f, = 1 (where EP = ga) Considerable nonlinearity with respect to
fo is apparent for the off-diagonal entries of the constitutive dyadics in (4.103) and
(4.104), but the magnitudes of these terms are rather small in comparison with those
of the diagonal entries. As representative examples, the real and imaginary parts of
£ as well as the imaginary parts of £ are plotted against f, in Figure 4.4(c).

The HCM constitutive parameters were then estimated as functions of the eccen-
tricity parameter § € [0, 0.5], with L = 0.001 m, f, = 0.3 and o = 8 = 0. Equations
(4.103) and (4.104) were satisfied by the results. At d =0, we get 71! = 72% (1 = ¢, 1, €)
and 2 = —£2' ; i.e., the HCM is a Faraday chiral medium [34] if the topology is spher-
ical. By way of a representative example, in Figure 4.4(d) the real parts of €)', €2
and ¢, are displayed as functions of §. As was observed in Section 4.3.2, increased
contrast between the diagonal elements of the 3x3 constitutive dyadics of the HCM
is achieved at higher degrees of asphericity of the ellipsoidal inclusions.

Finally, we come to the influence of the orientation diversity on the effective con-
stitutive dyadics of the chosen HCM. We selected L = 0.001 m, f, = 0.3 and § = 0.5.
First, we set § = 0 and determined that the constitutive dyadics of the HCM possess
the form

el g 0 s &0
€, =6 | & e 0 |, ép =ieie | & 2 0 |, (4.105)
0 0 & 0 0 &
¢ R ptou2 o
g = 1+/€o Lo Cgl ng 0 ) B = Ho Mf,l l"’f;z 0 ) (4.106)

0 0 —£¥ 0 0 ¥




CHAPTER 4. THE STRONG-PROPERTY-FLUCTUATION THEORY 67

for o € [0, 7/2]. Then, for @ = 0 and § € (0, 7/2], we found that

el 2 I3 11 #1213
» P P D D D
gp = €g *61172 6]272 6?)3 , é =3 ,"60 JU‘O le 652 12)3 , (4'107)
@ G & & & &
' 12 13
g g e itz g
gp = 14/€p Mo f;z _632 22 , gp = lo __“;2 “%2 ”?)3 . (4108)
13 23 33 12 23 .33
—fp {Ep _65 /‘(‘]J ﬁlu'p l’l'p

Both sets of constitutive dyadics are more general than the ones specified through
(4.103) and (4.104), except when (i) & = 0 and either 8 =0 or §=7/2, or (ii) =10
and either « =0 or o = 7/2.

[ustrative examples of the effects of orientation diversity are provided in Fig-
ures 4.4(e) and 4.4(f), wherein the imaginary parts of &', £2% and £3° as well as the
real and the imaginary parts of 4, and p2', respectively, are plotted against oz when
f = 0. Likewise, in Figures 4.4(g) and 4.4(h) are plotted the real parts of ¢;', €22 and
&, and the imaginary parts of £%, £1* and &2, respectively, as functions of 8 when
« = 0. The 7, and 72* diagonal entries of the effective 3x3 constitutive dyadics are
greatly dependent on «, whereas the 73* values are not, (7 = ¢,£,¢, 41). Analogously,
the 7,* and 73° diagonal entries of the 3x3 constitutive dyadics are highly sensitive to
B, whereas the 7% values are not, (7 = ¢,&, ).

4.4 Influence of covariance

We now consider the covariance function in the SPFT. In the SPFT developed in
Section 4.2, the specific choice ['(R) = I'p(R) (4.61) was made for the covariance
function. Here we shall derive results for more general choices of covariance function
and investigate the influence of the covariance function in a specific homogenisation
example. Specifically, we consider the homogenisation of an assembly of metallic el-
lipsoidal inclusions, randomly distributed but similarly oriented, in a non—conducting
host medium. Our study is an extension of an earlier investigation by Sherwin et al.
[50] in which the same homogenisation scenario was explored using the Br homogenisa-
tion formalism. Their results highlighted the importance of the underlying component
phase topology in determining the constitutive parameters of the composite medium.
Most notably, abrupt changes in the effective permittivity of the composite medium as
the volume fraction of inclusions was increased—indicative of a percolation threshold
[5, 71]—were found to be particularly sensitive to the eccentricity of the ellipsoidal
topology.
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4.4.1 Theoretical results

