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Statement

Chapter 1 covers some basic material such as rewriting systems, monoid presentations,
group presentations, graphs and 2-complexes, group pictures, monoid pictures, first and
second order Dehn functions of groups and monoids. This material can be found, for

example, in [12], [46], [47], [60], [67], [68], [69], [74], [76], [81].

Chapter 2, 3, 4 are the original work of the author, with the exception of instances
indicated within the text, as well as the main results in §2.5, §2.6, §4.5, §4.6 which are

joint work with S.J. Pride ( [71}, [72], [73]).

The main results in §3.3 ([79}) were published in the Theoretical Computer Science 191
(1998) 219-228, and the main results in §2.3, §4.1 ([80]) were published in the Jowrnal
of Algebra 204 (1998) 493-503. Results in §2.5, §2.6 ([72]} have been submitted for

publication.
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Abstract

The main work of this thesis starts with Chapter 2.

In Chapter 2, we first give some basic definitions and results about rewriting systems,
then we consider finite complete rewriting systems for small extensions of monoids and
for semi-direct products of monoids. After introducing the notion of directed 2-complex
and some results about it, we consider subgroups of finite index in groups with finite
complete rewriting systems.

In Chapter 3, we first give some basic definitions and results about monoids of finite
derivation type (F'DT') and finite homological type (F'H1'), and their associated second
order Dehn functions. Then we consider these properties for semi-direct products of
monoids. We get that the class of F'DT monoids and the class of FHT monoids are
closed under semi-direct products. We also get some general bounds for second order
Dehn functions of direct products of monoids.

In Chapter 4, we continue to consider F'D1', FHT and second order Dehn functions
for some monoid constructions, such as small extensions and relative monoids. We get
that the class of F'DT monoids and the class of #HT monoids are closed under small
extensions. Let S be a monoid, and let Sy be a submonoid of S such that S\Sy is an
ideal of S. If S is F'DT' (respectively, {"HT"), then so is Sp, and we have ﬁ'(s? = ’)/“(52)
(réspectively, fyg) = 7§2)). For a relative monoid S = S(R) with a coeflicient group H, if
LG(R) or RG(R) is cycle-free, then S is F DT (respectively, FHT) if and only if H is.

We also get some relations between the second order Dehn functions of S and 7.
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Notations

/A
R+
X*

[(W)
dr(W)
st(W)
W, =W,
P =[X;R)
—R
R
R
5(P)
W]k
Axg B

D ={I'}R)
w1 (D, v)
K =[I'; R]
xH(IC, v)

the set of all integers

the set of all natural numbers

the set of all non-negative integers

the set of all non-negative real numbers

the free monoid on X

empty word

the length of a word W

the disorder of a word W

the stretch of a word W

two words W, and W, are identical

monoid presentation

the single-step reduction relation induced by R
the reduction relation induced by R

the Thue congruence generated by R

the monoid defined by P

the element of S(P) represented by W

the semi-direct product of A and B relative to @
graph or directed graph

2-complex with underlying graph T

the fundamental group of D at v

directed 2-complex with underlying directed graph I'

the fundamental monoid of IC at v
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L(P)
D(P)

group presentation

the group defined by P

the second homotopy module of P

the first order Dehn function of a group &

the second order Dehn function of a group G

the first order Dehn function of a monoid S
the graph associated to P

the Squier complex associated to P

the integral monoid ring

the area of a monoid picture p

the second homology bimodule of P

the homotopical volume of p

the homological volume of p

the second order homotopical Dehn function of a monoid S
the second order homological Dehn function of a monoid S
relative monoid presentation

the left graph of R

the right graph of ‘R
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Introduction

In 1912, Max Dehn ([29]) formulated three fundamental decision problems for groups
defined by group presentations. These problems are important for presentation theory
and its applications. The word problem is the first of the three decision problems. It
can be stated as follows. Let P = (X; R) be a group presentation. Given a word W
on X U X! decide in a finite number of steps whether W represents the identity of the
group presented by P.

Having solvable word problem is an invariant property of finitely presented groups.
The word problem has been solved successfully for many classes of groups, e.g., one relator
groups, small cancellation groups and automatic groups. However, Novikov {[62], 1955)
and Boone ([13], 1959) proved, independently, that the word problem is unsolvable in
general. (See also Britton ([14], 1963).)

The word problem for groups can be extended to monoids as follows. Let P = [X; R|
be a monoid presentation. Given two words U,V on X decide in a finite number of steps
whether U and V represent the same element of the monoid presented by P. Having
solvable word problem is also an invariant property of finitely presented monoids. So we
can speak of monoids that have solvable word problem. Of course, the word problem for
monoids is unsolvable in general.

String rewriting systems have played a major role in the development of theoretical
computer science. They are also used in combinatorial semigroup and group theory to
present monoids and groups. In general, these rewriting systems do not give much infor-
mation about the monoids or groups presented. However, if a monoid can be presented by

a finite complete rewriting system, then the word problem for the monoid can be solved



effectively through the normal form algorithm. Actually, if R is a finite complete rewrit-
ing system on X, given two words U,V on X, they can be reduced in a finite number of
steps to their normal forms (the irreducible words) Uy and Vg, respectively. Then U and
V' represent the same element of the monoid presented by [X; R] if and only if Uy and Vg
are identical.

So it is natural to ask whether finite complete rewriting systems provide a way to
solve all word problems for finitely presented monoids, that is, can every finitely presented
monoid with a solvable word problem be presented by a finite complete rewriting system?
This important question remained open for many years. In 1987 Squier ([77]) answered
this question in the negative. He showed that if a monoid can be presented by a finite
complete rewriting system, then it must satisfy the homological finiteness condition F Ps.
Then he showed by giving infinitely many examples that there exist finitely presented
monoids with solvable word problems which can not be presented by finite complete
rewriting systems.

It was later realised that results of Anick ([6], 1986) contained, in a different language
and with some conditions which can be weakened, the stronger result that if a monoid
can be presented by a finite complete rewriting system then it satisfies the homological
finiteness condition FP,,. Kobayashi ([53], 1990), Groves ([39], 1991) and Brown ([16],
1992) also proved this result.

Kapar and Narendran ([48]) showed that the rewriting system {(aba,bab)} on the
alphabet {a, b} has no equivalent finite complete rewriting system. However the monoid

it presents can also be presented by the finite complete rewriting system
{(ab, c), (ca, bc), (beb, cc), (ceb, ace) }

on the alphabet {a,b,c}. 1t is therefore of interest to obtain conditions that a monoid
must satisfy if it can be presented by a finite complete rewriting system.

In 1987 Squier wrote another paper which has been published posthumously in 1994
([78]). In this paper Squier introduced the combinatoral finiteness property of having

finite derivation type {(F DT for short) for finitely presented monoids. He proved that




the property of having finite derivation type is independent of the finite presentation
of the monoid, that is, if one finite presentation of a monoid has finite derivation type,
then so does every finite presentation of the monoid. He also proved that if a monoid
can be presented by a finite complete rewriting system, then it has F'DT. Moreover, he
proved that a particular monoid 57 does not have F DT, so S; can not be presented by
a finite complete rewriting system. However, 5] is a finitely presented monoid with a
solvable word problem and it satisfies the homological finiteness condition F P,,. Thus
the condition F P, is not sufficient for a finitely presented monoid with a solvable word
problem to admit a presentation through a finite complete rewriting system.

Cremanns and Otto {[27]), Lafont ([54]) and Pride ([68], [69]) showed, independently,
that for finitely presented monoids the property F DT implies the homological finiteness
condition F'P5;. Note that Squier’s monoid 5 shows that for finitely presented monoids
with solvable word problems, the property FDT is strictly stronger than the property
FP;. Cremanns and Otto ([28]) also proved that for groups the two properties FDT
and F'Ps; are equivalent. Since there exist finitely presented groups with solvable word
problems which are F P but not I'P, (see [8]), the condition F'DT is not sufficient for a
finitely presented monoid with a solvable word problem to admit a presentation through
a finite complete rewriting system.

Groves and Smith ([40], [41]) considered the property of having finite complete rewrit-
ing systems for various group-theoretic constructions (extending from subgroups, form-
ing amalgamated free products, HNN-extensions and wreath products, etc.). They also
proved the following two results.

Let K be a normal subgroup of the group G'. If both K and G/ K have finite complete
rewriting systems, then so does (G. In particular, a semi-direct producl of groups with
finite complete rewriting systems has a finite complete rewriting system.

Let H be a subgroup of the group G, and let H have finite index in G. If H has a
finite complete rewriting system, then so does G. However, the converse of this result still
remains open.

Many results about the properties F' P, and F'P,, for various group constructions can




be found in [8].

Another finiteness condition introduced by Pride and X. Wang is the finite homological
type (F HT for short) for finite monoid presentations [74]. They proved that FHT is an
invariant property of finitely presented monoids, that is, if one finite presentation of a
monoid is F'HT', then so is every finite presentation of the monoid. If a monoid is £ DT,
then it is £'H'I'. They also proved that for groups F D1 and F'HT are equivalent. The
question whether FHT implies /DT is open in general.

The first order Dehn functions (i.e., the minimum isoperimetric functions) of groups
are important for discussing the complexity of the word problems for finitely presented
groups. A finitely presented group GG has a solvable word problem if and only if the
first order Dehn function (58 ) is recursive (see [36]). Gromov ([38]) proved that a finitely
presented group G is hyperbolic if and only if the first order Dehn function of G is linear.
The automatic groups satisfy the quadratic isoperimetric inequality (see [34]).

The first order Dehn function ygl) of a monoid S has been discussed in [57], [69] (see
also [9]). If G is a finitely presented group, then the two first order Dehn functions 58 )
(1)

and v’ are equivalent (see [74]). The second order Dehn function 5g ) of an FDT group

(+ has been discussed in [4], [5].
Pride and X. Wang ([74]) introduced the second order Dehn functions ’"yg) and 'yg) for
an 'DT and FHT monoid S, respectively. If S is F DT then ngz) > ’yé?). It is unknown

(even for F'DT groups) whether %/gz) and ,ygz) are equivalent. If G is an F'DT group, then

the second order Dehn functions 5((92 ) and fyg ) are equivalent ([74]).

In this thesis, we investigate how the properties of having finite complete rewriting
systems, F'DT and FFHT behave under various monoid constructions. We also get some
general bounds for the second order Dehn functions of monoids for some monoid con-
structions. The main work of this thesis starts with Chapter 2.

Chapter 2 contains our results about finite complete rewriting systems. In Sections 2.1
and 2.2 we give the basic definitions and some known results concerning finite complete

rewriting systems. In Section 2.3 we prove (Theorem 2.3.4) that if a monoid T can be




presented by a finite complete rewriting system, then every small extension S of T" also
can be presented by a finite complete rewriting system. (Let S be a monoid and let T°
be a submonoid of S. If the set S\T' is finite, then S is called a small eztension of T').
This result appears in the paper [80]. In Section 2.4 we prove (Theorem 2.4.1) that the
semi-direct product of monoids with finite complete rewriting systems also has a finite
complete rewriting system. This result generalizes a result in [41] from groups to monoids.
In Section 2.5 we introduce the notion of directed 2-complex and get some general results
about 2-complexes. In Section 2.6 we use the results in Section 2.5 to get the following
result (Theorem 2.6.1)([72]).

Let H be a subgroup of finite index n in a group G. If G has a finite complete rewriting
system, then so does the free product H x I, _y, where F,,_y is the free group of rank n—1.

Note that this result provides a link between the following two open questions. Ques-
tion 1 ([41], [23]): Let H be a subgroup of finite index in a group (. If & has a finite
complete rewriting system, does H have a finite complete rewriting system? Question 2
([65]): Let A and B be finitely presented monoids. If the free product A * B has a finite
complete rewriting system, do A and B have finite complete rewriting systems?

From Chapter 3 we start to consider FFDT, FHT and second order Dehn [unctions
of monoids for various monoid constructions. In Sections 3.1 and 3.2 we give the basic
definitions and some known results about F' DT, FHT and second order Dehn functions
of monoids. In Section 3.3 we prove (Theorem 3.3.1) that the class of I"DT monoids is
closed under semi-direct products. This result appears in [79]. The converse of this result
is false. In Section 3.4 we prove (Theorem 3.4.1) that the class of I'HT monoids is also
closed under semi-direct products. In Section 3.5 we get the following general bounds for
second order Dehn functions of direct products of monoids (Theorems 3.5.8 and 3.5.9).

If A and B are FDT', then

max{’yﬁf), '7](32)} = f}fle = maa:{’yf), ’yg)} + nZ.

If A and B are FHT, then

maz{y{, 751} <705 2 mae (¥, 7§} +n?
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This result generalizes a result in [4] from groups to monoids.

In Section 4.1 we prove (Theorem 4.1.8) that if a monoid 7" is /' DT, then every small
extension S of T is also F'D1'. This result appears in the paper [80]. We also get a similar
result for F'HT' (Theorem 4.1.9). In Section 4.2 we consider 'DT, F'HT and second order
Dehn functions for submonoids with ideal complements. Let S be a monoid, and let S be
a submonoid of S such that S\Sp is an ideal of S. If S is F'DT (respectively, FF'HT'), then
so is Sp, and we have f}g) = ’yéz) (respectively, fyg) =< fyg)) (Propositions 4.2.3 and 4.2.5).
In Section 4.3 we get some results concerning F'DT', FHT and relative asphericity.

In [50] Kilgour introduced the notion of a relative monoid presentation R. This is a
triple [H,y;u] where H is a group (the coeflicient group), y is a set, and each element
U € u is an ordered pair (Uy,U_1) of elements of the free product H * y* such that
neither Uyq nor U_q lies in H. The monoid S(R) defined by R is the quotient of H * y*
by the congruence generated by u. Kilgour associated with R two graphs LG(R) (the left
graph) and RG(R) (the right graph) whose edges are labelled by elements of H. These
graphs are said to be cycle-free if there is no non-empty reduced closed path such that
the product of the labels of edges making up the path is equal to 1 in H. Using geometric
methods, Kilgour proved that if LG(R) (respectively, RG(R)) is cycle-free then § is left
(respectively, right) cancellative, and if LG(R) and RG(R) are both cycle-free then S
is embeddable in a group. (These results generalize results of Adian ([1], [2]) which deal
with the case I = 1.)

In Section 4.4 we give some definitions about relative monoids. In Section 4.5 we
prove (Theorem 4.5.2) that for a relative monoid S = S(R) with a coefficient group H,
if LG(R) or RG(R) is cycle-free, then S is F DT (respectively, FHT) if and only if H
is. In Section 4.6 we get the following result (Theorem 4.6.1).

Let S = S(R) be a relative monoid with the coefficient group H, and suppose that
LG(R) or RG(R) is cycle-free. If H is FDT, then so is S, and we also have




(2) T
(5H = ’Y(sg) = 5;?) .




Chapter 1

Preliminaries

1.1 Monoid presentations

1.1.1 Monoids and congruences

A semigroup is a set with an associative binary operation on it. A monoid is a semigroup
with an identity.

Let M be a monoid. A relation p on the set M is called compatible if whenever
(a,b) € p then (cac’,cbc’) € p for any ¢, ¢’ € M. A compatible equivalence relation on M
is called a congruence.

If p is a congruence on a monoid M then we can define a binary operation on the

quotient set M/p in a natural way as follows

[a],[b], = [a],,

where [¢], denotes the congruence class containing ¢ for any ¢ € M. It is easy to check
that this operation is well-defined and M/p is a monoid with respect to this operation.

The natural mapping ¢, from M onto M/p given by
b M — M/p, ar—[a],

is a homomorphism.




Theorem 1.1.1. [f: M — M’ is a homomorphism of monoids, then the relation
Kerp = {(a,b) € M x M : ¢(a) = ()}

is a congruence on M and there is a monomorphism o : M/Kerth — M’ such that
Ima = Imy and p = a0 ey, where dpery : M — M/ Kery is the natural homomor-

phism.

1.1.2 Free monoids

For a non-empty set X, let X* denote the set of all finite words zyxq- -2, on X. A

binary operation is defined on X* by concatenation:

!

With respect to this operation X* is a monoid, called the free monoid on X. The identity
of X* is the empty word, denoted by @. The length of a word W = wxyz4--- 2., is the

number m of the letters involved in W, denoted {(W). Note that (@) = 0.

Theorem 1.1.2. Let X be a non-empty set and let S be a monoid. If ¢ : X — S s
an arbitrary mapping, then there exists a unique homomorphism ¢ : X* — S such that

P|X = ¢.

Corollary 1.1.3. Every monoid is isomorphic to a quotient of a free monoid by a con-

gruence.

1.1.3 Rewriting systems and monoid presentations

A rewriting system R on X is a subset of X* x X*. Its elements are refered to as rewriting
rules, and they are often written in the form r: riy = roy for (ryq,r-1) € R We will
assume that ro; and r_; are distinct words on X. The single-step reduction relation —p

is the following relation on X*:
U —R V iff U= Wl’r‘_|_1 I/[/rz and V= I’V17‘_1VV2
for some (ryq,7-1) € R and Wy, W, € X™.

9




Its reflexive, transitive closure —% is the reduction relation induced by R, and its
reflexive, symmetric and transitive closure «—% is the Thue congruence generated by
. A word U is called reducible if there is a word V such that U —x V5 if there is no
such V' we call U irreducible. For any W & X*, let [W]g denote the congruence class
{U e X*|U +—5 W}

A monoid presentation P is a pair [X; R]|, where R is a rewriting system on X. The
quotient monoid X*/ «—% will be called the monoid presented (or defined) by P, denoted
by S(P). If a monoid M is isomorphic to S(P), then we say that P = [X; 2] is a monoid

presentation of M with generators X and defining relations f2.

Lemma 1.1.4. Suppose we are given a monoid presentation P = [X; R], a monoid
M and « mapping ¢ : X — M. For any W = zjay---z, € X*, let (W) =
dz1)p(wa) - d(m). If p(rya) = P(ro1) for every v € R, then there is an induced
homomorphism

: S(P)— M,  [W]r— ¢(W).

1.1.4 Tietze transformations

Let P = [X; R] be a monoid presentation. We consider some operations on P.

(T1):  Let U <—% V, where U and V are words on X. Then replace P
by P, =[X; R, U=1V].

(T2) : Let y be a symbol not in X, and let W be a word on X. Then
replace P by P, = [X,y; R,y = W].

The operations (T1), (T2) and their inverses are called Tietze transformations. Two
finite monoid presentations are said to be Tietze equivalent if one can be obtained from

the other by a finite number of Tietze transformations.

Theorem 1.1.5. Two finite monoid presentations P and P’ are Ticlze equivalent if and
p

only if the monoids presented by P and P’ are isomorphic.

10




1.2 Semi-direct products of monoids

Let A, B be monoids, and let ¢) be a monoid homomorphism
@ A— End(B), ar—Q, 1+ 1d,

where End(B) denotes the collection of endomorphisms of B (this is itsell a monoid with
identity i¢d : B — B). We write elements ¢ € End(B) on the right of the argument (i.e.,
we write b¢ rather than ¢(b) for b € B). Then we can construct a monoid M = A xg B
with elements (a,0) (a € A,b € B) and product (a,b)(a’,b') = (ad’, (bQ)V). The
monoid M is called the semi-direct product of A and B relative to Q).

If we pick monoid presentations P4 = [X; R] and Pp = [Y; 5] for A and B respec-
tively, then we want to construct a monoid presentation for M = A xg B.

For any word W on X (or V), let [W]a (or [W]g) denote the element of A (or B)
represented by W. For any . € X , y € Y, we use y@, to denote a fixed word on Y such

that [yQslp = [ylBQ,- Note that y@Q, is unique modulo S. Let
P=[XUY;R, Syz=2(yQ.) (z€XyeY)

and let M = S(P) be the monoid defined by P. We will show that M = M.
Consider the mapping
B:XUY — M, o ([2la1), y— (1, lyln),

where x € X, ye Y. Forany r:ryy =r_1 € R, s:8; =841 €5 z€ XandyeV,
we have

(1) = ([r1]a,1) = ([r-1]a, 1) = ¢{r-1),

¢(s+1) = (1, [S-H]B) = (17 [S—I]B) = (:b('s—l)v

d(ye) = (1, [yls)([2la, 1) = ([2]a, [y]B@pe1)
= ([z]a, [yQelB) = ([2]4, 1)(L, [yQalB) = P2 (yQ=))-
So by Lemma 1.1.4 we can get an induced homomorphism
O M — M,  [Wlg— $(W)

11



where W € (X UY)*. It is clear that @ is surjective. It is not diflicult to show that for
each W € (X UY)*, there exist W, € X* and W, € Y* such that [W]g; = [WiWa]57
Let U,V € (X UY)* such that ®([Uly;) = ®([V]3;). Then there exist Uy, V) € X~

and Uz, Vo € Y* such that [Ulz; = [UiUz]57 and [V]zr = [ViVa]zr. Hence
(1), [U2]B) = $(ULUL) = ®([UiUsl5) = ([ViValg) = ¢(ViVe) = ([Vi]a, [Vals).

So [Ui]a = [Vi]a and [U3)g = [Valp. Thus [Uilsr = Vilsp, [Uslar = [Valar, and hence
Uz = [U[U2)57 = VallValsr = [V So @ is injective. Thus M = M. Therefore P is

a monoid presentation of M = A xg B.

1.3 Group presentations

A group presentation Pisa pair (X; R) where X is a set (the generators) and R is a
set of non-empty words on X U X! (the relators), where X! is a set in one-to-one
correspondence with X, @ <+ z7' (z € X) such that X and X! are disjoint. We say
that P is finile, if both X and R are finite.

Note that we will use angular brackets (- - -) for group presentations and square brackets
[ - -] for monoid presentations.

Let F(X) be the free group on X, and let Np be the normal closure of the set R
in F(X) (that is, the normal subgroup of F(X) generated by [2, where we consider a
word W on X U X' to be the same as the element of ["(X) represented by W). Then
the quotient group F(X)/Ng is called the group presented (or defined) by P, denoted by
G(P). If a group G is isomorphic to F(X)/Ng, then we say that P = (X;R) is a group
presentation of G.

For a group G, if P = (X; R) is a group presentation of ¢, then
P=XUXY 22 '=2, 272=0, r=20 (2 € X, r € R)]

is a monoid presentation of G.
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1.4 Equivalence and subnegativity of number func-
tions

Given two increasing functions f; : N — R*¥ and fo : N — R™*, we write f; =< f3 if

there is an integer A > 0 such that
filn) < Afa(An)+ An (n € N).
We say that fi is equivalent to fz, denoted fi ~ fo, il fi = fa and fo < fi.

A function f: N — R is called subnegative (some authors use superadditive) if

F(ny) + f(ng) < f(ny +ng)

for all ny,ny € N. TFor each function f : N — R™ there exists a least subnegative

function f, called the subnegative closure of f, such that f =< f. This is defined by
fln) = max{z fr))ing4+ng+-+n,=n, n; ¢ N1 <i<nr)}.
i=1

If fi < fa then fi = fa, and so if fi ~ f; then fi ~ fs.
For any two functions f,g : N —= R¥, we have a function maxz{f,¢g} : N — R*

defined by
maz{f,g}(n) = maz{f(n),g(n)}, neN
Note that if f < f" and g <X ¢ then maz{f,g} = maz{f,¢'}. Soil f ~ f and g ~ ¢

then maz{f,g} ~ maz{f, ¢'} and maz{f, g} ~ maz{f’, ¢'}.

