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STATEMENT

The first two sections of chapter I of this thesis are
based on two papers [SHD] and [Sm2]. All the remaining
sections of this thesis are original. Chapter II together
with section 3.2 has appeared in [AS]. Chapters III and IV
contain the duals of the results in chapter I. Chapter V

generalizes results of chapter I.
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LIST OF SYMBOLS

#: does not equal.

X: dose not divide

£: submodule.

£4: essential submodule.

£: small submodule.

€: contained in,

¢: belongs to.

£: does not belong to.

®: direct sum,

soc M: the socle of M.

socy M: ¥ (N £M : N ¢ X).

Rad M: the radical of M,

u-dim: the uniform dimension.
u¥~dim: the dual uniform dimension.
k-dim: the Krull dimension.
k*-dim: the dual Krull dimension.

X: a class of modules.

I~

: the class of zero modules.
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S: the class of simple modules,

G: the class of semisimple modules.
N: the class of Noetherian modules.
A: the class of Artinian modules,
I: the class of injective modules.
P: the class of projective modules.

T: the class of singular modules.

T,: the class of non-singular modules.

G: the class of finitely generated modules.
Go: the class of finitely co-—generated modules.
U: the class of modules with finite uniform dimension.

U*: the class of modules with finite dual uniform dimension.

K: the class of modules with Krull dimension.

Ky: the class of modules with Krull dimension at most «, for
some ordinal « » 0.

K*: the class of modules with dual Krull dimension.

Kg: the class of modules with dual Krull dimension at most
o, for some ordinal « » 0.

ACC: the ascending chain condition.

(ACC)o: the ACC on essential submodules.

(iv)




(ACC)4: the ACC on small submodules.

DCC: the descending chain condition.

(DGG)o: the DCC on essential submodules.

(DCC)4: the DCC on small submodules.

Vv: the joint of two elements in a lattice.

A: the meet of two elements in a lattice.

Xi: a class of lattices.

Zy: the class of singleton lattices.

Cy: the class of complemented lattices.

Ni: the class of lattices satisfying the AGCC.

U;: the class of lattices with finite uniform dimension.
P¢: the class of pseudo-complemented lattices.

c(L): the set of complements in the lattice L.

e(L): the set of egsential elements the lattice L.
s(L): ¥ {a e L : ais an atom).

s;(L): A laeL : ais essential in L}.

s,(L): V {a e L : [0,a] is complemented}.

£f(L): {a e L :V by < a for every chain {by}p in L with

by < a for all )\ ¢ A).
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L0: the opposite lattice of the lattice L,

fo(L): {a ¢ L : A by > a for every chain {by}p in L with
by > a for all X ¢ A}.

L(M): the lattice of all submodules of a module M.

Lo(M): the opposite lattice of L(M) for some module M.
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ABSTRACT

It is well known that any finitely generated Z-module is
a direct sum of a projective (in fact a free) module and a
Noetherian module (in fact a module of finite length) (for
example see [Fu]). More generally, [Sml] proved that if R is
a right Noetherian ring with maximal Artinian right ideal A,
then every finitely generated right R-module is the direct
sum of a projective module and a module of finite length if
and only if the ideal A = eR for some idempotent e in R and
the ring R/A is a left and right hereditary left and right
Noetherian semiprime ring (see [Sml, Theorem 3.3]). It was
left open in [Sml] whether the assumption that R be right
Noetherian is necessary. In fact, it is not, as Chatters
[Ch] showed, by proving that if R is a ring such that every
cyclic right R-module is the direct sum of a projective
module and a Noetherian module, then R is a right Noetherian
ring (see [Ch, Theorem 3.1]).

Chatters [Ch, Theorem 4.1] also proved that if o is an
ordinal and R a ring such that every cyclic right R-module
is the direct sum of a projective module and a module of
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Krull dimension at most «, then the right R-module R has
Rrull dimension at most o + 1. Van Huynh and Dan [HD] have
considered rings with the property that every cyclic right
module is the direct sum of a projective module and an
Artinian module, or the property that every cyclic right
module is the direct sum of a projective module and a
semisimple module. This led to the investigations in [SHD]
and {Sm2]. The following terminology was introduced.

Let X be a class of modules. Then hX is defined to be
the class of modules M such that for each submodule N of M,
M/N belongs to X. Moreover, dX is defined to be the class of
modules M such that for each submodule N of M, there exists
a direct summand K of M such that N & K and X/N belongs to
X. Finally, eX is defined to be the class of modules M such
that for each essential submodule E of M, M/E belongs to X.

It is proved in [Sm2] that when X is the class U: the
class of modules with finite uniform dimension, then a
module M belongs to eU if and only if M/N belongs to hU for
some semisimple submodule N of M (Theorem 1.2.1). This fact
led [Sm2] to prove that a module M belongs to dU if and only
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if M = M;® M, where M, is a semisimple module and M, belongs
to hU (Theorem 1.2,3). Moreover, [Sm2] proved that when X is
the class N: the class of Noetherian modules, or when X is
the class K: the class of modules which have Krull dimension
then a module M belongs to dN (respectively, dK) if and only
if M =M, M, where M, is semisimple and M, belongs to N
(respectively, K) (Theorem 1.2.4).

In the first two sections of chapter I of this thesis,
we present all of the background material from [SHD] and
[Sm2] and, for completeness, we include the proofs. In the
third section, we prove a generalization of Theorem 1.2.4,
i.e. we prove that when X is the class of modules with dual
Krull dimension at most ¢, for some ordinal a » 0, then a
module M belongs to dX if and only if M = M, @ M, where M,
is a semisimple module and M, belongs to X (Theorem 1.3.11).

In section 2.1, we define the property (P): a module M
satisfies (P) provided that for any submodule N of M, there
exists a direct summand K of M such that Soc K ¢ N ¢ K. We
prove that a module M is the direct sum of modules with (P)
and M is eventually semisimple if and only if M = M, @ M, @ M,
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where M, is a semisimple module, M, a finite direct sum of
uniform modules and M, has finite uniform dimension and zero
socle (Theorem 2.1.5).

In section 2.2, we define the property (P¥): a module M
satisfies (P¥) provided that for any submodule N of M, there
exists a direct summand K of M with K ¢ N and N/K & Rad M/K.
We prove that a module M is a direct sum of modules
satisfying (P¥) and the radical of M has finite uniform
dimension if and only if M = M, @ M, ® M, where M, is a
semisimple module M, is a radical module with finite uniform
dimension and M, is a finite direct sum of local submodules
and has finite uniform dimension (Theorem 2.2.8).

In chapter III, we define h*X (respectively, e*X) to be
the class of modules M such that every (small) submodule of
M belongs to X. Moreover, we define d*X to be the class of
modules M such that for each submodule N of M, N contains a
direct summand K of M such that N/K belongs to X. We prove
that when X is the class of Artinian modules, then for a
module M, Rad M is artinian if and only if M belongs to e*z

if and only if M belongs to (DCC)y (Theorem 3.2.4).

(x)




In Chapter IV, we characterize d*f. We prove that a
module M belongs to d*(hU) if and only if M = M, ® M, where
M, is a semisimple module and M, belongs to hU (Theorem
4.2.2). We also prove that when X is the class of modules
which have Krull dimension at most o for some ordinal o » O,
then a module M belongs to d*X if and only if M = M, © M,
where M, is a semisimple module and M, belongs to X (Theorem
4.2.3). Moreover, over an FBN-ring we prove that a module M
belongs to d*U if and only if M = M, M, where M, is a
semisimple module and M, belongs to U. Finally, over a
non~-local Dededind domain, we prove that a module M belongs
to d*N if and only if M = M, @ M, ® M, for some semisimple
module M,, Artinian module M, and a Noetherian module M,
(Theorem &4.4.7).

In the last chapter, we prove general properties of the
class hX, dX and eX when X is a class of complete modular
lattices, and hence, give one proof tq the results in
sections 1.1 and 3.1. In section 5.3, we prove Goodearl's
Theorem for complete modular weak upper continuous lattices

{Theorem 5.3.6).

(x1i)




Chapter 1.

The classes hX, dX and eX.

§ 1.1 Module classes.

Let R be a ring with 1. A module always means a right
R-module. By a class X of modules we mean any collection of
modules which contains a zero module and is c¢losed wunder
isomorphisims, i.e. any module which is isomorphic to some
module in X also belongs to X. Let M be a module and N be any
submodule of M. We call M an X-module if M belongs to the class
X. We call N an X-submodule of M if N is an X-module.

Let N be any submodule of a module M., Following the same
terminology as in [Sm2] we call a class X

s-closed if N is an X-module whenever M is an X-module,

q-closed if M/N is an X-module whenever M is an X-module and

p—closed if M is an X-module when N and M/N are X-modules.
Moreover, if g, and g, are any of these three properties then
we say X is (g,, g,J)-closed if X is g,—closed and g,-closed. We
say that X is (s, p, q}-closed if X is s-closed, p-closed and

q—closed,.




Let X and Y be classes of modules over the same ring R.
Then XY is defined to be the class of modules M which contains
an X-submodule N such that M/N is a ¥Y-module. 1In particular,
52 will denote the class XX. On the other hand, a module M is
an (X ® Y)-module if M is the direct sum of an X-submodule and
a Y-submodule. Note that any X-module is an (X & Y)-module, and

any (X @ Y)-module is an XY-module. More generally, if n is a

positive integer and Xj, X3, ..., X classes of modules over
the same ring, then X; @ ... ® X, will denote the class of
modules of the form Mj @ ... @ M,, where M; is an Xj-module

for all 1 < i € n.

A non-zero submodule N of a module M is called essential
in M, written N £, M, if it has a non-zero intersection with

any non-zero submodule of M.

Let X be any class of modules., The class dX consists of
all modules M such that, for every submodule N of M there
exists a direct summand K of M such that N € K and the factor
module K/N is an X-module. In {Sm2], classes h¥X and eX are

defined as follows. The class hX (respectively, eX) consists of




all modules M such that, for every (essential) submodule N of

M, the factor module M/N belongs to X.

Gordon and Robson [GR] defined the Krull dimension, K-dim
M, of M by transfinite induction as follows:
K-dim M = -1 if and only if M =0 ; if o » 0 is an ordinal and
K-dim M £ «, then K-dim M = o provided for every descending
chain N, > N, »... of submodules of M there exists a positive

integer n such that K-dim (N;j/Ni,) < a« for all i > n.

Dualizing the above terminology we get the so called dual
Krull dimension, K¥-dim M, of M (i.e. K¥~dim M = -1 if and only
if M = 0. If M # 0, then for an ordinal o > 0, K*-dim M = o if
K*~dim M # o and for any ascending chain N, < N, € ... of
submodules of M there exists a positive integer n such that
K*-dim (Nj,,/N;) < a for all i » n. Note that for a non-zero
module M, K-dim M (respectively, K*-dim M) = 0 if and only if M

is Artinian (respectively, Noetherian).

Let S be any set of submodules of a module M. Then S is

called independent (respectively, coindependent) provided that




every finite subset (N,, N,, ..., Ni} of S where Nj ¥ O

(respectively, N3 # M) for i =1, 2, ..., k has the following
property: for every 1 < i < k-1, Nj 0 (N, + ... + Nyj_,) =0
(respectively, Ny + (N, N ... 0 Ny_,) = M). We say that M has

finite uniform dimension if and only if every independent set
of submodules of M is finite. Equivalently, M has finite
uniform dimension if and only if every direct sum of non-zero
submodules of M has only a finite number of summands (see [Go,
chapter 1]). The uniform dimension, u-dim M, of M is the
largest cardinality of all the independent sets of submodules
of M. Note that a module M has finite uniform dimension if and
only if there exists a positive integer k such that the
cardinality of each independent set of submodules of M is at
most k (see [Goo2]). The smallest such integer is called the

uniform dimension of M.

Similarly, a module M has finite dual uniform dimension
provided every coindependent set of submodules of M is finite.
The dual uniform dimension, u®~dim M, of M is again the largest

cardinality of all such coindependent sets (see [Ta)],and [SV]).




Let N and N' be submodules of a module M., Then N is called
a relative complement of N' in M if N is maximal with respect
to‘the property N 0 N' = 0. We call N a complement in M if it
is a relative complement for some submodule of M. Equivalently,
N is a complement if it has no proper essential extension in M,
that is, if N 4, K £ M then K = N (see [Goo2, Proposition 1l.4].
On the other hand, if N is a complement of N' in M, then N ® N'

is essential in M (see [Goo2, Proposition 1.3]).

For any ring R, we denote the classes of zero modules,
simple modules, injective modules, projective modules,
semisimple modules, singular modules, mnon-singular modules,
finitely generated modules, finitely co-generated modules,
Artinian modules, Noetherian modules, modules with Krull
dimension, modules with Krull dimension at most «, for some
ordinal o » 0, modules with dual Krull dimension, modules with
dual Krull dimension at most o, for some ordinal o » 0, modules
of finite uniform dimension, and modules of finite dual uniform
dimension by:

Z, S, L, B, G I, In, G Gc» A, N, K, Ky K%, K, U, UF,
respectively. Unless it is mentioned, the ring R will be always

an arbitrary ring.




In the next two sections, we recall results from [SHD] and
[Sm2] and, for completeness, include the proofs, First, we

recall some general properties of the classes hX, dX and eX.

Proposition 1.1.1. Let R be any ring. Let X and Y be any
classes of right R-modules. Then

(1) hX € dX s eX,

(ii) when X € Y, then hX ¢ hY , dX & df and eX & eY,
(iii) ¢ & d&X,

(iv) hX = h(hX) < X,

(v) d(E @ X) = dX and

—

(vi) B n dX ¢ h(R ® X).

Proof. (i), (ii) and (iii) are clear from definitions.

(iv) It is clear that hX ¢ X, and hence, h(hX) & hX.
Suppose that M ¢ hX and N be a submodule of M. Since any
homomorphic image of M/N is also a homomorphic image of M, then
M/N ¢ hX. Therefore M ¢ h(hX).

(v) By (ii), dX < d(2 ® X). Suppose that M ¢ d(P @ X) and N
a submodule of M. Then there exists a direct summand K of M

with N € K and K/N ¢ P ® X. Therefore there exist L and L’




submodules of K and containing N such that XK/N = L/N & L/N
where L/N ¢ P and L/N ¢ X. Thus K/L's L/N is projective. So
L'is a direct summand of K, and hence, a direct summand of M.
Therefore M ¢ dX.

(vi) Let M ¢ P N dX and N a submodule of M, Then there
exist submodules K and K'of M such that M = K @ K', N ¢ K and
K/N belongs to X. Therefore K' is projective and M/N = K'e® K/N.

Hence M ¢ h(P & X).

Proposition 1.1.2. Let R be any ring. Let X be any class of
right R—-modules. Then
(1) hX, dX and eX are g-closed and

(ii) hX and eX are s-closed if X is s—closed.

Proof. (i) Let M ¢ eX and N any submodule of M. Let K be any
essential submodule of M/N. Then K = L/N for some essential
submodule L of M which contains N. Therefore M/L ¢ X. Thus
M/ /K = M/L ¢ X. Therefore M/N ¢ eX. So eX is g-closed.
Similarly, hX and dX are g-closed.

(ii) Suppose that X is s-closed. Let M ¢ hX and N be any

submodule of M. Let K be any submodule of N, Since N/K £ M/K




and X is s—closed, then N/K ¢ X. Thus N ¢ hX. Now suppose that
M ¢ eX and K £, N. Suppose that L is a complement of K in M.
Then L N K = 0, Therefore N/K = (N ® L)/(K @ L). Note that
[((Ne L)/(Ke L)] € [M/(K® L)] ¢ X, because K ® L is
essential in M. Thus (N ® L)/(R ® L) e X, since X is s-closed.

Therefore N/K ¢ X, and hence, N ¢ eX.

Proposition 1.1.3. Let R be any ring. Let X be any class of
right R-modules. Then
(i) C ® eX = eX and

(i1) C ® d¥ = dX.

Proof. (i) It is clear that eX S C ® eX. Let M e C ® eX. Then
there exist submodules K, K' of M such that M = K @ K', KeC
and K'e eX. Let N be any essential submodule of M. By [AF,
Propositions 9.6 and 9.7], K ¢ N. Therefore N = K @ (N n K')
and M/N = (K @ K')/{K ® (N n K')] = K}(N N K'Y e X, because
N n K' is essential in K'. Thus M/N ¢ X, and hence, M ¢ eX,

(ii) It is clear that d¥ ¢ C ® dX. Let M ¢ ¢ @ dX. Then

there exist submodules K, K' of M such that M = K & K', KeC

and K'e¢ dX. Let N be any submodule of M. Note that




N+ K = [(N+K)nNK] K. NwK=1[(N+K)nK] @F for
some submodule F of K. Thus N + K' is a direct summand of M.
Since K'e dX, then there exist submodules L, L' of K' such that
K'=Lel', (NnK') €L and L/(N nK') ¢ X. But
(L+N)/N=L/(LAON) and LAN=LANNMK' =N°MK".
Thus (L + N)/N ¢ X. On the other hand,
LA L+ =LngN(L+NM=L'N"[L+ (NNK) =L'nL=0.
Thus N + K' = L'e (L + N), and hence, L + N is a direct summand

of M. Therefore M ¢ dX.

Since ¢ @ hX ¢ hX implies C S§ hX, and hence, ¢ & X, we

conclude that ¢ ® hX # hX in general. On the other hand,

C & hX € dX (see Propesition 1.1.3 (ii)).

Proposition 1.1.4. Let R be any ring. Let X be a p-closed class
of right R-modules. Then

(i) hX @ hX - hX,

(ii) eX ® eX = eX and

(iii) bX ® dX = dX.

Proof. (i) It is clear that hX € hX ® hX., Suppose that




M = M,® M, where both M, and M, belongs to h¥X. Let N be any
submodule of M. Then M,+ N)/N = M,/(N 0 M,) ¢ X. Since
M/M, = M, ¢ hX, then M/(M,+ N) ¢ X. But X is p-closed. Thus M/N
belongs to X, and hence, M ¢ hX.

(ii) It is clear that eX € eX ® eX. With the same notation
in (i), suppose that M, ¢ eX, M, ¢ eX and N £, M. Then N n M,
is also essential in M,. Thus (M,+ N)/N = M /(N n M,) ¢ X. But
M+ N =Me ((M,;+ N) 0 M) and (M;+ N) N M, £, M,. Therefore
M/(M+ N) & M,/[(M,+ N) n M,] ¢ X. But X is p-closed. Therefore
M/N ¢ X, and hence, M ¢ eX.

(iii) It is clear that dX € hX ® dX. If M, ¢ hX and M, ¢ dX

in part (i), then (M,+ N)/N

IR

M,/(M,n N) ¢ X. Moreover,

M+ N = M@ [(M,+ N) 0 M,]. Therefore there exists a direct
summand K of M, such that (M,+ N) 0 M, is contained in K and
RK/[(M;+ N) n M,] ¢ X. Thus M,@ K is a direct summand of M and
M, ® K)/(M, + N) = K/[(M, + N) n M,] ¢ X. But X is p-closed.

Therefore (M, ® K)/N ¢ X, and hence, M ¢ dX.
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A module M is called a CS-module provided every submodule

of M is essential in a direct summand of M.

The following example was given in [Sm2] to show that there
exists a class X of modules such that X is (s, q, p)-closed but

dX is not s—closed and d¥X @ dX # dX.

Example 1.1.5. Let R = Z[x], the ring of polynomials in omne
indeterminate X over the integers. Let M be the R-module Rgp.
Then M ¢ dT, M @ M ¢ dT and E(M) ® E(M) e dT, where E(M) is

the injective hull of M.

Proof. We know that the class T is (s, p, q)}-closed. By [CK,
Example 2.4], M is a CS-module but M ® M is not a CS-medule.
Note that M ¢ dT. Suppose that M'= M @ M ¢ dT and let N be a
submodule of M'. Then there exists a direct summand K of M’
such that N € K and K/N ¢ T. Let L be a submodule of K such
that N N L = 0. Then L embeds in K/N, and hence, L ¢ T. But it
is clear that M'e T,. Thus L = 0, and hence, N is essential in
K. Therefore M' is a CS-module which is a contradiction. Hence
M'i dT. Since EM') = E(M) ® E(M) is injective, then E(M) is a

cS-module. Therefore E(M') ¢ dT.
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8§ 1.2 Some Characterizations of dX when X € U.

Smith [Sm2] generalized Goodearl's theorem, [Gool], by
characterizing the class eU, In [SHD] and [Sm2], the classes
d¥, dK and dU are completely characterized. In this section we
recall some theorems from [SHD], [Sm2] and include the proofs,

for completeness.

Theorem 1.2.1. For any ring R,
(1) el = C(hD).

(i1) eN = CN.

