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Sum m ary

This thesis is concerned with the effect of pure homogeneous strain, pre-stress and 

simple shear deformation on the propagation of homogeneous, surface and interfa­

cial waves in elastic materials. Following a review of previous work regarding the 

propagation of infinitesimal plane waves in a half-space of incompressible material 

subject to pure homogeneous strain, the analysis is extended to the influence of 

pure homogeneous strain on the reflection and transmission of plane waves at the 

boundary between two half-spaces of incompressible isotropic elastic material. In 

general, the half-spaces consist of different material and are subjected to different 

deformations.

For a certain class of constitutive laws it is shown th a t a homogeneous plane 

(SV) wave incident on the boundary from one half-space gives rise to a reflected 

wave (with angle of reflection equal to the angle of incidence) together with an in­

terfacial wave in the same half-space, while in the other half-space two possibilities 

arise depending on the angle of incidence, the material properties and the magni­

tudes of the deformations in the two half-spaces. Either (a) there is a transm itted 

(homogeneous plane) wave accompanied by an interfacial wave, or (b) there are 

two interfacial waves with equal speeds of propagation but different rates of (spa­



tial) decay away from the boundary.

For a second class of constitutive laws similar behaviour is found for certain com­

binations of angle of incidence, material properties and deformations, but additional 

possibilities also arise. In particular, there may be two reflected waves instead of 

one reflected wave and an interfacial wave, coupled with either possibility (a) or (b) 

in the second half-space. Equally, there may be two transm itted waves for each of 

the possible combinations of reflected and interfacial waves in the first half-space.

The effect of finite strain principal axis orientation on the reflection from a plane 

boundary of infinitesimal plane waves propagating in a half-space of incompressible 

isotropic elastic material is then examined. Attention is focussed on waves propa­

gating in a principal plane of the deformation corresponding to simple shear.

For a special class of constitutive laws it is shown th a t an incident plane harmonic 

wave propagating in the considered plane gives rise to a surface wave in addition 

to a reflected wave for every angle of incidence although its amplitude may vanish 

at certain discrete angles depending on the state of stress and deformation. Unlike 

the situation in which the underlying deformation is a pure homogeneous strain, 

however, the amplitude ratio of the reflected (plane harmonic) wave does not in 

general have unit magnitude, but its magnitude is independent of the pre-stress. 

Moreover, the angle of reflection differs from the angle of incidence.

For materials not in this special class, on the other hand, it is shown tha t two 

plane harmonic waves may be reflected when the angle of incidence lies within certain 

ranges of values (which depend on the shear deformation). Outside this range there 

is in general a single reflected wave, and a surface wave is generated.

This analysis is further used to study the effect of simple shear on the reflection



and transmission of plane waves at the boundary between two half-spaces of incom­

pressible elastic material, and, in particular, two half-spaces which form a twin in 

the sense th a t equal and opposite simple shears are applied to the two half-spaces.

For a special class of constitutive laws it is shown th a t an incident plane har­

monic (shear) wave propagating in the plane of shear in one half-space gives rise to 

an interfacial wave in each half-space in addition to a reflected and a transm itted 

plane wave in the respective half-spaces for every angle of incidence, although the 

amplitudes of the waves may vanish at certain discrete angles (different for each 

type of wave) depending on the state of deformation.

For a specific material not in this special class, corresponding calculations for a 

particular value of shear show tha t the nature of the resulting waves is similar to 

th a t for the special class of materials. On the other hand, we note tha t for values 

of the shear beyond a certain critical value there are certain ranges of angles of 

incidence for which, instead, two homogeneous plane (shear) waves are reflected and 

also two transm itted.

The dependence of the amplitudes of the reflected, transm itted and interfacial 

waves on the angle of incidence, the states of deformation and the material properties 

is illustrated graphically.

ix



C hapter 1

Introduction

In this chapter, we shall discuss briefly the main results contained in the thesis and 

mention some references regarding related work which has been done already.

The study of infinitesimal waves propagating in a pre-stressed finitely-deformed 

elastic material was initiated in a series of papers by Biot, summarized in his mono­

graph [1 ], and by Hayes and Rivlin [9], who studied surface waves in a half-space 

subject to pure homogeneous strain. The latter topic was examined in detail for 

compressible elastic materials by Chadwick and Jarvis [4]. More recently, Dowaikh 

and Ogden [7,8], for incompressible and compressible isotropic elastic materials re­

spectively, have investigated surface waves and deformations of a half-space, again 

for a finite deformation corresponding to pure homogeneous strain. See also [3]. 

Related work concerned with waves and deformations in pre-stressed plates and 

in a layered half-space has been provided by Ogden and Roxburgh [14], Roxburgh 

and Ogden [2 1 ] and Ogden and Sotiropoulos [15,16] for both incompressible and 

compressible materials. Discussion of Flexural waves in incompressible pre-stressed
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elastic composites and small amplitude vibrations of pre-stressed laminates is done 

by Rogerson and Sandiford in [19] and [20] respectively. These papers contain ref­

erences to work on interfacial waves and deformations.

In each of the papers cited above, the considered finite deformation is a pure 

homogeneous strain so tha t the orientation of the principal axes of strain is fixed 

whatever the magnitude of the strain. The effect of principal axis orientation on 

waves and deformations in a plate or half-space has been exemplified in the case of 

simple shear by Connor and Ogden [5,6] and Ogden and Connor [13]. See also the 

recent paper by Boulanger and Hayes [2].

Relatively little attention has been devoted to the study of wave reflections from 

a boundary in a finitely-deformed elastic solid. References to the very limited liter­

ature on this topic are contained in the recent papers by Ogden and Sotiropoulos 

[17,18] in which, for incompressible and compressible isotropic elastic materials re­

spectively, the reflection of infinitesimal plane waves from the plane boundary of a 

half-space subject to pure homogeneous strain was investigated.

In this thesis we have extended the work done in [17] to reflection and transmis­

sion at an interface of two half-spaces made up of incompressible isotropic elastic 

m aterial with different material properties. Also we study the effect of finite strain 

on wave reflections by considering a half-space of incompressible isotropic elastic 

m aterial subject to simple shear and then extend this problem to reflection and 

transmission of plane waves at a shear-twin interface.

In Chapter 2, the basic equations of non-linear elasticity are summerized, which 

will be used in later chapters.

We introduce in Section 2 .1  the notations required for the description of the
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deformation of an elastic body and incompressible elastic material. In Section 2.2 

we note the simple shear deformation and in Section 2.3 we discuss stress and the 

equations of motion. Constitutive laws for both compressible and incompressible 

elastic materials are also discussed here. In Section 2.4 we establish the incremen­

tal equations of motion for incompressible materials. In Section 2.4.1 we consider 

time harmonic plane waves, the associated propagation condition and the strong 

ellipticity condition.

Chapter 3 is concerned with the summary of [17] for the effect of pure homoge­

neous strain on the propagation of plane waves in the half-space occupied by incom­

pressible isotropic elastic material. In Section 3.1, the shear and normal components 

of traction are given. In Section 3.2, the discussion is started with the description 

of plane harmonic waves and the propagation condition. It is assumed tha t the 

deformed half-space occupies the region x 2 < 0  and the waves are propagating at 

an angle 0 to the x \ axis. Further, it is assumed th a t the incremental displacement 

associated with the wave has no component normal to the (jq, £2)— plane and th a t 

the x \  and x2 components are independent of X3 . The propagation conditions for 

two distinct classes of strain-energy functions are derived. The propagation condi­

tions are then used in Section 3.3 to derive the slowness curves. The shape of the 

slowness curves helps in analysing the nature of plane waves and this analysis is also 

given in Section 3.3.

In Section 3.4 the reflection of plane harmonic waves is discussed with reference 

to the transitional angle which can be seen from the pictures of the slowness curves. 

Reflection of plane waves is then extended to two different classes of strain-energy 

functions. For a particular class of the strain-energy functions it is shown tha t
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there will be always one reflected wave along with a surface wave for every angle 

of incidence, but for the materials not in this particular class, two reflected waves 

may exist for a certain range of angles of incidence. Results are discussed for both 

classes of strain-energy functions without giving the m athem atical detail. For the 

m athem atical detail we refer to [17].

Chapter 4 illustrates the influence of pure homogeneous strain on the reflection 

and transmission of plane waves a t the boundary between two half-spaces of incom­

pressible isotropic elastic material. In general, the half-spaces consist of different 

material and are subjected to different deformations.

In Section 4.1 some basic equations are recalled. In Section 4.2 the propagation 

of plane harmonic waves is discussed with reference to the slowness curves for the 

two materials in respect of two distinct classes of strain-energy functions, exemplified 

by the neo-Hookean and Varga forms of strain-energy function.

For the case in which the two half-spaces correspond to (different) neo-Hookean 

materials, the amplitudes of the reflected, transm itted and interfacial waves are cal­

culated explicitly in Section 4.3.1. For each angle of incidence a single reflected 

wave, with angle of reflection equal to the angle of incidence, is generated when 

a homogeneous plane (SV) wave is incident on the boundary from one half-space, 

and it is accompanied by an interfacial wave (whose amplitude may vanish for cer­

tain  discrete angles of incidence, which depend on the material parameters and the 

deformations in the two half-spaces). It is shown th a t under a certain restriction 

on the m aterial parameters and deformations a transm itted (homogeneous plane 

SV) wave and an interfacial wave are generated for all angles of incidence. When 

this restriction does not hold there exists a critical angle (measured from parallel
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to the interface) above which there is again a transm itted and an interfacial wave 

but below which there are two interfacial waves (and no transm itted wave). The 

interfacial waves have the same speed but decay at different rates with distance from 

the interface.

W hen the half-spaces consist of (different) Varga materials corresponding results 

are given in Section 4.3.2. In this case additional possibilities may arise for certain 

combinations of angle of incidence, material parameters and deformations. Specifi­

cally, two reflected (homogeneous plane SV) waves may be generated instead of one 

reflected and one interfacial wave and (not in general for the same angles of inci­

dence, material parameters and deformations) two transm itted (homogeneous plane 

SV) waves may emerge. The ranges of values of the material parameters, deforma­

tions and angles of incidence for which the various possibilities arise are identified 

in Section 4.3.2.

The theory in Section 4.3 is illustrated in Section 4.4 using graphical results to 

show the dependence of the amplitudes of the waves on the angle of incidence for 

representative values of the material and deformation parameters.

Chapter 5 is concerned with the effect of finite strain principal axis orientation 

on the reflection from a plane boundary of infinitesimal plane waves propagating in 

a half-space of incompressible isotropic elastic material. The work included in this 

chapter has been published (for details see [10]). Attention is focussed on waves 

propagating in a principal plane of the deformation corresponding to simple shear. 

The direction of shear is taken to be parallel to the half-space boundary and the 

plane of shear normal to th a t boundary, and we consider waves with direction of 

propagation and polarization in the latter plane.
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In Section 5.1 the basic equations are modified when there is an orientation 

between the Cartesian axes and the principal axes of strain. In Section 5.2 the 

propagation of plane harmonic waves is discussed with reference to the relevant (in­

plane) slowness curves in respect of two distinct classes of strain-energy function. 

For a special class of strain-energy functions it is noted tha t, for any angle of inci­

dence (within the considered plane), an incident SV wave yields a single reflected 

wave (with angle of reflection in general different from the angle of incidence). This 

is generally accompanied by a surface wave, whose amplitude may vanish at partic­

ular angles of incidence. For materials not in this special class similar behaviour is 

observed except tha t for angles of incidence within certain ranges (which depend on 

the magnitude of the shear strain and the material properties) there may exist two 

reflected SV waves and no surface wave.

In Section 5.3 the reflection coefficients (or amplitude in the case of a surface 

wave) for the two categories of strain-energy functions are calculated. An im portant 

difference from previous work th a t emerges is th a t the magnitude of the reflection 

coefficient, in circumstances when a surface wave is generated, is not in general equal 

to unity. However, for the special class of strain-energy functions the magnitude of 

the reflection coefficient is found to be independent of the pre-stress whereas the 

amplitude of the surface wave depends on the pre-stress. This is also the case for 

the second class of strain-energy functions when a surface wave is generated, but 

not when there are two reflected waves.

For both classes of strain-energy functions, as the angle of incidence approaches 

normal incidence the amplitude of the surface wave reduces to zero. It also vanishes 

at certain other points which depend on the amount of shear and pre-stress. The
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symmetry about normal incidence which is apparent in the classical theory or in the 

case of pure homogeneous strain is removed by the simple shear deformation.

Graphical results are provided in Section 5.4 in order to illustrate the dependence 

of the reflection coefficients and surface wave amplitudes on the angle of incidence, 

the amount of shear and the pre-stress with reference to the stability of the under­

lying configuration. The detailed features of the results are described for the two 

classes of strain-energy functions in Sections 5.4.1 and 5.4.2.

Chapter 6 is concerned with the effect of simple shear on the reflection and 

transmission of plane waves at the boundary between two half-spaces of incompress­

ible elastic material, and, in particular, two half-spaces which form a twin in the 

sense th a t equal and opposite simple shears are applied to the two half-spaces. This 

configuration simulates the finite deformation associated with a crystal twin, but 

we note th a t the shear component of traction is discontinuous across the boundary. 

The work included in this chapter has been accepted for publication [1 1 ].

The required equations and notations are summarized in Section 6.1 and Sec­

tion 6 .2 . In Section 6.3 the propagation of plane harmonic waves is discussed with 

reference to the slowness curves appropriate for the two half-spaces for two distinct 

classes of strain-energy functions.

For the two categories of strain-energy functions the amplitudes of the reflected, 

transm itted and interfacial waves are calculated in Section 6.4 when a given homoge­

neous plane (shear) wave is incident on the boundary. For each class of strain-energy 

functions, the amplitude of the reflected wave reduces to zero as the angle of inci­

dence approaches normal incidence. In contrast to the classical theory and to the 

case of pure homogeneous strain, there is no symmetry about normal incidence, as
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discussed in Chapter 5 for the problem of reflection from the boundary of a half­

space.

Graphical results are provided in Section 6.5 to show the dependence of the am­

plitudes of the reflected, transm itted and interfacial waves on the angle of incidence 

and the magnitude of the shear for the materials in the special class of strain-energy 

functions. For materials not in the special class, results are calculated for one il­

lustrative value of the shear, for which there is again only one reflected and one 

transm itted plane wave along with two interfacial waves. We note, however, th a t 

for sufficiently large values of the shear two reflected plane waves and two trans­

m itted plane waves may be generated for certain ranges of values of the angle of 

incidence. This is analogous to the situation discussed in [10] for reflection from a 

simply sheared half-space in isolation. The graphical results are discussed in detail 

for the two classes of strain-energy functions in Section 6.5.1 and 6.5.2.



C hapter 2 

B asic equations o f non-linear  

elastic ity

In this chapter we summarize the basic equations of non-linear elasticity tha t will 

be used frequently in the subsequent Chapters. Detailed derivations are not given 

because these can be found in standard texts. We refer to [12], for example, for full 

details.

2.1 K inem atics

We consider a continuous body and identify its undeformed (reference) configuration 

by Bo say. After time t  let the deformed (current) configuration of the body be 

denoted by B.

Let X  and x  respectively be the position vectors of a typical material particle in 

the configurations Bq and B of the material. Since Bo and B  are configurations of

9



the body there exists a bijection mapping

X ‘ Bq —>■ B

such th a t

x  — x(X,it), X e B 0,

X  =  x _1(x,t), x  G B. (2.1)

The mapping % is called the deformation of the body from Bo to B. It is assumed 

th a t x (X , t) is twice-continuously differentiable with respect to position and time. 

The deformation gradient A  is defined by

A  =  G radx(X , t), (2 .2 )

where the gradient operator Grad is with respect to Bo. W ith reference to Cartesian 

basis vectors { E J  and {e^} associated with B0 and B respectively, we may write

A  ® E q,, Ajq, =  , (^’3)
oA q

with summation over i and o; from 1 to 3 implied in the first equation in (2.3), 

where Aia are the Cartesian components of A. It follows from (2.3) tha t

A  =  LA, (2.4)

where the superposed dot denotes d /d t  at fixed X  and

L — gradv (2.5)

is the velocity gradient tensor. Here the gradient operator grad is with respect to B. 

We assume th a t det A ^  0  so tha t A  has an inverse A - 1  given by

- i gradX . (2 .6 )
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The components of A  1 are given by

( A - ^  =  g  (2.7)

with Xi — Xi(X,£). From (2.3) we have

dx  ■
A i j d X j  =  — f r d X j  — d x i , (2 .8)

d X j

i.e.

dx =  A dX, (2.9)

which has inverse

dX = A ^ d x . (2.10)

Equation (2.9) describes how infinitesimal line elements d X  of material at X  trans­

form under the deformation into dx at x. If A  is independent of X  then the

deformation is said to be homogeneous.

We take A  to be non-singular (detA  ^  0) by noting th a t

A  d X  ^ 0  if d X  7  ̂0 .

Next, consider a parallelepiped in Bo formed by line elements dX, dX ', dX"  at

X. Its volume dV  is given by

dV  =  dX .(dX ' x dX") =  |dX (DC dX"\. (2 .1 1 )

The corresponding volume dv in B  is

dv =  dx.(dx' x dx") =  |dx dx' dx"\

=  |A dX  A  (DC AdX"| =  |A ||dX  d X f dX"  |, (2.12)
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i.e.

dv =  JdV , where J  — detA . (2.13)

For the volume to be positive, we must have

J  =  detA  > 0. (2.14)

From (2.13) we see tha t J  is a measure of the change in volume under the de­

formation. If the deformation is such tha t there is no change in volume then the

deformation is said to be isochoric, and then

J  =  detA  =  1 . (2.15)

A m aterial for which (2.15) holds for all deformations is called an

incompressible material

From the polar decomposition theorem we have

A  =  R U  =  V R , (2.16)

where R  is proper orthogonal and U  and V  are positive definite and symmetric, 

and are called the right and left stretch tensors respectively.

The spectral decompositions of U  and V  have the forms

3

U  =  AjU® ® u ® ,
i=l

3

V  =  y ^ A iv<i>® v®, (2.17)
4= 1

where A* (> 0) (i =  1, 2, 3) are the principal stretches of the deformation, and 

and v ^ ,  (i =  1 , 2 , 3) respectively are the unit eigenvectors of U  and V . We shall 

refer to and v ^  as the Lagrangian and Eulerian principal axes respectively.
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We note tha t

vW =  R u W, * € { 1 , 2 , 3 } ,  (2.18)

follows from (2.16) and (2.17).

The right and left Cauchy-Green deformation tensors are given by

3

A T A  =  U 2 — ^  Af ® ,
i=i

and

3

A A t  =  V 2 =  Xh {{) ® v(i}, (2.19)
i=l

respectively, where A T denotes the transpose.

