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Summary

In this thesis we investigate aspects of the Earth’s magnetic field with a
view to further understanding the physical processes at work in the Earth’s
core which act to maintain the geomagnetic field against ohmic decay. In
particular, we consider problems relating to the stability of the Earth’s mag-
netic field.

The basic model of the Earth’s fluid outer core we adopt throughout,
chosen to simplify the problem whilst retaining the important features, is
that of a cylindrical annulus of electrically conducting, incompressible fluid
rotating rapidly about its axis. In this annulus we impose a toroidal magnetic
field and velocity field which both depend only on the distance from the axis

of rotation. This basic state is then perturbed and its stability investigated.

In the first problem we consider in Chapter 2 the annulus is unbounded in
the direction of the axis of rotation. We extend the problem solved by Fearn
(1988) to include an inner core of finite conductivity and allow the mantle
to be a perfect insulator or a perfect conductor. The effect of varying the
inner core conductivity on the magnetic field strength required for the onset
of instability is investigated and the result in the limit of an insulating inner

core compared with that of Fearn (1988) to serve as a check on the results.

In Chapter 3 the same model is extended to include a finitely conducting
layer at the base of the mantle as a model for the D layer. The inner core
conductivity is in most cases assumed to be equal to that of the outer core
and the influence of the D" layer on instability is investigated. The results

are compared with those of the previous Chapter in the appropriate limits.

In the final problem considered we extend the linear stability analysis
into the weakly nonlinear regime. The annulus is bounded in the direction
of the axis of rotation by perfectly conducting plates and the cylindrical
walls are assumed to be perfectly insulating. To simplify the analysis the
magnetostrophic approximation is made. Using a multiple scales expansion
technique an amplitude equation is derived and the coefficients evaluated to
determine if the instabilities are of sub- or supercritical type. As a check on
the results the geostrophic flow that arises in the nonlinear regime is used

as input into the linear code and its effect on the field strength required for

A%




instability investigated.

The calculations in this thesis were carried out on the University of Glas-
gow’s IBM 3090-150E/VF mainframe computer. The graphics have been
produced using the GHOST80 graphics package. The results of Chapters 2
and 3 can also be found in Lamb (1994a,b).
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CHAPTER 1

Introduction

1.1 General Introduction

The task of understanding the physical processes at work in the Earth’s core
which act to maintain the geomagnetic field against dissipative losses is an im-
mense one. The highly nonlinear nature of the governing equations coupled with
a comparative ignorance of many of the important parameters makes progress dif-
ficult. Nonetheless, advances have been made by approaching the problem from
several different perspectives and it is the aim of the work presented here to further

understanding of one of these, namely, the stability of the Earth’s magnetic field.

Although the attracting properties of lodestones were known to the ancient
Chinese and Greeks as early as the third century B.C. it was not until the mid-
sixteenth century that measurements of declination, the angle between geographic
and magnetic north, led Gerhard Mercator to realise that the source of attraction
for compass needles was terrestrial. Later, in 1600, William Gilbert published the
influential treatise De Magnete, credited by some with being the first scientific
textbook although some of the fundamental concepts of magnetism were recorded
as early as 1269 by Petrus Peregrinus in Epistola de Magnete. From measurements
of inclination Gilbert concluded that the Earth itself is a great magnet, one of the
first physical properties to be attributed to the Earth as a whole. This important
step was followed in 1634 by the discovery by Henry Gellibrand that the magnetic

field was not constant in time, a fact he deduced from measurements of declination.

Many of the early measurements of geomagnetic properties were motivated
by their use as a navigational aid. Nowadays extensive measurements are made
across the globe. Accumulated over the centuries these direct measurements have

yielded a great deal of useful information. As well as showing the observable part
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of Earth’s field to be predominantly dipolar in structure (the toroidal part of the
field, believed to be the stronger part, cannot be observed because the bulk of
the mantle is insulating) they have revealed some of the non-constant features,
the secular (or temporal) variation, and in particular the westward drift of some
large scale features of the field (eg. Bloxham, Gubbins and Jackson, 1989). In
the latter parts of last century palacomagnetism began to reveal data covering
much longer timescales. Palaeomagnetists were able to extract information on the
intensity and direction of the geomagnetic field dating back hundreds of millions
of years from rocks formed from cooling of lava and sedimentation. Over these
geological timescales the average intensity of the field has been almost constant
but the polarity was found to have reversed at irregular intervals of between a
hundred thousand and a million years although there have been long periods in

which no reversals have taken place.

Although Gilbert had asserted that the geomagnetic field originated from
within the Earth it was Gauss in 1834 who brought a mathematical approach
to the problem and showed the bulk of the field had its source deep within the
Earth. However, permanent magnetism cannot be retained at the temperatures in
the deep interior of the Earth and the diffusion timescale for a magnetic field in the
Earth is O(10%) years. It follows therefore from the long term consistency of in-
tensity and time dependent nature of the geomagnetic field (i.e., secular variation,
polarity reversals) that the geomagnetic field is not due to permanent magnetisa-
tion but that some regeneration process is at work. It is now believed that the
geomagnetic field is generated by a dynamo operating in the fluid outer core of the
Earth. Conducting fluid moves through a magnetic field inducing electric currents
and associated with these currents is a magnetic field which can act to reinforce
the original field. As it grows stronger the field will act to inhibit those motions

which are enhancing it.

The most obvious obstacle to progress in modelling the Earth is our inability

to directly sample the interior and consequent dependence on inferring information




indirectly. It was 1906 before R. Oldham concluded that the Earth has a molten
core from the observation that, after an earthquake, only longitudinal waves are
detected on the opposite side of the Earth from the epicentre. The general nature
and constituents of the Earth’s interior are now fairly well established from seismic
observations and, as technology improves, from high temperature and pressure
experiments. We now know that the 3485km radius core consists of a solid inner
part of radius 1220km of almost pure iron and a fluid outer part made up of
iron alloyed with smaller quantities of other elements. The identity of these other
elements is still debated but oxygen and sulphur are thought likely to be the
most abundant alloying elements with silicon, magnesium and nickel amongst the
other possible candidates. The core is surrounded by the solid mantle of oxide
and silicate minerals and the properties of this region are currently the subject of

much research. An overview of the core’s features can be found in Jeanloz {(1990).

Planetary dynamo action is only possible in a conducting fluid region mak-
ing the outer core the only feasible location within the Earth. Several possible
sources of energy to drive the dynamo have been considered. The most commonly
adopted in models to date is a uniform distribution of heat sources giving rise to
thermal convection (eg. Roberts, 1968; Fearn, 1979; Fearn and Proctor, 1983a)
but it is now thought there is an insufficient amount of radioactive material in
the core to provide the necessary heat. Precession as a source has also been ruled
out on energetic and other grounds (Loper, 1989) and current thinking favours
compositional convection as the main energy source for the geodynamo (eg. Gub-
bins, 1977; Fearn, 1989; Loper, 1989). The idea is that as the Earth cools the
iron part of the outer core freezes out, releasing latent heat and leaving behind
lighter compositionally buoyant material. This buoyant material will then rise up

through the outer core driving convection and providing energy for the dynamo.

The problems facing anyone hoping to produce a realistic model of the geo-
dynamo are daunting. They must solve a set of highly nonlinear 3-D partial

differential equations in a spherical geometry. The model must reproduce fea-




tures such as secular variation and polarity reversals involving widely disparate
timescales (eg. reversals occur at irregular intervals of the order of 105-10°% years
but the field takes only 5000-10000 years to reverse). They are further hindered
by the so called ‘anti-dynamo theorems’ the most famous of which is Cowling’s
theorem which states that a steady axisymmetric poloidal magnetic field cannot be
maintained by axisymmetric motions [this was later generalised to axisymmeytic
toroidal fields by Backus and Chandresekhar (1956) and the non-steady case by
Backus (1957)], making asymmetry an inherent part of the problem. Yet another
problem is that some of the relevant parameters are not well known, for example
viscosity and mantle conductivity. It is only recently that advances in computer
technology have made a full numerical solution to the geodynamo problem a real-
istic possibility and because of the difficulties outlined above a great deal of work

to date has concentrated on particular aspects of the problem.

One such approach is the kinematic dynamo, in which a flow is prescribed
and the induction equation (see §2.2.1) solved, ignoring the reaction of the field
on the flow, to determine if a growing magnetic field results (eg. Gubbins, 1973;
Kumar and Roberts, 1975 and for an introduction to kinematic dynamos Soward,
1989). The aim here is to establish which types of flow produce dynamo action,
particularly with behaviour reflecting the geodynamo. The actual flow in the Earth
is not well known although constraints on the flow near the core-mantle boundary
(CMB) can be made from extrapolation of the magnetic field at the surface down

into the lower mantle (eg. Gubbins, 1982,1991; Bloxham and Jackson, 1991).

A complimentary approach, and the one we adopt in this thesis, is a stability
analysis of some prescribed magnetic and velocity field. Such an approach has
proved very fruitful in isolating important aspects of the dynamo problem and a
wealth of literature now exists on the various classes of instability which may have
a role to play in the dynamics of the Earth’s core. Broadly speaking instabili-
ties can be divided into thermally driven instability (see eg. Eltayeb and Kumar,

1977; Fearn, 1979; Drew, 1991) and magnetically driven instability (eg. Acheson,




1972; Fearn, 1983b). We are interested only in the latter here. Many studies have
concentrated on the mathematically simpler plane layer geometry (eg. Soward,
1979; Fearn and Proctor, 1983b; Kuang and Roberts, 1990,1991,1992) but cylin-
drical ( Roberts and Loper, 1979; Fearn, 1983b; Fearn and Weiglhofer, 1992) and
spherical (Fearn and Proctor, 1983a; Fearn and Weiglhofer; 1991a,1991b) models
have also been investigated. A variety of instability types have been uncovered:
dynamic instability (Malkus 1967), buoyancy catalysed instability (Roberts and
Loper, 1979; Soward, 1979; Acheson, 1980), exceptional instability (Roberts and
Loper, 1979; Fearn, 1988), field gradient (ideal) instability (Acheson, 1972,1973;
Fearn, 1983b,1988) and resistive instability (Fearn, 1983b,1984,1988; Fearn and
Weiglhofer, 1992; Kuang and Roberts, 1990,1991,1992) but it is the latter two
that are now thought most likely to be relevant to the Earth. The properties of

magnetically driven instability are further discussed in §1.2.

These studies (and numerous others) are important in understanding both the
generation of the geomagnetic field and its characteristics. To date, dynamo mod-
els have concentrated on axisymmetric mean field models in which the essential
asymmetry (Cowling’s theorem) is included via some prescribed a-effect [a mech-
anism for the generation of poloidal (toroidal) field from toroidal (poloidal) field].
Braginsky (1964,1967) proposed that this asymmetry is provided by asymmetric
instabilities of the axisymmetric mean field. Instabilities will also place constraints
on the strength of the fields that can be maintained since they are an additional
drain on the available energy. In addition, Hide (1966) first suggested that the
secular variation may be due to travelling hydromagnetic waves and recent statis-
tical analysis (McFadden and Merril, 1992) has supported the view that internal
fluid instability in the core is responsible for polarity reversals. All of these pro-

vide motivation for further investigation of magnetically driven instability in the

Earth.

1.2 Magnetic Instability
The number of studies devoted to magnetic instability is now considerable (see
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§1.1). An obvious but important consideration in such studies is the choice of the

magnetic field. Many authors have adopted a field of the form

~

B = Bys*¢, (1.1)

where s* is cylindrical radius and Bjs a constant. Two important effects are
incorporated here: field curvature (so B = Bq@) and field strength depending on
radius (so B = s*). Such a choice is made because the Earth’s field is believed to be
predominantly toroidal and because it greatly simplifies the mathematics. Malkus
(1967) found dynamical instability of such a field but the large field strengths
required led him to dismiss it as being geophysically irrelevant. Roberts and Loper
(1979) found an ‘exceptional’ instability which is absent when the magnetostrophic
approximation is made or in the presence of perfectly conducting boundaries. We
discuss this exceptional instability further in Chapter 3. They also considered
buoyancy catalysed instability of (1.1). Such instability must be magnetically
driven because either a top-heavy or a bottom-heavy density gradient can have
a destabilising effect. This was further investigated by Soward (1979). However,
while the choice of field B = s* simplifies the analysis it has the disadvantage of

removing certain important classes of instability.

Acheson (1972,1973,1983) adopted a local analysis in a cylindrical geometry
to investigate more general magnetic fields. His local analysis makes the assump-
tion that the instability mechanism operates on lengthscales short in comparison
with the annulus width, ignores the effect of the boundaries and expands the

perturbation variables in the form

f ~expli(ls + m¢ + nz — wt)], (1.2)

where (s*, ¢, 2*) are cylindrical polar coordinates, s = s*/s,,z = z*/s,, s, is the
outer radius, f is any of the perturbation variables and [ >> 1. His earlier work
(1972,1973) is concerned with the diffusionless limit in which the preferred modes
have n >> 1. He showed that dynamical instability in a cylindrical geometry must

drift westward and that the high field strength required for Malkus’ instability was

6




a result of his choice of magnetic field. With diffusive effects included Acheson
(1983) established a stability criterion for ideal instability (ideal, in this context,
implies the instability persists in the diffusionless limit, not the absence of diffusive

effects). For a magnetic field and velocity profile of the form
By = By sF(s), Uq = UprsQ(s)é, (1.3)
this can expressed in terms of a parameter A where, in the absence of stratification
A=——(F*-R,0Q) (1.4)

where Uy is the fluid velocity relative to rotating axes and R,,, the modified

magnetic Reynolds number

Ry = TMTe (1.5)

R
is a measure of the strength of differential rotation. Instability arises when

32 12+n2 2
A>Ac:m2<1+n—2>+(mAF2> , (1.6)

[cf. Acheson 1983 Eq(3.1)]. The parameter A can be regarded as a measure of the

field strength or, alternatively as an inverse measure of magnetic diffusion and is

defined by
A=rT1,/7s, (1.7)

where 7, is the magnetic diffusion timescale and 7, is the slow magnetohydrody-

namic timescale

Ty = Sg/na Tg = 2QO/Q,241 (18)
g is the rotation frequency of the system and Q4 the Alfvén frequency
Qa = Bar/so(ppo)'/”. (1.9)

where u is magnetic permeability and po fluid density. With sufficiently large A
and n the stability condition (1.6) becomes

A > m?. (1.10)
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The slow timescale 7, (slow because in the Earth’s core Q4 << §}) is a natu-
ral timescale for instability arising in diffusionless rapidly rotating systems, the
analogue of the Alfvén timescale in a non-rotating system. Provided A satisfies
A > m2(1 + I?2/n?) the condition (1.6) can be rewritten in terms of a minimum

value of A, i.e., instability exists for a given value of A if A > A, where

A=

112 HI1A 2ll2 o 1.11
mpr L ) A mE (14 o ' (1.11)

It is apparent from (1.10) or (1.11) that the most unstable mode is m = 1. In
the diffusionless limit A — oo the instability persists and the growth rate p tends
to a constant; hence these instabilities are also termed ideal instabilities. The
above indicates there are two basic requirements for ideal instability. The first is
geometric; the field must increase sufficiently rapidly with distance from the axis
of rotation [condition (1.6) with (1.4)]. This led Acheson to term this type of
instability “field gradient instability”. The second requirement is energetic. The
instability must be able to extract sufficient energy from the field to counteract
diffusive effects. Consider (1.7); as A is decreased from some supercritical value
the instability timescale and the diffusive timescale become more evenly matched

until eventually diffusion acts rapidly enough to dampen out the instability.

Fearn (1983b,1984,1985,1988) found global numerical solutions to the prob-
lem in a cylindrical geometry and confirmed that many of the results of Acheson’s
local analysis carried over to the global results. In this case the boundaries act
as a restriction so that global solutions will not necessarily satisfy { >> 1 and
boundary conditions cannot be ignored. Also, on the short lengthscales entailed
by n >> 1 diffusion becomes an important effect so n > O(1) is more reason-
able. Nonetheless, the numerical solutions proved the local analysis to be a good
guide to ideal instability. Fearn also found a second important class of instability:
resistive instability. Resistive instability was already well known in non-rotating
magnetohydrodynamics [eg. Furth, Killeen and Rosenbluth (1963)] and the prin-

ciple effect of rotation is in modification of the timescale. Again instability arises
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when A > A, but in this case the growth rate peaks as A is increased and then
decreases towards zero as A is further increased so that the instability vanishes in
the diffusionless limit. This requirement for finite diffusivity indicates these modes
are resistive, the mechanism for instability being the reconnection of field lines al-
lowed to move relative to the fluid. Typically A. is lower for resistive instability

than ideal instability and the preference for m = 1 modes is less marked.

