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PREFACE,

The problems which form the subject matter of this
thesis are all concerned with the ecalculation of the stress
set up in a two~dimensional elastic medium by the application
of external applied forces, both statical and dynamical,
considered as boundary value problems in the mathematical
theory of elasticity. The solutions of the partial
differential equations involved are obtained by using

Fourier integral transform theory., This method of approach
which has been used recently by Sneddon (32.) to obtain the
solutions of & number of problems in elasticity, is direct and
yields formal solutions with general types of applied force
from which the solutions to problems with special forms of

loading may be deduced,

Part I is an account of those parts of the general
mathematical theory of elasticity of which use is
subsequently made, as well as a statement of some theorems and
results from the theory of integral transforms, In Parts
II and III formal solutions are derived for t he problems of an
infinite two-dimensional elastic medium with Borces applied to

its interior, and of the semi-infinite elastic solid and

infinite elastic strip with boundary loading, While the



results obtained are not new there are certain novel features

in the method of solution* These general results are applied
in Part IV to the case of forces applied to the interior of a
semi-infinite elastic solid and the solution is obtained for

a more general problem of this type than that considered

previously by Sneddon (@-# )*

The methods employed in Parts II and III are extended
in Parts V and VI to problems in which the applied forces
vary with time and among the special cases considered are some
new solutions. In particular the problem of an impulsive
force applied to the interior of an infinite two-dimensional
elastic medium, and of applied forces moving with uniform
velocity do not appear to have been dealt with previously,
numerical calculations have been made at various points to

illustrate effects which appear to have some practical interest.

Fourier transforms can also be used in problems
involving circular symmetry and while there are many interesting
applications of this type of problem it has not been found
possible at this stage to do more than give the analysis of a

few problems and this formsthe substance of Parts VII andVIII.

I should like to express my thanks to Professor
I.N. Sneddon who suggested these problems to me as a subject of
study and with whom I had many valuable conversations, and to
Professor R.o* Street underwhose supervision the work was

carried out.
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" PART I.

 THE MATHEMATICAL THEORY OF ELASTICITY,




I, THE MATHEMATICAL THEORY OF ELASTICITY.

1.1 Historical résumé. -

- A knowledge of the behaviour of a solid body when
acted upon by externally applied forcées is of paramount
importance in the design of engineering structures since the
strength of the structure is dependent upon the resistance

to rupture of the meterial comprising it. The realisation of
this fact provided the impetus for an investigation into the
strength of materials, one outcome of which was the formulation
of the mathematical theory of elasticity, Technical advance
was not however the sole stimulus for the subsequent
development and much progress resulted from the academic urge
shown during the golden age of mathematical physics to obtain
an understanding of the material universe, ‘

The first mathematician to concern himself with the
Problem of the strength of materials was Galileo when in
1638 he attempted to determine the effects of loading a beam
one end of which was built into a wall. He did not consider .the
beam to bBe elastic since he had not the conception of '
displacement, but his work was the beginning of an investigation



subsequently pursued by most of the grest mathematical
physicists. The experimental work of Hooke, circa 1678

and later by Young in 1807 and the theoretical work of

Navier, Euler, Bernoulli end Cauchy culminated in the
formulation by Cauchy in 1820 of the eguations of elasticity.
After this Cauchy, Clapeyron, Green and Kelvin, to mention

only the greatest, applied the general theory to particular
pfobiems, greatest effort being directed towards obtaining
solutions of the equastions of equilibrium, Dynamical problems
were not, however, entirely neglected and many problems relating
to the free vibrations of elastic bodies were considered,
Poisson deduced from the equations of motion that a disturbance
would be transmitted through an isotropic elastic medium by

two kinds of waves, waves of irrotational dilstion, and waves of
equivoluminal rotation, each type travelling with a different
velocity. Dynamical problems however did not receive the

same extensive treatment as staticsl prollems, due no doubt to
the faect that the additional independent variable in the eguations

of motion renders their solution more recondite.

Attention has also been given to problems in
aeolotropic elasticity, but the complex nature of the equations
involved makes the analysis extremely difficult.

In recent years attention has been focussed mainly
on the development of methods of solving the egquations of
equilibrium and on the formulation of a2 mathematical theory of
plasticity which will account of the behaviour of materials

stressed beyond the elastic limit.



1.2 Specification of stress and displacement.,

A solid body acted upon by externally avplied forces
may be considered to be rigid, elastic, or plastic. A rigid
| body is one in which there is no rélative movement between the
elements comprising the body. In an elastic bédy there is
relative movement within the body but of a reversible nature
To) that when the forces producing the deformetion are removed
the body returns to its originegl configuration. This is not
the case in a plastic medium; there the material does not return
to its original state but is permanently deformed. In the
problems considered herewwe assume perfect elasticity, This
assumes that we neglect translational motion of the body as a
whole, and that the epplied forces are not great enough to

broduce plastic flow,

An elastic body when deformed by external forces is
said to be in a state of stress, the stress being specified st
every point in the body by the stress tensor S, If we refer
a point P in the body to the rectangular Cartesian axes
0X, OY, 0Z by means of the co-ordinates (x,y,2z) then the stress

S may be denotedvby
S‘ = 0—1 T Tax
Ty T Ty | (BX))

’txz Itls‘l- G;_

where Oy is the normal stress at P across a plane perpendicular



to the axis 0X, and'ﬁgiS‘the shearing stress across this plane
in the direction of 0OY. Similar interpretations can be
given to the other components, It may readily be shown that

the tensor is symmetric.
Associated with this tensor is the displacement vector
=({w,J0w
?u()»)

where u,v and w are the components in the directions of the
co-ordinate axes. It is sometimes convenient to specify the

deformation by the strain tensor E given in this case by

e /(%% =0k
Ji(%*%) %% = (%'\- /%)7.-) | (-22)
p(Ma2) L (%) &
where,%% is the unit elongation in the direction OX and

'%(qa§+@£a is a mgasure of the angular distortion about 0%

of a plane perpendicular to 0Z.

l¢5  The eguations of elasticity.

The experimental work of Hooke led to the enunciation
in 1660 of Hooke's law which states that in an elastic body
in a state of pure tension the stress is proportional to the

strain within the elastic limits, This led to the
assumption in the mathemaiical theory that, in general, the



components of stress were linear functions of the components
of strain.’ Subsecuent worlk showed that for an isotronic

medium only two elaestic sonstants were involved, so that the

stress-strain relations can be written in the form
G = AD+ 20 . U= AD+2n e
* M > s AR

- AW
G;—>\L>+1/A Ve L)
\3)

v:,

R /A(/B_&-\-’L- - ff%_t-_-_/q,«(/l,.‘;!‘_i-\-’%%')
- (e

where A\ is the dilation defined by
- /)u W L @r

and )sanéfA sre the Lam& elastic constants. In practical
" applications it is more usual to use two other constants,
namely E, Young'!s modulus snd ¢ , Poisson's ration, related to

the Lamé constants by means of the equations

N -. GE - _E
A _-044ij_my) > /JL 2£T+Gﬁ

A further set of equations, the equations of motion,

1)

may be obtained by considering the motion of a smeall element of
an elastic body in =2 state of stress due to annlied forces which

vary with time, I the forces are indepsndent of time, =20



that the oroblem is statical, we consider the equilibrium
of the element and obtain the eguations of equilibrium.
If we assume & body rorce (X,Y,4) per unit mass acting
throughout ane€lastic medium of density f it is readily

shownx(ﬁl) that the equations of motion are

AG. . N~< N T = o N,
ol e ol R

~ ’a z - ("33)
qqx"*‘"%% + ’J R ”,f fw

Mo s Vigy v A% 4 07 = ”“’;
Q’fo+ f:sz‘5 2z "V T e

and the equations of equilibrium (1l-34) are obtained by

equatin g the left-hsnd side of these equations to zero.

.If the elastic medium is bounded, then in order
that equilibrium be maintained at the surface, the surface
force per unit area at a point on the boundary must egqual
the internal stress at that point, This requirement

gives rise to the boundary conditions.,

*
(21).1.83



1*l, Two-dimensional stress systems,

There are two types of tWO-dimeﬂsional problem in
elasticity, plane strain and plane stress, If we assume
that tﬂe body extends indefinitely in bothdirections
perpendi?ular to the xy-plane, and that the applied forces
are uniformly distributed through-out the body in this
dirédtion, then all planes parallel to the xy-plane before
deformation remain parsllel after deformation, so that

= 0, and u and v do not vary with z. The stress-strain

relations then become
Go= M+ %5 o Ty= N+ %) » iz,

. (R
q;q=704\®§§+1%%3 ) O;::)\(@§E+4%ﬁ) 3 T =Ty =0

cand if we assume furthevimore that the component of body force

Z is zero, then the eguations of motion become

g Y — 'Lu
-+ KEM*?X“V%‘-_’
Ib'a?f" WoreX=r%e > Y e

80 that the stress and displacement are completely determined

(442)

when 0% , G‘ Q;a , 1, and v are known, A similar set of
eguations (1'&3) sre obtained for the equations of

equilibrium by equating the left-hand sides of (1°L1) to zero.



If onk the othsr hand we assume that the Body is
a plate parallel to the xy-plane, then we may assume that
Q;5 Tr » ond T, are zero. From the stress—~strain relastions

we have

o=M(7 + %% + %) "'Q'f*%% (- 4o

so that when we substitute for ",{—%from (1.44) into the

remaining relations in (1l.41) we get
G = X%+ H) 0%
' N 2 A )
G= XA R 2% | 0-45)

0 XU+ )

' _
where A\ =—%. The equations of motion are the same as
for plane"strain.

We shall assume, therefore, that the pi‘oblems
considered here satisfy the conditions for plane strain, The

solution for the corresponding problem in plane stress may

. [] .
readily be obtained by substituting A for )\ in the solution.



1'5 Circulsr symmetry.

When dealing with a solid of revolution it is more
convenient to emully the cylindrical polar coeordinates
(f, 9, z), to specify a éoint in the medium, the axis of
Asymmetry being taken as the axis 0Z. The stfess tensor in

this case is given by

To @ - (.51)
TA:. ’tel G;‘
Where J; is the normal stress at a point across a plane perpen-
dicular tq the radius vector through the point, and Tgis the
shearing stress at the point in the direction of the radius
vector across a plane passing thfough‘the point and the

axis OZ. Similar interpretations may be given to the other

components.,

If U,V, and w denote the components of the displacement

vector in the directions of r, ©, snd z then we have
D =(U.V,w)

* _
and it may readily be shown (21) that the strain tensor is given by

g U Q VA U .
= g - R
W Y .1t W, U N33
it e o R AR h6%
: j Wy W W
WY FhYw ez



G =N+ Y Maﬂ%’% 9,
- m*”-/“a:“—’i
(W ¥ wep(ei ), O
= e (R )
where &= + T+ A 4 A

In the particular problems dealt with here, we shall
be concerned with deformation produced by forces applied
symmetrically with respect to the axis of symmetry, so that

V = 0,and %é = 0, Bguations (1+53) then reduce to

=NRER) v, S - MR F ) Y
G =N ¥+ % rap s, (5%)

W, AU
,t*‘:/A(/}‘T*mrTi > Mo =T, = O

80 that the problem is a two-dimensional one in the sense
that only two space co-ordinates are involved in the

_equations,



*
The equations of motion are given by‘CZl)

Y} z ,
1 =
VG 4+ NG Ty 7, = L
n nz T = *f At |

where R and % are the components of body-force rer unit mass
in the directions of r and =z respectivel& and r is the density
of the material, The equations of equilibrium in tﬁis
co-ordinate systeﬁ (1-56) are obtained as before, by equating

the left-hand side of these eguations to zero.

In the problems considered here the applied forces
'will‘be applied symmetrically to the surfaces of circular cylinders

whose axis is the z-axis.

*(21) p8q




16 Methods of solution.

Fundamentally, the problem of determining the slte of
stress is an elastic body due to applied forces, is one of
finding analytical functions for the components of stress and
displacement which satisfy the equations of equilibfium in the
case of statical problems and the equations of motion in the
case of dynamical problems along with the boundary conditions, and
which give the appropriate stress resultants around an& force
nuclei within the body, It may be shown that such a solution

is unique,

The first solutions of special problems were obtained by
taking particular solutions of the equations of equilibrium;
solutions of more complicated problems were obtained by taking
a series of solutions of the fundamental type, and determining
the constants of the series so as to satisfy the prescribed

boundary conditions.

A further development in two-dimensional problems came
in the introduction by Airy ( 1 ) of a single function, in terms
of which the stress components could be expressed as second
derivatives snd which was itself a solution of the biharmonic
equation, The function is analagous to the potential function
of classical hydrodynamical and electrical theory, but due to
the fact that the biharmonic function is of a more complicated

nature then Laplace's equation, the same extensive results as



were obtained in other branches of msthematical physics

were not forthcoming in elasticity. However, by

choosing the sppropriate form of stress function, many
special problems were solved by this method: in particular,
polynomial solutions of the biharmonic equation give

certain stress distributions in rectangular plates, The
stress distribution in rectangular beams under various forms
- of loading were obtained by choosing an elementary solution

of trigonometric form and forming a series of such solutions.

The success which attended the application of
complex variable theory to two-dimensional problems in
hydrodynamics and allied subjects, led several writers to
consider the possibility of a similar approach to statical
problems in two-dimensional elasticity. The earliest
methods developed were restricted in their application for
various reaéoné but recently Stevenson (33) and Green (10)
have produced methods which, although differing from one
another in detail, have overcome many of the difficulties
inherent in the ofiginal methods. In particular, by means
of conformal transformations, a much wider class of problem
becomes tractable. These methods are, however, restricted to
two=dimensionsal problems, and while they constitute a great
advance, their apnlication calls for a great deal of
mathematical intuition, particularly in the more complicated
broblems, solutions of which are construéted by a synthesis of

elementary solutions, In fact, much of the difviculty vith



~problems in elasticity is due to the lack of a direct
‘approach: each special problem calling for a high degree of

intuitive reasoning,

Sneddon (32) has succeeded in overcoming this
difficulty to some extent in several paepers on which he
émploys integral transforms to solve the partial differential
equations involved and so obtains solutions which have a
higher degree of generality, than those obtained previously
and obtains them in a more direct fashion. The essence of

the method is the well-known property of integral transforms
which will reduce the number of independent varisbles in a
partial differential equation by unity, provided the variable
being removed is defined throughout the range —-oo to +o0o0.
AThus if these conditions are satiéfied, a partisl differential
equation in two variables may be reduced to an ordinary
differential equation, For example, if we multiply

QrSGWQ by explgx and integrate w1th respect to X over the
range -oo to +00, assuming that % e , and fgga.i' vanish

) 8
at both limits of integration, we find that

[ 2 % -3 %“
LI L
& %?ﬁohg)e Ax = —% \fluye o
- —
Thus if we multiply the partial differential equation

(%,:._ "Tﬁdﬂ’) fOouyy = (¥%)
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by expi¥x end integrate over the entire range of the variable,

we obtain
( g‘;} - %") f(5u) =© (1462)

where we have written

” Céx
fEw = G &?Oﬂm e e

This is now an ordinary differential equation whose solution

may be written down immediately as
_ 5y - |
flxu) = A e  +BG e ¥t S ()

Where‘A and B are arbitrary functionsof § , Which may be chosen
s0 as to satisfy certain prescribed conditions, The required
solution of (1«61) then follows by inverting (1le¢63) using
Pourier's inversion theorem
¢ N o\ 2 -LEX.
(k) "(9.??)"*8'? (se  dx
=

In some cases when more than one varisble is defined

over the range —-oo to +00, a multiple transform may be usel,

For example, if we consider the equation

(g—‘ M %75") $0un) = Flxw)

and multiply both sides of the equation by exp i (§;+q5)

(WA}



and integrate over the entire xy-plane, the equation

reduces to the ordinary slgedbraic equation

—E)FGm) =F (3w

Where we have written

Tl = %J:& &ﬁ(m) e i o,

and

— - Wwagd) |
?(%1"1) = J’f—r& &f("--‘ﬂ)e‘ LI'M d‘)‘d«g ’

0 ~
Selving for {(¥mand applying Fourier's inversiom theorem

for two-dimensional transforms

)= &“&f(‘g )e w)otqu

we obtain a formal solution ot (1.64) in the form of the

double integral

a8 &
FT(x M) -L@bAwﬂb
'IF(Y‘M)::—Q‘_].—S \ },:’)-_‘_,\qﬂ' ?
Seaed

which thus yields a solution provided the integral 1is
convergent
Use has been made of Hankel (32) and Mellin (3bL)

transforms as well as Fourier transforms to solve problems



in elssticity, the nature of the problem snd the co-ordinate
system used determining the form of the kernel used, This
a@proach is not restricted to two-~dimensional «lasticity but
may with equal facility be applied to three dimensional
problems, The method has élso been applied to prbblems

4in which the applied forces vary with time and we sﬁall
consider some two-dimensional problems of this type in the

later sectionslof this Wbrk.

1«7 Fourier integrai transform theory.

Tt will be convenient at this stage to state some
theorems associated with Fourier integral transforms of which

frequent use will be made in the subsequent sections.

Theorem, If-?(? ) is defined by the ihtegral
oo 1

£(x) = @‘._\T_‘)"‘ £ e."ndx.

|

then
ﬂ -~
__.( Y 3
= 2 (A
$ = gry \FBle oy (T)
26
-f(g ) is the Fourier transform of §(x), and the theorem as
stated is the inversion theorem for Fourier transforms. In
this form the theorem includes as spesecisl cases the Fourier

*
cosine and Fourier sinz transforms. (3§ )

*(s5) ps



Je shall slso make use of the thoorem in ths
following form
Theorem If #(x} = 0, for x40, and¥ is complex with a
positive iméginary vart,then
m 3
_ ® -y A
P09 = e \f"“ e Vax
and
Ob-\-CO
£6) = @"& fme oy (1)
2oL ¥

where § is positive. (35

Tasorem. If £(¥) and g(%) are the Fourier transforms of f(x)

and g(x) then

(- )

_ —ix §
&g(a e ot = |26 glxd) dst ()

v

This i$ the faltung theorem for Fourier transforms (35 )

Theorems I asnd IITI nmsy he extanded to functions of saveral

. x .
variables (3§) in which cass we have

Theorem  If E(%dia,—~-§;) is defined by the relation
= i i et - -+ 500
PErn-x) =" \ &j—’(xnu»- ~x)e .
then : T

—-L(?(x\"' - % Ehx‘b

g(x\\"vu' )L\..\ (é_—:" “"‘S‘ &f(g\)%z) . dx,-- "di\. @)

-

and the n-dimensional analogue of (III) is
*
(35) p.50
e



rf;'i

Theorem If f (5%, %) and g (%,%,--%.) are n-dimensional
Pourier transforms of fluRy- —%) and g(Xy.- — %), then
« 0 .
\ ..... X? CRIEISETCRTRET P ol U
~00 -
o o
— &- C- .p(d‘,d‘,;,_,, ) G(K g, - = - 3Xa— k) el - ol )
w =

A function of which we shall make a great deal of use
is the Dirac 8-function defined by ’

§ =0 , x=+0

01

and we shall state here some results relating to §(x)

&m SR ax = £o) | @

\@@ §(x-a)dx. = £(0) e

=0
+LEw
e dr = 27E(%¥) —_
i
.&«) (,_-3)
Two further results which will have application are:-—
o )
L% o
fO)e o =2\ fWeosEn o ()
- rS
if £(x) is an even function of x, and
2 00
* ¥. . .
&&3(1) = im&?& smEw dx (X)
- [~

B o f N\ 2 . ooy o =)
if 2(z) is an odd function of x.



PART II, -

THE APPLICATION OF STATICAL FORGCES TO THE INTERIOR OF

AN INFINITE TWO-DIMENSTIONAL ELASTIC MEDIUM,
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II. THE APPLICATION OF STATICAL FORCES TO THE INTERIOR OF

AN INFINITE TWO~-DIMENSIONAL ELASTIC MEDIUM.

21 Introduction.

The determination of the stress in an infinite
elastic medium due to a point force applied to the interior
is a classical problem in the theory of elasticity, and the
solution of?%wo-dimensional analogue of this problem has been
obtained by various methods. Complex variable theory readily
yields the solution through t he correspondence of the point force

to a singularity of the potential function from which the stress

distribution is derived,

In this section we shall employ the two-dimensionsl
Fourier transform to obtein a general solution of the equations
of equilibrium, applicable to an infinite two-dimensional medium
with forces applied to its interior and as special cases of the
general solution we shall consider the stress distribution due
to a point force acting at the origin snd to a force uniformly

distributed along a line,



21

22 Solution of the equations of eguilibrium

Consider én elastic medium extending to infinity in
511 directions and-in a state of stress due to external forces
applied to its interior, If we assume that the forces are.
uniformlyapplied throughout the thickness of the medium, the

problem is two-dimensional snd is one of plane strain,

Let us set up the rectangular Cartesisn axes 0X, 0Y
so that the coimponent of the displacement vector in the direction
perpendicular to the co-ordinate plane is zero, and the apélied
forces‘are in the directions parallel to the co-ordinate plane,
The components of the stress tensor must satisfy the equations
of equi;ibriumk(lQMB) while the components of the displacement
vector are related to the components of the stress tensor by

means of the equations (leL1)

We introduce now two functions #(x,y), and V¥(x,y) such

that

— = N _
u.—-?;% *.gﬁg , & %% ?g{ | (2.201)

and substilute for u and v in equations (1+L41) to obtain the
.components of stress in terms of @ andAf. It is easily shown

that these are
(9 =V T ('*") = Ao R

%)%=% "'2-( K ,%#)

Qmacn)
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where we have expressed A an@./u in terms of ¢ and H, and we have

2% A% . o . .
written V,'-_:%;‘d%i‘for the two-dimensional Laplacian operator,
' 4
e now write

=N A
_—7§+7;,g >Y=(%§——Q75¥ (2-20%)

and substitute from equations (2+202) and (2+203) into the
equations of equilibrium (1+43) which then may be written in

the form

e+ 2]+ ik - (2}

Bleaead +¢2] — & sV p¥]

These equsations will be satisfied by solutions of the

@204)

two non-homogeneous Laplacian equations

4) + f!u(r)(\—é_;r b =
= \
(2.206)

To obtain solutions of (2+205) we introduce the two-
dimensional Fourier transforms of the functions @ and A,

defined by the integrals

P(xm) = "‘“&o

ey~

D xm) ebogxw&d

Ay

-~
(2 200)
(e MA)

»C\T(,'i,rq\ =k V() e chdy

‘ng
] ‘/\8



N3

Multiplying ecquations (2.205) throushout by exp.i(gx + f7°, and

integrating over the entire xy~plane, the partiasl differentisl
equations (2.205) rcduce to the ordinary algebreaic equstiong

-F+) P + f.(lﬂ‘_ﬁrl@ =0

E0-T)

~(¥rF + A ZH =0

where we have assumed that g andAand their derivatives venish

at both limits of integration and E and@ are defined. by

integrels
similar to (2.206). Transforming equations (2.203) in a
similar manner we obtain the relstions
X =50 & LY =-i4P +i5z D - @.2%)

Now if we solve equations (2-208) for :@ andAWand substitute into
equations (2+207) we get ',5 andAWin terms of X and Y as follows

b = f’(\-\-ﬁ‘\(\-zﬁ\ ) i."g:i +\‘Mt_f_
= (\—-G‘) ({“‘4. ,f’)"

= 2p(1+@) B -5y
. E (Ev_‘- W]'L)Q.

