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_ PART I.

Pair Creation 'by‘ a Photon in the Pield of an Electron.




PREFACE to PART I.

’ The author was asked , by Dr. F. Cole of Cornell
University,‘to verify the differential cross-~section,
quoted by Borsellino (9), for pair production by a photon
in the field of a free electron. This differential cross-—
section was found to be misprinted (see § 6 of this
thesis), but the correct form was later found in
another paper by Borsellino. (Consiglio Nazionale delle
Ricerche, Roma. N212 (1948). ) It was noted, however,
that Borsellino had omitted the possgibility of the
initially-present electroh absorbing the real photon.
This thesis contains the calculation of the cross-
section for the process taking this possibility into
consideration and, like Borsellino, neglecting exchange
terms.

Borsellino based his calculation on the method
described in Heitler's "Quantum Theory of Radiation".
This thesis contains the derivation of the differential
cross-section by the Feynman method (26); this derivation
is the core of the author's original contribution to the
problem investigated in Part I of this thesis.

In the integration of the differential cross-
gsection, Borsellino's result is accepted for the

integration of the terms which he considered. The
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integration of the other terms, over the four variables
involved, is performed in the order used by Borsellino,
but.is otherwise also original. The expressions
arising in the integration are unwieldy and the
calculation is extremely long, so that only the results
of the integrations over each variable in turn have been.
quoted.

In the first chapter of the thesis, §1 is an
introduction to the problem of pair creation in the field
of an electron and § 2 gives a survey of previous
experimental and theoretical treatments of this problem.
It is pointed out in ¢ 2 that Votruba (10) has studied
the problem using the complete matrix element, but his
analysis was so complicated that he could not obtain a
complete excitation curve. In this thesis such a curve
is obtained for the part of the matrix element considered.

§ 3 lists the method that has been used to obtain the
correct numerical factors in the differential cross-—
section as Feynman has not made these clear in his papers.

Chapter II contains, in § 4, the statement of the
problem considered in the thesis and an explanation of
the relation between this and previous calculations
of the cross-section for pair production in the field of
an electron. In § 5, the square of the matrix element

is calculated in the relativistically-invariant notation
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of Feynman. In $ 6 this is translated to the usual three-
dimensional notation. Equation (6.11) is the differential
cross-~section for the process with exchange terms
neglected.

The integration of the differential cross-section is
carried out in Chapter III. It is found that, except at
low Y -ray energiés, the contribution to the total
cross-section from these additional terms in the matrix
element is negligible compared to the contribution from
~those terms integrated by Borsellino. The effect of
including the exchange terms is discussed in ¢ 9. It is
shown that, at high energies, Borsellino's formula is
approximately correct.

The appendix contains a justification of the use of
the Feynman projection operator and this part of the
thesis is also due to the author.

In conclusion, the author would like to thank Prof. J.C.
Gunn for helpful discussion on the calculation, the
Department of Scientific and Industrial Research for a
maintenance allowance during the first and third years of
his research and Glasgow and Cornell Universities for an
exchange scholarship which allowed him to study at Cornell

University during his second year of research.
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CHAPTER I.

§1. Introduction.

A beam of photons passing through matter may lose
intensity through individual quanta producing ﬁairs, the
usual production being in the Coulomb field of a nucleus
of charge Ze ., The differential cross-section for this
method of production has been formulated by Bethe and
Heitler (1) and by Racah (2). Analytic integration is
simple only in the limiting cases of small and large
photon energy. For small photon energy, Racah found

the total cross-section

co = () (SY & (2= )3 (1.1)
and Bethe and Heitler found, for k,u%‘do$>wxci

e (L)) (2 ey 2, - 1) @D

where k,w,w,are the energies of the photon, electron
and positron respectively. wm 1is the electron rest mass
and®,¢,¢ have their usual meaning. Born's first
approximation has been used and this is valid if the
velocities of the pair constituents are greater than:ZGE q
this condition being satisfied if the velocities of the
particles are near that of light and / 4 60O

In actual fact, the quantum does not feel the full

effect of the nuclear Coulomb field, since the nucleus



is screened by the atomic electrons. This has been
taken into account by Bethe and Heitler by replacing Zl
by {Z - F({) }2 where F({) is the atomic form factor
given by F(q) = fpte) o~ Taz , P(+) is the
electron density at a distance ¥ from the nucleus and
7{ is the momentum transferred to the atom. We express
all our momenta in energy units, e.g. we speak of the
momentum ¢ instead of the strictly correct 17 .
Bethe and Heitler found, assuming a Fermi distribution
for £(v), that when k, w,w.>» ~~c' gcreening was

w W, 3y

b Y
"y 7 li 1") mC ’ and the

effective only if

differential cross-section became

Ads(k) = Z‘(f})(,ij A ((w’+wo‘){¢.(x)~£§ hqlf

oo fem - ey l) | )

wl=

1eomet k 7
w W

increasing ¥ , were given graphically. Y determines

where X = and P\,P, , which decrease with
the effect of screening and if ¥ = O , screening is
complete, while if ¥ > | (i.e. for energies

KA3N wct Z“s) screening has no effect. Thus above
formula (1.2) is correct only if k> et but

L -%
& VBMmerZ . For k> 13vmd 1 * (complete screening),
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For other values of k , integration was carried out

numerically and the final Bethe-Heitler result is shown

in fig.l.
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units of Z'g (&) ) for lead\screening
and without (------ . For comparison, the
Compton cross-section has been inserted on
the same scale.

Fig.l. Bethe-Heitler inte?rated crogg-section Ein

Using these screening factors is equivalent to
studying pair production in the field of an atom and
Bethe showed that the most probable processes were those
in which the atom took up a small recoil ( < =<' ),

Although nuclear pair production is the more
probable process, it is also possible that a pair may be
created in the field of one of the atomic electrons. The

Possibility of this process was first pointed out by
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Perrin (3) who, however, made no attempt to determine
its probability. The differences between the two
processes ares; (1) the electron is not able-to take
away a large momentum for negligible kinetic energy as
the nucleus can, so that the thresholds for the two
processes will be different; (2) as a result of the
large velocity of recoil of the electron, retardation
effects will become important i.e. the electron can emit
or absorb transverse quanta; (3) in electronic pair
production there are two identical particles (electrons)
finally, so that exchange effects come into play. (By
exchange effects, we mean the effecté due to the operation
of the Pauli Exclusion Principle.) If one electron has
small energy and the photon and pair constituents large
energy, then the effects of exchange and retardation
will be small and we would expect the cross-section for
production in the field of an electron to be roughly

equal to that for production in the field of a bare

proton i.e. to expression (1.2) with 7 = | i.e.
etV (2 ) S 2F 4pq 2K _;ﬁ} (1.5)
s () = (E)(Ea) (1T - AT

We study now, following Perrin, the kinematics of
O
pair production in the field of \free electron. The

threshold for the reaction is the minimum energy, ko |,

of the photon incident on a stationary free electron,



which allows the reaction to take place. To find k. |,
we transform this laboratory system to that in which the

total momentum is zero. If Kk is the energy of the

K *wc?

photon in the laboratory system and if f3¢ (= k ) is
the velocity of transformation from one system to the
other, then in the new system k' - 3%@%;':C> where k'
the energy (or momentum) of the photon in this zero
momentum system, is given by k = k& '%%% . The three

particles present finally can now all have zero momentum

' ™ b 2 - P
and k. is given by ko + (\ﬁ{’ﬁ} - mc) AwcC
1 { — fSo
where ko = ke _"*%; > e T :ow.\c‘ and Am~ct

is the energy required to create a pair whose constituents
have zero momentum. This gives ko= Lmc' and Ro=% .
Thus the threshold for the reaction is Lwc' and when

kK = bec' the three final particles move, in the
laboratory system, in the direction of the incident photon

with equal velocities %< i.e. with equal kinetic

energies 3 mcl.

If ¢, F and P are the momenta of the final
electrons and positron respectively in laboratory
system, and W= Jget  ,  w = Jpremet and

W = J$3::$ZL the corresponding energies, then
3= K-F-p (1.6)



1.
R = ke g - e O

and v takes its maximum and minimum values when all
momenta are parallel and f = p .+ This means that the

turning values of 1, satigfy the equation

Ko e = Jor e j”/’\u (1.8)
+mw C 1-«»«( + '(..1]:11-11[.“\( )

giving
ké_:—:a’c.‘)' (ktmc)m) (1.9)

2‘ k“'W\C

and the corresponding energies

W - k -—-w\.lc'* ; k k(k h’hg) . (1010)
] - .
2 2k ~ el

Thus, if k > Lw.c? , the energy of each final particle
must be greater than, or equal to, W, and less than, or
equal to, W, , since the equations (1.5) and (1.6) are
symmetrical in the three energies and momenta.

To find the maximum angle, ©,. ., - measuring
angles from the direction of the incident photon - at
which any particle can come off in laboratory system we
first find the maximum angle © at which a particle with

energy"VJ' can come off. This maximum angle, 6 ’

occurs when F :]Z and we then have (see fig.2.)
L,‘;" = k"~9.k1un9 ‘*‘ll
Qm“= K+ wct =W

and



1( l_,_\,J‘) ~ Kk b
melme ) — (1.11)

-

x
Fig.2. Vector diagram when Fz Fo-

If we now allow W +to vary within its specified limits,

- 1
o a\/':f" (1.12)

Therefore final particles must come off at an angle

we find

> O

\vv\("

between O and cos @ A JTE
This process would therefore appear in a cloud

chamber as two electron tracks and one positron track,
all starting from one apex, all making angles less than
o QI“% with the incident photon direction and all
having energies lying between above values of W, and W,.
These forks are known as triplets and are not to be
confused with the triplet forks appearing at the end of
an electron track, these latter corresponding to pair
creation by an electron in the field of a nucleus. If
the cloud chamber were filled with a gas of atomic number

/Z , and if we neglected screening, the cross-sections

for nuclear and electronic pair production would be
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respectively C}Zland (,Z , where C, and (, are independent
of the gas. Nuclear pair production would appear as a
pair of tracks, so the ratio of triplets to pairs should
be é%i e« Assuming (,=¢, i,e. that cross-sections for
pair production in the fields of electron and proton are
equal, we would therefore expect one triplet for every
5 to 10 pairs, if gas were air, so that electronic pair
production would bikqpite noticeable. We are interested

e

in actually finding,value of C,.

62, Survey of Previous Work.

(a) Theoretical.

The first attempt to ascribe a probability to the
process of pair production in the field of a free
electron was by Wheeler and Lamb (4) who obtained the
cross—-section by an inverted type of Weizs#cker-Williams(5)
calculation. They used the known cross-section (Racah (6))
for pair production by an electron in the field of a
heavy nucleus, worked in the rest system of the electron,
i.e. considered pair creation by a nucleus in the field
of an electron, and replaced the nucleus by its equivalent
electromagnetic field. This gave, as the cross-section

for all momentum transfers,
t 1\ {aF 2k _ 28 mL‘ﬁ‘
() = (£)(5) {z,‘ TaTe e oy (2a1)



where o(=~ |) is the indeterminate constant introduced
by the Weizslcker-Williams method. This agrees in
substance with (1.5), a result we had guessed using only
small momentum transfers. This shows that when‘<>>kwwt
small momentum transfers are the most important, large
momentum tranéfers merely altering the constant in (1.5).
For considerations of pair creation in the field
of a bound electron, we have to distinguish between
three cases. (a) If the recoil momentum of the
electron is so small (< momentum of the electron in the
orbit) that the atom cannot be excited or ionised, then
this should properly be classed as a recoil of the atom
as a whole and the process treated as pair creation in
the field of a screened nucleus. (Bethe and Heitler)
(b) If the momenta of both electrons finally are much
larger than wc', the atom is left ionised and the final
particles can be treated as being free. This process
would appear as a triplet in a cloud chamber. This is
the problem ﬁith which we shall deal, except that we
shall also treat the initial electron as being free.
(¢) If the recoil momentum is much smaller than wc®
but is sufficient to excite the atom, the process would

appear in a cloud chamber as a pair, but would actually

be pair creation in the field of an electron. This is
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the problem Wheeler and Lamb discussed fully and they

found

we = (EIEY 755 [0 {0 ~Erq2)

+1~v_3o:—°{w1(x)~%‘°‘az}] (2.2)

where ¥ is the same as in the Bethe-Heitler theory.
The screening factors ~(¥) andv,(¥) were calculated on
the basis of the Fermi-Thomas model of the atom and also
by using atomic wave functions for hydrogen (for all
energiea) and for nitrogen (for high energies). To
compare their integrated cross—section with that of
Bethe and Heitler, they recalculated the Bethe-Heitler
screening factors using the atomic wave functions and
found that for high energy quanta producing pairs in

air (nitrogen screening factors used),

16 N

Kto(‘n\: Ogn+ Sw-t = (L9 + (9-"“,,,) {0 e,

’This means that the cross-section for pair creation in
the field of the electron of a hydrogen atom is slightly
greater than that for creation in the field of the
proton. Wheeler and Lamb are the only people who have
studied the problem for bound electronssy the following

work will assume that all the particles are free.

Watson (7) has considered pair production in the
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electrostatic field of a free electron, using Dirac one-
electron perturbation theory. On this theory the initial
state consists of a photon and two electrons, one of
positive and one of negative energy and the final state
congists of two positive energy electrons. Let us

denote the momenta of the initial photon by i? and of the
initial electrons by T and |, , the momenta of the
final electrons by § F and intermediate electron
momenta by dashes. If V denotes the Coulomb interaction
of two electrons and U1 the absorption of the photon by

an electron, then the scheme of intermediate states is -

R, Fo Yo KR - BT (2.32)
PR L KB Y 73 (2.30b)
AR u_ —::F VAN F.q (2.3¢)
R, M BLR v >F, 1. (2.34)

The virtual electron can have either positive or
negative energy. Watson allowed for exchange effects
but did so twice, in that he used a wave function anti-
symmetric in the two electrons and, having obtained his
differential cross-section, he added its (equal) values

when.'% was small (with P oo F’ large) and when F was
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small (with q l% large). His results should there-
fore be divided by 2. He showed that for k > lmc™ the
most important contribution to the cross—-section came
from cases in which one final electron had small momentum
and the positron and other electron had large momenta.