Proof. (i) Suppose that M ¢ eU and K any submodule of M which
contains the socle of M, soc M. Let K' be a complement of K in
M. Then M/(K @ K') ¢ U. Suppose that K' ¢ U. Then there exists
a submodule L of K' such that L = L,e®L,®L, ® ... where each
L; is a non-zero submodule of K' with zero socle. Thus Ly £ C
for all i. Hence each Lj has a proper essential submodule Hj.
Let H=H, ® H, ® H, ® ... . Then H is essential in L. Moreover

L/H = (L,/H,) ® (L,/H,) @ (L,/H,) @ ... is an infinite direct

12




sum of non-zero submodules of L/H. But, by Proposition 1.1.2,
L ¢ eU, a contradiction. Hence K' has finite uniform dimension.
Thus K' = (K @ K')/K € U. But U is p—closed, Thus M/K ¢ U, and
hence, M/soc M ¢ hU. Therefore M e C(hU).

Conversely, suppose that M ¢ C(hU) and K £, M. Then there
exists a submodule N of M such that N ¢ C and M/N ¢ hU., But, by
[AF, Theorem 9.6 and Proposition 9.7], N & K. Since M/N ¢ hU,
then M/K ¢ U, and hence, M ¢ elU.

(ii) It is clear that NC & eN. Suppose that M ¢ eN. Then,

by [PY, Corollary 2.6], M/Soc M ¢ N. Hence M ¢ CN.

Lemma 1.2.2. Let R be a ring and M a right R-module. Then
(i) M ¢ hU if and only if M ¢ U N eU and
(ii) If M ¢ dU, then M ¢ U if and only if the socle of M is

contained in a finitely generated submodule of M.

Proof. (i) By the definition of the class hU and Proposition
1.1.1, hU € U N eU. Suppose that M ¢ U N el and N a submodule
of M. Let N' be a complement of N in M. Then M/(N @ N') ¢ U.

Since U is s-closed, then N'e U. But (N + N')/N = N' e U.

Because U is p-closed, M/N ¢ U, and hence, M ¢ hU.
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(ii) Let M ¢ dU N U. Let S be the socle of M. Since U is
s—closed, then S ¢ U. Thus S ¢ G. Conversely, let S ¢ N for
some G~submodule N of M. By Proposition 1.1.1 and the proof of
Theorem 1.2.1, M/S ¢ U. Therefore u-dim M/N = n for some
integer n » 0. Now we use the induction on n. If n = 0, then
M =8, and hence, M ¢ G. Thus M ¢ U. Let n > 0. Suppose that M
does not have finite uniform dimension. Then S ¢ G. Therefore
there exist submodules S§,, S, of S such that § = §, & §, and
both S,, 8, ¢ G. By hypothesis, there exist submodules M, and

M, of M such that M =M, @ M,, §, € M, and M,/S, ¢ U. Note

1

that S, € soc M,. Therefore soc M, = 5, @ S' for some submodule
s' of M,. Since S' embeds in M.,/8,, then s' ¢ U, and hence, S'
is finitely generated. Note that

S, ® S, = soc M = soc M, ® soc M, = §, @ s' @ soc M,.
Thus S, = S' @ soc M, ¢/ G. Hence soc M, ¢/ G. But soc M, / G and
M/S = (M,/ soc M) @ (M,/ soc M,). If M, = soc M,, then M, < N,
and hence, N = M, & (N 0 M,). Thus M, ¢ G. Hence soc M, ¢ G, a
contradiction. Therefore M, # soc M,. Similarly, M, # soc M,.
Therefore M,/ soc M; and M,/ soc M, have uniform dimensions

smaller than n. By induction on n, both M, and M, ¢ U. Hence M

has finite uniform dimension, a contradiction. Thus M ¢ U.
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Theorem 1.2.3, For any ring R, dU = d(hU) = C & hU.

Proof. By Proposition 1.1.1, d(hlU) & dU. Suppose that M ¢ dU
and N be a submodule of M. Then there exists a direct summand L
of M such that N ¢ L and L/N ¢ U. By Proposition 1.1.2, L ¢ dU,
and hence, by the same Proposition L/N ¢ dU. So, by Proposition
1.1.1, L/N ¢ eU. So, by Lemma 1.2.2, L/N ¢ hU. Thus M ¢ d(hu).
By Propositions 1.1.1 and 1.1.3, ¢ ® hU ¢ 4U.

Now suppose that M ¢ dU. Then M ¢ eU. By the proof of
Theorem 1.2.1, M/S ¢ hU where S is the socle of M. Thus M/S has
finite uniform dimension, say n » 0. Now we use the induction
onn. If n=0, then M = §, and hence, M ¢ C & C ® hU. Suppose
that n > 0 and M ¢/ C ® hU. Let M = M, @ M, for some submodules
M,, M, of M. Then § = S, ® S, where §; is the socle of soc Mj
(L1 =1, 2). Thus M/S s (M,/S,) & (M,/8,). Suppose that M, # S,
and M, # S,. Then u-dim (M,/S,) < n and u-dim (M,/S,) < n. Thus
M, ¢ C®hlU and M, ¢ C ® hU. Hence M ¢ § ® hl, a contradiction.
Therefore M, = S, or M, = §,. Since n > 0, then M/S # 0. Thus
there exists m ¢ M such that m ¢ S. Therefore there exist
submodules K, K' of M such that M = K @ K', mR ¢ K and K/mR has

finite uniform dimension. Note that, by the previous argument,
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soc K=K ¢ G or soc K' =K' ¢ G. But mR £ C, since m £ S.
Therefore K'e C. There exists a submodule F of soc K such that
soc K = (soc K N mR) & F, Therefore

F & soc K/(soec K N mR) = (soc K + mR)/mR £ K/mR.
But K/mR ¢ U. Therefore F ¢ U. Hence F is finitely generated,
Thus soc K § mR + F which is again finitely generated. Since
K ¢ dU, then, by Lemma 1.2.2, K ¢ U, Therefore K ¢ (eU N U). By

Lemma 1.2.2, K ¢ hU, and hence, M ¢ ¢ & hU.

Theorem 1.2.4. Let R be any ring, then

(1) dN =

9!

® N and

(ii) &K = ¢

[]
]

K.

Proof. (i) By Propositions 1.1.1 and 1.1.3, ¢ @& N ¢ dN. For
the converse, Let M ¢ dN. Then, by Proposition 1.1.1, M ¢ dU.
Hence, by Theorem 1.2.3, M = M, @ M, where M, ¢ C and M, ¢ hU.
By Proposition 1.1.1, M ¢ eN. Hence, by [PY, Corollary 2.6],
M/Soc M 1is Noetherian. Since M, ¢ U, then Soc M/M, ¢ U. Thus
Soc M/M, is Noetherian. Thus M/M, ¢ N, and hence, M, ¢N.

(ii) By [GR, Lemma 1.1], hK = K, Therefore, by Propositions

1.1.1 and 1.1.3, C® K=C ® hK S C ® dK = dK. Let M ¢ dK.
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Then, by {[GR, Proposition 1.4] and Proposition 1.1.1, M ¢ dU.
Hence, by Theorem 1.2.3, M = M, & M, where M, ¢ C and M, ¢ hyU.
Note that M, ¢ U f dK. We shall prove that M, ¢ K by induction

on the uniform dimension of M,. Suppose that M, contains a

2
non-zero submodule N such that N ¢ K. Then M, = L @ L', N ¢ L,
and L/N ¢ K. Since K is p-closed (see [GR, Lemma 1]), then
L ¢ K. Moreover, L' has a smaller uniform dimension than M,.

Thus, by induction, L' K. Therefore M, ¢ K. On the other
hand, if M, does not contain a non-zero submodule N with N ¢ K,

then M, ¢ G, because M, ¢ dK. Therefore M, ¢ N. Hence, by [GR,

Proposition 1.3], M, has Krull dimension.

§ 1.3 More results and examples.

The results in this section are not in [SHD] or ([Sm2]. In
this section we will prove more results about the class d¥X, for

=

a different class X, and present some examples.

Lemma 1.3.1. For any ring R, if the class X is s—closed then

C @ X is also s—closed.
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Proof. Suppose that X is s-closed. Let M = M, @ M, where M, is a
semisimple module and M, ¢ X. Let K be a submodule of M. Then,
by [AF, Theorem 9.6], there exists a submodule M' of M, such
that M, = (K 0 M,) ® M'. Therefore M = (K N M,)® M'® M,, Hence
K= (KNM)eLuwhere L=KnN (MeM,). Note that L £ M'e M,

and LAM cKnM =K MnM)=(0M)nM which is
contained in (K N M,) N (M'® M,) = 0. Therefore L embeds in M,.
Thus L ¢ X, because X is s-closed. It is clear that K n M, ¢ C.

Therefore K ¢ C & X.

Corollary 1.3.2. For any ring R, the classes dN, dK and dU are

all s—closed.

Proof. By Lemma 1.3.1, Theorem 1.2.3 and Theorem 1.2.&4.

Note that the converse of Lemma 1.3.1 is not true as we

will show in the following example.

Example 1.3.3. Let R be any ring. Let X be the class of all

semisimple right R-modules with composition series of even

length. Then C ® X is s—closed but X is not s-closed.
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Proof. Since C ® X = G, then C ® X is s-—closed. Now let M be
the right R-module N, ® N, where N, and N, are mnon-zero simple
modules. Then M is a semisimple of length 2, and hence, M ¢ X.

But the submodule N, is of length 1. Thus N, /¢ X.

Camillo and Yousif [CY] called a module M eventually
semisimple if, for every direct sum M, @ M, ® My, © ,.. of
submodules My (i » 1) of M, there exists a positive integer n
such that Mj is semisimple for all i » n. In [CY, Lemma 1],

they prove that any module M, such that M/(Soc M) has finite

uniform dimension, is eventually semisimple. Now we prove

lemma 1.3.4. Let R be any ring. Let M, be a right R-module
with finite uniform dimension and M, an eventually semisimple

right R-module. Then M = M, @ M, is eventually semisimple.

Proof. Let N=N, @ N, & N, @ ... be a direct sum of submodules
of M. Suppose that N N M, # 0. Then there exists k(l) > 1 such

that (N, & ... @ Nk(l)) nM #0., Let

N' = Ne(1y+1 @ Nie(1)+2 @ Nee1)+3 @ ...

If N' n M, # 0, then there exists k(2) » k(1)+1 such that
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(Nk(l)+l ® ... @ Nk(Z)) nM #0.
Repeating this process and noting that M, has finite uniform
dimension, we conclude that there exists a positive integer k
such that (Ny @ Nypi.q @ Ngyo @ ...) O M, =0,
Let # : M - M, denote the canonical projection. Then
T(Np) + x(Npqpp) + o(WNgq2) + .o

is a direct sum. Since M, is eventually semisimple, it follows
that there exists m » k such that »(Nj) is semisimple for all

i > m. But Nj & x(Nj) for all i » m. Thus Nj is semisimple for

all i > m. It follows that M is eventually semisimple,

We shall call a class of modules eventually semisimple if

all of it's members are eventually semisimples.

Corollary 1.3.5. Let R be any ring. Then, the classes dN, dK,

and dU are eventually semisimple.

Proof. By Lemma 1.3.4, Theorem 1.2.3 and Theorem 1.2.4,

Lemma 1.3.6. Let R be any ring and X be any s-closed class of

right R-modules. Let M be a right R-module such that M does not
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have a non-zero X-submodule. Then M is a dX-module if and only

if M is both a CS-module and an eX-module.

Proof. Suppose that M does not have a non-zero X-submodule. Let
M ¢ dX and N a submodule of M, Then M = K @ K' such that N ¢ K
and K/N ¢ X. Let L be a submodule of K. IfL N N = 0, then L
embeds in K/N which belongs to X. Since X is s-closed, then L
belongs to X, and hence, L = 0. Therefore N is essential in K.
Thus M is a CS-module and, by Propesition 1.1.1, M ¢ eX.
Conversely, suppose that M is a CS-module and an eX-module.
Let N be a submodule of M. Then M = K ® K' where N is essential
in K. But K = M/K' ¢ eX, because eX is gq-closed. Therefore K/N

belongs to X, and hence, M ¢ dX.

We know that the classes dN, dK and dU ére closed under
finite direct sums (see Theorem 1.2.3 and Theorem 1.2.4). In
the following example, we give a class of modules X such that
the class dX is not closed under (finite) direct sums and dX is

not s—closed.
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Example 1.3.7. Let R be the ring of integers Z. For any prime
number p, let M = (m/p? : m, n ¢ Z and n » 0) and M¥ = M & M,
Then M* contains a submodule M' which belongs to dA @ dA and

does not belong to dA.

Proof. It is clear that M is torsion free and Z & M. Let N be a
non—-zero submodule of M, If N n Z = 0, then N embedds in M/Z
which is isomorphic to the singular artinian module Z(p®). Thus
N is singular, and hence, N = 0, because M ¢/ IT,. IE N n Z # 0,
then Z/(N N Z) ¢ A. But M/Z ¢ A. Therefore M/(N N Z) ¢ A. Thus

M/N ¢ A, because N N Z ¢ N. Thus M ¢ dA. Thus, by Propositions

1.1.1 and 1.1.4, M* ¢ eA. But Soc(M¥) = Soc(M) @ Soc(M) = O,
Hence M¥ does not contain a non-zero artinian submodule. Note
that M is an additive subgroup of (. Therefore, by [MM, p.l19],
M* is a CS-module. Hence, by Lemma 1.3.6, M* belongs to dA. Now
let M' = Z @ M. Then M' is a submodule of M*. By [MM, p.19], M’
is not CS-module. Thus, by Lemma 1.3.6, M' / dA. Since every

proper homomorphic image of Z is artinian, then Z ¢ dA.

Therefore M' ¢ da & dA.
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Note that, in particular, Example 1.3.7 shows that, for
some ordinal « » 0, dK, & dK, # dK,. On the other hand, by

Example 1.3.7 compounded with Lemma 1.3.1, we conclude that

dA # C @ A.

In the next example we will show that, in general,

du* # ¢ e U*.

Example 1.3.8. Over itself the ring of integers Z belongs to

dU¥ but it does not have finite dual uniform dimension.

Proof. Let K be any submodule of Z. If K = 0, then K is a

direct summand of Z. If K # 0, then Z/K is finite. Therefore

Z/K ¢ U*. Hence Z is a dU*-module. Let Pys» Pzs --++ Pnr Pn+g De

distinct prime numbers. Since n%., Zp; = Z(p,p,....Py) and
Z(p,Py----Pn) + Zppsy = 2

then, the set (Zp,, Zp,, ..., Zpp+,} is a coindependent set of

submodules of Z for any n » 0. Therefore Z does not have finite

dual uniform dimension.
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Let R be a ring and M be a right R-module. By a subquotient
of M we shall mean a right R-module N/K for some submodules K,

N of M such that K § N. Next, we characterize the class hU.

Lemma 1.3.9. Let R be any ring and M a right R-module. Then M
belongs to hU if and only if every semisimple subquotient of M

is finitely generated.

Procf. The necessity is clear. Conversely, suppose that M does
not belong to hU. Then there exists a submodule K of M such
that M/K does not have finite uniform dimension. So M/K has an
infinite direct sum of non-zero submodules. Therefore there
exist elements x,, X,, ... of the module M\K such that the sum
[(x,R + K)/K] + [(x,R + K)/K] + .,. is direct, For each m»l, K
is contained in a maximal submodule P, of (xyR + K). Now let
P=P, +P,+ ... and N=K + xR + x,R + ... Therefore P is a
submodule of N and N/P = [(x,R + K)/P,] @ [(x,R + K)/P,] & .

So N/P is a non-finitely generated semisimple subquotient of M.

In Proposition 1.1.2, it was shown that the class hU is
{s,q}~closed. Now we use lemma 1.3.9 to show that the class hU

is p-closed.
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Proposition 1.3.10. For any ring R, the class hU is p-closed.

Proof. Suppose that N and M/N are both (hU)-modules. Let P € Q
be submodules of M such that Q/P is semisimple. We shall prove
that Q/P is finitely generated. Note that

Q[P+ (QNN)] = (Q+ NP+ N),
so that Q/[P + (Q N N)] is finitely generated. Moreover,

[P+ (Q0N)]/P=(QnN)/(PNN),
so that [P + (Q N N))/P is finitely generated. It follows that

Q/P is finitely generated. Therefore, by Lemma 1.3.9, M ¢ hyU.

Note that a module is Noetherian if and only if it has dual
Krull dimension zero. Thus the next theorem is a generalization

of Theorem 1.2.4,

Theorem 1.3.11. Let R be any ring and o > 0 be an ordinal. Then

* *
dk% = ¢ e K¥.

Proof. Suppose that M belongs to d&g. By [Le], Kﬁ ¢ K¥ = K.

Therefore KE € U (see [GR,Proposition 1.4]). Hence M belongs to
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dU. Thus, by Theorem 1.2.3, M = M, @ M, where M, is semisimple
module and M, belongs to hU. Therefore M, has finite uniform
dimension and, by Proposition 1.1.2, M, belongs to dg§. First
we claim that M,/N belongs to gg for any non-zero submodule N
of M,- Suppose not. Then M,/L does not belong to Eg for some
non—-zero submodule L of M,. So, by Proposition 1,1.2, there
exist submodules K, X'of M, such that M, = K @ K', L & K and
K/L belongs to 53- Therefore, by the hypothesis, K is a proper
submodule of M,. Hence K and K' have smaller uniform dimension
than M,. By induction on the uniform dimension of M,, K and K'
belong to gg. Therefore M, belongs to Kg. By [Le, Proposition
3], K& is gq-closed. Thus M,/L belongs to KX, a contradiction.
Therefore M,/N belongs to K} for every non-zero submodule N of
M,. Now we show that M, belongs to K&. Let N, N, < ... be an
ascending chain of submodules of M,. If Ny is zero for all i,
then Nj,,/Nj ¢ Ef‘ (i » 1). Suppose that there exists k > 1
such that N is not zero. Then we have the ascending chain
0 # N € Ny, € Ny, € ... < M,

Therefore (Npy, / Ng) & (Ngg, / Np) < ... < (M, / Ng). But we
know that (M,/Ny) belongs to K§ . Thus there exists t > k+i

such that for all n > t, [(Np4, / Np) / (N / Np)l € Ugeq KB,

26




and hence, we have (Np;, / Np) e Ug<ar Eﬁ for all n » t. Thus M,
belongs to gg. Therefore M ¢ C @ gé.

Conversely, suppose that M = M. @ M, for some semisimple
module M; and a module M, belongs to K. Since K¥ is g-closed
(see .[Le, Proposition 3]), then M, belongs to h_1§§. Therefore,

by Proposition 1.1.1 and Proposition 1.1.3, M belong to dgg.
Corollary 1.3.12. For any ring R and an ordinal « » 0, the
class d§§ is s-closed and eventually semisimple.

Proof. By Theorem 1.3.11 and Lemma 1.3.1.
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Chapter 2.

Modules with the properties (P) and (P*).

§ 2.1. Modules satisfying the property (P).

Let R be a ring and M a right R-module. We shall say that
the module M has property (P) if for any submodule N of M there
exists a direct summand K of M such that Soc K &€ N ¢ K,

In the next lemma, we give an alternative characterization

of modules which have the property (P).

Lemma 2.1.1. 1Iet R be any ring and M a right R-module. Then M
satisfies the property (P) if and only if for every complement
submodule K of M there exists a direct summand L of M such that

Soc L€ K¢ L.

Proof. The necessity is clear. Conversely, suppose that for
every complement submodule K there exists a direct summand L of
M such that Soc L € K § L. Let N be any submodule of M. First
we show that N is essential in a complement submodule. Any zero

submodule is a complement. Suppose that N is not zero. Then the
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set 5 of all submodules K of M such that N £5, K is non-empty,
since N ¢ 8. Let (Ky: N ¢ A} be any chain of submodules in S.
Suppose that K¥ = Uxepa Ky £ 8. Then there exists 0 # L £ K*
such that N N L = 0, Therefore (Ky N L) = 0 for all X\ ¢ A. Thus
L = 0, a contradiction. Therefore K¥ ¢ §, and hence, by Zorn's
Lemma, S has a maximal member K'. Now suppose that K' &, F £ M.

Then, by [Goo2, Prop.l.4], N £, F. Therefore, by the maximality

of K', K'= F, Hence K'is a complement submodule with N <o K.
By hypothesis, there exists a direct summand L of M such that
Soc L ¢ K'€ L. Therefore Soc L & Soc K'. But N is essential in

K'. Hence Soc K' & N (see [AF, Proposition 9.7]). It follows

that Soc L € N € L, and hence, M satisfies the property (F).

Note that, by the above Lemma, every CS-module satisfies
(P). Our first aim in this section is to show that modules with
the property (P) are built up from CS-modules and modules with
zero socle. We first show that the property (P) is inherited by

direct summands.

Lemma 2.1.2. Let R be any ring. Let M be a right R-module which
satisfies the property (P). Then any direct summand of M also

satisfies the property (P).
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Proof. Suppose that M satisfies the property (P). Let K be a
direct summand of M. Then M - K & XK' for some submodule K' of
M. Let N be any submodule of K. Consider the submodule N & K'
of M. By hypothesis, there exist submodules L, L' of M such
that M = L ® L' and Soc L& N® K' ¢ L. Thus L = (L n K) & K',
and hence, K= (L n K) ® [K N (XK' @ L')]. Note that N ¢ L n K.
Moreover, Soc (L NK) € (Soc L) N K ¢ (N @& K') n K. By modular
law, (N ® K') N K=N® (KN K') = N. Thus Soc (L 0 K) € N. It

follows that K satisfies the property (P).