The transformed components of stress and

(2.204)

displacement may be obtained by multiplying equations (2-201)
and (2-202) throughout by exni(¥x +~ly) and integrating over the
entire xy-plane, sssuming as before that all guantities and

their derivatives vanish at the limits of integration,

Using equations (2.209) to eliminate @ andAWwe find the



transformed conponents of stress snd displacement to be
~iven by tho 2ouaitions

Qe+ Gy =— \\—G fi Lz%:;]i‘\f } , (22104)

— (i : (K i
Q.- K G)fi(‘g Cg)f E;f.-\— »{‘Q} _ A’ﬁiﬂ(éwﬂ—— :EY)

L i — MK~ Y
- __(\ GT) iim((?f&- MY)}“'TKQ M)é”zwl"" X )}

(2-210)

= 1+ )1-20) i E(‘EX*-N;Y) 1 + z(utﬁ ﬁn(ni—f@
E0-T q‘)" (i"—&-tvf’) z

5 = (T \-2.) (%Xw‘()} 20 {i(ﬂ? EY)}
- E(-9) (Taaf) v )™

The compon=nts »f the stress tensor and the
displacement vector mey be obuained now by applying Fourier's
inversion theorem (III) for two-dimsnsionsl transforms.

Performing this operstion on equation(2¢210a) we obtain
(0 X e i Grmn)
VER + i Y mHtuy
= - * ™ c
A N S & e Fxay

-0t 200
Now

L

& LE e—-l'-(g?‘—*-qld)dg d”l © X

H

cosmHy d”

T &ES\»\S{X A = e

L\ Ty
(+)

(]

= 2uUXx
T 2.

7-+ﬂ
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usine & result civen in ( [ ) so that Taop is lue oo o—
dimensional Pouriler trensform of s —— Similez iy

B -

it may be shown thet is the Pourier transform

Ty

A2
oA 3 £ o~ s = (a7 o2~
of FE T yE 90 that vhen we apply the faltung theorem I

)
two-dimensional transformsAecuation (2¢211) becomes

(2 .2\25\)

@ =) C e Xef) + R Y(g) daap
4 =T ( Q- >+ (iy-p)*
" The 1list of Fourier transforms at the end of the
section may be proved in = Similsr manner end mey be used

in conjunction with (2+210) to yield the following expiessions

" for the other components of stress

T, -G =—{-2 Oue04-RT03- ) X (8) — (o) Y ()
7o) &\‘ Lo (s o 1 } cddap

™ - (- H0ws) Xieg) + (u-prYedl

_T‘—Tf {4 (9-py
; hl&xz)
~ C (10— HOpX 6 -0V
: .‘M l\-_r(\_(ﬂ & SQ 1(1 -ﬂy-\— (H- } el d§

. fi (A HOIRED) +u B YEOY g0
4

10c-ob+ (w7}
In the expressions for the components of the
3

i . 2% :
displacement vector we pake the sssunpntion that 5'*Mﬁt is

. . . . fod L 2
the two-~dimensional Fowvier trensform of EI%“§r - %+ log(x"+ ¥ ).

*
(7) b 430



This is difficult to v»irove rigorously, but it would seem
to be the case, except for 2 constant which cisappsars on
differentiation, snd therefore will yield the sane values
for the components of strain. The difficulty in obtaining
the correct components of displacement using transform theory
would seem to be inherent in two-dimensional elasticityand
has been encountered by others, The justification for

the assumption in this case is merely that it gives the
correct result in the special problems considered, We. £ind

the components of displacement to be given by

e

—ob ~ad

:Y("'\(&) (x(_:;:ll“(i‘f)@,, ] det olp

% Y\( P)i.( _d\"’.g. (H __@ '%.""%((‘K.—&T-* (‘Q‘FY)}
> Y () ~cedeg) 1 Ad o

o (" + (4-8)”
— =.(-20)
\+C 41?(\-0‘)‘: E‘_ X_(o( p) xgﬁ)((g—?) (2.212)

-Y« (3){ o (1:?& - _,?L_\og(u_go"ws-p”)}] doldlf

(e-o) (-
e (x5

+Y (d@i & -"(‘),é;g-p* -4 \ag ((x-d) +(4f )}] Glal d?

Souations (2.212) reprogsnt o formal solution to the
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problems of an infinite two-dimensional medium with extcrnsl
forces apnlied to its interior, We shall now consider sone

special cases of the general formulae,

23 Point force,

Consider in the first instance the force apwvulied

to the interior to be defined by the equations

Al = FPEAEE > o) =0 o (@3

This represents a force concentrated at the origin acting in
the direction of the x-axis. §(%X) is the Dirac 6-function

defined by (1+71)

Substituting these values for X and Y in equations
(2+212), and making use of the result (VI), we obtain
immediately the following expressions for the components

of the stress tensor

=__P X
T + 0}5 Py (\—G‘) )L"’-A-Aj"’

Ca = _ (-20)P - O xhia
Q.. q’ﬂ —‘-‘-(‘ _.q\) (-xm. 4 Mz)‘l- W u'v + }51)1. é. 39—)
Ty = (20RBOES) Py
4700 Oor gt T WY

[ % 2 2 .
If now we put x + ¥y = r and re-arrange the terms



we obtain the expressions

_ 7P
GO = —Fe
P M |
G-G =500 0 &) @s2

~ P ¥ (R
=~ ———— = 3(1-20) + 9_-!-_}
which are in agreement with those obtained by Love (21). The
components of displacement obtained in this way differ from
Love's result by a constant which of course will disappear on
differentiation to yield the same components of strain, so it

does not constitute an essential difference.

@23

-~
o

o= 4 P
4T +A-1rL\—cr\ "':"é‘

It will be observed that these expressions lead to
infinite stresses at the origin but this difficulty is removed
if We assume that the origin is enclosed in a cavity and the
applied force is distributed over the surface of the cavity in
such a way that its resultant is of magnitude P and acts in
the direction of the x-axis. This of course is the physical
interpretstion of the problem, the use of the Dirac 6-function
being a mathematical idealisation which it is convenient to

use because of the simplicity of the result (V).

(29) p.2o7



Most interest in problems in elasticity is in tha

lines of constant maximum shearing stress, since these zie

the lines along which rupture of the material is most 1li.=1ly

to take place, These are also the lines produced by puoto-

elastic investigation and from this they are often referred
" N\

to as isochromatic lines, Mathematically they are the family

of curves T = constant, wheref is defined by the relation
T (&) i

Using equation (2¢33) these have been calculated for this

problem and are shown in fig.(i) from which it can be seen

that greatest stress concentration occurs immedistely in

front of and behind the point of application of the force.

We shall required in a subsequent problem to know
the components of stress and displacement due to a force
concentrated at the origin and im acting in a direction
making angled with the positive direction of the x-axis. If
the force is of magnitude F, then it may be resolved into the
two components F cosd, and ¥ sind in the directions of the

X and y-axes respectively. Thus we have

Klew) = .‘?.;‘ cosok §(x) §(x)

(@34)

Y () = Fawsh 864500

end oproceeding as in the previous case Irom equstions (2*212),
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using the result (VI) we obtain for the coumponents of

stress and displacement

-__F WCosth +-Msinch.
TG, 2w (\-Q) A*

G0y =— %:3_7 -‘-;-‘wasd%_-c.“-\f?‘_‘;_‘"g - gsww\%_(\—iﬁ - "—}:}X

T"ﬁ =— 4‘_( e k*‘_l smak {3 -24)- 2% }+;4eosel 2ok 2% }}
| Eouw = —___45(‘_¢) |1(3-40) log - X, —(i-ag)eost B “‘A‘W‘]
IR N RS T S

2., Force distributed over a line,

As a further eiample of the general formulae (2.12)
we shall obtain the components of stress and displacement in an
infinite two-dimensional elastic medium.due to a force F
distributed uniformly over a line of length 2a, co~incident with
the y-axis and having its centre at the origin. In this csse we
have

Kixw) _f 03(“3 , Wl a0 Yo =0

= O ;“d\>a
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Substituting for X and Y in equation (2.212a) we have
' a

~ _Fx op
4T () | X+ (4-p)
-G

Performing the integration which is elementary we obtaln

O+ Ty =

Qud-Oy = - 8.)

le(\ W)( o
where ©, and €, are defined by the eguations
L= A, CosO, » MY = AsmO,

L= A, 8050, y M-@ =1sm e,

In a similar manner the following expressions

for the other components of stress are obtained

—
-0, = Eﬁ:‘m {Q—‘N‘)(&;é).) + T (sm26,— S\m?—@t)}

‘(_iz(\-‘m) log - 4+ eos 2.6, —Cos26, }
)

It may be readily shown by a similar proceedure that
the components of the displacement vector are given in this case
by the equations

—l—EE—G—M = —;‘—;6—_——[_2*(\—1¢X9 ~8) + (3—40“){(15—0) \ogt, ~ (4+a) \og)}

+ 0(5‘—?0),]

2 o =...£L_.__ log'ﬁ-

\+0 $Wva(1-9) Al
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I1I. THE APPTLICATION OF STATICAL FORCES TO THE

SURFACES OF A TWO—DIMENSIONAL ELASTIC SOLID.

301 Introduction

The calculation of the stress set up in a two-
dimensional semi-infinite elastic medium due to forces applied
"to the surface,salso a classical problem in mathematical
elasticity, being the two-dimensional analogue of
"Boussinesqg's problem", and Love (21 ) records solutions to
several problems of this type. Recently Sneddon (32 ) has
used the Fourier cosine transform to obtain the sdlution with

more general forms of loading on the boundary.

Filon ( 4- ) considered a two-dimensional strip of
finite length with forces applied to the surface, and obtained
the solution in the form of a Fourier series which he showed
could be expressed as an infinite integral, when the length was
‘great compared with the thickness. AHe also devised a method
(S ) for evaluating the type of integral obteined and an

account of this is given at the end of this section. Sneddon
(51) obtained the solution ofvthe problem of the infinite strip

using Fourier cosine transforms,
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In this section we shall give a completely general
solution for any forin of loading of the boundary of a itwo~-
dimensionél semi-infinite elastic medium, and the solutions
of several particular problems will be deduced from the
general solution, which will also be used in Part'ﬁL These
results were derived independently of those given by Sneddon
(32) and are in' a more general forﬁ, the faltung theorem (111)

being employed here,

The general solution for the infinite strip is also

given,

3+2. Solution of the equatioms of eguilibrium.

We shall consider an elastic solid bounded by plane
surfaces with statical foces applied to the boundaries,
assuming that there are no forces applied to the interior. We
choose the y—-axis parallel to the bounding surfaces and x-axis
perpendicular to this direction and in the sense making a
right-handed set,. The component of displacement in the
direction perpendicular to the co-ordinate plane is assumed
to be zero and the apnlied forces are uniform throughout the
thickness to the solid so that the problem is one of plane
strain, The stress tensor is, therefore, uniquely determined
by the‘components 0, G » and ‘T.,B. The solid ié asswmed to

' o KR Al RIS - PR B T amen s i I S, . 3 e
S, L e e Ly 13 DOTIL AT CTL 011 O ye =3 s,
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=3

If we e¢liminate u cnd v from the strese sirain
relation (141} we obtain srnother =quation, namely the
comnatibility eqgustion, vhich wmust Do satisfied. This is

2 2 2 2

Ny g w 75‘5?‘»

We assume now that the components of the stress fensor
may be derived from a single potential function X (x,y), the

Airy stress function, (1 ) such that

), “he - . )
=T s e=", %% 22

Now it is easily seen that solutions of this type
satisfy .the equations of equilibrium (1°43) when in addition
X =Y = 0. 8ubstituting for the stress components in terms of
X in equation (3+21) we see thatx must satisfy the biharmonic

equation

V.“X— =0 | @22)

where we have written V,t for the two;dimensional Laplacian
ope'rator %"-:_,L-!-%, . In order to solve this partial differentiasl
equationwe intrbduce the Fourier transform of the function
defined by the integral

X () 2(5‘?.)'#& K(uy) e ’1%’:( (z.24)

-
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Multiplying equation (3+23) by exp,imy and
integrating with respect to y over the range —oo to + 0o,
assuming thatﬂ_ and its first three derivetives with respect
to x vanish at both limits of integration, the biharmonic

~equation reduces to the ordinary difrferential equation

CgRAYY =
(aﬁb - M wLC*'ﬂ) © (329)
The solution of this equation may be written down

immediately as ;
Xt = (A+Bx)e = + (c+De (29
of in hyperbolic form

X(xm) = (A+Bx) cosumx + (C +D'%) sy (327)

where A,B,C,D are functions ofn] but are independent of x, and
may be determined so as to satisfy conditions at the bounding

surfaces,

Transforming the stress components as given by
equations (3+22) by multiplying each by eXp, My and
integrating with respect to y over the entire range of the

variable, making the same assumptions as before, we obtain

= 2 —_— TN — . -
G;-:'——"V]’x/ ) 0"‘5-:.%‘:};‘ \/t"ﬁ:: Wl%%'t (3.7_@)



Similerly we obtain for the transformed components of

the displacement vector

E = - \—g A3 A
—= A = .
¥R M oy (2+T) %%—

(329)

'\'%Q‘;E "”"%‘1% + m-'v")_(,

Now having detérmined the arbitrary funétions
A,B,C, and D so as to satisfy the conditions prescriﬁed on the
bounding surfaces, we may substitute from equations (3+26)
or (3~27Y‘intobequations (3+28) snd (3229) and so obtain the
transformed components of stress and displacement appropriate
to the prescribéd conditions at the boundary. Applying
Fourier's inversion theorem (I) yields the components of stress

and displacement in the form of infinite integrals.

543 Semi~infinite medium with normal surface loading

Consider in the first instance the casé,of a semi-
infinite solid with forces apélied normal to the boundary.
We shall take the bounding surface to be co-incident with y-axis
and x-axis directed into the elastic medium, If we denote the
forces aponlied fo the boundary by p(v), then the conditions to be

satisfied there, are

G=-bPR ,Tmy=0 , Xx=0 Q}sﬁ
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Transforming the boundary stresses and writing

(oo .
— Y ) '
0 :@‘\—T-)‘h&H‘d) e dy - ' (332)
we have =
T = —Fe) , By =0 ,%=0 )

Now according to St. Venant's principle the stresses at
great distances from the point of apslication of the load are
negligibly small, so that the form of Airy stress function
chosen must be such as to vanish when x tends to infinity. It
follows, therefore, that in the first of the solution (3+26) of

the transformed biharmonic eqguations, C =D = 0.

Using equations (3¢33) along with (3+26) and (3-28)

we find that for these conditiions at the boundary
- e
M M
so that the transformed components of stress and displacement

are given by

G+ T =— 2P e

-G, = —2xblgme™
e

.._,E:'_ o = Er(ﬂ)“ (\_ 2G — /V"L) e"‘"bl')(
M



Now if we apply Fourier's inversion theorem (I)
~

to the Tirst of equations (3-3L) we

QG+ Ty =— %.—)"L iﬂm e T e—mﬁowl

' which is in agreemsnt with the result obtained by Sneddon (32 )

et

(e}

when p(y) is an even function. It may readily be shown that
e~ M is the Fourier transform of the function (-?—)'h x SO
, w W >

that applying the Faltung theorem in the form (I1I) we obtain

(3

et 0= g"}& xp%)(:p(s) | (s352)

-0 .

The other two equations for the components of the stress

tensor may be dealt with in the same way, making use of the list L
of Fourier transforms at the end of the section to give the

equations

G~ G = - 2% = (H“{-")
=W P(F) P+ w-prt o
: (3.25)

e —-—-—& et

The components of the displacement vector are found in

a similsar manner to be

@25)

ob od

E -
=V Q\_z';)&\o((mo (79 ap +}T:§ S of

Y
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These formulae ere guite genersal and represent the
formsl solution of the problem of a two-dimensional semi-
infinite medium with any form of normal load applied to the

surface,.

A particular case of some interest is that of a point
force applied at the origin, We haVe fhen p(y) = P5(y), so
that when we insert this value in equations (3*35) and apply
‘the result (VI), we obtain the following expressions for the

components of stress and displacement

>
(320
. L - z?fﬂ

s T T T e

\E %—{ 2(\—0‘) logt + _:}
\EiT ;;;.i (yﬂ£§+ouf&.+-%?}

where we have wrkitten x* + y© = r*, This is in agreement with
the result given by Saeddon (32 ), and others.
The maximun shecring stress T defined by equation

(2+34) ig¢ given in this case Dy
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and so the 'isochronsatics! or lines of constant maxinunm
shearing stress sre the femily of coaxial circles
shown in fig.(ii)
Anothor =z»necial case which is readily obtained from
the general solution is that of uhiform pressure over a
segment of the boundary. We have o
p(y¥) = P/ea \7\ &
= 0 (vl > a
so that when we ingert this value in the first of ecuations

(3+35) we get

—

- ap
(E_'F% - = To Xm'*'(}d—(i)’

__a
Performing the integration with respect to B vields the result
-/ U~ — —
OI+GA=%§MM'(%) —tau (&%‘Lﬁ = %‘.—;‘(91— e\) (329)

where el, and 82, are defined by the eguations

x =ryc08 6 » y+a=r)siné; ,

X = r, cos 62 s 7 o= a r2 sin ©

2

Sinilarly by substituting ffom equation (3+77) into
the remaining equations (3'35) and performing the integrations,
lwhich are elementary, we obtain the following expressionz for

the com»nonents of stress

1

G;‘-QA = %ﬁ (S\V\’Z.@-,_-s\.\" '2-9\) ( )
238
Ty = m(msaez— 6059_6))



It is resadily seen that the maximum shearing stress

at any point is given in this case by

i %
L= ‘2\\&5‘“(9 e)

so that the'isochromatics‘are of the form shown in fig.(diii).

3+4 Semi-infinite solid with shearing load applied to the

- surface,

If the loading is applied tengentially to the bounding

surface snd is denoted by q(y) the boundary conditions become

G=0 , Tu= -4 , x=o (544

so that if we write

%ﬂ _,,,Lq e oy E42)

we have

—

@=O > /_Em':""q-(m y X =0 i (343)

Proceeding as before we find that the arbitrary

functions take the values

B=-—M, A=Cc =D=0
“M

These lead to the following expressions for the
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compon&nts of the stress tensor and disonlaceumnent vector in

the general case

X 4—(;«3-[8\”}'L
E_u = (L;’-\F-)\%(@w;‘(_vg\,d + X \—@,——L“(’ﬂ )

q, -
<E+0;=—%—.~l et
_q o2 (Cupuie-ge
W’L qﬁa.— o &? {" _‘_( —-F)} ,dF
T, -—2X g %3)0:8—(5) dp (3-1b)

1+C X 1+(H{s)
E = _0-9) i o IR W (O N
= Q- S,, (8) toa i+ 1y-o7F 9P &“(B I

In the particular case where the load in concentreted

at the origin and is of macnitude @ we have q(y) = Q5(v),

so that these expressions become
(T+(T __2__6%5

TG, — . 208 (i)

T4
po 2Ry @40
e T B

_._E__b\ = Q -\
e == {(\—'zc)hvn 2+ u

E o = @ —‘z(\—@)\ocs*‘—-};'}
\+Q A



The maximum sheering stress st any point is
given by

wA-

| \ .
and the isochromatics are shown in fig,(iv).

When the shearing force is distributed over a

segment of the boundary we have

q;bﬂ) = % > A\ £ o.
= O > \H\ >

and the general expressions for the stress components reduce

to integrals which are readily evaluated to give

CQ+G = &
L Ta.

\og:%%
V= W‘A ;—'"ﬁ‘&.a\% :}g‘. +c«>s‘2.(-3,_-&>s’).6:k
’D«u = %ﬂe; o, +-\‘:(5\\A262—-sin’1.9.\.)}

3+5

Semi-infinite medium with general loading of the boundary.

