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"...Well, I woke up this moming
Got myself a beer
Well, I woke up this moming
Got myself a beer
Well, the future's uncertain

The end is always near ..."

Roadhouse Blues, The Doors.



Title Page
Quotation

Table of Contents
Acknowledgements
Summary

Chapter 1 General Introduction

Chapter 2 The Hidden Local Symmetry Model
2(1) Introduction to the Model
2 (ii) The parameter 'a’
2 (ii) Skyrmion Physics
2 (iv) Testing the HLS model

Chapter 3 TY—VV Physics
3(3) Introduction
3 (ii) Models for yy—»VV

3 (iii) Conclusions

Chapter 4 Tree Level Calculation
4 (i) Introduction
4 (ii) Calculation
4 (iii))  Results

4 (iv) Conclusions

N N WN

17
26
29
32

34
37

46
47
52
54



Chapter 5
5(i)
5 (ii)
5 (iii)
5 (iv)

Chapter 6
6 (1)
6 (ii)
6 (iii)
6 (iv)

Chapter 7
7 (i)
7 (ii)
7 (iii)
7 (iv)
7(v)

Chapter 8

Appendix A

Appendix B

Loop Calculation I
Introduction

Method

Box Diagram Approximation

Conclusions

Loop Calculation II
Introduction
Calculation

Results

Conclusions

Testing pp Unitarity

Introduction

Two-Body Unitarity Test - Spinless Particles
Two-Body Unitarity Test - Spining Particles

Testing pp Scattering Amplitudes

Conclusions

Conclusions and Discussion

General Notation

Dynamical Variables

Diagonalzation of the HLS Lagrangian

and the Feynman Rules

55
57
62
66

67
71
74
71

93

101
102

105



Appendix C
@)
(i)
(i)
@iv)

Appendix D
@)
(i)
(iii)
(iv)
Appendix E
®
(i1)
Appendix F
References

Graph Captions

Graphs

Partial Wave Amplitudes
Helicity Amplitude Notation
Polarization Vectors
T—=p*p~

ptp—p*p-

Loop Diagram Results

Cutkosky's Rule

'Deriving' the Dispersive Integral
Bubble Diagram Integration Formulae
Triangle Diagram Integration Formulae

Box Diagram Results

111
113
114
117

122
124
126
128

Integration Formulae for Box Diagram (1234) 135

Spectral Function Im(Im'¥(s,t))

SU(3) Predictions for yy—»VV

142

143

146

151

153



Acknowledgements

I'would like to thank David Sutherland - very much for his supervision
of this project and for contributing to my education in general.

My thanks also to Professor I.S.Hughes for the provision of facilities in
the Department of Physics and Astronomy, University of Glasgow. Financial
support for this research was provided by a University of Glasgow Postgraduate
Scholarship.

I am most grateful to the following for their help and interest over the last
few years: Tim Blackwell, Christine Davies, Alan M¢Lachlan, David and Mirjam
McMullan and Gordon Moorhouse. As well as all my other friends and aquaintances
who have helped me.

I would also like to acknowledge the useful discussions I have had with
Michael Feindt and Caroline Fraser.

I would like to thank the Department of Physics and Astronomy and the
Institute of Physics for enabling me to attend the 8" International Workshop on
vy-Interactions, Shoresh, Israel; at which this work was presented.

Finally, but by no means least, I would like to thank my parents for the

essential support they have given over the past 3 years.



SUMMARY

The aim of this thesis is to test the recently proposed effective Lagrangian
for m,p and 7y physics, called the Hidden Local Symmetry (HLS) model, against
experimental data on the process Yy—pp.

To this end Chapter 1 is a general introduction, motivating the interest in
studying the HLS model in particular and pointing out its relation to composite
models of Higgs and W/Z bosons. It is noted that there is a crucial sector of this
mode] that has, until now, remained untested. It is observed that this untested sector
can be probed by comparing the predictions of the model with the well established
data on yy—pp; which in itself is an interesting process and in need of better
theoretical understanding.

Chapter 2 is an introduction to the HLS model and in section (i) the
construction of the model Lagrangian is presented. The HLS model has an arbitrary
parameter ', it is shown in section (ii) that so far the attempts to determine 'a’ by
some "underlying" symmetry principle fail when confronted with phenomenology.
In section (iii) the pivotal role of the HLS model of vector mesons in the Skyrmion
picture of baryon physics is explained. Section (iv) summarises the chapter and
underlines the need to test the HLS model fully.

Chapter 3 is a summary of the current experimental and theoretical status
of yy—V,V, physics (V;,=p, ©, k¥*, ¢). It is emphasised that there is still room
for a "conventional explanation” of the process Yy—pp.Thus the second strand of
the thesis is testing the possibility of the HLS model explaining the data on yy—pp.

Chapter 4 is the first order, or tree-level, calculation of yy—pp in the HLS
model, it is found to be in disagreement with experimental data. Which leads us to
consider in chapter 5 the motivation for a one loop calculation of yy—pp; the
approach taken in estimating the loop corrections, in the spirit of chiral penur.bation
theory, is outlined.

In chapter 6 the loop diagram calculation for Yy—p9p0 is presented, the
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results indicate that the perturbative expansion fails. It is thus necessary to check this
result before proceeding any further with the loop calculation.The p*p~ scattering
amplitudes in the HLS model are shown to violate unitarity in chapter 7, this is an
independent check on the loop diagram “calculation in chapter 6.

In chapter 8 it is concluded that the HLS model fails to describe yy—pp
perturbatively. The discussion of the results of this thesis includes an outline of

several interesting possibilities for future work.



Chapter 1 General Introduction

In attempting to construct models of the 'real world' a theoretical physicist
generally aims to use a minimum number of physical principles. So that these
physical principles can be tested by calculating consequences of the model to see
whether or not they agree with experimental observation. The aim is to then
generalise or expand upon those principles, which have been validated, in the hope
of explaining experimental results previously without theoretical understanding
and/or to make predictions as to what the experimentalist might measure in the

future.

The generally accepted fundamental theory of the Strong Interactions is
Quantum Chromodynamics (QCD), an SU(3), (colour) gauge theory. QCD is a
generalisation of Quantum Electrodynamics (QED), a U(1) gauge theory, the highly
successful quantum field theory of electron and photon interactions.

The strongly interacting particles so far observed are colour singlet
composites of quark-anti-quark (mesons) and three quark (baryons) states; the
quarks being bound together by gluons, the gauge bosons of QCD.

However there is a major problem with QCD, how to construct from QCD a
theory of Hadron Dynamics ? This many-bodied problem is made more difficult
because QCD is asymptotically free, that is perturbation theory is only valid for
processes at very high energies, whereas the observed strongly interacting particles
np,..., pNA,... are, by comparison, low energy phenomena. Meson and baryon
physics lies within the non-perturbative regime of QCD.

Consequently the hope is to derive an effective Lagrangian (L) from QCD,
in which the degrees of freedom are mesons and baryons, deﬁibing Hadron
Dynamics. In general this is an extremely difficult task, the best that can be done at
the moment is to construct various L ¢'s and to test them against experimental data.

A good example of an effective Lagrangian is

9



L= ) (1.1)

e

Trd_UXx)3*U)') | U(x)=exp(2Lf(")_"i

. T
fn= pion decay constant

the Weinberg Lagrangian [2],[3]. QCD has a SU(3).x SU(3)g chiral symmetry,
which is known to be broken to the vector subgroup SU(3)y with 32-1=8 massless
Goldstone bosons resulting from the spontaneously broken symmetry.

This spontaneously broken chiral symmetry is realised in non-linear form by
equation (1.1), we have restricted ourselves to the case of SU(2); xXSU(2)z—>SUQ2)y
with the pion being the Goldstone boson. Georgi [1] gives a particularly clear
'derivation’ of equation (1.1). The exponential form of (1.1) is not a unique
non-linear realization, Coleman et al [2] show that all non-linear realizations of
broken chiral symmetry are equivalent in the sense of giving the same S-matrix
elements.

Equation (1.1) is also frequently referred to as a (G/H) non-linear sigma
model, where in this case G= SU(2); xXSU(2)g and H=SU(2)y; not wishing to delve
into the 'pure’ mathematics of non-linear sigma models but basically the quantity
U(x) takes values in the group manifold G/H ie U(x)e G/H.

The Weinberg Lagrangian (1.1) is an effective Lagrangian for pion
dynamics, describing low energy nn scattering [4,5]. In fact a loop expansion using
(1.1) can be performed [5], called chiral perturbation theory. Although originally

(1.1) was simply a "mnemonic device" for reproducing the results of curent algebra

[3].

The aim of this thesis is to study and test a particular effective Lagrangian,
namely the Hidden Local Symmetry (HLS) model of vector mesons proposed by

Bando et al [6].
The full details of the HLS model will be given in chapter 2. However

roughly speaking the HLS model can be regarded as an 'extension’ of the Weinberg
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Lagrangian (1.1), in the sense that the G/H non-linear sigma model (1.1) is invariant
under Gg.p,) Whereas the HLS Lagrangian is constructed to be GgiobaX Hiocal
invariant. The concept of such a hidden local symmetry first emerged in supergravity
theories [7], where it was also shown [7]-[9]that the gauge fields of the HLS H,__,,
(=SU(2)y in the Bando et al [6] model ) are composite particles this was motivated

by CPN-1 two dimensional models wherein meson+meson=vector.

Under the crucial assumption that the underlying dynamics (QCD) generate
the kinetic term for the HLS gauge field Bando et al [6] argue that one should
identify the p meson with the dynamical gauge bosons of the HLS.

By fixing the one parameter in the model to one unique value the HLS model
successfully reproduces p meson phenomenology, namely the KSRF relation[10],
universality of the p coupling g,zz= g,nN= -..[11] and when electromagnetism is
included p dominance of the electromagnetic form factor [11]. In fact the HLS
Lagrangian [6] is identical to the phenomenological Lagrangian due to Weinberg
[12), in which the p meson is the gauge boson of a gauged chiral symmetry but with
the p mass put in 'by-hand' instead of 'dynamically generated' as it is in the HLS
model.

The HLS Lagrangian is an attractive model because not only does it reproduce
well known p meson phenomenology, but also because of the 'neat' manner in
which the chiral symmetries are used to generate the Lagrangian. Also the HLS
model is very easily generalised to (i) include the axial-vector meson A, by taking
H;,.a=SU(2); x SU(2) and (ii) include the other low lying vector mesons w,k*,¢
by enlarging the HLS to Hj ., ;=U(3)y (this also requires enlargment of G to
U@3) . xUB)R)-

One of the main reasons for wanting to study and fully test the HLS mode! of
p mesons is the pivotal role it recently assumed in the construction of a unified

effective Lagrangian of strong interactions.
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It was originally found by Skyrme [13], over 25 years ago , that the
Lagrangian (1.1) admitted soliton solutions, called Skyrmions; Skyrme suggested
that these solitons be identified as baryons. The Skyrmion was only recently revived
when Witten [14] showed that by add ing the Wess-Zumino term to the action, that
the soliton solutions possessed the correct spin and statistics to be identified with
baryons. Since this brealthrough there has been a great deal of interest in the
possibility that the Skyrmion (soliton of the pion field) is an effective description for
baryon physics. For a review of Skyrmion physics see, for example, Zahed and
Brown [15].

What has not been mentioned so far is that the solitons arising from the

Lagrangian (1.1) are energetically unstable and collapse unless a stabilization term

2
L 1 Tr[d U.U', 3 BU.U"]

Skyrme = 2
32e

is added to (1.1). However ithas been claimed by Igarashi et al [16] that thep meson
(and other vector mesons by extension of H,,.,)), as a dynamical gauge boson of an
HLS stabilises the Skyrmion. The details of this will be discussed in chapter 2(ii).
The main point to be drawn from this is the construction of a unified effective
Lagrangian for mesons and baryons, where mesons are described by a model based
on an extension of chiral symmetry with the baryons emerging as solitons, of the
meson field, stabilized by the vector meson.

The unified effective Lagrangian outlined above is made more interesting by
the highly suggestive results of the large N_-limit of QCD [17],{18]. For an SU(N,)
colour gauge theory in the limit N.—e0 't Hooft showed that QCD becomes a theory
of an infinite number of interacting mesons and glueballs, later Witten [14],(18]
showed that baryons could emerge as chiral solitons of these meson fields. This fits
in very well with the chiral symmetry/ Skyrmion picture of mesons and baryons, but
it sh#id be reiterated that the large N, limit is only suggestive because in the'real
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world' the number N =3 is generally well established.

Looking to the future, there is another interesting aspect to the HLS model,
namely as a prototype for composite models. Because as the next generation of
colliders start to produce data around the 1 TeV region it is hoped to begin to get
indications as to w}éther or not the currently 'fundamental’ particles quarks, leptons
and weak gauge bosons are composite.

One possible theory of compositeness is Technicolour, basically an analogue
of QCD, with all the inherent non-perturbative problems that has; the techni-fermions
combine to make composite Goldstone bosons which are then responsible for the
spontaneous breaking of the electroweak gauge symmetry.

So to calculate consequences of a Technicolour theory one would really like to
work with an effective Lagrangian 'derived’ from the Technicolour Lagrangian. The
HLS Lagrangian is just such a prototype [chapter 8 of ref. 19] effective Lagrangian
for Technicolour, with the dynamical gauge bosons being indentified with the
techni-p meson.

A much more speculative possibility [chapter 8 of ref.19] is that of the HLS
model being an effective Lagrangian for composite W/Z boson models, that is the
W/Z bosons are 'fully’ composite,as opposed to the Technicolour picture where just
their longitudinal components are compo Ssite.

However any possible connection between the HLS model and a composite
W/Z boson picture is not at all clear because of the need to maintain massless
(composite) fermions. Unlike the HLS model applied to QCD where the nucleon
acquires a mass, due to the spontaneous symmetry breaking, which is physically
acceptable. There is also a problem with the composite fermions destabilizing the
dynamical gauge bosons through loop efffects, which were held responsible for the

dynamical generation of the gauge bosons.
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So given the pivotal role of the HLS model of vector mesons in constructing a
unified effective theory of meson and baryon physics and its' importance as a
prototype effective Lagrangian for testing the compositeness ideas of Technicolour
(and the more "hazy" scenario of fully composite W and Z model), hopefully in the

near future against experimental data, it is crucial that the HLS model is fully tested

to see if it really is an effective description of p dynamics.

Although the HLS model of p mesons contains well established
phenomenology there is one sector of the model that has so far remained untested,
namely the non-abelian nature of the p meson in the model. The model would in fact
not ‘exist’ if the p were not so, in the sense that the chiral structure 'forces’ it to be
an SU(2) (non-abelian) gauge theory.

The Skyrmion model builders have remained 'blissfully' unaware of the need
to test this aspect of the HLS model, they simply take the HLS Lagrangian as it is
and calculate Skyrmion properties.

Very much following the philosophy advocated by Ball [20] and Aitchison
[21] of extrapolating effective chiral Lagrangians upwards in energy, from
Vs=300MeV region of nn scattering to Vs=2 GeV (max.) of Skyrmion physics, then
the HLS Lagrangian should reasonably be expected to describe other processes in
this energy range if it is truly "effective’.

Electromagnetism is easily incorporated by gauging U(1) , thus opening up
the possibility of studying the process yy—pp. It is precisely the non-abelian nature
of the p that generates the p 'self-interaction’ terms , arising from the p kinetic term,
and thus gives rise to ypp and yypp vertices. Thus by studying yy—pp we will be
testing the non-abelian nature of the p meson (in the HLS model) and with the pp
threshold Vs=1.5 GeV this might be hoped to be within the extrapolated energy

range of the effective Lagrangian.
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Two Photon Physics has been extensively studied at the electron-positron
storage rings PETRA (DESY) and PEP (SLAC). For an overall review see, for
example, Kolanoski [22] or Poppe [23].

Basically two-photon physics is studied via e*e- scattering, that is the
photon-photon interactions occurring in the collisions of the 'photon clouds'
surrounding the elctron and positron beam particles :

s —

Y

Figure 1.1

<

+

/ .
€

Among the many interesting aspects of particle physics that can be probed
with two-photon physics we are specifically interested in those experiments which
studied exclusive final states (eg pp,®p,0,...) produced by very nearly real
photons, that is 'no-tag' data on exclusive final states; 'no-tag' means that neither of
the scattered leptons are detected.

There has been a great deal of interest in the process Yy—pp ever since the
first data [24]-[26] (which has been confirmed by more recent analyses [27]-[29] )
showed a massive cross-section at threshold, an order of magnitude larger than
predicted. The data on Yy—p*p~ [30],[31] shows very different behaviour to the
neutral channel, and this dismissed the possibility of a straightforward (or
conventional) resonance mechanism interpretation.

The current experimental and theoretical status of Yy—V,V; (V ,=p,0,k*,)
will be discussed in chapter 3. However there are two points that must be

emphasised here:

(i) the data on yy—pp is well established and the charged and neutral channels are
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highly distinctive in the size and shape of their cross-sections. Thus making
o(yy—pp) very good experimental data against which to test a model.

(ii) the current theoretical status of Yy—V;V, (and yy—pp in particular) is such that
there is still the possibility of a ‘conventional' mechanism underlying the process, so
it is necessary to test whether or not the HLS model of vector mesons is that

possibility.

In summary, the philosophy of this thesis is to test an interesting (and
important) model against experimental data; with the added interest that the data is in

need of 'theoretical understanding'.

£ N I S CECE S NPT B0 S P A
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Chapter 2 The Hidden Iocal Symmetry Model

(i) Introduction to the Model

In this section the Hidden Local Symmetry (HLS) model of p mesons
proposed by Bando et al [6] is described, basically following the original paper [6].
Although a more "sophisticated" approach can be taken [19] in considering HLS
models, this does not really add any understanding to the basic idea of constructing
an effective Lagrangian.

The HLS model was described in chapter 1 as being an "extension” of the
chiral Lagrangian (1.1). In the sense that (1.1) is invariant under Ggloba, whereas
the HLS Lagrangian due to Bando et al [6] is constructed to be invariant under

Gglobal and Hlocal , ie invariant under Ggloba]x Hlocal'

The Weinberg chiral Lagrangian (1.1), the non-linear realization of broken
chiral symmetry for two flavour QCD, is an SU(2); X SU(2)p/ SU(2)y non-linear

sigma model. It is restated here for later convenience:

L=-ETr @ U(X) a2Ut(x)) 2.1)

.4

4

2im(x)
f

b

U(x) = exp( ), nx)=n"x)T"

The pion decay constant f,= 93MeV. The quantity U transforms under
Ggiobar=SU(2). X SU2)g as
U = g UX) gy > 8 e Ggiopa 2.2)

The model building, in outline, is as follows. To construct the HLS
Lagrangian new variables are introduced, §; gy and an SU(2)y valued gauge field
Vu(x), these are to realise the Hj ., symmetry. A 'minimal' Lagrangian invariant
under GgjobaX Hiocal iS constructed out of the covariant derivatives of the EL®) - the

§L(R) are related to the U(x) of equation (2.1); this Lagrangian is then made

17



(classically) equivalent to the Weinberg Lagrangian (2.1) by taking a particular
choice for the form of the §; , (the unitary gauge).

Then making the crucial assumption that the underlying dynamics generate the

kinetic term for the Hy,,; gauge field V,,(x) and expanding the & in terms of the n
field one obtains the HLS Lagrangian for &t and V}1 , Bando et al [6] then argue that
the V,, field should be indentified with the p meson.

To realise the symmetry H),,) new variables are introduced, & g, and an

SU(2)y valued gauge field V,(x), such that

Ut = £/ (0 £ () 2.3)
V“(x)zv‘;(x)T‘ , T'e SUQ2), (2.4)

and which transform as:
£ @ ~PhX) &L (0 8]y
V@) - -if-h(x) aph*(x) +h() V. () M) @9

under h(x)eH__, . gL R)E SU(2)L(R) global

So U(x) is invariant under H,,, , using equation (2.5):

UX) =& (080 — & (0h'(x) hx)Ee (%) = Ux)
h(x)e Hlocal

thus the local symmetry Hj ., is "hidden" in the U(x) basis.
The covariant derivative on & (g, is defined as

D & ) =3 5 g0 - 11V, () & g™ (2.6)

where f is the H,,, gauge field coupling constant.

18



Under Ggop,1X Hyooy the covariant derivatives transform as

DugL(R)(x) - h(x) (DpéL(R)(x)) ng.(R) (2.7a)

D & )] gy X) = h(x) D & m® & m@h'x)  (27b)

Notice that (2.7b) tells us that the object D& )& TL(R) is invariant under
Ggiobat and can thus be used to construct "currents” which are Gglobal invariants.
Using a similar notation to Hung [32] for later convenience we define the following

Gglobal invariant "currents”:

it ;

_]p2=T( ngL.§£+ D Zr ) (2.8a)
if

j5“:=7“(Dp§L.§1- D“F,R.é; ) (2.8b)

Noting that j, and js, correspond to the Maurer-Cartan 1-forms o, and

o, respectively, of reference [19].

The most general GgiopaX Hioca invariant Lagrangian that can be constructed

from the currents j, and js,, is :

L:=L,+ aL, (2.9)

LA=Tr(j5pj’5‘) , LV=T1‘(J'“J'”) (2.10 a,b)

where a is an arbitary parameter.

