Theories of Fixed Point Index and

Applications

by

Kunquan Lan

A thesis submitted to
the Faculty of Science
at the University of Glasgow
for the degree of

Doctor of Philosophy

(©XKunquan Lan

March, 1998




ProQuest Number: 13834228

All rights reserved

INFORMATION TO ALL USERS
The quality of this reproduction is dependent upon the quality of the copy submitted.

In the unlikely event that the author did not send a complete manuscript
and there are missing pages, these will be noted. Also, if material had to be removed,
a note will indicate the deletion.

ProQuest.

ProQuest 13834228

Published by ProQuest LLC (2019). Copyright of the Dissertation is held by the Author.

All rights reserved.
This work is protected against unauthorized copying under Title 17, United States Code
Microform Edition © ProQuest LLC.

ProQuest LLC.

789 East Eisenhower Parkway
P.O. Box 1346

Ann Arbor, MI 48106 — 1346



GLASGOW UNIVERSITY
LIBRARY

1105 (copy V)

T
URRARY

e

oW\
\GLBSG‘ TY




To My Wife and Son
MEI SHI and TIAN LAN




Sumimary

This thesis is devoted to the study of theories of fixed point index for generalized and
weakly inward maps of condensing type and weakly inward A-proper maps.

In Chapter 1 we recall some basic concepts such as cones, wedges, measures of non-
compactness and theories of fixed point index for compact and v-condensing self-maps.
We also give some new results and provide new proofs for some known results.

In Chapter 2 we study approximatively compact sets giving examples and proving new
results. The concept of an approximatively compact set is of importance in defining our
index for a generalized inward map since there exists upper semicontinuous multivalued
metric projections onto the approximatively compact convex set. We also introduce the
concept of an M;-set which will play an important role in defining our fixed point index for
generalized inward maps of condensing type since there exists continuous single-valued
metric projections onto an M-closed convex set. Many examples of M-closed convex
sets are given. Weakly inward sets and weakly inward maps are studied in detail. New
properties and examples on such sets and maps are given. We also introduce the new
concept of generalized inward sets and generalized inward maps. The class of generalized
inward maps strictly contain the class of weakly inward maps. Several necessary and
sufficient conditions for a map to be generalized inward and examples of generalized
inward maps are given.

In Chapter 3 we define a fixed point index for a generalized inward compact map
defined on an approximatively compact convex set and obtain many new fixed point
theorems and nonzero fixed point theorems. In particular, norm-type expansion and
compression theorems for weakly inward continuous maps in finite dimensional Banach

spaces are obtained, which have not been considered previously.




In Chapter 4 we define a fixed point index for a géneralized inward maps of condensing
type defined on an Mj-closed convex set and obtain many new fixed point theorems and
nonzero fixed point theorems. We also apply the abstract theory to some perturbed
Volterra equations.

In Chapter 5 we define a fixed point index for weakly inward A-proper maps. We
obtain new fixed point theorems, nonzero fixed point theorem and results on existence of
eigenvalues. We also give an application of the abstract theory to the existence of nonzero

positive solutions of boundary value problems for second order differential equations.
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Preface

This thesis is a record of part of the research carried out by the author during the academic
years 1994-1998. It is submitted according to the regulations for the degree of Doctor of
Philosophy in the University of Glasgow.

Almost all of the results of this thesis are the original work of the author with the
exception of several results specifically mentioned in the text and attributed there to the
authors concerned. Some results in Chapter 4 have been published in Trans. Amer. Math.
Soc., 349 (1997), 2175-2186 and some parts of Chapter 5 have appeared in Nonlinear
Analysis, 28 (1997), 315-325; The two papers are writtenjoinﬂy with Prof. J.R.L. Webb.

Chapter 1 contains preliminary material and several new results, Chapter 2 is mostly

new and Chapters 3,4 and § consist of new results.
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Introduction

Existence of solutions of many nonlinear equations which arise in applications can be
studied in an abstract setting by considering a fixed point equation z = Az. One of
the powerful tools for the study of existence of solutions for the fixed point equation
1s a theory of fixed point index. Such theories are not only applicable to the study of
existence of one or several solutions but also can be applied to treating other problems,
for example, existence of positive solutions and existence of eigenvalues for equations such
as = AAuz.

There are two classes of maps for which theories of fixed point index have been es-
tablished: one is the class of condensing maps including compact maps and strict-set (or
ball)-contractive maps and another is the class of maps A such that I — A is an A-proper
map. To mention a key requirement in defining the classical fixed point indexes, we sim-
ply outline, for example, the definition of fixed point index for a compact map. Let K
be a closed convex set in a Banach space X and D a bounded open set in X such that
Dk =DNK #{. Let A: Dx — K be a compact map such that z # Az for x € 0Dg.

Then one defines a fixed point index of A over Dy relative to K by the equation
i[((A, DK) = deg(f - AT,?“_I(DK N B(p)), 0),

where r is a retraction from X onto K, B(p) = {z € X : ||z]| < p} 2 Dx and
deg(/ — Ar,r"Y(Dg N B(p)),0) is the Leray-Schauder degree. To show that the defi-
nition is reasonable, a main problem which needs to be solved is that 2 # Az must imply
& # Ara for every retraction r. In the past this has been achieved by requiring the image
points of A belong to K. Therefore, a key restriction in defining the classical fixed point
indices is that image points of the maps should belong to the closed convex set K. In

this introduction such a map is called a self-map.

vii




S s

However, many fixed point theorems and nonzero fixed point theorems are known to be
velid for nonself-maps, that is, they may take their values outside the closed convex set K,
for example, fixed point theorems for inward or weakly inward maps obtained by Halpern
and Bergman [26], Browder [7], Fan [18], Caristi [9], Reich {56], [57] [58], Webb [66] and
Deimling [12]; nonzero fixed point theorems obtained by Deimling [14], [15], Deimling
and Hu [16], Lan [38], and fixed point theorems for maps with weaker conditions than
weakly inwardness obtained by Browder and Petryshyn [8] and Williamson [70].

Most of results mentioned above are related to maps defined on compact convex sets or
to condensing maps defined in conical shells. The methods used are varied, for example,
Browder’s fixed point theorem [7], X' KX'M intersection theorem [18], extension of maps
[14], [16] and [38] and others. However, we note that it seems to be difficult to employ
these methods to treat existence of multiple solutions and eigenvalue problems which are
studied by using the classical fixed point index theories. Moreover, there have been no
results related to weakly inward A-proper maps.

Therefore, it is a natural problem to ask whether the classical theories of fixed point
index for condensing maps or A-proper maps can be generalized to maps which may take
their values outside the closed convex sets involved.

Recently, there has been progress in extending the classical fixed point index for
compact maps to weakly inward maps. Sun and Sun [63] first defined a fixed point index
for a weakly inward continuous map defined on a compact convex set in a strictly convex
Banach space by approximating on shrinking neighbourhoods of the compact convex set.
Hu and Sun [28] defined a fixed point index for a compact map defined on a suitable
closed convex set for which there is a retraction with a certain property (P). Such a
retraction often exists but it is not shown in [28] that two retractions with property (P)
give the same definition of index and it seems to be difficult to show this. The methods
used in [63] and [28] employ the Leray-Schauder degree by considering the map Ar.

It is also worth mentioning that there are relatively few applications of these abstract
theories and results for weakly inward maps to concrete equations, several applications
can be found in [12].

Therefore, problems which need to be solved are as follows.

viil
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(1) Is it possible to give an unambiguous definition of index for weakly inward compact
maps or more general compact maps?

(2) Is it possible to define a fixed point index for maps of condensing type which are
nonself-maps?

(3) Is it possible to define a fixed point index for weakly inward A-proper maps?

(4) Is it possible to give more applications of the new results to nonlinear equations?

This thesis is devoted to the study of the four problems mentioned above.

We shall utilize the classical fixed point indices to define a new fixed point index
for maps of condensing type which are nonself-maps and contain weakly inward maps.
Moreover, we use the new fixed point index for weakly inward continuous maps in finite
dimensional Banach spaces to define a new fixed point index for weakly inward A-proper
maps. All the definitions of fixed point index we give are unambiguous. We also provide
applications of new fixed point theorems and new nonzero fixed point theorems to concrete
nonlinear equations.

The main idea we apply in defining a fixed point index for maps of condensing type
which are nonself-maps is to pull their values into the closed convex set by suitable
retractions onto the closed convex set. Roughly speaking, we shall define a fixed point
index of A as the fixed point index of the map rA, where r is a suitable retraction onto
the closed convex set. Since the image points of the map r A belong to the closed convex
set, the classical fixed point indices can be employed. Obviously, the method is different
from those mentioned above, where the Leray-Schauder degree is utilized.

In the process of defining the new fixed point index for nonself-maps of condensing
type, one key problem which needs still to be solved is that @ # Az must imply ¢ # rAxz.
However, when the image points of A may be outside the closed convex sets, a main
difficulty faced is that we do not know whether the fact that © £ Az does imply o # r Az
for all retractions r. This leads us to impose suitable restrictions on A and on the closed
convex set K.

We mention these restrictions in the following.

(7) The restrictions we give in defining a fixed point index for compact maps are that

the closed convex set involved is an approximatively compact set and A is a generalized
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inward map.

The concept of an approximatively compact set was first introduced and studied by
Efimov and Stechkin (see for example [62]) and then by Singer [62]. The concept was
also generalized by Reich [57] to Hausdorff topological vector spaces and used by Reich
[57] and Sehgal and Singh [61] to study best approximation problems and existence of
fixed points for weakly inward maps in Hausdorff topological vector spaces. We employ
this type of set here to assure existence of an upper semicontinuous multivalued metric
projection, which enables us to apply any retraction r in our definition of fixed point
index for compact maps.

The concept of a generalized inward map is a new concept which will be introduced
in Chapter 2. The class of generalized inward maps strictly contains the class of weakly
inward maps. Conditions very similar to our generalized inward condition have been
previously used in the study of fixed points of maps, for example, in Hilbert spaces by
Browder and Petryshyn {8], and for set-valued maps in locally convex spaces by Reich
[58].

(7¢) The restrictions we provide in defining a fixed point index for maps of condensing
type are that the closed convex set involved is an M;-set and A is a generalized inward
map.

The concept of an M;-set is a new one which will be introduced in Chapter 2. We
introduce the concept of an M;-set to assure existence of a continuous single-valued metric
projection which is [-y-contractive for some [ € [1, o).

Because of these restrictions, our theories of fixed point index for generalized inward
compact maps or generalized inward maps of condensing type can not apply to all closed
convex sets in an arbitrary Banach space although they do in many special Banach spaces,
for example, reflexive Banach spaces with property (H). However, they coincide with old
indices when the maps are self-maps.

As an application of the new theory, we consider existence of positive solutions of the

perturbed Volterra equation of the form

z(t) = g(t, 2(t)) + /Otf(s,:v(s)) ds, te€]o0,1] (0.1)

in L*(0,1). We allow g to take negative values but satisfy g(¢,0) > 0. Since the standard



positive cone has empty interior Theorem 20.4 in [12] can not be applied to treat the
above equation.

The methods we apply in defining the above new indices can not be used to define
the fixed point index for weakly inward A-proper maps due to the fact that it is not clear
whether rA inherits the A-properness of A, that is, if I — A is A-proper, we don’t know
whether 7 —rA is still A-proper. Therefore, the previous index theory for A-proper maps
developed by IMitzpatrick and Petryshyn [22] can not be employed.

Fortunately, we can show that P, A inherits the weakly inward property from A, that
is, if A is weakly inward, so is P, A. This is a key for us to develop a fixed point index
for weakly inward A-proper maps. This enables us to employ the new index theory for
weakly inward continuous maps in finite dimensional spaces to define a fixed point index
for weakly inward A-proper maps. However, we don’t know whether P, A inherits the
generalized inwardness of A. Hence, a fixed point index for a generalized inward A-proper
map is not established in this thesis.

The new fixed point index for weakly inward A-proper maps coincides with the old
one given in [22] when the maps are self-maps. The new theory of fixed point index for
weakly inward A-proper maps is applicable to closed convex sets in a Banach space with
a suitable projection scheme satisfying a mild restriction. The space is separable but need
not be reflexive. It is known that many spaces which arise in applications have such a
projection scheme.

