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Abstract

We have studied the Wilson fermion matrix in the lattice QCD in the quenched
approximation. Having implemented the Lanczos algorithm to study Wilson
fermion spectrum on finite volumes we have presented results to confirm the
existence of a phase transition accompanied by a massless mode from a phase
where parity is restored to a phase where this discrete symmetry is violated in
accordance with Aoki's lattice QCD phase diagram.

In an effort to set up the most suitable algorithm to investigate hadron
spectrum for Wilson fermions, we have also studied different versions of the
Lanczos and conjugate gradient algorithms and have found that the block Lanczos
algorithm is really superior for inverting large sparse matrices. In particular we have
shown that the rate of convergence of the block Lanczos algorithm becomes
effectively independent of the details of the fermion matrix such as gauge coupling
constant and hopping parameter.

The application of the block Lanczos algorithm to investigate scalar and
pseudoscalar meson propagators shows that the massless mode associated with the
transition from parity-restoring to parity-violating phase in the above phase

structure is indeed where the pion becomes massless.
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Chapter 1

Lattice Gauge Theory

1.1 Introduction

Gauge theories are inevitable for our understanding of particle systems. Most of the
present models developed to describe such systems at a fundamental level make use
of the notion of a gauge field. To have a well defined mathematical meaning the
corresponding quantum systems must be regularized so that all divergent integrals
are made finite. However, almost all techniques currently employed for this
purpose are based on the weak coupling parameters in which the theory can be
expanded perturbatively. Needless to say they are impotent for the analysis of
phenomena governed by large coupling constants. They become even more useless
where the behaviour of the theory at the origin, in coupling parameter space, is not
analytic. To overcome these difficulties one requires a non-perturbative
regularization scheme i.e. one which can be directly applied to fields, not to
Feynman diagrams. Based on this notion an alternative method of regularization has
been suggested by Wilson [1]. His method consists of putting the theory onto a
discrete hypercubic lattice of space-time points, and to attempt to define the
continuum limit theory as the limit of this lattice field theory as the lattice spacing
goes to zero. The cost of doing this is to break the manifest Poincare' invariance of
the original theory, in the hope that it will return in the continuum limit. This
method provides a natural cut-off scheme as wavelengths shorter than twice the
lattice spacing, a, have no meaning and this restricts the domain of momenta to a

region bounded by —Z—. As a result the ultraviolet divergences are thus removed.



For technical convenience we formulate the lattice theory in a four
dimensional Euclidean space-time defined by the Wick rotation (z — -it) of the
Minkowski space theory. This completes the analogy of the field theory as
formulated above with a statistical mechanics system. So we can call upon all our
experience of statistical mechanics to solve problems in quantum field theory. In
fact with a cut-off on high momenta the action is bounded and therefore we can treat
it as a perturbation in the strong coupling limit to open a new domain of analytical
investigations inaccessible to perturbation theory in terms of Feynman diagrams.
This corresponds to the method of high-temperature expansion in statistical
mechanics.

On the other hand if the space-time volume of the whole system is made
finite there are only a finite number of variables and it is then possible to study
various physically interesting quantities such as energy spectrum, correlation
functions etc. in the path-integral formulation by the technique of numerical
importance sampling i.e. by simulation based on the Monte Carlo method. Now all
quantum averages are given by mathematically well-defined expressions
irrespective of the value of the coupling constant. This numerical analysis thus
bridges the gap between the strong coupling domain and the region of weak
coupling which can be studied by perturbation theory.

Though lattice gauge theory seems promising in dealing with pure gluonic
theories it creates its own problems for fermionic systems. An obstacle to handling
the gauge theories with quarks is the uncertainty about the formulation of lattice
fermions. The most straightforward fermion formulation, the so called naive
theory, produces too many fermions. The two most popular ways of avoiding this
multiplicity of fermions have no explicit continuous chiral invariance on the lattice.
Chiral symmetry, realized in the Nambu-Goldstone mode, is supposed to be an
important approximate (exact for massless fermions) symmetry of the strong

interactions, one of the consequences of which is the smallness of the pion mass.



Lack of chiral invariance in the continuum limit of lattice quantum chromodynamics
(QCD) will reflect directly on the value of the pion mass.

In practice the finite-size effects might alter the results. For instance, strong
coupling calculations with one of the above methods, known as staggered
fermions, give much too high an :—; [2] despite the presence of a remnant of chiral
symmetry. Finite-size effects seem less severe in calculations with the second
method which is referred to as Wilson fermions. In this method, despite its explicit
break down of the chiral symmetry, low pion mass is indicated to be no problem
[3].

In the following sections we review the generalities of lattice field theories
for pure gauge theories as well as theories with fermions. Special attention is paid

to the Wilson fermions which form the central subject of the subsequent chapters.

1.2 Quantum Chromodynamics On The Lattice
Quantum chromodynamics which is the candidate field theory for the strong
interactions is described by the Lagrangian density L which is written in terms of

quark fields y and gluon fields Aa# in brief notations as:

1 oo
L=-1F,F +§(iB-my (1.1)

where F Wis the field-strength tensor built out of Lie algebra valued gauge fields as:
Fu\,:apAv-BvAu-ig[Au,Av] (1.2)

D#, being multiplied by Dirac matrices Y in P¥ is the covariant derivative defined
by,
Du":au'igAu (13)

In the above g is the coupling constant and A §= AauTa is the vector potential. T,
are the generators of G the corresponding group transformations satisfying the Lie

algebra:

[Ty Tpl=ify T (1.4)



where fabc are the totally antisymmetric structure constants.

In QCD where the gauge group is SU(3), T, are related to Gell-Mann

matrices! 7, by Ta=-£—- tuwherea=1,2,3,.,8.
The Lagrangian density (1.1) or the corresponding action does not

completely specify the theory. We also require to specify the functional integral

measure or equivalently the partition function,

ijd: xL

z=annwwe (1.5)

to obtain the vacuum expectation values of time ordered product of fields (Green's
functions).

Eq. (1.5) does not have too much meaning until its strange mathematical
content i.e. the infinite-dimensional functional integration, is defined in a sensible
way. To do this we put the theory onto an Euclidean space-time lattice with a

spacing a. The lattice sites will be labelled by a four-vector ni.e.

X = (X1,X2,X3,X4) = n = (n},np,n3,n4)a (1.6)
and the four-dimensional integrations will be replaced by a sum,

[axsats .
Naturally the scalar fields ¢(n) are defined on the sites n and the vector fields
A(n,u ) (characterized by a position and a direction) on the links joining the
neighbouring sites of the lattice. As a result each field has a finite number of
degrees of freedom and consequently the infinite-dimensional functional

integrations over the field configurations will be represented by ordinary multiple

integrals i.e.

jD(I) —-)In'[J‘d(b(n) (1.8)

JDA "’ﬂj dA (n,p) (1.9)

1 General properties of Dirac and Gell-Mann matrices are given in Appendix.



And finally the natural modification of derivatives on the lattice is to replace them

with finite differences,

(n+a'\)- (n - af)
2,0 = 2 “Zaq’ a (1.10)

where [ is the unit vector in {4 direction.
The lattice field theory introduced by the above procedure not only makes
the path integrals well defined but regularizes the theory as well. This comes about

through the transformation of the field ¢(n) to momentum space,

F@=a"Te™ o @) (1.11)

The result is that ¢(p) is periodic in p with period p,= Za—”. The momenta may

therefore be restricted to lie in the first Brillouin zone i.e. —Z Spy < %. Then on

an infinite lattice the inverse transform reads,

o(n) = Hﬁ%ﬂ%@ (1.12)
@2mn) =

So the latticization provides a cut-off in momentum space as the largest component

of momentum in any direction is i-% .

What happens to the symmetries of the theory under such a latticization
process? Obviously as the global internal symmetries are not affected by
discretizing the space-time the lattice action would preserve such symmetries. We
are most concerned about the local gauge symmetries. The Lagrangian (1.1) is
invariant under the local gauge transformation described by the G-valued function

V as follows:

Vo VY (1.13)

VAV (1.14)
SE -1

Au - VAHV - —g (auV)V (1.15)

Unfortunately this gauge symmetry is lost if we latticize the lagrangian density by

the above method. It is straightforward to see that the gauge invariant terms in the



action, e.g. ypy , will remain invariant under the corresponding lattice gauge
transformation only as a — 0. We are interested to preserve gauge invariance for
any finite value of lattice spacing a. However the freedom in lattice formulation
provides a solution to this problem as one is free to add to the Lagrangian terms
which will not contribute in the continuum limit. Using this freedom, the so called
universality, Wilson has presented a particularly elegant lattice formulation for
gauge theories. In his prescription which keeps local gauge invariance as an exact
symmetry we require to redefine the gauge fields on the lattice. To see how it comes
about let us consider the non-local operator U(x,y),
y
“ig J‘A“(Z) 7

Uxy) =pe ~ (1.16)
where the integral is taken along some path I connecting the points x and y and
p denotes the path ordering required to define U by expanding the exponential i.e.
Ay (zp) is to the left of A, (z;) if, along the path, z; is closer to x than z;. The
fact that A p are traceless shows that det U(x,y) = 1. Moreover U(x,y) are
manifestly unitary. Therefore U(x,y) are elements of the gauge group rather than
the Lie algebra. Let us check the properties of U(x,y) under a gauge transformation
V(x). For an infinitesimal path where y = x+dx, U(x,y) is easily shown to
transform like:

Ux,x+dx) = V(x) Ux,x+dx) V" (x+dx) (1.17)

By performing similar transformation successively along the path elements one

establishes the same result for finite separations i.e.

Ux,y) = V) Uxy) V() (1.18)
and similarly
UTxy) = Viy) Uy Vi (1.19)

where V "= vl These gauge transformation properties of U ensure the gauge

invariance of W(x) U(x,y) y(y) and its hermitian conjugate y{y) U 7L(x, y) y(x). On



the other hand if we lety = x+ £, We see that,

. 1= _ _
E{g‘ OE_P- [\If (X)U(x,x+eu)\ll(x+8u) - YY) ._.)ul(x)Duw(x) (1.20)

i.e. we can recover the continuum version of fermionic part of the Lagrangian (1.1)
by using this interesting property of gauge invariant expression in the Lh.s. of Eq.
(1.20).

These considerations suggest that the fundamental variable on the lattice is
U(n,n+aﬁ) rather than A(n,1 ). U(n,n+aﬁ) which we denote by U, (n) is the

lattice version of the gauge field and sits on the link joining sites n and n+al.

U ; (n) is then associated with the link in opposite direction i.e. from site n+afl to
site n therefore:

U’ ) = U y+afd) (1.21)
To make the theory (discrete) translational invariant one imposes periodic boundary

conditions on the gauge fields U ﬂ( n).

1.3 Lattice Action
Beginning with the Lagrangian (1.1) the continuum action in Euclidean space? is
given by

s=| d5{[F 01,0, A0+ P00

+1E F”v} (1.22)

4w

we want to construct the lattice version of both fermionic and gluonic parts of the

action S in terms of lattice variables Uy, (n).

1.3.1 Fermionic Action

The hermicity of the action (1.22)3 and the property (1.20), which holds in

2 See Appendix for the relations between Minkowski and Euclidean spaces.



Euclidean space as well, guide us to write the gauge invariant hermitian fermion
action for any value of a by taking the hermitian part of (1.20) after Y(x) is

replaced with y_/(x)'y#. In lattice notation this leads to:
S.=4Y {_L|w AN =y A t
(=22 15, | V@YU, my@+) - yn+H)y, U (n)y(n)

+m \T'(n)w(n)} (1.23)

where

- igaAy(n)

Uu(n) =e (1.24)

Needless to say that Sy reduces to fermion part of continuum action as @ —0 . In

Eq. (1.23) the Einstein summation convention as well as the summation over colour

and spin indices which are suppressed are understood. Usually y is replaced by

4( {2a ) 31;/ and aﬁ by ﬁ to obtain the standard form of Sf as:
J— A — A T
S;=2 {w (Y, U, @wnHD) - Fi+dy, U, @wn)

+2ma W(n)\y(n)} (1.25)

It is interesting that contrary to the case of the continuum theory, the gauge coupling
does not appear in S, because it has been in a sense reabsorbed in the definition of
the lattice gauge variables U #( n).

As mentioned earlier U#(n ) are the elements of gauge group. For SU(N,)
which is a compact group the coefficients of the group generators T, in the
exponent i.e. gaAa#(x) range between m and -7 . This restricts the values of Aau
to the range (- gla ) gla ). In the continuum limit when a — 0 this restriction is
lifted and Aa# will regain its infinite domain (-eo,e0). However the U variables,
contrary to Ay , have finite domain of variation for any value of a. This is

important because in the continuum theory one must remove the redundant degrees

of freedom, resulting from gauge invariance, of the theory by some gauge-fixing

3 The hermicity of f % Way is established by integration by parts and anticommutativity of ¥-

matrices.



conditions. In the language of path integral quantization formalism, one must
restrict the functional integration to reflect these gauge-fixing conditions. So the
lattice regularization automatically provides such a restriction via the finite range of

U. So no gauge fixing is necessary on the lattice.

1.3.2 Gluonic Action

In constructing the lattice action we wish to keep most of the properties of
continuum formalism at least to the extent the lattice structure allows to keep them.
In case of gluonic action this means that we require it to be gauge invariant, local
and have the global symmetries of the continuum Yang-Mills action and must
reduce to it i.e. to - % f dx Foy r"" as a -0 . However these requirements do not
uniquely specify the lattice action as there are a whole class of actions which give
the same physics in the continuum limit (universality). Clearly the gluonic action
which is expressed in terms of gauge fields A aﬂ in the continuum theory must be
composed of link variables UJ (1) on the lattice. The gauge transformation property
of U i.e. Eq. (1.18) implies that the trace of the product of U matrices along a
closed loop, called a Wilson loop is gauge invariant. The simplest gauge invariant

local interaction can be defined as,

sg=5%[1- 211\10 Tr (Uy+ U,)) (1.26)

where p refers to the simplest closed loop i.e. 1x1 loop called the plaquerte and

Up is defined as:
A A A T Avgr T
U, = Up(n,iL,v) = Uu(n)Uv(nﬂ,L) Uu (n+v)U,, (n), (1.27)
the sum ; =244 is over all plaquettes of the lattice and trace (77) is taken in colour

space. As a — 0 the terms like Av(n+;f) and A, (n+V") which appear in U, and
Upf through Eq. (1.24) can be expanded in powers of a. Using such expansions

along with the Baker-Hausdorff identity for any two arbitrary operators f and g



i.e.

1
f+g+— [68]+ ..
efef=e 2 (1.28)

and the properties of SU(3) group generators? one can show that the Euclidean

naive continuum limit can be recovered as,

EI_T:OSg—)J-—i—dA'x F, F (1.29)

e 2N,
if Bis set equal to 7

for SU(N,) gauge theories.5

Together with the fermion action (1.25), the gauge action (1.26), which is
known as the Wilson action, forms an explicit gauge invariant lattice regularized
version of classical QCD. In the following section we will see how to quantize this

lattice system.

1.4 Field Quantization

To quantize lattice QCD we adopt the Feynman path-integral approach [4, 5]. Here
the transition amplitudes are expressed as some functional integrals over all possible
paths between the initial and final states, weighted by the factor e-5 (in Euclidean
space) where S is the action for the particular path. In the lattice QCD where we

choose to work with the link variables as the basic dynamic degrees of freedom for

the action,

§=5,+8; =Sy, y,U) (1.30)
the vacuum to vacuum amplitude (partition function) reads,

v/ =JDWD\VDU e SWV0) (1.31)
where

DY =11dy (n) (1.32)

Dw=II:Id\|I(n) (1.33)
4 See Appendix.

5 B turns out to be -Iz-for U(1) gauge theories.
g

10



DU = n[& dU,,(n) (1.34)

Since the fermion fields are anticommuting C-number functions i.e.

{vm, v} ={vm,. vo}={vm,vm}=0 @33
they are the elements of Grassmann algebra [6] and the fermionic integration in Eq.
(1.31) must be taken over such elements. Integration over Grassmann variables are

defined so that they are invariant under a translation of the integration variable by a

dy f(y) = | dy f(y+9)

-7

fixed element ¢ ]p the Grac}mnnn aloebra which is independent of y and

anticommutes withJ.
Jd\v fy) = Jd\v fy+¢) (1.36)
and similar expression for y. Eq. (1.36) implies that
de=_[dif=0 (1.37)

and the anticommutativity (1.35) results in

[‘l’(n)]2= [W(n)]2 =0 (1.38)

The properties (1.37) and (1.38) make the integral over the Grassmann variables in
Eq. (1.31) vanish except when the integrand is a product of all the Grassmann
variables, each variable occurring once and only once. These properties of

Grassmann variables for Y(n) and y(n) are then summarized as follows:
Jd"\l'f\lf=fd\4_fd\lf\lf=_’.d‘l_fd\v\l_f=0 (1.39)
JdeW‘I_/WLJd‘TIdW‘Wﬂ (1.40)6

Since the fermion fields always enter the action quadratically as YMV, where M =

D’+m is the fermion matrix, the fermionic part of the functional integral (1.31) will

be a generalized Gaussian integral. One can then show that:

JD\T! Dy e "™ —det M (1.41)

6 The normalization is arbitrary.

11



We now consider the gauge integration part of (1.31). Here one should note
that no gauge-fixing term has been added to the action because, as we mentioned in
previous section, the link variables (i.e. lattice gauge fields) are group elements and
have only finite range. dU,(n) is the Haar measure with arbitrary normalization:

J-dU =1 (1.42)

As a consequence of the invariance of Haar measure [7] under a fixed shift U’ in

integration variable we have:

IdU f(U) = I du f(UU") (1.43)
If the gauge group manifold is SU(N ) we also have the orthogonality properties:

'-dU U= J-dU ul=0 (1.44)

[quu. Ut =L 8,8

J Yk N ik (1.45)

.- dUU, Uy, = de ul Ul =0 (1.46)

These relations make the group integration practically feasible especially in the
strong coupling region where the exponent eS¢ can be expanded in powers of

small parameter f3.7

1.5 Continuum Limit

In the previous section we formulated the quantized lattice QCD. However one
should remember that such a theory or any other regularized theory is only an
intermediate step in solving a highly involved system of an infinite number of
degrees of freedom. We are eventually interested to remove the cut-off i.e. the
lattice spacing a introduced by the regularization scheme to recover the continuum
limit where a — 0 . This renormalization procedure must be carried out in such a
way that the physical predictions become independent of the lattice spacing and
remain finite and fixed when a is small. As a is the only dimensionful parameter

on the lattice the result of any calculation of a physical quantity q takes the form:

7 See §1.6.

12



=)'t (1.47)

where Zzl_ has dimension of mass (in natural units) and the content of the theory is
expressed by the function f of dimensionless coupling g. Clearly the continuum
limit can not be obtained for the observable g by merely letting a — 0 unless g
changes simultaneously so that ¢ approaches a well defined finite limit in Eq.
(1.47). So as a — 0, there must be a critical value g* of g such that f(g) tends
either to infinity (if d < 0 )orto zero (if d > 0)asg — g*. g* is the bare
coupling constant of the resulting continuum QCD. On the other hand, this theory is
asymptotically free8, therefore the bare coupling, which describes the interactions

at the scale of the cut-off, must be zero when the cut-off ( ~ a—l ) goes to infinity
ie.g*=0.

The above argument indicates that the transition to continuum limit requires
a definite relationship between a and g. This could be achieved by demanding that
the physical quantity g remains unchanged throughout the process of

renormalization. This cut-off independence of g implies:

d

dq=0 (1.48)

As g = q (a,g) the renormalizability requirement (1.48) implies:

3 P
a-a—j--mg>£=o (1.49)
where
d
B(g) =-a —% (1.50)

B, the so called B-function specifies the lattice spacings at different coupling

8 Theories having the property that the slope of the renormalization group B-function
(discussed in this section) at the origin is negative are referred to as being asymptotically free [8].
Moreover only non-Abelian gauge theories are asymptotically free [9]. For such thcorics in 4
dimensions the origin is called an ultraviolet stable fixed point and the coupling constant rcgion
where physical predictions are cut-off independent is known as the scaling region.

13



constants (or vice versa). If Eq. (1.47) is used in Eq. (1.49) then one ends up with:
d
q=C[A]] (1.51)

where C is an integration constant and should be found by non-perturbative

methods for different physical quantities, and

1 JB()
A= 2° (1.52)
A; has the dimension of mass and sets the scale for QCD. As well as g, A, is
cut-off independent and as a free parameter must be measured by experiment. For

small values of g where perturbative arguments determine the f -function [10] as,

B(e)=-Byg - B2’ + ... (1.53)
where
11 N 34  N; 2
=11 . B =3t (= (1.54)
Po 3 16n? Bl 3 '16n?
A, reads as:
. L
-— . 2
28,8 2P0
A=Le PE @ o] (1.55)

One must take g — 0 to get to continuum limit in lattice QCD. Eq. (1.55) shows
that, in this limit the only way A and accordingly the renormalized quantity g
remains finite is by @ — 0 2 and vice versa. This implies asymptotic freedom and
also justifies our previous calculation that g* = 0. It is also interesting to note that
the singularity of mlfgz at g = 0 means that A, and similarly ¢ do not have
perturbative expansions. That is to say the evaluation of a physical quantity like g

requires a non-perturbative regularization scheme such as lattice regularization.

1.6 Wilson Loop And Confinement
Confinement of quarks is an outstanding problem in QCD. The possibility of

performing strong coupling expansions provided by lattice regularization paves the

9 Since exp (-2ﬁ.+s’ )= 0.
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way to study this problem [1]. In the following we obtain the quark confinement
for the special case of heavy quarks. In such a case quarks enter only as external
static sources in a pure gauge theory. Consider a system composed of a pair of
quark ¥ (Q,t ) and antiquark ¥ (Rt ) separated by a distance R. We can represent

this system at time ¢ by the gauge invariant operator £2(t) as:

Q) =¥R,) ULR,1,@,0]w©,1 (1.56)

where U[(R,t),(Q,t)] is the product of gauge links joining the points (R,z) and
(0,t). We can evaluate the correlation between (T) and £2(0) 10 as:

lim <Q'(T)QO)>~¢ (1.57)

T—ee
where E) is the ground state energy of the gg system. In case of heavy quarks

where there is no dynamics Ej is just the inter quark potential V(R) i.e.

im <Q'(T)QO)>~e ®T
T—ooo

my—o0

(1.58)

In terms of fermion fields the Lh.s. of Eq. (1.58) may be written as:
<" Q0)> = <y, 1 u[@.D.R. DIVRD
VR, 0U[R,0),0,0)] w(0,0)>
= f DY Dy DU O, DUQ,T),R,DIVER,D

Y& 0 U[R0.00]1v0.0e™* |

where Sf, Sg, and Z are given by Eqgs. (1.25), (1.26) and (1.31) respectively. In

case of heavy quarks we can integrate out the fermion fields by expanding e in

powers of 1. Using the properties of Grassmann variables i.e. Egs. (1.37),

2ma
(1.39) and (1.40), the leading non-vanishing term in (1.59) is obtained to be

proportional to (Zln—c; ) T and results in:

10 See §4.1.
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<0'mQ©)> ~ J DUW.R,T) et = <W.R,T)>4 (1.60)

where G means averaging over gauge field configurations and
W .R,T) =U[Q,T),R,D] UIR,T),R,0)] U[(R,0),0,0)]
x U[(0,0),(0, 1] (1.61)

that is to say W C(&T) is just trace of the product of gauge links around the closed
Tx R rectangular loop C i.e. the Wilson loop operator. Combining Egs. (1.58)
and (1.60) we obtain:

CWRT) >~ e VT (1.62)

We next want to calculate the expectation value of Wilson loop. In the strong

S

coupling limit e “¢ can be expanded in powers of . Therefore:

<WR,T) >, JDUW (_T)[l-EB—ZTr U +Up)+ (i)

X %; Tr (Up+ U;) Tr (U, + U;r,.)+ ] (1.63)

Due to the orthogonality properties of link variables, Egs. (1.44), (1.45) and
(1.46), each link on the Wilson loop must be matched with its hermitian conjugate
in order to not yield vanishing result in Eq.(1.63). This requires the appropriate
plaquette from the action which in turn introduces more links. The new links must
be matched too. This procedure will eventually cover the surface of Wilson loop by
the plaquettes so that no loose links are left unmatched. As a result the lowest-order
non-vanishing contribution to <WC( T) > 1s( ) Np term where Np is the

minimal number of plaquettes required to cover area of Wilson loop,

B
< WC(B,T) >~ N

(1.64)

=BT g p= 2
Noticing that N, and B = —— we compare (1.62) with (1.64) to obtain:
a’ g

V(R)=0R (1.65)
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2
where 0 = lnazg' is called the string tension. The linearly arising potential (1.65)

implies the confinement of quarks. As this result is the consequence of area law
(1.64) for Wilson loop, the vacuum expectation value of the large Wilson loops can
be used as an order parameter for confinement.