1.5 Graphs and 2-complexes

1.5.1 Graphs

In this thesis we need two main concepts of “graph”, one a special case of the other. The
more general graph is a quadruple I' = (V, £, ¢, 7), where V = V(I') and F = E(I') are

disjoint sets (the vertex and edge sets respectively), and
L E—V, 7: F—V
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are functions (the initial and terminal functions respectively). A subclass of this class of

graphs contains those with an inverse function, that is a function
1 FE—F

such that c(e) = 7(e™!), (e7')™" = e and ¢! # ¢ for all e € E. These are the graphs
considered by Serre in [76], and are those most used in combinatorial group theory. We
will refer to a graph with an inverse function as simply a graph. The more general graph
described above (which will be used in Section 2.5) will be refered to as a directed graph.

Let T' = (V, K, .,7) be a directed graph. A non-empty path p of I' is a finite sequence
of edges written in the form p = ejea--- e, (n > 0, ¢ € £) such that 7(e;) = ¢(e;q1), 1 <
i <n —1. The initial vertez t(p) of p is defined to be t{e1), and the terminal vertez 7(p)
of p is defined to be 7(e,). The length of p is n, denoted I(p) = n. If o(p) = 7(p), then p
is called a closed path. For each v € V we introduce the empty path 1, at v which has no
edges. We have ¢(1,) = 7(1,) = v and {(1,) = 0. We let P(T") denote the set of all paths
in I'; and let

POT) = {(p,q) : p,q€ P(I), «p) = q),7(p) = 7(q)}.

If p and ¢ are two paths of [ with 7(p) = ¢(¢), then the product pg of p and ¢ is defined
to be the path starting with p followed by gq.

If T has an inverse function ~!, then the inverse p~' of p = e1es - - - €, is defined to be
) .

ezt---e;ter! which is also a path in I. The inverse of empty path 1, is defined to be 1,
for every v € V. If ' # e;qy for all 4 = 1,2,--+ ,n — 1 then we say that p is a reduced
path.

Let Vo CV and Eq C E. If (e),7(e) € V; (and ¢ € Eg il I' is a graph) for each
e € Fy , then we say that ['g = (Vo, Eo,¢,7) is a directed subgraph of the directed graph
I' (respectively, subgraph of the graph T').

A (directed) graph I' is connected if for any two vertices of I' there is a path in I’
joining them. A maximal connected (directed) subgraph of I' is called a component of 1.

We will also briefly need one other type of graph in Section 2.2. A simplicial graph

is a pair (V, E), where V is a nonempty set and E is a set of 2-element subsets of V.
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1.5.2 2-complexes

A (combinatorial) 2-complez D is a pair
D= {(I'R)

where T' is a graph and R is a set of closed paths (called defining paths) of D. We will
discuss the more general case (that is, directed 2-complexes) later in Section 2.5. We say
D is finite if V(I'), E(I') and R are finite. We say D is connected il I' is.
Example 1.5.1. Let I' be the graph in Figure 1.1, and let

“LeZe=ley),

— . =1 3 -
D = (I'; eje; es, €, €5 eze5 €2

Then D is a finite connected 2-complex.

U3
€3
Co C4q
€1
Vg Cs

Figure 1.1

If IV is a subgraph of I' and R is a subset of R such that R’ is a set of closed paths
of T, then the 2-complex D’ = (I"; R} is called a subcomplex of D.
For any 2-complex D = (I'; R) there are two types ol elementary operations on the

paths of D introduced as follows.

(I) Insertion or deletion of an inverse pair ee™' of two successive edges.

(TT) Insertion or deletion of a subpath p with pe RU R™'.




Let X be another set of closed paths of I'. We can get a new 2-complex D¥ =
(s RU X). Then D is a subcomplex of DX, So in DX there is another type of opera-

tions as follows.
(III) Insertion or deletion of a subpath p with p € X U X ™.

Any two paths p and ¢ in D are said to be equivalent, denoted by p ~ ¢, if one can
be obtained from the other by a finite sequence of applications of operations (I) and (II).
They are said to be equivalent relative to X, denoted by p ~x ¢, if one can be obtained
from the other by a finite sequence of applications of operations (1), (II) and (IIT). Note
that if two paths of D are equivalent relative to X then they are equivalent in D*. A
closed path of D which is equivalent to an empty path is said to be contractible in D.

Let p be a path in D which is contractible in D*. The volume of p with respect to
X, denoted by Vp +(p), is the smallest number of operations of type (III) used in any

transformation of p to an empty path.
Lemma 1.5.2. Let p be a closed path at a vertex v in D. If p is contractible in DX with
Vp x(p) = n, then p is equivalent in D to a path of the form

(Pra1py " )(p2g2py) -+ (Pagnpy ),

where ¢; € X U X", p; is a path in D, 1 <i < n. Conversely, if p is equivalent in D
to a path of the above form, then Vip (p) is the smallest number n in the above form

which p is equivalent to in D.

Proof. We just prove the first part of the lemma. The second part is clear.
If n = 0, then p is contractible in D and hence p ~ 1,. Now let n > 0. Since p is
contractible in DX with Vp x(p) = n, there is a finite sequence of paths
P :p;,a plza . 7]3;0-“17 p;c =1,
such that for each ¢ (1 <¢ < k—1), pi,, is obtained from p by an application of operation
(I), or (II), or (III), and there are precisely n applications of operation (III).
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Let m be the first number for which an operation of type (III) is applied. Thus p ~ p!

and Vp 4 (p,41) = n — 1. By induction hypothesis we have

Progr ~ (Praipy ) (p2@eps) -+ (Pr—1@n-1ppty)

in D, where ¢; € X UX ™!, pyisapathin D, 1 <7 <n—1. We just consider the case
that p/,., is obtained from p/, by an insertion of a subpath in X U X ™" (the other case
can be proved in a similar way) . We can assume that p), = ¢'p;' and pl, ., = ¢'tp;* for

some paths ¢',p, in D and some t € X U X!, So we have

p~pL = dppt o~ tpy pat T )t
= proaPat oyt

~ (p1apr ) (P2aepy ) - (Pro1@n-1pnly) (Prdapy )
where ¢, =t~ € X U X . This completes the proof. (]

Lemma 1.5.3. (1). If two closed paths p,p’ contractible in D* are equivalent in D,
p,p q

then V’D,X(p) = prgx(p').
(2). Ifp is contractible in DX and q is a path of D with 7(q) = {p), then Vp x(apg™) =

V‘D,X(p)'

1.5.3 Fundamental groups of 2-complexes

I'or each path p in D, let [p] = [p]p denote the equivalence class consisting of all paths
equivalent to p in D. For each v € V, let m(D, v) be the set of all equivalence classes [p]

with p a closed path in D at v. A multiplication can be defined on 7 (D, v) by

[p1][p2) = [pip2l.

It is easy to check that this multiplication is well-defined. And =((D,v) is a group
under this multiplication, called the fundamental group of D at v. If v and v’ are in the
same component of D, then m (D,v) = 7 (D,v"). Hence, if D is connected, then all

fundamental groups of D are isomorphic.
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A group presentation P = (X; R) can be considered as a 2-complex D = (I'; R),
where I is a graph with one vertex o and an edge pair z,27" («(z) = 7(2) = o) for each
z € X, and a word on X U X! is considered as a path in . It is clear that the group
presented by P is isomorphic to the fundamental group of D at o.

Suppose that X is a set of closed paths in D such that every closed path in D is
equivalent relative to X to the empty path. Then all fundamental groups of DX are
trivial. We then say that X {rivializes D (and then X is a trivializer of D).

The fundamental monoids of directed 2-complexes will be considered later in Section

2.5.

1.6 Pictures over group presentations

1.6.1 Pictures over group presentations

Let P = (X; R) be a group presentation. A (group) picture P over Pis a geometric
configuration consisting of the following.

(1) A disc D? with a basepoint o on the boundary 9D?* of D2.

(2) Disjoint discs dy,ds, - ,d, in the interior of D?. Each disc d; has a basepoint o
on the boundary dd; of d;.

(3) A finite number of disjoint arcs oy, ag, -+ , @,,. Bach arc lies in the closure of D? —
Ul d; and is either a simple closed curve having trivial intersection with 8D? U (UL, d;),
or is a simple non-closed curve which joins two points of dD?* U (U™, dd;), neither point
being a basepoint. Each arc has a normal orientation indicated by a short arrow meeting
the arc transversely, and is labelled by an element in X which is called the label of the
arc.

(4) Reading off the labels on the arcs encountered while travelling once around od;
(1 < ¢ < n) in the clockwise direction from o; to o; gives a word which belongs to RU R™!.
We call this word the label of d;. If By C R and a disc d; is labelled by a word which
belongs to Ry U B!, then we say that d; is an Ro-disc.

We define the boundary P of PP to be D% The boundary label of P is the word read
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off by travelling around 9P once in the clockwise direction starting from 0. When we refer
to the discs of P we mean the discs in the interior of the ambient disc D? not D? itself.
A region of P is the closure of a component of D? — ((ULL,d;) U (U7 ;). The area A(IP)
of P is the disc number in P. We say that P is spherical if no arc meets . Usually, we

would drop off the boundary of the ambient disc D? of a spherical picture.

1

Example 1.6.1. Let P = (z,y,z eyz"ty,y3 zyz"'y~!). Then P in Figure 1.2 is a

picture over P. The disc dy is a y*- disc; the discs dy and dz are zyz~'y-discs; the

disc dy is a yzy 1z l-disc. The boundary label of P is zy~layy 'z tyz " yzzz " te~t.

Figure 1.2

Example 1.6.2. Let P = (a,b;a®,b~ aba=?). Then IP in Figure 1.3 is a spherical picture

over P.

1.6.2 First order Dehn functions of groups
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Figure 1.3

Theorem 1.6.3 (van Kampen). Let P = (X; R) be a group presentation, and let GG =

G(P). Let W be a word on X U X', Then [W]g =1 (that is, W represents the identity

[ in G) if and only if there exists a picture P over P with boundary label OP = W.
For each word W on X U X! representing the identity of (¢ = G(’f?), we can define
AW) = min{A(P): 0P = W}.

Suppose the presentation P is finite. The first order Dehn function 6;])) N — Zt
of P is given by

5%)(71) =maz{A(W): W] =1, (W) <n}.

This function is essentially an invariant of the group defined by P. If G is a finitely
presented group and P, P, are any two finite group presentations of (¢, then 5%) ~ 5,(;;
1 2

(see [3]). Thus , up to equivalence, we can talk about the first order Dehn function 52)

of (4.
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1.6.3 Second homotopy modules of group presentations

Let P be a group presentation, and let P be a group picture over P. A floating circle of
P is a closed arc which encloses no discs or arcs of IP. In Example 1.6.1, the circle labelled
by @ in Figure 1.2 is a floating circle. A cancelling pairis a spherical picture with exactly

two discs whose basepoints lie in the same region (see Figure 1.4).

Figure 1.4

Note that in Figure 1.5, the first picture is a cancelling pair, but the second one is
T x

Figure 1.5

not.

We now introduce some elementary operations on spherical pictures over P as follows.
(A) Deletion of a floating circle.

(A)~!  Insertion of a floating circle.

(B) Deletion of a cancelling pair.

(B)~'  Insertion of a cancelling pair.

(C) Bridge move (see Figure 1.6).
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e

Two spherical pictures over P are equivalent if one can be obtained from the other by

a finite number of operations (A), (A)™!, (B), ( (C).

y (- OH

Figure 1.6

The mirror image of a picture P over P, denoted —P, is also a picture over P. We

form the sum of any two pictures Py, P, over P in the obvious way (see Figure 1.7).

Figure 1.7

We will write P; — P; for Py + (—P3). For any picture P over 75, it is clear that P—Pis
equivalent to the empty picture. If P, and P, are both spherical then Py + Py = Py -+ Py
Let IP be any spherical picture over P. We denote () the equivalence class of spherical
pictures over P containing P. We say that P is minimal if A(P)= min{A(Q)|Q € (P)}.
The set of all equivalence classes of spherical pictures over P forms an abelian group,

denoted 75 (P), under the following binary operation:
(P1) + (Py) = (Py + Py).

Let P be a spherical picture over P. For any & € X, we can form new spherical
pictures P? and P* as in Figure 1.8. Let W be a word on X U X!, Inductively, we
define P = (PY)*", where W = Uz® and & = %1,
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o} (@)

P® Pt

Figure 1.8
Let G = G(P). The G-action on m,(P) given by
[Wle - (P) = (P™),

is well-defined. Thus my(P) is a left ZG-module, called the second homotopy module of

A

P.

1.6.4 Second order Dehn functions of groups

Let P = (X;R) be a group presentation for a group G. A collection X of spherical
pictures over P will be called a set of generating pictures if the equivalence classes of
elements in X constitute a set of generators for the left ZG-module wz(’ﬁ). Then every

clement ¢ € 7T2(7A)> can be expressed in the form

m

Z €:9:(P),
=1

whereg; = +£1,¢; € G,P; € X,i=1,--- ,m. The volume ofé with respect to X, denoted
Vjc(é), is the minimal value of m over all expressions of the above form equal to é . Let
A(é) denote the minimum of the areas of group pictures representing é .

Now if we assume P is a finite group presentation then the set
Xn =A{Vx(£): A(§) <n} (n€N)

is finite (although in general the set {£ : A(é) < n}is not) (See [74]). We can define the

23



second order Dehn function of P with respect to X by

2
5@ _: N— Z*, n+— maxy,.

A group G is said to be of type F3 if it is finitely presented and each finite group

presentation of ¢ has finitely generated second homotopy module.

Theorem 1.6.4. ([5], [74], [82]) Let G be a group of type Fy. Let Py and P be any two
finite group presentations for G, and let X, and X be finite generating sets of pictures
for ﬂg(’ﬁl) and ﬁg(']ﬁz) respectively. Then

52 g
?I’XA‘] ,P2,X2
By this theorem we see that for any group @ of type F3 we can define (up to equiva-

lence) the second order Dehn function 58) of G.

1.7 Monoid pictures

1.7.1 Associated graphs and first order Dehn functions of monoids

Let P = [X; ] be a monoid presentation, where a typical element r € R has the form
ry1 = r_1. Let X™* denote the free monoid on X.

As in [68], [69], for any r € R, U,V € X*, ¢ = %1, we can define a geometric object
called an atomic monoid picture e = (U,r,e,V) over P as depicted in Figure 1.9.

Here each arc in the rectangle is transversely orientated from left to right and labelled
by an element of X; the disc represents the relation r : ryy = r_, with upper label r,
and lower label r_.. The word Ur.V we read off by travelling along the top of the picture
e from left to right is called the upper boundary label of e, denoted ¢(e). The word Ur_.V
we read off along the bottom is called the lower boundary label of e, denoted 7(¢). We
define the inverse atomic picture e to be (U,r, —¢,V) (see Figure 1.10).

We then have the graph I' = I'(P) associated to P = [X; R|, where the vertices are
the elements of X*, the edges are the atomic monoid pictures, and the initial, terminal

-1

and inversion functions ¢, 7, " are as above. The edge ¢ = (U, r,¢,V) is called positive
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U V
e=(U,reV) -+ N
U L T v
Figure 1.9
U = V
e=(Ur,—e, V) - 4L
U 14
| Figure 1.10
r it ¢ = 4+1. Paths in I' are called monoid pictures over P. The empty path at a vertex V

in I is called a trivial picture (see Figure 1.11), denoted 1y.

Closed paths in I' are called spherical monoid pictures over P. An arc of a monoid
picture consists of all those atomic picture arcs which are labelled by the same element
of X and can be geometrically connected one by one (see Example 1.7.1).

Let p be a monoid picture over P. The area A(p) of p is the number of discs in p (this

is the same as the length of p as a path in I').
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Figure 1.11
Example 1.7.1. Let P = [a,b,¢;ab = ¢, ca = bc, beb = cc, cch = acc], and let
e; = (&, ca = be, —1,bch), e; = (¢,ab = ¢, +1, cb),

ez = (¢, ccb = acc, +1, @), e4 = (&, ca = be, +1, cc),
es = (be, beb = e, —1, D).

Then 7(e;) = t(ei1),t = 1,2,3,4 and t(e;) = bebeh = 7(es). Thus p = ejezezeqes is a
closed path in I'(P), where, for example, the line joining the lower boundary of the disc

in e; to the upper boundary of the disc in e4 labelled by ¢ is an arc of p. (See Figure

1.12.)

Usually we will omit the broken lines in monoid pictures, if no confusion arises (see
Figure 1.13).

There is a two-sided action of X* on I' as follows. If W, W’ ¢ X*, then for any
vertex V of I', W -V - W' = WVW' (product in X*), and for each edge ¢ = (U,r,e, V)
of ') We-e - W = (WU,r,e, VW’). This action can be extended to the paths in I':
W.ly - W' = lwyw; if p= eres e, is a non-empty path in I' with ¢; an edge of T

(1 <1< m) then for any W, W' € X*

Wop- W =(W.e - W)Wy W) (W em- W
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Figure 1.12

Theorem 1.7.2. Let P = [X; R] be a monoid presentation, and let T' = T'(P) be the
assoctated graph. Let U and V' be two words on X. Then U +—5 V if and only if there

exists a path p in T' with «(p) = U and 7(p) = V.
Let U and V be two words on X such that U <—7 V. Then we can define
AU, V) = min{A(p) : p € P(T'), «(p) =U, 7(p)=V}.
Assuming P is finite we can then define the first order Dehn function of P by
Yp(n) = maa{A(U,V) : U =5 V, I{U) + (V) < n}.
Again, up to equivalence this function is an invariant of the monoid [57] (see also [69]),
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Figure 1.13

and so for a finitely presented monoid S we can talk about the first order Dehn function

fyg) of S.
Theorem 1.7.3. ({74]) If G is a finitely presented group then
7 ~ 86,

We will give the definition of second order Dehn functions of monoids later in Chapter
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1.7.2 Squier complexes

Let P = [X; R] be a monoid presentation. We want to associate with P a certain
2-complex D = D(P) where the underlying graph is the associated graph I' = I'(P).
Let ey, es be two atomic monoid pictures over P. We let [ey, es] denote the closed

path
(e1 - e(e2))(m(e1) - ea)(er™ - m(e2))(e(er) - €57)

in I'=I'(P) (see Figure 1.14).

€2

Figure 1.14

We let D = D(P) denote the 2-complex with underlying graph I' and where the
defining paths are all the paths [e;, e2]. This 2-complex is called the Squier complex of P.
In fact, Squier [78] introduced the underlying graph of D(P) and a homotopy relation on
the set of paths which coincides with the natural homotopy relation induced by D(P).
The definition of D(P) presented here was introduced by Pride [68]. A similar definition

was given independently by Kilibarda [51] (see also Guba and Sapir [42]).

29




[t 1s clear that the following two paths in D are equivalent:
(ex - lez))(7(er) - €2) ~ (eler) - e2)(er - 7(e2))
for any edges e; and ez in I'. By induction we can get the following lemma.
Lemma 1.7.4 (Pull-down and push-up). Let p,,p2 be any two paths in D(P). Then
(p1 - e(p2))(7(p1) - p2) ~ (e(p1) - p2)(p1 - 7(p2)).

Note that the set of defining paths of D is fixed under the two-sided action of X* on

I': for any W, W' € X* and [eq, ez a defining path of D we have
W ler,ea] - W = [W-ep,ex- W

A spherical monoid picture over P is called skewed if (up to equivalence in D) it has

the form (py - ¢(p2))(7(p1) * p2), where p; and pe are non-spherical monoid pictures over

P (see Figure 1.15).
P

Figure 1.15

A non-skewed spherical monoid picture p has the form as in Figure 1.16 (up to equiv-
alence in D), where p; is a spherical monoid picture with the property that every arc
meets a disc (1 =1,2,--- ,m) and > A(p;) = A(p).

Lemma 1.7.5. ([74]) If p is a skewed spherical monoid picture over P, then there is a
monoid picture q such that qpq=t is equivalent to a non-skewed picture p' in D where

A(p') = Al(p).
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Chapter 2

Finite Complete Rewriting Systems

Abstract

In this chapter, we first give some basic definitions and results about rewriting systems,
then we consider finite complete rewriting systems for small extensions of monoids and
for semi-direct products of monoids. After introducing the notion of directed 2-complex
and some results about it, we consider subgroups of finite index in groups with finite

complete rewriting systems.

2.1 Preliminaries

2.1.1 Noetherian induction

Let X be a set and let — be a relation on X. The relation — is called Noetherian

provided that there does not exist any infinite sequence
Ty > Ty —> Ty —> -
with z; € X.

Proposition 2.1.1 (Principle of Noetherian induction). Let X be a sel, let — be

a Noetherian relation on X and let P be a predicate on X. Suppose that whenever z € X
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has the property that if P(y) holds for every y € X with * —s .y, then this implies that
P(z) holds. Then P(z) holds for every z € X.

Proof. Suppose that P(z) does not hold for some z € X. Then there exists some x; € X
with & — 27 and P(z;) does not hold. Repeating this argument for x; gives some
zg € X with 2y — 22 and P(z2) does not hold. In this way we can get an infinite
sequence £ — 3 — 2 —+ -+ with z; € X, contradicting the fact that — is a

Noetherian relation on X. O

2.1.2 Notation and basic definitions

Let R be a rewriting system on X. We say that R is Noetherian if the relation —» on

X™ is Noetherian, that is, there is no infinite reduction sequence
Wl ““““‘)RI/VQ —sp Wa —p .

We say that R is locally confluent if whenever U —= g V and U ~->p V' then there is a
word W € X* with V —% W and V' —% W. Also, R is called confluent if whenever
U ——}% Vand U —% V' then thereis a word W € X* with V. —%, Wand V! —5 W.
If R is both Noetherian and confluent, we say that R is complete. 1t is easy to see that
R is complete if and only if R is Noetherian and for each word U € X* there is a unique

irreducible word W € X* such that U —} W.
Proposition 2.1.2. If R is Noetherian and locally confluent, then R is complete.

Proof. We just need to show that for each word U € X™* there is a unique irreducible
word W € X* such that U —} W. We use Noetherian induction to prove it. Since
R is Noetherian, the existence of W is easy. If U is irreducible, the uniqueness is clear.
In general, suppose that U —p Vi —3 W) and U —p Vo —; Ws with W, W,
irreducible. Since R is locally confluent, there is a word V' € X* such that Vi, —F V
and V5 — 3 V. Choose an irreducible word W € X* such that V —% W. Applying the
inductive hypothesis to Vi and V; respectively, we can get that W, = W and W, = W.

Thus Wy = W, as required. O
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Lemma 2.1.3. Let R be a finite Noetherian rewriting system on X. Given a word W €

X*, there is a bound on the lengths of all reduction sequences
W —gp W, — g5 W, —R " TR "Vn,

where the length of the above sequence is defined 1o be n. There is also a bound on the

lengths of all of the words which appear in any of these reduction sequences.

Proof. Since there are only finitely many subwords of W, and each of these subwords
may occur as the left hand side of at most finitely many rewrite rules in R, there are
only finitely many ways to do a single-step reduction W — g W’. If there is no bound
on the lengths of all reduction sequences starting with W, then for some word W; with
W — g Wy, there must be no bound on the lengths of all reduction sequences starting
with Wi. Repeating this argument gives a word Wy with Wy — g W5 and no bound
on the lengths of all reduction sequences starting with W5. In this way we can produce
an infinite sequence W —p Wy —p Wy, —p -+, contradicting the fact that R
is Noetherian. Now, since there is a bound on the lengths of all reduction sequences
starting with W, and at each stage there are only finitely many ways to do a single-step
reduction to a word, there are only finitely many words which appear in any of these

reduction sequences. O

Let R be a finite complete rewriting system on X. Given a word W € X*, the disorder
of W, denoted by dr(W), is the maximum of the lengths of all of the reduction sequences
starting with W. If W is irreducible then dr(W) = 0. The strelch of W, denoted by
st(W), is the maximum of the lengths of all of the words which appear in any of these

sequences.

