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INTRODUCTTION

The objective of this thesis is to develop some results
concerning sums of the form

Y ajof , (1)
i

where aieZ with laj1 < t , teN/{o)} and o are distinct members of
a set of algebraic integers e.g divisors of positive integers ,
units in a fixed algebraic number field or algebraic integers of
bounded norm .

Results on sums of divisors of practical numbers in [1],[21,[3]
and [5] are initially studied in chapter 1. We achieve more general
results by introducing the notion of a t-practical number . We define
n to be a t-practical number if every integer m , 1L € m € tn , is of
the form (1) where the w; are divisors of n . Ordinary practical
numbers correspond to the case t = 1 . Denote by A¢ the set of all
t-practical numbers . We show that n is a t—practical number if and
only if

disl < top + 1 s

where dy4; is the k+1th divisor of n and o) is the sum of the k

divisors of n . Further we prove that , given any prime p with

(p,n) =1, neAr ,then a necessary and sufficient condition for pkn,
k>l , to belong to A¢ is that

p < to(n) +1 ,
where o¢(n) is the sum of all divisors of n . These results extend
the result of Stewart in [2] and Robinson[5] . A complete
characterization for n to be t-practical number , in terms of its
prime factors, is given by Theorem 1.1.5. Our results are extended
in section 1.2 by considering positive and negative divisors of n

in At .




(ii)

By defining f(n) to be the number of all integers in the interval
[1,to0(n)] having the form (l),we show in section 1.3 that
B(n)/te(n) forms a dense set of values in [0,l] . We also show that
B(n)/to(n) takes its smallest value when n is a non—-practical number.

Section 1.4 is devoted to studying the properties of all positive
integers m which satisfy the condition

o(n) - a(n) =2 ,

where w«{n) is the number of all integers m ,1 < m < ¢(n),having the
form (1) with aj = 0,1 . We define E* to be the set of these integers
and establish necessary and sufficient conditions for any integer to
be in E¥ . These are given in Theorem 1.4.3 and 1.4.4 .

Further insight is provided in the form of a computer program in
Fortran 77 to determine which integers n are in E¥.Several general
results related to the properties of integers in E¥ are also included

in section 1.5 . One of these results is that , for any integer

neE¥, satisfying n = mpil..pﬁk,aj P 1,(pj,m) = 1,pj < Pj+l S 2Pj -1,
m » 2 is a practical number such that p; = o(m) + s and 1 < s < o(m),
then n is a sum of two practical numbers

We discuss in section 1.6 the properties of integers n which
satisfy the condition

o(m) — a(n) =1 . (2)

We prove that , if n satisfies (2) then ¢(n) is even and o¢(n)/2 is
the only integer in [l,0(n)] which cannot be written as a sum of
distinct divisors of n . This chapter ends with section 1.7 which
deals with practical numbers over a Euclidean Imaginary quadratic
field Z{/d]. We define aeZ[s/d] to be a practical number in Z[,d] if
every integer yeZ[s/d] with IN(y)1 < iN(a)| is a sum of distinct

divisors of o .




(iii)
We prove that,if (Jd)k,(k>l),d # -1,-3,1d| is an ordinary practical

number in Z[,d], then (Jd)kis a practical in Z[,d].

In chapter 2 , we generalize some results in [4] and [7]
featuring analytic methods and estimates .

Let £(n) be the largest integer such that every integer in the
interval [1,f(n)] can be represented in the form (1) with a; = 0,1

and aj divisors of n . Hausman and Shapiro[7] suggested the boundary

function B¥(n) = e’Y/2 (nloglogn)1/2 and showed that for any A > 1 ,
if f(n) » AB¥(n) , then n is a practical number with a finite number
of exceptions.Further,for any A < 1,then £(n) > AB*(n) can hold for
infinitely many non—practical numbers n . These results are improved
in section 2.1 in terms of t-practical numbers . For that we define

fr(n) to be the largest integer such that every integer in [1,fi(n)]

can be written as a t-—practical number and By(n) = e"Y/z(tnloglogn)1/2

We show that for any A(n) > 1 + ——mugu—*——zand c » >

3

Y
(loglogn) be

if fe(n) »N(n)Br(n), then n is a t—practical number for any t,teN.

clogloglogn

Also for any A(n) < 1 - , teN, and ¢ » 2 , then

(loglogn)?2
£fi(n) > N(n)B(n) holds for infinitely many non t-practical numbers n
This work is done by using explicit formulas given in [9] by Rosser
and Schoenfeld .
In [7] they also showed that the number of practical numbers

n < x is

0(x/(Logx)®y | (3)

for any fixed 8 < nl- (———E;— - l)2

2 log2

. We extend this result to

t-practical numbers by using the general form of such numbers given



(iv)
by Theorem 1.1.5 in Chapter 1 . Our result shows that (3) is an
estimate for the number of t-practical numbers n < x uniformly for t

in the range
1<t g exp.{(logx)a‘} ,
for any fixed 6, , 0 < &, <1 - (1 + /2B)log2 .

Margenstren in [4] showed that the number of practical numbers

n < x ,(x is a large real number ), is at least

A
i = NG
exp.[—iiagz(loglogx) + 3loglogx ]
25/2
where A = . A sharper lower bound than (4) is presented in
5

section 2.3 . We proved that the number of t—practical numbers
n € x ,(x is a large real number ), is at least

X

(21og2) /2

¥

1 2
exP'[_7T5E7 (loglogx)“ + loglogx + log(t+1)]

for any fixed t , teN/{o)

A further improvement to the results in [7] is given in
section 2.4
We showed that, for any teN and x > £ the interval (x , x+2(~§)1/2)

3 t
contains a t-practical number .

In Chapter 3,we return to the topic concerning sums of the form
(1),vwhere oy are units of algebraic field (Q(8),to generalize
Belcher's results in [12] and [14]. We let V to be the set of all
fields in which all integers can be written as a finite sums of units
(not necessarily distinct) . We define t—integers to be those
integers expressible as a finite sum of units with at most t

repetitions and we refer to any t-integer expressible as a sum of

(t+l) units as a strong t-integer . We prove that , if (t+l) is




)
a strong t—integer, then any sum of units in (J(8) is a t-integer .
This generalizes Belcher's result in [14] which covers the case t=1.
Define Wy to be the set of all fields ((#) in which every integer
is a t-integer. We construct a necessary condition for all real
fields , with fundamental unit ¢ , to be in Wy . This condition is
expressed in terms of t and e

A further general result achieved for pure cubic fields shows

that all fields Q(ad) withd=m=z 1, m» 1, are in W¢.We also give
some examples in such pure cubic fields

We prove in section 3.2 that, if ((6)e¢W. and Q(p)eV, where these
fields have relatively prime discriminants, then Q(8,p)eWs . This
generalize one of Belcher's results in [12] . Tt also enables us to
generalize another result of Belcher[l12] by showing that there are
infinitely many quartic fields Q(vd,/m)eWy for any fixed t , teN .

Interesting and new general results for real quadratic fields
0(sd) are discussed in detail in Section 3.3 .The main result,proved
in Theorem 3.3.2, shows that if (J(/d)eV and ¢ = t+sd or {(2t-1)+,d}/2
is the fundamental unit of ((/d),then Q(/d)eW¢ , tis minimal in a
certain sense . This shows that any integer of (J{/d) which can be
written as a sum of units is a t—integer and also can be used to
determine which quartic field of the above type lie in W
Theorem 3.3.2, also implies Jacobson's result in [3] that both Q(/2)
and ((/5) are in W, and specific examples of Q(vsd) , 2 < d <100 , are
also given to illustrate our results

We mean by the phrase'a is a norm-s integer in Q(sd) "that « is
a sum of integers of norms less than or equal to s . We extend
Theorem 3.1.2, by establishing new results for the representation
of integers in ((6) as sum of distinct norm-s integers for any given

s, 1< s < t? ., We describe as a strong norm-s integer in ((0) any




(vi)

norm-s integer wefl)(#) such that

I ™Me

a:
i

Yi€i o (5)

1
with i non-associate integers in (J(8) €,,...,ey are the fundamental

units of 0(6) , IN(yi)l < s and LIN(yi)t < IN(a)1 . We denote by N¥
i

the set of all fields in which every integer can be wlitten as a sum

of distinct norm-s integers.We prove in Theorem 4.1.1,that if ((6)eW

for some t , t > 91/2and that every integer in () of norm less than
Yy g

or equal to s is a strong norm—-s integer,then ﬂ(e)eNg .
We apply our general result to show that Q(?Z)eNﬁ since Q(32)5W3,

and that every integer in Q(?Z) of norm less than or equal to 9 is
a strong norm—-3 integer .

The real quadratic fields Q(sd) which are given by Theorem 3.3.2,
are discussed in section 4.2 . We prove that , if Q(s/d)eWy ,

d =1 (mod4) and ¢ is the fundamental unit of Q(,d),then Q(/d)eNg
and s = t?2 — 2t ¥ 1 as N(e¢) = -1 or +1 respectively. We also show
that,if Q(vd)eW, , d £1 (mod4) and € is the fundamental unit of
Q(vd) such that N(e) = +1,then Q(/d)eNg and s = t2 — 1 ., The case
Q(sd) eWy,d £ 1(mod4) and N(e) = -1 is dealt with considering the 7i's
in (5) which are assocaites integer in (J(/d) when we refer to the
strong norm-s integers.This enables us to show that Q(/d)eN%

with s = t2-2t-1.

In some instance we can determine the minimal value of s ,e.g
Q(J13)6N§ but Q(/l3)éN§ since there are no integers of norm 2 in this
field . But certain quadratic fields Q(/d)eN§ do have the property
that every integer of norm less than or equal to s can be written as
a strong norm—v integer, 1 € v € s and v is minimal . This enables

us to prove in Theorem 4.2.2, that such quadratic fields are in N$ .




(vii)
This result is indicated in Theorem 4.2.3, which shows that Q(/S)eNi.
Further clavification is provided by examples on Q(sd) with

2 £ d < 100 in section 4.3
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CHAPTER (1)

§ 1.1 The t—Practical Numbers

In [1] A.K Srinivasan studied the numbers n » 1 having the
property that every integer m satisfying 1 < m < n and of the form

m=zcdd , cqg = o,1 . L
din

These numbers are called the "practical numbers" . B.M.Stewart in [2]
defined I* to be the set of all integers n such that
o(n) — a(n) =0 , (2)
where g(n) is the sum of all positive divisors of n and a(n) denotes
the number of all integers m having some representation in the
form(l).
The main result proved by Stewart in [2] is the follwing :

Theorem 1.1.1[2]

If n belongs to I* and p is a prime with (p,n) = 1,then pkn,
k » 1 belongs to I* if and only if
p<o(n) +1. (3
In [2] Stewart also gave a complete structure for the practical
numbers in I* by demonstrating the following result ;

Theorem 1.1.2[2]

n belongs to 1* if and only if n is of the form n = 22 |, a > g

or
n = 2apT1... pﬁk , apl,a >»1 ,
where 1 < 1 ¢ k , p; are primes satisfying the following conditioms:

2<p1<,.‘<pk,

p1 € 0(28) + 1,

and

Pj+1 < 0(2%.p1%1... p3®y) + 1, (I<i<k-1).




—9_
Let 7(n) = r be the number of positive divisors of n and let
1l =4d) <dg < ... < dy =mn be the divisors of n . Put ¢, = 0 and
0 =dp +do + ... +d , 1<k,
In [5] Robinson adopted Stewart's ideas to prove the following
result ;

Theorem 1.1.3[5]

n is a practical number if and only if

1 <o +1 ,1<k<r -1, (&)

Now we shall work with a new definition given in the following :

|

; Definition 1.1.1

|

| Let teN ,then n is a t-practical number if every integer m
1

1 < m € tn has the form

Leg 4, o <eg<t, (5)
din

A practical number in the sense of Srinivasan[l] is just
a l-practical number . Taking account of our definition we shall
generalize Theorem 1.1.3[5] as in the following :

Theorem 1.1.4

n is a t-practical number if and only if
dps1 € top + 1, oskgr-1, (6)
Proof
Suppose that
dp41 € top + 1,
for all k , o €« k € r = 1 .We will show that n is a t—practical
number. In fact ,we prove that for any k , o € k €< r - 1 ,every

integer m such that
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top < m < Oy

can be expressed as (7)
k+1
Yeidy 0o L ¢y <t .,
i=1
Since toy, = o0 and toy, = t ( dp 4+ d, + ... + dy y 3 de =n ,this shows

that every integer m in [l,n] has the required representation for n
to be t—practical number .

The proof of (7) is by induction on k . For k = o ,(7) asserts
that every m , o0 < m € t can be expressed as cqdy , o € c¢1 & t and
this is trivially true since d; = 1 . Assume therefore that (7) is
true for all k = K , where K < r —= 1, and we will show it is true for
k=K+1.

Suppose therefore that

tog+l < m < Cogy2

In particular , since dg.9 < togy] + 1 , this implies that
dgig < M < toR4p

Now , if m < (t +1)dg49 , we can write m as
m = udgyg + Vv ,

where o € v € dgyo and o0 € u £ t . Hence

0 € v<dgyy € togyy +1 i.e 0 € v < togyp so that by the induction

hypothesis ,
K+1
v = Xcqd; 0 £ ¢y &t .
i=1
Thus
K+1
m = udg,o + XLcjdg
i=1
where o S u< t and 0 < cj < t .i.e
K+2
m = Yecjdy , 0o cy <t

’ i=1
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where cy4o = u .This is the required form . On the other hand , if

m» (t + 1 )dgyo ,then

dg+o < m = tdgyp < togyp — tdgyy = togRel |

Hence ,again by the induction hypothesis ,

K+l
m — tdK+2 = Zcidi
i=1
i.e K+2
m = Xcjd; ,
i=1

where cgyo = t . In any case this completes the proof .

Conversely ,if n is t—practical number ,then for any k ,

0 €« k€r -1 we can write

0 € ¢y <L,

’

r
dg+l - 1 = Tegdy
i=1

diy1 < top + 1

as required .

Theorem 1.1.4 , shows in fact that n,is t-practical number if and
only if every m , 1 € m < to(n) can be expressed as
T
m = Ycidi , o €£¢cy <t .
i=1
The range for m is best possible since
r

X
m = ):Cidi > mg t Zdi = to(n)
i=1 i=1




Remark 1.1.1

Any practical number is a t-practical number if teN .

Proof

Let n be a practical number . Then by Theorem 1.1.3[5]

diey1 S o + 1, Yk ,o<kgr -1,
Since t » 1 , then

dpe1 S o + L < top + 1,
for each k , o < k £ r — 1 . Thus , by Theorem 1.1.4 ,n is a

t—practical number as required .

We shall prove the following result by using Theorem 1.1.4 .
Lemma 1.1.1
For any t-practical number n , teN ,
(t+ Dn < to(n) + 1 . (8)
Proof
Let n » 1 be a t-practical number .If n =1 , then (8) is wvalid .
Suppose that n » 2 and 1 = d7 , d9 ,...., dy = n represent all
positive divisors of n in an increasing order . Since n is
t-practical number , it follows from Theorem 1.1.4 , that
dy € toy_p + 1 .
Therefore

dy + tdp € top + tdy + 1

(t + 1 )dy < top + 1
Since dy- = n and ¢4 = ¢o(n) , then
(t + I)n < to{n) + 1 ,

which is the required inequality .
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Strict equality can occur in (8) for certain t—practical numbers.

For example (t + 1)2 is always a t—practical number since every m,

L<mg (¢t + 1)Lcan be written as m = u(t + 1) + v , where

osusg (t+1), ogv<s<t+1and (t +1) , 1 are divisors of

(t + 1)2 If , in addition , t + 1 , is a prime p then ,

n = (t + 1)2 satisfies o(n) = p2 + p + 1 so that

to(n) = (p - (2 +p+ 1) =p3 -1,
and

(t+1)n-1=p.p2-1=p3 -1

(t + Dn = to(n) + 1.

Now , we have the following results ;

Lemma 1.1.2

For any 2eN , (t + 1)? is a t—practical number .

Proof
Let meN such that 1 < m € (t + 1)2 .Then we can write m in the
base (t + 1) i.e
-1 .
m = Xcj(t + 1)1 ,
i=1
where o € ¢y € t .Since (t + 11 o< i< 0-1 ,are distinct

divisors of ( t + 1)Q ,the result follows

Lemma 1.1.3

et 1< S<t+1. Then S? is a t—practical number for any Q2eN .




Proof

Let meN such that 1 < m < S . Then we can write m in the base S

-1
m = ):ciSi ,
i1

where o € ¢i € t .Since st , 0 < i< @¢-1 ,are distinct divisors of s?

and 0 € ci < t,8¢ is a t—practical number .

‘Now consider the t—practical number mn having the positive

divisors 1 =d; , do , ....,d = n . Then by writing
n = p1&. pr?o ... ppdyp ,
where aj » 1,1<3j<2andp) <pg < ... <pgp such that Pjldrsl »

1 <k < r-1 .We shall have pjé = dg4) , 6 > 1 and from Theorem 1.1.4
we get
Pj € dps1 Stop + 1, o £ k< -1 .

Since n is a t-practical number,it follows that

ox = ¢(p1¥1 ... pj-1%j-1) .Therefore
Pj < to(p1®1 ... pj1%5-1) + 1 . (9)
So, condition (6) of Theorem 1.1.4 , implies (9) for any

t-practical number n.This will lead to a generalization of
Theorem 1.1.1 , given in [2] by Stewart,in terms of t-practical
numbers

Thus ,for this purpose we shall define the set Ay , teN ,to be
the set of all integers n such that every integer m , 1 < m € to(n) ,

is of the form

Teg d , 0 <cg <t
din

Let B(n) be the number of these integers m . Then Ay contains all




the integers n for which
B(n) = to(n)
If n is a practical number , i.e t = 1 ,then B(n) = a(n) .Thus ,
for any t , ( £t » 1 ) f(n) » a(n) and furthermore A, contains all

the practical numbers

We prove the following result :

Lemma 1.1.4

If n belongs to A , and p is a prime such that (p,n) = 1 ,then a

necessary and sufficient condition that n' = np2? , a » 1,be in Ac is
that
P < to(n) +1 . (10)
Proof
If we have that p > to(n) + 1 , then to(n) + 1 cannot be

represented as a sum of divisors of n' with at most t repetitions for
any t,(t » 1).Therefore condition (10) is necessary when n'is in Ag.
Conversely , suppose that
p < to(n) +1
In order to show that n'is in A¢ ,(t 3> 1), we need to show that
every integer m ,1 < m € to(n') is of the form

m = ch'd' , 0K cg <t .
d'|n

We shall proceed by induction on a . For a = 1 we have that
p2 € te (p? 1n) + 1 implies that P € te(n) + 1 which is true .
Let pa‘ln » & » 2 belongs to A¢ be the induction hypothesis.
Then
pa+1 < pto(pa"ln) + to(n) + 1

= tpU(pa_l). o(n) + to(n) + 1
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p*l < to(m) (po(pah) + 1) + 1
Since po(pa 1) + 1 = g(pd),

Pl < to(m).o(p®) + 1

pa+l < to(pan) + 1

Now ,we shall show that n'= np2 belongs to Ar i.e every integer
m defined above is of the required form .Let M be an integer such
that M = 0,1, .... ,to(n) and consider the intervals
(Mp2 , Mp2 + to(pa~In)] ,
where no integer m within the range 1 < m < to(n') is excluded from
all of these intervals and all the intervals are overlapping.
Since p2 < to(p? 1ln) + 1 ,we shall have that
(M + 1)p@ = Mp2@ + pa < Mp@ +to(pa1In) + 1
It follows also that 1 and to(n')are included in our intervals,where
M + 1)p2 < to(mB+ to(pa~ln) + 1

te(n) (p2 + o(pa L)} + 1

Il

I

te(n). o(p?) + 1

(M + 1)p? < to(pn) + 1
Thus , m can be written as

m= Mp? + S , (11)
where 0 < M € to(n) and o0 € S € ta(pa"ln) . Since n and p2~ln belong
to A, as we mentioned above,

M=13qd, CdEN , 0K ¢cg <t
din
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and
S =1JXeq" @', cq'eN ,0<¢eg" < ¢t
d"1pa2~1ln
Therefore (1l1l) becomes
m=ZCDD+ZCd"d“ ’ CDEN, o< epsSt,
d“lpa_ln

where D = pad , D # d" and both D and d" are divisors of n'. Hence

n = pan belongs to Ay = This completes the proof .

From , Lemma 1.1.4 , if we set t = 1 ,then Stewart's result [2]

will follow immediately .

Corollary 1.1.1

If m is a t—practical number and n a non-zero integer such that
n < to(m) + 1, (12)

then mn is t—practical number .

Proof

Let m be a t—practical number for a fixed t,(t » 1) and let n be
a positive integer satisfying (12) . It is clear that when n = p2 |
(a > 1) and p is a prime such that (p,m) = 1 ,then mn is a
t—practical number by Lemma 1.1.4 . If n divides m ,then mn is
also a t—practical number .

Suppose that nfm and n = P181 ... P8, a3 » 1 ,(1 < i< r) with
P1 < P2 < ... < py representing then first r primes such that (12) is

satisfied .We proceed by induction on r .
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(i) If r = 1, the mn is a t—practical number by Lemma 1.1.4 .
(ii) As an induction hypothesis we suppose that mn,_j is a
t-practical number, where ny 7 = p1%; ... Py_1%p-1 ,» ¥ > 1 .It
follows from Lemma 1.1.4 , that
Pr-1 S to(mng_p) + 1 . (13)
Now we need to show that (13) is true with r-1 replaced by r .

It follows from (13) that

P2p-1 S tpy_jo{mng_5) + Py

< t{pr—1o(mny_9) + oc(mn,._5)] + 1

I

tlo(mnyp_9) (P, + D] + 1

to(mng,_ppy_1) + 1

P?r-1 < to(mnp gpr1) + 1 < to(mny_ppyr1%r-1) + 1, (14)

where ay.7 » 1 and npo9 = p1® ... pr93-_9 .Using Bertrand's
Postulate (see[6]) , it follows that py_1 < py <p?y_1 . Therefore
(14) implies that

Pr < P?r-1 < to(mny_gpyr_13,.7) + 1

Pr € to(mnye_1) + 1 , (15)
and (15) shows that (13) is true for r which completes the induction.

Hence mn is a t-practical number by Lemma 1.1.4 .

