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Summary

This thesis is concerned with the effect of pure homogeneous strain, pre-stress and
simple shear deformation on the propagation of homogeneous, surface and interfa-
cial waves in elastic materials. Following a review of previous work regarding the
propagation of infinitesimal plane waves in a half-space of incompressible material
subject to pure homogeneous strain, the analysis is extended to the influence of
pure homogeneous strain on the reflection and transmission of plane waves at the
boundary between two half-spaces of incompressible isotropic elastic material. In
general, the half-spaces consist of different material and are subjected to different
deformations.

For a certain class of constitutive laws it is shown that a homogeneous plane
(SV) wave incident on the boundary from one half-space gives rise to a reflected
wave (with angle of reflection equal to the angle of incidence) together with an in-
terfacial wave in the same half-space, while in the other half-space two possibilities -
arise depending on the angle of incidence, the material properties and the magni-
tudes of the deformations in the two half-spaces. Either (a) there is a transmitted
(homogeneous plane) wave accompanied by an interfacial wave, or (b) there are

two interfacial waves with equal speeds of propagation but different rates of (spa-

vii




tial) decay away from the boundary.

For a second class of constitutive laws similar behaviour is found for certain com-
binations of angle of incidence, material properties and deformations, but additional
possibilities also arise. In particular, there may be two reflected waves instead of
one reflected wave and an interfacial wave, coupled with either possibility (a) or (b)
in the second half-space. Equally, there may be two transmitted waves for each of
the possible combinations of reflected and interfacial waves in the first half-space.

The effect of finite strain principal axis orientation on the reflection from a plane
boundary of infinitesimal plane waves propagating in a half-space of incompressible
isotropic elastic material is then examined. Attention is focussed on waves propa-
gating in a principal plane of the deformation corresponding to simple shear.

For a special class of constitutive laws it is shown that an incident plane harmonic
wave propagating in the considered plane gives rise to a surface wave in addition
to a reflected wave for every angle of incidence although its amplitude may vanish
at certain discrete angles depending on the state of stress and deformation. Unlike
the situation in which the underlying deformation is a pure homogeneous strain,
however, the amplitude ratio of the reflected (plane harmonic) wave does not in
general have unit magnitude, but its magnitude is independent of the pre-stress.
Moreover, the angle of reflection differs from the angle of incidence.

For materials not in this special class, on the other hand, it is shown that two
plane harmonic waves may be reflected when the angle of incidence lies within certain
ranges of values (which depend on the shear deformation). Outside this range there
is in general a single reflected wave, and a surface wave is generated.

This analysis is further used to study the effect of simple shear on the reflection
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and transmission of plane waves at the boundary between two half-spaces of incom-
pressible elastic material, and, in particular, two half-spaces which form a twin in
the sense that equal and opposite simple shears are applied to the two half-spaces.

For a special class of constitutive laws it is shown that an incident plane har-
monic (shear) wave propagating in the plane of shear in one half-space gives rise to
an interfacial wave in each half-space in addition to a reflected and a transmitted
plane wave in the respective half-spaces for every angle of incidence, although the
amplitudes of the waves may vanish at certain discrete angles (different for each
type of wave) depending on the state of deformation.

For a specific material not in this special class, corresponding calculations for a
particular value of shear show that the nature of the resulting waves is similar to
that for the special class of materials. On the other hand, we note that for values
of the shear beyond a certain critical value there are certain ranges of angles of
incidence for which, instead, two homogeneous plane (shear) waves are reflected and
also two transmitted.

The dependence of the amplitudes of the reflected, transmitted and interfacial
waves on the angle of incidence, the states of deformation and the material properties

is illustrated graphically.
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Chapter 1

Introduction

In this chapter, we shall discuss briefly the main results contained in the thesis and
mention some references regarding related work which has been done already.

The study of infinitesimal waves propagating in a pre-stressed finitely-deformed
elastic material was initiated in a series of papers by Biot, summarized in his mono-
graph [1], and by Hayes and Rivlin [9], who studied surface waves in a half-space
subject to pure homogeneous strain. The latter topic was examined in detail for
compressible elastic materials by Chadwick and Jarvis [4]. More recently, Dowaikh
and Ogden [7,8], for incompressible and compressible isotropic elastic materials re-
spectively, have investigated surface waves and deformations of a half-space, again
for a finite deformation corresponding to pure homogeneous strain. See also [3].
Related work concerned with waves and deformations in pre-stressed plates and
in a layered half-space has been provided by Ogden and Roxburgh [14], Roxburgh
and Ogden [21] and Ogden and Sotiropoulos [15,16] for both incompressible and

compressible materials. Discussion of Flexural waves in incompressible pre-stressed




elastic composites and small amplitude vibrations of pre-stressed laminates is done
by Rogerson and Sandiford in [19] and [20] respectively. These papers contain ref-
erences to work on interfacial waves and deformations.

In each of the papers cited above, the considered finite deformation is a pure
homogeneous strain so that the orientation of the principal axes of strain is fixed
whatever the magnitude of the strain. The effect of principal axis orientation on
waves and deformations in a plate or half-space has been exemplified in the case of
simple shear by Connor and Ogden [5,6] and Ogden and Connor [13]. See also the
recent paper by Boulanger and Hayes [2].

Relatively little attention has been devoted to the study of wave reflections from
a boundary in a finitely-deformed elastic solid. References to the very limited liter-
ature on this topic are contained in the recent papers by Ogden and Sotiropoulos
[17,18] in which, for incompressible and compressible isotropic elastic materials re-
spectively, the reflection of infinitesimal plane waves from the plane boundary of a
half-space subject to pure homogeneous strain was investigated.

In this thesis we have extended the work done in [17] to reflection and transmis-
sion at an interface of two half-spaces made up of incompressible isotropic elastic
material with different material properties. Also we study the effect of finite strain
on wave reflections by considering a half-space of incompressible isotropic elastic
material subject to simple shear and then extend this problem to reflection and
transmission of plane waves at a shear-twin interface.

In Chapter 2, the basic equations of non-linear elasticity are summerized, which
will be used in later chapters.

We introduce in Section 2.1 the notations required for the description of the




deformation of an elastic body and incompressible elastic material. In Section 2.2
we note the simple shear deformation and in Section 2.3 we discuss stress and the
equations of motion. Constitutive laws for both compressible and incompressible
elastic materials are also discussed here. In Section 2.4 we establish the incremen-
tal equations of motion for incompressible materials. In Section 2.4.1 we consider
time harmonic plane waves, the associated propagation condition and the strong
ellipticity condition.

Chapter 3 is concerned with the summary of [17] for the effect of pure homoge-
neous strain on the propagation of plane waves in the half-space occupied by incom-
pressible isotropic elastic material. In Section 3.1, the shear and normal components
of traction are given. In Section 3.2, the discussion is started with the description
of plane harmonic waves and the propagation condition. It is assumed that the
deformed half-space occupies the region zo < 0 and the waves are propagating at
an angle 6 to the z; axis. Further, it is assumed that the incremental displacement
associated with the wave has no component normal to the (zi,zs)—plane and that
the zy and x, components are independent of z3. The propagation conditions for
two distinct classes of strain-energy functions are derived. The propagation condi-
tions are then used in Section 3.3 to derive the slowness curves. The shape of the
slowness curves helps in analysing the nature of plane waves and this analysis is also
given in Section 3.3.

In Section 3.4 the reflection of plane harmonic waves is discussed with reference
to the transitional angle which can be seen from the pictures of the slowness curves.
Reflection of plane waves is then extended to two different classes of strain-energy

functions. For a particular class of the strain-energy functions it is shown that




there will be always one reflected wave along with a surface wave for every angle
of incidence, but for the materials not in this particular class, two reflected waves
may exist for a certain range of angles of incidence. Results are discussed for both
classes of strain-energy functions without giving the mathematical detail. For the
mathematical detail we refer to [17].

Chapter 4 illustrates the influence of pure homogeneous strain on the reflection
and transmission of plane waves at the boundary between two half-spaces of incom-
pressible isotropic elastic material. In general, the half-spaces consist of different
material and are subjected to different deformations.

In Section 4.1 some basic equations are recalled. In Section 4.2 the propagation
of plane harmonic waves is discussed with reference to the slowness curves for the
two materials in respect of two distinct classes of strain-energy functions, exemplified
by the neo-Hookean and Varga forms of strain-energy function.

For the case in which the two half-spaces correspond to (different) neo-Hookean
materials, the amplitudes of the reflected, transmitted and interfacial waves are cal-
culated explicitly in Section 4.3.1. For each angle of incidence a single reflected
wave, with angle of reflection equal to the angle of incidence, is generated when
a homogeneous plane (SV) wave is incident on the boundary from one half-space,
and it is accompanied by an interfacial wave (whose amplitude may vanish for cer-
tain discrete angles of incidence, which depend on the material parameters and the
deformations in the two half-spaces). It is shown that under a certain restriction
on the material parameters and deformations a transmitted (homogeneous plane
SV) wave and an interfacial wave are generated for all angles of incidence. When

this restriction does not hold there exists a critical angle (measured from parallel




to the interface) above which there is again a transmitted and an interfacial wave
but below which there are two interfacial waves (and no transmitted wave). The
interfacial waves have the same speed but decay at different rates with distance from
the interface.

When the half-spaces consist of (different) Varga materials corresponding results
are given in Section 4.3.2. In this case additional possibilities may arise for certain
combinations of angle of incidence, material parameters and deformations. Specifi-
cally, two reflected (homogeneous plane SV) waves may be generated instead of one
reflected and one interfacial wave and (not in general for the same angles of inci-
dence, material parameters and deformations) two transmitted (homogeneous plane
SV) waves may emerge. The ranges of values of the material parameters, deforma-
tions and angles of incidence for which the various possibilities arise are identified
in Section 4.3.2.

'The theory in Section 4.3 is illustrated in Section 4.4 using graphical results to
show the dependence of the amplitudes of the waves on the angle of incidence for
representative values of the material and deformation parameters.

Chapter 5 is concerned with the effect of finite strain principal axis orientation
on the reflection from a plane boundary of infinitesimal plane waves propagating in
a half-space of incompressible isotropic elastic material. The work included in this
chapter has been published (for details see [10]). Attention is focussed on waves
propagating in a principal plane of the deformation corresponding to simple shear.
The direction of shear is taken to be parallel to the half-space boundary and the
plane of shear normal to that boundary, and we consider waves with direction of

propagation and polarization in the latter plane.




In Section 5.1 the basic equations are modified when there is an orientation
between the Cartesian axes and the principal axes of strain. In Section 5.2 the
propagation of plane harmonic waves is discussed with reference to the relevant (in-
plane) slowness curves in respect of two distinct classes of strain-energy function.
For a special class of strain-energy functions it is noted that, for any angle of inci-
dence (within the considered plane), an incident SV wave yields a single reflected
wave (with angle of reflection in general different from the angle of incidence). This
is generally accompanied by a surface wave, whose amplitude may vanish at partic-
ular angles of incidence. For materials not in this special class similar behaviour is
observed except that for angles of incidence within certain ranges (which depend on
the magnitude of the shear strain and the material properties) there may exist two
reflected SV waves and no surface wave.

In Section 5.3 the reflection coefficients (or amplitude in the case of a surface
wave) for the two categories of strain-energy functions are calculated. An important
difference from previous work that emerges is that the magnitude of the reflection
coeflicient, in circumstances when a surface wave is generated, is not in general equal
to unity. However, for the special class of strain-energy functions the magnitude of
the reflection coeflicient is found to be independent of the pre-stress whereas the
amplitude of the surface wave depends on the pre-stress. This is also the case for
the second class of strain-energy functions when a surface wave is generated, but
not when there are two reflected waves.

For both classes of strain-energy functions, as the angle of incidence approaches
normal incidence the amplitude of the surface wave reduces to zero. It also vanishes

at certain other points which depend on the amount of shear and pre-stress. The




symmetry about normal incidence which is apparent in the classical theory or in the
cage of pure homogeneous strain is removed by the simple shear deformation.

Graphical results are provided in Section 5.4 in order to illustrate the dependence
of the reflection coeflicients and surface wave amplitudes on the angle of incidence,
the amount of shear and the pre-stress with reference to the stability of the under-
lying configuration. The detailed features of the results are described for the two
classes of strain-energy functions in Sections 5.4.1 and 5.4.2.

Chapter 6 is concerned with the effect of simple shear on the reflection and
transmission of plane waves at the boundary between two half-spaces of incompress-
ible elastic material, and, in particular, two half-spaces which form a ftwin in the
sense that equal and opposite simple shears are applied to the two half-spaces. This
configuration simulates the finite deformation associated with a crystal twin, but
we note that the shear component of traction is discontinuous across the boundary.
The work included in this chapter has been accepted for publication [11].

The required equations and notations are summarized in Section 6.1 and Sec-
tion 6.2. In Section 6.3 the propagation of plane harmonic waves is discussed with
reference to the slowness curves appropriate for the two half-spaces for two distinct
classes of strain-energy functions.

For the two categories of strain-energy functions the amplitudes of the reflected,
transmitted and interfacial waves are calculated in Section 6.4 when a given homoge-
neous plane (shear) wave is incident on the boundary. For each class of strain-energy
functions, the amplitude of the reflected wave reduces to zero as the angle of inci-
dence approaches normal incidence. In contrast to the classical theory and to the

case of pure homogeneous strain, there is no symmetry about normal incidence, as




discussed in Chapter 5 for the problem of reflection from the boundary of a half-
space.

Graphical results are provided in Section 6.5 to show the dependence of the am-
plitudes of the reflected, transmitted and interfacial waves on the angle of incidence
and the magnitude of the shear for the materials in the special class of strain-energy
functions. For materials not in the special class, results are calculated for one il-
lustrative value of the shear, for which there is again only one reflected and one
transmitted plane wave along with two interfacial waves. We note, however, that
for sufficiently large values of the shear two reflected plane waves and two trans-
mitted plane waves may be generated for certain ranges of values of the angle of
incidence. This is analogous to the situation discussed in [10] for reflection from a
simply sheared half-space in isolation. The graphical results are discussed in detail

for the two classes of strain-energy functions in Section 6.5.1 and 6.5.2.




Chapter 2

Basic equations of non-linear

elasticity

In this chapter we summarize the basic equations of non-linear elasticity that will
be used frequently in the subsequent Chapters. Detailed derivations are not given
because these can be found in standard texts. We refer to [12], for example, for full

details.

2.1 Kinematics

We consider a continuous body and identify its undeformed (reference) configuration
by By say. After time t let the deformed (current) configuration of the body be
denoted by B.

Let X and x respectively be the position vectors of a typical material particle in

the configurations By and B of the material. Since By and B are configurations of




the body there exists a bijection mapping
x:By— B

such that

x = x(X,t), X € By,

X =x"Mx,t), x € B. (2.1)

The mapping x is called the deformation of the body from By to B. It is assumed
that x(X,t) is twice-continuously differentiable with respect to position and time.

The deformation gradient A is defined by
A = Gradx(X, 1), (2.2)

where the gradient operator Grad is with respect to By . With reference to Cartesian
basis vectors {E,} and {e;} associated with By and B respectively, we may write

0x;
A=A ®E,, Aj=—, -
e ® X, (2.3)

with summation over ¢ and « from 1 to 3 implied in the first equation in (2.3),

where A;, are the Cartesian components of A.. It follows from (2.3) that

A =LA, (2.4)
where the superposed dot denotes 8/9t at fixed X and

L = gradv (2.5)

is the welocity gradient tensor. Here the gradient operator grad is with respect to B.

We assume that det A # 0 so that A has an inverse A~! given by
A7l =grad X. (2.6)

10




The components of A~ are given by

o0X;
ATY, = — 2.7
( ) X} 8$j ( )
with z; = x;(X, t). From (2.3) we have
8274,;
Aijde = ?Y]dX] = dxi, (28)
i.e.
dx = AdX, (2.9)
which has inverse
dX = A ldx. (2.10)

Equation (2.9) describes how infinitesimal line elements dX of material at X trans-
form under the deformation into dx at x. If A is independent of X then the
deformation is said to be homogeneous.

We take A to be non-singular (detA 7 0) by noting that
AdX #0 if dX#0,

Next, consider a parallelepiped in By formed by line elements dX, dX', dX" at

X. Its volume dV is given by
dV = dX.(dX' x dX") = |dX dX' dX"|. (2.11)
The corresponding volume dv in B is

dv = dx.(dx' x dx") = |dx dx' dx"|

= |AdX AdX' AdX"|=|A|ldX dX' dX|, (2.12)

11




i.e.
dv = JdV, where J =detA. (2.13)
For the volume to be positive, we must have
J = detA > 0. (2.14)

From (2.13) we see that J is a measure of the change in volume under the de-
formation. If the deformation is such that there is no change in volume then the

deformation is said to be isochoric, and then
J =detA = 1. (2.15)

A material for which (2.15) holds for all deformations is called an
mcompressible material.

