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PAST I .

P a ir  C reation  by a  Photon i n  th e  P ie ld  o f  an E lec tro n *



PREFACE to PART I.

The a u th o r  was a sk e d  , by Dr* F .  Cole o f  C o r n e l l  

U n i v e r s i t y ,  t o  v e r i f y  t h e  d i f f e r e n t i a l  c r o s s - s e c t i o n ,  

quo ted  by B o r s e l l i n o  (9)»  f o r  p a i r  p r o d u c t i o n  by a  p h o to n  

i n  th e  f i e l d  o f  a  f r e e  e l e c t r o n *  T h is  d i f f e r e n t i a l  c r o s s -  

s e c t i o n  was found  t o  be m i s p r i n t e d  ( s e e  §  6 o f  t h i s  

t h e s i s ) ,  b u t  t h e  c o r r e c t  form  was l a t e r  found  i n  

a n o th e r  p a p e r  by B o r s e l l i n o *  (C o n s ig l io  N a z io n a le  d e l l e  

R ic e r c h e ,  Roma* N212 (1948)*  ) I t  was n o t e d ,  how ever, 

t h a t  B o r s e l l i n o  had o m i t t e d  t h e  p o s s i b i l i t y  o f  t h e  

i n i t i a l l y —p r e s e n t  e l e c t r o n  a b s o r b in g  t h e  r e a l  photon*

T h is  t h e s i s  c o n t a i n s  t h e  c a l c u l a t i o n  o f  t h e  c r o s s -  

s e c t i o n  f o r  t h e  p r o c e s s  t a k i n g  t h i s  p o s s i b i l i t y  i n t o  

c o n s i d e r a t i o n  a n d , l i k e  B o r s e l l i n o ,  n e g l e c t i n g  exchange 

te rm s*

B o r s e l l i n o  b a s e d . h i s  c a l c u l a t i o n  on th e  method 

d e s c r ib e d  i n  H e i t l e r ' s  "Quantum Theory o f  R a d i a t i o n " .

T h is  t h e s i s  c o n t a i n s  t h e  d e r i v a t i o n  o f  t h e  d i f f e r e n t i a l  

c r o s s - s e c t i o n  by t h e  Feynman method (26)$ t h i s  d e r i v a t i o n  

i s  t h e  c o re  o f  t h e  a u t h o r ' s  o r i g i n a l  c o n t r i b u t i o n  t o  t h e  

problem  i n v e s t i g a t e d  i n  P a r t  I  o f  t h i s  t h e s i s .

In  t h e  i n t e g r a t i o n  o f  t h e  d i f f e r e n t i a l  c r o s s -  

s e c t i o n ,  B o r s e l l i n o ' s r e s u l t  i s  a c c e p te d  f o r  t h e  

i n t e g r a t i o n  o f  t h e  te rm s  w hich he c o n s i d e r e d .  The



( i i )

i n t e g r a t  io n  o f  t h e  o t h e r  t e r m s ,  o v e r  t h e  f o u r  v a r i a b l e s  

i n v o lv e d ,  i s  p e rfo rm ed  i n  t h e  o r d e r  u se d  by B o r s e l l i n o ,  

h u t  i s  o th e r w is e  a l s o  o r i g i n a l .  The e x p r e s s i o n s  

a r i s i n g  i n  th e  i n t e g r a t i o n  a r e  u n w ie ld y  and t h e  

c a l c u l a t i o n  i s  e x tre m e ly  lo n g ,  so t h a t  o n ly  t h e  r e s u l t s  

o f  t h e  i n t e g r a t i o n s  o v e r  each  v a r i a b l e  i n  t u r n  have  b e en  

q u o te d .

In  t h e  f i r s t  c h a p t e r  o f  t h e  t h e s i s ,  § 1 i s  an  

i n t r o d u c t i o n  t o  t h e  p rob lem  o f  p a i r  c r e a t i o n  i n  t h e  f i e l d  

o f  an e l e c t r o n  and § 2 g i v e s  a  su rv e y  o f  p r e v i o u s  

e x p e r im e n ta l  and t h e o r e t i c a l  t r e a t m e n t s  o f  t h i s  p ro b le m .

I t  i s  p o in te d  ou t i n  £ 2 t h a t  V o tru b a  (10) h a s  s t u d i e d  

t h e  prob lem  u s in g  t h e  co m p le te  m a t r ix  e le m e n t ,  b u t  h i s  

a n a l y s i s  was so c o m p l ic a te d  t h a t  he c o u ld  n o t  o b t a i n  a  

com plete  e x c i t a t i o n  c u r v e .  I n  t h i s  t h e s i s  such  a  c u rv e  

i s  o b ta in e d  f o r  t h e  p a r t  o f  t h e  m a t r ix  e lem en t c o n s i d e r e d ,  

§ 3 l i s t s  t h e  method t h a t  h a s  been  u se d  t o  o b t a i n  t h e  

c o r r e c t  n u m e r ic a l  f a c t o r s  i n  t h e  d i f f e r e n t i a l  c r o s s -  

s e c t i o n  a s  Feynman h a s  n o t  made t h e s e  c l e a r  i n  h i s  p a p e r s .

C h ap te r  I I  c o n t a i n s ,  i n  § 4 ,  t h e  s t a te m e n t  o f  t h e  

problem  c o n s id e r e d  i n  t h e  t h e s i s  and an  e x p l a n a t i o n  o f  

th e  r e l a t i o n  be tw een  t h i s  and p r e v io u s  c a l c u l a t i o n s  

o f  t h e  c r o s s - s e c t i o n  f o r  p a i r  p r o d u c t io n  i n  t h e  f i e l d  o f  

an e l e c t r o n .  In  £ 5 ,  t h e  sq u a re  o f  t h e  m a t r ix  e lem en t 

i s  c a l c u l a t e d  i n  t h e  r e l a t i v i s t i c a l l y —i n v a r i a n t  n o t a t i o n
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o f  Feynman. I n  y 6 t h i s  i s  t r a n s l a t e d  t o  t h e  u s u a l  t h r e e -  

d im e n s io n a l  n o t a t i o n .  E q u a t io n  (6 .1 1 )  i s  t h e  d i f f e r e n t i a l  

c r o s s - s e c t i o n  f o r  t h e  p r o c e s s  w i th  exchange te rm s  

n e g l e c t e d .

The i n t e g r a t i o n  o f  t h e  d i f f e r e n t i a l  c r o s s - s e c t i o n  i s  

c a r r i e d  o u t  i n  C h a p te r  I I I ,  I t  i s  found  t h a t ,  e x cep t  a t  

low Y - r a y  e n e r g i e s ,  t h e  c o n t r i b u t i o n  t o  t h e  t o t a l  

c r o s s - s e c t i o n  from  t h e s e  a d d i t i o n a l  te rm s  i n  t h e  m a t r ix  

e lem ent i s  n e g l i g i b l e  compared to  t h e  c o n t r i b u t i o n  from 

th o s e  te rm s  i n t e g r a t e d  by B o r s e l l i n o .  The e f f e c t  o f  

i n c l u d i n g  th e  exchange te rm s  i s  d i s c u s s e d  i n  f  9* I t  i s  

shown t h a t ,  a t  h ig h  e n e r g i e s ,  B o r s e l l i n o ' s  fo rm u la  i s  

a p p ro x im a te ly  c o r r e c t .

The ap p en d ix  c o n ta in s  a  J u s t i f i c a t i o n  o f  th e  u se  o f  

t h e  Feynman p r o j e c t i o n  o p e r a t o r  and t h i s  p a r t  o f  th e  

t h e s i s  i s  a l s o  due to  th e  a u t h o r .

I n  c o n c lu s io n ,  t h e  a u th o r  would l i k e  to  th a n k  P r o f .  J , C .  

Gunn f o r  h e l p f u l  d i s c u s s i o n  on t h e  c a l c u l a t i o n ,  t h e  

D epartm ent o f  S c i e n t i f i c  and I n d u s t r i a l  R e se a rc h  f o r  a 

m a in ten a n ce  a l lo w a n c e  d u r in g  t h e  f i r s t  and t h i r d  y e a r s  o f  

h i s  r e s e a r c h  and Glasgow and C o rn e l l  U n i v e r s i t i e s  f o r  an 

exchange s c h o l a r s h i p  which a l lo w ed  him t o  s tu d y  a t  C o r n e l l  

U n i v e r s i t y  d u r in g  h i s  second y e a r  o f  r e s e a r c h .
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CHAPTER I .

I n t r o d u c t i o n *

A beam o f  p h o to n s  p a s s in g  t h r o u g h  m a t t e r  may l o s e  

i n t e n s i t y  th r o u g h  i n d i v i d u a l  q u a n ta  p ro d u c in g  p a i r s ,  t h e  

u s u a l  p r o d u c t io n  b e in g  i n  t h e  Coulomb f i e l d  o f  a n u c le u s  

o f  c h a rg e  Z e  „ The d i f f e r e n t i a l  c r o s s - s e c t i o n  f o r  t h i s  

method o f  p ro d u c t io n  h a s  been  f o rm u la te d  by B e the  and 

H e i t l e r  (1 ) and by Racah (2 )*  A n a ly t i c  i n t e g r a t i o n  i s  

s im p le  o n ly  i n  t h e  l i m i t i n g  c a s e s  o f  sm a ll  and l a r g e  

p h o to n  energy*  F or sm a ll  pho ton  e n e rg y ,  Racah found  

tVe t o t a l  c r o s s - s e c t i o n

- ( o = z  ‘teM&Ts (^y < i - i )

and B ethe  and H e i t l e r  fo u n d ,  f o r  k, w, <-j0 »

/.A 7 1/ *  ( * 1  JUa 3 k -  A l l \  U * 2 )
M  -  Z (*7 )i~cV ( 9 i ' i  }

where kf^ ,^ 0a r e  t h e  e n e r g i e s  o f  t h e  p h o to n ,  e l e c t r o n  

and p o s i t r o n  r e s p e c t i v e l y *  m  i s  th e  e l e c t r o n  r e s t  mass 

and1se,c have t h e i r  u s u a l  meaning* B o r n 's  f i r s t  

a p p ro x im a t io n  h a s  been  u se d  and t h i s  i s  v a l i d  i f  t h e  

v e l o c i t i e s  o f  t h e  p a i r  c o n s t i t u e n t s  a r e  g r e a t e r  t h a n  Z ( ^ ) c 

t h i s  c o n d i t i o n  b e in g  s a t i s f i e d  i f  t h e  v e l o c i t i e s  o f  t h e  

p a r t i c l e s  a r e  n e a r  t h a t  o f  l i g h t  and Z ~  •

I n  a c t u a l  f a c t ,  t h e  quantum does n o t  f e e l  t h e  f u l l  

e f f e c t  o f  t h e  n u c l e a r  Coulomb f i e l d ,  s i n c e  t h e  n u c le u s
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i s  s c r e e n e d  by t h e  a to m ic  e l e c t r o n s .  T h is  h a s  b e en  

t a k e n  i n t o  a c c o u n t  by B ethe  and H e i t l e r  by r e p l a c i n g  Z  

by J Z -  where i s  t h e  a to m ic  form  f a c t o r

g iv e n  by F(%)  - J ^ KC ^  » f(+)  i s  t h e

e l e c t r o n  d e n s i t y  a t  a  d i s t a n c e  v* from  th e  n u c le u s  and 

^  i s  t h e  momentum t r a n s f e r r e d  t o  t h e  atom* We e x p re s s  

a l l  o u r  momenta i n  en e rg y  u n i t s ,  e . g .  we speak  o f  t h e  

momentum ^  i n s t e a d  o f  t h e  s t r i c t l y  c o r r e c t  f  % .

B e the  and H e i t l e r  fo u n d ,  assum ing  a  Fermi d i s t r i b u t i o n  

f o r  , t h a t  when \<, s c r e e n in g  was

e f f e c t i v e  o n ly  i f  m cl   ̂ and

d i f f e r e n t i a l  c r o s s - s e c t i o n  became

d < r (> )  = Z %( - ^ ; ) ( ~ )  - I f

* §  -  Jj- ^  l ]  J  ( 1 .3 )

O i I .  y 3
where    and , which d e c r e a s e  w ithoJ vOQ
i n c r e a s i n g  , were g iv e n  g r a p h i c a l l y .  Y d e te rm in e s  

t h e  e f f e c t  o f  s c r e e n in g  and i f  X -  O , s c r e e n in g  i s  

c o m p le te ,  w h i le  i f  V »  1 ( i . e .  f o r  e n e r g i e s

«  151 wxcx Z 3 ) s c r e e n in g  h a s  no e f f e c t .  Thus above 

fo rm u la  ( 1 .2 )  i s  c o r r e c t  o n ly  i f  k »  b u t
_ i  -j — j

«  i i  H m Z 3 * For k I3 H-VC 7  (complete  s c r e e n i n g ) ,
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F or o t h e r  v a lu e s  o f  k , i n t e g r a t i o n  was c a r r i e d  ou t 

n u m e r i c a l ly  and t h e  f i n a l  B e t h e - H e i t l e r  r e s u l t  i s  shown 

i n  f i g * l *

U sing  t h e s e  s c r e e n in g  f a c t o r s  i s  e q u iv a le n t  to  

s tu d y in g  p a i r  p r o d u c t io n  i n  t h e  f i e l d  o f  an  atom and 

B ethe showed t h a t  t h e  most p ro b a b le  p r o c e s s e s  were t h o s e  

i n  which t h e  atom to o k  up a  sm a ll  r e c o i l  ( <- ) .

A lthough  n u c l e a r  p a i r  p r o d u c t io n  i s  t h e  more 

p ro b a b le  p r o c e s s ,  i t  i s  a l s o  p o s s i b l e  t h a t  a  p a i r  may be 

c r e a t e d  i n  th e  f i e l d  o f  one o f  th e  a tom ic  e l e c t r o n s *  The 

p o s s i b i l i t y  o f  t h i s  p r o c e s s  was f i r s t  p o in te d  o u t  by

1,000

F ig * l*
u n iu s  01  i  ^  
and w i th o u t  (-----
u n iu s  ox  ̂ ^  ) x o r  xtifcia. ^sci-eenj.ng v,----
and w i th o u t  (------ -~5* For co m p ar iso n ,  t h e
Compton c r o s s - s e c t i o n  h a s  been  i n s e r t e d  on 
t h e  same s c a le *
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P e r r i n  (3 ) who, how ever, made no a t te m p t  t o  d e te rm in e  

i t s  p r o b a b i l i t y *  The d i f f e r e n c e s  be tw een  t h e  two 

p r o c e s s e s  a re *  (1) t h e  e l e c t r o n  i s  n o t  a b le  t o  t a k e  

away a  l a r g e  momentum f o r  n e g l i g i b l e  k i n e t i c  energy  a s  

t h e  n u c le u s  c a n ,  so t h a t  t h e  t h r e s h o l d s  f o r  t h e  two 

p r o c e s s e s  w i l l  be d i f f e r e n t ?  (2) a s  a  r e s u l t  o f  t h e  

l a r g e  v e l o c i t y  o f  r e c o i l  o f  t h e  e l e c t r o n ,  r e t a r d a t i o n  

e f f e c t s  w i l l  become im p o r ta n t  i . e .  t h e  e l e c t r o n  c a n 'e m i t  

o r  a b so rb  t r a n s v e r s e  quan ta?  (3) i n  e l e c t r o n i c  p a i r  

p r o d u c t io n  t h e r e  a r e  two i d e n t i c a l  p a r t i c l e s  ( e l e c t r o n s )  

f i n a l l y ,  so t h a t  exchange e f f e c t s  come i n t o  p lay*  (By 

exchange e f f e c t s ,  we mean th e  e f f e c t s  due to  t h e  o p e r a t i o n  

o f  t h e  P a u l i  E x c lu s io n  P r i n c i p l e . )  I f  one e l e c t r o n  has  

s m a l l  energy  and t h e  p h o to n  and p a i r  c o n s t i t u e n t s  l a r g e  

e n e rg y ,  t h e n  th e  e f f e c t s  o f  exchange and r e t a r d a t i o n  

w i l l  be sm a ll  and we would ex p ec t  t h e  c r o s s - s e c t i o n  f o r  

p r o d u c t io n  i n  t h e  f i e l d  o f  an  e l e c t r o n  t o  be ro u g h ly  

e q u a l  t o  t h a t  f o r  p ro d u c t io n  i n  t h e  f i e l d  o f  a  b a re  

p r o to n  i . e .  t o  e x p r e s s io n  ( 1 .2 )  w i th  Z = I i . e .

= £ ) ( £ . ) ' ( 1 - 5 )

We s tu d y  now, fo l lo w in g  P e r r i n ,  t h e  k in e m a t i c s  o f
(X

p a i r  p r o d u c t io n  i n  t h e  f i e l d  o f  \,free  e l e c t r o n *  The 

t h r e s h o l d  f o r  th e  r e a c t i o n  i s  th e  minimum e n e rg y ,  ko ,

o f  th e  p ho to n  i n c i d e n t  on a  s t a t i o n a r y  f r e e  e l e c t r o n ,
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w hich  a l lo w s  t h e  r e a c t i o n  t o  t a k e  p la c e , .  To f i n d  kc , 

we t r a n s f o r m  t h i s  l a b o r a t o r y  sy s tem  to  t h a t  i n  w hich  t h e  

t o t a l  momentum i s  z e ro *  I f  k i s  t h e  energy  o f  t h e  

p h o to n  i n  t h e  l a b o r a t o r y  sy s tem  and i f  ( = i s  

t h e  v e l o c i t y  o f  t r a n s f o r m a t i o n  from  one sy s tem  to  t h e  

o t h e r ,  t h e n  i n  t h e  new sys tem  k ‘ -  - o  where k1 ,

t h e  energy  ( o r  momentum) o f  t h e  pho ton  i n  t h i s  z e ro  

momentum sy s te m , i s  g iv e n  by k' - k J  . The t h r e e

p a r t i c l e s  p r e s e n t  f i n a l l y  can  now a l l  have z e ro  momentum 

and k0 i s  g iv e n  by k° + ~ vv̂ c’') -

where kc’ - ko , ySo - and l —c*

i s  t h e  energ y  r e q u i r e d  t o  c r e a t e  a  p a i r  whose c o n s t i t u e n t s  

have z e ro  momentum* T h is  g iv e s  ko r c* and p<> = ^  •

Thus t h e  t h r e s h o l d  f o r  t h e  r e a c t i o n  i s  and when

k - U-^vc* t h e  t h r e e  f i n a l  p a r t i c l e s  move, i n  t h e  

l a b o r a t o r y  sy s te m , i n  th e  d i r e c t i o n  o f  th e  i n c i d e n t  pho to n  

w i th  e q u a l  v e l o c i t i e s  i * e .  w i th  e q u a l  k i n e t i c  

e n e r g i e s  \  ~vc\

I f  ^  , p  and (4 a r e  t h e  momenta o f  t h e  f i n a l  

e l e c t r o n s  and p o s i t r o n  r e s p e c t i v e l y  i n  l a b o r a t o r y  

sy s te m , and ^ 7  = - J  and

‘b*ie c o r re s p o n d in g  e n e r g i e s ,  t h e n

^  -  F  ~ P* C1 *6 )
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r~T~ 1 1  i  l  r~ ----------- —-------   I 1 *  I ;
-  k  + *~c -  J p > ~ ^ c u u

and  t a k e s  i t s  maximum and minimum v a lu e s  when a l l  

momenta sire p a r a l l e l  and |>0 = /> • T h is  means t h a t  t h e

t u r n i n g  v a lu e s  o f  s a t i s f y  t h e  e q u a t io n

r---------  r - --------------------- ik+m c — j - t  y ^

g i v in g

-  WX c**) ?  ( 1<9)
J k  t  ^C>

and t h e  c o r r e s p o n d in g  e n e r g i e s

— Vc^-wv^c1̂ ^ ( l . 1 0 )
1 3 k  -v w\. c '

Thus, i f  k > l+vvvc* 9 t h e  en ergy  o f  each  f i n a l  p a r t i c l e  

m ust he g r e a t e r  t h a n ,  o r  e q u a l  to ," W I  and l e s s  t h a n ,  o r  

e q u a l  to , ,  Xf-  ̂ , s in c e  t h e  e q u a t io n s  ( 1 .5 )  and ( 1 .6 )  a r e  

sy m m e tr ic a l  i n  t h e  t h r e e  e n e r g i e s  and momenta.

To f i n d  t h e  maximum a n g le ,  “  m ea su r in g

a n g le s  from  t h e  d i r e c t i o n  o f  t h e  i n c i d e n t  p h o to n  -  a t  

which  any p a r t i c l e  can  come o f f  i n  l a b o r a t o r y  sys tem  we 

f i r s t  f i n d  t h e  maximum a n g le  0  a t  which a  p a r t i c l e  w i th  

energy  V 7  can  come o f f .  T h is  maximum a n g le ,  & ,

o c c u r s  when p  = ^  and we t h e n  have  ( s e e  f i g . 2 . )

= k1 -  ik - j  <-<rr> 6  '  l  

a J b ' W c "  = k  + — c l ~ ■

and



F ig*2* V ector  diagram when

I f  we now a l lo w  W ” to  v a ry  w i t h i n  i t s  s p e c i f i e d  l i m i t s ,  

we f i n d

T h e re fo r e  f i n a l  p a r t i c l e s  must come o f f  a t  an  a n g le

T h is  p r o c e s s  would t h e r e f o r e  a p p e a r  i n  a  c lo u d  

chamber a s  two e l e c t r o n  t r a c k s  and one p o s i t r o n  t r a c k ,  

a l l  s t a r t i n g  from  one a p e x , a l l  making a n g le s  l e s s  t h a n

h a v in g  e n e r g i e s  l y i n g  be tw een  above v a lu e s  o f  a n d  , 

These f o r k s  a r e  known a s  t r i p l e t s  and a re  n o t  t o  be 

c o n fu sed  w i th  t h e  t r i p l e t  f o r k s  a p p e a r in g  a t  t h e  end o f  

an  e l e c t r o n  t r a c k ,  t h e s e  l a t t e r  c o r r e s p o n d in g  to  p a i r  

c r e a t i o n  by an  e l e c t r o n  i n  t h e  f i e l d  o f  a nucleus*. I f  

t h e  c lo u d  chamber were f i l l e d  w i th  a gas  o f  a to m ic  number 

Z 9 and i f  we n e g le c t e d  s c r e e n i n g ,  th e  c r o s s - s e c t i o n s

f o r  n u c l e a r  and e l e c t r o n i c  p a i r  p r o d u c t io n  would be

(1.12)

be tw een  O and

w i th  t h e  i n c i d e n t  pho ton  d i r e c t i o n  and a l l
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r e s p e c t i v e l y  Ct 2 * and Q X  > where C, and C* a r e  in d e p e n d e n t  

o f  t h e  gas* N u c le a r  p a i r  p r o d u c t io n  would a p p e a r  a s  a  

p a i r  o f  t r a c k s ,  so t h e  r a t i o  o f  t r i p l e t s  t o  p a i r s  sh o u ld  

•• Assuming C, -  c l i . e .  t h a t  c r o s s - s e c t i o n s  f o r  

p a i r  p r o d u c t io n  i n  t h e  f i e l d s  o f  e l e c t r o n  and p r o to n  a r e  

e q u a l ,  we would t h e r e f o r e  e x p e c t  one t r i p l e t  f o r  ev e ry  

5 t o  10 p a i r s ,  i f  g a s  were a i r ,  so t h a t  e l e c t r o n i c  p a i r  

p r o d u c t io n  would he q u i t e  n o t i c e a b l e .  We a r e  i n t e r e s t e d
th<?

i n  a c t u a l l y  f in d in g R v a lu e  0f  Cx .

§ 2 .  Survey o f  P r e v io u s  Work.

(a )  T h e o r e t i c a l .

The f i r s t  a t t e m p t  to  a s c r i b e  a  p r o b a b i l i t y  t o  t h e  

p r o c e s s  o f  p a i r  p r o d u c t io n  i n  t h e  f i e l d  o f  a  f r e e  

e l e c t r o n  was by W heeler and Lamb (4 ) who o b ta in e d  t h e  

c r o s s - s e c t i o n  by an  i n v e r t e d  ty p e  o f  W eizs&cker—W il l ia m s (5) 

c a l c u l a t i o n .  They u se d  t h e  known c r o s s - s e c t i o n  (Racah (6 ) )  

f o r  p a i r  p r o d u c t io n  by an  e l e c t r o n  i n  t h e  f i e l d  o f  a  

heavy n u c l e u s ,  worked i n  t h e  r e s t  sys tem  o f  th e  e l e c t r o n ,  

i . e .  c o n s id e r e d  p a i r  c r e a t i o n  by a  n u c le u s  i n  t h e  f i e l d  

o f  an e l e c t r o n ,  and r e p l a c e d  th e  n u c le u s  by i t s  e q u iv a le n t  

e le c t r o m a g n e t i c  f i e l d .  T h is  g a v e ,  a s  t h e  c r o s s - s e c t i o n  

f o r  a l l  momentum t r a n s f e r s ,= [0(£*? {f h " f ̂  ~ ̂  5 c2*1)



where c \ ( ^  l )  i s  t h e  i n d e t e r m i n a t e  c o n s t a n t  i n t r o d u c e d  

by t h e  W eizs& cker-W illiam s m eth od . T h is  a g r e e s  i n  

s u b s ta n c e  w i th  (1 .5 )>  a  r e s u l t  we had g u e sse d  u s in g  o n ly  

sm a ll  momentum t r a n s f e r s .  T h is  shows t h a t  when 

sm a l l  momentum t r a n s f e r s  a r e  t h e  most im p o r t a n t ,  l a r g e  

momentum t r a n s f e r s  m ere ly  a l t e r i n g  t h e  c o n s t a n t  i n  ( 1 .5 ) *  

For c o n s i d e r a t i o n s  o f  p a i r  c r e a t i o n  i n  t h e  f i e l d  

o f  a  bound e l e c t r o n ,  we have t o  d i s t i n g u i s h  be tw een  

t h r e e  c a s e s ,  (a )  I f  t h e  r e c o i l  momentum o f  t h e  

e l e c t r o n  i s  so sm a l l  (< momentum o f  t h e  e l e c t r o n  i n  t h e  

o r b i t )  t h a t  t h e  atom can no t be e x c i t e d  o r  i o n i s e d ,  th e n  

t h i s  sh o u ld  p r o p e r l y  be c l a s s e d  a s  a  r e c o i l  o f  t h e  atom 

a s  a  whole and t h e  p r o c e s s  t r e a t e d  a s  p a i r  c r e a t i o n  i n  

t h e  f i e l d  o f  a  s c re e n e d  n u c l e u s .  (B e the  and H e i t l e r )

(b ) I f  t h e  momenta o f  b o th  e l e c t r o n s  f i n a l l y  a r e  much 

l a r g e r  t h a n  , t h e  atom i s  l e f t  i o n i s e d  and t h e  f i n a l  

p a r t i c l e s  can  be t r e a t e d  a s  b e in g  f r e e .  T h is  p r o c e s s  

would a p p e a r  a s  a  t r i p l e t  i n  a  c lo u d  cham ber. T h is  i s  

t h e  p rob lem  w i th  which we s h a l l  d e a l ,  ex cep t  t h a t  we 

s h a l l  a l s o  t r e a t  t h e  i n i t i a l  e l e c t r o n  a s  b e in g  f r e e .