As the ¥ -ray energy increased the energy of the slow
electron tended to zero, so that the process would

appear in a cloud chamber as a pair. He evaluated the
total cross-section approximately for k> 'b“ﬂclthen
extrapolated his curve back to k = Luwc®, The total

crogs—section for k>>Lﬁwc‘he found to be
Sl = 2 () () £ . (2.4)

Nemirovsky (8) used (2.3a) and (2.3d) but included
the retarded interaction of the two electrons along with
the Coulomb interaction. This means that he considered
only the direct transitions of the initially-present
positive energy electron to its final state. ILike
Watson he allowed for exchange. For incident ¥ —ray

2

energies close to the threshold (L to 6 m<' ) he

integrated his differential cross—section to obtain

sy = oo G (k) [ - T . )

VK € ?

For large photon energies the dependence of the cross-—
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gsection on ¥ -ray energy was similar to that for pair
production in the field of an unscreened nucleus and
the most probable processes were those of small momentum
transfer.

Borsellino (9)/carried out a calculation similar to
that of/Nemirovsky but did not allow for exchange.

Analytic integration gave¥*

1 bY
e @) T () s ke @)

o (k) (D) [F gt 3 -5 T o) ~3 (2%,

2
'fUYL*”azil*Q‘S‘}) for intermediate energies (2.7)
] _
0= (2) (LY {F 92 - W] for km el (2.8)

Thus for K> Lwc his cross-section is the same as (1.5)
i.e. cross~-sections for pair creation in the fields of a
free electron and a bare proton are equal i.e. G =C,.
For lower energies, ¢,<¢, . His final excitation curve,
calculated numerically, is shown in fig.3. To compare

the results of these last two authors, we shall evaluate

* Index of power of (5239 ig misprinted as 3 instead of

2 in equation (56) of Nuovo Cimento.
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their cross-sections for the production in the field of

a single free electron at a ¥ -ray energy of 5.2 wc' .,

- - RS
These are 0.38 x 10" em® (Nemirovseky) and 2.17 x 10 7 em
(Borsellino). Thus, at this low energy, exchange

(%)

»

13

© i 2 A I Ly K
o 4 20 40 ) $0 100 ocd

Fig.3. Borsellino's integrated cross-section
in units of (£)(L£).
effects reduce the total cross-section by a factor
between 5 and 6. At high energies we have seen that

small momentum transfers are the most important so that

exchange effects will be small, and the two authors agree.
Watson's results are not at all reliable for low energies
as he got these by extrapolation. He also agrees with
Borsellino and Nemirovsky for high ¥ -ray energies,

since small momentum transfers mean that the velocity

of recoil is small and retardation effects are small.

Thus all three authors give, in essence, (1.5) for the

total cross~section for k> lmc

Votruba (10) used, for the matrix element, (2,3a,b,
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c,d) taking into account exchange of transverse quanta
(retardedvinteraction) as well as Coulomb interaction,
and also including exchange effects. He was unable to
obtain a complete excitation curve but made various
approximations. ‘For the case of Kk =lmc*cvmc? v,

he found

ay\
<00 =) A (42) 29

in agreement, except for the multiplicative constant,
with Borsellino (2.6). For k>>Lwc', q<«wc' and

Pypo > wc® , he found

) = (L)Y [E g2, -1 ] (2.10)

ot

but the constant '%3 was not reliable. This again, is
in agreement, except for the additive constant, with
Borsellino (2.8). For k>>bwc?, Peo ce vt
and q,p >w¢' he obtained

2 \2 w\Cl k (2011)
= (£ % M

where the number 2 was not reliable. This contribution
tends to zero as k tends to infinity. When kX Lwce?

and Po,b,q M mc', he obtained -

o‘(k)w(i{:)(}l )‘ X S (2.12)

et
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where S(~1) is independent of k , so that when he
summed all the contributions for k> Lkwc' | this term
merely altered the constant in (2.10) and not the
dependence on k . Thus Votruba, with Wheeler and Lamb,
has shown that for high incident ¥ =-ray energy, small
momentum recoils are the most important, large momentum
transfers merely altering the additive constant. The
case of k> Lwmc' and q,p p.«me' is prohibited by the
kinematics of the reaction.

(b) Experimental.

The experiments dealing with pair creation in the
field of an electron fall into two classess (i) those
studying the process directlys; (ii) those measuring
total absorption or total pair production cross-sections
for ¥ -rays.

(i) The experimentalists observing the process
directly have all used cloud chambers as the detecting
to0l. In their cloud chamber photographs they looked for
triplets and early attempts at finding them (11) failed,
probably due to the fact that the recoil momentum was
small and this electron track did not show up. Da Silva
(12) found one triplet starting in a lead foil, but this
evidence was not satisfactory since the apex of the

triplet was not clearly visible. One triplet was also



-17-

found by Shinohara and Hatoyama (13) who used a gas-
filled chamber so that the apex was clear, but they made
no attempt to check the conservation of energy. They
did measure the energies of the three final particles
and found that one electron had much smaller energy than
the other two particles. Ogle and Kruger (14) reported
the finding of two triplets and verified that energy and
momentum were conserved.,

Phillips and Kruger (15) used ¥ -ray energies
between 6 and 7 Mev (their results are to be taken for
6.5 Mev) and studied the relative numbers of pairs and
triplets in a cloud chamber filled with methane, air or
argon. They found a mean value for %f of 0.255 % 0.018
and also found that one electron had always much smaller
energy than the positron or the other electron. An
interesting result given by them is the energy
distribution of the recoil electron (one with small
energy), &% shown in fig.4. This shows that the main
contribution to the cross-section comes from small
momentum transfers. Votruba gives no values for the
cross-section at this energy and Borsellino's value of

%f is about O.4. Neither of them shows that small
momentum transfers are the important ones for this small

energy .
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Gaerttner and Yeater (16) also measured the ratio
of the numbers of pairs to triplets, using an air-

filled cloud chamber and the continuous Y -ray spectrum
A

yol
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Number of (“rit»l? bs.

i
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3 ner A
° o 0.5 to s 2 v ﬁ‘l

Fig.4. Distribution of the measured values of the
kinetic energy of the low energy electron,
as measured by Phillips and Kruger.

from a 100 Mev betatron. For the energy range 5 to

20 Mev (mean energy 1l Mev) they found %f = 0,75 * 0.19
(compared to Borsellino's 0.61) and for range 20 to

100 Mev, ‘%; = 0.8 * 0.16 (compared to Borsellino's

value between 0.80 and 0.86 and Wheeler and Lamb value
befWeen 1l and 1.1). They, also, found a preponderance

of recoils with momentum transfer < mc® s a fact which
theory has not predicted for the energy range 5 to 20 lev.

Koch and Carter (17) measured the energy distribution

of bremsstrahlung from 19.5 Mev electrons by allowing
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the bremsstrahlung to create pairs and triplets in the
gas (air) contained in a cloud chamber. From the 10,300
pictures they analysed, they found 1,300 cases of
nuclear pair production and 33 of electronic. Their

results for air are shown in fig.5. Fig.(5a) shows the
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Fig.5. Results of Koch and Carter.
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energy distribution of the triplets and is the best smooth
curve representing the data. Fig.(5b) shows their

values of ratio of number of triplets to number of pairs.
(2) ettective

(Z)estective but
assuming it is the same as that of Phillips and Kruger

They do not quote a value of

i.es 7+35, a plot of %; can be drawn and this is
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shown in fig.(5¢c). They found that one electron had
smaller energy than the other particles and fig.(54d)
shows the enérgy distribution of this low energy
electron. Fig.(5e) contains the results of fig.(5d4) put
into a form which can be compared to the corresponding
graph of Phillips and Kruger. The two are seen to be
similar.

As yet, no one has used electronic apparatus for
observing the process directly. It would be useful to
repeat the above experiments for the mono-energetic
17.6 Mev ¥ -rays from the Li (P,X)'Bfg reaction,
observing the creation in the gas of the chamber. As we
have seen, creation in plates inserted in the chamber
hides the apex of the triplet. A gas of low Z would
make the number of triplets more comparabhle to the
number of pairs (though reducing both) and would allow
better comparison with theory, since the Born
approximation would be wvalid.

(ii) We shall deal briefly with the measurements
of total absorption cross~sections, since these
experiments are more in the nature of tests of the
validity of the Born approximation for nuclear pair
Production. The cross-section for electronic pair

creation is, for high / values, so much smaller than
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the nuclear pair creation cross-section, that wide
variations in it make little difference to the total
absofption crogs-section. For low energies the Compton
scattering cross-section also masks variations in the
electronic pair production cross-—section.

Total absorption cross—sections have been measured
by Adams (18) using 11.04, 13.73 and 19,10 Mev ¥ -rays,
by Lawson (19) using 88 Mev X -rays, by Walker (20)
using 17.6Mev ¥ -rays esd by de Wire, Ashkin and Beach
(21) using 280 Mev ¥ -rays and by Rosenblum, Shrader
and Warner (22) using 5.3, 10.3 and 17.6 Mev ¥ -rays.
These workers used the results of either Borsellino or
Wheeler and Lamb for the electronic pair production
cross-section and added to this the Klein-Nishina (23)
value for the Compton scattering cross-section and the
Bethe-Heitler (1) value for the nuclear pair production
cross-section. Some also took account of the atomic
photo-electric and the nuclear photo-disintegration
cross-sections. This gave the theoretical total
absorption cross—~section and discrepancies between it
and the experimental one were attributed to the break-
down in validity of the Born approximation in the
calculation of Bethe and Heitler. To obtain a rough

idea of the orders of magnitude involved we guote the
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results of Walker in Table 1.

There have also been experiments designed to
measure the total pair production cross-section alone.
Walker (24) has done this with 17.6 Mev ¥ -rays and

2

found a value for %; of 0.8 * 0.3 compared to

Compton Poies Poivs iy Total Tota |
Element. | Crog- (umseeeaned | (scveened [(elec t‘V‘OV\)_ 6 2
seckion. nacleus), aucleus), (,H'\t'ov\’)_ (“l‘*“"*“*“')-
0323
C 0-1001,. o- 1100 01088 © 0L o321} g,
©-9Y4)
Al 0L 31y 0516 0-50§ CEEE o 966 €,
362
Cu 0 9¢% 1569 2-8¥9 0060 3.5y t o6,
£ 96
[ 16y 1 6L, ~-33 610 310 1.'00/0
T VL 20 Sk 195 o 1Y 258 ::iy
= ‘L o

Table 1. Cross-sections (in units 10—“‘05) obtained
by Walker for 17.6 Mev ¥ -rays. Totalo
for Tt includes a contribution of 0.16 for
atomic photo-electric effect.

Borsellino's 0.7 and the Wheeler and Lamb value of about
unity. To arrive at this, he used 6‘“’(21*251){"“§(Z)}
where S(z) measures the effect of screening. He then
plotted f;fﬁfﬁfﬂ against Z , obtaining a straight
line for small Z , and the intercept on the Z -axis

gave value of %; K
Emigh (25) used a cloud chamber to determine the
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relative nuclear pair production cross-sections in
various elements, which were inserted as plates in the
cloud chamber. He was using ¥ -rays from a 300 Mev
betatron and assumed that in the region 50 to 300 Mev,
any triplets formed would be counted as pairs since the
low energy electron would not be observed. Thus his
nuclear pair production cross-section had to be
corrected for triplets and to do this he used the theory
of Wheeler and Lamb. He then studied the deviations of
these cross-sections from the values predicted by Bethe
and Heitler., This experiment gives, therefore, no
information about electronic pair productione.
Thus the experiments which give a measured value of

%f are those which observe the process directly and
those which study the dependence on Z of the total
pair production cross-section. The experiments show
that small momentum transfers are the most important for
all energies of the incident ¥ -ray. They also show
that 2 < |,

$3. Rules for Calculating by the FPeynman Method.

The study of the problem, presented in this thesis,
will be based on Feynman (26) quantum electrodynamics
which is now widely used. The correct numerical factors

are not, however, made clear in Feynman's papers and we
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shall list in this section, following Peshkin (27), the
rules whereby these are obtained. We shall use units in
which R=c=1 3 k will denote a four-vector and K
& three-vector; K will denote k¥, —k. -k ¥, —k; ¥
where the ¥ 's are the usual Feynman matrices.

(i) Draw all the possible graphs for the process
and obtain the matrix element M for each by writing ¥
for the emission or absorption of a real photon
e - X

polarised in the & -=direction, " }E”_WF—"_AQ for

a virtual photon with momentum-energy k and ;%ZT for

»

a virtual electron with momentum-energy p .« Summning
over m from 1 to 4 ( ¥.¥u= WX, -XX, XL - NX= L)
means summing over the directions of polarisation of the
virtual quantum.

(ii) The probability amplitude for a transition
from the state 1 to the state 2 of an electron,
involving a real photon polarised in the <  -direction
will be « (% M, w\) where w, , 4, are the Dirac spinors
describing electrons with momenta-energies ’b and k*
respectively and « = W' ¥ - )

Find IMI'z (3 Me w) (W Mg W) where M, is M, with
the order of the ¥ -matrices reversed and with explicit

appearance of ¢« changed to -t . Summing this over &

from 1 to 4 means summing over the directions of

polarisation of the real photon. If w«, and «, are
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positive energy states then we have, after summation

over the spins of electrons 1 and 2,

ML= (a ) Spur [(V‘*M) F\"“‘”M) MJ] (See Appendix)

(iii) Multiply IMV by (,m)1 °“‘ for each

2
real photon in the final state, by “.‘f for each
real photon in the initial state, by WE\_ %% for

each real electron in the final state, and by 'é‘—(uﬂ*
for each real electron in the initial state. Here E ,
k are electron and photon energies respectively, and
the appropriate values of these and of F) K have to be
used. The factors %‘ arise from the fact that we have
normalised to JTw =z WX u =1 instead of the usual
w*w=1 . On our scale, w'w = = .
(iv) Multiply by & o (E6~fe) when the final
momentum-energy “ equals the initial momentum-energypt-.
(v) To obt;in the differential cross-section in )
natural units, multiply by % y where ~ 1is the
collision velocity for the initial state.
(vi) To obtain the differential cross-section in
cml, remove a factor (%iy which becomes (:f‘:‘x)l. In the

remaining dimensionless factor make the usual transform-

ation from natural units to ordinary units.
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$4., Outline of Problem.