Because no kinetic term for H;,, is present in the Lagrangian (2.9) the field

V,.(x) obeys the Euler-Lagrange equation of motion

19



%— =0 which implies that
u
lass 1
Ve (BB 2 B ED) 2.11)

Then substituting V<lass into equation (2.9) means that Ly vanishes.

There is a degree of arbitariness in the definition of the &, R, given that the

EL®) must satisfy equuation (2.3). In fact

P -ig tin
éL(R)-eXP(—f—-)CXP( f ) (212)

T T

where the ¢ are unphysical Nambu-Goldstone modes [6].

Bando et al [19] show that the Lagrangian (2.9) is equivalent to the Weinberg
Lagrangian (2.1) when
(i) the classical equations of motion are used and Velass (2.11) is substituted into
equation (2.9) and
(ii) the H),; "gauge" is fixed to the unitary gauge by taking ¢=0. This means that

=t =t= eXP(-iff) 2.13)

Procedures (i) and (ii) above result in the Lagrangian (2.9) reducing to the
Weinberg Lagrangian (2.1), except that as it stands the gauge fixing condition (2.13)

has violated the Gy;opa) Symmetry. Since under Gyopa &(x) transforms as

E(x) » &'(x) =§(x) 81’ 88 Gyjopal

E'(x)= exp(i i (T;(x)’g)) exp(l uf(x))

n n

20



The Gyop, Symmetry is restored by making a simultaneous H,,,; gauge

transformation:

h(x)=exp(w) = h(n(x).g) , hx)eH_

n

Denoting the combined transformation G , one now has that the § transform

under G like

E(x) - E(x) = h(n(x),g) §X) g' = E('(x))
Only under the above conditions do the Lagrangians (2.9) and (2.1) coincide.

The classical equivalence of the Lagrangians (2.9) and (2.1) outlined above,

is referred to as the "gauge equivalence” of the (G/H)jopa NON-linear sigma model
to a 'linear’ Ggjopat X Hoca model.

It is important to emphasise that the requirement of this gauge equivalence has
forced us to work with the HLLS model in the "unitary Gauge" only, we do not have
the freedom to make some gauge choice as would be done in, say, the Standard
Model to make calculations more tractable.

Further to this gauge equivalence, it has been shown [7]- [8], that the gauge
bosons of Hy,,; are composite. Which gives a great deal of motivation to the serious
consideration of the HLS model as a possible dynamical model of the p meson as
well as its possible role as a prototype model of composite W and Z bosons in the

strongly interacting Higgs sector.

It is at this stage, having constructed the Lagrangian (2.9) to be gauge

equivalent to the Weinberg Lagrangian (2.1), that Bando et al [6] make the crucial
assumption that "...the kinetic terms of V(x) are generated by the underlying
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dynamics (QCD) or quantum effects at the composite level". Such dynamical
generation of kinetic terms has been shown to occur in certain 2 and 3 dimensional
models [8],[19] which encourages one to make the above assumption, however its
occurrence in d=4 does remain a conjecture.

Thus the kinetic term -1/2 TrV,,, V¥ is added to (2.9), where

V =0 V-0V -if[V,V] (2.14)
Y UV v oo

is the SU(2)y field strength, which transforms as:

V 5 hmV b, hmeH, (2.14)
v [I\Y

External gauge fields are easily incorporated by extending the definition of the

covariant derivative. For example electromagnetism couples to the charge Q

Q=L+ L+ _;. , L™= global isospin and Y= hypercharge

and Y=0 in this case. Denoting the U(1),, gauge field by Bx with a coupling g', the

covariant derivative becomes

: . 3
D & g®) =3 b @®) - ifV, (0§ ) +ig gm0 B 0T

(2.15)
The &, , and B, transform under U(1) as
@ bme v (2.16a)
B (x) > B() - -él-,a“a(x) (2.16b) -,

Equations (2.15) and (2.16) above imply that under U(1) the covariant
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derivative transforms as

e T

and consequently the currents j, and js,, are invariant under U(1).

Defining the U(1) field strength to be B,,,= 9,B,- d,B,,, then the total

Ggloba¥HiocarXU(1) invariant Lagrangian is
L, oL, - ‘11 B -3 _Trv2 2.17)

To see why the p meson is identified with the dynamical gauge field V,,(x) the
Lagrangian (2.17) is written in terms of the fields &, V,and B,,.

Expanding the exponential one obtains

te= Lan- L
apz; &= F apn f2[Tt,apn]+...

n 21:
LIPS
apg £'= F aun 2 [r ,a“n] + ... (2.18)
T

n

+ i
= - o 9 V + .ee
5 Vug Vu f?t [ u]

3 vpg*: v+ ?‘- m,V,]+.. (2.19)

n

So the currents j, and js, become :
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'-if"(—l [xd 7] - 2ifV +2igBT + ..)
Ju—2 2 ,un - 21 lu+ ig " + .. ) (2.20a)
n
if i 2g 3
- n
g, == Fom BT ") (2:200)

x4 8ig 3
Ly=—2Tr( fzapnavn - —=3xn,BT)
- T
f,zt 4if 4ig
LV=TTr(-f2_V[ ., o] - —= BT[na“n]-4(fV +EB )
T n
and which finally yields

1 -02 a — - - a -‘2 l
= —fV. - -
L=5@m%+ - “(nxa“n)+2f’2tf2Vu 2Trviv

) n 1 2
- ¢gB (nxaun)3 aflngV +—f2g B - 78,
2.21)

Bando et al [6] argue that one should identify the p meson with the hidden
local symmetry gauge field V,(x) on the following observations : consider the first
line of equation (2.21), this is the Lagrangian L without the extenal U(1) gauge field
By, then identifying V,(x) with the p one obtains

Mt = % £ 2.22)
(i) mi =a fft £ (2.23)

When a=2 then equation (2.22) gives 'universality' of the p coupling f= f (2.24),
and consequently the KSRF relation [10]
m =2 (2.25)

n pnn
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The first line of equation (2.21) is identical with Weinberg's phenomological
Lagrangian [12], based on gauged chiral symmetry and with the p mass put in
'by-hand'. So the HLS model has the attractive feature of building in with the
Weinberg Lagrangian the "dynamical generation of mass” yielding universality of the
p coupling and the KSRF relation when the special value a=2 is taken.

Considering all of equation (2.21) and setting a=2 one obtains the py mixing
Lagrangian due to Sakurai [11], the vector meson dominance (VMD) model.
Because when a=2 the parameter gg,. in (2.21) vanishes and the U(1) gauge field
can only couple to the pion current (nxdm) through the V;B mixing term.

The Lagrangian (2.21) is easily diagonalized to give mass eigenstates, by
defining the physical photon (A,) and p° fields as

B :=cos0 A - sind pﬁ

Vi=sind A + cosd p0 (2.26)
K H B

The full diagonalized Lagrangian, including kinetic terms, is given in
appendix B, equation (B.3). The mixing angle 6 is determined by requiring the
physical photon field to be massless, this implies

tan@ := gT (2.27)
and the masses become
m?=0 , mZ(,za(f2+g‘2)f:Z . m2,=at2f2 (2.28)
Y p n p n

In summary the HLS model is an extension, to include p mesons, of the
broken chiral symmetry description of pions. There is an arbitary parameter (a),
when a takes the special value a=2 the model simultaneously gives the KSRF mass
relation, p universality and vector dominance. The only differences between the
HLS model [6] and Weinberg's [12] model for the p meson is that the formér' takes
on a particularly simple and attractive form and includes the "dynamical” generation

of the p mass as opposed to simply putting this in 'by-hand'.
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(ii) The Parameter 'a'

In the previous section it was shown that a=2 is consistent with p meson
phenomenology. However Hung [32] claimed to have uniquely determined a=2 by
embedding the electroweak gauge group (SU(2); x U(1)y) in the HLS Lagrangian
and the Weinberg Lagrangian (2.1) and basically "equating” the two Lagrangians but
ignoring the V,(x) field in the HLS Lagrangian. This follows much more in the spirit
of constructing an effective Lagrangian from a few basic principles.

The result claimed by Hung [32] certainly offered the interesting possibility of
extending the idea to an electroweak gauge group of the form SU(2); x SU(2)R to
see what sort of costraints on the effective Lagrangian emerged. This also offered the
possibility of placing constraints on prototype strongly interacting Higgs models
thought to be a possible theory of weak interactions in the 1TeV region.

Unfortunately there is a mistake in Hung's paper, there is a -fp, (7txd,,r) term
missing from his equation (21). The corrected equation (21) is a dis§er because now
forn=0; although diagonalization of the mass matrix will generate a pnn vertex the
coupling will be =g'sin6 (too small!). So phenomenologically equation (21) of

reference [32] is useless.

The difference between the Bando et al [6] Lagrangian and that used by Hung
is in the definition of the "currents” j, and js,. Hung [32] takes, using the same

notation as in section (i) ,

if -
=2 (gD + &D%)

if
=52 (&D% - &D&) (2.29)

With the covariant derivatives defined as follows
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ngL = augL +if Vp&L -ig ngu

. . . 3
ﬁuﬁR = apgR +if VP§R ~-ig §RBpT (2.30)
Where W, is the SU(2),_ gauge field with coupling constant g.

The "Bando” currents are given by equation (2.8), but with the covariant

derivatives modified so as to include the SU(2); gauge field

D& =dL-ifVE +igh W

. ., 3
DpéR = augk- if Vp&R +igy BHT (2.31)

The two sets of currents transform differently under Hj,,, the "Bando"

currents are covariant under Hy, that is
. . o1
3o h(x) j y h'(x) , h(x)eH,

whereas the currents (2.29) used by Hung are invariant under Hocq).

There would seem to be no a priori reason to choose one or other set of
currents in constructing the Lagrangian. However if the currents are made to be
invariant under H,,,; with gauge field V,, (Hung's method) then taking a=2 implies
that fy,;=0 which is not allowed by the phenomenology. Whereas in the case of the

Bando et al Lagrangian the currents are covariant under Hj, ,; but invariant under the

external gauge group, for instance equation (2.21) constructed from currents
invariant under U(1) with gauge field B,, then taking a=2 implies ggny =0 and yet
gives the correct f, coupling.

In fact the Bando currents (2.8) con;ucted from the covariant derivatives
defined in equation (2.31) are invariant under SU(2)_ x U(1)y. This is not true of the

currents (2.29) constructed by Hung, they not transform covariantly under
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SU(2).xU(1)y because the quantities used to construct the currents transform

differently under a simultaneous SU(2); xU(1)y gauge transformation, ie

&8~ 5 EDE (0 , g ®esu) local

g;BP§R - tz'im(m3 §;ﬁp§n eia(x)-ﬁ , emm}e U(1), local

(see Hung[32] equation (4) ).

So taking the trace to obtain L, and Ly (equation 2.10) does not ensure
invariance of the Lagrangian L s+ aLy under SU(2); xU(1)y. Although if the external
gauge group were only U(1)y, then the currents (2.29) would be covariant and thus
taking the trace would ensure invariance under U(1)y.

However the above analysis leads us to understand an even stronger reason
for the failure of Hung's Lagrangian.This is because the Lagrangian he constructs is
not invariant under global SU(2); xSU(2)g for precisely the same reasons that it
was'nt invariant under SU(2); XU(1)y gauge transformationss except it can be seen
that the cross terms in L+ aLy,which cannot be made invariant by taking the trace,

can cancel if one selects a=1. This is unsatisfactory.

Hung fails to determine a=2 by embedding the electroweak gauge group in the
theory due to a ‘mistake’ in his calculation which meant that he was 'unaware' of the
phenonmenological failing f,,,=0 of his construction, but worse than that his

construction would appear to be not strictly correct since it is not invariant under

global SU(2); xSUQR)g.

Yamawaki [33] has shown that it is possible to determine the parameter a=2

by extending the HLS model to H;,;=SU(2) XSU(2)g so that the p and A, are

gauge bosons of the HLS. Yamawaki then assumes that m,» myand so eliminates
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the A, field by its (classical) equation of motion which gives (eventually) the Bando
Lagrangian [6] with a=2. This is a nice result, but completely unphysical because
m,=770 MeV and m,=1270 MeV so the assumption of the A, mass being infinite by

comparison with the p mass is untenable.

So both attempts to determine the parameter a, by some sort of "underlying"

gauge symmetry principle, fail when confronted with phenomenology.

1ii) Skyrmion Physics

As described in chapter 1 the revival of the Skyrmion picture of baryon
physics has led to the vector mesons p,w,...(as described by the HLS model [6] or
Weinberg's gauged chiral symmetry approach [12] ) attaining something of a pivotal

role in constructing a 'unified picture’ of hadronic physics forVs<2 GeV.

Originally Skyrme [13] showed that the Lagrangian (2.1) admitted soliton
solutions, these solutions were energetically unstable unless an extra term contining

four derivatives, Lgy e, Was added

fl
L=2Ti@ U U + Ly (2.32)
1 t 112
Lstme™ Tr [ .U, 3,u.U'] (2.33)

Where e is a parameter to be fixed and not the electromagnetic charge!

However it has been claimed [16) that p mesons as described by the HLS
model [6] will give the Skyrmion stability against collapse.
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The HLS Lagrangian (2.17) constructed in section (i) is rewritten here

ignoring the U(1) field B,:

L
vy

Tr@ Ua°U") - fi TH(3 & &+ Epkh-2ifV_) ._Trv2
(2.34)
Igarashi et al [16] claim that the Lagrangian (2.34) above gives stable soliton
solutions. To see the connection between this and the Lagrangian (2.32) consider the

classical limit of (2.34) by taking the limit a—eo (with f fixed), also noting that the

gauge (2.13) is taken. In this limit the gauge bosons decouple from the physical
sector so that V is replaced Velass (equation 2.11) in (2.34), it can then be shown

that:

L rpy? _.__Tr[a v.u', 3,U. U*] (2.35)
20w g

The middle term of equation (2.34) vanishes and identifying f=e , the resulting
Lagrangian is seen to be the same as (2.32).
Stable soliton solutions are then obtained {16] for finite values of a (a=2 in

particular) by using what is known as the "hedgehog" ansatz for the = field

. A A X
U(x) =exp(ixeT F()) , Xa:= -

and the Wu-Yang-'t Hooft -Polyakov ansatz for the p field

EVEX) =0 , fVi(x) =g, fo —— (r)

F(r) and G(r) are then given as solutions to the (classical) Euler-Lagrange equations
of motion; they are then used to calculate the properties of the Skyrmion such as
mass, mean square radius,... .

It should be emphasised that in the above the fields are treated classically, as a
result of using the Euler-Lagrange equations of motion as derived from equation
(2.34) without quantum corrections. That is to say, as pointed out by both Ball [20]

and Aitchison [21] , there are no "meson loops" in any of the current Skyrmion
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calculations.

The Skyrmion model stabilized by the p meson is moderately successful, the
obvious way to extend this is to include the other low-lying vector mesons
,¢,k*,... and axial-vector mesons such as the A,. Unfortunately Igarashi et al [16)
find that coupling the  to the baryonic current leads to a saddle point solution, that
is the Skynnioh is not properly stabilized. In fact Kunz and Masak [34] claim that
the same problem besets the model with the p mesons alone and 'satisfactory'
stabilization is only achieved when explicit stabilization terms like Lgy . are added
(and fitted to the data). The same is true when the A is included [35].

However if the p and @ are described by an HLS model [36] with
Hjoca=U(2)y and the Wess-Zumino term (which accounts for anomalous decays
such as ®—n%y, w—3n) is included then the Skyrmion is stabilized, without any
problem regarding saddle-point solutions, and gives baryon properties to =30% of
the experimental data. Extending this to an U(3)y HLS model (p,w,k*,¢) [37]then
the results obtained are not so good, for instance the proton mass=2GeV.

In general it would seem that the more complete the prescription for including
vector (and axial-vector) mesons, so the Skyrmion picture iterates towards a more
satisfactory level. Although the iteration would appear to be rather "unstable" in the
sense that progressing from p and w to p,w,k*,¢ somewhat worse results.The

process is not yet finished.

In summary the above makes a particularly appealing unified theoretical
approach to low energy strong interactions, starting from the minimum of
assumptions one constructs an effective pion Lagrangian, equation (2.1), which is
well tested. This is then extended, making seemingly reasonable assumption [19]
concemning the dynamical generation of kinetic terms by an underlying theory such
as QCD, to give an effective Lagrangian for ,p mesons. This effective Lagrangian
admits soliton solutions which have the correct spin-statistics to be interpreted as
baryons, giving baryon properties to =30%.
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(iv) Testing the HLS Model

Given the pivotal role of the HLS model of vector mesons, as described in the
previous section, in constructing effective chiral Lagrangians for hadrons it is
important that the model be fully tested. Preferably this test should be in a different
sector of physics to that in which it has already been used; a test independent of
parameter choice would be even stronger.

The notions of vector dominance (VMD), p universality and KSRF relation
have long been established. However the core of the HLS model is that the p

mesons are non-abelian gauge bosons. This is manifested in the 'self-interaction'

vertices that are generated from the V,, field kinetic term (see appendix B rules 3 to
8).

In fact the non-abelian nature of the p meson in this model does not seem to
have been considered at all in the literature. The model has simply been found to be
very useful in one sector of physics and any other sectors of physics that it might
describe have been ignored.

Data on the process yy—pp is an ideal testing ground for the model; the
experimental data [24]-[31] on yy—pp is very well established and there is a
distinctive difference in the magnitude and shape of the cross section between the
charged and neutral channels. There is also the added attraction that this data is still
open to a 'conventional type' explanation, more details of this in chapter 3.

The couplings for Yy—pp are fixed by the gauge nature of the interaction, so
there is no 'fine tuning' required. In fact at the tree level Yy—pp is purely a
consequence of the p being a non-abelian gauge boson.

It might seem that with the pp threshold at Vs=1.54 GeV that the process is at
too high an energy scale, given that the chiral (pion) Lagrangian are used at Vs the
order of a few hundred MeV. However in the Skyrmion picture the energy réfnge has
already been exteneded up to Vs=2GeV, calculating nucleon masses and so on

although it is not necessarily clear what fraction of the proton mass is generated by
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the model in this high energy range. Extending the energy range upwards being very
much the approach advocated by Ball [20]. So if the HLS model really is to be an
effective theory then it would be reasonable to expect it to describe the process

Yy—pp (perhaps to =30% ,the sort of accuracy achieved in Skyrmion physics).
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Chapter 3 _yy— VYV Physics

1) Introduction
The two photon production of vector mesons

W ViV, Vi Epokhe

is a process that has aroused a great deal of interest since the observation [24]-[29]
of a very large cross-section for the process yy—pOp® near threshold, see graph
(3.1). This was because the data turned out to be about an order of magnitude larger
than the "VDM prediction" [22] and was consequently an interesting process because
theory appeared to be (drastically) wrong.

The large pOp® cross-section is frequently referred to in the literature as an
‘enhancement’, however Poppe [23] stresses that the term enhancement arose "... a
discrepancy by a factor of 10 between the first data [24],[27] and a "VDM"
prediction [22]. This "VDM" prediction is a simple pomeron exchange amplitude and
hence, the prediction is only valid in the limit W—eo . The large discrepancy on the

other hand occurred right at the p%p0 threshold”. So a suspect argument fails to

describe yy—p©°.

The large cross-section at threshold suggests that the mechanism underlying
the reaction could be resonance (R) formation

Y

Where R is a 0+ qf resonance (q=quark) with I=0,1 . The ratios of the the various
cross-sections o(yy—V,V,) are calculated in appendix F according to such a

possible resonance interpretation, basically the different channels are related by the
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SU(3) Clebsch-Gordon coefficients.

In the case of yy—pp it is found that
o(YY—>'R'—-p*p~) =2 o(yy—>'R'—=p%?) (3.1)

The upper limits on yy—p*p~ have been given by the JADE Collaboration [30] and
more recently a more detailed analysis by the ARGUS Collaboration [31], yy—p*p-
has a completely different shape to yy—p0p0 . The cross-section rises to a peak of

=40 nb at around Vs=1.9GeV and then tails off at higher energies. So in summary

-;— I=0 'qq resonance

olyy=—p%0% (3.2)
o(ry—p*p7) > 1 (=4) experiment

The simple SU(3) resonance model is in serious disagreement with the data,in

fact giving the ratio (3.2) completely the wrong way around.

Thus the data on yy—pp cannot be "explained” by 1=0,1 qq resonance
formation alone. However it is quite instructive to compare the above with the rest of
the SU(3) resonance predictions for the other channels. The reactions Yy—wp©[38],
YY—0n[39], w—»k*°§7“-°[40], yy—k*+k*- [41] see graphs (3.2), (3.3), (3.4) and
(3.5) (and yy—p*p~ [30]) all have a definite 'bump' at around Vs=1.9GeV. It is

obviously tempting to interpret this as being the same effect, ie same resonance, for

all these channels.

