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SYNOPSIS

Simplified approximate methods are presented in this thesis for the analysis
of three— dimensional tall building structures subjected to lateral loads. The
structures considered may consist of parallel uniform high~—rise bents such as
planar rigid frames, plane shear walls, coupled shear walls and structural cores.
The intention is to establish generalized rapid hand methods which are suitable
for the structural analysis in the early design stages, and which can be used as
overall checking guides for more sophisticated methods such as finite element

analysis.

Based on the continuum technique, studies are made to investigate the
modes of load— deformation behaviour of individual assemblies, and analyses are
presented for the interactions between wall—frame assemblies and coupled shear
wall structures. Inspections show that these different structural bents can be
classified as a general family of cantilevers, and a revised wall—frame method is
presented to characterize the mode of lateral load— deformation behaviour of such

assemblies.

On using the revised wall— frame method and a spring supported rigid beam
model, a generalized method is presented for the analysis of complete
three— dimensional wall— frame structures subjected to bending and torsion actions.
Solutions can be obtained from formulae— based calculations based on several

representative structural parameters.

An area influence coefficient method is presented for the analysis of
three— dimensional tall building structures subjected bending to and torsion. The

interaction forces between different assemblies in a structure are assumed to be
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represented sufficiently accurately by a combination of three load components.
Having determined the modes of force— deformation behaviour of individual
assemblies, the horizontal compatibility conditions are achieved by means of
equating the top deflections, the areas under the deflected diagrams, and the first
moments of areas about the base of the deflected diagrams. Used in conjunction
with the horizontal force equilibrium conditions, sufficient equations are obtained
to solve for the force distributions on the assemblies. The simplicity of the
structure of the equations makes it possible to achieve a solution by a hand

calculation, using a pocket calculator.

A number of numerical examples are carried out using the methods
presented. The accuracy and the validity of the methods are assessed by

comparing the results with those obtained from a finite element analysis.
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CHAPTER 1

INTRODUCTION

1.1 Development of Tall Building Structures

The presence of tall buildings relates closely to the concept of the city.
The appearance of high— rise building structures has become the most significant
symbols for many modern cities from East to West, such as Tokyo and New
York. In this 20th century, the socioeconomic developments, the rapid growth of
population, and the scarcity and hence the high cost of land in urban areas, have
demanded a considerable amount of construction of tall building structures
especially in the industrialised countries. But this would not have been possible
without the development of new higher strength and structurally more efficient
materials, innovations in structural forms, and the introduction of the elevator to

facilitate vertical transportation.

There would not be a general agreement on what constitutes tallness in a
building, because to a large extent it will reflect the particular environment
concerned and the particular attitude or discipline of the professional questioned.
But from the structural engineer's point of view, a tall building may be defined
as one in which the structural design is affected by the need to provide adequate
resistance to lateral loads due to wind or earthquake, whereas a low—rise building
is generally designed predominantly to resist gravitational loads. However as
buildings must be designed to resist both horizontal as well as vertical forces, any
optimum system sought for tall buildings is to minimise the influence of the

former.

Since tall buildings became popular, engineers have sought for new



structural forms to allow heights to be increased. The rigid— jointed frame was
initially the most popular structural form of construction for multi— storey
buildings after the development of new structural materials. These new materials,
namely wrought iron and subsequently steel, and later, reinforced concrete,
overcame the major disadvantages of the two earlier traditional basic building
materials, timber and masonry. The former lacked the strength required and
always presented a fire hazard; the latter also lacked tensile strength and suffered
from its high weight. The development allowed lightweight frames or skeletal
structures to be built to much greater heights and with larger openings. The
lateral stiffness of frame structures 1is obtained by the rigidity of the
beam— column connections. This form of structure is normally considered to be
economic for residential buildings up to about 20 to 25 storeys in height. Above
this height, it tends to be difficult for the frame structure to develop adequate
lateral stiffness requirements when the wind forces begin to control the design.
Therefore, other structural forms have been introduced and adopted in tall
buildings as structural elements providing greater lateral stiffness. They have been
classified as shear walls or cores, coupled shear walls, wall— frames and the more
advanced braced or tube systems. These structural elements, either singly or in
combination, in conjunction with the floor systems, form varieties of tall building
structural systems. Fig. 1.1 shows typical planforms of various forms of tall
buildings. Each of these different systems, from the economic point of view, tends
to give a suitable solution to a particular range of building heights. The selection
of an appropriate system for a specific height of building may enable an engineer
to utilize the building materials more efficiently and hence reduce the building
costs. Frame structures may be suitable for buildings up to around 25 storeys as
mentioned above. A system of shear walls, which may be solid or perforated,
may be adopted for structures up to about 40 storeys in height, whereas a choice

of shear walls interacting with frames may be employed in a structure built up to



about 70 storeys. Even higher buildings will need other forms, such as framed
tube, tube—in—tube or braced tube structural systems. General guidelines have
been presented by Khan (Ref. 1) to indicate the range of heights over which the

various structural systems are most economically feasible in the United State.

1.2 Objective and Reason for Present Study

The purpose of a structural analysis is to determine the strength
requirement for a building structure to resist both vertical and horizontal loadings,
the former being the gravitational loads deriving from the self— weight of the
structural components and the superimposed floor loadings, and the latter

including wind pressure as well as earthquakes.

Before the development and the considerable amount of construction of
high—rise building structures, low—rise structures were traditionally designed
mainly to resist the gravitational loads which are always present and form the
reason for its very existence, and the influences of wind or earthquake loads only
checked subsequently, since most Building Design Codes allow some overstress due
to the transient nature of such loads. However, as the buildings increase in
height, such influences become progressively more and more important and must
be taken into consideration in the design. Nowadays, high— rise structures must be
designed not only to be able to resist vertical loads, but to meet adequate
requirements both in strength and stiffness to resist lateral loads. This demands
analyses for the responses of different structural systems subjected to lateral
loadings, which, however, are usually more difficult to deal with than that of
vertically loaded structures. This thesis, thus, describes an effort to provide
methods of analysis for the three— dimensional tall building structures subjected to

lateral loadings.




Since the development of computers and the application of the finite
element method in the field of building structural analysis and design, many
general purpose computing programs or packages have been made commercially
available in design office which have saved considerable laborious work for
engineers. This, however, requires the use of digital computers, and the
computational costs are usually high. It tends to limit their application to the
later or final stage of design, since it would be expensive to carry out detailed
analyses at the preliminary stages of planning and proportioning of the load
resisting elements. On the other hand, when using the finite element method to
analyze a complex building structure, an appropriate model for the structure is
crucial for obtaining a correct solution. It is therefore essential for an engineer to
have a good understanding of the true behaviour of the structure. A good
simplified hand method may then be helpful to be used in the early stage of

design and as a checking model for those more precise analyses.

Although numerous approximate methods for the analysis of tall building
structures subjected to lateral loadings have been published in recent years, many
of which have found application in the design office, methods available for rapid
hand calculation have generally been restricted to certain limited classes of
structure, and have not been applicable to structures comprising more complex

combinations of structural forms.
Therefore, methods of analysis which require as little computational work as
possible and which may apply to the analysis of more complex full

three— dimensional structures are highly desirable.

The present study is also concerned with discovering and demonstrating the



fundamental structural element characteristics and the inherent relationships

between structural elements with different structural behaviours.

1.3 Methods of Analysis and Review of Previous Research

During the major developments in tall building construction, mainly in the
recent three or four decades, a large number of methods for the analysis of tall
building structures have been presented by many investigators. Many of these
methods have found application for structural designers in the design office. The
most important methods of analysis, however, can be divided into three fields,
which are, the frame analogy, the finite element method, and the continuous

connection technique.

As the rigid frame is the most fundamental structural form adopted in tall
building structures, the analysis of frame structures thus has become a major part
in building structural design. The arrangement of the stiffness method of analysis
in matrix form allows a concise and systematic approach to the analysis of rigid
frames by digital computation. The method provides the most flexible and
powerful technique for the analysis of frame and associated structures and
programs are commercially available which demand little more of the engineer
than the specification of the structural geometry, stiffness, and loading. However,
before the wide use of large scale computers, which is still the case in many
undeveloped countries, simplified methods suitable for hand calculation are still
valuable for the use of the design office. Besides, these methods are particularly
useful for preliminary design analyses. Approximate analyses of frames may be
performed most conveniently by effectively reducing the degree of statical
indeterminacy by suitable moment releases. By recognising the dominant mode of

racking deformation of a laterally loaded structure, it is possible to make realistic
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predictions of the resulting points of contraflexure in both beams and columns.
The degree of indeterminacy is reduced by the number of points of inflexion, or
zero bending moment, assumed. As a result, the two main techniques which have
been devised for the approximate analysis of multi— storey frames, the Cantilever
and Portal methods, make use of the same assumption that points of contraflexure
occur at the mid— height positions of all columns and at the mid— span positions
of all beams (Ref. 2). Macleod has presented a simplified method for the
calculation of deflections of multi—storey regular rigid jointed frames in which
both bending and column axial deformation are taken into account (Ref. 3).
Recently, an analysis of laterally loaded multi— storey frames, in which axial
deformations of the columns are also included, has been presented by Chan,
Heidebrecht and Tso (Ref. 4). In this analysis, in addition to the wusual
assumptions of points of contraflexure in the beams and columns, the alternative
additional assumption made is that the axial deformations of the columns have a
hyperbolic sine variation across the width of the building. An energy analysis
yields a linear governing differential equation of the second order, which can be
integrated to give closed—form solutions for any particular lateral load
distribution. From the analysis, design curves have been presented to enable rapid

assessments to be made of column axial forces and shears.

The presence of shear walls, either solid or perforated, in conjunction with
frames in the structure, leads to the 'wide— column' frame analogy method, in
which the finite widths of the shear walls are incorporated by stiff arms
connecting the ends of the beams to the centroidal axes of the walls, and the
structure then can be analyzed by the conventional frame analysis. The analogy
appears to have been used first by Macleod (Refs. 5, 6), in the analysis of
coupled shear wall structures. Further developments were due to Kratky and Puri

(Ref. 7), who developed a subroutine to modify a standard framework program,



thereby achieving the same result, and Schwaighofer and Microys (Ref. 8) who
used a framework analysis program that incorporates a variable member stiffness

subroutine.

The finite element method of analysis has emerged with the development of
large scale computer programming, and not only in the field of building structural
design. It has been widely used in many other fields such as mechanical and
aeronautical engineering. In the finite element analysis, the continuous structure is
divided into a mesh of one, two or three— dimensional elements connected at
their nodes. Simplified assumptions are made for the mode of deformation or
stress distribution in each element, from which the stiffness matrix corresponding
to the nodes is established. By combining these element stiffnesses, the total
stiffness matrix for the structure is formed. On solving the wusually very large
matrix equation, a solution for the nodal displacements and forces can be
achieved. The method is well established nowadays from which very detailed and
accurate solutions can result. Since a digital computer and special programming
are needed for the formation and solving of the huge matrix, the computational
costs are usually high, and, depending on the scale of the structure analyzed, the

method is often restricted to its use in the final detailed design of the structure.

The continuum technique is probably the most suitable method for hand
calculations. The technique applies to those structures consisting of uniform
members and consistent connections throughout their height so that these members
can be approximately replaced by equivalent continua of effective stiffnesses and
the connections replaced by equivalent continuous media. By considering the
appropriate conditions of compatibility and equilibrium, differential equations can
be derived, leading to simplified closed mathematical solutions to the problem.

The simplest example of the technique is probably the replacement of uniform



multi— bay rigid frame structures by shear cantilevers. va considering the dominant
mode of racking deformation of the laterally loaded rigid frame and by making
use of the assumptions that points of contraflexure occur at the mid— height
positions of all columns and at mid— span positions of all beams, a rigid frame
can be represented by an equivalent uniform continuous medium which behaves
essentially as a shear beam with a calculated shear rigidity GA. The replacement
of frames has been used by Heidebrecht and Stafford Smith who presented a
mathematical model for the interactions between a shear wall and a rigid frame
subjected to lateral loads (Ref. 9). In their method, the shear wall, which is a
flexural member represented by a flexural rigidity EI, interacts thréugh an
assumed continuous horizontal interaction force flow with the shear member— the
frame. By considering the horizontal displacement compatibility and force
equilibrium, a differential equation of the fcﬁ'th order for the deflection is derived,
and on using appropriate boundary conditions, a close— form solution is obtained.
The method is appropriate for both static and dynamic analyses and can be used
to analyze three— dimensional symmetric structures consisting of plane shear walls,

cores and rigid frames, subjected to lateral loadings.

The analysis for coupled shear walls under lateral loads, using the
continuum technique, was first introduced by Beck (Ref. 10) who used the shear
forces in the connecting medium as the statically indeterminate function. He
treated the single case of uniform coupled shear walls on a rigid foundation,
subjected to a uniformly distributed lateral load. More comprehensive studies were
followed by Rosman (Ref. 11) who derived solutions for a wall with two
symmetric bands of openings, with various conditions of support at the lower end
(piers on rigid basement, on separate foundations, and on various forms of
column supports). Two loading cases, a uniformly distributed lateral load, and a

point load at the top of the structure, were considered. A recent study has again



be made by Coull (Ref. 12) who re— examined the basic assumptions used in the
continuum analysis of coupled walls, and established the general force relationships
for a pair of unequal walls. A complete general solution was presented for a
structure subjected to a uniformly distributed wind loading. Attention was focused
on the top concentrated interactive force which is shown to exist in a continuum
model, and its magnitude was investigated for the particular case of a pair of
plane coupled walls. Discussion was made of the inconsistencies which can arise
with other boundary conditions, such as a pair of walls on elastic foundations, or

walls stiffened by a roof beam.

Based on the continuum theory of coupled shear walls, many simplified
methods have been presented for the analyses of three— dimensional symmetric
structures which may be replaced by equivalent plane systems. Coull presented a
method for the analysis of regular symmetric structures consisting of coupled shear
walls and cores (Ref. 13). The solution has also been given by Stafford Smith
and Abergel (Ref. 14) for the same type of structures, but by treating the
structure as a single pair of coupled shear walls, using modified parameters.
Arvidsson presented a method (Ref. 15) for the analysis of the interactions
between a pair of coupled shear walls and rigid frames, using the complementary
energy theory, and a solution was obtained by Euler's formula. Khachatoorian
presented an extended method (Ref. 16) for the analysis of the lateral load
distributions between between coupled shear walls, cores and rigidly jointed
frames. In this field of coupled shear wall continuum theory, a comprehensive
approach was given by Stafford Smith, Kuster and Hoenderkamp who made a
close study of the parameters in the coupled shear wall theory, and discovered
the physical implications of these parameters. Having done so, they applied the
coupled wall theory to uniform braced and rigid frames, considering that these

types of structures, together with coupled shear wall structure, belong to a family
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of cantilevers whose deflections can be defined by their bending and shearing
characteristics {(Ref. 17). In a later paper presented by the same investigators, an
approximate method (Ref. 18) was presented for egtimating the deflections of
three— dimensional symmetric structures comprising any combination of shear walls,
coupled shear walls, rigid frames and braced frames. Hoenderkamp and Stafford
Smith also presented a simplified method of analysis (Ref. 19) for determining the

internal forces between the assemblies in the same types of structures.

Although the continuum method has been used fairly extensively for the
analysis of symmetrically—loaded symmetrical structures, few studies have been
made of its use for three— dimensional asymmetric structures which twist as well
as bend under the action of lateral loading. A method of analysis of
three— dimensional structures including bending and torsional actions was presented
by Coull and Adams (Ref. 20). In this method, the structures considered consisted
essentially of parallel systems of shear wall assemblies and box— core elements.
The assumption was made that the load distribution on each assembly could be
represented by a polynomial in the height coordinate. The continuum technique
was used to derive the deflected form of an individual assembly from which
flexibility influence coefficients relating any given load term to the deflection at
any reference level were obtained. By making use of the equilibrium and
compatibility equations at the reference levels, a solution of the load distribution
on each then could be determined. Due to ill-conditioning of the matrices
involved, this assumption led to errors at higher and lower storey levels of the
building. The method was later extended by Coull and Mohammed (Ref. 21),
which included rigidly jointed frame assemblies in the structures; in order to
obtain more accurate results, a top concentrated interactive force was added to
the polynomial load distribution on each assembly to simulate the heavy

interactions which occur at the topmost levels in such structures.
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1.4 Scope of the Thesis

This thesis is concerned with the approximate linear elastic analysis of
three— dimensional tall buildings subjected to bending as well as torsion. The
analysis is based on the continuum technique. The buildings are assumed to
consist of varieties of lateral load bearing assemblies which are uniform throughout
the building height, constrained at every floor level by the rigid in— plane floor
slabs, and rigidly built in at the base. These assemblies include most of the
commonly adopted high—rise bents, namely rigid frames, coupled or uncoupled
shear walls, and cores. In the first three chapters, studies are made of the
different modes of force— deformation behaviour of these structural assemblies,
either singly or coupled together. The important parameters which define the
structural behaviour of these elements are examined. In the following two
chapters, two approximate methods of analysis for three— dimensional high— rise
wall— frame structures subjected to lateral loads are proposed: Chapter 5 presents
a generalized method, using a revised wall—frame theory and a spring supporting
rigid beam model, and Chapter 6 presents another simplified method, using an
area influence coefficient approach. More accurate finite element studies are used
to check the validity and the accuracy of the methods. Chapter 7 gives

conclusions to the research, and suggestions for future work.

1.5 The Use of the "FLASH" Program

FLASH (Finite Element Analysis of SHells) is a general purpose finite
element program for the analysis of beam structures, membranes, folded plates,
plates, and shells. The program was originally developed at the Swiss Federal
Institute of Technology and has been considerably enhanced and adjusted to the

needs of practising engineers over the years. Due to modern hybrid elements,
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high numerical efficiency, a simple and userfriendly input language, as well as
comprehensive postprocessing of the results, FLASH is today a powerful and

cost— effective tool of the engineer.

FLASH is used to solve numerous problems of the construction and the
building industry. In particular the program is very well suited for
— linear static analysis
— stability analysis
— problems with second order effects
— structures on elastic foundations
— analysis of construction phases

— eigenvalue problems

The FLASH program has been installed in the Department of Civil
Engineering, and has been used to carry out numerical studies to examine the
validity and accuracy of more approximate methods. All of the comparative curves

throughout this thesis are obtained from the results of the FLASH program.
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(b) Coupled Shear Wall Structure
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Fig. 1.1 Typical Planforms of Tall Building Structures
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CHAPTER 2

ANALYSIS OF WALL— FRAME STRUCTURES (PART ONE)

2.1 Introduction

Wall— frame structures refer to structures consisting of shear walls or
structural cores, which perform as pure flexural cantilevers, acting in conjunction
with rigid frames, which perform predominantly as shear cantilevers. When the
two different types of cantilevers are combined in a high—rise structure, the
differences in their free modes of load— deflection behaviour will cause them to
interact horizontally through the connecting slabs. This horizontal interaction, as
will be discussed later, will produce a much greater top stiffness and will
strengthen the structure. Due to this characteristic, wall—frame structures are
frequently adopted in high—rise residential and official blocks which can be built

up to 40 to 60 storeys. Typical plans of such buildings are shown in Fig. 2.1.

2.2 Shear Walls, Cores And Rigid Frames

2.2.1 Shear Walls and Structural Cores

Shear walls and cores in a structure are usually designed to resist both
gravitational and horizontal load. Structural cores can also provide the structure
with large torsional stiffnesses, which resist any tendency to twist due to eccentric
loading or structural asymmetry. Shear walls and cores in the structure can still
be used to perform non—structural functions; shear walls can be used to divide
and enclose space, provide fire and acoustic insulation between dwellings, and

cores are usually used as elevator shafts, stair wells or other service ducts.
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When subjected to lateral loads, shear walls and cores are wusually
considered to act as pure flexural cantilever beams. The load— deformation
behaviour of such cantilever beam is described by the governing equation,

d4y

or,
2
EISY = nex) : (2.2)

in which EI is the flexural rigidity of the beam, y is the horizontal
displacement, x is the height coordinate measured from the base and w(x) and
M(x) are the distributed lateral load and moment applied to the beam,
respectively. In the case of a uniformly distributed lateral load with intensity w,
the moment can be expressed as,

M) = SwoH2(1 - 2y (2.3)

in which H is the total height.

By integrating Eq. 2.2, and using the appropriate boundary conditions for a

structure which is rigidly built in at the base and free at the top, that is,

At x =0, y =2 0 (2.4)

the expression for the deflection then becomes,

- G e ] @

This expression will give a flexural mode of deformation as shown in
Fig. 2.2a, which is characterised by having a maximum slope at the top and

concavity downwind.

The expressions for the deflection for other load cases can also be obtained
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as, for example, in the case of a top concentrated horizontal load P,

y = P a2 (297 (2.6)

and in the case of a triangularly distributed lateral load with an intensity of

q, at the top varying linearly down to zero at the base,

- G e ] @)

2.2.2 Rigid Frames

In many approximate analyses, planar rigid frames in tall building structures
are considered to behave essentially as shear cantilevers, with their shear stiffness
depending upon the member stiffnesses, the frame configuration, and the rigidity
of the joints. The expression governing the load— deformation behaviour of a

shear cantilever with effective rigidity GA may be written as,

dy _
or,
d?y _
GA = = w(x) (2.9)

where w(x) and S(x) are the distributed lateral load and shear force applied
to the cantilever, respectively. For a uniformly distributed lateral load of intensity

w,, the expression for the shear force becomes,
X
S(x) = woH(1 - T) (2.10)

In this case, on integrating Eq. 2.8, with one boundary condition of

y(0)=0, the expression for the deflection of the shear cantilever becomes,

onz[ X 1, % )2]

CA \'H ~ 2(}1 (2.11)

The deflection profile, Fig. 2.2b, then takes up a characteristic shear mode,



-17-

with concavity upwind, and a maximum slope at the base.

Similarly, expressions for such cantilevers under the other two load cases

can be obtained as:

Top concentrated horizontal force P,

P
y = Gx (2.12)
Triangularly distributed lateral load with maximum intensity g ,:
H?2 1 3
v - S| 5 - 5 (2.13)

For a planar rigid frame, the value of the parameter GA can be
determined by interpreting Eq. 2.8 for a one—storey segment of the frame. Such
an interpretation defines the equivalent GA of the frame as the interstorey
horizontal shear force required to give a unit horizontal shearing deformation over
the one—storey height. A typical one— storey segment of a multi—bay frame
(which is assumed regular through the height) is shown in Fig. 2.3a. As in most
approximate analyses for multi— storey, multi— bay rigid frames, the assumption is
made that points of contraflexure occur at the mid— height positions of all
columns and at the mid— span positions of all beams. The restraining system for
a single interior column is then shown in Fig. 2.3b. The horizontal
force— deflection relationship for the column is given by,

12EI. A
h3
[ 1 +

P (2.14)

21,
h(Ip,/b, + Ip,/b,)

in which I, is the second moment of area of the column, A is the storey

height, b, and b, are the total lengths of adjacent beams, Ip, and Iy, are

1

second moments of area of corresponding beams, A is the lateral displacement of

the one—storey column, and P is the lateral force. Eq. 2.14 is also applicable to
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an exterior column by assuming a zero value for the second moment of area of
the non— existing adjacent beam. If required, the effect of shear deformations
within any of the frame components and the effect of the finite size of any
beam— column joint corresponding to the free column height and beam span can
be included by using a modified moment of inertia (Ref. 22) in Eq. 2.14. From
Eq. 2.14, the contribution of the single column i to the GA parameter of the
frame is given by,

P 12EI, 1
CAi = Z/m = T2 ll N T,

h(Ip,/b, + Ip,/b3)

(2.15)

The total GA contribution of a planar frame is then the arithmetic sum of

the GA terms for each of the columns in a typical storey of the frame.

2.3 Interaction Between Shear Walls and Rigid Frames

— Simple Wall— Frame Theory

2.3.1 Basic Assumptions and Governing Equations

The structure is considered to consist of a combination of uniform vertical
flexural and shear cantilevers which are constrained to deflect equally when
subjected to lateral loads. The representation of such a structure can be shown in
Fig. 2.4a, in which the pin—ended links simulate the floor slabs which connect
the two components. The links are then assumed smeared over the height of the
structure to produce an equivalent continuous connecting medium. The discrete
axial forces in the links may then be replaced by an axial force distribution of

intensity n in the continuous medium.

The governing equations for flexural and shear cantilevers are given by

Eqgs. 2.1 and 2.8, respectively. So, referring to Fig. 2.4b, the governing equations
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of the components of this composite cantilever, which may be referred to as a

shear— flexural cantilever beam, are then given by,

EI g;ﬁ = w(x) - n(x) (2.16)
- 6a Sy - n() (2.17)

Addition of Eq. 2.16 and 2.17, and dividing through by EI, yields,

d4 dz w(x)
dx{ - o? dx}z’ = é’l (2.18)
in which,
GA
2 -
o i (2.19)

2.3.2 Solutions For Standard Load Cases

For a uniformly distributed load of intensity w,, the solution to Eq. 2.18

can be expressed as,

wox2

y(x) = €, + C,x + C,coshax + C,sinhox - _7%757

(2.20)

in which C,, C,, C3 and C, are integration constants which must be

determined from the appropriate boundary conditions. If the structure is rigidly
built in at the base and free at the top, when the moment and total shear are

zero, the four boundary conditions become,

y(0) = 0 (2.21)
—%%—(0) -0 (2.22)
My (H) = EI—%;%— -0 (2.23)

Y (H) =0 (2.24)

_ dy ds
S(H) = GAW(H) EI |

X
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It may be seen from Eq. 2.8 that the boundary condition in Eq. 2.22 is
tantamount to considering that the shear in the frame is zero at the base, and

the total shear is carried by the wall component.

The four constants can then be obtained from Egs. 2.21 to 2.24, leading to
the following expression for the deflection,

_ w,H? 1 £2
y = 2t - 5

coshoH + aHsinhaH(1-§() - (oHsinhoH + 1) }

(aH) 4coshaH (2.25)

in which the deflection is expressed for convenience in the dimensionless

height coordinate £ = x/H.

