
 
 
 
 
 
 
 

https://theses.gla.ac.uk/ 
 
 
 

 

Theses Digitisation: 

https://www.gla.ac.uk/myglasgow/research/enlighten/theses/digitisation/ 

This is a digitised version of the original print thesis. 

 

 
 
 
 
 
 
 

Copyright and moral rights for this work are retained by the author 
 

A copy can be downloaded for personal non-commercial research or study, 

without prior permission or charge 
 

This work cannot be reproduced or quoted extensively from without first 

obtaining permission in writing from the author 
 

The content must not be changed in any way or sold commercially in any 

format or medium without the formal permission of the author 
 

When referring to this work, full bibliographic details including the author, 

title, awarding institution and date of the thesis must be given 
 
 
 
 
 
 
 
 
 
 
 
 

 
Enlighten: Theses 

https://theses.gla.ac.uk/ 

research-enlighten@glasgow.ac.uk 

http://www.gla.ac.uk/myglasgow/research/enlighten/theses/digitisation/
http://www.gla.ac.uk/myglasgow/research/enlighten/theses/digitisation/
http://www.gla.ac.uk/myglasgow/research/enlighten/theses/digitisation/
https://theses.gla.ac.uk/
mailto:research-enlighten@glasgow.ac.uk


M. Sc* Thesis

MODAL ANALYSIS OF COMPLEX STRUCTURES USING

THE FINITE ELEMENT METHOD

Graham Cook . 1986



ProQuest Number: 10948148

All rights reserved

INFORMATION TO ALL USERS 
The quality of this reproduction is dependent upon the quality of the copy submitted.

In the unlikely event that the author did not send a com p le te  manuscript 
and there are missing pages, these will be noted. Also, if material had to be removed,

a note will indicate the deletion.

uest
ProQuest 10948148

Published by ProQuest LLC(2018). Copyright of the Dissertation is held by the Author.

All rights reserved.
This work is protected against unauthorized copying under Title 17, United States C ode

Microform Edition © ProQuest LLC.

ProQuest LLC.
789 East Eisenhower Parkway 

P.O. Box 1346 
Ann Arbor, Ml 48106- 1346



Summary

The subject dealt with concerns Finite Element analyses of complex structures, in 
particular the area studied is the determination of the natural frequencies and 
mode shapes of centrifugal-type impellers and the impact of this analysis on human 
and computer resources.

This investigation was carried out during a Teaching company project between 
Glasgow University and James Howden and Company Ltd, involving optimisation of 
modal analysis of James Howden impeller products using the PAFEC FE package. The 
object was to maximise the accuracy of the analysis results whilst minimising both 
computer effort and man effort required for the analysis.

As well as investigations of simple structures, several impeller structures were 
modelled and analysed, and some results verified experimentally. Different 
modelling techniques were used and several element types considered. The full 
analysis was considered, ie pre-modelling steps; modelling the structure; analysing 
the structure; and interpreting the results.

The accumulation of specific results on good modelling practice allowed a Design 
Guide to be produced for James Howden which could lead an inexperienced FE analyst 
to produce an accurate model of a centrifugal impeller and from this produce 
natural frequency results in an accuracy band of +14% to -3.5%, utilising the 
minimum computer effort.

The examples of good modelling practice and considerations required in complex FE 
analyses are transferable to many different types of analysis and many different 
types of FE package. The main conclusions of the investigation include the careful 
considerations necessary for different stages of an FE analysis, particularly when 
a complex structure is being analysed. Results from simple analyses are not 
transferrable to complex analyses and often methods and element types used do not 
produce the required results. However objective evaluations such as this one on a 
■family" of structures such as centrifugal impellers can produce guidelines which 
do not rely on the "art" or expertise of the FE analyst.

As computing time becomes an increasingly precious resource in engineering 
companies, labour-saving aids and minimisation of computer effort required are 
actively sought. This investigation considers and advises on both of these.
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Introduction
This investigation was carried out during a Teaching Company 

Associate post at the University of Glasgow and James Howden and 

Company Limited, (Manufacturers of air and gas handling 

equipment). The Teaching Company project involved optimising and 

rationalising the determination of natural frequencies and mode 

shapes of James Howden impeller products, using the PAFEC F.E. 

suite.

The F.E. method has been used widely in the past 20 years in both 

industry and research fields. With the relatively recent 

availability of large capacity computing resources at relatively 

low cost the ability to analyse complex structures has become 

widespread in many engineering companies. However for engineers 

with relatively little experience in the techniques of F.E. 

modelling, there is limited practical and objective advice on how 

to carry out complex analyses. There are texts which suggest good 

modelling practice ©  including the respective software 

manufacturers1 literature, although these are usually validated 

by results on simple structures and consider only one part of the 

analyses eg. comparisons of element formulations. The results of 

this investigation have shown that recommendations based on the 

results of simple structure analyses are not always prudent for 

more complex structures.

This investigation seeks to give practical and objective advice 

on the complete F.E. analysis from approaching the construction 

of the model to analysing the results produced, and is validated 

by testing both simple and complex structures.

It is therefore set out according to the stages encountered in 

any F.E. analysis :

1
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2. Modelling the structure

3. Carrying Out the Analysis

4. Interpreting the Results

It includes a component of the F.E, analysis that is seldom 

considered - the computing effort required. Central Processing 

Unit time i.e. time spent actually computing, is becoming a

scarce resource in today's engineering companies as more

departments utilise the company*s computers. This study considers 

ways to minimise the amount of computing effort required to 

produce acceptable results.

By covering 1 facet of F.E. analysis — natural frequency 

determination - and comparing it with other types eg. stress

calculations, the investigation seeks to serve two purposes :

1. To provide a general guide for users analysing complex 

structures using F.E. software packages. This study indicates how 

to prepare an objective modelling strategy that will produce 

consistent analyses. Without such an objective strategy to 

follow, the results of an F.E. strategy depend on the users* 

*art' or expertise, to produce a satisfactory model. The study

also seeks to stimulate the users' awareness of the extra

problems faced when dealing with the F.E. analysis of a complex 

structure. F.E. analyses of simple structures can be checked

theoretically or practically. Measuring the behaviour of a 

complex structure can be difficult and can place more emphasis on 

numerical techniques such as the F.E. method.

By following the layout of this investigation and considering the 

types of points raised, the user is in a position to model a 

complex structure and be aware of those features requiring 

investigation before a reliable modelling method is proposed for



that structure.

2. For those engineers involved in using F.E. packages to analyse 

centrifugal-type impellers for natural frequency and mode shape 

determination, this investigation can be used directly to 

prepare, analyse and interpret an F.E. model.

Obviously this study concerns one F.E. package - PAFEC - and the

results will not be directly comparable to every F.E. software

suite. However the numerical methods - see Appendix A - used in

PAFEC are common in many F.E. packages.

Many of the general and specific points raised in this 

investigation are points regarding good F.E. practice and do not 

relate soley to the PAFEC natural frequency analyses of 

centrifugal impellers.

3



Any F.E. analysis will be carried out in response to a request 

for some type of information - a 'problem'• Cursory consideration 

of the problem can lead to at best wasted time and effort and at 

worst incorrect results accepted as correct. The very first step 

therefore in an F.E. project is to consider the problem very 

carefully.

Some questions that require answering before an analysis is 

attempted are :

A. Exactly What is Required - if for example a stress analysis 

of a part is required ; is the maximum stress required ? Is the 

highest stress in a particular area required ? Are displacements 

also required ?

B. What Accuracy is Required ? - can an F.E. type analysis be 

expected to produce this type of accuracy ? Does it require a 

special approach to achieve this accuracy ?

C. Can the Software Package Carry out the Analysis ]_ - ensure 

that the package to be used is robust enough to handle the 

problem type, size and accuracy required.

D. Can the Computer Carry Out the Calculation - Many software 

packages can carry out calculations approaching infinite size - 

computers cannot ! How long will the analysis take ? Constraints 

may be placed on when the results are required and some 

calculations can take days of continuous computer use to 

complete.

The means of finding answers to the above questions are not 

contained in this investigation but are highlighted to ensure 

that they are given the attention they deserve, as without 

answers to them no F.E. analysis should proceed.

4
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investigation - determination of natural frequencies of 

centrifugal-type impellers - the above questions are now 

considered•

The Problem

A. Natural frequencies of a centrifugal impeller are required. As 

will be explained later , the natural frequencies will be those 

of a static impeller mounted on infinitely stiff supports. The 

range of natural frequencies of interest are from 0 Hz. to an 

upper frequency which can be detailed for each individual 

analysis.

B. Bearing in mind the increasing numerical innaccuracy inherent 

in the ability of the software package (PAFEC) used to calculate 

the higher natural frequencies , results will be taken to the 

nearest Hz. and in conjunction with test data will determine the 

accuracy which can be achieved. The PAFEC solution method is 

outlined in appendix A.

C. The software package used for this investigation is adequate 

for calculating natural frequencies of unloaded structures.

D. Computing time is a precious resource in engineering companies 

and this type of analysis consumes large amounts of it. One of 

the aims of this investigation is to ensure that it is minimised. 

The Structure

Once the problem has been defined, the structure to which it is 

addressed must also be carefully considered before a modelling 

strategy can be formulated. The structure should be examined to 

identify features which may affect the constraints of time taken 

to perform the analysis and accuracy required. With respect to 

the centrifugal impeller structure, such features are :

5
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2.symmetry,

3.'special' features

4. revolving or stationary impeller.

1.Supports- considered in a later section, but the nature of 

support of any structure will obviously affect particular natural 

frequencies of it.

2 .Symmetry- use of symmetry and appropriate boundary conditions 

can greatly reduce the amount of computing effort required to 

obtain results. Unfortunately seldom will a real structure have 

ideal , pure symmetry and a decision has to be taken on whether 

the approximation of symmetry is valid. For an impeller , slight 

misalignments in fabrication of blades, application of balance 

patches and other features, produce a structure which has no

perfect symmetry. However these imperfections do not affect the

natural frequencies significantly and the recommendation is to 

treat the impeller as being made up of a number of identical 

segments each containing a blade.

However we now have a situation which again has to be referred 

back to 'The Problem'. If the analysis were a static one , simple 

boundary conditions may be applied to the segment model to 

produce results for the full model. However as the analysis is a 

natural frequency one , more complex boundary conditions are 

required to produce the anti-symmetric modes. Referring to the 

software limitations point mentioned earlier, an add-on to the

main PAFEC suite, called RABBITS , can be used to apply the

appropriate boundary conditions automatically. Without this 

RABBITS package , modelling and analysing the full impeller would 

prove a task so large that the computer used to run the PAFEC

6



to do it ! Other large software suites also contain cyclic 

symmetry packages eg. NASTRAN, ABAQUS.

3. Special1 Features

This can be considered as areas within the structure requiring 

special attention - perhaps stress raising sections of a 

structural analysis - or any parts of the structure which may 

have a significant effect on the behaviour of the structure • The 

method of supporting the impeller structure has already been 

identified, but as shall be explained later, the inclusion of the 

shaft or omission of it in the impeller model can also directly 

affect some natural frequencies of the impeller.

4 .Revolving or Stationary Impeller

Centrifugal stiffening and gyroscopic-type effects mean that the 

natural frequencies of a revolving impeller are different to 

those of the static impeller. For low rotational speeds the 

effect on the natural frequencies is negligible. This is 

highlighted in the relation shown by Den HartojJ&or centrifugal 

stiffening effects of simple discs. However to take account of 

such effects in complex structures such as centrifugal impellers 

requires the use of sophisticated packages such as ABAQUS or 

SNAKES (part of the PAFEC suite). As centrifugal impellers rotate 

at relatively low speeds and because the inclusion of rotational 

effects vastly increases the problem size, the impeller is taken 

to be static.

7



xniormation Kequireq Prior to Modelling

At thi6 point , with the problem well defined and the structure 

fully considered, assembly of relevant information to be able to 

construct an F.E. model would be the next requirement.

As well as overall dimensions of the structure detailed on 

suitable engineering drawings, plate thicknesses and material 

properties such as density, Youngs Modulus and Poissons ratio, 

must also be obtained. Even if the model building process 

utilises 'drawings' passed automatically via some C.A.D. 

interface, all parameters should be checked to ensure correlation 

with the real structure • The time taken to manually create an 

F.E. model of a centrifugal impeller can be longer than the time 

taken to carry out the analysis on the model and produce the 

results, and as such should be given very careful consideration. 

Time saving aids such as digitising profiles direct from scale 

drawings or using mesh generation facilities should therefore be 

used where available. This investigation has demonstrated the 

need for careful 'double-checking' of information, as in one 

instance engineering drawings used to create a model of an 

impeller did not contain information of blade liners which had 

been attached (effectively increasing the plate thickness of a 

portion of a blade). The results obtained were 20% lower than the 

true results and had taken 4 man days to obtain.

A further piece of information that can prove useful to the 

modeller is an estimate of the real mass of the structure to 

compare to the F.E. model mass, as this can often be a powerful 

first check on the accuracy of the F.E. model.

8



What to Hodel T

This question often poses a problem to the F.E. modeller 

interested in the behaviour of large complex structures.

If the natural frequencies of the flat disc in figure 1 are

required then the problem is relatively simple, as the complete 

structure can be geometrically represented by appropriately 

shaped elements and the resulting model is fixed at the centre. 

If the natural frequencies of a complex structure such as a

centrifugal impeller are required , an immediate problem arises 

as to what should be modelled - is the impeller casing required ? 

do the suppport structures, bearings, foundations etc., affect 

the results ? will the shaft be required in the model ? is exact 
geometrical representation required ? etc.

This section takes the centrifugal-type impeller as an example of 

a complex structure, examines areas where doubts may exist and 

indicates practice which will ensure acceptable results.

General Structure

In the case of the centalfugal-type impeller the requirement is

to calculate the impeller natural frequencies to ensure that no
exciting force frequencies coincide and result in fatigue 

problems. For example the impeller casing would not affect the 

natural frequencies of the impeller and should not be modelled. 

Impeller Shaft and Supports

Although when determining the load/deflections, stresses etc. of 

an impeller there is no need to model the shaft, it is well known 

that the shaft, and supports for the shaft affect natural 

frequency calculations. Such effects are well documented and will 

not be quantified in this investigation^What will be highlighted 
are the effects produced when the impeller is modelled with and

9



without the shaft*

If the shaft is not modelled and the appropriate infinite 

stiffness supports applied to the hub, then those modes such as 

in figure 2 in which the shaft displaces, would not be obtained* 

Also the diaphragm! ng-type modes such as figure 3 would not have 

the correct frequency due to the axial restraint on the hub and 

the omission of the shaft mass* Thus if the modeller is not 

interested in these groups of frequencies then the shaft need not 

be modelled. The remaining impeller side and centreplate * ripple* 

modes would be correct and would be obtained with less computer 

effort due to the smaller model.

If however the diametral-type (shaft modes) and diaphragming-type 

modes are of interest then the shaft would have to be modelled 

and the supports given attention.

For the in-service condition of a centrifugal-type impeller, the 

shaft rotates on a flexible oil-film , resting on a finite 

stiffness bearing housing, foundations etc. and a value for the 

finite stiffness support can be calculated. To obtain accurate 

values for the natural frequencies of the modes in which the 

shaft displaces the finite stiffness support conditions would 

have to be modelled, even though the shaft supports would not 

affect the impeller ’ripple* modes or the diaphragming modes. 

Because of the many methods available to calculate shaft critical 

speeds accurately and simply and in view of the earlier 

recommendation on modelling the impeller as a static structure it 

is not recommended to model the shaft supports as finite 

stiffness supports but to restrain the shaft from moving in the 

plane perpindicular to the shaft centre-line at nodal points on 

the bearing centres as shown in figure 4. This leaves the

10



  ---—  WUI.I.C i.iue ana tree m

the axial direction and providing the correct natural frequency 

results for diaphragming and torsional modes.

Shrink-Fitted Hubs

Much work has been done on the stress raising effects of shrink-
d > @fitted hubs on shafts. The effects on natural frequencies were 

investigated by comparing a single inlet impeller with a fully 

connected hub as in figure 5 , with a model containing a shrink- 

fitted hub as in figure 6. This shrink-fit was approximated by 

connecting the hub to the shaft at the ends only leaving the 

interior hub nodes unconnected to the shaft.

The results in Table 1 below show that the effect of the shrink- 

fit approximation on the natural frequencies is negligible.

(Hz.) Fully Connected Hub Shrink-Fit Hub

42 42

82 82

119 119

197 196

286 ’ 287

304 302

Table 1

However the shrink-fit model uses less brick elements for the 

analysis and reduces the computing effort appreciably as shall be 

explained later. The recommendation therefore is to model the 

impeller with the shrink-fitted hub.

I
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With the abundance of large F.E. packages there are often a 

bewildering array of element types seemingly suited to modelling 

a particular situation. Guidelines are often presented by the 

package manufacturers on uses of their element types and of their 

limitations. Care should be taken however to determine the 

limitations as often the guidelines suggested can produce 

incorrect results. Theoretical formulations of elements should 

also be sought to determine an elements' applicability to a 

particular situation. It is not the purpose of this report to 

analyse different element formulations but to highlight general 

principles by using a set of common element formulations found in 
the PAFEC F.E. package suite.

For natural frequency analysis of structures such as impellers 

where the majority of the structure is platework , 2D elements 

which can undergo membrane and bending deformations are 

necessary.

The general advice of many user guides such as NAFEM^^s to use 

high order elements (more complex) for better results ; to avoid 

using triangular 2D elements as they are in general poor 

elements; and to avoid distorted elements as they again produce 

poor results. However the findings of this investigation are that 

such generalisations can be misleading.