(c )  I f  t h e  r e c o i l  momentum i s  much s m a l l e r  t h a n

b u t  i s  s u f f i c i e n t  t o  e x c i t e  th e  a tom , t h e  p r o c e s s  would 

a p p e a r  i n  a  c lo u d  chamber a s  a  p a i r ,  b u t  would a c t u a l l y  

be p a i r  c r e a t i o n  i n  t h e  f i e l d  o f  an  e l e c t r o n .  T h is  i s
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t h e  p rob lem  W heeler and  Lamb d i s c u s s e d  f u l l y  and th e y  

fo u n d

w here \  i s  t h e  same a s  i n  t h e  B e t h e - H e i t l e r  th e o r y *  

The s c r e e n in g  f a c t o r s ’+'.('<$) andN^OO were c a l c u l a t e d  on 

t h e  b a s i s  o f  t h e  Ferm i—Thomas model o f  t h e  atom  and a l s o  

by u s in g  a tom ic  wave f u n c t i o n s  f o r  hydrogen  ( f o r  a l l  

e n e r g i e s )  and f o r  n i t r o g e n  ( f o r  h ig h  e n e r g i e s ) *  To 

compare t h e i r  i n t e g r a t e d  c r o s s - s e c t i o n  w i th  t h a t  o f  

B ethe  and H e i t l e r ,  th e y  r e c a l c u l a t e d  t h e  B e t h e - H e i t l e r  

s c r e e n in g  f a c t o r s  u s in g  t h e  a tom ic  wave f u n c t i o n s  and 

fo u nd  t h a t  f o r  h ig h  energy  q u a n ta  p ro d u c in g  p a i r s  i n  

a i r  ( n i t r o g e n  s c r e e n in g  f a c t o r s  u s e d ) ,

T h is  means t h a t  t h e  c r o s s - s e c t i o n  f o r  p a i r  c r e a t i o n  i n  

t h e  f i e l d  o f  t h e  e l e c t r o n  o f  a  hydrogen  atom i s  s l i g h t l y  

g r e a t e r  t h a n  t h a t  f o r  c r e a t i o n  i n  t h e  f i e l d  o f  t h e  

p ro to n *  W heeler and Lamb a r e  t h e  o n ly  p e o p le  who have 

s t u d i e d  t h e  p rob lem  f o r  bound e l e c t r o n s f  t h e  fo l lo w in g  

work w i l l  assume t h a t  a l l  t h e  p a r t i c l e s  a r e  f r e e *

Watson (7) h a s  c o n s id e r e d  p a i r  p r o d u c t io n  i n  t h e

(2 . 2 )
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e l e c t r o  s t a t i c  f i e l d  o f  a  f r e e  e l e c t r o n ,  u s in g  D ira c  o n e -  

e l e c t r o n  p e r t u r b a t i o n  th e o r y *  On t h i s  t h e o r y  t h e  i n i t i a l  

s t a t e  c o n s i s t s  o f  a  p h o to n  and two e l e c t r o n s ,  one o f  

p o s i t i v e  and one o f  n e g a t iv e  en ergy  and th e  f i n a l  s t a t e  

c o n s i s t s  o f  two p o s i t i v e  en e rg y  e l e c t r o n s *  Let u s  

d e n o te  t h e  momenta o f  t h e  i n i t i a l  p h o to n  by k and o f  t h e
—i

i n i t i a l  e l e c t r o n s  by t  and , t h e  momenta o f  t h e  

f i n a l  e l e c t r o n s  by ^  , j> and i n t e r m e d i a t e  e l e c t r o n

momenta by d ash es*  I f  V  d e n o te s  t h e  Coulomb i n t e r a c t i o n  

o f  two e l e c t r o n s  and ^  t h e  a b s o r p t i o n  o f  t h e  ph o to n  by 

an  e l e c t r o n ,  t h e n  t h e  scheme o f  i n t e r m e d i a t e  s t a t e s  i s  -

The v i r t u a l  e l e c t r o n  can  have e i t h e r  p o s i t i v e  o r  

n e g a t iv e  e n e rg y .  Watson a llo w e d  f o r  exchange e f f e c t s  

b u t  d id  so t w i c e ,  i n  t h a t  he u se d  a  wave f u n c t i o n  a n t i ­

sym m etric  i n  t h e  two e l e c t r o n s  a n d ,  h a v in g  o b ta in e d  h i s  

d i f f e r e n t i a l  c r o s s - s e c t i o n ,  he added i t s  ( e q u a l )  v a lu e s  

when ^  was sm a l l  (w i th  p l a r g e )  and when b was

(2*3a)

(2*3b)

( 2 .3 c )
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s m a l l  (w i th  , |?0 l a r g e ) *  H is r e s u l t s  sh o u ld  t h e r e ­

f o r e  he d iv id e d  by 2 .  He showed t h a t  f o r  k >> t h e

m ost im p o r ta n t  c o n t r i b u t i o n  t o  t h e  c r o s s - s e c t i o n  came 

from  c a s e s  i n  w hich  one f i n a l  e l e c t r o n  had  sm a ll  momentum 

and  t h e  p o s i t r o n  and o t h e r  e l e c t r o n  had l a r g e  momenta*

As t h e  ^ —ra y  energy  i n c r e a s e d  t h e  energy  o f  t h e  slow  

e l e c t r o n  te n d e d  t o  ze ro *  so t h a t  th e  p r o c e s s  would 

a p p e a r  i n  a  c lo u d  chamber a s  a  p a i r *  He e v a lu a te d  th e  

t o t a l  c r o s s - s e c t i o n  a p p ro x im a te ly  f o r  k 1 ^ vw c3- t h e n  

e x t r a p o l a t e d  h i s  c u rv e  back  t o  k - U » ~ c \  ^he t o t a l  

c r o s s - s e c t i o n  f o r  k^>UvwcAhe found  to  be

<2-‘ >

Nemirovsky (8) u se d  ( 2 .3 a )  and (2*3d) b u t  in c lu d e d  

t h e  r e t a r d e d  i n t e r a c t i o n  o f  th e  two e l e c t r o n s  a lo n g  w i th  

t h e  Coulomb i n t e r a c t i o n *  T h is  means t h a t  he c o n s id e r e d  

o n ly  t h e  d i r e c t  t r a n s i t i o n s  o f  t h e  i n i t i a l l y - p r e s e n t  

p o s i t i v e  energ y  e l e c t r o n  t o  i t s  f i n a l  s t a t e *  L ike 

Watson he a l lo w e d  f o r  ex ch an g e .  F o r  i n c i d e n t  V - r a y  

e n e r g i e s  c lo s e  t o  t h e  t h r e s h o l d  ( U to 6 ) he

i n t e g r a t e d  h i s  d i f f e r e n t i a l  c r o s s - s e c t i o n  to  o b t a i n

-  j f f e ] . ( 2 * 5 )

For l a r g e  pho ton  e n e r g i e s  t h e  dependence  o f  t h e  c r o s s —
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s e c t i o n  on Y —ra y  en ergy  was s i m i l a r  t o  t h a t  f o r  p a i r  

p r o d u c t io n  i n  t h e  f i e l d  o f  an  u n s c re e n e d  n u c le u s  and 

t h e  most p r o b a b le  p r o c e s s e s  were t h o s e  o f  s m a l l  momentum 

t r a n s f e r *

B o r s e l l i n o  (9 )  c a r r i e d  o u t  a  c a l c u l a t i o n  s i m i l a r  t o  

t h a t  o f  Nemirovsky b u t  d id  n o t  a l lo w  f o r  exchange* 

A n a ly t ic  i n t e g r a t i o n  gave*

* - ( * > ■ ( * H i t

^  W  [ ¥ ~ ^  { 3 ~ 1  w*')

->-t ->-3i J  f o r  i n t e r m e d i a t e  e n e r g i e s  ( 2 .7 )

^  f o r  ( 2 . 8 )

Thus f o r  U^c 1 h i s  c r o s s - s e c t i o n  i s  t h e  same a s  (1*5) 

i* e*  c r o s s - s e c t i o n s  f o r  p a i r  c r e a t i o n  i n  t h e  f i e l d s  o f  a  

f r e e  e l e c t r o n  and a  b a re  p r o to n  a r e  e q u a l  i* e*

F o r  lo w er  e n e r g i e s ,  c^<c% * H is  f i n a l  e x c i t a t i o n  c u r v e f

c a l c u l a t e d  n u m e r i c a l ly ,  i s  shown i n  f ig * 3 *  To compare 

t h e  r e s u l t s  o f  t h e s e  l a s t  two a u t h o r s ,  we s h a l l  e v a lu a te

* Index  o f  power of (!£j~ i c) i s  m i s p r in t e d  a s  3 i n s t e a d  o f  
2 i n  e q u a t io n  (56) o f  Nuovo Cimento*

f o r  U -c *  ( 2 . 6 )



- 1 4 -

t h e i r  c r o s s - s e c t i o n s  f o r  t h e  p r o d u c t io n  i n  t h e  f i e l d  o f  

a  s i n g l e  f r e e  e l e c t r o n  a t  a   ̂ - r a y  energy  o f  5*2vwcl  . 

These a r e  0*38 x 10 cm (N em irovsky) and 2*17 x 10 cm

( B o r s e l l i n a )  * T h u s ,  a t  t h i s  low e n e rg y ,  exchange

<r(;%0

?out>

F ig * !*  B o r s e l l i n o * s  i n t e g r a t e d  c r o s s - s e c t i o n  
i n  u n i t s  o f  ( ^ ) ( ^ ) ' .

e f f e c t s  re d u c e  t h e  t o t a l  c r o s s - s e c t i o n  by a  f a c t o r  

be tw een  5 and 6* At h ig h  e n e r g i e s  we have se en  t h a t  

s m a l l  momentum t r a n s f e r s  a r e  t h e  most im p o r ta n t  so t h a t  

exchange e f f e c t s  w i l l  be s m a l l ,  and t h e  two a u th o r s  ag ree*  

Watson*s r e s u l t s  a r e  n o t  a t  a l l  r e l i a b l e  f o r  low e n e r g i e s  

a s  he g o t  t h e s e  by e x t r a p o l a t i o n *  He a l s o  a g r e e s  w i th  

B o r s e l l i n o  and Nemirovsky f o r  h ig h  ^  - r a y  e n e r g i e s ,  

s in c e  sm a ll  momentum t r a n s f e r s  mean t h a t  th e  v e l o c i t y  

o f  r e c o i l  i s  sm a ll  and r e t a r d a t i o n  e f f e c t s  a r e  sm all*

Thus a l l  t h r e e  a u th o r s  g i v e ,  i n  e s s e n c e ,  (1*5) f o r  th e  

t o t a l  c r o s s - s e c t i o n  f o r

V o trab a  (10) u s e d ,  f o r  t h e  m a t r ix  e le m e n t ,  ( 2 , 3 a , b ,
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c , d )  t a k i n g  i n t o  a cc o u n t  exchange o f  t r a n s v e r s e  q u a n ta  

( r e t a r d e d  i n t e r a c t i o n )  a s  w e l l  a s  Coulomb i n t e r a c t i o n , 

and a l s o  i n c l u d i n g  exchange e f f e c t s *  He was u n a b le  to  

o b t a i n  a  co m p le te  e x c i t a t i o n  c u rv e  b u t  made v a r i o u s  

a p p ro x im a t io n s*  F o r t h e  c a s e  o f  k ~ h w *  ) \> ^  I,

he found

i n  a g re e m e n t ,  e x c e p t  f o r  t h e  m u l t i p l i c a t i v e  c o n s t a n t ,  

w i th  B o r s e l l i n o  ( 2 . 6 ) *  For  W h  w \  C  |  V v \_  and

[>,}>«, wv c 1 ,  he found

i n  a g re e m e n t , e x ce p t  f o r  t h e  a d d i t i v e  c o n s t a n t ,  w i th  

B o r s e l l i n o  (2*8)*  For k

where t h e  number 2 was n o t  r e l i a b l e *  T h is  c o n t r i b u t i o n  

t e n d s  t o  z e ro  a s  k t e n d s  t o  i n f i n i t y *  When k 

and , he o b ta in e d

( 2 .9 )

(2 . 1 0 )

b u t  t h e  c o n s t a n t  was n o t  r e l i a b l e *  T h is  a g a i n ,  i s

and he o b ta in e d

(2 . 11)

(2 . 1 2 )



w here 0  i s  in d e p e n d e n t  o f  k , so t h a t  when he

summed a l l  t h e  c o n t r i b u t i o n s  f o r  k »  , t h i s  te rm

m ere ly  a l t e r e d  t h e  c o n s t a n t  i n  (2*10) and n o t  t h e  

dependence  on k * Thus V o t ru b a ,  w i th  W heeler and Lamb, 

h a s  shown t h a t  f o r  h ig h  i n c i d e n t  X —ra y  e n e rg y ,  sm a ll  

momentum r e c o i l s  a r e  t h e  most im p o r t a n t ,  l a r g e  momentum 

t r a n s f e r s  m ere ly  a l t e r i n g  t h e  a d d i t i v e  c o n s t a n t .  The 

c a s e  o f  k  >> t+^cx and i s  p r o h i b i t e d  by t h e

k in e m a t i c s  o f  t h e  r e a c t i o n .

(*>) E x p e r im e n ta l .

The e x p e r im e n ts  d e a l in g  w i th  p a i r  c r e a t i o n  i n  t h e  

f i e l d  o f  an  e l e c t r o n  f a l l  i n t o  two c l a s s e s i  ( i )  t h o s e  

s tu d y in g  t h e  p r o c e s s  d i r e c t l y ;  ( i i )  t h o s e  m ea su r in g  

t o t a l  a b s o r p t io n  o r  t o t a l  p a i r  p r o d u c t io n  c r o s s - s e c t i o n s  

f o r  y  —r a y s .

( i )  The e x p e r i m e n t a l i s t s  o b s e rv in g  t h e  p r o c e s s  

d i r e c t l y  have a l l  u se d  c lo u d  cham bers a s  t h e  d e t e c t i n g  

t o o l .  I n  t h e i r  c lo u d  chamber p h o to g ra p h s  th e y  lo o k ed  f o r  

t r i p l e t s  and e a r l y  a t t e m p t s  a t  f i n d i n g  them  (11) f a i l e d ,  

p ro b a b ly  due t o  t h e  f a c t  t h a t  t h e  r e c o i l  momentum was 

sm a ll  and t h i s  e l e c t r o n  t r a c k  d id  n o t  show up* Da S i l v a  

(12) found  one t r i p l e t  s t a r t i n g  i n  a  l e a d  f o i l ,  b u t  t h i s  

e v id en ce  was n o t  s a t i s f a c t o r y  s in c e  t h e  apex  o f  th e  

t r i p l e t  was n o t  c l e a r l y  v i s i b l e .  One t r i p l e t  was a l s o
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found  by S h in o h a ra  and Hatoyama (13) who u s e d  a  g a s -  

f i l l e d  chamber so t h a t  t h e  apex  was c l e a r ,  b u t  t h e y  made 

no a t t e m p t  t o  check t h e  c o n s e r v a t io n  o f  energy*  They 

d id  m easu re  t h e  e n e r g i e s  o f  t h e  t h r e e  f i n a l  p a r t i c l e s

and found  t h a t  one e l e c t r o n  had much s m a l l e r  energ y  th a n

t h e  o t h e r  two p a r t i c l e s *  Ogle and K ru g e r  (14) r e p o r t e d  

t h e  f i n d i n g  o f  two t r i p l e t s  and v e r i f i e d  t h a t  energy  and 

momentum were co n serv ed *

P h i l l i p s  and K ru g er  (15) u s e d  X - r a y  e n e r g i e s  

be tw een  6 and 7 Mev ( t h e i r  r e s u l t s  a r e  to  be t a k e n  f o r  

6*5 Mev) and s t u d i e d  t h e  r e l a t i v e  num bers o f  p a i r s  and 

t r i p l e t s  i n  a c lo u d  chamber f i l l e d  w i th  m eth an e , a i r  o r  

a rgon* They found  a  mean v a lu e  f o r  o f  0*255 — 0*018 

and a l s o  found  t h a t  one e l e c t r o n  had a lw ays much s m a l l e r  

energy  t h a n  t h e  p o s i t r o n  o r  t h e  o t h e r  e l e c t r o n *  An

i n t e r e s t i n g  r e s u l t  g iv e n  by them i s  t h e  energy

d i s t r i b u t i o n  o f  t h e  r e c o i l  e l e c t r o n  (one w i th  sm a ll  

e n e r g y ) ,  w  shown i n  f i g . 4* T h is  shows t h a t  t h e  main 

c o n t r i b u t i o n  t o  t h e  c r o s s - s e c t i o n  comes from  sm a ll  

momentum t r a n s f e r s *  V o truba  g iv e s  no v a lu e s  f o r  t h e  

c r o s s - s e c t i o n  a t  t h i s  energy  and B o r s e l l i n o * s  v a lu e  o f  

cK i s  a b o u t  0*4* N e i th e r  o f  them shows t h a t  sm a ll  

momentum t r a n s f e r s  a r e  t h e  im p o r ta n t  o nes  f o r  t h i s  sm a ll  

energy  *
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G a e r t t n e r  and  Y e a te r  (16) a l s o  m easured  t h e  r a t i o  

o f  t h e  num bers o f  p a i r s  t o  t r i p l e t s , ,  u s i n g  an  a i r -  

f i l l e d  c lo u d  cham ber and t h e  c o n t in u o u s  V - r a y  sp e c tru m

60

M
"2- **°

|.o

F ig * 4 .  D i s t r i b u t i o n  o f  t h e  m easu red  v a lu e s  o f  t h e  
k i n e t i c  energ y  o f  t h e  low energy  e l e c t r o n ,  
a s  m easured  by P h i l l i p s  and K ru g e r .

from  a  100 Mev b e t a t r o n .  For t h e  energy  ra n g e  5 to  

20 Mev (mean energy  11 Mev) th e y  found  ~  « 0 .7 5  ^  0 .1 9  

(com pared to  B o r s e l l i n o ' s  0 .6 1 )  and f o r  ra n g e  20 to  

100 Mev, ^  = 0 .8  0 .1 6  (com pared t o  B o r s e l l i n o ' s

v a lu e  be tw een  0 .8 0  and 0 .8 6  and W heeler and lamb v a lu e  

be tw een  1 and 1 . 1 ) .  They, a l s o ,  found  a  p re p o n d e ra n c e  

o f  r e c o i l s  w i th  momentum t r a n s f e r  < , a  f a c t  which

th e o r y  h a s  n o t  p r e d i c t e d  f o r  t h e  energy  ra n g e  5 t o  20 Mev.

Koch and C a r t e r  (17) m easured  t h e  energy  d i s t r i b u t i o n  

o f  b re m s s t r a h lu n g  from  19*5 Mev e l e c t r o n s  by a l lo w in g
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t h e  b r e m s s t r a h lu n g  t o  c r e a t e  p a i r s  and t r i p l e t s  i n  t h e  

g a s  ( a i r )  c o n ta in e d  i n  a  c lo u d  chamber* From t h e  10*300 

p i c t u r e s  th e y  a n a ly se d *  th e y  found  1 ,3 0 0  c a s e s  o f  

n u c l e a r  p a i r  p r o d u c t io n  and 33 o f  e l e c t r o n i c *  T h e i r  

r e s u l t s  f o r  a i r  a r e  shown i n  f ig * 5 *  F ig * (5 a )  shows t h e

o>
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F ig * 5* R e s u l t s  o f  Koch and C a r te r*
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energy  d i s t r i b u t i o n  o f  t h e  t r i p l e t s  and i s  t h e  b e s t  smooth 

c u rv e  r e p r e s e n t i n g  t h e  d a t a .  Fig*(5"b) shows t h e i r  

v a lu e s  o f  r a t i o  o f  number o f  t r i p l e t s  t o  number o f  p a i r s .  

They do n o t  quo te  a  v a lu e  o f  " b u t
V - ( - f  r  c  t - «

assum ing  i t  i s  t h e  same a s  t h a t  o f  P h i l l i p s  and K ru ger

can  be drawn and t h i s  i si * e .  7*35 , a  p l o t  o f
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shown i n  f i g . ( 5 c ) .  They found  t h a t  one e l e c t r o n  had  

s m a l l e r  en e rg y  t h a n  t h e  o t h e r  p a r t i c l e s  and f i g . ( 5 d )  

shows t h e  en e rg y  d i s t r i b u t i o n  o f  t h i s  low energy  

e l e c t r o n .  F ig * (5 e )  c o n ta in s  t h e  r e s u l t s  o f  f i g . ( 5 d )  p u t  

i n t o  a  form  w hich can  he compared to  t h e  c o r r e s p o n d in g  

g ra p h  o f  P h i l l i p s  and K ru g e r .  The two a r e  se e n  t o  he 

s i m i l a r *

As y e t , no one h a s  u se d  e l e c t r o n i c  a p p a r a tu s  f o r  

o b s e r v in g  t h e  p r o c e s s  d i r e c t l y .  I t  would he u s e f u l  to  

r e p e a t  t h e  above e x p e r im e n ts  f o r  t h e  mono—e n e r g e t i c  

17*6 Mev ^  - r a y s  from  t h e  "B* r e a c t i o n ,

o b s e rv in g  t h e  c r e a t i o n  i n  t h e  g as  o f  t h e  cham ber. As we 

have  s e e n ,  c r e a t i o n  i n  p l a t e s  i n s e r t e d  i n  t h e  chamber 

h i d e s  t h e  apex  o f  t h e  t r i p l e t .  A g as  o f  low Z  would 

make t h e  number o f  t r i p l e t s  more com parab le  t o  t h e  

number o f  p a i r s  ( th o u g h  r e d u c in g  b o th )  and would a l lo w  

b e t t e r  co m p ariso n  w i th  t h e o r y ,  s in c e  t h e  Born 

a p p ro x im a t io n  would be v a l i d .

( i i )  We s h a l l  d e a l  b r i e f l y  w i th  th e  m easurem ents  

o f  t o t a l  a b s o r p t io n  c r o s s - s e c t i o n s ,  s i n c e  t h e s e  

e x p e r im e n ts  a r e  more i n  t h e  n a tu r e  o f  t e s t s  o f  t h e  

v a l i d i t y  o f  t h e  Born a p p ro x im a t io n  f o r  n u c l e a r  p a i r  

p ro d u c t io n *  The c r o s s - s e c t i o n  f o r  e l e c t r o n i c  p a i r  

c r e a t i o n  i s ,  f o r  h ig h  Z  v a l u e s ,  so much s m a l l e r  t h a n
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t h e  n u c l e a r  p a i r  c r e a t i o n  c r o s s - s e c t i o n ,  t h a t  wide 

v a r i a t i o n s  i n  i t  make l i t t l e  d i f f e r e n c e  t o  t h e  t o t a l  

a b s o r p t i o n  c r o s s —s e c t io n *  F o r  low e n e r g i e s  t h e  Compton 

s c a t t e r i n g  c r o s s - s e c t i o n  a l s o  masks v a r i a t i o n s  i n  t h e  

e l e c t r o n i c  p a i r  p r o d u c t io n  c r o s s - s e c t i o n *

T o ta l  a b s o r p t io n  c r o s s - s e c t i o n s  have been  m easured  

by Adams (18) u s in g  11 .04» 13*73 and 19*10 Mev  ̂ - r a y s ,  

by Lawson (19) u s in g  88  Mev ^  - r a y s ,  by W alker (20) 

u s in g  17.6Mev ^  - r a y s  etad by de W ire , A shkin and Beach

(21) u s in g  280 Mev "b - r a y s  and by Rosenblum, S h ra d e r  

and W arner (22) u s i n g  5*3» 1 0 .3  and 1 7 .6  Mev - r a y s .  

These w o rk e rs  u se d  t h e  r e s u l t s  o f  e i t h e r  B o r s e l l i n o  o r  

W heeler and Lamb f o r  t h e  e l e c t r o n i c  p a i r  p ro d u c t io n  

c r o s s - s e c t i o n  and added t o  t h i s  th e  K le in —N ish in a  (23) 

v a lu e  f o r  th e  Compton s c a t t e r i n g  c r o s s - s e c t i o n  and th e  

B e t h e - H e i t l e r  (1) v a lu e  f o r  t h e  n u c le a r  p a i r  p r o d u c t io n  

c r o s s - s e c t i o n .  Some a l s o  to o k  acc o u n t  o f  t h e  a tom ic  

p h o t o - e l e c t r i c  and t h e  n u c l e a r  p h o t o - d i s i n t e g r a t i o n  

c r o s s - s e c t i o n s *  T h is  gave t h e  t h e o r e t i c a l  t o t a l  

a b s o r p t io n  c r o s s - s e c t i o n  and d i s c r e p a n c i e s  be tw een  i t  

and t h e  e x p e r im e n ta l  one were a t t r i b u t e d  to  t h e  b r e a k ­

down i n  v a l i d i t y  o f  t h e  Born a p p ro x im a t io n  i n  t h e  

c a l c u l a t i o n  o f  B ethe  and H e i t l e r *  To o b t a i n  a  rough  

i d e a  o f  t h e  o r d e r s  o f  m agn itude  in v o lv e d  we quo te  t h e
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r e s u l t s  o f  W alker i n  T ab le  1 .

T here  have  a l s o  been  e x p e r im e n ts  d e s ig n e d  to

m easu re  t h e  t o t a l  p a i r  p r o d u c t io n  c r o s s - s e c t i o n  a lo n e *

W alker (24) h a s  done t h i s  w i th  17*6 Mev K - r a y s  and
£

found  a  v a lu e  f o r  ^  o f  0 , 8  t  0 , 3  compared to
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T ab le  1 .  C r o s s - s e c t i o n s  ( i n  u n i t s  10 cm) o b ta in e d  

by W alker f o r  1 7 .6  Mev 'S - r a y s .  T o t a l s  
f o r  i n c l u d e s  a  c o n t r i b u t i o n  o f  0 .1 6  f o r  
a tom ic  p h o t o - e l e c t r i c  e f f e c t .

B o r s e l l i n o ' s  0 .7  and t h e  W heeler and Lamb v a lu e  o f  abou t 

u n i t y .  To a r r i v e  a t  t h i s ,  he u se d  ('£*+ ^ z ) f  “ $(%)}

where S(z) m easu re s  t h e  e f f e c t  o f  s c r e e n i n g .  He th e n
y-v/r —•-j

p l o t t e d  - suYj a g a i n s t  L , o b t a i n i n g  a  s t r a i g h t

l i n e  f o r  sm a l l  Z. , and t h e  i n t e r c e p t  on t h e  Z  - a x i s

gave v a lu e  o f  f ( •
Emigh (25) u se d  a  c lo u d  chamber t o  d e te rm in e  t h e
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r e l a t i v e  n u c l e a r  p a i r  p r o d u c t io n  c r o s s - s e c t i o n s  i n  

v a r i o u s  e le m e n ts ,  w hich  were i n s e r t e d  a s  p l a t e s  i n  t h e  

c lo u d  chamber* He was u s i n g  X - r a y s  from  a  300 Mev 

b e t a t r o n  and assumed t h a t  i n  t h e  r e g i o n  50 t o  300 Mev, 

any t r i p l e t s  form ed would be c o u n te d  a s  p a i r s  s in c e  t h e  

low en e rg y  e l e c t r o n  would n o t  be o b se rv ed *  Thus h i s  

n u c l e a r  p a i r  p r o d u c t io n  c r o s s - s e c t i o n  had to  be 

c o r r e c t e d  f o r  t r i p l e t s  and to  do t h i s  he u se d  t h e  th e o r y  

o f  W heeler and Lamb* He t h e n  s t u d i e d  t h e  d e v i a t i o n s  o f  

t h e s e  c r o s s - s e c t i o n s  from  t h e  v a lu e s  p r e d i c t e d  by Bethe 

and H e i t l e r *  T h is  e x p e r im en t  g i v e s ,  t h e r e f o r e ,  no 

in f o r m a t io n  ab ou t e l e c t r o n i c  p a i r  p ro d u c t io n *

Thus t h e  e x p e r im e n ts  which g iv e  a  m easured  v a lu e  o f
Ca^  a r e  t h o s e  which o b se rv e  t h e  p r o c e s s  d i r e c t l y  and 

th o s e  w hich  s tu d y  t h e  dependence  on Z  o f  t h e  t o t a l  

p a i r  p r o d u c t io n  c r o s s - s e c t i o n *  The e x p e r im e n ts  show 

t h a t  sm a ll  momentum t r a n s f e r s  a r e  t h e  most im p o r ta n t  f o r  

a l l  e n e r g i e s  o f  t h e  i n c i d e n t  X - r a y *  They a l s o  show 

t h a t  r  < ' •

/ 3  * R u les  f o r  C a lc u l a t i n g  by th e  Feynman M ethod*

The s tu d y  o f  t h e  p rob lem , p r e s e n te d  i n  t h i s  t h e s i s ,  

w i l l  be b a sed  on Feynman (26) quantum e le c t ro d y n a m ic s  

w hich  i s  now w id e ly  used*  The c o r r e c t  n u m e r ic a l  f a c t o r s  

a r e  n o t ,  how ever, made c l e a r  i n  Feynman*s p a p e r s  and we
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s h a l l  l i s t  i n  t h i s  s e c t i o n ,  f o l lo w in g  P e s h k in  ( 2 7 ) ,  t h e  

r u l e s  whereby t h e s e  a r e  ob ta ined# . We s h a l l  u s e  u n i t s  i n  

w hich  1> - c - I j k w i l l  d e n o te  a  f o u r - v e c t o r  and k 

a  t h r e e - v e c t o r  * X w i l l  d e n o te  *3

where t h e  Y ' s  a r e  t h e  u s u a l  Feynman m a t r i c e s .

( i )  Draw a l l  t h e  p o s s i b l e  g ra p h s  f o r  t h e  p r o c e s s  

and o b t a i n  t h e  m a t r ix  e lem en t M  f o r  each  by w r i t i n g  ^  

f o r  t h e  e m is s io n  o r  a b s o r p t i o n  o f  a r e a l  p h o to n  

p o l a r i s e d  i n  t h e  - d i r e c t i o n ,  ~  ^  f o r

a  v i r t u a l  p h o to n  w i th  momentum-energy k and f o r

a  v i r t u a l  e l e c t r o n  w i th  momentum-energy  ̂ » Summing

o v e r  from  1  t o  4  ( z ~ O

means summing o v e r  t h e  d i r e c t i o n s  o f  p o l a r i s a t i o n  o f  t h e  

v i r t u a l  quantum .