Proposition 2.1.3. Let R be any ring and M a right R-module
which satisfies the property (P). Then M = M, © M, where M, is
a CS-module with essential socle and M, is a right R-module

with zero socle.

Proof. Suppose that M satisfies the property (P). Let S be the
socle of M. Then, by Zorn's Lemma there exists a submodule N of
M which is maximal with respect to the property S N N = 0. By
the hypothesis, there exists a direct summand K of M such that
Soc K & N § K. Therefore Soc K € 8 n N, and hence, Soc K = 0.

It follows that K N S = 0. By the maximality of N, N = K, and
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hence, N is a direct summand of M. Therefore M = N @ N' for
some submodule N' of M. By [AF, Corollary 9.9 and Proposition
9.19], S = Soc M= (N NSy ® (N' NS) = N'NS < N'. Let L be
any submodule of N' such that SN L =0, Then SN (N & L) = 0,
and hence, N = N ® L, by the choice of N. Therefore L = 0, and
hence, S is an essential submodule of N',

Let P be any submodule of N'. By Lemma 2.1.2, there exists
a direct summand Q of N' such that Soc Q € P € Q. It is clear
that § = Soc N'. By [AF, Corollary 9.%8], Soc Q = (Soc N') N Q.
Thus Soc Q is essential in Q, and hence, P is essential in Q.
Hence every submodule of N' is essential in a direct summand.

Thus N' is a CS-module.

In the next example, we shall show that the converse of
Proposition 2.1.3 is false and, we also show that, a direct sum

of modules with the property (P) does not need to have (P).

Example 2.1.4. Let R be the ring of integers Z. For any prime
P, let M, be the simple right R-module Z/Zp. Moreover, let M,
be the right R-module Z7. Then M, and M, satisfy the property

(P). On the other hand, M = M, @ M, does not satisfy (P).
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Proof. Since M, is a semisimple module, then by [AF, Theorem
9.6], M, satisfies the property (P). Since Soc M, = 0, then by
definition, M, satisfies the property (P). Let K be the cyclic
submodule Z(1+Zp,p) of M. Since, as an Abelian group, K is
infinite cyclic, it follows that K is a uniform Z-module.
Suppose that L is a submodule of M and K is essential in L.
Then L is uniform. Now L is finitely generated. Thus, by the
fundamental Theorem of Abelian groups, L is a finite direct sum
of cyclic submodules, and hence, L is cyclic. Thus there exist
elements a, b ¢ Z such that L = Z(a+Zp,b). Hence there exists
an element n ¢ Z such that (1+Zp,p) = n(a+Zp,b). Therefore we
have 1-na ¢ Zp and p = nb. It follows that n = 1 or -1, and
hence, K = L. Thus K is a complement submodule of M.

Now suppose that M satisfies the property (P). Then there
exists a direct summand N of M such that Soc N ¢ K ¢ N. Since
Soc K = 0, then Soc N = 0, and hence, N N M, =~ 0. Therefore N
embeds in M/M,, and hence, N is uniform. But this implies that
K is essential in N. Hence, by [Goo2, Proposition 1.4], K = N.
Thus K is a direct summand of M. So there exists a submodule X'
of M such that M = K @ K', Thus K' is uniform. Since Soc K = 0,

then by [AF, Proposition 9.19] M, = Soc M = Soc K' § K', and
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hence, M, n K' = 0. Thus K' = M,. But Ke M, =M, © pM, # M, a

contradiction. Therefore M does not satisfy the property (P).

It is easy to prove that any CS-module with finite uniform
dimension is a finite direct sum of uniform modules. Let R be
a ring and M a right R-module. For any m ¢ M let r(m) denote
the right ideal (r ¢ R : mr = 0}, Okado [Ok, Lemma 3] (see also
[MM, Proposition 2.18]) proved that if R is a ring and M a
right R-module such that M is é CS-module and R has the
ascending chain condition on right ideals of the form r(m),
where m ¢ M, then M is a direct sum of uniform submodules. Now

we prove:

Theorem 2.1.5. Let R be any ring and M a right R-module. Then

the following statements are equivalent,

(i) M is a direct sum of modules with (P) and M 1is
eventually semisimple.

(ii) M =M, e M, @ M, where M, is a semisimple module, M, a
finite direct sum of uniform modules and M, a module with

finite uniform dimension and zero socle.
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Proof. Suppose that (ii) is true. Then, by Lemma 1.3.4, M is
eventually semisimple. But it 1s clear that semisimple modules,
uniform modules and modules with zero socles satisfy (P).

Suppose that M is eventually semisimple and there exist a
non—empty index set A and submodules My (AeA) of M, each having
(P), such that M = @4 M,. By Proposition 2.1.3, for each \ ¢ A,
My is a direct sum of a CS-module and a module with zero socle.
Thus, without loss of generality, we can suppose that M, is a
CS-module or a module with zero socle for each A ¢ A. Now let
A' = (N € A : My is not semisimple}. Because M is eventually
semisimple it follows that A' is a finite set. Thus there
exist a positive integer k and submodules Nj (1 < 1 < k) of M
such that M = N, @ ... @ Ny, N, is semisimple and, for each
2< i<k, Nj is a CS-module or a module with zero socle.

Let K be a direct summand of M such that K has zero socle.
Since M is eventually semisimple it follows that K has finite
uniform dimension. Now let N be a CS-module such that N is a
direct summand of M. Because N is eventually semisimple, we can
apply [CY, Lemma 2] to obtain submodules N, and N, of N such
that N = N, @ N,, N, is semisimple and N, has finite uniform

dimension. But direct summands of CS-modules are CS-modules
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(see [MM, Proposition 2.7]). Therefore N, is a finite direct

sum of uniform modules. Therefore (ii) follows.

We shall write ACC (respectively, DGC) to denote the
ascending (respectively, descending) chain condition. Moreover,
for any ring R, we say that a module M satisfies the (ACC),
(respectively, (DCC)g) when M satisfies the ACC (respectively,
DCC) on essential submodules,

Armendariz [Ar, Proposition 1.2] proved that the class of
modules which satisfy the (DCC)e 1is (s,q)-closed. In the next
lemma, we give a different proof and show that the class of

modules which satisfy the (ACC), is also (s,q}-closed.

Lemma 2.1.6. Let R be a ring. Then the class of modules which

satisfy the (ACC)g ((DCC)q ) is {s,q)—closed.

Proof. Let M be a right R-module. Let N and L be submodules of
M such that N & L € M and L/N is an essential submodule of M/N.
Then L is an essential submodule of M. In this way ACC (or DCC)
on essential submodules passes from M to M/N. Thus the class of

modules which satisfy the (ACC), ( (DCC).) is g-closed.
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Let N' be a complement of N in M. Then N @ N' £, M. Let K
be an essential submodule of N. Then, by [AF, Propositions 5.16
and 5.20], K ® N' £, M. Using this fact, it is easy to show
that ACC (or DCC) on essential submodules passes from M to its
submodule N. Thus the class of modules which satisfy the (ACC),g

((DCC)g) is s—closed.

Corollary 2.1.7, Let R be any ring. Let M be a module which
satisfies the (ACG), (respectively, (DCC)g). Moreover, let N be
any uniform submodule of M. Then N is Noetherian (respectively,

Artinian).

Proof. By Lemma 2.1.6, N satisfies the (ACC), (respectively,

(DCC)g), and hence, N is Noetherian (respectively, Artinian).

Corollary 2.1.8. Let R be any ring. Let M be a direct sum of
modules which satisfy the property (P). Then

(i) M satisfies the (ACC), if and only if M belongs to C ® N.

(ii) M satisfies the (DCC), if and only if M belongs to C @ A.

Proof. (i) Suppose that M satisfies the (ACC),. By the proof of
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[Gool, Proposition 3.6] (see also [DHW, Lemma 2]), M/(Soc M)
is Noetherian. Hence, by [CY, Lemma 1], M is eventually
semisimple. Thus, by Theorem 2.1.5, M = M, @ M, @ M, where M,

is a semisimple module, M, a finite direct sum of uniform

2
modules and M, a submodule of M with zero socle. Therefore M,

is Noetherian, because it embeds in M/(Soec M). On the other

hand, by Corollary 2.1.7, M, is Noetherian. Thus M, ® M, is

=

Noetherian, Therefore M ¢ C @ N. Conversely, let M ¢ C @
Then (M/Soc M) is Noetherian. Thus, by [AF, Proposition 9.7],
M satisfies the (ACC),.

(ii) Suppose that M satisfies the (DCC),. Then, by [Ar,
Proposition 1.1], M/(Soc M) is Artinian. By the proof of part

(i), M ¢ C

® A. Conversely, suppose that M belongs to C @ A.
Then M/(Soc M) is Artinian. Thus, by [AF, Proposition 9.7], M

satisfies the (DCC),.

2.2. Modules satisfying the propert p* .

let R be a ring and M a right R-module. The module M will

be called a radical module if M = Rad M , the Jacobson radical

of M. Also, the module M is called a local module provided that
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Rad M is a maximal submodule of M and contains every proper
submodule of M. A submodule N of M is called small in M, and
written N € M , provided M # N + K for any proper submodule K
of M. We shall call a module M a dual CS-module provided, for
any submodule N of M, there exist submodules K and K' of M such
that M = K @ K', K € N and N n X' is small in K'. Note that
dual CS-modules are called "modules with (D,)" in [MM] and

"modules with (C,)" in [Os].

We shall say that a module M satisfies the property (P¥)
provided, for any submodule N of M, there exists a direct
summand K of M such that K € N and N/K ¢ Rad (M/K). Clearly

every radical module satisfies the property (P¥)

Before dealing with the first result in this section, we
recall a wuseful lemma about some properties of small

submodules.

lemma 2.2.1. Let R be any ring and M be a right R-module. Let
(N : i ¢ I} be the set of all small submodules of M. Then, for

all i ¢ I,
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(1) K; is small in M for any submodule K; of Ny,

(ii) (Nj + L)/L is gmall in M/L for any submodule L of M,
(iii) (Nj n K) is small in K for any direct summand K of M,

(iv) 5 (Ng @ 1 ¢ I'} is a submodule of M and small in M for
any finite subset I' of I.

(v) Rad M = § (N; : 1 ¢ I).

Proof. See [AF, Proposition 5.17 and Proposition 9.13].

An alternative characterization of modules which satisfy

the property (P*) is given in the following lemma.

Lemma 2.2.2. Let R be any ring and M a right R-module. Then M
satisfies the property (P¥) if and only if for any submodule N
of M there exist submodules K and K' of M such that M = K @ K',

KSNand NN K' € Rad K'.

Proof. Suppose that the module M satisfies the property (P*).
Let N be any submodule of M. Then there exist submodules K, K’
of M such that M = K @ K', K ¢ N and N/K ¢ Rad (M/K). Suppose

that K' = Rad K'. Then it is clear that N 1 K' ¢ Rad K'. Now
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suppose that K' # Rad K'. Then there exists a maximal submodule
P of K', and hence, (K ® P)/K is a maximal submodule of M/K.
Consequently, N/K & (K @ P)/K. It follows that N € K @ P, and
hence, N N K' is contained in P. Thus every maximal submodule
of K' contains N n K'. Therefore N i K' € Rad K'.

Conversely, suppose that M has the stated condition. Let N
be any submodule of M. Then there exist submodules K, K' of M
such that M = K @ XK', K & N and N 0 K' € Rad K'. If M/K is a
radical module then N/K &€ Rad (M/K). Suppose that Rad (M/K) is
not equal to M/K. Then there exists a submodule Q of M such
that K & Q and Q/K is a maximal submodule of M/K. Therefore
Q=K® (QAK') and Q N K' is a maximal submodule of K'. Thus
N NK' €Qn K'. But this implies N =K ® (N n K') € Q. Hence
N/K € Q/K. Therefore every maximal submodule of M/K contains

N/K, and hence, N/K & Rad (M/K) and M has (P¥).

Note that, by Lemma 2.2.2, local modules and dual

CS-modules satisfy the property (P¥).

We know that the property (P) 1is inherited by direct

summands (see Lemma 2.1.2). In the next lemma, we show that the
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property (P*) is also inherited by direct summands.

Lemma 2.2.3. Let R be a ring. Let M be a right R-module which

satisfies the propert (P*). Let K be any direct summand of M.

Then K satisfies the property (P¥).

Proof. Suppose that M satisfies the property (P*). There exists
a submodule K' of M such that M = K @ K'. Let L be a submodule
of K. Then, by Lemma 2.2.2, there exist submodules N, N' of M
such that M = N @ N', NS L and L N N' ¢ Rad N'. By the modular
law, K= N & (K N N'), Now we have to show that L N K 0 N' is
contained in Rad (K 1 N'). Note that L N K N N' = L n N*. If
Rad (K N N') = KN N', then L Nn N' € Rad (K n N'). Otherwise,
there exists a maximal submodule P of K N N'. Thus N & P @ K’
is a maximal submodule of M. But, by [AF, Proposition 9.19],
Rad N' ¢ Rad M, and hence, LN N' ¢ N @ P & K'. Thus L n N' is

contained in P. Hence L N N' § Rad (K 0 N'). So K has (P¥).

Let N be a submodule of any module M., A submodule K of M is

called a supplement of N in M provided M = N + K and M # N + L

for any proper submodule L of K, It is easy to check that K is
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a supplement of N in M if and only if M = N + K and N 0 K is
small in K. A submodule K of M is called a supplement submodule
of M provided there exists a submodule N of M such that K is a
supplement of N in M. Note that in any module M zero and M are
supplement submodules of M. A module M is called supplemented
provided that every submodule of M has a supplement in M. It is
clear that semisimple modules are supplemented, Moreover, any
Artinian module is supplemented (see [Mi, Prop. 1.6]). On the
other hand, as a module over itself, the ring of integers is

not supplemented (see Example 3.3.2).

In Section 2.1, we showed that modules which satisfy the
property (P) are built up from CS-modules and modules with zero
socle (see Proposition 2.1.3). We will prove the analogue of

this result in the following Proposition.

Proposition 2.2.4. Let R be any ring and M a right R-module
which satisfies the property (P*). Moreover, suppose that the
radical of M has a supplement in M. Then M = M, @ M, such that
M, is a dual CS-module which has a small radical and M, is a

radical module.
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Proof. Suppose that M satisfies (P¥) and Rad M has a supplement
in M. There exists a submodule N of M such that M = N + Rad M
and M # L + Rad M for any proper submodule L of N, This means
that N N Rad M is small in N. There exist submodules K, K' of
M such that M = K @ XK', K ¢ N and N n K* € Rad K' (see Lemma
2.2.2)..By [AF, Proposition 9.19], Rad K' & Rad M, and hence,
NNnK' gRad M. But N =K @ (N n K'). Therefore N = K + Rad M,
and hence, M = K + Rad M. Thus N = K, and hence, M = N & K'. By
[AF, Proposition 9.19}, Rad N & (N 1 Rad M) € N. Therefore N
has a small radical. Moreover, by.Lemma 2.2.3,N satisfies (P¥).
Let L be any submodule of N. Then there exist submodules P, P!
of N such that N = P & P', P S L and L N P' ¢ Rad P'. But we
know that Rad P' € Rad N € N. Thus L N P' is small in P'. Hence
N is a dual CS-module. We now consider the submodule K'., We
have M = N + Rad M = N + Rad N + Rad K' = N ® Rad K'. But we

know that M = N @ K'. Therefore K' = Rad K'.,

Recall that (P) @ (P) # (P). The analogue result is also

true as we will prove in the following example.
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Example 2.2.5. Let R be the ring of integers Z. For any prime
number p, Let M, = Z/Zp. Moreover, let M, = 0z the rational
numbers. Then M, and M, satisfy the property (P*). On the other

hand M = M, ® M, does not satisfy the property (2¥).

Proof. Since M, is a semisimple module, then by [AF, Theorem
9.6] and Lemma 2.2.2, M, satisfies (P¥). Since M, is a radical
module, then M, satisfies (P¥). Let N be the submodule M, e Z
Since Z is essential in M,, then N is essential in M. But N is
a proper submodule of M. Therefore N is not a direct summand of
M. On the other hand N & Rad M = M,. Thus M does not satisfies

the property (P¥).

Note that, in Example 2.2.5, M, is a dual CS-module and the

radical of M has a supplement M, in M. Therefore the converse

of Proposition 2.2.4 is not true.

Iemma 2.2.6. Let R be any ring and M a right R-module which

satisfies the property (P¥). Let L be a submodule of M such

that L. N Rad M = 0. Then L is a semisimple module.
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Proof. Suppose that M satisfies the property (P*). Let L be a
submodule of M such that L N Rad M = 0. Let L' be any submodule
of L. By lemma 2.2.2, there exist submodules K, K' of M such
that M = K e K', K ¢ L' and L' n K' ¢ Rad K'. But, by [AF,
Proposition 9.19], Rad K'S Rad M. Thus L' 01 K' ¢ L n Rad M, and
hence, L' N K' = 0. On the other hand, L' = K ® (L' n K'). Thus
L' = K, and L' is a direct summand of M. Thus L' is a direct

summand of L. Therefore, by [AF, Theorxrem 9.6], L is semisimple.

Corollary 2.2.7. Let R be any ring and M a right R-module
which satisfies the property (P*). Then M = M, @ M, where M, is

a semisimple module and M, is a module with essential radical.

Proof. Suppose that M satisfies the property (P¥). By Zorn's
Lemma there exists a complement submodule N of Rad M in M. Thus
N N Rad M = 0. There exist submodules K and K' of M such that
M=Ke&K', K& Nand NaK' g Rad K', But, by [AF, Proposition
9.19], Rad K' € Rad M. Hence N N K' = 0. By the maximality of K
with respect to K N K' = 0, N = K. It is clear that Rad N = 0.
Moreover, by Lemma 2.2.3, N satisfies (P*). Thus by Lemma 2.2.6

N is a semisimple module, and hence, K is a semisimple module.
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Therefore Rad M =~ Rad K'. Since N is a complement of Rad M in
M, then N @ Rad M is essential in M, and hence, K @ Rad K' is

essential in M. Therefore Rad K' is essential in K'.

It is proved in [0Os, Theorem 3.5] (see also [MM, Theorem
4.15]) that if M is any dual CS module such that for every
epimorphism from M onto a direct summand of M splits, then M is
a direct sum of local modules and radical modules. In
particular, for such a module M, Rad M has finite uniform
dimension if and only if M is a direct sum of a semisimple
module and a module with finite wuniform dimension. We

generalise this fact in our next result,

Theorem 2.2.8. Let R be any ring and M a right R-module. Then

the following statements are equivalent.

(i) Rad M has finite uniform dimension and M is a direct sum
of modules satisfying the property (P¥).
(ii) M = M, e M, @ M, where M, is a semisimple module, M, is a
radical module which has finite uniform dimension and M; is a
module which has finite uniform dimension and which is a finite

direct sum of local submodules of M.
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Proof. Suppose that (ii) is true. Then it is clear that M is a
direct sum of modules satisfying the property (P¥). Moreover,
by [AF, Proposition 9.19], Rad M has finite uniform dimension.

Conversely, suppose that Rad M has finite uniform dimension
and M = ®, M, such that , for each X\ ¢ A, M, satisfies (P*). By
[AF, Proposition 9.19], Rad M = ®, (Rad M,). Since the radical
of M has finite uniform dimension, then there exists a positive
integer k such that Rad My = 0 for all A > k. Thus, by Lemma
2,2.6, My is semisimple for all X\ > k. Therefore, it remains to
prove that if N is a module which satisfies the property (P¥)
and its radical has finite uniform dimension, then N is a
direct sum of N,, N, and N, where N, is a semisimple module, N,
is a radical module with finite uniform dimension and N, is a
module with finite uniform dimension and a direct sum of local
submodules.

Suppose that N has the stated conditions. Then, by Lemma
2.2.3 and Corollary 2.2.7, we can suppose without loss of
generality that N has finite uniform dimension. Suppose that N
is uniform. Suppose that N is not a radical module. Then there
exists an element m ¢ N \ Rad N. Therefore, by Lemma 2.2.2,

there exist submodules K, K' of N such that N =K @ K', K &§ mR
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and mR N1 K' & Rad K'. Suppose that K = 0, Then K' = N, and
hence, m ¢ Rad N, a contradiction. Therefore K # 0, and hence,
K*' = 0, by the hypothesis. In this case, N = K € mR. It follows
that N is a local module,

Now suppose that u-dim N » 2, Again we shall suppose that N
is not a radical module. Then there exists an element X such
that x ¢ N \ Rad N. By hypothesis, there exist submodules K,
Ly of N such that N = K, ® Ly, Ky € xR and xR 1 Ly € Rad L.
But x ¢ Rad N. Therefore Ky # 0. If Ly # 0 then Ky and Ly both
have smaller uniform dimensions than N. Moreover, by Lemma
2.2.3, both K, and Ly satisfy the property (P¥). By induction
on the uniform dimension of N, Ky and Ly are both direct sums
of semisimple modules, radical modules and local modules, and
hence so also is N.

