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Sumimnary

This thesis is concerned with solutions to nonlinear evolution equations. In particu-
. lar we examine two specific equations; the Davey-Stewartson (DS) equation and the
three-dimensional three-wave resonant interaction equation. More precisely we are
interested in the role that grammians play in determining new solutions to three-
dimensional three-wave resonant interactions (3D3WR), through Hirota’s bilinear
method [42] and the binary Darboux transformation [70]. We also exploit the gram-
mian structure to obtain rational solutions to the DS equation.

The thesis is organised as follows. Chapter one is an introduction to the concepts,
ideas and constructions that will be used throughout this thesis. We discuss bilin-
ear equations, Laplace expansions of determinants and grammians, all with a view
to their role in obtaining solutions to nonlinear evolution equations. The chapter
attempts to provide an overall framework for the work that follows and an outline
of the connections between the chapters. We also try and consider the motivation
for working with a grammian approach.

In chapter two we focus on the DS equation with non-zero background, and in par-
ticular rational solutions for it. After background material to the DS equation and
its derivation, we look more closely at methods that already exist to obtain solu-
tions. Our aim is to provide a simple way to calculate rational solutions to the DS
equation. The example of the KP equation [66] [7], and Gilson and Nimmo’s work
[35] provides the approach we need. We verify a broad class of solutions all written
in terms of a grammian and from these we obtain singular rational solutions by ex-
ploiting the “long-wave limit”. However, by relaxing the necessary reality conditions
we may obtain rational solutions from a general grammian. By then verifying when

these are solutions to the DS equation we obtain a wider class of rational solutions.



i

This mirrors the approach of Ablowitz and Satsuma [89]. It leads us to determine a
class of non-singular rational solutions which describe multiple collisions of lumps.
These lumps correspond to the ones found by Ablowitz and Satsuma but the gram-
mian method is simpler and the solutions more “fully” rational.

In chapter three we consider 3D3WR using a bilinear approach to investigate a
broad class of solutions. The solutions to 3D3WR . described originally by Kaup [52]
[51], can easily be recast in terms of grammians. This approach arises naturally by
considering the Painlevé analysis for 3D3WR [31], through which we recover Kaup’s
Backlund transformation and the bilinear form. Kaup’s solutions are generalised to
give the n-lump solution, and then we prove a general grammian solution by using
a Jacobi identity. Finally in chapter three we examine some specific examples of the
lump solutions and provide some idea of what the solutions look like. The work in
this chapter constitutes [37].

We stay with 3D3WR in chapter four. By focusing on its scattering problem and us-
ing the method developed by Nimmo [78] we derive Darboux transformations (DT)
and binary Darboux transformations (BDT). It turns out that only the BDT pre-
serves the structure that we need for a solution to 3D3WR and these are written in
a grammian format. By determining a closed form of the solution to the iterated
BDT we see that it corresponds to the lump solutions of chapter three. This pro-
vides a link between the Backlund transformation of Kaup [51] and the BDT. We
look briefly at obtaining a discrete version of 3D3WR, from the BDT.

Chapter five seeks to bring together the results of the various chapters and again
identify the common theme of the grammian. We also discuss some open questions

that arise from the work presented.
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Chapter one introduces some of the concepts used throughout the thesis and pro-
vides some motivation. The beginning of each chapter, and section 3.2.1, provide
introduction and background. Section 2.2 provides an example. The proofs in sec-
tions 4.3 and 4.4 are due to Gilson and Nimmo. References are given throughout
these sections.

The remainder of the work is the original work of the author. The work presented

in chapter three appears in [37].




Chapter 1

Introduction

1.1 Preliminaries

In this section we introduce some of the basic concepts that are used throughout

the thesis.

1.1.1 Bilinear Equations

Throughout this thesis, especially in chapters two and three we will make use of bilin-
ear equations, which are obtained from nonlinear evolution equations via dependent
variable transformations. The dependent variable transformation was originally de-
rived by Hirota [41] in 1971 as a clever way of obtaining the multi-soliton solution to
the KdV equation. However this method gave insight into the connection between
Backlund transformations, the inverse scattering transform [86], and conservation
laws. It was further found to be applicable to a large class of nonlinear evolution
equations [44].

We provide a brief introduction to this subject by using the KdV equation as an
illustration. For a fuller explanation of the bilinear transformation method see the
book by Matsuno [68] and the summary by Hirota [42].

We start with the KdV equation, first derived by Korteweg and de Vries as a model

for shallow-water waves [57], in the form

U + Butty + Ugyy = 0 (1.1)
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with v = u(z,t) and the boundary condition u — 0 as |z| = co. Equation (1.1) has

the solution

2
u(z,t) = %sechzg (1.2)

where = px — p*t + no and p and 7y are arbitrary constants. This solution can be

rewritten as

w(z,t) = 2p%(e"? 4 e7?)7% = 2 (log(1 + ")), (1.3)
which suggests the following dependent variable transformation
u(, 1) = 2 (log f(2, 1)), . (1.4)

Substituting (1.4) into (1.1) and integrating twice with respect to z (setting inte-

gration constants to zero) we obtain

which is the bilinearized form of the KdV equation. At this point we introduce the

Hirota operators defined as

DLDDIf - f =

8 aN /o aN"[a a\"
(2-2) (3-5) (32 fewdfE sty 00

Y=y
t=t'

with {, m, n non-negative integers, so that (1.5) can be written
Do(Dy+ D3)f - f =0. (1.7)

This process of transforming the nonlinear evolution equation (1.1) into the form
(1.7) is known as bilinearization. In the bilinear form it is very convenient to find
exact solutions, in particular soliton solutions [42]. Essentially the method involves
expanding f in powers of an arbitrary parameter, € say, and then after substitution
into (1.7) equating coefficients of €" to zero. This gives rise to a whole series of
equations which must all be satisfied. The n-soliton is then given in bilinear form

as

=Y exp | > wmi+ Y mipn A (1.8)

=0,1 =1 i>k
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where
Ay _ (i — pi)?
n; = piz + it + no; et = (p; + pr)? (1.9)
with ; = —p? for j =1,2,...,n, ), o, indicates the summation over all possible

combinations of py = 0,1, gy = 0,1,..., 0, = 0,1 and Egi)k means the summation

over all possible combinations of n elements under the condition j > k.

1.1.2 Laplacian Expansion of Determinants

We consider the n x n matrix A, and choose any m rows of |A|, (without any loss
of generality we may choose the first m rows). From these m rows we can form
() minors (|A] with various columns supressed) of order m. By multiplying each
of these minors by its corresponding cofactor (signed minor) of order (n — m), we

obtain terms in |A|. Counting up all the terms we have altogther

(;)m!(n —m)l =nl (1.10)

which is equivalent to the number of terms in |A|. This form of expansion for a
determinant was first given by Laplace in 1772 [10].

As an example we consider

ay bl (&1 dl
b d
A= 722 (1.11)

az by cg ds

as by cq dy
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To illustrate the method we choose m = 2 (m = n/2 mirrors the procedure necessary

for wronskian solutions). So we have

a1 b] Cy d1

as by ¢ dy a1 b C3 G’3 iy € bs ds

as by c3 ds ay by Cq d4 @y Cg by da

ag by ¢y dy

ay dl bg Cs bl Ci a3 d3
0 -
ay dy || by c4 by c2 || as dy
by d c ¢ d az b
_ 1 1 as 3 + 1 1 3 3 ’ (112)
by da s C4 ¢y do as by

where the sign of the cofactor arises from the number of row and columns that are

interchanged, such that the minor is brought into leading position.

1.1.3 Grammians

The n-soliton solutions in the bilinear form have been given in a variety of different
forms. In 1971, Hirota [41] originally used a determinant of a matrix, which could be
expanded as the sum of exponential polynomials. The proof that this is a solution
relies on induction.

In the wronskian method, often related to the inverse scattering transform [88], the
solutions are written as a n X n wronskian determinant. This type of solution is
proved by Laplacian expansions (see previous section).

Sato theory encompasses a variety of methods which can be exploited to give soliton
solutions. These include the determinants of infinite matrices [87], vertex operators
[24] or Fermion operators [23]. The bilinear form is shown to be the Pliicker relation
with respect to the 7 function.

Grammian solutions are the determinants of a matrix whose elements are in an

integral form. For example in the case of the bilinear KP eqﬁation

[Do(D2— D;) +3D%] f- f =0, (1.13)
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solutions can be written in the form :

[ =det(hi)iciicn (1.14)
with

hij = cij +/ da'si(z',y, t)p;(z', y, 1) (1.15)

where
(03 — 8] ¥i(z,y,t) = 0, (1.16)
[ag - at] Saj(ma'l 7t) = 0, (1-17)
[02+8,] @;(=z,y,t) = 0, (1.18)
82 — 8] iz, y,t) = 0, (1.19)

and ¢;; arbitrary constants. Depending on the choice of the %; and ¢;, we obtain
different types of solutions e.g. solitons or explode-decay solitons. This sort of solu-
tion can be inferred from inverse scattering theory [100] [92]. Using direct methods
we can avoid the use of the Gelfand-Levitan-Marchenko (GLM) integral equation,
and instead make use of the Jacobi identity. Essentially we make an ansatz of a
broad class of solutions, and carry out a direct verification that these satisfy the
bilinear equations, which turn out to be a Jacobi identity. The basic Jacobi identity
[10] is given as follows : consider an n x n matrix A, we write AZ,,JI for the minor
obtained by omitting the ith, - -+, jth rows and the kth,--- ,[th columns. In this

notation the Jacobi identity is

ool AanoAl
Al AY = 78 TR (1.20)
Ay Al

In practice we are normally required to check certain conditions for the grammian
to be a solution, such as reality. Due to the nature of the entries in the grammian
determinant, this is much simpler to do than in the case of the wronskian determi-
nants.

Nakamura [75] was the first to explicitly propose such solutions. In 1989 he deter-

mined a bilinear n-soliton solution for the P equation, which also had the advantage
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that periodic waves of explode-decay type could easily be derived. He showed that
the method was applicable to the IdV equation, cylindrical KP equation, Boussi-
nesq and Toda equations. This work was generalized by Miyake, Ohta and Satsuma
[71] to include a grammian approach to all the equations in the KP hierachy, via a
Pliicker relation. Further in this paper the explicit link between grammian solutions
and the GLM equation was demonstrated. The grammian approach was used fur-
ther with the nonlinear Schrédinger, the Heisenberg spin and cylindrical Heisenberg
spin equations by Nakamura [76].

The grammian method and wronskian method are both based on a determinant,
however whereas nth-order wronskian solution requires entries with (n — 1) differ-
entiations, the nth-order grammian has entries with only one simple integration.
Simple soliton solutions, such as the sech type solutions, correspond to a bilinear
form that 1s composed of exponentials. Hence whether we calculate derivatives
of these exponentials for wronskian solutions, or integrals for grammian solutions,
there is little to choose between the two methods. However with explode-decay type
solitons (Airy functions) the derivatives are difficult to calculate, so the grammian
approach has a distinct advantage over wronskian solutions. In fact it was whilst
attempting to generalise cylindrical solitons for the periodic Toda equation, that
Nakamura [74] was led to propose the grammian approach for continous systems.
Gilson and Nimmo [35] also showed the advantages of the method in their paper of
1991. They used the grammian method obtain dromion solutions, and carried out

a detailed asymptotic analysis.

1.2 Outline and Motivation

1.2.1 Outline

This thesis is organised as follows. The remainder of this chapter provides some
motivation as to why a grammian method should be applied to nonlinear evolution
equations, and to the connections that exist between grammians, Darboux transfor-
mations (DT) and rational solutions.

Chapter two concerns the Davey-Stewartson (DS) equation and the rational solu-
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tions which correspond to the non-singular lump solutions of Ablowitz and Satsuma.
We start by briefly describing the physical background to the DS equation and its
derivation. We further outline the role of grammians and wronskians to obtain the
different types of solutions that exist; dromions, solitoffs and solitons.

Section 2.2 is an extended example, which seeks to use the KP equation to motivate
the approach that is adopted for the DS equation. In particular the way the “long;—
wave” limit can be adapted to determinants to give rational solutions. This avoids
the rather complicated summation process of Satsuma and Ablowitz.

In section 2.3 we verify that grammians are solutions to the DS equation and exam-
ine the various possibilities that exist for the choice of F'. The reality and conjugacy
conditions are proved.

We move on from these grammian solutions in section 2.4 to calculate rational so-
lutions by taking the “long-wave” limit. This gives in general a class of singular
solutions.

Section 2.5 compares and contrasts the equations and method of Ablowitz and Sat-
suma with the grammian method. We look in detail at the equations and trans-
formations and then attempt to obtain a wider class of solutions. By relaxing the
reality and conjugacy conditions, and again taking the “long-wave” limit we de-
termine new rational solutions. By then verifying when these are solutions to the
DS equation we construct non-singular rational solutions, which describe multiple
collisions of lumps. Finally these solutions are compared with the ones of Ablowitz
and Satsuma.

In chapter three we investigate features of this three dimensional three-wave in-
teraction (3D3WR) problem from the point of view of the bilinear method and
grammians. The equations and solutions described originally by Kaup can be easily
recast in terms of a bilinear formulation. The equations correspond to lowest weight
equations in the KP three-component hierachy.

In section 3.2 we recall the Painlevé test and the way it connects with Hirota’s
method. The singularity analysis is carried out, and the Laurent expansion allows
us to generate the Backlund transformations which leads to the bilinear form. The

connection between this and Kaup’s Backlund transformation is noted.
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In section 3.3 we consider the one and two-lump solutions obtained by Kaup via the
Backlund transformation [51]. We re-write these in a grammian form, which we can
then generalise to obtain an n-lump solution.

Section 3.4 gives a direct proof of solutions in the grammian form. This leads us to
examine, in section 3.5 a set of more general solutions.

Finally in section 3.6 we shall look at some explicit examples and get an idea of
what they look like.

In chapter four we continue to consider 3D3WR. Here the focus is on the Darboux
transformation (DT) and binary Darboux transformation (BDT) and their role in
obtaining new solutions. The introductory material provides a definition of the DT
and the link to nonlinear evolution equations via the Lax pair. We consider how the
inadequacy of the DT leads us to consider the BDT, and demonstrate this through
the example of the KP equation.

In section 4.2 we start from the scattering problem for 3D3WR and re-write it as an
appropriate matrix Lax pair. This allows us in section 4.3 to calculate and define
the DT for 3D3WR. We find that we can iterate our DT n times and obtain closed
form expressions for the new eigenfunctions. However the 3D3WR. places certain
constraints on our new solutions and we find the DT does not preserve these.

This leads us in section 4.4 to derive the composite mapping; the BDT. This has the
advantage that the new solutions obtained from it, preserve the necessary structure
and are given in a grammian form. By iterating the BDT we build up a hierachy of
solutions which can be written in grammian form.

The solutions obtained in section 4.4 are the same as the lump solutions discussed
in section 3.3 and we demonstrate the connections in section 4.5. We also discuss
the role of the Backlund transformation compared with that of the BDT.

Finally, in section 4.5.5 we look at how we may consider applications of the BDT to
a solution of the 3D3WR as giving rise to a discrete version of the equation.
Chapter five seeks to provide conclusions to each of the chapters and a summary
of the results that we have obtained. We also discuss the open questions that are
prompted by this thesis, and propose various areas in which the work may be ex-

tended to new areas.




CHAPTER 1. INTRODUCTION 9

1.2.2 Motivation

We give three pointers as to why the grammian method is to be preferred over other
approaches to nonlinear evolution equations. Firstly the grammian method provides
a compact and simple way of obtaining a broad class of solutions. As stated above,
whilst the solutions could be inferred from inverse scattering, the great advantage
lies in the fact that we avoid either the GLM equation or the need for difficult
summation procedure. The Jacobi identity gives an elegant and beautiful way of
proving a very general solution.

Secondly the integral nature of the entries. This gives rise to two specific advantages.
Firstly that unlike the wronskian approach, in the nth-order solution we avoid the
necessity of entries with (n — 1) derivatives. Then similarly, when derivatives are
difficult to calculate (for example Airy functions), grammians give us new solutions.
Finally the grammian method gives a unified way of looking at nonlinear evolution
equations, as we attempt to find new solutions. For instance the relationship between
rational solutions for the KdV equation and DT is spelt out in [70]. This relationship
applies more generally to other nonlinear evolution equations. Grammians also

appear naturally when the BDT is calculated.




Chapter 2

Davey-Stewartson Equation

2.1 Background

Physical Background

The Davey-Stewartson (DS) equation was derived by Davey and Stewartson in 1974
[25] to describe the evolution of three-dimensional surface waves. It arises in a wide
range of physical applications, such as water waves, plasma physics and nonlinear
optics. Whitham [95] had originally looked at the evolution of waves with slowly
varying amplitude, moving under gravity in water of finite depth. However it was
difficult to understand in what sense the amplitude was varying slowly. To improve
on this, Davey and Stewartson made use of the multiple scales method, where a
small parameter € say is built into the expansion.

Davey and Stewartson introduced the following velocity pbtential d(z,y, z,1) satis-

fying
Gz + Dyy + P2z =0 (2.1)

with appropriate boundary conditions. Writing

P(z,y,2,t) = Z ¢nexplin(ke — wt)], (2.2)
with the parameter
d)n = Z ﬁqunj (23)
i=n

10
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and appropriately scaling dependent variables we have the general DS system of

equations

, 1
g + a(elum + uyy) —u(v +eul?) = 0, (2.4)
$1000 + vy — Galull, = 0. (2.5)

d; and €; with ¢ = 1,2 are real constants, with ¢; = £1. We note that if we consider
the waves as purely one-dimensional (in the y direction, so u, = 0) then v can be
taken as zero and we have the cubic nonlinear Schrédinger equation (NLS)

i+ 2 €a|u|?u. (2.6)

2

The DS system has a similar relationship to the NLS equation, as the KP equation
has with the KdV equation, in that they provide a two-dimensional generalisation.
Equations (2.4) and (2.5) have two basic cases, the first with ¢; = 1 and § = —1
gives the DSI (hyperbolic case), the second ¢; = —1 and ¢, = §; = 1 is DSII (elliptic
case). Both DST and DSII are completely integrable [100] [3].

For a fuller discusston on the derivation and physical applications of the DS equation,
(particularly inverse scattering and the role of boundary conditions) see [1] and the

references contained within.

Rational Solutions

The integrability of the DS system means that the n-soliton solution can be obtained
[11]. Satsuma and Ablowitz [89] used the n-soliton solution to obtain rational so-
lutions to the DS equation with non-zero boundary conditions, by taking a “long
wave” limit. If the parameters are chosen carefully then this solution describes a
non-singular lump, decaying in all directions.

Rational solutions are of interest both physically and theoretically. They were first
discovered for the KdV equation by Airault, McKean and Moser [9] in 1977, with
further work by Adler and Moser [8]. Since then a wide variety of methods have
been developed o obtain rational solutions. Our aim is to use a “long wave” limit

on the DS equation with non-zero asymptotic state, combined with grammians so

avoiding the complex sum of exponentials.
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Recent work on rational solutions for the DS equation was carried out by Pelinovsky
[84]. He obtained rational solutions for the DSII equation, by making use of the gen-
eral dressing method. The work by Mafias and Santini [65], again concentrates on

the DSII equation.

