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Prefatory Note.

This original investigétion was commenced in the year 183C =nd was
almost completed in the summer of 1938, but, with the ominous shadow of wer
in the background, the Author had to abandon it in favour.of a more urgent
investigetion of the structural requirements for Air-raidehelters et this
University. Under the present emergency conditions, it has not bsen fouund
possible to publish it,but it s hoped that this may be accomplished et
ah eerly date.

At the start of the work, few solutions were aveilable for line and
concentrated loads, but since the year 1939, several important contributions
on the same subject heve been mede, mainly by American authors, which
afford interesting comparisons with some of the sritimetical sclutions.
Tﬁe comparisons ere conteined in an Appendix.

The work wes carried out in the James'ﬁatt Engineering Laboratories
of this University, and acknowledgments are hereby made to Professor
Gilbert Cook, Reglus Profeséor of Civil Engineering and Mechenics, &and to
Dr Alexander Thom for their.adviée and encouragement.

The test plate, levers,and the meterial for the menufacture of the
heavier connecting blocks in the apparatus,were gifted by Messrs Sir
Williem Arrol & Co., Ltd., and the framed structure was welded by my

colleague Dr Jemss Orr. I thank them for their kindly co-operstion.

Engineering Department,
- The University,

Glasgow.

February, 1944,
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n,N

Motation.

‘rectangular coordinates.

verticel deflection of plate, positive in the direction of
increasing z. :

uniformly distributed load per unit of ares,

or,

uniformly distributed loed per unit of length in the case of
line loading. '

* concemtrated load.

Moment of Inértia per unit of length.
Modulus of Elasticity.

Poisson’s Ratio.

thickness of plate

Flexural Rigidity of Plate, =1 E/(1 -eo%)
2 2

Laplace operator Q’;‘i«r%z)
vEw

Constant, p/K

£
Flexural couples per unit of length mormal to the directiomn
indiceted by the subscript.

Shearing Force per unit of length normal to the dlrectlon
indicated by the subscript

Reaction per unit of length normal to the direction indicated
by the subscript.

Torsional couple per unit of leungth

‘Corner Load

Iinear dimensions relsted to the size of the network. N = 4 n,
and N/2 is the dimension of each small square.

Other symbols are defined in the text.

Refaorences to other publications ere given at the end of this volume,

The Fields are contained in Voluwme 2.

Boundary torques are shown in the following menner, the usual right-hand

sorew convention being used.

P} 7;’1‘1
e

The torques shown cause

uplift et all corners of

the plate.

/

47\ r

Plan of Plsate,




Introduction.

In the first part of this Thesis, arithmetical methods of snalyses
are applied to problems of thin flat plates or slebs subjected to transverse
loading. Three types of loading are considered, viz.,uniform pressure,
uniformly distributed line losds,and concentrated loads, Boundary correction
“ values, which replace the usual complementery functions of the more
orthodox analyses,are also established ,and their uses illustrated for
clemped and simply-supported edge conditionms.

The solutions to the various problems are given in a series of Fields
which sre contained seperately in Vol.2. On each Field, two sets of values
f are markéd, one representing half the sum of the curvatures and the other
the deflections at the points in question.

A testing machine, whereby concentrated loads are applied to plates or
slabs, is described in Part 2. The experimental tests which were mede for
the purpose of checking the solutions for line and concentrated losding
sre also recorded in this section.

The theory underlying the problem is dealt with adequately in the
stendard treetises on the mathematical theory of elasticity, end the
fundementeal differential equation end the expressions for flexural snd
torsional couples, shearing forces, etc.,are assumed without further
proof, use being made of them as required.

This investigation is an endeavour to obtain general solutions for
some of the™standard loading conditions, which cen be adepted to suit
degrees of fixity intermediste between the fully clsmped and simply-
-supported edge conditions, snd salso to provide & means of estimating
deflections, bending moments, etc., in plates of polygonsl shape, Skew
slabs may also be included in this category.

The arithmeticel method of solution of equations of the type
v% = Constsnt has been used in preference to alternative orthodox methods
: involving trigonometric series, snd the method has been extended to cover
line and concentrated loading. It is not cleimed that the arithmetical
method is quicker then the orthodox anelytical methods,but it is best
suited to this particular investigetion since wvalues throughout the entire
area of the plate are required, The Author is not aware of any other method
which could be applied to’the unsymmetrical boundary correction fields.

When the correction fields were completed, it was noted that the
values were reciproceted on the vsrious fields and that the usual Theorem

of Reciprocal Deflections was valid also for bending moments and shearing
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forces. If this had been known beforehand, the lebour would have been
reduced considerably. The correction fields are reproduced as they were
when the above theorem was discovered. The discrepancies which appear
in some of the values sre small end o—f no practical significance.

Uniformly distributed losding is considered in the first instance.,
This is followed by the series of V%w = O fields which were refeered to
previously as boundary correction fields since that is their real purpose.
Line loading, point or concentrated loading,and some applications based
on the prineciple of superposition, are then considered in turn. In respect
of the latter, it is fairly obvious that velues from different fields
mey be added to, or subtracted from, one enother, provided the seme shape
of field end size of network are used in all cases,

The square plate or field is used throughout since this forms the
most cénvenient basis for all other simply-supported plates. The fine
network is also chosen for this reason snd not because of its increased

aoCcuracy.

)




Part 1.
A rectangular elemeﬁt of a thin plete subjected to a downward
pressure p is shown in Fig.,l. M  and My are the flexural couples per
unit length for plenes normal to the exes of x and y. 8, and Sy are the

shearing forces per'unit length and T is the torsional couple per unit

length for the seme two planes,

X

Fig.1le
If the vertical deflections w are smsll in comparison with the plate
thickness and the effects of direct sfress and shearing force are neglected
in computing the strain energy in the bent plete, the fundamental
differential equation which then underlies the problem of a thin plate

subjected to transverse loading is,
V4w +Z’)‘W D¢w ,E(l-v"z)
x4 dxVy2 ¥ Dyt Ie '
In the sbove, o~ 1is Poisson’s Ratio end E end I ere respectively the

Modulus of Elasticity of the plate material and the Moment of Inertia of

the plate per unit length.
4))

It can also be shown that,

dw 'w
= =K ﬁz*"—‘;ys’

BRI T AR I

F =

2XE
w
T = = K (l-V‘) ﬁ 5 -
e 2 /w e 2
S5x = K55 ('axz m;) 3% (V9W),
= Vw "b w = l
Sy ‘a}‘t L K '39 (vgw)’

where K, the flexural rigidity of the plate, is I E/(l - o %),

If p,E end I are constant throughout, the fundamental differential

W iw Y
equation reduces to x4 4 2%,‘%31* 234 = p/E.

ioeo, V*W = Constant.

Msny solutions to problems associated with this fundamental equation
heve been obtained by meking use of trigonometric series. These are
referfed to later as orthodox methods of snalysis, An arithmetical method
of solution developed by Thoég)has also been applied successfully in.
various fields of hydro-dynemical sand aeroneutical research. In this
investigation it is used throughout and, whilst & brief description of
the method as applied to the problem of the flat plate is given later,

for fuller details reference should be made to Thom’s original

publications,
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The Arithmeticel Method of solution of y%w = constant.

Denoting the eonstant by C, (i.e. C = p/K in the particular cese
of the flat plate), then the equation becomes V% = Co This may be
re-written ¥¥(v®w) = C, end, if 2 = v®w, then

Ve = c/2.

2in
Considering a square of side 2 n, Fig.2, ",_ ‘_’!s‘
the central valu ; g 2c/4 (1le) " 13 v
e e a e = Lo D *8 00 000 ¢ a i e
€ M v ‘ 4 ’ — —iw- ——
where ;Mz the mean of the corner values, 54 5, o
: W4 s Fig2
Corresponding formulae for the w values are
4
.L( 2 —_—
w =W = n 2 )
C m . z o ;‘ 5’ R sl, s‘
=Wm- (neg‘),..a..-..............(11)), wl wz ws
where w_ = the mean of the corner w values, H
Ll B9 48 L,
We We Wy
Also’for a squere of side 4n, Fig. 3, 5 5 F‘g's'
7 B 5.