Now suppose that Ly = 0 for all x ¢ N \ Rad N. Then N = xR
for all x ¢ N \ Rad N, It follows that N is a local module,.

Therefore, in any case, N has the required structure.
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Chapter 3.

The classes h*X, d*X and e*X.

Let R be any ring. For any class X of right R-modules, we
define classes h*X, d*X and e*X dual to the classes hX, dX and
eX respectively. First of all, the class h*§ (respectively e*X)
consists of all modules M such that every (small) submodule of

M belongs to X. Note that X = h*X if and only if X is s-closed.

Next, we define d*X to be the class of modules M such that for

each submodule N of M, N contains a direct summand K of M such

that the factor module N/K belongs to X.

§ 3.1.General Properties.

Throughout this section, we shall consider classes of
modules over any ring R.
We start this section with an elementary result which gives

an alternative characterization of the class d*¥X.

Lemma 3.1.1. Let R be any ring. Let X be any class of right

R-modules. Then a module M belongs to d*x if and only if, for
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every submodule N of M, there exist a direct summand K of M and

an X-submodule L of M such that N = K & L.

Proof. The sufficiency is c¢lear, Conversely, suppose that
M belongs to d*X and N is a submodule of M. By hypothesis,
there exist submodules K, K' of M such that M = K @ K', K € N
and N/K ¢ X. By the Modular Law, N = K @ (N n K'). Note that

N nK = N/K e £. Therefore M has the stated condition.

Proposition 3.1.2. ZLet R be any ring. Then
(1) Z = h¥g,

(ii) e*Z = e*I = (M : Rad M = 0},

(iii) ¢ = d¥z = 4*I,
(iv) h*L = I n ¢ and

(v) B n d*P = h*p,

Proof. (i), (ii) and (iv) are elementary (see [AF, Theorem 9.6
and Proposition 9.13]).

(iii) By [AF, Theorem 9.6], C = d*2 & d*I. Suppose that M
belongs to d*I and N a submodule of M. There exist submodules K

and K'of M such that M = K @ K', K & N and N/K is injective.
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Thus N N K' is injective, and hence, N 1 K' is a direct summand
of K'. Hence N is a direct summand of M. By [AF, Theorem 9.6],
M is a semisimple module.

(v) Suppose that M belongs to P N d*P and N is a submodule
of M. By Lemma 3.1.1, N = K @ L for some direct summand K of M
and a projective submodule L. Since M is projective, then K is
projective, and hence, N is projective. Therefore M belongs to
h*P. It follows that P n d*P ¢ h*P. On the other hand, it is

clear that h*P ¢ P and h™P ¢ d*p.

The next two propositions contain some basic information
about the classes h*X, e*X and d*X. The first one is the
analogue of Proposition 1.1.1 and the second one contains the

analogue of Proposition 1.1.2,

Proposition 3.1.3. Let R be any ring. Let X and Y be any
classes of right R-modules. Then

(1) h*X € d*xXx ¢ *%,

(ii) If X € Y, then h*X ¢ h*Y, d*X ¢ d*Y and e*X ¢ ™Y,
(iii) ¢ ¢ d*%,

(iv) h*X = h¥(h*X) < X,
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(v) a%(1 @ X) = d*X,

(vi) I n d*X < h*(T @ X) and
(vii) e*(I ® X) = e*X.
Proof. (i), (ii) and (iv) are elementary. (iii) is an immediate
consequence of (ii) and Propesition 3.1.2 (iii).

(v) Let M ¢ d¥(I ® X). Let N be any submodule of M, Then
there exist submodules K, K' of M such that M = K @& K', K¢ N
and N/K belongs to I ® X. Thus N=K @ (N n K') and N n K' has
the form I ® L for some injective submodule I and X-submodule
L, since N N K' & N/K, Thus I is a direct summand of XK', and
hence, K @ I is a direct summand of M. But N/(K @ I) & L ¢ X.
It follows that M ¢ d™X. Thus d*(I @ X) ¢ d*X. On the other
hand, by (ii), d*X € d*¥(I e X).

(vi) Suppose that M ¢ I N d*X. Let N be a submodule of M.
Then M = K ® K', K & N and N/K ¢ X. Since M is injective then K
is injective. But N=K ® (NN K') and (N n K') = N/K ¢ X. Thus
N belongs to I o X.

(vii) By (ii), e*X ¢ e*(I @ X). Moreover, e¥(I @ X) ¢ e¥X
is a consequence of the fact that injective small submodules of

any module are zero.
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Proposition 3.1.4. Let R be any ring. Let X be any class of
right R-modules. Then
(i) h*¥, e*X and d*X are all s-closed,
(ii) h*X is q-closed, if X is q-closed,
(iii) h*X is p-closed, if X is p-closed,
(iv) e*§ = (h*X) (e*X), if X is p—~closed, and

(v) h*% = x n d*%, if X is {p,q)-closed.

Proof. (i) The classes h*X and e*X are trivially s-closed.
Suppose that M belongs to d*X. Let N be a submodule of M and H
be a submodule of N. By Lemma 3.1.1, H = K ® L for some direct
summand K of M and X-submodule L of M, But K is also a direct
summand of N. Therefore, by Lemma 3.1.1, N belongs to d*X. It
follows that d*X is s-closed.

(ii) Suppose that X is gq-closed. Let M be an h*X-module and
N be a submodule of M. Any submodule of M/N has the form K/N,
where K is a submodule of M containing N. Thus K ¢ X, and
hence, K/N ¢ X. Therefore M/N ¢ h*X.

(iii) Suppose that X is p-closed. Let K be a submodule of a
module M such that K and M/K are both h*{-modules. Let N be a

submodule of M. Then N/(N n K) = (N + K)/K ¢ X. Hence N/(N n K)
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is an X-module. Since K ¢ h*X then N N K ¢ X. Therefore N ¢ X,
and hence, M ¢ h¥*X.

(iv) It is clear that e*& < (h*g)(e*g). Conversely, suppose
that M ¢ (h*X)(e*X). Then there exists a submodule K of M such
that K ¢ h*X and M/K ¢ e*X. Let N be any small submodule of M.
Then, by Lemma 2.2.1, (N + K)/K € M/K. Hence (N + K)/K ¢ X. But
(N+K/K=N/(NNK)and NNKeX. Thus N ¢ X. So M ¢ e*X.

(v) Clearly h*X ¢ X n da*x, for any class X. Suppose that X
is {p,q)—closed. Let M ¢ X N d*X and N be any submodule of M.
By Lemma 3.1.1, there exists a direct summand K of M and an
X—-submodule L such that N = K @ L. Since X is g-closed then K

belongs to X, and hence, N/L belongs to X. Therefore N ¢ X. It

follows that M ¢ h*X.

In the following example we show that the class e¥X is

neither g-closed nor p-closed, even when X is {s,q,p}-closed.

Thus the analogue of Proposition 1.1.2 (ii) is not true

Example 3.1.5. Let R be the ring of integers. Then the class

e*Z is meither gq—closed nor p—-closed.
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Proof. Let F be a free right R-module of non-zero rank. Then,

by [AF, Proposition 17.10], Rad F = F J(R) = 0. Hence, by Lemma

2.2.1, F belongs to e*Z. Let p be any prime number. Therefore
Rad(F/Fp?) = Fp/Fp2 # 0.

Therefore F/Fp2 ¢ e¥*Z (see Lemma 2.2.1), and hence, e*zZ is not

q-closed. On the other hand, F/Fp and Fp/Fp? are semisimple

modules. Therefore F/Fp ¢ e*Z and Fp/Fp? ¢ e*Z. Hence e*Z is

not p-closed.

Note that ¢C @ h*g s h*& implies C S X, (see Proposition
3.1.4), which is not true in general. Hence C ® h*X # h™X. But
the classes d*X and e*X behave nicer as we will show in the
next proposition which contains the analogue of Proposition

1.1.3.

Proposition 3.1.6. Let R be any ring. Let X be any class of
right R-modules, Then

e h*x ch¥(CeX) ¢ C e X,

(1)

o]

(ii) C ® d*X = d*X and

(i11) G @ ¢’ = &’
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Proof. (i) Let M = M @ M, where M, is a semisimple module and
M, belongs to h*X. Let N be a submodule of M. By [AF, Theorem
9.6], M, = K & (N n M,) for some submodule K of M,. Therefore
M=Ke (NNM)eM, Thus, by modular law, N = (N N M,) ® L
where L = N N (K @ M,). Note that (K & M,)/K & M, ¢ h¥X. Thus
(L+K)/KeZX But LAKS NNMNM) NK=20, SoL=(L+ Ky
which belongs to X. Thus N ¢ C @ X. Therefore M ¢ h™(C @ X). It
is clear that h*(C ® X) ¢ C @ X.

(i1) It is clear that d*X ¢ ¢ ® d*X. Suppose that a module
M belongs to C & d*X. Then M = M, ® M, where M, is a semisimple
module and M, belongs to d*%. Let N be a submodule of M. Then,
by [AF, Theorem 9.6], M, = (N n M,) @ M' for some submodule M’
of M;. Thus M = (NN M,) ® M e M,, and hence, N = (N N M,) @ H
where H = N n (M' @ M,). Since (M, ® M')/M' ¢ d*X, then

(H+ MM =~ (RKM') @ (L)

for some submodules K and L containing M' such that K/M' is a
direct summand of (Mp @ M')/M' and L/M' ¢ X (see Lemma 3.1.1).
Thus K is a direct summand of M. But K = M' @ (K n H), so that
(K n H) is also a direct summand of M. Thus (N n M1) ® (K 0 H)
is a direct summand of M. On the other hand,

N/[(N n M) e (KnH)] «s H/(K 0 H) = (H + K)/K which is equal
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to (H+ M')/K =L/M ¢ X. Thus M ¢ d*X.

(1ii) It is clear that e*X ¢ C @ e*X. Suppose that a module
M belongs to C @ e*X. Then M = My ® My where M; is semisimple
and My ¢ e*X. Let N be a small submodule of M. By Lemma 2.2.1,
N N My is small in Mj. Hence N N M} = 0. Thus N = (N + Mj)/M;
which is small in M/M7 € M; (see Lemma 2.2.1). Thus N ¢ X. We
conclude that M ¢ e*X

.

Corollary 3.1.7. Let R be any ring. Let X be any s-closed

class of right R-modules. Then ¢ @ X & d*X.

Proof. By Proposition 3.1.3 (i) and Proposition 3.1.6 (ii),

C®X=C®h¥ ¢ Ce d*x = d*x.

The next two propositions contain the analogue of
Proposition 1.1.4. In these two propositions, we examine how

different classes behave under direct sums.
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Proposition 3.1.8. Let R be any ring. Let X be a p-closed class
of right R-modules. Then

(i) h*X ® h*X = h*X and

(i) e*X @ e*X = &*X.
Proof. (i) It is clear that h*X & h*X @ h¥X. By Proposition
3.1.4 (iii), the converse is true.

(11) It is clear that e*f < e¥X ® e*X. Let M = M, @ N,
where both M; and M, belong to e*X. Let N be a small submodule
of M. By Lemma 2.2.1, N N1 Mj is small in Mj. Hence N N My ¢ X.
But, by Lemma 2.2.1, (N + M;)/Mj is small in M/M] = Mj. Hence
(N + My)/M1 ¢ X. It follows that N ¢ X. Thus M ¢ e*X.

In the next chapter (see Example 4.1.9) we shall give a
class of modules X which is {s,q,p)}-closed but,

d*x @ d*x # d*X.

This fact is interesting in view of the following proposition.

Proposition 3.1.9. Let R be any ring. Let X be a p-closed
class of right R-modules. Then
(1) d*%X = d*X @ h™*X and

(ii) d*x = da*X @ (B n d*Y).
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Proof. (i) It is clear that d*X ¢ d*X @ h¥X. Suppose that
M belongs to d%X ® h*X. Then M = M, ® M, where M, belongs to
d*X and M, belongs to h*X. Let N be any submodule of M. Then
N+M, = M o [(N+M)0oM].

Therefore (N + M,)/M, ¢ X, and hence, N/(N N M,) ¢ X. By Lemma
3.1.1, there exist a direct summand K and an X-submodule L of
M, such that N N Mj = K ® L. Note that K is a direct summand of
M and (N 0 My)/K ¢ X. Thus N/K ¢ X. Therefore M e d¥X.

(ii) It is clear that d*X ¢ d*X ® (P n d*X). Conversely,
suppose that M belongs to d*%x ® (B N d*X). Then M = M, @ M,
where M, belongs to B N d*X and M, belongs to d*X. Let N be a
submodule of M. Note that M/M, ¢ P N d¥*X. Therefore there exist
submodules K and K' of M containing M, such that

M/M, = (R/M,) @ (R'/M,),
RSN+ M, and (N + M,)/K ¢ X. Note that K= (K n N) + M, and
K/Mo = [(R N N) + Mp]/Mg & (K1 N)/(Mp N N).
Therefore (K N N)/(M, n N) is a projective module. Therefore
(RKNN)=~He (M, n N)
for some submodule H of M. Therefore M = H & K'. But M, ¢ d°%.
Hence M, = F & F' for some submodules F and F' of M, such that

Fc(NNnM, and (N N M,)/F belongs to X. Note that
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M=~HeK=HeM, e (K nM,) —~HeFeFe (KnM,),
Since N/(K N N) = (N + M,)/K ¢ X, then N/(K N N) ¢ X. On the
other hand (K n N)/(H @& F) = [He (N n M,))]/(H @ F) which is
isomorphic to the X-module (N n M,)/F, Thus (K n N)/(H & F)
belongs to X. Since X is p-closed we conclude that N/(H @ F)

belongs to X. Therefore M ¢ d*%.
Corollary 3.1.10. Let R be any ring. Let X be any p-closed
class of right R-modules. Then

a*x = d*x e h*x @ (2 n d%) e C.

Proof. By Proposition 3.1.6 and Proposition 3.1.9.

§ 3.2. Modules with Noetherian or Artinian radical.

Let R be a ring and M a right R-module. We shall say that M
satisfies the (ACC)g (respectively, (DCC)g) when M satisfies

the ACG (respectively, DCC) on small submodules of M.
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Let R be a ring and M a right R-module. It is known that M
satisfies the (ACC), if and only if M/(Soc M) is Noetherian
(for example, see [DHW, Lemma 2]). Dually, M satisfies the
(DCC), if and only if M/(Soc M) is Artinian (see [Ax, Prop.
1.1]). We prove analogues of these results for the radical of
M. Specifically, the module M satisfies the (ACC)g ((DCC)g) if

and only if Rad M is Noetherian (Artinian).

The next result was proved by Varadarajan [Va, Lemma 2.1].

We shall give a proof for completeness.

Proposition 3.2.1. Let R be any ring and M a right R-module.

Then Rad M is Noetherian if and only if M satisfies the (ACC)g.

Proof. The necessity is an immediate consequence of Lemma 2.2.1

Conversely, suppose that M satisfies the (ACC)g. Then M

contains a maximal small submodule K. Therefore, by Lemma 2.2.1

Rad M = K. Finally, by Lemma 2.2.1, Rad M is Noetherian.

A companion result of Proposition 3.2.1 is the following.
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Proposition 3.2.2. Let R be any ring and M any right R-module.
Then the following statements are equivalent,

(i) Rad M has finite uniform dimension.

(ii) M belongs to e™*U and there exists a positive integer k
such that u-dim N < k for every small submodule N of M.
(iii) M does not contain an infinite direct sum of non-zero

small submodules.

Proof. Suppose that Rad M has finite uniform dimension. Suppose
that N is a small submodule of M. Therefore, by Lemma 2.2.1, N
has finite uniform dimension which smaller than u-dim Rad M.
Now assume statement (ii). Let N, ® N, ® ... be an infinite
direct sum of non-zero small submodules of M., Then, by Lemma
2.2.1, N, ® ... @ Nyy, is small in M. On the other hand we have
u-dim (N, ® ..., ® Ny ,) » k + 1, a contradiction. So M does not
contain an infinite direct sum of non-zero small submodules.
Assume that statement (iii) is true. Suppose that Rad M
does mnot have finite uniform dimension. Therefore there exist
non—zeroe submodules K3y (i = 1, 2, ...) of Rad M such that
K, K, ... € Rad M. For each i » 1, let k; be a non-zero

element of Kj. By Lemma 2.2.1, k4R is small in M for all i.

62




Thus k,R + k,R + ... is an infinite direct sum of non-zero
small submodules of M, a contradiction. Therefore Rad M has

finite uwniform dimension.

Recall the following result (see Theorem 1.2.1).

: Proposition 3.2.3. Let R be any ring and M a right R-module.
Then the following statements are equivalent.
(i) M/(Soc M) is Noetherian.

(1i) M belongs to eN.

(iii) M satisfies the (ACG) 4.

In the following theorem, we prove that the dual of

Proposition 3.2.3 is true.

Theorem 3.2.4. Let R be any ring and M a right R-module. Then
the following statements are equivalent

(i) Rad M is Artinian.

(ii) M belongs to e*A

(iii) M satisfies the (DCC)g.
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Proof. Suppose that Rad M is Artinian. Then, by Lemma 2.2.1, M
belongs to e*A.

Now suppose that M belongs to e*A. Let N, >N, > ... be a
descending chain of small submodules Nj of M. Since N, is
Artinian, then the chain is finite. So M satisfies the (DCC)g.

Finally, suppose that M satisfies the (DCC)g. Let N be a
finitely generated submodule of Rad M. Then, by Lemma 2.2.1,
N is small in M. Thus, by Lemma 2.2.1, N is Artinian. Therefore
Rad M is locally Artinian. Now let K be any proper submodule of
Rad M. Let x ¢ (Rad M)\K. Then xR is artinian. On the other
hand (xR + K)/K = xR/(xR n K). Thus (xR + K)/K is a non-zero
Artinian module. It follows that (Rad M)/K has essential socle.
Suppose that Rad M is noﬁ Artinian. By [AF, Proposition 10.10],
the set 1 of submodules L of Rad M such that (Rad M)/L is not
finitely cogenerated, is non-empty. Let {Ly : X ¢ A} be any
chain of submodules in {. Let L = iy .z Ly. Suppose that L ¢/ (,
then (Rad M)/L is finitely cogenerated, and hence, L = L, for
some A € A. Thus L ¢ @, a contradiction. Therefore, by Zorn's
Lemma, ) has a minimal member, say P.

Let S denote the submodule of Rad M, containing P, such

that S/P is the socle of (Rad M)/P. We have seen already that
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S/P is an essential submodule of (Rad M)/P. Therefore, by [AF,
Proposition 10.7], S/P is not finitely generated.

We next prove that P is small in M. Suppose that M = P + Q
for some submodule Q of M. So, by modular law, S =P + (8§ N Q).
Suppose that P N Q # P. Therefore (Rad M)/(P N Q) is finitely
cogenerated, by the choice of P. On the other hand,
S/P=[P+ (SNQ]/P=(S5NnQ/(PNQ < Soc[(Rad M)/(P N Q)],
and hence S/P is finitely generated, a contradiction. Therefore
P=(PNQ) €Q, and hence, M =P + Q = Q. So P is small in M,

Finally, we prove that S is small in M. Let M = S + V for
some submodule V of M. Then

M/(P+ V) = (S +V)/(P + V) =5S/[P + (S nwvil.

Thus M/(P + V) is semisimple. If M # P + V, then there exists a
maximal submodule W of M such that (P + V) &€ W. On the other
hand, S S Rad M S W. So S + (P + V) § W, and hence, S + V ¢ W,
Thus M < W, a contradiction, because M # W. Thus M = P + V, and
hence, M = V, because P is small in M. Therefore S is small in
M, Since M belongs to e*A, then S is Artinian. It follows that
5/P is Artinian, and hence, S/P is finitely co-generated. But
5/P is a semisimple module. Therefore S/P is finitely generated

which is a contradiction. Therefore Rad M is Artinian.
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We shall call a submodule N of a module M semimaximal
provided N is an intersection of M and a finite number of

maximal submodules of M,

Corollary 3.2.5. Let R be a ring and M a right R-module. Then

the following statements are equivalent for M.

(i) M is Artinian.

(i1) M satisfies both the (DCC)g and the DCC on semimaximal
submodules.

(iii) M satisfies the (DCC)g and Rad M is semimaximal.

Proof. If M is Artinian, then clearly statement (ii) is true.

Suppose that M satisfies the DCC on semimaximal submodules.
Let N be a minimal semimaximal submodule of M. It is clear that
Rad M ¢ N. If M is a radical module, then Rad M = N. Suppose
that M # Rad M, If P is a maximal submodule of M, then N N P is
semimaximal, and hence, N = N n P, so that N ¢ P. It follows
that N & Rad M. Hence N = Rad M. Thus, in any case, Rad M is
semimaximal.

