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SUMMARY

This thesis describes a study into the torsional behaviour
of reinforced concrete members, in particular solid L-
sections under pure torsion. It consists of three distinct
but linked phases: (1) development, assessment and
application of a three dimensional nonlinear finite element
model for short-term behaviour of reinforced concrete, (2)
an experimental programme and (3) a numerical parametric
study. Nonlinear behaviour takes into account concrete
cracking, nonlinear triaxial stress-strain relations of

concrete, concrete crushing and vyvielding of steel

reinforcement.

Cracking behaviour 1is modelled by a fixed orthotropic
smeared crack approach, allowing up to three cracks to occur
at any sampling point. Modelling of post-cracking behaviour
allows for shear transfer and tension stiffening effects.
Concrete behaviour under all multiaxial stress states is
governed by a short-term constitutive law and a peak stress
failure criterion. A bilinear uniaxial stress-strain law
allowing for isotropic strain hardening is used for steel

reinforcement.

20-noded isoparametric brick element is used to represent
concrete, with single bars embedded within the concrete
elements to simulate reinforcement. A modified Newton-
Raphsbn approach was used for solving the nonlinear problen,

based on the evaluation of a secantial elasticity matrix.

The program was assessed by studying the behaviour of deep
beams, shallow beams simulating beam-column behaviour,

rectangular beams subject to pure and combined torsion and




L-sections under pure torsion. Through systematic study, the
influence of some of the major nonlinear material and
solution parameters was established for these applications

and limits on their values were set.

The experimental programme involved testing a series of
solid reinforced concrete models of L-shaped cross sections
under pure torsion in a specially designed and built test-
rig. The tests were devised to: (1) assess the current
British Code design procedure for torsion of solid L-
sections, (2) obtain an insight into the torsional behaviour
of these types of sections and (3) provide detailed results
to assess the reliability of the finite element model in the

analysis of torsion of fully reinforced flanged sections.

A dual approach of complementing the experimental results
with a numerical parametric study, using the developed
finite element model, is adopted where more variables not

included in the experimental prograile were investigated.

The current British Code design procedure for torsion was
found to be too conservative for solid flanged sections, and
it is concluded that the code's rules can be less stringent.
Some recommendations that might help bring the code's
torsion design procedure in 1ine with other major codes of

practice are given.

vi
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NOTATION
Major symbols used in the text are listed below, others are
defined as they first appear. Some symbols have different

meanings in different contexts; these are clearly defined.

[ 1 Square brackets denote rectangular matrices, T
over the bracket denotes the transpose and -1
over the square matrices denotes the inverse.

The symbols is also used for column vectors.

Scalars:

Ag Cross sectional area of steel

b total width of flange for L-section

by width of web for L-section

dA Elementary area

dv Elementary volume

E. Modulus of elasticity for concrete

Eg Modulus of elasticity for steel

Ex Strain hardening modulus for steel

f'c Uniaxial compressive strength of concrete
feu Cube strength of concrete

f. Modulué of rupture of concrete

fg Stress in steel

fsp Cylinder splitting strength of concrete
fft Tensile strength of concrete

fy Yield stress of steel

fyl Yield stress of longitudinal reinforcement
fyv Yield stress of transverse reinforcement
G,G' Shear modulus

h total height of web for L-section



i Pj({»’l,g)

g1, G2, O3

xvi

Height of flange for L-section

First, second and third invariants of the
symbol that follows in parenthesis
Second invariant of the deviator of the
symbol that follows in parenthesis
Strain energy of. an element e

Shape functions

Norm of the total applied load

Ultimate (failure) torque of a reinfoced
concrete section

Component of displacement at node i
Component of displacement in x, y, z
Global three dimentional cartesian
coordinate

Principal axes

Torsion plastic coefficient

Shear retention factor

Tension stiffening parameter

Normalized local curvilinear coordinates
Stréin

Concrete strain

Uniaxial cracking strain of concrete
Uniaxial crushing strain of concrete
Steel strain

Principal stresses

Principal strains

Poisson's ratio for concrete

Stress vector

Cylinder strength of concrete

Yield stress of steel



Vectors and Matrices:

[Flg

[F]
[F
[J]
[K], [Kyl, [K]
[K1,
[P1;

[Pl

[R]
[d]
[ B]! [6]1» {6]u

[8le

[wl;