We recall from (4.66) and (4.52) that the key step in calculating the SPFT-estimated
HCM constitutive dyadic K Dy is the evaluation of the principal value integral

- 3
= 871'3%1—%/\; (/GBCM (q) exp(iq * R) & )dﬁ_, (4.109)

where V,, denotes all space. For the case of the step function covariance T'y(R) (4.61),
we showed in Section 4.2.5 that (4.109) reduces to the surface integral

To _ w3fafb ) 1 1
B = /t4(g1-2){ .
)

1. " P=/R¥ -1,
l:ein(l—z'Lp) (g(g p) XU - 2))} +M}d9, (4.110)

w2
p=yE=
which requires numerical evaluation, in general. Here we present results analogous to

I,

(4.110) for the exponential covariances

Ty(R) = fufs exp(~0 | U™ - R]), (4.111)

To(R) = fofy exp(—o |U~ LR, (4.112)
where o > 0. Notice that each of the covariance functions (4.61), (4.111) and (4.112)
reflects the ellipsoidal topology of the component phases insofar as each is spherically
symmetric with respect to the coordinate frame of § = U !+ R. The treatments

for covariance functions (4.111) and (4.112) follow by residue calculus in the manner
detailed in Section 4.2.5, with (4.109) yielding

pri _ @l /{ AU p) + W XU - P)
ta(U™ * D) (VRr + i0)2(/R +i0)?
2io [Rry/E AU p) - XU )] (st ) } i)
t(U™" « p) (VEr +10)2( /R  +i0)? !

== 413

(4.113)
and
r, _ JaSow 1
L= &ira / (ky — k) ta(U" + D) %
2 -1, w? “1.5)) ex _ﬂz :_?'—m m=,/Rt '
(AU D) I D) eGP | Can
where ) )
D_y(z) = exp(—%—) - (\/——gz exp(%) erfc(%)) ) (4.115)

is the second-order parabolic cylinder function and erfc denotes the complementary
error function [72]. The results (4.113) and (4.114) hold provided the BCM belongs to
the general category of reciprocal biaxial bianisotropic mediums; the same restriction
applies to (4.110).
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4.4.2 Numerical results and discussion

Pursuing the homogenisation example previously investigated using the Br formalism
by Sherwin et al. [50], we take phase a to be a collection of ellipsoidal iron particles
at 670 nm free—space wavelength, with phase b being free space (i.e., vacuum). The
relative permittivity of iron at the chosen wavelength is —4.34 + 420.5. In order to
examine the influence of covariance and correlation length on the percolation threshold
anisotropy, we choose U, = 1, U, = 1.5 and U, = 0.1 in the notation of (4.95). For
such an inclusion topology, we anticipate the effective composite permittivity to exhibit
a percolation threshold along the shortest principal axis — which corresponds to U, —
but not in the directions orthogonal to it, as per the Br formalism [50]. Values of o
were selected for the covariance functions (4.111) and (4.112) so that

4w L3
3 bl

[ i e = (=0,1,2), (4.116)

where L is the correlation length. Hence, o = (¥/6)/L for T'y; and o = ({/97/16)/L?
for I‘2.

Qur SPFT calculations reveal that é Dyo has the form

“fpp 2 | (4.117)
0 i

EDyO =

where ¢, = = diag (ePv0, €DV0, €Dv0). Results are presented for L = 0 nm to L = 70
nm, in increments of 10 nm, with reference to the key given in Table 4.1.
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]
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Table 4.1: Key for Figures 4.5-4.7.