We derived the above strong coupling result without resorting to the non-
Abelian nature of SU(3) gauge group. In other words electric charge confinement
result also holds in quantum electrodynamics (QED). However it has been proven
[11] that in four dimensions Abelian gauge theories undergo a discontinuous phase
transition from the confining phase (characterized by an area law) at strong coupling
region to the real world of deconfining phase (characterized by a perimeter law) at
weak coupling region, but similar analytic proof that QCD does possess such a
phase structure is not obtained. Whether the quarks are really confined at finite f8
requires numerical investigations based on Monte Carlo simulations with which we

deal in the next section.

1.7 Monte Carlo Simulation
Our lattice gauge theory based on path integral formulation enables us to extract
physical quantities from appropriate gauge invariant expectation values. Using the

partition function (1.31) this reads as:

<0 > = % J.D\Tr Dy DU O (y,§,U) e SV ¥V (1.66)

On a finite lattice Eq. (1.66) is a well defined multidimensional integral. If the
integrals are approximated by sums over a sufficiently dense set of points Eq.
(1.66) reduces to sums over a finite number of terms. Each term is represented by a
set of gauge variables on the links {U; } called a gauge field configuration L. For
continuous gauge groups the number of gauge configurations is infinite. Let us first

ignore the quark fields.11 In this case for a SU(3) gauge theory on an L3T lattice

11 Fermionic systems are discussed in §1.10.
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one has to evaluate a 32 L3T dimensional integral! Even for a relatively small lattice
this multidimensional integral is beyond the possibilities of the most powerful
computers.12 Although this direct summation is quite hopeless, however we might
think of an alternative approach by using the fact that most of the configurations
have very small Boltzmann factor e-S therefore their contribution to the total sum is
negligible. In other words only a relatively small subset of configurations which
have a small action (and large frequency of occurrence) effectively contribute the
most to the quantum averages. If by means of a suitable random process a large
sample of configurations is selected among the important ones (importance
sampling), such that the frequency of occurrence of a given configuration is
proportional to the measure factor e-S, then < O > may be approximated by

averages taken over this large sample of configurations [12] i.e.

<0 >=L §0 +OL
" N1 ® /N (1.67)

The above described procedure is known as Monte Carlo simulation. This
procedure comes about by starting from an initial configuration L, . Then according
to an algorithm which involves the extraction of random numbers we generate a
new configuration L, . In the next step we start from £, and following the same
procedure we generate a new configuration £, and so on so that eventually a large
number of configurations are generated. The transition between one configuration
C and the next ['is defined by a transition probability W (C — C'). The
procedure is designed in such a way that the probability of encountering any

definite configuration C at the n !4 step is proportional to Y

(for large n).
The transition probability W is required to satisfy the following general properties:

I The algorithm must be capable of generating all configurations i.e.

W€ —-CY>0 (1.68)

12 E.g. if we approximate the integrals by sums over 10 points per variable it amounts to
10320000 points at which to evaluate for a 104 lattice!

18



II Normalization condition requires:

>|;W(c —-»C)=1 (1.69)
III Let P,(C) be the probability distribution for configurations generated
at step n by the algorithm. Then we have:
P O = )';P,,(C') W(' - ) (1.70)
At equilibrium we must have:
Pp41(C€) = Py(C) = &'SIC] (1.71)
Using Egs. (1.69) and (1.70) the equilibrium condition reads as:

ZP(OW(EC - €)= ZP(CHW(C' - O) (1.72)

A sufficient (though not necessary) condition to satisfy Eq. (1.72) is:

W({C —>C') PyC) 5

W(C' -5C) PyC) SO

(1.73)

which is called the principal of detailed balance.
The properties I, II and III do not fix the algorithm completely. The
algorithm which is often used when fermions are ignored is the one due to

Metropolis et al.

1.8 Metropolis Algorithm
The Metropolis algorithm [13] is set up by transition probability W (C — €' )

defined as:

1 ifAS <0
W({C > C')e<
e ifAS>0 (1.74)

where AS = S/C']-S[C ]. It is straightforward to verify that W (C — C') defined
by Eq. (1.74) satisfies the condition of detailed balance, Eq. (1.73). Transition
probability (1.74) implies that if the passage from [ to L' lowers the action the
change is always accepted. On the other hand if the proposed change of

configuration increases the action, the new action is accepted only with conditional
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probability ¢S 1t s this occasional acceptance of the changes which increase the
action that simulates the effects of quantum fluctuations. In practice this conditional
probability is implemented by comparing ¢S with a selected random number 7
with uniform probability distribution between O and 1. If ¢S > rthe change is
accepted and the new configuration in the sequence is £'and otherwise the change
is rejected and the new configuration is again L.

In lattice gauge theory applications the configuration is changed locally that
is to say the configuration ['is the same as L except on a given link / where U,
— U’ ; = VU, V is chosen randomly from the set of the elements of gauge
group close to 1.13 Accordingly the change AS is local to the link that we

change. Then:

staple

AS =- B ReTr[(

N, 277 (U- U)J (1.75)

where ‘iem is the sum of the staples attached to that link. Eq. (1.75) suggests
that it is actually more efficient to update a given link several times before moving to
the next link. The reason is that in updating (hitting) the same link subsequently

several times the calculation of [;2 I

le which is quite time consuming need not be

repeated. This multiple updating of the same link which may achieve a faster rate of
convergence to statistical equilibrium is particularly convenient when the rate of
rejection is high. This improved multihit Metropolis algorithm is referred to as a
heat bath algorithm because it is like attaching a local heat bath to the link which is

updated.

To be able to use Eq. (1.67) to approximate quantum averages < O >, the
configurations over which O is evaluated must have come into equilibrium and
should be statistically independent. Since the update changes one link only at a

time, it requires updating the whole lattice (sweep) many times before statistical

13 In practice we first construct the matrix 1+£A where £ is an arbitrary small number and A
is a 3x3 matrix with random elements. V is then obtained by renormalizing 1+¢A to a SU(3)
matrix.
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equilibrium is achieved. The number of sweeps required for the probability
distribution to reach equilibrium is called equilibration time. The measurements
during this time must be discarded. Then many more sweeps are required before
each statistically independent configuration is generated. The number of sweeps
over which the data are correlated is called correlation time. Any error analysis
should also take these correlations into account.

Based on these considerations we set up some criteria to see how suitable

the generated configurations are.

1.9 Configuration Criteria

1.9.1 Average Trace Link

Average Trace Link (Av.Tr Link) is defined on a single configuration as:

Av.Tr.Link = 1 STr U, (n) (1.76)

1

Wc Nsite Nairection M

As Av.Tr.Link is not gauge invariant it must be zero (unless the gauge links are
fixed). The equilibration time is then the number of sweeps (iterations) required
before Av.Tr.Link falls to around zero as shown in Fig. 1.1 for a 4% lattice at B=
5.0 starting from a hot start [i.e. random U #(n)'s] while each link is updated by
10 hits in every sweep. To estimate the correlation time we form block
Av.Tr.Link's which represent average of 2 adjacent measurements of
Av.Tr.Link's. This step averages over the short range fluctuations below 2
iterations while the long-range correlations between the block Av.Tr.Link's are

expected to be the same as those between the original Av.Tr.Link's. Therefore,

when measured in terms of the block lengths b, the correlation length reduces by
é—. By repeating this elementary step n times the dimensionless correlation length
is reduced by (é)" and if n is large enough the final block Av.Tr.Link's are

coupled over a few blocks only. In each step the correlation is estimated by

calculating the corresponding mean square deviation Sp, = O, Hb-1, where O, is
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Fig. 1.1 Average Trace Link vs. time (sweep) for a 4% lattice at B=35.0.

the standard deviation and & is the number of blocks, the larger S;, implies the less
correlated blocks. If after N steps S approaches its maximum value then the
corresponding blocks are well decorrelated and in terms of original Av.Tr.Link's
the correlation time is about 2 NV sweeps as shown in Table 1.1 for the same
measurements of Fig. 1.1. These measurements are obtained from 2048 sweeps

after the first 952 sweeps are discarded.

1.9.2 Average Plaquette

Average Plaquette (Av.Plaq) is defined on a single configuration as:

_1 1
Av.Plag. = N ) %:Tr Up .77

¢ Naite Nairection Natirection -
As U P is gauge invariant Av.Plaq. does not necessarily vanish, however the
reality of the action (1.26) results in a real value for Av.Plaq. once averaged over
all gauge fields. One might use Av.Plaq. results to estimate equilibration and
correlation times exactly in the same way as was discussed for Av.Tr.Link. Table

1.2 and Fig. 1.2 show the corresponding results.
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Table 1.1
Adjusted root mean square deviation Sy, for blocks of b; Average Trace Links for a
44 lattice at B = 5.0. The correlation time is about 27 sweeps where S;, maximizes.
The mean of average Trace link over 2048 sweeps is evaluated to be -0.00081.

n b1 b S,
0 1 2048 0.00016
1 21 1024 0.00021
2 22 512 0.00028
3 23 256 0.00035
4 24 128 0.00041
5 25 64 0.00046
6 26 32 0.00055
7 27 16 0.00069
8 28 8 0.00066
9 29 4 0.00055

10 210 2 0.00023

Table 1.2
Adjusted root mean square deviation S}, for blocks of b; Average Plaquettes for a 44
lattice at § = 5.0. The correlation time is about 28 sweeps where S;, maximizes.
The mean of Average Plaquette over 2048 sweeps is evaluated to be 0.39869

n b1 b S,

0 1 2048 0.00019
1 21 1024 0.00026
2 22 512 0.00034
3 23 256 0.00043
4 24 128 0.00052
5 25 64 0.00060
6 26 32 0.00063
7 27 16 0.00070
8 28 8 0.00085
9 29 4 0.00057

10 210 2 0.00072
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Fig. 1.2 Average Plagette vs. time (sweep) for a 44 lattice at = 5.0.

Using strong coupling expansion technique, the Av.Plaq. in strong

coupling region is calculated to leading order as:

Av.Plag. = —B—z (1.78)
2N,

The Monte Carlo results for Av.Plag. can be checked against this analytic value at

small 3 to test the configuration generator programme.

1.9.3 Average Wilson Line
Since QCD is a confining theory we are interested to generate configurations in the
confining phase. We then require an order parameter to distinguish if the gauge
field configuration is not generated in the confining phase.

Consider an isolated heavy quark ¥ ( 0,0). Following the same procedure

that we derived Wilson loop in §1.6 we obtain:

F,

O w0 ~ T~ < W (1.79)

where F, is the free energy of an isolated heavy quark in a background gauge field
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and

W =U[(0,0),(0,1)] (1.80)
If periodic boundary condition is imposed on the gauge fields along the time
direction then W is just the trace of the product of gauge fields along a line that
wraps around the lattice in time direction. Usually W is averaged over all the sites

in the original spatial plane and is called Average Wilson Line or Polyakov Loop,

1 1
Av. Wilson Lme—N—L LT %Tr HU o) (1.81)

In the confined phase F; — oo as a result of which the vacuum expectation value
(VEV) of Av. Wilson Line vanishes according to Eq. (1.79). In the deconfining
phase F g is finite and expectation value of the Av. Wilson Line picks up a non-
vanishing VEV. Therefore the vacuum expectation value of Av. Wilson Line
provides us with the order parameter for the above phase transition. This phase
transition could also be explained by a spontaneous symmetry breaking mechanism.
Clearly the SU(3) Wilson action is invariant if all the links, or just links on
temporal directions, are multiplied by an element of its center Z3 while Av.
Wilson Line is not invariant under the same transformation (unless L7 is a
multiple of 3). As a result while this symmetry is not broken < Av. Wilson Line >
= 0 and therefore we are in the confined phase. If this Z3 symmetry is
spontaneously broken < Av. Wilson Line > picks up a Z3 VEV and indicates that
the phase is deconfining. Fig. 1.3 shows scatter plots of Av. Wilson Line in the
complex plane obtained from 100 configurations for a 44 lattice at § = 5.2, 5.5 and
5.8. Beginning from a hot start, every configuration is generated from the previous
one by 10 sweeps. Av. Wilson Line is symmetric at f = 5.2 while the Z;
symmetry is totally broken at 8 = 5.8. The transition from symmetric to
asymmetric phase is just about to take place at = 5.5. Note however, that on a
finite lattice due to the tunnelling between equivalent vacua the symmetry can not be

broken spontaneously, and if one waits long enough the true distribution becomes
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Fig. 1.3 Average Wilson Line distribution in the complex plane for a 44 lattice. Z 3

symmetry is nearly maintained at 8 = 5.2 (top) and just about to break as § comes
across the phase transition point at g = 5.5 (middle). At g = 5.8 (above) Z3
symmetry is clearly broken and that is why the Average Wilson Line becomes nonzero.
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symmetric independently of 8 as in Fig. 1.4 where Av. Wilson Line is shown for

500 configurations i.e. over 5000 sweeps.

1.10 Numerical Methods For Fermionic Systems

Contrary to the pure gauge action, the fermion action is not positive definite. A§ a
result the large fluctuations in AS I during the updating process of the fermion fields
would cause a large cancellation and accordingly a large variance. Moreover as the
fermion fields are represented by anti-commuting Grassmann variables they can not
be dealt with on the computers. However one can escape from these difficulties by
integrating out the fermionic fields explicitly. Using the properties of Grassmann

variables discussed in §1.4 in particular Eqgs. (1.36) and (1.41), the expectation

value of operator O (U, y,y) i.e.

<0>= %fnw Dy DUO (y.5,0)e ¥ 5V (1.82)

where

Z= I Dy Dy Dy ¢ MY - Sz (1.83)

can be given only in terms of bosonic gauge variables as:

Im (Av. Wilson Line)

Fig. 1.4 Average Wilson Line distribution in the complex plane for a 44
lattice at 8 = 5.8. The asymmetric distribution obtained by 1000 sweeps (Fig.

1.3) becomes symmetric again over 5000 sweeps.
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<0>= %.JDUO' (V) det MU)e &V (1.84)

where
z =fDUdet MU)e &V (1.85)
and
: 8,8 iy M W
0] =0 (== -2,
(U) (Sﬁ n U)e (1.86)
and 7 and 7} are sources for the quarks. Eq. (1.84) indicates that Monte Carlo

techniques can be applied to calculate <O> provided that the probability

distribution ¢ is represented by e ¢ where

e Seff = det M eS8 = ¢S~ TrLn M) (1.87)

The term e 17 L* M

represents the effect of virtual quark loops and contrary to § g
it is extremely non-local. Monte Carlo method requires the calculation of el Sef

in each step of the algorithm. If M changes by 6M then e S of reduces to
e A5tt = ¢ ASg det (1+ M1 5M) (1.88)

The computation of the above determinant which must be done an enormous
number of times is considerably time consuming. However, as the fermionic
determinant enters both the numerator and the denominator in Eq. (1.84) one might
replace it by its expectation value. This approximation which neglects the effect of
dynamical quarks by suppressing the fluctuations of der M, drops out the det M
from the expression (1.84). As a result it does not really allow the feedback of the
quarks into gluon sector. In this approximation which is called quenched
approximation one measures the fermionic variables in a background field
generated with gauge action only. All our calculations in the present work are

performed in the quenched approximation

The difficulties one encounters in dealing with fermionic systems are not
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restricted to the numerical ones which were just discussed. There are more
theoretical problems arising from the effect of space-time structure of the lattice on
the chiral properties of the theory. We will explain the chiral properties in §3.1
where the strong interaction symmetries are discussed. Here we just recall that
chiral invariance is the symmetry of the action under global axial phase
transformations in flavour space. The presence of both axial and vector symmetries
implies the symmetry of the action under independent rotations in flavour space of
the left-handed and right-handed fermions.

The above effects which eventually cause the notorious species doubling

problem are discussed in the following section.

1.11 Species Doubling

In §1.3.1 we derived the fermionic action Sf as Eq. (1.25). Unfortunately the said
Sy, the so called naive action is not appropriate to describe QCD. The latticization
process which led to Eq. (1.25) introduces unwanted fermionic degrees of
freedom. To illustrate this problem consider the simple case of the free fermion

action. In this case Eq. (1.25) gives the free fermion matrix M as:

= - 1.89
Mo =Z B, 8,0+ 203 B0 (1.89)
Transforming M in Fourier space we get:

_ -iP.na iP'.n'a
Mppl - Ee Mnn' C

n,n'

=2 3(pa - p'a) {i 3, sin p,2 +ma] (1.90)

which gives for the fermion propagator S(P),

-1
Sp) = {i{;m sinp,a +ma] (1.91)

For massless theory Eq. (1.91) reproduces the correct continuum propagator 51— for

small p Y. and has a pole at pa= (0,0,0,0), However S(p) has 15 more poles at
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the corners of the first Brillouin zone i.e. at the points,

le:(%’ 0 0 O)a (Ov%’ 0 O)’ oo %’%’%"%) (1‘92)

This means that the original naive lattice action (1.25) describes one fermion plus
15 replicas.

As this so called species doubling problem originated from the
discretization of the space-time, one might think of different ways to discretize the
continuum action (1.1). This idea is of course justified because due to the
universality the fermionic lattice action (1.25) is not unique. However it turns out
that in any lattice formulation with no species doubling one has to give up either
chiral invariance or the locality of the action. Otherwise we should compromise
between these formal properties of the continuum action and the number of replica
fermions!

Suppose, for example, we insist on maintaining the chiral invariance which
is manifest in the continuum action (1.1) when m = 0. Having adopted any scheme
to discretize the action (1.1) the general form of propagator for lattice fermions

compatible with chiral invariance turns out to be,
-1
S(p) = [ 2, sin F,L(P)} (1.93)
m

In §1.2 we noticed that the latticization of configuration space with lattice spacing a
resulted in a periodicity in momentum space with the period %—”. The discrete
translational invariance of the action in momentum space will ensure the
translational invariance of the fermion matrix or fermion propagator S(p). This
means that S(p) and as a result F u(p) must be periodic with period Za—”. To
describe one fermion in the continuum limit (i.e.a -0 ), F #(p) as a function of Py
should vanish (i.e. cross py axis) once, e.g. at p, = 0 [and behave like F #(p) =
py around p, = 0]. Periodicity of Fu(p) implies that F, crosses Py, axis once

again at Py = %—7—[ with the same derivative. Somewhere between 0 and %r_ there
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must be another crossing across the axis for continuous F#(p) as shown in
Fig.1.5. The naive propagator (1.91) for which F#(p) = aLsin P, ais an example
with such an extra crossing. Such behaviour means there are extra excitations in the
theory as we discussed for the naive propagator. So it is impossible to solve

doubling problem for a chiral symmetric lattice action. If F u (p) does not cross Py
axis between 0 and Za—” then there must be a jump across this axis in this period as
shown in Fig. 1.5. Such discontinuous propagators might solve the doubling

problem but imply non-local lattice action [14].

F(p)
A

Fig. 1.5 The function F(p) vs. py : either an extra axis
crossing (full curve) or a gap (dashed curve).

We can consider this problem from another point of view. If, around a
corner of Brillouin zone, we write those components of momentum which are close
to £ as P, = Iy P'p where P'# is very small, then the corresponding replica

a a

particle is described by the propagator S(p’) which is read from (1.91) as:
1

S(P) ={iX Y, sinpya *ma} (1.94)
m
Eq. (1.94) is the same as Eq. (1.91) except 7'# = i‘)’# depending whether p, ~ 0
orp, _ I As %B=VY 1YY we have similar modification of Ysas y's = i’7’5~ It
a
is then clear that at half of the corners of Brillouin zone % changes sign. On the

other hand we know that due to the presence of anomalous term in the continuum
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QCD the chiral charge,
5 3 _
Q =dewv075w (1.95)

corresponding to U(!l) axial current j i = V’Y;ﬂ@‘lf is not conserved even in
massless theory [15]. On the lattice each replica fermion contributes to the chiral
charge. However due to the sign change of ¥ these contributions cancel out,
resulting in vanishing chiral charge and accordingly the anomaly a Ji i . This is just
an example of the general theorem by Nielsen and Ninomiya [16] that the chiral
symmetry and chiral anomaly are not compatible on the lattice. Preserving the
locality of the action, two major approaches have been proposed to remove this 16-
fold degeneracy of the naive action and have a theory which describes one single

fermion or at least a smaller set of fermionic modes.

1.12 Kogut-Susskind Fermions
We can spin-diagonalize the naive fermion action (1.25) by the following

transformation of fermionic fields [17]:

Y(n) — T(n) X(n) (1.96)

V(n) - X () T (n) (1.97)
where

TM) =7, ¥, 1 Y, (1.98)
and

n = (ny,np,N3,04) (1.99)

The fermion action in terms of X-fields is then expressed as:
— Ay — A t
S;=2 {nu(n) [x () U, () x(n+) - X (n+)) U, () x(n)}

+ 2ma2(n)x(n)} (1.100)

(the summation over repeated index i is understood). Here 7),(n) are phase factors
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arising from commuting y-matrices through one another and are evaluated for each

flavour as:
nm=1 (1.101)
=) " (1.102)
Ny =c1 (1.103)
nm=cn (1.104)

In the action (1.100) the 4 spin components of the so called staggered or Kogut-
Susskind fermions X(n) are manifestly decoupled, making the fermion matrix
diagonal in spin space. One then may consider only one component and drop the
other three. This reduces the number of fermions by a quarter, leaving only four
fermions. Since the doubling problem is not solved completely in this formulation,
the chiral symmetry is not violated totally either. The massless theory is invariant

under the following transformations:

A(n) — €*x(n)
. at even sites14 (1.105)

() — € X (n)

%) — ePx(n)
at odd sites (1.106)

T(n) — € % (n)

where o and f are two independent phases. If m #0 the theory is invariant
under the above transformations only if o = §.The broken symmetry turns out to
be a remnant of SU4(4) chiral symmetry. The hidden chiral property of the above
transformations can be attributed to the possibility of giving opposite phases to the

X-fields at different sites of the lattice [18].

14 A site is called even (odd) if Y n, is even (odd).
u
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1.13 Wilson Fermions

We might remove the degeneracy of the naive action (1.25) by adding an irrelevant
term to the action. To see how this comes about consider the term -—é—rai/&z v, the

so called Wilson term [19]. Once discretized, the contribution of the the Wilson

term to the action i.e.

-a*% o= W) [y (0+) - 2() +y(n-)] (1.107)

clearly vanishes as @ — 0. Adding this term to the naive action in free case, the

corresponding fermion matrix (1.89) will be modified as:

M,, = XZ (9 8, o+ @) 8] * 5. . (1.108)
where
_ 1
K= 2ma+8r (1.109)

Kk is called hopping parameter. Transforming M,,,- into momentum space, the

corresponding massless fermion propagator S(p) is obtained as:
-1
S(p) = [%% (iy, sinp,a-rcos p a)+ 4%} (1.110)

For small momenta when pa — 0 the propagator (1.110) recovers the correct
continuum propagator and has a pole at the origin of the Brillouin zone P, =
(0,0,0,0). At the other corners where some of the components of p, are %, S(p)
reduces to (a”i)'] where n = 2, 4, 6, 8. This means that S(p) has only one pole at
the origin and the replica fermions have disappeared in the continuum limit by
acquiring masses _bm_“ The doubling problem is completely solved, however with
the expense of loss of chiral symmetry of the massless theory which is explicitly

broken by the Wilson term.

For the interacting theory the gauge invariant Wilson term can be

constructed by the same approach discussed in §1.3.1. This results in the

interacting action,
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S =2 (%20 W)U, @ e

+ (n+l) (r+y,) UJ(n)w(n)] +¥(n) \v(n)} (1.111)

and consequently the Wilson fermion matrix is obtained,

Mnn' = -KE’ [(r-'Y}J-)UIJ (n) 8n+ﬁ.ﬂ‘ + (I'+'YH)U: (n'ﬁ) 8n -ﬁ,n’]

+3 (1.112)

Since chiral symmetry is explicitly broken in this formulation the fermion
mass is not protected from renormalization. The K at which the renormalized mass
vanishes is called critical hopping parameter k. . In free case Eq. (1.109) gives 8—5‘—
for k. . In the interacting theory however it depends on f in a complicated

manner. In the next chapter we develop the algorithms suitable to study such

dependences in the subsequent chapters.
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Chapter 2

Lanczos And Conjugate Gradient
Algorithms

Havin_: regularized QCD by the lattices, one must be able to find the spectrum as
well as the inverse of quantum operators such as fermion matrix in order to study
strong interactions. Amongst the existing algorithms which could be applied to
lattice field theories, we have studied Lanczos [20, 21] and conjugate gradient [22]
algorithms. In this chapter we present these two algorithms and their results once

applied to Wilson version of fermion matrix [23].

2.1 The Lanczos Algorithm

The eigenvalues of the matrices can be calculated by their diagonalization in the,
usually large, basis of their eigenstates. In most practical cases, however, we are
interested in only the small eigenvalues close to zero. Therefore, since the
dimensions of the configuration space may be very large, it would be quite
economic not to have to diagonalize the complete and large matrix if only the small
eigenvalues are desired. Most procedures that are in use! do require such a
complete diagonalization of the full matrix. An exception is the Lanczos iterative
method of tridiagonalization, which permits one to obtain some eigenvalues quite
accurately from only part of the full matrix. Although the method can be applied to
any matrices, we only consider hermitian matrices.