High Order Elements

In general high order elements tend to be more expensive to use 

in terms of computing time, than low order simple elements. The 

strategy proposed therefore is to use the simplest element type 

available that will definitely produce acceptable results, i.e. 

the decision on which element types to use should only be be 

based on previous experience in similar situations. Problems

12



encountered and recommendations for which element types should be 

used for natural frequency analyses of impeller models are 

indicated below.

Beams Bricks

Consider the arrangement of the free structure of a thin disc 

mounted on a long shaft as in figure 7. The investigation of the 

natural frequencies of this structure using the PAFEC F.E. suite 

highlighted the problem in assuming that high order elements will 

always produce better results than the simpler element types.

The first model created used solid ( 3D ) elements throughout the 

shaft and hubs and 2D shell elements for the plate. The 

unsupported F.E. model results are shown below in Table 2.

Brick Element Shaft Model (Hz.)

140

244

625

737

Table 2

Resonance testing of the structure was carried out by placing the 

shaft in a flexible sling and using a calibrated hammer and 

spectrum analyser to record the natural frequencies. The results 

obtained for Table 3 below, clearly differ appreciably from 

those in Table 2.

13



Table 3

A second F.E. model was created by replacing the shaft brick 

elements by beam ( ID ) elements • The results below in Table 4 

show that the beam element model is far superior to the brick 

element model.

Beam Element Shaft Model

83

141

465

493

Table

On investigation of the brick element model the reason found for 

its unsuitability was the inability of 'straight-sided1 bricks 

used in the shaft to represent the modes with curved 

displacements in the shaft. As these 6 noded wedge shaped 

elements have no mid-side nodes there is a linear displacement 

assumption between the nodes and the cumulative effect of this in 

the shaft produces the large discrepencies in frequency results. 

The beam elements on the other hand have a cubic bending 

assumption along their length which can describe the displacement 

curvature well and produces the correct frequencies.

In terms of centrifugal impellers the shaft , when modelled ,



shaft bending frequencies without the expense of brick elements 

with mid-side nodes.

8̂ Noded Quadrilaterals jv 4̂ Noded Quadrilaterals

In structures such as impellers plate-like members often meet at 

angles and bending in one plate is usually coupled to bending and 

membrane effects in an adjacent plate meeting it at an angle. To 

describe such a situation flat elements with both membrane and 

bending effects are required. PAFEC contains such a family of 

facet shell elements which have only five degrees of freedom at 

each node (no in-plane rotation of element nodes) at the element 

level although after transformation to a general shell the extra 

freedom is introduced. These element types must however be flat 

and also are based on thin plate theory. Within this family there 

is a 4 noded quadrilateral, and an 8 noded quadrilateral with 

mid-side nodes. In view of the aforementioned limitations of

straight-sided elements a model of the flat disc as in figure 1 

was examined . Using the cyclic symmetry of a disc a 60 segment 

of curved elements and a 60 segment of straight-sided elements 

was created. To try and have a useful comparison in terms of 

numbers of degrees of freedom describing the model, 4 curved 

elements and 8 straight-sided elements were used. The results of 

Table 5 below, clearly show the curved element model (higher

order element) to be superior •

The theoretical frequencies were calculated from Timoshenko

formulae•®

15



Straight-Sided Curved Element Theoretical
Element Model Model Frequencies

304 224

703 671 655

1645 1557 1525

2807 2467 2607

Table b_

A similar examination of these shell elements was made on an

impeller model, replacing two 4 noded shell elements with one 8

noded curved shell element. However using curved shell elements

in the model required attaching curved bricks at the appropriate

parts of the model and the result was that the curved element

model contained many more degrees of freedom than the straight-

sided element model even though the number of elements was

smaller. The two models created are shown in figures 8 and 9 with

a sample of the frequencies obtained shown below in Table 6.

Straight-Sided Curved Element Resonance Test
Element Model (Hz.) Model (Hz.) Results (sample) Hz.

42 41 64

78 77 96

158 160 176

Table 6

Bearing in mind the small effect on the frequencies obtained 

using curved shell elements and the fact that no reduction in the 

mesh density of either model would be practicable, there is no 

evidence to support using curved shells in the impeller models 

and that straight-sided shells should be used. This is further 

supported by the difference in computing times neccessary to 

produce the natural frequencies of the two models.

16



Straight-Sided Shells : 152 Elements (Total in model)

941 Degrees of Freedom 

18 hrs. Central Processing Unit Time 

Curved Shells 72 Elements (Total in Model)

1469 Degrees of Freedom 

46 hrs. Central Processing Unit Time

The recommendation for impeller natural frequency analysis using 

the PAFEC suite is therefore to use the straight-sided shell 

elements. This clearly illustrates the fact that ’validation* of 

methods on simple structures such as the flat disc will not 

necessarily reflect the best methods of analysing complex 

structures, and there is no substitute for experience of 

analysing similar structures.

Recommendations for Centrifugal Impellers 
(Impeller parts identified in figure 10)

Based on the investigations into three different types of

centrifugal impeller and the preceeding comments, an F.E. model

capable of producing an efficient analysis in terms of time taken

to perform it and resulting accuracy should contain the following

element types :

Backpla te/Centreplate/Sidepla te/
Coneplate/Blade(hollow or plate) ^

Basically regular 4 noded thin shell (2D) elements capable of 

transmitting bending and membrane effects. Triangular elements 

can be used with confidence to describe complex geometries, or to 

prevent the use of many small quadrilaterals.

Hub/Inlet Ring ̂

8 noded brick (3D) elements • Triangular prisms should not be 
used. Appropriate coupling mechanisms may be necessary to link

17
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Shaft -

2 noded beam (ID) elements are sufficient to descibe the flexural 

shaft movements, and the distributed mass of the shaft.
How to Arrange Mesh ?

F.E. Stress calculations can be very sensitive to mesh density 

and areas such as changes of section should contain finer mesh 

detail than areas of no interest. However when calculating 

natural frequencies of structures a more regular mesh is 

desirable , and in fact for a package such as PAFEC which uses a 

reduced eigenvalue type solution method , fine mesh detail can 

lead to problematic numerical errors. With this in mind the 

minimum mesh density required to produce acceptable results was 

considered. There are basic rules applied to the impeller which 

apply to any structure for which the natural frequencies are 

being calculated.

1. The element types placed in any region must be able to 

transmit accurately the type of modal deformations of interest to 
the modeller.

2. There must be sufficient nodal points in any area of the model 

to describe the relative displacements of points on the structure 

in each mode of interest.

TWo impeller meshes are shown in figure 11. Clearly the mesh 

densities and thus the time taken to perform the analyses will be 

different in each case. A sample of the frequencies obtained are 

shown below in Table 7 along with the resonance test results for 

comparison.

18
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Results (Hz.) Results (Hz.) Results (Hz.)

41 40 42

82 79 72

135 145 140

198 196 190

331 317 296

401 395 376

C.P.U.= 7.5 hrs. C.P.U.=14.5 hrs.

Table 7

From the above results which show a small increase in accuracy in 

the fine mesh model for a large increase in computer effort, 

there is clearly little benefit in this fine mesh being used to 

obtain these natural frequencies.

However if the modeller was interested in the high frequency 

modes ', the fine mesh with its greater number of degrees of 

freedom would produce more accurate results for these higher 

frequencies, due to the numerical solution method of PAFEC.

As well as the number of elements in a model , their arrangement 

or relative size, is also important. As mentioned earlier the 

F.E. modeller should arrange the mesh so that regions where most 

deflection takes place have a suitable number of appropriate 

elements, eg. In the impeller model there is virtually no 

deformation of the hub section therefore the minimum number of 

elements possible to describe the geometry of the section should 

be placed there. However at the edge of the centreplate between 

the blades there are large deflections in many of the modes • 

Therefore in this region more than 1 element is necessary , and 

the use of distorted elements should be avoided.

19



Centreplate/Sideplate/Backplate :

Often the complex geometries of the blade sections will dictate 

the mesh arrangement in these regions. However in order to 

describe the ’ripple* type modes where these plate sections 

deform, at least 2 straight-sided elements are required leaving 

at least one nodal point between each blade, typical backplate 

mesh is shown in figure 12 , using triangular elements to

describe the complex parts of the geometry.

Blade :

Flexure of the blade takes place in many of the modes of interest 

to the F.E. modeller of centrifugal impellers, and a minimum of 2 

elements across the blade from side to centreplate is required to 

describe the simplest flexure.

Shaft:

Sufficient beam elements must be used to describe the geometrical 

changes in section along the shaft. Also there must be 

sufficient elements to describe the most complex shaft modes of 

interest to the modeller, although normally sufficient will be 

included when the shaft geometry is described, (see figure 9) 

Inlet Ring:

The inlet ring forms a seal at the inlet to the impeller and is 

not a critical area in terms of the impellers* structural 

strength. However its representation in the F.E. model is 

critical to the values of natural frequency obtained. The number 

of brick elements used to describe it should simply reflect the 

number of sideplate shell elements to which it is to be attached. 

The thickness of these brick elements should be as detailed 

below.

The inlet ring forms basically a stepped plate arrangement onto



tbe sideplate, although the thickness of the ring is too great to 

be modelled efficiently using the thin shell elements of the 

sideplate. The brick elements in the PAFEC suite have to be 

coupled to the shell elements in the sideplate as will be 

explained later in this section, and the method of coupling 

recommended is to use extra, thin shell elements. This introduces 

the problem of whether to include the coupling element thickness 

in the geometry of the model as highlighted below.

Resonance Test Results Inlet Ring Structure
( Sample )

\
64 12 mm
176

F.E. Model 1 Results 
(Sample)

Inlet Ring of 
F.E. Model 1

158

42

F.E. Model 2 Results 
(Sample)

Inlet Ring of 
F.E. Model 2

62 12 mm
187

60 mm
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inlet ring is to model the brick elements as the full inlet ring 

thickness dimension and to add appropriate coupling shell 

elements of the same thickness as the sideplate. Although this 

may increase the local stiffness at this point the arrangement

has been shown to produce acceptable results.

Combination of Element Types

When using several element types in the same model cognaissance 

has to be taken of the fact that certain element types are 

incompatible, or require special consideration. In the PAFEC 

versions of the recommended 2D thin shell element ,3D brick 

element and ID beam element there are 5 degrees of freedom, 3 

degrees of freedom and 6 degrees of freedom respectively at each 

node. The resulting problem is to link rotational degrees of 

freedom on plates and beams to brick elements containing only 

translational degrees of freedom. The rigorous method of coupling 

the relevant freedoms would be to write the appropriate 

constraint equation for the interaction expressing the rotations 

in terms of displacements of adjoining nodes. However it may not 

be possible to do this in some packages and a suitable 'method* 

has to be found. Acceptable results were obtained in the impeller

models analysed by using thin shell elements as coupling elements

and the method adopted and recommended is shown below :

Plates to bricks

brick 22



—  —  —  w -  — — •<- > w h > .bj.w u a a . & 1C C U U IU 0 v i i  k ite  D i i e i x  e i e u e n t s

have to be linked to tranlational freedoms on the bricks* The 

insertion of a plate between the adjoining bricks removes the 

*hinge* effect of improperly coupled plates. This has been shown 

to be effective as it is the coupling method used in all the F.E* 

results presented and has shown no significant difference from 

models where appropriate coupling constraints have been written 

into the program. There is some local stiffening of the section 

the 'coupling1 element was placed in but the effect has been 

shown to be negligible for the structure types considered in this 
investigation.

To prevent numerical errors caused by very stiff elements joining 

very flexible elements, the recommended thickness of the coupling

element is the same thickness as the shell element whose

rotations require coupling.

Beams to Bricks

Again the recommended method of coupling the beam rotations to 

the brick translations in the context of joining the beam element 

shaft to the solid element hub section, is to place a coupling

shell element over the face of the brick as shown below.

brick

shell

beam
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shown that for acceptable coupling the thickness of the shell 

element should be the thickness of the Impeller centreplate.
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In the larger F.E. packages commonly used today there are often 

many solution methods available and consultation of the software 

literature should be made in order to provide a recommendation 

based on the type of results required. Also with some packages 

interaction with the solution mechanism is available to steer the 

solution in the direction the user wishes it to go, for example 

to provide a more accurate or faster analysis.

Complex structures usually involve large (in terms of numbers of 

degrees of freedom) models which in turn require large amounts of 

computing effort to solve. Customising the solution to suit the 

model and analysis type may often be possible and can actually 

make the difference between being pttysically able to find a 

solution using the computing resource available, or not •

By highlighting below some of the possibilities available with 1 

analysis type on 1 structure type using 1 software package and 

computer, the intention is to stimulate the type of thinking that 

should be given to any complex analysis to ensure it is done most 

efficiently. The example used is the natural frequency analysis 

of a centrifugal impeller using the PAFEC suite on a Prime 2550 

computer.

Software packages often suggest ’user-friendly* formats which 

claim to eliminate such problems but the truth is that the more 

automatic the features are the more difficult it becomes to cover 

every eventuality as efficiently as possible. Every analysis 

should be considered on its own merits to ensure that it will be 

carried out by the package in the most effective manner.
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1. Can the accuracy of the solution be affected by the method of 

analysing the model ?

2. Can the time taken to perform the analysis be influenced by 

the user ?

3. Can the job be restarted if the computer 'goes down* ?

With reference to the aforementioned impeller analysis using 

PAFEC these questions are now addressed*

1. Natural frequency analysis of F.E. structures using an 

Eigenvalue solution method such as in PAFEC - see appendix A - 

can result in a large numerical problem for complex models. For 

example a numerically exact solution of a model containing 4000 

degrees of freedom requires solution of 4000 simultaneous 

equations - ( to provide the Eigenvalues). Thus packages have to 

employ numerical techniques to reduce the problem to a manageable 

proportion. In PAFEC the method used is to utilise those degrees 

of freedom which best describe the dynamic characteristics of the 

model, providing a reduced set of Eigenvalues to solve for. As 

the user is able to select wMch freedoms should be chosen he can 

exert great power over the accuracy of the solution.

2. Referring to the above point , obviously the greater the 

number of equations to be solved , the longer it takes to do. 

Within the PAFEC package redundant degrees of freedom can 

normally be restrained by the user to remove them from the 

calculation and thus decrease the computer effort required 

without affecting the results obtained in any way.

3. In the engineers environment machines do break down, or 

computing time is only available at certain times each day. It is 

therefore imperative that the user knows if and where the
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as PAFEC it is only possible to re-start a calculation at certain 

points, which can cause problems where time available is limited.

Examples of Effects of "Considering How Analysis is Done *

A. Use of Symmetry

In the previous section, the use of cyclic symmetry and the 

RABBITS package in conjunction with PAFEC was recommended to 

reduce the size of the model. A feature of the RABBITS package is 

to apply a particular set of directional axes to those degrees of 

freedom lying on a symmetry interface and to keep all those 

freedoms in the main calculation procedure to simplify the

addition of boundary conditions necessary to solve for all the

natural frequencies. For a small model such as the flat disc in 

figure 1 , use of a 60 segment of the disc and the RABBITS

package results in an analysis which takes longer to perform than 

one on the full model! The reason is that freedoms which would 

normally be removed from the calculation due to redundancy remain 

in the segment model due to the action of the RABBITS package and 

result in a larger problem for the computer to solve.

Cognaissance of this fact was noted on the centrifugal impeller

models and it was found that the calculation was storing a set of 

redundant freedoms on the symmetry interfaces which increased the 

calculation size with no gain in accuracy. When these freedoms 

were restrained manually an overall reduction of 30% in computing 

time was achieved to produce the same results.

B. If a full model of the impeller is constructed and analysed 

using PAFEC then both symmetric and assymmetric mode, shapes are 

produced, in ascending order of frequency and descending 

accuracy. Use of the RABBITS package separates the analysis into

27



— ----— j b^uwquuu ox several sets of

boundary conditions. This can be useful in terms of modes of 

interest to the user , as by applying only the boundary 

conditions which provide the modes of interest (eg. symmetric 

modes shapes only) the calculation is speeded up •

The above results show that it is clearly beneficial not to 

regard solution mechanisms of F.E. packages as 'black boxes' , as 

the user can often tailor the solution to produce the results 

wanted with the best accuracy and least computer effort possible.
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Frequencies of interest

An analysis of a structure's natural frequencies is normally done 

— certainly in the case of the centrifugal impeller - to 

ensure that natural frequencies do not coincide with known 

exciting force frequencies which may cause fatigue problems. 

Exciting force frequencies of interest to the centrifugal fan 

manufacturers are the running speed of the impeller and 

associated multiples (usuallly 2x, 3x and Ax running speed) , and 

the blade passing frequency - frequency with which a blade passes 

the inlet to the impeller, eg. llx running speed for an 11 bladed 

impeller. Thus the natural frequencies of interest will be all 

those between OHz. and say 110% of blade passing frequency. 

Coincidence, between a natural frequency and blade passing 

frequency or running speed could potentially be catastrophic to 

the life of the impeller , and knowledge of the natural frequency 

and the associated mode shape is required to consider remedial 

action. It is the evaluation of this information from the F.E. 

results that this section is concerned with.
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In the ideal world , the F.E. modeller's job is completed when 

the computer has finished its analysis , and the relevant , 

correct results are fed out in a form usable immediately by the 

modeller. Unfortunately this level of sophistication has not yet 

been reached by the software suppliers , and even the simplest 

analysis results require interpretation and moulding into a form 

suitable for presentation.