Grammians and the DS system

Gilson and Nimmo [35] were the first to apply the grammian approach of Nakamura
[75] to the DS equation, however this was with zero asymptotic state. We aim to
show that the bilinear form of the DSI equation with non-zero asymptotic state has
grammian solutions. It is from these that we attempt to calculate rational solutions.
The grammian approach of Gilson and Nimmo gives rise to a class of solutions
called dromions. The DS system was the first equation to be found which had
this wider class of solutions. Originally they were discovered by use of a Backlund
transformation [13], and then a wide variety of generalisations have been obtained,
including the inverse scattering method of Fokas and Santini [28]. (It was Fokas and
Santini who coined the term “dromion”, from “dromos” for track). Essentially the
DS system was found to posses exponentially localized coherent structures, which
unlike the lump solutions had non-trivial interaction properties. In the simple case,
the solution is localized in the complex u field, whilst the v ficld consists of a pair of
perpendicular quasi-one-dimensional solitons. For a good summary of recent work
see the review article by Boiti, Martina and Pempinelli [14].

The grammian approach has also been exploited by Gilson [34] to obtain solutions
termed “solitoffs”. These are somewhere in between solitons and dromions, and
are localized in every direction except one, so that they end to a non-zero value in
ouly one direction. The difference between solitons, solitoffs and dromions is down
to the choice of grammian solution. If we represent our solution by a grammian
determinant which contains the spectral parameters and a Hermitian matrix H,

then it is the choice of H that is significant in deciding the type of solution.




CHAPTER 2. DAVEY-STEWARTSON EQUATION 13
‘Wronskian Solutions

Wronskian solutions were first derived for the KdV and modified KdV equation by
Satsuma in 1979 [88]. However the bulk of the work was carried out by Freeman and
Nimmo, for example see reference [30]. In particular they used a wronskian form
to obtain rational solutions to the KdV equation [81]. This work was extended to
include the DS system by Freeman [29] and then Hirota, Ohta and Satsuma [43)].

We define a wronskian solution for the DS equation

F = W(et, 02 0n) (2.7)

o (n—1)

¥ 1

= : : (2.8)

On e (p%"'l)
= |90a veey (P(n_l)l (29)

with

0 _ O i_ O 2.10

and ¢; = @;(z,y,t) satisfying the equations

0+ 0 [Piee — Pigy] = 0 (2.11)
@iy P / pijde = 0, (2.12)

and @ = [p1, 2, ... ,u]’. We adopt the notation of Freeman [29] and omit reference

to the function ¢, so that (2.9) becomes
F= (n/—\l) , (2.13)
where n — 1 denotes that n columns are indicated. More generally we will write
(7—{’—\2',71—kl,n—kg,...,n—ki_1> (2.14)

e — . .
for a general n X n determinant where n — 1 denotes n — 7 + 1 consecutive columns
0,1,2,...,n —¢ and the n — k; with 7 = 1,... ;4 — 1, are individual columns in which

 is differentiated n — &; times, k; is one of the integers 0, ..., 1.
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The n-soliton format originally obtained by Anker and Freeman [11], has a determi-
nant with sums of exponentials, here differentiation leads to a sum of n determinants.
In contrast the wronskian only has a contribution from the last column (differenti-
ation of most of the columns leads to a later column and zero contribution). Hence

the derivative of a wronskian is a single determinant. For example differentiating

(2.13) by 2 gives
Fy=(n—2,n). (2.15)

Higher derivatives leads to a sum of determinants, but it depends on the number of
differentiations not on n. The proof of the n-soliton is easily done by application of
a Laplace expansion.

Hietarinta and Hirota [40] [39] used this method to obtain dromion solutions to the
DS system. The method however is complex, as in the bilinear form the reality of F
is difficulf to check. So in that sense the grammian approach of Gilson and Nimmo

is much easier to work with as the reality condition is simple to show.

2.2 Rational Solutions for the KP Equation

As an example which motivates the work to be presented in this chapter, consider
the Kadomstev and Petviashvili equation [47] (KP, a two-dimensional generalisation
of the Korteweg-de Vries). It describes the evolution of weakly nonlinear, weakly
dispersive and weakly two-dimensional waves (all three effects being of equivalent
order), and can be used as a model for surface waves and internal waves in straits

or channels of varying depth and width. It is written
(uy + 6utly + Ugaz )z + QUL =0 (2.16)

where u = u(2,y,t) and @ = 1, a parameter depending on the dispersive property
of the system. a =1 is the KPII equation, with a = —1 giving KPL.

The idea is to construct rational solutions in the independent variables, in a simple
and elegant way by exploiting the phase constants in the n-soliton solution. By

considering the dependent variable transformation

u = 2(108 f)as (2.17)
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where f = f(z,y,t) we obtain the Hirota form of the KP equation [42]
(Du(D* + D)+ 3aD?] £ f = 0 (218)

with D,, D, and D; defined as (1.6). The n-soliton solution of (2.18) can be ascer-

tained from inverse scattering theory [66], [29] and is given by (for « = 1)

f= 18+ ‘jr q.eg""d" (2.19)
i T4

where §; = p;z + pPy — 4pPt and ¥; = gz — Py — 4¢Pt with p;,¢; and a; complex
constants for 7 = 1,...,n. If we use the substitution y — 7y we obtain the solution
of (2.18) with o = —1.

We exploit the arbitrary nature of the a; to allow us to calculate rational solutions.
We adapt the method of Ablowitz and Satsuma [7], [89] and take a “long-wave limit”
of the n-soliton solution.

We rewrite the n-soliton solution in the following way

o= eliti (5ije—0i—1l)i + o C_t q) (2.20)
i i
_ Oitdi | §. = 0i=i ai (2.21)
e i5e . .
g ! pi+q;

Choosing every a; = —(p; + ¢;) in (2.21), then (2.21) has the following terms on the
diagonal

el = (1 — (64 ) + (0 +)%/20 —...) — L. (2.22)

On the off-diagonal we have ——g:ig; We define k; = p; + ¢; and [; = p; — ¢; for

t =1,...,n. Putting these together we can express (2.21) as

_L .2 =2k - =2k
kea+O0(RY)  yes =Ttk +hn
n —2kso . 2 .. —2ko
H 69i+1/1i lo=ly+ha+ky kacxa + O(kz) lo—Intko+kn (223)
i=1 :
—2kn —2kn e —k oy .2
ln—li++kn+k; ln—la+kn+ky Fncn + O(l”n)
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simplifying

2 2 - 2

o1+ O(kl) li=lo+ky+ko Iy —lntk+kn

(‘l)n H L.efitdi | la—litheth g + O(Az) lo—lntka+kn (2 24)
* . . . . ’ .
i=1 . : ' :
2 2 )
Lomli+kntk:s  In—latbntks = Gn + O(‘l"n)

with a; = [2 + Ly — (k? + 312)t]. We recall that u is invariant under transformations
of the form f — af, with a either a constant or exponential function of z,y,t. By

taking the limit k; — 0 for < = 1,...,n, with [; = O(1), we write f as

2 2
/2 o P P
2 2
f _ | b=k 2 lo—ln (2 25)
- . . . . ’ )
————2 _-2 * .
ln—ll ln"'l2 77'"‘

and 7; = (¢ + l;y — 3{?t). This is our general rational solution, it may be compared

directly to Ablowitz and Satsuma’s determinant [89]

0 VB2 -+ VB

—vBrz; 0, - /B
A Sar (2.26)

~VBiw ~VBau -+ by
where 0; = (2 + piy — ap?t) and B;; = 12/[a(p; — p;)?). If we set @ = 3 and p; = [;
then (2.26) is equal to (2.25). So we see that we may obtain the rational solutions
of Ablowitz and Satsuma via a “long-wave” limit on a grammian determinant. This
has the advantage of avoiding the difficult summation process.

Considering n = 2, (2.25) gives

J2=muma + (2.27)

4
(= 1)

To obtain nonsingular solutions we need n; = 55, i.e. Iy = [T (with * being complex

conjugation). With this condition we have
4

= e 2.28

f2 mn + (I — I})2 ( )

1 .
= mn — 7 Ly =g+ 1, (2.29)
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which gives rise to singular v. However if we consider KPI (a = —1), with (2.25)
and y — 7y, then under [y = —[}, f; is written
fo = mn+ 1 (2.30)
S R |
1
= MM + Z"ﬁ", (231)
R

using [y = g + il;. We note further
fo= [z =3+ )] + (R +1) [y - 6la]
— 2 [2 = 3t(E+ D] [y — 6lrt] +1/1%, (2.32)
which gives
fa= (X =LY +IFY* +1/13 >0, (2.33)
where
X =a—3t(%+13) and Y =y — 6lt. (2.34)
Inserting (2.33) into (2.17), we obtain

up = 2 (logl(X =YY + BY* + 1/13]) (2.35)
_ 4 [—(X =Y+ 13Y2 +1/13) (2.36)
(X — 1Y)+ Y2+ /1) '

The rational solution is a real nonsingular function decaying with order O(1/z%,1/y?)

for |z|, |y| = oo, and is known as a lump solution. It moves with velocity v, =
3(1% + (%) and v, = 6l (obtained from (2.34)).

In general (2.25) gives nonsingular solutions provided we choose
n = 2]\([, and lM—I—z' = —l;k (237)

for2=1,2,..., M. So then f has the following structure

. (2.38)
M= _A* (C*)T ’ )
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where ' and A are M x M matrices defined by

2 . 2
n =i Ii—Iag
2 2
= M2 v —
O: 12 ll 12 l]\l , (2'39)
2 2
Y e S Y M N
and
[ 2 2 . 2 ]
PRV P T,
A= | BHh R oty | (2.40)
L I+ a3 I+,

In this case the determinant (2.38) is always positive [66], so (2.17) does not become
singular at any point in @ or y. This gives the general n-lump solution to the KP
equation. We note for future comparisons the solution describes the interaction of

M lumps (2M = n). Making use of an expansion of (2.25) we may rewrite it as [89]

n (n) I3
1
fn:Hni+§ZDij H’?l'l""
AP S |
+ Tt > DyDyDme [ mpt- (241)
' TyJyeer 30,0 PFEL,Fyees y1H0
where D;; = (li—41,~)2 and ES’;?mo denotes the summation over all possible com-

binations of ¢,3,...,m,0 which are taken from 1,2,...,n and all different. We fix
ourselves on one particular phase, ny, say (i.e. We travel with that particular phase)

, so that |nz|? is a constant. Then in the limit ¢ — 0o, (with the condition (2.37))

Inll’ |772|7 ey ""7L~1|’ |77L+1|, ey |77M| = O(t) (2'42)
and fapr has the following asymptotic state

fane ~ ImlPmal -+ Inm|* + Droganln® -+ o= Plnzsd - - Inael?, (2.43)

where we have used the fact that |z | is a constant. Using the invariance of v (2.43)

is equivalent to

Jarr = |nzl? + Do i, (2.44)
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which is a lump with phase nz. This is true for all the possible M lumps, as they
all have different velocities. So (2.25) describes the collision of M lumps. We notice
that (2.44) is the same at ¢ = t00, so there is no phase shift due to the interaction.
We make use of similar determinant identities for the Davey-Stewartson equation to

obtain rational solutions.

2.3 Set-up

The DSI equation can be expressed as [34]

we+ Au+ou = 0 (2.45)
Vgy — 2AJu? = 0 (2.46)

where A = 9% + 85, with « and v functions of z, y and ¢. Introducing the new

dependent variables; F' which is real, and G which is complex

G
v = 2Alog F'+ a(z,t) + b(y, t), (2.48)

the DSI equation is written in Hirota form

[¢D: + D%+ D2 G- F — 2[a(z,t) + b(y,})]GF = 0 (2.49)
DD F - F —2[|G? —piF? = 0 (2.50)

with D, D, and D, the Hirota derivatives defined in the previous section. The ar-
bitary functions a(z,t) and b(y,t) correspond to the non-trivial boundary conditions
on v, for a discussion of boundary conditions see [28]. For simplicity we consider the
case a(z,t) = b(y,t) = 0. We have restricted ourselves to the boundary condition of
non-zero asymptotic state i.e. |u|? — p? as |z| — oo.

The non-zero background leads to restrictions in the type of solutions that we can
consider. We verify a broad class of grammian solutions; depending on arbitary

functions. These solutions are contrasted with the solutions obtained by [89].
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2.3.1 Grammian Type Solutions

This type of solution is expressed in terms of grammian type determinants and is
verified using identities from Jacobi’s formula [10]. Consider a function F' of the

form
F=|§=|I+H9| (2.51)

where ® is a n X n matrix of the following form
z —
—o0
and H is a constant Hermitian matrix, with t; indicating complex conjugation of

;. The @, 1; are functions of z, y, and ¢ that satisfy

@i+ i [S‘Qj.wz - ()oj.yy] = 0 (2'53)
©iy + P / widz = 0, (2.54)

and 7,7 € {1,...,n}. We show the necessary conditions for F' to be real later on.

To prove F' and G satisfy (2.49) and (2.50) we require various derivatives. These
derivatives can be expressed as bordered determinants. In general for an n X n
matrix A whose entries a;; are such that the derivatives a;; = ;0;, the derivative

of its determinant can be written as [35], [10]

Al'= Y (-1 Mapidy=—]| (2.55)
i4=1 : A
a?l

where A;; is the (7, 7)th minor of A. We recall that differentiating an n x n deter-
minant leads to the sum of n determinants, obtained from differentiating each row

in term. So for I’ we obtain

F, = — , (2.56)
Hr §

F, - , (2.57)
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where

ro= (@1 0n) (2.58)
T

s = po (/ 01 cl:c,...,/cpn d:v) , (2.59)

I = 7/)1, 77:[)71.) 3 (280)

ko= (/%m fqpndm) . (2.61)

The second derivatives of F' are obtained from the bordered form of the first deriva-
tives; for the xa and yy derivatives the only effect being to differentiate the terms

in the borders.

o 1° 0o I

Foy = — — (2.62)
Hr, ¥ Hr §
0k 0

Fy,, = + . (2.63)
Hs, § Hs §

The zy-derivative also has a contribution where the border has two rows and two

columns,
=T
— _ 0 0 I
0 E 0o 7 Ly
Hr § Hs §
Hr Hs §F

We have noted that s, = por and k. = pol. The t-derivative is calculated by
considering (2.53) so that

atf S‘Diaj de = _i/_ [(Soi,m w1, yy) ¢ — @ (¢],ww - :()Zj,yy)] dz, (2'65)

. T B T
= i |+ by iy S (260
0 0

by parts. Using (2.66) we obtain

Al o & 0o 1 0 0 %
Ft - —1 - - + . (2.67)
Hr F Hr, ¥ Hs, ¥ Hs %

We wish to determine the expression corresponding to F' given by (2.51). In order

to do this we show that the Hirota equation (2.50) corresponds to a Jacobi-type
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identity. (2.50) is written

—T T
1 0 k& 0 !
=DeDyF.F — |GI* + p}F* = po || +
2 Hr 3 Hs §
0 o ¥ o r
—13l 0 o E |+ + 0213113 — GG (2.68)
Hr ¥ Hr
Hr Hs §
which is simplified by the Jacobi identity to
0 & I “ll o &7
po |5 + +po S| + — GG (2.69)
Hr ¥ Hs Hs Hr F
So the second of the Hirota equations i.e. (2.50), is satisfied provided
0o 1
G = poldl+ (2.70)
Hs §F
_ 0 &
G = £0 |3| + (2.71)
Hr F§

That (2.71) is the conjugate of (2.70) will be shown later. As with F' we are able to

calculate the derivatives of G in terms of bordered determinants,

0o
Gy = (2.72)
Hs §
=T
0 I
G, = (2.73)
Hs, §
The second derivatives take the form
-7
g _ 0 0 I
0 l: 0 lfm‘ =T
Gae = po -1 0o 0 1 (2.74)
Hr ¥ Hs %
Hs Hr F
=T
_ _ 0 0 I
o I 0 & Ly
Gy = ~ po + 0 0 % (2.75)
Hsy,, ¥ Hs, ¥




CHAPTER 2. DAVEY-STEWARTSON EQUATION 23
The t-derivative takes the form
o o T o o I
Ge=polSl,+ill 0 0o E |-lo o T
Hs Hs, § Hs Hr §
o T o 1 0o I, 0 &,
+ — po + + po . (2.76)
Hsyy % Hra: "S HS S" HS g
Subsituting these derivatives into the LHS of (2.49) we get
o o L o o I - o
T T 0 I 0
gl {-2 0 o 7 |+2] 0 0 E [|-+2
Hr F§ Hs F
Hs Hr § Hs, Hr §
o & || o 1 o T'|| o T o " || 0o F
— —2 +2 )
Hs §F Hs, § Hs F Hr % Hs § Hs, %
(2.77)

this can be seen to be identically zero by using a pair of Jacobi identities, thus

completing verification of the solution.

Discussion on Conditions

We have 2 conditions to check. Firstly that [ is real, and then that (2.71) is the

conjugate of (2.70). F' may be written

F

i

|7+ HO|
= |H|[H +2|

S0

|
I

[H[H + @]
= 7| [T + 3|
= F,

providing

W = '(:b'h

(2.78)
(2.79)

(2.80)
(2.81)
(2.82)

(2.83)
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and where we have used the fact that H is Hermitian and that taking the transpose
does not alter the value of the determinant. So F' is real. Checking the condition

on (G amounts to demonstrating that

0o I 0 i
= . (2.84)
Hs ¥ Hr F§
We define A as
o 1"
A= . (2.85)
Hs ¥

With the reality condition (2.83), r =, s = k and 3 = ®, so

_ I o |lo
A = o (2.86)
0 HT ||5 B '4+®
I 0llo 5T 0.8
0 H||1 H1+3" '
I 0ollo E
_ (2.88)
0 H||lr H'4+0
0 &
— . (2.89)
Hr F

This is clearly the RHS of (2.84). So we have proved necessary conditions for a
solution. However it turns out that it is not possible to exploit the structure of
I, to calculate rational solutions, with a general H. There is no simple way to
take a limit, as the grammian structure is complex, and the exponential factors
interconnected. However simple choices of H do work and we will take H as a

constant diagonal matrix.

2.3.2 Alternative Grammian Solutions

The reason behind the choice of F' in this format (2.51) can be seen by considering
the difference between this and the F' chosen by Gilson and Nimmo [35]. The F

chosen by them takes the form

F=|§=|I+HY (2.90)
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where @ is a (M +n) x (M + n) matrix with block structure

[ i da 0
0 f;o T,bkaz dy
The ¢; are functions of & and ¢ and the ¥, of y and {. We have i,5 € {1,..., M}

® = (2.91)

and k,l € {1,...,n}. H is a constant Hermitian matrix of the same dimension as ®.
The non-zero boundary conditions, namely the pg term in (2.50), means that Gilson
and Nimmo’s method for calculation of G and G, and hence verification of a solution

breaks down. For this choice of I

0 1
F, = — (2.92)
Hl 3
0 mT
F, = (2.93)
Hm 3
o o I
Hl Hm 3
where
T T
I=(e1,-renm;0,...,0)" m = (0,...,0;%1, ..., %) , (2.95)
are both column vectors. Equation (2.50) implies
_ o I'||l o T
GG = 3] I8] + (2.96)

Hm § || Hl F§
So it is not possible to choose a G such that we can obtain a simple solution. Hence

the motivation behind choosing F' in the form we do (2.51).