Now we shall describe the complete structure of the

t-practical numbers in the following result ;
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Theorem 1.1.5

An integer n > 1 belongs to A ,(t » 1), if and only if n has the

form
n=p1% ... Pk .Pk+1%k+1 --- PR, (16)
where
ay , a , ..., ak » o (not all zero)
agtl » Ag+2 » .. 5 8p 7 L
PL s eoveey PR S E+ 1 <pryp < ... <pp,
and
Pj+l < to(P1®1 ... PRk - Pr+1%k+2 -..P3%) + 1, 1 <j <2-1.
Proof

Let nj = p1#1 , a1 » 1 belong. to A¢ ,(t » 1) , for some value of
t .Then from Lemma 1.1.4 , we have
pL <t + 1. 17
If we choose py to be the next prime greater than pi,then since

that

?

ny = p1%1 ,in A¢ , it follows from Lemma 1.1.4
P2 < to(pi®p) + 1, (18)
and (18) implies that n = p32).po#o belong to Ay from Lemma 1.1.4 .
Now suppose that n = p1®) ... p® , aj » o (not all zero ) ,
1 <1i<g k ,belong to A as an induction hypothesis . Then from

Lemma 1.1.4 we have

Pk < to(P1?1 ... Pr-1%k-1) *+ 1, (19)

Pk? < tpro(P1®1 ... Pr-1%k-1) *+ Pk . (20)

Using the induction hypothesis in (20) we get

Pk® < tPro(P1®1 ... Pr-1%k-1) *+ to(p1®1 ... Pr-1%k-1) + 1

Pr? < tlpk + 1).o(p1®1 ... Pr-1%k-1) + 1
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Pk® € tolpk) - o(P1® ... Pk-1%k-1) + 1 . (21)

Since ay » o , t » 1 , then o(py) < o(pk®k) .Therefore (21) implies

P2 < to(pk) - J(plal Ce Pk—lak—l) + 1
< to(prfr) - o(p1®1 -+ PR-1%k-1) *+ 1
i.e
Pk < o(p1® ... Pk + 1. (22)
Since pr?2 > 2py , it follows from Bertrand's Postulate (see[6])
that,
Pk < Pk+1 < 2Pk < Pk? - (23)

So (22) and (23) will imply that

P+l < to(p181 .. Pr¥) + 1 . (24)
Therefore np41 = P1%1 ... Pk®k Pk+1%Kk+1 is also in A¢ .This completes
the induction steps . So the induction can be repeated for
Pk+2 » Pk+3 s--- ,Pp with

Pk+l < Pk+2 < »---5 < PQ >

to show

Pg < ta(P1®1 ... Pk®k -P+1%k+l .- Pe-1%p-1) - (25)

Hence n in Ay will be of the form

n=p1% ... Pk¥% -Pk+1%k+1 ---- PpPp
with
alj , a3 ,... , ag » o (not all zero ) ,
PL <P2 < ... <PgSt+1<pry <...<Ppp,

and the primes p; are satisfying (25)
Conversely, suppose n is an integer of the form (16) and
satisfying (25).Then from Lemma 1.1.4 , =n belongs to A¢.This

completes the proof of the Theorem .
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We shall prove the following result :

Theorem 1.1.6

For any fixed t ,(t > 1), n belongs to Ay if and only if n

is a t-practical number .

Proof
Let n be an integer in A¢ . Then for any fixed t ,teN every
integer m , 1 € m € to(n) is of the form
Yeg d 0K cgsgt. (26)
din

This certainly shows that every integer from 1 up to tn is of the

form (26) . Hence n is t-practical by definition 1.1.1

Conversely ,suppose that n = p18] ... pp%p , aj » 1,1<3i<2,
P1 < P2 < ,... , <Pg , is a t-practical number . Then from
Theorem 1.1.4 ,the condition
Py < to(p1?y ... Pj-1%5-1) + 1, (27)
is necessary for n to be a t-practical number . Using Lemma 1.1.4,
which shows that condition (27) is sufficient for n to be in A which

completes the proof .

Theorem 1.1.7

The product of two t-practical numbers is a t—practical number

3

for any t , teN .

Proof

Let m and n be two t—practical numbers , t eN . Then if m € n we

shall have
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m<n <te(n) + 1,
and since n is t—practical number it follows that mn is also
t-practical number by Corollary 1.1.1 .If n < m ,then we can write
n<m-«< toe(m) + 1 ,
and since m is also t-practical number,then the fact that mn is

t-practical follows from Corollary 1.1.1 ,which ends the proof .

§1.2 Extension To The Negative Divisors

Let A* be the set of all positive integers n having the property
that every integer m , 1 { m € ¢(n) is of the form

m=Yby d , tbr <1 . (D
din

In [3] B.Jacobson proved the following ;

Lemma 1.2.1[3
If n belongs to A¥* and p is a prime such that (p,n) = 1 , then
pFn , k> 1 belongs to A* if and only if

P € 20(n) + 1

Now , we extend the definition of A¥ to A% ,(t » 1) ,in which
every integer m , 1 £ m € to(n) is of the form

m=Yeqd , legl € t
din

We have the following result ;
Theorem 1.2.2

For any fixed t ,(t > 1), Ai =A,¢ -

Proof

It is obvious that A§ € A, since if n in A% and m is an integer
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such that

0o «m< 2to(n) ,
then m is of the form

m=m, + to(n)
and

m,= Yag d , lagl < ¢
din

So , we can write

m=YX(ag + 1)d = Xecgq d ,cq = o ,t or 2t
din din

i.e n belong to A, ,(t > 1). Hence A% € A,e .
Conversely , suppose that n belongs to A, , t > 1 and m is an
integer such that
0 &« m & to(n)
Then we have that
to(n) € m + to(n) < 2tg(n)
and

to(n) + m=3Xcg d , eq = o0 , t or 2t . (2)
din

By subtracting to(n) from both sides of (2) we obtain that

m=XI(cg —t)d==Xagd , lagl € t .
din din

Therefore n belongs to A i.e ALp € AY . Thus A, = A% which
completes the proof .
It follows from Theorem 1.2.2,that Jacobson's result given by

Lemma 1.2.1, above can be generalized as follows ;

Theorem 1.2.4

For a fixed t ,(t > 1), if n belongs to A% and p is a prime with
(p,n) = 1 ,then pkn , k » 1,belongs to A% if and only if

P < 2te(n) + 1
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§1.3 The Value Of B(n)/to(n)

Let n be a t—practical number , teN . We shall define

B(n)
St(n) =

to(n)
As we mentioned in section 1.1 , 8{(n) = a(n) when n is a practical
number i.e when t = 1.This implies that S,(n) = a(n)/oc(n) . In [2]
Stewart showed that the values of S (n) are dense on the interval
(0,1]. We have B(n) = te(n) for any t-practical number n in Ay

A result similar te that of Stewart in [2] can be proved for

S¢(n), where n is a t—practical number. So for that we shall need the

following ;

Lemma 1.3.1
If p is a prime such that p > to(n) , t » 1,then

Bpn) = B(n){B(n) + 2}

Proof
We have that every sum of divisors of pn is of the form
m=mp + m, ,

where m, and m, are either zero or sum of divisors of n with at most
t repetitions . Therefore

o € m < max.[[ —%— ] ) to(n)]
and

o < m, < to(n)
This shows that the maximum value of m, is equal to to(n) . Since
p > to(n) , then no two of these m can be equal unless they have the
same m, and m, . We have that the number of choices of each m, and m,

is B(n) + 1 . Therefore

Blpn) = (f(n) + 1 )2 -1 =Bm{Bn) + 2} ,
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which is the required result .

Theorem 1.3.1

The values of S¢(n) form a dense set on the interval [o,1]

Proof

Consider x and y to be real numbers such that o < x <y <1 . We
seek an integer k such that x < Sg(k) <y . We write k in the form
k=pn , n is in Ag , where p > to(n) so that by applying Lemma 1.3.1

B(pn) B(n){B(n) + 2)

Sg(k) = Si.(pn) =
to(pn) t(p + 1)o(n)

Since B(n) = to(n) follows from neAr,we have that
te(n){te(n) + 2) {to(n) + 2}

S¢lpn) = -
t(p + Lo(n) (p + 1)

Put u=1/y , u(l + €) =u +ue =1/x , ¢ > o . We need to find n and
p so that

uf{to(n) + 2) < p + 1 < u(toe(n) + 23(1L + €)
It follows from Lemma 1.1.4, that ther are arbitrarily large numbers
in A . So , by using Cahen-Stieltjes Theorem (see[8]),for any ¢ > o
and sufficiently large v = u{to(n) +;2} there exists at least one
prime p such that

uf{toe(n) + 2} - 1 <p <v(l +¢€) -1~ ¢€ <v(l + ¢)

u{to(n) + 2} <p + 1 < u{te(n) + 2}(1 + ¢)
Since u » 1 and (p + 1) < t(p + 1) ,
u{to(n) + 2} < t(p + 1) < u{te(n) + 23(1L + €),

and such a prime p satisfies the condition p > to(n) .This ends the

proof .
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For the non-practical numbers , we let n be any non—practical.
Then n is either of the form
n=mpi® ... %% k>1 (1)
where aj 2 1 ,(m,pj) =1, (1<j<k),pL<prc<...<pgpandmz]1
is a practical number such that pj > o(m) + 1,or n is of the form
n=m.pd , ay»l (2)
where p > ¢(m) + 1 .

We shall consider the integers n having the form (2) . Then a(n)

will be determined in the following ;

Lemma 1.3.2
et n =mp? , a» 1, (p,m) =1 withm > 1 a practical number
satisfying p > o(m) + 1 . Then

a(n) = {c(m) + 1))atl — 1 |

Proof
Suppose that n = m.p2 , a > 1 , (m,p) = 1 and m » 1 is a

practical number such that p > o{m) + 1 . We have

o(n) = o(m).c(p?)

I

o{n) o(m). (L +p + ... +p2)
Then any sum of divisors of n will be of the form

- a
D=my +mp+ ... + mzp

) (3
where o < mjy € o(m) , (0o € L € a). Since p > ¢(m) + 1 , then no two
of these D given in (3) are equal unless they have the same mj . The
number of the choices of each mj is equal a(m) + 1.Since the number
of my is a + 1.Then the number of the possible choice of D given in
(3), excluding D = o ,is

aln) = {a(m) + 1}a+tl — 1
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Since m is a practical number,a(m) =

= g(m) . Hence

a(n) = {o(m) + 1)a+l — 1 ,
which is the required result

Now , we prove the following

Theorem 1.3.2

Llet n = m.p2 , a » 1 ,(p,m) =1 with m » 1 a practical number
satisfying p > ¢(m) + 1 Then S§,(n) form a dense value on the
interval (o,1)

Proof
et n =mp? , a>1

,(p,m) = 1 and m » 1 be a practical number
. Then from Lemma 1.3.2

such that p > o(m) + 1

a(n) = {o(m) + 1}a*l — 1 |
Therefore

{o(m) + 1)a+tl — 1
S,(n) =

o (mp?)

(o(m) + 1yatl — 1
§,(n) =

c(m)(l + p +

...+ pA)
Put N = g(m) + 1l,s0 that N - 1 = g(m) . Then
Natl _ 3
S5,(n) =
(N -1 +p+ ...+ p%)

(N - 1)ya + Na-1 ¢+ |+ 1)
$,(n) =

(N - L +p+ ..

.+ p?)
Therefore

(4)
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Now ,we need to show that such a prime p and integer N given in
(4) exist with o < §,(n) <1 . From [8] , we have for any ¢ > o
and sufficiently large N that such a prime p exists so that
N<p< (1l + e)N
Hence

N2 < p2 < (1 + €)N2

(3)

Thus (5) implies that

1 +N+...+ N8 <1 +p

+
<+
!

o]
A

1+ (1 + e)N +.,..+(1l+e)d@ N&

1+ N+, ..+ N <1 +p+...+p%F < (L+N+.,..+ N8)(1+e)d , (6)

So , from (6) we obtain

1
<8, (m) <1
(L + ¢)d
1
where > p since (1 + €)@ > 1 . Hence our result follows
(l+e)d

It follows from Lemma 1.3.2, and for m 1l , that o(n) = 3
represents the smallest value a(n). In this case , Theorem 1.3.2,

implies that S ,(n) = 3/0(n) . Therefore S,(n)—> 0 as n —> ®»
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§1.4 Structure Theorem For E¥

Let' O be the set of all odd integers and 0% the subset of O which
contains all integers n » 5 satisfying the condition
o(n) — am) =2 (L
where o(n) represents the sum of all positive divisors of n,a(n) the
number of all positive integers m , ¢ & m < ¢(n) having the form

m = Yag d . ag=o0,1 . (2)
din

B.M.Stewart[2] showed that the first integer having this property is
n = 945 . He introduced a necessary condition for these integers n
which satisfies (1) when he proved that n is a multiple of 15 .We
arrange the 7 divisors of n = 15T , as follows;

d, =l<d,=3<d;=5< ... <d,=15T

By setting oj to be the first i divisors of m = 15T Stewart[2] proved

the following results ;

Theorem 1.4.1[2]

Necessary and sufficient conditions that n = 15T belongs to OF
are,for i » 3 |, either
(i) dy41 < oy — 2 , diy1 # o0y - 4,

or (ii) dj43 =04 - 2 » dipg =o0f — 2

As a consequence of Theorem 1.4.1 , he proved the following :

Theorem 1.4.2[2]

If n belongs to 0¥ and p is an odd prime,then n' = np belongs to
0¥, if and only if

2p < o(n) — 2 , 2p # o(n) — &4
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Corollary 1.4.172]

If the prime p divides n and n belongs to 0%, then n'= np belongs

to OF.

A fair question arises :"Are there any even integers n satisfying
(1) given above" ? The answer is " Yes " since e.g. n = 70 ,350,...,
does satisfy condition (1) . So , we shall consider the set E of all
even integers n . Define E* to be a subset of E which contains all
integers n satisfying (1)

The necessary and sufficient conditions for any integer n

to belong to E¥ are determined in the following result ;

Theorem 1.4.3

Let n = mpy...px , be an integer with Pj primes such that
(pj,m)=1,(1< j<Kk),pL<pp<...<pg, and with m > 1 a practical
number . Then n belongs to E* if and only if,for k » 2 ,

pyp = o{m) + 2,
PL <p2 < 2p3 -1,

and

Pj+2 < o(mpp.Pp ... Pj+1) +1 , 1< j<k—-2

Proof
let n = mpy ... pk belong to E¥ . Since m » 2 is a practical
number then every integer from 1 up to o(m) is of the form

xd (3
din

and p; » 5 . It follows also from m being a practical part of n andn

belonging to E* that

p1 = o(m) + 2 . (4)
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For if p > o(m) + 2 , then we have at least four integers in the
interval [l,0(n)] such as ¢(m) + 1 , o(m) + 2 , n — ¢(m) + 1 and

n - ¢(m) + 2 which defy representation by the form (3). Hence (4)is
necessary for n to be in E*.

If n belongs to E* and k = 1 , then since n = mpi is an even
integer all the divisors of n can be given in the following ascending
order

1,2,...,m,p1, 2p] ,..., nn.
Since neE¥ it follows from the order of the divisors that we must
have

2p1 < o(m) + pp + 1 .
But this inequality implies that pj; < ¢(m) + 1 which means n = mpy is
a practical number (see Lemma 1.1.4) . Further , since pj = o(m) + 2
then

2pp > o(m) + pp + 1,
and this implies that o(m) + pp1 + 1 = u does not have the form (3)
i.e n not in E¥ a contradicton . Therefore we need to have k » 2 and
po satisfying

P1 < P2 < 2p)

Pl < P2 <21 - 1.
Therefore

P1 <pz L o(m) +pp +1
Thus, every integer in the range [¢(m) + 2 , ¢(mp1ps)] can be written
in the form (3) . So, all primes Pj » i =3,...,k must satisfy the
condition

Pj+2 < o(mp1pp...pj+1) + 1 , (1 <J < k-2).

Otherwise Pi+2 > U(mplpz...pj+1) + 1 implies that ngE¥.
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Conversely , suppose that nm = mpjps...px , such that m > 2 is a

practical number k » 2,satisfying

p1 = a(m) + 2

P1 <pP2 < 2pp -1
and

Pj+2 < U(mplpz...pj+l) + 1, 1<j<k-2.
Then every integer in the interval [1l,o(n)] , except o(m) + 1 and
o(n) - (o(m) + 1)) , is of the form (3).Hence n is in E* which ends

the proof .

Corollary 1.4.2

For any integer n in E* the practical part m of n is of the form
m = ga(qlal___qrar)z , a > 1 , ai > 0 ,

where qi are primes such that qj < qp <...< gy for all i,(1 < i < 1).

Proof
Let n be any integer in E¥ , then from Theorem 1.4.3 , we have
n = mp1py...Pk , k2
where p] < po < ... < pi are primes such that (pj,m) =1,
(1< j<k), m3 2 is a practical number satisfying the conditions
p1 = o(m) + 2
pL < p2 < 2pp - 1
and
Pj+2 < o(mp1py...Pj4+1) + 1, (1 <J < k-2).
Since m » 2 then pj » 5 and this implies that o(m) is an odd integer.
Since m is a practical number it follows from Stewart's result in [2]

that m is of the form

m=28q%...qx% , a>1l,cqy >0,
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where qi are primes such that 2 < q] < ... < qy , qf # Pj for all i
and j, q1 € ¢(2%) + 1, and

di+1 < 0(28q1%l...q4eq) +1 , (1 <1 < r-1).

We have

o(m) = 0(28q1%1...9,%)

0(28).0(q1%1...9:%)

o(m) = (23*1 - 1)1 + qp +...+ q1%7) ... (L + qp +...+ qxSp)

i.e
o(m) = (28*+L —“1ym(l + q4 +...+ q3%4) .
1<igr
where (28*l -1) is odd for any a , a » l,since o(m) is odd as we

mentioned above . Then m(l + qj +...+ q3%;) is either equal to one or
1€igr

is an odd integer.This require that either cy = o or that cj is an
even integer respectively i.e ¢y = 2a; , aj » o . This implies that m
is of the form

m = 28(q181...q9.8:)2 ,

which is the required form . This ends the proof.

Now , we shall need the following definition.

Definition 1.4.1

A prime p is called close to mn, (p,n) = 1,if p < o(n) + 1

Otherwise p is not close to n .

Let 7 = d(n) be the number of all positive divisors dj of n ,
1 € i < 7. We denote ¢f to be the sum of the first i of the r
divisors of n

, M = mMpj...Pk , k » 2. Further results related to the

integers of E¥ will be given in the following :
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Theorem 1.4.4

If n = mpy...pgx , m > 1 is the practical part of n , (pj,m) =1 ,
(L € £ € k) , pp < pp <...<pp are primes not close to m . Then
necessary and suficient conditions that n belongs to E¥ are that for
i » d(m) + 2 either
(1) dj4y1 <0f - (P - 1) div1 # 03 — 2(py — 1)

or (ii) dj43 =01 - 2(p1 - 1) , di42 =0 — PL -

Proof
We have that m » 2 is a practical number i.e every integer from 1
up to o(m) is representable in terms of n,and i > d(m) + 2 > 4 .
It follows that the ascending order of all positive divisors of
n = mpj...pk can be given as
l=4dj <dgp =2<...<dj9g =m<dj_1 =p1 <dj =pg <...<d,= n.
Let n = mpy py belong to E*. Then from Theorem 1.4.3 , we have
k> 2,
p1 = o{m) + 2
P1L <p2 <2pp -1
and
Pj+2 < o(mpy...pj41) + 1 (1<j<k=-2)
If dj41 > o4 — (pp - 1) , then L = o5 - (pi - 1) defies
representation in terms of n . If dj41 = o1 — 2(py1 -1) we get that
Loy - (1 -1 =djpp+ -1 ,
also defies representation with respect to n , unless dj;9 = 0{ — P].
Hence our conditions (i) or (ii) are necessary for n to be in E* when
i » d(m) + 2 , where d(m) is the number of all positive divisors of m.
Conversely , suppose that (i) or (ii) hold when i > d(m) + 2.

We proceed by induction on i . When d(m) + 2 < 1 €7 - 1 and
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(p1 - ) <x<o03-(p1 -1,
then either

x =3¥d ,
din

with d € d; distinct positive divisors of n , or
X =03-1 - (pp - 1) =44 + (p1 - ).
The hypothesis hold when i = d(m) + 2. Since
0i-1 ~ P1 = di41 g1~ (1 — 1) = diy1 + 1,

follows from (ii) , then

x=05j-1 - (p1 - 1) =di + (pp - 1) =djyq +1 . (&)
By considering y such that (p; - 1) <y < 0441 = (p1 = 1),we have the
following cases ;
(I) y <oy - (pp - 1) . Put y = x .Using the induction hypothesis
we can then write

y =Zxd )
din

with d € dj;q distinct positive divisors of n .
(IT) 01 = (p1 - 1) <y <o0i41 - (p1 -1) . By writing

y =dijs1 + X ) (5)
with 0 € X < 0§ — (p1 - 1),it follows from the induction hypothesis,
(unless x = pp —lor x =djy1 + 1 =4dy + (pp - D=ocj-1 - (p1 - 1)),
that

y==xd ,
din

with d € dj4] distinct positive diviscrs of n . The case when

x=diyg +1l=d3+ (-1 =0i1 -1 -1,

implies that
y =dj4y1 +oi1 ~(p1 - D)
This follows from (4) and (5) . Using (ii) , then

y=disa -1 - +oj =033 +d4 ~1=05-1,
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and this shows that y is representable in terms of n. If we have
X = pp - 1, then
of —(p1 - 1) <y=dj41 + (1 - 1)
So, from condition (i) we have
diy1 + (P - D) <of
and
6i{ ~ (p1 -~ 1)K y=4diy1 +(pp - 1) <01, (6)
where (6) shows that
y=0i.,0i"1,...,00 — (p = 2) or 04 — (p1 - 1)
Since o5 » o(m) + p1 + po and p1 = o(m) + 2 , where m is a practical
number, then all values of y given by
y=03 ,0i-1,..., 01 - (p1 -2,
are representable with respect to n. The case when y = 05 — (p1 - 1)
follows from (ii) which implies that
y =04 - (pp - 1) =djer +1 ,
which is also representable in terms of n. Therefore the induction
steps for i+l are satisfied. On the other hand we showed that every
integer q such that (py — 1) < q < ¢(n) - (p] — 1) is a sum of
distinct positive divisors of n., Since m is a practical number , it
follows that every integer from o¢(n) - o(m) up to o(n) is
representable in terms of n. Hence n = mpjp...py belongs to E* and

this completes the proof .