( i i )  The p r o b a b i l i t y  a m p l i tu d e  f o r  a  t r a n s i t i o n  

from  th e  s t a t e  1  t o  t h e  s t a t e  2 o f  an  e l e c t r o n ,  

in v o lv in g  a  r e a l  p h o to n  p o l a r i s e d  i n  t h e  - d i r e c t i o n  

w i l l  be where u., , u.x a r e  t h e  D ira c  s p in o r s

d e s c r i b i n g  e l e c t r o n s  w i th  m o m e n ta -e n e rg ie s  |>, and j>̂ 

r e s p e c t i v e l y  and ^  ^  *

F ind  U  M<r where i s  M*- w i th

t h e  o r d e r  o f  t h e  ^  - m a t r i c e s  r e v e r s e d  and w i th  e x p l i c i t  

a p p e a ra n c e  o f  c changed to  - i  • Summing t h i s  o v e r  <5" 

from  1  t o  4  means summing o v e r  t h e  d i r e c t i o n s  o f  

p o l a r i s a t i o n  o f  t h e  r e a l  p h o to n .  I f  and a r e
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p o s i t i v e  energ y  s t a t e s  t h e n  we h a v e ,  a f t e r  summation 

o v e r  t h e  s p in s  o f  e l e c t r o n s  1 and 2 ,

( t f  ^  (See Appendix)

( i i i )  M u l t ip ly  1 ^ 0 “ by ^  f o r  each

r e a l  p h o to n  i n  t h e  f i n a l  s t a t e ,  by f o r  each

r e a l  p h o to n  i n  t h e  i n i t i a l  s t a t e ,  by ^  f o r

each  r e a l  e l e c t r o n  i n  t h e  f i n a l  s t a t e ,  and by ^

f o r  each  r e a l  e l e c t r o n  i n  t h e  i n i t i a l  s t a t e .  Here E t

k a r e  e l e c t r o n  and p h o to n  e n e r g i e s  r e s p e c t i v e l y ,  and
'-■> T">t h e  a p p r o p r i a t e  v a lu e s  o f  t h e s e  and o f  f  , »< have  t o  be 

u s e d .  The f a c t o r s  ^  a r i s e  from  t h e  f a c t  t h a t  we have

n o rm a l is e d  t o  ^  ^  - \ i n s t e a d  o f  t h e  u s u a l
j r

| .  On o u r  s c a le ^  »a+ va - —v »

( i v )  M u l t ip ly  by when t h e  f i n a l

momentum-energy |>̂  e q u a ls  t h e  i n i t i a l  momentum—e n e r g y .

(v) To o b t a i n  t h e  d i f f e r e n t i a l  c r o s s - s e c t i o n  i n
3.n a t u r a l  u n i t s ,  m u l t i p ly  by — , where v  i s  t h e

c o l l i s i o n  v e l o c i t y  f o r  t h e  i n i t i a l  s t a t e .

( v i )  To o b t a i n  th e  d i f f e r e n t i a l  c r o s s - s e c t i o n  i n  

cm , remove a  f a c t o r  (-J;) which becomes In  t h e

re m a in in g  d im e n s io n le s s  f a c t o r  make t h e  u s u a l  t r a n s f o r m ­

a t i o n  from  n a t u r a l  u n i t s  t o  o r d in a r y  u n i t s .



CHAPTER I I .

£4*  O u t l in e  o f  P ro b lem .

We c o n s i d e r  t h e  p rob lem  i n  which t h e  i n i t i a l  s t a t e  

c o n s i s t s  o f  a  s t a t i o n a r y  e l e c t r o n  and a  p h o to n  o f  

momentum k and energy  W , and t h e  f i n a l  s t a t e  

c o n s i s t s  o f  a  p o s i t r o n  o f  momentum ”j?0 and en e rg y  u>0 ,

I V

F i g *6. Feynman d iag ram s f o r  t h e  p r o c e s s .

and two e l e c t r o n s  o f  momenta and f> and e n e r g i e s  

and ^  .  ■ The g ra p h s  f o r  t h i s  p r o c e s s  a r e  shown i n  f i g . 6 ,

where we have l a b e l l e d  th e  e l e c t r o n  and ph o to n  l i n e s  i n  a
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4 -d im e n s io n a l  n o ta t io n * ,  The e l e c t r o n  w i th  momentum?*

energ y  \>x i s  i n  a  n e g a t iv e  energy  s t a t e  and i s  drawn

moving backw ards  i n  tim e* T h is  i s  e q u iv a le n t  to  a

p o s i t r o n  w i th  momentum—energy  -  moving fo rw a rd s  i n  t im e*

From t h e s e  f o u r  d iag ram s we g e t  a n o th e r  f o u r ,  I e ,  l i e ,

I l l e  and IV e, by ex ch an g in g  t h e  s t a t e s  3 and 4* T hese

exchange m a t r ix  e le m e n ts  have to  be s u b t r a c t e d ,  i n

a c c o rd a n c e  w i th  t h e  P a u l i  E x c lu s io n  P r i n c i p l e ,  from  th e

f i r s t  fo u r*  Thus t h e  t o t a l  m a t r ix  e lem ent i s  g iv e n  by

£ (4*1)
M  = £  M i -  £ .  Me U , -L'

i - J  •= 1«

• fet1where i s  t h e  m a t r ix  e lem ent a s s o c i a t e d  w i th  t h e  i 

d ia g ra m .
vi? , vve ,

Watson (7) u se d  M :  1  Mi — Mi , wherei '-'I i ? J.C
i*l' c o n ta in e d  o n ly  t h e  Coulomb p a r t  o f  t h e  i n t e r a c t i o n  

be tw een  t h e  two e l e c t r o n s *  Nemirovsky (8) u se d

t Mxf'ATj -*M7e - M n e * w h i le  B o r s e l l i n o  u se d  o n ly

* V o tru b a  u se d  M - M; -  M i ,  #L - (zj ’
b u t  was u n a b le  t o  f i n d  a  com ple te  e x c i t a t i o n  c u r v e .  We 

s h a l l  u s e  I*'* = and , f o l lo w in g  t h e  o r d e r  o f

i n t e g r a t i o n  o f  B o r s e l l i n o ,  a r r i v e  a t  a  com ple te  

e x c i t a t i o n  c u r v e .

To a s s e s s  how im p o r ta n t  Mrri + i s  compared

to  Mt + Mrj; , we s h a l l  assume t h a t  th e  p o s i t r o n

and t h r e e  e l e c t r o n s  have ro u g h ly  t h e  same energy  and
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t h a t  t h e  m a t r ix  e le m e n ts  o f  a l l  t h e  d ia g ra m s ,  ex cep t  f o r

t h e  en e rg y  d e n o m in a to r s ,  a r e  a l s o  ro u g h ly  eq u a l*  The 

en e rg y  d e n o m in a to rs  a r i s i n g  from  t h e  v i r t u a l  e l e c t r o n  l i n e s  

w i l l  t h e n  a l l  he ro u g h ly  e q u a l ,  and t h e  r e l e v a n t  energy  

d e n o m in a to rs  w i l l  be t h o s e  a r i s i n g  from  t h e  v i r t u a l  

p h o to n  l i n e s .  These a r e  f o r  -«■ Mt&

and px)x ^ o r  • ^ow * h  an ^ K

a l l  c o r re sp o n d  to  p o s i t i v e  energy  e l e c t r o n s ,  w hereas j>x 

c o r r e s p o n d s  to  a  n e g a t iv e  energ y  e l e c t r o n .  Thus 

w i l l  be g r e a t e r  t h a n  (is - j O *  , so t h a t  -*Mry w i l l  

be s m a l l e r  t h a n  Mi Mr* . A c tu a l ly  i t  w i l l  be foun d  

t h a t

= j>)} -

and

k ~ c -  CC.g) i-w iaj — C k • F )  i s  p o s i t i v e  and i n c r e a s e s  

a s  k  i n c r e a s e s .  T h e re fo re  a s  k  i n c r e a s e s ,  Mfii rvifj, 

w i l l  become l e s s  im p o r ta n t  compared t o  *

K eeping ^  a s  a  p o s i t i v e  energy  p a r t i c l e  and 

c h an g in g  th e  s ig n  o f  k would g iv e  t h e  m a t r ix  e lem ent 

f o r  e l e c t r o n —e l e c t r o n  b r e m s s t r a h lu n g .

§ 5 .  Square  o f  M a tr ix  E le m e n t .

Let  ̂ and 'be t h e  D ira c  s p in o r s
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d e s c r i b i n g  t h e  s t a t e s  o f  e l e c t r o n s  w i th  m o m e n ta -e n e rg ie s  

, \>x , |>j and ^  r e s p e c t i v e l y .  Then j ^ t-

and - VVV-̂ f o r  I =■ 1 , 2 , 3 , 4 .  Let b be t h e  momentum* 

energy  o f  t h e  r e a l  p h o to n ,  so t h a t  k * - 0  • Let t h e  

i n c i d e n t  r e a l  p h o to n  be p o l a r i s e d  i n  t h e  cr~ - d i r e c t i o n .  

Then from  t h e  g ra p h s  o f  § 4 and t h e  r u l e s  o f  § 3 we can  

im m e d ia te ly  w r i t e  down t h e  m a t r ix  e l e m e n t s .

Mi - £  (if,-?,'?

- -  £  Y <r ^  (7 /7 ^

1  r  A ^ ( ~  K  + 3  Ke r  ^  X r  *  ^  ^  ^ \   !----------

-  S f r v - t i - V ^

where we have u se d  ^  Xr + V  Y* - ^ K<r • S in c e

^ ww*, , and , we f i n d

S i m i l a r ly   ̂ ___

~Vk« <c4or^

Mj^My =• !S) V XV« '~ %  ^ K r ^
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(Mfu f^Mfy i s  o b t a in e d  from  -* ^ * 3  by m aking t h e  

r e p la c e m e n ts  f a  and fâ  f a  • T h e r e fo r e

nh^ i' w  = ^  [ a (t>

We now sq u a re  M  , b u t  d e f e r  d i s c u s s i o n  o f  t h e  c r o s s -  

p ro d u c t  te rm  £ ( +  % , )  ( ^Tji - tM iv) u n t i l  £ 8 .

1 t̂ -x •+ r*\T% T ---------- ----------  _  ^ *v ^ 3]  [ m3 'V

* I *V j[ *(|V Q  Kr V  ■** ( JV k) V  ~ ^ • b) K<r V

Summing o v e r  t h e  s p i n s  o f  t h e  e l e c t r o n s  w i th  momenta— 

e n e r g i e s  ^  , ( \  and ^  , a v e r a g in g  o v e r  t h e  s p in  o f

t h e  o t h e r  e l e c t r o n  and a v e ra g in g  o v e r  t h e  d i r e c t i o n s  o f  

p o l a r i s a t i o n  o f  t h e  i n c i d e n t  quantum, we o b t a i n
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. i4 £  1 —------------i  .-L -,-k.

yS(» r̂ [  + X  Cf?'1' vvv)

> 3 ^  [qv**-) { i ( f \k)  iv X  ■•■fiv*) ^ K r X
-*~ If̂ i • h') ^  ̂ Cr j1

tyV*'"''} f 1 f’VV* *(£'•-') X' ~ ̂ (fa' Krf'X*
-r(lvk) V‘/̂ X v|[ J

where summation from  1 to  4 o f  t h e  i n d i c e s  ^  , v and 

<r i s  t o  he u n d e r s to o d .  In  e v a l u a t i n g  t h e  s p u r s  we 

remember t h a t  t h e  s p u r  o f  a  p ro d u c t  o f  an  odd number o f  

X —m a t r i c e s  v a n i s h e s  and t h a t  th e  s p u r  o f  a p r o d u c t  o f  

X - m a t r i c e s  i s  n o t  a l t e r e d  by c y c l i c  p e rm u ta t io n  o f  t h e  

^  - m a t r i c e s *  We u se  t h e  f o l lo w in g  r e s u l t s  o f  Feynmant

W - - 1 *  ; X  ^ V - W e  ? ) ;
V K t / a t , - -  ; A/*+ A A r + V f 5 ;

i x t * t,X - 5k : o  ̂ ^  '  f«f - ^

sh <- [ A r t  -- l- , e - 6 )  i

S|>^r L V l  " ** j 

t  A. ^  1 / ^  *
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Here ^  =1, S„- - 1 and a l l  o th e r  Xmv^O,
Let

S(>*A< X  = S p * * *  £  ( p ,  -t- yvv') ^  ( f j ' r ^

** L ^ f V ’  ^  h>i) + f b ) l

l e t

S|>i»v Y * Spv.v f a

- 3 t h . f c ) j ) v<. 1 i v t  . j ; )  M X r }

'(JV'-O j3(|^ , fc) fvV ♦ Qv (£) T^KX*.

-^(h.is) - r (h  k> \  t  «,-{]
th en  ’ J

= ^  ^  ^  ^  ' f t ( b  t 0  V v

-t ^  t  Vv ^

+ c "* N^kv) - c
|v  r  a_ ^  ^  k »

-v *> < U v

(p*. iO

( K k) (fy k)

* K v__N^. 1C f y k )  J
where ft = &•>_ _ -L. „ _ u

(b fe) (-^ tc) cpvfcXt^ k) % fe) (jv*5)
^  r -  -------L_ ^ <£* -£v)_

(N ~)X Cht-fe) (i>vk>(hfk)



r  - - 2^ -  -  j  . -  C K N )
" ~ <jvfc> f h  wXjj. k)

T> = -  £-) * . = £ . .
( b t e X f - ^ )  ^  (K-Jk) .

To e v a lu a t e  Sjp^v-X Sj>VAVy  we u s e ,

\^v» r U ', S^v (^V^«- + Bv) = )

3 {<? s x b .b ) w r  s x b  < ) } .

We w r i t e  *^ ^ - (£■ |>^| ’ •’ ^  = f r ' - H ^ V

The f i n a l  r e s u l t  i s i

~*b bU b ^  _ •*-w'M(yk)}

*  (j^  w ) |  -*-xw - ^ ( f i  K )  ■•■(|*-£»M fj-ft) ■* t ^ E * ' b )  ^  ^ h  K K jfi j b )

~ ( £ ' i ^ b  ~ )  ~ ( t ’ b )  ~ ^ }

^ W ^ h fO O v K )  K %  h) ^

-+ (b tv)  ̂ ^vŵ*" ~ ' ~ ' x i t *  b)}

^ qv>y I " ^ ( b  K ) + b V b  b )  b)^h £») ^ ( j v k )  “G v P ^ -fc )  

'( fc  h ) ( b b )  e*))

+ t e - £ ) ( M < ) {  ^ b b ^ C ^ ^ b b )  ~ (£• i v ^ b b ^  ~ ^ b  b ^ b b )

+(jybVb■*) +(£»-k)fj*£*) -*■ ^ b ■£)}

+ K) [  ̂  .b) ~(fa£i)(t*'fc*) 'ff* b)(bjb) k)

“  ( f Y p ^ h - k )  '■((»» b ) ( h ’h )  i -  ^  ( f > r f ’ i ) J

-t (|>i.k)(fo jk)| Jj
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[Mtt, j_s  o b ta in ed  from t h i s  by making th e

rep lacem en ts  N an& fa j v

6 . The D i f f e r e n t i a l  C r o s s -S e c t io n *

To p ass  over  in t o  th e  n o t a t io n  u sed  i n  t h e  f i r e t  

se n te n c e  o f  f  4» we put

b» f ^ » ° )  > b  ■ >~ fa) y * r ( k. k )>
i

K=(v,^) ; K=(~, ?) .

C o n servation  o f  energy and momentum g i v e

- f  ? * ?  ( 6 .1 )

and yw- w0  ̂ k (6*2)

“ Ĵ J+VyV -t k — Ĵ *W\.X "t- s/^

Let kvoo-Ck’.fc) r fk.ne)  and kw -fas •£) (6*3)

As an i l l u s t r a t i o n  o f  t h e  change from fo u r -d im e n s io n a l  

to  th r e e -d im e n s io n a l  n o t a t io n ,  we e v a lu a te  (fa-fa).

I fa * fa) “ - . W *  (£ - ,> .

Now £  + ?  - ' P
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I 1<V ■* v~V _ *. 3 lUn.) - i k w  - w%V- "«•»*■>*

5 (fc-io)4 - (W-v^ +^*e)^ + ^ ^ * U )  ■* - * " * V
♦ 1% W  — ̂  m uJe .

• ( h  ~ >*\x- *n *w -  Vv> V00 * ( W . £ )

?  l f c & )  -  > w ( k - ^ )  „

The o th e r  fo u r -d im e n s io n a l  s c a la r  produ cts  can he  

e v a lu a te d  s im i la r ly  and we f in d *

(|»..bV- mvo (l>. k) =

^  r  C k . n )  - W v ( k - w )  ( f a - f a ) *  »vv‘W -  ( k  n » )  -(f i .Q)

I f a - t e V *  ~  C k .  n q)  ( f a • f a )  = - ( f c - g * ) -**"»>f k - w J

tpj.k) - *v̂ k - (k n«)-(k.n) (fa »<) - 0< Q)
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A fte r  t h i s  change we havet

|Mj = i .  -=>- — I——
TT C r "  f  *vv, ~ » v JW y

it | |  3wvl ( ^ - \ v7)(-^tv>-tX\7(.fa;0) 3»»nV ~ 'V )  /- 3 hx+Vi-v,;)I L  ( *  nV) ( k  rr)

-t- H 'x f W - S w O  — -f- ^  »- )('~y W )  >• J  IQ

f*5-̂ p) U  Q? Cfe.rjô 1

>4+ J * « - V ) / v a ' V )  -f Jw vi0 ( W - » > \ t w O o ) |  r  . , - v
x  ------- ;----------------— ------* -  ,----- r:— x k r - -w ) fw 01 + u0x)

c i < m v (t-rroy^.fl) L

•* -«. ( « v (  k -H * v )  -  ( k  - * x )  (w v II

4  ( 6*4)

“ t  ' " ‘ • ' " ’ l S> £ >

- t  i [  w'- |  Xv7(i^-W) + k\7" •+ U. ŷ J \tJq j  i* (*•?•')Oc w V*»v~ —

4 - ( k . r \ ) ( k - ^  ( h  - 0

-V —5G:--------------  \ - w x  5 W Y ^ - W )  - i k ( w v - w )  ’ W v k  + t*V JW o|

| k W  "j

•r(i«-ni>)(k+'V ,»7-'m+)w6) *(k p) ( ~ ^(k.fXb)(fe'Q)|

-* ^  r w f t J ^ - w X ^ - w J - k W - i w w i I  +  C | $ ' 2 « ) ( 4 - » v - k t 4 w o )
kx L

+  ( k . n ) f u - ^ ^ )  ■+ + i ^ f e - 0 ) XJ

■*  tL.------------ | w v  {  0 ^ - W ) ( * w - W )  -V k ( v ^ - w )  -i * v x k  - 4  w W o l

{ l c W - ( k > f ) }  L

+ ( k . n < , ) f k - W + ^ )  + t k . n )  f i c -  w *

p . t \  © .
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k j k w - t c j p l  L  1 J
~ w ( k  — V7(w n)

(fc T5°t (fc-Q )* -  d°)(=}s C l)}  J| (6.5)„ w
Vv\.

From th e  r u l e s  o f  f  3» we f in d

Ac  r  Im i '^1 5 4: a  U v t  -x * £ .  -  <*I\ -  * & .  j- J f e -e i )  S(P,-R)fcaVc ^  w  jn  w ; n  voc iTl a, f w M{ r / ‘

-  \w\^ * ^  <A|> s (  jjj-j^,) -S( ~ ̂  0
k^o^j.V

■= :') (t* O
V< wi w #V 7  *

where c o n se r v a t io n  o f  momentum has been used  i n  I Ml*.

uef - e<) *? : f1 %

- Aa7̂-V wc -V wO .

*\ = f  ^ F  . ( 6 . 7 )

2L \
j>o - Y\ ^ t > _ 3 ‘l (> •

In  f i n d i n g  we h o ld  (and t h e r e f o r e  ^  ) and  ^j>

c o n s t a n t .

Let

T herefore
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<*£> -  -f. + , Cco6qJ>  ̂ Vfryo -  V̂vo
blf o o 0 V-xJ V / O .

=
I A t - i<*fc£ ^ w 0 - t | ) w - . » | W t 4 0 6 ^ j )

To m easu re  we t a k e  a s  o u r  p o l a r  a x i s .

. dif l^y  -  -  e'-J ^ ^ | > )  Ck op

where i s  t h e  a n g le  be tw een  t h e  ( “p, t | ) p ,) p la n e  and  

t h e  0?, vf, p la n e  .

c*-4h dil. ~ ------£ ---------d(c/r>eY.u\ a <d
r ^ ^  T

-  _ W_g________ * (  *C£
-^w  ‘4-w°

W ri t in g  v̂O - f  ( 6 .8 )

we a l s o  have '( 6 .9 )

*1 l^r)<9|  ̂ = ^  ■+• I f  ^  — €  ̂ (J**!)

l»>j______ _ ___ n j*____ —

f x <*nb = -  ^  .to,
|>£ -  w v | W > ^ | 7

-  eUo cfcP
vy T ‘ ( 6 .1 0 )

T h e re fo r e ,  d - r  - -  | m T «u^ dtp
|c w  M -  w  'I
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-  £  <*<£ d A . j  d ~  < * c p  .  ( 6 . 1 1 )

B o r s e l l i n o  g iv e s *

<4<r, - i M , - M S r ^ -  ^  * * '  ( 6 a 2 )k W  ^

We s h a l l  a c c e p t  h i s  i n t e g r a t i o n  o f  t h i s  and go on t o  

i n t e g r a t e  t h e  o t h e r  two te rm s*

(*<\)
* E q u a t io n ^ o f  Nuovo Cimento c o n ta in s  m i s p r in t s *

D enom inato r i n  f i r s t  l i n e  sh o u ld  he ds-lM' i n s t e a d  o f  
(vs ^  and d e n o m in a to r  i n  second l i n e  sh o u ld  he 
Ck.*nx i n s t e a d  o f  (k <>) * A part from  t h e s e ,  o u r

fo rm u la  f o r  a g r e e s  w i th  B o r s e l l i n o  ’ a*



CHAPTER I I I ,

§ ! •  The T o ta l  C r o s s - S e c t i o n *

I n  t h i s  s e c t i o n  we p e r fo rm  t h e  i n t e g r a t i o n  o f

- -  [ tv ^ M rv  | j £  . A /l  ^  ^

fcW 1 ’ *

(a )  I n t e g r a t i o n  o v e r  »

The ra n g e  o f  i n t e g r a t i o n  i s  0 t o  2TT . The f a c t o r s  

w hich  depend on <p a r e  Cv< and (k R.).

However (k n»)t{k a) - Wf-(£.*?) and i s  t h e r e f o r e  

in d e p e n d e n t  o f  %

( k  .a .V  rx0 and (k  0 ) - (\ ~~b ^ r p  }

w here - ^ v'°o ~ ^ <-«r̂

?  [ a  ̂k£ ' > } *  ~ -  (i  nl  + V)

Taking (Vrt„)(k n) Mcp r rr ( j  f\f\„'o  ̂ ~
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l e a d s  t o  c o m p l i c a t i o n s  i n  t h e  i n t e g r a t i o n  o v e r  to .

We have
r*n i*
3 I -* I

f .  k  \ ^ v7^ v̂ - " w ’)  + k w  -*- C k - ^ - a ^ o )  t-A A  (k -« -v  - a  vo)

■**')]

•* ~ ^ --------  [ ~ 3 * ~  } W ( 3 * , - W ?  -  3 k f v ^ _ v / )  - ‘v ^W -* '^^v o 0 |  -t 3 A 0 £k+ X \7-w v  + 3 to 0)

/kW-Cf?.^ 1 '

+ A^(k^W-^ + 3vo) - l { k £ + ■L'('**X+%X)J  

"* ^   ̂C? wv-'VT'X**'~̂ a7̂  —k^v7' -3*--,'*̂ )j' -t- i  ( ^  —- k •<■ 3*~>ô

-*- 3f\(a»w- w +3w) + f̂ Ro-t-BoV ^ ̂   ̂ ^  ) J |

^    r  { 0 ^ - W ) ( w V - W )  -f k k  W )  -v v ^ k  - a v o v o j

|»<rŴ l£/Jpj; L
+ >ft0 (k~ w + i^ )  + 3 *\ ( i c - v + M j

—------------------  ’ V ■ 'k w \ ^ V̂  ■( ( J > y \ 'W )(» » v - 'V \7 ')  t  k(>V\-X\7) - 3 w  w , , !

k { k W ~ ( . k \ ^ ) f  L  K J
-  3 V 7 ^  ( l ^ ^ - W ^ ^ o )  -

-  H  *,*) -  -  l  { kf -CV? s{)}
•^V 7 ►vv 1

l)  W . bV b^ J  ]  .-t^e

(b ) I n t e g r a t i o n  o v e r  <̂> »

I n  i n t e g r a t i o n  o v e r  to , ^  i s  h e ld  c o n s t a n t ,  so
t h a t
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1' i v\ S Kf * f  = k ~T - ^  -  <

^^voQ = U-t E - COKsUwt.

T u rn in g  v a lu e s  o f  (> w i l l  be when ~f and F  

i n  t h e  same d i r e c t i o n ,  so t h a t  t h e s e  t u r n i n g  v a lu e s  

s a t i s f y  t h e  e q u a t io n

w i th  s o l u t i o n s

The c o r r e s p o n d in g  e n e r g i e s
^  1 t i  Y  ~ * \ X ~  Ur

~>\ " X -  X v cT-
a r e  t h e  l i m i t s  f o r  i n t e g r a t i o n  o v e r  

ft® » ft » and 35 have  t o  be e x p re s s e d  i n  term s o f

U) * -n c l wJe .

ft i  u  -  ce: ^ (H >

_ \< ^  _ C& *Q (yy-€ -*-3 v̂_€.)

from  ( 6 .9 )

where

U I "
•+ b  t o

= f - X. (g.vj)
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S i m i l a r l y

where

L>« Of 1
vO - t  C

a.

S in c e

and

we h av e

c " ’ =  -

= £

\  ~ *

I t  i s  n o t ,  how ever, ad v an tag e o u s  t o  u s e  t h i s ,  and 

i n s t e a d  we p ro c e e d  a s  f o l l o w s .
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a n
U s in g  W -V VaJq 5 f ) we e x p r e s s  ( +M<y| *tcp

Jo
i n  t h e  form  Z, •+ 2*WuJo w here  2, and  2 X a r e  c o n s t a n t s  i n  t h e

i n t e g r a t i o n *
/,UJ*Now I ^oUxj _ o

JuJ-

and
oC a J( w u)0 cL̂J - [ w ({ - ̂ )

J'~j. 7w.

_  f ( ^ fZ- vO*0 Jw,

- [ * < * - * { £ ♦ $ C * -

r £  ~ .1  f " v ,  #

We t h e r e f o r e  r e p l a c e  2, + 7 xw^/0 by Z +21{ r - i v-»° 1 1 u U 3l£v-r|x)$
and  to  i n t e g r a t e  o v e r  ^  we m ere ly  m u l t i p l y  t h i s  by

- V O  -  v* ) tX-VzA-

E x p re s s in g  t h e  i n t e g r a n d  i n  t h e  form  ~Ly ~̂Lx ^ ^ 0 >

we h av e

1  [2^ {k W (u -v ) + tel w +^  (5^-v )(^ -w ) -v  ̂»cW J i- (W-*Ve){}~'-Ux-k)^

-  U . a * ’ k 6 - U " k f S U V f  +^w,f*’*j*-*%b‘,,c-rc,v }
~  W L - + ? b " k  ~  - t - W ^ - e c ' * ’) }  J

•*■ ------------------  % P - l ~ f k w o ^ w ) - ] k H v w - u ) - w v k % ) w ( 3 w ) ( ^ - w j  + i k W f ^ w ) l
L  L J

-+■ 3 . k ( k + W - _ ^ ) ( W +  W ' f )  -  l w f w v ) f w + \ > ' f )  - t U - k f a . "  + ( « . W £  f t.M -+ l ^ l c b ' V ^

P T . O .
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- t , V b ' f ' _ 3 ( ^ ) f k f - C C . i 5 > }  ♦ £  f w V  w t f f  + 3 b"Vl » V " , b ' " €  +  c ' V }
^ w w o |  ~ ? » \  l< b v W  ~ ? k  b  W !>"_  ^  jf C ^  b * ' \  j  

|  fcV-(P ̂ ’)|X j^,"|f5*>v-w)(v-V) +K(w,-w) + wnk |  + ̂ fk*V+)Qh"^.  |)f) -1( o,w)is;0J  jl

We h av e  . ^  ^  , kr _0?

and

w % n ” ( -r c - t '  =■ Vf .

A f t e r  t h e s e  r e p la c e m e n t s  and  i n t e g r a t i o n  o v e r  u*

fwx. a n

cU-3 I <*.<p -+M.y | r ck -t Ji
I ->( 'o

where

*  = £  ? - J   ,* /
Wv   )«

V

* t  5 k W O * r v - ^ 7 )  V +  - ^ f  |

-+• —̂   U ivw |kw 0*w-W) -W)- ^k^-i-*W f  3v̂  -W)(*v,-w)
k J k W -(k \* p \ »* ^ r 1 (

•^^VCWYv^-W)^ k€V- W £ x ( +  *  f  kf-(S? v jl j  { k (  k+W -w A .)