= 3.7 we W
12 ;; (§,+;;+ ;5-& é’) + Z(Zz.g ;4-0 Z’G" ga-gnG.'......‘.......(Za)
and,
12W, = (Wi + Wyt Wy +W) 4 2 (Wav WerWe s Wg)-32n*g - 4n?C eeee(2b),
Or, ifg end 4 are represented by a2 and b respectively, and
odd B evens
w andw by A end B, the above formulae may be re-written in short,
0dd, even ’
lzg‘_ =ia * 22b - 8 nec’ 0000.....'.0..“...9...'.l..'l.........(zc)
and,
12 W‘ = zA + 2SB - 32 nzgg - 4:114 C. oc.o--oooooooocooooooooo.on(Zd).
And, fianally, for a Squaré of side 8 n, Fig.4,
476§= = 92& + 522b + 4-620 - 1152 DEC, oooa.ooocoooocooooooootoo.o(sa),
end, ‘
476 w, = 9% A + 22TB + 462 C - 16 n® (18v + 28e + 1045‘= + 36 n%C),...(3b)
where a,b,e,v and e denotegvalues’ and A,B;C &re w values at the points
" shown in Fig. 4.

(L velues are written above the lines and to the right of the point in

question, w values being immediately below the L values).

8n

A, b, C b, a

A, sa C' 3, A:

.h‘_ Vi e, Va b‘

Bs B,

Cs Ce g‘ (% Cz

c, W p ,

2 Fig. 4.

b’ V¢ e_l Yy b‘,

B, Ba

Qs bl. (P b’ CR,
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A solution is obtsined by choosing, when necesssry, pleusibls values

for g end w in the first insteuce and obteining vew values for thess,
square Yy square, using the sbove formulae until, finslly, the changes in
the values are small enough to be neglected. The { values should be settled
. before proceeding to the w values. An“exact"solution is , however, not
obtained, but, as in the 9nalogous“Joint-Relaxation Method of Structural
Mechanics:,(zge solution can be earrisd to a degree of accuracy which is 2
consistent with the sssumptions whicﬁ are made in the basic approasch to
the problem.

A good choice of initial or plausible values,as they have been
described above; will reduce greatly the somewhat tedicus arithmetical
' work, end, elthough no hard end fest rules cen be given, values which
have been settled say to the first place of decimels for the cosrser
. networks will aid in the selection of plausible values for the finer ones.

The process is described more fully in the following example,

Square paete of uniform thickness, simply-supported along all

four edges and loaded with a uniform pressure.

For the plate A B C D, of side 8 N, Fig.5, the boundary conditions
are as folloﬁs,
Deflections and Bending Moments are to be zero at all points on the
boundaries, AB,BC,CD,DA. i.e. the g and w values are zero on these

boundaries, end pleusible values therefore need not be selected.

- A B——T
;l g‘l. §|
A
.3
ww
F“g, s' ;2 ;‘ ;Z w |
o2
00
£
;! ;Z §| '.;
[ 4
«»
. |
D <
For the § field, using Formula (3a),
476f, = 0 - 1152 ¥® ¢, (Note.This will be o settled J,
‘ value for this particular
I = - 2.42 N%C. nstwork) .
&

found
A plausible value is now selected forgzand the value mfg'by applying

Formula (28) to the corner square. ;zis then reealculeted and the process
repeated until the values‘of ;‘ and;;have settled. The squares are then
subdivided, plausible velues baing inserted where nescessery, end the velues
recalculated, row by row, until e second, and more accurate,; fisld is

St et I e
CUTUU IRl . AU TN C e
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The w values are obtained in e similar menmer, In this case‘
Formulae (2b) eand (3b) ere used, the part involving the { values
being first evaluated and noted ggainst each point for reiterstive
‘use.

Field No. 1 shows the valuss obtained when the plate has been
divided into 266 squares. It may be noted thatvgchas settled to
- 2.3618 N® C, whereas the first value obtained ebove was -~ 2.42 N=C,

When subdividing the fields into smeller squares, care must be
taken to use the correct velue of n in the equationse Thus,with
reference to point A on Field No, 1, the { end w velues are as shown

in Figure 6, (Throughout this work 8 N is used to denote the side of

the plate). ~—— —N — —>
e— - — 4N — - ——]
9 o o
(o] (o) O

A |-2029Nc  |.3374 N%¢

0

e} 7264 N*C [1- 4027 N*C
o -3374 N°C_|.584¢ N°C
o ['4027 N*C [2:7156 N*C

Fige 6.
Using Formula (2a),
F
124‘ = w(0,5846 + 4 x 0,3374) N® C - 8 n® C

=

1,9342 ¥° ¢ - 8 n® C,

and for N = 4n,
128,

3

1.9342 N° ¢ - 0,5 N® ¢C,

- 0.2029 N® C.
Using Formula (2b),

12w, = (2.7156 + 4 x 1,4027)N* ¢ - 32 ne(-o.éoze N ¢) -4 n*cC

]

8.3264 N% C + 0,4058 N* C - Y,4N* C,
B8,7166 N* C.

0.7264 N* C.

L}

LW
c

Similerly for N = 4 n, Formulae (3a) end (3b) become,

476 L = 9% e + 32D + 46Tc = T2 N® Cavrrrnrrrrnnncinanncnnenenaea(B0)

476 w = 924 + 32%B + 46%C - N2[18zv + 28%e + 1045, + 2.25 NP c_]....(sa)

(The part inside the bracket in (3d) is evaluated from the settled ; ,

field).
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Comparison of Field No. 1 with Anelytical Solutions.

@
The following cxpression is given by Prescott for the deflecticn

of & square plate of side Ad-

-~ .
ww { ; . . .
——— s = Sin ‘“’Xy 1\'3 ....‘_._- 3“‘ 3“- .....
6 A*C 22 ry Sin vy + 2383k s A S As +
-ln—————a—' ,n 3_1—‘1'. ‘N Ks 'W 1‘-% lﬂ S‘W!
e L SRl I ol
. . W " o 5T '
tg (s"rﬂ:)‘z Ryt WSl Yk Tl* """"

: (. 3 o STy . Sw . 3T
rraro ol Rl Sy Sy S

+ efe.

This gives the central deflection w, for the centre point of
the plate distent x = 4/2, y = 4/2 from the origin = 16,65 N* C,
whereas the corresponding value from Field No. 1 is 16,72 N* C,

Also, at the centre of Field No.l, g = - 2,3618 N® ¢,

s Dw o
(1,‘.. 5yi) =20 --z2x2368WFc,
s W V'w
From symmstry, %;1= <s ot the centre of the plate, and hence
. = - \W\
Mx My —-1{(,,”‘4- xrd

L}

(1 +e) 2.3618 p N®

n

(1 +e) 0.0369 p A%, where A is equal to 8 N,

The abovejZnalytical solution gives & corresponding value of
(1 +e) 0.0368 p 4%,

Another solution, for a plate 2a by 2a by thickness t, is given

@
by Professor Inglis as,

v= Ca {(‘- :;)("*::-) + A-{f (k) cos L 2"; 1-}(—-) Cos TE. ‘;"'

&{( )coss—-i- + S-(”)cos ?’-;_—‘}]’

where A = 0.,052178 and A, = - 1,30895¢ x 1078

Fore-= 0,3, this gives a flexursl couple et the centre of smount
0.1915 p a® and & central deflection of 0.065 a* C, whereas the
corresponding velues from Field No.l. are 0,192 p a® and 0.0653 a* C,
respectively,

It may be seen,therefore, that the arithmetical methbd compares
favourably with analytical methods,and Field No. 1. is therefore a very
complete colution tc the pa articular case of the simply supported squars

plate carrying = uniformly distributed load.
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Bending Moments, Shearing Forces, Torque etc.,are obtained from the
;’ and w values thus -

Bending Moments

'w

Since M, = -~ KE.}“ + o '.3;‘,’_

2
ands My = -~ K (%: + e ‘Ox"]
it is therefore necessary to separate the comiponentvs ?—;%’, and -){'g',, of
the { values.