In Stewart's result [2] all integers n in 0¥ are multiples of 15
and therefore pp » 3 for any integer n. So, the practical part m of
each integer n in O* will be m = 1 since 1 is the only odd practical
number( see{2] ). This shows that the condition p; = ¢(m) + 2 and

Pl < P2 < 2p] - 1 hold for any integer n in 0¥ ,
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It follows also that Theorem 1.4.4 does not imply
Theorem 1.4.1[2] since py; » 5 when n is in E¥ as we showed above and
this shows that (ii) of Theorem 1.4.4, does mnot imply condition (ii)

of Theorem 1.4.1[2].

In view of Theorem 1l.4.4, we have the following ;

Theorem 1.4.5

If n = mpj..pk belongs to E¥ and p is an odd prime , then np = n'

belongs to E¥ if and only if

p<o@m - (pp - 1)

Proof
Let n' = np belong to E* and denote by gi' and d;i' the partial
sums and the divisors of n' respectively. We have that all divisors
of n' which are not divisors of n are multiples of pa+1 , where
n=7p%%b, axoand (p,b) = 1.
Suppose that the first r divisors of n' coincide with those of n
for which dj = dy' , r» 1, r > d(m) + 2. So , the conditions (i)
and (ii) of Theorem 1.4.4 , will carry over to n' = np for
d(m) + 2 i< r .
Now , we shall consider the cases with r < s € u , where
dg < dy' < dys1’ < dgy1 -
Since n belong to E¥ it follows from Theorem 1.4.4 ,that
dyrl < dgal € 0g = (pL ~ 1) < 05 + P — 2(py -~ 1) < o'~ 2(p1-1).
Therefore condition (i) of Theorem 1.4.4, holds for n' and u. Further
we consider the cases in which
n<dy' <dye <n'o. )
a!

Then du+1' = — , Wwhere dj < p . Therefore djln follows from (7).

dj
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n
When

> py ,then dj < p2 .By applying Theorem 1.4.4 to n for
ds
J

i » d(m) + 2 we have

n n n n n
— < ri—(p1 - 1)L o)~ (— + — + ...+ )>=(p1 - 1)
P2 dj dq do dj
i.e
n n n n
— < o{n)—( + oot ) - (pr - 1. (8

dj dq do dj

Multiplying (8) by p we get

pn pn pPn pn
—— g po(n) — ( + o— ., L+ Yy —p(pp - 1)
dj dq do dj
pn
Since pn = n' and —— = du+1| , then
ds
]
n' n' n'
dus1' € po(n) — ( o .+ ) - p(pp - 1)
dq d2 dj
, n T n 1) n ]
dyt1 < po(n) + o(b)—( + +oF ) —p(ppr — L, (9
dq do dj

and (9) shows that condition (i) of Theorem 1.4.4 holds for n' and u
It remains to consider the cases when dy,1 = p , pm ,or
p(pP1..PK) .(k » 2), with n < du+1" From these cases we shall have

the following ;

(I) If we have

pm < n < p(p1...PK)

then
n

p < <og(m) - (pp - 1 ,

m
since n belongs to E¥ . Therefore

dgr1 = P(P1.--PK) < 0(m) +p+pm~- (pp -~ 1) =ay - (pp - 1),
so condition (i) of Theorem 1.4.4 , holds for n' and u .

(ITI) If p <n < pm or n < p , then the condition
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dytl = Pm <o) +p - (pp - 1) =0y - (pp - 1),
is necessary for n' to be in E* . It follows from (ii) of
Theorem 1.4.4, that

pm = dys1’ = dys2’ - (P1 - 2) =0y - 2(pp - 1)
Therefore condition (i) of Theorem 1.4.4, must hold with

pm # o(n) + p - 2(pp - 1)
Thus, the conditions of Theorem 1.4.4,are necessary .

Conversely , suppose that (i) or (ii) of Theorem 1.4.4, holds
Then
duel'= P(P1...PK) < 0(n) + p +pm - 2(p1 - 1) = 0y — 2(p1 ~ 1),

and if n < p, then the condition

dus1' =P <o(@ - 2(pp - 1),
holds . Thus, for i » d(m) + 2 the condition (i) or (ii) holds and

hence n' belongs to E¥ which completes the proof .

Corollary 1.4.3

If n = mpy...pk belongs to E¥ and p is an odd prime dividing n

and not dividing the practical part m of n,then np=n' belongs to E¥,

Proof
Let n = mpqy...py belongs to E¥,with k > 2,(%,m)=1,(1<j<k),and
m » 2 the practical part of n. Then by Theorem 1.4.3, m satisfies the
conditions
py =o(m + 2
Pl <pP2<2pp -1
and

Pj+2 S o(mp3...pj41) + 1, (1 <J < k- 2).
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If p divides m , then m' = mp will be a practical number and this
implies that ¢(m) + 1L < og(m') + 1 , i.e

pp < o(m') +1
Since p; = o(m) + 2,this will makes n' = np a practical number
Therefore p must be a pj, (1 < 1 < k) . Since p; » 5 ,then p is odd.
We have that

P+ (pp - 1) <p(p1...PR) < o(n)

P<o(m) - (pp - D ) (10}
and (10) shows that the condition of Theorem 1.4.5

, holds . Hence

n' = np belongs to E* which ends the proof .

One can deduce from Theorem 1.4.4, that the first integer
belonging to E¥ is n = 2.5.7 = 70, which represents the smallest
integer in E¥. It follows from Theorem 1.4.5, Corollary 1.4.2 , and
Corollary 1.4.3, that any integer in E* has a general form given by

n = mp1Py. . .ppPx . (11)
with k » 2, bj 21, (1<j<k), pj are primes such that (pj,m) =1
5 <pp <Py < ... <pg ,satisfying

pp=o(m) +2

PL <p2<2p -1 ,

Pj+2 S o(mpp...pj41) + 1 , (1 <j<k-2),
and m > 1 is a practical number of the form

m = 28(q181...q:8.)2 , (12)
where a 31, aj » 0, (1 <i<r), and q; # Pj for all i and j

Further examples can be given to show that the first eight
integers n in E¥ which satisfy the conditions are those when m = 2,
8,18,72 128,196,200 and 288,where the odd part of m is a perfect

square.The prime pq which corresponds to these values of m are :
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pL=5, 17 , 41 , 197 , 257 , 401 , 467 , and 821 respectively .

We have the following result ;

Theorem 1.4.6

There are infinitely many integers n in E¥ |

Theorem 1.4.6 , will follow since for any integer
n =mpy1?1...p% »(k » 2),in E¥ where p is a prime such that
n < p < o(n) + 1,then an , 2 » 1 also belongs to E¥ by
‘ Theorem 1.4.3 . Hence there are infinitely many integers of the form

an . For example n = 70 is in E* and for any prime p , say p = 73

and 70 < p < ¢(70) + 1, n 70(73)k is also in E¥ and hence there are

infinitely many integers of the form n = (70)(73)k , k21 .

We established a program written in Fortran 77 , which can be
used to produce any integer n in E*. This can be done by considering
the conditions satisfying n given in (11) above. The program also can

be used to examine whether an integer mn belongs to E*¥ or not by

providing us with integers in [l,0(n)] which are not representable in

terms of n .

The integers m = 2.5.11 , 8.17.37 , 18.41,83 , 27.257.521

s e s
does not belong to E¥*, since there are more than two integers in
[1,0(n)] which defy representation in terms of n .

The following program mentioned below is applied for the number

n=28.17.19 , which has 16 divisors

READ A(16) ,N

OPEN (10,FILE = 'DS2")




W

—35-

DO 30 I = 1 , 5400
L=1
M=1

9 READ (10, % , END = 25) (A(J), J =1, 16)
1l N=1I
DO 20 J = L, 16
IF(N . GE .A(J)) THEN
N =N - A(J)
IF(N . LE . 0 .) GO TO 25
IF((N .GE .1) AND . (J . EQ .16)) THEN
REWID 10
L=1
READ (10 , % , END = 25 ) (A(J) , J =1, 16)
S = A(M)
A(M) = A(M + 1)
AM + 1) = 8
M=M+1
IF(M . EQ . 15) THEN
WRITE(* , 18)I
18 FORMAT (10X , 16 ,2X , 'IS NOT REPRESENTABLE ')
GO TO 30
END IF
GO TO 11
END IF
END IF
20 CONTINUE
25 REWID 10

30 CONTINUE
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STOP

END

Finally we conclude that the set M¥ = E¥ y 0% represents the
complete set of all integers n satisfying the condition
o(n) — aA{n) = 2
A further result related to the properties of the integers of E¥ is
given in the following ;

Theorem 1.4.7

For any integer n = mp1®p...pgdk in E*

o(n) 3 pp + 1
n 2 p1 — 1/2
Proof
Suppose that n = mp1®;...p3 is in E*. Then by Theorem 1.4.3,
k>3 2, aj 21, (1 €3 < k) andm » 2 is a practical number such

that
py =o(m) + 2
PL <p2<2pp -1,
and
Pj+2 < o(mp1?y. . .py41%541) (L < < k-2).

So , we have

o(n)  ¢(m) oc(P1%1- . . PK%K)

n m plal...pkak

o(n) o(m)
2 (1 + l/pl) (l + 1/p2) . (13)
n m

Since m » 2 is a practical number, from [4] we have

o(m) » 2m - 1
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Therefore
a(m) 1
—_— > (2 - ).
m m
1 3
Since m » 2 , then (2 -~ ——) » — . Therefore (13) becomes
m 2
o(n) 3
>— (L +1/py) (L+1/pp) . (14)
n 2
We have py < pp < 2pp - 1.S0
1
(L +1/pg) » (1 + ) (15)
2pp — 1
Using (15) in (l4) we get
o(n) 3 1
> — 1 +1/p1) L+ — )
n 2 2p1 - 1

o(n) 3 pp +1
> [ ] ’
n 2 p1 — 1/2
which is the required result .

Further properties for the integers of E* will be investigated in

the next section.

§1.5 Some General Results On The t—Practical Numbers
In this section we shall prove some results on the
t—practical numbers n having the form
n=mpj®...p% , k>1, aj » 1,
where m is a practical number and py are distinct primes such that

(pj.m) =1, and (1 < j < k)

We shall prove the following result :
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Theorem 1.5.1

Let n be an integer of the form
n=mp18...p% , k>1, aj > 1,
where pp < p2 < 2p1 — 1, (pj,m) = 1 for all j ,(1<j<k),and m is a
practical number satisfying
PL<o(m +s , 1< s < o(m
and
Pj+2 < U(mplal...pj+1aj+1) + 1 , (1<ji< k-2).

is | . is
Then neeither a practical number orain A,

Proof
Suppose that n = mp1®1...p% , k » 1 , aj =1, (pj,m} = 1 for
all j , (1€j< k), pp < py < 2pp,and m » 1 is a practical number
satisfying
P < o(m) + s , 1 < s < o(m) , (L)
and
Pj+2 < o(mp1?y...pj41%541) + 1, (1<i<k-2). (2)
Since m a practical number every integer from 1 up to ¢(m) is of the
form

d .
din

If s =1 in (1) , then p; < o(m) + 1 . So, by Theorem 1.1.1[2]
mp1#) is a practical number. We have p; < py < 2p; - 1,s0
P2 € 2p; - 1 <20(m) + 1 .
Since s =1 and p; = ¢(m) + 1 , then py » 2. Therefore

pp <20(m) + 1 < g(mp137) + 1

py < o(mp1®p) + 1 . (3)

Therefore (3) implies that mp181p9®9 is a practical number by
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Theorem 1.1.1[2]) . So , from (2) and (3) we obtain
pj < o(wp?y...pj-1%5-1) + 1 , (AKi<k),  (4)
and by Theorem 1.1.1[2] (&) implies that n is a practical number .
If 1 < s € ¢(m) ,then from (1) we have
Pl = o(m) + s

P1 < 2¢(m)

P1 < 20(m) + 1 . (5
So, by Lemma 1.1.4 , mpj9] belong to A, . Since py < pp < 2p1 - 1,
then from (5) we get

P2 € 2p1 - 1 < 4o(m) + 1

P2 < Ao(m) + 1
Since s > 1 and p} = o(m) + s , then py » 3 and therefore

P2 < 4o(m) + 1 < o(mpy®y) +1, ap » 1 .
Therefore

P2 < o(mpy®1) + 1 . (6)
So, by (2) and (6) we get

Pj+1 < U(mplal...pjaj) + 1, (1<j<k=-1) . (7)

Thus, from (5) and (7) we conclude that n is in A, by Lemma 1.1.4,

and this completes the proof .

In Theorem 1.5.1, take s = 2 and m » 1. Then all the integers n
are in M* where M¥ = E¥ u 0% (see Theorem 1.4.3 and [2]). Therefore
Theorem 1.5.1, implies that every integer in M¥ belongs to A,. The
converse is not true since for instance n = 10 is in A, but

10 is not in M¥ |

Now , we prove the following result ;
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Theorem 1.5.2

Let neA, be a non—practical number having the form
n=2%18...p,8%% ,a»1l,a; 21, (8
where p; are primes such that 2 < pj <...< py . Then nk , k» 2, is

a practical number .

Proof
Let n be a non-practical number in A, having the form (8). Then
there exists a prime pj , (1 < i < r) , such that
Pi > g(2%P1%1..-Pi-1%-1) + 1 . (9
Otherwise pj < 0(28P1%1...pj-1%i-1) + 1 implies that n is a practical
number giving a contradiction.So,if n is in A, then for any i, (1<i<r)
the fact that p; satisfies the condition
Pi < 20(28p781...pj-1%4-1) + 1 , (Ii<r), (10)
follows from Lemma 1.1.4 . From (9) and (10) we have
0(28p181...pj-1%i-1) + 1 < pj <20(28p7131...Pp1-1%4-1) + 1 .
Since
20(28py81 | pi-1%3-1) + 1 < o(2K8pykay. . py qka; 1) 41,
where k » 2,then
Pi < 20(28p181...p3_1%3-1)+1 < o(2kapikay  p;_qka; g4y + 1, (1)
and by Theorem 1.1.1[2], (1l1) implies that nk ,(k » 2), is a

practical number which ends the proof .

Since all integers of E¥ are even (see Theorem 1.4.3) and by
Theorem 1.5.1,every integer of E* is in A,,it follows from
Theorem 1.5.2 ,that for any integer ne¢E¥ and any k » 2, nK is

a practical number .
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Theorem 1.5.3

Let n be an integer of the form
n=m1%...px% ,» k>1, 8531,
where (pj,m) =1 for all j,(1Kj<k),and m > 1 is a practical number
satisfying py =o(m) +s , o(m) <s <pp -1,
and
Pj+l < U(mplal...pjaj) + 1, (I<ji<k-1).
Then n either belongsto Ag with t = (p] — 1)/2 or to A¢ with

t =p1 - 1.

Proof
Suppose that n = mp3®j...p¥%c , k> 1, a3 21, (pj,m) =1,

(1<j<k) and m is a practical number satisfying

pp~o(m) +s , o(m) <s<p; -1, (12)
and

Pj+1 < o(mp1?y...p335) + 1, (1Kj<k-1) . (13)
Since m is practical then any integer in the interval [1l,c(m)]
is of the form

rd . (14)
din

It follows from (12) and (1l3) that the integers

o(m) +1 ,..., o(m) + (s = 1) , (s>1),
and

og(n) - (c(m) + 1)),...,o(m) - (¢(m) + (s — 1))
defy representation by the form (1l4). Hence n is a non—practical
number. Since ¢(m) < s < p7 — 1, then we can write s as

s =1r(pp —2) +¢ , (15)
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where 0 K £ < p; -1 and o < r < o(m) . So, if ¢ = o ,(15) becomes
s=rx(pL - 2) ,
and since r € o(m) — 1, then
s < (pp - 2)(c(m) -1) . (16)
Since py; = o(m) + s,from (16) we get
p1 < o(m) + (p1 — 2)(a(m) - 1)

P1 < (p1 - D)e(m) - pp + 2

2p1 € (p1 - Vo(m) + 2 ,

and hence
pp -1

Py < (_—__E—_)U(m) + 1 . (17)
Since s > 1 , m > 1 and pj = ¢(m) + s, then py » 5. Therefore
(P1 - 1)/2 5 1. Put t = (p1 - 1)/2.Then (17) becomes

Pl € to(m) + 1 . (18)
So , by Lemma 1.1.4 , (18) implies that mp1®; (aj » 1) belongs to Ag,
where t = (p7p - 1)/2 . From (13) and (18) we may have

Pj < to(mpp®y...pj-1%4-1) + 1, (I<i<k), (19)
and by Lemma 1.1.4 , (19) implies that n belongsto Ay with
t=(p1 - 1/2.

If o <2 <pyp -1, then ¢ < p] — 2 and hence (15) becomes

s € (p1 - 2)(g(m) = 1) + (py - 2)

s € (p1 - 2)o(m) . (20)
Since p] = o(m) + s,from (20) we get
p1 < o(m) + (p1 -2)0(m)

p1 € (p1 - Do(m)

Therefore
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P1 < (pp — Doe(m) + 1 . (2L)
Thus, (21) implies that mpy® ,(aj»l),is in Ag with t =p] -1
(see Lemma 1.1.4).So,from (13) and (21) we obtain

Pj < to(mpy®y...pj-1%5-1) + 1 ,(A<i<k-1), (22)

where t — 1 . Therefore (22) implies that n belongs to Ap by
Pl t

Lemma 1.1.4 and this completes the proof .

Theorem 1.5.4

Let n be an integer having the form
n=mp1® PPk, aj 21, k>1,
where (pj,m) =1, Pj < Pj+l < 2pj - 1 for any j ,(1<j<k), and
m » 2 is a practiecal number satisfying
pr=o0(m) +s , 1l<s<a(m . (23)

Then n is a sum of two practical numbers

Proof
Suppose that n = mp13q...p3% , k> 1 , aj » 1, (pj,m) =1

(1<j<k) ,with m » 2 being the practical part of n satisfying
Pl =0(m) +s , 1 <s < o(m) and

Pj < Pj+l < 2pj -1 . (24)
Then n is an even integer since any practical number m > 1 is even
(see [2]). Tt follows from (23)that there are some integers in the
interval [1l,n] such as o(m) + 1,...,0(m) + (s — 1) ,(s>Ll), which
cannot be represented by the form

rd . (25)
din

Hence n is a non-practical number.Using condition (23) we can write n

as

n = m(o(m) + S)Plal_l.pgaz...pkak , a - 130,
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1.p232...pkak .

n = ma(m)plal_l.pgaz...pkak + msp13”

Let n, = mU(m)plal”l.pzaz...pkak and n, = msplal“l.pzaz...pkak. To
complete the proof we will show that both n, and n, are practical
numbers.For n, we write o(m) = pp — s.Therefore n, will be of the
form

n, = m(py - )p131 L.po%. . Pk
Since

pPpL — s <o(m) +1 (26)
then by Corollary 1.1.1, m(py] —s) is a practical number. Since
1 < s € o(m) then from (26) we get

pL <o(m) +s + 1 ,
where s € o(m). Therefore

P1 < 20(m) + 1 . (27)
We have m » 2 and p1 — ¢ = ¢(m) , where o(m) » 3 . Then from (27) we
obtain

P1 € 20(m) < o(m(pp — s)) + 1
Hence m(pj] -~ s)p1%] is a practical number by Theorem 1.1.1[2]. Since
m(py — s) is practical it follows that m(pj; - s ) plal—l is also a
practical number. From (24) we have pq < Pj+l < 2p1 —1.Then
by (27) we get

P2 < 4o(m) — 1 < o(m(py - 8)) , (28)
where (p1 - s) » 3. Therefore m(pjy - s)pp® , (ap » 1) , is a
practical number by Theorem 1.1.1[2]. Hence m(py - s)plal“l.pzaz
is a practical number . We have Pj < Pj+l < 2pj - 1 . Then by (28)
and for any j , we can get

Pj+1 € 2pj ~ 1 < o(m(py ~ s)p1®171.po®)...pj3y) + 1, (Ii<k-1),

and this last inequality implies that n, is a practical number (see

Theorem 1.1.1[2]).
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Consider n, = msplal_l.pzaz...pkak . Then since 1 < s < o(m)
we shall have
s <o(m) + 1 . (29)
Hence ms is a practical number (see Corollary 1.1.1).It follows from
(29) that
s =p1 —o(m < o(m) + 1
Therefore
Pl < 20(m) + 1 < g(ms) + 1 . (30)
Thus, msp12] is a practical number by Theorem 1.1.1[2]. Hence
msplal“l ,(a1-1) » o ,is also a practical number since ms is
practical.Since Pj < Pj+l < ij ~ 1l,using (30),for any j we obtain
Pj+l < 2pj - 1 < a(msplal—l.pzaz...pjaj) + 1, (1<j<k-1).
Therefore n, is a practical number (see Theorem 1.1.1[2]). Hence n is

a sum of two practical numbers and this completes the proof .
Taking s = 2 in Theorem 1.5.4, Then by Theorem 1.4.3, n in E*.

Therefore Theorem 1.5.4, shows that any integer in E* which satisfy

(24) is a sum of two practical numbers

§1.6 Results On The Condition og(n) — a(n) =1

We denote by F the set of all positive integers n satisfying the
following condition
o(n) - a@n =1 , &Y
where ¢(n) represents the sum of all positive divisors of n,and a(n)
is the number of all positive integers in [1l,¢(n)] which can be

written in the form

Yag d , ag =0, 1 . (2)
din
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We shall prove the following ;

Lemma 1.6.1
Let n be a positive integer. If g(n) - «(n) = 1, then ¢(n)/2 is
- the only integer which defies representation with respect to n and

o(n) is an even integer .

Proof
Let n > 1 be such that o(n) - a{n) = 1 . Then there exists only
one integer , say m, which defies representation in terms of n and
1 <m < o(n)

Therefore m = ¢(n) — m , because n belongs to F . Hence ¢(n) = 2m

o(n)
which implies that ————— = m . Since m is a positive integer , then
2
oc(n) must be an even integer . If m # o(n) - m ,then we shall get
that both m and ¢(n) - m defy representation in terms of n which

contradicts our assumption that n is in F . Therefore our result will

follow and this will end the proof .