Expressing the cross-sections as multiples of o(yy—wp?%) one has the

following results:
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TABLE Multiple of Predicted cross-section Experimental
3.1 o(yy—wp®) at Vs=1.9GeV (nb) Data (nb)
o(yy—>wpd 1 Input 30+8
o(Yy—ow) 25/18 41.6%11.1 20
o(yy—p*po) 259 83.3+22.2 40+10
o(Yy—p%% 25/18 41.611.1 =40
with 's'
o(yy—=>k**k*) 2509 83.3122.2 54+18
o(Yy—k*ok*0)  4/9 13.343.6 62
without 's'
o(yy—k**k*-) 16/9 53.3114.2 54+18
o(yy—k*ok*0) 19 3.3%0.9 612
o(YY—0) 0 0 <1.7
o(yy—>99) 2/9 6.6£1.8 <7.1

TABLE 3.1 SU(3) predictions at Vs=1.9GeV

Firstly note that the p+p~ cross-section is a factor of 2 too large, that for ww is
not much better, but given the error in o(wpO0) the result is that the discrepancy
between the SU(3) prediction and experiment is for these two channels is only about
two standard deviationswhich is not too bad given the accuracy of the data. And, of
course, the fit is better than the factor of 8 difference (nearly an order of magnitude)

of equation (3.2). The mass of the s§ resonance 's’ is not expected to be degenerate

with m and m,, so it is not clear that the amplitudes due to s’ exchange should be

added coherently to the other amplitudes. Thus cross-sections for the k*k* system

have been quoted for both "with" and "without” the 's' exchange part, although it

would be perhaps better to try to estimate this degree of coherence quantitatively. In
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fact the results "with' seem to be in pretty good agreement with the data. The
predictions for the K¥K*, wg and ¢¢ systems are much better and certainly not
differing by an order of magnitude. In fact the recently presented data on yy—k*+k*-
[41] gives

<o(y—k*'k*)

<o(yy—k*k*%) >

= 78+3.7 (3.3)

which should be compared with the prediction from Table 3.1 of 6.25 with the 's'

intermediate resonance and a ratio of 16 "without" 's'.

(ii) Models for yy—>VV

The 1=0,1 intermediate resonance picture would seem to work quite well
around the bump at Vs=1.9GeV for the K*K*, w¢ and ¢ final states, but the large

threshold cross-section for yy—p%p0 cannot be explained by a straightforward 1=0

resonance mechanism.
There are several contrasting approaches to a theory for yy—pp, bomn as a

result of the so far apparent failure of any "conventional" explanation.

Four-Quark Models

If one assumes that yy—pp proceeds via an I=2 resonance (R), then

Clebsch-Gordon coefficients give
olrt-p*p) =1 o) (3.4)

which at least gives the ratio (3.2) the right way around. However it is still not
enough to reproduce the experimental data assumming that the mechanism in yy—pp

was entirely due to an I=2 resonance.
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If one considers a model consisting of I=0 and =2 resonances which interfere
constructively in the neutral channel and destructively in the charged channel then a
‘Tesonance mechanism' interpretation for yy—pp is tenable. This requires the
introduction of 'exotic’ four-quark states (Q2 Q2) with I=2.

There are two groups [45]-[50] working on the four-quark model of two
photon production of vector mesons. Although their approaches differ in detail, the
basic idea is the same.

The proposed mechanism, Fig.3.2, is that the incoming photons 'change into'
Qector mesons via the vector dominance model (VDM), these mesons then interact to

form four-quark states which then decay ("fall apart mode") into two vector mesons.

Four quark states with JPC(IG) = 0++(0*, 2+) and 2++(0*, 2*) have been considered
by Johnson and Jaffe [43],{44]. Jaffe [44] has calculated the Q2Q2 masses in the
MIT bag model, yielding the following states which are very close to the pOp0 peak
at Vs=1.6 GeV

masses : 1.65GeV 2% , 1.45GeV (07) , 1.80 GeV (0™)

The amplitudes Q2Q2—V,V, (and consequently Q2Q2—yy by VDM) are
calculated using the MIT bag model results [43], [44] and are then combined to give

the S-matrix element <V,V, 1S yp>.

Thus the S-matrix element , say, < p°p°1 S | yy> can be calculated according

to the bag model for whichever intermediate resonances (given the restrictions of
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spin and parity) the model builder decides to input. Both Li&Liu [45]-[47] and
Achasov et al [48]-[50] use the 3 Q2Q? states (one I=2 and two I=0 states) whose
masses were given above and lie in the region of the pOp0 peak . Taking the I=0 and
the I=2 amplitudes for the process YY—pp to be Ay and A, respectively then the

Clebsch-Gordon coefficients conspire to give

A(yy—p%9 = A+ 2A,
Alyy—ptp) =\2 A - V24, (3.5)

In the first approximation Ay= A, , resulting in a suppression of the p*p-
final state; this was predicted by Achasov et al [48] before the upper limits on
o(yy—p+p-) were available from JADE [30] and was "post-dicted" by Li&Liu [45].

Both groups fit the model to the data by tuning the parameter 'a’
[451,[471,[48] and [49] (nothing to do with the parameter'a'discussed in chapter 2!)
and parameters 'a;' in the case of Achasov et al [50]. A good fit to yy—pOp0 is
achieved, but the cross-section for yy—p*p~is well below the upper limits set by
JADE [30]. The bulk of the effect is due to the interference between the 2++(1=0,2)
states with a small contribution from the 0++(1=0,2) states.

Although the four quark model makes a definite prediction that near threshold
the states coupling to vector mesons have spin-parity J#=2+. The early J® analysis by
the TASSO Collaboration [25] found that the p%p0 cross section basically consists of
positive parity states, in particular that the 0+ state dominates at threshold which is in
disagreement with the four quark model. However recent analysis from the PLUTO
Collaboration [29] again finds that positive parity states are definitely favoured and
specifically the 2+ state in the wide range 1.2GeV<Vs<1.8GeV, but the 0 state is
not necessarily excluded at low Vs. In fact Feindt [51] has stressed that there is no
evidence for a single JP state dominating.

Unfortunately the four quark model is unsuccessful in the predictions it makes

39



for other V,V, channels.

The ARGUS Collaboration [38] data on yy—wp shows a definite bump of
=30nb at Vs=1.9GeV whereas the four quark model [45] and [50] predict a bump at
Vs=1.6GeV and cross-section of =25nb. The data [38] also has a bump indicating
a,(1320) formation. The predictions [45]-[50] for yy—ww and yy—k*k* (charged
and neutral channels) are too small by an order of magnitude, again with the bump at
the wrong energy. Although the ratio of the two k*k* channels predicted by the four

quark model is in agreement with the data [41]

7.843.7 experiment

<ok k*)> {
< SOYY—k*K*) > 4.0 - 8.0 4 quark model

The only other channels, other than pp which was fitted to the data anyway,
that are still compatible with the four quark model predictions are the upper limits on
Yy—w and Yy—->¢¢ [42)].

It should be noted that the parameter(s) 'a’ are completely free and in reality
may take different values for different channels. In this way, as stressed by Maor

[52], the different channels are in fact somewhat unrelated within the context of the

four quark model.

t-Channel Factorization
The t-channel factorization model for Yy—p%? by Alexander et al [53] is a

more conservative approach, by comparison with the ‘exotic’ four quark resonance

models, to the problem of the large o(yy—p%p?) at threshold.
The model relates the Yy—V,V, cross-section to photo-production and

nucleon-nucleon scattering cross-sections; the basic assumption is that:
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6'(N->V_N) G(fN-V_N) F?
oor-V,V,) = D, ! 2w

. (3.6)
; G'(NN-NN) F F_

The above factorization relates matrix elements for different processes and so
corrective flux factors F;; have to be included to account for the different masses
involved.

The sum in (3.6) is over different exchanges, Pomeron, pion,....
Factorization is a high energy property relating matrix elements, so it is clearly a
major assumption that the factorization can be extrapolated down from high to low
energies, the pp threshold.

Assuming the process yy—p9p0 to be dominated by pomeron exchange and
taking experimental data for YN—p®N and pp—pp Alexander et al [53] reproduce
the large cross-section at threshold and the general shape of the observed
o(yy—pOp%). However the model is unable to give any results for yy—p*p-, as this
is a non-diffractive process; and factorization for this channel is unreliable [53].

Thus if the t-channel factorization is correct, it would ‘explain’ why the p*p-
and pOp? cross-sections are so different, as they would be proceeding via different
mechanisms.

However the t-channel factorization model has recently come in for quite
extensive criticism. Kolanoski [54] claims that the large o(yy—p%p?) at threshold
cannot_be accounted for by a pomeron exchange mechanism, whilst Achasov and
Shestakov [55] claim that there is no theoretical justification for using the
factorization of amplitudes at pp threshold.

The t-channel factorization prediction [53] for yy—wp is incompatible with
the data [38]; the model gives a peak of =18nb at Vs=1.6GeV and then levels off to
=5nb at energies >1.8GeV whereas the data [38] has a definite bump , as previously
mentioned, at Vs=1.9GeV with a maximum cross-section of=30nb. The model

prediction for yy—ww is also incompatible with the data [39] the shape of the curve
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is different , although it is explicitly stated in [53] that the t-channel model
predictions for Yy—ww are "unreliable”. There are no predictions for yy—k*k*
because there is no input data, finally though the prediction for @p? is within
experimental limits [40]. But the processes yy—wp,p*p—k*k* are not diffractively
dominated in the 'pure’ t-channel view, so it is not only the ww final state that is

badly predicted from this point of view.

Hatzis and Paschalis [56] have caculated o(yy—p%p9) in a theory with tree
diagrams involving pseudoscalar meson (m,1,n') exchange.They have obtained a
reasonable fit to the data putting in, 'by-hand’, vertex form factors, although their
model gives a cross-section which is less steep after threshold than experiment. They
do not calculate o(yy—p*p~). However more serious to their approach is that
exper'}nent [24]-[29] has ruled out the O state, the angular analysis indicating that

the pOp0 final state is dominated by 2+ with a sizeable contribution from 0*.

QCD

Brodsky et al [57] have calculated cross-sections for the non-diffractive
processes yy—p*p-, k**+k*-, k¥ok*° in perturbative QCD. USing a dual picture
between perturbative QCD and resonance production to calculate amplitudes for the
process 'yy—>q(°1Q(_2, where the mesons are qQ and Q. The main assumption is that
the picture remains valid as the model is extended downwards in energy, down from
the high py region where perturbative QCD is generally valid to the'pp' threshold
region of Vs=1.0 - 2.5 GeV.

The calculation of Yy—p*p~ [57] appears to be quite successful, less than the
upper limits set by JADE [30] but the shape of the QCD curve is in agreement with

the data. Unfortunately the recent data on the k*k* final states [40] and [41] is in
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serious disagreement with the QCD predictions [57). The prediction for w—>k*°E*_°
is smoothly varying with a maximum of =1nb at Vs=2.5GeV whereas the data [40]
has a peak of =6nb at Vs=2GeV and drops sharply to =Inb at Vs=2.6GeV; so the
shape and magnitude of the prediction is in contradiction with the data. For the
charged channel yy—k*+k*- the QCD prediction is nearly an order of magnitude out,
the data shows a peak of =54nb at Vs=2GeV whereas 'QCD' predicts a peak of
=7nb at Vs=2.4GeV. Although it is interesting to note that in [57] they give the ratio
of the charged to neutral channel cross-sections to be =8, which is certainly in
agreement with the data equation (3.3). However this is a rather specious result
because examining the graphs in reference [57] it can be seen that this ratio is only
true at Vs=2.4 GeV, whereas the ARGUS Collaboration [31] and [41] take the ratio

of the averaged values.

One Kaon Exchange Model

Recently Achasov and Shestakov [55] proposed that the observed 'bump’ in
the k*ok*o system, at Vs=1.9GeV, could be described by a reggeised
one-kaon-exchange(OKE) model. By fitting their parameter 'B' they obtain quite
good agreement with the data on yy— k*ok*o [40). A prediction for the ratio of the
charged to neutral channel cross-sections was made using this model [55]; this

prediction was soon shown to be in serious disagreement with data [31] and [41].

o -i- OKE model
<o(yy—=k* k*)> _ 5.3

<o(yy—=k*k*) > 7.843.7 experiment
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(iii) Conclusions

A large cross-section for Yy—p%p0 has been observed at the threshold, the
data on yy—p*p~is a factor of 4 smaller and has a different shape. This is
surprising, and a single I=0 resonance mechanism for the process is untenable.

The four quark model explains the large ratio

olyy—p%% _ 4

as an interference effect, which arises naturally, between 'exotic’ four quark states
(which are not necessarily 'natural’) with I=0 and I=2. Unfortunately the four quark
model predictions for the other channels are in complete disagreement with data
(except for the ¢ and ¢¢ final states for which the upper bounds are still in
agreement with the model but this could change with better data), the indications
being that another resonance structure is required at Vs=1.9 GeV.

The t-channel factorization model successfully gives yy—p0p? (ignoring
Kolanoski's claim [54]), but predictions for other channels eithe do not exist or are
in disagreement with experimental data.

The QCD predictions for channels other than yy—p*p~either do not exist or
are in serious disagreement with the experimental data, although the calculation for
YY—p*p~ is in very good agreement with data.

The possibility of a conventional explanation for yy—pp cannot be discounted
[23] and [55]. It remains unclear whether or not the channel pp is related to the other
V,V, channels, ie do they proceed via the same mechanism?

Given that p dynamics are supposedly described by the HLS model of vector
mesons, as used in Skyrmion physics, then the model should be tested to see
whether or not it correctly describes the experimental data on yy—pp. The HLS
model includes a yp*p~ vertex, giving a Bom term for yy—p+*p~ analogous to
vy—rtr—, which Poppe [23] regards as a serious omission from the current 'exotic’

models.
The HLS model certainly has a number of attractive features to recommend it
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as a candidate 'conventional' explanation for yy— V,V, . For instance the model is
based on an extension of a well established chiral (effective) Lagrangian, the p field
enters as a gauge field in a covariant derivative. The model is also easily extended to
the other vector mesons simply by enlarging the hidden symmetry H,,,;, to U(3)y
in order to include the w, k* and ¢ (this also requires the chiral group G to be
enlarged to U(3); xU(3)g ).

In a sense the HLS model is complimentary to the QCD approach of Brodsky
et al [57] (and the t-channel factorization approach of Alexander et al [53]) because
the chiral model well known to be good up to Vs=300MeV is being extrapolated
upwards in energy. This is very much in line with the approach advocated by Ball

[20] for constructing effective Lagrangians for mesons and baryons.

Finally the data on yy—pp is a particularly attractive process against which to
test a model because of the highly distinctive nature of the charged and neutral

channels.

AR PO R TR LI PR S
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Chapter 4 _Tree-Level Calculation

(i) Introduction

Having motivated in chapters 2 and 3 the need to consider the process
YY—pp in the context of the HLS model of p mesons, the model is used to calculate
o( Yy—pp) in first order perturbation theory.

At the tree level the process Yy—p*p- is given by, using Feynman rules

3&6 in appendix B, the following three diagrams:

k
1 . g k, i )
YAVAVAVAVAV) ot yd\/\f\/\/\f A
Tkz'kl +
y_’\!’\f\»f\l\{b y T_’p- y'VWU\{tU B -
k 4
2 ¥
p*
o
+ Fig. 4.1
T
o-
Y

The Feynman amplitude corresponding to Fig.4.1 is of the order e2.
However the process Yy—p90 is exactly zero at the tree level. Thus the model at the

tree-level is in contradiction with the experimental data which gives

M >1 (=4) (3.2)
o(yy—p*p)

This has been observed by myself [S8] as well as Moussallam [S9] and
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Achasov Sheshtakov[55]; Moussallam has also calculated o( YY—ptp-) at the tree
level but the latter only note the tree level failure and do not actually calculate

o(Yy—p*p~) to see how close it is to the experimental value.

(ii) Calculation

The four momenta k; (i=1,2,3,4) in the centre of mass frame and the
Mandelstam variables s,t,u for the process yy—pp are given in appendix A.
Using Feynman rules 3&6 the diagrams in Fig. 4.1 yield the following
Feynman amplitude :
MO () { ie (g™, vk M+ gk - 2k)% g™ (k,- 2k,)F)

(-5, + (k) (k) /m”)
ek m’
xie ( g™k, + k)'+ g (k,- 2k )™+ g™(K,- 2k,)")

X1

+ ( the above term with k > k, and o interchanged )

+ 1 62( gu gnl_*_ gulgﬂB _ 2gﬂ.ﬂgﬂl) } (4'1)

From now on m will be taken to be the p mass , unless otherwise stated.
Each of the external particles has associated polarization vectors (given in appendix
C), which project out definite helicity states. Given a particle of four-momentum k%
and polarization vector g,(k), then g,(k) must satisfy the 'subsidiary condition’
kog (k)=0 (4.2).

Appling the subsidiary condition (4.2) to each of the external particles in
Yy—p*p~ means setting '

K=Kl =kl =K, =0 (4.3)

which considerably simplifies equation (4.1). The Feynman amplitude with (4.3)
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applied will be denoted M,o"BA | thus:

anBi

W =2 { grghe 2 gyt 4 D golg

t-m u-m

2
= (PG + gh0E K+ k5

t-m

- (P51 + XKD + K] 16+ KGkE)

u-m

BT g - P I giiB ) ] (4)

The total unpolarized cross-section is given by averaging over intial photon

polarizations and summing over the final p meson polarizations, hence

2
e 1 4m 2
o(yy—-pTpT) = PR 1-—— }dQ |1 (4.5)

2 1 2
= - €. E € E E
IMi 4 elaez 838 40 1o 2m 3B 4N

polarizations

M anBi M *CTBA

(4.6)

For a photon of four momentum k the polarization sum in general is :

e ®eM=-g, P [k kg (k) n+ k)]

pel 4.7)

Where n= (1,0) and for a p meson of four momentum k the polarization surn‘is
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k k
E e e k)=-g + —=b (4.8)

pol m

A problem, as first noted by Pesic[60], arises when the subsidiary condition
(4.2) is applied to amplitudes involving two or more photons. First of all consider a
U(1)er, invariant amplitude M, with one external photon with polarization vector
€4(k) so that M = g,(k) M®; as a consequence of the U(1),,,, gauge invariance one
has the result k, M®= 0 (4.9). As a result when M is 'squared’ and the sum over
polarizations is made equation (4.9) means that only the -g,g term in equation (4.7)
contributes, all the others give zero. Thus
; e & MMB= —g MoMP (4.10)
The amplitude MoB* (4.1) is U(1),,, gauge invariant, ie
kmM“"‘Bx =0= kZuM“"B* (4.11)

However the problem, alluded to earlier, is that the amplitude with the subsidiary

conditions applied for both photons ( %8 ) is not U(1),,, gauge invariant. In fact

anfh _ 2 BA
k N77=2e g
kW= 27 ke gt (4.12)
2n
So the "trick” used to obtain the simple polarization sum (4.10) cannot be

used in the case of calculating IM 12 (equation 4.6). It has been shown [60] and [61]

that the correct fornmula for the polarization sum is

2 1 anpi u’n’B'l'- 4 g BW
=2 (g g W W ge'gf g )
k. k k
3B 3B (g 4 A 4
(et = ) (gt " ) (4.12)
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This is easily shown by substituting equation (4.7) into (4.6) for each of the
two photons and using equation (4.12) (where it is essential that the photons are
‘on-shell’); and the p meson polarization sums are given by equation (4.8). This is
the method employed by Pesic[60], who proves a similar formula for the related
process Yy—ss (s=scalar) and quotes the result for yy—vv (v=vector). Whereas
Tupper and Samuel [61] prove a more general result, which is then specialised to
YY—>Vv, it is not clear if this generalised result gives any further understanding.

Finally it should be noted that (i) no such problem occurs for massive vector
fields and (ii) if only one of the subsidiary conditions is applied for the photons then
equation (4.10) can be used for both photons.

Putting equation (4.4) into equation (4.12’) gives, after some work (&

without the need to resort to the use of REDUCE),

4

2
Ml = -° {-l-x(l-x) 2+ la% (4x2- 4x+8+-3-)z2
2 .22 °2 4 X
(af-2") 3
1, 2
+2-a1 (-2x +2x+8-;+;5-)
+2 (3x+ 45> 4x) (o - 2’ }
(4.13)
Where o, = and z is the cosine of the scattering angle,

s -4m

S
as defined in appendix A ; and x = :—5
m

Putting the equation for [MP (equation 4.13) into the formula for the
unpolarized cross-section (equation4.5) and performing the solid angle integration

gives:
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411:0. 4m { (12m 6m )

o(ry—p*p7) = a, Qya,)
2 4
+ iz ( 2+ 31 é.nl. }
m 2s Sz
“4.14)

1
Where Q. (z) == ln( al ) as defined in appendix A.

1
Where Q(z) = 5 ln( ) as defined in appendix A.
o =e2/an = 1/15/ 1S thé tine structune constant.

Note that as s—e, 50 0.,— 1, and equation (4.14) has the following limit:

olyy—ptp-) = 212
S—yo0 m (4.15)

It is interesting to note that Yy—W*W- has already been calculated [60]-[62] )

basically the same calculation as the one above, but in the Standard Model; this was

for the purpose of calculating the production cross section for W*W- via two

photons at e*e- machines ie ete-— e*e- W*W- . The cross-section for yy—»W+W- is

found to be very sensitive to the magnetic moment (x) of the W. Thus measurements

of yy—>W+W- at future machines are hoped to give indications of possible deviations

from the Standard Model. It is also worth recalling that part of the motivation for

testing the HLS model at =1GeV is that the model is also considered a prototype

effective Lagrangian for Technicolour theories =1TeV.
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(iii) Results

The HLS model calculation of o(yy—p*p-) in first order perturbation
theory is now compared with the experimental data [30] and [31]. Working with Vs
and m in GeV, then equation 4.14 will give the cross-section in nanobams (nb)
when 4.14 is multiplied by 389390, using the fact that (1GeV)-2 = 389390 nb.

