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This thesis describes an experimental investigation of
the elastic hysteresis and other non~linear effects occurring
in mild steél,at stresses from about 2 ton/in%? up to the
yield point. The design and construction of a new apparatus
for making measurements of these guantities is also described.

An important feature of this equirment is that the

absolute shape of the hysteresis loop for a bending srecimen

is obteined and not merely the area or ctrain width. Due
to this feature measurements can also be made of the
departure from true 1inearify in the stress-strain diagram
of the materizl for a single loading.

The results obtained on a few mild steel specimens
agree well with those obtained by other investigators in so
far as they are directly comparatle. A remarkable feature
of the experimental results . is that for moderate stress
ranges the main curvature in the hysteresis loop occurs in
the unloading part of the stress cycle. Although this is in
. contradiction with the tacitly accepted form of the loop
it is shown that it does in fact agree Withb

(1) the accepted relztionship between energy dissipation
and stress amplitude.

(2) the observed results for the deviation from true
linearity in & single loading.

(3) the hypothesis that elastic hysteresis is due to plastic
flow occurring at ﬁumerous discontinuities in the bulk
of the material. }

A mathematical section deals with the problem of
determining the damping coefficient of a uniformly stressed
méterial from the experimental results obtained on a specimen
having an arbitrary stress distribution.,

Since the preparation of this thesis a description of
the apparatus together with some preliminarf results has e en

published in Engineering p.141, Volume 177, (1954).



1.1 Historical review.

Damping capacity orvelastic hysferesis, by which
we mean that property whereby a metal dissipates mechanical
energy when subject to stress fluctuations, has beén
studied by engineers and physicists since the middle ¢f
the last century. The first major paper on the subject

is probably that of Lord Kelvin (1) , given in the

Proceedings of the Royal Society, Vol. 14, 1865. The
discovery of fatigue phenomena in metals stimulated a -
great deal of reséarch on damping capatity since it was
recognized that a machine part having a high damping
capacity would incur lower stresses when running through
a.critical speed. Secondly, it was hoped that studies of
damping capacity would elucidatekthe nature of the fatigue
process and possibly provide a rapid methed of detennininé
the endurance limit of materials. This work = carried on
from about 1890‘t0 1920 - was.only partially successful,in
its main objectives, but yielded a great deal of information
on damping capacity itself. This period also produced the
basic experimental téﬁhniques for the measurement of damping
capacity, with the obvious exception of those involving
eléctronic methods.

Since abéut 1920 damping research has proceeded on
tﬁo éomplementary lines dealing with low stresses (up to
say 100 lb/in%), and moderate stresses (up to near the

yield point of the material) respectively.

1.2 Damping capacity at low stressés.
Damping capacity at low stresses has been studied

on a physical basis notably by Zener (16) and his co-workers.

¥ TNumbers in parentheses refer to bibliography on page 52

®
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It is found that damping can be related to various
relaxation processes - thermal, magnetic, etc. If, for
example, a tensile load is applied to a rod the resultant
increase in length is accompanied by a fall in temperature
and if the load is maintained a further increase in length
will occur when the'temperature of the rod again rises to
room temperature. Applying this reasoning mathematically
to the case of an alternating load leads to the result that
the‘alternating extension lags slightly behind the load
thus giving rise to the damping effect.

A significant feature of this type of damping is
that the damping coefficient - the proportion of the
maximum strain energy dissipated during each stress eycle'-
is independent of the stress amplitude and dependent on the
stress frequency.

1.3 Damping capacity at moderate stresses.

Results, very different from those quoted above, have
been obtained in investigations of damping capacity at
moderate stresses. In this stress region it is found that
the damping coefficients are highly dependent on the stress
amplitude, and practically independent of the stress
frequency. Dorey (9) found damping coefficients varying by
as much as the eigﬁth power of the stress amplitude.

Rowett (3) found agreement between the results of static
experiments and those carried out at over 2000 c.p.m., but
it should be noted that the correspondence of two tests at
different frequencies - and a static test does have a real
frequency however low - does not necessarily move the
damping coefficient to ve independent of frequency.
Reference to the frontispiece in Zener's book shows that a
plot of damping coefficient v freéuency has many peaks and
valleys when the damping coefficients due to various

relaxation processes are considered and thus similar
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coefficients could he obtained at widely different
freguencies.

These points of difference between damping gffects at
low and at moderate stresses have been dealt with in a
recent report by Iinacre (17). The work described in this
thesis is confined to considerations of the damping effects
occurring in mild steel at moderate stresses and at room
temperature.

2.1 The measurement of damping capacity. -

Before considering the various methods which have been
devised for the measurement of damping effects it is
important to estimate the general magnitude of the guantities
concerned. Figure 2.1 shows, greatly enlarged, an elastic
hysteresis loop ABCD, the area of this loop representing the
amount of energy dissipated per stress cyecle. The damping
coefficient is defined as the ratio of this energy loss
per cycle to the total straih energy stored inthe specimen
at the instant of maximum stress,

Loop _area
i.e. Damping coefficient D =  Area of AOCAPF

Many other methods have been used for the expression
of damping capacity values these being based either on the
method by which, or the purpose for which, the results were
obtained. - It will be noticed that the coefficient D
takes account of the elastic modulus and thus makesfor easy
practical comparisons between various materials.

- As regards magnitude of the hysteresis loop we can
assume for a general discussion that D will ve of the
order 0.01. Common values for steel range from about 0.001
up to possibly 0.1 at high stresses near the yield point.

. For an estimate of the dimensions of the loop coms ider
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a steel sample subjected to an alternating tmnsile stress
of * 20,000 1b/in% and having D = 0.0l as assumed abova.
Total strain energy at instant of fz

maximum stress 2 B

6.66 1b.in/in3

« « Energy dissipation per cycle = loop area

=D x 6.66 % 0.07 1b.in/ind

P we—

The stress difference at zero strain, Af, can be estimated
by taking the sides of the loop to be approximately parabolic
in shape.

Then loop area = 2/3 x Af x 2€m

Dx ¥+ x€, x fn

=L = 3

fmax

_For the case considered

Ar = % x 0.01 x 20,000 = 75 1b/in2
And it follows that A€, the strain difference at
zero stress = J%EE = ——ZE-——E # 2.5 X 10'6 in/in.
: 30 x 10 -

2.2 Variables known to affect the damping coefficis nt.

The damping coefficient of metals is known to be
dependent on a number of variables. The more important
of these are
(a) Stress amplitude:- This is probably the most
important variable in the moderate stress range.
Generally speaking the damping coefficient rises with
increasing stress amplitude, and at high stresses this
. increase is very rapid.
(v) Stress history:- It is known that damping
coefficients depend not only on the instantaneous
stress amplitude but also on the previous stress history

of the specimen.
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In fatigue tests quite marked changes in damping
capacity have been noted as the test proceeds, and
these are not confined to the period just before
fracture when the specimen gets very warm. Dorey
also found an increase in damping coefficients when
‘the specimen had - previously béen loaded above a
critical stress.

(¢) Temperature:=- TLike other mechanical properties
such as strength, ductility etc., damping capacity
varies widely with the temperature of the test
specimen.

(d) Surface finish of the specimen:- Some
"investigators have found the damping values to be
affected by the surface finish of the specimens used,
highly polished speéimens generally giving lower
@aﬁping coefficients than those having a poorer surface.

2.3 Experimental methods for the measurement of damping

capacitx.
2.31 Static plotting of the hysteresis loop:-

This is probably the most ob#ious method of measuring
damping capacities provided that we can assume the damping
effect to be independent of frequency. When, however,vwe
éonsider the magnitude of the hysteresis loops to be
measured we find that extremely accurate - not merely
delicate - apparatus wbuld be required. Referring to
our previous calculation (para. 2.1) we seé that the strain
width of a typical loop is only a few parts per million.
Since the best mechanical and optical extensometers available

6 the

have a strain sensitivity limit of about 10~
straightforward use of a normal extensometer can ondy give
reliable indications of very large hysteresis loops such

as those occurring at high stresses. It is of some interest
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to note that Bairstow (2), using this method, concluded that
hysteresis looping only occurred above the endurance limit
of the material. These remarks also apply to the
ingenious machine described by Saran (10) in which, by an
arrangement of mirrors, the hysteresis loop of a torsional
fatigue specimen is traced by a spot of light falling on a
ground glass screen.

Rowett, (and later Dorey), used an apparatus in which
the damping capacity of torsional specimens was determined
by measuring the width of the hysteresis loops at various
stress levels. Strains were deduced from the rotation of
- micrometer screws which were adjusted to give null readings
on high quality spirit levels. Loads were deduced from
the strain of a bar, connected in series with the specimen,
and asszmed-to be perfectly elastic. Incidentally, this
is a system which disproves the assumption,.sometimes mde,
that the lowest of a set of damping readings is the most
_accurate. In the extreme case where the nmeasuring bar was
identical with the specimen no hysteresis looping would be
observed.

As regards the effects of stress history this can be
érbitrarily chosen in a static machine. On the other
hand the usual slow operation of static machire s makes
them.ﬁnsuitable for the applicatien of large numbers of

stress cycles such as the fatigue life of a specimen.

