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summary

The subject dealt with concerns Finite Element analyses of complex structures. 1In
particular the area studied is the determination of the natural frequencies and
mode shapes of centrifugal-type impellers and the impact of this adalysis on human

and computer resources.

This investigation was carried out during a Teaéhing Ccompany project between
Glasgow University and James Howden and Company Ltd, involving optimisation of
modal analysis of James Howden impeller products using the PAFEC FE package. The
object was to maximise the accuracy of the analysis résulté.whilst minimising both

computer effort and man effort required for the analysis.

As well as investigations of simple structures, several impeller structures were
modelled and analysed, and some results verified experimentally. Different
modelling techniques were used and several element types considered. The full
analysis was considered, ie pre-modelling steps; modelling the structure; analysing

the structure; and interpreting the results.

The accumulation of specific results on good modelling practice allowed a Design
Guide to be produced for James Howden which could lead an inexperiénced FE analyst
to produce an accurate model of a centrifugal impeller and from this produce
natural frequency results in an accuracy band of +14% to -3.5%, utilising the

minimum computer effort,

The examples of good modelling practice and considerations required in complex FE
analyses are transferrable to many different types of analysis and many different
types of FE package. The main conclusions of the investigation include the careful
considerations nécessary for different stages of an FE analysis, particularly when
a complex structure is being analysed. 'Results from simple analyses are not
transferrable to complex analyses and often methods and element types used do not
produce the required results. However objective evaluations such as this one on a
*family" of structures such as centrifugal impellers can produce guidelines which

do not rely on the "art"™ or expertise of the FE analyst.

As computing time becomes an increasingly precious resource in engineering
companies, labour-saving aids and minimisation of computer effort required are

actively sought. This investigation considers and advises on both of these.
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Introduction

This investigation was carried out during a Teaching Company
Associate post at the University of Glasgow and James Howden and
Company Limited, (Manufacturers of air and gas handling
equipment). The Teaching Company project involved optimising and
rationalising the determination of natural frequencies and mode
shapes of James Howden impeller products, using the PAFEC F.E.
suite.

The F.E. method has been used widely in the past 20 years in both
' industry and research fields. With the felatively recent
_availability of large capacity computing resources at reiativeiy
low cost the ability to analyse complex struc;ures has become
widespread in many engineering companies. However for ehgineers
with Arelativelj little experience in the techniques of F.E.
modelling, there is limited practical and objective advice on how.
to carry out complex analyses. There are texts which suggest good
modelling  practice (:) ' including the respective softwafe
manufacturers' literature, although these are usually validated
by results on simple structures and consider only one part of the
- analyses eg. comparisons-of element formulations. The results of
this investigation have shown that recommendations based on the
reéults of simple structure analyses are not alﬁays prudent for
more compléx structures.

This investigétion seeks to give practical and objective advice
on the complete F.E. analysis from approaching the construction
of‘the model tokanalysing tﬁe results produced, and is validated
by testing both simple and complex»structures.

It 1is therefore set out according to the stages “encountered in

any F.E. analysis :
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2. Modelling thé structure

3. Carrying Out the Analysis

4, Interpreting the Results

It- includes a component of the F.E. analysis that is seidom

considered A— the computing effort required. Central Processing

Unit time i.e. time spent actually computing, is becoming a
scarce resource 1in today's engineering companies as more

departments utilise the company's computers. This study considers

ways to minimise the amount of computing effort required to
produce acceptable results.

By cove;ing 1 facet of F.E. analysis - natural frequency

determination - and comparing it with other types eg. stress

calculations, the investigation seeks to serve two purposes :

1. To provide a .general guide for wusers analysing complex
structures using F.E. software packages. This study indicates how
‘to prépare an objective modelling strategy that will produce.
consisteht analyses. Without such an objective strategy to
follow, the results of an F.E. strategy depend on the users'
'art' Or’expettise, to produce a satisfactory model. The study
also seeks to stimulate the users' awareness of the extra
problems faced when dealing with the F.E. analysis of a complex
structure. F.E. analyses of simple structures can be checked
theoretically or practically. Measuring the behaviour of a
comﬁlex structure can be difficult and can place more emphasis on
numérical techniques such as the F.E. method.

By following the layouﬁ of this investigation and considering the
types of points raised, the user is in a position to model a

‘comblex structure and be aware of those features requiring

investigation before a reliable modelling method is proposed for -



that structure.

2. For those engineers involved in using F.E. packages to analyse
centrifugal-type impellers for natural frequency and mode shape
determination, this investigation can be used directly to

prepare, analyse and interpret an F.E. model.

Obviously this study concerns one F.E. paékage = PAFEC - and the
results will not be directly comparable to every F.E. software
.suite. However the numerical methods - see Appendix A - used in
PAFEC are common in many.F.E. packages.

Many of the general and specific points raised in this
investigatioﬁ are points régarding good F.E. practice and do not
relate soley to the PAFEC _natural frequency analyses of

centrifugal impellers.
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Any F.E. analysis will be carried out in response to a request
for some type of information - a 'problem'. Cursory consideration
of the‘problem can lead to at best wasted time and effort and at
worst incorrect results accepted as correct. The very first step
therefore in ‘an F.E. project is to consider the problem very
carefully.

-Sbme questions that require answering before an analysis is
attempted are :

A. Exactly What is Required ? - if for example a stress analysis

of a part is required ; is the maximum stress required ? 1Is the
highest stress in a particular area required ? Are displacements
also required ?

B. What Accuracy is Required ? - can an F.E. type analysis be

expecfed to produce this type of accuracy ? Does it require a

special approach to achieve this accuracy ?

C. Can the Software Package Carfy out the Analysis ? - ensure
that the packége to be used is robust enough. to handle the

problem type, size and éccuracy required.

D. Can the Computer Carry Out the Calculation ? - Many software
packages can carry out calculations approaching infinite siée -
coﬁputers cannot ! How long will the analysis take ? Constraints
may be placed on when the fesults are required »and some
calculatioﬁs can take days of continuous computer use to
complefe. |

The means of finding answers to the above questions are not
’contained in this investigation but are highlighted to ensure
that fhey are given the at;entibh they deserve, as without

answers to them no F.E. analysis should proceed.
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investigation - determination of natural frequencies of
centrifugal-type impellers - the above questions‘ are now
considered. '

The Problem

A. Natural frequencies of a centrifugal impeller are required. As
will be explained later , the natural frequencies will be those
of a static impeller mounted on infinitely stiff supports. The
raﬁge of natural frequencies of interest are from 0 Hz. to an
upper frequency which can be detailed  for each individual
analyéis. | |

B. Bearing in mind the increasing numerical innaccuracy inherent
in fhe ability of the software package (PAFEC) used to calculate
the higher natural frequencies , results will be taken to the
nearest Hz. and in conjunction with test data will determine the
accuracy which can be achieved. The PAFEC solution method is
outlined in éppendix A.

C. The software package used for this.inVestigation is adequate
for calculating natural frequencies of unloaded structures.

D. Computing time is a precious resource in engineefing companies
and this type of analysis consumes large amounts of it. One of
the aims of this investigation is to ensure that it is minimised.

The Structure

Once the problem has been defined, the structure td which it is
addressed must also be carefully considered before a modelling
strategy can be formulated. The structure should be examined to
iden;ifyrfeatures which may affect the constraints of time taken
to perform the analysis and accuracy required. YWith respect to

the centrifugal impeller structure, such features are :
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2.symmetry,

3.'special' features

4. revolving or stationary impeller.

l.Supports— considered in a later section, but the nature of
support of any structure will obviously affect particular natural
frequencies of it.

2.Symmetry— use of symmetry and appropriate boundary cohditions
can greatly reduce the amount of computing effort required to
obtain results. Unfortunately seldom will a real structure have
ideal , pure symmetry and a decision has to be taken on whether
the approximation of symmetry is valid. For an impeller , slight
misalignments in fabrication of blades, applicagion of balance
patches and other features, produce.a structure which has no
perfect symmetry. However these imperfections do not affect the
natﬁral frequencies significantly and the recommendation is to.
treat the impeller as being made up of a number of identical
segments each containing a blade.

waaver we now have a situation which again has to be referred
back to 'The Problem'. If the analysis.wereka static one , simﬁle
boundaryv_conditions may be applied to the segment model to
produce results for the full mbdel. However as the analysis is a
natural frequency one , more complex béundary "conditions are
required to produce the anti-symmetric modes; Referring to the
'software_ limitations point mentioned earlier, an add-on to the
‘maiﬁ PAFEC suite, called RABBITS , cén be used to applyb the
appropriate boundary conditions automatically. Without this
RABBITS package » modelling and analysing the full impeller would

prove a task so large that the computer used to run the PAFEC
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to do it ! Other large software suites also contain cyclic
symmetry packages eg. NASTRAN, ABAQUS.

3.'Special' Features

This can be considered as areas within the structure ;equiring
special  attention - perhaps stress raising sections of a
structural analysis - or any parts of the structure which may
have a significant effect on the behaviour of the structure . The
method of supporting the impeller structure has already been
identified, but as shall be explained later, the inclusion of the
shaft or omission of it in the impeller model caﬁ also directly
affect somé natural frequencies of the impeller.

4.Revolving or Stationary Impeller

Centrifugal stiffehing and gyroscopic-type effects mean that the
natural frequencies of a revolving impeller are different to
those of the static impeller. For low rotational speeds the
effect on the natural frequencies is negligible. This is
- highlighted in the relation‘shown bvaen Hartoéi}or centrifugal
stiffening effects of simple discs. However to take account of
such effects in complex structures such as centrifugal impellers
requires the use of sophisticated packages such as ABAQUS oi
SNAKES (part of the PAFEC suite). As centrifugal impellers rotate
at relatively low speeds and because the inclusion of rotational
effects vastly increases the problem size, the impeller is taken

to be static.



inrormation Kequired Prior to Modelling

At this point ; with the problem well defined and the structure
fully considered, assembly of relevanﬁ information to be able to
construct an F.E. model would be the next requirement.

As well as overall dimensions of the structure detailed on
suitable engineering drawings, plate thicknesses and material
properties such as density, Youngs Modulus and Poissons ratio,
must also be obtained. Even if the model building ‘process
utilises 'drawings"' passed automatically via some C.A.D.
interface, all parameters should be checked to ensure corrélation
with tﬁe real structure. The time taken to maﬁually create an
F.E. model of a centrifugal impeller can be longer than the time
~ taken to carry out the analysis on the model and produce the
results, and as such should be>given very careful consideration.
Time saving aids such as digitising profiles direct from scale
drawings or using mesh generation facilities should therefore be
rused where availaBle. This investigation has demonstfated the
need for careful 'double-checking' of information, as in one
‘instance engineering drawings used to create a model of an
impellér did not contain information of blade liners which had
been attached (effectively increasing the plate thickness of a
portion of a blade). The results obtained were 20% lower than the
true results and had taken 4 man days to obtain.

A  further piece of information that can prove useful to the
modeller is an estimate of the real mass of the structure to
compare to the F.E. model mass, as this can often be a powerful 7

first check on the accuracy of the F.E. model.



What to Model ?

' ihis question often poses a problem to the. F.E. wmodeller
interested in the behaviour of large complex structures.

If the naturai frequencies of the flat disc in figure 1 are
required then the problem is relatively simple, as the complete
structure can be geometrically represented by appropriately
shaped elements and the resulting model is fixed at the centre.
If the natural frequencies of a complex structure such .as a
centrifugal impeller are required , an immediate problem arises '
as to what should be modelled - is the impeller casing required ?
do the suﬁpport structures, bearings, foundations etc., affect
the results ? will the shaff’be required in the model ? is exact
geometrical representation required ? eﬁq. |
This section takes the cent;ifugal-type jmpeller as an example of
a complex structure, examines areas where doubts may exist and
indicates practice whiéh will ensure acceptable resultsf

General Structure

In the case of the centtifugal—type impeller the requirement is
to calculate the impeller natural frequencies to ensure that mno
' exgiting force frequencies coincide and result in fatigue
problems. For example the impeller casing would not affect the
-natural frequencies of the impeller and shoﬁld not be modelled.

Impeller Shaft and Supports

Although when determining the load/deflections, stresses etc. of
an impellerlthere is po.need'td model the shaft, it is well known
~ that the sh#ft, and supports for the shaft affect mnatural

frequency calculations. Such effécts are well documented and will
- not be quantified in this 1nvestigatioﬂ§>ﬂhat will be'highlighted

are the effects produced vhen the impeller is modelled with“and



without the shaft.