The cross-section is evaluated around the maximum of the experimental data
on o(yy—p*p-) , ie at Vs = 1.96GeV, and around the peak of the experimental data
on o(yy—p%0) at Vs = 1.66GeV.

Experimental HLS model
Vs GeV o(yy—p+p-) nb o(yy—p*p-) nb
1.96 42 583
1.655 25 367

The HLS model gives a cross-section generally an order of magnitude larger
than the experimental data. Comparison of the plot of (4.14), graph (4.1), with the
experimental data [30] in graph (3.1) shows a very large discrepency, not only is the
model an order of magnitude too large but also the shape of the curve is quite
different to that observed; ie the model tends to a large constant value, whereas the
experimental data tends to zero.

Although, of course, since the HLS model is supposedly an ‘effective
theory' there is a value of s (S,.fr) above which the model would not be believed
anyway. Unfortunately even below Vseuofr = 2.0 GeV the model gives a
cross-section for yy—p*p~ which cannot be reconciled with the data; at thitree-level
at Jeast.

By expressing the helicity amplitudes as partial wave amplitudes the

cross-section ¢ can be written as

o=, (@+)g @.17)
J
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Where J=IA,- A and A,- A= the total angular momentum of the Yy system projected
onto the z-axis. So J=0 or 2,as J=1 is not allowed.

To a very good approximation a helicity amplitude Mabed for yy—p*p- is
given by the first non-zero wave in its' partial wave expansion, higher waves being

ignored. Using the result
Jdﬂ M = 4 D 201y 1 T (4.18)
]

and the relations between the various T2bed amplitudes (see appendix C) one obtains:

5 = 1-—(| T P 1T R T 00
32ms (4.192)
6 =0 (4.19b)
6, = 1--—(IT ER R L L
2 321 §
20T, 02T, P2 )
(4.19¢)

The cross sections G, 0, and 6o+ 50,_are plotted in graph (4.2) for
4m2<s<Sm2, the J=2 component is substantially larger than the J=0 part near
threshold. This should be compared with the recently presented analysis of
w—;p+p- by the ARGUS Collaboration [31] who find that the JP states 0+ and 2+
dominate about equally, with a peak at Vs=1.9GeV. Interestingly the J=0 and the
J=2 contributions in graph (4.2) actually coincide at s=6.0m? ie at Vs=1.9 GeV.
However it should be remembered that the magnitude of the HLS model cross
section for the charged channel at tree level is too large by an order of magnitude, as

well as the shape of the cross section being in disagreement with the data.
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(iv) Conclusions

The HLS model fails at the tree-level to describe the process yy—pp. With
Yy—pOp0 exactly zero at the first order indicates a problem for the model, but then
calculating o(yy—p*p~) and comparing with the experimental data shows the
tree-level failure to be even worse than indicated by simply noting that

o(yy—p°p%= 0, as was done by Achasov & Shestakov [55].
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hapter S_Loop Calculation I

i) Introduction
The tree level calculation fails, giving

oly=-p%% _ g (5.1)
o(y—p*p7)
in contradiction to the experimental data which gives the ratio to be >1.
The KSREF relation (equation 2.23) can be used to determine the HLS
(SU(2),) coupling constant f. Taking as input m =770 MeV and the pion decay
constant £,=93 MeV gives f=5.85, this is a large coupling constant.In the spirit of

chiral perturbation theory [5] and [63] one can make an estimate of the one loop

effects, consider the simplest loop diagram for yy—pp , with intermediate p's.

Fig. 5.1

Neglecting the spin complications of the p and ignoring the external

momentum dependence of the loop, the diagram in figure 5.1 is written as

j X My, (5.2)
(q*-m**

S0 Mg, looks like a modified seagull diagram, the 2 coupling arises from
the RHS of figure 5.1. Assuming that the loop integral has a cut off A equation 5.2

becomes
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£ 2
M _ =— (A
loop 1612 ln(mz) Mm 5.3)

Taking A=1.3-1.4 GeV indicates that the loop amplitudes could be at least
25% of the tree-level amplitudes and possibly larger since equation 5.3 is a rather
crude estimate ignoring s dependence, particle spin etc .

The loop corrections, in the light of the above estimate, to yy—pp should be
calculated to check whether or not there is a conspiracy between helicity amplitudes
such that the loop corrections for yy—p+p- are large enough, and of the correct
relative sign, to decrease 6(Yy—p*p~)ye Dy an order of magnitude and increase
o(1Y—=p%%9) e from zero to =100nb.

Given the estimated size of the loop corrections it is very important to be sure
that the non-abelian nature of the p meson in the HLS model really has been tested
and from the vy physics standpoint any model which might offer the possibility of a
‘conventional' explanation yy—pp should be thoroughly investigated (or perhaps
more realistically to show that extrapolating a chiral model upwards in energy is not
whole story with regard to yy—pp). Although it would be a most unsatisfactory
"effective" theory if all the important processes entered at the loop level.

Moussallam's attempt [59] to generate a non-zero o(yYy—>p%0)in the gauged
chiral model is based on a 'k-matrix' approach of unitarizing the amplitudes
generated by his particular version of the model. In the preprint form of reference
[59] the k-matrix method was applied to amplitudes generated by the tree and one
loop diagrams, with this he was able to generate reasonable results but under the
rather questionable assumption that the real parts of the loop amplitudes are
negligible. Thus further motivating a one-loop calculation of Yy—p%? in which one
calculates both real and imaginary parts and so tests the HLS model at fgce value
with no further input other than a cut off in the chiral loop expansion.Howevér in the
version that has recently appeared in print [59] it would seem that Moussallam has

taken only the tree-level amplitudes for the k-matrix, which is probably less accurate

56




than including the loop effects.

It is interesting to note that an analogous calculation by Bijnens and Comet
[64] and Donoghue et al [65] of yy—s7r in chiral perturbation theory [5] and [63]
has yielded reasonable results. Using a U(1),,,, gauged chiral lagrangian it is found
that whilst yy—w*n- is non-zero at the tree level the neutral channel yy—non0 is
exactly zero, just the same situation found for the process Yy—pp in the HLS model.
- Calculating the one loop corrections to yy—7n in chiral perturbation theory gives
reasonable agreement with the experimental data, although they have the distinct
advantage that there are no "box diagrams" in their approach. This encourages us to

examine the one loop corrections togy—pp in the HLS model.

(ii) Method
The usual method for calculating loop diagrams is through the Feynman

parameterization of the loop, leading to multi-dimensional scalar integrals. The
degree of difficulty of the integrals increases with the number of internal lines in the
loop, the powers of loop momentum in the numerator of the loop integral; this is as
well as the possibility of the particle masses conspiring to produce anomalous
thresholds. In principle these integrals can be performed analytically [66], although
the Spence functions resulting from this approach quite often have to be evaluated
numerically [67]. For yy—pp the analytic approach [66] this would be an extensive
task and inexpedient since only an estimate (=20-30% cf Skyrmion physics
accuracy) of the integrals is required.

The obvious approach is to thus to perform a numerical integration over the
Feynman parameters. Unfortunately the loop diagrams with intermediate p's (and
7k,...) develop singularities in the s-channel; extracting the real and imaginary parts
from numerical multi-dimensional integration is unfeasible.

Motivated by the above problems it was decided to take a dispersive approach

in the evaluation of the loop integrals. It is relatively straightforward to evaluate the
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imaginary part of the integrals by using the Cutkosky rule [68], the real part is then
reconstructed from the imaginary part using a dispersive integral derived from
Cauchy's Theorem. Consider a simple example of exactly how this is expected to
work.

The simplest one loop diagram for yy—pp is the bubble diagram, constructed
from Feynman rules 6 and 5/8 (appendix B)

The basic loop integration for this diagram is

4
f - d L = 2n 1 (s) (5.4)
(qz-m +ie)(r" -m" +i€)

It is shown in appendix D (equation D10) that the Cutkosky rule yields

4m2
=L - — 5.5
mLE) =2y [1-— (5.5)

The dispersion relation D.14, derived from Cauchy's Theorem in appendix D,

is applied to equation (5.5) to reconstruct the real part of I;(s) giving

" 2
ds' 4m
10 =5 [——[1- 5 5.6)
,S"-s-ie
4m
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The HLS model is supposed to be an effective theory and as such is only
expected to be valid for s<s., where s, is the cut off (2A=Vs_). Where a reasonable
cutoff is in the range 2.0 GeV < Vs, < 2.5 GeV, above the pOp? threshold peak.

So the model is not believed for s>s; and any effects above s, are ignored
since any attempt at incorporating the region s>s_ is outside the scope of the
calculation, recalling that an estimate (to =30%) of the loop corrections is

required.Thus the function Im I;(s) is modified to

12‘- 1- dm_ s<s,
Im I,(s) = s (5.7)
0 §>8_

that is to say we only believe the integrand up to s, so that the dispersive integral

equation 5.6 becomes

5
s 2
1 ds' 4m
I](S) = —2- 1- -?— (58)

s'-§ - i€
4m2

It is interesting to note that the use of dispersive integrals to calculate
scattering amplitudes (at the one loop level) is reminiscent of the "Analytic S-Matrix"
approach to the strong interactions, but instead of 'postulating’ the imaginary parts to
have some simple 'pole-like’ form the HLS model explicitly gives the imaginary part
through applying the Cutkosky rule to the loop diagrams.

The integral 5.4 is logarithmically divergent but in the dispersive approach
being adopted here the integral (equation 5.8) is finite, since the integral is simply
cut-off above that point at which the model is expected to fail. One covariant way in
which the integral 5.4 can be regulated (made finite) is the Pauli-Villars (PV)
method, whereby the replacement
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1
-1 - (5.9)

Em’ -mt - Al

is made in 5.4 and it is assumed that A»m. This corresponds to putting in a very
heavy particle exchange term, and basically "subtracts out" the bad high energy
behaviour of 5.4.However in the case under consideration A=2m, so the PV method
introduces an unphysical pole very close to the origin of the Zs plane and since, in a
sense, it is the singularity structure that is controlling the physics it can be seen that
the PV method has the most undesirable effect of introducing extra "physics" which
is not really part of the model. The PV method of cut-off is unviable. Closely related
to the PV method is that of Dimensional Regularization but again that is unviable,
because the "extra" singularity is still present it simply has been shifted to the
dimension (D) of the integral, where D=4-1,and one gets terms like 1/} from an

integration which obviously diverges as n—0.

Alternatively to the PV method in the usual dispersive approach, where the
integration is over the interval [4m2,e0), the integral 5.4 is made finite by means of
the subtraction constants. For example Yy scattering amplitudes[69] are taken to be

zero when s=t=0, in which case 5.6 would be rewritten

1 ( 1 1 4m
il(S)-:—JdS'{ - — } 1 = — (510)
2) ssde s-ie §
m

4

so that I,(s) is finite and I;(0)=0.

Because the p has a finite width there is a nominal threshold of s=4m? for
vy—pp. The o(yy—pp) is non-zero below the nominal threshold, substantially so
in the neutral channel which peaks around s=4m2. Thus making subtractions at,
say, nominal threshold to the dispersive integrals for yy—>pp amplitudes would

mean a loss in predictivity for the model. This would be most unsatisfactory.
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Equation 5.4 is the simplest loop integral, but in the process Yy—pp there are
‘bubble’,'triangle’ and "box' diagrams (2,3 and 4 internal lines repectively) each
with up to 4 powers of loop momentum (q) in the numerator (this includes those
terms that are unrenormalisable).

To ensure that the dispersion relation 5.8 is used correctly it is essential to
seperate out the external kinematical factors from the "invariant amplitudes", to

which the dispersion relation 5.8 is applied. As an example consider the bubble

diagram integral :

a B
j ¢'4—— L= 2ni (g%, + k%P (1))
(q@"- m"+ie)( (g-k) - m"+ ig) s

The RHS of the above equation is the most general form possible, the tensor
can only be constructed out of the quantities g8 and k®and the invariant amplitudes
e; can only be functions of k2. It is shown in appendix D that the judicious
application of the Cutkosky rule gives Im e; j=1,2 as solutions to a pair of linear
equations which can be easily solved by hand; this becomes impticable for higher
powers of q in the numerator, and the triangle diagrams,so the algebraic programming
system REDUCE is used to solve the sets of linear equations. Taking the solutions
Im ¢; j=1,2 from appendix D and using equation 5.8 to reconstruct the real part of ¢;

gives:

Im e,(K'
ek ).-_[dk'2 o ) (5.12)
z k -ie
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(iii) Box Diagram Approximation

The invariant amplitudes for the bubble and triangle diagrams are functions of
only one of the Mandelstam variables s,t,u , and because there are no anomalous
thresholds associated with these diagrams when there is a p in the loop, a single
dispersion relation is a sufficient representation. Whereas the box diagram invariant

amplitudes are functions of two Mandelstam variables, for example consider the box

diagram below:
VAVAVAVAVAV q 4
s—» gk gk Fig 5.3
T
L »>-
— k
4

The basic integral (numerator=1) corresponding to this diagram is

4
.[ 2 2 ng 2 2 2 =2r%i W(s,) (5.13)
(@-m )(g-k,)"- mO)("- m)(q-k,) - m")

r=q-k;ky = q-k3-kq

The full analytic expression for P(s,t) is a double dispersion relation [69] in s and t.

‘P(s,t):l‘” Im(Im¥(s,t)) c?s dt (5.13)
n2 % (s'-s-ie)(t'-t-i€)

This is not true if the particles in the loop are light, (2m;,q,)<m, such as

7 k...[69] and [70] because the resultant anomalous thresholds introduce cuts into
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the s and t plane which makes the application of Cauchy's theorem much more
difficult. That is the double dispersion relations given by Costantini et al [69] are not
valid when any of the external masses are greater than the internal loop particle
masses. Brehm and Sucher [70] have addressed this problem in the context of
pion-deuteron scattering from a dispersive approach, but it is such that one is just as
well going to the 't Hooft -Veltman [66] prescription.

In fact the pnw and ynn couplings , Feynman rules 1 and 2 appendix B,
generate a box diagram with pion (or kaon) in the loop for the process yYy—pp; but
given the above difficulties with such diagrams it was decided to leave these until
one had a better indication of how the p loop diagrams behaved.

The region of integration R in the integral 5.14 is determined by the 'spectral
function' ImImW¥(s,t), we shall sketch over the calculation of ImIm'¥(s,t) here.

Holding t fixed let s increase from zero, at s=4m? there is sufficient energy for
pair production (just as in the bubble diagram case considered in detail in appendix
D) so the propagators (q2- m2)-1and (12- m2)-! go 'on-shell' and Im'¥'(s,t) can thus

be calculated (see appendix E equations E12/13) using the Cutkosky rule :

8(q2- m2) 8(r2- mz)

Im ¥(st) = jd“q — —— (5.15)
((g-k;)- m*)(qk,) ™~ m*)
Which reduces to a solid angle integration, giving
s 2 E  (s16)
Im W(s,t) = .
s(s-4m?) VA(s,t) VA(s.t)
where o, 0, and z are defined in appendix A and also
e 24 2o 1-
A(s,t) = ol + 0+ Z 1 2ala2z (5.17)
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Rewriting a,;, o, and z as functions of s and t A(s,t) becomes

AGs.t) = LM ((s-4m®) t*- 4m’(s-2m?) t - 4m®)
s(s-4m”)

The single dispersion relation (in s) for ¥(s,t) is

w(st)__Id'E’_‘@l

S§-S-1€
4m

(5.18)

(5.19)

However it has already been noted that the full analytic expression for ‘' (s,t)

is a double dispersion relation, this is because the function Im ¥(s,t) can itself be

written as dispersion relation in t. Assume that t>0 and allow t to increase then there

is a threshold ty(s), a function of s and not necessarily equal to 4m?2, at which point

the function Im W(s,t) develops a pole due to the propagators ((q-k3)? - m2)! and

((g-k;)? - m2)1 going 'on-shell’; this is calculated in appendix E and it is found that:

21r2
) t>to
Im(Im W(s,1)) = { S(s-4m") VA(s,t)
0 t<to

Thus Im ¥(s,t) can be written as a dispersion relation in t

Im W(s,t) = —1-

T

j: Im(Im‘P(s t))
t'-t-ie
Yo
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Inserting equation 5.21 into 5.19 gives the double dispersion relation 5.14
with the region of integration R defined to be
(s-4m°) - 4m*(s-2m%) t - 4m® 2 0
X (5.22)
$>0,t>0

The first part of 5.22 follows from the requirement that Im( Im ¥(s,t)) is a real

function of s and t, the second part is assumed when the Cutkosky rule is applied.

Equation 5.14 is the exact dispersive expression for W(s,t) so in the spirit of
estimating the loop corrections to 20-30% accurracy, ¥(s,t) is approximated by the

single dispersion relation in s with a cut-off. Equation 5.19 is modified to

Y(s',t
P(s1) = lJ gg mY¥E. Y (5.23)
ne, s'-s-ie
4m

Ignoring the dispersion relation in t is a reasonable approximation provided
that the cut on the real t-axis is "far enough away" from the physical value of t, that it

could only give a small effect. Rewriting equation 5.22 with x,y :=s/m2,t /m? gives
(x-4) y-4(x-2)y-4=0 (5.24)

This quadratic equation in t can be solved to give to(=m2y,), the point at which the

t-channel cut begins
yo0) = g (-2 + JXG3) (5.25)

Taking Vs=1.6GeV, which is around the p%p0 peak, then equation 5.25 gives
to(s)=16.5 GeV2 which is to be compared with physical values of t which lie in the
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range =[-1.05,-0.33]. Also t, is well outside the range Ity < (2.5 GeV/ m,)? = 10
where one believes the imaginary part of the loop diagrams. It is also interesting 10
note that the symmetric solution, ty = sy = 6.9, to (5.25) is also outside this region.
The function (5.25) is plotted in graph (5.1).

Thus the t-channel cut begins well outside the physical region for t in the

process Yy—pp.

(iv) Conclusions

The loop corrections to the process Yy—pp are to be estimated in the spirit of
chiral perturbation theory. This is to check the possibility of whether or not there is a
conspiracy between the helicity amplitudes causing the o(yy—p*p-) to be decreased
by an order of magnitude and increasing o(yy—p%?) from zero to=100nb.

The imaginary parts of the loop diagrams are given by applying Cutkosky's
rule, the real parts being reconstructed by an approximation to a dispersive
integral. The use of a single dispersion relation for the box diagram is an
approximation (for both real and imaginary parts), but one which is justified in the
kinematical region in which we are interested.

The cut-off parameter s, enters as the upper limit of the dispersive integral, s
is taken to lie within a range of values. It might be hoped to vary s_ so that the model

gives an optimum fit to the data.
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Chapter 6 Loop Calculation II

(i) Introduction

The calculation of the one loop corrections to yy—pp is an extensive task.
Although it is made easier by breaking it up into more manageable parts whose
results can tell us a lot about the progress of the calculation, rather than doing the
whole thing before trying to interpret the results. To this end first parts to be tackled
are:
(i) the process Yy—p9p? which is zero at the tree level, so that there are fewer
Feynman diagrams to be considered , for instance there are no "self-energy"
corrections to the wavefunctions.
(ii) by considering those diagrams arising from the gauge boson 'self-interactions'
and ignoring for the time being the other possible diagrams such as a box diagram
with a 7 or k in the loop or the phenomological diagrams arising from nucleons N

A

(spin 1/2) or N** (spin 3/2), which being fermionic will have a relative '-' sign to

the bosonic diagrams.

There are three sorts of loop diagram with intermediate p mesons (the paper
by Boudjema [71] considering the process Yy—y in the Standard Model is a useful
reference here), the two-point ("bubble”) the three-point ("triangle") and the
four-point ("box") diagram.

The simplest is the 'bubble diagram’ which has already been mentioned in
Chapter 5, in the context of estimating the loop corrections. The 's-channel' bubble
diagram is constructed using Feynman rules 5 and 6 from appendix B and is shown

in Fig.(6.1) below ('s-channel meaning that the integral formulae are coefficients of

s-only)
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The Feynman amplitude for this diagram is

2
M°"°B*=(-i)————efzf A9 —o——
16m (@ m*+ ig)@- m>+ ie)

xi (g™ g*%g™- 267 %) i(-g + 2,%)
m
Ir
xi(ghgho+ ghogh- 2gPg™) i(-g, + 22
m

6.1)

Where r = g-k and k2=s, also for future convenience define the following coupling
costant to be
P
e
B:=e——o (6.2)
4r 47

Equation (6.1) is integrated using the formulae in appendix D, equations
D16,... . There are two other bubble diagrams, the t-channel diagram is obtained
from (6.1) by ko> - k3, >, se>t interchange and the u-channel diagram by

k¢ - k4, T, seou interchange.