Remark 1.6.1

If n belongs to F, then o¢(n) < 2(n -1)

Proof
Suppose that n is in F.Then
o(n) - a(n) =1
From Lemma 1.6.1 , we have that ¢(n)/2 is the only integer which can
not be represented as a sum of distinet positive divisors of n and

o(n)is an even integer. Therefore
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o(n)
<n
2
i.e
o(n) < 2n

For if n belongs to F with o(n)/2 » n,then either o(n) = 2n which
means that n is a perfect number or ¢(n)/2 > n which shows that all
integers from 1 up to n can be represented in terms of n . So , both
these cases implies that n is a practical number see [1l]. This will

contradict our assumption that n is in F, Thus ,

o(n)
<n
2
o(n)
—_ < n-1
2

o(n) < 2(n-1) ,

which is the required inequality .

An obvious example for neF is n =3 .

Now , we have the following result ;

Theorem 1.6.1

The only integer in F is n = 3

Proof
Let n be in F. Then ,
o(n) — a(n) =1
Suppose that m > 3 1is any odd integer . It follows that 2 , n - 2
and o¢(n) - 2 in [l,o0(n)] defy representation in terms of n

Therefore any odd integer n > 3 does not belong to F .
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When n is even , then either n is a practical number or n is an
even non-practical number . Since neF we suppose that n is an even
non-practical number . So , we can write n in the form

n=mpi?...p¢3% , a3 > 1,
where m > 1 represents the practical part of n , pj are primes such
that 2 < p1 < pg <...< ppy and (pj,m) = 1 for all i (1<i<r).Since n is
not a practical number,we have, -

pp >o(m) +1
Otherwise mp1®; is a practical number . Therefore ¢(m) + 1 defies
representation in terms of n.We have that if n iz in F,then o(m) + 1

is the only integer in [l,¢(n)] which defies representation in terms

of ni.e
o(n)
=¢g(m) + 1
2
o(n) = 20(m) + 2 . (3)
But
o(n) » o(mpp) = (p1 + Lyo(m) , (&)

and from (3) and (4) we get

o(n) 20(m) + 2 2 (p1 + L)o(m)
20(m) — o(m) + 2 3 pyo(m)

pre(m) — o(m) < 2 ,

(py = Do(m) < 2 . (5)
From (5) we have that either p; = 3 or o(m) = 1 . So , by (3) wve
obtain that ¢(n) = 4 and n = 3 . Therefore n = 3 is the only integer

in F and the proof is complete.
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§1.7 Practical Numbers Over An Imaginary Quadratic Field

Consider the Euclidean field Z[6],0 = vd , d < p and d # -1,-3.
We shall discuss in this section some results related to the
practical numbers over the field Z[#] . So,we introduce the following

definition.

Definition 1.7.1

An integer a in Z[sd] is called a practical number if every
integer yeZ[vsd] with IN(y)I < IN(a)l is of the form
v =X ags , ag =0, 1. (1)
ol

We shall prove the following result:

Theorem 1.7.1

If o = (Jd)k, k > 1 is an integer in Z[/d] such that |d| is an

ordinary practical number,then o is a practical number in Z[/d]

Proof

Let ¢ = (./d)k for k 31, d < 0 and |d| a practical number.
Suppose that v = m + nyd is any non-zero integer in Z[sd] such that

IN(y) 1 € IN(a)1 . Since |N(w)| = |d|k, k » 1 then m’+ n°1d| < |d|k

Therefore

m < 1d) 52

(2)
n< Idl(k—l)/z

Now , we shall consider the following cases

(i) If k ,(k > 1), is even , then —— —=h ,h 3 1 and —&=1) _p .1
2 2 2
h [h - -

Since |d| is a practical number then so does |d] and |d]
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1

[h - ] _
where d| 2 = |d|h 1 and h-1 » o0 . Since m < ldlh we can

. .. - h .
write m as a sum of distinect divisors of 1dj 1i.e

m=cg + e 1dl + Cyyg) He.. .t Chldlh ; (3

1]

where ¢y = 0,1 for all i , (o<ic<h) . We have also

h -

n < (dj 2 < |d|h .

.. .. h ,
Then n can be represented as a sum of distinct divisors of 1dl 1i.e

n=-e, + e 1d +e,idl+. ...+ ehldlh , (4)

h h - ——
where ej = 0,1 for all j , (o<j<h) . But epidl € n < id] 2

follows from (2) and (4) . Therefore ep < |d1_1/2 < 1 since |d] > 1

Hence ey, = o . Thus , (4) becomes

n=e, + e, 1dl + e2|d|2+....+ ehulldlh_l, (5

and from (5) we get
2 h-1
n/d = ejvd + e 1divd +e,1d1"vd +....+ ep_11d] /d. (6)

By combining (3) and (6) we obtain
h h-1
v = (cy + ¢ 1d1 +...+ cpldl )+(e, + e;1dIvd +.. .+ ep_11d] /a),(7)

where in (7) all cild]land ejldIJJd are distinct divisors of (jd)k

for all i and j , (o<i<h) and (o<j<h~1) . Hence v is a sum of

distinct divisors of (/d)k i.e o is a practical number in Z[/d].

—ik:ll =y , r » o and k = r+—l— .

2 2 2

(ii) If k ,(k » 1), is odd then

Therefore ,since 1d| is an ordinary practical number, then 1d|“and

[x + —;] [r + —] r
141 are practical numbers , where d| = art .
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1
r + —
We have m € 1d]| < |d|r+l, where r+l1l » 1 . Then we can represent
s s - r+l
m as a sum of distinct divisors of (dj i.e
: 2 r+l
m=cy + c,ldl + c,idi +....+ cyyq1dl . (8)

where ¢y = 0,1 . So , from (2) and (8) we get

r+l r + —
Cyy1ldl <n< |di

Therefore ¢ 41 < |d|_1/2< 1 since |1d] > 1 . Hence ¢yy7 = 0 . So , (8)

becomes
- d dp 2 at 9
m=c, + c,1dl + c,ldl " +....+ cprdl . (9)
k-1 r . T, . .
We have n |d|( )/2 = |]d] . Since |d]| 'is an ordinary practical
. . - r,
numbexr we can represent n as a sum of distinct divisors of |d1 i.e

2 r
n=-e; +e,ld +e,ldl+....+ ex1dl

where ey = e,1 . Therefore

nsd = ey + e, 1divd + e,1d1°/d +....+ ep1diTvd . (10)

From (9) and (10) we obtain
¥y = (cy + ¢ 1di+...+ cpldi D)H(ey + e,1d1/d +....+ epidi’vd) ,(11)

where in (11) all Cildll and ejidljare distinct divisors of (/d)kfor

all i and j , (o<i<r) and (oKj<r) . Therefore ¥ is a sum of distinct

divisors of (/d)k . Hence o is a practical number in Z[,/d] and this

completes the proof .

As an immediate consequence of Theorem 1.7.1 , (/—Z)k , k> 1,

is a practical number in Z[,-2] , where Z[/-2] is a Euclidean field .

Now , we prove the following result:
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Lemma 1.7.1
Let Z[sd] , d < 0 and d # -1

, =3 . Then /d is a practical number

in Z[sd] if and only if d = -2 .

Proof

et vd , d <0 , d # -1 , -3 be a practical number in Z[/d].Then,
by definition 1.7.1 , every integer yeZ[sd] with IN(y)1 < 1dl is a
sum of distinct divisors of ,d .

Suppose that d < —-2.Then IN(sd)| = 1dl » 5 since d # -3.50,for
1dl » 5 there exists a rational integer m satisfying 1 <m < [/1d1].
Thus,i< N(m) € 1dl . Put vy = m . Then vy cannot be written as a
sum of distinct divisors of /d since the divisors of /d are only 1
and sd . Therefore /d is not a practical number when d < -2
Since ¢/~2 is a practical number in Z[/-2],it follows that d = -2.

Conversely , if d = -2 then /-2 is practical in Z[,-2] by
Theorem 1.7.1 and this ends the proof .

It follows from Lemma 1.7.1 , that the numbers ,~5 , /~6 , /-7 ,
/~10 , /-30 and /66 are non—practical numbers in the fields Z[,-5] ,

Z{s-6] , Z[s-7] , Z[+,-10] , Z[s-30] and Z[,-66] respectively .

Further , if a = (Jd)k , k 3 1, is the practical number which is
given by Theorem 1.7.1 and o(@) is the sum of the divisors of «,then
for some k , k > 1 ,not every integer yeZ[sd] with IN(y)1 < IN(o(a))1

can be written as a sum of distinct divisors of o« since,for instance,

if @ = (,~2)° then o(e) = 3 + 3/~2 . Hence |N(c(a))| = 27 and it

follows that 4 and 5 cannot be written as a sum of distinct divisors

of (s~2)°.
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We attempted to take Z[ /2] which is a Euclidean field and (J—Z)k
(k »1), which is a practical number in Z[,-2] and prove a result

gimilar to that given by Stewart in [2] , namely

l Let 2¢N and « be any prime in Z/-2] with IN(x)1 < ZQ‘ Then

T

w(/—Z)Q is a practical number in Z[/—Z].'

However , the above statement is false since , for instance , if

Q= (J—2)5 and # = 1 + 3,-2,then 7a is not a practical number in
Z[/-2] , where |N(wx)| = 608 . This is because there are some

integers such as 10 , 12 , 13 and 14 in Z[,~2] which are of norms
less than or equal to 608 and which cannot be written as sums of

distinect divisors of 7o .

We have the following result :

Theorem 1.7.2

There are infinitely many practical numbers in Z[,-2]

Of course we mean the practical in Z[/-2] as oppose the ordinary
practical numbers in N .

Theorem 1.7.2 ,follows since /-2 is a practical number in
Z[/-2] and the powers of /2 are also practical number in Z[/-2]

(see Theorem 1.7.1)
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CHAPTER (2)

§2.1 Boundary Function

Define f¢(n),teN , to be the largest integer for which every
integer from 1 up to fi(n) can be represented as a sum of divisors of
n with at most t repetitions . Therefore f (n) < to(n) . It follows
from Theorem 1.1.6, in section 1.1, that f(n) = to(n) if and only if
n is a t-practical number. Also from Theorem 1.1.5, we have that
fi(n) = to(n) if and only if for n = p1®1... Pk Pr+1%Kk+1-- - P20
that

Pi < to(nj-1) + 1 . (I<ige~1) L, (1)

where py < pp <...<pg € t + 1 < pyy1 <...<pp and

nij_1 = P1%1. . Pk®k Pk+1%Kk+1- - -Pi-1%i-1 - We shall define U and L to be
the upper and lower classes such that

U=(y(n) : £ (n)> ¢ (n) implies fr(n)=to(n) for all n andy(n)—» as n-w)
and

L = [¢(n): fe(n) > y(n) and £ (n) < to(n) for infinitely many n} ,
respectively. It follows from Theorem 1.1.5, that both y(n) = to(n)

and y(n) = tn belong to U for any fixed t,teN .

We seek to determine the boundary function between U and L
Initially we may assert that such function could be of the form
Be(n) = el/2 (tnloglogn)‘/2 ,
where y is Euler's constant .
For t = 1 i.e when n is a practical number, then

B,(n) = B¥(n) = e¥/2 (nloglogn).In [7] M.Hausman and H.N Shapiro

proved the following results
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Theorem 2.1.1[7]

For A > 1 , AB¥(n) belongs to U .

Theorem 2.1.2[7]

For A» < 1 , AB¥(n) belongs to L .

It can be shown that both Theorem 2.1.1 and 2.1.2, are applicable

when n is a t-practical number and Bi(n) = e¥/2 (tnloglogn)’/"2 for
all t, t » 1. We shall generalize these results for the t-practical
numbers with better upper and lower bounds of \ respectively. So,for

this purpose the following results will be needed,

Theorem 2.1.3[8]

For all integers mn > 1 ,

o(n)p(n)
€€ — <1 ,
n2
with ¢ = 6/%2
Proof
We have that
p.':‘|.+l -1 1 — p—a—l
o(n) = =nqQg —mm .
pin p -1 pin 1 - p"1
and
p(n) = nm(l - 1/p)
PIn
Therefore
o(n)p(n)
= m(l - l/pa+1)
n? pin

where m(l - l/pa+1) lies between 1 and n(l - 1/p) . Hence
PIn PIin
6 o(n).p(n)
< <1
w2 n?

which is the required result .
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Theorem 2.1.4

Let n = n p;®; , af » 1 and py are primes . Then
1<igr

o(n) < e'n 1oglogn[l + 3 ]
2(loglogn)?

Proof
We have from Theorem 2.1.3
o(n) n

< . (2)
n p(n)

It follows from Rosser and Schoenfeld's results in [9] that

LB epyloglogn + S , n3»3
p{n) 2loglogn
Then (2) yields
o (n) < LB e710glogn +—_—
n p(n) 2loglogn

Since vy is Euler's constant,then e¥ = 1.7810725 . So, we shall have

< e loglogn

g(n) % 5 1
[l +

ZeV(loglogn)2

\

n

Y 3 ]
o(n) < e n loglogn |1 + ,
2(loglogn)2

which is the required result .
Now, we prove the following ;

Theorem 2.1.5

Let \N(n) be such that X(n) > 1 + ——4M8 — for c¢ »
(loglogn)? teY

and

n » 3. Then for any t ,teN, N(n)Bi(n) belongs to U .

Proof
It suffices to show that for A(n) > 1 + ¢/(loglogn)? ,

fe(n) > N(n)Be(n) implies that
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n

Pi to(nj-1) + 1 ,

for the smallest i,where n = p1#1...pp% , nj_1 = P1%1...Pi-1%j-1 and
(1£ige).
Suppose that
Pi > to(nj_1) + 1
Then this mean that to(n;j_1) + 1 cannot be expressed as
a t-practical number for any fixed t,teN . So,
AN0)Be(n) < fi(n) < to(nj..]) + 1 <py -1, (3)

for any fixed t,teN . From (3) we have

Pi > AMn)Be(n) + 1 ,

so that
Pi 1
- 1+ -
A(n)B¢(n) A(n)Bi(n)
and
npjy 1
— > + Yy >n . (4)
Mn)Bg(n) A(D)Bp(n)
Therefore,
n n
—_ plal...piai"l...anQ S )
Pi A(n)Be(n)

From (5) the following cases arise :
(i) If i < 2 or i = ¢ and aj > 1, then (5) implies that
n
Py < ————— . (6)
A1) B (n)

So,from (4) and (6) we get

n 2 nz
n<[ }=
N(n)Be(n) A (m)BE(n)

n2

{1 + ¢/(loglogn)2}2 . eytn loglogn
Therefore
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n < , (7)
evtloglogn {L + ¢/(loglogn)2}?
Y
and (7) represents a contradiction for large n and ¢ > 5/4e .
(ii) If 1 = 2 and ap = 1,then (5)implies that
n
ng—1 < — . (8)
AN(n)Be(n)

Put i = 2 in (3) to get

N1m)Be(n) < fe(n) < to(ng_7)

so that
to(ng_1)
1<
N(n)By(n)
and to(np_1) n
1< .
np_1.PQ N(n)Bi(n)
Therefore
to(ng_1) n
P < . . (9
npg_q A1) B (n)

By multiplying (8) and (9) we get

to(np_1) n2
n <
2 2
ng_q1 AN (n)Be(n)
Therefore ,
to(ng_1) N (n)Bi(n) {1 + ¢/(loglogn)2}2 . eYtn loglogn
> >
ng_1 n n
Hence
to(ng-1) c
¥ q 2
> e tloglogn [1 +t—_—
np_1 (loglogn)? -
to{ng_1) 2c c? ]
> eytloglogn {1 + + . (10)
ng_q (loglogn)? (loglogn)“4 J

It follows from Theorem 2.1.4 , that
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to(n)

< teyloglogn [1 + — (11)
n 2(loglogn)?

5

Then by considering c >

and comparing (10) and (11) , we shall
Y

be
get a contradiction .

Hence A(n)B¢(n) belongs to U which completes
the proof.

Theorem 2.1.6

clogloglogn
Let A(n) be such that A(n) < 1 -

for any ¢ » 2.
(loglogn}?

Then for any t , teN , A(n)By(n) belongs to L

Proof

It is sufficient to prove that there exists an infinite sequence

of integers n such that

£.(n) > N(n)Be(n) (12)
and

fr(n) < to(n)

L

for any fixed t, t » 1 . Let n = np_j.pp such that

ng_1 = (n p)f

(13)
p<x
and
log?x
f=—— (14)
2loglogx

where X is a positive real number and pp is a prime chosen later

By writing

to(ng_1) 1 - 1/pftl 1
—_— = tnT <t » (15)
ng_1 p<x 1 - 1/p psx 1 - 1/p
then using Rosser and Schoenfeld's bounds in [9],(15) becomes
to(ng_1) < tng_q et logx (1 + 1/log?x) , (16)

. 1 2
where vy is Euler s constant . Also we can write
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to(ng_1) 1 1
—_ —tn@Q-1Yy A —4mm o —.
ng_1 P p>x 1 -1/p p<x1l-1/p
We get
t 1 1
to(np_1) = —— . W . n . (17)
TR+ 1) pyx 1 - 1/pPtt px 1 - 1/p
g+ 1
where {(B+1) is the Zeta—function. Since {(f + 1) < , then
6
1 8
-
§(B + 1) g+ 1
Therefore (17) can be written as
to(ng_1) t 1
> 1 |
ng_q 1+1/86 psx1l-1/p
It follows from Rosser and Schoenfeld's results in [9] that
to(ng_1) > t ng_3 e logx (1 - 1/2log2x)(1 - 1/8)
log?x
Since 8 = ——————— , then
2loglogx
2loglogx
to(ng_1) > t ng_1 e’ logx (1 - 1/2log?x)(l - —— )
log?x
Therefore
3loglogx
to(ng_1) > t np_q eV logx (1 - ) . (18)
log?x
So, from (lé6) and (18) we obtain
3loglogx
tng_q eV logx (1 - — ) < to(nQ_l) < tng_q e logx(1l+ 1/log2?x).
log2x
Now, we choose pp is the smallest prime such that
Y 2
pp > tnp_q e’ logx (1L + ———M—) . (19)
log?x

From the inequality (16) the R.H.S of (19) is greater than

to(ng_1) + 1. So, in particular pp > to(np_1) + 1 . Thus we get
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Therefore (12) and (16) implies that
ANn)Be(n) € f.(n) = to(ng_1) < tng_q et logx (1 + 1l/log?x) . (20)
Since B (n) = ey/z(tn 1oglogn)1/2, then from (20) we get

hz(n) e’ tn loglogn < £? “5—1 e 2V log2x (1 + 1/1og2x)2 )

so that

tng_1 e log2x (1 + 1/log2)2
1 <

Rz(n).pg loglogn

and

tng_1 e’ log2x (1 + 1/log?x)°’
pg < . (21)

2 (n) loglogn

So, from (19) and (21) we have

Y tng_1 et log2x(l + l/logzx)2
tnp.1 e logx (1 + 2/log2?x) < pp < ,(22)

kz(n)loglogn
where at this stage we need to check whether such primes py given in
(22) exist. This can be done by estimating 1/X2(n) and 1/loglogn as
in the following :

Since ng_q = (n p)B , then
pP<x

logng 71 = B XIlogp
PX

It follows from [9],that
Bx (L - 1/logx) < logng_1 < Bx (1 + 1/2logx) . (23)
Since ng_q > x , then from [10] , pp will satisfy
ng_1 logx < pp < (1 + ¢) ng_7 logx ,

where ¢ > 0. Therefore
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lognp_q + loglogx < logpp < log(l + €) + lognp_1 + loglogx. (24)
If we have n = ng_jpy, then

logn = logng_1 + logpyp
Using (24) we get
2lognp_q + loglogx < logn < 2logng_q7 + log(l + e} + loglogx .
By (23) we obtain
2Bx(1 - 1/logx)+loglogx < logn < 28x(1 + 1/2logx)+log(l + e)+loglogx

and therefore

26x(L — 1/logx) + loglogx < logn < 2Bx(1l + 1/2logx) + loglogx. (25)

log2x
Since B = , then from the L.H.S of (25) we have
2loglogx
x log?x
logn > e (1 - 1/logx) ,
loglogx
so that
loglogx
loglogn » logx (1 + o) | (26)
log2?x
Hence
loglogx
logloglogn » log ( logx (1 + — 8 —— })
log2x
loglogx
= loglogx + log(l + —m )
log?x
i.e
loglogx
logloglogn » loglogx +
log?x
So,we have
1
logloglogn » loglogx (1 + —mm) | (27)
log2?x
Since
clogloglogn

AMn) < 1 -

(loglogn)?
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then , from (26) and (27) we may have

cloglogx (1 + 1/log?x)

An) <1 - )
loglogx 12
log?®x [1 + }
log?x
and from this inequality we obtain
cloglogx
AN(n) <1 -
log?x
Therefore,
1 2cloglogx
1/52(n) > >l + — (28)
[ cloglogx 12 log?x
1 —
log?x I

Insert (26) and (28) in (22) to yield

Y th_leY log2x(1+1/log?x) 2 2cloglogx
tng_1 e logx(l + 2/log?x)< pp < (1+ ).
loglogx log2x
logx (1 + — )
log?x

Thus ,

2 v 1 2cloglogx  loglogx
)< pp <tng_qe logx(l+ )2(1+ )(1- )
log?x log?x log?x log?x

v
tnp_1 e logx(l+

So,for ¢ > 2, we have

¥ 2 % 2 3loglogx
tng.1 e logx(1l+ y< P < tng_7 e logx(l+ ) (1+ ). (29)
log?x log2x log?x

Y
Put M(x) = tnp1 e logx (1 + 2/log2?x) . Then (29) becomes
3loglogx
M(x) <pp < (1 + ——vw———")M(x) , (30)
log?x

where since np_1 > x then M(x) > x . Hence
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3loglogx
. M%) > [M(x)]7/12 + 6
log2x
and therefore primes pp exist which satisfy (30) (see [11]) . This

completes the proof .

§2.2 The Frequency Of t-Practical Numbers

In [7] M.Hausman and H. Shapiro proved the following result :

Theorem 2.2.1[7]

The number of practical numbers less than or equal to x is
O(x / (logx)fy ,
1 1

for every fixed positive f# < — (
2  log2

- 1)2

We shall generalize Theorem 2.2.,1[7] for all t-practical numbers,

teN . For this purpose the following Lemmas will be needed .