From the polar decomposition theorem we have
A =RU = VR, (2.16)

where R is proper orthogonal and U and V are positive definite and symmetric,
and are called the right and left stretch tensors respectively.

The spectral decompositions of U and V have the forms

3
U=3" xugud,

=1

3
V=> M\ ev, (2.17)

=1

where ); (> 0) (4 = 1, 2, 3) are the principal stretches of the deformation, and u®
and v®, (i = 1, 2, 3) respectively are the unit eigenvectors of U and V. We shall
refer to u® and v® as the Lagrangian and Eulerian principal axes respectively.

12




We note that
v =Ru®, i€ {1,2,3}, (2.18)

follows from (2.16) and (2.17).

The right and left Cauchy-Green deformation tensors are given by

3
ATA =1U%= Z A @ ud,

i=1

and

3
AAT =VP = O @ v, (2.19)

i=1
respectively, where AT denotes the transpose.

We further see from (2.16) and (2.17) that
detA = detV = A A2, (2.20)

and hence from (2.15) and (2.20) for an isochoric deformation we have the

incompressibility condition given by
AAgAg = 1. (2.21)

We are concerned with a plane strain problem in the plane normal to the basis
vectors Ej and es, and, for convenience, we take e; = E;, es = E», e3 = E3z. We
consider a homogeneous deformation and associate Cartesian coordinates (z}, =5, z4)
with the Eulerian principal axes. Since the considered deformation is confined to

the (1,2)-plane, we have v(®) = e3, and we may set A3 = 1, so that (2.21) reduces

to

13




2.2 Simple shear

Let ¢ denote the orientation of the Eulerian axes (v(),v(®) relative to (e, es)

so that the coordinates (z}, z4) are related to (1, z2) by
T] = x1C08 P+ Tosing, T = —m; sin ¢ + 3, cos . (2.23)
From (2.3) and (2.19) we may then deduce that
A2+ A% = M cos® ¢ + M\isin® ¢,
A Ag + AjpAgg = (A2 — A2) sin ¢ cos ¢,

A3+ A2, = Asin? ¢ + A2 cos? ¢, (2.24)

with Ags = Azq = s, @ =1, 2, 3, da3 being the Kronecker delta.
From (2.24) an expression for the orientation ¢ in terms of the components A;,

is obtainable in the form
tan 2¢ = 2(Ay1 Agy + A1pAgy) /(A2 + A2, — AZ — AZ). (2.25)

When the considered deformation is simple shear we have Apy = 1, Ay =

€, Aoy =0, Ags = 1, where
e=A—-)"1 (2.26)
and, in accordance with (2.22), we have set
A=A A=Al (2.27)
Equation (2.25) reduces to
tan2¢ = 2/¢ (2.28)

14




with 0 < ¢ < 7/4 for € > 0 and 7/4 < ¢ < 7w/2 for € < 0. From (2.28) we deduce

that

cosd =NV +1, sing=1/vVA2+1. (2.29)

2.3 Stress and the equations of motion

For an isotropic elastic material, the Cauchy stress tensor denoted by o is coazial

with V, i.e. with the Eulerian principal axes, we may write

3
o= Zaiv(i) ® v, (2.30)

i=1
where o;, ¢ € {1,2,3} are the principal Cauchy stresses.
We now introduce the elastic stored energy W(A) per unit volume in the refer-

ence configuration such that

0
aW(A) = Jtr(o L), (2.31)

where L is given by (2.5) and trace tr(o L) is given by

and o;; are the components of o with respect to basis vectors {e;}.

Since W depends only on A, we have

8 oW Ay . W
5V (A = g4 = tlgaA) (2.33)

where OW /OA is the second-order tensor with components defined by

ow ow

(E_A_)ﬁ = Ay (2.34)

15




From (2.4) we obtain

ow oW ow

and comparison of this with (2.31) shows that

ow
=A_— 2.36
Jo=A A (2.36)
which provides a formula for o in terms of W(A).
It is convenient to introduce the notation
ow ow
S=— = 2.37
8A ] SJ BA”) ( 3 )

where S is called nominal stress tensor.
For an isotropic elastic material with strain-energy function W per unit volume,

W depends symmetrically on Ay, Ao, A3 . It follows that

Ai. (2.38)
But, from (2.31),
W = Jtr(e D), (2.39)

where DD is the symmetric part of L. Now, referred to the principal axes of o

(2.39) can be expressed as
. 3
W = JZJiDii: (2.40)
i=1

where D;; are the normal components of D referred to those axes.

Note that ID may be written in the form
D = {R(UU + U'U)RY, (2.41)

16




and from (2.17) it follows that

3
U= Z Au@ @ u® 4 A\u® @ a® + \u® @ u®.
=1

Using (2.18), (2.41) and (2.42) we calculate the components

D,;._.; = v(’)(Dv(’)) = )\;—1)\1

noting that, since u® is a unit vector, u®.a® = 0.

From (2.38), (2.40) and (2.43) we get

b _ 1
W 8)\ }\ g JoiA; ,\z,
and hence
ow .
g; = JL\ Y 7 € {1,2,3}.

(2.42)

(2.43)

(2.44)

(2.45)

If the considered material is incompressible then (2.21) holds, so we replace W

by W —p(AA2As — 1), where p is a Lagrange multiplier. Thus, (2.45) becomes

ow )
o; = )\i—aTi — P, ie{1,2,3}.

(2.46)

Equation (2.46) gives the expressions for the principal stresses o; in terms of

the derivatives of W with respect to the stretches.

For an incompressible material (2.37) will be replaced by

In terms of nominal stress the equation of motion has the form

Divs = pOX)

17
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where py is the reference density, Div denotes the divergence operator with respect
to X, a superposed dot indicates the material time derivative and body forces
are assumed to be absent. Furthermore, if we take the reference configuration to
coincide with the current configuration at any stage of the deformation then (2.48)

is replaced by
dive = px, (2.49)

where, again div denotes the divergence operator with respect to x, o is Cauchy

stress tensor and p is the current mass density of the material.

2.4 Incremental equations of motion

We now consider an incremental motion superimposed on the finite deformation

with a small time dependent displacement u defined by
u=0x = 0x(X,t) = x'(X,t) — x(X, 1), (2.50)

where x and x' are two deformations of the elastic body.

Corresponding to an incremental deformation, the deformation gradient A

changes to
dA = Grad dx(X, 1), (2.51)

where Grad again refers to By. If the current configuration is now chosen as the
reference configuration then the right-hand side of (2.51) becomes (§Ag)A, where

SAy is the value of §A in this configuration. We obtain
JA = (6Ag)A, (2.52)
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where

JAy =gradu (2.53)

and the grad operator refers to B.

The nominal stress increment for (2.37) can be written as

dS = A(JA), (2.54)

where
0*W

A= Saon (2.55)
or, in components,
with

*wW
A = BA 04y (2.57)

We refer to A as the tensor of first-order elastic moduli.
If the reference configuration is now updated to coincide with the current con-

figuration B, (2.54) gives the increment in nominal stress ¥ (say) by
5 = Ay (0A), (2.58)

where the subscript zero indicates evaluation in B. The tensor Ay is called the
tensor of first-order instantaneous elastic moduli and its components are related to

the components of A by

Aoijkl =J _1Az'ocAk:ﬁ-Aajﬁl- (2.59)
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From (2.54), (2.58) and (2.59) we obtain
> = J A S, (2.60)
In the case of (2.47), (2.58) will be replaced by
= Ay (0Ag) + p(6Ag) — I, (2.61)

where 7 is the time-dependent increment in p and I is the identity tensor. Equation

(2.53) is accompanied by the incompressibility constraint
tr(0Aq) = tr(grad dx) = tr(grad u) = 0. (2.62)

where u is given by (2.50).

The component form of (2.61) is given by
Vi = Aojurtie, + puj; — T4, (2.63)

where §;; is the Kronecker delta and ,4 signifies differentiation with respect to z;.

The corresponding incremental form of the incompressibility condition is
i = 0. (2.64)

The components of A, referred to Eulerian principal axes of the underlying
deformation are derived in [12], for example; we refer to this book for full details.
In terms of the derivatives of the strain-energy function, the non-zero components
are given by

Aoiijz = MAjWij,

MW= W2
Aoijij = ( 7= J/\Z)J) PE T M FE A,
i j

1 C,
Aoijiz = "2‘(A0iiii — Aoiij; + MWi) iE g A=Ay,
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Avizii = Aojiig = Avigis — Wi i # 7, (2.65)

where W; = 0W /0X;, Wi; = 9*W/O);:0); and there is no summation over repeated

indices.

From (2.48) the equation governing the incremental motion is given by
Div(6S) = p, 1, (2.66)

where Div is with respect to By and when the reference configuration is updated to

coincide with the current configuration then (2.66) is replaced by
div® = pu, (2.67)

where div is with respect to B.

The component form of (2.67) is given by
Eji)j = pU.?, (268)

On substitution of (2.63) into (2.68) and using (2.64), we obtain (for the case when

Ay is constant)
Agjirtip,gi — 7 = pils, (2.69)

where u is an incremental displacement superimposed on the finite deformation.
When specialized to a plane motion in the (1,2)-plane equation (2.69) applies for

¢ = 1, 2 and summations run over indices in {1,2} and then the components of u

referred to {e;} will be given by

Uy — ul(ﬂ;l,:l?g,t), Ug = UQ(.Cl?l,iEz,t), Uz = 0, (270)

where ¢ is time.
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Elimination of 7 between these two equations (given by (2.69)) by cross differ-

entiation and subtraction yields
At — Aojakte, i = p (g — t21)- (2.71)

From the incompressibility condition (2.64) in terms of these components we

deduce the existence of a function % = (1, zs,%) such that

U = Tp,?: Ug = —'Z/),1, (272)

wherein the indicated differentiations are with respect to (@1, z2) .
When referred to the Eulerian principal axes equation (2.71), after substitution

from (2.72), yields an equation for %, namely

1111 + 208 1122 + Y 2900 = .0('95,11 + 715,22): (2.73)

as in [b,6], where the material parameters «, 8,7 are defined by

a= A2z, v =Ao21, 28 = Ao+ Aoazae — 2Ao1122 — 2Ap1201- (2.74)

2.4.1 Homogeneous plane waves

We consider time harmonic plane waves in the (1,2)-plane of the form
1 = Aexplik(zy cosf + zosinf — ct)], (2.75)

where A is a constant, ¢ and & are the wave speed and the wave number respec-
tively and both are taken to be positive. Also, ¢ is the angle that the direction

of propagation of the wave (cos,sinf) in the (z1,z;)-plane makes with the z;

direction.
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Substitution of (2.75) into (2.73) yields
o cos® § -+ 20sin® @ cos® @ + ysin § = pc’. (2.76)

Equation (2.76) is the propagation condition, which identifies the wave speed asso-

ciated with any given angle 8.

For pc? > 0, it is necessary and sufficient that o, § and v satisfy the

strong ellipticity inequalities

a>0v>008>—/ay (2.77)

For detailed discussion of strong ellipticity see [12].
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Chapter 3

Propagation and reflection of
plane waves in an incompressible

elastic half-space

In this chapter we shall give a summary of the paper by Ogden and Sotiropoulos [17].
This paper describes the effect of pre-stress and finite strain on the propagation of
homogeneous plane waves and their reflection at the boundary of an incompressible
isotropic elastic half-space.

For a special class of materials an incident SV wave gives rise to a surface wave
in addition to a reflected SV wave for every angle of incidence but the surface wave
amplitude vanishes at some discrete angles.

For materials not in this class an incident SV wave gives rise to two reflected
SV waves in general when the angle of incidence is less than a critical value. The
angle of reflection of one wave is equal to the angle of incidence, but for the second

wave the angle of reflection may be greater than, equal to or less than the angle of
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incidence. When the angle of incidence is greater than the critical angle the situation
is similar to that for the special class of materials. This is opposite to the situation
in the (compressible) classical theory when a surface wave is generated for angles of

incidence less than a critical value.

3.1 Mathematical background

A homogeneous pure strain is considered with principal stretches A;, Ag, A3 as-
sociated with Cartesian axes corresponding to coordinates z,, zs, 3 in the current
configuration of the incompressible elastic material so that (2.21) holds.

As discussed in Chapter 2 the associated principal Cauchy stresses oy, g9, 03 are
given by (2.46). The components of the displacement vector u for the superimposed
incremental motion in the (1, z3)-plane are given by (2.70).

The incompressibility condition in terms of the scalar function ¥(z1,22,t) is
(2.72).

The equation of motion (after eliminating the incremental hydrostatic pressure)

is given by (2.73). It is assumed that the strong ellipticity condition (2.77) holds as

well.
From (2.63) in terms of 1 the shear component of the incremental nominal stress

3 on a plane z, = constant can be written as
Yo1 = 7(2 — Y1) + 02t 1. (3.1)
While from (2.63) the normal component of % is written as
Yoz = Aga11u11 + (Aogzez + p)uge — . (3.2)
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We can eliminate the incremental hydrostatic stress # from (3.2) by differentiating

it with respect to z; to get
Yoo1 = Aot + (Aogeze + p)ugor — 7 (3.3)
and then using
71 = Aot + (Aorizz + Aoaii2)Us21 + Aogini i 22 — piia, (3.4)

which can be obtained from (2.69).

By substituting (3.4) into (3.3) and using (2.46), (2.65), (2.72) and (2.74) we can

write (3.3) in terms of 9 as

—Yoo1 = 28+ — 02)V 112 + Y202 — ﬂ’ﬁb,% (3.5)

3.2 Homogeneous plane waves

Time harmonic waves are considered in the form (2.75). The propagation condition

(2.76) can be rewritten as
pc? = (a+ 7 — 28) cos* 0 + 2(8 — ) cos? 8 + . (3.6)

From the strong ellipticity condition (2.77) it can be seen that pc* > 0 for any
propagation angle 6 in (3.6). On the other hand, if the wave speed is given along
with the material properties «, fand«y then provided strong ellipticity holds the
possible wave propagation directions can be calculated from (3.6).

Two cases with different relative values of «, 8,y will be discussed now.
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3.2.1 Case A: 20=a+vy

First we see a special case when o = § =+ so that from (2.74) and (2.65) we
get Ay = Ag. The wave speed for this case will be independent of the direction of
propagation and is given by pc? = 1.

For a # v the propagation condition gives the direction of propagation as

cos® 0 = ’Yf}:_p; , (3.7)

which gives real 6 if
either a<pc? <v or v<p?<a. (3.8)

For pc? = o the wave will propagate along the z;-axis and for pc? =~ the wave
will propagate along the x9-axis.

Subject to (3.8), for a given wave speed, two different directions of propagation in
the plane of deformation are then possible. Let these be denoted by (cos,+sinf).

Then (3.7) may be written as

2 _
- 9)
3.2.2 Case B: a+v# 24
For a given wave speed the solutions of (3.6) are given by
—B84+[82 - 2 — 924Y]1/2

cos? g = 1= 15 31‘:’!102(25 7= 26)] ; (3.10)

which gives real solutions for @ if either
ay—p
f<min{a,y}, oo g < pc’ < min{a, v} (3.11)
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or

B > max{a,~}, max{a, vy} < pc? < M. (3.12)
- - T oat+y—28
For the transitional case in which there are repeated solutions we have
2 Y—=p 2 ay — B
cos“f) = ————— C" == —————— 3.13
a+vy—26 P at+y—20 (3.13)

Therefore, there are four possible directions of wave propagation for a given wave

speed but for the transitional case they reduce to two.

3.3 The slowness curve

Slowness curves play an important role in the interpretation of the nature of the
resulting waves. Slowness curves are defined in terms of the slowness vector, with
components (sq,8z) given by (s1, s2) = (cos8,sinf)/c. The equation of the slowness

curve can be obtained from the propagation condition (3.6) and is given by
as| + 2Bs2s5 -+ yss — 2 — 52 =0, (3.14)
where @, 3, 5 are defined by
@, B, 7) = (@, 8,7)/p. (3.15)
For Case A in Section 3.2.1 the slowness curve (3.14) becomes an ellipse, given by
asy +7¥s5 = 1. (3.16)

For the material constants satisfying the inequality 28 < «, provided the strong
ellipticity condition holds, the slowness curve for Case B has the shape shown in

Fig. 3.1.
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Figure 3.1: Shape of the slowness curve for a material with 24 < « showing the
transitional angle €y and the critical angle 6.. The arrows normal to the curve

indicate the directions of the time-averaged energy flux.