2.4 Obtaining Rational Solutions

2.4.1 Method

To obtain the rational solutions we start from the n-soliton solution in grammian

form (2.51), (2.70). In this case we choose

d . 1
©; = exp ]:‘O(] [pi:v - ]% — ipot (pzz - ?>H (2.97)

3 [
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where @; — 0 as ¢ — oo, H = Diag[cy, ¢z, ..., ¢,], the reality condition (2.83) holds

and the p; are complex constants. Rewriting (2.51)

F = 51'3‘ + C,‘/ (,D.,;Ej dx (298)
CipiP;
= |6+ ———L— 2.99
po(pi + 7;) ( )
n e
= (‘0i¢i 55' ;'—1—-1‘—1 ‘+‘ T — N | 2.100
E T oe(pi +7) (2.100)

The method to obtain rational solutions from soliton solutions relies on the arbitari-
ness of the constants ¢;. We adapt the method of Ablowitz and Satsuma [7], [89] of

obtaining rational solutions by taking a “long wave” limit. We choose
& = —poP: (2.101)

for ¢ = 1,...,n, with P = p; + P, (note that this ensures that H is Hermitian).
Writing

: 1
wip; = exp [PDPi ['b - y_ —1pot (p; — B;) (1 + pz—}_)g)” (2.102)

T

= exp [poPicii] (2.103)

with

Qi =T —

. 1
— —ipot (pi — ;) (l + ﬂ> , (2.104)

1 (W

a real function. This means (2.100) has the following terms on the diagonal

, 2
orler + = [1 — poPray; + 22 P22 — ] ~1 (2.105)
pob; 2
o2
== “POPinii + -—S-P,iza?i — ... (2106)
Off the diagonal we have
C; P;

I 2.107)
Po (Pi + Z_?j) i +B; (
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Putting these together we can express (2.100) as

F=1Jew(-1)
=1

_ 2 i - P
poProas — O(FY) P17, p1ipn
P — 2} ... _P
P2+ p0P2a22 O(Pz) p2+D,
P P . _ 2
Pr+p, Pn+DPy pDPﬂann O(Pn)

27

(2.108)

We may simplify this by removing factors of P; from rows for 7 = 1,...,n, so that F

becomes
1 1
pocur — O(P1) P15 o P14y
n 1 1
F = H P-;Sﬁ’é@-(—l)n p2+P Potaz — O(Pz) o P2-+Py
=1 : : :
v 1 1
; puts s Potn — O(Pa)
(2.109)
We recall that v (v = 2AlogF') is invariant under transformations of the form

F' — aF with a a constant or exponential function of w,y,¢, so taking the limit

Poliy
1

o= p2+P,

S
PntPy

P =0 fori=1,..,n, with p;p; and p; — p; of order 1, we write F' as

»1+D, P1+D,
1
[a4 —
pocae P2+7,
___.__.1 PR a
Pnt+Pa Ponn

(2.110)

‘ Hence we have obtained a rational determinant form for F. We use a similar proce-

dure to obtain a rational form for G. From section 2.3 we have

A

o

Hs §

= H PiP;
=1

0 I

! PP P | a;b;
s (5”(,01- i +Po(p.'+5j)

(2.111)

(2.112)
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with ' = (e1/p1,...,enfpn)t and I = (1,...,1)T. Again we expand ;'3 and

choose ¢;, as (2.101). In this case A is written

R | P
i=1

0 1 1 1
poP P0P1CY11*‘O(P2) P s
P1 1 P1+D2 P1+P,
po P Py _ 2 - .
P2 p2+P; poPzaze O(P2) p2+py,
poLn P P - _ 2
Pn Pn+P Pn+‘132 pDPn Cnn O(Pn )
Removing factors of P; from the rows gives
n
A=]]Pemi(-1)"
=1
0 1 1 1
Po _ 1 1
P1 Poci1 O(Pl) p1+D, P1+Py,
Po 1 _ 1
Pn P2+h pociaz — O(F) P2+Dr,
Po _1 _1 -
Pn PPy Prt+Pa pOann

Now wu (2.47) is defined as

U = —

— O(F)

(2.113)

(2.114)

(2.115)
(2.116)

(2.117)

By comparing (2.109) and (2.114), we see that we may write A in the following way

0 1 1 ce 1

2o 1 1

— & —_—= v —_—

p PO Do P15y
A= e 1 o 1

p2  patp, P02 p2+P,

£o 1 1

— et (04

Pn PntPy Pn+Pa PO nn

(2.118)
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where we have used the limit P; — 0. Therefore the rational version of (G is written

1 1 1 ce 1
1 1 1
— (0% —— e —_—
P1 Poctin P1tPo P1+Py
G = [0 .;._ ._1_ o - i
P P2 p2tpy PoQa2 r2+7,
1 1 1
Pn Pn-tp; Pn+Pa poa”n

2.4.2 Examples

n—=1

(2.119)

For n =1 we see from (2.110), (2.119) that F' and G have the following form

; = pPolu1
G = 20!11 - @
Po ) )
thus we obtain the singular solution
praag

n =22

We take n =2

1
(p1 +P2)(p2 +71)

1 1
G=pF—2[ﬂ+9—2—2-}+ [ —+ =
oF Tl T | TP p2pr+7;)  pilpe +7y)

2
F = Pol11Cg2 —

e

We recall that we have taken the limit
pit+p;—0

i.e. the p;’s are completely imaginary. We replace p; by —p; so that

Fo= pa(p1 — p2) aniaes + 1
(P1 - P2)2

G = poF + Lo [1 — po(pacas + praa)].
Pip2

(2.120)
(2.121)

(2.122)

(2.123)

(2.124)

(2.125)

(2.126)

(2.127)
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Thus (2.126), (2.127) yield the solution

po(p1 — p2)* [1 — po(pacize + prauy)]

U= po+ 2.128

Po P12 [P (p1 — p2)Pariags + 1] ( )
Now if we define p; = ig; for ¢; € R, we can write (2.128) as
— )1l =1 '

w = po+ polqr — ¢2)* | ipo(gaoizz + q;au)]. (2.129)

q1q2 [—pg(q1 — ¢2)%o1002 + 1]

It is clear in general we have a singular solution.

2.5 Comparison of Solutions

In this section we look more closely at the equations and solutions obtained by
Satsuma and Ablowitz in their paper of 1979. These solutions are compared and
contrasted with the ones outlined in this chapter. Then we propose a method of
obtaining a wider class of rational solutions, that follows a similar construction to

that of Satsuma and Ablowitz.

2.5.1 Equations and Transformations

Rational solutions for the DS equation were obtained by Satsuma and Ablowitz [89].
These were constructed by taking the “long wave” limit in the n-soliton solution by
careful choice of the phase factors. These solutions were in general singular, however
if the parameters are chosen carefully, the method gives rise to non-singular lump
solutions.

Satsuma and Ablowitz start with the DS equations written as

1A — Axx + Avy — 02 A|A|? — 2010,QA = 0 (2.130)

o1Qxx +Qvy +Alkx = 0 (2.131)
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where 01,03 = £1. We may transform (2.130), (2.131) to (2.45), (2.46) by use of

the following

v o= (X +Y) (2.132)
1

= —(X-Y 2.133

y \/5( ) (2.133)

= 2u (2.134)

4 2
@ = ?+—2|u_|_ (2.135)
where we have chosen oy = —1 and o3 = 1. It is worth noting that Hirota’s bilinear
form considered by Satsuma and Ablowitz (with |A|* — u2 as jz| — o)

[iD;— 01D% + D} — ool g’ - f = 0 (2.136)

|01D% + D} — o) [1 f +02g's = 0 (2.137)

takes the following form when the independent variables are transformed as above

(tD:+D2+Dl—pd)g-f = 0 (2.138)

/~‘(2) 2
DD, + 2| -~ 2lg

0 (2.139)

where ¢’ = g, f' = 2f. We may further transform these to the bilinear form used in

this thesis (2.49), (2.50) by

= g (2.140)
F o= ~f (2.141)
¥ = expl-Ea? 447 (2.142)
o = 2po. (2.143)

this allows for a much simpler choice of the independent variable F'. Combining these
transformations allows us to move from a solution given by Satsuma and Ablowitz

to one that satisfies (2.45) and (2.46).

2.5.2 A Wider Class of Solutions

Satsuma and Ablowitz first obtain rational solutions from the general n-soliton so-

lution, by use of the “long wave” limit and then check that the ' obtained is real.
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This is true only in a limited number of cases, one of which gives rise to the non-
singular lump solutions.

In contrast here, the grammian is first proved to be a solution and then we construct
rational solutions. However if we relax the reality condition (2.83) (y; = ;) and
allow H to be a general complex constant diagonal matrix, we obtain a wider class
of rational solutions. We then show that [ is real, and that (2.71) is the conjugate
of (2.70). This allows us to calculate non-singular rational solutions.

We follow the method outlined in section 2.4.1. We start from the n-soliton solution

given in grammian form, (2.51), (2.70). In this case we choose

. 1
©; = exp [pg |ip£.7: — g — 1pot ( 2 - F)H (2.144)

1 ) 1
$j = exp [Po [quc - é — ipot (q? - ?)H (2.145)

J J

where the p;, g; are complex constants. Rewriting (2.51)

F = (%j —+ ci/ L,D,Ej dz (2146)
Ci@iaj
= |84 —L 2.147
o it ) (2147
= b |6; ili,b . 2.148
iI=11 S po(pi + ;)| (2.148)
Again we choose
¢ = —poli (2.149)
fori=1,...,n, with ; = p; +g,. Writing
— L
ith; = exp [Pon' [% - ipot (pi — Q;) ( p?q?ﬂ] (2.150)
= exp [poQ:fi] (2.151)
with
. _ 1 .
B =z — ol tpot (i —G) {1+ 5= ) » (2.152)
gives the following terms on the diagonal
2
Tl B Y S Rt
pOQ'L 2

il

2
—po@ifi + p-;@? 121 e (2.154)
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Off the diagonal we have

G @ (2.155)
po(pi+3;)  pit+7;

Removing factors of @; from rows and making use of the invariance of v, we obtain

a rational determinant form for F

1 1
pofu P1+7; P1+a,
1 1
F = | pt@ P p2t+Ty, (2.156)
——1 —-1 v e
pn+‘§1 pn+71'2 pOﬁnn

where we have taken the limit @; — 0 for 7 = 1, ..., n, with piq; and p; —q; of order

L. Using the same proceedure for A we obtain the following rational version of G

1 1 1 e 1
1 R S S
m PO oo ity
G = 1 1 . 1_ . 2.157
d Po P2 p2@y PO,B22 p2+a, ( )
i _1 1 .
Pn Pn+_q_1 Pn+§2 pUﬂnn

2.5.3 Examples
n=1

For n =1 we see from (2.156), (2.157) that F' and G take the following form

o= pof (2.158)
G = p2Bu-"2 (2.159)
41

Thus as before, we obtain the singular solution

1
U= pg — : (2.160)

pbu
n =2
Next we take n = 2
1

F = pofufa— (2.161)

(71 + @) (2 +70)

G = poF ~p} [@—P@] + po
D2 1

1 1
— + —
[pz(pl +3) (e +7)

] . (2.162)




CHAPTER 2. DAVEY-STEWARTSON EQUATION 34

The aim is to write

/622 = 311 (2163)

so as to make F' positive definite. For this to be true we need
P2 = _271 (2.164)
q2 = —?fl (2165)

so that F' becomes

1

F = p26uF, — — 2.166
oL (pr —@)(=P +7,) ( )
— 1
2
P11y, + — 2.167
PP O ) (B, — @) (2.167)
oo s o =
polti B1fBiifyy +1
= — 2.168
R (2.168)
where By = p; — ¢;. In this case G is equivalent to
2 =
Po =7 prhy + p1R1:|
Po iy [P1 11 plﬂll} Po pip BB ( )
thus we have the solution
2R Ry [9,By — R +pR
w=po— Poft1ity [Plﬁn Plﬁn] _ Po [pl 1+7 1] (2.170)

PP [PRR1B1Bufy +1] iR [PAR1R1BuifBry + 1]

In the limit Q; — 0, Ry = Ry = py <P, 1.e. Ry is real, we label it ;. Hence we have

the non-singular solution

_ p%ﬁ [ﬁlﬁn - Plﬂll] B Po'rf (2 171)
PPy [PBTfﬁnﬁn + 1} PiPy [ng"%ﬁnﬁn + 1}

_ e [+ po (71B1s = p1fur)] (2.172)

PPy [pgr%ﬂllﬁll + 1]

Clearly [ is real and (2.71) is the conjugate of (2.70). So we have obtained a non-
singular rational solution. The envelope of the solution is rational, and is written

as

— 7 2
uf? = p2 |1 2r2 N i [1 — p5 (P1B11 — p1Bur) }
ul*=np —_— — -
| @P) [priBuBu 1] (pipy)? [ohr2BuBy + 1)

(2.173)
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To see the shape of the solution we rewrite (2.173) as

16p%,

= 03 [ 1= R SBR ytx  (Rpr + Y]], (207
where
k= (pk +p7) [L + 4050k [RIY? + (X + RrY)?]], (2.175)
and
X =od (SRRII;SIRR)L Y =yt —%t, (2.176)

with p; = pr + tpr (so that ry = R; = 2pr). We have redefined 5, as

. 1
fuu = a4+ % — 2ipy pot (1 + —4> (2.177)
b b1
= ¢+ (Rr+ iRy +t(Sr+iST) (2.178)
so that
2 2
Pr — P
RBp = —/——=, 2.179
" G (21T
—2prpr .
R, = ’ 2.180
TR (2180)
Sr = 4dpoprRrR1+ 2p0pr [l + R% — Rf»] , (2.181)
S; = 4poprRrRr — 2popr |1 + Ry — Rf-] . (2.182)

(2.174) decays as O(1/a?,1/y?) for ||, |y| — oo i.e. (2.174) expresses a permanent

lump solution, with velocity

v, = DRS1—RiSp (2.183)
Ry
—S;
By use of the substitution
T = 2poprR;Y 4 = ZpQ]JR(X -4 RRY) (2.185)

we re-write (2.174) as

8L 16p2 |
lul® = p3 [1 — R 4 B [+ (prZ pRT)}} , (2.186)
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with
k=Pr+p)[1+2°+T7. (2.187)

This substitution allows us to determine more easily maxima and minima for |u|?,
these enable us to determine the exact shape of our envelope solution. Calculating

|u|% = 0 and |u|% = 0 we have five solutions

Z=0 T =10, (2.188)
2 _ .2 2 _ .2
7 i131\/(23171 2pn) T i1>1rcx/(2531'r>1 ZPR)’ (2.189)
| (PR + p1) (PR + p7)
2 _ .2 2 _ .2
respectively. These solutions occur along the lines 7' = ’;—’I‘Z, T =—ILZ ie. at right

angles to one another. By examining |u|%, and the Hessian, we can distinguish
maximum, minimum and saddle points. We have three different cases, depending

on the values of our parameters pr and p;. Firstly if

< pk < 3pj (2.191)

w|Z,

we have that (2.186) has two maximums at (2.189), two minimum values at (2.190)

and a saddle at (2.188), see figure 2.1.

Figure 2.1: Envelope lump solution of (2.186) as seen in two dimensions at a fixed

time. With pr =1, p; =2, p2 = 1.

(PR +p}) (ph +p})




CHAPTER 2. DAVEY-STEWARTSON EQUATION 37
If
2
PR<3p; and  pp ¥ (2.192)

then we have no solutions from (2.190) and then two maximums at (2.189) and a

minimum at (2.188), see figure 2.2.

Figure 2.2: Envelope lump solution of (2.186) as seen in two dimensions at a fixed

time. With pp =2, py =1, p2 = 1.
Finally if
> and  pR £ 3 (2.193)

then we have no solutions at (2.189) and two minimums at (2.190) and a maximum at
(2.188), figure 2.3. Thus (2.173) expresses a permanent lump, which may have either
two maximum values and a minimum (figure 2.1), a maximum and two minimums
(figure 2.2) or two maximums and minimums with a saddle point (figure 2.3). It has

velocity given by (2.183) and (2.184).
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Figure 2.3: Envelope lump solution of (2.186) as seen in two dimensions at a fixed

time. With pr =1, pr =1, p2 = 1.

n=2M

Finally we consider n = 2M, in this case we may express F' and G as

1 1
PO,BII P1+q, P1+a20m
1 B 1
O e Pa+Tan (2.194)
1 1
paM+q,  PaMm+; poPanmanm
1 1
poPu P1—P2 P1—P2M
1 . 1
_ —p PoPz P2—P2M (2.195)
} 1 1
P2M—P1  PaM—P2 pofanam
1 1 1 cee 1
1 1 5les 1
P1 poPu P1—P2 P1—P2M
= 1 1 e 1 . 2.196
Pol o P2—p1 pofaz P2—Pam ( )
1 1 1
PoM  PaM—P1  P2M—P2 poBamam
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where we have used the limit p; + g, — 0 and f; = = + ;’—z — 2tpotp; (1 + 2—)1;) As

with the KP equation we may write F' in an expanded form

M 1 (2M) 2M
= Hpaﬂig-i-iZDij HPéﬁ11+"‘
i=1 [N} 14,7
(2M) L 2M
1 —_—— r
+ 19k Z Di;Dyy...Dy, H PoBer + -+ (2'197)
) i,j;---,?l,q r;ﬁi,j,...,p,q
(2M)

where Dj; = (p—‘__lm and ) "7 denotes the summation over all possible combi-
nations of ¢, 7, ..., p, ¢ which are taken from 1,2,...,2M and all different. Generally

this gives a singular solution solution, however if we choose

PMti = —P; (2.198)
for s =1,..., M we obtain a class of non-singular rational solutions. I is rewritten

¢C A
F=| _ (2.199)
—-A C

where C' and A are M x M matrices defined by

1 1
pobn Pi—p2  pi—pm
—1 1
C = mop  Poba P2—PM (2.200)
-1 -1
L P1—PA P2—Pn T poﬁM]\J .
[ 1
P1+P1 P1+Bag
A = : : . (2.201)
1 ... 1
L PMtD, Prt+Pas
Since the determinant
c A
F= R (2.202)
-A C

is always positive [66], then u does not become infinite at any position, hence we
have non-singular solution. We calculate the conjugate of F'
— c A
F = (2.203)
—-A CT
= F (2.204)
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by interchanging rows and columns and taking the transpose. Hence the reality of
F' is guaranteed. The conjugacy condition (2.71) on G is satisfied for this choice of
parameters. So we have a nonsingular solution to the Davey-Stewartson equation

whose envelope |u|? is rational.

Since the form of (2.195) is the same as (2.25) we can apply the same asymptotic
argument. In this case, we fix ourselves on the phase |Br|, such that |Brr|? is a

constant. Then in the limit of ¢t — +co.

1Bl 1Bazl; s |Bz-vyz—n)l, |Bz+1) YA ooy [ Brane| = O(2), (2.205)

and using (2.197) F has the following asymptotic state

F o~ pgM|Bua|?|Baal® -+ - |Brarna]?