The real and imaginary parts of the relative permittivity parameters 2?0, ¢
and €P%°) calculated using covariance function Iy, are plotted as functions of f, in

Figure 4.5. The abrupt change in both the real and imaginary components of ¢2¥ in

the vicinity of f, = 0.8 indicates a percolation threshold. A corresponding threshold is

not observed for the constitutive parameters ¢2*° and €)*°. As the correlation length

increases, so the onset of percolation is seen to occur at higher values of f,. At L =0,
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Figure 4.5: Real and imaginary components of the relative permittivity parameters

eD¥0 €D¥0 and ¢P¥0 plotted against volume fraction f, for covariance function I'y. See
x Y z
Table 4.1 for key.

the reverse effect may be achieved through increasing the magnitude of U, relative to
U, and U, [50].

The graphs for ¢2¥°, ¢?¥0 and €J%°, calculated using covariance functions I'y and I'
are presented in Figures 4.6 and 4.7, respectively. Comparing Figures 4.5, 4.6 and 4.7,
we see that the influence of correlation length is least for the most slowly decreasing
covariance function (namely, I'1), and greatest for the fastest decreasing covariance
function (namely, I'y).

We infer from our numerical results that the correlated actions of neighbouring
inclusions result in a considerable mitigation of the percolation threshold anisotropy
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Figure 4.6: As for Figure 4.5 but with covariance function 7\. See Table 4.1 for key.

due to inclusion shape alone. Thus, the necessity of employing the SPFT, rather than
the more simplistic Br formalism, is highlighted. We also conclude, from the presented
numerical example, that the choice of covariance function may only have a secondary

influence as compared with the effects of the correlation length.

4.5 Beyond the bilocal approximation

The SPFT has been widely applied, under the second-order approximation (also
known as the bilocal approximation), to estimate the constitutive properties of HCMs
[16], [53]-f55]. To our knowledge, higher-order approximations and the issue of conver-
gence of the mass operator series have not hitherto been addressed. In this section, we
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Figure 4.7: As for Figure 4.5 but with covariance function I's. See Table 4.1 for key.

we develop a third-order approximation and investigate convergence of the mass op-
erator series [19]. The analysis is presented for isotropic chiral composite mediums.
Additionally, we conjecture that our conclusions hold for more general mediums; this
conjecture is substantiated by our numerical results.

4.5.1 Third—order approximation

The second-order mass operator approximation 3(r —r') ~ 3 (- r') was presented

as (4.29) in Section 4.2.2. On retaining the next highest—oﬁer term (i.e., to third-
order in x), the Born series expansion (4.23) yields the third—order mass operator
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approximation as [6, 57]
Sr-r)=E @r-r)+E,r-1), (4.118)
where
B,(c-r)=
/ (X(@) PG iy L —1") * X&) * PGy, (" — ) - x(&)) &, (4.119)

Some algebraic manipulations utilising (4.30) and (4.27) lead to

(£72) = (1—1fa)3

in which

I

- [i Rk (ﬂl"*‘M_—ﬁ_l\l_)] "X s (4.120)

[l

1= /( 0a(r) 0a(t) 6a(r") ) PG gy (r — 1) - X - PG ., " 1) B, (4.121)

a

M, = [(0u(0) 0ut")) PGy (= 1) X * PGy (" — ) 2", (412)

M, f (9(7”«9(r’))PGBCM( f’)-x PG (=) P, (4.123)

=a

(4.124)
are all implicit functions of R.

In order to estimate —Epyo from (4.66), we need to evaluate the Fourier transform
of the mass operator evaluated at zero spatial frequency; i.e.,

50 = [ 2B ¢E; (4.125)

thus, we now consider the evaluation of [ J °R, [M s d*R and [N d®R: We must
first specify the second and third moments of 6,(r). Consistent with [16], we choose
(4.61) along with

I3 min{ g, I3, Log} > L
fa max{Liz, L3, Loz} < L
(0a(r) Oa(r') Ou(r") ) = 4 ,
: (fat2f3) one of Lig, L3, L3 < L
L 5 (2fa+ [2) two of Lig, Lnz, Loy < L

(4.126)
where

Lip=|r—1, Ls=|r—1"|, Lya=I'—1"]. (4.127)
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From (4.126) we have
/( ga(r_) (_)a (f’) ga(fn) > d3_” —