If the shaft i1is not modelled and the appropriete infinite
stiffness supports applied to the hub, then those modes such as
in figure 2 in which the shaft displaces, would not be obtained.
- Also the diaphragming-type modes such as figure 3 would not have
the correct frequency due to the axial restraint on the hub and
the omission of the shaft mass. Thus if the modeller is not
interested in these groups of frequencies then the shaft need not
be modelled. The remaining impeller side and centreplate 'ripple'
modes would be correct and would be obtained with less computer
effort due to the smaller medel.

If however the diametral-type (shaft modes) and diaphregming—type
modes are of interest then the shaft would have to - be modelled
"and the supports given attention.

For the in-service condition of a centrifugal-type impeller, the
shaft rotates on a flexible oil-film s Tresting on a finite
stiffness bearing housing, foundations etc. and a value for the
finite stiffness support can‘be calculated. To obtain accurate
values for the natural frequencies of the modes in which the
shaft displaces the finite stiffness support conditions woﬁld
have to be modelled, even though the shaft supports would not
affect the impeller 'ripple' modes or the diaphragming modes.
Because of the many methods available to calculate shaft critical
speeds accurately and simply and in view of the earlier
recommendation on modelling the impeller as a»static structure it
is not recommended to model the shaft supports as finite
stiffness suppbrts but to restrain the shaft from moving in the
" plane bperpindicular to the shaft centre-line at nodaljpoints ‘on

the bearing ceﬁtres as shown in figure 4. This leaves the

10
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the axial direction and providing the correct natural frequency
results for diaphragming and torsional modes.

Shrink-Fitted Hubs

Much work has been done on the stress raising effects of shrink-
fitted hubs on shafts. (%ne effects on natural frequencies were
investigated by comparing a single inlet impeiler with a fully
‘connected hub as in figure 5 , with a model containing a shrink-
fitted hub as in figure 6. This shrink-fit was approximated by
connecting the hub to the shaft at the ends only 1leaving the
interior hub nodes unconnected to the shaft.

The results in Table 1 below show that the effect of the shrink-

fit approximation on the natural frequencies is negligible.

(Hz.) Fully Connected Hub Shrink-Fit Hub
42 , 42
82 | | 82
119 ' 119
197 | 196
286 ' ) 287
304 ' 302
Table 1-

However the shrink-fit model uses less brick elements for the
analysis and reduces the computing effort appreciably as shall be
explained later. The recommendation therefore is to model the

impeller with the shrink-fitted hub.

11



With the abundance of large F.E. packages there are often a
bewildering array of element types seemingly suited to modelling
a particular situation. Guidelines are often presented by the
package manufacturers on uses of their element types and of their
limitations. Care should be taken however to determine the
limitations as often the guidelines suggested can produce
incorrect results. Theoretical formulations of elements should
also be sought to determine an elements' applicability to a
par;icular situation. It is not the purpose of this report to
analyse different element formulations but to highlight general
principles by using a set of common element formulations found in
the PAFEC F.E. package suite.'

For natgral frequency aﬁalysis of structures such as impellers
where the majority of the structure isAplatework., 2D elements
which can undergo membrane énd bending deformations are
necessary..

The general advice of many user guidés such as NAFEMS s'to use-
high order elements (mo:e complex) for better results ; to avoid
using triangular 2D elements as they are in general poor
élements; and to avoid distorted elements as they again produce
pbor results. However the findings of this investigation are that

such generalisations can be misleading.

High Order Elements

In general high order elements tend to be more expensive to use
in terms of computing tiwme, than low order simple elements. The
strategy proposed therefore is to use the simplest element type
available that ﬁill definitely produce acceptable results. 1i.e.
the deciéion ~on which element types to use should only be be

based on previous experience in similar situations. Problems

12




encountered and recommendations for which element types should be

used for natural frequency analyses of impeller models are
indicated below.

Beams v Bricks

Consider the arrangement of the free structure of a thin disc
wounted on a long shaft as in figure 7. The investigatioﬂ of the
natural frequencies of this structure using the PAFEC F.E. suite
highlighted the problem in assuming that high order elements will
always produce better results than the simpler element types.

The first model created used solid ( 3D ) elements throughout the
shaft and hubs and 2D shell elements fpr the plate. The

unsupported F.E. model results are shown below in Table 2.

Brick Element Shaft Model (Hz.)

140
244
625

737

Table 2

Resonance testing of the structure was carried out by placing the
shaft in a flexible sling and using a calibrated hammer and
spectrum analyser to record the natural frequencies. The resulté
obtained for Table 3 below, clearly differ appreciably from

those in Table 2.

13
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84
144
468

496

Table 3

A second F.E. model was created by replacing the shaft brick
elements by beam ( 1D ) elements . The results below in Table 4
show that the beam element model is far superior to the brick

element model.

Beam Element Shaft Model

83
141
465
493

Table 4

On investigation of the briék element model the reason found for
its wunsuitability was the inability of 'straight-sided' bricks
used in' the shaft to represent the modes with curved
displacements in the shaft. As these 6 noded wedge shaped
eieﬁents have no mid-side nodes there is a linear displacement
assumption between the nodes and the cumilative effect of this in
the shaft produces the large discrepencies in frequency results.
The beém eiements, on the other hand have a cubic bending
assumﬁtion along their length which can describe the disélacement
curvature vwell and produces the correct frequencies.

In terms of centrifugal impellers the shaft , when modelled |,

14



shaft bending frequencies without the expense of brick elements

with mid-side nodes.

8 Noded Quadrilaterals v 4 Noded Quadrilaterals

In structures such as impellers plate-like membérs often meet at
anglesrand bending in one plate is usually coupled to bending and
membrane effects in an adjacent plate meeting it at an angle. To
describe such a situation flat elements with both membrane and
bending effects are required. PAFEC contains such a family of
facet shell elements which have only five degrees of freedom at
each node (no in-plane rotation of element nodes) at the element
level although after transformation to a general shell the extra
freedom is introduced. These element fypes must however be flat
and also are based on thin plate theory. Within this family there
is a 4 noded quadrilateral, and an 8 noded quadfiiateral witﬁ
mid~side nodes. In view of the aforementioned iimitations of
straight-sided elements a model of the flat disc as in figure 1
was examined . Using the cyclic symmetry of a disc a 60 segment
of curved elements and a 60 segment of straight~sided elements
was created. To try andvﬁave a useful comparison in terms of
numbers of degrees of freedom describing the model, &4 curved
elements and 8kstraight-sided elements were used. The results of
Table 5 below, clearly shoﬁ the curved element model (higher
order element) to be superior .

The theoretical frequencies were calculated from Timosheﬁko

®

formulae.

15



Straight-Sided Curved Element Theoretical

Element Model Model Frequencies
304 224 4 —
703 , 671 655
1645 1557 1525
2807 2467 | 2607
Table 5

A similar examination of these shell elements was made on an
impeller model, replacing two 4 noded shell elements with one 8
noded curved shell element. However_using curved shell elements
in the model required attaching curved bricks at the apbropriate
parts of the model and the result was that the curved element
model contained many more degrees of freedom than the straight-
sided elgmént model even though the number of elements was
smaller. The two models created are shown in figures 8 and 9 with
a sample of the frequencies obtained shown below in Table 6.

Straight-Sided Curved Element Resonance Test

Element Model (Hz.) Model (Hz.) Results (sample) Hz.
42 41 64
78 - 77 | | 96
158 ) 160 . 176
Table 6

Bearing in mind the small effect on the frequencies obtained
using curved sheil elementé and the fact that no reduction in the
mesh density of either model would be practicable, there is no-
evidenée to support using curved shells in the impeller models
 and that’straighf-sided shells should be used. This is further
.supported by the difference in computing times ‘neccessary to

produce the natural frequencies of the two models.

16



Straight-Sided Shells : 152 Elements (Total in model)
941 Degrees of Freedom
18 h:s. Central Processing Unit Time
Curved Shells 72 Elements (Total in Model)
1469 Degrees of Freedom

46 hrs. Central Processing Unit Time

The recommendation for impeller natural frequency analysis using
the PAFEC suite is therefore to use the straight-sided shell
‘elements. This clearly illustrates the fact that 'validation' of
methodé on simple structures such as the flat disc will not
necessarily reflect the best methods of analysing complex
structures, and there is no substitute for experience of
analxsing similar structures.

Recommendations for Centrifugal Impellers
(Impeller parts identified in figure 10)

Based on the investigations into three different types of
centrifugal impeller and the preceeding comments, an F.E. model
capable of producing an efficient analysis in terms of time taken
to perform it and resulting accuracy should contain the following
element types :

Backplate/Centreplate/Sideplate/
Coneplate/Blade(hollow or plate) -

Basically regular 4 noded thin shell (2D) elements capable of
transmittingr bending and memﬁrane'effects. Triangular elements
can be used with confidence to describe complexvgeometries, or to
’p:event the use of many small quadrilaterals.

- Hub/Inlet Ring -

8 noded brick (3D) elements . Triangular prisms should not be

used. Appropriate coupling mechanisms méy be necessary to 1link

17
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Shaft -
2 noded beam (1D) elements are sufficient to descibe the flexural

shaft movements, and the distributed mass of the shaft.

How to Arrange Mesh ?

F.E. Stress calculations can be very sensitive to mesh density
and areas such as changes of section should contain finer mesh
detail than areas of no interest. However when calculating
natural frequencies of structures a more regular mesh 1is
desirable , .and in fact fdr a package such as PAFEC which uses a
reduced eigenvalue type solution method , fine mesh detail can
lead to problematic numerical errors. With this in mind the
minimum mesh density required to produce acceptable results was
considered. There are basic rules applied to the impeller which
apply to any‘structure for which the natural frequencies are
being calculated.

1. The element types placed in any region must be able to

transmit accurately the type of modal deformations of interest to

the modeller.

2. There must be sufficient nodal points in any area of the model
to describe the relative displacements of points on the structure
in each mode of intérest.

Two impeller meshes are shown in figure 11. Clearly the mesh
densities and thus the time taken to perform the analyses will be
different in each case. A sample of the frequencies obtained are
shown below in Table 7 along with the resonance test results for

comparison.

18
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Results (Hz.) Results (Hz.) - Results (Hz.)
41 - 40 | 42
82 ’ 79 72
135 145 140
198 196 199
331 317 296
401 395 376

CD>POU-= 7-5]hrs. C0P0U¢=1405 hrs.

Table 7

From the above results which show a small increase in accuracy in
the finé mesh model for a large increase in computer effort,
there is clearly little benefit in this fine mesh being used to
‘obtain these natural frequenéies.

However if the modeller was interested in the. high frequency
modes ', the fine mesh with its greater number of degrees of
freedom would produce more accurate results for these higher
frequencies, due to the numericalksdlution method of PAFEC.

As well as the number of elements in a model , their arrangement
or relative size, 'is also important. As mentioned earlier the
F.E. modeller should arrange the mesh so ;hat regions where most
deflection takes place have a suitable number of appropriate
eiements. eg. In the impeller model there is virtually no
deformation of the hub section therefore tﬁe ninimum number of
eléments possible to describe the'geometry of the section should
- be placed there. However at the edge of the centreplate between
_ the blades there are large deflections in many of the modes.

Therefore in this region more than 1 element is necessary , and

thé use of distorted elements should be avoided.

19
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Centreplate/Sideplﬁte/Backplate :

Often the complex geometries of the blade sections’will dictate
the mesh arrangement in these regions. However in order to
describe the 'ripple' type modes whefe these plate sections
deform, at least 2 straight-sided elements are required leaving
at least one nodal point between each blade. Typical backplate
‘mesh is shown in figure 12 using- triangular elements to
describe the complex parts. of the'geometry.

Blade : | |

Flexure of the blade takes place in many of the modes of interest
to the F.E. modeller of centrifugal impellers, and- a minimum of 2
elements across the blade from side to centreplate is required to
describe the simplest flexuré.