Lemma 2.2.1[7]

For w(n) equal to the number of distinect prime factors of n,and
for any given € > o (possibly a function of x), the number of n < x
such that w(n) > (1 + e)loglogx is

€2/2
0(x / (logx) )

where the 0 is uniform in e

For the proof of Lemma 2.2.1 (see [7])

We shall need the following general result ;




—65—
Lemma 2.2.2
Let n = n*pl...pg,(pi,n*) = 1 and pj are distinct primes.If for

i=1,2...,2, pj< to(@py...pj-1) + 1, then

21“1
pi < (to(n®) + i)

Proof
Let n = n*pl...pQ , pifn* and pj are distinct primes such that
Pi < to(n*pl..pi_l) + 1 . (L)

We shall proceed by induction on i to show that

2i-1
to(n*py...pi_1) < (to(n®) + i-1) , (2)

for £t » 1 . For i = 1 it is obvious that (2) is true . As an
induction hypothesis we assume that (2) is satisfied for i~1 . We
have

to(n®p1...p1) = to(n®pq...pi-1)(pi + 1) . (3)
Using (1) and (2) in (3) , we get

to(n®py...pi_1)(ps + 1)

to(n*pl...pi)

<[to(n*py...pi-1)1[to(n™p1...pi-1) + 2]

2i-1 2i-1
<[to(n®) + i-1] . [(to(n®) + i-1) + 2]

21
< [te(m™) + i)

Therefore inequality (2) is true for i . So,by using (1) and (2)

we obtain

2i-1
pi < to(m®p1...pj_1) + 1 < [to(n®) + i-1] + 1 .
Hence
2i-1 2i-1
pi € [to(m*) + i-1] + 1 < [to(@™) + 1]

which is the required result .

Now,we generalize the main result given in Theorem 2.2.1[7]
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Theorem 2.2.2

1 1
et £t » 1L and 0 < B < — (
2 log?2

— 1)?2 . Then the number of

t—practical numbers n < x is
of x/ (logx)P]

This estimate is uniform for t in the range

1<t<exp.{ (log)®1 ),
for any 6, with o0 < 6, <1 - (1L + v/ 28 )log2 .
Proof

1

Let o0 < ¢ < (

- 1) . We firstly estimate the number of
log?2

t-practical numbers n £ X with w(n) > (1 + ¢)loglogx . From

Lemma 2.2.1, this is at most

ol =/ (Logg)¢ /2 1 . (4)
Next, we consider the t-practical numbers n < x with
w(n) € (L + e)loglogx.From Theorem 1.1.5,in chapter 1,the t—practical
numbers n have the form
q1---9k - P1-.-PQ » (3)
such that
(i) The qj are distinct primes such that
qj < t + 1, j=12,..., k.
(ii) The pi's are distinct primes such that
t+1<pp <...<pp ,
and pj # qj for all i and j (1<i<Q) and, (1<j<k)
(iii) (@ + k) € (1 + e)loglogx .
By setting n® = q]...qk and using (i) and (ii) we have

n* < (¢ + 1)(1 + e)loglogx

or
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n* < exp.{(2loglogx.loglog(t + 1)} . (6)
Therefore, the t-practical numbers are of the form
n*pl...pg , 7
where £ < (1 + e¢)loglogx and the pj are larger than the primes
dividing n* . Since n%pl...pg is a t—practical number , then by
Lemma 1.1.4, we have
Pi < to(m®p1...pj_1) + 1 . (8)

Using Lemma 2.2.2, we obtain
i-1
pi < [to@®) + 115 . (9)
Since ¢(n*) = o(n* 1oglogn* ), (see [8]), then by (6) we get

c@®) =0 (n*loglogn* ) < exp.{(c,loglogx.log(t + 1)} , (10)

where ¢, > o is a constant . Insert (10) in (9) to get

i-1
pi < [t.exp.{(c,loglogx.log(t + 1)} + i]2 . (11)
Since 1 € £(1 + e)loglogx , then (1ll) becomes
2i-1
pi < [t.exp.{c,loglogx.log(t + 1)}] , (12)

where ¢, > o is a constant . By using (6) and (12) , then the number

of the t-practical numbers having the form (5) is at most

-1
[exp.{(21oglogx).log(t+1)}].[t.exp.{czloglogx.log(t+l)}]1+2+'''+2 ,

i.e
e
[exp.{(210510gx).log(t+l))].[t.exp.{(czloglogx).10g(t+1)}]2 -1

)

(l+e)loglogx (l+e)loglogx
2

< [exp.(c,loglogx).log(t + 1)]2 7 Loe 1 , (13)

where ¢, > o is a constant . We have



—-68—

2(l + e)loglogx

_ elog[ 21oglogx](l+e) ) e(1+6)10g[ ,loglogx ]

[ elogzloglogX](l+E)= [ eloglogx ](l+e)log2

Therefore |,
2(1+e)loglogx _ (logx)(l+e)log2 . (14)
So, (13) is at most
(l+e)log?2 (1+e)log2
[exp.{(c,loglogx).log(t + 1)]1 + (logx) . t(logx) 1(15)
Also , we have
(1+e)log2 (1+e)log2 logt(logx)(1+s)log2
(logx) - 1 {(logx) - 1}.1logt e
t = g =
logt
e
i.e
(l+e)log2
(logx) - 1 (l+e)log?2
t = exp.{(logt).(logx) - logt) . (16)

For any e¢ > o with (1+€)log2 < 1 we have , for sufficiently large x,

(l+e)log2 (l+e)log2
1 + (logx) < 2(logx) . (17)

So, from (16) and (17) the number of the t~practical numbers n < x

is at most

l+e)log2

(1ogx)( (l+e)log2
exp. {(2¢c,loglogxr) . log(t+l)} . exp.{(logt) (logx) - logt},
or
(1+e)log? (l+e)log2

exp.{ (e, loglogx) (log(t+l) (Logx) }.exp.{(logt)(logx) — logt},
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where ¢, > o is a constant . Further, for x sufficiently large we
have c, loglogx > 1 and therefore
(c, loglogx).log(t + 1) > logt . (19)
Thus (18) becomes at most

(l+e)log2
exp. {(cgloglogx).(logt). (logx) - logt} ,

(l+e)log2
exp.[(logt){(c loglogx).(logx) - 1}]

(l+e)log2
< exp.{(c loglogx). (logt).(logx) Yy, (20)

where ¢, > o is a constant. Since (l+e)log2 < 1, then for large x,

(loglogx). (logx)(1+e)1°g2 < (1ng)1 -0

where § > o is a constant which can be chosen such that
0 <8 <1 - (l+te)log2 . Thus , the number of the t-practical numbers

n € x, given in (20) is at most

(21)

cg(logt). (logx)
O[exp.{ ]

(logx)5

For t in the range 1 € t < exp.{(log}‘:)ﬁ1 } , where o < &6, < 3§ ,

{(21) becomes

(logx)
O[exp.{ } ] )

(logx)"

where 5 = 6 — 6, . Since 5 > o,this is certainly

X
(logx)62/2

Hence the bound obtained for the t—practical numbers n € x is




-70-

X
(Logx) € /2

1 €2
provided o < ¢ < (== — 1) . Putting 8 =
log2 2

,then the number

of the t-practical numbers n £ x is

x
O[ ] ,
(logx)B

1 1
(——— - 1)2 and this completes the proof .
2 log2

provided o < B8 <

Theorem 2.2.2 , covered a wide range of t-practical numbers n
under the same bound given by Hausman and Shapiro in [7] . The case

when t = 1 implies Theorem 2.2.1[7]

§2.3 Lower Bound For The Number Of t-Practical Numbers
An explicit lower bound for the number of practical numbers n < x

is given by Margenstren in [4] as in the following :

Theorem 2.3.1[41

For a large real positive number x ,the number of practical
numbers n € x is at least

Ax

1
exp. |[——— (loglogx)? + 3loglogx
2log2

25/2

where A =
5

We shall present a lower bound for the number of t-practical




-71-
numbers n < X by generalizing Theorem 2.3.1[4]. This, yields,

taking t = 1 , a sharper lower bound than Theorem 2.3.1[4)

Theorem 2.3.2

Let N(x) be the number of t-practical numbers n < x . Then for

large positive real x and teN ,

N(x) » (2log2)'/? x (D)
1

exp. (loglogx)?2 + loglogx + log(t+l)}

2log?2

Proof

Let x » (t+1)? be a real positive number and r > 1 be an integer

such that

Y r+l
e T lex <2 P (2)

where teN/{o]).

pd
Put y =

. Then (2) becomes
(t+1)

2r 2r+1
(t+1)° <y < (t+D) : (3)

From Theorem 1.1.5, any number n of the form

P1-P2--.-Pr ,
where
Pj+1 € to(pr.P2...P5) + 1 , (1<j<e-1) (4)
and 1 < py € t+l < pp <....< py, is a t—practical number. So, we may

choose the primes pj,...,py such that
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1 < pp < (t+l)
(t+1) < pp < 2(t+l)
(t+1)2 < p3 < 2(t+l)?
. (5)
oT - o
(t+1)"< py < 2(t+l)
Now, we need to show that the primes given in (5) will satisfy
the condition (4) . Since 1 < p; < t+l , then by Lemma 1.1.3, pj is
is a t-practical number for any fixed t , teN . So,by Lemma 1.1.1 ,

we have

to(pp) + 1 > (e+l)py ;
where py; » 2 . Hence

to(py) + 1 > (t+l)py » 2(t+l) > po
Therefore pj.py is a t—practical number by Lemma 1.1.4 . As an
induction hypothesis we assume that pj.po...p; , (2€igx) , is
a t—practical number and

2k 2k
(t+1)” < pg < 2(t+1) , (ogk<r)

Since pp » 2 , then from the L.H.S of (5) , we have

k k+l
1+2+2°%+. . .42 2 -1
P1.-P2....Pi » 2(t+l) = 2(t+l)

Therefore
2k+1 _
P1-P2...Pi » 2(t+l) . (6)
Since py.pg...pi is a t-practical number,then by Lemma 1.1.1, we
have
to(py.p2...P{) + 1 » (t+1)p1.p2...Pi

and by (6) , we get
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k+1
to(py.p2...-Pi) + 1 3 2(t+l)

Therefore ,

2k+1
to(p1.pP2---Pi) + 1 > 2(t+l) > Pi+l

Hence py.p2...Pi.Pi+] is a t-practical number (see Lemma 1.1.4)
If we consider the integers n = pj.p2...Py and n' = pll.pz'...pr
satisfying the condition (5),then since pj; < ps <...< py and
t 1) 1 - 1 1 T
P1 < P2 <...<Ppr , we obtainn=mn and p; =P1 ,...,Pr = Pr

Furthermore, we have from the R.H.S of (5) that

2 r r+l
n=opy...pr < 2r—l . (t+1)2+2+2 +o0.420 Pes } (t+1)2 ,

r+l r+l1
n< 251 (e41)? < ()2t 1

Consider the estimates given by Rosser and Schoenfeld[9]

(t+1)
Then since 1 < pp < (t+l), the number of p; is at least ——  and
log(t+l)

the number of the pj with 2 £ 1 € r , is at least

m
(t+1)2

2™, log(t+l)

Therefore

r+1 2 )
N((er1)2  thy 5 (D L (E) L (el) . (B ()"

Log(t+1).log(t+1).21log(t+1).2%log(t+1)...2 Tog(t+1)

a1 2r+l
N((t+1)2 + 1) S (t+1)

14243+, . . 41x

2 [log(t+1)]"

Hence
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r+l
r+l 2
N2 T h (e+l) )
2r(r+1),(2 [log(t+1)]r
From (3) we have
2r+1
y < (t+1) ) (8)
and since
logy
log(t+l)  —m8— ,
o
then
1 2% *
3 —— (M
[log(t+1)]" (logy)*
Using (8) and (9) in (7) we obtain
r+l r?
N((t+1)2 + l) 5 2 .y
2r(r+l)/z. (logy)r
Thus ,
o™, g r(r-1)/2 y
N{(t+1) Yy » 2 L — . (10)
(Logy)™
Since
2r 2r+1
(t+1)” <y < (t+D) )
then
2% 1og(t+l) < logy < 25 T log(t+l)
2rlog(t+1) < logy < 2rlog(t+1)2 . (11)

We have x = (t+l)y ,so we may write

logy < logx = logy + log(ttl)
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So, from the L.H.S of (11) and for large y we obtain

logy < logx < 2logy

(12)

Using (12) in (10), then the number of t—-practical numbers n € x is

N(x) > 2r(r—l)/2‘ X

(t+1). (Logx)™

From (1l1) we have

_logy ot . logy
log(t+l) log(t+l)

1 1
Since (t+l) » 2 , then < . Therefore
log(t+1) log2

logy < 2f ¢ logy
log(t+l)? log?2
So,we may take
2T _ logy ,
log2

and by the R.H.S of (12) we get

r _ logy > logx
log2 2log2

2

o S logx
2log?2

Using (14) in (13) we obtain

(logx)(r—l)/2 . X

N(x) »

(210g2) 5 Y2 | (£41) . (logx)®

X

N{x) » (210g2)l/2.

(t+1). (21og2)™? (logx)

From the L.H.S of (11) we have

r+l/2

(13)

(14)

(15)
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oF < logy ’
log(t+1)
1 1
where < . Therefore
log(t+1) log2
oF < logy ’
log2

and by the L.H.S of (12) we get

% < logy < logx
log2 log?2
Hence
1
r < [loglogx — loglog2] (16)
log2

Now,by considering (16) we can write

2%/2 — exp. [E- 1og2] < eXP-[——%— loglogx - —— 1051082]s

L 2

2 2

2
(1052)]:/2 = exp. r loglogZ] <ex1).[ loglog2 loglogx - (loglog?)
2 210g2 210g2
and
(logx)r+1/2= exp.( r+l loglogx]
L2 1
< exp.[ (loglogx)? — _loglog2 (loglogx) + —- loglogx
2log2 2log2 2
Hence
(210g2)r/2. (logx)r+l/2

and therefore

< exp.[

(loglogx)? + loglogx] ,
2log2

)

].
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1 1
> .(17)

exp.[———l—— (1oglogx)2 + 10g10gx]
2log?2

(210g2)%/ %, (logx)T+l/?

Insert (17) in (15).Then the number of t—practical numbers

n < x is

N(x) > (2log2)“/? x , (18)

exp.[——}——— (1oglogx)2 + loglogx + log(t+l)]
2log2

for any t , teN . This completes the proof of the Theorem .

Comparing the bound obtained by Margenstren[4] when t = 1 ,then

(18) will be sharper than the bound proved in[4] for x » 64 .

§2.4 Existence Of a t—Practical Number In An Interval

In this section we shall give a further improvement on the
t-practical numbers by generalizing Hausman and Shapiro's result[7]

given below;

Theorem 2.4.1[7]

/

For all real x » 1 the interval (x , x + ox/? ) contains a

3
practical number .

We shall prove the following general result;

Theorem 2.4.2

C  and teN . the interval ( x , x +2(— )1/2 )

3 t

For all x »

contains a t—practical number .
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Proof

We will prove the Theorem for x > 4t and then check it separately

for £ € x € 4t . Therefore we let X > 4t and choose a¢eN such that
3

03 (__5_)1/2 < 2a+1 . (1)
t

Thus , the interval (x , X + (——5-)1/2 ) is of'lengthLC—Ji—)1/2.
t t

Therefore it contains at least one multiple of 28 , say 28m .i.e

x < 2%m < x + (——E—)1/2

t

(2)

Now, either m or m+l is an even integer and,since

22 (ml) = 2%m + 2% < x + 2(—2)17/2
t

We have that

x < 2%m < 2% (mtl) < x + 2(—% /2
t

We shall prove that one of these integers 2%m , Za(m+1) is a
t—practical number. Suppose,therefore ,that neither is a t-practical

number and , without loss of generality, let m be an even integer.
; a . . . .
Then since 2 m is not t-practical number, there exists a prime pj

of 2am such that
Pi > to(nj1) + 1 ) (3)

k

a
where 2" m = plkl-pzkz...kaQ , P1L =2, nj—1 = P1 1---Pi—1ki—l s

(i>2) and ny,=1 . In particular, (3) implies that p; > t + 1 so that

a+l

pi is odd and i » 2 . Thus , 2 Inj—~1 and hence

pi > to(2® 1y 4 1= (2% 1) 4 1

So,
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pi > t(2**2- 1) 4+ 2

This implies that

2am - 2a+1 ( m y > 2a+l‘ pi > 2af1 t(2a+2A 1) + 2a+
2
i.e
28 5 2.92(at) . _patl o oav2 oy,

Hence from the R.H.S of (1) we get

2%m » 2x — 28t ¢ 4 2 Fy'/?
t
So , from (2) we shall have
x 4 (2 V25 0x o 0®t g Xy
t t

a+l X )1/2

27Tt 2 x + ( (3)

t

From the L.H.S of (1) we have 2x1/2. t1/2 > 2a+1 t . Therefore (5)
becomes
2x1/2. t1/2 > X+ (——E—)“/2
t

Qtr/z“ ( 1 )1/2 S X1/2
t

2t1/2 > x1/2

Therefore 4t > x which is a contradiction . A similar procedure can

be followed for Za(m+l) which also leads to a contradiction .
If £t € x € 4t , then we shall have

X

2 < 2(—Xy"2 ¢y
t

and

x+2<x+ 2232 ¢4 4 x
t

2
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1< (t41) <x+ 2 <%+ 2(—2 "2 < a(erl) . (6)
t

Therefore (6) shows that the interval (x , x + 2(=-)"/? ) contains
t

the integer t+1 which is a t—practical number (see Lemma 1.1.2) . If

. < X < t, then
3
2( 1 )1/2 < 2(_§")1/2 <92
3 t
i.e
X+ 22 cx 2 Ey Y2 cxh 2 <k 42
3 t
t
Since x > , then
3
1< + 1 <x+ 2(—5——)1/2 <t + 2 ,
3 t
and hence 1 < —— + 1 < t+1 . So , by Lemma 1.1.3 , m = [—E— + 1] is
3 3

a t-practical number . This completes the proof of the Theorem .

Theorem 2.4.1{7] will follow immediately when t = 1 .

Corollary 2.4.1

For x » 1 there is a t—practical number between x2 and (x + —1—)2
t

for any fixed t, teN .
Proof

From Theorem 2.4.2, we have that the interval (x , x+2(—§—)1/2 )
t

contains a t-practical number for x > L. This implies that the
3
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b4 )2)1/2
t

interval (xz, <% + 2(( ) also contains a t—practical

number for x » 1 . Since

2, %P 2%y o, i el by o, i),

t t t2 t

. . 1 .
then , there is a t—practical number between x2 and (x + ———)2 which
t

ends the proof .
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CHAPTER (3)

§3.1 Algebraic Numbers Expressible As A t—Integer

In this section,we shall study the representationof integers in

algebraic number fields as sums of units with certain repetitions.

Let V be the set of all algebraic fields having the property that
all integers are expressible as a finite sum of units
(not necessarily distinct) . Define Wy , £t > 1 , to be the set of all
algebraic number fields for which every integer is a sum of units
with at most t repetitions . Regarding the algebraic number field
Qo).

P.Belcher in [l4] proved the following main result;

Theorem 3.1.1

If Q(0)eV and 2 is a sum of two distinct units,then (Q(8)eW,.

We shall generalize Theorem 3.1.1, for t ,teN . So, for this

purpose the following definitions will be needed.

Definition 3.1.1

An integer o is called a t—integer if « can be written as a sum

of units with at most t repetitions

Definition 3.1.2

An integer is called a strong t—integer if it is a t-integer and

expressible as a sum of at most t+l units
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Considering the algebraic number field (J(¢) in V,we prove the

following:

Theorem 3.1.2

If t+1 is a strong t-integer,then every sum of units is a

t—integer
Proof
(I) Let t+l be a sum of t+1 dependent units , 1i.e
t+l = a,e, + a,e, +...+ayey , L
with o < a; € t , Xiajl < t+1 , (I<icu) , and €,,€,,...,¢€, are

dependent units of (0(#) . Choose a set of distinct units such as

My s Mg se--a27d

Suppose that there exists a set of units,say,

such that

e = F°1 oM obIU rs 67, (1<x4<0),  (2)

and there does not exist a relation of the form

nifz w%i!.. w%iv = njfy w?i!.. wBiU , L= j,

. th N .

where y , z ,gi, , hi, €Z ,§ is the ¢ root of unity in 0(6).Also
there is no relation of the form

Plgtin it =1 . (3)
On the other hand €,,...,e, can not all be roots of unity . So , all
integers of [J(#) can be represented as a sum of units which have the

form

mesd I et (Igkkd) L (1<5<9)

Now , for any integer o« of 0(6) , « has the form
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q, dQy d Q 3 i iy
o= .Z e ; z Z. bi1...iu,j,k Mk ¢ W, ...y , 4)
i,=p, iy=py k=1 j=1
where pi, ., qipef , bi1,..,iu,j,kEN U {o0) and some of bp1,...,iu,j,k
and bq1,...,iu,j,k are non—zero. Assume that @ has the
representation (4) so that
Ibiy,...,iv,j, k=™ (5)

i1,...,1iv
and m is minimal . We shall proceed by induction on m to show that «

has the form

q,+£(m) qytf(m) d @ J i iv
=% ..... X Lo ociq, i, 5,k M 0.0y, (6)
i,=p,—f£(m) i,=p,—~f(m) k=1 j=1

where o < ¢i,, ,  iy,j,k < t and £(m) is defined to be

£(m) = max.(1Tiy1) . H[(q5-pi+1+2(m-1)F(m-1)1™. ™. a™ 2%+ £(m-1), (7)

i,v i=1
where £(1) = 0o . If m = 1 ,then X bi1,...,iv,j,k = 1 and therefore
bi1,...,iu,j,k =0 ,t1 . Hence ¢ is a t-integer by definition 3.1.1

As an induction hypothesis we assume that « is a t—integer for all
ael](8) for which
Lbi, ... ,dv,j,k<m , (m32)

By considering a typical term of « given in (4) and applying (1), we

have that
i 1y GAxrg) (L4, ) () Grxg) (B 4dy,) (Bytryy)
(D) § o, o0y =amed oo Wy Foootagnps oy wy, (8)
1,4r,, Lytr,y 1iytry, iptryy
(t+l) € 2,10, .o vvnns Wy +..... +tagle,...... Wy I.
i.e
2(1,41, ) 2(1,+1y,) 2(i,41y,)  2(Lytryy)

(t+l) < a 1wy ..ot Wy I+, . Fay i@ e Wy . (M
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It follows from (9) that the value of the sum

47 Qv i, iy
r....n bi1,...,iv §, k1@ ... Wy |
L,=pr Ly=Py
will increase after each application of condition (1) and
therefore we obtain a distinct representation of o« satisfying (5),

where in any of these representation we have

_E bi1,:..,iv = m )
1,,...,1y

since m is minimal . Then by repeatedly applying (1) we will get

?

either :

(1) The process terminates and in each case o is of the form

3, Sy d @ Jj i, iy
a=ZX....... z ¥ X ®i1,...,iv,j,k"k $ wyennnn Wy (10)
i,=x, 1,=Ay k=1 j=1

with o € ©i1,...,1iv,3,k St 4 Ay »0ipel and at least one of the

exy,...,ip and e5 sv are non-zero . It follows from (10) that

81 — X £ 4qi - Py + 2(m-L)f(m-1) , (11)
and the number of the representations of o satisfying (5) is at most
U m m m t
T=1m[qi ~p; + 1+ 2(n-1)f(m-1)] L. d. 2
i=1
This shows that (10) is obtained after at most T applications of (1).
Therefore
61 € qf + Tmax.(Irjyl) < qf + f(m) ,
and
N{ » Pi — Tmax.(iryyl) » py — £(m)
or (ii) After T applications of (l),we obtain
8, oy d Q ji, i,
o =2X...... X . x ) eiz...iu,j,k Mk ¢ w1...wv y
i,=\, iy=Ny k=1 j=1

with ej,eN U (o0} and
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8i — N > qi - pi + 2(m-1)f(m-1) , (12)
where the set (i, : eiy,...,iv > 0} contains integers differing by
greater than

qi — pPi * 2(m-1)f(m-1)
Therefore , there exists a subinterval of i, in which ej,  jy = o
of length more than

{qi - pi + 2(m-1)f(m-1)}/m-1 .