They cen be estimated by using a suitablé formula for mechanical
differéntiation of the w fisld. s.g.,
the Stirling formula,where the differences are symmetrical as regards the
direction of increasing end decreasing arguments,
oo = D~ 8% + FF AW o ] oo (D)
or, the Gregory-Newton formula,
flo = [ M - Bfw + % 8w - 85w+ -] (D2),

Alfernati.vely, graphical differentiation of the w curve may usefully be

U

smployed.
Whichever method is adopted, the sum of the eskimated quantities will,
in general, differ from the 2; value at the point in question because of
the limitations of the methods, But since the 5values are obtained by
squaring, it is recommended tha‘t fukl weight be given to them. The estimated
quentities should therefore be adjusted te give the required sum. Thus,if .
estimations e and b are obtained for?::. tmd}:o .

is ¢ , the adjusted values would be a( 2c/a+b) snd b( 2c/a#b),

at a point whers the ; value

Shearing Force.

The shearing force per unit of length is,

Sy = K%‘(vzw).
- éK%%

. 2
, since 2;-—— V=W

Similarly, SS = ?,K.%é' ) .,

In this case, the values of == and i? are obtained by mechanical

%
differentiation of the ; field using the Gregory - Newton formuls,

'H?\) h{.A fy -% -f(a) +-A ) - } N F)
Torque

The torsional couple per unit of length-is,
Vv
T= -K(1-e)93y -
The -gradien‘cs.?-%; and 2-5"1 are obtained ‘t:y mesns of ( D 3 ) abovs,

’ Diw
and by plotting them to scale the values of :b_—";,:} can be estimated
_graphically.
Note ;- In the difference formulae’, D,, Dz, and D, 3]

represents equal increments of x ory



Shearing Force slong the Boundary.

g
The boundary wvalues of_;é are nocted on Field No.,l. The shearing forcc

values at corresponding pointe sre therefore as in Fig.7.

Sz oz z 2z 7 T Z 2
Boundary Shear 9 o 2 5 o 2 o al
g + 9 N V4 ° o 2 8

y P Y o I 9 9

Q = = =~ o ~ & N o©

| | l ] ] I I
- - 4 N Sl
Fig.7. i

The analytical solutions, previously referred to, give a corresponding
value of 2,704 p N as the meximum shear at the centre of the support.

A useful check on the values shown in Fig.7, is obtained by integrating
along the boundary. Using Simpson,s Rule for areas, snd the above values,
64,1 p N® is obtained, wheress the total load applied to the plate is
64.0 p K=,

Torque along the Boundary.

The estimated velues of T are shown in Fig.8. This is & maximum at the

corners of the plate where e value 3(1 -o~) p N® is reeched.

< «
o Lo & o~ z
o z z
. 2 & o & % & g
z 2 5 ¥ 5 F T 9
Torque T % ' ! > - v s 2
, - N’ 1) e = o ~ [ Y
per unit of length & & & N ¥ ¥ a T 5
0 ™ () o~ o = o o N
T » ] T l I T
FHQV 8 L& 4N - - ——

Reaction along the supports and Corner Load.

At first sight, it would appear that the shearing force along the
boundary must also be the reaction on the support,since,as noted sbove,
the total epplied loed, 64 p N®, is obtained by integrating the shearing
force along the boundary.

| It is well known however, that a plate, loaded end supported as
specified in this problem, will not remain in conteact with the supports
throughout their entire length unless the corners are held down.

The reason for the sbove behaviour is explained by considering the
torque along the boundary. A thin section of the plate in contact with the

support is shown in Fig. 9. P A A %
”les’slﬁxl

T ;Tzf
Pl PI R

The torque on an element of length Sx is I‘Sx, where T is the torgus per

Fig, 9.

wnit of length.
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Equ¥librium of the element is mdintained by applying equal and opposite
point loads P at the diagonal corners of the element so that.
P8x = TQYx , and therefore P = T,

Similerly, for the adjoining elements, P, = T , P

1 " = T2 , etc. etc.

2
fE/Sx

%T/fx, pee unit of length.

The induced reaction is therefore (P = P"’/S;t

]

An amount equal to

3 should therefore be added to the shearing force
x
to give the reaction on the supports.

The expressions for Reaction thus become,

y V-
Ry = Kw( > IR ICRL R WO

( .Rx angl MZ; 0, define: the boundary conditionsiof a free edge ).

It is therafore nesessary tc find the gradients of the Torque curve,
and:the graphicel method is sufficiently accurate for this purpose.

The induced reaction velues, for the square plate under discussion,

are shown in Fig,10.

Do
K ("")Wx“oj

o

H{o4z0-=p N

—0-68(1-=)pN
Hor20(i-e)pN
Jo-92 (1-)pN
-0r92(1- o) PN

10 78(s-=)pN
o 92(i-~)pN

7 40'85(-)pN

F'-ig. 10 4

)
]

The total reaction on the supports is therefore the sum of the wvalues
at corresponding points on Figs. 7 & 10.
Corner Load
- For the corner 1oad,Pc , which must be supplied at the corners of the
plate, it is necessary to consider both boundaries at right engles to
one another, and hence,
P,=2T, , where T, = Torque at corner,per unit of length. This gives,
for the simply supported square plste, F;, = 6 (1-e) pN&,
= ,094 ( 1 - c) W, where W is
the totael load on the plate,
The various quantifies discussed in the above are plotted to scale
on Diegrem No,l. Deflection Contours are also plotted to scale and

thess,together with thelg and w velues on Field No. 1,complete the

useful design data for the square plate as specified.
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- D m cjrc*rn AJ°- / -

Square Pjc™o., of uniform thickness. Sfmfoy swo/oorfed

at the edg es and loaded with u» uniformfy distributed

tooot.
Deflection Contours
WY
r V
Yy /0Q-r-V
VR I
e/l
r r ?— r
—_ J L I _ \O
To rc’utz

,Vlc%x .R.*<%.c t/on
= (3 62-0-92~J/0"V
nduced feAcf/on

Eft+armgq Force c/"On c\nd TorauC
— O/JfffEuiFffrhudon 9
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Solution of 9%w = 0

The method of procedure in general use when analytical solutions
are required to problems of thin flat plates bent by transverse forces?
may be briefly described thﬁs:-

| An algebraic expression, known as the particular integral, which
satisfies the fundemental differential equation Viw = p( 1 - &% )/IE,
is found in the first place. To this is added snother algebraic expression,
the complementery function, for v*w = 0, so that the complete solution
to the problem is obtained, The solution is said to be complete if the
loading and boundary conditions are sstisfied. In genersl, the loading
conditions are looked after by the particular integral and those of the
boundaries by the complementary function,

With the arithmetical method of solution, the ssme procedure cesn be
followed, as may be seen by an inspection of the various squares formulae .
hitherto used, and, if settled fields of ; snd w values sre aveilable
which satisfy v%w = O, these can be made to do the seme duty as the
complementary functions in an orthodox enalysis.

Fields Nos, 2 to 43 givel and w vd ues for y%w = 0, when ;values
are spplied at certain points on the boundaries of & square plate of side

8 N. The squares formulae spplicable to them are.-

12Z_ = Ta + 220 ' ceoeevenneesanneso(Re),

12w = ZA+ 228 - 2WE eveeracnennannna(2E),

4765‘ = 9fa + 32Tb + 46FC veecoosecc-aees(3e), end,

476 w, = 9JA + 32FB + 46ZC = N (( 18%v + 28%e + 1045, ).......(3F),

In work of this kin&, a calculeting machine is a necessity, but the
labour cen also be reduced greatly by adopting a routine system from the
gtart.