Finally, suppose that M satisfies the (DCC)g and Rad M is

semimaximal. Then, by Theorem 3.2.4, Rad M is Artinian. If M is

66




a radical module, then M is Artinian. Suppose that M # Rad M.
Then Rad M = P, n ... N P, for some positive integer m and
maximal submodules P; (1 < i < n) of M, Therefore M/(Rad M)
embeds in (M/P,) @ ... @ (M/P,) which is a finitely generated
semisimple module. Therefore M/(Rad M) is Artinian. Hence M is

Artinian, because the class A is p-closed,

Corollary 3.2.6. 1Let R be any ring and M a right R-module
which is a direct sum of modules, each having (P*). Suppose
that R satisfies the (ACC)g (respectively, (DCC)g). Then,
M =M @M, for some semisimple module M, and a Noetherian

(respectively, Artinian) module M,.

Proof. By Proposition 3.2.1, Theorem 3.2.4 and Theorem 2.2.8.

Note that the module M is Noetherian if and only if M
satisfies the (ACC), and the ACC on complement submodules. To
see why this is so, recall that a module M satisfies the ACC on
complement submodules if and only if M has finite uniform
dimension ({Go, Lemma 1,3]). Thus, if a module M satisfies the

ACC on complement submodules, then Soc M is Noetherian, and if,
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in addition, it satisfies the (ACC),, then M is Noetherian (see

Proposition 3.2.3).

The analogue of the fact that (ACC), and ACC on complement
submodules gives ACC on all submodules will be proved in the

next lemma,

Lemma 3.2.7, Let R be any ring. Let M be a right R-module
which 1s a supplemented module and satisfies the DCC on
supplement submodules. Then M/(Rad M) is a finitely generated

semisimple module.

Proof. Suppose that M satisfies the stated conditions. Let N be
any submodule of M containing Rad M. There exists a supplement
K of N in M. Since N K is small in K, then N 0 K is small in
M, and hence, N n K & Rad M. Thus M/(Rad M) can be decomposed
as follow M/(Rad M) = {N/(Rad M)} ® ((K + Rad M)/(Rad M)}. Thus
every submodule of M/(Rad M) is a direct summand, and hence, by
[AF, Theorem 9.6], M/(Rad M) is semisimple,

Now suppose that Rad M € N, § N, ¢ ... is an ascending

chain of submodules of M. Because M is supplemented, there
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exists a descending chain of submodules K, 2 K, 2 ... such
that K; is a supplement of Ny in M for each i » 1. Therefore
there exists a positive integer t such that K¢ = Kgi,=

Because M/(Rad M) = {N;j/(Rad M)} ® ((K; + Rad M)/(Rad M)}, for
all i > ¢, it follows that Ng = N¢yy, = Negy, = .. . Therefore

M/(Rad M) is Noetherian, and hence, finitely generated.

Theorem 3.2.8. Let R be any ring and M a right R-module, Then
M is Artinian if and only if M is supplemented and M satisfies

the (DCC)g and the DCC on supplement submodules.

Proof. The necessity is clear. Conversely, suppose that M is a
supplemented module which satisfies the (DCC)g and the DCC on
supplement submodules. By Theorem 3.2.4, Rad M is Artinian. By
Lemma 3.2.7, M/(Rad M) belongs to G N C. Therefore M /(Rad M)

is Artinian, and hence, M is Artinian.
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§ 3.3. Counterexamples.

Let R be any ring. We know from Theorem 1.2.1 that
el = C(hU). Moreover, in Theorem 3.2.4, we proved that
e*é = (M : Rad M is Artinian). In view of these facts, the
following question arises: if M is a module such that every
small submodule has finite uniform dimension, does Rad M have

finite uniform dimension? i.e. does e*U = (M : Rad M ¢ U}?

In this section, we will give a negative answer to the

above question (see Example 3.3.3).

We start this section with an example to show that Theorem

3.2.4 is not true for the class of Noetherian modules.

Example 3.3.1. Let R be the ring of integers Z and p is a
prime number. Let M be the right R-module Z(p*), the Prufer
p-group. Then M belongs to e*N , but the radical of M is not

Noetherian.

Proof. Since every proper submodule of M is cyclic and spanned
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by 1/pD for some n > 0, then every proper submodule of M is
finite ,and hence, Noetherian. For i -‘1, 2, ... , let Nj be
the cyclic submodule spanned by 1/pi. Then

O<N, <N, < ... <UNj =M
is an infinite ascending chain of submodules of M. Hence M is
not Noetherian. Since Nj < Ny, for all i > 1, then M has no
maximal submodules. Therefore Rad M = M, Since M is infinite
and the sum of finite submodules is finite then every proper

submodule of M is small. Thus M ¢ e*N and Rad M ¢/ N.

Note that the ring of integers Z is not Artinian. In the
next example, we show that Theorem 3.2.8 is not true for the

class of non-supplemented modules.

Example 3.3.2. Let M be the right Z-module Z7. Then M has no

proper supplements and no non-zero small submodules.

Proof. Let n ¢ Z, If n = 0, 1 or -1, then nZ is a supplement
submodule of M. Suppose that nZ is a supplement submodule where
n# 0, 1 and -~ 1. Then there exists m ¢ Z which is relatively

prime to n and mZ is minimal with respect to nZ + mZ = Z. Let
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k > 1 be any integer which is relatively prime to n. Then mk is
also relatively prime to n., Thus nZ + mkZ = Z, a contradiction,
because mkZ < mZ. Thus M has no proper supplement submodule. In
the other hand, nZ + £Z = Z for any f ¢ Z which is relatively

prime to n. Hence zero is the only small submodule of M,

In the next Example, we show that Theorem 3.2.4 can not be
generalized to the class of modules which has finite uniform
dimension., In fact, it can not be even generalized to the class
of modules with Krull dimension one. We start with an example

which was constructed by E. R. Puczylowski.

Example 3.3.3. Let R = (s/t: s, t ¢ Z and pft} where p is a
prime number. Let M be the right R-module R @ R @ ... . Then
every small submodule of M is Noetherian of Krull dimension one

but the radical of M does not have Krull dimension.

Proof. It is clear that Rad R = Rp = {sp/t: s, t ¢ Z and pjft}.
Therefore Rad M = Rp @ Rp @ ... . Thus the radical of M does
not have finite uniform dimension. Let N be any small submodule

of M. Without loss of generality, we can suppose that N is a
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non-Artinian submodule. Suppose that N does not have finite
uniform dimension. Then N contains an infinite direct sum of
non-zero submodules,say F. Thus F = Rx, ® Rx, ®.... £ N where
xj ¥ 0 for all i > 1. Hence F is a free R-module of infinite
rank. The field of fractions of R is the rational numbers Q
which is countable. But { is countably generated over R, Thus
there exists an R-epimorphisim & from F onto . Let K be the
kernel of &. Then F/K & O which is an injective R-module.
Therefore M/K = F/K @ L/K for some submodule L of M which
contains K. Hence M = F + L. Thus M = N + L, and hence, M = L.
Therefore F = X, a contradiction. Thus N has finite uniform
dimension. By Goldie's Theorem, there exists k » 1 such that
N - Rx, ® Rx, & ... ® RXy is an essential submodule of N where
x; € N for all 1 < i < k. Therefore N' S G =R ®R & ... @ R
(t—direct summands and t » k). Hence N/N' is torsion. Therefore
(N+G)/G = N/(N n G) is torsion. But M/G & M which is torsion
free, Therefore M/G is torsion free, and hence, (N+G)/G = 0. So
N & G. But G is Noetherian. Therefore N is Noetherian, and
hence, N has Krull dimension one (see [MR, 1.8 ch.6]). Thus M

belongs to e*K , and hence, belongs to e*U. Since Rad M does

not have finite uniform dimension, then Rad M / K.
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Chapter 4.

Some Characterizations of d*x

§ 4.1. Further properties of d*X and examples,

Let R be a ring. Let X be a class of right R-modules. For
any right R-module M, we define the X-socle Socy(M) to be the
sum of all X-submodules of M. It is clear that M = Socy(M) if M
belongs to X. Moreover, Soc M = Socy(M) when X is the class of
semisimple right R-modules. In the first result of this section

we investigate the internal structure of d*X-modules.

Proposition 4.1.1. Let R be any ring. Let X be a class of right

R-modules. Let M be a d*X-module. Then M/Socx (M) is semisimple.

Proof. Suppose that M belongs to d*X. Let S = Socx(M). Any
submodule of M/S has the form N/S for some submodule N of M
containing S. There exist submodules K and K' of M such that
M=KeK, K< Nand N/K belongs to X. Thus, by modular law,
N=Ke& (NnK') and NN K' ¢ X. Thus N N K' € §, and hence,

M/S = (¥/S) @ [(K'+ S)/S]. Therefore, by [AF, Theorem 9.6], M/S

74




is semisimple module,

Corollary 4.1.2. Let R be any ring. Let X be a class of right
R-modules such that S & X. Let M be a d*X-module. Then Socy(M)

is an essential submodule of M.

Proof. Suppose that M belongs to d*X. Let N be any submodule of
M such that N N Socx(M) = 0. Then N embeds in M/Socx(M). Thus,
by Proposition 4.1.1, N is semisimple. Thus N < Socy(M), and

hence, N = 0. Therefore Socy(M) is essential in M.

Lemma 4.1.3. Let R be any ring. Let X be any class of right
R-modules. Let M be a d*¥-module and N be any submodule of M.
Then N contains a non-zero X-submodule or N is a semisimple

direct summand of M.

Proof. Suppose that M belongs to d*X and N be a submodule of M.
Suppose that N does not contain a non-zero X-submodule. Let P
be any submodule of N. By Lemma 3.1.1, P =K ® L where K is a
direct summand of M and L is an X-submodule of M. Thus L = 0,

and hence, P = K. Therefore, by [AF, Theorem 9.6], N is a
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semisimple. Moreover, by {Lemma 3.1.3], N is a direct summand

of M,

Proposition 4.1.4. Let R be any ring. Let ¥ be any s-closed
class of right R-modules and M be any d*%-module. Then there
exist a semisimple submodulernl of M and a submodule Mg of M
such that M = M; ® My and every non-zero submodule of Mj

contains a non-zero X-submodule.

Proof. By Zorn's Lemma M contains a submodule My maximal with
respect to the property that it does not contain a non-zero
X-submodule. By Lemma 4.1.3, Mj is a semisimple direct summand
of M. There exists a submodule My such that M = M7 @& Mp. Let N
be a non-zero submodule of Mj. Then M @ N contains & non-zero
X-submodule K, by the choice of Mj;. Note that K i My ¢ X, and
hence, K " M) = 0. Thus K embeds in N, and hence, N contains a

non-zero X-submodule.

Corollary 4.1.5. Let R be any ring. Then
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Proof. (i) By Corollary 3.1.7, C @ T & d*T. Moreover, by
Proposition 4.1.4, any d*T-module M can be written in the form
M = M) & Mp where M} is a semisimple module and Mg a module
with essential singular submodule. Thus My belongs to I(C N T)
(see Proposition 4.1.1). Therefore d*T ¢ ¢ ® [T(C N T)] and it
is clear that C @ [T(C n T)] & TGC.

(ii) By Corollary 3.1.7, we get the first inclusion and ,by

Proposition 4.1.4, we get the second one.

Corollary 4.1.6. Let R be any ring. Then
(1) d*T = C @ T, if R is right non-singular,
(ii) T < d*T < I?, if R has zero right socle, and
(iii) d*T = I, if R is right nonsingular and has zero right

socle.

Proof. (i) Suppose that R is right non-singular. Then T2 = I.
Thus, by Corollary 4.1.5, d*T = C ® T.

(ii) Suppose that R has zero right socle, Then C & T, and
hence, (ii) follows by Corollary 4.1.5.

(iii) Follows from part (i) and part (ii).
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Note that, if R is a commutative domain which is not a
field, then Corollary 4.1.6 gives that d*T = W*T = T. Moreover,
Note that, for any ring R, e*T is the class of right R-modules
which have a singular radical (see Lemma 2.2.1).

Corollary 4.1.6 suggests that d*T = C @ T, but this is not

true in general. This fact will be proved in the next example.

b

Example 4.1.7. Let K be a field. let R -{ [g a

]: a, b e K}.

Then over the commutative ring R, d*T # C @ T.

Proof. Let M be the right R-module Rp. Then the singular
submodule, Z(M), of M is the subring of R consisting of all
elements of R with a = 0, It is clear that 0, Z(M), and M are
the only submodules of M. Moreover, Z(M) is the unique maximal
submodule of M, and hence, Z(M) = Rad(M). Thus Z(M) is small in
M (see Lemma 2.2.1). Therefore M is indecomposable, and hence,
M is not a semisimple module (see [AF, Theorem 9.6]). But M

belongs to d*T. Moreover, M is not singular.

In Example 1.1.5, It was shown that the class dX is not

s-closed, in general, and d¥ @ dX # dX. The analogue of these
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results is true as we will show in the next two examples.

Example 4.1.8. Let R be the ring of ratiomal integers. Then

d*in is not g-closed.

Proof. Let M be the additive group of rational numbers
considered as an R-module. Then M is non-singular and M has
zero socle., Thus, by Corollary 4.1.5, M belongs to d*In. On the
other hand, the ring of integers Z is a submodule of M such
that M/Z is singular and M/Z is not semisimple. By Corollary

4.1.5, M/Z does not belong to d*T,.

A module M is called small provided there exists an
extension module M' of M such that M is small in M'. Leonard,
in [Leo, Theorem 1], proved that M is small if and only if M is
small in its injective hull E(M). In [Pa, 3.2], Pareigis showed
that the small modules form a class which is {q,s}-closed and
is also closed under finite direct sums. Moreover, if X is the
class of small modules, then the dual CS-modules belongs to

a*x.
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Example 4.1.9. Let R be a ring which is local commutative and
principal ideal domain. Let P be the unique maximal ideal of R.
Suppose further that R is not complete in the P-adic topology.

Then d*X » d*x e d*% where X is the class of small R-modules.

Proof. Let K be the field of fractions of R. Let M = K & K.
Then, by [MM, Proposition A.7], M is not a dual CS-module. On
the other hand, by [MM, Proposition A.7], K is a dual
CS—module. Therefore K belongs to d*X. Note that, by [Ha, Lemma
2.1], M is injective. If M belongs to d*X, then, by Lemma &.4.1
M is a dual CS-module, a contradiction. Therefore M does not

belong to d*%.

§ 4.2, The classes d*(hU) and d*g@.

In this section, for an arbitrary ring, we shall completely
characterize the classes d*(hU) and the classes d*ga, for an

ordinal o » 0.

Let R be a ring and let X be any class of right R-modules.

80




We shall denote aX to the class of right R-modules M such that
every proper submodule of M belongs to X. It is clear that, for
any class X, aX & d*X. We also define, for any positive integer

n, (M =X exXe ... ®X (n summands). Finally we define

x(@) =y 5y x(M),

Lemma 4.2.1. Let R be any ring. let X be any class of right

R-modules. Then U N d*X € (aX) ()

Proof, Let M be a (U n d*)_g)—module. We prove that M is a
(finite) direct sum of aX-modules by induction on the uniform
dimension of M. Suppose first that M is uniform. Let N be a
proper submodule of M. By hypothesis, there exist submodules K
and K' of M such that M = K ® K', K & N and N/K is an X-module.
Because K # M, it follows that K = 0, and hence, N belongs to
X. Thus M is an aX-module. Now suppose that M has uniform
dimension n » 2. Suppose that M ¢ (aX) (@), Then M ¢ aX. There
exists a proper submodule L of M such that L £ X. Since M ¢ d*%

then there exist submodules P and P' of M such that M = P @ P',

81




PSS L and L/P is an X-module. Note that P # 0 and P' # 0. Thus
P and P' both have uniform dimension at most n - 1. Therefore,
by Proposition 3.1.4, and induction on n, P and P' belong to
(aX) (@), and hence, M belongs to (aX){®), a contradiction. Thus

M belongs to (ag)(w).

It is proved, in Theorem 1.2.3, that dU = d(hU) = C ® (hU).

the analogue of this fact will be proved in the next Theorem.

Theorem 4.2.2. For any ring R, d*(hU) = C @ (hU).

Proof. By Corollary 3.1.7, C @ (hU) s d*(hU). Conversely, let
M e d*(hg). Then there exist submodules K and XK' of M such that
M=Ke® K', K < Soc M and (Soc M)/K ¢ h. Thus K is semisimple.
But Soc K' & (Soc M)/K. Hence Soc K' is finitely generated. By
Proposition 3.1.4, we can suppose without loss of generality,
that Soc M is finitely generated and prove that M ¢ hU.

Let P € Q be submodules of M such that Q/P is semisimple.
Proposition 3.1.4 allows us to assume M = Q. By hypothesis,
there exist submodules L, L' of M such that. M = Le L', L¢P

and P/L ¢ hU. By modular law, P = L @ (P N L'). Hence P N L'has
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finite uniform dimension. But, by Zorn's Lemma, there exists a
" submodule L" of L' maximal with respect to L" n (P n L') = 0.
Since L" N P = 0, then L" is semisimple, and hence, finitely
generated, because Soc M is finitely generated. The submodule
L' contains the essential submodule L" @ (P n L") which has
finite uniform dimension. Thus L' has finite uniform dimension.

By Lemma 4.2.1, L'¢ (a(huU)){@), Let N be a submodule of L'
such that N ¢ a(hU). If N P n L' & P/L, then N ¢ hU. Other
wise P N N € N, and hence, N/(P 0 N) has a maximal submodule.
By Proposition 1.3.10, N ¢ hU. Therefore, in any case, N ¢ hU.
Since L' ¢ (a(h)){®@), then, by Proposition 1.3.10, L' ¢ hU.
But M/L = L', Therefore M/P is finitely generated. Thus, by

Lemma 1.3.9, M ¢ hU.
In Theorem 1.3.11, for an ordinal o« » 0, we proved that
e *
&Ky - ¢ © KX,

We prove the dual of this fact in the next theorem.

Theorem 4.2.3. Let R be any ring R. Then, for an ordinal a« > 0,

d*K, = C @ K,.
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Proof. By Corollary 3.1.7, C @ K, € d*Ka. Conversely, suppose
that M ¢ d*K,. Since K, S hU (see, for example, [GR, Lemma 1.1
and Proposition 1.4]), then by Proposition 3.1.3 and Theorem
4.2.2, M -~ M® M, where M, is semisimple module and M, has
finite uniform dimension. By Proposition 3.1.4, M, ¢ d*ga. On
the other hand, by Lemma 4.2.1, M, e (aga)(w). But it is clear
that akK, = K, (see [GR,Lemma 1.1]). Therefore M, e K,. Thus M

belongs to C @ K,.

In Theorem 1.2.3, it was proved that dN = C @ N. The dual

of this fact will be proved in the following Corollary.

Corollary 4.2.4. For any ring R, d*A = C @ A.

Proof. Since K, = A then the proof follows by Theorem 4.2.3.
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§ 4.3. FBN-rings.

Let R be a ring. We know from Theorem 1.2.3 that
di = d(hl) = ¢ @ (hU).

Clearly d*(hU) € d*U. However, if R = K[X,,X,,...] denotes the
polynomial ring over a field K in a countably infinite number
of commuting indeterminates X,, X;, ..., then Rg is uniform.
Thus Rp ¢ d*U. On the other hand, RR £ C@®hU = d*(hU), because
RR has zero socle and the ring R has a homomorphic image with
non—finitely generated socle. Therefore d¥(hU) # d*U.

This raises the question: given a ring R, what is d*U for
the ring R? We shall show that d*U = C @ U for the class of

right FBN-rings.

Proposition 4.3.1. For any ring R, d*Uncc s C o U.

Proof, Let M ¢ d*U n CG. Let S denote the socle, Soc M, of M.
There exists a C-submodule N of M such that M/N is finitely
generated. Thus (M/S) is finitely generated. Hence there exists
a finitely generated submodule L of M such that M = L + S. But

S is semisimple. Therefore S = (L N §) @ S, for some submodule
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S, of S. Hence S, is semisimple and M -~ L @ S,

Suppose that L is not a U-module. Then there exists a
submodule N' = veA Nog where N, is a non-zero submodule of L
for all @ ¢ A. By Proposition 3.1.4, L ¢ d*U. Thus, by Lemma
3.1.1, N' = K @ P for some direct summand K of L and a
submodule P of L which belongs to U. Note that L is finitely
generated. Therefore K is finitely generated. But P has finite
uniform dimension. Therefore there exists a finitely generated
submodule Q of P which is essential in P. Therefore K & Q is
essential in K @ P. But K @ Q is finitely generated. Therefore
K ® Q S ®y.A' Ny for some finite subset A' of A. Therefore
(K@ Q) NNy =20 for all a ¢ A'. Hence Ny = 0 for all a / A", a

contradiction. Therefore L has finite uniform dimension, and

hence, M ¢ C & U.
Corollary 4.3.2. Let R be any ring. Let M be a right R-module
which belongs to d*U. Then any finitely generated submodule of

M has finite uniform dimension.