/ h d*r" —I—/ h d’r" +/ [F2+hw(—1)] &, (4.128)
Lia<L Los<L

where
1 r—r'|<L
w(r —1') = , (4.129)
0 r—7'| > L
and h = (f, — f3)/3. Thus, selecting the origin of our coordinate system at r’ , we
have
[Tl 4w - + @]} x
3,0t
PG, (BT X, ‘PG ) & (4.130)

Focussing on the term w(R) PG , .. (R—~1") - X, * PG ., (L") in (4.130), we assume
that

w(R)G ~R)=~0, (4.131)

for || > L. This simplification is justified in Appendix A for isotropic chiral medi-
ums. It is highly probable that (4.131) is also valid for weakly anisotropic mediums
with diagonally—dominant constitutive dyadics. However, in the absence of appropriate

GORYE

—BCM BC‘.M(

Green function representations for such general mediums, this remains a conjecture.
Using (4.131), we make the approximation

/{ﬁ+hM@%+M@—ﬂww@ﬁw@—ﬁn}x

PG (R— )x PG (") dr". (4.132)

—=BCM —=BCM

Taking the spatial Fourier transform of (4.132) and applying the convolution theorem
[60], we find

IdR = h(¥-x B®+ By V4 PPex cPP) 4+ fIV.x -V,
= — = — = =a — = =Za — X, %
(4 133)
where
V = / PG .., (B) R (4.134)
-
= —Kyoy — D, (4.135)
by (4.16), (4.54) and (4.55).
We consider now the integration of M : Introducing
fa |R—r"| <L
s(B—1r") = , (4.136)

IZ |B—1"|> L




CHAPTER 4. THE STRONG-PROPERTY-FLUCTUATION THEORY 75

we have

_ "/ mo, . ny 331
M, = /s(E—z VPG pon (B =1+ x PG 0, () &, (4137)
where, as previously for J, we have selected the origin of our coordinate system at
r'. By means of Fourier transformations and application of the convolution theorem
again, the integral

[ M, ER= (= B x VY x Y, (418)
emerges. It follows similarly that
f—ﬂzd@:(fafﬁ)y__'ga'g“ﬂig-éa-g. (4.139)
For N, we have
N = (fa=f2) [0 PGy, (B1") - x PGy, (") 0
—fa / PG popB=1") X PG, (") dPr'" (4.140)

Utilising the approximation of (4.132) and repeating the procedure of Fourier trans-
formations, we find

/_E_d3ﬁ = (o= fOPYex P - PVex V.  (4141)

Finally, combining (4.133), (4.138), (4.139) and (4.141) into (4.120) and integrat-
ing, we find

/23(—5—)d3_&:
(1= 2/,
f3_((1'——ff722§a' (—X'éa'g‘)+£F°'§a'¥+§°'§a'2“) ‘X . (4142)

4.5.2 Numerical results

Using the zeroth—, second- and third—-order—approximated SPFT in the long-wavelength
regime, we investigate the constitutive properties of two examples of HCM. The vol-
ume fraction f, = 0.3 and an angular frequency w = 27 x 10'° rad s™* are selected for
all numerical results presented in this section.

A. Isotropic chiral HCM

In the first example, component phase a was chosen to be an isotropic chiral material
with constitutive relations
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and parameter values
e =5(34+i15), =8605+i), put=5(2+1i0.8), (4.144)

where 6 = 10, 20 and 30. Component phase b was taken to be free space. The param-
eter  provides the means to vary the constitutive contrast between the component
phases. The relative permittivity M of the resulting isotropic chiral HCM is plotted
as a function of correlation length L in Figure 4.8. The values for the zeroth-order
approximation—which are identical to those values calculated using the Br homogeni-
sation formalism—are independent of correlation length. Furthermore, the calculated
values for all orders of approximation coincide at I = 0. The HCM magnetoelectric
parameter £7¢M and relative permeability #Z™ behave in similar manner to the

relative permittivity ¢7“™ and are displayed in Figures 4.9 and 4.10, respectively.