We consider the problem in which the initial state
consists of a stationary electron and a photon of
-

momentum Kk and energy ¥ , and the final state

law ]
consists of a positron of momentum h and energy weo

Fig.6. Feynman diagrams for the process.

and two electrons of momenta q and F and energies W
and «© . The graphs for this process are shown in fig.6,

where we have labelled the electron and photon lines in a
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4-dimensional notation. The electron with momentum-
energy P. 1is in a negative energy state and is drawn
moving géckwards in time. This is equivalent to a
positron with momentumrenergy-h, moving forwards in time.
FProm these four diagrams we getﬁanofher four, Ie, IIle,
IIIe and IVe, by exchanging the states 3 and 4. These
exchange matrix elements have to be subtracted, in
accordance with the Pauli Exclusion Principle, from the

first four. Thus the total matrix element is given by

¥ we 1
M:ZMi“Z-‘M"- (4.1)
‘:=1 1= le
where M; is the matrix element agsoclated with the e
diagram.
© ' e '
Watson (7) used M = ?; M - 2% M, , where
‘-_l_ 2 ie

01: contained only the Coulomb part of the interaction
between the two electrons. Nemirovsky (8) used

M = Mj A My ~ M1, - M5, , while Borsellino used only

M= Mg +eMg o Votruba used M = c%:IM“ - g:e My ’
but was unable to find a complete excitation curve. We
shall use M = Ei’“i and, following the order of
integration of Borsellino, arrive at a complete
excitation curve.
To assess how important Ma + Mg ie compared

to M3 + Mg , we shall assume that the positron

and three electrons have roughly the same energy and




that the matrix elemenfa of all the diagrams, except for
the energy denominators, are also roughly equal. The
energy denominators arising from the virtual electron lines
will then all be roughly equal, and the relevant energy

denominators will be those arising from the virtual
)

8 -#)*

(;3’:;1)1 for M3 +Mw ., Now P, , py and P,*

photon lines. These are for M7 +Miu
and
all correspond to positive energy electrons, whereas f‘
corresponds to a negative energy electron. Thus (ﬂ“f’;)‘
will be greater than (k& —h)z s 80 that Mum +My will
be smaller than Mi + My . Actually it will be found

that

R e

(Ftrh)x =2 ?Ml "(t“'t")} =2 { Mt""wfk“"bi(P’F")*'“W"(W'F)}.

kwo - (R.R) +kw - (. F)  is positive and increases
ag K increases. Therefore as Kk increases, Mm@ + My
will become less important compared to M3 +mg »

Keeping Py as a positive energy particle and
changing the ;ign of k would give the matrix element
for electron-electron bremsstrahlung.

$5. Sguare of latrix Element.

Let w, , w, , w; znd w_ be the Dirac spinors
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describing the states of electrons with momenta-energies
P s b s pp and p, respectively. Then gu‘- = Wy
1,2,3,4. Let k ©be the momentum=—

W

and p? S for
ener,;y of the real photon, so that K'=©O , Let the

incident real photon be polarised in the o -~direction.
Then from the graphs of ¢ 4 and the rules of § 3 we can

immediately write down the matrix elements.

RS ERRN S AU ST SRS SN ¥t

Sm s T B Yol

Y 2 w_wk};. m\%) 1
- E}ia;\c’\u‘\si u\'\& (f:fz(rirk) " kl l} (f}ﬂpi)l

where we have used Fa V¥, + ¥ - Fo = Apas « Since

RS LN
ora =wmay o ke and py =w' , we find

3 =‘“§{st/~“‘}{‘:“ a2y + K ) “’}m :

Similarly
—_—t
My = {u;x ""l}{u#(lh#- ‘Q-,K)X }2(f9'§)(y}‘y’)l
ch\rc{’o\(e

e L R L o o A e R

I
ek “
(t" ) Xf)é X/A] } &(ta!&)(?w k) (h”ﬂ*')i
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M *My is obtained from M3 +™MT by making the
replacements § == J and K z:?*{, . Therefore

My +My = %lea“ K/"“‘}‘z W3 [2 (b ) bis B +(ps1) LAKY

- 1(1,.-15)&,?& +(p%) % K¥,.) u.}

)
2 (pr) (s 1) (- 40"

We now square M , but defer discussion of the cross—

product term (M; + Mg) (M7, *MG) until § 8.

“1:2',* ' _ C\‘V“\ GY""}
|+ s | o u(gz.s)t(t-,.;s)’(rs—v.)"{ ' 3}{ e

- {31 L20pe ) pog By * (oK) ¥ KXy = 28 beg Yo
~(p® Xv’é\“‘]“u}
LR Pae B (DN KE = 2 (1) g B
*(p ) ¥ K\’,,.] u;}
Summing over the spins of the electrons with momenta-—
energies b , t" and t‘ , averaging over the spin of

the other electron and averaging over the directions of

polarisation of the incident quantum, we obtain
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2_ _2_:’.-—-'—'--—-—-*—"‘"““_ ‘*"%_'(i""u
Ims Mgl = el (pute) (=7 ~
*Spar [ (=) % () Y]

xSPW( [‘(h‘fh\.) {Q{Pk-'f) Pl‘}v +(P'rk) Y&’é Xy "Q(EJ-!S)‘%,XV
i T el WK
Upicemd | 2 (k) o B < () % K = 2ApiK) p, X

where summetion from 1 to 4 of the indices M 9 VvV and

In evaluating the spurs we

remember that the spur of a product of an odd number of
X

s 1is to be understood.

-matrices vanishes and that the spur of a product of

¥ -matrices is not altered by cyclic permutation of the

¥ -matrices. We use the following results of Feynmans
LT ST A K,ﬁ‘&(-‘——lﬁ-) \‘cﬁfﬁxb‘:“’ﬂ'g);

W KELY, = ALK KE+ EXT AR, BY N 2 AP

2 2 ?
EIIO} "‘l - F‘* =

p

Spav [HE) = LB ®),

2]

Spus [XE £5) L (A-B)(C.B) — LR (B.D) «t(ADRL);
bt |

W

Spav LXOR] 2 b dev

tl

Spuwr [/KX/»] keqp -
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Here §,:1, 8,7 S,y = 85 = ~| and all other 3, =0,
Let |
Spac X = Shoe [ o) W (10 1]
: I“[(PNP;/«'* Pron ?3\)) * '(“1~(E"L’3)} 5/*"] -
Tet -
St Y= Spr [(pue) f 20w, ¥, (et Ve K Yy
~*1(#_>+£)p%‘6., t (txh) "\)’KY"}
V*(rum){n(t«.vls)g‘,zs» * (P ¥) Nk g
- )(_P}»E) ho;xf* "'(t‘t) % * Kﬂ}]
then
Spee Y

) ﬁ[ A (P"' Pun P’erx - A (p-p) v

-t B(P)qkﬁ “'\"1/,\ kv» - B (!_’3!5) S,.‘V

te (kY (e kY

+ € (puyka t Pe.e kv) - C (t“"s) YRR

+ D g,w + Ak ko b

‘—Q—Bitiﬁi— +_)_’_EL‘L_E'1,&]

( pr-k) (ps- %)
oot . w _ l(EJ.EL,) I A
where A (k) (pu-te) (M) (px-¥) N (po- k)
B - ___"\_1.. A 2 - Pe)

(p.- &) ‘([y-&) (p i) (pa-k)
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L (Y 2 G S, S G L

(bops) &0 (D (D (8

To evaluate Spvwx SpurY  we use:
Sav Sav= L5 5 (A/B.+ALBR) = 2(AB)
(A B+ AL BY(CD D)= 2 {(a.g)(ﬁ.g) «-(Q.B)(B-S)} .
We write '(X;'A")l: 1{w}-(t..rg} t.": !:,‘: wtl

The final result is:s

Mg rmgl's & A
LT e (e

Lol =kt -2 0 b =PI - (b
T (s - (pO(E R (D]
i ) (b ) * (b B ) < b))
~(pp) K =) b)Y + = (e 10}
- “;—;‘){ ~wilpr )+ (pep) (b ) * (e fol(pacbs) —={n k) (Pl 1)
(P p) + 2~ b
o 1B« (b)) (e ) 2 1) G W)
= (g ) p )+ = o)
: (m){ (b [0t = (p P8 (o () = (pk)
“(hep) (s +(pr ) pops) -2 + *“t"f:)]
o) [ b = (pep) (e p) ~(p b (pep) «= (k)
= (pep(b5) ~(pr W (prP) -2 ¢ 2 (Ertl)}
- pe (o) )




33

2
[Mw*ME|" ig obtained from thie by meking the

replacements p < P and p3y 2 -

$6. The Differential Cross-Section.

To pass over into the notation used in the first

sentence of §4, we put

t': ("’",6) » tz? (-“')u)——FO) ) k= (k. —‘:))

1

b:(w,7) bo (=, F).

Conservation of energy and momentum give

-Fq ¥ = ?’*7{’ , (6.1)
and et K W (6.2)

Let |<wo - (?FO) = (KQO) and_ \(w "(‘?F) = (!5_!]) (6.3)

4s an illustration of the change from four-dimensional

to three-dimensional notation, we evaluate (p. b).

(E“'fj) = -wow-e('ﬁ,.if)_
Now B+7 = K-F




r
P 5
so—
T
b,
p
[7]

o

(k""’)i - (W—m -bwo)l't 1“54:‘) + 2-»\’l -—3Am
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k' +F ‘blf\?‘F) "‘"""1,‘

Q
kl*w\-m). "Q(Q'Q) -—lkw -shdel-‘. m‘-W*M&

W

+ 2wy W = g

(P"l,.:" = wt m W = vy, 1-(%;1)

u

(K R) = w(k-w) ,

The other four-dimensional scalar products ‘can be

evaluated similarly and we finds

(t,g;) S v v

(!..t.,\.- N
(pa- py) = (k) ~wnlk-o)
(‘ib‘..‘\ = ~(k.NY)

ths &) =k - (k:0) - (k. 1)

(tib\ = o W

(P!E) = "'\k
(pr-pu) = W=k ) (k. 0)

(P,...‘ . g") s -(b ‘,!e) *M‘k-—lo)
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After this change we haves

by

Q y
’ M‘j -+ MT) l = gm" (',“.".._MW)I

oY
B
x [Jmlfﬁ\-W)(*3"\*w+‘Uo) -~ m"(m~W)(-3m+Wﬂ.\9
(e r0) (e

+ i (W-2m) (e + m (W-.)m) (%) - "‘u{(g"“‘w)("" W) +Aw (m"""""‘))—k
(k.T0) (c.q1) - (k. QY
L Y - + 2w —n 9 W\.-5
™M 1(5 W)( W) 2 °(w 1-\«))} - 2 Q"\‘w){"":*wl)

Cic.ny (5.77:) k. 1)

4+ A wgw +(M——W){~ml—m( ktw) = (k-w) (mm —W)}] ] (
6.4)

"
S {

= "
T B fel e i (. Te) (k. m}\

2
and (IMw emy | =

n “: x ):m {win-w) +k\7*kwu°} v (. 100 (K~ = 2eng)
O n) (k= mm2w) = & (e ToY ~ius.m‘]
—V‘\—“""‘;} {*W\XW(am—W) “3k (v -W) ik +wa°}

! {kw (w7
,.(E.[!n)(k%W«m-PQw,,) * (’SD) (keevmns f:)"*’) - i (E' 'I")(E Q.)-]

+ ™ [W\{(im—W)(’h‘w)"kw—lwwi’} RO OTCESTREIVY)
kl

4 (k) (A ~k+ ) + :l;.\(g,g,)" - (K'Q)x]

3

e [0 ) k2]

(k1) (k-Wdwn) + (k1) (k-Trs )M)]

p.T. 0,




_36..
R el [ T 4 LSS TR AR BN -*wa\‘] y
kw2 P} |
_W(E_cl,)(um~wawo)—w(g.g)(uh~waw)

..“\%\7((5,:10)‘-‘{:’_7\(5-&31—1(E~f£°)(‘.$-"l)] ]] = (6.5)

From the rules of § 3, we find

X
A¢c = IMIPATC i (an) w AL w4
"4 - Wooamn a

.= Apo li E(El_'gi) S(ng—';‘.)‘a

S AP AF AP 4R S(F R S0

Sl e AR AF S(E,-E) @0

K wwg
‘ Q
where conservation of momentum has been used in ImM) .

S(E‘ - Ea) ‘l? = P‘ 2’%‘ dn"

Eb = W—\-wo “+ W,
Let X = ptF . (6.7)
Therefore ‘>: = f\\p" -:p mG,“, .

In finding 3‘% we hold Ti’ (and therefore Tf ) and G“f’

constant.
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Slo
I

To measure «N1p we take W as our polar axis.
LAy :,A[m@.n,) AP

where ¢ is the angle between the (P, 9, Fo) plane and
the (¥ 7\’,7{) plane.

« = Pl‘"’ o Al ® ) d
afl L}
b ‘}%l' P | e TS P Y
- Pt v we Al Onp) as aep
v%*‘,w —-v‘w me'\‘) Ao
Writing wevw = € (6.8)
we also have : - {63
AP wOpp T N+ e et (CRY)
da> _ >
Ol("")e'\‘)) pE - wn mQ'\',
Pt 4k dnbz__kl::x__-ﬁ;ﬁ%ﬁgﬂm-tcp
"leb- pe - wv'unov\') np
R e (6.10)

49 W™ . d
K wo W ! d ¢

{
|
3
A
3

Therefore, de&
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2
ce A = — {lMT* M‘jll‘&)(N’lTMﬁ)(ME\"MW) + ‘M@ *N‘}l }
3 Q2
. %f; T4 aflq du A, (6.11)

Borsellino gives¥*

6.12
de = - I | 1w T dqalg dew AP, (6.12)

V‘

We shall accept his integration of this and go on t.o

integrate the other two terms.

(a?)
* Equationyof Nuovo Cimento contains mlsprln’cs.
Denominator in first line should be (kN instead of
(.M and denominator in second line should be
(k.o instead of (x-7-) . Apart from these, our
formula for \Ms+mg|* agrees with Borsellino's,




CHAPTER III.