Thus, with reference to Fig.ll, row 1 is completed using Formulae
(2e) & (2f) and this is followed in turn by rows 2, 3, etc., Formulee
(3e) & (3E) being applied to all points except the end ones in each row.

In all ceses the work is carried out from left to right,

Boundagi
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After one complete traverse of the field is made, the differences
between ths original and the new velues are abstracted to a sepsrate
sheet to give a field of differences, The work is then carried out
on the difference fisld, a teble of corrections for differences being
prepared beforehend. It is sdvissble howeber, to transfer the
difference corrections from the difference field to the actusl field
aﬁ frequent intervals, and then re-calculate to obtain snother new set
of differences,

When Fields Nos. 2 to 10 are settled to a reasonsble degree, ecach
in turn cen be groupéd to give the symmetricel arrengements shown in
Fields Nose 11 to 19, The latter,being symmetrical about the diszonals
can be settled more or less completely with o minimum of labour es
compared with the former.

A check on the accuracy of the work is afforded by the summetion of
g values from corresponding points on each of the Fields, 11 to 19, This
is chown on Field No. 20. The ; values\should heve summed to 10 units
at every point on the Field.I® may be noted thet this is realised as
far aé practical purposes are concerned,the range being 9,994 to 10.001,

A check on the w values is also obtained by comparing the summation
of corresponding w velues on Fields 11 to 19 with the values obtained
by multiplying the & velues on Field Nos 1 by 40, The reason for this
is explained by reference to Formula (la), vize,

g =L.- "%,
The w vaiues on Field Nos, 20 can therefore be obteined from the basic
squares Formula, W, = W, - n® 10,

The values marked in red on Field No. 20 are 40 times the %
values of Field No. 1, C being taken as unity, The differences
between both sets of values are negligible,

Fields No. 2 to 10 are further corrected by distributing the
small differences:;btained'by subtracting the original end settled
velues of Fields Néﬁo 11 to 19, 1If these correcti&ns are small, the -
 Fields mey be taken as being settled, : ‘

Fields Nos. (21-28), (29e35), (36-43), .fbr different grouping of

the 5 values on the boundary are obtsined from Fields Nos, 2 to 10,




Theorem of Reciprocity.

A most useful extension of the ordinary theorem oflreciprocal .
deflections is revealed on Fields Nos, 2 to 9,

With reference to Fig. 12, it may be noted,by comparing the above
Fields, that when a § value of -10 units is applied at the point A,
the § end w values along the row B,B, are the same as those at
corpesponding points along the row A’Az'when the { value of -10 units

is applied at the point B, ,

w
>

»
~
“P

Fig.12.

The following alternative method, whereby Fields 2 to 9 are built
from Fields No.2 and part of No.,3, reduces considerably the arithmetical
work, and, if the full significence of the above Theorem had been
appreciated at the start of this investigetion, it would have been used
instead of that already described.

Alternative Method of obtaining Fields Nos,2 to 9.

Field No. 2 and the left. hand half of Field No.3 are obtained in the
previous manner. The remaining Fields are then obtained from these by
using superposition end other legitimate devices,

( Two disgrams on tracing cloth are provided in the pocket of the back
éover. These are ugseful when superimposing one field, or part thereof,
on snother to get a new field.)
When a Field is completed, the values which are reciprocated are transferred
from that Field to the other respective Fields in the first instance.
To complete the Fields several methods are availeble but the following
has been proved to be satisfactory in practice.
(L and R are used below to denote the left and right- hend halves

of the Fields.)

Field No.3 L is supefimposed on Field No.2 so that the ; values on the
boundaries coincide., Field No. 9 R is then obtained by subtracting the

values on the Fields.



Field No.2 is superimposed on Field No.3 L as shovm in Fig. (a)

The values necessary to complete Field No* 9 are then obtained by

. J
subtraction.

i

(RVASEA de™y

Fig. (a).
Field No.f L is superimposed on Field No*2 so that the £ wvalues
on the boundaries coincide. Field No*3 is then completed by subtracting the
values on the Fieldsx*
Field No*8 L is obtained by folding Field No* 3 about the first line

to the right of the centre line, Fig. (b), and then subtracting

corresponding values*

» u for
Fig* (b) . IV
Field No*8 L is superimposed on Field No*2 so that the £ values ox
the boundaries coincide. Field No* 4 R is then obtained by subtracting
the values on the Fields.
Field No.4 is completed by superimposing Field No*8 L on Field No.2

as in Fig. (c) and then adding the values over the length d*

10
143 (TR SR PR T W—
oo M
£ A S,
£ values lor 41, o
O (rcver*<-i, lor Do
Fig* (c)

Field No«4 L is superimposed on Field No*2 so that the £ values on
the boundaries coincide. The values necessary to complete Field No*8
are then obtained by subtraction*

The values on the end rows of Field No.3 R are re-written, end for
end, and placed on Field No.4 as in Fig. (d)* The wvalues necessary to

complete Field No* 7 L are then obtained by subtraction.

+

1 1ee 1 1 1 1 7 7 1 « N
*
i
<L <e J
cVaPor 70y
o ('toyjtiieA,ckA k rorvty
(eh)

Fig. (d).

Field No. 7 L is superimposed on Field No.2 so that the $ values on

the boundaries coincide. Field No*5 R is then obtained by subtraction*



Field No. 7 b is superimposed on Field No. 2 as in Fig. (©)e Field

No,5 is then completed by adding the values over the length d.

0 o
B *J i r r i 1 1
r >
T— A @«
,C2
. -5
I Jj »
Fig. (e) &

Field No .5 L is superimposed on Field No, 2 so that the £ values on
the boundaries coincide. Field No.7 is then completed by subtraction.

Field No. 6 L is obtained by folding Field No.4 about the second row
to theright of the centre line, Figp(f)pand then subtracting the wvalues

over the length d.

i T
"I IJg T g
%
£ 41
D
10 A
X
Ki for crsdjl
Fig. (f).

Field No. 6 L is superimposed on Field No.2 so that the £ wvalues on
the boundary of each field coincide. Field No.6 R is then obtained by
subtracting the values on the fields.

It may be noted,that symmetrical arrangements, as on Fields Nos. 36
to 42. are readily obtained by superimposing portions of Field No.2 on
one another. It appears”however”that Field No.3 L is necessary in addition
to Field No.2 when dealing with the unsymmetrical cases discussed above.
Rectangular Fields.

Rectangular Fields. 8 N by 4 Np etc.p etc.* are readily obtained
by folding Fields Nos. 2 to 10 about their centre lines and then
subtracting corresponding values. These Fields are not reproduced in this
ThesiSjbut they were used in the solution of the problem which follows
later in connexion with the point load at the quarter-point of an axis
of symmetry (page 49) ,

Triangular Plates.

By folding Fields Nos 2 to 10 about their diagonals and then
subtracting corresponding values, Fields similar to the above are obtained
for a right-angled isosceles triangle.

Uses of the » 0 Fields.
The uses of the various vSv ~ 0 fields are demonstrated in the

following practical problems.



Square plate of uniform thicknees, clemped along the edges and

loaded with a uniform vressure,

The econditions to be fulfilled in this particular problem
are as follows;: =

Véw = constant,

w =0
3?% =0, at ell points on the boundaries,
o
dy
Field No. 1 satisfies all the conditions except the last two,

but the gradients%vand?ﬁ- cen be altered by applyinggvalues to

the boundasries of this Field. The problem therefore resolves itself
into finding the;'values which will make fhe gradients ah Field Wo. 1
zero on the bounderies,

The gradients on the boundariess of Fields Nos. 11 to 1B, and Field
No, 1, as obtained by mechanical differentiation are marked on the
respective Fields.