The results below in Table 8, are the PAFEC natural frequency 

results for the fixed disc in Figure 1•

Frequency (Hz.)

1. -0.0078

2. 206.2

3. 215.2

A. A5A .8

5. 668.1

6. 669.2

7. 1571.7

Table 8

If these results were simply taken as being the first 7 

natural frequencies of the disc , they would not be correct. 

Obviously frequency number 1. is not a natural frequency of the 

disc due to the negative quantity. In fact examination of the 

associated mode shape shows that it is a whole body rotation 

obtained by the calculation method due to the lack of rotational 

restraint on the F.E. model, and should have a frequency value of 

0 Hz. The non-zero value of the frequency is a feature of the 

numerical calculation method. Frequencies 2 and 3 refer in fact 

to the same mode shape , shown schematically in figure 13. This
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duplication of mode shapes is a mathematical representaion of the 

fact that this mode shape (1 nodal diameter) has an infinite 

number of possible positions on the disc, and that a mathematical 

combination of two modes (vectors) can produce any other 

possible mode (vector). A similar reasoning exists for the 

duplicate mode shapes in frequencies 5. and 6.

Therefore correct interpretation of the F.E. results would 

produce the results of Table 9 below, which are then directly 

comparable to the theoretical results of Table 10.

Mode Frequency (Hz.)

1 Nodal Dia. 210.7

0 Nodal Circles 454.8

2 Nodal Dia.'s 668.7

3 Nodal Dia.'s 1571.7

Mode Frequency (Hz.)

1 Nodal Dia. Not Calculated

0 Nodal Circles 467.5

2 Nodal Dia.'s 654.6

3 Nodal Dia.'s 1524.5

Table 9 Table 10
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positively identify the F.E. mode shapes' uniqueness. Theoretical 

results however are usually only available for the simplest of 

structures and often measured results are the yardstick to which 

F.E. results are compared.

It is this feature which stretches the expertise of the modeller 

in identifying mode shapes of complex structures and comparing 

like with like in real structures in order to determine the 

accuracy of F.E. produced natural frequencies. The problem is 

increased when 2 further points are considered :

1. F.E. results of natural frequencies of the type considered 

here do not consider damping by the very nature of the free 

vibration calculation. Real-life measurements of structure 

natural frequencies can fail to record frequencies that are 

highly damped or have not been excited by the excitation methods 

used.

2. The F.E. model is a conceptualisation of the structure, and 

features such as non-perfect symmetry or dimensional 

discrepancies may cause natural frequencies /mode shapes in the 

real structure to be different from the F.E. results both in

terms of appearance and non-appearance of mode shapes.

This investigation shows that empirical work on structures of

similar types is the only reliable method, at present, to resolve 

such problems at reasonable cost. In this respect for the 

centrifugal impeller structures, the comparison of F.E. produced 

results with natural frequency results obtained by the calibrated 

hammer technique is now considered. The calibrated hammer 

technique is a simple reliable method of obtaining a structure's 

natural frequencies and is described in Appendix B. Use of a twin 

channel spectrum analyser to obtain mode shape information is
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extremely time consuming for complex mode shapes, with numerous 

test points required.

The natural frequency results of the impeller in figure 10 are 

shown below in Table 11*

Frequency (Hz.)

.006

.22

41

82

135

198

203

306

323

331

401

( double* frequencies omitted for clarity )

Table 11
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the calibrated hammer technique, for the impeller in figure 10, 

are listed below in Table 12.

Resonance Test Frequencies (Hz.)

42

72

140

190

296

376

Table 12

Figure 14 shows the output from the spectrum analyser, 

highlighting the problem where a mode with a large transfer 

function 'swamps* out the other modes. Figure 15 shows the 

benefit of reducing the range analysed by the spectrum analyser , 

although this requires extra man-effort to carry out further 

tests on the structure.

Comparison of Tables 11 and 12 illustrates the problem that more 

natural frequencies were identified in the F.E. analysis than in 

the resonance tests. As explained before, the problem is to 

correlate mode shapes in the F.E. analysis to the mode shapes 

from the resonance test natural frequencies. In practice it would 

be very difficult to gain sufficient information from the 

resonance test, to determine the modal deflections throughout the 

structure. However examination of the F.E. mode shapes (such as 

figures 2 and 3 ) show that axial displacements of the back and 

sideplates give a great deal of information about the mode shapes 

- similar to the nodal patterns of circles and multiple diameters
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on the flat disc of figure 1 • The method used to identify the 

resonance test natural frequency mode shapes, was to use transfer 

function and phase information from an accelerometer placed on 

the side or centreplate of the impeller and from the load cell on 

the hammer.

For the double-inlet type centrifugal impeller, shown in figure 

16, 24 test points were required on the sideplate and 48 test

points on the centreplate to produce developed circumference 

plots of the mode shapes. Figure 17 shows examples of the type of 

plot produced by this method. Such plots can be used to identify 

and characterise relatively simple mode shapes and can be used to 

compare with F.E. produced mode shapes. The number of test points 

represents a measurement on and between a blade, and it requires 

a considerable amount of man-effort to correlate each of the 

mode shapes. The man-effort involved in Resonance Test work 

clearly highlights the benefits of being able to predict a 

structure's natural frequencies and mode shapes consistently with 

known accuracy.

F.E. Produced Mode Shapes

Standard methods of producing F.E. results are : numeric values

of displacements of nodal points - normalised displacements . for 

free vibration calculations and graphical representaions of the 

deflected shape. Interpretation of a complex 3D mode shape from a 

2D screen or hard copy can be very difficult - figure 18 shows 

views of F.E. produced mode shapes of a cyclically symmetric 

portion of a centrifugal impeller. Colour (shaded) or animated 

graphics can ease the problem in terms of categorising the mode 

shape for comparison with a real structure. For the purpose of 

this work a simple BASIC program was written to extract from the
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displacements of circumferential centre and sideplate nodes, to 

enable a plot to be prepared vhich could then be used in direct 

comparison to the Resonance Test plots. The program with sample 

output is contained in Appendix C.

Strategic placing of nodal points during the construction of the 

model allows direct comparison between nodal points on the model 

and Resonance Test points on the impeller. The type of plot 

produced is shown in figure 19.

This method of comparison worked well for simple impellers such 

as the single inlet impeller of figure 10 and only for the 

simpler mode shapes of the more complex double-inlet impellers 

such as that in figure 16. The type of accuracy and correlation 

that can be expected in a single-inlet impeller is shown below in 

Table 13.

F.E. (Hz.) Resonance Test

41 

82 

135 

198 

331 

401

Table 13

Based on the above results and the investigations of this work in

1. simpler structures - such as flat discs and discs on shafts

2. More complex structures - such as two different double-inlet 

type impellers ; an expected accuracy band of +14% to -3.5% for a 

natural frequency analysis of a single-inlet type centrifugal

42

72

140

190

296

376



resonance tests to be recognised. In view of the lack of

information that the static Resonance Test tells us about the in-

service impeller , the recommendation would be to record the

extra frequencies as natural frequencies of the impeller. Extra 

work on more sophisticated Resonance Tests would be required to 

determine if they were actually natural frequencies, but their 

inclusion, if in error, errs on the safe side.

The double inlet type centrifugal impeller results were, as 

mentioned, part of the basis for placing the accuracy limits

detailed above for the single inlet impeller. The complexity of 

the double—inlet impeller type mode shapes , examples of which 

are shown in figures 20 and 21, were such that only the simplest 

F.E. mode shapes could be positively correlated to Test Results 

mode shapes using the method described above. However the 

accuracy that they exhibit as shown below in Table 1A, would 

suggest that the other natural frequencies would exhibit similar 

accuracy. The proviso to this is of course that it is in the 

nature of the PAFEC F.E. calculation method to calculate higher 

value frequencies with reducing accuracy.

Resonance Test Natural Frequency

Results Results

6A 62

176 187

Table 1A
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results of the F.E* analysis, is that where actual test work on a 

structure is not possible - eg. p re -manufacture stage - the F.E. 

modeller with confidence in his analysis technique can create a 

model of the structure along objective guidelines , analyse it , 

and using the results , present a set of values with an 

associated tolerance , to which design criteria can be checked. 

The results of this particular investigation should enable an 

engineer to construct a model of a single-inlet type impeller , 

carry out a natural frequency analysis and have sufficient 

confidence in the results to determine if exciting force 

frequencies are liable to coincide with any natural frequencies 

of the impeller , and be able to characterise and recognise the 

associated mode shapes.
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The results of this Investigation enabled a Design Guide to be 

produced for James Howden and Co. Ltd. In conjunction with the 

computing facilities and the PAFEC F.E. software package 

available at James Howden , an engineer with limited F.E. 

experience is able to utilise this Design Guide to create a model 

of a centrifugal-type impeller , carry out a natural frequency 

analysis on it and obtain results within known confidence levels. 

The work has also formed a basis for James Howden further 

research into dynamic analyses of their products.

It is useful therefore to discuss the material contained in the 

Design Guide with reference to the work described in this 

report in preceding sections.

The Design Guide covered the four basic parts of an analysis as 

covered by the earlier sections, namely

A. Initial Steps

B. Modelling the Impeller

C. Analysing the Impeller

D. Interpreting the Results

In order to give the engineer an appreciation of the solution 

mechanism, a brief description of its relevance to natural 

frequency analysis of cyclically symmetric structures was given. 

The concept of boundary conditions and master degrees of freedom 

were highlighted as was their effect on the accuracy of the 

frequencies obtained, i.e. approximately one third of the number 

of masters used is the number of frequencies that can be expected 

to be accurate for each set of boundary conditions applied. This 

is a function of the numerical reduction method used in PAFEC.

The initial steps described in Section 1. of this report were 

identified in the Design Guide, including a checklist of the



information required about the impeller before beginning to 

create the model. It was stressed that the recommendations only 

pertained to the natural frequency analysis of impellers and were 

not applicable to other analyses such as stress analyses.

It was recommended in the Design Guide to analyse the impeller as 

a stationary structure. The effect of gyroscopic forces and other 

factors such as centrifugal stiffening were considered, but due 

to the relatively slow operational speed these effects were 

thought to be small. In order to prove this, however, substantial 

work would be required needing sophisticated F.E. software and 

computing resources not available in James Howden. The Design 

Guide instructs the user which parts of the PAFEC suite to use, 

and estimates how long the analysis can be expected to take on 

the Prime 2550 computer.

Section B of the Guide is concerned with modelling the impeller. 

In order to obtain accurate results for the diaphragming and 

diametral type modes , shown in figures 2 and 3, the Guide 

instructs the user to include the shaft in the model, restraining 

it in the vertical plane at the bearing centres. As the 

flexibility in the real impeller shaft supports is ignored, those 

modes in which the shaft displaces will not have the correct 

natural frequencies. The Prohl method is used routinely in James 

Howden to calculate shaft whirling frequencies and therefore the 

complexity of analysing an F.E. model with flexible supports is 

not required.

Section B of the Guide identifies those impeller features which 

should be modelled, and describes the methods to be used. The 

Guide recommends that the shaft be modelled using one- 

dimensionsal beam elements , simply supported at the appropriate
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the modes of the impeller/shaft combination are produced , whilst 

also minimising the degrees of freedom used to describe the 

shaft.

The simplest method of obtaining the natural frequencies of a 

real impeller structure is to carry out a resonance test on a 

simply supported stationary impeller - this is then analagous to 

the F.E. analysis. The Design Guide can be used to obtain 

information on an impeller design prior to manufacture and remove 

the need for time consuming and costly resonance testing after 

manufacture•

A description of how to model a shrink-fitted hub in the impeller 

model was given in Section 2 of this report. The effect of this 

approximation on the natural frequency results was found to be 

small. Section B of the Guide instructs the user to use this 

method for impellers with shrink-fitted hubs. This approximation 

is achieved by connecting the shaft to the hub at the hub ends 

only as in figure 6. and provides for fewer degrees of freedom in 

the model and hence takes less time than the fully connected 

hub/shaft in figure 5. The connection in figure 6 simulates the 

very high local stresses found at the hub/shaft interface during 

operation of shrink-fitted hubs.

This investigation showed that acceptable results for natural 

frequency can be obtained using simple four-noded shell elements 

in general and with triangular shell elements to describe complex 

geometry. Thus in,the impeller models, platework was described 

using these simple elements. In order for these straight-sided 

elements to describe the bending deformations of the platework 

between blades it is necessary to place a nodal point between the 

blades as in the mesh in figure 10. The Guide quantifies the mesh
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density in different areas of the impeller. For example, two 

shell elements are recommended between each blade in order to 

produce acceptable results. Following the Guide's instructions 

would produce a mesh similar to the coarse mesh model in figure 

11• The natural frequency results from that model are shown in 

Section 3, Table 13. The use of curved elements with mid-side 

nodes would result in many more degrees of freedom in the model 

with little gain in accuracy of results as Table 7 in section 2. 

shows • By quantifying the number and type of elements to be used 

in each particular area of the impeller model, the Guide obtains 

an accurate solution economically.

The combination of element types suggested in Section 2. requires 

a method of coupling degrees of freedom which would not otherwise 

be coupled by the normal PAFEC procedures, and highlights 

situations where coupling is required. The Guide specifically 

states where coupling is required in the impeller model -

1. At the shaft (beam element) / hub (solid element) interface

2. At the side/centreplate (shell element) / hub (solid element) 

interface

3. At the sideplate (shell element) / inlet ring (solid element) 

interface

In each case the method of inserting a coupling shell element, as 

described in Section 2. , is recommended. The justification for

this coupling method is not rigorous mathematically, but 

comparison between the rigorous coupling equation and the 

'coupling shell element' method proved it to perform well. The 

thickness of shell element to be used was determined by the 

incorporation of different thicknesses in various models and 

comparing them with the more time-consuming but rigorous coupling
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, ___________—  ui me extra local stiffness imparted

by the use of an extra 'coupling shell element' would not be 

expected to alter the stiffness distribution greatly as the areas 

suggested for its use in the Design Guide are areas where the 

connections on either side have greater magnitudes of stiffness 

than the coupling element itself.

Section 3 considered the analysis of the F.E. model, discussing 

opportunities which the F.E. analyst has to ensure that the 

software package carries out the analysis in the most efficient 

manner possible. Unless the user of even the most 'user-friendly' 

F.E. package is conversant with its operation it may be difficult 

to use efficiently. Therefore, the Guide instructs the user how 

to utilise the PAFEC package for natural frequency analysis 

without assuming prior knowledge.. Normally the PAFEC package 

continues to try and complete the analysis in one sweep after it 

is instructed to begin - no matter how much computing time is 

required. This is obviously of little use in a computing 

environment such as can be sustained in an engineering company 

where interactive use of the computing facilities is normally 

required during the day , and large batch computing is done 

during the night. The Design Guide thus instructs the user on how 

to customise the solution procedure in order that it can be 

carried out in parts which can be stopped and re-started, and 

also estimates the time that will be required for the computer to 

produce results for each part. This is achieved by breaking into 

the software (according to instructions given in the Guide) and 

changing certain parameters. The time required for each portion 

was determined by comparing the model sizes in terms of degrees 

of freedom and the relative time taken for these analyses during 

this investigation.
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The master degrees of freedom described In Section 3. are the 

reduced set of degrees of freedom which are solved to produce the 

natural frequencies. The Design Guide recommends that the PAFEC 

automatic facility for master selection is used. This is because 

inappropriate choices of masters - for example two masters very 

close to one another and in the same direction - can cause 

numerical problems in the calculation procedure leading to 

innacurate results.

The Design Guide describes how to remove ’redundant* freedoms 

from the cyclic symmetry interface, and thereby save up to 30% on 

a typical natural frequency analysis on an impeller. This is 

dealt with in Section 3. These ’redundant* freedoms are the in

plane rotations of the shell elements recommended for use in 

modelling the platework of the impeller. The element has no in

plane rotation at the element level but the cyclic symmetry 

routines in RABBITS extract all 6 degrees of freedom at each 

nodal point on a symmetry interface in order to apply boundary 

conditions to them at a later point in the calculation. This 

stores the 6th degree of freedom for the shell elements in the 

calculation unecessarily and increases the time required to 

obtain the solution. By indicating in the Design Guide which 

degrees of freedom to restrain - i.e. remove from the calculation 

- the calculation is made more economic.

Section 4. describes work done on interpreting the results of an 

F.E. analysis to correlate them to the behaviour of a real 

structure. If the F.E. analysis predicts a natural frequency 

which coincides with a known exciting force then remedial action 

is necessary. If the mode shape of the impeller is known for the 

natural frequency in question then examination of it can indicate
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action might be appropriate. As Section A. shows, the F.E. 

produced results for natural frequencies can be confusing for 

those not experienced in F.E. analysis, with rigid body modes and 

’double1 frequencies produced. The Design Guide explains the 

occurrence of such frequencies and also indicates in which 

sections of the results they would be found. Rigid body modes 

will be found in the section where the boundary conditions 

applied produce mode shapes that are cyclically symmetrical, and 

will have frequencies numerically close to 0 Hz. They can have 

negative values due to the numerical calculation method.

The extraction of useful information from the output of an F.E. 

analysis can be a difficult task as Section A. describes. The

Design Guide utilis.es the BASIC program written during this

investigation to extract as hard copy, only the information 

required. An example of the information produced by this program

is contained in Appendix C. This allows storage of the complete

displacement information, in the software medium. It can be 

appreciated that hard copy of every displacement of every degree 

of freedom in a model such as in figure 10, for every natural 

frequency identified, is a large mixture of useful and useless 

information. The problems in identifying the complex modes of an 

impeller is eased for the user of the Design Guide by providing

examples of what types of mode shapes to expect from which sets

of boundary condition in the cyclic symmetry analysis. For 

example the shaft flexure inodes are obtained by the application

of boundary conditions producing the results of ’Harmonic 1* in

the PAFEC RABBITS analysis.