FProm the results derived in the previous two
paragra@hs'we can, from thekprinciple of superposition, deduce
the expressions for the components of stress and displacement

in a semi-infinite elastic medium due to sny form of loading
of the boundary,

The most general form of load cen always

_ be resolved into a normsl load p(y) and a shearing load g(y)
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so that by adding the stresses and displacements in the
elementary cases considered we obtain the solution for the
more general case, This 1s possible because the equations

of equilibrium are linear, We obtain then the eguations

G+, =_3-_S B+ G- 4 _an

* Yr@-p
GG, == LXBOGepallic(est o
PO -prY

=_ 2 - iXb(m + (4-8) W\}(’M o\(s
T R 0:1 F)'“]-

E ow- L [ﬁ*P(m*-(H—M(ﬁ)} (357
1+Q w Y (y p ,

= (=) ) loa P (-] +(-29) Al dan Ui o
e L . g‘ Vi(wé)\o(p ~ xg@®

1'V+ (g—e)v

~(~0) Q@) e { X+ (y —p)"} = (-29pp) o Qﬂ%‘):l 43

A particular case of some interest is the point force
acting at the origin and inclined at angle & to the normal to

the bounding surface. If the magnitude of the force is F
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then we may resolve it into a normal component F cos® ; =znd
a tangential component P sin® so that

p(y) = P cosd S(y)_

Rl

a(v) F sinat 6(y)

I‘nsertlng these values in equations (3 51) and using

the result (VI) gives the eguations

E d.
¢l+%_____9_x: ACoSN 4 HSin

W A
T, — 0. - —2F¢ (weost -\-gsmd)(’&“; I,»j")
* A ™ Al
Gy = — 2E (xeosod + Hswmd) xy
™ A4 (344)

E - B I)((‘L@sd+ﬂsmu‘)

v —2(\-@)eos ol log ¥ +(\-2@) smd ww‘%}

n : it AL € . R
__E___ s -:___-!';__[ W *9.(\-(\‘) sSinal \033 —(\_10) eosa '\O\A\_’ﬁ
-+ L) x
The maximum shearing stress at any point is given by

-
/"z_k_.CQ —ol
L= = s(@-)

\ . !
and the isochromatics are the family of curves shown in fig. (V)



SRR R R Gt N R S s - A S R e

FABLE OF ONE-DTII ITSIONAL TOURIBR TRANSFORLS.

2 3
w
L
2

2\ —-2x2
%] (xT +y2)2

31%253_‘_313;_
x2 + y2}2

1
Lt Tog(er + 72)

b A
2\° -1
(2) tan® I

£(y) T(4)
2‘ 2 -
(2) =% e
(2) ¥ xe - ye CLTNE
n] (x2¥#7y2)2 ks

4o

:i.e.q’K

_ et
_ e E

4%



Fig.(ii)

Lines of constant maxium shearing stress in a
gemi-infinite elastic medium due to a point
force acting normal to the boundary.
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Fig.(iii)
Yines of constant maximum shearing stress in
a semi-infinite two-dimensional elastic medium
due to a normal force distributed uniformly over
a segment of the boundary.

|



Fig. (iv)

Lines of constant maximum shegring stress in a
semi-infinite two~dimensional elastic medium due
to a point force acting tangentially to the boundary.
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Fig. (v)

Eines of constant maximum shearing stress in a
emi-infinite two-dimensional elastic medium
due to a point force acting in the direction
naking angle o with the normal to the boundary.
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3.0 Infinite strip of finite thickness with normal

loading on one bounding surface,

Consider now an. infinite stfip of finite thickness
with loads applied normal to one bounding surface, the other
surface beiﬁg free from stress, This system is nbt in
statical equilibrium so it will bevnecessary at a later stage
to modify theAformal solution obtained by introducing infinite
couples, We shall take the boundiné surfaces to.be x = %4,
and the x- and y-~ axes to form a right-handed set, The aponlied
forces are assumed uniform in the'direction perpendicular to
. the co-ordinate plane, and the component of displacement in
this direction is assumed zero, so that the stress system 1is

two-dimensional,

If we take the applied force to bg p(y) acting on

the surface x = 4 then the boundary conditions are

a,

= -p(¥), Ty= 0 x=4d |
% s by ) (3.“)
= 0 = 0, x = -4
Writing .
| ¥ My |
b@ﬂ =~é§#s&345)3 Ay _ ‘ 3.(2)
the transformed components of stress become
G = -ol), /=0, x=4
Y X 50
= 0 = O, X = - d

at the boundaries, Now if we substitue from the hyperbolic



form (3°27) of the solution of the transformed biharmonic
equation (3+25) into the equations (3°28) and use equations
(3*63), we obtain four equations from which we can determine
the four arbitrary functions A', B', C!', and D', We find

these to be

N = Bl swhuol + mdcesuma
9—‘\11' M + swbmd coshwa -

B = F(M,) W] eoshum .
L Md — S\M\Alvld wsbw]o(.

(B64)

c = E(”)'Z ecxchmd. + md swhkpgl.
M M@ — Stklwmal eosinal

D =_ P Md swwhrdi,
21 MA + Swlmatcoshmol.

Substituting these values in the egusations for the

transformed components of stress and inverting according to
Fourier's inversion theorem III we obtasin the following integral

expressions for the components of the stress tensor

[~}
-2 \% Cosh MU swmhmad subix Coshmd. ~imy
G;d- G“ (‘?—"\T'f"—&\o Qvﬂ i "}i+ swh yo Cos\h/vld- qd-5m\w‘ alc;s\m‘o(-} e dﬂ

w0
S Mx swhmi siwd. — a1 el coskax eoshmd.
GG, (2wr)k &js(”l)%_ MA +swhyd Cosmd.

Mx coshm eoshmd. — md smhyx swhmd. c";“lﬂ
N‘O{ —~ Sk Md oshmad
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[
—~ L MA Coshmx smhmd. — Ndswmhax eoslwd.
by — = ¥ + + '
Y 20 ‘j F)(vn N4 + smhyd cosw»]d.
=R

_ /qxs‘“kwptwstw‘d,— 41@( Cosklles\v\b\/v‘d, } ejWﬂd
Mot — Smbud esstadl- "

Wow it will be observed that the first two of these
in‘_ce‘grals are divergent. The reason for this can be readilr
seen 17 we calculate the bending moment j_ddxag dx across
the strip at distance y from the origin. This con:ta.ins a
finite part due to the aoolied force p(7) and an in;%inite
par'b '-:zhic.h can be removed adding the term — %@l—%dq .
This i= *'chg mathematical equivalence of applving an inf‘ini’ce
coupls a2t infinity to maintain the esvstem in statical

equilibium. With this modification the solution becomes

_ \ - ( Coshad U Sl . $|ukducosku. \ ej‘f‘i 3L, Au
s 0y = _(m p%)i\u-\-smkucoshu U-smhu eoshhu - 2u*
‘.‘
w | r .
_ | G ( L smhal sl — Ucoshdu cosh .
G.%“ 0’3 - Q.W)"zol Sf(%\ U4 smhulosha,

u
__ dwncoshdu eoshiu — usmhdusmhu \ e ‘?_ ﬁé_} duw
WU — s cCoshu } QI

ducoshdusinhun — usmhaut coshu,

rc"ﬁ - m& F(%‘)i W + sivhueoshu (3"’Q

—fu
dusmhdir eoshun — uloshaluswmbhin [e ' pu
U — Simhu coghn

where 707 convenl-nce e hove rinlneed /ﬁd b7 v ~nd written
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X/d =0, y/d :F . In a similar msnner we ind the

components of the displacement vector to e

he—

Pt

a0
X F (% \ l(dum\mluan\«u —2 (1-F) swmwhdusmhu — ustuhduceshu

\+-Q u+ anhuceshu, |
o wuswhalu cosu —2(-T)eoshau coshu —u coshdus(wku‘) ;LF“ ;
W = Simhuweoshu.
£ 39 2 (9_ -0t (¥ { B |
. &
£ 5=- A —(u)"(olu&wkdusm\/\u + (-20)coshau siwhia —~ Usoshducoshu
1+0 2ohy'h U+ swmhueoshu.

o

i
|
I

_ duesshoiucoshu +(1-20) sihdueoshi — usinbha e siuhu F,,
U~ sl eosha. ) ;

o ¥ _ f&i(\—zc)d‘(} -

If we ;m't p(y) = P5(y) so that 5(:\1) = IE>/("2:h‘)'12~ and
use rthe results (IX) and (X), we obtain expressions which are in
agréement with those obtained otherwige by Filon (4 ). Integrals
of tﬁis type do not appear to have been evaluated exactly, but

various approximate methods have been suggested and these will

be discussed later. The problem has, however, been discussed

in detail by PFilon., : |
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57 Infinite strip of finite thickness with normal loading

on both surfaces

We shall obtain now the solution to the problem of
normal loading on both sides of the strip. The solution

corresponding to the boundary conditions

i
fl

Ge= 0, Tw= 0, =~ x=4d. @7

-p(y) 0  x=-d.

]
fl

is readily deduced from equations (3+66) by changing the sign
of x,‘t@ , and u, and we can superimvose the two solutions to

get the solution for normal loading on both boundaries,

Let us consider then the boundary conditions

e

1l

() Gy= 0 x=d  em

-p._(y) 0 _d'

]
I
|

This system will be in equilibrium provided
o

& by = &MM)O"A
g by = Sa bel) o

!
3

otherwise external forces must be applied as in the problem

considered in the previous paragraph, It mey readily be




shovn then that the formel solution of this problem ig siven DY

the exprescions

- - osha W
Op+Qy = "@%‘-grg_ &K\”\ C&)"‘hﬁﬁ cu-&—s:::‘:c:shu-

-—F"L%)-E@}{ smhwueodhu . 1 e

U- s coshrd

0 0= ey [{B () pgff esptos —ucodaucsh]

U+ suhw coshun,

—_— %F(%) __\7, (a):é A ecsholucashiu — usmhalusiwhy é L(zxu
' “ W— Qe COS‘AM.

U+ siwhu coshu . S

R %@SBF@%}V‘*%“M*uwww T ewm

WU — Swhrcostaan

R el e tu]e e Tau

L4 silau coshu.

T_%Ak—- T XI-{F’@ +h@)}2du¢od~1u$\v¢«u —ﬂ\@k\uwusmhu—-uauwu cosh %

— (PR etuc ety oot é{%

= otusukcluauhu-q- (-2 ot sivbax —ueosial
H—Q‘ a‘?"—gl}h@*& S eosht Ucoshua

U=l coshaa,

Rueoshdl i coshuk +H{(1-2T) st coshu ~uaiwhgudsshiu ; gx_
"{P‘ -5) —R(B) “u

It is readily secn thet the integrals are coanver:cnt

at uw = 0, if the concitlon for gtatic souilibrium (3:73) is

e
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satisfied, The results are in agrecment with those obtained

by Sneddon (32).

A particular case of some interest is that where point
forces are applied to bhoth sides of the strip. We have then
p, () = 2, (¥) = PS(y), so that B, (q) =B (4) = PP . The

expressions for the components of the stress vector then become
)

@dc%:_ggg Ccdnotuswul«ucosﬁu .

Wd U+ Sihu cashou.

-Gy =

-]
= ( AU shduU smhie — ucos\,se(ucosku) Cos BM du
U+ sk coshue . (3 ,75)

~ P (o\u coshalusivhu — uswhdia Cos(«u) S\mﬁu,
L“’A T T Uu+swmhCoshu.
[}

and for the components of the displacement vector we have

©
E_u=" & (s coshdu simhu — 2.(~-T)stnhdusimhin — usinhducoshu ) COsﬁu. o
EECIRE. “

\+G U+ swhneoshhw,
o

S= (duswkdu smhku +(1-2 @) Coshdtr stuhu — Ueoghaiue cosku)smpu
\+Q w U+swmhu I
whuesshua.

We see from the expression for v that when x = 0, SO
that = 0, then v = 0. The solution, therefore, corresponds to
thét of an elastic strip lying on a rigid plane co~incident with '
the plane x = 0 acted upon by & force P at the point x =4, y = 0.
We see from the equations for the stress components ‘when x = 0

that the pressure of the strip on the plane is given by

Y S (,Sm\«u + weoshu) Cosﬁu ow (279

L4 Swmhu eosh

((r“)vuom B

[2]
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Eguation (376) was evaluated numerically using the method
devised by Filon and which is discussed in 3%+8, The pressure

on the rigid plane is shown graphically in fig.(vi)

3.8 Evaluation of integrals.

The integral expressions obtained for the components
of stress and displacement in (3¢7) are of a type .which are of
frequent occurrence in mathematical physics, It has not been
found possible to evaluate these exactly so resort must be made
to numerical methods, The presence of the trigonoﬁetric
factor in the integrand however wmakes the use of ordinary
guadrature formulae, such as Simpson's Rule, very insccurate,

unless a great many ordinates are used, and this of course
makes the calculation extremely laborious. A method employed
by Snéddon (29) in which he replaces the integrand by another
function which can be integrated exactly, and which "fits" the -
original aporoximetely, might well be applied to this type

of ‘integral, Filon devised a new quadrature formula for the
numerical evaluation of integrals containing a trigonometric
factor in the integrand and it is this formula which has been
used for the calculations made here, Recently, an account was

given by Fﬁrth snd Pringle ( b ) of an electrical machine which
would seem to be admirably suited for the aprroximate evaluztion

nd it is honed to dinvesticate this



The formuls which we have used here, and which is due

to Milon s

b
X N (x) coskn o = W [d\iw‘(b) swmkb '—'\\/\(o.)s\wko} +(SS%+ Xs,‘A _‘] (339
& :

in which the range 5f‘integration is divided into an even

number of intervals of length h, 282P is the sum of 211 the

even ordinates of the curve y =4(x) cos kx», less tke first znd
last, and § ig the sum of all the odd ordinstes of +this

2r—-1
curve, The constants a, B, snd ¥y are

* =5 4 Cos0swB _ 2swB. . 260 29% 24

o* 8% T as T B& T A5
= 2 |\+ecdo _ 2smlcesa| = 2 4 26 4ot 26 4@“
P = o2 - o° Tz + 55— {08 5:7 9_7,9_"
¥ = 4 ‘“‘6 €SO '= 4 _ 268", o _o% &
( e | 3 5 20T et a91q20

where 8 = kh,

In the numerical evaluation of (3-76) the value of-the
integral over the range O to 6 was obtained using (3+81) and from
b todO the integrand vas replaced by the approximate expression
by e“u(u + 1) cos Bu which can be evaluated exactly. In this

-

way the ordinates of the graph shown in fig, (vi)were calculated,
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v, THE APPLICATION .OF STATICAL FORCES TO THE INTERIOR

OF A SEMI-INFINITE ELASTIC'SOLID.'

L1 Introduction

In a recent paper (18) Sneddon employed the Fourier
cosine transform to solve the equations of>equilibrium for a
two dimensional elastic solid in a state of stress due to a
force apnlied to its interior. He considered the case of a
force concentrated at a point scting in the direciion
perpendicular to the boundary of the solid, end extended the
-analysis to the case of a force distributed uniformly over a

line parallel to the boundary and in a direction normal to it.

The problem was treated in the first instance by
Melan (24) who dealt with the point force acting (i) in the
direction perpendicular to the boundary and (ii) int he
direction parallel to the boundary. Both Green (10) and
Stévenson (34) have given solutions of this problem employing

the complex variable,

In this section we shall employ the results derived in
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the previous section to obtain first»of all the stress
distribution in a semi~infinite medium due to a point force
acting in any direction, The results obtained are in

agreement with the special cases mentioned above, The

surface stress being of some impor tance was evaluated numerically
and isoéhromaﬁics for various directions of applied force

were drawn, The analysis is extended to a force distributed
~over any curve lying within the medium and in some cases the

surface stress was calculated,

Le2, Point force acting in any direction within the elastie

solid,

Consider first of all an infinite two-dimensional
elastic medium in which there has been set up the rectangular
Cartesian co-ordinate axes 0X, OY,. Then if a force of
magnitude F acts at the origin, in the direction making angle o
with the negative direction of the x-axis, the components of
the resulting stress tensor are obtained by replacing a by

%= 0 in eguation (2+35), These are

G; + Q-g — 9_.-‘5(\ -G) )LCoso(*: Hdswa
0—Gy = —_‘:_‘-E—Tﬂ— -;—, {xcase( (-G‘*—%) + ;As;wd (-0 - }:)} Ge2)
Tay = —E___ 0 fxswmd (3 +7_¢+‘%3§) + yeose (1-20°+ "%;)}

lhTQ—Gﬁ ks




where @ denotes Poisson's ration for the material comprising
the solid.,. The components of the displacement vector are

then

E — T ' . 2, o . '
= S

—‘—%ﬁ_-ﬂ‘ - 4'3‘(\ 3 Ay eosak +§'(3 A@logki—x -—Q.Q_(ﬁ}sw\ﬂ]

where E denotes Young's modulus for the material.

It is assumed as before that the origin is enclosed
in a small cavity within the medium, and that t he external
force is applied over the surface of the cavity, The
equilibrium of the solid as a whole is maintained by the
application at a great distance from the origin of co-ordinates

of a second external force system.

We consider now the eguilibrium of thé semi~-infinite
elastic me@%pm X 2 0 when a force of magnitude F acts at the
point (h,ojiin a direction making sngle @ with the negative
direction of the x—axis,

The stress components must satisfy the equations of
equilibrium (i»MB) with X = ¥ = 0 and must have the same
singularities at the point (h,0) as right hand sides of
equations (L4.21) have at the origin,  Furthermore at the

boundary x = 0 we have
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We may take as before, solutions of the form
= > %= w”“*u i
where X (x,y) must be a solution of the biharmonic eguation

(3+23).

We éan obtain a solﬁtioh satisfying these conditions
if we assume the existence of an image force at the point
(-h,0) acting in the opposite direction and then nullifying the
stresses on the boundary so as to satisfy the Boundary conditions,

We write down a solution of the form

—_ Fcoscl -

G+, = YW )L+|r\ 4 Eswma 1 Q'X. N
e e LT ] Zv(-0) 'dl ?J " +/Ty¢‘
_q = _Ecos G(XFR) Tl —k W

G- Oy T09) A (ﬁ 19 Q-_ll

+.l£ﬁ&!;. \_LJI —\=G Qx:*é Cn#ﬁl *-QLZ: QLXa
-9 . e TS
3
v - .\:5\"‘“ - -W) -2 G+ 2(’1——\'& "J-CL'\'\F)
Ry = 2T ‘ -l + 2 ool =l |

‘ . 2, 1 1,0
4 Feosol f 1220 120y 2N vﬁ:«&\] - b
&L e G 6 £

‘ ‘ % 2
where ?1 = (x=-h) 4y, end P‘ = (x+h) *y
1 1 3
Then since these stress components satisfy the eguations of

equilibrium and have the correct singularities at the point
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(n,0) at which thé forece is apwnlied it only remains to
determine X (X, v) such that

— X _
fa L W) > Q?W =) (424
where the functions p(y) and q(y) are the values obtained

for (5 and Ty Dy putting x = O in equations (Le23) giving

bl) = — e e T ~)}

= Euswd | 320 2w _
R e L “}

Now if we insert these values in equations (3+51)

and perform the integrations which are elementary we obtain

.the following expressions

@tﬁ: +Q"?(,‘ _ 2Feosot SL?-(\-Q')1+(\—2.G’)M _ Qh(x-&-k)q/
Ay 7(-Q) f"‘ px

_2Fswdl ¢ 1-G _ Wiyl
L-g) " f‘t
ﬁ - /_‘_‘lx - 2T eosa X i - T Q—(\@X‘(H?-G‘)%%) + 4\'\(’“’@
W M TL-Q) f‘* f

2Femds § -G 2(-D)+2(2-0Yxh &
+ TEer’g = ) )L+€ Dbtk th%ﬂq

AX_ _ Feoss S 20-% +(2h |, Anlar)
DNy 'vr(\fw)x% e * ﬁt- } é29

Towd., § g\-qim-gm_k 20l et tnd, %’x»\(xM}
°

4 ‘2.‘(\ o) S f: f»
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Combining equations (4°23) and (L4+26) we find the

components of the stress tensor for this system to be

— Peesd. 4 B+ (AT | Al
Gt O = mc. ) fs o> ‘ é: l
'ps\vso( ' _ 3BAT ___.L_).

" ﬁ* v &
G-, = Eeosat, [ TlW _ (sOketh (kY i A}

™(-a) e pH 4
4 fa (xaw)® ]
Iy
4+ t—_s_md ‘»w@ - () _ (E-at32GE-20) xh A N @w&mﬂ
-0 o e i
~ - FPswd | _@E20x4) _ (s@hx+Gagh | 20w
= welT e & b
4 200fE-adfr2(5=2Dxh + T o ]
e A
+_E___. \—2G" + 2. (- + ti(s-hu*)f—lm‘xk \“}

FEh P" b G

2

£
+ o ( wf,k)" ]
o

The components of the displacement vector could be

obtained in the same way but it was not considered worth
while doing the analysis since most interest in this type

of problem is in the stresses set up in the material,




At the boundsry x = 0 there is only one non-—
vanishing components of stress and this is given by the

equation

BRSNS

4 W (yﬁ+5§'* Qﬁhk&fjt
‘The curves in fig.(vii), were computed from this expression.
The maximum shearing stress as defined by equation
(2.34) was also evaluated for a number of points in the medium,

taking @ = 1/2, for values of&k= 0, & , & , and the

»

isochromatic lines shown in fig.(viii) were drawn.

ﬂ*3_ Uniform pressure over a curve lying within the solid.