[e], [o],

Strain matrix

Elasticity matrix

Nodal forces at nodes of an element e
Nodal forces vector due to initial
strains

Nodal forces vector due to distributed
load per unit volume

Nodal forces vector due to boundary
pressure

Nodal forces vector due to external load
Unbalanced nodal forces vector

Jacobian métrix

Overall stiffness matrix

Element stiffness matrix

Vector of total applied load

Vector ofdistributedload per unit
Volume

Rotation matrix

Overall displacement vector

Nodal displacements

Nodal displacements associated with

element e

Vector of residual nodal forces
Total stress vector

Initial stress ve&tor

Total strain vector

Initial strain vector



xviii

Tensors:

6ij Kronecker delta

Ejj' Ek Strain tensor

Ekk Volumetric strain tensor
cij Stress tensor

sij Deviatoric strain tensor

Incr. Increment number
Nalgo Solution algorithm %o indicate when
the full stiffness matrix is to be

reformulated

Toler. Convergence tolerance

TS Tension stiffening used

NTS No tension stiffening used

0.5< B <0.1 Limits of the shear retention factor
N.B. 1 All dimensions in the figures are in mm units

unless otherwise stated.

N.B. 2 ecu = 0.0035 for all analyvses unless otherwise

stated.



This work is primarily concerned with torsional behaviour of
reinforced coﬁcrete, where three approaches were followed to
study its various aspects. A three dimensional nonlinear
finite element model for the analysis of short-term
behaviour of reinforced concrete, with particular reference
to pure and combined torsion, was developed and tested. An
experimental investigation on the pure torsional behaviour
of ¥einforced concrete solid L-sections, désigned to assess
some aspects of torsion design procedure of current British
Codes, was undertaken. A dual approach, in which a
numérical parametric study complements experimental results,
was adopted as more variables were investigated on concrete
L-sections subject to torsion, prior to offering additional
conclusions and some design recommendations. Applications of
the developed finite element model include a variety of
reinforced concrete structures in addition to the torsionai

specimens tested in this study.

In the past 830 years structural analysis ﬁas changed
dramatically with the advent, and then the enormous
expansion, of the power of digital computers in terms of
both speed and storage capacity. This has also been
accompanied by continuously decreasing unit cost of
computing. Modern technology of computer hardware ensures

that this trend is set to continue.

On the software front, the development of programs for

specific applications led to the development of large



packages. Whereas these large packages do undoubtedly have
their place, in general the majority of industrial users
require smaller and more efficient packages, and often
individual programs. The main advantage of an individual
program is thét it can be easily understood and developed by
a single programmer. Furthermore, the finer aspects of
behaviour to be modelled can be better catered for in an
individual program and the parameters affecting it can be
easily investigated. Various methods of analysis can be
conveniently programmed for the study of different

behaviours in various fields.

The finite element method is now recognised as a very
powerful method of analysis in the field of structural and
solid mechanics. Its basic concepts and methodology are well
established and have been published widely. New applications
are being developed continuously particularly in nonlinear
analysis. It has proved a remarkably adaptable method,

capable of including various levels of complex behaviour.

In structural engineering the behaviour of reinforced
concrete members and structural systems has been the subject
of intensive investigation since the beginning of the
present century. Current design methods continue in many
respects to be based on the empirical approach, using the
results of large amounts of experimental data. This 1is
mainly because of the complexities associated with the
development of rational analytical procedures. However, the
finite element method lends itself to serve in these

circumstances.

For example in the analysis of reinforced concrete, cracking



of concrete, tension-stiffening, nonlinear multiaxial
material properties, complex steel-concrete interface
behaviour, and other effects previously ignored or treated
in a very approximate manner can be modelled rationally.
Through such étudies, in which the important parameters may
be varied conveniently and systematically, new insights are
gained that may provide a finer basis for codes and

specifications on which ordinary design is based.

The reliability of the finite element models to be used in
these studies must be carefully examined beforehand so that
the effects of the important material and numerical
parameters involved are known. This is necessary to provide

an acceptable level of gquality assurance.

The need for experimental research continues, both to
provide a firm basis for empirical equations still likely to
be used for many aspects of ordinary design, and to provide
information for finite element analysis. It is necessary to
obtain experimental information on material properties ana
interface behaviour, both of which are fundamental input for
finite element analysis. Experimental results are required
against which the finite element analysis must be compared.
However, tests can be fewer in number and more fundamental
and the need for testing of members over the full range of
variables is greatly reduced. Instead systematic parametric
studies can be performed by finite element models. This will
be both cheaper and quicker and will cover a larger range of
important variables than laboratory or full-scale experiment

alone.