Resistive instability is usually associated with the presence of a critical level
k.B=0 where k is a wavevector. For a toroidal field of the form (1.3} this condition
reduces to F(s) = 0. However, Fearn and Weiglhofer (1992) and Fearn and Kuang
(1993) have found resistive instability in the absence of critical levels. Although the
necessary conditions for this ‘new’ resistive instability are not yet fully understood
they found no instability unless B"/B < 0 near an insulating boundary (the
prime denotes differentiation with respect to radius). Another feature of this
instability was its absence when the boundaries were perfect conductors. Unlike
ideal instability field curvature is not a necessary ingredient; Kuang and Roberts
(1990,1991,1992) have extensively investigated resistive instability in a plane layer
geometry with straight field lines.

Both ideal and resistive instability have also been investigated in the more
realistic spherical geometry by Fearn and Weiglhofer (1991a,1991b). They found
the constricting effects of the geometry to be a stabilising effect on the field gradient
instabilities although the effect was less marked on resistive instability. Their work

confirmed that these types of instability could have an important role to play in

the dynamics of the Earth’s core.

In addition to the two types of instability described above, which are now
well established as being relevant to study of the geodynamo, magnetically driven
instabilities destabilised by other effects have been found. Fearn (1988) showed
these arise when some effect acts to counter the stabilising influence of rotation
on ideal instability, eg. inertia and magnetic diffusion (Roberts and Loper, 1979),
stratification (Roberts and Loper, 1979; Soward, 1979; Acheson, 1980), viscosity




(Fearn, 1988). In a non-rotating system the condition (1.6) is modified to
A >m?—4. (1.12)

Rotation is therefore clearly a stabilising effect. If, in a rotating system, some
mechanism acts to overcome this stabilising effect instability, not otherwise present

in the rotating system, may become possible for m? — 4 < A < m?.

The investigations mentioned briefly above (and many others not mentioned)
have assumed the mantle and inner core to be either perfectly insulating or per-
fectly conducting. However, the boundary conditions have a significant influence
on certain instabilities, in some cases excluding them altogether, and although the
inner core conductivity is not known with certainty it is likely to closely resemble
that of the fluid outer core (Jeanloz, 1990). This provides our motivation in Chap-
ter 2 in which we examine the effect of an inner core of uniform finite conductivity

on magnetically driven instability in a cylindrical geometry.

The effect of a finitely conducting layer in the mantle whose conductivity
depends on radius (i.e., the layer conductivity o, = om(s)) is investigated in
Chapter 3. In recent years our knowledge of this part of the Earth’s interior has
improved greatly from both seismology and laboratory experiments on minerals
at high temperatures and pressures. The conductivity of the bulk of the mantle,
which extends from 3485km from the Earth’s centre to just below the surface at
6371km (Gubbins and Roberts, 1987) is not well determined but is very small in
comparison with the outer core. It is now generally believed that a layer of thick-
ness 200-300km exists at the base of the mantle, the D/ layer, whose conductivity
is considerably greater than the bulk of the material above it. This increased

conductivity is due to iron enrichment from the fluid outer core.

Chapters 2 and 3 are extensions of the model employed by Fearn (1983,1988)
to investigate the linear stability of planetary magnetic fields. In Chapter 4 we
return to this model and take both the inner core and mantle to be insulating.

Our aim here is to extend the linear analysis to a weakly nonlinear analysis to

10




determine whether the instabilities of interest described above, the ideal and re-
sistive instabilities, are sub- or supercritical. While linear analyses can tell us
about the necessary geometry and field strength for instability to arise it is only
by extending this to the nonlinear regime that we can obtain information about
the parameter ranges in which steady finite amplitude solutions to the equations
exist. It is these solutions we are most likely to observe. This is particularly rele-

vant to the possibility that internal fluid instabilities trigger polarity reversals and

to the westward drift.
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CHAPTER 2

Magnetic Instability With A
Finitely Conducting Inner Core

2.1 INTRODUCTION

Our model of the Earth’s interior comprises a cylindrical annulus of electrically
conducting fluid rotating rapidly about its axis with angular velocity ¢ = Qp2
and confined between two solid regions rotating with the system. The fluid, with
an azimuthal shear flow U = U(s*)$, is permeated by an azimuthal magnetic field
B = B(s*)q@. In this chapter the mantle, represented in our model by the region
exterior to the annulus, is taken to be a perfect electrical conductor or insulator
and we investigate the influence of an inner core, the region within the annulus, of
arbitrary prescribed uniform electrical conductivity on linear magnetic instability

of the above state.

Previous investigations of the most relevant types of instability, the ideal and
resistive instability, have assumed the mantle and inner core to be either insulating
or perfectly conducting. The effect of finitely conducting boundaries on thermally
driven instabilities has been investigated [eg. Sparrow et al. (1963)] and in this
Chapter we examine the effect of a finitely conducting inner core on magnetically
driven instability. The effect of a finitely conducting layer in the mantle (with
conductivity a function of radius) is investigated in the next Chapter. Although
the inner core conductivity is not known precisely it is likely to be comparable

with that of the fluid outer core. This provides the motivation for our model.

The work of Fearn (1983b,84,88) is extended to include a solution of the induc-
tion equation in an inner core of finite conductivity. As a reasonable representation

of the magnetic field in the Earth’s fluid core, the basic state we consider is, in
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cylindrical polar coordinates (s*, ¢, z*),
B, = By(s%)9, U, = Uy(s*)4, (2.1)

incorporating field curvature but neglecting buoyancy effects. The parameter of
interest is n; = n’/n, where n} is the magnetic diffusivity of the inner core and
n, that of the fluid. The limits n; — 0 and n; — oo correspond to a perfectly
conducting and an insulating inner core respectively. Basic states were chosen to
permit comparison with earlier work and enable the study of field gradient and

resistive (with and without a critical level) instabilities.

For both classes of instability the behaviour in the n; — oo limit was as
expected. In each case the modes found approached those of a perfect insulator
irrespective of the basic state. A new feature of this model was found in the
ni — 0 limit. In this limit the expected modes approaching those of the perfectly
conducting case were found (with one exception) and, in some cases, a new mode
of instability was also present. Typically, these new modes of instability are low
frequency modes penetrating deep into the inner core and requiring lower A.’s
than the expected modes mentioned above. Both ideal and resistive cases of this

new mode were found.

Perhaps the most significant result was found when n; was varied over finite
values. In almost all instances we found instability was most readily promoted
when n; was close to what is believed to be the the geophysical value of n & 1.
This, together with the above, suggests that a perfectly conducting boundary con-
dition may not provide the best guide to the results and the inclusion of a finitely

conducting inner core is worthwhile in future studies of magnetic instability.
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2.2 THE MODEL
2.2.1 Governing Equations

The model we adopt, combining simplicity with the essential features of the
problem, is an infinite cylindrical annulus of electrically conducting incompressible
fluid with an inner radius of s; and outer radius s,. The regions 0 < s* < g;
and s, < s* are rigid solids, the inner one having arbitrarily prescribed finite
magnetic diffusivity J, the outer either insulating or perfectly conducting. The
whole system rotates about its axis with angular velocity Q¢ = {2¢z. The fluid,
with constant magnetic diffusivity 7,, magnetic permeability y, kinematic viscosity
v and density py moves relative to this system with velocity U and is permeated
by a toroidal magnetic field B. The equations governing the motion of the fluid

and evolution of the magnetic field are

U
a—+U.VU+:290 x U= —YE+—L(V x B) x B +vV?U, (2.2)
ot Po KpPo
0B
5 = V x (U x B) +1,V*B, (2.3)
VB=V.U=0, (2.4a,b)

where P is the fluid pressure. In the inner core (s* < s;) there is no flow and the

appropriate magnetic diffusion equation is

oB
E =n, VZB. (2'5)

Small perturbations b and u are then applied to an ambient state B = By, U =0
so that

B= Bo + b, U= u, (26)

where
b = (b, by, b), u = (U, Uy, Uz). (2.7)
Equations (2.2)—-(2.5) are non-dimensionalised using the lengthscale s,, the

slow magnetohydrodynamic timescale 7, [defined in (1.8)] and the magnetic field
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Bpr. The coordinates are then (s, ¢, z) with the inner boundary at s = s, where
$ib = 8i/8,. Unless otherwise stated we take s;; = 0.35 in our calculations which
is representative of the Earth’s inner/outer core ratio. After linearising, the equa-

tions governing the stability of the basic state are

AE,,%—?-{—ixu:—Vpﬂ—(Vng)xb+(be)ng+EV2u, (2.8)
%l;) =V x (ux Bg) 4+ A™1V?b, (2.9)
V.b=V.u=0, (2.10a, b)
in the fluid and
‘;—:’ = A719;V?b, (2.11)

in the solid inner core. The coefficients of b and u in the equations (2.8)-(2.11)
together with the boundary conditions (detailed in §2.2.2 below) are independent

of ¢,z and ¢ permitting us to use a modal expansion of the form

f(S, ¢, Z, t) = f(s)emp[z(mq$ +nz— Wt)]a (212)
where f is any of the components of b or u.

The parameters F and E,, the Ekman and magnetic Ekman numbers, are non-
dimensional measures of viscous and inertial effects respectively and are defined
by

v Mo
E=_—— E, = 2.13
2052’ T 2082’ (213)

where for the calculations in Chapters 2 and 3 of this thesis we take E = E, = 10™°
(unless otherwise stated). Although in the Earth these parameters are likely to be
considerably smaller than this (possibly as small as E = 10~!® and E, = 107°)
choosing realistic values would entail boundary layers too narrow to be resolved

numerically. The main parameter of interest in this chapter is n; where

i = ni [0 (2.14)

is the ratio of magnetic diffusivity in the inner core to that of the fluid. The
limits n; — 0 and n; — oo correspond to a perfectly conducting and a perfectly

insulating inner core respectively.
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2.2.2 Boundary Conditions

The boundary conditions on the velocity are simply the no slip condition and

no normal component, i.e.,
u=0, S = 8ip, 1. (2.15)
The magnetic field must be continuous everywhere. On the axis of rotation this

implies

Db, =56, =0 m =1
s =0, (2.16a, b)

by =b, =0 m>1
where D = d/ds.

In this Chapter, the mantle, s > 1, is taken to be either perfectly conducting
or insulating. In the case of an insulator the condition is that the current normal

to the boundary vanishes and the field matches to some external potential field

b(&) = —VV. The first of these gives
82 Dby + sbs +i(m? + n%s?)b, /n =0, s =1, (2.17)
The external potential field V' must satisfy
ViV =0, (2.18)

with general solution

V = Aln(ns) + CKp(ns), (2.19)

where A and C are constants and I, and K, are modified Bessel functions [see
Abramowitz and Stegun (1965)]. For the magnetic field to remain bounded as
s — oo we require A = 0. Then, matching the field at the boundary s = 1 to

eliminate the constant so that b = b(®) we get

b, = ')’bz, (220)

where
¥ = ilEma(n)/Km(n) —m/n],  s=1, (221)
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In the perfectly conducting case the condition is that the tangential electric
field is zero, i.e., n X € = 0, where n is a vector normal to the boundary. This

leads to

by = Db, =0, s=1, (2.22)
(see Fearn 1983a).

At the boundary between the fluid and the region of finite conductivity at
s = s;, the magnetic field must remain continuous and the equations in solid
and fluid regions are coupled. One possibility that was tried is simply to solve
the induction equation at the boundary itself, utilising the continuity of b and
coupling the equations across s = s;; (numerically, when the equations are solved
at discrete points, this means defining derivatives solely in terms of points in a
given region up to and including the boundary point with an equation at the
boundary defined in terms of points of either region). An alternative is to use the
continuity of b with (2.10a) and the z-components of (2.8) and (2.9). This leads
to continuity conditions involving derivatives of b, and b,. However, we found that
neither of these two alternatives is enough to ensure that our numerical solution
of the system of equations is the one consistent with the physical conditions we

are trying to model. The problem lies in the 7; — oo limit.

As n; becomes large we approach the case of an insulating inner core and

(2.11) becomes
Vx(Vxb)=0. (2.23)

The solution of (2.23).Z is
b, = AlLL(ns) + CKp(ns), (2.24)

where A and C' are constants and I,,, and K, are modified Bessel functions. The
boundary condition at s = 0 ensures C' = 0 and substitution of (2.24) into (2.23).8
then yields, after solving for b,

bs = [GIm(ns) + HKp(ns)|/s + ADI,(ns)/in, (2.25)
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where G and H are constants. As before the condition at s = 0 implies H = 0.

Physically however, the condition that should be satisfied in the inner core as
N — 00 is

V x b =0. (2.26)

i.e., the current in an insulator vanishes. The solutions (2.24) and (2.25) do not

satisfy this condition, giving upon substitution
(V x b).8 = D(Gnln(ns)/ms). (2.27)

The condition that ensures the solution to (2.23) satisfies (2.26) is continuity
of the tangential electric field, i.e.,

[n x €] =0, (2.28)

where [f] = (f)! — (f)° and the superscripts ¢ and o refer to the inner core and

outer core respectively. This can be expressed as
[n x nj] = 0.

where 7 is the appropriate magnetic diffusivity for the inner core or the fluid. The

z-component of this is

[n(inbs — Db,)] =0, (2.29)

or
1

(inb, — Db, )" — —(inb, — Db,)° = 0.

We approach the case of an insulating inner core by letting n; — oo so this gives
(inbs — Db,)' = 0. (2.30)
Substitution of (2.24),(2.25) (with C=H=0) into (2.30) then yields

(inGIm(ns)/s) =0, (2.31)
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and so, G = 0 and the solution (2.25) of (2.23) will satisfy (2.26). Finally, the
continuity of b together with (2.10a) give

[Db,] = 0, (2.32)

which together with (2.29) form the magnetic boundary conditions at the inner

core boundary (ICB).

2.2.3 Method of Solution

After substitution of the modal expansion (2.12) into equations (2.8)—(2.11)
we can eliminate bg,us and 7 using (2.10a), (2.10b) and (2.8).¢ respectively to

leave a tenth order system of linear ordinary differential equations in s.

To solve these equations the regions s < s; and s; < s < 1 are divided
into N; and N3 intervals respectively and differential operators replaced by fourth
order finite difference operators. The resulting system of discretised equations can

then be expressed as a matrix eigenvalue problem of the form
Av = —wCv, (2.33)

where

Vo= [bl bl ’U,i, ’U,i,, SRR 65—21 bi\f—-2’u3N~2, uiV—~2]T’ (234)

where N = Ny + N,.

Two independent methods were employed to solve this eigenvalue problem.
The first was the LR algorithm [Peters and Wilkinson (1971a)]. This method
finds all the eigenvalues and eigenvectors of a given matrix but requires a large
amount of storage and CPU time. For this reason a second method is used, the
method of inverse iteration [Peters and Wilkinson (1971b), Fearn (1991a)]. Taking
a particular eigenvalue found by the LR algorithm as a starting value, this second
method iterates to the eigenvalue closest to it and also outputs the eigenvector
associated with it. Much greater resolution can be achieved with this method

since it can work with only the band of the matrix containing non-zero entries. It
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can therefore utilise the banded structure of the matrix which arises as a natural
consequence of the finite difference approximations to make considerable savings in
storage and CPU time and output more accurate approximation to the eigenvector

and eigenvalue.

2.3 RESULTS
2.3.1 Numerical Procedure

The code we used is one employed by Fearn (1988) modified to allow either
a perfectly conducting or insulating boundary condition to be used at the CMB
and to incorporate a solution of the induction equation in the inner core. The
first step is to determine if instability is present for a given set of parameters and
basic state. A value of A is chosen and the LR algorithm used to find all of the

eigenvalues. If none are found with a positive growth rate, 1.e., with
p=R(—iw) >0 (2.35)

then A is increased and the process is repeated until one is found. This eigenvalue,
the most unstable mode (in the sense that it is the first growing mode, there may
be other modes at larger field strengths which grow faster), is then used as input
for the method of inverse iteration which yields both the eigenvalue closest to the
initial value and its corresponding eigenvector and can be used with considerably
higher resolution than the LR algorithm. Newton-Raphson iteration is then used
to iterate from this eigenvalue to find the point of marginal stability, i.e., to find

the value of A, A, where p = 0.