2.32 The measurement of the energy input reguired to

maintain steady stress variations = the method of

lateral deflection.

The measurement of the energy required to maintain
a specimen in a state of steady alternating stress offers
a ready means of finding the variation in damping capacity

during the fatigue life of a specimen. Probably the bmst
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mechanical method of making this measurement is that devised
by Mason (4). The principle of this method (see Fig. 2.32)
ig that during a "Tohler fatigue test the loading bearing is
displaced transversely as well as vertically from the

axis of rotation of the driving chuck. This displacement

1 is such that

Damping work done on specimen per revolution
2mMr x t

———

=

Recent papers by Lazan and Lazan and Wu (18) descrive
a modification of this method overcoming some of the
experimental difficulties. They have obtained interesting
data on the variation of damping capacity ard effective
modulus of elasticity during the fatigue life of mild steelv
Specimens. '

2.33 Calorimetric methods. The measurement of the

heat produced by a spegimen subjected to a steady
élternating stress provides a method for the detemination
of damping capacities. It is, however, guestionable
whether 211 the damping work done on the specimen is
transformed into hest, particularly near the vbeginning of
a test run when the damping coefficient is known to vary
with the number of cycles of stress. In addition if, to
facilitate measurement, the specimen is allowed to become
warm the temperature change may influence the results
obtained.

2.34 Vibration decay methods. The most widely used

method of damping capacity measurement is probably that
based on observations of the rate of decay of mechanical
vibration of a system in which the specimen is the main
elastic member. A commercial apparatus has been ﬁroduced
for carrying out tests of this type (12).

A serious disadvantage of this method is that the

stress history of the specimen cannot be arbitrarily chosen
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amd this limits the use of this method for fundamental
research other than in the low stress range.

3.1 Avpparatus developed during the present research.

If we examine the various methods of damping measurement
outlined in Section 2 we find that while all are capable of
giving information on the area of the hysteresis loop,

i.e. the energy dissipated per cycle, none are capable at
moderate stresses of giving observations of the loop shape.
Rowett's results are often referred to as determining the
loop shape but his observations are of loop widths at
various stress levels which are then assumed to lie
symmetrically on either side of an elastic line.

It is felt that observations of the true shape of
the hysteresis loop could help in an understanding of the
nature of the damping process and the abitity té make
observatioﬁs of this kind is the main feature of the
apparatus developed in the present research. In
addition this apparatus permits the measurement of the small
departures from true linearity which occur in the nominally
elastic portion of the stress strain diagram of a steel
specimen during a single static loading.

Basically the loop shape is found by plotting
statically observed points. The chief disadvantage of
the equipment is its slowness of operation, about one
minute being required for each plotted point and this
amounts to about 10 minutes per cycle of stress if
reasonable accuracy of shape is to bexattained. The
specimen used is subjected to a uniform bending moment and
the order of accuracy is such‘that non-linearities in the

stress strain diagram of as little as 1 lb/in% are

detectable.
3.2 Basic principles of operation. The main elements

of the apparatus used are shown in Fig. 3.2.1. A specimen A
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subjected to a bending action is clamped at its lower end
to a rigid vase. Rigidly clamped to the upper end of the
specimen is a heavy inverted perndulum B, having a weight W
effectivély concentrated at a distance y from the mid~point
of the specimen. The whole system is deflected to an
angle @ from its initial vertical position by the
application of an externzl moment m.

Considering the statif equilivbrium of the system we

see that

Resisting moment of specimen = Total clockwise moment on

pendulum

Wy sin © + m
also

Resisting moment of specimen = Linear part proportional to

® + non=linear parts giving
hysteresis, creep, etc.
= ke + F (o)
where ¥ = nominal flexural stiffness of specimen (1b.in/rad)
F(6) = non-linear function of & which is to be
determined.
Inserting these values in the original equation
k6 + F(6) = Ty siné +m
and if we replace sin 6 by ©
m =.&-WW)9+FM) R ¢ B
By arranging Wy'EL k¥ we can reduce the linear part
of the resisting moment equation to a very small propa tion
of its original value, () however, remains unchanged in
magnitude and thus observations of m contain the function
F(6) as a first order quantity. The assumption
6 = gine is valid for small values of 6. For larger values
the error involved is easily calculable.
As an example consider a specimen having a stiffness k

of 100 lb.in/fadian, deflected through an angle == 0.0l radians
—_—

S
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and having a damping coefficient D of 0.01. The peak
moment on the specimen is 100 x 0.01 = 1 l1lv.in. and
proceeding as in para. 2.1 the moment differsnce Am at
zero deflection is 0.00375 1b.in. Thus in a straightforward
stress-strain test we should have to measure accurately -
to say 1% - a quantity slightly less than 2/1000 of the full
deflection range. |
If, however, this speciman is set up in the apparatus
outlined above with Ty adjusted to 99.5 1b.in. = a value
quite easily attained in practice =~ the maximum applied
moment m would be reduced to (100 = 99.5)0.01 = 0.005 1lb,in.
The moment difference Am would remain unchanged and the
complete diagram of m v. & is shown in Fig. 3.2.2 in
which the hysteresis loop is a prominent part of the figure.
As regards measurement of the hysteresis loop the
moment m will be much smaller than the full moment applied
td the specimen but on the other hand the relative accuracy
of measurement need not be exceptionally high.

3.3 Leading dimensions of apparatus.

The basic dimensions of an apparatus of this type are
those of the pendulum and specimen. If the specimen is
small it will be difficult to machine and in addition the
moment m: will be very smzall indeed. If on the other
hand the specimen is large the pendulum would also have to
be large and consequently difficult to handle. This is
of some importancéd as it is desirable to mount the
pendulum by hand after the specimen has been inserted in
the apparatus.

A 1" square steel bar about 4 feet long was used for
the pendulum and this together with an adjustable bob weight
gives a value of about 500 lb.in. for the product Wy, thus
fixing a flexural stiffness of about 500 lb.in/radian for

the specimen. In addition the specimen should also satisfy
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the conditions that
(1) the effective length is small compared with the
length of the pendulum. This ensures uniformity
’ of the bending moment along the specimen,
and (2) in a steel specimen a reasonably high bending stress =
| say 20 tons/in% = can be attained with a small
angular deflection = say 0.05 radians.
These various conditions are satisfied by the specimen shown
in FPig. 3.3. The "working section" is 2" long and a 2"
length of unifofm rectangular section is left at each end -

for clamping.

3.4 General description of complete apparatus.

) The upper frame=work and working parts of the
apparatus are shown in Plate 1. This upper frame‘is
suppﬁrted on levelling screws which bear on a lower structure
bglted to the concrete floor. Both the upper and lower
frames are built up from standard rolled sections with
welded joints throughout.

The 1owe; end of the specimen is clamped to arpillar
welded into the upper frame. The upper end of the
- 8pecimen is clamped to a block carrying a horizontal arm
which was used d&éing the development of the apparatus.
The pendulum is also clamped to this block = clamping at
this point being effected by a screw - operated cam.

3.51 ZLoad and straih measurements.

The measurement of the pendulum deflections and of the
associated small moments m has proved by far the most
diffieult part in the development of this equipment. Several
different systems (descriﬁed briefly in Section 7) were tried
and found unsatisfactory, but these preliminary attempts
é&ve an indication of the requirements of a suitable load and

deflectidn measuring system, which-are as follows:=
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(1) The total range of moment m required is about

C.2 1lb.in. and if possible readings should be accurate

to about 1/500th part of this.

(2) Observations must te based on applying arbitrary

deflections to the pendulum and then measuring the

required moment m by some form of compaaiéively stiff
spring balance. This is the only system which will
operate satisfactorily when as in Fig. 3.51.1 the m.v. €
hysteresis loop has sections in which %g is negative.

(3) The load measuring system must bve self indiczting

without the necessity for null method azdjustments since

creep effects may be encountered making it impossible
to obtain stezdy null readings.

These reguirements are met ty the arrangement finally
adopted and shown in Fig. 3.512 and Plate 2. The swinging
plate P in Fig. 3.512 is carried on a pivot arranged in line
with the mid=point of the unstrained specimen, and can be
deflected by known smounts by the micrometer screw . The
rendulum is coupled to plate P by a load measuring unit U,

If we consider U for the time being as simply a sensitive
and stiff spring balance then the pendulum deflection will
be practically the same as that of the plate, as given by
the micrometer reading, and the load réadings on U will %be
proportional to the moment m required on the pendulum.  The
maximum linear movement fequired at the load poimt will be
approximztely ¥ 0.05 radians angular deflection X 12"
radius = ¥ 0.6", Thus by the phrase "stiff spring balance"
we shall have to mean a balance having a total deflection
under load of only a few thousandths of an inch'in order
that the assumed equality between the pendulum deflection

and that of plate P shall hold good.
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3.52 Sipple pneumatic load measuring unit.

The first load measuring unit tried which gave any
real promise of satisfactory operation was the simple
pneumatic unit shown in Fig. 3.52. Air from a supply
at sbout 4 1b/in? is fed through a choke to a small
sharp-edged jet fixed to plate P and impinges on the
surface of the pendulum bar. Provided the gap g between

the jet edge and the pendulum is small compared with the
jet diameter than the force exerted on the pendulum is
simply the product of the jet pressure p and the jet area.
Pressure p is indicated on a simple water manometer.