A look into the literature on reinforced concrete reveals
that torsion is the most neglected stress resultant;
flexure, shear and axial forces are all better studied and
consequently more codified. It was usual to ignore
torsional moﬁents and assume instead that they could be
taken care of by the large safety factors used in flexure
and shear desigh. Nowadays, design techniques are more
refined and structures are being designed which frequently
carry large torsional moments. So explicit torsional design

is often necessary.

Torsional distress has in fact been observed in many real
life situations. Figure (1.1) shows torsional cracks caused
by the San Fernando earthquake of 1971, on the outer columns
of a building (ref. 1). Major torsional cracks in a spéndrel
beam of a parking garage were also observed in South Florida
(ref. 8), in 1964 (Figure 1.2). A complete collapse of a six
storey building, in .the United States, occured due to the
shear and torsion failure of the ribbed reinforced concrete
raft foundation as recently as 1979 (Figure 1.3), as one

corner of the building settled about 3.5 meters (ref. 8}.

Examples of structural members that carry significant
torsional moments are many. In modern monolithic reinforced
concrete structures, the spandrel beams generally carry
substantial torsional moments. Edge beams of shells and some
girder systems also receive some torsion that must be
accounted for in design. In highway engineering, curved
beams have been in extensive use in recent years. These
beams are usually supported on minimum number of piers for

elevated roadways. As a result, significant torsional



moments are created.

A more complex situation arises in non-rectangular three
dimensional structures. Staircases without intermediate
supports and spiral stairs are notable examples wﬁich can
give rise to high twisting moments. In many of the above
examples the large torsional stresses are created because of
structural and/or architectural reasons. Indeed, many new
structural forms that introduce out-of-plane loadings have
been developed and are in growing use. As a result, many
structures are required to function as three dimensional
frames. This often results in members that are subjected to

torsional moments too large to be ignored.

Two well known examples of major edge beams, from British
practice, where torsional moments exercised a controlling
influence over the design are the Waterloo Bridge (Figure
1.4) and the balcony of the Royal Festival Hall (Figure
1.5), both in London (refs. 4, 5). The transfer girders of
the American Hospital Association Buildings in Chicago;‘
Figure (1.6), were the first to be designed using the ACI
design criterion (refs. 8, 11). These examples illustrate
the need for investigations into the torsional behaviour of
reinforced concrete to help add sufficient code provisions

to match those for shear and flexure.

Although torsional moments rarely act in isolation, many
studies have been made to understand basic behaviour under
this condition. Studies have also been made of the
interaction between torsion, shear and flexure (ref. 2 for
example). As a result design recommendations have been

included in various national codes of practice. Enhancements



to these provisions are continuously made as new evidence

becomes available.

Codification of torsion provisions for reinforced concrete
began in earnest in the 1950s (ref. 8). It generally started
with partial provisions and some full specifications. For
partial provisions.only the permissible torsional stresses
for concrete were given whereas for full specifications
these were accompanied by the formulae for the design of
torsional reinforcement. The specificationswere generally
based on Rausch's space truss analogy or Cowan's theory
(both discussed in more detail in Chapter Two). However, the
validity of these theories had not then been substantiated
by systematic testing. Furthermore, the majority of
experimental étudies carried out since then to verify these
equations have been done on rectangular sections (refs. 2,

8).

In 1958, ACI Committee 438 - Torsion, was created to study
the torsion problem and to recommend suitable provisions for.
the 1963 ACI Building Code. However, owing to the lack of
knowledge on the torsional behaviour of reinforced concrete
members, the committee decided that it could not recommend
any detailed provisions for the 1963 code. So only one
clause was included stating: "In edge or spandrel beams the
stirrups provided shall be 6losed and at least one
longitudinal bar shall be placed in each corner of the beanm
section, the bar to be at least the diameter of the stirrups

or 1/2 in., whichever is greater".

It was in 1969 when the ACI torsion criteria were first



formulated, based on extensive experimental research during
the 1960s promoted by ACI Committee 438. The criteria were
incorporated into the ACI Building Code (ref. 9), and
further enhancements have been made in the later versions of

the document.

The British Code incorporated torsion provisions for the
first time in 1972 (ref. 3). The provisions were immediately
criticized as being too conservative (ref. 10). The same
provisions are used in the new version of the code (ref. 3)
with only minor changes regarding the maximum permissible
torsional stresses in concrete. These are increased by about
6% which would not make any appreciable difference for most
practical cross sections. The code recommendations are also
noted for their limited nature, as compared to other major
codes of practice, for example the Russian, American and
CEB-FIP Model Code. An example of this is the limit on the
effective overhanging flange width in torsion. Both the ACI
and the CEB-FIP codes specify the l1imit as 3 whereas no such -
provision is given in BS:8110 - 1985. Another example is the
torsion provisions for box sections, whichore very limited

in the British code <compared to the ACI specifications.