In most of the calculations in this thesis the first part of this process was
unnecessary. In the majority of cases results of Fearn (1983b,88) or Fearn and
Weiglhofer (1991a) were used as a starting point. Most of their results were ob-
tained with E = E, = 0 and in these cases values of E and E, smaller than the
standard were chosen (in general E = E, = 10~% was small enough to accurately

approximate the E = E, = 0 case) and the mode followed as E and E, were
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increased to E = E, = 107°. The parameter under consideration was then incre-
mented by some small amount and the inverse iteration process repeated with the

previous critical parameters used as the required initial estimate.

2.3.2 Plotting Eigenfunctions

Our code produces as output by, b,,u, and u, and from these by and uyg could
be calculated using (2.10a) and (2.10b) if desired. The eigenfunctions have been
normalised so that maz|b,| = 1 and real parts plotted as full lines, imaginary parts
as broken lines. Throughout this chapter we use Ny = N, = 1000 grid points. In
most cases this is more than sufficient but ensures adequate resolution of viscous

and magnetic boundary layers for the full range of parameters values we consider.

2.3.3 Basic States

The basic states we have elected to investigate are chosen to permit direct
comparison with previous work and to allow study of ideal, resistive and excep-

tional instability. The first field is unstable to ideal and exceptional instability
F = s~ (2.36)

The second is unstable to ideal, resistive and exceptional instability and, with

appropriate parameters, can be chosen with or without critical levels

F- (3 )(4(1‘8’”(3“35%@). (2.37)

B
l+a (1—s3)°

The factor 1/(1 4+ «) is a normalisation factor chosen so that the maximum of
F = 1. The non-monotonic field (2.37) is likely to be more geophysically realistic
than the field (2.36) since it vanishes at the boundaries. With a > 0 there are
no critical levels in s; < 5 < 1, with o = 0 the field is zero at both boundaries.
The gradient of field (2.37) is positive in the inner part of the annulus so that we

expect ideal instabilities to be concentrated in that region.
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Figure 2.1 Comparison of ideal modes of field (2.36) with m =
1, = 1. The top figure includes a solution in the inner core with
ni = 10° and the bottom with an insulating boundary condition

applied at the ICB. Critical parameters are given in (2.38a,b).

2.3.4. A Check On The Results

As a test of the code, we compare results with some obtained using the code
employed by Fearn (1983b,88), modified to allow any combination of perfectly con-
ducting/insulating inner and outer boundaries to be chosen [in Fearn (1983b,88)
both boundaries were perfectly conducting (1983b) or insulating (1988)] and in-
corporating viscosity. Here the outer boundary is taken to be insulating. We also

examine the consistency of our results with an analytic consideration.
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Figure 2.2 Comparison of ideal modes of field (2.36) with m =
1, = 1. The top figure includes a solution in the inner core with
n; = 1072 and the bottom with a perfectly conducting boundary
condition applied at the ICB. Critical parameters are given in

(2.38¢,d).

Figures 2.1-2.2 show eigenfunctions b, b, for an ideal instability of the basic
state (2.36) with @ = 1 and an insulating outer boundary. Figure 2.1 is a com-
parison between the eigenfunctions with solution in the inner and outer cores and
ni = 10 (top) and a solution in the fluid only with an insulating inner boundary
(bottom). The agreement in the fluid region is excellent and in the inner core
region in the top figure the solution can be seen slowly decaying as would be ex-

pected. A comparison of the critical parameters for the n; = 10® case and an
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insulating inner boundary is shown in (2.38a) and (2.38b) respectively with the
parameters for the n; = 10~3 case and a perfectly conducting boundary in (2.38c)

and (2.38d).

Ac=19242, n,=2370, w,=—0.5052. (2.384)
Ae=19249, n.=2374,  w, = —0.5069. (2.38b)
Ac=21043, n.=4.508,  w,= —0.9800. (2.38¢)
Ac=21021, n,=4514, w, = —0.9814. (2.38d)

Figure 2.2 compares the solution in the whole core with n; = 10~® with the
case of a perfectly conducting inner boundary. Again the agreement in the fluid
region is excellent. In the inner core, b, can be seen adjusting rapidly in a thin
layer (so that by, b, = 0 throughout the bulk of the inner core as would normally

be expected in a perfect conductor). This is considered further below.

2.3.5 The Limit n; —» 0

Consider (2.11).2, the equation determining b, in the inner core.
—iwb, = A" n;(D? + s71D — s73(m? 4+ n?s%))b,,

which may be rewritten as

[°D? 4 sD —m? — (n? — “"{\)52]112 =0, (2.39)
(3
with solution
b, = AIm(ks) + CKm(ks), (2.40)
where
2 udA 1/2
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Condition (2.16) implies C = 0 and if we choose to normalise b, so that b.(s =

sip) = 1 we obtain
by = In(ks)/Im(ksi). (2.42)

As we increase the conductivity of the inner core, 7; — 0 and we have

. 1/2
km( zwA) . (2.43)

i
At marginal stability, w is real and we can write this as
 (lwelA) 2
k=01%x|—— . 2.44
(£ (2.44)

The =+ sign in this expression is + if w, < 0, — if w, > 0. (It should be noted here
we are assuming that as n; — 0, n; << wA. This is not always the case; solutions
for which wA — 0 as n; — 0 were found for some fields [basic state (2.37)]. The
analysis in this section does not apply to these low frequency modes which will be

discussed further in §2.3.9).

To leading order (see Abramowitz and Stegun), then, in the limit n — 0 (such

that |ks| >> 1)

-1
Ions) TnClsis) ~ (e ) orihol(Grayirs) corl—bsal. (245)

which, with (2.43) at marginal stability, can be written

le]AC 1/2

I (k8)/ Im(ksip) = (%’l)l/zemp[u ii)(z—m) (s — sip)]- (2.46)

There are two points to be made from consideration of (2.46). The first is that
when 7; is very small the real part of the exponential will decay very rapidly to
zero as s is decreased from s = s;5. This can be clearly seen in Figures 2.2 and 2.3,
in particular the latter which shows blow-ups of the eigenfunctions b,, b, at the
boundary s = s;, for decreasing values of ;. A narrow boundary-layer structure
can be seen developing as n; — 0 and the field is expelled from the inner core.
Secondly, the imaginary part of this same exponential will give rise to oscillations
with a length scale ~ (7;/wA)'/? placing a limit on how small n; can be whilst
retaining sufficient numerical resolution. In practice we found n; ~ 103 was in

most cases small enough to accurately approximate the perfectly conducting case.

25



T T T —"mm —

ba bz
0.6 e
rd
/
0.10 !
0.4 1 7
0.05 e
o9 0-2\
005 b - 0.0
I
0.10 0.6 ;
/
0. 4 !
0. 05 !
1
0.2 !
0.00 | K
~ o /
- 0.0
0.10 0.6
0.4
0. 05
0.2
0. 00 7 0.0
0.34 0.35 0. 36 0.37 0.34 0.35 0. 36 0. 37

Figure 2.3 Blow ups of the eigenfunctions of an ideal mode of
field (2.36) at the ICB with m = 1, @ = 1 and, from top to bottom,
n; = 107,1072,1073,

2.3.6 Field Gradient Instabilities

In the previous section we considered the limits n; — oo and 7; — 0 for the
purposes of comparison with earlier work. In the rest of this chapter we examine

the effect of varying n; on the instabilities.

The first type of instability we consider is the field gradient instability. For

completeness we consider first the field (2.36) before proceeding to the more real-
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Figure 2.4 As in Figures 2.1 and 2.2 but with n; = 1. Critical

parameters are given in (2.47).

istic case of (2.37). Figure 2.4 is the eigenfunction for this field with n; = 1, =1

and with critical parameters

Ac=188, n.=169, w,=—0.198. (2.47)

Comparison with Figures 2.1 and 2.2 shows the mode evolves in a manner that
would be expected, the field being expelled from the inner core as 7; is decreased.
The variation of A, with 7; is shown in Figure 2.5. The discontinuity in the
gradient of the curve is due to A being minimised over n. The curve represents
the ¢global minimum over n, but local minimums can also occur and at the point
of discontinuity the global minimum ‘jumps’ from one local minimum to another.
This is clarified in Figure 2.6, which shows plots of A, versus n for n; = 0.1 (full
line) and 7; = 1 (dashed line). The change of global minimum from one local
minimum to the other is clearly illustrated and, away from these minima, A, can
be seen increasing as n is sufficiently increased or decreased. The circles on the
vertical axes of Figure 2.5 represent the critical A’s with a perfectly conducting or
insulating boundary condition applied indicating (together with Figures 2.1 and

2.2) a good match with the appropriate solutions.

The second basic state we consider, field (2.37), is of greater interest. With

27




210

200 ¢

190 ¢

LOG n,

Figure 2.5 Critical Elsasser number versus logign; for ideal
modes of field (2.36) with m = 1,a = 1. The circles indicate
the values with a perfectly conducting or insulating boundary

condition applied.

this field geometry m = 1 modes are not easily categorised as ideal or resistive
with individual modes exhibiting some of the characteristics of both (see Table 1,
Fearn 1988) so that we restrict attention to m = 2. In Figures 2.7 and 2.8 the
full line represents the ‘expected’ modes, i.e., those that approach the perfectly

conducting and insulating solutions in the limits n; — 0 and 1; — oo respectively.

However, at some 7; a second local minimum develops (of A with respect to
n) which becomes the global minimum as 5; is further decreased (this curve, the
dashed line, is only plotted when it becomes the global minimum; this should not
be interpreted as modes converging or vanishing). Figure 2.9 clearly illustrates this
point which shows that the global minimum of A over n is an order of magnitude

lower for very small but finite n; modes than for the perfectly conducting case.
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Figure 2.6 Critical Elsasser number versus n for the ideal modes
of Figure 2.5. The lines are n; = 0.1 (full line) and n; = 1 (dashed
line) illustrating how the global minimum ‘jumps’ from one local

minimum to another.

The frequency of these modes, corresponding to Figure 2.7, is plotted in Figure
2.8. For the ‘new’ slow modes the frequency scales with n; and is O(n;/A) so that
we — 0 as p; — 0. This is discussed further in §2.2.9. The frequency of the
faster modes remains O(1). In both cases the frequency is negative, i.e., the
modes travel westward. Figures 2.10 and 2.11 illustrate eigenfunctions for the
expected and low frequency instabilities. The lower middle and bottom parts of
Figure 2.10 are eigenfunctions at n; = 102 for both minima of Figure 2.9. The
former matches closely the eigenfunction for a perfectly conducting boundary and
is confined to the outer core but the latter low frequency solution occupies the
whole core. This behaviour is explained by differing timescales; the timescale of
the slow (low frequency) mode is the diffusive timescale of the inner core so that

on this timescale it can penetrate into the inner core (this is discussed further in
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Figure 2.7 Critical Elsasser number versus logion; for ideal
modes of field (2.37) with m =2, =1,a =0.
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Figure 2.8 Graph of w. versus n; for the ideal modes of Figure
2.7.
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Figure 2.9 Critical Elsasser number versus n for the ideal modes
of Figure 2.7. The curves are n; = 10, (thin full line), 1, (dashed),
1071, (long-short dash), 1072, (short dash), 10™2%, (dash dot) and
with perfectly conducting inner boundary (thick full).

§2.2.9) while the faster (higher frequency) mode operating on a shorter timescale

can only penetrate a very short distance (see Figure 2.2 or 2.3).

The critical parameters for these two modes [Figure 2.10 & 2.11 (lower middle)
and Figure 2.10 & 2.11 (bottom)] together with the cases n; = 10% and n; = 1, are

A, = 508, ne =9.61, w,=—0.934, n; = 10, (2.48a)
A, = 623, ne =825  w,=-—0.568, ni=1,  (2.48b)
A.=1213, n,=15.1, w,=—0.969, n: = 107%, (2.48¢)
A, = 106, ne=4.30, w,=-0131x107%, 5 =10"%, (2.484)

illustrating the dramatic decrease in field strength required for these new low fre-

quency instabilities. The unrealistically large value of A, in (2.48c¢) is attributable
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Figure 2.10 Eigenfunctions for bs, bz of ideal modes of Figure 2.7
with, from top to bottom, #i = 103,1,10-3 (full line Figure 2.7),

10-3 (dashed line Figure 2.7). Critical parameters are in (2.48).
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Figure 2.11 As in Figure 2.10 but for eigenfunctions of u,,u,.
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to the choice of m = 2.

2.3.7 Resistive Instability With A Critical Level (a = 0)

Typically, resistive instability requires significantly lower field strengths than
an ideal instability and although less influenced by the geometry of the container
there are features which depend on the particular basic state. In the case of field
(2.37) with & = 0, A — 0 as n — 0 so that we choose n to be fixed at n = 3 (see
Fearn 1988).

The interesting behaviour again occurs when n; < 1. Figures 2.12 and 2.13
plot the critical Elsasser number and frequency against n; for resistive modes of
field (2.37) with &« = 0. The dashed line in Figure 2.12 encloses a region of low
frequency instability occupying the whole core in a similar way to that described
above but clearly resistive in nature since the growth rate p vanishes when A — oo.
The full line converges to the higher frequency modes of an insulating or perfectly
conducting boundary indicated by the circles on the vertical axes. The rapidly
changing part of this line is magnified in Figure 2.14 showing the line is a smooth
one and these high frequency modes have three critical states in a very narrow
range of n;. It should be made clear that while the full and broken lines cross, the
eigenvalues and eigenfunctions are in fact very different. The behaviour w, — 0

as n; — 0 is clearly illustrated in Figure 2.13 and discussed further in §2.3.9.

To more clearly illustrate what is going on, growth rate versus A curves are
shown in Figure 2.15. These can be understood in relation to Figure 2.12 by
imagining vertical lines of constant n; in Figure 2.12. In Figure 2.15 both the full
line and dash-dot lines are plots with n; = 2 x 10~2? demonstrating the existence
of three critical states when n; is small. The dash-dot line, cutting p = 0 twice in
Figure 2.15 (this is more easily seen in Figure 2.16 in which part of Figure 2.15 is
magnified) corresponds to the dashed line of Figure 2.12 while the full line, cutting
p = 0 only once in Figure 2.15 (at higher A p — 0 for this mode) corresponds to

the full line of Figure 2.12. The remaining three lines in Figure 2.15 correspond
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Figure 2.13 Graph of w, versus n; for the resistive modes of
Figure 2.12.
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Figure 2.14 Blow up of rapidly changing part of full line of Figure

2.12 showing the curve is a smooth one.
to the full line of Figure 2.12; the short dashed line (n; = 3 x 107%) lies just to
the left of the region magnified in Figure 2.14 cutting p = 0 once, the long-dash
short-dash line (n; = 3.5 x 1072) passes through this region and cuts p = 0 three
times while the dashed line, (n; = 4 x 107?), passes to the right of this region
and cuts p = 0 once. In contrast to the ideal modes however, there is very little

difference in field strengths between slow and fast modes as shown by these results

with n; = 103

Ac=253, w,=0.870 x 107*, (2.49a)
Ac=223, w,=—0.428 x 1072, (2.49b)
A, =248, w,=0.215, (2.49¢)

where (2.49a) and (2.49b) correspond to the same mode (full line of Figure 2.12).
In general, A, for these modes is not strongly dependent on 7;, critical parameters

at n; = 10% and 1 respectively given by
Ae =293, w.=0.172, (2.50a)
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Figure 2.15 Growth rate versus A for resistive modes of field
(2.37) with @ = 0,/5= 1,m = 2. The curves are 7, = 2 x 10-2
(dash-dot and full) 3 x 10-2 (short dash) 3.5 x 10-2 (long-short
dash) and 4 x 10-2 (dashed).
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Figure 2.16 Magnified part of Figure 2.15 showing where lines
cross p = 0 (the full line of Figure 2.15 has been omitted).
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Figure 2.17 Eigenfunctions for b, b, of resistive modes of Figure
2.12 with, from top to bottom, n; = 10%,1,10~% (full line Figure
2.12). Critical parameters are in (2.50a), (2.50b) and (2.49¢) re-

spectively.
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Figure 2.18 As in Figure 2.17 but for eigenfunctions of u,,u,.
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Figure 2.19 Asin Figure 2.17 & 2.18 but for resistive slow modes.
Critical parameters are given in (2.49a) (1st and 3rd Figures) and
(2.49b) (2nd and 4th).
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Ae =274,  w,=0.075, (2.500)

Eigenfunctions of the modes in (2.49) and (2.50) are illustrated in Figures 2.17-2.19
showing again the deeper penetration of the slow modes at very low 7; permitted

by their longer timescale.