The transitional angle @y and the critical angle 6, shown in the Fig. 3.1 will be

discussed explicitly in Section 3.4.2.
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3.4 Reflection from a plane boundary

Here an incident wave of the form (2.75) is considered (in z2 < 0) on the boundary
z = 0 with wave speed ¢ and the unit direction vector (cos®,sin@). Two separate
waves may be reflected at the boundary z; = 0, one wave having the same speed ¢
as the incident wave with unit direction vector (cos®, —sin@). The second reflected
wave is assumed to have speed ¢ and unit direction vector (cos#’,sin#’). The wave

numbers of the two waves satisfy
ke=k'c. (3.17)

From (3.1) and (3.5), the boundary conditions corresponding to zero incremental

traction take the form

Y(hoo — Y1) + 021 =0  on T =0 (3.18)

(2647 —02)tz + 1o —p2 =0 on =z =0. (3.19)
The solution comprising the incident wave and the two reflected waves has the form

1 = Aexplik(zq cos 0 + zosind — ct)] + AR exp[ik(z1 cos @ — z28in 0 — ct)]

+AR explik' (21 cos §' + zasin @’ — 't)], (3.20)

where R and R’ are the reflection coefficients. The solution (3.20) holds when the
angle of incidence is less than the critical angle 6., as shown in the Fig. 3.1, where
0. is defined formally in Section 3.4.2. For the time-averaged energy flux (which is
normal to the slowness curve) to be directed towards the boundary zs = 0 (for an
incident wave from z; < 0) and for the time-averaged energy flux to be directed
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away from the boundary (for a reflected wave), in (3.20) we must have 6 to satisfy
(a)

0y <9 <0. in (cosb,sinf)
and 0’ to satisfy

0<8" <6 in (cost,sind)

0<0<6, in (cosf,~—sinf)
and
Op <0 <6, in (cost,—sinf'),
where @ is the transitional angle as shown in Fig.3.1. At 6 = 6, the energy
flux is parallel to the boundary. In the first quadrant, as the angle of incidence
¢ decreases from @, the wave directions are given by (a) above, but after the
transitional angle @y they are given by (b), where the wave normal is directed away

from the boundary but the energy flux associated with the incident wave is directed

towards the boundary.

For @ > 6, the second reflected wave is replaced by a surface wave, with 9 given

by
P = Aexplik(zy cos0 + z28in 8 — ct)] + AR exp[ik(z1 cos 0 — zy8in 0 — ct)]

+AR explik'(z1 — imza — 't)], (3.21)

so that the latter term decays as z, — —oo provided Re(m) > 0. From (3.20) and

(3.21) respectively, by applying the boundary conditions, Snell’s law takes the forms
kcosf = k' cos ', kcosf =k (3.22)
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Now we shall discuss two different cases of strain-energy functions regarding the

wave propagation without going into the mathematical detail. For the mathematical

details we refer to [17].

3.41 Case A: 20=a+v

In this case we refer to the slowness curve (3.16), which is an ellipse, so that the
wave solution is (3.21). For the third term in (3.21) to decay we deduce from the
equation of motion that m = 1. It is calculated in [17] that |R] =1 for all angles
of incidence. Now the following three possibilities arise in which R’ = 0.
Case A(Q): R' = 0, R # +1. In this case § = 0 and the wave speed is given by
pc = a, which corresponds to a plane wave propagating parallel to the boundary.
Case A(il): R =0, R = —1. In this case 6 is arbitrary and the wave speed is

given by
pc® = accos® f + ysin? 6. (3.23)
Case A(iil): R' =0, R=1.
In this case the wave speed is given by

g2 = ety -0)

: 3.24
5 — o (3.24)

The three cases described above show that a surface wave is generated for all the
angles of incidence except when the stress is given by oy = 27 or, for g < v and

the angle @ given by
cos? 8 = 1/(2 — Ty), (3.25)

where Gy = 09/7.
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Graphical results show that for @, = 0 |R'| has the same nature as in linear
(compressible) theory. For large values of stress the behaviour differs from the
classical theory.

The neo-Hookean strain-energy function
1
W = '2"‘(/\% + A2+ 22— 3), (3.26)
where g (> 0) is the shear modulus and the Mooney-Rivlin strain-energy function
1 2 121 12 L -2 =2 4 \—2

where the constants p; and po satisty g +pe = p satisfy the condition 28 = a+1.
In [17] it was deduced that for values of # and ¢ obtained from experimental data,

information about the deformation, stress and material properties can be obtained.

3.4.2 Case B: a+v#20

When the solution (3.20) holds we have a propagation condition similar to (3.6). It

is given by
(a4 —28)cos* 0 +2(8 — ) cos® 8 +~ — pc’> = 0. (3.28)
From (3.28), (3.20) and (3.6) we get cos®6 = cos?f or
cos®fcos® @ = v/(a+ v — 2/) (3.29)

and we have the transitional angle 6y when these possibilities occur together, given

by
cos* 6y = v/(a + v — 20). (3.30)
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Hence, for (3.20) to be applicable, an incident wave gives rise to two reflected waves
in general, one with angle of incidence equal to the angle of reflection and the other
with the angle of reflection given by (3.29).

Necessary and sufficient conditions for 6" in (3.29) to be real are

a>2p (3.31)

and

a—28

r}/

tan? 6 < = tan?4,, (3.32)

where 6, is the critical angle which corresponds to # = 0, the grazing angle of
reflection.

The reflection coefficients R, R’ are determined from the boundary conditions.
Similarly to Case A, three distinct situations can arise for which I’ vanishes. These
correspond to R # 41, R =1 or R = —1. It is shown in [17] that the behaviour in
this case differs from that in Case A. Further it is proved that R =0 and R' = —1
whenever the angle of incidence is equal to the transitional angle 0 except for the

value of @, given by

v _ 2y—o

cos? 0 = = ,
2’)/*0'2 CM+’)’—2ﬂ

(3.33)

which arises when R # +1. Further, there may be some combinations of the angle
of incidence and pre-stress where R = 0 so we have a single reflected wave with
angle of incidence not equal to the angle of reflection.

For grazing incidence we have cosf =1, pc? = o and ¢ = ccosf'.

For grazing reflection we have cos@ =1, pc’® = a, pc® = acos’d and
cos® @ = y/(a+v—28). (3.34)
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For angles greater than that given by (3.34) or for situations in which the con-
ditions (3.31) and (3.32) are not satisfied the grazing homogeneous plane wave is
replaced by an inhomogeneous plane wave with amplitude decaying exponentially
away from the boundary. This gives rise to the case of one reflected wave so that
the solution (3.21) is applicable. As in Case A it is shown in [17] that |R| = 1.

Graphical results are given in [17] for a particular form of strain-energy function,

namely the Varga strain-energy function, defined by
W =2p(A + A + A3 — 3), (3.35)

for which the inequality a > 2/ can hold. The analysis was done for A3 = 1, and
values of &5 were selected according to stability conditions which give the upper

and lower bounds for the values of pre-stress.
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Chapter 4

The effect of pre-strain on the
reflection and transmission of

plane waves at an elastic interface

In this chapter we extend the discussion of the influence of pure homogeneous strain
on the reflection and transmission of plane waves at the boundary between two half-
spaces of incompressible isotropic elastic material. In general, the half-spaces consist
of different material and are subjected to different deformations. In particular, we

recover certain results obtained in {17].

4.1 Basic equations

We consider an incompressible isotropic elastic material subject to pure homo-

geneous strain. Let Ay, Ag, A3 denote the principal stretches of the deformation.
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Then, the incompressibility condition is expressed as
A1AgAg = L. (4.1)

Since the material is isotropic, the principal Cauchy stresses are given by (2.46).

We consider incremental motions in the (z;, 22)-plane superimposed on the pure
homogeneous deformation with displacement vector u having components given by
(2.70). The incremental incompressibility condition diva = 0 is then used to deduce
that (2.72) holds.

Components of the incremental nominal stress tensor referred to the homoge-
neously deformed configuration are given by (2.63).

Since for the pure homogeneous strain, the Cartesian axes and the Eulerian
principal axes are coincident, the components of the fourth-order temsor Ag of
instantaneous elastic moduli in terms of the derivatives of the strain-energy function
W from (2.65) are given by

Aogiiz; = MAWij,

(MW, — \W;) 2 .,
Aoijig = (02— &2)]) VED A FEN
i J

1 . -
Avijij = 5(-40%1‘1: — Agiizi + N W) i£ 5 A=A,

Aoijii = Aojiig = Aoijis — MWi i # 7, (4.2)

The components Ag;ur of g are constants since the deformation is homogeneous.
The equation of motion in terms of the scalar function % is given by (2.73).
The shear and normal components of the incremental nominal traction g, 299

on a plane x5 = constant are expressible in terms of ¢ through (3.1) and (3.5).
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4.2 Plane waves

We consider time harmonic plane waves of the form given by (2.75). The propagation
condition is given by (2.76) and the strong ellipticity condition (2.77) also holds.

Similarly, for an inhomogeneous plane wave of the form
Y = Aexplik'(z; — tmzy — 't)] (4.3)
equation (2.73) gives

12

o — 26m? + ym* = p(1 — m?)c (4.4)

in place of (2.76). For a given wavespeed ¢, equation (4.4) determines m. The wave
decays exponentially as 3 — —oo (4+00) provided m has positive (negative) real
part.

We now consider two half-spaces of different incompressible isotropic elastic ma-
terials. The half-spaces are subjected to pure homogeneous strain and then bonded
along their common (plane) boundary in such a way that the principal directions
of strain are aligned, one direction being normal to the interface. In rectangular
Cartesian coordinates we take the interface to be z5 = 0.

Let Ay, A2, A3 be the stretches associated with the half-space z, < 0, with
strain-energy function W, and material constants «, 3, v defined by (2.74) with
(4.2). Similarly, let A}, A5, A5, W*, o, B*, v* be the corresponding quantities for
the half-space x5 > 0.

For simplicity, we take the deformation to correspond to plane strain with A3z =

A3 = 1 so that, with reference to the incompressibility condition (4.1), we introduce
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the notations A, A\* such that
A= A7 =, Al =A% 1=\ (4.5)

We now consider two distinct cases of the strain-energy functions for which 28 =

o+ v and 268 # a+ for 29 < 0 and similarly for zs > 0.

4.2.1 Case A: 28=a -+, 20" =a*+v*
For this case (2.76) reduces to (3.7) which can be rewritten as
acos® f + ysin® @ = pc? (4.6)
and (4.4) reduces to
(1 —m?){a—ym? — pc?} = 0. 4.7)
As defined in Section 3.3 the slowness vector (s1,s2) is given by
(51,82) = (cos@,sinf)/c, (4.8)
equation (4.6) becomes the slowness curve
Ms2+si=p, 33 <0, (4.9)
in (sq1,s2) space, where 7 is defined by

p=rp/lv (4.10)

and a/y = \* follows from (4.2) and (2.74).

By using the dimensionless notation (8§1,3;) defined by

(31,52) = (51,52)/\/ P, (4.11)
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we can write (4.9) as
M2 +si=1 x<0. (4.12)

Let 8%, c*, p* be the counterparts of 8, ¢, p for zo > 0 and let 7* be defined

by

pr=p0/ (4.13)

analogously to (4.10). We use the same non-dimensionalization (4.11) for the slow-

ness vector
(s1,s5) = (cos @*,sin6*) /c* (4.14)

and define
(37,55) = (51, 85)//P- (4.15)

The counterpart of (4.12) in x5 > 0 is then written

M2 45 =D, @y >0, (4.16)
where D is defined by
N
D=p"/p=—:. (4.17)
/ o

Under the considered plane strain conditions the specialization 28 = o + ¥
forces the strain-energy function to have the neo-Hookean form given by (3.26), and
similarly for z3 > 0 with shear modulus p*.

In this case the value of D can be obtained from (4.2), (2.74) and (3.26) and is

given by
D = d{\*/A\}?, (4.18)
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where

d = pp*/pp". (4.19)

Slowness curves for x5 < 0 and x5 > 0 are shown superimposed in Fig. 4.1 for

illustrative values of d, A, \*.

2

Y

Figure 4.1: Slowness curves for 26 = a+vy, 26* = a*+v*: (a) {d, A\, \*} = {0.6, 1,1},
inner (outer) circle for z5 > 0(< 0); (b) {d, A\, \*} = {10, 2, 1.2}, inner (outer) ellipse

for z5 < 0(> 0);(c) {d, A\, \*} = {3,1.2, 3}, short (tall) ellipse for z < 0 (> 0).

4.2.2 Case B: 20# a+y, 26* # o +*

In this case we take the strain-energy functions to satisfy f = /a7y (as was used
by Ogden and Sotiropoulos [17] and by Hussain and Ogden [10]) and similarly

B* = /ary*. Then (2.76) takes the form
{Vacos? 0 + /ysin® 6} = pc? (4.20)
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and (4.4) becomes

(Vi — Fm?)? = p(1 — m?)d™. (4.21)

The slowness curve corresponding to (4.20) is given by
{)\2_8_12 +§22}2 = 512 +'§22, To < 0 (422)

in dimensionless form with the notation (4.11) and 7 defined by (4.10). Similarly,

for o > 0 the corresponding equation of the slowness curve is
(M52 45,4 = (572 + 52} D, (4.23)

where D is again defined by (4.17).

Similarly to Case A we illustrate the slowness curves for particular values of
A and A* in the two half-spaces in Fig. 4.2. For this we use the Varga strain-energy
function, which is given by (3.35) for z2 < 0, with x as the shear modulus. Similarly
for z; > 0 with shear modulus u*.

In this case the value of D from (2.74), (3.35) and (4.2) is given by

A {41}

D= SYpTEmY (4.24)

where d is defined by (4.19). Note that D in (4.24) differs from that given by

(4.18) for Case A.
Slowness curves for z3 < 0 and zs > 0 are shown superimposed in Fig. 4.2 for

illustrative values of d, A, \*.
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(c)

Figure 4.2: Slowness curves for § = /a7y, f* = /o*y*: (a) {d, )\, \*} = {6,1.4,2},
inner (outer) curve for z, < 0(> 0); (b) {d, A, A*} = {1.1,0.7, 3.5}, short (tall) curve

for z3 < 0(> 0); (¢} {d, X\, \*} = {3,2.5,1.2}, narrow (wide) curve for z5 < 0 (> 0).
4.3 Reflection and transmission at the interface
For continuity of traction at the interface associated with the underlying deformation

we require oj = 0s.

The boundary conditions corresponding to continuous displacement are
Uy = Uy, Uz =1uy; on xzp =0,

where u;, ug are the displacement components in z3 < 0 and uj, u} are those in

zq > 0.

From (2.72) the above boundary conditions can be written in terms of the scalar
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functions ¥ and * as

¢,1 = w;; 'l,b,E = T/},*Qr (425)

on zz = 0, where %* is the counterpart of ¢ for z, > 0.

The boundary conditions for continuous incremental traction on the interface

are
221 = 2;1, 222 = 232 on Io = 0 (426)

where Y, Ygp are the traction components in z; < 0 and 3%, ¥, those in
Ty > 0.

From (3.1), (3.5) and the continuity condition ¢} = o, the boundary conditions

(4.26) take the forms

7(7/),22 —Yu) =" (T/’,*zz - :ku)a (4.27)

(28 + 1)z + Yoz — pha = (28° + V)41 + 7 Whee — P 0%, (4.28)

in term of ¢ and %)*, where, in order to obtain (4.28), the second equation in (4.26)
has been replaced by

— *
Yog,1 = Ngnq

and use made of (3.5) and its counterpart for =, > 0.

Notice that the boundary conditions (4.27) and (4.28) are independent of the
pre-stress os.