$7. The Total Cross-Section.

In this section we perform the integration of

A 3
ds = — Mg +Mg | e’ ¢ oAq A /g duw ol P
kW o9 *

(a) Integration over ¢.

The range of integration is O to 27 . The factors
which depend on ¢ are (k.©) and (k. n),
However (km)+(xf) = \e-(¥%) and is therefore
independent of ¢,
(W03 Ay —Bs n and (k)= A-B e,

where Mo = ke —W b o B o By

1

B

L = KB~ B, A B,
A= kw - kp ms‘“‘ %@'\\’

We use

n v
S (k. n)dg=aw Ao ; I (kM) aq@ = 2ann

2

an w
f (k.0d4g =Ti(anl+B) $ (. V'A@ = nlan+RY)

an in N N
& (ko) @) de = 3 s [ {09 «tem} -G n-(k.0) ] Acp
.. [1 {kc—(t‘c’.»',’)}z~(2ﬂ§+?el)—(1 n‘+%‘)] ‘

Taking f:“ (k.0 )(0) 4¢ = (3 AR, ~BBs)
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- leads to complications in the integration over w,

We have
. i .
S Mg ~me| A

e'w

21

\a-

|
‘.3 {(»‘—-W)(-x-tk)'«(k ?)‘
2§

*[t[m

..i(:f\}*«is:) -t(an‘—\-%")]

o()

W(s.“_w) + kW +Lq.ww08 + R, (kv ~2wpo) +2A (k.,,\_.nw)

I [4..\ { W3 -W) =3 k(- ) ~~x\<fkwwo} + A (e Wrn +200,)
A GEN

+ 2A (ke Wom 220 -2 {xe R+ LEAR) v L (3R +3)J
+ !ﬁ:‘ {_Qm{ (3M—VX...—W) kW ”)"‘“"‘-’b} + QAo (e —\c -1-).....:0)

PRk a) +E QAT L (A E) ]

w mz [Qm{(im'-W)(w\—'W) -fk(m—W) -\-mk lww,,}
{KWL(“’“’
+“ XA, (k-wWedm) +2A (k-We 1.“)]
* o ‘_-umwl((sm—w)(wvw) + k(m-W) —lwuo}
k{kwr (R}

- QVF\Q (Lﬁ-m‘wflwo) -AWA (‘#M“’w+2\~3)
C W (aale B - W (3A%E) -2 {ke (¥ ")}

"'(-lﬂoxt?ol) + (2 nl—eB‘)] :ﬂ .

(b) Integration over w .

In integration over w |, Tl’ is held constant, so
that
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1
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con s("«wt}

wawe T ((-QW\"W: &€ =

cows bawt.
Turning values of P

in the same direction, so

- rd |
will be when p and p lie
satisfy the equation

that these turning values

& = J;\fw\l -+ (V]"P l""""l
with solutions
-+ é £\‘ 'Y QU
P=% 7

-— ool
Q S PR
The corresponding energies

Wy € 4o JTER ol
ol T, - § t'l._'\l
are the limits for integration over w,
Ac ? a ? B"

Woeand wg .

and B have to be expressed in terms of

A = ko - “‘“V\’)‘T’-")
v"l
- Kw — (?7\')(3'—611-)“:()
Tq* from
- “\l - b"w
where

(6.9)

1

£ (RR)
1\1‘-
and b ke e@®3)
.v‘l




- .,43..

Similarly
‘Ba = 0~“‘+b‘“w *cmwl
where
N 2
TR LL'A_)I,
a = *{k S- (RR }§ w Ty T
w (fl—' ‘) “ S R ‘}
b= —E——,T\:L {“"\ -(€Rf
C'“ = - (.——on—£~ ) { "\ had (K ;‘\I)‘}
1
Since
W AW = £
and
w e, = 3
we have

Wa

3:16‘”")"‘”’ L‘ f) Ao

It is not, however, advantageous to use this and

instead we proceed as follows.
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an

2
Using w-~w,=¢ 5 We express { Mg +Me | oo
(-]

in the form Z,6+ 7w~w. where Z and 7, are éonstants in the

integration.
Now I zg—lw)ob..u= (@]
and
S zwwcd-w - j w (€ -w) Ao
‘ = S l(liéz"wl)m
LY 3¢t n} m"n\ [W‘M
:[35‘3{_4_,*,_‘_—{1_,\\.} “w,
= [_E:__,Q:‘ -\-:f—'-l\—'——](w,’(w.
Lo 3t 1w
LS S TR
We therefore replace Z,+7,wwo by Z,*Zl{%-{\i*m{‘;‘;&

end to integrate over « we merely multiply this by

“ 2
_ - - = L
W - | -—J——————EI_ - .

Expressing the integrand in the form Z,+2Z,wwe,

we have
an

—-lio{cp O G a
( | My + Mg T B et k) 1 (RD)

. b & 2
i|[ s [20n (E W B -%0) 4 W n Bm WMo Ww) o “W}* Qareve)fan '(”"")}
- lake — LS KeM 4 lamE 4L mmEt + L—":;k){ Lt b + L e 2 -.c"’e‘}
oo Bok -t + Tk - B 1 3 (M) (280 )] ]
+ ‘ [~lm{kw(i.,\,w)~3k"(m—k7)-mkl+)w(;m~w)(m~w) +1|<W(—.\~W)}

k{ew(R3)
+ 2K (e )26 8'E) = 2l W) (A48'E) wlekega” ¢ 07e & 4+ ke

e.T.0.
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that Y. has to be real.
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Values of T were plotted against the corresponding
velues of W' for various ¥ values, and three typical
curves are shown in fig.7. As ¥ increased, the curves
shifted towards the high energy end. The total cross-—
section, for a given value of ¥ , was obtained, in
units of(ii)(f};f , by measuring the area under the
appropriate curve and dividing by 3X‘. From these graphs,
a final complete excitation curve was drawn and this is

shown in fig.8.

I‘F IIL
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Fig.7. Plots of T against'VJ'for three of the
chosen values of X,
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Fig.8. Total cross-section, in units of (& 3(.“(*
ag a function of ¥.

$£8. The Cross-Product Term.

The cross-product term between ™Mi +My gng Mg +MI
is
2 (Mg, +mg) (Mg +4g)

‘ .
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We study the symmetry properties of this under the

transformation -t & pu.
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The other factors remain unchanged.

(Ma rme)(Mems), after the summation over spins, involves
the factor

Spuv [(p.,m'){ A1) + (P N =200 A+ ) G A Y “)\‘v]
2 Spov [(Fr 2 0me 1) Prs Yot (pr k) XK G ~2 0 ) pug B ) YLK ALY .
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_ Sﬁ"f" [(P‘—t M){z(g..vlg)h()sp +(E,.|5)\’0-X< Bn = 2y K)oy Bn *(t:v's)‘(»K ‘a’(} {J’«ﬁm)\'v] _

Thus the contribution from the cross-product term
changes sign under the transformation-1§z? P, » This
transformation is equivalent tows,p. &= w P, so that after
the integration over 4 we can write the cross-product
term as f(“’oy“‘) ‘--K(w,vﬂo). The limits of integration over
w { w gnd w, )} are such that w,<— = € ., We also have

w +two = § 4 SO0 that
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-
- g:‘g(wo,ewo) s
- 5:6(“" £~ )
Tl
T e

W

o Sw,lé(w"»“’)wt ©.
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Thus the cross-product term gives a zero contribution
to the total cross-section. The contribution to the
differential cross-section is zero when the constituents
of the pair have equal momenta, and when this is not the
case, the contribution from w=£& -X | «,: £+ X is
cancelled by the contribution from w = £+ X ,we: £-K.

§9. Conclusion.

We have calculated the correction to the cross-
section obtained by Borsellino (9) (fig.3) when one takes
into account the possibility of the absorption of the
real ¥ -ray by the initially present electron. As was
suggested in § 4, the contribution from Mg +MT is
always less than that from Mz +™M& | and decreases in
importance as the ¥ -ray energy increases. At ¥ -ray
energies of 2.5 and 5 Mev, we have to add corrections of
30% and 7.8% respectively to Borsellino's results, but
by 20 Mev the correction has dropped to less than 2%,

The cross-section obtained from these new terms alone
has a maximum at a ¥ -ray energy of about 12.5 Mev.

For these new terms, and neglecting exchange as we
have done, high momentum transfers to the recoil electron
become more important as the ¥ -ray energy increases,

and, even at low energies, high momentum transfers are as
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important as low. However, at high energies, our
correction to Borsellino's result is so small that his
finding of the low momentum transfers being the more
important will be unaltered.

It is expected that exchange effects will bé
important only at low energies and will reduce the value
of the cross—section by a factor of about 5 or 6. TFor
¥ = 8 (4 Mev ¥ ~ray) Koch and Carter (17) find an

2

experimental value of about .05 for %: . Borsellino's

value is .225 and ours is .018, so that, neglecting
exchange, g% is 0.243. Thus for this energy)exchange
effects would have to reduce the cross-section for
triplet production by a factor of about 5. For ¥ = 13(6.5
Mev ¥ -ray), the experimental value of = is 0.19(the
mean of the values obtained by Phillips and Kruger (15)
and Koch and Carter (17) ). Borsellino's value is 0.408
and , adding our contribution of 0,023, we have for the
theoretical value, neglecting exchange, 0.431, so that,
at this energy exchange effects would have to reduce the
cross—-section by a factor of 2 or 3. We see that, as the
¥ -ray energy increases, the effect of exchange decreases, «s
does our contribution, so that at very high energies the

cross-section calculated by Borsellino will be approximately

correct.




APPENDIX.

The Projection Operator in Feynman Formalism.

It is not at all clear from Feynman's papers that‘%f?
is the correct operator projecting negative energy states
into positive energy states. Dirac's equation is

AUszrm U (A.1)
whether \A describes a positive or a negative energy
particle. If the energy of the pérticle is positive

t:(E,Fﬁ , while if it is negative, f:kﬁjﬁ . In the
usual formalism of Dirac, this is
$E- @B Uz g Ms
(A.2)
J-E-(DRIU = A
where we have used the definition of Feynman's’KB(X}FU%ﬁrO
and where l. and A_ denote positive and negative energy
states respectively. In this formalism, the mass is
always positive.

However, as Feynman states,,( does have the eigen-
values t*w , but the corresponding eigenfunctions are
those of positive and negative mass, not of positive and
negative energy. We shall describe positive mass states
by the spinor «, , negative mass states by w_ . In this
formalism, the energy is always positive.

We have for the solution of Dirac's equation,

,:F’.? ~cEt
V5 2 s 2 y$ =14 2, 3, 4, where » is a gpinor
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whose components satisfy the equations

(E-w) o ol S92 = (px=t py)/e =0
(E-w) M "(Pn“'("‘a)f‘l * P M =0
e L e B (o YN RN VS =© (4.3)
~+ (€E4w) =
~partPyayt Pa e =e

These equations have solutions only if E-w'-p':zo

If, to obtain a2 solution, we choose a sign for E, =* plem

we get
sz \ 4

) ] 5323
:u - h M) “‘OT‘
/A * ( ' 0 E,+vm E,+wm
tx—{h: — P2 ) ‘—ovs ~-4
/)\ = \A* ¥ ( © ' E+-Qm E‘*-hv\ : N
®-w
P patiby | o) ) for Sv=4
» - WU = E_-wm E_~wm
. .t
PPNV (_tL;LBL -Ef%*~ © | ) fov sa2-%
E. - -
If, however, we choose a sign for ™, =t E-pt , we get
pree = O ° w@x %‘—:—‘;EW
= = .E_.::.b_ )“' S 4
e ST T L
X bz px v by , o ) fors=4%
a (E~m- E-wm_

(Jl—“, ‘____R!_* o ‘ ) ’@ow“;z:—i
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In (A.4) w is always positive, while in (A.5), E is
always positive; Thus «, = U, , which is to be expected
since »~ and t are both positive in the two cases. If
in U_, we replace E_by € and m by w., we obtain ~u_ .

This means that a spindr, representing a particle with

negative energy and positive mass, can be interpreted as

representing a particle with positive energy and
negative mass.

Hence the operator4§§? which projects the negative
mass states into the positive mass states, can be
interpreted as projecting the negative energy states
into the positive energy states. Thus Feynman's
summation over positive and negative mass states can be
replaced by summation over positive and negative energy
states, using the same projection operator.

That this projection operator is correct can also
be seen as follows.

If the probability amplitude for a transition from
the state 1 to the state 2 is (W' pM w,) , then the
transition probability is (w’M'suw)(w pMmw)
where M" is M with the order of the o 's and B 's
reversed and explicit appearance of + changed to -1 .
Let us denote summation over the spins of the positive
energy states of the electron 4 by §|, and summation

over the spins of both
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positive and negative energy states by 2 « Carrying
P
out the summation over the spins of particles 1 and2,
which we assume both to be in positive energy states,
we obtain
X = 2’2'(“:-M*/“>“1>(“:(3Mu.), wheve we assume FChe
|2
normatisabion Utu, - utu, = I
' €, I: Y - + . e oL
gt (SR g ing e
ey\e,(é\’ ‘ofo'ychov\ orfrm\"uﬂ
3 +(_7.—.’ la s R asy
g {urmr (22ERpm) pme]
1

XN

1]

vl

g {ur (Sfil)eve (S5 2) o]

g [ (R} (B )

)t

Spac [((ﬁ;;/ééi_h_w At A (f_‘il_;g%ﬂl_ﬂn)M] .

(4.6)
Let us now denote summations over the spins of mass
states by S , analogous to the Z’s . The matrix
element (“pmuw,) is, in the Feynman formalism, (5 ™Mw.)),

The transition probability is

(TP w) (mma) = (4 3R w)(ad g w)

where we assume the mormalisation W, zuywy = I
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For the moment, we shall neglect the difference in

normalisation, and equate (wW'm's u) (W, pmMu,)

(vu \’\1)("‘1 M\A\)

and
y S0 that

MY is M with the order of the o 's and 3 's reversed
and explicit appearance of ¢

changed to -* , so that M

is
M with the order of the ¥ 's reversed and explicit appearance
of 4 changed to -+ . We now haveuw, andu, representing positive
mass particles.
Then Y =

$5 (ERwW)@ Mw)

- ¢ s {m @ (B )T Mw
SR (Es2) M}

s {m (ED) R (D) M)

- pr [ () ™ (222OM]

- 80 that

To normalise this to wW'az\ , we have to multiply byiae,'
Y - spue [ (ED)T (HD)M]

_ SI’“"[( @'f'_ﬁ(“_’l)_t_'l“)ﬁm/s( BE-PEF) < )*M)M]

B § .
Thus the two methods give the same result.
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 PART II,
The Reactions T +t =2 p +d.