The comparison of F.E. produced natural frequency results with 

resonance tested impellers is described in Section A. It is this
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comparison which gives the accuracy predictions present in that 

section and which are also contained in the Design Guide. Section 

4 considered the fact that there are some 'extra' frequencies 

which can appear in only one of either the F.E. results or 

Resonance Test results. The fact however that the most distinct 

resonance test peaks with high transfer functions do have 

comparable mode shapes and natural frequencies to the F.E. 

results, and that the modes found in F.E. results and not in 

Resonance Tests are higher frequency modes within each set of 

boundary conditions, supports the case presented in Section 4. 

that they are not significant to the accuracy of the results 

obtained. However this does represent an area for further 

research to determine whether it is a function of the imperfect 

F.E. model or the imperfect (i.e damped) free resonance tests, 

that produces these 'extra' frequencies.

Graphical representations of complex structures can enhance the 

viewers understanding of the structure if viewed at an apprpriate 

angle. The Design Guide suggests a viewing angle which ensures 

repeatability for comparison of different mode shapes, as in 

figures 20 and 21.

The appearance of natural frequencies both above and below the 

'true' values obtained from the resonance tests , is a useful 

illustration of the dangers in taking the theory of Finite 

Elements beyond practical limits. Following the theory of the 

PAFEC solution technique, an F.E. model of a real structure 

should produce results which will always be greater than those of 

the real structure, decreasing towards those of the real 

structure as the mesh density and hence the number of degrees of 

freedom used to describe the model increases. The practical
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approximations in modelling and the use of economic mesh 

arrangements, produce complex models which can produce results 

for natural frequency which are both above and below their 

respective 'true* values. Thus Section 4. stated limits for 

results for the natural frequency analysis of the centrifugal 

impeller following the method outlined in this report as +14% to 

-3.5% .
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Mo stage of an F.E. analysis should be considered in isolation 

from the others if meaningful results are to be obtained. When an 

F.E. model is being constructed , the analysis to be performed on 

it must be kept in mind. If for example a stress analysis is to 

be performed on a centrifugal impeller to determine stress during 

operation of the impeller then the shaft need not be modelled , 

and the respective loadings applied to the impeller. If however 

all the natural frequencies of the impeller are required then the 

shaft must be included as described in Section 2.

Complex F.E. analyses involving many degrees of freedom to be 

solved require large amounts of computing power. However the 

creation of a meaningful model is more important than having 

access to sophisticated computing facilities, as no computer 

could obtain correct results from an incorrect model. For example 

the disc on shaft model described in Section 2. could not produce 

correct results due to the inability of the brick elements to 

describe the bending deformation accurately.

Mesh generation aids should be utilised where available as the 

construction of an F.E. model can take longer than the analysis 

and production of results. The F.E. model of figures 2 and 3 took 

5 man days to construct and 4 man days of computing time to 

produce its natural frequencies.

For natural frequency analyses the mesh should be regular 

throughout the model. This prevents numerical instability 

problems caused by elements with differing magnitudes of 

stiffness. However in practice this has to be balanced against 

modelling major structural features in complex geometries such as 

in figure 10.
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high order elements with mid-side nodes are not required, 

provided that the elements used in the shaft region can undergo 

bending across their length. The use of 6imple elements reduces 

the number of degrees of freedom in the model. The flexure of the 

side/centreplate is achieved with these straight-sided elements 

by placing a nodal point between the blades as shown in figure 

10. The necessity for flexural elements in the shaft was shown in 

Section 2. where the higher order 6 noded brick elements produced 

incorrect results whilst simple 2 noded beam elements produced 

accurate results.

Use of cyclic symmetry reduces the effort required for complex 

models but not for simple analyses. This is due to the fact that 

degrees of freedom lying on a symmetry interface are not 

automatically reduced out of the main calculation phase as they 

would be in the full structure model. Boundary conditions have to 

be applied to these interface freedoms to produce natural 

frequency results of the complete structure from a cyclically 

symmetric portion of it. The simple disc in figure 1 took less 

time to analyse than using the cyclic symmetry package RABBITS 

and l/6th of the disc. However the F.E. model of one segment of a 

centrifugal impeller shown in figure 11, and analysed using 

RABBITS was the only method of obtaining the impeller natural 

frequencies, as the computing facilities at James Howden were 

not sufficient to analyse a model of the complete impeller. 

Engineering intuition will always be required when modelling a 

real structure. This is because F.E. models have to be 

approximate for analyses to be solvable on practical computing 

resources. For example to model a real impeller complete with 

balance patches , dimensional discrepancies , dynamic forces and
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flexible supports and then perform a natural frequency analysis 

would be impractical for impeller manufacturers to perform

routinely.

The effect on the natural frequencies of modelling a shrink- 

fitted impeller on its shaft is negligible. However it does 

reduce the number of degrees of freedom in the model as described 

in Section 2. The method used was to connect the hub to the shaft

at the ends only simulating the effect of the very high local

stresses found at the hub/shaft interface during operation. This 

done only 1 shaft element need be placed along the length of the 

hub in place of the four or more for a fully connnected hub, as 

figures 5 and 6 show.

Many different types of element can be used in a large complex 

model provided their formulations are understood and thus can be 

coupled correctly. The recommendations in Section 2. include

using 1,2 and 3 dimensional elements in the same model, and

indicate methods to ensure that they are coupled correctly.

F.E. packages should be checked to ensure that foolproof* 

mechanisms are not creating unecessarily lengthy solutions.

Interaction with the PAFEC program on a natural frequency 

analysis as described in Section 3. reduced the analysis time by 

30%. This was due to the fact that the cyclic symmetry package - 

RABBITS - retained redundant freedoms in the solution.

The F.E. modeller’s job is not complete when the computer

analysis is finished as interpretation of the results is 

required. For example section 4 shows a sample of natural

frequency results which includes frequencies that are a product

of the numerical solution procedure and not of the impeller 

structure*
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to F.E. model results as the impeller mode shapes in figures 19
i

and 20 indicate. This is due to the practical difficulties of 

obtaining comprehensive mode shape information of real,damped 

structures and the imperfections of the F.E. representations. 

However for centrifugal impellers the method detailed in Section

4. allows a simple comparison to be performed between F.E. 

results and Resonance Tests results. Figures 17 and 19 indicate 

the comparison that can be obtained.

F.E. model construction and analysis is largely a subjective 

excercise and not easy for the inexperienced analyst. This is due 

to the fact that large F.E. packages although simple to use do 

require detailed knowledge of the structural behaviour , element 

formulations, and analysis types contained in the package. 

Through the results of this investigation a Design Guide was 

written for James Howden which can lead an inexperienced engineer 

to model, analyse and produce natural frequency results of 

impellers in an objective manner to produce results which are in 

an accuracy range of +14 to -3.5%.
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1 A SIMPLE VIEW OF THE FINITE ELEMENT METHOD.
This section is based upon the notes used in various PAFEC courses. The treatment is simple 
and is not mathematically rigorous. When the new reader has studied this section the outline 
of most of the other sections should be comprehensible. Some aspects of finite element theory 
will, however, only be meaningful after the more rigorous section 2 has been studied.
We start the theory with a development of the stiffness matrices for one of the most simple 
kinds of finite element - that of a beam subjected to bending loads. Before any analysis is 
started we shall decide what assumptions have to be made. These are as follows:
(1) The beam is to lie with its neutral axis along the x coordinate axis.
(2) the cross-section of the beam is to be uniform and is to be arranged so that the y and

2 directions are principal bending directions and so that bending in the y direction is 
not coupled with torsion.

(3) The cross-sectional dimensions of the beam are to be small in relation to the length so
that there is no warping and all the deformation is due to bending and none is due to

(4) The first three assumptions relate to the original undeflected element. One further 
assumption is needed in order to describe the manner in which deflection varies along 
the length of the beam. We shall only concern ourselves with the displacement uy in 
the y direction and we shall assume that it varies along the length of the beam according 
to

where the or's are arbitrary constants. Equation (1) may also be written in matrix

where {a } is a list of constants

. and iPj is the polynominal matrix (PJ = ll x x 2 x 3\

When different finite elements are connected together 
it will be necessary to join them at their nodal points 
which are situated at their ends. At this joining stage 
the displacements of two beams which meet will need 
to be identical. To enforce this continuity the equation
(1) must be rewritten so that it involves the end dis
placements on the elements and not the constants orlt 
a2, etc.

shear.

Uy - Oj + a2x+0r3Jlf2 + a4Jc3 (1)

form as:

uy -  lPl{a} (2)

Qz2

Q- O
*  =  l

 *~x

2, ug out of paper

Fig. 1 Sign convention



We write down expressions for the nodal displacements in terms of the a's as

or in matrix form

Kyl = Ofj
**i = “2
Uy 2 = ai+a2l+ocsl2 + a4ls 
0*2 = ct2+2adi+2a412

M  = lA]{a}

(3)

(4)
where IA1 = " 1 0 0 0 "

0 1 0 0
1 I Z2 Z3
.0 1 21 3Z2.

and {«e} is the listing of nodal displacements on the element Uyi, <pxi , Uy2» 4>t2 written 
in a colum vector.

From equation (4) the matrix U1 may be inverted and the value of {or} substituted in 
equation (2) to give

tty - iPllA]"1̂ } (5)
Sometimes iPllA] _ is written as [N] which is a row matrix containing the shape functions

i x t i  3x2 2jr3 2x2 x3 3x2 2x3 x 2 x * 1(piui = [n \ = l̂ i— j r + - j r *  +p*» _T +75"J

The finite element method is based upon energy. For this reason we write down the 
strain energy stored in the beam finite element. It is

(6)

S.E. dx (7)
8  UrnIn equation (7) — is the curvature of the beam and may be written in terms of the nodal 

displacements as:

1^* = IprMUrMvJ

Since [A]**1 and {«e} are not functions of x we may write:

sHSK'w
where f 82p 1 .. _ _ .

d p  *= I® 0 2 6xJ

In the kernel of the integral in equation (7) the square of the scalar quantity 
(82tty /dx2) arises. The scalar will be treated for the moment as a 1 by 1 
matrix which may be transposed as follows:

(8)

(9)

(10)



Examination of equations (7) and (12) shows that most of the quantities underneath the 
integration sign are in fact constant and may be written outside as

.1
dxUrMse)

Using equation (10) the kernel of the integral in equation (13) is
[0 00 

0 
2 
6*.

The Integral of equation (14) is

2 6*1 = oo

0 0
0 0
.0 0

"0 0 0 0 “
0 0 0 0

O o lU 612
.0 0 612 121\

0 n 
0 
12*

12* 36*2

(13)

(14)

(15)

The matrix in equation (15) is scaled by E l and pre-multiplied by \A \~ l and post-multiplied by 
U P 1 to form a matrix [se] so that equation (13) may be rewritten as

with [Se] = E l

S.£. = £ W rlSe]{«e}
12/13 

6/12 

-12/13 
. 6/12

symmetric
4/1

- 6/ 12

2/1

12/13 
- 6/ 12 4/1J

(16)

(17)

There is a theorem due to Castigliano which states that the differential of strain energy with 
respect to a displacement gives the force in the direction of that displacement. The equatipn 
(16) may be differentiated in that way to yield forces and moments at the ends of the beam 
finite element. It is valid in fact to differentiate the strain energy with respect to the list 
of displacements {u*}.

w - ^ - w w

The product lSel{«e} in equation (18) is the list of generalised forces which act upon the 
element. The term generalised is used because both forces and moments are included.

(18)

Fyl\
Myl
Fj2
My2

are the forces applied to 
the nodes. Note that the 
order within {F e} corres
ponds to the order within
to.

Fig. .2 Generalised forces at the ends of a 
beam finite element.



Equation (18) gives the generalised forces {F,} on the element in terms of the generalised 
displacements {«*} and the stiffness matrix [5C] for the element. Since (5,1 is a function of 
geometric and material properties it is straightforward to write down this relationship for 
each element in the complete system.

To demonstrate this process we consider 
the structure shown in fig. 3 which is 
composed of two beam elements with a 
transverse load applied at one end of the 
structure and a clamped support at the 
other. There is an intermediate support 
at a point along the beam at which the 
section changes.

E l = 103 N m 2 E l = 200N tn 2

intermediate support

0*5 m  “*4*D-25m*|

Fig. 3

The first task is to divide the structure into 
finite elements and the results of this is shown >i 
in fig. 4. The forces on the ends of the 
individual elements are also shown in fig. ■ 4. ^

y\element 1
element 2

Fig. 4

Notice that there is no force shown wherever the problem is constrained. This does not 
mean that the force acting at the constraint is zero. We merely have no interest in the 
reaction loads at this stage. Each of the unknown displacements is numbered in the sequence 
ult u2, u3. In the direction of the first of these there are forces (actually generalised forces 
which can include moments) on each of the elements. It is obvious that F \ and F^ are equal 
and opposite. We have left them as separate quantities at this stage since we wish for our 
approach to cater for a more general problem in which there are many elements meeting at 
a node. The subscript on each force is the same as the corresponding subscript on u.

Using the (S,l matrix derived earlier we write down relations between the forces F* and the 
displacements tq.
For the element 1 we have the following:



- — • * u
- 3200 -19200 1600

*2
s

r -19200 153600 -19200 • <
«2

*3 1600 -19200 3200 _ “ S

(20)

The dashes in equations (19) and (20) indicate that the values of the terms are not needed in 
the analysis. The fact that the same displacement u i appears in both the equations (19) and 
(20) shows that continuity between the two elements has been taken into account. We now 
consider equilibrium. The conditions of equilibrium are as follows:

F i + F i =0. f 2 = -lo, f 3 = o: (21)
The equations (21) are rewritten in terms of displacements by using the equations (19) and 
(20) to yield the following:

8000 u j +  3200 M i  -19200 u2 + 1600 m 3  = 0
-19200 mi + 153600 m 2  -19200 m s  

1600 ui - 19200 m 2  + 3200 m 3

=  -10
= 0

(22)

Equation (22) may be rewritten in matrix form as:

- 11200 -19200 1600-1 | «i ) 0
-19200 153600 -19200 • *2 J = 40
_ 1600 -19200 3200 J 1 «3 ) 0

or iSs]{us) = {F s}

(23)

(24)
It is now dear that the equations (23) or (24) involve just the nodal displacements, {us}, 
as unknowns. The solution may be obtained as

------ 1 Mi = 0.0003125 rad, m 2  = 0.003385m, m 3  = 0.001875 rad.
Now that the solutions for the generalised displacements have been obtained we can go back 
to consider equation (5). For a particular point along the beam we know the value of IP]. 
The matrix [A]*1 contains only the length I of the beam which we know. The vector {m *} 

of displacements on a particular element can be found from the system list of displacements 
{ m J .  Therefore we can find the value of uy at any point along the beam.

Similarly we can use equation (9) to find the curvature at some point along the length of a 
particular beam element. From this we can find the bending moment.

O  U y (25)

The shear force follows naturally by using the third derivative of the transverse displacement
My
Summary cf processes
We shall see that die derivation of stiffness matrices for a wide range of elements is similar 
to the development presented in this section which may be summarised in the following steps.



(1) Design the finite element and list any relevant assumptions about the element geometry 
(e.g. the element is to be straight and one dimensional).

(2) Make an assumption for the distribution of displacement within the element. If this 
assumption is in terms of arbitrary constants then these should be eliminated to give 
an interpolation for the displacement within an element in terms of the element nodal 
displacements.

(3) Write down an expression for the strain energy in terms of the displacements and use 
the interpolation to express the energy in terms of nodal displacements. Carry out 
any necessary integration.

(4) Use Castigliano's theorem by differentiating the strain energy with respect to displace
ments to give the forces at the nodes in terms of the displacements.

(5) Write down equilibrium conditions between elements in terms of forces and then in terms 
of displacements. This yields a set of system equations for the displacements which can 
then be solved.

(6) Knowing the nodal displacements on each element the bending moments or stresses can 
be found.

In the beam type element presented above there were only two degrees of freedom at each 
node and the element was one dimensional. There are many other types of finite element 
with one, two and three dimensions and these will be introduced in the sections that follow.
We shall often want to introduce further degrees of freedom into the analysis in order to 
provide for other continuities. In general we shall consider , six degrees of freedom at each 
node. They will be the three translations uXi Uyt uz in three perpendicular directions and 
also three rotations <p, <py, <pz about the three coordinate directions x, y, z . In fig. 5 
these degrees of freedom are shown. The 
rotations are shown in two alternative ways 
by using a double headed arrow and by using 
a curved arrow. Note that the axis system 
is right handed and that a particular rotation 
<Pi is in the right handed screw direction about 
the i axis.
More than six degrees of freedom at each
node are possible but are not recommended
for the solution of real engineering problems. "

Fig. 5

The different types of finite element may be categorised as follows:
(1) Beam elements. Earlier in this section we studied a beam that had only two degrees 

of freedom at each node. If we consider a beam in which there is bending in two 
directions, axial motion and torsion we need all six degrees of freedom.

(2) Membrane elements. Only in plane loads are carried. Two degrees of freedom 
ux , uy only are needed at each node.

(3) Three dimensional solid elements. Three degrees of freedom uxt Uy, ug are needed at 
each node.