2.3.8 Resistive Instability Without A Critical Level (« > 0)

Fearn and Weiglhofer (1992) investigated resistive instability of the field (2.37)
in a cylindrical geometry and found that with insulating boundaries the instability
persisted as a was increased through zero up to a = 0.2, i.e., even in the absence
of a critical level. However they did not find this behaviour with both boundaries
perfectly conducting. To investigate this further we wish to choose the parameters
such that the field has no zero within the outer core. The conditions for this
| instability are not yet fully understood but Fearn and Kuang (1993) have gone
| some way towards this and found the instability was absent unless By /By < 0
’ (the prime, in our case, means derivative with respect to s) near an insulating

boundary. To allow us to satisfy this condition at both boundaries and therefore

permit investigation of these modes with an insulating or perfectly conducting

g =2

|
outer boundary we increase the inner radius to s;; = 0.7 and take a = 0.5 and
It might be anticipated that with a perfectly conducting outer boundary A,
would increase as 7; is decreased until the instability vanishes. However Figures
’ 2.20 and 2.21 show that instability continues to exist as the conductivity of the
inner core is increased. Indeed A, decreased to around a third of its value at large

n; . Figure 2.22 shows that the modes are evolving into slow modes of the kind

we have already seen in §2.2.6 and §2.2.7. Typical eigenfunctions are illustrated

in Figures 2.22-2.23 with critical parameters

A.=3399, w,= —1.950, ni = 103, (2.51a)
A.=12.88,  w.= —0.679, ni =1, (2.51b)
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Figure 2.20 Critical Elsasser number versus logio7; for resistive
modes of field 2.37 with m = 1,n = 1,8 = 2,a = 0.5,s3 = 0.7

and a perfectly conducting outer boundary.

LOG n,

Figure 2.21 Frequency versus log;on; for modes of Figure 2.20.
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Figure 2.22 Eigenfunctions bs,bz for resistive modes of Figure
2.20 with, from top to bottom, 7, = 103,1,10~3. Critical param-

eters are given in (2.51a)-(2.51¢) respectively.

Ac= 1134, wc=-0.186 x 10-2,  7j= 10 3, (2.51c)

In each case m = 1 and n = 1.

Nearly identical behaviour is found when the outer boundary is insulating.
Figures 2.24-2.27 are equivalent to 2.20-2.23 but with an insulating outer bound-

ary. Differences are quantitative rather than qualitative, the equivalent parameters
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Figure 2.23 As in 2.22 but for eigenfunctions ug, u .

to (2.51) being

A.=6.86, w,=—1.367, n; = 103, (2.52a)
Ae =421,  w. = —1.080, ni =1, (2.52b)
A=417,  we=-0445x10"%, n;=1073, (2.52¢)

This might have been expected since we chose the basic state to satisfy

B /By < 0 at both boundaries. However, the instabilities we have found with
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Figure 2.24 Critical Elsasser number versus log;7; for resistive
modes of field 2.37 with m = 1,n = 1,8 = 2,a = 0.5,s;p = 0.7

and an insulating outer boundary.
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Figure 2.25 Frequency versus log;on; for modes of Figure 2.24.
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Figure 2.26 Eigenfunctions bs, bz for resistive modes of Figure
2.24 with from top to bottom i = 103,1,10-3. Critical parame-
ters are given in (2.52a)-(2.52c) respectively.

small 7ji are low frequency modes that do not correspond to the case of a perfectly
conducting inner boundary where Ac was found to be 13.43 with wc = 0.07. The
corresponding modes to this case could not be found and we have no explanation
for this. We have found all the eigenvalues for this case at A’s greater than 13.43
and only one with a positive growth rate was found, corresponding to the low

frequency mode we have found with much lower Ac. One possible problem was
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Figure 2.27 As in 2.26 but for eigenfunctions u,,u.

that in the perfectly conducting case, the frequency passed through a zero close to
the Ekman number we have used but we were unable to find the modes at higher

or lower Ekman numbers and this remains unexplained.
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2.3.9 The Low Frequency Instabilities

In §2.3.5 an analysis of the equations in the inner core was made in the limit
n; — 0 applicable only if |w|A >> n; as n; — 0. However, we have found instability
when n; — 0 for which this condition does not hold and we consider these modes

further here.

Consider the induction equation in the inner core

%—? = ATV x (V x b), (2.53)
or
b———iﬂ—Vx(be) (2.54)
T wA ' '

If |w| remains O(1) as n; — 0 (our fast modes) then clearly b — 0 in the limit
n; — 0 (see, for example Figure 2.2) and, with the condition (2.28) we would

recover the boundary conditions (2.22) for a perfect conductor.

However, an alternative possibility is |w| — 0 as n; — 0. This is found to be

the case for our slow modes, both the growth rate and frequency w; where
w; = R(w), (2.55)

scaling with n; as n; — 0. This is illustrated in Figures 2.29 and 2.30 in which A is
fixed and supercritical [|w;|A and |p|A are plotted since it is the quantity wA which
appears in the induction equation (2.54)]. The instability timescale is then the
diffusion timescale of the inner core so that on this timescale significant penetration
into the inner core is possible. In the limit n; = 0 both p = 0 and w; = 0, the
timescale on which the instability grows will become infinitely long and no field
lines will then cross into the inner core from the fluid. This explains why modes
of this type are not observed when a perfectly conducting boundary condition is
applied, eg. by Fearn and Weiglhofer (1992). In reality of course n; # 0, the
diffusion timescale of the inner core is O(10*) years, and it is conceivable that
these modes will be present although probably not preferred (in Figure 2.7 the
slow modes (dashed line) are preferred to the fast modes (full line) for n; < 1.0).

~
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Figure 2.28 Plot of logig|wi|A versus logion; with A and n fixed
at A = 200, n = 4.3 showing how the frequency scales with #; for
slow modes. The mode is the equivalent of {2.48d) but supercrit-

ical.
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Figure 2.29 As in Figure 2.28 but for logio|p|A versus logion:

showing how the growth rate scales with n; for the slow modes.
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2.4 CONCLUSIONS

We have investigated the effect of finite conductivity in the inner core on ideal
and resistive instability of a toroidal magnetic field both of which have been estab-
lished as relevant to parameter regimes appropriate to the Earth. We were able
to reproduce (with one exception) solutions found with an insulating or perfectly
conducting boundary condition applied at the ICB and found that in general a
given basic state was most prone to magnetic instability when n; was close to the
geophysical value of n & 1. Some interesting and unexpected behaviour was found
when n; < 1. This took the form of low frequency modes of instability penetrating
deep into the inner core at small n; and was found to occur for both ideal and
resistive instability. Both the growth rate and frequency of these low frequency
modes scaled with 7; so that in the limit n; — 0, the perfectly conducting limit,
the timescale of growth and oscillation for the modes tends to infinity and no
instability would be observed. That it should occur when the field is zero at the
boundaries is unsurprising. Ideal modes are concentrated where the field gradi-
ent is positive and the zero of the field is an important influence on the resistive
modes. Both of these features are present at or near the ICB so the conductivity

of the inner core might be expected to play a role.

In terms of the critical Elsasser number, a measure of the field strength, the
difference between the ‘high’ and low frequency resistive modes was minimal, the
big difference being in the structure of the eigenfunctions. However, for ideal
modes the difference became dramatic as n; was reduced, the lower frequency
modes occurring at A.’s an order of magnitude lower and at smaller axial wave
numbers. In this sense they are therefore the modes that would appear first
although it must be noted that at more geophysical values of n; the differences

were much less marked.

It had been previously thought that resistive instability depended on the pres-
ence of a critical level. Fearn and Weiglhofer (1992) then found resistive instability

with a zero of the field outwith the fluid, but not in the presence of perfectly con-
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ducting boundaries. In Figure 2.20 we have found that instability persists when
n; — 0. One worrying feature was our inability to find the equivalent mode to
Fearn and Weiglhofer with an insulating outer boundary and perfectly conducting
inner boundary. We have found, as yet, no reason why this should be the case. In-
stability was found, at lower A. than expected and this difference clearly warrants

further attention.

What then of the significance to the Earth? Although, as mentioned above,
the low frequency mode would not be observed in the limit of perfect conductivity
the Earth’s inner core is not, of course, a perfect conductor and if, as thought, the
conductivity of the inner core is comparable with that of the outer then it is feasible
these modes have a role to play, at least in the case of ideal instabilities (see Figure
2.7). For the high frequency instability n; = 1, the geophysically realistic value, is
in most cases at, or close to, the minimum of A, over 7; i.e., the most unstable case
(see Figures 2.5,2.7,2.20,2.24). For these reasons the choice of perfectly conducting
boundaries may not provide the fullest and most accurate picture of magnetic
instabilities in the core and the inclusion of finite conductivity in the inner core
in future models would be desirable and worthwhile as the results here underline

the relevance of these types of instability to studies of the geomagnetic field.
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CHAPTER 3

The Effect Of A Finitely Conducting
Layer In The Mantle On Magnetic
Instability In The Core

3.1 INTRODUCTION

Having examined the effect of inner core conductivity on magnetic instability
in the core in Chapter 2, in this Chapter we turn our attention to the influence
of mantle conductivity. Our model is similar to that of Chapter 2, a rapidly ro-
tating cylindrical annulus of electrically conducting fluid permeated by a toroidal
magnetic field, with the addition of a layer at the base of the mantle of arbitrary
conductivity and thickness. Unless otherwise stated we take the inner core conduc-
tivity to be the same as that of the fluid and allow the mantle layer conductivity

to depend on the radius.

Understanding of the conditions under which planetary magnetic fields, in
particular the Earth’s, become unstable has by now developed considerably. Many
of the important features have been investigated, eg. field geometry and differential
rotation but in the investigations of magnetic instability to date, the mantle has
been treated as a perfect electrical conductor or insulator. Such an assumption is
made for reasons of simplicity but in light of recent improvements in our knowledge
of the structure of the Earth’s interior it is appropriate to investigate the possible

effects of a region of finite conductivity in the mantle.

Our increased understanding of the Earth’s interior has stemmed from two
sources. Firstly, improved seismic data has allowed greater resolution of features
within the Earth. They have confirmed the existence of a layer at the bottom of the
mantle, the D" layer, of thickness 200-300km [Young and Lay (1987)], although

considerable variations in this thickness are known to exist. Lateral heterogeneities
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of the order of 10km in length have also been established from measurements of
wave speed changes [Bataille and Flatté (1988)]. Secondly, advances in technology
have allowed high pressure and temperature experiments to be conducted in the
laboratory to mimic conditions at the solid-liquid interface of the core-mantle
boundary (CMB). The molten (mainly) iron of the outer core will react rapidly
with the minerals of the mantle. The products of these reactions will be lifted away
from the reaction zone by mantle convection. However, this convection occurs on
timescales much longer than the reaction timescales, tens or hundreds of millions
of years for mantle convection compared with less than a million years for the
reactions, and the relatively dense reaction products will sink back towards the
CMB forming a layer at the bottom of the mantle - the D" layer. The iron content
in this region will be further enhanced by penetration of core material along the

mineral grains in the mantle [see, eg., Young and Lay (1987), Jeanloz and Lay

(1993)].

Estimates of the conductivity of the lower mantle derived from such experi-
ments vary considerably; Li and Jeanloz (1987) give an upper bound of 1072Sm™*
at a depth of about 1900km while Peyronneau and Poirier (1989) estimate the
conductivity to be 4-40Sm™! in the lower mantle, extrapolated to a lower bound
of 70Sm™! at the CMB. Whichever figure is correct, it is small in comparison
with the more widely accepted figure of 10#Sm™? for the D" layer [Li and Jeanloz
(1987)]. This appreciable conductivity (for comparison, the outer core conductiv-
ity is ~ 5 x 10°Sm™!) is due to an enriched iron content from the outer core and
may vary considerably because of lateral heterogeneities. For a general review of

features of the Earth’s interior see Jeanloz (1990).

Here, our aim is to examine what effect this conducting layer might have on
linear magnetic instability. Of primary interest are the two types of instability
already discussed in some detail which have been established as being of signifi-
cance to the Earth and possibly responsible for secular variation and field reversals

[McFadden and Merrill (1993)]: field gradient (or ideal) instability and resistive
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instability. One other type of instability, the so called ‘exceptional’ instability of
Roberts and Loper (1979), is thought to be of more theoretical than geophysical
interest since with insulating boundaries in the limit of vanishing viscosity (E — 0)
the critical field strength required for instability — oo and with geophysical values
of E the critical field strength far exceeds estimates of the Earth’s field strength.

We investigate this further with finitely conducting boundaries.

In previous investigations the mantle has been assumed to be perfectly con-
ducting or insulating because the boundary conditions are comparatively simple
and the need to solve equations in the mantle is avoided. Here we extend the
model of Chapter 2 to include a layer at the base of the mantle with conductiv-
ity a function of radius. The ratio of magnetic diffusivity in the mantle layer to
that of the fluid is denoted by 7,,, where 1, — oo corresponds to an insulating
layer and n,, — 0 to a perfectly conducting one. The inner core diffusivity is in
most instances assumed to equal that of the fluid, i.e., n; = 1. Previous studies
incorporating a conducting mantle have involved layers of constant conductivity
or conductivity decreasing as some power of the radius, eg. Ducruix, Courtillot
and Le Mouél (1980); Benton and Whaler (1983); Drew (1993); Fearn and Proctor
(1992). Diffusivity profiles similar to Fearn and Proctor (1992) are adopted in a
single layer of finite conductivity; above this layer the mantle is assumed to be

insulating. No attempt has been made to model the lateral heterogeneities.

The addition of a conducting layer was found to be a destabilising influence
for each type of instability considered. Solutions were found to match with the
insulating mantle case in the limit 1, — oo but when n,, was varied, A, decreased
as 7)m was decreased towards more geophysical values (7,, &~ 50). Not surprisingly,
increasing the thickness of the layer also had the effect of decreasing A.. A par-
ticularly interesting feature was the dependence of the direction of propagation
of fast resistive modes, the direction changing from east to west as n,, was de-
creased through 7, ~ 10. The Roberts-Loper exceptional mode was investigated

and found to persist when n;, 7, — 0 but with growth rate and frequency scaling
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with n; (= 7m in this case). The behaviour of A; as E and E, [defined in (2.13)]
were reduced was also found to depend on 7; and n,. When n;,7, < 1 we find

A, remains finite as E,E, — 0 but A, — oo as E, E, — 0 otherwise.
3.2 THE MODEL

3.2.1 Governing Equations

Our model is identical to that explained in detail in Chapter 2, a cylindrical
annulus of electrically conducting fluid permeated by a toroidal magnetic field B
and rotating rapidly about the z axis with a solid inner core of uniform relative
magnetic diffusivity n; (i.e., the inner core magnetic diffusivity has been non-
dimensionalised using the outer core magnetic diffusivity). To this we add an
outer layer of thickness ¢ and relative magnetic diffusivity nm(s) (all variables
here are dimensionless) at the base of the mantle, i.e.,in 1 < s <1+e€ Above
this the mantle is taken to be insulating. The appropriate equations for the fluid
outer core and solid inner core are given in (2.7)—~(2.10). In the mantle layer the

induction equation is

g—]t)zﬁAAVx(anxb), 1<s<1+e (3.1)

The linear analysis then proceeds as before. The basic state is B = Bog, U = 0
where By = BpysF(s) and F takes one of the forms (2.35) or (2.36). Unless

otherwise stated the parameters E, E, and s;; take the values E = 10“’5,E‘,, =

107° and s;; = 0.35.

3.2.2 Boundary Conditions

The formulation of the boundary conditions applied is given in Chapter 1.
Here, the conditions on the axis of rotation and at the ICB are as before. With a
finitely conducting layer at the base of the mantle the condition at the CMB is now
the same as that at the ICB, i.e., continuity of magnetic field and tangential electric
field. Above this layer the mantle is taken to be insulating and the appropriate

condition for an insulator applied at s = 1 + e.
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Figure 3.1 Comparison of ideal modes of field (2.36) with m =
1l,a = 1 and n; = 1. The top figure has an insulating boundary
condition applied at the CMB, the lower figure includes a con-
ducting layer of uniform diffusivity n, = 10* and depth € = 0.06.
Critical parameters are given in (3.2a) (top) and (3.2b) (bottom).