Let H be an NxN hermitian matrix. Starting from any unit vector x;, one

1 E.g. the Householder method [24].
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can generate a set of x;, fori= 1,2, 3, ..., N by the following algorithm:

0 = xjTHx; 2.1)

By = Il Hx; -xj0t; - x4 i1 2.2)

Xi+1= (Hxj -xat; - xi-lBTi-l )B; ! (2.3)
where

Bo=0 (2.4)

Properly sequenced, these formulae define the Lanczos iteration and x; are called

Lanczos vectors.

If x; happens to be orthogonal to an eigenstate of H, say ¥, though very
unlikely to happen in practice, it is shown from procedure (2.3) that ¥ is then
orthogonal to all x;, x, x3, ..., X, and 8, = 0 for some n < N. In that case the
algorithm terminates and if required it could be continued by constructing a new
starting unit vector orthogonal to all the vectors already obtained.

The interesting feature of Lanczos algorithm is that A appears only in a
matrix-vector product and is not altered during the entire process. In particular if H
is a large sparse matrix, sparsity is preserved and one needs to store only the non-
zero elements of H.

By induction it is easily checked that x; form an orthonormal set and matrix
elements of H in the basis {x; /i = 1,2,3,...N} satisfy:

x;T Hx;j = §; j-lBTj-l + 8304 + 8 j1Bj- (2.5)

As the hermiticity of H ensures the reality of o, Eq. (2.5) indicates that H is a

symmetric tridiagonal matrix in that basis. In other words, defining
X = [%; Xy XgeXy ] (2.6)

an N>V matrix, then X is unitary and symmetrizes and tridiagonalizes H via the

unitary transformation,
XTHX=T 2.7)

where
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= L.l (2.8)

............

............ ;
Bn-z oy By

TR

The eigenvalues of T are those of H because of unitary nature of X. In the next

section the application of bisection method to Sturm sequences evaluates these

eigenvalues in any desired interval.

2.2 Sturm Sequence
Let T, be the leading rx r principal submatrix of an NxN hermitian matrix and

define the polynomials Py (4 ), ..., Py (A), by:

Py(A) =1 2.9)
P, (A) = det ( T, -AI) (2.10)

forr =1, 2, 3, ..., N. Then for any real value of 2 the number of sign changes in

the sequence S,

S, ={P, (WP, (W) P (L)} (2.11)

equals the number of eigenvalues of T less than A [25]. Conventionally any zero
terms in the sequence are considered as positive. For a tridiagonal matrix T a

determinantal expansion can be used to derive the recurrence relation for P, (4 ),

Py (M) = (0= A) Pry (W) BT 1By Pra V) (2.12)

Alternatively one may form the ratios of successive determinants i.e.

o
Pr()\.) _ 2\ Br-l l3r-l

Py M)

d, () = (2.13)

where
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dg=1. (2.14)
The number of sign changes in sequence S, is, then, the same as the number of

negative terms in sequence S,

S,=1 4 ), (M), (1) ] (2.15)

Once the number of eigenvalues in a specific interval is obtained one could home in

on each one within any desired precision by bisecting the interval successively.

2.3 Rounding Errors

Theoretically, Lanczos iterations (2.1), (2.2) and (2.3) result in the exact tridiagonal
form which is, in turn, diagonalized by Sturm sequences. However, the presence
of rounding errors, destroys the orthogonality among the Lanczos vectors as the
iterations proceed. This, as a result, complicates the relationship between the
eigenvalues of T and H. To cope with this difficulty one might reorthogonalise the
Lanczos vector to the previous vectors which are already obtained after each
iteration. The reorthogonalisation procedure is obviously very time consuming and
costly in storage space even if it is performed only once in each several iterations,
or only to a small space of some selected vectors? which is usually much smaller
than the set of previous Lanczos vectors.

The alternative approach which does not involve any kind of orthogonality
enforcement focuses on the problem of ghost and spurious eigenvalues of
tridiagonal matrices. To outline this method let X be an NxV matrix formed by the
first N Lanczos vectors and TN an NxN tridiagonal matrix formed by the first ¥
o's and N-1 B's. Then we define R, the remainder N xV matrix as:

R= HS(-?‘(TN (2.16)

Writing the matrices explicitly in terms of column vectors,

2 The interested reader may refer to [26)] for further discussion on this so called Selective

Reorthogonalisation.
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X = [xl,xz,x3,...,xﬁ] (2.17)

T = [tl,tz,...,tN] (2.18)
where
ANANA
Bl t
0 B i-1 :
=1 : t=| o =1 : (2.19)
: B. 0
: . Bl
: : -1
ARV
and
R = [T 1y (2.20)

then Eq. (2.16) is written,

Hx, - x,a; - x,B, ifi=1

1 1 1 1

% T . D
r,=Hx, -Xt =9 Hx,-x, B, -xo. -x B if1<i<N

.‘.
Hx_-x [3 -X_O ifi=N
8 *maF R %R 221
Using Eq. (2.3), Eq. (2.21) reads,
{0 if1<i< N-1
r.=
1 —~
X1Px ifi=N (2.22)
i.e.
R=[0,0,...%g,,B5] (2.23)

Now let T}V have an eigenvalue A with eigenstate @. Applying both sides of Eq.
(2.16) to @ one obtains,

R® = HX® - XT @ (2.24)

and since

RD =[ 0,0,...,xN+IBN]cD (2.25)

= XePe Oq

where (DN is the & ! component of @, Eq. (2.24) reads,
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HX® =X 2.26
XD +xg Be®y (2.26)

Eqg. (2.26) indicates that A, the eigenvalue of Tﬁ is also an eigenvalue of H with
the eigenstate X @ provided that @ =0.

In practice rounding errors alter the remainder terms slightly and Eq. (2.23)

holds only approximately i.e.

R ,_[ 0,0,...,xN+lﬁN] 2.27)

This, in turn, affects Eq. (2.26), however it still holds within the machine precision
i.e.

HX® = AXD + xN+IBN<DN (2.28)

Accordingly, it would be enough for d)ﬁ to be very small so that the
correspondence between the eigenvalues of T}T/ and H remains valid. Actually we
do not need to calculate (Dﬂ' to decide if A is an eigenvalue of H. Instead, we
consider the reduced tridiagonal matrix Tﬁ/- 2 Let @ be an eigenstate of Tﬁ with
corresponding A, then

TNCD =D (2.29)
or in terms of components,

N
-21 (Tﬁ) D, =10, i=123,..,N (2.30)
= ij ‘

which may be equivalently written as:

> (Ty

o +(Ty) & =2, i=1,23..N @3
j=1% ] in N

Z

If @ ~0 then Eq. (2.31) yields:

N-1 ~
z (TN) D, ~ AP, i=1,23..N (232
=b N

The first N -1 equations in system (2.32) could be combined to give:

T &=\0 (2.33)
N-1
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where @ is the reduced vector formed by removing the last component of @. The

N
undergo large shifts by removing o and ‘BN , unless (DN = 0 in which case Eq.

presence of [Tﬁ)i_dbﬁ term in Eq. (2.31) indicates that the eigenvalues of TN

(2.33) shows that true eigenvalues of H are then the common eigenvalues of TK/
and TN-
Once an eigenvalue of TN is known to be in the interval (1-8,A1+6), one
can easily check if the corresponding eigenvalue of TNJ is in the same interval by
checking the sign of dﬂ/ at the end points of that interval. If either dN (A-0) is
negative or dﬁ (A+6) is positive, sequence S, confirms that A is also an
eigenvalue of the reduced matrix TK/-J within the same precision 8. The smallest &
for which this condition holds fixes a measure of shift between the corresponding
eigenvalues of T}V and TXH. For a given A large shift signals that the
corresponding eigenvalue is a spurious3 eigenvalue while a small shift singles
out the true eigenvalue of H.

Due to the presence of rounding errors the complete spectrum of H can not
be obtained from the eigenvalues of its tridiagonal form T}V However the computed
value of By which, in an exact arithmetic, vanishes, is no longer vanishing as a
result of rounding errors. Consequently there is nothing to stop one from
continuing the Lanczos iterations beyond N. We have observed that for large
enough N all the eigenvalues of H converge as the eigenvalues of TN' The extreme
eigenvalues in the spectrum of H converge faster and appear many times. These so
called ghosts are recognized as H is assumed to be non-degenerate®. In practice
one is only interested in particular eigenvalues, usually small ones. These could be

obtained when N is still much less than N. The rate of convergence of any

eigenvalue depends on the absolute value of the eigenvalue, the density of the

3 In our calculations we have recognized the spurious eigenvalues as those which shift by more

than 10-19,
4 In practice we have recognized the ghosts as those eigenvalues which differ from each other by

less than 10-13.
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eigenvalues in that region, and finally its location in the spectrum of H [27].

It is important to determine when to terminate the iterating process so that
the desired eigenvalues are converged [28]. We discuss this problem later when we
deal with matrix inversion. In fact the inverse of the matrix and its rate of
convergence are mainly dominated by the smallest eigenvalues. We will see that the
convergence of matrix inverse implies the convergence of small eigenvalues [29]

and these are the ones which are of great interest in QCD studies.

2.4 Inversion
The problem of calculating columns of the inverse of a matrix, say H, is equivalent

to solving the equation:
Hy=n (2.34)

. . q
for some vector 7). The mth column of H T'is the solution v = H nif one chooses
n; = &, Letting 7 be the first Lanczos vector x;, the Lanczos equations (2.1),

(2.2) and (2.3) can be applied iteratively to calculate Hlx 1. After K iterations

-1 .
H x ;18 calculated as:

H'x, = Vi +H e +H x b (2.35)
where
K
Vi =25, (2.36)

for some coefficients ag, by, ¢y, €2, €35 --s CK- The series V;, Vjy, V3, ..,
Vg converges to H‘le as both ag and by tend to zero. Using Eq. (2.3) for i =
k+1 and eliminating H Tx¢ between that and Eq. (2.35), H'x; is obtained as:

+ T
H—lxl =Vg+ XK+1(B;(1 ]aK"" H-IXKH {bx - aK+1(BI-(1 ) aK}

-1 -1
-H "K+:>,BK+1(B K )aK (2.37)
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Changing K to K+1 Eq. (2.35) can be written as:
-1 _ -1 -1
Hx = Ve +H xg 2, +H Xg42PK41 (2.38)

Having compared Eq. (2.37) with Eq. (2.38) the following recurrence relations are

obtained for a's, b's and V's:

"
Vika = Vg + X (BK'I) & (2.39)
1 f
A =D - °‘K+1(B K ) a, (2.40)
-'-
1
by = 'BK+1(BK )aK (2.41)

It is more convenient to rewrite these relations in matrix form as:

. + aK\
Vi = Ve | %t (B - 0 b (2.42)
U
ag 1 - Oy g [ﬁ Kl) 1 ( ay
= +
-1
) ‘BK+1([3 K) 0]\ %

(2.43)

To obtain ag and bg from Eq. (2.43) iteratively it is essential to know the initial
values, a; and b; for some i. If i iterations are already performed one might
construct H'x; from a proper but arbitrary linear combination of Lanczos
equations (2.3). Comparing the result with Eq. (2.35) at K = i could provide one
with the most general initial conditions on the a and b parameters. The most
convenient initial conditions to apply to the Wilson fermion matrix are set up from
the first two Lanczos equations:

Hx, = x,0,+X,B, (2.44)

T
Hx, = X, B, +x,0, + x,B, (2.45)3

5 Usually the equation Hx; = Hx, is used instead of Eq. (2.45). However, as we will sce later,
it results in the failure of the algorithm in hadron spectroscopy with Wilson fermions.
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Multiplying both sides of Eq. (2.44) by H! on the left and ;7R on the right and
both sides of Eq. (2.45) by H! on the left and B,7/S on the right, where R and

S are arbitrary, H ' 1 is obtained as:

-1
1 -1 -1 -1 Ty, -1
H x1=(x1[3~1 R +x,8, S][alﬁl R+B, B, S]

-1
. -1 -1 T -1
B[R+ o; s)[a BR+pB sj
-1 -1 t,-1 1
-H x,S a1B1 R+ [31 B2 S] (2.46)
Comparing Eq. (2.46) with Eq. (2.35) for k = 2, aj, b, and v, are obtained to

be:
-1

-1 -1 -1 T, -1
V=(x,8, R+ 5,8, S)[%Bl R+B, B, S] (2.47)
-1 1 o1 i1
3.2=-(R+(X2ﬁ2 S)(alﬁl R+ Bl Bz S) (2~48)
1 poa )
b, =-S (Otl[il R+ Bl B, S] (2.49)
The last two relations are more conveniently written as:
4 R+ aZB;S 1 - -1
=- {alBl R+ Bl [52 S] (2.50)
b, g
Also one might define 0,, an NxNV matrix as:
1 -1 -1 -1
% z[_xlBl X,y 0By - X,By } (2.51)

to rewrite Eq. (2.47) more conveniently as:

4
V2 =0, ) (2.52)
2

Now that the starting conditions are known (2.43) can be used iteratively to yield:
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= . . (2.53)
-1 -1
by B¢ (BKI) 0 B, [Bz) 0\ P
and for obvious definition for 7,
& 4
=7
K (2.54)
bK b2
where
ol
il P (2.55)
and

1EK = T
-1 \ K-1 (2.56)
By (B K-1 ] 0

Using Eq. (2.54), Eq. (2.42) can be written in terms of initial conditions as:
t )
= -1
V=™ Ykt {xm B OJ T (b J (2.57)
2
It is more useful if we write Eq. (2.57) in a more closed form. Using Eq. (2.52) for

V> and defining 03 as:

1..
-1
G;=0,+ {Xs (Bz ) ,O}fz (2.58)
we get for V3,
a,
V3=0, b, | (2.59)

One might obtain similar relations for Vg, Vs, ...,and in general Vg could be

obtained as:
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2
VK =% |4, (2.60)
where
1 ¥
Ok = O+ | Xg (BK ). o|m 2.61)

Returning to the question of convergence of H-! x 1» We required (Z’g to vanish for
some K. Eq. (2.54) translates this problem to whether g has a zero eigenvalue in
which case (Zi) or equivalently [R+§al32.15] can be considered as ‘the corresponding
eigenstate. However, Eq. (2.56) shows that:
}

det T, H 1B, (8.") 2.62)°
We have already seen that due to rounding errors 3; do not vanish and accordingly
det 7y fluctuate about a finite value. As a result, if one of the eigenvalues of 7%
converges to zero the other one diverges. This in turn reflects the divergence of
elements of 7 due to rounding errors as the algorithm proceeds. We are interested
to find a condition among the elements of 7y which reflects the convergence of
one of its eigenvalues to zero. It is difficult to search for such a condition while the
g elements are too large. However, this difficulty could be avoided if we write

g, without loss of generality, in the following representation:

Ap  Ag¥g

T = (2.63)
BK BKyK+ t

Written in this form, g has a zero eigenvalue if and only if Agzx converges to

zero, even if Ag, Bg and yg diverge.

Let, after K iterations, A KotKo become arbitrarily small. Then as we have

seen (21,2)—90 and Eqgs. (2.50) and (2.54) fix the parameters R and S as:

6 In single Lanczos algorithm where, according to Eq. (2.2), the B s are real numbers (contrary

to the block algorithm discussed in §2.10) Eq. (2. 62) is simplified to ﬁkﬁz .
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R @Bl +y
(Sch( oo (2.64)
-1

where C is a constant which can be set to unity without loss of generality.

Moreover they yield:

%, 0 ) -1
-1 S SV S |
o i el 8] @65
- 1IP1IK, ™ P 2P TPy Py '
(bKo) %, 0

As the elements of g grow large the elements of ox will grow as well according

to Eq. (2.61). As for 7y, one can separate the error built divergent part of ok if it

is written in a similar fashion,

Ok = [UK . UKYK+WK] (2.66)

where Ug and Wy are N-component vectors. Written in this form and
incorporating Egs. (2.50) and (2.64) in Eq. (2.60) the convergent solution, H/x;

is achieved after K iterations even if Ug and Wy diverge, as:
-1
-1 -1 -1 t.-1
VK0= -WKO [-alBl yKo - 0‘1[31 (X2B2 +Bl B2 ) (2.67)
and Eqgs. (2.35) and (2.65) evaluate the residue term after K iterations, i.e.

//foVko//’ as:

-1
-1 5 P A
In Egs. (2.65) and (2.67) the remainder term and the solution are given in terms of

tKo, yKo and WKO. So it is necessary to translate the recursive relations for T

and o into the relations for 7 g , yg, and Wy . Eqs. (2.56) and (2.63) result

in:
. + 1
Ag, = '°‘K+1(BK ) AtBy (2.69)
T -1
By = 'BKH(B K ) Ag (2.70)
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-1
Vit = yK+(AK+l) ty @2.71)

1
ko1 =By (AK+1) % (2.72)

Similarly Egs. (2.61), (2.63) and (2.66) will result in:
!
Ugn = UK+XK+1(BK ) A (2.73)

W1 = Wi Uk (AK+1) (2.74)

Being evaluated after K iterations, when Ag o'Kp™ 0, the above equations
provide us with the converged solution and the residue term. In practice one might

monitor the residue and the solution after each step by the following algorithm:

1
A1+1—'°‘1+1(B ) A+B; 2.75
!
B ='Ba+1(ﬁ; ) A, 2.76)
1
Yier = yi+(Ai+l) 4 (2.77)
|
tir = By Ai+1) 4 (2.78)
U1+ _U+XI+I(B T) Ai (2.79)
|1
Wia=W-Uy, Ai+1) 4 (2.80)
1 1 1 + -1 .
Vin= Wi ['0‘1[31 Yier” 0B 0By + B By ] (2.81)
1 1 1 Fo-1 %
Res . = ’ti+1[‘°‘151 Yipr - By 0By + By BzJ (2.82)

where the initial values A, Bj,y; and ¢, are obtained from Egs. (2.55) and

(2.63) and U; and W, from Egs. (2.51) and (2.66) as:
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(2.83)
By=0 (2.84)
y2=0 (2.85)
f2= (2.86)
-1
Yo =x,by (2.87)
-1 -1 -1
Wy =B, +xB; B, (2.88)
1
-1 -1 1.
V2= (xz‘xlﬁl “z)(‘“lﬁl o, +B, ) (2.89)

In hadron propagator calculations, as discussed in Chapter 4, the first
Lanczos vector must be a §function located at a certain site to calculate the
appropriate column of the inverse of ¥sM where M is the fermion matrix. For
Wilson fermions where M is given by Eq. (1.112) it is easily shown that the
Lanczos equations (2.1) to (2.3) result in o, = 0 for such an initial Lanczos vector.
If the algorithm had initially fixed A, B, etc. rather than Ay, By, etc. then A,
would have vanished which in turn would have resulted in divergent y,, 1,, etc.
and consequently the failure of the algorithm to converge. This is the case for the
algorithm given in [30] and that is the reason why we modified the standard

algorithm.

2.5 Convergence Of Eigenvalues And Inversion

The convergence of eigenvalues of H in a given neighborhood around A can be
related to the convergence of (H-A1 J-Ix; in the Lanczos algorithm. To see this
consider Pg(A), the det (Tg-A1) where Tk is the tridiagonal form of H after K
iterations, given by Eq. (2.12) as:

Pg(\) = (0x—A) Pic.1(M)-BTk.1Bk-1 Pk2 ) (2.90)

Defining:
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c ()=
K (2.91)
1B,
1=1
where
Co(l) = (2.92)
then we get:
— Ol-A _ [3T —
c()=- g_cx_l(x)-B_K-l Ce,(0) (2.93)
K K
or

I R
&™), 5,,W)-=(g,0).c M) B | 299)
1 _aK+1'}" _

|3K+1

We had previously defined 7x , ; in Eq. (2.56) for H. Changing o ; to

Ok . 1-A in Tk, 7 would define g ; for H-A1 as:

NN

1

-BK+1(BIIJ 0

e (M) = e (A) (2.95)

Egs. (2.94) and (2.95) result in:
€™, T, Wy, W)=[T, @), T W, 3) = -

=(c,M.T,W)=0m) @9

where w(A ) is independent of K. Eq. (2.96) yields:
_ N
C,(A )= (1) 1 (2.97)

Therefore Eq. (2.91) gives for determinant Pg(4),
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+ 0
P ()= (D ‘(fllﬁi)m(x)n; () U (2.98)

Let Ar and Ay be some eigenvalues of T k and H, respectively, in the interesting
neighborhood around A. We are interested to study the behaviour of P x(A) at these

values of A.Let us first consider Pg(Ay). We expand Xk 41, the K+ Lanczos
vector in terms of V¥, the eigenstates of H:
N
X = 2 Cn¥y K=0,1,2,.. (2.99)

The Lanczos equations (2.3), could then imply:

Corty = Con®y+C 1By (2.100)

T
Cintn = Cir n B it Cren®i1 T Cian 1 Pt (2.101)

where Ay, are eigenvalues of H. Eq. (2.101) results in:

, t
C =-aK-7\11c _B_Ec

] (2.102)
Kh BK K-1h BK K-2h
where
oAy
Cip=- B Con (2.103)
1

Eq. (2.102) has exactly the same form as Eq. (2.93) for C,(4). By the same

approach we deduce an equation similar to Eq. (2.97) for Cg, as:

Cyp =+ Con O T () ((1)] (2.104)
Comparing Eq. (2.104) with Eq. (2.98) we get:
K+l K
P (Ay)=C(D (illﬁi)cl(h (2.105)
As the Lanczos vectors are unit vectors Eq. (2.99) imposes the constraint:
hg Cpp =1 (2.106)
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on the Cgy's. Accordingly none of Ckn's diverge. On the other hand if x ; 1s not
normal to ¥, then f; are non-vanishing. Even if x 1 1s perpendicular to ¥}, in
which case Cpy = 0, then as we had discovered before one of the B's, say B,

would converge to zero and it is easy to show that g—’ and consequently 5, @ (4,)
0k j
would remain finite. These considerations imply that Pg(Ay) is different from zero

and O(1). On the other hand the det (Tg-A1) must vanish for all eigenvalues of

Tk. We summarize these results as:

Pe(Au)=0(1) (2.107)

P(Ar)=0 (2.108)

Egs. (2.107) and (2.108) show that as Ay converges i.e. as Ay — Ay, Px(A)
changes rapidly from zero to a non-zero value. This sudden jump is an indication of
the same behaviour in mz-/(A) once viewed through Eq. (2.98). The large value of
mx-I(A) is in turn the sign of convergence of one of the eigenvalues of mg(A) to
zero which is necessary and sufficient condition for the convergence of
(H-A I)Jx ;- Conversely convergence of (H -A1)-'x; implies the divergence of

Ttg~1(A) which in turn implies that Pg(A) picks up a non-zero value in Eq. (2.98).

In particular Pg(A) remains non-zero even if A is an eigenvalue of Tk. So A must
be close to one of eigenvalues of H. For example H/x; converges whenever the
small eigenvalues of H are converged and conversely small eigenvalues of H are
converged as AKOIKO — 0 (i.e. as H!x converges). In our calculations we
terminate the algorithm when Ag g, (or practically tKo) falls below 10712, This
proved to guarantee the convergence of the closest eigenvalues to zero. The same

stopping condition is sufficient to converge the closest eigenvalues to A provided

we change o's to & -1 .
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2.6 Lanczos Algorithm Results

We will present our results on the application of Lanczos algorithm for eigenvalue
calculations in the next chapter where we directly deal with fermion matrix
spectrum. In the present chapter we concentrate on the inversion applications. To
investigate the practical aspects of the hermitian Lanczos algorithm and the
subsequent algorithms discussed in this chapter we have always worked solely with
YsM where M is the Wilson fermion matrix given by Eq. (1.112). Though M is
not hermitian, ¥;M is? and this is what we intend to invert to calculate meson
propagators later on in Chapter 4.

We work with 44 and 84 lattices. As the results are similar we outline the
findings on the latter. For this lattice we generated a gauge field configuration in the
confining phase at § = 5.8 (see Fig. 3.9) obtained by 13300 sweeps from a hot
start. As we shall describe in Chapter 3 there are values of x at which ¥sM has a
zero eigenvalue. The corresponding eigenstate is called a zero mode. For the above
gauge configuration the Y;M matrix spectrum indicates that the first two values of
hopping parameter corresponding to the first two zero modes i.e. k;'s, are 0.1619
and 0.1649 with the minimum modulus eigenvalues /"Lz of 0.1820E-3 and
0.8898E-5 respectively® when antiperiodic boundary conditions are imposed on
fermion fields. We have also studied the effects of boundary conditions on the
algorithms. Since their general qualitative features do not alter, we work with
antiperiodic boundary conditions on the fermion fields throughout; otherwise
indicated explicitly.

As we tune k, the convergence rate of the inversion is observed to be
governed by /A/,,;, and its density and slows down as we approach k, from either
side as seen in Table 2.1 where the minimum number of iterations, Ny, so that the

norm of residue falls below 108 is given as k changes. The corresponding

7 See §3.7.
8 A number followed by a letter E (or D) and an integer exponent represents a power of 10

held with a precision of about 7 (or 14) decimal digits.
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Table 2.1

Convergence rate of the Lanczos algorithm for an 84 lattice
at B = 5.8. The number of eigenvalues with moduli less

than 0,05 is found to be 7 for all the «'s listed.