We further see from (2.16) and (2.17) that

detA  =  detV  =  A!A2A3, (2.20)

and hence from (2.15) and (2.20) for an isochoric deformation we have the

incompressibility condition given by

AiA2A3 =  1 . (2 .2 1 )

We are concerned with a plane strain problem in the plane normal to the basis

vectors E 3 and e3 , and, for convenience, we take ei =  E i, e 2 =  E 2, e3 =  E 3. We

consider a homogeneous deformation and associate Cartesian coordinates (a^, x '2, x'3) 

with the Eulerian principal axes. Since the considered deformation is confined to 

the (l,2)-plane, we have =  e3, and we may set A3 =  1, so th a t (2.21) reduces 

to

AxA2 -  1 . (2 .2 2 )

13



2.2 Sim ple shear

Let 0 denote the orientation of the Eulerian axes ( v ^ , v ^ )  relative to (e i ,e 2) 

so th a t the coordinates (ril3 x'2) are related to (a q ,^ )  by

x[ =  x \ cos 0 +  x 2 sin 0, x'2 — — xi sin <56 +  x 2 cos 0. (2.23)

From (2.3) and (2.19) we may then deduce that

r i2̂  T  ri22 =  A2 cos2 0 T  A2 sin2 0,

r in r i2i +  ri.12ri.22 =  (A2 — A2) sin 0 cos 0,

•^21 +  ^ 2 2  “  ^ 1  rin2 0 +  A2 cos2 0, (2.24)

with r ia3 =  r i3Q, =  <5q;3 , a  =  1, 2, 3, <5q3 being the Kronecker delta.

From (2.24) an expression for the orientation 0 in terms of the components A ia 

is obtainable in the form

tan 20 =  2 (r in ri2i +  r ii2ri.22) /( r i21 +  ri22 — riJi — A 22). (2.25)

When the considered deformation is simple shear we have A n  =  1, r i12 =

e, r i2i =  0 , r i22 =  1 , where

e =  A — A- 1  (2.26)

and, in accordance with (2 .2 2 ), we have set

Ai =  A, A2 =  A-1 . (2.27)

Equation (2.25) reduces to

tan20  =  2/e (2.28)
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with 0 <  (f) <  7r/4 for e >  0 and tt/4  < </> < 7r/2 for e <  0. From (2.28) we deduce

that

2.3 Stress and th e  equations o f m otion

For an isotropic elastic material, the Cauchy stress tensor denoted by <r is coaxial 

with V , i.e. with the Eulerian principal axes, we may write

3

(T =  ^ < 7 ;V ^  <g> vW, (2.30)
i=1

where <7$, i G {1,2,3} are the principal Cauchy stresses.

We now introduce the elastic stored energy W (A) per unit volume in the refer­

ence configuration such tha t

cos <j> = A/VA2 4 -1 , sin</> =  l/V A 2 -1- 1 . (2.29)

|W ( A )  =  Jtr(<r L) (2.31)

where L  is given by (2.5) and trace tr(crJj) is given by

tr(<r L) crijLji (2.32)

and &ij are the components of a  with respect to basis vectors {ei}.

Since W  depends only on A, we have

(2.33)

where d W /d A  is the second-order tensor with components defined by

^ d A ^ ji d A i j '

d W N dW (2.34)
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Prom (2.4) we obtain

dW  dW  dW
=  t r ( ^ T L A ) =  t r ( A ^ - L )  (2.35)dt d A  d A

and comparison of this with (2.31) shows that

d W
Jcr =  A — , (2.36)

which provides a formula for cr in terms of W  (A ).

It is convenient to introduce the notation

d W  dW
S = 9 A >  5*  =  a v  M

where S is called nominal stress tensor.

For an isotropic elastic material with strain-energy function W  per unit volume, 

W  depends symmetrically on Ai, A2 , A3 . It follows th a t

W  = ± dJ [  A, (2.38)
i=l

But, from (2.31),

W  = Jtv(arD )i (2.39)

where D  is the symmetric part of L . Now, referred to the principal axes of cr 

(2.39) can be expressed as

3

W  = j ' ^ a iDii, (2.40)
i= 1

where Du are the normal components of D  referred to those axes.

Note th a t D  may be written in the form

D =  |R ( U U “l +  U -1U )R r , (2.41)
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and from (2.17) it follows tha t

3

U  =  ^  AiU^ <g> UW +  XivS*) <2> +  Ajii^ <g> . (2.42)
i =1

Using (2.18), (2.41) and (2.42) we calculate the components

A i S v » . ( D v « )  =  Ar1Ai (2.43)

noting that, since U'!i is a unit vector, uV ir^  =  0.

Prom (2.38), (2.40) and (2.43) we get

3 3

Wr =  E &  =  E W 1^ .  (2-44)
i=1 1 i=1

and hence

1 dW
= i £ {1,2,3}.  (2.45)

If the considered material is incompressible then (2 .2 1 ) holds, so we replace W

by W  — p(A1A2A3 — 1 ), where p is a Lagrange multiplier. Thus, (2.45) becomes

dW
(Ti = X i - ^ - - p ,  i e { l ,2 ,3 } .  (2.46)

Equation (2.46) gives the expressions for the principal stresses cq in terms of

the derivatives of W  with respect to the stretches.

For an incompressible material (2.37) will be replaced by

dW
s  i k ~ p A  ■ (2-47)

In terms of nominal stress the equation of motion has the form

DivS =  poXj (2-48)
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where p0 is the reference density, Div denotes the divergence operator with respect

to X, a superposed dot indicates the material time derivative and body forces

are assumed to be absent. Furthermore, if we take the reference configuration to 

coincide with the current configuration at any stage of the deformation then (2.48) 

is replaced by

diver = p x ,  (2.49)

where, again div denotes the divergence operator with respect to x, cr is Cauchy 

stress tensor and p is the current mass density of the material.

2.4 Increm ental equations of m otion

We now consider an incremental motion superimposed on the finite deformation 

with a small time dependent displacement u defined by

u  =  5x -  5X(X, t) = X'(X , t) -  x (X , t ), (2.50)

where x  and x! are two deformations of the elastic body.

Corresponding to an incremental deformation, the deformation gradient A  

changes to

5A  =  Grad<5x(X, t), (2.51)

where Grad again refers to Bq. If the current configuration is now chosen as the

reference configuration then the right-hand side of (2.51) becomes (5A0)A, where

<5A0 is the value of <5A  in this configuration. We obtain

5A  =  («JAo)A, (2.52)
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where

5 A q =  g rad u  (2.53)

and the grad operator refers to B.

The nominal stress increment for (2.37) can be w ritten as

5S = A {5 A ), (2.54)

where

d2W
a = o a 5a ’ ^

or, in components,

{6S)ji = A jilk{6A)kl (2.56)

with

d2W

We refer to *4 as the tensor of first-order elastic moduli.

If the reference configuration is now updated to coincide with the current con­

figuration B , (2.54) gives the increment in nominal stress E  (say) by

S  =  A ( ^ A 0), (2.58)

where the subscript zero indicates evaluation in B. The tensor A q is called the

tensor of first-order instantaneous elastic moduli and its components are related to

the components of A  by

A q ijkl J  AiaAfcpAajpt,' (2.59)
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From (2.54), (2.58) and (2.59) we obtain

H = J~ 1A 5 S i (2.60)

In the case of (2.47), (2.58) will be replaced by

E  =  *4o(£A0) +  p(^A 0) -  ttI, (2.61)

where 7r is the time-dependent increment in p  and I  is the identity tensor. Equation

(2.53) is accompanied by the incompressibility constraint

tr(5A 0) =  tr(grad<5%) =  tr(g radu) =  0. (2.62)

where u  is given by (2.50).

The component form of (2.61) is given by

Sji AftjUk'U'kfl T  ptLjii (2.63)

where 5ij is the Kronecker delta and , i signifies differentiation with respect to X i .

The corresponding incremental form of the incompressibility condition is

Uiti =  0. (2.64)

The components of A q referred to Eulerian principal axes of the underlying 

deformation are derived in [1 2 ], for example; we refer to this book for full details. 

In terms of the derivatives of the strain-energy function, the non-zero components 

are given by

A f t t i j j  —  X i X j  144; j ,

_  (XiWi -  XjW^X? 
(A? -  A?)

Aoijij ^(Aona Aonjj T  AjIFi) i j, Aj — Aj,

20



A qijji — AojHj — Aftijij X{W-i i j , (2.65)

where Wi =  d W /SAj, Wij =  d2W /dXidXj and there is no summation over repeated 

indices.

From (2.48) the equation governing the incremental motion is given by

Div(£S) =  p0 it, (2 .6 6 )

where Div is with respect to Bo and when the reference configuration is updated to 

coincide with the current configuration then (2 .6 6 ) is replaced by

d iv E  =  pii, (2.67)

where div is with respect to B.

The component form of (2.67) is given by

= piii. (2.68)

On substitution of (2.63) into (2 .6 8 ) and using (2.64), we obtain (for the case when 

A q is constant)

AojUkUfcji 7T(j P'U'ii (2.69)

where u  is an incremental displacement superimposed on the finite deformation.

When specialized to a plane motion in the (l,2)-plane equation (2.69) applies for

i — 1 , 2  and summations run over indices in {1 , 2 } and then the components of u

referred to {e.;} will be given by

Ui = U1{xu x 2, t ),  u2 = U2{x1, x 2yt ) ) u3 = 0, (2.70)

where t  is time.
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Elimination of 7r between these two equations (given by (2.69)) by cross differ­

entiation and subtraction yields

Aoj\lkUki2jl — A 0j2lkUk,ljl “  P (^1,2 — ^ 2,1)• (2-71)

From the incompressibility condition (2.64) in terms of these components we 

deduce the existence of a function ip = ip(xi, rc2,t) such th a t

u i= ip ,2, u2 = - ip ii, (2.72)

wherein the indicated differentiations are with respect to (aq, x 2) .

W hen referred to the Eulerian principal axes equation (2.71), after substitution 

from (2.72), yields an equation for ip: namely

0^ ,1 1 1 1  +  2/70,1122 +  7^ ,2222  =  pC0,i 1 +  ^ ,22), (2.73)

as in [5,6], where the material parameters a: , / ? , 7  are defined by

a  —  4.012125 7 =  A02121, 2/3 — Aoiiii +  4.02222 — 2 4 oim  ~  2 4 oi22i- (2.74)

2.4.1 H om ogeneous plane waves

We consider time harmonic plane waves in the ( l ,2 )-plane of the form

ip =  Aexp[z/c(aq cos (9 +  x2 sin 6 — ct)], (2.75)

where A  is a constant, c and k are the wave speed and the wave number respec­

tively and both are taken to be positive. Also, 9 is the angle th a t the direction 

of propagation of the wave (cos 9, sin 6) in the (aq, x 2)-plane makes with the aq 

direction.
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Substitution of (2.75) into (2.73) yields

a: cos4# +  2/? sin2 # cos2 # 4- 7  sin4# =  pc2. (2.76)

Equation (2.76) is the propagation condition, which identifies the wave speed asso­

ciated with any given angle #.

For pc2 > 0, it is necessary and sufficient tha t a, j3 and 7  satisfy the 

strong ellipticity inequalities

a  > 0, 7  > 0, (3 > —yTFy. (2.77)

For detailed discussion of strong ellipticity see [12].
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C hapter 3 

Propagation  and reflection of 

plane waves in an incom pressible  

elastic half-space

In this chapter we shall give a summary of the paper by Ogden and Sotiropoulos [17]. 

This paper describes the effect of pre-stress and finite strain on the propagation of 

homogeneous plane waves and their reflection at the boundary of an incompressible 

isotropic elastic half-space.

For a special class of materials an incident SV wave gives rise to a surface wave 

in addition to a reflected SV wave for every angle of incidence but the surface wave 

amplitude vanishes at some discrete angles.

For materials not in this class an incident SV wave gives rise to  two reflected 

SV waves in general when the angle of incidence is less than a critical value. The 

angle of reflection of one wave is equal to the angle of incidence, but for the second 

wave the angle of reflection may be greater than, equal to or less than the angle of
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incidence. When the angle of incidence is greater than the critical angle the situation 

is similar to th a t for the special class of materials. This is opposite to the situation 

in the (compressible) classical theory when a surface wave is generated for angles of 

incidence less than a critical value.

3.1 M athem atical background

A homogeneous pure strain is considered with principal stretches Ai, A2, A3 as­

sociated with Cartesian axes corresponding to coordinates aq, a;2, aq in the current 

configuration of the incompressible elastic material so th a t (2 .2 1 ) holds.

As discussed in Chapter 2 the associated principal Cauchy stresses oq, cr2, 0 3  are

given by (2.46). The components of the displacement vector u for the superimposed

incremental motion in the (a; 1, a;2)-plane are given by (2.70).

The incompressibility condition in terms of the scalar function ip(xi,X 2 ,t)  is 

(2.72).

The equation of motion (after eliminating the incremental hydrostatic pressure) 

is given by (2.73). It is assumed tha t the strong ellipticity condition (2.77) holds as 

well.

From (2.63) in terms of ip the shear component of the incremental nominal stress 

£  on a plane X2 = constant can be written as

£ 21 =  7 ( ^ 2 2  -  ip,i 1) +  er2V\n- (3.1)

While from (2.63) the normal component of £  is w ritten as

S 22 — A o221 l'M l,l +  (A o2222  + P ) u . 2j2 — 7T. ( 3 - 2 )
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We can eliminate the incremental hydrostatic stress 7r from (3.2) by differentiating 

it with respect to x \ to get

^ 22,1 =  v4 .02211u 1,11 +  {Aq2222 +  p)u  2,21 — ^,1 (3 -3 )

and then using

t t . i  =  v4 o i i n W i , i i  4 - ( 4 I 0 1 1 2 2  +  4 1 0 2 1 1 2 )^ 2 ,2 1  +  -402121^ 1,22 —  P u I? ( 2 -4 )

which can be obtained from (2.69).

By substituting (3.4) into (3.3) and using (2.46), (2.65), (2.72) and (2.74) we can 

write (3.3) in terms of ijj as

—̂ 22,1 =  (2/3 +  7 — 0*2)*0,112 +  7 ^ ,2 2 2  ~  P0,2- (3-6)

3.2 H om ogeneous plane waves

Time harmonic waves are considered in the form (2.75). The propagation condition 

(2.76) can be rewritten as

pc2 — (o; +  7  — 2(5) cos4 9 +  2 {(5 — 7 ) cos2 9 +  7 . (3.6)

Prom the strong ellipticity condition (2.77) it can be seen th a t pc2 > 0  for any 

propagation angle 9 in (3.6). On the other hand, if the wave speed is given along 

with the m aterial properties a , jdandy then provided strong ellipticity holds the 

possible wave propagation directions can be calculated from (3.6).

Two cases with different relative values of a, /3, 7  will be discussed now.
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3.2 .1  C ase A: 2/3 =  a  -f 7

First we see a special case when a  = (5 =  7  so th a t from (2.74) and (2.65) we 

get Ai =  A2 . The wave speed for this case will be independent of the direction of 

propagation and is given by pc2 = 7 .

For a  ^  7  the propagation condition gives the direction of propagation as

A 7  -  pc2 ^cos 9 — -----------, (3.7)
7  — a

which gives real 9 if

either a  <  pc2 < 7  or 7  <  pc2 < a. (3.8)

For pc2 — a  the wave will propagate along the 2 7 -axis and for pc2 — 7  the wave

will propagate along the £2-axis.

Subject to (3.8), for a given wave speed, two different directions of propagation in 

the plane of deformation are then possible. Let these be denoted by (cos 9, ±  sin 9). 

Then (3.7) may be written as

tan 2 9 =  — %. (3.9)
7  — pc1

3.2 .2  C ase B: cr +  7  7  ̂ 2/3

For a given wave speed the solutions of (3.6) are given by

2 7  -  [ ^ 2 -  0 :7 +  pc2 (o: + 7 - 2 ^ ) ] x/2
cos 9 — —— £— ^  4 '-------------------------------(3 .1 0 )

a  +  7 - 2 / 3  ’ v }

which gives real solutions for 9 if either

n2
(5 <  m in{a, 7 }, — < pc2 <  min{or, 7 } (3.11)

Q y  | 'y Z/jD
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or

Q,y _
^  >  m ax{a, 7 }, max{a:,7 } < pc2 < ----------- — . (3.12)

cn ~\~ 2i! j

For the transitional case in which there are repeated solutions we have

cos* g =  _ J T -  P pc* =  ^  , (3 .13)
a  +  7  — 2/3 o; +  7  — 20

Therefore, there are four possible directions of wave propagation for a given wave 

speed but for the transitional case they reduce to two.

3.3 T he slow ness curve

Slowness curves play an im portant role in the interpretation of the nature of the 

resulting waves. Slowness curves are defined in terms of the slowness vector, with

components (si, s2) given by (si, s2) =  (cos 6, sin0)/c. The equation of the slowness

curve can be obtained from the propagation condition (3.6) and is given by

asf +  2(3s\s\ +  7 ^ 2  — s? — si =  0, (3.14)

where a, /?, 7  are defined by

(a, 0, 7 ) =  (a, 0 , 7 )/p. (3.15)

For Case A in Section 3.2.1 the slowness curve (3.14) becomes an ellipse, given by

a s j  +  7 s | =  l. (3.16)

For the material constants satisfying the inequality 2/3 < a, provided the strong 

ellipticity condition holds, the slowness curve for Case B has the shape shown in 

Fig. 3.1.
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Figure 3.1: Shape of the slowness curve for a material with 2p < a  showing the 

transitional angle 9q and the critical angle 9C. The arrows normal to the curve 

indicate the directions of the time-averaged energy flux.

The transitional angle 9q and the critical angle 9C shown in the Fig. 3.1 will be 

discussed explicitly in Section 3.4.2.
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3.4 R eflection from a plane boundary

Here an incident wave of the form (2.75) is considered (in x 2 < 0 ) on the boundary 

x 2 — 0 with wave speed c and the unit direction vector (cos #, sin #). Two separate 

waves may be reflected at the boundary x2 =  0 , one wave having the same speed c 

as the incident wave with unit direction vector (cos #, — sin #). The second reflected 

wave is assumed to have speed d  and unit direction vector (cos#7, sin#7). The wave 

numbers of the two waves satisfy

kc =  k'd. (3.17)

From (3.1) and (3.5), the boundary conditions corresponding to zero incremental 

traction take the form

7 ( ^ 2 2  -  VhLi) +  0 2 ip, 11 =  0  on £ 2 =  0 (3.18)

(2/5 +  7  — C72)V>,112 +  7 ^ ,2 2 2  ~  p i ,2 =  0 on x 2 = 0. (3.19)

The solution comprising the incident wave and the two reflected waves has the form 

ijj = A exp[ik(x i cos # +  x 2 sin 9 — ct)] +  A R exp[ik(xi cos 9 — £2 s in 0  — ct)\

-i-AR1 exp[zA/(o;i cos# 7 +  x 2 s in # 7 — d t)]} (3.20)

where R  and R! are the reflection coefficients. The solution (3.20) holds when the 

angle of incidence is less than the critical angle # C3 as shown in the Fig. 3.1, where 

#c is defined formally in Section 3.4.2. For the time-averaged energy flux (which is 

normal to the slowness curve) to be directed towards the boundary x 2 =  0  (for an 

incident wave from x 2 < 0 ) and for the time-averaged energy flux to be directed
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away from the boundary (for a reflected wave), in (3.20) we must have # to satisfy 

(a)

< 0 < #c in (cos 9, sin 6)

and 9' to satisfy

0  < #' < # 0 in (cos #', sin 91)

or (b)

0 < 9 < 90 in (cos 9, — sin 9)

and

#o <  O' <  0c in (cos 9', — sin 9'),

where #o is the transitional angle as shown in Fig. 3.1. At 9 =  # 0 the energy 

flux is parallel to the boundary. In the first quadrant, as the angle of incidence 

9 decreases from 9C the wave directions are given by (a) above, but after the 

transitional angle #o they are given by (b), where the wave normal is directed away 

from the boundary but the energy flux associated with the incident wave is directed 

towards the boundary.