+ oM D el Bl - 1Bz @-u By - |Baral?  (2.206)

and @ takes the form

ELL Prr 1 L
G ~ [ olBrrl® + Diprir, — ( % )3 Pr) P
PolBril LM+L — fPo L Pr prlpr +Pr)  polpL +7r)

X pg" M Bu - 1By t-1) 1By - - 1Baae|? (2.207)

where we have used the the nonsingular condition (2.198). Therefore u is written

2 — Bre e Rl s
L o [PQ')@LLI + DL ML £0 (_QL pL[,L) PLPLTPL) pr(pL+pL) (2 208)
[0818LL|* + Dryy ) L

which is a lump, which has a rational envelope of the same functional form as (2.173).
Hence we see that the nonsingular solution describes multiple collisions of M lumps,
each of which has the functional form (2.174) and which have no phase shift when

they collide with each other.

2.5.4 Discussion of Solutions

The solutions obtained (2.156) (2.157), are in many ways similar to those obtained
by Satsuma and Ablowitz. They both have a class of lump solutions, and the same

basic structure. For example Satsuma and Ablowitz have for their 1 and 2-soliton




CHAPTER 2. DAVEY-STEWARTSON EQUATION 41

solution (after the “long wave” limit has been taken)

Al = poe (1+ 22?), (2.209)
it . :
where
¢ = kX +1Y —wit+ €9, (2.211)
w = —ok®+ 1+ ogul, (2.212)
0; = X+ RY —t[-o1k+2R; + (oo — R})/Bi], (2.213)
and po, B;, Ri, iz are all constants. o2 > 0 and o304 = —1 for nonsingular

solutions. We can see that by comparing these with (2.160) and (2.172), that 4;
corresponds to §;; and that the order of the decay is the same. However to transform
completely between them we must make use of the transformation derived in section
2.5.1. When we consider the envelope solution of Ablowitz and Satsuma, and the
one derived in this thesis (2.174), we see that both describe multiple collisions of M
lumps. These lumps have a similar functional form and experience no phase shift
when they collide with each other. However, whereas the lumps of Satsuma and
Ablowitz have two humps, the exact shape of the lumps described in this chapter
depends on the choice of parameters (see section 2.5.3).

In contrast, the exponential factor in Ablowitz and Satsuma’s solutions means that
they are “less rational” than the solutions derived in this thesis. This factor cannot
be easily removed. If we set k = [ = 0, the form of 8; and §;; compare more closely,

and the exponential factor is simplified to

exp [i (€@ — oapgt)] (2.214)
Rewriting
A = exp[—iooudt] S, (2.215)
2
= Q'+ % (2.216)

where we set £ to zero, S = S(X,Y,t) and Q' = Q'(X,Y,t), the resulting equa-
tions in S and @' satisfy the DS equations (2.130) (2.131). The variable S when
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transformed to a function of 2,y, ¢, is analogous to the variable u used in this paper.

In this notation equations (2.209) (2.210) become
Ay = exp[—ioqudt]S; and Ay = exp|—ioauit] Ss. (2.217)

So we obtain a correspondence between the dependent variables S and w. Therefore
whilst we can say that the rational solutions obtained in this chapter are more
“fully rational”, than those of Ablowitz and Satsuma, when we consider the envelope

solutions we see obvious similarities in their nature.




Chapter 3

3D Three Wave Resonant

Interaction

3.1 Introduction

3.1.1 Background

Of the nonlinear interactions possible in three dimensions, possibly the simplest is
the three-wave resonant interaction (JWRI). This is found to occur in a variety of
physical situations, including nonlinear optics, electronics and fluid mechanics. If we
consider two colliding waves whose envelopes vary slowly compared to their central
frequencies wy, wy (wave vectors ky and kg). It is possible for a third wave to exist
which has a composite frequency ws = wy £ wy (k3 = ki & k3). It may be viewed
as the two original waves interacting (beating) with one another, giving rise to the
third wave. Given the frequency of the third is a linear combination of the first
two, the waves can “phase lock” allowing for growth and continuation of the new
wave. Without this feature the third wave would quickly disperse after several oscil-
lations. The reason that this kind of nonlinear interaction is so evident, is because
the nonlinearity demonstrated is of the lowest possible, quadratic. The reverse of
this process also occurs, where the interaction gives rise to the decay of a pump wave
into two daughter waves.

We may also consider an interaction which satisfies ws = —w; —wy (ks = —k; — k2),

43
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if we allow waves which have negative energy (e.g. plasma with a current). These
will satisfy the 3WRI providing at least one of the w; is negative. They describe
the process of the “creation of three quanta from the vacuum”, and are known as
an explosive instability of the medium. A full review of these effects may be found
in [18], [54].

The three-dimensional three-wave equations are conveniently expressed by charac-

teristic coordinates as

aqi * % 8(1:
ax, = V%% ox, = Vi (3.1)

where ¢, 7,k are cyclic and equal to 1,2,3 and * means complex conjugation. The
X; are characteristic coordinates, the 7’s are coupling constants. In conservative
systems, for example plasma’s, the +; are real, or can be made so by rescaling of
gj. Solutions can then be obtained via inverse scattering or the Backlund trans-
formation. However if we allow the +; to be complex these methods break down
as energy conservation no longer happens. The non-conservative case is of physical
interest, particular examples include hydrodynamic stability of viscous shear flow
and plasma physics. It is interesting to note that the conservative system is really a
special case of this and occurs physically only when more assumptions are made. For
a fuller description of the non-conservative case, including derivation and particular
solutions see [18], [19], [20]. However our focus will be on the conservative case.
The 3WRI has been extensively investigated. Originally this work was in one spa-
tial dimension with the working towards the full three-dimensional problem. An
inverse scattering transform for the homogenous-medium 3WRI in one space and
time dimension was developed by Zakharov and Manakov [98], [99] and Kaup [48].
Case and Chiu [15] exploited the linear operators of the inverse scattering trans-
form to obtain a Backlund transformation. For a full discussion of the evolution in
time and one-spatial dimension,in a homogenous medium of the 3WRI see the paper
by Kaup, Reiman and Bers [54]. The inhomogeous medium case was examined by
Reiman [85], and recently by Kaup and Malomed using a Lagrangian formalism [53].
In the inhomogeneous case the ; need not be constants, so we may allow slowly
varying functions or delta functions.

The above work led the way for the study of the full three-dimensional three-wave
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resonant interaction (3D3WR), which arises as the computability condition between
two 3 x 3 differential systems. The inverse scattering problem was first formulated
and a particular class of solutions found by Zakharov [97], and then a special case
of these by Craik [17]. These solutions came to be known as “lumps”.

Ablowitz and Haberman’s work [2] work led Cornille [16] to reformulate the in-
verse scattering set-up with all three coordinates on the same footing. Zakharov’s
approach had been to have one coordinate as a variable and the other two as pa-
rameters. Kaup’s work [50], [49], [52] was to use these characteristic coordinates
to give explicitly the general inverse scattering solution and also an infinite set of
conservation laws. We note that the (2 + 1) and (3 + 1)-dimensional problems are
represented by the same system. The only difference is that for the (3+1) system we
have a fourth characteristic coordinate defined, which appears in g as a parameter.
The lump solutions obtained by Zakharov and later Craik are different to the soliton
solutions found in the one-dimensional inverse scattering, however, they maintain
some similarities. The one-dimensional soliton solutions are derived from separable
kernels [54] and hence give rise to a closed form of solution. Similarly for lump
solutions the kernels are also separable [49] and again we have a closed form of solu-
tions. This is often used as a definition of lump solutions. Further in an analogous
way to the construction of n-soliton solutions, one can construct n-lump solutions.
Indeed this is possible from a Bécklund transformation as shown by Kaup [51] (An
alternative Backlund transformation was given by [63]).

However soliton solutions in one-dimensional inverse scattering theories always cor-
responds to a pure bound-state spectrum i.e. no continous spectrum, and there
is a relationship between the amplitude and width so that only one is truly inde-
pendent. For lump solutions this connection is lost and the profile may be quite
arbitrary. Lump solutions may be thought of as having more freedom in their pro-
file.

Work was carried out on the Lie point symmetries of the 3WRI by a variety of
authors. Fokas et al. [27] showed that in one spatial and one temporal dimension,
the 3WRI invariant solutions, satisfy a system of three first order nonlinear OQDE’s.

These can further be reduced to a second order equation, which is a special case of
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an equation related to a transformation of the Painlevé VI (PVI) equation. Similarly
the 3WRI in two dimensions is related to PIII, PIV and PVI [60], [55]. For a full
discussion of the group analysis for the full three-dimensional three wave interaction
and the new invariant solutions obtained see [67].

Recent work has focused on examining the non-symmetrical three wave resonant
interaction. Normally when we consider the case of one of the waves linearly insta-
ble and two of them damped, we assume that the damped waves are symmetrical.
However Hughes and Proctor considered the non-symmetric case where the damped

waves are truly distinct [45]. We confine ourselves to considering symmetric cases

only.

3.1.2 The System of Equations

The three-dimensional three-wave resonant equations (3D3WR) [50] take the form

0q; .

. dq;
ax;

Qi ox, = Vi (3.2)

where ¢, 7,k are cyclic and equal to 1,2,3 and * means complex conjugation. The

X; are characteristic coordinates, usually defined by

6 —_—
axX;

8, — ;- V. (3.3)

The «’s are the coupling constants and are scaled to unity in magnitude, i.e. v = +1,
different choices for v’s will correspond to different classes of solution. By changing
the signs of the fields ¢, one 7 can be set equal to +1, it can then be seen that there
are only two distinct cases vy =12 =y = 1 and 14 = 75 = —v3 = 1. However we
may set y; (for 1 = 1,2,3) to one by absorbing it into the characteristic coordinates.
We shall assume this for the rest of the thesis.

Although time, ¢, occurs in the system we shall generally be working with the char-
acteristic coordinates, thus, we may think of this system as a stationary system in
three-dimensional space represented by these characteristic coordinates. Alterna-
tively, we can consider the solution of the system at a point in time to be a cross

section through the three-dimensional space picture. As time progresses this cross
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section moves, t — —oo corresponding to the characteristic coordinates X; — +oo
and t — oo corresponding to X; — —oco.

The basic scattering problem [50] is given by

L (3.4
where 4, 7, k take cyclic values over 1,2,3. The integrability condition for (3.4) is the
original non-linear system (3.2). Kaup points out [50] that this scattering problem
is unusual in that there is no eigenvalue present, thus we have no bound states. This
is because the envelope profiles in three dimensions are required to be integrable and
square integrable, giving rise to only a continous spectrum. Thus solitons as under-
stood for the one-dimensional system do not occur. However, localized solutions do

occur, and are referred to as lumps rather than solitons.

3.2 Singularity Analysis

3.2.1 Background

We recall that the absence of moveable critical points for an ordinary differential
equation is defined as the Painlevé property. Thus the 50 equations that Painlevé
and Gambier [83] classified are the only rational second order equations that satisfy
the Painlevé property.

Further this property lead Ablowitz, Ramani and Segur [4], [5], [6] to the Painlevé or-
dinary differential equation (ODE) test. This states that every ODE which arises as
a similarity reduction of a completely integrable partial differential equation (PDE)
is of Painlevé type perhaps after a transformation of variables. This conjecture acts
as a practical test of integrability, however it is limited as we must test every simi-
larity reduction.

In 1983 Weiss, Tabor and Carnevale [94] introduced the Painlevé property for PDE’s
as a method of applying the Painlevé test directly to a given PDE without having
to reduce it to a given ODE. We outline the method.

We recall the idea of a Laurent expansion, and the idea of expanding around a sin-

gularity. However in several complex variables the singularities can’t be isolated (in
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general) so we generalise in the following way.
Lemma : If f = f(21,...,2,) is a meromorphic function (analytic except for poles)
of n complex variables, the singularities of f occur along manifolds of real dimension

2n — 2. They are determined by conditions of the form

@(21y .0 y20) =0 (3.5)

with ¢ an analytic function of zy, ..., 2, in a neighbourhood of the non-characteristic
manifold (we may think of this locally as Euclidean space). Characteristic manifolds
for PDE’s are the analogue of fixed singularities in ODE’s since they are determined
by the PDE and not by the particular solution. So a non-characteristic manifold is
essential because on a characteristic manifold any type of singularity may propagate.
The PDE test may be summarised as :

Painlevé Test : A PDE is said to possess the Painlevé property when the solutions
of the PDE are “single-valued” about the moveable singularity manifold. To be
precise we say that a PDE is integrable if the singularity manifold is determined as

above and if u = u(z1, ..., 2,) is a solution of the PDE we assume

(e o]

u = Zujcpj'o‘ a€Z (3.6)

=0
where u; = uj(21,...,2,) and ¢ = @(21, ..., z,) are analytic functions in a neighbour-
hood of the manifold.
The PDE test is extremely successful in helping to decide whether a given PDE
is integrable. For a discussion of it’s limitations see (58], [59]. The PDE test is
important however, as it allows other features of the PDE to be determined. These
include the Lax pair [73], Backlund transformations [32], Schwarzian derivative [93],
special and rational solutions [32].
There also exists a deep connection between Hirota’s method and the PDE test. In
1985, Gibbon, Radmore, Tabor and Wood [33] demonstrated the link explicitly, and
in doing so provided an explanation as to why Hirota’s method works. We exploit

this to obtain the bilinear transformation for the 3D3WR.
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3.2.2 PDE Test for the S3D3WR

For this system the Painlevé analysis can be carried out. We recall that, informally,
one says that a partial differential equation (PDE) possesses the Painlevé property
when it’s solutions are single-valued about the moveable singularity manifold [94].

In order to perform the Painlevé analysis we start from the system (3.2) (with ;’s
scaled to unity), and we make the ansatz that the variables g;, ¢f can be expanded

about the singularity manifold ¢(X;, Xy, X3) = 0 as

G = D Uimp™ (3.7)
m=0

g = Zvim(pm+ﬁi (3.8)
m=0

where ¢, Ui, and v;, are all analytic functions of the X;, in a neighborhood of ¢ = 0
and ¢, f; are integers.

Inserting (3.7), (3.8) into equations (3.2) a leading order analysis provides

Q; = ﬂ,‘ = -1 (39)
for all 7, with
a‘P —V;0Vk0
o A
0X; Uig (3.10)
Dy —UjoUko
= . 3.11
0X; Vio ( )

From equations (3.10), (3.11) we may choose two of the u;, vig (uzo and vig say) as

arbitrary functions and then

Uy = ;%;—;;;—é (3.12)
U = —%5‘% (3.13)
v = —Z—jﬁ%% (3.14)

We obtain the resonances, that is values of m at which arbitrary functions enter into

the series, by substituting (3.7), (3.8) into equations (3.2), retaining leading order
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terms only. As a result, we obtain the matrix equation

[M][V] =0

[V}T =‘ [ulma U2my U3my Vim,; V2m, USm]

for the lowest-order coefficients, where

[M] =

I

0

0

0
— U3

—1U20

0 0 0
P, 0 —wvso
0 Ps —wvy
—Ugo —Uo Py
0 —up O
—upg 0 0

—V30 —V20
0 —P10
—v9 0
0 0
P, 0
0 Py ]

50

(3.16)

(3.17)

with P; = (m — 1)%‘2 for 7 = 1,2,3. The resonances are obtained when detM = 0,

which yields the resonances m = —1,0,2,3 with 0 and 2 repeated twice. We recall

that the resonance at m =.—1 represents the arbitrariness of the singularity manifold

@(X1, X3, Xs) = 0. While the “double” resonance at m = 0 is associated with the

arbitrary functions usg and vqg.

In order to check the existence of arbitrary functions at the other resonances we

use the Laurent expansion of (3.7), (3.8) in equations (3.2). Now collecting the

coefficients of (™1, ™%, ¢!, o7, ¢t 1) we obtain the set of equations

6161:0

0X;

Jdvyg

0X;

— [vjour1 + vj1vk0]

— [Ujoukl + w;1Uko]

Similarly, collecting the coefficients of (°, ©°, ¥°, °, ¢°, ©°), we obtain

8ui1

O

X + uizﬁ — [Ujo”okz + Vj2vUk0 + "Ujlvkl] =0
6'01' 6
6X1~ + Uz‘za—;? — [wjoukrs + wjouro + wjnupm] = 0.

Finally at (o', ', o', ¢!, ¢!, ©')

an + 2uisa—;i — [vjovrs + vjaVko + Vj1vke + ViovR1] = 0
ov; 0
EQ;{% viaa—; - [ujouka + U 3Uko + Uj1Ue + ujzukl] = 0.

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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To show the above equations have the required number of arbitrary functions be-
comes tedious for the general manifold. We adapt the Kruskal ansatz [90].
assuming ©(X,, Xz, X3) = X + (X2, X3) the calculations are somewhat s1mplel
Solving equations (3.18), (3.19) we can determine wu;; and vy uniquely, given u
and vp (2 = 1,2,3). Solving (3.20), (3.21) by repeated substitution we arrive at two

arbitrary functions, usy and wve, say, providing the following are satisfied

Ovay Ouyy
V10 ’YzaX + u305)x1

U30V21V31 — uslull]

Ju v
— U3pV20 [5}? + 0303_.52 — U21U31V30 — 031'011] =0, (3.24)
2

Ousy 1 Ovyy
U10 V20 — VgpU21U31 — V11V21
0X; aXy

Jvs Ou
— UgoV20 [BXl + 620*—3};1 — Ug0V21031 — Huum] =0. (3.25)
1

With a little algebra this is shown to be the case. So the“double” resonance at
m = 2 corresponds to the arbitrariness of usy and wvqg, with uqg, Uz, v12 and vz, in
terms of previously determined functions.

For (3.22), (3.23) we find that vss is arbitrary providing the following is true

Ug0 f1 + U20V30 U30f1

gz +

2m
2u1g [ ’03091] V20 [ V3001
t 350/0X, fat 3 L2t 2]
599/ 0X, V2001 2v1g usof 1
=0 (3.26
udy fot 2 T 30¢/0X> + 2 (3:26)
with f; = x> — Uj1Vk2 — 20k and g; = g’;’j — Uj1Uk2 — Ujotikr. Again this is shown
to be true.

So the solution ¢;, ¢ of equations (3.7), (3.8) admits the required number of arbi-
trary functions without the introduction of moveable critical manifolds. Hence the

Painlevé property is satisfied for (3.2).

3.2.3 Backlund Transformation

To generate the Backlund transformation of equations (3.2), we follow the same

method as Ganesan and Lakshmanan [31], and truncate the Laurent series at the
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constant level term (see also [33]), that is
Ul = Y = 0 (3.27)

for & > 2. Thus from (3.7), (3.8) we have

Ui0

@
@ = 2wy (3.29)
@

where the u;; and v;; satisfy the original equations (3.2),

Ou; Ov;
53;%‘ = V;1V%1 55;} = Uj1Uk1 (330)
and
0 0
uioa—; = —V;0Vk0 vioa—;;_ = —UjoUko (3.31)
8u,~ a‘l)i
5—)?(_) = (vjovk1 + Viovj1) 5}(_[? = (ujotsr + Urotij1) (3.32)

forz, 7,k =1,2,3 and cyclic. Starting with a solution w;;, v;; we can generate another
solution ¢;, g} via equations (3.28), (3.29), as long as equations (3.30) to (3.32) hold.
Thus the above equations (3.28) to (3.32) represent a Backlund transformation for
the system.