K M min Nit
M
0.1590 0.1206E-1 918

0.1619 0.1820E-3 *

0.1630 0.3765E-2 1078
0.1649 0.8898E-5 *

0.1650 0.1279E-3 1156
0.1670 0.2223E-2 1048

* . .
No inversions were performed at the
corresponding ,.

behaviour is plotted in Fig. 2.1 for 2 values of .

Although the solution vectors have converged and their norms have reached
plateaus long before residues fall below 108 as shown in Fig. 2.2, it is a direct
check of legitimacy of the converged solution l/fc, if we check whether n-H v, 1.e.

the real residue vector vanishes. It is also interesting to see the behaviour of Res,

n
|
1wy 200 400 600 600 1000 1200
o K=0.159
a K =0.165

Fig. 2.1 The norm of residue Resy Vs. iteration number n of the Lanczos algorithm

for an 84 lattice at B = 5.8.
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10° T T T T T =1 n
2 200 400 600 1900 1209

Fig. 2.2 The norms of residue Res, (top) and solution vectors (above) vs. iteration
number n of the Lanczos algorithm for an 84 lattice at B = 5.8 and k = 0.163.

compared with the norm of the real residue as the algorithm proceeds. We found, in
exact arithmetic, that Res,, as shown in Eq. (2.82) is exactly the same as real
residue norm //x;-HV,// in each step. However our results show that as one

approaches very close to k, the very small Res,'s tend to vanish slightly faster
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than the real residue as indicated in Table 2.2 for ¥ = 0.165. This can be
interpreted as the limitation of the machine precision.

It is interesting to see that both norms of residue and solution vector behave
as if they are superpositions of two independent residues or solution vectors,

obtained from the odd and even iteration numbers respectively as in Fig. 2.3.

2.7 Conjugate Gradient Algorithm

2.7.1 Positive Definite Matrices

An alternative approach to solve Eq. (2.34) when H is an NxN positive definite
hermitian matrix is the conjugate gradient iterative algorithm. The idea is based on a
procedure that produces a sequence of residue vectors, r's, that are all mutually
orthogonal and a sequence of p vectors that are all mutually conjugate [31].
Defining ¥; to be the approximation to V¥ after i iterations and r; = 1) -y V; as the

corresponding residue vector, the algorithm is outlined as follows:

1
8= (piTH pi) (riTri) (2.109)
Vi =V +P3 (2.110)
T =T -HPg (2.111)
1
(.t t
b= (ri ri) (rm ri+1) (2.112)
Piyi=ha t pibi (2.113)
Table 2.2
The difference between Res,, and //xj-HV]/.
N: Res lel -HVII
it

1150 0.1201E-07 0.1201E-07

1250 0.2658E-09 0.5706E-09

1350 0.5163E-11 0.5048E-09
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2 200 400 600 000 1000 1200
a odd iteration
o even iteration

Fig. 2.3 The norm of residue vector Res, (top) and the norm of solution vector
(above) vs. iteration number n of the Lanczos algorithm for an 84 lattice at B = 5.8 and

x = 0.165.

where

p, =1, =N-HY, (2.114)
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and ¥/, is an arbitrary vector taken to be the null VeCtor.
The orthogonality of {riti=1,2,3,.. N} and the H -conjugacy of

{p,/i=123,.N}ie,

11j=0 if i#j<N (2.115)
and

PiHPp;j=0 if i#j<N (2.116)
could be proved by straight forward induction [32]. As there are at most only N
linearly independent orthogonal vectors in an N-dimensional complete set, Eq.
(2.115) implies that ry_; vanishes. This in turn means that we have reached the
solution of Eq. (2.34) because:

M- HYN,p =Tne =0 (2.117)

To reflect the geometrical content of the conjugate gradient algorithm we review

alternative approach to prove its convergence. Define the functional:
FlV]=2vHy- v (2.118)

in the space spanned by {p;}. It is obvious that the problem of solving Eq. (2.34)
is identical to minimizing the functional F. In other words the solution Y'to Eq.
(2.34) is the point at which F is minimum (maximum if H is negative definite).
We can calculate all the N components of ¥ in this space in N steps if we
minimize F in the n-dimensional hyperplane spanned by the subspace
{p,/i=123,..n} through ¥, in the nth step. This is equivalent to starting
from ¥, and minimizing F along conjugate direction p; to arrive at ¥, and then
starting from V¥, and minimizing F along conjugate direction p, to arrive at ¥
and so forth. The general form of ¥ in the nth step, i.e. ¥, ;, can be written in

terms of its components along p; as:

n
Vo =Y1 +.21Piai =Y+ PA (2.119)
1=

59



where
A= (al,az,a3,...,an) (2.120)
and

P=[p,.p, Dy s ] (2.121)

For this value of ¥, _ ;, F is evaluated to be:
F[V,] = F[\Ifl]+ A'P'HPA + A'P! r (2.122)

We are interested in such a vector A which translates ¥, to the minimum of F in

the subspace { p; /i =123,..,n}). This is obtained by setting the functional

derivative of F with respect to A equal to zero i.e.:
U 1
P HPA -P = 0 (2.123)

The ith component of Eq. (2.123) reads:

S (pfHp)s = pt
=1 e Vel (2.124)

The H-conjugacy of p's reduces Eq. (2.124) to:

-1
a = (piTHpi) p', i=1,2,3,..n (2.125)

On the other hand taking the orthogonality of r's into account Eq. (2.113) can be

manipulated to yield:

P, Tr —rTr (2.126)

Then g; is rewritten as:

-1
a= (pHp;) 1 i=1,2,3,.n  (2127)

These values of g; are exactly those used in the course of the algorithm to build up
¥ through Egs. (2.109) and (2.110). This means that after at most N iterations of
the conjugate gradient algorithm we achieve the minimum of F or equivalently the

exact solution of Eq. (2.34). Moreover, in the intermediate stages the residue

VECtOors are:

60



Ti+1 =M -HViy1 =M - HY; - Hpja; =T; - Hpja; (2.128)

as stated by Eq. (2.111) in the algorithm.

2.7.2 Non-Definite Matrices

As discussed in the previous section the conjugate gradient algorithm is applicable
to solve Eq. (2.34) only when H has definite positiveness or negativeness (in
which case -H is positive definite). In the absence of such definitness or even
when H is not hermitian one might multiply both sides of Eq. (2.34) by H " to
replace H by H "H which is a positive definite matrix. This multiplication does not
change the solution to Eq. (2.34). Changing nto H Tn and H to H'H and as a

result r; to Hfri, the modified algorithm would read as follows:

o=[6n) @) s ) @

Vir1 = Vi+ P (2.130)

Lin =G-HPR (2.131)
Tt (o

o= o o ) a1

Piy1= H It Pb; (2.133)

where p; = Hfr; and r; = n-HV, and as beforey; is taken to be the null vector.
Since in this algorithm, which we call H TH algorithm, a's, b's and p's are
defined differently, the r’s and ¥'s in each step would now differ from the
corresponding values in original algorithm, which we will call H algorithm.

Moreover since there are two matrix-vector multiplications, each step takes twice

longer than it does for the H al gorithm.
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2.8 Rounding Errors And Convergence

In the previous section we saw that the conjugate gradient algorithm converges in at
most N iterations in exact arithmetic. However the rounding errors developed in
calculating r and p vectors make the algorithm fail in preserving the orthogonality
among the r vectors and H-conjugacy among the p vectors. Also, for large
enough number of iterations the accumulation of rounding errors in the residual
vector may become very large when we need the residue to be negligible. This
might hamper the convergence of the algorithm in applications such as eigenvalue
calculations at the presence of almost zero modes. In this case any large enough
residue corresponds to a set of solution vectors differing from each other by the
zero mode. The right solution can be detected only if extremely small residue norms
of the order of the corresponding eigenvalue of the zero mode are achievable. This
in turn requires an extremely large number of iterations before the right solutions
can converge. However, as stated above, here is a situation where the rounding
errors become considerably large. The situation, here, is more serious than in the
case of the Lanczos algorithm. There we did not need to store the residual vectors to
which the solution is highly sensitive. Moreover the Lanczos vectors would
essentially remain as unit vectors though not orthogonal. Due to these
considerations it can be concluded that the Lanczos algorithm is more stable to
rounding errors than the conjugate gradient algorithm. However, it must be noted
that the Lanczos algorithm is known to be exactly equivalent to conjugate gradient
algorithm in exact arithmetic. The most direct connection between the two
algorithms in terms of vectors generated is that the Lanczos vectors are parallel to
the residue vectors of the conjugate gradient algorithm [33].

Regardless of cases such as the one discussed above, conjugate gradient
algorithm can still converge despite the presence of rounding errors. In fact since in
this algorithm each vector is directly obtained from the previous neighbouring one,
it is fair enough to assume that H-conjugacy of p's and orthogonality of r's are

locally nearly preserved. This assumption is enough to demonstrate that all
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conjugate gradient equations are still approximately valid. As ry,; does not
necessarily vanish one might continue the iterations beyond N so that small enough
residues are obtained. As was the case for the Lanczos algorithm, the rate of

convergence is controlled by the nature of the spectrum of H.

2.9 Conjugate Gradient Algorithm Results
Under the same conditions that we investigated the Lanczos algorithm, we
implemented both versions of the conjugate gradient algorithm to invert H = YsM.
The H conjugate gradient algorithm still converges despite the fact that YsM is not
positive definite. Moreover our results strongly confirm the equivalence of the 4
conjugate gradient to the Lanczos algorithm. However, the two-valued behaviour of
norms of residue and solution vectors disappears once the H'H version of the
conjugate gradient algorithm is applied as shown in Fig. 2.4. Taking into account
the fact that each iteration of H'H conjugate gradient algorithm takes almost twice
as long as the H algorithm, Table 2.3 compares the convergence rate e of the H
relative to H'H conjugate gradient algorithm as the residue norms fall below 108,
As shown in Table 2.3, despite the stability of H 'y conjugate gradient compared
with the fluctuating behaviour of H algorithm, it is slower and slower as k, is
approached. The reason for this slowing down is that the eigenvalues of H "H are
the square of those of H. In other words the least modulus eigenvalues are much
smaller for H'H compared with the corresponding least modulus eigenvalues of
H specially when K, is approached. On the other hand, as shown in §2.6, the rate
of convergence is controlled by the least modulus eigenvalue as well as its density.
Accordingly the slow rate of convergence of H TH is expected.

Since we have already seen that the non-definiteness of ¥sM does not
hamper the convergence of H algorithms, we will be therefore most concerned
about the improvement factor in rate of convergence rather than the convergence

alone. Accordingly the above results emphasize that A algorithms are more
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efficient to use than H 7LH ones.

T n
1200
Iyl
1t
10°
12?
1ot
12y 200 400 500 600 1000 1208

Fig. 2.4 The norm of residue vector Res, (top) and the norm of solution vector

(above) vs. iteration number n of H "H conjugate gradient algorithm for an 8* lattice at

B=58and x=0.165.
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Table 2.3
Convergence rate e of the conjugate gradient algorithm compared

with its H'H version for an 84 lattice at § = 5.8. N 1 and N are the
corresponding iteration numbers,

K N1 N2 €
0.159 0918 608 1.32
0.165 1156 872 151
0.167 1048 729 1.39

2.10 Block Algorithms

Matrix inversion calculations are among the most time consuming calculations we
encounter in lattice QCD. This problem becomes more serious when we have to
calculate several columns of the inverse simultaneously. Two examples are, all the
columns affected by a change to one gauge field link in an updating algorithm, or
the columns corresponding to different spins on the starting site of a hadron
propagator. Accordingly improving the convergence rate of the algorithm by some
factor seems inevitable. One successful step towards this goal is to modify the
algorithm to its blocked form (23, 34]. To do this we construct blocks of N rows
by Ny columns to represent Ng vectors of dimension N. Then generalizing all
our N-dimensional vectors to such NxNg matrix-like vectors we can end up with
the blocked versions of the algorithm. Under such blocking procedure the scalar
quantities turn out to become NpxNp square full matrices. Now if we begin the
algorithm with an initial 77 block containing Ng orthogonal vectors then, in exact
arithmetic, we span the whole space of x vectors (in the Lanczos algorithm) or r
vectors (in the conjugate gradient algorithm) in N%iterations because in each step
Np orthogonal vectors are generated and there are only N such vectors in an N-
dimensional space. On the other hand since the main computation tasks are matrix-
vector multiplications, each iteration takes almost Ng times longer than for the

single algorithm. As a result the whole space is generated almost in the same time as
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for the single algorithm but during the same time we have obtained a matrix-like
solution vector which contains N columns of inverse i.e. we have improved the
algorithm by a factor of Np. In practice, however, due to rounding errors more
iterations are required for convergence. In previous sections we saw that the
convergence is somehow proportional to the extent the orthogonality and/or H-
conjugacy is preserved among the relevant vectors at the presence of rounding
errors. One plausible way to improve the rate of convergence is, then, to maintain
orthogonality and/or H-conjugacy among as many vectors as possible. The above
described block algorithm works well in this aspect because approximate local
orthogonality and/or conjugacy is extended to a larger range in the blocks. So we
expect a good improvement factor over single algorithms once block versions are
applied. To apply block algorithms one is required to invert the NgxNg matrices
which appear in each iteration. This is normally carried out by Gaussian

elimination [35]. Moreover in the block Lanczos algorithm f’s are square roots of

NpxNp hermitian matrices. The hermicity of such matrices imposes %NB(NB+1 )

constraints on the elements of each fB. This lets one construct f's as triangular

matrices whose elements can easily be calculated from the original matrices. In

practice the overhead computation time required to invert and/or to calculate square

roots of such NpxNp matrices is negligible for practically possible block sizes.?

2.11 Block Algorithm Results

In studying the convergence properties of blocked algorithms one faces a serious
storage problem in large lattices if the blocks are large enough. To see the real effect
of blocking on the algorithms one might begin with a modest lattice size in favour

of reasonably larger blocks. In the following we present our results obtained from

44 and 84 lattices.

9 See Fig. 2.16.
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2.11.1 44 Lattices

I Strong Coupling Limit
We have found that on finite-size lattices the first zero modes at B = 0 appear just
above Kk = 0.25.10 The exact value of K, depends on the configuration as well as

the lattice size. For the configuration that we have generated by 20 sweeps from a

hot start, the YsM spectra at k= 0.23 and x = 0.25 are shown in Fig. 2.5.

Block Conjugate Gradient Algorithm
The largest blocks used to study the block H conjugate gradient algorithm are Ng
= 32 and the norm of residue is monitored as it falls down to 10712,

At k= 0.23 the algorithm behaves well up to Ng = 4. For Np = § the
norm of residue goes down to about 10" but then gradually goes up again to 10”7
and does not change considerably anymore. This deficiency is partially developed

by the errors in inverting the NgxNg matrices in each iteration. However this

n(A)
50 | f 3
2
a
A
i s
49 .‘A
‘.‘
2
- 2
38 )2()?( ‘A
a o X at
r'
A.‘ xx)z(
ad X -
R X 2
a
R k3
a X
L % ]
Py 19
t‘..
“ x
A ma— T T T T T T
-9. 108 2. 075 9. 050 -2. 825 0.050 0.025 0.050 0.975 0. 1090
a x=0.23
X k=025

Fig. 2.5 The eigenvalues of %M with smallest modulus for a 44 1attice at B = 0.0.
The eigenvalue number n(A) (with arbitrary origin) is plotted against the eigenvalue 4.

10 See §3.9.1.
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unpleasant behaviour does not harm the convergence of the solution vector as long

as the attainable minimum residue norm is about 104 or less, as is the case for Ng

= 32 for which residue goes down to 107 first and then goes up to 102 and stays

there as shown in Fig. 2.6. The algorithm fails to converge for Np = 16 for which

T T n
700 800
(A
193
19773
Ix
1073
1%
4 X
4 X g
ok
b
T Tn

!
o ml Zﬂﬂl 300' m‘ SWI €00 700 200
Fig. 2.6 The norm of residue vector Res,, (top) and the norm of solution vector
(above) vs. iteration number n of block conjugate gradient algorithm with Ng = 32 for

a 44 lattice at 8 = 0.0 and x = 0.23.
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the minimum residue norm is just about 101 Fig. 2.7 shows the corresponding

behaviour.

Knowing that the time per iteration for block algorithm is almost N times

as much as the corresponding time for single algorithm, the improvement factor, e

T T T T T n
409 500 600 708 809

rmm of solution vector

Fig. 2.7 The norm of residue vector Res, (top) and the no
(above) vs. iteration number n of block conjugate gradient algorithm with Np = 16 for

a 44 lattice at 8 = 0.0 and x = 0.23.
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of block algorithm relative to single algorithm in calculating one column of the
inverse when the residue norm falls below 107 is given in Table 2.4. This table
clearly indicates that larger blocks result in more efficient algorithms.

Approaching «,, not only the algorithm slows down, but rounding errors
overcome it and the algorithm fails to converge as it is the case for k= 0.25 at
which the algorithm does not converge except for Ng = 1 and 2. This behaviour is
indicated in Fig. 2.8 for N = 4.

Contrary to the H algorithm, the H 'y algorithm works well for all Ng's
at both k= 0.23 and k= 0.25. However it must be pointed out that residue
norms at K = 0.25 do not fall below certain minima and these minimum values
grow larger as Np increases so that for Ng = 32 it reaches about 102 as shown in
Fig. 2.9.

In Table 2.5 the improvement factors of block algorithm over the single
version of H'H conjugate gradient algorithm are given for the two K’s used as
residue norms fall below 107 Comparing the iteration numbers N; in Table 2.5
with the corresponding values in Table 2.4 we again see that, as was the case for
single algorithms, the block H conjugate gradient algorithm is faster (and
comparable only for Ng = I) than the corresponding block version of H TH

conjugate gradient algorithm. Also the ¢'s in the two tables show that the blocking

Table 2.4
Improvement factor e of the block compared with
the single H conjugate gradient algorithm for a 44
lattice at § = 0.0 and x = 0.23.

Np Nit €
1 705 1.00
2 587 1.20
4 457 1.54
8 327 215
16 * *
32 149 475

* Convergence is not achieved.
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Fig. 2.8 The norm of residue vector Res, (top) and the norm of solution vector
(above) vs. iteration number n of block conjugate gradient algorithm with Np = 4 fora
44 lattice at B = 0.0 and x = 0.25.

procedure has a better performance once applied to the H conjugate gradient rather
than to the HTH conjugate gradient algorithm. On the other hand, comparing e,

with e, shows that the block algorithms are even more promising as one

71




approaches the zero modes at hopping parameters «
5
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Fig. 2.9 The norm of residue vector Res, (top) and the norm of solution vector
(above) vs. iteration number n of block H n conjugate gradient algorithm with Np =
32 for a 44 lattice at B = 0.0 and « = 0.25.

72



Table 2.5

Improvement factors e; and e, of the block compared with the single HH
conjugate gradient algorithm at B = 0.0 for a 44 lattice. N; and N, are the

iteration numbers.
k =0.23 k=025

Np Ny ey N, €
1 357 1.00 1790 1.00
2 318 1.06 1129 1.58
4 279 1.21 681 2.63
8 217 1.55 395 4.53
16 155 2.17 331 5.41

32 99 3.40 * *

* Norm of residue does not reach to 10E-5.

Block Lanczos Algorithm

Under the same conditions as before blocked version of Lanczos algorithm was
worked out. The storage limitation which was imposed as we decided to compare
/1% J'H Vv, [/ with Res, in each step does not now allow to work for Ng = 32.
Accordingly we did not proceed beyond Ng = 16. Though our previous results
showed that the single version of Lanczos and conjugate gradient algorithms are
essentially identical, however their blocked forms gradually begin to behave
differently as we increase the block size. Fig. 2.10 which shows the behaviours of
the two algorithms at x = 0.23 for Np = 8 shows this discrepancy. The

corresponding solution Vectors are plotted in Fig. 2.11.

It is remarkable that the block Lanczos algorithm does not suffer from the

growth of residue norm after it reaches a minimum as was the case for the block

conjugate gradient. One might compare Fig. 2.12 which shows the behaviour of the

block Lanczos algorithm at K = 0.23 for Ng = 16 with Fig. 2.7 for the

corresponding conjugate gradient results as an example of a better behaviour of the

block Lanczos algorithm over the conjugate gradient algorithm. The reason for this

is that the vectors in the Lanczos algorithm are orthonormal, and hence the elements

of the vectors and the expansion matrices constructed from them are always much

73




T T T T T T T T Nn
100 200 300 490 500 600 709 809
Fig. 2.10 The norm of residue vector Res,, of the block conjugate gradient (top) and
the block Lanczos (above) algorithms with N = 8 for a 44 lattice at B = 0.0 and x =

0.23.

S+ |
Lﬂ's

larger in magnitude than machine precision. However, in the conjugate gradient

algorithm our expansion vectors are the residue vectors themselves which are

orthogonal but not normalized. When the residue becomes very small the expansion

74




matrices will have very small elements. For large block sizes,

matrices with some exact algorithm to calculate the parameters g; and b;

inverting these

in Egs.

(2.109) and (2.112) introduces large relative errors and prevents reliable

convergence.

Iy

3

— 1+ r 1
180 o4 o0 W0 400 500 608 700 ©00

n

Fig. 2.11 The norm of solution vector of the block conjugate gradient (top) and the
block Lanczos (above) algorithms with Np = 8 for a 4% lattice at f = 0.0 and x = 0.23.
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Fig. 2.12 The norm of residue vector Res, (top) and the norm of solution vector
(above) vs. iteration number n of the block Lanczos algorithm with Np = 16 for a 44

lattice at B = 0.0 and x = 0.23.

However, it is worth pointing out that the least attainable residue norm
increases as one approaches k, and/or increases Np. So, accordingly, it is quite

probable that the algorithm fails to converge for large enough blocks, though it
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converges for all Np's and k’s we used and even its behaviour at x = 0.25, i.e.
close to K,, proved much better and faster than the block conjugate gradient
algorithm as shown in Fig. 2.13 which is the block Lanczos version of Fig. 2.8.

Our results when residue norms fall below 10~ are outlined in Table 2.6. In

Res,

XX

T T T Tn
'm'ﬂﬁ 100' 200' 300] m' 500 600 790 =)

Fig. 2.13 The norm of residue vector Res, (top) and the norm of solution vector

. . - 4 .
(above) vs. iteration number n of block Lanczos algorithm with Np = 4 for a 4% lattice
at f=0.0and x = 0.25.
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Table 2.6
Improvement factors e; and e, of the block compared with the single H
Lanczos algorithm at § = (.0 for a 4% lattice. N; and N, are the iteration

numbers.
k=023 ¥ =0.25
N N; € N, ey
1 707 1.00 2185 1.00
2 579 1.22 1302 1.68
4 451 1.57 765 2.86
8 322 2.20 438 4.99
16 202 3.50 233 9.38

addition to the confirmation of the general qualitative statements we made about the
nature of blocking in previous section, once compared with Table 2.4, Table 2.6
shows stability of the block Lanczos algorithm over the block conjugate gradient
algorithm which failed at k = 0.23 for Ng = 16 and at k = 0.25 for Ng > 2.
Also, they show the speed of the block Lanczos over block HH conjugate
gradient algorithm once compared with Table 2.5.

All our results single out the block Lanczos algorithm from different
algorithms that we studied as the most efficient algorithm at strong coupling limit.
Moreover it is worth to mention that the presence of approximate zero modes at X' s
very close t0 X, on one hand and the high density of such modes at strong
coupling limit on the other, as shown in Table 2.7, make our fermion matrix ( or
YsM) at x = 0.25 the most difficult one to invert. While the successful
performance of the block Lanczos algorithm in this ordeal gives it special
superiority, the failure of block conjugate algorithm excludes it from our further

investigations.

II Weak Coupling

We have generated two gauge configurations, oné in the confining phase at § =

5.3 obtained by 35000 sweeps from a hot start and the other above the deconfining
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Table 2.7

Smallest modulus eigenvalue and eigenvalue density for a 44 lattice.

B X IM min N)\
5.1 0.145 0.1079 7
5.7 0.164 0.6557E-1 17
5.3 0.184 0.3489E-1 42
5.3 0.198 0.1683E-2 51
5.3 0.1991* 0.1144E-6 51
0.0 0.230 0.3340E-1 127
0.0 0.250 0.1355E-2 157
0.0 0.266 * 0.9911E-5 174

#*

Approximate K;.

phase transition point at f3 = 5.7 obtained by 55000 sweeps from a hot start. As we
will see later in §3.9.2, where the spectra of 44 lattices at weak coupling constants
are discussed in more detail, at § = 5.3 the first zero mode is found to be at k, =
0.1991. In this configuration we have worked at k = 0.184 and k = 0.198, both
below k,. At § = 5.7 where there are, of course, no zero modes we have chosen
= 0.145 and x = 0.164. The spectra of ¥sM at these values of x and [3 are
shown in Fig. 2.14 and the eigenvalues with smallest modulus as well as the
number of eigenvalues whose moduli are less than 0.2, Ny, are given in Table 2.7

for each case. The largest block tried is Ng = 25.