The solution for the deflection leads to the resulting force distributions in

the flexural and shear elements respectively as,

_ _woH? { coshoHf + oHsinhoH(1-§) }

Mp (aH) 2 coshoH 1 (2.26)

w 2 2

Mg = —gH-(1 - £) - mp (2.27)
B aHcoshoH(1-£) - sinhoHE }

Sp = WOH{ oHcoshoH (2.28)
_ aHcoshoH(1-¢) - sinhoaHE }

Ss = wUH{(l-E) - oHcoshoH (2.29)
B coshoHt + aHsinhaH(l—E)}

Vb = WU{ coshof (2.30)
B coshaHt + aHsinhaH(l-E)}

Vs = Wo{l - coshaH (2.31)

in which Mp and M, are the moments applied to the flexural and shear
cantilevers, respectively, Sp and Sg are the shears in the two components, and

wp and wg are the load distributions to the two components.
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It is worth noting that, when x = H or & = 1, Egs. 2.28 and 2.29

become,

S¢ = -Sp=w

sinhoH - oH
OH{ } (2.32)

aHcoshoH

This shows that at the top of the structure, a shear exists in the two
cantilevers, of magnitude,

sinhaH - oH }
cHcoshoH

Q= wDH{

(2.33)

In the absence of any applied point loads, the existence of the shear force
indicates the presence of a concentrated horizontal interactive force Q at the top
of the structure. It is required to provide slope compatibility between the two
components at the top of the structure, since, otherwise, a zero shear force in

the frame would require a zero slope at the top (cf. Eq. 2.8).

The corresponding variation of Q/w H with the parameter o is given in
Fig. 2.5, from which it can be shown that this top interactive shear may reach a
maximum of 23.34 percent of the total applied bottom shear w H when oH is
near a value of 2.77. The concentrated force represents the heavy localised
interactions which take place at the topmost levels in such composite structures.
Their presence has been noted by other investigators using more sophisticated

analyses, such as the finite element method.

The solutions for deflections and the force distributions for the other load
cases, a triangularly distributed lateral of maximum intensity g, at the top varying
linearly to zero at the base, and a concentrated horizontal load P at the top, are

given in Appendix 1.
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2.3.3 Numerical Examples of Wall— Frame Structures

An example of a regular symmetric building structure involving the
interaction between flexural and shear members is considered. The floor plan is
shown in Fig. 2.6 in which the flexural member includes one central core, and
the shear member consists of four identical rigid frames. In order to test the
rigid frame shear model, which may only be accurate for lower structures, two
cases are considered; one is that the building is of 15— storeys with a total height
of 42m, the other being of 40— storeys with a height of 112m. In each case, the
following data are used:

Storey height h=28m

Modulus of elasticity E = 1.40 X107 kN/m?
Applied floor point load p, = 25 kN per floor,
or uniformly distributed load,

wy = 8.93 kN/m

Flexural core component [ = 10.0 m¢

EI = 1.40 X108 N m?

Shear component (four identical rigid frames in total),
Spans b, =b,=b,=4.0m

Inertias of the beams Ip, = Ip, = Ip, = 1.042 X1072 m4

Inertias of the columns I, = I,, = I,

Io, = 8.533 X103 m*

Column sectional areas Acy = Ag, Agy = Ap, = 0.64 m

The total shear rigidity can be calculated from Eq. 2.15 as,

GA = 2.78 X105 kN
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The parameter a=0.0446 m™,
And, in case 1 oH = 1.872,
in case 2 aH = 4,991

The resultant forces and deflections obtained by the present method for the
two cases are compared with the results obtained from the 'FLASH' program.
The curves are shown for case 1 in Figs. 2.7a to 2.7d, and for case 2 in
Figs. 2.8a to 2.8d, in which, unless specified, the thicker lines refer to the
present method, and the thinner lines refer to the 'FLASH' results. It can be
seen that for the lower 15—storey structure, the results by this approximate
method compare satisfactorily with those from the more exact finite element
analysis. However, for the higher 40— storey structure, although the forces shown
in Figs. 2.8b to 2.8d seem to be obtained reasonably well, the accuracy for the
deflection shown in Fig. 2.8a is much poorer. For the purpose of examining this
fact, one rigid frame in this example has been examined individually. Figs 2.9a
and 2.9b show respectively the deflection curves of the individual laterally loaded
15— storey and 40— storey planar rigid frames obtained by the present method
(Eq. 2.11), and from the 'FLASH' program. It can be seen that for the lower
structure, the approximate method represents reasonably accurately the
load— deformation behaviour of the frame, whereas it is no longer valid for the
high—rise frame. The discrepancy is due to the axial deformations in the
columns, which become progressively more important as the structure becomes
taller, and produce an ‘over—all bending action' for the frame. This factor will
be discussed further in Chapter 4, when a revised method is introduced to

improve the model.
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2.4 Modification of the Parameter GA for low—rise Rigid Frames at the

Ground Storey level

A number of different forms of frame structure, including frames with
non— uniform bays, were analysed by both the shear cantilever and finite element
(FLASH) methods. The effects of overall bending in the frame were suppressed
by specifying large values of the cross— sectional areas of the columns in the
FLASH program since these are not included in the shear cantilever model. It
was generally found that the two deflection curves were of similar form in the
upper levels, above first storey level, but with the two curves displaced
horizontally at the first storey level, as shown in Fig. 2.10. It thus appeared that
the uniform shear cantilever model was too flexible over the first storey only, and

did not take account of the influence of the base rigidity.

Referring to Fig. 2.9a, it can be shown that the 'FLASH' result gives
roughly a shear— deflected configuration for the laterally loaded 15— storey rigid
frame. However, it also shows a reversal of curvature occurring at the ground
storey level where the structure is stiffened by the rigid base. Referring to
Figs. 2.3a and 2.3b, on attempting to improve the simple shear model, a
modified shear stiffness at the ground storey level is obtained by introducing an
alternative restraining system for a single interior column chosen from the first
storey segment of a multibay frame, shown in Figs. 2.11a and 2.11b, in which
the assumption is made that the points of contraflexure occur at the mid— spans
for the adjacent beams and at the mid— column height for the upper column, but
the lower column is rigidly built in at the base. The horizontal force— deflection
relationship for the column is then given by,

p - 12EI, A (2.36)

"o ’ J
1+ <
h(Ilp,/b, + Ip,/b, + 1,/6h)
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So the contribution of the single column to a modified shear stiffness GA,
is given by,

ca. o _L2EI, 1

1i 72 (2.35)
l 1 +

71,
h(1p,/b, + Ip,/b, + Io/6H)

The total GA, for the first storey level of the frame is given by the

arithmetic sum of the GA,; terms for each of the columns in the frame.

Referring to the deflection equation 2.11, when subjected to a uniformly
distributed lateral load, the deflection for the rigid frame below the first storey

level is given by,

=WOH2 [x o1 x 2]

in which x ¢ h, and the deflection above the first storey level can be
approximately given by,

_ onz[x _ 1 X 2]
y a7 5 (H) + C (2.37)

in which x ) h, and,

h 1 _ h 2] 1 1 ]
= - 2 - —_— i —
¢ Vo [ H 7 7 | X e CA, (2.38)

Fig. 2.12 shows the deflected curve of the 15— storey rigid frame given by
the modified method, compared with the result obtained by the FLASH program.
It should be noted that the axial deformations in the columns of the frame are
included in the FLASH analysis which produces bigger displacements at the higher

levels of the structure.
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CHAPTER 3

ANALYSIS OF COUPLED SHEAR WALL STRUCTURES

3.1 Introduction

Coupled shear walls, as indicated in Fig. 3.1, consist of a pair of shear
walls connected at every floor level by lintel beams. Coupled shear walls are
frequently used in tall building structures as efficient structural components
because they not only effectively resist both gravitational and lateral loads, but
also fulfil the non—structural functions of dividing and enclosing space,
simultaneously providing fire and acoustic insulation between dwellings. The
coupled shear wall system especially has an advantage in resisting lateral loads
due to wind or earthquakes, because under such loads, the rigid— jointed
connecting beams not only transfer horizontal forces from one wall to the other,
but induce vertical forces as well as reversal moments in the two walls. The top

stiffness of the system is significantly increased by such effects.

Coupled shear walls wusually occur in cross— wall structures as main
load— bearing elements, or in frame structures as end— wall systems. These
structures normally also include one or more service cores which act as strong
points in the building. In this chapter, structures which include one or more pairs
of coupled shear walls, acting in conjunction with structural cores and/or rigid
frames, are referred to as coupled shear wall structures. Typical planforms of
symmetric coupled shear wall structures are shown in Fig. 3.2. In these structures,
since different assemblies, coupled shear walls, structural cores and rigid frames,
have wvastly different modes of force— deformation behaviour, if they are
constrained to act together by the floor slabs, considerable force redistributions

may occur among them throughout the height. Analyses of interactions between
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various combinations of these structural components are presented in this chapter.
These methods can be applied to regular symmetric coupled shear wall structures
in which the structural system may be replaced by equivalent plane systems. Such
simplified replacements corresponding to those shown in Fig. 3.2 are illustrated in
Fig. 3.3. The analyses are based on the continuum technique which is described

in the next section.

3.2 Continuum Theory of Coupled Shear Walls

3.2.1 Introduction

There have been two main techniques developed to analyze individual
coupled shear walls. One is the frame analogy in which the finite widths of the
walls are incorporated by stiff arms connecting the two ends of the beams to the
centroidal axes of the walls. By modifying the bending stiffnesses of the
connecting beams, the structures can be analyzed by conventional framework
methods, or, by formulating the stiffness matrix for displacements of the column
nodes of the wide— column frame, a solution may be derived by standard matrix
procedures using computer programs. The other uses the continuum technique, in
which the discrete system of connecting beams is replaced by an equivalent
continuous medium of the same effective stiffness. By assuming a fixed vertical
line of contraflexure in the connecting medium, a governing linear differential
equation of the second order is derived from the conditions of compatibility and
equilibrium, and a closed—form solution to the problem is obtained
mathematically for particular boundary conditions and prescribed standard load
cases. The continuum technique is most appropriate for structures that are
uniform throughout the height. The simplicity of the mathematical solutions enable

rapid hand ‘methods to be developed which can achieve an accurate analysis of
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such structures, and which are suitable in use for design offices.

This thesis is concerned only with the continuum technique, and, to
introduce the approach, the continuum analysis of a pair of regular coupled shear
walls is presented in this section. It essentially follows the treatment given in

Reference 12.

Three standard lateral load cases which are usually required in practice are
those of a uniformly distributed lateral load of intensity w,, a concentrated
horizontal load P at the top, and a triangularly distributed lateral load with a
maximum of intensity w, at the top varying linearly to zero at the base. In this
analysis, only the first load case is considered, but the solutions for the other two

load cases are given in Appendix 2.

3.2.2 Basic Assumptions

(1) The structure is uniform throughout the height, including material properties,
wall and connecting beam sections and storey height, and is rigidly built in at the

base.

(2) Plane sections remain plane after bending, for all structural members.

(3) Both walls deflect equally at every floor level. That is, the connecting beams
are assumed axially stiff so that no axial deformations occur in the beams. This
assumption is justified by the fact that the coupled shear walls are surrounded by
floor slabs which are very stiff in plane, and lateral forces are distributed to each
wall through the floor slabs, rather than through the connecting beams, regardless

of the assumption of the analytical model. The discrete set of connecting beams,
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each of flexural rigidity EIj, are then replaced by an equivalent continuous
axially—rigid connecting medium of stiffness EIp/h per unit height as shown in
Fig. 3.4a, where h is the storey height. From this assumption, it follows that the
slopes of the two walls are everywhere equal along the height, and thus, from a
straightforward application of the slope— deflection equations, it may be shown
that every connecting beam deforms with a point of contraflexure at its
mid— span position. It also follows that the two walls have identical curvatures
along the height, so that the bending moments in the two walls are proportional

to their flexural rigidities.

(4) The axial forces, shear forces and bending moments in the connecting beams
are then replaced by equivalent continuous distributions of intensity n, g and m
per unit height, respectively. In particular, if the connecting medium is assumed
cut along the vertical line of contraflexure, only a shear flow of intensity g and

an axial force flow of intensity n exist, as shown in Fig. 3.4b.
3.2.3 Governing Differential Equations and General Solutions

In the structure which is assumed cut at the line of contraflexure, as shown
in Fig. 3.4b, the relative vertical displacements at the cut ends of the connecting
medium must be zero, and the condition of vertical displacement compatibility
becomes,

dy b3 h 1, 1
g " 12ER? - Fla

1

i ]Jdex =0 (3.1)
2 0

in which N is the axial force in each wall, g is the shear flow at the cut
ends of the connecting medium, y is the lateral displacement, [ is the distance
between the centroidal axes of the two walls, and A, and A, are the

cross—sectional areas of the two walls. In the compatibility equation, the three
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terms represent respectively the relative displacements due to the slopes of the
walls, the displacements of the cut ends of the connecting medium due to the
shears acting as concentrated forces on the ends of cantilever beams, and the

displacements due to the axial deformations of the walls.

Considering the vertical equilibrium condition for a small element of wall

subjected to the set of stress resultants shown in Fig. 3.5, it follows that,

an
Y +ta=0 (3.2)

The moment— curvature relationships for the walls are,

d2 b H

EL—gF =M, =M - (5 + d,]qu(de - My (3.3)
d?2 b H

Elzﬁ" =M, = ‘[T + d;JJxQ()\)d)\ + My (3.4)

in which EI, and EI, are the flexural rigidities of the two walls, M, and
M, are the bending moments in the two walls, M is the applied external bending
moment, \ is a dummy variable, and M, is the moment due to the axial forces

in the connecting medium.

The axial force N in each wall at any level is given by,

H
N = qu(x)dx (3.5)

The addition of Eqgs. 3.3 and 3.4 yields the overall moment— curvature
relationship,

d?y _

H
El-z5 =M - szq(x)dx =M - IN (3.6)

in which I = I, + I

1 2

On substituting g from Eq. 3.2 into Eq. 3.1 and differentiating once, the
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equation becomes,

d2y b3 h  d2N

1 1
dx? + 12EIy dx? - E( A1+ A, JN=0 (3.7)

1

On cecither eliminating N or y from Egs. 3.6 and 3.7, the governing
differential equations either in terms of the axial force or the deflection can be

obtained as follows,

% - k20N = - %2“ (3.8)
3:21 - kPaz 3:3 = %;1( 3;’3 - (k2-1)a2M ) (3.9)

where

o2 = Sk (3.10)

ki=1+ ‘—‘_Z—(ﬁ,f:z)zl (3.11)

The general solutions of Egs. 3.8 and 3.9 will be of the form,

N = K,coshkox + K, sinhkoax - 1 [1 + ——I—)-z— + —D4—- + ]M
1 2 k2l k2a2 k4a4 A
(3.12)
. 1
y =€, + €,x + C,coshkax + C,sinhkax - FIiZa?
1 1 D2 D4 dzM
x[ E + az + a? + Xoa0 + ][_dx2 - (k"’-l)ozzM] (3.13)

in which D is the operator d/dx, K,, K, and C, to C, are integration

constants which must be determined from the appropriate boundary conditions.

3.2.4 Boundary Conditions

If the structure is rigidly built in at the base and free at the top, the

boundary conditions can be deduced from the conditions of compatibility and the
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equilibrium at the top and bottom of the structure as, in terms of axial force N,

dN

At x = 0, T

=0 (3.14)

At x = H, N=20 (3.15)

and in terms of deflection y,

At x =0, y=20 (3.16)
At x = 0, dy/dx =0 (3.17)
At x = H, d2?y/dx?2 =0 (3.18)

At x = 0, from Eq. 3.1, ¢ = 0, and hence, from Eq. 3.2, dN/dx = 0,
so that, on differentiating Eq. 3.6, the final boundary condition needed in term
of y is derived as,

El d3y dm

At x = 0, o T 7 Tl 0

(3.19)

in which S, is the total applied shear at the base.

3.2.5 Solution For Uniformly Distributed Lateral Load

For the case of a uniformly distributed load of intensity w, the applied
bending moment will be,

_ 1 2 _ X N2
M= ——woH2(1 - 2 (3.20)

The solutions of Egs. 3.12 and 3.13, subjected to the boundary conditions

of Egs. 3.14 to 3.19 then become,

N = wQHz{ 12(1 £y coshkaH€2+ kaHiinhkaH(l-E) - coshkoH }
I | 2k2 k2 (ko) 2coshkod
(3.21)
HA[ Kk2-1 1 2
y = %{W(Eq SRR 21 ¢y KA )
N coshkoaHt + kaHsinhkoH(1-§) - koHsinhkoH - 1 } (3.22)
k?(koH) AcoshkoH ’
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in which ¢ = x/H is a non— dimensional height coordinate.

On differentiating Eq. 3.21, the shear flow g can be obtained as, from

Eq. 3.2,

q - Zz"l;{(l _ gy 4 _SinhkoHE - kaHcoshkaH(1-§) } (3.23)

koHcoshkoH

Following the moment— curvature relationships for the two walls given by

Egs. 3.3 and 3.4, the moments in the two walls become, on differentiating

Eq. 3.22,
M, = =1lwHFy  and N, = — 2w H2Fy (3.24)
in which

Considering the conditions of rotational equilibrium for the small vertical
wall elements subjected to the set of stress resultants shown in Fig. 3.5, the

shears in the two walls can be deduced as,

s, =-%"X-L+ [—%—+d,]q (3.26)
S, = - 2 4 [%+d2]q (3.27)
or,

S, = —=Hw HFg + [—g- + d1]q (3.28)
S, = —212w HFg + [% + dz]q (3.29)
in which,

sinhkoHt -coshkaH(1-£)

Fg = 2311t -
ST Tk2 kZ(koH) coshkoH

(3.30)

and thus the axial force flow in the connecting medium can be obtained
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by,
n o= - _g_iz_ (3.31)
or,
n = wo{ ZET - [ >+ dz] (Fp, - 1)} (3.32)
in which,
Fp, - k;;l + coshkzl;lio-;-hlsqizhkaH(l-E) (3.33)

3.2.6 Study of Significant Parameters

It has been shown that the deflection of a pair of uniform coupled shear
walls subjected to a uniformly distributed lateral load is described by Eq. 3.22.
The equation is written in terms of two dimensionless parameters k and koH.
These two parameters govern the deflected configuration of the structure. The
value of k is expressed in Eq. 3.11. It is shown that for a given pair of shear
walls, k is determined by the wall centroidal spacing I, and is greater than 1. It
is usually in the range of 1.02 to 1.1 in practical structures. The parameter koH
involves the parameter ¢, which, defined by Eq. 3.10, is fundamental to the
differential equations 3.8 and 3.9. This parameter « also depends on the
centroidal distance [, but more important, it may be considered to define the
flexural rigidity (Ip/h) or the stiffness of the connecting medium. In practice,
koH tends to lie between 1 and 8. Two extreme cases may be identified. When
the connecting beams are very stiff, the structure will deflect like a single
composite vertical cantilever, with the connecting beams acting effectively as
dowels (Fig. 3.6a). On the other hand, when the connecting beams are very
flexible, the shear walls will act as if they are pin— connected, and will deflect as

independent flexural cantilevers (Fig. 3.6b). For beams of intermediate stiffnesses,
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the induced shears give rise to restraining moments in the walls, Fig. 3.6¢, which
tend to produce a reverse bending action in the upper levels where the applied
moments are least. The resulting deflection profile then takes the form shown in
Fig. 3.7; the profile may be regarded as a combination of a bending mode in

the lower levels, and a shearing mode in the upper levels.

The deflection profile of any particular structure will depend significantly on
the relative values of the parameters k and koH. Fig. 3.8 shows a series of
configurations, expressed in terms of the top deflection Y, for different values of
the two parameters. The curves indicate that a coupled shear wall structure can
take up a profile which may range between the two extremes of a pure flexural
and a pure shearing mode. Because of the base boundary condition of zero
vertical slope, it can never take up a pure shearing mode, although the deflection
curve will approach it closely if k is very close to unity, say less than about
1.0001, and koH is very large, say over 100. In Fig. 3.8, the curves
corresponding to a particular value of k may be regarded as ‘'lower bounds' on
the deflected shape, since the profile for any value of kaH will always lie on or
above that particular curve; that is, the particular value of k defines how closely
the deflection profile will approach the pure shearing mode. The corresponding
curves of Fig. 3.9 show the value of kaH corresponding to the particular value
of k for which the deflected profile will approach most closely a shearing mode.
Unless k is less than about 1.01, the predominant mode of deformation will be

flexure rather than shear.

It may be noted here that in a further study described in Chapter 4, it will
be shown that the continuum theory reveals that coupled shear walls and
wall— frame structure can be classified as a general family of cantilever structures,

whose behaviour depends on the relative primary modes of lateral—load resisting
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behaviour — flexure, shear and axial flexure. These primary modes depend on

the relative value of two basic parameters k and koH.

3.3 Analysis of Interactions Between Coupled Shear Walls and Other Cantilevers

3.3.1 Interaction Between Coupled Shear Walls and Flexural Cantilevers

Consider a plane system consisting of a pair of coupled shear walls
interacting with pure flexural cantilevers through a pin— ended connecting medium
(Fig. 3.3a). Any number of linked cantilevers may be included, with the sum of
their flexural rigidities represented by EIg. In the analysis, most of the terms for
coupled shear walls are still used, except that the axial force flow in the
connecting medium and the top concentrated horizontal interactive force in the
coupled shear walls are expressed respectively by n, and Q,, whilst n, and Q,
are used to denote the axial force flow in the pin—ended connecting medium,
and another top concentrated interactive horizontal force between the coupled

shear walls and the flexural component (shown in Fig. 3.10).

The condition of compatibility for the coupled shear walls can be written in

the same form as that of Eq. 3.7, which is,

1

d?y b3 h d2N 1 1 1 -
dxZ T T12EI, Tax? 7 a, * a, JN =0 (3.34)

The moment— curvature relationship for the coupled shear walls, (c.f.
Eq. 3.6) is given by,

2
Elg—SY = g - IN (3.35)

in which EI» = EI, + EI, is the sum of the flexural stiffnesses of the

coupled shear walls, and M is the bending moment in the coupled shear walls.
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The moment— curvature relationship for the flexural component is given by,

d?y

Elpz

= Mg (3.36)

in which Mpg is the bending moment in the flexural component.

The addition of Egs. 3.35 and 3.36 yields the overall moment— curvature

relationship,

d 2
EI% =M - IN (3.37)

in which EI = EI- + EIpg is the total flexural rigidity of the three walls,

and M is the applied bending moment, M = Mo + Mp.

Following the same procedure as in Section 3.2.3, and differentiating either
N or y from Egs. 3.34 and 3.37, it may be shown that the governing equations
take the same forms as those for coupled shear walls (Egs. 3.8 and 3.9), with
the parameters k and o« now defined as,

1214172
2 = —2ht
o 55T (3.38)

E

k2 (3.39)

where I = Io + Ip is now defined as the total flexural rigidity of the

three components.

It may also be shown that, when subjected to a uniformly distributed lateral
load with intensity of w,, the solutions for the axial force N in the coupled
shear walls, the lateral deflection y, and the shear flow ¢,, the axial force flow
n in the connecting medium take the same forms as that given by Egs. 3.21,

3.22, 3.23 and 3.32 with «? and k2 now redefined as in Egs. 3.38 and 3.39.



46—

After substituting from Eq. 3.22, differentiating Eq. 3.36, and dividing
through by — EI, the shear force in the flexural component S, can be obtained

as,

EI k2-1 sinhkoH: - kchoshkaH(l—S)}
S. = =B { - -
2 = g1 Yol |z (1-9) k?kafcoshkal (3.40)

When x = H, since a shear force again exists, a concentrated horizontal
force must exist at the top, interacting between the coupled shear walls and the

flexural component, of magnitude,

_ EI kaH - sinhkoH }

Q2 = I WOH{ k?kofcoshkoH (3.41)

The force— deflection relationship for the flexural cantilever can be
expressed by,

d4
Elg—1% = wg = n, (3.42)

On differentiating Eq. 3.22, and multiplying by ElIp, the axial force flow

n, is then obtained from Eq. 3.42 as,

_ _EI { k2-1 coshkoH! + koaHsinhkoH(1-£) }
n, = Vol gz * kZcoshkall (3.43)

3.3.2 Interaction Between Two Pairs of Linked Coupled Walls

The structure considered is a plane system consisting of two pairs of
coupled shear walls interacting through pin—ended links, as shown in Figs. 3.3b
and 3.11. In addition, for generality, following the discussions in the two earlier
sections, the structure is assumed to include any number of linked independent
flexural cantilevers of total flexural rigidity EIg The case of a pair of linked

coupled shear walls is then obtained simply by putting EIg equal to zero.

Referring to Eq. 3.7, the conditions of compatibility for the pair of coupled
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shear walls can be expressed respectively as,

dzy b,3h, d2N, 1 1 1

gz * 12ET,,  dx2 ~ E ¢ i AN =0 (3.44)
d?y b,3h d2N 1,1 1
D2, 4™, 1 - _
lrgxr ¥ Tk, Tax? Ea; a0 (3.45)

in which the same terms for coupled shear walls are still used as in the
earlier section, the subscripts 1 and 2 being added to indicate the pair of the

coupled shear walls considered.

From Eq. 3.6, the moment— curvature relationships for the two coupled
shear walls are,

dz2y

EIC1—d?(—2— = M'l - l‘lN‘l (3.46)
2
Elg,=3 = M2 - LN (3.47)

in which EI~, and EI¢, are respectively the total flexural rigidities for the
two pairs of the coupled shear walls, and M, and M, are the bending moments

in the two coupled walls, respectively.