So , we can write (10) as

J.I JU d Q b i1 iv
a=6+'y=2 ..... X h) Zfi1...iv,j,k"?k§-"’1-'~°’u +
i=H, i,H, k=1 j-1
T, Ty d [/ ji, i,
) D X x x hi1...iu,j,k Me § w0y L (13)

, i,=p, ip=py k=1 j=1

where Hi, , Jiy » Piy » mip€eZ,f<t hyyeN U {0} with some of the
i‘;-—-,‘tu,:j »‘,(

fi1,...,iu and hi1,...,iu non-zero . There does not occur an
overlap between §# and vy given in (13) . This mean that

Hi » pi — T.max.(Iri,l) ,

m{ € g3 + T.max.(1r{,1) ,
and

pi — J; » 2f(m-1)
From (13) we have

YEi,, . ,iv X hiy L qpSm
and since m is minimal, then

RS RUIE UIIRIR S SYUE S
Since X fi1,...,iu > g , then X hi1,...,iu <m . So , by applying
the induction hypothesis on vy , where y is of the form

roomy d 8 LS
Y=, Z...:.Z ‘Z ) hi1...iv,j,k e © .0y,
i,=p, iy=py j=1 k=1

therefore o will be of the required representation and i, will be in
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the range

pi — Tmax.(1rj,1) - £(m-1) < i, < qf + Tmax.(Irj,1) + £(m-1),

pi — f(m) < i, < qj + £(m)
Hence o is a t—integer
(II) t+1 is a sum of t+l independent units of ((#) . Then we may
suppose that

t+l = a

€, + aze, +...+ ayey

171

with o < l1ajl € t and |X aj| < t+l . Suppose that there is no
relation of the form "
€,...6g =1 , ried , (1<igu)
It follows that there is one of the units , say ¢, , which is not
dependent on the others
Choose a set of distinct units such as
Ny
Thus every integer « of (J(#) can be written as a sum of units having

the form

inj €,...64 » (IKGKR)

and there is no relation of the form

X *u Yi  Ju )
N €1---€q = INg €4...6q ,  J #F ko, Xi,yi€el

So , for all o of ((8) , & can be represented as
9,4 Qu 2 i, iy
o =. ) D xz '2 bi1...iu,j MNj €1ve-Cyu (14)
1,=p, iy=py j=1
where biy,...,iu,j » Piu - qiy€eZ and some of the biy, ..., iu,j are
non—-zero . We assume that o has the representation (1l4) so that
Libj,, . .. ,iul =m (15)

and m is minimal . We apply induction on m in oxrder to show that
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a is of the form

z, Zy, R i, iy
o= X....X z Cit...iusj Mj €1---€u , (16)
1,=p; iy=py Jj=1
with o < teq, . iu,j! < t , where zjyeZ . If m=1 ,then
Zlbi1___’iul — 1 and hence bi1,...,iu,j = ¢ ,tl . Therefore @ is a

t—integer by definition 3.1.1 . Assume that o is a t—integer for all
ce(0) withm < M , (M » 2). We will then prove it for all o with

m =M . Suppose that o has the form (14) and satisfying (15) . We

have

i, iy (i,+1) iy i, (i,+1) iy i, (igtl)

1

(t+l)nj.e1...eu a7 j€ .. €y FANjE €L ey L FAE e ey, (17)
where by repeating the application given in (17) to each term of

o , then all terms in which 'bi1,...,iu,jl » t+l will be shifted to
the right . Therefore ,after a finite number of applications of

our condition given in (17) we obtain that

7!'1 T Q P-[ iu
a = Z....:Z 2Cpy.iz...iu,j M €1vcc€u F
i,=p, iy=py Jj=1
P4 pu 2 i, iy
Yoo, bX Zdi1...iu,j Nj €1---€q (18)

i,=p,+1 iy=p, Jj=1

where ICpy.iz...iu,j! St 7, pi , G4, __.’iu'jez and some of the

Cp1.iz2...iu,j are non-zero.Therefore Yicp, iy, jlI< Z1di;, . .iu,jl,s0
LlCpy,iz, ... du,j! + 1Edi, . du,j! <M,
and since M is minimal then
LiCpy iz, ..., 1w, 1 + 1Zdiq, ... ,iu,j! = ¥ .
We have Z|Cp1iz,...,iu,j| >0 . Then L1di, ... ,diu,j! <M . So, by
applying the induction hypothesis to the second term of (18) then o

is a t-integer and hence the proof is completed .
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Theorem 3.1.1[14] proved by Belcher follows immediately from
Theorem 3.1.2 when t = 1 . He showed that there are precisely seven
cubic fields with negative discriminant in W, and an infinity of
cubic fields with positive discriminant in W,.The classification of

these cubic fields is based on the following result :

Lemma 3.1.1[14]
If QC(#) is a real algebraic field with one fundamental unit ¢ > 1

ysay ,then a necessary condition for (J(4) to be in W, is that e < 3,
More general than Lemma 3.1.1[l4] , we prove the following :

Theorem 3.1.3
If () is a real field belonging to‘ﬂ%ﬁxN , and having one
fundamental unit e ,then

€ < 2t + 1

Proof

Use the property that in Wi we can represent t+l as

e+l = cpePr o+ cqed (19)
where p , q €Z and Jcj] < t for all i ,(p<ikq) . We may write (19)

in the form

bpe™ + by_q e F 4.4 by =0 (20)
where b, , by, # o0 , bjeZ , at most one of the by = * (2t+1l) and the
rest of the coefficients are less than or equal to t . It follows
from (20) that

et < bnen < (2t+l)en_1 y Lt

Therefore ,

Mg (2641 ™ T 4
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e(e -1) < (2t + 1)(e = 1) + t ,

i.e

€2 - 2(t+ DDe+ (E+1) <o
Thus,

e < (t+ 1)+ ¢, (t+1)2 - (t+ 1) = t+]l + sti+t .
So ,

e < 2t + 1 ,

which is the required result .

Lemma 3.1.1[14] follows from Theorem 3.1.3 when t = 1 , in which
there are only seven real cubic fields with negative discriminant in

W,as is proved by Belcher[l4].

For the pure cubic fields Q(6) , 63 = d =m3 = 1
have the following :
Remark 3.1.1

If 0(8) is a pure cubic field with 3 =d =m?® # 1 , m » 1 and

having one fundamental unit e,then Q(8)eV .

Proof

(6 —m)(02 + mf + m2) == 1

By B.Delaunay[15] , the fundamental unit of Q(0) is € = 62 + mf + m?2

and ¢ = § — m its conjugate . So

1

¢ —m= %

o0
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Therefore every integer in Q(iﬁ) can be written as a finite sum of

units i.e m(ﬁﬁ)ev .
Now , we prove the following ;

Theorem 3.1.4

If (0(8) is a pure cubic field with 63 = d = m3

i+

1, m» 1 and

having a fundamental unit e¢ > 1,then ((8)eW; and t

\4
=

Proof
let 3 =d=m3 *+1 , mp» 1l , d# o and d is not a perfect cube.
Then ¢ = 62 + mf + m? is the fundamental unit of ((#) and ¢§ — m its

conjugate (see{l5]) . So, we can write

§ =m * 1 s
€
and
(m + 3% 0% pr 1
€
nie 3m? + 3m . 1 m? + 1
€ €2 €3
3m? . 3m . 1 -+
€ €2 €3
3m? * 3me 't € 2=t ¢
Im? = & 3me 'x e 2t ¢
2 — — 2
3m —EE— — 1 =% 3me = ¢ s _ 3m + 3m -1
2 2 2 2
SD) g e ts 2y - M- Dy (21)

2 2
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By setting t+l = SmGmtl) 1 , then t = Sm@mtl) 2 i.e
2 2
0(6) belongs to W by Theorem 3.1.2 . If t = 1 , then —™L) o
2

and this implies that m = 1 or -2 in which case ¢ = %2 , where such
a field does not belong to W, since ¢ = 1 + 0 + 62 > 3
(see Theorem 3.1.3) Therefore ((#) in Wy and t > 1 which completes

the proof .

Theorem 3.1.4 , will give Sliwa's result in [13] that no pure
cubic field Q(8) , 6% =d =m?® £ 1 , is in W,.Therefore the condition

€ < 2t + 1 of Theorem 3.1.3 , does not hold for t = 1 and

A precise example for our results is that ®(32) belongs to W,

since
b= ¢+ 26 + € °
follows from Theorem 3.1.2 , where e =1 + 8 + 82 , § = 52 , is the

fundamental unit of Q(?Z) . Further,and as a consequence of

Theorem 3.1.4 , one can find that

QI eW, , B(T26)eW,, , D(F63)eW,, ,..... ..

§3.2 Results On Quartic Fields
Concerning the quartic fields we shall prove the following

general result ;

Theorem 3.2.1

For each t ,teN ,there are infinitely many quartic feilds in W .

For the proof of Theorem 3.2,1 , the following results will be

needed .
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Lemma 3.2.1
If QC6)eWy, Q(p)eV and their discriminants are relatively prime,

then Q(6,p)eW .

Proof

Let (Q(6#), O(p) have the degrees n, , n, and discriminant d, , d,

respectively.Since (d,,d,) = 1 , then ((6,p) has degree nn,

(see[l6 :pl45]) .Also from [17],we get that (J(6,p) has discriminant

d?z. d?‘ and if

{@i) , 1 =1,2,...,n,

I

{831 ] 1,2,...,n,,
are integral basis for ((6) and (Q(p) respectively,then {aiﬁj} is
an integral basis of 0(0,p) . Thus , a typical integer of {(8,p) is
of the form
.X.aij iy , i=1,2,...,n, , j=1,2,...,n, (1)
L,]
where ajj are rational integers . Let ((p) have 2k, distinct roots
of unity and kg fundamental units , where each of these fundamental

units satisfies an equation of degree n, over Z . So , since Q(p)eV

then all integers of (J(y) can be expressed as a Z-linear
combination of 2k, . n%z distinct units . Therefore all integers of

(0(p) can be written as a Z-linear combination of k = k1n§2 distinct
units and none is the negative of the another . We denote these k

units by

We have that Bj , 3 =1,2,...,n, are expressible as Z-linear
combinations of the k units . Then the typical integer of Q(6,y)

given in (1) above is
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Y bijoyBy 5 i=1,2,...,m, , j=1,2,...,m, , (2)
i,3

where bij are rational integers . Therefore (2) can be written as

k
oy £,
j=1 3 7]
where vy are integers in ((#) . Since ((0)eWy , the vj can be

expressed as t—integers provided that we can not have relations of

the form

where & and §' are units in 0(6) ,¥ and ¢’ are units in 0(p) . If so,

then
=8 = e E 1,

and ¢ is a unit not equal to * 1 . Therefore , (0(8) ~ Q(p) = ¢ which
is a contradiction since (Q(6) ~ Q(p) = @ , where [] is the set of
rational numbers . Thus , every integer in ((f,p) is a t—integer .

Hence (0(0,p) belongs to Wy , t » 1 and this completes the proof .

Lemma 3.2.2[12]

J(vd) belongs to V if and only if (i) d = -1 or -3,(ii) d > o

3

d£1 (mod4) and either d+l or d-1 is a perfect square,(iii) d > o,

d =1 (mod4) and either d+4 or d-4 is a perfect square .
For the proof (see [12])

The Proof Of Theorem 3.2.1

We consider Q{/m) , m>1 , m £ 1 (mod4) , m is squarefree and
Q(/m) eWi.Suppose that (Q(sd),d > 1,d = 1(mod4),d * 4 is a perfect
square and d is squarefree.By applying the Lemmas 3.2.1 and 3.2.2,we
have that ((vsm, /d)eW.It follows from Lemma 3.2.1, that the degree of
(O({s/m, yd) is equal to 4 and the discriminant is equal to (4m)2d2.Since

each d will produce a different quartic field,then we need only to
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show that there are an infinite number of d > 1 such that d * 4 is

a perfect square , d = 1 (mod4) and d is squarefree . This can be
done by showing that there are an infinite number of odd natural

numbers , n ,such that n? + 4 is squarefree . So

L AZ(nZ2 + 4) =X A2(n? + 4)
n odd n
Since n? + 4 is an irreducible polynomial of degree 2,then it
follows from Nagell's result in [18] that

Y A2 + 4)—s o,
n<x

as X tends to infinity . Also ,by using the fact given by Ricei in
[19] which shows that

Y A2(n? + 4) ~ Ax ,
n<x

for large x , where A > ¢ is some constant . Therefore we obtain
an infinite number of quartic fields in Wy and this completes the

proof .

Belcher's result given in [12] will follow from Theorem 3.2.1 ,
when m = 2 . He proved that 0(/2,/d)eW, , where d > 1 , d ¢+ 4 is a
perfect square , d = 1 (mod4) and showed that there are infinitely

many such quartic fields in W,

Now,a question arises"In which W does Q(/m, /d) belong ? ".
The answer will be given by the general result which we will
discuss in the next section . The result will provide us with a
criterion which enables us to show to which Wi (J(/m) belongs.
It gives us , for instance , that ((/3)eW, and by Theorem 3.2.1 ,
Q(/3,vd) will be in W, for d >1, d * 4 is a perfect square and

d =1 (modd)
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§3.3 Sums Of Units Of Quadratic Fields

Let U(d) be the set of finite sums of units in Q(/d) , where
d is a squarefree integer not equal to zero or 1 . One can check
that U(d) is a subring of Z(sd) . If d < o , then because the
only units are % 1
u(d) =2
except when d = -1 or ~3 . In these cases there are exactly four
units or six units given by (¢ 1 , * i} or
{(£ 1 ,x (-1+,-3)/2 , = (-1 — /-3)/2} respectively . Therefore ,
U(d) = Z(vd)

If d > o , then (Q(vd) has infihitely many units and these units

have the form & ¢ , n>» 0, where ¢ = a + byd or a + b(1l+yd)
2
the fundamental unit according as d £ 1 (mod4) or d = 1 (mod4)

respectively and a,beZ . The structure of U(d) in such cases is

described in the following result :

Theorem 3.3.1

let ¢ = a + byd or a + —Ei}iigl be the fundamental unit of Q(sd).
2

Then
<l , byd> , if d ¢ 1 (mods) |,
u(d) =
<l , b(l+sd)/2> , if d = 1 (modd)
Proof

Considering d £ 1 (mods) , them ¢ = a + byd . Let

¢" = ay + bysd , ag,byeZ . (1)

Then we can write by, = §b , 5 » 1 . Therefore bib, Vn , n > o. Now,
take any sum of units in U(d) such as

S -
a =% cjel | (2)

1=r
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where r,s » 1 , cjeZ , (¥<iks) . From (2) the typical term will be

of the form

cia + byd)t = ci(aj + byvd) ,

0
j=5
om
I

¢l
=
m
I

= cjaj + cjbjsd . (3)
Since bibj; , then bicjbj; for each i , (r<ics) . So , by writing (3)

as

ciet = A+ Byd
where b|B, then any sum in U(d) has an order < 1 , byd > when
d £ 1 (mod4)

b(l + sd)
2

If d =1 (modd) , then ¢ = a + So , by following

the same procedure given above , we get

ciel = ¢cq(a + Eﬁl—i—lgl—)l = cjaj + oibi (A+/d) , (4D
2 2
where bib; for each i , (s<i<r).By writing (4) as
. 1
Ciez - A" 4 B (1 + y4) ,
2
where A" , B'¢Z it follows that every sum in U(d) has an order
<1, b + /D) > . This completes the proof .
2

As we defined in section 3.1 ,the set V contains all the
algebraic number fields having the property that every integer is
expressible as a finite sum of units (not necessarily distinct) . The
quadratic fields which are in V are determined by Lemma 3.2.2[12]

The integers of these quadratic fields may be expressed as
t-integers , teN .
For t=1 ,B.Jacobson[3] showed that (J(,2) and (Q(/5) are in W, and

J.Sliwa[1l3] confirmed that these are the only quadratic fields in W,.
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One may expect that other quadratic fields are in W, or W,,...,.

This will be given in the following general result :

Theorem 3.3.2

Let Q(/3)eV and e = t + 4d or {(2t — 1) + sd}/2 be the
fundamental unit according as d £ 1 (mod4) or d = 1 (mod4) . Then

Q( /d) eWt .

We shall need some preliminary conditions in the proof of

Theorem 3.3.2

Preliminary Conditions

Since ¢ is the fundamental unit , ¢ > 1 and el > o .when

Q(s/d)eV and d £ 1 (mod4) ,we have ¢

t + /d is the fundamental unit.

Since ¢ 1= % € according as N(e) =

I+

1l,where ¢ is the conjugate of e,

then

9t = ¢ & ¢ L

Therefore ,

thl - et e (1 -t (5)
where (5) shows that t+l is a strong t-integer for all t , teN .

When ((/d)eV and d = 1 (mod4) , then € = {(2t - 1) + ysd}/2 and
-1 - . .
also ¢ = % ¢, f‘ng(e) = t 1 respectively . So , we can write

26 -1 =€ & ¢k

t=et e te (1-t), (6)

and (6) implies that t+l is a strong t-integer for all t , t » 2

Now , we shall use both (5) and (6) to prove Theorem 3.3.2
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Proof Of Theorem 3.3.2
(I) Let d £ 1 (mod4) and ((sd)eV . Then for all integers well(v/d),

o can be written in the form

4 .
a =71 ajel 7
P
where aj , p , qeZ , (p<ikq) , aj = o if i[p.,q] . We shall consider

the following cases ;

(1) If N(e¢) = + 1 , then we have

t+l = e+ € T 4 (1L - t) | (8)

where t+l is a strong t-integer in 0Q(vd) . Assume that o given in (7)

is such that

Liajt = m , m» 1l
and m is minimal . We shall follow by induction onm . So , if
m = 1 , then we have Xlajl = 1 and hence aj = 0 , * 1 . Therefore

o is a l-integer and by definition 3.1.1 , o is a t—integer . As an
induction hypothesis we suppose that @ is a t-integer for all weQ(/sd)
withm <M , (M > 2). We will prove it for all o with m = M . We have
from (8) that

k-1

(D) e = Eh (1 - o) & (KT

. (pLk<q)

We suppose that ap is the first coefficient in (7) such that

lapl » t+l and |ax—11 € t for all k , (p<k<q) . Then by applying (8)

k . .
to the term ape , o is either of the form

o = apep+...+ (ak_1+l)ek_1+ (1 - t)ek+ ek+1+...+ a et (D

or

o = apePr. .t (apeg - D e (61 - el aged, (10)

according as ap = * (t+l) . Since |ap_7| < t , then , if necessary ,
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we need to repeat the application of (8) to (ap.1 % 1)ek_1 in (9)
or (10) . This implies that « is either of the form

—~2

k k+1
o = apep+...+ (ag—9 + L)e

+ (l—t)ekll (2~t)ek+ € ... aqeq,(ll)
or

o = apePr..+ (app - D2 (e () el r aged 12)

according as ap_] = * t respectively . By considering -o given in
(9) or (10) ,if necessary, we may get that lap—1 * 1| » t+l. So, by
applying (8) in a similar way to that given above,then « will be also
of the form (11) or (12).

Thus, if necessary, we continue to apply (8) in (11) or (12) to

the term (aj_o * l)ek—z. Then after a finite number of applications
we obtain that o is of the form
o =X bjel + X cye (13)
j<k izk+1

with o < |bj| € t and X|cjI< t+l . Notice that every coefficient aj
isk+1
with i € k is reduced to bj , where |bj| £ t and some of the bj are

non-zero . So,we have E|bj| > o and therefore X|b:1 < Ziciyl . Thus
jsk i<k isk+1

Libjl + Xieyl < M
j<k ipk+1

Since M is minimal , then

Zlbjl + Zlcyl = M

j<k ipk+1
Since Zlbj| > o , then XicjI <M . So , by applying the induction to
i<k i5k+1
o = Zciel ,then our result will follow and hence o is a t—integer .
ixk+l

(ii) If N(e) = -1 , then

t4l = e - € T+ (1 - t) . (14)




-101-
Hence , by following the procedure given in (i) to (1l4),then « is

a t-integer .