Block H'H Conjugate Gradient Algorithm

H'H conjugate gradient algorithm works well when /A Jin is Dot too small.
However, it fails as one approaches K; in large blocks e.g. at B=53and k=
0.198 the residue norm slowly falls below 10710 for N < 4. 1t does never fall

below 1077 for Ng = 6. For 8 <N p < 16 the minimum attainable residue norm 18

-3
of the order of 107 while it is only of the order or 107 for 18 < Ng <25. The

minimum number of iterations required t0 converge to a solution with residue norm

less than 10710 is given in Table 7.8 in terms of B, K and Np.
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o B =57 K=0.145
a B =57 K=0.164
+ B =53 K=0.184
X g =53 K=0.198

Fig. 2.14 The eigenvalues of %M with smallest modulus for a 44 lattice at weak
coupling constants. The eigenvalue number n() (with arbitrary origin) is plotted against
the eigenvalue A.

Table 2.8
The minimum number of iterations to achieve residues of less than 10-10 with block

H'H conjugate gradient algorithm for a 4% lattice at weak coupling constants.

=57 = 5.3

Ng kK=0145 k=0164 k=0.184 k=0.198

1 160 228 438 675

2 132 182 323 644

4 112 146 233 752

6 101 130 192 *

8 92 117 168 *
10 86 109 151 *
12 82 101 138 *
14 77 96 126 *
16 75 91 119 *
18 72 87 112 *
22 66 79 101 *
25 63 76 94 *

* Residue norm does not reach to 1.0E-10.
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The Block Lanczos Algorithm

Under the same conditions as for H TH conjugate gradient algorithm, we studied
the block Lanczos algorithm. It works very well for al] cases. Although, as we have
already seen, the algorithms slow down to converge as one decreases 8 and/or
approaches k; (in the confining phase), however they tend to behave more
independently of details of fermion matrix such as hopping parameter or gauge
configuration as one increases block size. In other words convergence is achieved
almost at the same time (or iteration number) for large blocks. This makes it feasible
to study cases such as hadron propagators in the vicinity of k, where critical
slowing-down is a problem for the single algorithm. The actual computation time
plot of Fig. 2.15, obtained from the block Lanczos results when residues fall below
10-10, shows this interesting feature of block algorithms. Fig. 2.15 also shows an
improvement factor of 3.75 near k.

t

100 |
oo
o
-
o
T 1 N
% 5 10 5 20 B
o g =57 K=0.145
a B =57 K=0.164
+ B =53 K=0.184
X B =53 K=0198

Fig. 2.15 The actual computation time ¢ per column of the inverse vs. block size

Np for block H Lanczos algorithm for a 4% latice.
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One might be interested to compare the real time per iteration as block size
increases. Due to the overheads from inverting NpxNp matrices, this computation
time grows slightly more than linearly with N as shown in Fig. 2.16.

Comparing our results on the block Lanczos algorithm in Table 2.9, with
those of H TH conjugate gradient algorithm in Table 2.8 emphasizes the superiority
of the block Lanczos over H H conjugate gradient algorithm in convergence and

speed.

III Precision Considerations

We have always worked in double precision arithmetic. It is worth to see how the
employed precision affects the rate of convergence of our algorithms. As an
example once again we have investigated the single versions of the Lanczos and
H'H conjugate gradient algorithms for a 44 lattice at § = 5.3 and x = 0.198 while
the arithmetic has been performed in single precision. As shown in Fig. 2.17

convergence rate of H TH conjugate gradient algorithm slows down once single

t
49|

3.5

3.9

25

20

1.5

10

2.5

T 1 N
0.2, g 2 15 29 s B

Fig. 2.16 The actual computation time ¢ per iteration vs. block size Np for block

H Lanczos algorithm for a 44 lattice.
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Table 2.9
The minimum number of iterations to achieve residues of less than 10-19 with
block H Lanczos algorithm for a 44 lattice at weak coupling constants.

B =57 B =5.3
Np K=0.145 k=0.164 x=0.184 k=0.198
1 265 365 639 875
2 223 290 466 589
4 183 235 329 405
6 165 204 270 322
8 149 177 235 277
10 140 166 208 241
12 129 153 188 215
14 122 144 174 197
16 116 133 160 182
18 111 129 150 168
22 104 117 133 146
25 96 109 123 135

precision arithmetic is used. However the norm of solution remains practically
stable against the precision used. In Figs. 2.18 and 2.19 we have presented
computed residue norm Res,, real residue norm //x;-HV,// and the norm of
solution vector for the Lanczos algorithm in double and single precision
respectively. Comparing Figs. 2.18 and 2.19, we observe that Res,, and //x;-
HV,/| are exactly the same in double precision arithmetic while they gradually
differ from each other in single precision arithmetic. Moreover the rate of
convergence of both quantities slows down in single precision arithmetic. In
particular //x;-HV,,// does not fall below a certain minimum. Anyway, regardless of
some minor differences the norm of solution vector in both cases converges almost

similarly.

2.11.2 84 Lattices
So far we have practically observed that block Lanczos algorithm is a more
successful algorithm in lattice field theories. Accordingly we do not need any longer

to compare it with both versions of conjugate gradient algorithm. Therefore we now
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Fig. 2.17 The norm of residue vector Res, in single precision (top) and in double
precision (middle) and the norm of solution vector (above) vs. iteration number n of

H'H conjugate gradient algorithm for a 44 lattice at B = 5.3 and x = 0.198.
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Fig. 2.18 The norm of residue vector Res,, (top), the real residue //x;-HV,// (middle)
and the norm of solution vector (above) vs. iteration number n for the Lanczos algorithm

for a 44 lattice at B = 5.3 and x = 0.198 in double precision.
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Fig. 2.19 The norm of residue vector Res,, (top), the real residue //xl -HV [/ (middle)
and the norm of solution vector (above) vs. iteration number n for the Lanczos algorithm
for a 44 lattice at B = 5.3 and x = 0.198 in single precision.
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only work with block Lanczos algorithm to see how it handles larger lattices.
Moreover we investigate our algorithm in only more physically interesting cases i.e.
at weak coupling constants in the confining phase rather than at strong coupling
limit. For an 84 lattice, we generated two gauge configurations, at 8 = 5.8 and S
= 5.5 both in the confining phase. For the first configuration, which is obtained by
16300 sweeps from a hot start, we worked at ¥ = 0.1650 and x = 0.1677 and for
the second configuration, obtained by 13302 sweeps from a hot start, we worked at
k = 0.1820 and k = 0.1827 both below k, and at k = 0.1940 above k,. The
corresponding eigenvalues with least moduli and the number of eigenvalues whose
moduli are less than 0.1 are listed in Table 2.10. The ¥sM spectrum at these values
of B and xare plotted in Fig. 2.20. Due to storage limitation we can not work
beyond Ng = 8. The results of our block Lanczos algorithm to converge to
solutions with residues less than 10'10, summarized in Table 2.11, confirm our
previous statements made about the Lanczos algorithm and the blocking effect on
that. The actual computation time per column of inverse is plotted in Fig. 2.21 for
each case. Depending on 8 and k, they indicate speed up factors of 4.38 are
achievable.

To summarize, our studies show clearly that the block version of algorithms
are more efficient than the corresponding single algorithms. Moreover the Lanczos
algorithm is more stable than both versions of the conjugate gradient algorithm and
in particular faster than H TH conjugate gradient algorithm. As a result, the block
Lanczos algorithm with a considerable improvement factor is recommended for
updating dynamical fermions and studying hadron propagators. Moreover as the
computation time becomes roughly independent of k and f3 for large block sizes,
the block Lanczos algorithm is less subject to critical slowing down. Therefore, the
use of the block Lanczos algorithm offers the opportunity of increasing the speed of

many calculations particularly those which are hampered by critical slowing down.
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Table 2.10
Smallest modulus eigenvalue and eigenvalue density for an 84 lattice

LA Mo |
5.8 0.16500 0.6562E-2 43
5.8 0.16770 0.1069E-3 44
5.8 0.16775 0.2435E-6 *

55 0.18200 0.1096E-2 128
5.5 0.18270 0.1238E-3 132
5.5 0.18280 0.4337E-5 *

5.5 0.19400 0.5888E-3 161

* No inversions were performed at the corresponding ;.
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Fig. 2.20 The eigenvalues of %M with smallest modulus for an 84 lattice at weak
coupling constants.
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The minimum number of iterations to achieve residues of less than 1.0E-10 with block

Table 2.11

H Lanczos algorithm for an 84 lattice at weak coupling constants.

Fig. 2.21 The actual computation time ¢ per column of the inverse vs. block size

Np for H block Lanczos algorithm for an 84 lattice.
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B=5.8 B= 55
NB x=0.165 x=0.1677 K=0.Li=§£=K= 0.1827 x =0.194
1 1307 1917 2969 3217 4845
2 964 1070 1981 2099 2858
3 808 896 1563 1647 2110
4 720 813 1350 1408 1738
5 649 732 1167 1223 1500
6 624 676 1075 1016 1322
7 584 634 970 1130 1225
8 547 604 898 946 1130
t
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Chapter 3

Fermion Matrix Spectrum

In the last chapter we saw how Lanczos algorithm could be applied to large sparse
matrices to calculate their eigenvalue spectra. In this chapter, we use that algorithm
specifically to study the Wilson fermion spectrum. The results will provide us with

a suitable ground to probe QCD phase structure.

3.1 Symmetries Of Strong Interaction

The QCD Lagrangian Eq. (1.1) has certain symmetries which play an important role
in the strong interaction. As discussed in §1.2 it is SU(3) colour gauge invariant.
Moreover it is conserving charge conjugation and parity, and because the gluons are
flavour independent it conserves strangeness etc. In particular, if different quark
flavours are degenerate in mass, then n -flavour QCD Lagrangian is also invariant

f
under global phase transformations Uy{ny) defined by:

Uy(ng) = SUy(ng) X Uy(1) (3.1)
where

SUy(ny) : v — exp (ia?t?) y (3.2)

Uy(D): Yy — exp (i0l) y (3.3)

Here ¥is an n f—component column vector in the flavour space, 1 is an ny¢ x ne
unit matrix, ¢2 are the generators of SU( nf) gauge groupanda =1, 2, .., nf2 -1.
Both 1 and 72 act on the flavour index of fermion field Y. In the limit of vanishing

quark mass, the so called massless theory becomes symmetric under one more
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transformation i.e. the chiral symmetry U 4( ns) defined as:

Ua(ng) = SUA(np) x Up(1) (3.4)
where

SUa(ng) : Y — exp (ie? Ty v (3.5)

Ua(l): ¥ — exp (ialyy) v, (3.6)

and ¥; acts on spin index. As the masses of u and d and to a lesser extent the mass
of s quarks! are much smaller than a typical hadronic mass scale of /Gev, one
expects to observe Uy(ng) and U a(ng) flavour symmetries in the light hadron
spectrum for n r= 2 and 3. However, only the vector sector of the above
symmetry is observed in the real world. This leads to the idea that Ui(3) x U4(3)
symmetry is spontaneously broken to Uy(3). The lack of Uy(3) implies no parity
doublets of the particles we do see. The spontaneous breakdown of global chiral
symmetry SU4(3) results in the almost massless pseudoscalar mesons 37's,
4K's and ni.e. the Goldstone bosons of this symmetry breaking. On the other
hand one expects one more massless pseudoscalar meson corresponding to Ugx(!)
spontaneous symmetry breaking. But 7" is too heavy to be identified as the
Goldstone mode of this symmetry breakdown. In fact in perturbative calculation, as
mentioned in §1.11, the presence of anomaly in the singlet axial current
/'J;L = Y'Y, Yy which couples to gluons gives non-zero divergence to this current.
Thus, this anomaly means that the U4(!) chiral symmetry, present in the theory at
the classical level, disappears at the quantum level. Following this idea it was
proposed by 't Hooft that the topologically non-trivial gauge configurations in
massless QCD gives mass to the singlet meson through anomaly [37]. Despite these
theoretical suggestions, no successful perturbative calculations have been so far
performed to show explicitly that the singlet meson becomes heavier than the other
mesons and that chiral symmetry breaks down spontaneously in QCD. Due to the

nature of these problems, a non-perturbative calculation 1s required to treat them.

1 my, =4 Mev, my ~ 7 Mev, mg = 130 Mev [36].
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Lattice gauge theory, as discussed at the end of §1.5, provides an efficient
regularization scheme to study such non-perturbative aspects of QCD. This could
be achieved if the lattice theory possesses the formal properties of the
corresponding continuum theory. As far as the hadronic spectrum is concerned, this
means that the lattice action must have the above said symmetries. Wilson fermion
action, Eq. (1.111), has most of these symmetries but unfortunately, as we saw in
§1.13, due to the presence of the Wilson term, it breaks axial chiral symmetry
SU4( ng) x Up(1) explicitly even at the limit of vanishing quark bare mass. This
symmetry must be recovered in the continuum limit and be broken spontaneously to
provide the observed hadron spectrum with massless pions. However despite the
lack of chiral symmetry it turns out that we can tune the hopping parameter ; for
a fixed f, to a critical value X, such that the pion becomes massless. This
intuition is supported by strong coupling expansion [38], as well as our Monte
Carlo simulations.? This very existence of massless pion and in general the light
hadrons on a lattice can not be identified as the Goldstone modes of spontaneous
chiral symmetry breaking as the Wilson fermion action does not have this
symmetry. So there must be a mechanism different from spontaneous chiral
symmetry breaking to explain the presence of massless pion on a lattice. Moreover
this mechanism should be able to convert its massless mode to a Goldstone boson
associated with the spontaneous breakdown of chiral symmetry in the continuum
limit of lattice QCD. In the following we review such an alternative mechanism

proposed by Aoki [39].

3.2 Parity-Violation In Single Flavour Lattice QCD

Let ¢(n) be a local operator having the same quantum numbers as a massless
particle. As the inverse of mass gap m associated with @(n) is identified as the
correlation length &, the correlation length or equivalently correlation function

<¢(n) ¢(0) > diverges in the limit where m 6 0 . The divergence of correlation

2 See §4.5.1.
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function, in turn implies a phase transition i.e. a transition from a phase where a
certain symmetry (not necessarily continuous) is sustained to a phase where this
symmetry is violated. Then the massless particle is identified as massless mode
associated with this phase transition. One should note that the massless mode
occurs only at a critical value of a free parameter of the theory. In other words m &
becomes non-zero as we tune that parameter above its critical value unless there
exists a dense region of such critical values.

Finally if the vacuum expectation value of @(n), < @(n)>, in symmetric
phase vanishes as a consequence of that symmetry then <@(n)> is a good order
parameter to signal the spontaneous break down of the symmetry of the system

[40]. To apply these general remarks to lattice QCD with one flavour we note that

the Wilson fermion action (1.111) is invariant under the following parity

transformations:
W(x) = W(-x.1) Y (3.7)
Y(x) = Y v (-x1) (3.8)
A 'Y()W('?S,t"" 1) ifp=4
x+l) — A , (3.9)
W YoV (-x-H,t) ifu=-4
. {U,&m ifu=d 3
X A .10
U T U = Ul ifped (3.10)
o ﬁ)_a{ufi (xt1) ifj =4 g
X- A 11
g Ul (a0 = Uk ifpna (-1

Under the same transformations, the pseudoscalar field m(x) =i y(x)y;y(x)

changes sign. So as the consequence of the parity invariance of the action:
<m(x)>=0 (3.12)

Therefore <m(x)> =0 signals the spontaneous breaking of (discrete) parity

symmetry. In this mechanism 7(x) is the massless mode associated with
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spontaneous parity violating phase transition on a lattice provided that this transition
is second order. It should be emphasized that it is not a Goldstone boson as parity
is not continuous and it is massless only at the transition point i.e. at the critical
hopping parameter K. The above mechanism implies an effective potential V(7)

for the pion with the properties outlined in Fig. 3.1.

3.3 Parity-Flavour-Violation In 2-Flavour Lattice QCD

In 2-flavour continuum QCD, the members of triplet of pseudoscalar mesons i.e.

n’ = Yiyy =y, - dyd (3.13)
. uysd

nt =iyt y= {_ (3.14)
dysu

appear as massless Goldstone bosons. Here
5 (iidd), (3.15)

and 77,72 and 73 are generators of SU(2) Lie algebra acting on flavour indices.

On the other hand the singlet pseudoscalar meson i.e.
M = iyly =ty + dyd (3.16)

where 1 is a SU(2) unit matrix, remains massive. Taking account of these
experimental facts and generalizing the arguments of the last section will suggest to
choose the neutral pion condensation <¥i 7’513 V¥ > as the right order parameter.
This requires uy,u and J)/Sd to be in opposite vacua otherwise it is clear from Eq.
(3.13) that <%(x)> vanishes identically. As we saw before, in addition to discrete
parity symmetry, the Wilson fermion action has also continuous flavour symmetry.
Consequently the expectation value of n%(x) vanishes in the symmetric phase. In

this phase m p=Mm=m asa result of states degeneracy. At «,, 70, n* and

7~ become massless. In particular 70 is the massless mode associated with the
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Fig. 3.1 Pion effective potential V(7) vs. x field as k increases; (top) at x < K, the
phase is symmetric under # — -7 and <m> = 0, (middle) at ¥ = x, the z direction
becomes flat and my —» 0, (above) at x > K. the symmetry is broken and <7> = # ¢,
going to one another under 7 — -m . The resulting massless mode is not a Goldstone

particle since the broken symmetry is discrete.
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phase transition from symmetric phase to a phase where both parity and flavour
symmetries are broken spontaneously. Just above this phase transition point 0
becomes massive again while 7* and 7~ remain as massless Goldstone bosons of
(continuous) flavour symmetry breaking. On the other hand Eq. (3.16) indicates
that 77 remains massive in the whole region of parameter space as <7(x)> is always
zero because iy;u and d¥,d are in opposite vacua as mentioned above.

The existence of spontaneously parity-violating phase in single flavour
lattice QCD and parity-flavour-violating phase in more than one flavour as well as
the vanishing of m D at k., the masslessness of m . and m . in the symmetry
broken phase and vanishing of 7 condensation at all x’s must be confirmed by
analytic calculations and/or by Monte Carlo simulations. In the following sections
we only review the results of such investigations in single-flavour case with a view
to apply them to construct the QCD phase structure in x-g2 space.

Some theoretical arguments regarding lattice QCD with more than one
flavour and in particular with two flavours can be found in [41] for the special case
of strong coupling limit. Monte Carlo simulations of lattice QCD with more than
one flavour which require the application of dynamical fermions can be the subject

of further works in this context.

3.4 Free Fermion Theory

Analytic calculations can be performed at weak coupling and strong coupling cases.
In the first case where g — 0 the § (~ ;—2 ) factor in gauge action (1.26) becomes
very large which suppresses the fluctuations in the plaquette variable i.e. the only
non-zero contribution to the partition function comes from those configurations
where iTr U, — 1. The fluctuations around this trivial limit can be treated
perturbatively, resulting in an expansion completely analogous to the perturbation
theory of the continuum formulation. Having expanded the gauge variable (1.24)

as:
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-igaA,(n)
e W

U, ()= = l-igaA (n) (3.17)

and rewriting the measure DU and the action in terms of vector potential A,(n) an
ordinary perturbation theory can be set up [38]. In this section we consider special
case of weak coupling limit i.e. g = 0 (free fermions). Because of the vanishing of
gauge interaction, this case is equivalent to Uy n)= 1V np. In this case the
fermion matrix (1.112) reduces to Eq. (1.108) and one may Fourier transform it to

obtain M in momentum space as:
Myq =[1+2K§,(iyu sin p, -1 cos py, )| 8(p-q) (3.18)

M is, then, diagonal in momentum space (but not in spin space) with the diagonal
elements:

M(p) = 1+2K§( 1y, sinp,-rcospy ) (3.19)

We are interested in the poles of fermion propagator M(p)-!. As any zero
eigenvalues of M are also zero eigenvalues of M "M and vice versa, we work with
MM, Using the formal properties of y-matrices3 MM is diagonalized not only
in momentum space but also in spin space with the diagonal elements (i.e. the

eigenvalues):

2
MTM (p) =(1-2 Kr%‘, cosp, ) + 4x2Y sin? pu (3.20)
m

As hopping parameter is real the zero eigenvalues are obtained from Eq. (3.20) if
and only if
sin pu = O H= ls ey 4 (3.21)

and
1-2krX cos py =0 (3.22)
m

for real values of momenta. The constraints (3.21) and (3.22) would restrict the

critical hopping parameters to the following at the corresponding momenta,

3 See Appendix.
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(8 at p = (0,0,0,0)
4 at p=(n00,0), .. (0,0,0,r)
%ﬂ 0 at p=(nx00),..,(0,0,xmr) (3.23)

-4 at p-=(m,mx,mn0), .. Onnmr)

\‘8 at p= (nan,nan)

where we have let r = 1. Eq. (3.23) locates the K.'s at the corners of the first
Brillouin zone where the fermion doublers, in the naive action, sit4 From the
poles of the fermion propagator the quark mass is obtained by letting the particle be

atrest,ie.p = (0,0,0,imq). Using Eq. (3.20) this results in:

(1-8x)*

coshmq =1+——————4K( 1:6¢)

(3.24)

It is interesting to review the above considerations at the limiting case where
Py — 0 i.e. the actual continuum limit. In this limit the fermion matrix M(P) given

by Eq. (3.19) reduces to:

. 1-8x
M () = M, (P) =2k (iF+5.7) (3.25)
Following the same approach as before the quark mass m, is calculated to be —%‘i—x

and then M., (p) becomes identical with the continuum equation of free fermion
Dirac operator. This k dependence of m,is now, of course, consistent with our
previous definition of hopping parameter k in Eq. (1.109). Moreover the fermion
propagator has a pole at x; =:19- at which the continuum limit of free theory
becomes massless i.e. the quark mass vanishes.

Introducing the gauge fields in fermion matrix complicates the calculation of
the poles of the fermion propagator. However, in weak coupling region the

perturbative analysis shows a development in the singularity of the fermion

propagator in the vicinity of free fermion singular point at x, = é [38] as:

4 Sce §1.11.
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ko= (1+ 0.095N g2) (3.26)

for large N limit of SU(N_) gauge group. It is of interest to note that the sign of
coefficient N.g2 is positive. This indicates that K, is increasing as g increases in

the weak coupling region.

3.5 Strong Coupling Limit

In the last section it was confirmed that there exists a critical value of x in free
fermion theory at which quark mass vanishes. In the strong coupling region where
g — o because of the smallness of fin gauge action, Eq. (1.26), the Boltzmann
factor can be expanded and a systematic expansion in 8 can be constructed. The
strong coupling expansion is in complete analogy with the high-temperature
expansion in statistical physics. The large N, strong coupling expansion
techniques accompanied by the introduction of effective Lagrangian [42] can be
applied to calculate meson propagators. As before, the pole of the meson
propagator would give the meson mass in terms of hopping parameter. Much

information can be obtained in the limiting case where 8 = 0. In this case [43],

s (1-16x%) (1-4x?) atKS%
cosh m, = 812 (1-6k%)
1+(16K2-1)(64K2-1)(32K2+1) am% (3.27)

6412 ( ;—;5_ 812 + 1284

therefore pion mass vanishes at k. = 5

Under the same conditions pion vacuum expectation value as an order

parameter is calculated to be:

_ 0 atKS%
<VYiysy> _
N ) 4xy3 (162 -1) 1 -
c at K24 (3.28)
64%2 - 1
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This shows that parity-violating phase transition occurs at K. = % and that parity-
violating phase exists at x > -:l’- Moreover the pion which becomes massless only at

K, =§ is the massless mode associated with this spontaneous parity-violating

phase transition.

Introducing the gauge field terms in the strong coupling region does not

alter the above qualitative properties of B = 0 case. Now the singularity in pion

propagator develops [38] as:

=13
i)

The important point is that the sign of the coefficient of (N.g2 )'1 in Eq. (3.29) is

negative which means that k; is reducing as J increases in the strong coupling
region. This property alongside with the corresponding result in weak coupling
region, Eq. (3.26), will, in some extent, justify the phase diagram discussed in the

following section.

3.6 QCD Phase Structure

To construct the QCD phase diagram in K’-g2 plane at least some knowledge of
intermediate-coupling region is required. Although no such analytic information is
available for QCD, one still might be inspired from a relatively similar model i.e.
the Gross-Neveu model [44] to construct such a phase diagram. This model is a
two-dimensional massless fermion field theory with quartic interactions described

by the Lagrangian,
— 2
L=V Q)+ TV) (3.30)
Its importance is that it is the only known soluble model with the distinctive
properties of asymptotic freedom and chiral symmetry breaking as QCD. Lattice

Gross-Neveu model with Wilson term behaves similar to QCD in the strong and

weak coupling limits except there are only three continuum limits as compared to
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five continuum limits of lattice QCD distinguished by five k.'s in Eq. (3.23).
Moreover it has been shown that the broken chiral symmetry by the Wilson term is
recovered near the continuum limit in lattice Gross-Neveu model [45]. The phase

diagram of lattice Gross-Neveu model is given in Fig. 3.2.

g2N,

A

1]
A /B/A\ B A\B\ A

—0 »1
-2 -1 0 1 2 X

Fig. 3.2 Phase diagram of lattice Gross-Neveu model in gZNC-x'I plane.

