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AN INTEGRAL INVOLVING THE PRODUCT OF A
BESSEL. FUNCTION AND AN E-FUNCTION .

by FOUAD M. RAGAB
(Received 22nd June, 1950)

The formula *

[T on 8 a5 py AT dA
0

=E(p+2 a1 q;ps: %) RETEREE SUTUUTOCPRSRURRPRN ¢ § I

where o, =3(m+n), apa=3(m -n), R(m =n)>>0 and « is real and positive, was given by .

MacRobert (Phil. Mag., Ser. 7, XXXI, p. 258). From it the formula (6) below will be deduced.

In"(l) let it be assumed that R(m -tn)>0, R(E&m+20,)>0,r=1, 2,..., P, and let .

amp A decrease by }7, amp ¥ decreasing simultaneously by =, finally writing A/¢ in place of
A and @e—#" in place of : then, noting that
K (8) = im0 (08), veverecninnnineenenneninns eerreeas (2)
we have ‘ '
4in—mj NG (N E(p s @ 45 ps s eA AN
0

=E(p+2;a,.:q:ps::m”i"). .................. eeere e (3) .

Similarly, on increasing amp A by 7 and amp x by =, we have

> ’ ’ =E(p+2;a,:q;ps: %) ounn
Hence, on applying the formula ‘

i (1) = G nll) = EPEG ), vorreirnrernecsensinscnsinsissanins (5}
itiis found that

din r LT N E(p s oyt ¢ py TAE)AA
A,

—imrB(p+2; o1 Q5 ps i XET) o
R o R B R P i (6).

~ where R(m +n)>0, B(} -m +2a,)>0, r=1, 2, ..., p, and z is real and positive.
In particular, if p=¢ -1, formula. (6) can he written

o0
21rj A=t J (GNE(p ;e g5 ps t RATF)AA
0

-2
IT T'(a — )

pE1,0, o .
= ‘rgl_T_———— I'a,) sin (3m - 30— a,)7 2™
- II-YI F(Pt - )
< F {mr, ap—py L e —pg s (- 1)"‘“f‘1:1:} )
’ ap =g+ Ly e, o —apyat] e

where R(m +n)>0, R(3 -m +20,)>0,7=1, 2, ..., D, and z is real and posifive. It should be
noted that the (p +2)th term on the right of (7) does not appear because o, ,=4m —n).
Ifm=B+1,n=B-1and p,=f, then : ‘

tppy =P tpp2=1
and : oy —oyy +1l=0,-B+1,
which cancels «, — p, -+ 1,0n the right of (7).
Also .
- @y —tppptl =,
which cancels a, on the right of (7).

~ * For the properties of the E-functions see MacRobert, Vlfunvcj‘iimw of a Complex Variable, third. edition,
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Again, p, - a,., =0, so that o/
1 —
I (Pq —0pi1) -

and therefore the last term on the right of (7) disappears,
Finally, noting that ’

F(% e — o) (e r) ;ih"(—;r;j,
that L
sin (dm — )n — o, )7 =sin (e, ),
and that '
Dleyyy ~ o)
I'(p, ~ “r)‘- ’ ) -

we have, if p=¢ -1,

2ijBJB_1(2A)E(p g py EA-2)d
0

IT' Do, - o) . :

= ﬁZ' s=1 (“t ‘xr) ETF Gy~ Py +:].; ceny Xy _Pq—1+1 ( 1)”‘“‘1126 8

_r—1 “"T_——x (a —aqy 1, .. o —a +1 _ PR ()]
I (p, - o) rma L e s ay

where p, =8, R(8)>0, R(} —B+2¢,)>0,7=1,2, ..., p. , .
It should be noted that 8 does not appear ofi the right of (8).