A further study of Fig. 3.52. shows the system to
be statically self balancing. If pressure p is too large
then the pendulum will move to the right opening the gap g.
Due to the influehce of the choke in the air supply line
this will cause a decrease in pressure p the process
continuing until balance is attained. By using‘a small
diameter choke the décrease in pressure can be related to
a very small increase in gap g.

The whole arrangement is inherently sensitive.

Using a jet 5/32" dia. then for a pressure change of

1 1b/in% the corresponding load change is Z;h(ﬁz)z = 0.02& 1b.
3

The corresponding water manometer reading would be about
28" giving a sensitivity of less than 0.001 1lb. per inch
reading on the manometer .

In practice this simple system was found unsatisfactory
due to the occurrence of dynamic instability. This effect,
which arises from the inevitable time lag between the
change in gap g and the corresponding pressure change, gives
rise to continuous violent oscillation of the whole system
making obéervations impossible.

The most obvious method of overcoming this condition



is by fitting alviscous damping device to the pendulum.
This was tried, and a fair number of loops plotted but

the dashpot required was so heavy (3" dia. piston, 0.1%
diametral clearance and filled with heavy lubricating oil)
as to cast serious doubts on the hysteresis results
.obtained, since the dashpot 1is necessarily in parallel with
the specimen.

To overcome these difficulties a damping property
would have to be introduced into the pneumatic unit itself,
thus overcoming the inherent instability. It is worth
pointing out at this stage that even if an elastif spring
of the same stiffness were introduced in place of the
pneumatic unit the system would still have a very small
damping coefficient due primarily to the large effective
mass of the pendulum. |

3.53 Stabilized pneumatic load measuring unit.

After some consideration the scheme shown
diagrammatically in Fig. 3.53 was adopted and, when
pfoperly adjusted, found to be completely su€cessful. In
this arrangementﬂthe fixed inlet choke of Fig 3.52 is
replaced by a variable inlet jet similar to the main
working jet. This inlet jet impinges on a plate forming
the cap of a spring loaded bellows, subject to a differential
Pressure p = p'. Pressure p is the main jet ﬁressure
WEile p!' is obtained by passing air via choke § to the
manometer which has an appreciable air capacity.

Now consider the conditions when the pendulum is
moving towards'the working Jjet. In the simple unit with
a fixed inlet fhoke pressure p would be rising towards a
value defined by the instantaneous jet gap. In the
stabilized unit o{. Fig. 3.53 the fact that p is rising

(due to the changecin the working jet gap) causes a
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downwards deflection of the hellows cap since because of
the choke Q pressure p' will lag behind p. This opening
of the inlet jet will increase pressure p. Conversely if
the pendulum is moving away from the working jet

pressure p will be falling and will suffer a further fall
due to the closing of the inlet jet and thus by this
device we can make pressure p dependent to some extent on
the pendulum velocity. This effect if properly adjusted
tends to damp out any oscillations that may occur.

Tt will be noticed that the actual load measurements
are taken at pressure p' whereas the pendulum load is
proportional to p. It is, however, important to reduce
as far as possible the capacity of the main chamber at
pressure p and since over a comparatively long term, say
1 rinute, p' must equal p, pressﬁre measurements are
conveniently taken at pt. In additions the pressure
readings should theoretically be independent of the main
supply pressure. It is found in practice that there is a
slight dependence on the supply pressure but this is
easily counteracted by manual adjustment of a bleeder valve
on the air supply line. The compressed air is supplied
by a small vane type compressor (ex-R.A.F. vacuum pump )
driven by a % h.p. motor.

A mathematical analysis of the stability of these
var ious pneumatic systems is given in Section 8 but due
to the inherent non=linearity of the pnemmatic effects
these calculations can only he used as a design guide, a
good deal of adjustment being necessary to attain successful
operation.

Finally it should be noted that with'this system of
load and deflection measurement the pendulum is supported on

the specimen alone and has no contact with any other part,
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the only external force acting being the air pressure at
the main jet. Consequently there is no possibility of
mechanical friction effects influencing the final results.

3.6 Specimen clamping.

It is important that no slipping should occur at the
clamping points of the specimen since this would appsar
ih the final results as additional hysteresis. When the
apparatus was first constructed the specimen and clamps
used were as shown in Fig. 3.61. These were found
ineffective in a rather fortuitous manner which is
nevertheless worthy of putting on record. It was noticed
that the loops obtained had an overall curvature as shown
in Pig. 3.62. Thisvcould be due to some %géymmetrical
feature of the apparatus and an inspection it was noticed
that both clamps were on one side of the specimen. “hen
the specimen was rédesigned with heavier ends and the much
heavier clamps shown in Plate 3 fitted the curvature effects
in the observed loops dissappeared. Since this
observation it has been assumed that the efficimncy of
clamping can be judged from the symmetry of the observed
loops. |

3.7 Procedure for inserting specimen in apparatus.

The specimen must be inserted in the apparatus without
the danger of being overstressed in the process. To
attain this end a definite procedure has been evolwed.

This is as follows:=

(1) measure the actual breadth and thickness of

the specimen at the minimum sectioh,

(2) clamp the specimen firmly at its upper end to

fhe central block of the horizontal arm, the pendulum

bar having been removed,

(3) support the horizontal arm at each end by slip

blocks resting on the upper frame-work of the apparatus.

Adjust the slip blocks until the lower end of the
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specimen is parallel to the clamping pillar as
Judged by feeler gauges.
(4) Keeping slip blocks in place very lightly

clamp the lower end of the specimen - initially

8liding the horizontal arm slightly to the right to

-bring the specimen into contact with the clamping

pillar.

(5) Clamp the pendulum to central block of the

horizontal arm and correct any deviation from

vertical in the plane at right angles‘to the main
bending plane. The purpose of the rather elaborate
pendulum clemping mechanism (a cam rotated by a screw
operated lever) is to avoid loading the specimen by
heavy spanner forces when clamping the pendulum,

(6) firmly clamp the lower end of the specimen to

the clamping pillar.

By these operations we arrive at a condition in whiéh
the specimen is fixed in the apparatus under zero or very
‘little bending stress with the slip blocks still in place.
This pendulum position can be taken as the datum for deflection
measurements and hence the next step is

(7) fix datum for deflection measurements using the

load measuring unit as a pneumatic gauge, i.e. still .

keeping slip blocks in position bring the working

jet up to the pendulum until the manometer reading is

approximately half 6f the supply pressure. Then

without moving the micrometer screw slacken off and

rotate the engraved micrometer head to give a

convenient zero reading.

(8) insert the small stop nut of the load measuring

unit - which prevents the pendulum fromrswinging out

of range of the jet ~ and then remove the slip blocks

which are no longer required.
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(9)  Correct any large static unbalance of the
vendulum system by adjusting the levelling screws of
the upper frame. |

(10) Adjust the pendulum bob-weight to give the
appropriate product Wy for the specimen being used.

This adjustment is easily carried out by measuring the

moment required to produce very small angular

deflections of the system, the normal lcad and

deflection measuring systems being used.

If reguired the load measuring unit is easily
calibrated by keeping the micrometer screw fixed and
observing the manometer readings when gram weights are added
to a small scale pan suspended from the horizontal arm of
the apparatus. This has been done on several ocfasions and
21l such calibrations have been linear and consistent with
one another to within about 1% except at the extreme lower
end of the masnometer scale where some non-linearity is
usualiy found. These calibration resulte also agree with
'the basic assumption that the force exerted by the working
jet‘= jet pressure x jet area.

3.8 Influence of external disturbances.

Generally speakihg sensitive apparatus is susceptible
to external disturbance but due to the very low natural
frequency of this equipment it is unsffected by normal
floor vibrations. It is perraps worth noting that the
only other equipment known to the author based on the
principle of off-setting a spring stiffness by an inverted
pendulum is the Weichert Seismograph.

One type of disturbance to which this apparatus is,
however, very susceptible is any minute tilt due to static
deflection of the floor. Although the apparatus stands
on a solid concrete floor'manometer reading differences of

1l cm. can be obtained simply by walking from one end of the
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equipment to the other, and it is therefore necessary to
remain seated in one position while taking readings.

A similar effeft, but of a more puzziing nature,
occurred at one stzge when it was found that the load
readings crept upwards by about 20 cm. for about 2 hours
after switching on the air compressor. Thié was traced
to radiant heat from the cowpressor casing falling on one
leg of the lower frame-work and producing a very small
differential expansion.

4, Test results on mild steel.

4,1 Yaterial and heat treatment.

Observations have been made of the non-linear
properties of annealed mild steel at room temperature.
No doubt many other experiments of interest could be made
on other materials possibly at different temperatures but
it was decided that for the purpose bf a basic investigation
observations should be confined to one material. Many
hysteresis loops were plotted during the development of
the apparatus, hoWever, gome for mild steel and others for
a high carbon steel readily available in the workshop
stofes.
The main otservations quoted in this section were
made on mild steel during the sumper of 1953. All
specimens were cut from a single piece of 13/16" plate,
tensile specimens 0.45" dia. and fatigue specimens for the
Haigh machine 0.2" dia. being made at the same time.
Prior to final machining all specimens were annealed by
heating to 820°C. in an electric furnace and then allowing
the closed furnace to cool overnight. A chemical analysis
of the plate used gave the following principal constituents.
Carbon, 0.1% ; Manganese, 0.55% ; Phosphorus, 0.0137 ;

Suliahur, 0.066% ; Silicon, 0.0407 .