As an application of the new theory we consider existence of nonzero positive solutions

for the following boundary value problem of the form
() + f(t,2,5,0") = 0, 2(0) = a(1) = 0. (0.2)

This problem has been studied, for example, in [36], where f is a positive function. Using
our theory we generalize the result obtained in [36] in several ways, in particular, we allow
f to take negative values.

In Chapter 1 we recall some basic facts about the classical fixed point indices for com-
pact maps and -y-condensing maps, which are indispensable in defining our new indices,

establishing new fixed point theorems and providing applications of our new theories.




In Chapter 2 we study closed convex sets for which there exist an upper semicontin-
uous multivalued metric projection or a continuous single-valued metric projection and
introduce the concept of a generalized inward map.

In Chapter 3 we define a fixed point index for a generalized inward map defined
on an approximatively compact convex set and establish new fixed point theorems. In
particular, we obtain norm-type expansion and compression theorem for weakly inward
continuous maps in finite dimensional Banach spaces, which were previously thought to
be impossible. We give suitable additional conditions so that the results just mentioned
hold.

In Chapter 4 we define a fixed point index for generalized inward maps of condensing
type and give an application of the theory to the above equation (0.1).

In Chapter 5 we define a fixed point index for weakly inward A-proper maps and give

an application of the theory to the above equation (0.2).
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Chapter 1

Classical Fixed Point Indices

In this chapter we first recall the concepts of cones and wedges which are indispensable to
studying existence of nonzero fixed points, in particular, nonzero positive fixed points for
maps. Then we recall the definitions of the classical fixed point index for compact maps,
strict-y-contractive maps and +-condensing maps and mention their properties. Qur new

index theories will be developed on the basis of the classical index theories.

1.1 Wedges in Banach spaces

In this section we recall the concepts of cone, wedge and of dual wedge in a real Banach
space and give some examples and properties, some of which are new. For further study
see for example [4], [11], [12], [24], [33], [37] and [52].

Let X be a real Banach space. If S and V are subsets of X and « and f are real
numbers, we define

aS+pV={as+pPv:se SveV}

Let K be a subset of X. K is said to be convez if AK4(1—-X)K C K whenever 0 < A < 1.
If @ is a subset of X, the smallest convex set containing @, denoted by co Q, is called the

convex hull of Q). It is known that co @ == {377 Xz : i > 0,50 A, =1 and a; € Q).

Definition 1.1.1. A nonempty closed convex set K of X is said to be a cone if the
following conditions hold.

(1) AK C K for all A > 0.




(i) K N (~K) = {0}.

The concept of a cone is closely related to the concept of a partial order in a vector

space.

Definition 1.1.2. Let X be a vector space. An order relation < in X is said to be a
partial order if it satisfies

(P1) (Reflexivity) @ < @ for every z € X.

(P2) (Transitivity) for z,y,2 € X, if 2 <y and y < 2, then z < z.

(Ps) (Antisymmetry) for 2,y € X, if ¢ <y and y < 2, then 2 = Y.

Definition 1.1.3. Let X be a vector space. An order relation < in X is said to be a
linear order if it satisfies

(L) for z,y € X,iffa <y,thenz+2<y+zforall z c X.

(Lg) for z,y € X, if < y, then A& < Ay for A > 0.

Now, let K be a cone in a Banach space X, one can define an order relation < in X
given by
z<y ifandonlyify—2a ¢ K.
It is easy to verify that the order relation < is a linear partial order. Moreover, since

Definition 1.1.1 always requires that a cone is closed, the linear partial order satisfies

(Py) If z,, > 0 and 2, — z, then = > 0.

Remark 1.1.4. Let < be a linear partial order in a normed vector space X. Let K =
{z € X 12 > 0}. Then K is a convex set in X and satisfies (¢) and (i7) in Definition

1.1.1. However, K may not be closed.
Now, we introduce the concept of a normal cone.

Definition 1.1.5. A cone K is said to be normal if there exists 8 > 0 such that 0 < z < y

implies [l2/| < Ayl

The following result, which can be found, for example in Theorem 1.1.1 in [24], gives
a necessary and necessary condition for a cone to be normal. We give a simple and direct

proof.




Theorem 1.1.6. Let K be a cone in X. Then the following assertions are equivalent.
(1) K is normal.

(12) There exists & > 0 such that for all z,y € K

ll2 +yll = dmax(|l], ly)-

Proof. Assume that K is normal. Then there exists 8 > 0 such that 0 < z < y implies
el < Blyll. Let z,y € K and § = 1/8. Then0 <z <z4+yand 0 <y <z+y. It

follows from the normality of K that
Sllell < fla+yll - and 8lyll < flz + gl

This implies ||z + y|| 2 ¢ max(||z|, ||y||). On the other hand, assume that (¢7) holds. Let

0<z<yandv=y—z Then x,v € K. It follows from (iz) that
[yl = llz +vlf 2 § max{]fz[], {[v]|} = 6|l

Let 8 =1/4. Then ||z|| < Byl a.

Obviously, if (1) holds, then 0 < § < 1. We call § the normality constunt of K.

In some situations we need to know if a cone has nonempty interior. We give some
examples of cones and show whether they are normal and whether they have nonempty
interior.

Example 1.1.7. Let X = R™ Then R} = {(z1,...,z,) € R": @; > 0 for i = 1,...,n}
is a normal cone with 6 = 1 and has nonempty interior. In fact, * = {z1,...,2,} is an
interior point of R%} if and only if z; > 0 for all z = 1,...,n.

Example 1.1.8. Let X = C(Q), the Banach space of all continuous real-valued functions
on { with the usual maximum norm, where Q is a bounded open set in R”. Let Cy(Q) =
{f€C@): f(z) >0 forallz € Q}. Then C+(Q) is a normal cone with § = 1 and
has nonempty interior. In fact, f is an interior point of C(Q) if and only if f(z) > 0 for

every T € Q.

Example 1.1.9. Let X = LP(Q) (I < p < +00), the Banach space of all (equivalence
classes of) measurable, real-valued functions on  whose pth powers are integrable, to-

gether with the usual norm,

1 llzmc@ = ( /Q | F(@)]P da)”,



where {2 is a Lebesgue measurable subset of R™ of positive measure. Let
LEQ)={feL’(Q): f(z) 20 for almost all z € Q}.
Then L% () is a normal cone with § = 1 and has empty interior.

To show that L% (2) has empty interior, it suffices to prove that for ¢ > 0 and f €
L (), there exists g € LP(Q) \ L%.(Q) such that ||f —g|| < e. In fact, if f = 0, we define
g(z) := —a for all € Q, where 0 < a < emeas(Q)~/?. Then g satisfies the required
conditions. If f # 0, it follows from a well known result on absolute continuity of Lebesgue

integration that there exists § > 0 such that for any E C £ with meas(E) < 4,

(/ fP(a) da:)l/p < ef2.

E

Since f # 0, we can find Ey C Q with meas(Ep) < § such that f(z) > 0 for all z € E.
We define g(z) = f(z) if 2 € Q\ Ey and g{z) = — f(z) if 2 € Ep. Then g € LP(Q)\ L2(8)
and ||f — gll = 2( /5, fP(2)d2)'/? <e.

Example 1.1.10. Let X = L*°(Q), the Banach space of all essentially bounded, real-

valued, measurable functions on £ with the norm

inf ~ ( sup |f(z)]).

Qo C82,meas(Q)=0 2\

o) =
where () is a Lebesgue measurable subset of R™ of positive measure. Let
LEQ) ={f € L*(Q): f(z) 20 for almost all z € O}

Then LP() is a normal cone with § = 1 and has nonempty interior. For example, the

function f(z) =1 is an interior point.
Actually, we can prove the following new result.

Theorem 1.1.11. Let L*(Q) and L (Q) be as in Ezample 1.1.10. Then the following
are equivalent.
(1) f is an interior point of L(12).

(2) There exists v > 0 such that f(z) > v a.e. on Q.




Proof. Assume that f is an interior point of L(2). Then there exists ¢ > 0 such that
g € L=(Q) and ||f — g|| < e imply g € LY (). Now, let v = /2 and go(z) = f(z) — v
for « € Q. Then go € L®(Q) and ||f — go|| < &. Therefore, go € LP(2). This implies
f(z) 2 v ae. on Q. On the other hand, assume that there exists ¥ > 0 such that
f(z) = v ae. on . Then there exists ; C € such that meas(€) = 0 and f(z) > v
for all 2 € 4\ Q4. Let € = v/2 and g € L®(Q) be such that ||f — g|| < . Then there
exists Yy C Q with meas(f) = 0 such that SUPemn, (%) — g(z)| < €. This implies
SUP,em\ (ouao) [F(2) — g(2)| < &. Therefore, g(z) > f(z) —e > 0 for all z € O\ (2 U o).
Since meas(Q U o) = 0, we have g(z) > 0 a.e. on . O

Example 1.1.12. Let £ be a bounded open set in R™ and let C™(Q) be the Banach

space of all m times continuously differentiable functions v : & — R with the norm

lulle = 3 sup |D7u()],

o <m ©€

where @ = (ay, ..., @) is a multi-index and D* = D{*...D2". Then the cone C™*(2) =
{u € C™(Q) : u(z) > 0 for = € N} has nonempty interior but is not normal (see Example
1.14 in [4)).

Example 1.1.13. Let € be a bounded open set in R® and n € N. For 1 < p < co and
m € N, let W™?({1) be the Sobolev space with the norm
il = (Y [ 1Dl ds)'*,
la<m ¢
where D*u € LP(f)) are the generalized derivatives for |a| < m. Then the cone WP =
{uv € W™?(Q) : u(z) > 0 a.e. on Q} is not normal. In general, W;"P(2) has empty
interior. However, if mp > n and 09 is sufficiently smooth, then W}**(Q) has nonempty

interior. See Example 1.15 in [4] for details.

Remark 1.1.14. In Example 1.1.13, if n = m = p = 2 and 99 is sufficiently smooth,
then the cone W}*() in the Hilbert space W»2(Q) is not normal. Hence, not every cone

in a Hilbert space is normal.

Now, we introduce the concept of a minihedral cone.

Let X be a vector space and < a partial order.

S




Definition 1.1.15. Let D be a subset of X. An element y € X is called the least upper
bound of D if it satisfies the following two conditions.
(1) y is an upper bound of D, that is, 2 <y for all @ € D.

(1) 2 < z for all @ € D and some z € X implies y < z.

We denote the least upper bounded of D by sup D. Similarly,one can define the

greatest lower bound of D which is denoted by inf D.
Note that since every partial order is antisymmetric, the least upper bound (or greatest

lower bound) of D is unique.

Definition 1.1.16. A cone I in a Banach space X is said to be minihedral if sup{z,y}
exists for z,y € X.

Often, sup{z,y} is denoted by & V y and inf{z,y} by = A y.
Remark 1.1.17. A Banach space X with a minihedral cone K is a vector lattice (or a

Riesz space ). We refer to [2] and [3] for more details on the theory of lattices.

The following result gives sufficient and necessary cenditions for a cone to be minihe-

dral.
Proposition 1.1.18. Let K be a cone in X. Then the following are equivalent.
(1) K is minihedral.

(1) sup{z,0} ewists forz € X.

(112) inf{z,y} evists for z,y € X.
(1v) inf{z,0} exists for z € X.
Proof. Obviously, (z) implies (i¢). We prove that (ii) implies (z). Let z,y € X. We
prove that
sVy=(z—y)VOo+y.
In fact, sincez = (e —y) +y < (x—y)VO+yand y < (z—y) VO +y, we have

eVy<(z—y)VO0+y.

Hence (z — y) V 0 + y is a upper bound of {z,y}. Now, let z € X be such that ¢ < =z
and y € z. Then v —y < z —y and 0 < z — y. This implies (z—y)vV0<z—yand
(¢ —y) VO +y <z Therefore,zVy = (z—y)V0+y.

6




Similarly, one can verify that (ii7) and (iv) are equivalent. Finally, (z) and (¢i¢) are

equivalent since inf{z,y} = —sup{—=, —y} for z,y € X. O

Remark 1.1.19. The equivalence of (¢) and (i7) can be found in Theorem 1.1 in [3],
where it is obtained in a Riesz space. The equivalence of (i) and (7¢z) is mentioned in

p.64 in [24] without proof.