For 9 > 9C the second reflected wave is replaced by a surface wave, with ip given

by

ip = Aexp[z&(o;i cos# +  x 2 sin# — ct)] +  ARexp[iA;(£i cos 9 — x 2 sin 9 — ct)]

-{-AR1 expfifc'^i — im x 2 — c'i)], (3.21)

so th a t the latter term  decays as x 2 —» —oo provided Re(m) > 0. From (3.20) and 

(3.21) respectively, by applying the boundary conditions, Snell’s law takes the forms

A; cos# =  ft'cos#', k c o s 9  — k f. (3.22)
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Now we shall discuss two different cases of strain-energy functions regarding the 

wave propagation without going into the mathematical detail. For the mathematical 

details we refer to [17].

3.4 .1  C ase A: 2j3 =  a  +  7

In this case we refer to the slowness curve (3.16), which is an ellipse, so tha t the 

wave solution is (3.21). For the third term in (3.21) to decay we deduce from the 

equation of motion th a t m  = 1. It is calculated in [17] th a t \R\ = 1 for all angles 

of incidence. Now the following three possibilities arise in which R! =  0.

Case A(i): R! ~  0, R  dtl. In this case 6 = 0  and the wave speed is given by 

pc2 =  a , which corresponds to a plane wave propagating parallel to the boundary.

Case A(ii): R! =  0, R  =  —1. In this case 9 is arbitrary and the wave speed is 

given by

pc2 = a  cos2 9 4- 7  sin2 9. (3.23)

Case A(iii): R 1 = 0, R  =  1.

In this case the wave speed is given by

=  7 (°  +  7 - « r » ) - (3.24)
2 7  - ( J 2  ̂ '

The three cases described above show tha t a surface wave is generated for all the 

angles of incidence except when the stress is given by 02  =  2 7  or, for <72 < 7  and 

the angle 9 given by

cos2 9 =  1/(2 - a 2), (3.25)

w h e r e  a 2 =  0 2 / 7 .
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Graphical results show that for <r2 =  0 |_R'| has the same nature as in linear 

(compressible) theory. For large values of stress the behaviour differs from the 

classical theory.

The neo-Hoolcean strain-energy function

^  +  ^ 2  +  ^ 3  — 3), (3.26)

where p  (>  0) is the shear modulus and the Mooney-Rivlin strain-energy function

W  =  +  ^ 2  +  ^ 3  _  3) +  ^ P 2 { \  2 +  ^ 2  2 +  ^ 3  2 “  3), (3.27)

where the constants pi and p 2 satisfy p \+ p 2 ~  p  satisfy the condition 2(3 — a + 7 . 

In [17] it was deduced tha t for values of 9 and c obtained from experimental data, 

information about the deformation, stress and material properties can be obtained.

3.4 .2  C ase B : a  +  7 ^  2(3

When the solution (3.20) holds we have a propagation condition similar to (3.6). It 

is given by

(a  +  7  — 2(3) cos4 9' +  2((3 — 7 ) cos2 9' +  7  — p d 2 =  0. (3.28)

From (3.28), (3.20) and (3.6) we get cos2 0' =  cos20 or

cos2 6>cos2 9’ =  7 / ( 0 : +  7  — 2(3) (3.29)

and we have the transitional angle 9o when these possibilities occur together, given 

by

cos4 6*0 =  7 / ( 0 :  +  7  — 2(3). (3.30)
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Hence, for (3.20) to be applicable, an incident wave gives rise to two reflected waves 

in general, one with angle of incidence equal to the angle of reflection and the other 

with the angle of reflection given by (3.29).

Necessary and sufficient conditions for #' in (3.29) to  be real are

a > 2/3 (3.31)

and

tan 2 9 < —— —  =  tan 2 #c, (3.32)
7

where 9C is the critical angle which corresponds to 9' =  0 , the grazing angle of 

reflection.

The reflection coefficients R, R! are determined from the boundary conditions. 

Similarly to Case A, three distinct situations can arise for which R! vanishes. These 

correspond to R  ^  ± 1 , R  = 1 or R  = —1. It is shown in [17] th a t the behaviour in 

this case differs from th a t in Case A. Further it is proved th a t R  =  0 and R! — — 1 

whenever the angle of incidence is equal to the transitional angle # 0 except for the 

value of a 2 given by

cos2 9 =  — - — =  2l- ~ a2 (3.33)
2 7  — cr2 a  +  7  — 2/3

which arises when R  7  ̂ dbl, Further, there may be some combinations of the angle

of incidence and pre-stress where R  — 0 so we have a single reflected wave with

angle of incidence not equal to the angle of reflection.

For grazing incidence we have cos# =  1, pc2 =  a  and d  — ccos#'.

For grazing reflection we have cos#' =  1 , pc'2 ~  a , pc2 =  a  cos2 # and

cos2 9 — 7 / ( 0 : +  7  — 2/3) . (3.34)
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For angles greater than tha t given by (3.34) or for situations in which the con­

ditions (3.31) and (3.32) are not satisfied the grazing homogeneous plane wave is 

replaced by an inhomogeneous plane wave with amplitude decaying exponentially 

away from the boundary. This gives rise to the case of one reflected wave so th a t 

the solution (3.21) is applicable. As in Case A it is shown in [17] th a t |R | =  1.

Graphical results are given in [17] for a particular form of strain-energy function, 

namely the Varga strain-energy function, defined by

W =  2/^(Ai +  A2 +  A3 — 3), (3.35)

for which the inequality a > 2/3 can hold. The analysis was done for A3 =  1, and 

values of a 2 were selected according to stability conditions which give the upper 

and lower bounds for the values of pre-stress.
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C hapter 4 

The effect o f pre-strain on the  

reflection and transm ission of 

plane waves at an elastic interface

In this chapter we extend the discussion of the influence of pure homogeneous strain 

on the reflection and transmission of plane waves at the boundary between two half­

spaces of incompressible isotropic elastic material. In general, the half-spaces consist 

of different material and are subjected to different deformations. In particular, we 

recover certain results obtained in [17].

4.1 Basic equations

We consider an incompressible isotropic elastic material subject to pure homo­

geneous strain. Let Ai, A2 , A3 denote the principal stretches of the deformation.
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Then, the incompressibility condition is expressed as

A1A2A3 — 1. (4-1)

Since the material is isotropic, the principal Cauchy stresses are given by (2.46).

We consider incremental motions in the (a:l9 a;2)-plane superimposed on the pure 

homogeneous deformation with displacement vector u  having components given by 

(2.70). The incremental incompressibility condition divu =  0 is then used to deduce 

th a t (2.72) holds.

Components of the incremental nominal stress tensor referred to the homoge­

neously deformed configuration are given by (2.63).

Since for the pure homogeneous strain, the Cartesian axes and the Eulerian 

principal axes are coincident, the components of the fourth-order tensor A q of 

instantaneous elastic moduli in terms of the derivatives of the strain-energy function 

W  from (2.65) are given by

'Aoiijj — AjAjTTij,

_ {XjWj -  X jW jM  
* ^ 0  ijij —  ^ 2  _  ĵ 2 ) l 7 3 ) 'b  7  ̂ A?j

*4-0i j i j  ~  'A-Oiij j T  Â TT̂ ) i  7^ J, Aj — Aj

*4oijji *Alojuj 'Aoijij AjWj i y- j-> (4-2)

The components Aojuk of ^ 0  are constants since the deformation is homogeneous. 

The equation of motion in terms of the scalar function ip is given by (2.73). 

The shear and normal components of the incremental nominal traction E 2i, £ 22 

on a plane £ 2 — constant are expressible in terms of ip through (3.1) and (3.5).
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4.2 P lane waves

We consider time harmonic plane waves of the form given by (2.75). The propagation 

condition is given by (2.76) and the strong ellipticity condition (2.77) also holds. 

Similarly, for an inhomogeneous plane wave of the form

ip — Aexp[iA/(a;i — im x  2 — c't)\ (4-3)

equation (2.73) gives

a  — 2(3m2 +  7 m 4 — p(l — m 2)c'2 (4.4)

in place of (2.76). For a given wavespeed c', equation (4.4) determines m. The wave

decays exponentially as x 2 —>■ —0 0  (+ 0 0 ) provided m  has positive (negative) real 

part.

We now consider two half-spaces of different incompressible isotropic elastic m a­

terials. The half-spaces are subjected to pure homogeneous strain and then bonded 

along their common (plane) boundary in such a way th a t the principal directions 

of strain are aligned, one direction being normal to the interface. In rectangular

Cartesian coordinates we take the interface to be x 2 =  0.

Let Ai, A2 , A3 be the stretches associated with the half-space x 2 < 0 , with 

strain-energy function W t and material constants a , /?, 7  defined by (2.74) with 

(4.2). Similarly, let AJ, A ,̂ A3, W *,a*, /?*, 7 * be the corresponding quantities for 

the half-space x 2 > 0 .

For simplicity, we take the deformation to correspond to plane strain with A3 =  

A3 =  1 so that, with reference to the incompressibility condition (4.1), we introduce
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the notations A, A* such tha t

Aj =  Aj1 =  A, a ; =  A!j- 1  =  A*. (4.5)

We now consider two distinct cases of the strain-energy functions for which 2/3 =  

or +  7  and 2/3 a  +  7  for x 2 < 0 and similarly for x 2 > 0.

4.2 .1  C ase A: 2/3 — a  +  7 , 2/3* =  a* +  7 *

For this case (2.76) reduces to (3.7) which can be rewritten as

a  cos2 0 +  7  sin2 0 — pc2 (4.6)

and (4.4) reduces to

(1 — m 2){a  — 7 m 2 — pc'2} =  0. (4.7)

As defined in Section 3.3 the slowness vector (si, s2) is given by

(s i, s2) =  (cos 0, sin 0 ) /c, (4.8)

equation (4.6) becomes the slowness curve

A4s2 +  s\ =  p, x 2 < 0, (4.9)

in ( s i ,s 2) space, where p is defined by

p =  p/ 7  (4.10)

and a / 7  =  A4 follows from (4.2) and (2.74).

By using the dimensionless notation (si, s2) defined by

(si , s 2) =  ( s i ,s 2) / \ /p ,  (4.11)
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we can write (4.9) as

A4s^ +  s\ =  1 , x 2 < 0 . (4-12)

Let 6*, c*, p* be the counterparts of 0, c, p for X2 > 0 and let ~p* be defined

by

r  =  p*h '  (4 . i 3 )

analogously to (4.10). We use the same non-dimensionalization (4.11) for the slow­

ness vector

(s i> s2) =  (c°s0*,sin0*)/c* (4-14)

and define

=  (4.15)

The counterpart of (4.12) in X2 > 0 is then written

A*4s f  +  s ?  =  D, x 2 > 0, (4.16)

where D  is defined by

D  =  p ' / p  =  (4.17)pry*

Under the considered plane strain conditions the specialization 2 p  =  a  +  7

forces the strain-energy function to have the neo-Hookean form given by (3.26), and

similarly for x 2 >  0  with shear modulus p*.

In this case the value of D  can be obtained from (4.2), (2.74) and (3.26) and is 

given by

D  =  d{A*/A}2, (4.18)
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where

d — /jbp*/pfi*. (4.19)

Slowness curves for x 2 < 0 and x 2 > 0 are shown superimposed in Fig. 4.1 for 

illustrative values of d, A, A*.

(a
4 . 5j

(b)

Figure 4.1: Slowness curves for 2 /? =  a + 7 , 20* — cn*+7 *: (a) {d, A, A*} =  {0.6,1 , 1 }, 

inner (outer) circle for x 2 > 0 (< 0); (b) {d, A, A*} =  {10, 2 , 1 .2 }, inner (outer) ellipse 

for x 2 < 0 (> 0); (c) {d, A, A*} =  {3 ,1 .2 ,3}, short (tall) ellipse for x 2 < 0  (> 0).

4.2 .2  C ase B: 2(5 ^  a  +  7 , 2(5* ^  cr* +  7 *

In this case we take the strain-energy functions to satisfy 0  =  y /a j  (as was used 

by Ogden and Sotiropoulos [17] and by Hussain and Ogden [10]) and similarly 

0* =  yTr*7 *. Then (2.76) takes the form

{y/cx cos2 9 +  -y/ysin2 0} 2 =  pc2 (4.20)
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and (4.4) becomes

{y/a — v 'rm ,2 ) 2 =  p (l — m 2)c'2. (4.21)

The slowness curve corresponding to (4.20) is given by

{A2Si2 +  s22} 2 =  Si2 +  s22, x 2 < 0 (4.22)

in dimensionless form with the notation (4.11) and p defined by (4.10). Similarly,

for x 2 > 0  the corresponding equation of the slowness curve is

{A*2s*2 +  s*2}2 =  {s*2 +  s2*2}£>, (4.23)

where D  is again defined by (4.17).

Similarly to Case A we illustrate the slowness curves for particular values of

A and A* in the two half-spaces in Fig. 4.2. For this we use the Varga strain-energy

function, which is given by (3.35) for x 2 <  0, with jj, as the shear modulus. Similarly 

for x 2 > 0  with shear modulus /V.

In this case the value of D  from (2.74), (3.35) and (4.2) is given by

_ dA*{A*2 + 1 }
A{A2 +  1} (4'24)

where d is defined by (4.19). Note tha t D  in (4.24) differs from th a t given by 

(4.18) for Case A.

Slowness curves for x 2 < 0 and x 2 > 0  are shown superimposed in Fig. 4.2 for 

illustrative values of d, A, A*.
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Figure 4.2: Slowness curves for j3 = arj, /?* = : (a) {d , A, A*} =  {6 ,1.4, 2 },

inner (outer) curve for x 2 < 0 (> 0); (b) {d, A, A*} =  {1.1,0.7, 3.5}, short (tall) curve 

for x 2 <  0 (> 0 ); (c) {d, A, A*} =  {3, 2 .5 ,1 .2 }, narrow (wide) curve for x 2 < 0 (>  0 ).

4.3 R eflection  and transm ission at th e  interface

For continuity of traction at the interface associated with the underlying deformation 

we require o \ — a2.

The boundary conditions corresponding to continuous displacement are

ui =  u j, u2 = u*2 on x 2 =  0 ,

where iq, u2 are the displacement components in x 2 < 0  and uj, u\ are those in 

x 2 > 0 .

From (2.72) the above boundary conditions can be w ritten in terms of the scalar
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functions ip and ip* as

V’,1 =  4>*1, 'lp.2 = 1p*2, (4.25)

on x 2 — 0 , where ip* is the counterpart of ip for x 2 > 0 .

The boundary conditions for continuous incremental traction on the interface

are

where E 21, E 22 are the traction components in x 2 <  0 and E21, E 22 those in 

x 2 > 0 .

Prom (3.1), (3.5) and the continuity condition cr2 =  <j 2, the boundary conditions 

(4.26) take the forms

in term  of ip and ip*, where, in order to obtain (4.28), the second equation in (4.26) 

has been replaced by

and use made of (3.5) and its counterpart for x 2 > 0.

Notice tha t the boundary conditions (4.27) and (4.28) are independent of the 

pre-stress a2.

We now consider a wave incident on the boundary x 2 =  0 from the region 

x 2 < 0  with direction of propagation (cos0 , smd) in the (aq, rr2)-plane and speed

E2i — E2i 5 E 22 — E 22 on x 2 — 0 (4.26)

7W >,22 -  V »,ll) =  7*(V»*22 -  C l l ) ’ (4.27)

E22|i -  S 22)1
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c . We write the solution comprising the incident wave, a reflected wave ( with angle 

of reflection equal to the angle of incidence) and an interfacial wave in x 2 < 0  as

ip =  A  exp[ik(xi cos 9 T  x 2 sin 9 — ct)] +  A R  expfz&faq cos 9 — x 2 sin 9 — ct)]

+ A R 1 exp[£A/(a;i — im x 2 — c't)], (4.29)

where R  is the reflection coefficient and R' measures the amplitude of the interfacial 

wave. The notation A/, m, d  is as used in (4.3).

In the half-space x 2 >  0 we write the solution comprising a transm itted and an 

interfacial wave in the form

ip* = AR* exp[ifc*(rci cos0* +  x 2 sin 9* — c*t)] -1- AR*' exp^/c*' (aq +  im *x2 — c*'t)],

(4.30)

where R* is the transmission coefficient and R*' is the analogue of R! for x 2 >  0. 

The transm itted wave has direction of propagation (cos 6*, sin 0*), wave number k* 

and speed c*, while k*’, m*, c*' are the counterparts of k \  m, cb Note tha t the 

interfacial wave decays as x 2 —* oo provided m* has positive real part.

According to Snell’s law we have

k cos 6 = k' — k* cos 9* =  k*'

or, equivalently,

cos 9/c — 1 /d  = cos 9*/c* = 1 jc*'. (4-31)

Equation (4.31) states, in particular, tha t the first components of the slowness vec­

tors for each homogeneous plane wave interacting at the boundary x 2 = 0  are equal, 

in this case si =  s |.
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Thus, by reference to the slowness curves for x 2 <  0 and x 2 > 0, superimposed 

as exemplified in Fig. 4,1 and Fig. 4.2, the range of angles of incidence for which a 

transm itted wave exists can be identified. In Fig. 4.1(b), for example, since the inner 

curve corresponds to x 2 < 0  there is, for every angle of incidence (i.e. for every si 

associated with the curve) a point on the outer curve for which s* =  $i, and hence 

a transm itted wave. In Fig. 4.1(a), on the other hand, there are values of si on 

the slowness curve for x 2 < 0  for which there are no corresponding values of sj on 

the x 2 > 0 slowness curve and therefore there is a range of angles of incidence for 

which no transm itted wave exists. This will be discussed further in Section 4.3.1. 

The situation in respect of Fig. 4.2 is less straightforward and will be examined in 

Section 4.3.2.

We now consider again Case A and Case B separately.

4.3 .1  C ase A: 2(3 =  a  +  7 , 2(3* = a* +  7 *

In this case we see from equation (4.7) tha t m  = ± 1 , which yields an interfacial 

wave in the half-space x 2 < 0 if m  = 1. The zeros of the other quadratic factor in 

(4.7) correspond to m  = z tan#  and m  = —i tan0 , which are associated respectively 

with the incident and reflected waves in x 2 < 0 .