The damping tests are supplemented by a few obcervetions made on
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mild steel specimens during the final development of the
apmratus in 1952, Unfortunately related tests = e.g.
tensile, fatigue - were not made on this material so that
from these particular observations only qualitative
conclusions can be drawn. |

4,2 Tensile tests.

~

Tensile tests were carried out on three annealed
specimens and on one specimen in the as=rolled condition.

The test results are given in Table I below.

TABLE I

Tensile Test Results.

Spenimen| Young's| Limit of Yield |Ultimate|Elongation at
" | ¥odulus | proportion-| Point |Strength|fracture on
E alit 4" gauge
1b/in? ‘ton/ing ton/in2 |ton/in? length
Al - - 14.2 | 22.2 33.6%
A2 [30.5x10%| 13.6 15.1 | 23.7 31%
A3 - - 13.1  |22.2 327
As Broke at
1 rolled - - 14.5 \25.6 gauge poinks

These results were obtained on the Buckton 10 ton

capacity testing machine, a spring balance load measuring

arrangement being used for two of the tests.

procedures were briefly as follows:=

Specimens Al and A3

The test

Loaded with spring balance angangement

until extensions reached'about 5% as measured with a dial

.gauge extensometer of 4" gauge length.

extensometer removed.

Specimen A2.

Unloaded and

Reloaded immediately to fracture.

Carefully loaded up to the yield point using

the normal jockey balance, extensions being measured with a

Lamb's roller extensometer.

extensometer removed.

strength and elongation.

TUnloaded after yielding and

Reloaded next day to give ultimate
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As rolled specimen. Loaded using jockey balance and yield
point determined by dividers in gauge points. Loading
continued to determine ultimate strength.

4,3 TPatigue Tests.

‘As it has often been suggested that there might be
a correlation between damping capacity and fatigue endurance
of materials a simple fatigue test was carried out on the
material. This test was done in the Haigh machine usi ng
specimens of 0.2" minimum dia. The 8 - N curve obtained
is given in Fig.4.3 the endurance limit for pure alternating
stress being taken from this as*24000 1b/in%.

4.4 §;ggle loading linearity test.

" The damping apparatus can ve used to determine
accurately the deviation from true~linearity in the moment -
angular deflection curve of the specimen and one speciment
(D2) was tested in this way. The effect is illustrated
in Fig.4a%1thé truly elastic line being taken as the lapgent
to the abtual momeﬁt -~ angular deflection curve at zero stress.

¥hen analysing a test of this type it is desirable
to take account of various small effects which may be
neglected when observing simple hysteresis 100pS. Referring
to Fig.4.4.2 where

M= actual interhal moment in the specimen

mt = mbment reading on pneumatic loading gauge,

Q = weights added to scale pan: which are used to

extend the range of the load measuring equipment
the equilibrium equation of the system is
M+ 6.03 Q cos © + M' = Wy gin € .......:....4.4/1
The approprﬁate value of Wy is found by weighing and
balancing the pendulum and cross arm assembly after completion
of the test, the result obtained in this case being

541 1b.in.
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Taking the first two terms of the simeand cosine factors
in equation 4.4/1 we obtein
. o2 .
¥+ 6.03 9 (1 - "2—)+m! = 541[9..%‘-'/_7
The function g which we wish to determine is thé'differehce
between the actual resisting moment 17 and the truly linear

moment 541 @,

i.e. m 541 6 - I

5 .
= om' o+ 6.03Q,(1-§-—)+541 %% cese 4.4)2

Yorking Units.

Unit angular deflection is taken as 0.01" at the
micrometer screw which acts at 132 inches radius from the
pivot of the swinging plate P.

0.01
Thus unit deflection (d = 1) = 13.38 ~ 0.000748 radians

® = 0.000748  radians.

It is rather convenient that this unit deflection corrésponds
almost exactly to a bending stress in the specimen of
100041b/in% Unit moméﬁt m is taken as the moment producing
1 ém. rise on the load gauge manometer, By calibration

this is 0.00296 l1b.in. Scale pan load § is provided by
gram weights. 1 gram at this point gives a reading of

4.5 cm; on the load gauge maﬁometer.

Substituting these values in eguation 4.4/2 we find

m= m'+4,5q = 1.26 x 10-6 592+ 12.8 x 10°6 §3 ceeeeddd/3,
The third term is this expmasdion is found to be
negligible. In addition we must take account of the initial
values of m', ( %?%L) and Q, by the subtraction of the
appropriate quantities which are m'y = 21.0, S(g%é)o = -0.3d
and Qo ® 50 in the particular test being analysed.
The final expression for momeht m is therefore
m= (m' - 21.0)+ 0.3+ 4.5(g ~ 50)+12.8 x 107683 ceeeedd/a

this being the quantity - . plotted in Fig. 4.4.3. This
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figure includes scales giving the approximate total mément ¥,
maximum bending stress, and the deviation moment m in

lb.in. The comparable test results obtained on mild

steel specimens during 1952 are also shown in this figure.

In all cases it is seen that m rises steadily with
deflection J.up to a certain value of ¥ after which it
increases much more rapidly.

At high stresses it was found that the value of m
varies with the time from the application of the increment
deflection. The nature of .this time variation is shown in
Fig. 4.4.4. For stresses just-above the vend in the m v. ¥
\curve the?relaxatioh time"™Tis only a few minutes tut this
increases up to about half an hour for high stresses close
to the yield ﬁoint. The readings shown for specimen: (1) 1652
and D2 < 1953 are those obtained immediately on loading.

Fbr sPecimen&%%e readings are those allowing for all creep
effects to take place.

As the relaxastion time T varies with the applied stress
it is possible that the creep effects are present at all
stresses, being short and masked by the operating time of
the load measuring equipment at low stresses. It is clear,
hoﬁever, from a comparison of the curve for specimen (2)
with those for specimens (1)and‘D2 that the time effect is
ruch smaller than the main deviation effect: which
apparently occurs instantaneously.

4.51 Damping tests for reversed stresses = Specimen D3.

This specimen was set up in the apparatus and subjected

to the following stress programme in the order stated:-

Bending stress No. of cyecles.
£ 1v/in2

4000 100

8000 | 100
12000 - 51
16000 10
20000 10
22000 10

25000 1
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Yeasurements were taken of ahout 4 hysteresis loops,
e.g. 1lst, 2nd, 5th, 10th at each stress range. Time was
not allowed for any creeping action to take place the
individual loop points being observed at regular one minute
intervals.

A typical plotted loop and the calculation of the
corresponding damping capacity is given in Fig. 4.59.1
Table}summarizes all the results obteined on this specimen
and those are illustrated in Figs. 4.5.3 and 4.5.4
Figé.5.4also gives the damping results obtained on
specimen D4 (see underj. Fig.4.5.2 shows all the 5th cycle
loops superimposed on oﬁe another assuming that all have
the same mid-point.

From thesé numerical values it is seen that from the
lowest stresses meacsured up to about ¥ 22000 lb/in% the
damping cocefficient rises from avout 0.004 to 0.017. The
loops in the upper part of this stress range (see Figs. §.5.1
and 4.5.2 ) have a distinctive shape in that the main
curyature occurqbn the unloading part of the cycle.
Variation of damping capacity with number of cycles of stress
(see Fig. 4-5.3)>is not present to any marked extent except
at the highest stresses where some creeping action was also
noted.

Then the stress amplitude was increased to ¥ 25000 1b/in3
a change in the whole nature of the hysteresis loop was
noted the damping coefficient at this stress being about
80% greater than that at - 22000 1b/in2. - The loop shape
showed a distinct curvature in the loading parts of the
cycle and the increase in damping from the first to the
second cycle’was so great as to make observations of the

second loop impossible.



4.952 Damping tests for reversed stress - Sgecimen D4
In the hope of obtaining wore informstion on the
nature of the hysterasis loovr at high stresces this
specimen was set up =2nd tested in the stress range T 18GOOl
30,000 1b/in% only one or two cycles of stress being
irposed at each strese level. The damping results obtained

are plotted with those for specimen D3 in Fig. 4.5.4.

Altkough the damping values obtained are rather

s

lower than those for D3 the demping coefficient = stress
amplitude curve has the szme general features. Wo marked
curvature was, however, fcund on the loading portionms of

the higher stresz cveles and only very slight creeping

i\

action was noticed at the highest stress ranges.

It may be cbservaed zt this point thst many investigatdréw
have found large differences the damping capacities of

specimens nominzally similar, 2lthough the results for each
specimen sre self-consistent.

5. Discussion of results.

5.1 Comparison with other investicators.

The results ohtzined sgree, so far as they are
directly comparable, with those obtzined by other
investigstors.