The Backlund transformation for this system has been previously been written down

by Kaup [51]. Given a solution g; to generate another solution §; we use

_ (kG
;= @+ ———, 3.33
G =g+ =5 (3.33)
where the function D exists and
oD
0;D = = —(7(;. 3.34
o ¢ (3.34)
The (’s come from the scattering problem for the original equation
WG = ¢, (3.35)

%G = 4G, (3.36)
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where as before the 7, j, k are cyclic. This Bécklund transformation is indeed

the same as the one generated by truncating the series expansion if we make the

identifications
¢ — D
o = GG (3.37)
vio = (G

3.2.4 Bilinearization

We can use the Painlevé analysis as a guide to bilinearization, by considering the

vacuum solution [31]
ujp = vy =0 (3.38)

in the Bécklund transformations (3.28), (3.29) to give

U0

G = = 3.39

. (3:39)
V0

P= = 3.40

q " (3.40)

Assuming that ¢ to be real and substituting equations (3.39), (3.40) into (3.2), and
making use of the Hirota bilinear operators [42], we obtain the following Hirota

bilinear form of the 3D3WR. equation
Dxup-p = Vj0Vko (3'41)
DX;'UiU @ = UjoUko. (342)
The Dyx; are standard Hirota bilinear operators defined in the introduction (1.6).

Instead of using the Painlevé analysis as a guidance to the bilinearization we can

directly bilinearize this system by choosing the following change of variables :

.
;= — 3.43
=7 (3.43)

G

e 44
% =7 (3.44)

where F' is understood to be real. This recasts our equations as
Dx, I" G; = -GGy, (3.45)

Dx,F -Gt = -GGy (3.46)




CHAPTER 3. 3D THREE WAVE RESONANT INTERACTION 94

where 4, 7, k are cyclic permutations of 1,2,3. It should perhaps be pointed out at
this early stage that these equations come straight from the lowest equations in the
three-component KP hierarchy [46], hence integrability is to be expected. The form
of solution will be the 7-functions from this hierarchy. These in general will take the
form of three component wronskians or three-component grammians. We will take

an explicit look at this later.

3.3 Solutions

Let us consider the simplest type of solution to such a system. Consider the specific
case where there is only one wave envelope present, q; say, with g, = ¢s = 0, here

the equations reduce to

Oq1 _ dq; _
X, 0 ax, 0 (3.47)

this says that ¢, is independent of X; and has arbitrary dependence on X; and X,
thus, to use the language of Kaup we can think of ¢; as being a “tube” extending in
the X; direction with some profile in the X; and X3 directions. In general however
all three fields will be present in the solution, and they can be thought of as “tubes”
lying in the three characteristic directions. In regions where there is an overlap of
these “tubes” interactions will occur, however, as the X; — oo the envelopes will
separate and the solutions will cease from changing. Iaup looked at such solutions
via inverse scattering methods [50], [49], [52].

Perhaps the simplest way to generate solutions is using the Backlund transformation
[51]. Given a solution ¢; we have a Backlund transformation to generate another
solution

_ (ki
;= g+ 22 4
@=q+, (3.48)

where the function D exists and

8D = o = —(IG. (3.49)
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The (’s come from the scattering problem for the original equation
KRG = (3.50)
3Gk = 4G (3.51)

where as before the 1, 7, & are cyclic.

3.3.1 1-lump solution
Non-degenerate kernel case:

To generate the 1-lump solution we start with the trivial solution ¢; = 0,V7 = 1,2, 3.
We then use the Backlund transformation (BT) to generate another solution, solving

first for the (’s, then calculating D. Following Kaup’s method [51] we have

G = g(X:) (3.52)
D = B+ (X (3.53)

where [ is a real constant and

o0
@;(Xi) = /A g7 (u)gi(u)du (3.54)
the g;’s are arbitrary functions of the single variables X;. Without loss of generality

we may set 3 = 1, the 1-lump solution is then given by

g = g: gk .
L L Y O ()

One of the aims of this chapter is to relate these solutions to grammians, in a similar

(3.55)

way as Gilson and Nimmo’s proceedure for the Davey-Stewartson equation [35]. The
grammian approach being compact and direct allows a much wider class of solutions
to be determined. Here we can write the solution in the following form

G . G

with

3
F=1+) &u(X,)=|[+HS| =|F| (3.57)
m=1
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where [ is the (3 x 3) identity matrix, and

& = dia.g((pl,@z,@g)

111
H = 111

111

The G’s can be expressed as a bordered determinants

0 0 0 g3

gz
g2 F

g2
; 0 g& 0 0
' G, = —| & -
gs F

g3

0 0 g5 O

a1
g1 F

g1

similarly we have

H& F

for ¢, 7,k cyclic. Here

g = (QI)O)O)T g_2=(0:g2)0)T

ad = (650,00 gl=1(0,650)

0 g4

Hg, F

0 4

Hgs F

0 @

Hgp F
gs = (0,0, g3)"

g5 =1(0,0,43).

56

(3.58)

(3.59)

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)

(3.65)
(3.66)




W

CHAPTER 3. 3D THREE WAVE RESONANT INTERACTION 57

Degenerate kernel case:

In addition to this solution (the non-degenerate kernel case) there is, what is called

the degenerate kernel case [50]. For the degenerate kernel case the solution is given

by;

T e (3.67)
where
0.06) = [ glus(u)ia (5.68)
and
D=1 03y — Bydy — B3d; + 20,0, (3.69)

D appears in the denominator of the solution, thus, if we want a nonsingular solution,
it can be seen from the signs of the coefficients occuring in D that we cannot take the
g’s as exponentials. Cornille [16] has actually shown that these degenerate kernels
can admit localised solutions as long as the ¢’s are localised and the ®’s are always
strictly less than 1.

Again this can be cast in terms of grammians as follows,

G;
%= 5 (3.70)
with
F=|I4+HY| =|F| (3.71)

where [ is the (3 x 3) identity matrix and

O = diag(®y, Py, Bs) (3.72)
011

H=1101]}. (3.73)
110 ?

Thus the structure of the solution has not changed, only the form of the matrix H.

The G;’s can be expressed as a bordered determinants, just as before, but now with
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the modified H. For example

0 0 0 g 0 g
Gy =— 92 =— (3.74)
0 F Hgy, F
g2
ie.
0 g N
Gy =— G = — : (3.75)
Hg; F Hg. F

3.3.2 2-lump solution

Again using the Bécklund transformation a 2-lump solution can be generated from
the 1-lump solution. For convenience, especially later on in the paper we shall adapt

notation somewhat different from Kaup’s. Lets rewrite the 1-lump solution:

g =¢(X1), g2 =1P(Xa), g3 = o(X3) (3.76)
d,y = P P(u)du, Uy = v Y(u)du, i =/ o*o(u)du, (3.77)
X, Xs Xs
with
Dy = 14 @1 (Xy) + U3 (Xa) + 211 (X3). (3.78)

The 1-lump solution is then given by

g

o = 5 (3.79)
_ o

® = 5 (3.80)
_ v

w = 2 (3:51)

with ¢ in the obvious way, noting that Dy; is real.

Also we will introduce

Dij = B + @i;(X1) + U4(Xa) + %i5(Xs) (3.82)
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where §;; are constants and

®;; = $idi(w)du, Wi = [ Pip;(u)du, 2,-3-=/ oioj(u)du.  (3.83)

Xy X2 3
For the 2-lump solution we let 2,7 = 1,2 and can without loss of generality set

P11 = P2z = 1. Then

G;

with

F = DiDyy — DisDay (3.85)
Gy = Dagth10} — Digth10} — Dayehso? + Durthao] (3.86)
Gy = Dypords — Digord — Dayoadt + Duroads (3.87)
Gs = Dangiypy — Dindith; — Dardapl + Diigathy. (3.88)

This solution can also be recast as a grammian, this will now be a 6 x 6 determinant.

G
= ’a (3.89)
with
F=|I4 Ho|=|F| (3.90)

where [ is the (6 x 6) identity matrix, ® is a matrix with on-diagional (2 x 2) blocks

and zeros elsewhere, I is a block matrix with nine identical (2 x 2) blocks.

((I)z‘j 0

¢ = U;; (3.91)
\ 0 i
(B B B

H = | B B B (3.92)
\B B B

with

B Pu Pz , (3.93)
Bar Bao
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and where we have redefined

(I)ij/ qb,qﬁ}“(u)du, ‘Ifij/ 'z/),z,b;“(u)du, Em/ O'zO';(U)d‘U. (394)
X1 X2 X3
The G;’s can be expressed as a bordered determinants
0 of
Gy = — - (3.95)
Hy F
0 T
Gy, = — ¢ (3.96)
Ho F
0 1
Gy = — ¥ (3.97)
H¢ F

where

?i = (¢1: ¢2301 07 0) 0)T7 _tk = (0’0’¢1,¢2’0,0)T’ g = (Ou 0, 070701a62)T7 (398)

¢t = (¢1,45,0,0,0,0), ' =(0,0,¢%,%3,0,0), ¢ =(0,0,0,0,0%,0%). (3.99)

We shall investigate the structure and what the one- and two-lump solutions look

like, in section 3.6.

3.3.3 n-lump solution

The reason that we have taken time to change the notation is that now it is possible
to postulate a simple form for the n-lump solution which has the structure of a

three-component grammian.

I
|

@ (3.100)

with

F=|I+H®| =|F| (3.101)
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where I is the (3n X 3n) identity matrix, @ is a matrix with on-diagonal (n x n)

blocks and zeros elsewhere, H is a block matrix with nine identical (n x n) blocks.

q)ij 0
(D = wij (3.102)
\ 0 i
(B B B
H = | B B B (3.103)
\B B B
with
B,;j = ﬂij, Z,j =1..... n. (3.104)

The G’s can be expressed as a bordered determinants

0 of

Gy, = — (3.105)
H'l,_b_ F
0 t

Gy = — ¢ (3.106)
Ho F
0 T

Gy = — ﬁ (3.107)
Hé F

where

(b1yee s b3 0,...,0;0,..., 007 (

P = (0,..,05%1,..,%n;0,...,007 (

g = (0,...,0;0,...,0;00,...,00) (3.110)
(
(

e~
Il

8" = (¢5,,5:0,...,050,...,0)
Pt = (0., 0;9%, ..., 9%50,...,0)
= (0,..,0,0,...,0;0%, ..., 7). (3.113)
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3.4 Direct Proof of Solution

For a direct proof of the solution we use a Jacobi identity (see the introduction).

Here we need the following form of the identity:

0 0 ¢t
- 0 ¢ 0 of 0 ¢ 0 o
IFIl 0 0 gt |= i - o F - o - ’ . (3.114)
F F || Hp F
H¢ Hy F - . - -

We can show that the derivatives we require can all be expressed in terms of bordered
determinants. These expressions arise because, in general, for an N x N matrix 4

whose entries a;; are such that

Oa;;
8){? = a:f3j, (3.115)
the derivative of the determinant can be written as
0 B ... BN
AMNAl NN, ivia i o
% = Z(—l) HoBi Ay = —| . (3.116)
1,7=1 : A
anN
Thus, we can show that
0 +
or _ ¢ (3.117)
0Xs |\ gy F
and
0 0 ¢of
oG, -
— = . 3.118
X, 0 0 ¢ ( )
H¢ Hyp F
Thus (3.114) is actually
aGy oF .
—Fé—)z = —KGH — G3Gy (3.119)
This is precisely the bilinear equation
Dy Gy F = GG, (3.120)
Similarily if we choose
oG,
= JA21
A= 5% (3.121)

then equivalent identities to (3.114), give us the other bilinear equations.
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3.5 A More General Solution

The proof that the n-lump solutions satisfy the equations, actually applies more
generally. The proof will still hold for any constant hermitian matrix you may wish
to take for H. In general, the form F' = | + H®|, where ® could be a block matrix,

where each block may not necessarily be of the same size will still be a solution.

Thus

G; G
;= ) * = : M 2
% =75 % =7 (3.122)
will be a solution of the system, with
F=|I+H®| =|F| (3.123)

where [ is the (ny + ns + nz) x (n1 4+ n2 + n3) identity matrix, H is an hermitian
maftrix, @ is an (71 4+ n2 + n3) X (n1 + ng + n3) matrix with non-zero on-diagonal

blocks and zeros elsewhere

d,; 0 5,7 = l... ny,
¢ = \Pk[ 3 k‘,l = 1...... na, (3124)
0 Dmn m,n = l... N3

and

X

@ij = qS,;qﬁj(u)*du, ‘If.;j = T,bﬂbj(u)*d’u., Zz‘j = / Jicrj(u)*du. (3125)
X

The G’s can be expressed as a bordered determinants

0 ot 0 t

Gy = — =, G = — ¥ (3.126)
Hﬁ F Ho F
0 ¢ 0 gt

Gy = — £, Gy =— 5 (3.127)
Ho F Hé F
0 ot 0 of

Gla = — 2 , G = — ¢ . (3.128)
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where
¢ = (A1, bny30,...,0;0,...,0)7 (3.129)
Y = (0,..,0;%1, e, Pny3 0, ..., 0)F (3.130)
g = (0,..,0;0,...,0;0q,... ana)T (3.131)
' = (¢5, ..., 95,0, -3 0) (3.132)
Pr o= (0., 0,9}, .., 95 50, ..., 0) (3.133)
ol = (0,...,0;0,...,0;07,...,0%.). (3.134)

This appears to be quite a broad class of solutions.

However, we have to keep in

[ mind that the A we actually want to take, should be non-zero everywhere, otherwise

the solutions will contain singularities.

3.6 Examples

The essential difference between soliton solutions and lump solutions is the absence
of (discrete) spectral parameters in the inverse scattering theory. This difference
manifests itself in the functions ¢;,; and ¢;. In the case of related theories with
solitons these functions contain the spectral parameters and are always restricted to
obey some linear equation relating derivatives of the different independent variables

together, here there is no such restriction. In this section we shall look at solutions

to some simple cases.

3.6.1 The (1,1,1) Case

Evaluating F in (3.123) gives

hi1  hig
F=14h11®11 + hooWyiy + hgsdyy + ®, 9y
haor  hag
hir hiz his
hir has has has
+ Q11201 + Uil + | hgr hgy hos | PPy (3.135)
ha1 hss hay hss

h31 h’32 h33
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and from (3.126)

N hir hig
Gl = ’l,blo'l hgz + (1)11 (3136)
hsi  ha;
with the @y, W4y, X141 given by (3.125), ny = ng =ns =1 and H as
hii hiz his
H=| hy ha he |- (3.137)
hai hay hss

Localised Profiles

If ¢1, ¥1 and o) are taken to be localised functions, for instance Lorentzians, or

Gaussians, their asymptotic behaviour is simple to describe. As

X — +oo ¢y — 0, — 0, T = 0.
1 11 ¢71 ¢1 (3.138)
X = —o0 Dy > P_, $ =0, é7 — 0.

where ®_., is a constant. Similar sort of behaviour occurs for ¥;; and 2,y as

-

(3 =+ +oo. As X| =

hog 1
Foo— 1+ hooWUyy + hasXqy + s TP (3.139)
hsz  has
Gl — hgz'(,bla'r (3140)
as X; —+ —oo
F — a4+ bWy, + cXi + d\Iqun (3141)
Gi — eho] (3.142)
where a,b, ¢, d, e are constants
a=1 + hll®-—oo, (3143)
I h It h
b= hgg —+ i 12 —co c= 117,33 -+ i 2 q)_.oo (3144)
hg]_ h22 hBl 1133
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hi11 h12 his

/?,22 h
d = * t | har has hgs | Poco (3.145)
hgg ]7,33
hai hay has
hiy h
e=hsg+| |, (3.146)
hai hap
We can choose ¢, 1, o for instance as,
¢ = cre” =X thy = cpe” X2 X87 o1 = cge” Ko X3 (3.147)

where c1, ¢z, ¢3, X7, X3, X3 are real constants. The ¢;—field (¢; = G;/F) will take
the form of a filled in “tube” in three-dimensional space in the direction of the X;-
axis, asymptotically for large X; the cross section profile will be determined by the
functions ¢, 0. In this particular case we obtain a lump. Similarly at X; large and
negative the profile will again be a lump of different size. The “interaction” region
can be considered to be the region near the intersection of the coordinate axes. In

figure 3.1 we show ¢; plotted in the Xy Xs-plane for fixed X;, with

11/2 1/2
H=| 172 1 1/2 |. (3.148)
1/2 1/2 1

As in general the cross sectional profile of a (1,1, 1)-solution is arbitrary, by choosing
the ¢1, 41 and oy ’s differently this simple solution could have a much more interesting
appearence, however the basic character of the “tube” structure in the X; direction

won’t change. This behaviour is similar to the lumps as described by Kaup [51].

Non-localized Profiles

As an alternative to choosing our functions ¢y,1,07 as above we could choose
functions which don’t decay as the X; — 400, we shall look at exponentials, we

would expect the behaviour here to mimic more closely that of solitons. Choose

¢y = e~PX1-p) Py = e"1¥2-0) o = e~ "Xsr), (3.149)
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Figure 3.1: The g-field, plotted in the X;Xj3-plane for fixed X; = —5. ¢, =
exp(—X?)/2, ¥y = exp(—X3)/2, 01 = exp(—X2)/2, hii = 1 and h;; = 1/2 for i # j
(3,7 =1,2,3).

With the way our boundary conditions have been set up earlier it is necessary to
choose Re(p), Re(q), Re(r) > 0 (however with some reconsideration of the boundary
conditions these can be taken negative). Now the choice of H in our solution is
more critical, we can obtain solutions that are localised or are “ridge” like. For this

exponential case the asymptotics is

X1 = 4o ¢, — 0, — 0, 1 — 0.
1 11 (bl (bl (3150)
X; = —o© ®,; — o0, ¢ — 00, ¢} — oo.
thus as X; — 4+
haa  ha3
F'o— 1+ hypaWyy + has¥yy + Ui (3.151)
h3y  has
Gi —  hapio] (3.152)
as X; - —o0
F — a—i—b\Ilu +C211 +d‘1’11211 (3153)
Gi — epio} (3.154)
where a, b, ¢, d, e are constants
hii h hii h
a=hy, b=| | e=|"M "B, (3.155)

h21 h22 h31 h33
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h11 1112 his
hi1 hia
d=1 hg hyy hes |, €= . (3.156)
hai  hag

hs1 hag 1133

The basic structure of the solutions is as follows. If the coefficients of the Uiy, 21,
Wy;2i11 and the constant term are all present in F' the solution will look like a lump
in the X, X3-plane,for fixed X;. This lump will change only in the interaction region

(around Xy = 0). This would be obtained with an H such as

1 a
H=| o 1 g (3.157)
g 1

where |al, |B], |v| are all strictly less than 1 (see figure 3.2). In figure 3.3 a surface

of constant density of ¢;-field has been plotted in three-dimensional space, this looks

like a “tube” parallel to the X;-axis.