Shaftr:

Sufficient beam elements must be used to describe the geometrical
changes in sectipn along the shaft. ~ Also there must be
sufficient elements to describe the most complex shaft modes of
iﬁterest to the modeller, although normally sufficieﬁt will be
included when the shaft geometry is described. (see figure 9)
Inlet Ring:

The  inlet ring forms a seal at the inlet to the impeller and is
not a critical area in terms of the impellers' structural
strength. However its representation in the F.E. model is
critical to the values of natural frequency obtained.. The number
of brick elements used to describe it should simply reflect the
‘number of sideplate shell elements to which it is to be attached.
Thé"thickness’ of’ these’brick elements should be as detailed
‘below. |

The inlet ring forms basically a stepped plate arrangement onto
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the sideplate, although the thickness of the ring is too great to
be wmodelled efficiently using the thin shell elements of the
sideplate. The brick elements in the PAFEC suite have to be
coupled to the shell elements in the sideplate as‘ will be
explained later in this section, and the method of coupling
recommended is to use extra, thin shell elements. This introduces
. the problem of whether to include the coupling element thickness

in the geometry of the model as highlighted below.

Resonance Test Results Inlet Ring Structure
( Sample ) '
X
64 ——3I\
\&_ 12 mm
176 ‘
NN
I 60 mm
F.E. Model 1 Results Inlet Ring of
(Sample)- F.E. Model 1
42 4 .
» shell —Ye— 12 mm
-.158 .
' brick ——~—r N
L&vmm
F.E. Model 2 Results - Inlet Ring of
(Sample) ' F.E. Model 2
62
shell _:\_‘—)L- 12 mm
187 ]
brick — 1"
60 mm
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inlet ring is to model the brick elements as the full inlet ring
thickness dimension and to add appropriate coupling shell
elements of the same thickness as the sideplate. Although this
may increase the local stiffness at this point the arrangement
has been shown to produce acceptable results.

Combination of Element Types

When using several element types in the same model cognaissance
has to be taken of the fact that ce;tain element types are
incompatible, or require special consideration. In the PAFEC
versions of the recommended 2D thin shell element ,3D brick
element and 1D beam element there are 5 degrees of freedom, 3
degrees of freedom and 6 degrees of freedom respectively at each
node. The resulting problem is to link rotational degrees of
freedom on plates and beams. to brick elements containing only
translational degrees of freedom. The rigorous method of coupling
the relevant freedoms would be to write the appropriate
constraint equation for the interaction expressipg the rotations
in terms of displacements of adjoining nodes. However it may not
be possible to do this in some packages and a suitable  'method'
has to be found. Acceptable results were obtained in the impeller
models analysed by using thin shell elements as coupling elements
and the method adopted and recommended is shown‘below :

Plates to bricks
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have Vto be linked to tranlational freedoms on the bricks. The
insertion of a plate between the adjoining bricks removes the
'hinge' effect of improperly coupled plates. This has béen shown
to be effective as it is the coupling method used in all the F.E.
results presented and has shown no significant difference from
models where appropriate coupling constraints have been written
into the program. There is some local stiffening of the section
the 'coupling' élement was placed in but the effect has been
'éhown to be negligible for the structure types considéred in this
~investigation. '

To prevent numeric#l errors caused by very stiff elements joining
very flexible elements, the recommended thickness of éhe coupling
element is. the samé thickness as the shell element whose
rotations require coupling.

Beams to Bricks

Again the recommended method of coupling the beam rotations to
the brick translations in the context of joining the beam element
shaft to the solid element hub section, is to place a coupling

shell element over the face of the brick as shown below.
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"shown that for acceptable coupling the thickness of the shell

element should be the thickness of the impeller centreplate.
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In the iarger F.E. packages commonly used today there are often
many solution methods available and consultation of the software
literature should be made in order to provide a recommendation
"based on the type of results required. Also with some packages
interaction with the solution mechanism is available to steer the
solution in the direction the user wishes it to go, for example
to provide a more accurate or faster analysis.

Complex strﬁctures usually involve large (in terms of numbers of
degrees of freedom) models which in turn require large amounts of
computing effort to solve. Customising the solution to suit the
model and analysis type may often be possible and can aétually
make the difference between being physically able to find a
solution using the computing resource available, or not .

By highlighting belpw some pf the possibilities avaiiable«with 1

analysis type oh 1 structure type using 1 software package and

éomputer, the intentidn is to stimulate ﬁhe type of thinking that

should be given to any complex analysis to ensure it is done most

efficiéntly. ‘The example used is the natural frequenc& analysis

of a céntrifugal impeller using the PAFEC suite on a Prime 2550

computer.

Software packages often suggest 'user-friendly' formats which'
claim to eliminate such probléms buf the truth is that the more

automatic the feétures ére the more difficult it becomes to cover

every eventuality as efficiently as possible. Every analysis

should be considered on its own merits to ensure that it will be

carried out by the package in the most effective manner.
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1. Can the accuracy of the solution be affected bj the method of
analysing the model ?

2. Can the time taken to perform the analysis be influenced by
the user ?

3. Can the job be restarted if the computer 'goes down' ?

With reference to the aforementioned impeller analysis using
PAFEC fhese questions are now addressed.

1. Natural frequency analysis of F.E. structures using an
Eigenvalue solution method such as in PAFEC - see appendix A -
can result in é large numerical problem for complex models. For
example a numerically exact solution of a model containing 4000
degrees of freedom requires solution vof 4000 simultaneous
equations — ( to provide the Eigéqvalues). Thus packages have to
employ numerical techniques to reduce the problem to a manageable
proportion. In PAFEC the method used is tﬁiutilise those &egrees
of freedom which best describe the dynamic characteristics of the
model, providing a reduced set of Eigenvalues to solve for. As
the user is able to select which freedoms should be chosen he can
exert great power over the accuracy of the solution.

2. Referring to the above point , obviously the greater the
number of equations to be solved , the longer it takes to do.
Within the PAFEC package redundant degrees of freedom can
normally  be restrained by the user to remove them from the
calculation and thus deéreasev the computer effort required
without affecting the results obtained in any way.

3. In the engineers environment machines do break down, ’or
computing time is only available at certain times each day. It is

therefore imperative that the user knows if and where the .
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as PAFEC it is only possible to re-start a calculation at certain

points, which can cause problems where time available is limited.

Examples of Effects gg_'Considering How Analysis is Done'

A. Use of Symmetry :-7

In the previous section, the use of cyclic symmetry and the
RABBITS package in conjunction with PAFEC was recommended to
reduce the size of the model. A feature of the RABBITS package is
to apply abparticular set of directional axes to those degrees of
freedom 1lying on a symmétry interface aﬁd tb' keep all those
freedoms in the main calculation procedure to simplify the
addition of boundary conditions necessary to solve for all the
natural frequencies. For a small model such as the flat disc in
figure 1 , use of a 60 segmeht of the disc and the RABBITS
package results in an analysis which takes longer to perform than
one on the full model! The reason is that freedoms which would
norm&lly bé removed from the calculation due to redundancy remain
in the segment model due to the action of the RABBITS package and
resuit in a larger problem for the computer to solve.
Cognaissance of this fact was noted on the centrifugal impeller
models and it was found that the calculation was storing a set of
redundant -freedoms on the symmetry interfaces which indreased the
calculation éize Qith no gain in accuracy. When these vfreedoms
were restrained manually an overall reduction of 30% in computiné
time was achieved to produce the same results.

B. If a full model of the impeller is constructed and ‘analysed
using PAFEC then both symmetric and assymmetric mode. shapes are
produced, in ascending order of frequenéy and descending

accuracy. Use of the RABBITS package separates the analysis into
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boundary conditions. This cah-be useful in terms of modes of
interest to the user , as by applying only thé boundary
conditions which provide the modes of interest (eg. symmetric

modes shapes only) the calculation is speeded up ..

The above results show that it is clearly beneficial not to
regard solution mechanisms of F.E. packages as 'black boxes' , as
the user can often tailor the solution to produce the results

wanted with the best accuracy and least computer effort possible.
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Frequencies of interest

An analysis of a structure's natural frequencies is normally done
— certainly in the case of the centrifugal impeller = to
ensure that natural frequencies do not coincide with known
exciting force ‘frequencies which may cause fatigue problems.
Exciting force frequencies of interest to thé centrifugal fan
manufacturers are the running speed of the impeller and
associated multiples (usuallly 2x, 3x and 4x running speed) , and
the blade passing ffequency - frequency with which a blade passés
the inlet to the impeller, eg. llx running speed for an 11 bladed
impeller. Thus the natural frequencies of interest will be all
those between OHz. and say 110%Z of blade passing frequency.
Coincidenée, between a mnatural frequency and  blade paséing
frequency or running speed could potentiéily be catastrophic to
the life of the impeller , and knowledge of the natural frequency
and the associated mode shape is required to consider remedial
action. It 1is the evaluation of this information from the F.E.

results that this section is concerned with.
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In the ideal world , the F.E. modeller's job is completed when
the computer has finished its analysis , and the relevant |,
correct results are fed out in a form usable immediately by the
modeller. Unfortunately this level of sophistication has not yet
been reached by the software suppliers , and even the simplest
analysis results require interpretation and moulding into a form
suifable for presentation.

The resultsvbelow in Table 8, are the PAFEC natural frequency

results for the fixed disc in Figure 1.

Frequency (Hz.)

1. ~0.0078

2. 206 .2
3. 215.2
4. 454 .8
5. 668.1
6. 669.2
7. 1571.7

Table 8

-If these results were simply taken as being the first 7
natural frequencies of the disc , they would not be correcte.
Obviously frequency number l. is not a natural frequency of the
disc due to the negativé quantity. In fact examination of the
associated mode shape shows that it is a whole body rotation
obtained by the calculation method due to the lack of rotational
resﬁraint on the F.E. model, and should have a frequency value of
0 Hz. The non-zero value of the freqﬁency is a feature of the
numerical calculation ﬁethdd. Frequencies 2 and 3 refer in fact

to the same mode shape , shown schematically in figure 13. This
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duplication of mode shapes is a mathematical representaion of the
fact tha; this mbde shape (1 nodal diameter) has an infinite
number of possible positions on the disc, and that a mathematical
combination of two modes (Veétors)' can produce any other
possible mode (vector). .A similar reasoning exists for the
duplicate mode shapes in frequencies 5. and 6.

Therefore correct interpretation of the F.E. results would
produce the results of Table 9 below; which are then directly

comparable to the theoretical results of Table 10.

Mode Frequency (Hz.) Mode Frequency (Hz.)
1 Nodal Dia. 210.7 1 Nodal Dia. Not Calculated
0 Nodal Circles 454 .8 0 Nodal Circles 467 .5
2 Nodal Dia.'s 668 .7 : ‘2 Nodal Dia.'s 654 .6
3 Nodal Dia.'s 1571.7 3 Nodal Dia.'s 1524.5
Table 9 ' Table 10
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positively identify the F.E. mode shapes' uniﬁueness. Theoretical

results however are usually only available for the simplest of

structures and often measured results are the yardstick to which
F.E. results are compared.

It is this feature which stretches the expertise of the modeller

in identifying mode shapes of complex structures and comparing

like with 1like in real structures in order to determine the

accuracy of F.E. produced natural frequencies. The problem is

increased when 2 further points are considered :

1. F.E. results 'of natural frequencies of the tyée considered

here do mnot consider damﬁing by the very nature of the free

vibration calculation. ‘Real-life measurements of structure

natural frequencies can fail‘to record frequencies that are

highly.damped or have,hét been excited by the excitation mefhods

used.

2. The F.E. model is a conéeptualisation of the structure, énd

features such as non-perfect symmetry or dimensional

discrepancies may cause natural freqﬁ;ncies /mode shapes in the

real structure to be different from the F.E. results both in‘
térms of appearance and non-appearance of mode shapes.

This investigation “shows that empirical work on structures of

similar types is the only reliable method, at present, to resolve

such problems at reasonable cost. In this respect for the

‘centrifugal impeller structures, the comparison of F.E. produced

results with ﬁatural frequency results obtained by the calibratédr
‘hammer technique is now considered. The éalib;ated 'hammer:
teéhnique bis a simple reliable pethod of obtaining a strucfure's

natural freqﬁenéies and is described in Appendix B. Use of a twin

" channel spectrum analyser to obtain mode shape information is.
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extremély time consuming for complex mode shapes, with nhmerous
test points required.
The natural frequency results of the impeller in figure 10 are

shown below in Table 11.

Frequency (Hz.)

006
«22
41
82
135
198
203
306
323
331

401

( 'Double' frequencies omitted for clarity )

Table 11
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the calibrated hammer technique, for the impeller in figure 10,

are listed below in Table 12.

Resonance Test Frequencies (Hz.)

42
72
140
190
296

376
Table 12

Figure 14 shows the output from the spectrum analyser,
highligﬁting the problem where a mode with Aa large transfer
function . 'swamps' out the other modes. Figure 15 shows the
benefit of reducing the range analysed by the spectrum analyser s
although this requires extra man-effort to carry out further
tests on the strﬁcture.