We consider now the stiress produced in a semi-infinite
elastic medium by a uniform pressure applied over a curve
lying within the solid. We assume that at any point of the
curve the applied force is acting in the direction of the normal
kto the curve at the point. Consider an element of the curve ds
at the point P(¥,m )ef. fig (ix).  Let the tangent PT to the
curve make an angle B with the positive direction of the x-axis,
and let the normal at P meke angle wwith the negative direction
of the x-axis, If the parametric eguations of the curve are
§==t(9),4r:ﬂ(e), and the extremities A and B of the curve being

given by the values 67 and ©p of the parameter o, then

€in o = cosg = d¥/ds, cosG= sinf = am/de

LY
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If the .applied pressure is p(@) then the force on
the element is F = p(8) ds, It follows from the eguation
(4L+28) that the surface stress due to the element of force i

the point P is ¢iven by the equation

- ?_E!B)a\s (4~ i
{_iL (\g"-\- (&-,,])") } oAS i g 4__(‘4 0.)» «-1(’5“’4) (l\-3o~)

Now if we integrate with respect to € from @1, to 6o we obtein

an expression for the surface stress due to pressure p(6)

acting along the curve AB, This integral may be written in

the form
('Tﬁ = % I‘+-\—‘._—ﬁ']:ﬁ-} vb 4 Q(-%OZ)

where

I, = Ll G ) L T

S\D() T )
and ‘
- 155 —W-nn'15uw)

I, &e\a() TG e

and we have wrltteng__ (1 , na 41| - dm

aa

By means of integration by parts it may be shown that

e, & |
=V % - ' E(e)_igﬁ-ﬂ) 4
AL +(t!-|19 J"TI‘“ES Tl
8, '

1
so that in the special case in which p(@) is constants, that is.
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the distribution of pressure is uniform, we have

Ig_ = F(Bg,e.) - %I.

’ where
_ .‘b ¥-m) 1° o
Fle.e) 'v'-[ T (ﬁs—fﬂ)’]el (o)
and

E'»- +~ (B_A')v

substituting into equation (L+302) from (L*303) and (L+30L) we

1=k Se‘ T'= W)y ge | (b-204)

1]
have

Oy = ?.—'(T_E)'Y_(\—zcr) 1‘..‘-\~?-E‘(e,,e)] | - (4-.308)

for the surface stress due to a pressure p applied uniformly

along the curve.

In the special case in which the medium is
incompressible so that O = 1/2 this reduces to
,‘b 2 (‘1""1) t& M -Ma (A_
O = " 'v‘ L — - 'w
AL R 06X CE7) S S CRY
where (¥, m, ) and (%,, 4,) are the co-ordinates of the points

A and B, (cf. fig.(x). From fig,(x) it may be seen that
G;d =__g { SWM26, — S\w‘?.a-,_}
n

_and is thus independent of the shaepe of the curve, but is the

Gidle am v0oula he orocucod Y L iloinn miressnurs over thes 2trzizhit



If the curve is symmetrical about the x-axis
(cf.fig.(xi) egquation (L.36) may be put in the form

G; = 2kh H+ra M-

. .
v L Welrar T Wrlgear

_ap B+ B
T L v+ (pea) |+ () ]

-

where we have written g= y/h, and a = a/h, If we expand
in ascending powers of o sand negleect terms containing o2 and

higher powers we obtain the equation

= o (\—B*
- 4 <ot

which is in agreement with equation (L¢28) obtained for the
surface stress due to a point force if we replace p by F/2a,
We may deduce frdm equation (4+308) that the maximum surface
stress occurs at the origin, while y = ¢3h gives minimum

values; the stress is zero at y = *h,

If we examine the function

- B+ _ p—o
R L+ (@) L+ (B-)”

we find that iﬁ@xéJ} the function has one‘maximum turning
value at B = 0 and two minimum turning values at

B = i{p2 +. 1 + 2(c2 + 1)%} z . On the other hand
if a> /3, B = O becomes a minimum turning value and two

1
maxima appear at g = i{a? +1 + 2(az + 1>%} z
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e can obtain expressions for the componsents of
stress in the interior of the medium by proceeding in the
same way as for the surf’é,ce stress, The exXpressions
although more complicated are of the same form and are given

by the equations

[Ele.e) + (-0 &,

qa,
y.-\‘ 0‘5 a_“ (‘ q.)

%% = ey | Elese) + 1298 2R

s = ey LB (Oe) + -9 B

where Fqs FZ’ 33, ‘Ql, 929 and g— are dsfined by the ecustions

& BL‘.E_ = ‘E.Q‘-ii) }01‘ — i_%: + %:_ Al(x*i)}(gﬂ)zl ]o\@

'l—

2

" = {LE x—E zbt—’s) 4+ 20900y sy | .uzgusj
‘_ ﬁ‘t (3‘& fﬁ-

T
Y
T = b -., x—!-f @ zf (+3)° 4+ Lx30ag) %’xi@t:cg)}vgt
& & & f.

6,

{M ("‘fif) (’: + ?"sgfg’v}(w"z)ﬂ']de




=N _ _ l (4310)
@ =2p& \_(x»«‘s)’n‘ez(.*d v) % ]ale |
8, B

C:D,_ SB 311—‘5 " Lm(wf"i) }(,1 i____ + \: M.(‘L*’S)}(H_q); ]ale

’)-

@ h ﬁ{_}__}_ ?mt‘; A-x(u‘;) }g A {-___ _ ff 4+ A-x()u‘;)}(g_,,‘wlde

If we take g = % then the expressions for the

stress components reduce to

Qe+ qg = 'i"-"‘ P‘(em@c)
O—Ty = %;-E;QBNEBQ Q%%@)

T”ﬂ = JTFPS (G‘)el)

These expressions are immediately inttegrable so that as in the.
Casg of the surface stress the components of stress in the
interior are independent of the shape of the curve along which
the pressure is applied, but depends only on the co—ordinates of
the end points of the curve, In the notation of Cig,{xii)

these integrals are given by

Q"'G‘g = %[A\j""_ AW .\..(pq_- CP' + xh:k.. Sw2g, — k\h‘s\'\n 9—4).]
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- X2 h h P
- =P a2 A 2xMa—Wa g9 Y+ 2xh, Vswacb,
() “ﬁ o S LAY — sw \ ( )T CP,_ _.W

+ (:r;) swAg, . __Xhy S\\Ah-d>l

1*k|

{x— Q ) + A.xk&(x-m.)“' A

Ty = m. Ar Y Re
S PV v f_m.—h'?]
”a'* - RE
(r2v2)

When AB is parallel to the boundary so thet
hl = h2, these expressions agree with those given by
Sneddon (28 ) for the case of @ = %, the case which
he has evaluated numerically, If the elastic medium is

compressible so that @ # § the integrals g, &, Z3

must be taken into account, and these are not independent of

the shape of the curve

Lely Force uniformly distributed over a line.

WWe shall consider now the particular case of a
force P distributed uniformly over a line of length 2a,
inclined at an angleol to the y-sxis and bisected by the

x-axis at the point (h,0). The freedom equations of the
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line are

& cos a

"

§= h + & sin G -9 £ 8 & a

Gm)

where for the analysis to be valid we must assume that

a sin o & h.

In the first instance we shall consider the
expressions for the surface stress, Substituting from
equations (L4e41) into equations (L*303) and putting

p = P/2a wé have
ooy = B[ (hronadiuows) ™
E(e.0) = 7= [_ M+ smad)* + (4 —8 condl) ]

After a little reduction this becomes

oy o B[ o o) (s ) "
3 (91,9.) = '{—[ (W n'+a*) — 4 6™ (Inswmd —yeosd) ety

Also substituting iron (LeL1) into (L-30L) =nd

performing the integration we ohtain

— P [ \-2.q" Lh*' asmo()b-\- ( —ac.csd)"
a = sw2d lo M
] 2'“'0.(\_0‘) ( 2 ) ﬁi_ (k —@ewd)” + (M +a.c¢sgLY}

+ (\'9'0) cos2ol o i Q'ak(‘.tﬂbfﬂ‘ + gsmd) }
T & —a

- %G (‘:\5;\"* +heosot) (4 W — deos2al)
(W vt Y — 4 (Wswma — Yyeosn)* ] (“*‘@

which reduces to

?k 1-2G Y . 2
Gy = = ew ( 2al N\ A+h —u
¢ We-a) L ek Wag=a") 7 (W grat ) — b ]
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in the casge when ¢ = 0, 1in agreement with the result obtained
b7 Sneddon (28).

If e »ut « = /2 we obtain

=_Pu [1-20 tan \ Erg -\ ]
U:A T‘(‘_q)[ 204 K W‘-&-—g -—a* ) + (k".\_&"_‘_a":)"_ A_azk‘LJ

The ze ex rescions along with the one obtained bj
putting o = %/4 in ecuation (4-43) are shown graphically in
fig.(xiii) for the ccee T = 1/2.

The =tress components in the interiof'of the elasgtic
mediur mey be obisined by substituting from equation
(4 41) into the evustions (4+210) and performing the

integrations. There are found to be
P = 1[6\\2&!03& + Cos20k (cp;cb,)]
a Re

@L_— ? —Sm2d ‘06 %"‘ — €05 2. (d)q. (b| w.,_-‘-,q)) + 2. axeos 3L (—[—5,-\- ?")

22

§ oY+ uam1an2st, (14 eos2d) + g eos2(1-cos 20} 2. (Lt ] (s il
{- {(1-&\\)6060( + ;Asw\d } ® R3

@3.__._ % [wszo\ log /Sér\z — sw2d (@; b+ -, ) + 2 a% st 3 LAZ*—L"-)
28y

oy HEN Y1 F () eos 20k (14cos20) — 4 am 2A(1-eog2 d)} —7.(1&»\)75 L
$0uh) eosck 4y amd > JLQ:‘ R;‘)

& -~ hol -~ - f o mey - S oA . e . .
where Ryy oy 25 Ty fes By Yo Wy wre Colined dn Cig. (mid)



Combining these exopressions with (4+311) we obtain
the components of stress in the interior of the elsstic
medium due to & force P distributed over a line of length
2a inclined at the angle a to the surface, Putting a = 0

we get agreement with Sneddon (28).

The integrals have also been evaluated for various
~ other shapes of curve but the expressions are long and.
unwieldy and were not considered of‘sufficient importance

to warrant inclusion here,
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Surface stress due to a point force acting in
the interior of a semi-infinite two-dinensional
‘elasgtic medium.
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dimensional elastic medium.
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V. THE APPLICATION OF DYNAMICAL FORCES TO THE

INTERIOR OF AN INFINITE TWO-DIMENSIONAL ELASTIC MEDIUM.

5el Introduttion.

In this section we shall be concerned with the
solution of the equations of motion applicable to an infinite
two-dimensional isotropic elastic medium with arbitrary forces

which may vary with time applied to its interior.

The fact that a disturbance in an elastic medium is
propagated by two different types of waves, travelling with
different velocities, is evident from the general theory, and
Was pointed out in the first instance by Poisson. The
character Qf the two types of waves is indicated by the nsmes
assigned to them, namely waves of irrotational distortion and
waves of equivoluminal rotation but more recently they have been
referred to as P-waves, and S~waves respectively, It is
readily seen from the subsequent analySis that the velocities

of propagation of the P~waves and S~-waves are in the ratio

>\ +2 )\ B s ~ P
——ID#% uaglpL DULils the Lemé elastic constents,
/ ’
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The particulsr case in which the applied force 1is
periodic was considered by Rayleigh (27 ) who showed that at
a considerable distance from the point of applicstion ofAthe
force the resulting disturbance consisted of two trains of
Wéves moving with the velocities of P- and S-waves, Subsequent 1y
Lamb in the course of an investigation into the effect of a
periodic force applied to the bounding surface of a semi-
infinite elastic medium, also derived the solution of this

problem.,

The problem of an arbitrary force applied to the
interior of an infinite three dimensional elastic medium has
been considered by Love (20) who used a property of the

Poisson integral formula to obtain the solution.

Here we shall use the three dimensionsl Fourier
transform to obtain a formal solution of the two-dimensional
problem with arbitrary forces apnlied to the interior.
Rayleigh;s problem will be considered briefly and the complete
solution will be given when the applied forces have the Torm
of the Dirac 6-function, and the Heavieside unit function since
these problems appear to be some interest in geophysics, The
~problem of a moving pulse of pressure is also considered and
it will be seen that the form of solution is similar to that

obtained by Eshelby (2.) when discussing moving dislocations,




g8

5e2 Solution of the equations of motion.

We shall consider the distribution of stress, and tic
associated displacement in an infinite two-dimensionsl isotro:iic
elastic medium when forces which vary with time are applied to
certain régions of the medium, If we describe the p:sition ol
a point in the elastic solid by mecans of the rectangular
Cartesian co-ordinates x and y, then the state of stress will be
uniquely determined by the three components Gy, qj ,
stress tensor, ‘ Taking the components of the displacement

and ,t"ﬂ of iz

vector to be u and v and denoting by X and Y the components or
the applied fgrce prer unit mass in the directions of the x- and
y-axes respectively, the equations of motion are equations (1-!.2)
r denoting the density of the material comprising the solid cnd
t being the time variable, Furthermore the components of strzus
are'expressed in terms of the components of displacement by the

relations (1le4l) in which ).and/u.are the Lamé elastic constants.

We introduce now the two functions g(x,y,t), and

Nr(x,y,t) such that

N Y _ e _ow
(AR A i €20}

and the expressions for the components of stress are then given in
terms of @ and 4 by the equations
01=-AV.'2P+1/A(“1 +’W‘) = \ep +2 (“ — ANL)
/A eyl
Ty = (2D T+ )

(5-202)
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in which we have ertten<7 ,hfﬁ%,.foé the two-dimensional
Laplacian operator. Substituting from egquations (5.202) into

the equations of motion and writing
| 5.20%
){_: @j2.+.4222 S ‘(‘:;’3@5 _NA&E ¢ )
A Y e T x
we find that the eguations of motion may be writiten in the
form

BV -0 03] + Rip e Gl 0T} °$ )

LI UL s o8] — % U — e RS =0

It follows immnediately from these eguations that the
expressions (5+201) and (5°202) yield a solution of the equations

of motion provided @ and A satisfy the wave equations

Vp+ 58 =52
(5:200)

in which we have written ef= M2M. z-z.nddf,_'f-% . If for
convenience we replace the time varisble by the space-like
variable T defined by = ct , then we may write equations

(5+205) in the form

(s.200)
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L1238
0

y

5

where K=

To solve the non-homogeneous wave eguations (5°206; we

introduce the three-dimensional Fourler transforms

D (‘i.”?.s) = @‘?)Sh- S & Py '—’-L(s;xw& +S¢)dxol/3dfc.

(57207)

¥ (s) = e X &n\"“’ Gy e P “ﬂdxdad't

of the functions g(x,y,x), and A (x,y,x ). Multiplying both
sides of equations (5+206) by exp. 1 (g,.»,,%ﬁt), and.
integrating throughout the entire (x,y,T) space we find that ths
functions g ¥,/,s) end AP (%, m,s ) must satisfy the simple

relations

(F+ra-9)B =5
(5:20%)

- where z and E__b are the Fourier transforms of @ and M defined
by equations of the type (5-207)’. 1f we define similarly the
Fourier transforms -)Z, Y of X and Y, it follows by multiplying
equations (5+203) throughout by exp.i ( Ex+my+sT), and

integrating throughout the entire (x, y,7% )-space, that

— (6209

o |
it
!
-§, .
S |
+
o
€



+ Solving these equation for Z' and'—fj: and inserting in equations

Y

- (5+208), we obtain the expressions

_a X +inY
6(2.'1;‘) e} Q{iq")(‘i"—\—nf'—-gt)

— X - ixY
VOES) = T () D= 05)

(5:210)

determiningz and AW once the form of the applied force
A(x,y,t) ¥(x,y,t) is known.
Applying the appropriate inversion theorem (IV)

to(5+210) we find that

_ Cr( sz + w‘i'f -i(’iquﬂ +<%)
" :,: (521
;.q X — X Y c""‘-(:";“‘ rmu+et)
( e S X,S MY E M-S HAimde

and these results inserted in equstions (5+201) and (5-202)

constitute a Formolsolution of the general problen,
It may be necessary to ensure convergence of the
‘integrals with some forms of anslied force to take g,A? S

complex, In one of the exsmples considered later we shall “:-in

2',41 real and ¥ complex with = positive imaginsry part. The

appropriate form ol the inversion theorem then gives
° ® ooq-\.!

LEK + Y (S +50)
¢ @_T)slzcz X ")’L)Qi “+ /\1 S-;_) = G\‘so\qaﬂs

-

vhere § is poeitive Lﬂnd redl A similar modification is

reyuired in the integrsl giving A .



Finally we substitute for g end 4/ from (5-211) into
(5°201) and (5°202) to obtein thé following formal expressions
for the components of stress and displacement which constitu®:

8 solution of the general problem

D00 oo

a 1 (ex4my +<7)
N &,\1\1 L}gf-&; H:Y e 4 comas

(¥- m)(‘-’S)&-&- LfVlY) -t (Sxamy +s71)
\‘ (E+41 )(*s;_Ml ) Axdyds

i (1 K=15Y) gy
(o)(s +m —rs?) 5 dmdls

’; = ER+inY — (5% +my + )
i & \ (?""1'; ("s"’+"f"-—5°‘) © X cAs

® ) ., ~ _Lkgx *mﬁ Kﬂ
+ &y (F=)imX —13Y) ¢
& o Sn ( i M )(E -\-011-__ K"s“) ATy ors

= F‘r—‘ | E;_X + E"'l_{f—‘ “'@1-!-% +51)
wu = o .
e s \-o .\.-o&t (‘s;.\.,.?’- )("E"-i—nq"'—-s ) Holols

( "X - ~{(Srcamy s)
+(T_)§,/TS \0\ MR- 5 i

()8 =KS’)

42

(6.212)
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e 1 (zmK+m X)e HEchn(ds
T "7‘*& & E+)E+af—-5)

T GEene
B JGEY T E

5-3 , Periodic force.

In the firest incstance we shall consider briefly the
form of the solution when the asplied force is periodic.

Asrvume that the force acts in the direction of the x=axils go thr
- ;_Ft ‘Lk/t .
A= —(},—-?(1. de =% fouge” 5, X =0 (5:301)

There L f(x,7) is the amplitude of the force, 2%— is its period
and A\ =-%: has the dimensions of wave-length. In order to
saticfy convergency conditions in the evaluation of the
=ubzequent integrals we shall reonlace A in the meantime b
' 3 - . -
A'=ﬁk + ia where « is positive for pozitive valuss of t, ~nd
negative for negative values of t.

Substituting from (5+301) into ecuations of the

form of (5-207) we obtain

— C T s C L );\"C U
Xf(ﬁ‘s’?& L L S

\

~ & £ (3. S(saX) - (53202)

vhzre we haves made use 9f the result (VIII) ané we have writien

?(‘5!'1) = S £lu) eLL%“M‘d)dm,d (5:203)



Substituting from (5:302) into (5-21la) e get

CC LE.Q(*g e—h(‘;m‘i; e_igfg(-‘;*')\() Az
‘{“4-/\11——';1'
¢"‘ )

0

L\T S PGEne LCEIMW) dxdy
4T'»<7A (S Xea - \™)

where we have applied the result (V I). In & similar msnner

(67 3040)

we obtain Crom (C +21 lb)

(‘&*WA)
m@(z. M) e
V= Arrw &‘ )T A N

Consider now bhc integrs
v ""Qi**”l'd)
& S., = dom = o 1oL 39

where

d"’l .‘ &E304Y)

e
Tem - \* . - (5:30b)

" . —“-(‘%1*41;5) .
L:& & Lif - d¥ d“? &307)

Making the substitution ¥= ecos &g, M = 'fsin 2,

and

X =rcos 8 ¥y =r sin © in (5+307) we have
®

™
— . —Led
T =t & & . e cos(¢~e)ccs¢ deagh

= 2T cos® & _J;(V") df

(&)
= 2%
= e | - (5309)

where we have used some well known rosults relating to Bessel

functions. (39).p.124 %) b.t5
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Now if we denote by I the integral

Bl (i‘u«m) ok
&L - d”, (§309)

T =— ré_l__ - (’,‘,3\0)

we see thsat

Changing to cylindrical polar co-ordinates in (5°309) gives

© oy ""f"cos(CP -©)
1= & & e

ffz___ x’— f’dﬁ’d“’

'-.:A?_'\T & gq_j;(fﬂ df‘

T
Now it can be shown, meking use of a result in (39 ) that
T = 2W6& (W) | (&31)
where Go(z) is defined as in (& ) by expressiong
G@) ==Y + Qoq2 - ) (@) + F,{ﬂl(l)
JO(Z) is the Bessel function of zero order of the fj.rst kind

end Y _(z) is Neumann's Bessel function of zero order of the

second kind. 75 is the Huler constant.