The moment— curvature relationship for any additional flexural cantilever

carrying a moment Mpg is given by,

d2
Elg—7% = Mg (3.48)

Addition of Egs. 3.46, 3.47 and 3.48 yields the overall moment— curvature
relationship as,

2
EI-SY = n - 1N, - LN, (3.49)

in which EI = Elc, + Elc, + Elp is the total flexural rigidity of all
the members, and the applied bending moment, which equals to the sum of the

bending moments in all members is, M = M, + M, + Mp.
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On eliminating any two of the three unknowns N,, N, and y from

2

Eqgs. 3.44, 3.45 and 3.49, the governing differential equations can be derived as:

For the axial forces N, and N 2

d4N d2N dz2mM

—szl - P,—a§zl + p,N, = -r, 32 + r1a22(k22—1)M (3.50)
d4N d2N d2M

_d‘x—42' - P1WZ + p,N, = —rz—-—dxj + r2a12(k,2-1)M (3.51)

For the deflection,

dsy ddy a2 1 [ doM dzM
T~ Prger t Prgr T EI{ =i " Peaxz t P4”} (3.52)

in which,

(3.53)
! b13h1IC1
Al
2
k1 ( A11A12112 * 1 ) (3.54)
121,12
0,2 = g b2-2 (3.55)
2 b23h2102
Al
2 .
k, (‘Z;Tﬁ;f%;? +1) (3.56)
P, = (k2 - —£§1)a,2 + (k,? - —lflll)az2 (3.57)
§
Py = @, 20,2(k, 2k,? - —L1k,2 - €2k, 7) (3.58)
Py = @, 2(k,2 = 1) + a,2(k,2 - 1) (3.59)
Pa = 0, 20,2(k,2 - 1)(k,2 - 1) (3.60)
I o, 2
r, - gj - (3.61)
1
r, = %2 G2’ (3.62)
2
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The solutions of Egs. 3.50, 3.51 and 3.52, will be of the form,
N, = C,cosh\;x + C,sinh\,;x + Cjcosh\,x + C,sinh\,x + N,*
(3.63)
N, = D,cosh\;x + D,sinh\;x + D cosh\,x + D, sinh\,x + Nz*
(3.64)
y = K, + K,x + K;coshh;x + K, sinh\,x
+ K coshh,x + Kgsinhh,x + y* (3.65)
in which C, to C,, D, to D, and K, to K, are integration constants

which must be determined from the appropriate boundary conditions, N,”, N,

and y* are particular integral solutions for specific load cases, and *\, and #\,,
are the four roots of the homogeneous equation for the differential equations
3.50, 3.51 and 3.52, which is,
AN - p, A2+ p,=0 (3.66)
The four roots are then given by,

1 —
A2 = —7—(p1 t/ p,? - 4p, ) (3.67)

As it is known that, I } Ic, + Ic,, it is not difficult to prove from

Eq. 3.57 and 3.48 that both p, and p, ) 0, and it can be shown that,

I I 2 Io, 1
P2 - b4py = [(k1 - ——%2)a12 - (ky- "_%l)azz] + 4a1za22__Q%TQ1

(3.68)
Hence, p,2 — 4p, 3 0, so,

Py + /P T - GP; ) > O (3.69a)

and,

—_— 1
%(FH - ‘/p12 - l’Pz ) ? T(p1 - ‘/5-1_5 ) =0 (369b)
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From the expression 3.69, the right side of Eq. 3.67 must have real and
non— negative values. The four roots determined by Eq. 3.67 must then have real
values, which is necessary for the solutions given by Egs. 3.63, 3.64 and 3.65 to

exist in those forms.

By considering the conditions of compatibility and equilibrium at the top
and bottom of the structure, appropriate boundary conditions may be deduced in
terms of the axial forces or the deflection. If the structure is rigidly built in at
the base and free at the top, the boundary conditions in both cases can be

shown to be,

Case 1. In terms of the axial forces N, or N,,

(a) At x = H, N; =0 (i =1,2) (3.70)
(b) At % = O, -%gi -0 (3.71)

As it is known that at x = H, N; = 0, and d?y/dx?2 = 0, so from
Egs. 3.44 and 3.45, it is shown that,

2N .
() At x=H, —SNi-o0 (3.72)

On differentiating Eq. 3.44 or 3.45, it can be shown that,

d3N; dN ;
dxaL - (ka-l)ajzli———i =0 (3.73)

Y
5 t L dx

Eliafz

d3
dx
On differentiating Eq. 3.49, it is found that,

dsy M an, aN

El—3=5— =~ ~ L, v el L, dxz (3.74)
Since, at x = 0, dN;/dx = 0, the final base boundary conditions needed
can be deduced as,
(@ At x =0, SN fjot dH (3.75)

dx3 Il dx
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Case 2. In terms of the deflection y,

(a) At x =0, y=0 (3.76)

b dy

(b) At x =0, I - (3.77)
2

(c) At x = H, -%§§ -0 (3.78)

and from Egs. 3.71 and 3.74

d3y dM
Since from Eq. 3.72, at x = H, d2N/dx2 = 0, on differentiating

Eq. 3.74, the fifth boundary condition becomes,

4q 2
(e) At x = H, EI—%§§ - -%§¥- (3.80)

Further, on differentiating Eq. 3.74 twice, and using Eq. 3.75 to obtain the

third derivative of N, the final boundary condition becomes,

(f) At x =0,
dSy  d3M Ic, . 5 I 2y dM
El—g5s = v~ (TFe? + —fret) g (3.81)

For the case of a uniformly distributed lateral load of intensity w,, the

particular solutions can be chosen to be,

x _ 0,2(k,2-1)w,r, H? { 1 1 (1-2)2} r,w,
N7 = = oomz oLzt T2 Tz
(3.82)

No* o @2k 2-1)wr H? { 'R S (1-2)2} . szwo

2 N, 2N, 2 S ) R ¢ W) E: 2 2),?
(3.83)
x  WwoH? o, 2(k 2—1)0{22(1622—1){___1_ 1 1 E4-4E3+6E2 }
Y= = TS AW LI oW L2 2%
_ _woH? o %(k;2-1) + 0p2(k,?-1) (3.84)

2EI N 2N,
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The four constants C, to C, then can be determined from the boundary

conditions of Egs. 3.70, 3.71, 3.72 and 3.75, leading to the following expressions,

ey = rwgrelope ) Gl D e
C, = -r,wyH? ai:glzijzfiz-z_)ilz (3.86)
s = rwor Lo lCalsia £ D G
C, = rywH-%22{ka?"1) - Ap* (3.88)

N2\, Z-N, 2)N,H

The expressions for the constants D, to D, can be obtained simply by
changing the subscripts of 7, o and k from 1 to 2. The constants K, to K, in
Eq. 3.65 can also be determined from the boundary conditions in terms of the
deflection y provided by Egs. 3.76 to 3.81. However, instead of solving 6
equations to determine 6 constants, the solution for the deflection can also be
obtained by integrating Eq. 3.49, in which the two axial forces are already
known. In this case, only two boundary conditions in terms of the deflection y

are required to determine the two integration constants. Then,

Ely = K5 + Kpx - l,JJN1dxdx - lzijzdxdx + JJdedx (3.89)

in which K, and Kp are the two integration constants concerned.

On eliminating the deflection y from Eqgs. 3.46 to 3.49 , the resultant

bending moments in the three components can be obtained as,

M, = _igl(m — LN, - L,N,) + LN, (3.90)
M, = LC2m - [N, - LN,) + LN, (3.91)

Mg = —B-( - LN, - L,Ny) (3.92)
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On differentiating Eqs. 3.90 to 3.92, the resultant shears in the three

components can be obtained as,

_ Ig,,  am dN dN dN
54 I ( dx + L dx1 + L dxz) - 11_E§l (3.93)
_ Ig,, M dw, dN dN
S, i ( = + 1, e + 1, d:xz) - lz——zdx (3.94)
I dM dN dN
Sp = _TB(- = t L dx] + L dxz) (3.95)

in which §,, §, and Sp are the resultant shears exerted on the two pairs

of coupled shear walls and the flexural cantilever, respectively.

The differentiation of Egs. 3.93 to 3.94 will yield the expressions for the

resultant distributed forces on the three components, respectively as,

I dzym d2N d2N d2N

o= =g - Lt T gt Lt (3.96)
I d2m d2N d2N d2N

w, = —%2(——7' -1, dx21 -1, dxzz) + [ ,——2 (3.97)

_ Ip, d2m d2N, _ d?N,
VB I ( dx? Ly dx? I dx? )

(3.98)

3.3.3 Interaction Between Coupled Shear Walls and Shear Cantilevers

The structural system considered consists of a pair of coupled shear walls
interacting with a shear cantilever. For generality, the structure is also assumed to
include a flexural cantilever of flexural rigidity EIg, which is linked to the other

two components, as shown in Figs. 3.3c and 3.12.

The compatibility equation, Eq. 3.7, again applies for the coupled shear

walls. That is,
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dzy b3 h d2N 1 1 1
I + E[ A + ]N

axz " TI2ET, Tax? - St IN=0 (3.99)

The force— deformation relationships for the three components in the

structure will be:

Coupled shear walls,

2
EISY = hg - N (3.100)

in which My is the moment in the coupled shear walls, and
Elc = EI, + EI, is the sum of the flexural stiffnesses of the coupled shear

walls.

Shear cantilever,

64y - sg-- Ls (3.101)

in which S¢ and Mg are the shear and moment in the shear cantilever.

Flexural cantilever,

d?2y

in which Mp is the bending moment in the flexural cantilever.

The addition of above equations 3.100, 3.101 and 3.102 yields the overall

force— deformation relationship,

d3y dy 1 { dv dN }
o - P ae T El I (3.103)

in which M = Mg + Mg + Mp is the applied bending moment, and,

GA
2 = —_— 3.104

where EI = EI- + Elp.
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On eliminating either N or y from Egs. 3.99 and 3.103, the governing

differential equations for the deflection and the axial force are obtained as,

d°y d3 d 1 [ d3m dm
- (k202+B2)—% + (k2-1)a22-SY - { - (k2-1)a? }
axs "~ ¢ Bz + (2-Datpr— BTl axs - kDei—g
(3.105)
d4N d2N 2 g2
—p - (K)o + (k2-Do2eaN = - 22 I (3.106)

in which k and o are defined in Eqs. 3.38 and 3.39 in which I is now

defined as, I = I¢o + Ip.

The general solutions of Egs. 3.105 and 3.106 will be of the forms:

For the deflection y,

y = C,cosh\;x + C,sinh\;x + C cosh\,x + C sinh\, x
+ Cg + y* (3.107)

For the axial force N,
N = D,cosh\;x + D,sinh\;x + D,cosh\,x + D, sinh\,x + N*
(3.108)
in which y* and N* are particular integral solutions for specific load cases,
C, to C,, and D, to D, are integration constants which must be determined
from the appropriate boundary conditions, and *\, and *\, are again the four
roots of the homogeneous polynomial equation which is given by,

A - (k2024+82)N2 + (k2-1)a?B? = 0 (3.109)

The four roots are obtained from,

k202+B2 * / (kZa2+B2)2-4(k2-1)a?p?
2

A2 = (3.110)

The roots may again be readily proved to be real.
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For the structure which is rigidly built in at the base and free at the top,

by considering the conditions of compatibility and equilibrium, the boundary

conditions in the two cases become,

Case 1. In terms of deflection y,

At x =0, y =0 (3.111)
- dy _
At x =0, ¥ - (3.112)
2
At x = H, S¥ =0 (3.113)

Referring to Eq. 3.79,

- ddy _ _dM

And referring to Eq. 3.80

4 2
At x = H, IS - 37 (3.115)

Case 2. In terms of axial forces N,

At x = H, N=20 (3.116)
dN

At x =0, p remiin 0 (3.117)
d2nN

At IX.=H, —d;CT=0 (3118)

On differentiating Eq. 3.99, it can be shown that,

dzN

T - (k*-Da?l

dN
~ = 0 (3.119)

d3y
Elx? 3 + 1 i

It then follows from Egs. 3.114 and 2.117 that,

d3N «? dM
At x = 0, 3 T T T Tax (3.120)

In the case of a uniformly distributed distributed lateral load with an

intensity of w, the expression for the applied moment is given by Eq. 3.20, and
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the particular solutions in Egs. 3.107 and 3.108 may be chosen to be,

% w,H? x |2

o= e - ) (3.121)
and,
N = - — Yo (3.122)
(k2-1)B?1 )

The constants in Egs. 3.107 '‘and 3.108, are then determined from the

boundary conditions of Egs. 3.111 to 3.120 as,

woH?2  fB2-\,2 1 + \,Hsinh\,H

© - EIBZ N 2-\,?2 (N,H) Zcosh\ | H (3.123)
oo w1
SR TIvATY
com R
Cs - Z?gz { ; ) %123x22 [ £ _(:f;;gio:h::gSinhx1H)
@ |
e v M ¥ )K= Y (3.128)
D, - z(x?gfifz) x?n (3.129)
Dy z<¥?fff:z> 1(122§§222222§ (3.130)
D, = - z(rfgi$:2) xin (3.131)

By eliminating y from Eq. 3.99, 3.100 and 3.102, the expressions for the
resultant bending moments in the coupled shear walls and the flexural cantilever,

in terms of N, are obtained as,
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I 1 d2N

Mg = - _I_CI{W 7 - (k2-1)N } + IN (3.132)
I 1 d2N

Mg = - _IBI{_? 0 - (k2-1)N } (3.133)

The moment in the shear cantilever then can be obtained by subtracting
Mc and Mp from the applied moment, which yields,

1 d2N

On differentiating Eqs. 3.132, 3.133 and 3.134, the resultant shear in the

three components are then obtained respectively as,

- gl BN ey ] dN
S¢ = 4|57 g5 - k2-D)— — (3.135)
=_IB{Lﬂ_ 2_ _d_"’_}
sp = l|—7 g5 - k2-1)— (3.136)
1 dsN dN
Sg = woH(1 - =) - z{-a3 T - kP } (3.137)

On further differentiating the shears from Egs. 3.135, 3.136 and 3.137, the

resultant distributed forces in the three components are obtained as,

I 1 4N 2 d2N } d2N
ve = - —I_Cl{? o - KD + gz (3.138)
I 1 dN d2N
wp = - k{1 G )-8 ] (3.139)
and,
1 dN d2N
WS = WO + I{F ax3 - k2 ax2 } (3.140)

In Egs. 3.132 to 3.140, the subscripts C, B and S refer to coupled shear

walls, the flexural cantilever and the shear cantilever, respectively.
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3.4 Numerical Examples

Example 1. Coupled shear walls subjected to lateral load

In order the examine the continuum theory of coupled shear walls

presented in Section 3.2, two representative examples of coupled shear walls

individually subjected to wuniformly distributed lateral loads are considered as

follows:

The original data for the examples are,

Storey height h 2.8 m

Number of storeys 30

Total height H 84 m

Modulus of elasticity E 1.40 X 107 kN/m?2
Uniformly distributed load w, 10 kN/m

Coupled shear walls 1:

Depths of the two walls D, =55m D, =4.5m
Clear span of the beams b 2.0m
Depths of the connecting beams Dj 0.4 m

Thickness of the walls and beams t 0.3 m

Coupled shear walls 2:

Depths of the two walls D, =4.5m D, =4.0m
Clear span of the beams b 3.5 m
Depths of the connecting beams Dp 0.4 m

Thickness of the walls and beams t 0.3 m
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The calculated parameters are:

Coupled shear wall 1:
EI = 9.0125 X 107 kKN m?
k =1.084868
a = 0.076652 m™?

koH = 6.9853

Coupled shear wall 2:
EI = 5.4294 X 107 kN m2
k = 1.049588
o = 0.048896 m™!

koH

I
&~

.3109

The solutions of the present method are compared with the results obtained
from the FLASH program using the wide— column frame analogy. The result
curves are shown in Figs. 3.13 to 3.20 for the two examples, in which, unless
specified, the thicker (smooth) lines refer to the results obtained from the present
method, and the thinner (discontinuous) lines refer to the results obtained from
the FLASH program. Fig. 3.13 shows the deflection curves for the two pairs of
coupled shear walls from which it can be seen that both the continuum method
and the FLASH program produce almost exactly the same results so that the two
pairs of the curves are almost identical. Figs. 3.14 to 3.16 show respectively the
axial forces in the walls, the shear flows in the connecting beams, and the axial
force flows in the connecting beams, for the two examples. Figs. 3.17 and 3.19
show the moments and the shears in the two walls of the first pair of coupled
shear walls, and Figs. 3.18 and 3.20 show the same curves for the second pair of

coupled shear walls. From these two examples, it can be seen that compared with
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the more exact finite element method the continuum hand method gives extremely
accurate results for coupled shear wall structures. It is worth noting that both

examples are unequal— wall coupled shear wall structures.

Example 2. Interaction Between Two Pairs of Coupled Shear Walls

This example considers the analysis of two pairs of linked coupled shear
walls subjected to a uniformly distributed lateral load, w, = 20 kN/m, using the
method presented in Section 3.3.2. The two pairs of coupled walls in Example 1
are still used in this example with the same original data and parameters
presented in Example 1. The additional parameters needed in this analysis are as

follows:

New parameters:

A

0.0739465 m~', X\,H = 6.173553

A

, = 0.0194942 m=', \,H = 1.637511

Integration constants:

C, =-111.8205 kN, D, = -20,9830 kN

1
C, = 111.7492 kN, D, = 20.9696 kN
= 184.9143 kN, D, =-197.0646 kN
C, =-159.9632 kN, D, = 170.4740 kN
K, = 2.98623 x 1075 m X EI

Kp = 7.41286 x 1072 m X EI

The solution of the analysis is then compared with the 'FLASH' results,
shown in Fig. 3.21, for the deflection, Fig. 3.22, for the axial forces, and

Figs. 3.23, 3.24 and 3.25, for the load distributions, the shear distributions and
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the moment distributions, respectively, for the two pairs of coupled shear walls.

From all the curves, it can be concluded that the analysis produces very
good results compared with those obtained from the more ‘'exact' computer finite

element method, the FLASH program.

Example 3. Interaction Between Coupled Shear Walls and Shear Cantilever

This example considers the analysis of the interaction between a pair of
coupled shear walls and a shear cantilever —— a 5—span lumped rigid frame,
subjected to a uniformly distributed lateral load, w, = 20 kN,‘n)using the method
presented in Section 3.3.3. The coupled shear walls used in this example is
Coupled Shear Walls 1 in Example 1. The lumped rigid frame which represents

three identical frames is described as follows:

Lumped rigid frame (total stiffnesses):

Beam spans b; (i =1 to 5) 2.5, 3.0, 2.0, 2.5, 2.0 m
Inertias of beams Ip; 4.,0000 x 1073 m4
Column storey heights h, 2.80m

Inertias of columns I,; (i =1 to 6) 1.5625 X 1072 m*

From Eq. 2.15,

GA = 4.,0287 X 105 kN

Calculated parameters:

a = 0.076652 m™!
k = 1.084868
B = 0.066859 m™!
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Ay = 0.1046967 m~', X\,H = 8.794520

A, = 0.0205904 m=', \,H = 1.729597
Integration constants:

C, = 0.0152945 m

€, =-0.0152940 m

C, = 0.1419560 m
€, =-0.1247595 m
Cy = 0.0178928 m
D, =-1278.2374 kN
D, = 1278.1934 kN
D, = 7395.0996 kN

D, =-6499.2578 kN

The solution of the analysis is compared with the FLASH results, noting
that, in the FLASH analysis, the influence of the axial deformations in the
columns of the frames, or the overall axial bending effect is suppressed by
specifying large values of the cross— sectional areas of the columns since it is not

included in the shear cantilever model.

The comparison curves are shown in Fig. 3.26 for the deflection, in
Fig. 3.27 for the axial forces in the coupled shear walls, and in Figs. 3.27, 3.28
and 3.29 for the load distribution, the shear distribution and the moment
distribution between the two elements, respectively. It can be seen that very
accurate results are obtained from the present method when compared with the

FLASH analysis.
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CHAPTER 4
ANALYSIS OF WALL- FRAME STRUCTURES (PART TWO)

— REVISED WALL- FRAME THEORY

4.1 Introduction

The modes of load— deformation behaviour of plane shear walls, cores and
planar rigid frames have been discussed in Chapter 2. A simplified method of
analysis of interacting shear walls and rigid frames was presented, corresponding
to that presented by Heidebrecht and Stafford Smith (cf. Ref. 9). It has been
shown that this wall—frame theory tends to give incorrect results, especially for
the deflections, when the structure is very high, say over 20 storeys. The
discrepancy is due to the influence of the axial deformations in the columns of
the frames, giving rise to an overall bending effect which is neglected for
low—rise structures. In this chapter, a revised wall—frame theory is presented to
take into account of such effects in the frames, leading to a generalized method
of analysis for wall— frame structures. In the analysis, only a uniformly distributed
lateral load is considered. The solutions for the other two standard load cases are

presented in Appendix 3.

4.2 Basic Mathematical Model and Governing Equations

The structure is assumed to consist of two types of vertical cantilever
beams, one of which is a flexural cantilever, whose mode of load— deformation
behaviour is governed by Egs. 2.1 or 2.2, the other being a ‘'shear— flexural’
cantilever whose mode of load— deformation behaviour is defined as such that,
when subjected to a lateral load, two independent deformations occur. One is a

shearing deformation y,, which depends on the shearing rigidity GA, and the
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other is an overall bending deformation y,, depending on the overall bending

rigidity, ET f The equations governing the behaviour of the two types of beam,

referring to Figs. 4.1a and 4.1b, are:

For the flexural cantilever,
d4
EI-3 3B - wp() (4.1)

For the composite shear— flexural cantilever,

d2y |

and,

d4y

Elfgza™

wg (%) (4.3)

and, yg = yg; * ¥s; (4.4)

in which yp(x) is the deflection of the flexural beam, wp(x) and wg(x) are
the distributed lateral loads acting on the flexural and shear— flexural cantilevers,
respectively, EIp is the flexural rigidity of the flexural cantilever, and the
subscripts, B and S, refer to the flexural and the shear— flexural cantilevers,

respectively.

Consider now the case in which the shear— flexural and the flexural beams
are linked to deflect identically throughout their height, subjected together to an
external applied distributed lateral load w(x), as shown in Fig. 4.2a. A distributed
horizontal interactive force of magnitude ¢(x), and a concentrated top interaction
force of magnitude Q are then required to maintain this compatibility, as shown

in Fig. 4.2b.

The equations governing the flexural and the shear— flexural -cantilever

beams, referring to Fig. 4.2b, are then given by,
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EI aAna =w - q (4.5)
2y
- GA—31t =¢ (4.6)

and,

d4y

EI prvr i q

4.7)

in which y, and y, are the two types of deflection occurring in the
shear— flexural cantilever, the sum of which is the total lateral deflection y. That
is,

y=y1%tY, (4.8)

In addition, the equations for the shears and moments in the two types of
cantilever beam are,

d2y

Mp = El—g25— (4.9)
-9 _ g 4%
SB dx EI dx3 (4.10)

d2

Mg = EIp—o 32 (4.11)

3
Ss = 6A- - g1 Y (4.12)

On differentiating Eq. 4.6 twice, dividing through by — GA, and dividing
Eq. 4.7 by EI f subject to Eq. 4.8, the equation governing the load— deformation

behaviour of the shear— flexural cantilever becomes,

ax2 CA “axz Elf 1

d4y 1 d2q 1 4.13)

On eliminating either y or g from Egs. 4.12 and 4.13, the governing
differential equations for the combined cantilever beam, in terms of g or y can
be derived as,

d2q

> k?202q = - a?w (4.14)
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and,

dsy 2.2 4%y 1  d?%w 1

I e iy de Elf " (4.15)
in which,

. _ GCGA
ac = FEI (4.16)
EI
2 o =
k 1+ Elf (4.17)

The general solutions of Eqs. 4.8 and 4.9 can be written in the form,

C,coshkox + C,sinhkax + g* (4.18)

Q
I

y = Dy +D,»x +D;x2 +D,x3 +D coshkax +D sinhkox + y* (4.19)

in which C, and C,, and D, to D, are integration constants which must
be determined from the appropriate boundary conditions, and ¢* and y* are

particular integral solutions for specific load cases.

4.3 Boundary Conditions and Solutions for Uniformly Distributed Lateral Load

The structure is regarded as a vertical cantilever beam which is rigidly built
in at the base and free at the top. By considering the conditions of zero
deflection and rotation at the base, and zero moment at the top, the appropriate
boundary conditions in terms of the interactive force flow, g, can be deduced as

follows:

(a) At x = H, Mg= Mg = 0, and hence from Egs. 4.9 and 4.1,
d2y/dx? = d2y,/dx2 = 0. It then can be deduced from Eq. 4.8 that,

d?y,/dx?2 = 0, and from Eq. 4.6, it follows that,

q(H) =0 (4.20)
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() At x = 0, dy/dx = 0. Since y, represents a flexural deformation, from the
nature of the flexural beam, it can be assumed that at x = 0, dy Jdx = 0 It
follows that dy,/dx = 0, and from Eq. 4.12, S¢g = 0. It then follows that
d3y,/dx® = 0. This indicates that at the base of the structure, the flexural

cantilever carries the total applied shear, which is, from Eq. 4.10,

At x = 0,
- ey { ddy, , _d% } d?y
SB = _EI—_dF = -FI dX31 + dxsz = —EI——d;,'-a—L = SU (4.21)

in which §, is the total applied shear at the base. For a uniformly

distributed lateral load of intensity w , §, = w H.

On differentiating Eq. 4.6, and using Egs. 4.16 and 4.21, it follows that,
dg o,
E(O) = 02§, (4.22)
For the case of a uniformly distributed lateral load of intensity w, the
particular solution g*(x) of Eq. 4.14 can be chosen to be,
qF = —% (4.23)

The two constants in Eq. 4.18 are then determined from the boundary

conditions given by Egs. 4.20 and 4.22 as,

1 + koHsinhkoH
- - w 4. 24
¢, kZ2coshkoH 0 ( )

c, - -%—WOH (4.25)

The expression for the interactive force intensity ¢ then can be written as,

coshkaHt + koHsinhkaH(1-%) }

coshkoH (4.26)

q(§) = —Eg—{ 1 -

in which ¢ = x/H is the dimensionless height coordinate.
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The resultant distributed forces carried by the two components, referring to

Fig. 4.2b, are obtained as,

qp = Wy - ¢

_ { k2-1 . _coshkoHt + kaHsinhkaH(l—E)}w
0

k? k2coshkoH (4.27)
and,

1 coshkaHt + koHsinhkoH(1-£)
s = 9 = { k? ~ k2coshkoH Yo (4.28)

Instead of solving for the deflection in Eq. 4.19, in which six integration
constants must be determined from six boundary conditions, the deflection can

alternatively be obtained from Eq. 4.5, in which qg = w, — ¢ is known from

Eq. 4.27. On integrating Eq. 4.5 four times and dividing through by EI, the

expression for the deflection y can be written as,

y() = wﬂﬁ{ k2 - 154 + coshkoH: + koHsinhkoH(1-%)
EI 24k? k2 (kaH) “coshkaH
+ K, + Kb + K82 + K,t°8 } (4.29)

in which K, to K, are integration constants which also must be determined

from the appropriate boundary conditions.