Comparison of Tables 11 and 12 illustrates the problem that more
natural frequencies were identified in the F.E. analysis than in
the resonance tests. As explained before, the problem is to
correlate mode shépes in the F.E. analysis to the mode shapes
from the resonance test natural frequencies. In practice it would
“be very difficﬁlt to gain sufficient information from the
resonance test, to determine the modal deflections throughout_tﬁe
structure. However examination of the F.E. mode shapes (such as
figures 2 and 3 ) show that axial displacements of the back and
sideplates give a great deal of information about the mode shapes

— similar to the nodal patterns of circles and multiple diametets
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on the flat disc of figure 1. The method used to identify the
resonance test natural frequency mode shapes, was to use transfer
function and phase information from an accelerometer placed on
the side or centreplate of the impeller and from the load cell on
the hammer.

For the double-inlet type centrifugal impeller, shown in figure
16, 24 test pdints were required on the sideplate and 48 test
points on the centreplate to produce developed circumference
plots of the mode shapes. Figure 17 shows examples of the type of
plot produced by this method. Such plots can be used to identify
and characterise relatively simplé mode»shapes and can be used to
compare with F.E. produced mode shgpes. The number of test points
represents a measurement on and between a blade, and it requires
a éonsidefable amount of man-effort ;q correlate each of the
mode shapes. The man-effort involved in Resonance Test work
clearly highlights the benefits of being able to predic£ a
structure's natural frequencies and mode shapes consistently with

known accuracy.

F.E. Produced Mode Shapes

Standafd methods ofiproducing F.E. résults are : numeric values
of displacements of nodal points - normalised displacemgnts . for
free wvibration calcﬁlations and graphical representaions of the
deflected shape. Interpretation of a complex 3D mode shape from a
2D screen or hard copy can be very difficult - figure 18 shows
views of F.E. produced mode shapes of a cyclically symmetric
portion of a centrifugal impeller. Coiour (shaded) or animated
graphicé can eése the problem in terms of categorising the mode
shape for comparison with a real structure. For the.ﬁurpose of

this work a simple BASIC program was written to extract from the
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displacements of circumferential centre and sideplate nodes, to
enable a plot to be prepared which could then be used in direct
comparison to the Resonance Test plots. The program with sample
dutput is contained in Appendix C.

Strategic placing of nodal points during the construction of the
model allows diréct comparison between nodal points on the model
and Resonance Test points on the impeller. The type of plot
produced is shown in figurg 19.

This method of comparison worked well for simple impellers such
as the single inlet impeller of figure 10 and only for the
simpler modevshapes of the more complex double-inlet impellers
such as that in figure 16. The type of accuracy and correlation

'tpat can be expected in a single-inlet impeller is shown below in

Table 13.
F.E. (Hz.) Resonance Test
41 42
82 72
135 140
198 190
331 296
401 ‘ - 376
Table 13

Based on the above results and the investigations of this work in
1. simpler structures - such as flat discs and diség on shafts

2. More complex structufes - such as two different 'dduble?inlet
type impellers'; an expected accuracy band of +14% to -3;5% for a‘

natural frequency analysis of a single—inlet type céntrifugal
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resonance tests to be recognieed. In view of the 1lack of
information that the static Resonance Test telle us about the in-
service 1mbe11er » the recommendation would be to record the
extra frequencies as natural frequencies of the impeller. Extra
work on more eophisticated Resonance Tests would be required to
determine if the& were actually natural frequencies, but their
inclusion, if in error, errs on the safe side.

The double inlet type <centrifugal impeller results were, as
mentioned, part of the basis for placing the accuracy 1limits
detailed above for the single iﬁlet impeller. The complexity of
the double-inlet impeller type mode shapes , examples of which
are shown in figures 20 and 21, were such that only the simplest
F.E. mode shapes could be positively correlated to Test Results
mode shapes using the method describedA above. However the
accuracy that they exhibit as shown below in Table 14, would
suggest that the other natural frequencies would exhibit similar
accuracy. The proviso to thie is of course that it is in the
nature of the PAFEC F.E. calculation method to calculate higher

value frequencies with reducing accuracy.

Resonance Test Natural Frequency
Results ' Results
64 A ' 62
176 , 187
Table 14

38 -



N me - werm e~ wwp v wa AMVEDLAKAOLAVIL 1ULU  TOE

tesuits of the F.E. énalysis, is that where actual test work on a
structure is not possible - eg. pre-manufacture stage - the F.E.
modeller with confidence in his analysis technique can create a
model of the structure along objective guidelines , analyse it ,
and using the results , present a set of values with an
associated tolerance s, to which design criteria can be checked.
The results of this particular investigation should enable an
engineer to construct a model of a single-inlet type impeller. ’
carry out a natural frequency analysis and have sufficient
confidence in the results to determine if exéiting force
frequencies are liable to‘coincide with any natural frequencies
of the impeller , and be able to characterise and_reéognise the

associated mode shapes.
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The results of this investigation enabled a Design Guide to be
produced for James Howden and Co. Ltd. In conjunction with the
computing . facilities and the PAFEC F.E. software package
available at James Howden , an engineer with limited F.E.
experience is able to utilise this Design Guide to create a model
of a centrifugal-type impeller , carry out a natural frequency
analysis on it and obtain results within known confidence levels.
Ihe work has also formed a basis for James Howdeh further
research into dynamic analyses of their products.

It is useful therefore to discuss the material contained in the
Design Guide with reference ﬁo the work described in this
report in preceding sections.

The Desigh Guide covered the four basic parts of an_énalysis as
covered by'the earlier sections, namely :- |

A. Initial Steps

B. Modelling the Impeller

C. Analysing the Impeller

D. Intérpreting the Results

In order to give the engineer an appreciation of the solution
mechanism, a briéf description of its relevance to natural
frequency analysis of cyclically symmetric structures was given.
The concept of boundary cbnditions and master degreés of freedom
‘were highlighted as was their effect on the accuracy of the
frequencies obtained. i.e. approximately one third of the number
of masters used is the number of frequencies that can be expected
~ to be accurate for each set of boundary conditions applied. This
is a function of the numerical reduction method used in PAFEC.
The initial steps described in Section 1. of this report were

identified in',the Design Guide, including a checklist of the
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information required about the impeller before beginning to
create the model. It was stfessed that the recommendations only
pertained to the natu:al frequency analysis of impellers and were
not applicable to other analyses such as stress analyses.

It was recommended in the Design Guide to analyse the impeller as
a stationary structure. The effect of gyroscopic forces and other
factors‘ such as centrifugal stiffening were considered, but due
to the relatively slow operational speed these effects were
thought to be émall. In Qrder to prove this, however, substantial
work would be requited needing sophisticated F.E. software and
computing resources not available in James Howden. The Design
Guide instructs the user which parts of the PAFEC suite to use,
and estimates how long tﬁe analjsis can be expectéd to take on
the Prime 2550 computer.

Section B of the Guide is concerned with médelling the impeller.
Iﬂ order to obtain accurate results for the diaphragming and
diametral type modes , shown in figures 2 and 3, the Guide
instructs the user to include the shaft in the model, réstraining
it in the vertical plane at the bearing centres. As the
flexibility in the real impeller shaft supports is ignored, those
modes in which the shaft displaces will not have the correct
natural frequencies. The Prohl method is used routinely in James
Howden to calculate shaft whirling frequencies and therefore the
comﬁlexity of analysing an F.E. model with flexible sﬁpports is
not required.

Section B of the Guide identifies those impeller features whiéh
should be ﬁodelled, and describes the methods to be used. The
Guide recoﬁmends that the shaft be modelled wusing one-

dimensionsal beam elements , simply supported at the appropriate
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_the modes of the impeller/shaft combination ére produced , whilst
also minimising the degrees of freedom used to describe the
shaft.»

The simplest method of obtaining the natural frequenciés of a
real impeller structure is to carry out a resonance test on a
simply supported stationary impeller - this is then analagdus to
the F.E. analysis. The Design Guide can be wused to obtain
inforﬁation on.an impellet design prior to manufacture and remove
the need for time consuming and costly resonance testing after
manufacture.

A description of how to model a shrink-fitted hub in the impeller
model was given in Section 2 of this report. The effect of this
approximation on the natural frequenéy results was found to be
small. Section B of the Guide instructs the user to use this
method for impellers with shrink-fitted hubs. This approximation
is achieved by connecting the shaft to the hub at the hub ends
only as in figure 6. and provides for fewer degrees of freedom in
the model and hence takes less time than the fully connected
hub/shaft in figure 5. The connection in figure 6 simulates the
very high local stresses found at the hub/shaft interface during
operation of shrink-fitted hubs.

This investigation showed_that acceptable resulﬁs for mnatural
frequency can be obtained using simple four-noded shell elements
in general and with triangular shell elements to deséribe coﬁpiex
geometry. Thus in the impellér models, platework was described
using these simple elements. In order for these straight-sided
eleménts. to describe the bending deformations of the platework
between blades it is necessary to place a nodal point between the

blades as in the mesh in figure 10. The Guide quantifies the mesh.
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density in different areas of the impeller. For example, two
shell elements are recommended between each bladg in order to
produce accep;able results. Following the Guide's instructions
would produce a mesh similar to the coarse mesh model in figure
11. The natural frequency results from that ﬁodel are shown 1in
Section 3, Table 13. The use of curved elements with mid-side
nodes would resﬁlt in many more degrees of freedom in the model
with little gain in accuracy of results as Table 7 in section 2.
shbws. By quantifying the number and type of elements to be used
in each particular area of the impeller model, the Guide obtains:
an accurate solution economically.

" The combination of element types suggested in Section 2. requires
a method.of coupling degrees of freedom which would not otherwise
be coupled by the normal PAFEC procédures, and highlights
situations where coupling is required; The Guide specifically
states where coupling is required in the impeller model -

1. At the shaft (beam element) / hub (solid.élement) interface

2. At the side/centreplate (shell element) / hub (solid element)
interface |

3. At the sideplate (shell element) / inlet ring (solid element)
iﬂterface |

In each case the method of inserting a coupling shell element, as
described in Section 2. » 1s recommended. The justification for
this coupling method is not rigorous' mathematically, but
comparison between the rigorous coupling equation and the
'5coupling shell element' method proved it to perform well. The
thickness of shell element to be used was determined by the
incorpora;ion of different thicknesses in various models‘ aﬁd

comparing them with the more time-consuming but rigorous coupling
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by the use of an extra 'couﬁling shell element' would not be
expected to alter the stiffness distribution greatly as the areas
suggested  for its use in the Design Guide are areas where the
connections on either side have greater magnitudes of stiffness
than the coupling element itself.

Section 3 considered the analysis of the F.E. model, discussing
opportunities which the F.E. analyst has to ensure that the
software package carries out the analysis in the most efficient
manner possible. Unless the user of even the most 'user-friendly'
F.E. package is conversant with its operation it may be difficult
to use efficiently. Therefore, the Guide instructs the user how
to utilise the PAFEC package for natural frequency analysis
without assuming prior knowledge.. Normally the PAFEC package
continues to try andvcomplete the analysis in one sweep after it
is instructed to begin - no matter how much computi?g time 1is
required. This is obviously of 1little use in a computing
environment such as can be sustained in an engineering company
~where interactive use of the computing facilities is normally
required during the day', and large batch compufing is done
during the night. The Design Guide thus instructs the user on how
to customise the solution procedure in order'that it can be
carried out in parts which can be stopped and re-started, and
also estimates the time that will be required for the computer to
prodﬁce results for each part. This is achieved by breaking into
the software (according to instructions given in the Guide) and
"~ changing certain parameters. The time reqﬁired for each portion
was determined by comparing the model sizgs in terms of degrges
of freedom and the relative time taken for these analyses during

this investigation.
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The master degrees of freedom described in Section :5; are the
reduced set of degrees of freedom which are solved to produce thé
natural frequencies. The Design Guide recommends that the PAFEC
automatic facility for master selection is used. This is because
inapprOpriaie choices of masters - for example two masters very
clqse 'to one another and in the same direction = can cause
numerical problems in the calculation procedure 1leading to
innacurate results.