3.3 A LAYER OF UNIFORM DIFFUSIVITY

We consider initially a layer of uniform diffusivity. Unless otherwise stated
(i.e., except in §3.3.2) we take the depth to be e = 0.06 which in our model corre-
sponds to ~ 209km, approximately the depth inferred from seismic measurements

for the D" layer and n; = 1 which is probably appropriate to the Earth.

3.3.1 A Check On The Results

Before proceeding to investigate the effect of varying n., we make a comparison
with a result of the previous Chapter [results of which were, in turn, compared

with those of Fearn (1988)]. The same code has been used, modified to incorporate
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the conducting mantle layer.

Figure 3.1 is a comparison of eigenfunctions by, b, of an ideal instability of the
field (2.36) with &« = 1 and m = 1. In each case n; = 1. The top figure has an
insulating boundary condition applied at the CMB and the bottom figure a layer
of uniform diffusivity n,, = 10* and depth € = 0.06. The agreement in the core
is excellent and critical parameters corresponding to the top and bottom parts of

Figure 3.1 are, respectively,
A, =188.11, n, = 1.691, we = —0.1983. (3.2a)

Ac =188.05, n.=1.691,  w,=—0.1983. (3.25)

Having found good agreement between the 1, — oo solution and an insulating
boundary solution we can proceed with confidence to examine the effect of varying

Nm.

3.3.2 Layer Thickness

In Chapter 2 we found that in general A, decreased as n; was decreased towards
1. We might anticipate therefore that similar behaviour would be found as 7, was
decreased and that this effect would be more marked with a thicker layer. This was
found to be the case. Figure 3.2 illustrates the destabilising effect of increased layer
thickness on ideal instabilities of field (2.36) with @ = 1 and uniform diffusivity.
For a given value of n,, A, clearly decreases as € is increased, this being more
marked the more conducting the layer becomes. As would be expected, A. becomes

independent of € as n,, — oo.

3.3.3 Field Gradient Instability

As in Chapter 2, for field gradient, or ideal instability A, is minimised over n
since A, — oo asn — 0 or n — oo. Figure 3.2 also illustrates the behaviour of A.
as N is varied for the field (2.36). The conducting layer is clearly destabilising
but the effect is only significant when 7, < O(10?) when A. changes rapidly as
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Figure 3.2 Critical Elsasser number versus logiorfm for ideal
modes of field (2.36) with m = 1,¢ = 1, and 7i = 1. The lines cor-
respond to e = 0.03 (full line) e = 0.06 (dashed line) and e = 0.09
(dash-dot line) fe = 0.03 corresponds to about 105km]. The cir-
cle on the vertical axis represents a solution with an insulating

boundary condition applied at the CMB.

indicated by the following sample modes whose eigenfunctions are illustrated in

Figures 3.3 and 3.4.

Ac= 182, ne = 1.70, we= -0.201, Dm = 102, (3.3a)
Ac = 146, ne— 1.73, we= -0.222, 7Im — 10) (3.3D)
Ac = 68.6, ne=1.79, we= —0.254, ) (3.3¢)

Of more geophysical interest is the field (2.37). When this field was considered
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Figure 3.3 Eigenfunctions of b,,b, for ideal modes of field
(2.36) with m = 1,& = 1, n; = 1 and, from top to bottom,
nm = 102,10,1. The critical parameters are given in (3.3a)-(3.3¢c)
respectively.

in the previous Chapter it was found that as ; was reduced, both a slow and a fast
mode developed, the slow mode being preferred when 1; was sufficiently small. We
have chosen n; = 0.1 in this case so that the contrast between fast and slow modes
is large and the effect of varying n,, on each may be compared. The ideal modes of

this field are concentrated in the inner part of the annulus where the field gradient
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Figure 3.4 Eigenfunctions of u,, u, for the ideal modes of Figure

3.3.

is positive so that we might expect the influence of the mantie conductivity to be
small. This is found to be the case for the fast modes where the influence of the
layer conductivity was almost negligible (particularly when n; was small). This is

illustrated by the sample modes, for which m = 2,a = 0,8 = 1 and n; = 0.1,

A, =111287, n.=13.34, w,= —0.8678, 75, =10, (3.4a)
A, =1112.86, n,=13.35, w.=-0.8680, 7n, =1, (3.4b)
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Figure 3.5 Critical Elsasser number versus log;o1., for ideal slow

modes of field (2.37) with m =2,a=0,8=1 and n; = 0.1.
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Figure 3.6 Frequency versus logionm, for ideal slow modes of
Figure 3.5.
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Figure 3.7 Eigenfunctions of b3,bz, u 3, uz for ideal slow modes of

Figure 3.5 with parameters in (3.5a) (1st and 3rd Figures.) and

(3.5b) (2nd and 4th).
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[for field (2.37) m = 1 modes show characteristics of both ideal and resistive
instability [Fearn (1988)] so we have chosen m = 2 here with the result that A, is
much higher than a geophysical value]. The slow ideal modes are more strongly
influenced by the conductivity of the layer, indicated in Figures 3.5 and 3.6. We
have here only taken n,, as low as 10!/2 (this is still smaller than a likely value for
the D" layer in the Earth); lower than this A, continues to decrease but ideal and
resistive modes become harder to separate. Slow modes typically penetrate the
whole of the core and this may account for a greater influence from the conductivity
of the mantle. Eigenfunctions of these slow modes are shown in Figure 3.7 with

critical parameters

A, =182, n.=445, w.=-0.708x107',  n, =10%  (3.5q)

Ae =147, n.=443,  w,=-0740x10"", 7, =10Y% (3.5b)

3.3.4 Resistive Instabilities

The field (2.37) is also unstable to resistive instability. Although resistive
instability has been found in the absence of critical levels [Fearn and Weiglhofer
(1992), Fearn and Kuang (1993)] we here consider only instability in the presence
of critical levels. In this case n is fixed since A. — 0 as n — 0. In Chapter 2 it was
found that when n; was sufficiently small both slow and fast modes occurred for
a given value of n; with the slow modes having slightly smaller A, ’s but a growth

rate scaling with n;.

Since k.B =0 on the boundaries we expected to find that resistive instability
was more influenced by the conductivity of the mantle layer than ideal instabilities
of this field, particularly the fast modes which in the case of ideal instability are
concentrated near the ICB. Qur predictions were confirmed. Figures 3.8 and 3.9
show the effect of varying n,, on fast resistive modes, with eigenfunctions shown in
Figure 3.10. Again a difference in A, is noticeable only when 7, < O(10?) and the
decrease is not a large one. However, a more significant effect of the conducting

layer can be seen in Figure 3.9 in which w, changes sign, i.e., the direction of
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Figure 3.8 Critical Elsasser number versus logion, for resistive
fast modes of field (2.37) with m =2, =0, =1 and n; = 1.
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Figure 3.9 Frequency versus log;o7,, for resistive fast modes of
Figure 3.8.
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Figure 3.10 Eigenfunctions of b9,bz,u 9, uz for the resistive fast
modes of Figure 3.8 with 7/m = 103, 1, Ac = 27.4, 25.0, coc = 0.075,
—0.294 (top and bottom Figures respectively).
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propagation of these modes depends on the conductivity of the layer. This was
an unexpected feature not found in the other cases considered (ideal modes, as
mentioned in Chapter 1, always propagate westwards) and may be of importance

to the observed westward drift.

For the slow resistive modes of field (2.37) the effect was a more marked one
when n,, became O(1). Since the resistive slow modes were found only when
ni < 1072 we have taken a mode with n; = 10~ [mode (2.48b) of Chapter 2)] and
decreased 1,,,. When 7,, was decreased below ~ 10 a rapid change occurred, both
the critical Elsasser number (plotted against 7,, in Figure 3.11) and frequency
(plotted in Figure 3.12) increasing with the result that the mode was no longer
able to penetrate into the inner core [this can only happen if |w|A = O(n;)].
Eigenfunctions are illustrated in Figures 3.13 and 3.14, the former showing the
field being expelled from the inner core as n,, is decreased and the mode appears
to evolve into a fast mode (cf. Figure 3.13 and bottom Figure 2.16). Critical

parameters for these modes are

A, =21.8, we = —0.751 x 1072, Nm = 10, (3.6a)
Ae =222, w.=-0211x10"Y, g, =10'/2 (3.6b)
A, = 23.5, we = ~0.156, Nm = 1, (3.6¢)

3.3.5 Roberts-Loper Exceptional Instability

Roberts and Loper (1979) found instability of a field of the form (2.36) with
a = 0 [and therefore stable to ideal and resistive modes] present only when
—1 < w < 0 and m = 1 and hence termed ‘exceptional’. Their analysis was
valid for small fluid magnetic diffusivity. They show that their instability is due
to a combination of inertia and diffusivity in the narrow magnetic boundary layers
present in the limit of small magnetic diffusivity. The mode was absent in the pres-
ence of perfectly conducting boundaries. Fearn (1983) investigated these modes
further, adding viscosity to Roberts and Loper’s analysis and found it could play

a destabilising role similar to the combination of inertia and magnetic diffusivity.
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Figure 3.11 Critical Elsasser number versus logio7m for resistive
slow modes of field (2.37) withm = 2,a =0, = land n; = 107°.
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Figure 3.12 Frequency versus logign,, for resistive slow modes
of Figure 3.11.
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Figure 3.13 Eigenfunctions of b, b, for the resistive slow modes
of Figure 3.11 with critical parameters in (3.6a)-(3.6¢) respec-
tively.

His calculations were performed with perfectly insulating boundaries and he found
that when E, E, — 0 (making the magnetostrophic approximation) Ac — co . He
also examined finite diffusivity and other fields and found the conditions for insta-
bility to be less exceptional; eg. for the field (2.36) with o = 3 he found instability
with m = 2 and w < —1.

Starting with a mode from Fearn (1988) [see Figure 6a of that paper] of field
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Figure 3.14 Eigenfunctions of us, u, for the resistive slow modes

of Figure 3.13.

(2.36) with a = 0 we decreased the conductivity of the inner core and mantle
to examine the effect on the critical parameters. Figures 3.15 and 3.16 show the
variation in A, and w, respectively. As 7;,1, — 0 we find that A, remains finite
tending towards a constant (= 317) and both the growth rate and frequency scale
with 7; = 1., so that there will be no instability in the limit 5, ., — 0. Sample
eigenfunctions are shown in Figures 3.17 and 3.18. It should be noted that in the

boundary layer analysis of Section 4 in Roberts and Loper (1979) they make the
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Figure 3.15 Critical Elsasser number versus logyo7n; =logionm for
exceptional modes of field (2.36) with m =1,n =1 and a = 0.

-4 -3 -2 -1 0 1 2 3 4
LOG n, = LOG n,

Figure 3.16 Frequency versus logion; =logionm for exceptional
modes of Figure 3.15.
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Figure 3.17 Eigenfunctions of by, b, for exceptional modes of field
(2.36) with m =1 and & = 0. The critical parameters are, from
top to bottom, A, = 920, 408, 317, w, = ~0.310, —0.999 x 10™!,
—0.181 x 10~3, n, = 5.13, 4.25, 4.01 and n; = 1, = 10%, 1, 1073,

simplifying assumption that Alw| >> 7, (in their notation |w| >> T'A) but the

modes we have found by decreasing 7;, n,» do not satisfy this when 7;, 7, — 0.

The conductivity of the boundaries also had a marked effect on the behaviour

of A. as viscous and fluid inertia effects were reduced, i.e., as E, E, — 0. This is
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Figure 3.18 Eigenfunctions of us,u, for the exceptional modes
of Figure 3.17.

demonstrated in Figure 3.19 in which A, versus logE = logFE, for several values
of n; = m as well as the most geophysically realistic case of n; = 1,7, = 50. We
find A, — constant as E = E, ~» 0 when n; = nn, < 1 but A, — oo for more
realistic values of n;,nm [over the range considered the frequency was essentially

independent of E, E, for each of the curves in Figure 3.19)] making it unlikely this
type of instability will be important in the Earth’s core.
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Figure 3.19 Critical Elsasser number versus logioE = logioEy
for exceptional modes of field (2.36) with m = 1 and « = 0. The
lines correspond to 1; = 1, = 0.1 (full line), n; = 9m = 1 (dashed
line), n; = nm = 10 (dash-dot line) and (probably geophysically
realistic) n; = 1, 7, = 50 (long-dash short-dash line).

3.4 A LAYER WITH NON-UNIFORM DIFFUSIVITY

So far we have assumed the layer to have uniform diffusivity. Here we consider

diffusivity as a function of radius i.e., we take
Nm(s) = AsP. (3.7)

If A =1 the diffusivity is then continuous across the CMB. We investigated ideal
modes of field (2.36) with & = 1 and A = 1. No significant differences were found

from the case of uniform diffusivity. Sample modes, for comparison with (3.3), are

A, =183, ne =170, w.=—0.202, B =10%, (3.8a)
A = 142, ne =174, w,=~0.223, B =107, (3.8b)
A.=808, n.,=178, w,=-0247, B =10, (3.8¢)
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Figure 3.20 Eigenfunctions for b9, bz of ideal modes of field 2.35
and diffusivity profile 3.7. In each case A= 1. The critical pa-
rameters are given in, from top to bottom, (3.8a)-(3.8c) with
(3= 103,102 and 10 respectively.

Eigenfunctions for these modes are shown in Figures 3.20 and 3.21.

When ~ / 1 the diffusivity is discontinuous across the CMB. Figure 3.22
illustrates the mode of (3.5b) with A = 100 (top) and A= 0.01 (bottom). The

critical parameters, given below, changed in the way one would expect with A< 1
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Figure 3.21 As in Figure 3.20 but for eigenfunctions of u,,u,.
having a destabilising effect.

A, =187, ne=1.69, w.=-0.199, =107, (3.9a)
A. =823, n.=158  w.=-0.044, A=1072 (3.90)

3.5 CONCLUSIONS

We have added a finitely conducting layer at the base of the mantle to a

model representative of planetary magnetic fields and investigated its effect on
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Figure 3.22 Eigenfunctions for babz,us,uz of ideal modes of
field 2.36 with diffusivity profile 3.7 and /3 = 102. The critical
parameters are given in (3.9a) (1st and 3rd Figures) and (3.9b)

(2nd and 4th).
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magnetic instabilities of relevance to the Earth. Our model also incorporated a
finitely conducting inner core which, in general, was assumed to have the same
electrical conductivity as the fluid outer core as is believed to be the case in the
Earth. The layer was, in most cases, chosen to have a thickness ¢ = 0.06 to
reflect the D" layer which seismic evidence suggests has a depth of 200km. Three
types of instability were investigated, each well known from previous work; ideal
and resistive instability, already firmly established as being of significance to the
Farth, and the Roberts-Loper exceptional mode which requires field strengths
larger than those likely to be encountered in the Earth and is therefore probably
only of theoretical interest. In each case we were able to recover the solution with

an insulating mantle in the limit 7, — oo.

The addition of the layer was in almost all cases a destabilising influence. The
critical Elsasser number A, above which instability occurs was further reduced by
increasing the layer depth, this effect being greatest when the diffusivity of the
layer was small. However, for ideal and resistive instability, the type of instability
of primary interest here, the change in A, was negligible, particularly for the fast
modes [see (3.4) and Figure 3.8]. The conductivity of the layer did however exert
an important influence on the direction of propagation of fast resistive modes (see
Figure 3.9). When 7,, was large the modes travelled east; when it was decreased
below 7., =~ 10 they travelled west. The A.’s for slow modes of both type were
more strongly influenced, especially the resistive modes for which A, increased
when 1, < 10. The frequency in this case also increased with the result that
lw|A was no longer of the same order as 7; and the mode could not penetrate into
the inner core. It was not surprising therefore that allowing the diffusivity in the
layer to vary with radius had only a minimal effect, in keeping with the shghtly

destabilising influence of a conducting layer outlined above.