By considering the structure as described above for obtaining the boundary
conditions in terms of g in Egs. 4.20 to 4.22, the four boundary conditions in

terms of y can be shown to be,

(a) y(0) =0 (4.30)
dy _ (4.31)
(b) (0 =0
- e %Yoy - (4.32)
(c) Mp(H) = El—gz3(H) = 0

and,
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3
(d) Sp(0) = ~EI-S2(0) = S, = woH (4.33)

Determining the four constants in Eq. 4.29 from the above boundary

conditions leads to the following expression for the deflection,

1 g2
KT (kal)Z¢ - )

H4| k2-1
- —WET{W““ - 487+ 6E7) +

coshkoH: + kaHsinhkaH(1-%() - koHsinhkoH - 1 }

k2 (kaH) 9coshkoH (4.34)

On differentiating the deflection twice, and multiplying by EI (Eq. 4.9), the

moment in the flexural cantilever is obtained as,

k2-1 coshkaHt + koHsinhkoH(1-£) - coshkoH }
_ 2 _£y2
Mp = woH { Rz (187 + K2 (kall) Zcoshkall

(4.35)

By subtracting Eq. 4.35 from the total applied moment (3iw H?(1—§£)?2),

the moment in the shear— flexural cantilever is obtained as,

1 (1-£)2 - coshkaHt + koHsinhkoH(1-£() - coshkoH }
2k? k2 (koH) 2coshkoH

Mg = WOHZ{
(4.36)

On differentiating Eqgs. 4.35 and 4.36, and changing the signs, the shears in

the two components are obtained as,

k2-1 sinhkoH: - kchoshkaH(l—E)}
SB = WU”{“E3'(1‘£) - k2 (koll) coshkal (4.37)
and,

1 sinhkoHE - kchoshkaH(l—E)}
Ss = WDH{?(]'_E) + kZ(koH) coshkoH (4.38)



-86-

4.4 Structural Rigidity Parameters, EI, GA and EIl,
£

It has been shown that the two components which comprise the structure
involve three distinct structural rigidity parameters, EI, GA and EI fr representing
three different modes of deformation behaviour. The three rigidities can be

defined as follows:

(1) EI, as described in Chapter 2, expresses the flexural rigidity of any flexural
components, such as shear walls or cores which are continuous up the height of

the structure.

2) GA is an equivalent shear rigidity for planar rigid frames defined by

Eq. 2.15 in Chapter 2.

(3) EI f> as introduced in this chapter, is another flexural rigidity which
represents the overall bending action for a rigid frame. By considering the total
moment resistance from the axial stiffness of the columns, this rigidity can be
obtained from the second moment of area of the column sections about the
common centroidal axis of all the columns, assuming that the horizontal beams

connecting the columns are rigid. That is, referring to Fig. 4.3,
n
Elp = JEA;Z;? (4.39)

in which A; is the cross— sectional area of the column i, and Z; is the
distance from the column i to the common centroidal axis of all the columns in

the frame.
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4.5 Numerical Examples

For a comparison of the revised and the original simple wall— frame
methods, the example wall—frame structure used in Chapter 2 is again

considered.

In addition to the original data provided in Section 2.3.3, the overall

flexural rigidity EI f for the four frames is now determined from Eq. 4.39 as,

Elg = 7.168 X 108 N m?

The parameters are then:

o = 0,0446 m™?

k =1.0933
For case 1 koH = 2.0462,
For case 2 koH = 5.4564

On using the present revised wall—frame method, and comparing with the
results of the finite element method from the 'FLASH' program, the resulting
curves are shown for case 1 in Figs. 4.4a to 4.4d, and for case 2 in Figs. 4.5a
to 4.5d. In the Figures, unless specified, the thicker lines refer to the present
method, and the thinner lines to the 'FLASH' results. It can be seen from these
curves that the present method, which takes into account the effects of the axial
deformations of the columns in the frames, improves significantly the accuracy for

high— rise wall— frame structures.
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4.6 Design Curves

On inspecting the resulting force equations 4.27, 4.28 and 4.35 to 4.36, it
can be seen that all these equations contain two significant parts. The first part
of every equation always consists of an external force term with a multiplier of
(k2—1)/k? for the flexural component and 1/k2 for the composite shear— flexure
component. The second part of every equation is always a function of hyperbolic
sines and cosines involving the parameters koH and k. If the parameter k2 is
taken out of the overall bracket, this part only involves kaH. In considering this,

the equations can be re— written in the following forms:

For the loads distributed in the two components:

qB = —{—%—{(k2 - 1+ F,| (4.40)
qs = _J_Zz {1 - F1} (4.41)
in which,
_ coshkoHf + koHsinhkoH(1-%)
F, = coshkoH (4.42)
For the shears in the two components:
sp- 2z - na - - F.) (4.43)
H
ss = 2 {1 - o)+, (4.44)
in which,
2 kaHcoshkoH
and,
F, 1 _dF, (4.46)

~ (kaH)? df
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For the moments in the two components:

wH?2 1 - 2
Mg = -%5—{ (k2 - LS8, g (4.47)
and,

w H?2 1
MS = ——ﬂz—{ —2——(1 -£)2 + FS} (4.48)
in which,
F. = coshkoHt! + kaHsinhkoaH(1-() - coshkoH 4 49

8 (ko) 2coshkoaH (4.49)

Similarly, the expression for the deflection can be re— written as,

 woHA[ k-1 1 g2 F
y = ‘E%E?{‘“fZ“(E4 - A8 4 68 + —peyr(E - ) (ka§)4}

(4.50)

in which,

coshkoHt + koHsinhkoH(1-t) - koHsinhkoH - 1

Fq= coshkoH

(4.51)

It can be seen in Eq. 4.50 that the first part can be recognized as the
deflection equation for a flexural cantilever subjected to a uniformly distributed

lateral load of intensity w, multiplied by (k?2—1)/k?, or,

k2-1 w.H?
= = 0" (&4 - 3 2 ;
Ya= —z —pagrEt - 4% + 687 (4.52)

The second part, by substituting for o? from Eq. 4.16, becomes the
deflection equation of a shear cantilever of shear rigidity GA, subjected to a
uniformly distributed lateral load of intensity w g, multiplied by 1/k4, or,

1

H?
= —e ¢ - )

(4.53)
The complete solution of wall—frame structures can thus be expressed in

terms of four relatively simple functions F, F, F, and F, of the basic

structural parameters koH, and the height coordinate .
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The variations of the functions F., F,, F, and F, with height, for
different values of kaH covering a wide range of practical situations for
wall— frame structures, are shown in Figs. 4.6a, 4.6b, 4.6c and 4.6d. These
figures can be used directly as design curves for calculating the the deflections
and forces in practical structures, and especially in applying the method to

three— dimensional structural analysis which will be discussed in Chapter 5.

4,7 The Present Method and The Continuum Theory of Coupled Shear Walls —

A _ General Family of Wall— Frame Cantilever Structures

It can be seen from Egs. 4.26 and 4.34 that the equations for the
interactive forces and the deflection are written in terms of two dimensionless
parameters k and koH, in which o and k are defined respectively by Egs. 4.16
and 4.17. By comparing the present method with the simple wall— frame theory
given in Chapter 2, it can be shown that the presentation of the additional
overall bending deformation in the shear cantilever leads to the appearance of the
parameter k in the interaction analysis. This parameter k relates closely to the
overall bending rigidity of the shear— flexure cantilever. In the case of k¥ = 1,
the shear— flexure cantilever becomes a pure shear cantilever because of the
implied infinite value of EI f and hence the non— existence of the overall bending
deformation. The present method then reverts to the same equations as that of
the simple wall—frame theory. Thus the parameter kK may be regarded as the
parameter which governs the effect of the overall bending of the shear— flexural

cantilever, or the influence of axial deformations in the columns of the frame.

It can be recognized that the expression for the deflection given by
Eq. 4.34 is of exactly the same form as that for coupled shear walls in Eq. 3.22

which is also written in terms of two parameters o« and k. By considering the
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definitions of the two parameters o and k from Eqgs. 4.16 and 4.17, and
comparing them with those defined for coupled shear walls in Egs. 3.10 and
3.11, it can be seen that the coupled shear walls can be interpreted also as
having three structural rigidities which represent three primary modes of
deformation behaviour. These are, the flexural rigidity EI, the racking shear
rigidity GA and the overall bending rigidity EI f- For a pair of coupled shear

walls, the three rigidities can be characterized and determined as follows:

(1) The flexural rigidity EI is sum of the flexural rigidities of the two shear

walls, EI = EI, + EI,.

(2) The racking shear rigidity of a coupled shear wall structure depends on the
flexural rigidity of the connecting beams, and the width and spacing of the walls.
Referring to the storey— height module shown in Fig. 4.7, the equivalent shear
rigidity of the coupled shear wall system is given by,

2

From Eq. 4.16, the parameter o for the coupled shear wall structure is
then,

2
o= GA _ 121pl

4.55
EI b3hnI ( )

This equation corroborates Eq. 3.10.

(3)  The overall bending rigidity EIy, similar to that for rigid frames in
Eq. 4.39, can be obtained from the second moment of area of the wall sections
about the common centroidal axis. Referring to Fig. 4.8, that is,

El¢ = E(AZ,% + A,Z,%) (4.56)

in which A, and A, are the cross— sectional areas of the two walls, and
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Z, and Z, are the distances from the wall centroidal axes to the common

centroidal axis of the two walls, which can be determined by, zZ, + Z,=1

’

and Z,A, = Z,A,, where | is the distance between the wall axes. Eq. 4.42

then becomes,

AA 12
= F—m1—-2___
Elf = B (4.57)

From Eq. 4.17, the parameter k for the coupled shear wall structure is,

EI (A+A) T
= = —1 27
k=1+ £T; L+ =254 (4.58)

This equation also corroborates Eq. 3.11.

From the above discussion, it can be concluded that the revised wall— frame
method presented can be considered as a generalized method for a class of
cantilever structures, provided that the structure can be regarded as an equivalent
assembly with three appropriate structural stiffnesses representing three distinct
modes of load— deformation behaviour. These structures, including interacting
wall— frame structures, coupled shear walls, planar rigid and braced frames, can
be regarded as a general family of wall—frame structures. It should be noted
that, when applying the method to a rigid frame structure without interacting
shear walls, the flexural rigidities of the individual columns contribute to the total
flexural rigidity EI, although they may generally be neglected when interacting
shear walls are involved, since their flexural rigidities are very small when
compared to those from the shear walls. Braced frames and rigidly jointed
wall— frame assemblies, which also can be considered as the members of the
wall~ frame structure family, are not included in this thesis, but are treated in

Ref. 18.
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CHAPTER 5
SIMPLIFIED ANALYSIS OF REGULAR THREE— DIMENSIONAL

WALL—- FRAME STRUCTURES SUBJECTED TO BENDING AND TORSION

5.1 Introduction

In the previous chapters, the modes of load— deformation behaviour of
various high—rise structural cantilevers and their interactions have been discussed.
These structural cantilevers, plane shear walls, cores, rigid frames and coupled
shear walls, represent almost all types of high—rise structural bents which,
individually or in combination, are usually employed in tall building structures to
resist both horizontal and gravitational loads. It has been shown that, when these
various types of cantilevers are combined in a tall building structure and subjected
to lateral loads, the differences in their modes of load— deformation behaviour will
cause them to interact horizontally through the connecting slabs and hence
significant lateral force redistributions will occur in these elements. The analyses
of the interactions for a combination of any two types of cantilevers, in addition
to a pure flexural cantilever, have been presented in the previous chapters. The
analyses can be applied directly to regular symmetric tall building structures which
consist of combinations of two types of cantilevers only, combined with any
number of pure flexural cantilevers, subjected to pure bending action. However,
most tall building structures are composed of many types of high—rise bents in
order to meet different architectural requirement as well as satisfactory structural
performance. For the reason that it has not been found possible to achieve a
general closed— form mathematical solution for a complex three— dimensional
structure which involves more than three interactive assemblies, and even more
difficult when torsion takes place due to either asymmetry of building plan or

eccentricity of external loading, an approximate method is now developed for the
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analysis of regular symmetric three— dimensional high— rise wall— frame structures
subjected to pure bending action, based on the revised wall— frame theory. The
method is then extended to the analysis of more complex three— dimensional
asymmetric structures subjected to bending and torsion. The structures considered
may consist of any number of parallel cantilever bents, including flexural
cantilevers such as plane shear walls and cores, and shear— flexural cantilevers
such as coupled shear walls and rigid frames. Other types of cantilevers such as
braced frames and rigid jointed wall— frame assemblies can also be included, but

are not included in the chapter. Typical planforms for such structures are shown

in Fig. 5.1.

Although the majority of structures contain bents which are parallel or
orthogonal, occasionally some exist at an angle to the main axes. If the structure
includes any inclined bents, the same techniques may be used provided that the

appropriate stiffness components of the inclined bents are used.

5.2 Basic_Assumptions

(1) The structure is considered to be umiform with all the components having

constant properties throughout their height.

(2) The structure is considered to consist of parallel assemblies which can be
diw)ided into two types. The first type is the flexural cantilever which is
characterized by its flexural rigidity EI. This includes plane shear walls and any
cores which undergo pure flexural deformation. The second type is a group of
cantilevers which have been classified as a family of shear— flexure cantilevers
including coupled shear walls, and rigid and braced frames. Such cantilevers can

be represented by equivalent interacting wall—frame assemblies, each having three
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effective rigidities, representing their three primary modes of load— deformation

behaviour.

(3) The floor slabs connecting all the assemblies at every storey level are
considered to have such large in— plane stiffnesses that they are assumed to be
rigid in their own plane. It follows that all the assemblies undergo a rigid body
movement at every floor level, and, consequently, there is a linear displacement

relationship for all the assemblies at every floor level.

(4) The basic equations for the method given in this chapter is that for a
uniformly distributed lateral load of intensity w,. The equations for the other two
standard load cases, which are of a concentrated horizontal load P at the top of
the structure and a triangularly distributed lateral load of maximum intensity g,
at the top, are given in Appendix 3. On using these equations, the other two

load cases can also be considered.

5.3  Analysis of Regular Symmetric Three— Dimensional Wall— Frame Structure

Subjected to Pure Bending

Consider a symmetrical structure subjected to a uniformly distributed lateral
load of intensity w, at the centre of the structure, as shown in Fig. 5.2a.
Following Assumption (3), all the assemblies in the structure will have identical
horizontal deflections, so that the structure can be replaced by an equivalent
plane system in which the assemblies are connected at every storey level by
axially— stiff pin—ended links. Since the analysis uses the continuum technique,
these pin—ended links are incorporated by equivalent continuous pin— connected
media, as shown in Fig. 5.2b. Suppose the assemblies in the structure in the first

instance are all shear— flexure cantilevers which are represented by 'wall—frame'
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assemblies, each having a 'wall' member, which is a pure flexural member of
flexural rigidities EI representing its flexural mode of behaviour, interacting with a
'frame' member, which is a combined racking shear and overall bending
cantilever with two corresponding shear and overall— bending rigidities GA and
EI f representing its two combined modes of deformation behaviour, respectively.
The structure then can be further replaced by a plane system of interacting
wall— frame assemblies, as shown in Fig. 5.2c. It is now assumed that the
corresponding members which have the same load— deformation behaviour in all
the assemblies can be lumped together, so that the structure can be represented
by a single wall—frame structure, as shown in Fig. 5.2d, in which the lumped
wall represents all the 'wall' members, having a overall flexural rigidity EI,,
which is the sum of all the flexural rigidities, and the lumped frame consisting of
all the 'frame' members, having a total shear rigidity GA, and a total
overall— bending rigidity EI f> each being the sum of the corresponding
components in the structure. A flexural cantilever of flexural rigidity EI then may
be considered as a special case of a wall—frame assembly with zero values of GA

and EI f-

For a structure which consists of n wall—frame assemblies as shown in

Figs. 5.2a to 5.2c, the three overall rigidities for the structure are obtained as,

n n n
El, = SEI;, GAy = SGA; and Elgy, = SElg; (5.1)

By making use of the revised wall—frame theory in chapter 4, the
deflection of the structure is determined by,

2
wQH“{ k2-1 1 ¢ )

y = |l e - 4T 6N gy -

coshkoHt + koHsinhkoH(1-() - kaHsinhkoH - 1 }

K7 (ko) coshkod (5.2)
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As a single interacting wall—frame structure, the resultant loads and forces

distributed into the two lumped components can also be obtained by:

Distributions of load,

k2-1 coshkoHt + kaHsinhkoaH(1-
aw = { kZ Tt KZcoshkoH ( E)}Wo (5.3)
_ 1 coshkaHt + kaHsinhkoH(1-§)
9 = { kZ - kZcoshkall Yo (5.4
Distributions of shear,
_ k2-1 sinhkoH§ - kchoshkaH(l—E)}
Sw = WOH{"‘Ei‘(l'E) - k7 (ko) coshkaA -3
B 1. sinhkoHt - kchoshkaH(l—E)}
SF = WOH{‘E?(l £+ k2 (kafl) coshkad (5.6)
Distributions of bending moment,
k2-1 1
= 28 71 - oey2 o
My woH { VT (1 £) &2 (ko)
coshkoHt + kaHsinhkoH(1-%) } (5.7)
k2 (koH) 2coshkoH )
Mp = w Hz{ La-pz+ o
F 0 2k? kZ(koH) 2
__coshkoHt + koHsinhkoH(1-£) } (5.8)
k? (koH) 2coshkaH )

In above equations, the subscript W and F refer to the two lumped
components, the wall and the frame, respectively, & = x/H is the
non— dimensional height coordinate, H is the total height, and the parameters o

and k in the equations are defined by,

GA
2 - 2t 5.9
o o (5.9)
k2 = 1 + £l (5.10)

Elft
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These force distributions in the two lumped components, Egs. 5.3 to 5.10,
can be considered as the overall force distribution for the structure. That is, the
force distribution in the lumped wall, referred to as Fy, is considered to be
carried by all the flexural members of the components, with the force distribution
in the Ilumped frame, referred to as Fp, to be carried by all the
shear— overall— bending members of all the components. By apportioning Fy and
Fr to each individual wall—frame assembly, the actual force distributions in the
assembly, referring to as F;, can be obtained, assuming that the force
distributions in the assembly are divided into two parts; one carried by the
flexural member, the other carried by the shear— overall— bending member, of the
individual wall—frame assembly. On doing this, Fyy is considered to be distributed
in proportion to the individual flexural rigidity EI; of the overall flexural rigidity
El;. In the absence of any more fundamental basis for distributing the second
force component, Fr is assumed to be apportioned by taking the average
proportions of the individual shear rigidity GA; and the individual overall— bending
rigidity EI fi to the total shear rigidity GA; and the overall— bending rigidity
EI ft- This was regarded as being the simplest way of achieving the required
distribution. That is,

Fj = vgiFy + voiFp (5.11)

in which v fi and v,; are the force distribution factors for each assembly i,

given by,
_ El; - _ 1, GA; El¢; s 19
vfi = T, = vei = 3 CgA * ELE) (5.12)

Eq. 5.11 includes the distributions of load, shear and moment in each
assembly, referring to Egs. 5.3 to 5.8, that is,

Wi = Ugjwy + UgjwF (5.13)

n
|

= UfiSW + vciSF (5.14)

M; = vfiMW + Vo iMp (5.15)
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in which w;, M; and §; are the distributions of load, shear and moment in

component i, respectively.

5.4 Analysis of Regular Three— Dimensional Wall— Frame Structures Subjected to

Bending and Torsion

Following the approximate method presented in Section 5.3 for the analysis
of symmetrical structures subjected to symmetrical loading, a generalized
approximate method of analysis is developed for more complex three— dimensional

wall— frame structures subjected to bending and torsion actions.

5.4.1 Method of Analysis

Consider a structure which consists of a number of wall— frame assemblies,
either symmetrical or not, subjected to a known resultant lateral load at any
position, as shown in Fig. 5.3a. Any asymmetry of the structural plan or
eccentricity of the external loading will give rise to torsional actions in the
structure, and the building will hence tend to twist as well as bend. Due to the
constraint of the in— plane rigid connecting floor slabs, the assemblies will deform
in a series of linearly related lateral deflections, and thus considerable force
redistributions may take place among the assemblies due to their different modes

of deformation behaviour.

Suppose that the structure consists of n wall—frame assemblies, subjected to
a uniformly distributed lateral load of intensity w, at any particular position as
shown in Fig. 5.3a. The structure will tend to bend as well as twist, and the

related deflection configurations for the assemblies will be as shown in Fig. 5.3b.
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For each assembly i in the structure, which is represented by its three rigidities,
El;, GA; and EI fis under the action of the interactive forces, its deflection is
assumed to be y; as shown in Fig. 5.4a. The proposed method assumes that for
such an assembly i, an equivalent assembly ei can be found by defining three
‘effective’ rigidities, El,;, GA, and EI fei» such that under the action of the
applied load, which is now assumed to be a uniformly distributed lateral load w ,
the equivalent assembly will have a deflection which is the same as Vi
(Fig. 5.4b). That is, if the ‘effective' rigidities for the assembly are obtained, the

deflection y; can be determined by the deflection equation, Eq.5.2, that is,

yi= ol Kei®Liga sporpray o : g - £

ALt - ==

"coshkg g HE+ky 10p jHsinhke jog {H(1-E) kg ;0 HS inhkg g jH-1

+

coshkg jag jHE+kg j0tg jHsinhky jog jH(1-£) -Kg jotg jHs inhkg jorg 1H-1 }
ke z(keiaeiﬁ) 4coshkeiaeiH

(5.16)
in whjch the parameters are defined as,
GA, ;
22 = el
Qpj ET,; (5.17)
2 EI_;
kgi2 =1+ —E,—Iﬁl— (5.18)
fei

Also, on considering this equivalent assembly e as an interactive
wall— frame structure as discussed in Chapter 4, subjected to the uniformly
distributed lateral load w,, a series of resulting distributions of forces in the two
kinds of cantilever beams, referred to as Fyy,; and Fp,; respectively, can also be

obtained from Egs. 5.3 to 5.8 as:

Distributions of load,

k2,:-1 + coshkg o jHE + kgjoejHsinhkejog jH(1- g)}
Yo

dwei = { KoiZ koj2coshkgjogiH

(5.19)



-109-

1 coshkejag jHE + ko jogjHsinhkg o H(l—E)}
. - - ej%ej’
Fei { ko2 Ko ZCoshk, ;g H Yo
(5.20)
Distributions of shear,
k sinhk, ;0. iHE -k, ;0. ;Hcoshk, ;o ;H(1-£)
Swa.: = W H{__ﬁl___(l £)- e1431 ej%ej ei—el
Wei k kg% (kg0 H)coshk, jog i H
(5.21)

1 sinhk, o, ;i HE -k, ;0 ;Hcoshk,, ; o -H(l—E)}
Sp.: = H{ 1-£)+ ei®j ei%j ei%;j
Fei = Vo —(1-8) kgj?(kgjogiH)coshkg o iH

(5.22)
Distributions of moment,
k.;2-1 1
M '=WH2{__QL—'(1_E)2_
Wei 0 2kg;? kei?(kgjagiH)?
+ _Coshke apiHE + kejogiHsinhkejoe (H(1-£) } (5.23)
keiz(keiaeim zcoshkeiaeiH )
Mpei = onz{ _1_?(1 -8+ z : z
2ky ei’(KejQgiH)
coshke jotg jHE + kejoojHsinhkejog iH(1-£) } (5.24)
koj?(kgjagiH) 2coshkyjog iH .

in which the subscript W and F refer to the fictitious 'wall' and ‘frame’

components of the equivalent assembly ei.

When these loads and forces in the 'wall’ and ‘'frame' are obtained from
Egs. 5.19 to 5.24, the method then assumes that the true forces in the original
assembly i can be derived, referring to the method presented in Section 5.3, Egs.
5.11 and 5.12, from,

Fi = vgiFye; + VeiFFei (5.25)

in which, as before, the force distribution factors for each assembly i are

given by,
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_ EI; 1 GA; El o
Ui " Ty A vei = glggls v LD (5.26)

Eq. 5.25 also includes the distributions of load, shear and moment,

referring to Egs. 5.13 to 5.15, that is,

Wi = UfiWej + VejiYFeij (5.27)
Si = VfiSwei + VeiSFrei (5.28)
Mj = veiMyei + VoiMpej (5.29)

The following section presents a method, referred to as 'Method of Rigid
Beam on Spring Supports', which is used to determine the effective rigidities for

all the assemblies in a complete structure.

5.4.2 Effective Rigidities — Method of Rigid Beam on Spring Supports

As the structure is deformed by the lateral load, the three equivalent
rigidities of every assembly may be determined by considering that the
deformations of the building cross— sections may be represented by a rigid body
(representing the floor slabs), supported on a series of springs (representing the
different rigidities of the various assemblies in the structure). The equivalent
rigidities will depend on the resultant load position, as well as the relative

rigidities of the different assemblies.

In order to illustrate the rigid beam method, consider as an example the
special case of a structure which consists of parallel plane shear walls as shown
in Fig. 5.5; that is, all the assemblies are flexural cantilevers, each having a
flexural rigidity EI;. The similarity of the load— deformation profiles of the

assemblies causes the structure to have a uniform distribution of lateral resisting
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rigidity throughout the height, and consequently a shear centre exists, so that
under the action of the lateral load w(x), the structure will tend to bend and
twist about the shear centre. It follows that there are no force redistributions
among the assemblies, that is; the applied load will be distributed to the
assemblies in similar forms. In particular, if the applied load acts through the
shear centre, the structure will bend without twisting, and the applied load will be

distributed to the assemblies in proportion to their rigidities.

On considering the simplicity of the load and force distributions among the
assemblies, the rigid bodies of the floor slabs of the structure are represented by
a spring—supported rigid beam as shown in Fig. 5.6a, in which each supporting
spring, its position, and its spring rigidity k; correspond to the position and the
flexural rigidity of the assembly in the structure. On referring to Fig. 5.5,
k; = EI;, and a unit load P is located at the same position as the resultant
applied lateral load w ;. On choosing a point O as a datum, a simple calculation
determines the deformation profile of the beam, as shown in Fig. 5.6b. The
rotation of the beam 6 can be determined by,

(dp - d,)P
Skid;? - d,rk;d;

0 - (5.30)

in which, referring to Fig. 5.6a, d; is the distance between the assembly i
and the chosen datum, dp is the load position about the datum, and d,, which

defines the position of the shear centre respecting the datum, is determined by,

Ykid;
= —_l"1 5.31
d, Th; ( )

The displacement at each spring position on the beam, §;, is then given

by,

8j = 8o + 6(dj - dp) (5.32)

where 6, is the displacement at the shear centre position on the beam,

given by,
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__ P
R ITH (5.33)

The reacting force in each spring, R;, then becomes,

R;j = k;o; (5.34)

An effective rigidity k,; for the spring k; is now introduced, defined as,

kg = — (5.35)

On using the effective rigidity, the displacement and the reacting force in

the spring k; can be obtained as,

P P
5: = = = 5 5.36
1 kei P/51' 1 ( )
o ki opo ki p_ ks
R; Ko P /6] P =kib; (5.37)

On applying such a method to the real structure, each flexural element of
rigidity EI; in the structure is assumed to be replaced by an equivalent flexural
assembly of rigidity EI,; = kg (as EI; = k;). If the applied load is a uniformly
distributed lateral load of intensity w,, on using the effective rigidity EI,; for

assembly i, the deflection y; and the load distribution w; can be obtained by,

w H4 X X X
yi(x) = '—E?';?{(—H—)“ - Q(T)fi + 6(_11—)2} (5.38)
and,

El; (5.39)

Wi (X) . —ﬁ;—wo

It can be shown that through this simple rigid beam method, exact
solutions can be obtained for a structure which consists of similar types of

assemblies. However, if the structure considered consists of wall—frame assemblies
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which have different modes of load— deformation behaviour, each of these
assemblies usually has originally three distinct structural rigidities representing the
three primary modes of lateral load deformation. The rigid beam system for the
structure then will be as shown in Fig. 5.7, in which each supporting spring i
represents three rigidities, EI;, GA; and EI fi- As the method of analysis requires
that three equivalent rigidities for each assembly be determined, an approximation
is made in the analysis by assuming that the spring system in Fig. 5.7 can be
uncoupled into three corresponding rigid beams, as shown in Figs. 5.8a, 5.8b and
5.8c. On using Egs. 5.30 to 5.33, three deformation profiles of the beams are
then determined which give the results for the three equivalent rigidities for each

assembly from Eq. 5.35; that is,

Elg; = P/§; (5.40)
GAgj = P/\; (5.41)
EIfei\: P/el- (542)

in which, referring to Figs. 5.8a to 5.8c, §;, \; and ¢; are the

displacements of the corresponding springs in the three rigid beam models.