Let K be a minihedral cone in a Banach space X. We define the positive part , the

negative part , and the absolute value of an element z, respectively, by
et =2Vv0, z7=(—2)V0, and l|z[=zV(~z)

It is easy to verify that (i) @ = zt — ™, (i1) ¢ < 2t < 2|, (@) —2 < 27 < |z,

(iv) |z| = | — 2| and (v) || < y ifand only if —y <z < y.

We prove that the following useful result.
Proposition 1.1.20. Let K be a minthedral cone in a Banach space X. Then
ot —y*| <o -yl foraz,ye X

Proof. Let z,y € X. Sincez =z —y+y < |z —y|l+y < | —y|l+y*, we have

et < |z —y| +yt. Similarly, we have y* < |y — | + 2. It follows that
—le—yl <2t -yt <|o—yl.
This implies |z7 — y™| < |z — y|. O

Remark 1.1.21. Proposition 1.1.20 is given in Theorem 24.1 in [2]. However, our proof

is more direct.

Definition 1.1.22. A Banach space X with a minihedral cone is said to a Banach lattice
if its norm ||.|| satisfies

(3) 0 < & <y implies ||z|| < |ly||, and

(i1) ||z|| = |||]l| for all z € X

Note that conditions (¢) and (i) are equivalent to |¢| < |y| implies ||z < ||y]|.

Remark 1.1.23. The above definition can be found, for example in p. 191 and Exercise

4 in [2].




A Banach lattice has an important property.

Theorem 1.1.24. Let (X, K) be a Banach lattice. Then
lat =yt < |le —y|| forallz,y € X.

In the following we give examples of Banach lattices.

Example 1.1.25. Let X = C(2) and K = C(R2) be as in Example 1.1.8. Then (X, K)

is a Banach lattice.

Example 1.1.26. Let X = LP(Q) (1 < p < +o0) and K = LE(Q) be as in Examples
1.1.9 and 1.1.10. Then (X, K) is a Banach lattice for 1 < p < co.

There are many other examples of Banach lattices, see for example [2].

Now, we generalize the concept of a cone to a wedge.

Definition 1.1.27. A nonempty closed convex set K of X is said to be a wedge if

AK ¢ K for all A > 0.

It is easy to see that every cone is a wedge. However, the converse is false. For
example, every closed subspace of X is a wedge but not a cone. In particular, a real
Banach space itself is a wedge.

For every wedge K in X, one can define an order relation < in X given by
z <y ifand only ify — 2 € K.

It is easy to verify that the order relation < is reflexive, transitive and linear; but it may
not be antisymmetric.
There are wedges which are neither cones nor subspaces. We give the following new

example.

Example 1.1.28. Let X =R?and K = {(z,y) e R*>: 2 ¢ R,y € [0, +00)}. Then K is
a wedge but is neither a cone nor a subspace of X. Moreover, K has nonempty interior.

In fact, z = (z,y) is an interior point of K if and only if y > 0.
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Actually, we have a more general result: Let P be a cone in a Banach space X and
W a wedge in a Banach space Y but not a cone. Then P x W is a wedge in the product
space X x Y which is neither a cone nor a subspace of X.

Therefore, the class of wedges can be divided into three subclasses (see the following
Proposition 1.1.29). Sometimes we need to know whether a wedge is a subspace. We
collect the following simple properties, some of which were first observed and employed

by the author in [39]-[41] and used in [43].

Proposition 1.1.29. Let K be a wedge in X. Then the following statements are true.
(1) K is a subspace of X if and only if K = —K.

(¢0) If K # —K, then K\ (-K)=K\ KN (-K) #0.

(iit) One of the following three cases must occur:

(1) K is a cone, that is, K N (—K) = {0};

(2) K 1s a subspace of X, that is, K = —K; or

(3) K is neither a cone nor a subspace of X, that is, KN (—K) # {0} and K # —K.
Remark 1.1.30. K satisfies (1) and (2) if and only if K = {0}.

The following new Proposition shows that the concept of normality of a cone does not

extend to a wedge which is not a cone.

Proposition 1.1.31. Let I be a wedge in X but not a cone. Then for every § > 0 there

evist x,y € I such that

I +yll < § max({le], lyl))-

Proof. Since K is a wedge but not a cone, it follows from Proposition 1.1.29 that
there exists ¢ € K \ {0} such that —z € K. Let y = —z. Then we have

le 4+ yll = 0 < dljz|| = & max(]l[|, [yl])-

O
When K # —K, we prove the following new property for a wedge which generalizes

a result in [37] from a cone to a wedge.




Theorem 1.1.32. Let K be a wedge with K # —K. Then for every u € K\ (—K), there
exists p(u) > 0 such that

e+ u|| = p(u)||z|]| for all z € K. (1.1)

Proof. The proof is by contradiction. Assume that the result is false. Then there

exist u € K\ (—K) and {2 }neny C K such that
[ +ull < (1/n)|znll. (1.2)

This implies that {z,}nen is bounded. In fact, if not, there exists a subsequence {z,, }

such that |[n,]| = co. This implies

1T+ u/llzn il = 1.

On the other hand, the above inequality (1.2) implies ||1+w/||@x,|||| < 1/n. Thus we have
1+ w/|lzn, |l = 0, a contradiction. The inequality (1.2) and boundedness of {||z,||}
imijly &p + 1 — 0. This implies v € — K, which contradicts u € K \ (—K). O

Theorem 1.1.32 can not be extended to the case when K is a subspace, that is, K

satisfles K = — K. We give the following

Remark 1.1.33. Let K be a wedge with ' = —K. Then for every u € K \ {0} and
¢ > 0 there exists 29 € K \ {0} such that

lzo + ull < plloll.

In fact, since X = —K, for every u € K \ {0}, one may choose zy = —u. Then zq
satisfies the requirement.

Let K be a wedge with K # —K. For every v € K \ {0}, we define
5(u) = inf{Jlz + ull /o]l - 2 € K\ {0}}.

It follows from Theorem 1.1.32 that for every u € K \ (—K), we have §(u) > 0. If
K N (—K) # {0}, then it is easy to verify that 6(u) =0if u € K N(—K) and u # 0.
Now, we define

§(K) = sup{d(u) :ue K\{0}}.
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and call it the quasinormality constant of . The following result gives the estimate of
the lower bound of §(X'), which is due to Dancer, Nussbaum and Stuart (see Theorem

1.1 in [11]).
Theorem 1.1.34. Let K be a wedge with K # —IK. Then §(K) € [1/2,1].

Proof. Since K # —K, there exists g € K and —zo ¢ K. It follows from the
Hahn-Banach theorem that there exists f € X* such that f(zo) > 0 and f(z) > 0 for
all z € K. Let m = inf{f(z) : € K with ||z|| = 1} and M = sup{f(z) : ¢ € K with
|lz]| = 1}. Then there exist {u,} C K with [[u,|| = 1 such that f(u,) = M, — M. Note

that M > 0. For every z € K, we have
I -+ wall > (& +a) /M 2 [all (/M + M/ M ] (13)

If m = M, then ||@ + u,|| > ||z||. This implies §(K) = 1. Now assume that m < M. If
llz]| € R, the inequality (1.3) implies

llz + unll 2 ll2fl(m/M + My /M R). (1.4)
On the other hand, if ||z|| > R, we have
ll2 + wall 2 [le)] =1 2 [l2][(1 - 1/R). (1.5)
We choose R > 0 such that (1 —1/R) = m/M + M, /MR, that is,
R=(14 M,/M)1 —m/M)™".
With this choice of R, inequalities (1.4) and (1.5} imply
S(K)> §(un) > 1— (1 —m/M)(1 + Mn/M)™".

Then M, — M implies
S(K)>1/24+m/2M > 1/2.

O

In [11] there is an example of a cone K with §(X) = 1/2. Hence the lower bound %

of 6(K) is the best possible.
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In applications we will have greatest flexibility in wedges K with §(K) = 1. Note
that if K is a normal cone with the normality constant §, then its quasinormality con-
stant 0(K) > §. Hence, all the cones in Example 1.1.7-1.1.10 have the quasinormality
constant 1. Also, it is easy to verify that all the cones in Examples 1.1.12-1.1.13 have the
quasinormality constant 1 although they are not normal.

We mentioned earlier (see Remark 1.1.14) that not every cone in a Hilbert space is

normal but it can be shown that every cone in a Hilbert space has the quasinormality

constant 1.

Proposition 1.1.35. Let K be a wedge with K # —K in a Hilbert space. Then there
exists u € K \ (=K) such that for all z € K,

e +ull = f=||.

‘ The above proposition can be found in [11] (see Corollary 1.3 in [11]) and we omit its
proof.
In many textbooks (for example, {12] and [24]) one can find the concept of a repro-

ducing cone. We generalize the concept to a wedge.

Definition 1.1.36. Let K be a wedge in X. K is said to be reproducing if K — K = X;;
K is said to be total if ¥ — K = X.

The following result give necessary and sufficient conditions for a wedge to be repro-
ducing. A similar result in topological vector spaces can be found in [71] (see Proposition

1.2 in [71]).

Theorem 1.1.37. Let K be a wedge in X. Then the following conditions are equivalent.
(1) K is reproducing.
(2) For every @ € X, there exists y € K such that z < y.
(3) For any z,y € X, there exists 2 € K such that t < z and y < z.
(4) For any z,y € X, there exists z € X such that @ < z and y < z.

Proof. Obviously, (1) and (2) are equivalent and (3) implies (4). We prove (2) implies
(3) and (4) implies (2). Assume that (2) holds. Then for any z,y € X, it follows from

(2) that there exist w,v € K such that + < wand y <v. Let z = w+ v. Since K is a
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wedge, we have z € K, z—x =v+(w—2) € K and z—y = w+ (v—y) € K. Therefore,
(3) holds. Now, assume that (4) holds. Let 2 € X. For x and 0, it follows from (4) that
there exists y € X such that 2 <y and 0 <y. Hence y € K and (2) holds. d

Remark 1.1.38. By Theorem 1.1.37 we see that a wedge K in X is reproducing if and

only if any two elements z,y € X have an upper bound. Therefore, every minihedral

cone is reproducing.

It is known that if a cone has nonempty interior, then it is reproducing (see for

example, Theorem 1.1.4 in [24]). The result can be easily extended to a wedge.

Proposition 1.1.39. Let K be a wedge in X. If K has nonempty interior, then it is

reproducing.

Proof. Let 9 € K be an interior point of K. Then there exists » > 0 such that
{z € X : |z —wf £r} C K. For every x € X\ {0}, let v = 2¢ + ra/|jz| and
v = zq — rz/||z||. Then uv,v € K and = = (v — v)|z||/2r. This impliesz ¢ K — K. O

According to Proposition 1.1.39, we see that Examples 1.1.7, 1.1.8, 1.1.10, 1.1.12 and
1.1.28 are reproducing. Note that in Example 1.1.9, L% () has empty interior but it is
reproducing. In fact, for every f € LP(2), we have |f| € L% (Q) and |f| — f € L%.(Q).

The following new example provides a cone which is not reproducing.

Example 1.1.40. Let X = R?and K = {(z,0) : « > 0}. Then K is a cone in X , which

has empty interior and is not reproducing.

Proof. Note that K — K = R x {0}. Hence, X # K — K. This shows that K is not
reproducing. [

We end this section with the study of a dual wedge.

Given a wedge K in X one can define another wedge in the dual space X* of X which
is called a dual wedge of K. The latter will be useful when one wants to know whether
a map is weakly inward (see Chapter 2).

Let X be a Banach space. We denote by X* the dual space of X, that is, the Banach
space of all continuous linear functionals defined on X. Let K be a wedge in X. Let

K*={feX*: f(z) >0forall z € K'}. Then it is easy to verify that K* is a wedge in
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X*. In general, K* may not be a cone even when K is a cone and X = R™ The following

example shows this.

Example 1.1.41. Let X and K be the same as in Example 1.1.40. Then K* = {(z,y) :

¢ >0,y € R} is a wedge but not a cone.

The following result gives a necessary and sufficient condition for K* to be a cone.