Figure 4.8: Real and imaginary parts of the HCM relative permittivity, calculated
using the zeroth—, second— and third—order mass operator approximations, plotted
against correlation length L for § = 10, 20, 30. At L = 0, the calculated values
for all orders of approximation coincide. Key: broken dashed lines indicate zeroth—

order values; solid lines indicate second-order values; dashed lines indicate third—-order
values.
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Figure 4.9: As for Figure 4.8, but the plotted values are of the HCM magnetoelectric
parameter.
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Figure 4.10: As for Figure 4.8, but the plotted values are of the HCM relative perme-
ability.

Under the long-wavelength regime, we require @ < 1, where

max W,

Q= 27

L. (4.145)

For the present case in which the BCM is an isotropic chiral comparison medium,

={l7"LLir 1}, (4.146)

where 7 denote the left— and right-handed wavenumbers in the BCM [33]. We find
for the example illustrated in Figures 4.8 — 4.10, @ = 0.1 at L = 5.1 x 10*m for
§=30;at L =57x%x10"*m for § = 20; and at L = 7.3 x 10~*m for § = 10. These
limits establish the applicability ranges of the presented formalism.

B. Faraday chiral HCM
For our second example, we again selected the isotropic chiral medium of (4.143) and
(4.144) as component phase a. A magnetically gyrotropic medium characterised by

b= (4.147)

(4.148)

iy
Lo
Sy
<o

Il
Il
(=]

I

[} )

b

=
Il
F
=
I~
|
Py
=
[~
Je2>
nN
X
Hi~
e
=
I
=
o
|
N
|e2»
nN

was chosen as component phase b, along with the parameter values €® = 1.2 + 0.4,
@ =25-+140.5, ub =2.14i0.4 and pd = 0.24140.1.
The resulting HCM, with the constitutive relations

EHCM = e [GHC’MI HCMu x L+ (€ HCM _ HOM g ’&'z] ’ (4.149)
éHCM’ :i\m [€HCM’£ gHC']V[ i % I"l‘ (§HCM gH M)@ @ ] (4150)
CHOM _ _ ¢HOM (4.151)
gHC'M = ppo [1TOM [ —ipBOM g x [ 4 (pHOM _ HOM g gy ] (4.152)

belongs to the general class of Faraday chiral mediums [12, 34]. Such HCMs have been
comprehensively studied using both the MG and Br formalism {35, 11] (see Chapter 2),
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as well as the bilocally-approximated SPEFT [17] (see Section 4.3.3). The calculated
HCM relative permittivity parameters ¢?™, [ and €Z°M; magnetoelectric pa-
rameters EHCM | ¢HOM anq ¢HOM; 3nd relative permeability parameters u#¢M | HCM
and T are graphed as functions of correlation length L in Figures 4.11, 4.12 and
4.13, respectively. For clarity, the zeroth—order approximation values—which are con-
stant with respect to L and are equal to the second— and third-order values in the
limit L — 0—are not displayed. The BCM lies in the category of weakly anisotropic
mediums with diagonally-dominant constitutive dyadics, for which we anticipate that
the simplification (4.131) is valid.

Since the Faraday chiral HCM is a Lorentz—nonreciprocal medium [73], the cor-
responding dispersion equation yields four distinct wavenumbers: g, ¥, vz and 7.
Accordingly, here we have

Wi ={lnl vl ]l (4.153)

and we find @ =0.1at L =3.6 x 107*m for § =30; at L =4.3 x 10~*m for § = 20;
and at L = 5.5 x 107 m for § = 10.

4.5.3 Conclusion

It is clear from Figures 4.8 — 4.13 that the third-order-approximated SPFT yields
significantly different results from the bilocally-approximated SPEFT only as either
(i) the correlation length L becomes electrically larger and/or (ii) the constitutive
contrast between the component phases a and b increases. However, in case (i), the
long-wavelength approximation begins to lose validity; while in case (ii), spatial fluc-
tuations in the generalised polarisability x(r) are likely to become strong. Thus, in
either instance the addition of the third-order term X, (R) to the mass operator is not
significant, provided the basic assumptions underlying the long—wavelength SPFT re-
main valid. We therefore conclude that the SPFT converges at the level of the bilocal
approximation for isotropic chiral mediums, as well as for chiroferrite mediums which
are both weakly uniaxial and weakly gyrotropic.
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Figure 4.11: Real and imaginary parts of the HCM relative permittivity parameters
eHOM - elIOM and €M calculated using the second— and third—order mass operator
approximations, plotted against correlation length L for § = 10, 20, 30. Key: solid