Thus, in x 2 < 0, the solution (4.29) applies with m  =  1 .

In x 2 > 0 the solution consisting of a transm itted wave and an interfacial wave 

may be written as (4.30) subject to (4.31) and with m* =  1 . The la tter arises from 

the first factor in the analogue of equation (4.7) for x 2 > 0 ,  i.e. m *2 — 1. The second
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factor gives

m *2 =  (a* -  p*c*'2) /V \ (4.32)

Using the fact tha t a* /7 * =  A*4 together with (4.31) and the definitions (4.10), 

(4.13) and (4.17) equation (4.32) may be written as

m *2 =  A*4 -  .D(A4 +  tan 2 0). (4.33)

If this corresponds to a transm itted wave then we must have

m* = —2 tan 0*, (4.34)

where 9* is a real angle given by

tan 2 9* =  £>(A4 +  tan 2 9) -  A*4. (4.35)

If DA4 > A*4, i.e., from (4.18), dX2 >  A*2, then the right-hand side of (4.35) is 

positive for all 9. Thus, if DA4 > A*4, a transm itted wave exists for all angles of 

incidence.

If, on the other hand, DA4 < A*4, then there is a critical angle, 9 — 9C say, such 

th a t

tan 2 9C = \*4/ D  — A4. (4.36)

In this case there is a transm itted wave for angles of incidence such th a t 9C < 9 <

7r / 2 , but for 0 <  9 < 9C there is no transm itted wave and there are two interfacial

waves, one with m* = 1 and the other with m* given as the positive solution of

(4.33). These interfacial waves have the same speed d  given by (4.31) but in general 

the value of m* given by (4.33) is not equal to unity. In fact, it can be unity (for 

some 9 such th a t 0 <  9 < 9C) only if A*4 — DA4 >  1.
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At the transitional angle 9 =  9C we have 9* =  0 and the first term  in (4.30)

corresponds to a plane shear (body) wave propagating parallel to the boundary in

x 2 > 0 .

Using (4.29) and (4.30) appropriately specialized in the boundary conditions 

(4.25), we obtain

1 + R  + R' = R* + R *\ (4.37)

t (1 -  R) -  iB! =  t*R* +  iR *', (4.38)

where we have introduced the notation

t  = tan 9, t* — tan 9*,

the la tter applying when the right-hand side of (4.35) is positive. When (4.35) is 

replaced by (4.33), t* is replaced by im* in (4.38) with m* real and positive.

W ith the specialization 2/3 =  a  +  7 , 2/3* =  a* +  7 *, the boundary condition 

(4.28) becomes

(A4 +  2)^112 +  i>,222 — pip, 2 =  <3[(A*4 +  2)'0)\i2 +  *0*222 — (4.39)

where

S =  7 */y =  M* A2//iA*2. (4.40)

Again with appropriate specialization, substitution of ip and ip* from (4.29) and

(4.30) into (4.27) and (4.39) leads to

(1 -  t 2)( l +  R) +  2R' =  6[( 1 -  t*2)R* +  2R*1], (4.41)
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2it(R ~  1) +  R’(t2 -  1) =  S[-2 ifR*  +  (1  -  t*2)R*'], (4.42)

with t* replaced by i n f  where necessary.

Note th a t when 5 =  0 equations (4.41) and (4.42) reduce to equations given in 

[17] for a single half-space with a2 =  0.

The solution of equations (4.37), (4.38), (4.41) and (4.42) for R , R!) R* &ndR*' 

may be w ritten

7? =  (9 + ih){t + i) , e + i f
(nf A- ohr\(+   U(a' +  ibf) (t — i) ’ (a' +  ib’) (t — i) ’

D* =  C+ id R,’ =  a + i!) U
(a1 +  ib')(t* — i ) ’ (a1 +  ib')(t* — i ) ’

where the coefficients are defined by

a =  444*(5 -  1) -  242{42 -  1 +  <5(1 -  4*2)},

b =  - 2 4{42 -  1 + 5(1 -  t*2) +  2(5 -

a' =  54*2(54* +  4) +  St*(I -  35 + 12) +  (5 -  3)t +  t \

b' =  (l  +  5)54*2 + 444*5 +  (5 -  l ) 2 +  (1 +  5)42, 

c =  td, d =  24{1 +  42 +  5(1 +  4*2)}, 

e =  2544*{3(5 -  1) +  42 -  54*2},

/  =  2t{—<52(1 + 1*2) +  35 -  2 -  (5 -  2)42}, 

g =  5t*2(5t* -  4) +  54*(1 -  35 + 12) -  (5 -  3)4 -  43,

h =  54*2(1 +  5) -  454*4 H- (5 -  l)2 +  (1 +  5)42. (4.44)

In Section 4.4.1 graphical results for the absolute values of i7, Rr, R* and R*' are 

given.
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4.3 .2  C ase B: j3 =  ^/cry, /3* =

In this case, from (4.21), after using a / 7  =  A4 and the Snell’s law cos 9/c  — 1/c', 

we have

(1 + t 2)( A2 — m 2) 2 =  (1  — m 2)(A2 +  t2)2, (4.45)

which can be reorganized as

m 4(l + 12) +  ?n2 (A4 -  2A2 +  i4) -  t 2 (t2 -  A4 4 - 2 A2) =  0. (4.46)

Note th a t m  = -{-it and m  = —it are the solutions of (4.46) corresponding to the 

incident and reflected waves respectively. By removing the factor m 2 +  t 2 from 

(4.46) we get

m 2( 1 + 12) -  t2 +  A2 (A2 -  2 ) =  0, (4.47)

which gives

m  =  ± ^ 1  -  (A2 -  1)2/(1 4 -12). (4.48)

If A <  y/2 then m  is real for all 9 and the positive solution of (4.48) corresponds 

to an interfacial wave in x 2 < 0. If A > y/2 then there is a critical value of 9: 9C 

say, for which m  = 0  and this is given by

tan 2 0C — A2 (A2 — 2). (4.49)

It follows th a t m  is real for 9C < 9 < tt/2. For 9C < 9 < tt/2  there is a reflected 

wave accompanied by an interfacial wave. For 9 = 9C the interfacial wave becomes 

a plane shear (body) wave propagating parallel to the boundary in x 2 < 0. For
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0 <  0 < 9C the interfacial wave is replaced by a second reflected wave with angle of 

reflection,6 \  say, obtained from (4.48) by replacing m by —i tan # ' to give

t '2 = {V(A2 — 2) — t2} / ( l  + 12), (4.50)

where

if = tan# '. (4.51)

Note th a t equation (4.50) may be rewritten as

cos2 6 cos2 6' = 1 /  (A2 — l ) 2, (4.52)

which is the same as equation (3.29) for (3 =  ^Jor( by using a / 7  =  A4, and does not 

depend on the presence of the half-space x 2 >  0  (it requires only the use of Snell’s 

law and the propagation condition).

The wave speed d  of the second reflected wave is obtained from Snell’s law in 

the form d  =  c cos# '/cos#  together with (4.52).

For the half-space x 2 > 0, we obtain a similar equation to (4.45), namely

(1  -I- £*2){A*2 -  m *2} 2 =  {1 -  m*2}{A*2 H- t*2}2, (4.53)

this has solution m*2jrt*2 =  0. The solution m* =  it* corresponds to a transm itted 

wave provided t* is real. The other solutions are

m* = 1 — (A*2 — l ) 2/ (1 +  t*2).

An expression for t* is obtained by using the propagation condition (4.20) and 

its counterpart for x 2 > 0 together with Snell’s law (4.31). This gives a quadratic 

for £*2, which we write as

_  p *  _  2A*2)£*2 +  A*4 ~ D *  = 0, (4.54)
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where D* is defined by

D* = D ( \ 2 + t 2Y / { l  + t2) (4.55)

and D  is given by (4.24).

Equation (4.54) may have real, pure imaginary or complex solutions for t* de­

pending on the values of A, A* and D  and on the angle of incidence. We delimit 

the possibilities as follows.

(a) There are two positive solutions for t*2, and hence two transm itted waves,

if

A*2 > 2, A*4 > D* > 4(A*2 -  1). (4.56)

When the equality holds on the right hand side the two solutions ( and hence the 

transm itted waves) coincide. If A*4 =  D* > 4(A*2 — 1) one of the transm itted waves 

becomes a plane shear (body) wave propagating parallel to the boundary in > 0 .

(b) There is one positive and one negative solution for t*2, and hence one trans­

m itted and one interfacial wave, if

D* > A*4, (4.57)

where A*2 may be greater than, equal to or less than 2 . If D* = A*4 <  2A*2 the 

transm itted wave becomes a plane shear (body) wave as in (a).

(c) There are two negative solutions for t*2, and hence two interfacial waves, if

A*2 <  2, A*4 >  D* >  4(A*2 -  1 ), (4.58)

with the solutions equal when equality holds on the right-hand side.
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(d) There are two complex conjugate solutions for t*2, and hence two interfacial 

waves, if

D* < 4(A*2 -  1) <  A*4. (4.59)

As for (b) this can hold for A*2 greater than, equal to or less than  2 .

In connection with determination of which of cases (a)-(d) holds it should be 

observed th a t if A2 <  2 then D *, regarded as a function of t  (>  0) is monotonically 

increasing with minimum DA4 a t t  = 0. On the other hand, if A2 > 2 then, as 

t  increases from zero, D* decreases from D A4 to its minimum 4D(A2 — 1) where 

t 2 — A2 — 2 and thereafter increases monotonically.

As in Case A, the solutions ip and ip* may be w ritten in the forms (4.29) and

(4.30) respectively, with m  in (4.29) given by the positive solution of (4.48) when 

real and replaced by — ztan# ' when imaginary. In (4.30), tan0* and im* are the 

relevant solutions of (4.54) for t* depending on which of the possibilities (a)-(d) 

applies.

The coefficients R, R ', R* andi?^ are determined by using the boundary condi­

tions (4.25), (4.27) and (4.28), with (4.28) taking the form

(2A2 +  l ) l p , \ X 2  +  Ip , 222  —  7N>, 2 —  <H(2(A* )2 +  1 )^ * L 1 2  +  ^ 222 ~  P * ^ }  (4.60)

in this case, where

(i* A(A2 +  1 ) 
yuA*(A*2 +  1)

r * / ~T X / a N
<* =  7 /7  =  " .,xW- ; ; 2 , (4-61)

By substituting the values of ip and ip* from (4.29) and (4.30) in (4.25), (4.27) 

and (4.60) we obtain

1 + R  + &  = R * + R * ,  (4.62)
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t ( l - R ) ~  im R ' =  t*R* + im*R*‘, (4.63)

(1 -  t2)R  +  (1  +  m 2)R' +  1 -  i 2 =  (5(1 -  i*2)#* +  5(1 +  m ’2) i r '  (4.64)

and

it[D {t2 +  2A2 +  1} -  D*]R +  m [D {m 2 -  2A2 -  1} +  D*)R! 

- i t D { t 2 +  2A2 +  1} +  itD* =  iDt*b[D* -  2A*2 -  1 -  t ,2]R '

—Dm*S[m*2 -  2A*2 -  1 +  D *]iT ', (4.65)

respectively.

For (5 =  0, (4.64) and (4.65) reduce to equations obtained in [17] for 0 2  =  0 

when specialized for the Varga material.

The solutions of (4.62)-(4.65) for R , R!, i7* and i ?*7 are obtained in the form

^  =  ( /  +  ^ ) ( ^  +  i7) , =  (d +  ie)
(  ̂f _L- g  ̂ _L. n(t* — im*)(d  +  zd')(e' +  2/ ' ) 5 (t* — +  zd') ’

E>* _  _________________ ^_________________  ry*'   Q> i b  . .

(t* — +  zd') (e' +  z / ') 5 (a7 +  z6') ’

but now the coefficients are defined by

a =  2(m2 +  t2){A -  $£>*(£ +  t*2) } t *,

6 =  2m [t3(JB£> +  D*) -  {A +  (BD  +  .D*)£}{1 +  d(t*2 -  X)}], 

a' =  m m *{t2 -  1 -  <5(f 2 -  l)}{thD(?7z*2 -  L) — B D  — D *} +  t*{5(m*2 + 1 )  -  m 2 -  1}

{d.Dt(L +  i*2) -  A},
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b' =  (B D +D *)m {m 2(t+t*)—tm(t+5t*)t*~(m+5m*)m*mt—mt*{5—l+m*(m+5m*)}

—5Dm*{m*2—L ) { m ? ( t+ t* ) + t f ( t+ S f ) } —m { ~  l+5+m*(m+5m*)}{A+6Dt*(L+t*2)}

-(to* +  m)S{t'2D(L  + t*2) +  t*A}t*,

c =  2tDm*5(t2 +  m 2)(m*2 - L) I 2/lm*{/2 +  to(cto* -{- m)} +  2Am(t2 — 1 +  5)

+2mD*t{6(l  +  to*2) + t2 -  1} +  2m D Bt{ t2 -  1 +  5(1 +  m*2)},

d  =  -2m *(t2 -  1 +  5(1 -  4*2)}{r>5t(£ -  m’2) -  j4} ,

e =  - 2 4*{42 - 1  +  5(1 +  m ’2)}{D5t(tt* +  L) -  A },

/  =  m5t??i*{D* +  Z)5(L + 1) +£>(B + mm* — 1)} — orntm* {D* +  D(B  — tt* +  mm*)}

+54D[to*2{5(1 — t*2) +  t t* — 1} +  (L +  4*2)(1 — 5 +  m2)] — A{m(5m* +  to) +  1 — 5},

5 =  D*m{l — 5 +  4(54* — 4)} + A4*5(ro +  m*) +  Bro{.D(l — 42 — 5) +  5tt*} +  m*2mSt2 D

+ m *t*D 5{ t ( \+m 2) -5 {L t+m m *t* ) - t {5+ t t* ) } -D m 5{ t*2{t2+ m m * + 5 - l ) + L { i 1+ 5 - l ) } ,

h =  -m*{24*(42 -  1) +  54*2(4 -  4*) +  m*25(t +4*) +  24* 5},

I  =  (i*2 -  m*2)(l -  t2) -  54*2(44* +  1) +  5to*2(1 -  2t*2 -  tt*),

c' =  m*£>*{l-42-5(l+44’)}-m*4*4D5{l+m2+44*-5(l+L)}+TO£>5[TO*2{42- l+ 5 ( l-4 * 2)}

-£(1+ 44*) +  L(1 -  5 - 42) +  4*2(l -  42 -  toto* -  5)] -  At*5{m +  m*) +  m D B {  1 - 42),

=  m*5D[m*t{8(l — t*2) — m2 — tt* — 1} +  4*m{l — t2 — 5(1 +  L)} — B m (t  +  4*)]

—A{m(m+m*S)—5 + l } —D*5m*m(t+t*)—L5Dt(8—m 2~ l ) —t*5D{tt*(5—l ) + m 2(m*2—tt*)},

e' =  44* (4 +  6t*) +  4*(5 -  1) +  5m*2{t +  4*),

/ '  =  to* { 1 -4 2 +  5(4*2 - 1 ) } ,
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where further we have

A  =  t { D ( t 2 +  2A2 +  1) -  D*}, B =  m2 -  2A2 -  1 and L =  1 +  2A*2 -  D \

In Section 4.4.2 the graphical results for the absolute values of 

R } i?/, R* and R*' are given.

4.4 N um erical results

4.4 .1  C ase A: 2/9 =  a  +  7 , 2/9* =  ct* +  7 *

For this case the graphical results for different values of d, A and A* are given in 

Figs 4.3-4.6 . Figs 4.3 and 4.4 are for the case with no pre-strain with d < 1(> 1) 

respectively. W ith reference to the slowness curve in Fig. 4.1(a) there exists no 

transm itted wave in the region 0 <  9 < 0.685. We see this fact from Fig. 4.3(a) tha t 

|jR| =  1 in this range. From (4.43) we can find tha t \R!\ is vanishing at 9 = 0.553 

(as shown in Fig.4.3(b)). For Fig. 4.3 the graphs are continuous across the regions 

0 <  0 < 0.685 and 0.685 < 9  < tt/2.

Figs 4.5 and 4.6 are drawn for the case with pre-strain. Fig. 4.5 is drawn with 

reference to the slowness curve in Fig. 4.1(b) when there exists a transm itted wave 

for every angle of incidence (this is also the case for the waves in Fig. 4.4). Fig. 4.5 

shows th a t \R\ is decreasing but l-R'l, \R*\ and | ^ ; | are increasing except \R'\ 

which again decreases in the end. This behaviour is different as compared to Fig. 4.4 

(with 110 pre-strain) where both \R'\ and \R*'\ decrease after a certain value of 9 

and |i?| increases near the normal incidence.

Here we see from the Section 4.3 from the discussion of the slowness curves in
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Fig. 4.1(c) tha t we have two interfacial waves in x 2 > 0 from 0 <  0 <  0.983 and

then a transm itted wave is accompanied by an interfacial wave in 0.983 <  0 <  tt/2.

Bearing this in mind we see tha t |ii| =  1 for 0 < 0 <  0.983 in Fig. 4.6(a). We see in 

Figs 4.6(b) and 4.6(c) tha t each of \R'\ and \R*\ vanishes a t one point. This value 

of 0 can be calculated from (4.43) and (4.44) and is given by 0.75 and 0.763 for 

\R'\ and \R*\ respectively. Notice tha t the four graphs in F ig .4.6 are continuous 

between the two regions.

In all the Figs 4.3-4 .6  for the grazing incidence (at 0 =  0) there are no non­

trivial results as \R\ =  1 and |_R'| =  \R*\ ~  |_R*' | =  0. In Figs 4.3 and 4.6 for 

the grazing reflection (0* =  0) we have transitional angles 0 =  0.685 and 0.983 

respectively where one of the interfacial waves changes to a transm itted wave (in 

x 2 >  0). In x 2 <  0 there is no such transition because there is only one reflected 

wave and one interfacial wave for every angle of incidence.

An interesting thing to note is tha t none of \R\, |jR'|, \R*\ and \R*'\ vanishes at 

0 =  7t / 2 . To see this in detail we refer to (4.37), (4.38), (4.41) and (4.42). After 

using (4.35) except (4.37), the other three equations, when 0 — 7t/2  give

1 -  R  =  V D R \  (4.67)

1 +  R  = D S R \  (4.68)

and

R! — ~5D R*', (4.69)

respectively. Solving simultaneously (4.67), (4.68) and (4.69) alongwith (4.37) we
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get

R S ' / D - 1 , -2Ss/D(6D  -  1)
i v ^ + l ’ (l +  5 \/D )(l +  5£>)’

R* = —^  2-  iT ' = -------2 ( S f l - l ) ---------
' /D (6 \ fD  +1 )  VD(1 +  SVD)(1 +  6D) v '

Thus we see th a t none of them is zero since from (4.18) and (4.40) we have 

5D = p*/p  but i t ’s easily seen tha t for the two half-spaces to be made up of same 

m aterial we have 5 =  D  =  1 which gives R  = R! = R*‘ — 0 and R* — 1.