-  W f w V >  - M e t - W f  } + ^ c t - ( k ^ ’)JX ]  -  } j

^ i k W - - ( P ^  [** { + 3 k U 'W ) - £ XJ

- C i ? . 5 f ) J ( k -  W + 3 ^ ) ^  j j

and
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P = ~3 I t C5v'V*) '

k{kw--cw'f)^

Ce) I n t e g r a t i o n  o v e r-H i? ,»

Let u s  change t h e  v a r i a b l e  t o

X  r  k f

-  K s  U 3-i ®K<, - f c l W - v r v )

Then
=■ an

- __ 3J3. cCx
V<t

In  f l t we p rov ed  t h a t  t h e  maximum a n g le  a t  w hich  

a  p a r t i c l e  o f  energy  W ” c o u ld  come o f f ,  was g iv e n  by

= k  (  ^  -  W >

The lo w e r  l i m i t  c o u ld  a l s o  have  b een  o b t a i n e d  from  t h e

( w v > W > ^ k ( W ’— )

k I

and t h e  minimum a n g le  was 9 K - c  * T h e re fo re  t h e  l i m i t s  

o f  i n t e g r a t i o n  f o r  * a r e

r e q u ire m e n t  t h a t  h a s  t o  be r e a l *

The f a c t o r s  which depend on * a r e  a n d ^ - f ) .

( k ’ -  M  -  x

(i~c\ )̂ - x t M v -
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j t Uvw** __ ! ~X ~v»v 1 W-< >vO
>/ £V- V  ' ^ X - ^ ( W - ^ )

(v»K-"V7 )(v ^ + lO  ■f ( ^ ' <| )  ~ x  -  **-\ (^ ^ - w v x )

k'Vv/' — ( (c1 .cj') ~ vwk -X

A f t e r  t h i s  change o f  v a r i a b l e ,  we s p l i t  up  i n t o  p a r t i a l  

f r a c t i o n s  and f i n d  t h a t
(j ^ j -  r *
*  TT

  T _ _ i 4-------
/  * ~ ^ C ' W ’- w O  j  L  - v r t ( w - w x ) ^  { * < -► w  l " W - w O j

-  —StM  1
( ^ k - > O v J

a _ i  e1* -L f * f" - _ fti   -v - ^  - -v / 3̂— x~\

• n k ' H

and

where
/ W—wv

»wk'

J  ~  J —  S l^y^C  W  ^  -  U v ^ W f  ( w - v w )  - f  l r ~ k  4  V c t \  l < * £  I

011 k'c1-!

- U ’

^ \ j  _ ^  ̂  c +U*wV( w  — va)  — (̂ .Vw e ( w - v w )  + 1 »v  (w ~  *v\
■' ' k£

ju.  ̂ i  U - ’ — M

/S o  =

£

Vc — w \
wxWX

^  X ~ * x -j } > w V [  W - r v x . ^  -  (+  w v l c f  ( w — - 1 < - £ J-  k J £ }
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1 k r  J

To c a r r y  o u t  t h i s  i n t e g r a t i o n  we l e t  ]  r J  *

Then ^  ^  an<i a r e  ^  -o  and

^ _ / KCl-'VyT-ywy) -Wv(~Ŵ w.)
J  k (^ -  "W + rvv) ~ t”V\7—

Then

( *''*■ I ^  \ l^-yJ*» ‘ \ >o
r*i

 ̂Mvv 1

- £  £-.. f  * i  r - i i e i l  -«- j «.:l -<• ----------

n - v -  _ l i r ^ a l  _ i  _i A £ -  -  j. **~ /I* V*—- .
+ 5 ( * 5 ( ' - i x> 5 ( . - ^ { u - M - f V j

.L -h H L i: ---------- T
s U t - i o A

These i n t e g r a l s  a r e  e le m e n ta ry  and g iv e  

$ - - P a *  p - S  P -< p  |Mry + Mtyl’
7» s  'A Jo

-  &2

t c { _ - J Art I/̂ T-vy ~t v? l\
^ I Q -£ ^  JtXf^aZT) | Jc -Avv -  JT ̂ vU
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- f  _ wvC'6where c© - -  —

\ f Jyp k ( w - » ^ )  - i vP £ x C w -v ^ ) - iv ^ k £ t'(w _ v ^ .) - > k e ( w - v ^ )

1 ~ L . h , * O

( w — ) -tVc. + k t 3]

£ _ i_  f l P ( W - « a )  -  t  (W -wv^ -vv̂ Vc. £ -fr £ -v £ V(W -vP> I

5 ~ w p  L

Cl* - p

(d) I n t e g r a t i o n  o v e r  *

(  o l / U  o L Q p  | t ^ r u  I  -  -  i  / I K<\

ol<5" r  - lL wvJ r  V
kW \ xn  p

,  e? J-x Cr t*H  Where I  - 3
1-vX ^

N o w  " W * -  ,■ ,  V 7 * W  : <L ,<- ' t

I n t e g r a t i o n  o v e r  ^  i s  now r e p l a c e d  by i n t e g r a t i o n  o v e r -̂

w hich can  he done n u m e r ic a l ly *  I n  § l f  we p ro v ed  t h a t  t h e

l i m i t s  o f  i n t e g r a t i o n  f o r  ^  a r e  
W ,  k x -*v*v  +  \< J k ( k - l * « 0
w  -  —

^  U. -r v»'x

These c o u ld  a l s o  have been  o b ta in e d  from  th e  r e q u i r e m e n t  

t h a t  ^  h a s  t o  be r e a l *



where w1 & L: T' “w' •
a n d " W  a r e  t h e  e n e r g i e s  o f  t h e  p h o to n  and e l e c t r o n  

r e s p e c t i v e l y  i n  u n i t s  o f  >w C ^

,t. ( ^ i g ^ i  -
kC' I  A>  —  -  - J ____

w JPT^T) d 1 M ;

• _ _ *dl Q, -

» _J_ J O'rtvr’-t) -IX  (,x( w - i )  -kXfYw'-O^Ve'^xS
C' '  * V  I

c.< _ Jl_  J ( -w '- if  'U f 'C w ' - i )  + x V  -t Xc’*}
c> - * v  t  J

* „  J _  f u w ,- 1) - ^ V ^ f , ( v l | ) l + t l f ' t f , ', - t f ' x c v ' - i ' > x}
c* - Xe1’ *

c

,\ ,  V - w '  + i

^  - Y lw - iL ^ Z ^
^ X ^ v X T T  ■ ' Y ( w ,- i ) - ( w ,- i )
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V alu es  o f  i ’ were p l o t t e d  a g a i n s t  t h e  c o r r e s p o n d in g  

v a lu e s  o f  v ’ f o r  v a r i o u s  X v a l u e s ,  and t h r e e  t y p i c a l  

c u rv e s  a r e  shown i n  f i g # 7* As V i n c r e a s e d ,  t h e  c u rv e s  

s h i f t e d  to w a rd s  t h e  h ig h  en ergy  end . The t o t a l  c r o s s -  

s e c t i o n ,  f o r  a  g iv e n  v a lu e  o f  'S , was o b t a i n e d ,  i n  

u n i t s  o f  ( ^ t ) f £ x )  , by m ea su r in g  t h e  a r e a  u n d e r  t h e

a p p r o p r i a t e  c u rv e  and d i v id i n g  by 3 Pr om t h e s e  g r a p h s ,  

a  f i n a l  co m p le te  e x c i t a t i o n  c u rv e  was drawn and t h i s  i s  

shown i n  f i g #8#

OU U.0

40

J© •

IO

40 f ooo

P ig .7 »  P l o t s  o f  l '  a g a i n s t  ^  f o r  t h r e e  o f  t h e  
ch o sen  v a lu e s  o f
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ru )i i 
oT .

•ok -

ou -

©2 -

o L_
o

Pig#8* T o ta l  c r o s s - s e c t i o n ,  i n  u n i t s  o f ( ^ V , £ 0 '  
a s  a  f u n c t i o n  o f

f 8 *  The C ro s s -P ro d u c t  Term#

The c r o s s - p r o d u c t  te rm  be tw een  and +M»y

i s

*  C + * 4 $ )  ( ^ 7  + M ^ )
- a. J _____ —  -------- *-r------  , /

nX ({m-fc)( *)(£*• lOftyls) Ok"-ft)

+  ( j»y  S') *«• *  * \ i  ~

• { ^[ j ( f v ! s ) | vV+ ( h  V  - Vtvfc) ( v^V -  (£>■ ^ * v }

We s tu d y  t h e  symmetry p r o p e r t i e s  o f  t h i s  u n d e r  t h e  

t r a n s f o r m a t i o n  ^  ^  .

{ ^ p t f i o K V  , ( b  f c ) V * * < r ~  * ( t < * } K V  ■ * ' ! ? ■

-- - {m» [̂ (fyE)b ,v +<b e) V* ̂  - 3(e. is)EvV"fi!< fc} Ull-
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The o t h e r  f a c t o r s  rem a in  u nch an g ed .

(m«5 a f t e r  t h e  summation o v e r  s p i n s ,  i n v o lv e s  

t h e  f a c t o r
S |w v  ( ( ^ ^  a  ( •is)j> ^ V  ^ (jv !<) - + ( ' < ) O v  -O X /J

-  -k) f a '  (P* is)X rK ^  ~^(K v

Under t h e  above t r a n s f o r m a t i o n ,  t h i s  f a c t o r  becomes

— S ^ w ' ^ ) | v V  V  ~ * f f c v ^(h•!s)V^

Thus t h e  c o n t r i b u t i o n  from  t h e  c r o s s - p r o d u c t  te rm  

ch an g es  s ig n  u n d e r  t h e  t r a n s f o r m a t i o n - ^ ^ ?  | \  . T h is  

t r a n s f o r m a t i o n  i s  e q u iv a le n t  t o ^ f  ^  to>? » so t h a t  a f t e r  

t h e  i n t e g r a t i o n  o v e r  <¥ we can  w r i t e  t h e  c ro s s - p r o d u c t  

te rm  a s  ■= -  . The l i m i t s  o f  i n t e g r a t i o n  o v e r

vo ( ô, ^nd ^  a r e  such t h a t  - £ . We a l s o  have

uj -* \ro0 i   ̂ , so t h a t
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Thus t h e  c r o s s - p r o d u c t  te rm  g iv e s  a  z e ro  c o n t r i b u t i o n  

t o  t h e  t o t a l  c r o s s - s e c t i o n *  The c o n t r i b u t i o n  to  t h e  

d i f f e r e n t i a l  c r o s s - s e c t i o n  i s  z e ro  when t h e  c o n s t i t u e n t s  

o f  t h e  p a i r  have  e q u a l  momenta, and when t h i s  i s  n o t  t h e

c a s e ,  t h e  c o n t r i b u t i o n  from  ^ - £ - X  = £ + X i s ̂ 1
c a n c e l l e d  by t h e  c o n t r i b u t i o n  from  ^  r 4 * ^ “ > ^  z £  - X  .

§ 9* C o n c lu s io n *

We have c a l c u l a t e d  th e  c o r r e c t i o n  t o  t h e  c r o s s -  

s e c t i o n  o b ta in e d  by B o r s e l l i n o  ( 9 ) ( f i g * 3 ) when one t a k e s  

i n t o  a c c o u n t  t h e  p o s s i b i l i t y  o f  t h e  a b s o r p t io n  o f  t h e  

r e a l  ^  - r a y  by th e  i n i t i a l l y  p r e s e n t  e l e c t r o n *  As was 

s u g g e s te d  i n  f  4 » t h e  c o n t r i b u t i o n  from   ̂ i s  

a lw ays l e s s  t h a n  t h a t  from  t*t <^5 , and d e c r e a s e s  i n

im p o r ta n c e  a s  t h e  IS - r a y  energy  i n c r e a s e s *  At * —ra y  

e n e r g i e s  o f  2*5 and 5 Mev, we have to  add c o r r e c t i o n s  o f  

2>0$ and 7*8^ r e s p e c t i v e l y  t o  B o r s e l l i n o ^  r e s u l t s ,  b u t  

by 20 Mev t h e  c o r r e c t i o n  h as  dropped to  l e s s  t h a n  2#*

The c r o s s - s e c t i o n  o b ta in e d  from th e s e  new te rm s  a lo n e  

h a s  a  maximum a t  a  K - r a y  energy  o f  a b o u t  1 2 .5  Mev*

For t h e s e  new te r m s ,  and n e g l e c t i n g  exchange a s  we 

have done , h ig h  momentum t r a n s f e r s  to  t h e  r e c o i l  e l e c t r o n  

become more im p o r ta n t  a s  th e  X - r a y  energy  i n c r e a s e s ,  

an d ,  even  a t  low e n e r g i e s ,  h ig h  momentum t r a n s f e r s  a r e  a s



-55-

im p o r t  a n t  a s  low* However, a t  h ig h  e n e r g i e s ,  o u r  

c o r r e c t i o n  t o  B o r s e l l i n o ' s  r e s u l t  i s  so sm a l l  t h a t  h i s  

f i n d i n g  o f  t h e  low momentum t r a n s f e r s  b e in g  t h e  more 

im p o r ta n t  w i l l  be u n a l t e r e d *

I t  i s  e x p e c te d  t h a t  exchange e f f e c t s  w i l l  be 

im p o r ta n t  o n ly  a t  low e n e r g i e s  and w i l l  r e d u c e  t h e  v a lu e  

o f  t h e  c r o s s - s e c t i o n  by a f a c t o r  o f  a b o u t  5 o r  6* F o r  

^ = 8 ( 4  Mev ^ - r a y )  Koch and C a r te r  (17) f i n d  an 

e x p e r im e n ta l  v a lu e  o f  abou t *05 f o r  — • B o r s e l l i n o ' s  

v a lu e  i s  ,225 and o u rs  i s  *018, so t h a t ,  n e g l e c t i n g  

ex ch an g e ,  ~  i s  0*243* T h u s^ fo r  t h i s  energy> exchange 

e f f e c t s  would have to  re d u c e  th e  c r o s s - s e c t i o n  f o r  

t r i p l e t  p ro d u c t io n  by a f a c t o r  o f  abou t 5* For ^ = 13(6*5 

Mev % - r a y ) ,  t h e  e x p e r im e n ta l  v a lu e  o f  i s  0 * 1 9 ( th e  

mean o f  t h e  v a lu e s  o b ta in e d  by P h i l l i p s  and K ruger (15) 

and Koch and C a r te r  (17) ) •  B o r s e l l i n o ' s  v a lu e  i s  0*408 

and , a d d in g  o u r  c o n t r i b u t i o n  o f  0*023, we have f o r  t h e  

t h e o r e t i c a l  v a lu e ,  n e g l e c t i n g  exchange, 0*431, so t h a t ,  

a t  t h i s  energy  exchange e f f e c t s  would have to  re d u c e  t h e  

c r o s s - s e c t i o n  by a  f a c t o r  o f  2 o r  3* We see  t h a t ,  a s  t h e  

V - r a y  energy  i n c r e a s e s ,  t h e  e f f e c t  o f  exchange d e c r e a s e s ,  

does o u r  c o n t r i b u t i o n ,  so t h a t  a t  v e ry  h ig h  e n e r g i e s  t h e  

c r o s s - s e c t i o n  c a l c u l a t e d  by B o r s e l l i n o  w i l l  be a p p ro x im a te ly  

c o r r e c t  *



APPENDIX*

The Pro . l e c t io n  O p e ra to r  i n  Feynman F o rm alism *

I t  i s  n o t  a t  a l l  c l e a r  from Feynm an 's p a p e r s  t h a t  

i s  t h e  c o r r e c t  o p e r a t o r  p r o j e c t i n g  n e g a t iv e  en ergy  s t a t e s  

i n t o  p o s i t i v e  energy  s t a t e s *  D i r a c ' s  e q u a t io n  i s

w h e th e r  VA d e s c r i b e s  a p o s i t i v e  o r  a  n e g a t iv e  energy  

p a r t i c l e *  I f  th e  energy  o f  t h e  p a r t i c l e  i s  p o s i t i v e  

, w h i le  i f  i t  i s  n e g a t iv e ,  \ > *. In  t h e  

u s u a l  fo rm a l ism  o f  D i r a c ,  t h i s  i s

\ e-c£.p)}u+ --
(A»2)

where we have  u se d  t h e  d e f i n i t i o n  o f  Feynman’s  V sCŷ -U*’ i*>)  

and where and d en o te  p o s i t i v e  and n e g a t iv e  energy  

s t a t e s  r e s p e c t i v e l y *  In  t h i s  fo rm a l ism , t h e  mass i s  

a lw ays p o s i t i v e *

However, a s  Feynman s t a t e s ,  does have t h e  e ig e n ­

v a lu e s  , b u t  t h e  c o r re sp o n d in g  e ig e n f u n c t io n s  a r e  

t h o s e  o f  p o s i t i v e  and n e g a t iv e  m ass, no t o f  p o s i t i v e  and 

n e g a t iv e  energy*  We s h a l l  d e s c r ib e  p o s i t i v e  mass s t a t e s  

by t h e  s p in o r  , n e g a t iv e  mass s t a t e s  by * I n  t h i s

fo rm a l is m ,  t h e  energy  i s  a lw ays p o s i t i v e *

We have f o r  th e  s o l u t i o n  o f  D i r a c ' s  e q u a t io n ,  

as * , 5 = 1 , 2 ,  3 i 4 , w herey - i s  a  s p in o r
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whose com ponents s a t i s f y  t h e  e q u a t io n s

(E-vw.)^, - K /^3 ~ (j**-1

~ f V N  “  ^  ~  °  ( A » 3 )

k / * ,  ^ ( ^ V w  - . o  .

These e q u a t io n s  have s o l u t i o n s  o n ly  i f  eV - ^ . q , 

I f ,  t o  o b t a i n  a  s o l u t i o n ,  we choose a  s ig n  f o r  E+ i i  

we g e t
* =' s : i  s = j S U \

/*• - U *  - (  i o   fc- i a r .*h>.) = i
E4+ŵ  E^+m »

u  ( o  I
•A ~ ^  V /

( A  • * )

, ,  . /   fci  | O )
i  ^  — “  I f -  < w  G _  — *vv

.  u  ,  ( ± !_ i£ i .  -  - ^ s— °  i )  ^ov s> = '^  .
/  V l=--w x

I f ,  how ever, we choose a  s ig n  f o r  Tv\ ̂  + , we g e t

u  t  «.+ - ( I c  — -hi-iibi.  ^ s^-i
f  t  *

^  = ( K . i o  )
/ ~ V f  -vw_ E-W1_

, p * - ; k i  f e -  O  I  )  + * * ■ * * ‘- ' i  .
-  \A . ~ 1 '

-  -/** “ " ‘ V e  - v w _  f e
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I n  (A .4 ), i s  a lw ays p o s i t i v e ,  w h ile  i n  (A .5) £ i s

a lw ays p o s i t i v e .  Thus ^  , which i s  t o  be e x p e c te d

s in c e  and £ a r e  b o th  p o s i t i v e  i n  th e  two c a s e s .  I f  

i n  U _ ,  we r e p l a c e  E_by ^ a n d ^  by ^ , we o b t a i n  .

T h is  means t h a t  a s p i n o r ,  r e p r e s e n t i n g  a  p a r t i c l e  w i th  

n e g a t iv e  energy  and p o s i t i v e  m ass ,  can  be i n t e r p r e t e d  a s  

r e p r e s e n t i n g  a  p a r t i c l e  w ith  p o s i t i v e  energy  and 

n e g a t iv e  m a ss .

Hence t h e  o p e r a t o r w h i c h  p r o j e c t s  th e  n e g a t iv e  

m ass s t a t e s  i n t o  th e  p o s i t i v e  mass s t a t e s ,  can  be 

i n t e r p r e t e d  a s  p r o j e c t i n g  t h e  n e g a t iv e  energy  s t a t e s  

i n t o  t h e  p o s i t i v e  energy  s t a t e s .  Thus Feynm an's 

summation o v e r  p o s i t i v e  and n e g a t iv e  mass s t a t e s  can  be 

r e p l a c e d  by summation o v e r  p o s i t i v e  and n e g a t iv e  energy  

s t a t e s ,  u s in g  t h e  same p r o j e c t i o n  o p e r a t o r .

That t h i s  p r o j e c t i o n  o p e r a to r  i s  c o r r e c t  can  a l s o  

be seen  a s  f o l lo w s .

I f  t h e  p r o b a b i l i t y  a m p li tu d e  f o r  a t r a n s i t i o n  from  

t h e  s t a t e  1 t o  th e  s t a t e  2 i s  f> m **») , t h e n  t h e

t r a n s i t i o n  p r o b a b i l i t y  i s  (.w* yscivi,)

where i s  M w i th  th e  o rd e r  o f t h e  d  ’ s and /S ' s  

r e v e r s e d  and e x p l i c i t  appea ran ce  o f  i  changed to  -<■ •

Let u s  d en o te  summation o v e r  th e  s p in s  o f  t h e  p o s i t i v e  

energy  s t a t e s  o f  t h e  e l e c t r o n  j  by £  , and summation 

o v e r  th e  s p in s  o f  b o th
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p o s i t i v e  and n e g a t iv e  energy  s t a t e s  by £  . C a r ry in g
j

o u t  t h e  summation o v e r  t h e  s p in s  o f  p a r t i c l e s  1 an d 2 , 

which  we assume b o th  t o  be i n  p o s i t i v e  energy  s t a t e s r 

we o b t a i n
X  ~ M i1" W / i  ^  vv/kcre w f  o,s W tw f H\<?

I a
VvoiT rvvixJ I S CV-lrCoVv vX, ~ - I .

X £  ^  ^  y$fV) V t.j.

|>TÔ« cKovv o|»«TOv.Hpr.

•= i '  {w.+ i - \v  ( r ^ l

'- [  t

(A .6)

Let u s  now d e n o te  summations o v e r  t h e  s p in s  o f  mass 

s t a t e s  by S's , a n a lo g o u s  to  th e  f js  •• The m a t r ix  

e lem en t i s ,  i n  th e  Feynman fo rm a l ism , *A*s) .

The t r a n s i t i o n  p r o b a b i l i t y  i s

( l i ,  fV\ -M.x )  f V A ^ ,)  -  f i l *  W i ) ( * A ^  f t * * '  ^ \ )

where we assume th e  n o r m a l i s a t io n  *■*. ~



For t h e  moment, we s h a l l  n e g le c t  t h e  d i f f e r e n c e  i n  

n o rm a l!  s a t  i o n , and e qua t e ( ^ , r  (v\+ ft ft ^  )  and

^  ^ 0  * s0 ^ h a t

/5IVV i ^  ft

o r  m

i s  w i th  t h e  o r d e r  o f  t h e  JL * s  and ' s  r e v e r s e d  

and e x p l i c i t  a p p e a ra n c e  o f  i changed to  - i  , so t h a t  M i s  

M w i th  t h e  o r d e r  o f  t h e  Y 1 s r e v e r s e d  and e x p l i c i t  a p p e a ra n c e  

o f  i  changed  t o  - t  • We now have w, and*** r e p r e s e n t i n g  p o s i t i v e  

mass p a r t i c l e s *

Then Y r ? f  ^  ^  ^ 0

, s' *, {“> *  M'*'}

To n o r m a l i s e  t h i s  t o  u **a i \ , we have t o  m u l t i p ly  by
■ 1

so t h a t

&£j-/*(**■&) + fif*?ft (

Thus t h e  two m ethods g iv e  th e  same r e s u l t *
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PART I t . 

The R e a c t io n s  rr*+ 1



PREFACE to  PART I I .

The prob lem  o f  Ft meson p r o d u c t io n  i n  p r o t o n - p r o t o n  

(p -  p) c o l l i s i o n s  h as  been  c o n s id e r a b ly  i n v e s t i g a t e d ,  

and i t  h a s  been  found t h a t  t h e  p r o b a b i l i t y  o f  t h e  two 

f i n a l  n u c le o n s  fo rm ing  a d e u te ro n  (d) i s  v e ry  h igh *  The 

r e a c t i o n  ba s  been  s tu d i e d  by a phenom enologica

w e a k -c o u p lin g  t r e a tm e n t*  P ro f*  J .C .  Gunn su g g e s te d  to  

t h e  a u th o r  t h a t  i t  would be p o s s ib l e  to  c a r r y  ou t  a 

s i m i l a r  t r e a tm e n t  o f  t h e  problem  o f  Tl* meson p r o d u c t io n  

i n  p r o to n - d e u te r o n  c o l l i s i o n s ,  w i th  th e  fo rm a t io n  o f  a 

t r i t o n  ( t ) .  The number o f  n u c le o n s  in v o lv e d  i n  t h i s  

r e a c t i o n ,  t  , i s  no t  s u f f i c i e n t  to  make such a

c a l c u l a t i o n  p r o h i b i t i v e *  P a r t  I I  o f  t h i s  t h e s i s  c o n ta in s  

c a l c u l a t i o n s  o f  t h e  d i f f e r e n t i a l  and t o t a l  c r o s s - s e c t i o n s  

f o r  t h i s  r e a c t i o n *

The prob lem  o f  n* meson p ro d u c t io n  i n  p r o to n -  

d e u te r o n  c o l l i s i o n s  i s  o f  i n t e r e s t  a s  i t  i s  t h e  s im p le s t  

p r o c e s s  by which an e s t im a te  can  be made o f  th e  

p r o b a b i l i t y  o f  meson p r o d u c t io n  i n  p r o to n - n e u t r o n  

c o l l i s i o n s *  T h is  in f o r m a t io n ,  however, ( s e e f 2 ) ^ i s  

o b ta in e d  on ly  from th e  r e a c t i o n s  i n  which t h e  f i n a l  

n u c le o n s  a re  no t  a l l  bound* I t  i s  found , i n  t h i s  t h e s i s ,  

t h a t  t h e  ‘two-body* r e a c t i o n  i s  more p r o f i t a b l e  a s  a 

method o f  s tu d y in g  th e  p r o p e r t i e s  o f  th e  t r i t o n  t h a n  as  

a method o f  s tu d y in g  th e  mechanism o f  meson p ro d u c t io n *



( i i )

The f i r s t  c h a p te r  c o n s i s t s  o f  a  su rv ey  o f  p r e v io u s  

work r e q u i r e d  f o r  an u n d e r s ta n d in g  o f  t h e  p rob lem . ? § 1 

and 2 a r e  r e v ie w s  o f  p r e v io u s  s t u d i e s  o f  meson 

p r o d u c t io n  i n  n u c le o n —n u c le o n  c o l l i s i o n s *  § 1 d e a l s  w i th  

t h e  p r o d u c t io n  i n  p r o to n - p r o to n  c o l l i s i o n s  and f  2 w ith  

t h e  p r o d u c t io n  i n  p r o to n - n e u t r o n  c o l l i s i o n s .  I t  i s  no ted  

i n  § 2 t h a t  t h e  p ro to n - n e u t r o n  p ro d u c t io n  c r o s s - s e c t i o n  

i s  n o t  sm a ll  enough to  a l lo w  t h i s  method o f  n + meson 

p r o d u c t io n  to  be n e g le c te d  i n  th e  p r o to n - d e u te r o n  

p r o d u c t io n  p r o c e s s .  P re v io u s  t h e o r e t i c a l  s t u d i e s  o f  t h e  

r e a c t i o n  f based  on th e  im pulse  a p p ro x im a t io n ,

have n e g le c t e d  t h i s  method o f  p r o d u c t io n .  These s t u d i e s ,  

and t h e  e x p e r im e n ta l  in fo r m a t io n  a v a i l a b l e  on t h i s  

r e a c t i o n ,  a r e  summarised i n  § 3*

The second c h a p te r  ( f f 4  -  8 ) ,  a l l  o f  which i s  th e  

a u t h o r ' s  own work, c o n ta in s  t h e  phenom eno log ica l weak- 

c o u p l in g  t r e a tm e n t  o f  th e  r e a c t i o n s  (*̂ o( _ T h is

f o l lo w s  t h e  l i n e s  o f  a  c a l c u l a t i o n  by C heston  (13) o f  t h e  

c r o s s - s e c t i o n s  f o r  t h e  r e a c t i o n s  + .  The c r o s s -

s e c t i o n  f o r  t h e  r e a c t i o n  i s  c a l c u l a t e d ,  and

t h a t  f o r  th e  i n v e r s e  r e a c t i o n  i s  o b ta in e d  by d e t a i l e d  

b a l a n c i n g .

§4  d e s c r i b e s  th e  k in e m a t ic s  o f  th e  r e a c t i o n s ,  which 

have been  d e a l t  w ith  s e p a r a t e l y ,  s in c e  th e y  r e s t  on a 

su re  f o u n d a t io n .  § 5 c o n ta in s  th e  g e n e ra l  fo rm alism  which
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would have t o  he a p p l i e d  to  any t r e a tm e n t  o f  t h e  problem  

b a se d  on w eak -c o u p lin g  p e r t u r b a t i o n  t h e o r y .  For c l a r i t y ,  

t h i s  p a r t  o f  th e  c a l c u l a t i o n  h as  n o t  been  made c o m p le te ly  

g e n e r a l  $ t h e  t r i t o n  was d e s c r ib e d  by th e  I r v i n g  wave 

f u n c t i o n  (31) and t h e  d e u te ro n  by a Yukawa-type wave 

f u n c t i o n .  Any r e p e t i t i o n  o f  th e  c a l c u l a t i o n  c o u ld ,  

how ever, s t a r t  from  th e  end o f  § 5 t  t h e  on ly  a l t e r a t i o n  

r e q u i r e d  would be i n  th e  wave f u n c t i o n s  i n s e r t e d  f o r  t h e  

d e s c r i p t i o n  o f  t h e  d e u te ro n  and t h e  t r i t o n .