If»a, b, ¢, +.sh, are the reguired values Qfgzd;the points

4
shown in Fig. 13g, the following eight equations are obteined,

k£F¢4‘=b§°}_,.L_,d_,:_
llrlllll
4

| Fig. 13g

)

0.382a+8,648b+0,481c+0.288d40,312e+0,239f+0,168g+0,083h = 348l roe0l
04324a+0,622b+0,520c+00398d+03166+0,241F+0,184¢+0,084h = 3,421 ....2
O.240a+00519b+0.5420+0,451d+0.5326+0.248f+0.169g+0.087h = 3,243 ....3
0¢1940+0,388b+0.452¢+0.4784+043892+0.2685406,180g+0,092h = 2,954 o...4
0.157040,316b+0,334c+0,389d+0,418e+0,327f+0,201g+0e103h = 2,547 o.e.b
0.120a+0.241b+0.2500+O.269d+0.328e+0;558f+0.264g+0.125h = 2,035 ....8
0.0818+40,164b+0,169c+0,181d+0,2036+04262f+0.297g+0e193h = L4429 se0e?
0,041840,083b+0,086c+0,092d+0,1106+0,116£+0,181g+0,242h = 0,741 ....8
(The actual gradients on Fields Nos. 11 to 18 and Field No. 1, have

~ been divided by 2 when forming the above equations),

Since the gradients are cbtained by mechanicel differentiation,
any attempt to solve these equations using recognised methods such as
that described by Morriés)is likely to result in absurd velues being
obtained for the quantities a to h, and the following trial end error

method is to be preferred.
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Initiel Velues of b, 4, £, end h, in terms of the other

unknowns are taken as follows:=-

b = 0.75a + 0,25¢
d = 0.75¢ + 0,375e - 0,126a
f = 0.753 + 00575g - 0.1250

h = 0,75g - 0.12be.
These values are substituted in equations 1, 3, 5 and 7,to give
4 equations for 4 unknowns. which are solved by direct elimination
on the calculeting machine. The values of a, c, s .,and g, so found
- are then substituted in equations 2, 4, 6,end 8, from which new values
are obtained for b, d, f,end he These now replace the approximations
used initially, end the above process is repeated until the desired degree
of accuracy is obtained., A plot of the spproximate values of a, b, ¢, d,
etc., should be made from time to time to ensure that they lie on a
regular curve, This precaution prevents wrong valuesAfrom being obtained,
The Values.finally selected are,

1.668

&a

b

1.632
1.5602

(o]
L}

[=¥)
n

1.298
e = 1,028

2}
L]

0.718

0,403

L}

.
h = 00089’
and a comparison of the actual and substituted values of the previous

equations is given in the table below,

Equation Required Value Value obtained by

, substituting the above,
1 3, 486 30481

2 56 425 3a421

3 e 242 34243

4 Z2e 94D 2 9b4

5 2s 539 20547

€ 20 029 24035

7 - 1, 427 1,429

8 0. 743 0,741

Settled Fields, ofgfmd w values, for thegvalues, a2 to b,

on the boundary, ere then obteined from Fields Nos, 11 to 19.
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These are then added algebraically to Field No, 1.
The solution thus obtaire d for the clamped square plate

loaded with s uniformly distributed load is shown on Field No.44.

- Bending Moments.

The meximum value of the fixing moment occurs at the centre
points of the supports end is equal t0-3.336 p N®, per unit of length,
At the centre of the plate, M, =My = (1 +o~)1,125 p N®, per
unit of length,
Deflection,

The meximum deflection at the centre of the plate = 5,173 N* C.
This is less than one-third of the deflection of the simply supported
plate.

Shearing Force ealong the Boundary.

The values at various points on the boundary are shown in Fig., 13,

These are obtained as previously described for the simply supported

pl&teo t
1 Z A Z
e Z e Z z r o & 2
3 w B & w 9 o ¢
Sy s 5 2 8¢ = @ o a [
. ' ° o = o 4 ) h
L T | | | l [ .
—~— - 4N - s
Fige 13,

No special significance is attached to the small negative shsar
éat the o rners of theiplate since it may be due to imperfsctions in
"the solution to the problem. The total applied load of 64 p N® is
however obtained by integrating,as formerly, along the boundaries.
Contours of deflection, together wifh the distribubion of shearing

force and bending moment along the boundaries,are shown in Diagram ¥o, 2.

(page 22)
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A solution t% the problem of the clamped plate s given by
Professor Ingli:f;nd, in the discussion of his pasper, an interesting
resume’of the historical development of this speciel problem is contributed
by Professor A. N. Krilloff. An extract is as followsi=
“ The problem, of which Professor Inglis has just exposed his
beautiful solution, is of long date, Thé fundamentai differential
equatioh was given by Mademoiselle Sophie Germain in 1812, if I remember
rightly,. Some ten years afterwards this problem was taken over by
Navier, the founder of the methematical theory of elasticity, who worked
out the solution for the supported rectangular plste, Then it was treated
by Pdsson, and by Kirchhoff, who in 1850 gave the general boundary conditias

Some twenty-five years ago the problem of the clemped plate was
proposed by the Académie des Sciences, of Paris, as a subject for their
highest mathematicel distinction, the“Grand Prix de mathématique: This
fact illustrates the diffizulty of the problem and its importance,

Several of the most celebréted mathematiciens took part in the competit&on, ’
smong them, Monsieur Jacques Hedemerd, Signor Tullio Levi Civita, Herr

Dr. Korn, snd the late Walter von Ritz. The prize was ewarded to

Monsieur Hadamard,

As All these authors considered the problem from a purely abstract
mathematical point of view, their investigetions could hardly be used by
practical engineers and constructors, because the solutions were not
adapted for numerical éomputatibn. Only the method of wvon Ritz yieided
practical epplications, but the numericel work was very laborious,

About the seme time Professor B. M, Koialovitch, of St. Petersburg,
took thés problem as the'subject of his dissertation for the degree of
Doctor of Mathematics, Being a professor at the Technological Institute,
he considered the practical applicetions also, and developed a method of
successive approximations for the numerical calculetions, Whicb he
illustrated by the clamped 1 : 2 plate as an exemplCaessssecseeno
.,.,.About the yeaf 1908 Professor S.P. Timoshenko and his pupils at the
» Polytechnic Institute of St. Petersburg applied Ritzs»s method, and
modified it in such e menner as to greatly simplify the calculations.
Their investigetions are published in the Tremsactions of the Polytechnic
Institute, in Russian, of course, which mesns for Western Europe almost

»
the same as Chinesel
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A comparison between the results'bbtained from Professor Inglis0

solution and those given by the arithmetical method is tabulated below.

Inglis

Arithmetical

Mex, centrsl deflection

5,186 p N*/K

4 1
5,173 p N*/K

Mex. B.M. at centes of support -3.3715 p N® -3.336 p N®

Max. B.M. at centre of plate, +1,466 p N +1,463 p N®
(o~ = 0,3)

Max, Shear st centrec of edge 3.6728 p N 3657 p N

Negative Shear at corner of plate | -0,6244 p N ~0,36 p N

It may be noted thet, with the exception of the negative shear at the

corners of thﬁplate, the sgreement between the respective values is good.

Thddeflections throughout theplate surface also compare very favoursbly

with those given by Professor Inglis.
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Square plate, simply supported along the edpes snd loaded with

2 uniformly distributed load, applied along a centre line,

A scuare plate, A4,3,C,D, of side 8 N, simply supported along the
edges AB,BC,CD,DA, end loaded with a losd of emount W, uniformly

distributed along the centre aﬁne a-2, is shown in Fig. 14,
4N 4N
L

! | ¥

Fige 14,

The boundery conditions to be fulfilled in this problem are,
w=0and § =0 at ell points on the bounderies.