The Roberts-Loper exceptional instability has not previously been investigated
in the presence of finitely conducting boundaries and is not found when both

boundaries are perfectly conducting. Starting from a mode from Fearn (1988) with
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insulating boundaries we decreased both n; and n,, with n; = ,, and found the
mode evolved to a low frequency mode with growth rate and frequency scaling with
ni(= nm) which penetrated into both the inner core and conducting mantle layer.
The field strength required for instability was also considerably reduced, A, falling
to around a third its value with insulating boundaries when n; = 1, = 1073. A
common approximation in models of the Earth is the neglect of viscous and inertial
effects. In the presence of insulating boundaries this has the effect of filtering out
the exceptional instability since A, — oo as E, E, — 0. However, with n; and
nm < 1 this was no longer the case, A, — constant as E, E, — 0 and the mode

would no longer be filtered out by the magnetostrophic approximation.

While 1t is, of course, desirable to make our models as realistic as possible an
important question is the appropriateness of the inclusion of any effect in future
models of the Earth. The conductivity of the D" layer is believed to be 104.Sm ™!
and the outer core 5 x 10°Sm~—1 which translates to n,, = 50 in our model. With
regard to those instabilities likely to be geophysically relevant inspection of Fig-
ures 3.2, 3.5, 3.8 and 3.11 suggests that at realistic parameter values A, shows no
significant difference from the 1, — oo case and the approximation of the mantle
as a perfect insulator is a reasonable one. However, the dependence on 7, of the
direction of propogation of fast resistive modes is interesting and may have a role
to play in explaining the observed westward drift of certain persistent features of
the FEarth’s field. Although the field strengths required for exceptional instabil-
ities were significantly less than with both boundaries insulating this is largely
attributable to the finite conductivity of the inner core and with realistic param-

eter values (long-dash short-dash line of Figure 3.19) A, remains unrealistically

high as E, E, — 0.
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CHAPTER 4

Weakly Nonlinear Magnetic Instability

4.1 INTRODUCTION

Linear studies of magnetic instability in the Earth, such as those detailed in
Chapters 2 and 3, are now well advanced and most of the important features, such
as field geometry and differential rotation, have been investigated. These studies
represent an essential first step; they tell us what type of instability we can expect
to have a role in the dynamics of the Earth’s core and the conditions required for
the onset of instability. However, linear theory fails to tell us how these instabilities
develop beyond the point of onset and whether stable finite amplitude solutions to
the perturbation equations exist only for field strengths greater than that required
for the onset of instability or whether they can be found at lower field strengths
as well. Answers to these questions can only be found by extending the analysis

into the nonlinear regime.

To begin to investigate the nonlinear development of instabilities in a cylindri-
cal geometry we consider a parameter regime in which our dimensionless measure
of magnetic field strength, A, is slightly greater than that required for instability,
ie.

0< (A—XA—) < 1. (4.1)

We make the common approximation of neglecting viscous and inertial effects as-
suming them to be small in comparison with the Coriolis, Lorentz and pressure
forces, i.e., we make the magnetostrophic approximation. In the linear analyses of
Chapters 2 and 3 the extra work involved in retaining these terms was relatively
small. However, they would considerably complicate the lengthy algebraic expres-
sions which arise in the nonlinear analysis so that we make the magnetostrophic

approximation to simplify the problem. The penalty to be paid for this is that we
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must then consider Taylor’s constraint (this is discussed further in §4.2.3). In the
parameter regime (4.1), the exponential growth of the perturbations is very slow
but after some long time the nonlinear self-interaction modifies the growthrate
so that the perturbations equilibrate at some finite amplitude thereby modifying
the basic state and establishing some new nonlinear equilibrium. The parameter
regime in which stable nonlinear finite amplitude equilibrium may exist can be

determined from the coefficients of the amplitude equation

d
d—f = aA + h|A|*A (4.2)

where A is the complex amplitude and « the growth rate and frequency of the
linear analysis. The criticality (the meaning of which is made clear below) of
the instability is determined by h. If A < 0, stable finite amplitude solutions to
the perturbation equations exist only for A > A, the instability is said to be
supercritical and the nonlinear equilibrium state is described by (4.2). If A > 0,
stable finite amplitude solutions may also exist for A < A.. The instability is
then said to be subcritical but the eventual stable nonlinear equilibrium cannot
be described by (4.2) since an assumption made in its derivation (described in
detail in §4.2.3) is that the amplitude of the perturbations is very small. It is
envisaged, on physical grounds, that there will exist some Ay < A, below which
no stable finite amplitude solutions can be found. This latter case of subcritical
instability is of interest since it provides for the rapid evolution of the basic state

( given a suitable disturbance ) through the growth of the perturbation into a new

stable finite amplitude equilibrium.

As mentioned above, establishing the criticality of the instabilities is achieved
through the determination of the coefficient A in the amplitude equation (4.2).
This equation is derived by a multiple scale method in which the perturbations
are expanded as a power series in their amplitude. An application of this technique
was made by Kuang (1992). Kuang considered resistive instability of a sheared
force free horizontal field in a plane layer geometry. In his model the most unstable

perturbations are single-roll type solutions, i.e. one dimensional and this simplifies
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the problem considerably. In particular, he was able to solve the system of linear
equations that results from the technique up to an order in the amplitude such
that Taylor’s constraint (discussed in §4.2.3) is satisfied. He found that for the

most unstable modes the bifurcation at marginal A was supercritical.

The simplifications that Kuang could exploit in his model do not arise here.
Instead, the nonlinear development of the perturbations gives rise to terms at
second order in the series of linear equations that result from the method which
are independent of the axial and azimuthal coordinates - they are the nonlinear
modification to the basic state. In particular, a geostrophic flow Ug 1s generated
which cannot be determined simply from the momentum equation since it is a
function only of the radial coordinate s. To determine this flow viscous effects
are reinstated but considered important only in the Ekman boundary layers. It
can then be shown (eg. Fearn 1994) that the resulting modification to Taylor’s
constraint gives an expression for the determination of the geostrophic flow Ug.

This is discussed further in §4.2.3.

Kuang considered both the parameter regime (4.1) and the case A — oo. The
basic states we have chosen do not satisfy V2B = 0, but rather decay on a diffusion
timescale based on the annulus radius. In order for the analysis to be valid we
require the magnitude of the perturbations (proportional to A — A.) to be small.
However A — A, must be big enough for the instability to grow on a timescale
faster than the decay timescale of the basic state. This will be true provided that
A is large enough. This is most clearly the case in the limit A — oo but this

regime is physically much less interesting than the regime (4.1).

In §4.3.2 we investigate instabilities of a monotonic magnetic field and of a
field with zeros at the boundaries (both fields are azimuthal) and determine if they
are of sub- or supercritical type. In the case of the monotonic field only subecritical
instability was found. For the case of a field with zeros at the boundaries and a
maximum within the fluid instability was in general found to be subcritical, an

exception being for m = 1 (m is the azimuthal wave number) modes when the
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maximum of the field was close to the outer boundary. As a test we then consider
the effect of the toroidal flow generated by the nonlinear effects on the measure of
critical magnetic field strength A.. Using the geostrophic flow Ug calculated for
the case R, = 0 (where R, defined in (1.5), is a measure of the strength of the
differential rotation) as input into the linear problem A, was calculated as ®,,, was
slightly increased. As expected we found A, decreased for the case of subcritical

instability and increased for the case of supercritical instability.

4.2 THE MODEL
4.2.1 Governing Equations

In this chapter we again consider a cylindrical annulus of conducting fluid but
take the inner core (s < s;;) and mantle (s > 1) to be insulating (this gives simple
boundary conditions and removes the need to solve equations in the inner core
and mantle). In addition, the annulus is bounded in the z-direction by perfectly
conducting plates at z = #d (in dimensionless coordinates). The presence of
these perfectly conducting plates does not affect the solution of the linear stability
problem (see below). It does however affect the nonlinear equations and introduces
a more physically realistic closed container with, for a given d, discrete axial
wavenumbers n (see 4.14). The simplicity of the boundary conditions for a perfect
conductor allow the separation of the z-dependence of the perturbations in a simple
way as cos[n(z+d)] or sin[n(z+d)]. The appropriate non-dimensionalised equations
governing the stability of the basic state are in essence the same as (2.7)—(2.9) but
with two important differences. Naturally, in a nonlinear analysis we must retain
squares and products of the perturbation quantities b and u. We also make the
magnetostrophic approximation in which viscous and inertial forces are neglected (
although the importance of viscosity is considered in determining the geostrophic
flow - see §4.2.3). The instability timescale is long compared with the inertial
timescale and viscous forces are small compared with Coriolis and Lorentz forces

so that it is a common approximation in geomagnetic studies to neglect these

terms in (2.7), i.e., to take E = E, = 0 (this has consequences for the boundary
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conditions which are discussed in §4.2.2). The equations governing b and u are
then
Zxu=-Vp+(VXxB,)xb+(Vxb)xB,+(V xb)xb, (4.3)

(‘;—lt)zﬂ?mVx(Uo><b)+Vx(uxB0)+Vx(uxb)+A"‘1V2b, (4.4)

V.b=V.u=0, (4.5a,b)

where R,,,, the modified magnetic Reynolds’s number, is defined in (1.5) and can

be regarded as a measure of the strength of differential rotation.

The basic state takes the form
By = BMSF(.S)QB, Uy = UMSQ(S)QB, (46)

where F' and Q are chosen such that max|F| =max|Q2} = 1.

We then proceed in a similar manner to the previous chapters, eliminating the
variables p, ug, ug,u, and by using (4.3).2, %(4.3).@3, 2(4.3).5, (4.5a) and (4.5D).

The resulting equations can be expressed in the form

L® =N, (4.7)
where
bs
® = [ bz] , (4.8)
and L, a matrix of linear differential operators and N is the nonlinear interaction
vector,
L =
[(F? + sFF' — sF28, — RnQ), — -+ —F?s74(83 + 5%02)0
A1 (35710, 4+ 02 + s7*(1 + 85) + 82)]0. +2s7LAT1IH?
[Fs™ (14 83) + F2s0? [(F(sF3, +4F + sF') — R,,Q)04 — 0
+3F29, — 3FF' — sFF"]8, +ATH (s, + 02 + 57203 4 82)]0-
(4.9)
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—0;[V x (u x b)]s + Fs7'93[(V x b) x b], — Fs71949.[(V x b) x b]g
—=0;[V x (u x b)]; + Fs71040,[s[(V x b) x blg] — Fs7195[(V x b) x b,
(4.10)

where 9, = -&. The linearised form of (4.6)
Lo=o0, (4.11)

is the problem solved by Fearn (1988). The equations (4.11) admit solutions of

the form
f(s,8,2) = f(s,2) exp[i(m¢ — wi)], (4.12)
where f is any of the perturbation variables.

4.2.2 Boundary conditions

In making the magnetostrophic approximation the order, in s, of our system
of differential equations (4.7) drops from ten to four rather than six as would
be expected. This is related to the cylindrical walls being parallel to the axis of
rotation. Clearly, in neglecting viscosity, the no-slip condition cannot be applied
but the question then arises of which of the remaining boundary conditions should
be applied. Fearn (1983a), generalising work of Condi (1978), addressed this
problem by reinstating viscous effects and considering the limit £ — 0. He showed
that the contribution from the boundary layer was greater for u, than for b,
and b, so that it is the conditions on bs and b, (which must be satisfied by the
mainstream) which are retained and the condition on u, (which is accommodated
by the boundary layer) that is dropped. This problem does not arise on the

perfectly conducting horizontal plates since equations (4.7) are sixth order in 2.

The plates at z = +d are perfect conductors and the appropriate boundary
conditions are that the normal velocity and tangential electric field are zero (the
latter of these implies the normal magnetic field is zero) giving

_0by
=5, =

b, 0. (4.13)
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Differentiating (4.5a) with respect to z then leads to

2b
3j : _g

= (4.14)

The cylindrical walls of the container are insulating. Physically, the conditions
that are applied are that the current normal to the boundary vanishes and the field
matches to some external potential field (see §2.2.2). Here we give the conditions
as they apply to the linear problem, the details for the nonlinear problem are given
in Appendix C. With the perturbation variables in the linear problem written as

bs | | bsrcosn(z+d) | ime =
[@]_{Mﬂﬁan+@ e (4.15)

(see next section for more details) the condition that the normal current vanishes

s=s; and s =1 is
52 Dbgy + sbgy + (m? +n252)b,1 /n = 0, s = 8ip, 1, (4.16)

and matching to an external potential field leads to

ba = 7bza (4‘17)
where
Y= { —t[Imt1(nsis)/Im(nsiv) + m/nsip] s =54 (4.18)
UK mt1(n)/ Km(n) —m/n] s=1
(see §2.2.2).

4.2.3 Taylor’s Constraint and the Magnetostrophic Approximation

A distinguishing feature of the geodynamo problem is the unusual force bal-
ance in the outer core. Generally, in rapidly rotating hydrodynamical systems the
Coriolis force dominates and constrains motions to be two dimensional - this is the
well known Taylor-Proudman theorem. In the Earth however, this constraint is
relaxed since the Coriolis force is balanced by pressure and Lorentz forces. How-
ever, a remaining consequence of the rapid rotation is that the viscous and inertial

forces (other than the Coriolis force) are, relatively, very small. In terms of the
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dimensionless parameters E and E,, the Ekman and magnetic Ekman numbers
measuring viscous and inertial effects respectively and defined by

14

n
S I -
2052’ T 2082’

o

estimates are O(1071%) and O(1079) (although it should be noted that the former
of these is not well known). A common approximation therefore is to neglect these
terms in the momentum equation, making it a diagnostic rather than predictive

equation. This is known as the magnetostrophic approximation.

The consequences of making the magnetostrophic approximation, which has
the effect of filtering out short timescale motions, on the geodynamo problem were
first discussed by Taylor (1963). He considered the mass flux across cylinders of

radius s, coaxial with the axis of rotation and contained within the outer core, i.e.

/ / U,dédz, (4.19)

C(s)

(in cylindrical coordinates) where C(s) is the surface of the cylinder described
above. If the magnetostrophic approximation is made, the cylinder C(s) extends
all the way to the boundary. There can, therefore, be no flow into the ends of the
cylinder. For an incompressible fluid this implies that the integral (4.19) is zero.

Taylor then showed that solutions to (4.3) can only be found if

/ / [(V x B) x Blydads = 0, (4.20)

C(s)
[see, for example, Fearn (1994)]. This is known as Taylor’s constraint and has been
the subject of a great deal of attention particularly in the contexts of magnetocon-
vection (eg. Roberts and Stewartson, 1974,1975; Soward, 1980, 1986; Skinner and
Soward, 1988) and dynamo models (eg. Soward and Jones, 1983; Braginsky and
Roberts, 1988). If, in the framework of the magnetostrophic approximation, (4.20)
is satisfied then solutions to (4.3) can be found up to an ‘arbitrary’ geostrophic flow

Ug = Ug(s)¢ [arbitrary in the sense that we can add any such flow to a solution of
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(4.3)]. Taylor envisaged that this geostrophic flow would alter the magnetic field,
via the induction equation, in such a way that (4.20) would be satisfied. However,
one cannot be sure that (4.20) will be satisfied. Fearn and Proctor (1987) tried
to determine Ug by choosing it to minimise the integral on the left hand side of

(4.20) for a prescribed field and flow but with mixed results.

An alternative way of determining Ug is to include the effects of Ekman suc-
tion. Consider the division of the outer core into three regions comprising bound-
ary layers at the ICB and CMB in which viscous effects are important and the
interior in which they can be neglected. In this case the integral (4.19) is non-zero

and it can be shown that (4.20) is modified to

Ug = 51;(213)—1/2 // [(V x B) x B]gddz. (4.21)
C(s)

Unlike (4.20), which was a constraint on the magnetic field B, (4.21) is an expres-
sion which determines Ug at the outer edge of the boundary layer. Since Ug is
independent of z (4.21) then prescribes Ug throughout the annulus. Other forms
of coupling, topographic or electromagnetic coupling, may also be important but
if these are included and viscous effects neglected (4.20) must still be satisfied.
A much more detailed discussion of Taylor’s constraint and the modifications to
it when core-mantle coupling is introduced can be found in Fearn, Roberts and

Soward (1988) and Fearn and Proctor (1992).