The c a l c u l a t i o n  i s  c a r r i e d  out f o r  s c a l a r  mesons 

w i th  s c a l a r  c o u p l in g  i n  f 6 and f o r  p s e u d o s c a la r  mesons 

w i th  p s e u d o v e c to r  c o u p l in g  i n  £ 7 .  Only th e s e  t h e o r i e s  

have  been  c o n s id e r e d ,  s in c e  t h e  e x p e r im e n ta l  r a t i o  o f  th e  

c r o s s - s e c t i o n s  f o r  t h e  r e a c t i o n s  shows t h a t

t h e  meson has s p in  z e r o .  A na lyses  o f  o t h e r  meson 

p r o c e s s e s  i n d i c a t e  t h a t  th e  meson h as  odd p a r i t y ,  b u t  

i t  was found  ( (1 1 )  and (1 3 ))  t h a t  a  phenom enolog ica l 

w e a k -c o u p lin g  t r e a tm e n t  o f  t h e  p ro c e s s e s  f> + gave

b e t t e r  ag reem ent w ith  experim ent f o r  s c a l a r  mesons th a n  

f o r  p s e u d o s c a l a r .  I t  was t h e r e f o r e  th o u g h t  a d v is a b le  to  

c o n s id e r  b o th  p a r i t i e s  o f  th e  meson.

For s c a l a r  m esons, th e  c a l c u l a t i o n  was c a r r i e d  ou t 

u s in g  an I r v i n g  and G auss ian  wave f u n c t io n  to  d e s c r ib e  

t h e  t r i t o n .  With t h e  fo rm er ,  th e  a n g u la r  d i s t r i b u t i o n
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i s  n o t  u n re a s o n a b le  b u t  t h e  t o t a l  c r o s s - s e c t i o n  i s  much 

to o  l a r g e  * W ith t h e  G au ss ian  wave f u n c t i o n ,  t h e  t o t a l  

c r o s s - s e c t i o n  i s  ro u g h ly  i n  agreem ent w i th  experim en t 

b u t  t h e  a n g u la r  d i s t r i b u t i o n  i s  u n r e a s o n a b le .  These 

r e s u l t s  a r e  d i s c u s s e d  i n  §8  and show t h a t ,  i n  t h e  h ig h  

momentum r e g i o n ,  th e  I r v i n g  wave f u n c t i o n  i s  to o  l a r g e ,  

t h e  G a u ss ia n  to o  sm all*  A f te r  t h e s e  f i n d i n g s ,  i t  was no t 

c o n s id e r e d  a d v i s a b l e  to  c a r r y  ou t t h e  p s e u d o s c a la r  

c a l c u l a t i o n  f u l l y ,  and i n  t h i s  t h e o r y ,  on ly  p ro to n s  o f  

en e rg y  340 Mev were c o n s id e re d *  The r e s u l t s  a r e  d i s c u s s e d  

i n f  8* No e x p e r im e n ta l  e x c i t a t i o n  cu rve  i s  a v a i l a b l e ,  

and t h e  c a l c u l a t e d  one f o r  s c a l a r  mesons i s  n o t  t h e r e ­

f o r e  d is c u s s e d *

I n  t h e  a p p e n d ix ,  th e  i n t e g r a l s  o c c u r r in g  i n  th e  t e x t  

a r e  e v a lu a te d *  T h is  i s  a l s o  t h e  a u t h o r ’s own work*

In  c o n c lu s io n ,  t h e  a u th o r  would l i k e  t o  e x p re s s  h i s  

th a n k s  t o  P r o f .  J.C* Gunn f o r  s u g g e s t in g  t h i s  problem  

and f o r  f r u i t f u l  d i s c u s s i o n s  d u r in g  t h e  s o lv in g  o f  i t *

He would a l s o  l i k e  t o  th a n k  t h e  N u f f ie ld  F o u n d a t io n  f o r  a  

S t u d e n t s h ip ,  d u r in g  t h e  t e n u r e  o f  which t h i s  work was 

perfo rm ed*
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CHAPTER I .

§ 1 ,  I n t r o d u c t i o n »

A “beam o f  p h o to n s  p a s s i n g  t h r o u g h  m a t t e r  may l o s e  

i n t e n s i t y  t h r o u g h  i n d i v i d u a l  q u a n ta  p ro d u c in g  p a i r s ,  t h e  

u s u a l  p r o d u c t i o n  b e in g  i n  t h e  Coulomb f i e l d  o f  a  n u c le u s  

o f  c h a r g e  2  e  * The d i f f e r e n t i a l  c r o s s - s e c t i o n  f o r  t h i s  

m ethod o f  p r o d u c t i o n  h a s  b e e n  f o r m u la te d  by B e th e  and 

H e i t l e r  (1 )  and  by Racah ( 2 ) *  A n a l y t i c  i n t e g r a t i o n  i s  

s im p le  o n ly  i n  t h e  l i m i t i n g  c a s e s  o f  s m a l l  and l a r g e  

p h o to n  en ergy *  F o r  s m a l l  p h o to n  e n e r g y ,  Racah fo u n d  

tVe t o t a l  c r o s s - s e c t i o n= z'ttMStS l^)' (ia>
and  B e th e  and H e i t l e r  fo u n d ,  f o r  k, »  vvvC >

/I \  _ -7X I * \ (  ^  ( * 1  ArQ iU i -  * 1 -  \  C1 *2 )

where k ^ ^ a r e  t h e  e n e r g i e s  o f  t h e  p h o to n ,  e l e c t r o n  

and  p o s i t r o n  r e s p e c t i v e l y *  m  i s  t h e  e l e c t r o n  r e s t  m ass 

and1v,e,c have  t h e i r  u s u a l  m eaning* B o r n 's  f i r s t  

a p p ro x im a t io n  h a s  b een  u se d  and t h i s  i s  v a l i d  i f  t h e  

v e l o c i t i e s  o f  t h e  p a i r  c o n s t i t u e n t s  a r e  g r e a t e r  t h a n  Z ( ^ ) c 

t h i s  c o n d i t i o n  b e in g  s a t i s f i e d  i f  t h e  v e l o c i t i e s  o f  t h e  

p a r t i c l e s  a r e  n e a r  t h a t  o f  l i g h t  and Z  ~  .

I n  a c t u a l  f a c t ,  t h e  quantum d o es  n o t  f e e l  t h e  f u l l  

e f f e c t  o f  t h e  n u c l e a r  Coulomb f i e l d ,  s i n c e  t h e  n u c le u s
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e n e rg y  g iv e s  t h e  t o t a l  a t  t h e  a p p r o p r i a t e  an g le*  

such  i n t e g r a t i o n s  g iv e  t h e  r e s u l t s  shown i n  T ab le  1* 

Assuming t h a t  two—t h i r d s  o f  t h e  mesons a r e  due to  t h e  

r e a c t i o n  j>-=> f th e  a n g u la r  d i s t r i b u t i o n  i n  t h e

30 _

i s

lu

^  a

/

fe . . Meson. (M « v .)
t o  f o  too  '—  n v  » v  I V U

F i g . l .  n* spectrum  a t  0° f o r  340 Mev p ro to n s
f  T.rt +  A WT ATT r.4* Ayw 1

L f t -  k o f a - l r o f  \ f  

S \ f S t ~ * r r \  l e  .

0 0 1-00 t o ' U O

t < 6 °
♦  o - i  

h  - 0 1
i o #

, . u  
e  r «  _  o - r t .

* 0- 04,

T ab le  1* D i f f e r e n t i a l  c r o s s - s e c t i o n  f o r  340 Mev 
i n c i d e n t  p ro to n s*

c e n t r e  o f  mass system  f o r  t h i s  r e a c t i o n  i s  o f  t h e  form

{ f t  +  ^  ^ © )  I *3 Onrv* I  S

w ith  A^ *25  and B - 3 . 

D u rb in ,  Loar and S te in b e r g e r  (4) and C la rk ,  R o b e r ts  and 

W ilson  ( 5 ) ,  s tu d y in g  t h e  in v e r s e  r e a c t i o n  nV c*-:> f>+ 

have a p p ro x im a te ly  v e r i f i e d  t h i s  <-<30*$ d i s t r i b u t i o n  f o r  

d i f f e r e n t  meson e n e rg ie s *  T h e ir  r e s u l t s  a re  shown i n
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t a b l e  2 .  ( i i i )  I n t e g r a t i o n  o f  ^  o v e r  a n g le  f o r  a  

p a r t i c u l a r  p r o to n  energy  g iv e s  th e  t o t a l  c r o s s —s e c t i o n  

a t  t h i s  e n e rg y • T h is  h a s  h e en  done f o r  p r o to n  e n e r g ie s *  

i n  t h e  l a b o r a t o r y  sys tem , o f  345 , 365 and 380 Mev by

TT* rv\ P SO(\
e w e  v ^”>1 , 

( M e v . )

cl J \

y-* f>

0 i O

t+o * E" (cr±x B ■* O-^y

U  r ( c o ^ e  - t O I ? )

T ab le  2* A ngular d i s t r i b u t i o n s  f o r  r e a c t i o n  n ***’'* p+|». 

Passm an, B lock and Havens (6) who m easured  t h e  meson
o

y i e l d  a t  90 i n  th e  l a b o r a to r y  system  f o r  t h e s e  e n e r g ie s  

and assum ed t h e  above form o f  t h e  a n g u la r  d i s t r i b u t i o n *  

The e x c i t a t i o n  cu rv e  th ey  o b ta in e d  i s  shown i n  f i g . 2 

( r e s u l t s  (a )  ) and shows a v a r i a t i o n  a p p ro x im a te ly  

p r o p o r t i o n a l  t o  T* , where T  i s  t h e  meson k i n e t i c  energy  

i n  t h e  c e n t r e  o f  mass sys tem . S ch u lz ,  Hamlin, Jakob son
-r-y*and M e r r i t t  (7) found a v a r i a t i o n  p r o p o r t io n a l  to  t . 

However, th e y  m easured only  mesons i n  th e  p eak , so t h a t  

t h e i r  e x c i t a t i o n  cu rv e  i s  f o r  th e  r e a c t i o n  +<k'

a l o n e .  The e x c i t a t i o n  curve  f o r  t h i s  r e a c t i o n  a lo n e  can 

be o b t a in e d  by d e t a i l e d  b a la n c in g  w ith  sp in  ze ro  mesons 

from t h e  r e s u l t s ,  quoted  above , on th e  i n v e r s e  r e a c t i o n
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and t h i s  i s  a l s o  shown i n  f i g . 2* ( r e s u l t s  (b) )

(b )  T h e o r e t i c a l »

The t h e o r e t i c a l  m ethods o f  s tu d y in g  meson p r o d u c t io n  

i n  n u e le o n -n u c le o n  c o l l i s i o n s  f a l l  i n t o  f o u r  c l a s s e s *

F ig*2* E x c i t a t i o n  c u rv e s ,  (a )  in c lu d in g  +
and n++^+w and (b) f o r  ^ o n l y *

( i )  t h e  p u re  f i e l d - t h e o r e t i c  method a s  u sed  by M o re tte  (8) 

and  B ru eck n e r  ( 9 ) ,  ( i i )  th e  phenom enological weak— 

c o u p l in g  method a s  u sed  by Foldy and Marshak (1 0 ) ,  Gunn, 

Power and Touschek (1 1 ) ,  Fujim oto  and Yamaguchi (12) 

and C hes to n  ( 1 3 ) ,  ( i i i )  t h e  p u re ly  phenom enolog ical 

m ethod a s  u se d  by Watson and B rueckner (14) and ( iv )  t h e  

i s o b a r i c  s t a t e  method a s  u sed  by Matsuyama and Miyazawa ( 1 5 ) 

and B ru e ck n e r  and Watson (16)*

The f i r s t  o f  th e s e  assumes t h a t  th e  exchange o f  

momentum betw een  th e  n u c leo n s  i s ,  t o  lo w est o r d e r ,  due to  

t h e  exchange o f  one meson, so t h a t  th e  p ro c e s s  i s  o f  th e

*
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t h i r d  o r d e r  i n  t h e  m esonie c o u p l in g  c o n s ta n t*  In  t h i s  

m ethod i t  i s  d i f f i c u l t  t o  t a k e  i n t o  acco u n t p r o c e s s e s  i n  

w hich  t h e  f i n a l  two n u c le o n s  a r e  "bound, and i t  h a s  "been 

r e s t r i c t e d  i n  u se  t o  d e a l in g  w i th  c a s e s  i n  which p la n e  

waves can  "be t a k e n  f o r  t h e  n u c le o n s  i n i t i a l l y  and f i n a l l y *  

T h is  means t h a t  th e  r e s u l t s  o f  t h i s  method w i l l  he 

u n c e r t a i n  f o r  low r e l a t i v e  e n e r g ie s  o f  th e  two n u c le o n s  

i n  t h e  f i n a l  s t a t e ,  where t h e  e x p e r im e n ta l  r e s u l t s  a re  

a v a i l a b l e .  In  t h e  second m ethod, th e  f o r c e  betw een th e  

n u c le o n s  i s  r e p r e s e n te d  by a  phenom eno log ica l p o t e n t i a l ,  

b u t  t h e  u s u a l  o p e r a t o r s  o f  f i e l d  th e o ry  a re  u se d  f o r  

d e s c r i b i n g  t h e  e m iss io n  o f  th e  meson. T h is  means t h a t  t h e  

f i n a l  r e s u l t  i s  o n ly  o f  f i r s t  o r d e r  i n  th e  m esonie 

c o u p l in g  c o n s ta n t?  p a r t  o f  th e  u n c e r t a i n t y  i n  t h e  

c a l c u l a t i o n  h a s  been  t r a n s f e r r e d  from f i e l d  th e o r y  to  

n u c l e a r  p h y s i c s ,  a l th o u g h  th e  e r r o r  caused  by a  weak- 

c o u p l in g  t r e a tm e n t  s t i l l  rem a in s ,  bu t to  a l e s s e r  e x t e n t .  

Power (17) h a s  p a r t i a l l y  j u s t i f i e d  th e  u se  o f  a  

p h en o m e n o lo g ic a l  p o t e n t i a l ,  a  method which i s  no t 

o b v io u s ly  c o r r e c t  s in c e  theT* -mesons th em se lv e s  a r e  

p a r t l y  r e s p o n s i b l e  f o r  th e  p o t e n t i a l .  In  th e  t h i r d  

m ethod , t h e  p u re ly  ph enom eno log ica l,  a  p ro p e r  

r e l a t i v i s t i c a l l y  i n v a r i a n t  form i s  assumed f o r  t h e
txn.

t r a n s i t i o n  m a t r ix  e lem ent and ̂ a n a ly s is  i s  made o f  t h e
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c o n d i t i o n s  o f  c h a rg e  symmetry and c o n s e r v a t io n  o f  

a n g u la r  momentum and p a r i t y *  On t h i s  "basis , Watson and 

B ru e ck n e r  (14) have s tu d i e d  a l l  t h e  p o s s ib l e  n u c le o n -  

n u c le o n  p r o d u c t io n  p r o c e s s e s  f o r  t h e  c a s e s  i n  which th e  

m esons a r e  e m i t te d  i n  s o r  waves* The f o u r t h  method 

assum es t h a t  one o f  t h e  n u c le o n s  i s  e x c i te d  to  an 

i s o b a r i c  s t a t e  and th e n  decays e m i t t in g  a meson* Of t h e s e  

f o u r  m e th o d s , we s h a l l  be c h i e f l y  i n t e r e s t e d  i n  t h e  

second  and we now i l l u s t r a t e  i t s  u se  by g iv in g  a b r i e f  

su rv e y  o f  C h e s to n 's  (13) work, a s  we s h a l l  be u s in g  h i s  

a p p ro a c h  i n  d e a l in g  w ith  th e  problem  o f  T7+ meson 

p r o d u c t io n  i n  p ro to n -d e u te r o n  c o l l i s i o n s  where th e  f i n a l  

n u c le o n s  form  a t r i t o n *  We s h a l l  r e s t r i c t  o u r s e lv e s  to  

s c a l a r  mesons w i th  s c a l a r  c o u p lin g  (h e n c e f o r th  deno ted  by 

5 ($ )  ) and p s e u d o s c a la r  mesons w ith  p se u d o v e c to r  

c o u p l in g  (d e n o te d  by P* ( Pv) ) ,

C heston  c o n s id e re d  th e  r e a c t i o n  5 and

o b ta in e d  t h e  c r o s s - s e c t i o n  f o r  th e  in v e r s e  p ro c e s s  by 

d e t a i l e d  b a la n c in g *  He r e s t r i c t e d  h im s e l f  to  mesons o f  

e n e r g i e s  g r e a t e r  th a n  5 Mev (so t h a t  th e  Coulomb b a r r i e r  

o f  t h e  d e u te ro n  co u ld  be n e g le c te d )  and l e s s  th a n  

100 Mev (so  t h a t  t h e  nu c leo n s  would have e n e rg ie s  l e s s  th a n  

500 Mev and c o u ld  be t r e a t e d  n o n - r e l a t i v i s t i c a l l y )• The
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i n t e r a c t i o n  o p e r a t o r s  were t h e r e f o r e  u se d  i n  t h e i r  non— 

r e l a t i v i s t i c  fo rm s , t h e s e  b e in g  o b ta in e d  by th e  method o f  

Po ldy  and Wouthuysen (18)* For th e  wave f u n c t i o n  

d e s c r i b i n g  t h e  two p ro to n s  he to o k  a p p r o p r i a t e l y  a n t i -  

sy m m etr ised  p la n e  waves, i . e .  he n e g le c te d  t h e i r  i n t e r a c t i o  

He s t a t e d  t h a t  a llo w ance  f o r  t h i s  would change th e  c r o s s -  

s e c t i o n  by o n ly  a  few p e r  c e n t .  (Gunn, Power and Touschek

(11) have t a k e n  t h i s  i n t e r a c t i o n  in to  accoun t and we 

s h a l l  d i s c u s s  t h e i r  r e s u l t s  b e lo w ).  C heston  u sed  th e  

H u lth e n  wave f u n c t i o n  f o r  th e  d e u te ro n  and a l lo w e d ,  i n  

ps(pv) t h e o r y , f o r  a  sm all  adm ix tu re  o f  th e  3^\ s t a t e  

w i th  t h e  s t a t e .  T h is  a llo w ance  made o n ly  a sm a ll  

d i f f e r e n c e  t o  h i s  r e s u l t s  and we s h a l l  h e n c e f o r th  

n e g le c t  i t .  He c a l c u l a t e d  t h e  a n g u la r  d i s t r i b u t i o n  o f  

t h e  p r o to n s  i n  th e  c e n t r e  o f  mass system  f o r  meson 

e n e r g i e s  o f  5 , 2 2 .7 ,  50 and 100 Mev. His r e s u l t s  f o r  

2 2 .7  Mev mesons (which co rre sp o n d  to  340 Mev p ro to n s  i n  

t h e  l a b o r a t o r y  system ) a re  shown i n  f i g . 3* In  th e  

c e n t r e  o f  mass system  th e  a n g u la r  d i s t r i b u t i o n  o f  t h e  

p r o to n s  from  t h e  r e a c t i o n  I s ik e  same a s

t h a t  o f  t h e  mesons from th e  r e a c t i o n  n -t d  .

F i g *-3 t h e r e f o r e  l^sssgfi^asB® r e p r e s e n t s  a ls o  t h e  a n g u la r  

d i s t r i b u t i o n  o f  th e  mesons, i n  th e  c e n t r e  o f  mass sys tem , 

p roduced  by p r o to n s  whose l a b o r a to r y  energy i s  340 Mev.



C h es to n  found, t h a t  a t  "the lo w es t  energy  t h e  a n g u la r  

d i s t r i b u t i o n  f o r  PSTPv) th e o r y  was much more i s o t r o p i c  

t h a n  f o r  t h e o r y , and t h a t  a s  t h e  energy  o f  t h e

F ig*3*  A ngular D i s t r i b u t i o n s  f o r  340 Mev p r o to n s ,  
a s  c a l c u l a t e d  by Cheston*

meson (and  hence  t h e  p ro to n )  in c r e a s e d  b o th  d i s t r i b u t i o n s  

became l e s s  i s o t r o p i c *  T his can be e x p la in e d  i n  th e  

f o l lo w in g  way*

C o n s id e r  th e  r e a c t i o n  ^ # j i i e f i n a l

two—n u c le o n  s t a t e  i s  a  s t a t e ,  and th e  i n i t i a l  tw o- 

n u c le o n  s t a t e  i s  l i m i t e d ,  by th e  P a u l i  E x c lu s io n  

P r i n c i p l e ,  t o  b e in g  one o f  'S0 ,

Now, a t  low e n e r g i e s ,  t h e  mesons w i l l  be e m it te d  

p re d o m in a n t ly  i n  s  —s t a t e s  and f o r  t h i s  t h e r e  a re  no 

p o s s i b l e  t r a n s i t i o n s  f o r  th e o r y ,  bu t t h e  t r a n s i t i o n

i s  a l lo w ed  i n  P s (Pv) th eo ry *  Thus f o r  s c a l a r  

m esons, t h e  meson h a s  to  be e m it te d  i n  a p —s t a t e
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l e a d i n g  "to a n i s o t r o p y , w hereas f o r  p s e u d o s c a la r  mesons 

t h e  meson can  be e m i t te d  i n  an s —s t a t e  l e a d in g  to  

i s o t r o p y » The f a c t  t h a t  t h e  Psfpv) a n g u la r  d i s t r i b u t i o n  

i s  n o t  q u i t e  i s o t r o p i c ,  even a t  low e n e r g i e s ,  shows t h a t  

p - s t a t e  mesons a r e  a l s o  com peting , t h i s  b e in g  due to  

t h e  g r a d i e n t  o p e r a t o r  i n  th e  i n t e r a c t i o n *  The i n c r e a s e

'jn
1 O

9

3oo l+oo
F i g *4* E x c i t a t i o n  c u rv e s  c a l c u l a t e d  by Cheston*

i n  a n i s o t r o p y  w ith  i n c r e a s in g  energy i s  caused  by th e  

i n c r e a s i n g  im p o r tan c e  o f  th e  meson b e in g  e m it te d  w ith  

h ig h e r  a n g u la r  momentum* F i g *4 shows th e  e x c i t a t i o n  

c u rv e  o b t a in e d  by C heston  f o r  th e  r e a c t i o n

G-unn, Power and Touschek (1 1 ) ,  ( G .P .T . ) ,  c o n s id e re d  

th e  r e a c t i o n s  j) + |)-9^+A and and took  i n to

a c c o u n t  t h e  i n t e r a c t i o n  o f  t h e  two p ro to n s  i n  th e  i n i t i a l  

s t a t e *  T h is  i n t e r a c t i o n  th e y  took  to  be zero  f o r  odd 

p a r i t y  s t a t e s ; f o r  even p a r i t y  s t a t e s  th ey  c o n s id e re d  th e  

i n t e r a c t i o n  to  be on ly  i n  th e  * —s t a t e .  To d e s c r ib e  th e
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m t e r n u c l e o n  i n t e r a c t i o n ,  th e y  u sed  a  H u lthen  p o t e n t i a l
-X.r f  - X r l " 1 ()

t j l v ) -  oe L'~ J w ith  -pC = i • i n > 10 ua.^ u)t-u t-fc  m«v 

c°7; i'l-iMev; where 7  and"’^  r e f e r  to  t h e  s p in  t r i p l e t  and 

s i n g l e t  s t a t e s  r e s p e c t i v e l y  . For th e  a n g u la r  d i s t r i b u t i o n  

o f  t h e  ^  mesons i n  th e  c e n t r e  o f  mass system  th e y  found  

a  d i s t r i b u t i o n  f o r  th e o ry  * f o r  PrtPv) th e o r y

th e y  found  t h a t  i n t e r f e r e n c e  betw een th e  s -  and *  -w aves^  A ^ ~~ ~

f  ,  P f « t * A  f r x € y ' « \ j .  ( M t v . )
W o o  y t o o  '

F i g , 5 . E x c i t a t i o n  c u rv e s  c a l c u l a t e d  by Gunn, Power 
and Touschek f o r  r e a c t i o n  .

l e d  t o  a  c a n c e l l a t i o n  i n  t h e  fo rw ard  d i r e c t i o n .  T h e ir  

c a l c u l a t e d  e x c i t a t i o n  c u rv e s  a re  shown i n  f i g , 5* T h e ir  

t o t a l  c r o s s - s e c t i o n s  were s e n s i t i v e  to  th e  in te r n u c l e o n  

p o t e n t i a l  ch osen  and th e y  found t h a t  f o r  a  sq u a re  w e l l  

p o t e n t i a l  B)T = 4 1  Mev and a = 1 .85  x 10 cm ., th e  

c r o s s - s e c t i o n s  a t  350 Mev were reduced  by a f a c t o r  25*

Both C hes ton  and G .P .T . ,  u s in g  th e  phenom enological 

weak—c o u p l in g  m ethod, found t h a t  s c a l a r  mesons gave a 

b e t t e r  f i t  t o  th e  e x p e r im e n ta l  d i s t r i b u t i o n  th a n
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d id  pseudo s c a l a r  mesons* However, a s  Gr.P.f. p o in te d  o u t ,  

■better ag reem ent may be found u s in g  pseudo s c a l a r  th e o r y  

by c h o o s in g  a more s u i t a b l e  i n t e r n u c l e o n  p o t e n t i a l .  Gr.P.T. 

a l s o  fo u n d ,  f o r  low e n e r g i e s ,  a  b e t t e r  f i t  to  t h e  

e x p e r im e n ta l  e x c i t a t i o n  curve  w ith  s c a l a r  m esons, th o u g h  

t h e  r i s e  i n  t h e  c r o s s - s e c t i o n  w ith  energy  was n o t so 

s t e e p  a s  exp erim en t r e q u i r e s .

f 2 .  rV* Meson P r o d u c t io n  i n  P ro to n -N e u tro n  C o l l i s i o n s *

No d i r e c t  e x p e r im e n ta l  i n fo rm a t io n  on t h e  r e a c t i o n
- t '

n v\ h a s  been  o b ta in e d ,  s in c e  a n e u tro n  so u rc e  o f  

s u f f i c i e n t  i n t e n s i t y  and energy r e s o l u t i o n  i s  n o t  y e t  

a v a i l a b l e *  In fo rm a t io n  about t h i s  p ro c e s s  h a s  to  be 

deduced  from  meson p ro d u c t io n  in  n u c le o n -n u c le u s  c o l l i s i o n s ,  

o r  from  o t h e r  n u c le o n -n u c le o n  p ro d u c t io n  p ro c e s s e s  on th e  

a s su m p t io n  o f  ch arge  ind ep en d en ce .