We now consider a wave incident on the boundary z, = 0 from the region

zo < 0 with direction of propagation (cos6, sin8) in the (zq,zq)-plane and speed

44




c. We write the solution comprising the incident wave, a reflected wave ( with angle

of reflection equal to the angle of incidence) and an interfacial wave in z3 < 0 as

¥ = Aexplik(z, cosd + zo8in 0 — ct)] + AR explik{z1 cos 0 — 3y 8in 6 ~ ct)]

+AR explik’(z1 — 1maxs — t)], (4.29)

where R is the reflection coefficient and R’ measures the amplitude of the interfacial
wave. The notation &', m, ¢ is as used in (4.3).
In the half-space x5 > 0 we write the solution comprising a transmitted and an

interfacial wave in the form

P* = AR explik*(z1 cos 0% 4 zysin 6* — c*t)] + AR explik* (zy + im*zy — 1)),
(4.30)
where R* is the transmission coefficient and R* is the analogue of R' for z, > 0.
The transmitted wave has direction of propagation (cos §*,sin 6*), wave number k*
and speed c*, while k¥, m*, ¢ are the counterparts of k', m, ¢’. Note that the
interfacial wave decays as s — 0o provided m* has positive real part.

According to Snell’s law we have
kcosf = k' = k* cos§* = k¥
or, equivalently,
cosf/c=1/c =cos#*/c" =1/c". (4.31)

Equation (4.31) states, in particular, that the first components of the slowness vec-
tors for each homogeneous plane wave interacting at the boundary z = 0 are equal,
in this case s; = s7.
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Thus, by reference to the slowness curves for 3 < 0 and zs > 0, superimposed
as exemplified in Fig. 4.1 and Fig.4.2, the range of angles of incidence for which a
transmitted wave exists can be identified. In Fig. 4.1(b), for example, since the inner
curve corresponds to zy < 0 there is, for every angle of incidence (i.e. for every s;
associated with the curve) a point on the outer curve for which s} = s;, and hence
a transmitted wave. In Fig.4.1(a), on the other hand, there are values of s; on
the slowness curve for z, < 0 for which there are no corresponding values of s} on
the xo > 0 slowness curve and therefore there is a range of angles of incidence for
which no transmitted wave exists. This will be discussed further in Section 4.3.1.
The situation in respect of Fig. 4.2 is less straightforward and will be examined in
Section 4.3.2.

We now consider again Case A and Case B separately.

4.3.1 Case A:28=a+7, 28" =a*++*

In this case we see from equation (4.7) that m = %1, which yields an interfacial
wave in the half-space z; < 0 if m = 1. The zeros of the other quadratic factor in
(4.7) correspond to m = itanf and m = —itan 6, which are associated respectively
with the incident and reflected waves in x5 < 0.

Thus, in z < 0, the solution (4.29) applies with m = 1.

In zy > 0 the solution consisting of a transmitted wave and an interfacial wave
may be written as (4.30) subject to (4.31) and with m* = 1. The latter arises from

the first factor in the analogue of equation (4.7) for z5 > 0, i.e. m**—1. The second
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factor gives

*2 12 *

m* = (a* — p*c* ) /y" (4.32)

Using the fact that a*/v* = A** together with (4.31) and the definitions (4.10),

(4.13) and (4.17) equation (4.32) may be written as
m* = 3 — DM + tan?9). (4.33)
If this corresponds to a transmitted wave then we must have
m* = —itan§", (4.34)
where 6% is a real angle given by
tan® 0* = D(\* + tan® §) — \**. (4.35)

If DXt > M\ ie., from (4.18), dA? > X*2, then the right-hand side of (4.35) is
positive for all . Thus, if DA* > A*!| a transmitted wave exists for all angles of
incidence.

If, on the other hand, DA* < X\**, then there is a critical angle, 0 = 6, say, such

that
tan? @, = \**/D — A%, (4.36)

In this case there is a transmitted wave for angles of incidence such that 8, < 6 <
7/2, but for 0 < § < 6, there is no transmitted wave and there are two interfacial
waves, one with m* = 1 and the other with m* given as the positive solution of
(4.33). These interfacial waves have the same speed ¢ given by (4.31) but in general
the value of m* given by (4.33) is not equal to unity. In fact, it can be unity (for

some 6 such that 0 <0 < 6,) only if \* — DM > 1,

47




At the transitional angle # = 0, we have #* = 0 and the first term in (4.30)

corresponds to a plane shear (body) wave propagating parallel to the boundary in

x9 > 0.

Using (4.29) and (4.30) appropriately specialized in the boundary conditions

(4.25), we obtain

1+R+ R =R +R¥, (4.37)

t(1 — R) — iR = t*R* + iR", (4.38)
where we have introduced the notation
t = tand, t* = tan 6%,

the latter applying when the right-hand side of (4.35) is positive. When (4.35) is
replaced by (4.33), t* is replaced by 4m* in (4.38) with m* real and positive.
With the specialization 28 = a + v, 26* = o* + v*, the boundary condition

(4.28) becomes
(N -+ 2)%,112 + Pz — b = O[(N"" + 2055 + P — 73, (4.39)
where
§ =" [y = w 2 ur?. (4.40)

Again with appropriate specialization, substitution of % and %* from (4.29) and

{4.30) into (4.27) and (4.39) leads to
(1 —#)(1+ R) + 2R = 8[(1 - t**)R* 4 2R"], (4.41)
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2it(R — 1) + R'(t? — 1) = §[-2it* R* + (1 — £*})R"], (4.42)

with ¢* replaced by ¢m* where necessary.

Note that when ¢ = 0 equations (4.41) and (4.42) reduce to equations given in
[17] for a single half-space with o, = 0.

The solution of equations (4.37), (4.38), (4.41) and (4.42) for R, R/, R*and R¥

may be written

(o) (E—-4) T (o i)t —1)]

_ (g +ih)(t+1) r e+if

¥ c+id o a =+ b

where the coefficients are defined by
a=4tt*(0 — 1) — 262{#* — 1 + 6(1 — £*%)},
b= —2t{t* — 1+ 8(1 — t**) + 2(6 — 1)tt*},
a = St (6" +t) + 6t (1 — 38 + 1) + (6 — 3)t + 13,
Y o= (1+0)6t* 4 4tt*6 + (6 — 1) + (1 + 6)8?,
c=1td, d=2t{1 + >+ (1 + )},
e = 26tt*{3(6 — 1) + 12 — 6t*%},
F=2{-0*1+¢7?)+36 —2— (6 — 2)#2},

g =0t (6" — 1) + 6t*(1 — 36 + 1) — (6 — 3)t — ¢°,

ho=6t"2(1 4 0) — 46t™t + (0 — 1)% + (1 + 0)#2. (4.44)

In Section 4.4.1 graphical results for the absolute values of R, R, R*and R* are
given.
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4.3.2 Case B: § = /a7, f*=o*y*

In this case, from (4.21), after using o/ = A* and the Snell’s law cos@/c = 1/c/,

we have
(1+8)(A* —m?)? = (1 — m?)(\2 +13)?, (4.45)
which can be reorganized as
mA (1 +1%) +mP (A — 227 + %) — £2(82 = A1 4 20%) = 0. (4.46)

Note that m = +4it and m = —it are the solutions of (4.46) corresponding to the
incident and reflected waves respectively. By removing the factor m? + ¢ from

(4.46) we get
m?(1++12) — 2 + M (N2 — 2) = 0, (4.47)

which gives

m=+/1— (A2 - 1)2/(1 + #2). (4.48)

If A < /2 then m isreal for all  and the positive solution of (4.48) corresponds
to an interfacial wave in zs < 0. If A > /2 then there is a critical value of 0, 6,

say, for which m = 0 and this is given by
tan®d, = A\%(\? — 2). (4.49)

It follows that m is real for 6, < # < n/2. For 6, < 8 < 7/2 there is a reflected
wave accompanied by an interfacial wave. For 6 = 6. the interfacial wave becomes

a plane shear (body) wave propagating parallel to the boundary in z, < 0. For




0 < 0 < 0, the interfacial wave is replaced by a second reflected wave with angle of

reflection, #', say, obtained from (4.48) by replacing m by —itan® to give
= {2 =2) -2}/ (1+ 12, (4.50)
where
t' =tand'. (4.51)
Note that equation (4.50) may be rewritten as
cos®fcos? @ = 1/(\* — 1), (4.52)

which is the same as equation (3.29) for § = \/ay by using /v = A*, and does not
depend on the presence of the half-space z, > 0 (it requires only the use of Snell’s
law and the propagation condition).

The wave speed ¢’ of the second reflected wave is obtained from Snell’s law in

the form ¢’ = ccos#'/cosé together with (4.52).

For the half-space 3 > 0, we obtain a similar equation to (4.45), namely
(L+ N — m*)2 = {1 — m*2 {2 4+ %), (4.53)

this has solution m**+¢*? = 0. The solution m* = it* corresponds to a transmitted

wave provided t* is real. The other solutions are

m = /1 — (A7 = 1)2/(1+ £2).

An expression for ¢* is obtained by using the propagation condition (4.20) and
its counterpart for x5 > 0 together with Snell’s law (4.31). This gives a quadratic

for ¢*2, which we write as
t* — (D* — 22 )2 £ N — D* =0, (4.54)
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where D* is defined by
D* = D(X2 +%)2/(1 + %) (4.55)

and D is given by (4.24).

Equation (4.54) may have real, pure imaginary or complex solutions for ¢* de-
pending on the values of A, A* and D and on the angle of incidence. We delimit
the possibilities as follows.

(a) There are two positive solutions for #*%, and hence two transmitted waves,
if
N2> 20 M s D> 40P - 1). (4.56)

When the equality holds on the right hand side the two solutions ( and hence the
transmitted waves) coincide. If A** = D* > 4(\*2 — 1) one of the transmitted waves
becomes a plane shear (body) wave propagating parallel to the boundary in 5 > 0.

(b) There is one positive and one negative solution for #*2, and hence one trans-

mitted and one interfacial wave, if
D* > 2\ (4.57)

where A\*? may be greater than, equal to or less than 2. If D* = X** < 2)\*? the
transmitted wave becomes a plane shear (body) wave as in (a).

(¢) There are two negative solutions for ¢*?, and hence two interfacial waves, if
<2, M > DF >4 -1), (4.58)

with the solutions equal when equality holds on the right-hand side.
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(d) There are two complex conjugate solutions for *2, and hence two interfacial

waves, if
D < 4\ —1) < 2™, (4.59)

As for (b) this can hold for A\*? greater than, equal to or less than 2.

In connection with determination of which of cases (a)—(d) holds it should be
observed that if A*> < 2 then D*, regarded as a function of ¢ (> 0) is monotonically
increasing with minimum DM* at t = 0. On the other hand, if A2 > 2 then, as
¢ increases from zero, D* decreases from DA* to its minimum 4D(\? — 1) where
2 = A2 — 2 and thereafter increases monotonically.

As in Case A, the solutions % and %* may be written in the forms (4.29) and
(4.30) respectively, with m in (4.29) given by the positive solution of (4.48) when
real and replaced by —itané’ when imaginary. In (4.30), tanf* and im* are the
relevant solutions of (4.54) for ¢* depending on which of the possibilities (a)—(d)
applies.

The coefficients R, R, R* and R* are determined by using the boundary condi-

tions (4.25), (4.27) and (4.28), with (4.28) taking the form
(2)‘2 + 1)"}0,112 + hom — ﬁ"l;ﬁ = 5{(2()\*)2 + 1)'@0,*112 + 'ﬁb:kzgz - ;5*"/),*2} (4.60)

in this case, where

AR +1)

b=ty =LA
TS T

(4.61)

By substituting the values of 9 and %* from (4.29) and (4.30) in (4.25), (4.27)

and (4.60) we obtain
1+R+R =R +R", (4.62)
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t(1 — R) —imR' = t'R* +im*R* (4.63)

(I-HR+ (1 +m)R +1 -2 =61 — t*HR* + 6(1 + m**)R¥ (4.64)
and
it[D{t?> + 2X% + 1} — D*|R + m[D{m? — 202 — 1} + D*|R'
—itD{t* + 2\ + 1} + itD* = {Dt*6[D* — 20" — 1 — ¢*?|R*
—Dm*§[m** — 2X** — 1 4 D¥|R", (4.65)
respectively.

For 6 = 0, (4.64) and (4.65) reduce to equations obtained in [17] for oz = 0
when specialized for the Varga material.

The solutions of (4.62)—(4.65) for R, R/, R* and R* are obtained in the form

R= (f +ig)(h+iI) R (d + ie)
(=i i) (e i) T (@ —amt) (¢ 4 id)
* = c W _  a+ib
R* = (t* — im*)(c + id) (e + if")’ R = —““_(a, T’ (4.66)

but now the coefficients are defined by
a = 2(m* 4+ t2){A — SDt(L + t**) }¢*,

b=2m[t*(BD + D*) — {A+ (BD + D*)t}{1 + §(t** — 1)}],
ad=mm{—1-5t"~1)H{éD(m*?* - L) — BD — D*} +t*{6(m*> +1) —m? -1}

{6DH(L + t*%) — A},
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V' = (BD+D*)ym{m?(t-+t*)—tm(t+5t*)t" ~ (m+-om*)m* mt—mt* {5 —1+m* (m+6m*)}

—5Dm* (m*?— L){m? (t-+t*) +tt* (1+6t%) }—m{—1+6+m* (m+dm*) H{ A+ Dt* (L+t%)}
—(m* + m)d{t*D(L + t**) + t* A}*,
¢ = 2tDm*§(t2 + m?)(m*® — L) 4+ 2Am* { + m(cm* + m)} + 24Am(? — 1+ )
+2mD*{5(1 +m*?) +1* — 1} + 2mDBt{#* — 1 + 5(1 + m*?)},
d=—2m*{t* — 1 +6(1 — t**}{D6t(L — m*?) — A},
e = —2t"{t* — 1+ §(1 + m*>) Y Dst(tt* + L) — A},
[ =métm*{D* +D§(L+1)+D(B+mm*—1)} —dmtm*{D* + D(B — tt* + mm*)}
+OtDIM* S (1 — %) + 1% — 1} + (L + *2) (1 — 6 + m?)] — A{m(ém* +m) + 1 — &},
g =D*m{1—6+1(6t" —t)} + At*S(m+m*) + Bm{D(1 — t* - 8) + 6tt* } + m**mdt* D
+m*t* DE{t(1+m?) =6 (Lt+mm*t*)—t(5+tt*) } — Dmd{t** (2 4+mm*+6—1)+ L(t*+5-1)},
b= —m*{2t*(t* — 1) + 6t**(t — t*) + m*?6(¢ + ¢*) + 2t*6},
I'=@?—m*) (1 —t) — ot (tt" + 1) + dm*2 (1 — 26" — #¢),
d = m*D*{1-t*—8(1-+tt") }—m* "t DS {1+m24-tt* —5(1+L) }+mDS[m** {t*—~ 1+ (1~t**)}
—B(1+t") + L1 =6 —t?) +t**(1 — > —mm* — )] — At*6(m +m*) +mDB(1 — ?),
d' = m*§D[m*t{6(1 — ¢**) — m? — tt* — 1} +*'m{1 — > — (1 + L)} — Bm(t + t*)]
—A{m(m+m*8)~6+1}—D*sm* m(t-+t*)—LEDt(6 —m>—1) —t* S D{t£* (§—1)+m?(m** —tt*) },
e =t (t + 6t*) +t7(6 — 1) + dm*2(t + t¥),

Fr=m{l—#+6t? -1},
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where further we have
A=t{D#*+2)*+1)-D*}, B=m?—-2X2—-1 and L=1+2)"2_D"

In Section 4.4.2 the graphical results for the absolute values of

R, R, R* and R* are given.

4.4 Numerical results

4.4.1 Case A: 28 =a-+1v, 26* =ao* +*

For this case the graphical results for different values of d, A and X* are given in
Iigs4.3-4.6. Figs 4.3 and 4.4 are for the case with no pre-strain with d < 1(> 1)
respectively. With reference to the slowness curve in Fig.4.1(a) there exists no
transmitted wave in the region 0 < ¢ < 0.685. We see this fact from Fig. 4.3(a) that
|R| =1 in this range. From (4.43) we can find that |R'| is vanishing at 6 = 0.553
(as shown in Fig.4.3(b)). For Fig.4.3 the graphs are continuous across the regions
0<6<0.685 and 0.685 <6 < m/2.

Figs 4.5 and 4.6 are drawn for the case with pre-strain. Fig.4.5 is drawn with
reference to the slowness curve in Fig.4.1(b) when there exists a transmitted wave
for every angle of incidence (this is also the case for the waves in Fig. 4.4). Fig.4.5
shows that |R| is decreasing but ||, |R*| and |R¥| are increasing except |R]
which again decreases in the end. This behaviour is different as compared to Fig. 4.4
(with no pre-strain) where both |R'| and |R¥| decrease after a certain value of @
and |R| increases near the normal incidence.