Torsional behaviour becomes inextricably three dimensional
bonce cracking of concrete occurs and St. Venant's theory is
no longer applicable. Previous studies have established that
the reinforcement has no significant contribution to
torsional stiffness prior to cracking of concrete and that
thé behaviour is essentially linear up to the cracking
stage. Great reduction of stiffness occurs after cracking

and the reinforcement only then assumes its major share of



responsibility in resisting the applied torque. The main
feature of torsional cracking is its 45° helical nature, as
distinct from flexural and shear types of cracks. All
reinforcement carries tensile stresses and the concrete

between the cracks carry the compressive forces.

Torsion differs from transverse shear in one important
respect: diagonal tensile stresses exist on all four faces
of a rectangular section subject to torsion, whereas they
extend over the two vertical faces in a section subject to
transverse shear. Consequently U-stirrups and bept-up bars
are unsuitable for torsional shear reinforcement, and closed
hoops, properly anchored at the end must be used. Inclined
hoops, running to resist the diaéonal tension on one face,
would run in the wrong direction on the opposite facé: hoops
must therefore be normal to the longitudinal axis of the
member. Similarly, the longitudinal»reinforcement must be
suitably distributed over all the faces of the section. The
above illustrates the three dimensional nature, and hence
the complexity, of the treatment of torsional analysis of

reinforced concrete.

Most concrete elements subject to torsion are flanged
sections, more commonly L-beams comprising the external wall
beams of structural floor. The general procedure of
designing such elements for torsion is to divide them into
their component rectangles and design each rectangle
separately ensuring proper interaction between the
reinforcements of all components. Extensive studies have
been conducted on torsion of reinforced concrete rectangular

sections and to a much lesser extent on flanged sections



(refs. 2 and 6 for example). This activity will be reviewed

in Chapter Two in more detail.

The majority of previous studies on torsion of reinforced
concrete flanged sections were conducted on members with
either unreinforced flanges or flanges having only one layer
of reinforcement. The category of fully reinforced solid
flanged sections, i.e. with closed stirrups in all component
rectangles as recommended by the codes of practice, still
lacks proper investigation in contrast to rectangular
sections. Studies on such members will provide the
opportunity of directly assessing the current codes
provisions for torsion design as well as giving more insight

into the behaviour.

Torsion theories, mainly lower bound space truss analogies
and upper bound skew-bending theories, have increased basic
understanding. Indeed the truss analogy, first proposed by
Rausch in 1929 (ref. 6), gives a very clear idea of the main
function of reinforcement and concrete in resisting torsioﬂ.
The skew-bending theory,originally proposed by Lessig (ref.
7) and later undergone many developments, is based on the
plane deformation approach of plane sections subjected to

bending and torsion.

The space truss analogy is an extension of the model used in
the design of the shear-resisting stirrups, in which the
diagonal tension cracks, once they start to develop, are
resisted by the stirrups. Because of the nonplanar shape of
the cross sections due to the twisting moments, a space
truss composed of the stirrups is used as the diagonal

tension members, and the idealized concrete strips at 45°



between the cracks are used as the compression members. It
is assumed that the concrete member behaves in torsion
similar to a thin-walled box with a constant shear flow in
the wall cross section, producing a constant torsional

moment.

The skew-bending theory considers in detail the internal
deformational behaviour of the series of transverse warped
surfaces along the member. The basic characteristic of this
theory is the assumption of a skew failure surface. This
surface is initiated by a helical crack on three faces of a
rectangular beam, while the ends of this helical crack are
connected by a compression zone near the fourth face. The
failure surface intersects both the longitudinal
reinforcemeﬁt and the closed stirrups. The forces in this
reinforcement provides the internal forces and moments to
resist the external forces and moments. At failure of a
beam, the two parts of the beam separated by the failure
surface rotate against each other about a neutral axis on
the inside edge of the compression zone. More details on the
truss analogy and the skew-bending theory will be given in

Chapter Two.

In finite element terms certain special structures, such as
thin walled sections, could be analysed by using membrane or
plate finite elements, but in general, and in particular for
solid sections, full three dimensional analysis must be
used. With decreasing computing cost, three dimensional
nonlinear finite element analysis is becomming a more
feasible proposition. Yet it is still inherently the most

expensive idealisation and care must always be taken when

10



setting up a model.