A n a ly ses  o f  meson p ro d u c t io n  i n  n u c le o n -n u c le u s  

c o l l i s i o n s  h a v e ,  so f a r ,  been based  on th e  im pulse  

a p p ro x im a t io n .  T h is  ap p ro x im a tio n  was f i r s t  in t ro d u c e d  

by Chew (19) i n  h i s  t r e a tm e n t  o f  th e  i n e l a s t i c  s c a t t e r i n g  

o f  h ig h  energy  n e u tro n s  by d e u te ro n s .  In  a  l a t e r  p a p e r ,

Chew and Wick (20) c l a r i f i e d  th e  a c t u a l  a p p ro x im a tio n s  

w hich  a r e  m ade. These a re  ( i )  t h a t  th e  i n c id e n t  n u c le o n  

n e v e r  i n t e r a c t s  s t r o n g ly  w ith  more th a n  one n u c leo n  o f  

t h e  n u c le u s  a t  t h e  same t im e ,  ( i i )  t h a t  th e  am p li tu d e
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o f  t h e  I n c i d e n t  wave a r r i v i n g  a t  a  n u c le o n  i s  n e a r ly  t h e  

same a s  i f  t h a t  n u c leo n  were a lo n e  and ( i i i )  t h a t  d u r in g  

t h e  i n t e r a c t i o n  th e  b in d in g  f o r c e s  betw een t h e  n u c le o n s  

o f  t h e  n u c le u s  a r e  n e g l i g i b l e *  The t h i r d  a p p ro x im a tio n  

i s  b a se d  on t h e  a ssu m p tio n  t h a t  th e  ' c o l l i s i o n  tim e* i s  

so s h o r t  t h a t  f o r c e s ,  o th e r  th a n  th o s e  o f  i n t e r a c t i o n  

b e tw een  t h e  two p a r t i c i p a t i n g  n u c le o n s ,  can  be n e g le c te d *  

I t  i s  t h i s  suddenn ess  o f  i n t e r a c t i o n  which g iv e s  th e  

a p p ro x im a t io n  i t s  name* The waves from th e  d i f f e r e n t  

s c a t t e r i n g  c e n t r e s  (n u c le o n s)  a re  added , b u t  each 

i n d i v i d u a l l y  i s  th e  same a s  t h a t  produced by a  s i n g l e  

n u c leo n *  Thus t h e  many-body problem  i s  red uced  to  a 

s u p e r p o s i t i o n  o f  two-body problems* T h is  method can  be 

e x te n d e d  to  meson p ro d u c t io n  i n  n u c le o n -n u c le u s  c o l l i s i o n  

( s e e  Noyes (21) ) which becomes a  s u p e r p o s i t io n  o f  

n u c le o n - n u c le o n  p ro d u c t io n  p ro c e sse s*  I f ,  f o r  exam ple, 

we knew t h e  TT+ meson y i e l d  from p ro to n s  on n u c le i  and
' f1from  p r o to n s  on p r o to n s ,  we could  e s t im a te  t h e  n meson 

y i e l d  from  p r o to n s  on neu tro n s*  The only  e f f e c t s  o f  th e  

non—p a r t i c i p a t i n g  n u c le o n s  a re  to  g iv e  a  momentum 

d i s t r i b u t i o n  i n  th e  i n i t i a l  s t a t e  to  th e  p a r t i c i p a t i n g  

n u c le o n  o f  t h e  n u c le u s  and to  l i m i t  th e  p o s s ib l e  f i n a l  

s t a t e s  o f  t h e  two p a r t i c i p a t i n g  n u c leon s  th ro u g h  th e  

E x c lu s io n  P r i n c ip l e *
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Charge in d e p e n d e n c e ' d e n o te s  th e  e q u a l i t y  o f  p r o to n — 

p r o t o n ,  n e u t r o n —n e u tro n  and p ro to n —n e u tro n  i n t e r a c t i o n  

f o r c e s  f o r  s t a t e s  o f  th e  same s p in  and p a r i t y  and i s  

r e f l e c t e d  i n  th e  i n v a r i a n c e  o f  th e  i n t e r a c t i o n  energy  

u n d e r  r o t a t i o n s  i n  i s o t o p i c  s p in  space* T h is  p r i n c i p l e  

can  be e x te n d ed  to  in c lu d e  phenomena in v o lv in g  p io n s ,  t h e  

' q u a n t a ' o f  th e  n u c le a r  f i e l d *  In  t h i s ,  th e  c o u p l in g  

c o n s t a n t s  f o r  "H and n  mesons a re  equal and th e  

c o u p l in g  c o n s t a n t  f o r  H° mesons i s  ^  t h a t  o f  t h e  ch arg ed  

m esons b u t  i s  o p p o s i te  i n  s ig n  f o r  n e u tro n s  and p r o to n s .
- 5 >

An i s o t o p i c  s p in  L i s  a s c r ib e d  to  th e  mesons and th e  

s t a t e s  which c o n ta in  one one , one "n

r e s p e c t i v e l y ,  c o rre sp o n d  to  L = 1 and f

- o 9 l ^ ( i  ) = «*>(! ) # j n charge  in dependen t
-9

t h e o r y ,  t h e  t o t a l  i s o t o p i c  sp in  T  i s  a c o n s ta n t  o f  th e
- 7  —'> — -■)

m o tio n .  ( "T = ‘r  + , where T  i s  th e  i s o t o p ic  s p in

o p e r a t o r  o f  t h e  n u c le o n s ) .  On th e  b a s i s  o f  t h i s  th e o r y ,  

r e l a t i o n s  be tw een  th e  v a r io u s  n u c le o n -n u c leo n  p ro d u c t io n  

c r o s s - s e c t i o n s  can  be e s t a b l i s h e d .  In  th e  fo l lo w in g  we 

d e n o te  t h e  c r o s s - s e c t i o n  f o r  ^  meson p ro d u c t io n  i n  

p r o to n - n e u t r o n  c o l l i s i o n s  by ^  and use  s i m i l a r  n o t a t i o n  

f o r  t h e  o t h e r  n u c le o n -n u c le o n  p ro d u c t io n  c r o s s - s e c t i o n s *

As an i l l u s t r a t i o n  o f  th e  method o f  e s t im a t in g  

by u s i n g  ch a rg e  independence  and d a ta  on nuc leon—n u c le u s
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p r o d u c t i o n ,  we re v ie w  th e  a n a l y s i s  g iv e n  by Passm an,

B lock  and Havens (22) o f  c h a rg ed  meson p r o d u c t io n  i n

p r o t o n - d e u t e r o n  c o l l i s i o n s *  They found e x p e r im e n ta l ly ,

u s i n g  a  380 Mev beam o f  p r o to n s ,  a  y i e l d  o f  TT* mesons

t w e n t y - f i v e  t im e s  l a r g e r  th a n  t h e  y i e l d  o f  n “ mesons a t

an a n g le  o f  90 i n  t h e  l a b o r a to r y  system* The p o s s ib l e

n u c le o n - n u c le o n  p ro c e s s e s  p ro d u c in g  th e s e  mesons a r e  
(a )  n’N-cA. o r  ? tW  * w an(^

(c )  j>-fw-* . Charge independence  g i v e s ,  a p a r t  from

sm a l l  Coulomb e f f e c t s ,  . ( A c tu a l ly ,  ch arg e

symmetry a lo n e  g iv e s  , where ch a rg e  symmetry

d e n o te s  t h e  e q u a l i t y  o f  on ly  p ro to n -p ro to n  and n e u tro n — 

n e u t r o n  i n t e r a c t i o n  fo rc e s * )  The sm a ll  y i e l d  o f  mesons 

i n d i c a t e s  t h a t  i s  sm a ll  compared to  *rr and so t h e r e ­

f o r e  i s  .  The o p e ra t io n  o f  t h e  E x c lu s io n  P r i n c i p l e

w i l l  how ever, i n  p r o to n -d e u te ro n  p ro d u c t io n ,  i n h i b i t  

p r o c e s s  (c )  more t h a n  p ro c e s s e s  (a) and ( b ) , s in c e  i n  i t  

t h e r e  a r e  t h r e e  l i k e  p a r t i c l e s  (p ro to n s )  f i n a l l y .  Noyes (2 1 ) 

showed t h a t  t h e  ^  r a t i o  a t  0° to  a 345 Mev p ro to n  beam 

c o u ld  be a s  l a r g e  a s  8 .2  because  o f  t h i s  e f f e c t .  The 

c r o s s - s e c t i o n  <ŝ i i s  no t t h e r e f o r e  as  sm all  a s  th e  above 

a n a l y s i s  s u g g e s t s  and i s  p robab ly  about o n e - t h i r d  o r  

o n e - q u a r t e r  o f  . The above a n a ly s i s  assumes t h a t  th e

a n g u la r  d i s t r i b u t i o n s  o f  t h e  ^ mesons from p ro to n -p ro to n
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c o l l i s i o n s  and o f  t h e  ^  mesons from p ro to n -n e u t ro n  

c o l l i s i o n s  a r e  t h e  same* That th e s e  a n g u la r  d i s t r i b u t i o n s  

a r e  p r o b a b ly  n o t  v e ry  d i s s i m i l a r  can be seen  from th e  

a p p ro x im a te  e q u a l i t y  o f  th e  r a t i o  a t  0° (Dudziack (23) ) 

and 90 (Passm an, Block and Havens (24) ) o b ta in e d  from 

e x p e r im e n ts  i n  which carbon  was bombarded w ith  p r o to n s .

An e s t i m a t e  o f  ^  can  a ls o  be o b ta in ed  from 

n u c le o n - n u c le u s  p ro d u c t io n  w ithou t th e  use  o f  th e  c h a rg e -  

in d e p e n d e n t  t h e o r y ,  ( i t  should  be no ted  t h a t  c h a rg e -  

in d e p e n d e n t  th e o r y  h a s  no t as  y e t  been t e s t e d  r i g o r o u s l y  

by e x p e r im e n t . )  As an i l l u s t r a t i o n  of how t h i s  may be 

done , we re v ie w  t h e  a n a ly s i s  o f  Passman, Block and Havens 

(25) who s t u d i e d  th e  n* mesons produced a t  90° to  a 381 Mev 

p ro to n  beam i n c i d e n t  on a carbon  t a r g e t .  They allow ed 

f o r  t h e  a b s o r p t i o n  o f  th e  mesons in  th e  carbon n u c leu s  

b e fo r e  e sc a p e  and f o r  th e  enhancement o f  th e  ^  meson 

p r o d u c t io n  c au se d  by th e  n u c leo n ic  momentum d i s t r i b u t i o n  

i n  c a r b o n ,  ( h a s  a s te e p  e x c i t a t i o n  curve so t h a t  th e

i n c r e a s e d  c r o s s - s e c t i o n  f o r  p ro to n s  moving tow ards th e  

i n c i d e n t  beam more th a n  compensates f o r  th e  decreased  

c r o s s - s e c t i o n  f o r  p ro to n s  moving in  th e  o p p o s i te  

d i r e c t i o n . ) .  With th e s e  c o n s id e r a t io n s  th ey  found a 

r a t i o  o f  9 f o r  th e  carbon  to  hydrogen c r o s s - s e c t i o n s  a t  

t h i s  a n g le  and e n e rg y .  There a re  6 p ro to n s  in  carbon , 

so t h a t  t h e  6 n e u t ro n s  must g ive  o n e - th i rd  o f  th e
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n* m esons o b s e r v e d ,  and hence . Passman,

B lock  and Havens have c a l c u l a t e d  th e  expec ted  shape o f  

t h e  meson sp ec tru m  a t  90 , u s in g  th e  im pulse

a p p ro x im a t io n .  They assumed t h a t  th e  mesons were 

p ro d u ced  o n ly  i n  p r o to n - p ro to n  c o l l i s i o n s  and to  d e s c r ib e  

t h i s  th e y  u se d  t h e  e x p e r im e n ta l  d a ta  d e sc r ib e d  i n £ l .

They fo u n d  t h e  b e s t  agreement w ith  experiment w i th  a  

G a u ss ia n  momentum d i s t r i b u t i o n  f o r  th e  n uc leons  i n  

c a rb o n ,  N(|>) = w ith  ^  = 1 4 - 1 9  Mev, = n u c leo n

m a ss .  (Compare th e  work o f  C la d is ,  Hess and Moyer ( 2 6 ) . )

S i m i l a r  a n a ly s e s  can be c a r r i e d  out f o r  th e  y i e l d s  
n  —  °o f  n and n mesons produced by p ro to n s  o r  n e u tro n s  

i n c i d e n t  on n u c l e i  u s in g  th e  r e l a t i o n s  between th e
_  i

v a r i o u s  n u c le o n - n u c le o n  p ro d u c t io n  c r o s s - s e c t i o n s  o f  »» 

and m esons f o r  charge  independent th e o r y .  A n a ly s is  o f  

Pi+ meson p r o d u c t io n  i n  n e u t ro n -n u c le i  c o l l i s i o n s  would 

no t r e q u i r e  t h e  u se  o f  th e  charge  independent t h e o r y .  

These a n a l y s e s  co n firm  t h e  above c o n c lu s io n  t h a t  <Cp i s  

l e s s  t h a n  <rjip b u t  no t by an o rd e r  o f  m agnitude and we 

s h a l l  n o t  e n t e r  i n to  them h e r e .  

f 3 .  f  + .

(a )  E x p e r im e n ta l .

Passm an , Block and Havens (22) have s tu d ie d  th e  

y i e l d  a t  90° ( l a b o r a to r y  system) o f  n + mesofts produced by
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381 Mev p r o t o n s  i n c i d e n t  on d eu te r iu m . The TT1'm eson  

en e rg y  sp e c tru m  had  no peak n e a r  90 Mev* t h i s  i n d i c a t e d  

t h a t  t h e  r e a c t i o n  t  was no^ veiy  s t r o n g .

F ra n k ,  B a n d te l ,  Mad\ey and Moyer (27) have s tu d i e d  

t h e  r e a c t i o n  u s in g  341 Mev p r o to n s .  They

m easu red  t h e  d i f f e r e n t i a l  c r o s s - s e c t i o n s  f o r  meson 

p r o d u c t i o n  a t  c e n t r e  o f  mass a n g le s  o f  3 0° , 5 0 ° ,  7 0° , 9(T , 

130° , and  150° and found t h a t  j t [  was c o n s ta n t  from 180° 

to  90° and r o s e  from 90° to  0 ° ,  th e  v a lu e  o f  © c  (jJiY *O / 90
b e in g  be tw een  5 and 1 0 .  They e s t im a te d  th e  t o t a l  c r o s s -

—J O

s e c t i o n  t o  be ab o u t 5 x  10 cm .

(b) T h e o r e t i c a l .

Ruderman (28) h a s  s tu d ie d  th e  r e a c t i o n

and shown t h a t ,  on th e  assum ption  o f  charge ind ependence ,

—-————— —  = -J. In  h i s  c a l c u l a t i o n  he u sed  th e
( t> + t  + n )

.  j-
im p u lse  a p p ro x im a t io n  and assumed t h a t  H mesons were 

p ro d u ced  o n ly  i n  p ro to n -p ro to n  c o l l i s i o n s .  We have 

se e n  i n  f  2 t h a t  t h i s  assum ption  i s  no t s a t i s f a c t o r y  a s  

i s  n o t  n e g l i g i b l e  compared to  ^  * For h i s  t r i t o n  

wave f u n c t i o n  he assumed t h a t  th e  two p a r t i c i p a t i n g  

n u c le o n s  were v e ry  c l o s e ,  i . e .  he wrote

. i * x _ \  ^  *5“ * ')
*5 1 )  e

where and a r e  th e  c o -o r d in a te s  o f  t h e  p a r t i c i p a t i n g
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n u c le o n s  and  *3 and x, a re  t h e  c o -o r d in a te s  o f  t h e  n e u t ro n s  

i n  t h e  t r i t o n *  For t h e  s p a t i a l  p a r t s  o f  t h e  wave 

f u n c t i o n s  he to o k

and

w i th  * - p, P

O * \  m rr
F i g . 6 .  A ngu la r  d i s t r i b u t i o n  o f  nr  mesons from

P+* -> t  a s  c a lc u la t e d  by Ruderman 
f o r  345 Mev p ro to n s .

F ig * 6 .  shows h i s  r e s u l t s  f o r  th e  a n g u la r  d i s t r i b u t i o n  o f  

t h e  TT*mesons i n  th e  c e n t r e  o f  mass system , c a l c u l a t e d  

f o r  i n c i d e n t  p ro to n s  o f  energy 345 Mev i n  th e  l a b o r a to r y  

sy s te m . The c o r re sp o n d in g  meson energy i n  th e  c e n t r e  o f  

mass sy s tem  i s  about 80 Mev. (Ruderman used 90 Mev, a  

f i g u r e  o b t a i n e d  by t r e a t i n g  th e  nuc leons non—r e l a t i v i s t i c a l l y ) 

He u s e d  t h e  e x t r a p o la t e d  v a lu e  o f  -*•«*) f o r  t h i s
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m eson en e rg y  and e s t im a t e d  t h e  t o t a l  c r o s s - s e c t i o n  t o  he
-iq *

a b o u t  1 .3  x 10 cm .  We see  t h a t ,  com pared w i th  

e x p e r im e n t ,  h i s  v a lu e  o f  f S 0o j ( * s t \ 0'> i s  to o  l a r g e r  i t  i s  

a b o u t  3 0 .  He fo u nd  a  r i s e  i n  from  90° t o  180* w hich  

i s  n o t  fo un d  by e x p e r im e n t  and  h i s  t o t a l  c r o s s - s e c t i o n  

i s  to o  l a r g e  by a  f a c t o r  2 . 6 .

Bludman (29 )  h a s  r e p e a t e d  R u d e rm an 's  c a l c u l a t i o n  

u s i n g  a  h a rd  c o re  t o  s u p p r e s s  t h e  h ig h  momentum 

com ponents o f  t h e  d e u te r o n  wave f u n c t i o n .  He u s e d  an  

im proved  t r i t o n  wave f u n c t i o n ,  n o t  q u o te d  i n  h i s  a b s t r a c t ,  

on t h e  a s s u m p t io n  t h a t  two o f  t h e  n u c le o n s  a r e  v e ry  c l o s e .  

The r e s u l t  o f  t h i s  i s  t o  r e d u c e  t h e  t o t a l  c r o s s - s e c t i o n  

a nd  t o  f l a t t e n  t h e  a n g u la r  d i s t r i b u t i o n  i n  t h e  b a c k ­

w ard d i r e c t i o n .  Bludman fo u n d ,  f o r  a  p r o t o n  e n e rg y  o f
- JO  *

341 Mev, a  t o t a l  c r o s s - s e c t i o n  o f  9*1 x  10 cm w i th o u t
-30 *

t h e  c o re  and 5*2 x  10 cm w i th  t h e  c o r e .



CHAPTER I I .

§ 4 .  K in e m a t ic s  o f  R e a c t i o n .

Let u s  c o n s i d e r  t h e  g e n e r a l  p ro b lem  i n  w hich  a  

p a r t i c l e  o f  m ass M, and  v e l o c i t y  p,  i s  i n c i d e n t  on a  

s t a t i o n a r y  p a r t i c l e  o f  m ass M* and p a r t i c l e s  o f  m ass /*  

and a r e  p ro d u c e d .  We t r e a t  t h e s e  p a r t i c l e s  

r e l a t i v i s t i c a l l y  and u s e  n a t u r a l  u n i t s ,  “K - < = I . The 

v e l o c i t y  o f  t r a n s f o r m a t i o n  from  t h i s  sy s te m  t o  t h e  

c e n t r e  o f  m ass sy s te m  i s  where

The v e l o c i t y  o f  M, i n  t h e  c e n t r e  o f  m ass sy s te m  i s  tc*—----
ft* ****

and  t h a t  o f  i s  ^  77 * D e n o t in g  c e n t r e  o f  m ass

q u a n t i t i e s  by d a s h e s ,  we have  t h e  t o t a l  e n e rg y  

f: =

w here  T, i s  t h e  k i n e t i c  e n e rg y  o f  M, i n  t h e  l a b o r a t o r y

s y s te m .  The t o t a l  k i n e t i c  e n e rg y  i n  t h e  c e n t r e  o f  m ass

sy s te m  i s

T* - . (4*1)

At t h r e s h o l d ,  E*.'- , t h e r e f o r e  t h e  t h r e s h o l d

e n e rg y  i s

T  =. (4*2)
,<r

The k i n e t i c  e n e rg y  o f  M* i n  t h e  c e n t r e  o f  m ass sy s tem  i s  
% M>r, ~ MtTf
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so t h a t  t h e  momentum o f  e i t h e r  p a r t i c l e ,  i s  g iv e n  by

(4*5)b'* = Tt
C t  1 -+ M  , -► W  * ')  •

F o r  t h e  p a r t i c u l a r  c a s e  o f  ^ we assum e

t h a t  M ,-  m   ̂ - ■ * whe r e  M i s  t h e  m ass o f  a

p r o t o n .  We t r e a t  t h e  t r i t o n  non—r e l a t i v i s t i c a l l y  and  

t h e  o t h e r  p a r t i c l e s  r e l a t i v i s t i c a l l y .  From c o n s e r v a t i o n  

o f  e n e r g y ,  we have

T' = uo'-»- — ~B (4.6)
b w  1

f  iw here  ^  i s  t h e  meson e n e r g y ,  k' t h e  meson momentum (w hich
3

i s  e q u a l  and  o p p o s i t e  t o  t h a t  o f  t h e  t r i t o n )  a n d ^ i s  t h e  

b i n d in g  e n e rg y  o f  a  p r o t o n  i n  a  t r i t o n .  = 6 .2  Mev.

We have
. i .

T, X  .  \ T '  ( 4 .7 )
l+W 'L

( 4 - 8)

and  f = (4 *9 )

The d i f f e r e n t i a l  c r o s s - s e c t i o n  f o r  t h e  r e a c t i o n  

ol -9 n % t  , > i s  o b t a i n e d  from  t h e  d i f f e r e n t i a l
+ i , I cL tfVlj,

c r o s s - s e c t i o n  f o r  t h e  r e a c t i o n  n -*c -=> , by

d e t a i l e d  b a l a n c i n g .  i s  t h e  d i f f e r e n t i a l  c r o s s -
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s e c t i o n  f o r  t h e  p r o d u c t i o n  o f  a  meson o f  momentum k '  i n t o  

t h e  s o l i d  a n g le  cLA1 by a  p r o t o n  o f  momentum p* » 

i s  t h e  d i f f e r e n t i a l  c r o s s - s e c t i o n  f o r  t h e  p r o d u c t i o n  o f  a  

p r o to n  o f  momentum i n t o  t h e  s o l i d  a n g le  by a

meson o f  momentum k! . Then = i f  we

assum e t h a t  t h e  meson h a s  z e ro  sp in *

Some n u m e r ic a l  v a lu e s  o b t a i n e d  from  t h e s e  k i n e m a t i c a l  

c o n s i d e r a t i o n s  a r e  g iv e n  i n  t a b l e  3 i  we have  usedM  = 938 Mev 

and = 141 Mev*

K ' n t l ' i ' c

c f  m e  S o r \ , .

C c .  r w .  % -y i f f w v

( )  ( r A t v - 3

P r o  t ~ o w  

€  »-v e  r  . 

( C - * v - \ .  ^  S h f i m . )

T /  ( M e v )

r o  t ~ O y v  

-G w e  .

T ,  ( ^ W . )

1 O t ~ < v l  k i > v € t ' i ( .  

C t . w \ .  )

T *  ( M e v . )

^ . /  ĉ '6~cl b i .

cA -T l.' ^  ,

1 O q s - ' f 2  l i  ' ^ > 1 f  I t  > f O - 3

1 - S ' 2  5 ^  • i 1 1  e  ’ 5 ” l - t + t *  % i o ~ A

5 - 0 1 }  5 *  a 2 . 9 t  • 0 i f  v  • ' f 2 - 2  5 * *  / o " ^

1 u  * ^ U O ' O 2 . 1 $  - 2 V 2  t> / *  , 0  ^

1 O  O t  ^  <? 3 -  9 ^ 1  *  *

T ab le  3* N u m erica l  v a lu e s  o b t a i n e d  from  k in e m a t ic s *  

The t h r e s h o l d  f o r  t h e  r e a c t i o n  ti**-t f o b t a in e d

from  (4*2) u s i n g  t h e  e x a c t  v a l u e s  o f  and , i s

209 Mev*

The o t h e r  k i n e m a t i c a l  p rob lem  i n v o lv e d  i s  t h e
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t r a n s f o r m a t i o n  o f  t h e  meson a n g u l a r  d i s t r i b u t i o n  t o  t h e  

l a b o r a t o r y  system * T h is  i s  g iv e n  by ( s e e  Gunn (30) ) 9

t [ oX<r*ro*A (4*10)d^pyool. _ ^ _
dk-TL

w here K : JT -- The r e l a t i o n s h i p s  b e tw ee n  c e n t r e  o f

m ass  and l a b o r a t o r y  q u a n t i t i e s  a r e
. —• r u1 o l

and X

^ ( vaj1 -t- vj k* ^

rx  x
-

9' G UJ
(W«v-.)

k
(k\€v3

k* t
k '

o° oO K.C.-3 lib  o
3  0 ° 11? 30* ico-t x\1■* 1 'f I
I.?0 3U •<? asvi* 1H-S l-bo
<*0° '11°  So1 u s ’-'f t 'fb l i l l

1X0° 3 1> HV® •3'f*r o* fe?
|SO° l i S - o o-?l

4 .  Ya].ues  o f  la lb o r a to ry  sy s tem
f o r  340 Mev p r o t o n s .

T ab le  4 shows t h e  n u m e r ic a l  v a l u e s  f o r  t h e s e ,  f o r  

340 Mev p r o t o n s  i n  t h e  l a b o r a t o r y  sy s te m , f o r  w hich  

K' = 1 6 8 .0  Mev, = 219*3 Mev, ^  = 0 .2 3 5 .

§ 5 .  G e n e ra l  F o rm a lism .

We c o n s i d e r  t h e  r e a c t i o n  i n  w hich  a  t r i t o n  ( t )  a b s o r b s  

a  meson (o*) o f  m ass ^  , momentum ^ and en ergy  vj , and
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d i s i n t e g r a t e s  i n t o  a  p r o t o n  (p )  and  a  d e u te r o n  (oL). To 

a v o id  d i f f i c u l t i e s  a s s o c i a t e d  w i th  t h e  Coulomb h a r r i e r  o f  

t h e  t r i t o n  we r e s t r i c t  o u r s e l v e s  t o  m esons o f  energy- 

g r e a t e r  t h a n  10 Mev i n  t h e  c e n t r e  o f  m ass system * I n  

o r d e r  t o  he  a h l e  t o  t r e a t  t h e  n u c le o n s  n o n - r e l a t i v i s t i c a l l y  

we c o n s i d e r  t h e  m esons t o  have  e n e rg y  l e s s  t h a n  lOOMev*

We t r e a t  t h e  m esons r e l a t i v i s t i c a l l y *

To lo w e s t  o r d e r  i n  w e a k -c o u p l in g  p e r t u r b a t i o n  t h e o r y ,  

t h e  m a t r i x  e lem en t o f  t h e  i n t e r a c t i o n  H a m il to n ia n  c a u s in g  

a  t r a n s i t i o n  from  an  i n i t i a l  s t a t e  w i th  t h r e e  n u c le o n s  (*'f'to) 

and  a  meson (<P) t o  a f i n a l  s t a t e  w i th  t h r e e  n u c le o n s  ( - ^ ) 

i s

o u)q>(Y^S'c (vr<.ri/\ i )  . (5*1)

A f t e r  t h e  F o u r i e r  e x p a n s io n  o f  t h e  meson f i e l d  

o c)c(>UY> = -e 4 k v f o r  ^ s)  (5*2)

and  OlV * 0  = ^  M  <̂ lV, '<> '  ^  }  f o r  P S ttM  ( 5 . 3 )

Here (T°  , ys(v7 , f,(i) a r e  t h e  u s u a l  D i r a c  m a t r i c e s  a c t i n g
% trWon t h e  v n u c le o n *  ^  i s  t h e  o p e r a t o r  w hich  a c t s  on t h e

«f i n a l  s t a t e  n u c l e a r  wave f u n c t i o n ,  \|/ .̂ , c h an g e s  t h e  t

n u c le o n ,  i f  i t  i s  a  p r o t o n ,  t o  a n e u t r o n ,  and g i v e s  z e ro  
, cb

i f  t h e  c n u c le o n  i s  a  n e u tro n *  and Sc a r e  t h e
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. ti­ll s o t  o p ic  and s p i n  v a r i a b l e s  r e s p e c t i v e l y  o f  t h e  i n u c le o n *

we work i n  u n i t s  i n  w hich  ^ ~ c - • •

F o r  t h e  e n e r g i e s  we a r e  c o n s i d e r i n g  t h e  n u c le o n s  c an

be t r e a t e d  n o n - r e l a t i v i s t i c a l l y , so we u s e  t h e  n o n -

r e l a t i v i s t i c  a p p r o x im a t io n  o f  F o ld y  and W outhuysen ( 1 8 ) ,

The even  o p e r a t o r s  /3t? and crU) a r e  r e p l a c e d  by 1 and t h e
— * i ( v )2 x 2  P a u l i  s p i n  m a t r i c e s ,  <r , r e s p e c t i v e l y *  The odd

_ll) > —t&i t plti5
o p e r a t o r  ?, i s  r e p l a c e d  -  V J where V  i s  t h e

g r a d i e n t  o p e r a t o r  w i th  r e s p e c t  t o  a c t i n g  on  t h e  f i n a l  

n u c l e a r  wave f u n c t i o n *  v  i s  t h e  s i m i l a r  o p e r a t o r  

a c t i n g  on t h e  i n i t i a l  n u c l e a r  wave f u n c t i o n *  These wave 

f u n c t i o n s  a r e  now t h e  a p p r o p r i a t e  o r d i n a r y  S c h r o d in g e r  

wave f u n c t i o n s *
—yO

C a r ry in g  o u t  an  i n t e g r a t i o n  by p a r t s  f o r  t h e  V  

p a r t  o f  f, we o b t a i n

< —•><>> ; 7?
2 fv \

T h e r e fo r e  f i s  r e p l a c e d  by V ^  ^ \

T hus, i n  t h e  n o n - r e l a t i v i s t i c  fo rm ,
h n

°  5 Q f o r  sf5^ (5*4)

and ou’ for es(rv). (5 . 5)

F o r t h e  t r i t o n  wave f u n c t i o n ,  we t a k e  t h e  p r o p e r l y  a n t i -  

sy m m etr ised  sp a c e -sy m m e tr ic  wave f u n c t i o n

~ ^ (^Y ) j= •[ Uj.-°0^3 -*-(^,-^3)/$^ |  (5*6)
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f o r  t h e  z -com ponent o f  s p i n  = +■§■* and

= <Pr (?i)-L  {(a '-A ')/5* f ( l , ' - J 3' ) / v }  ( 5 *6 5

f o r  t h e  z -com ponen t o f  s p i n  = - i .  JfJ i s  t h e  p ro d u c t  o f

t h r e e  s p i n  wave f u n c t i o n s  v-(i) WO ^ U )  su ch  t h a t  t h e  t ~

n u c le o n  h a s  s p i n  component j  and t h e  o t h e r  two have

s p in  com ponents J . S i m i l a r l y  ^  f i s  t h e  p ro d u c t  o f

t h r e e  i s o t o p i c  s p i n  wave f u n c t i o n s  “•(«) ^ U )  n t? )  t h a t
, tv p r o t o n  \

t h e  i n u c le o n  r e p r e s e n t s  a  n e u t r o n j  and t h e  o t h e r  two 
n e u t r o n s !  

r e p r e s e n t  p ro tQ n s  { .

l e t  ^  9 t h e  c o - o r d i n a t e s  o f  t h e  c e n t r e

o f  mass- o f  t h e  t r i t o n ,  and

t # t h e  r e l a t i v e  c o - o r d i n a t e s  o f  t h e

t h r e e  n u c le o n s *  We s e p a r a t e  t h e  t r i t o n  wave f u n c t i o n  

i n t o  a  p a r t  w hich  d e s c r i b e s  t h e  c e n t r e  o f  m ass m o tio n  and 

and a  p a r t  w hich  depends on t h e  r e l a t i v e  c o - o r d i n a t e s  o f  

t h e  n u c le o n s*  As a  f i r s t  c h o ic e  f o r  t h e  l a t t e r  p a r t ,  l e t  

u s  t a k e  t h e  wave f u n c t i o n  s t u d i e d  by I r v i n g  (31 )*  T h is  

g i v e s  f o r  t h e  t r i t o n  wave f u n c t i o n

R ( 5 .7 )
qpr(?() -

'XI Y T? , r
—7

where i s  t h e  momentum a s s o c i a t e d  w i th  t h e  c e n t r e  o f  

m ass o f  t h e  t r i t o n *  i s  a  n o r m a l i s a t i o n  f a c t o r  e q u a l
tv

t o  2 4  < .  
n
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F o r  t h e  f i n a l  s t a t e ,  we assum e t h a t  p a r t i c l e s  2 and 3 

form  t h e  d e u te r o n  and t h a t  p a r t i c l e  1 i s  t h e  e m i t te d  

p ro to n *  The wave f u n c t i o n  f o r  t h i s  sy s te m  i s

” X ( 5 , , )  ' ( A A O u . o )  ( 5 .8 )

w here a  b a r  above two v a r i a b l e s  d e n o te s  symmetry i n  them*

The o t h e r  p o s s i b i l i t i e s  ( p a r t i c l e s  2 and 3 b e in g  t h e  e m i t t e d  

p r o to n )  a r e  t a k e n  i n t o  a c c o u n t  by m u l t i p l y i n g  t h e  m a t r ix  

e le m e n t  by 3•

c an  be o r
i X " x ' - J .