Here we see from the Section 4.3 from the discussion of the slowness curves in
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Fig.4.1(c) that we have two interfacial waves in x5 > 0 from 0 < 6 < 0.983 and
then a transmitted wave is accompanied by an interfacial wave in 0.983 < 0 < 7/2.
Bearing this in mind we see that |R| =1 for 0 < @ < 0.983 in Fig. 4.6(a). We see in
Figs 4.6(b) and 4.6(c) that each of |R'| and |R*| vanishes at one point. This value
of # can be calculated from (4.43) and (4.44) and is given by 0.75 and 0.763 for
|R'| and |R*| respectively. Notice that the four graphs in Fig.4.6 are continuous
between the two regions.

In all the Figs 4.3-4.6 for the grazing incidence (at ¢ = 0) there are no non-
trivial results as |R| = 1 and |R/| = |R*| = |R¥| = 0. In Figs 4.3 and 4.6 for
the grazing reflection (#* = 0) we have transitional angles # = 0.685 and 0.983
respectively where one of the interfacial waves changes to a transmitted wave (in
zo > 0). In xe < 0 there is no such transition because there is only one reflected
wave and one interfacial wave for every angle of incidence.

An interesting thing to note is that none of |R|, |R'|, |R*| and |R¥| vanishes at
6 = /2. To see this in detail we refer to (4.37), (4.38), (4.41) and (4.42). After

using (4.35) except (4.37), the other three equations, when 6 — 7/2 give

1 — R= VDR, (4.67)
1+ R = DSR¥, (4.68)

and
R = —6DR¥, (4.69)

respectively. Solving simultaneously (4.67), (4.68) and (4.69) alongwith (4.37) we
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get

R_wﬁ—l R ~26v/D(6D — 1)

&/D+1' T (1+6VD)(1+6D)’
. 2 o 2(6D — 1)
= VD(VD + 1) w= VD(1+6vVD)(1 +68D) (4.70)

Thus we see that none of them is zero since from (4.18) and (4.40) we have
dD = p*/p but it’s easily seen that for the two half-spaces to be made up of same
material we have § = D =1 which gives R=R' = R* =0 and R* = 1.

For Fig.4.3 by using (4.18) and (4.40) in (4.70) with A = M = 1,d =
0.6 and p/p* = afsay) = 1.5, we see that |R| = 0.32, |R'| = 0.292, |R*| =
1.7 and |R¥| = 0.73 at 6 = x/2. Similarly from (4.70) we see that |R| =
0.07, |R'l =0.185, |R*| = 0.62 and |R*|=0.12 for A=) =1,d=3 and a =2
(as shown in Fig.4.4) at § = w/2. With d = 10, A = 2, \* = 1.2 and a = 2,
we get |R| = 0.45, |R'| = 0.97, |R*| = 0.289 and |R*| = 0.193 (as shown in
Fig.4.5) at @ = 7 /2. Similarly for d = 3, A = 1.2, \* = 3 and a = 2 we have
|R| = 0.48, |R'| = 0.103, |R*| = 0.34 and |R*| = 0.07 as we see in Fig. 4.6 at the

normal incidence.
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Figure 4.3: Plots of |R|, ||, |R*| and |R¥| in (a), (b), (c) and (d) respectively

against 6 (0 < 0 <« /2) for 20 =a+1, 28* =a* +v* with {d, \, \*} = {0.6, 1,

1.
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Figure 4.4: Plots of |R|, |R|, |R*| and |R*| in (a), (b), (c) and (d) respectively

against 0 (0 < 0 < w/2) for 20 = a+17, 20" = o +v* with {d, A\, \*} = {3, 1,

1}.
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Figure 4.6: Plots of |R|, |R'|, |R*| and |R¥| in (a), (b), (c) and (d) respectively

against (0 <0 <« /2) for 20 =a -+, 28* = o +* with {d, \, \*} = {3, 1.2,
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4.4.2 Case B: g = ,/ay, "= o*¥*

For this case the graphical results are given in Figs 4.7-4.9. In Fig. 4.7 results are
drawn (for a = 3) with reference to the slowness curves in Fig.4.2(a) in which we
have one reflected wave accompanied by an interfacial wave in 2z, < 0 and one
transmitted wave accompanied by an interfacial wave in zo > 0 for every angle
of incidence. As in Case A, |R| starts from 1 but |R'|, |R*], and |R*| starts from
0 so there are no non-trivial results for grazing incidence. Both |R/| and |R¥| are
increasing in the start and then decreasing after a certain value of §. |R*| increases
throughout but |R| decreases in the start and then increase after a certain value of
0. These results are of similar nature to those in Fig.4.4 (in Case A).

In Fig. 4.8 (for a = 1.5) with reference to the slowness curves in Fig. 4.2(b) there
are three separate regions for 0 < 8 < 0.743, 0.743 < 6 < 1.06 and 1.06 <0 < 7/2
in which waves change their nature in zo > 0. In z3 < 0 we have one reflected
wave accompanied by an interfacial wave for every value of 8 since A = 0.7 < /2,
as discussed in Section 4.3.2.

For 0 < 8 < 0.743 we have two interfacial waves in x5 > 0, for 0.743 < 0 < 1.06
we have two transmitted waves in z3 > 0 and finally for 1.06 < § < 7/2 one
transmitted wave is accompanied by an interfacial wave.

Again as in Figs 4.3(a) and 4.6(a) (in Case A) we see that in Fig.4.8(a) |R| =
1 in 0 < 0 < 0.743 as long as there is no transmitted wave. The graphs of
|R|, |R'|, |R*| and |R*| are continuous between the three regions.

In Fig. 4.9 (for @ = 2), with reference to the slowness curves in Fig.4.2(c) for

zy > 0, we have one transmitted wave with an interfacial wave in 0 < 8 < 7/2 but

63




for z9 < 0 we have two intervals for 0 < ¢ < 1.38 with two reflected waves and
1.38 < @ < m/2 with one reflected wave accompanied by an interfacial wave.
Graphs of |R|, |R'|, |R*| and |R*| are continuous between two regions. Since
A= 2.5 > /2, it follows from Section 4.3.2 that we have a critical angle 6, = 1.38.
Again, as in Case A at 0 = 7/2, none of |R|, |R/[,|R*| and |R*¥| vanish. To
check this behaviour we refer to (4.62)—(4.65). When 6 — =n/2 (4.55) becomes

D* ~ Dt* and using this in (4.65) gives
Di? = *?, (4.71)

for ¢ = tanf, #* = tan@" and D is given by (4.24). Equations (4.63) and (4.64)

become

t(1 — R) = t*R*, (4.72)

t*(1+ R) = §t**R* (4.73)

and (4.62) is unchanged. In order to see the values of |R'| and |R*| as 0 — /2

let us assume
1+ R—-R" =K (say), (4.74)
So that from (4.62) we have
K+ R =R". (4.75)
On solving (4.72) and (4.73) (by using (4.71) for t* > 0) we get
2

R = 7501 575) (4.76)
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and

ovD —1
R=—nr=F—.
ovD +1

(4.77)

From {4.24) the values of D for the Figs 4.7-4.9 are given by 14.48, 46.686 and
0.2 respectively. Similarly from (4.61) the corresponding values of § are given by
0.138, 0.015 and 3.1. Using these values of D and ¢ in (4.76) and (4.77) we get
R = -0.311, —0.814 and 0.366 and R* = 0.345, 0.2655 and 0.911 for the Figs 4.7—
4.9 respectively. It’s easily seen that these values tally with their absolute values
as shown in the Figs 4.7-4.9 respectively. Therefore K from (4.74) for the Figs
4.7-4.9 1s given by 0.344, —0.795 and 0.455 respectively. Further from the graphical
results we have |R*'| ~ (.12, 0.05 and 0.18 for the Figs 4.7-4.9 respectively. By
using the corresponding values of X and R* as 0.12,—0.05 and 0.18 in (4.75),

the values of R’ are given by —0.23, —0.03 and —0.275 respectively which tally

with the absolute values as shown in the Figs 4.7-4.9.
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Figure 4.7: Plots of |R], [R/|, |R*| and |R"| in (a), (b), (c) and (d) respectively

against 6 (0 <0 < w/2) for B = /ay, B* = /o™ with {d, \, \* } = {6, 1.4, 2}.

66




1
0.9
0.6
0.4
0.2
05 05 0B 1 LB L5 ()
1 ;
0.8 25
2
0.6
15
0.4
1
" 0.5
05 05 0% 1 LB 15 (g 5 05 0% 1 LB L5 (g)

Figure 4.8: Plots of |R|, |R/|, |R*| and |R*] in (a), (b), (¢) and (d) respectively
against 0(0 < 0 < m/2) for B = /am, B* = /a7 with {d, \, \*} = {1.1, 0.7,

3.5}
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Figure 4.9: Plots of |R|, |R|, |R*| and |R¥| in (a), (b), (c) and (d) respectively
against (0 < 0 < w/2) for § = /oy, f* = /oy with {d, \, \*} = {8, 2.5,

1.2},
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Chapter 5

Reflection of plane waves at the
boundary of an elastic half-space

subject to simple shear

In this chapter we will discuss the effect of finite strain principal axis orientation
on the reflection from a plane boundary of infinitesimal plane waves propagating in
a half-space of incompressible isotropic elastic material. Attention is focussed on
waves propagating in a principal plane of the deformation corresponding to simple

shear.

69




5.1 Basic equations

For a simple shear deformation, from Section 2.2, the Eulerian principal axes

v() and v® are given by

v = cos g ey + sin ¢ e,

v® = —singe;, +cosdey, (5.1)

where ¢ is given by (2.28). Since the material is isotropic we must have equation

(2.30) to hold with v(® = es, so that the Cartesian components of o are given by
011 = 01 cos® ¢ + 0 5in? ¢,

g1 = (01 - 02) sin ¢ cos ¢,

Og2 = 07 8in” ¢ + og cos? ¢. (5.2)

It is convenient to re-cast (2.71) in terms of components relative to the Eulerian
axes with coordinates (z},z3). Let uj and Ay, be the components in this case,
with u; regarded as functions of (z7,%,?). From the incompressibility condition
(2.64) in terms of these components we deduce the existence of a function ' =

P (2}, b, t) such that

wy = Tl),,za Uy = “‘Tl):h (5.3)

wherein the indicated differentiations are with respect to (21, %) .
When referred to the Eulerian axes equation (2.71), after substitution from (5.3),

yields an equation for ', namely

a1y + 2699 + Ve300 = P(’(Zj:n + 15,’22% (5.4)
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as in [5,6], where the material parameters «, 8,7 are now defined by
o= Ayz1s, 7= Avgizrs 26 = Agig + Abgsgs — 2A51122 — 2A01221- (5.5)

Here, the components Ay, are constants since the underlying deformation is
homogeneous. For future reference we note that the components Agjy; (mentioned

in (2.63) and (2.69)) are related to Aj,,. through

AOz‘jkl = lpilqjlrklsl-Az)pqrs: (5.6)

where

cos¢ sing
(lij) = (5-7)
—sing cos¢
(¢,7,k,1=1,2) and we recall (2.29) in case of simple shear. Equation (5.4) may also

be expressed in terms of derivatives with respect to (z1,z2) by use of (2.23) and

the notational change ¥(zy,zq,t) = ¥'(z}, 24,t) . Explicitly, we then have
(cvcos* p+28sin? ¢ cos? p+ysin? ¢)a 1111 +2 sin 24(a cos? ¢— B cos 2p—ry sin? &) 1112

+ [28+6(cc+y—20) sin® ¢ cos® ¢, 1120 + 2 sin 2¢(arsin® ¢+ B cos 2¢ —y cos® $) 1922

+ (arsin® ¢ + 28 sin® ¢ cos® ¢ + 7 cos® )b anas = p(Rh11 + 1.29)- (5.8)

Stress boundary conditions on the half-space boundary zy = 0 are expressed in
terms of the shear and normal components of the incremental nominal traction,
namely X9 and 3oy respectively. From (2.63), by using (5.6), we obtain expressions

for 3g; and X991 in terms of % in the form
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So1 = —sin2¢[8 — a -+ cos® ¢(a + v — 28) |12 + [sin? ¢ + v — 28)

+ 2sin® ¢(B — ) + V)22 + [sin® ¢ cos® pla + v — 28) + 09 — V|11, (5.9)

— Yoo = [2B(cos® ¢ + sin' @) + 3(cv + v — 28) sin? ¢ cos® ¢ + 2(ar + ) sin? b cos? ¢

+ v — oalth1s + 25in 2¢[a — B — (@ + v — 26) cos® Pl1,100 + [26sin® ¢ cos® ¢

r + ycos' ¢ + asin® gl as — pihy — sin2¢[(y — B) sin® ¢ + (8 — ) cos® Pl 111
(5.10)
In equation (5.10) we have again eliminated 7 from Xg by differentiating with

respect to z; and use of (2.69). (5.9) and (5.10) will be used in Section 5.3.

5.2 Plane waves

We consider time-harmonic homogeneous planes waves of the form (2.75). Substi-
tution of (2.75) into (5.8) leads to

acos* (0 — ¢) + 26sin*(0 — ¢) cos®(§ — ¢) + ysint (0 — ¢) = pc?. (6.11)

Equation (5.11) is the propagation condition which determines the wave speed for
any given direction of propagation in the (z;,z)-plane. We note that pc* > 0 for
all such directions if and only if the strong ellipticity inequalities given by (2.77)
hold. Further (5.11) reduces to (2.76) for ¢ = 0.

Similarly, for an inhomogeneous plane wave of the form
h = A% explik*(z; — imxe — Ct)] (5.12)
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we obtain
acos® ¢ + 20 sin® ¢ cos® ¢ -+ ysin® ¢ — 24 sin 2¢(a cos? ¢ — B cos 2¢ — sin’ ¢)m

— [28 + 6(c + v — 28) sin® ¢ cos? ¢lm? + 2i sin 2¢(asin® ¢ + B cos 24 — v cos® ¢)m®

+ (asin® ¢ + 28sin? g cos? ¢ + ycos? p)m? = p(1 — m?)c*?, (5.13)

and for the wave to decay as x5 — —o0 we require that m has positive real part.
(5.13) reduces to (4.4) for ¢ =0 and ¢* =

Note that the above applies for any isochotic plane deformation in the (1,2)-plane
and that results for simple shear are obtained by appropriate specialization.

We consider two distinct cases corresponding to different relative values of the

material parameters «, 3, v.
Case A: 20 =a -+

With this specialization equations (5.11) and (5.13) reduce to

acos® (0 — @) + ysin®(8 — ¢) = pc? (5.14)
and

(m* — 1)[(arsin® ¢ + ycos? ¢)m? + im(a — ) sin 2¢ + pc** — (@ cos® ¢ + ysin? ¢)] = 0
(5.15)
respectively.
In terms of the slowness vector (sy, ss) defined by (4.8) equation (5.14) may be

written as

@(s1, cos ¢ -+ s9.5in ¢)? + F(s18in ¢ — 53 cos @) = 1,
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where @ and 7 are defined by (3.15).
By using the dimensionless slowness vector (51,3) defined by (4.11) and again,

on noting that «/y = \*, we obtain
(31 cos ¢ + By sin ¢)? + (51 sin ¢ — Facos P)? = 1. (5.16)

Equation (5.16) is a dimensionless form of the equation of the slowness curve in

the (1,2)-plane, which has an important role in connection with the interpretation

of wave reflections and it reduces to (4.12) for ¢ = 0.

When the deformation is specialized to simple shear use of (2.29) enables (5.16)

to be simplified to
(A = X2+ )52 + 2002 - 1515 + A%5,% = 1. (5.17)

Note that this is the equation of an ellipse and its principal axes can be shown
to coincide with the Eulerian principal axes. For the Mooney-Rivlin strain-energy

function this fact was pointed out in [2].
Case B: 20 #a+ vy

In this case we illustrate the possible differences from Case A by considering a

strain-energy function for which

g =+/ay, (5.18)

as discussed in Section 4.2.2.

For (5.18) equation (5.11) simplifies to
[Vacos* (8 — ¢) + /vsin®(@ — ¢)]* = pc?, (5.19)
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and, in terms of the notation defined in (4.11) with a/y = A%, the corresponding

slowness curve has equation
[A?(51cos ¢ + 3z sin¢)? + (51 sin ¢ — Facos ¢)2]? = 5,2 + 5,2 (5.20)

Note that (5.19) and (5.20) reduce to (4.20) and (4.22) respectively for ¢ = 0.