The 'triangle diagram' is constructed from the Feynman rules 3,4 and 5
(appendix B), two of the vertices are momentum dependent whi ch makes the

diagram somewhat more complicated than the bubble diagram. The basic diagram,
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from which all the others can be obtained, is:

For which the Feynman amplitude is :

M () B fd'q !
n’ J (@*- m))(e*- m*)( (g-k,) - m?)

xi (g(q+k,)+ g7 2k M+ gk, 20)%) i-g, + 22
m

rr
x i (gh'g+ ghrg- 2gP2g") i (-«‘%,,p+ -.2)
m
(q-k,) (g-k,)
x i (g"°(+2k, )™+ g™(1-k,)°- gk, + 2r)") i(-gm,, 1 Ca ’r)
m

. (6.3)

Which is integrated using the formulae D.16,...,D.25 (appendix D).

The diagram Figure 6.2 can be be described using the four momentum labels
of the external particles as (12 (34)), this is using Boudjema's notation [71], the (34)
denotes symmetry under 3¢>4 interchange ie (12 (34))=(12 (43)).

Then all twelve triangle diagrams are given by permutations of (ij (Im)) :
s-channel (12 (34)), (21 (34)), (34 (12)), (43 (12)) (6.4a)
t-channel (13 (24)), (31 (24)), (24 (13)), (42 (13))  (6.4b)
u-channel (14 (23)), (41 (23)),(23 (14)),(32(14)) (6.4c)
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Where "s-channel” means that the integral formulae depend only on s,
t-channel formulae depend only on t and so on ; this is the notation used for both
bubble and triangle diagrams.

To obtain the diagram (13 (24), for example, from (12 (34)) one changes

ky,— -kjand s—t and interchange a7 in the integrated form of equation (6.3).

The 'box diagram' is constructed from Feynman rules 3 and 4, each vertex is

momentum dependent and as a result is much more complicated by comparison with

the triangle and bubble diagrams.
ki —»
a ! — ﬁ B
q
s—p Ok akY Fig 6.3
> >
il Abd K *

The (1234) box diagram, again using Boudjema's notation, is shown above
in figure 6.3 and has Feynman amplitude given by equation 6.5 on the next page.
There are six box diagrams in total, but three of these can be obtained from
the remaining three by reversing the direction of the arrow in the loop, so the total
box diagram contribution to yy—p%0 is given by:
2((1234) + (2134) + (1432) ) (6.6)
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MMBK:('i)%Jd4q 2 2 2 212 2 2 2
n (- m)((qk,) - m“)(r"- m°)((g-k,)"- m")

xi [g™avk,) £(a 2k M+ gk, 200 (g + )
m

x i [gP(q+k,)%+ gP9(q-2k )"+ £¥(k,-29)%]

xi (_ + (Q‘k3) (q'kg) )
g‘P‘V m2

I
xi [gh¥(r+2k )P+ gk V- gP¥(k,+20] i (_gnp + 'lie')
m

x i [gP 42k, )1+ gM(r-k,)°- g7k + 21)"]
k) (qk
xi(-g_+ Qq 1)(,(2q 1)1)
m
(6.5)

(ii) Calculation

Considering the number and complexity of the Feynman diagrams the
following strategy is adopted:

(a) each Feynman amplitude M is split into two parts :

MOEh = MamBh 4 OB (6.7)

M, B4 is the amplitude calculated when the momentum dependent terms "q,,q,/m?"
in the numerator of the p meson propagator are ignored , M; @B is given by the
remainder. For example take equation (6.1) and multiply out the numerators from the

two propagator terms to give equation (6.8):

71




q qv TT
- — v)(. HLo) -
(g 20 (e, v 22) = ¢ g, (6.82)
m m
flde Bl WWe (6 ap
L .

2 2
m m m

Where (6.8a) gives M 2%"8* and M, ®"B? is given by (6.8b).

(b) The calculation is also greatly simplified by, initially, considering only the
imaginary part of the Feynman amplitude for 1y—p©p®. Only the s-channel diagrams
contribute to the imaginary part, this further reduces the number of diagrams.

The momentum dependent terms "q,,q,/m?" in the p propagator are due to the
longitudinal polarizations of the p meson and it is these terms that go towards
making the HLS model non-renormalisable [72], but recall from chapter two that we
are forced to work with the HLS model entirely in the unitary gauge.

If this were yy—Z%Z0 in the Standard Model in the unitary gauge then there
would be diagrams invlving Higgs boson exchange which would "counteract" the
bad high energy behaviour of M; @B Although if this were a renormalisable gauge
theory then it would be most sensible to calculate the loop diagarams in a
renormalisable gauge, such as the Feynman- 't Hooft gauge &=1, in which case there
would be explicit would-be-Goldstone bosons and ghosts. These unphysical
particles are not present in the HLS model as they are all supposedly buried within

the underlying fundamental theory.

The imaginary parts of the yy—p%p? amplitudes can then be compared with

the tree-level amplitudes for yy—p*p~ calculated in chapter 4.
The s-channel diagrams contributing to the imaginary part of the amplitude are
(6.1),(6.4a) and two box diagrams (6.5) (1234) and (2134). The calculation of the

bubble diagram and the triangle diagrams is relativley straight forward, on the other
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hand the calculation of the box diagrams was incredibly involved and long winded.
Only the final result for the imaginary part of M2mB2 is given , with some
restrictions, as there simply is no room to present the (rather non-intuitive)
calculation in its entirety.

Firstly there is the usual subsidiary co ndition equation (4.3), as discussed in
chapter 4, setting

k¥ =K =k =kt =0 (4.3)

certainly simplifies the loop diagram calculation. Using the polarization vectors to
project out the different helicity amplitudes it is convenient to set

ki =k)= 0, because kzas‘l’i 0 kmezj:

the same is true of the outgoing p mesons provided that their longitudinal

polarizations are ignored, which is what we will do.
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(iii) Results
Using the integration formulae for the bubble and triangle diagrams (appendix
D) and those for the box diagram (appendix E) one obtains the following formula

for the Feynman amplitude after very many hours of work!

0 0
M Bh = 2p { gongh? T, + g% C) + gulgnﬂcg
A g0 A 0
+e" KK B, + &7 IS IGB,
by oy 0
+(eK1K - g™Kk]KS - 8K + gk )kD) By

+ (g7 - g™k - 4goKBKT + 4g™BKD) 4m’ W ()

+ (K} + 185) 15 K5 B, } (6.9)
All the functions C; and B, are functions of s :
128 2

T) =€) + == KK¥(5) Py2)

C) = 136 Z(s) + 4(30m™- 325) W(s) +16 1(s) +64k2k'2(%+a§)\1‘(s)
+(-32b+ 25(9)-a,) - 4m’T)(sk))
+ (-32b+ 2(s-4m’)(9-a,) + 44m’T)(s.k,)
O+ € =272 Z(s) + 8(165-5m™IW(s) + 4(2s-m")(3s-2m") ¥(s)

6 0 128s
C,-C=-— W(s) Py(2)

%y
BY = 136 Z, (5) + 4(25m™- 165)W (s) + 645 V,(s)
+16(3m’- 25)¥(s) + 4(8a,-3b,+2J)(sk,)

BD = 136 Z,(s) + 4(25m’- 169W5,(8) + 16(d4s-m IV, (s)
+ 16(m>-25)%¥(s) - 4(2a,-b,-4T)(sk,)
BY = -128W(s) - 16(3m’- 25)V(s) - 16(m’- 25)V,(5)

0
B, = 68 Z,,,,(5) (6.10)
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The functions Z(s),W(s),... are given in appendix E equation (E.23) and one piece
of shorthand notation used above is (2a;-47)(s,k;)=2a,(s k) - 4J(s,k;).

Similarly the expression for the "longitudinal component' of the amplitude is

L
M =28 { g T) + %™ € + g™
+e KB + P IE
+(g°‘3k7l‘k’3‘ s % S 1 g""k k3) B

+(8G+ 85) 151G By ] (6.11)

2 2 2 2 4
X - 6m’s -8
T.= 6s-16m ) lfm ) e(s) + f§4— e (s) + (s - 6m ’ m) I,(s)
m m m
+(a -2 (m'- 2S)b + 85c- 25(a + 28)) + 2(s+14m ) (s.k,)

+(——2bl+ 2s-4m°)c + 8mT)(s.k,) + 8Z(5)-48m W(s)
m

CL = C; = 8Z(s) + 2m’(25-3m))¥(s) - 4m’I(s.k,) - 4m’I(s.k;)

2
B =8Z,,(s) - 20m’W,,(s)
BL = 8Z,(s) - 2m"W,(s) + 8m"V,(s) - Bm™¥(s)
B = 16m°V,(s) - 2m2W13(s) , Bi=4Z,.(5) (6.12)

Using the polarization vectors (C.13)

and the notation of appendix C, the partial wave helicity amplitudes are easily

obtained :
T;”* 2 (3c+C,+Cy e - B,- k’B,+ 2kk'B,
a
1
+:k2k'2B + 20kkm’W 5(s) ) (6.132)
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- 2 64
T," "= ..3E ( 3C+C+Cy+ “2W(s) - szl- k’sz- 2kk'B,
a
1
4 2 W2
+=KkB, - 20kkm’ W,,(s) ) (6.13b)

. 2
T, " =- %\/;(Cﬁ Cy+ 2K'B,+ '172'k2k'234 + 24Km W 5(5) )

(6.13¢c)

With the condition on equations a,b,c above that the W,5(s) term is only present for

the non-longitudinal amplitudes M o8 ,

: 2 |
T} *+=-153.\/;(c2+c3+ 2k’B +-173k2k'2134) (6.13d)

T, =T, = _SQ(C+C + —k k' B) (6.13¢)

These helicity amplitudes are easily evaluated numerically using the functions
J(s.k,).a(s,k;),...given in appendix D and the W¥(s),W(s),... given in appendix E.
They are compared with the corresponding tree-level helicity amplitudes for

—p*p-, around the experimental yy—p%p? peak at Vs=1.6GeV.
n—ptp

Vs=1.6 GeV TREE LOOP ('0) LOOP ('0+L")
T-p*p~ TY—pp° TY—->pp0

Tot++ 0.31 0.56 i 0301

Tgt+- 0.10 0.52i 0.26 i

Tyt++- 0 -0.07i -0.09 i
Tyt-+- -0.06 0.171i -0.19i
Ty*-+- 0.15 0.44i 0.511i
o(yy—>pp) nb =150 =1200 =1350

TABLE 6.1
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The imaginary part of the loop helicity amplitudes for yy—p%p0 , calculated
from M 2B , are between 2 and S times larger than the corresponding tree-level
amplitudes. Including the longitudinal part of the propagating p in the loop
decreases the J=0 amplitudes but the J=2 amplitudes are made larger. A large
contribution is found to come from the ¥(s) terms the 'simplest' box diagram
integration.lIt is interes ting to note that yy—yy [69] and gluon fusion processes
involving the box diagram [73] all find a significant contribution from the box
diagram near the threshold for the intemal particles.

The final row of table 6.1 is the cross-section arising from the transverse
(only) helicity amplitudes shown in the table. Clearly the cross-section
corresponding to the imaginary part of the one loop yy—p%%?0 amplitudes in the HLS
model is completely "wild" by comparison with the experimental data! Including the
real-parts of the loop amplitudes will simply make the 'loop’ cross-section larger
still, as will including the helicity amplitudes corresponding to the production of

longitudinally polarized p's.

(iv) Conclusions

The loop amplitudes are much larger than the order of magnitude estimate,
and the fact that the loop amplitudes are generally larger than the tree-level
amplitudes indicates a breakdown of perturbation theory in the HLS model of vector
mesons. This breakdown would appear to be independent of any cut-off (A) since
the imaginary part of the amplitude does not depend on A.

An independent check on the loop calculation is required because either the

calculation is correct and the loop expansion breaks down making perturbation
theory invalid for the HLS model or a mistake has been made in the loop calculation.
Thus an independent check will tell us whether to abandon the loop calculation or to
go back over it looking for a mistake.

As a result of the above conclusion the HLS model is used to calculate p*p-
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scattering amplitudes at the tree-level, which are of order f2.These scattering
amplitudes are tested to see if they violate unitarity since the pp scattering amplitude,
rather than the weak Yy—pp amplitude, is expected to be responsible for the big loop
corrections found above.

Obviously at very high energies (s—e0) unitarity will be violated because
there is no Higgs exchange (cf the Standard Model and WW scattering); but the
question is whether or not the coupling f (of the p meson as gauge boson) is so

strong that unitarity is even violated close pp threshold.
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hapter 7 _Testin nitarit
(i) Introduction

In the conclusions to the preceeding chapter it was argued that testing the
unitarity of p*p- scattering amplitudes in the HLS model would be an independent
test of the loop calculation of chapter 6.

In this first section we use the unitarity of the S-matrix to obtain a relation
between the imaginary part of a scattering amplitude and the "square" of the that
amplitude. This will then be used to derive tests for the unitarity of spinless particle
scattering (section ii) and spinning particles (section iii) , these will then be applied to

the p*p~ scattering amplitudes in section iv.

The S-matrix element for the process li>;;;.1— f>gna) State is
— : 454
S = 8; + i(2m) 8%P-P) M, (7.1)

Where P; ¢ are the initial and final state four-momenta respectively and My; is the
Feynman amplitude calculated from the Feynman rules in appendix B (and with the

polarization vectors applied.

The S-matrix must conserve probability for quantum mechanical consistency,
that is it must be unitary :

SS =55=1 (7.2)

applying the unitary relation (7.2) to the expression for Sg in (7.1) gives the

following relation:
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-i(Mﬁ-Mﬁ)=ZJdpn M M, (71.3)
n
n =number of intermediate states

dp_= n-body phase space

(3= 21mM, =Y, [dp, MM, (7.4)
n

(i1) Two Body Unitarity Test - Spinless Particles

The simplest two body unitarity relation is that for the scattering of two
spinless particles. Equation (7.4) is used here to derive a bound on the partial wave

amplitudes of Mg,

Diagramatically the two body unitarity for states of equal mass (m) is

Fig 7.1
k,
k,
In the centre of mass frame k=(2E k) and
k + k=k+k (7.6)
k= (Ek) , k= (Ek) a.7
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The 'external’ scattering angle 0 is defined by
k. Kk,
2=00s0 =—— , k=Ik|and k= Ik

kKX,

and the 'internal’ scattering angles by

t 6' k-ki " 1" k.kf
Z'= oS —k_ki , Z"= cosO --k—-f-

k, and k_ defined above and k = Iki

The cosine z" can be related to z,z' and the azimuthal angle ¢ by

1 1
Z2'=27 + (l-zz)2 (1-2‘2)2 cosQ

and two body phase space is

2
1 s -4m
dp = dQ
2 1611:2\/ 4s

solid angle dQ = sin6 d6 d¢

The unitarity relation (7.4) for n=2 is:
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(7.8a)

(7.8b,c)

(7.9)

(7.10)




2Im M(s,2) = I dp, M, (5.2") M, (s,2") (7.11)

Since all the particles are spinless the partial wave expansion of M (dropping

the i,f subscripts) is given by:
M(s,6) = D (2+1) T/(s) P,(2) (7.12)
J

Where Pj(z) are the Legendre polynomials defined in appendix A.
Using the expansion (7.12) in equation (7.11) and the orthogonality of the

Legendre polynomials to project out each partial wave amplitude gives

1
InT;=2 JdQ sz P(z) 2 (r'+1)T, P\(z) (21"+1)T;Pl..(z")
I
h (7.13)
where the argument (s) of the Ty has been dropped and A is defined to be
2

A= > 7S (7.14)

Using the standard identity (A.3) for Py(z") the integrations in (7.13 ) are
easily performed, with the result ImT; = 8\ IT;l2(7.15), this then implies that

2
87\ IT))” < IT)|

and finally yields the unitarity bound on the T

S

IT)l < 16n (7.16)

2
s-4m

Thus for the S-matrix to be unitary each partial wave amplitude must satisfy

the bound (7.16).
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(iii) Two-Body Unitarity Test - Spinning Particles

To test the unitarity of the p* p~ scattering amplitudes (from the HLS model)
is a little more complicated than that for spinless particles. This is because the sum
on the RHS of equation (7.4) also has to run over all possible intermediate
polarizations.

So given a p+p~ scattering amplitude Ma2bed, calculated at the tree level in

section (iv), the unitarity test becomes a comparison between

2M*4 and Y, fap, M M (7.17)
¥

where the sum i,j is over all possible intermediate polarizations.

To compare partial wave amplitudes, using the notation of appendix C, the

comparison is between ITy2bed] and (EMM?*); , where (EMM?*); is shorthand for

1
EMM*), = % sz d, @ Zfdpz Mebii(s ) M*5(s,2")
! " (7.18)

Where the d%),.(z) function is used to project out the Jth partial wave corresponding

to |T_]‘b°d|.

So unitarity is violated if ITj2bdl < (EMM*);.
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(iv) Testing pp Scattering Amplitudes

The Feynman rules 4 and 8 (appendix B) are used to calculate the p*p-

scattering amplitudes, which are of the order 2 at the tree level. This ignores those
v

tree diagrams involing photon exchange since they are of the order e2 and are only

tiny O(1%) corrections to the strong pp amplitudes.

p*
B Fig76
o
p+
4
Fig 7.5
-
M= ——{ g™ -0
T 2 (k- k)M - (k- k)P
+2gPM(k,- kG- (ky- K )°KT)
+ 4g°Piih+ 4g™KSKA- 4g°MKKG- ag™kf }
(7.192)
M;”’B" =( M‘;"m‘ with st , aesn and k6> -k, interchanged)
(7.19b)
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MG = (M with tosu , Berdand k, &> k, interchanged)
(7.19¢)

M:;Bx f2{ 2 g%gmB. g*gBh uﬂgnx} (7.20)

The polarization vectors (appendix C, equation C.13) are used to project out
the various helicity amplitudes. To a very good approximation each helicity
amplitude Mabed (these are given in appendix C) is given by the first non-zero wave
in the partial wave expansion. This makes calculating (EMM?*); a great deal easier.

The following calculations have not included intermediate p®s in the sum

(ZMM*),;, they will simply act to increase (XMM*); by =50%.

The test for the M+ ++ +amplitude is to compare [Ty*+++ with

1
1 G on aasll * 4o o
ZJl'dz do(@) Eijjdpz M sy MY 5,2 (1.21)

The helicity amplitudes used are:
M++++_ T++++ o(Z)
M+ - T+ +-- s P.(2)
++00 ++00

M T, Py@)

Nr++0_ 3T&++0 &() ++0+
0-

Nf - 3T&+ 0 él()__ ++

+ 4+ - +++- ++ +
=5T 2 @) =M
M 2 %o (7.22)

Dropping the explicit s dependence of the T, for convenience.

So to test the J=0 amplitude ITg* *+*I put the amplitudes (7.22) into equation

(7.21) and do the integrations, which can be performed analytically and yields:
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2
1 S-4m ++ 442 )
{an 13" P an Ty e an IT; + 002

3212 4s
73 et +402 3 ++-02
1821 O 182 1T
+50-23i|T;“‘|2 } (7.23)

This also uses the fact that Mabed = Medab.

Although there is no proof it is generally taken that the partial wave
projections of tree-graphs in renormalisable field theories should go 'like-logarithms'’
[74]. For this reason it might be suspected that the seagull term (7.20) is responsible
for making the pp scattering non-unitary, although the indications from chapter 6 are
that it is more likely to be the Born terms.

So to probe the structure of the scattering amplitudes we consider :

(a) BORN + SEAGULL terms contributing to the amplitude
(b) BORN ONLY terms contributing to the amplitude

Evaluating the amplitudes just above the pp threshold at s=5m2 and with

f2=34.3

Tyt+++ = (a) 147.0 (b) 170.4

Tot+-- = (a) 46.8 (b) 69.7

Ty#+00 = (a) 93.8 (b) 131.0

T#++0 = (a) -25.6i (b) 6.4

TH#+0 = (a) -12.8i (b) 6.4i

T4+ = (a) -16.2 (b)-13.4  (7.24)
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So taking the values (a) above and putting into equation (7.23) and writing them out

in the same order

(EMM*)g= (193.8 + 19.5 + 78.3+ 40.5+ 19.5) (7.25)

Which is to be compared with Ty* + + +=147.0. Clearly the Ty* +++ amplitude
violates unitarity on its own (ie without the sum over intermediate polarizations), this
violation simply becomes worse when the rest of the terms are included.