(4) Plate bending elements. The transverse displacement uz and two rotations <px , <py are 
needed.

(5) Shell situations. There are various situations which will be dealt with separately 
later.

(6) - Combinations of structural elements. The general rule is to allow any degree of
freedom which is required by any of the elements which is connected to a node.
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one degree of freedom at each node.

The decision chart given in fig. 6 has been produced to assist the new user in deciding 
which type of finite element to use in a particular situation, (see pp. 2.8, 2.9)

2 A MORE RIGOROUS BASIS FOR THE FINITE ELEMENT METHOD

The theoretical basis for the finite element method which was described in the previous section 
is not rigorous. It was assumed that finite elements were joined together at nodes and that 
forces' between elements are only transferred at these nodal points. This is of course 
impossible If the elements have line or surface contact. In fact the same theoretical results 
can be achieved if the finite element method is viewed in another way. It happens that nature 
chooses to arrange for the static equilibrium position of a linear elastic structure to be that 
position in which there is as little potential energy stored as possible. Now the potential 
energy of a structure is equal to the strain energy stored internally minus the work done on 
the structure by the externally applied loads.

IIpe  — S ,E , — W.D. (26a)

Thus the solution of the problem involves finding the minimum value of Ilp̂ . Since the S.£. 
term is always an integral involving unknown functions the problem has become a 'variational' 
one.551,552 Corresponding to every variational problem there is one or perhaps a number 
of differential equation(s) known as the Euler equation(s) of the problem. It may be shown 
that the Euler equations obtained from the variational principle that TlpE is a minimum happen 
to be the equations of equilibrium.
In applying the variational principle we write down the value of SL£. as a sum of the strain 
energies of the different elements. In the case where the applied loads are known the S.£. 
density is based upon the unknown displacements.

nPE = 2  density)dv ~ W .D . (26b)
elements

or in tensor form
= J i k  ui , j  E ijkl uk ,l -F iU i)d V  -J 'T ijU jU fdS

(26c)volume surface Sg

where an overwavy denotes a prescribed quantity

E ijki *s the modulus tensor
Hj are the direction cosines of the surface element dS 

F i are prescribed body forces
S% is that part of the boundary on which stresses are prescribed

The integral is precisely the same as that which was obtained in the preceding section. 
However, the integral over one element in that instance was differentiated with respect to 
displacements in order to obtain the forces using Castigliano's Theorem. Instead of doing 
that we shall now write down the S .E . for each element as before.

S.E. = 
element i

(27)



The sum of the strain energies over the whole structure can be obtained from equation (27) 
by first rearranging terms in lŜ ] and {uri} to give

S .E  = i{«s}rlS«JlW (28)
element i

Note that {us} is the list of unknown system displacements. The matrix [Ŝ l is extremely 
sparse for practical problems because the list of displacements {ue} is much smaller than the 
list w
The strain energy summed over the elements can now be written as

S .E . = H«s) rlSsl{tts} (29a)
structure

where [Ss] = £  Isjj] (29b)
elements

i

The summation in fact represents the merging process. The individual [5̂ 1 matrices are 
transformed and added-into the system matrix [Ssl.

In the variational principle which has been used above the displacements are unknown and 
the strain energy is written d6wn in terms of these displacements. There are other variational 
principles in elasticity. One of the most complex is the Hu-Washizu principle in which stresses, 
strains and displacements are all unknown. The Euler equations derived from this principle 
state as follows:

(1) Stresses must be related to strains by some equations that describe the material.
In linear elastic analysis this corresponds to Hooke's law.

(2) The stresses are in equilibrium.
(3) The strains and displacements are related in the appropriate manner.

The Hu-Washizu principle (see equation (30) later) can be simplified by imposing the condition 
that the stress-strain relations are always satisfied. This yields the Hellinger-Reissner 
principle (see equation 31) later) which involves the stresses and displacements and as Euler 
equations yields the statements (2) and (3) above. Further, the condition (3) may be imposed 
so that only displacements are unknown. This yields the principle of minimum potential 
energy with which we have already dealt. Alternatively the displacements may be eliminated 
leaving just the stresses by imposing the condition that the stresses are in equilibrium. This 
yields the principle of minimum complementary potential energy (see equation (32) later).
The Euler equations of this principle are the relations between strain and displacement.

The connections between the various variational statements is shown in fig. 2.7 (For further 
details see references 83 , 92, 106).



impose c = /(«)
strain-displacement relations)

[Principal of minimum 
tential energy u unknown

nu-wasoizu
principle
*, a, c unknown

Impose
Hellinger-Reissner 
u, a unknown

impose a * £c (Hooke's law)

Impose /(a) = 0 
(equilibrium conditions)

Principle of minimum complementary 
potential energy a unknown

Fig. 2.7 Connections between variational principles

The variational statements described relate to a complete structure and the assumptions for the 
unknowns in each principle have to satisfy certain continuity requirements. When the finite 
element method is used the assumptions may be discontinuous across inter-element boundaries. 
In such situations extra terms within the variational statements will be needed. These so 
called jump terms are discussed in detail by Pian106 and by Wolf83.

The Hu-Washizu variational principle discussed earlier in which ay, £y and uy are all unknowns 
may be written as - •

Hjnr = J ' € i}Efjkl  €ki (**fj +uj . i ) ~ €y)°fjVv
volume *

~ f ° i j » i Uj dS ~ f aij “j  (ui -

surface Sff surface

The Hellinger-Reissner principle which is a function of ay and «y is given as

CijM akl ~ F i + 2&{j (Ujfj + uj,f )^ jd V

volume

- J '  otjHj U{dS - J "  vy Uj (uy - u,)dS

surface S~ surface S-

where Cy*j i& the compliance tensor.

The principle of minimum complementary potential energy is

Hope * /  hPijcijklukldV - J'CfjUjiiidS
volume surface Sg

(30)

(31)

(32)



10.1 Element and system mass matrices

In the simple Analysis presented in section 1 the expression for strain energy was differentiated 
with respect to displacements in order to obtain the forces on the element. We now present a 
dynamic analysis which is consistent with this level of mathematical rigour.

We assume that all displacements in a structure vary sinusoidally in time at frequency <*>.
We shall omit the factor sin cot or exp(*ut) in the analysis which follows. We write down the 
kinetic energy of a single simple beam element as

K .E .  = J Ip A tty 2 u>2 dx (307)
o

We use the fact that Uy may be rewritten in terms of the nodal values {«,} from equation (5) 
and then the kinetic energy becomes

K .E . = (308)
[Mg] which is known as the element mass matrix is given by

lAf,l = p A i A l ^ j T l P ^ l P l d x U r 1 (309)

Differentiating the kinetic energy in equation (288) with respect to {«*} yields the forces 
required to produce the acceleration. Since the acceleration is in the opposite direction to 
the displacements the forces required to overcome the inertia are

fr«}jnortte (310)
-The total force acting on an element in order to overcome both stiffness and inertia is

{Fg} = lS*l{ae}- u 2[M g\{ue} (311)

These forces may be merged in exactly the same way as the stiffness forces were merged 
in section 1. The process yields a system set of equations as

iSs]{us) - co2LWs]{us} = (Ss] - co2Uis}) {us}-= {Fs} (312)

where LWg] is the system mass matrix and {Fs} is a list of the harmonically varying forces 
which are applied to the system.

In the case of a vibrating beam in which we are concerned only with transverse Uy motion 
there is only one component of velocity to be considered. In a general three dimensional 
situation there will be velocities in all three directions and we can write the kinetic energy 
as

K .E , = i j  pu>2(ux 2 + Uy2 + y z2)d V  (313)
volume

The development presented so far has not been mathematicy rigorous. This remark applies 
to section . 1 earlier but section ,2 shows how variational statements can be made which 
are rigorously admissible. In dynamic situations the appropriate variational statement is 
that the Lagrangian.

L = K .E . - S .E . (314)

is a minimum



The Euler equations of this variational statement are the equations of motion for infinitesimal 
elements of the continuum.

10.2 Lumped mass element
In most elastic structures the mass is distributed over the elastic elements and mass matrices 
for each of these elements can be found by the usual integration procedures. But in certain 
structures there are small concentrated masses that have no flexibility. We account for these 
by using lumped mass elements.

Let us consider a rigid body with its centre of mass at a point G where the displacements 
and rotations are uxg, Uyg , ... $gg. In sinusoidal conditions the kinetic energy of some 
other point on die body at distances x \  y \  z along the cartesian directions from G is

K .E . = \p .d V . w2. ((«*•+** *r-y'fct)2 + (î r+x,0,-x,$r)2+ («*.+/$,-x'#,)2)

now m = ftp mass = /  pdV

I x x , Jyy, Igg are the moments of inertia + z '2)d V etc.

I xy, lyg Igg are the products of inertia / * y dV etc.

(315)

(317)
(318)

When a lumped mass element is- placed with its centre of mass at node at which the displace
ment listing {k} is given by equation (319) then the mass matrix has the form of equation (320).

(319)

U M  =

lxgi nyg* Uggt Qxg* Qyg’ <t>

n,

0 n> symmetric
0 0 ».*
0 0 0 Ixx

0 0 0 ~^xx lyy

0 0 0 ~Igx

(320)

Now let us suppose that the lumped mass element 
is placed at distances ext eyt ez along the 
cartesian directions from a node at which the 
displacements are ux to 4>z as shown in fig. 2.43. 
From the geometrical considerations we find that

Lumped mass

nodal point

Fig. .43.
uxg ~ ux + e z <Py~ Cytyg etc. (321)

Using equation (321) in equation (316) gives the effective element mass matrix at node N  as

lAf.l =

m

0 IK

0 0 m

0 -meg nsey ISx+*r\e2+el)

mtg 0 - m e s -IXy-tnexty l,y+m{el+el)

-Ttlgy m e x 0 -Iyx- m e Mex " / j l l  " /*, + m(eJ+«|)

(322)



n t w i w  commoniy occurring problem of natural frequency determination we wish to find the 
frequencies w, u>2 etc. at which the structure will vibrate naturally without external loads 
being applied. Accordingly we oomsider equation (312) and set {Fj ** {0}

(323)
Equation (323) would be satisfied if {w4} were a null vector but of course this would represent 
a trivial solution with no vibration at all. We therefore choose w for the square matrix 
(IS*) - w2 lAi,]) to have a zero determinant.
A  typical variation of l[S*) - w2lAJtll is 
shown in fig. 44. Hie values where the 
curve crosses the w axis are the natural 
frequencies of the system.

US,) - w2 UWJI natural frequencies

Fig. 44

It would be possible, but extremely expensive to evaluate llSs]- oj2lAj£]| enough times to 
obtain a graph and hence the natural frequencies. A better technique is to transform the 
equation (323). We proceed by factorizing [A4S] to obtain

[M s] = [L } [L t ] (324)

where iLj is a lower triangular matrix and of course lL]r is its upper triangular transpose. 
We then transform the degrees of freedom {us} using

{«'} = U.lrW  (325)

Equation (325) is substituted into equation (323) and {«*} is eliminated. On premultiplying
by iLl""1 we obtain

([S#]-w2l/l)V} = {0} (326)

where IS*] is the symmetric matrix IS*J = LLrMsjLL]"7, (327)

and If] is a unit matrix
Equation (326) will be recognised by numerical analysts as a symmetric real eigenvalue 
problem. There are many efficient methods available for finding the eigenvalues w2 and the 
corresponding vectors {«'} which satisfy equation (326). From a {«'} vector the corresponding 
{«s} is calculated using equation (325).

10.4 Eigenvalue economisation

Although the eigenvalue process is considerably faster than the determinant search method, 
it is 8till prohibitively expensive for systems with more than about 100 degrees of freedom. 
It happens that almost all the degrees of freedom in a very large eigenvalue problem have 
little effect on the mass matrix. Hie stiffness matrix is found from strains which are 
obtained as differentials of the displacements or degrees of freedom. A large number of 
degrees of freedom are essential since differentiation is a process which introduces 'noise' 
and inaccuracy. This is not so with the mass matrix (see equation (313). Thus we can 
eliminate in some way the mass aspects of certain degrees of freedom provided that we 
leave the stiffness intact. This can be achieved by neglecting the inertia effects of certain 
freedoms (see refs. 97,98,121,123,124). We consider equation (323) and we partition die



vector {u,} Into
(328)

In equation (328) {«„,} are the master degrees of freedom which will be retained whereas 
{%} are the slave displacements which are to be reduced out. Equation (323) now becomes

i
wr>[M mm] [Af, 

[AW ] [Af̂ l
1\(•fm) <o}JM

ii

{0} (329)

The lower partition of this equation represents the statement that there is to be equilibrium 
at the slave degrees of freedom {%} which are to be reduced out. The inertia terms are 
neglected in this statement and we have

I { « r n }  + ISrrl W) = {o} (330)

This is constraint on the degrees of freedom. It may be reqritten as an equation for to). 
We cannot use this expression directly in the upper partition of equation (329). We must 
remember that the finite element method is based upon energy and rewrite the strain and 
kinetic energies using equation (330) in order to eliminate {x̂ }.
After development we find that

(331)
(332)

K .E . = lA4»rl ivrHSUI - ISU IŜ l* *1*0 + K U  [vr'l^rrl J {<*,}

(334)

The terms in round brackets in equations (331) and (333) represent the effective stiffness 
and mass matrices of the reduced system, and the system equations are now

(ISJ - w2UM„]) {<u = {F„} (335)

where the subscript m represents master degrees of freedom and {Fm}, the force vector, 
is zero for natural frequency calculation. It would be difficult to carry out the matrix opera
tions implied in these equations because of the great demand on computer core store. In 
practice the elimination of the terms in the {î } vector is part of the frontal process which 
will be described later, (section 2.14). When the reduced stiffness and mass matrices have 
been found the eigenvalue process described earlier is used.
An important question that arises is how to choose which degrees of freedom are to be 
reduced out and which are to be kept. The master degrees of freedom should be those which 
are Important in describing the kinetic energy. Therefore the masters should be concentrated 
in the region of heavy areas in the structure and free ends of components which can be 
expected to vibrate easily should contain masters. Even with a number of guidelines the 
choice of masters is not easy and an automatic method for their selection has been developed.
In essence the automatic method of master selection involves studying the ratio between S// 
and Af//, the leading diagonal stiffness and mass terms for degree of freedom i.

When S n /M n  is large then either the mass at degree of freedom i is small or its stiffness 
is large and hence it is well connected into the structure; it is unwise to keep degree of 
i as a master. On the other hand if Af// is large and/or S// is small then the degree of freedom i  
is likely to give rise to appreciable inertia effects. The automatic selection technique involves 
keeping as masters the degrees of freedom from which S///Af// is small.

(333)



14 SOLU H O N  ME THODS

14.1 Introduction

We wish to solve the problem

[ S] {«}=(*•} (411)
where [S] is the square symmetric system stiffness matrix 

{f } is the list of applied nodal forces 
{«} is a list of the unknown displacements

Note that the system symbol, s has been dropped since no confusion can arise.
Often there will be a number of different loading cases and therefore the right hand side of
equation (411) will be a rectangular matrix IF] and the unknowns will be written in columns 
in a matrix lu] of die same size. The following analysis can be extended to cover this more 
general situation without difficulty.
The static problem involves finding the solution to equation (411) as

{«} = isr^F) (412)
In the following sections we shall consider various methods of doing this. The methods of
solution which can be used are capable of division into two classes as (1) direct methods and
(2) indirect methods. With direct methods the only approximations which arise are due to 
errors in arithmetical operations since computers work to a finite number of decimal places. 
Indirect methods usually involve making a guess at the solution and improving this guess until 
it is adequately accurate. We shall only be concerned in the following sections with direct 
methods.

14.2 Full (SI

The full system stiffness matrix, which is square and symmetric, is assembled and the 
solution is obtained by solving the equations in the computer core. The method is only 
feasible if the number of degrees of freedom in the structure is very small indeed (for 
example 50).

14.3 Banded IS)
The system stiffness matrix IS) is 
banded if the degrees of freedom 
are ordered carefully. A typical 
[Si is shown on the left of fig. 2.57.
It is very wasteful to store the 
whole of |S] as is the case in the 
full [S] method. We only store the 
lower part of the band by replacing 
IS] by a rectangular array as shown.
With the matrix stored in this revised 
form it is possible to solve the set 
of equations economically by factorising
[S] to give

IS] = lLllL]r (413) Fig. 2.57



visualise the process which is used to obtain ILJ the first few terms of (S) and [L] will be 
written In conventional rather than banded form as

$11 symmetric £11 0 0 0 £11 L21 L 31
S21 $22 1*22 0 0 0 1*22 1*32
% S32 S33 = £31 L 32 L 33 0 • 0 0

The Su term on die left of equation (414) can be written as

S u  = l u2 (415)
From equation (415) we can find the value of L \ \ as /Su. Let us now consider some other 
terms

S21 ~ I*21*^ll (416)
S Sl = 31 • 11 (417)
S22 ~ L 2l2+I*222 (418)
S32 = L  31L 21+ L  32L 22 (419)

S u = w (420)
l
i

s ki ~ 21 L V L ij for fc > i (421)
i* 1

Since the value of L u can be obtained from equation (415) the values of L 2i and Z,31 can be 
found from equations (416) and (417). At this stage, L 22 is the only unknown in equation 
(418) which may therefore be rewritten as

X 22 = y /  (s 22~L 2 r) (422)

The only unknown in equation (419) is then L 32 which may be calculated.