From our review in the previous sections we already know that there are two
phases in the strong coupling region: one is the phase with <VYiYy> =0 and the
other is the phase with <7/i75 ¥> (. Furthermore the phase transition line which
divides x°’ -g2 plane into the two domains exists also in the weak coupling region as
we saw the appearance of massless quark in free case.

Based on the above considerations a lattice QCD phase diagram has been
proposed by Aoki [46, 47, 48]. This phase diagram which is reproduced in Fig.

3.3 reflects the following properties for lattice QCD:

I There are five continuum limits corresponding to different regions in
momentum space at weak coupling limit. These momentum regions and the
corresponding critical values of K where quark mass vanishes were given in Eq.

(3.23). The true continuum limit is, of course, at low momentum where &, = é .
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L
] 8 3

Fig. 3.3 The postulated phase diagram of lattice QCD in the presence of Wilson term.
A is the normal phase for which <yiy; ¥ > = 0 and B is the parity-violating phase
which has <y iy, y> 20.

I

II In the strong coupling limit there are only two critical values of k. = 7

and K, =- % where the pion mass vanishes. This is consistent with Eq. (3.27).
HI In the intermediate-coupling regions and below a critical coupling g,
new critical lines emerge and five regions in momentum space become separated
from one another.
IV Each critical line separates region A where <¥iY;¥> = 0 from region
B where <WiY;y># 0. On the critical line pion mass vanishes. Then <VYiyy>

is a good order parameter to detect this phase transition i.e. a transition from parity-

conserving phase to parity-violating phase as K crosses k..

3.7 Monte Carlo Simulation

In the previous sections we reviewed general remarks regarding the existence of
parity-violating phase transition in weak coupling region (§3.4) as well as strong
coupling region (§3.5) as the massless pion could be observed in these regions. We
also anticipated such a phase transition in intermediate-coupling region via a lattice
QCD phase diagram (§3.6). In this section we aim to see if Monte Carlo results

confirm such a phase transition. We will work in quenched approximation and if
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this phase transition really exists it must also show up even in this approximation
where the effect of quark loops are suppressed as it was revealed in both free case
and strong coupling limit where effectively such an effect was ignored. To confirm
the phase transition we should study the order parameter <7(x)> and correlation
function <m(x) #(y)>. In the following expressions the expectation values are
implicitly summed over x in <7z(x)> and over origin, y as well as x in

<n(x)m(y)>.

<T(X)>=<VYiYVy>

JDW Dy DU Wity wie ' *

(3.31)

N[~

where the partition function Z is given by Eq. (1.83). Taking into account the

general properties of Grassmann variables ¥ and ¥ we obtain:
-4 fn M (U) Tr (M) e
<T(X)> == UdetM (U) Tr (x,M) " e (3.32)

and

Z= J.DU det M(U) e s (3.33)

In quenched approximation, where det M(U) = I, the pion field vacuum
expectation value (3.32) is simplified as:

<nx)>=i<Tr(YsM)1l>g (3.34)
where G means averaging over gauge field configurations. Similarly we get:

<7(x) T(y) > =< Tr (MM )1 > (3.35)
We are interested to study observables <7(x)> and <7z(x) 7(y)> by calculating the
fermion matrix eigenvalue spectrum. In fact one of the clearest ways to study phase

transitions involving fermions [49] is to calculate the eigenvalues of the fermion

matrix. Let li be the eigenvalues of YsM. Then the above vacuum expectation

values read:
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<HX)>=< 12)»l >q (3.36)

<7 (y) > =< ﬁ > (3.37)

i

Working directly in terms of eigenvalues of M requires non-hermitian Lanczos
algorithm to calculate eigenvalues of M as M is not hermitian. However, the major
contributions to <7(x)> and <n(x)x(y)> are from the small modulus eigenvalues
and specially from the zero modes of M. Moreover, as shown in Eq. (3.36),
<m(x)> is imaginary and can only develop a real part if there are zero modes in the
infinite-volume limit. Also it is only at the presence of zero modes that the
correlation function can diverge and signal the phase transition with a massless
mode. On the other hand if M has a zero mode then so does %M and MM and
vice versa. Accordingly, without loss of generality, we study ¥;M spectrum and
search for its zero modes. It is interesting to mention that exact zero modes do really
exist even on a finite lattice for Wilson fermions [50, 51]. Our results, presented in
§3.9, confirm this fact. However, in practice we never find exact zero modes so we
define kx, where /A,/ < 0.00!/ provided that A, changes sign at some
corresponding hopping parameter in the vicinity of k,. In passing one notes that
hermicity and anticommutativity of Y-matrices make ¥;M hermitian so that hermitian
lanczos algorithm developed in Chapter 2 can be applied for the corresponding
eigenvalue calculations. Moreover the hermitian nature of ¥;M allows
implementation of large lattices which are not possible to tackle in case of non-
hermitian M.

To study Egs. (3.36) and (3.37) more closely we see that as YsM is
hermitian the r.h.s. of Eq. (3.36) is always pure imaginary whereas the Lh.s. is
real as n-field is hermitian. As a result <z(x)> vanishes even if the symmetry is
broken spontaneously. To cope with this situation which is a finite-volume effect

we can add a small explicit symmetry-breaking term, iy, y, to the action and
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study the limit in which 4 — ¢ .5 In this case Eq. (3.34) is modified as:

<ux)>=lim m i<Tr (M) "> (3.38)

H—0 vol—
where My is the modified fermion matrix,
My =M + iHys (3.39)

Consequently Eq. (3.36) is converted to:

<(X)> = lu_n_)o 1\}{):11 o i< ? 1H >5 (3.40)
By a little algebraic manipulation Eq. (3.40) in infinite-volume limit reads:
B N
<n(x)> =< wp(0) +1i N ——dA > (3.41)

where p(1) is the density of eigenvalues around A. The imaginary part in the r.h.s.
of Eq. (3.41) is just r.h.s. of Eq. (3.36) which turned out to vanish. Therefore we
have:

<n(x)> =71 <p(0)> (3.42)

Both Eq. (3.37) which might be written as:

p()dk

(3.43)
7‘.

<n(x) t(0)> =<

and Eq. (3.42) show that the existence of zero modes alone do not confirm the

phase transition unless 2(0) #0 .6

3.8 Checks On The Eigenvalues

Some general properties of Ys;M can be used to set up checking conditions on its
eigenvalues A.. The first check could be the calculation of the eigenvalues in the free
case. In this case as we saw in Eq. (3.20) the eigenvalue squares are explicitly

calculated as:

5 This is analogous to the calculation of the chiral condensate <yy> at the limit in which

m — 0 [30].
6 An example of a zero mode where p(0) tends to vanish is given in Fig. 3.31.
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2
A= (1-2Kr§ Cos p, )2+ 4x?Y sin? pll (3.44)
m

With periodic boundary conditions on the fermion fields in all directions i.e.

Y (x) = ¥ (x+Na) u=1,..4 (3.45)
the momenta p,can only have the values:
Py = 12\1—‘:‘5 n=0,1,2,.. (3.46)

where N, is the number of sites in y direction. The corresponding momenta with
antiperiodic boundary conditions are:

2n+1
P, = (—;T“)E n=0,1,2, .. (3.47)

For example, a 4% lattice with periodic boundary conditions turns out to have 15

distinctive eigenvalues for Y;M whose squares are as follows:

{(t8mmp2, (1 4xr)2, 1,
(1 £ 6k1)2 + 4x2, (1% 2xr)2 + 42,
(1 £ 4xr)2 + 8x2, 1+ 8x2,

(1 £2xr)2 + 12x2,
1+16x2 }. (3.48)

There are only 5 distinct eigenvalues with antiperiodic boundary conditions whose
squares are:
{422+ 862, (1£2/2:0)2+ 8%%, 1+ 8k (3.49)
To check the program one can switch off the gauge fields and converts the theory to
the free case and calculates the spectrum and compares the results with the analytic
values of eigenvalue squares.
In the interacting case the sum of the eigenvalues and the sum of their
squares can be checked against the corresponding analytic expressions. Using Eq.

(1.112) and writing M as - k#M+ 1, where
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Vo= 3| CR U8 5 e UedEg, ] Gso

one notes that M is manifestly traceless. Then as the diagonal elements of M are
just unity and ¥, 1s traceless it turns out that YsM is traceless. So as the first check

the eigenvalues must satisfy the condition:
2 =0. (3.51)

Another condition on eigenvalues A, is obtained by using the tracelessness

property of M. We see that:

T
Tr[ (Y5M)T(Y5M) ] = Tr (M'M) = Tr (M M)+ Tr 1
(3.52)
Making use of y -matrices properties and the unitary nature of the gauge fields we

obtain:

_t
TTMM)=N_.N N

spin color” site

8(1+r%) (3.53)

and since
Trl-= Nspin Neotor Nsite (3.54)
then the eigenvalue squares satisfy the condition:

2
%’ )"i = Nspin Ncolor Nsite [1+8K2(1+r2)] (3.55)

The generality of the conditions (3.51) and (3.55) is in their gauge
invariance and independence from the boundary conditions imposed on the fermion
fields.

In practice we can compute the whole spectrum of %M in a reasonable
computational time for 44 lattices, for instance, and establish the correctness of the

program by checking the sum and sum of the squares of the eigenvalues.

3.9 Monte Carlo Results
To investigate the %M spectrum we have studied lattices of up to 84. Although the

main concern is the existence of zero modes in the infinite-volume limit one notes
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that working in bigger lattices becomes extremely time consuming even if only a
few eigenvalues are to be calculated. In practice we only study the eigenvalues on a
finite-size lattice and extrapolate the behaviour averaged over several gauge
configurations to a continuous spectrum by considering the density of the
eigenvalues. We have obtained the spectra at strong coupling limit as well as some
weak coupling constants and in some cases the effect of boundary conditions has
been observed too. We have worked in SU(3) gauge group throughout. In the
following the Wilson parameter r is set equal to unity. Although different choices
of r change the results quantitatively however, they do not modify our conclusions
qualitatively as long as r # 0, otherwise the action converts to the naive action and

doubling problem appears again.

3.9.1 Strong Coupling Limit

As the first attempt the eigenvalue distribution of YsM is obtained on a 44 1attice,
with antiperiodic boundary conditions in all directions on fermion fields, using the
Metropolis algorithm for a gauge field configuration generated from 20 sweeps
starting from a hot start. The eigenvalue distribution shows that for small values of
K the eigenvalues are far from zero axis. This agrees with the expectation that as
YsM =% when x — 0 all the eigenvalues of ¥;M converge only to +1 or -1. As K
increases the positive and the negative eigenvalues tend to approach zero axis in an
almost symmetric manner. As one approaches k, where the first zero mode
appears this approximate symmetry disappears. For k > k, the first positive and
negative eigenvalues remain very close to zero and even vanish for some «’s. For
this configuration we have found k, = 0.266 with the least modulus eigenvalue A,
equal to -0.9911D-5. The described behaviour is plotted in Fig. 3.4 for the first few
eigenvalues on either side of zero axis.

As we saw before in §3.7 what governs the observables such as

<Ir (¥M )‘1 >gor <Tr (MfM )'1 > isnot only the existence of zero modes but also
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Fig.3.4  75M spectrum vs. Lat B = 0.0 on a 4% lattice.

their density p(0). If we number the eigenvalues with arbitrary origin, the density
of eigenvalues p(A) i.e. the number of eigenvalues per unit eigenvalue separation is

defined by:

dN ()

pA) = .

(3.56)

where dN(2 ) is the number of eigenvalues between A and A+dA. Accordingly
p(0) is just the estimate of the the slope of the curve N(1) vs. A at A = 0. To study
the behaviour of p(0) as a function of x we have generated five more configurations
at every 60 iterations after the initial 261 sweeps starting from a hot start discarded
for thermalization. There are very clear indications of vanishing p(0) at the values
of kbelow a critical x, which changes from configuration to configuration.
Crossing k, is accompanied by a sudden change in p(0). The zero modes density
remains actually non-zero for kK 2 k, increasing first to a maximum value and then

decreasing’ and approaching zero as K — e as shown in Fig. 3.5. One should

7 Decreasing of p(0) is presumably a finite-size effect. In the infinite-volume limit, however,
we expect non-vanishing p(0) at all values of x above k. in the strong coupling limit.
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Fig. 3.5 Eigenvalue distribution of ys;M at # =0.0ona 44 lattice for a number of .

note that x, is not necessarily the same as actual k. where average pion mass
vanishes. In infinite-volume limit, however, k, calculated over the ensemble of all
the gauge configurations would approach «...

The «, for the above configurations and the corresponding least modulus
eigenvalues are given in Table 3.1. In practice we notice that due to the discrete
nature of eigenvalue distribution on a finite lattice, p(0) begins to become different
from zero slightly before the appearance of the first zero modes.

We also changed the boundary conditions to periodic and studied the
corresponding spectra under the same conditions as for antiperiodic case. Although
the k,'s change slightly, the general behaviour is effectively the same as

antiperiodic case.

We have extended our studies closer into continuum limit by working on 64
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Table 3.1
x, for a number of 44 SU(3) gauge configurations

at strong coupling limit.

K, A,
0.266 -09911D-5
0.270 -0.2160D-3
0.260 -0.1230D-3
0.260 - 0.4200D-3

and 84 lattices. For a 64 lattice and with a hot start we have generated two gauge
configurations 100 iterations apart when the first 100 iterations discarded for
thermalisation. The general behaviour obtained on a 6% lattice is the same as 44
lattice. The k,'s in the two configurations are practically the same and
approximately equal to 0.26 and the corresponding least modulus eigenvalues are
0.35D-4 and -0.126D-3 respectively. The approach toward k, is clearly indicated
in Fig. 3.6 in which N(A ) has been plotted against A for a range of «.

n(A)

- | T T A
-0.06 -2 24 -2.02 2. bo 0. 02 0. 04 2. 25
a K = 0.240 + K = 0.245
x X = 0.250 S K = 0.255
» K =0.260

Fig. 3.6 Eigenvalue distribution of %M at B = 0.0 on a 6% lattice as x crosses «,.
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Finally we have studied ;M spectrum on an 84 lattice by generating a
configuration from 300 sweeps starting from a hot start. The results once again
confirm the previous results of smaller lattices. For this 84 configuration x, is
observed to be 0.252 with the smallest modulus eigenvalue 0.9764D-4.

For the same k, there are apparently more eigenvalues in a given range of
eigenvalues on larger lattices resulting in denser eigenvalue distribution compared
with the smaller lattices. To extrapolate the results to infinite-volume limit one might

normalize the eigenvalue distribution by the volume and study ;,(}_”) vs- A as in Fig.

site

3.7. Interesting observation is that the x, seems to decrease as we approach
infinite-volume limit on bigger lattices if we compare the x,'s of the above 44, 64,
84 lattices. This is in agreement with the analytic prediction of x,= 0.25 in
infinite-volume limit as stated in §3.5.

In closing this sub-section we conclude the existence of parity-violating
n(A)

site

2.30 | Fd

@25 | ff‘
+
o of
2. 28] a4

o

s

) f-fp. “ 2. 19|
o

: +f 2.25 |
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Fig. 3.7 Normalized eigenvalue distribution of ¥sM at B = 0.0 and x = 0.25.
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phase transition at strong coupling limit in quenched approximation as a result of
which a massless pion, in infinite-volume limit, occurs at x, = 0.25 where pion

propagator (MfM )lis singular.

3.9.2 Weak Coupling

We classify our results of 44 and 84 lattices as follows:

44 Lattices

We have worked on a range of non-zero 's from = 5.0 up to f= 5.7. As
presented in Chapter 1, Wilson Line plots of the corresponding gauge
configurations, show a clear deconfinement phase transition at § = 5.5 by breaking
the Z3 symmetry.8

At 8 = 5.0 two gauge configurations have been generated by 1000 and
4000 iterations from a hot start. The %M spectra in this case show similar
behaviour as 8 = 0 case. The x,'s have apparently shifted toward lower values
compared with the strong coupling limit k,'s. They are 0.24 and 0.25 with the
corresponding least modulus eigenvalues 0.775D-3 and 0.185D-3 for the two
configurations respectively.

Similar behaviour is also observed at B = 5.3 for a gauge configuration
obtained by 35000 sweeps from a hot start. The corresponding x is still decreased
further down to k, = 0.1991 with smallest modulus eigenvalue -0.1144D-6.

Decreasing of the x, as P increases from strong coupling limit to weaker
coupling constants is in agreement with the phase diagram of Fig. 3.3 and confirms
the existence of a massless mode in the confining phase at weak coupling constants.

The general behaviour of ¥sM spectrum changes as one crosses the
deconfining phase transition temperature. To investigate ¥;M in the deconfining
phase we have generated two configurations. One at = 5.5 by 20000 sweeps

from a hot start and the other at § = 5.7 by 55000 iterations from a hot start.

8 See Fig. 1.3.
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Careful studies of the spectra show that there are no zero modes for any values of K
as shown in Fig. 3.8 where the plot of first positive and negative eigenvalues
against-lfat B = 5.5 never crosses zero axis. In other words p(0) = 0 for all x.
This is an indication that no massless pions exist in the deconfining phase. On the
other hand, since massless pions are associated with chiral symmetry breaking, this
observation in turn implicates the restoration of chiral symmetry at weak enough
coupling constants in infinite-volume limit. Although the chiral symmetry is
explicitly broken by Wilson term and one hopes to recover it only in the continuum
limit, there are claims that even on lattices as small as 83x4 the chiral limit, in the

presence of dynamical fermions, can be reached from the confined phase [52].

84 Lattices
Results more relevant to the continuum limit have been obtained by studying
an 84 lattice on different gauge configurations from § = 5.0 up to § = 5.8 where

we are still in the confining phase as indicated by the corresponding Wilson Line

A

.28

2. 15

2. 19 xxxxx

9.05

A

I I | 1 i 1
0. 00, 2 3 4 5 6 7

@ |

—
-8. 95
00000 <X X x

o

-2.19

-0.15 |

020
Fig. 3.8 The first positive and negative eigenvalues of %M vs. I?in the deconfining

phaseat B=55o0na 4% 1attice.
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plot of Fig. 3.9. At B = 5.0 we have generated a gauge configuration by 6300
Metropolis sweeps from a hot start and have calculated the ¥sM spectrum over a
range of k. The behaviour is very similar to the strong coupling limit but with a
lower x, equal to 0.22 with the least modulus eigenvalue -0.3621D-4. This means
that p(0) remains non-zero and the first positive and negative eigenvalues distribute
very close around zero-axis for k¥ > «k, as shown in Fig. 3.10. One might notice
that K, in this case is smaller than x, for a 44 configuration at the same B.

More analysis of ¥;M matrix has been performed at § = 5.5. Starting from
a hot start we have generated two well separated gauge configurations obtained by
8300 and 13300 sweeps respectively. For each configuration we have calculated the
almost exact zero mode as well as the first few eigenvalues on either side of the
zero-eigenvalue-axis. The development of these eigenvalues are carefully observed
by fine tuning of hopping parameter x. In Figs. 3.11 and 3.12 we have plotted
these eigenvalues for a range of x for the first and the second configuration
respectively. The existence of exact zero modes for Wilson fermions is remarkably
obvious in these plots. The «,'s are where the curves first cross the zero-

Im (Av. Wilson Line)
2. 199 |

2. 875 |

-0.100
Fig. 3.9 Average Wilson Line on an 84 lattice at B = 5.8 measured over 7000 sweeps
starting from a configuration at at B = 5.0 obtained by 6300 sweeps from a hot start.
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Fig.3.10  ¥sM spectrum vs. ixat B = 5.0 on an 8% lattice.

eigenvalue-axis from below. K, shifts from 0.197 in the first configuration to
0.1835 in the second configuration. This relatively large shift in x, on one hand
indicates that the calculation of x, is subject to relatively large finite-size
fluctuations and on the other hand for a wide range of k above k, the fermion
matrix has zero modes where averaged over all gauge configurations. This in turn is
the sign of entering into the parity-violating phase by crossing k...

It is interesting to see if the k; shifts, such as the observed one in the above
two decorrelated configurations, follow a systematic pattern. This requires

generating well correlated configurations i.e. those which differ from each other

X X X X X X X X X X X X X
2.200 | x x X X X X J(x x X X X X
v x X x x X x X X XX
0. 1388 x x x X x x x x X X X
- X X x X X k X X X X
2. 196 X X X X X x x x
- X X X x X F( X X x
p. 194 X X x X l>< XX x
4 x x X X I X X X X
9.192 | X X X ; X X X by
L o " | " " "

i I L
P.225 ©2.95¢ 0.975 0. 100
»197t
Fig. 3.11 %M spectrum vs. x in the first configuration at = 5.5 on an 84 lattice

il i | ™
%1900 -2.075 -0.050 -2.925 ©. 00D

with antiperiodic boundary conditions on fermion fields.
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X X x X X J( X X X x x
X X X x x X X X x x
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4x x x x X X < x x x
D.200 |x x x X x x X X x x x
K X X X X X X X X X X
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X X X X x 1 X X X X X
- X X X x ' x X X X X
B. 195 ¢ X X x x x X x x x
X X x X % X X x x
x X X X X x X X x
x x x x ''x X X X x
. X x x x X X X
P. 192 x x X X XX X
X X x x X X x
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Fig. 3.12 %M spectrum vs. « in the second configuration at = 5.5 on an 84 lattice

with antiperiodic boundary conditions on fermion fields.

only by small changes. Accordingly we have generated three more configurations
and studied the corresponding spectra. The third configuration is obtained from the
above second configuration by changing &parameter® from 0.5 to 0.05 and
performing 2 more Metropolis iterations. The fourth configuration is obtained from
the second by only 2 more sweeps. And finally the fifth configuration is obtained
from the second by performing 10 more sweeps. The corresponding spectra for
these three correlated configurations are shown in Figs. 3.13 to 3.15.

The similarity of the spectra of the second and the third configurations
which is demonstrated in Fig. 3.16 is consistent with the fact that the third

configuration is quite correlated to the second one as it is generated from the second

configuration by only a very small change.

9¢ is the parameter introduced in footnote 13 of Chapter 1 to gencrate gauge ficlds (Sec §1.8).

Except for the third configuration we have always set € = (0.5.
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Fig. 3.13 %M spectrum vs. x in the third configuration at 8 = 5.5 on an 8% lattice

with antiperiodic boundary conditions on fermion fields.
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Fig. 3.14 %M spectrum vs. « in the fourth configuration at 8 = 5.5 on an 84 lattice

with antiperiodic boundary conditions on fermion fields.
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Fig. 3.15 %M spectrum vs. k in the fifth configuration at B= 5.5 on an 84 lattice

with antiperiodic boundary conditions on fermion fields.
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The comparison of the spectra of the second and the fourth configurations in
Fig. 3.17 shows that though the eigenvalues away from the zero-axis behave
similarly in the two configurations, the closest eigenvalues to zero shift
considerably and result a relatively large shift in x,. Accordingly one should bear
in mind that the k, calculation is subject to relatively large errors. The above shift
which is not substantial for the values of k far below x, indicates that the pion
mass is almost configuration independent for the lower values of k and fluctuates
from configuration to configuration as one approaches k.. This in turn is another
reason for the large errors in the values of k, calculated from the extrapolation of
pion mass data to the region of the hopping parameter where the pion mass
vanishes [53]. Finally the lack of similarity in the above two spectra on one hand
and the fact that the fourth configuration is different from the second one by only
two sweeps on the other, confirm that at § = 5.5 the correlation lengths are short

and actually less than two sweeps.
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2. 196-’(» xxl * . configuration.
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2. 182 | | % - 4th configuration

1 I I i
-0, 004 -0. 002 0. 900 0.802 0. 0204

119



The spectrum of the fifth configuration which has been compared with that
of the second in Fig. 3.18 does not show any major qualitative difference from the
eigenvalue spectrum of the fourth configuration. In fact as the fifth configuration is
a long way apart from the second configuration, obviously there are no correlations
in this case.

We have also changed the boundary conditions to periodic and repeated the
same calculations. Although the general behaviour is seen to be qualitatively the
same as previous case we note that the closest eigenvalues to zero undergo large
fluctuations in some configurations. This phenomenon will in turn cause large
shifts of «,'sin the corresponding configurations. Such an example is given in
Fig. 3.19 where the spectrum in the second configuration with periodic boundary
conditions is compared with the corresponding spectrum with antiperiodic
boundary conditions imposed on the fermion fields. This feature might be improved
on larger lattices and/or by approaching continuum limit where the boundary effects
are relatively suppressed. The spectra with periodic boundary conditions on
fermion fields are shown in Figs. 3.20 to 3.24 for the five configurations.