(I1) Let Q(vsd)eV and d 1 (mod4) . Then in this case we shall have

£+l = € £ € L4 (2 - ¢) ,

according as N(e) = * 1 respectively . Firstly , we consider when

N(e) =+ 1 . So , we have

tl = e+ € (2 - t) (15)
where (15) shows that t+l is a strong t-integer for all & , t » 1 .
We shall follow the induction steps as in (I) . So , we assume that

o has the representation (7) so that

Zlajl =m , m» 1 .
p<i<qg
and m is minimal . Then , if m = 1 we shall have Xiaj| = 1l and hence

i
aj = o , 1 . Therefore o is a l-integer i.e o is a t—integer . As
an induction hypothesis we assume that o« is a t-integer for all
weQ(yd) withm <M , (M » 2). We will then prove it for all « with
m =M . From (15) we have
(1) = T 2 - 0 T (prea) L (16)
. . k .
Now , we apply (15) to the first term in (7) , say ape with

tapl » t+l and lax—11 < t for all k , (p<k<q) . Then o is either of

the form

o= apcPr .t (ag + D @20 v aged, an
or

@ = apePro 4 (ag - D T (e2) = v aged, (18)

according as ayp * (t+l) . Since lag_1! < t ,then , if necessary ,

we repeat the application of (15) to the term (ap_q * l)ék_lin (17)
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or (18) respectively . This will imply that o is either of the form
k-1

P k+1

o = apePr. .t (a g 1) e 2+ (2-0) e (3-t) e el v aged1o)

or

o= apep+...+ (ax—2o wl)ek_2+(t—2)ek_l+ (t~3)ek~ sk+1+...+ aqe? (20)

By considering -« in (17) or (18) , if necessary , we may get
lag_1 * 11 » t+l and by applying (15) as we did above then « is

either of the form (19) or (20) . Therefore continue applying

(15) to the term (ap_o * l)sk_z, if necessary . Then after a finite

number of applications we obtain

a=Xdied + Teser (21)
j<k izk+l

where 1450 < t Yieji » t+1 and some of the dj are non—zero .
iSk+1

Therefore Z[dj| > p and hence
j<k

Zids + Xlejl <M,
Jsk izk+l

Since M is minimal then

Lidyr + X 1ej1 = M
i<k izk+1

Since Z|dj[ > o , then Ziej1l <M . So , by applying the induction
i<k izk+l

hypothesis to Zeiel we get that o 1s a t-integer .
ipk+1l

Next , when N(e¢) = -1 , then we shall have

o C I (22)
Hence , by following the procedure given above to (22) ,then o is a

t—integer and this completes the proof .

Immediate consequences of the proof of Theorem 3.3.2, are the

following results ;
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Corollary 3.3.1

Every integer expressible as a finite sum of units in Q(sd) is a

t—integer .

Corollary 3.3.2

Let (Q(vd) belong to Wi\ Wi , teN . Then every integer of (Q(vd)

is a t-integer plus a single unit .

Example 3.3.1

Every integer ael(s/13) is a sum of distinct units plus a single

unit .

Let ¢ be the fundamental unit of (J{/13) . Then ¢ = (3 + /13)/2

and N(¢) = -1 , Therefore we can write 3 as
3 =¢ ~ e—l ,
i.e
2= ¢ - 1. (23)

So , by Theorem 3.3.2 , (0(/13)¢W, . We let a be an integer in (J(/13)
such that

o = e o v e

By applying (23) we shall have
o= -2t 2 -1,

again apply (23) , then

B
Put 3 = ¢ - ¢ , then

o= € lh 2¢ e 26 4 e
so that
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Therefore ,

o= (e +5_1+e+l)+6—1,

and this last expression shows that o is a l-integer plus a unit .

Theorem 3.3.3

We prove the following result;

Let (vd) , d >0, ¢ =t + syd or {(2t - 1) + syd)}/2 be the
|
l

fundamental unit of Q(vsd) . If (Q(sd)eW,. , then w(/d>éwt_1 .

Proof
Suppose that [O(/d)eWs and d # 1(mod4) . Then the fundamental unit

of ((vd) is ¢ = t + syd , s,ted . It suffices to show that t can not
be expressed as a (t-1l)-integer . Assume that

m i

t =X cje , (24)

i=k
where jcjl € t-1 and k, meZ . So , if m » 1 , then
m m m-1 i

€ < lIcple € X cje + t
i=k

m-1 i
(t-1) Y e + t

=

A

(t-1) ¢ + ot

So , we may have
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Therefore
L fE-D ¢ ’
e — 1 €
i.e
€’- 2te + t < o . (25)

Since e = t + st?2 * 1 , then it follows from (25) that

e<t+ 2 - t<t+ 2 -1<Ke€ ,
which is a contradiction . Thus , t is not a (t-l)-integer

If either m < g or m = ¢ ,then the largest term in (24) is
t = ¢, . Hence t is not a (t-1)-integer.

A similar procedure can be done when @ = 1 (mod4) which implies

that

2¢ < (2t-1) + J(2-D)Z = 4t < (2t-1) + J(2t1)2 — & = 2¢
and this last inequality represents a contradiction too . Therefore

Q(Jd)éWt_l and this completes the proof of the Theorem .
Theorem 3.3.3, shows that t given in Theorem 3.3.2 is minimal

Now , we prove the following;

Theorem 3.3.4

For any t , teN , there are a finite number of real quadratic

fields (Q(vd)in Wy .

Proof
Let O(vsd) , d >0 , d £ 1 (mod4) be in We , teN . Then ¢ = t + s
is the fundamental unit of (Q(sd) . It suffices to show that t is an

integer in the interval ( el s etl ) . We have from Theorem 3.1.3,

2 2

in section 3.1, that

e < 2t + 1 s t> 1.
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Also,in 0Q(/d) we can write

2t = e e_l
Then
2t - 1 < e <26+ 1 , (26)
and (26) implies that
e-1 <t < e+l (27)
2 2
. . . e—1 e+l
Therefore t is an integer in the interval ( , ) . So , from
2 2

(27) we can get that t-1 < sd <t+l , Thus , for any t , teN , there
are a finite number of real quadratic fields in Wy .
A similar procedure can be followed when ((/d)eWy and d =1l(mod4).

1 + sd
2

This will lead us to get t < < t + 1 since

e = ((2t-1) + sd)/2 is the fundamental unit of ((sd) . This completes

the proof .

If we consider all the quadratic fields Q(yd) with d in the
range 2 £ d < 100 ,then by Lemma 3.2.2[12] , there are fourteen

fields in V , namely d = 2 , 3 , 5, 10 , 13 , 15, 21 , 26 , 29 ,

35, 53, 77 , 82 and 85 . So, by using Theorem 3.3.2, we can

classify these fields in W as follows :

QCvd)ew, d=2,5

Q(vd) eW, d=3, 13 .

Q(vd)eW, , d=10, 21 , 29 .
Q(vd) eW, d =15, 53 .

Q(vd)eWy d=26 , 77 , 82 , 85 .

O(v/a) e, , d =35 .

This classification is obtained by demonstrating the fundamental
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unit of each field.One can use the number of the repetitions t of
these fields given above to check the validity of the condition
€ < 2t + 1 given in Theorem 3.1.3. For instance,we have for (J(s/d)eV,,
that ¢ < 5 which is confirmed by Sliwa in [13]
Theorem 3.3.2 , will also enable us to determine to which Wy does
any quartic field Q(/m, sd) belong. This can be done by using

Lemma 3.2.1 given in section 3.2
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CHAPTER {(4)

84.1 Alpebraic Numbers As Sums Of Distinct Integers Of Fixed Norm

In this chapter we shall study the representation of integers in
algebraic number fields in ((#) as sums of distinct integers of a
certain norm .

For this purpose the following definition will be needed :

Definition 4.1.1

An integer ceQ(6) is called a norm-s integer,seN, if |N(a)1 < s.

Let Ng , seN , be the set of all algebraic number fields having
the property that every integer can be written as a sum of norm-s
integers (not mecessarily distinct) . Define Ng to be the subset of
Ny containing all algebraic number fields for which every integer is
expressible as a sum of distinct norm-s integers

When s = 1 , then it is obvious that N, =V , where V is the set
of all algebraic number fields having the property that all integers
are expressible as a finite sum of units in Q(8). Also Nf =W, ,
where W, is the set of all algebraic number fields for which every

integer is a sum of distinct units of Q(8)

Now, we will adopt the following definition in order to prove the
general result ;

Definition 4.1.2

Let s¢N . An integer 5e0(8) is called a strong norm-s integer ,if

6 = Y€ F.oooF YuEy

INCyid1 < s,

ZIN(yi) 1 < IN(8) 1,
1<igu

v1€Q(8) are non-associate and e ..,€y are units in 0(6) for all i

1,°
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We shall prove the following general result :

Theorem 4.1.1

Let seN and let 0(0) €W ,for some t > 51/2. We assume that t is
chosen to be minimal. If every integer in (J(8) of norm < t2 is a

strong norm-s integer,then Q(B)eNg .

Proof
Let (O(6)eWy , teN , and ¢,,...,€, be its units . We choose a set
of distinct units in Q(6¢) , say ,
Nyrev-aMd -
Then if €,,...,e, are independent units in ((6),by Theorem 3.1.2,

any integer oel}(#) can be written in the form

9,4 qQy d i, i
o= X...... h) ¥ aj,,..iu,k Mk€y---€u , (L)
i,=p, ig=qy k=1
where lagy, ..., iu,kl < £, and Pi,9qi.deZ , (I<igu).
If €,,...,€ey are dependent units in ((8)then there exists a set
of units , say , w,,...,0; Vv < u such that
€i = IJ.mfi!.. wﬁiu , IR, riyel

where fjis the chroot of unity. Also, there is no relation of the
form

e%I..eiu =1
On the other hand there exists at least one unit say, e, which does
not depend on any of the other units.In such a case Theorem 3.1.2,
implies that any integer wel(0) is of the form

q, qy [4 d j i, i,
O£=.Z ...... X xz )} ai1...iv,j,k ¢ Ne Wy...ty , (2)

where pji,qi,@,deZ .
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Firstly, in order to show that every integer in ((4) is a sum of

distinct norm-s integers , we shall consider the general integer o of

0(6) which has the form (1)

If (Q(6)eWy and t’= s then any integer o in 0(#) is a sum of
distincet norm—s integers. Suppose that ((6)eW. and s /2 < t . We

assume that o given in (1) is a non—-zero integer so that

LINCaj,, .., ,iu, )1 =m , (m3>1)
and m is minimal . We shall proceed by induction on m to show that o

is of the form

P4 Pu d i, 1y
o= X........ > L piy...iu,k, Tk €4---€y , (3)
i,=r, iz=try =1

where IN(pi; qu,k)! < s and rj «pief . So , if m = 1 then
YiN(ajy,,..,iu:k)! = 1 and hence aj, iy k= * 1 . Therefore o is a
sum of distinct norm-1 integers. So,by definition 4.1.1, « is a
sum of distinct norm-s integers . As an induction hypothesis we
suppose that the result is true for all o in ((§) with m < M, (M > 2).
We shall prove it for any o with m = M. Any integer 6¢ 0Q(¢)
with IN(6)1 € t? is a strong norm-s integer i.e § is of the form

8 = y,¢, *...+ yueEy , (&)

where IN(yi)1 € s , LiIN(y{)1 < IN(8)| and y; are non-associate
i

integers for all i , (1€igu) . So , by using (4) any term

ai1...iu,k"7kfh--ftliu with IN(aj, iy,k)! < t2 in (1) can be

written as

1, i, i +1 iy i, 1,41 iy 1, il
81, iu, kM€ €u TYAMRE - Eu FYRMkEy - €pn by T FYKE - - €
(5)

So,by applying (5) to the first coefficient ,say +8pqs...,iu,k with
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'N(ap1,..iu,k)| < t? we shall get that

£, fu d P,y iy

;o= Dol X L ¥p1...iu,k Mké€q---€u t
1,=P, ig=hy k=1

n, n, d i, iy

Yoo, X Lciy,..iu, kM€ ---€q
i,=p,+l iy=py k=1
| where IN(yi,. . .iu,k)! 8 , ICi,, . .iu,k! < t and hj,f;j,njeZ. Notice
that some of the i, jy, k are non-zero. If any overlap occurs
between o, and o, given above i.e if some of the Ypi...iu,k equal

Ci;,..iu,k » then we can write o in the form

) 2N X ¥ No...iu,k TkEq---€u o (6)
i,=p,+1 iy=vy k=1
where Ypi...iu,k are distinct norm-s integers in Q(B),ki1_._iu,keﬁ(8)
Ypi...iu,k # Mi...iu,ks %i.¥i,Vi€eZ and some of the yp, . ju,k are
non—-zero. Therefore

DiNCypq ., qu, 1) 0 S EINQN L qg, K !

and hence

DINCypq . du, )1+ ZINQV |, 1) S M
Since M is minimal then

ZINCypy, . du, W)L+ ZINQVM L g, 1) = M
Since XIN(yp, .. iu,k)! > o then XIN(\i, iy ,k)! <M . So,by applying
the induction hypothesis to the second term in (6) then we can write
o, as sum of distinct norm-s integers . Again, if any overlap occurs
between o, and &, we can repeat the above procedure . So,after

a finite number of steps we obtain o is a sum of distinect norm-g
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integers
Next , if we consider o« in the form (2) ,then by following the
induction steps given above to the form (2) we obtain that o is a
sum of distinct norm-s integers . Hence Q(O)EN§ and this completes

the proof .

An immediate consequance of the proof of Theorem 4.1.1 , is

the following :

Corollary 4.1.1

1/2

If o is any t-integer in (), t » s ,8¢N , and every integer
of norm less than or equal to t? is a strong norm-s integer in (Q(8) ,

then o is a sum of distinct norm-s integers

Now, we shall adopt the proof of Theorem 4.1.1 to prove the

following result :

Theorem 4.1.2

(0(%2) belongs to N¥ .

Proof
Since Q(§2) has only one fundamental unit e , where ¢ = 1+0+62
and 0 = 72 ,then by Theorem 3.1.4 , 0(32) belongs to Wy and t > 1 .
Further , in Q(¥2) 4 is a strong 3-integer since 4 can be written as
4 = e + 25_2+ 6_3
So , by Theorem 3.1.2 , ac%2) belongs to W, . Therefore any integer «

in @(32) is of the form

q .
a ==X ajel | P,qeZ , (7
i=p

where l1ajl € 3 for all i, (p<i<q).
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Consider the integer 4 = #+1 in Q(JZ)S, where IN(y)1 = 3 . Then we

can write 3 as

3 =vye '+ ye~1+ ¥ 3 (8)
where (8) shows that 3 is a strong norm-3 integer by definition 4.1.2
We may suppose that some of the ai's in (7) are non-zero and that
the representation (7) of o is chosen so that

TIN(ag)1 = m , m3» 1l | (9)
i

and m is minimal .
In order to show that o« is a sum of distinct norm-3 integers we
shall follow the induction on m . So

, if m = 1 then it is obvious

that XIN(aj)! = 1 implies that aj = *1 . Therefore ,by
i

definition 4.1.1 , @ is a sum of distinct norm—3 integers . As an

induction hypothesis , we assume that the result is true for all

cel(72) withm <M , (M > 2) . We will then prove it for all we(32)
with m = M .

Suppose that ay , (p<k<g) , is the first coefficient in (7) with
lagl = 3 or 2 and 1ajl € 1 for all i , (p<i<k) . If there is no ajp

with lagl = 3 or 2 then « is a sum of distinct norm-3 integers

Firstly , we let jaxl = 3 .Then by applying (8) to akek , o is
either of the form

o = apsp+... +7ek_2+ yek~1+ yek+...+ aqfq ' (10)

or

a = apep+...— yek_z— yek_l— yek+...+ aqeq . (11

according as ayp = * 3 respectively , where all j1aj1 < 3 for all i>k .
Consider the form (10) . Then since ap.9 = o¢,%1l and ap_7 = 0,1l ,we
need to consider the following cases:

(1) If ap_9 = 1 and a1 = 1 , then
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Q@ = apée +...+ (7+l)ek—2+ (7+l)ek_1+ yek+....+ aqeq. (12)
. -1
Since ¥y — 2 = ¢ ~, then from (8) we get

v+ 1l=c¢€-~ ye“l. (13)
So , by using (13) in (12) we obtain

Py - 7ek—3~ 7ek—2+ ek_1+ (7+1)ek+..‘+aqeq,

@ = ape
again applying (13) we get

P k-3

@ = apet...ooye - 7€k—2+ (1—7)ek_1+ k+l

e aqeq,(la)
where IN(1 — y)1 =2 .

(ii) If ap_p = -1 and a1 = 1 , then a is of the form

o = apep+...+(y—1)ek—2+ (7+1)ek_1+ yek+...+ aqeq .
Using (13) we obtain

o= apep+...+ (7—1)ek_2— yek_2+ (l+y)sk+...+ aqeq )
i.e

o = apep+...—ek_2— 7£k—1+ ek+1+...+ aqeq , (15)

(iii) If ap_o = 1 and ap_j7 = -1 ,then

o =apep+...+(7+l)ek—2+ (7—l)ek—1+ 7ek+...+ aqeq s
and by applying (13) we shall have

a = apep+...- yek—3+ yek—1+ 7ek+...+ aqeq . (16)

(iv) If a9 = -1 and ap_1 = -1 then we have

q

o= apep+...+ (7—1)ekM2+ (T~l)ek_l+ 7ek+...+ age”

where |N(y — 1)1 = 2 .

(v) If a9 = 0 and ap..] = 1 we get
o = apep+...+ yek—2+ (7+l)ek—l+ 76?..+ aqeq s

where by applying (13) to the term (7+1)ek‘l, then
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a = ape +.. .+ (7+1)ek+...+ aqeq .

Again use (13) to get

o = apeP+. .- L +aged (17)
When ap.o = o and ap_j = -1 , then (10) becomes
o = apel+. .+ yfk_2+ (7—1)ek_1+ 7ek+...+ aqeq . (18)
(vi) If ag.p = 1 and ap.1 = o , then
a = apep+...+ (l+7)ek*2+ 7ek~1+ yek+...+ aqeq .
and by using (13) we obtain
a = ape +...- yek_3+ (1+7)ek_1+ yek+...+ aqeq .
Again use (13) to get
a = apep+...— 7ek_3— yek_2+ (1+7)ek+...+ aqeq .
Therefore
o = apep+...— 7€k—3_ yek_z— 7€k—1+ ek+l+...+ aqeq . (19)
If we have ap.9 = -1 and a1 = o then in such a case o is of the
form
o = apep+...+ (7~1)ek_2+ 7ek—1+ 7Ek+...+ aqeq s (20)

where every coefficient aj , (i < k), is of norm less than or equal

to 3 . Also if ap. 9 = ay_1 = o then a is of the form

Py 'yfk_2+7ek—'1+ 'yek+. ot aqeq , (21)

where every coefficient of el, i<k, in (21) is an integer of norm

less than or equal to 3 . Thus , in any form of o given in the above

cases,1f we continue to apply our conditions to the term ap_g3e , if
necessary ,then after a finite number of applications every
coefficient a; , (1 € k ), will be reduced to an integer of norm

less than or equal to 3 . When « has the form (11) then by

considering —¢ , where —ae@(32) , we can repeat the whole procedure
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given above . Therefore o can be written as

Lty =T ooged ¢ X cgel (22)

j<k ipk+1

o = Q@

where 6j6@(32), |N(6j)[ <3, cieZ and some of the 6j are non—-zero .

Therefore T |N(5s5)1 > o and hence ZIN(63)1 < XZIN(ci)1
. J . J . 1
j <k i<k izk+1
Thus

ZIN(sj)1 + LiN(ej)1 < M,
i<k ipk+1

and since M is minimal then

LIN(&5)1 + XIN(ej)1 = M .
j<k isk+1

We have EIN(Bj)l > 0 so XIN(ci)1 <M . So , by applying the
i<k igk+l

induction hypothesis to o, in (22) then o, can be written as a sum of
distinet norm-3 integers.If any overlap occurs between o, and ¢, then
by repeat the above procedure we obtain,after a finite number of
steps, that o is a sum of distinct norm-3 integers.

The above method of the proof can be followed if japl = 2 in o

given in (10) or (11) . This can be done by using the condition

2 =95 - ¢ , (23)
where (23) shows that 2 is a strong norm-3 integer . Hence the proof

is completed .

§4.2 Sums Of Distinct Norm—s Intepers Over The Quadratic Fields

In this section we shall consider the real quadratic fields
Q(vsa)eWye , teN , which are given by Theorem 3.3.2
t Yy
In fact all the integers of the real quadratic fields which are

in Wi do not belong to Wi_1 (see Theorem 3.3.3 ).
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Theorem 3.3.2 , implies that (J(/2) and ((/5) are in W, since
e =1+ /2 and ¢ = (1L + /5)/2 is the fundamental unit of ((/2) and
0(s5) respectively . Further , Q(,2) and Q(/5) are the only real
quadratic fields which are in W, (see [13]) . This shows that Q(v/2)

and (/%) are the only real quadratic fields in Nf since Nf = W,

Now, we shall consider the real quadratic fields (Q(s/d)eWy ,t>1 .

In order to study the representation of the integers of these fields

S1/2

as sums of distinct norm-s integers , < t ,we need to consider

the following cases :

(I) When (Q(vd)eWe, t > 1, and d = 1 (mod4),then by Theorem 3.3.2,
e = {(2t - 1) + yd}/2 is the fundamental unit of Q(s/d) . Let y be an
integer in 0Q(v/d) such that y = (1 - sd)/2 and IN(y)1 = s , seN/{o}
Since

N(e) = (2t = 1)2 - d =1t 4 ,
then s = t? — t t 1 according as N(e) = +1 or -1 respectively . We

shall use these considerations to prove the following general result:

Theorem 4.2.1

Let Q(vsd) , d = 1 (mod4) , belong to Wy for some t , t » 51/2,
seN . Suppose that ¢ is the fundamental unit of Q(,d) . Then

O(sd)eNE with s — t2 — t *+ 1 as N(e) = = 1 .