5.4.3 Special Case of Symmetrical Structures Subjected to Pure Bending Action

If the structure is symmetric in plan and laterally loaded at the centre of
the structure as discussed in Section 5.3, the structure then has a shear centre in
the middle throughout the height, through which the applied load acts. The three
beams in Figs. 5.8a to 5.8c, with the load P acting at the centres, will all have
translational displacements only. This can be shown from Eq. 5.30, with

6 = 0. It then follows from Egs. 5.34 and 5.35 that,

P
§; = 84 = _Z—kl_ (5.43)
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From Egs. 5.35 and 5.43, the equivalent rigidity becomes,

P n
kei = —5 = Tki (5.44)

The conclusion from Eq. 5.44 implies that the equivalent rigidities k,; for
all assemblies are the same, being the sum of the rigidities of all the assemblies.
This applies to the three types of structural rigidities, El,;, GA, and EI feis that
is,

n n n
Elg; = YEIj, GApgj = ZGAI' and Elfei = ZEIfi (5.45)

Comparing Eq. 5.45 with Eq. 5.1, it can be seen that in this special case,
the method gives exactly the same solution as that in Section 5.3. It therefore
can be concluded that the proposed method is a generalized method for
three— dimensional wall— frame structures, either symmetric or asymmetric,

subjected to bending and torsion actions.

5.5 Analysis Procedure

The following procedure describes how to use the present method to

analyze three— dimensional tall wall—frame structures subjected to lateral loads.

(1). Calculate the three structural rigidities, EI;, GA; and Elg;, for the individual
assemblies. This has been described in Section 4.4 and 4.7 for coupled shear
walls and rigid frames. For pure flexural assemblies of flexural rigidities EI;, they

are considered as having zero values of GA; and Elf;.

(2). Calculate the three effective rigidities, El,, GAg and Elfy; for each
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assembly, using the method described in Section 5.4.2, Egs. 5.30 to 5.37 and

Egs. 5.40 to 5.42 (Figs. 5.8a to 5.8c)

(3). For a resultant external uniformly distributed lateral load, on obtaining the
effective structural parameters for each assembly, ko and op;, the deflection of
the assembly is then determined by Eq. 5.16. Following Egs. 5.19 to 5.29, the
distributions of load, shear and moment on the assembly are then obtained. For
the other two standard load cases, other than using Egs. 5.16, and 5.19 to 5.24a,

solutions can be obtained by using the alternative equations in Appendix 3.

In the particular case of symmetrical structures subjected to pure bending
action, the three effective rigidities of each assembly can be obtained from
Egs. 5.1, noting that the effective rigidities of each assembly are the same for all
the assemblies, being the overall rigidities for the structure, El,, GA; and EI ft
The solutions for the deflection and the distributions of load, shear and moment

can then be determined using Egs. 5.2 to 5.15.

5.6 Numerical Examples

A number of examples have been worked out using the present methods,
and the results have been compared with those obtained from the FLASH
program in order to examine the validity and the accuracy of the present
methods. The following sections present four representative examples, the first two
being symmetric structures subjected to pure bending actions, using the method
presented in Section 5.3, and the last two being asymmetric structures subjected

to bending and torsional actions, using the method presented in Section 5.4.
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Symmetric Structure Example 1.

The planform of a 30— storey symmetric structure is as shown in Fig. 5.9,
subjected to a uniformly distributed lateral load of intensity 20 kN/m. Due to
symmetry, only half of the structure is considered, which consists of a flexural
element (half of the central core), three identical 7—span rigid frames and a pair
of coupled shear walls, subjected to half of the applied load, w, = 10 kN/m.
The three identical rigid frames, due to their similar structural behaviour, are
lumped together as a single element with a summed rigidity. The total resulting
forces on the lumped frame then can be divided equally into each frames

afterwards.
The original data for the structure are,

St:oreyJ height h 2.8 m

Number of storeys 30

Total height H 84.0 m

Modulus of elasticity E 1.40 X107 kN/m?
Uniformly distributed load w, 10 kN/m

Coupled Shear Walls:

Depths of the two walls D,=D,=6.0m
Clear span of the beams b 6.0 m

Depths of the connecting beams D 0.50 m

Thickness of the walls and beams t 0.30 m



Lumped rigid frame (total stiffnesses):

Beam spans b; (i =1 to 7)

Inertias of beams Ipi

Inertias of columns I.; (i=1 to 8)

Column sectional areas Acj

Core assembly:

Flexural rigidity EI

4,0 m
1.563 x10~2 m4

3.125 X102 m4

1.500 m2

1.660 X 108 kN m?

The structural rigidities for the assemblies are,

Coupled shear walls:

EI, =1
GA, =1
H Elp, =1
Lumpe&‘rigid frame:
EI, =3.
GA, =1.
E'If2 =1,
Flexural assembly:
El, =1.
Overall rigidities:
ElI, = 3.
cA, = 1.
Elft =1

The structural parameters for

.512

.226

.814

500

241

411

660

207

364

.592

the

x 108
X 108

x 109

X 108
x 108

x 1010

X 108

X 108

x 108

X 1010

structure are,

kN m2

kN m?

kN m2

kN m?

kN m?2

kN m2

kN

kN m?

EI = 3.207 X 108 kN m?

a = 0.06521 m™',

k = 1.01002
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Force distribution factors:

vp, = 0.4715, vy, = 0.1019
v, = 0.0109, wg, = 0.8981
vy = 0.5176, wvgy = 0

The results obtained from the present method and from the FLASH analysis
are shown in Figs. 5.10a to 5.10d, including the deflection of the structure, the
load distribution, the shear distribution and the moment distribution between the
assemblies. In these figures, the thicker lines represent the present method, and
thinner lines represent the results from the FLASH program. It can be seen that
the present method gives very accurate results when compared with the FLASH

analysis.

Symmetric Structure Example 2.

The planform of a 40— storey symmetric structure is shown in Fig. 5.11,
subjected to a uniformly distributed lateral load of intensity 20 kN/m. The half of
the structure considered consists of two pairs of coupled shear walls, two identical
rigid frames and the half of the central core as a flexural assembly. As before,
the two rigid frames are considered to be a lumped rigid frame with their

summed rigidities. The applied lateral load is then w, = 10 kN/m.

The original data for the structure are as follows,

Storey height h 2.8 m

Number of storeys 40

Total height H 112.0 m
Modulus of elasticity E 1.40 X107 kN/m?

Uniformly distributed load w, 10 kN/m



Coupled Shear Walls A:

Depths of the two walls D,, D, 5.5, 4.5 m

Clear span of the beams b

Depths of the connecting beams Dy 0.40 m

Thickness of the walls and beams ¢ 0.30 m

Coupled Shear Walls B:

Depths of the two walls D,, D, 4.5, 4.0 m

Clear span of the beams b

Depths of the connecting beams Dy 0.40 m

Thickness of the walls and beams ¢t 0.30 m

Lumped 5-span rigid frame (total stiffnesses):

Beam spans b; (i =1 to 5)

Inertias of beams Ip;

Inertias of columns I,; (i=1 to 8)

Column sectional areas Ag;

Core assembly:

Flexural rigidity EI

The structural rigidities for the
Coupled shear walls A:

EI,

GA,

EIf1

Coupled shear walls B:

EI,

2.5, 2.5, 2.0, 2.5, 2.5 m

5.2083 xX10~3 m4

1.0417 x10-2 m4

0.2500 m?

1.660 X 108 kN m?

assemblies are,

9.012 x 107
5.295 x 10°

5.094 x 108

5.429 x 107

kN m?2

kN

kN m?2

kN m?
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GA, =1.781 x 105 kN

Iy
[
&f’
N
]
IS

.675 X 108 kN m?
Lumped rigid frame:
EI, = 8.750 X 105 kN m2
GA, = 4.304 X 105 kN

.894 X 108 kN m?2

ty
—
“hy
w
[
o

Flexural assembly:

EI, = 1.660 X 108 kN m?

Overall rigidities:
ElI, = 3.113 x 108 kN m?

GA; = 1.138 x 105 kN

I
=

Elpy = 1.666 X 10° kN m?

The stlj}lctural parameters for the structure are,
\ EI = 3.113 X 108 kN m?
o = 0.06042 m™?
k = 1.08941

Force distribution factors:

ve, = 0.2895, wv,, = 0.3855
vp, = 0.1744, vg, = 0.2185
vps = 0.0028, ve, = 0.3960

vp, = 0.5333, v, = 0

Figs. 5.12a to 5.12d show the resulting curves obtained from the present
method, compared with the results from the FLASH program. It can be seen that
for this relatively complicated structure, the solution of the present approximate
method still compares reasonably accurately with the results from the FLASH

analysis.
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Asymmetric Structure Example 1,

The 30— storey structure, as shown in Fig. 5.13, consists of two pairs of
coupled shear walls and three unequal rigid frames. The applied lateral load
considered is a uniformly distributed load, w, = 10 kN/m, acting respectively at

three load positions as shown in Fig. 5.13. The results, thus, are given for three

load cases.

The original data for the structure are as follows,

Storey height h 2.8 m

Number of storeys 30

Total height H 84.0 m

Modulus of elasticity E 1.40 X107 kN/m?
Uniformly distributed load w, 10 kN/m

Coupled Shear Walls A:

Depths of the two walls D,, D, 6.0, 8.0 m
Clear span of the beams b 3.0 m
Depths of the connecting beams D 0.40 m

Thickness of the walls and beams ¢t 0.30 m

Rigid frame 1 (3-span):

Beam spans b; (i =1 to 3) 6.0, 3.0, 4.5 m
Inertias of beams Ip, = 4.5000 X10~3 m*,
Ip, = 1.3333 X1073 m4,

2.6042 x10"2% m4

~
o
w

I

Inertias of columns I,; (i=1 to 4) 1.0800 X102 m4

Column sectional areas Agj 0.3600 m?
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Rigid frame 2 (4-span):

Beam spans b; (i =1 to 4) 3.0, 4.5, 5.0, 2.5 m

Inertias of beams Ip, = 1.3333 X10~3 m4,
Ip, = 2.6042 X10~3 m4,
Ip, = 2.6042 X10-3 m4:
In, = 5.6250 xX10~4 m4

Inertias of columns I.; (i=l to 5) 1.0800 x10~2 m4

Column sectional areas Ag; 0.3600 m?

Rigid frame 3 (6-span):
Beam spans b; (i =1 to 6) 3.5, 3.0, 2.5, 2.5, 2.5 2.5 m
Inertias of beams Ip, = 1.3333 X10~4 m4.

Ip; (i=2 to 6) 5.6250 x10~4 m4
Inertias of columns I.; (i=1 to 7) 5.2083 x10-3 m#

Column sectional areas Acj 0.2500 m2

Coupled Shear Walls B:

Depths of the two walls D,, D, 6.0, 4.0 m
Clear span of the beams b 4.0 m
Depths of the connecting beams Dp 0.40 m

Thickness of the walls and beams ¢ 0.30 m

The original structural rigidities and the calculated parameters for all
individual assemblies are listed as follows,
Assembly 1 - Coupled shear walls A:
EI= 2.54800E+08 GA= 3.38926E+05 EIg= 1.44000E+09

k= 1.08487034E+00 o= 3.64714228E-02
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Assembly 2 - Rigid frame 1:
EI= 6.04800E+05 GA= 9.47854E+04 El g~ 4.84785E+08
k= 1.00062370E+00 o= 3.95881057E-01

Assembly 3 - Rigid frame 2:
EI= 7.56000E+05 GA= 9.55400E+04 Elg= 7.94808E+08
k= 1.00047493E+00 o= 3.55493486E-01

Assembly 4 - Rigid frame 3:
EI= 5.10413E+05 GA= 7.87943E+04 El¢= 7.15500E+08
k= 1.00035667E+00 o= 3.,92904043E-01

Assembly 5 - Coupled shear walls B:
EI= 9.80000E+07 GA= 1.18237E+05 El¢g= 8.16480E+08

k= 1.05831337E+00 o= 3.47347073E-02

On using the Rigid Beam method presented in Section 5.4.2, the effective
rigidities, the effective parameters and the force distribution factors for all the

assemblies employed in the structure are obtained as follows,

For load position 1,

Assembly: 1
Elo= 3.40939E+08 GA,= 5.97785E+05 Elfe= 2.70686E+09
ke= 1.06110954E+00 o= 4.18730043E-02
vp= 7.47348E-01  v.= 5.49476E-01

Assembly: 2
EI,= 3.53198E+08 GAg,= 6.86413E+05 Elfe= 3.41053E+09
ko= 1.05050468E+00 o= 4.40842621E-02
= 1.71235E-03  v,= 1.40116E-01

Assembly: 3

El,= 3.66372E+08 GAg= 8.05897E+05 Elge= 4.60859E+09
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ke= 1.03898907E+00 o= 4.69006188E-02
vf= 2.06348E-03  v,= 1.45507E-01
Assembly: 4
Elg= 3.80566E+08 GAo= 9.75744E+05 Elgfe= 7.10413E+09
kg= 1.02643490E+00 o= 5.06352484E-02
V= 1.34119E-03 v~ 9.07345E-02
Assembly: 5
Elg= 3.95905E+08 GAg~ 1.23630E+06 Elfpe= 1.54942E+10
ke= 1.01269531E+00 o= 5.58812879E-02

vp= 2.47534E-01 Vo= 7.41668E-02

For load position 2,
Assembly: 1
Elef 5.12791E+08 GA,= 1.14483E+06 Elfg= 5.18024E+09
ko= i.04832745E+00 o= 4.72498313E-02
U= 4.96889E-01 v~ 2.87014E-01
Assembly: 2
El= 3.66372E+08 GA,= 8.05897E+05 EIfe= 4.60859E+09
ko= 1.03898907E+00 o= 4.69006188E-02
vg= 1.65078E-03  vo= 1.11403E-01
Assembly: 3
Elg= 2.84995E+08 GAg= 6.21806E+05 Elgg= 4.15057E+09
ko= 1.03376198E+00  org= 4.67098840E-02
Vg= 2.65268E-03  v.= 1.72571E-01
Assembly: 4
El= 2.33199E+08 GAg= 5.06180E+05 Elfo= 3.77535E+09

ko= 1.03042126E+00  op= 4.65896167E-02

(=]

vp= 2.18874E-03  vg= 1.72592E-01

T
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Assembly: 5
Elg= 1.97334E+08 GAg= 4.26813E+05 Elfe= 3.46236E+09
ko= 1.02810192E+00 o= 4.65069488E-02

vp= 4.96620E-01 Vo= 2.56419E-01

For load position 3,

Assembly: 1
Elo= 1.03397E+09 GAg= 1.34890E+07 Elfe= 6.00573E+10
ke= 1.00857067E+00  op= 1.14218354E-01
Up= 2.46429E-01  v.= 2.45516E-02

Assembly: 2
Elo= 3.80566E+08 GAg= 9.75744E+05 Elgfe= 7.10413E+09
ke= 1.02643490E+00  og= 5.06352484E-02
vp= 1.58921E-03  v,= 8.26907E-02

Assembl&: 3
El,= 2.33199E+08 GAg= 5.06180E+05 Elfe= 3.77535E+09
ko= 1.03042126E+00 o= 4.65896167E-02
vp= 3.24187E-03  vo= 1.99636E-01

Assembly: 4
El,~ 1.68104E+08 GAg= 3.41728E+05 Elfe= 2.57077E+09
ke= 1.03217697E+00  ag= 4.50869910E-02
vp= 3.03629E-03  v.= 2.54449E-01

Assembly: 5
ElIg= 1.31419E+08 GAg= 2.57929E+05 Elfe= 1.94893E+09
ke= 1.03316498E+00  oig= 4.43017595E-02

V= 7.45706E-01  v,= 4.38673E-01

The resulting deflections, the load distribution, and the shear and moment
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distributions between the assemblies are shown in Figs. 5.14a to 5.14d for load
position 1, in Figs. 5.15a to 5.15d for load position 2, and in Figs. 5.16a to
5.16d for load position 3. In comparing with the curves obtained from the
FLASH analysis, it can be seen that the present method produces very accurate

results.
Asymmetric Structure Example 2.

This example is a 30—storey structure consisting of two pairs of identical
coupled shear walls, 5 rigid frames of two different types, and a central core.
The planform of the structure is as shown in Fig. 5.17. The applied lateral load
considered is a uniformly distributed load, w, = 15 kN/m. Eight load positions

are considered.

The original data for the structure are as follows,

Storey height h 2.8 m

Number of storeys 30

Total height H 84.0 m

Modulus of elasticity E 1.40 X107 KN/m?2
Uniformly distributed load w, 15 kN/m

Coupled Shear Walls A and B:

Depths of the two walls D,, D, 7.25, 7.25 m
Clear span of the beams b 4.0 m
Depths of the connecting beams Dp 0.50 m

Thickness of the walls and beams ¢ 0.30 m
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Rigid frame 1, 2 and 3 (3-span):

Beam spans b; (i =1 to 3) 6.0 m

Inertias of beams Ip; (i=1 to 3) 5.7214 X10~3 m4
Inertias of columns I,.; (i=1 to 4) 7.6255 X10~3 m4

Column sectional areas Aqj 0.3025 m?

Rigid frame 4 and 5 (5-span):

Beam spans b; (i=1 to 4) 3.0, 3.0, 6.0, 3.0, 3.0 m

Inertias of beams [Ip, , , s 1.3333 X10-% m4,
Ip, 7.1458 X10-3 m4

Inertias of columns I,; (i=1 to 6) 5.2083 x10~3 m4

Column sectional areas A,; 0.2500 m?2

The structural rigidities and parameters for all individual assemblies are

listed as follows,

Assembly 1 - Coupled shear walls A:
EI= 2.66755E+08 GA= 3.55459E+05 EIp= 1.92691E+09
k= 1.06697559E+00 o= 3.65038291E-02
Assembly 2 - Rigid frame 1:
EI= 4.27028E+05 GA= 1.33443E+05 EIp= 7.62300E+08
k= 1.00027943E+00 o= 5.59010148E-01
Assembly 3 - Central core:
EI= 4.36410E+08 GA= 0.00000E+00 EIg= 0.00000E+00
Assembly 4 - Rigid frame 2: |
EI= 4.27028E+05 GA= 1.33433E+05 Elg= 7.62300E+08

k= 1.00027943E+00 o= 5.58989227E-01



factors for all the assemblies in the structure,

Assembly 5 - Rigid frame 3:
EI= 4.27028E+05 GA= 1.33433E+05 Elg= 7.62300E+08
k= 1.00027943E+00 o= 5.58989227E-01

Assembly 6 - Rigid frame 4:
EI= 4.37497E+05 GA= 1.35028E+05 EI¢~ 8.82000E+08
k= 1.00024796E+00 o= 5.55551529E-01

Assembly 7 - Rigid frame 5:
EI= 4 .37497E+05 GA= 1.35028E+05 Elg~ 8.82000E+08
k= 1.00024796E+00 o= 5.55551529E-01

Assembly 8 - Coupled shear wall B:
EI= 2.66755E+08 GA= 3.55459E+05 Elp= 1.92691E+09

k= 1.06697559E+00 o= 3.65038291E-02
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The effective rigidities, the effective parameters and the force distribution

obtained as follows,

For load position 1,

Assembly 1
El= 4.44986E+08 GAg= 4.97424E+05 Elfe= 2.73538E+09
ko= 1.07827568E+00 o= 3.34341377E-02
Vg= 5.99468E-01  vo= 7.09519E-01

Assembly 2
Elo= 5.31601E+08 GAg= 5.84492E+05 EIgg= 3.21740E+09
ko= 1.07945633E+00  oe= 3.31586152E-02 |
vp= 8.03287E-04  v.= 2.32618E-01

Assembly 3

Elo= 7.50817E+08 GAg= 7.92594E405 Elge= 4.37341E+09

under different load cases are



ke= 1.08244038E+00 o= 3.24906409E-02
up= 5.81247E-01  v,= 0.00000E+00

Assembly 4
Elo= 1.27770E+09 GA.= 1.23081E+06 Elfe= 6.82598E+09
ke= 1.08957863E+00 o= 3.10370922E-02
vp= 3.34216E-04  v,= 1.10043E-01

Assembly 5
Elg= 2.40094E+09 GA,= 1.94930E+06 Elfe= 1.09017E+10
ke= 1.10464287E+00 o= 2.84936875E-02
vp= 1.77859E-04  v,= 6.91882E-02

Assembly 6
Elo= 1.98603E+10 GAg= 4.68312E+06 Elfe= 2.70574E+10
ke= 1.31681633E+00 op= 1.53558813E-02
vp= 2.20287E-05 v~ 3.07151E-02

Assembly‘7
Elg=-3.16656E+09 GAg=-1.16363E+07 EIfg=-5.61425E+10
ke= 1.02781391E+00 o= 6.06196709E-02
vf=-1.38162E-04 vo=-1.36570E-02

Assembly 8
Elo=-1.46638E+09 GA,=-2.59465E+06 EI fg=-1.37775E+10
ko= 1.05187130E+00  og= 4.20645364E-02

vf=-1.81914E—01 vo=-1.38428E-01

For load position 2,

Assembly 1
Elg= 5.31601E+08 GAg= 5.84492E+05 Elfe= 3.21740E+09
ke= 1.07945633E+00 o= 3.31586152E-02

V= 5.01796E-01 ve= 6.03526E-01
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Assembly 2
Elg= 6.15392E+08 GA,= 6.75159E+05 Elpe= 3.72319E+09
ke= 1.07948399E+00 o = 3.31228040E-02
vp= 6.93912E-04  v,= 2.01195E-01

Assembly 3
El .= 8.05939E+08 GA,= 8.79894E+05 Elpe= 4.87203E+09
ke= 1.07954693E+00 o= 3.30418274E-02
up= 5.41493E-01  v,= 0.00000E+00

Assembly 4
Elo= 1.16741E+09 GA.= 1.26283E+06 Elfe= 7.04628E+09
ko= 1.07966518E+00 o= 3.28897648E-02
V= 3.65791E-04  v,= 1.06923E-01

Assembly 5
Elo= 1.66537E+09 GA.~ 1.77900E+06 Elge= 1.00305E+10
ko= 1.07982826E+00  ag= 3.26838009E-02
U= 2.56416E-04  v= 7.55013E-02

Assembly 6
El,= 2.90412E+09 GAg,= 3.00878E+06 Elpe= 1.73993E+10
ko= 1.08023548E+00 o= 3.21875513E-02
vp= 1.50647E-04  v.= 4.77848E-02

Assembly 7
El,= 1.13366E+10 GA,= 9.74599E+06 El o= 6.55709E+10
ko= 1.08300114E+00  og= 2.93205082E-02
V= 3.85915E-05 v,= 1.36529E-02

Assembly 8
EIo,=-5.95528E+09 GAg=-7.86485E+06 Elfe=-3.70754E+10
ke= 1.07732296E+00 o= 3.63407657E-02

vf=—4.47930E—02 ve=-4.85843E-02
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For load position 3,

Assembly 1
Elg= 7.50817E+08 GAo= 7.92594E+05 Elfe= 4.37341E+09
ke= 1.08244038E+00 o = 3.24906409E-02
vp= 3.55286E-01 v~ 4.44536E-01

Assembly 2
EI,= 8.05939E+08 GA,= 8.79894E+05 Elge~ 4.87203E+09
ke= 1.07954693E+00 g~ 3.30418274E-02
vp= 5.29852E-04  v,= 1.54061E-01

Assembly 3
Elo= 9.05676E+08 GA.= 1.05404E+06 Elfe= 5.87714E+09
ko= 1.07429123E+00  op= 3.41147408E-02
vp= 4.81861E-01  v,= 0.00000E+00

Assembly 4
El = 1.03358E+09 GAgo= 1.31413E+06 Elge= 7.40473E+09
keg= 1.06751251E+00 o= 3.56571898E-02
vp= 4.13154E-04  v.= 1.02242E-01

Assembly 5
Elg= 1.14101E+09 GAg= 1.57287E+06 Elge= 8.95678E+09
ko= 1.06178665E+00  og= 3.71280126E-02
vp= 3.74254E-04  vc= 8.49713E-02

Assembly 6
Elg= 1.27337E+09 GA,= 1.95847E+06 El o= 1.13320E+10
ko= 1.05468845E+00 o= 3.92176099E-02
V= 3.43574E-04  v,= 7.33891E-02

Assembly 7

El .= 1.44045E+09 GAg= 2.59455E+06 Elfe= 1.54215E+10

ko= 1.04566002E+00 o= 4.24406379E-02
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vp= 3.03722E-04  v.= 5.46179E-02

Assembly 8
Elg= 1.65801E+09 GAg~ 3.84256E+06 Elpe= 2.41296E+10
ke= 1.03378582E+00 o o= 4.81411815E-02

v 1.60889E-01 Vo= 8.61812E-02

For load position 4,

Assembly 1
Elg= 1.27770E+09 GA= 1.23081E+06 Elgg= 6.82598E+09
kg= 1.08957863E+00  arp= 3.10370922E-02
vp= 2.08777E-01  vg= 2.85546E-01

Assembly 2
El~ 1.16741E+09 GAo= 1.26283E+06 Elgo= 7.04628E+09
ke= 1.07966518E+00 o= 3.28897648E-02
vp= 3.65791E-04  vo= 1.06927E-01

Assembly 3
El= 1.03358E+09 GAg= 1.31413E+06 Elgo= 7.40473E+09
ke= 1.06751251E+00  ag= 3.56571898E-02
vp= 4.22232E-01  vg= 0.00000E+00

Assembly 4
El~ 9.27284E+08 GAg= 1.36976E+06 EIpe= 7.80162E+09
kg= 1.05776024E+00  ag= 3.84340249E-02
b= 4.60515E-04  vo= 9.75619E-02