In the case of the original lumps described by Kaup (hy; = 1,Vij = 1,2,3) some of

the coefficients of Uy; etc will be missing, this will have the effect of producing a

ridge (see figure 3.4) as X; — +oo. At X; = —oco this ridge will disappear since
ki1 hig 1 1

o= = — 0. (3.158)
h31 1132 11

3.6.2 The (2,1,1) Case

The (2,1,1) case is formed by introducing an extra arbitrary function ¢y(X;) into
the solution. This does not appear to correspond to the solutions discussed by Kaup
via inverse scattering/Bécklund transformations. The introduction of the function
introduces extra features into the solutions. The structure will be reminiscent of say
the (2,1) dromion solution in the Davey Stewartson equation. The function F will
now be a 4 x 4 determinant. As before, the precise terms present will determine the

shape of the solution.
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Figure 3.2: The g;-field, plotted in the X,;Xj-plane for fixed X; = 10. ¢, =
exp(—X1), ¥1 = exp(—X3), o1 = exp(—X3), hi1 = hay = has = 1, hig = hyy =
h31 - 1/2

Localized Profiles
Choosing localised functions

¢ = 6_(X1_a)2, b2 = e—(Xl—ﬁ)z, ¢l — e—(Xz—XS)’, o

= e~ X=X (3.159)

where «, 3, X9, XJ are constants. Looking at the ¢,-field we observe, in three-
dimensional space, two “tubes” centered on (X, X3) = (o, X3) and (8, X?) lying
in the direction of the X, axis. The gs-field is similar with the “tubes lying in the

direction of the X3 axis. The ¢;-field has just one “tube”, however there are “inter-
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Figure 3.3: The ¢-field, here we have plotted the surface |¢;| = 0.13 in X, X,X5-
space. ¢; = eXP(“Xl), Y = eXP(—X2), oy = eXP(—Xs), hi1 = hys = hsz = 1,
hi2 = hoz = h3; = 1/2.

Figure 3.4: The g-field, plotted in the X, X3-plane for fixed X; = 10. ¢,

exp(—X1), ¥1 = exp(—X3), 01 = exp(—X3), hyj =1 for i,5 = 1,2,3.

actions” around X; = a and X; = . These solutions are shown in figures 3.5 and

3.6.
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020‘0‘020\\‘

Figure 3.5: The gp-field, plotted in the X;Xj3-plane for fixed X, = 10. ¢, =
exp (—(X1—2)%), ¢2 = exp(—(Xi +2)%), ¢1 = exp(—X3), o1 = exp(—(X3)?),
hi; =1for4,§=1,2,3,4.

Figure 3.6: go-field, surface ¢, = 0.12 plotted in three-dimensional space. ¢; =
exp (—(X1 —2)%), ¢2 = exp (—(X1 +2)?), ¢1 = exp (=X3), 01 = exp (—X3), hij = 1
for:,7=1,2,3,4.

Non-localized Profiles

Here as before the values of h;; will determine the kind of solution. Taking expo-

nentials

b = e_pl(Xl“pl)’ ¢y = e—P2(X1—P2), = e—a(Xz—q)’ o = ¢ T(X3-r) (3.160)
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for p1,pa2,q,7 > 0. Plotting for instance g; we can obtain a solution that appears to
be two lumps in the X; X3-plane, i.e. two “tubes” parallel to the X, axes. Plotting
¢1 the solution here is one “tube” parallel to the X; axis. This is similar to the
localized profiles case. However, the value of the g-field can be negative, so that
we may have a lump above and below the constant value of the field (see figure
3.7). Again by chosing H such that several minors vanish we can also get ridge type

solutions (see figure 3.8).

il
//,g'l""'"“‘\
J

VXX
2 ':'0":‘0

Figure 3.7: The g,-field, plotted in the X;Xj3-plane for fixed X, = 10. ¢, =
exp(—(X1—1)), ¢2 = exp(—2(X1 —2)), ¥1 = exp(—(Xz2 — 1)), 01 = exp(—(X3—1)),
hij =1 for + = 7 and h;; = 1/2 for i # 7, with 1,5 = 1,2, 3, 4.

3.6.3 The (I,m,n) Case

In general these solutions will take the form of multiple lumps or ridges. The number
of lumps will depend on the values of {,m,n. For instance in the least degenerate
cases the ¢;-field will have m x n lumps, if viewed in X; = constant plane, with
“interaction” regions occuring at [ different values of X;.

For example the (3,3,3) case gives nine lumps, in whichever field is held constant,

with three interaction regions for that variable (figure 3.9).
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Figure 3.8: The go-field, plotted in the X;Xj-plane for fixed X, = 10. ¢, =
exp(—(X1—1)), ¢2 = exp(—2(X1 —2)), ¢1 = exp(—(Xz —1)), o1 = exp(—(X3—1)),
hn = h13 L= h22 = h24 = h31 == h33 = h42 = h44 =1 the other h’SZO.

Figure 3.9: The ¢;-field, plotted in the X;Xs-plane for fixed X; = 5. ¢; =
exp(=X7), for i = 1,2,3, ¢y = exp(—(X2+4)?)/2, ¥ = exp(—X2)/2,
P = exp(—(X2—4)?)/2, on = exp(—(X3+5)?)/2, 02 = exp(—X3)/2, 05 =
exp (—(X3 — 5)?)/2, with h;; =1 for 4,5 =1,...,9.
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Chapter 4

Darboux Transformations for

3D3WR

4.1 Introduction

Darboux transformations (here after DT) define a mapping between the solutions of
linear differential equations and a similar equation with new coefficients. DT arose

originally in the work by Darboux [22] on the Sturm-Liouville problem,
Yoo + [A — u(@)]y = 0. (4.1)
He showed that (4.1) is covariant with respect to the transformation
Y= =Ys— 0y U=t =u-— 20, (4.2)
with o = 0,/60, where 9 is a fixed solution of (4.1), with a particular eigenvalue
Oze + [A1 — u(2)] 0 = 0. (4.3)

Alternatively we can think of the DT as a mapping between two copies of

Schrodingers equation, with different potentials i.e. from (4.1) to
Jou + A — 1§ = 0, (4.4

where we have a new potential %. Varying y in (4.2) allows us to recover new solu-

tioms.

74
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DT can be conveniently considered by looking at the compatibility condition of a
pair of linear operators; the Lax pair, as this gives rise to nonlinear evolution equa-
tions [78]. Using a DT we may build up a whole hierachy of solutions by iterating

the transformation. Typically these solutions are exact, for example multi-soliton

solutions.

4.1.1 Example

We consider the example of the KP equation, discussed in chapter two. The KPII

equation has the following Lax pair

L = 8,+8+u (4.5)
M = 8, +49° 4 60,u — 3w, (4.6)

which are compatible, providing u and w satisfy

Wy — Uy — Uggy = 0 (4.7)
U + 6UUG + Uggy + Swy — Uy, = 0, (4.8)

which gives
(us + 6Ly + Uggg )z + Bty = 0 (4.9)

We define S as the set of common eigenfunctions of L and M (non-trivial solutions
of L(p) = M(¢) = 0), and choose 6 & S such that L(§) = M(8) = 0. Then a DT
(first given by Matveev [69]) is defined by the operator

Gy = 00,07 =0, — 0,61, (4.10)
80 that
L) =M@) =0 = L) =) =0, (4.11)

with ¢ = Gy(¥) (our new eigenfunction) and L, M the operators obtained from L

and M by transforming u to our new potential,

= u + 2(log )4z (4.12)
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The result is easily checked by noting
LGy =Gyl MGy = Gy M. (4.13)

The DT is dependent on our choice of 6, which is referred to as the gauge, so we
may refer to the DT as a gauge transformation. (4.10) defines a mapping between
solutions » and new solution @. So in this way we can build up a hierachy of
new solutions, usually starting from a simple solution such as the vacuum solution.

Notice also that

LM =0 = [Z,M] — 0, (4.14)
as
[m] = Ly — NI (4.15)
= GoLMG;' — GoMLG;! (4.16)
= Go(LM — ML)Gy? (4.17)
= 0. (4.18)

We see therefore that the DT induces an auto-Backlund transformation.

An alternative form of the KP equation, known as the KPI equation

(s + 6uty + Uggg )y — SUyy = 0, (4.19)
has the Lax pair
L = —i0,+08%+u (4.20)
M = 8 +48> + 60,u — 3w, (4.21)
with v and w satisfying
Wy + Uy — Uyy = 0 (4.22)
Uz + Uty 4+ Ugpe — iwy + 3ty = 0. (4.23)

Defining the DT in the same way, we see that since 8 is a solution to complex equa-

tion (L(#) = M(0) = 0), that in general @ (4.12) will not be real. For @ to be a
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solution we need it to be real, so we do not have solutions to the KPI equation.
At the heart of this problem is that whilst L is self-adjoint, [ is not. This leads
us to derive a composite or binary transformation, known as the binary Darboux
transformation (here after BDT), which preserves the self-adjointness of L [79]. The

BDT also has the advantage of giving access to a class of solutions not available

from the DT.

4.1.2 Classes of Solutions

Considering the effect of the DT on the Schrédinger equation, Crum [21] showed that
the DT adds an eigenvalue to the spectrum of the operator. This result was related to
nonlinear evolution equations by Wadati, Sanuki and Konno [91]. They realised that
the n-soliton solution to the KdV equation is a reflectionless, n-eigenvalue potential
of the Schrédinger equation. Hence adding an eigenvalue to the spectrum of the
operator via the DT, leads to the addition of a soliton at the evolution equation
level (this is also true for the BDT).

It turns out that n iterations of the DT gives the new solution in terms of a wronskian
determinant, composed of n eigenfunctions. This was first proved by Crum [21]
for the Schrédinger equation, and was found to be true in a wide variety of cases
(see for example [70] for the KP equation or [78] for the n x n matrix spectral
problem). In contrast, iteration of the BDT leads to grammian type solutions [79].
This result again generalises so that we find that the BDT gives rise to grammian
type determinants for general n x n matrix Lax pairs [78] [77]. Recent work by
Willox, Loris and Gilson has demonstrated a relationship between wronskian and
grammian solutions [96].

Zhou [101] determined the Darboux transformation for the (1+4-2)-dimensional three-
wave equation. Using this he calculated explicit localized soliton solutions, and
examined their asymptotic behaviour. Work on the full three-dimensional three-
wave resonant equation and the DT was carried out by Guil and Ménas [38]. They
obtained solutions written as grammian type determinants of vector solutions to the

Lax pair.
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4.1.3 Discrete Equations

Recent work [82] [80] on the DT has seen it used to obtain discrete versions of
equations, by considering the superposition principle associated with it. The work
is closely related to the reinterpretation of the Backlund transformation as giving
rise to integrable discrete equations (see for example [61] [56]). This is perhaps un-
surprising as the close connection between Béacklund transformations has long been
established [62].

Nimmo and Schief made use of the Moutard transformation with the (2 + 1)-
dimensional sine-Gordon equation (the original DT was a specialization of the trans-
formation first given by Moutard [72], and discussed recently in [12]). This transfor-
mation was used to construct new solutions, whose superposition principle may be
reinterpreted as a discrete version of the (2 + 1)-dimensional sine-Gordon equation
(discrete BKP equation). Nimmo’s work on the two-dimensional Toda lattice, made
use of DT to give the discrete KP equation. In both cases the DT is calculated for
the discrete equation, and hence we have the possibilities of new solutions for these
equations. The method relies on finding a suitable expression for the iteration of

solutions to the DT or Moutard transformation.

4.2 Lax Pair and Scattering Problem

The basic scattering problem for the three-dimensional three-wave resonant equation

(3D3WR), is given as [51]

8Ci *
ox, — G (#.24)
o .

where i, 7, k take cyclic values over 1, 2, 3. The integrability condition gives

aqi

X, = q; (4.26)

and the complex conjugate. We recall here that there is no eigenvalue present, thus

no bound states and hence no solitons [51]. However localised solutions do occur,




CHAPTER 4. DARBOUX TRANSFORMATIONS FOR 3D3WR

and are referred to as lumps.

We re-write equations (4.24), (4.25) in a matrix form

(0. 0 0| [0 o —g
L = 0 8 0 |+|—-¢ 0 0
0008, |0 -g 0
(9, 0 o| [0 —g o
M =108 0|+| 0 0 —q
008, |- 0 o0

with X; = 2, X =y, X5 = 2. The scattering problem is equivalent to

L(=0
M¢ =0

79

(4.27)

(4.28)

(4.29)
(4.30)

with ¢ = [{1,(2,(3]¥. We define the following transformation of independent vari-

ables

X

T+ by +az
Y = az+by+ ez

Z = azz+byy+ 32
which gives the new L and M as

L — A10x + A0y + As0z + @
M — Bla_}( + B28y + Bsaz + R

where we have A; = Diag|c;, a;, b;], B; = Diag[b;, ¢;, a;], and Q, R as

0 0 —g : 0 —g 0
Q=1|-¢ 0 0 R=| 0 0 -—-q¢
0 —¢ 0 -~ 0 0

(4.31)
(4.32)
(4.33)

(4.34)
(4.35)

(4.36)
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We consider the new operators Ly, M;, composed of linear combinations of I and

M

Ly = (A3'A; — By'By) AL — By'M) (4.37)
= Oy + Fi0x + Q' (4.38)
M, = (A7'As— By'Bs) Y (A;'L — B;* M) (4.39)
= Oz + Fdx + R' (4.40)
(4.41)
with Fy, Fy as
Fy = Diag[Fyy, Fis, Fis] = 0 o 0 (4.42)
ahba 0 0
Fy = Diag[Fa1, Fag, Fys] = 0 G201-gz01 0 ,  (4.43)
and
0 5w aha
Q = _2:5__3_3 0 e (4.44)
e im0
0 & ot
R = %_ 0 el I (4.45)
Rl -

Ly and M, give us our new Lax pair, in a form appropriate for calculating the DT.
We note that as we have only taken linear combinations of our original operators
(4.34), (4.35), up to a change of variables, the compatability of L, and M gives rise
to 3D3WR.
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4.3 Darboux Transformations

4.3.1 Set-Up

We mirror the approach of Nimmo [79], [78] and consider the 3 x 3 linear matrix

operator
L= 6}! + F13X -+ Q (446)

where F} is diagonal and constant (4.42), and Q@ = Q(X,Y, Z) is off-diagonal (4.44).
We have dropped the subscript on L and superscript on ) for convenience. We work
solely with the operator L, however given the form of M; (4.40), the calculations all
carry through. We return to the exact nature of the solutions determined from M;

in section four. The aim is to calculate the Darboux and binary Darboux transfor-

mations.

Let .5 be the set of non-singular 3 x 3 solution matrices of L(3) = 0 (¢ the eigen-
function), and define S, St for operators L and Lt respecively. Taking 8 € S we

define the Darboux transformation as

G = 98}(9"'1 (4.47)
= Oy —0x07 1. (4.48)

This transformation, defines a mapping

Gg:S— 8 (4.49)
with
L = GyLG;*. (4.50)
By considering the adjoint operator G}, we have
t=ai 'Lty (4.51)

so that

G St gt | (4.52)
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We use the formal adjoint 1, in the following way; it is the linear operation defined

by
(ad) = (=1)ia], (4.53)
Explicitly for a matrix a, af is the Hermitian conjugate of . We can show that
oY =0 (4.54)

and we use this to help us determine the exact form of (), under the Darboux

transformation. We have I, = Oy + Fi0x + @, so that

() = (~av - s B+ @D’ (4.55)
= 07007 + 070507 ) + 6071 (4.56)
= 7 (1007 + Q- Q — [P, 0x07]) (4.57)
=0 & Q=Q+ [F,0x07"]. (4.58)

Expression (4.58) is consistent with (4.50) in the following sense. Consider L =

Oy + Fi0x + Q and L = 8y + Fidx + Q and Gy as above, then
L = GeLGyY, (4.59)
is equivalent to

LGy — Gy =
O + Fix + Q] [0x — 0x07'] = [0x — 0x07] [Br + Fadx + Q] =
—Oxy 07"+ 0x0710v07 — Fi(Oxx — 0x0710x)0~" — Q8x0"
—Qx —0x07'Q + [0 — Q@ — [, 0x07'] | 0x. (4.60)

If we make use of (4.58), then the operator coefficient vanishes and we obtain

LGy — GoL = —Oxv 07" + 0x07 0y 07" — Fi0xx0™" — [Q,0x07"]
—Qx + 9X9‘1F19X0"1 = —(GeL@)BHl. (4.61)

This vanishes as 8 is an eigenvalue, so

LGy —GoL = 0. (4.62)
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Hence the definitions are consistent, and we have a new solution
@=Q+ [F1,0x07]

and a new eigenfunction 9 = Gy(2).

4.3.2 Constraints

As F) is diagonal we have the following representation for (4.58)

" oii
Qi = Qi + (F1; — Flj)TéTl

83

(4.63)

(4.64)

where 0¥ is § with jih row (8;) replaced with derivative of 4th (we write this 6; x,

with , to separate the index and the partial derivative). With this explicit form

of @ we can check whether the DT preserves the correct structure of solutions to

3D3WR.

By considering a new set of solutions §;, (for ¢ = 1,2,3) and their conjugates to

(4.26), and using the construction for @ in section 2, we obtain

0 daca —d3bs
cabg—bacs  cobz—bacy
Q — —d3ca 0 di1as
a2¢3—cz2ag3 a2C3 —Cpa3
dabs —@'f a3 0

boaz—bzas braz—bsap
Comparing each of the entries with (4.64) we have

N (azcs — caas)|0%
G = q1+(F12 F13) a3w|

) (baas = boas)|
as|d|

(baas — agbs)|6%|
bald|

G o= g+ (s — pyy) o2 oba)l07]
ba)|

(bacy — c3by) |67
cs|d]

(azes — caas)|0%]

cald|

G = q + (Fi2— Fiz

G = @+ (F13— Fu)

s = g3+ (Fi1— Fia)

G = g3+ (Fi1— F)

(4.65)

(4.66)
(4.67)
(4.68)
(4.69)
(4.70)

(4.71)

It is clear from (4.65) that we have a constraint arising from complex conjugation.

However from (4.66) to (4.71) it is obvious that other than in trivial cases this
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constraint is not satisfied. Hence the DT does not in general preserve the structure

of the 3D3WR.
We note at this point that we have a similar closed expression for 9, as the one

obtained above for () (4.64). We have that ¢ = Gy(3), and make use of the following

theorem

Theorem 4.3.1. For any m x m matrices, A, B, C, with B invertible

1| B C;

AB_IOi'Z——h
UBZO) =511 .

(4.72)

Proof. This follows immediately from two facts : the expansion of the (larger) de-

terminant on the right by its last row and column is

_ Z Ay BpCh; (4.73)
k=1
and
(B = — B, (4.74)
B
O
Then
. 1| 0
iy = ¢z‘j,x—7 ! (4.75)
1 6, % 0
0 .
- L vi : (4.76)
16| Oix ix

Where for a matrix A, A (A;) denotes its ith row, (jth column) and A;; the (i5)th
entry. A; (A;) denotes the matrix obtained by removing its ith row (jth column)
and Ay denotes the (77)th minor. In this notation we write our new solution (4.64),

as
o
0:.x

Quij = Quij + (Fii — Fy;) B

(4.77)




CHAPTER 4. DARBOUX TRANSFORMATIONS FOR 3D3WR 85
4,3.3 Iteration

This transformation can be iterated to give a whole hierachy of solutions [78], we
give the details as the construction aids our understanding of the iterated BDT.
However it must be stressed that DT does not preserve the structure of the 3D3WR
and so the iterated form of ) are not solutions.