The Design Guide describes how to remove ‘'redundant' freedoms
from the cyclic symmetry interface, and thereby save up to 30% on
a typical natural frequency analysis on an impeller. This is
dealt with in Section 3. These 'redundant' freedoms afe the in-
plane rotations of the shell elements recommended for wuse in
modelling the platework of tﬁe impeller. The element has no in-
plane rotation at the element level but the cyclic symmetry
routines in RABBITS extract all 6 degrees of fréedom at each
nodal point on a symmetry interface in order to apply boundary
conditions to them at a later point in the calculationf This
stores the 6th degree of freedom fof the shell elements in the
'calculation unecessarily and increases the time required to
obtain the solution. By indicating in the Design Guide which
degrees of freedom to restrain - i.e. remove frdm the calculation
— the calculation is made more ecbnbmic.

Section 4. describes work done on- interpreting the results of an
F.E. analysis to correlate them to the behaviour of a real
struéture. If the F.E. analysis predicts a natural frequency
which coincides with a known exciting force then remedial action
is necessary;‘ If the mode shape of the impeller is known for the

natural frequency in question then examination of it can indicate
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action might be appropriate. As Section 4. shows, the F.E.
produced results for natural frequencies can be confusing for
those not experienced in F.E. analysis, with rigid body modes and
‘double' frequencies produced. The Design Guide explains the
occurrence of such frequencies and also indicates in which
sections of the results they would be found. Rigid body modes
will be found in the section where the boundary conditions
applied produce mode shapes that are cyclically symmetrical, and
will have fréquencies numerically close to O Hz. They can have
negative values due to the numerical calculation method.

The extraction of useful information from the output of an F.E.
analysis can be a difficult task as Section 4. describes. The
Design Guide utilises the BASIC prégram’ written during this
investigation to extract as hard copy, only the. information
required. An example of the information produced by this program
is contained in‘Appendix C. This allows storage of the complete
displacement information, in the software mgdium. It can be
appreciated thét,hard copy of every displacement of every degree
of freedom in a model such as in figure 10, for every mnatural
ffequency identified, is a large mixture of useful and useless
information. The problems in identifying the complex modes of an
impeller is eased for the user of the Design Guide by providing
examples of what types of mode shapes to expect from which sets
of boundary condition in the cyclic symmetry analysis. For
example - the shaft flexpre modes are bbtained by the application
of boundary-conditions producing the results of 'Hérmonic 1' in
the PAFEC RABBITS analysis.

The coﬁparison of F.E. produced natural frequency results with’

resonance tested impellers is described in Section 4. It is this
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comparison which gives the accuracy predictions present in that
section and which are also contained in the Design Guide. Section
& considered the fact that there are some ‘extra' frequencies
which can appear in only one of either the F.E. results or
Resonance Test results. The fact however that the most distinct
resonance test peaks wi;h high transfer functions do have
comparable mode shapes and natural frequencies to the F.E.
results, and that the modes found in F.E. results and not in

Resonance Tests " are higher frequency modes within each set of

' -boundary conditions, .supports the case presented in Section 4.

that they -are not significant to the accuracy of the results
obtained. However this does represent an area for further
‘research to determine whether it is a function of the imperfect
F.E. model or theiimperfect (i.e damped) free resonance tests,
that produces these 'extra' frequencies.

Graphical representations of compiex structures can enhance the
viewers understanding of the structure if viewed at an apprpriate
angle. The Design Guide suggests a viewing angle which ensures
repeatability fér comparison of different mode shapes, as in
figures 20 and 21. |

The appearance of natural frequencies both above and below the
'true' values obtained from the resonance tests , is a useful
illustration of the dangers in taking the theory of Finite
Elements beyond practical limits. Following the theory of Athe
PAFEC solution‘ technique, an F.E. model of a real structure
should produce results which will always be greater than those of
fhe real structure, decteasing toﬁards those of the real
structure as the mesh density and hence the number of degrees of

freedom used to describe the model increases. The practical
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approximations in wmodelling and the wuse of economic mesh
arrangements, produce complex models which can produce results
for natural frequency which are both above and below their
respective ‘'true' values. Thus Section 4. stated 1limits for
results for the natural frequency analysis of the centrifugal
impevller following the method outlined in this reporf: as +14% to

"3 052 -
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No stage of an F.E. analysis should be considered in isolation
from the othe;s if meaningful results are to be obtained. When an
F.E. model is being constructed , the analysis to be performed on
it must be kepf in mind. If for example a stress analysis is to
be'performed on a centrifugal impeller to determine stress during
operation of the impeller then the shaft need not be modelled
and thevrespective loadings applied to the impeller. If however
all the natural frequencies of the impeller are required then the
shaft must be included as described in Section 2.

Complex F.E. analyses involving many degrees of freedom to be
solved require large amounts of computing power. However the
creation of a meaningful model is more important than having
access to sophisticated computing facilities, as no computer
could obtain correct results frbm an incorrect model. For exampie
the disc on shaft model described in Section 2. could not produce
correct results due to the inability of the brick elements to
describe the bending deformation accurately.

Mesh generation aids should.be utilised where available as the
construction of an F.E. model can take longer than the analysis
and production of results. The F.E. model of figures 2 and 3 took
5 man days to construct and 4 man daysbof computing time to
produce its natural frequencies.

For natural frequency analyses the mesh should be regular
thrqughout fhe model. This prevents numerical instability
problems caused by elements with differing magnitudes of
stiffness.  However in practice this has to be balanced against
modelling major structural features in complex geometries such as

in figure 10.
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high order elements with wmid-side nodes are not required,
provided that the elements used in fhe shaft region can wundergo
bending across their length. The usevof simple elements reduces
' the number of degrees of freedom in the model. The flexure of the
side/centreplate is achieved with these straight—sided elements
by placing a nodal point between the blades as shown in figure
10. The necessity for flexural elements in the ghaft was shown in
Section 2. where the higher order 6 noded brick elements produced
incorrect results whilst simple 2 noded beam elements produced
accurate results.
Use of cyclic symmetry reduces the effort required‘fo; complex
models but not fog simple analyses. This is due to the fact that
degrees of freedomv lying on a symmetry interface are no;
automatically reduced oﬁt of the main calculation phésé as they
would be in the full structure model. Boundary conditions have to
be applied to these interface freedoms to produce natural
- frequency results of the complete structure from a cyclically
symmetric. portion of it. The simple disc in figure 1 took less
time to analyse than using thévcyclic symmetry package RABBITS
and 1/6th of the disc. However the F.E. model éf one segment of a
centrifugal impeller shown in figure 11, and analysed using
RABBITS was the only method of obtaining the impeller natural
fréduencies, as the computing facilities at James Howden ~wére
not sufficient to analyse a model of the complete impeller.
Engineering intuition will always be required when modelling a
real structure. This is because F.E. models have‘ to be
approximate for analyses to be solvable on practical compﬁting
résources. For example to model a real impeller complete with

balance fatches ’ dimensional discrepancies , dynamic forces and
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flexible supports and then perform a natural frequency analysis
would be iimpractical for impeller manufacturers to ﬁerform
routinely.

The effect on the natural frequencies of modelling a shrink-
fitted impeller on its shaft is negligible. However it does
reduce the number of degrees of freedom in the model as described
in Section 2. The method used was to connect the hub to the shaft
at the ends only simulating the effect of the very high 1local
stresses found at the hub/shaft interface during operation. This
done only 1 shaft element need be placed aldng the length of the
hub in pléce of the four or more for a fully connnected hub, as
figures 5 and 6 show.

Many different types of element can be used in a large complex
model provided their formulations are understood and thﬁs can be
coupled correctly. ‘The recommendations in Section 2. include
using 1,2 and 3 dimensional elements in the same model, and
indicate methodsvto ensure that they are coupled correctly.

F.E. packages should be checked to ensure that 'foolproof'
mechanisms are not creating unecessarily lengthy solutions.
Interaction with the PAFEC program on a natural' frequency
analysis as described in Section 3. reduced the analysis time By
30%Z. This was due to the fact tﬁat the cyciié symmetry package -
RABBITS - retained redundant freedoms in the solution.

The . F.E. modeller's job is not complete when the computer
analysis 1is finished as interpretation of the results is
required. For example section 4 shows a sample of natural
frequency results which includes frequencies that are a product
of the numerical solution procedure and not of the impeiler

structure,
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to F.E. model results as the impeller mode shapes in figures 19
and 20 1ndicate.' This fs due to the practical difficulties of
obtaining comprehensiie mode shape information of real ,damped
structures and the imperfections of the F.E. representations.
However for centrifugal impellers the method detailed in Section
4. allows a simple comparison to be performed between F.E.
results and Resonance Tests regults. Figures 17 and 19 indicate

the comparisbn that can be obtained.

F.E. model construction and analysis is largely a subjective

excercise and not easy for the inexperienced analyst. This is due
to the fact that large F.E. packages although simple to use do
‘require detailed knowledge of the structural behaviour , element

formulations, and analysis types contained in the package.

Through the results of this investigation a Design Guide was |

written for James Howden which can lead an inexperienced engineer
to model, analyse and produce natural frequency results of
impellers in an objective manner to prodhce results which are in

an accuracy range of +l4 to -3.5%.
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1 A SIMPLE VIEW OF THE FINITE ELEMENT METHOD.

This section is based upon the notes used in various PAFEC courses. The treatment is simple
and is not mathematically rigorous. When the new reader has studied this section the outline
of most of the other sections should be comprehensible. Some aspects of finite element theory
will, however, only be meaningful after the more rigorous section 2 has been studied.

We start the theory with a development of the stiffness matrices for one of the most simple
kinds of finite element - that of a beam subjected to bending loads. Before any analysis is
started we shall decide what assumptions have to-be made. These are as follows:

(1) The beam is to lie with its neutral axis along the x coordinate axis.

(2) the cross-section of the beam is to be uniform and is to be arranged so that the y and
z directions are principal bending directions and so that bending in the y direction is
not coupled with torsion.

; (3) The cross-sectional dimensions of the beam are to be small in relation to the length so
, that there is no warping and all the deformation is due to bending and none is due to
! shear. )

(4) The first three assumptions relate to the original undeflected element. One further
assumption is needed in order to describe the manner in which deflection varies along
[ the length of the beam. We shall only concern ourselves with the displacement u, in
the y direction and we shall assume that it varies along the length of the beam according
to

Uy = a;+aox+ 0322+04x3

(1)
where the a's are arbitrary constants, Equation (1) may also be written in matrix
form as:

uy = [Pl{a) (2
where {a} is a list of constants
P . and [P] is the polynominal matrix [P} = [1 a x2 %9

When different finite elements are connected together
it will be necessary to join them at their nodal points
which are situated at their ends. At this joining stage
the displacements of two beams which meet will need
to be identical. To enforce this continuity the equation
(1) must be rewritten so that it involves the end dis-
placements on the elements and not the constants «,,
Qoq, etc.

z, u, out of paper

Fig. 1 Sign convention



We write down expressions for the nodal displacements in terms of the a's as

u) = a;

921 = Qg
Uy = 01+Qzl+a312+a4la @
P = a2+2aal+3a4lz
or in matrix form
v {u} = lala} 4
where Al=Ff1 0 o0 O
’ 0 1 0 0
) R S L A
o 1 20 3?2
and {u,} is the listing of nodal displacements on the element Uyls Pels ¥y2, $pp Written
in a colum vector.
From equation (4) the matrix [A] may be inverted and the value of {a} substituted in
equation (2) to give
u = Pl ) 5

Sometimes [PJ[4] ! is written as [N] which is a row matrix containing the shape functfons

322 2x% 22 23 3a? 2.8 2 ’] ©

1 _ _ax_ - XX
7\ lNl—[ —lr—lrx l+'l—§'-ir_l-§-’ z+—zT

The finite element method is based upon energy. For this reason we write down the
strain energy stored in the beam finite element. It is

924 \2
S.E. =f§.Ez.( 5;'?) dx M
2
In equation (7)% is the curvature of the beam and may be written in terms of the nodal
x . .
displacements as:

Q
™

82 ..,‘ ,. '
= —(Pll4] {uJ‘ _ (8

X

Q
R
[+

Since [4]1"! and {u,} are not functions of x we may write:

2
: [ ]r‘{uJ (9
X
2 .
where - [Qfg’]ﬂo 0 2 6zl (10)

 In the kernel of the integral in equation (7) the square of the scalar quantity
(a2 /8x?%) arises. The scalar will be treated for the moment as a 1 by 1
matrix which may be transposed as follows:

(2] [T



Examination of equations (7) and (12) shows that most of the quantities underneath the
integration sign are in fact constant and may be written outside as

]

] _ 92p |7l 52 _ '
S.E. = } EI {u}71Al 7;/[';}2)'] [g—:;—]dxul Hu) (13)
0
Using equation (10) the kernel of the integral in equation (13) is i
00 0 2 6xl=f0 0 0 0 (14)
ol 0 0 o0 0
2 0 0 4 12«
6x. 0 0 12x 36x2
The integrgl of equation (14) is
0o 0 O ()
0 0 0 0 5
0o 0 4 612 ‘
0 o 62 1213

The matrix in equation (15) is scaled by EI and pre-multiplied by [4]™! and post-multiplied by
141°? to form a matrix [S.] so that equation (13) may be rewritten as

S.E. = }{u s, {u,) : | (16)
with : | S, = EI [ 12/1® symmetric
’ 2
6/1°. 4/1 an
-12/13 -6/1% 12/13
6/1% 2/1 -6/12  4/1

There is a theorem due to Castigliano which states that the differential of strain energy with
respect to a displacement gives the force in the direction of that displacement. The equatipn
(16) may be differentiated in that way to yield forces and moments at the ends of the beam

finite element. It is valid in fact to differentiate the strain energy with respect to the list
- of displacements {u,}.