It is clear that if U —r V then dr(U) > dr(V) and st(U) > st(V).

2.1.3 Knuth-Bendix completion procedure

Let R be a rewriting system on X. For any word W € X*, let [(W) denote the length of
W. We call R length-reducing if I(ry1) > {(r_1) for all (ryq,7-1) € R. We call R length-
plus-lexicographic if [(ryy) = [(r_y) for all (ry1,7—1) € R and, further, if i(ryy) = {(r_y)
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then »_, precedes ry; in the lexicographic order (from the left) induced by some total
ordering on X. An ordering > on a set Y is called well-founded if there is no infinite
chain yy > y2 > y3 > -+ with y; € Y. One usually establishes the Noetherian condition
by imposing a well-founded ordering > on X*, which is compatible with concatenation
(that is, if W > W', then UWV > UW'V for any U,V € X*), and then checking that if
(r41,7=1) € R then ryy > r_;. As a special case, if R is length-reducing or length-plus-
lexicographic then / is Noetherian.

If (UV,r) € R, (VW,ry) € R and U, V,W are non-empty words, then the word
UVW is called an overlap ambiguity of R. If (V,r)) € R and (UVW,r3) € R (if both U
and W are empty then ry % ry), then the word UVW is called an inclusion ambiguity
of R. The corresponding pair of words (r W, Ury) or {(Ur W, ry), respectively, is called a
critical pair of R (see Figure 2.1). A critical pair (W, Ws) of R is resolved if there is a
word W' e X* such that Wy —f W’ and Wy —5, W'

UTlpV

™ I/V

1
W

1%

ra

U?"Q

Figure 2.1
Proposition 2.1.4. A rewriting system R is locally confluent if and only if all critical
pairs of R are resolved.

Proof. For each critical pair (Wy, W2) of R, there is a word W such that W — g W; and

W —pr Ws. If R is locally confluent, then all critical pairs of R are resolved.
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Suppose that all critical pairs of 12 are resolved. Let U ——z Vand U —sr V’, where a
rewriting rule, say r, is applied to U to get V, and a rule, say r', is applied to U to get V', If
r and r' are disjoint, then we can assume that U = Wiry Wor!  Wa, V = Wir_ War!, , W
and V' = Wyr Worl \Wa. So V. —p Wir_ Worl, (W3 and V' —p Wir_Wor’ | Ws. If
r and r’ are not disjoint, then there is a critical pair (Wy, Wy) of R such that V = U; W, Us
and V' = U;W,U,. By assumption, there exists W’ such that W, —5 W’ and W, —5,

W'. Then V —) UyW'U; and V' — 5, Uy W'U,. Thus R is locally confluent. O

Two rewriting systems R; and Ry on X are called equivalent if «—7% is the same as
%, This condition is stronger than saying that the monoids presented by [X; ;] and
[X; K] are isomorphic. In fact, it can be shown that two rewriting systems R; and R, on
X are equivalent if and only if [X; Rz can be obtained from [X; Ry] by a finite number
of Tietze transformations of type (T'1) and its inverse. (On the other hand, see Theorem
1.1.5, the monoids presented by [X; R;] and [X; Ry] are isomorphic if and only if [X; Ry]
can be obtained from [X; Ri] by a finite number of Tietze transformations of types (T1),
('T2) and their inverses.)

Every rewriting system is equivalent to a complete one, as is shown by the Knuth-
Bendix completion procedure ([52]) given below.

Let R be a length-plus-lexicographic rewriting system. For each word W choose an
irreducible word I(W) such that W —%, I(W). This can be done arbitrarily, but if we
wish to perform an algorithmic process we could require I(W) to be obtained by always
rewriting the leftmost subword possible.

Let R’ be obtained from R by considering all critical pairs (Wi, W;) of R such
that I(Wy) # I(WW;) and adding to R for such a critical pair either ([(Wy), I(W3)) or
(I(Wsy), I(Wy)); the choice of pairs to add is to be made so that R’ remains length-plus-
lexicographic. (In practice, it is not always necessary to add all pairs (/(W}), [(Ws)) or
(I(W3), I(W1)) to R for all critical pairs (W;, Ws) of B with I(W;) £ 1(W3), see Example
2.1.5). Evidently R is complete if and only if R’ = R. Since [(W)) «—% [(W;) for each
critical pair (Wi, W), we have that R is equivalent to R.

Now let R be an arbitrary rewriting system. Let Ry be obtained from R by replacing
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some of the rewriting rules (r1,r3) € R by (re,r) in such a way that Ry is length-plus-
lexicographic. Inductively, define R, for all n by R,y1 = (R,), and let R = U, R, It
is easy to check that [y is length-plus-lexicographic and equivalent to R. Counsider a
critical pair (Wy, W) of Re,. Then (W), W3) is a critical pair of R, for some n. Letting
L,(W,) and [,,(W;) be the chosen irreducible words for W, and Wy corresponding to R,
we know that either I,(W;) = I,(W3) or one of (1,(Wy), [,(W2)) and (1,(Wy), I.(W1))
is in R,q1. So every critical pair (W, Ws) of Ry is resolved. Thus R, is complete.
When R is finite then each R, is finite, but R., may be infinite. If R,y ; = R, for
some n, then R, is complete and R, = R,. It follows that R is equivalent to the finite
complete rewriting system R,. Conversely, il R is equivalent to some finite complete

rewriting system then there is some n such that R is equivalent to R, (see [55]).

Example 2.1.5. Let X = {a,b}, and let R = {(b?, a®), (ba, a®b)}.

Defining a total ordering on X by b > a, then R = {(a®,b*), (a?0,ba)} is length-plus-
lexicographic.

To get Ry = (o), we need to consider all critical pairs of Ry. From the overlap
ambiguity a* we get a critical pair (b%a, ab?). Since Io(b*a) = b%a and Io(ad?) = ab?, we
need to add a new rewriting rule (b%a, ab?) to Ry. From the overlap ambiguity a®b we get
a critical pair (b®, aba). Since I5(b%) = b3 and Iy(aba) = aba, we need to add another new
rewriting rule (6%, aba) to Ry.

Note that from the overlap ambiguity «® we can get a critical pair (6%a?, a?6?) and we
should also add a new rewriting rule (b%a?, a*b%) to Ry, but it is superfluous after adding
(b*a, ab?) to Rp. Similarly, we do not need to add any more new rewriting rules obtained

{rom other critical pairs of Ry. Thus we may take
Ry = {(a®,0%), (a®b, ba), (b*a, ab?), (b°, aba)}.
Similarly, we can get
Ry = (R1)" = {(¢®,8%),(a®b,ba), (b’a, ab®), (b, aba), (baba, abab), (bab?, aba®)},
and Rs = (Ry)" = Ry. Thus R, is complete and R is equivalent to f2,.
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2.2 Some known results and examples

Let M be a monoid, and let ZM denote the integral monoid ring of M. Consider the left
ZM-module Z where M acts trivially (that is, m-A = X for all m € M, A\ € Z). A left

Jree resolution of 7 is an exact sequence
O On—3 o1 9o
Py Py Py — o — P — P —Z —0

of free left Z M-modules P; and Z M-module homomorphisms &;. Such a resolution always
exists (see [15]).

The monoid M is said to satisty the left homological finileness condition F' Py for some
integer k > 0 (or M is left F'P; for short) if there exists a lelt free resolution of Z such
that F; is finitely generated for all 2 < k. The monoid M is left P, if there is a left
free resolution of Z with P; finitely generated for all z. Similarly, we can define the right
homological finiteness condilion I'Py. For groups, left F Py, and right ' Py, are equivalent.
However, Cohen ([22]) gave an example of monoid which is right £ P, but not left F'P

(and vice versa). It is known that one-relator groups and automatic groups are I' P.

Theorem 2.2.1. Let M be a finitely presented monoid.

(1) ([77]) If M can be presented by a finite complele rewriting system, then M is (both
left and right) FPs.

(2) ([6], [53], [39], [16]) If M can be presented by a finite complele rewriting system,
then M is (both left and right) FP,,.

As mentioned in the Introduction, if a monoid can be presented by a finite complete
rewriting system, then it has a solvable word problem, and it has a finite derivation type.
If the finite complete rewriting system has additional properties, then further properties
of the monoid can be obtained. So far most such results are about groups.

A rewriting system R on X is called special if R C (X*\{@}) x {@}. It is monadic if

R is length-reducing and r_y € X U {@} for all r € R.

Theorem 2.2.2. ([64]) Suppose a monoid M has a finite presentation [X; R}, where R

is a length-reducing and confluent rewriting system on X. Then the problems of deciding
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whether M is a free monoid and whether il is a group are decidable.

Theorem 2.2.3. ([63]) Suppose a monoid M has a finile presentation [X; R}, where R is
a monadic and confluent rewriting system on X. Then the problems of deciding whether

M is torsion-free and whether it is a free group are decidable.

Theorem 2.2.4. ([61]) If « monoid M has a finile presentation [X; K], where R is length-

reducing and confluent on X, then the conjugacy problem for M is solvable.

Theorem 2.2.5. ([20]) A group G has a finite monoid presentation [X; R], where R is a

special and confluent rewriting system on X, if and only if G' is the free product of finitely

many cyclic groups.

A group G is called a plain group if it is isomorphic to the free product of finitely

many finite groups and a finitely generated free group.

Theorem 2.2.6. ([7]) A group G has a finite monoid presentation [X; R], where R is a
monadic and confluent rewriting system on X that provides inverses of length 1 for all

letters in X, if and only if G is a plain group.

A function ¢ : X — Z satisfying g(«) > 0 for all z € X is called a weight-function. It
can be uniquely extended to a homomorphism from X into Z, which will also be denoted
by g. Define a binary relation >, on X* as follows: U >, V il and only if g(U) > ¢(V).
Then >, is a well-founded partial ordering on X*. A rewriting system R on X is called
wetght-reducing if there exists a weight function ¢ such that ».; >, r_y holds for each
(ry1,7—1) € R. Weight-reducing systems are a generalization of length-reducing systems.

It is clear that weight-reducing systems are Noetherian.

Theorem 2.2.7. ([33], [58]) Let G' be a group that has a finite monoid preseniation
[X; R], where R is a weight-reducing and confluent rewriting system on X.

(¢) Every abelian subgroup of G is either finite or isomorphic lo the free group of rank

(b) If the centre of G is nontrivial, then G is either finile or isomorphic to the free

group of rank 1.
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(c¢) If G contains a nontrivial normal subgroup that is finite, then G itself is finite.
(d) Every factor group of G modulo a finilely generated nontrivial normal subgroup is

finite.

Groves and Smith ([40]) investigate how the property of being presented by a finite
complete rewriting system behaves under various group-theoretic constructions (extend-
ing from subgroups, forming amalgamated free products, IINN-extensions and wreath
products, etc. ). Complete rewriting systems (maybe infinite) for presenting various in-
teresting groups are given in [55]. Here we mention some groups which can be presented
by finite complete rewriting systems.

Given a finite simplicial graph with a group (or monoid) attached to each vertex ,
the associated graph product is the group (monoid) generated by all of the vertex groups
(monoids) with the added relations that elements of distinct adjacent vertex groups com-
mute. Graph groups are graph products of groups in which each vertex group is a free

group of rank 1.

Theorem 2.2.8. ([44]) The graph product of finitely many groups (or monoids) which
can be presented by finite complete rewriting systems can be presented by a finite complele

rewriting system.

Example 2.2.9. All graph groups (with finite underlying graph) can be presented by

finite complete rewriting systems.

A group is said to be constructible if it can be obtained from the trivial group by a
finite sequence of the following operations:

(1) forming a finite extension of a previously constructed group;

(2) forming an HNN-extension in which both the base group and the associated sub-
groups have been previously constructed;

(3) forming an amalgamated free product in which the factors and the amalgamated

subgroup have been previously constructed.

Example 2.2.10. ([41]) Each soluble constructible group can be presented by a finite

complete rewriting system.
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The braid group B, on n strings is the group presented by the group presentation

(@102, ety T @iw ] oy (LS4 <n—2), wggey e (-] 2 2)).

Example 2.2.11. ([45]) All braid groups can be presented by finite complete rewriting

systems.
A Cozeter group is a group with a group presentation of the form
(81,82, y8n; 80 (L <i < m), (s85)™ (1 <4< j<n)),
where 2 < m;; < oo, and m;; = co denotes that there is no relation involving s; and s;.

Example 2.2.12. ([43]) Let G be a Coxeter group. Suppose ( satisfies one of the
following two properties:
(1) G has three or fewer generators;

(2) G does not contain a special subgroup of the form
<Si> 855 5k; 5?) 3?7 512“ (51'3]')27 (Sisk)ma ('Sjsk)l>

with m and [ both finite and not both equal to two.

Then G can be presented by a finite complete rewriting system.

The fundamental group of a closed orientable surface of genus n has a group presen-

tation

. 171 —1p—1
(ar,ag, 5 an, 01,09, -+ by arbiay b7 - - anbyan, *bt).

Example 2.2.13. ([55]) The fundamental group of a closed orientable surface of genus

n can be presented by a finite complete rewriting system.

In general, it still remains open whether all one-relator groups can be presented by
finite complete rewriting systems or not. However, there are some special one-relator

groups which can be presented by finite complete rewriting systems.
Example 2.2.14. ([30]) Let G be the one-relator group defined by a group presentation
(X5 aba™ b7 W),
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where X is a finite set, a,b € X, W is a word on (X U X ")\{a,a™!,b,67'}. (Note that
the fundamental group of a closed orientable surface of genus n is a special case of &).

Then G can be presented by a finite complete rewriting system.

The technique of rewriting (giving complete rewriting systems) can be used for some
normal form theorems. For example, Dekov [31] gave a simple proof of Bourbaki’s normal
form theorem for free products with amalgamation of monoids by using the technique of

rewriting,.

2.3 Finite Complete Rewriting Systems for Small Ex-
tensions of Monoids

Let S be a semigroup and let 7' be a subsemigroup of S. If T has finite index in .5 (that
is, the set S\T is finite), then S is called a small extension of T', and T is called a large

subsemigroup of S.

Example 2.3.1. Let P = [X; R] be a finite monoid presentation such that {(ry) =

l(r_y) for every r € R, and let S = S(P). For any integer n > 0, let
T,=A{Wlg:W e X", (W) > n}.

Then it is easy to see that 7, is a subsemigroup of S, and S\T, is finite. Thus S is a

small extension of T),.

Example 2.3.2. Let A be a finite semigroup, and let B be any semigroup which is
disjoint from A. Let § = AU B with a product defined as follows. For any a;,a; € A and
bi,by € B, let ayag and biby be the same as the products in A and B, respectively. Let
ab=ba = bfor any a € Aand b € B. It is easy to check that 5 is a semigroup under this
product, and B can be considered as a subsemigroup of S. Because S\ B = A is finite, S

is a small extension of B.

Some finiteness conditions, such as being finitely presented and having a solvable word

problem, are preserved by forming small extensions or large semigroups (see [17], [18],
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[19] and [75]). In this section we consider finite complete rewriting systems for small

extension of monoids (it is similar for the semigroup case). We solve part of the Open

Problem11.1 posed by Ruskuc ([75]).

Suppose S is a monoid and let T" be a submonoid of finite index in S. Let Pr = [A; Ry]

be a finite presentation for 7. Then by [75], .S has a finite presentation

Ps = [A,S\T; Ry, Ry,
where Ry = {(sa, p(s,a)), (as, Ala,s)), (88, m(s,8)) : 8,8 € S\T, a € A} for certain
elements p(s,a), A(a,s),m(s,s") € A*U (S\T).

Let K = max{l, l(p(s,a)),{(Aa,s)),l(n(s,5)) : s, € S\T,a € A}. For any V €
(AU (S\T))*, let V = VisiVasa -+ Vi8nViya, where V; € A*) s, € S\T. We define

a(V)=Kn+ (Vi) +L{(Va)+ - +1(Vo) + {(Vagr). (2.1)
It is clear that a(VV’) = a(V) 4+ (V') for any V, V' € (AU (S\T))*. For any r € Ry,
we have a(ry1) > K+ 1> K > a(r_1). So
a(Urpy V) =a(U) + a(ryr) + a(V) > a(U) + a(r-1) + (V) = a(Ur_, V).
Thus a(W) > a(W') if W —pg, W'
Lemma 2.3.3. For any word U € (AU (S\T))*, there is a word U € A* U (S\T). such
that U —p, U'.

Proof. We prove the result by induction on the non-negative integer a(U).

If a(U) = 0, the result is clear. Suppose that the result is true for the case a(U) < n.
We consider the case of a(U) =n.

If U e A*U (S\T), then choose U' = U. If U ¢ A*U (S\T), then U —p, U; for
some Uy € (AU (S\T))*. So a(U;) < a(U) = n. By the induction hypothesis, there is a
word U' € A* U (S\T) such that Uy —%, U’. Thus U —g, U'. ]

Theorem 2.3.4. Let S be a small extension of T. If T' can be presented by a finile

complete rewriting system, then so can S.
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This theorem appears in the paper [80].
We remark that the converse of Theorem 2.3.4 (also raised as part of the Open Prob-

lem11.1 in [75]) remains open.

Proof. Suppose F; is a finite complete rewriting system on A. Let B = Ry U Ry, We
want to show that R is a finite complete rewriting system on A U (S\T').

First we show that R is confluent.

Let U —% Vi and U — 5, V,, where U, V4,V € (AU(S\T))*. By Lemma 2.3.3, there
are words VY, VJ € A*U(S\T') such that V; —% V{ and V3 —5 Vj. Since V{ = VJ holds
in S, we either have V| =V, € S\T or we have V/,V; € A* and V| = VJ holds in T". In
the second case we have [V{|r, = [V{]r,. Because R; is a finite complete rewriting system
on A, there is an irreducible word W € A* such that V| —% W and Vj — % W. Thus
Vi — i W and Vo — % W. Hence R is confluent.

To show that R is Noetherian, it suffices to define a well-founded partial order > on
(AU (S\T))* such that if W —x V then W > V.

For any W € (AU (S\T))*, let W = Wys,Wasy - -+ WosnaWoya, where Wy, - W,y; €
A*, 81,82, ..., 8, € S\T'. We define functions ¢y, ¢, - - - from (AU(S\T))* to non-negative

integers by

q(W) = n,

$a:(W) = dr, (W) (the disorder of W}),
aira(W) = I(W;) (the length of W;),
¢;(W) = 0,

where ] <:<n+1, 3> 2n+43.
For two words W, U € (AU (S\T))*, we define W > U if ¢pp(W) > ¢1(U) for some k
and ¢;(W) = ¢,;(U) for all j < k.

['irst we show this ordering is well-founded. Suppose there is an infinite chain

U >Uy>Uz> -+,
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Since ¢1(Uy) = ¢1(Us) > ¢1(Us) > -+ -, there must be some integer k; such that

¢1(Uk1> == ¢1(Uk1+1) = ¢1(Uk1+2) = .-

Then we have
$2(Ur,) = b2(Ury41) = ¢2(Upy42) > -+

There must be some integer ky > k; such that

$2(Uky) = h2(Upyi1) = d2(Upyga) = -+ - .

So we have
$3(Us,) 2 ¢3(Uky41) = ¢3(Uypa) = -+

Continuing in this way, we can get some integers k,, > k1 > -+ > ky > ki, such that
¢i(U;) = ¢(Ur,41) = &;(Upya2) = --+, (3 =1,2,--- ,m).

S0 ¢i(Uky) = ¢ (Ukpr) for j =1,2,--- ,m.

Since ¢ (U;) < ¢1(Uy) for all ¢, we have ¢,;(U;) = 0 for all 7 if j > 2¢(Uy) + 3. Let
m = 2¢1(Uy) + 3. Then we have ¢;(Us,,) = ¢i(Uk,,+1) for all j. This is impossible for
Uk > Uk, 1. Thus there is no infinite chain Uy > Uy > Us > -+ .

Now we show that if W — g V then W > V.,

Let W = Wys Wasg - W5, Wiy, where W; € A*) s; € S\T. Suppose aruler € R
is applied to W to get V. If r € Ry, it must be applied to a subword W;. So we have
Di(W) =¢;(V) (1 <7 <2i) and ¢gi(W) > ¢oi(V). So W > V. If r = (88641, (84, Si41)),
or r = (s;a,p(s;,a)) with p(s;,a) € A%, or r = (as;, M@, s;)) with A(a,s;) € A*, then
o1 (W) > ¢ (V),s0 W > V.

If r = (s;a,s!) with s; € S\, then

W= Wisy - WisiaWi s Waga,

2
V= W151 T MS,EWZ-,+13£+1 te an«l—la

where Wiy = aW{ . So ¢;(W) = ¢;(V) (1 <j < 2i 4+ 2), daiga(W) = dp,(aW/,,) =
flRI(T/ViI.I..l) = ¢2i+2(V), and ¢2i+3(W) = l(am/+1) > l(Wi’+1) = ¢2i+3(V). Thus W > V.

Similarly, if r = (as;, st) with s € S\T', we can also get W > V. O
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2.4 Finite complete rewriting systems for semi-direct
products of monoids
Let A, B be monoids, and let ¢) be a monoid homomorphism
Q:A— End(B), a — Q,, 1 —>1id.

Then we have the semi-direct product M = Axg B of A and B relative to () (see Section
1.2).

The main result in this section is the following theorem.

Theorem 2.4.1. If A and B can be presented by finite complete rewriting systems, then

so can A Xg B.

This theorem is mentioned in the paper [79]. The proof is based on the ideas of Groves

and Smith [40].

Proof. Let P4 = [X; R1] and Pg = [Y; Ry] be finite complete presentations for A and B
respectively. If W is a word on X (or Y'), then [W]4 (or [W]g) denotes the element of A
(or B) represented by W. For any z € X and y € Y, we use y@. to denote the unique
irreducible word on Y such that [yQ.ls = [y]BQ),. Let Rs denote the set of relations

yr = 2(yQ:) (z € X,y € Y). Then
P = [X uyY; Ry, R2>RS]

is a finite presentation for M = A x¢ B.
We want to show that B = By U Ry U R3 is a complete rewriting system on X U'Y'.
To show that R is Noetherian, it suffices to define a well-founded partial order > on
(X UY)* such that if W —pg V then W > V.
For every word W € (X UY)*, let

W = T’VliﬂII/VQ.TQ s I’anan+1,
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where Wy, Wa, -+ Wy € Y™, 2y,29,...,2, € X, and let W/ = 2125 - z,. We define

functions g, 1, -+ from (X UY)* to non-negative integers by
Yo(W) = st(W') (the stretch of W),
Yi(W) = dp, (W) (the disorder of W),
poi(W) = dn,(W;) (the disorder of W;),
Yot (W) = (W) (the length of W),
b (W) =0,

where 1 <i<n+1, 7> 2n+ 3. Note that Yo(W) = st(W') > I(W') = n.
For two words W, U € (X UY)*, we define W > U if ¢, (W) > ¢, (U) for some k and
P (W) =;(U) for all j < k.