We start by assuming that we have r solutions §; € § for « = 1,..., r. We relabel
S as S° to indicate our starting point. The aim is to determine the form of ¢ and
¥ after r iterations of the Darboux transformation, we re-write these as Q°, ¥° to
indicate that these are the original functions, so that the aim is to find Q" and ".
We illustrate this pictorially as :

G G @
g0 o0 st ol 52 G-t

gr—1

S”

01—t

where S! corresponds to 5, i.e. the set of solutions of non-singular 3 x 3 matrices
of L(s)) = 0. In the same way we have in general, S' the set of non-singular 3 x 3

solution matrices of L*(¢') = 0, where L' has the form,
L' =0y + Fi10x + Q' (4.78)

We obtain ¢ for i == 0,..., r — 1 by applying successive Darboux transformations

0° = 0y, 0* = Gpoby, 0? = Go1 Ggo0s, ... (4.79)
so for example
0' = Gpb) (4.80)
= [0x — 0%(6°)7")6, (4.81)
= 01,x —0%(6°)710,. (4.82)

In general the DT Gyr = 0"0x(6")7!, where 6" € S is invertible, is a mapping from
S” to S™+1. This allows us to construct our %" by repeated use of transformations,

50

P = Get®, 9P = Gapt = GG, ... (4.83)
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:; 1s written in terms of Q;‘j_l and 671, this allows us to build up the expressions

for @};. For example

2 1 e
o= ij"'(Fh Fij)y—— o] (4.84)
glu Hoij
= Q)+ (Fi— Fyj) [lIG”I' + ||90||] , (4.85)

where "% is " with jth row (67) replaced with derivative of ith (07 x), for r =

1,..., n.

4.3.4 Closed Form Expressions

As with the single DT, it would be convienent to have an explicit and closed form
for ¢" and @};. To motivate our determination of these, we consider the situation
where the 0; are all scalars, corresponding to a 1 X 1 matrix spectral problem. Here

g* is written

0:1,x6°—0%0, |O]
01 - —*“"éo—— —_— _GF’ (4.86)
with © = 0; x6° — 6%, which gives rise to
P = GpGpy® (4.87)
0% 05%%°
_ [5X _ ‘(JT] [ B (4.88)
gL 0 09440 B 49 40
0 x¥x X xVx
= Py — o 70 )X + 2100 (4.89)
$° o
= Yy + — 6] [0%61,xx — H?YXHI,X] - |—®—| [0091 XX — 019%}(] . (4.90)
This may be reformulated as
Bo 00 o°
box Oix Pk
foxx Orxx Ykx
2 ’ : - 4.91
v o (4.91)
0 0
0 %
Oxx Pkx
X (4.92)

9]
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where 8 = [0, 0;] and 8y = §°. This idea can be generalized to give an explicit form
of ¥" and @Q}; in the 3 x 3 case, after we have carried out r iterations. The new

eigenfunction is represented in a wronksian form, as

0
0 1/)2
r—1 re
ot it
e; o
7,[):] = o , (4.93)
Br—l
and
00
o: 1
-
. 0;
= Qu + (Fu — ) pr ) (4.94)
91‘—1

where we have written 8", for a 3 x 3r matrix formed by concatenating invertible
elements of Sp. 8"F denotes the kth derivative with respect to X, and if the value
of r is unimportant or clear from the context it will be omitted. " are arbitrary
maftrices in 5" acted upon by a DT.

The proof of (4.93) and (4.94) is due to Gilson and Nimmo [36], and we make use

of their notation. We require the following lemma :




M
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Lemma 4.3.2. For each r > 1 define 3 x 3 matrices g", h", §", h" and G", and

scalar F* by

0
6 1,[)3
= .
9 1 T‘!)Jl
6. i
0
e o
hij = er_l 93_1 y
0. 0
60
Gy = (1)
g1
7
o;

If the matrices g" ', G"*' and scalar F™' are given by

r4+1 _
9 =

then

0
) g° gb(;
o o Y
o ot
90
R
6

00

VA
3-

r41 r4-1
Gi. 02'.

00
5= g
g7+
00
hr = -
or+!
00
Fr =
91'—1

DXg1' . FT + Gf‘gi‘ . ‘&1‘ F?‘ — 0,

Dxh™ - " + G'h" — " F" = 0,

gr+1F7' . gr‘Fr+1 _l_ Gr+lgr — 0,

Gritpr — prpr+l = .

X

r—1
P

+1
¥
0
0%

r—1

o

r+41
6:;

F1‘+1 —

, (4.95)
: (4.96)
(4.97)

g° 6°
. (4.99)

o o
(4.99

(4.100
(4.101

— N N S

(4.102
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The 0" are 3 x 3 malrices, not already included in 0" i.e. A new solution. We note

that Y7 = g" /I, Qf; = QY + (Fii — Fy)(—1)71Gy; / F.

Proof. First consider the (6r ++ 1) X (6r + 1) determinant

90 97‘—2 HE—I 90 91‘—2 0}’—1 92—1 0;; 0;

Vi o W ORISR v vy | (4109)
0 r—2 r—1 re=] r r

R P g A

where 7,7,k € 1,2,3. This may be evaluated by a Laplace expansion as it stands or
after subtracting the final row block from the first. The second expansion gives 0

and so we get the identity

90 o 01‘—2 8}»_1 9}:—1 9}“ 0 r—2 r—1 r
0 r—2 r—1 r—1 r ‘ 9 T 0 91:. 05-
";b.j T ¢.j %j ¢’kj ¢kj
90 . 6r—2 0;:;—1 9;51 0;
N 4] r—32 r.—l r—1 r l 90 e HT—Z 9;’;_1 07;:
i YT v v Wy
90 . 87’—2 02—1 9;€ 9: ‘ ‘
+ e | e el EL I CRL)
7»/).3' T ".[’.j ’ab;:.j W;j lbz"j )
Taking the sum over k gives
3
(Z s Zk\) — 9 Fx% + (g6 — 95;)F7 =0 (4.105)
k=1

which is the i7th entry in (4.99). The identity (4.100) follows from (4.99) when we
choose ¢ = 6.
Also consider the (6r +4) x (6r + 4) determinant

90 L. 97‘—1 00 . 61‘—1 9" Gl."l'l
9° ... pr-1 g0 ... pr1 o 91_‘+1
. (4.106)
o ... 0 00 . 9"—1 or 0;_'-+1
N A IR Rl KA

By considering the third row block subtracted from the first it can be seen that
we have F"g™t. Then by carrying out the Laplace expansion we obtain (4.101).
Finally choosing % = 6, g"*' = 0 and the above expansion gives (4.102).

O
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These identities allow us to prove the following theorem, which gives a proof for

(4.93).

Theorem 4.3.3. Forn > 1 let ¢ be the solution obtained from n iterations of the
DT. In the notation of Lemma 4.3.2 we have

n_ 9"
= (4.107)

with F'™ # 0.

Proof. The proof is by induction on n. For n = 1, consider 3 x 3 solution matrices

0 = 0 and . After an application of the DT we get

Pt = Gy() = thx — Ox07 3. (4.108)
Re-writing this
0 .
(0x071p); = — - Vi | (4.109)
6] (ei‘)X 0
and hence
1 g P.j 1 |6° ¢°
b = [ Tl = Wl- . 1"7 (4.110)
(0:)x  (hij)x 0; ¥

and so ¢! = g'/F"* as required. Now assume that the result holds for n = r > 1, that
is by applying » DT's we have obtained solutions %" = g"/F". We also have another
solution 0" = h"/F", a particular solution obtained from " by taking % = 0. Then

after a further DT we get a solution

= Gor(Y7) = Py — 0% (07) My, (4.111)
that is
. Dyg" - F©y — (Dxh" - FrY(h")~1g"
Now using the identities in Lemma 4.3.2 we get
. _“_Grgr _I_QrFr — (=G h" _I_i:&rFr hr —197'
AT Lr(Lry—1,r
_ ¢ hIEh )" (4.114)
gr-l-l Fr + Gr-{-lgr _ Gr+1hr hr -lgr
_ o (A7) (4.115)
gr—l-l
= (4.116)
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as required. O

We explicitly give the details for 4 in the case r = 2. We assume that we have 2,

3 x 3 solutions, ; and 63 both in Sy, so that € is a 3 x 6 matrix, written
0= [ 0, 0, ] : (4.117)
Thus

2 0, P5
bix  Oox Py
Oixx Oixx ixx
L= iy (4.118)
01 92

O1,x O2x

Theorem 4.3.4. For r > 1, @), the new solution, takes the following form after r
iterations of the DT

)
i G

b= Q4+ (Fuy = F)(-1) =1, (4.119)
t.e. a3 x 3 matriz, where Fy; are the diagonal entries in Fy for1=1,2,3.
Proof. By induction on r. For r = 1 we have
0 G
io= Q- (M= Ry)(-1Y = (4.120)
09
2
6!
= Qi+ (Fu- Flj)?)‘():l_ (4.121)

which is (4.77). Assume that the result (4.119) holds for r. We also have that
QT = Q"+ [F,0%(0)7'], (4.122)

from (4.63), where we have generalised to the rth iteration. Substituting (4.119)
into the (i7)th entry of (4.122) we have

"

Ho= QY+ (Fy— Fu) [(—1)jG—if - (93\,(9")—1)1-j] , (4.123)

B
= Q%+ (P - Fyy) [(—1)”' % 4 (cap Bt e ] (4.124)
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by using 0" = A"/ F" (we note that the (—1)’~! comes from the derivatives). We use

the identities in lemma 4.3.2 and obtain

. . Gi' —GThT i,.F,. B -1 .
Qi = QG+ (Fy - Fa)(-1) |5+ (ZGTh + = J) )i | (4. 195)
Gt
= Q%+ (I — R)(-1Y 75 (4.126)
as required. O

4.4 Binary Darboux Transformations

4.4.1 Set-Up

We consider the set of 3 x 3 non-singular matrices & such that L() = 0. With

p € § we define G, : S — 5, which gives rise to the composite mapping
G'Gy: 8 — 8. (4.127)

The aim of the BDT is to allow us to construct new solutions (g;, for i = 1,2,3) to

the 3D3WR, in effect Q, corresponding to the operator
L =0y +Fox + 0, (4.128)

again we have dropped subscripts and superscripts. However the difficulty with
this definition, is that we need p, one of the solutions we are trying to obtain. To
overcome this we make use of the adjoint transformation.

Recall that we have the transformation G : T — St and (8=1)t € St. In a similar

way, we have (p~1) € 5T. We now use the mépping G’Z_l : 8t — &1, to obtain
_ -1
(™)' =G (4.129)

for n € STie. an adjoint eigenfunction More generally we have St the set of non-

singular 3 x 3 matrices such that LT(¢) = 0. Noting that

G-y = (67)19x(0)! (4.130)
= —Gl, (4.131)
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implies that the transformations they define are the same, so we work with Go-1y

as 1t 1s simpler. We illustrate the compostite mapping in the diagram below.

Go,n

g2 5% 2

v‘\

Gy
gt L0 &y

1 fre— (p_l)]L

This gives rise to the following definition of a BDT.

Definition : Consider an operator L and gauge operator Gy, where § € S. For

each n € ST, define
Ggm = G;IGQ
where p = ((G(_al__l)m)'l)?. Then

Gam:S——)g.

(4.132)

(4.133)

where [ = GonLGy, = Oy + F10x + @, is called a binary Darboux transformation

(BDT).
To calculate G5y, we recall
b=Go(y) = $=G;l(¥),
or
=00x07 () = =0V,
where Vy = §71¢. This gives
Gy ($) = 085" (671),
and therefore
p o= ((Gghoym) ™)
= (e em) ™)'
= (o)’

= Q!

(4.134)

(4.135)

(4.136)

(4.137)
(4.138)

(4.139)
(4.140)
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where = 83'(n'0). Using this expression for p in our binary transformation we

have our BDT

Goy = pOy'p~'00x071 (4.141)
= 0071050070050} (4.142)
= 0971 [Q07" — 05" Qx 07! by parts (4.143)
= I—0Q7'0x 007 as  Qx =1lo (4.144)
= I-097 o't (4.145)

Hence we have new (), and new eigenfunctions t/; = (l,y(¥). We also have the

adjoint BDT which is written Gy g : ST — ST, and is calculated

Gao = GGl (4.146)
= (o) oxp"(67") 0" 0! (4.147)
= (07hfar [ Yoy — (@7)ietp)!] ax'e! (4.148)
= [ —p(Q Hioz'et. (4.149)

So new adjoint eigenfunctions are given by QAS = Gpe($). We notice the way the

eigenfunctions and adjoint eigenfunctions have interchanged role in the adjoint BDT.

4.4.2 Constraints

As with the DT, the idea is to examine the structure of the new solution (Q), to see if
the structure is preserved under the BDT'. To do this we find closed form expressions

for Q,-j and zﬁz Considering the two DT Gy and G,, we have two expressions for
Q=Q+[F,0x07"], Q=Q+[F,pxp7]. (4.150)
Given that p = Q71 = 8(Q(n, 0))!
pxp~t = 0x07 = 0(Qn,0)) Mt (4.151)
we have

Q= Q I, 6(n,0) 0. (4.152)
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Using theorem 4.3.1, this is re-written as

Qn,0) n';
o 0;. 0
Qij - Qij + (FlJ - Fl'i) l‘Q(n) 6)| ,

with 8, 7 3 x 3 matrices. The new eigenfunction arises by considering

b = Gonl®)
= [1-007"05"'] (v)
= 1 — 007105 (1)

So in a compact form

Qn,0) Qn, )i
0;. hi;
12(n, 0)] ’

Q:Lij =

where we have defined a general § as
axQo,7) = otr.
Similarly the new adoint eigenfunction is written

Q(@, 77) Q(Ga QS)J
7. &ij
12(6, )]

$ij =

I'rom (4.153) we note that

*

n,0) o} Qn, 0 15
0, 0 0: 0
12n, O)I [2(n, 0)*|

Qn, 0T o}

= Ui ° taking transpose

[©2(n, 0)*7
Qn,8) 7
0;. 0

2,0

95

(4.153)

(4.154)
(4.155)
(4.156)

(4.157)

(4.158)

(4.159)

(4.160)

(4.161)

(4.162)
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if we choose
n=0, =  bi=mn, | (4.163)

for ¢ = 1,2,3. Once again, considering a new set of solutions §;, (for ¢ = 1,2,3) and

their conjugates to (4.26), and using the construction for Q in section 2, we obtain

0 daca —43bs
62b3 -bz c3 c2 bg —bg c3
A A ~
Q= | %8 0 _dias (4.164)
ax¢3—cCzag @2C3—C2a3
gobs —§fas 0

baaz—bzaz  bpaz—baas

Using the explicit representation (4.153), and comparing this with (4.164), we see

for example

Qn,0) n37

dscs gsCs3 L
= + (Fi9 — F 4,165
Ccobs — 5203 Cobs — bacs ( 12 11) fﬂ(n, 9)| ( )
Qn,0) "
A % 0 0
d3C3 q3C3 2.
= + (F11 — Fio)- 4,166
agC3 — Ca03 C3 — Cad3 ( H 12) ‘9(777 '9)1 ( )

It is again obvious that up to a factor, (4.165) and (4.166) are related by complex
conjugation. Hence we must show that starting with (4.165), that under complex
conjugation we have (4.166). Noting (4.160) and the condition i = 6, then (4.165)
is equal to the complex conjugate of (4.166), providing

6302 — szg = (9C3 — A3Ca. (4167)

By examining the rest of (4.164) we see that the BDT preserves the structure of Q,

and hence provides new solutions to 3D3WR. if
621)3 — C3b2 = (9C3 — U3ly = 52(13 - b3a2 7é 0. (4168)
With this condition (4.168), (4.31) is invertible, providing

aq -+ bl +a §é 0. (4169)
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Further we restrict ourselves to the situation where no pair of as,bs,cs are zero
and the equivalent term from as, by, ¢; is also non-zero. We note in passing that by
considering any pair of (4.168) we have for example (for ag,c; # 0)

— b -
py— BT W T b asb = ases + asey (4.170)

Cg Uz

and by eliminating b3

(ag + be + ¢2)(ages — ascsy) _

P 0, (4.171)
giving the relationship
ag + by +cy = 0. (4.172)
Similarly, considering for example by, we obtain
az+bs+cs =0. (4.173)

We recall at this point that the operator M (where we have dropped the subscript
from section two) has the same form as our operator L. Hence the definition (4.47)

of the DT holds and we obtain the new operator
M = GeMG;*' = 8z + Fdx + ), (4.174)

where § € S the set of non-singular 3 x 3 solution matrices of L(¢) = M(z) = 0.

Once again R is constrained (we have removed superscripts)
R=R+ [F,0x07"], (4.175)

which gives us a defintion that is consistent. However we encounter the same problem
for M as we do with L, that is the complex conjugation condition is not satisfied.
Hence we have to examine the new solution obtained from the BDT.

We consider the new solutions & corresponding to the operator
M = GyyMGyt = 87 + Fydx + R, (4.176)
with Gy, defined as in (4.145). From (4.153) we see 1R takes the form

Qn,0) 3"

. f;. 0
Rij = Rij + (Fy; — Fy) 1007, 0)] ;

(4.177)
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also by definition

0 —dscs 4362
(=] 53-—52 c3 c2 bs—bz Cc3
k= d3ce 0 —diay (4.178)
agc3—Cc2a3 azc3—Ccaay
—g2bs §taz 0
boagz—bzan boagz—baas

Equations (4.177) and (4.178) are consistent providing (4.168) holds. Under this
condition we see that (), Q, R, and R are skew-hermitian (i.e. A is skew-hermitian
if AT = —A*). Further we have the following new solutions from ¢ and & (where

we have used (4.172) and (4.173) to guarantee equivalence)

Qn,0) 5"
. ts. 0
G = q+lat+b+al R (4.179)
Q(?],B) njle
u fs. 0
G = q+[a+0b+ ¢ 1007, 0)] , (4.180)
Qn,0) n3"
n 0. 0
@B = @+ [ar+ by +ci 0. 0) (4.181)
Choosing b; = ¢; = 0 and a; = 1 we obtain
Q(n, ) 77jkkT
b;. 0
G=q+ , 4.182
2a,0) (4.182)

for 4,7,k = 1,2,3. With these constraints, we may choose the following form for

(4.31) to (4.33) (Ax = X, with @ = [z,y,2] and X = [X,Y, Z])

1 0 0
A= -1 —-a @ 1, (4.183)
o -1l —a 1

with @ = b; = a3z € R. To ensure that (4.168) is not violated we restrict « such that

a#—1,0,—1/2.
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4.4.3 Iteration

Once again we aim to iterate the BDT to obtain a whole hierachy of solutions. As
the BDT preserves the correct structure of @, then new solutions will be solutions
of the 3D3WR. As in section 3 we relabel S and St as S and S% to indicate the
base level. Once again the aim is to determine @, ¥ and ¢ after r iterations, of the
BDT (we do not need to consider R, as Q gives us all the solutions). We have our
general eigenfunction ", corresponding to L (y") = (8y + F1dx + Q") (¢") = 0 and
general adjoint eigenfunction ¢", corresponding to L"f(¢") = 0. The original eigen-
function and adjoint eigenfunction will be labelled ° = 1 and ¢° = ¢ respectively.
Considering (4.157) and (4.159), we may regard 3" as function of ¢ and ¢ as a
function of ¢. We illustrate the set-up with the case where r = 2. Assume that we

have §; € S° and »; € S%T for ; =0, 1.

GBO,TIO Ggl nl
SD Z S] Sl - 52 SZ
G . —lt . o ot .
GO o YT ot

Mo ——= (pg )1

We have distinguished between S* corresponding to the DT by the use of © The
construction of the BDT (4.145), adjoint BDT (4.146) and the new solutions to the
3D3WR (4.153), relied on # and 7 being 3 x 3 square matrices (i.e. invertible).
However the final form (4.145) does not actually depend on their inverses. Thus
we may consider more general eigenfunctions and adjoint eigenfunctions and the
formulaes remain consistent. For example, considering # and 7 as n x m matrices,
gives Q71 as m x m and forces 1) and $ to be n x p, with m,n,p € N.