Proof. By Proposition 3.1.4 and Proposition 4.3.1.
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Lemma 4.3.3. Let R be any ring. Let M be a nonsingular right
R-module which belongs to d*U and has zero socle. Then M has

finite uniform dimension.

Proof. Suppose that M does not have finite uniform dimension.
Then there exists N = N, @ N, @ .., which is an infinite direct
sum of non-zero submodules of M. Note that, for each i > 1, Nj
has zero socle, and hence, N;j has a proper essential submodule
Kj (see [AF, Proposition 9.7]). Let K=K, @ K, ® ... . Then K
is essential in N (see [AF, Proposion 5.20]). Note that, by
Proposition 3.1.4, N e d*U. Thus there exist submodules L, L'
of N such that N = L @ L', L € K and X/L has finite uniform
dimension. By modular law K =~ L ® (K N L'). Thus K N L' has
finite uniform dimension. Since K essential in N, then K n L'
is essential in L', and hence, L' has finite uniform dimension.
Therefore L' contains a finitely generated essential submodule
H, and hence, there exists t > 1 such that H SN, @ ,,. @ Ng.
Let x ¢ Niy, and X £ Kgyy. Then Xx = y — y' for some y ¢ L
and y'e L'. Since y ¢ K, theny =k, + ... + k, for some n > 1
and kj ¢ Kj (1 € 1 <n). There exists an essential right ideal E

of R such that yYE S HS N, @ ... @ N.. Note that
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Y=y -—x =k + ...+ kg + (kepym )+ kg, + o0+ ky
But y'E € (N, @ ... @ N¢). Thus (k¢y,~ X)E = 0. Since Ng,, is
nonsingular, then ki;, — x = 0, Therefore x = kiy| € Kgyy, a

contradiction. It follows that M has finite uniform dimension.

Proposition 4.3.4. Let R be any ring. Then

ceUscd*UcTeCeoU.

Proof. By Corollary 3.1.7, C ® U ¢ d*. Suppose that M ¢ d™J.
Let S be the socle of M. Then there exist submodules K and K'
of M such that M = K @ K', K& S and S n K' ¢ U. Therefore K is
semisimple and K' has finitely generated socle, S N K!'. Let Z
be the singular submodule of K'. But, by Proposition 3.1.4, XK'
belongs to d*g, and hence, there exist submodules L and L' of
K' such that K' = L e L', L € Z and é L' ¢ U. Therefore L is
singular and the singular submodule Z' of L' has finite uniform
dimension.

We claim that L' has finite uniform dimension. Suppose not.
Then there exists an infinite direct sum P = P, ® P, & ... of
non—-zero submodules of L'. Since Soc K' is finitely generated,

then Soc K' ¢ U. Moreover, Z'¢ U. So without loss of generality
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suppose that P;y is nonsingular with zero socle for all 1 » 1.
Thus P is a nonsingular d*U-module with zero socle. Thus, by
Lemma 4.3.3, P has finite uniform dimension, a contradiction.
Therefore L' has finite uniform dimension. Thus any d*U-module
belongs to T & C & U,

Using the 1last proposition we shall prove that for any
commutative Noetherian ring R, d*y = Cc e U. In fact we can do
rather better. Recall that a ring R is a right FBN-ring if R is
right Noetherian and, for every prime homomorphic image S of R,
every essential right ideal of § contains a non-zero two-sided
ideal. Examples of right FBN-rings are commutative Noetherian
rings and right Noetherian rings which satisfy a polymomial

identity (i.e. right Noetherian PI-rings).

Let R be a right Noetherian ring and U a uniform right
R-module. Recall that P = {r ¢ R : Ar = 0 for some non-zero
submodule A of U} is a prime ideal of R and P -- ann(W), the
annihilator of some non-zero submodule W of U. We call P the

assassinator of U and write P = ass(U).
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Lemma 4.3.5. For a prime right FBN-ring, d*U = C e U.

Proof. Let R be a prime right FBN-ring. Then, by Corollary
3.1.7, C ® U & d*U. Suppose that d*U ¢ C @ U. Because R is
right Noetherian, we can suppose that d*U = gie U for any
proper prime homomorphic image of R. Let M be a d*U-module such
that M ¢/ C @ U. Then, by Proposition 4.3.4, M ¢ T @ C @ U. Thus
there exists an infinite direct sum N = N, @ N, & ... of
non-zero singular submodules Ny (i » 1) of M such that Nj has
zero socle (see the proof of Proposition 4.3.4) and is uniform
for each i > 1.

Let 1 > 1 and let N' = N3, Let O # x ¢ N', Then xE = 0 for
some essential right ideal E of R. Because R is a prime right
FBN-ring, there exists a non-zero ideal I of R such that I & E.
Then xI = 0, and hence, xRa = O‘for each a ¢ I. Thus 0 = T ¢ P
where P = ass(N'). Let P; = ass(Nji), for i > 1. By the above
argument, P; # 0, and we can suppose without loss of generality
that NjP; = 0.

For each i > 1, let Kj be a proper essential submodule of
N; (Nj has zero socle, so we use [AF, Proposition 9.7]). Let

K=K, K, e ... . ThenK<£ N=N, eN, e N, @ ... . Thus, by
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Proposition 3.1.4, there exist submodules L and L' of N such
that N=L @& L', L €« Kand K N1 L' ¢ U. By the argument used
in the proof of Lemma 4.3.3, L' ¢ U. Therefore there exists a
finitely generated essential submodule H of L'. Thus there
exists a positive integer t such that H ¢ N, & ... & N, (see
the proof of Lemma 4.3.3). Let x ¢ L'. Then x = x; + ... + xg

for some n » 1 and x5 ¢ Ny {1 < i € n). On the other hand,

X(P'I n...n Pt) c Nt+1 ® ... @ Nn.
Hence x(P, N ... N P¢) N H = 0. Therefore x(P, N ...0 Py) = 0.
It follows that L'(P, n ... N P.) = 0.

Now we adapt the last part of the proof of Lemma 4.3.3, Let

X € Ngyy, and x £ Kiy,. Adopting the same notations of Lemma

4.3.3, y' ¢ L', so that y'(P1 N ... NP =0, and hence,
(kt+1- X)(P1 n...n Pt) = 0,
It follows that (P, N ... N P¢) € Ppy,, because kgy,— x # 0.

Hence (P,...Py) € Pgy, and P; € Py, for some 1 < 1 < ¢,
Similarly, for each j » t+l, there exists 1 € i € t such that
P; € Pj. There exist an infinite subset 2 of (t+l, t+2, ...}
and 1 € 1 € t such that Py ¢ P for all j e 2. Let M' = & Ny,
where the sum is taken over all i ¢ . Then M'Py = 0. Hence M'

is a right module over the prime right FBN-ring R/P;j. Note that
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P; # 0 and the (R/Pj)-module M' is a d*U-module. Therefore, by
Proposition 3.1.4, it follows that M' belongs to C @ U, But M'
has zero socle (see [AF, Proposition 9,19]). Therefore M' has

finite uniform dimension, a contradiction. Thus d¥U = C & U.

Theorem 4.3.6. Let R be a right FBN-ring. Then d*U = C @ U.

Proof. Let R be a right FBN-ring. By Corollary 3.1.7, it is
always true that C ® U € d*U. Suppose that d*U € C ® U. Then
there exists a d*U-module M which does not beleong to C @ U.
But, by Proposition 4.3.4, M ¢ ¢ ® U ® T. Thus there exists an
infinite direct sum N = N, @ N, @ ,,. of non-zero singular
submodules Nj (i » 1) of M, each with zero socle. As in the
proof of Lemma 4.3.5, we can suppose that Nj is uniform and
NjP; = O for some prime ideal P;j, for each i » 1. Because R is
right Noetherian, R contains only a finite number of minimal
prime ideals. Let Q,, Q,, ..., Qg denote the minimal prime
ideals of R. For each j » 1, there exists 1 € i € k such that
Qi & Pj. Hence there exists Q ¢ (Q,, ..., Qg} and an infinite
set ) of positive integers such that Q ¢ Py & L ). In this

case, let K = & Nj, where the sum is taken over all j ¢ Q.
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Note that KQ = 0. Thus K is a d*U-module with zero socle over
the prime right FBN-ring (R/Q). Therefore, by Lemma 4.3.5, K
has finite uniform dimension, a contradiction. It follows that

over a right FBN-ring d*U = C @ U.

§ 4.4, The class d*N.

We know that, by Corollary 3.1.7, that C ® N § d*N. On the
other hand if M is the Prufer p-group Z(p®), then M ¢ aN € d*N
(see Example 3.3.1). Moreover M is not Noetherian and the socle
of M is zero. It follows that d*N # C ® N in general.

This raises the question: given a ring R, what is d*N for
the ring R?

In this section, we shall show that, if R is a non-local

Dedekind domain, then d*N = C @

by

® N.

lemma 4.4.]1. For any ring R,

(i) ¢ n d*¢ = N ~ h*g,
(ii) d*G = d*N and

(iii) d*N n ¢G = C @ N.
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Proof. (i) Since the c¢lass G 1is {p,q)-closed, then by
Proposition 3.1.4 (v), G n da%¢ = h*G. Clearly h*g ~ N.

(ii) First, note that N < G implies d*N s d%G. Let M be a
d*G-module. Let L be any submodule of M. Then, by Lemma 3.1.1,
L=KeP for some direct summand K of M and G-submodule P. By
Proposition 3.1.4 (i), P ¢ G N d*¢ < N. Again applying Lemma
3.1.1, we have M e d*N.

(iii) By Corollary 3.1.7, C ® N ¢ d*N. It is clear that
C ®N S CG. Conversely, let M ¢ d*N N CG. Then M ¢ d*U . Thus,
by Proposition 4.3.1, M = M, ® M, where M, ¢ C and M, e U.
Therefore M, is contained in the socle of M and M/M, ¢ G. Thus
M, ¢ G. But M, is d*N-module, whence a d*G-module. Thus, by (i)

M, ¢ N. Therefore M ¢ C @ N.

Iemma 4.4.2. Let R be a non-local Dedekind domain. Suppose
that the R-module M e aN. Then M is an Artinian injective

module or M is Noetherian.
Proof. Let M be an injective R-module. Then M is indecomposable

and hence, M & K, the field of fractions of R or M & E(U), the

injective hull of a simple R-module U (see [SVa, Theorem 2.32
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Corollary]). Let P and Q be distinct maximal ideals of R, Then
E(R/P) ® E(R/Q) embeds in K/R, so that K ¢ aN. Thus M = E(U),
and hence, M is Artinian (see [SVa, Theorem 4.30]).

Suppose that M is not injective, Then M is not divisible
(see [SVa, Theorem 4.25]). Therefore there exists a maximal
ideal P of R such that M # MP. On the other hand M/MP is a
non—zero semisimple module. Therefore M has a maximal submodule

N. But, by hypothesis, N is Noetherian., Thus M is Noetherian.

Note that, if R 1is a local Dedekind domain, then Lemma

4.4.2 is not true as we will show in the following example.

Example 4.4.3. Let R be a local Dedekind domain. Then there
exists a right R-module M such that M belongs to aN but M is

neither Noetherian nor Artinian.

Proof. Let R be a local Dedekind domain. Let Q0 # P be the
unique maximal ideal of R, Then P is a principal ideal Rp for
some element p ¢ P. Let K be the field of fractions of R. Then
the left R-submodules of K form a chain as follow:

0=nN,Rp™ G..S Rp2 S Rp & R € Rp~' € Rp~2 &.,.C URp™™ = K.
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Thus K belongs to aN and K is neither Artinian nor Noetherian.

As usual, we shall call a module reduced if it contains no

non—-zero injective submodules,.

lemma 4.4.4. Let R be a Dedekind domain., Suppose that M is an
Artinian R-module. Then any reduced submodule of M is

Noetherian.

Proof. Let M be an Artinian R-module. Suppose that there exists
a reduced submodule of M which is not Noetherian. Let N be a
reduced submodule of M which is minimal with respect to not
being Noetherian. Then N is not divisible, and hence, N # NP
for some maximal ideal P. Note that N/NP is semisimple and
Artinian, Therefore N/NP is Noetherian. But, by the choice of
N, NP is Noetherian. Thus N is Noetherian, a contradiction.

Therefore any reduced submodule of M must be Noetherian.

Corollary 4.4.5. Let R be a Dedekind domain. Let M be an

R-module which belongs to N @ A. Then any reduced submodule of

M is Noetherian.
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Proof. Suppose that R is a Dedekind domain., Let M be the
R-module M, ® M, where M, is a Noetherian R-module and M, is an
Artinian R-module. Let N be any reduced submodule of M. Then
N n M, is reduced. Hence, by Lemma 4.4.4, N 0 M, is Noetherian.
Now N/(N n M,) & (N + M_)/M, € M/M, €« M,. Thus N/(N n M,) is

Noetherian, and hence, N is Noetherian.

Crollary 4.4.6. Let R be a Dedekind domain. Then N @ A S d*N.

Proof. Let R be a Dedekind domain. Suppose that M ¢ N @ A. Let
N be any submodule of M. We know that N =~ N, @ N, for some
injective submodule N, and a reduced submodule N,. By Corollary
4.4.5, N, is Noetherian. Hence M ¢ h*(Il @ N). Therefore, by

Proposition 3.1.3 (v), M belongs to d*N.

Theorem 4.4.7. Let R be a non-local Dedekind domain. Then
d*N - C @ A o N.
Proof. Let R be a non-local Dedekind domain and M an R-module.
Suppose that M ¢ d*N. Then, by Proposition 3.1.3, M belongs to

d*U. Hence, by Theorem 4.3.6, M ¢ C @ U. But, by Proposition
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3.1.4 and Lemma 4.2.1, M ¢ C ® (ag)(W). Therefore, by Lemma
4.4.2, M belongs to C & A & N,

Conversely, suppose that M ¢ C @ A ® N. Then, by Corollary

4.4.6 and Proposition 3.1.6, C® A ® N € C & d*N ¢ d*N.

Lemma 4.4.8. Let R be a ring. Let M be a uniform right R-module

such that M ¢ d*N, Then M ¢ aN.

Proof. Suppose that M £ aN. Then there exists a non—Noetherian
proper submodule N of M. Therefore there exist submodules K, K'
of M such that M = K @ K', K& N and N/K ¢ N. If K = 0, then N
is Noetherian, a contradiction. Moreover, if K'= 0, then N = M,
a contradiction. Thus K and K' are non-zero submodules of M

such that X a K'= 0, a contradiction. Therefore M ¢ aN.

Theorem 4.4.9. Let R be a ring. Let M be a right R-module such

that M ¢ d*N, Then M ¢ C @ (aN){(¥) for some positive integer k.

Proof. Suppose that M ¢ d*N. By Proposition 3.1.3, M e d*(hl).

Thus, by Theorem 4.2.2, M ¢ C @ hU. So there exist submodules

M,, M, of M such that M, ¢ C and M, ¢ hU. Thus M, has finite
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uniform dimension. Now we finish the proof by using induction
on the uniform dimension of M,. If u-dim M, = 1, then, by Lemma
4.4.8, M, ¢ aN. Suppose that u-dim M, > 1. Moreover, suppose
that M, ¢ aN. Then there exists a proper submodule N of M, such
that N is not Noetherian. But, by Proposition 3.1.4, M, e d*N.
Thus there exist submodules K, K' of M, such that ¥, = K @ K',
K & N and N/K is Noetherian. If K = 0, then N is Noetherian, a
contradiction, On the other hand, if K'= 0, then N = M,, a
contradiction. Therefore K and K' are non-zero direct summands
of M,. But M, ¢ hU. Hence u-dim K and u-dim K' are smaller than
u-dim M,. Therefore, by induction on the uniform dimension of
M,, Ke (al) (S) and K' ¢ (aN){t) for some positive integers s,
t. Therefore M, ¢ (aN){s + ©) Thus M ¢ C @ (aN) (X) for some

positive integer k.

For some prime number p, let M = Z(p®) o Z(p®) . Then it is

clear that M ¢ (aN)(2), But Z(p®) ¢ N. Hence M ¢ aN. Therefore,

for an integer k > 2, (aﬁ)(k) € aN in general.
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Chapter 5.

Complete Modular Iattices.

Let L be a lattice. Then L is said to be modular if for all
elements a, b, cof L, aA(bVe)=(aAb)Vve ‘when ¢ € a. A
lattice L is called complete if every non-empty subset § of L
has a least upper bound V § and a greatest lower bound A S.

Throughout this chapter "a lattice" always means a complete
modular lattice which has least element 0, greatest element 1
and symmetric relations A and V. Let L be a lattice. Then an
element e of L is called essential if e A a # 0 for all
non—-zero elements a of L. Denote the set of all essential
elements of L by e(L).

Let L be a lattice and ¢ be an element of L. We shall call
¢ a complement in L if there exists c¢'e¢ L such that ¢ V c'= 1
and ¢ A ¢'= 0. Denote the set of complements of L by c(L).

For any element a € b in a lattice L, we define [a,b] to be
the set {x e L : a € x < b). A well known fact about a modular
lattice L which we shall use repeatedly is that, for all a, b
in L, [a A b,a] is lattice isomorphic to [b,a V b](for example

see [Gg, Theorem 4.2]).
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By a class of lattices we mean any collection of complete
modular lattices which contains all the singleton lattices and
is closed under lattice isomorphisms,

In previous chapters we always used X to denote a class of
modules. To avoid any confusion, throughout this chapter we use
X1 to denote a class of lattices.

Let X1 be a class of lattices. By hXj we mean the class of
lattices L such that [a,l] ¢ X for all a ¢ L. Moreover, define
eX] to be the class of all lattices L such that [a,l] € Xj for
all a e e(L). Finally, let dX; be the class of all lattices L
such that for every element a ¢ 1 there exists ¢ ¢ c(L) such
that a € ¢ and [a,c] € X;.

Let X; be a class of lattices. Consider the dual classes
h*gl, e*gl, d*gl of hXj, eXj, dX;, respectively. Moreover, let
X0 = (L : L% ¢ X} where L? is the opposite lattice of the
lattice L. Then h*X; = hXj, e*Xy = eXyr d*Xy = dXj. This
duality motivates studying lattices as well as modules.

A lattice L is called complemented provided that c(L) = L.
We denote the class of singleton lattices by Z] and the class

of complemented lattices by Cj.
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§ 5.1 General Properties.

In the first section of chapter one some general properties
of the classes hX, dX, and eX were proved. In this section we

prove the same properties for hX;, dX;, and eXj.

Proposition 5.1.1. Let Xj and Y be classes of lattices. Then
(1) hX; < d&Xj < X3,
(ii) hXy < h¥y, dX; ¢ dY;, and eX; & eYj, when X; € Y1,
(iii) Gy = dZ; <€ dXj, and

(iv) hX; = h(hXy) S X;.

Proof. (1) It is clear that hX; & dX;. Suppose that L ¢ dX; and
a ¢ e(L). Then there exist b, b'e Lwith b Ab'=0, bvb' =1,
a < b, and [a,b] ¢ Xj. Therefore, a A b'= 0, and hence, b = 1.
Therefore, L ¢ eX;.

(ii) Clear, because for any elements a, b of L [a,b] ¢ Y1
when [a,b] ¢ Xj.

(iii) By (ii), dZy € dXj;. If L is a complemented lattice,
then c¢(L) = L, and hence, L ¢ d2;7. Thus C; & dZj. Suppose that

L € dZ; and a ¢ L, then there exists b ¢ c¢(L) such that a < b
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and [a,b] ¢ Z). Thus a = b, and hence, L ¢ Cj.
(iv) Let L ¢ hXy. Then [0,1] € X3, so L ¢ Xj. Therefore, by
(1i), h(hX;) € hXj;. On the other hand, if L ¢ hX) and a, b ¢ L

with a < b, then [b,1] e X;. Thus [a,1] e hXj. So L ¢ h(hXj).

Let Xj be a class of lattices. Then Xj is called g-closed
if [a,1] e X; for all lattices L in Xj and a ¢ L. On the other
hand, Xy is called s-closed if [0,a] ¢ X for all lattices L in
X1 and a ¢ L. Also, X1 is p-closed if L ¢ Xy for any lattice L

such that [0,b] ¢ X; and [b,1] ¢ X;, for some b ¢ L.

Lemma 5.1.2. Let L be a lattice. Let a, b be any two elements

of L such that a < b and b ¢ e([a,1l]). Then b ¢ e(L).

Proof. Let x ¢ L such that x A b = 0. Then, by modularity of L,
(xkVa) Ab=(xAb)Va=0Va=a, Since b ¢ e([a,1]), then
(x Va) = a. Thus x € a < b. Therefore, x = 0, and hence, b is

an essential element of L,

Proposition 5.1.3. Let X; be any class of lattices. Then

(1) hXj, dXj, and eX; are all gq-closed, and
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(1i) hX; is s-closed if Xj; is s—closed.