First we show this ordering is well-founded. Suppose there is an infinite chain
U1>U2>U3>"'.
Since $o(Uy) = tpo(Uz) 2 1o(Us) = - -+, there must be some integer ko such that

I,bo(Uko) = ¢0(Uko+1) = ¢0(Uko+2) =
Then we have

D1(Usy) 2 01(Ukgt1) 2 01 (Upg2) > -+
There must be some integer ky > kp such that

P1(Usky) = 1(Usy1) = 1 (Ukgy) = -+

So we have
Y2(Ury) 2 $2(Ur 1) = h2(Upyg2) > -+
Continuing in this way, we can get some integers k,, > k1 > -+ > k1 > ko, such that
¢j(Ukj) = ¢1(Ukj+1) = 1/)j(Uk,'+2) =T (.7 = 07 1)27 T 3777')'
50 ¢J(Ukm) - lxpj(Ukm*l“l) for .? - 07 172a SN N
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Since o(U;) < tho(Uy) for all 1, we have t;(U;) = 0 for all ¢ if 7 > 2¢9(U;) + 3. Let
m = 2tpo(U1) + 3. Then we have 1;(Uy,,) = ¥;(Uk,,+1) for all 7. This is impossible for
Ui,, > Uy,.+1. Thus there is no infinite chain Uy > Uy > Uz > - -+

Now we show that if W —g V then W > V.

Let W = Wiz Wazy - Woa,, Wi, where Wi, Wo, - Wy € Y™ @y, 20,--- ,2, €
X. Suppose a rule r € R is applied to W to get V. If r € Ry, it must be applied to a
subword of W’. So W’ —p, V'. Thus we have 1o(W) = st(W') > st(V’') = (V) and
Vi (W) = dr, (W) > dg, (V') = (V). So W > V. I r € Ry, it must be applied to a
subword Wj. In this case we have W/ = V', W, =V, for j < k and Wy —p, Vi. So
(W) > (V') and o;(W) = 4;(V) for all j < 2k. Thus W > V.

If r € Rs, then the rule is applied to a subword of Wy for some k. Let W), = Vv,

where y € Y, V;, € Y*. Then
V= I/Vll'l ce VV]C_lCCk_1Vk$k(nyk)IVk+1$i+1 T I’Vn+1.

So ; (W) = (V) (1 <35 < 2k), Ya(W) = dr,(Wi) = dp,(Viy) > dr, (Vi) = ¥ar(V),
and Yo (W) = {(Wy) = U(Viy) > U(Vi) = o {V). Thus W > V.

Having proved that R is Noetherian, we just need to show that for each word U €
(X UY)* there is a unique irreducible word W € (X U Y)* such that U —px W. It is
clear that the irreducible words in (X U Y)* with respect to R are exactly the words of
the form V1 V,, where Vi is an irreducible word in X™* with respect to R; and V; is an
irreducible word in Y™* with respect to Rj.

For each word U € (X UY)*, it is easy to see that there exist words U; € X* and
U, € Y™ such that U —}, UiUz. Let Vi be the irreducible word in X* with respect to
Ry such that Uy —% Vi, and let V; be the irreducible word in Y~ with respect to K
such that Uy —%, V2. Then V1V, is an irreducible word in (X U Y)* with respect to R
such that U —} Vi V2. Suppose that we also have U —3 V/VJ for some irreducible

words V/ € X* and VJ € Y*. Then
WilnmlValar = [ViValar = [Uly = (V31 = [V 1m[Valm
Since A and B can be considered as submonoids of M, we have [Wi], = [W)]a if W) € X*,
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and [Wi]p = [Walum if Wa € Y™, So [Vi]alVa]ls = [V/]alVi]s. Thus [Vi]4 = [V{]4 and
(Vo] = [V{]B. Therefore Vi = V{ and V, = V.
Thus R is complete on X UY. o

Note that the converse of Theorem 2.4.1 is false.

Example 2.4.2. Let F} = (z) be the free group of rank 1, and let F, be the free group
on generators {a; : k € Z}. We define a right Fj-action on Iy, by ap - & = apqy for all k.
Then the semi-direct product Fy x [, can be presented by a finite complete rewriting

system, but the factor I, can not .

First we show that Fy x F, & Fy, where Fy denotes the free group of rank 2.

A group presentation for F' X Pl is

(z,ar (k € Z); ™ apzayy, (k€ Z)).
Let F, = {y, #; ), and let ¢ be the homomorphism from the free group (z,a; (k € Z); )
to Fy defined by ¢(z) =y, d(ar) = y~*2¢y* (k € Z). Since
(e awarly) = vy ey ey ) = 1 for all k € 2,

we can extend ¢ to a homomorphism from £y x F, to F5. Let ¢ be the homomorphism
from Fjy to Iy x Fi, defined by ¥(y) = «, ¥(2) = ag. Since ¢9p(y) = ¢(z) = y and ¢p(z) =
d(ag) = z, we have ¢y = id. Since Yé(z) = ¢(y) = = and Yo(ar) = Yy *2y*) =
2" *agz® = ay, we have 9 = id. Thus £y x F., = .

Since every free group of finite rank can be presented by a finite complete rewriting
system, we have F| x Fy, can be presented by a finite complete rewriting system. Since
F is not finitely generated, it can not be presented by any finite complete rewriting

system.

2.5 Directed 2-complexes and rewriting systems on
directed graphs

The work in this section and the next section is joint with S.J.Pride ([72]).
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A directed 2-complex is a pair

K =Ty R]

where I' = (V, E,¢,7) is a directed graph and R is a subset of P®)(T"). We also say that
R is a rewriting system on I'. The elements of R are then called rewriting rules, and they

are written sometimes in the form r: ryy =r_; for (ry;,r-1) € R.
Example 2.5.1. Let ' be the directed graph in Figure 2.2. Let
R = {616263 = lv17 €4C1 = €1€2€5, €2€3C4 = €gC3, €3C| €3 = 6562}.

Then R is a rewriting system on T'.

U3
€3
€1
Vg
Figure 2.2

The single-step reduction relation —p is the following relation on P(lI'): p — R ¢
if and only if p = pyryps and ¢ = pyr_(p; for some (ryi,7-1) € R and py,p: € P(I).
Its reflexive, transitive closure is denoted by -—7%, and its reflexive, symmetric and
transitive closure is denoted by <—%. For any p € P(I'), let [p]r denote the equivalence
class {¢ € P(T") : ¢ «—% p}. The empty path at v will be denoted by 1, for any v € V.
It is clear that if p «+—% p’ and ¢ «—% ¢ then pg «+—5 p'q’ provided 7(p) = ¢(q).

This enables us to define a partial multiplication of equivalence classes by

[Plrlaln = [palr (il 7(p) = o(q)).
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In particular, if we fix a vertex v and consider the set {[p|gr : p € P(I), «(p) = 7(p) = v},
then we have a multiplication on this set, and it is a monoid (with identity [1,]) under this
multiplication. We call the above monoid the fundamental monoid of IC at v, denoting it
by mf (I, v).

We say that R is Noetherian if there is no infinite reduction sequence
Pt —*R P2 —RP3 —R """

We say that R is locally confluent if whenever p —p ¢1 and p — g g2 then there is a
g € P(l') with ¢4 =% g and g2 —% ¢. Also, R is called confluent if whenever p — 7, ¢
and p —} g2 then there is a ¢ € P(T") with ¢¢ —, ¢ and g2 —7% ¢. If R is both
Noetherian and confluent, we say that R is complete. It is easy to prove (by Noetherian
induction) that if R is Noetherian and locally confluent then R is complete.

A monoid presentation P = [X; R] can be considered as a directed 2-complex I =
[I'; R], where I is a directed graph with one vertex o and an edge z (¢(z) = 7(z) = o) for
each z € X, and a word on X is considered as a path in I'. It is clear that the monoid
presented by P is isomorphic to the fundamental monoid of IC at 0. Then R is a complete
rewriting system on X if and only if R is a complete rewriting system on [

Let I be another directed graph with vertex set V' and edge set £’. A mapping
¢ — I
is a function from V U E to V' U E' with ¢(V) C V', ¢(E) C E’ and such that
p(ule)) = Udle)), é(r(e)) = T(d(e))

forall e € E. If p = ejez---e, is a path in I, then ¢(er)d(es) - - @d(en) is a path in I7.
We will denote this path by ¢(p). For empty paths 1, (v € V), we define ¢(1,) = Ly

For any v € V, we let
Star(v):={e€ E : e) =v}.
Clearly ¢(Star(v)) C Star(¢(v)) for any v € V. We say that ¢ is locally bijective if

blstar(v) : Star(v) — Star(g(v))
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is bijective for every v € V.
Lemma 2.5.2. Let ¢ : ' — I” be a locally bijective mapping of directed graphs. For
any path p’ in I, if «(p') = @(v) for some vertex v in I, then there is a unique path p in

I' such that o(p) = v and ¢(p) = p'. (We will call p the lift of p’ at v).

Proof. We prove the result by induction on the length [(p') of p'. If [(p) = 0, then
P = lyw). So we can take p = 1, and it is unique.

Suppose p’ = pie’, where {(p}) =n—1and ¢ € I'. By inductive hypothesis, there is a
unique path p; in I' such that «(py) = v and ¢(p1) = p|. Since u(e) = 7(p}) = 7(P(p1)) =
A(1(p1)) and P|siar(r(py)) * Star(T(p1)) — Star(P(r(p1))) is bijective, there is a unique
edge e € E such that c(e) = 7(p1) and ¢(e) = ¢'. Let p = pie. Then ¢(p) = v and
d(p) = d(p1)p(e) = pie’ = p'. If there is another path p such that «(p) = v and ¢(p) = p/,
then we can assume that p = pie such that ¢(p;) = p| and ¢(€) = €'. By the uniqueness
of p1 we have Py = p1. Because ¢(&) = € and «(€) = 7(p1) = 7(p1), by the uniqeness of e

we have € = e. So p = p. O
Let & = [I'; R], K' = [I'; R'] be directed 2-complexes. A mapping from IC to I is a
mapping ¢ of directed graphs from I' to IV such that (¢(ryy1), ¢(r-1)) € R for each r € R.

It is clear that if p ¢—§ ¢ then ¢(p) +—5 ¢(g). Thus we get an induced homomorphism

B i (I, 0) — 7 (1, 9(0)), 6([plr) = [P

A mapping ¢ from IC to IC' will be called locally bijective if the underlying mapping
of directed graphs is locally bijective and if ¢~'(R') = R (that is, if v/ = (r,,,r",) € R’
/

and r41,7-1 are the unique lifts of 7/ ,, 7", at some vertex v of K then 7(ryy) = 7(r_;)

and (ryy,7-1) € R).

Lemma 2.5.3. Let ¢ : I — K' be locally bijective, and let p,q be paths in IC with

up) = u(q). Then ¢(p) —h ¢(q) if and only if p —% q, and ¢(p) +—% #(q) if and

only iof p «+—5 q. In particular, for any vertez v of IC the induced homomorphism
bu 2 (IC, ) — 7 (K, p(v))
18 injective.
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Proof. We just prove that ¢(p) —rp @(q) if and only if p —s 5 ¢. It is clear that if
p —r q then ¢(p) —r #(q). Conversely, if ¢(p) —rr ¢(g), then ¢(p) = pir/,p) and
&d(q) = pyr'1ph for some ' € R and some paths p|,p, in K. Let p; be the lift of p} at
¢(p) (note that «(py) = «(¢(p)) = ¢(e(p))). Since ()} = 7(pi) = 7(d(p1)) = ¢(r(p1)),
there exists the lift ryy of vy at 7(p1). Since ¢(ph) = 7(rly) = 7(P(r41)) = A(7(r41)),
there exists the lift p; of p) at 7(ryy). Thus piryips is the lift of pir!,p} at o(p). By the
uniqueness of the lift at a vertex (Lemma 2.5.2), we have p = p;ryi1ps. Similarly, we have

g = pir—1ps and (ry1,7—1) € R. Thus p — g q. OJ

Lemma 2.5.4. Let ¢: IC — K’ be locally bijective. Suppose R' is a complete rewriting

system on . Then R is a complete rewriting system on T'.

Proof. There can be no infinite reduction sequence in IC, for otherwise, applying ¢ would
give an infinite reduction sequence in &C'. Thus R is Noetherian.

To show confluence of R, suppose that p —% ¢ and p —} ¢2. Then ¢(p) — 7
#(q1) and ¢(p) —% d(qe2). Since R’ is confluent, there exists a path ¢ in IC' such that
dq) —5 ¢ and ¢$(q2) — 5 ¢'. Let g be the lift of ¢’ at ¢(q1) (note that o(¢') =
ud(q1)) = ¢(e(q1)). Then ¢{qr) —p #(q) and (g2) —k ¢(g). So ¢ —% ¢ and
g2 —5 q (by Lemma 2.5.3). O

Lemma 2.5.5. Let I' be a directed graph, and let o be a vertex of I'. Suppose that there
is a path in T from o to v for every vertex v in I'. Then there exists a subgraph T of T',

such that V(T') = V(T') and there is a unique path in 1" from o to v for every v € V(I').
We will call 1" a maximal tree of I' at o.

Proof. Let Y be the collection of all subgraphs ¥ of [' containing o such that there is a
unique path in Y from o to v for each vertex v in Y, and partially order Y by inclusion.
By Zorn’s lemma, there is a maximal element T' of Y. Suppose there is a vertex v in I’
but not in 7'. Since there is a path p in [' from 0 € T to v ¢ 1", there exists an edge e in
p such that ¢(e) € T but 7(e) ¢ T. Then T'U {7(e),e} € Y contradicts the maximality
of T O
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Let IC = [T'; B] be a directed 2-complex. Let T be a maximal tree of I' at o, and for
each vertex v let 7, be the unique path in 7' from o to v. Let us say that T" is complemented
in JC if for each vertex v there is a path +/ in I' from v to o such that v,v, +—% 1, and
Yoo <R Lo

Every path p in T’ can be considered as a word on the edge set F.
Theorem 2.5.6. If IC has a complemented mazimal tree T' at o, then
Picr=[EiRU{(e,0):ec ENTY
is a monoid presentation for ¥ (IC,0), where @ denotes the empty word on E.
Proof. For any closed path p = ejez--- ¢ in I' at o, we have
plr = [Loe1r(e) Yr(en) €2V (en) Vren) *** Vr(eron) Vrlern) € Lo] R
= [Yaer)C1Vr(en) B[ Vi) €2Vr ()] B [Vuter) €1V e -

Thus 7 (IC, 0) can be generated by [fyb(e)efy;(e)],q (e E). If e € T, then e = vr(e) (by

uniqueness), 50 [Yue)ev(olr = [’Yf(e)’)/fr{e)]R =1.
Let M be the monoid defined by Pyc ;.. Let ¢; be the homomorphism from the free
monoid on E to 7 (JC, 0) defined by

e V) eYrln (e € E).

If e € T, then ¢1(e) = 1 = (D). Also, if r € B with ryy = ejez---ep, r-1 =

ereh -+ e (e, e; € IV) say, then

D1(r41) = [Vi(er) E1Vr(e1) Velea) €2V (e) " * Velem)Em Ve (em)I R = [Velrs)T41 V(g 1) 1 B2

Similarly, d1(r-1) = [Vr_)"-17(_ )R- S0 @u(r41) = ¢1(r-1). Thus we have an induced
homomorphism

bre s M — mH(IC, 0), [eln — [ €Yol m>

where R = RU {(e,@):ec ENT}.
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Now regard Py 1 as a directed 2-complex with one vertex ¢, and consider the following

mapping of directed 2-complexes
$2: IC— Pycpy v ce—re (veV,ee k).

We have an induced homomorphism

baw i (I, 0) — M, dou([plr) = [2(p)lr = [plr.

Since [y]r = 1 and [v,7.]r = 1, we have [v)lp = [vlr[V]r = [%Y.]r = 1 for any
v € V. Thus

baxix([e]r) = box([Vueyerre)r) = e V(o)) R = [e]rr,

Preban([V(e) €Vr(e)| 8 = Prellelrr) = [Vu(e)evr(e) -

So M = 7 (IC, 0). O
Example 2.5.7. Let I' be the directed graph in Figure 2.3. Let
IC =T erezes = 1y, ezeren = 1,,]

be a directed 2-complex. Then IC has a complemented maximal tree 7" = {vy, vq, €3} at
Vg, S0

P = [e1, ez, €35 €1e9e3 = D, ezerer = D, €3 = D)
is a monoid presentation of m (/C,v;). Note that P is Tietze equivalent to
PI = [61,62; €1€y = @]
Thus P’ is a monoid presentation of 7 (IC, vs).

Let 1" be the directed 2-complex obtained from /C by adjoining a new vertex
a, adjoining edges y,,y;! (v € V) with «(y,) = 7{y;!) = a,7(y,) = (y;') = v, and

adjoining additional rewriting rules (y,y5%, La), (¥5 Yo, 1)

)




)]

€] U2

€3

Figure 2.3
Theorem 2.5.8. If K has a complemented mazimal tree T at o, then
mH (I, 0) = w1 (IC, 0) * Fiy_y,
where n = |V|, Fh—1 is the free group of rank n — 1. Also, P = [E;R] is a monoid
presentation of i (1™, o).

Proof. Let IC"¢ = [I; R'], where IV = (V',E',¢,7). Then V' = VU {a}, E' = EU
{yo,y;7t tv €V} and R = RU {(vy;*, 1), (W ve, L)t v € V3. Tt is clear that 1C%™°
has a complemented maximal tree 77 = TU{y;'}U{a} at 0. By Theorem 2.5.6, 7 (IC, 0)

has a monoid presentation P K. and 7] (1C°™, 0) has a monoid presentation
[EU{ys,y; " v € VY5 RU{(voyy ", D), () 'y, @) 1 v € VIU{(e,9), (y; ', @) 1 e € ENT}.
It is clear that the monoid defined by

[y, ys' (v €V) 5 (', 9), (47 v, @), (v, 1, @) (v € V)]
is the free group F,_; of rank n — 1. Thus 7 (JC**¢, 0) & 7 (IC, 0) * ).

It is clear that K™ also has a complemented maximal tree Ty = {y, : v € V}UVU{a}

at a. So by Theorem 2.5.6, 71 (/C°°™, @) has a monoid presentation
[EU{yw,y;" 0 €V} RU{(yy, ', 9), (y5 'y, @) s v € VIU{(y, D) : v € V.

The above presentation is Tietze equivalent to the presentation [£; £]. 1t is easy to check

that the mapping
mf (I, a) — wf (1877, 0), [plrr = [y5 pyolr
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is an isomorphism. Thus P = [E; R] is a monoid presentation of 7 (1C°"*, 0). O

Theorem 2.5.9. Let K = [I'; R] be a finite directed 2-complex and let n = |V|. If R is
complete on I' and IC has a complemented mazimal tree T' at o, then ni (IC,0) * F_y can

be presented by a finite complete rewriting system.

Proof. By Theorem 2.5.8, i (IC,0) * F,,_; has a monoid presentation P = [E; R]. We
just need to show that R is a complete rewriting system on £.

Any word w on £ can be written as w = pypy - - pi, where p; € P(I') and 7(p;) #
t(piy1). It is clear that w — g w' in P for some word w' on I il and only if w’' =
PL o Pic1 Gy - Proand p; —r g ¢; in KC. Since f2 is complete on I, it is easy to prove
that R is Noetherian and locally confluent on K. So R is a finite complete rewriting

system on F. [

2.6 Subgroups of finite index in groups with finite
complete rewriting systems

Groves and Smith ([40], [41]) have proved that if a group ¢ has a subgroup of finite
index with a finite complete rewriting system, then G also has such a system. However,
the converse of this result (raised in [41] and [23]) still remains open. We will prove the

following result.

Theorem 2.6.1. Let H be a subgroup of finite index n in a group G. If G has a finite
complete rewriting system, then so does the free product H *x F,,_{, where F,_y is the free

group of rank n — 1.

Remark. This theorem provides a link with another open question ([65]): Let A
and B be finitely presented groups (or monoids). If the free product A+ B has a finite

complete rewriting system, do A and B also have finite complete rewriting systems?

Proof. Let G have a finite complete monoid presentation, which we can regard as a di-

rected 2-complex IC; = [T'y; Ry], where I'; has a single vertex ¢ and a finite edge set X, and
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where R; is a finite complete rewriting system on I'y. We will construct a finite directed
2-complex IC = [['; R] satisfying the conditions of Theorem 2.5.9, with ] (1C,0) = H.
The vertex set V of I' will be the set of right cosets Hg (¢ € G) of H in G.
The edge set £ of I' will consist of all ordered pairs (Hg,z) (¢ € G,z € X) with
t((Hg,z)) = Hg, 7((Hg,z)) = Hg[z|g,- For any v = Hg € V and »r € R;, with

T4l = T1Tg ¢ Tp, Tog = xjThe 2] say, let

7,5;/1) = (I{gv wl)([{g[ﬂh]]}i,l‘g) T (Hg{wlw? e mk—l]Rl’mk)Tl

) = (Hg,2})(Holal]n, w3) - (Hglalay - af_]r, ).
Then L(yﬂf’l)) =Hg = L(v(fl)) and 'T(?“E:l)) = Hg|rilr, = Hglr-1lr, = 7(791)) So we have
r() = (rﬂ,v(j’}) € PO(T). We let
R={"veV,reRr}cPU).
We define a mapping
P K — ICq,

by
Hg— ¢, (Hg,z)— z (g€ G,z € X).

Clearly ¢ is locally bijective. Hence by Lemma 2.5.4, R is complete on [,

Let v= Hg € V, with g = [z122 - zn]r, (z; € X). Then

(Hla xl)(H[xl]RUmZ) v (H[Sﬂlfﬂz T mmgl]Rp :L',.,.,)

is a path in I’ from o = H1 to v. Thus by Lemma 2.5.5, there exists a maximal
tree T of T' at 0. Let «, denote the unique path in T from o to v. Let ¢(vy,) = w
and ¢1 = [w]r,. Then Hg, = H[p(1)|r, = 7(1) = Hg. Let g7' = [w']p,, and
let w' = ahal- -2} (2} € X). Since [w]g,[w]r, = qig;’ = 1, there is a path v/ =

(Hgr,2))(Hgp(2i]r,, xh) - (Ho[eiah - 2f_ )R, 2}) in [ from v to o. Because

d(vor,) = (n)9(7,) = ww' =% T = é(1,),
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by Lemma 2.5.3 we have 7,7, +—% 1,. Similarly, we have 4/v, «—7% 1,. Thus T is
complemented.
Let
b (IC, 0) — 7H (K, e) = G

be the homomorphism induced by ¢. By Lemma 2.5.3, ¢. is injective. Let [p]r € 77 (K, 0)
(p aclosed path in T at o). Then H1 = 7(p) = H{¢(p)]n,, so we have ¢.([p|r) = [¢(p)lr, €
H. Conversely, if [p']r, € H, and if p is the lift of p’ at o, then 7(p) = H[p'|r, = H1 = o,
50 ¢-([lr) = [#(P)n, = [Plr, with [la € 7F(IC,0). Thus g : 17 (I, 0) — M is an

isomorphism. U
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Chapter 3

FDT, FHT and second order Dehn

functions of monoids I: Semi-direct

products of monoids

Abstract

In this chapter, we first give some basic definitions and results about FDT, FHT and
second order Dehn functions of monoids. Then we consider these properties for semi-
direct products of monoids. We get that the class of F'DT monoids and the class of
FHT monoids are closed under semi-direct products. We also get some general bounds

for second order Dehn functions of direct products of monoids.