In Figs. 3.25 to 3.27 we compare the spectra of the third, fourth and fifth
configurations with that of the second configuration and observe qualitatively the

same features as were observed in the corresponding antiperiodic cases i.e. still
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- axe x X 4 « 4 . . L
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4 ex x ¢ configuration to 0.199 in the fif
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= 5.5 on an

Fig. 3.19 %M spectrum vs. x in the
84 lattice. x, shifts from 0.1835 to
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Fig. 3.20 7M spectrum vs. k in the first configuration at

with periodic boundary conditions on fermion ficlds.
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Fig. 3.21 %M spectrum vs. x in the second configuration at 8 = 5.5 on an 84 lattice
with periodic boundary conditions on fermion fields.

there are some similarities between the spectra of the second and the third
configurations while the corresponding spectra in the fourth and the fifth
configurations behave almost differently from the second configuration spectrum.
These results along with the corresponding results with the antiperiodic boundary
conditions on the fermion fields indicate the lack of long distance correlations at
= 5.5. One really needs to look at f-values closer to the deconfining phase
transition point e.g. # = 5.8 to observe better correlations. Alternatively one can
work on larger lattices for better correlations. In this case the lattice spacing
becomes smaller in terms of which the correlation lengths will become larger.

We have searched for some support for the phase diagram of §3.6 by
probing more into weak coupling region. Up to 3 = 5.65 no noticeable change is
observed in the behaviour of ¥;M spectrum compared with the stronger coupling
cases i.e. p(0) # 0 for all K> k. At this 3 we generated a gauge configuration by

13300 sweeps from a hot start and found x, = 0.9 with smallest modulus
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Fig. 3.22 }3M spectrum vs. & in the third configuration at 8= 5.5 on an 8* lattice
with periodic boundary conditions on fermion fields.

eigenvalue -0.53821D-7.
New observations are made at 8 = 5.8. Working in three well separated
configurations generated by 11300, 13300 and 16300 iterations respectively from a

hot start we have searched for the k,'s. Except for smaller values of x,, we see
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Fig. 3.23 %M spectrum vs. k in the fourth configuration at 8= 5.5 on an 84 lattice

with periodic boundary conditions on fermion fields.
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Fig. 3.24 %M spectrum vs. x in the fifth configuration at 8= 5.5 on an 84 lattice

"
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with periodic boundary conditions on fermion ficlds.

more or less similar behaviour to the B = 5.5 cases as long as we are relatively
close to k,. The major difference comes when we calculate Y;M spectrum at higher
values of k. Previously at § = 5.5 in some configurations we could observe the
existence of a second k, relatively close to the first k, and interpreted as a sign of
filling the whole k region above k, once the contributions from all configurations
are superposed on each other. At B = 5.8 on the other hand, we observe the
second K, appears almost far away from the first x,. This phenomenon which is
observed in all three configurations implies that at infinite-volume limit we observe
two separate regions of zero modes once averaged over all gauge fields. Fig. 3.28
shows how the first smallest modulus eigenvalues for three configurations
approach zero axis to form the zero modes in two well separated regions. The third
configuration shows rather different behaviour indicating either that the region of
zero modes is larger than what is observed once more configurations are worked

out or the infinite-volume behaviour is hampered by finite-size effects.
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We have also changed boundary conditions to periodic and worked out the
spectra in the second and third configurations. At 8 = 5.8 the corresponding

changes in the eigenvalue distributions are much less than similar modifications due

X
PS

2nd configuration

314 configuration

Fig. 3.25 %M spectrum vs. x in the
second and the third configurations at B
= 5.5 on an 84 lattice with periodic
boundary conditions on fermion fields.
x, changes from 0.208 in the second
configuration to 0.234 in the third
configuration.

to changing the boundary conditions at 8 = 5.5 and in particular the shifts of K,

are about an order of magnitude less. This observation indicates that the boundary
effects would gradually disappear as we approach the deconfining phase transition
and eventually the continuum limit, bearing in mind that the actual continuum limit
is approached by simultaneous increase in volume and B. In Figs. 3.29 and 3. 30

we have compared the spectra with different boundary conditions in the second and

the third configurations at § = 5.8 respectively.
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These observations at § = 5.8, i.e. the existence of multiple phase
transitions, are in full agreement with the speculations from the proposed phase
diagram for single-flavour lattice QCD at weak coupling constants. Our results for

44 and 84 lattices are summarized in Tables 3.2 to 3.4.
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Fig. 3.28 The first positive and negative eigenvalues of %M are plotted vs. {‘-for

three configurations at 8 = 5.8 on an 84 lattice.
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Fig. 3.29 7.'5M spectrum vs. k in the second configuration at 8= 5.8 on an 84
lattice. x, shifts from 0.1619 to 0.1627 as boundary conditions are changed from
antiperiodic to periodic.
It is also interesting to note that under the same conditions the eigenvalue
distribution tends to become thinner as 8 increases as shown in Fig. 3.31. This

effect makes the eigenvalues and in particular the zero modes isolated and as a result

makes the inversion programme easier to perform, as noticed before. This property
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Fig. 3.30 %M spectrum vs. « in the third configuration at 8 = 5.8 on an 84 lattice.

iz shifts from 0.16775 to 0.1671 as boundary conditions are changed from antiperiodic
to periodic.

Table 3.2
Kz for a number of 4 SU(3) gauge configurations at weak coupling

constants with antiperiodic boundary conditions on fermion fields.

B configuration K, A,

5.0 1 0.2400 0.7750D-3
5.0 2 0.2500 0.1850D-3
53 1 0.1991 -0.1144D-4
55* 1 - -
5.7 % 1 - -

* .
No «; exists.

which is more transparent in smaller lattices makes the p(1) behave as §(4) in a
neighborhood around A = 0 at k' 2 K, in confining phase.

| The above conclusions could be more transparent if we could work out the
whole spectrum of M or M, defined by Eq. (3.50). In fact the regions of the zero
modes of 7’5M or M in k-space correspond to the regions of real eigenvalues of
#7110, Representing the whole eigenvalues in the complex plane and superposing

the results of different gauge configurations reveal the exact regions of zero modes.

10 See §4.3.

128



Table 3.3

kz for a number of 84 SU(3) gauge configurations at weak coupling
constants with antiperiodic boundary conditions on fermion fields.

p configuration K, A,

1 0.220 -0.3621D-4

W
[

”

5.5 1 0.197 -0.2220D-4
5.5 2 0.1835 0.3458D-4
55 3 0.1828 0.4337D-5
55 4 0.1945  -0.5021D-4
55 5 0.199 -0.4725D-4
5.65 1 0.190 -0.5382D-3
5.8 1 0.170 0.2209D-3
5.8 2 0.1619  -0.1820D-3
5.8 3 0.16775 _ 0.2435D-6

Table 3.4

x; for a number of 84 SU(3) gauge configurations at weak coupling
constants with periodic boundary conditions on fermion fields.

B configuration X, Ag
5.5 1 0.210 -0.4935D-6
5.5 2 0.208 0.2064D-4
5.5 3 0.234 -0.2053D-4
5.5 4 0.1937 -0.1011D-4
5.5 5 0.206 -0.4585D-4
5.8 2 0.1627 -0.4834D-4
5.8 3 0.1671 0.1509D-4

Such information at different values of B construct the corresponding phase
structure. Though, due to storage limitations, such a work on 84 lattices is really far
from one's ability, however a parallel study has been performed on a 44 lattice. The
corresponding results for each individual SU(3) configurations, presented in [54],
actually support our conclusions. One should note that despite the small size of this

lattice it is still very time consuming to work out the whole spectrum for a
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fermion fields.

considerable number of gauge configurations. Alternatively one might calculate the

eigenvalues on a SU(2) gauge configuration which presumably take much less
time in favour of a large number of gauge configurations. The histogram plots

showing the frequency of the real eigenvalues obtained over a large number of

SU(2) gauge configurations [55] indicate clear confirmation of our results and

accordingly support the proposed phase structure.
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Chapter 4

Meson Propagators

In the preceding chapter we showed how Monte Carlo simulations confirmed the
phase structure of Aoki. This explains why the pion becomes massless at a critical
hopping parameter k.. Our investigations there were based on the eigenvalue
spectrum studies. Alternatively, we might observe how pion mass vanishes as k¥ —
Kk, by direct calculation of its mass. This is normally done by studying the large
distance behaviour of the pion propagator. In this chapter we adopt this approach

while applying block Lanczos algorithm to calculate the relevant propagators.

4.1 Correlation Functions And Masses
QCD energy levels and in particular particle masses can be obtained from the large
distance behaviour of connected correlation functions C(x,t) of appropriate
operators @(x,t) i.e. operators with the quantum numbers of the desired particle
state,
Clx,) = <0 1D (x,0) 0,0 1 0 >,
=<01®'(x,t) ©0,0)10>
<010 (%, 10><010(0,0)10> 4.1)

The operator ¢(x,?) is evolved from its initial value at ¢ = 0 through,

®(x,1) = M D(x,0) e (4.2)

where H is the Hamiltonian. Using the operator (4.2) and inserting a complete set

of energy eigenstates In> into correlation function (4.1) we get:
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CxD =Y <0159 (0) ™M in><nld(0,0) 10>
n
- <01t (x0) it 10 >.<0LD0,0)10 > (4.3)

Let E,, be the energy level corresponding to state Jn>. Then, we have,

-1 . 42
Can=Ys ¥ cn 90 10>]
(4.4)
n£)
‘We continue 1o Euclidean space from Minkowski space by adopting t — -it in Eq.
(44). As 1 — =othe excited -states-contributions. die out and Eq. (4.4) ‘behaves

asymptotically as:

- 2
Cano e o 0 10 10> ] (4.5)

Actally the correlation function-must also include the contribution from
“propagation Tound the lattice in the opposite direction. If the lattice extension in the
temporal direction is _LT then -the times ¢ and LT—I have the same time scparation
-from the time origin at = 0 fer the two propagations in the opposite directions.

“TFhe correlationfunction, then,-becomes:
: -vE =E) - (Lp-tXE - Ey)
C(Xst) [jpo [ie +e€ ]
2
x < 1100 10> | (4.6)
“We usually sum-over x to-project on zero momentum states.! This results in:
[roge]
Ci)=") - —-t .
T “; Cx,t) =5 A cosh { mg, ( 5 )
where A is a constant and m 4is the mass gap Ej-Eq. The reason for using p = 0
operators is that.it makes the extraction of the mass very direct. The price to pay is

-that on an .LS3 Ly lattice one will get only Ly independent measurements of

correlation function ¢ (¢) per generated gauge field configuration.

1l This is equivalent to Fourier transforming Eq. (4.6) to momentum space and letting 7 = 0.
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4.2 Particle Propagators

The correlation functions can be thought of expressions representing a particle
being created at the origin, travelling to x and being annihilated at x i.e. they are
just the Feynman propagators for the corresponding particles. In the case of
hadrons which are fermion composite fields, the corresponding propagators can be
worked out in terms of fermion propagators M Tor (YM )'1 . For instance let us
consider pseudoscalar meson (1) and non-singlet scalar meson (ay) propagators.

The pseudoscalar meson (pion) is written in terms of its components as:
— f .
T (%) = Vg (Y)W, %) 4.8)
where in Eq. (4.8) and the subsequent equations «, f, ... refer to spin indices, a,

b, ... to colour indices and f and f* to flavour indices. The pion propagator (i.e.

the pion correlation function) is then:

Cx)=<0ln(x)® (@) I0>

—f + o
= <Waa () (Yg¥s Yodap Vo (%) Wy, (0) (V)5 W 0> (4.9)2
Using the relation:
_ -1
<V, B\|;j >=<(BM )ji > 4.10)
which is valid in quenched approximation for any fermion independent matrix B,

Eq. (4.9) would read:

-1 -1.f
Clx) =< (YS)GB M )fOSb,x(xa (75)75 M )xBa,O‘Yb G

-1, f -1, fF
=Tr <Ys (Mg ¥5 (M) 5 >g (4.11)

spin,color

In Eq. (4.11) we have ignored the contribution from the disconnected piece,

C(x)DC = <[ Trspin co%orn (x) ][ Trspin (:501’7t (0 ) ]>

2 The unimportant minus sign arising from the term 7075% = - 7, is eliminated when we change
S —f ’ — . —
the integrand from .4/ (x) xyf(()) oy (0) ¥ (x). If we choose ¥ % % V for pion rather than v % v

the first minus sign disappears but the sccond one changes the sign of C(¢).
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=< [Trspin cgor( )x xys][ spin color -l)o'oys] %G (4.12)

because, due to the properties of Grassmann variables i.e. Egs. (1.37) and (1.39),
it vanishes when f #f"3 as for 7 tand 7°.

If fand f* are degenerate in mass then Kp= Kp and as a result (M'I )f =
(M 1 )f ‘= M 1 . Moreover since M - Ys M 7 for Wilson fermion matrix M, Eq.
(4.11) reduces to:

Co= 3 <M MY, o>

spin,color

= 3 <l P (4.13)

spin,color

As before we sum over spatial coordinates x to project on zero momentum states,

Co=<3 3 1M, o, (4.14)

X spin,color
We will find it more convenient if we write (t) in terms of (¥, M )'1. The
hermicity of ¥; M can be used to write Eq. (4.11) as:

Cm=<3 3 1AM, 00! > @.15)

X spin,color

In principal the expressions (4.14) and (4.15) should be summed over all origins as
well. However in practice this is really impossible and one is content only with
averaging over just a few origins or only one.

Similarly we derive the propagator for the non-singlet scalar meson

identified by the local operator v/aa(x) Vi /(x) as:

- -1
[M )0'0 M) 0016 (4.16)

spin,color

Cx)=<3 Tr

Eq. (4.16) is expressed in terms of (¥; M, )'1 as:

3If f = f e.g. in n meson the relevant propagator is modified by -ns C(x)pc where nyis the
number of flavours and C(x)pc is the corresponding disconnected piece.
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O[YSWSM)'I]

X,t

Co=<3 3 {[(YSM)'IYS] 00}>G 4.17)

X spin,color x,t 0,

Likewise the other hadron propagators can be obtained only in terms of

fermion propagator or (Y, M )'1 in quenched approximation.

4.3 Zero Modes And Hadron Propagators

We can analyze the hadron propagators, at least qualitatively, as k approaches k.
Following Itoh ez al. [56] this is done if we represent fermion matrix elements
M, by its eigenfunctions. To carry out this procedure we need first to prove the
following relations. In the following we denote by ¢;(n) the eigenfunction of M

corresponding to eigenvalue 4; i.e.

M. =20, (4.18)

I Writing M as -xff+1 where #7 is x-independent and denoting the
eigenfunctions of /7 which are, of course, x-independent by {; with the x

independent eigenvalues p; then:

M{, =(-xM+1) § =, - xp,G, = (-xp,+1) G, (4.19)
The comparison of Eq. (4.18) with Eq. (4.19) shows that the eigenfunctions of M

are k-independent and its eigenvalues are related to those of # by,

A, = -Kp.+1 (4.20)

From Eq. (4.20) we see that any real p; fixes a k; equal to pL since it is at these
]
values of xthat M has a zero eigenvalue. Accordingly we write the real

eigenvalues of M as:
A= 1- T‘é (4.21)

II Multiplying both sides of Eq. (4.18) by 7; and making use of hermicity

of Y;M, we therefore have:
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t vt

;Y M=X0.7, (4.22)
The secular equation for Eq. (4.22) reads:

det M -A;*1)=0 (4.23)

Eq. (4.23) shows that for any eigenvalue A; of M, A;* is an eigenvalue too. We

denote the corresponding eigenfunction by fﬁi:
M. =1;"9, (4.24)
III Multiplying both sides of Eq. (4.22) by ¢; on the right we obtain:
t .t
O Y50, =2,0,759; (4.25)
from which we conclude:

+ *
0.y 5¢j =0 fork = Xj (4.26)

The orthogonality relations of Eq. (4.26) can be applied to any pair of

eigenfunctions, in particular we have:

t 1 = .

¢i75¢j = ¢i75¢j= 0 ford = lj 4.27)
to~ ot

0;¥50,=0,Y50,=0 for 4N = A (4.28)

IV Without loss of generality we transform the eigenfunctions ¢; and ('51-

as follows:
0.
6, > P = ———‘—T_ (4.29)
RN
. . 6,
6. > P = — (4.30)
-1 2
6. 70"
Then we get:
T’iysPi =1 (4.31)

Combining Eqs. (4.28)-(4.31) we obtain:

4 Assuming non-degeneracy this is equivalent to i #/.
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St
PiYsP =3, (4.32)

Let us define the matrices P, P and P t as:

P=[P.P,P,.] (4.33)
P=[p, 5,8, ..] (4.34)
L
p,l
T
t ﬁ2 :

B'= 5 (4.35)

3

The set of Egs. (4.31) and (4.32) is equivalent to bi-unitary relation:

T <.t

PyP=@w,P)P=1 (4.36)
From Eq. (4.29) we see that, '

MP; = A;P; (4.37)
and therefore from Eq. (4.32) we have:

<F '

EvsMP, =5}, (4.38)5

If we define the matrix A as:

0 fori#j
Aij = (4.39)

7LJ. fori=j
then we write Eq. (4.38) as:
y st
PyMP=(y;P) MP=A (4.40)
So M is diagonalizable under the bi-unitary transformation defined by matrices 75

and P. Using the bi-unitary relation (4.36) one finds M and M'I as:

M =PA (v,5)' (4.41)

5 No summations over j assumed.
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-1
M’ =[(7513)T] AP =PA'1(1(5§)T (4.42)

or equivalently the latter reads:
t t
= Pi(x) %[YSp(y)YS]

1

M)y =P ™), [15P)

i

J

- % ¢i(x)T‘1~>iT(Y)Y5 (4.43)
P @, v50)

As shown in Eq. (4.43) the major contributions to M7 and accordingly to
hadron propagators are due to the small eigenvalues. When we are close to a zero
mode the propagator is mainly dominated by the corresponding state, otherwise a
lot of eigenfunctions will contribute. This implies that those gauge configurations

with no zero modes or those with zero modes of opposite chirality do not contribute

to the hadron propagators® once the propagators are averaged over all gauge
configurations. If 1 = (I- ,’:—z) is an eigenvalue corresponding to a zero (or almost
zero) mode, then the most divergent terms contributing to the meson propagators
are proportional to 472 In cases where such terms cancel out, the divergent terms

(A ;)" where 4 ; # A, will contribute most.

4.4 = And a; Meson Propagators
We represent hadron propagators in terms of eigenfunctions of M by using Eq.
(4.43) in propagators. In case of pion Eq. (4.11) or its Fourier transformed

version, Eq. (4.14) would then become:

6 This is because the factor
T
1 >
5 o= [180]

in Eq. (4.43) changes sign for chirally opposite modes.
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6T¢(0)5T¢(Xt)
CO=<y oy T (4.49)

i; AA X T t
TR @500 @, 150)

Similarly for the non-singlet scalar meson correlation function we use Eq. (4.43) in
Eq. (4.16) to get:

5. 7.0.(0) 5. 7.0.(5,0)
Cs(t)=<z 7\’1)\' ; 1 °'57%) j 5T >G (4‘45)
o

ii T t
. @, v50) @, v50,)

We are interested to see how zero modes contribute to the propagators. Let us
assume that ¢(x) is a zero mode. Then from Eq. (4.21) the corresponding

s . K y-1 . .
vanishing eigenvalue A approaches (1- X )t as k- K,. Moreover since Ais
b4

real we have @ = ¢. We then approximate fermion propagator (4.43) as kK — K,

| L0000 (1)7s
(M )y = LK : (4.46)
K, (@ 750)
and the meson correlation functions (4.44) and (4.45) as:
T T
o' 0@]0" 0.0
CH=<—1—% >G (4.47)

(1-%2—)2 Y 0T v50)

Similarly for the non-singlet scalar meson correlation function we use Eq. (4.44) in

Eq. (4.16) to obtain:

C()~< ) [‘DT'Y 50 (0)][¢TY 50 (L(,t)]
S

7
A-EP T @500 g A

G

7 The implicit application of the following abbreviations should be realized:
som= T 0o

spin,color
t t
0100 = I T, 0 (01150(0)

and similar expressions at point x. Also

¢f75¢ =¥ LT o ¢f(X)YS¢(X)

X oolor

etc.
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In the hopping parameter region close to K, the comparison of Eq. (4.47) with

(4.48) shows that:

I The pseudoscalar correlation function is greater than the non-singlet scalar
correlation function. This can be seen if we write ¢ in terms of {; and {, the

eigenfunctions of ¥, with eigenvalues +1 and -1 respectively,

0(x) = c1(0)&; + ()¢ (4.49)
where ¢;(x) and c,(x) are spin independent. Then:

0T(x) = e O+ lep(ol® (4.50)
and

OMY50(x) = e ()~ lea(x)P? 4.51)
so we have,

0To(x) 2 0Ty50(x) (4.52)

As a result each term in Eq. (4.47) is greater than the corresponding term in Eq.

(4.48). This results in:

Cr(® 2G5 (4.53)

II Both non-singlet scalar and pseudoscalar meson propagators are of the
same order as we approach continuum limit. This is the consequence of a numerical
check [57] that the ratio of ¢'¢(x) and ¢f75¢>(x) is of order (plus or minus) unity
for any eigenfunction with real eigenvalue.

III As K approaches k, both Cy(t) and C(?) become large proportional
to (1 -?Kz)'z and diverge at k¥ = K,. In other words both non-singlet scalar and
pseudoscalar mesons become massless at K = K, We emphasize that these
conclusions are valid only in the region k¥ = k, where only one eigenstate i.e. the
zero mode contributes to the propagators. Actually any comparison of non-singlet

scalar and pseudoscalar meson propagators should be in a region where more states
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contribute. This means that we have to work in regions relatively far away from K,
in which case one must really consider relations (4.44) and (4.45) instead of Egs.
(4.47) and (4.48), though complicated mixture of states now makes it extremely

difficult to predict the propagators behaviours in such regions.

4.5 Numerical Analysis Of The Propagators
We already know that the lattice formulation appears to be the most promising
method to compute the hadron mass spectrum within the framework of QCD. The
prediction of such a spectrum is indeed one of the crucial tests for establishing QCD
as the correct theory of strong interactions. Unfortunately any realistic calculation of
hadron masses is faced with a number of difficulties. First of all due to the nature of
theories with infinite number of degrees of freedom any approximation of fields
requires the Monte Carlo simulations on large lattices not only to represent
continuum limit but also to eliminate the finite-size effects. Obviously the presence
of the dynamical fermions does not let one tackle the full theory on large lattices. If
we accept quenched approximation then the main limitation in the lattice size comes
from the inversion of large fermion matrix. Moreover to obtain reasonable results a
good statistics is needed. This requires the calculations on a considerable number of
gauge configurations as well as origin points. Bearing these considerations in mind
we have worked out only pion and non-singlet scalar meson propagators in just a
few limited cases in quenched approximation on an 83x 16 lattice in only one gauge
field configuration. The aim is, on one hand, to demonstrate the efficiency of block
Lanczos algorithm in such calculations, and at the same time gain some qualitative
insight into the hadron propagators and specially understand how propagators
behave when we are close to the zero modes.

Since we always use hermitian Lanczos algorithm we work with hermitian
¥sM and accordingly we work with Egs. (4.15) and (4.17) to calculate pion and

non-singlet scalar correlation functions.
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We need to invert ¥;M. If the origin is located at site n, then we actually
need only the nth column of ( YsM )'] . This is obtained by choosing a & -function
located at site » for the initial Lanczos vector as mentioned in §2.4. Taking into
account the number of spins and colours one has to do N spinNcolor InVersions at
the same site but at different spins and colours. Block Lanczos algorithm with block
size of NgpipNpjor is the most efficient way to calculate all N spinlNcolor TEquired
columns of (YsM )'1 at once. In practice due to storage limitations we should be
content with smaller blocks in favour of larger lattices.

The correlation functions behave like hyperbolic cosine functions only at
large distances where the excited states have died out. To observe such a behaviour
one really must be able to calculate correlation functions at large values of ¢. This
requires working on more extended lattices, at least in temporal direction. Though
generating gauge configurations on large lattices is extremely time consuming
however for qualitative research purposes we might pretend to work with a large
gauge configuration just by multiplication of smaller gauge configurations for a
number of times. Here we consider the case of duplication of a gauge
configuration. Triplicating and making four or more copies of the configuration
follow similarly.