_______ and Scope
The objectives of this study were:

(1) To deveiop a three dimensional nonlinear finite element
program for the analysis of the short-term behaviour of
reinforced concrete. The model was to incorporate the basic
causes of the nonlinear behaviour which include concrete
cracking, post—craﬁking effects, multiaxial stress-strain
behaviour, concrete crushing and steel yielding. Proper
simulation of steel reinforcement was considered important
in the analysis of the torsional behaviour of reinforced
concrete sections which normally include discrete
longitudinal bars and stirrups. The program was written so
that it could be used for other reinforced concrete
applications. Therefore a critical assessment of its
performance in a variety of structgral applications was

undertaken in order to establish a clear picture of the

11

effects of the main nonlinear solution and material ...

parameters in each particular situation.

(2) To conduct a series of experiments to study the

behaviour of reinforced concrete specimens of L-shaped cross

sections under pure torsion designed and detailed according
to the British Code (BS:8110 - 1985, formerly CP110 - 1972)
specifications. The aim of this part was three fold: (a) to
assess the code requirements for torsion design, with
particular reference to solid L-sections as a special case
of solid flanged section, (b) to obtain an insight into the
térsional behaviour of fully reinforced L-sections and (c)

to provide detailed experimental results to assess the



capability of the developed finite element model in the

analysis of these types of cross sections.

(8) To use the finite element model, having set up limits
and guidelines on the important material parameters, to
perform a parametric study on torsional behaviour of solid
reinforced concrete L-sections to complement the
experimental data. This was to provide more information on
the effects of major parameters not included in the

experimental programme.

(4)lTo combine the results of both the experimental
investigation and the parametric study to offer some design
recommendations that might help bring the British Code
design procedure for torsion in line with other major codes

of practice.

Chapter Two reviews the torsion problem of reinforced

12

concrete. The historical background to the current knowledge ..

regarding the problem is summarised. The current two major
methods of torsion analysis, namely the truss analogies and
the skew-bending theories, are reviewed together with some
of the relevant recent work reported in literature. Torsion
design procedures in some of the major codes of practice are
summarised and compared. The difficulties regarding the
torsion analysis of reinforced <concrete are also

highlighted.

Chapter Three is concerned mainly with the finite element
method. As the method is now firmly established, it is only

briefly reviewed. The main contribution in this area is the



incorporation of embedded bars for the simulation of steel
reinforcement. This allows accurate representation of
stirrups and longitudinal bars within the 20-noded
isoparametric element chosen to simulate concrete. Full
derivation of.the matrices for their implementation is given
and the advantages of using these types of embedded bars are
discussed. The chapter also reviews nonlinear methods of

solution and describes the methods used in this work.

The mathematical material models describing the behaviour of
concrete and steel are presented in Chapter Four. These
include cracking, three dimensional stress-strain laws and
crushing of concrete and steel stress-strain behaviour. The
post-cracking behaviour of concrete is also described which

includes tension stiffening and shear retention effects.

Assessment of the capability of the developed finite element
model in different reinforced concrete applications is
reported in Chapter Five. These include the following cases:
(1) deep beams, (2) shallow beams simulating beam—columh
behaviour, (3) rectangular beams under pure torsion and (4)
rectangular beams subjected to combined bending and torsion.
Some basic aspects of modelling were carefully studied
because they proved crucial for better simulation of
behaviour, such as the boundary conditions for the torsional
application. The effects of some important nonlinear
solution and material parameters were studied and are
reported. Major cdnclusions and general guidelines regarding
the suitability of the model for these different

applications are given.

13



Chapter Six describes in detail the test-rig which was
designed and built in order to carry out the torsion tests
that form the experimental portion of this study. The
instrumentation employed for measurement of the various
gquantities is shown. The test programme and the test
specimens are fully described and the concrete and steel

characteristics given.

In Chapter Seven the experimental results are presented.
Specimen behaviour is described and the results are
thoroughly discussed. The British code design procedure is
critically assessed in the light of the test results and
also from reported work in literature. The conservative
nature of the current code recommendations is demonstrated
and the main reasons consideréd to be causing it are

discussed.

Chapter Eight presents analysis of the test specimens using
the finite elemént model developed and described earlier.
Experimental and theoretical results are compared. Thé
applicability of the model in the torsion analysis of solid

reinforced concrete L-sections is assessed.

A numerical parametric study, devised to complement the
experimental work, is presented in Chapter Nine. The purpose
of the study and the parameters chosen are given and the
results are presented and analysed. The outcome of the
parametric study is combined with that of the experimental
portion in an attempt to suggest improvements to the current

British Code torsion design procedure.

The main conclusions drawn from the various aspects of this

14



study are compiled in Chapter Ten. General comments are

given and suggestions for further work are made.

15
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