3.1 Preliminaries

3.1.1 FDT and the associated second order (homotopical) Dehn

functions

Let P = [X; K] be a finite monoid presentation. Let D = D(P) be the associated Squier

complex, with underlying graph T.
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Definition 3.1.1. The presentation P is said to have finite derivation type (FDT) if
there is a finite set X of spherical monoid pictures over P such that X = X* . X . X*
trivializes D (see Section 1.5.3). A monoid is F'DT if it has a finite presentation which
is DT

We will often abuse notation and write D* rather than DY, and we will refer to X
(rather than X)) as a trivializer. If p is a closed path in D then we will write Tm/rp’ ()
for Vp x(p) (see Section 1.5.2). Thus (Lemma 1.5.2) Vrp'x(p) is the smallest number m

such that p is equivalent to a path of the form

(%) p (U -5 - Vi)pr pe(Us - 652 - Va)ps o (U - € Vin)pi!s

where p; Is a path in D, U;,V; € X*, ¢, € X, g; = %1 (1 <i<m).

Note (by Lemma 1.5.3) that if ¢ is any path with 7(¢) = ¢(p), then

Vp xlapa™) = Vp 4 (p).

We define the second order (homotopical) Dehn function '}%)X of P with respect to
X as follows. For n € N let

T, ={p: paclosed path in D, A(p) < n},

M ={Vp x(p): peTa}
In general, T, is not finite. However, ), is finite (see [74]). Then we define

~(2) | + 3
Vp ' N— Z7, n+— maxA,.

The concept of finite derivation type was introduced by Squier in {78]. The above
is not his definition (it is due to Pride [68]), but is equivalent to it. Squier’s original
definition is as follows.

An equivalence relation ~ on P(T) is called a homotopy relation if ~ C P(T') and
it satisfies the following conditions:

(a) If ey, es are edges of I', then

(e1 - elea)(T(er) - €2) = (e(er) - ea)(er - T(e2)).
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€1 €2

! |
ey - 6(62) A 4 | - : [,((31) * €9
I |

12

| I
T(ey) - eq | ! er - T(ez)
| l

(] €1

Figure 3.1

(See Figure 3.1.)

(b)Y Ifp~gq,then W-p- W W .q - W forall W,W' € X*.

(c) I p,q1, g2, € P(L) satisly 7(p) = «(q1) = u(q2), 7(01) = 7(q2) = ¢(r), and 1 = gz,
then pg,r o~ pgqr.

(d) If p € P(T) with «(p) = W, then pp~! ~ 1.

It is easily seen that the collection of all homotopy relations on P(I') is closed under
arbitrary intersection, and that P(®)(T') itself is a homotopy relation. Thus, if B € PO)(T),
then there is a unique smallest homotopy relation ~p on P(I') that contains B. This

homotopy relation will be called the homotopy relation generaled by B.

Definition 38.1.2. The presentation P is FDT if there is a finite subset B C P(I)
which generates P®)(T') as a homotopy relation, that is, ~p = P®(T). A finitely

presented monoid S is F'DT' if some finite presentation of S has F'DT.
Proposition 3.1.3. Definitions 3.1.1 and 5.1.2 are equivalent.

Proof. Tirst we prove that if D has a finite trivializer X then ~p = P@)(T), where B is
the finite set {(p, L)) :p € X}.

We need to show that the equivalence relation ~+ on P(I') is the same as the ho-
motopy relation ~p on P(T), where X = X* - X - X*. Suppose p; ~5 p2. To prove
p1 ~p p2, we just consider the case that p, is obtained fom py by one operation of type

(I) or (II) or (III) (see Section 1.5.2) (the more general case can be proved by induction).
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For the operation of type (1), by the conditions (¢) and (d) in the definition of homotopy
relation we have p; ~pg ps. For the operation of type (II), by the conditions (a), (c) and
(d) in the definition of homotopy relation we have p; ~p p;. For the operation of type
(I1I), by the conditions (b), (¢), (d) in the definition of homotopy relation and note that
p ~p 1 for every p € X, we have p; ~p p;. Thus ~5 C ~p. Conversely, to prove that
~ D ~p, we just need to prove that ~ is a homotopy relation on P(T") which contains
B. It is clear that ~ is an equivalence relation on P(I') and B C ~% C PE)(I'). Since
D = D(P), it is clear that ~ satisfies all the conditions (a), (b), (c) and (d) in the
definition of homotopy relation. So we have proved that ~5 = ~p.

For every (p,p') € P®(I'), we have a closed path p'p~! in D. Since X trivializes D,
we have p'p™ ~ 1,(,). Thus p'p™ ~p 1,,), and hence p ~p p’. So 2 = PO(T).

Next we prove that if there is a finite subset B of P®)(I') such that ~p = PONT)
then X = {pip;' : (ps,p2) € B} is a finite trivializer of D.

By a similar way as above, we can prove that ~+ = ~p. For every closed path p in

D, we have p ~p 1,(p). So p ~x 1,(p). Thus X is a finite trivializer of D. O

Theorem 3.1.4. Let S be a monotid, and let Py, P2 be any two finite monoid presenta-
tions for S.

(1) ([78]) if P1 is FDT then so is Pa;

(2) ([74]) if X1 and X4 are finite trivializers of D(P1) and D(P2) respectively, then

O
T‘Puxl 7P2,X2.

The first part of the theorem shows that having /"DT is an invariant property of
finitely presented monoids. The second part shows that, up to equivalence we can talk

about the second order (homotopical) Dehn function '”ygz) of an DT monoid S.
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3.1.2 FHT and the associated second order (homological) Dehn

functions

Let P = [X; K] be a monoid presentation and let S = S(P) be the monoid defined by

P. Let D = D(P) be the associated Squier complex. Then we have the chain complex
0 — Co(D) 2 C1(D) -2 Co(D) — 0

of D. Here Cy(D) is the free abelian group with basis X™*, C;(D) is the free abelian group
with basis the set of positive edges in D, and Cy(D) is the free abelian group on the set
of defining paths [e}, e;]. Notice that these chain groups are (ZX*, ZX*)-bimodules via
the two-sided action of X* on the bases of the chain groups. The boundary maps are
given by:
Oxlelt, e’] = ergqer - (L(ea) — T(e)) —e1e2(t(er) — 7(e1)) - e,
di(e) = v(e) — r(e),

where eq, e; and e are positive edges in D, e;,e9 = £1.

For each path p in D, say p = ef' -+ - e (e; a positive edge, ; = +1,i = 1,--+ , k),
we let

b
zp = Zeiei € Ci(D).

It was shown in [68] that the first hc;llology group Kerd;/Imd,is a (ZS,ZS)-bimodule
under the action induced from the action of ZX* (that is, [W]- (2, + Imdy) - [W'] =
zw.pw + Im0y for any W, W' € X* and any closed path p in D). This action is well-
defined. As in [74], we will denote this bimodule by wgb)(’P). For any closed path p in D,
we will write &, for the element z, + Imd, of ﬂéb)(’P). Note that if X trivialises D(P)
then the elements ¢, (p € X) generate the bimodule w3 (P) (see [68]).

Let P be the free (ZS,7Z.5)-bimodule with basis {¢, : r € R}’in one-to-one correspon-

dence with . Then there is a (ZS, ZS)-homomorphism

defined as follows. Let

= ¢g1e + Eg9ey + -+ Epen
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be an element of Kerd,, where e; = (U;,r;, +1,V;) say, ¢; = £1, (¢ =1,2,--+ ,n). Then

L

pla+ Imdy) = Z eifUilt [ Vi

i=1

The following lemma follows from results in [42]. See also [74].
Lemma 3.1.5. The above homomorphism p is injective,

Following Pride and X. Wang [74] we will say that P is of finite homological type
(FHT for short) if P is finite and 'frgb)(P) is finitely generated as a bimodule. Note that
P is F'HT if and only if there is a finite set X of spherical monoid pictures such that the
clements €, (p € X) generate Wéb)(P). In particular, if P is DT then P is F'HT. The
converse is an open question, that is, if P is FFHT we do not know whether it is F' DT

Let ¢ be a generating set for wé")(’P). Then for any closed path p in D, £, can be

expressed as a sum
£181€18] + 282285 + -+ + EmSmEms,
where ¢; = *1, s;,80 € 5, & € ¢, i = 1,2,--- ,m. We let pr’c(p), the homological
volume of p with respect to ¢, be the minimum value of m over all expressions of the
above form which are equal to &,. Note that if ¢ is any path with 7(¢) = ¢(p) then
€gpg—t = €p» 50
Vp (gpg™") = Vp (p).

Now suppose P = [X; E] is finite, and let ¢ be a generating set for wgb)(’P). Forn e N

let
T, ={p: paclosed path in D(P), A(p) < n},

Ap = {V'p|c(])) cpeThl

In general, T, is not finite. However, A, is finite (see [74]). The second order (homo-

logical) Dehn function 'y,(;) . of P with respect to ¢ is defined by

75}2?)@ : N — Z%*, n— max\,.
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Theorem 3.1.6. ([74]) Let S be a monoid, and let P1, Py be any two finite monoid
presentations for S.
(1) if Py is FHT then so is Py;

2) if ¢; and ¢y are finite generating sets of w¥) P1) and i) Po) respectively, then
2 2

@ @
,)/IPI »C1 7?2,82 )

Up to equivalence, this theorem allows us to talk about the second order (homological)
Dehn function ,Yéz) of an F'HT monoid S.

It is easy to see that for an FF'DT monoid S we have

A9 = .

It is an open question whether they are equivalent.

3.2 Some known results

Theorem 3.2.1. ([78]) If a monoid M can be presented by a finite complete rewriting
system, then M is 'DT.

If a monoid M has a (maybe infinite) complete presentation P = [X; R], then we can
get a trivializer X of the associated Squier complex D(P) by the method given by Squier
as follows.

Let I' be the graph associated to P = [X; R]. Let P, (I') denote the set ol all those
paths in [' that only contain positive edges. It is clear that every path p = ejey -+ e, €

Py(T") corresponds to a reduction sequence
L(p) —> R W1 —R Wg — R —*R W, 1 —R T(p)
with W; = 7(e;), and vice versa.

An ordered pair (ey, e3) of positive edges in ' is called a crétical pair of edgesif t(e;) =
t(ez) and (7(ey), 7(ez)) is a critical pair of B. An ordered pair (pi,p2) of paths py,ps €
P (') is called a resolution of a critical pair of edges (ey, e2) if ¢(p1) = 7(e1), t(p2) = T(e2)
and 7(py) = 7(p2).
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Since R is a complete rewriting system on X, every critical pair of R is resolved. If
(e1,eq) is a critical pair of edges, then the critical pair (7(e1), 7(e2)) of R is resolved. So
there is a word W € X* such that 7(e;) —5 W and r(e2) —5% W. Let p; and po
be the paths in Py(T") that correspond to the reduction sequences 7(e;) —5 W and
m(ez) —¥k W respectively. Then (pi,p2) is a resolution of the critical pair of edges
(e1,ez). Thus, a resolution exists for each critical pair of edges.

Let B be the following subset of P®)(T'):
B = {(e1p1, eap2) : (e, e2) is a critical pair of edges},
where (py, pg) is a fixed resolution of (e;, e;). Then we have the following theorem.

Theorem 3.2.2. ({78]) Let P = [X; R] be a complete monotid presentation, lel T' be the
associated graph, and let B be defined as above. Then ~p= P@)(I).

It is clear that B is a finite set if R is finite. Let

X = {epip;le;’ s (erpr, eapa) € BY.

Then X is a trivializer of the associated Squier complex D(P) (see the proof of Propo-

sition 3.1.3). If R is finite, then X is a finite trivializer of D(P).
Example 3.2.3. Let P = [X; R], where X = {a,b,c} and
R = {ab = ¢,ca = be, beb = cc, cchb = acc}.

It is easy to see that R is length-plus-lexicographic. So R is Noetherian. It is easy to
check that (ccb, acc), (beb, cc), (ceeb, beee) and (acceb, ceec) are all the critical pairs of R.
Since all critical pairs of R are resolved, R is locally confluent. Thus R is a finite complete

rewriting system on X. Let
e; = (B,ab = c,+1,cb), ¢ = (a,bchb = cc, +1, D),

ey = (@, ca = be,+1,b), e, = (¢,ab = ¢, +1, ),
ey = (&, beb = cc, +1,¢b), ¢y = (be,beb = ce,+1, D),
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eq = (D, ceb = ace, +1, ¢b), € = (cc,beb = ce,+1, D).

Then (e1,€}), (e2,€5), (€3, €4) and (eq, €}) are all critical pairs of edges. Let
P = (D, ccb = ace,+1,D), ps = (D, bch = cc, +1, D),

ps = (¢, ccb = ace, +1,D)(D, ca = be, +1, ce),
ps = (ac, ccb = ace, +1, @) (a, ca = be,+1, ce) (D, ab = ¢, +1, cec),

and let p; = 1 (empty path), ¢ = 1,2,3,4. Then (p;,p}) is a resolution of (e;,€}), 1 =
1,2,3,4. Thus

X ={eppleit: 1=1,2,3,4}
is a finite trivializer of the associated 2-complex D(P). The paths in X are as in Figures

3.2, 3.3, 3.4.

Figure 3.2
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IMigure 3.3

Theorem 3.2.4. ([27], [54], [68], [69]) Let M be a finitely presented monoid. If M is
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Figure 3.4
FDT, then M satisfies the (left and right) homological finiteness condition F'Ps.

Theorem 3.2.5. ([28]) Let G be a finitely presented group. Then G is FP3 if and only
if G is FDT.

See also [37], [70] .
Example 3.2.6. ([78]) Let S; be the monoid presented by
P = la,b,t,2,y; ab= &, za = alz,zl = tz,2b = bz, 2y = .

Then

(1) Sy has a decidable word problem,
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(2) Sy satisfies the homological finiteness condition F'Ps,

(3) but Sy is not FDT.
Example 3.2.7. ([49]) Let X = {a,b;, ¢, d; 11 =1,2,3}, and let
R = {(bz-a,abi), (Cjbj,clbl), (bjdj,bldl) D= 1,2,3. ] = 2,3}.

Let M be the monoid presented by [X; R]. Then
(1) M has a word problem solvable in linear time,
(2) M is F'P,

(3) M is FDT,
(4)

4) but M can not be presented by a finite complete rewriting system.

A monoid Sy is a retract of a monoid S if there are morphisms ¢ : § — Sy, 0 :

So — S such that ¥8 = idg, (¢ is then called a retraction).

Theorem 3.2.8. ([74]) Let Sy and S be two finitely presented monoids. Suppose that Sy
is a retract of S, and S is FDT (or FHT). Then Sy ts also 'DT (or FHT ) and
~(2) _ (2 2 2
¥ 248 (or g <48,
Let G be a finitely presented group. Choose a finite group presentation P = (X; R)
for . This gives rise to a monoid presentation for G:

P=[XUXNza'=@ala=0 (z€ X), r=03 (r € R)].

Theorem 3.2.9. ([28], [74]) Let G be a finitely presented group, and let P and P be
finite group and monoid presentations for G as above. Then the following are equivalent.
(1) P is FDT;
(2) P is FHT;
(8) mo(P) is finitely generated as a left ZG-module.

Theorem 3.2.10. ([74]) Let G be an FDT group. Then

D )
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3.3 FDT for semi-direct products of monoids

The main result in this section is the following theorem.

Theorem 3.3.1. Let A, B be monoids, and let Q : A — End(B) be a monoid homo-
morphism. If A and B are F DT, then so is the semi-direct product A xg B.

This theorem appears in [79].

Note that the converse of this theorem is false.

Example 3.3.2. (see Example 2.4.2) Let F; = {(z) be the free group of rank 1, and let
Fo be the free group on generators {ay : k € Z}. We define a right Fi-action on Fy, by
ar - ¢ = agxqq for all k. Then the semi-direct product Fy X Fio is F'DT' (in Example 2.4.2
we have proved that Fy x [y & [, where F, denotes the free group of rank 2). But the

factor Fo, 1s not F DT
The proof of Theorem 3.3.1 will follow several lemmas.
If we pick monoid presentations P4 = [X; R] and Pp = [V; 5] for A and B respec-

tively, then

P =[XUY:R,S,T]

is a monoid presentation for M =: A xg B, where T' denote the set of relations ya =
(yQs) (zr € X,y €Y).
If W = yiyg---ym 1s a word on Y, then for any € X we denote the word

(11Q2)(Y2Qs) - (YmQz) by WQ,. T U = zy29- -2, is a word on X, then for any
y € Y we denote (- ((yQu,)Qus) Qs -+ ) Qa, by yQu.

Let ['4,I'p and I’ denote the graphs associated to P, Pr and P respectively (I'4
and I'p can be considered as subgraphs of I'). Let I' denote the subgraph of I' which
has the same set of vertices as I', but which contains only those edges (U,¢,e,V) of T
with t € T, U,V € (X UY)", ¢ = 1. By P.(I') (respectively, P_(T)) we denote the
set of those paths in T that only contain edges of the form (U, t,+1,V) (respectively,

(U,t,—-1,V)) . Let ~ denote an arbitrary homotopy relation on P(T").
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Lemma 3.3.3. Let p € P(T'). Then there exist paths py € P(T) and p_ € P_(T) such
that p ~ pip_. .

Proof. Let p = ejea- -+ en, where ey, -+ e, are edges of ['. Suppose there is an index 1,

such that e; € P_(T'), ei41 € P+(T'). Choose ¢ minimal, and let
e; = (Unts, =1, V), it ywi = 2:(YiQuy)s
eiv1 = (Uipr, tiyr, +1, Vigr), i1 Vi1 @Tigr = $i+1(ye+1Qz,-+1).
If U = Uiy, then y; = yip1, i = @ig1, Vi = Vigr. So 41 = ¢; ', and hence,
POl 1€t Eme

If U; # Uiy, then Uy Vi = Uip1Yip1@iq1 Vigr implies that these edges involve disjoint
applications of relations. In fact, if U; = Uipiyivi@ipi Wirt, Vipr = Wipayia; Vi, then
eicir1 =  (UiYin®iaWiga, b, =1L, Vi) (Uigr tiga, +1, Weyie: Vi)
s (Ui-l-la titi, +1, I/Vi+lwi(yz'Qo:i)‘/i)(U‘i—I-lmi-l—l (yi+1ng+1 )I/VH-lvt‘i: _17 V;)

1t
=i €6,

where e. € P, (T), et € P_(T) (see Figure 3.5).

.. Uit 1 Tit1
2,

§ yiQmé Q

&y f

Vil
T | G+

Hence, p o ey« -+ gi1€i€l €542 - - €n. By repeated use of this, p can be transformed

€

Vi Uit

W
6‘-}-1 o - IQ(Lz
' ‘ Yi+1 sz{-l Yi i Teatl

Figure 3.5

I C‘

12

pJ

into a path of required form. a
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Remark. A result similar to Lemma 3.3.3 holds for the paths in the graph associated
to any monoid presentation without critical pairs. (Note that T above is a rewriting

system without critical pairs. In paticular, it is confluent.)

Lemma 3.3.4. Letp € P(I'). Ife(p) = UV, 7(p) = U'V', where U, U € X*, V,V' € Y~,
then U =U', V=V and p~ 1.

Proof. By Lemma 3.3.3, there exist paths py € P.(T) and p_ € P_(T) such that p ~
prp—. Since «(py) = u(p) = UV, we have py = 1. Since 7(p-) = 7(p) = U'V’, we have
p_ = 1. Hence,p~land U=U', V=V O

We define a homomorphism f : (X UY)* — X* by f(z) =2 (¢ € X), fly) =
L (yeY).

Lemma 3.3.5. Let W € (XUY)*. Then there is a path pw € P.(T) from W to f(W)V

for some V. € Y*. If p € Pi(') is a path from W to f(W)V' for some V' € Y*, then

V=V and pw ~ p.

Proof. Let W = Wyt Wiay - - 2 Wh,, Where @y, 29, -+ 20, € X, Wy, Wy, -+ W, € Y*.
Then f(W) = zyzy- zpm. Let Wo = gaya-ux (i €Y), i yiwn = 21(4iQu,) (2 =
1,2, k). Let W' = WyaoWors -+ 2,,W,,. Then

(yaya - Uk=1 bk, LW 1y2 - Yre2y ti1, +1, (Y Qay )W)
(17 ly, +17 (y2y3 T yk)Qmmﬂ)

is a path in P.(T) from W = Woaz W' to 21 (WoQz, )W’ (see Figure 3.6).

Continuing in this way, we can get a path pw € Py(T) from W to f(W)V for some
V e Y* Ifpe P.(T)is a path from W to f(W)V' for some V' € Y*, then p~*pw € P(T)
is a path from f(W)V' to f(W)V. By Lemma 3.34, p~'pw =~ 1, so pw ~ p and
V=V O

By Lemma 3.3.5, we can define a map
h:(XUY) —Y*, W-—V (WV areasin Lemma 3.3.5).
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Figure 3.6

For each s € S, where s : 541 = s_y, and each x € X, by Lemma 3.3.5, there is a

(homotopically unique) path py € Py (') from sy to 2(341@)%), and a path p_ € P_(I')
from z(s_1Q)y) to s_yz. Since [s41]p = [s_1]B, we have [s11Q:]B = [s-1Q4])B, so there is

a path ps;. € P(T'p) from s41Q, to s_;Q,. Hence, we have a path
Gsp =: pla - psa)p- € P(D)
from s41@ to s_yx. Let

Ci={((L,5,+1,2),¢ss) : €S, € X} PO, (3.1)
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For each r € R, where r : 74y = r_; , and each y € Y, by Lemma 3.3.5, there is a
(homotopically unique) path p/, € P..(T) from yryy to ry4(yQr,, ), and a path p_. € P_(T')
from r_y(y@,_,) to yr_1. For any W € Y* 2 € X, we have [W@.]z = [W]sQpy,. So
W@ri]lB = [W]BQry.- Since [ry]a = [r_1]a, we have @1, = Qp_,),, and hence,

[yQr,\ ] = [yQ-_,]B- So there is a path p| € P(I's) from y@Q,,, to y@,_,. Thus
Gy =i Ph(ren - Py ) (L, +1,1) - y@e_y)pl € PI)
is a path from yryq to yr-i. Note for further use that
Ay =~ P (L 4+1,1) -y @,y ) (roy - )y )P
Let
Co={((y,r,+1,1),q.,): r € Ry Y} C PO). (3.2)

Let p,g € P(I') and let ~ be a homotopy relation on P(I'). If p ~ prgp_ for some
py € Pp(T) and p_ € P_(T), then we write p ~ ¢q. (If ~ = ~¢ for some C' ¢ PON(T)
then we will write p ~»¢r q.) Note that ~ is transitive and that this relation is compatible

with the two-sided action of (X U Y)*.
Lemma 3.3.6. Let p € Py (L), ¢ € P(T). Then
up)-q~7(p)-q
q-Up) ~ q-7(p)-
Proof. By use of Pull-down and push-up we have (see Figure 3.7)
™ d@)(elp) @) = (r(p) - )@~ - 7(9))-

Thus we have
up) g (p-u))(r(p)- ™" - 7(q),
and so (since p-(q) € Py(T), p~ - 7(q) € P_(I"))
up) - q~ 7(p) - q
The other relation is similar. O
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Figure 3.7

Lemma 3.3.7. Letp, q be paths in T with 7(p) = c(q). Ifp~ 9/, ¢~ ¢ and 7(p'),c(q') €
X*Y*, then 7(p') = «(¢') and pqg ~ p'q.