For Fig. 4.3 by using (4.18) and (4.40) in (4.70) with A =  A* =  1 , d =

0.6 and p,/p* =  a (say) =  1.5, we see tha t \R\ = 0.32, \R'\ — 0.292, \R*\ =

1.7 and \R*‘\ = 0.73 at 6 = 7t / 2 . Similarly from (4.70) we see th a t \R\ =

0.07, \R’\ =  0.185, \R*\ = 0.62 and \R*'\ =  0 .1 2  for A =  A* =  1 , d = 3 and a = 2

(as shown in Fig. 4.4) a t 6 — ty/2. W ith d = 10, A =  2, A* =  1 .2  and a = 2 ,

we get |i7| =  0.45, \R'\ =  0.97, \R*\ =  0.289 and \R*'\ — 0.193 (as shown in

Fig. 4.5) at 9 ~  ir/2. Similarly for d — 3, A =  1 .2 , A* =  3 and a — 2 we have

|ii| =  0.48, \Rl\ = 0.103, |H*| =  0.34 and \R*'\ =  0.07 as we see in Fig. 4.6 at the 

normal incidence.
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0 . 2 5  0 . 5  0 . 75  1 1.25 1 . 5  ( a ) (b)

0 . 25  0 . 5  0 . 75  1 1. 25  1, 5 1 . 25  1 , 5

Figure 4.3: Plots of \R\, |.R'|, \R*\ and \R*'\ in (a), (b), (c) and (d) respectively 

against 9 ( 0  <  9 <  7r / 2 ) for 20 = a  +  7 , 20* — a* +  7 * with {d, A, A*} =  {0.6, 1 , 

!}■
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0 . 8

0,25 0,5 0.75 1 1.25 1.5 ^ L25 1.5 (b)

0.25 0.5 0.75 1 1.25 1.5 ^

Figure 4.4: Plots of |i£|, |i27|, \R*\ and \R*'\ in (a), (b), (c) and (d) respectively 

against 9 (0  <  6 < tt/2  ) for 2/3 = a  +  7 , 2(3* — a* +  7 * with {d, A, A* } =  {3, 1, 

!}■
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0 . 25  0 . 5  0 . 75  1 1 , 25  1. 5 0. 25 0 . 5  0 . 75  1 1 . 25  1, 5

0.175!
0 . 25

0. 15

0, 125

0. 1 5

0, 075

0.05
0 . 05 0.025

0, 25  0 . 5  0 . 7 5  1 1 . 2 5  1 . 50 , 25  0 , 5  0 . 75  1 1 , 25  1. 5 c

Figure 4.5: Plots of \R\, \R*\ and \R*'\ in (a), (b), (c) and (d) respectively

against 9 (0  <  9 < 7t / 2  ) for 2j3 — a  +  7 , 2j3* = a* +  7 * with {d., A, A* } =  {10, 2 , 

1.2}.
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0, 25  0 , 5  0 . 75  1 1 . 25  1 . 5 (a) 0. 25 0 . 5  0 . 7 5  1 1 . 25  1 . 5

0 . 2 5  0 . 5  0 , 75  1 1 . 25  1 . 5

(b)

(c) 0 . 25 0 . 5  0 . 75  1 1 . 2 5  1 . 5 (d)

Figure 4.6: Plots of \R \} |.R*| and \R*'\ in (a), (b), (c) and (d) respectively

against 9 (0  < 8 <  7r / 2 ) for 2(3 =  a  +  7 , 2(3* = a* 4 - 7 * with {d, A, A* } =  {3, 1 .2 , 

3}.
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4 .4 .2  C a s e  B :  /? =  y 'c ry , /?* =  y /a * 7 *

For this case the graphical results are given in Figs 4.7-4.9. In Fig. 4.7 results are 

drawn (for a =  3) with reference to the slowness curves in Fig. 4.2(a) in which we 

have one reflected wave accompanied by an interfacial wave in x 2 < 0 and one 

transm itted wave accompanied by an interfacial wave in x 2 > 0 for every angle 

of incidence. As in Case A, \R\ starts from 1 but \R*\, and |if* '| starts from

0 so there are no non-trivial results for grazing incidence. Both \R'\ and | R*'\ are 

increasing in the start and then decreasing after a certain value of 9 . \R*\ increases 

throughout but \R\ decreases in the start and then increase after a certain value of 

9. These results are of similar nature to those in Fig. 4.4 (in Case A).

In Fig. 4.8 (for a — 1.5) with reference to the slowness curves in Fig. 4.2(b) there 

are three separate regions for 0 < 9 < 0.743, 0.743 <  9 < 1.06 and 1.06 <  9 <  t t / 2  

in which waves change their nature in aj2 > 0. In x 2 < 0 we have one reflected 

wave accompanied by an interfacial wave for every value of 9 since A =  0.7 < \ /2 } 

as discussed in Section 4.3.2.

For 0 < 9 < 0.743 we have two interfacial waves in x 2 > 0, for 0.743 < 9 < 1.06 

we have two transmitted waves in x 2 > 0 and finally for 1.06 <  9 <  t t / 2  one 

transm itted wave is accompanied by an interfacial wave.

Again as in Figs 4.3(a) and 4.6(a) (in Case A) we see th a t in Fig. 4.8(a) \R\ =

1 in 0 <  9 < 0.743 as long as there is no transm itted wave. The graphs of 

\R \, \R'\, |if*| and \R*'\ are continuous between the three regions.

In Fig. 4.9 (for a = 2 ), with reference to the slowness curves in Fig. 4.2(c) for 

X2 > 0, we have one transm itted wave with an interfacial wave in 0 < 9 < t t / 2  but
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for x 2 < 0 we have two intervals for 0 < 6 < 1.38 with two reflected waves and 

1.38 <  0 <  7r/2 with one reflected wave accompanied by an interfacial wave.

Graphs of |if|, \R '\} |i?*| and \R*'\ are continuous between two regions. Since 

A =  2.5 > \/2 , h  follows from Section 4.3.2 that we have a critical angle 9C = 1.38.

Again, as in Case A at 9 =  tt/2,  none of \R\, |it '|, |f t* | and \R*'\ vanish. To

check this behaviour we refer to (4.62)-(4.65). When 9 —»■ w/2 (4.55) becomes 

D* ca D t2 and using this in (4.65) gives

D t2 =  f*2, (4.71)

for t  =  tan ^ , t* =  tan0* and D  is given by (4.24). Equations (4.63) and (4.64) 

become

t { l - R ) = t * R * ,  (4.72)

f2(l +  i?) = 5t*2R * (4.73)

and (4.62) is unchanged. In order to see the values of |i?'| and \R*'\ as 9 —>■ tt/2  

let us assume

l  + R - R *  = K  (say), (4.74)

So th a t from (4.62) we have

K  + R! = R*f . (4.75)

On solving (4.72) and (4.73) (by using (4.71) for t* > 0) we get

R" = —= —  ---- = -  (4.76)
V D (  1 +  5 s/D)
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and

R = S t S t t  (4 '77)Oy i-J  "F 1

From (4.24) the values of D  for the Figs 4.7-4.9 are given by 14.48, 46.686 and 

0.2 respectively. Similarly from (4.61) the corresponding values of <5 are given by 

0.138, 0.015 and 3.1. Using these values of D  and 5 in (4.76) and (4.77) we get 

R  = —0.311, —0.814 and 0.366 and R* =  0.345, 0.2655 and 0.911 for the Figs 4.7- 

4.9 respectively. I t ’s easily seen th a t these values tally with their absolute values 

as shown in the Figs 4.7-4.9 respectively. Therefore K  from (4.74) for the Figs 

4.7-4.9 is given by 0.344, —0.795 and 0.455 respectively. Further from the graphical 

results we have |R*'\ ~  0.12, 0.05 and 0.18 for the Figs 4.7-4.9 respective^. By 

using the corresponding values of K  and R*' as 0 ,12 ,-0 .05  and 0.18 in (4.75), 

the values of R* are given by —0.23, —0.03 and —0.275 respectively which tally 

with the absolute values as shown in the Figs 4.7-4.9.
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0 . 8

0 . 25  0 , 5  0 , 75  1 1. 25  1. 5 0 . 25 0 . 5  0 . 7 5  1 1 , 25  1 . 5  ^
0 . 35

0, 25

0 . 25

0. 15

0 . 15

0 . 050 . 05

U 5  1 . 5  ( c ) 1 . 25  1 . 5

Figure 4.7: Plots of \R\, lii'l, |i7*| and \R*'\ in (a), (b), (c) and (d) respectively 

against 9 (0  <  9 < i t /2 ) for (3 = y/ary, = y'dFy* with {d, A, A*} =  {6, 1.4, 2}.
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1.75

1.25

0. 75

0 . 25

0 . 25  0 . 5  0 . 7 5  1 1 . 25  1 . 5 0 . 25  0 . 5  0 . 75  1 1 . 25 1 . 5  ^

0, 25  0 . 5  0 . 7 5  1 1 , 25  1 . 5 0 . 25  0 . 5  0 . 7 5  1 1 . 25 1 . 5  ^

Figure 4.8: Plots of \R\, |_R'|, \R*\ and \R*'\ in (a), (b), (c) and (d) respectively 

against 9 (0 <  9 <  tt/2 )  for =  a/cFy, j3* =  y/a*^* with {d, A, A* } =  {1.1, 0.7, 

3.5}.
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1 . 25  1 . 5 (a) (b)

1. 25 1 . 51 . 25 1 . 5

Figure 4.9: Plots of \R \7 \R*\ and \R*'\ in (a), (b), (c) and (d) respectively

against 0 (0  <  Q < ir/2 ) for j3 =  j3* =  /̂ck*7 * with {d, A, A* } =  {3, 2.5,

1.2}.
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C hapter 5 

R eflection  of plane waves at the  

boundary o f an elastic half-space  

subject to  sim ple shear

In this chapter we will discuss the effect of finite strain principal axis orientation 

on the reflection from a plane boundary of infinitesimal plane waves propagating in 

a half-space of incompressible isotropic elastic material. A ttention is focussed on 

waves propagating in a principal plane of the deformation corresponding to simple 

shear.
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5.1 Basic equations

For a simple shear deformation, from Section 2.2, the Eulerian principal axes 

and v^2) are given by

=  cos <f> ei +  sin <j> e2,

=  — s in ^ e i +  co s0 e2) (5.1)

where <j> is given by (2.28). Since the material is isotropic we must have equation

(2.30) to hold with v^3) =  e3 , so th a t the Cartesian components of a  are given by

a n  = <Ji cos2 4> +  02  sin2 0,

& 12 =  (oi — <72) sin <j) cos 4

022 =  <Ll sin2 0 +  cr2 cos2 0. (5.2)

It is convenient to re-cast (2.71) in terms of components relative to the Eulerian 

axes with coordinates (x '^x^). Let u\ and A !Qjilk be the components in this case, 

with nj regarded as functions of (x [ ,x l2 , t ) . From the incompressibility condition 

(2.64) in terms of these components we deduce the existence of a function 0 ' =  

tj/ (xi , x 2 jt)  such tha t

u i ~  ^ ,2 ? U2 =  “ ^ ,1j (5-3)

wherein the indicated differentiations are with respect to (2^, #2) •

W hen referred to the Eulerian axes equation (2.71), after substitution from (5.3), 

yields an equation for 0 ', namely

^^,1111 +  2 /?0 j1122 +  7^,2222 =  P{$, 11 d" ^ , 22)! (3-4)

7 0



as in [5,6], where the material parameters a ,/3 , 7  are now defined by

a  = ^ 0 1 2 1 2  > 7 =  7 I021215 2/3 =  -4omi +  ^02222  — 2-4on22 — 2*4qi22i. (5-5)

Here, the components -4'0j-^  are constants since the underlying deformation is 

homogeneous. For future reference we note that the components Aojuk (mentioned 

in (2.63) and (2.69)) are related to through

-4oijkl ~  Ipilqjlrkl'sl'Aopqrsi (5*6)

where

1 *  ■ 0cos 0  sin 0
(5,7)

y — sin 0  cos <j>j

(i, j , k ,l  = 1, 2) and we recall (2.29) in case of simple shear. Equation (5.4) may also 

be expressed in terms of derivatives with respect to (aq,ar2) by use of (2.23) and 

the notational change 0 (aq ,£ 2,£) ~  ^ ' ( x ^ x ^ t ) . Explicitly, we then have

(ct cos4 0+2/3 sin2 0 cos2 0 + 7  sin4 0)0,m i + 2  sin 20 (a  cos2 0 - /3  cos 20—7 sin2 0 )0 ,m 2

+  [2/3 +  6 (0 : +  7  — 2/3) sin2 0 cos2 0 )0,1122 +  2  sin 2 0 (a  sin2 0 +  (3 cos 20 — 7  cos2 0 )0,1222

+  (a  sin4 0 +  2/3 sin2 0 cos2 0 +  7 cos4 0 )0 ,2222 =  p (0 ,n  +  0 ,22)■ (5.8)

Stress boundary conditions on the half-space boundary x 2 = 0 are expressed in 

terms of the shear and normal components of the incremental nominal traction, 

namely E 2i and E 22 respectively. From (2.63), by using (5.6), we obtain expressions 

for E 2i and E 2 2 1 in terms of 0  in the form
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E2i =  — sin 20[/3 — a  +  cos2 0 (a  +  7  — 2/3)]0,i2 +  [sin4 </>(a +  7  — 2/3)

+  2 sin2 0(/3 -  7 ) -f- 7 )0 ,2 2  +  [sin2 0 cos2 0 (a  +  7  -  2/3) +  <r2 -  7 )0 ,11, (5.9)

— S 22,i =  [2/3(cos4 0 +  sin4 0) +  3(qj +  7  — 2/3) sin2 0 cos2 0 +  2 (q; +  7 ) sin2 0 cos2 0 

+  7  — 0 -2)0,112  +  2 sin 20[or — (3 — (cu +  7  — 2/3) cos2 0)0 ,122 +  [2/3 sin2 0 cos2 0

+  7  cos4 0 +  a  sin4 0 ]0 )222 — P0,2 — sin 2 0 [ ( 7  — /3) sin2 0 +  (/3 — a) cos2 0 )0 ,111.

(5.10)

In equation (5.10) we have again eliminated tt from S 22 by differentiating with 

respect to x \ and use of (2.69). (5.9) and (5.10) will be used in Section 5.3.

5.2 P lane waves

We consider time-harmonic homogeneous planes waves of the form (2.75). Substi­

tution of (2.75) into (5.8) leads to

aco s4(# — 0) +  2/3sin2(6 — 0 ) cos2 (6> — 0 ) +  7 sin4 (0  — 0 ) =  pc2. (5-11)

Equation (5.11) is the propagation condition which determines the wave speed for 

any given direction of propagation in the (aq, j&2)-plane. We note th a t pc2 > 0 for 

all such directions if and only if the strong ellipticity inequalities given by (2.77) 

hold. Further (5.11) reduces to (2.76) for 0 =  0.

Similarly, for an inhomogeneous plane wave of the form

0  =  .A* exp[ifc*(:rq — im x2 — c*t)] (5 .1 2 )
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we obtain

a  cos4 0 +  2/3 sin2 0 cos2 0 +  7  sin4 0  — 2% sin 20(a cos2 0 - / 3  cos 20 — 7  sin2 0)m 

— [2/3 +  6 (o; +  7  — 2/3) sin2 0 cos2 0]m2 +  2i sin 20(o; sin2 0 +  (3 cos 20 — 7  cos2 0)m 3

+  (asin 4 0 +  2/3sin2 0cos2 0 +  7 COS4 0)m4 =  p(l — m2)c*2, (5.13)

and for the wave to decay as x 2 —» —oo we require that m  has positive real part, 

(5.13) reduces to (4.4) for 0 =  0 and c* =  d .

Note that the above applies for any isochoric plane deformation in the ( l,2)-plane 

and that results for simple shear are obtained by appropriate specialization.

We consider two distinct cases corresponding to different relative values of the 

material parameters a , /3, 7 .

Case A: 2/3 =  a +  7

With this specialization equations (5.11) and (5.13) reduce to

a  cos2 (9 — 0) +  7 sin2(# — 0) =  pc2 (5.14)

and

(m2 — 1) [(a sin2 0  +  7  cos2 0 )m2 +  im ( a  — 7 ) sin 20  +  pc*2 — (a  cos2 0  +  7  sin2 0 )] =  0

(5.15)

respectively.

In terms of the slowness vector (s i,s2) defined by (4.8) equation (5.14) may be 

written as

a(si cos 0  +  s2 sin 0 ) 2 +  7(^1 sin 0  — s2 cos 0 ) 2 =  1 ,
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where a  and 7  are defined by (3.15).

By using the dimensionless slowness vector (s1}s2) defined by (4.11) and again, 

on noting th a t a / 7  =  A4, we obtain

Equation (5.16) is a dimensionless form of the equation of the slowness curve in 

the ( l ,2 )-plane, which has an im portant role in connection with the interpretation 

of wave reflections and it reduces to (4.12) for 0 =  0.

When the deformation is specialized to simple shear use of (2.29) enables (5.16) 

to be simplified to

Note th a t this is the equation of an ellipse and its principal axes can be shown 

to coincide with the Eulerian principal axes. For the Mooney-Rivlin strain-energy 

function this fact was pointed out in [2 ].

C ase B : 2/3 ^  a  + 7

In this case we illustrate the possible differences from Case A by considering a 

strain-energy function for which

A4(si cos 0  +  s2 sin 0 ) 2 -f (sx sin 0  — s2 cos 0 ) 2 =  1 . (5.16)

(A4 -  A2 +  l)5 i2 +  2A(A2 -  l ) s is 2 +  A2s22 =  1 . (5.17)

/? = (5.18)

as discussed in Section 4.2.2.

For (5.18) equation (5.11) simplifies to

[\/aco s2(# — 0 ) +  ^/ysin2^  -  0 ) ] 2 =  pc2, (5.19)
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and, in terms of the notation defined in (4.11) with a / 7  =  A4, the corresponding 

slowness curve has equation

[A2 (s! cos (f) +  s2 s in 0 ) 2 +  (si sin0  — s2 cos <f>)2]2 =  s i2 +  s22. (5.20)

Note th a t (5.19) and (5.20) reduce to (4.20) and (4.22) respectively for 0 =  0. 

For simple shear (5.20) gives

[(A4 +  I )# ].2 +  2A(A2 — l ) s is 2 +  2 A2s22]2 =  (A2 +  l ) 2 (s i2 +  s22). (5.21)

The specialization of (5.13) for this case is obtained similarly, and, in particular, for 

simple shear, yields

(A4 +  l ) 2 — 4zAm(A4 +  1 )(A2 — 1 ) — 8 A2m 2 (A4 — A2 +  1) +  SiX3m 3(X2 — 1)

+  4A4m 4 =  (1 — m 2)(A2 +  l ) 2c*2 f t ,  (5.22)

but, unlike (5.15), this does not yield a simple factorization.