Dorey's experiments in torsion on an 0.21% carbon
steel having & tensile yield stress of 16 ton/iﬁ% gave
values of the energy dissipation equivalent to a damping
coefficient D of 0.023 for an alternating shear stress of
#‘5.92 tons/ing. Below this stress the energy dissipation

varied srproximetely as the 2.8th power of the stress

amplitude but a plot of the actual damping coefficients
gives a curve -very similar to that shown in Fig. 4.5.4 for

specimen D3. Above the “critical stress™ of £ 5.92 ton/in?
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Dorey found the damping coefficients to vary as about the
8th power of the stress amplitude. Thus the damping
results obtained agree in magnitude and form with those
obtained by Dorey on a similar material.

Lazan and "u have carried out a series of tests on
mild steel in alternating bending (7ohler test). They
concluded that below a "cyclic stress sensitivify‘limit“,
which is rather less than the fatigue 1limit, damping
capacity did not change with the number of cycles of applied
stress.  Between this "sensitivity limit" and the
» fatigue limit they found that the damping increased with
the number of cycles of applied stress but not to any
great extent in the first hundred cycles. These conclusions -
are consistent with the results obtained on specimen D3.
.i;% Before discussing the experimental results in detail
some attention must be paid to the.relationspip~between
results obtained on a bending specimen, where the stress
varies from point to point, and the more fundamental
résults which would be obtained on a uniformly stressed
specimen. |

It is shown in Section 6 that if a specimen in which
the strésé varies from O to P, has an overall dénping
coefficient D(F) then the damping coefficient d(F) of the

same material subject to a uniform stress F is given by

Z n /a® p(F)
a(F) = = ap Pt /L DE)
'~ n=o0 a o
in which the coefficients A, depend only on the stress
distribution in the specimen.
A similar result is obtained in the analysis of the

relationship betwen the stress deviation and the moment

deviation on a single loading.
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We can draw two general conclusions from the nature
of the relationship stated above.
(1) Due to the importance of the derivatives of the
observed function any sharp bends in the observed
relationship between D(F) and F say, will be, if anything,
accentuated in the derived results d{(F). A well known
inverse example of this effect is the smoothing of the
yield curve in a bending tzst on a rectangular specimen.
(2) For the particulsr case in which tke observed
function can te expressed in the form FX the derived
function kas the form bFX where the coefficient b depends
on the initisl coefficients ap and the value of the imdex K.
Thus for this type of relationship the conversion from
results obtained on non~uniformly stressed specimens tc the
eguivalent uniform stress result is a conversion in
magnitude only but not in form.

5.3 Discentinuity in experimental curves.

A prominsnt fezture of the experimental results
obtained for the deviztion moment m, and the damping
coefficient D, is the discontinuity occurring at hkigk
stresses - sbout 2C,CCC lb/img. Dorey roited a similar
discontinuity occurring at a2 compzrzble siress., Apart
from the chance in itke rnature of the damping-stiress curve,

time effects in the deviztion moment m results, and changes
in demping witk nurber of stress cycles, also became
apparent at about this szme siress.

” Tt is probzble that this discontinuity indicates a
fundamentzl change in the darping process and it seems
Teasonarle to¢ discuss separately the results obtzined
above znd helow this "critical sitress®.

5.4 TREsults cbtizined above the critical siress.

The recutte obitzined zbhove the critical sirsss are

distinguished from the othere mainly by their magnitude zund
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rapid rise with increasing stress. This change in
megnitude is such as to mzke the hysteresis loops and
non=~lirearities measurable by o normal extensometer.
Bairstow's experimental results appear to be confined to
the stress range between the critical stress and the yield
point. It is probeble that the rise in the deviation
moment curve sbvove the critical stress corresponds to the
curved part of the normal stress-strain relationship lying
between the Limit of Proportionality and the Yield Point;
From the reasoning given later, (Section 5.52) it

appears probable that hysteresis and other non~lirear
effects at these high stresses are caused by the yielding of
small emounts of the waterial having a less than average
yvield strength.

5.51 Results obtzined below the critical stress.

Considering the geometrical features of the hysteregis
loops at stresses below the critical stress = Figs. 4.5]
and 4,52 ~ and the corresponding curve of moment deviatiions
for & single loading, Fig. 4.43 we find a complete lack
of comparable informestion this being due primarily to
experimental difficulties.

"Bairstow's measurements of hysteresis looping at
high stresses definitely show the main loop curvature in
the loading section. Rowett's determination of the loop
shape is based on the gssumption that the loop is
symmetrical about an elastic line and so cannot be regarded
as conclusive. Many investigators have tacitly assumed
that the loop is either evenly curved, or has its main
éurvature in the loading section, as can be seen from the
explanatory diagrams'in most papers.

Examining Fig. 4.5.2 we see that for low stresses the

curvature of the loop does occur in the loading section.
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Ags the stress amplitude increases the curvature moves

back into the unlcading section until at stresses just
below the critical stress the loading portions of the loops
are very accurately linear. It also appears that the
slope of the loop curve - i.e. the iﬁstantaneous‘elastic
modulus of the material - is the same at the start of the
unloading portion for all stresses.

Considering the deviatidn moment curve - Fig. 4.4.3 =
we see that up to the critical stress the results could bve
expressed approximately by an expression of the form
m = af® with n rather less than 2, Double differentiation
of this expression would give the curvature of the m versus f
1inebamd since n< 2 this would show high curvature at the
lower stresses the curvature decreasing as the stress |
incressed.

Some ¢anfirmation of these effects can be obtained
- from results obtained by other workers if we make some
simplifying assumptions aé to the form of the hysteresis
loop. Referring to Pig. 5.51 -assume that the loop shape
is made up of curves of the form

Stress f = E€ =~ Ken

Then the energy dissipation per cycle and loop area A

ém
2//:?&6 - %emfm]
o}

‘ n+l n+l
loe?2 X -lge°+ Lxe
- 2f[3=el -Fqen s, e x|

n -1 n+l
( =) K€,

n +1

are given by

A

implying that the energy dissipation should vary as

-1
S‘l:ressn.'{L and the damping coefficient as Stress™ . Now
- it has been found that for moderate stress ranges the energy

. ‘ . K ;
dissipation varies approximately as Stress™ where K 1s

(15)

Tather less than 3. Thomson in his discussion of damping
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coefficient v stress curves states "lith relatively few
exceptions the curves for stresses well below the elastic
limit are concave to the stress axis. At higher stresses
the curve is convex to the stress axis getting steeper and
steeper as the stress rises..." This would indicate that in
the above discussion n should be rather less than 2, which
in turn implies by double differentiztion that the main
loop curvature is in the unloading sections.
This approximate Trelationship vetween the indice of the
damping coefficient and the position of the main curvature
of the loop can be confirmed by reference to the details
of the experimental results obtained on specimen D3. At the
lowest stresses the slopeof the log D ~ log F curve is
high and the léop curvature 1s in the loading position.

As the stress amplitude rises (g %gg D ) falls and the

loop curveture moves into the unlozading sections. These
actions are agein reversed after the sharp upward bend in
the log D - log. F curve.

Since the difference betwen a linearly elastic
material and one showing hysteresis looping and othef
non-linear effects lies in the curvature of the stress-
strain relationship we conclude that the effects causing
hysteresis etc. velow the critical stress must occur
primarilyvat compar%{igely low stresses.

5.52 Possible nattre of the hysteresis effect.

If we assume that perfect metal would show true linear
elasticity then the existence of non=~linear effects such as
hysteresis looping implies imperfection which could occur
. in one of several different ways. Various possibilities
are =

(2) the metal is homogeneous but slight plastic

flow occurs at all stresses however small,
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{(v) The metal is inhomogeneous containing a numbher
of weak parts which yield at comparatively low
stresses,

(¢) the met=zl itself is of uniform strength but
contains in its bulk small discontinuiiies which
cause local plastic flow by reason of the stress
concentration they produce.

In both of cases (a) znd (b) we should expect the
~incrémental plastié effect to increase with increasing
stress. |

Considering for example case (b)
Let g de = relative volume of material failing in the
nominal elastic strain range € to € + de.
f”e should exrect more material to fail between say 9
and 10 tons/in% stress than tetween 2 and 3 tons/in? stress,

i.e. we should expect g tc increase with stress. It is

easily shown thet the actuzsl stress-strain curve of the

mzterial is given by V/og/’g de) d& ; - taking aprropriate

constants cf integration - and thus g represents directly

It

.

-

the curveture of the stress-strzin relztionsh
Fror the experiméntal observations it was concluded
that tre principle curvatures cccurred a2t low stresses and
since the curvature g is assumed for either cases () or
(v) to incresse with stress neither of these hypotheses
agree with the experimental facts except at stresces above the
critical stress.
An exact analytical investigation of case {c¢) would
constitute a major mathemstical problem but for a
gualitztive discussion we can assume that a small propartion
of the materisl is subjected to a strain many times greater
than the average. This condition is represented by the
system of tie members shown in Fig. 5.52.1. If the

application of load T causes an extension x then the strein
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in member A will be £ . The corresponding strain in

L
member B will be confined mainly to the necked portion
and will have a value é;.§ . It is easy to imagine a
ratio % such that when the composite member AB is loaded
member A remains elastic and memher B yields. If we
deal with an alternating strains = X and'aE X, the
individual and composite load diagrams will be as shown in
Figs. 5.52.3 and 5.52.4 respectively. These Yysteresis
loops have the same geometrical features as regards
curvature - in this case a éingle bend = és the ols erved
loops on specimen D3. Also fer a single loading the load
deflection diagram Fig. 5.52.2 shows a single change of
slope at a compa;i(ively low stress followed by a displaced

elastic line.