Thus, using (5+311) (5:310) and (5+308) we have

_L( %) .
ﬂ I Fr- ) B “‘L -G (W) - % (5302)

in which use has been made of the reccurrence formula for this

type of Bessel Tunction. We can now let O\ tend to zero
]
so that A tends toN . Apvlying the faltung theorem(V)

for two-iimensional Fourier trensforms to (5.304) using (5.3570)
7/

(39).p- 424 ; (8). ba3.
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gives

LP“ e xe.ix(cm‘%w—p\‘)"ft _ \
= iy \ Lo+ (g-gY P Ooee)4 (4 Y

Similarly we rfind from (5°304D) that
ort [ (1ot
'zjm‘—x &‘\ J0o-o” 4 (4 -pY I Q:.-u) +(a- F)](‘A ARICR )z\::ﬁ

From these the components of stress end displacement may reacily

Ous) §(.f) et déﬁ

(5313

be obtained.
I7 the anplied force is concentrated. at the origin
and has amplitude P so that
$ouw) =PEOIS) 2)

we £ind on inserting (5.314) in (5°+313) and using the result

(VI) that
vpt
= NG QN
¢ %ﬁri%-#} 5.2
and |
_ P
= _«s_a_izx&(m\ _._} (5215)

?T}AK N
The expressions for @ and N given by (5:318) differ
slightly from those obtained by Lamb (17 ). His solution omits
the part due to I, which however contributes nothing to the
components of stress and displacement, Apart from this there
is a difrerence of sign which does not constitute an essentia’

difference,



5l Impulsive force,

We will now consider the effect of an impulsive forcec
applied to the interior of an‘infinite two~dimensional elastic
medium, We may represent such a force idealistically by the

Dirac S-function, and assume that it acts in the positive

direction of the x-axis so that we have

X = 4(3 FOuu) §(t) |, Y =o (5401

(5207)
Substituting X and Y in formulae of the type,gives

(a_% &g vy e

)
—

dxdy XS(’E)&LSE’C 5 Y""O

L

(s Aw)

=@ £ (50) - (Gn0)

where we have made use of a property of the §-function sand

we have written

-'F(‘s.«q) = &&f(m) e,"(h-\-"‘]‘d)dxdg ' (5.403)

Now if we substitute these valuesfor X and Y in

. &2 X
equations,we obtain

©

& L F(5.) c—L(‘Sx‘WHK )did de
g'“/“ _S l&, (Yot N4 a-7) K

(5:404)

TR (Y G T MR
Y= Tm S., (“”M’l‘)(i‘”’m”--'<'“$‘)t= dyands

Now let us consider the integral
S o o

\ - "‘.’!)H- +$%)
1= [k 1 MY
. _g &a So& (¥ “1’)(“5’4 n=s ) dxdyas

o0 -
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. . &:,}S\we
If we put ¥ = f cos ﬂ,/ylz r sin g, x = r cos ©,athis
integral becomes ‘

(™ _'\.ekCos( -e) C e g
I=1 & o\f e * cosgp 4) f <t
() o

The integration with respect to @ may be perxormvd

immediately to give
o pacd —igT

— [
Y
where Jl is the Bessel function of the first kind of order on:,

We consider now the integration with respect to § .
The - 1ntegrand has discontinuities at € = i“fa so we will taie
¥ to be complex and integrate along t he equivalent path
consisting of the real axis from - to +00 with semi-
circular indentations at the poles g = f We then have,

meking use of a well known theorem in (23 )

- o] -I-S'E — AT
FE.{PQS: G) TS-— ugu + n&g;'\:g
@ denoting the principal value of the integral, Purthermors,
if we integrate the function Se:tf around a contour consisting

of the real axis from -0 to +%, with a semi-circular
indentation at g =f » and a semi-circle with infinite radius

lying in the upper plane, and apply Cawmehy's theorem we find

that
o - .
e W T
CP&V’-_ o ou = ns\\% e
‘hence

I =4TTeos® S Jigx)sne df (5 40b)
*(23) b.5T. R P
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Finally making use of a further result in*(3f?), we have

1= 4"\'"{ g , ¥>T
— 5. ko)
G-, ran ¢

so that, if we apply the Faltung theorem for three dimensior:l
- Fourier transforms to (5-L0L) we have

C £(4,8) (x—) dlek ol voa_ .2
¢=2'\_|‘ "‘STSS _A\v ”)1. \ > Xty >N
s Qo™ Gg-f | (5:408)

{é«p)(x—d){'c (A= (e = (- f,)) }d«dﬁ, R
(s + (4-gY"

In & similar menner we can show that

_ 'g(‘*'@)(’é—ﬁ) Addf PR
V— ’ZF'/MN S (x—d)%““(}j—-(i)d ) X4y >

;&Z

These expressions along with (5.201) snd (5.202)

_OA

$EAUP]T -0~ (4-p)" ) "}aaa
(=Y + (- F)

&
v**
N

| """ §

(3

where &% = —:—‘i—» .

constitute a solution of the problem.

Let us consider now the case in which the impulsive
force is a point force applied at the origin of co-ordinates,

That is,

f(x,y) = P8(x) §(v).

where P is the magnitude of the force, so that if we insert

this value for f(d,p ) in equetions (5°408) and (5.409) and use

* (39) b.ios
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the property of the &-function (V! ) we have

b= |
Qufu< %;(ﬂl—xﬁﬁ:?) L r<an

( T4 , A=t

P
/\‘f =Q.T ‘ ~-
PRl geogmE) 0T

Now substituting from (5+410) into (5°201) and
(5+202) we find that the functions giving the stress and
displacement are discontinuous at'¢=’ft and r =7, The

expressions obtained are

I o y 4 =R
G;*-Qatz (57449
\11_))(( k"') > T4
K* .
(° s ?>q: (5 42)

W K‘XL‘ 1'5")('1"?) - *(‘”‘%)(’“:*“—"1“ %‘1(‘"%("1"#} )

LB g (g™ 2 (e () - R ()
= 45 (- ) (e @)
(5.413)

{ o , ¥z%

. N L 2 “/‘- . /J
REECOREECU R W', 2

7 fz‘)_yi %_\ﬂ:(k (,{:p)’%'l (r:*-k"fﬁ — %:(1- ‘-;—E:)(x(retr‘j 'li(fcix"-)4 5
- %(\— 1)(K( x‘*’) —(=* a"\/ )} , v <
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AT Gy

o b}
\L-"—‘-j%; i- (rt__,}"') -\-—3;_-(\ %)(/'\‘_—-A’) } LX LT
(,‘._._ XL) ((_ Ly ) —K (r-‘ )‘5 ) (\-— ,'-A,;X(\.—Y) (‘t’ -}')Lg

xex

Tl
m&«‘
0 Dkz’t

2\ ~ "'IL ’J T
V= «{}*w 2 () Fe () ;o Ters

I {( )-..) N(fc xq.) _‘_ k"'(@“‘){‘- K(af ,ﬁ' )} , dox!

2 K‘

(5 415)

It is readily seen from these expfessions that the
disturbance is propagated outwards from the centre with
velocities < an c5 and that the wave-fronts are circles,
centre the origin, with radii clt and cgt. At the wavefront
the stress and displacement have infinite discontinuities.
This is of course a physical ilmposcibility in a perfectly
elastic medium and is probably due to the adoption of the

idealistic Dirac ©-function to represent a physical impulse.

An interesting fact emerges from the evaluation of the
expressions for the displacement shown graphically in fig‘i{i!l'
In the direction in which the force is applied the wave-front of
the P-wave is an infinite discontinuity, but not so the wave-
front ofkthe\s-wave, while in a direction perpendicular to this,
the wave-front of the S-wave is an infinite discontinuity but

not the wave-front of the P-wave. In directions intermediate
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to these both wave-fronts are infinite discontinuities, This
fact may explain some'of discrepancies existing in geophysical
problems, since in the first case the arrival of the S ~wave
and in the second the arrival of the P-wave would not be

apparent,

55, 'FQrce suddenly applied,

Another example which can be treated by the same
method as the previous one, and which can be réduced to a
problem whose solution is known, thus providing a check on the
method, is that of an applied force which can be represented
by the Heavieside unit function, = We again assume that the

force acts in the direction of the x-axis so that

X='%“'g(*.8) ,t20 [ Y =0
-o ,t¢0 (5:50)

Substitution iw formulae of the type (5°207) yields
0 O
. [« TN
F o_ \.(‘{;-\.AVA) ST —
g | [0y [0 % o0

— IR o

= (T‘\T)s'? ?(zn”)) (" f; ) (6_-5‘02)

where to ensure convergence at T = oo it is necessary to take
S complex with a positive imaginary part, and we have written

?(ﬁq)=: £x.4) e tqigzdﬁ (5 503)

~n
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Substituting in the alternative form of (5.211) gives
© o LB -

C(Extmn) .
- M e
CP %Wg/ux’& \ -S(‘i“’-& MY (5 =) d;;d'vlds
i g, X 8 '
o ® Bl (et 9 (5504)
G ] (5~ +41"‘)(€L+Aq )
Fa sbori

Denoting by I the integral

a0 on D4LY —“-(flhmd*s{)
= d’{dn/‘ds
L Sc SA ‘5(‘?’“1'“\(% '—s")

and proceeding as in the previous example we get
D B4LY

—SE
T =—2Wicos® & T(fk) dp & _€  _dg (5:505)
_2040¥

3 s (6= <)

Now the path of integration with respeet to € may be
deformed into the real axis from-< to+2® with semi-circular

detours around the poles—P,O ,+P.This gives
a4+ ¥

—L{‘C —\.u’t
e — du — oo o
—~R4LY¥ S’E

‘S(S—E)

contour as in the previous section with the addition of

and if we integrate the function around the same

a semi-circular indentation at <= 0 we find that

--L\A’E ‘e
(PSJTFT)‘ RARNE

so that
o4L8 _ixr o
_€ g = M (1~ eospT
D S (-eesd)
—+4L%
and

. 0
T=—L4ieos® & S (1-ense) ae
P'L

(]
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Now it 1s readily seen that
) 3 o
GEN-coset) g, = JilpNsimre o
1 M f e " f
o £ o

Changing the order of integration and using the result

1n*(39) we f£ind that

L=—on® ’E:A‘; , =T

5.50(

X - (ox
F(’L}—’T—I T 44 og (:‘f—}.ﬁ\) y 44T

g0 that using (5.506) and applying the Faltung theorem
to (5. 5048.) we get

L]

£(0.8Y ) &
. L é _50, wen _édﬁ (s:507)

P

\
=-l;177-‘-(1

SEBOY) 2o (o T (e bl -G gl)
S\ﬁi—“ Pttt et A (sv)'f*?""“’\"
| ==
In a similar manner we get from (5.504b)

( @(d BIH) cHalp
R (5607)

lcﬁ)A o8
&& _3 (F=et~y-pY) *((1")*(’5‘@1)“’9‘(&(&&%}@#

where ‘T,=
If the applied force is concentrated at the origin

0of coordinates and is of magnitude P we have

£(x,y) = Po(x)6(y)

*(3Q) b 4os
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and (5 507) reduce to

T aea

b= r_
4“7‘“ | x At{e.r:ﬁrp“mﬂ(@.g::&)} e
(5.50%)

P 5"\:'74 , Azxt

mpa\ B4R T e a o (AT »*r—?‘)} yhem

dnd the expressions for the stress and dlsplacement couponents

N =

!

are

LT NPENC L PP (5:509)

- Prx. A 2 e '
G-0= { ~ a0 B e gt L T
Pu

Lo - (@ Ee @)
(ST (S LINLER | SRR

o, Ax=f7

R TR

- Bt " (e (o™

+ &(1- xR ae!
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(0, azx

AVAK'J‘?'{-(\- ?—'é')ﬁ(ft J’)/1+ A? ‘03 ( L +A"1;-A" )} ; ’t'z,i’)fr_

{02y (7= el
+A"'(\°3 L+AT£T* 4—\<\°a_+»1:;*".)})

<!

l\-\ /AK ¥is

(o) AT

. o= ? x4 (’“—-,)")II% L‘)-/X' >

Q\/\A AN
e (I }

Q‘F/Ak Tyl

If we let T tend to infinity in these expressions we find that

(5+509) reduce to

g
P 2
e = — X, x5 24 ‘
Bt — e () 1)
Ty = — LM 1 2y
= T ( e )




0 1743 1.0
— =0
r | me———- - e= 45"
— o= 90°
Fig. (xiv)

i
Displacement due %o an impulsive force in the
interior of an infinite two-dimensional elastic

-medium.

—
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which are in agreement with the expressions (2+33) obtained
for the statical problem. The x~-component of displacement
is indeterminate in the limit, a characteristic revealed in

the analysis of the statical problem

56 - Pulse of pressure moving with uniform velocity.

As an example of the general formulae (5+212) we
shall now consider the stresses set up in an infinite two-dimen-~
sional elastic medium when a pulse of pressure moves
uniformly along the line y = a. If we suppose that the
applied force acts in the positive direétion of the y-axis,

then we may take

X=0 ,Y = T $0-0t)- $(4-a)

it being assumed that the pulse has a shape 'E%T(x)"

end that it moves with uniform velocity v along the line

Y = 8, With these assumptions we have )
< .
X =0 > Y - (9_'“)3;%‘ \ '&‘ (1" ’*’t) € dvoxr |e 8 (‘4‘0) aly
’ o © . (t -
e - (omy
—_€e £ (x-wT)e )ckv.d’t (5.6 )
v
, o =©
where we have written KI = %‘, and we have used the property

(VII) of the Dirac 6-function. By & trivial change of

variable we find that (5-61) reduces to




Aoq

=—=2— £(5) §(5+x3) ~ (5:¢2)

where we have written

3

£ cah‘g

sult (VIII).

—_— \ )N i
(%) = ek 9N . (563

‘v—-—'\

and we haeve applied the r

@

Substituting for X and Y in ecuation (5+212a) we

obtain
o

. o o Lo | —ti¥x+m(y-a)+5T}
O+ Gy = — _Lémj‘::gﬂ- ‘ & & wWE(5).6(s+nY) e | A aluds
e S0 2a

T —s"

2. C ~ ~L§{ ¥l-0t) +m(4 .0)}
= 2Kt WMEGB) e

O -
where we have applied result (VII). Now making use of the
result
) ' .
S ()] —El@-a)(«¢
e oy =Te -l
(\~k3‘)§'+4{"

we find that on performing the integration with respec to Y that

© N ll* .
2 - —\5|(4-a) o~ Y) = v X (k)
Gty = = Tyt \ﬂ’s)e ’ ey
o Sed
Now the function’

- \slca—a)(\_«:-)"*
e



- 410

is the Fourier transform of the function

(__ ) %) (H—a)
Q- N*)(sf—v)“r x>

so that by the Feltung theorem (III) we have

L) e | S
G+Gy = — LKF&L}(“ <) (-2 S (- k")(ﬂi) i;: O ot (&:¢s)

Substituting frouw (5-62) into equations (5+212b)

and (5-.212c¢c) vproceeding as belore we ind that

-Q, =-21-0) (-3 (1-xd) s
G;‘ W= l’l (- N’)(u—a)w(wﬂ' (—k-,()(g-aﬁ"a-o.-ut-a) } $dau.
- w (5:¢9)
—~ - K") Ty
b ™ &i (\—x )(‘1-0)+(Xru'\.-d) - —K)e (‘—K'A(ﬂ o)+ O-ot- W}(x—ut—d\@@)dd .
where we heve written K= ‘} =KK, - it is apparent that

these formulae hold only if K,<« \ , that is,provided the
velocity with which the pulse moves is less than the velocity
of S-waves, Most practical interest in a calculation of this
kind is tnowever when Kl snd K2 are small, snd in this case

we can obtsin approximate expressions for the stress components
by expanding the integrands in vowers of Ki and neglecting
terms containing Kz and higher powers, Equetions (5+65) in

thelr approximste form are

=— (tswa) Qc ~ust- ag ;

i

- (u-a) "(AA oY~ (K2 2) (-t ) |
G0 = o2 S[ 1y-af + (- ust-)" (e

+ _\_ 2 (axtYy-9) —Q(K* YY-&) (-t e % +\)(1—u-l:_u)

§ (o) 4 (W—sst —)” }3 --]:?(-t\d*f



11 5’

0

S { (2 (H-a) + (u-wt—o)” |

-\
Ty =~ Ime

—ob

1-0)" + (-t -a)* }" ’
L 3yl 2 - ot T e st T |
+ ey + st 83 yoo ot

when v = 0, so that K, = Kz = 0 the pulse is stationary and

(5+66) become , %

Gy =460 | GG

(" + (y—a)”
[ = Z_
o= - [ - — () (- @) aat G4
Go% = e S 100"+ (y-a) 3*

[}

- —.' v @Y aa) s (- o) £ atal.
T L=+ (4-a)* §*

These are readlly seen to be identical with the

expressions obtained for the components of stress by putting

X=0 , =18 8-

in equations (2.212).

A special case of this solution which is of some
interest is that of a point force acting in the negative
direction of the y-axis whose point of application is moving

along the line y = a with a uniform velocity v. In this case

£(x) = -P&(x)
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where P denotes the magnitude of the force. Making this

substitution in equations (5-65) we obtain on using (VI) the

simple expressions

GG — DO ) ('-i @)

KA

- / n'le
. ():L—- G‘& rK: (H ) 5L L—'&K\ )(\ K\) _ (\—;;1) } (5'@8)

»
By = - 2 (eot)] "3‘\:\) - t\;%}

where we have writken

ry = (1 - klz)(y - a)2 + (x - vt)2
= (1 = k22 )(y - a)2 + (x - v‘l:)2

If the velocity v is small we have on neglecting terms

of the order l(iL and higher powers

/ W
G;:‘_GA__?(R l)_(\,\(::‘srs b {\_.LK 059_¢+....‘} (56‘?)

d?,:- Ty =—;P.ﬁ.‘<‘-'—'£3?{ | —(x=\)ees2¢p -J‘;K?‘(Q.Cosz¢-(t<iqaslu¢)+----}

~ o 2 ( jae - +-
Ty = E?:‘k 5L\< (k%) cos2¢p+5 K (A.N (2xt \)Cos?.cp-f-(\( \)Cosw) j

in which the angle g is defined by the equations

x—vt-—:rocosﬁ, y-a:rosin;ZS



Putting v = O 7ields the solution of the statical problem
of a point force in the interior of an infinite two-dimensional

2lastic medium.

Uéing formulae (5°+68) the maximum shearing stress
wa.s calculafed at various points in the medium and the
"isochromatics®" shown in fig.(xv) where drawn. Comparing
with fig.(i)a it is seen that the stress concentration is less
localised and at any given point in the'medium is greater when

the force is moving than vhen it is static.

113
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Rig. (xv)

Lines of constant maximum shearing stress due to

a »oint force moving with uniform velocity in the
interior of an infinite tw-dimensional elastic medium.
(v/eq = 0+4). :



PART VI,

THE APPLICATION OF DYNAMICAL FORCES TO THE SURFACES

OF A TWO-DIMENSIONAL ELASTIC SOLID.
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YI. THE APPLICAE;ON OF DYNAMICAL FORCES TO THE SURFACES

OF A TWO-DIMENSIONAL ELASTIC SOLID.

6+1 Introduction.,

The problem of forces which vary with tiewe acting on
the bounding surfaces of & semi~infinite’two-dimensional
‘isotropic elastic solid, is one which has been the subject of
several researches, considered mainly from the point of view of
its importance ingeophysics, The first o these was a
classical contribution by Lamb (17 ) in which he first of all
considered the effect of a periodic force gpplied to the
‘bounding surface, and then generalised his results to give the
case'of‘an impulsive force, The result which he obtained
depended upon the evaluation of a particularly recondite type
of integfal which defied exact solution, and so adopting the
device of integrating certain functions of a complex varisble

around various contours in the complex plane, he endeavoured to
extract the impar tant features of the solution even although

he could not evaluvuate it exactly. Subseqguently, various



attempts were made on this and similar types df,problem, the

most important being due to Lapwood (1§ ) who considered a

"jerk"™ applied near the surface of a semi-infinite medium; a

jerk being a displacement which was represented by the

Heavieside unit function, The integral expressions obtained
were similar to those encountered by Lamb, snd he applied a method
first introduced by Sommerfeld in which he distorted the path

of integration on a Riemann surface so as to concentrate the

important contributions on certain sections of the plane,

, Thus despite the attention thevproblem has received <
it has only been possible to discuss the results qualitatively,
the formidsble integrals involved, rendering quantitative

analysis impossible,

One important feature of‘this type of problem which was
discovered in the first instance by Rayleigh, is that, in
addition to the P-waves and S-waves encountered in the previous
section, a further type of wave may exist, which is essentially
a surfacewave, These waves travel with a velocity different

from both that of the P-wave and the S-wave and are referred to as
Rayleigh waves.

The corresponding problem of an elastic solid bounded
by two parallel planes, with dynamical forces applied to the
bounding surfaces, is even more retractable as is apparent from

a discussion by Lamb ( §3 ) on the possible modes of vibration

of such a solide.
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Not all forms of dynamical loading, however, lead to
these recondite integrals and in the subsequent paragraphs of
the section we shall consider a form of loading for which the
problem can be solved exactly. We shall obtain in the first
instance a formal solution of the eguations of motion applicable
to a semi~infinite two-dimensional elastic medium with general
dynamical loadingvof the surface, from whiéh a formal solution
of Lamb's problem can be deduceé; and then in some detail we
shall consider the case of forces moving withy uniform velocity
along the bounding surface, The problem of the elastic solid
bounded by two parallel planes with this form of loading will

also be considered briefly,
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622, Solution of the equations of motion.

Consider an elastic solid bounded by plane surfaces,
with forces which vary with time applied to the bounding planes,
assuming that there are no forces applied to the interior. Ve

choose the y-axis parallel to the bounding plane, and the

X-axis in a direction perpendicular to this, so as to form a
ri:ht-handed set, The component of displacement in the
‘direction pefpendioular to the co-ordinate plane is assumed

to be zero, and the apolied forces uniform throughout the
thickness of the solid so that the problem is a two-dimensional
one of plane strain, The stress tensor is, therefore,
uniquely determined by the components Uy , G','4 s Tuy , ond the
displacement vector by the components u and v, foe equations
of motion are then obtained from equation (1°42) by putting

X and Y equal to zero.