We now illustrate the dependence of the slowness curves on A in respect of both 

classes of materials by plotting the curves in ( l i , s 2)-space on the basis of (5.17) and 

(5.21). Note th a t (5.21) includes the degenerate solution si =  s2 =  0 corresponding 

to a P wave with infinite speed. This solution has effectively been factored out from 

(5.17) by the specialization 2(3 =  a  +  7 .

Figure 5.1 shows the slowness curves for the case 2/3 =■ a  +  7  for a selection 

of values of A > 1. The curves for A < 1 have the same shape and are essentially 

reflections of those in Fig. 5.1 in the vertical axis.

Figure 5.2 shows the corresponding slowness curves for the case [3 — y /a 7 , again 

for a selection of values of A > 1 . As in Case A, the curves for A < 1 are essentially
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obtained by reflection in the vertical axis. We observe, in particular, than unlike in 

Fig. 5.1, if A is sufficiently large a vertical line may cut the curve in more than two 

points.

-0.5

-0.5

Si

Si

(a)

Si

(b)

(c)

Si

(d)

Figure 5.1: Slowness curves in (si, s2)~space for 2(3 = a  +  7  with the following 

values of A: (a) 1.25, (b) 1.5, (c) 2 , (d) 3.
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-0.5

(a)

(c)

Figure 5.2: Slowness curves in (si, S2)-space for (5 =  y /cry with the following values 

of A: (a) 1.25, (b) 2 , (c) 3, (d) 6 .

7 7



- 1

Figure 5.3: Slowness curve in the (si, s2)-plane for A =  1.5 for a material with 

2/3 — 01+ 7 . The arrows normal to the curve show the direction of the time-averaged 

energy flux.
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Figure 5.3 shows a typical slowness curve for Case A. There are two points at 

which the tangent to the curve is vertical. Let a 0 (> 0 ), as shown in Fig. 5.3, be the 

angle th a t a line joining these points to the origin makes with the Si axis. This is a 

critical angle in the sense tha t the normals to the curve at these points are parallel 

to the horizontal axis. In general, the normal to the slowness curve identifies the 

direction of the (incremental) time-averaged energy flux. This flux is parallel to the 

si axis for a plane wave whose direction of propagation (cos 0, sin 9) is such th a t 

either 6 =  — cuo or 6 = n — a 0 . An incident wave from x% <  0 must have energy 

flux directed towards the boundary x 2 =  0 and hence its angle of propagation 0 

must be such tha t

— Q'o < # <  7r — a'o (5.23)

with oio >  0 for A > 1 and the extreme values in (5.23) corresponding to  grazing 

incidence.

Using the slowness equation (5.16) it is easy to calculate th a t

(A4 —  1 ) cot<£ . j  \

tan a 0 =    n  t - (5.24)(A4 +  cot2 (j)) K 1

For simple shear equation (5.24) simplifies to

tanoio = e, (5.25)

where e is defined by (2.26).
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Figure 5.4: Slowness curve in the ( s i ,s 2}-plane for A =  8 for a m aterial with 

(3 =  a/cF/ • The arrows show the points on the curve at which the direction of the 

time-averaged energy flux is parallel to the si direction. Note th a t the horizontal 

and vertical scales are different.
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Figure 5.4 shows the analogue of Fig. 5.3 for Case B with A =  8. In this case, 

there are six points where the tangent to the curve is vertical, although two of these 

are barely distinguishable since they are very close to the Si axis. In Fig. 5.4 there 

is point symmetry about the origin, as is also the case in Fig. 5.3.

Let a 0 be defined as previously as the angle (below the si axis) tha t a line from 

the origin to a point where the tangent to the slowness curve is vertical makes with 

the si axis, and let to — tanao  . Then, by seeking points where equation (5.20) has 

a vertical tangent, it can be shown that to satisfies the cubic equation

(A2 sin2 (j) +  cos2 0)tj5 — [2(A2 — 1) cos 2<fi — (A2 cos2 <f> +  sin2 <f>)]to — (A2 — 1) sin 2(j> =  0,

(5.26)

which, for simple shear, reduces to

2*o -  (e2 -  2)t0 -  2e =  0. (5.27)

For e >  0 (A > 1) equation (5.27) always has a positive solution for to , while if e

is sufficiently large it has, additionally, two negative solutions. Figure 5.4 illustrates

the la tter case.

5.3 R eflection  from a plane boundary

Let an incident wave impinging on the boundary x 2 =  0 from the region x 2 <  0 

have direction of propagation (cos 0, sin 9) and speed c. Let (cos l9', — sin0') and 

d  (>  0) be the corresponding values for a reflected wave and let c* be the speed of 

a surface wave generated. Then, according to Snell’s law we must have

cos 9 /c  — cosQ '/d  =  1/c*. (5.28)
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We can take c > 0, d  > 0 without loss of generality since, by reference to 

Fig. 5.3 or Fig. 5.4, it is clear th a t cos0' > 0 whenever cos0 > 0 and cos0' < 

0 whenever cos 0 < 0. On the other hand, c* > 0 and c* < 0 respectively in these 

two cases. Similarly, A; > 0, k' > 0 and k* has the sign of c*. There is now in 

general not a reflected wave with the same speed as the incident wave.

For the situation in which a single reflected wave is accompanied by a surface 

wave we have

ip = A  exp[iA;(rri cos 9 +  x2 sin 9 — ct)] +  A R ’ exp[ik’(xi cos 9' — x 2 sin & — c't)\

+  A R * exp[ifc*(a;i — * ^ 2  ~  (5.29)

with

k cos 9 = k1 cos 9' = k*, (5.30)

where R 1 is the reflection coefficient and R* a measure of the relative amplitude of

the surface wave.

For the situation in which there are two reflected waves (5.29) is replaced by

ip = A  exp[?A;(a;i cos 9 +  x 2 sin 9 — ct)] +  A R 1 exp[i&'(a;i cos 9' — x 2 sin 9' — c't)]

-{-AR* exp[ik"(xi cos 9" — x 2 sin 9" — c"t)] (5.31)

with

cos 9/c = cos 9'/c' = cos 9"/c‘ (5.32)

and

k cos 6 =  k’ cos 9' — k" cos (5.33)



and we may take c" >  0 and k" > 0. The transformations k* = k"cos9n, c* = 

c"/  cos 9", im  =  tan0" take (5.29) to (5.31).

The coefficients R', R* will be determined by application of the boundary con­

ditions £ 2 1  =  0  and £ 22,i =  0  on x 2 ~  0 , where expressions for £ 2 1  and £ 22,i are 

given by (5.9) and (5.10). Again we consider Cases A and B separately.

5.3.1 C ase A: 2/3 = ct +  7

From the propagation condition (5.14) and its counterpart for the reflected wave 

together with the first equation in (5.28) we obtain an expression for the angle of 

reflection 9' in the form

tan # ' =  tan 9 +  2 tan o;o, (5.34)

where tanaj0 is given by (5.24) or, for simple shear, by (5.25). We recall th a t for

an incident wave 9 is restricted according to (5.23). It follows th a t 9' is similarly

restricted according to

ao < 9' <  ?r +  a 0. (5.35)

W ith reference to (5.24) we see tha t (5.34) shows th a t the angles of reflection and 

incidence are equal if and only if either A =  1 or 0 =  0 (or 7t/2) .

W ith the specialization 2(5 = a  +  7 , for the case of simple shear, use of (5.9) 

and (5.10) enables the boundary conditions £ 2 1  =  0 and £ 22,1 ™ 0 on x 2 — 0 to 

be expressed in the form

£*0,21 +  0 ,2 2  -  <70,11 = 0  on x 2 =  0 , (5.36)

£ 0,111  +  (£2 +  2  +  <t)0j112 +  260,122  +  0,222  -  0A"20 )2 - 0  on x 2 = 0, (5.37)
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where p  is given by (4.10) and a  is defined by

<T =  A-2( l - c f 2), (5.38)

and <72 by

^ 2  =  0-2/ 7 , (5.39)

as given in Section 3.4.1.

Let a 22 =  <722/ 7 ? where u22 is the normal stress on the boundary x 2 =  0 

associated with the underlying deformation. Then, from (2.46), (5.2) and (2.29) for 

simple shear, we obtain

o" 22 =  A2(l — cr) — (72 +  A2 — 1. (5.40)

Thus, cr, or equivalently a 2, is a measure of the normal stress for given A.

In this case the solution for ip has the form (5.29), and, recalling (5.15) and the 

requirement th a t m  should have positive real part, we have m  =  1, while tan # ' 

is given by (5.34) with (5.25). W ith this specialization, substitution of (5.29) into 

(5.36) and (5.37) leads, after some rearrangement, to

a! Ft +  a* FI* =  - d ,  b'Ft! +  6* IT  =  e, (5.41)

where the coefficients are defined by

a — <7 — (t2 T  3ct T  2c2), cl* — cr *4* 1 T  ic:

V =  —(<7 T l) ( t  T  2e) + c , b* ~  i(t2 T  2ct — cr) — c,

d = a — et — t2, e = — (a +  l ) t  — e, (5.42)
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and the notation

£ =  tan#  (5.43)

has been introduced. Note th a t t should be distinguished from the time variable t

used earlier.

The expressions for R' and R* are obtained from (5.41) as

, =  a*e +  b*d a'e +  b'd,
a*b' — b*a’’ a’b*-b 'a* '  ̂ ’

By using (5.42) in (5.44) the expressions for \R'\ and \R*\ take the forms

+  t ’2 

and

iB*i  ________ I(* +  <')[(* +  t 'Y  -  M *  ~  tt') ~  4o,a]|________  ,K
7 (1  + 1'2)[{4<t2 +  (t +  i')2}2 +  4(t +  t')2(2a +  1 -  i f ) 2] ’ '

where

t' =  tan  9' = t  +  2e. (5.47)

Note th a t \R'\ is independent of pre-stress and tha t, in general, |_R'| ^  1. More­

over, \R'\ does not vanish for any angle of incidence.

On the other hand, it follows directly from (5.41) and (5.42) th a t R* — 0 for 9 — 

7t/2. Also, R* vanishes where t =  tan#  satisfies the equation

(t +  e)[(cr +  l ) t2 +  2e(cr -|- 1)£ -he2 — cr(cr + 1)] — 0. (5.48)

The solution t = — e =  —t1 corresponds to an angle of incidence for which the

time-averaged energy flux is parallel to the boundary x 2 = 0.
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Equation (5.48) has three distinct real solutions provided

either a > 0 or — 1 — e2 < a < —1. (5.49)

For the special case in which A =  1 it is easy to see th a t \R'\ = 1, while

m  =  2 | ( q + l ) ( f f - ^ |  (g 5Q)
^/(a  +  1 )H2 +  (cr — t2)4 

Equation (5.50) agrees with a result obtained in [17] for pure homogeneous strain

specialized to this case but expressed in different notation.

Graphical results showing the dependence of \R'\ and \R*\ on 9 for different 

values of A and a 2 are described in Section 5.4.1.

5.3 .2  C ase B: (3 — s/o n

For simple shear, on use of (5.28) and the expression (5.19) for pc2 corresponding 

to an incident wave, we obtain from (5.22) a quartic equation for m, one solution 

of which is m  = i t , which corresponds to the incident wave. On removing the factor 

m  — it and writing m  =  ir, we obtain a cubic for r  in the form

4(1 +  t2)r z +  4(1 +  i2)(2e +  t ) r 2 +  (412 -  4e3£ -  e4 +  4e2 4- 4)r  + 4ts

+  Set2 -  (e4 -  4e2 -  4)t +  4e(e2 +  2) =  0, (5.51)

in which the coefficients are real. Equation (5.51) has either one or three real 

solutions for r .  In the first case we may identify r  =  — tan # ' as th a t solution, 

which corresponds to a single reflected wave. Of the two complex solutions only 

one yields a value of rri =  ir  with positive real part associated with a surface 

wave. The conjugate root is discounted in this case. In the second case two roots,
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r  = — tan  9 ' , r  =  — tan  9" (which have opposite signs) are associated with reflected 

waves, while the third root has energy flux pointing towards the boundary from 

x 2 < 0 and does not correspond to a reflected wave. We refer to Fig. 5.4 for a 

geometrical interpretation in terms of the slowness curve.

W ith j3 =  yTFy and use of (5.9) and (5.10), we re-cast the boundary conditions 

£ 2 1  — 0 and £ 22,1 — 0 on x 2 =  0 in the forms

[e2 -  (e2 +  4)<7]V>,ii +  4 e +  4^22 =  0 on a:2 =  0, (5.52)

2 e (e2 +  2 ) ^ 1 1  -F [7e2 +  8 +  (e2 +  4)<r]'i/’)ii2 +  8 e tft,122

+  4 ,̂222 -  pA-2 (e2 +  4)^2 =  0 on x 2 =  0, (5.53)

where a  and p are again defined by (5.38) and (4.10) respectively.

We now substitute (5.29) into (5.52) and (5.53) with —ta n 9' obtained as the

real solution of (5.51) corresponding to a reflected wave and m obtained as i r ,

which corresponds either to a second reflected wave with r  =  — tan  9", (5.31) being 

the relevant solution, or to the complex solution associated with a surface wave when 

m  has positive real part, as appropriate. We use (5.29) and note th a t r  = —im  

ranges through real and complex values as 9 varies. This results in R 1 and R* again 

being given by (5.41), but the coefficients in this case have the forms

a! =  e2 — a(e2 +  4) — 4 etf +  4i'2, a* =  t2 — a(e2 +  4) — Aiem  — 4m2,

V =  2e(e2 +  2) -  [7e2 +  8 +  cr(e2 +  A)]t' +  8et'2 -  4 i'3 +  (2i2 +  2et +  e2 +  2 )V /(1  + 12), 

b* =  2e(e2 +  2) — [7e2 +  8 +  or(e2 +  4)]im — 8em2 +  4im3 +  (2t2 +  2et+ e2 +  2)2zm / ( 1 + t 2 ) ,

d — e2 — a(e2 +  4) +  4 e t  +  4t2,
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e =  —2e (e2 +  2) -  [7e2 +  8 +  a{e2 +  4)]t -  8at2 -  413 +  (212 +  2d; +  e2 +  2)2t / ( l  +  i2),

(5.54)

instead of (5.42), where again we have set t' =  tan# '. The solutions for R! and 

R* are then given by (5.44) with (5.54). The values of tan # ' and m  are obtained 

from the solution of (5.51) but their explicit expressions are too complicated to be 

given here. For the special case e =  0 (A =  1) the relevant solutions are given by 

t' =  i, m  =  1, and it follows th a t \R'\ — 1 and \R*\ is again given by (5.50).

The problem now is to calculate |A'| and \R*\ for a range of values of A (> 1) 

and a  as functions of #, taking account of the fact th a t solutions of (5.51) for r  

may be real or complex. The results are described in Section 5.4.2.

5.4 N um erical results

5.4.1 C ase A: 2(3 =  a  +  7

Recalling tha t 6 is subject to (5.23) and tha t o;0 depends on e, it is convenient

to display \R'\ and \R*\ as functions of 0 for the range 0 <  9 < tt in each case by 

superimposing the plot for —a 0 <  9 < 0 to the right of th a t for 0 <  9 < tt — ao 

and noting the continuity at 8 = ix — cuo. All the figures have been produced using 

[22]-

Since \Rr\ =  1 for A =  1 and \R'\ is independent of <72, we plot, in Fig. 5.5, 

\Rf\ as a function of 9 for a series of values of A > 1. This shows, in particular,

th a t as A increases the maximum value of \R'\ increases but \R'\ becomes more

and more concentrated in a narrow band of angles close to normal incidence.

The corresponding behaviour of \R*\, which depends on <7 2 , is shown in Figs
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5.6-5.10, each figure being associated with a fixed value of A and displaying the 

effect of varying cr2. The values of <r2 are chosen so as to be consistent with the 

stability inequalities

1 — A — A2 — A3 < a 2 < 1 +  A -  A2 +  A3 (5.55)

obtained in [5]. In view of (5.40), it is worth noting th a t (5.55) can be re-cast as 

the pair of inequalities

—A — A3 < (722 < A +  A3 (5-56)

restricting the normal stress.

Figure 5.6 shows \R*\ for A =  1 based on equation (5.50), and this provides a 

basis for comparison in order to highlight the effect of simple shear on the magnitude 

of the surface wave. Note tha t the plot is symmetric about the value 6 — 7r/2, while 

Figs 5.7-5.10 show the departure from this symmetry. The dependence on 9 shown 

in Fig. 5.6 has the same nature as tha t occurring in the case of pure homogeneous 

strain in [17].

Figures 5.7-5.10 are for A =  1.25, 1.5, 2 and 3 respectively. In each case \R*\ 

is calculated from (5.46) with (5.47) and is plotted separately for each of a set of 

values of a2 within the range defined by (5.55). These figures illustrate the separate 

influences of A and a2 on the nature of \R*\. We note th a t the maximum value 

of |jR*|, like th a t of \Rl\} increases with A, and the strength of the surface wave is 

focussed more and more in a narrow band of incident angles as A increases. This 

la tter effect is less marked than for the reflected wave. The changes in the vertical 

scale in each of Figs 5.5-5.10 should be noted.



The figures confirm that |R* | vanishes at 0 = tt/2  in each case. Depending on 

the values of A and <j2, it also vanishes at either one or three other values of 9

according to whether (5.48) has one or three real solutions.

If the incident wave propagates parallel to the surface, conventionally the situ­

ation of the grazing incidence, then t  — 0 and equations (5.45) and (5.46) reduces 

to

l-R'l =  l / V l  +  4e2 (5.57)

and

\R*\ = |2e(e2 - c r - o - 2)|
s j  ( 1  +  4  e 2 )  [ (ct2 +  e 2 ) 2 +  £2 (2<t  +  l ) 2 ]

Likewise, if the reflected wave propagates parallel to the surface (grazing reflection) 

then f  =  0 and we have

I #  I =  V l +  4e2, (5.59)

and

y / (cr2 T  e2)2 +  e2(2cr -f l ) 2 V 7

An alternative viewpoint is to regard grazing incidence as corresponding to the 

situation in which the time-averaged energy flux is parallel to the boundary. This, 

however, leads to t' — —t =  e, d  =  c, B! =■ —1, R* = 0, and hence, from (5.29), ^  

vanishes. Thus, grazing incidence is not supported by the boundary conditions. An 

exception to this arises in the special case e =  0 with a 2 =  1 (cr =  0), as shown in 

the context of pure homogeneous strain in [17]. In this case a shear body wave may 

propagate parallel to the boundary, and it may be deduced from (5.41) with (5.42)
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th a t R' is arbitrary. A similar situation arises in respect of grazing reflection when 

this is defined in terms of the time-averaged energy flux. These results are reflected 

in Figs 5.7-5.10. In these figures the grazing angles of incidence (w — cro) for which 

\R*\ =  0  are respectively 2.72, 2.44, 2.16, 1.93. Reference to Fig. 5.5 shows th a t for 

the first three of these \R’\ = 1 in (b), (c), (d) respectively, while the fourth has no 

counterpart in Fig. 5.5.
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Figure 5.5: Plots of |jR'| (independent of cr2 ) against 0 for the following values of

A: (a) 1.1, (b) 1.25, (c) 1.5, (d) 2, (e) 4, (f) 6.
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Figure 5.6: Plots of \R*\ against 6 for A =  1 and the following values of <j2: (a) —2,

(b) 0, (c) 0.7, (d) 1, (e) 1.2, (f) 1.8.