In the problem under investigation here we are interested in the nonlinear de-
velopment of perturbations of the form (4.14). These perturbations are expanded
as a power series in their complex amplitude (see §4.2.4) which, when substituted
into the governing equations, give rise to a series of linear equations at ascending
powers of the amplitude. At second order in this expansion terms arise which
give rise to a toroidal flow Ug independent of the coordinates ¢ and z. This flow,
which represents the nonlinear modification to the basic state by the perturba-
tions, cannot be determined simply from the momentum equation [(4.3).¢4 | since

this determines only the z-derivative of the velocity. To determine it we rein-
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troduce viscous effects which are important in the Ekman boundary layers but
considered negligible elsewhere. The geostrophic flow, Ug, is then determined by

the expression (4.21) above.
4.2.4 Finite Amplitude Analysis

Here we present the analysis whereby the amplitude equation governing the
nonlinear behaviour of the perturbations is derived. It is the coeflicient of the
nonlinear term in this equation which determines the nature of the bifurcation at
the onset of instability. For the sake of clarity, most of the complicated expressions

arising in this analysis are left out here and given in Appendix A.

To investigate the bifurcation at marginal instability we consider the region

slightly above critical, i.e. where
0<(A—A)/Ac k1, (4.22)

and the growth rate, p, of the perturbations is small
poc (A —Ap)/A.. (4.23)

In this region the magnitude of the perturbations, €, is very small (Je] < 1)
and we can expand the system of equations (4.7) as an asymptotic series in € to
obtain a sequence of linear equations in ascending powers of €. In order to solve
this sequence of equations we must eliminate secularity and in so doing we will
arrive at a relationship (the amplitude equation) involving the amplitude of the

perturbations and the timescale 7 on which they evolve where
T o pt. (4.24)

Secular terms arise first at third order in the expansion. This means that to

eliminate them the slow time derivative 0; must be such that

= =€ . (4.25)




This implies the growth rate p is O(e?) and, with consideration of (4.23), we have
Ae? = (A~ AJ)/A.. (4.26)

where A is a constant of proportionality from (4.23).

The matrix L and vectors ® and N are expanded as follows

L=Lo+eli+eLy+---, (4.27)
® = eby + by + by + - -, (4.28)
N = GZNz -+ €3N3 4 (429)

Substituting into (4.7) we obtain a series of linear equations. At O(e) we retrieve

the linear problem,

Loby =0 (4.30)
where Ly is given in Appendix A and

b, = [.b“ ] +c.c. (4.31)
szl
where c.c. means complex conjugate. The equations (4.30) admit normal mode

solutions of the form

b; = A(7) [il;::;[((ss’,?)] exp(im¢) + c.c. (4.32)

The simplicity of the boundary conditions (4.16) and (4.17) also allows us to
separate out the z-dependence as

bs1(s)cosn(z + d)

by = A(7) [ibzl (s8)sinn(z + d)

] exp(ime) + c.c. (4.33)

[equations (4.3) and (4.4) then imply bg1,ug1,us1 ~ cosn(z + d) and uy ~
sinn(z + d)] where
n=— ke Z (4.34)

(see Lan, Kuang and Roberts 1992). This is the same linear problem solved by
Fearn [1983b (with perfectly conducting boundaries),1988]. Although he had no
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bounding plates in his model and the z-dependence of his perturbations took the
form exp(inz), writing ¢b,; in (4.32) means that our equations are identical to
Eqns(2.5) of Fearn (1983b) (after elimination of us,u.) and b.1(s) is the same as

b.(s) which appears there and in Chapters 2 and 3.

At next order, O(€?), we have
Loby + Lib; = N, (435)

Although the numerical solution to the system of equations permits any value of

n, from (4.34), for fixed d, n is discrete so that
Ly =0. (4.36)
The nonlinear vector Ny takes the form

N, = A®Ny + |A|* Ny, —|—;1_2N02

_ 42 [gzm] e2imé 4 AP m“l} +A [N‘m] eTHme, (437)
202 112

where Nao1, Naoz, N111 and Njjp are given in Appendix A and Nagy = Nogi,
Nao2 = Ny22 where the bar denotes complex conjugate. In the subscripts here the
first two digits refer to the powers of A and A respectively. Substitution of (4.37)
into (4.35) then implies by must take the form

by = A%bg + |A|*by; + Zzboz

e b o g ap [ o] 4[] e, a

szO z11 szZ

At O(|A}?) here terms bfp?p uf;l)l and u(a'?l (the superscript (1) denotes terms
independent of z - see Appendix A) arise which are functions only of s. In the
case of ug1q this term cannot be found from the momentum equation but must
be determined by considering the importance of viscosity in the boundary layers.

This problem was discussed in §4.2.3 and further detail can be found in Appendix
A.
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Equations (4.35), with (4.37) and (4.38), can be solved in a straightforward
manner with the appropriate boundary conditions given in Appendix C. The com-
plementary function which arises in this solution is proportional to b; and can
therefore simply be absorbed into it. It is at the next order, O(€®), that secular

terms arise. From (4.7) and (4.27)—-(4.29) with (4.36) the O(e?) equation is
Lobs = Ns — Lyby, (4.39)
where
N3 = ANy + A|A|*Ng; + c.c.,

Secularity arises because of the second term on the right hand side of (4.40). In
order to remove it we define an adjoint as follows. Let ( , ) denote the inner

product
1 2w d 1
(f,g) = py / / fg dsdzd¢ (4.41)
T Jo —dJ sy

where f,g are arbitrary functions of s, z and ¢. Then, if L;f denotes the adjoint

operator of Ly with the property

(f,Log) = (Lf.9) (4.42)
the adjoint problem is
Libir =0 (4.43)
where
bl = [chscléls?z(é 1“2)] ¢m$ 4 c.c. (4.44)

(see Appendix B). The adjoint operator Lg and the appropriate boundary condi-
tions for blt are given in Appendix B. If we pre-multiply (4.39) by bll, take the
inner product and utilise the property (4.42) the solvability condition for (4.39) is
then

(b, Na1) — (bl, Lsby) =0 (4.45)
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— r ———

(only N2y appears here since the other components of N3 vanish after integration

with respect to ¢). When secularity has been removed, bj in (4.36) takes the form
b3 = A3b30 -+ A|A|2b21 + c.Cc.,

— 43 [bSBO] g3ime _|_A[Ai2 [2321] elime + c.c. (4.46)

bz30 z21

Finally, after substitution from (4.31), the appropriate term from (4.40) and
L, (given in Appendix A) (4.45) gives us the amplitude equation

atg Eld—é = ag)\A + agAlAl2 (447)

where a1, a; and a3 are given in Appendix A. Now, multiplying by € and defining

eA(T) — A(%) (4.48)
we have
dA 9
= cAAA + hA|A| (4.49)
where
c=%2  p=9 ap=AzAe (4.50)
ay aj Ac

Here ¢AA represents the growth rate from the linear problem. This is our am-
plitude equation. There are two possible cases to consider. The analysis here is

made simpler and more elegant by writing
A=Re?,  h=h.+ih (4.51)

and considering the real part of (4.49) which gives

d
d—}: = cAAR+ h,.R® (4.52)

1) cAA >0 hr <0

The bifurcation is said to be supercritical. Stable, finite amplitude solutions

to the nonlinear problem exist with

R = (cAN/|h, )2 (4.53)
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The stability of these solutions can be seen from solving (4.49) to get
2

R(t)? = R2[(1 ~ exp(—~2cAAL)) + %—; esxp(—2cAAL)] ! (4.54)
0

so that
R— R, as t— o0 (4.55)

where Ry = R(0) [see, for example, Drazin and Reid (1981)].
§) cAASO0 Ay >0

The bifurcation is said to be subcritical. A stable finite amplitude equilibrium
does not exist in the approximation ¢ < 1. In this case (4.46) fails to determine

the nonlinear equilibrium state.

4.3 RESULTS
4.3.1. A check on the results

To serve as a test on parts of the code we make a comparison between the
eigenvalues of the linear problem (4.30) and the adjoint problem (4.43). From the
definition of the adjoint problem the eigenvalues of (4.30) and (4.43) should be
complex conjugates and can therefore serve as an indicator of the reliability of our
solution to first order. In Figure 4.1 the modulus of the critical frequency is plotted
against the number of grid points N for both the linear stability problem (4.30)
and the adjoint problem (4.43). They can be seen to be near identical at fairly
modest values of N indicating the solutions to (4.30) and (4.43) are correct (note
that the determination of A depends on solutions to the linear stability problem,
b1, the adjoint problem, bir and the solution of differential equations for by, the

solution for the latter depending also on by).

4.3.2 Sub- or supercritical instability?
As in previous chapters we consider instabilities of two basic states which are
F = %, (4.56)
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Figure 4.1 Modulus of the critical frequency w,. of a resistive

instability of field (4.56) versus number of grid points N for the

linear stability problem (full line) and adjoint problem (dashed
line). The parameters are o = 1, A, = 28.9, w, = 0.16, m = 1,
and n = 3.

unstable only to field gradient instability, and

which admits both field gradient and resistive instability. In this section we con-

sider only the case R,, = 0. Figures 4.2-4.4 illustrate solutions up to second order

of an ideal instability of the field (4.56), including the geostrophic flow u

(1)
bq‘all

_ 41— ) — sy

)
(1—sh)?

(1)
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both of which are concentrated, as would be expected, in the outer part of




0. 4 0.6 0.8 1.0 0.4 0.6 0.8 1.0
Figure 4.2 Adjoint and linear eigenfunctions of an ideal mode of

the basic state (4.56) with o« = 2, m = 1, A, = 387, n, = 8.64
and w, = —1.11.
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the annulus where the field gradient is largest and therefore most unstable. This

instability was found to be subcritical, as was each case of the basic state (4.56).

For the field (4.57) the picture is less straightforward. When m = 1 modes
were investigated [these modes are not easily classified as ideal or resistive - see
Fearn (1988)] the criticality depended on the field geometry, the cases § = 1, 2
and 3 were found to be subcritical but 8 = 4 was supercritical. For m = 2, all
cases considered were subcritical. Samples of the linear and nonlinear states of
an m = 1 and m = 2 mode of fleld (4.57) are illustrated in Figures 4.5-4.6 and
4.7-4.8 respectively.

4.3.3 The effect of the geostrophic flow on A,

In this section we consider how the geostrophic flow generated by the nonlinear
interactions of the perturbations will influence the stability of the hasic state. To
do this we consider the flow ug)ll)l calculated for the case R, = 0. Using this flow
(normalised so that max]u;11)1| = 1) as input into the linear code [i.e., we let Q2
take the form of “;11)1 in (4.6)] we increase R,, slightly from R, = 0 and calculate

A.. This is illustrated in Figure 4.9.

As expected, for the case of subcritical instability the differential rotation
plays a destabilising role and instability is found at lower A.. For supercritical

instability the differential rotation is a stabilising effect and A. is increased.

4.4 CONCLUSION

In this chapter we have investigated the weakly nonlinear stability of a toroidal
magnetic field in an electrically conducting fluid bounded by cylindrical insulating
walls and perfectly conducting horizontal plates. The simplicity of the bound-
ary conditions on the perfectly conducting plates allowed us to separate out the
z-dependence of the perturbations in a simple way permitting consideration of dis-
crete modes of instability in the absence of the sideband effect (the O(e) correction
to n that would occur as A is increased above A. if n were continuous - this would

result in a ‘band’ of modes for a given value of A rather than a discrete mode).
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Figure 4.5 The adjoint state, linear eigenfunctions and Q(A4?%)

solution of the most unstable m = 1 mode of the basic state (4.57)
for the case f = 4 with A, = 16.3, n = 3 and w, = —1.04. The

mode is supercritical.

99




0
ball bzll
0 15
-5
10
-10
-15 5
-20 /
0

¥ "
qu #11 T -G

0. 4 0.6 0.8 1.0 0.4 0.6 0.8 1.0

Figure 4.6 O(A?) and O(]|A|?) solutions, including the geostrophic
flow (with E = 10719), for the mode of Figure (4.5).
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Figure 4.7 The adjoint state, linear eigenfunctions and O(A?)
solution of an ideal mode of the basic state (4.57) with g = 1,
m = 2, A = 501, n = 9.4 and w, = —0.928. The mode is

subcritical.
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Figure 4.8 O(A?%) and O(]A|?) solutions, including the geostrophic
flow (with E = 10719), for the mode of Figure (4.7).
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Figure 4.9 The effect of the geostrophic flow u4y1 on the critical
field strength A.. Each curve is an instability of field (4.57); the
full line is a subecritical resistive instability with § = 1, m = 2,
n =3, A = 289, w, = 0.160 (at R,, = 0), the dashed line a
supercritical ‘mixed’ mode with f =4, m =1, n =3, A, = 16.4,
we = —1.04 (at Ry, = 0). Ay refers to A, at Ry, = 0.

The interactions of the perturbations were found to give rise to terms inde-
pendent of z and ¢ which were modifications to the basic state. Of these the
geostrophic velocity was determined by considering the importance of viscosity in
the boundary layers (eg. Fearn, Roberts and Soward, 1988). The magnitude of this
velocity is proportional to E~1/2, For sufficiently small values of E therefore this
term dominates the nonlinear terms in the expression determining ~. By including
all of these nonlinear terms we were able to estimate its relative importance and
found that very small values of F were required before the integrand of (A63) was
dominated by the geostrophic flow (typically, at E = 1078, the geostrophic flow
accounted for ~ 50-80% of the integral (A63).
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Of primary interest of course is the most unstable mode of a given basic state.
For the case of a monotonic field, unstable only to the field gradient instability,
we found that the most unstable mode, and indeed every mode, was a subcritical
instability. The more interesting case of a field vanishing at the boundaries was
less straightforward. With m = 1 the modes were sub- or supercritical depending
on the geometry of the field. For 8 = 1 (when the maximum of the field (4.57) is in
in the centre of the annulus) and § = 2 the modes were found to be subcritical but
for # = 4 with the field maximum near the outer boundary supercritical instability
was found. Of these cases, the latter also corresponds to the lowest A, i.e., the
most unstable mode considered. With m = 2 or m = 3 only subcritical instability

was found although again only # < 4 was considered.

The method we have used here does not allow us to determine the nonlinear
equilibrium state of subcritical instability since an assumption that the pertur-
bations are small is made. To do this an alternative approach will be required.
However, the general predominance of subcritical instability in the cases we have
considered here of both ideal and resistive instability enhances the possibility that
instability of this type may be responsible for some of the rapid phenomenon ob-
served in the Earth’s magnetic field, in particular the very short timescales on

which polarity reversals occur.
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CHAPTER 5

Conclusion

The work discussed in this thesis represents a further step towards under-
standing the importance of magnetic instability in the dynamics of the Earth’s
core. We have focused here on two aspects of magnetic instability. The first was
to investigate the role of the boundary conditions in the linear stability analysis;
the second was to make some progress beyond the linear regime into the nonlinear

regime.

Previous studies of magnetic instability have assumed the boundaries to be
either perfectly insulating or perfectly conducting. This simplifies the problem
since the need to solve equations in the inner core or mantle is avoided. The aim
of Chapters 2 and 3 was to explore more realistic boundary conditions. In Chapter
2 we incorporated a finitely conducting inner core into the problem and found that
instability was most readily excited when the conductivity of the inner core was
comparable with that of the outer core. This is significant since it represents the
situation in the Earth and suggests that the inclusion of a finitely conducting core
in future studies of magnetic instability would be worthwhile. When the conduc-
tivity of the D" layer (the conducting layer at the base of the largely insulating
mantle) was considered in Chapter 3, its influence on the field strengths required
for the onset of instability was found to be small. This is unsurprising since the
layer is relatively very thin. However, it was found that the direction of propa-
gation of resistive instabilities was dependent on the conductivity of the D" layer

which may be of interest in view of the observed westward drift of some features

of the Earth’s field.

The second general aspect we considered was the question of whether the in-

stabilities thought most likely to be important within the Earth, the field gradient
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and resistive instabilities, are sub- or supercritical. We found them to be predom-
inantly subcritical, although for the more interesting case of a field vanishing at
the boundaries this was dependent on the azimuthal wave number, m, and the
exact field geometry. Subcritical instability is of particular interest since it pro-
vides for the rapid evolution of the field into a stable finite amplitude equilibrium
at field strengths lower than that required for maiginal stability. This could be
of relevance to the polarity reversals observed in the Earth since there is evidence
these are triggered by fluid instability in the outer core (McFadden and Merrill,
1993).

Although many authors have carried out stability analyses of both magneti-
cally and thermally driven instability in the Earth there is much that remains to
be done. In particular, the finite amplitude analysis mentioned above was able
to tell us whether the instabilities were sub- or supercritical but in the case of
subcritical instability it was unable to describe the stable finite amplitude states.
To do this some alternative approach is required. It is, of course, also highly de-
sirable to carry out these studies in the more realistic spherical geometry. This is
of added importance in the light of ongoing attempts to solve the full nonlinear

dynamo problem numerically.
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Appendix A: Matrix and nonlinear vector expressions

We give here the expressions omitted from the main text of §4.2.3 for clarity.