Proof. We have p ~ pyp'p_, ¢~ q+¢'q—, where p;,q+ € Py(l'), p—,q- € P_(I'). Then
Pg >~ pyp'p-grq'q-. By Lemma 3.3.4 p_gy ~ 1. Thus 7(p') = «(¢') and pg ~ p'q’. O

Lemma 3.3.8. Let ¢ be an edge of I'p. Then for any x € X there is a path q in I'g such

that e - & ~¢, - q.

Proof. Let e = (U, s,¢e,V), where U,V € Y*, s € 5, ¢ = +1. By Lemma 3.3.5, there is a
path in P.(T) from Vz to zh(Vz). So by Lemma 3.3.6 we have

e ~e (U s,e,zh(Va)).
By the definition of 'y, we have
(U,s,e,xh(Va)) e Uz - q,

where ¢ = pS, - h(Vz) € P(I'p). Now there is a path in P(T) from Uz to zh(Uz). By
Lemma 3.3.6 we have

U - ~c, @ (h(Uz) - ).

The result follows. O
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Lemma 3.3.9. Let p be any non-emply path in T'g. Then for any W € X* there exisls

a path q in U such that p - W ~»g, W . q.

Proof. We will prove the result for W consisting of a single letter # € X. The general
result will follow from this by induction on the length of W. Let p = ¢1ep---€,,. Then
by Lemma 3.3.8, there exist ¢; € P(I'g), such that e;-z ~¢, 2-q;, 1=1,2,--- ,;m. Thus

by Lemma 3.3.7 we have p- & ~¢, - (q1q2- " @m)- O

Lemma 3.8.10. Let (U, s,¢,V) be an edge in I, where U,V € (X UY)*, s € S5, ¢ = 1.

Then there is a path q in T'p such that
(U,8,e,V) ~¢, f(UV)-q.
Proof. By Lemmas 3.3.5 and 3.3.6 we have
(U,s,6,V) ~g, (U, s,e, f(VIR(V)).
By Lemma 3.3.9 we can get that
(U 8,6, [(V)R(V)) 0, UF(V) - a1
for some ¢; € P(I'g). Now by Lemmas 3.3.5 and 3.3.6
UFV) - qu e fIOVIRUF(V)) - a1
Hence (U, s,e,V) ~¢, f(UV)-q, where g = h(Uf(V))-q € P(I'p). 0
Lemma 3.3.11. Letr € R, W € Y. Then there is a path q in I'g such thal
W (1,r,6,1) ~e, (re - q)((1,r,e,1) - W)

for some W' € Y*.
Proof. For any U € (X UY)*, p € P(I'p) we have (by Lemmas 3.3.5 and 3.3.6)

U-p~ fU)-p, (1)
where p' € P(I'g). Also, for each y € Y, by the definition of C5, we have

g (1,8, 1) wo, (re- )(1Lyme, 1) W), 2)
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where ¢’ € P(I'g), Wy € Y*. By repeated use of (1), (2) and Lemma 3.3.7, we have
W (L,r,e,1) ~o, (re - q)((1,r,e,1) - W),
where g € P(T'g), W' € Y™ O

Lemma 3.3.12. Let (U,r,e,V) be an edge in I', where U,V € (XUY)*, r € R, ¢ = £1.
Then there is a path g € P(1'g), such that

(Uyry6,V) ~awe (FUrV) - q)((f(U),r,e, [(V)) - A(Ur_cV)).

Proof. By Lemmas 3.3.5 and 3.3.6 we have

(Usr,e, V)~ (J(U)RU), rye, f(VIR(V)).
By Lemma 3.3.11 we have

(S(ORU),r,e, F(VIRV)) ~e, (fF(U)re - au - fFVIRV)(F(U), e, 1) - Wif(V)R(V))

for some ¢ € P(I'g) and W; € Y*. By Lemma 3.3.9 we have

FOre-qu- J(V)R(V) 0, J(UPV) - g
for some g € P(T'g). By Lemmas 3.3.5 and 3.3.6

(f(U)sr,e,1) - Wi f(V)R(V) ~ (f(U), 7,6, f(V)) - W

for some W € Y. Using Lemma 3.3.7 and the above results we can get that

(Uyr,6,V) ~ae, (f(UreV) - q)((f(U),r,e, f(V)) - W).

Thus there is a path p_ € P_(I') from f(Ur_.V)W to Ur_.V. By Lemma 3.3.5 and the
definition of A, we have W = h(Ur_.V) . O

Proposition 3.83.13. Letp € P(T"). Then there exist pathsp, € Pr(T), p_ € P_(T), g =
f(p)) - ¢ with ¢ € P(Tg), g=q - h(7(p)) with § € P(T'4), such that

P Xcyuc, P+qap-,

where T(py) = f((p)){e(p)), (p-) = f(r(p))h(r(p)).
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Proof. We will prove the result by induction on the length of p. If p consists of a single
edge (U,r,e,V), then the result is an immediate consequence of Lemma 3.3.12 (if r € R),
Lemma 3.3.10 (if » € S), or Lemma 3.3.5 (il r € T'). Let p = p1e, where ¢ is an edge, p,
has length less than that of p. Then by the inductive hypothesis we have

p1 e ((p)) - @)@ - h(r(p1)),

e e, (f(ee)) - ) (@ - h(T(p))),
where qidj € P(Ts), @yd € P(Ta), and dgl) = be(p)),7(@) = [(r(p)), (&) =
f(r(p1)),e(qy) = h(r(p1)). By Lemma 3.3.7,

P ~awe, (FUp)) - @)@ - A(r(p)) (S (ue)) - 42)(a; - h(7(p))).

Since the relations used in the path ¢ - A(7(p1)) and the relations used in the path

f(e(e)) - ¢y are disjoint, we can get (see Figure 3.8)

(@ - (7 (p)))(f(e(e)) - g2) = (f(e(p)) - 2)(q - A(7(p)))-

a {7 (p1))) F(e(p)) v
T g —t&(7(p)
fe) %

Figure 3.8
Let ¢ = q1¢5, ¢ = §yd,- Then
142 142
P ~owe (F(e(p) - )@ - h(r(p))),

where ¢(¢') = h(c(p)), 7(T) = f(7(p)). =

30




Corollary 3.8.14. If p is a closed path in T, then there exist paths p, € Py (1), q¢ =
f(e(p)) - ¢ with ¢’ a closed path in U'g, § = ¢ - h(t(p)) with § a closed path in T4, such
that

P ~cyue, P+qaps’s
where T(py.) = [(«(p))h((p)).
Proof. By Proposition 3.3.13, we just need to show that ¢’ and ¢ are closed paths and
P~ pit.

Since ¢(p) = 7(p), we have

) = h(e(p)) = h(r(p)) = 7(q),
and
Uq') = f(dp)) = f(r{p)) = 7(7).
Because p_py € P(T) and u(p-pi) = f(r(p))h(7(p)) = f(u(p))1(u(p)) = T(p-ps), by
Lemma 3.3.4 we have p_py ~ 1. Thus p_ ~ p;'. Ol
Let C3 C PA(T4) and Cy C PP (T'p) be such that ~g,= P@(T4), ~eg,= PA(I'p).

Corollary 3.3.15. Let C = CyUC; UC3UCy. Then ~¢ = PE(D),

Proof. Let (p1,p2) € P@(T). By Proposition 3.3.13, p1 ~¢ prqifip—, p2 ~c P q2G2p’,
where py, py € Py(T), p—,pL € P_(T), ¢ = [(p:))-g} with ¢} € P(Ts), & = G-h(r(pi))
with ¢ € P(T'4) (i = 1,2). Since ¢(p1) = ¢(pg) and 7(p;) = 7(p2), we have

7(p+) = F(lp)h(e(py)) = J(e(p2))(e(p2)) = (p}),
u(p-) = F(r(p))A(T(p1)) = f(7(P2))2(r(p2)) = o(pL).

Hence py ~¢ py, p- ~¢ p_ (by Lemma 3.3.5). It is easy to see that ¢(q}) = h((p:)), 7(q}) =

h(r(p:)) (i = 1,2). So u(q1) = (@), 7(q1) = 7(g3). Thus (¢}, ) € PP(I'p). Since
~g, = PO (), and Cy C C, we have ¢} ~¢ ¢, and hence q; ~¢ qp. Similarly,
dq) = fdp)) = f(lp2)) = o[@) and 7(q) = [(r(p)) = J{r(p2)) = 7(g3), s0
(41, @) € PA(T,). Since ovg, = PA(T,), and C3 C C, we have §, ~¢ ¢, and hence,

G1 ~c G2- Thus py ~¢ praGip- ~c¢ plyqeGopl. ~¢ pa2. Therefore ~¢ = P(z)(F). J
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Proof of the Theorem 3.3.1. If A and B are F' DT, then we can assume P4 and
Pp are finite presentations, and Cj3,Cy are finite set. So P is a finite presentation and

C is a finite set. By Corollary 3.3.15, ~¢ = P3)(I"). Hence A xg B is FDT. 0

3.4 FHT for semi-direct products of monoids
Theorem 3.4.1. Let A, B be monoids, and let  : A — End(B) be a monoid homo-
morphism. If A and B are FHT, then so is the semi-direct product A g B.

Proof. Let Pa, Pg, P, I's, ' and ' be as in last section. Suppose P, and Pg are
finite, then so is P. Let Dy = D(P4), P = D(Pp) and D = D(P). The inclusion
map from P4 to P induces a mapping of 2-complexes ¢4 : D4 — D. Then the mapping

¢4 induces a chain map from the chain complex
af ' af
0 — Co(Da) - C1(Da) — Co(Dy) — 0
of D4 to the chain complex
0 —s Cy(D) 2 C1(D) 24 Co(D) — 0
of D, and this chain map then induces a homomorphism
« . (b) (b) A T £
&y (Pa) —my (P), 2, +Imdy — 2z, + [m0y,

where p = €' ---€}* is a closed path in Dy (e; a positive edge, ¢; = +1, i = 1,--- k)

and z, = Zle g;e;. Similarly, we have a homomorphism
b5 7 (PB) — 7 (P), Zg + ImOP s z, + Im0y,

where ¢ is a closed path in Dp.

If A and B are FFHT, then there exist a finite set X, of spherical monoid pictures
over P, and a finite set X 5 of spherical monoid pictures over P g such that the elements
z,+Imd3 (p € X ) generate the bimodule 7P(P4) and the elements z,+Imd2 (g € X )

generate the bimodule ng)('PB) (see §3.1.2). Let

X3={pg ' :(p,q) € CrLUC:},
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where 'y and (s are as in Section 3.3. Then X3 is a finite set of spherical monoid pictures
over P. Let
X - X1 U Xg U Xa.

Then X is a finite set of spherical monoid pictures over P. We want to show that the
elements z, + Im0d; (p € X) generate the bimodule ng)(’P).

For any spherical monoid picture p over P, by Corollary 3.3.14 we have

P ~ciuc, P+qaps

where py € Py(T), ¢ = f(c(p)) - ¢ with ¢’ a closed path in Pg, = ¢ - h(c(p)) with ¢ a
closed path in Dy. Thus

Zp + 1m0y = (2py + Ima) + (2, + Im0a) + (24 + Im02) — (2, + [M0O2)
- Z eidi(z; + Imds)d;,

where €; = +1, di,d, € M = A xg B and z; = z,, for some p; € X 3. Note that
2g + IOy = [f(e(p)m(zg + Inda),
Zp+ Imdy = ¢(zy + ImdP)
= d)*B(Z g;bi(z; + [?713?)69)
i
= Z eibi(z; + Imy)b,,
1

where ¢; = £1, b;,b; € B, z; = z,, for some p; € X,. We also have

2z + Im0y = (25 + Imd)[h(e(p))]

Zg! + ['fnag = ¢A( q T‘l'l.ag )

= (Z epak( 7k+1n182) )
%

= E Ekak zn + f?nag)a;‘_.,
k:
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where e = £1, ay,a), € A and z;, = z,, for some p; € X;. So
zp + Im0y = Z Enty (2n + Imdy)d,,

where €, = %1, d,d, € M and z, = z,, for some p, € X. Since every element of
7 (P) has the form of a finite sum Y3 (z, + Imdy) for some spherical pictures g over P,
the elements z, + Imd, (p € X) generate the bimodule 7{(P). Thus M = A Xg B is
FHT. O

3.5 Second order Dehn functions for direct products
of monoids

Let A, B be monoids. Let P4 = [X; R] and Pp = [Y; 5] be finite monoid presentations

for A and B respectively, where X and Y are disjoint. Then
P=[XUY;R,ST]

is a monoid presentation for M =: A x B, where T denote the set of relations yz =

zy (z € X,y €Y).

»
|
|
| Let T'4,I's and I' denote the graphs associate to P4, Pp and P respectively(l'4
! and I's can be considered as subgraphs of I'). Let I' denote the subgraph of I' which

has the same set of vertices as I', but which contains only those edges (U,t,e,V) of T
with ¢ € T, U,V € (X UY)*, ¢ = £1. By P.(T) (respectively, P_(T)) we denote the
set of those paths in I' that only contain edges of the form (U,t,+1,V) (respectively,
(U, t,—=1,V)) . Let D = D(P) be the associated 2-complex.

We define two homomorphisms
FrXuY)y — X", f(z)==z,flyy=1 (z€e X,yeY),

g (XUY) — Y7, glz)=1Lg(y) =y (z € X,y €Y).

Because the direct product of monoids is a special case of semi-direct products of

monoids, by Lemmas 3.3.3, 3.3.4, 3.3.5 and 3.3.6 we have the following four lemmas.
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Lemma 3.5.1. Let p € P(T'). Then there exist paths p, € Pr(T) and p_ € P_(T) such

that p ~ pyp_ in D. [

Lemma 3.5.2. Letp € P(D). Ifu(p) = UV, 7(p) = U'V', where U,U’' € X*, V,V' € Y*,
thenU =U", V=V andp~1inD. O

Lemma 3.5.3. Let W € (X UY)*. Then there is a path pw € Py(T) from W to
FW)g(W). If p € Pr(T) is a path from W to UV for some U € X* and V € Y*, then
U= f(W), V=g(W) and pw ~ p in D. ]

Lemma 3.5.4. Let p € Pr(T), g€ P(I'). Then
up) - q ~ ps(7(p) - @)p-,
q-dp) ~ pila-m(p))rl,
in D for some py,pl, € P (1) and p_,p" ¢ P_(T). O

For each r € R, where r : ryy = r_; , and each y € Y, by Lemina 3.5.3, there is a

path ¢., € P.(T) from yry; to royy, and a path Qry € P- (T') from r_yy to yr_;. Let
X1 = {(yﬂ” -1, 1)(]7‘,9(1,7“: +17y)q1",y 'r € Ry € Y}'

Then X is a finite set of closed paths in D.
For each s € .S, where s : s11 = 51, and each @ € X, by Lemma 3.5.3, there is a path

Pse € P4(T) from sy @ to sy, and a path p, , € P_(T) from ws_; to s_x. Let
Xy ={(1,s,—1,2)pse(z,s,+1,1)p, , : s € 5, . € X}.
Then X, is a finite set of closed paths in D.

Lemma 3.5.5. Let (U,r,e,V) be an edge in I' with v € R. Then there are paths p, €
P, (T) and p— € P_(T) such that

(U7 &, V) ~X, p+(f(U)= reE, f(V)g(UV))])__

in D, and py(f(U),r,e, f(V)g(UV))p~ can be obtained from (U,r,e, V) by l(g(U)) oper-
ations of type (I11) and some operations of type (1) and (11).
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Proof. By Lemmas 3.5.3 and 3.5.4, we have
(U,r,e, V) ~ pu(f(U)g(U)s e, Vs
in D for some p; € Py(T') and p} € P_(T). By the definition of X ; we have
(f(U)g(U),r,e, V) ~xy p2(f(U),7,€,9(U)V)ph

in D for some p; € P(T) and p,) € P_(T), and po(f(U),r,e,9(U)V)p, can be obtained
from (f(U)g(U),r,e,V) by {(g(U)) operations of type (III) and some operations of type
(I) and (II). By Lemmas 3.5.3 and 3.5.4 we have

(]((U)v ) 5>g(U)V) ~ pB(f(U)a &, /(V)Q(U‘/))pé

in D for some ps € Py(T) and p, € P_(T). Let py = pipeps and p_ = p\phphy. Then we

can get the result. O

Lemma 3.5.6. Let (U,s,g,V) be an edge in I' with s € S. Then there are paths g €

P (T') and q_ € P_(I') such that

(Ua S, €, I/) ~X, q_|_(f(UI/)g(U),S,E,Q(V))q_

in D, and q.(F(UV)g(U),s,e,9(V))g- can be obtained from (U, s,e,V) by L(f(V)) oper-
ations of type (II1) and some operations of type (I) and (II).

Proof. By Lemmas 3.5.3 and 3.5.4, we have
(Ua 5, €, V) ~ ql(U7 $,8, f(V)g(V))q;
in D for some ¢; € Py.(T) and ¢ € P_(T). By the definition of X, we have
(U, s,e, f(V)g(V)) ~x, (US(V),3,¢,9(V))d
in D for some gz € Py (T) and ¢, € P_(T), and q(Uf(V),s,5,9(V))g, can be obtained
from (U, s, g, f(V)g(V)) by I(f(V)) operations of type (I1I) and some operations of type
(I) and (II). By Lemmas 3.5.3 and 3.5.4, we have
(UF(V)y5,,8(V) ~ 6 FUV)g(U) 5,6,V )

in D for some gz € Pr(I') and ¢4 € P_(T). Let ¢r = q1q2q3 and q_ = ¢\ ¢bqs. Then we

can get the result. O
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Lemma 3.5.7. Letp be a path in I'. Then there exist paths py € Py(T'), p— € P_(T"), qa €
P(T4) and gg € P(I's) with u(qa) = f(u(p), 7(qa) = f(7(p)), tlgs) = g(e(p)) and

7(q) = g(7(p)) such that

P ~x,0x; P9 - 9(e(p))) (S ((p)) - aB)p-

in D, and py(ga-g(t(P))(f(7(p))-qB)p- can be obtained from p by at most mn operations
of type (I11) and some operations of type (1) and (II), and A(p) > A(qa) + A(gs), where

n = A(p) and m is the mazimum of [(c(€)) for all edges e in p.

Proof. If p consists of a single edge, then the result is an immediate consequence of Lemma
3.5.3 or Lemma 3.5.5 or Lemma 3.5.6. Now let p = pe, where e is an edge of p and p; is

a subpath of p. Inductively we have

P ~xux, P+(ga 0 g(e(p)(F(m(p1)) - aB)p- (1)

with n — 1 > A(p1) = A(ga) + A(gs), and

e ~xy0x, Py (ga - g(e(e)))(F(7(p)) - a5)pl (2)

with 1 > A(q)) + A(¢). So we have

P ~xux; P+(qa - g(e(p))(F(7(p1)) - a)p-p4 (dh - 9(U()))(S(7(p) - d5)P-.

Since p_p, € P(I') and «(p_p/,), T(p-p'y) € X*Y™*, by Lemma 3.5.2 we have p_p/, ~ 1 in

D. Note that ¢(qy) = f(ule)) = f(7(p1)), 7(g8) = g((p1)) = g(e(€)), HgB) = g(up1)) =
g(e(p)), m(¢4) = f(r(e)) = f(r(p)). By use of Pull -down and push-up, we have (see
Figure 3.9)

(F(r(p1)) - a8)(da - 9(ele))) ~ (di - g((P)))(f (7(p)) - a5)

in P. Thus

P ~xiux, P(ga 9((p))ds - 9(e(p))(f(m(p)) - 48)(f(7(p)) - d)P"
~xux, P+((2ada) - 9((p)(F(7(p)) - (aBaB))P-
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Igure 3.9

with A(p) =n > A(qadq)y) + A(gsgl). From the left side to the right side of (1) we need
at most m(n — 1) operations of type (III), and from the left side to the right side of (2)
we need at most m operations of type (III). Thus totally we need at most mn operations

of type (I1II). |

Theorem 3.5.8. If A and B are F'DT, then

771&:1:{’7&2), ’yg)} = f?ffiB = 771(4:6{'3/512), &S)} +n
Proof. Because A and B are retracts of A x B, by Theorem 3.2.8 we have

~(2 ~{2 ~ (2 ~(2
751) = vﬁliB, ’n(s) = 'rﬁxla

Thus
maz {7y, 7} 2 355
Let X3 and X4 be finite trivializers of D(P,) and D(Pp), respectively. Then by
Lemma 3.5.7 we know that X = X, UX,U X3U X, is a finite trivializer of D = D(P).
Let Y, be the set of all closed paths p in D with the property that every arc of p

meets a disc and A(p) < n. Let
c=maz{l(r.),l(s:),l:7 € R,s € S,e = +1}.
I'or each p € Y',,, we have

maaz{l(c(e)): for all edges e of p} < cn.
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By Lemma 3.5.7 we have

P ~x0x; P(ga - 9((p))(f(7(p) - a5)p-
in D, and A(qa)+A(gs) < A(p) < n. Because t(py) = 7(p-) and 7(py) = ¢(p-) € X*V™,
by Lemma 3.5.2 we have p_p; ~ 1. So p_ ~ p3'. Thus

P ~x,0x, P+(aa - 9((p))(F(7(p)) - a8)py

in D. Since py(ga - g(e(P)))(f(r(p)) - g)p3:' can be obtained from p by at most (cn)n

operations of type (III) and some operations of type (I) and (II), we have

VP,X(P) < prmxs (ga) + V’PB,X,I(‘]B) + (en)n
= f?%AyXe\(A(qA)) + &%’?B’Xé(A(qB)) -+ cen?
<

?nam{’ygmxa , :Y%)B,X4 }(n) + en®.

Now let ¢ be any closed path in D with A(g) = n. By Lemma 1.7.5 we know that ¢
has a conjugate which is equivalent to a non-skewed spherical picture ¢’ of area n in D.

Thus ¢’ has the form as in Figure 1.16, where p; € Y ,,, (¢ = 1,2,--- ,m) and >~ n; = n.

So
Tp (0) = Vp x(d) < Z P x(7)
< Z (mae(3y AP Hou) + en?)
i=1
< 772(1:6{%%2-,)}[‘}{3,&%)B’Xd}(n) + en?.
Hence ’yﬁ)(B < maz{¥D, 5P} 4 n2. O

Theorem 3.5.9. If A and B are FHT, then

ma:c{%(f), 7](32)} = 'yle = 1ncw:{fy£12), 7](32)} + n?.