Case (b), the corresponding result is compare Ty* +++=170.4 with

(EMM*)o= (258.6 + 43.2 + 152.7+ 4.0+ 13.3) (7.26)

Clearly unitarity is again violated, in fact the violation in this case seems to be
worse than (a) which included the seagull term. This is illustrated by graph (7.1)
which compares ITy* ++* to I(EMM*),| for cases (a) and (b). Unitarity is clearly
violated very close to the pp threshold. Graph (7.2) illustrates the relative
contributions of the different terms in equation (7.23) which combine to give

(EMM*),,

As a second example covider an amplitude Mabed jn which a,bzc,d ie
'non-diagonal' helicity amplitudes such as M*-++. Because in this case there are
some relative minus signs between the terms in (EMM*); due to intermediate

longitudinally polarized p mesons.
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The test in this case is to compare IT,* - ++| with (EMM*), , which is given by

(2MM*)2=-;_\/_ — /S 4m’ {10\/_ T, Tttt
T
* +-00,%00++

9153 (T+-+0T‘+0++ +-0-,.%-++

7,0
322 * 0

+15 ; 5

+-0+,*0+++ ,+--0,.%0++
ST T T, YY)
\/— ( ‘+ +++T+-o+T‘-+++)}
2 2
(7.27)

Making use of the following relations between the Tabd amplitudes :

+++0_ +0++ T0+++

T1 =- T
T++ 0--,111) ++__T-
T-;++-_T+ ++ T+++
+ -+ 0 -0- +--0 + - 0+
T2 - T2 . T2 = -T2
ot o H--+
T, =T, (7.28)
T,+-+0 = (a) -32.2i (b) -26.8i
T,+--0 = (a) -43.0i (b) -48.4i
T,+-00 = (a) 33.8 (b) 26.8
Tyt-+- = (a) 59.7 (b)52.8 (7.29)

Thus taking the BORN+SEAGULL part (a) first of all we see that the
comparison is between
ITy*-++=l-16.2! and
I(EMM*),l =1-8.8-2.8 +11.75 - 12.8 - 24.4 (7.30)
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Again the numbers for (EMM*),| are written out so as to correspond to the different
contributions in equation (7.27). The +10.3 contribution coming from the term
where both intermediate p's are longitudinally polarized does decrease the sum, but
not enough to stop the amplitude T,* -+ + from violating unitarity. Similarly if one
considers case (b) without the SEAGULL contribution one finds

I(EMM*),l =1-8.5-3.5+13.0-12.8-17.8! (7.31)

and again unitarity is violated.

The amplitude T,*-+-, for instance, satisfies the simple unitarity bound
equation (7.16) around pp threshold

1T, * 1< 16n 5

2
S -4m

and only violates unitarity when the summation over all possible intermediate helicity

states is taken.

There are two factors contributing to the unitarity violation of the pp
scattering amplitudes
- the large coupling constant f

-the complex spin structure of the interaction.

So to examine the structure of this violation further consider the 7trt scattering
amplitude due to only p exchange, given by Feynman rule 2 (appendix B). There are
three Born graphs as in pp scattering , but no seagull graph; it has already been
shown that the seagull graph does not make a significant contribution to the violation
of unitarity around the pp threshold.

The coupling for the r scattering amplitude is (fp,m)2 which is exactly the
same as the pp case because of the universality ( forx = fonn = £ = ...) of the p

coupling constant (f) in the HLS model.
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Basically the difference between the 7 and the pp cases is the spin structure,
because the 7 is spin zero the ntn scattering amplitude unitarity can be tested without

the complex spin structure clouding the issue.

The amplitude corresponding to figure 7.7 is

M=£{ “"2 + “'52 + "52 } (1.32)
S-m t-m u-m

Where m is the p mass and the ©t mass is denoted m,, the Mandelstam variables for

the process are given in appendix A.

nt > nt
kl
4
+ +
R k,
4
n___.lfz — Sl n
Figure 7.7
The amplitude M has the following partial wave expansion
M= (+1) T, P2) (7.33)
J
T, =2t2( (Y+Y)Q0(vl)—1 )
( s- 4m )
) S- m
T,=f’(vl+ v) (4 EDH QY » T>1 (7.34)
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The functions ¥; i=1,2 are defined in appendix A, and have the following form:

(7.35)

The unitarity test for the nt+ nt- scattering amplitudes T; is equation (7.16),

thus for the s-wave amplitude Ty to be unitary it must satisfy

IT, < 16n (7.36)

s-4m

Just above nw threshold at s = 5m,2, analogous to s = 5m? at pp peak, one finds

that

Toz 12.3 and 16=x

Thus equation (7.36) is satisfied and Ty, is unitary just above rnrt threshold;
this is just as well because the pertubative calculation of I'(p—nn) using Feynman
rule 2, and coupling = f,., , is within 10% of the experimental data. This is
illustrated in graph (7.3) for the s- and p-wave amplitudes Tg and T,.

However at the much higher energy of s=5m?2, the scale at which the pp
amplitudes were tested but would correspond to =150m? in units of external mass if

taken over to pp, ie well outside the expected domain of validity. One finds that

S

T,=202.6 and 16n =509

s-4m
x

Obviously in this case (7.36) is not satisfied, Ty, violates unitarity.
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(v) Conclusions

It has been shown that the p*p- scattering amplitudes violate unitarity and that
this is principally due to the strong gauge coupling (f) of the p meson in the HLS
model.

This shows that the one loop calculation of yy—p9p0 in chapter 6 is correct,
in that the imaginary part of the loop amplitudes are larger than the corresponding
Yy—>p*p~ tree-level amplitudes, just as one would be expect given the results of this

chapter.

The overall conclusion of this chapter is that the chiral loop expansion in the
HLS model fails. One of the consequences of this is that the model fails to describe
the process Yy—pp perturbatively. There is absolutely nothing to be gained by
evaluating the real parts of the Yy—p%p0loop amplitudes, because a perturbative
calculation is meaningless in this model. Although it is worth mentioning that in fact
the real parts have been estimated to some extent and whilst not trustworthy in the
'perturbative sense' (above) they generally turn out to be larger than the imaginary
parts ; which is contrary to what Moussallam assumed (see chapter 5 section 1) in
the preprint version of his paper [59].

Thus by proceeding judiciously one has been saved from a great deal of time
consuming, and what would have been pointless, computing.

However there is still the possibility that the model might work

non-perturbatively!
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Chapter 8 Conclusions and Discussion

The aim of this thesis has been to test the HLS model of p mesons against
experimental data on the process Yy—pp. It is only feasible to calculate yy—pp
perturbatively in the HLS model. In the preceeding chapters (4,6 and 7) it has been
shown that the HLS model fails to describe the process Yy—pp perturbatively.

However it seemed a reasonable assumption in chapter 2(iv) that if the
model were valid up to Vs=2 GeV for calculating Skyrmion propenties then it should
be reasonable t(; expect the model to describe other processes involving p mesons in
this extrapolated energy range, such as yy—pp. It was shown in chapter 7 that the
HLS model p*p~ scattering amplitudes violate unitarity just above pp threshold,
this suggests that the "meson loops" could become significant. Recalling that as
pointed out in chapter 2(iii) the "meson loops" are explicitly ignored in the
calculation of Skyrmion properties, the p field is treated classically.

So it would be most instructive to investigate how sensitive the Skyrmion
properties are to the region pp threshold < Vs €2 GeV, before one can dismiss the
HLS model outright. If the Skyrmion is insensitive to this region of Vs and the loop
effects (p kinetic term), then there would be no problem for the Skyrmion model,
this fits in with Ball's idea {20] that the vector mesons should not be crucial to the
Skyrmion properties and the HLS model should not be useful above Vs =1 GeV.
Resolution of thisquestion will require numerical studies of Skyrmion properties. An
exact calculation of the quantum corrections ("meson loops") to the equations of
motion is probably intractable, although one might gain some insight by putting in
"by hand" form factors which would have the effect of making p—0, such as an
exponential fall off with energy, above pp threshold, this could be part of the
programme of investigating the 'sensitivity' of the Skyrmion properties.

So, that if it is found that the Skyrmion properties are relatively insensitive
to the 'extrapolated region’ (including loop effects) of the HLS model then there is

no need to necessarily abandon the model as a mechanism of Skyrmion stabilization,
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although as a model of p dynamics it would remain invalid (perturbatively). It could
well be that in this energy range that the p is so far from being 'point-like' that the
quark structure is playing a significant role and should be included in any 'effective'
description.

Also very much along the lines of only believing the HLS model below
pp threshold is the following , inspired by the work of Truong [75]. As was pointed
out in chapter 3 Poppe [23] regards as serious the omission from the 4-quark
‘exotic' models of the yp*p~ vertex which gives Born amplitudes. In this thesis we
have taken those Born amplitudes at face value and calculated cross sections (above
pp threshold) which are found to be in serious disagreement with the data. It would
be most interesting if one could use the Bom amplitudes below pp threshold to place
constraints on the 4-quark amplitudes.

Here we shall outline Truong's [75] approach to nn scattering and then
explain how it might be adapted to the process yy—pp.

First of all Truong takes the Weinberg [76] low-energy mm scattering
amplitude, this gives a scattering length that is much smaller than the value extracted
from experimental data, this is clearly unsatisfactory. However using ntn phase

shifts to unitarize the scattering amplitude, via the 'N/D' method, a satisfactory value

for the scattering length can be obtained. In this method the low-energy Weinberg
amplitude is only believed in a region of s below 7 threshold and is extended to the
physical region via a dispersion relation; in this way the phase shifts take into
account the final state interactions. Truong emphasises the advantages of this unitary
approach over the more conventional chiral perturbation theory, especially if the
interactions become strong as they do for pp scattering.

Truong then considers a narrow resonance model for the nent phase shifts,
a combined linear 6 model [77] and the p gauged chiral model [12] in which the
(0*) is assumed to be a narrow resonance in 'some approximation'. This model
gives a mr scattering amplitude with 2 terms involving p exchange (t and

u-channels) and an s-channel 6 exchange term. Truong then matches this model
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amplitude with the yunmodified Weinberg amplitude in the region in which it is
believed ie below nn threshold, the unphysical region. The matching is in the
s-waves and is good up to corrections of the order (m,/m)2and (my/m,)2.

The 'high energy' (ie above mtrt threshold) narrow resonance model of nr
scattering is thus constrained by the matching condition; the constrained model is
found to give scattering lengths in good agreement with experimental data.

The matching condition works when the s-channel resonance of the model
is the o, isoscalar 0+ state, with linear o model couplings; if one were to use, say, an
I=2 resonance instead then this would probably lead to 'bad matching'. Thus the
choice of resonance is not completely arbitrary.

In summary Truong constructs a narrow resonance model of n phase
shifts by constraining the resonance model with a matching condition; the resonance
model then gives results previously obtained by unitarization of the scattering
amplitude.

So how might this be adapted to the process yy—pp ? Corresponding to
the unmodified Weinberg nrn scattering amplitude we have the HLS model tree-level
amplitudes for yy—pp, which we only want to believe below pp threshold. Clearly
Yy—pp is a much more complicated spin system than tn—mn, for instance there are
twelve helicity amplitudes for yy—pp instead of one for ntr—nn which makes
things more difficult.

There is no data on pp phase shifts so an 'N/D' unitarization of yy—pp,

to take into account final state interactions, is not feasible. The lack of pp phase shift
data means that we can only adopt the second of Truong's approaches, ie construct
narrow resonance models which are to be constrained by matching them with the
HLS model amplitudes below pp threshold.

Thus following Truong one might try a narrow resonance model in which
the s-channel resonance is a 'qq' state, in appendix F it is shown that only the I=0
component of this couples to pp (I=1 coupling vopp = 0), so in effect the resonance

would be the isoscalar ©. It is conceivable that such a resonance model could be
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matched with the HLS model below pp threshold, since as pointed out in chapter 3

an s-channel I=0 resonance mechanism gives

o(yy—p%% _ l 3.1)
o(y-ptpT) 2 '

and the HLS model gives the ratio to be zero. However both of these are
incompatible with the experimental data which gives the ratio to be >1 (=4); so a
simple ¢ resonance model is unviable for obtaining a fit to the data.

We are thus naturally led to consider a toy 4-quark model of 0+ and 2+
narrow resonances, as in the work of Li and Liu [45]-[47] and Achasov et al
[48]-[50] described in chapter 3, such that in the physical region the ratio of neutral
to charged cross sections is > 1. The general aim would be to extrapolate these
4-quark resonance model amplitudes below pp threshold and by matching them with
the HLS model amplitudes thus put constraints on the 4-quark resonance model.
And so implicitly include the yp*p~ vertex effects in the ‘exott' models.

Although it may well be that yy—pO9p0 zero at the tree-level in the HLS
modelis simply too strong a condition to allow matching at low energies of the
4-quark model amplitudes to those of the HLS model.

However it should be emphasised that such a 'matching programme’
requires a great deal of work. This is because of the large domain of parameters,
especially if channels other than pp involved in the 4-quark resonance models are
considered, such as wp, o, k*k*, etc. For example there are twelve independent
helicity amplitudes for yy—pp, a suitable scale is required at which the matching
would be done and there is the question of exactly which 4-quark resonances should
be included? Also because of the different mass scales involved a single expansion
parameter is not immediately obvious for the process of extrapolating the
‘high-energy' narrow resonance model to below pp threshold for the matching. All

of which would require investigation before one could reach any definite

conclusions, so the matching procedure is a long programme of work.
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It is interesting to consider further the possibility of a Pomeron
mechanism giving dominace of the pOp0 final state in the process yy—pp.
Diffraction scattering, or Pomeron exchange, amplitudes can be generated by
summing over all possible intermediate states through the unitarity relation [78], an
example of this with two body intermediate states as an attempt to understand the
Pomeron at low-energies is given in reference [79].

So what are the possible intermediate states that one could use in this
manner to generate a Pomeron amplitude for yy— pp? ? Firstly we consider the
electric couplings of the photon to two pseudoscalar (0-) states 7wtr—, k*k- applying

the two body unitarity relation to the diagram in Figure 8.1

YWV _hk ',k p
Fig 8.1
Y p
VWVW = - —

unfortunately the best that this can give is o( yy— p%p?) = o(yy— p*p-), which is
obviously of no use for giving neutral channel dominance.

Four body intermediate states, such as four pseudoscalars (7,k), is in
general too difficult to compute; but in an approximation could be cdbidered as a
two-body intermediate state of two body resonances such as pp or co (0* 0*). The
pp case has already been dismissed; the ¢ is believed to have mass2900MeV this is
simply too heavy for it to produce a diffraction peak at Vs=1.6 GeV since it would
be likely to give a cross section rising to a maximum around Vs=2 GeV.

One is thus led to consider the 'non-electric' couplings of the photon
generated by the Wess-Zumino action [80]; incorporating the Wess-Zumino term

into the HLS model (see chapter 7.3 of ref.[19]) gives ywn® and p°wn® vertices. In
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this case the imaginary part of the Yy—pp amplitude is given by applying the two
body unitarity relation to the diagram in Figure 8.2

yUVWW\)___n° n° 0
o ® Fig.8.2
Y — o
VUV n° n° P

This guarrantees o Yy— p%p°) » o( yy— p*p-), given that the y and p° couplings
are given by the Wess-Zumino term. So in this way the p*p- final state is
suppressed with respect to the pOp0 final state as required by experiment.

However the same model can be used to calculate the process Yy—w, the

diagram for this process is Fig.8.3

Tyvwwwv LA ©
o p° Fig.8.3
n° 0
Y W . ®

which can be seen to have exactly the same coupling as the diagram for Yy—p%?0,
so that near threshold of Vs=1.6 GeV this model would give o(yy—>0w) =

o(Yy—pPpP) whereas the experimental data in this region gives

o(=0%% _ 50-10.0

o(Yy— o)

So this approach to diffractive scattering, with non-electric couplings fails. The

failure of this low-energy’ Pomeron approach to provide a satisfactory mechanism
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for the processes yy—p%p0 and yy—wwm makes it hard to understand exactly why
the t-channel factorization approach of Alexander et al [53) should work.

If the Pomeron were to dominate the process Yy—pp and one applied the
Truong type matching to the Pomeron amplitudes then there is no problem with the
neutral channel (both zero below pp threshold),but the HLS model amplitude for
YY—p*p~ is so large and has a functional dependence contrary to the experimental

data that it would seem unlikely to be able to achieve a satisfactory matching.

The violation of unitarity by the p*p~ scattering amplitudes suggests
another very interesting line of investigation which would tie-in very nicely with the
YY—>VV physics. The unitarity violation is an indication of the possibility of ('pp")
resonance formation, recalling from chapter 3 that both I=0 and I=2 resonances are
required in the 4-quark explana tion of yy—pp then we also need to consider the
case of the p*p* scattering amplitudes as an I=2 resonance would be 'built' from
p*p*. In fact the Born amplitudes (t and u-channels but no s-channel) for p*p+ are
the same as those for p*p~apart from an overall -' sign, the seagull terms will be
different but it was shown in chapter 7 that these are not a major factor in the
violation of unitarity just above pp threshold. So it would seem that the p*p*
amplitudes also violate unitarity.

Although we have shown that the HLS model fails perturbatively there

'seems to be no reason a priori to disbelieve it non-perturbatively. So a

non-perturbative calculation showing up I1=2 'pp’ resonances would be most

interesting since it could be regarded as a dynamical model for 4-quark states, which
have so far only been considered in a 'static' bag model description. This would be a

‘challenging' calculation for the lattice!

Another approach to the process yy—pp that might be considered is to

extend the HLS model so as to include higher derivative, or'non-minimal’, terms; to
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generate tree-level diagrams for both yy— p*p~and yy— pOp0. Such an effective

Lagrangian approach includes any term allowed by the symmetries of the theory, but
with arbitary coefficients to be fixed by experimental data; it should be noted that
fitting the data by as many terms as needed means a loss of predictivity. In this way
one could certainly generate tree-level diagrams for the neutral channel, which is
required to be 'dominant, but at the same time this would also generate diagrams for
the charged channel which is required to be small compared to the neutral channel.
Unfortunately the indications are that for a given higher derivative term, with an
overall coupling constant which is a parameter to be fixed, every neutral channel
diagram generated there are several charged channel diagrams so on this basis alone

it would seem unlikely that dominace of the neutral channel will occur.

So although the content of the thesis might seem some what negative, it

certainly suggests several very interesting lines of investigation for future work.
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Appendix A

General Notation:

Metric guv= diag(1,-1,-1,-1)
A is defined to be equal to B A:=B

Trace of matrix M ™

RHS, LHS := right,left -hand side

(T2} a = 1,2,3 are the generators of SU(2), normalised as Tr( T2 Tb) = §2b/2

Formulae and Functions for Partial Waves:

1
Legendre Polynomials Pn(x):= —_— (xz- 1)“

2"n! dx

n

z+1
z-1

) . Q@=:Q®-1 (A

Q@)= In(

Recurrence Formula Q, (2) = (2 -%) 2Q_@-(1- TI:) Q_,@ , L>1
(A2)

101




Addition Theorem
Pm(coselcosE)2 + smelsme2 cosQ ) =

o T(n-m+1)
P,(cos ) P,(cos6 ) +2 3 — L)

P™(cosB ) P(cos® ) cos m
o T(n+m+1) " ras2 P

(A3)

1

a-z

= 2(2n+1) Q, (@) P () (A.49)
n=0

converges provided that Iz + V(z2- 1) | < loe+ V(02- 1) |

Dynamical Variables for the reactions 1+ 2 —>3 + 4

Where 1,2 = vy, ptp~, ®tn- and 3,4 = pOpO, ptp-, i~
Conservation of four momentum: k; + k; = ky + k4 (AS5)

Mandelstam Variables s=(k + k,)*, t = (k;- k)%, u = (k- k,)*
(A6)

In the centre of mass frame

K, K=E-K

"

kY= (E k), Ki=Ek), K

' . 2_,2 2 g2 .2
k‘;:(E!k) ’ k(::(E!’k) ’ k3=k4 ’ k"=E “k3 (A.7)
and the scattering angle (6) is defined by
k .k’
cosO=z:= T (A.8)

where k =lkl and k'= k'l
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Figure A.1

Noy |

Particles 1 and 2 along the z-axis so k =(0,0,k)
Particles 3 and 4 in the x-z plane so k'= (k'sin6, 0, k'cos0)

() yy—pp
K=2=0,K=K=m’ , k=k , s=4E
t-m’= -2kk'(0,-2) , u-m’ = -2kk'(a,+ z)
k s
where 0, = — =
1 '
k s-4m’
1 -

2.2 .2 ,2 \ a2
K=k=k=k=m" , k=k' , s=4E

t-m’= 2kkK(a,-2) , u-m’=-2kk(0+2)

2m2

where a2=1+ 3
s-4m

t=-2kk'(1-z) , u=-2kk'(14z)
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1ii

kf:k';’:ki:kf:mi . k=k' , s=4E

t=-2kk(1-Z) , u=-2kk'(1+2)
t-m’=-2kk(y-2) , u-m'=-2kk(y,+2)

2m’
where y,=1+

s-4m
k.9
u-s= -2kk'(72- zZ) , t-s= -Zkk'(72+ z)

where Y,=1+ 2

s-4m
g
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Appendix B

Diagonalization of the HLS Lagrangian and the Feynman rules.

In chapter 2 the HLS lagrangian for n,V and B fields (equation 2.21) was

derived, in this appendix the lagrangian is diagonalized to give mass and charge

eigenstates.

= am2s 249 mxorm 4+ 2P - ]
L=50@m?+ 2pr.(1rx8“1t)+2iif2Vp 5Trvfw

+_§_ B(nx&“n)3 atzngV += fzg Zpr
(2.21)
The physical fields are defined as follows
m, = 0
B = cosBA - sinb po
o o (¢
V5 = sind A + cosd p** (B.1)
M=—=(F i) (B.2)
J; 1 T2

Where At destroystand A=m;,V; i=1,23.