Let U be a gauge configuration generated on an LS3LT lattice with periodic
boundary conditions on the gauge fields. If we duplicate the lattice along the
temporal extension to construct an L53x 2L lattice and copy U on the duplicated
part then we have a gauge configuration on an L S3x 2L lattice where still
periodic boundary conditions on the gauge fields are maintained [58]. Due to

periodicity of gauge fields the corresponding fermion matrix #12 can be represented

(M O)
m= (4.54)
0 M

as:

We can construct the corresponding periodic eigenfunctions of 1 from the
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eigenfunctions of M once periodic boundary conditions are imposed on the
fermion fields for larger lattice. Let ¢, and ¢, be eigenfunctions of M where
periodic and antiperiodic boundary conditions are imposed on the fermion fields
along temporal direction respectively while spatial boundary conditions remain

periodic. Also let 4 , and 4 ; be the corresponding eigenvalues. Then we have:
¢p(x+2LT) = ¢p(x+LT) = 0p(x) (4.55)
$a(x+2L7) = - ¢, (x+L7) = h,(x) (4.56)

therefore both ¢pand ¢, are periodic with the period of 2L7. Moreover if we write

the eigenfunctions in the range of 0 <x <2Lp as:

?p

(][)l = u) 4.57)
P
( 0,

(D2 = J (4.58)
\'¢a

where ¢,and ¢, are just the eigenfunctions in the range 0 <x <Ly then we have:

mo=(y 07 (er)

= xp(zp) =X, (4.59)
p
and,
(¢ -2
™70 M) me,
= xa(_‘ga) =Aa®, (4.60)

a

So the spectrum of 1 with periodic boundary conditions on fermion fields is just
composed of the spectra of M with periodic and antiperiodic boundary conditions
on fermion fields. The same statement holds if M is replaced with Y;M.

Starting with the third configuration generated at B =580nan 8% lattice in

§3.9.2 we have generated an 83x16 gauge configuration by the above procedure
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while periodic boundary conditions are imposed on all directions. Its double valued
nature of eigenvalue distribution vs. k shown in Fig. 4.1 clearly indicates that the
83x16 YsM matrix spectrum is the superposition of g’ YsM matrix spectra.
Comparing Fig. 4.1 with eigenvalue spectra of YsM at B = 5.8 on an 84 lattice
with periodic boundary conditions on fermion fields (Fig. 3.30) indicates that the
first k, = 0.1671 (A, = 0.1509D-4) is the K, of 84 lattice with periodic boundary
conditions on time direction at 8 = 5.8. The branch of eigenvalues corresponding
to antiperiodic boundary conditions on time direction crosses zero at kK = 0.1676
(A, = 0.1867D4).

The observables must really be calculated in physical region where Kk < K,
Due to the sign change of der M in crossing k, the probability distribution
becomes meaningless in non-physical region in full theory. However in quenched
approximation where det M is suppressed there is nothing to prevent us from
entering into non-physical region. As we saw before the fermion matrix
eigenfunctions are x-independent and as a result the x-dependence of correlation
functions in quenched approximation is only through the eigenvalues8 and in
particular the major contributions to the magnitude of the correlation functions come
from small modulus eigenvalues regardless of the region of calculation.
Accordingly we have studied pion and non-singlet scalar meson correlation

functions for 5 values of K in different regions in x-space for this 83><16 lattice.

X

x » x = XX x x
0.170 x x xx x X)'J XX x x

x xx X XX x =
0.168 | x XX xX %< X X x b3

x XX XX ' xx X X x P
0.166 | x X X X X XX X X x e

x X X X X I XX XX X
0. 164 | X X X X . XX XX b3

X X X X h x X XX XX
0.162 | x x X X : xx‘“’ xX XX
1 T PE—pe——0 )

W IEH T
2.5, -po3 -2.02 -2.01 290 0P1 0.22 0083 004

Fig. 4.1 Spectrum of YsM for an 83x16 lattice at 8 = 5.8 with periodic boundary

conditions on fermion fields on all directions.

8 E.g. see Eq. (4.44).
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The storage limitation does not allow to implement inversions on block sizes greater

than 4 for an 83x16 lattice.

4.5.1 = Meson

We have calculated pion (r) correlation function at 4 x values of 0.165, 0.167,
0.1672, and 0.169. For each of these x’s we have found that there are only 2
eigenvalues with modulus less than 0.01, one, /'Lp, corresponding to the periodic
and the other, A, to the antiperiodic boundary conditions imposed on the fermion
fields on temporal directions as given in Table 4.1. The order of least modulus
eigenvalues and similarity of small eigenvalue distributions at k¥ = 0.765 and & =
0.169 and also closeness of such distributions at k¥ = 0.167 and x = 0.1672
agree with the observed behaviour of correlation functions shown in Fig. 4.2 as
discussed before.

It is also interesting to see how the choice of origin affects the correlation
function. As seen in Eq. (4.44) the origin dependence of correlation function comes
from the terms ¢i¢ j(0). The variation of such terms as we change the origin from
one point to another on the lattice can cause major changes in the correlation
functions. In particular if antiperiodic boundary conditions are imposed on the
fermion fields then this antiperiodicity along with the continuity of the
eigenfunctions make every eigenfunction vanish at the boundaries. Excited states

vanish also at the nodes different from the boundaries. As a result if the origin is

Table 4.1
Least modulus eigenvalues of ¥ M for an 83x16 lattice at f=5.8.
N N i,
5 P a |
0.1650 0.4371D-2 0.6074D-2  1.39
0.1670 0.1823D-3 0.1186D-2  6.50
0.1672 -0.1491D-3 0.7816D-3  5.24
0.1690 -0.2790D-2 -0.2244D-2  0.80
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Fig. 4.2 Pion correlation function for an 83x16 lattice at 8 = 5.8. The origin is

located at ¢t = 0 (site n = I).

located on or near a node then the contribution to ' (¢) from the corresponding
eigenfunction will be suppressed unless the corresponding least modulus
eigenvalue is extremely small. To see these qualitative modifications of the
propagators as the origin shifted we calculated C, (¢) at ¥ = 0.165 and x = 0.167
for several origins. Except the first origin which is located at the corner of the lattice
at site n =1 (¢ = 0) the rest are located at the time slice centers fort =1, 2, ..., 7.
The results are shown in Figs. 4.3 and 4.4 for x = 0.165 and x = 0.167
respectively.

Although the results at k¥ = 0.165 show a systematic shift as we shift the
origin, the corresponding results at k = 0.167 are very different. Regardless of
slight changes in the magnitudes of the propagators it seems that they are

independent of the choice of the origin at this value of k which is relatively close to

k . We conclude that as k¥ — K, the choice of origin becomes immaterial because
¥4
only one eigenfunction is involved.

It is interesting to note that one might obtain the square of the zero mode
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X ng=2268 ® n;=2780 * n;=3292 X ng=3804
Fig. 4.3 Pion correlation function from different origins in an 83x16 lattice at B=358
and x = 0.165.

IO

10'y 2 4 5 8 19 12 " 5

O ng= 1 © ng= 732 a ng=1244 + n;=1756

X ng=2268 o ng= 2780 + ng=3292 x ng=3804
Fig. 4.4 Pion correlation function from different origins in an 83x16 lattice at f = 5.8
and ¥ = 0.167.
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eigenfunction i.e. §¢T¢ (x,t) as a function of time from C, (¢). In fact as shown in
Eq. (4.47) Cr(1) b_ecomes proportional to the zero mode square as Kk — K. Let us
consider C(t) at k = 0.1677 which is very close to the second k, = 0.1676 with
A, = 0.1867D-4. As this eigenvalue belongs to the branch of eigenvalues of YsM
with antiperiodic boundary conditions on fermion fields in time direction, the
corresponding zero mode ¢(t) would be antiperiodic in each 8% lattice. But
anyway, ¢f¢( t) remains periodic in the same time interval. As a result ¢7‘¢( t) and
consequently the correlation functions must have a maximum around ¢ = 4 and two
minima (nodes) at the boundaries of first g* lattice i.e. at t = 0 and ¢t = 8. Similar
pattern is expected in the second 84 lattice. Fig. 4.5 shows agreement with these
considerations.? Due to the mixing of the modes as well as origin dependence of

the propagators such a pattern can not be recognized at values of x far from K.

0
19° S
o O m“umuﬂmumuu
19?
16t
10°
10"
19™
19~
10'%' 2' 4' Sl Bl .‘LDI 121* 14' .‘LS| t

Fig. 4.5 Pion correlation function where origin is located at site 2000 in an 83x16
lattice at § = 5.8 and x = 0.1677.

9 In Fig. 4.5 the origin is in fact on ¢ = 3. However, as mentioned in the previous paragraph,
due to the closeness of ¥ = 0.1677 to the second x, = 0.1676 we expect no shifts in the

behaviour of the propagator.
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Finally we have calculated C,(¢) at x = 0.165 and x = 0.167 by
averaging over the above 8 origin points. We have also symmetrized the correlation
function by replacing its value at time separation ¢ with its average value over equi-
distance time slices from the origin. We have considered the signals propagated
from different origins as statistically independent and calculated the errors. The
results show that the process of summing over the origins removes the
unsystematic variations observed on each correlation function.

At x = 0.165 the smooth large distance (6 <t < 10) behaviour of T, (t)
shows non-vanishing slope as a sign of a massive pion while C,(¢) is much
larger at k¥ = 0.167 and becomes independent of ¢ as shown in Fig. 4.6. The flat
behaviour of the propagator at large distances is a necessary but not sufficient
condition for the pion to become massless. Actually we must work in a region
where entering into the parity-violating phase is accompanied by entering into a
dense region of zero modes. The spectrum of 83x16 lattice at 8 = 5.8 in Fig. 4.1

¢ ®

-wa"ﬂ.oooomnooooo'ﬂ

§8 § § R & §

T t
w{o[ 2l 4[ & Bl 1-ol 12I 14! 15[
y.] x =0.165
[} x=0.167

Fig. 4.6 Pion correlation functions averaged over 8 different origins in an 83x16 lattice
atpg=538
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shows that the eigenvalues are isolated!0 and as mentioned at the end of §3.9.2
and indicated in Fig. 3.31 such an eigenvalue distribution is represented by a &
function. In other words p(0) vanishes everywhere except at K,. In this situation
only one mode contributes to the propagators if we are close enough to a zero mode
and as mentioned in section III of §4.4 both non-singlet scalar and pseudoscalar
mesons become massless which is of course a wrong result! Our results in the
following sub-section show that this is actually what happens when we work in
such a wrong region. To cope with this situation we should either work at lower
values of 8 which of course would take us far from the continuum limit, or increase

the lattice size.

4.5.2 ay Meson

We have made use of Eq. (4.17) to calculate non-singlet scalar meson (ap)
correlation functions. We need to multiply (Y;M )'1 by 7 once on the left and once
on the right. Let only one column of [(¥sM )1 x.1 0,0 be already calculated for a
fixed spin and colour at a certain origin site. Though there is no need of other spin
components of (}’5M)'1 to perform [}’5()/5M)'1]Lt 0,0 multiplication, it is
impossible to carry out the latter operation if (YsM )'1 is not known for the spins at
the origin since now all the origin spins are involved in the multiplication. This
requirement makes it impossible to compute non-singlet scalar meson propagators
by non blocked algorithms without storing propagators. In fact we have to have 4
columns of the inverse at a time and accordingly work in a block of size 4 to be able
to do spin multiplications simultaneously. The situation here is different from pion
correlation function (4.15) where we could calculate the correlation function for
each spin of the origin separately and add the result together at the end. In other
words no restrictions could be imposed on the size of blocks to calculate pion

propagators while in non-singlet scalar meson propagator calculations the block size

10 The next least modulus eigenvalue at k = 0.167 is about 65 times greater than the smallest

one! This ratio is about 2.7 at ¥ = 0.165.
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must be at least 4 and if there is no storage limitation the bigger possible block sizes
can then only be 8, 12, etc.

We have calculated non-singlet scalar meson correlation function under the
same conditions the pion calculations were done. The results obtained at 4 x values
of 0.165, 0.167, 0.1672 and 0.169 are plotted in Fig. 4.7. The correlation function
at Kk = 0.167 and k = 0.1672 which are close to first x is flatten and its
magnitudes at large distances (6 <t < 10) become considerably larger than these
magnitudes at ¥ = 0.165 and k = 0.169 which are far from k,. Compared with
the corresponding results for pion i.e. Fig. 4.2 the non-singlet scalar correlation
functions are less smooth and even negative at some time separations so that we can
not show them on the logarithmic plot in Fig. 4.7. Comparing Eq. (4.14) with Eq.
(4.16) indicates that all the terms in pion correlation function are positive whereas,
due to non-hermicity of M, there is no such definiteness in non-singlet scalar

correlation function terms. This can explain the unpleasant non-smooth feature of
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a Kk =0.1672
+ x =0.1690

Fig. 4.7 Non-singlet scalar meson correlation functions for an 83x16 lattice at B=58.
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non-singlet scalar correlation functions.

It has been argued that large fluctuations and instabilities in hadron
propagators in quenched approximation should generally be eased by the effects of
dynamical fermions [59]. However, these fluctuations have been still observed in
pion mass calculations with two degenerate flavours of staggered dynamical
fermions, though they have been believed to be caused by the doubling of the lattice
[60].

We expected in §4.4 that at k’s very close to k, both C,(t) and Cs(t)

behave similarly while C‘S( t) still remains smaller than C(2). Fig. 4.8 compares

CS( t) with C, (1) at ¥ = 0.1672 and confirms this expectation as the non-singlet
scalar meson propagator is pretty flat.
We have also calculated C’S( t) averaged over the previous 8 origins at kK =

0.165 and x = 0.167. As before we have calculated the errors as if the signals

from different origins were statistically independent. The corresponding results are
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Fig. 4.8 Non-singlet scalar and pseudoscalar meson correlation functions for an 83x16
lattice at § = 5.8 and k¥ = 0.1672.
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plotted in Fig. 4.9 in which the missing points are indicative of negative signals as
well as infinitely large errors. Again we see that CS(t) behaves more smoothly
once averaged over a number of origin points. As expected as Kk — K, the
correlation function grows and diverges at x,. Large errors at large distances (6 <
t <10) can more be associated with non-hermitian nature of M as explained above
and may partially be attributed to the fact that exponentially decaying functions
become very small at large distances and as a result these extremely small signals
get lost in the noise. Such errors become larger for heavier particles as their
correlation functions €™ [or cosh m ( -1121 -t ) ] die out more rapidly than for the

lighter particles with longer correlation lengths.

It is interesting to compare average values of Cs(t) with C,(t).
Accordingly we have put plots of C'(1) and C (2) at k = 0.165 together in Fig.
4.10. Corresponding results at k = 0.167 are shown in Fig. 4.11. Cs(r) decreases

more rapidly at x = 0.165 than it does at k¥ = 0.167 and always remains smaller
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Fig. 4.9 Non-singlet scalar meson correlation functions averaged over 8 different
origins on an 83x16 lattice at § = 5.8.
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Fig. 4.11 Non-singlet scalar and pseudoscalar correlation functions averaged over 8
different origins in an 83x16 lattice at B=58and x=0.167.
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than C,(t). At k = 0.167 both CS(t) and C,(t) have become large compared
with their values at k¥ = 0.165. Unfortunately due to the large errors in CS(t) at
large distances (6 <t < 10) we can not make a clear and definite statement about
the large ¢ behaviour of non-singlet scalar meson correlation function and its mass
while it is relatively easy to analyze pion correlation function over large distances.
This allows us to also estimate the pion mass rather accurately as Kk — K,

In brief, the conclusion we draw from our work on meson propagators once
again confirms that block Lanczos algorithm is an efficient method to implement
hadron mass calculations. By this method we could see that &, defined by a critical
value of hopping parameter where fermion matrix has a zero mode, is indeed the
place where pion mass vanishes. However, we also observed that the non-singlet
scalar meson becomes massless at the same place where the pion mass vanishes!
This irrational conclusion, which is the result of working in a region where only
one state i.e. the zero mode contributes to the propagators, shows that this region is
in fact a wrong one to calculate hadron propagators. To obtain reliable results one
should really work in a region where more states contribute i.e. relatively away
from zero modes. Moreover large lattices, in particular for computing the hadron
masses are needed to reduce finite-size effects. In addition higher statistical
accuracy is required not only in terms of source points but also in number of gauge
configurations. One might even think of a realistic calculation of the hadron masses
by the inclusion of fermion loops into the calculations. Again block Lanczos
method is well suited for updating dynamical fermions. To summarize if enough
computer time is given, a quantitative calculation of the hadron spectrum at least in

quenchéd approximation is quite feasible.
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Chapter 5

Conclusion

Having investigated the Lanczos and conjugate gradient algorithms on 44 and 84
lattices convergence rate of inversion is observed to be governed by /A/,,;, and its
density and slows down as we approach x,. Our results strongly confirm the
equivalence of the conjugate gradient to Lanczos algorithm despite the fact that YsM
is not positive definite. Due to non-definiteness of H = ¥sM both norm of residue
and norm of solution vector behave as if they are superpositions of two independent
residues or solution vectors. This behavior improves when we modify the
algorithms to their H "H versions. However, inspite of the stability of H TH
conjugate gradient algorithm compared with the fluctuating behaviour of the original
algorithm, it is slower specially as k; is approached.

One might achieve a relatively considerable improvement factor in
convergence rate by blocking the algorithms. The blocking approach does not alter
the above general characteristics, for instance the block conjugate gradient algorithm
is still faster than the corresponding block version of H TH conjugate gradient
algorithm.

Our results at strong coupling limit, in particular indicate that the blocking
procedure has a better performance once applied to H conjugate gradient rather
than to HTH conjugate gradient algorithm. Though the single versions of Lanczos
and conjugate gradient algorithms are essentially identical, however their blocked
forms behave differently as we increase the block size. The block Lanczos

algorithm proved much better and faster than the block conjugate gradient algorithm
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specially as k¥ — k.

At weaker coupling constants H TH conjugate gradient algorithm works
well when /A /i, is not too small. Unfortunately it fails as one approaches k;, in
large blocks. Under the same conditions block Lanczos algorithm works very well
in all cases.

Although the algorithms slow down to converge as one decreases 3 and/or
approaches k, (in the confining phase), however they tend to behave more
independently of details of fermion matrix such as hopping parameter or gauge
configuration as one increases the block size.

Based on our results we really conclude that the block Lanczos algorithm is
more efficient than the original single algorithm and more stable than both versions
of conjugate gradient algorithm and in particular faster than H TH conjugate
gradient algorithm especially near k,. As a result, the block Lanczos algorithm is
recommended for updating dynamical fermions and studying hadron propagators
and critical phenomena.

The application of the Lanczos algorithm to investigate the ¥sM spectrum
on 44, 64 and 84 lattices reveals very clear indications of vanishing of zero modes
density P(0) at the values of k below a certain k, which changes from
configuration to configuration in the confining phase. P(0) picks up a non-
vanishing value by crossing k,. At strong coupling limit the zero modes density
remains actually non-zero for k¥ > k. This observation implies the existence of
parity-violating phase transition (at strong coupling limit in the quenched
approximation) accompanied by a massless pion occurring at critical hopping
parameter k, where fermion propagator M Lis singular.

Decreasing of the k, as f8 increases from strong coupling limit to weaker
coupling constants is in agreement with the ideas of Aoki's phase diagram and
confirms the existence of massless modes in the confining phase at weak coupling

constants. Slight changes in gauge configurations can cause relatively large shifts in
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K,. This is an indication that fermion propagator diverges for a wide range of x

above k. once averaged over all gauge configurations. This is the sign of entering
into the parity-violating phase by crossing k..

Although the fermion spectrum at not so weak coupling constants behaves
similarly to the strong coupling limit, one encounters a different scenario at weak
enough coupling constants. Now a second k; appears almost far away from the
first k. This phenomenon implies that at infinite-volume limit we observe separate
regions of zero modes once averaged over all gauge fields, a phenomenon predicted
by the proposed lattice QCD phase diagram.

The eigenvalue distribution tends to become thinner as [ increases. This
effect makes the eigenvalues and in particular the zero modes isolated. This
property which is more transparent in smaller lattices makes £(0) behave like a &
function in a neighborhood around A = 0 at Kk > k; in the confining phase.
Accordingly work in such a region where only one mode (zero mode) overcomes
and contributes leads to unrealistic conclusions!

The general behaviour of YsM spectrum changes as one crosses the
deconfining phase transition temperature. No zero modes are found in the
deconfining phase for any values of k. This in turn shows that no massless pions
exist in the deconfining phase. On the other hand, since massless pions are
associated with chiral symmetry breaking, this observation also implicates the
restoration of chiral symmetry at weak enough coupling constants.

The conclusions obtained from fermion matrix eigenvalue studies are further
supported by the results of meson propagator calculations. Applying the block
Lanczos algorithm to work out the pion and non-singlet scalar meson propagators
in the quenched approximation on 83x16 lattices, the non-vanishing slope of pion
correlation function at large distances confirms non-vanishing pion mass at the
values of k far from k, while it flattens as x approaches k,. This result is an
indication that k, defined by a critical value of hopping parameter where fermion

matrix has a zero mode at infinite-volume limit, is indeed the place where pion mass
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vanishes. This conclusion which is the result of superposing the contributions from
a number of source origins would be altered if we consider only individual
propagators. In this case the periodic nature of propagators are clearly observed at
the values of xvery close to k; in which case only one isolated zero mode
contributes to the propagators.! The number of modes contributing to the
correlation functions at «’s far from «; is relatively large which makes the
behaviour of individual propagators unpredictable in such regions of hopping
parameter.

Compared with the corresponding results for individual pion propagators
the non-singlet scalar correlation functions behave very badly. However, the
average non-singlet scalar correlation functions over a number of origins behave
slightly better though they are still subject to large errors at large distances. This
does not let us make a clear and definite statement about the large time behaviour of
the non-singlet scalar propagator and its mass while it is relatively easy to analyse
pion correlation function over large distances. Anyway the non-singlet scalar
propagators grow as Kk — k, and diverge at x,! This unexpected behavior which
really does not distinguish so much between non-singlet scalar and pseudoscalar
propagators i.e. results in massless non-singlet scalar meson as well, is the result of
working very close to a zero mode where the contributions from the other states are
effectively suppressed, and is also partially stemmed from ignoring the dynamical
fermions.

As far as the Wilson fermion spectrum is concerned there are still open
problems for future investigations. In the quenched approximation one can still
work at higher values of 3 for better correlations as our eigenvalue results at § =
5.5 on 84 lattices showed short range correlation lengths. The inclusion of
dynamical fermions will naturally alter the results quantitatively. However, does it

modify those results qualitatively? For instance will the results of Monte Carlo

1 We have calculated the propagators in a relatively large vale of B where the eigenvalues have
been isolated and their distribution has been fairly thin.
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simulations of the full theory still agree with the proposed lattice QCD phase
structure? In 2-flavour lattice QCD with dynamical fermions we have to see if 7+
and 7" behave differently from #0 in parity-violating phase. Do <uyu> and
<c_1)3d> really pick up opposite vacuum expectation values? One reallv needs a
reliable result of such an investigation in order to explain the 7-7) mass difference.
The conclusions we obtained from studying the meson propagators point
out that a realistic hadron spectroscopy requires more extended lattices than we have
used, not only to extract the masses from the propagators at large distances where
the excited states have died out but to reduce the finite-size effects as well. Also
required is higher statistical accuracy in terms of origin points and the number of
gauge configurations. More appealing hadron calculations would, of course,
include fermion loops into the calculations in which case block Lanczos algorithm is
well suited for updating dynamical fermions. In short if enough computer time is
given the block Lanczos algorithm can efficiently provide one with a quantitative

calculation of the hadron spectrum (at least in the quenched approximation).

160



Appendix

1 Dirac Matrices
Dirac matrices combine the spinor and antispinor to four-vectors. They are standard
and in Minkowski space satisfy the relation [61]:

(v} =28y (A.1)
and the hermicity conditions:

YuT =Tt Yo (A.2)

where g,,, is the metric tensor with components

+1 ifpu=v=0
8= -1 ifu=v=0 (A.3)
0 ifp#v

A fifth anticommuting ¥-matrix is defined by:

Ts=1%¥ N (A.4)
Y5 has the properties:

{Y¥st=0 (A.5)

Yh =7 (A.6)

(¥5)2=1 (A7)

2 Gell-Mann matrices
Gell-Mann matrices are the generators of SU(3) group. They are denoted by ¢* for
the colour and and by ¢ (or A%) for the flavour variables. They are traceless and

hermitian and their most commonly used properties are as follows [62]:

161



P = % 5% + (@™ + i) (A.8)

Tr ¢ = 28° (A9)

3 Euclidean Space Relations

Transition to the Euclidean space-time from Minkowski space-time is made by the

following relations:
t — -it = -ixy (A.10)
Ag - iAg=iAy (A.11)
A; = -A; i=1,2,3 (A.12)

The Euclidean definition of gauge fields A , is done so that the covariant derivative

remains in the same form in both spaces. Also we have:
Y- 1Y i=12,3 (A.13)

which modify the relations among the ¥-matrices as:

{1} =28, (A.14)
Yut=v (A.15)

7s has the same properties as in the Minkowski space. These transitions along with

the Euclidean versions of fermion fields,

(1 (A.17)
Y-y (A.18)

will result in the following transition of fermionic action to Euclidean space:

J‘dt a’x ﬁ'f(iE-m)waJ.d4xW(D+ m)y (A.19)

while the gluonic part of the Lagrangian density has the same form in both spaces

— uvTh.. lies S S
ie. 4vaF . This implies S — iS or,

31 pv 4.1 v
j-dt d'x ¢ F, F —>J-+d X+ E, F (A.20)
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