Assembly 5
El~ 8.67785E+08 GAg= 1.40954E+06 Elpg= 8.09072E+09
ko= 1.05226231E+00 o= 4.03025597E-02

V= 4.92089E-04  v,= 9.44416E-02
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Assembly 6
Elg= 8.15462E+08 GA,= 1.45171E+06 Elfe= 8.40207E+09
ke= 1.04740334E+00  og= 4,21927758E-02
vp= 5.36502E-04  v,= 9.89935E-02

Assembly 7
Elo= 7.69089E+08 GA = 1.49647E+06 Elfe= 8.73835E+09
kg= 1.04307842E+00  ag= 4.41108756E-02
U= 5.68851E-04  v,= 9.55827E-02

Assembly 8

9.10266E+09

Elg= 7.27706E+08 GAg~ 1.54408E+06 Elgg
ke= 1.03920364E+00  ag= 4.60634939E-02

U= 3.66570E-01 Vo= 2.20947E-01

For load position 5,

Assembly 1
El = 2.40094E+09 GAg= 1.94930E+06 Elfe= 1.09017E+10
ko= 1.10464287E+00 o= 2.84936875E-02
vy 1.11104E-01 wvo= 1.79553E-01

Assembly 2
Elo= 1.66537E+09 GA,= 1.77900E+06 EIgo= 1.00305E+10
ke= 1.07982826E+00  oe= 3.26838009E-02
vp= 2.56416E-04  vo= 7.55041E-02

Assembly 3
Elo= 1.14101E+09 GA,= 1.57287E+06 Elfe= 8.95678E+09
ko= 1.06178665E+00 o o= 3.71280126E-02
v 3.82477E-01  v,= 0.00000E+00

Assembly 4

El,= 8.67785E+08 GAg= 1.40954E+06 El fo= 8.09072E+09



ke= 1.05226231E+00 o= 4.03025597E-02
U= 4.92089E-04  v,= 9.44416E-02

Assembly 5
Elo= 7.48322E+08 GA.= 1.31829E+06 Elfe= 7.60076E+09
ke= 1.04807091E+00 o= 4.19721454E-02
vp= 5.70647E-04  v,= 1.00755E-01

Assembly 6
Elgo= 6.57771E+08 GA.= 1.23813E+06 Elfe= 7.16675E+09
ko= 1.04488277E+00 o= 4.33856137E-02
vp= 6.65120E-04  v,= 1.16063E-01

Assembly 7
El;= 5.86768E+08 GAg= 1.16716E+06 Elfe= 6.77963E+09
ke= 1.04237652E+00 o= 4.45997007E-02
V= Zf45605E—04 ve= 1.22892E-01

Assembly\é
Elg= 5.29601E+08 GA,= 1.10388E+06 Elfe= 6.43219E+09
ko= 1.04035378E+00 o= 4.56548072E-02

V= 5.03690E-01 ve= 3.10791E-01

For load position 6,

Assembly 1
Elg= 1.98603E+10 GA,= 4.68312E+06 Elge= 2.70574E+10
ke= 1.31681633E+00 o= 1.53558813E-02
V= 1.34316E-02  v,= 7.35589E-02

Assembly 2
El,= 2.90412E+09 GAp,= 3.00878E+06 EIfo= 1.73993E+10
ko= 1.08023548E+00 o= 3.21875513E-02

V= 1.47042E-04  vo= 4.40816E-02
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Assembly 3
Elg= 1.27337E+09 GA.= 1.95847E+06 Elge= 1.13320E+10
ke= 1.05468845E+00 o= 3.92176099E-02
vp= 3.42721E-01  v,= 0.00000E+00

Assembly 4
Elo~ 8.15462E+08 GAg= 1.45171E+06 Elge= 8.40207E+09
ke= 1.04740334E+00 o= 4.21927758E-02
vp= 5.23664E-04  v,= 9.13209E-02

Assembly 5
Elg= 6.57771E+08 GA.= 1.23813E+06 Elfe= 7.16675E+09
ke= 1.04488277E+00  og= 4.33856137E-02
up= 6.49204E-04  vo= 1.07068E-01

Assembly 6
Elo= 5.51185E+08 GAg= 1.07933E+06 Elfe= 6.24812E+09
ko= 1.04317570E+00  og= 4.42515463E-02
vg= 7.93739E-04  ve= 1.33133E-01

Assembly 7
Elg= 4.74325E+08 GAg= 9.56637E+05 Elfe= 5.53823E+09
kg= 1.04194260E+00 o= 4.49092276E-02
vp= 9.22357E-04  vc= 1.50203E-01

Assembly 8
El,= 4.16277E+08 GAg= 8.58991E+05 Elfe= 4.97319E+09
ko= 1.04101086E+00 o= 4.54258546E-02

vp= 6.40811E-01 Vo= 4.00635E-01

For load position 7,

Assembly 1

EI,=-3.16656E+09 GAg=-1.16363E+07 EIfo=-5.61425E+10
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ke= 1.02781391E+00 o= 6.06196709E-02
Up=-8.42412E-02  v,=-3.24346E-02

Assembly 2
El.= 1.13366E+10 GA.= 9.74599E+06 Elfe= 6
ke= 1.08300114E+00  ap= 2.93205082E-02
vp= 3.76681E-05  v,= 1.26588E-02

Assembly 3
Elg= 1.44045E+09 GA = 2.59455E+06 Elpe=1
ke= 1.04566002E+00  otg= 4.24406379E-02
vp= 3.02968E-01  v,= 0.00000E+00

Assembly 4

Elg= 7.69089E+08 GAg~ 1.49647E+06 El o= 8.

ke= 1.04307842E+00 o= 4.41108756E-02
vp= 5.55239E-04  v,= 8.82006E-02
Assembly 5
El,= 5.86768E+08 GA = 1.16716E+06 Elfe= 6.
ke= 1.04237652E+00 o= 4.45997007E-02
vp= 7.27763E-04  vo= 1.13381E-01
Assembly 6
Elg= 4.74325E+08 GAg= 9.56637E+05 Elfe= 5.
ke= 1.04194260E+00  og= 4.49092276E-02
vp= 9.22357E-04  ve= 1.50203E-01
Assembly 7
Elg= 3.98046E+08 GA,= 8.10456E+05 Elge= 4.
ko= 1.04164886E+00  og= 4.51230146E-02
vp= 1.09911E-03  ve= 1.77513E-01
Assembly 8

El = 3.42903E+08 GAg= 7.03029E+05 Elge= 4.

.55709E+10

.54215E+10

73835E+09

77963E+09

53823E+09

68109E+09

05370E+09
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ko= 1.04143620E+00 o= 4.52794284E-02

U= 7.77931E-01 Vo= 4.90478E-01

For load position 8,

Assembly 1
Elo=-1.46638E+09 GA =-2.59465E+06 Ele=-1.37775E+10
ke= 1.05187130E+00 o= 4.20645364E-02
v=-1.81914E-01  v,=-1.38428E-01

Assembly 2
Elg=-5.95528E+09 GA.=-7.86485E+06 El £=-3.70754E+10
ke= 1.07732296E+00 o= 3.63407657E-02
up=-7.17058E-05  v,=-1.87639E-02

Assembly 3
EI = 1.65801E+09 GAg= 3.84256E+06 Elpe= 2.41296E+10
ko= 1.03378582E+00  otg= 4.81411815E-02
up= 2.63213E-01  v,= 0.00000E+00

Assembly 4
Elg= 7.27706E+08 GA,= 1.54408E+06 EIge= 9.10266E+09
ko= 1.03920364E+00 o= 4.60634939E-02
Up= 5.86814E-04 v, 8.50803E-02

Assembly 5
Elg= 5.29601E+08 GAp,~ 1.10388E+06 EIfe= 6.43219E+09
ko= 1.04035378E+00 o= 4.56548072E-02
vy= 8.06320E-04  vo= 1.19695E-01

Assembly 6
El~ 4.16277E+08 GAg= 8.58991E+05 Elfe= 4.97319E+09
ko= 1.04101086E+00 o= 4.54258546E-02

vp= 1.05098E-03 ve= 1.67272E-01
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Assembly 7
Elg= 3.42903E+08 GAg= 7.03029E+05 Elfe= 4.05370E+09
ko= 1.04143620E+00 o= 4.52794284E-02
vp= 1.27586E-03  v,= 2.04822E-01

Assembly 8
Elg= 2.91519E+08 GA = 5.94998E+05 Elfe= 3.42116E+09
ko= 1.04173374E+00 o= 4.51777205E-02

v 9.15052E-01 vo= 5.80322E-01

The resulting deflections, the load distributions and the shear and moment
distributions for all the assemblies, from both the present method and the FLASH
analysis, are shown in Figs. 5.18 to 5.25, respectively for the eight load cases. It
can again be seen that the method produces satisfactorily accurate results when

compared with the more 'exact' finite element analysis.

From these numerical examples representing three— dimensional symmetric or
asymmetric structures subjected to bending and torsion, it appears that this
simplified method can be used to analyze relatively complicated three— dimensional
structures consisting of parallel uniform wall—frame assemblies. A solution can be
achieved on merely solving a few formulae, using a pocket calculator or making
use of design curves. Most other methods, however, usually require the solution
of a large numbers of equations, using particular computing programs. As an
approximate method, it can be effectively employed to analyze structures at the
preliminary stages of design, and to determine the basic lateral—load— resisting

behaviour of the structural elements.
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(a) Rigid Body Movement of Floor Slab
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(b) Displacement Diagram of Assemblies
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Fig. 5.3 Three— Dimensional Structure Subjected to Bending and Torsion
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Fig. 5.4 Illustration of Equivalent Assembly
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(a) Spring Supported Rigid Beam

(b) Displacement Diagram of Beam

Fig. 5.6 Representative Spring— Supported Rigid Beam Model
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CHAPTER 6
AREA INFLUENCE COEFFICIENT ANALYSIS

OF THREE— DIMENSIONAL WALL~ FRAME STRUCTURES

6.1 Introduction

This chapter presents a simplified method, based on an ‘'area influence
coefficient’ approach, for the analysis of the distribution of lateral loads between
the members of a three— dimensional tall building structure consisting of parallel

assemblies of cores, shear walls, coupled shear walls and rigid frames.

The load distribution on each assembly is assumed to be represented
sufficiently accurately by a combination of a uniformly and a triangularly
distributed loading together with a horizontal top concentrated force. The latter is
essential for representing the heavy concentrated interactions which occur at the
tops of such structures, and is crucial to achieving accurate solutions with simple
load distributions. The deflections of each assembly due to unit values of the
three separate load components are then derived using the continuum technique
presented in the previous chapters, and the horizontal compatibility conditions
achieved by means of equating the top deflection, the area under the deflection
diagram, and the first moment of area about the base of the deflection diagram
for each assembly. Used in conjunction with the overall equations of horizontal
force equilibrium, sufficient equations are obtained to solve for the amplitudes of
the three load components acting on each assembly. The maximum size of matrix
which has to be inverted in the solution is of the third order, so that hand
calculations are possible even on a simple calculator, or by using simple
programming on small PC computers. The forces in the members of the

individual assemblies then follow.
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6.2 Basic Assumptions

1. The structure considered consists of parallel assemblies which include almost

all types of high—rise bents, such as:

(a) Flexural cantilever, characterized by its flexural rigidity EI, including plane
shear walls and cores which do not involve coupling actions when laterally loaded.
Such cantilevers and their modes of load— deformation behaviour were described
in Section 2.2.1.

(b) Wall— frame assemblies, characterized by three distinct structural rigidity
parameters EI, GA and EI fo representing three primary modes of
load— deformation behaviour, including coupled shear walls, interacting wall— frame
assemblies, rigid and braced frames. Such cantilevers and their modes of

deflection were described in Chapter 4.

Other types of assemblies may also be considered, provided their modes of

lateral load— resisting deflection are known.

2. The structure is considered to be uniform with all the members having

constant properties throughout their height.

3. The floor slabs connecting the assemblies at every storey level are considered
to have such large in— plane stiffnesses that they are assumed to be rigid in their
own plane. It follows that all the assemblies undergo a rigid body movement at
every floor level, and hence the deflections of all the assemblies are related to
each other by a linear relationship (Figs 6.1a and 6.1b). In particular, if the
structure is symmetric in plan, subjected to a resultant lateral load at the centre,

all the assemblies will then have identical deflections.
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6.3 General Method of Analysis

As discussed in previous chapters, for a structure consisting of different
types of assemblies, subjected to lateral loads, considerable load redistribution
takes place among these assemblies when they are constrained to act together by
the in— plane rigid floor slabs. In a previous method presented by Coull and
Mohammed (Ref. 21), the load distribution on each assembly was assumed to be
represented by a polynomial in the height coordinate, together with a
concentrated force at the top. The continuous connection technique was used to
derive the deflected form of an individual assembly, enabling a set of flexibility
influence coefficients to be obtained, relating any given load term to the
deflection at any level. By making use of the equilibrium and compatibility
equations at any desired number of reference levels, the load distribution on each

assembly could then be determined.

The proposed method assumes that the load distribution on each
assembly (i) may be represented sufficiently accurately by a combination of the
first two terms of the polynomial series, that is, a uniformly distributed load of
intensity w; and a triangularly distributed load of maximum intensity g; at the
top, together with a concentrated horizontal load P; at the top (Fig. 6.2a).
Instead of choosing any arbitrary reference levels as the previous method did, the
present method uses the top deflection Y;, the area A4; and the first moment of
area Zi’ of the deflected diagram (Fig. 6.2b) to maintain the conditions of
horizontal displacement compatibility. By using conditions of horizontal equilibrium,
sufficient equations may be derived to determine the unknown coefficients of the
three load components for each assembly. The use of the deflected curve area
and the first moment of the curve area as the flexibility influence coefficients

represents an effort to take into account the average deflection and shape of each
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individual deflection diagram for the different assemblies, and thus to achieve
reasonable results from the simple load distributions assumed. Since the deflection
profiles for the individual assemblies are smooth curves, it is intuitively expected
that the use of these three compatibility conditions will force the deflections of

the assemblies in the complete structure to have very similar configurations.

On applying the method, in order to achieve the required force equilibrium
conditions, only three lateral applied load cases according to the presumed
components of load distributions on each assembly i can be considered, which
are, a uniformly distributed lateral load of intensity w,, a triangularly distributed
load with maximum intensity g, at the top, and a concentrated horizontal load
P, at the top. For the complete three— dimensional structural analysis which
involves both bending and twisting actions, the torsional— resisting actions of
individual assemblies may be considered by assuming that the torsional load
distributions on each assembly i can also be represented by three components of
torsional load, which are, a uniformly distributed torque of intensity ¢;, a
triangularly distributed torque of maximum intensity r; at the top, and a
concentrated torque 7; at the top. The three standard applied torque cases which
may be considered in the analysis thus are those of a uniformly distributed torque
of intensity t,, a triangularly distributed torque of maximum intensity r, at the
top, and a concentrated torque of T, at the top. These three applied lateral
loads and three torsional loads, with their combinations, cover most of the
applied lateral load cases in practical structural design, such as wind loading and
earthquakes. In a structure which consists of parallel assemblies, however, the
torsional stiffnesses of individual assemblies such as shear walls and planar rigid
frames are of minor significance when compared with the overall torsional
stiffness of the structure which derives primarily from the shearing stiffnesses of

the different assemblies. Only cores contribute to substantial torsional stiffnesses in



-191-

the structure and have to be taken into consideration. Since the torsion— twisting
relationships for individual cores are not included in this thesis, the torsional
stiffnesses of individual assemblies and their torsional reactions are not considered

in numerical studies and in the associated 'FLASH' analyses.

The detailed method of analysis is presented in the following three sections.
First, as an introduction to the method, the analysis of the interactions between
two linked components subjected to lateral loads is presented, and the area
influence coefficients for individual assemblies are introduced, followed by an
example to show the validity and accuracy of the method. Secondly, the method
is presented for the analysis of symmetric structures involving various flexural and
wall— frame assemblies, subjected to pure bending actions. Finally, the method is
extended to a complete three— dimensional structural analysis involving both

bending and torsional actions.

6.4 Analysis of Interaction Between Two_Linked Components

6.4.1 Method of Analysis

In order to interpret the method and introduce the idea of area influence
coefficients for different types of assemblies, consider first the simple case in
which the structure consists of two linked assemblies, subjected to a uniformly
distributed lateral load of intensity w , as shown in Fig. 6.3a. It is assumed that
the interactive axial forces in the links are represented by three components: a
uniformly distributed force flow of intensity n,, a triangularly distributed force
flow of maximum intensity n, at the top, and a concentrated horizontal force Q
at the top, as shown in Fig. 6.3b. On using the conditions of horizontal force

equilibrium, the distributions of load, which consist of three load components on
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each of the assemblies, become, referring to Fig. 6.3c,

For the first assembly,
W, =W, -n,, g =-n, and P, = -0 (6.1)
And for the second assembly,

w,=n,, ¢q,=n, and P, =0 (6.2)

Under the action of the three load components from Egs. 6.1 and 6.2, the

resulting deflections of the two assemblies will be given as,

Yi = WiYwi * 94¥q: *+ Pyyp, _ (6.3)
Y2 = Wa¥wz2 * 9y¥q2 t+ Poyp, (6.4)
or,

Yi = Wiywi * 4i¥qi * Piyp; (i =1, 2) (6.5)

in which y,;, Yqi and yp; are the three deflection components of
assembly i (i = 1, 2), resulting respectively from the three unit load components
(Fig. 6.4). The subscripts w, g and P refer to the unit uniformly and triangularly

distributed lateral loads, and a unit top horizontal point load, respectively.

Having given the expressions for the deflections for each assembly { from
Egs. 6.5, the top deflections, the areas under the deflection curves and the first

moments of curve areas are consequently given by,

Y; = wiYy,i + quqi + P;Yp; (i =1, 2) (6.6)
A = WAy, + inqi + P;Ap; (6.7)
Aj = wiAy; + qiAg; + PiAp; (6.8)

in which Y,,;, Yqi and Yp; are the top deflections of assembly i

(i =1,2), Ay, Aqi and Ap; are the areas under the deflected curves, and

Ay Zqi and ZPi are the first moments of the deflected curve areas about the

i

base (Fig. 6.4), all due to three unit load cases, respectively.
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It is now assumed that the top deflections, the areas under the deflected

curves and the first moments of the area curves of the two assemblies (Fig. 6.3c)

are all equal. That is,

Y, =Y,, A =A,, and, 4, = A4, (6.9)

From Egs. 6.6 to 6.8, using Eq. 6.9, three equations are then obtained as,

wiYy, + q,Yg, + P,Yp, = w,Y,, + 9.Yq, + P,Yp, (6.10)
Wiy + Q4Ag, + PiAp, = woAy, + q,Ag, + PLAp, (6.11)
WiAyr + q,4q, + PiAp, = w,A,, + q24q2 * PLAp, (6.12)

From the conditions of horizontal force equilibrium, three other equations
can be obtained (Egs. 6.1 and 6.2) as,

wy + w, =wy, q, +q,=0, and, P, + P, =0 (6.13)

On solving the six equations (Egs. 6.10 to 6.13), the distributions of load
on the two assemblies can be determined. These give the load components for
which the two assemblies will deflect in similar configurations, by having the same
top deflections, the same areas under the deflected curves, and the same first

moments of the curve areas.

Having determined the distributions of load on each assembly, the shears

and moments in the assembly i can be obtained as,

S

pmwip -6+ a e er =12 (614

n; _!%ﬂi(l - £y 4 _Eéﬂf(z - 3t + £3) + P;H(1-E) (6.15)

in which §; and M; are the shear and the moment in assembly ¢, resulting
from the three load components, & = x/H is the non— dimensional height

coordinate measured from the base, and H is the total height of the structure.
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6.4.2 Area Influence Coefficients For Individual Assemblies

Equations 6.6 to 6.8 can be written in matrix form as,

Yj Yui Ygi Ypi||wi
Ai[ = |Awi Aqi Apil]9i (6.16)
A; Ay Zqi apillp;

or,

Vi = AjF; (6.17)

in which V; is a column vector consisting of the top deflection Y;, the
area under the deflected curve A;, and the first moment of the curve area Zi’
for assembly i, F; is a column vector of the load distribution coefficients for the
assembly, and A; is defined as the area influence coefficients in a square matrix
form consisting of the top deflections, the areas under the deflected curves, and
the first moments of the curve areas, for assembly i due to three unit load

components, respectively, given by,

Yyi Yqi YPi
Aj = |Awi Aqi Apj (6.18)
Avi Aqi Api

By making use of the continuum technique presented in the previous
chapters, the expressions for the deflection for different types of individual
cantilever assemblies, subjected to the three standard lateral load cases, and thus

their area influence coefficients are as follows:



1. Flexural cantilevers of flexural rigidity EI:

Expressions for the deflections,

- Yal(6e - age 4 2

Yw

- __9.H°

120EI(£5 - 1083 + 20t2)

HS3
yp = —gR—(3k7 - £9)

The expressions for the area influence
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(6.19)

(6.20)

(6.21)

coefficients for the flexural

cantilevers are then, with the three loads, Wg, g, and P, having unit values,

Top deflections,

H4 11q H4 P_H4
- o’ - 291" R L
Yy, SET ° Yq 150ET and Yp 3ET (6.22)
Areas under deflected curves,
w HS 13q HS P H4
- - —adp
4w = —30pT + 49 = 3e0er~ ™ Ap 8ET (6.23)
First moments of deflected curve areas,
- 13w H® — 11q  HS - 11P_HS
= —>ro" = ——do7 el s
Aw = —3goET ° 44 = —zo0Er #™ AP T Ta0ET (6.24)
2. Wall— frame assemblies:
Wall— frame assemblies are those cantilevers involving three structural

rigidities, EI, GA and EI f as discussed in Chapter 4. The deflection equations

are expressed in terms of the two structural parameters k and koH which have

been defined by Egs. 4.16 and 4.17. The following equations are the expressions
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for the deflection for such wall—frame assemblies, due to the three standard load

components w,, g, and P:

L L
Ay 7 7 AU G O S T 07 KA
coshkoHt + koHsinhkoH(l-() - koHsinhkoH - 1 } (6.25)
k2 (kaH)? coshkoH )
_ 9 H4{ k2-1 1 £3
Yq = —Er U Tgogz(t° - 1087 + 2089 + —prnyr @ - )

+ coshkoHf + (koH/2-1/koH)[ sinhkoH(1-§) - sinhkoH] - £coshkoH - 1}

K% (kaH) 3coshkaH
(6.26)
= _PQH_S{_I‘_?_“_E 2 _ £3 £ _ sinhkaH—sinhkaH(l-E)}
YP BT I ekz 387~ 87 * trigamy 2 kZ (kaH) 3coshkad
(6.27)

The expressions for the area influence coefficients for wall—frame

assemblies are then, with the three loads w,, g, and P, having unit values:

Top deflections,

y wnH“{ k2-1 + 1 . coshkaH - koHsinhkoH - 1 }
w ET 8Kk? 2kZ (ko) 2 kZ (kaH)? coshkad
(6.28)
Y. - q0H4{ 11(k2-1) 1 __(koH/2-1/koH)sinhkoH + 1 }
9~ TEI T20k? 3kZ(kaH) 2 &2 (ko) 4coshkal
(6.29)
P H3[ k2-1 1 sinhkoH }
Yp = —f7 { 362 T RZ(kal)? ~ k2 (koA) Icoshkad (6.30)
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Areas under deflected curves,

A wons{ k2-1 1
W EI LU 20k? 3k?(kaH) ?
+ _koHH(coshkaH - 2) - [ (kaH)? - 1) ]Jsinhkod } (6.31)
k? (koH)®S coshkoH
A - q0H5{ 13¢k2-1) | 5 _ 1
q EI 360k? 24k (koH) 2 k2 (koH) ©
+ _SinhkoH - (koH/2-1/koH) (koHsinhkoH + 1) - koH } (6.32)
k2 (kaH) ScoshkoH )
M P0H4{ k2-1 1 . _coshkoH - koHsinhkod - 1 }
P EI 8k? 2k2 (koH) 2 kZ(kaH) “coshkaH
(6.33)
First moments of deflected curve areas,
1 - wOHG{ 13(k2-1) | 5 _ 1
w = T EI 360k? 24kZ (koH) 2 kZ(koH)©
[ (kaH)? - 4) JkaHsinhkoH + 3(koH)2 - 2 } (6.34)
2k?2 (koH)® coshkoH )
1= quﬂs{ 11(k2-1) 2 _ _(koH)? + 3
9~ T EI 420k? 15kZ (kaH) 2 3kZ(koH) ©

4(kaH/2-1/kaH)sinhkoH - [ (koH)?2-6 lkaHsinhkoH - 4(koH)? + 8}

4k? (kaH) écoshkaH
(6.35)
- PDHS{ 11(k2-1) 1
Ap = —gr T 120k2 32 (ko) 2
[ (kaH)2 - 2]sinhkoH + 2koH } (6.36)
- 2kZ (koH) ScoshkoH . ’
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6.4.3 Compatibility and Equilibrium Equations in Matrix Form

Using matrix notation, the compatibility conditions for the top deflections,
the deflected curve areas, and the first moments of the curve areas (Eq. 6.9) can

be written as,

V, -V, =0 (6.37)
or,
AF, - AF, = 0 (6.38)

The horizontal force equilibrium equations from Eq. 6.13 can be written as,

1 0 Of]w, 1 0 Oflw, wg
0 1 Oljgq,f + |0 1 Of19,[ = |9, (6.39)
0 0 1ilp, 0 0 1ltp, P,

or,

IF, + IF, = F (6.40)

0
in which I is the unit square matrix of the third order, and F, is the
column vector representing the external lateral load case, given by,

Fo = {wy g4 Po)T (6.41)

6.4.4 Numerical Example for the Interaction Between Two Linked Assemblies

An example of a 30—storey structure is shown in Fig. 6.5a, in which a
pair of coupled shear walls interact, through the pin—ended links, with a lumped
rigid frame consisting of 5 identical 5—span frames, subjected to a uniformly
distributed lateral load of intensity, w, = 10.0 kN/m. This may be taken to
represent half of a symmetric tall building structure whose planform consists of

two coupled shear walls and ten rigid frames as shown in Fig. 6.5b. The

following data are used:
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Storey height h 2.8 m

Total height H 30 x 2.8 m=84.0m
Uniformly distributed load w, 10 kN/m

Modulus of elasticity E 1.40 x 107 kN/m?