PREFACE to PART II.

The problem of ™" meson production in proton-proton
(p ~ p) collisions has been considerably investigated,
and it has been found that the probability of the two
final nucleons forming a deuteron (d) is very high. The
reaction p+p-= ™W'+d has been studied by a phenomenological
weak-coupling treatment. Prof. J.C. Gunn suggested to
the author that it would be possible to carry out a
similar treatment of the problem of 1" meson production
in proton-deuteron collisions, with the formation of a
triton (t). The number of nucleons involved in this
reaction, k****ff\‘t y 18 not sufficient to make such a
calculation prohibitive. Part II of this thesis contains
calculations of the differential and total cross-sections
for this reaction.

The problem of " meson production in proton-
deuteron collisions is of interest as it is the simplest
process by which an estimate can be made of the
probability of " meson production in proton-neutron
collisions. This information, however, (seefizx is
obtained only from the reactions in which the final
nucleons are not all bound. It is found, in this thesis,
that the 'two-body' reaction is more profitable as a
nethod of studying the properties of the triton than as

a method of studying the mechanism of meson production.




(i)

.The first chapter consists of a survey of previous
work required for an understanding of the problem. §§ 1
and 2 are reviews of previous studies of M meson
production in nucleon-nucleon collisionss § 1 deals with
the production in proton-proton collisions and § 2 with
the production in proton-neutron collisions. It is noted
in § 2 that the proton-neutron production cross-section
is not small enough to allow this method of N' meson
production to be neglected in the proton-deuteron
production process., Previous theoretical studies of the
reaction P+A*ﬁ‘“4t s based on the impulse approximation,
have neglected this method of production. These studies,
and the experimental information available on this
reaction, are summarised in § 3.

The second chapter ($§4 - 8), all of which is the
author's own work, contains the phenomenological weak-~
coupling treatment of the reactions M+t &= p+d, This
follows the lines of a calculation by Cheston (13) of the
cross—-sections for the reactions ﬂ*+A-?2P*1>. The cross-—
section for the reaction Mt ->p+d ig calculated, and
that for the inverse reaction is obtained by detailed
balancing.

§4 describes the kinematics of the reactions, which
have been dealt with separately, since they rest on a

sure foundation. ¢ 5 contains the general formalism which
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would have to be applied to any treatment of the problem
based on weak-coupling perturbation theory. For clarity,
this part of the calculation has not been made completely
generaly the triton was described by the Irving wave
function (31) and the deuteron by a Yukawa-type wave
function. Any repetition of the calculation could,
however, start from the end of §5s¢ the only alteration
required would be in the wave functions inserted for the
description of the deuteron and the triton.

The calculation is carried out for scalar mesons
with scalar coupling in §6 and for pseudoscalar mesons
with pseudovector coupling iné 7. Only these theories
have been considered, since the experimental ratio of the
cross-sections for the reactions p+p @ TW+d shows that
the T meson has spin zero. Analyses of other meson
processes indicate that the meson has odd parity, but
it was found ((11) and (13)) that a phenomenological
weak-coupling treatment of the processes p+P& n'+d gave
better agreement with experiment for scalar mesons than
for pseudoscalar. It was therefore thought advisable to
consider both parities of the meson.

For scalar mesons, the calculation was carried out
using an Irving and Gaussian wave function to describe

the triton. With the former, the angular distribution




(iv)

is not unreasonable but the total cross-section is much
too large. With the Gaussian wave function, the total
cross—section is roughly in agreement with experiment
but the angular distribution is unreasonable. These
results are discussed in $8 and show that, in the high
momentum region, the Irving wave function is too large,
the Gaussian too small. After these findings, it was not
considered advisable to carry out the pseudoscalar
calculation fully, and in this theory, only protons of
energy 340 Mev were considered. The results are discussead
in $§8. ©No experimental excitation curve is available,
~and the calculated one for scalar mesons is not there-
fore discussed.

In the appendix, the iﬁtegrals occurring in the text
are evaluated. This is also the author's own work.

In conclusion, the author would like to express his
thanks to Prof. J.C. Gunn for suggesting this problem
and for fruitful discussions during the solving of it.
He would élso like to thank the Nuffield Foundation for a
Studentship, during the tenure of which this work was

performed.
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CHAPTER I.

§1. Introduction.

A beam of photons passing through matter may lose
intensity through individual quanta producing pairs, the
usual production being in the Coulomb field of a nucleus
of charge Ze . The differential cross-section for this
method of production has been formulated by Bethe and
Heitler (1) and by Racah (2). Analytic integration is
simple only in the limiting cases of small and large
photon energy. For small photon energy, Racah found

the total cross-section
b3 2 3
2 2 2 1t _E:_B_:\_i. lol
e = 2 (E) () 5 (52 ) (1)

and Bethe and Heitler found, for k,w, w, > mc),

& () = z*(f})(ﬁ—}j(? e, - 2aE) (12)

‘I'V\.Cl

where k,w,w,are the energies of the photon, electron
and positron respectively. w 1is the electron rest mass
and®,e,¢ have their usual meaning. Born's first
approximation has been used and this is valid if the
velocities of the pair constituents are greater than]ZG%)f,
this condition being satisfied if the velocities of the
particles are near that of light and / £ 60O

In actual fact, the quantum does not feel the full

effect of the nuclear Coulomb field, since the nucleus



energy gives the total fj‘; at the appropriate angle;
such integrations give the results shown in Table 1.
Assuming that two-thirds of the mesons are due to the

reaction p+p->T=+d4 , the angular distribution in the
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Table 1. Differential cross-section for 340 Mev
incident protons.

centre of mass system for this reaction is of the form
A€ L (A+ B wntb) m_mw‘ls*&h
an with A~.25 and B~3,
Durbin, Loar and Steinberger (4) and Clark, Roberts and
Wilson (5), studying the inverse reaction Twd > p+p
have approximately verified this u:oi@ distribution for

different meson energies. Their results are shown in
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table 2. (iii) Integration of 3¢ over angle for a
particular proton energy gives the total cross—section
at this energy. This has been done for proton energies,

in the laboratory system, of 345, 365 and 380 Mev by

Mtmeson ':%L fov veackion
enevyy. Thd > p4p
(Mev) (1078, > skey)

as 9?0 +0-22)
Lo 18 (0 «02)
53 21-5(20 +018)

Table 2. Angular distributions for reaction(fudeP+h

Passman, Block and Havens (6) who measured the meson
yield at 90o in the laboratory system fof these energies
and assumed the above form of the angular distribution.
The excitation curve they obtained is shown in fig.2
(results (a) ) and shows a variation approximately
proportional to TJ ’ where | is the meson kinetic energy
in the centre of mass system. Schulz, Hamlin, Jakobson
and Merritt (7) found a variation proportional to’r¥l
However, they measured only mesons in the peak, so that
their excitation curve is for the reaction p+p~%ﬂ*+df
alone. The excitation curve for this reaction alone can
be obtained by detailed balancing with spin zero mesons

from the results, quoted above, on the inverse reaction




b

and this is also shown in fig.2. (results (b) )
(b) Theoretical.

The theoretical methods of studying meson éfoduction

in nucleon-nucleon collisions fall into four classes,
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and p+p-> M+p+n and (b) for p+p->u"+d only.

B

(i) the pure field-theoretic method as used by Morette (8)
and Brueckner (9), (ii) the phenomenological weak-—
coupling method as used by Foldy and Marshak (10), Gunn,
Power and Touschek (11), Fujimoto and Yamaguchi (12)
and Cheston (13), (iii) the purely phenomenological
method as used by Watson and Brueckner (14) and (iv) the
isobaric state method as used by Matsuyama and Miyazawa (15)
and Brueckner and Watson (16).

The first of these assumes that the exchange of
momentum between the nucleons is, to lowest order, due to

the exchange of one meson, so that the process is of the
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third order in the mesonic coupling constant. In this
method it is difficult to take into acéount processes in
which the final two nucleons are bound, and it hés been
restricted in use to dealing with cases in which plane
waves can be taken fof the nucleons initially and finally.
This means that the results of this method will be
uncertain for low relative energies of the two nucleons
in the final state, where the experimental results are
available. In the second method, the force between the
nucleons is represented by a phenomenological potential,
but the usual operators of field theory are used for
describing the emission of the meson. This means that the
final result is only of first order in the mesonic
coupling constants part of the uncertainty in the
calculation has been transfgrred from field theory to
nuclear physics, although the error caused by a weak-~
coupling treatment still remains, but to a lesser extent.
Power (17) has partially justified the use of a
vhenomenological potential, a method which is not
obviously correct since theT' -mesons themselves are
partly responsible for.the potential. In the third
method, the purely phenomenological, a proper
relativistically invariant form is assumed for the

an ‘
transition matrix element and)analy51s is made of the




-6

conditions of charge symmetry and conservation of
angular momentum and parity. On this basis, Watson and
Brueckner (14) have studied all the possible nucleon-—
nucleon production processes for the cases in which the
mesons are emitted in s or F waves. The fourth method
agsumes that one of the nucleons is excited to an
isobaric state and then decays emitting a meson. Of these
four methods, we shall be chiefly interested in the
second and we now illustrate its use by giving a brief
survey of Cheston's (13) work, as we shall be using his
approach in dealing with the problem of " meson
production in proton-deuteron collisions where the final
nucleons form a triton. We shall restrict ourselves to
scalar mesons with scalar coupling (henceforth denoted by

$(S) ) and pseudoscalar mesons with pseudovector
coupling (denoted by Ps(PV)),

Cheston considered the reaction W'+d = p+p  and
obtained the cross-section for the inverse process by
detailed balancing. He restricted himself to mesons of
energies greater than 5 Mev (so that the Coulomb barrier
of the deuteron could be neglected) and less than
100 Mev (so that the nucleons would have energies less then

‘500 Mev and could be treated non-relativistically). The
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interaction operators were therefore used in their non-
relativistic forms, these being obtained by the method of
Foldy and Wouthuysen (18). For the wave funection
describing the two protons he took appropriately anti-
symmetrised plane waves, i.e. he neglected their interaction
Hé stated that allowance for this would change the cross-
section by only a few per cent. (Gunn, Power and Touschek
(11) have taken this interaction into account and we

shall discuss their results below). Cheston used the
Hulthén wave function for the deuteron and allowed, in
es(ev) theory, for a small admixture of the D, state

with the S, state. This allowance made only a small
difference to his results and we shall henceforth

neglect it. He calculated the angular distribution of

the protons in the centre of mass system for meson
energies of 5, 22.7, 50 and 100 Mev. His results for

22.7 Mev mesons (which correspond to 340 Mev protons in
the laboratory system) are shown in fig.3. In the

centre of mass system the angular distribution of the
protons from the reaction T +d Dp+p is the same as

that of the mesons from the reaction p+ b—> MW'+d.

Fig.3 therefore tisssafems represents also the angular
distribution of the mesons, in the centre of mass systen,

produced by protons whose laboratory energy is 340 Mev.
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Cheston found that at the lowest energy the angular
distribution for PS(PV) theory was much more isotropic

than for $(5) theory, and that as the‘energy of the

9 > Bcn.
Fig.3. E;gular Digiributioﬂz for 340 Mev protons,
as calculated by Cheston.
meson (and hence the proton) increased both distributions
became less isotropic. This can be explained in the
following way.

Consider the reaction PfP-Dﬁi*A . The final
two-nucleon state is a 'S, state, and the initial two-
nucleon state is iimited, by the Pauli Exclusion
Principle, to being one of 'S, , *P,,, » ‘D , etc.,
Now, at low energies, the mesons will be emitted
predominantly in s -states and for this there are no
possible transitions for S(5) theory, but the transition

Ip>3S, 1is allowed in PS(PV) theory. Thus for scalar

mesons, the meson has to be emitted in a p -state
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leading to anisotropy, whereas for Pseudoscalar mesons
the meson can be emitted in an s —state leading to
isotropy. The fact that the PS(PV) angular distribution
is not quite isotropic, even atvlow energies, shows that
P —-state mesons are also competing, this being due to

the gradient operator in the interaction. The increase
- 4 ’
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Fig.4. E&citaﬁiOQDZurves c;Tculatea by Cheston.
in anisotropy with increasing energy is caused by the
increasing importance of the meson being emitted with
higher angular momentum. Fig.4 shows the excitation
curve obtained by Cheston for the reaction PP - Mok,
Gunn, Power and Touschek (11), (G.P.T.), considered
the reactions [)+paTV+A and p+Pﬂff4P*“ and took into
account the interaction of the two protons in the initial
state. This interaction they took to be zero for odd
parity states; for even parity states they considered the

interaction to be only in the s -state. To describe the
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internucleon interaction, they used a Hulthen potential
A= T - e_m]-' With = 1240 e, D5 (b Mey and
“F:2vaMev where” I and”'T refer to the spin triplet and
singlet states respectively. For the angular distribution
of the ™' mesons in the centre of mass system they found

a w0 distribution for S(S) theory; for PS(PV) theory

they fggnd that interference between the s - and A -waves
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Pig.5. Excitation curves calculated by Gunn, Power
and Touschek for reaction p+p->n'ed.

led to a cancellation in the forward direction. Their
calculated excitation curves are shown in fig.5. Their
total cross-sections were sensitive to the internucleon
potential chosen and they found that for a square well
potential T = 41 Mev and a = 1.85 x 10" cm., the
cross-sections at 350 Mev were reduced by a factor 25.
Both Cheston and G.P.T., using the phenomenological
weak-coupling method, found that scalar mesons gave a

better fit to the experimental «»'® distribution than




did pseudoscalar mesons. However, as G.P.T. pointed out,
better agreement may be found using pseudoscalar theory

by choosing a more suitable internucleon potential. G.F.T.
also found, for low energies, a better fit to the
experimental excitation curve with scalar mesons, though
the rise in the cross-section with energy was not so

steep as experiment requires.