93



2

1.

0

(a)

1 . 7 5

1 . 2 5

0 . 7 5

0 . 2 5

2 . 5 (c)

(b)

o.

0

0.

0

0

0.

0.

Figure 5.7: Plots of \R*\ against 9 for A =  1.25 and the following values of a 2

(a) -3 .5 , (b) 0, (c) 0.7, (d) 1, (e) 2, (f) 2.6.
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Figure 5.8: Plots of \R*\ against 9 for A =  1.5 and the following values of <7 2 :

(a) —6, (b) - 1 ,  (c) 0, (d) 0.8, (e) 1.2, (f) 2.
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Figure 5.9: Plots of \R*\ against 9 for A =  2  and the following values of a 2

9 6
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Figure 5.10: Plots of \R*\ against 0 for A =  3 and the following values of a 2'.

(a) -3 5 , (b) - 9 ,  (c) 0, (d) 12, (e) 17, (f) 22.

97



5.4.2 C ase B: j3 =  y ^ y

Here, we illustrate the results for two separate values of A. First, for A =  3, the 

slowness curve has the form shown in Fig. 5.2(c) and there is just one reflected wave 

for each possible angle of incidence. Second, for A =  8 , the slowness curve is th a t 

shown in Fig. 5.4 and there are four separate ranges of incident angles for which two 

reflected waves are generated.

For A =  3 the results are displayed for 0 < 9 < tt on the same basis as described 

in Section 5.4.1, and there is a single angle, say (approximately 1.1), where the 

time-averaged energy flux is parallel to the positive si direction. Figure 5.11 shows 

the plot of \JR!\ against 9. The expression for \R'\ is much more complicated than 

th a t given in Section 5.4.1 and is not given explicitly here. Using M athematica, 

however, we have shown that it is independent of cf2. The character of \R'\ shown 

in Fig. 5.11 is very similar to th a t shown in Fig. 5.5(e), which corresponds to A =  4. 

Just as for the material considered in Section 5.4.1, \R*\ does depend on the pre­

stress. In Fig. 5.12 we therefore plot |jR*| against 9 for a series of values of <t2 

subject to the stability inequalities

1 -  3A2 <  a 2 <  1 +  A2 (5.61)

obtained in [6 ] for materials with j3 = s/crf. In terms of the normal stress, the 

stability inequalities (5.61) may be written

—2A2 <  a 22 <  2A2. (5.62)

In general, the behaviour of \R*\ is similar to tha t shown in Fig. 5.10, and 

we note th a t \R*\ always vanishes at 9 = rc/2. Recalling tha t, for the material
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considered in Section 5.4.1, \R*\ vanishes at one or three other values of 0, we 

find, by contrast, th a t for the material considered here it can vanish at many more 

points depending on <r2, as exemplified in Fig. 5.12 (c). In particular, as can be seen 

in Fig. 5.12, whatever the value of (f2, \R*\ vanishes where 9 = ir ~  a 0 — 2.04, 

which corresponds to the angle of incidence at which the time-averaged energy flux 

is parallel to the half-space boundaiy.

The value A =  8 , although rather large, has been chosen so th a t the distinct 

ranges of angles where two reflected waves exist can be identified clearly.

From Fig. 5.4 we recall th a t there are six points on the slowness curve at which 

the time-averaged energy flux vector is parallel to the Si axis. Let the position 

vectors of the three of these points with positive Si make angles — an, a 2, a 3 

with the positive si axis, where a i >  0, a 3 > a 2 > 0. Then, for the direction 

(cos 9, sin 9) to be associated with an incident wave, 9 must lie in one of the three 

(disjoint) intervals

( - o n , ^ ) ,  (a3,?r -  on), (7r +  a 2 , 7r + a 3), (5.63)

the to tal interval length being 7r. The end points of these intervals are associated 

with grazing incidence in the energy flux sense. For A =  8  the values of an, a 2, a 3 

are calculated using (5.27) as

a i ~  1.394, a 2 ^  0.257, a 3 -  1.385. (5.64)

Let vertical tangents be drawn to the slowness curve at points corresponding to 

a 2, a 3, 7r +  a 2, tt 4 - a 3. These tangents cut the slowness curve at two points each. 

We select one such point for each tangent, namely those whose position vectors 

make angles — 0 i, 0 2, 0 3, 04 respectively with the positive si direction, where
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0\ > 0 ,  04 > 03 > $ 2  >  0. Then

— QJi <  — Q\ <  0  <  Q'2 <  CX3 <  0 2 <  0 3 <  #4  <  7T — CKi

and, for each of the four intervals

(-0 1 , (*2), (0^3, 02) , (03,04), (?T +  0 2 , 7T +  <*3), (5.65)

two reflected waves are possible. For A =  8, the values of 01} 02, 0 3 , 04 are

A single reflected wave arises together with a surface wave in each of the intervals

while there are gaps (0 2 , 0 3 ) and (7r — Oi,7r +  o 2), not covered by (5.65) or (5.67), 

for which there can be no incident wave.

As for the previous examples it is convenient to display results on the interval 

(0 ,7r). For this purpose the results for (— o 4, 0) and (tt +  0 :2 , ?r +  013) are inserted 

into the gaps (7T — O i,7r) and (0 :2 , 0 3 ) respectively. This ensures continuity of R' 

and R* at o 2 and a 3 and of \R'\ and |R*\ at tt — o 4. In view of the grazing 

interpretation at these points, we have R! ~  — 1 , R* = 0 a t a 2; R 1 =  0, R* = — 1 

at 0:3 and |jR'| =  1 , \R*\ =  0 at tt — 0 1 . The value of R f ( R * ) at 0 =  0  is the same 

as th a t of R * (R ') at 8 =  tt.

This superposition reduces to three, namely

0X ~  0.742 , 02 ~  1.528, 03 ~  1.596, 04 ^  1.610. (5.66)

( - « ! , - 0 0 ,  (02,03), (04, TT — QTl), (5.67)

( 0 , 0 2 ) ,  ( 03 , 04) ,  (vr — 0 1,  t t ) , (5.68)
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the number of intervals for which two reflected waves are possible. The two gap 

intervals

(02,03), (04 ,77-00  (5.69)

are then associated with a combination of one reflected wave and a surface wave.

W hen there are two reflected waves, R 1 and R * are real. Otherwise, they are 

complex. We therefore plot the results by showing R r and R* for the intervals 

(5.68) and \R'\ and \R*\ for (5.69), recalling tha t \R'\ and \R*\ are continuous 

across the boundaries between intervals.

Our calculations show tha t \R’\ is independent of <r2 when R 1 is complex, as 

in the cases discussed earlier, but, when real, R 1 shows some slight dependence on 

a2. On the other hand, when R* is complex |j?*| does depend on <72, although 

its character does not change significantly over a wide range of values of cf2. Again, 

\R*\ vanishes at 0 =  ty/2.  It also vanishes at 0 =  n — ai ~  1.75, which corresponds 

to grazing incidence, and at a 2, while R' vanishes a t o 3, as noted earlier.

These features are apparent in Figs 5.13—-5.15, in each of which (a)-(f) correspond 

respectively to the intervals (0 ,a 3), (0 :3 , 0 2), (0 2 , 03), (0 3 , 0 4 ), (0 4 , 7r — 0i), (?r — 0i,7r). 

The values of R! and R* are plotted in (a), (b), (d) and (f) and those of |Af| and 

\R*\ in (c) and (e). Figures 5.13 and 5.14 show R* and \R*\ for <r2 =  —120 and 30 

respectively, these two values illustrating the main effects of changes in cr2, which 

are evident in (b) and (d)-(f). Figure 5.15 shows R 1 and \Rl\ for the representative 

value (72 =  30 of the pre-stress. Changes in cf2 have no effect on \R'\ and very 

little effect 011 R 1. Note th a t the horizontal scales in (a)-(f) are very different and, 

in particular, the intervals corresponding to (c) and (d) are very short. The fine
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detail of the behaviour exemplified would not show up clearly on a smaller scale.

The results in Figs 5.13,5.14 are combined as plots of \R*\ on the single interval 

(0 ,7r) in Figs 5.16 (a), (b) respectively in order to facilitate comparison with the 

results shown in Fig. 5.12. The main features are seen to be very similar to those 

in Fig.5.12. Similarly, the results in Fig. 5.15 are combined as a single plot of \R'\ 

in Fig. 5.17. The concentrated spike is akin to th a t shown in Fig. 5.11 while other 

features are different from those in Fig. 5.11.

The differences which arise for A =  8 as compared with A =  3 are due essentially 

to conversion of a surface wave into a second reflected wave.
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1 3

Figure 5.11: Plot of \Rr\ against 6 for (5 =  y/orj with A =  3 (independent of 0 2 ).
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0 . 5  1 1 . 5  2 2 . 5  3 (a) 0 . 5 1 1 . 5 2
(t>)

2 . 5 3

iZL
0 . 5  1 1 . 5  2 2 . 5  3 (c) 0 . 5 1 1 . 5 2 (d)2 . 5 3

0 . 5  1 1 . 5  2 2 . 5  3 0 . 5 1 1 . 5 2 2 . 5 3 (f)

Figure 5.12: Plots of \R*\ against 9 for /? =  y/oFy with A — 3 and the following 

values of a 2: (a) —24, (b) —10, (c) —4, (d) —2, (e) 0, (f) 5.
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F i g u r e  5 .1 3 :  P l o t s  o f  R *  ( r e f l e c t e d  w a v e )  a g a i n s t  9  i n  ( a ) ,  ( b ) ,  ( d ) ,  ( f )  a n d  o f  \R * \

( s u r f a c e  w a v e  a m p l i t u d e )  i n  ( c ) ,  ( e )  f o r  (3 —  ^ / a j  w i t h  A —  8  a n d  —  — 1 2 0 .
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Figure 5.14: Plots of R* (reflected wave) against 6 in (a), (b), (d), (f) and of \R*\

(surface wave amplitude) in (c), (e) for f3 =  with A =  8  and a 2 =  30.
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Figure 5.15: Plots of itf (reflected wave) against d in (a), (b), (d), (f) and of |jR'|

(reflected wave amplitude) in (c), (e) for /? — ^cry with A — 8  and <f2 =  30.
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0 . 5 1 . 51 2 2 . 5 3 a

0 . 5 1 1 . 5 2 2 . 5 3

Figure 5.16: Plots of \R*\ against 6 (0 <  9 < tt) for /? =  s/orj with A =  8 and 

the following values of a 2 : (a) —120, (b) 30.
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1 . 5 20 . 5 1 32 . 5

Figure 5.17: Plot of \R'\ against 0 (0 < 6 < 7r) for (3 — yjcrf with A =  8 and 

=  30.
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C hapter 6 

R eflection  and transm ission o f  

plane waves at a shear-tw in  

interface

In this chapter we shall extend the analysis done in chapter 5 and discuss the effect 

of simple shear on the reflection and transmission of plane waves a t the boundary 

between two half-spaces of incompressible elastic material, and, in particular, two 

half-spaces which form a twin in the sense tha t equal and opposite simple shears are 

applied to the two half-spaces.
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6.1 B asic equations

In view of (2.26) and (2.27) it is convenient to define W(A) by

W (A) =  W (A, A ~ \ 1) =  ^ ( A - 1), (6.1)

so th a t from (2.46) it follows tha t

- a 2 = AiWi -  A2W2 -  AW'(A), (6.2)

where the prime signifies differentiation with respect to argument. W ith reference 

to (2.26) and (2.27) we may also regard the strain energy as a function of e, and we 

write

w(e) =  W(A), (6.3)

and hence

AW1 (A) =  \/4  +  e2«/(e). (6.4)

The simple shear of a block with e >  0 (given by 2.26) is depicted in Fig. 6.1(a)

and the disposition of the principal axes and in Fig. 6.1(c). Figures 6.1(b),

(d) show corresponding results for e < 0.
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(a) (b)

-1 1 2 (c) -1 (d)

Figure 6.1: Simple shear with (a) e > 0 ,  (b) e < 0 .  Orientation of the Eulerian 

principal axes and the associated stretches: (c) e >  0, (d) e < 0 .

In order to consider the simple shear depicted in Fig. 6.1(b) we set e* =  —e, 

with e >  0 the amount of shear corresponding to Fig. 6.1(a). Let (f>* 6 [7r/45 tt/2) 

be the counterpart of </>, so tha t

(j>* + <j> =  tt/2 , tan 2(l>* =  2/e* = - 2 /e  (6.5)

and

cos 4>* = sin (j), sin (f>* = cos <f>. (6-6)

The counterpart of A is A* =  A” 1. It follows from (6.1) and (6.3) th a t

w(€*) = w (—e) = w(e), (6.7)

while from (2.46) we may deduce tha t

cr* =  cr2) al = ai (6.8)

since p is independent of the direction of shear. It follows from (5.2) tha t

(J l l  =  (T i l ,  <r12 — ^22 “  ^ 22* ( 6 - 9 )

112



6.2 Superim posed increm ental m otions

W ith reference to the Eulerian axes, the equation of motion, for ip' is given by (5.4). 

W hen referred to the Cartesian axes (5.4) can be expressed in terms of ip and is 

given by (5.8).

On a surface x<i =  constant the shear and normal components of the incremental 

nominal traction E 21 and £ 22 respectively in the (ctq, £2)-plane are given by (5.9) 

and (5.10).

In the case of the simple shear with e > 0 the expressions (5.9) and (5.10) are 

simplified to

— (e2 +  4)E22,i — y /a7[{2/3(e2 — 1) +  5(e2 +  2) +  cr(e2 +  4)}'0)n 2 +  4e(/3 4- l)ip,i22

(6 .10)

and

+  2{p +  1)V\222 — 2e{/? — (e2 +  3)}V>,m] — p $ t 2 (e2 +  4), (6.11)

where

(6 .12)

and cr is given by (5.38).

Prom (2.65), (5.5) and (6.2) we see tha t

and hence

2 /? = ( 4  +  £ W ) - ^ P (6.14)
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Also

<7 i  — cr2 =  a  — 7  =  X W ' ( X ) . ( 6 . 1 5 )

H e n c e ,  b y  ( 6 . 1 3 ) ,

(6.16)

where a *, /?*, 7 * are analogues of a , /?, 7  for e* =  — e.

6.3 P lane waves

We consider time-harmonic homogeneous plane waves of the form (2.75) with 

propagation condition given by (5.11). For the wave speed c to be real, the 

strong ellipticity condition, given by (2.77) is also assumed to hold.

Similarly, for an inhomogeneous plane wave of the form (5.12), the propagation 

condition is given by (5.13).

We consider two distinct cases corresponding to different relative values of the 

m aterial parameters a , /3, 7 , which depend on W  through (2.65) with (5.5).

C ase  A: 2(3 — a  +  7

For this case the propagation conditions for homogeneous and inhomogeneous plane 

waves are given by (5.14) and (5.15) respectively.

In terms of the slowness vector ( s i ,s 2) defined by (4.8) equation (5.14) becomes

o:(si cos (j) +  S2 sin cj))2 H- 7 (^ 1  sin (j> — s2 cos (j>)2 = p. (6.17)
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W hen the deformation is specialized to simple shear use of (2.29) enables (6.17) 

to be simplified to

{V +  l ) s 2 +  2 6 S1S2 T  s2 =  1, (6.18)

where the dimensionless slowness vector ( s i ,s 2) is defined by

1
(s i ,s 2) =  ( s i ,s 2) “ 7=, (6.19)

VP

with

p = p/VcPy. (6.20)

It is clear from (6.16) tha t (6.19) is unaffected by the change e —Y —e. For this

reason the definition (6.19) differs from (4.11).

C ase B: 2/? V a +  7

This case is exemplified by a strain-energy function satisfying (5.18). The prop­

agation condition in this case is given by (5.19). In terms of the notation (6.19), the 

slowness curve has equation

[A2(si cos (f> +  s2sin</>)2 +  (sisin^i — s2cos</>)2]2 =  A2(s i2 +  s22) (6.21)

and for simple shear reduces to

[(e2 +  2)sx2 +  2esis2 +  2s22]2 =  (e2 +  4)(sx2 +  s22). (6.22)

Similarly, for this case, equation (5.13) becomes

A2{(e2 +  2)2 — 4 im (e2 +  2)e — 8 m2(e2 +  1) +  Sim 3e +  4m4} =  (1 — m 2)(e2 +  4)pc*2/y .

(6.23)

We now show graphically the dependence of the slowness curves on A for both 

classes of materials in (si, s2)-space with reference to (6.18) and (6.22).
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(a)
1.4

(d)
3

(g)

GO

GO

GO

(f)

G)

F igure  6 .2 : Slowness curves in ( s i , S2)~space for 2 ft =  a, +  7  w ith  th e  following 

values of A: (a )-(c ) , 1.2; (d )-(f ) , 1.6 ; (g )-(i) , 3. T he left-hand  (centre) colum n of 

p lo ts  is for e >  0 (e <  0); th e  righ t-hand  colum n shows th e ir  superposition .
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-3 -3

(d)

(b)

S l  _s  . 4

(c)

(fi) (f)

Figure 6.3: Slowness curves in (si, s2)-space for j3 =  ^/crj with A =  3  in (a)-(c) 

and for A =  8  in (d )-(f). The left-hand (centre) column of plots is for e > 0 (e < 0); 

the right-hand column shows their superposition.
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S 2

Figure 6.4: Slowness curve in the (s l5 s2)-plane for A =  1.5 (e > 0) for a material 

with 2/3 =  a  +  7  . The arrows normal to the curve show the direction of the time- 

averaged energy flux.
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6.4 R eflection  and transm ission at th e  interface

We now consider the case in which a half-space defined by x 2 <  0 and subject to 

the simple shear described in Section 2.2 and Section 6.1 is joined to a half-space 

X2 > 0 with the opposite shear, thereby forming twinned half-spaces.

Prom (6.9) we can see tha t for a twin there is a continuity of normal traction (J22 

across the interface but the shear traction 0 12 is discontinuous since the direction 

of shear is reversed at the interface, as shown in Fig. 6.5.
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Figure 6.5: The normal (0 2 2 ) and shear (a n )  tractions in the twinned half-spaces.

1 2 0



From (5.40) the value of normal stress, (722, on the boundary x 2 =  0 associated 

with the underlying deformation is given by

022 =  7 A2 -  ( 7  -  cr2), (6.24)

which is continuous across x 2 =  0. So also is 7  — 0 2  since from (6.15), (6.16) and

(6 .8 ) it is easily seen tha t

7 *  — crj =  a  -  a i —  7 — cr2- (6.25)

Hence, cr, as defined by (5.38), is continuous.