5.53 Subsidiary tests on notched steel specimens.

To test the validity of this simple treatment of the
elastic - pléstic conditions near a point of high stress
concentration careful tensile tests were made on notched
specimené having the férm shown in Fig. 5.53. These
specimens were cut from the éame plate as the others used
in the main tests. Specimen 1 (unnotched) and Specimen 2
(notched as shown) were used to check the consistency of
the material and the ultimate strength oi: the notched
specimen respectively.

Specimen 3 was inserted in the 10 ton testing machine
and a roller extensometer fitted oveér the 2" gauge length
‘8panning the 3 notches. A load of 3000 1lb. was then
applied and removed in steps of 100 1b. extensometer
readings being taken at each step. A further loading and
unloading of 3000 ib. by steps of 500 lb. was then made.
The observed load extension diagrams for the process are

shown in Fig. 5.53 in which the non~linear effects have
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been accentuated by subtracting from the extensometer
readings a quantity accurately proportionzl to the apglied
load. This figure also gives the corresponding load =
extension curves for specimen 4 which was subjected to
repeated loadings of 2000, 2400, 280C and 3200 1b.

These observed curves confirm the simple treztment
given for the effects of stress concentration. The curve
for the first loading of specimen 3 has a distinct bend
at about 60C 1b. load and is practically linear theresfter.
The various hysteresis loops all show distinet curvature
shortly after the start of loading or tkhe start of
unloading. |
5.54 TFrom those comparisons it appears probable that
damping effects znd other deviatiocns from true linearity
at stresses telow the critical stress are due to the
"plastic flow at discontinuities in the bulk of the
material. The existence of large nunmbers of discontinuities
having vzrious stress concentration factors would account
for the smoothing of the angulsr locps caused by z single
discontinuity into the forms of the corresponding
experimentzl curves obtained on the damping specimens.

5.6  Comclusions.

From the test results and their comparison with
those obtained by other investigators it is concluded that

1. The apperatus developed as part of this research
gives relizble indications of the damping effects in
mild steel szpecimens at mocderate stresses. The
sensitivity is better than khas previously been
gttained in stétic tests.

2. "hen a specimen is subjectedto z single static
loading the resulting 10ﬁ§-extensian dizgram shows a
regular departure from.zﬁe linearity right from the
gtart of lozding. This deviation varies approximately

ag stress fn‘with n rather less than 2.
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3. Hysteresis loops measured at low stress amplitudes
show their main curvature in the loading parts of
the stress cycle. As the stress amplitude increases
the loop curvature moves back into the unloading part
of the stress cycle, the loading parts becoming very
straight. This is in contradiction to what has
been tacitly assumed by many investigators, but agrees
with cpnclusions which can be drawn from the accepted
form/the relationship between damping coefficients
and stress amplitudes.

4. These various effects are consistent with the
assumption that damping and other non=~linear properties
are caused by plastic flow near discontinuities in
the body of the material. |

6. The calculatior of the damping coefficient, or the

stress deviation in 2 uniformly stressed rart from the results

of a test on a2 specimen in which the stress varies from point

to point.
6.1 General. Due to convenience in loading and strain

measurement, tests on meterials are often carried out in
bending or torsion or in some other manner in which the
stress is not uniform throughout the specimen. If the
quéntity veing observed, such as demping capacity, varies
with stress then the experimental results represent an

integral of the desired quantity throughout the specimen;
‘Itvis important to devise an analysis whereby such readings
may be converted to the more useful results which would be
Obtained on a uniformly stressed specimen, since otherwise
the‘damping capacity of an arbitrarily shaped part can only
‘be obtained from experiments on the part itself, or scale
models of it.

Some forms of this analysis have been given by
ngpl, Nedai ( 8 ), Thompson, and in the discussion of Dorey's

Paper. All these deal with the simple cases of a circular
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rod in torsion or a reclangular section beam in uniform
Ttending.

£.2  Analvsis of damring coefficisnts.

Taking the demping cecefficient ze previously defined
let D(F) = overzll darmping coefficient of the specimen
when subjected to a maxirmum (as regards position
in the specimen) zlternsting stress F.
a(f) = damping ccefficient of the metal when subjectad
to 2 uniform slternating stress f.

If the stress f at any point in the specimen is defined
as 2 frection faof the maximunr stress P, i.e. T =/9@, then
the stress = volume distrirution can be represented by a
function v of A such that ¥ d @ = volume of msterial im
the stress rénge‘

P? to (P +al) 7.

If furthermore we assume the hysteresis loops to be
50 smzl1l 28 to make practically ro difference to the elastic
modulus of the meterizl - then

The waximum strzin energ

! 2
2 -2 E Y
stored in the specimen =/££ ar o€ = ;5'/‘;’"‘"(*
° : o

and trhe total energy dissipated per cycle

)
= D (F) TE/VF%MP eees Egn (1)
a B

By integrstion the totzal energy dissipation per cycle

is also

f,{[op)ff—”a = f}f&(ﬂ-’)f"«rd? ceee Zcm (2)

. ,D(dj"z”d( =[;((F/'7 vl eees Bgn (3)

The right hand integrzl can be expanded as

fd(e;)the . [d(ee)[€ wt{] —[Fsiz ){a{er)}]] s a—deazel
o o [ seseee]

=d(F)/z" A6 - Fr{-fff)}[ff«r.tede ,
+_Fz%{[¢(9]/ﬂﬂ 't €Ll -- --3tc. ..Zom (4)

etc.



And thus from equations (3) and (4)

D(F) = A7 4 (F) - A> F g% {a(F)} + A3 72 S%; {&(F{}... etc.

veesss Egn.(5)

, ’
_[Prar b Parce
where Ay T & =1 Ay = 7 Ay = ..ete.
S P 4P S vl ‘

From equation (5), D(F),and its successive differentials,

with respect to F,can be expressed as

a(F) Fd'(7) 7° 4" (F)
Coeffiéients
D(F) = A - A Ay evee.. stel)
FD'(F) = o (A7 = Ap) (=A2 + 243) ...... etc.)
FeD"(F) = 0 0 (a1 - 2A274- 2A3).... etec.)

eseee.s Eqn. (6)
where primes indicate differentiation with ieépect to F.
From these equations (6) d(F) can be determined by forming
a linéar fuhction
a(F) = By D(F) + BoF D'(F)+ By ¥° d"(F) .... etc. .... Eqn(7)
the coefficients B being chosen so as to eliminate the

derivatives of d(F). TFor this conditionsthe B's are given by

1
B = - 2]
1 A7
A2
By = (.._._..........)B
Al - A2 1

R <
W
L

etec.
‘The values of Bl,‘B2 and B3 for several specimen shapes of

8pecial interest have been calculated and are as follaows:-



Specimen v = £(P) By B> B3
Uniform stress:=- .
Direct tension or thin tube|gero up to 1 | O 0
in uniform torsion close to 1.
Specimen used in this HExpressed 1 |+0.795| +0.4066
series of tests graphically
Rectangular bar-uniform Const. 1 .*i 0
bending ‘3
Solid circular section = Gonst. x P 1 -,._41: 0

uniform torague

Bar vibrating in ,
fundamental longitudinal L

mode or thin tube in / T -FP2)
uniform bending

1 [+0.177 | -0.01

Solid circular section in /(1 - £2) | 1 |[+0.463 | +0.032
uniform bending.

% ¥.3. - If the damping test is carried out Aby the method of
lateral deflection in the “ohler test then these cases
correspond to uniform stress and v = const x prespectively

and the corresponding coefficients should be used.

Tt will be noticed that the derivatives of the observed
function are of some importance in the final result and
hence the above analysis is most useful when the experimental
Tesults can be expressed in some simple form. For the
bparticular case in which

D(F) = a F2
a(F) = By aFl+ By FanF " 337 a n(n-1)F2"2 etc.

= a.Fn[Bl-f-nt-rn(n-l) By j
i.e. d(F) = constant x D(F) where the constant is

determined by the shape of the specimen and

the observed value of index n .
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6.3 _Analysis of small amounts of plastic deformation in

a specimen subjected to a uniform bending moment but of

varying cross-section.

This analysis which may be used to obtzin the stress
deviation @(s) in a uniformly stressed specimen from the
moment deviation m observed on a bending specimen (see Fig. 6.3}
is rather more difficult than the damping analysis given in
Section 6.2. e cannot predict from the start the curve
into which the specimen will bend and hence it is only
possiblé to dezl with cases in which tke departure from true
linearity - the plastic strain or the stress deviation -
is small compared with the total sitrain or total stress.
(This remark does not of course apply to the case of z beam
with a uniform cross-section). The main case of interest
is that of the specirens used in the present series of tests
which are of rectanguler cross-section of uniform
width b,and depth d varying along tkeir length.