For simple shear (5.20) gives
[(A*+ 1)51% + 20N — 1)5152 + 207522 = (\2 4+ 1)%(5.2 + 5,2). (5.21)

The specialization of (5.13) for this case is obtained similarly, and, in particular, for

simple shear, yields

(AT + 1) — didm(A* + 1A — 1) — 8 Zm2(X* — A% 4+ 1) + 8iX3m3 (A2 — 1)

+ 4\ mt = (1 — m?)(\2 +1)2%c2 /7, (5.22)

but, unlike (5.15), this does not yield a simple factorization.

We now illustrate the dependence of the slowness curves on A in respect of both
classes of materials by plotting the curves in (51, 352)-space on the basis of (5.17) and
(5.21). Note that (5.21) includes the degenerate solution s; = 53 = 0 corresponding
to a P wave with infinite speed. This solution has effectively been factored out from
{(5.17) by the specialization 28 = a+ .

Figure 5.1 shows the slowness curves for the case 20 = « + v for a selection
of values of A > 1. The curves for A < 1 have the same shape and are essentially
reflections of those in Fig. 5.1 in the vertical axis.

Figure 5.2 shows the corresponding slowness curves for the case § = /a7, again
for a selection of values of A > 1. Asin Case A, the curves for A < 1 are essentially
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obtained by reflection in the vertical axis. We observe, in particular, than unlike in

Fig.5.1, if A is sufficiently large a vertical line may cut the curve in more than two

points.
s, L
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Figure 5.1: Slowness curves in (3,3s)-space for 26 = « + v with the following

values of A: (a) 1.25, (b) 1.5, (c) 2, (d) 3.
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Figure 5.2: Slowness curves in (31, $p)-space for 8 = /a7y with the following values

of X (a) 1.25, (b) 2, (c) 3, (d) 6.
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Figure 5.3: Slowness curve in the (5;,35;)-plane for A = 1.5 for a material with

28 = a+y. The arrows normal to the curve show the direction of the time-averaged

energy flux.




Figure 5.3 shows a typical slowness curve for Case A. There are two points at
which the tangent to the curve is vertical. Let «p (> 0), as shown in Fig. 5.3, be the
angle that a line joining these points to the origin makes with the §; axis. Thisis a
critical angle in the sense that the normals to the curve at these points are parallel
to the horizontal axis. In general, the normal to the slowness curve identifies the
direction of the (incremental) time-averaged energy flux. This flux is parallel to the
5 axis for a plane wave whose direction of propagation (cos#,sinf) is such that
either 6 = — ap or @ =7 — . An incident wave from z; < 0 must have energy
flux directed towards the boundary z, = 0 and hence its angle of propagation 6

must be such that

—O{QEQS’R’—O{O (523)

with ap > 0 for A > 1 and the extreme values in (5.23) corresponding to grazing
incidence.

Using the slowness equation (5.16) it is easy to calculate that

(A*—1)cot ¢
t = .24
A= N cot? @) (5.24)
For simple shear equation (5.24) simplifies to
tan ag = €, (5.25)

where € is defined by (2.26).
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Figure 5.4: Slowness curve in the (51,3;)-plane for A = 8 for a material with
B = /ay. The arrows show the points on the curve at which the direction of the

time-averaged energy flux is parallel to the 5; direction. Note that the horizontal

and vertical scales are different.
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Figure 5.4 shows the analogue of Fig.5.3 for Case B with A = 8. In this case,
there are six points where the tangent to the curve is vertical, although two of these
are barely distinguishable since they are very close to the §; axis. In Fig. 5.4 there
is point symmetry about the origin, as is also the case in Fig. 5.3.

Let ap be defined as previously as the angle (below the $; axis) that a line from
the origin to a point where the tangent to the slowness curve is vertical makes with
the 5; axis, and let t; = tan . Then, by seeking points where equation (5.20) has

a vertical tangent, it can be shown that ¢, satisfies the cubic equation

(A?sin® ¢ + cos? @)t5 — [2(A% — 1) cos 2¢ — (A2 cos?® ¢ + sin? §)]tg — (A* — 1) sin 24 = 0,
(5.26)

which, for simple shear, reduces to
2ty — (€ — 2)tg — 2¢ = 0. (5.27)

For ¢ > 0(A > 1) equation (5.27) always has a positive solution for #,, while if ¢

is sufficiently large it has, additionally, two negative solutions. Figure 5.4 illustrates

the latter case.

5.3 Reflection from a plane boundary

Let an incident wave impinging on the boundary z; = 0 from the region z, < 0
have direction of propagation (cosf,sinf) and speed c. Let (cos@,—sin€') and
¢ (> 0) be the corresponding values for a reflected wave and let ¢* be the speed of

a surface wave generated. Then, according to Snell’s law we must have
cosf/c=cost /¢ =1/c". (5.28)
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We can take ¢ > 0, ¢ > 0 without loss of generality since, by reference to
Fig.5.3 or Fig. 5.4, it is clear that cos@ > 0 whenever cosf > 0 and cosf <
0 whenever cos@ < 0. On the other hand, ¢* > 0 and ¢* < 0 respectively in these
two cases. Similarly, & > 0, &' > 0 and &* has the sign of ¢*. There is now in
general not a reflected wave with the same speed as the incident wave.

For the situation in which a single reflected wave is accompanied by a surface

wave we have

1 = Aexplik(zi cosf + zosind — ct)] + AR exp|ik' (2, cos @ — zysind — c't)]

+ AR" explik* (z1 — 9mzg — 1)}, (5.29)
with
kcos@ = k' cos 0’ = k*, (5.30)

where R’ is the reflection coefficient and R* a measure of the relative amplitude of

the surface wave.

For the situation in which there are two reflected waves (5.29) is replaced by

Y = Aexplik(zy cosd + z55in 0 — ct)] + AR exp[ik'(z1 cos @' — zosin ' — 't)]

+AR* exp[ik"(zy cos 0" — zysin 08" — 't)] (5.31)
with
cos@/c=cost /d = cos@" /" (5.32)
and
kcos@ = k' cos§' = k" cos 0" (5.33)
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and we may take ¢” > 0 and &” > 0. The transformations k* = k" cos 8", ¢* =
"/ cos 8", im = tan0” take (5.29) to (5.31).

The coefficients R', R* will be determined by application of the boundary con-
ditions 2 = 0 and Y21 = 0 on zy = 0, where expressions for Y9y and Yo are

given by (5.9) and (5.10). Again we consider Cases A and B separately.

5.3.1 Case A: 26 =a+7v

From the propagation condition (5.14) and its counterpart for the reflected wave
together with the first equation in (5.28) we obtain an expression for the angle of

reflection 8" in the form
tan @' = tan @ + 2 tan oy, (5.34)

where tanag is given by (5.24) or, for simple shear, by (5.25). We recall that for
an incident wave 0 is restricted according to (5.23). It follows that €' is similarly

restricted according to
(o)) S 6’ S T+ Qp. (535)

With reference to (5.24) we see that (5.34) shows that the angles of reflection and
incidence are equal if and only if either A=1 or ¢ =0 (or 7/2).

With the specialization 28 = « + vy, for the case of simple shear, use of (5.9)
and (5.10) enables the boundary conditions ¥p; = 0 and g7 =0 on z =0 to

be expressed in the form

€1+ —0ohnn =0 on z2=0, (5.36)

e 111 + (€ + 2+ )11z + 26 192 + 990 — ﬁ)\_%ﬁg =0 onxzy=0, (5.37)
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where P is given by (4.10) and o is defined by
o= A"%(1-75y), (5.38)
and 7o by
02 = 02/7, (5.39)

as given in Section 3.4.1.
Let Gop = 099/7, where oy is the normal stress on the boundary z, = 0
associated with the underlying deformation. Then, from (2.46), (5.2) and (2.29) for

simple shear, we obtain
—522:)\2(1—0) :E2+A2 —1 (540)

Thus, o, or equivalently &3, is a measure of the normal stress for given A.

In this case the solution for 1 has the form (5.29), and, recalling (5.15) and the
requirement that m should have positive real part, we have m = 1, while tan ¢’
is given by (5.34) with (5.25). With this specialization, substitution of (5.29) into

(5.36) and (5.37) leads, after some rearrangement, to
¢R' +a*R*=—d, VR +V'R*=e, (5.41)
where the coefficients are defined by
o =0 — (t*+3et +22), a* =0+ 1+ie
V=—(c+1)(t+2)+e b =i(t*+2et—0)—c¢,
d=o—et—t*, e=—(c+1)t—¢, (5.42)
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and the notation

t=tan0 (5.43)

has been introduced. Note that ¢ should be distinguished from the time variable ¢

used earlier.

The expressions for R’ and R* are obtained from (5.41) as

*e + b*d a'e+b'd
p=2cT0¢ v GETO00 '
a*b — b*a!’ R a'b* — b'a* (5.44)

By using (5.42) in (5.44) the expressions for |R'| and |R*| take the forms

142
R|=4/— 4

and
R7| = |(t+t)[(t+ )2 — do(1 — ') — 40| (5.46)
V) [{40 + (E+ )22+ 4t + )220 + 1 — t2)?] '
where
t' =tanf =t + 2e. (5.47)

Note that |R'| is independent of pre-stress and that, in general, |R/| # 1. More-
over, |R'| does not vanish for any angle of incidence.
On the other hand, it follows directly from (5.41) and (5.42) that B* =0 for 6 =

/2. Also, R* vanishes where ¢ = tan@ satisfies the equation
(t+¢)[(o + 1)t* 4 2¢(0 + 1)t + € — o(oc +1)] = 0. (5.48)

The solution ¢+ = —e = —¢' corresponds to an angle of incidence for which the

time-averaged energy flux is parallel to the boundary z5 = 0.
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Equation (5.48) has three distinct real solutions provided
either 0>0 or —1—-€é<o< -1 (5.49)

For the special case in which A =1 it is easy to see that |R'| =1, while

2|(c + 1) (o — t?)t]

SR e

(5.50)

Equation (5.50) agrees with a result obtained in [17] for pure homogeneous strain
specialized to this case but expressed in different notation.
Graphical results showing the dependence of |R'| and |R*| on 6 for different

values of A and o, are described in Section 5.4.1.

5.3.2 Case B: g = .,/ay

For simple shear, on use of (5.28) and the expression (5.19) for pc? corresponding
to an incident wave, we obtain from (5.22) a quartic equation for m, one solution
of which is m = 4¢, which corresponds to the incident wave. On removing the factor

m — it and writing m = i7, we obtain a cubic for 7 in the form

41+ )72 + 41 + 1) (2e + )72 + (48?2 — 4e®t — * + 4P + 4)T + 488

+ 8et? — (e* — 4e? — AVt + 4e(e® +2) = 0, (5.51)

in which the coefficients are real. Equation (5.51) has either one or three real
solutions for 7. In the first case we may identify 7 = —tan#' as that solution,
which corresponds to a single reflected wave. Of the two complex solutions only
one yields a value of m = 47 with positive real part associated with a surface
wave. The conjugate root is discounted in this case. In the second case two roots,
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T =—tan@ , 7 = —tan@” (which have opposite signs) are associated with reflected
waves, while the third root has energy flux pointing towards the boundary from
29 < 0 and does not correspond to a reflected wave. We refer to Fig. 5.4 for a

geometrical interpretation in terms of the slowness curve.

With = /a7 and use of (5.9) and (5.10), we re-cast the boundary conditions

Y91 =0 and g1 =0 on z3 =0 in the forms
{62 — (62 + 4)0]‘1}"11 + 46’1/,1’12 -+ 41/))22 =0 on Tg — 0, (552)

2€(e® + 2)Y 111 + [76 + 8+ (2 + 4)olv 112 + 8 € 122

+ dhg90 — A2 +4)hy =0 on zy =0, (5.53)

where ¢ and p are again defined by (5.38) and (4.10) respectively.

We now substitute (5.29) into (5.52) and (5.53) with — tan#’ obtained as the
real solution of (5.51) corresponding to a reflected wave and m obtained as 47,
which corresponds either to a second reflected wave with 7 = —tan 6", (5.31) being
the relevant solution, or to the complex solution associated with a surface wave when
m has positive real part, as appropriate. We use (5.29) and note that 7 = —im
ranges through real and complex values as 6 varies. This results in R’ and R* again

being given by (5.41), but the coefficients in this case have the forms

a = — o +4) — det' + 41, @ = €* — o(* + 4) — diem — 4m?,
b = 2e(e? 4+ 2) — [T + 8+ o(e® + 4)|t + 8et'? — 41" + (242 + 2et + €2 + 2)%' /(1 + %),
b* = 2e(€®+2) — 7€+ 8+ (e® +4)]im —8em? + 4im® 4 (2t* + 2et + €%+ 2)%im/ (1 +12),

d=¢" —o( +4) +4det + 4t

87




e=—2¢(® +2) — [T6* + 8 + o(* + 4)|t — 8et? — 4t® 4 (262 + 2et + * + 2)%¢/(1 + 12),

(5.54)

instead of (5.42), where again we have set ¢ = tané’. The solutions for R’ and
R* are then given by (5.44) with (5.54). The values of tan# and m are obtained
from the solution of (5.51) but their explicit expressions are too complicated to be
given here. For the special case € = 0 (A = 1) the relevant solutions are given by
t'=1t, m=1, and it follows that |R| =1 and |R*| is again given by (5.50).
The problem now is to calculate |R'| and |R*| for a range of values of A (> 1)
and o as functions of ¢, taking account of the fact that solutions of (5.51) for =

may be real or complex. The results are described in Section 5.4.2.

5.4 Numerical results

5.4.1 Case A: 20=a+7v

Recalling that @ is subject to (5.23) and that g depends on e, it is convenient
to display |R'| and |R*| as functions of @ for the range 0 < # < 7 in each case by
superimposing the plot for —ag < 6 < 0 to the right of that for 0 < 8 <7 — g
and noting the continuity at 8 = m — ag. All the figures have been produced using
[22].

Since |R'| =1 for A =1 and |R'| is independent of G, we plot, in Fig.5.5,
|R'| as a function of @ for a series of values of A > 1. This shows, in particular,
that as A increases the maximum value of |R'| increases but |R'| becomes more
and more concentrated in a narrow band of angles close to normal incidence.

The corresponding behaviour of |R*|, which depends on @y, is shown in Figs
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5.6-5.10, each figure being associated with a fixed value of A and displaying the
effect of varying @,. The values of @, are chosen so as to be consistent with the

stability inequalities
I— A=A =X <F<l+A- A2 )8 (5.55)

obtained in [5]. In view of (5.40), it is worth noting that (5.55) can be re-cast as

the pair of inequalities
A=A < T99 < A+ 2\ (556)

restricting the normal stress.

Figure 5.6 shows |R*| for A =1 based on equation (5.50), and this provides a
basis for comparison in order to highlight the effect of simple shear on the magnitude
of the surface wave. Note that the plot is symmetric about the value ¢ = 7/2, while
Figs 5.7-5.10 show the departure from this symmetry. The dependence on € shown
in Fig. 5.6 has the same nature as that occurring in the case of pure homogeneous
strain in [17].

Figures 5.7-5.10 are for A = 1.25, 1.5, 2 and 3 respectively. In each case |R*|
is calculated from (5.46) with (5.47) and is plotted separately for each of a set of
values of &, within the range defined by (5.55). These figures illustrate the separate
influences of A and @2 on the nature of |R*|. We note that the maximum value
of |R*|, like that of |R'|, increases with A, and the strength of the surface wave is
focussed more and more in a narrow band of incident angles as A increases. This
latter effect is less marked than for the reflected wave. The changes in the vertical

scale in each of Figs 5.5-5.10 should be noted.
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The figures confirm that |R*| vanishes at # = /2 in each case. Depending on
the values of A and @5, it also vanishes at either one or three other values of @
according to whether (5.48) has one or three real solutions.

If the incident wave propagates parallel to the surface, conventionally the situ-
ation of the grazing incidence, then ¢ = 0 and equations (5.45) and (5.46) reduces

to

IR| = 1/v1+4€2 (5.57)

and

|2¢(e* — o — o?)]