Proof. (i) By 5.1.1 (iv), hX; is gq-closed. Let a, b ¢ L such
that b ¢ [a,l]. Suppose that L ¢ dXj. Then there exist'c, d e L
such that c Ad =0, cvd=1, b<c, and [b,c] ¢ X1. By the
modular law, c A (avd) =aVvV (c Ad) = aVv 0 = a. On the
other hand ¢ vV (a V d) = 1, Therefore ¢ ¢ ¢({a,l]), and hence,
[a,1] ¢ dX;. Finally suppose that L ¢ eX{ and b ¢ e([a,l]). By
Lemma 5.1.2, b is essential in L, and hence, [b,1] ¢ Xj. Thus
[a,1] e eXj. So all the classes hXj, dX; and eX; are gq-closed.
(ii) Suppose that Xj; is s-closed and L ¢ hXy. Let a, b ¢ L
such that 0 < b < a. Then [b,1] ¢ X;. Since a ¢ [b,1] and Xj is
s—closed, then [b,a] ¢ X;. Therefore, [0,a] e hX;, and hence,

hXy is s-closed.

Note that in Proposition 1.1.2 it was shown that eX is
s—~closed when X is s—-closed. But this fact can not be extended
to lattices, because the class Zj; is s-closed but eZ; is not

s-closed (see Example 3.1.5).
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Let X and Y; be classes of lattices. Then Xj ® ¥Yj will
denote the class of lattices L such that there exists ¢ ¢ ¢(L)
with [0,¢] ¢ X1 and [e¢,1] e Yj. Note that a lattice L ¢ X1 @ Y3
if and only if there exist ¢, c'e LwithecV e'= 1, c A c'= 0,
[0,c] € X1, and [0,c'] € Yq.

For any classes of lattices Xj and Y; we define the class
X1¥7 to be the class of lattices L such that there exists an
element a of L with [0,a] ¢ Xy and [a,l] e ¥Y;. It is clear

that, for any classes of lattices X and ¥, X1 @ ¥ & X1Y1.

Lemma 5:1.4. Let L be any lattice. let a, b, ¢ ¢ L, then
(i) IfaA(bVe)=0, andb Ac=20, then (aVb)Ac=020.

(ii) If b is essential in L, then a A b is essential in [0,a].

Proof. (i) Since (b V c) A (avb)=((bVe)Aa)Vvb=nhb,
then (a Vb) Ac< (aVvDb)A(Ve)=D>, by the modular law.
But (a V b) A ¢ £ ¢. Therefore, (aVDb) AcgbAc=020,

(ii) It is clear that a A b ¢ [0,a]. Suppose that d is a
non-zero element such that 4 ¢ [0,a]. Since d A (a Ab) =d A D

and b ¢ e(L), then d A (a A b) # 0. Thus a A b ¢ e([0,a]).
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Proposition 5.1.5. Let Xj be any class of lattices. Then
(i) G @ dX; = dXp, and

(ii) G @ eXy = eX;.

Proof. (i) By the definition d¥X; & C; ® dXj. Let L be a lattice
such that L ¢ C; @ dX;. Then there exist two elements a, a'of L
such that a A a'= 0, aVv a'= 1, [0,a] ¢ €1, and [0,a"] € dXj.
Let b ¢ L. Then a'V b = (a'vb) A (a'va) =a'v ((a'vb) A a),
by the modular law. Let ¢ = (a'V b) A a. Then ¢ < a. But [0,a]
is complemented. Thus there exists c¢' such that a = ¢ V ¢' and
¢ A c' = 0. Hence (a'vb)ve' =G ' ve)ve =a'va=1.
By Lemma 5.1.4, (a' V ¢) A ¢' = 0. Therefore, (a'v b) A c'= 0,
and hence, a'V b ¢ c(L). By Proposition 5.1.3, [0,a'] e dXj.

Thus there exist d, d' ¢ L such that d v d' = a , d A d' =0,
a' Ab< d, and [a'A b,d] e X1. Therefore, a'’Ab<bAd On
the other hand, bAd=bA a'Ad=bAa'. Thus a'Ab =b A d.
So [b A d,d] ¢ Xj. Therefore, [b,b VvV d] ¢ Xj.

Note that (b Vv d) vd =bv (dvd)=>bV a'. Moreover,
(bvd)Ad=(bvdAaa)yArad=(dbAaa)vd aAd=dad.

Therefore, (bvd) Ad =0. Hence, bV d ¢ c([0,a'Vv b]). Since

a'Vbec(lL), thenb VvV d ¢ c(L). On the other hand, b < b Vv d
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and [b,b V d] € X;. It follows that L ¢ dXj.

(ii) By Qefinition, eX] S C1 @ eXy. Let L ¢ C7 @ eX1. Then
there exist a, b ¢ L such that aAb =0, avb=1, [0,a] ¢ &
and [0,b] ¢ eXj. Let X be any essential element of L. Then, by
Lemma 5.1.4, x A a ¢ e({0,a]). But x A a ¢ c([0,a]). Therefore,
X Aa=2a, Soa< xand x Vb =1, Therefore, [x,1] = [X,x V b]
which is isomorphic to [x A b,b]. On the other hand, by Lemma
5.1.4, x Ab e e([0,b]). But [0,b] e eX;. Thus [x A b,b] € X3,

and hence, [x,1] e X1. Therefore, L e eX;.

Proposition 5.1.6. Let X; be any p-closed class of lattices.
Then,

(i) hX; ® hX; = h(hX;) = hX;,

(ii) eX; @ eX] = (eXp)(hXy) = e, and

(1ii) hX; & dX; = dXj.

Proof. (i) Using the definition and Proposition 5.1.1, we can
see that h(hX;) = hX; ¢ hX; @ hX;. Suppose that L ¢ hX; @ hX;.
Then there exists an element b ¢ c(L) such that {0,b] ¢ hX; and
[b,1] ¢ hX;. Let a ¢ L. Since a A b < b, then [a A b,b] ¢ X;.

Therefore, [a,a V b] ¢ Xj. Since [b,1] ¢ h¥y and b < aVv b <1,
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then [a V b,1] ¢ X;. But Xy is p-closed. Therefore, [a,l] ¢ Xj,
and hence, L ¢ hXj.

(ii) By definition, eXj S eX] @ eXj. Let L ¢ eX; @ eXj.
Then there exist b, b'e¢ L such that [0,b] e eX3, [O,b'] e eX1,
bADb'=0, and bVv b'= 1. Let a ¢ e(L). Then, bj Lemma 5.1.4,
aAb e e({0,b]). Thus, [a A b,b] € Xj. Hence {a,a V b] ¢ X;.
Since a ¢ e(L), then a Vb ¢ e(L). Therefore, by Lemma 5.1.4,
(aVb) Ab'e e([0,b']). Thus, {(a V b) Ab',b'] ¢ X1. Since
[aVbl] =[aVb(aVb)Vb']s[(aVb) Ab',b'], then
[a V b,1] ¢ Xy. But Xj is p-closed. Therefore, [a,l] ¢ Xj. It
follows that L ¢ eXj.

It is clear that eX; & (eX1)(hX;) for any class Xj of
lattices. Suppose that L e (eXj)(hXj). Then, there exists a € L
such that [0,a] ¢ eXj and [a,l] ¢ hXj. Let b ¢ e(L). Then, by
Lemma 5.1.4, a A b ¢ e([0,a]). Therefore, [a A b,a] ¢ X1, and
hence, [b, av b] ¢ Xj;. Since [a,l] e hX;, then [a V b,1] ¢ Xj.
Thus, [b,1] ¢ X;, because X; is p-closed. Therefore, L ¢ eXj.

(iii) By the definition dX; € hX; @ dX;. Let L ¢ hX; @ dXj.
Then there exist b, b'e¢ L such that [0,b] € hX,, [O,b'] e dXjy,
bAD'=0, and bV b'= 1., Let a ¢ L. Since 0 < a A b.-< b, then

{a A b,b] € Xj, and hence, [a,a V b] ¢ X1. Since [O,b'] e dXi,
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then there exist d, d'e¢ L such that (a V b) A b'< d, d A d'= 0,
dv d=>'and [(aVDb) Ab',d] ¢ X1. But (aV b) Ab'< aV b.
So (aVvb)Ab'< (aVvb)Ad Since (aVb)Ad< (aVvb)Ab',
then (aVb) Ad=(aVb)Ab'. Therefore [(a V b) A b',d] is
lattice isomorphic to [a V b,b V d]. So [a V b,b Vv d] ¢ X71.
Since Xj is p-closed, then [a,b V d] ¢ X;. Finally, we need to
show that b Vv d ¢ ¢(L). Note that, by Lemma 5.1.4 (i), we have
(bvd)Ad=0. But (bvd)vd =bv(dvd)=bvb' =1

Thus b V d ¢ c(L). Therefore L ¢ dXj.

§5.2 Pseudo-complemented lLattices.

Let L be a complete lattice. A subset X of L is called
independent if any finite subset (x,, X3, ..., Xpl} of non-zero
elements of X satisfies the following: for every 1 < i < n,
X3 A (V Xj) = 0 where 1 # j ¢ (1, 2, ..., ny For any subset

S =({xy : 1 ¢ I) of L we write Vy X3 for V §, and Ay x; for

A S,

Define a lattice L to be essentially good if the following
condition hold: suppose that A = {a,, a,, ...} is a countable
independent subset of L and B = (b,, b,, ...} is a subset of A
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such that for all 1, by is essential in [0,a;]. Then V B is

essential in [0,V A].

Let L be a lattice and a ¢ L. By a pseudo—complement b of a
(if it exists) we mean an element b which is maximal in the set
S={ceL:aAc=0). We shall call L pseudo—complemented
if every element of L has a pseudo-complement. We denote the

class of pseudo-complemented lattices by PC.

Lemma 5.2.1. Let L be a lattice. For any elements a, b ¢ L, If

a is a pseudo-complement of b, then a A b =0 and aVv b ¢ e(L).

Proof. Suppose that a is a pseudo-complement of b. Let ¢ ¢ L

such that (a V b) A ¢ = 0. Then by the modular law we obtain

bA(ave)=bA(MValA(aVve)=bA (aV ((bVa)Ac))

b A a = 0. By the maximality of a, a V ¢ = a.
Thus ¢ € a € a V b. Therefore ¢ = (a V b) A ¢ = 0, and hence,

aVbis essential in L.

Lemma 5,2.2. Let L be a lattice. Then L is complemented if and
only if L is pseudo-complemented and L does not have an element

b such that b # 1 and b ¢ e(L).
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Proof. Let a ¢ L. Suppse that L ¢ C1. Then there exists b ¢ L
such that a Ab = 0 and a V b = 1, Thus, L ¢ PS. Moreover, if
a ¥ 1, then b ¥ 0. Therefore a ¢ e(L). Conversely, Suppose that
there is no element b with b ¥ 1 and b ¢ e(L). By Lemma 5.2.1
and the hypothesis, there exist ¢ ¢ L such that a A ¢ = Q0 and

aV e e e(l). Therefore a V ¢ = 1. Thus L is complemented.

A lattice L is called upper continuous if for every chain
{a)) of elements of L and every b ¢ L, b A (V a)) =V (b A ay).
We call L weak upper continuous, and denote it by WUC-lattice,
if for every chain {a)}p of elements of L and each element b of
L, the condition (V ay) A b # 0 implies a, A b ¥ 0 for some p
in A (i.e. if ay A b =0 for all A € A, then (V ay) A b = 0).
It clear that every upper continuous lattice is a WUC-lattice.

An element x of a lattice L is called an atom provided that
[0,x] = (0, x}. We shall call L atomic if {[0,a] contains an
atom for every non-zero element a of L. For any lattice L, Let
s(L) =V {a : a is an atom}. For an upper continuous lattice L,

[0,s8(L)] is atomic (see [CD, 4.3]).
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For any lattice L, let s,(L) = A {a : a is essential in L}
and s,(L) =V {b : [0,b] is complemented}. Before we study the
relation between s(L), s,(L) and s,(L) we introduce the
following terminology.

For any lattice L, let £(L) = { a ¢ L : a > Vv by for every
chain {by}p of elements of L with a > by for all N ¢ A}. We
define L to be weak noetherian if for all elements a, b ¢ L
with a < b, there exists ¢ ¢ £(L) such that ¢ < b and ¢ £ a.

Note that finite lattices are weak noetherian.

lemma 5.2.3. Let L be any lattice. Then s(L) < s,(L) < s,(L).
If L is pseudo—complemented, then s,(L) = s,(L). On the other
hand s,(L) = s,(L) = s(L) whenever L is pseudo—complemented and

weak noetherian.

Proof. Let a be an atom. Then [0,a] is complemented.Therefore,
a € s,(L). Thus s(L) < s,(L). Let ¢, b ¢ L with ¢ ¢ e(L) and
[0,b] is complemented. Then, by Lemma 5.1.4, ¢ A b ¢ e([0,b]).
Therefore there exists d ¢ [0,b] such that b = (¢ A b) Vv d and
¢ Ad=0. Sod=20, and hence, b  ¢. So b < s,(L). Therefore

s(L) € s,(L) < s,(L).
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Suppose that L is pseudo~complemented. Now we show that
[0,s,(L)] is complemented. Let a ¢ [0,s,(L)]. Then there exists
b ¢ L such that a Ab =0 and aVvb e e(L). Thus s,(L) < a V b,
Hence s,(L) = s, (L) A (aVb) =avVv (s, (L) A b), by the modular
law. But a A (s,(L) A b)) = a A b = 0. Therefore [0,8,(L)] is
complemented. Thus s,(L) < s,(L), and hence, s,(L) = s, (L).

Let L be a pseudo—complemented and weak noetherian lattice.
Suppose that s(L) < s,(L). Then there exists ¢ ¢ £(L) such that
¢ £ s(L) and c < s,(L). Since [0,c] is complemented, then there
exists d € [0,c] such that ¢ = dV (c A s(L)) and d A s(L) = 0.
Suppose that d > 0, Then there exists c' ¢ £(L) with ¢' >0 and
¢' < d. Let X = {x e L :x< c'}. Then X is not émpty, because
0 € X. Since ¢' ¢ f(L), then by Zorn's Lemma X has a maximal
member p. But [0,c] is complemented and ¢' € d< c. Thus [O,c']
is also complemented. Therefore there exists y ¢ [0,c'] such
that ¢’ = PVyand p Ay = 0. Since p is maximal and [O0,y] is
lattice isomorphic to [p,c'},.then y is an atom. Therefore, by
definition, y ¢ [0,s(L)]. Thus y < ¢ A s(LYy € 4 A s(L) = 0.
Hence y = 0. Therefore ¢' = p, a contradiction. Thus d = 0, and

hence, ¢ = ¢ A s(L). Therefore ¢ € s(L), a contradiction. Thus

s(L) = s,(L) = s,(L).
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We shall call L amply pseudo-complemented if for every
interval [a,b] of L, [a,b] is pseudo—complemented. It is clear
that every complemented lattice is amply pseudo-complemented

and every amply pseudo-—complemented is pseudo-complemented.

Lemma 5.2.4. Let L be a WUC-lattice. Then for any y ¢ L, [0,y]
is pseudo-complemented and essentially good., Moreover, if L is
upper continuous then [x,y] is pseudo-complemented for any

elements x and y of L.

Proof. Suppose that L is WUC-lattice. Let a ¢ [0,y]. Then the
set 8§ = (b e [0O,y] : a Ab =0} is not empty, because 0 ¢ S.
Let (by}p be any chain in $. Then a A by = 0 for every \ ¢ A.
Since L is WUC-lattice, then a A (V by) = 0. Thus V by ¢ S, and
hence, by Zorn's Lemma S has a maximal member p. Thus a has a
pseudo—complement p in [0,y], and hence, [0,y] e PC.

Let {a;, 1 ¢ I} be a countable independent set of elements
of [0,y]. Let b,, b,, ... be elements of [0,y] such that for
each i, b; ¢ e([0,a;]). Then ({bj} is an independent set of
elements of [0,y]. Let a =V aj, b=V by, and 0 # c < a. Then

c=cAa=cA (Vaj) #0. Therefore, there exists j ¢ I such
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that ¢ A aj # 0. Thus (¢ A aj) A bj - c A bj ¥ 0. Therefore,
¢ Ab % 0, Hence a ¢ e([0,b}). Thus [0,y] is essentially good.
Suppose that L is upper continuous. Let a ¢ [x,y]. Then the
set § = (b ¢ [x,y] : a A b = x) 1is not empty, because x ¢ S.
Let (by}p be a chain in S. Then a A (V by) =V (a A b)) = x.
Thus V by ¢ S. So, by Zorn's Lemma, S has a maximal element
which is a pseudo-complement ;f a in [%,y]. Therefore [x,y] is

pseudo—complemented, and hence, L is amply pseudo—complemented.

Lemma 5.2.5. Let L be an upper continuous lattice. Then
[C,s(L)] is complemented and every element of {0,s(L)] is a

join of atoms.

Proof. Suppose that L is upper continuous. Let x ¢ [0,s(L)].
Then, by Lemma 5.2.4, [0,s(L)] e P¢. Thus, by Lemma 5.2.1,
there exists an element y e {0,s(L)] such that x A y = 0 and
xV y e e([0,s(L)]). Let 0 ¥ a ¢ L be an atom. Then, by the
definition of s(L), a < s(L). Thus (x V y) A a ¥ 0, and hence,
(x v y)AA a = a, Hence a € x V y. Therefore s(L) = x V y. Thus
[0,s(L)] is complemented.

Now let b = Vv {a : a € x where a is an atom}. Then b < x.
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Suppose that b # x. Since [0,s(L)] is complemented, then [0,x]
is complemented. Therefore there exists 0 # ¢ ¢ [0,x] such that
bAc=0and bV ec=zx, By [CD, 4.3], [0,s(L)] is atomic. But
¢ # 0. Therefore there exists an atom d < ¢c. But d A b = 0.

Thus d £ x, a contradiction. Thus b = x,

Note that, by the above lemma , for any upper continuous

lattice L and for any element x ¢ L, s([0,x]) = xAA s(L).

Let L be a lattice. We say that L has finite uniform
dimension if every independent subset of L is finite. In this
case, there exists a least positive integer k, called the
uniform dimension of L, such that every independent subset of L
contains at most k elements (see [Pu, Theorem 2.10]).-

We shall call a lattice L upiform when every mnon zero
element of L is essential in L. It is known that a lattice L
has finite uniform dimension k if and only if there exist
elements a,, a,, ..., ag of L such that (a, Va, vV ... V ag) is
essential in L and [0,aj] is uniform for all i =1, 2, ... , k
(see [Pu, Theorem 2.8]). We denote the class of lattices which

have finite uniform dimension by Uj.
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Lemma 5.2.6. Suppose that L is pseudo-complemented and has

finite uniform dimension. Moreover let L ¢ eU;. Then L ¢ hUj.

Proof. Suppose that L ¢ U} N elU; N PS¢, Let a ¢ L. Then there
exists a pseudo—complement ¢ of a. By Lemma 5.2.1, a V ¢ is
essential in L. Thus [a V ¢,1l] has finite uniform dimension.
Since [a A ¢,c] = [0,c] and U; is s-closed, then [a,ave] has
finite uniform dimension. But, by [Pu, Corollary 2.9], Uj is
p—closed. Therefore [a,l] has finite uniform dimension, and

hence, L ¢ hUj.

lemma 5.2.7. Let L be an amply pseudo-complemented lattice.

Then L ¢ dU; if and only if L e d(hUp).

Proof. By Proposition 5.1.1, d(hUj) & dU;. Suppose that L is
amply pseudo—complemented such that L ¢ dUj. Let a ¢ L. Then
there exist ¢, c'e L such that ¢ A c' = 0, eve =1, a<e,
and {a,c] has finite uniform dimension. By Proposition 5.1.3,
{c',l} € dUj. Therefore [0,c] e dUj, and hence, by Proposition
5.1.3, [a,c] € dUj. Thus, by Proposition 5.1.1, [a,c] e elUj. By

the hypothesis and Lemma 5.2.6, [a,c] € hUy. Thus L ¢ d(hUy).
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§ 5.3 Lattices which satisfy the ACC.

Let L be a lattice. Then L is said to satisfy the ACC (or,
be noetherian) if for every ascending chain a, < a, < ... of
elements of L there exists n such that apyyi = ap for all i » 1.

Let Nj denote the class of lattices which satisfy the ACC.

Lemma 5.3.1. Let L be a lattice and a, b ¢ £(L). Then
(i) L is noetherian if and only if £(L) = L.
(ii) If ¢ is a complement in {0,a], then c¢ e £(L).

(iii) If L is upper continuous, then a V b ¢ £(L).

Proof. (i) If L is noetherian, then for any chain (ay}p of L,
Voay, = ag for some § ¢ A. Hence f(L) = L. Conversely, suppose
that £(L) = L. Let a, < a, < ... be an infinite ascending chain
of L. Tben aj <V ag (k » i). But, by hypothesis, V ap ¢ £(L).
Thus V aj < V ap, a contradiction. Hence the chain is finite.
Therefore L is noetherian.

(ii) Suppose that there exists d ¢ L such tﬁat cVvVd=a
and c A d = 0., Let {b))p be a chain of elements of L. Suppose

that ¢ =V by. Thena=cVvVd= (Vb)) Vd=V (b Vv d). Thus,
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by the hypothesis, there exists p ¢ A such that a = b, VvV 4.