Proposition 1.1.42. Let K be a wedge in X. Then the following are equivalent.
(1) K is total, that is, K — K = X.
(2) K* is a cone in X*.

Proof. Assume that (1) holds. Let f € K* N (—K*). We prove f = 0. In fact, since
feK*N(=K*), f(z) =0for all € K. This implies f(z) =0forall z€¢ K — K = X.
On the other hand, assume that K* is a cone. If K — K # X, then for every fixed
zo € X\ K — K, there exists f € X* such that f(z¢) > 0and f(z) =0forallz ¢ K — K.
The latter implies f € K* N (—K™). Since K* is a cone, f(2) = 0 for all z € X and thus,
f(zo) =0, a contradiction. g

When K is a cone, the above result is mentioned in section 19.2, pp. 221 in [12]
without proof.

It follows from the representation of functionals that we can often determine K™*. We

list several dual wedges here.

Example 1.1.43. (1) (R})* =R},

(2) (C4([0,1]))* ={f:10,1] = R: f is a nonnegative function of bounded variation}.
3y (L)) =Li(Q)forl<p<ooandl/p+1/qg=1.

(4) Let K be the same as in Example 1.1.28. Then K* = {(=z,y) € R?:y > 0}.

Remark 1.1.44. Note that not every cone K in a Hilbert space satisfies K = K*. For
example, in Example 1.1.41, K # K*. For examples of K = K* in Hilbert spaces, see (1)
and (3) in Example 1.1.43.

Comments

In this section the following results are new.




Theorem 1.1.11, Theorem 1.1.24, Example 1.1.28, Proposition 1.1.31, Theorem 1.1.32,
Remark 1.1.33, Theorern 1.1.37, Proposition 1.1.39, Example 1.1.40, Example 1.1.41,
Proposition 1.1.42 and Remark 1.1.44.

The proofs of the following known results are new.

Theorem 1.1.6, the assertion that LP(Q) (1 < p < co) has empty interior in Example
1.1.9 and Proposition 1.1.20.

1.2 The classic fixed point index for compact maps

In this section we recall the definition of the previous fixed point index for compact maps.
Such an index is a generalization of the classic Leray-Schauder degree for compact vector
fields defined on the closure of open subsets of some Banach space (see for example, [12],
[33], [34] and others), degree theory being one of the most important tools in nonlinear
functional analysis. The fixed point index can be applied to the case where degree theory
is not directly applicable, for example, when the closed convex set K involved has empty
interior. The theory of fixed point index is also an important tool, in particular, in the
study of existence of nonzero positive fixed points for nonlinear maps. Such a theory
is developed on the basis of the classic Leray-Schauder degree theory and Dugundji’s
extension theorem of a compact map. We refer the reader to Amann’s paper [4] for a

detailed study. We only outline its definition and properties here.

Definition 1.2.1. Let D be a set in a Banach space X. A map T : D — X is said to

be compact if it is continuous and T'(Q) (the closure) is compact in X for every bounded

set Q C D.

The following result is a special case of Theorem 18.3 in [34] which is often called the

Dugundji extension theorem for a compact map.

Lemma 1.2.2. Let D be a closed subset in @ Banach space X and A: D — X a compact
map. Then there exists a compact map B : X — X such that B(X) C co(A(D)) and
Bz = Ax forz € D.

The following extension theorem [17] (also see Section 18 in [34]) can be used in the

proof of the above result. We will also utilize this result later on.




Theorem 1.2.3. Let K be a closed convex set in a Banach space X. Then for every

€ > 0, there exists a continuous map r. : X — K which satisfies r.x =z for & € K and
le —rez|| < (14 ¢)d(z, K) forz € X,
where d(z, I{) = inf{||z —y|| : y € K} is the distance from = to K.

A continuous map r : X — K is called a retraction if it satisfies rz = z for every

z € K. Theorem 1.2.3 shows that for every closed convex set K in a Banach space

X there exists a retraction from X onto K. In other words, there exists a continuous
extension of the identity map I on K. We call r. an e-retraction.

Let K be a closed convex set in a Banach space X and D a bounded open set in X.

j We denote by Dy and 9Dy the closure and the boundary, respectively, of Dg = DN K

' relative to K. We also use 9B to denote the boundary of a subset B of X relative to X.

We give the following new proposition which is useful in definition of fixed point index

and applications.

Proposition 1.2.4. Let K be a closed convex set in X and D an open set in X such
that Dg # 0. Then

(2) 0Dk C 0D N K C 0D, where 3D denotes the boundary of D relative to X.

(12) 0D =0 if and only if D = K.

Proof. We only prove the ‘if’ part of (¢z). Since dDg = 0, we have
K =DrUdDr U(K\ EK) = Dr U(K\ —EK)-

As K is convex, I is connected. So one of the sets must be empty. Since Di # 0, K\ D
must be empty. Consequently, we have Dy = K. |
Let A: Dg — X be a map. We write @ # A(z) for all « € 8Dk to mean that either
(1) 0Dk =0 or (i1) if 0Dk # 0, = # A(z) for all z € 8D
We are now in a position to give the definition of fixed point index for compact maps.

Notation: B(p) ={z € X : ||| < p}-

Definition 1.2.5. Let K be a closed convex set in a Banach space X and let D be a

bounded open set such that Di # 0. Let A : Dx — K be compact. Suppose that

-




x # A(z) for all ® € 0Dk. Define the fixed point index by the equation
Z']((A, DK) = deg(f - AT, T‘_l(DK) N B(p), 0),

where r is a retraction from X onto K, B(p) D Di and deg(I — Ar,r~'(Dx) N B(p),0)

is the Leray-Schauder degree.

Remark 1.2.6. It follows from Theorem 1.2.3 that there exists at least one retraction
r from X onto K. Since ¢ # Az for « € 0Dk, one can prove that z # Arz for
z € 0(r~'(Dg)NB(p)) and thus, the Leray-Schauder degree deg(/— Ar, 7~ (Dx)NB(p),0)
is well-defined. It can be shown that the degree is independent of the choice of the

retraction r and the radius p. Hence, the index tx(A, Di) makes sense.

j: Remark 1.2.7. Let K be a bounded closed convex set in X. Assume that A : K — K
|

is compact. Then the index ix (A, /') makes sense and is defined by
if\’(A) K') = deg(l — Ar, B(p)) 0)7

where 7 is a retraction from X onto K, B(p) D K and deg(! — Ar, B(p),0) is the Leray-

Schauder degree.

In fact, since K is bounded, one can choose a bounded open set D in X such that
D D K. Then Dg = K # 0. By (1) of Proposition 1.2.4, dDg = (). Let r be a retraction
from X onto K. Then r~'(Dg) = r~*(K) = X. Let p > 0 be such that B(p) O Dx = K.
Then r~Y(Dg) N B(p) = X N B(p) = B(p). It follows from Definition 1.2.5 that-

ik(A, K) =ix(A, Di) = deg(I — Ar,r™*(Dg) N B(p),0) = deg(I ~ Ar, B(p),0).

Remark 1.2.8. When K is an unbounded closed convex in X, Definition 1.2.5 does not

imply that ix (A, K') makes sense since Definition 1.2.5 is restricted to a bounded domain

DK of A.

The fixed point index in Definition 1.2.5 has four main properties which, in turn,

uniquely determine the index (see, for example, [4] and [24]).

Theorem 1.2.9. Let K be a closed convex set in a Banach space X and let D be a
bounded open set such that Di # 0. Let A: D — K be a compact map. Suppose that

z # A(z) for all z € ODg. The index as defined above has the following properties.
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(Py) (Existence) If ig(A, Dr) # 0, then A has a fived point in Dy

(P;) (Normalisation) If w € Dy, then ik (4, D) = 1, where 4(z) = u for ¢ € Dg.

(Ps) (Additivity) If W', W? are disjoint relatively open subsets of Dy such that z # A(z)
forz € Dy \ (W' U W?), then

ik(A, D) = i (A, W) +ix (A, W?)

(Ps) (Homotopy property) Let h : [0,1] x Dx — K be compact such that « # h(t,z) for
¢ € 0Dk and t € [0,1]. Then

ix(h(0,.), Dic) = ix(h(1,.), D).

In the following we give two fixed point theorems; one will be used later and the other

18 new.

Theorem 1.2.10. Let K be a bounded closed convex set in X Assume that A: K — K

is compact. Then ix(A, K) =1, and thus, A has a fized point in K.

Proof. Let B(p) D K for some p > 0 and r be a retraction from X onto K. Then
Ar: B(p) — K is compact. Let H(t,z) = tArz for t € [0,1] and & € B(p). We prove
that @ # tAra for t € [0,1] and @ € 0B(p). In fact, if not, there exist ¢ € [0,1] and
x € 0B(p) such that z = tArz. Hence we obtain

p = llell = ] Are]l < | Are]] < p,

a contradiction. It follows from the homotopy property of degree for compact maps that
deg(l — Ar, B(p),0) = deg(I, B(p),0) = 1. By definition 1.2.5 or Remark 1.2.7 we have
i(A, K) =1 and A has a fixed point in K. O

Remark 1.2.11. The index i (A, K') = 1 was used in Lemma 14.1, p. 666 in [4], where
it is stated without proof that ix(A, K) = 1 can be obtained from the proof of Schauder’s

fixed point theorem.

Remark 1.2.12. Theorem 1.2.10 is not true for an unbounded closed convex set. For
example, Let X = R and K = [0,00). Let Az = 2+ 1. Then A : K — K is compact.

But A has no fixed points in K.




However, under an extra condition we can obtain a result similar to Theorem 1.2.10

Theorem 1.2.13. Let K be an unbounded closed convex set in X and A : K — K be

compact. Assume that the following condition holds.

limsup || Az|/||l=|| < 1.

zeK,||z|| =00

Then there exists py > 0 such that 1(A, Bi(p)) = 1 for all p > po. Hence, A has a fized

point in K.
Proof. Let @q € K. We prove that there exists pg > 0 such that
x#tAz + (1 —t)zo fort€(0,1] and z € K with ||z|| > po.
In fact, if not, there exist ¢, € [0,1] and ©, € K with ||2,]| — oo such that
Ty = tnAz, + (1 — t,)zo.

This implies |lzn|| < [|Awall + [Jzol|. It follows from limsup,exa—reo A2/ Izl > 1,
which contradicts our hypothesis.

Now, using properties (P;) and (P) we obtain

ix(A, Br(p)) = ix(0, Bx(p)) =1 for all p > po.

Remark 1.2.14. If A(K) is bounded, then the condition in Theorem 1.2.13 holds.

Comments

In this section the following are new.
Proposition 1.2.4, Remark 1.2.7, Remark 1.2.8, Remark 1.2.12 and Theorem 1.2.13.

The proof of Theorem 1.2.10 is new.




1.3 The classic fixed point index for y-condensing
maps

In this section we recall the definition of the fixed point index for v-condensing maps.
Such a theory generalizes the theory of fixed point index for compact maps mentioned in
the previous section. We only show a special case of this theory. For a more general case
we refer to Nussbaum’s paper [48].

Let us start with the concept of measure of noncompactness in metric spaces.

Let X be a metric space with a metric d. A subset @ in X is said to be bounded if
its diameter, diam(Q), is bounded, that is, diam(Q) = sup{d(z,y) : =,y € Q} < co. We
always denote by Bx(z,r) the ball with centre = and radius r, that is, Bx(z,r) = {y €
X :d(z,y) <r}.

For a bounded set @) in X, yx(Q) will stand for either the set measure of noncom-

pactness ax(Q) relative to X defined by
ax(Q) =inf{p > 0:¢ admits a finite cover by sets of diameter at most p},
or the ball measure fx(Q) defined by
Bx(Q) =inf{r >0: there exist {&y,...,x,} C X such that @ C UX,Bx(ai, )}

The simplest connection between set and ball measures of noncompactness is the
inequalities ax(Q) < 26x(Q) < 2ax(Q). In general these inequalities are best possible
and thus the two measures are different.

By these definitions it is easy to verify the following simple result.

Proposition 1.3.1. Let K be a nonempty subset in a metric space X. Then for every

bounded set @ C K,
1x(Q) < 1x(Q)-

Actually, for measure of set-noncompactness we have the following result.