The general equations are given by (420) and (421). We can always use the first of these to 
find the diagonal entries in LL] and the second equation to find the off-diagonal terms.

Let us take the semi-bandwidth of [5] = 0 for all i  , j such that
I t-j l + l> *1; (423)

From equations (416) and (417) it is apparent that the bandwidth down column 1 of lL} will be 
identical to that of [S]. A careful consideration of equation (414) shows this is indeed the 
case for all columns of LL].

By forming the [L] matrix column by column we can show that no Sy term is required after 
the corresponding Ly term has been evaluated. This consideration together with the state
ments above concerning bandwidth show that [L] may be formed in the [S] array which is 
therefore destroyed by the process.



Equation (420) can be used to find the leading diagonal terms of Ll ! as

(424)

For structural problems in which a deformation always causes positive strain energy to be 
stored we say that the stiffness matrix (Si is positive definite. It is possible to prove that 
the quantity, Z % within the square root sign in equation (424) is always positive. If a structure 
has rigid body modes then zero strain energy states are possible and there will be as many 
values of i for which Z  -  0 as there are independent rigid body modes. In practice there 
will be numerical errors in the evaluation of the [5] and LLl matrices. Hence the value of 
Z  may turn out to be slightly negative resulting in a program failure. The practical way out 
of this difficulty is to change Z  to a small positive number, print a warning and proceed.
If there is a gross error in the data for a mesh, such as incorrect ordering of element topolo
gies then an element may effectively have some negative area and hence negative stiffness.
In such cases the algorithm for evaluating LLl encounters a large negative value of Z at some 
stage. The calculation is stopped and a diagnostic is printed.

After the factorization is complete the matrix equation (413) which is to be solved can now be 
rewritten as

Since (Ll is a lower triangular matrix it is straightforward to obtain v \ from equation (427) 
and when this is done t/2 can ^  found directly from equation (428). The remainder of the
equations has a triangular coefficient matrix.

Now that the (v) terms are known the {«} terms can be found from equation (426) which also 
has a triangular coefficient matrix. In this case the evaluation of the {u} terms starts with 
the last and works backwards.

If we consider an idealisation with 1000 degrees of freedom and one loading case the full
(S] method of solution requires the storage of a full 1000 by 1000 stiffness matrix together 
with a loading vector containing 1000 terms. This requires 978K of computer storage 
(IK = 1024 words). This amount of storage rules out the full IS] solution method for this 
example problem which must be considered as small to medium in size. The amount of 
storage required for the banded method obviously depends upon the bandwidth w as defined 
earlier. For many types of structure we find that the bandwidth is approximately equal to 
the total number of degrees of freedom raised to the power 0*6 plus about half the number 
of degrees of freedom on one element. For the problem with 1000 degrees of freedom we 
shall take w = 70. The storage required for the stiffness matrix and the loading vector is 
69K which is just acceptable for a large modern computer. Since the whole of the stiffness 
and loading matrices are stored in core there are no expensive transfers from core store to 
backing store. Therefore the banded (S] method is highly suited to problems of small to 
medium size whereas the full (Si method is only appropriate for the academic type of tests 
which are made during the development of a new element.

lLllLlr{ii} - {JF> (425) .

We make the substitution

M  = lLlr{a) (426)

Now we rewrite the first few simultaneous equations in (426) as

Lu v\ : Fi (427)

(428)

terms in (v) can be found just as easily. This ease of solution always arises if a set of



For large problems the storage requirements of the banded IS] method increase approximately 
as the total number of degrees of freedom raised to the power 1.6. We soon reach a situation 
in which a banded solution within a computer core is impossible. The frontal solution method 
uses far less core store than the banded method but it does so at the expense of some use of 
backing store. At the present time it is the best solution method for most practically occurring 
problems. Changes in computer architecture, operating systems, or the types of problem to 
be solved may of course change the optimum solution method. Indeed it may be that some of 
the common solution methods of the future will be indirect rather than direct.

In the front solution method 
we assemble the system 
stiffness matrix relating to 
the first element of a 
structure. In the case of 
the structure shown in fig. 2.58 
this means assembling some 
of the parts of the stiffness 
matrix which relate to nodes 
2, 7 and 8. The information 
relating to node 1 will be 
complete since there are no 
other elements meeting at that 
point. Let us assume that 
there are two displacements 
u ] and u 2 at node 1; the 
first part of the system 
stiffness matrix S will be

Fig... 58 Element numbers and nodes

S n Mi + $12*2 + other terms 
S 2iu 2 + S22u2 + °ther terms

other equations

where the 'other terms' are complete but the 'other equations' are incomplete. 

We can rewrite the first equations as
«i = (Fi -Sj2tt2 - other terms)/Su

(429)
(430)

(431)

This equation can be used as a substitution for uj in terms of the other variables and there
fore Uj may be eliminated completely from the set of equations. Of course we shall eventually 
need to know the value of u ] which can be found from equation (431).

When Hjhas been eliminated the second equation, (430), will have different coefficients and a 
different right hand side. It can then be rewritten in a similar manner to equation (431) 
except that u2 will be on the left. The equation can be used to eliminate u2 wherever it 
occurs in the remainder of the set of equations.

We have eliminated the degrees of freedom and u2 immediately after the first element 
stiffness matrix has been assembled into the system stiffness matrix. The second element 
can now be assembled and the system matrix will now contain terms due to the nodes 2,3,7,8 
and 9. At this stage the degrees of freedom at node 2 can be eliminated.



Further elements are 
merged and at each stage 
any nodes which do not 
appear in later elements 
can be reduced out. The 
solution is proceeding as 
a 'front' through the 
structure. After element 
16 has been assembled 
and the necessary elimina
tion has been performed 
the degrees of freedom 
represented within the 
system matrix are all 
along the line A on fig. 2.59.
As element 17 is assembled 
we need the degrees of 
freedom at the nodes 
indicated by line B . After 
the eliminations which 
follow the assembly of 
element 17 we need the 
degrees of freedom 
indicated by line C. The 
solution front has moved 
from line A to the line C 
as element 17 was assem
bled. It is easy to imagine 
what would happen to it if 
the next element were
assembled. The system stiffness matrix need only be large enough to hold the stiffness terms 
represented by the largest number of degrees of freedom on the front at any stage ol the 
elimination process. In the case of the structure shown in figs. 2.58 and 2.59 the 'maximum 
instantaneous front size' is nearly constant as the solution proceeds. It is represented by the 
line B shown in fig. 2. 59.
When all the elements have .been merged into the system matrix the final eliminations can 
proceed until there is just one degree of freedom, u„t left in the matrix. The equation for 
it will be of the form

Line A

Line B

Line C

Fig. .59 The progress of a solution front

SnnUn (432)

From this equation *4, can be found numerically as Fn/Sttn. The preceding elimination for 
14, _ j enables this quantity to be found. Then other degrees of freedom eliminated earlier can 
be obtained. This 'back-substitution' calculation proceeds in the reverse order compared with 
that of the forward elimination phase.

Having outlined the frontal solution philosophy we now give the precise mathematical details.
At any stage the k xh equation may be written as

£  S y u ) = F k 
l

(433)

or alternatively by rearrangement

«* = F't/Stt - £ Skj*j/Skk 
i* i 

except j  = k

(434)



£  SyUj » Ff 
$•1

(435)

or

£  sV uj ♦ Sik Fkk^Skk - {S ik /S kk)' £Sjy/*j = F* (436)

except j * k  except j = *

and hence

£  (fy-S ik -S *f/S k k )uj = f ' l - f 'k l f S ik /S n , (437)

except j * k

Hus when the k th variable is eliminated the Sy and F j terms are changed as

sij Sy -Sf*.Sjy/S** and F* —  F# - F*.S|*/S** (438)
Ibis process can be achieved efficiently by setting up a vector {v} with

V# = Sf*/V3T* (439)
then the modifications are

and Ff “* Fi~F* Vi/JSkit (4K®)
The backsubstitution is achieved by forming the vector

W  - {V)/ (441)
The {fK} is stored on backing store and is used as follows to obtain uk from

n
>* = Fk-W k “ £  W j* j . (442)

J = i
except j  = *

The system stiffness matrix is never completely formed when the front solution is used.
The area that is used to store the lower triangle of the currently active part of the stiffness 
matrix is used over and over again to store the coefficients relating to many different
equations. It is of course imperative to keep a proper account of the identity of the equations
that are kept in the (S) array. The details of the housekeeping are given in the systems
manual.

In certain non-linear problems such as crfeep and plasticity a single forward elimination is 
required followed by a number of separate back-substitutions each with a different load vector. 
From the theoretical standpoint the resolution method as it is called is identical to the normal 
front solution.



A P P E N D I X  B

95



jumpcxxci e> usxng tne uan prated
Hammer Technique 

Instrumentation

A block diagram of the instrument layout is shown in figure 1. 

Test Layout

The shafted impeller is assembled on a temporary support 

structure such as is shown in figure 2.

The vibration measuring equipment is set up and calibrated .

The force link load cell is calibrated. A suitable head is fitted 

to the impact hammer. Teflon heads are suitable for vibration 

tests of large impellers.

Test Procedure 

DE Sideplate

The drive end sideplate is marked off into sections, as shown in 

figure 3. Test points are located opposite blade attachments and 

midway between blades.

The accelerometer is attached to the sideplate at position 1. 

Four impacts are made at point 1 with the load cell. The

spectrum analyser is set to average these four tests. If the 

coherence is satisfactory the results are recorded on the 

microcomuter. A transfer function chart is recorded on the X-Y 

plotter.

The accelerometer is moved to position 2 and a further four

impacts made at position 1. The averaged results are recorded.

This procedure is repeated until the accelerometer has been

placed at each test point. A print-out of all test data is 

obtained from the computer.

Centreplate

The centreplate is marked off into equal sectionsas shown in



figure 4 - Half of the points are located opposite blade

attachments and the remaining half midway between blades.

A similar test procedure to the one previously described for the 

sideplate is then carried out.

A number of points are marked across a diameter of the

centreplate. The point at the circumference is selected for the

impact position. Transfer function vibration measurements are
*

recorded at all the points on the centreplate diameter by moving 

the accelerometer while impacting at the single location.

Results

Forced vibration tests by the calibrated hammer technique are a 

reliable method of obtaining frequency response characteristics

for structures such as fan impellers. The accuracy of the

resonant frequency measurements depend on the spectrum analyser

bandwidth. For frequency ranges of 0 to 500 and 0 to 100 Hz. the

measured natural frequencies should be accurate to 2 and 4

Hz. respectively.

Blade Passing Frequency

The blade passing frequency of a double inlet impeller with

staggered blades is

N x RPM Hz.
2 60

Where N = total number of blades for both inlets.

Many engineers incorrectly consider the double inlet impeller as

a single sound source. This misconception leads to the view that 

the blade passing frequency for a double inlet impeller with

staggered blades is twice the frequency of a single inlet

impeller.



The best way to understand how to calculate the true B.P.F.of a 

double inlet impeller is to imagine two single inlet impellers 

coming together and that a double inlet impeller is in fact two 

sound sources.

Say the B.P.F. of both single inlet impellers is 300 Hz. When 

these single inlet impellers are joined back to back to form a 

double inlet impeller the B.P.F. of the combined system of two 

sound sources is still 300 Hz. irrespective of whether the blades 

are inline or staggered. The amplitudes of the discrete tones at 

B.P.F. and harmonics depend on the phase relationship of the 

seperate tones generated by each of the single inlet impellers. 

For staggered blades there is normally a degree of active noise 

cancellation which reduces the discrete sound pressure level 

amplitude. For inline blades the tones at B.P.F. are in phase and 

the double inlet discrete tone at 300 Hz. could be up to 6 dB 

higher than for the single inlet impeller.
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MEyUiiEaJEaLUS.EOOARIIOIliC 4

S E 6 II E H T i

T D I S F E A C E I I E H T S  FOR RODE SHAPE 1 

JOTSPLACEAEHTS AT HOSES

HliflBER UX BY UZ PHIX PHIV PHIZ H HI STOGRflfl
3 4.9186 4.9228 9,7544 1.292 1.242 -8.289 4.7518 H f H i 4.00 1.48 1.09
9L -4.9211 4.9966 -9,1503 5.750 -5.237 -0.494 9,1518 i 9,28 1,94 9.00

13L 9.4294 -9.9966 9,1583 -5.750 5.237 9.494 0.1518 i -4.28 1.44 9.84
21 1.9966 -4,4918 9.4576 3,659 2 t/ii t 9.4576 i H i 8.14 1.07 9,00
22 4.4934 4.9287 8.6/47 -1.536 -2.294 t 8.6954 H H H -8.14 1.47 0.44
47L 4.9193 -4.4413 9,2166 5.122 -3,978 "0.900 9,2175 ii 8,28 1.44 4.2?
59L -9,4193 4.4413 -8,2166 -5.122 3.978 8.994 0,2175 n -4.28 1.44 9,29
69 -9.9153 -9.4148 9,7327 -0.939 -l,5i8 8,193 8,/*34 mm 8.99 1.83 0.2?
63 -4,4965 -4.9254 9.335c* -2.215 -3,685 it 8.3865 Hi -4,14 1.97 9,2?
69 -4.9474 9.9964 0,7970 2.986 1.614 i 0,7871 H H H 4.14 1,07 0.2?
8JL -4.4234 4.4145 -0.4878 -7.535 6.342 4.964 4.8914 i 9.28 1.54 -0.2?
95 L 9.4234 -9,9195 4.937'8 7.585 -6.342 -0,164 9,9914 i -0.28 1,84 -8.2?
96 9,4447 -9,8141 1,2563 -3.874 -8,443 i 1.2564 HiHHUi 9.04 1.88 -9,2?
99 9.996? 4.9958 -9,8713 1.561 5.91? i 0.8/13 Hum -8.14 1.87 -4.2?

195 -4,8453 -9.4218 -8.9236 -7,129 -3,336 i 4,9238 iiiiiii 4.14 1.07 -0,29

TO I S F L A C E A E H I  S FOR H 0 0 E SHAPE.  2 

SDISPLACEAEHIS AT NODES

HUftBER UX BY UZ PHIX PHIY PHIZ U HISTOBRM
3 -7,115 -15,435 99,126 -3.693 -3.871 -4.011 91,715 i 9.09 1.08 9.00
?L -16.386 14,372 505.46 4.584 -4.540 #.15# 585.53 H H f «,28 1,94 0.00

13L 16.38u -14.372 -505.86 -4.584 9.549 -0.154 303:* T H H i -0.28 1.44 0.49
21 -12.956 -18.138 457.48 -1.923 -1.292 i 458.82 HHi 8,i4 1,07 0.80ii 3.343 -1.536 -3^4.73 -i,785 -2,465 i 324.96 H i -0.14 1.07 0.99
47L 7.752 3.786 -1998.9 4,i51 2.267 9.899 1990.0 HHHHH 9.23 1.94 9.29
59L “/ • /3iI -3,786 1000.4 -0,151 -2.267 -0.990 1800.0 HHHHH -0.28 1.44 0.2?
59 -4.524 -13.475 46.211 4,619 5,167 0.484 48,348 9.90 1.98 9.2?
63 1.358 -14.603 674.97 4.93? 4.458 i 675.14 i t i i i i i -0.14 1.47 0.2?
6? -5.886 -1.444 -627.93 1,613 3,564 i 627.95 mm 8.14 1,97 0,2?
83L 14.663 -16,833 495.91 -4.877 0.352 -0.116 496.3? i i i i i 0.23 1.94 -0,2?
951 -14.663 16.433 -495.91 0.877 -0,352 0.116 496,3? HHi -8.23 1.94 -8.2?
96 0.061 18.788 -126.22 -2..159 -3.747 i 127.62 i 0.00 1.43 -0.29
99 -9,584 3,658 -484.50 -0.733 -1.430 i 484.60 mu -8.14 1.07 -0.2?

105 12.429 21.792 290,67 -1.368 -2.467 i 291.76 H i 0.14 i:97* -0.29



n I S i L A C £ II E II T S FOR fl 0 0 E SHAPE 3
MISPLACEIEHS AT HGCES
HUfi&ER ex UT 1JZ F'HIX FHIV PHIZ U HISTOGRAR

3 4.1966 -4.9948 9.2477 4.741 1.247 -4.459 9.2478 ** 9.44 1.98 9.99
?L *.1159 -§.#132 9.9588 -4.314 1.676 -8,813 9.8618 9.28 1.84 9.48

13L -8.495? 9.9182 -4.4568 4.314 -1,676 4,913 9.4618 -8.28 1.94 9.94
21 #.#112 -4J417 §.8565 -8.886 8.783 i 8.8577 8.14 i.§? 4.99LL -8,9934 -9,9415 4«in j2 -9,39V -1.131 i 1.1632 i -9.14 1.47 9.99
47L 9.il49 -9,8818 4.4867 1.796 -2,738 -8.898 8.4867 h h 9.28 1.84 8.2?
57L >#,*§49 4,9193 -4,4347 -i.796 2,733 4.999 9,4867 h h -8,28 1.94 8.2?
61 -1.1196 -9.9154 8.2286 -1.628 -2.H3 9,933 8.2289 H 9.18 1.98 9.2/
63 -#,#•44 -9.4968 -9.1175 -2,594 -2.955 i 8,1178 t -8.14 1,47 8.2?
6? -4.#942 9 .9812 1,4744 9.571 -1.99? i 9.4744 iiii 4.14 1.4? 4.2?
83L #,###5 8,4249 9.9583 6.191 -4.373 -4.949 4.4619 4.28 1.44 -4.2?
95L -1.1115 -9,8299 -8.8533 -6.191 4.373 9.999 9,4619 -8.28 1.94 -9.2976 -4.4165 9.8949 1,2597 4,469 1.148 i 1,2597 H H H H H 9.99 1,98 -8.2?99 4.1149 9.8914 8.V298 -1.447 -5.413 * 4.9298 H iH H -4.14 1.87 -9.2?m -4.4133 9,8969 9.8939 7,373 3.642 i 9.8999 H H H 9.14 1.87-4,2?