Coupled shear walls:

Depths of walls D,=D,=8.0m
Clear span of beams b 4.0 m
Depths of connecting beams Dp 0.5 m
Thickness of walls and beams ¢t 0.3 m

Lumped rigid frame (total stiffnesses):

Beam spans b; (i =1 to 5) 4.0m
Inertias of beams Ip; 1.733 X 1072 m4
Column storey heights h, 2.8 m

Column section areas A,, and A,y 1.5125 m
Ag, to A, 1.0125 m
Inertias of columns I,, and I,, 3.813 X 10 -2 m4

I, to Iog  1.719 x 1072 m4

Calculated parameters:
Coupled walls EI,= 3.584 x 108 N m?2

a,= 0.03359 m™', k,=1.07152, koH,= 3.0243
Rigid frames El,= 2.031 X 10% N m?2

o~ 0.64083 m~1, k,= 1.00019, koH,= 53.8397

From Egs. 6.28 to 6.36, the area influence coefficients for the two

assemblies are calculated as follows,
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[ 5.80860E-03 4.21245E-03 1.76821E-04 ]
A, = | 2.17943E-01 1.53353E-01 5.80860E-03

L 1.28817E+01 9.13926E+00 3.53846E-01 |

5.22842E-03 3.58699E-03 1.35465E-04 ]

A, = | 2.62576E-01 1.69389E-01 5.22842E-03

L 1.42287E+01 9.37835E+00 3.01307E-01 |

Then, on solving the equations provided from Egs. 6.38 and 6.40, the load
distributions on the two assemblies, which are the three load components on each,
are obtained as,

Coupled walls:

w,= 16.364 kN/m, g¢,= -14.911 kN/m, P,= -38.543 kN

Rigid frames:

w,= -6.364 kN/m, q,= 14.911 kN/m, P,= 38.543 kN

Substituting the load components into Egs. 6.3 and 6.4, and using
Egs. 6.25 to 6.27, the deflections of the coupled sheer walls and the rigid frame
are shown in Fig. 6.6a. It can be seen that, by having the same top deflections,
the deflected curve areas and the first moments of curve areas, the two resultant
deflected curves are almost identical. For comparison and for showing the
different properties of the two assemblies, the two free modes of deflected
configurations, each resulting from half of the total applied load w /2, are shown

in Fig. 6.6b.

On using Egs. 6.14 and 6.15, the shears and moments resulting from the
calculated load distributions on the assemblies can be obtained. In order to check
the accuracy of the method, the average of the two deflections (Fig. 6.6a), and
the shears and moments are compared with those given by the FLASH results,

shown in Figs. 6.6c to 6.6e. In the figures, unless specified, the thicker lines
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refer to the proposed method, and the thinner lines refer to the FLASH results.
It can be seen from the curves that simple approximate load distributions can

produce reasonably accurate deflection and force results for such structures.

6.5 Analysis of Symmetric Three— Dimensional Wall— Frame Structures Subjected

to Pure Bending

6.5.1 Method of Analysis

For a symmetric three— dimensional tall building structure consisting of
various types of assemblies, subjected to a known resultant lateral load through
the centre, only pure bending actions will occur due to symmetry. If the floor
slabs are considered to be rigid in their own plane, these assemblies will be
constrained to deform in identical horizontal configurations. On applying the
method, consider now the representative structure and loading system shown in
Fig. 6.7a, in which, due to symmetry, only half the structure and half the
applied load need be taken into account. The half structure is thus replaced by
an equivalent plane system in which the assemblies interact through a series of

pin— ended continuous connecting media, as shown in Fig. 6.7b.

In the analysis, the applied lateral loading is assumed to be a combination
of three standard load components, a uniformly distributed load of intensity w, a
triangularly distributed load of maximum intensity ¢, at the top, and a
concentrated horizontal load P, at the top (Fig. 6.7b). It can be written in a
column vector form as, {F } = {w, q, PO}T.
Assume now that the load distribution on each assembly (i) is represented

by a combination of three load components, of the same form as discussed in the
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previous section, w;, ¢; and P;, as shown in Fig. 6.7c. The deflection for the
assembly i is then determined by Eq. 6.5, in which i = 1 to n if there are n
assemblies. In an attempt to force all assemblies to have equal deflections, the
conditions of horizontal compatibility are achieved by equating the top deflections,
the areas under the deflected curves, and the first moments of the curve areas,
for all the assemblies. Referring to Eq. 6.37, the equations can be written as,

V, -V, =0,V, -V, =0, ..... v Vaey = Vp =0 (6.42)

in which V;, defined in Section 6.4, is the column vector of the top
deflection, the deflected curve area and the first moment of the curve area, for
assembly i, given by,

Vi = {Y; A; AT (6.43)

On substituting V; from Eq. 6.17 for all the assemblies, Eqs. 6.42 become,

AF, - A,F, =0, AF, - A,F, =0, ..... . An-1Fny - AgFp =0
Eqgs. 6.44 give 3(n—1) compatibility equations.

For horizontal force equilibrium, the total applied shear S; must equal the

sum of the shears on the individual assemblies at any level. That is,

n
S¢ =S, +S,+ ... +8,=73S; (6.45)
1

Referring to Eq. 6.14, the shear in assembly i can be expressed as,

S; = wiH(l - £) + _2%5_(1 - §2) +P; (i=1ton) (6.46)

For the applied load, which is a combination of three load components,

W, g, and P, the total applied shear at any level can be written as,

S¢ = w1 - £) + L1 - g7y 4 Py (6.47)



On substituting in Eqs. 6.46 and 6.47, Eq. 6.45 then becomes,

woll(1 - 8) + 281 g2y 4 p

- H(1 - £)Sw; + HAED Sqi + Sps
1

1 1

Eq. 6.48 will be true at any height if,

n n n

Wu_ng’ 9o = 29; and, P, = 3P;
1 1

or,

Fo=F, + F, + ..... + Fp
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(6.48)

(6.49)

(6.50)

Egs. 6.44 and 6.50, provide 3n equations which are sufficient for solving

the 3n load distribution coefficients for all assemblies.

6.5.2 Compatibility and Equilibrium Equations in Matrix Form

Egs 6.44 and 6.50, can be written in matrix form as,

A, -A, 0 . 0 F,
0 A, -A, F,
0 0 o0 Aj ~Ajg,. 0 o|[{Fr; =10
0 0 o0 0 0 An_y ~Anl||Fnos 0
I I I I I . I Fn F

(6.51)



or,

KAF =L
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(6.52)

in which the vector of load distribution coefficients F, and the vector of

applied load coefficients L, are given respectively by,

F={F, F, ..... Fo)T

(6.53)

(6.54)

and K 4 is a square matrix of order 3n, referred to as the "area influence

stiffness matrix" for the symmetric structure subjected to pure bending, given by,

[
A, -A, 0 0
0 A, -A,. 0
Ky = 0 0 0 . A -Ai+1' 0 0
0 0 0 0 0 An-, -4Ap
I I I I I I

(6.55)

where, referring to Eq. 6.18, A; is a square matrix of order 3, consisting

of the area influence coefficients for assembly i, I is a unit square matrix of

order 3, and 0 is a zero square matrix of order 3. In Eq. 6.53, F; is a column

vector of the load distribution on assembly i, defined by Egs. 6.16 and 6.17, and

F is the vector of the applied loads, given by Eq. 6.41.

The load distribution coefficients for all the assemblies can

determined by solving the matrix equation, 6.52, or,

F =K~ 'L

then be

(6.56)
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6.5.3 Numerical Examples

A number of example structures with different configurations have been
analyzed during the research, and two representative examples are given below to

show the accuracy of the results obtained.

Example 1.

The plan of a forty—storey structure is shown in Fig. 6.8a. It consists of
four pairs of coupled shear walls, four identical rigid frames and a central core,
subjected to a resultant uniformly distributed lateral load at the centre of the
building. Due to symmetry, only half of the structure is considered, which is
replaced by an equivalent plane structural system as shown in Fig. 6.8b, in which
the two identical rigid frames are lumped together as a single element, subjected

to half of the load, w, = 10 kN/m. The original data for the structure are:

Storey height h 2.8 m

Number of storeys 40

Total height H 112.0 m
Uniformly distributed load w, 10 kN/m*
Modulus of elasticity E 1.40 X 107 kN/m?2

Coupled shear walls (a):
Depths of the two walls D,=5.5m D, =4.5m
Clear span of the beams b=2.0m

Depths of the connecting beams Dpb=0.4m

0.3 m

Thickness of the walls and beams ¢
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Coupled shear walls (b):
Depths of the two walls D, =40m D, =4.5m

Clear span of the beams b 3.5 m

Depths of the connecting beams Dp=0.4m

Thickness of the walls and beams t

0.3 m

Lumped 5-span rigid frame (total stiffnesses):

Beam spans b; (i=1 to 5) 2.5, 2.5, 2.0, 2.5, 2.5 (m)
Inertias of the beams Ip; 5.2083 x 10-23 m4
Column storey heights h, 2.8 m

Column section areas Ap, to Agg 0.50 m

Inertias of the columns I,; (i=1 to 6) 1.0417 X 10 ~2 m*

Half of the central core:

Flexural rigidity EI 1.660 x 108 N m?

The calculated parameters are:

Coupled walls (a) EI,= 9.0125 X 107 N m?
a,= 0.07665 m~', k,= 1.08487, koH,= 9.3137
Coupled walls (b) EI,= 5.4294 X 107 N m?

a,= 0.04890 m~', k,= 1.04959, koH,= 5.7479

Rigid frame EI,= 8.7500 X 105 N m?
a,= 0.70139 m~', k,= 1.00063, koH,~ 78.6058
Flexural element EI,= 1.6600 X 108 N m?

The area influence coefficients for the four assemblies are obtained as

follows,



~207-

.97217E~02 2.BBBAL2E-02 O.17488E-04 ]
A, = | 1.92713E+D0 1.36227E+00 3.97217E-02
| 1.52575E+02 1.0B752E+02 3.23279E4+00 |
T 6.177B4E-02 4.45300E-02 1 .3B305E-D3 ]
A, = | 3.23203F+0D 2.24585E+00 5.177BLE-D2 |
1 2. 51847E+02 1.76767E402 4 .9B73SE4DD |
T 4.26443E-02 3.03865E-02 .34221E-04 ]
Ay = | 2.32001E+00 1.57BBOE+0D 4 .26443E-D2
| 1 788368+02 1.2228084+02 AD328E+00
T 1.1B4B9E-01 B.68921E-02 2.82117E-03 ]
A, = | 5.30B32E+00 3.83379F+00 1.18489E-D1
| 4 293848402 3.17421F402 9.73192E+00

Then, on solving the equations given by Eq. .51, the three components of

Jdoad distribution on each assemblies are obtained as,

Assembly i w; (kN/m) g; (kN/m) P; (kN)
Toupled Walls =& 1 3.7495 0.3566 ~28.0402
CToupled Malls b 2 1.3056 0.0680 36.0187

Rigid Frame 3 ~3.2461 8.9447 0.1432

Central Tore 4 8.1910 -9.3693 -8.1217

The resuiting deflections for all the assemblies, which have the same top
deflections, the same areas under the deflected curves and same first moments of
the curve areas, are shown in Fig. ©.9a. The awverage of the deflections is then

compared with the result obtained from the FLASH program in Fig. 6.9b.

The curves in Figs. ©.9c and 6.9d show respectively the resultant shears

and moments on each assembly, compared with those obtained from the FLASH

program.
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Example 2.

A second example structure is shown in Fig. 6.10a. It is replaced by an
equivalent plane system as shown in Fig. 6.10b which consists of three assemblies,
a pair of coupled shear walls, a rigid frame (which is a lumped sum of three
frames), and a flexural member. In addition to the uniformly distributed load
case, the other two load cases are also considered in this example. The following

data define the structure:

Storey height h 2.8 m
Number of storeys 30
Total height H 84.0 m
Uniformly distributed load w, 10 kN/m

Triangularly distributed load q, 20 kN/m
Top horizontal point load P, 840 kN

Modulus of elasticity E 1.40 X 107 kN/m?

Coupled shear walls:

Depths of the two walls D, =80m, D, =6.0m
Clear span of the beams b =4.0m

Depths of the connecting beams Dp =0.5m

Thickness of the walls and beams t = 0.25m

Lumped 5-span rigid frame (total stiffnesses):

Beam spans b; (i=1 to 5) 4.0, 4.0, 4.0, 3.0, 3.0 (m)
Inertias of the beams Ipj: 7.8125 X 1073 m*
Column storey heights h, 2.8 m

Column section areas A,;, to Agq 1.08 m

Inertias of the columns I,; (i=1 to 6) 3.2400 X 10 ~2 m4



Flexural assembly:

Inertia of the beam I

The resulting parameters are:

Coupled walls

o,= 0.03652 m~1,

“Rigid frame

o,= 0.45626 m™",

Flexural element
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11.857 m?

EI,= 2.1233 X 108 N m2

k,= 1.07062, koH,= 3.2844
EI,= 2.7216 X 108 N m?
k,= 1.00039, koH,= 38.3405

El,~ 1.6600 X 108 N m?

The area influence coefficients for the assemblies are,

.08981E-03 6.58669E-03 2.75919E-04 ]
A, .43381E-01 2.41211E-01 9.08981E-03
.02617E+01 1.43550E+01 5.53282E-01 |
.67531E-03 5.28376E-03 2.00483E-04 ]
A, .81260E-01 2.47068E-01 7.67531E-03
.07537E+01 1.37321E+01 4.43836E-01 .
.74908E-02 2.74932E-02 1.19018E-03 ]
A, .25969E+00 9.09775E-01 3.74908E-02
L64212E+01 5.54263E+01 2.30943E+00 |

Solutions are obtained for three applied lateral load cases, which are, load
case 1: a uniformly distributed lateral load, load case 2: a triangularly distributed
lateral load, and load case 3: a top concentrated horizontal load. The three
assemblies are defined as, assembly 1: coupled shear walls, assembly 2: rigid
flexural central core. The load distributions on the

frame, and assembly 3:



assemblies are obtained as:

Load Case i w; (kN/m) q; (kN/m) P; (kN)
Load Case 1 7.9931 -4.8717 -22.8467
2 -5.9427 12.7198 63.1800
3 7.9496 -7.8481 -40.3333
Load Case 1 3.6930 4.,2085 -43.2653
2 -9.6171 18.7861 119.2350
3 5.9241 -2.9946 -75.9697
Load Case 1 4.,9800 -6.4486 299.6278
2 -13.3382 17.2418 482 .5259
3 8.3582 -10.7932 57.8463
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The resulting curves for the three load cases are shown respectively in

Figs. 6.11a to 6.11d, 6.12a to 6.12d, and 6.13a to 6.13d. These include the

deflections, the average deflections compared with the FLASH results, and the

shears and moments compared with the FLASH results.

From the examples, it can be seen that the method gives reasonably good

results for the interaction between more than two different forms of components.
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6.6 Analysis of Three— Dimensional Structures Subjected to Bending and Torsion

Actions

6.6.1 Method of Analysis

For an asymmetric three— dimensional structure subjected to a system of
lateral loading w(x), the structure will tend to bend as well as twist as shown in
Fig. 6.1a. If the structure considered consists of n assemblies, the deflections are
represented by y,, y,, ... y,, and the spacings between the assemblies are
denoted by d,, d,, ... dy— , (Fig. 6.14), the deflection relationship between the
assemblies at any height level are then,

Y2 - ¥1 =4dy0, y; -y, =dy0, ..., yn - ypoy = dn_, 6 (6.57)

in which ¢ is the rotation of the structure at the height level considered.

For the top deflections, the equations becomes,
Y, -Y, =d,0, Y, -Y,=4d,0, ..., Y - Yy, =dp_,0 (6.58)
in which Y,, Y,, ... Y, are the top deflections of the assemblies, and ©

is the top rotation of the structure.

The integration for both sides of the expressions in Eq. 6.57 for the height
coordinate x from the base to the top will yield,

A, - A, =d,\Q, Ay - A, =d), ..., Ay - Ap_, = dp 0 (6.59)

in which, obviously, A,, A,, ... A, are the deflected curve areas, and {} is

the area under the rotation curve.

On multiplying both sides of the expressions in Eq. 6.57 by x, and

integrating the equations for the height coordinate from the base to the top, the

equations become,
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Ay - Ay =dI, Ay - A, =d,Il, ..., Ay - A,_, = d,_,]1 (6.60)
in which Z,, ;12, Zn are the first moments of the deflected curve

areas, and IT is the first moment of the rotation curve areas.

In the analysis, the applied lateral and torsional loads considered are a
combination of a uniformly distributed lateral load and torque of intensities W
and t, respectively, a triangularly distributed lateral load and torque of maximum
intensities at the top of the structure g, and r, respectively, and a concentrated

horizontal lateral load and torque of magnitudes P, and T, respectively. In

matrix form, they can be written as,

{Fo} = {w, g, PO}T and (T} = {t, r, To}T (6.61)
(1) Omission of Individual Torsional Stiffnesses

In the first instance, if the torsional stiffnesses of individual assemblies are
neglected as being small, the load distribution on each assembly i (i = 1 to n)
is then represented by a combination of three lateral load components w;, g; and
P;, as shown in Fig. 6.15. Under such a load combination, each assembly will
have a deflection y;, determined by Eq. 6.5, in which i = 1 to n. It is assumed
that the conditions of horizontal deflection compatibility can be established by
assuming that the approximate deflections satisfy the three conditions given by
Egs. 6.58, 6.59 and 6.60, that is,

Vi - Vj4, = -d;R (i =1 to n-1) (6.62)

in which the column vector V; has been defined in Eq. 6.43 for assembly i
and can be expressed by Eq. 6.17, and R, referred to as the overall rotational
coefficient column vector for the structure, is defined now as,

R = {e Q H}T (6.63)
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On substituting V; (i = 1 to n) from Eq. 6.17, Eq. 6.62 becomes,

AfFi - A1'+1F1'+1 = —dl'R (6.64)

1. For horizontal force equilibrium, the total applied shear at any height level
must be equal to the sum of the shear forces in all individual assemblies

(Fig. 6.16). That is,

S¢ =S, +S,+ ... +S, =55; (6.65)

This, as discussed earlier, (Egs. 6.45 to 6.48) will give three equilibrium

equations as,

o= Fy + Fy+ .. ... + Fp, (6.66)

2.  For horizontal twisting moment equilibrium, the sum of the moments of all
the shear forces about any chosen datum must equal the applied twisting moment
M;,. Normally, any datum position may be adopted for the analysis, but some
points may be more efficient than others. For example, it may be useful to
choose a datum position to coincide with the position of the resultant lateral
force on the building so that no applied torque occurs about the datum. This will
be found as the case in the following analysis. So, on choosing as the datum the
particular position at which the external resultant load is applied, and referring to

Fig. 6.16,

n
Sz, +8S,z, + ... + Spz = ;Sl-zi = M, (6.67)

in which z; (i = 1 to n) is the distance between assembly i and the
datum, and the applied twisting moment M,  at any level is given by,

-2
My = toH(1-E) + rofigie + T, (6.68)
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On substituting in §; (i=1 to n) and M,, from Eq. 6.46 and 6.68,

Eq. 6.67 becomes,

n =¢2y n n
H(1-§)3wiz; + MX%Z;‘ + 3Pz
1 1 1

- HQA-8)ye, + 2LED, g (6.69)

It is obvious that Eq. 6.69 is true for any height only when,

n n n
;Wizi =tg, ;qizi = ry and JP;z; = T, (6.70)
1

The twisting moment equilibrium then is given by three equations as,

o = 2,F, + Z,F, + ..... + zpFp (6.71)

Egs. 6.64, 6.66 and 6.71 then provide sufficient equations to determine the

unknown coefficients, which are 3n load components on n assemblies and the 3

additional rotational coefficients in Eq. 6.63.

These 3(n+1) equations together can be written in matrix form as,

1 -A2 0 . 0 1 F]
0 A, -A, 2 F,
0 0 o0 Aj ~Ajy,g. 0 0 D F;t=1o0
o 0 o0 0 0 Any Ay Dpoy | |Fae; 0
E E E E O Fp, F,
Z, Z, Z Zi Zjt Zn-y Zn 0 || R | To)
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or,

KgF = L (6.73)

where F is the vector consisting of load distribution coefficients F; and
rotational coefficients R, and L is the vector of applied load cases, given
respectively by,

F={(F, F, ..... F, R (6.74)

L

{0 o ..... 0 F, T,)T (6.75)
and K 4 is the area influence stiffness square matrix, of order 3(n+1), for

an asymmetric structure, given by,

A, -A, 0. 0 0 0 D,
0 A, -A,. 0 0 D,
Ky = 0 0 0. .. A; -Ajy,. . . 0 0 D; (6.76)
o 0 0 0 0 . Aq_y -An Dn_,
I I 1 I I
Z, Z, Z Zi Zjq Zn-y Zn 0

in which, except for those terms already defined in Eq. 6.55, D; and Z;

are defined as,

[ d; 0
D; =10 d; 0 (i =1 to n-1) (6.77)
0 0 i
z; 0 0
Z; = zj (i =1 to n) (6.78)
0 zj;

The solution to Eq. 6.72 determines the unknown load distribution

coefficients and the rotational coefficients. That is,

F=K4 'L (6.79)
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(2) Inclusion of Individual Torsional Stiffnesses

If the individual torsional stiffnesses of the assemblies are included, it is
then assumed that, in addition to the three lateral load components, w;, g; and
P;, the torsional load distribution on assembly i (i=1 to n) can be represented
by three torsional load components, a uniformly distributed torque of intensity t,
a triangularly distributed torque of maximum intensity r; at the top, and a
concentrated torque 7; at the top (Fig. 6.17). It is also assumed that, for
assembly #, the torque— rotation relationships under the three corresponding torque
components are known, so that when subjected to the three torque components,
the rotation of assembly i is given by,

0;j = tij0p; + rjbp.; + T;0p; (6.80)

in which 6;;, 6,; and 6r; are the three torque— rotation relationships under

the three unit torques (Fig. 6.17).

Having obtained the general expression for the rotation in Eq. 6.80, the
top rotation, the area under the rotation curve and the first moment of the

rotation curve area about the base can be derived. That is, in matrix form,

0 Oti Ori Orif|ti

;1 = 9 9 Orilir; (i =1 to n) (6.81)
I Mg Mp; TridlT;

or,

R; = Ar;T; (6.82)

in which R; is the rotational coefficient vector consisting of the top rotation
©;, the rotation curve area ©; and the first moment of the rotation curve area
I;, for assembly i, T; is the torsional load vector for assembly i, and the square
matrix Ar; is now defined as the rotational area coefficient matrix for assembly i,

given by,
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Oti ©ri Orj
Ar; = 1O Qp; QO (6.83)

Mg; ey My

in which ©;;, ©,; and ©; are the top rotations, Q, Q,; and Qp; are the
rotation curve areas, and II;, II,; and I[Iy; are the first moments of the rotation
curve areas about the base, for assembly i, due to the three corresponding unit

torque load components, respectively.

Since all the assemblies should have the same rotation at any level which
equals the overall rotation of the structure, it is assumed that the rotational
coefficient vector for each assembly i, which includes the top rotation, the
rotation curve area and the first moment of the rotation curve area, must equal
the overall rotational coefficient vector for the structure (Eq. 6.63). That is,
referring to Fig. 6.18,

R; =R (i =1 ton) (6.84)

On using Eq. 6.81, that is,

Ar;T; = R (i =1 ton) (6.85)

Eq. 6.85, regarding as the conditions of rotational compatibility, will give

3n equations.

On using the position of the external resultant load as the datum, for
horizontal twisting moment equilibrium, the sum of the moments of all the shear

forces and the twisting moments on individual assemblies must be zero. Referring

to Fig. 6.19, that is,

n n
SSiz; + SMyj = Mg (i =1 to n) (6.86)
1 1
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in which M;; is the twisting moment on assembly i, subjected to the three

torque components, given by,

1-£2
2

Mti = tiH(l—E) + l‘jH + Ti (6.87)

On using Egs. 6.46 and 6.87, Eq. 6.86 becomes,

n
H(I“E)Z(szj"'ti) + _H_(l;_s"’)_g(quj_'_ri) + g(Pl‘zi-'-Ti)
1 1

- B8y, + ZIED .y p (6.88)

It is obvious that Eq. 6.88 is true for any height coordinate only when,

n
g(w.le' +ti) = t, (6.89)
n
;(ql—zi + rj) =r, (6.90)
n
S(Piz; + T;) =T, (6.91)

1

The horizontal twisting moment equilibrium then can be give from

Egs. 6.89 to 6.91,

+ (z,F, + z,F, + ..... + z,Fp) (6.92)

Egs. 6.64, 6.85, 6.66 and 6.92 altogether  provide sufficient
(6n + 3) equations to determine the unknown coefficients, the lateral load
distribution coefficients {w; g; Pi}T (i = 1 to n), the torsional load distribution

coefficients {‘i ri Ti}T (i = 1 ton) and the overall rotational coefficients

{e 0 mT.
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In matrix form, the equations can be written as,

Ar, 0 0 -1 T, 0
Ay 0 A D, F, 0
Ar, 0 0 -1 T, [/]

4, 0 -A, 0 D, F, 0

-‘l-; 0 -4 Dl;| F;-v 0

Arp 0 0 NERES 0

A0 “Af4y Dy Fy - 0

Argy, 0 0 -1 Ti 4

Afey 0 -Apy, Diss| [Fie 0

0 Arp. 0 0 -1 |Tnes 0

An.y 0 Ay Dn | [Fas 0

Arp 0 -1 Tn 0

o 1 o 1 [ o 1 0o - 4 Fp Fo
1z, 1 oz 1oz 1 I Zp, I 2z, O R T,

(6.93)

or,

KRFR = Lp (6.94)

in which Fp, the vector of torsional and lateral load distribution

coefficients, is given by,

Fp= (T, F, T, F, ... T; F; ... Ty Fu R)T (6.95)

Lp, the vector which defines the external lateral and torsional load cases,
is given by,

Lg=40 0 0 0 ...0 0 ...0F,Ty)T (6.96)

and Kp is the square area influence stiffness matrix of order (6n+3), for a

complete three dimensional tall building structures subjected bending and torsion

actions, given by,
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Ar, 0 0 -1

ar, 0 0 -1

0 K

Af.y 0 -4 Dy
Ar; 0 0 -1

4 0 =Afsy Dy

Argyy 00 -1

Afey 0 -Agy, Dy

(6.97)

The solution to Eqgs. 6.93, determines the load distribution coefficients on
every assembly and the rotational coefficients for the structure. That is,

FR = KR—iLR (6.99)

However, in most cases, a high—rise building structure usually involves only
one or two core type assemblies for which the torsional resistances are of
significance to consider. Therefore, in practice, the size of the equation in
general form, Eq. 6.93, can be reduced by eliminating the corresponding lines
and columns in the matrix Kg as well as the corresponding elements in the
vectors Fp and Lpg, which relate to the individual torsional actions of the
assemblies whose individual torsional stiffnesses are negligible. On eliminating all

of them, Eq. 6.93 will degenerate to Eq. 6.72 as required.
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6.6.2 Numerical Example of Three— Dimensional Structure Subjected to Bending
and Torsion Actions
The same

example wused in

Chapter S5, the Asymmetric Structure
Example 2, is again used as an example to examine the accuracy of the present
method. The planform of the 30— storey structure is as shown in Fig. 5.17, and
it is subjected to a uniformly distributed lateral load, w, = 15 kN/m, at the
same eight different load positions. The original data for the structure and the
parameters for the assemblies have been given in Section 5.5. Since the analysis
of the torsional behaviour of individual assemblies is not included in the thesis,
the torsional stiffnesses of individual assemblies are not considered in both the

present method and the FLASH analysis.