F) = 2B 5,14,)

olu.) i
The product (S.{u,} in equation (18) isvthe list of generalised forces which act upon the
element. The term generalised is used because both forces and moments are included.
{F)= Fy1 are the forces applied to :
M. the nodes. Note that the \F Fy2
»n order within {F,} corres-- : _ '
Fyo ponds to the order within :

. M’2
My, {ue) \O.‘//—\‘_’o >
- My3 :

Fig. .2 Generalised forces at the ends of a
beam finite element.



Equation (18) gives the generalised forces {F,} on the element in terms of the generalised

displacements {i,} and the stiffness matrix [S,] for the element. Since (S,] 18 a function of
geometric and material properties it is straightforward to write down this relationship for

each element in the complete system. ’ '

) = K] 2 - 2
To demonstrate this process we consider El = 10°Nm* EI = 200Nm

the structure shown in fig, 3 which is
composed of two beam elements with a
transverse load applied at one end of the
structure and a clamped support at the
other. There is an intermediate support
at a point along the beam at which the
section changes.

/ . :_'Z—'_J |appm;g;oad

intermediate support

““ 0:5m ~"0-25 m"l

BNLRNANNRNNNNNNNY

The first task is to divide the structure into -
finite elements and the results of this is shown

in fig. 4. The forces on the ends of the ‘)
individual elements are also shown in fig.. 4. - -

element 1

Fig. 4

Notice that there is no force shown wherever the problem is constrained. This does not
mean that the force acting at the constraint is zero. We merely have no interest in the

- reaction loads at this stage. Each of the unknown displacements is numbered in the sequence
uy, 49, us. In the direction of the first of these there are forces (actually generalised forces
which can include moments) on each of the elements. It is obvious that F; and F,’ are equal
and opposite. We have left them as separate quantities at this stage since we wish for our
approach to cater for a more general problem in which there are many elements meeting at
a node. The subscript on each force is the same as the corresponding subscript on u.

Using the [S,] matrix derived earlier we write down relations between the forces F; and the
displacements ;. ’

For the element 1 we have the following:

- 0 ' .
RE . o | (19)
‘ Fy - 8000 | , '

]
'
]
]
o



{ Fy'] |- 8200 -18200 1600 )
Fo(T|- -10200 153600 -18200|" )u, (20)
Fs] |- 1600 -19200 3200 s

The dashes in equations (19) and (20) indicate that the values of the terms are not needed in
the analysis. The fact that the same displacement u; appears in both the equations (19) and
(20) shows that continuity between the two elements has been taken into account. We now

. consider equilibrium. The conditions of equilibrium are as follows:

Fy+F' =0, Fy=-10, Fg= 0. (21)

The equations (21) are rewritten in terms of displacements by using the equations (19) and
(20) to yield the following:

8000 x3+ 3200 ; =-19200 up + 1600 ug = O
-19200 u, + 153600 w, =-19200 ug = -10 (22)
1600 u; - 19200 up + 3200 ug =0
Equation (22) may be rewritten in matrix form as:
11200 -19200 1600 uy 0
-19200 153600 -19200 | { u, § = L0 (23)
1600 -19200 3200 ug 0
or () {ug} = {F) o (24)

It is now clear that the equations (23) or (24) involve just the nodal displacements, {u},
as unknowns. The solution may be obtained as

emmmwe . .my = 0.0003125 rad, wu, = 0.003385m, wug = 0.001875 rad.

Now that the solutions for the generalised displacements have been obtained we can go back

‘ . to consider equation (5). For a particular point along the beam we know the value of [P].

The matrix [A]~? contains only the length I of the beam which we know. The vector {u.}
of displacements on a particular element can be found from the system list of displacements
{ug. Therefore we can find the value of u, at any point along the beam.

Similarly we can use equation (9) to find the curvature at some point along the length of a
particular beam element. From this we can find the bending moment.

2

9
M = El

8x (29)

The shear force follows naturally by using the third derivative of the transverse displacement
u’.

Summary of processes

We shall see that the derivation of stiffness matrices for a wide range of elements is similar
to the ’development presented in this section which may be summarised in the following steps.



(1) Design the finite element and list any relevant assumptions about the element geometry
(e.g. the element is to be straight and one dimensional).

(2) Make an assumption for the distribution of displacement within the element. If this
assumption is in terms of arbitrary constants then these should be eliminated to give
an interpolation for the displacement within an element in terms of the element nodal
displacements.

(3) Write down an expression for the strain energy in terms of the displacements and use
" the interpolation to express the energy in terms of nodal displacements. Carry out
any necessary mtegra.tion.‘ ’

(4) Use Castigliano's theorem by differentiating the strain energy with respect to displace-
ments to give the forces at the nodes in terms of the displacements.

(5) Write down equilibrium conditions between elements in terms of forces and then in terms
of displacements. This yields a set of system equations for the displacements which can
then be solved.

(6) Knowing the nodal displacements on each element the 'bending moments or stresses can
be found.

In the beam type element presented above there were only two degrees of freedom at each
node and the element was one dimensional. There are many other types of finite element
with one, two and three dimensions and these will be introduced in the sections that follow.
We shall often want to introduce further degrees of freedom into the analysis in order to
provide for other continuities. In general we shall consider six degrees of freedom at each
node. They will be the three translations u,, u;, u, in three perpendicu]a.r directions and
also three rotations ¢, ¢,, ¢, about the three coordinate directions x, y, z. In fig. 5
these degrees of freedom are shown. The

rotations are shown in two alternative ways

by using a double headed arrow and by using

a curved arrow. Note that the axis system d( b

is right handed and that a particular rotation _
¢; is in the right handed screw direction about ¢x
the i axis.

\
More than six degrees of freedom at each v /

node are possible but are not recommended
for the solution of real engineering problems.
: Fig. §

The different types of finite element may be categorised as follows:

(1) Beam elements. Earlier in this section we studied a beam that' had only two degrees
‘of freedom at each node. If we consider a beam in which there is bending in two
directions, axial motion and torsion we need all six degrees of freedom.

(2) Membrane elements. Only in plane loads are carried. Two degrees of freedom
uy, u, only are needed at each node.

(3) Three dimensional solid elements. Three degrees of freedom Uy, Uy, Ug ATE needed at
each node. )

(4) Plate bending elements. ‘i‘he transverse displacement x, and two i-otat'ions ¢x» ¢y arE
needed.

(5) Shell situations. There are various situations which will be dealt with separately
later. .

(6) - Combinations of structural elements. The general rule is to allow any degree of
freedom which is required by any of the elements which is connected to a node.
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one degree of freedom at each node.

The decision chart given in fig. 6 has been produced to assist the new user in deciding
which type of finite element to use in a particular situation. (see pp. 2.8, 2.9)

2 A MORE RIGOROUS BASIS FOR THE FINITE ELEMENT METHOD

The theoretical basis for the finite element method which was described in the previous section
is not rigorous. It was assumed that finite elements were joined together at nodes and that
forces between elements are only transferred at these nodal points. This is of course
impossible if the elements have line or surface contact. In fact the same theoretical results
can be achieved if the finite element method is viewed in another way. It happens that nature
chooses to arrange for the static equilibrium position of a linear elastic structure to be that
position in which there is as little potential energy stored as possible. Now the potential
energy of a structure is equal to the strain energy stored internally minus the work done on
the structure by the externally applied loads.

nPE = S.E. -W.DI ’ (268.)

Thus the solution of the problem involves finding the minimum value of HNpg;. Since the S.E.
term is always an integral involving unknown functions the problem has become a ‘variational’
one $51.552 Corresponding to every variational problem there is one or perhaps a number
of differential equation(s) known as the Euler equation(s) of the problem. It may be shown
that the Euler equations obtained from the variational principle that Ipz is a minimum happen
to be the equations of equilibrium. ’

In applying the variational principle we write down the value of SE. as a sum of the strain
energies of the different elements. In the case where the applied loads are known the S.E.
density is based upon the unknown displacements.

pr= ), (S.E. density) dv - W.D. A (26b)
elements

or in tensor form

Npg = f (3 43,5 Egy up,1 - Fqy)dV - f 07 myuydS
(26¢)
volume surface Sy
where an overwavy denotes a prescribed quantity '

Eyjy; is the modulus tensor

 are the direction cosines of the surface element dS

F; are prescribed 'body forces

8y is that part of the boundary on which stresses are prescribed
The integral is precisely the same as that which was obtained ln the preceding section.
However, the integral over one element in that instance was differentiated with respect to
displacements in order to obtain the forces using Castigliano's Theorem. Instead of doing
that we shall now write down the S.E. for each element as before.

S.E. = 3{u) TISe) {ug) | (27)
element § ‘ '



The sum of the strain energies over the whole structure can be obtained from equation (27)
by first rearranging terms in [S,] and {u,} to give

S.E = }ug) T(s 1 {ug) (28)
element i
Note that {u,} is the list of unknown system displacements.” The matrix [S,,] is extremely
sparse for practical problems because the list of displacements {x,} is much smaller than the
list {ug}

The strain energy summed over the elements can now be written as

S.E. = Hug TS {ug} (29a).
gtructure
where ‘ [sg = Z 183 ) ‘ (29b)
elements

i

" The summation in fact represents the merging process. The individual {S,;] matrices are
transformed and added into the system matrix [S,]. :

In the variational principle which has been used above the displacements are unknown and

the strain epergy is written déwn in terms of these displacements. There are other variational
principles in elasticity. One of the most complex is the Hu-Washizu principle in which stresses,
strains and displacements are all unknown. The Euler equations derived from this principle
state as follows:

(1) Stresses must be related to strains by some equations that describe the material
In linear elastic analysis this corresponds to Hooke's law.

(2) The stresses are in equilibrium.

(3) The strains and displacements are related in the apprdpriate manner.

The Hu-Washizu principle (see equation (30) later) can be simplified by imposing the condition
that the stress-strain relations are always satisfied. This yields the Hellinger-Reissner
principle (see equation 31) later) which involves the stresses and displacements and as Euler
‘equations yields the statements (2) and (3) above. Further, the condition (3) may be imposed
so that only displacements are unknown. This yields the principle of minimum potential |
energy with which we have already dealt. Alternatively the displacements may be eliminated
leaving just the stresses by imposing the condition that the stresses are in equilibrium. This
yields the principle of minimum complementary potential energy (see equation (32) later).

The Euler equations of this principle are the relations between strain and displacement.

The connections between the various variational statements is shown in fig. 2. 7 (For further
details see references 83, 92, 106).



nu-wasmnizu
principle
%, 0, € unknown

fmpose 0 = Ee (Hooke's law)

Hellinger-Reissner
u, o unknown

Ihpose Sflo) =
(equilibrium conditions)

impose € = f(u)
“strain-displacement relations)

Principal of minimum : Principle of minimum complementary
potential energy x unknown potential energy ¢ unknown

Fig. 2.7 Connections between variational principles

The variational statements described relate to a complete structure and the assumptions for the
unknowns in each principle have to satisfy certain continuity requirements. When the finite
element method is used the assumptions may be discontinuous across inter-element boundaries.
In such situations extra terms within the variational statements will be needed. These 80
called jump terms are discussed in detail by Pian1°¢ and by Wolf 83,

The Hu-Washizu variational principle discussed earlier in which oy, €5 and u; are all unknowns
may be written as . -4

ge f((z €55 Eqjnt €q - Frog + (3 (uy 3+, () e{j)“fj)
volume .