If as before we introduce the functions@(x,y,t), and
'\V(X,,y, t) defined by equations (5-201), the components of
stress are given in terms of g and \[f by equations (5-202),
and it follows that the equations of motion are satisfied

provided @ and N/ are solutions of the wave equations

2

Vip = k%%, Ww-n%E

i 2 2
where €; and €, are defined by the relations C = M,c{':f}_

P P

Replacing t by T = Glt and writing K = c]/02 we may write
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these equations in the form

T =08 | T =<0 (02D

AT* nt*
To find solutions of these equations we introduce

now the two-dimensional Fourier transforms, defined by

Dlem,s) == Sﬂg:‘b(x,g,'c) e'—(M +sc)

=)
Fem 9 =35 &&vu(ma,c)e( e dydr

of the functions g andN" , If we multiply both sides of

(L-m)

equation (6.21) by exp.i ('ﬂﬂ + ¢1T ) and integrate over the
entire 4T —plane, assuming that both g and4 and their partial
derivatives with respect to y and T vanishkat both limits of
integration, we find that the functions @ and 4/ must satisfy

the equations

(29

The solutions of these equations may be written down
immediately as
| —(M"—s").,;- (y{“-s”)'li.
Dams= Ae +Be

(24

Poung) = Ce (q—usﬁt (1‘1 = eeilE

where A,B,C and D are arbitrary functions of q and § which
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must be chosen o oz to satisfy the conditions prescribed at

the boundsries. ~lternatively the solutions may be written

in the form 7
| @(X,“’hs) "—'—‘A'C%k(,vll.s"’)'& +'B'5W\\A(M|1—§")'&
Y m,9) "”-Q“""é‘/‘éwl—k’t”i}i +D sk “‘<)'1;2

the, latter form being more convenient for the problems

&25)

congsidered in »narcgranh 6+8 et seq..

Trensioriing ccuations (5-202) in the same manner
we find that the tronsformed components of stress are given in

terms of @ and AVby the ecuationeg

G =AWP+24 (22

obc
q = W +2 M (-n{® 1y G_Ull) (620)

Tu= p(-2nd® — L A )

where V. -9‘—— ——:.1 . The tra sfu med componants of displaccecment

are found in a similor manner from equations (5.201) These are

| (&

When the arbitrary constants have been determined in

accordance with the boundary concditions we can substitute
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from (6+24) or (6+25) intwo equations (6+26) and (6e27) and
using the inversion theorem (IV) for two-dimensional Fourier
transforms we obtain the require.. compohents of stress and

displacement,

6°3 Pree vibrations.

'In the case of a semi-infinite solid the appropriate
solution of equations (6°21) may be taken as (6-24) with
B =D = 0 since the stress and displacement must be finite as

X tends to infinity. Hence we have

- AefQW;sﬁt

) /'~i7"==CZc’:“@’fh_“é'l"sﬂ)‘l;t

¢=2)
Substituting from (6+31) into egquations (6°26) gives

. o9k e
= (-4¥s)Ae + iy (Aqm—K"s“),tCe (=<
U

_'isﬁﬁ . . —(M=¥s)x
= y=s) Ae “m= (m=-4¥g) ce

g el

Now the conditi on for free vibrations is that the normal and

B

shearing stress on the boundary x = 0 should be zero,

Substituting these conditions in the equations (6°32) and

and eliminating A and C gives
s -a.‘!" W L5 Y .
R U R (-2

The solution of this equation is discussed by Lamb (I7 ). It is

found to have only one real root, and this corresponds to tle



velocity of Rayleigh waves, which are thus a form of free
vibration and may therefore be superimposed on any forced

vibration without altering the conditions at the boundary.

In the same way using the form of solution (6¢25)
and equation can be set up to give the modes of free vibration
of an elastic plate. The equation has been obtained, and

its roots discussed by Lamb (b ).

6ely, Semi-infinite medium with dynamical forces applied

" normal to the bounding surface,

We shall now obtain the formal solution applicable to
a semi-~infinite medium X = 0 when normal forces which vary with
time are applied to the bounding surface X = 0, it being
assumed that the shearing force is zero on this surface, If we
denote the applied force by p(y,t) then the conditions at the

boundary are

= —p4t) , Ty =0 y X=0O

Transforming, these become

A22

where P(ﬁrS) is defined by the integral, =0 ' Qrko

where fxﬁ,s)'is defined by the integral

a«K©

w(my+ $T)

Pl = ;\_,T‘.x Py e ~ dyat (L42)
0

b
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Furthermore we may take B =D = O since the stress must be
fihite when x tends to infinity so that when we substitute
 from (6°2l4) into (6¢26) and use (6°41) we obtain two equations
from which A and C can be determined, Performing the sequence

of operations we find that

A = — B9 (o{-5¥<)
2/ £0, )

B =— Ps) (i i
LM £(vhsY)
where f(-qt,st) is given by the equation

s ey ,_'l"- *
£ors) = (—49s) = (- (m-

Substituting from (6+24) into (6°26) using (6+43)

)

and applying the inversion theorem (1IV) for two dimensional
Fourier transforms, we find that the comvonents of stress are

given by

Co L (= -.:.)Q (my+<1)
X fi’ﬁ)_§(~‘ ~5KsY) e s

T
v, 2 M, o 2. ~( ""?5‘3 “-(m'ﬁ’t‘)
—-qm—s')l(ﬂ—"s’)k& . te Aydg

\ M_q(ﬂ_ﬁh@‘ 05§ & Sus ‘) -(M_«saf;} -L(%:gs

f-14)

Again, using (6.24), (6.27) and (6.43) we obtain the components
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of the displacement vector as the following integrals

i \ B =<3 (e il P I

-g(*h 1 s

ot -

L/-\b

8

© 1. "‘ _ l;( L(%'H‘C)
- o —(M=K%)
&:Mini(«*—we‘ = =¥ vs i Fe dunds

=£:\7A& $)

It may readily be verified that these expressions
satisfy the equations of motion and give the prescribed

stresses on theroundary.

6+5 Periodic force

We shall consider briefly now the form which the
general solution takes when the applied force is periodic.

We may take
Lt WV
blug) = bl)e™™ = pu)e™"

where %% =\ , N having the dimensions of wave length.
L}

Substituting into eguation (6‘q2) we obtain

Blng) =& & ) ey X s SINT
=p@S(s+N (6.€)

where have made use of the result (¥111) 2nd we have written
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Pl = | vere"ay | (t52)

Inserting this value fop '15(/1,-5 ) into equations

(6+4L) we get

G+ T = K= &( bly). 8(§+>.) SH-2es) e - s‘)’t-t(%*st)

an dmas

—

o
7; th \3(61\& .\.,gf- e - 0f-X)x
& L0 Kl¥) 1

fa
—(u=Y R
= (‘%:’”M&, @SL») o e EI (059)

where wé have made the slight change of variable ﬂ==ku. so

that now
'S Ha Q. ’_‘k‘
£ = (- 3 = )P )

In the case of a force of magnitude P concentrated
at the origin we have p(y) = P§(y) so that from (6-52)
b(ﬁ% =P and substituting in (6+53) glves

. R e . _.u—q "\ |
G+ T ==;Ee%§ﬁ5d S -Q#§%E$) e ;ﬂﬂwf9<$u

(-]
where we have made use of the result (IX).

In a like manner we f£ind the other expressions for the

stress components to be
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S° . -cu-'\"v b — ¥

,3}‘ LNT
T oW

(W=g)(-%K -Hu) - ’(v\—\) (V=) el eos (g .

0 — Ty

/ N n e (S 35 _(u‘—-ei"xu

T =— B2 & Sl U iy B
" £

By the same process we find the components of the

displacement vector to be

. o u—\”\x —(U—¥ { X
o _?E._xt_ & {Q‘ .LKt)e ~( — e @ 5} m(Mu) au.
e ) O
B & I
- ’Pe\'m ui(“t“‘i“z e —( RS oy ( 2 ) (u.—\e'){‘ QA ﬁ"s‘“(‘mu) .
9_7/»\ £

At a point on the surface X = 0, the components of

displacement become

Y plut g -5 ((u:'—-t)‘/t cos(hgu) ik

?e}"’t' wi(U-4e) — (U= \)(t(“ '?) 1} st (Mu) dw.
Qw/u- & £()

and these are in agreement with the expressions obtained

by Lamb (17 ).
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6+6 Pulse of pressure moving uniformly along the boundary,

The dynamical problems so far attempted have all been
based on the solution for a periodic force and consequently
have contained the integrals of the type'obtained in section
(6*5). We shall now consider a type of dynamical problem in
which this is not so, namely, that of determining the stress
distribution in a_semi-infiniée two-dimensional elastic medium
due to a pulse of pressure which moves with uniform velocity
along the boundary. This problem is of some practical interest
and some particular forms of loading will be discussed
numerically,

Let us assume in the first instance that a pulse of

pressure of shape "p(y)" moves along the bounding surface

X = 0 with uniform velocity v. We then have
p(y,t) = o(y - vt) =p(y -¥T)

where W= v/cl, so that from (6.42) we have
- ~ <My +s7)
plns) = {—r&& Py-vm e chy de

L]

© mh  ( i(stem)T
=;‘5_—‘:&r(k)e.%dl\. &-6 M,

where we have made the change of varisble ¥y — KT =)\. Making

use of result (VIII) and writing

_ M)
Fl)= | by e o
Jw (b-6o))
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we obtain

Pls) =P § (s+rw) (6-bo2)
Substituting from (6°602) into (6+26) we get

(" B (s - rsd
_S &n #ei9) i) s

) 1:’. .
L) Sf(m) ata s -w(e—oﬂdq

G+ Ty =

q‘“a(‘(n";\
where,in performing the integrstion with respect to ¥ we hsave

used result (VII). Ve have written ¥ —%_KK and

g = (-3 — - -y

In a similar manner, the other expressions for the components

of stress are found to be

- "
0:‘-075 T ug(u Q) X P@i(\ LN)0- xs) e K‘)" — (1-%) (\_“:)L—L\ Ka”}t “W(xﬂ'

(= —(_\—N\)MK ._u-«-;),,,x. —LM(/:\‘”) i
Ty = L;\Né(m"'&“;)&’ Pl {e } © dy (03)

The components of the uisplacement vector are found in the same

way to be L
C e S
W= |- K\ & P(M) i (\_ ‘I.Kt)e ' ”]~ | e"_(‘ ¥ )411} e '-”'(ld 0'341
1\»1"/»*%(;(,,.(,) 3, " . (6‘03);
L »P@‘) -jki) e - w‘)ﬁ} \- K.)”(\ \("‘)}1‘ -G~ N“3’»1 *M(M-vt) '
AW /‘Q(K\.m) S y U-a) = ( ’}
- -(\~K"') M.
Now it can easily be Qhown that \FE
is the Fourier transfox‘mag’(‘g; )?L+(Hj , while (i‘?-)f’-F(ﬂ).
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is the Fourier transform of p(y) so that applying the Faltung

theorem (III) to equation (6:603a8) we obtain

>

= (Rl bla) d
e+ O g (xKe) -k s (y- o‘t-p) P (o)

b

Similarly we obtain for the other components of stress and

displacement
— =~ _i?_ - K;Lyl‘l)(- § (""&R:)(\‘%.\(:) —¥a,
&~ 0 Tg(xi k) p(F”L (-2 ¢+ (4wt B} Q‘“z)):*'(ﬁ"”t'p} I
~ (FK") (-% 1k3) -
TR 3(«‘.«1) el i(‘-«‘)vf +y-ut (—m)ﬁ*—(g »ﬁi} (4-ot-Rap

=_ (- J
u y= ; YV gHﬁ){(\*qﬁz)|0%i(l—Nl\f+(g—4}'t—f5)] —og (1w ) ]}‘9

= st (PO ] -t A

It is readily seen that a value of v which makes
Q@Qﬂﬁ’=o correspond to the velocity of Rayleigh waves and the
expressions then become indeterminate, For small values of
v approximate expressions for the components of stress and
displacement can be obtained by expanding the integrands in
powers of kf , and neglecting terms of the order & and

higher powers., These are found to be
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G;.-\-(&—_-._ﬂ_-}g mp(fs) i\ |_<_‘__( = 03- A \<“—1\< +3 )} o\F

1 x4+ (H—Jt"@‘ ,u-t—P) =
_ =_m‘ P(R) = (4- ot g B0 xt
0 G’:\ —\;\—S 1+(H—ot—F) X+ (Y —-»'t—P) % ((1 T+ (8- ut-lg) )"
K%t oyt (&-Los)
K= f+(:.‘,t-‘f)‘" - k'ET =2 )}dF

T = —Q_-E'.b b(ﬁ) K MKQ:‘- \)X Pl M ’UA;V
T & e +<H'°t"f5) '+ W (-t Y T )}mdf

Putting v = 0 in these expressions yields the

results obtainedv in section 3+3 for the statical problem,

As a particular example of these formulae, let us
consider the stress set up in a semi-infinite elastic medium
due to a point force of ‘magnitude P acting normal to the
bounding surf.‘ade and moving along it with uniform velocity v.

The expression for the pressure pulse is then
p(y —vt) = P8(y - vt).
so that using result (VI) we obtain from equations (6+60L)

= (&= DL (""h“'l-)(“ Ko) P cOsAU‘
G+ cr WQ(K‘,KI) (\*k\ Coim)
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G-, = — 130-»«*)7‘) Beng § (ohdoded) _iow2
'3 (v K2 1~ K{eos” -3 cos™s!
Al oS (Lbos)
T = [ N (R v _
Tg(xkrky) 4 | = K{Cosy V= Ky eosAp

where ¥ and Ay are defined by the equations
X =T cosapy ’ y=-vt = r sinap

The approximate expressions then become

G+ Ty = Q-_?M $ L+ -\-K""(Q_casw-p :-{_ ‘)}

G;:‘% == 9._3‘_%59} {008 20+ ki (W) cosAnp + %‘%‘?ﬂceszm_ K\Q )}

Ty =_2‘———_"#:‘fw{\ + LR (20 ) coszap + 2K "2“""’ ! )} (te0l)

Most interest in the corresponding statical problem
is centred on the lines of maximum shearing stress, or
*isochromatics" which are the loci of constant L where /T is

defined by the equation
‘I‘
- S kq\ “@5% g v ) L-ho
1 11..) ¥ Lxﬂ} ( 7

so to provide a comparison we have evaluated % numerically
for a, range of values of K, . An approximate relation can be

obtained from equations (b.b0l) and (bloy), namely

- ?coso.\f‘ {l“'""‘K"( - 2-K+|—9.co\524£)}

T {
2

Taking the case of)\:—-/u or X = 3, this becomes

= —-————ﬁ'_?w firsxi (e — et}
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so that for small values of K, the isochromatics do not differ
much from the circles of the statical problem. Fig. (xvi)
illustrates this »oint and it was found that the anvroximate
formula was correct to within 2% for values of K, up to |
0°25, that is, up to about 4,000 ft/sec. on rock. The
"isochromatics" shown in fig.(xvii) were calculated from the

exact formulae (6:605) for a value of ¥K,= 0-4.

It is clear from these calculations that when the force
is moving the maximuwn shearing stress at any point in the
medium is greater than in the corresnonding statical problenm
and furthermore it increases as the speed with which the force
moves increases. Thuzs structures designed on the basis of
statical applied forces will have a greater tendency to runture
when the ap»lied forces are moving.

Another example of some interest is that of a
rectangular pulse of pressure moving with uniform velocity
along the boundary. vIn this ca=ze we have

p(7)

P/2a, vy} & a.
= 0 (vl > a.
Substituting from (6-609) into equations (6+604) and performing

the integrations, which ore elementary, we obtain

= (W=)KE(-3KD P 1‘&\/\@\ ) tawavy
U;.-FO'ﬁ Q.TOQ(K"N-L ﬂ' Kr,_),_ tow —-——~0—N?_jlh.}
— P -\ -t
GG = Tag(w?.m)i(‘ - 1“‘)(+““ J{.a“w' e t?r'g;’*)

I -4 w ~| WAV
= (=Y 0-1) (m *“ S t\“,f'"y)} Y
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— L‘-—N\) "(-1d) P \o (1—rleesan Y\ —Kicotuh)
T a1 (L -k eogtiun) (1~ kTeodan )

ATNaq (i),
where«v and Ay are definod by the relstions
+Q— -a — &t
o, = N 2 st ; 'iuuw,,':—*é—x-ﬂ-

When N :/Aéﬂxuk,is m=211 equetions (6+610) may be

replaced the apnroximete expressions

- o

Qe+ (Tﬁ = —_—‘_-‘_—;LNJ“\-—A\J*&)l\ ¥ J‘;\(;‘- (5— 4 Sw2A "-SW\'?-MA.)}

G~ Ty = Q?—T.‘:agLS'mQMI\— SM2AY, — 2kt (‘O('M —A5) — (S ZA) — e 2Ah)

— (swhad —sie A

(D))
Tuy = ET___Q chzw1~wszg4)i Vet (WG + g (cumw\-»coszm,))}

Using the aponroximate relstions (6.611), the
isochromatic lines showm in fig(xviii)were calculated for a
velue of &, = 0+2, The lines in fig.(xix) | were obtained

from the exact formulae (6¢610) taking a value O+*lL . for ¥, .

/

6+7 Shearing stress prescribed on the boundary. ,

We now consider briefly the solution when a
shearing force which may vary with time, is applied to the
boundary x = 0, 1t being assumed that the component normal
to the‘ boundary 1s zero, The conditions to be satisfied in

this case are G = Q, T;& = - Q(Y:t)o
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If we write

)
qs) = '__‘_&n\q‘(gq:)e (Mg +s Ayt

it may be shown, using equations (6+24) and (6+26), that

B =D =0 and

A = — 319 _inGtes)h
™ el
~ Sus) (-5
RS
Proceéding os in (6°6) we find that ths couwponents of stress
and displacement are given by &
~5Y% — LMy +5T)
o) (| @ens) b1
Ger G = HE= \S eor )MS( | cmais
M- )h _gsﬂk ,{
MY+ST)
0‘{'%’*%—& &A——%’nm e e e s
—0

B % ¢ 3L
¥ | e AU G DR

-0

b ——L(M’:l‘\'s'c)
@1 K‘S") } dm‘

nat x5 -,-("1 n 0 et o s
w == M" "li_(“l f)ﬁ("’l -osY'e -(01 ~4Ns ) " dmds

=) )

% - -(- )l* —L(pyreT)
" ‘——& %('i‘) ¢ef'e G gy I (ma‘«d’
o (HD)

In the case of a shearing force moving uniformly slong
the boundary x = 0, we have

a(v,t) = a(y - vt)
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and proceeding as before we obtain

L)

Tt = BEOKE (1~ K2y Q) (’Aﬂ*-(ﬁ\)dﬁ
WHy oy (KN K (K4 Qg—ut—(s\‘“ | (L12)
'J.g\—xq)" I LY -dKe
G- Ty = e (k) & CW’ i(‘ KW +(M4- Aft‘{ﬁ) (t—x")x +(g—»t-§\}(‘5"‘t‘@)“ﬁ
—_ _ (\-—Km}'h)( ( % )S)_ - Ky Q“‘&K}.)L | a
by = T, K;) ¢ U=+ (y-wt-BY (\‘Krthe"\-(g—,o‘t—(&\"} f
In particular if c¢(r) = Qb(g) theze expres:zions become

cag = SENE @sine
o Ta(KHKD A (\—KTeos)

R = — 2(1-k2)" Qsineg L R 1. }
* oA Toie) A \- Ky eos™A¥ | — K eos™ ©13)
— D Qees § - K> I (s 2 )

BB T g (RG) ' |- WreaSAy |~ Kicotald

vhere x = r cosdf, =né 7 - vt = r sins.  The

aporoximate form of thece expres:ions are

QtQy =

K2 —! }
_L%__.i;‘m‘iwtg“ o | + 20524

A aQ 3!(' 1 a2
S LTI S
cosw -1 H R eos2.ap + (A1) cos 4ap }
" The maximum shearing stress to the same degree of

aporoximation is given by the expression

o= QS‘W\V‘%‘-\.—LK\ (\"(+\ 3:@-3-_2‘/\.!/\)} «975.}
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so that when ,% =/A this becomes
T= —Q_.—T-i%\,—@—{\ + -;;_—K?(‘S'éﬁ.eo;dﬁ )} (b:(l,)

Calculations using (6:76) shows that for small
values of K‘the igochromatics do not differ appreciably'from
the circles shown in fig.(iv) for the corresponding statical
problem.

The results contained in 6+6 and 6°7 can be
combined to give the solution to the »roblem in which a
fbrce which can be resolved into a normal stress and shearing
strez> mover with uniform velocity along the boundary x = Q.
For the particular case of a point force F inclined at angle a
to the x - axis moving along the boundary x = 0 with uniform
velocity v we may out P = F cos Gy § = F sin & and sunerimnoose
equations (6-605) and (6-73). The apsroximate expression for

the maxizun chearing stress is given b7

%1) eos (o4 ) + (ZRER) cos (—ek) }]

RLK
T=%,E%@‘VX\'71{KTC¢>SQ.¢) .\-iK‘?—{L i)

and when K= 3 thieg becomes
hra 2. ’
f‘c=%t_; [cos@t-mw——g_—kfcoszuf‘) + 3Ky J1Beos(d-a) +T¢os («mﬁ)}_]

Again we see that for small values of K, the
"isochromotics® do not differ much in shape from the circles
of fig.(v) but that the maximum shearing stress at any point

is increacsed.
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X

Fig.(xvi).

Tines of ¢obnetant maximun shearing stress in a
semi-infinite two-dimensional elactic medium due
to a point Iforce acting normal to and moving with
uniform velocity along the boundary,(v/cl = 0-2).
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,x'

Pig.(xvii).

iines“of‘c0nstant maximnum shearing stress in

a semi-infinite two-dimensional elastic medium
due to a point force acting normal to and moving
with uniform velocity along the boundarv.

(v/eq = 0:4).



Fig.(xviii) .

iih’e’s"of constant maximum shearing stress due to
rectangular pulse of pressure moving with uniform
velocity along the bound_ary.(v/cl = 0-2).
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41X

Fig. (xix) .