Let £ = stress 2nd s = strain and let £ = Bs + #(s)
where ® £ Young's modulus {See Fig. 6.2{(a)). Taking a
rectangular section B x d subject to 2 maximum strain S
and assuming g(s) to be a symmetriéal function the total

moment ¥ (Fig. 6.3b) is given by

a/2 5 5
ba |
= ZJ[ fbydy = 3532 fsis
o o
S
- P;.d.% j-[gs-:-ﬁ(s)]s ds
252 .
0 N
2 2 3
- XM _zg +9-d-§ s #(s) as
= 6 28 - .

8
* = é..-g - 3 ‘ 5 .
"% % P T Es? [o s #ls) ds
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If as assumed @(s)KEs then the value of S for the integral

term may be taken as %2-“ and this gives
. Ko ;
S d K - f R EEEEEE
& - TR2A2 | ® Z(s) ds Eqn (8)

where K = %—% which is constant a.long the specimen and
L= 1 . . : .‘
32 which varies along the specimen.

If now the integral term is expanded by parts as in

Section 6.2

g = VKo( - E_IK&;(-Z ﬁ(s)(/sds - ,d'(s}/]sdsds ,
| : +¢“(5W5 c_is ds ds etc/

: ‘ 2,2
= K«-é[‘%ﬁ(“) -%é;z!v(xoc)arz_gr g (K )...otc.
eeees EQN (9)

Ko

Yow replace gEA), g'(KK) etc by the appropriate

Maclaurin series

— ' . - un 2
ie. gEA) = F(RA) + (Kt - X&) g (KA)+ (Kdg Ef) gr(x)
eses elc. 1

FHER) = @1 (Kd,) + (EX = Edy) FP(EX o) vernnnn ‘

gr(Ee) = g (Kg) eennns
gnd substituting this in equation (9) we obtain
3ok - 3 [3 0 (xk) + 5§ - ) g (et

' 2 ..« Eqn (10)
+ B %E - ‘d_o)o 2‘_‘_49 ) #*(R4,) ... ete s

If © represents angular deflection and x distance along the

Specimen then

d_G_ = _‘?'_S
dx d

"- e = /2% dx and substituting for S from equation 10



-d1l=
we obtain
2 6& .
e =2Kf§ dx -Eﬁ (KO(O)_/%dX'E_Fﬁf(K%O)‘/(%-%B ix

2 2 2
- é%"g”(Kdo)/(%}i -0%9 + %_(g— ) dx  ...... ete.

2]

The values of these integrals have been obtained graphical 1y
and by calculation for the specimen teking &, at the minimum
section, and are 2320, 19.0, -1164 and # 82000 respectively.
Thus
07 46a0k - gL g (ko) + TO0% o' (x ) - A220002pM (1 )
- etc. ...Eqn. (11)
Inverting this equation by a similar préoess to that used
between equations (5) and (7) Sefition 6.2 and also substituting
the actual moment M = E%E we obtain
g (ELy) = 4 (maximum strain) .
= 24620 - 526000 [6+ 1.53M§—§ +0.380° g-f;g etc]
eeees Hagn. 12

It is now necessary to consider the relationship if this

equation to the observed quantities. Referring to Fig. 6.3

and assume for the time beihg that the conditions are purely

L. - - de . 1
elastic i.e. #(s) *m = 0, ¥ = k& and aE - k-

Substituting these values in equation (12) we can obtain
the nominal elastic stiffness of the specimen

i.e. 0 = 2462K = 526000 [e + 1.53 k8. %]

= 2462)M - 2,53 x 526000 6.

. - 2253 x 526000 =
D 5255 © 541 ©

. . Angular stiffness = 541 lb.in./rad.

This = value . checks exactly with that obtained by a
simple graphical calculation, and also with the experimental
Tesults.

" Equation (12) gives f (maximum strain) in terms of the

‘plot if ¢ v ¥, Tt is more convenient to obtaln B(s) in terms
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of the m v € relationship. First eliminate the large

linear part of equation (12) ©y the substitution

6 = §§f - - % veing defined in Fig. 6.3.
Thie gives ®
Plonex) = 526000 [1+1.53 1 3¥ 4 0382 220 ., 417

M2
On further substitution of M = 5419 and m = 5411'xme finally

obtain

ﬂ(smax>

i

dm 2 32
973 [m+ 1.536 55 +0.38% 22 .. .. 7]

Q/

and this gives the stress deviation for a uniformly stressed
specimen in terms of the moment deviation in a bending test.
Tt will be noticed that if m = constant x 6" then the above
reletionship can be expressed iun the foim

@(smox) = constant x m
- where the constant depends on the value of the index n.

7 e I'ethods of load and strain wmeasurement tried during

development of apparatus.

7.1 Oneof the major difficulties in the development of

the apparatus described was the satisfactory measurement

of the external moment acting in the pendulum. - Several
different systems of load and deflection messurement were
tried vefore the satisfactory pneumstic system was devised
and it may be of come value to place on record a brief
description of these methods and why they were in fact
unsafisfactory.

7.2 The first method tried was to place loading weights in
g écale pan while a ball fixed to the horizontal loading arm
of "the machine rested between a pair of stops mounted on a
Small screw jack ss shown in Fig. 7.2. It was intended to
Observe the éeflection due to a given load by operating the
Screw jack until the ball just floated between the stops

this condition being indicated by a simple system of electrical
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contacts. This scheme was found very tedious to o rate
due to a slow bumping of the whole system between the
stdps, although this fault was somewhat alleviated by
arrenging a slow steady motor drive to the mic;ometer
SCrew. \

The serious fault mentioned on page 13 i.e. the ’
impossibility of attaining a balance under certain h
conditions was however apparent and it was decided that the
load system must be such thst in practice the deflecti on
@ should first be fixed and the required loading moment m
should then be determined by some form of spring balance.

743 Following the reasoning given above a simple spring
system was devised with optical measurement of load and
deflection., - Referring to Fig. 7.31 deflection of the
rendulum and specimen is carried out by rotation of a
threaded rod interposed between a cantilever spring and
tﬁe end of the horizontal arm of the apparatus. Mirrors
Mi and M, mounted on the spring and arm respectivgly give
aﬁ optical indication of load and deflection.

Readings were failrly easily cbtained by this scheme
but during operation rather violent oscillation of the
whole system occurred and this was only slowly dampgd out.

As a result of this two successive readings A and B

(see Fig. 7.32) would not be the result of following the
diréct pattern AB but rather the result of following out

the superimposed set of loops shown, and this would cast
doubt on any readings obtained by this method.

7.4  The difficulty mentioned fgrﬁgﬁ could be overcome by
greatly increasing the stiffness of the measuring spring and
various methods were considered whereby a reliable indicatdon
of a sméll deflection & say 0.001% =~ could be obtained.

After rejecting the possibility of mechanical or
mechanical - optical systems - on the grounds of possible

friction which would be of the same order as the load being
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measured, - the electronic device shown in Fig. 7.4 was
constructed. ere deflection of the spring S causes a
chenge in the capscitance of Cq. This condenser along
with a variable condenser~02, is connected in the tun=zd
circuit of a radio freguency oscillator and the output
freguency is very accurately matched with that from s
stable crystal oscillator. Thus the rotzation of C2 can
be calibtrated against the load exerted at the straining
screw and measurements obtained by what is basgically a
null method. The circuit was first tried with a large
pick-up unit capable of reasuring loads up to about 20 1b.

and wes found to he accurate and reliable.

When, however, it was assemvled with an approprizate
pick~up in the main apparztus it wes found impossitle to
obtain stezdy resdings in the meter I, At the time this
was ascribed to some Undetermined fzault in the rather
complex electronic circuit - condenser Ci with its now
very smell gap being particulsrly suspect, It is now
clear that the rezl fault lay in the combination of the.

very stiff spring —ith the massive pendulum system. This
whole arrangerent would have a very small damping coefficient
and thus oscillation of the mechanicsl syétem, due to
menipulation of the straining screw would take a very long
time to die out. This would prevent any éffective

null measurement cf loead. In addition it is now known that
time effects can arise in the real weasured load on the
Specimen and this would alsc impede the taking of null
neasurements.

7.5 Two systems in which operation is by setting a

deflection and then slowly varying an applied load until
M——

o e -

Eglance is attained.

Tn the first of these syShtems (Fig. 7.5)the micrometer
deflection serew is mounted on an arr attached to the shaft of

] o+t ot~} 1Y .
& smell (75 watts) motor. Bzlance is attained by passing a
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current through the armature (the brushes having been
removed and Fine wires soldered to the appropriate
cammutator segments). Tith a fixed field current and
a smzll armature current the armsture torque is proportional
to the armature current. The current is varied by a
series resistance and measured by a millismmeter. The
condition of balance is indicated by a simple system of
stops and electrical contacts.

In the second of these two systems, tried after
unsatisfactory results with the first, the use of the mot or
as a load measuring device was dispensed with. | Instéad,
using the motor only as a bearing = piece of 1/8“ dia.
brass wire zbout 2 feet long was suspended from the
motor arm near the stops (see also Fig. 7.5). This wire
was inside a burette and by varying the 1evel'of>water in
the burette a suitable range of load on thé motor érm could
be obtained.