- f GyjpuyudS - | o505 (u; - U;)dS (30)
surface Sy surface Sy

The !!éllin'ger;heissner principle which is a fmict_ion of oy and u; is given as

NMgg = f(-iqﬁc,j,,, Op ~Fuy +%Ufj(“i.j+“j.f))dv

voluine
-fa'fjﬂj“fds 'f“!jl»‘j(“i'gi)ds (31)
surface Sy surface Sz '

where Cj; is the compliance tensor.

The principle of minimum complementary potential energy is

.

Nepe = f 3oy Cymomdv - f Oy hyus S 82)

volume surface Sy



10.1 Element and system mass matrices

In the simple analysis presented in section 1 the expression for strain energy was differentiated
with respect to displacements in order to obtain the forces on the element. We now present a
dynamic analysis which is consistent with this level of mathematical rigour.

We assume that all displacements in a structure vary sinusoidally in time at frequency w.

We shall amit the factor ein w¢ or exp(fwf) in the analysis which follows. We write down the
kinetic energy of a single simple beam element as

!
K.E. = f $rAu? wPdx (307)
0

We use the fact that u, may be rewritten in terms of the nodal values {x,} from equation (5) |
and then the kinetic energy becomes

K.E. = }o?{u}TIm,) {} - - (308)

IM,] which 1s known as the element mass matrix is given by

1
M) = pAlAITT [ (P)TIP)dx1A]? (309)
(i} .
Differentiating the kinetic energy in equation (288) with respect to {x,} yields the forces
required to produce the acceleration. Since the acceleration is in the opposite direction to
the displacements the forces required to overcome the inertia are

{F¢} mertia = - wim M) , (310)

‘The total force acting on an element in order to overcome both stiffness and inertia is

Fd = (S {u.) - 0?m Mu,} (311)

These forces may be merged in exactly the same way as the stiffness forces were merged
in section .1. The process ylelds a system set of equations as

18 {us} = WM ) g} = (S,) - w2IMy)) {ug)-= {Fs} ‘ (312)

where [M,] is the system mass matrix and {F,} is a list of the harmonically varying forces
which are applied to the system.

In the case of a vibrating beam in which we are concerned only with transverse u, motion
there is only one component of velocity to be considered. In a general three dimensional

situation there will be velocities in all three directions and we can write the kinetic energy
as ‘ .

K.E. =} f pwi(u, 2 +u,%+y,2)dv ©(313)
volume :

The development presented so far has not been mathematicy rigorous. This remark applies

to section.. 1 earlier but section - .2 shows how variational statements can be made which

are rigorously admissible. In dynamic situations the appropriate variational statement is

that the Lagrangian.

L = K.E.-S.E. (314)

is a minimum



The Euler equations of this variational statement are the equations of motion for infinitesimal
elements of the continuum.

10.2 Lumped mass element

In most elastic structures the mass is distributed over the elastic elements and mass matrices
for each of these elements can be found by the usual integration procedures. But in certain
structures there are small concentrated masses that have no flexibility. We account for these
by using lumped mass elements.
Let us consider a rigid body with its centre of mass at a point G where the displacements
and rotations are uyg, %y, .. ¢ In sinusoidal conditions the kinetic energy of some
other point on the body at distances x’, y’, 2’ along the cartesian directions from G is
- K.E. = 2p.dV. 0P ((ugg+2'0y- 5 02) %+ (uyg +5'0, = 2' )% + (ugg + ' - 2" 9) ) (319)
now m = the mass = f pdV
dygy Iyy, I, are the moments of inertia fp(x'2+z'2)dv etc. (317)
Iy, I, I, arve the products of inertia [ px'y'dV etc. : (318)

When a lumped mass element is-placed with its centre of mass at node at which the displace-
ment listing {x} is given by equation (319) then the mass matrix has the form of equation (320).

{u} = {ux'l u)g: uao ¢28' ¢yg| ¢:g) (319)
."l'
0 m symmetric
0 0 n:
0 0 0 I.. (320)
0 0 0 -I, I,
0o o0 s -lyz I,
Now let us suppose that the lumped mass element Lumped mass
is placed at distances ey, ey, e, along the v }
cartesian directions from a node at which the es
displacements are u, to ¢, as shown in fig.2.43.  nodal point\ e - _
From the metrical considerations we find that x e,
geo O— v
Fig. 43.

Urg = UgtesPy-€y ¢, etc. -(321)

Using equation (321) in equation (316) gives the effective element mass matrix at node N as

R | |

n
M) .0 0 m
“ 1 o -me, me, Iex+ m(ef +e3) (?22,)

me, 0 -mey ~Icy-meye, Iyy+ m(ef +e?)

-me,  me, 0  -ly-mee, -l -meje, I tmlef+e])




waiw we commonly occurring problem of natural frequency determination we wish to find the
frequencies w, w, etc. at which the structure will vibrate naturally without external loads
being applied. Accordingly we consider equation (312) and set {F} = {0}

© (18- wPiMig)) {u} = {0} | (823)
Equation (323) would be satisfied if {u,} were a null vector but of course this would represent

a trivial solution with no vibration at all. We therefore choose w for the square matrix
(ISs) - w%1as,)) to have a zero determinant.

A typical variation of l[S‘l— wle,]l is i llsgl = ‘l’2 LMS“ natural fraluencies
shown in fig. 44. The values where the
curve crosses the w axis are the natural
frequencies of the system. ,
\
Fig. 4

It would be possible, but extremély expensive to evaluate 1lS;]- w?[M,]| enough times to
obtain a graph and hence the natural frequencies. A better technique is to transform the
equation (323). We proceed by factorizing [M,] to obtain

(M) = (L}LT) | (324)

where [L] is a lower triangular matrix and of course [L)7 is its upper triangular transpose.
We then transform the degrees of freedom {u;} using

') = 17 {u) ‘ . (325)

Equation (325) is substituted into equation (323) and {u,} is eliminated. On premultiplying
by (L]"? we obtain

(s'1- w21 {u’'} = {0} | : (326)
where [S’] is the symmetric matrix [§’) = [Ll'.llss] T (327)
and {1} is a unit métrix
Eduatlon (326) will be recognised by numerical analysts as a symmetric real eigenvalue
problem. There are many efficient methods available for finding the eigenvalues w? and the

corresponding vectors {u'} which satisfy equation (326). From a {u’} vector the corresponding
{us} 18 calculated using equation (325).

10.4 Eigenvalue economisation ‘

Although the eigenvalue process is considerably faster than the determinant search method.
it is still prohibitively expensive for systems with more than about 100 degrees of freedom.
It happens that almost all the degrees of freedom in a very large eigenvalue problem have
little effect on the mass matrix. The stiffness matrix is found from strains which are’
obtained as differentials of the displacements or degrees of freedom. A large number of
degrees of freedom are essential since differentiation is a process which introduces 'noise' -
and inaccuracy. This is not so with the mass matrix (see equation (313).  Thus we can
eliminate in some way the mass aspects of certain degrees of freedom provided that we
leave the stiffness intact. This can be achieved by neglecting the inertia effects of certain
freedoms (see refs. 97,98,121,123,124). We consider equation (323) and we partition the



vector {u,} into
{ue} = {{um), {w}} (328)

In equation (328) {u,} are the master degrees of freedom which will be retained whereas
{x,} are the slave displacements which are to be reduced out. Equation (323) now becomes

[smm] [smr] My m) [Mmr} {"m} {0} 329
(Spm] (Sy) My} (M, {w}{ )0} ©29)

The lower partition of this equation represents the statement that there is to be equilibrium
at the slave degrees of freedom {u,} which are to be reduced out. The inertia terms are
neglected in this statement and we have

(Sl fum) + (S0 (= 0) B

This is constraint on the degrees of freedom. It may be reqritten as an equation for {u,).
We cannot use this expression directly in the upper partition of equation (329). We must
remember that the finite element method is based upon energy and rewrite the strain and
kinetic energies using equation (330) in order to eliminate {x,}.

After development we find that

S.E. = }{up}T ([s,,,,,,l-ls,.,,l [8,.,1‘1[8,,,,1) {um} . (331)
= ${um} (S ! {ttm} (332)

K.E. = }{u,)7 ('u:,,,,l-lM,,,,l (S 1 [Spm] = [Souyd 8771 (Mypnd + (S, [S,1 72 (M) [s,,l"lls,,,,l){u_,..} (333)
= Hum} ) {im} (339)

The terms in round brackets in equations (331) and (333) represent the effectlve stiffness
and mass matrices of the reduced system, and the system equations are now

(1Sm) - (M) ) = {(Fpn} | (335)

where the subscript m represents master degrees of freedom and {F,,}, the force vector,
is zero for natural frequency calculation. It would be difficult to carry out the matrix opera-
tions implied in these equations because of the great demand on computer core store. In
practice the elimination of the terms in the {i} vector is part of the frontal process which
will be described later. (section 2.14). When the reduced stiffness and mass matrices have
been found the eigenvalue process described earlier is used. :

An important question that arises is how to choose which degrees of freedom are to be
reduced out and which are to be kept. The master degrees of freedom should be those which
are important in describing the kinetic energy. Therefore the masters should be concentrated
in the region of heavy areas in the structure and free ends of components which can be
expected to vibrate easily should contain masters. - Even with a number of guidelines the
choice of masters is not easy and an automatic method for their selection has been developed.

In essence the automatic method of master selection involves studying the ratio between S;;
and M;;, the leading diagonal stiffness and mass terms for degree of freedom i.

When S;;/M;; 18 large then either the mass at degree of freedom i is small or its stiffness
is large and hence it is well connected into the structure; it is unwise to keep degree of
i as a master. On the other hand if M;; is large and/or S;; is small then the degree of freedom i
is likely to give rise to appreciable inertia effects. The automatic selection technique involves
keeping as masters the degrees of freedom from which S;;/My; is small.



14 SOLUTION METHODS
14.1 Introduction
We wish to solve - the problem
(s1{u} = (F} (411)

where [S] is the square symmetric system stiffness matrix
{F} is the list of applied nodal forces
{u} is a list of the unknown displacements

Note that the system symbol, s has been dropped since no confusion can arise.

Often there will be a number of different loading cases and therefore the right hand side of
equation (411) will be a rectangular matrix {F] and the unknowns will be written in columns
in a matrix [u] of the same size. The following analysis can be extended to cover this more

general situation without difficulty.
The static problem involves finding the solution to equation (411) as
{u} = (S171{F)} (412)

In the following sections we shall consider various methods of doing this. The methods of
solution which can be used are capable of division into two classes as (1) direct methods and
(2) indirect methods. With direct methods the only approximations which arise are due to ,
errors in arithmetical operations since computers work to a finite number of decimal places.
Indirect methods usually involve making a guess at the solution and improving this guess until
it is adequately accurate. We shall only be concerned in the following sections with direct

methods.

14.2 Full [S]

The full system stiffness matrix, which is square and symmetric, is assembled and the
solution is obtained by solving the equations in the computer core. .The method is only
feasible if the number of degrees of freedom in the structure is very small indeed (for
example 50).

14.3 Banded [S]

The system stiffness matrix [S] is
banded if the degrees of freedom

are ordered carefully. A typical

(S} is shown on the left of fig.2.57.

It is very wasteful to store the

whole of {S] as is the case in the

full {S] method. We only store the
lower part of the band by replacing
(S] by a rectangular array as shown.
With the matrix stored in this revised
form it is possible to solve the set
of equations economically by factorising
[S] to give
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Is] = wizl® . (413)  Fig.2.57
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visualise the process which is used to obtain [L] the first few terms of (S] and (L) will be
written in conventional rather than banded form as

- - - - - -

Sn symmetric Ln 0 0 0 Ly L Lg
Sa Sz Ly Lz 0 O 0 Ljy; Ly
S Ss2 Saz | .|Lm Lsz L3y O |0 0 Lss (414)

e o ® o & o o o o ® @ & o 6 & & o o o o o e o & o o o o e o o

e ® ® o & o o o o ® ® ® o & ° o & o o & o ® o o ¢ o o o e o o

- - b - b -

The S, term on the left of equation (414) can be written as

-~

Sy =Ly? (415)

From equation (415) we can find the value of Lj; as vS;,. Let us now consider some other
terms

21=LaeLq : (416) -
Sy =Lae.Lu . (417)
Sap= Lof +Lgy? ‘ : » (418)
S3o= LgLoy+LgaLay ' (419)
. ,
Si= )Ly (420)
i=1-
i . .
Sar = ) LyLy  for k> i (421)
j=1

Since the vaiue of Lj; can be obtained from equation (415) the values of Lo; and Lg can be
found from equations (416) and (417). At this stage, Lo, is the only unknown in equation
(418) which may therefore be rewritten as

Lag =y (S22-Laf) (422)

The only unknown in equation (419) is then L g, which may be calculated.