lines indicate second—order values; dashed lines indicate third—order values.
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Figure 4.12: As for Figure 4.11, but the plotted values are of the HCM magnetoelectric
parameters £7M, EHOM and ¢HOM,
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Figure 4.13: As for Figure 4.11, but the plotted values are of the HCM permeability

parameters M, TOM and pHOM,




Chapter 5

Discussion

5.1 General remarks

In the consideration of electromagnetic properties of materials, the concept of homo-

genisation — combining multiple (simple) components into an effectively single com-
plex structure — is extremely important, both scientifically and technologically. This
is particularly so in the case of the most general linear HCMs, namely bianisotropic
HCMs. While the occurrence of fully bianisotropic materials in nature is rare, they
may be readily synthesised through the homogenisation of relatively simple materials.

Through the work of this thesis, the theory of linear HCMs has been advanced on
two fronts:

(¥)

(i)

By utilising the well-established MG and Br homogenisation formalisms, along
with the recently—developed IMG and DMG formalisms, the constitutive prop-
erties of complex HCM structures were revealed and related to the properties of
their constituents. Specifically, in Chapter 2, a detailed parametric study of a
chiroplasma HCM revealed a composite structure more general than that of the
Faraday chiral mediums [11]. This general structure — which has not hitherto
been described in the scientific literature — arises when the component phases
possess non-spherical topology. The issue of biaxiality in HCMs was fully ex-
plored in Chapter 3. Biaxial HCMs were shown to arise when the component
phases present two noncollinear distinguished axes; both electromagnetic and
topological distinguished axes were considered for nondissipative dielectric [13],
dissipative dielectric-magnetic [14] and bianisotropic {15] HCMs. Generalised
biaxial HCM structures in which the principal axes of the real and imaginary
parts of the constitutive dyadics do not coincide were described. Furthermore,
for HCMs arising from component phases with non-orthogonal distinguished
axes, methods of achieving orthorhombic biaxiality were presented.

The bilocally—approximated SPFT was developed for bianisotropic HCMs [16]
in Chapter 4. The SPFT represents a significant advance over the MG and

82
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Br homogenisation formalisms, through accommodating a more comprehensive
description of the distributional statistics of the component phases. In particular,
the SPFT predicts scattering losses (unlike the MG and Br formalisms) and in
its simplest implementations (i.e. either as the correlation length L — 0 or
utilising the zero—order mass operator), the SPFT reduces to the Br formalism.
Detailed numerical studies highlighted the particular influence of the correlation
length, as compared to that of the topology and orientation of the component
phases [17]. Additionally, the choice of covariance function was shown to have
only a secondary influence as compared with the effects of the correlation length
[18]. Finally, through calculating the third-order mass operator approximation
[19], the convergence of the bilocally—approximated SPFT was demonstrated for
isotropic chiral HCMs, as well as for chiroferrite HCMs which are both weakly
uniaxial and weakly gyrotropic.

5.2 Further studies

The work of this thesis pertains exclusively to the linear electromagnetic properties
of HCMs. Within the linear regime, an area which requires further work is the con-
vergence of the mass operator series in the SPFT for anisotropic and bianisotropic
mediums. Convergence at the level of the bilocal approximation was demonstrated
in Section 4.5 for isotropic chiral HCMs. Verification of the mass operator conver-
gence for more general mediums may require explicit expressions for the correspond-
ing dyadic Green functions; however, such explicit Green function representations are
not available [24]. Another area of future development for the linear SPFT lies in
the establishment of a homogenisation formalism appropriate to component phases
with needle-shaped or pillbox—shaped topologies. Earlier, Lakhtakia et al. [74] im-
plemented the Br formalism for such a homogenisation scenario in uniaxial dielectric
materials. We remark that the depolarisation dyadics corresponding to cylindrical
exclusion volumes, derived recently for anisotropic dielectric mediums [30], may well
facilitate such a study.