Proposition 1.3.2. Let X be a metric space and K a nonempty subset of X. Then for
every bounded subset (Q C K,

ar (@) = ax(Q).
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Proof. Let () C K be a bounded subset in X. Since K C X, it follows from
Proposition 1.3.1 that ax(Q) < ax(@). On the other hand, for ¢ > 0 there exist
Q: C X, ¢ = 1,...,k such that diam(Q;) < ax(Q)+e¢, i =1,...,k and Q C UL, Q.
Hence, we have Q C UL, (K NQ;) since K C X. Noting that diam (K NQ;) < ax(Q)+e.
Therefore, ax(Q) < ax(Q) +e. This implies ax(Q) < ax(Q). ]

Hence, we usually only write (@) in the following.

However, for the ball measure of noncompactness, we need suitable hypotheses to

obtain the equality O (Q) = Bx(Q).

Definition 1.3.3. Let K be a nonempty subset in a metric space X. K is said to have

the ball intersection property relative to X if for every bounded subset Q C K,

Br(Q) = Bx(Q).

Remark 1.3.4. When K is a closed unit ball in a Banach space X, the ball intersection

property is introduced in [47].

Remark 1.3.5. By Proposition 1.3.1 we see that I has the ball intersection property if
and only if Br(Q) < Bx(Q) for every bounded subset @ C K.

The following results give sufficient conditions for a set to have the ball intersection

property.

Theorem 1.3.6. Let K be a subset in a metric space X. Assume that there exists a map
r: X — K such that the following conditions hold.

(2) Br(r(Q)) < Bx(Q) for every bounded subset @ C X.

(12) re = forallz € K.

Then K has the ball intersection property relative to X.

Proof. Let ) be a bounded set in K. By (¢) and (22) we have O (Q) = Br(r(Q)) <
Bx(@). The result follows from Remark 1.3.5. O

As an application of Theorem 1.3.6 we obtain

Theorem 1.3.7. Let K be a subset in a melric space X. Assume that there exists a

nonexpansive retraction v+ X — I, that is, v satisfies




(5) d(rz,ry) < d(z,y) for all 2,y € X;
() rea =2 forala e K.

Then K has the ball intersection property relative to X.

Proof. 1t is sufficient to show that r satisfies (z) of Theorem 1.3.6. Let @ be a bounded

set of K and a = Bx(@). For ¢ > 0, there exists {y1,...,yn} C X such that
@ C Ui Bx(yi,a +¢),

where Bx(yi,a +¢) = {z € X : d(y;,z) < a+¢}. For every fixed z € @, there exists
i+ € {1,...,n} such that d(y;,2) < a + . This implies

d(rz,ry;) < d(z,y:) < (a+e).

Therefore, re € Br(ry;,(a +¢)) and r7(Q) C UL, Bk (ry:, (a + €)). It follows from the
definition of ball measure of noncompactness that Br(r(Q)) < (a + &). This implies
Br(r(Q)) < Bx(Q). The result follows from Theorem 1.3.6. O

Remark 1.3.8. Theorem 1.3.7 generalizes Proposition 1 in [47], where X is a Banach

space and K is the closed unit ball in X.
As an application of Theorem 1.3.7 we immediately obtain the following new result.

Theorem 1.3.9. Let (X, K) be a Banach lattice. Then K has the ball intersection prop-

erty relative to X.

Proof. Let r(z) = 2™ for every z € X. It follows from Theorem 1.1.24 that r : X — K
is a nonexpansive retraction. The result follows from Theorem 1.3.7. O

Now, we give examples of closed convex sets K which have the ball intersection prop-
erty in some concrete spaces.

By using Theorem 1.3.9 and Examples 1.1.25 and 1.1.26 we obtain the following two

results.

Example 1.3.10. Let X = C(Q) and K = C(Q) be as in Example 1.1.8. Then K has

the ball intersection property relative to X.

When Q = [0, 1], the result in Example 1.3.10 was mentioned in [36] without proof.
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Example 1.3.11. For each p € {1, 0], let X = L7(Q)) and K = L} (9) be as in Example
1.1.9. Then I has the ball intersection property relative to X.

The following new result will be applied in Section 5.6 in Chapter 5.

Example 1.3.12. Let X and K be the same as in Example 1.3.10. Let p > 0 and

K, ={z € K :||z|| < p}. Then K, has the ball intersection property relative to K.

Proof. We define a map r: K — K, by

(ru)(w) = pu(e)/ max{p, u()}.

Then ru € K, and thus r is well defined. It is easy to see that ru = u for every u € I,

Therefore, r is a retraction. Since for uv,v € K and z € Q,

[(ru)(@) — (ro) ()] < |u(e) —v(z)],

r is nonexpansive. The result follows from Theorem 1.3.7. O

Similar to Example 1.3.12, we have the following result.

Example 1.3.13. Let X = C(Q) be the same as in Example 1.3.10 and p > 0. Let

B(p) ={z € X : ||z|| < p}. Then B(p) has the ball intersection property relative to X.

Proof. We define a map r : X — B(p) by

(ru)(x) = pu(x)/ max{p, [u(x)]}.

By a similar argument to that used in Example 1.3.12 it is easy to show that r is a

nonexpansive retraction. The result follows from Theorem 1.3.7. O

Remark 1.3.14. Example 1.3.13 is true if Q is replaced by a compact metric space. The

result is mentioned in p.932 in [47] without proof.

Remark 1.3.15. There is a Theorem in [47] which shows that Example 1.3.13 is not
true in LP(2) when 1 < p < co and p # 2. We do not know whether the proof of
this Theorem in [47] can carried over to Examples 1.3.12 and 1.3.13, when the space is
replaced by LP(Q2), that is, whether the results in Examples 1.3.12 and 1.3.13 are false in
LP(Q) when 1 < p < oo and p # 2.




Now, we use Theorem 1.3.7 to show that every closed convex subset K in a Hilbert
space H has the ball intersection property relative to H.
To do this we need several well-known results which can be found, for example, in

(32]. For the sake of completeness, we give their proofs.

Lemma 1.3.16. Let I be a closed convex set in a Hilbert space X. Let x € X and
y € K. Then the following are equivalent.

(1) ||z — y|| = d(z, K), where d(z,K) = inf{||ls — z|| : . € K}

2) (z—y,y—v) 20 forallve K.

Proof. Let v € K. Then

f=lle =yl 4 lly = oll* + 2(z — v,y ~ v). (1.6)

| lz —o

‘ Assume that (2) holds. Then (1.6) implies ||z — v|| > ||z — y|| for all v € K and

|# — y|| = d(2, K). On the other hand, assume that (1) holds. Then (1.6) implies
ly — vl +2(z —y,y—v) >0 forallve K.

Let z € K,t € (0,1) and v = (1 —t)y + tz. Then v € K. Putting » in the above

inequality, we obtain

tly — 2|+ 2(x —y,y —2) >0

Hence, t — 0% implies (z —y,y — 2z) 2 0 for all z € K, O

Lemma 1.8.17. Let K be a closed convex set in a Hilbert space X. Then for each 2z € X

there exists a unique y € K such that
lz —yll = d(z, K).

Proof. Let d = d(x, K) and {y.} C K with |z — y,|| — d. Then {y,} is bounded and
there exists a subsequence {yn, } C {yn} such that y,, — y € K, where — denotes weak

convergence. Since ||.|| is weakly lower-semicontinuous, we have

o =yl < limJo = oy = .

This implies ||z — y|| = d(z, K).



Let y' € I be such that ||z — /|| = d(z, K). By the parallelogram law we obtain
ly = y'lI* + 122 — (v + yW* = 2(lle = ylI* + [l — ¢'|I*).
Since K is convex, d(z, K) < ||z — (y + y’)/2||. Thus,
ly — y'lI” +4d® < 2(]|z = y|I* + |l= — ']|?) = 4>,

This implies Jly — ¢'|| = 0 and y = ¢/". O
The above proof is different from that in Lemma 2.1 in [32].
Let K be a closed convex set in a Hilbert space. We define a map r : X — K by
|z —r2| = d(z, K). By Lemma 1.3.17 we see that r is well-defined. The following result

shows that r is a nonexpansive retraction.

} Proposition 1.3.18. Let K be a closed convex set in a Hilbert space. Letr : X — K be

defined as above. Then r is nonexpansive retraction.

Proof. 1t is clear that r is a retraction. We prove that r is nonexpansive. Let z,y € X.

By Lemma 1.3.16 we have
(z —re,re —ry) >0 and (y —ry,ry —ra) > 0.
This implies

lrz —ry||> = (ra —a,ra —ry) +(z —y,rz —ry) + (y — ry,rz — ry)

IA

(& — y,rz — y)

< iz = rylille — yll.

Thus, we have |[ra — ry|| < ||z — yl| a
By Theorem 1.3.7 and Proposition 1.3.18 we immediately obtain the following result

which was mentioned in [36] without proof.

Proposition 1.3.19. Let K be a closed convex set in a Hilbert space H. Then for each
bounded set Q C K,

Bu(Q) = Br(Q).




Remark 1.3.20. Asshown in Remark 1.1.14, not every cone in a Hilbert space is normal.
Hence (H, ) may not be a Banach lattice for some cones K in a Hilbert space H.
However, Proposition 1.3.19 has shown that every cone in a Hilbert space has the ball

intersection property. This shows that the converse of Theorem 1.3.9 is not true.

We mentioned above that set- and ball-measures of noncompactness are different, but

they share similar properties, for example they have the following four basic properties.

Lemma 1.3.21. Let Q and S be bounded subsets in a complete metric space X. Then
the following properties hold.
(1) vx(Q) = 0 tf and only if Q is precompact.
( (2) 7x(Q) = vx(Q), where Q denotes the closure of Q) in X.
; (3) @ C D implies 7x(Q) < 7x(D).
' (1) 1x(Q U S) = max{rx (@), 7x(5)}.

It is obvious that (3) is a special case of (4). The proofs of the above properties follow
easily from the definitions. In the case when X is a Banach space, the proofs of these
properties can be founded in many books on Nonlinear Analysis, for example, see [12],
[29], [48], and [60]. Hence, we omit the proofs of these properties.

It is known that a family of nonempty compact sets of X has a nonempty intersection
if the family has the finite intersection property, that is, any finite collection of sets in the
family has a nonempty intersection. In particular, a decreasing sequence of nonermpty
compact sets has a nonempty intersection since it has the finite intersection property.
With the aid of measures of noncompactness the result can be extended to noncompact
settings.

The following result obtained by Kuratowski [31] will play an important role in defining

a fixed point index for y-condensing maps. We give a simple proof for completeness (see

[12], p. 53).

Lemma 1.3.22. Let N be the set of positive integers. Let {S,}nen be @ sequence of
nonempty bounded closed subsets of a complete metric space X such that the following

condilions hold.

Sny1 CSp forn €N and  vx(S,) — 0.




Then the intersection S = NS2,S, is a nonempty compact set of X.
Proof. For each n € N, let @, € S, and U, = {2, : m > n}. Then we have
{zn:n 21} = {21, .0, zn1} UU,.
It follows from the properties of yy-measure of noncompactness that

vx({zn}) = 7x(Un) < 9x(Sn) foralln € N.

This implies yx{#,} = 0 and thus there exists a subsequence {z,,} of {z,} such that
T, — 2o € X. For each n € N, there exists ky € N such that {z,, } C S, for & > k.
Since S, is closed, we have zy € S,. This implies g € N$2,.5,, and thus S is a nonempty
closed set. Since S C S, for each n € N, we have vx(5) < vx(S,) for n € N and thus
vx(8) = 0. This shows that S is compact. O

The above result can also be extended to a family of sets which has the finite inter-
section property (see [27]).

Closely associated with the concept of measures of noncompactness is the notion of a

k-set (or ball)-contractive map and a set (or ball)-condensing map.

Definition 1.3.23. Let X and Y be metric spaces. A continuous map A: D C X =Y
is said to be k-(vx,7y)-contractive if there is & > 0 such that 1 (A(Q)) < kyx(Q)
for each bounded Q C D; (7x,7y)-condensing if vy (A(Q)) < vx(Q) for each bounded
Q C D with 4(Q) # 0.

As usual, when X =Y, we use yx to denote the above symbol (yx,vy).