Remark. This theorem generalizes a result in [4] from groups to monoids. The
n? term for groups needs some ingenuity, whereas it falls out naturally in our proof for

monoids.
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Proof. By Theorem 3.2.8 we have

2 2 2 2
'Yﬁx) = '7,(4>)<B7 %(9) = 7£1>)<B‘

Thus
maz {7}, 75"} X vins-

Let X35 and X' be finite sets of spherical pictures over P4 and P g such that ¢4 :=
{2, + Imdf : p € X4} and cp := {2, + [mBB : g € X'} are generating sets of 7{(P4)
and (P p), respectively. Let ¢ = {z, + Imdy: p € X1 U X,U X, U X }. Let ¥, and
¢ be as in the proof of Theorem 3.5.8. Tor each p € Y,,, by Lemmas 3.5.7 and 3.5.2 we

Lhave
P ~x,ux, P+(qa - g(p)))(f(r(p)) - gm)p3!

in D, and A(qa) + A(gs) < A(p) < n. So

zp + 1m0y = (2g, + Im&) [q(e(p))lr + [F(7(p))]In (245 + Im2)

+ Z €jdi(zj + Imdy)d;,

J=1
where z; = 2, for some p; € X, U X, g; = %1, d;,d; € M, and m; < (en)n (for
p(qa - gP))(f((p)) - ¢B)p:"' can be obtained from p by at most (cn)n operations of

type (III) and some operations of type (I) and (II)). Let

moy

Zq, + Imdf = Z giai(z + ImOg)dl,
1=1
ma

Zgp T+ ImdZ = Z?Skbk,(zk + Im@f) ;m
k=1

where g; = &1, a;,al € A, z; = 2z, for some p; € X3, e, = £1, bg, b, € B and z; = 2,

for some p, € X, and my = Vp , caa), ma=Vp_ (g5). Then

Zg, + 1m0y = ¢(z, + fm@f)
ma
= qﬁ}( E eiai(z + ]7718?)(22)

=1

ma
= Z eiai(z + Imdy)al,

i=1
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2ep + 1m0y = ¢z, + [m@f)
ma
= QB*B(Zekbk(zk + quzaf)b;)

k=1
msa

= Z erbr(zr + Imdy)bi,.

k=1

Thus

IN

Vp (p) S mi+ma+ms Vp o (qa) +Vp, . (g8)+ (cn)n

vy (Algn)) +7p (Algs)) + e’

IA

< ma:c{'yﬁgm%,fy%)&%}(n) + cn?.

Now let ¢ be any closed path in D with A(¢) = n. By Lemma 1.7.5 we know that ¢
has a conjugate which is equivalent to a non-skewed spherical picture ¢’ of area n in D.
Thus ¢ has the form as in Figure 1.16, where p; € Y,,, (1 =1,2,--- ,m) and ) *, n; = n.
So

Vp (@) =Vp (@) < 3 Vp ()
=1

m

< (2) (2) _ 2
< Z (771&:1:{7,},}‘7%,W?B’CB}(m) + cnz)

i=1

2 2
< mam{fy,gm%,fyfp)}a’%}(n) + cn?.

Hence 'Y£12>)<B = ma:v{fyﬁf), fyg)} + n O
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Chapter 4

FDT, FHT and second order Dehn

functions of monoids II: Small

extensions and relative monoids

Abstract

In this chapter we continue to consider F'DT, FFHT and second order Dehn [unctions
for some monoid constructions, such as small extensions and relative monoids. We get
that the class of F' DT monoids and the class of FHT monoids are closed under small
extensions. For a relative monoid S = S(R) with a coeflicient group H, if LG(R) or
RG(R) is cycle-free, then S is FDT (respectively, FHT') if and only if H is. We also get

some relations between the second order Dehn functions of S and H.

4.1 Small extensions of monoids

4.1.1 FDT for small extensions of monoids

Suppose a monoid S is a small extension of a monoid 7', that is, 7" is a submonoid of

finite index in 5. Let Pp = [A; Ry] be a finite presentation for 7. Then S has a finite
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presentation

PS = [Aa S\T: Rla R?«]a

where Ry = {(sa, p(s,a)), (as, Aa,s)), (ss', n(s,s")):s,s" € S\T, a € A} for certain
elements p(s,a), Aa,s),m(s,s) € A*U(S\T). Let I'p and I's denote the graphs asso-
ciated with P and Pg respectively (I'y can be considered as a subgraph of I's). Let
I" denote the subgraph of I's which has the same vertex set as I's, but which contains
only those edges (U,r,e, V) of I's with r € Ry, U,V € (AU (S\T))*, e = x1. By Py (I')
(respectively P_(I')) we denote the set of those paths in I' that only contain edges of the
form (U, r,+1,V) (vespectively (U,r,—1,V)) .

Then Lemma 2.3.3 can be written as the following

Lemma 4.1.1. For every U € (AU (S\T))*, there is a path p € Py(T') from U to some
U' e AxU(S\T).

For any r € Ry U Ry and 51,89 € (S\T)U{@}, by Lemma 4.1.1 we can choose a path
Porrsrse € Pp(l") from sy74985 to some V€ A* U (S\T), and a path py, ;. € Pp(D)
from syr_y35 to some V' € A* U (S\T'). Since 817118, = s;7_182 holds in S, we have
V =V’ holds in S. Thus either V=V’ € S\T,or V,V' € A* and V = V' holds in T". So

there is a path ¢, ,s € P(I'r) from V to V’, where

P(FT) = P(FT) U {13 RS S\T}
Let

Oi = {((31,?‘, '|'1v32)7p51,7'+1,52Qsl,r,52p;11,7~_1,s2) L 81, 82 S (S\T‘) J {@}’71 c Rl U Rg}

Then C; C P3)(Ts).

For any s € S\T, z,a’ € AU (S\1), s1,s2 € (S\T) U {@}, we can choose a
path Py, g(es)ens € Pi(T) from sy¢(z,s)a’s; to some V€ A* U (S\T), and a path
Dy wap(s,)s; € P (I) from syzap(s, 2')sy to some V! € A*U(S\T'), where ¢(z,s) = A(z, s)
ifz e A or ¢(z,s)=n(z,s)if z € S\T';¢(s,2") = p(s,z') if 2’ € A, or Y(s,2") = n(s, ')

if @ € S\T. Since s;¢(x,s)a'sy = sizP(s,2)so(= siwsa’sy) holds in S, we have
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V=V eS\T,orV,V' € A*and V = V' holds in 7". So thereis a path gs, 5,5, € P(I'r)

from V' to V. Let

Cy = {(Ply 2,00 032 P )ise S\T,z,2" € AU(S\T),s1,s2 € (S\T)U{@}},

. 5!
851,%,8,87,82

where p’sw,s’%.,’sg = (81, (ws, P2, 8)), +1, 2'$2)Ps; b(e,8),07, 525
P vt sy = (818, (82,0(5,2)), 1, 82)Psy wh(s,07),50 To1 ,8,27,55 -

Then Cy C PA)(Ig).

For any s,s" € S\T, a € A, 51,85 € (S\T)U{@}, we can choose a path p,, ,(s.a),s"s €
Py (T) from s1p(s,a)s'sy to some V € A* U (S\T), and a path p,, s r(a,s),5, € FPo(L') from
s18A(a, 8")sg to some V' € A*U (S\T'). Since s1p(s,a)s'sy = s15A(a,s')sz(= sisas’sy)
holds in S, we have V = V' € S\T, or V,V' € A* and V = V' holds in T'. So there is a

path gs, sass € P(T'r) from V' to V. Let
C3 = {(d)y 050500 Dovysa,stsn) * @ € Ays, 8" € S\T, 51,80 € (S\T) U{@}} € PO(Ts),

where qgl,s,a,s’,SQ = (81, (8, p(s,a)), +1,8'52)Ps; 0(5,0),5%,5 5

" . / ! :
Usi,s,a,8',82 — (313’ (CLS ’ )\(CI,, § ))’ +l7 52)}751 v$,Ma,5"),52 9s1,5,a,8" 52+

Let
C'=Clucyucy c PO().

Lemma 4.1.2. For any edge ¢ in U's, there exist paths py € P (), p- € P_([') and

q € P(I'r), such that 7(py.),u(p-) € AU (S\T), and e ~c1 prqp-.
Proof. Let e = (U,r,e,V), where U,V € (AU (S\T))*, r € R{URs, ¢ = 1. By Lemma
4.1.1, there are paths p; € P (I') from U to some U’ € A* U (S\T), and p; € Py(I') from
V to some V' € A* U (S\T'). By use of Pull-down and push-up, we have
e ey (prreV)(U're - p) (U, V(o - ro V) (Uree - p3 ).
(See Figure 4.1.)
By the construction of Cf, it is easy to see that
(va e, VI) = ]Jquchu
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where p3,ps € Pr(l'), ¢ € P(I't). Thus
€ =¢p P+qP-,

where py = (p1-7:V)(U're - pa)ps € Py (L), p- = pi* (pr ' r-V)(Ur—c-p;t) € P(T). O

Lemma 4.1.8. For any lwo edges ey, ey in Py(1), if (e1) = t(ez), then there are paths

p,p € Py(), and g € P(T'7), such that v(p),r(p') € A*U(S\T), and e1p ~c eap'q.

Proof. If ¢; = ey, the result is true. Suppose e; # ey Since c(ey) = t(ez), only the

following three cases can occur.
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D). er = (Uy,r1,+1,Usrg 41Us), e = (Uiry 41Uz, 72,41, Us), where Uy, Us, Us € (AU
(S\T))*, r1 = (r1,41,71,-1) € Ry and ry = (rg41,72,-1) € Ra.

9. e = (Us, (x5, d(x,5)), +1,2'Ts), es = (Urz, (52,9 (s, 27), +1,Uy), where Uy, Uy €
(AU(S\T))*, z, 2’ € AU(S\T), s € S\T, ¢(z,s) = A(z,s) if z € A, or H(z,s) = n(z,s)
if @ € S\T; (s,2") = p(s,z’) if 2’ € A, or ¥(s,2") = n(s,2’) if 2’ € S\T.

3). er = (U, (sa,p(s,a)),+1,8Us), Ey = (Ups, (as', Ma, s')), +1,U,), where U5, U, €
(AU(S\T))*, a€ A, 5,8 € S\T.

For the case 1), we have eje] ~¢r eachy, where ¢ = (Urry —1Us, 7o, +1,Us) € Pr(1), e; =
(Uy,ry,+1,Usrg 1Us) € Pi(T"). By Lemma 4.1.1 there is a path p; € Py(I') from
T(e}) = 7(ey) to some V € A*U (S\T). Let p = ¢eip € Pr(I), p' = ety € Pi(T).
Then 7(p), 7(p') € A* U (S\T'), and e1p ~cr exp'.

For the case 2), we can choose paths p; € Py (I") from U; to some Vi € A* U (S\T),
and py € Py(T') from U, to some V, € A* U (S\T'). Then we have

61(U1¢($> S)SL"' : pQ)(pl : ¢($> ‘S)x,"é) dol ]JB(VI’ (:CS, qb(:z:, 3))7 +17$IV2)
with ps = (p1 - xs2’Uz)(Vizsa' - pg) € Pr(T) (see Figure 4.2), and
e2(Uratp(s, ') - p2)(p1 - wip(s, 2)Va) ~o ps(Viw, (sa', (s, 2")), +1, Va).

By the construction of C, it is easy to see that there exist paths ps,ps € P (') and

q € P(I'7), such that

(Vh, (zs, 9z, ), +1,2"Va)ps o (Vi (s2',4(s, 2")), +1, Va)psq.
Let
p = (Uig(z,8)z" pa)(p1 - d(z,s)2'Va)ps € Pr(L'),
P = (Uiatp(s,2") - p2)(p1 - wip(s,a")Va)ps € Py(D).

Then e1p ~cr e2p'q, and 7(p), 7(p') € A*U (S\T).
For the case 3), by the construction of C%, we can get the result (by an argument

similar to that used in case 2)). O
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For any V € (AU (S\1))*, let K and o(V) be defined as in Section 2.3.

For any edge e = (U, r,+1,V) in Py (I'), since r € Ry, we have a(ry ) > K+1 > K >
a(r_1). So a(UryV) = o(U) + a(ry) + (V) > a(U) + afr—y) + (V) = o(Ur_, V).
Thus a(i(e)) > a(r(e)).

Lemma 4.1.4. For any two paths py,py € P(1), tf «(p1) = {p2), then there are paths

Py, s € Pr(T) and g € P(I'p) such that 7(p)), 7(ph) € A* U (S\T) and p1p| ¢ p2phq.

Proof. We will prove the result by induction on the non-negative integer a(¢(p;)).

If ce(¢(py)) = 0, the result is true. Suppose the result is true for the case a(c(p1)) < n.
We consider the case of a(ip1)) = n.

If one of p; is the empty path, the result is true. So let py = e1p1, p2 = e2pz, where ¢;
are deges in P.(I') and p; € P(I'). By Lemma 4.1.3, there are paths p/,p” € P(T") and

g € P(T'r) such that 7(p), 7(p") € A*U (S\T") and
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(1) erp o e’

Now pr,p’ € Pr(T), «(pr) = ¢(p'), and a(e(pr)) = a(r(er)) < a(e(er)) = ale(pr)) = n,

so by the induction hypothesis and the fact that 7(p’) € A* U (S\T7), there are paths

pi € P.(T) and ¢ € P(I'r) such that 7(p}) € A* U (S\T) and

(2) PPl o plar.

Similarly, there are paths p, € P (T') and ¢ € P(I'r) such that 7(p}) € A*U(S\T) and

(3) Paph o P

Now by (1), (2) and (3) we have
pipy = eipipy ~or e’ g o eap”'q' gy,
/] _ /!
PaPy = €2p2Py =0 €D Q2.
Let ¢ = ¢;'¢'q. Then g € P(I'7), and pip) ~cr eap”q2q5 ¢’ ~cr p2pha. O

Corollary 4.1.5. For any two paths py,p2 € Pr(I), if t(p1) = t(p2) and 7(p1), 7(p2) €

A*U (S\T), then there is a path g € P(I't) such that py ~c pagq.

Lemma 4.1.6. For any path p in I's, there exist paths py. € Py(I'), p- € P_(I') and

q € P(T'r) such that 7(ps),(p=) € A*U (S\T) and p ~¢' pyqp-.

Proof. Let p = ereq- - em, where ey, ez, , e, are edges in I's. By Lemma 4.1.2, there

are paths p;, pi € Py(T) and ¢; € P(T'r), such that 7(p;), 7(p;) € A*U (S\T) and e; ~¢»
phap;t (1=1,2,--- ,m). Thus
P~ PLaupy Padeby DG
Since ¢(p;) = ¢(pliyy) and 7(p:), 7(piy,) € A* U (S\T), by the Corollary 4.1.5, there is a
path ¢/ € P(I'r), such that pl,, ~cr piql, so p'piyy ~cr g} (i =1,2,-+ ,m). Thus
P o Papy
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where ¢ = (14,9295 * - @by 1Gm € P(T'7). O
Suppose ~p= P#(I'7) for some B C PA)(I'r). Let C = BUC".
Lemma 4.1.7. ~z= P®)(T's).

Proof. Tor any (p1,ps) € P®(Ig), by Lemma 4.1.6, there are paths py,p). € Py(I'),

p—,p_ € P_(T') and ¢q1,q2 € P(T'r) such that 7(py), 7(p),e(p-),e(pl) € A* U (S\T),
1 g pyqp- and py >~z pl@pl. If one of 7(py), 7(p)), (p-),¢(pl) is in S\T', then
m(py) = 7(ph) = ¢(p-) = (pl) = s € S\T', and q1 = @ = 1, (for ¢(py) = o(p)), 7(p-) =
7(p_)). By the Corollary 4.1.5 we can get that py >~ p/,p- ~z p. Hence

P g pip- e PPl g pa.

Now suppose that 7(py), 7(pl),c(p-),e(p_) € A*. Then g,q2 € P(I'p). By the
Corollary 4.1.5, there are paths g3, q4 € P(I'r) such that py ~ pl g5 and p- ~z ¢;'p_.

Since (g1, g5 ' q2q4) € P@(I'r) and ~p= P®)(I'1), we have 1 ~7 ¢; 'g2q4. Thus

P1 g PGP g Padads Gaqady Pl g Pyap’ g pe.
Therefore ~z= PP (Tg). O
Theorem 4.1.8. Let S be a small extension of T'. If T' is F7DT, then so is 5.

This theorem appears in the paper [80]. It answers part of the Open Problem 11.1
posed by Ruskuc ([75]).

We remark that the converse of this theorem remains open.

Proof. If T'is F'DT, we can choose B finite. Then C is finite and so since ~gz= P®)(T'g),
Sis FDT. !

4.1.2 FHT for small extensions of monoids

Theorem 4.1.9. Let S be a small extension of T'. If T is FHT, then so is S.
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Proof. Let Pr, Ps, 'y and ['s be as in Section 4.1.1. Suppose Pr is finite, then so is
Ps. Let Dy = D(Pr) and Ds = D(Ps). The inclusion map from Pr to Py induces a
mapping of 2-complexes ¢ : Dy — Dg. Then the mapping ¢ induces a chain map from

the chain complex
aT aT
0 — OQ(DT) _2_> OI(DT) —l—) Co(DT) — 0
of Dy to the chain complex
a5 ay
00— Cz(Ds) —_— Cl(DS) Ly Co(Ds) — 0
of Dg, and this chain map then induces a homomorphism
P wg”)(?T) — 'n‘gb)(’Ps), zp + [mag — Zp + ]m@f,

where p = ef' -+ - €}* is a closed path in Dr (e; a positive edge, g; = £1, 1 = 1,--- k)
and z, = Zle ;€.

If T"is F'HT, then there exists a finite set Xy of spherical monoid pictures over Pr
such that the elements z, + Imdf (p € X,) generate the bimodule 7(Pr) (see Chapter

3). Let
Xo={pg" : (p,q) € C'},
where C" is as in Section 4.1.1. Then X is a finite set of spherical monoid pictures over
Ps. Let
X =X,UX,.
Then X is a finite set of spherical monoid pictures over Ps. We want to show that the

clements z, + Imd; (p € X) generate the bimodule Wéb)('Ps).

For any spherical monoid picture p over Pg, by Lemma 4.1.6 we have

b =cr p+gp-,

where py € Pyp(), p- € P_(I') and q € P(I'r) with 7(p4),e(p-) € A* U (S\T'). Since
t(py) = o(p2h), m(p+), T(p2") € A*U(S\T) and py,p_' € Po(I), by Corollary 4.1.5, there
is a path ¢’ € P(T'y) such that py ~c p_'¢’. Thus

P ~c p= q'qp-,
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and ¢’q is a closed path in P(I'r) = P(I'r) U{l, : s € S\T'}. So
2p 4+ ImdF = —(z,_ + ImB5) + (244 + ImO) + (2p_ + [mD5)

-+ Z SiSi(Zi + ]7’!185)8;,

where €; = +1, s;,8 € S and 2z; = z,, for some p; € X 5. We just need to consider the

case that ¢q is a closed path in ['y. Let
Zyq + IO = Zejtj(zj + Imdy )1,
J
where €; = £1, t;,t; € T, z; = zp, for some p; € X;. Then we have
s * T
Zgrg + IMO; = ¢*(241g + IM0Oy )
— q’)* Z ejtj(zj + Im@gw)tﬁ
J
= Zﬁjtj(Zj + [maf)t;-.
J
Thus
z, + Imds; = Z eiti(z + Imd3 )t} -+ Zeisi(zi + Imdy)s!.
j i

Since every element of Trgb)('Ps) has the form of a finite sum >_(z, + Imd5) for some

spherical pictures g over Pg, the elements z, + [mds (p € X ) generate the bimodule

7 (Ps). Thus §is FHT. O

4.2 Submonoids with ideal complements

Let S be a monoid, and let Sy be a submonoid of S such that S\Sp is an ideal of S, that
is, 8189, 8281 € S\\Sp for any s; € S\Sp and s, € S.

For each monoid presentation P = [X; R] of 5, let
X():{.’EEX[CL]ESQ}QX,

Ry = {7’ e R: Ty1,7-1 € Xg} C R.
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We want to show that Po = [Xo; Ro] is a monoid presentation of Sg, and for any r € R\ Ry,
both 7,1 and r_; contain at least one letter in X'\ Xo.

Let

1/) : Xg — S(), To — [5‘30] (&70 € Xo)

Because Ry € R, ¥ can induce a homomorphism
Tb* : XS/PRO — 507 {:CU]O — [:UO])

where pp, is the congruence relation generated by Ro. We want to show that i, is an
isomorphism.

For any sg € So, let 8o = [2122 -+ 2y, where z; € X* (1 = 1,2, ,n). If [2;] € S\5
for some ¢, then sg = [21 -~ - @i1][@s][@ips - - za] € S\ S0, & contradiction. So z; € Xo, 1 =
1,2,--+ ,n. Thus

¢*([$15E2 T xn]O) - [$1$2 T 'xn] = 80.

So 1. 1s surjective.

Let r € R with r. € X*\XJ. Then r. = UzV for some @ € X\X,, U,V € X*. So
ire] = [U][z][V] € S\So. If r_. € Xg, then {r.] = [r—.] € S, a contradiction. Thus for
any r € R, we have proved that if r. € X*\ X}, then r_, € X*\Xg. That is, for any
r € R\ Ry, both ry; and r_; contain at least one letter from X\ Xjp.

If . ([Wlo) = ¥u{[W']a) for some W, W' € X, then [W] = [W']. So there is a sequence

W=Wy, Wy, -+, Wp=W

such that W; = U;r; ., Vi and Wiy, = Uir, ., Vi for some r; = (r;41,7m,-1) € R and
U, Vie X* (e, =41, e =1,2,--+ ,m —1). Since Wy € X, we have Uy, V,r., € X{.
So 1q,-e; € X§, and hence W, € X§. Using induction on ¢ we can get that U;, V; € Xj
and r; € Ry for all 1. So [W]g = [W']p. Thus #. is injective. Hence Py is a monoid

presentation of Sp. Thus we have the following lemma.

Lemma 4.2.1. Let S be a monoid, and let Sy be a submonoid of S such that S\Sp is an

ideal of S. Then for each monoid preseniation P = [X; R] of S, we can get « monoid
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presentation Py = [Xo; Ro| of So which is a subpresentation of P such that both ryy and

r_i contain al least one letter from X\Xq for any r € R\ Ro. O

Conversely, let P = [X; R] be a monoid presentation, and let Py = [Xo; Ro] be a
subpresentation of P such that for any » € R\ Ko, both r4; and r_y contain at least one

letter from X\ Xg. The inclusion map ¢ : Py — P induces a homomorphism
¢dx 2 Sop — 5,

where Sy and S are the monoids defined by Py and P, respectively. A typical element of
So is an equivalence class [W]o, where W is a word on Xp; and a typical element of S is
an equivalence class [W], where W is a word on X. For any Wy € X and W € X*\ X7,
there is no path in D(P) from Wy to W (using the assumption on R\Ry). So if two
words Wy, W € X are equivalent in P, then they are also equivalent in Py. Thus ¢, is
injective. So we can consider Sy as a submonoid of S. For any s; € S\Sp and s € S, we
have sy = [Wi] and s; = [W;] for some W; € X*\ X and W, € X*. Since W W, € X\ X
and WoW; € X*\ X5, we have s155 = [W W3] € S\Sp and sgs1 = [WolW;] € S\Ss. Thus
S\ Sp is an ideal of 5.

Lemma 4.2.2. Let Po = [Xo; Ro] be a subpresentation of P = [X; R] such that both ryq
and r_y contain at least one letter from X\ Xy for any r € R\Ry. Lel Sy and S be the
monoids defined by Po and P, respectively. Then we can consider Sy as a submonoid of

S, and S\Sy is an ideal of S. O

Proposition 4.2.3. Let S be a monoid, and let Sy be a submonoid of S such that S\ So
15 an ideal of S. If S is FDT, then so is Sy, and

i =235

Proof. Let P = [X; K] be a finite monoid presentation of 5. Then we can get a finite
monoid presentation Py = [Xo; Ko of So which is a subpresentation of P such that both
r+y and r_; contain at least one letter {from X\ X, for any » € R\Ry. Let D(P) and

D(Pq) be the associated 2-complexes. Let X be a finite set of spherical pictures over P
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which trivialize D(P), and let X g be the subset of X which contains just those pictures
over Pp. We want to show that X is a finite trivializer of D(Py).