Considerably greater scope for extending the studies described herein lies within
the realm of nonlinear materials. The MG formalism has been developed for weakly
nonlinear bianisotropic HCMs [75]. However, as in the linear regime, the nonlinear
MG is applicable only to dilute composites—a nonlinear IMG or DMG formalism, ap-
plicable to arbitrary concentrations of inclusion particles, has yet to emerge. The Br
formalism has recently been implemented for weakly nonlinear anisotropic dielectric
composites [76]; more general Br implementations have not been reported as yet. As
regards the nonlinear bilocally—approximated SPFT, only the simplest homogenisation
scenario, namely that relating to cubically—nonlinear isotropic dielectric HCMs, has
been developed to date [77]. Thus, there is clearly considerable scope for the advance-
ment of the SPFT in the nonlinear regime. Furthermore, such extensions to the SPFT
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are not restricted to only electromagnetic properties. The SPEF'T has previously been
implemented for acoustic wave propagation [78] and elastodynamic wave propagation
[79] in linear composite materials. The prospect of developing a comprehensive non-
linear SPFT, capable of describing the electromagnetic, acoustic and elastodynamic
constitutive properties of composite materials, is highly desirable, and may well lead
to interesting applications in biological environments, for example.




Appendix A

The assumption that w(R)G . (r) *G . (B —1) for [z] > L is negligible in
comparison with its evaluation for |r| < L, where w(R) is defined as the step func-
tion (4.129), is made in Section 4.5.1, equation (4.131). Here we justify this assump-
tion for isotropic chiral BCMs. To do so, we express the 6x6 dyadic Green function

G ;. (£2) in terms of 3x3 dyadics as

=BCM

G o (B) = (_ﬁf’” o
o=\ G G

Gee (R) Gem (R) ) - (1)

We begin by considering the isotropic dielectric-magnetic case: the 3x3 constitu-
tive dyadics are

2)

(R) is available

€ =€l wl,
ZBCM =? EBGM Hes éBCM gBCM

Ho

and the wavenumber &k = w /€. An explicit representation of G"}; oM
as [80]

ee _ 1 - 1 _ ; 22 eXp(ZkR)
g (R) = m[ S(B) L~ o= (-1 +ikR+ KR =5 1
_Z% (3 — 3ikR — K*R?) %@33]. (3)

For r >» L, and introducing constants c, § and < of order unity, we have

ce o+ Bkr + yk*r?
' [GBCM(T)}..\ - G123
[[geo,@n)] | atPhLek?L? T=05
N Ii" o+ Bkr + yk*r?
TS a
L? L? oL
R (A
a3 0, (4)
since | kL | < 1 in the long-wavelength regime.
For the case of the G . (R —r) term, we need only consider R < L (since

w(R) = 0 for R > L). Again, for 7 > L and with constants «, § and «y of order unity,
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we have

l[Geg‘C‘ ( _E)]jj a—l_ﬁk(R—T)-i—fyigz(R_?.)z

=1 N
(G (B—18)] |~ otBEE- L)+ #*(E- L) (7 =123)
BCM i (R_L)S
((R—LP) @+ fk(R — 1) + vk*(R — 7)?
(R—r1)? «
_ (R-1L) (R—L)?
- ( —7r)3 + BE(R )]———_(R_T)Q
bR - D)
=0 (5)

since (L — R) < (r — R). For the isotropic dielectric-magnetic case, the correspond-

ing terms for G (R) behave similarly to G° ., (&); the corresponding terms for

G (B) and G () do not contribute to the analysis of Section 4.5 as they
disappear upon integration.

For an isotropic chiral medium, the diagonal terms of G . (&), G%¢., (&),
G7e(B) and G727 (R) are all of the same form as those in (3) [33], while the integrals
of the off-diagonal terms are null-valued. Therefore, we have that
w(R)G o, () * G oo (B — 1) for || >> L is negligible in comparison with its eval-
uation for |r| < L, for an isotropic chiral medium.
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