V x  ( r j ,  i )
=  j |

V : «  ( n ,  0  
1.

-  C - *  a 4 '

V ,
X

~  X  ^  ~  v T ^ C l )  v > + f O  \ > * ( o }

V i
X

-  J =  t * <  ^

‘V - t  t 5 1 * ^

*• r - i  0x
-  V  {  r  v J O  a )

a l s o  have

The wave f u n c t i o n  f o r  t h e  f i n a l  s t a t e  i s  a n t i - s y m m e t r i c  i n  

t h e  i n d i c e s  2 and 3» a s  i s  t h e  wave f u n c t i o n  f o r  th e  

i n i t i a l  s t a t e ,  so t h a t

[ f f a ]  V  r [<**» "S  'I'q N'°  •
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|  < — "J — -V

a ' ^ ^ r 3; f t h e  c o - o r d i n a t e s  o f  t h e  c e n t r e  o f  m ass

o f  t h e  d e u te r o n .

I n  t h e  f i n a l  s t a t e  wave f u n c t i o n ,  we a g a in  e x t r a c t  

t h e  m o tio n  o f  t h e  c e n t r e  o f  m ass o f  t h e  d e u te ro n *  The 

e m i t te d  p r o to n  i s  d e s c r i b e d  by a  p la n e  wave* T h is  means 

t h a t  we assum e t h a t . t h e r e  i s  no i n t e r a c t i o n  be tw een  t h e  

p r o to n  and t h e  d e u te r o n .  Such an  i n t e r a c t i o n  c o u ld  be 

in c l u d e d  by i n s e r t i n g  a  p h a se  s h i f t  i n  t h e  p r o to n  wave

f u n c t i o n *  To d e s c r i b e  t h e  d e u te r o n  we u s e  a  Y ukaw a-type
.______ - A*

w here  i s  t h e  momentum o f  t h e  c e n t r e  o f  m ass o f  t h e  

d e u te r o n  and f  i s  t h e  momentum o f  t h e  e m i t t e d  p ro to n *  

N* i s  t h e  n o r m a l i s a t i o n  f a c t o r ,  and i s  e q u a l  t o ^ * *  .

We have  now a s s ig n e d  a l l  t h e  n e c e s s a r y  momenta and 

c o n s e r v a t i o n  o f  t h e s e  g i v e s

wave f u n c t i o n  ■£. 

w r i t e

W ith t h e s e  a s s u m p t io n s  we

Vi
( 5 .9 )

—

(5 .10)
We work i n  t h e  c e n t r e  o f  m ass sy s te m , f o r  w hich

T’ + p. -- o. ( 5 .1 1 )

We now have



- 29 -

,  f  r r -  - c ( ?  v ?, .  c f .  t (^ - * v0^ j  ° ^ a <**5 J^oL ^ A

, , ,x f t.) ^  _ «> *■' I, ' ^ ( 5 1 , 0  ^t/3*'/3*) j o  e * *<=> « J

- ( AI + YJ| + )* v PD - •> (v, +■ Vj f
JT?C e_________________  <? *

f A* + A* +

 ̂ - f f / 5 ,  ■+ +f*,-JO/vl (5.12)

when t h e  t r i t o n  h a s  z -com ponen t o f  s p i n  e q u a l  t o  + i*

L e t  u s  change  t h e  v a r i a b l e s  from  a  , A and a  t o  "S’ , 

and  A* where

i?’ : , t h e  p o s i t i o n  c o - o r d i n a t e s  o f  t h e  c e n t r e
o f  m ass o f  t h e  d e u t e r o n ,

£ ? y . " p v vi ) , t h e  p o s i t i o n  c o - o r d i n a t e s  o f  t h e  e m i t t e d  
p r o to n  r e l a t i v e  t o  t h e  c e n t r e  o f  m ass o f  
t h e  d e u te r o n ,

and Ai - A "A  , t h e  r e l a t i v e  c o - o r d i n a t e s  o f  t h e  d e u t e r o n .  

The J a c o b i a n  o f  t h i s  t r a n s f o r m a t i o n  i s  u n i t y  and we now

h a v e

H*
r   ___  r -w’

r  J  a < ?  <  J

{ % ■ ( - } ' * * % )  i n , I )  ( ^ - p - 0
y £ ”v' £

f  c.) t 'k - ? .  n « )W o  * + 20 € I ?-------— -— —r
1 J fair, •*

U  + m ,-«0 / s .  |

.£

( 5 .1 3 )
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w here  f o r  Fsfpv) t h e o r y ,

4 M  ( 5 a 4 )

and

i>)
o

r
q (‘ > e c' \

v vo I irvi rv\ ifN1 / (5*15)

= <#*’ eu:

H  ’k*ie g r a d i e n t  o p e r a t o r  w i th  r e s p e c t  t o  a » and a c t s
 ̂ -AiAj

o n ly  on   -----  .

Prom (5*10) and  ( 5 . 1 1 ) ,  (5*13) becomes

, r= .—— f  -5 _> C f, .( -f>-| *0
= ±L JKkK/r J <*?, * A ? «____  €

r  x A i

•v f » i\ j  in l3) ■'’i '-
( aI . O O - A )  f  °  e  *  O e  j' 5+,<c

(3f,v4 < ) ' v ( 5 .1 6 )

We h av e  Q *  ̂ ~

and  Qw ((^ - H  ) r -/*• •

I n s e r t i n g  t h e s e  and t a k i n g  t h e  p r o d u c t s  o f  t h e  i s o t o p i c  

s p i n  wave f u n c t i o n s ,  ( 5 .1 6 )  becomes

HJ. ’ ^  ^  f  a *  a:A*  --   _e
^  A ~ T-4.Aj )

( i f i  +  - r  A .  |  )  . T"> — j  .  ^ r* *1 1-7 \

i f  9",* {ll-T' f a + i , - * ' 0  +* e ' V "  " W - i . ) }  .
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We s h a l l  d e f e r  t h e  s q u a r in g  o f  t h i s  m a t r ix  e le m e n t  and 

t h e  sum m ations o v e r  t h e  s p i n s  o f  t h e  n u c le o n s  u n t i l  § $ 6  

and 7 ,  when we s h a l l  d e a l  w i th  t h e  s p e c i f i c  c a s e s  o f  

and psfPv) t h e o r i e s .  The fo rm e r  o f  t h e s e  t h e o r i e s  

c o n t a i n s  no s p i n  o p e r a t o r  i n  “  , w h ereas  t h e  l a t t e r

t h e o r y  d oes  c o n t a i n  t h e  o p e r a t o r s  <*" •

The d i f f e r e n t i a l  c r o s s - s e c t i o n  f o r  t h e  p r o d u c t i o n  

o f  a  p r o to n  i s

d . r  - 1 2 - ( 5 . 1 8 )
A D

w here  i s  t h e  v e l o c i t y  o f  c o l l i s i o n  i n  t h e  i n i t i a l  

s t a t e  ( t  ) 9 f i e )  i s  t h e  d e n s i t y  o f  f i n a l  s t a t e s  and 

d e n o te s  an  a v e ra g e  o v e r  t h e  i n i t i a l  n u c l e a r  s p i n s  

and a  sum m ation o v e r  t h e  f i n a l  n u c l e a r  s p in s *

To d e r i v e  an  e x p r e s s io n  f o r  f ( E )  we t r e a t  t h e  

n u c le o n s  n o n - r e l a t i v i s t i c a l l y .
_  3 jLThe f i n a l  k i n e t i c  e n e rg y  i s  c * ^  and t h e

k i n e t i c  e n e rg y  o f  t h e  p r o to n  e m i t te d  i s  =

T h e r e fo r e
f ( e )  5 +*■J n n

where t h e  p r o to n  i s  e m i t te d  i n t o  t h e  s o l i d  a n g le  

A n g les  a r e  m easu red  from  t h e  d i r e c t i o n  o f  t h e  i n c i d e n t  

m eson .

-■ b

t h e r e f o r e  J l t i V , !  ( 5 . 1 9 )
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i s  t h e  d i f f e r e n t i a l  c r o s s - s e c t i o n  f o r  t h e  p r o d u c t i o n  o f  

a  p r o t o n  w i th  momentum f> i n t o  t h e  s o l i d  a n g le

i n  t h e  c e n t r e  o f  mass s y s te m .

£6*  S c a l a r  M esons.

F o r  sc s') t h e o r y  9 - 0  ~ 9 so - that (5*17)

becom es

H. = % Jv* j i g  s

, \- ,
- c A fa?,

*■3
v »

• -    ■ < ( « . ' )

i s  sym m etric  i n  2 and 3 and («^2- ^ 3 ) i s  a n t i ­

sym m etric  i n  2 and 3 , so t h a t  t h e  (°^-W5 ) te r m  g i v e s  no 

c o n t r i b u t i o n  a f t e r  s q u a r in g  and summing o v e r  t h e  

n u c l e a r  s p i n s .  No s p i n  c h an g e s  a r e  a l lo w e d  i n  t h e o r y

so t h a t  t h e  s t a t e  o f  t h e  t r i t o n  g o e s  t o  t h e  V ^ ( O ,0
x.

s t a t e  o f  t h e  (|>*<A ) sy s tem  and  t h e  s t a t e  g o e s  t o  t h e  

s t a t e .x

Thus u

i  I » ' . r  - W  £  ^  I J - ?

z r ’* ( 6 *2)

w here  t h e  i n t e g r a l  I, i s  e v a lu a t e d  i n  t h e  a p p e n d ix .
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T h e r e f o r e ,  from  (5*19)>

d u  ^  ^  «ve (6*3)
diJL TT o K

rr? * u  •

» w here  w <* i s  t h e  d e u te r o n  b in d in g  e n e rg y ,  

g i v i n g  ^  = 2*32 x 10*x cm '• o i s  t a k e n  t o  be  4 x lo '*  c m ’, 

a  f i g u r e  o b t a i n e d  by c h o o s in g  o(t  t o  f i t  t h e  Coulomb 

e n e rg y  o f  He’ ( s e e  r e f e r e n c e  (32)  )* I,x was e v a l u a t e d  

n u m e r i c a l ly  f o r  meson e n e r g i e s  i n  t h e  c e n t r e  o f  m ass 

sy s te m  o f  1 0 ,  3 0 ,  50 , 78*3 and 100 (Mev) ( s e e f 4)  and  f o r  

a n g le s  i n  t h e  c e n t r e  o f  m ass sy s tem  o f  0° , 30 , 45 * 9 0 ° ,

tAesor\  . 

(c-*'vv. s■y s » v \ .
(  v . )

(•** '| 1 f * z \
b° /  v e t / t . K l , , / < £ U

'  1 o • I f

3 0 3 3 a. i*

5"0 U.S 3 - 3

' i f * 6 S' 3 S'

|0O 1a ’ b S’ 1

T ab le  5* R a t i o s  o f  t h e  d i f f e r e n t i a l  c r o s s - s e c t i o n s  
i n  t h e  c e n t r e  o f  mass system *

135* and 180° . T ab le  5 shows t h e  v a lu e s  o f  t h e  r a t i o sj and I ( for the variou3
meson e n e r g i e s .
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P i g ,  7 shows t h e  a n g u l a r  d i s t r i b u t i o n  o f  t h e  p r o t o n s  

i n  t h e  c e n t r e  o f  mass sy s te m  f o r  78*3 Mev mesons* t h i s  

i s  t h e  same a n g u l a r  d i s t r i b u t i o n  a s  t h a t  o f  t h e  mesons

TN
'o

i

P i g . 7 .  A n g u la r  d i s t r i b u t i o n  o f  p r o t o n s  ( o r  m esons)  
f o r  78*3 Mev mesons i n  t h e  c e n t r e  o f  mass  
sys tem *

F -

£

S
1 o 
x*(T°

F i g . 8 .  A ng u la r  d i s t r i b u t i o n  o f  ^  mesons from
r e a c t i o n  i n l a b o r a t o r y  sy s te m
f o r  i n c i d e n t  p r o t o n s  o f  en e rg y  340 Mev*

p ro d u c e d  i n  t h e  c e n t r e  o f  mass sys tem  by p r o t o n s  whose 

l a b o r a t o r y  sys tem  e n e rg y  i s  340 Mev. The c o r r e s p o n d i n g
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a n g u l a r  d i s t r i b u t i o n  o f  t h e  mesons i n  t h e  l a b o r a t o r y  

s y s te m  was c a l c u l a t e d  from t h e  d a t a  i n  f  4 and i s  shown 

i n  f i g * 8 .

C Mev.) C c w S )

?'4

5 o ■ 3-5 u-s

r o i-o w-s-

M 3- fc
1 Do 0 S 3- 1

T ab le  6* T o t a l  c r o s s - s e c t i o n s  f o r  r e a c t i o n s  n V .

The t o t a l  c r o s s - s e c t i o n s  f o r  t h e  r e a c t i o n  

a r e  o b t a i n e d  f rom  t h e  above by s t r a i g h t f o r w a r d  n u m e r i c a l  

i n t e g r a t i o n  and a r e  shown i n  t a b l e  6* The t o t a l  c r o s s —

5 •

TVot'orv Ĉ tV.)
CLa.beyivt’o r^UOO

F i g . 9 .  E x c i t a t i o n  c u rv e  f o r  r e a c t i o n  |>-f* -» n % K

s e c t i o n s  f o r  t h e  r e a c t i o n  t  a r e  o b t a i n e d  from

t h e s e  by t h e  d e t a i l e d  b a l a n c i n g  method e x p l a i n e d  i n  § 4
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and t h e s e  a r e  a l s o  shown I n  t a b l e  6 and p l o t t e d  i n  f i g . 9 .  

T h is  e x c i t a t i o n  c u rv e  r i s e s  s t e e p l y  and h a s  a  maximum o f  

a b o u t  5 ^ 1 0  cm a t  a  l a b o r a t o r y  p r o t o n  en e rgy  n e a r  

240 Mev* The v a l u e  o f  t h e  t o t a l  c r o s s - s e c t i o n  a t  340 Mev
-if 2

i s  3*6^10 cm which  i s  t o  be compared w i t h  t h e  

e x p e r i m e n t a l  v a l u e  ( r e f *  (27) ) o f  a b o u t  5 x 10 * cm*.

The a n g u l a r  d i s t r i b u t i o n  shown i n  f i g . 7  h a s  a  v a l u e  f o r  

j  c o m p a t i b l e  w i t h  t h e  e x p e r i m e n t a l  v a l u e

( r e f .  (27)  ) .  The v a l u e  o f  j  » h o w ever ,  i s

l a r g e r  t h a n  t h e  e x p e r i m e n t a l  v a l u e  a l t h o u g h  t h e  a n g u l a r  

d i s t r i b u t i o n  d o es  t e n d  t o  show a f l a t t e n i n g  i n  t h e  

backward  d i r e c t i o n  a s  foun d  by e x p e r i m e n t .  (The c a l c u l a t e d  

a n g u l a r  d i s t r i b u t i o n  i s  f l a t  be tw ee n  120° and 180°)*

The t o t a l  c r o s s - s e c t i o n  i s  t o o  l a r g e  by a  f a c t o r  o f  

1 0 0 .  T h is  i s  p r o b a b l y  c a u s e d  by t h e  f a c t  t h a t  b o t h  t h e  

d e u t e r o n  and t r i t o n  wave f u n c t i o n s  become i n f i n i t e  when 

t h e  n u c l e o n s  i n  t h e s e  n u c l e i  come c l o s e  t o g e t h e r .  T h is  

means t h a t  we have u s e d  t o o  much h ig h  momentum component 

i n  d e s c r i b i n g  t h e s e  n u c l e i .  To a s s e s s  t o  which n u c l e u s  

t h e  l a r g e  c r o s s - s e c t i o n  i s  d u e ,  t h e  c a l c u l a t i o n  was
Ok-

r e p e a t e d  f o r  78 .3  Mev m esons ,  u s i n g v H u l t h e n  wave f u n c t i o n  

f o r  t h e  d e u t e r o n .  T h is  new wave f u n c t i o n  i s K .  - ----- -----------
I  \ »  i  .

(where  ty, ~ ) and r e m a in s  f i n i t e  when A, - °  . The

a n g u l a r  d i s t r i b u t i o n  o f  t h e  p r o t o n s  i n  t h e  c e n t r e  o f  

mass sy s te m  was p r a c t i c a l l y  u n a l t e r e d  i n  shape  and t h e
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t o t a l  c r o s s - s e c t i o n  was r e d u c e d  o n ly  by a  f a c t o r  o f  l e s s  

t h a n  2 .  Even t h e  H u l th e n  wave f u n c t i o n ,  how ever ,  m ig h t  

s t i l l  c o n t a i n  t o o  much h i g h  momentum component*

Bludman (29)  ( s e e f 3 )  fo un d  b e t t e r  ag reem en t  w i t h  

e x p e r im e n t  by u s i n g  a  ' h a r d  core*  f o r  t h e  d e u t e r o n  i . e .  

by a ssu m in g  t h e  wave f u n c t i o n  was z e r o  f o r  l e s s  t h a n  

some c r i t i c a l  v a l u e * Bludman, ho w ev er ,  found  

t h a t  t h e  t o t a l  c r o s s - s e c t i o n  c a l c u l a t e d  u s i n g  t h e  H u l th e n  

wave f u n c t i o n  w i t h  t h e  c o re  was o n e - h a l f  t h a t  found  

u s i n g  t h e  Hulthe^n wave f u n c t i o n  w i t h o u t  t h e  co re*  I t  i s  

t h e r e f o r e  u n l i k e l y  t h a t  even  a  ' h a r d  c o r e '  d e u t e r o n  wave 

f u n c t i o n  would r e d u c e  t h e  c r o s s - s e c t i o n  fo u n d  above by 

t h e  n e c e s s a r y  f a c t o r  o f  100* The i m p o r t a n c e  o f  t h e  

h a r d  c o r e  i n  B lu d m an 's  c a l c u l a t i o n  was t h a t  i t  f l a t t e n e d  

t h e  a n g u l a r  d i s t r i b u t i o n  i n  t h e  backward  d i r e c t i o n .  

Bludman, i n  h i s  c a l c u l a t i o n ,  u s e d ^ t r i t o n  wave f u n c t i o n  

i n  which t h e  two Mp a r t i c i p a t i n g  n u c le o n s "  (he u s e d  t h e  

im p u l s e  a p p r o x i m a t i o n )  were c l o s e  t o g e t h e r  and he found  

a  t o t a l  c r o s s - s e c t i o n  e q u a l  t o  t h e  e x p e r i m e n t a l  o n e .

I t  t h e r e f o r e  a p p e a r e d  i n t e r e s t i n g  t o  r e p e a t  t h e  above 

c a l c u l a t i o n  u s i n g  a  d i f f e r e n t  t r i t o n  wave f u n c t i o n .  A 

G-aussian form was c h o se n  f o r  t h e  wave f u n c t i o n ,  namely
]—; -«*>► (v,, f vlf

J  €
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w i t  h ~ - a nd d t - uwx ( c f .  r e f .  (30)  )

T h i s  gave

- Hz. «ia lv' I X \a
d A  “ rtr * ' k *

w i t h

* . T -,-1

I , Q i s  e v a l u a t e d  i n  t h e  append ix*

The a n g u l a r  d i s t r i b u t i o n  d e r i v e d  f rom  t h i s  i s

¥  *  ^ ^ E k ^ !eA/v I

-*-yC.f> j  ) O t^p 9 |
} f o r  78*3 Mev meson i n  t h e  

c e n t r e  o f  mass system*

T h u s , p r a c t i c a l l y  a l l  t h e  mesons p ro d u ce d  i n  t h e  

r e a c t i o n  j*-*®1-'* t a r e  p ro d u ce d  i n  a  v e r y  n a r ro w  cone 

i n  t h e  f o r w a r d  d i r e c t i o n * t h i s  i s  a t  c o m p le te  v a r i a n c e  

w i t h  t h e  e x p e r i m e n t a l  r e s u l t *  T h is  r e s u l t  w i l l  be 

d i s c u s s e d  f u r t h e r  i n  § 8* With t h i s  wave f u n c t i o n  t h e  

i n t e g r a t i o n  o f  t h e  d i f f e r e n t i a l  c r o s s - s e c t i o n  can  be  

e a r r i e d Na n a l y t i c a l l y  and g i v e s  a  t o t a l  c r o s s - s e c t i o n  o f
'■JO a. +

7$ 10 cm f o r  t h e  p r o d u c t i o n  o f  T\ mesons by 340 Mev 

p r o t o n s  i n  t h e  r e a c t i o n  p-K*-?
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f 7 .  P s e u d o s c a l a r  M esons*

F o r  PSfPV) t h e o r y ,

6 “ ' = i f  Jffi  {  ? ”  5  -  g »  .  =  * !

and e M  -

where  a c t s  o n ly  on ^“7 7̂“  

E q u a t i o n  ( 5 . 1 7 )  becomes

H'. r §  ^  f < ” \  o , ) |  F - g t f r ,
f° * A v ** L >

+ a (*’ + & ?  x*

( 7 a )

where I ,  i s  a s  i n  t h e  Sis) c a s e  and v

< ------------------------------------------  ( 7 . 2 )

;  = • < * k , l c s — )« * €— r - r - ^ r
i v ^  Aj /  .

These  i n t e g r a l s  a r e  e v a l u a t e d  i n  t h e  a p p e n d i x .  I3 i s  o f
j? -T

t h e  form a x* •

I f  we l e t  ( r<’ - 7* P r > " k’

and r s '  k l

t h e n  h ' j .  = J ^ c  ^  I 7 wU a J , -> “*•>. £

•» ( i i , O |  ( 7 * 4 )



F o r  t h e  summation, o v e r  t h e  s p i n s ,  we u s e

<5* vr-* - vr-  ^  :

^  : i ' ' -  £  ̂°-v

<S\ v/+ = ^  <fx vt_ r -

where  ^ a r e  t h e  s p i n  wave f u n c t i o n s  o f  a  n u c l e o n  w i t h  

i  -com ponent  o f  s p i n  e q u a l  t o  +J and —J  r e s p e c t i v e l y ,  

and  ^  i s  t h e  s p i n  o p e r a t o r  a c t i n g . o n  t h a t  n u c l e o n .

Summing o v e r  t h e  f i n a l  s p i n s  and a v e r a g i n g  o v e r  t h e  

i n i t i a l  s p i n s  o f  t h e  n u c l e o n s ,  we f i n d

S l H ' ^ i S  5  - i C K - C . i ]  . ( 7 . 5 )

The d i f f e r e n t i a l  c r o s s - s e c t i o n  i s  o b t a i n e d  f rom  ( 5 .1 9 )  

and i s

The t r i t o n  wave f u n c t i o n  was found  t o  be  u n s a t i s f a c t o r y  

i n  t h e  c a s e ,  so i t  was n o t  c o n s i d e r e d  p r o f i t a b l e  t o

e v a l u a t e  t h e  above d i f f e r e n t i a l  c r o s s - s e c t i o n  f o r  more 

t h a n  one e n e r g y .  The meson ene rg y  c hosen  was 78 .3  Mev
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a s  t h i s  i s  t h e  e n e rg y  a t  which  t h e  e x p e r i m e n t a l  r e s u l t s  

a r e  a v a i l a b l e .  The shape  o f  t h e  a n g u l a r  d i s t r i b u t i o n  

o b t a i n e d  i s  shown i n  f i g . 10 ,  w hich  c o n t a i n s  a l s o  t h e  

a n g u l a r  d i s t r i b u t i o n  o b t a i n e d  by s u p p r e s s i n g  t h e  ’o d d '

to

^ SC,
F i g . 10 .  A n g u la r  d i s t r i b u t i o n s  i n  t h e  c e n t r e  o f  mass 

s y s te m  c a l c u l a t e d  on  p*(pv) t h e o r y  f o r  
i n c i d e n t  340 Mev p r o to n s *  ( a )  i n c l u d e s  t h e  
whole  i n t e r a c t i o n !  (b )  i n c l u d e s  o n ly  t h e  
even  o p e r a t o r  o f  t h e  i n t e r a c t i o n .

p a r t  o f  t h e  i n t e r a c t i o n  which g i v e s  r i s e  t o  a l l

t h e  t e r m s  i n v o l v i n g  ^  . N e g l e c t i n g  t h i s  ' o d d '  p a r t  o f  

t h e  i n t e r a c t i o n ,  we have

( 7 . 7 )
n

I n t e g r a t i o n  o f  ( 7 . 6 )  and ( 7 . 7 )  gave t h e  t o t a l  c r o s s —
 ̂ - j

x 10 cm f o r
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t h e  c o m p le te  i n t e r a c t i o n  and 1 . 6 ^  x 10 cm when t h e  

' o d d 1 p a r t  o f  t h e  i n t e r a c t i o n  was n e g l e c t e d .  D e t a i l e d  

■balancing ( £ 4 )  gave <r ôaK = 1 2 £xx  10 cm f o r  t h e  

f o r m e r  and 5 ^  x 10 cm f o r  t h e  l a t t e r  i n t e r a c t i o n .  T h u s ,  

a t  t h i s  e n e r g y ,  t h e  t o t a l  c r o s s - s e c t i o n  c a l c u l a t e d  i n  

P5fPv) t h e o r y  i s  l a r g e r  t h a n  t h a t  c a l c u l a t e d  i n  $ ( 0  t h e o r y .  

The c o m p le te  i n t e r a c t i o n  g i v e s  an  a n g u l a r  d i s t r i b u t i o n  

g r e a t l y  d i f f e r e n t  f rom t h e  e x p e r i m e n t a l  one ( r e f .  (27)  ) .  

The even  p a r t  o f  t h e  i n t e r a c t i o n  g i v e s  t h e  v a l u e s  5 and 

0 . 4  f o r  t h e  r a t i o s  ( H ) o. /  CTa.),0» and C t a ) , 0. 

r e s p e c t i v e l y  b u t  t h e  a n g u l a r  d i s t r i b u t i o n  shows no 

t e n d e n c y  t o  f l a t t e n  o f f  i n  t h e  backward  d i r e c t i o n .  The 

even  p a r t  o f  t h e  i n t e r a c t i o n  does  however  g i v e  a  b e t t e r  

f i t  t o  t h e  e x p e r i m e n t a l  a n g u l a r  d i s t r i b u t i o n  t h a n  does  

t h e  c o m p le te  i n t e r a c t i o n ,  a  r e s u l t  which  was a l s o  fo u n d  

f o r  t h e  r e a c t i o n  j» + \> . ( s e e  r e f .  (30) ) .
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f 8 .  D i s c u s s i o n  o f  R e s u l t s .

( a )  A n g u la r  D i s t r i b u t i o n  o f  Mesons from t h e  r e a c t i o n

( i )  I r v i n g  t r i t o n  wave f u n c t i o n -

The a n g u l a r  d i s t r i b u t i o n  o f  t h e  mesons i n  t h e  

c e n t r e  o f  mass s y s te m ,  c a l c u l a t e d  u s i n g  t h e  I r v i n g  wave 

f u n c t i o n  t o  d e s c r i b e  t h e  t r i t o n ,  i s  shown i n  f i g . 7 ( f o r

meson t h e o r y )  and i n  f i g . 10 ( f o r  meson t h e o r y ) .