It is readily seen that a map is compact if and only if it is 0-(yx,yy)-contractive.
Every k-(vx,7v)-contractive map with & < 1 is (yx,~y)-condensing. When X =Y,
there are yx-condensing maps that are not k-yx-contractive for any k& < 1 (see [49]).

Using Proposition 1.3.2 we immediately obtain

Lemma 1.3.24. Let I be a nonemply closed subset in a complete metric space X and

A:DCK — K be amap. Then A is ax-condensing if and only if A is agc-condensing.

Remark 1.3.25. We do not know if Lemma 1.3.24 is true for ball-condensing maps even

when D = K.




The following result will be useful. Its proof follows directly from Definition 1.3.23

and thus, we omit it.

Lemma 1.8.26. Let X, Y and Z be metric spaces. Let A: D C X =Y be ky~(vx, vy )-
contractive and A(D) C Dy C Y. Let B : Dy — Z be ky-(yy,vz)- contractive. Then

BA: D — Z is koky-(vx,77)-contractive.

It follows from Lemma 1.3.26 that if A is a k-(yx,~y)-contractive map and B is
1-(yy,vz)-contractive and BA makes sense, then BA is also k-(vx,vz)-contractive.

In the following we provide some k-(yx, vy )-contractive maps.

Definition 1.3.27. Let X and Y be metric spaces. A map A: D C X — Y is said to

be a Lipschitz map with Lipschitz constant L if A satisfies
d(Az, Ay) < Ld(z,y) fora,y € D,

Lemma 1.3.28. Let X and Y be metric spaces. Let A: D C X — Y be a Lipschitz map

with Lispschilz constant L. Then A is L-(ax, oy )-contractive.

Proof. Let @ C D be a bounded set in X. For ¢ > 0, there exists a finite cover
{@1, ..., Qx} such that diam(Q;) < ax(@)+¢e,1=1,..,k and Q C UL ,Q;. This implies
A(Q) € UL, A(Q;). By hypothesis we have diam(A(Q;)) < Ldiam(Q;) fori =1, ...,k It
follows that ay (A(Q)) < L(ax (@) + €). Hence, ay(A(Q)) < Lax(Q). a.

Let A: D C X — X be a Lipschitz map with the Lispschitz constant L. In general,
if D # X, we can not show that A is L-(8x, By )-contractive although it is L-(ax, ay)-

contractive. However, if D = X, we can prove that it is.

Theorem 1.3.29. Let X and Y be metric spaces. Assume that A: X — Y is a Lipschitz

map with Lipschitz constant L. Then A is L-(Bx, By )-contractive.

Proof. Let ) C X be a bounded set and » = (x(Q). For ¢ > 0, there exists
{y1;--»Ynt C X such that
Q C UL Bx(yir+e),
where Bx(yi,r +¢) = {z € X : d(y;,z) < r+¢}. For every fixed 2 € @, there exists

i € {1,...,n} such that d(y;,z) < r +e. This implies

d(Az, Ay;) < Ld(z,y;) < L(r +¢).
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Therefore, Az € By(Ay;, L(r +¢)) and A(Q) C Ui, By (Ay;, L(r + €)). Tt follows from
the definition of ball measure of noncompactness that By (A(Q)) < L(r+e¢). This implies
Br(A(Q)) < LBx(Q). =

The above result can be generalized to a more general case which is also useful in

applications.

Definition 1.3.30. Let X and Y be metric spaces. A map A:QC X — Y issaid to
be [-semicontractive map from X to Y with L > 0 if there existsamap V: X x X =Y
such that the following conditions hold.

(S;) For each fixed z € X, V(z, ) : X =Y is compact.

(S;) For each y € X, the map V(.,y): X — Y is a Lipschitz map with the Lipschitz
constant L.

(8s) A(z) = V(z,z) for = € Q.

Theorem 1.3.31. Let X and Y be metric spaces. Assume that A: Q C X =Y isa

[-semicontractive map. Then A is L-(Bx, Pr)-contractive.

Proof. Let @ C € be a bounded set with Ax(Q) = r. For e > 0, there exists
{#1,..;zy} C X such that Q C Uv,Bx(w;,r +¢). TFor each z € X, V(z,Q) i1s a
precompact set in Y, so Ur, V(zi, Q) is also precompact in Y. For the given € > 0 there
exists {Y1, .-y ym} C Y such that ur, V(e @) C U;'TL:IBY(yj,E). Let & € Q. Then we can
choose 1 € {1,...,n} and j € {1, ...,m} such that

d(z,2;) <r+e and d(V (z;, ), y;) <€
Thus we have
d(A(z),y;) < d(V(z,2),V(zi, ) + d(V (zia),y;) < L(r +¢e) +e

This implies A(Q) C U™, By (y;, L(r +€) + ¢). Thus we have fy(A(Q)) < Lir+e)+e
Since ¢ is arbitrary small, we get By (A(Q)) < LAx(Q). O

Remark 1.3.32. Theorem 1.3.31 generalizes Theorem 1 in [69] (also see lemma 2.3 in

[55))-




Now, we show that when X =Y, yx-measure of noncompactness has more properties

if the space involved is a Banach space. We collect them in the following lemma.

Lemma 1.3.33. Let K be a closed convex set in a Banach space X. Then the measure
of noncompactness relative to I has the following properties. Suppose Q,S C K. Then

(1) Br(Q) = 0 if and only tf Q is precompact.

(2) Br(Q) = fr(QR), where @ denotes the closure of Q relative to K.

(3) @ C D C K implies Br(Q) < Br(D).

(4) For each X € [0,1], Br(AQ + (1 — A)S) < ABx(Q) + (1 — N)Br(S).

(5) Br(QU 5) = max{fk(Q), x(5)}

(6) Br(co(Q)) = Br(Q), where co(Q) denotes the convex hull of Q.

If K is a wedge, then we have

(7) Br(aQ) = af(Q) for each a € [0,00).

(8) Br(@ + ) < Br(Q) + Br(S).

If K is a subspace of X, then we have

(9) Br(aQ) = |a|Br(Q) for each a € R.

All of the proofs of the properties (1)-(9) follow from the definition of the relative ball
measure of noncompactness fx and are similar to those of the properties of y-measure
relative to X, which are given in usual books on Nonlinear Analysis, for example, see [12],
[48] and [60]. Therefore, we only show the proof of property (6) which is not obvious.

Proof of property (6). Obviously, it suffices to show that Sx(co(Q)) < Br(Q). Let
r = PBr (@) and € > 0. Then there exists {1, ..., 2.} C K such that Q@ C U, Bx(x:,r+¢).
Let C' = co{21,...,2,}. Then C' C K. Since C is compact, there exists {z1,...,zn} C C
such that C' C UL, Bx(2;,¢€). Let y € co@. Then there exist A; > 0 with 37 | A; = 1 and
Yi € Br(zi, 7 +¢) such that y = 370, Ay, Let 2 =37 | Mizy. Since C' C UTL, B (24, €),
we have ||z — z;|| < € for some z;. Hence we obtain

ly = zill <fly =zl + 11z = 2 <D Ny —will +e <r+ete.
i=1
This implies y € Br(z;,7 + 2¢) and thus co@Q C U, B (zj,r + 2). It follows that
Bre(co(Q)) <7 = Br(Q). 0
By Definition 1.3.23 and Lemma 1.3.33 we obtain
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Lemma 1.3.34. Let X and Y be Banach spaces. Then
(1) If Ay : D C X = Y s ki-(yx,7vv)-contractive for i = 1,2, then A, + Ay is

(k1 + ka)-(vx , vy )-contractive.

It immediately follows from Lemma 1.3.34 that if A is a k-(yx,7yy )-contractive map
and B is a compact map, then the sum A + B is also k-(yx, 7y )-contractive.

The following result shows that condensing maps have a property of convergence.

Lemma 1.3.35. Let D be a closed set in a Banach space X. Let A : D — X be a
vx -condensing map and {z,} C D a bounded sequence such that z, — Az, — w € X.

Then {x,} has a convergent subsequence x,, — z € D and z — Az = w.

| Proof. Let {2,} C D be a bounded sequence and z, — Az, — w € X. Then we have
|
[ {2} C {zn — Az,} + {Az,}.

This implies

vx({2a}) < vx({zn — Awa}) + 7x({Ava}) = 1x({Aza}).

Since A is vy-condensing from X to X, we find yx({®,}) = 0. The result follows. O
The above result shows that if D is a compact set of X, then the inverse image
YD) = {z € Q: f(z) € D} is compact, that is f is proper.
Utilizing measure of noncompactness, one can see an essential difference between a
finite dimensional space and an infinite dimensional space.

The following result is due to Nussbhaum [49].

Theorem 1.3.36. Let X be a real Banach space and B(1) = {z € X : ||z|| £ 1} and
S ={zeX:|z||=1}. Then we have

(1) ax(B(1)) = ax(S) =0 if X is a finite dimensional space.

(11) ax(B(1)) = ax(S) =2 if X is an infinite dimensional space.

Remark 1.3.37. Let X be a real Banach space and K a wedge in X. Let 0K, = {z €
K :|lz|| = 1}. We denote by F' the closure of the space generated by K. If F' is a finite

dimensional subspace of X, then 9K is compact. However, we don’t know if the inverse

of the result is true, that is, if 0K, is compact, is F' a finite dimensional space?
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For ball-measure of noncompactness, we have

Theorem 1.3.38. Let X be a real Banach space and B(l) = {z € X : ||z|| £ 1} and
S={ze X :|z||=1}. Then we have

(1) Bx(B(1)) = Bx(S) =0 if X is a finite dimensional space.

(11) Bx(B(1)) = Bx(S) =1 if X is an infinite dimensional space.

Proof. We prove (u2). Let r = fx(B(1)). Then r € (0,1]. We prove r > 1. Let £ > 0.

Then there exist 1, ..., &, € X such that
B(1) C U B(z;,r +¢). (1.7)
Let p = r + . We prove that for every i € {1,...,n},
B(:,p) C UjB(; + pej, p?). | (1.8)

In fact, let y € B(w;,p) and z = (y — 2;)/p. Then z € B(1). By (1.7), there exists

7 € {21,..., s} such that ||z; — z|| < p. Hence, we have
lly — @i — pajll = llpz — pz;fl < p”.

This implies B(w;, p) C B(wz:+pzj, p?) and thus, (1.8) holds. By (1.7) and (1.8) we obtain
B(1) C UL, Uy Blai + s, 7).

It follows from definition of ball measure of noncompactness, r < p* = (r + €)% Since ¢
is arbitrary, r < r% and r > 1. O

We are now in a position to mention the definition of the fixed point index for -
condensing maps and show its properties.

We first give the definition of the fixed point index for k-y-contractive maps with
k < 1. We refer to [48] for more details. One can also find the definitions of fixed point
index for k-set-contractive (or set-condensing) maps in [23] and [24]; for k-y-contractive
(or y-condensing) multivalued maps from X to X in [20], [52] and [54].

Let K be a closed convex set of X and D be a bounded open set in X such that
Dy = DO K # 0. As before, we denote by D the closure and Dy the boundary of

Dy relative to K.



Definition 1.3.39. A map A : Dx — K is a k-y-contractive map (7-condensing, re-
spectively) if it is one of the following maps.

(1) A is k-ax-contractive (ax-condensing, respectively).

(2) A is k-Px-contractive (Bx-condensing, respectively).

(3) A is k-fr-contractive (Br-condensing, respectively).

By Lemma 1.3.24 we see that A satisfies (1) if and only if A is k-a-contractive

(aui-condensing, respectively).

Remark 1.3.40. Previously, a k-y-contractive (v-condensing, respectively) map A
reant that A satisfied (1) or (2) (see, for example, [20], [52] and [54]). This does not

| include the class of maps which satisfies (3).

As before, @ # A(z) for all @ € Dy means that either (i) 8Dy = B or (ii) if dDx # 0,
v # A(z) for all z € 8Dk.
Let A: Dg — K be k-y-contractive with k& < 1 such that z # Az for ¢ € ODy. We
define
K, = wA(Dx) and Kny1 = 0A(K, N Dg) forn €N.

Note that if D = 0, that is, Dy = K, then
K, = @WA(K) and Knp1 = 0A(K,) forn € N.
The following lemma is a key towards defining the index.