The area influence coefficients for each assembly are,

[ 7.14955E-03 5.17952E-03 .16827E-04 ]
[A1] = | 2.70677E-01 1.90047E-01 7.14955E-03

| 1.59639E+01 1.13053E+01 4.35080E-01 |

[ 3.34661E-02 2.30265E-02 8.74373E-04 ]
[AZ] = | 1.66059E+00 1.07513E+00 3.34661E-02

| 9.03107E+01 5.97185E+01 1.93423E+00 |

[ 1.42604E-02 1.04576E-02 4.52712E-04
[AS] = | 4.79150E-01 3.46053E-01 1.42604E-02

| 2.90684E+01 2.10826E+01 8.78442E-01 |

[ 3. 34661E-02 2.30265E-02 8.74373E-04 ]
[A4] — | 1.66059E+00 1.07513E+00 3.34661E-02

| 9.03107E+01 5.97185E+01 1.93423E+00 |




[ 7.

2

.34661E-02
.66059E+00
.03107E+01
.34661E-02
.66059E+00
.03107E+01
.34661E-02
.66059E+00

.03107E+01

14955E-03

.70677E-01

5.

1.

.30265E-02

.07513E+00

.97185E+01

.30265E-02

.07513E+00

.97185E+01

.30265E-02

.07513E+00

.97185E+01

17952E-03

90047E-01

.74373E-04
.34661E-02
.93423E+00

.74373E-04 ]

.34661E-02

.93423E+00 |

.74373E-04

.34661E-02

.93423E+00 |

.16827E-04 ]

.14955E-03
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L 1.59639E+01 1.13053E+01 4.35080E-01 |

Using the area influence coefficients provided above, and considering the
the load positions described in Section 5.5, the area influence stiffness matrixes
for different load cases can be established. On solving the resulting equations, the
solutions for the load distributions on each assembly, for the 8 different load

positions are obtained and listed as follows,

Load Case i w; (kN/m) q; (kN/m) P; (kN)
Load Position 1 | 1 8.211399 1.591677 21.912014
2 -2.599562 4.806156 42.412139
3 14.510322 | -10.774519 |-110.252207
4 -1.197468 2.167790 20.668489
5 -0.730104 1.288335 13.420606
6 -0.262739 0.408880 6.172723
7 0.204626 -0.470576 -1.075161
8 -3.136475 0.982257 6.741398
Load Position 2 | 1 6.791887 1.517628 19.997992
2 -2.248409 4.156329 36.712123
3 13.607252 | -10.327397 |-101.118834
4 -1.194811 2.206484 19.616890
5 -0.843612 1.556536 13.918479
6 -0.492413 0.906588 8.220068
7 -0.141214 0.256640 2.521657
8 -0.478679 -0.272807 0.131624




Load Position 3 1 4.662619 1.406554 17.126960
2 -1.721679 3.181588 28.162099
3 12.252647 -9.656714 -87.418775
4 -1.190827 2.264525 18.039492
5 -1.013876 1.958838 14.665289
6 -0.836925 1.653150 11.291087
7 -0.659974 1.347463 7.916885
8 3.508014 -2.155404 -9.783036
Load Position 4 1 2.533351 1.295481 14.255927
2 -1.194950 2.206847 19.612075
3 10.898042 -8.986031 -73.718716
4 -1.186842 2.322566 16.462093
5 -1.184139 2.361140 15.412099
6 -1.181436 2.399713 14.362106
7 -1.178734 2.438286 13.312112
8 7.494708 -4.,038001 -19.697696
Load Position 5 1 1.113839 1.221432 12.341906
2 -0.843797 1.557020 13.912059
3 9.994972 -8.538909 -64.585343
4 -1.184185 2.361260 15.410494
5 -1.297648 2.629341 15.909973
6 -1.411111 2.897421 16.409451
7 -1.524574 3.165501 16.908930
8 10.152503 -5.293066 -26.307470
Load Position 6 1 -0.305673 1.147383 10.427884
2 -0.492644 0.907192 8.212043
3 9.091902 -8.091787 -55.451970
4 -1.181529 2.399955 14.358895
5 -1.411157 2.897542 16.407846
6 -1.640785 3.395129 18.456797
7 -1.870413 3.892717 20.505748
8 12.810299 -6.548131 -32.917244
Load Position 7 1 -1.725185 1.073333 8.513863
2 -0.141491 0.257365 2.512027
3 8.188831 -7.644665 -46.318597
4 -1.178872 2.438649 13.307296
5 -1.524666 3.165743 16.905720
6 -1.870459 3.892838 20.504143
7 -2.216253 4.619932 24.102566
8 15.468095 -7.803196 -39.527017
Load Position 8 1 -3.144697 0.999284 6.599841
2 0.209662 -0.392462 -3.187989
3 7.285761 -7.197543 -37.185224
4 -1.176215 2.477343 12.255697
5 -1.638175 3.433944 17.403593
6 -2.100134 4.390546 22.551489
7 -2.562093 5.347148 27.699384
8 18.125890 -9.058260 -46.136791

-223-



-224-

From these resulting load distributions, the approximate deflection of each
assembly, and the shear and moment on each assembly can be obtained by using
Egs. 6.5, 6.14 and 6.15, in which i = 1 to 8. These results, compared with the
results obtained from the FLASH analysis, are shown in Figs. 6.20 to 6.27, for

the 8 load cases, respectively.

6.7 Hand Calculation For Load Distributions

So far, the analysis has presented three matrix equations, Egs. 6.51, 6.72
and 6.93, due to the particular problems concerned. Using a digital computer, the
analysis can be easily carried out through simple programming to solve the
equations involved. At first sight, therefore, it appears that the analysis could
require the inversion of a matrix of high order, although the aim is to achieve a

simplified hand analysis method.

However, an inspection of the component equations involved reveals that
the solution involves only the inversions of a series of matrices of order three for
structures subjected to pure bending. If bending and torsion occur, the analysis
again requires the inversion of a series of third order matrices, but the final
equation is of the sixth order, necessitating a single inversion of a sixth order

matrix. The calculations could thus be done using a pocket calculator.

For a complete three— dimensional structure involving bending and torsion

actions, on using Eq. 6.64, the conditions of displacement compatibility can be

written as,
AF, - A,F, = -d,R (1)
AF, - AjF, = -d,R (2) (6.100)

An-1Fnoy - Apfp = -dn,R (n-1)
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By adding the above equations (1) to (n—1), (2) to (n—1), etc., until
(n—2) to (n—1), Egs. 6.100 become,

AF, - ApFp = -(d,+d+...+d,_,)R (1)
AF, - ApFp = -(dy+d +.. . +dh_ )R (2)

(6.101)
An-1Fn-q - ApFp = -(dp_ )R (n-1)

From Eqgs. 6.101, the force distributions on assemblies 1 to (n—1) can be

all expressed by F, and R,

F, = A=A F, - [,A,"'R (1)

F, = Ay""ApF, - 1,4,"'R (2) (6.102)
Fp.i = Ap7'ApFpn - lp.4Ap_,7'R (n-1)

in which I, = d,+d,*....+dy—,, I, = d,*+d+....+dy_ ., ..... , and

ln—1 - dn—1°

From the conditions of twisting compatibility, Eqs. 6.85, the torsional force
distribution on each assembly can be expressed by,

T; = Ar;7'R (i =1 to n) (6.103)

On using the horizontal force equilibrium, Eq. 6.66, substituting F,, F,,

..... Fp_, from Egs. 6.102, the equation becomes,
Fo=[A""+A,"" + ... .. + Apoy AL + TR,
= (LAY + LA+ oL + lh_,Ap-,"")R (6.104)
or,
Fy = K¢ Fp - Kg4R (6.105)

in which K¢, and K;, are both square matrices of order three, to be

given by,

..... + Ap_,TNAL + 1 (6.106)

I
~
_‘3>
1
+
S
|
+

Kfl
Ky = AT + LLA,7T + ... e + lp1Ap- 7! (6.107)
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On using the horizontal twisting moment equilibrium, Egs. 6.92, substituting

T,, T, ... » Ty, and F, F, ... » Fp—, from Egs. 6.102 and 6.103, the
equation becomes,
Ty = [(z,A,77 + 2,4,70 + ..., + Zp_1Aney "N AR + 2z JFp
- [(z,L,A7 + Zz, 04,7 + L + Znoyln-14n-1"")
- (Ar,;=" + Ar,”' + ..., + Arp”") R (6.108)
or,
Ty = Kp,Fp - K¢ ,R (6.109)
in which,
Ke, = (24,77 + z,4,70 + ... + zp_Ap-, AL, + 2, (6.110)
Kip = (Ary™1 + Ar,m0 + oL, + Arp™")
- (Z, LAY + 2, LA+ L + zq_ ylhoAp-,”Y)  (6.111)

Egs. 6.105, together with Eqgs. 6.109, are six equations with six unknown
coefficients, F,, = {w, q, Pn}T and R = {6 Q H}T. On solving the equations,
the force and torque distributions on each assembly can be obtained by

substituting F and R into Egs. 6.102 and 6.103.

If the torsion— resisting assemblies considered are only a few in number, it
can be seen that the numbers of equations involved could be reduced from
Egs. 6.103 and 6.108. In particular, the calculation in the analysis becomes much
easier when twisting action is not involved in the structure. In such a case, as it

is known that, R = {0 0 O}T, Egs. 6.102 then becomes,

F, = A,7"A Fp (1)
F, = A,7"ApFp (2) (6.112)
Fpoy = Ap_y7'ApFp (n-1)

Egs. 6.104 then become,

Fo = [(A1 + 4,70 + ... + Anoy~ AL + TR, (6.113)
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which are three equations with three unknown coefficients, F,. On solving

F, from the three equations, the force distribution on each assembly, F;, then

i

follows from Egs. 6.112.

6.8 Convergence of Solution

As has been noted, the assumed distributed load components involve only
the first two terms of a general load polynomial, and it may be expected that
the inclusion of more terms would give rise to more accurate solutions. However,
the use of more than two terms, in association with the top concentrated
interactive force, would require more extensive calculations, and would make it
laborious to achieve a solution by hand calculation. Consequently, no attempt has
been made to use more than three terms in the analysis, particularly in view of
the earlier work by Coull and Mohammed (Ref. 21), who found that good

convergence was generally achieved by using no more than about four load terms.

A number of representative example structures were used to investigate the
difference between using two load interactive components (a top point load and a
uniformly distributed load), and all three components. It was found that if ali
structural assemblies belonged is one family with similar load— deformation
characteristics, for example coupled shear walls, the influence of the triangularly
distributed load term was generally not of great practical significance. However, if
dissimilar structural assemblies existed, it was advisable to include all three load
components to achieve reasonably accurate results. In general, therefore, the use

of all three components is to be recommended.
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Fig. 6.2 Assumed Load Distribution (a) and Deflected Diagram (b)
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Fig. 6.3 Two Linked Assemblies Subjected to Lateral Load
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(b) Planform of the Structure

Fig. 6.5 Example of Interactive Coupled Shear Walls and Rigid Frame
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CHAPTER 7

CONCLUSIONS AND RECOMMENDATIONS FOR FUTURE WORK

7.1 Conclusions

This thesis has re— examined the coupled shear wall continuum theory, and
methods for coupled wall structures have been presented, using a series of
systematic parameters for such structures. These analyses include the interactions
between two pairs of linked coupled shear walls and the interactions between
coupled shear walls and flexural and shear cantilevers. The reasonably accurate
results shown from the numerical studies indicate that these methods can be used
directly in the analysis of symmetric coupled shear wall structures subjected to
lateral loads which cause pure bending actions, and produce relatively precise

solutions for the deflections and internal forces in the structure.

Studies of the structural parameters of a group of wall—frame assemblies
have shown that these assemblies, including coupled shear walls, plane shear walls,
cores and rigid frames, belong to a general family of structural cantilevers whose
modes of load— deformation behaviour can be characterized by three primary
distinct structural rigidities, namely, the flexural rigidity EI, the racking shear
rigidity GA, and the overall axial bending rigidity EI f- By making use of the
revised wall— frame theory presented in Chapter 4, the mode of behaviour of
each assembly can be determined by appropriately representing the three rigidities

for the assembly.

Two simplified methods have been presented for the analysis of laterally
loaded three— dimensional symmetric and asymmetric tall building structures

consisting of parallel systems of wall—frame assemblies.
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Based on the revised wall— frame theory and a spring supported rigid beam
model, the first approximate method was presented in Chapter 5 for the analysis
of complete three— dimensional symmetric or asymmetric tall wall— frame structures
subjected to bending and torsional actions. The numerical studies have shown that
based on only a few relatively simple formulae, the simplified method can
generally produce accurate results for the deflections, the rotations, and the
interactive forces between the assemblies for a relatively complicated
three— dimensional tall building structure. These usually require the solution of a
considerable number of equations when using other methods. The method in
general has a merit in its simplicity which is most appropriate for a hand
method. It could be very useful in the preliminary stage of apportioning members
in a structural design, and could be appropriately used as an overall guide to
examine the reasonableness of the results from other more complex methods, such

as finite element analysis.

The second method is an extended and simplified version of an earlier
influence coefficient analysis. It has been shown from the numerical studies that,
on assuming a simple form of load distribution on each assembly, and using the
area influence coefficients instead of the displacements at arbitrarily chosen height
levels to achieve the horizontal deformation compatibilities, a reasonably accurate
solution to the problem is generally obtained. The analysis can be carried out
either by simple programming on small computers to solve large matrices, or by
a hand method which requires the inversions of matrices of order three and six,

by means of using a pocket calculator.
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7.2 Recommendations For Future Work

In this thesis, two different approximate methods for the analysis of
laterally loaded three— dimensional high—rise building structures were presented,
and a number of numerical examples showed that in most cases both methods
produced reasonably accurate solutions when compared with the results from the
finite element analysis. Clearly neither of them is a complete solution to the
general tall building analysis. Questions and problems may arise in some respects

as follows, and further investigations need to be made.

1. In Chapter 5, a problem arose in determining the forces distributed into the
two components of a wall—frame assembly (Eq. 5.12). As the second component
involved two types of rigidities, GA and EF f which define its two different
modes of deformation behaviour, in the absence of any more fundamental basis
for distributing the second force component, it was assumed to take an average
effect of the two factors (GA and EI f). The same technique was also used when
it was to determine the final force distributions in the equivalent assemblies,
subjected to the ‘effective’ rigidities (Egs. 5.26). Obviously, this is not the exact
case. It was found in some cases that one factor was more dominant than the
other. Further studies are required to investigate how the forces are truly
distributed into the composite assembly involving the two different modes of

deformation behaviour.

2. In the rigid beam method of calculating the effective rigidities for the
interactive assemblies in a structure in Chapter 5, when the structure considered
is highly asymmetric and subjected to some particular resultant lateral loads, two
problem may occur: (a) a set of absurd effective rigidities of a particular

assembly may be obtained from Egs. 5.40 to 5.42, when, for example, the
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effective flexural rigidity EI,; may be obtained relatively much larger than the
overall bending rigidity EI fei due to a nearly—zero displacement §; (the
denominator in Eq. 5.40). This will result in a relatively large value of the
structural parameter k,;, say, over 1.3, and usually give rise to large errors in
the resulting deflections and force distributions for the particular assembly; (b) for
a particular assembly, a set of effective rigidities of different signs due to one or
two negative displacements resulting from the rigid beams will usually make the
equations completely inapplicable. For example, the structural parameter o, for
the assembly will be an imaginary value if the EI,; and GA, are of different
signs (Eq. 5.17), and a parameter k,; of less than 1.0 (Eq. 5.18) also makes it
difficult to achieve an accurate result from the equations (Eqgs. 5.16 to 5.24). It
should be noted that the method is applicable when the three effective rigidities
are all negative values, and the results in such cases are usually quite good. Due
to the above difficulties, further investigations for the refinement of the rigid

beam model are desirable.

Possible further investigations for the refinement and extension of the study

could also be in some other respects such as:

3. For the analysis of three— dimensional structures subjected to bending and
torsion using the revised wall—frame method and the rigid beam method, further
studies and comparison with the finite element method for the other two standard
load cases, a triangularly distributed lateral load and a concentrated horizontal top

lateral load, are required to examine comprehensively the validity of the method.

4, In the rigid beam method presented in Chapter 5, further investigations are
required to take into account the effects of torsional stiffnesses of individual

assemblies. This might be done, for example, by adding rotational resisting springs
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into the rigid beam model. Each rotation— resisting spring, representing a torsional
assembly, similar to that of a regular supporting spring, might include three types
of torsional rigidities. It would then be possible to analyze structures including
core assemblies which involve large torsional stiffnesses, such as stiffened

open— box sections.

5. Although the area influence coefficient analysis presented in Chapter 6 gives
the solution for structures involving torsional resisting assemblies, studies on the
mode of torsion— twisting behaviour for such individual core assemblies are
required, and numerical studies are necessary to examine the accuracy of the

method when such torsional resisting assemblies are involved.

6. The methods presented in the thesis concerned only structures which are
uniform throughout the height. An extension of the studies for approximate
method for irregular structures, which are commonly found in practice, are highly

desirable.

7. Studies of the modes of deformation behaviour of other types of bents should
be included, such as braced frames and other types of perforated shear walls

which are also commonly employed in high—rise building structures.

8. The methods of analysis developed have concerned structures consisting of
parallel assemblies only. It would be desirable to extend the analysis to include
assemblies in two orthogonal directions, especially when torsional actions are

involved.
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APPENDIX 1
SIMPLE WALL—- FRAME THEORY

SOLUTIONS FOR OTHER TWO STANDARD LATERAL LOAD CASES

Concentrated Horizontal Load P, at the Top

Deflection y:
_ POHS{ £ sinhaH—-sinhaH(l-E)} (1)
y EI | (aH)? (aH) 3coshaH

Moments on the flexural and shear cantilevers, My and Mg:

sinhoH(1-£)

Mp = Pol oaHcoshoH (2)
Shears in the flexural and shear cantilevers, Sp and Sg:

e
Ss = Pof(1-p) - Soshofl D) (5)

Distributed loads on the flexural and shear cantilevers, wp and wq:

P, _oHsinhoH(1-§)

H coshoH (6)

Wp = -Wg =

Trangularly Distributed Lateral Load of Maximum Intensity ¢, at the Top

Deflection y:

g3 3

g H4 ) -
3 (aH) 4

1
y = —F] { ACHEI

coshoHt + (oH/2-1/cH)[sinhoH(1-§) - sinhoH] - 1} 7)
(aH) 4coshaH
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Moments in the flexural and shear cantilevers, M p and Mg:

M = quz{_ (af;)z , _coshad + (cgﬁé?;iéc;ﬁc)x;inhaﬁ(l—é) }
(8)
Mg = qonz{ £3 -635 +2 (afl)z
coshaH + (aH/2-1/aH)sinhozH(1—£)} (9
(aH) 2coshoH
Shears in the flexural and shear cantilevers, Sp and S:
Sp = qu{ (Ml”2 _ _sinhoH - O(zzlégzk—lil{laﬂ)coshaH(l-E)} (10)
Sg = qu{ 1-§2 ¢ , _sinhoA - (aH/Z—l/o:H)coshoeH(l-E)}
2 (aH) 2 aHcoshoH
(11)

Distributed loads on the flexural and shear cantilevers, wp and wyg:

coshaH + (aH/2-1/aH)sinhoH(1-£)

Vb = 9o coshoH (12)
coshoH + (aH/2-1/aH)sinhozH(1—£)}
Vs = {E - coshoH (13)
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APPENDIX 2
CONTINUUM THEORY OF COUPLED SHEAR WALLS
SOLUTIONS FOR OTHER TWO STANDARD LATERAL LOAD CASES

Concentrated Horizontal Load P, at the Top

Deflection y:

_ PDHS{ k21 iaes _pay 4 E sinhkaH—sinhkaH(l—E)}
ET " 6k? kZ(koH)? k2 (ko) ScoshkoH
(14)

Axial forces in the walls N:

P H{ sinhkoH(1-%) }
= —07f - -
N = Tz - 8 kafcoshkaH 13)
Shear flow in the connecting medium gq:
P, { coshkaH(l—E)}
9= Tk? 1- coshkoH (16)
Axial force flow in the connecting medium n:
_ P,| b/2+d, ~ EI,] koHsinhkoH(1-£) (17)
n= k?H 1 El coshkoH
Moments in the two walls, M, and M,:
_ EI, { k2-1 .., sinhkoH(1-£) }
M, = EIIPOH k? (1-8) + kZ2koHcoshkoH (18)
EI k2-1 sinhkoH(1-£) }
= —2 -
M, EIlPUH{ k? (1-8) + k2kaHcoshkoH (19)

Shears in the two walls, S, and S,:

EI, 1 [ b/2+d,
k? l

Sy = PO{ El EIL][l' COShkaH(l—E)]} (20)

EI coshkoH

EI 1 [ b/2+d,  EI, [ _ coshkoH(1-£) }
52 = Polpt + 72|24 e} “coshkar1I (2D
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Trangularly Distributed Lateral Load of Maximum Intensity ¢, at the Top

Deflection y:

_qoHA[ k2-1 1 g3 £
y = Ef'{ To0k2 (¢ T-108 208 2)+ —prmz (6= 39 - oy

+ coshkoHf + (kaH/2-1/koH)[ sinhkoH(1-§) - sinhkoH] - 1 }

k2 (kaH) 3coshkaH
(22)
Axial forces in the walls N:
_ qnﬂz{ £3 - 3t 42 ¢
N = 23 3 * kol ?
_ _coshkoH + (kozH/2—1/kozH)sinhkaH(1-E)} 23
(kaH) 2coshkoH (23)
Shear flow in the connecting medium gq:
q - q.H { 1-§2 1
k21 2 (koH) *
sinhkoH - (kaH/Z—l/kaH)coshkaH(l—E)} (24)
kaHcoshkoH
Moments in the two walls, M, and M,:
2_ 3_
M. = E11q H2{ (k 1)(2’2 38+2) ] 3 2
1 EI 70 6k kZ(koH)
coshkoH + (koH/2-1/koH)sinhkoH(1-£) } (25)
k2 (koH) 2coshkaH
EI (k2-1)(§3-3§+2) ¢
Mz = ‘ET“quZ{ 6k K2 (kad) 2
coshkoH + (koH/2-1/koH)sinhkoH(1-£) } (26)
+ k2 (koH) 2coshkoH :

Shears in the two walls, S, and S,:

b/2+d El



[MZ. + (kz 1)_2.] [ b/2+d - gfz]f(x) (28)
in which,
s = 288 (152 (29)
and,
F(x) = qOH{ 1 _ sinhkoHE -~ (kaH/Z—l/kaH)coshkaH(l—E)}
k2 U(koH) 2 koHcoshkoH
(30)

Axial force flow in the connecting medium n:

"= __n_[___Ziéz b (k- 1)_511] N [ b/2+d, §§2]g(x) (31)

in which,

df (x) _ _  coshkaHt+(koH/2-1/koH)sinhkaH(1-£)
ax 9o k2coshkaH

g(x)= (32)
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APPENDIX 3

REVISED WALL—- FRAME THEORY

SOLUTIONS FOR OTHER TWO STANDARD LATERAL LOAD CASES

1. Concentrated Horizontal Load P, at the Top

Deflection y:

3 2_ i - -
y = —Fof { k %(352_23) + 3 _ sinhkoH-sinhkoH(1 s)}
EI 6k k2 (koaH) 2 k2 (koaH) 3coshkoH
(33)
Interactive force flow gq:
_ _ P, koHsinhkaH(1-{)
9= k?H coshkoH (34)

Moments in the flexural and shear— flexural cantilevers, Mg and Mg:

5 = Pot|-ZEa-6) + b o] (35)
ms = Lo - S| 36)
Shears in the flexural and shear— flexural cantilevers, Sg and Sg:

55 = 7ol + et 2] )
R )

Distributed loads on the flexural and shear— flexural cantilevers, gp and gg:

P, koHsinhkoH(1-£)

98 = 95 T Tgzx coshkoH (39)




2.
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Trangularly Distributed Lateral Load of Maximum Intensity q, at the Top

Deflection y:

q HA[ k2-1 1 £ 3
y “‘%T‘{ 12052 (£ 710834208 D)+ —prpomye (¢ - 39 - e

coshkoH§ + (koH/2-1/koH)[sinhkoH(1-£) - sinhkaH] - 1 }

k2 (kaH) 4coshkoH
(40)
Interactive force flow q:
q - —%&—{5 _ _coshkoHf + (iggéi;;/kaH)sinhkaH(l—E)} (41)

Moments in the flexural and shear— flexural cantilevers, Mg and Mg:

K2-1) (£ 2-3E+2
g = qonr{-(EE D) Eian

coshkaH + (koH/2-1/koaH)sinhkoH(1-£) }

K7 (ko) Zcoshkall (42)

_ £3-3£+2 £
Mg = qn”z{ tkr T TR (kal)?

coshkaH + (kaH/2-1/kaH)sinhkoH(1-£) } (43)
- k2 (kaH) 2coshkaH

Shears in the flexural and shear— flexural cantilevers, Sp and Sg:

k2-1 1
Sp = qu{‘iii (A-82) + Trrem T

(44)

sinhkoHE - (kaH/Z-l/kaH)coshkaH(l—E)}
k2koHcoshkoH

1 1
Ss = qu{'zkz(l'Ez) "~ TkZ(koH) 2

sinhkaHE - (kozH/Z—l/kozH)coshkaH(l—E)}

k2kaHcoshkoH (43)
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Distributed loads on the flexural and shear— flexural cantilevers, gg and gg:

coshkoHE + (kaH/Z—l/kaH)sinhkaH(l—E)}

9B = Zz {(k2—1)£ + coshkoH

(46)

coshkoH: + (koH/2-1/koH)sinhkoH(1-£)
s = _Q_{E - coshkoH } (47)