The kinetic term for the HLS is given by equation 2.12, it can be shown that
-—T v2 --F F -1V V=W
£

- - =Sl =eV
T (Vpx Vv).(V xV)

Where F1V = (OHVY - 0VVH), |
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Using the above definitions of the physical fields the Lagrangian 2.21 becomes :

L=0 3% + 19 7% - L3 A -3A Y
o 2 o 4 o B B o

15 0 0y2 4 1 2 0.0a
29,Pg 9P )" + 5 Mo PP
=@ pt-2 p1@%pP- B + m? prp-e
2'apf fa pt
: — Ot YOl ; O (qr—)0ur+ _ ar D0~
+ ig A (m o1 a°n”) + 1gp0m p oot — tHo%n-)
: + (030 _ 200 : — (%0 — 03+
+ 1gpjmpa(n 2%t — to%n%) + 1gpt1mpa(1t 9°nt° — nYo%n*)
: +a— — A~n+1aA08
+ifcosd [ (ofpr - pyp)a%
- ~yA00~+p _ +_ +1+00~—-B
+@,p5 =30 0p%p*® ~ @ pt ~3,pt)p%p |
:f Qi +A— _ ata—\3%A B
+1fsme[(pmpB poa)a A
- ~VAOA+B _ + _ +yAa~-B
+@,P; =~ 9P AP~ @ pr ~3p A% |
2 +=~00~0B _ A+~—0~0-~0B
+£ cos’® [ prprp®ep® — prp=eplp%8 |
2 +A—AGAB _ ntn-a B
+fzsm9[pupBAA PP ABA ]

+ £ cosO sind [ p;pE(A“pOB + ABpOxy _ 2 p;p"“A Bp°B ]

£
. At +Hn-PB _ A+Ba—O B.3
+ 0t oy [ 079~ p*Pp] (B.3)
The mixing angle 8 is given by tan@ = g'/f and the mass eigenstaes are
2 2 2 _
mpoza(f2+g)f,2t s mpt—atzf’z‘
the vector couplings to the pion current are given by

] a T 1
B rx = 8 cosO + 5 (f sin@ - g' cosB) (B.4)
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a (a-2)

gpom=5fcose+-—2—g sin® (B.5)
af
gptmt —_2"' (Bﬁ)

Since the weak interactions have not been included in this lagrangian then one can
immediately identify the U(1)q coupling constant g’ with the electric charge e, that is
g'=e, where e2/4r = 1/137 (B.7).The HLS coupling constant f is determined from
the (KSRF) mass relation given above. The input is the measured p mass =
770MeV, the pion decay constant f;=93MeV and a=2 (as discussed in chapter2),
this yields f=5.85(B.8). Consequently cos6=1 and sin8=0 numerically, and for the
purposes of calculation f cos® = f and f sin6 = ¢ (B.9).

As aresult of the above the vector couplings to the pion current become g,,= € and
gonx= f. It is interesting to note that the "a" dependence of g, disappears whatever
the value of 6, since f sin8 - g' cos6 = 0. Which is presumably a reflection of the

universality of the electromagnetic couplimg, so that the & charge couples with ‘e'.
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The Feynman rules arising from the Lagrangian (B.3) are as follows, all four

momentum are 'going into' the vertex:

k,
ie [glﬂ(kl_ k2)1+ gBA(k.z' k3)a+ gul(ks_ kl)B]
RULE 3

if[g2P(k - k, )M+ 8Pk, k)™ (ks k)]
RULE 4
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i£[gg™+ g g™ 287"

A RULE 5

i 32 [gulgnB + gungBk_ 2 gaBgnl]
RULE 6

ief [gg™P+ ggPh- 2g%8g™]
RULE7

A

i ££[2g%"gP- g2Pg™- g®g™]
RULE 8
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k

p propagator o —>- f
RULE 9
2
i(-gaB+ kakﬁlm ) , 0.
2 2 .
k-m'+ie

For an intial photon or vector meson take the polarization vector and for a

final photon or vector meson take the complex conjugate of the polarization vector
k

RAVAVAVAVAVA SR e

.y
ra o J\/\f\f\f\f‘ RULE 10b
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Appendix C Partial Wave Amplitudes

(i) Helicity Amplitude Notation

The processes Y(1) + %(2) = p(3) + p(4) and p(1) + p(2) = p(3) + p(4) will have
helicity amplitudes denoted by Mabd which is obtained from the Feynman amplitude
(calculated using the rules in appendix B) MootB*
bed o0 R B A
M= ela 82b 83c 84d th

o (€1

Where & is the polarization vector for particle 1 and so on. The letters a,b,c.d label

the helicity of particles 1,2,3,4 respectively and they can take the values
abcd=%1,0 (C.2)

except in the case of the reaction (1) +Y(2) — p(3) + p(4) longitudinally polarized

photons are excluded (a,b = 0).

Following the notation of Jacob and Wick [81], the total spin component of
the initial(final) particles along the direction of motion is
A=a-b (A'=c-d) (C.3)

and the partial wave expansion of the helicity amplitude is

M™(s.0) = ), @) T (s) d (8) (C.4)
J

Where s is the centre of mass energy squared and 6 is the scattering angle as defined

in appendix A.

The d,;- have the following useful proerties :

n

. . J ¥ _ 2
Orthogonality |sin6 do du,(e) dn,(e) = -Z'ﬁ_l-su' (C.5)
0
= = ((1)M* )
dl.p d_“'_l (-1) du,l (for any J) (C.6)
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J

A =
B JiGEamw)

W omee g

1

{

dgy = P/(cos6)

dP (cos6)
djp= s
J(J+1) dcos6
2 3 .2
dyo= df)z* 5\/'; sin'@
2 1 .
d21 =- d?z =5 (1+cosB) sind
2 2 1 .
dz_1 =- d_12 = 5 (1-cos9) sin®
&, =d> = 7 (+cosd)?
2 =0, 5= Z( +cos0)
d2 = _1 1 92
2 2= _22-2-( +c0s0)

sin@
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+ pcotd ¥ 3 } dk.p (C.7

(C.8)

(C.9)

(C.10)

(C.11)

(C.12)




(ii) Polarization Vectors

The 4 momenta k; are as defined in appendix A, in the centre of mass frame
with the incoming particles (1&2) along the z axis and the outgoing particles (3&4)
in the x-z plane. Then the polarization vectors which project out states of definite
helicity (these are the same as those used by Poppe [23] with final state vectors

constructed by rotation , see Scadron [82] ).

£ = __1_ ©0,-1,-1,0) , E_= L (0,1,-1,0)

1+J'2- ﬁ

€ =_1_(0,l,-i,0) , € .—_-_1_ (0,-1,-1,0)
2

2+ ﬁ 2- J_

If the particles 1&2 are p mesons then their longitudinal polarization vectors are

[ =

1 _1 400
10 m (k,0,0,E) ’ 820 = E (k,0,0, E)

,-C0s0,-1, sinB) , € = (0,cos0,-i, -sinB)

3-

1
— (0
ﬁ(

(0,c0s6,-i, -sin@) e, =

€
3+

(0,-cos0,-i, sinB)

o™
¥
"

-
Si- Sl

£ = (k',-Esin®,0,~Ecos0)

1
30 m

8-

(k', Esin®,0, EcosB) , €, =

(C.13)
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Helicity Amplitudes
(iii) yy—- p*p-

The polarization vectors on page are used to project out the tree level yy — p*p-

helicity amplitudes M2bed from the Feynman amplitude Mo equation 4.4 .

M++++=M----
2 2 w2 . 2
=-2¢2{1 + k"(14z)" + (k+k") sin"0
2
t-m
. KX(1-2)* + (k+k')’ sin’0 }
u-m2
Mt+--=M--+
2 2 w2 . 2
_2e( 14 KUD'+ &) sin'

2
t-m

N KX(1+z)° + (k-k)’ sin’0

2
u-m

)

M+++-._.M++-+=M--+-=M--~+=0

M*-++=M-+++=M+---=M-+--

1 1
=2e2mzsin29{ 5+ 5 }
t-m u-m
M#-+-=M-+-+
1 1
=-2e2K(142)* { + }
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MH--t=M-++-

=-26 K (1-2)° { PR S
t-m u-m

M+++0=M++0+=M--0-=M---0=

M++-0=M++0-=M--0+=M--+0=0

M++00=M--00

2 2
o2, (KD skkz, 1 1
=-2¢ { 2 i 2 ( 2 2)
m m t-m u-m
2K+ kY (P+m)sin® ., 1 1
( : 2 + 2 )( 2+
m m t-m u-m

- M#-00=M-+00

= -2¢? K%+ m) sin’0 { SRR }

M+-+O=M-+-O=_M+-0-=_M-+O+

=-¢’ 22k mi) (1+2) sind { L 1)

M+~-0=M-++0=-M+-0+=-M-+0-

= ¢’ (2f2kmi)(1-2) sind { SRR
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The partial wave amplitudes are then projected out using the orthogonality and

symmetry properties of the dy,. functions and the expansion (A.4).

++++ 2 (1+(11)2 J
T, =e (1+(1)) Qle)
(1]
++- - (1'

b
J e 1 () Qa)

1

"o, 10 3
1) (Qa) - Q) +3.Q,(@) }

, 80
Tyt R Ty e e L Q)+ Q@) + 7 Q) }

) 2
4 -2
T-; +0 0= 62{ %algs_ml( QO(a]) - Q2(al) )-4 Ql(al) + (s mzrn ) )
, . 2
T;'+°=-T2 0__ 2 4,/5_kfnl (Qfar) _,57.Q2(a1) -7Q() )
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(iv) p*p~— p*p-

The polarization vectors are used to project out the p* p~ scattering amplitudes from

the Feynman amplitude (7.19), the Bomn and seagull terms are kept seperate :

Mt+++=M---
2
A2t L L () + 8iPsine)
2 2\ 4
S-m t-m
2
(A 2(__<(IZ‘) s-1) + 8K’sin’6 )
u-m
1 2
+7{(z-62-3) seagull }
M++--=M--++
2 2
_fz{ u-t s-u (1-z) . s-t (1+z)
s-m2 t_mz 4 u_mz 4
2
+(z+‘612-3) seagull )

Mtt++-=M++-+=M--+-=M---+=
Mt-++=M-+++=M+---=M-+--
£ (t+4m>)sin’0 , @+ 4m?) sin®6

==
4 t-m2 u-m2

-sin’®  seagull }

Mt-+-=M-+-+
£ (u-s) (t-s)

2
—{ (1+z)" +
4 t- m2 u- m2

(1+2)°

+ (1+z)2 seagull }
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Mt--+=M-++-

f2 (u-s) 2 (t-s) 2
= — (1-2)" + (1-2)
4 t- m2 u- m2

+(1-2)*  seagull )

M++00=M--00=-M00++=\00--

£ 22E*+ m’)
_E{ g,
S-m
1 [@C@E™+ m®) - EX(s - u) )sin%6 - 2 s K*(1-2)° ]

t3 2
2 t-m

1 [@P@E  m*) - EXs -1) )sin6 - 25 K'(1+2)" ]

4+ =
2 u - m2
2 2 2
(RE"+3k") E
S 7P2(Z) seagull }

M+-00=M-+00=MO00+-=M00-+
_f { [ 4K*(2E%+ m’) - E*(s - u) 1 sin”0
T2

2m t- m2
Ll 4*QE* m?) - Ej(s -1)]sin’0
u-m
+ E2 sin26 seagull }
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M+++0_—_M--—0=M+O++=M-O--
=-M++0+= _MO+++=_M--0-=_MO---

_piEsin® f - 16k . ( 8K*(32-1)-(s-u)(142) )
ZJEm s-m’ t-m’

, 8k2(3z+1)+(s-1)(1-2) )

2
u -m

+ (z-3) seagull }

M++-0=M--+0=M-0++=M+0--
._-_M++0--_-_MO-++=_M--0+=_M0+--

_piEsin® 16k +(t+4 )J1 )+_(P__E_)(l+)

2ﬁm s-m2 t-m u- m

+ (z+3)  seagull

M+-+0=M-+-0=M+0+-=M-0-+
=-M+-0-=-MO-+-=-M-+0+=_MO+-+

- i E sin® { (t+4m2) (142) - (u+4m )

2,/_m - u-m

+ (14z) seagull }

(1+2)

M+--0=M-++0=M-0+-=M+0+-
=_M+-0+=-M-+0- =_M0++-=_MO--+

_fzle‘ifsz_u:{ (tt+4;n )j1 2 + (u+4m )(1 2)

- (1-z) seagull }
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The partial wave amplitudes are then projected out using the orthogonality
and symmetry properties of the d,,. functions and the expansion (A.4). For
convenience we define the following variables:

x =0, =1+2m?/4k2, y =1 + 2s/4k? where 4k?= s-4m?2

Ty =30 (1 Qe 0,0) + 8(0,00-0,00)

0

- 1 seagull }

Ty =3 {1+ Q0 - 5+ 50,0)

O

- 1 seagull }

R \/% 3{%-(x-1>(Q0(x)-%9Q2<x)+%04<x))

1
10 seagull }

T, " -f;- {e4)(2Qu0) 5 Q07 QU0) -2
+ 1 seagull }
‘ T-;-+-=T-;--+

+ +0 0 4 f2{ (Qo(x) (x) + le(x) - -;—)

+ 22 m’ (Qx)- Q)
s-4m
_Gs- 122m ) seagull }
16m™
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-00_ f2f { ( (x+y-4)- 2)(00(") 3L T7ER 175 2520)

2
'E_z + Ez }
Sm 10m

se.

+++ '8k 1
s-m
T 1
0_ f2( ){3( 7 5seagull }
s-m

+-+0 4E 4 1
T 0= £ 2‘/.z.m) { 2y 0(Qu 2, 073520) - 5

+-§- seagull }

Bkt = ){ L ey Q5570 +3

--§- seagull }
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Appendix D _Loop Diagram Results

(i) Cutkosky's Rule

~ Take the bubble diagram as an example to work with, p mesons in the loop

Diagram for yy—pp figure D.1 is constructed from Feynman rules 6 and 5/8

in appendix B. The basic integration has the form

Id‘q — 1 — = 2ni I(s) (D.1)
(@"- m +ig)(r'- m +ig)

When s>4m? there is sufficient energy for p pair production, s=4m? is the threshold
for the process yy—pp. Consequently when s>4m? the particles in the loop become
'real' and go on-shell, so the above diagram develops a cut starting at s=4m?2.

The imaginary part is calculated using Cutkosky's rule [68], the prescription

is that each propagator "going on-shell" is replaced by a delta function:

_ 1 5 omisdmd)
q-m'+ie
1 — 21 8¢ m?) (D.2)
2 .
r-m+ie
Applying this prescription to the integrand of equation (D.1) gives
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Jd“q 2mi 8(q’- m*) 2mi 8G°- m’) = 2n% (21 Im L (5) )

= ImI(s) =Jd4q 8(q*- m) 8(r*- m?) (D.3)

The two delta functions project out
2
q°q-m=0 (@ , q°q - m’+ k- 2% =0 (b)  (D.4)
The equations a and b above determine two of the four degrees of freedom in the

loop momentum q*

S
q°‘=(-‘2£,q) , q=lql = /%-mz

q = q (sinB cose, sind sing, cosb) (D.5)

Where 0 and ¢ are the "polar-co-ordinates” for the solid angle integration over the
two remaining degrees of freedom
dQ =sinfd8de , 0<6<m , 0<9<2n

The integration (D.3) is best performed [83] by making a change of variable
d*q =gl e de dg® dQ , where €= Igi*+ m’ (D.6)
with the result that (D.3) is rewritten as

Im1(s) = j lql & de dq” 42 8( (@*)- €2) 8( (q')'- €2+ s - 2k% )
D.7)

the dqC integration is easily performed
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Using 8( (- €9) = i 8- &)

= ImI(s) = j'-g-' 8s-2¥s ') dg’ d

1
= ImIl(s)=§ 1-— de (D.8)
With the final result that
4m
=1 ——_—
Im I,(s) > 1 . (D.9)

(ii) 'Deriving' the Dispersive Integral

Let f be an analytic function in the s-plane; assume that f has no poles at the
origin and that as s—eo then lim f(s)=0.

Cauchy's theorem staes that for any contour C

1 f(s)

Pl e —ds = f(s,) (D.10)

The contour C, see Fig.D.2 (overleaf), avoids the cut in the s-plane [0,+0)
along the real s-axis. Letting R—oo and r—0 the integrals around Cgand C,—0

leaving just the integrals above and below the cut, thus

(s )__JMJ (D.11)
5 .
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ZS

K
- K <L Figure D.2

CR.C, are circles of radius R,r with R>T.

Where stis the value of s just above/below the cut, the numerator of the integrand of
(D.11) is the discontinuity of the function f across the cut
f(s") - f(s ) =2iIm f(s) (D.12)

So the integral may be rewritten as:

1 [Imf(s)ds
fi= L [0
no 5%

(D.13)

In the case of the p loop diagrams the cut is in the interval [4m?,+cc) along

the real s-axis, there is no imaginary part for s<4m?, therefore (D.12) is modified to

Im f(s') ds'
f(s)=.l_ m f(s") s’
mY, s-s-ie
4m

£>0 (D.14)

In general given the imaginary part of a function f the real part can be

reconstructed using equation (D.13) up to n-subtraction constants where
| f(s—e0) | < constant x| sI"*n=12,... and O<a<l (D.15)
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(iii) Bubble Diagram Integration Formulae
The integration formulae for the bubble diagram , figure D1, are:

1; a; o n; a7 B
[atq 293993099 or2i1) D16 ; 2% LG DT
(@-m)(r"-m)

2n2 (g%, (k%) + k%k"e (k%)) D.18;

2ni ([g°%P) £,6%) + k%", £,6%) ) D.19

With the notation [gkP] meaning symmmetrise the terms in the square brackets will
be used throughout appendices D and E , ie
[87 kP 1= g*kP+ g P+ g™k
Equation (D.16) has already been calculated, see (D.9), applying the same
method to (D.17) in reducing the d4q integration to a solid angle integration yields

K% Im L (k") =-;- g Am JdQ q* (D.20)

contracting both sides of this equation with k®, replacing kq with k2/2 using

equation(D.4) (ie as a result of the Cutkosky rule) one obtains

4rn2 1 2
1-—— 4n =—ImIl(k ) (D.21)
k2 2

The functions Im ej(kz) and Im fj(kz) are similarly obtained by contracting equations
(D.17) and (D.18) with g, and k, and applying the Cutkosky rules (ie equation
(D.4) ). This leads to sets of linear equations whose solutions are Im ej(kz) and Im

£,(k2).
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For example, by contracting (D.17) with k, and then g, yields the following

two equations, Im ¢; and Im I, all functions of k2:

2
2 k
Ime1+ k Ime2=TImIl

4Ime, +KIme,=m’ Im1,

which have the following solutions

2 2 2 2

hnel=--(l‘-i"-’lnn1 Cdme,= ™M1 02
12 1 2 2 1
3k
and similarly for the Im f;
2 2
)
Imf, =xIme, , Inf, =% 2" 7 (D.22)
2 1 2 e 1

The formulae D.9/14/21/22 are then used to reconstruct the real part of the

loop integral, as discussed in chapter 5. For example

(kz) = _j dk Im ej(k'z) (D.23)
-1ie
1 1
= P—— +int &(x"- x) (D.24)
x'- X - i€ -

These formulae are valid for the s,t and u-channel diagrams. In the case of the

s-channel diagram figure D.1 k%= (k;+ k;)* and k2=s, the t-channel diagram below
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—1p
NaVaVaVaVaVs =
IT Lq Figure D.3
AN A
— 4
k,

is obtained from the s-channel by k¢ — k; and > interchange so that
ko= ( k- k3)* and k2=t (<0). Similarly for the u-channel diagram by k,¢> — k, and

7<) interchange .

(iv) Triangle Diagram Integration Formulae

Consider the triangle diagram above from which all other triangle diagrams can be

obtained by suitable interchanges.
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The integration formulae are:

4 l; q(l ; quqn . 2
d'q =2n% J(k“ k,) (D.25);
I (q”- m*)(@-k)* m*)(g-k ) m?) :
2n2i (K%, (k" k ) + k* a,(K*.k ) (D.26);
2m2i (g%, (kK )+ kKb, (k™ ) +KOK™b, (K k )+ kKT, (k7 K )
(D.27)

Applying Cutkosky's rule (D.2) to the two propagators which go on-shell at
pp threshold (s=4m?2) , then equation (D.25) becomes:

2 2 2 2
jd4q %q-m )f(r )~ im 302k, (D.28)
(q'k,)"-m

proceeding as before, in the bubble diagram case equations (D.3) to (D.8), this

reduces to a solid angle integration

1 4m’ 1
mIK k) =g [1-— IdQ - (D29)
k K- 2k%q_

Defining z; to be the cosine of the angle between k andq ,then the

denominator of (D.29) is rewritten as

K- 2kfq_=-21kllgl (o z,) (D.30)
where k3 = (k], k ) and

o0 ;2
_2qu-kl

e S 31
= 3 kiiq (:31)

So that the solid angle integration now has the form:
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Im J(K* E I a2 (D.32)
8,/ ki~ %%
Which is easily integrated to give
Im J&* k) = (D.33)

o)
Trn

and where Q(z) is defined in appendix A.