In this exsmple, the solution is obtained by meking use of the
particular integral and complementary function methods. For the
first part, the supports AD and BC are considered to be removed and
the plate is regarded as a simple span loaded with a central load W.
_The curbPatures and deflections throughout the released boundaries are
then eliménated by aepplying equal end opposite values from the Viw =0
fields,

For a besm, of unit width end spen L, loaded with a concentrated
load of emount p, Fig. 15, the deflection w of a point distant y from
the centre is given by the equation,

. 3
we - FE (59 - V) + Pllagie

P

\
: k/2

e e —
-y —
Fig. 15.

Using 8 N instead of L end replacing EI by K, the particular

integral for the plate is, —
#L 2 3 32!9'€7 wh '_ J!—

R AT DL, PR

t%‘i’- . -ﬁf_éms - .‘J'/z]. and
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end w values, as tabulated below, are obtained from the

above.
values. w values

¥ - pN/K oN® /£
0 100GO 10.666
0.5N 0.875 10.427
100N 0.750 9.750
1.5N 0.625 8.698
2*ON 0.500 7.333
2.5N 0.375 5.719
8. 0N C.250 3.917
35N 0.125 1.990
4. 0N 0.CO0O 0,000

To make the £ and v values everywhere zero on the boundary,

a settled field for v w = 0 is required with the boundary values

shown in Fig.15. 4 Q Fig. 14)

-1990 -3-0%7 -5%*710 -7-535 -g-69s ~-9-750 “10-417 -10-666

0
o *0
o I*<>ve ut-r+s pN/k/
* .
0 w . * 1Py
° Fit\d to bA iyMwttri cal ut <jd
(0]
0
@)
Afl o Ahi
Fig. 1lé«

This Field may be obtained,either, by gathering values from
Fields Nos, 21 to 28,or,by squaring in a similar manner to that
already described. If the first method is adopted, the "-"alues
are obtained first. The w values are made up of two parts,

(a) those produced by the S values on the boundary, and

(b) those due to the v values on the boundary. With regerd to
(b), the 10 on the boundary of Fields Nos. 21 to 28 is regarded
as a w value and the £ Field is used.

Thus, to find the £ and w values at the caatre point of the

Field outlined in Fig. 1l6.
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; value,
| 2 k] 4
Field No.|1/10 Cenirsl Veluc Boundary Valus |Cel.2 x Col. B,
5, Fields 21 1o 28 Fig. 18
21 20518 1.00C 0.0518
22 .10C7 0,875 0,0881
23 0935 06750 0.0701
24 0817 0.625 0.0511
5 L0871 0.500 0.0336
26 ,0614% 06375 00,0192
27 0344 0.250 0.0086
28 #0175 06125 0.0022
Tokal 0,3247
The required {velue is thsrefore 0.3247 p N/K.
w values
| 2 3 4
(a) : , v
Field No. | 1/10 Central Value Boundary Value Col.2x Col.3,
w, Fields 21 to 28 Hig. 16
21 «4721 ‘ 1.,00C 0.4721
22 « 9217 0.8756 0,.,8085
23 .8658 0.780 0.6494
24 » 7704 0.625 0.4815
25 .B472 0.500 0.3236
26 «503€E 0.375 0.1889
27 « 3447 0.250 0.0862
28 .1763 0,126 0.0220
Total 3.0302 (o0
(b) ] Z 3 4
Field No. |1/10 Centrsl Value Boundary Value Col.2 % Co\. 3,
g, Flelds 21 To 28 Fig.18.
21 .0518 10.€686 0.5530
22 «1007 10,427 1.0500
23 L0935 24750 0.911¢€
24 0817 8,ES8 C.710€
25 0871 7,333 0,4920
25 - L0B12 5,718 0.2928
27 0344 36817 0.1347
28 .01756 1.9¢0 0.0348
Totel (b

4,1795
VS,
The remaining values at points throughout the field are obtained

in the ssme manner, and. vhen the field is completegl it is added
elgebraicelly to the field of the particulsr integral.

Adding (a) & (b), the required w value is - 7,2097 p

The final Field is ghown in Field No.45. It may be noted
thet thel end w velues are zero at all points on the bounderies
and the fundemental equation Y*w = 0 is satisfied at all points
except those on the load line.

The § and w values for points on the load line cen be celculated,
if desired, from the following formulee,

12;‘=fa+22b-pN/K -

low, =FA + Z]B - 203 - p

s 0 00 000 o0 oo'.n-'l'ao.o(zg)

00-.0~nto.ooo.ano(2h)

The above are obtained thusi-

For a square of side 4 n, Fig., 17, loaded with e line load of emount

P per unit of length scross the centre¢ line 1.1, the centrall value

is obtained by considering scusres 1 to 4 in turn.
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Fige 17,
4m =a +b +;+b
1 1 ¢
4m2=a2+b2+§c+b
4m3=aa+ba+;c+b
41114!,'—'&ng-&bﬁ+;'c-l'.b5

s 4fm =Ja +2Yb + 2 _f,c, end for the centrel square, shown in a
dotted lins in Fig. 17, _
4§‘ =¢m - p n/K,by analogy with a beam with fixed ends.
If N =4 n, '
4;.' =fm - p N/4K, end therefors,
6% =4m-pNK,
=%a + 2Jb + 45‘ - p N/K.
128 =fe 2o -p WA _ o oo (29
Similerly, for the w values, taking squares 1 to 4 as above,
4fu = FA + 2]B + 4 LA n*fm, and, for the central square,
4w = TM - 4 nEg‘ , end therefore,
16 w = 4fM - 16 n®f
=fA+2[B+aw, -4n°m- 160"
slzw=TA+2]B-2N4 -pN/16K. . - ... __ _(2wy
An example, illustrating the use of formulae (2g) and .(Zh), is
as follows,- |
The central square of Field No. 45 is reproduced in Fig.l18,
It will be remembered thet the values are negétive and the w -

values positive,



5504 PVe |-5567 PV | 5504 PNk 29
3208 pNY | 3355 pNTk  |3298 p Nk
6088 PNic |-0753 P [ Ge88P"Ae
3400 pN¥/ [3-457pNYi [3-400 PNYic
5504 P |-5567 Pk | 5504 PYK
3208 PN/ [3-388 PN’/K 3298 FN’/\Q
Fig, 18
12 =%e + 2§b - p NK Ta = - 2,2016 pPW/K
;‘ 25b = = 4,9020 P--/
‘ -pN/K= - 1,0000 *
.‘.|2§‘= - 8,1036 p N/12 K Total - B.10%E
‘B = - 0.6753 p N/K.
12w =84+ 2B - 2838 . pN®/16K
¢ | ¢ S A =13.1920 pN/K
2% B = 27.0200 »
- 2 N2 = ~1-03506 ']
. = 3 41.5626 "
cow, = 41,5001 p N°/12K b WleK 0625 -
= 3.458 p N°/K, 41,5001

Deflections, sheering forces etc., sre obtained from the

settled Field No. 45, in & similar manner to that described for

the simply supported plate,

The maximum deflection, at the centre point of the plate,

is 3.457 p N°/K = 0,432 N?/K, where W is the total applied load.

Bending Moments at the centre of the plate.

At the centre point,gc = - C.€753 p N/K, and therefore,

VMw DA
Dx*

In this ex

~'w

Y

¢ }'3%1- - g;‘g - 1.350€ p N/E .

‘

ample,iggaand Sk» are unequal, but by using the expression

D l,on page 10, they sre estimated as 0.875 p N/K and 0,466 p N/K respect-

3
-ively?%%zbeing at right angles to the load line.

The bending moments, M

and Mx are then,

My = ( 0e875 + o~ 0.476 ) p N, per unit of length,

M= ( 0.476 + o~ 0.875 ) p N, per unit of lengths

Shearing Force along the boundaries.

The shearing forces Sx and Syvare shown in Fig. 19,

The maximum intensity cccurs at the centre point of the boundaries at

right engles to the load line. This meximum value is 1.37 p, per unit

of length, where p = WVSN.

The épplied loed, 8 p N, is obtained by integreting the values along

the bhoundaries.