TDlSFlACtflEHTS FOR ft 0 D E SHAPE A 
MISPLACHEHTS AT SHOES
HUfiSER UX ur UZ PHIX PHIT PHIZ U HISTGBRAR

3 -4.4174 -4.9199 -4,1976 -4.582 -4,268 4.968 9.1115 * 9.44 1.98 4.99
?L 8.9828 -8.9983 -8.2371 -9.798 9.233 -9.866 §•2393 n 4.28 1.94 9.89

13L -4.9428 9,9933 4.2371 9.799 -4.233 9.966 8.2393 a 9.28 1.94 9.44
21 -9.9818 -9.898? -8.1358 9.358 8.54? i 9,1859 n 4,14 1.87 4.94
•nUL. -4.4124 -8,8985 9.9996 9.288 1.471 * 9.9159 -4.14 1,47 9.44
47L -4.8194 9.9452 -1.8881 -1,847 4.537 9.448 1,9981 h h h h h 8.28 1.94 8,29

. 59L 8,8994 -4,9452 1.4999 1.947 -4.537 -9.999 1,9991 H H H H H -9,28 1.44 4.2?
64 4.8277 4.9135 -4.H34 2.642 3.345 -8.446 8,1176 i 9.44 1.98 9,2?
63 9.9157 9.9153 4.4525 2.771 4.563 2 9.4539 am -4.14 1,47 4.2?
6? 9.49?? -9.9916 -4.6641 1,69? 3.954 * 4.6642 UHiii 4.14 1,87 4.29
831 -9.4193 9.9149 -4.<:584 2.483 -1.191 9,996 9.2579 Hi 9.28 1.94 -8,2?
?5L 9.4198 -9.9148 9.2584 -2.883 1.191 -9.486 4.2594 m -8.28 1.84 -4.2?
96 -9.9982 -8.9837 9.4932 2.744 2.573 * 9.4982 liii 4.44 1.43 -4.2?
2? 9.9458 4.942? 9.5332 9.314 -4.55B i 4.5332 H it i 1.47 -8.29

145 -9.9989 -4.4872 9.4359 2.7812.154 i 9.9413 4.1 f 1.47 -4.2?

SESHEHI 2

iOISFtACEHERIS FOR 8 0 0 £ S H A f £ I 
iDISPLACEftEHTS AT HODES



NUA8ER UX UT UZ PHIX PHIY PHIZ U HISTQ6RAA3 -9.9136-•.•228-9.7594 -1.293-1.2129.299 9.7519H H H 9.991.989.99
ii 9.9299-•.•966 9.1593 -5.7595.2379.994 9.1518i 9.281.949.9913L -•.#299 M»66-9,1593 5,759-5.237-9.994 9.1518* -9.281.949.9921 -•.§166 •.•913-9,4576 -3.651-2.729 i 9.4577au 9.141.979.9922 -M984-1.9287-9.6947 1.5362.294 i 9.6954HHH -9.141.979.9947L -•,•193 •.••13-9.2166 -5.1223,9789.999 9.2175a 9.231.949.2?5?L #.#1/3-M913 9.2166 5,122-3.978-9,999 9.2175a -9.2B1.949.2?69 •.•153 •.9148-9.7327 9.9391.518-9,193 9.7339nuii 9.991.989.2963 9.996? •.•259-9.3856 2.2153.685 f 9.3864Hi -9.141.979.2?hi ♦,§•74- • . • • 6 9 -9.7979 -2,986-1,614 i 9,7971iiiiii 9.141.979.2983L •.•231-•.91959.9878 7.585-6.342-9.964 9.9914£ 9.281.94-9.29?5L -•,•231 9.9195-9,9878 -7.5356.3429,964 9,9914t 1.94-9.29

n -#.W4? 9.9iii 1.2563 3,3699.943 f 1,2564HiiiiiiH 9.991.98-9.29ii -9.9969-9,99589.8713 -1.562-5.919 t 9,8713iiliiii -9.14 1.979.29i#5 •.1153 9.92189.9236 7,1293.336 i 9.9238HHiH 9.141,97-9,29

>D I  5 P I  A C E H F H 1 3 F D R  N O D E  S R i f  E 2 

.D isFUuNEHTS »T NODES

HUA8ER UK UY UZ PHiX PHIT PHIZ u wvmm3 7.119 15,432-99,i4i 3.6933,8719.911 91,728i 9.991.989.9991 16,586-14.372-595,96 -9.5849.549-9.159 595,53am 9.281,94 9,99131 -16.386 14.372595.96 9.584-9.5499.159 595.53a m -9.281.949.9921 12.954 CO -%J -457.5i i,9231.292 i 458.95mn. 9.141.97 9.99
i l -3,845 1.535329,92 1.7352.4u5 i 329.95iii -9.14 1.97 9.994/L -7,752-3.786 1999.9 -8.151-1 -. L I -9 J 9 9 i999.9HHHHH 9.28i.949.2?59 L 7.752 3.736-1999.9 9,1512.26/ 9,999 1999.9HiiiiiiH -9.28 1.949.2969 4.526 13.476-46,231 -4.61?-5.i6?-9.984 48.367 9.99i.989.2?63 -1.357 14,692-674.98 -4.939-4.958 i 675,14Hiiiii -9.141.979,2?69 5.986 1.494627.89 -1.614-3.559 i 627.91HHH 9.141,179.2?83L -14,663 16.933-495.91 9.877-9.3529.116 496,39HHi 9.281.94-9.2?95L 14.663-16.933 495.91 -9,3779.352-9.116 496.39HHi -9.28i.94-9.2?96 -9.969-13.799 126,22 2,3593.797 t 127,62i 9,991.98-9.2999 9.584 -3.659484.59 9.7321.439 i *84.at HHi -9.141.97*9.29195 -12.439-21.794-299.6/ 1.3632.967 i 291.76Hi 9.141.97-9,29

S D I S P L A C E H E N T S  F O R  H 0 D £ S H A P E  2 

ODISPIACENEHTS AF NODES

m m UX UY UZ PHIX PHIT PHIZ ii h is t o m h ii
3 -9.9966 9.9999 -9.2977 -9.741 -1.247 9.95? 9.2978 a 9.99 1.93 9.9991 -9.1159 9.9182 -9.9588 9.314 -1.576 9.913 9.9618 9.28 1.94 9.91

13L 9.9959 -9.9182 9.9583 -9.314 1.676 -9.913 9.9618 -9 .2 8 1.94 9.99
21 -9.9112 9.9917 -9.9565 9.986 -9.713 i 9.9577 9.14 1.97 9.9922 9.9939 9.9915 - 9 . ‘ 632 9.39? 1.(31 i 9.1632 i -9 ,14 1.97 9.99
471 -9.9949 9.1998 -9.4867 -1.796 2.738 9.999 9.4867 h h 9.28 1.94 9.29
591 9.9949 -9.9998 9.4367 1.796 -2.738 -9.999 9.4867 hh -9 .2 8 1.94 9.2?
69
i i

9.9996
ft t i n

9.9954 -9.2286
ji ji%hi A a a

1.628 2.113 -9.933
* p.ii m

9.228? H 9.99 1.98 9.29



■HUHUHUH

9D I 3 P L A C E It E H 1 3F 0 RRODE SHAPE 2
9DI5PLACEfiENTS AT NODES
HURBER UX UT UZ PHIX PHIT PHIZ U HiSTOGRAR3 -7.115-15.43599,126 -3,693 -3,871-8.911 91,715* 9.99 .989.3991 -16.386 14.372515.96 9.584 -9.5469,159 595.53mu 9.28 .949.9913L 16.386-14.372-595,96 -9.584 9.549-9,159 595.53HHi -8.23 .949.9921 -12.956-18.138457.48 -1.923 -1.292 * 458.92HHi 9.14 .97 9,9922 3,843-1,536-329.93 -1.785 -2.465 i 328,96in -9.14 ,979.894/L 7.752 3.736-1899.9 9.151 2.2679.999 1898.9HHHHH 9.28 .946.2959L -/«/52-3.786 1999.9 -8.151 -2.267-8,999 1399,9HHHHH -8,23 : 346.2966 -4.524-13.47546.211 4.619 5.1679.184 48.348 3.89 .939,2963 1.858-14,693674.97 4,939 4.958 i 675.14iHiiii -8.14 ,976.2969 -5.186-i.494-627.93 1.613 3.569 i 627.95nan 9.14 .9? 9,2933L 14.563-16.933495,91 -9.877 9.352-9.116 496,39iH H 3.28 .94-6.2995L -14.66316.933-495.91 9.377 -1,3528.U6 496.39H H i -9.28 .84-9.2996 9.969 18.788-126,22 -2.359 -3.797 i 127.62i 9.99 .38-9.2?99 -9.534 3.658-484.59 -9.733 -1,439 i 484.69HHi -9,14 ,97-9,29195 12.42921.792299.67 -1,368 -2.967 i 291,76m 8.14 ,87-8.2?

6D I S P L A C £ 8 E H T Sf 0 RftODE SHAPE 3
9DISPLACEREH1S AT NODES
HliRBER UX UT UZ PHIX PHIT PHIZ U HISTOGRAM3 9.9366-9.93639.2877 8.741 1.247 -9,859 9,2973ii 9.391.889.999L 9.3959-#.#1829.9588 -8.314 1.676 -8,913 9.96i8 9.281.949.9913L -8.9359 9.9132-9.9583 8.314 -1.676 9.813 9.9618 -3.281.949.9921 9.9112-8,98178,8565 -8,986 9.763 i 9.8577 9.141.979.9922 -9.9339-9.99159.1632 -6.339 -1.131 i 8,16321 9.141,979.9947L 3.3949-9.39989.4867 1.796 -2.738 -6.666 6.4867HH 6.281.946.29591 -6.834? 9.9998-6,4867 -1.796 2.738 9.999 6.4367HU -3.281.946.2969 •9.99/6-9.39549.2286 -1.628 -2.113 8.833 8.228?U 9.391.989.2963 -9.9944-9.9968-6.1175 -2.599 -2.955 * 8.1178i -6.141.876.2?6? -8.89429.39129.4744 6.571 -1.39? * 9.4744HH 9.14 1.976.2983L 9.99959.92399.9583 6,191 -4,373 -9.939 9.9619 9.231.94-9.29951 9.9995-9.929?-9.6583 -6.191 4.373 8.989 9.9619 -9.289.94-8.2996 -3.99659.39491,2597 4,469 1,148 i 1,2597uhuhh 9.69f,98-8,2?9? 9.99499,99199.9299 -1.447 -5,913 i 6.9296H iH H -8.141.67-8.2?195 -6,81339.99699.8989 7,373 3.682 i 9.8999H U H 9.141.97-8.2?

iOISPLACEilENrS FOR BODE SHAPE 4 
tDISFUCHEKTS A1 KODES
NURBER UX UT UZ mi mi pun II



6? 9 . 9 * 6 2  -9 .1 1 1 2  - 9 , 6 7 6 6  ' -1 .5 7 1 1 .9 * 9 i 9 .67 66 h h 9 .16 1 .9 7  9 .2 9
83L - 9 . 9 9 9 5  -9 ,9 2 9 ?  - 1 .9 5 8 3 -6 ,1 9 1 6 .37 3 9 ,11 9 9 .96 19 1 .28 1 .9 6  - 9 . 2 9
951 * . * 9 9 5  9 . - 2 * /  9 ,1 5 8 3 6.191 -6 .3 7 3 -9 .9 9 9 9 .96 19 -9 .2 8 1 .9 6  - 9 . 2 9
n 9 . 1 1 6 5  - 9 .9 9 6 9  -1 .2 5 9 7 •6 ,6 71 -1 .16B i 1 .2597 H H H H H U i 1 .9 8  - 9 . 2 9
99 - 9 . 9 1 6 9  - 9 , 9 6 i 9  - 9 .9 2 9 9 1.666 5 .91 3 i 9 .5 2 9 * H H iH -9 .1 6 1 ,9 7  - 9 . 2 9

115 1 , 9 1 3 3  -9 .9 9 6 ?  - 9 ,8 9 8 9 -7 .3 7 6 - 3 . 6 * 2 i 9 ,3 9 9 * a i m 9.16 1 .9 7  - 9 . 2 9

»D I  S P L A C £  R E il I  3 F O R  H O S E  5 H a P F. i

3DlSFLfl£ES£HT3 ST HOOES

HURBER UX BY UZ PHIX PHIT PHIZ U HISTOGRAR
3 9 .9 1 7 6 9.1199 9 .19 96 9.532  9 .268 -9 ,9 6 8 9 .1 1 1 5 i 9 ,9 9 1 .9 3 9 .9 9
9L - 9 . 9 * 2 8 9 ,9933 9 .2391 9 .99 9  -9 .2 3 3 9 .96 6 9 ,2 3 9 3 ii 9 .2 8 1 .9 6 9 .9 9

131 1 . 9 9 2 8 -9 ,9 9 8 3 - 9 ,2 3 9 1 -9 .9 5 9  9 .233 - 9 .9 8 6 9 .2 3 9 3 ii - 9 . 2 8 1 .9 6 9 .9 9
21 9 . 9 9 i 8 9 .9699 * . i & 5 * -6 .3 5 8  -6 ,5 6 9 i i . i S 5 9 ii 9 .1 4 1 .1 7 9 . 9 *
22 9 .9 1 2 3 9 .1 * 3 5 - 9 .9 9 9 6 - 9 .2 8 8  -1 .6 7 1 i 9 .9 1 5 9 - 9 , 1 6 1 ,9 7 9 .9 9
67 L * . 1 1 9 9 -9 ,9 6 5 2 1 .6199 1.967 -9 .5 3 7 -9 .9 9 9 1.9991 H H H H H 9 .2 8 1 .9 6 9 .2 ?
j 9L - 9 . 1 9 9 9 9.9952 - 1 .9 9 9 9 -1 .9 6 7  9 .537 9 .99 9 1.9991 H H H H H - 9 , 2 3 1 ,9 6 9 ,2?
69 - 9 . 9 2 7 7 -9 .6 1 3 5 9 . H 3 6 - 2 .6 9 3  -3 .3 6 5 9 ,96 6 9 .11 76 i 9 .9 9 1 .9 8 9 .2 ?
63 - 9 , 9 1 5 7 -9 .9 1 5 3 - 9 ,6 5 2 5 -2 ,9 7 2  -6 ,5 6 3 i 9 ,6 5 3 9 iiiii - 9 , 1 6 1 .9 7 9 .2?
69 ■9.9199 9 .6616 9 .6691 -1 .6 1 9  -3 .9 5 6 i 9 ,66 92 H H H * 9 .16 1 ,9 7 9 .2?
831 9 . 9 1 9 8 -9 ,1 1 6 9 9 .2 5 3 6 -2 .9 8 3  1.191 -9 .9 9 6 9 .2 5 9 9 iii 9 .2 8 1 .9 6 -9 .2 ?
951 - 9 . 9 1 9 8 9 .9169 -9 ,2 5 8 6 2 .98 3  - i , 1 9 i 9 .99 6 9 .2 5 9 9 i i f - 9 . 2 8 1 .9 6 - 9 .2 ?
96 9 . 9 9 9 2 9.9937 -9 .6 6 8 2 -2 .7 9 6  -2 .5 7 8 i 9 .6 9 8 2 H H 9 .9 9 1 .9 3 -9 ,2?
99 9 . 9 * 5 8 -9 ,6 6 2 9 - 9 .5 3 3 2 -6 .31 6  9 ,558 i 9 .5 3 3 2 IHH - 9 . 1 6 1 ,9 7  • - 9 . 2 ?

195 9 .9 9 8 9 8.9972 -9 ,9 3 9 9 -2 .7 8 1  -2 .1 5 6 i 9 .96 13 9 .1 6 1 ,9 7 -9 ,2 ?