The general equations are given by (420) and (421). We can always use the first of these to
find the diagonal entries in [L] and the second equation to find the off-diagonal terms.

Let us take the semi-bandwidth of [S} = 0 for all i,j such that
li-jl+1>w (423)

From equations (416) and (417) it is apparent that the bandwidth down column 1 of [L] will be
identical to that of [S]. A careful consideration of equation (414) shows this is indeed the
.case for all columns of [L]. :

By fonnjng the (L) matrix column by column we can show that no Sy term is required after
the corresponding Ly term has been evaluated. This consideration together with the state-
ments above concerning bandwidth show that [L] may be formed in the [S) array which is
therefore destroyed by the process.



Equation (420) can be used to find the leading diagonal terms of (L] as
i=1
Ly = ‘/Sn -E L=z (424)
j=1

For structural problems in which a deformation always causes positive strain energy to be
stored we say that the stiffness matrix [S] is positive definite.. It is possible to prove that

the quantity, Z, within the square root sign in equation (424) is always positive. If a structure
has rigid body modes then zero strain energy states are possible and there will be as many
values of i for which Z = 0 as there are independent rigid body modes. In practice there

will be numerical errors in the evaluation of the [S] and [L] matrices. Hence the value of

Z may turn out to be slightly negative resulting in a program failure. The practical way out -
of this difficulty is to change Z to a small positive number, print a warning and proceed.

If there is a gross error in the data for a mesh, such as incorrect ordering of element topolo-
. gies then an element may effectively have some negative area and hence negative stiffness.

In such cases the algorithm for evaluating (L] encounters a large negative value of Z at some
stage. The calculation is stopped and a diagnostic is printed.

After the factorization is complete the matrix equation (413) which is to be sblved can now be
rewritten as

(LILIT {u} = {F} 25
We make the substitution
{v} = (L7 {u} : . (426)
Now we rewrite the first few simultaneous equations in (426) as
Lyv, - F | (427
LyvytLlosvy = Fy | (423)

Since [L] is a lower triangular matrix it is straightforward to obtain v, from equation (427)
and when this is done vy, can be found directly from equation (428). The remainder of the
terms in {v} can be found just as easily. This ease of solution always arises if a set of
equations has a triangular coefflcient matrix.

Now that the {v} terms are known the {u} terms can be found from equation (426) which also
has a triangular coefficient matrix. In this case the evaluation of the {u} terms starts with
* the last and works backwards.

If we consider an idealisation with 1000 degrees of freedom and one loading case the full
[S] method of solution requires the storage of a full 1000 by 1000 stiffness matrix together
with a loading vector containing 1000 terms. This requires 978K of computer storage

(1K = 1024 words). This amount of storage rules out the full [S] solution method for this
example problem which must be considered as small to medium in size. The amount of
storage required for the banded method obviously depends upon the bandwidth w as defined
earlier. - For many types of structure we find that the bandwidth is approximately equal to
the total number of degrees of freedom raised to the power 0'6 plus about half the number
of degrees of freedom on one element. For the problem with 1000 degrees of freedom we
shall take w = 70.- The storage required for the stiffness matrix and the loading vector is
69K which is just acceptable for a large modern computer. Since the whole of the stiffness
and loading matrices are stored in core there are no expensive transfers from core store to
backing store. Therefore the banded [S] method is highly suited to problems of small to
medium size whereas the full [S] method is only appropriate for the academic type of tests
which are made during the development of a new element.



For large problems the storage requirements of the banded [S] method increase approximately
as the total number of degrees of freedom raised to the power 1.6. We soon reach a situation
in which a banded solution within a computer core is impossible. The frontal solution method
uses far less core store than the banded method but it does so at the expense of some use of
backing store. At the present time it is the best solution method for most practically occurring
problems. Changes in computer architecture, operating systems, or the types of problem to

be solved may of course change the optimum solution method. Indeed it may be that some of
the common solution methods of the future will be indirect rather than direct.

-~

In the front solution method 6 T\,

we assemble the system - 5

stiffness matrix relating to 10 15 _

the first element of a 5

structure. In the case of 3 9 14

the structure shown in fig.2.58 4

this means assembling some

of the parts of the stiffness 3 9 13 .
matrix which relate to nodes 3 < 4
2, 7 and 8. The information 2 8 12

relating to node 1 will be : 8 -

complete since there are no 2 16

other elements meeting at that 1 7 11

point. Let us assume that . U/___J;_,_._————‘L”" —

there are two displacements 1
uy and u, at node 1; the

first part of the system ‘ Fig. . 58 Element numbers and nodes
stiffness matrix § will be : ' :

Spuy + Spuy + other terms (429)

Sqi1ug + Sgou, + other terms - ‘ (430)
other egquations
where the 'other terms' are complete but the 'other equations’' are incomplete.
We can rewrite the first equations as
uy = (F; -Spuq - other terms)/S;; (431)

This equation can be used as a substitution for u; in terms of the other variables and there-
fore u; may be eliminated completely from the set of equations. Of course we shall eventually
need to know the value of u; which can be found from equation (431).

When u, has been eliminated the second equation, (430), will have different coefficients and a
different right hand side. It can then be rewritten in a similar manner to equation (431)
except that u, will be on the left. The equation can be used to eliminate u; wherever it
occurs in the remainder of the set of equations.

We have eliminated the degrees of freedom u, and u, immediately after the first element
stiffness matrix has been assembled into the system stiffness matrix. The second element
can now be assembled and the system matrix will now contain terms due to the nodes 2,3,7,8
and 9. At this stage the degrees of freedom at node 2 can be eliminated.



Further elements are :
merged and at each stage
any nodes which do not
appear in later elements
can be reduced out. The
solution is proceeding as
a 'front' through the 15
structure. After element
16 has been assembled
and the necessary elimina-
tion has been performed 4
the degrees of freedom 18
represented within the Koy a
system matrix are all

along the line A on fig. 2.59. : ! . :
As element 17 is assembled = ,
we need the degrees of 15 :
freedom at the nodes
indicated by line B. After » ‘
the eliminations which , i ~e
follow the assembly of Line A ———
element 17 we need the o jo

degrees of freedom : —'-—————— i.ine C
indicated by line C. The L . R

solution front has moved Line &

from line A to the line C
as element 17 was assem-
bled. It is easy to imagine
what would happen to it if
the next element were
assembled. The system stiffness matrix need only be large enough to hold the stiffness terms
represented by the largest number of degrees of freedom on the front at any stage ol the
elimination process. In the case of the structure shown in figs.2.58 and 2.59 the ‘maximum
instantaneous front size' is nearly constant as the solution proceeds. It is represented hv the
line B shown in fig. 2. 59. :

et - -
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Fig. .59 The progress of a solution front

When all the elements have been merged into the system matrix the final eliminations can
proceed until there is just one degree of freedom, u,, left in the matrix. The equation for
it will be of the form i

Sinths * Fa : (432)

From this equation u, can be found numerically as F,/S,,. The preceding elimination for

u,- 1 enables this quantity to be found. Thenh other degrees of freedom eliminated earlier can
be obtained. This 'back-substitution' calculation proceeds in the reverse order compared with
that of the forward elimination phase. .

Having outlined the frontal solution philosophy we now give the precise mathematical details.
At any stage thekk“" equation may be written as

'ni
- ), Sjuy = Fy (433)
j=1 '
or alternatively by rearrangement
| .
up = Fp/Spp - L S*ju,/S“. (434)
i=1

except j=k



. )
Z Syuy = Fy v (435)

i=1
or
” . !‘
Z Syuj + SiaFaa/San = (Sia/San). ), Syy/uy = Fy (436)
jl] ' J=1
except j = & except j =&
and hence :
n
E (S = Sin-Sig/Saa)uj = Fy=Fpp.S;a/Sia (437
J=1
except j= R

Thus when the k™ variable is eliminated the S;; and F; terms are changed as
Sy —~ Sy - u.Su/S.. and Fg — Fy =~ Fp.Si3/Sax (438)

This process can be achieved efficiently by setting up a vector {V} with

Vi = Sia/Smr v (439)
then the modifications are
Sy = Sy~ ViV and F; — F;-F, Vg/JStk (440)

The hacksubstimtioh is achieved by forming the vector
W)= v} /Vsn (441

The {W} is stored on backing store and is used as follows to obtain u, from

»
uy = FpWy - Z Wiu; ' (442)
j=1

except j =k

The system stiffness matrix is never completely formed when the front solution is used.

The area that is used to store the lower triangle of the currently active part of the stiffness
matrix is used over and over again to store the coefficients relating to many different
equations. It is of course imperative to keep a proper account of the identity of the equations
that are kept in the [S] array. The details of the housekeeping are given in the systems
manual. :

In certain non-linear problems such as crbep and plasticity a single forward elimination is
required followed by a number of separate back-substitutions each with a different load vector.
From the theoretical standpoint the resolution method as it is called is identical to the normal
front solution. .
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Hammer Technique

Instrumentation

A block diagram of the instrument layout is shown in figure 1.
Test Layout

The shafted impeller is assembled on a temporary support
structure such as is shown in figure 2.

The vibration measuring equipment is set up and calibrated .

The force link load cell is calibrated. A suitable head isvfitted
to the impact hammer. Teflon heads are suitable for vibration
tests of large impellers.

Test Procedure

DE Sideplate

The drive end sideplate is marked off into sections, as shown.in
figure 3. Test points are located opposite blade attachments and

midway between blades. |

The aécele;ometer is attached to the sideplate at position 1.

Four impacts are made at point 1 with the 1load cell. The

spectrﬁm analyser 1is set to average these four tests. If the

coherence is satisfactory the résults are reéorded on the

microcomuter. A transfer function chart is recorded on the X-Y
plotter.

The accelerometer is moved to position 2 and a further four

impacts made at position l. The averaged results are recorded.

This procedure is repeated until the accelerometer has been

placed at each test point. A print-out of all test data s
obtéined from the computer.

Centreplate

The centreplate is marked off into equal sectionsas shown in"



figure 4 . Half of the points are located opposite blade
attachments and the remaining half midway between blades.

A similar test procedure to the one previously described for the
sideplate is then carried out.

A number of points are marked across a diameter of the
centreplate. The point at the circumferénce is selected for the
impact position. Transfer function vibration measurements are
recorded at all the points-on the centreplate diameter by moving
the accelerometer while impacting at the single location.

Results

Forced vibration tests by the célibrated hammer technique are a
reliable method of obtaining frequency responée characteristics
for structures such as fan impellers. The accuracy of the
resonant frequency measurements depend on the spectrum analyser
bandwidth. For frequency ranges of 0 to 500 and 0 to 100 Hz. the
measured natural frequencies should be accurate to 2 and 4
Hz. réspectively.

Blade Passing Frequency

The ©blade passing frequency of a double inlet impeller with

staggered blades is

x. RPM Hz.

X
2 60

Where N = total number of blades for both inlets.

~Many engineers incorrectly consider the double inlet impeller as
a single sodnd source. This misconception leads to tﬁe view that
the blade passing frequency for a double inlet impeller with

staggered blades is twice the frequency of a single inlet

impeller.



The Dbest way to understand how to calculate the true B.P.F.of a
double inlet dimpeller is to imagine two single inlet impellers
coming together and that a double inlet impeller is im fact two
sound sources. '

Say the B.P.F. of both single inlet impellers is 300 Hz. When
these single inlet impellers are joined back to back to form a
double inlet impeller the B.P.F. of the combined system of two
sound sources is still 300 Hz. irrespective of whether fhe blades
are inline or staggered. The amplitudes of the discrete tones at
B.P.F. and harmonics depend on the phase relationship of the
sepefate tones generated by eaéh of the single inlet impellers.
For staggered blades there is normally a degree of active noise
cancellation which reduces the discrete sound pressure level
amplitude. For inline blades the tones at B.P.F. are in phase and
the double inlet discrefe tone at 300 Hz. coﬁld be up to 6 dB

higher than for the single inlet impeller.
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