Temma 1.3.41. Let A: Dx — K be k-y-contractive with k < 1 such that x # Az for
z € 8Dy. Assume that Ky NDx # 0 for alln € N, where K, is defined as above. Let
Ko =N, K,. Then

(1) Ko ts @ nonempty compact conver set.

(2) Koo N Dy =N, K, N Dy is a nonempty compact set.

(3) There exists a compact map B : Dy — Koo(C K) such that Bx = Az forax € K. NDx
and = # Ba for © € 0Dk.

Proof. Tt is easy to verify the following facts:

Knp1 € K, and V(K1) < ky(Kn) < k"“fy(_ﬁ;().

o




This implies v(K,) — 0 and (K, N D) — 0. It follows from Lemma 1.3.22 that K, is
a nonempty compact convex set and K, N Dx = N2, K, N D is a nonempty compact
set. Therefore, A is well-defined on Ko, N D and A(Ko N Dg) C Ko. Since K, is
compact and A is continuous, A : K N Drg — K., is compact. It follows from Lemma
1.2.2 that there exists a compact map B : Di — Ko(C K) such that Bz = Az for
& € Ko N Dy, We prove that @ # Bz for « € Dg. In fact, if not, £ = Bz for some
z € 0Dg. Then z € Koo N 0Dg and ¢ = Az, which contradicts the hypothesis that
z # Az for all z € Dx. a

Definition 1.3.42. Let A : Dy — K be k-vy-contractive with & < 1 such that = # Az
for x € 0D . Let K, and I be defined above. We define the fixed point index of A over
Dy relative to I, denoted by ix(A, D), as follows.

(1) ix(A, Di) = 0 if there exists ng € N such that K,, N Dx = 0.

(2) ix(A, Di) = ix(B, D) if K, N Dy # () for all n € N,

where B : Dy — Koo(C K) is an arbitrary map which satisfies all the conditions in (3)

of Lemma 1.3.41.

Remark 1.3.43. If there exists ng € N such that K,, N Dy =0, then K, N D =0
forallm > ng. If K, N Dg # 0 for all n € N, it follows from lemma 1.3.41 that there
exists at least one map B : D — Koo(C K) such that Bz = Az for @ € Ko, N Dk and
& # Bz for ¢ € 0Dk. Hence the index ix(B, Di) makes sense. If there exists another
map C : Dx = K. (C K) such that Cz = Az for * € K, N Dy and z # Cz for
z € 0Dk, then ¢ # h(t,2) = tBax + (1 — t)Ca for t € [0,1) and @ € 0Dk. 1t follows
from the homotopy property in Theorem 1.2.9 that ix (B, Dx) = ix{(C, Dg). Therefore,
ix(A, Dr) is well defined and is independent of the choice of B.

Remark 1.3.44. By Definition 1.3.39 and Lemma 1.3.24 we see that we have defined a

fixed point index for k-ball-contractive maps from K to K.
One can show that the index in Definition 1.3.42 has the usual properties.

Theorem 1.3.45. Let K be a closed convexr set in a Banach space X and let D be a

bounded open set such that D # 0. Let A : Dx — K be a k-y-contractive map with




k € [0,1). Suppose that @ # A(z) for all 2 € 8Dy, The index defined in Definition
1.8.42 has the following properties.

(P1) (Eaistence property) If ix{A, Dx) # 0, then A has a fived point in Dy .

(P2) (Normalization) If u € Dy, then iy (4, Di) = 1, where @(z) = u for ¢ € Dx.

(Ps) (Additivity property) If W, W? are disjoint relatively open subsets of Dy such that
x # Az for x € D \ (WU W?), then

ik(A, D) = ig(A, W) + i (A, W?2).

(Py) (Homotopy property) If H : [0,1]x D — K is continuous and such that v(H([0,1] x
@)) < ky(Q) for each Q@ C D with v(Q) # 0 and some k € (0,1), and if ¢ # H(t,z) for
x € 0Dk and t € 0,1}, then

i (H(O,), Dr) = 1x(H(1,-), D).
Similar to Theorems 1.2.10 and 1.2.13 we have the following results.

Theorem 1.3.46. Let K be a bounded closed convez set in X Assume that A: K - K

is k-y-contractive with k < 1. Then ix(A, K) =1, and thus, A has a fized point in K.

Proof. 1t follows from Lemma 1.3.41 and Definition 1.3.42 that
i[((A, I&'r) = ij((B, I’(),

where B : I — F(C K) is defined as in Lemma 1.3.41 and is compact. By Theorem
1.2.10 i (B, K) = 1 and thus, ix(A,K) = 1. O

The proof of the following result is similar to that of Theorem 1.2.13. We omit it.

Theorem 1.3.47. Let K be a unbounded closed convex set in X and A : K — K be

k-y-contractive with k < 1. Assume that the following condilion holds.

limsup ||Az||/||z]l < 1.

€ K,||z|| =0

Then there exists po > 0 such that ix (A, Bi(p)) =1 for all p > po. Hence, A has a fized

point in K.

We generalize the above index to y-condensing maps.




Definition 1.3.48. Let K be a closed convex set in a Banach space X and let D be a
bounded open set such that D # @. Let A: Dx — K be a y-condensing map. Suppose
that  # Az for all x € Dg. Define the fixed point index by the equation

ik(A, Di) =i (B, Di).

where B : Di — I is a k-vy-contraction with &k € (0,1) and 1 — k sufficiently small such

that ||Az — Bz|| < 7/3 for all z € D, where T = inf{||z — Az|| : « € 8Dx}.

Remark 1.3.49. Since @ # Az for @ € 0Dy, it follows from Lemma 1.3.35 that 7 > 0.
Let zg € K. A possible choice for B is the map B : Dx — K defined by Bz =
kAz + (1 — k)xo. It is easy to verify that |Az — Bz|| < 7/3 for all z € Di for k € (0,1)
and 1 — & sufficiently small, and z # Bz for @ € dDg. Therefore, it follows from
Definition 1.3.42 that ix (B, Dx) makes sense. One can prove that the index ix(A, Dg)
is independent of the choice of B. In fact, let B; : Dx — K be k;-y-contraction with
k; € (0,1) and 1 — k; sufficiently small such that ||Ax — B;(2)|| < /3 for all z € Dg,
where 1 = 1,2. Let H(¢,2) = tBi(a) + (1 — ¢)By(z) for t € [0,1] and = € Dg. Then
H :[0,1] x D — K is continuous and such that v(H([0,1] x @)) < kv(Q) for each
@ C D, where k = max{ky, k;}. We prove that ¢ # H(t,z) for ¢ € [0,1] and = € 9Dk.
In fact, if not, there exists « € Dg and ¢t € [0,1] such that = tBi{z) + (1 — ) Ba(z).
Then

7 < |z — Az|| £ t||Az — Byz|| + (1 —t)||Az — Ba(a)|| < tr/3+ (1 —t)1/3 =17/3,
a contradiction. It follows from the homotopy property of Theorem 1.3.45 that
ik (B, Di) = ix(By, D).

The fixed point index defined in Definition 1.3.48 has the usual properties. We collect

these properties in the following

Theorem 1.3.50. Let K be a closed conver set in a Banach space X and let D be a
bounded open set such that Dy # 0. Let A: D — K be a y-condensing map. Suppose
that xz # A(z) for all ¢ € Dgk. The index defined in Definition 1.3.48 has the following

properties.




(P1) (Ewistence property) If ig(A, D) # 0, then A has a fized point in Dy .

(P2) (Normalization) If w € Dy, then ix (4, D) = 1, where @t(z) = u for z € Dy

(Ps) (Additivity property) If W', W? are disjoint relatively open subsets of Dy such that
x# Az forx € Dg \ (WU W?), then

Z'I((A, DK) = ?:]((A, T’Vl) + 'i]((A, Wz).

(Ps) (Homotopy property) If H : [0,1]x D — K is continuous and such that y( H([0,1] x
Q)) < Y(Q) for each Q C D withy(Q) # 0, and if x # H(t,) forz € Dk and t € [0,1],

then

iK'(H(O) ')1 —Df‘i—) = iI((H(ls ')7 -DK')'
| Similar to Theorems 1.3.46 and 1.3.47 we have the following results.

Theorem 1.3.51. Let K be a bounded closed convex set in X Assume that A: K — K

is y-condensing. Then ix(A, K) =1, and thus, A has a fized point in K.

Proof. Let @p € K and Bp{z) = (1 — 1/n)Ax + (1/n)zo for € K. It follows from
Definition 1.3.48 that
ik(A, K) =ig(Bn, K)
for large n. By Theorem 1.3.46, ix(B,, K) = 1 for large n. Hence, ix(A, K) = 1. O
The proof of the following result is similar to those of Theorems 1.2.13 and 1.3.47.
We omit it.

Theorem 1.3.52. Let K be an unbounded closed convex set in X and A : K — K be

k-v-contractive with k < 1. Assume that the following condition holds.

limsup ||Az|/|lz]| < 1.

oK ||z|| oo

Then there exists pg > 0 such that ix(A, Bix(p)) = 1 for all p > po. Hence, A has a fized

point in K.

The special case when A(K) is bounded, is obtained in [54] (also see [53]).




Comments

The following assertions are new.

Proposition 1.3.1, Proposition 1.3.2, Theorem 1.3.6, Theorem 1.3.7, Theorem 1.3.9,
Example 1.3.12, Remark 1.3.15, Lemma 1.3.24, Remark 1.3.25, Theorem 1.3.29, Theorem
1.3.31, Theorem 1.3.46, Theorem 1.3.47, Theorem 1.3.51 and Theorem 1.3.52.

The proofs of the following assertions are new. Example 1.3.10, Example 1.3.11,

Example 1.3.13, Lemma 1.3.17 and Property (6) of Lemma 1.3.33.
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Chapter 2

Metric Projections and Generalized

Inward Maps

This Chapter is devoted to the study of closed convex sets for which there exist upper-
semicontinuous multivalued metric projections or continuous single-valued metric pro-
jections and of generalized inward maps including weakly inward maps. These sets and
maps will play important roles in developing our index theories.

We shall provide a sufficient condition for a closed convex set to have an upper semi-
continuous multivalued metric projection, that is, if this closed convex set is an M-set
defined below, then there exists an upper semicontinuous multivalued metric projection
(see Theorem 2.2.4). However, it is not clear whether there is a continuous single-valued
metric projection onto a closed convex M-set. We also give sufficient conditions for a
closed convex set to have a continuous single-valued metric projection and examples of
this type of set. A closed convex set for which there is a continuous metric projection
will be called an M,-set. We shall give an example to show that an M.,-set need not be
an M-set. It is an interesting open question whether or not an M-set is an M.-set.

Weakly inward maps and generalized inward maps will be well-studied; their properties

new or old and examples will be provided.



2.1 Approximatively compact sets

In this section we recall the concept of an approximatively compact set and give results
on the existence of approximatively compact sets, some of which are new. Theaconcept of
approximatively compact set was first introduced and studied by N.V. Efimov and S.B.
Stechkin (for example see [62]) and then by I. Singer [62]. The concept of approximatively
compact sets was generalized by Reich [57] to Hausdorff topological vector spaces and
used by Reich [57] and Sehgal and Singh [61] to study the best approximation problem
and existence of fixed points for weakly inward maps in Hausdorff topological vector
spaces. In Chapter 3 we shall develop a fixed point index for generalized inward compact
maps defined on an approximatively compact convex set in Banach spaces.

Let A be a subset of a Banach space X. A sequence {z,} C K is called a minimizing
sequence for a point z € X if

lim ||z — &,| = d(z, K),

n—+40co

where d(z, K) = inf{||]z — y|| : y € K}.

Definition 2.1.1. A subset K of a Banach space X is said to be approzimatively compact
(for short, an M-set) relative to X if for each @ € X every minimizing sequence {z,} C K

for = contains a subsequence converging to an element of K.

The above definition can be found in [62] except for the terminology ‘M -set’. We use
the terminology ‘M-set since it relates to the existence of metric projections and we shall
introduce the concept of M,-set below and the two concepts are related.

It is obvious that a Banach space is an M-set relative to itself. Moreover, every M-set
must be closed. If K # X, it is easy to verify that K is an M-set if and only if for
each # € X \ K and sequence {y,} C K satisfying ||z — ya|| — d(z, K) there exist a
subsequence {yy,, } of {yn} and y € K such that y,, — y.