V(1 +462)[(02 + €2)2 + (20 + 1)2]-

|R*| = (5.58)

Likewise, if the reflected wave propagates parallel to the surface (grazing reflection)

then ¢ = 0 and we have
|R'| = V1+4e, (5.59)

and

|2¢(e? — o — 0?)|

] = 2 2)2 1 2 2’
V(0% + €2)? + €2(20 + 1)

(5.60)

An alternative viewpoint is to regard grazing incidence as corresponding to the
situation in which the time-averaged energy flux is parallel to the boundary. This,
however, leads to t' = —t =¢, ¢ = ¢, R' = —1, R* =0, and hence, from (5.29), ¢
vanishes. Thus, grazing incidence is not supported by the boundary conditions. An
exception to this arises in the special case € =0 with o3 =1 (¢ = 0), as shown in
the context of pure homogeneous strain in [17]. In this case a shear body wave may
propagate parallel to the boundary, and it may be deduced from (5.41) with (5.42)
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that R’ is arbitrary. A similar situation arises in respect of grazing reflection when
this is defined in terms of the time-averaged energy flux. These results are reflected
in Figs 5.7-5.10. In these figures the grazing angles of incidence (7 — ap) for which
|R*| =0 are respectively 2.72, 2.44, 2.16, 1.93. Reference to Fig. 5.5 shows that for

the first three of these |R'| =1 in (b), (c), (d) respectively, while the fourth has no

counterpart in Fig. 5.5.
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Figure 5.5: Plots of |R/| (independent of 7, ) against 6 for the following values of

At (a) 1.1, (b) 1.25, (c) 1.5, (d) 2, (e) 4, (f) 6.
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Figure 5.6: Plots of |R*| against § for A = 1 and the following values of &: (a) —2,

(b) 0, (c) 0.7, (d) 1, (e) 1.2, (F) 1.8.
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225 3 (e)

Figure 5.7: Plots of |R*| against # for A = 1.25 and the following values of oy:

(a) =3.5, (b) 0, () 0.7, (d) 1, (e) 2, (f) 2.6.
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(e)

Figure 5.8: Plots of |R*| against 6 for A\ = 1.5 and the following values of &s:

(2) =6, (b) —1, (c) 0, (d) 0.8, (e) 1.2, (£) 2.
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Figure 5.9: Plots of |R*| against 6 for A = 2 and the following values of &:

(a) —13, (b) =5, (c) 0, (d) 1, (e) 5.9, (f) 7.
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5.4.2 Case B: = ,/ay

Here, we illustrate the results for two separate values of A. First, for A = 3, the
slowness curve has the form shown in Fig. 5.2(c) and there is just one reflected wave
for each possible angle of incidence. Second, for A = 8, the slowness curve is that
shown in Fig. 5.4 and there are four separate ranges of incident angles for which two
reflected waves are generated.

For A =3 the results are displayed for 0 < 6 < 7 on the same basis as described
in Section 5.4.1, and there is a single angle, oy say (approximately 1.1), where the
time-averaged energy flux is parallel to the positive 3; direction. Figure 5.11 shows
the plot of |R/| against 6. The expression for |R'| is much more complicated than
that given in Section 5.4.1 and is not given explicitly here. Using Mathematica,
however, we have shown that it is independent of @,. The character of |R'| shown
in Fig. 5.11 is very similar to that shown in Fig. 5.5(e), which corresponds to A = 4.
Just as for the material considered in Section 5.4.1, |R*| does depend on the pre-
stress. In Pig.5.12 we therefore plot |R*| against # for a series of values of T

subject to the stability inequalities
1-3)3<Fy <14\ (5.61)

obtained in [6] for materials with f§ = ,/a7y. In terms of the normal stress, the

stability inequalities (5.61) may be written
—2)% < Ty < 207 (5.62)

In general, the behaviour of |R*| is similar to that shown in Fig.5.10, and

we note that |R*| always vanishes at 6 = n/2. Recalling that, for the material
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considered in Section 5.4.1, |R*| vanishes at one or three other values of 6, we
find, by contrast, that for the material considered here it can vanish at many more
points depending on 73, as exemplified in Fig.5.12 (c¢). In particular, as can be seen
in Fig.5.12, whatever the value of &, |R*| vanishes where 6 = 7 — @y =~ 2.04,
which corresponds to the angle of incidence at which the time-averaged energy flux
is parallel to the half-space boundary.

The value A = 8, although rather large, has been chosen so that the distinct
ranges of angles where two reflected waves exist can be identified clearly.

From Fig. 5.4 we recall that there are six points on the slowness curve at which
the time-averaged energy flux vector is parallel to the 3; axis. Let the position
vectors of the three of these points with positive 3; make angles —ay, o9, ag
with the positive §; axis, where «; > 0, @3 > as > 0. Then, for the direction
(cosf,sin ) to be associated with an incident wave, @ must lie in one of the three

(disjoint) intervals
(—an, ), (a3, 7 —aq), (14 aym+ as), (5.63)

the total interval length being m. The end points of these intervals are associated
with grazing incidence in the energy flux sense. For A = 8 the values of ay, ag, a3

are calculated using (5.27) as
ar o2 1.394, ap ~ 0.257, a3 ~ 1.385. (5.64)

Let vertical tangents be drawn to the slowness curve at points corresponding to
Qg, Q3, T+ g, T+ a3. These tangents cut the slowness curve at two points each.
We select one such point for each tangent, namely those whose position vectors
make angles — 8, 8, 03, 6, respectively with the positive 5 direction, where
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6, >0, 64 > 03 > 8, > 0. Then,
—y<—h<0<mym<a<by<ly<by<m—o

and, for each of the four intervals
(— 61, 0), (as,8s), (63,604), (7 + o, + ), (5.65)
two reflected waves are possible. For A =8, the values of 6y, &,, 03, 84 are
6, ~ 0.742, 6, ~ 1.528, 03 ~ 1.596, 64 ~ 1.610. (5.66)
A single reflected wave arises together with a surface wave in each of the intervals
(—ay,—01), (62,603), (64,7 — 1), (5.67)

while there are gaps (o, as) and (7 — o, 7 + ap), not covered by (5.65) or (5.67),
for which there can be no incident wave.

As for the previous examples it is convenient to display results on the interval
(0,7). For this purpose the results for (—«;,0) and (7 + qg, ™ + a3) are inserted
into the gaps (m — oy, 7) and (om,a3) respectively. This ensures continuity of R’
and R* at ag and a3 and of |R'| and |R*| at m — . In view of the grazing
interpretation at these points, we have R' = —1, R* =0 at ay, R' =0, R* = -1
at a3 and |R'| =1, |R*| =0 at m—ay. The value of R’ (R*) at § =0 is the same
as that of R* (R') at 0 = .

This superposition reduces to three, namely

(0792)7 (93:94): (7T - 91:'”): (568)
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the number of intervals for which two reflected waves are possible. The two gap

intervals

(02,05), (6a,m —01) (5.69)

are then associated with a combination of one reflected wave and a surface wave.

When there are two reflected waves, R' and R* are real. Otherwise, they are
complex. We therefore plot the results by showing R’ and R* for the intervals
(5.68) and |R'| and |R*| for (5.69), recalling that |R'| and |R*| are continuous
across the boundaries between intervals.

Our calculations show that |R'| is independent of @ when R’ is complex, as
in the cases discussed earlier, but, when real, R’ shows some slight dependence on
@2. On the other hand, when R* is complex |R*| does depend on @y, although
its character does not change significantly over a wide range of values of @,. Again,
|R*| vanishes at @ = «/2. It also vanishes at # = 7 — a; =~ 1.75, which corresponds
to grazing incidence, aﬁd at g, while R’ vanishes at ag, as noted earlier.

These features are apparent in Figs 5.13-5.15, in each of which (a)—(f) correspond
respectively to the intervals (0, ), (a3, 02), (62,603), (03,04), (B4, m—01), (w—6q,7).
The values of R’ and R* are plotted in (a), (b), (d) and (f) and those of |R'| and
|R*| in (c) and (e). Figures 5.13 and 5.14 show R* and |R*| for 73 = —120 and 30
respectively, these two values illustrating the main effects of changes in @,, which
are evident in (b) and (d)—(f). Figure 5.15 shows R’ and |R'| for the representative
value o2 = 30 of the pre-stress. Changes in @3 have no effect on |R'| and very
little effect on R'. Note that the horizontal scales in (a)—(f) are very different and,

in particular, the intervals corresponding to (c) and (d) are very short. The fine
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detail of the behaviour exemplified would not show up clearly on a smaller scale.

The results in Figs 5.13,5.14 are combined as plots of |R*| on the single interval
(0,7) in Figs 5.16 (a), (b) respectively in order to facilitate comparison with the
results shown in Fig.5.12. The main features are seen to be very similar to those
in Fig.5.12. Similarly, the results in Fig.5.15 are combined as a single plot of |R'|
in Fig.5.17. The concentrated spike is akin to that shown in Fig.5.11 while other
features are different from those in Fig.5.11.

The differences which arise for A = 8 as compared with A = 3 are due essentially

to conversion of a surface wave into a second reflected wave.
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Figure 5.11: Plot of |R/| against 6 for = /a7y with A = 3 (independent of 7).
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Figure 5.12: Plots of |R*| against 6 for 8 = ,/ary with A = 3 and the following

values of @y: (a) —24, (b) =10, (c) —4, (d) —2, (e) 0, (f) 5.
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Figure 5.13: Plots of R* (reflected wave) against € in (a), (b), (d), (f) and of |R*|

(surface wave amplitude) in (c), (e} for = /a7y with A =8 and &5 = —120.
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(surface wave amplitude) in (c), (e) for g = /oy with A =8 and 7, = 30.
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Figure 5.15: Plots of R'(reflected wave) against 6 in (a), (b), (d), (f) and of |R/|

(reflected wave amplitude) in (c), (e) for f = /&y with A =8 and 7, = 30.
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Figure 5.16: Plots of |R*| against § (0 <0 <) for § = /oy with A = 8 and

the following values of 7, : (a) —120, (b) 30.
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Figure 5.17: Plot of |R'| against # (0 < 8 < ) for 8 = /&y with A = 8 and

52 = 30
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Chapter 6

Reflection and transmission of
plane waves at a shear-twin

interface

In this chapter we shall extend the analysis done in chapter 5 and discuss the effect
of simple shear on the reflection and transmission of plane waves at the boundary
between two half-spaces of incompressible elastic material, and, in particular, two
half-spaces which form a twin in the sense that equal and opposite simple shears are

applied to the two half-spaces.
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6.1 Basic equations
In view of (2.26) and (2.27) it is convenient to define W () by
W) =W\ 1) =W, (6.1)
so that from (2.46) it follows that
01 — 09 = MWy — AWy = AW'(N), (6.2)

where the prime signifies differentiation with respect to argument. With reference
to (2.26) and (2.27) we may also regard the strain energy as a function of ¢, and we

write
w(e) = W(N), (6.3)
and hence
AW'(N) = VA + e w'(e). (6.4)

The simple shear of a block with € > 0 (given by 2.26) is depicted in Fig. 6.1(a)
and the disposition of the principal axes v(!) and v® in Fig.6.1(c). Figures 6.1(b),

(d) show corresponding results for € < 0.
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ESY
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Figure 6.1: Simple shear with (a) ¢ > 0, (b) ¢ < 0. Orientation of the Eulerian

principal axes and the associated stretches: (¢) € > 0,(d) € < 0.

In order to consider the simple shear depicted in Fig.6.1(b) we set ¢ = —e¢,

with € > 0 the amount of shear corresponding to Fig.6.1(a). Let ¢* € [n/4,%/2)

be the counterpart of ¢, so that

"+ o=m/2, tan2¢" =2/ = —-2/¢

and

cos @* =sin¢g, sing@* = cosg.

The counterpart of A is A* = A1, It follows from (6.1) and (6.3) that

w(e') = w(—e) = w(e),

while from (2.46) we may deduce that

* __ * __
0 =032, U5 =01

since p is independent of the direction of shear. It follows from (5.2) that

* ®
011 =011, 019 = —013,

112

-
0-22 — 0‘22¢

(6.5)

(6.6)

(6.7)

(6.8)

(6.9)




6.2 Superimposed incremental motions

With reference to the Eulerian axes, the equation of motion, for %' is given by (5.4).
When referred to the Cartesian axes (5.4) can be expressed in terms of ¢ and is
given by (5.8).

On a surface zo = constant the shear and normal components of the incremental
nominal traction Yo and Yoy respectively in the (z,z2)-plane are given by (5.9)
and (5.10).

In the case of the simple shear with € > 0 the expressions (5.9) and (5.10) are

simplified to

(e + 4)% =26(B+ 1)th12 + 2B+ )thos + {2 +2— 28 — o(e® +4)}h 1,

(6.10)

and

(€ + )T, = VEF{ZB(E — 1) +5(€ +2) + 0( + A)}112 + 4e(F+ L)1z

+2(B -+ 1)202 — 26{B — (€2 + 3)}111] — ph2(€® +4), (6.11)
where
B=B/ya (6.12)

and o is given by (5.38).
From (2.65), (5.5) and (6.2) we see that

31577 ! R
Nram vy = S D gy =i ) (6.13)

and hence

(6.14)




Also

o1 — 0y = . — 7y = AW'(N). (6.15)
Hence, by (6.13),

v=a o=y p =4 (6.16)
where o, §*, v* are analogues of a, 3, v for ¢ = —e.

6.3 Plane waves

We consider time-harmonic homogeneous plane waves of the form (2.75) with
propagation condition given by (5.11). For the wave speed ¢ to be real, the
strong ellipticity condition, given by (2.77) is also assumed to hold.

Similarly, for an inhomogeneous plane wave of the form (5.12), the propagation
condition is given by (5.13).

We consider two distinct cases corresponding to different relative values of the

material parameters c, §, v, which depend on W through (2.65) with (5.5).
Case A: 28 =a+v

For this case the propagation conditions for homogeneous and inhomogeneous plane
waves are given by (5.14) and (5.15) respectively.

In terms of the slowness vector (s1, s2) defined by (4.8) equation (5.14) becomes

sy cos ¢ + sqsin )% + y(s18in ¢ — s9cos @) = p. (6.17)
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When the deformation is specialized to simple shear use of (2.29) enables (6.17)

to be simplified to
(2 +1)82 + 265,35, + 52 = 1, (6.18)
where the dimensionless slowness vector (51,3,) is defined by
(51,5) = (51, 52)— (6.19)
1,922/ = 1,92 7= .
VP
with
5= p/\/a. (6.20)

It is clear from (6.16) that (6.19) is unaffected by the change ¢ — —c. For this

reason the definition (6.19) differs from (4.11).

Case B: 28 # a+ v

This case is exemplified by a strain-energy function satisfying (5.18). The prop-
agation condition in this case is given by (5.19). In terms of the notation (6.19), the

slowness curve has equation
[A%(51 cos ¢ + Sy 8in ¢)? + (31 sin ¢ — 53 cos $)?]* = A% (512 4+ 5,2) (6.21)
and for simple shear reduces to
[(€% + 2)5:2 + 265132 + 2827 = (2 4+ 4) (512 + 522). (6.22)
Similarly, for this case, equation (5.13) becomes

A2{(e? 4 2)? — dim(e® 4 2)e — 8m2(e? 4+ 1) + 8im3e + dm*} = (1 — m?)(e? + 4)pc** /7.

(6.23)

We now show graphically the dependence of the slowness curves on A for both

classes of materials in (51,3;)-space with reference to (6.18) and (6.22).
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Figure 6.2: Slowness curves in (5, 3;)-space for 26 = a + v with the following
values of A: (a)—(c), 1.2; (d)—(f), 1.6; (g)—(i), 3. The left-hand (centre) column of

plots is for € > 0 (e < 0); the right-hand column shows their superposition.
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Figure 6.3: Slowness curves in (3, 5,)-space for # = /oy with A = 3 in (a)-(c)

and for A = 8 in (d)—(f). The left-hand (centre) column of plots is for ¢ > 0 (e < 0);

the right-hand column shows their superposition.
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Figure 6.4: Slowness curve in the (3;,3;)-plane for A = 1.5 (¢ > 0) for a material
with 28 = e+ . The arrows normal to the curve show the direction of the time-

averaged energy flux.
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6.4 Reflection and transmission at the interface

We now consider the case in which a half-space defined by z < 0 and subject to
the simple shear described in Section 2.2 and Section 6.1 is joined to a half-space
o > 0 with the opposite shear, thereby forming twinned half-spaces.

From (6.9) we can see that for a twin there is a continuity of normal traction g
across the interface but the shear traction o9 is discontinuous since the direction

of shear is reversed at the interface, as shown in Fig. 6.5.
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Figure 6.5: The normal (022) and shear (an) tractions in the twinned half-spaces.
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From (5.40) the value of normal stress, g9, on the boundary z, = 0 associated

with the underlying deformation is given by
O92 = ’7)\2 - (")’ - G’g), (624)

which is continuous across z3 = 0. So also is v — o9 since from (6.15), (6.16) and

(6.8) it is easily seen that
V' —oy=a—0y=7—03. (6.25)

Hence, o, as defined by (5.38), is continuous.