§2. N Meson Production in Proton-Neutron Collisions.

No direct experimental information on the reaction
an—a“f+w+vx has been obtained, since a neutron source of
sufficient intensity and energy resolution is not yet
available. Information about this process has to be
deduced from meson production in nucleon-nucleus collisions.
or from other nucleon-nucleon production processes on the
assumption of charge independence.

Analyses of meson production in nucleon-nucleus
collisions have, so far, been based on the impulse
approximation. This approximation was first introduced
by Chew (19) in his treatment of the inelastic scattering
of high energy neutrons by deuterons. 1In a later paper,
Chew and Wick (20) clarified the actual approximations
which are made. These are (i) that the incident nucleon
never interacts strongly with more than one nucleon of

the nucleus at the same time, (ii) that the amplitude
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of the incident wave arriving at a nucleon is nearly the
same as if that nucleon were alone and (iii) that during
the interaction the binding forces between the nucleons
of the nucleus are negligible. The third approximation
is based on the assumption that the 'collision time' is
so short that forces, other than those of interaction
between the two participating nucleons, can be neglected.
It is this suddenness of interaction which gives the
approximation its name. The waves from the differeﬁt
scattering centres (nucleons) are added, but each
individually is the same as that produced by a single
nucleon. Thus the many-body problem is reduced to a
superposition of two-body problems. This method can be
extended to meson production in nucleon-nucleus collisions
(see Noyes (21) ) which becomes a superposition of
nucleon-nucleon production processes. If, for example,
we knew the IT' meson yield from protons on nuclei and
from protons on protons, we could estimate the 0" meson
yield from protons on neutrons. The only effects of the
non-participating nucleons are to give a momentum
distribution in the initial state to the participating
nucleon of the nucleus and to limit the possihle final
atates of the two participating nucleons through the

Exclusion Principle.
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'Charge independence' denotes the equality of proton-
proton, neutron-neutron and proton-neutron interaction
forces for states of the same spin and parity and is
reflected in the invariance of the interaction energy
under rotations in isotopic spin space. This principle
can be extended to include phenomena involving pions, the
'quanta’ of the nuclear field. In this, the coupling
constants for T  and ™ mesons are equal and the
- coupling constant for I° mesons is ¥ that of the charged
mesons but is opposite in sign for neutrons and protons.
An isotopic spin-E is ascribed to the mesons and the
states w1 w0}e(1) which contain one ™, one W, one TV
respectively, correspond to L = 1 and L,=~01") = -«w(1%)

Lw( =0 , Lyw (1) =w0) | 1y charge independent
theory, the total isotopic spin iz is a constant of the
motion. (-fzi?.;ﬂ , where T is the isotopic spin
operator of the nucleons). On the basis of this theory,
relations between the various nucleon-nucleon production
cross—-gsections can be established. In the following we
denote the cross-section for 1" meson production in
proton-neutroﬁ collisions by qﬂ, and use similar notation
for the other nucleon-nucleon production cross—sections.

As an illustration of the method of estimating<§:

by using charge independence and data on nucleon-nucleus
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production, we review the analysis given by Passman,
Block and Havens (22) of charged meson production in
proton-deuteron collisions. They found experimentally,
using a 380 Mev beam of protons, a yield of ™' mesons
twenty-five times larger than the yield of N~ mesons at
an angle of 90° in the laboratory system. The possible
nucleon-nucleon processes producing these mesons are

(a) ptp=>""+d  op prpa0Ttprn  (p) pen TV e and
(¢) p+~-—=>0ap+p , Charge independence gives, apart from
small Coulomb effects, €= &. . (Actually, charge
symmetry alone gives &= &, s where charge symmetry
denotes the equality of only proton-proton and neutron-
neutron interaction forces.) The small yield of W mesons
indicates that 6;: is small compared to 6}; and so there-
fore is 6’: « The operation of the Exclusion Principle
will however, in proton-deuteron production, inhibit
process (c) more than processes (a) and (b), since in it
there are three like particles (protons) finally. Noyes (£1)
showed that the {g ratio 2t 0~ to a 345 Mev proton beam
could be as large as 8.2 because of this effect. The
cross-section <$: is not therefore as small as the above
snalysis suggests and is probably about one-third or

one-quarter of a;; . The above analysis assumes that the

-'-
angular distributions of the W mesons from proton-proton
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collisions and of the mesons from proton-neutron
collisions are the same. That these angular distributions
are probably not very dissimilar can be seen from the
approximate equality of the {g ratio at 0" (Dudziack (23) )
and 90 (Passman, Block and Havens (24) ) obtained from
experiments in which carbon was bombarded with protons.

An estimate of 6;; can also be obtained from
nucleon-nucleus production without the use of the charge—
independent theory. (It should be noted that charge-
independent theory has not as yet been tested rigoNrously
by experiment.) As an illustration of how this may be
done, we review the analysis of Passman, Block and Havens
(25) who studied the " mesons produced at 90° to -a 381 Mev
proton beam incident on a carbon target. They allowed
for the absorption of the mesons in the carbon nucleus
before escape and for the enhancement of the " neson
production caused by the nucleonic momentum distribution
in carbon, ( ;}; has a steep excitation curve so that the
increased cross-section for protons moving towards the
incident beam more than compensates for the decreased
cross-section for protons moving in the opposite
direction.). With these considerations they found a
ratio of 9 for the carbon to hydrogen cross-sections at

this angle and energy. There are 6 protons in carbon,

S0 that the 6 neutrons must give one-third of the
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" mesons observed, and hence 6;;~J%:6$;

Block and Havens have calculated the expected shape of

. Passman,

the T meson spectrum at 90 + using the impulse
approximation. They assumed that the TV mesons were
produced only in proton-proton collisions and to describe
this they used the experimental data described in $1.
They found the best agreement with expefiment with a
Gaussian momentqm;distribution for the nucleons in
carbon, N(p)= Q—PA' with f%, = 14 - 19 Mev, M = nucleon
mass. (Compare the work of Cladis, Hess and Moyer (26).)
Similar analyses can be carried out for the yields
of ﬂt and n° mesons produced by protons or neutrons
incident on nuclel using the relations between the
various nucleon-nucleon production cross-sections of e
and W mesons for charge independent theory. Analysis of
T meson production in neutron-nuclei collisions would
not require the use of the charge independent theory.
These analyses confirm the above conclusion that a:; is

less than «;; but not by an order of magnitude and we

shall not enter into them here.

§3, prd = nra €

(a) Experimental.

Passman, Block and Havens (22) have studied the

+
yield at 90° (laboratory system) of T mesofis produced by
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381 Mev protons incident on deuterium. The TT' meson
energy épectrum had no peak near 90 Mevs; this indicated
that the reaction p+a>TW+t yag nog very strong. |
Frank, Bandtel, Madley and Moyer (27) have studied
the reaction p*d"°“++t using 341 Mev protons. They
measured the differential cross-sections for meson
production at centre of mass angles of 30°, 50", 70, 90 ,
130", and 150° and found that fﬁ_ was constant from 180°
to 90° and rose from 90  to 0", the value of($§l¢/¢%£lwe
being between 5 and 10. They estimated the total cross-

gsection to be about 5 x 10—30 em .

(b) Theoretical.

Ruderman (28) has studied the reaction p+d4—>" '+t

and shown that, on the assumption of charge independence,
sl p +&—> He ﬂ°)
de( p+d> tfﬂ+) .
impulse approximation and assumed that TU mesons were

= %, 1In his calculation he used the

produced only in proton-proton collisions. We have

seen in § 2 that this assumption is not satisfactory as
+ . .

6;: is not negligible compared to 6&p . For his triton

wave function he assumed that the two participating

nucleons were very close, i.e. he wrote

by (1) Ve (o, x3=1)

X
Ve (xi=xa, X3 {L%’S) ~
€ ~ (0)

where x, and x, are the co-ordinates of the participating
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nucleons and »; and X, are the co-ordinates of the newtrons

in the triton. For the spatial parts of the wave

functions he took

~ B¢ —_¥v 3
O € /3—2 (E“F*\‘) )1

Al an (p-¥Y
L -2
and ~Nlov) = £n 2
with Y=ep, (3:"—-;—" 'ds:‘_i@)\,‘:,,,*“o“m‘

4 4 L »> Q..

°s %_ LY g n
Fig.6. Angular distribution of N* mesons from
pta >N+t ag calculated by Ruderma
for 345 Mev protons. :

Fig.6. shows his results for the angular distribution of
the MW mesons in the centre of mass system, calculated
for incident protons of energy 345 Mev in the laboratory
system. The corresponding meson energy in the centre of
mass system is about 80 Mev. (Ruderman used 90 MNev, a
figure obtained by treating the nucleons non-relativistically)

He used the extrapolated value of‘f(P+Pﬁ“*+d) for this
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meson energy and estimated the total cross-section to be
about 1.3 x lO’vicmé. We see that, compared with
experiment, his value of(éila/C%alg>is too larges it is
about 30. He found a rise in %%L from 90" to 180 which
is not found by experiment and his total cross-section
is too large by a factor 2.6.

Bludman (29) has repeated Ruderman's calculation
using a hard core to suppress the high momentum
components of the deuteron wave function. He used an
improved triton wave‘function, not quoted in his abstract,
on the assumption that two of the nucleons are very close.
The result of this is to reduce the total cross-section
and to flatten the angular distribution in the back-
ward direction. Bludman found,.for a proton energy of
- 341 Mev, a total cross-section of 9.1 x quo em' without

-3
the core and 5.2 x 10 cml with the core.



CHAPTER II.

" §4. Kinematics of Reaction.

Let us consider the general problem in which a
particle of mass M, and velocity B. is incident on a
stationary particle of mass M, and particles of mass
and M{ are produced. We treat these particles
relativistically and use natural units, F=c<= | |, The

velocity of transformation from this system to the

. X, P - |
centre of mass system is v = —,_,\_1—'% where K'"J"—TE— .
™M . Pe¥
The velocity of ™M, in the centre of mass system is g ”
LYWl T

and that of M, is 5 X + Denoting centre of mass
_f\-A‘| \

quantities by dashes, we have the total energy

B = J(mam) +aTimy
where T, is the kinetic energy of M, in the laboratory
system. The total kinetic energy in the centre of mass

systen is

T - ﬁM.+M1)"+2T.M, - (M M), (4.1)

| At threshold,E}‘ = m+M™My , therefore the threshold
energy is

T = QA‘(’ME)I— ('“l""v\!)—l (4'2)
‘e IM, .

The kinetic energy of M; in the centre of mass system is

' ™M, T, — M
T = (4.3)
T'e tmemy)
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80 that the momentum of either particle: is given by

l"x -~ M T, (T.x3am) ' (4.5)

(T'*M,-« M;)l

For the particular case of p+d —> '+  ye agsume
that M,=™M ) M22™M M(*3M, where M is the mass of a
proton. We treat the triton non-relativistically and

the other particles relativistically. From coﬁservation

of energy, we have

T

) R K (4.6)
T = W m -'B,

. -2

where «' is the meson energy, &' the meson momentum (which
B

is equal and opposite to that of the triton) and,is the

bihding energy of a proton in a triton. © = 6.2 Mev.
We have
" . .
T =3 .27 (4.7)
\ Y L
o Mf&T;—T')
|| T'—\-%M - (4.8)

2 uM:'\'\ (T‘-\-QM) ’
LM WE -

and b T T Graaey (4.9)

The differential cross—section for the reaction

Mprool.
an

s is obtained from the differential

- g L eobs,
cross-section for the reaction M™+t—>p+d | AN s DY

p+d—»ﬂﬁt ’

dfao~

' is the differential cross-—

detailed balancing.



section for the production of a meson of momentum k' into

Ababs.
ant

is the differential cross-section for the production of a

the solid angle an' by a proton of momentum \J .

proton of momentum P’ into the soliad angle 4/t Dby a
R
meson of momentum k' . Then ;fﬁg/ = 1 e if we

assume that the meson has zero spin.

Some numerical values obtained from these kinematical

considerations are given in table 33

we have usedM = 938 Mev
and » = 141 Mev,
Kinebec ("‘e“‘ﬁ‘f Protown Proton TTobal Kinebic
of meson. €V\erg\l. 2vnevgy. (“(fg\" o(o’E,“(/ plo’au
Ceom. system ) (.o system.) [(lob. ;stem.) (v, s\,gbem.)
(\..)‘-/,g) (Mtv.) T;‘ (Mev.) T, (N\:v.) T' (Mcv.)
1o q5-y 2236 1453 S 16 w1673
)
3o tog -5 PN Y 166-5 -4 x10
50 123-2 2910 1FY-Y 2-25 51077
M8-3 129 3 L,O-O 2182 3.15'1"0”"
’ -2
100 t51-9 3u%-0 246 3-9M X0

Table 3. Numerical values obtained from kinematics.

The threshold for the reaction p~ed =T+l

from (4.2) using the exact values of M,

209 Mev.

s, Obtained

y M2 and M¢, is

The other kinematical problem involved is the
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transformation of the meson angular distribution to the

laboratory system. This is given by (see Gunn (30) ),

Apre, . & L A{g_g?i) - (4.10)
o K (kv 8) (2

' '
where VY= -o: =+ The relationships between centre of

mass and laboratory quantities are
~ ]

-1 k‘AAMG .%

6 - Com {X(k'm6'4vw')

R 1 (w' «-\:k'ma‘)

1

w
and KU oz Wt
6' (2] w k< t
(Mmev) | (Mey) [ B(k-vewenB
o° 0° 2663 [2206-0 1-§1
30° [a30' 209 |214-5 -
L5° |30000' Jase b f21v§ 1- 6o
q0° [42°30' |225-4 ] 162 Py
135° hae’so' [ 191-0 | i3y-§ 0:6%
180" 180" [185-0]ua-r o-S1

Table 4. Values of laboratory system quantities
for 340 Mev protons.
Table 4 shows the numerical values for these, for
340 Mev protons in the laboratory system, for which
k' = 168.0 Mev, = = 219.3 Mev, v = 0.235.

§5. General Formalism.