The boundary conditions corresponding to continuous incremental displacement 

across the interface x 2 = 0  in terms of the scalar functions 0  and ip* are given by 

(4.25).

In terms of 0 , boundary conditions corresponding to continuous incremental 

traction across the interface x 2 =  0  are recast through

£ 2 1  =  £213 ^ 22,1 =  m>2,i> (6.26)

on use of (6.10), (6.11) and the continuity properties (6.24) and (6.25), in the forms

£0,12 +  0,22 =  — £0*12 +  0*22 > (6.27)

2 e0 ,i22 +  0,222  +  e(25 +  1 )0,111 =  ■~2 e0*122 +  0*222 — +  1 )0*111 > (6.28)

in the la tter of which the notation

_ a  +  7  ~  W  9Q^
2 ( /3  +  %/Z r y )  ( ' )

has been used.
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Notice th a t the boundary condition (6.27) is independent of the m aterial param ­

eters a , /?, 7 , and the stress 0 2 , and (6.28) is independent of a2 and depends on 

the m aterial parameters only through 5. Again in general there will be no reflected 

wave with the same speed as the incident wave as mentioned in Section 5.3 .

We now consider separately the cases in which 2(5 =  a  +  7  and /? =  y/arj-

6.4.1 Case A: 2(3 = a  +  7

Figure 6.4 shows a typical slowness curve for Case A in x 2 < 0  . There are two points 

where the tangent to the curve is vertical. Let cuo (> 0), as shown in Fig. 6.4, be 

the angle th a t a line joining these points to the origin makes with the positive si 

axis. This is a critical angle as described in Section 5.2. Since, for a wave incident 

from x 2 < 0 , the energy flux is directed towards the boundary x 2 = 0  the angle 9 

must satisfy the inequality (5.23) (with ao > 0 for A >  1), the extreme values in

(5.23) corresponding to grazing incidence. For simple shear the angle cn0 is given 

by (5.25).

W ith reference to the slowness curve we see, as discussed in Section 5.3.1, tha t 

for an incident wave in x 2 <  0  there exists only one reflected wave, coupled, in 

general, with an interfacial wave.

We therefore write the solution comprising the incident wave, the reflected wave 

and the interfacial wave in x 2 < 0  as

ip =  Aexp[z&(:ri cos 9 +  x 2 sin# — ct)] +  A R exp^A q^i cos 9i — x 2 sin$i — cit)]

+  A R ' exp[z&2 (£i — i%2 ~  c2t)]s (6.30)
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where d\ is the angle th a t the direction of propagation of the reflected wave makes 

with the horizontal in the fourth quadrant. The interfacial wave corresponds to 

771=1, which is the relevant solution of (5.15) in this case, as discussed in Section 

5.3.1. In (6.30), R  is the reflection coefficient, R' is a measure of the amplitude of 

the interfacial wave in x 2 < 0, ci, c2 are their speeds and Aq, k2 their wave numbers 

respectively.

In order to determine 9\ we consider a wave propagating in x 2 < 0 with dimen- 

sionless slowness vector ( s i ,^ )  =  (cos9l7 sin 9l)/c'^/p. Then, from (6.18)

(e2 +  l ) s ',  +  2 esi4  +  s 'j =  1. (6.31)

But, by Snell’s law, we have s[ =  sx and so, for s2 ^  s2, it follows, by combining 

(6.18) and (6.31), th a t s2 +  s'2 — — 2esi, and hence

t +  t ' =  —2e, (6.32)

where

r  =  tan0 , r ^ t a n ^ .  (6.33)

For the reflected wave we take 0' =  — 0X so tha t

n  =  r  +  2e, ri =  tan0 i. (6.34)

From (6.18) it can be seen that, for a given value of sx, the equation is 

unaltered by the simultaneous changes e —> —e, s2 —>■ —s2. This implies tha t 

the angle of transmission for a wave transmitted into x 2 > 0 is equal to the angle 

of reflection of the wave reflected into x 2 < 0. Accordingly, in x 2 > 0, the wave



solution may be written

ip* = AR* exp[ifci(a;i cos0i +  x 2 sin0i — cqt)] +  A R *' exp[ik2(xi +  ix 2 — c2t)],

(6.35)

comprising a transm itted and an interfacial wave. The interfacial wave corresponds

to m =  —1 which again is the relevant solution of (5.15). In (6.35),R* is the

transmission coefficient, R*' measures the amplitude of the interfacial wave in x 2 > 

0.

Here Snell’s law takes the form

k cos 9 = ki cos 9i — k2y (6.36)

and the wave speeds are connected through

Ci/cos 0i =  c2 = cj cos0. (6.37)

By substituting the values of ip and ip* from (6.30) and (6.35) in the boundary 

conditions (4.25) we obtain

(R  +  R *)n  +  i(R ' +  R*') =  r, (6.38)

R  -  R* +  R! -  R*' =  - 1 .  (6.39)

Similarly, from (6.27) and (6.28) with 5 =  0 (which follows from (6.29)) we have 

(R -  R*)(e -  n ) n  +  (R' -  R*')( 1 +  ie) =  r(e +  r), (6.40)

i(R  + K*){tI  -  e(2r? +  1)} +  (R' +  R?'){1 +  ie) =  i{ r3 +  e(l +  2 r2)}. (6.41)

Equations (6.38)-(6.41) are solved to give



R  =  — ie2(r + i ) / A, R 1 =  — e(r +  e)(rri +  1 )/A ,

-R* =  (r  +  e)(r 4 -  i)(rr i +  1 )/A , R*' — e(r +  e)(r +  i)(ri +  i) /A , (6.42)

where

A =  (ri — z)(r +  e +  +  i ( r  +  e)], (6.43)

and T\ is given by (6.34).

Notice th a t the solutions in (6.42) are independent of the material parameters. 

From (6.42), on use of (6.34), it can be seen th a t R 't R * and R*' vanish when 

r  is given by

r  =  —e. (6.44)

This corresponds to the special case of grazing incidence. Further, R l and R* 

vanish for angles of incidence such tha t

r 2 +  2er +  1 =  0, (6.45)

which yields real solutions only for e2 > 1. Since r  7  oo as 9 —> 7r/2 it follows 

from (6.42) and (6.43) tha t R  — R! =  R*' =  0 and R* =  1 in the limit of normal 

incidence, so th a t there is total transmission in this case.

Graphical results showing the dependence of |jR|, |irf|, \R*\ and \R*' \ on 9 for 

different values of A are described in Section 6.5.1.

6.4.2 Case B: (3 =  s/orj

W ith (3 =  ^/Qrf we shall again use the boundary conditions (6.27) and (6.28)
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but now with

J =  e2 / 4 ? (6.46)

obtained from (6.29), in (6.28).

Also, from Section 5.4.2, we know th a t for A ~  3 there exists one reflected wave 

accompanied by an interfacial wave in x 2 < 0, so the relevant solutions in x 2 <  0 

and x 2 >  0 are respectively

ip — Aexp[z/c(^i cos# +  x 2 s in 9 — ct)] +  A R exp[ik i(x i cos#i — £2sin0i — cjt)]

+  A R ' exp[^2(a;i — im ix 2 — c2t )] (6.47)

and

ip* =  A R * exp[ifci(a;i cos#i +  x 2 sin(?i — cit)] +  AR*' exp[zA:2 (a;i — im 2x 2 — c2t)],

(6.48)

where, as in Case A, the angle of transmission is equal to the angle of reflection (this 

follows by noting the invariance of (6.22) under the simultaneous transformations 

e —»■ —e, s2 —> —s2). Here, m i and m 2 are the complex solutions of (6.23) in 

x 2 < 0 and x 2 > 0 respectively, and equations (6.36) and (6.37) hold again.

Since pc*2/ \ 2ry is the same for each half-space, it follows from (6.23) th a t if 

m  = ir  is a solution for x 2 < 0 then — m is a solution for x 2 > 0 since changing 

e to — e and m  to ~~m does not change (6.23). Hence m 2 =

Substitution of (6.47) and (6.48) in (6.27) leads to

7i(e — t i)(R  — R*) +  m i (mi +  ie)(R' — R * ) =  r(e  +  r) . (6.49)
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Similarly, by using (6.47), (6.48) and (6.46) in (6.28), we obtain 

(7 f (n  -  2e) -  e(e2/2  + 1)}(R  + fi*) +  (m?(2e -  arm) -  e(e2/2  +  1)}(K' +  K*')

=  r 2(2e +  r)  +  e(e2/2  +  1). (6.50)

In this case the second boundary condition in (4.25) takes the form

ti(7? -|- i7 * )  -b -f- R* ) =  t , (6.51)

but the form (6.39) still holds.

For simple shear, by using (6.37) and the expression (5.19) for pc2 corresponding 

to an incident wave in (6.23) with c* =  c2 we obtain a quartic equation for m, which 

may be expressed in the form

(e2 +  2 — 2 iem  — 2m2)2(l +  r 2) =  (1 — m2)(e2 +  2 +  2er +  2 r2)2. (6.52)

By removing the factor m  — ir  which corresponds to an incident wave and 

writing m  = i r *, we then obtain the following cubic equation for r*

4(1 4- t 2)t* 3 +  4(1 +  r 2)(2e +  t )t *2 +  (4r2 -  4e3r  -  e4 +  4e2 +  4)r* +  4 r3

+  8er2 — (e4 — 4 e2 — 4 ) r  +  4e(e2 +  2) =  0, (6.53)

in which the coefficients are real. Equation (6.53) is same as (5.51) for r  =  t  and 

r* — r  and has either one or three real solutions for r * . In the first case we may 

write r* = — T\ =  — tan 9\ as tha t solution, which identifies the reflected wave in 

x 2 < 0 (and the transm itted wave in x 2 > 0). One of the two complex solutions 

yields a value of m  =  i r * with positive real part associated with an interfacial wave 

in x 2 < 0, ?7zi say, while —m i is associated with an interfacial wave in x 2 > 0.
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The solutions for R , R r, if* and i?*; in equations (6.39) and (6.49)-(6.51) are 

given by

R  = (im i +  r)(a  +  ib ) /A , i?* =  — £(71 +  r)(c  -b id ) /A ,

R* = (m i — ir)(e  + i f ) / A ,  R * '= i(ri + r ) ( g + ih ) /A , (6.54)

where the coefficients are defined by

a =  2emi(2 +  e2) +  2mi(2e2 — m 2)(ri — r)  — 2emiT2 — 2 m ir2(e +  r)  +  2m irir(4e +  r) ,

6 =  2e2(2 +  e2) +  e(2 +  e2 +  6m2) r  4- 2m2(r2 +  r 2) — ri{e(2 +  e2) +  2m2(3e +  2 t ) } ,  

c =  e(2+e2)(2 e+ r)—2r12r(3e+ T )+ 2r12(m2+ r ir )+ 2 r1{er2 — (m2—2e2) r —e(2+e2+ m 2)}, 

d =  — mie(2 +  e2) +  2 r2m i(2 r +  3e — r±) — 2ri(2e2 +  4er + r 2)m i, 

e =  (n  +  w) {e(2 +  e2 — 6m2) +  2m2 (ti — t)} ,

/  =  (n  +  r ) { r i r  +  e(ri -  r)  +  2m i(m 2 -  2e2)}, 

g =  — 2t t 1{ t I  +  e(r +  2e)} +  e(2 +  e2) r  — 2rim 2(e +  r )  4- 2 r2(m2 +  3er +  r 2),

h = — 2miTi +  mie(2 +  e2) — 2rimie(2e +  t )  +  2 rirm i(e  +  r) +  6 r2mie, (6.55)

but the definition of A in this case is

A  =  2(e — im i — ri)(m i +  zri){2e +  e3 — 2m27i +  2zm1rx(r1 +  2e)}} (6.56)

with the notations r  =  tan #  and T\ — tan# i. It should be emphasized th a t m i is 

in general complex.

From equations (6.54)-(6,56) it is clear th a t the expressions for 

R, R R *  and R*' are not as simple as in Case A, but use of [22] to solve
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(6.53) for T\ and m i enables R, R l, R* and R*' to be expressed explicitly in 

terms of r  and e. The resulting expressions are too cumbersome to be given 

here, bu t they are used to obtain graphical results showing the dependence of 

|R |, I.R'1, \R*\ and \R*'\ on 9. Results for A — 3 are described in Section 6.5.2. 

Prom Section 5.4.2 we know th a t for this case there is only one real solution 

of (6.53), so th a t there are accordingly one reflected, one transm itted and two 

interfacial waves (one in each half-space).

For A — 8, there are six points on the slowness curve at which the tangent

is vertical. This was illustrated in Section 5.2 in Fig. 5.4 but it is not clear from

Fig. 6.3(d) on the scale used here. A consequence of this is th a t there are certain

ranges of angles of incidence for which two reflected and two transm itted plane

waves are generated. The qualitative character of the behaviour of |R |, |R '|, \R*\

and \R*'\ for A =  8, however, is very similar to th a t for A =  3 so th a t detailed

discussion is not included here.

6.5 N um erical results

6.5.1 Case A: 2(3 =  a  +  7

Recalling tha t 9 is subject to (5.23) and tha t a 0 depends on e, it is convenient 

to display \R\1 |A '|, \R*\ and \R*'\ as functions of 9 for the range 0 <  9 < 7r
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in each case by superimposing the plot for —o;0 < 9 <  0 to the right of th a t for 

0 <  9 <  7r — cko and noting the continuity a t 9 = t v  —  cuq. All the figures have been 

produced using [22].

In Figs 6.6-6.9, |jR|, |iT|, |A*|, \R*'\ respectively are plotted as functions of 9 for 

a series of values of A > 1. (Note tha t A =  1 corresponds to the trivial situation in 

which the two half-spaces are not distinguished and R  =  R! =  R*' = 0, R* =  1.) 

These show, in particular, tha t as A increases the maximum values of the interfacial 

wave amplitudes \R'\ and \R*'\ increase but both |iff| and \R*’\ become more and 

more concentrated in a narrow band of angles to the right of normal incidence, as 

shown in Fig. 6.7 and Fig. 6.9 respectively. A similar effect is evident in Figs 6.6 

and 6.8 in respect of the reflected and transm itted waves. As shown in Fig. 6.8 the 

behaviour of \R*\ is also similar to th a t of \R*'\ and |i?'| but | f 7 * | ^ 0  at 9 =  t v /  2, 

where |i?|, \R{\ and |jR*; | each vanish, as mentioned at the end of Section 6.4.1. The 

vanishing points of \R'\, |i£*| and \R*'\ vary with the amount of shear in accordance 

with (6.44)—specifically, a t 9 approximately 2.95, 2.79, 2.54, 2.37, 2.06 and 1.93 

for A =  1.1, 1.2, 1.4, 1.6, 2.3 and 3 respectively.

Similarly, from (6.45) (which is a quadratic in r )  and Figs 6.7 and 6.8 it can be 

seen th a t \R'\ and \R*\ also vanish where the quadratic yields real angles, th a t is 

for e2 >  1 or

A > ~  1.61.
2

Thus, for A =  2.3, |ii '| and \R*\ vanish at 9 approximately 1.85 and 2.86. Similarly, 

for A =  3, they vanish at 9 approximately 1.76 and 2.95.
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Figure 6 .6 : Plots of \R\ (reflected wave amplitude in X2 <  0) against 9 (0 <  0 <  7r)

for 2(3 =  a  +  7  with the following values of A: (a) 1 .1 , (b) 1 .2 , (c) 1.4, (d) 1 .6 , (e)

2.3, (f) 3.
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Figure 6.7: Plots of |jR'| (interfacial wave amplitude in X2 <  0) against 9 (0 <  9 < 

7r) for 2(3 = a +  7  with the following values of A: (a) 1.1, (b) 1.2, (c) 1.4, (d) 1.6, 

(e) 2.3, (f) 3.
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Figure 6 .8 : Plots of |jR*| (transm itted wave amplitude in > 0) against 9 (0 <

9 <  7r) for 2/5 =  g: +  7  with the following values of A: (a) 1 .1 , (b) 1 .2 , (c) 1.4, (d)

1.6, (e) 2.3, (f) 3.
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Figure 6.9: Plots of \R*'\ (interfacial wave amplitude in X2 >  0 ) against 9 (0 <  0 <

7r) for 2/3 =  cv +  7  with the following values of A: (a) 1.1, (b) 1.2, (c) 1.4, (d) 1.6,

(e) 2.3, (f) 3.
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6.5.2 Case B: (3 = y/orj

Here, we illustrate the results for A =  3. The slowness curve has the form shown 

in Fig. 6.3(a) and there is again one reflected wave, one transm itted wave and two 

interfacial waves for each possible angle of incidence. As in Case A, there is a 

single angle, qjq, where the time-averaged energy flux is parallel to the positive 

direction.

The results for \R\, \R*\ and \R*'\ are displayed against 9 for 0 < 9 < ir,

on the same basis as for Case A, in Fig. 6.10(a)-(d).

The plot of \R\ in Fig. 6.10(a) is quite similar in shape and amplitude to the 

one in Fig. 6.6(f) for A =  3 and the amplitudes of each vanish at 9 = tt/2.

The plots of \Rl\ and \R*\ shown in Fig. 6.10(b) and (c) have some features in 

common with Fig. 6.7(f) and Fig. 6.8(f) respectively, which are also for A =  3, but 

also reveal some differences. The maximum amplitudes are larger and there is only 

a single spike compared with the double spikes in Fig. 6.7(f) and Fig. 6.8(f). The 

magnitude \R'\ vanishes at 9 =  7t/2 and at one other value of 9 (compared with 

three other values in Fig. 6.7(f)). Similarly for \R*\ except th a t it does not vanish 

at 9 =  7r/2  in either case.

Finally Fig. 6.10(d) shows the plot of \R*'\ against 9. It is very similar to th a t 

in Fig. 6.9(f) for A — 3 in both shape and amplitude.

The above results show the general character of the effect of simple shear on 

the reflection and transmission of plane waves at the boundary of twinned half­

spaces. For A =  3 the results for the two constitutive laws considered are broadly 

similar but with some differences in detail. For (5 =  -yjorj the results for A =  8
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are similar qualitatively to those for A =  3, although in general the maximum 

amplitudes increase with A and the number of vanishing points of the amplitudes 

also increases. Moreover, as mentioned at the end of Section 6.4.2, the interfacial 

wave in <  0 (x 2 > 0) converts to a reflected (transmitted) wave for certain ranges 

of angles of incidence.
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Figure 6.10: Plots of (a) \R\ (reflected wave amplitude in x 2 <  0 ), (b) |jR;| (interfa­

cial wave amplitude in x 2 < 0), (c) \R*\ (transm itted wave amplitude in x 2 > 0 ), (d) 

\R*'\ (interfacial wave amplitude in x 2 > 0) against 9 (0 <  9 <  7r) for (3 = yfoFj 

with A =  3 .
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