The boundary conditions corresponding to continuous incremental displacement
across the interface z9 = 0 in terms of the scalar functions ¥ and ¥* are given by
(4.25).

In terms of %, boundary conditions corresponding to continuous incremental

traction across the interface zo = 0 are recast through
221 — 2317 222,1 = 23271, (626)
on use of (6.10), (6.11) and the continuity properties (6.24) and (6.25), in the forms

€ + oz = —eh’o + P, (6.27)

2€tp 120 + a9z + €(20 + 1)h 111 = —2€’ 199 + Yoy — €(26 + 1)1h7y1, (6.28)

in the latter of which the notation

_a+vy—20
0= 2@+ oy (6:29)

has been used.
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Notice that the boundary condition (6.27) is independent of the material param-
eters «, B, v, and the stress oy, and (6.28) is independent of o, and depends on
the material parameters only through §. Again in general there will be no reflected
wave with the same speed as the incident wave as mentioned in Section 5.3 .

We now consider separately the cases in which 24 = a+ v and g = /7.

6.4.1 Case A: 28=a+vy

Figure 6.4 shows a typical slowness curve for Case A in 25 < 0. There are two points
where the tangent to the curve is vertical. Let g (> 0), as shown in Fig.6.4, be
the angle that a line joining these points to the origin makes with the positive 3
axis. This is a critical angle as described in Section 5.2. Since, for a wave incident
from zy < 0, the energy flux is directed towards the boundary z; = 0 the angle 6
must satisfy the inequality (5.23) (with «p > 0 for A > 1), the extreme values in
(5.23) corresponding to grazing incidence. For simple shear the angle «p is given
by (5.25).

With reference to the slowness curve we see, as discussed in Section 5.3.1, that
for an incident wave in z5 < 0 there exists only one reflected wave, coupled, in
general, with an interfacial wave.

We therefore write the solution comprising the incident wave, the reflected wave

and the interfacial wave in 24 < 0 as

1 = Aexplik(z; cosd + zosinf — ct)] + AR exp[iki (z1 cos by — zasin by — ¢1t)]

+ AR explikz(z1 — iz — cot)], (6.30)
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where 60, is the angle that the direction of propagation of the reflected wave makes
with the horizontal in the fourth quadrant. The interfacial wave corresponds to
m = 1, which is the relevant solution of (5.15) in this case, as discussed in Section
5.3.1. In (6.30), R is the reflection coefficient, R’ is a measure of the amplitude of
the interfacial wave in zy < 0, ¢y, ¢o are their speeds and ki, ky their wave numbers
respectively.

In order to determine 6, we consider a wave propagating in 2, < 0 with dimen-

sionless slowness vector (s}, sh) = (cos@,sinf')/c'/p. Then, from (6.18)
(2 +1)s + 2esish + 52 = 1. (6.31)

But, by Snell’s law, we have s| =3, and so, for s, # 5s, it follows, by combining

(6.18) and (6.31), that 3, + s = —2€3;, and hence

T+ 7 = —2¢ (6.32)
where
T=tanf, 7 =tanf'. (6.33)
For the reflected wave we take ' = —0; so that
Tn=T+2€¢ 71 =tanb,. (6.34)

From (6.18) it can be seen that, for a given value of 3, the equation is
unaltered by the simultaneous changes ¢ — —¢, S5 — —359. This implies that
the angle of transmission for a wave transmitted into xo > 0 s equal tothe angle

of reflection of the wave reflected into zo < 0. Accordingly, in x5 > 0, the wave
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solution may be written

W* = AR* expliki(z1 cos 0 + z35in 6 — c1t)] + AR expliky(zy + izs — cot)],
(6.35)
comprising a transmitted and an interfacial wave. The interfacial wave corresponds
to m = —1 which again is the relevant solution of (5.15). In (6.35), R* is the

. . - { . v . .
transmission coefficient, R* measures the amplitude of the interfacial wave in z, >

0.

Here Snell’s law takes the form
kcosf = kycos @, = ko, (6.36)
and the wave speeds are connected through
c1/ costy = cy = ¢/ cosé. (6.37)

By substituting the values of ¢ and %* from (6.30) and (6.35) in the boundary

conditions (4.25) we obtain

(R+ R +i(R +R") =, (6.38)

R—R'+R —R" =—1. (6.39)
Similarly, from (6.27) and (6.28) with § = 0 (which follows from (6.29)) we have

(R— R*)(e — 7)1 + (R — R*)(1 + i) = T(e + 1), (6.40)

i(R+ R —e@m2 + D} + (R + R)(1 +ie) =4{r® +e(1 +27%)}.  (6.41)

Equations (6.38)—(6.41) are solved to give
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R=—i(t+14)/A, R =—e(t+e)(rn+1)/A,

R*=(r+e)(r+i)(rn+1)/A, R= (T +€) (1 + i) (n + i)/ A, (6.42)

where

A= (n—i)(r+e+i)|rn +i(r +¢€), (6.43)

and 7 is given by (6.34).
Notice that the solutions in (6.42) are independent of the material parameters.

From (6.42), on use of (6.34), it can be seen that R/, R* and R* vanish when

T 1is given by
T = —¢. (6.44)

This corresponds to the special case of grazing incidence. Further, R’ and R*

vanish for angles of incidence such that
421 +1=0, (6.45)

which yields real solutions only for ¢ > 1. Since T — oo as 6 — 7/2 it follows
from (6.42) and (6.43) that R = R = R¥ =0 and R* =1 in the limit of normal
incidence, so that there is total transmission in this case.

Graphical results showing the dependence of |R|, |R'|, |R*| and |R¥| on # for

different values of A are described in Section 6.5.1.

6.4.2 Case B: (g=.,/ay

With 8 = /a7 we shall again use the boundary conditions (6.27) and (6.28)
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but now with

§ = e/, (6.46)

obtained from (6.29), in (6.28).
Also, from Section 5.4.2, we know that for A = 3 there exists one reflected wave
accompanied by an interfacial wave in zo < 0, so the relevant solutions in z5 < 0

and zg > 0 are respectively

¢ = Aexplik(z; cosf + zy8inf — ct)] + AR expliki(z1 cos Oy — zgsin by — ¢;11)]

+ AR/ EXp[?;kQ (.’131 — iml.’cg — Cgt)] (647)

and

P* = AR expliky(z) cos ) + zasin by — cyt)] + ARY explike(z1 — imazs — cot)],
(6.48)
where, as in Case A, the angle of transmission is equal to the angle of reflection (this
follows by noting the invariance of (6.22) under the simultaneous transformations
€ = —€, S — —Sq). Here, m; and my are the complex solutions of (6.23) in
x2 < 0 and z, > 0 respectively, and equations (6.36) and (6.37) hold again.
Since pc*?/A\%y is the same for each half-space, it follows from (6.23) that if
m = 47 is a solution for 9 < 0 then —m is a solution for z; > 0 since changing
eto —e and m to —m does not change (6.23). Hence my = —ms.

Substitution of (6.47) and (6.48) in (6.27) leads to

(e — 71)(R — R*) +my(my +ie)(R' — R*) = 1(e + 7). (6.49)
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Similarly, by using (6.47), (6.48) aud (6.46) in (6.28), we obtain

{r2(r — 2€) — e(*/2 + D }HR+ R*) + {m?(2e — ima) — e(?/2 + 1)} (R’ + R)

=722 +7) + (/2 + 1). (6.50)
In this case the second boundary condition in (4.25) takes the form
(R + R*) +imy (R + R") =, (6.51)

but the form (6.39) still holds.
For simple shear, by using (6.37) and the expression (5.19) for pc? corresponding
to an incident wave in (6.23) with ¢* = ¢, we obtain a quartic equation for m, which

may be expressed in the form
(6% + 2 — 2iem — 2m*)* (1 +7%) = (1 — m*)(® + 2 + 2e7 + 272)2, (6.52)

By removing the factor m — 47 which corresponds to an incident wave and

writing m = 47", we then obtain the following cubic equation for 7*

AL+ 7T A+ 7)) (2 + )T 4 (472 — 4T — ¢ 4+ 4)rt + 478

+ 8e? — (e* — 4 € — 4)T -+ de(€® +2) = 0, (6.53)

in which the coeflicients are real. Equation (6.53) is same as (5.51) for 7 = ¢ and
7* = 7 and has either one or three real solutions for 7*. In the first case we may
write 7% = —1; = —tanf; as that solution, which identifies the reflected wave in
ze < 0 (and the transmitted wave in o > 0). One of the two complex solutions
yields a value of m = 47 with positive real part associated with an interfacial wave
in xy < 0, my say, while —m; is associated with an interfacial wave in x5 > 0.
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The solutions for R, R, R* and R* in equations (6.39) and (6.49)—(6.51) are

given by

R = (imy +7){a+ib)/A, R =—i(n+7){c+id)/A,

R = (my —it)(e+if)/D, R* =i(r +7)(g+ih)/A, (6.54)

where the coefficients are defined by
a = 2emy (2 +€) +2my (262 — m2) (1, — 7) — 2emy 72 — 2my 72 (e +T) + 2y T (de +7),

b =262+ ) + 62+ &+ 6m3)T + 2m3(r2 + 72) — {e(2 + €%) + 2m? (3¢ + 27)},
¢ = €(2+€%) (26+7) 2727 (3e+7) +27E (M4 7) + 21 {em? — (M2 —262) T—e(2+2+m?) ),
d=—me(2+€) + 278my (27 + 3¢ — 1) — 271 (262 + deT + 72y,
e= (1 +7){e(2+ € —6ml) +2mi(r — 1)},
f=n+n){nr+en —71)+2mi(mi - 26)},

g= =211 {r} + (T +2€)} + (2 + )7 — 2rmZ(c + 7) + 272 (m? + 3eT + 77),
h=—2m7y + mie(2 + €8) — 2mmae(2e + 1) + 2mTmy (€ 4+ T) + 672mye,  (6.55)
but the definition of A in this case is
A = 2(e —imy — 1) (my +i1){2e + € — 2min + 2imym (T + 2€)}, (6.56)

with the notations 7 =tan# and 7 = tanf;. It should be emphasized that m, is

in general complex.

From equations (6.54)—(6.56) it is clear that the expressions for

R, R', R*and R* are not as simple as in Case A, but use of [22] to solve
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(6.53) for 7, and m,; enables R, R', R* and R" to be expressed explicitly in
terms of 7 and e. The resulting expressions are too cumbersome to be given
here, but they are used to obtain graphical results showing the dependence of
|R|, |R|, |R*| and |R*| on 6. Results for A = 3 are described in Section 6.5.2.
From Section 5.4.2 we know that for this case there is only one real solution
of (6.53), so that there are accordingly one reflected, one transmitted and two

interfacial waves (one in each half-space).

For A = 8, there are six points on the slowness curve at which the tangent

is vertical. This was illustrated in Section 5.2 in Fig.5.4 but it is not clear from

Fig.6.3(d) on the scale used here. A consequence of this is that there are certain

ranges of angles of incidence for which two reflected and two transmitted plane

waves are generated. The qualitative character of the behaviour of |R|, |R/|, |R*|

and |R*| for A = 8, however, is very similar to that for A = 3 so that detailed

discussion is not included here.

6.5 Numerical results

6.5.1 Case A: 28=a+7y

Recalling that # is subject to (5.23) and that ap depends on e, it is convenient

to display |R|, |R'|, |R*| and |R*| as functions of # for the range 0 < 0 < 7
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in each case by superimposing the plot for —ap < 8 < 0 to the right of that for
0 <8 <7 — o and noting the continuity at § = m — ap. All the figures have been
produced using [22].

In Figs6.6-6.9, | R}, |R|, |R*|, |R*'| respectively are plotted as functions of @ for
a series of values of A > 1. (Note that A = 1 corresponds to the trivial situation in
which the two half-spaces are not distinguished and R = R' = R = 0, R* = 1.)
These show, in particular, that as A increases the maximum values of the interfacial
wave amplitudes |R'| and |R*| increase but both |R'| and |R*| become more and
more concentrated in a narrow band of angles to the right of normal incidence, as
shown in Fig.6.7 and Fig.6.9 respectively. A similar effect is evident in Figs 6.6
and 6.8 in respect of the reflected and transmitted waves. As shown in Fig. 6.8 the
behaviour of |R*| is also similar to that of |R*|and |R'| but |R*| # 0 at 8 = /2,
where |R|, |R'| and |R¥| each vanish, as mentioned at the end of Section 6.4.1. The
vanishing points of |R/|, |R*| and |R¥| vary with the amount of shear in accordance
with (6.44)—specifically, at 0 approximately 2.95, 2.79, 2.54, 2.37, 2.06 and 1.93
for A= 1.1, 1.2, 1.4, 1.6, 2.3 and 3 respectively.

Similarly, from (6.45) (which is a quadratic in 7) and Figs6.7 and 6.8 it can be
seen that |R'| and |R*| also vanish where the quadratic yields real angles, that is

for €2>1 or

>

1+
2

A> o 1.61.

Thus, for A = 2.3, |R'| and |R*| vanish at f# approximately 1.85 and 2.86. Similarly,

for A =3, they vanish at ¢ approximately 1.76 and 2.95.
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Figure 6.6: Plots of |R| (reflected wave amplitude in zo < 0) against 0 (0 < ¢ < «r)

for 28 = a + v with the following values of A: (a) 1.1, (b) 1.2, (c) 1.4, (d) 1.6, (e)

2.3, (f) 3.
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Figure 6.7: Plots of |R'| (interfacial wave amplitude in z2 < 0) against (0 <6 <

m) for 23 = a + <y with the following values of A: (a) 1.1, (b) 1.2, (¢) 1.4, (d) 1.6,

(e) 2.3, (f) 3.
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Figure 6.8: Plots of |R*| (transmitted wave amplitude in z3 > 0) against 6 (0 <
6 < 7) for 26 = «+ v with the following values of X: (a) 1.1, (b) 1.2, (c) 1.4, (d)

1.6, (e) 2.3, (f) 3.
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Figure 6.9: Plots of |R*| (interfacial wave amplitude in x5 > 0) against 6 (0 < 0 <
w) for 23 = o+« with the following values of X: (a) 1.1, (b) 1.2, (c) 1.4, (d) 1.6,

(e) 2.3, (f) 3.




6.5.2 Case B: (= .,/ay

Here, we illustrate the results for A = 3. The slowness curve has the form shown
in Fig.6.3(a) and there is again one reflected wave, one transmitted wave and two
interfacial waves for each possible angle of incidence. As in Case A, there is a
single angle, o, where the time-averaged energy flux is parallel to the positive 3;
direction.

The results for |R|, |R'[, |R*| and |R*| are displayed against @ for 0 < 6 < m,
on the same basis as for Case A, in Fig. 6.10(a)—(d).

The plot of |R| in Fig.6.10(a) is quite similar in shape and amplitude to the
one in Fig.6.6(f) for A =3 and the amplitudes of each vanish at 6 = 7 /2.

The plots of |R'| and |R*| shown in Fig.6.10(b) and (c) have some features in
common with Fig.6.7(f) and Fig. 6.8(f) respectively, which are also for A = 3, but
also reveal some differences. The maximum amplitudes are larger and there is only
a single spike compared with the double spikes in Fig.6.7(f) and Fig.6.8(f). The
magnitude |R'| vanishes at @ = n/2 and at one other value of # (compared with
three other values in Fig. 6.7(f)). Similarly for |R*| except that it does not vanish
at @ = 7/2 in either case.

Finally Fig.6.10(d) shows the plot of |R*| against 6. It is very similar to that
in Fig.6.9(f) for A =3 in both shape and amplitude.

The above results show the general character of the effect of simple shear on
the reflection and transmission of plane waves at the boundary of twinned half-
spaces. For A = 3 the results for the two constitutive laws considered are broadly

similar but with some differences in detail. For § = /a7y the results for A = 8




are similar qualitatively to those for A = 3, although in general the maximum
amplitudes increase with A and the number of vanishing points of the amplitudes
also increases. Moreover, as mentioned at the end of Section 6.4.2, the interfacial
wave in zy < 0(z2 > 0) converts to a reflected (transmitted) wave for certain ranges

of angles of incidence.
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Figure 6.10: Plots of (a) |R| (reflected wave amplitude in zo < 0), (b) |R'| (interfa-
cial wave amplitude in 2 < 0), (¢) |R*| (transmitted wave amplitude in z5 > 0), (d)
|R*'| (interfacial wave amplitude in @, > 0) against 8 (0 < 0 < =) for § = Jay

with A =3.
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