This result was given, for the casep =q - 1 by Meijer (Proc Akad. te Amsterdam, XX}\ D\
1936, p. 397).
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GENERALISATIONS OF SOME INTEGRALS-INVOLVING™
- BESSEL. FUNCTIONS AND E- FUNCTIONS /

e

by FOUAD M. RAGAB o /
(Received 30th October, 1950) {
§ 1. Introductory. In § 3 a generalisation of the formula [MacRobert, Phil. Mag., Ser. 7.
XXXI, p. 258] .
f WK, @NE(®; o g p AN A
- : ZE(p+2; a: q; py j’) .................... id)
where a, ., =3m+in, ay ,=im—4n, B(m +n)>0, and «z is real and positive, will be estab-
lished. In the course of the proof Hardy’s formula [Mess. of Maths., LVI, (1927), p. 190},
g b )
fo K, @)K, (;) A=K gy (B/B), weverrererrenervreseemsrererssssns @)
where R(b)>0, will be required. This was originally proved by an application of Mellin’s
Inversion Formula.: An alternative proof is given in §2, and some related formulae are
deduced. : ,
§ 2.--Proof of Hardy's Formula. Denote the integral on the left of (2) by F (b) ; then .
F'(b)= [ A,,(v)Kn’ <g> ! dx,

€T

But, on replacing z by b/x in F(b), it is seen that

F(b)=b f " Ku K, (g) 1 da.
Hence
DEF" (D) +bF (BY— B+ 2AF (B)=0. vevreenrrsiveirancnnrnn rveeseennn (81 .
Now in the equation ‘
2y’ +xy — (2 +4n?)y=0, RS S SOTUURRRRIN 7 ) B

with solutions K, (x) and I,,(x), put x=2,/b, and it reduces to (3) Therefore..
f K, @)K, ( ) do=AK 5, (2/b)+ BI 5, (2/5). | |

Here let b~ ,-and it is seen that B must be zero. Thus

J.‘:Kn(w) {I_,. (9)_'1 (9)} dw Iy
S { _nl245) Izn(2~/b)} ?

~ 2 cos nw L
Now assume that R(n)>0 multlply by b" and let 50 ; then

n ——.__...__A .
T"(T:?T) fo En@)en do=goo3 nal (1 —2n)

Buit, if? B (m £n)>0,
' f Ko@) et do=2n- 2r(m+”>r<ﬁ§l‘>'- ......... reenreeeeressiendB)
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Therefore , .
92n—1 A
Ti=w P+ BT 5 cos nm (1 —27)

.and from this it follows that 4 =7.
From (2) other formulae of the same type can be derived as follows.
In (2) let amp b decrease by 7, finally writing b/¢ in placeof b ; then; since

Ko ) =Gy (i), oo et —————————————— (6)

the formula bhecomes _ ‘
f K, ()G, ( )dx i Ky (206 . 6=, ..., AR covenenendT)

provided that —§<R(n)<$. ‘ ,
Similarly, on replacing b by b, it is seen that

v} . .
f K, ()G, (g efw) A= i Ky (2B €51/8), srariinrsesarerareneenns(8)
0 . S

where —$<R(n)<3.
Hence, using the formula

i () =G, (£) = 13" G (105), wsnncassaninns verreenrerarassnanssnnns(8)
it follows that

f K, (x)J ( )da:—r" Ky (2/b . e~in LN
/ R
T Kzn(sz il YO PSRN eenn(10)

where é<R(n)<5 This formula also is given in Hardy s paper.
Again, let amp » and amp b increase simultaneously by }m, so that z becomes w and b

~ jbecomes ib ; then

f * @, (@) J <)dm Ko@)
0 PR

ik, (2b), ,f ..... s SR (11)
-‘where — }<R(n)<%. o~
Similarly, if amp 2 and amp b dccrease mmulta,neouﬂv by ST, (10‘) becomes

where —{<R(n)<$.
Finally, from (9); (11) and (12) it follows ‘Uhat

m?fo Jo (@), <9—c> dzx

=2 K, (2./b . et2)—~i2n K, (2. ¢¥/3)
=65 (2/b) — 4 Gy (24D . 0i7)
=i 5 (24/B),

so that

fJx)J()dx Tan(@b), werverrerinssemmpesnsnsenssniecsssssennns (13)

‘where_:R (n)> —}. This formula was given by Bateman (Proc. Camb. Phil. Sec., XXd, (1908),
p.186). , :
§ 3. Gengralisation of the Integral.- The formula to be proved is