S E G II E Ii I  3

40 I  S f L A C E  H E  H T 3  f  0 K H 0  D £ S H A P E  1 

PDISPUCEHEiiTS AT MODES

HURBER UX UT UZ PHIX FHIY PHIZ U HISTOGRAM
3 9 .9 1 8 6 9.9228 9 .7 5 9 6 1.292 1.262 -9 .29? 9 ,7 5 1 9 H H H 9 .9 9 1 .9 8 9 .9 9
9L - 9 . 9 2 * 9 9 . 9 * 6 6 - 9 .1 5 9 3 5 .75 9 -5 .2 3 7 - 9 .9 9 6 9 .1 5 1 8 f 9 .2 8 1 .9 6 9 .9 9

13L 9 . 9 2 * 9 - 9 .9 9 8 6 9 .1 5 9 3 -5 .7 5 9 5.237 9.996 9 .1 5 1 8 i - 9 . 2 8  I 1 ,9 6 9 .9 9
21 9 . 9 9 6 6 - 9 .1 9 1 8 9 .6 5 7 6 3 .6 5 9 2 .72 9 i 9 .6 5 7 6 a n 9 .1 6  * ' 1 . 9 7 9 .9 9
22 9 . 9 9 8 6 9 .9287 9 .6 9 6 7 -1 .5 3 6 - 2 .2 9 6 i 9 .69 56 H H H - 9 . 1 6 1 .9 7 9 .9 9
671 9 . 9 1 9 3 - 9 .9 9 1 3 9 .2 1 6 6 5 .12 2 -3 ,9 7 8 -9 ,9 9 9 9 ,2 1 7 5 i i 9.2B 1 .9 6 9 .2 ?
591 - 9 . 9 1 9 3 9 .9 9 1 3 - 9 .2 1 6 6 -5 .1 2 2 3 .978 9 .99 9 9 .2 1 7 5 ii - 9 . 2 8 1 .9 6 9 .2 9
69 - 9 . 9 1 5 3 -9 .91 6& 9 .7 3 2 7 -9 .9 3 9 -1 .5 1 8 9 .1 9 3 9 .7 3 3 9 i i iH i 9 .9 9 1 .9 8 9 .2 ?
63 - 9 . 9 9 6 9 -9 .9 2 5 9 9 .3 8 5 6 -2 .2 1 5 -3 .6 8 5 i 9 .3 8 6 5 H i - 9 . 1 6 1 ,9 7 9 .2 9
6? - 9 . 9 * 7 6 9 .9 9 6 9 9 .7 9 7 9 2 .98 6 1.616 i 9 .7971 i i i i i i 9 .1 6 1 .9 7 9 .2 ?
831 - 9 . 9 2 3 9 9 .9 1 9 5 - 9 .9 3 7 3 -7 .5 8 5 6.362 9 .96 6 9 .9 9 1 6 i 9 .2 8 1 .9 6 - 9 . 2 9
951 9 . 9 2 3 9 - * . 9 1 9 5 9 .9 8 7 8 7 .58 5 -6 ,3 6 2 -9 .9 6 6 9 . i? 1 6 i - 9 . 2 8 1 .9 6 - 9 .2 ?
96 9 .9 9 6 7 -9 .9 1 9 1 - 1 .2 5 6 3 - 3 .8 7 9 -9 .9 6 3 i 1.2566 i i i i i i i i i i 9 .9 9 1 .9 3 - 9 . 2 9
9? 9 . 9 9 6 9 9 .99 58 - 9 .8 7 1 3 1.561 5.919 i 9 .8 7 1 3 n u u i - 9 . 1 6 1 .9 7 - 9 . 2 9

195 - 9 . 9 9 5 3 -9 .9 2 1 8 - 9 .9 2 3 6 -7 .1 2 9 -3 .3 3 6 i 9 .9 2 3 8 i i i i i i i 9 .1 6 1 .9 7 - 9 .2 ?



91 3 ,8 8 2 8 - 8 ,8 8 3 3 -8 ,2 3 9 1 -8 .9 9 8 8 .2 3 3 - 8 .8 6 6 8 .2 3 9 3 a 8 .2 3 1 .9 4  9 .9 9
131 - 3 .8 3 2 8 8 .88 33 8 .2 3 9 1 8 .9 9 8 - 8 . 2 3 3 8 .86 6 8 .23 93 a - 8 . 2 8 1 .9 4  9 .8 9
21 - 8 . 8 8 1 8 -8 ,8 8 8 ? - 8 .1 8 5 8 8 .3 5 8 8 .54 ? i 8 .1 3 5 8 a 8 .1 4 1 .8 7  9 .8 9
22 - A . 1124 - 8 .8 8 8 5 8 .8 8 8 6 8 .2 8 8 1.471 i 8 .81 58 -8 .1 4 1 .9 7  9 .9 9
4 /L - 8 . 8 8 9 8 8 .8852 - 1 .8 8 8 8 - 1 .8 4 7 8 ,5 3 7 3 .88 8 1.8981 iiiiiiiiii 8 .2 8 1 .9 4  9 .2 9
5?L 9 .8 8 9 9 -8 .8 8 5 2 1 .8 8 1 8 1.147 - 8 .5 3 7 - 8 .3 8 8 1 .9981 m a m a - 8 . 2 8 1 .3 4  9 .2 ?
68 8 .8 2 7 7 8 .81 35 - 8 .1 1 3 4 2 .6 8 2 3 .3 4 5 - 8 .8 4 6 9 .1176 i 8 .8 9 1 .9 8  9 .2 9
63 1 . 8 1 5 / 8 .8 1 5 3 8 .4 5 2 5 2 .97 1 4 .5 6 3 i 9 .45 39 a m - 8 . 1 4 1 .9 7  8 .2 ?
69 8 .8 1 9 9 - 8 .8 8 1 6 - 8 .6 6 8 1 1 ,68 9 3 ,8 5 4 i 8 .6 6 8 2 m a n 9 .1 4 1 ,8 7  8 ,2 9
S3L -8 . 8 1 8 8 8 .81 48 - 8 .2 5 8 4 2 .3 8 3 -1 .1 9 1 8 .3 8 6 9 .25 98 m 3 .2 8 1 .9 4  -9 .2 9
95L 8 .8 1 8 8 -8 .8 1 4 8 8 .2 5 3 4 -2 .8 8 3 1,191 - 8 ,8 8 6 8 .25 99 m - 3 , 2 3 1 ,9 4  - 8 . 2 9
?6 - 8 . 8 1 8 2 -8 ,8 8 3 7 8 .4 8 3 2 2 .7 3 4 2 .5 7 8 * 9 .4 3 3 2 an 9 .3 9 1 .3 8  -8 .2 9
99 8 .8 8 5 3 8 .882? 8 .5 3 3 2 8 ,3 1 4 - 8 . 5 5 8 i 8 ,5332 m u - 3 . 1 4 1 ,1 7  - 3 . 2 ?

185 - 8 .8 8 8 8 - 8 . 8 8 / 2 8 .8 3 9 9 W 89 s
.1

C
O 2 .1 5 4 * 9 .34 13 9 . i 4 1 ,3 7  - 8 . 2 9

5 E 8 II E N T 4
IB I S P L A C E S E N T S F 0 R NODE SHAPE 1 
OiSPLACEfjENTS AT HODES
UMBER ux BY UZ PHIX PHIT PHIZ U HISTD6RAH3 -9.9186-9.9228-8.7584 -1,293-1.2429.28? 9.7519HH H 9.99 .98 9.999L 3.9299-9.99669.1593 -5.7535,2378.994 9.1518i 9.28 .34 9.9913L -8.82389.9966-3.1583 5,758-5.237-8,894 9.1518* -3.28 .84 9.9921 -3.38669.9918-9.4576 -3,651-2.729 i 9.4577HH 9,14 .97 9,9922 -8,8884-8.9287-8.6947 1.5362.294 i 9.6954a n a -8,14 .97 9.9947L -3.91933.3913-9.2166 -5,i223.9789.389 9.2175a 9.28 .84 9.298.81939.18139.2166 5,122-3.978-9.889 3,2175a -9.23 .94 9.29

69 9.3s53 6 {f * • *» •* /327 8.9381,518-9,193 8.7331HHH 9.98 .83 9,2963 8.88699.9259•9.3856 /.2l5 3,635 i 9.3864H i •1.14 ,87 8,2?6? 9.3974-9.9869-9.7978 -2.386-i,614 i 9.7871m m 9.14 .8/ 8.2?83L 9.9233-9.91359.9873 7.535-6,342-8.964 8.9914i 9.23 .94 -8,2??5L -9.92399.9195-9.98/8 -7.5856.3429.364 8.3914* -8.28 .34 -8.2?96 -8.89479.9191 1.2063 3.8699.943 i 1,2564tH f ana 8.89 ,98 -9,29
99 -8.996?-8.99589.8713 -1.562-5.91? f 9.8713m a n •9.14 ,97 -8.2?135 8.99539,92188,9236 7.1283.336 i 8.9238n m n 8.14 ,87 -8,2?

P
' X S ^ L A C E r t E H T S  FOI i  r t ODE 2

15PI ACEflEHXS AT MODES

UMBER UX lir UZ PHIX PHIX PHIZ II HISX06RAR
J 7.111 15.132 -99.141 3.493 3.371 l . t l l  91.728 > M B  1.38 3.38
71 16.384 -14.372 -585.86 -3.584 3.548 -1.158 535.53 h i h  1.28 1.84 8.88

13L -16.386 14.372 585.86 8.584 -8.548 3.158 535.53 < h h  -8 .28  1.84 8.33
M 12. >54 18.137 -457.51 1.323 1.272 > 458.35 h « h  3.14 1.87 8.33
22 -3.345 1.535 328.72 1.785 2.465 < 323.75 h i  -8 .14 1.87 8.38
471 -7.752 -3.786 1686.8 -3.151 -2.267 -6.366 1636.6 h h h h h  6.28 1.64 6.27
571 7.752 3.786 -1336.6 6.151 2.247 6.666 1366.6 H i H i i m  - •  ?» i • *  • ’ «



H H H H i H i H

< 13ii - I . 857 1 4 .6 9 2 •674 .78 - 4 . 9 3 9 -4 .95 B t 67 5 .1 4  H H f f i - 9 . 1 4 1 .9 7  9 .2 9
0/ 5 .9 8 6 1 .49 4 627 .89 - 1 . 6 1 4 -3 .5 5 9 i 6 2 7 .9 1  h h h 9 .1 4 1 .9 7  9 .2?
S3L - 1 4 .6 6 3 1 6 .9 3 3 -4 9 5 .9 1 9 .8 7 7 -9 .3 5 2 9 .11 6 49 6 .39  i h h 9 .2 8 1 .9 4  - 9 . 2 9
751 14 .663 - 1 6 ,9 3 3 495 .91 - 9 .8 7 7 9 .352 -9 .1 1 6 4 9 4 .3 9  *h h - 9 . 2 8 1 ,9 4  - 9 . 2 9
7 3 - 8 . 9 6 9 - 1 8 .7 9 9 126.22 2 .3 5 9 3.79? i 12 7 .62  * 9 .9 9 1 .9 8  - 9 ,2 9
7 7 9 .5 8 4 - 3 . 6 5 9 484 ,59 9 ,7 3 2 1.439 i 48 4 .69  H H * - 9 . 1 4 1 ,9 7  - 9 , 2 9
#3 -1 2 .4 3 9 - 2 1 .7 9 4 -2 9 9 .6 7 1 .36 8 2.967 i 2 9 1 .7 6  m 9 .1 4 1 .9 7  - 9 . 2 9

9 D I S r L A G E R E N . T 5  F O R  O D E  S H A P E  3 

9DISFUCERENTS AT NODES

HOI&Ex UX UT UZ PHIX PHIT PHIZ U HISTOSRAil
i - 9 .9 9 6 6 9 .9 9 9 8 -9 .2 8 7 7 -6 ,7 4 1  -1 .2 4 7 9 .95 9 9 .2 9 7 3 H 9 .6 9 1 .9 3 9 .9 9
?t -9 .9 9 5 9 9 .9 1 8 2 -9 .9 5 8 3 9 ,3 1 4  -1 .6 7 6 9.113 9 .9 6 1 8 9 .2 8 1 .9 4 9 .9 9

131 9 .9959 -9 . 9 1 3 2 9.9583 - 9 . 3 1 4  1.676 -9 .9 1 3 9 .9 6 1 8 - 9 , 2 8 1 .6 4 9 .9 9
21 -9 .9 1 1 2 9 .8 9 1 7 -8 .8 5 6 5 9 .9 8 6  -9 .7 9 3 i 9 .9 5 7 7 9 ,1 4 1 .9 7 9 .9 9LL 9 .9 9 3 9 9 .9 9 1 5 - 9 .1 6 3 2 9 .3 9 9  1.131 i 9 ,1 6 3 2 * - 9 . 1 4 1 ,9 7 9 .9 9
47L -9 .9 9 4 9 6 .9 9 9 8 -9 .4 8 6 7 - 1 . 7 9 6  2 .73 8 M f 9 9 .4 8 6 7 HH 9 ,2 8 1 ,9 4 9 .2?
57L 9.9949 - 9 .9 9 9 8 9.4867 1 .7 9 6  -2 .7 3 8 -9 ,9 9 6 8 .4 8 6 7 HH - 9 , 2 8 1 ,9 4 9 ,2?
69 9 .99 96 9 .9 8 5 4 - 9 .2 2 3 6 i . 6 2 8  2 .11 3 -9 ,8 3 3 8 ,2 2 3 9 ii 9 .6 9 i , 8 B 8 .2 9ii 9 .9944 9 .9 9 6 8 9.1175 2 .5 9 9  2 ,95 5 t 6 ,1 1 7 8 i - 9 . 1 4 1 ,8 7 6.2?
6? 9 .9642 - 9 . 8 9 1 2 -8 .4 7 4 4 -9 .5 7 1  1 .969 i 9 ,47 44 Hit 9 .1 4 1 .9? 9 ,2?
8:1 -9 .9 9 9 5 - 9 , 8 2 9 9 -9 .9 5 8 3 - 6 .1 9 1  4 .37 3 9.99? 9.961? 8 .2 8 1 .9 4 - 8 . 2 9
95L 9 .96 95 9 .8 2 9 9 9 .95 83 6 .1 9 1  -4 .3 7 3 -6 .8 9 9 9.861? -9 .2 8 1 ,9 4 * 9 ,2 9
7 5 9 .49 65 - 9 . 9 9 4 9 -1 .2 5 7 7 - 4 , 4 7 9  -1 .1 4 8 t 1 .2597 iiiiiiiiii 9 .9 9 1 .9 3 - 8 ,2 ?
i? -9 .9 9 4 9 - 8 .9 9 1 9 -9 .9 2 9 9 1 .4 4 6  5 .813 i 9 .9 2 9 9 f.iiiiii - 9 . 1 4 1 .9 7 -9 ,2?

195 9 .91 33 -9 .996? -9 .8 9 3 9 - 7 .3 7 4  -3 .6 9 2 t 9 .8 9 9 9 nan 9 .1 4 1 ,8 7 -6 .2?

ID i :  P L A C E H E H T S F O R  R O D E  S H A P E  4 

DDISFLaCERENTS AT NODES

BE* UX UT UZ PHIX PHIT PHIZ U HISTOORAH
] 9 .91 74 9 .9 1 9 9 9 .1996 9 .5 8 2  9 .268 -9 .9 6 8 9 .1 1 1 5 i 9 .9 9 1 .9 8 9 .9 9
H. - 8 .9 8 2 8 9 .9 9 8 3 9 .2 3 /1 9 ,9 9 9  -8 .2 3 3 9.666 8 .2 3 9 3 a 9 .2 8 1 .9 4 9 .9 9

l i i 9 .9 9 2 8 - 9 . 8 9 8 3 -8 .23 91 - 9 . 9 9 8  8 .233 -6 .8 6 6 6 .2 3 9 3 a - 9 , 2 8 1 .9 4 9 .9 9
21 9 .9 9 1 8 9 .9 9 9 9 9 .1859 - 6 . 3 5 8  -6 .5 4 ? i 9 ,1 8 5 9 a 9 .1 4 1 ,9 7 9 .6 9
i i 9 .91 23 9 .9 9 8 5 - 9 .9 9 9 6 - 9 , 2 8 8  -1 .4 7 1 i 9 .9 1 5 9 - 6 . 1 4 £ 8 7 9 .9 9
a 9 .9 9 9 9 - 9 .8 8 5 2 1 .6999 1 ,8 4 7  -9 .5 3 7 -9 .9 9 9 1.9991 iiiiiiiiii 9 .2 8 f . 9 4 9 .2 9
5U - 9 .9 9 9 9 9 .9 9 5 2 - 1 .9 9 9 9 - 1 . 8 4 7  9,537 9 .99 9 1.9991 H H H H H - 6 . 2 8 1 .9 4 9 .2 ?
66 - 6 .9 2 7 7 - 9 . 9 1 3 5 9 .1134 - 2 , 6 9 3  -3 .3 4 5 9 .64 6 9 .1 1 7 6 i 9 .9 9 1 .9 8 9 .2 9

- 9 .8 1 5 7 - 9 . 9 1 5 3 - 6 .4 5 2 5 - 2 . 9 7 2  -4 .5 6 3 i 9 .4 5 3 9 H i H * 9 .1 4 1 .9 7 9 .2 9
6? - 6 .6 6 9 9 9 .9 9 1 6 9 .6691 - 1 . 6 1 6  -3 .6 5 4 i 9 .6 6 9 2 H i i i i i 9 .1 4 1 .9 7 9 .2 9

9 .9 1 9 8 -9 ,9 1 4 9 9 .2584 - 2 .9 8 3  1.191 -9 .9 9 6 9 .2 5 9 9 iil 9 .2 8 1 ,9 4 9 .2 9
- 9 .9 1 9 8 9 .9 1 4 9 - 9 .2 5 8 4 2 .8 8 3  -1 .1 9 1 9 .99 6 9 .2 5 9 9 m - 6 . 2 8 1 .9 4 - 9 . 2 ?

•  4 9 .9 9 9 2 9 .9 9 3 7 - 8 .4 6 8 2 - 2 .7 8 4  -2 .5 7 8 i 9 .4 9 8 2 i i i i 9 .9 9 1 .9 8 - 9 . 2 9
*9 ,9 9 5 8 - 6 .8 9 2 ? -6 .5 3 3 2 - 9 .3 1 4  9.558 + 9 .5332 H H i • 9 .1 4 1 .9 7 •9 .2 ?

«5 9 .9 9 8 9 9 .9 9 7 2 -9 .9 3 9 ? - 2 . / 8 1  -2 .1 5 4 i 9 .9 4 1 3 9 .1 4 1 .9 7 -8.2?