Shearing Force alonpg the boundaries
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-464p |
1 682p - '
367p Load Lime
Fig, 19.

Torque along the boundaries

The torquesper unit of length, along the bounderies of +the rlete, dre shown
z A pA Y4 A pA
in Fig.20. o. @ o o %__ Q. o %..
N @ on E 8 @ 8 e« ¢t
N S S - -
o o o o o o o o 9
Pral
& s - - o - o‘
. N T S S N S
< = = - - = >
(1-090-472pN o e . ~
(1-0Y0-472pN -
0-’)0'455FN —
- 4N > -

G -0~)0'4SOPN——
(1-90-392 p i |- ;
(\-'-50'350\9“‘ —

(-o)o-225 pN —

‘ lLoad Line

Fig.20.
the corner load = 2 T = () -e~) C.044 1 M,
e / : s
= (1 -0 0,113 %, whore W = total lomd on the olate,
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Reaction slong the boundaries.

or Pl
The reactions, R = § Qv'gg' o and R = § + dx » 8re obtained in
b4 X v y

the same msnner as previously described for the uniformly loaded plate,
The meximum values are,

Ry = (2.02 -e~0.65)p, at the centre point of the boundary at
right- engles to the losd line,
and , |

-

R, = (0.43 -e-0,18)p, at the centre point of thé boundary parsllel to
’ the load line.
Contours of deflection are plotted on Diagram No.3 , end the distrib-
~ution of Shearing Force, Torque,end Reaction,along the respective

boundaries, are shown to scale on Diagrem No. 4 .
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Dl'agr'am NO 3

Sqguare Plale, of vniform [ hicKpess, simply .s'u/g/oorfea/ 4
al the edges and /oaded with a uniformly dislribuled

/ine load across o cernlre /mme.

— DeFleclion Coﬁfours —

| Load

1L/irme

L

Lengf/» of side = 8N

Y

. . ) . 3
Maximum DefFlection =3-457 PN/K

7o/a/ Load = 8/0/\/
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D iagram N °- 4

Scgjuare PfaTe. of un/form tn/cf<ness , stm/ofy sufo/oorTed

atonai Tine Oc/eaes ,and /oaded n//TA C\ uniform |y

d/str /touted 1line, load across a cenf're hog.

L)i$Sfrtbutton of shear/r=? Poroe, react'on

and torque a/onq the edges

Mc\k.Va/oe
—————— ~/o~CEEl/ &

Sh«cxrirtcj Forc&
Mcxx Vexlue *0'2S /

Comer Load

Max. Torque,
ft O -412pN

— Scales —
o5 ho

£/-o0-J/?A7/

-r)p
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Square Plate of side 8 W, simply supported along the four edges,snd

loaded with a uniformly distributed load along a2 line parallel to an edge

and distant 2 ¥ therefrom,

ABCD, Fig., 21, represents a square plate of gide 8 N, siﬁply
supported along the edges end loaded with a uniformly distrwbuted loead

of emount W aleng the line b-b,

A& 3

I A

Zz

¢

. , , 2

bl Load| Lnwe Jpo

: Wa8 P‘Q Z
o

o Fig.21. ¢

The boundary conditions in this problem are the same as in the
preceding one and the method of solution is also similar,
With the supports AD and BC removed, then,for a beam of span L and’

unit width, loaded with o concentreted load p at the quarter point of the

spen, the following expressions for deflection are esvailable. Fig,22,.

— 4
-t—-"/4-—-5'-< 3"/4 .F_'igk. 22-:
For sections on the long segment distant y from A,

pay b*+2ab -y?
IEL C [ )

end, for sections on the short segment distent y, foom D,
w = Pby (a"+2ab-s.")
i IEL 6 .
Substwtatlno 2N for &, and 6N for b, end using the flexural rlgidity

K for the plate, the above become,

» 2+K(GON ‘-S) and,

\ — kd L. ),
o= B (28NT- )

%% - Py
~'~°$:. = W =2;‘9W\0L.

2!:2. _ =3 So
'bs'l - 4‘< zg

The ; and w values, at regular intervals of N/Z,are obtained from

the above end are as tabulated on the next page.

“ho
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b yction ~ Values w values
- PV K.

Wt

0 0 0

C. 5N Go1075 1.7314

1.0N 0o €375 3,3750

1.5N 0,5625 4.8281

2. 0N s .ON 0.7500 6.0000
o (M 0.6675 6.3177
5. 0N 0,6250 7.2917
4. 5N 0,5625 7.4531
4.0N 0.5000 4
3. 5N 0.4375 6.9635
3*0ON 0.3750 6.3750
2.5N 0.5125 g cogo
> .ON 0.2500 4.6667
1.5N 0.1875 3.6054
100N 0,1250 2.4583
0.5B 0.0625 1,2448

0 0 0

The corrects ons fox* the above boundary values are obtained in the
seme manner as in the previous example. By adding these to the particular
integral fields the solution to the problem is obtained,. This is shown
on Field Noc4§S- £ Because of thellack of symmetry in this case, the labour
necessary in grouping correction values from the t w =, fields is very-
great. In actual practice., however, only a few values 8.long the load
and centre lines would be required for design purposes).

It may be noted thatthe £ and w values along the line 1-1 . Field No.
45 are reciprocated along the 1line2-2 on Field No, 46. Field No.45
can therefore be built up from Field No, 46 thus*. -

A section through the centre line of Field No.46 is shown in Fig. 25a.
By extending this to AC and BD as shown in red,a field is obtained for
a rectangular plate, 24 Uby s N, loaded with two upward loads at J and QO
and a downward load at F, A and B being points of contra-flexure. If the
L and w values on the part EF are added algebraically to those in the part

HG, Field No,45 is obtained.

Deflection. The maximum deflection is 2.49 p Ns /F. This occurs at a point
on the centre line of the plate approximately mid-way between the load and

the centre point. Deflection Contours are plotted to scale on Diagram No.5,

Shearing Force. The shearing force values at points on the boundaries are

shown in Fig.25. A maximum value of 1.523 p, per unit of length, is reached



at the point where lop/  line meet

UiiC boundaiy_
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0'4Mp

0'G30p

Loaol L'me

V323f

0'577p

0'323p

0'14£p
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r- fo
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1igj 2o

Torque and Rgaction along the Boundaries.The maximum

per unit of length occur at the corners of the plate

line. At these corners the torque*:ar€ (1 -*-)0.5 pN,
(+ _<x) 0,24 pN. The corner loads are therefore, (1
(1 ~cv) 0,48 pH. The maximum reaction,

(1,353 - 0,56 ex.,p .

The distribution of shearing force, reaction,
plotted on Diagram No.s ,

Other useful solutions,

the plate,

torque etc.,

torsional couples
nearest to the lead
at the others

—**)e 1.20 pN and

per unit of length,is equal to

are

with two line loads in various positions on

are readily obtained by using superposition methods similar to

that previously described and illustrated on page 35,
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Losd

Diagram No 5

-
I

Sguare Plale, of side 8N and uniform Ihickness,
Simply ;u/g/oorf'ed at fhe edges and [foaded wiTh
a vnjformly distribuled /ine Joad across a line
_/oara//e/ To an eage anrd dislan? 2N TherekFrom.

— Defl/ecfion Conlours —

K
%

Line

2N
——

5 il . n —— ] 1 ] i ] ) |

Lengf'/; of si/de = 8N——-————-—-———»-.

ot -

A ]

Moximum Deflecl/ion = 2'5PN3//<

Toral Load = 8/oN
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Dlaclr nn N°- G

Square Plexte. of s/de 8 Al c\nd on/form tf/elCness, simjo/y
Su/oported at ~tlUe edctes and loaded with o uruforrnly

dis/r/buted /me lo&d across CcK hne joaralle/ to an

crnci distant 2 Al therefrom.