We consider the reaction in which a triton (t) absorbs
+ —>
a meson(f‘) of mass » , momentum % and energy w , and
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disintegrates into a proton.(P) and a deuteron (d). To
avoid difficulties associated with the Coulomb barrier of
the triton we restrict ourselves to mesons of energy
greater than 10 Mev in the centre of mass system. In
order to be able to treat the nucleons non-relativistically
we consider the mesons to have energy less than 100Mev.

We treat the mesons relativistically.

To lowest order in weak-coupling perturbation theory,
the matrix element of the interaction Hamiltonian causing
a transition from an initial state with three nucleons ()
and a " meson (9) to a final state with three nucleons (¢¥)
is

er = (M? oAV, 4T wé(ﬁ,s;,\a){g o“’cp(“’)}w,, (F5t,%:) . (5.1)

After the Fourier expansion of the meson field P(F)

\., -1 * ‘(7-?‘\
R AR %r C\’() P for S(8)  (5.2)
ana @)= 4L Q{0 - 0w for PS(PY) (5.3)

—({) : () . . .
Here 61‘, p“’ ’ ﬁ‘ are the usual Dirac matrices acting

W
on the Lﬁ"nucleon; Q is the operator which acts on the

Ig—t‘
final state nuclear wave function,'w% y changes the ¢
nucleon, if it is a proton, to a neutron, and gives zero

. €
if the ¢ nucleon is a neutrongy Y. and $; are the
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isotopic and spin variables respectively of the id’nucleong
we work in units in which k=c=1.

For the energies we are considering the nucleons can
be treated non-relativistically, so we use the non-
relativistic approximation of Foldy and Wouthuysen (18).
The even operators ﬁ" and‘?ﬁ)are replaced by 1 and the
2 x 2 Pauli spin matrices, ?ﬁ’, respectively. The odd
operator ?:D is replaced by #ﬁuj(ﬁdl v) where %m is the
gradient operator with respect to ii acting on the final
nuclear wave function. ;§a> is the similar operator
acting on the initial nuclear wave function. These wave
functions are now the appropriate ordinary Schrodinger
wave functions.

—®)

Carrying out an integration by parts for the V

8
part of f, we obtain

LV < 6 <
TV TN Toam |

H X ) r(i) rag
Therefore f.' is replaced by d*f(ﬁiv - fa),
Thus, in the non-relativistic form,
@) @
o = 9 /2 Q for S(3) (5.4)

. N 4 ) ;‘weﬂn o2
ang o) = th [T ST 2V 2R} for pstev).  (5.5)

For the triton wave function, we take the properly anti-

symmetrised 'S space~symmetric wave function
%(?‘;, 5“,\([) = CPC ‘?C) :;_'L { (*L—d\) /35 +(&; v“l)/sq +(d“ d;)/gl } (5 .6)
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for the z -component of spin = +%}, and

VT 5%) = @A) L (- -4 py e l-g) ) (506)
for the z -component of spin = -3, ﬁ} is the product of
three spin wave functions w(1)v(2)v(3) guch that the ¢ =
nucleon has spin component :;} and the other two have'

+1 “'
spin components -;} « Similarly ;;} is the product of

three isotopic spin wave functions w(ul)wl3) gyon that
e proton
the nucleon represents a neutron} and the other two
neutrons
represent. protons {.

Let ‘§=%(ﬂ*§:*ﬁ) , the co-ordinates of the centre
- of mass of the triton, and

¥y 7 BT , the relative co-ordinates of the
three nucleons. We separate the triton wave function
into a part which describes the centre of mass motion and
and a part which depends on the relative co-ordinates of
the nucleons. As a first choice for the latter part, let

us take the wave function studied by Irving (31). This

gives for the triton wave function

3 R
@ (") J}_\)_ D..&z- (sz"' vy “"s;‘)1 ¢ ¢ -§°' R . (5-7)
(7)) = JINe

L
1 )i )
(v v w0+ V,,.)

-~

where P, is the momentum associated with the centre of

mass of the triton. NMNe 1is a normalisation factor equal

A
to LAH 0((,.
n}
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For the final state, we assume that particles 2 and 3
form the deuteron and that particle 1 is the emitted

proton. The wave function for this system is

-y -n 5+t — ] .8
\"‘ (’;: )Se ,Y\') = CPp&o\ (*u”s ,*f.) ! (‘m,(la' 0 (‘(‘)O()| D u_ ) (5 )

where a bar above two variables denotes symmetry in them.
The other possibilities (particles 2 and 3 being the emitted

proton) are taken into account by multiplying the matrix

element by 3.

15t — 2 (73
6;f13.0 can be "6+ or <., where
T

- Y

i(‘t(fg") = JJ: [:‘fz <. *'j-;."ls —ﬁ-(‘] ’

* 3

. 1] L L] _ v
ey () = FLEA &S 5]
— A ) a1

"(l (3D ¥ {- v, () v, R G }

X
o () = [‘(.4’&11-0{3‘}

N
%
PRGN Y G

~ v (1) u.(2 v,(%) .
(—3_(5_1') - \6‘{— - ) }

] )
We also have '(¥)o(x3)ull = 5§(p;~ﬁ,).
- The wave function for the final state is anti-symmetric in

the indices 2 and 3, as is the wave function for the
initial state, so that

Sd}; ad, wg [6’(3)] v, - Iai; AT +6* [iw] Y, .
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Therefore O @ (8) can be replaced by 0 (R,
Let R: $8+73) | the co-ordinates of the centre of mass
of the deuteron.

In the final state wave function, we again extract
the motion of the centre of mass of the deuteron. The
emitted proton is described by a plane wave. This means
that we assume that there is no interaction between the
proton and the deuteron. Such an interaction could be
included by inserting a phase shift in the proton wave

function. To describe the deuteron we use a Yukawa-type

.—d‘ le
wave function JN, < . With these assumptions we
fl}
write '
— — et Va3 < 3R < ’F{F:
cpk*d(;’lvj} ,\7:) = J-‘\—j; L < < (5'9)

—at

where © ig the momentum of the centre of mass of the

deuteron and £ is the momentum of the emitted proton.

Na is the normalisation factor, and is equal to37 %+
We have now assigned all the necessary momenta and

conservation of these gives

¥ o+ = F“TS’. (5.10)

We work in the centre of mass system, for which

va+P =oO. (5.11)

We now have
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_davaz = =2 = _L(;‘,*7')
- ~ - B _cP. 1 V3
H‘ﬁo = BIM: A dg "Ual 2 ~ 2 2 L
23

- 7 Rrsdios
h) cle- ¥ @ k.Y
R ALPY' ) (/31~/33) { + A0 e

. L =2 —_ -3
—de (Yo vy vy ) ;R-’g“.*faf?:)
« JN. € e

2 kY \5
(f;. "'T“ +f}2)1

. JL‘_, {(4;"*-)/33 + (45 -dy) By *+(4,~d3) /51} (5.12)

when the triton has z -component of spin equal to +%.
Let us change the variables from ¥ , V. and ¥ to R ’ [

and ¥, where

ﬁ'

1

L (7«7 , the position co-ordinates of the:.centre
of mass of the deuteron,

[ ¥-x!%+%), the position co-ordinates of the emitted
proton relative to the centre of mass of
the deuteron,

- - -
and Y% -, the relative co-ordinates of the deuteron.

The Jacobian of this transformation is unity and we now

) —da vy
have 1 CR. l“f’ ?.‘.k-&?) Jdg, ""'u )
"" - _J_;% JN o, S AR e s

[}

€E~("F)"J§§:) U”f {l& ') (/”1 /53)

Yy

-y ‘T(’;, _‘(s(&?;?-—'f};)
2 ) —3 u} e
-+

(.) ck-$
v{o

{ (Uo-dy) Bz + (dy-d) By +(d,~%5) Ba }

)5

v(l“*—-"z;

(5.13)
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where for PS(PV) theory,

_6‘/5} (l){_.-.m~w~\£ B ew R’} (5.]_4)
M am
= Q" 6‘") say

and O\n _ 4 2 Qn) D D, “?" o 6 — E'}
- /*E {#7% 32, YRR am (5.15)
- (QU‘) 9(2?

€ -

V& is the gradient operator with respect to v, and acts
i ~dA Va3

only on £

a3

From (5.10) and (5.11), (5.13) becomes

~da ¥y C}: -p-t T':)
*?o . g_ﬁth[dgdxh o T -(-F

3

e
a3
ve N
. x;ﬂf (“5“)(/9"_/3;) {O(‘e 5 Y o‘l’e—’im k V‘u}
~de (3% +§:~l‘\.§)& B _
« e {(dl'dl.)/ss (4 A;)ﬁ. +(d, &;)F:.}.
g3y

- (5.16)

We have @ (A'-p) = (7 -f2)

and

@ (R - = —p -

Inserting these and taking the products of the isotopic

spin wave functions, (5.16) becomes

. ~da¥az P ELY
H‘{ = ‘l:é JN“N;- f"(?. A‘(’L; e ! Rt ( P—3 )
©

£
3

).
a4t _ -—Jr(lﬁxflx”fl;)x
Y 6’0\5(130’) €

(1?.*’—"‘“)1 R,

{9"’ ¥y, vd,-2d,) 2 80, V- “} (5.17)
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We shall defer the'squaring of this matrix element and
the summations over the spins of the nucleons until §§ 6
and 7, when we shall deal with the specific cases of S(5)
and PS(PV) theories. The former of these theories
contains no spin operator in eﬁ), whereas the latter
theory does contain the operators Ca

The differential cross-section for the production

of a proton is

de : 2D Z 1vy,1 " §(€) (5.18)
where v, is the velocity of collision in the initial
state (n*+t ), PLE) is the density of final states and
fi denotes an average over the initial nuclear spins
and a summation over the final nuclear spins.

To derive an expression for {(E) we treat the
nucleons non-relativistically.

The final kinetic energy is E =% f% and the
kinetic energy of the proton emitted is Ep: sf;‘tf 1€
Therefore

ple) L2 an

ar

where the proton is emitted into the solid angle 4 L.
Angles are measured from the direction of the incident
meson.

ve = K

A
therefore de PO 2 l“kol (5.19)

ANtk
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is the differential cross-section for the production of
a proton with momentum P'(=%-ﬁwe) into the solid angle
AN in the centre of mass system.

$6. Scalar Mesons.

‘ V) @)
For S(s) theory 0" 07 = 4 A% » 50 that (5.17)
becomes
—Jolv’-.? cf:( "—' k)
' - NaNr jo‘? e X4
Hﬁ’o 3\}'4 ' Va3
~d ?|\""i ll)‘- LS+
. g_,_“f_.__ic— C T (w3,
(Qf,xi—%fut)l ’
. 1 -
v{ ECR%(J;«\J;"QJ.) + Qe ¥ (s A!)} . (6.1)

154N

(“uiﬂ) is symmetric in 2 and 3 and (Ly-4y ) is anti-
symmetric in 2 and 3 , so that the (di~4; ) term gives no
contribution after squaring and summing over the
nuclear spins. No spin changes are allowedvin $(9~theory

'so that the Sy state of the triton goes to the "oy (53,1
state of the (p+& ) system and the ‘S-. state goes to the

€4 (73,1) state.

Thus . ) . ok
_ 1|< -4 1?,f o
Sl = 19 TNt Iae. Ry €N BRI BT
‘ r;} (2?’ 1_%‘,.‘_;—)\
2
2 q%l% Nch I‘ (6;2)

where the integral |, is evaluated in the appendix.
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Therefore, from (5.19),

de - 8 gipa MaVe JME g} (6.3)
aJu T 3 3

" -
T Rgt M dy JME g2
s 18

2, = mw, ¢ whereWu is the deuteron binding energy,

giving d = 2.32 x 10" em . d, is taken to be 4 x 10 cm

a figure obtained by choosing «¢ to fit the Coulomb
energy of H. (see reference (32) ). I, was evaluated
numerically for meson energies in the centre of mass
system of 10, 30, 50, 78.3 and 100 (Mev) (see§4) and for

angles in the centre of mass system of 0°, 30 , 45 , 90 ,

Meson Qnev'g\(.

ds do k.
s e, |, e

(Mev.)

‘10 -9 3
30 3-2 2-L
5o Le-3 3-3
ME3 6 S 35

100 ¢ b s

Table 5. Ratios of the differential cross—sections
in the centre of mass system.

135‘> and 180 . Table 5 shows the values of the ratios

(%;)o.,/ (ﬁ)%c and i‘}i)%o /(jﬁ;)@. for the various

meson energies.
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Fig.7 shows the angular distribution of the protons
in the centre of mass system for 78.3 Mev mesonss this

is the same angular distribution as that of the mesons

» @
P Vewm.

o o
s %

n

NS

3

ot

Pig.7. Angular distrivution of pfotons (or mesons)
for 78.3 Mev mesons in the centre of mass
vsystem.

I 3
sk

_ /3\ 106 (et [stec)

dabs
AT

(o] —~1 p ~» Gu\.

[ Ll:r n 3

Fig.8. Angular distribution of 7" mesons from
reaction p+—>7"'+t in laboratory system
for incident protons of energy 340 Mev.

produced in the centre of mass system by protons whose

laboratory system energy is 340 Mev. The corresponding
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angular distribution of the U" mesons in the laboratory

system was calculated from the data in § 4 and is shown

in fig.8.
Zto:yf{::%)y s, [ g0 Speon [ g1 w107
(Mev.) Cemd) Cemd;
/1O %-2 L2
30 -3-3 s
5o 2-0 L5
¥$-3 1 6
1%0 0-% 3.1

Table 6. Total cross~-sections for reactions p a4 "'t

The total cross-sections for the reaction T't-—sprd
are obtained from the above by étraightforward numericél

‘integration and are shown in table 6. The total crosse
»

S 3
[N
-~
«
5 st
v/
-
7
2 2t
o
oo
—_—
1
o " 1 > Proton energ\‘.(MLV.)
200 300 100 (Laboratory system)

Fig.9. Excitation curve for reaction p+dwan**b.

sections for the reaction p+A = U'«t  are obtained from

these by the detailed balancing method explained in § 4
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and these are also shown in table 6 and plotted in fig.9.
This ex01tatlon curve rises steeply and has a maximum of
about 51 10 cm at a laboratory proton energy near
240 Mev. The value of the total cross-section at 340 Mev
is 3. 63 ) cm2 which is to be compared with the
experimental value (ref. (27) ) of about 5 x ldﬂocml.
The angular distribution shown in fig.7 has a value for
/ (dﬂ,q& compatible with the experimental value

(ref. (27) ). The value Qf(;])%e/ Cﬁiznr’ however, is
larger than the experimental value although the angular
distribution does tend to show a flattening in the
backward direction as found by experiment. (The calculated
angular distribution is flat between 120° and 180°).