Proof

Let (Q(vd)eWy , d = 1 (modsd) and t > sl/z.Then from Theorem 3.3.2,
e = ((2t - 1) + yd}/2 is the fundamental unit of (J(v/d). Let 4 be an
integer in J(v/d) such that v = (1 - /d)/2 and N(y)1 = s , seN/{o0)
Then we can write t as

t=9+c¢ . (1)
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Since N(e¢) = £ 1 , then s =t2 -t £ 1 as N(¢) =+ 1 or -1 . So , by
definition 4.1.2 , (1) shows that t is a strong norm-s integer .
We shall use condition (1) to show that every integer ael(sd) is
a sum of distinet norm-s integers . Since ((/sd)eWy , then we can

write any integer woe(j(vd) in the form

L cqeq , (2)
where 1ci1 € t for all i , (p<icq) , p,qe¢Z and p,q # o
Let r » 1 be the number of all ci's in (2) such that icj1 = t .
Then by considering condition (1) given above we have the following :
(i) If r =1 i.e H ¢ , (p<k<q), such that lcyl = t ,then o is of

the form

o = cpep+...+ ckek+...+ cqeq, (3)
where if ¢ = t , then by applying condition (1) we get that

o= cpep+...+ 7ek+ ek+1+...+ cqeq , (4)

where in (4) we need only to deal with the term (cp43 + 1)ek+lwhen
(cg+1 + 1) = t . Otherwise o is a sum of distinct norm—-s integers
So , by applying (1) again when (cy;3 + 1) = t , we shall have

P, k+l+ k+2

coh 7ek+ Ye e .+ egqel, (5)

q

and if we have (cpy1 + 1y = 1-t ,then, by considering —a , where

—-aeQ(vsd) , we get (cpyp + 1) < t . Further , if necessary , we

continue to apply (1) for (cy4p + l)ek+2when (cis+p + 1) = t only.This

implies that

P k+1 k+2 k+3 q

k
@ o= cpeb..bye + ye Fye € ...+ cge

Thus after a finite number of applications we get eventually that o
is a sum of distinct norm-s integers .
If we have in (3) that ¢y = -t , then since - is also an

integer in Q(vd) ,by considering -o in such a case and repeating
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the same procedure given above o will be a sum of distinct norm-—s
integers
(ii) Suppose that r » 2 and all ¢j with jeji = t are given in (2) in
such a way that every two of them are separated by at least one term

with coefficient Cj #9 , j# 1 and ICjI < t-1 for all j (p<i<q)

, . . . k
Let the first three terms with |cjI = t in o be given by fte , Zte

tte" with P< k <@ <m <gq starting from the left to the right . Then «

is of the form

P

2
o = cpe +... te +...

+

k
te +...

I+

i+
2
m
+
+
0
ffa}
™
ffal
~
[e)}
g

Considering the r terms in (6) having coefficients equal to +t then

p

k [/ m
@ = Cpe +...+ te +...+ te +...+ te +...+ C 4

qE.

Applying (1) on these terms simultaneously , then we have

o= cpep+...+yek+ ek+l+...+ yeQ+ eQ+1+...+ yem+ em+1+...+ cqeq .
If k+1 = ¢ , then
o = cpep+...+ 7ek+ (7+1)ek+1+ eQi%..+ yem+ em+1+..‘+ cqeq ,
whereN(y + 1)1 < IN(y)I £ s since | 9 ; d < |1;d| for d » 5 . If

k+l < € , then by repeating the procedure of (i) given above

after a finite number of applications , if necessary , we shall
arrive eventually at the term (y + 1)62. The same procedure can be

repeated for (cpu1 + 1)eQ+1and (em+1 + l)em+l, if necessary .
Therefore after a finite steps we obtain our required o i.e & is a
sum of distinect norm-s integers

When all the r terms given in (6) have coefficients equal to
-t ,then by considering -o , where —ae((sd) , and repeating the

procedure given above we get our required form .
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Consider the case that the r terms given in (6) have coefficients

equal to t with alternate signs i.e o is of the form

o =c P+, . .- tek+...+ teQ+...~ tem+...+ e .
P q
Then by applying (1) simultaneously on these terms we get
o= cpep+...myek— ek+1+...+ yeQ+ eQ+1+...— 7em - em+1+...+ cqeq,

where after applying to these terms no overlapping occurs with any

to the left of yek, 75Qand yem. So , we need only consider the cases
f when (cg41 — 1) = -t , (cgy1 + 1) = +t and (cpep — 1) = —t and so on,
i The case when k+l = £ or ¢+1 =m,..., implies our required form as we
mentioned above.So,if k+l < @ and (cp41 — 1) = -t , then by applying
(1) we get

P, k k+l k+2 m+1 q

_ ok _ P Q+ 2+1 __om_ 4
o =cpe CoTYE — YE € Lootye € t...— ye € oot ocqe’,

where by continuing to apply (1) for (ci4o - l)ek+2, if necessary ,

- . . 2
after a finite steps we arrive ultimately at the term *(1 + ¥)¢

where IN(* 1 + )| € s . The same procedure can be done for

(co41 + 1)552+1 and (cp41 — 1)em+1, if necessary . Thus , after a
finite steps we get o is a sum of distinct norm-s integers

(iii) If r > 2 and all the ci's with jejl = t in (2) formed a block
of consecutive terms,then in that case we let u,v » 1 such that all
lcil = t with k-u € 1 < k+v , (p<k<q) , and 1cjI < t-1 for all i ,
i< k-u-1, i3 ktvtl . So , o will be of the form

P u '+Ek+v

@ = cpe +...tt(ek_ +, . )+t cqeq . (7)

Consider the coefficients of the block with + sign ,by applying

(1) we obtain

ooyt O R s Y L cged

o= cpep
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i.e
k k+ k—u+l k+v+l
a= cpep+ Loy (e Yl v) + (e + € Y+, ..+ cqeq

Therefore

P k—u k—u+1l k+v k+v+l q
o = cpe +...+ye + (y+1) (e ...+ € ) + € +...+ cqe (8)

. . k+v+l,

where|N(y + 1)1 € s . It remains to consider (Cpyy+1 + L)€ in (8)

when (cy4yv4+1 + 1) = t. We apply case (i) which shows that such a case
also implies that all the coefficient e¢j with i > k+v+l can be
reduced to integers of norms less than or equal to s without any
overlapping occuring at the left . Hence o is a sum of distinct
norm-s integers

Consider the coefficients of the block given in (7) having
— signs. Then by considering -« ,where —wel}(/d),one can repeat the
same procedure given above and get the required form of o .

If the coefficients of the block in (7) have an alternate sign

i.e

o= cpep+...+t(ek_u— ek—u+l+...i ek+v) +.. .+ cqeq,
then by applying (1) we get

o = cpep+...+ (7+e)(ek—u— ek"u+1+...t ek+v) ..t cqeq,

so that

p

a=cpe +...+7(ek—u—ek~u+l+...iek+v

k—u+l k-u+2 ktv+l
€ —€ +...%¢

)+(

Therefore

o= cpep+...+ Yek—u+ (2 y ¢ 1)(Ek~u+1+".+ k+v Ek+v+l+...

where |N(x vy t 1)1 < s and from (i) all ci's with i » k+v+l can be
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reduced to be of norms less than or equal to s . Hence « is a sum of

distinct norm-s integers

(iv) If o given in (2) has a finite number of blocks of terms ciei,
Icjl = t and each two blocks are separated by at least one term with
coefficient ¢y, leyl < t-1 and j # i for all j , (p<j<q) ,then under
such considerations « can be written as

u kv

o= cpep+...it(ek_ +...+ € ) +...it(ewa+. gtz 4

..te Y ..+ Cq€ s

where w,z » 1,k+v < @-w and p < 0+z < q.Now whatever the signs of the
coefficients of each block are , we apply (1) simultaneously to get
P k-u k+v Q- Q+z q
a=cpe +...2 (yt+e) (e +..,.+ € Y+ x(yre) (e +...+ ¢ Y+...+cC
Therefore

@ = cpe ...t yek“u+(¢y 2 1) Yy e FVEL e

(ty * l)(eQ—w+1+...+ Rtz E£2+z+1+.__+ q

It follows from this last form of ¢ that the only overlapping which

might occur between these two blocks is that when k+v+l = 2-w i.e

when we have (% 1 % y)egww, where IN(x 1 ¢ y)1 < s. For if k+v+l<@-w,
then by repeat the application of (1) when we have

(Clopyr] * 1)Ek+v+1= ttek+v+1.

So, after a finite number of steps we arrive to the overlapping
with iyegmw which is also of the form (% 1 # 7)eQ—w, where

IN(x 1 * 4)1< s. This procedure can be followed between each two
blocks even when ¢ has more than two blocks . Therefore o is

expressible as a sum of distinct norm-s integers and this completes

the proof .
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From Theorem 3.3.2 , Q(/13)eW, since ¢ = (3 + /13)/2 is the
fundamental unit of (Q(s/13) , where N(¢) = -1 . So , by Theorem 4.2.1,
0(/13) belongs to N} since 2 can be written as

2=9+c¢€,
where 4 = (1 - /13)/2 and |N(y)l1 = 3 i.e s = 3 . The value (s = 3)
represents the minimal norm since there is no integer of norm 2 in

0(/13) and 0(/13)éW, (see Theorem 3.3.3)

(II) When Q(/d)eWy , t > 1 , and d # 1 (mod4) ,then from
Theorem 3.3.2 , ¢ = t + yd is the fundamental unit of Q(/d)
Therefore ,

N(e) = t2 - d

d

t2 = 1 .

Thus , if d = £2 - 1 , then by choosing 4e¢Q(sd) such that 4 =/t2 - 1,

we can write t as
t=¢€¢-v , (9

where ¢ = t + st?2 - 1 and IN(y)i = t2 — 1 . By using condition (9)
then we can show , in a similar proof to that of Theorem 4.2.1 , that
w(Jd)eN§ with s = t2 - 1 . This shows , for instance that @(/3)5N§ ,

O(/15) eN¥ g and Q(s35) N},

If d=t2+ 1, then ¢ =t + ytZ + 1 . Therefore N(¢) = -1 and

hence

So , we can write t as
t=9v —c¢ s (10)

where v = /t?2 + 1 and e_1= JE2 + 1 -t . Put IN(y)I = s ,seN,
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Then s > t2 gince § = t2 + 1. Further, (10) does not imply that t is
a strong norm-s integer (see definition 4.1.2) and in such a case we

cannot apply Theorem 4.1.1 or 4.2.1 . However , if we choose an

assocliate integer 4 in Q(s/t? + 1) such as v = (t - 1)e¢ , where
IN(y)I = t2 - 2t + 1 ,then in such a case we can write t as

t =9 +1, (11)

and (11) implies that t is a strong norm—s integer with

s =t2 -2t + 1 and (t > 1) . So , if every integer in Q(/t2+1l) of

norm less than or equal to s is a strong norm-s integer then we may

get that Q(s/t?2 + 1) belongs to Ng . This case will be indicated in

the following example :

Example 4.2.1

Consider the quadratic field Q(/10) , where ¢ = 3 + /10 is the
fundamental unit of (J(/10) . Then from Theorem 3.3.2 , (0(/10)eW,
and 3 is minimal i.e Q(JlO)éWz. Since there is no integer of norm 2 ,
3, or 5 in ((/10) ,then, we can choose y eQ(/10) such that

¥ =06+ 2/10 , where IN(y)i = 4 , and hence we can write 3 as

3=9e¢ +1
Also , we can represent 7 +2/10 , where |N(7 +2/10)|1 = 9 , as
7 42710 = (3 + /10) + (4 + /10) ,
where |N(7 +2/10)1 » iN(3 + s10)| + IN(4 + s10)| . Further , we can

write
4 + 410 = 1 + (3 + /10)

where IN(4 + /10)| > N(1) + |N(3 + /10)) . Therefore every integer in
0(/10) of norm less than or equal to 9 is a strong norm—4 integer

by definition 4.1.2 . Hence ((/10) belongs to Ni .
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We may find that some of the real quadratic fields which are in
Ng also belong to Nﬁ with v € 8 . This occurs when Q(Jd)eNg has
integers of norm v and every integer in {(}{/d) of norm less than or
equal to s is a strong norm-v integer. We shall demonstrate this case

in the following general result :

Theorem 4.2.2

Let veN and let Q(vsd)eN¥ for some s , v < s . If every integer in
(0(sd) of norm less than or equal to s is a strong norm—v integer |,

then Q(/d)eN$ .

Proof
Let Q(Jd)eN§ , seN/{a) . Then every integer we(l(vd) is a strong
norm-s integer . i.e o is of the form
=5, ot by, (12)
where i are non-zero non—associate integers in Q(vd) , IN(§{)I < s

and ZIN(54i)1 € IN(x)| . We may order the 6i's in (12) such that
i

INCE )1 < IN(E,) 1 <.v <IN |
We suppose , without loss of generality , that « has the

representation (12) with

TIN(s 1)1 =
i

f
=

m» 1,

and m is minimal. Since the §; satisfy IN(6;)1 < s ,the hypothesis of

the Theorem says that

81 = Yiy * Yiz *ooot Yiui (13)
where

uj

L INCyi3)1 < IN(G83) 1

j=1
and

IN(yijd1 < v .
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If s = v , then the result will follow i.e Q(/d)eNy. So , we
assume that v < s . Then in order to show that Q(/d)eN§ we shall

follow the induction onm . If m = 1 then IN(§{)1 = 1 . Therefore
i

IN(5:)1 » 1 V §;.This implies that there is only one 61 in this

sum with IN(8;)1 =1 i.e §, is a unit and hence o = 8§, is also

a unit . Therefore o« is a sum of distinct norm-1 integers . Hence «
is a sum of distinct norm—v integers .

As an induction hypothesis we assume that the result is true for
all peQ(vsd) withm <M , (M »2) . We shall prove it for any « with
m = M . By applying (13) to &, in (12) we get

= (Y1, * Yz Fooot ¥ ) F 8, bt bp

Since E|N(71j)[ < IN(§,)1 and |N(§,)1 < IN(8,)1 , then
J

LIN(y,3)1 < IN(§,)1 . Hence
J

INCy, 301 < IN(8 )1 <. <IN 1,
where Y,j are distinct norm-v integers in ((s/d) . So , we can write
o as

o =X Yij t 6y (15)
j iz2

where ZlN(71j)] < IN(§,)1 . Thus
J

N
=

ZINCy, 321 + XIN(34) |
k| ip2

But since M is chosen to be minimal for a , then we must have

ZINCy 301 + DING33) 1 = M
J in2

If there is a repetition in (15) i.e if &; = V1] ,for some j and
i, (i»2) ,then we can rewrite « in (15) such that

o= Xyg vI6 (16)
j iz2

with all Y,j distinct norm-v integers fiel(sd) and Y13 * By for
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all i and j . Since M is minimal then we still have

ZINCy;5) 1 + ZIN(Bi) 1 = M
N iz2

We have ZIN(YIj)I > o so XIN(Bi)tI <M . So , by applying the
j ip2

induction hypothesis to a' = & Bi . then we can write o' as a sum of
is2

distinct norm-v integers . Therefore « can be written as

=X,y +Ip . (17)
| i»2

Again if any repetition occurs in (17) i.e if p; = Y1j for some 1
and j ,then we can repeat the procedure of the form (16) to the
form (17) . So , after a finite steps we get eventually that « is a

sum of distinet norm—v integers . This completes the proof .

A further explicit application over the real quadratic fields is

the following result :

Theorem 4.2.3

A(/3) belongs to Ni .

Proof
Since € = 2 + /3 is the fundamental unit of (Q(/3) ,then from
Theorem 3.3.2 , ((/3) belongs to W, . So , any integer o in (Q(/3) can

be written in the form

o = apefr. ..+ aqeq ) (18)
where 1ajl € 2 for all i , (p<i<q) , and p,qeZ . Consider
¥y=1+ /3 , where IN(y¥)1 = 2 . Then 2 is a strong norm—2 integer

since 2 can be expressed as
2=y~ 76‘1 , (19)

where y + 1 =¢ , y - 1 = ye_1+ 1l and 2y = ye_l+ e + 1 .
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Now , we shall show that o given in (18) is a sum of distinct
norm-2 integers . Let o be a mon-zero general integer in (18) such

that

m = XiNCaj)1 , meN/{o}
i
Since ajeZ , then XIN(aj)| = L a? > o . We choose the representation
i

of o in (18) so that m is minimal.We will prove the theorem by

induction on m .If m = 1 then XIN(aj)I = 1.Therefore IN(aj)| » 1 V aj
i

and hence a; = ¢ 1 ., Thus , o is a sum of distinct norm-1 integers
Hence o is a sum of distinct norm-2 integers by definition 4.1.1 .

Let m = M , MeN/{o0} and assume as an induction hypothesis that
the result is true for all o withm <M , (M > 2) . We will then
prove it for m = M . So , suppose that ayp , (p<k<q),is the first
coefficient in (18) with japl = 2.If there is no ap with lagt = 2

then lagl = 1 and hence o« is a sum of distinect norm—2 integers by

definition 4.1.1 . Otherwise , we can use condition (19) to represent

akek either in the form

2k = - ye + 7ek ) 21

or
—ZEk = 7ek L 76k ) (22)
according as ap = + 2 or -2 . Hence ¢ is either of the form

apePh. . t(a - M+ e+ aged . (23)

R
I

or

k-1 k
o= apep+...+(ak_1 + y)e -y +.. .+ aqeq . (24)

So , if ag_j = +1 or —1 in (23), then since y - 1 = vye “+ 1 and

¥+ 1=¢ ,then , (23) will be either of the form

k-1 k
a = apep+...+(1 — y)e + ye +. .+ aqeq )
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i.e

a = apfp+...+(ak_2 - 7)ek_ - ¢ T+ ye +.. .+ aqeq , (25
or

o = apep+...—(7 + 1)ek + oye +.. L+ aqeq ,
i.e

o = apcPr 4y T S aged (26)

Similarly , if ap 7 = +1 or -1 in (24) . Then (24) is either of the

form

(L o+ 7)ek_1— yek+...+ aqeq ,

where (y + 1) = ¢ , so that

o = apep+...+(l - 'y)ek +..0H aqeq )
i.e
o = ajel+. ek_l—ek+ + agel (27)
P q
or
o = apep+ +(y - l)ek — ye t+...+ aqeq s
i.e
o= apep+...+(ak_2 + 7)ek~2+ ek_l- ye k+...+ aqeq (28)
k-2

Therefore,by continuing to apply our conditions for (ap_o — y)e

or (ax_op + 7)ek—zin (25) or (28) , if necessary,then after a finite
number of applications all the coefficients aj with i < k will be
reduced to integers of norms less than or equal to 2 . Notice that

the application of the conditions given above does not cause any

overlap with any term at the right of akek . Therefore we can write w
in the form
@ =X bje + X aje (29)
ick izk+l

with by = 0,21 or + 4 , IN(bj)I1 < 2, 1351 € 2 for all i , i » k+l
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and some of the bj are non-zero integers in 0(/3). Therefore

ZIN(bj)1 < ZIN(aj)1
igk o izk+l

and hence

LIN(bi)1 + EIN(aj)1 < M
ik izk+l
Since M is minimal then
LIN(b{)1 + XIN(aj)1 = M
i<k izk+1
We have ZIN(bj)1 > o so LIN(aj)lI <M . So , by applying the
igk isk+1l
induction hypothesis to &' = X aiei, a' can be expressed
ixk+1

as a sum of distinct norm-2 integers and hence the proof is completed

More examples for the real quadratic fields will be given in the

next section .

84,3 Examples

Consider the real quadratic fields ((sd) with d = 1 (mod4) and
2 € d < 100 . Then by using Theorem 3.3.2 , there are seven
quadratic fields O(v/d)eWy , teN/(o), where t is minimal , namely
d=5,13 , 21, 29, 53 , 77 and 85 . As we mentioned earlier
0(/5)eN¥ and Q(/13)eN¥ . On the other hand v = 1 and 3 is the minimal
norm in which every integer in 0(/5) and ((/13) can be written as a

sum of distinct norm~2 and norm-3 integers respectively .

Example 4.3.1

Since Q(/21)eW, by Theorem 3.3.2 ,it follows from Theorem 4.2.1,
that Q(J21)5N§ i.e s =5 . In ((/21) there is no integer of norm
equal to 2 and since for v = 4 + 21 , |N(4 + »21)| = 5 , we can

write 7 as
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y=(5+,21) -1,
where IN(y)1 = [N(5 + 421)| + IN(-1)| . Therefore every integer in
Q(/21) of norm less than or equal to 5 is a strong norm—4 integer .
So , by Theorem 4.2.2 , Q(JZl)eNﬁ i.e v=24 . Since 2 cannot be
represented as a strong norm-3 integer in 0(s21) then v = 4 is the

smallest norm which can be considered .

Example 4.3.2

We have (0(/29)eW, , by Theorem 3.3.2 . So , by Theorem 4.2.1 ,
0(/29)eN¥ i.e s = 7 since
3 =9+ ¢,
where y = (1 - /29)/2 . Further , any integer in ((/29) of norm less

than or equal to 7 is a strong norm-5 integer since for # = 6 + /29,

IN(6 + 429)| = 7 , B can be written in the form
8 = 7 + /29 + 5 + /29 ’
2 2

where IN(7 + /29)/21 = 5 and IN(5 + /29)/21 = 1. Therefore ((/29)eN¥

Il

and v = 5 represents the smallest norm since every integer in ((/29)
of norm less than or equal to 5 cannot be written as a strong

norm-2 , 3 or 4 integer .

Example 4.3.3

From Theorem 3.3.2 , ((/53)¢eW, and by Theorem 4.2.1, 0(/53)eN¥,
i.e s = 13 since
b=+ €,
where v = (1 — /53)/2 and ¢ = (7 + /53)/2 .Since there is no integer
in Q(s54) of norm 2 , 3 , 5, 10 or 12 ,then by setting v =9 , we
need only consider Y, = 15+ 253 and v, = 8 + /53 ,where
IN(y,)1 = 13 and iN(y,)1 = 11 . These integers can be written as
v, = (22 + 3/53) - (7 + /53)

and
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v, = (7 + /53) + 1,
where {N(22 + 3/53)) = 7 and |N(7 + /53)| = 4 .Therefore every
integer in ((/53) of norm less than or equal to 13 is a strong norm-9

integer .So, by Theorem 4.2.2 , ((/53)eN¥ i.e every integer in 0(/53)

is a sum of distinct norm-9 integers.

Example 4.3.4

U(/77)eWg follows from Theorem 3.3.2 . So , by Theorem 4.2.1,
0(v77) belongs to Nfg . In Q(/77) there is no integer of norm 15 or
18 , and for B, = 17 + 2477 and B, = (25 + 3/77)/2 , where
IN(B,)1 = 19 and IN(B,)1 = 17 , we can write 8, and §, as

By = (9 + J77) + (8 + J77)
and

_ O+ 7
2

B2 + (8 + /77)

where IN(9 + /77)1 = 4 and |N(8 + /77)1 = 13 respectively . Since &
cannot be written as a strong norm-v integer and v < 16 ,then 16
is the smallest norm in which every integer in Q(/77) can be

represented as a sum of distinct norm-16 integers i.e Q(/77)5Nf6

In a similar procedure to that given in the above examples,one

can show that (0(/85)eN}, by using Theorem 4.2.1 and 4.2.2 ,
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