Given any spherical monoid picture p over Pg, p is also a spherical monoid picture
over P. Thus p is equivalent to the empty path 1 in D(P)X, so there is a sequence of
pictures

P =PLD2y 5Pl Pe = 1

such that p;y; is obtained from p; by one operation o; over ’D(’P)X , where o; is inserting

or deleting an inverse pair ee™?

or a subpicture of form [er,ey] or W - ¢ - V (e, ¢y, e9
are atomic pictures over P, ¢ € X, and W,V are words on X). Considering oy, since
all vertices in the path p are words on Xy, we have that c(e), c(e1),(e2),¢(q), W and V
must be words on Xy. Thus e, e, ey and ¢ contain only Xg-arcs and Rp-discs (using the
assumption on R\ Hg). So e, e, e and g are pictures over Py, and ¢ € X . We can get
the same results inductively for oy,¢ = 2,3,--- ,n. Hence p is equivalent to the empty

path in D(Py)*e. Therefore, X is a finite trivializer of D(Py), and hence Py is FDT.

Suppose ffrp’x (p) = k and p is equivalent to
po=pUn gt Ve pe(Us - a3 - Va)py o pi (Ui - g - Vie)py!

in D(P), where p; is a path in D(P), U,V € X*, ¢ € X, e; = £1 (1 <1 < k).
Because p contains only Xg-arcs, using the assumption on I\ Ry we can get that p; is a

path in D(Po), Uy, Vi € X§, ¢ € Xo (1 <i < k), and p is equivalent to p’ in D(Py). So

Vp, %, (p) <k =Vp 4 (p).
Thus 7% <75 0

Let P be a monoid presentation, and let Py be a subpresentation of P. Let Dy =
D(Po) and D = D(P). The inclusion map from Py to P induces a mapping of 2-
complexes ¢ : Dy — D. Then the mapping ¢ induces a chain map from the chain
complex

0 — Ca(Do) <25 C1(Do) 25 Co(Do) — 0
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of Dy to the chain complex

0 — Cy(D) 2 (D) L Co(D) — 0

of D, and this chain map then induces a homomorphism
¢ 7 (Po) — 7P, 2o + ImdS —s 2z, + Imdy,

where p = ef' -+ - €}* is a closed path in Dy (e; a positive edge, &; = 1, ¢ = 1,--- k)

_—k
and z, = Y ., €€

Lemma 4.2.4. Let Py = [Xo; Ro] be a subpresentation of P = [X; R] such that both
ry1 and r_y conlain at least one letter from X\Xq for each v € R\Ry. Then the above

homomorphism ¢* is injective.

Proof. For any € € Ker¢*, we have
£ = Zs,’zmsg + Imdy,

where p; are some spherical pictures in Dy, s;,s; € Sg. Let s; = [Ujlo, s: = [V;]o for some
U, V; € X5. Then
£ = Z 2Uipsvi, -+ Iy
i

Because ¢*(§) = 3, zuipivi + {ma, we have Y. zy,p,v; € Im0y. So
> v = B (Z eilas, bil + > exler, dk])
% 7 k
= Zejziaj,bj} + Z‘Ekz[Cmdk]’
7 i

where a;,b; are some edges in Dy, and at least one of ¢; and dj is an edge in D\ Dy for
every k. So all edges in the path [ck,d;] are in D\ Dy (note that for every path p in D,
if one edge of p is in D\ Dy, then all edges of p are in D\Dy). Thus we have

E ZU,:p,'V,‘ZE £1€y,
i

%
_ / !
§ :Z[Gjyb_y] - E :Emem)
J m
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"o
E :Z[Ckydl..] § € Cns
k

I
m’

in D\Dy. Then

where ¢/, € = %1, e, ¢ are some positive edges in Dy and e/ are some positive edges

" II
§ glep = E EmEm + § enel
!

S0 z "e! = (), that is Ek Zegdy] = 0. Thus

ZZUH,M = 32(2[%, ) 80<Z[a7, ) e Imdb.

So £ =0+ Imd9. Thus Ker¢g* = 0. O

Proposition 4.2.5. Let S be a monoid, and let Sy be a submonoid of S such that S\Sy
is an tdeal of S. If S is FHT, then so is Sy, and

(2) (2)
7So =75

Proof. Let P = [X; R] be a finite monoid presentation of S. Then we can get a finite
monoid presentation Po = [Xo; Ro| of Sp which is a subpresentation of P such that both
r41 and r_; contain at least one letter from X\ X, for any r € R\ Ry. If S is FHT, then
there is a finite set X of spherical monoid pictures over P such that ¢ = {2, + Im0, :

p € X} is a generating set for ng)('P). Let
co = {2z, + Imdy : po € Xo},

where X is the subset of X which contains just those pictures over Py. We want to
show that ¢g is a finite generating set for 7r2 (’PO)
Let P be the free (Z S, ZS)-bimodule with basis {{, : r € R} in one-to-one correspon-

dence with R. Then there is a (Z.S5, ZS5)-homomorphism
pimy(P)— P
defined in Section 3.1.2. That is, if
a=¢g1e; + ezt FEnty
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is an element of Kerd;, where e; = (U;,r;, +1, Vi) say, ¢; = £1, (:+ =1,2,--+ ,n), then

n

pla+ Imdy) = Z & [Us)t [Vi]-

=1
For each spherical monoid picture py over Py, po is also a spherical monoid picture

over P. Suppose Vp (po) = m, and
Zpy + [0 = (5131615,1 ot 5k5kfk3;c) + (5k+15k+1§k+15fk+1 + ot EmSmbmsy ),

where 0 < k < m, 31,8, , 848, € So, &, , & € ¢"(co), and &; € c\¢*(co), or, at

least one of s;, s} is in S\So (k41 < j <m). Let
B = exsip(€r)st + - + erspp(€r) sy,

B2 = erg18641P(Eka1)Shpr + 0+ EmSmp(€n) sy,
Then
p(zpy + IMOs) = Py + fa.

IFor each term est,s' in p(zp, + [mdy) or in B, we have r € Ry and s,s" € Sy. For each
term est,s’ in f2, we have r € R\ Ry or at least one of s, s’ is in S\Sg. Because P is the
free (2.5, 7Z5)-bimodule with basis {t, : » € R}, we have £, = 0 and p(z,, + [mds) = f1.

Since p is injective (Lemma 3.1.5), we have
Zpo + ImOy = 181618, + -+ exsibes.
Let & = ¢*(&)) for some & € o, (1 =1,2,--+ ,k). Then

P (2py + Im0O3) = e151¢™(E])s) + -+ - + ensrd*(£L) s}

!/ LN
= ¢ (ersi1lisy + o+ ensid)Sy).
Because ¢* is injective (Lemma 4.2.4), we have
O I T
Zpy + IMO; = €151€18] + -+ + €155 S

So V'Po,co (po) <k<m= V’p’c(Po)- Thus fyg)) = 7(32). O
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4.3 Relative asphericity

In group theory there is a notion of asphericity relative to a subpresentation (see [10]).
Here we introduce and study a monoid analogue of this concept.

Let P = [X; R] be a finite monoid presentation, and let Py = [Xo; o] be a subpre-
sentation of P. We will say that P is aspherical over Py if the set of all spherical monoid
pictures over Py trivializes D(P). Note that this is equivalent to asserting that if X is
a set of spherical pictures over Py which trivializes D(Py), then X trivializes D(P).

Thus we have the following lemma.
Lemma 4.3.1. Suppose P is aspherical over Py. If Pq is F DT then so is P. ]
Lemma 4.3.2. Suppose P is aspherical over Py. If Po is FHT lhen so is P.

Proof. Let X be a finite set of spherical monoid pictures over Py such that z,+Imd3 (p €
X ) generate the bimodule wgb)(’Po). We want to show that z, + Imd; (p € Xo) generate
the bimodule wgb)(’P).

For each spherical monoid picture g over P, since P is aspherical over Py, there exist

finite number of spherical pictures g; over Pg such that ¢ is equivalent to

pi(Ur- - V)T pa(Uz - qa - Va)ps -+ pi(Uk - qi - Vi)pi

in D(P), where p; is a path in D(P), U;,V; € X* (1 <@ < k). So
k
Zg + 1m0y = Z[Ui]zqi[lé] + 'm0,
=1

k
= > [Uil(zg + Imdy)[Vi].

=1
Let _
Zg + Ima3 =) " [Wijlo(2p, + Imd3)[Wijlo

i=1
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for some p;; € Xo and Wi;, W), € X;. Then

2y + Imdy = ¢ (2, + ImdY)

= (S Wila(e, + I

7=1

= Y (Wilolzy, + 1mdg)Wilo)

i=1

= Z[I/T/ij](zm] + Imdy)[W;].

i=1
Thus

mg

2+ Imdy = Z (Z Wij](zmj+1maz)[w;,.]>[v;-]
i=1 7=1

= ZZ Wiil(zp,, + Imds)[WL[Vi].

i=1 5=1

So z, + Imd; (p € X) generate the bimodule ng)('P). Thus P is FHT. O

4.4 Relative monoids

In [50], Kilgour introduced the notion of a relative monoid presentation R. This is a
triple [H,y;u] where H is a group (the coeflicient group), y is a set, and each element
U € u is an ordered pair (Us1, U_1) of words on HUy, both involving at least one symbol
from y. We write U : Uy = U_1, and define U~! : U_; = U;,. We can define operations

on words W on H Uy as follows:

(1) If W contains two successive terms h, h' € H then replace them by a single term
which is their product in H.
(2) If W contains a term which is the identity of I then delete that term.

(3) If W contains a subword U, (U : Uyy = U~y in u, € = &1) then replace it by U_..

Two words are said to be equivalent (relative to R) if one can be obtained from the

other by a finite number of operations (1), (1)7, (2), (2)7", (3). Denote the equivalence
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class of W by [W]. These equivalences classes form a monoid S(R) = S (the monotid

defined by R) under the multiplication
[(WA][Ws] = [WiWe],

where W W, is the concatenation of Wy, W,. There is a natural homomorphism
H— 5 h [kl

This is clearly injective, so we can identify H with its image in S. It is clear that the
monoid S(R) is isomorphic to the quotient of the free product H *y* by the congruence
generated by u.

A labelled graph is a graph (Section 1.5.1) with vertex set V, edge set £, and initial,
terminal and inversion {unction ¢, 7, —1, say, together with a group G and a “labelling
function”

¢o: F— G,

where ¢(e™!) = ¢(e)! for all e € E. The label on a path is the product in G of the labels
on the edges making up the path. A cycle in the labelled graph is a non-empty reduced
closed path whose label is 1.

We associate with the relative monoid presentation [H,y;u] two labelled graphs, the
left graph LG(R) and the right graph RG(R), as follows. DBoth graphs have vertex
sct y, and edge set £ = {ey,e;;f : U € u}. The graphs are oriented by choosing
Et ={ey : U € u}. The initial, terminal and labelling functions are as follows. Let

/

U:hiyro heeiyeoihe = Riyy . byl AL

be a relator in u, where the i’s belong to H and the y’s belong to y.
LG(R):  uev)=w, m(ev) =y, dlev) = hi'hy
RG(R): uev) = yr1, T(ev) = Yooy, dlev) = hoh,
Example 4.4.1. Let H be the free abelian group on {a,b}, and let
R = [H,y1,ys; a " yra = y2b,bys = 167 2y167 e, a’y1b > yaab = a >y yabal.
Then LG(R) and RG(R) are as in igure 4.3.
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LG(R): a~5 Y2

b—l

ab™!

RG(R): Y 1

a”lb

Figure 4.3

It is easy to check that in this example LG(R) is cycle [ree, but RG(R) is not cycle
free. Note that not only does RG(R) have a cycle of length one which is labelled by the
identity 1 of H, but it also has cycles of length two labelled by elements of H which equal
to the identity of H.

Using geometric methods, Kilgour ([50]) proved the following results.

Theorem 4.4.2. (a) If LG(R) (resp. RG(R)) is cycle-free then S is left (resp. right)
cancellative.

(6) If LG(R) and RG(R) are both cycle-free then S is embeddable in a group.

This generalizes results of Adian ([1], [2]) which deal with the case H = 1.
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4.5 FDT and FHT for relative monoids

Let R = [H,y;u] be a finite relative monoid presentation, and let S = S(R). Let (a;t)

be a finite group presentation for /. Then we have a finite monoid presentation
Po=la,aiT=UT €t), a™ =1 (a€ae==+l)]
for H, and then
P=laat,y;T=1T€t),ca =1l{acac= +1),u]

is a finite monoid presentation for S. By Lemma 4.2.2 we can get that S\H is an ideal
of 5.

By adapting arguments of Kilgour ([50]), we will prove the following.
Proposition 4.5.1. If LG(R) or RG(R) is cycle-free then P is aspherical over Py.

Combining Proposition 4.5.1 with Lemma 4.3.1, 4.3.2, Proposition 4.2.3 and 4.2.5 we

can get our main result in this section.

Theorem 4.5.2. Suppose LG(R) or RG(R) is cycle-free. Then S is FDT (respectively,
FHT) if and only if H is. O

For the proof of Proposition 4.5.1, we just consider the case that LG(R) is cycle-free.

Let X be the set of all spherical monoid pictures over Py.

A partial (left) dipole in a monoid picture p over P consists of two discs A, A, one
labelled by U and the other by U~! for some U € u, and such that the first y-arc meeting
O~ A (rcading left to right) coincides with the first y-arc meeting 9*A’. A partial dipole
will be called a dipole if all the y-arc meeting ~/A also meet 97A/, and will be called a
complete dipole if all the arcs meeting 9~ A also meet 9T A'. See Figure 4.4.

It is clear that if p contains a complete dipole then by swapping levels of discs if
necessary (which is permissible modulo the 2-cells of D(P)) we can convert the complete
dipole into the discs of a cancelling pair ee™* of edges in p which can be removed giving

a picture p; equivalent to p with less u-discs.
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Partial dipole Dipole Complete dipole

y-arc

=aUa l-arc

Figure 4.4

Now suppose that p contains a dipole. Let us show that p is equivalent in D(P)Xo
to a picture with the same number of u-discs as p but where the dipole has now been
converted into a complete dipole.

Let A, A’ be a dipole in p as above and let oy, qs,... s, be the y-arcs meeting
9~A U 9tA’ (taken in order from left to right). Then the part of p between a; and
aiy1 (1 <4 < m) will be a spherical picture p; over Po. After swapping levels of disjoint
discs in p if necesary we can suppose that for certain words Wi, Vi, W, p; - V; is a
subpicture of p which, working in D(P)*°, we can remove. In this way we can convert p
to a equivalent picture in D(P)X°, in which all the arcs (aUa™!-arcs and y-arcs) meeting

O~ A from a1 to a, (reading left to right) also meet 07 A"
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Now consider the a U a~*-arcs meeting 9~ A which lie to the left of o;. We can
connect these to the corresponding a U a~!-arcs meeting 9t A’ to the left of «; by using

the operation as depicted in Figure 4.5.

a ' a
F o a, O O
[EEDE
a ——
———————— ——— a
a @ a!
e e 0

Figure 4.5

This process does not change the homotopy type of p in D(P)*°. A similar process
can be used to connect all the a U a~'-arcs meeting 0~ A to the right of a,,, to the
corresponding arcs meeting T A’ to the right of a,.

To prove the Proposition 4.5.1, we now see that it suffices to prove the following:
Lemma 4.5.3. Every spherical picture containing a u-disc contains a dipole.

For by the above discussion it will then follow inductively that every spherical picture
is equivalent in D(P)*° to a spherical picture without u-discs; clearly such a picture is
equivalent to the empty path in D(P)Xo,

To prove Lemma 4.5.3 we must consider pictures p; satisfying

(+4) o(p1) = AyW,7(p:) = AyV where A is a word on aUa™"', W,V

are wordsonaUa Uy, y € y.
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Following [50] we define the left y-circle C of such a picture p;. This is a sequence
Bo, AL, B1, ANay Bay .oy Ay, B of y-arcs f; and u-discs A;, obtained as follows. Let Sy be
the left-most arc meeting &% p;, labelled y. If By also meets @~ p; then Fy is C. Otherwise
By meets 8+ A, for some disc A; (and is, moreover, the left-most y-arc meeting 9tA,).
Let 81 be the left-most y-arc meeting d~A;. If 3 meets 07 py then By, Ay, By 1s C.
Otherwise, 3, is the left-most y-arc meeting 9t A, for some disc Ay, Let B3 be the left-
most y-arc meeting 9~ A. And so on. Continuing this process we eventually obtain C'.

We say that C is non-trivial if n > 0.

Lemma 4.5.4. Suppose that py satisfies (x+) and that its left y-circle is non-trivial. Then

p1 contains a dipole.

Proof. The proof is by induction on the number of u-discs in p;.

Consider the left y-circle C' of p; as above, and suppose A; is labelled by
U;—‘i : Ai’lz'... = A;y:

where A;, Al are words on aUa™" and y;,y! € y. Note that y; = y;, = y. We thus have
the closed path v = ¢}, ... e, at y in LG(R). This path is labelled by the element of I/
represented by the word
Ag = ATTALATTAL L ATTAL.

Now the part of p; to the left of C' can be converted to a group picture over the group
presentation (a;t) of H by contracting all discs labelled a*'a¥! (a € a) to points, and
re-orienting all arcs labelled a™' and relabelling them by a (¢ € a). This picture has
boundary label AAgA~!. By Theorem 1.6.3 the boundary label of a picture over a group
presentation defines the identity of the group presented, so AAgA™ (and hence Ag) repre-
sents the identity of H. Thus the label on 7 is 1, so 4 must not be reduced, as LG(R) has
no cycles. We conclude that for some i, ef; = el_]i‘:’ Thus the discs A;, A,y constitute
a partial dipole. If this partial dipole is a dipole then we are finished. Otherwise, we can
single out a part of p; to the right of A;, 8;, Ay satisfying the assumptions of our lemma

but with fewer u-discs (see Figure 4.6). We can then use the inductive hypothesis. 0
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Proof of Lemma 4.5.3. If p is a spherical picture over p containing u-discs then p
will be equivalent in D(P) to a picture (po-¢(p1))(7(po) - p1) where po contains no u-discs
and p; satisfies the assumptions of Lemma 4.5.4. Thus, by Lemma 4.5.4, p; (and hence

p) contains a dipole. O

Figure 4.6
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4.6 Second order Dehn functions for relative monoids

Let R, H, S, Py and P be as in Section 4.5. Suppose that LG(R) is cycle free. If H is
FDT, then so is §. Let X be a finite trivializer of D(Py) which contains all spherical

pictures of the form in Figure 4.7. Then X, is also a finite trivializer of D(P).

(e € a, e = +£1)

Figure 4.7

Let p be any spherical picture over P with area A(p) = n. Suppose p contains m u-
discs. If m > 1, then p contains a dipole (by Lemma 4.5.3). Let the two discs A and A’
in the dipole are labelled by U~¢ and U® for some U € wu, respectively, where ¢ = +1.
Suppose that

Ue = Woyr Wy - - Wiay; Wi,

where W; € (aUa™1)*, y; € y. We can convert this dipole to a complete dipole by at

most ¢, operations of type (III) and some operations of type (1) and (II), where

7=1
1 = 2U(We) + 20(W;) + 2’7%)0 < (k)
1=1

and k; is the number of discs between the y-arcs labelled by y; and y;4; (see Figures 4.4
and 4.5). Then by swapping levels of discs if neccessary we can convert the complete
dipole into the discs of a cancelling pair ee™* of edges in p which can be removed giving

a picture p; equivalent to p in D(P)X°, such that p; contains m — 2 u-discs and at most
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n —m + 2({(Wy) + [(W;)) — ny non u-discs, where n; = S71 k;. Note that from p to p

we did at most ¢; operations of type (III), and we have

a <2d+ %%D}XO (n1),

where d = maz{l(U.) : U € u, ¢ = £1}.
If m —2 > 1, we can repeat the above procedure to py, and so on, to get a picture
pz equivalent to p in D(P)*°, such that pm contains no w-disc and A(pg) <n—m+

md — .2, n;. From p to pz we did at most ¢ operations of type (11I), where

3
3

K

¢ < md+§$0 Xc(
1 7

n;).

Q
I
'MUI

1

%

Il
il

It is easy to see that

m

2
VP,XO (p%l) S ::);‘(%)O»XO (7?, —m + ?nd -_ Z TI’Z)‘

=1

So we have

Vp’Xo(p) < V’P,Xo(p?) +c<md+ §£;)0,X0(n —m+md) <dn + §%O,X0(dn + n).

Thus :y,%)x = §£}2320 Xy and hence

~ (2

Let ¢o = {€2 : p € Xo} and let ¢ = {¢, : p € Xo}, where & = 2, + Imdy and
& = 2z, + Im8.. Then ¢ and c are finite generating sets for ng)(’Pg) and Wéb)(’P),
respectively. The inclusion map from Pg to P induces a mapping ¢ : D(Po) — D(P).

Then we have a homomorphism
¢ wéb)(?o) — Wéb)(’P), 2, + ImOy v z, + Imds,

where p is a spherical picture over Po. It is easy to see that Vip (¢(p)) < Vp_ . (p) for
any spherical picture p over Pq (since ¢*(£3) = €u(p))-
Now let p be a spherical picture over P with area A(p) = n, and let m be the number

of u-discs in p. If m =0, then

pN(Ul‘Pl'W)(Uz'Pz"@)"'(Uj‘pj‘vj):

118




where p; is a spherical picture over Py, U;, Vi € (aUa™' Uy)*, and Zle A(p;) = n. So

Z[U &lVi) = 3 [TV

Vp o(p) <ZV $(v:) <ZV7>M ).
g=1

=1

Thus
< =2
V‘Pyc < Z 7’P0,c0 pz ,Y,PO,CO (T_L).
If sn > 1, then p contains a dipole. We can convert this dipole to a dipole of the form

in Figure 4.8 by at most 2d operations of type (III) and some operations of type (I) and
(I1), where d = maz{l{(U.) : U € u, ¢ = £1}.

y-arc

=aUa tarc

Figure 4.8

Then by swapping levels of discs if necessary we can get a picture ¢igyqy which is
equivalent to p in D(P)X°, such that ¢} = U -p/ -V, where p} is a spherical picture which

consists of one dipole of the form in Figure 4.8, U,V € (a U a! U y)*. Note that qiq{ is
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a spherical picture with at most m — 2 u-discs, and A(q1q}) < A(p) +2d — A(q))- Let py
be the subpicture of pj obtained by removing the two u-discs. So p; is a spherical picture

with no u-disc. Since A(p1) < A(p}) = A(qy), we have

Vp () <73, (AlG)
Because Vip (p) < 2d+ Vip (q1) + Vp (q1q]) and Vp (@) < Vp (p1), we have

Vp o(p) < 24+ Vip (1)) + 75, _ (A(d))-

If m —2 > 1, we can repeat the above procedure to ¢i1¢;, and so on, to get a spherical
picture gm¢in which contains no u-disc such that
2

m

A(q%q’éﬁ) <n+md-— Z Alg),

=1

.
Vp (p) <md+ Y TR (AlGD) +7p, , (Alazpdh)).
¥ PQ,CQ PO;CO 5

i=1

Thus we have

Vp (p) < md+Fp, . (n+md) <nd+ TP, o1+ 1d).

Thus 'y%) - 7%) o and hence
€ 0,Co

I =27 2)

Combining above (1), (2) and Proposition 4.2.3 and 4.2.5 we have the following the-

orern.

Theorem 4.6.1. Suppose that LG(R) or RG(R) is cycle-free. If H is I'DT', then so s
S, and we also have

~ ~ (2

7 <59 <37,

7P 248 <77,

—=(2
(‘53) = ’YL(<;2) = 5(}1))-
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