Dropping the explicit (k2,k;) dependence, for the time being, of the functions
J,a; and b;. Consider equation (D.26), apply the Cutkosky rule to give

J’d4 S(q m)8(r m)
(gk)m’

q -k‘;‘lmal-r k"‘lma2 (D.34)
contract (D.34) with k, , then substitute kq =k?/2 using (D.4) and use (D.28) to give

2
k 2
ImJ = kk Ima, + kK Ima, (D.35)

Contract (D.34) with -2k, and add this to k;2 multiplying equation (D.28) :

d'q (g’ m*) 80 m)(k 2k,q) =K ImJ
(g m’ ’

-2(¢Ima, + ki, Ima))  (D.36)

The denominator is thus cancelled giving:

2
ImI =K (ImJ-2Ima, ) - 2kk, Ima, (D.37)

The linear equations (D.35) and (D.37) are easily solved to give:
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2 2,2
oy oK ML+ Kk Im )
1

2K - (kk,))

kk, ImI, + Kj(k>- kk,) ImJ

Ima, (D.38)

207K - (kk,))

The same procedure is applied to equation (D.27) to obtain the coeficients
Imb; as functions of k2, k,2, kk;, ImJ and Iml,. However this time , since there are
more coefficients to find the algebraic programming system REDUCE is used.

In fact use of REDUCE is essential for obtaining these coefficients and those
for the integrals with 3 and 4 powers of loop momentum in the numerator ( Im c; and
Im d, respectively).

2

) K0E- k) I 1 + (KPKG2Kk, KK - 4m*(kk)) Im T

1

8(K2K’- (kk,)")

1

2,222 4
)

,= - {3kk,- ) (3 Im 1,
80K (KP-2(kk ) )+ (k)

Imb.

AP (ACBIE-6kk + k- 4m7+2(kk, ) (k™+ 2m")) Im T }

Kk - K)Imb, - k’Ime,

Imc, =
! 2 (kk )= Kk )

(D.39)
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To perform the dispersive integration the functions J, a;and b; must be

expressed in terms of the Mandelstam variables s.t,u.

For exmple take the basic triangle diagram figure D.4 , called (12 (34)) in the

notation of chapter 6, then we substitute the following
s
K’=s , Kkl = —‘/2—_- , kk,= % and k?: 0 (photon on-shell)

into the expressions for J, a; and b;. With the result that

S

ImJsk)=-2 Q@) o= [——  (©40)
Im al(s,kl) = % Im Il(s) + Im J(s,kl)
Im az(s,kl) =- % Im Il(s)
2
Im b,(s.k,) = -i— ImI,(s) + _n%_ Im J(s)k,) (D.41)

The integral coefficients corresponding to the diagram (34 (12))

\k,‘ —>-

A, ——

are easily obtained by those derived for the (12 (34)) diagram simply by the change
k;— ky= (Vs/2, k') , the coefficients are still functions of s but have a different form

because kj is the four momentum of a massive particle. So one uses
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2_ "y /s 2 s 2
k'=s, Kk'l= m kk3=-2- andk3=m2(p meson on-shell)

2
-1 4m
ImJ(s,k,) = ——_—
(s.k;) . 1 S Qo(az) (D.42)
1 2m2
o = + .43
2 S- 4m2 04
and equation (D.38) gives
2 S - 2m2
Im al(s,k3) = > Im Il(s) + 5 Im J(s,k3)
s -4m S -4m
-1 m2
Im az(s,k3) = 5 Im Il(s) - 5 Im J(s k)
S -4m s-4m
2 2, 2
-2 -
Im by(s.ky) =22 Im1,(5)+ ST i g k)
4(s-4m") 2(s-4m")

(D.44)
To calculate the functions ImJ, Ima, and Imb; for the t or u-channel diagrams,
equations (6.4b&c) requires a little more care. For instance consider the (13 (24))

triangle diagram

The function ImJ(k2,k,) is calculated in the centre of mass frame of the process
1k,) + p(-ky) = 1K) + p(ky) (D-45)

So that conservation of four momentum now reads
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ki-ky=k=k,-k, (D.46)

and k? = s the centre of mass energy squared for the process (D.45)
2

2 -
K=k}, k) , Kj=0= k=K = sansl (D.47)
Putting this into equation (D.33) gives:
T
Im J(s)k,) = > Qo(al) (D.48)

s-m
Finally to obtain the expression for ImJ in the centre of mass frame of the

process
¥k,) +1(Kk,) = plky) + p(k,) (D.49)

the interchange s&t (ie k,¢> -k3) is made so that finally

(D.50,51)

The dispersive integral then approximates a reconstruction of the function:

ImJ(t' k,) dt'
J(tk)-—Jm( ) (D.52)

. r-t-ie

Noting that for the process (D.50) t<0 and so the function J(t,k;) is real, there

are no poles.
The rest of the functions Ima, and Imbj are easily calculated from the formulae

(D.38) and (D.39) simply by, noting that for the (13 (24)) diagram (say) k=k;- ks,

substituting the following

2
t-m

2

k2=t . ki:o . kklz
without the need to go to some other process and then convert back by s>t

interchange.
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Appendix E_Box Diagram Results

(i) Integration Formulae for Box Diagram (1234)

The integration formulae for the box diagram (1234),figure 5.3, are:

J-d4q 1 ; q(!; qaqﬂ _
@~ m')X(g-ky) - ) m?)(g-k))- m?)

2ni ¥(s,t) (E.1);
2.
2171 (K*V(s,) + K2V () + K3V, (s.) ) (E.2);
21%i (g"Ws,t) + KSKT W, (5.) + KOKIW,, (5,0) + KOK™W o (s,0)

+HKOKT] W, (s.t) + [KKT] W(s.t) + [KOKE] W,(s.0) )
(E3)

With {X(s,t)} and {Z(s,t)} the coefficients of the integrals with three and four

powers of loop momentum respectively in the numerator of the integrand, using a

notation that is a natural continuation of (E.2) and (E.3) above, but not given in full

form here for lack of space. For example Z(s,t) is the coefficient of the [g® gfM

term whilst Z;,(s.t) is the coefficient of the [g%*k;Pk,*] term.

Proceeding as before with the bubble diagram calculation in appendix D, the

Cutkosky rules are applied to the integrand of equation (E.1) giving:

1

2 2 2 2 (E.4)
((g-k,)"- m')(gk;) "~ m")

Im W(s,t) = qu fdn

then applying (D.4) to the denominator means it can be rewritten using
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(a-kp) m” = 2qk (o~ 2,) (E.52)

(qk;)-m’ = 2gk (@ - 2,) (E.5b)

where q%= (Vs/2 , q) , q = Iql and k; and k3 as given in appendix A for the reaction
TI—PP-

_ k.q _k'.q
z= kg’ z,= Fq (E.6a)
cl=s-2k§ a_s-2k§ C e
1" 4kq ’ 72 4k'q (E.6b)
. Vs . [s 2 .
Using k=—i- and k'= Z7 m one obtains
S 2m2
a,= and a=1+ (E.7)
2 2
S -4m S -4m
and z is related to the Mandelstam variables as
zZ= t-u S+t+u —2m2
=i 0 Stus
So that (E.4) simplifies to
Im ¥(s,t) = (E.8)

1 j dQ
16% q kk (al_ Z])(az- 22)

The easiest way to do the solid angle integration in (E.8) above is to use the

expansion (A.4), so that

Pn(zz)

(ll- Z1

1 00
Im ¥(8) = 175 o §(2n+1) Q,(@) fdQ (E9)

(recall that P(z) and the associated Q,(z) are defined in appendixA)

The two 'internal' scattering angles 8, and 8, (z;=c0s0, and z,=cos8,) are
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related (the same situation as the two body unitarity in chapter 7, equation (7.9) )
1 1
_ 2, 22
=22, + (l-zl) (1-z°)" cose (E.10)
where z is the cosine of the 'external' scttering angle (4.5). Thus P,(z,) can be
rewritten using a standard identity, equation (A.3), the integration over cos(m¢)

vanishes for all m so the final result is :

—
Im ¥(s,t) = WE%&" .,2_0 (2n+1) Q (&) Q,(a1,) P(2) (E.11)

Barut [84] shows that the integration (E.8) can be done in closed form:

ao dn 002
=—Qy( —2—) (E.12)
J (a;-z)) (0 2)) VA VA

where A =02+ o2+ 22 1- 20.0.2 (E.13)

This can also be obtained by simply making use of the following identity , from
Whittaker and Watson [851,

Y 2n+1) Q(0) Q0 P, = - Q( Z2)  (E.14)
n' 1 n* 27 " n \/)\, \fl

n=0

A slightly different method of calculation is adopted for the higher order
integrals ( equations (E.2),(E.3) etc ) to that used for the bubble and triangle
diagrams. Using the four vectors kk; k3 to determine a set of linear equations of
which {ImV(s,t)} , {ImW(s,t)} etc are the solutions , introduces 'spurious cuts' in
the t-channel , thus making the single dispersion relation approach unviable.
However if the Legendre expansion, of the form (E.11), is used then the coefficients

have a relatively simple form. In which case it seems to be only necessary when
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calculating the numerical value (and so z is constant ) of the imaginary part of the
coefficient to take the first non-zero term in each expansion. It is not at all clear that
this remains true when one applies the single dispersion relation and z is no longer

constant but a function of s and t.

Consider an example of how the coefficients were evaluated. Apply the

Cutkosky rules to (E.2) to give

a

q
) (@, 2,)

1 o
ToqVs KX Jdﬂ(a ~ =k®ImV g+ k{ImV + KjImV,
L (E.15)
We define the following four vectors to project out the components of q¢
Pg‘z (0,1,0,0) , P;'= (0,0,1,0) , P= (0,0,0,1) (E.16a)

and note that we are working in the particular frame of reference in which

k%= (s, 0) ,
ktll__: (ﬁ, k ) ’ k = (anak)
s ., " e ,
kg: (—2-, k) , k'= (kx ,O,I(y) (E.16b)

Contract both sides of equation (E.15) with the P, , , and k® in turn giving a
set of four equations, and recalling that the Cutkosky rules (D.4) means that kq=k?2/2
and that kk;=kk;=s/2

1 J‘ q, .
- 1dQ = kx ImV (E.17a)
16‘\]8 q1(k (al_ 21) (az_ Z'Z) 3
1 q,
' Jdg =0 (E.17b)
16‘]8 qkk (al_ Zl) (az_ z2)
1 I q, _ .
- |dQ =kImV, +k ImV3 (E.17¢c)
16‘JS qkk (al_ zl) ((12- 22) 1 z
o
1 J’ 0t KImV g+ kk,ImV,

+kigImV, (E.17d)
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Using the expansion of (a,- z,)-! and P (z,) used in the evaluation of (E.9) the
basic integrand is rewritten as

j a0 Z(2n+1) Q) (P jd

(al- zl) (0-2' 22) n=0

> T(n- P
4+, Y Tnm+1) P J ~(z,) cos(me) }

m=1 I'(n+m+1) a-z

(E.18)
Noting that it follows from the definitions of z; and z, (E.6a) and the

components of k and k' (E.16b) that in component form q is

q =q (sin6, cos , sind, sing , cos6,)

The LHS side of (E.17b) is zero because of the sing d¢ integration, this then

leaves three equations to determine three unknowns. The linear equations

(E.17a,c,d) are solved, giving:

-1 -1
1 (1-k(q,-qcot8)-k 'q)
ImV dQ
o) = 2{ 16Vs gkk' J (a,- 2,) (0, 2,) @

-1 (g, q,c0t8)

k
e )
16VS qkk J. (al_ 21) (az- 22)

ImV (s1) =

-1
q
L |dQ . ©

ImV3(s,t) =

Using the expansion (E.18) and performing the d¢ integration in equation (c)
above yields:

l

-1
2ngk - Z) P (2
ImV(s0) = qkk.n‘é(z 0 (eP (z)jdz

0,-2,
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ImV,(st) = 2Rk {3 Pl(z) 3
3\ m 5!' Ql(aZ) I(Z) 3 ( Q{)(al) - QZ(a]) )

5 12
+ T Qz(az) P;(Z) 5 (Q,(e,) - Q;()))

+... } (E.20)
Evaluating at Vs=1.6GeV one finds that
Q;(e) (Qy@) - Q,0)) » Qyery) (Q,(er)) - Qy(er,))
Provided that z remains constant it is thus reasonable to take the first term in the

curly brackets of (E.20) and usimg the facts that

Ply=1-2 andk =k {J1- 2

and expressing k and k' in terms of s one obtains

IV = —— Qo) Qo) - Qo)) (E21)
s(s-4m")

which is independent of z and hence independent of t. Similarly for ImV(s,t)

27 a,
7 Q%) Q) (E22)

ImVl(s,t) =

Exactly the same methods are used to derive the rest of the integral formulae
coefficients, again using the approximation of taking the first non-zero term in the
expansion Q,(c,) this seems to be valid in that range of s values that we are
interested. But when z becomes a function of s and t, such as when we try to
reconstruct the real part by applying a single dispersion relation to s, then this
scheme is almost certain to fail as there will probably be higher order terms making

significant contributions.
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-
ImW(s,t) = = Qu(a,)(Qyer,) - Qy(ex,)) @)

W, (6 = % Qo)((Bed- Qe -30,)  (b)

4r
ImW33(s,t)—--——-—)Q2(a2)( Qe - Qz(a )+ = Q4(al))

3s(s -4
©
ImW,(s1) = Q) Qe - @,Q,(et,) )
s(s- 4m )a
@
n(s- 4m)
Im Z =~ Q@) Qo) - 222 Qe + 2Q)
2n(s-4 0
hnzu_—%ilqomz)(qzml) Q,(a,) ®
S

Im Z,, 56 = Q0 2)(Qo(a1)+-—Qz(a1) —=Q,(a 1>+55Q6<a1>)

®
20 120 20
ImZ,,33= 2“? QZ(az)(QO(al) * 37 Q@) - 77 Qo) + 33Q6(0y) )
()
(E.23)

These are the coefficients required for the calculation of the imaginary part of
the yy—pp loop amplitudes.

The functions above (E.23) are all nominally functions of s and t but in the
approximation taken the z (and hence t) dependence has disappeared. Thus these are
also the integral formulae coefficients for the (2134) box diagram, which is obtained
from the (1234) diagram by k;<>k,, te>u and a«>n interchange.These are the

coefficients required for the calculation of the imaginary part of the yy—pp loop

(box diagram) amplitudes.
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(ii) Spectral Function Im(Im¥(s.t))

The function Im(Im¥(s,t)) can be calculated by applying Cutkosky's rule to
each of the four propagators in the box diagram (1234), making a change of

variables and doing the integration. This is done in reference [83].

An easier method, is to follow Barut [84] and Mandelstam [86] in noting that

the function

dQ 4 oo -z
J. =2 (—L22) (E12)
(o 2) (@, 2,) VA VA
is an analytic function of z except for the cut [z,+), where
1 1
zi=a o + (0217 (- )’ (E24)

and the discontinuity of the function Im¥(s,t) across this cut is easily calculated,

noting that z is linearly related to t:

L ImW(s z+ig) - Im¥(s,z-i€) } = w1
Ei— { Im (s,z+i€) - (s,z-1 —mg—q—k-k'-, \jx

Thus the double dispersive spectral function is :

21:2

A >

2 [+
- VA
Im(Im¥s) =4 ¢ 4m’)
0 z<zZ

(E.25)
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Appendix F_SU(3) Predictions for Yy—VV

We wish to calculate the relative strengths of the RV,V, and Ryy couplings
according to SU(3), where R is a resonance and VV, are the vector mesons p, o,
k* and ¢.

The vector meson matrix M is

A pt k¥
M=|p- B k*° (F.1)
k* l? 0

_1. 0 _
A—Vi(p-rm) , B—Vi('po"'w) (F.2)

Ignoring the off-diagonal terms the intermediate (pseudoscalar) resonance matrix is

a
M=[- b . (F.3)
S
1 o 1 o
a:vf(v + 0) , b=-v:2-(-v +0) (F.4)

The ‘effective Lagrangian' for the RM; M, vertex is
Loyp=Tr{ RIM, M} 1} (E.5)
where the subscript is the four momentum label of the vector meson and strictly
speaking there should be a coupling costant in front of the trace in (F.5) but we can
set this to =1 since only relative couplings are required.

Considering the diagonal elements only of R, these are the only ones that

couple to Yy, one obtains
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= 0 - -
Levy =V20pJp) + V2 o(p?p; + plp)

Oy o0
+V2 o0 @ + 2v (@ 9+ o)zp?)

1 . .
+ 35 V4 0+ ¥25) (K (1) k¥ (2) + k¥ (1) k¥(2) )

: — —
+o5 v’ 0 +25) (k°(1) K*°2) + k*°2) K*%1))

+ 2s<pl (p2

(F.6)

The particle identity (1 or 2) is written as an argument and not a subscript for the

k*k* system.
Under SU(3) the electromagnetic current j., transforms as:

0

1,
Tm=5+ 7k

F.7)

J5 is the Isovector component and j, the Isosinglet component

The Gell-Mann matrices A3 and Ag are

. 1
l3= diag(1,-1,0) , XS— i diag(1, 1,-2)

which implies that j,,, has the following form:

f;n= %— diag( 2,-1,-1 ) A®*

Thus the effective Lagrangian for Ryyis
L, =Tl RIGM.i,@]1, }

which simplifies to:

\/2 0 o
Lo - (3v+50+ V2s) A A

The couplings may now be read off from (F.6) and (F.10)

=g =g, =2

[oJ00 O] v apo
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(F.10)




and the following couplings to the k*'s

B =B =1 (F.11)
The two-photon couplings are
= 5 s - , -
oy Bo =3 . 8 V2 (F.12)

The couplings are then used to calculate ratios of the cross sections for

YY—VV, assuming that the underlying mechanism is pseudoscalar meson exchan ge.

For example the process Yy—pp has the following amplitudes

1
Mor-p0) =g .8 T35

M(yy-p*p?) = 8ot Boy T (F.13)
The 1/N2 that is present for the neutral channel is because there are two
identical outgoing particles, T represents the 'basic amplitude' which we do not
know and thus has to be eliminated.

Taking the cross section to be the square of the amplitude we obtain

2
o(yy—p%% __;_ ( £ 50900 )
o(y—p*p) Eoptp-

but we know from (F.11) that the charged and neutral couplings to the I=0

resonance G are equal, SO
o(y—0%% -
o(1—p*p")
In this way we obtain all the other cross sections as multiples of one particular

N -

cross section, such as 6(yy—wp0), these results are given in table (3.1).
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Graph 3.1

Graph 3.2

Graph 3.3

Graph 3.4

Graph 3.5

Graph 4.1

Graph 4.2

Graph 5.1

Graph Captions

Comparison of cross sections on the Yy—p9? no-tag data. Also
shown are the upper limits of yy—p*p~ from JADE [30]. Taken from
reference [29].

Cross section for Yy—wp? . The error bars are purely statistical. Also
shown is the expected a;(1320) contribution (full line), a 4-quark
state prediction [48]-[50] (dotted) with m=1.65 GeV and a;,=0.5 and
the prediction by a t-channel factorization model [53] (hatched
region). Taken from reference [38].

Cross section for Yy—wo vs. WW (=\/ s in thesis notation). The error
bars shown are statistical. The systematic uncertainty is 20%. Taken
from reference [39].

Cross sections for the reactions a) w—ak*°l?“'°; b) yy—=k*°k-mt+ c.c
and c) yy—k*k-mtn (non-resonant). Taken from reference [40].
Cross sections vs. W.,. Systematical errors are not included.

a) Yy—k**k*- (crosses) compared with yy—>k*°1'c_*5 (dots) from[40]
b) Topological Yy—kCkortn.

¢) Topological Yy—k,°k™ n0n (crosses) together with non-resonant

YY—k°k¥ 1t0nt (dots). Taken from reference [41].

The HLS model tree-level cross-section (in nb) for yy—p*p-,
equation (4.14), as function of W=Vs in GeV.

The HLS model tree-level cross section (in nb) for yy—p*p-,
equation (4.17),as a function of x where s=xmZ2. 6, (dashed line),
56, (dot-dashed line) and o= 6+ 50, (full Line). '
Equation (5.25), showing the region of integration for the

double-dispersion relation representation of ¥(s,t).
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Graph 7.1

Graph 7.2

Graph 7.3

Unitarity test for the Ty+ *+*+ scattering amplitude, where x is defined
by s=xm?2.

Case (a) T+ ** *l (dashed line) to be compared with I(EZMM*)| (one
dot-dashed line).

Case (b) ITy***+ * (two dots-dashed line) to be compared with
IEMM*),| (three dots-dashed line).

Decomposition of (EMM*),, equation (7.23), into component parts
for case (b) ie only the Born amplitudes. Ty* ** + (dashed line),

Ty + - - (dot-dashed line), Ty* + 00 (two dots-dashed line), To* ++-
(three dots-dashed line) and just visible above the x-axis is
Tot++0=- Tyt +- 0 (for case b) (four dots-dashed line) and the
resultant total (EMM*), (full line).

Unitarity test for w*7— scattering. s-wave amplitude (dashed line),

p-wave amplitude (dot-dashed line) and unitarity limit (full line).
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