‘Lines of conftant maximum shearing stress due to
a rectangular pulse of prescure mov1ng with
uniform velocity along the boundary. v/c = 0°+4)
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6:8 Infinite strivp of finite thickness with dynamical Fforces

applied to the bounding surfaces,

Consider now an elastic body bounded by two parallel
planes in a state of stress due to the application to the
bounding- planes, of normal forces which may vary with time,

As in the_preVious-pafagraphs of this section we shall assume
 that there are no body forces present, .If the y-axis 1is
taken to lie in the medial plane, and the X—axis perpendicular
to if so as to form a right-handed set the bounding planes

may be teken as X = +d, where 2d is the thickness of the solid.
The applied forces are asssumed to be uniform in the direction
perpendicular to the xy-plane, so that the components of the
displacement vector in this direction is zero and the

_problem is one of plane strain,

Wé shall confine our attention to problems in which
the applied forces are symmetrical with respect to the medial
plane, and are in a direction normal to this plane so that
the shearing stress vanishes everywhere on the boundaries. If
we denote the apvlied force by p(y,t), then the conditions at
the bounding planes are .

0 = -p(v,t), Ty= 0, x = xd (c.21)

Wreiting

Ly 3T)

Pl =2 X pest) e 18 Sy e52)

S0 I

and using (6+25), (6°26), and (6*8l1) we can readily show
that in this case, B! = C' = 0 and

A = Bl (=3xs") smh (K"
2 $(v(s*)

)lz

.])l = -F(’V] .S) ,‘_,11 (Mt__ 'S'-),I'LSI\AL\ (”f-t' Sa.)'{a. (“.?3)
ap £(is?)
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where for compactness we have written
$6i$) = (o= 29 cosh (4 5)14“““( "fa =M (“1“51) ( - iy s\k\n(Mt S"\d cosn(y K"s")d

Using the values for A', B', C', and D' given by
eqguations (6+83) and substituting in (6+25), (6026) and (627)
and inverting according to Fourier's inversion formula (IV) for
two~-dimensional Fourier transforms, we obtain the following
exXpressions for the componen’ts. of stress and displacement,

consistent with the prescribed houndary conditions

%= I \ B, Sl s ket oo - 5

a0 =
o

B 0= \3 BUIE) { i) s Gt s et

T ) _fee)
S~ L (% vst)
— (MY 028 s (o koo (o5 1} o ds
W e ‘ N ' X ) ,_«h.
Ty = z?& \ i‘?‘fgm = Yo 200 s (=109 of-s\ukm—s 5.
- — swh (nq‘—s’i'/'a.smk(af_k’:‘)"i } e“'wgﬂ’t)awds
w =- \ \ %%]é—) me) i('n - ¢ Stk (M’—«‘s‘) FENNCE 3l

. , %«wﬁ
+ Msmk (/vl"_s")laS\vx\o\(Ml—N?") } e

\ P("hs) "M i ("\ _}lg{‘g") swmh (ﬂ N‘s‘)h COS\A(IVI —Sﬁ&

fiws?)
- (- s"f/‘(ﬂ”-\es“)'/‘sw (=¥t eodk(u20<) }e %‘,ﬁ\*;‘é

-]

(b-gu)
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6°9. Pulses of pressure moving uniformly along the boundaries,

We shall now consider the particular case of pulses
of pressure applied to the bounding surfaces and moving along
them with uniform velocity va. If the pulses have shape

p(y), then we have

p(y,t) = p(y = vt) = p(y -%T)
where ¥ = v/e. Inserting this expression in formula (6°82)
and performing the integration with respect to © making use of

(VIII) gives

F(”hs) = F(’Vﬂ 5’(9-\-\«»])_ (L.Q|)
where we have written

If we then substitute from (6°91) into equations (6°8L)
and perform the integration with respect to 8§ , making use

of (VII) we obtain

G = LI L) &Fw it (ot cosh (oY i & (H—"tc)iq

2w $0{st)

If further we assume that p(y) is an even function, and make

the slight change of variable qd = u, this equation becomes

TGy = K —\\'_:jé\-’a'f&) X :t:i\ EON Uptoshuk cos u(‘i___) du,

(-]



Vs,

, . i N
where we have written u,=(1 - Kk{)Zu, u,. =(1 -« )Zzu,

and’

F) = Q- '\B.K:) Coshu, s u, — (- Rﬂ"‘(\ K2 smku,cosku,,

Similarly the following expressions for the other

components of the stress vector may be obtained

Ty = ._‘:_. \—b&l}i@ Nﬁ"(\-uﬂl e =20 5x3) Swh uqcoshu,: g:(}
X Cosu(‘tc'i’?.’)_du
o = ) Ooh) °—\5('%) s
Ly p—y x @(u) iS\W\\u,_s\m\nu % — S i, stwh U X } sw u(ﬁ_a(_) du,
° (6 g3)

The corresponding components of the displacement vector

are found to be

- (-w ‘l“ P('%b ANV AN T Y swvlhu, s\ wt | G,
T S P wfemut) - o

2."‘(1'},« & ‘;_((—a i(\—’wh"sm\«u,cos\«u.lé_ —(\-\«I‘\'/'L(\-K%)‘/*s‘“yu,écshmk} S\v\u(‘&:ﬁt-) q&.

(¢ g3)

It may readily be shown by expanding the integrands in
powers K?’ and letting W¥¢ to zero that these results reduce to

the solution of the statical problem obtained in 3.7,
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Now it will be observed that the component of the
displacement vector in the direction of the x~axis is zero
everywhere on the medial plane X = 0, so that this solution
also corresponds to an elastic strip of thickness ’d lying
on a rigid plane co-incident with the plane x = 0, with a
pulse of pressure p(y) movihg with velocity v'along the
surface x = d, The pressure of the elastic plafie on the
rigid piane is of some practical interest and is given by

the- expression

01 Bt et
(b-qu

In particular if the loading 1s a point force of
magnitude P, then p(y) = P8(y), =znd p()) = P, so that

equation (6°94) reduces to

S § (\-hw )sukul-(\-w‘.‘)'h(\-\(:)';‘smku\ cosw A-gi) dua.

.= )

This integral may be evaluated by one of the
methods discussed in section 3-8, Filon's method was

used and the pressure is shown graphically in fig.(xx)

Comparing fig.(vi) and fig.(xx) we see that when the foree

is moving the pressure is greater immediately below the

point of application of the force but falls off more repidly
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on either side. A rough check on the calculations is provided
b7 the fact that the area under the curve is the same in

both cases. This problem has some heafing on the design

of aircraft runways and the result of .these calculations
suggest that the effect of moving loads should be cdhsﬂiered

more carefully.
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. PART VII

THE APPLICATION OF STATICAL FORCES TO_THE. BOUNDING

- SURFACES OF CIRCULARLY CYLINDRICAL ELASTIC SOLIDS.




VII. THE APPLICATION OF STATICAL'FORCES TO _THE BOUNDING

SURFACES OF CIRCULARLY CYLINDRICAL ELASTIC SOLIDS.

7+l Introduction,

Problems in which forces are applied to the bounding
surfaces of circularly .cylindrical elastic solids are of
considerable importance in engineering work and consequently
many specific problems of this tyre have been discussed in some
detail. Filon (3 ) obtained the solution for a cylinder
of finite length iﬁigag$form of a PFourier series and Rankin
(26 ) and Trantera(3¥ ) gave the solutions to problems
invblving an infinite cylinder with certain types of loading
in the form of infinite integrals. Tranter (b ) also
discussed a problem considered previously by Westergaard

(A40) in which pressure was applied to the surfaces of a
cylindrical hole,

In this section we shall obtain using PFourier
transforms, formal solutions to problems of this type with

vgeneral forms of load applied to the surfaces, The



components of stress and displacement are given in the form
of infinite integrals which could be evaluated by the methods

discussed in seetion 3+8

-2 Solution of the equations of equilibrium

Consider an elastic -s0lid of revolution and denote
the position of a point in the body by the cylindrical polar
co-ordinates (r, 6, z), where the z-axis is the axis of
symmetry and z = 0 is the central cross-sectional plane,

If the solid is in a state of stress due to statical forces
acting symmetrically with respect to the axis, so that the
deformation is symmetrical, then the components of the stress
tensor at every point in the interior of the body must satisfy
the equations of equilibrium (156).

We shall assume that the normal components of stress
can be derived from a single‘function )((r,z) according to the

equations

21X . 0= (e F A%

oﬁ»

G=2{c
72

O kN 7

where @ denotes Poisson's ratio and

2 Q‘- 3. 2.
‘Z = 5}14"3 %ﬁ +J%i}
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Substituting in the first of the equations (I.5b) we find that
2 e
T = A {00 W= T X (#22)
and when these expressions are substituted into the second of

equations (1.86) we find that X must satisfy the biharmonic

equation
by _
VX =0 (123)

From the stress-strain relations it may readily be shown that
the components of the displacement vector are given in terms

" of X by means of the equations

=— 1+T K
Y E iz

w= BT (-2 + %+ LN

In order to obtain a solution of (7¢23) of the

G24)

appropriate form we introduce the Fourier transform of the

function X (r,z) defined by
—X—. (’} 5) = 'é_—f‘)'h S';X-(k ) G,Lgldr(_ G.26)

and we shall assume that the elastic solid extends
indefinitely in both directions of the z-axis. Multiplying
equation (7+23) by exp.igz and integrating from -oo to +oo
assuming that X and its derivatives vanish at both limits

of integration we find that X (r,g) must satisfy the ordinary

differential equdtion

2 1_1_ —
%L_‘__}_ga_g)x, 0 (1.26)
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The general solution of equation (7:26) is

X@is) =ATQ) +BeTilp) +cRele) +DeKilp @)

where we have written fzgr, and In(f ), and Kn(F) are the
modified Bessel functions of order n of the first and second
kind respectively, A,B,C and D are arbitrary functions
of § and are independent of r. Multiplying equations (7-21)
and (7+22) by exp.iSz and integrating with respect to z,
making the same assumptions as before, we obtain t he transformed
components of stress as
G =-is{oV=R1X | §=-isioW-F&IX
(128)

v -I: == g. Var 27y
T = -is {@-V*s}X 5 Tn G-+ X

where
— d d — >

In a similar menner the transformed components of the

displacement vector are found to be

T = 12S.isdX
U = arx

G-29
W= B0 W & 5 G 1Y
The conditions existing at the bounding surfaces may
now be used to determine the functions A,B,C and D and hence
from (728) and (7°29) we obtain the transformed components of
stress appropriate to the problem, Inverting according to

Fourier's inversion theorem (II)



b
tx

X(412) =C'JE)'LS Krg) € Vs

gives the components of the stress tensor. In a similar
manner the components of the displacement vector may be

obtained,

73, Infinite elastic eylihder with normal loading of the

surface,

We shall consider in the first instance an elastic
cylinder of radius a extending indefinitely in both
directions of 0Z, having normal forces apnlied symmetrically
to the curved surface. If we denote the applied force by

p(z) then the conditions exlsting at the boundary are given by

G;’-""P(?-) y Te=0 , A=&
Transforming, we obtain
G =-b® , T,,=° > Y=a C73v)
where p(5 ) is defined by the equation |
| W52
P)= gk | k@ e dz (722)
Now the requiied solution must give finite stresses

along the axis r = o,'so that in equation (7:27) we must take

C =D =0, since K (P) and Kl(f) both become infinite when

f = 0.



If we substitute now from equation (7-27) into
equations (7-28) and use (7-31) we obtain two equations from
which to determine A and B, Solving these equations we find

that

_ &b 20-9 T 4 o T(s)
(7.23)

_ — Q(S) *\(&)
BE) = TS TAQ)

where ol = @g and

Al = {P+20- F T («) - XL E)

Substituting these values into equations (7.28) and (7+29) and
inverting according to (II) we find the following integral
expressions for the components of the stress tensor and

displacement vector where for convenience of notation we have

replaced &K by u so that r: (r/a)wm,

- . ..i.%u
' & B4) Wi (We ° ou

P —tZn
T o S P B e © au

: (24)

&5 (1) (W) e P

[
— L7-lA

)@4(‘* e ou.

f..
o

r\
\f
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\+Q

—08

- (. —LZu
E U= ﬁh& b(%,) @5@\).& G du

\Ecr W= (9‘.%)%\_\5(%) Qb(u)e ™

()

in which we have written

AL“) w\‘ (u\ - A—\AI (u\ lo(%lé +- &.u T Lu) lo( u) - U“I"(u‘) L(%U)
~{ &+ 20-0) P LW L (3w
A(u) A (w)= w T, (v L(%u) +2()\- p) LW T (YW ~(1-20) %"“ I (AR A

AT = w12 LA LG -w L6 L) + 3T TG |
AR, = v* {5 T To(3u) — L) LGwW}
A(u\.@5<u\= 2(-0) T,(w) L) +uTdw) TG — v T L)

A(\-\\ . QG(U) = 9-(\-0‘) I.(UL) Io(%u) —u X (u) \ o(%u) + —uT‘(u) T ( )
awa Croggs

In a recent paper (3% ) Tranter,considered the

particular loading conditions
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so that making the assumption that € is complex with a positive

imaginary part and using fosm (III) of the inversion theorem we
obtaih o

FS) = — eois

which when substituted in (7:34) gives expressions which are in
agreement with (38 )

As an example of these general formulae let us
consider the case of uniform pressure P/2b applied over the part

of the bounding surface contained between the planes r = b, and
r—-.

= =~b, The boundary conditions then become
~ =
@=_%% » Ta=0 , —bi2ch
= O > =0
so that

—0Lz2L-b; b Lz L0

a9y 26
‘ b

I
@wyk bu.

b 52
F(g) = P S e dz

Inserting this value in equations (7+34) and using

the results (IX) and (X) we find that the components of stress
and displacement are given by

- ,
G= 2| Wldowguenyy 2
0
Po (i
I swbu cos . du,
Uo™ <Fox & W2 (W 2 o A
(]

G.25)
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Q
AL N .dw,
G;_==-%g—- aﬁy)ihvxe#LCbsi%fk G%;‘
0
? [ Y
3 . N .O\A
Thz T._-G—S ’Sf“(u) S\n%u sm'ZauQa
o
[+
E U2 &fs-(u)s;nhucos?-_u.d.!
‘Q.(T o Y o G G .
[-]
o
_E_W _ ;22. Zﬁl@u)shagku~sa«%ym.qgi;
0 & e o
(o]

If the applied pressure is concentrated round the

circumference of the circle r = a, z = 0, then

= P sy _ P
PR =l TRy T T
b0 ‘¢
and the expressions for the components of stress and

displacement may readily be deduced from (7+35)

Tel, Infinite elastic cylinder with shearing forces applied to

the boundary.

We now obtain expressions for the components of the
stress tensor and the displacement vector in an infinite
elastic cylinder due to shearing forces applied to the bounding
surface, In this case the conditions at the boundary are

expressed by the equations

0, =0 , Tin=4(2) , *=a
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so that the transformed components of stress become

—

=0, T =3 ,4=a (240

S

where g(%g ) is defined by the integral

-q-l(§) = —G:T\_—yh_ S QLZ) elszd'l : (7-4-2-)

—0b .
Proceeding as in the previous case it is found that

the arbitrary functions A end B consistent with (7.41) are

given by the expressions

_ ) {020 & (%) + oL T(x)
Ay = o D) }

(7.43)

~- & HLE)- T}
BB) DE)

where A= a and
D) = {8+ 20-0) F TH) — " L)

These lead to the following exXpressions for the components of

stress and displacement

% = @y \% B (<

[Chic

o= & T B ()

f‘

x>

& %\@s(‘*\ei ® (e

ey -]
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T = @%ma S Q) B We Lzaualu.

& U ZL_'W gq(‘-a\s'ﬁs(u)e du

(LN 0y

.__L(A

e = @“3“‘&:“%‘ Gere o o
where §(u),1 = 1.-++6, denotos the functions
DB, 1) = F 120+t T T () — {(-20)+ Lt To(W) Tidy)
S (-B)«Te T
) EM = (-9 LW T AW + w LA TG - & (20 u o) Ty)
+ L (20) TW To(3)
DO B0 = 3w L () Tlhe) ~ S T LA + 4 T TG
—122-0) + LW LEY

DB = 2w T T ) —u L) T(dw) - H T TGy

+ iﬂ(\—q‘) + “z} L) T, (3&“)

D) Ps(W = wLWT, %u) ST T — L0 Ly
+(1-20) T(W T, (Aa—u)
D). @(u) = TuT(W) L (3w — $ LW L(Gv) — (3-20) u To(w) ()
+140-9 + T T (W) LW



As an example of these general formulae let us
consider a shear force of intensity S/2c¢ acting on the
part of the bounding surface contained between the planes
Z2=b=c¢ and z = -b + ¢ and a similar force of equal

intensity but in the opposite direction acting on the

part contained between z = ~b - ¢, and z = ~b + ¢, that is
a(z) = -8/2¢, ~b -c £z <£=-b+c
= §/2c, b~-~cgzgb+ec
so that —bie pre
8 \ Ls-za i:g'zd
a — -1 e z+ | € z
105 = e |
-b-¢ b-e

__(_9;_)'11 lSsiv;%:\suL&u-
Sy,

BN T

Inserting this value in eqguations (7-#&-) and using

the results (IX) and (X) the expressions for the components

of stress and displacement become

[
3 { . dw
g-,.__éﬁ. B,(W em Bu smSu cosZu . G
4 wc
o
~ Zn. 3w
Sa W) smb.usv\cu-wsau\. 2
G=-o5\ Dol
o
bad

g [Br gt
-

\\C

X%
u) Su«%_u s\u%us\w%u g

2
il

Asq
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0
£ U = -8 WaswB U swlu CosZm. ;U
t+7T o e S @5( ) a [7) 7] e
()
)
E_w - ) ) (1) 8iv B siv & Siv 2o GU
1+0 o e 2L, a Y Zu-du

Filon (3 ) has considered the problem of an
elastic cylinder of finite length with this type of loading
which as he points out is of considerable importance due to
the fact that in a standard tension test using cylindrical
bars, the tension is avplied by means of pressure applied
to collars projecting from the cylinder so that the forces
applied to the surface of the test piece are in fact shearing
forces applied in the manner described above, Since the part
of thé speciman of most interest is confined between the
collars there should be no serious error incurred in the
assumption that the ends are some distance from the collars,
Since Filon's solution is in the form of an infinite series and
is consequently not amenable to numerical calculation it may

be that the above solution has some advantages.

7°5. Infinitely long cylindrical cavity in an elastic solid

of infinite extent with normal forces applied to the

surface of the cavity.

We shall consider now the generel solution to the

problem of elastic medium of inrinite extent with forces applied
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normally to the surface of a circularly cylindrical cavity

in the medium,

We take the axis of symmetry to be the z-axis and

employ cylindrical polar‘co-ordinates as before so that a
suitable solution of the transformed biharmoﬁic equation

(7.26) must be obtained. The general-solution was given
previously by (/¢27) and since the required solution must give
finite stresses at infinity we take A = B = 0, . The conditions
at the surface of the cavity may then be used to determine the
arbitrary functions C and D. Let us denote the normal force

applied to the bounding surface r = a by p(z) so that we have

G =-p@) , Bma=0, +=o

then G-51)

El‘}=”'—5("5) s f—fn-r.o N r=a.

where p(§) is defined by the integral (7+23). Using equations
(7-28) along with (7-27) and (7+51) we find that C and D are

given by
_ PG af20-00K@) — A K, @)}
C=7= W (&)
G.52)
_ E(’;) “K\(ﬂ-‘
D= T T aw
where

W(d) = LKE) — {20-0) + LK ()
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Proceeding as in the previous examples we obtain the
following integral expressions for the components of stress

and displacement in the elastic medium
- ..lu
(=3

q, = @T‘Vi““@“‘)e A

= @—.T‘wf“o’@‘“‘ﬂ

T &
o> \&
_ v W, qy(y)e ‘d“
—wﬂ"“ “
eo- __l_%u
(U= \\o(‘a\ ®@cl)e o«
S C )
2 u
M= S )@Me dus
| "E J \
Whereeaﬁ(u), i=1-c-- 6 denotes the following functions

W(L). O, = LUK WK, (Gv) - » KWK, (d) - UK KB
+120-0) + SR K(3)
W) B = vEMK G - 2(-D MK G

—_ (\_ ﬂ)_(r) io.'.u Kq(“-) Ko@é“’)

W(W). @) = 1 {2 mum@-u) + u K (WRE) - K (WK.E L
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L) B = Wi E KWK G KB G}

D) O) = W KM K, ) — 2K Ro(ds) —20-AK (WK G

w(u\) * ®b(‘*) =’%:‘MK\(“\K\ Aﬁu) -+ U-K,,(u) K,(%\k) + 2(“¢) K‘Qk) KO@&‘*)

The case of shearing forces applied to the bounding

surface may be obtained in exactly the'same way.