Removal of secular terms from the asymptotic expansion requires that

p = O(e%), (A1)
and from (4.20) this leads to
A = (A — Ad)/A, (A2)
or
A7 = ATY(1 = A + O(*)). (A3)

While the growth rate is O(e?) the frequency, w;, is O(1) so that we write

w; = wc(l -+ 662), (A4)
where A\, § = O(1). Then, taking (A3)-(A4) together with (4.24) we have
L L
Lo= [ o 02] (45)
Loz Lo
where
Loy = [(F? + sFF' — sF?D — R,Q2)8y — 97,
+ A 3sTID 4+ D? + s7E(1 + 83) + 82)]0, (A6)
Loy = ~F2s71 (8% + s%82)0p + 257 A1 0% (AT)

Loz = [Fs™'(1+ 83) + F?sD* + 3F’D — 3FF' — sFF"|0 (A8)

Loy = [(F(SFD +4F + SFI) — %mﬂ)c% — O1¢
+ A7 (s7ID + D? + 57295 + 92))0, (A9)
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(-8, — AA7Y (35~ D + D?

_9e—1yA—172
+s7(14 33) + OD)J, BT

L,

I}

[—8r — MY (s 1D+

0 —
D? 45 2@2 + 8%)]0,

(A10)

where 0, = % and D = d/ds. In Ly above 87, means the derivative evaluated at

marginal stability (giving the O(1) terms, i.e., the frequency) and in L, 87 applies
only to the O(e? + h.o.t) terms in the time dependence. For example, in (4.32)
[with (4.35)] —81.bay = 2iw.bog and 7 applies only to the remaining parts of the

time dependence.

The nonlinear term in the order ¢ problem is

N, = A2 [NzolJ eimeé |42 [Nlll +Z2 Nozl] e=2imé (A11)
Niig Noaa
where Nog1 = Nog1, Naga = Nogz. Each of the components in (A11) is determined

in terms of the first order solutions from (4.9) giving

2n . :
Nao1 = {—;[27n(uslb¢l - U¢»1bsl) - m(ualbzl - uzlbsl)]

2m*F b .
-z [“izl(—mbzl + nsbg1) + bs1(iDbz1 + nber)) )

s
0
+ ”:an [¢b;1(—mbyy + nsbgr) + bsy1 (D(sbdl) — imb,1 )]} sin2n(z + d)
(A12)
and
— 1) (2)

N3o2 = Nygy + Nagp cos2n(z + d), (A13)

where
m2EFD , _
NQ(éi)l = = ['m'bzl(szl + nsbd)l) + bsl(D(Sb(M) — imbgy )]

. . 1 .
[—szl(ZDbzl + nbsl) - ;bqgl (D(quSI) —_ zmbsl)]}, (A14)
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n..
N’%% = ';[ZD(Uslbzl — Usba) — 2m(ugrba — uz1bg1)]

im?FD . _
T b (b — nsbgr) + ben (D(sbyr) = imban)]
2m*F 1 _
4+ 2 [16:1(iDba1 + nbat) = “bgr(D(sbar) — imban )]}, (A15)
and
2n?

N111 = 'S_['—iuslgzl - iﬂ-slbzl - Z.Uzlzsl + iﬁzlbsl] Sin 2n(z + d), (A16)

N112 = %D[—“iu31521 -— iaslbzl d iuzlgsl + iﬁzlbsl] COS Qn(z + d) (A].T)

In (4.35) we therefore have

b(séz) + bg% cos 2n(z + d) ,
b = [ (1) | 4@ e, (A18)
byop + byop sin2n(z + d)
and . )
b§1)1 + bgl)l cos 2n(z + d) A1
R TV O ' (419)
211+ 6,17 sin2n(z + d)

Taking the A? part of (4.32) and substituting in for Lg, bze and Ny we find
b =0, (420)

which implies, from (4.4).%,
ulzy =0, (A21)

Consideration of the appropriate equations shows
1 1 1
bgl)l = bgl)l = uil)l =0. (A22)

so we write

boi1 cos2n(z 4 d
b11 - [ H ( )] . (AQB)

b.11sin2n(z + d)
At O(JA]?) in the momentum equation the perturbations take the form
Ugil = ugll)l + ug)l cos 2n(z + d), (A24)
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Uy = uf;l)l + uffl)l sin2n(z + d), (A25)

and, from the induction equation,
bor1 = b3y + b3y sin2n(z + d). (A26)

The terms in (A24)-(A26) with superscript (1) are functions only of s and repre-
sent modifications to the basic state. The terms 6;11)1 and ugll)l can be found directly
from (4.3).55 and (4.4).¢ respectively. However, uf;l)l cannot be determined from
the momentum equation because (4.3).§ determines only the z-derivative of ug.
This is the problem discussed in §4.2.4 - “5;1)1 is the geostrophic flow and is de-
termined by reinstating viscous effects important only in the Ekman boundary

layers. It can be shown (see §4.2.4 and references therein) that
1
ul = ug = g(zE)-l/z / / [(V x B) x Blydddz. (A27)
C(s)
(note that ugll)l = (2d)”1(2E)1/2u$1)1).
At the next order the nonlinear terms are

N3o1
Nso2

N211

N, = A°®
¥ { Naiz

] eime 4 A|A|? [ ] e™? 4 c.c. (A28)

We need only consider Nj; here since it is this term that appears in our solvability

condition (4.42). From (4.10) we obtain
Naip = Néi)l sinn(z +d) + Nz(ﬂ sin3n(z + d), (A29)

and

Naiz = Nz(i% cosn(z+d) + Ng% cos 3n(z + d), (A30)

where

1.,
Ngit = g linm(ws + wz) + n*(ws + wa + ws)

nm

. F(c.h +¢2+g3)], (A31)

1
- sz(g(kl — ko) + k3 — kg + ks) +
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1
Néﬂ = ﬂg[inmwl + 9n?(ws — wy)

3inmF

S

1
—sz(-S“(kI + ko) + ks + ka) + (—q1 + q2)],

1 .
Ni3y = 5= [nD(ts — ta + ta) + inm(is + ts +to)
tmE
S

1
(1- D)1 +q2+g3) + m*F(ry — ;(7‘2 +73)),

1 0
Nz(g = é‘;[?mD(h + t2) + 3imn(ts + ts5)

imE 1

+ (1= D)(a —(12)“7”217(7‘1 - ;7“2]3

$

with
ky = 2ns(b1 by + borblan) + imbyibiy],
ky = —bffg)o(Tnle —nsbg) — bf;l)l(mbz] — nsbg1),
kg = by (Db;11 + 2nbs11) + le(Db(z?o + angg)o),

ky = B30 (—iDb.1 + b1 + be11(6Dbs1 + nbyr),

ks = 2650 (nbs1 — iDba) + 257 B (nsbgs

—mb,) + bgbll)l(nsbqgl — mbz1)),

g1 = — b1 (2nsb()y + imbaar) — ibaa (imb 3y + 2nsblyy),

‘ — nsgqglb(:z{, — 'l’&Sb(bl bzll,

g = bsl(D(sbfﬁ)l) — imbs11) + gsl(D(Sb.(fz)o) — imb{3))
+ 02 D(sbg1) + bar1 D(sbyy),

g3 = 2[bs1 D(sbl; ) + Bar D(sby ) + b5 D(sbg1) — imbarb3h),

r1 = — [1b:1(Dbz11 + 2nbe1n) — z‘Zzl(Dbf.,é)o — 2nbgg)
— b (iDBy — Bu1) + baas (:Dbs1 + nby)],
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(A33)

(A34)

(A35)
(A36)
(A37)

(A38)

(A39)

(A40)

(A41)

(A42)

(A43)




ro = bgs(D(sb5D)) + bor) + by D(sbga) + Bg1D(sb55,)
- 22‘773_51751 b‘(,g)o + b¢11(3Db¢1 + tmbs) + z‘stlbg‘;)o, (A44)

ry = 2[by1 (D(Sbfﬁll)l) + bf,éll)l) + Eq"l (D(Sbfblz)o) + bgslz)o) - 2imb£12%)3¢1

+ b (sDbg1 + mbyy + BYY) (sDbygs — imibgy)], (A45)
t1 = us1bo11 + Eslbg)o - “(zgz)ogsl — uz11bs1, (A46)

ty = — BB + B by — dusbery + 172102), (A47)

by = 2i(W1b(g) — ulzhba + ui)bn), (A48)

ty = ugrbz11 + E(;,lbg)o + uizz)ogqsl — 11041, (A49)

ts = tuh b — ) by + iuan b — i b, (A50)

tg = —22’(155;2)0@1 — Ty bgblz)o - ugl)l b, + uzlbf;l)l), (A51)

and

w; = Uglbgfl)l + ﬂslbgé)o + Ug%gfﬁl + u.(j)l b¢1

- ud)lbsll — 'l—;L_¢1 bg?é)o - ufﬁozsl — uf;l)lbsl, (A52)

Wz = 2(“81175{;11)1 + ﬁslbf;slz)o + “(s;)ogqbl + ug?} bg1

- %1@%3] - ufplz)ogsl) - ufﬁll)l be1, (A53)
w3 = Ug1br11 + ﬂ‘nbg)o — U‘Ezg)ozsl — uz11bs1, (A54)
wy = —iwd b1 — 1w boy + ius1bsry — U162, (A55)
ws = —2i(uhbar — uliba — T bZ)). (A56)
The solvability condition is
ay ili—f = ay A + az A|A|%. (A5T)
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where

d 1
ay = / / [ sinn(z + d)by; sinn(z + d)
—dJ s
— né cosn(z + d)b;; cosn(z + d)] dsdz, (A58)

d
az = —A;? / Csinn(z + d)[(3s7 D + D?* 4 s7%(1 — m?) — n?*)nby,

—dJagy

~ 2is7'n%b,, ) sinn(z + d) + Ecosn(z + d)[(s7' D
+ D? — 57 m? — n?)nb,; cosn(z + d)] dsdz, (A59)
d o1
az = / / ¢sinn(z + d)[NéH sinn(z +d) + Nz(ﬂsz'n3n(z + d)]
—dJsip

— i€ cosn(z + d)[NZ(II% cosn(z +d) + Néf% cos 3n(z + d)] dsdz.
(A60)

After integration with respect to z these become

1
ay = nd‘/' [Cbey — Eb,1] ds, (A61)

1
ag = —ndA;? / C[(8s™'D 4+ D? + 5731 — m?) — n?)byy 4 2ins™1b.,]
3ib

~€[(s71D 4+ D* — 57 m? — n®)b,4] ds, (A62)

1
o= d [ GG - &N ds (A463)
8ib

The amplitude equation (A57) then becomes, after multiplying by € and redefin-
ing A(7) — €A(t),

‘fl—‘:* = cAAA + hA|A|%, (A64)
where
as as A - AC
) = = = AB5
c e h o AA TV ( )

For realistic values of the Ekman number E in (A25) the integrand in (A61)
is dominated by the geostrophic flow and it follows that h, the parameter that

determines if an instability is sub- or supercritical, is in turn dominated by ufpll)r

119




Appendix B: The adjoint problem

In the adjoint problem we are seeking to determine b}L satisfying
bl <o, (B1)
where the adjoint operator L;r is determined using the property
(b],Lob1) = (L{b],by). (B2)

Starting with the left hand side of (B2) and integrating by parts with respect to

z we obtain

d 1
(bl Loby) = A+C’-|—/ / by Il bl dsdz, (B3)
—dJ 3

where, after taking onto account (4.12) and (4.13),

1
A= / [ATY0%¢ — imC(F? + sFF' — sF*D — R,,Q)
8ip
+ A7 (8s7ID 4+ D? + 5731 — m?)) — iwe)bs
4+ AT1CO%byy + (C(msF? + 257 ATY) 4+ {AT10,€)8,b,1]% yds, (B4)

d
C = / [bs1(imsF? +3s 1A — A71D)8, ¢ 4+ A1 Dbsy 8:C
—d
— imby1(3F? — (F? 4 2sFF' 4 sF?D))¢ — imsF2 Db,
+ b (msF? +4is7 AT +4AT' D)€ — iA1 Db,10:€]), dz, (B5)

and

ol ol
I = { ﬂ;] ﬂ (B6)
Ly; Loy
where
L:,rl = [—im(2F2 + 3sFF' + sF?D — Rm) — iwe

+ ATY(D? + 351D 4+ 5734 — m?) + 8%))0. (BT7)
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L, = —im[Fs™(1 — m?) ~ BFF' 4 25 F"
~ sFF" 4+ (F*D + 4sFF')D + sF?D?]

Lg3 = —szs"l(—m2 + 5283) + 22’3“1[\:183

L, = im(sF?D = 3F? 4 sFF') + Rn Q) — it
+ATHD? - s7ID + 5731 - m?) 4 8%))0.

(B8)

(B9)

(B10)

The appropriate z-dependence for ¢ and € is determined from the requirement

that, to satisfy (B2), A = 0 for all values of s. Since 8,b.1, bey and 82531 are

non-zero on z = +d we require their coefficients in (B4) to be zero. The latter of

these gives

(=0, z = %d,

The requirement

[0%¢ — imC((F* + sFF' —sF'D — R,,Q)

+ATYBsTID 4+ D? + 571 — m?)) — iwe)d.bs1]%y = 0,

then reduces to

9% =0, z = +d

and setting the coefficient of 8,5, to zero gives
9.¢ =0, z = &d,
To satisfy (B11),(B13)-(B14) we take

¢ ~ sinn(z + d), £ ~cosn(z +d).

(B11)

(B12)

(B13)

(B14)

(B15)

The boundary conditions for (,¢ at s = s;,1 are found in a similar manner

to above from the requirement C = 0. This leads to

¢ =0, § = S, 1,
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ATIDCH+ (AT + msF? [n)iDE = 0, s = s, 1, (B17)

where 7 is given in (4.18).

Appendix C: Boundary conditions for higher order terms

The boundary conditions as they apply to the linear problem are given in
§4.2.2. Here we give them as they apply to higher order terms. The boundary
conditions on the perfectly conducting plates at z = -d are simple and satisfied
by the z-dependence of the variables at each order. The conditions that must be

satisfied at s = s;,1 are less straightforward and detailed further below.

For the terms b%) and by; the boundary conditions are essentially as before
with only minor differences. For the terms bg%) the condition that the current

normal to the boundary vanishes becomes
sD(sb$5) + 2(m? + n)p) /n =0 (C1)

and matching to an external potential field gives

b5 = 1% (C2)
where
—[L2m+1(2nsi)/Iam(2nsip) + m/nsu]/2 s = sip
"= i X (C3)
[I&2m+1(2n)/1&2m(2n) - m/n]/2 s=1
Similarly, for b;; terms we obtain
D(Sbsll) - 2nsb211 =0 (04)
and
bah = 72b (C5)
where [ |
—[(2nsip)/To(2nsi)] /2 s = sip
Y2 = . (C6)
1K (2n)/Ko(2n)]/2 s=1
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For the terms b%) there is no z-dependence and b% = 0 so that the condition
that the current normal to the boundary is zero is satisfied identically. To obtain
a condition for bglzzl we again match the field to a potential field in the insulating
regions.

bl =b® s =sy,1 (C7)
where
ble) = vV, (C8)
and V = V(s) exp(2im¢) satisfies

4m?
52

-i—D(sDV) _imy o (C9)

Solving (C9) we obtain
V(s) = As®™ 4 Cs™2™, (C10)

where A=0ins >1and C =0in s < s;5. The s and ¢ components of (C8) are
we) = —Dv, (C11)

and

b = —s719,V. (C12)

which can be solved, with (C10), to give

bff’ = —2mAs*™1, s < S5,

=2mCs *m 1 s> 1, (C13)
bf;) = —-2z'mAszm"1, s < 84p,

= —2imCs™ 2™, s> 1. (C14)

Eliminating the constant between (C13) and (C14) gives
bgbe) = ibge), s < 8,
= b s> (C15)
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From V - b = 0, which must be satisfied everywhere, we have
D(sbzp) + Dsbyn = 0, (C16)
which with (C15) and the continuity of by, by at the boundaries becomes

sDbglg)O =—(1- Zm)bglzz) 8 = 83,

=—(1+2mply,  s=1. (C17)
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