Both of these gyvetems showed the same faults as theA

Section 7.4 i.e. it proved impossible

3
N

system described i
to obtaih steady null readings. At this stage the
conclusions given at the end in Section 7.4 were formed
and in view of this it was decided to develop some form
of automztic balancing system. This led to the pneumstic
systems described in Section 3.5 of the main text.

8.1 The Stability of the pneumatic load measuring devices.

The pneumatic load measuring device used is only
Practicable when properly designed to give stable operation.
The Leonhafd stability criterion has been used in this
design and may be briefly stated as follows. ASuppose the
differential equation controlling a responsé z is of the;
form (D2 + ap?~l , vDB~2 ......K) z @« 0. Now replace the

differential operator D by the factor iw, (i =.J/- 1 ), and
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the function in brackets
(i w)hsa (i w)n=l [, .... K

will define a ldcus if w is treated as a variable
(see Fig. 8.1). This locus will rotate through an angle
Q%: between w = 0 and w =00, end forms the Leonhard
stability diagram. It is known that the solutions of the
.original equation are all stable (i.e. negative exponentials
or decaying sinusoidal) provided that this locus encircles
the origin of the diagram.
8.2 Simple pheumatic system®=

| ’Referring To fig.‘8.21, assume that the outlet flow
rate is pfoportional to the outlet area and thé square root
of the pressure difference. For the conditions of small
disturtance p and X sﬁown. '

Outlet flow rate

V+v = constant X (X+X)(/( -122 + 1)

L(x+x)/]§+§]§] |
L (X-+~x)[;%'+--§§7

where s = ,/% and p<<§ ‘ l ,

Under normal conditions

o

"

Vv = LT Xs

¢ « Additiocnal outlet flow v = L[ %-5 +xs_7 ignoring the

product term in p x.

P
P=3_ P and the

The normal inlet flow rate is =
| TR 2R

variation on this due to the disturbance p will be -~ §

« « Total incremental inflow to the chamber (of capacity C)

due to the disturbances p and x will be



dt 28
1, IX (.
= —:p[?:R + 5 L s x
. - L dp _ 1 IZ
C Is[ at (_R 25)117
In addition M 2_2_1_1_ = ap
ate
2
coes L [l @ (1 o1, g
¥ Is 413 B2 ! 4@

Converting this to the operational form and substituting

iw for the differential operator D we obtain

Lo . 11 X, o als
- w3 s (g +355) v + 5

as the locus of the Leonhard diagram. This takes the form
shown in Fig. 8.22 and as the disgram lies wholly below

the real axis this system-cannot possibly_give stable |
operation.

- 8.3 Same pneurctic systems but with viscous damping of

the vendulume=-

As in Séction 8.2 the pneumatic equatiéns lead to
S VAR GRS LR -SEY/
but for the motion of the pendulum we have
ap = L 225 + b &
qte dt
Using a process similar to that in Section 8.2 we obtain as

the equation of the Leonhard stability locus.
w [ 141X 2], jals 2 1)1 IZ )
lW[MC(R+2 )"W]* ar - (G R T tx)

This will cross the imaginary axis at

al s
2 CH

B 1,IX),b
i AT A

Wn

Qi
j2v)
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T

If the diagrzm is to encircle the ocrigin then the coefficient

. . ‘s . e
cf iw must te positive at this value of w

y ' b, 1 IX a2l s
« o For stabilit — ( == CM
ymc(R 2! =

Since 211 the quantities concerned ars necessarily positive

this condition will be satisfied if

al s
b L1 _IX72
C R 2s

and this gives the required strength b of the viscous

dashpot.

8.4 PFinsl pneumstic unit:-

In the final design, viscous damping havfng been
found impracticavle, the damping process was introduceéd
into the pneumetic unit as described in Section 3.53. The
eguations of this system (gee Fig. 8.4 ) are rather more
complex being of the fourth order inétead of the third as
were the previous sets. Referring to Fig. 8;4; in which
the inlet and outlet jets are similar and the steady |
‘state conditions are givén in capitals and the disturbances
in the lower case letfers.

Flow into the msin chamber of capadity Cp.

K

- ' -E-].'. - X = E‘l apl-p2- "d'z
L (X+Y)(S 23) L (A‘P‘A)(S+ P ) ——-Q—:-"—‘-" A at

w

where I and s have the same significance as in Section 8.2.

Ignoring the products yp; and xp; we obtain

api (M m-p 4
Oy - = Is (v - x) . 3 ATE eeeenn(1)

The relationships between pp and the other quantities are

2 : : 2 .
M""'_" 2 s & — - pl ssessccnsesnae
a2 0t ate I

Ignoring the relatively smzll effect of the bellows

movement on pressure Ppo




. - dpp
Co = 2L P2 o P P2 =Q 0o eeee(3)
at a dt

- c d p2
® o 9 0o
Q 2 — +-p2 (4)

Le)
[
3

xq oo 22 . (5

y = & (0 = pp) = =

By manipulation of Tquations (1) te (5) we can eliminate
21l the variables other than p, and the final opsrational

equation is

2+ =% .o Lsa [ 1  Isd 3 AKX 4
i(m—QC )[D3+ scq D C11§]+ (Q,Cl | Clcﬁ D7+ =5 D} (pp) = 0
ceeeesa(6)

and to facilitate the interpretation of this function 1let

it be represented by

{( #1) [53'2] +(g3) + %]‘ (ps) P

Cousidering tnece terms one bty one take first of all
function go. By inspection this corresponds exactly to
the full stebility function for the simple pneumatic
system of Section 8.2. L, X, s, Cq, I and g are all
determined by the "stztic" design of the unit, i.e. main
jets and pendulum mass, anrl thus for any general layout
function @, is fixed. Function @, represents the extra
lag introduced to the system by the choke § leading to the
bellows and manometer, while ﬁ@ is the extra capacity
introduced to Cj by the action of the spring bellows.
Thspection of these functions when wi is substituted
for D (see Fig. 8.4’ ) shows that ﬁé gives only a vertical
displacement to points on the stability locus. Yow if
the final locus is to encircle the origin it must cross and
Tecross the imeginary axis snd whether or not this ocfurs

in determinable from the real parts of the function

(}?51)[ 552] + Za.
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On substitution these are

(1 + %5) wr . LX Wg+ Ls a
1 3 s Ci0a Qi Cy G

If we treat this as an equafion for determining the values
of wn2 at which the locus crosses the imaginary akis then
it must have real solutions and hence as a first condition
for stabhility

L X ¢ A TIsa
(geeroz) >4 1+ R TRERE

1

* 1 ég) s3 a C1

. . T74(1+ ....-.o..-.(?)
C2 oy 2

and this places an upper limit on the values of QCo and AL,
It will be noticed on purely physicél reasoning that if

the bellows and choke Q were fitted without their subsequent
action on the inlet valve they would tend to have an
unstabilizing effect on the system since they would increase
the initial time lag. These primary considerations ensure
that the 1ocus’diagram will cross the imaginary axis the

relevant values of w2 being

Wn2 = W12' tg.
where W12‘ = LX Ad
2 sQ Cq Co (1+—Z)
! cees.(8)
. Ak, L 8 a
- 4 1 _ ) mm————
\/Z‘;Scl C2 (+ &R cic
and 2_ vy
2 (1+-6-)
1

Complete stability of the system will be ensured if in
: addition the locus intersects the real axis at some point to
the ‘left of the origin. = Consideration of the imaginary
parts of equation 6 (with iw substituted for D) shows that

this intersection occurs at
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L s a
Cilt
5 1 eeen(9)
Wy 1 . IX 1 _ Lsx
QC2 sCq QCy1 Cq

and hence the final stzability condition is obtained by

noting from the diagram that this value of Wr2 must lie

between the two values of an

ioeo le - Z 4_&'\71,2 < le"‘i o.---(lO)
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Plete 1. Genersl view of spparztus.
2. Deflection and 10dd measuring
arrangement.
3. Specimen iz lower clemp.
Table 1. Observed demblng coefficients of

specimen D3

'Figure 2.1
2.32
3.21
3.22
3.3
3.51.1

3.51.2
3.52
3.53

3.61
3.6.2
4.3
4.4,1

. 4’-4’.2

4.,4,3
4.,4,4

4.5.1
4,5.2

4.5.3
4.5.4

5.51
5.52.1

Typical hysteresis loop

Transverse deflection in Fohler test
Explanatory diagram of apperatus
Calculated hysteresis locp

Damping specimen

Hysteresis loop with negative values
f2m
D€
Deflection znd lozd measuring
arrangement

Simple pneumatic lozd measuring unit

Stabilized pneumatic load measur ing
unit

Original specimen and clemps.
Assymetrical hysteresis loop
S. = N. disgram for material used.
Dizgram defining deviation moment

Corrections to deviation moment
readings

Cbservetions of dexyiation moments

Time affects in devization moment
readings

Typical observed hysteresis loop

Superimposed hysteresis loops for
specimen D3

Veriation of damping coefficient
with number of cycles of stress

Variation of damping coefficient
with stress amplitude :

Hysteresis loop of assumed form

Elastic = plastic model

g
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