7.6 Infinitely long cylindrical tube with normal loading of

the curved surfaces,

Finally in this section we shall consider the case
of an infinitely long elastic tube of circular cross-section in
a state of stress due to symmetrical loading of the curved
surfaces, The axis of S4wmwebiy is assumed to the co-incident
with the axis of the tube so that the problem is one of
symmetrical deformation. Proceeding as before we see that
it is necessary in this case to determine the four arbitrary
functions A,B,C and D in the solution (7.27)of the transformed
biharmonic equation (7¢26) from the conditions prescribed on the

two bounding surfaces of the tube, Let us denote the normal



4

force apolied to the bounding surface r = a by p(z), and
assume that the other bounding surface r = b is free from
stres:z then the condifions to be satisfied are

Q;: -p(z) ., ’tb_: 0, r =ga

i
o'

= 0 = _ o r
Writing
) e .
_ A
P(S)"f{.—?;h\h(z)e' dz

the trénsformed components of stress at the boundaries become

Al
il

"'p(g) ’ :’: O, I = 3
e - (6

:o :O, Is:‘b

Using these equations 2long with (7°28) and (7:27) we obtain
four equations which mav be solved to give the following

exnreg. ion for Ay, By Cy 2and D
T A=~ B e TLpR O+ LKA 2K = Ke]
S e HIKE -FROH20-OTE +o Lef
+209+ K -2 KW |
T Bo= B3| e FILoK @ +F TOKO K@

—{l2( -0 g K - FR@I T - 1.0 |
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T1kg).ce)= _E;-?ok[ﬂg(\-:r) +P*]I‘(9)K, O+ LK) 20-0)1,6) + o L)}
~{]20-9) +F‘] @ - FT: () 209K, A ~*Ko @}

{2+ L~ 2T

T 3@ - J':(?? o B{z(‘.@ +f] ’L.(g)K. @) +ELERLHI LW

B A O) AR )
whete o =QS , (5 =bS awd

TIep = [fao+aiat-o+ FIEOKE K LT
- Llat ) LOKE o T
" & {2(\.@ +L P LK@ + K (o) .1‘.(@)}’
HETROTE - TORM T
AL+ oLt (‘ﬂ

If now we subatilute thes values for A;B,C;and D
in equations (7,28) and then obtain the tranaformsad éomponents‘»

of stress and displacement we obtain on inverting |
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where the,ﬂ\ are detined by the exvressions

Tl 00, = | OB T KB - R T ] + 4 (LK) KOG
+ %‘“z [L(ﬂKo (%u) AGWT, @a‘*\] +{§U} +°).(\-0)]§{n(\*)1x("3"‘) '\'I\(\‘QK@D“)]
‘

+ AP (B WKLIK (B — 4w EVIRa ) + F0 Kol Kolhv)
~[Ekaa(e0) [RK G }

!
o

— PEW LT ~ SUTWT. () - 3T Lo (34

+ [§&+Q(\—G')_] I\(“)T.«(%‘*)} |
5 TV (3) ~B AT+ S0 T R 3 4R Lol
] T (39 “Ko W T3] w2 LWK G 1]



167
TE ) (1) = |- O[T, G K T Gl] + [T (b~ Tl ?
v 3 (1-20 2w LK) - Kl L] |
B 2(-TR WK Y ~WKME () +(-2 04K W Ke(3v) |
F OB DTG W LWL 4w - (20 F4 T T
+ (5] TWK @Y - K@ LGW}

 raiou LR G + K T}

+ (203 § T Ko (54 — Kol L@“)}}

T a046) = [0 BRI TWK: (3 -1 i) - (LR G+ B T ]

~ S (LK G +R (18] §

= W EARWK.GY) WKWK () — S KR G}
+ PEP LA T ~ W LM Todu) + LW LG |
+ K391 LW +K, (W) TEu}

- 2u § Tl Ko(3t) —Kalu) To(34

£ DT, By + KW IGw ] ]
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L. b ) = 1 OB WK G — K T (3] + Lo (TR -KW TG
P (B WKWK, () — Sw KM E(}
®¢ (%v\ 31u T WL (&YW — ’%’\& T(wW L(‘sau)}

KBV WREY - KW T,Guw) |

~ S LKW - KM TEw | l

- IT(80) .00 = [~ Bu{ae- AL TR G +K, ) L]

+ W[ LOK G K130 + S TORGA K0T G
+ W BA2(-OR WK ) ~WKIK G+ K@K G ]
+ OEMITWTE + LU LGo) ~ 30 LA T ]
O TWB(E) ~R () TGwW]

+ 2 VU {LWKEY + B TEW ]

H ] TR ~K T Gw] |
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Mg .0 W= {e(%uﬁz(wwunco(%v)—zc.m L]
SN AT LG 4 5[ nk G +x Ty}
~ AMEN1200) KWK ) +uKo(WKL(be) SEu KWK G}
+ OB 209 TW Tdw) ~« T L(EY) Hu LW (—*w*)} |
+ X BV ITWER @) +K@ T3t
—2(- ) { Tl Ka(d) Ko L}

+ 2 LOK (B + K () T, (%v\}}

The factors dependent only on the thickness of the tube
being defined by the expressions

OB =120-0) + LW} T (B K(3) + Bt To(gw) Kol
A (30 = fa0-0) + B} TH(BY — B T(3w)
b (B = {20-9 + B}y (B0) - Biv R (8w

KB = 20-0) + g;u‘}
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T =[i2 -0+ Wl i20-0) + R TR G - KW T (5}
(0 + B LU KL B 4 KA TGN
~Eufaia + T TR + TGN
~ B T L () ~ LK (Suf Ha(-a) + & §~'—)J

it is readily shown that when b +tends %o gero these
expressions reduce to (7.%4) while it b tendes tc infinity
we obtain the results (7.53),

The solution for a tube with normal loading on both
bounding surfaces may readily be deduced from (7-65);

Numerical evaluation of the results obtained in this
part has not yet been attempted but it is hoped that a
computing device such as that referred to in(3.8ywill

reduce the labour involved in the use of guadrature tYormulse,
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VIII. THE APPLICATION OF DYNAMICAI, FORCES TO THE
BOUNDING SURFACES OF CIRCULARLY CYLINDRICAL ELASTIC

SOLIDS.

8el Introduction.

The various modes of vibration of an infinitely long
cylindrical tube of circular cross-section is discussed by
Zove (21 ) but problems in which forces which vary with time
are applied to the bounding surface do not seem to have been
considered to any great extent. It is clear however that the
methods developed in the previous parts of this thesis can be
used to give formal solutions of the problems, In general the
components of stress and displacement aré given as double
integrals which are impossibly difficult to evaluate, but in the
particular case in which the forces are moving with uniform
velocity these integrals reduce to single integfals which can

be evaluated by numerical methods,

This type of problem has many interesting applications
particularly in armements research but a complete treatment

would involve a considerable amount of numerical computation
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which it was impfactiéal to undertske at this stage, so we
shall conclude by giving the analysis for a few special
problems to illustrate the method.

Problems in which the forces are moving along the.
bounding surface of an infinitely long circular cylindrical
cavity, or along the surfaces of a cylindrical tube of

circular cross~section may also be solved by this method.,

8*2 Solution of the equations of motion,

We shall consider‘nOW'the solution of the equations of
motionyépplicable to an elastic solid of revolution when
forces which may vary with time are applied to the bounding
surfaces, If we describe the position of a point on the =
elastic medium by means of the cylindrical polar co-ordinates
(r, ©, z), taking OZ to be the axis of symmetry, and assume
that the applied forces are also symmetrical so that the:
problem is one of symmetrical deformation, then the components
of stress tensor at any point within the body must satisfy the
egquations of motion (li55) and the components of the displace-
ment vector at any point are related to the components of stress
by means of the equations’(l'Bh), We shall assume that there

are no body forces present,

We introduce two functions #(r, z, t), and

¢(r, z, t) defined by the equations




X735

U =
(829

ne _ne
Nt Nz
N +N&

W ="+

&

€\

Substituting from equations (8.21) into equations (1l¢54) we
find the components of stress expressed in terms of g and

G, to be

6; = £ + 2 (V- 5)

>\V¢+1/*('“’3§““"M’)
(822)
6, = 30 + 2 B A +%5) -

2_ 2
T M (23¢ /waz f_; *“ﬁ**i—”‘%—%)

If now we substitute from (8+22) into equations of motion
(1.55) we find that @ and G must satisfy the two partial
differential equations
o 2 "

(M2p)Vp —p 18 -

Dt
- . (g23)
-1 NG =
/“(Va"’ ¥6) —eX%=°

Writing Mf%‘& =ar, »‘f;i =&, K= SC.C:_ , and T = ¢yt these
)

equations become
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s (8-24)
Ve-he-x16=0
A /arc"'

We assume now that the elastic body extends
indefinitely in both directions of the z-axis, and introduce the
two-dimensional Fourier transforms ERr,q,s ),'EKP,A1,§) of the

lfunctions'ﬂiand G to obtain solutions of equations (8+24), The

transforms in this case are defined by means of the equations

P(Hms) = 4 & &(D("'"""t) S e
e LMD,
—é(*.‘m‘,s = {'-ﬁ-& Gz e dzdr.

oa =

Multiply equations (8°23) by exp.i (QZ + 3T.) and
integrate over the entire zt-plane and these equations reduce to

the ordinary differential equations

FLD AT gt ()P = O
@20

PEE 2 dT — gr(en) 1} E O

which are readily seen to be forms of Bessel's equation. -

The solutions of (8¢26) may be written down immediately as
P nis) = Ale) To(d) + BMS).Ra(2d)
- )
G (2y5) = ¢(ns) TN + D) K (6 827
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where I, end K, are the modified Bessel functions of order n,
of the first and second kind respectively, and (af'- S.")"12 and
(n11'- K< )% being denoted by ok and Fa . A, B, C, and D are
arbitrary functions of:q and € , Transforming equations

(8+22) we find that the transformed components of stress are

given by

( ¢27)
—— V. s X d__’é;_— E »
T, = AV, +-2/A(~[5 "M B ‘%’“)
nN- — N E 1'-— dﬂ-é—' d__.@"‘-‘"a'
hz’f*(‘q‘“q%;‘*ﬂe’*a’}?"'*ou 3* )
—e K %
where W, ’E‘E%s *‘ﬁ?gh-—"”l'
Similarly from equations (8¢21) we obtain the transformed
4components of the displacement vector
IT = 4@ .\ T =—-iyP + & €2
U";%“‘”"lg , D Ly ep o\)+§£ (¢-29)

As in the previous examples considered the functions
A, B, C, and D may be determined from the conditions prescribed
on the boundaries of the elastic medium, The inversion theorem
mey then be used to give the components of stress and displacement

appropriate to the problem.
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8:3 Infinite circular eylinder with dynamical forces applied

normal to the curved surface,

We shall now consider an infinitely long elastic
cylinder of circular cross-section in a state of stress due to
forces, which may vary with time, applied to the bounding surface
r = a, If we denote the applied force by p(z,t) the conditions

at the boundary are

T =—-b@EY , T,=0 , ¥=a. (e=)

Writing o e

Pls) = Fin XH”' ) e dzdt }k32) |

~

these conditions become when transformed

—

== P ™M5) ,Fe=0 , Y=a R34

Now on the axis r = 0 the stresses must be finite so
that the required solution must not contain the functions
Ko

argument tends to zero, Thus we have two arbitrary functions

or K, both of which tend to infinity as the value of the

A and C to determine from equations (8°28). Substituting for
% and G from (8:27) into (8°28) and using (8°34) we obtain two
equations which on solving give the following expressions for
A and C
Al = _ B9 _(—¥¢<) T.(ga)
' pm ANG/ S |
69

I
Blos) = — ‘;(“;f’ LIG: (Z)S (4a)
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where

Al = (7057 T, o) T, o) + 405 -6 T T ) -7 i L Tea)

Now if we insert these values of A, B, C, and D in the
expressibns for the transformed components of stress we obtain

the following double integrals which are the formal solution

of this problem

0 O—‘ ___‘_ )
% =-ar | | P i< s o
—ad =%
© oD N ) .
Bl oy e )e T cluols

q=—
9 2m N (93")

—i(yz+<T)

CE=—-,{.=S Pms) s ) e dwmals

qud-s«:)

=~ 3';?&‘ f(ﬂm Halms)e by dg

where the @;_ ’ = i, ------ )& are defined by

). T o) = -0 TG 09) ~Ho YA TG T 0
— s T + 44 (- )P Lea) T (84)

AW D) A (5) =0-20)H4NS") T Told) + (- $¥<)6- P 1 (d T, ()
| e L (Cs s”’)'hI‘(w\ TN
A Rules) = (=002 LT et f-ieeT i

B§) AL, (€)= o= -39 ] T L - T(ea) Tan §
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In & similar manner we find the components of displacement to

be
_ \ ¢ C— -—L( Z+<7T)
U"—FF \P(”‘S)@s(mﬂe T was
o (%-36)
: _ — —L(mz+s) :
W= 4 A \ \f(%) Yl e dnels,

where

AGKS) Ty = (=) k(ﬂ‘— $06) T (o) L) ~ 4 -1+ Lua) T, ®

AL Rl = 615, (30) L) ~ - i@ )

8L Pulse of pressure moving uniformly along the boundary.

The integrals in the general solution can be
considerably simplified if the applied force is a pulse of
pressure moving with uniform velocity along the surface of the
cylinder, If the pulse is moving with velocity v then we may ’
take the applied f‘orcewto be represented by p(z - vt) so that |

") .
F(ﬂﬁ]‘-‘-‘ E_Lﬁ&o\ \°('2-— K.'I:) c "(*17_+s1:)dzd”c (3 4‘) ‘

L o)
where K, = v/cl. Now if we put z = K1T= m, and use the result

(VIII)we get

Py = B(n) 8 (s+rm) (9-42)

where 5(41) is defined by the expression



1iq

F("']\ = & P(‘“\ equde . | (P4

Inserting this value in the first of equations

(8236) we get
G = -4 | Pl Tay g T 0 S (saxaas

~a

=7 SF(NO D\, € e uﬂ?‘”l

Using the result(VIﬂ Puttlngqa = u this becomes

0 == r &6(.%)"35(&0 e (== —“t) @ 44

where now
A (W = (- 5%2) B T Te(Eu) — (- 2T T TG

_ "'——V (\—\(1)’1-(\ Nq_) I\(u.\ Ig(uuz) + Q‘ N;")l‘ I-\(\A\) A (-O\Ac.)

and.
A(\A\) =(1-2+) v To(w) Ti(u,) + %_R-L(h«\)[ T,(u) Th(wa) - (-2 ) (\-«-J u —&(\Abl'e(u)

u;, and u, denote the expre851ons (1 - \()ﬁu, and (1 - K;)Eu

respectively. In the same way it may be shown that the other

!

components of the stress tensor are given by the integrals

Ly
T =~ ot gb(%‘)@a(u)e * . |
_::o 2—ut‘)u (9-1-\-14)
01‘*“5;;;&’9( )@3(“5@- dw.

-0



150

where

Al Fy(w) = (-5 IRN(-514E) 1w Ty(w) L(Gw)
(3T TE — (- T w) Tkw)

A() ) = 0-2i -3 Fu T () TG u)
+ (l—wﬂ%(\—x:)'/‘u T(w) To(ue)

AW By (= () (-01) 0§ T00) L) - L) TG}

Similarly it mcv be shovn that the comvonents of displacement

become

where
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A@OQAA Q*ymﬁNOEWQI@MQ u% T(w) Tidua)

D). A () =(0-45E) Ty(we) To(du) — (\-RZ‘W\—«‘,‘.\% L) To(Bus)

As an example of a particular distribution of pressure
applied to the curved surface, let us consider the rectangular

pulse moving uniformly along it with velocity v. We have then

p(z,8) =B/26 , lz-vtl4b
=0 , lz=vtl>b
so that
| -
T\ — P e — P. swmBu
Pld = 5 { ¢ e =" sl
b

where we have putt,a =u

Substituting for 5—(‘%;) in equations (8-<44) and using the
results IX and X, we find that the components of stress are given

by the integrals

-

q; =_% AA (W) s By cos(z2t)u . cu

: ~
¢e=“ &Q (W) sinlgu cos(7-*-‘":)u __& (?A-B)
g (et

E 4,(‘*\ S %u.. Sw C’i:t‘)u Oﬂ&

—r%

ap
."u

D"/-\b




To avoid the difficulty of dealing with a divergent integrand
in the expression for w we shall consider instead the
component of strain in the direction of the z-axis which is

given by ow
3z

Z Py
(u) suwizu Cos(zﬁ'-":)u du

U=—'r7xbx

/%u’ll; B 9.nf"‘° ga (u.) s hu Ces (z~o1:) o

The corresponding expressions for a point force uniformly
distributed over the circle r = a, 2 = vt may readily be

lebring
deduced from these bysb tend to zero,

If the'qagre expanded in terms of Klz and then v, and
K, are put equal zero we obtain the expressions (7-35) for
the components of the stress and displacement in the

corresponding statical problem.

A further example which is of some interest and
which muét be treated in a somewhat different way is that of a
single discontinuity of pressure moving uniformly along the «
surved surface, In this case the appiied pressure taskes the

form

U
o]

p(z,t) vt £ 2 < (?A-L)

-0 £ zZ £ Vvt

so that

Pl =p{ ™o @)
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In order that p( 4 ) will have & definite value as m -tends
to infinity it is necessary to assume that M is complex and

has a positive imaginary part, We then obtain

Pl =—& =— B2 | BRI

LW,

where u 1is also complex, We are dealing now with the
generalised Fourier integral so that the inversion theorem to
be used is(;i} With this modification the expression for the

radial stress becomes

LS _L(z—g}'
G =— & B)ZWe - au
Le—ad
which on substituting from (8°48) gives
: LCA0 zfutsu
[eN
G = —iba XQ\M 3 du §-49)
le-w

Now the integrand has a simple pole at u = O so that
the path of integration may be deformed into the real axis
from - oto +Owith a semi-circular indentation at the origin.
The value of the integrals round the indentations may be found
by making use of a well known theorem*zﬁé ) in complex variable
theory and the integrals along the negative and positive parts
of the real axis may be combined meking use of the results
(zx) and (X) so that the components of the stress tensor are given

by

T= -3 S AW, (W) sw (~——— - ~\u O\u

(o]
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Q‘z = 2‘;’P _(!:hki) Ka — Lj 3(\.«) sw\(l-*’t’)u du

,3.‘_%*(1_%;0_,(-)\&} W™ 3
)

T = —.E: S Q“(u\ Cos(_’—"'—o‘—’-—tf)u - G_l:t:
o

In a similar manner we find the displacement given

by 2 ,Lll,_
L L)
%‘ ‘Q}Ao -3 i -—L\—u‘\ﬂa IM @-5(!1)5\“ (2= *ﬁ‘)u olu
Qb}: p \"tﬂ . st
T v e &@‘Mw (=8t o

where the Q&' are as defined in (§.Ah).

The solution to the statical problem is readily
obtained by expanding the above expressions as powers of Ki
and then letting v tend to zero, Proceeding in this way

awa Caggs.

we obtain agreement with the solution given by Tranterato

the statical problem,

The integrals which have been obtained in the proRklems
involving circular symmetry do not appear to be capable of
exact evaluation but resort may always be made to one of the
numeric¢al methods discussed in 3-+8, It is hoped however that
a mechanical of electrical device might prove satisfactory
for this purpose and in particular that referred to in (308)

seems to have distinct possibilities,




1.
2
3.
4.

6.

7.
8.

10.
11.
12;
13-
14,
15.
16.

135

BIBLIOGRAPHY AND RoFILRENCES.

G. Alry
Jd+D.HEshelby
L.X.G. Filon

L.N.G. Filon

 L.N.G. Filon

R. Flirth =nd

G.A. Gibson

A.Grar, G.B.

A.E. Green
A.E. Green
A.E. Green
A.B. Green

A.H. Green

- A.E. Green and G.I. Tavlor Proc.Rov.Soc.A.173,(193%)

J.W. Harding

H. Tamb

H. Lamb

E.R. Iapwood
AE.H. Love
A.E.H. Love

A.E.H. Love

British Association Report 1862,p.62.

vProc.qu.Soc.Edin. 49,(1928),38.
R.W. Pringle Phil.mag.(7),(37,)(1946).
"Zlem.Treat. on the Calculus." 2nd ed.1905
Iatnews, and T.M. IlzcRobert "Treat. on
Besgel Functions." 2nd. ed. 1922.

Proc.Roy.Soc.A. 173,(1939), 173.
Pﬁoc.Roy.Soc.A. 180;(1942), 173.
Proc.Camb.Phil.Soc.41, (1945).

hil.llg. (7)534,(1943),416. .

vPhil-ﬁﬁg-(7);34,(l943),420.

end I.I. Sneddon Proc.Camb.Phil.Soc.41,(1945).

Proc.Rov.Soc.A. 93,(1917),114.

g

hil.Trens.Rov.S50c.A.203, (1004) ,1.

Phil. Trans.Rov.Soc.A. 242,(1949), 63.
Proc.Lon.Math.Soc.1,(1903),37.
Proc.Lon.Math.Soc.1,s (1903),291.

- 1 - ot - A .-,
"The I th.Theory of Elact., 3rd.ed.1927.



22.

23.

24 .

25.

26.

27 -

28.
9.
30.
31.
32.
33-
34,

35-

36.

37
39-

40.

41.

A.N.

T Ld I\XIQ

186

Lowan “Tables of Circular and Hyperbolic Sines
and Cosines." New York, 1939.
MacRobert "Functions of a Complex Variable."

BE. llelan Z.Angew.Math.Mech., 12,(1932),343.

Lo ‘"‘Eo

A.W.

‘Lord

I.N.
I.N.
I..
I.N.
T.H.
A.C.

.A.A Ca

Milne-Thomson and L.J. Comrie "Standard qur—Figure
) Mathematical Tables."lMacMillan,1948.

Renkin Tour.Apol.Mech.» 11s8.77,(1944)

Royleigh. Proc.Ton.Math.Soc.17,(1885),4.

Sneddon Proc.Camb.Phil.Soc.40,(1944), 229.

Sneddon Proc.Camb.Phil.Soc.42,(1945), 250.

Sneddon Proc.Camb.Phil.Soc.41,(1545), 230,

Sneddon Proc.Camb.Phil, Soc.42,(1945), 29.

Sneddon D.Sc,Thesis,Glasgow, 1947.

Jtevenson Proc.Rov.Soc.A. 184, (1945), 129.

Stevenson Phil.Mag.(7)s 34,(1943), 766.

A.C.Titchmarch "An Introduction to the Theorr of Fourier

CoJo

C.J.

C.J.

G.N.

H.IL

T;J.‘

Integrals." 2nd.ed.Oxford 1948.

ronter tuart. Appl. I=th.4(1946), 298. ;
renter quart Jour.lMech.and App.‘mgths..l(Q)(l948)A
Tranter and J.W. Craggs Phil.mag.(7),36,(1945), 24;.
Watson "The Theory of Bessel Functions." lst. ede.
~ Cambridge, 1922.
Wgstergaard Kerman Ann, Vol, 1941, p.154.

wilmore cuart.Jour. Mech.Appl.Meths.2,(1940)