The total cross-section is too large by a factor of
100. This is probably caused by the fact that both the
deuteron and triton wave functions become infinite when
the nucleons in these nuclei come close together. This
means that we have used too much high momentum component
in describing these nuclei. To asgssess to which nucleus
the large cross-section is due, the calculation was

O

repeated for 78.3 Mev uesons, u51ng)Hulthen wave functlgn
-,(.‘ Va3 MRy Ya3

Va3

for the deuteron. This new wave function igdn) 2

(where ML? %%% ) and remains finite when %, = O . The

angular distribution of the protons in the centre of

mass system was practically unaltered in shape and the
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total cross-section was reduced only by a factor of less
than 2. Even the Hulthén wave function, however, might
still contain too much high momentum component.

Bludman (29) (see §3) found better agreement with
experiment by using a 'hard core' for the deuteron i.e.
by assuming the wave function was zero for v, less than
some critical value(°3?£&). Bludman, however, found
that the total cross-section calculated using the Hulthén
wave function with the core was one-half that found
using the Hultheén wave function without the core. It is
therefore unlikely that even a 'hard core' deuteron wave
functioh would reduce the cross-section found above by
the necessary factor of 100, The importance of the

hard core in Bludman's calculation was that it flattened
the angular distribution in the backward direction.
Bludman, in his calculation, usediﬁriton wave function
in which the two "participating nucleons" (he used the
impulse approximation) were close together and he found
a total cross-section equal to the experimental one.

It therefore appeared interesting to repeat the above
calculation using a different triton wave function. A

Gaussian form was chgsen for the wave function, namely
\)"’,’ "'°ct {"rSll* "1} hd "a:)
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“’
L V3 4

. 1 -
with Ne = o3

and d(:: 1-‘1k*!0q0w\_' (Cf. ref. (30) )‘

This gave

. [
de _ 36 31.(*&}. ™M JmE |1\Q\‘
an o K

with - ) - .l)
_ _ ~ o Y23 g?.(—}?-\-&@ _d (2 +%~r,_3
l\c, - sd?" o\ﬁi3 e - e 3 e t v

a3

1, is evaluated in the appendix.

The angular distribution derived from this is

A 3 JME k01

an d'&“PfaﬁL¢

B **F{’(’qpel )

for 78.3 Mev meson in the
centre of mass system.

Thus,practically all the mesons produced in the
reaction F+d=°ﬂt*t are produced in a very narrow cone
in the forward directions +this is at complete variance
with the experimehtal result. This result will be
discussed further in $ 8. With this wave function the
integration of the differential cross-section can be |

out

carried,analytically and gives a total cross-section of
~3l0
79 10 em® for the production of N mesons by 340 Mev

protons in the reaction F+de)n*+b.
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¢ 7. Pseudoscalar Mesons.

For PS(PV) theory,

Q . S D L2 W .1}
8" f FB {?UV-5F .2
PSS 3 B Fro¥ind |
, MV W ™M A ™M Y7,
) —det¥a3
where V, acts only on —

Equation (5.17) becomes
PRERRCJR XV S E [<l”'r @0 7l ety 20 ). (P B F- 2P
bt S TV m |

fo

» 4 wl"’ - M ¥
+ 2 <2H“;:‘,(5§. Dl 271 “‘x“’%)- (¥« i’ lmk) I‘

—)
+ Q}S\ <P 3, N J;) 13] (7.1)

where I, is as in the S(%) case and ) )
—da Va3 ,:§:(_",’__%T(‘) _ji\-];’,;,"u _de (l?, +§_‘,L1)z

Idfu d\Il; e g P (7.2)

"r),'g (Qg. V}.; )1 . ‘

= 4 ) —.e;—'——"———l_';
(f L v3)*

x ):
—I;' Idf ( -wt}) TR 4B - 4Ot dd) (7.3)
1 13
!

Ya3

These integrals are evaluated in the appendix. 1 is of

b d

the form % 1.

—
k,

If we let (‘<-—P4f|¢)r
-

kl

2

and 2P+ P g PILY 20

S
then H6 - ﬁ ‘,N‘\ i j—ﬂ [(Zf"‘&- é;)l) ' ?")llx+c‘,“)dt>‘ kg :
e ol 2 (7.4)
™3
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For the summation over the spins, we use

6 Vi = VO & v_ = v,
6, U, = LV Euv- T =tV
k| k|

63 Vi = Vg 6, VT~V

where Vi, V. are the spin wave functions of a nucleon with
z -component of spin equal to +% and =% respectively,

and & 1is the spin operator acting on that nucleon.

Summing over the final spins and averaging over the

initial spins of the nucleons, we find

£ inel s 3 T [oeq a®@ed]  (7.5)
,4

The differential cross-section is obtained from (5.19)
and is

]

W - =
Lo b g dade g WE (3 e - D)
an ot s K

kS
- ‘J;Ae M JmE [l{ti\*;ml.)‘_“—%’ﬁ.?}
w{(g~5gw41~ﬁi — Ty )
(255 D }] (7.6)

The triton wave function was found to be unsatigfactory

in the S(5) case, so it was not considered profitable to

evaluate the above differential cross—section for more

than one energy. The meson energy chosen was 78.3 Mev



-41-

as this is the energy at which the experimental results
are available. The shape of the angular distribution
obtained is shown in fig.l0, which contains also the

angular distribution obtained by suppressing the 'odd'
A . .

/517\'0-1\' (w’“/ ster)

A

d‘;,bs.

1 N L e 9(_. -

To %

Fig.10., Angular distributions in the centre of mass
system calculated on Ps5(Pv) theory for
incident 340 Mev protonss (a) includes the
whole interactiony (b) includes only the
even operator of the interaction.

part of the interaction (f,w ), which gives rise to all
the terms involving &, . Neglecting this 'odd' part of

the interaction, we have

éﬁ . L g" Jﬂlf:Mm 13 [Srql—' LQ'I:II'X * ""L’:L] . (7.7)

A ST as A

Integration of (7.6) and (7.7) gave the total cross-

. -6
section at this energy to be o, = 3.6/1 x 10 cm' for



-42~

the complete interaction and l.6{fx lo_“cm2 when the
'odd' part of the interaction was neglected. Detailed
balencing (§4) gave .. =12{x 10 cm’ for the
former and Efﬂx lo_ncrﬁl for the latter interaction. Thus,
at this energy, the totgl crogsg—-section calculated in
PS(?Y)theory is larger than that calculated in S(S) theory.
The complete interaction gives an angular distribution
greatly different from the experimental one (ref. (27) ).
The even part of the interaction gives the values 5 and
0.4 for the ratios (o3), [Cx o and (5% w/ )
respectively but the angular distribution shows no
tendency to flatten off in the backward direction. The
even part of the interaction does however give a better
fit to the experimental angular distribution than does
the complete interaction, a result which was also found

for the reaction k?fp-orﬁ*ok. (see ref. (30) ).
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$8., Discussion of Results.

(a) Angular Distribution of Mesons from the reaction p+eA=IT4t,

(i) Irving triton wave function.

The angular distribution of the mesons in the
centre of mass system, calculated using the Irving wave
function to describg the triton, is shown in fig.7 (for

$(s) meson theory) and in fig.10 (for PS(PV) meson theory).

Both these curves are for 340 Mev protons in the laboratory
system. The experimental angular distribution at this
energy is described in $3. It is seen that S(5) theory
gives a better fit to the experimentally-determined
angular distribution than does PS(?V) theory. With the
'odd interaction' suppressed, PS(PV) theory gives the
peaking in the forward direction, as found by experimeht,
but does not give the required flattening off in the
backward direction. These findings are similar %o
those for the reaction p+p->T'd | where $(S) theory
and €s(Pv) with the odd interaction suppressed give
better agreement with experiment than does PS(PV) theory.

These results are contrary to those of other meson
processes, (photo-production of mesons and n meson
capture processes), which favour pseudoscalar theory.

The calculated angular distributions for the

reactions T +4 &2 PtpP can be explained by a partial
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wave analysis (13) (see$1). Such an analysis for the
reactions ot Z2p+X would, however, be unprofitable.
This may be seen as follows.

The angular distribution calculated for scalar
mesons is anistropic,., In scalar theory, the reaction
is allowed when both the proton and the meson are in

s -states, and if this were dominant, the distribution
would be roughly isotropic. In pseudoscalar theory,
these values of the angular momenta are forbidden, yet
the calculated angular distribution is closer to
isotropy. It therefore appears that to explain the
calculated angulaf distributions, higher values of the
angular momenta would have to be considered. For a
proton of 400 Mev energy, values of £ as high as 6 are
present. An analysis involving these values of £ would
not yield specific information.

(ii) Gaussian triton wave function.

When the triton was described by a Gaussian wave
function, ( §6), S theory guve an angular distribution
in which the mesons were practically all produced in a
very narrow cone in the forward direction. The discussion
of this shall be deferred until we have discussed the
total cross-section calculated with the Irving triton

wave function.
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(b) Total Cross-sectlons of the Reactions [T+t &2 prol |

(i) Irving triton wave function.

As in the reactions M“a& 2 P+P | it ig found that

PS(PV) theory gives a larger total cross-section for the
reactions M+t & p+A  than does S(5) theory. However,’
both theories, with the Irving triton wave function,

give a total cross-section larger than the experimental
one ($3) by a factor of about 100. (In this caleculation
it is assumed that the coupling constants have values of
about unity.)

This study of the reactions Nt &2 p+d ig,
however, far from being exact. We shall discuss now the
possible sources of error which could lead to the high
values obtained for the total cross-section.

Since the coupling constants are not small, the use
of a weak-coupling treatment is not rigorous. This
procedure, however, as we have seen in $1, when applied
in lowest order to the reactions ﬂ*+d.22r—tp y does give
total cross-sections not widely different from the
experimentally observed cross-sections, if the coupling
constants are assumed to be about unity. We would
therefore expect similar results for the reactions

T+t & p+d and we shall assume that the errors in

these total cross-sections are due to other causes.
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The basis of these calculations is that the matrix
element for the tfansition from a state described by the
wave runction . to a state described by'vz is-W=<#3mru%
where ©O is the interaction operator causing the transition.
We shall first discuss the possible sources of error in
this operator © , and then those in ﬂz and ¥ .

We have used the non-relativistic form of O
however, the velocities of the nucleons are not large
enough for this to make more than a 10% difference to
the total cross-section. It appears, therefore, that
the large errors in the total cross-sections are not due
to this operator O .

One important function of the operatbr O is to
determine the form of the angular distribution of the
emitted particles and we have discussed this above.

Let us now consider AP& s, which we take to be the
wave function describing the proton-deuteron system,

The form of’w} used assumed that there was no interaction
between these particles. Cheston (13) stated that in the
reactions M+ 2 p+p | taking account of the proton-proton
interaction altered the total cross-section only slightly,
since the protons had high relative energy. The same
reasoning applies to the reactions T +¢ & P+t | The

iv\(‘o

proton-deuteron interaction would be takenyconsideration
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by inserting a phase factor in the plane wave used to
describe the proton. It is unlikely that such a
correction would reduce the total cross-sections by the
necessary factor of 100. The only rémaining source of
error in the calculation lies in the wave function, v: ,
used to describe the triton. We shall now discuss this.
In the production of mesons in proton-deuteron
collisibns, large momentum transfers are involved, so
that in the reaction p+4—=> "™+t it is necessary to
describe the high ﬁomentum components of the triton
wave function as accurately as possible. The Irving wave
function inadequately describes the high momentum‘
components, as it tends to infinity when Ff, and " tend
to zero. This wave function was studied by vaing with
the intention of fitting the binding energy of the
triton accurately. It is therefore correct only in its
asymptotic behaviour, i.e. only in its description of the
low momentum components. In momentum space, the Irving
wave function is too large in the high momentum region
and this could account for the necessary factor of 100.

(ii) Gaussian triton wave function.

When the triton is described by a Gaussian wave
function, S5(5) theory gives a total cross-section

approximately in agreement with the experimental value.
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This total cross-section, however, is very sensitive to

the triton radius usedy the total cross-section decreases

with increasing radius of the triton. The Gaussian wave

function is actually too small in the high momentum

region. This can be seen from the angular distribution

it gives, and we now give a discussion of this. (See$ 8(a)(ii)
The greater the angle at which the meson is produced,

the greater is the momentum transferred. For large-

angle scattering, therefore, the high momentum components

of the triton wave function are reguired. At large

angles the differential cross-section is found to be too

small, so that in momentum space, the triton wave

funetion is too small in the high momentum region. In

contradiction to the failure of the Gaussian wave

function in this calculation it was noted in §2 that a

Gaussian distribution of momenta of the nucleons in the

carbon nucleus gave good agreement with experiment for

mesons produced in proton-carbon collisions. (The

Pourier transform of the Gaussian wave function is alsc

Gaussian.)

(c) Conclusion.

It would be profitable to repeat the above calculations
using a triton wave function which describes the high

momentum components accurately. Such a wave function
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could be found from an analysis of experiments on the
scattering of nucleons by tritons.

On the other hand, the above calculations could
be used as a means of determining such a wave function.
The problem considered in fhis thesis is more useful
for determining the properties of the tritium nucleus

than for studying the mechanism of meson production.
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In this appendix we shall evaluate the integrals

occurring in the text and shall denote referénées to

Watson's "Bessel Functions" by W and references to

Hobson's "Spherical and Ellipsoidal Harmonics" by =,

J.(2) is used for the Bessel function of order w and

ka(2) for the Bessel function of purely imaginary

argument of order n . The other functions are in

standard notation.
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The last of these integrals does not satisfy the
conditions necessary for the application of the method

used in (a) and (b). We use instead the following method.
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