For simplicity we will consider the case n =3, m =1 i.e. # and 5 are 3 x 1 column
vectors. This implies that % and ¢ are 3 x 1 and hence so are ¥ and ¢. Explicitly
the BDT is given by (4.145)

Goy =T — 0071051, (4.184)
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so with 8 and 1 as above, we have

Gon(h) = — 09Q(n, 0)7'Q(n, %) (4.185)

In the same way the adjoint BDT is

Ghoo($) = ¢ — 18U, 0)7"0(0, ). (4.186)

By taking r eigenfunctions 6;, we may form the 3 x r matrix 8 by concatenating the
elements. Similarly with n; we form 7. These matrices help us to determine the effect
of the BDT and adjoint BDT after r iterations. We form the r + 1 eigenfunction
(adjoint eigenfunction) by acting on the 7th eigenfunction (adjoint eigenfunction) in

the following way

P = G (7)), (4.187)
G = Gy ar(d7). (4.188)

4.4.4 Closed Form Expressions

(4.187), (4.188) allow us to consider the closed form of 4" and ¢" and then finally Q".

We assume we have r eigenfunctions 0;, and r adjoint eigenfunctions ; (i = 1,..., r),

in Sy and SJ respectively. Then we have the following theorems :
Theorem 4.4.1. Forr > 1

Un,0) Qn,b)

0. ¥ .
amel ™ AT e, 0 418

where 6 is an 3 X r matriz formed from the r eigenfunctions, 0; and 1 similarly is

Q(0,n) Q(0,¢)
.. 0N

v =

3 x r, made up of the adjoint eigenfunctions n;.

Proof. The proof due to Gilson and Nimmo [36] is by induction. For r = 1 we have

B = (Gon(¥)) (4.190)
_ o (880, 9)
= ( 00, 9) ) (4.191)
Q(n,0) ﬂ(n,¢)‘
= v v : (4.192)

1€2(n, )]
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and
dr = (Gro(d (4.193)
_ 779(0 )
= ¢ — ( Q0. ) (4.194)
Q0,m) Q0,¢)
i &
= ] (4.195)

Assume the result holds for . First we prove

0n,0) Q(n,)
1Q(n, 0)| ’

where n is a new adjoint eigenfunction, not already included in 1. In the same

n,0) n, ) }

Q" ¥") =

(4.196)

way we have § a new eigenfunction not included in #. Taking the derivative of the

right-hand side, we obtain

s | 9n6) Qny) nf

=1 9,6) Qv nf /Iﬂ(nﬁ)l

= 0;. s 0
2 Qn,8) Qn,y) || An,0) 7t / P2
+ |Qn ,  (4.197)
; Q(n,8) Q(n,9) 6;.

which using a Jacobi expansion can be written

>l

where we get 1" from ¢" by the specialization ¢ = 5. Hence we have (4.196).

(71, Q(n,

,

/lﬂ (n,0 ("), (4.198)
77>9) T]z

Consequently I ™ = Ggr - (17) is equivalent to

Q(n,0) Qn,)
0., (U

Qn,8) n'o Qn,0) Qn, o)
Qn,8) Qn,0) Q(n,0) Qn,)

Un,0) Qn,9)
n,8) Qn,0)

Q(n,0) 7o
0. g,

1Q(n, 8)|

(4.199)
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which using a Jacobi identity is

Q((m,n),(8,8)) Q(m,7),%)
(939)1’. ";bi
12((n,7), (6,0))]

‘=wﬂ

Q(n,0) Qn,0)
Qn,0) Qn,0)

(4.200)

as required, where (A, v) denotes the matrix formed by appending the vector v as
the last column to matrix A. Similarly

gf' r
s =i - (ris)) (4.201)

which we write in full as

|

Q0,m) 8,9)
U &i

Q0,m) Q(8,7m)
Q0,m) Q(0,n)

Q0,m) Q(0,n) || O,m) Q8,¢) Q(8,m) Q0,7
- / |Q(9,77)|=
;. i Q(ean) Q(eaé) 9(9,77) Q2 » 17
(4.202)
where we note that
mmmﬂm@‘
Q8 ¢7) = om0, ) (4.203)

(8, m)|
This is proved in the same way as (4.196). Simplifying using a Jacobi expansion we

have

Un,0) Qn,0) 7,
Qn,0) Qn,0) nf
0(e,0) (e, 0) i
Q(n,0) Q(n,0)
Qn,8) Qn,0)

Q(("Iﬂ?)a (979)) (nan)Ti
0(s,(0,0)) i
€2((72,m), (6, 0))]

= ¢t (4.204)

as required. O
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Theorem 4.4.2. Forr > 1 our new solutions Q" are given by

Qn,0) nf;
) 9. 0
Qij =Gy + (F1; — Fuy) 1Q(n, 6)] (4.205)
Proof. This is by induction on r. For » = 1 we have
Qn,0) n}
: St (Fyy - F i 0 4.206
g Qz‘j + ( 17 — 1i) IQ(U16)| ( . )

which is equivalent to (4.153). Assume the result holds for 7. From (4.152) we have
Q= Q"+ [F,0"(Qy",07) ()], (4.207)

where we have generalised to the rth iteration. Subsitituting for Q" (4.205), and

looking at the (zj)th entry we obtain

Q(’l,e) nTj
g, 0
@ = Q5+ (B = Fio) | gy — @O0 - (4208

Qn",0") is scalar, so that the (z7)th entry of the second term, is equivalent to
(@7 (5)1)/Qn", 07). Using theorem 4.4.1 we have

Q ,0 T Q ’0 Q , 9
SH = ?j + (Flj — FM) (77 ) 1. ("7 ) (77 )
;. 0 Qn,0) Qn,0)

On.0) Qu.0) || Un.8) m); Q(n,8) Q(,0)

. (4.209)

} /19(n, 0)|

0, 0;

Q(n,0) nf Qn, 8) Q)
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which simplifies using a Jacobi identity _
n,8) Qn,0) 7
Qn,0) Qn,0) n}
0;. b; 0
Q(n,0) Q(n,0)
Qn,0) Q(n,0)
Q(m,n),(8,0) (n,n)};

Qi = QY+ (Fy— Fu)

ot im (0,6): 0
‘ = Cut B~ I e )

| as required.

4.5 Solutions

in chapter three.

4.5.1 Method

have Q(n, ), such that
Ox (Qm,0)) = n'0.
Recalling ¢ = 0V and Vyx = =14 (4.135), then
L{y) = (0 + F10x + Q)(0V)

= (L(O))V + 0Vy + Fyop
=0 & W=-0TRg,

and

M) = (0z+ Fo0x + R)(0V)
=0 & Vg = —0 Fyib.

104

(4.210)

(4.211)

We examine the solutions that we have obtained via the BDT and subsequent iter-

ations. The aim is to show that the solutions in this chapter correspond to the ones

Firstly we return to the exact nature of the integral (4.136) in section 4.4.1. We

(4.212)

(4.213)
(4.214)
(4.215)

(4.216)
(4.217)
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Putting these expressions together we have

Qn,0) = /dﬂ (4.218)
= f n10dX — ntF0dY — ot F0dZ, (4.219)
(e

along an appropriate curve C in three-dimensional space.

For the constraints to be satisfied and the BDT to preserve the correct structure of
the solutions we had 7 = 8 (4.163), specifically with 6 and 1 any 3 x 3 matrices. We
have equivalently in the general case (i.e. # and 3 x r) 8 = 7.

We notice that with (4.183), we have

dX = da, (4.220)
dY = (-1-a)de+ ady+ dz, (4.221)
dZ = adz+(—1—a)dy+ dz. (4.222)

The action of the original Lax pair (4.29) (4.30), (with the vacuum solution i.e. (°
set to zero), on the eigenfunctions and adjoint eigenfunctions, gives
L(6;) =0 M(8;) =0, (4.223)
L¥(n:) = 0 M (n:)

0, (4.224)

for ¢ = 1,..., . This implies that if we label our eigenfunctions 8; = [f;1, 0i2, 0:3]7,

and adjoint eigenfunctions n; = [7:1, P2, 73] 7, then

0i1 = 01 () N1 = Ni(x), (4.225)
0:2 = 0:2(y) iz = Mi2(y), (4.226)
Oiz = 0:a(2) Niz = Nis(2). (4.227)

We return to the closed form of our new solution, and we will consider the simplest
type of BDT, the vacuum solution (if we choose Q° non-zero then we obtain a wider

class of solutions). We have therefore

Q(Vl;e) UTk
: % 9 (4.228)
G = ‘
1Q(m, )]

where we have generalised (4.182) to the r iterated case (same choice of A (4.183)).
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4.5.2 r =1 Case

With » = 1, we have one eigenfunction 0;, and one adjoint eigenfunction 7, so
@ = 6, and i = m. From the constraint on solutions we have §; = n;. Choosing
0y = [611,012,013]T and n, = (711, M2, m3]?, and using (4.219), the right hand side

denominator of (4.228) takes the form

3
Q0,600 = > [ / 5 01(dX — FrdY — Fm-dZ)] : (4.229)
=1
= c+/77f1911d:c—|-77’1“2012dy+77f3913dz , (4.230)
with ¢ a constant. Rewriting (4.230) we have

|Q(771>91)| = C 1—|— c,_l (/ ‘Iﬁlgnda; + ’I']Tzlglgdy + 7’]31[(3913(12!) ) (4231)

L+ fnp0nde ¢ [ ni0ady et [ nis01dz
= ¢ -1 1 0 (4.232)

-1 0 1

Adding rows we get

14c™t f’ﬁ1911d$ ¢! f Ni2012dy ¢t f Msfisdz
c C—1 f?;’l"léind:c 1 + le f‘lﬁzglgdy C—l f?]f3913d2 = C|I + Hﬂl,
¢t [ nfi0da ™t [nfbady 1+ [nis0iade

(4.233)
with
1 11 c“lfnfll?nda: 0
H - 1 ]_ 1 3 /8 — . C_l f??ikzglzdy 3
1 11 0 C“lfni‘3013dz
(4.234)

and I the (3 x 3) identity matrix, which corresponds to (3.57). Thus we can write

(4.228) as

—91'77*.
R — L 4.935
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which is equivalent to (3.55) or (3.56) (up to a minus sign, this arises from our choice

of A (4.183)). To make the correspondence exact we choose
2 = g, (4.236)

and X; = z, Xy = y and X3 = 2, with the factor of ¢ cancelling. So we see that
with 7 = 1 in the BDT we have the 1-lump solution in the non-degenerate kernel

case.

4.5.3 General n Case

This corresponds to the n-lump solution discussed in section 3.3.3. We have n
eigenfunctions and adjoint eigenfunctions, each of which are separable as described

above. 7 = 8 to ensure we have solutions. Then

s | Ml e il
n'e=>"| : : (4.237)
I
so that
’711911 77f1'9n1
00m0)| = e+ [ | e
b o M On

Mabiz - Niyfnz Msbis + Malns
+/ : s dy+/ : ; dz| (4.238)

Mot oo Mhglng Mabhs -+ Mhgbna
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where ¢ is a constant n X n matrix. If we choose the following representation
J miibnde S ni10mde
: : (4.239)
| i fnde S Onida |
[ mizfaady S 1ia0nady
: : (4.240)
| [ imabrady S 113 0n2dy |
S nisbradz J 1i50nsdz
5 - ; -, (L241)
I [ nta01adz J m330nadz |
then (4.238) is equivalent to writing
Q(n,0)| = le| [T+ '@ + 7T + 71X, (4.242)

with I the (n x n) identity matrix. Following the same proceedure as the previous

section of subtracting and adding rows and columns we write (4.242) as
I+c¢t® 0 'y

lel] e '@ [4c'T ¢y
cld ¢ 1y I+ ¢y

= |d| |7+ HB|, (4.243)

with H the (3n x 3n) block matrix with nine identical (n x 1) blocks, T the (31 x 3n)

identity and 8 a matrix with on-diagonal (n X n) blocks

® 0 0 ¢l ot ot
B=10 T 0 |, H=| 1 ¢t ¢t (4.244)
0 0 X% cl ol !
Carrying out the same procedure on
Qn,0) 7
(7,8) m), 7 (4.245)
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we find that we can write

I+ HB Ho
o0
|7+ HB|

I+HB H¢

. a0

% = e (4.247)

I+HB Hy
40
[T+ HB|

where ¢;(X;1) = 0;1(z), ¥i(X2) = 0i2(y), 03(X3) = 0i3(2), for i = 1,..., n and

(4.246)

¢ = (4.248)

¢ = (¢1,,90;0,...,0;0,...,0)" (4.249)
Y = (0,0, 0591, 0y %3 0,0, 0)F (4.250)
o = (0,..,0;0,...,0; 04, ..., 5)T (4.251)
' = (1,45 0,...,0;0,...,0) (4.252)
g* = (0,...,0;97,...,%%0,...,0) (4.253)
ot = (0,..,0;0,...,0;0%,...,07). (4.254)

By swopping rows and columns, and with the correct boundary conditions, (4.246)
to (4.248) are equivalent to ¢}, ¢ and g3 respectively, as defined in section 3.3.3, (up
to a minus sign, again due to our choice of A). So we see that iterating the BDT n

times, leads us to obtain the n-lump solution to 3D3WR.

4.5.4 Backlund Transformation

The BDT gives rise to the lump solutions discussed in chapter three. This is a
specific case of the general solutions of section 3.5 with H made up of nine (r x r)
identity matrices. An iteration of the BDT is therefore equivalent to the addition of
a lump to the 3D3WR. We recall that the scattering problem contains no eigenvalue
so that we have no bound states and hence no solitons. However in the case of the

3D3WR. the lump solutions appear to be “equivalent” to soliton solutions. Whereas
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an iteration of the DT for the KP hierachy gives rise to a new eigenvalue (or addition
of a soliton) [70] [21] [91], the B3D3WR after iteration of the BDT leads to the addition
of a lump.

The Bécklund transformation given by Kaup [51] is another way of generating lump
solutions, which involves solving ¢ for the scattering problem and then determining
D (3.34). However in practice this is far from easy, and the grammian approach
given in the previous chapter was a significant simplification. In fact the n-lump
had not been written down explicitly before. The BDT provides a method of building
up lump solutions, which avoids the difficulities associated with Kaup’s Backlund
transformation of having to solve for D.

We recall (4.14) finally that we may consider the DT or the BDT as an auto-Bicklund

transformation. With L = GgmLGa_ﬂl? and M similarly, we have
[L,M]=0 = [L,M]=0. (4.255)

So the link between the solutions obtained by Kaup and the Bicklund transforma-

tion, and the ones from the BDT is to be expected.

4.5.5 Discrete Equation

In section 4.4.4, we established two concise superposition formulae. The first in
theorem 4.4.2 expresses the form of a new solution after r iterations of the BDT,
the second in theorem 4.4.1 gives the relationship between the new eigenfunctions
(adjoint eigenfunctions) and the original eigenfunction (adjoint eigenfunction). The
aim is to use these formulae to try and construct an integrable discrete system,
and associated linear system, which in a particular form provide discretizations of
3D3WR and its scattering problem.

Recall from theorem 4.4.1 we have

Q(n,0) Qn,b) Q(8,m) Q9,9)

o — 8;. i 4= ; ¢: (4.256)
T 2(n, 8)] ’ P 122(8, )] ’ '
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and from theorem (4.4.2)

‘Q’(nag) nTj
C = Qb+ (Fy = Pl 4.257
i = Qi + (I — Fu) (7, 0)] (4.257)
We write (4.257) as
r 0 G:J
i = Qz'j + (Flj - Fli)—ﬁ;‘a (4'258)
so that
1 0 Gy
Q:;l' = Qij + (Flj - Fh') F"J‘H- . (4259)
From (4.208) we have
ar. 9’.‘(77".')T
rH = QO R A i b L
o i T (B = Fui) | 0oy | (4.260)
We notice that (4.203) becomes
) Jrekl
Qn",07) = T (4.261)

and using (4.256) we write 0" and 1" in a more convenient form as (we mimic the
notation of section 4.3.4)

hr. hr.

o =22 . 4.262

Tor "= (4.262)

This gives the superposition formula
r-+1 e P r+1 rir

The formulae obtained by Nimmo [80] [82] were particularly elegant and simple and
allowed the identification of indices with increments in the associated discrete vari-
ables. However (4.263) contains too many different dependent variables. We further
have the problem that n = @, restricting our freedom in choice of eigenfunctions
and adjoint eigenfunctions. So whilst (4.263) could be interpreted as a giving rise
to a discrete equation, it is of questionable use. We return briefly to the question of

a discrete version of 3D3WR in chapter five.




Chapter 5

Conclusion

5.1 Summary

Grammians have proved to be a powerful tool in obtaining new solutions; in partic-
ular they have led us to replicate the rational solutions of Ablowitz and Satsuma to
the DSI equation, whilst avoiding some of the complications involved in the summa-
tion process. The iterative Backlund transformation by Kaup for SD3WR, has been
considerably simplified by the use of the grammian approach, indeed the explicit
n-lump can be written down and more general solutions calculated. The BDT for
3D3WR has led to the extensive use of grammian solutions, in providing a closed
form for our new solutions and eigenfunctions, The connection between the solu-
tions from the BDT and the lump solutions of chapter three has been established.
Chapter two has seen us derive a set of rational solutions for the non-zero background
DSI equation. For a particular choice of the parameters we may obtain non-singular
solutions, which are lumps, with no phase shift when they collide. They correspond
to the lump solutions obtained by Satsuma and Ablowitz, but the final form has no
exponential factor, so could be said to be more “fully” rational.

The aim of chapter three was to investigate a broad class of solutions to the 3D3WR
interaction. The types of solutions can be broadly categorised into two classes, lump
solutions and ridge solutions. The lump solutions arise from either choosing our ba-
sic functions as localized or by choosing our matrix H so as the coefficients of all the

possible terms in I and G are present. The ridge solutions are essentially resonant

112
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solutions where by choice of a specific H not all the coefficients are present. The
class of solutions presented here includes the “bump” solutions of Kaup.

In chapter four the DT and BDT have been constructed for 3D3WR, and the BDT
used to establish new solutions. These solutions include those obtained by Kaup via
the Backlund transformation. Indeed we may view the BDT as providing explicit
machinery to obtain new solutions. This approach is simpler than the one of Kaup

and more general.

5.2 Open Questions

We propose two questions that could stimulate further work. Firstly, can we apply
the wronskian approach of Ireeman {29] to DSI with non-zero background condi-
tions? The obstreperous step appears to be the reality condition on the proposed
F and then the conjugacy condition on the corresponding G. Freemans work in
1984, gave a double wronskian solution to DST but with zero background conditions.
Again, Hietarinta and Hirota’s work [39] [40], followed the approach of Hirota, Ohta
and Satsuma, but only examined the zero background case, with the difficulty fo-
cusing on proving the reality conditions.

Secondly we would like to obtain a discrete integrable version of 3D3WR, and to
connect it with the work carried out by Santini and Doliwa on lattices [64] [26]. In
particular to make use of the method of reinterpreting the superposition formula as

a discrete equation to give rise to a discrete 3DIWR.
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