Q

VvV 0 = b,.

Hence ¢ = ¢ A a = ¢ A (b# vV d) = b# V (c Ad) = b# M

Therefore ¢ ¢ f(L).

(iii) Suppose that L is upper continuous and a V b = V by
for some chain {by}p. Then a = a A (aV b) =a A (V by). Thus
a =V (a A by),and hence, a = a A bp for some p ¢ A. Therefore

a € b,. Similarly, b < b

pt for some y ¢ A. Since {by)p 1s a

v

chain, assume that b, < b,. Thus a V b b# Vb, = b, <V by.

Y H Y ®

Therefore a vV b = b#, and hence, a Vb ¢ f(L).

Note that, by the above lemma, every noetherian lattice is

weak noetherian.

Lemma 5.3.2. Let L be an upper continuous and weak noetherian
lattice. Suppose that for some elements a and b of L [a,b] is

noetherian. Then there exists d e f(L) such that b = a Vv d.

Proof. If a = b, then we can take d = 0. Suppose that a < b.
Then, by hypothesis, there exists ¢ ¢ f£(L) such that ¢, < b and

¢, £ a. Suppose that a V ¢, < b. Then there exists c, ¢ (L)

1

such that ¢, < b and ¢, £ a V ¢,. By continuing these process




we get the ascending chain a < aV ¢, <aVe, Ve, < ....
Since [a,b] € Ny, then b=aVve, Ve,V ... Ve, such that
cj € £(L) for i = 1,2,...,n. Let d = ¢,V e,V ...V cp
Since [a,b] € Nj, then any chain in [a,b] is finite, and hence,

[a,b] is upper continuous. Thus, by Lemma 5.3.1, d ¢ £(L).

Lemma 5.3.3. Let L be a complemented upper continuous lattice,
Suppose that 1 ¢ £(L). Then there exist elements b and ¢ of L

such that both b, ¢ / £(L) with bV ¢ =1and b Ac =0,

Proof., If L has finite uniform dimension, then there exist
elements a,, a,, ..., ap such that (a, V a, VvV ... V ap ¢ e(L)
and [0,aj] is a uniform lattice for all i = 1, 2, ..., n (see
[Pu, Theorem 2.8]). Since L is complemented, then [0,aj] is
complemented (i = 1, 2, ..., n) and a, V a, V ... V ap = 1.
Therefore a; is an atom (i = 1, 2, ..., n). Hence aj ¢ £(L) for
all i =1, 2, ..., n. Thus, by Lemma 5.3.1 (iii), 1 ¢ £(L), a
contradiction. Thus L does not have finite uniform dimension.
Hence there exists an infinite independent set {(b,, b,, ...} of

elements of L. Let a = V bj where i is odd, and b = V bj where

i is even. Now we show that a ¢ £(L). For i = 1, 2, ... , Let
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di = b, VbyV ... Vb,; _ ;. Then {dj} is a chain with d; < a
for all i But vV dy = a. Thus a ¢ £(L). Similarly, b ¢ £(L).
Suppose that a A b ¥ 0, then , by hypothesis, bj Aby #0
for some odd j, even i, a contradiction. Hence a A b = 0. By
the hypothesis, there exists ¢ € L such that (aV b) Vc =1
and (a V b) A ¢ = 0. Hence, by Lemma 5.1.4, a A (b V ¢) = 0,
Note that b A ¢ = 0. Suppose that b V ¢ ¢ £{(L). Then, by Lemma

5.3.1, b ¢ £(L), a contradiction. Therefore, b V ¢ £ £(L).

Lemma 5.3.4. Let I be a pseudo-complemented lattice such that
L ¢ eNy. Then, for any elément a of L, [0,a] ¢ eNj.

Proof. Let b ¢ e([0,a]). Let b < a, < a, £ ... € a be an
ascending chain of elements in [0,a]. By the hypothesis, there
exists ¢ ¢ L such that a A ¢ = 0 and a V ¢ € e(L). Therefore
bVeee(l). Thus [bV c, 1] ¢ Nj. Now we have the ascending
chain bV e <a, Ve<a,Vecg ... <1l Hence there exists a
positive integer n such that aj Ve =ay,, Ve =ag,Ve=...
Therefore apy, = apu; A (apey V €©) = apy, A (ag V ¢). Thus,.by
modular law, apy, = an V (apy, A c) = ap vV 0 = a,. Thus [b,a]

is noetherian, and hence, [0,a] ¢ eNj.
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Lemma 5.3.5. Let L be a WUC-lattice. Suppose that s,(L) = 0 and

L ¢ eNy. Then L has finite uniform dimension.

Proof. Suppose that L does not have finite uniform dimension.
Then there exists an infinite countable set of independent
elements x,, X,, ... of L. By Lemma 5.2.4, L is essentially
good and pseudo—complemented. Thus, by Lemma 5.2.3, [0,x3;] is
not complemented for all i. Therefore, by Lemma 5.2.2, for all
i there exists xj # by € e([0,x4]). Therefore V bj is essential
in [0,V xj]. Hence, by Lemma 5.3.4, [0,V xj] ¢ eNj. Therefore
[V bi,V %3] is noetherian. On the other hand
Vb <X, Vb, Vb,V ...<x, VX,Vb,V ... < ... <V x4
is an ascending chain in {V bj,v xj]. Therefore it must be
finité, and hence, there exists a positive integer n such that
avVv (v bj) = aV Xpgq ¥V (V by) where a =x, VX,V ...V xp,
j e {(n+l, n+2, ...} and k ¢ {n+2, n+3, ...). Therefore we have
Xpn#1 = ¥peg A (@Y X V (Vb)) = x50, A (2 V (V bj)). Note
that xn4, can be written as Xp4, = Xp4q A (3 V by, V (V b)),
Thus, by modular law, Xp4, = bpy, V (Xpeqy A (@ V (V br))).
But x,, x,, ... are independent. Therefore x, ., A a = 0.

Note that a V by, € 8 V by, V byyy € ... is a chain such that
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Xn+i A (@V bpy, V ooo Vbe) =0 (t 3 n + 2). But the lattice
is WUC-lattice. Therefore xpj., A (a V (V by)) = 0, and hence,
Xn+1 ™ bPptys @ contradiction. Therefore L has finite uniform

dimension.

Note that for any lattice L, if [s,(L),1] is noetherian
then L ¢ eNj. For WUC-lattices the converse 1Is true as we will

see in the next generalization of Theorem 1.2.1.

Theorem 5.3.6. Suppose that L is a WUC-lattice and L ¢ eNj.

Then [s,(L),1] is noetherian.

Proof. Suppose that L is a WUC-lattice and L ¢ eNj. Then, by
Lemma 5.2.4, L is pseudo-complemented. Thus there exists k ¢ L
which is a pseudo-complement of s,(L) in L. Let s = s,(L).
Then, by Lemma 5.2.1, s V k ¢ e(L). Thus, by the hypothesis,
[s V k,1] ¢ Nj. Moreover, by Lemma 5.3.4, [0,k] ¢ eNj. Note
that, by Lemma 5.1.4, x A k ¢ e([0,k]) for all x ¢ e(L). Thus
Aly tyee([lO,kID}) KA (xAk:xee(l)) SA{x:x¢ee(l)}.
Hence s,([0,k]) < s,(L). But s,([0,k]) < k and k A s,(L) = O.

Therefore s,([0,k]) = 0. Therefore, by Lemma 5.3.5, [0,k] has
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finite uniform dimension. Thus there exist uniform elements b,,
by, ... , by of [0,k] such that (b, Vb, V... Vb, e e({0,k])
(see [Pu, Theorem 2.8]). Let g =b, Vb,V ... V‘bn. Therefore
[g.k] € Nj, because [0,k] ¢ eNj. On the other hand, by Lemma
5.3.4, [0,bj] ¢ eNj for all 1 < 1 < n. Therefore (0,bj] is

noetherian for all 1 < i < n, because b,, b .., by are

2
uniforms. Thus [0,g] is noetherian. Hence [0,k] is noetherian,
But [s,s V k] is a lattice isomorphic to [0,k]. Thus [s,s V k]

is noetherian. But Nj is p-closed (see [Pu, Corollary 2.9]).

Therefore [s,l] is noetherian.

§ 5.4 Examples and Applications.

In this section we apply our terminologies to some examples
and prove some facts about the lattice of all submodules of any
module. Before we start this section note that for any lattice
L the opposite set £O0(L) of f(L) is equal to the following set:
{ ael: Aby>a for every chain (b}, in L such that by > a

for all A\ ¢ A). Now we prove the following lemma.

Lemma 5.4.1. Let L be a complete, modular, upper continuous and
weak noetherian lattice. Then the opposite lattice L¢ of L is

weak noetherian.
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Proof. Let u, v be any two elements of L such that u < v. Then
we need to find ¢ ¢ L such that ¢ > u, ¢ v, and ¢ ¢ £9(L). By
hypothesis, there exists w ¢ £(L) such that w v and w & u.
let S={x e L :ugxand wg x). Thenu ¢ S. Le# {x)\1A be any
chain in S. Let y = V (X,). Suppose that y ¢ S. Therefore w < y
because u < y. Hence w=w A y=wA (VX)) =V (¥ A Xy). But
w € £(L). Therefore w = w A Xy for some p ¢ A. Hence w < Xy, a
contradiction., Thus y ¢ S, and hence, by Zorn's Lemma S has a
maximal member p. We claim that p ¢ f£0(L). Let {ay)A be a chain
in L such that p < a) for all A in A. Then u < p < ap for all A
in A. Thus, by the maximality of p, a) £ S for all X\ in A. Thus
w € ap for all A in A, and hence, w € A {a) : X ¢ A}. We know
that A {ay : N ¢ A} > p. Suppose that A {a) : N ¢ A} = p. Then
A {a) : XA € A} ¥} w, a contradiction. Hence A {a) : N ¢ A} > p.

Sop e £9(L). But p » u and p } w. Thus L% is weak noetherian.

Now we give an example to show that a WUC-lattice does not

need to be upper continuous.

Example 5.4.2. Let § = {(x,y): 0 < x,y < 1, and X, y are real

numbers}. Let L = § U {(0,0), (1,1)} with the following order
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(a,b) € (e,d) if and only if a € ¢ and b £ d. Moreover, let
(a,b) A (c,d) = (min a,c¢c , min b,d) "min means minimum® and
(a,b) V (¢,d) = (max a,c , max b,d) "max means maximum". Then L

is a lattice with the following properties.

Fact 1. The lattice L and its opposite lattice L® are both
complete modular lattices,

Proof, It is clear that L and L% are complete lattices. Now
let a = (x,,y,), b = (x,,y;),and ¢c = (X5,¥4) such that c < a.
Then x, » x, and y, > y,. Moreover,

aA(Ve)=aA (max x,,X,;, max Y2:¥3)

(min{x,,max X,,X5), min{y,,max ¥Y2:¥3}) and
(a Ab) Ve = (mn x,,x,, min Yi:¥2) Ve
= (max{x,,min X,,X,}, max{y,,min y,,y,)).
Thus to calculate a A (b V ¢) and (a A b) V ¢ we only have the

following three cases:

Case I. x; > X, » X,. So we have the following cases:
1. Ify, >y, 2y, thena A (bV ¢c) = (x,,y,) = (aADb) Ve,
2. Ify, >y, >y, thena A (bVec) = (x,,y,) =(aADd)Ve.

3. If y, €y, <y,, thena A (bVegc)= (%,,¥3) = (aADb) Ve
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Case II. x, » X, » X;. S0 we have the following cases:

1. If y, » y, > y;, then a A (b V c) = (x,,y,) = (a A Db)

<
e}

<
L]

2. Ify, »y, »y; thena A (bVe)=(x,,y,) = (a ADb)

3. ify, >y, >y,, thena A (bVec) = (%,,¥,;) = (a Ab) Ve.

Case III. x, » X; » X,. So we have the following cases:

I

1. Ify, 2y, » y;, then a A (b V ¢) (x4,¥,) = (a Ab) V c.

i

2. Ify, >y, » y;, then a A (b V c) (%53,¥;) = (a Ab) Ve,
3. Ify, 2y, »y,, thena A (b V c) = (X;5,y;) =(aAb) Ve,

Therefore, L is a modular lattice. Hence LO is modular, because

the opposite lattice of a modular lattice is a modular lattice.

Fact 2. It is clear that L satisfies the following properties:
s(L) = s,(L) = s,(L) = 0 and c(L) = {(0,0), (1,1)). Moreover,
e(L) = L\ (0,0). Thus L is uniform, and hence, I is essentially

good and pseudo-complemented.

Fact 3. L and L° are both weak upper continuous but neither L
nor L6 is upper continuous.
Proof. Let (a)}j be a chain of elements of L and b ¢ L. Suppose

that (V ay) Ab # 0. Then b # 0 # V a). Therefore, there exists
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4 ¢ A such that ay 7 0. But b ¢ e(L). Thus a, A b # 0. Hence L

@
is weak upper continuous. Note that L? is WUC-lattice if and
only if for every chain {a))jp in L and every b ¢ L such that
ay Vb= (1) for all A ¢ A, (A a,) Vb = (1,1). But it is
clear that, if b vV ay = (1,1) then b = (1,1) or ay = (1,1).
Therefore, L9 is WUC-lattice.

Now Let D = {(1/2,y) : 0 <y < 1} and a =~ (3/4,1/4). Then D
is a chain with Vv D = (1,1). Thus (Vv D} A a = a. On the other
hand V {(d A a): d ¢ D} = (1,1) # a. Therefore L is not upper
continuous. On the other hand, a V (A D) = a Vv (0,0) = a and

A{(avd): deD)} = (0,0) # a. Therefore the opposite lattice

L9 is not upper continuous.

Fact 4. L and L? are both not weak noetherian.

Proof. Let I = (1, 2, ... }. Let (0,0) # a = (x,y) ¢ L. For
n e I, let by = (L - 1/n)(x,y). Then {byl}1 is a chain such that
by < a for all n ¢ I. But V by = a. Thus a ¢ £(L), and hence,
£(L) = (0,0). Thus, by definition, L is not weak noetherian.
Now let (1,1) # a' = (x',y') ¢ L. Moreover, for each n ¢ I, let
¢h = 1/n (1 - x', 1 - y') + (x',y'). Then ¢, > a' for all n.
But A c, = a'. Therefore £0(L) = (1,1), and hence, L® is mot

weak noetherian.
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Example 5.4.3. Let 8§, = {(1 - 1/n, 0) : n =1, 2, ...} and
S, = {(0,1), (1,1)}. Let L = §, U S,. Then with the same

ordering in Example 5.4.1, L has the following properties:

Fact 1. L and L% are both complete complemented lattices. L is
an essentially good lattice with s(L) = s,(L) = s,(L) = (1,1).
Proof. It is clear that L and L? are complete lattices, Note
that (0,1) v (1/2,0) = (1,1) and (0,1), (1/2,0) are atoms.
Therefore, s(L) = (1,1). Let a ¢ L. It is clear that a has a
complement if a = (0,0) or (1,1). Suppose that a = (0,1), then
any b ¢ §; is a complement of a. Finally, If a ¢ S,, then (0,1)
is a complement of a. Therefore, c¢(L) = L, and hence, L is
complemented. Thus L% is also complemented. Since c(L) = L,
then s,(L) = (1,1) and e(L) =~ ((1,1)}. Thus s,(L) = (1,1).

Hence s(L) = s,(L) = s,(L) and L is essentially good..

Fact_ 2. L and L% are not modular. L is not WUC-lattice, and
hence, L is not upper continuous. But L% is upper continuous,
and hence, LC is WUC-lattice,

Proof. Let a = (2/3,0), b = (0,1) and ¢ = (1/2,0). Then ¢ < a

and a A (bVe)=aA((1l,1) =a, But (a Ab) Vc==c # a., Thus
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L is mot modular, and hence, L0 is also not modular. Note that
S, is a chain such that (0, 1) A a = (0,0) for any element a in
S, and (0,1) A (V 8,) = (0,1) A (1,1) = (0,1) # (0,0). Thus L
is not WUC-lattice, and hence, L is not upper continuous, It is
clear that L is artinian. Thus L°® is noetherian, and hence, L?

is upper continuous.

Fact 3. L and L® are both weak noetherian lattices.

Proof. let a, b ¢ L such that a < b, We need to find ¢ e f(L)
such that ¢ < b and ¢ £ a. Note that §, is a chain in L such
that Vv 8§, = (1,1) and a < (1,1) for every a ¢ S,. Therefore
(1,1) /£ £(L). Moreover, note that f(L) = L \ (1,1). Therefore,
if b # (1,1) then we take c¢ = b. Suppose that b = (1,1). Then
either a ¢ S, or a ¢ S,. In the first case take ¢ to be any
non- zero element of S,. In the second case take c to be any
X ¢ 8, such that a < x. Thus L is weak noetherian. It is clear

that L? is weak noetherian, because fo(L) = L,

Remark 5.4.4. In this remark we use Example 5.4.3 to check the

validity of some results in sections 5.2 and 5.3 when we drop

some assumptions. It is clear that (1/2,0), (0,1) ¢ £(L). But
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(1/2,0) v (0,1) = (1,1) ¢ £(L). So Lemma 5.3.1 (iii) is not
true if L were not upper continuous. Note that (0,1) e £(L).
Thus there exist no a, b ¢ L such that a A b =0, aV b =1,
and both a, b /£ £(L). Therefore Lemma 5.3.3 is not true if L
were not upper continuous. On the other hand if we take x to be
(2/3,0), then s([0,x]) = (1/2,0) # x A s(L) = x. Therefore the
second part of Lemma 5.2.5 is not true for lattices which are

not upper continuous.

5.4.5 The lattice of submodules.

Let R be any ring and M be a right R-module. Let S be the
set of all submodules of M such that § is ordered by inclusion.
For any K, K' ¢ S, define A and V as follow: K A K' = K n K'
and KV K' = K + K'. Then it is clear tha (S, N ,+) is a
lattice. Let L(M) = (S5, N ,+) and Lo%(M) be the opposite lattice
of L(M). Then the lattices L(M) and LO(M) satisfy the following

properties:

Fact 1 L(M) and L%(M) are complete modular lattices.

Proof. Tt is clear that L(M) and LO(M) are complete lattices

with 0 and 1 to be the zero submodule and M respectively. Let
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K, K', and N be submodules of M such that K ¢ N. Then it is
clear that K+ (NN K') NN (K+K'). Let x e N n (K+K').
Then x = k + k' where k ¢ K and k'e K'. So k' = x -k ¢ K' nN.
Therefore x ¢ K+ (N N K'). Hence NN (K + K') =K + (N nK").
Thus L{(M) is modular, and hence, Le(M) is also modular,
because the opposite lattice of a modular lattice is again
modular,

Fact 2. L(M) is upper continuous, and hence, WUC-lattice. But
in general LO°(M) is mnot WUC-Lattice, and hence, not upper
continuous.

Proof. Let K ¢ L(M). Let B,, B . be any chain of elements

27
of L(M). Then y§ By = U Bj and § (K N By) = U (K 0 Bj). But it
is clear that K N (U Bj) = U (K N By). Therefore L(M) is upper
continuous, and hence, L{M) is WUC-lattice. To show that the
lattice LO(M) is not WUGC-lattice, let M be the Z-module Z.
Then, by Example 3.3.2, M is not supplemented. Thus LI(M) is

not pseudo—complemented. Thus, by Lemma 5.2.4, LO9(M) is not

WUC-lattice. Hence LO(M) is not upper continuous.

Fact 3. L(M) and Lo°(M) are both weak noetherian lattices.
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Proof. Let A, B be submodules of M such that A € B. Then there
exists x ¢ B such that x ¢ A. Therefore, xR ¢ £(L{(M)) such that
XR € B and xR £ A, Thus L(M) is weak noetherian. Therefore, by

Lemma 5.4.1, LO9(M) is also weak noetherian.

5.5 Open Questions:

In Example 1.1.5 it was shown that dT is not s-closed,
Thus, by Lemma 1.3.1, dT # C @ T. Moreover, in Examples 1.3.7
and 1.3.8 we showed that dA % C ® A and dU* # C @ U*. This

—

raises the following question:
Question 1. Let X be any one of the classes of modules T, A, or

U*. What is the structure of the class daX ?

We have shown that over a right FBN-ring d*U = C @ U (see
Theorem 4.3.6). We do not know what d*U is over a general ring!

Indeed The following question is also open:

Question 2. Over a right noetherian ring does d*U =C @ U ?
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In studying the class d*N we showed that d*N ¢ ¢ e (an) (K)
for some positive integer k (see Theorem 4.4.9). Moreover, it
is clear that aN € d*N and (aN){(k) g aN, in general (see page

99). A natural question is:

Question 3. For some positive integer k does (or when does)

(aN) (k) ¢ a*N ?

In Theorem 1.3.11 we showed that, for an oxrdinal o » 0 and
for any ring, dk% =~ C @ K. We also showed that the dual of
this fact is true (see Theorem 4.2.3). Our question therefore

is:

Question 4. Can we prove the above facts for lattices ?
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