B o th  t h e s e  c u r v e s  a r e  f o r  340 Mev p r o t o n s  i n  t h e  l a b o r a t o r y  

s y s t e m .  The e x p e r i m e n t a l  a n g u l a r  d i s t r i b u t i o n  a t  t h i s  

e n e rg y  i s  d e s c r i b e d  i n  f  3» I t  i s  s e e n  t h a t  t h e o r y

g i v e s  a  b e t t e r  f i t  t o  t h e  e x p e r i m e n t a l l y - d e t e r m i n e d  

a n g u l a r  d i s t r i b u t i o n  t h a n  does  ?S(Pv) t h e o r y .  With t h e  

’odd i n t e r a c t i o n 1 s u p p r e s s e d ,  Ps(pv)  t h e o r y  g i v e s  t h e  

p e a k i n g  i n  t h e  f o r w a r d  d i r e c t i o n ,  a s  found  by e x p e r i m e n t ,  

b u t  d oes  n o t  g i v e  t h e  r e q u i r e d  f l a t t e n i n g  o f f  i n  t h e  

backward  d i r e c t i o n .  These f i n d i n g s  a r e  s i m i l a r  t o  

t h o s e  f o r  t h e  r e a c t i o n  $ where # 0  t h e o r y

and PSfPv) w i t h  t h e  odd i n t e r a c t i o n  s u p p r e s s e d  g i v e  

b e t t e r  ag reem en t  w i t h  e x p e r im e n t  t h a n  does  t h e o r y .

These  r e s u l t s  a r e  c o n t r a r y  t o  t h o s e  o f  o t h e r  meson 

p r o c e s s e s ,  ( p h o t o - p r o d u c t i o n  o f  mesons and n  meson 

c a p t u r e  p r o c e s s e s ) ,  which f a v o u r  p s e u d o s c a l a r  t h e o r y .

The c a l c u l a t e d  a n g u l a r  d i s t r i b u t i o n s  f o r  t h e  

r e a c t i o n s  ^ can  be e x p l a i n e d  by a p a r t i a l
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wave a n a l y s i s  (13)  ( s e e £ l ) .  Such a n  a n a l y s i s  f o r  t h e  

r e a c t i o n s  w ou ld ,  h ow ever ,  be u n p r o f i t a b l e .

T h i s  may be s e e n  a s  f o l l o w s .

The a n g u l a r  d i s t r i b u t i o n  c a l c u l a t e d  f o r  s c a l a r  

mesons  i s  a n i s t r o p i c .  I n  s c a l a r  t h e o r y ,  t h e  r e a c t i o n  

i s  a l l o w e d  when b o t h  t h e  p r o t o n  and t h e  meson a r e  i n  

s - s t a t e s ,  and i f  t h i s  were d o m in a n t ,  t h e  d i s t r i b u t i o n  

would be r o u g h l y  i s o t r o p i c .  I n  p s e u d o s c a l a r  t h e o r y ,  

t h e s e  v a l u e s  o f  t h e  a n g u l a r  momenta a r e  f o r b i d d e n ,  y e t  

t h e  c a l c u l a t e d  a n g u l a r  d i s t r i b u t i o n  i s  c l o s e r  t o  

i s o t r o p y .  I t  t h e r e f o r e  a p p e a r s  t h a t  t o  e x p l a i n  t h e  

c a l c u l a t e d  a n g u l a r  d i s t r i b u t i o n s ,  h i g h e r  v a l u e s  o f  t h e  

a n g u l a r  momenta would have  t o  be c o n s i d e r e d .  F o r  a  

p r o t o n  o f  400 Mev e n e r g y ,  v a l u e s  o f  ^  a s  h i g h  a s  6 a r e  

p r e s e n t .  An a n a l y s i s  i n v o l v i n g  t h e s e  v a l u e s  o f  f. would 

n o t  y i e l d  s p e c i f i c  i n f o r m a t i o n .

( i i )  G a u s s ia n  t r i t o n  wave f u n c t i o n .

When t h e  t r i t o n  was d e s c r i b e d  by a G a u s s ia n  wave 

f u n c t i o n ,  ( f 6 ) ,  t h e o r y  gave an  a n g u l a r  d i s t r i b u t i o n

i n  which  t h e  mesons were p r a c t i c a l l y  a l l  p ro du ced  i n  a  

v e r y  n a r ro w  cone i n  t h e  fo r w a r d  d i r e c t i o n .  The d i s c u s s i o n  

o f  t h i s  s h a l l  be d e f e r r e d  u n t i l  we have d i s c u s s e d  t h e  

t o t a l  c r o s s - s e c t i o n  c a l c u l a t e d  w i t h  t h e  I r v i n g  t r i t o n  

wave f u n c t i o n .
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(b)  T o t a l  C r o s s - s e c t i o n s  o f  t h e  R e a c t i o n s  ^  f>-+o( ,

( i )  I r v i n g  t r i t o n  wave f u n c t i o n .

As i n  t h e  r e a c t i o n s  ^  p , i t  i s  fo u n d  t h a t

ps(fy)  t h e o r y  g i v e s  a  l a r g e r  t o t a l  c r o s s - s e c t i o n  f o r  t h e  

r e a c t i o n s  rrVp- >̂-r<x t h a n  does  t h e o r y .  However,

b o t h  t h e o r i e s ,  w i t h  t h e  I r v i n g  t r i t o n  wave f u n c t i o n ,  

g i v e  a  t o t a l  c r o s s - s e c t i o n  l a r g e r  t h a n  t h e  e x p e r i m e n t a l  

one { §  3) by a  f a c t o r  o f  a b o u t  100 .  ( I n  t h i s  c a l c u l a t i o n  

i t  i s  assumed t h a t  t h e  c o u p l i n g  c o n s t a n t s  have  v a l u e s  o f  

a b o u t  u n i t y . )

T h is  s t u d y  o f  t h e  r e a c t i o n s  tt̂ i- ^  i S>

ho w ever ,  f a r  f rom b e in g  e x a c t .  We s h a l l  d i s c u s s  now t h e  

p o s s i b l e  s o u r c e s  o f  e r r o r  which c o u ld  l e a d  t o  t h e  h i g h  

v a l u e s  o b t a i n e d  f o r  t h e  t o t a l  c r o s s - s e c t i o n .

S in c e  t h e  c o u p l i n g  c o n s t a n t s  a r e  n o t  s m a l l ,  t h e  u s e  

o f  a  w e a k - c o u p l in g  t r e a t m e n t  i s  n o t  r i g o r o u s .  T h is  

p r o c e d u r e ,  how ever ,  a s  we have  s e e n  i n f l ,  when a p p l i e d  

i n  lo w e s t  o r d e r  t o  t h e  r e a c t i o n s  , does  g i v e

t o t a l  c r o s s - s e c t i o n s  n o t  w id e ly  d i f f e r e n t  f rom t h e  

e x p e r i m e n t a l l y  o b s e r v e d  c r o s s - s e c t i o n s ,  i f  t h e  c o u p l i n g  

c o n s t a n t s  a r e  assumed t o  be a b o u t  u n i t y .  We would 

t h e r e f o r e  e x p e c t  s i m i l a r  r e s u l t s  f o r  t h e  r e a c t i o n s

^ 4  and we s h a l l  assume t h a t  t h e  e r r o r s  i n  

t h e s e  t o t a l  c r o s s - s e c t i o n s  a r e  due t o  o t h e r  c a u s e s .
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The "basis  o f  t h e s e  c a l c u l a t i o n s  i s  t h a t  t h e  m a t r i x  

e le m e n t  f o r  t h e  t r a n s i t i o n  f rom  a  s t a t e  d e s c r i b e d  by t h e  

wave f u n c t i o n  t o  a  s t a t e  d e s c r i b e d  by ^  i s  M = 

where  O i S t h e  i n t e r a c t i o n  o p e r a t o r  c a u s i n g  t h e  t r a n s i t i o n .  

We s h a l l  f i r s t  d i s c u s s  t h e  p o s s i b l e  s o u r c e s  o f  e r r o r  i n  

t h i s  o p e r a t o r  o  , and t h e n  t h o s e  i n  and ^c  .

We have  u s e d  t h e  n o n - r e l a t i v i s t i c  form o f  o  j 

how ever ,  t h e  v e l o c i t i e s  o f  t h e  n u c l e o n s  a r e  n o t  l a r g e  

enough f o r  t h i s  t o  make more t h a n  a  1 0 d i f f e r e n c e  t o  

t h e  t o t a l  c r o s s - s e c t i o n .  I t  a p p e a r s ,  t h e r e f o r e ,  t h a t  

t h e  l a r g e  e r r o r s  i n  t h e  t o t a l  c r o s s - s e c t i o n s  a r e  n o t  due 

t o  t h i s  o p e r a t o r  O _

One i m p o r t a n t  f u n c t i o n  o f  t h e  o p e r a t o r  O i s  t o  

d e t e r m i n e  t h e  form o f  t h e  a n g u l a r  d i s t r i b u t i o n  o f  t h e  

e m i t t e d  p a r t i c l e s  and we have  d i s c u s s e d  t h i s  a b o v e .

Let  u s  now c o n s i d e r  'S'j , which  we t a k e  t o  be t h e  

wave f u n c t i o n  d e s c r i b i n g  t h e  p r o t o n —d e u t e r o n  sys tem*

The form o f  ^  u se d  assumed t h a t  t h e r e  was no i n t e r a c t i o n  

b e tw ee n  t h e s e  p a r t i c l e s .  C hes ton  (13) s t a t e d  t h a t  i n  t h e  

r e a c t i o n s  r\%d ^  f>-^ ? t a k i n g  a c c o u n t  o f  t h e  p r o t o n - p r o t o n  

i n t e r a c t i o n  a l t e r e d  t h e  t o t a l  c r o s s - s e c t i o n  o n ly  s l i g h t l y ,  

s i n c e  t h e  p r o t o n s  had  h i g h  r e l a t i v e  e n e r g y .  The same 

r e a s o n i n g  a p p l i e s  t o  t h e  r e a c t i o n s  #

p r o t o n - d e u t e r o n  i n t e r a c t i o n  would be t a k e n ^ c o n s i d e r a t i o n
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by i n s e r t i n g  a  p h a se  f a c t o r  i n  t h e  p l a n e  wave u s e d  t o  

d e s c r i b e  t h e  p r o t o n .  I t  i s  u n l i k e l y  t h a t  such  a 

c o r r e c t i o n  would r e d u c e  t h e  t o t a l  c r o s s - s e c t i o n s  by t h e  

n e c e s s a r y  f a c t o r  o f  100.. The o n ly  r e m a in i n g  s o u r c e  o f  

e r r o r  i n  t h e  c a l c u l a t i o n  l i e s  i n  t h e  wave f u n c t i o n ,  , 

u s e d  t o  d e s c r i b e  t h e  t r i t o n .  We s h a l l  now d i s c u s s  t h i s .

I n  t h e  p r o d u c t i o n  o f  mesons i n  p r o t o n - d e u t e r o n  

c o l l i s i o n s ,  l a r g e  momentum t r a n s f e r s  a r e  i n v o l v e d ,  so 

t h a t  i n  t h e  r e a c t i o n  f>-+* +  ̂ i t  i s  n e c e s s a r y  t o

d e s c r i b e  t h e  h i g h  momentum components  o f  t h e  t r i t o n  

wave f u n c t i o n  a s  a c c u r a t e l y  a s  p o s s i b l e .  The I r v i n g  wave 

f u n c t i o n  i n a d e q u a t e l y  d e s c r i b e s  t h e  h ig h  momentum 

co m p o n e n ts ,  a s  i t  t e n d s  t o  i n f i n i t y  when f, and vv* t e n d  

t o  z e r o .  T h is  wave f u n c t i o n  was s t u d i e d  by I r v i n g  w i t h  

t h e  i n t e n t i o n  o f  f i t t i n g  t h e  b i n d i n g  energy  o f  t h e  

t r i t o n  a c c u r a t e l y .  I t  i s  t h e r e f o r e  c o r r e c t  o n ly  i n  i t s  

a s y m p t o t i c  b e h a v i o u r ,  i . e .  o n ly  i n  i t s  d e s c r i p t i o n  o f  t h e  

low momentum c om po n en ts .  I n  momentum s p a c e ,  t h e  I r v i n g  

wave f u n c t i o n  i s  t o o  l a r g e  i n  t h e  h i g h  momentum r e g i o n  

and t h i s  c o u ld  a c c o u n t  f o r  t h e  n e c e s s a r y  f a c t o r  o f  1 0 0 .

( i i )  G a u s s ia n  t r i t o n  wave f u n c t i o n .

When t h e  t r i t o n  i s  d e s c r i b e d  by a  G a u s s ia n  wave 

f u n c t i o n ,  t h e o r y  g i v e s  a  t o t a l  c r o s s - s e c t i o n

a p p r o x i m a t e l y  i n  ag reem en t  w i t h  t h e  e x p e r i m e n t a l  v a l u e .
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T h is  t o t a l  c r o s s - s e c t i o n ,  h o w ever ,  i s  v e ry  s e n s i t i v e  t o  

t h e  t r i t o n  r a d i u s  used*  t h e  t o t a l  c r o s s - s e c t i o n  d e c r e a s e s  

w i t h  i n c r e a s i n g  r a d i u s  o f  t h e  t r i t o n .  The G a u s s ia n  wave 

f u n c t i o n  i s  a c t u a l l y  t o o  s m a l l  i n  t h e  h i g h  momentum 

r e g i o n .  T h is  c an  he s e en  f rom t h e  a n g u l a r  d i s t r i b u t i o n  

i t  g i v e s ,  and we now g i v e  a  d i s c u s s i o n  o f  t h i s .  ( S e e f 8 ( a ) ( i i ) ]

The g r e a t e r  t h e  a n g le  a t  which  t h e  meson i s  p r o d u c e d ,  

t h e  g r e a t e r  i s  t h e  momentum t r a n s f e r r e d .  F o r  l a r g e -  

a n g l e  s c a t t e r i n g ,  t h e r e f o r e ,  t h e  h i g h  momentum components  

o f  t h e  t r i t o n  wave f u n c t i o n  a r e  r e q u i r e d .  At l a r g e  

a n g l e s  t h e  d i f f e r e n t i a l  c r o s s - s e c t i o n  i s  fo u n d  t o  be t o o  

s m a l l ,  so t h a t  i n  momentum s p a c e ,  t h e  t r i t o n  wave 

f u n c t i o n  i s  t o o  s m a l l  i n  t h e  h i g h  momentum r e g i o n .  I n  

c o n t r a d i c t i o n  t o  t h e  f a i l u r e  o f  t h e  G a u s s ia n  wave 

f u n c t i o n  i n  t h i s  c a l c u l a t i o n  i t  was n o t e d  i n  § 2 t h a t  a 

G a u s s i a n  d i s t r i b u t i o n  o f  momenta o f  t h e  n u c l e o n s  i n  t h e  

c a r b o n  n u c l e u s  gave  good a g re em e n t  w i t h  e x p e r im e n t  f o r  

mesons  p ro d u ce d  i n  p r o t o n - c a r b o n  c o l l i s i o n s .  (The 

F o u r i e r  t r a n s f o r m  o f  t h e  G a u s s ia n  wave f u n c t i o n  i s  a l s o  

G a u s s i a n . )

( c )  C o n c lu s io n .

I t  would be p r o f i t a b l e  t o  r e p e a t  t h e  above c a l c u l a t i o n s  

u s i n g  a  t r i t o n  wave f u n c t i o n  which d e s c r i b e s  t h e  h i g h  

momentum components  a c c u r a t e l y *  Such a  wave f u n c t i o n
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c o u ld  be fo u n d  f rom  an a n a l y s i s  o f  e x p e r i m e n t s  on t h e  

s c a t t e r i n g  o f  n u c l e o n s  by t r i t o n s .

On t h e  o t h e r  h a n d ,  t h e  above c a l c u l a t i o n s  c o u l d  

be  u s e d  a s  a  means o f  d e t e r m i n i n g  su c h  a  wave f u n c t i o n .  

The p ro b lem  c o n s i d e r e d  i n  t h i s  t h e s i s  i s  more u s e f u l  

f o r  d e t e r m i n i n g  t h e  p r o p e r t i e s  o f  t h e  t r i t i u m  n u c l e u s  

t h a n  f o r  s t u d y i n g  t h e  mechanism o f  meson p r o d u c t i o n .



APPEKDIX

I n  t h i s  a p p e n d ix  we s h a l l  e v a l u a t e  t h e  i n t e g r a l s  

o c c u r r i n g  i n  t h e  t e x t  and s h a l l  d e n o te  r e f e r e n c e s  t o  

Watson*s MB e s s e l  F unc t ions '*  by and r e f e r e n c e s  t o  

Hobson*s " S p h e r i c a l  and E l l i p s o i d a l  Harmonics"  by H

i s  u s e d  f o r  t h e  B e s s e l  f u n c t i o n  o f  o r d e r  and  

f o r  t h e  B e s s e l  f u n c t i o n  o f  p u r e l y  im a g in a r y  

a rgum ent  o f  o r d e r  n. * The o t h e r  f u n c t i o n s  a r e  i n  

s t a n d a r d  n o t a t i o n .

( a )  E v a l u a t i o n  o f  E, .

vm € / ^ ( ? yKx) e— * • t i
K ,  J o  J o

Then

C o n s i d e r
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r r r -and r  *

T h e r e f o r e

r ’ , n—iP  ( *S Kj.( + r \ ) — !—
I. - J^c** )o 1 4 ( f W

-  k,' v' - K _, \ f  J a N X 1}

-  - J 5 J C   K  i f  r- J ^ + kT - J
vl fltf-S icj^

T h e r e f o r e

r - i^IL — rM̂  ^  c~*** K,^v

^ e"k y- -  *— - , and 4c». - —^ —
-t J H  «i*

Then ^

t  -  ^  r ^ - s ^ r ^ * ' « ' * ‘ 5' K ,(* ) -

C o n s i d e r  1  - M * )

and  l e t
oU ~ <-cr^ V .

Then Y" - r U )  ?\^{<-c^JLx)

Now o ; ’( ^ v ) - _  j s r ;n  V ^ v )

an d  z Gx (
r o l) " r ( X )

( ^ r p . 8 o )

( w p * 4 1 6 )

(W p79)

(W p .3 8 8 )  

( *H p*427)  

(H^p.196)

so t h a t
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/a-Vviv1* X

I n  t h e  t e x t ,  <1* < \ , so Y i s  r e p l a c e d  by c Y and

-j _ i*sjn' <_____ F ? v/1 <̂tK. __—_ coo * _ 3 JUt* -  5^  / i  3 U e\ K:x)  J  -
F o r  t h e  p u r p o s e  o f  n u m e r i c a l  work we w r i t e  t h i s  a s

r ,  - ĉ~ [6̂ -0 ̂ '1%̂
J l1-3
<U ^

K 1 ~ L *~ Jx »

T h e r e f o r e ,

tc’X'  1 (M f  K Wo6»)- 3 L 3 vfi
s i n c e  \>x - ^  -

H e r e ,  ® i s  the .  a n g l e  b e tw e e n  t h e  v e c t o r s  j> and  "? *

(b )  E v a l u a t i o n  o f  I* .

l e t  K, = and  K> = —J, k •

U - \*T, **» ^  £ ^ l^ L liiL y

-  » < • " '  f - . p  f ~  ^ >  . ,  .

~  I ^ I C j  j  * )  v * ? l  *  y x / ~ t  f c \ T * )  ^  K *  * 1 ^  1
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l e t  v ^ , ( r i S  , ^  and  </± -  ^  /«*

Then

*  C O  / ’  A00
T  z  - 3 H !   f  - v  -e~ - C - d ^ V )  I « * f  f ^ t i c ^ )  e _ _ _ _ _ _ _ _ .

1 3J5 KTX  J„ Jo , T‘ „ ^

00 - 1

/fa n*_____ L _  [ <A.V 42 V- k, (vJi^-HCx

T , ^ VTx . " JUL et

Then

T *  r _ " £ —   ̂ r  ^  JC- ^ ^ a c ; v  *  k (u ) ]

Let  fllel - l  ^  - C-tr̂ jC. ̂ .

T h e n

^  '  f  ° °  ~ f  A *  - 1  k 5  )  *

! x - I £ x  k,(*)

- —i  f -  c W ^ ' ^ ' ^ V )
_ r j* s  ^

, by an  a n a l y s i s
s i m i l a r  t o  t h a t  i n  ( a )  •

T h e r e f o r e ,

'  T  -- --------------
iJi*;' (JL̂ +Ki ) (*-»*> £

4 /  J ^ r - f l ) *  t ^ - ' t i l

_  ̂ (  :m  -  (-<o ~j
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w here  = o(A - k 3w

i> = 

a n d  \  --
-O 1

( c )  E v a l u a t i o n  o f  r3 „

i ,  - * ) « * ? ,  ^  1------- J « € ^
'  K i  ^  J     7 T

We c a n  w r i t e

t  = *• J * s u * , ' i r ' , ' lt7 K 0

-- ‘‘ f i o  ( * i  r ^ T  «**“ ,c , , / k , )  ^  u , ^ ^ ,  Vl!i )
'O - i  'O

w here  we have  t a k e n  IS a s  t h e  z —a x i s  o f  t h e  v\3 space*
r - a n  _

Now |0 <-tr>Cp cL kQ  - ©Cep - G ^

s o  t h a t  t h e  >c and ' j com ponen ts  v a n i s h *

i ; 2 - i £ V }  ̂ a t  ( °, 'f ^  ^

= «  i V f M  -  ^ , ' " " " l < 0 ] .
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—O —7 I
We have  t a k e n  Kj a s  t h e  z —a x i s ,  so t h a t  I* i s  a  v e c t o r  i n

~o ,
t h e  d i r e c t i o n  o f  w i t h  m a g n i tu d e  ♦ We c a n  t h e r e f o r e

w r i t  e *

L  - -  yTI*JjL ( -  J p  ^  €------- f d j r - n )
J W v c ' "  L J  ^

_ ^ r  r \ v x)*-
* \  .*?■ f  —  t ^ r )  * —  >

c e - t ^

w i t h  t h e  same ch ange  o f  v a r i a b l e s  a s  i n  ( b ) .  

T hu s ,

•Ci*? y  )o 1 J

p n 7̂ K< _ _  J ,v r 9

r 5K; '  ( ^  v C f '  ^  L
OO _ <Ld X  / ■ M X

M. €  (C,(;jO  U o [ | C }  x )

, M r -° . ^ x  „ x
_  J ^ L  I C*TX t  I C j t * )  x )

\ C ,M J o

r  * *  e ' * “ *  K . < * >  ( * > " * )

f «a*. J_ * k,<»)
3 '0  *  J  >

_  JL

a g a i n  w i t h  t h e  same change  o f  v a r i a b l e s  a s  i n  (b )*

The l a s t  o f  t h e s e  i n t e g r a l s  does  n o t  s a t i s f y  t h e  

c o n d i t i o n s  n e c e s s a r y  f o r  t h e  a p p l i c a t i o n  o f  t h e  method 

u s e d  i n  ( a )  and  ( b ) .  We u s e  i n s t e a d  t h e  f o l l o w i n g  m ethod .
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We h av e  b  -  -  K j * )  -  ( V P . 7 9 )

an d  K < O - - - K . ' t > 0  ( w . p . 7 9 )

so t h a t  jl k .u ^  = ~ko(*)  fi^b'Vx')
|V- ^

5. oo X — *̂ct X \^  -L k*(*)-e /a>^Vj *■)
o X

r -  fV*<o<>0 0 * ) * ' " U x , ^ (  *.’'»)

- [ _ k. < * ) ^ \ ^ C k; V ) ] ~  -  ^  «"** C|c>'x )

-* \c^M J  cLjt 1< ,(a)  e *^ *  c<r>CK  ̂ x  ^ .

• ? ’ 9 n x  k f , "  f  f oo _ ^ J ' x

- 5 '  L ^  ^  k , ( 0  C^(K3" x)

*o

- ]

f - »  x «'<*'* K.IO ^ C k,"0  X ^ t , '  ( « •  0 > » .*o

r°° _ < / *
and  <a,l k0( x ) *  ^ ^ ’>0 i s  e v a l u a t e d  i n  a

m anner  s i m i l a r  t o  t h a t  u s e d  f o r  t h e  e v a l u a t i o n  o f  lx

The f i n a l  r e s u l t  i s  t h a t  l /  ~ ~ I*

w h e rs  T   tfe-5---------- —-— - . *

* f -  i f  ( i f ^ ( t w f j 1 ~ b-  (
L  k," t  ' _

>' (  Ji^-e p>yvj rt- javfr) c ^ ~ '  Î a + jL„ ̂ X n S  %L)  ^  -*T*

C. xjflw) « r̂' ^  - ~ J JESiayfftN 8  ̂ *•« ' £=0
k*" ^ a J 5

-*■ ■* 
*!

I.
j,  ^d
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w i t h  ft , , f> and  a s  d e f i n e d  i n  ( b ) .

F o r  and I* we have

r  J o x 'e ' K  <~*o ( 9 - )  ^

(d )  E v a l u a t i o n  o f  ♦

^-3

= ~  f"">f f W C s ’f)  € ^  5 £  *v' v  « ’ ' e
►! *o

1 .T-i X- t « r  _  </e V

-  AV f

[  f  ^  O , ’?) * ^

r J e 3  f °°*<r  f u  y i ( ' < t )  <
-  k'X/£"

-  -E& «  ( W p .3 9 4 )
>+

r °° V - 4 XV V

Jo ^  ^  e  G

Jg3  ix ^ “'Tt <*v v5111 Sl̂ (»4<y) -*<-' Tv(fjJy)|«  ^  r

r i  i;V f  J  + j. < eT f ^ T l  (Vp.394
- - - ?  * ,JLt ^  ^  (Xn' i1 '  J .  & p . 100)

T h e r e f o r e

r,< = -  *
3 #N-
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Here

k, = i (  Mfc + i  35 '

so t h a t  t h e  d ep en d e n ce  o f  t xq on © i s  g i v e n - b y

t ot f _I_ J_ J <v'e> c«^ © 1
I.* 01 ^  f .

a?3 *^ ~ o*i3., so t h a t  we n e e d  t a k e  o n ly  t h e  f i r s t  two
H-lc

t e r m s  o f  t h e  s e r i e s  i n  t h e  s q u a r e  b r a c k e t s .



R e f e r e n c e s .

C a r t w r i g h t ,  Riehman,  W hitehead  and W ilco x .  P .R .  78 ,
823 (1550)

W hiteh ead  and Riehman. P .R .  8_3, 855 (1951)

P e t e r s o n .  P .R .  79* 407 (1951)

P e t e r s o n ,  I l o f f  and  Sherman.  P .R .  8 4 , 372 (1951)

C ra w fo rd ,  Crowe and S t e v e n s o n .  P .R .  82 ,  97 (1951)

D u r b i n ,  L oar  and S t e i n b e r g e r .  P .R .  8 3 ,6 4 6  (1951)

P .R .  84 ,5 8 1  (1951)

C l a r k ,  R o b e r t s  and  W ilso n .  P .R .  83_,649 (1951)

P assm an ,  B lock  and H avens .  P .R .  86 ,6 0 2  (1952)

S c h u l z ,  H am lin ,  J a k o b s o n  and M e r r i t t .  P .R .  87*
219 (T952)

M o r e t t e .  P .R .  76 ,  1432 (1949)

B r u e c k n e r .  P .R .  82 ,  598 (1951)

F o ld y  and M a rsh a k .  P .R .  75* 1493 (1949)

Gunn, Power and T o u sc h ek .  P .R .  81 ,  277 (1951)

P h i l . M a g .  4 2 ,  523 (1951) 

F u j im o to  and Yamaguchi .  P r o g . T h e o r . P h y s .  6 , 166 ( 1 9 5 1 ) .  

C h e s t o n .  P .R .  8 3 , 1118 (1951)

Watson and B r u e c k n e r .  P .R .  8^_, 1 (1951)

Matsuyama and Miyazawa.  P r o g .  T h eo r .  P h y s .  8 ,  140(1952)  

B r u e c k n e r  and  W atson.  P .R .  8 6 ,  923 (1952)

Pow er .  P r o c . R o y . S o c . A, 210 ,  8 5  (1951)

Fo ldy  and Wouthuysen .  P .R .  7 8 , 29 (1950)

Chew. P .R .  80 ,  196 (1950)



(20)  Chew and Wick. P . R .  8 5 , 636 (1952)

(21 )  Noyes .  P .R .  81 ,  924 (1951)

(22)  Passm an ,  B lock  and H avens .  P .R .  8 5 , 370 (1952)

(23)  D u d z i a c k .  P .R .  8 6 , 602 (1952)

(24)  Passm an ,  B lo ck  and H avens .  P .R .  8 7 , 168 (1952)

(25 )  Passm an ,  B lo ck  and H aven s .  P .R .  8 3 , 167 (1951)

(26)  C l a d i s ,  Hess and Moyer.  P .R .  8 7 , 425 (1952)

(27)  P r a n k ,  B a n d t e l ,  Madey and Moyer.

B u l l .  Am. P h y s .  S oc .  V o l .  27 ,  N o .6 . ,  p l 5 . (1952)

B u l l .  Am. P h y s .  S o c .  V o l .  28 ,  No.3 . ,  p 6 3 . (1953)

(28 )  Ruderman. P .R .  8 7 ,  3 8 3  (1952)

(29 )  Bludman. B u l l .  Am. P h y s .  S oc .  V o l .  2 8 ,  No.3 ,  p . 63

(30)  Gunn. P h i l .  Mag. Supp. V o l .  2 ,  N o .6 ,  p . 213 (19530

(31)  I r v i n g .  P h i l .  Mag. 4 2 ,  338 (1951)

(32)  Gunn and  I r v i n g .  P h i l .  Mag. 4 2 ,  1353 (1951)