We now provide some new conditions which assure a set is an M-set.

Theorem 2.1.2. Let K be a closed set in a Banach space X. Assume that the following
condition holds.

(S): Every bounded sequence {&,} of K contains a convergent subsequence.
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Then K is an M -set relative to X.
The proof of Theorem 2.1.2 follows from Definition 2.1.1 and the condition (.5).

Remark 2.1.3. The following assertions follow from Theorem 2.1.2 since the condition
(S) is satisfied.

(1) Every compact set in a Banach space is an M-set.

(2) Every closed set in a finite dimensional Banach space is an M-set.

(3) Every closed set in a finite dimensional subspace of a Banach space X is an M-set
relative to X. In particular, every finite dimensional subspace of a Banach space X is an
M-set relative to X.

(4) Let K be a wedge in a Banach space such that dK; = {a € K : ||z|| = 1} is

compact. Then K is an M-set.

| Proof. We only show (4). Let {z,} C K be bounded. Then {z,} C K, = {z € K :
llz|l < p} for some p > 0. Since I, C pco{dK, U{0}} and 9K, is compact, so is K.
This implies that {z,} is precompact and thus has a subsequence which converges to an
element in K. It follows from Theorem 2.1.2 that K is an M-set. t

The assertion (2) in Remark 2.1.3 shows that every closed convex set in a finite
dimensional Banach space is an M-set. However, in an infinite dimensional Banach

space, the result fails. The following new example shows this.

Example 2.1.4. Let C[0, 1} denote the Banach space of all continuous real-valued func-
tions defined on [0, 1] with the norm ||| = max{|z(t)] : t € [0,1]}. Let y.(t) = t" for
t € [0,1] and n € N. Then y, € C[0,1]. Let K = {y, : n € N}. Then K is a closed
convex subset of C[0,1]. It is easy to verify that d(0,X) =1 and ||0 — y,|| = 1 for each
n € N. Therefore, ||0 — y,|| = d(0, K). However, {y,} has no convergent subsequence.

Hence K is not an M-set.

Therefore, we need to find suitable conditions on X and K to determine when K is
an M-set. A nice additional condition on X is the property (H) of X which was first
introduced by Fan and Glicksberg [19].

Definition 2.1.5. A Banach space is said to have the property (H) if, whenever a se-

quence {x,} C X satisfies the following two conditions:
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(1) @, — @, where — denotes the weak convergence.
(2)  limpsteo lenll = =,

t}_leﬂ ].imn-—}+oo Tp — “:v”7

It is known that some special Banach spaces have property (H). The following defi-
nitions and properties of some special Banach spaces can be found, for example in [12],

[29] and [50]. We only mention these definitions and give their properties without proofs.

Definition 2.1.6. (1) A Banach space X is uniformly convex if for every ¢ € (0, 2] there
exists 8(¢) > 0 such that ||| = [ly|| =1 and |z — y|| > € implies [[(z +y)||/2 <1 - §(e).
(2) A Banach space X is said to be locally uniformly convex if for every € € (0,2} and
¢ € X with ||z]| = 1, there exists § = §(z,e) > 0 such that [yl =1 and ly—z| = €
| implies ||z + y|| < 2(1 —9).

(3) A Banach space X 1s said to be k-locally uniformly convex if for every & > 0 and
¢ € X with ||z} = 1, there exists § = §(z,€) > 0 such that, whenever 1, ..., k-1 has the
following properties:

(1) llzill <1,

(i) |z — zill Z ¢,
then

(4) A Banach space X is said to be strictly convex if z,y € X with Izl = llyll =1
and z # y implies ||tz + (1 —t)y|| < 1 for every t € (0,1).

The relations between these special Banach spaces are collected in the following propo-

sition.

Proposition 2.1.7. (1} Every Hilbert space is uniformly convez.

(2) Every uniformly convex space is reflevive and locally untformly convez.

(3) Every locally uniformly convex space is k-locally uniformly convez and strictly convex.
(4) Every k-locally uniformly convex space has property (H) (see Theorem 2.5.17, p. 56
in [29]).
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By the above proposition we see that every Hilbert space, uniformly convex space and
locally uniformly convex space has property (H). However, we do not know if a strictly
convex Banach space has the property (H).

The property (H) is not sufficient for a closed convex set to be an M-set. We also

need to add a suitable condition to the closed convex set. Hence we introduce

Definition 2.1.8. Let K be a closed convex set in a Banach space X. K is said to have
the property (W) if for any bounded sequence {z,} C K, there exist a subsequence {z,, }
of {z,} and & € K such that z,, —~

The following lemma provides sufficient conditions for a set to have property (W).

Lemma 2.1.9. (1) Any weakly compact convex set in a Banach space has the property

(2) Any closed convex set in a reflexive Banach space has the property (W),

Proof. (1) Let A be a weakly compact convex set in a Banach space X. It follows
from Eberlein-Smulian Theorem (see for example Theorem 10.10 in [64]) that A is weakly
closed and satisfies that for any sequence {2, } C A, there exist a subsequence {z,,} of
{z.} and 2 € A such that z,, — . Since A is weakly closed and convex, it follows from
Theorem 3.12 in [59] that A is a closed convex set in (X, ||.|])-

(2) The result follows from Theorem 10.6 in [64]. O

We now are in position to provide some sufficient conditions for a closed convex set
in a Banach space to be an M-set.

We first have the following new result.

Theorem 2.1.10. Let X be a Banach space with the property (H). Then any closed
convex set of X with the property (W) is an M -set.

Proof. Let K be a closed convex set in X and have the property (W). If K = X,
the result holds. We assume that K # X. Let 2 € X \ K and let {y,} C K satisfy
|z —yn|| = d(z, K). It is easy to verify that {y,} is bounded. By the property (W) of K
there exist a subsequence {y,,} of {y} and y € K such that Yn, — Y. Since ||.|| is weakly

lower-semicontinuous, we have ||z — y|| < limgeo ||& — Yn, || and thus, |jz — y|| = d(z, K).
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This implies ||z — yn, || — ||z — y||- By the property (H) of X we have © —yn, — 2 —y
and thus, y,, —+ y. |

As special cases of Theorem 2.1.10 we have the following Corollaries.

Corollary 2.1.11. Let X be a Banach space with the property (H) and K a weakly

compact convex set of X. Then K is an M-set.

This new result is a direct consequence of (1) in Remark 2.1.9.

Since a locally uniformly convex Banach space has the property (H), it follows from
Corollary 2.1.11 that every weakly compact convex subset in a locally uniformly convex
Banach space is an M-set.

By using the assertion (2) in Remark 2.1.9 we obtain

Corollary 2.1.12. Let X be a reflezive Banach space with the property (H) and K a

closed convex set of X. Then K is an M-set.

The above Corollary 2.1.12 has been obtained by Singer [62]. Actually, Singer [62]
has shown that a converse of Corollary 2.1.12 is true, that is, every closed convex subset
of a Banach space is an M-set if and only if the space is reflexive and has the property
(H). When the space X is strictly convex, the necessary and sufficient condition was first
obtained by Fan and Glicksberg [19]. From Singer’s result we see in every nonreflexive
Banach space there exists a closed convex set that is not an M-set.

As special cases of Corollary 2.1.12 we have

Corollary 2.1.13. Let X be a reflezive and locally uniformly convex Banach space and

K a closed convex set of X. Then K 1s an M-set.

Proof. Since X is locally uniformly convex Banach space, X has the property (H).
The result follows from Corollary 2.1.12. .

Remark 2.1.14. Since we don’t know if a strictly convex Banach space has the property
(H), we also don’t know if every closed convex set in a reflexive and strictly convex Banach

space is an M-set.

However, if we consider an equivalent norm in a reflexive Banach space, every closed

convex set is an M-set under the new norm. To show this, we need a lemma which was

obtained by Trojanski [65] (also see [50]).
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Lemma 2.1.15. Let X be a reflezive Banach space. Then there exist equivalent norms
on X and X* such that both spaces are dual to each other and are locally uniformly

conves.
By using Lemma 2.1.15 we obtain the following new and useful result.

Corollary 2.1.16. Let (X, ||.||) be a reflexive Banach space. Then there exists an equiv-

alent norm ||.||o on X such that every closed convex set in (X, ||.||) 4s an M-set relative

to (X, ||-llo)-

Proof. It follows from Lemma 2.1.15 that there exists a equivalent norm ||.|jp on X
such that (X, ].]|o) is a reflexive and locally uniformly convex Banach space. Let K be
a closed convex set in (X, ||.||), then K is a closed convex set in (X,|.|jo). The result
follows from Corollary 2.1.13. 0

By using Corollary 2.1.13 we give a simple proof of the following result which was

obtained in [61].

Corollary 2.1.17. Let X be a uniformly convex Banach space and K a closed convex

set of X. Then K is an M -set.

Proof. Since X is uniformly convex, it is reflexive and locally uniformly convex. The
result follows from Corollary 2.1.13. d

As an immediate corollary of Corollary 2.1.17, we have

Corollary 2.1.18. Let X be a Hilbert space. Then any closed convex set of X is an
M -set.

The following new result provides a necessary and sufficient condition for a closed

convex set in a strictly convex Banach space to be an M-set.

Theorem 2.1.19. Let K be a closed convex set in a strictly conver Banach space X.
Then the following condition are equivalent.

(C1) K is an M-set.

(C3) For each z € X \ K and sequence {y,} C K satisfying ||z — y,|| = d(z, K) there

evists y € K such that y, — y.
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Proof. It is obvious that (C3) implies (Cy). On the other hand, assume that (C;)
holds. We prove (C3). Let @ € X \ K and {y.} C K satisfy ||z — ya|| = d(z, K). Since
K is an M-set, there exist a subsequence {y,,} of {y»} and y € K such that y,, — y.
We prove y, — y. If not, there exist « > 0 and a subsequence {ym,} of {yn} such that
lym; — yll = a. Since ||z — ym,|| — d(z, K) and K is an M-set, we may assume that
Um; — Y € K. Hence we have y' # y. Since ||.|| is lower-semicontinuous and y,y’ € K,
we have ||z — y|| = ||z — ¢|| = d(z, K). Then the strict convexity of X implies y = ¢/, a
contradiction. Hence y,, — y and (C3) holds. O

Comments

In this section the following are new.

Theorem 2.1.2, Remark 2.1.3, Example 2.1.4, Definition 2.1.8, Remark 2.1.9, Theorem
2.1.10, Corollary 2.1.11, Corollary 2.1.13, Remark 2.1.14, Corollary 2.1.16 and Theorem
2.1.19.

2.2 Projections on convex sets of Banach spaces

Existence of projections (in particular, continuous metric projections) on closed convex
sets of Banach spaces will play an important role in extending the classical fixed point
index theories for either maps of condensing type or A-proper maps. In this section we
shall investigate the existence of e-projections (or retractions), in particular, continuous

metric projections.

Definition 2.2.1. Let X be a Banach space, K a closed convex set of X and ¢ > 0. A

continuous map r : X — K is said to be an s-projection if it satisfies
|z —r(2)|| < (L+e)d(z, K)for every z € X.

By the Dugundji extension theorem (see Theorem 1.2.3 or Section 18 in [34}]), an
e-projection always exists for every € > 0. Moreover, it is easy to see that if r; is an &;-

projection then (1—¢)r;+iry is an es-projection for each t € [0, 1], where e3 = max{e1, &3}



Definition 2.2.2. Let X be a Banach space and K a closed convex set of X. A mapT

from X to K is called a metric projection 1 7 satisfies
|z — rall = d(z, K) foreachw € X.

Note that Definition 9.2.2 does not require that r be continuous. Tt is obvious that if
K = X, the identity map [ is a unique metric projection from X to itself, where I(z)=¢
for each z € X.

If for ¢ € X there exists y € K such that ]z —yll = d(z, ), we say that ¢ has a

nearest point y 10 K, that is, y 1s @ point in K nearest to .

Remark 2.2.3. If K # X and ¢ K, then the set of nearest points in K of z s

contained in 8K, where 9I¢ denotes the boundary of K relative to X.

It is obvious that every continuous metric projection is an e-projection for every 