® .
9274141 21 f ALK e @NE(D; a5t 45 pet AT 4y
0 .
) =E(p+ 211 y %si g5 Py 517), ‘~~.-':s;u.*f'“".‘,""'v':(ilg)
whiere =0, 1, 2, ..., and

k
“m+zr+1—zm+ 9”'5‘2,1 . u :
: I’-k:(}, 1,2,..5,20=1, ciernninnsns eiecans ,,,...(}4')

el
S gpra= S -4l or

,-R (rn-£7) >0 ,_ém'd x js yeal and positive. .
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It can be proved.by induction ; for, assuming that it is valid, it follows that
E(p+2%; a: ¢35 pyt %)

=227+r+41 112"1_’- A1 Kg @NE(p+2+ 5 a0 q; py: ad2) dql; D:f
p 0 " -
/ where
// k 3
7oA %“?HHHK H+ %””*‘5; !
I Lk:()’ 1,250,271, ’
T I '%""'“L@J E
oL
22’f+1+2r+2 27" +1—2j ,\2114 K, (2;+1)‘) d/\ R //',',,-»- 2 (\ ) /:
. - N
X f 0 ¥t Ko @ E(p s ayt g5 pu r(?\u)“‘m(ﬂ
Here replace p by pjA and get
artlizrig ﬂgfﬂ_gf A U= =LK e (201 A) dA
0
e | ‘ .
X J. pmt K (., ‘1#) E(p; ot q: py: ;l'-y,’“zrhl'l) du.
0
* Next put I=m+ 2" and change the order of integration, so getting i
2y g2 "1““‘[0 prm L Bp s " pys apd Y dp ‘ O‘\) ?

But;, from (14'),
1 3 2k 5 ;}
Oy ppipp =2 M+ gl i | k=0,1,2, ..., l% 5 |
o ’|
ke SN — ARt ar7i | 2 2k=0,2,4,,,., 2412,
Tlierefore
Cpg ka1 =3 m+fn4 ,+11 ‘ : }
: > 3 ‘f k:O, I, 2,...,2”’1—1, el
| o oo
*prppia== M= F "ﬂj fa < ‘
. ] WK {i
Now, from (2), thé last integral is equal to -
' 1
_ 9 7K yri1, (270 /).
+
Hence, on veplacing p by A%, we have o "
E‘(p+2”'2‘ Dy p =2 p2m 2 g2ttt g » J)(‘ o ﬁ

N ¢
AZML’" ! A2’+1u {2 I2A) 1 (27 ;e Qo pyt '.l.’\_",‘H.u) di, w FX?I'L,‘(
0 S :
which is (14) with r+ 1 in place of 7. ’ _
But the formula holds when r=0: hence it holds for all positive integral values of #. =~
If in (14) amp A is decreased by 37 and amp x by 277, it becomes; by (6),

xL
9274141 21 27 (n—m) f A2im—1 va',,v(fz."” NE(p; a: q; pr A 2’+1) dX
U
=l (pa-27 s we gy oy Bt TR ,..,,,.,,,_(15)v
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where R (m 4n)>0, R(& - 2'm+2%16)>0, s=1,2, ..., p, and « is real and positive..
~ Similarly, and subject to the same conditions,

e o3
D28l parey g2l (n (-m)f /\jz?‘lm—l.,gy," (2r+1 /\Giﬂ)E(p Dagt g pe '7;/\—2”'1) ax
0

=B (pA-2M s wg gy opy we ), L rereere ..:(16)- )
and; from (9), : :

S )
2T g2 rf XL o (PN (P o q; pe: @AY dA
0 .

=42 =) B (4271 ; a q; py: wein?) {
— 2= P27+ g g p, Tew":?;)/( .............. weh s s ense e (17) P /
/j " The case in whwh #={) was glvon in a prevxous paper (sce page 7), !
,"’v Py t»"'f:(\ 3 ; { p
/7 WNWERSTY ar 4 larGow _

’ i ,‘é ,.t(}\mf-{—"l Tus )20

S\ Wﬂ K W‘f'“&/7‘a

ff\ geak X o dcal Y