Distribution of shearing force, reacf/on
and torque along the edges

corner Load &_
* (j- °~) 0 ©0b rV

x> M ax.Value
\
Shc&r/r>g Force
QO-0*) O Z+foN Mcxx -Va/ue 0-0* 4.
Max-
= M323/0

= [T-C) 0-IS W

— Scex/es —

Induced .
keac fton
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Squares plate of uniform thickness, simply supported along

the edzes snd loaded with a central concentrated loasd of

amount, e

The fundemental equation for the deformation w in this
problem is v%w = O, This applies to all points except under
the loed,

The ; and w values are zero on the boundaries,

‘With a point load, the stresses st the pbint of contact
are infinite, but a. point load exists only in a methematical
sensey In every practical case the load is distributed over
an area of contacte. The problem is then solved by assuming
that the loed is uniformly distributed and that V% = a constant
is the fundamentel differentiel equation throughout the area of
contact, Or, the load may be concentrated as s line load over
e small 1ength.of the plate, in whidh case the formulae developed
previously are applicable,

| The results depend to some extent on the size end shape of
the area of concentration, but ths method which is described later
is readily extended to meet most cases provided the solutions are
known for the particular area or length assumed, If the loaded
area is a square, the solution for the fully loasded simply supported
square plate is necessary; if a circular or elliptical area is
assumed, the solution. for the fully loaded simply-supported circular
or elliptical plate is necessary, etc., etc,

To get a solution to the specified problem a value of‘; ecual to
- 10 units.is epplied in the first instence at the centre point of a
square field of side 8N end a settled field obtained for VE; = 0,

In this case the formulae applicable to every square but the central
| square ere (2e) and (3c). The central value, Z = w10, is kept
constant and no squaring is mede on the central squere. From the
settled § field, the w velues satisfying 4w = 0 are obtained using
formulae (2f) end 3(d), but, in this case squaring is allowed to take
place across the central square, The settled fields thus obteined
are shown on Field No. 47,

The § field represents to some scale the required L field for
the concentrated loed W, but the w fisld requires further modification
since no account was. teken of any load term when squaring ecross the
central square.

The houndery values oi‘ir- , Fisld Yo, 47, also rspreszent
x
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scale the sheasring force slong the supports, and the central lo=sd,
which must be applied to give ; = = 10 at the centre, is therefore
obtained by integrating them slong the boundaries.
o Y _
Using Simpson s Rule for arees, the value ofi (5‘;‘ As)=l.535 x 1l1.35€.
The centralz-value, for & load W at the centre, is therefore,

10 i W |
727( ' 3%% X Hvssej s since ; x l/z(VQW).

oo § == 04331 WK is the required velue st the centee of the plate

loaded with the concentration.ﬁ.
The remeining J velues throughout the field are obtained pro rata
from Field No., 47, end are shown in Field No. 48,

. In view of 1ater remarks, it may be noted at this stage, thet if
the load W were assumed to be uniformly distributed es a line load over
the length N/2 of the plate, the 4 valﬁe as obtained from Formule (2g)
‘would have been = 04328 W/K, | |

The w values are then established as followssw

A preliminary field is prepared using 0s0331 x (the w values on
Field No.47), This field is then corrected for the load term in the
squares formula.

Thus, in the square of side 4 n, Fig. 24, theconcentreted load

is applied at the centre point D.

A, b, As :
Ao B' Al . .- -
| y;_l___ My
M H
be 1Load 2 b,
64 . w‘ ! BZ
Ma _| ____im,
4 M,
anr by >
) 5
Pa s
l.‘_. An =N _ |
o Fige 24,

By teking the squares 1 to 4 in turn, as.formerly,
49m =Fa + 28Eb + 48 . |
In the central square V*w # 0, end therefore,
4;b =(m +my, +my +m, ) -2, where Z is a load terms
S 40, = Em - Z,
1eg‘= $a + 28b - 4 Z + AL,
o 125= Za + 2%5b - 4 Z. P €Y

Similerly, for the w values,

"

12 'v\y“ EP& + ZZB hd 52 nggc -~ 4 ng Zono-o-vv-ao-..-c.o(b)

For ¥ = 4 n, (a) sand (b) become,

; o
12;‘: Fa + 2F¥D = 4 Zeveoenncnoen P ARPIIPS W NP
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and ,
12 w. «*A + 21B - 2 -W2Z/4......... (k).

To correct for the last tern io the above, Ne Z7Z/48 is subtracted
from the central value in the preliminary field and the field adjusted
to suit this deduction by the method o'f differences.

The Z value 1is found by applying (2j) to the central square.

(i.e. the £ values on Field No. 48.) Therefore,
12 x 0.331] (4 x 0.1476) - (s x 0.170-3)] = 4 Z/(.*/w)
y. Z « + 0.5049 W/K, and,
N27/48 = 0.0105 W Ns/K.
The final fields are' shown on Field No.48.
Bending Moments under the Load.

As mentioned earlier, infinite stresses are produced by a
mathematical point load, but finite values are obtained by assuming
that the load is distributed over an equivalent small area. In the
following analysis it is assumed that;-

(1) the equivalent area is a square of side C,

() the thin plate theory is valid throughout the equivalent area,

(3) the £ and w values of Field No, 48 are sufficiently accurate
at all points except the load point.

The central square, A B C D, of side N, loaded with a uniform

concentration over the square of side C is shown in Figure 25.
N
5 tet»orvd Of
Ul1fi.Kt* K

COUteU*

Supports,

\ Ar L\ Bt

The Igal&teA @o,S5 is regarded as being eouivalent to,the sum of.
(a) a square plate bent by couples applied along the boundaries,
V*Sv ~ o , being the fundamental equation, and,
(b) a square plate simply supported along the bounde.ri es end loaded
with the loading in square C, V"w = a constantt being the fundamental
equation.
In (a), the boundary values are taken from Field No. 46, and
the central £ wvalue is calculated from the available squares formulae.
For (b) the solution is obtained by applying the load over the whole

area. A B C D, in the first instance.
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Thus, the centrsl scusrs with the ; valusg of Field No, 48

is showm in Fig. 26, -

Fig. 26

(2) g, calculated from Formule (ie) = 0.1627 W/K
(b) From Field No. 1, the § velue aﬁ the centre
of a uniformly loaded squerc plate of side N = 0.0369 W/K
Adding (e) end (b) the  value of 0.1996 W/K is obtained et the
centre of a square plate of side 8 N when a load is concentreted
over a central square of side N.” By symmetry, My= My’ end therefore,
if A is used instead of 8‘N to denote the full plate dimension, - =7,
for & rétio C/A =1/8, M = My = (1 +o~) 0,1696 W, per unit of length,
This is repeated with a larger square from Field Noe. 48, say, for

exemple, of side 2 N, Fig. 27.

0903 |-1087 |- V1e7 |-1087 |-0903

1087 -1087
‘|67 Be le7
1087 1087

090

Fige 27
Agein, the §_vslue is found from Formula (3c)o This gives
g, =0.1104 /K. To this is added 0.0869 T/K, snd therefore for
e ratio C/A = 1/4, M, =My = (1 +¢~) 0.1473 W, per unit of length.
Ineidentally, (0.1473 + 0,1104 ) gives the coefficient 0,268 for the
ratio C/A = 1/16, and, ( 0.1473 + 0.1627 ).gives the coefficient 0.31
for C/A = 1/32, |
In the above menner, bending moment soefficients for ratios C/A
ranging from e very small finite value to unity sare obteined. These

are plotted on Diagram No. 7 .
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If the load is concentralad ovsy o cireular srsa of dtamcter D, a
cylindrical section of the plete ic ilsclsted in the first instance.Fig.28,

|3

Load W

2 x %
| %

0, — l"b"l
IE]

Fig. 28 Fig. 28a.

If the circle is not too large ir diameter, it is reasoneble to
assume that the value of g at the centre, produced by the boundsry
couples, part (a), ié thz seme as the ; value at the point where the
circle cuts the x or'y axis.

At the centre of a simply-~supported circulsr plzﬁe, the radial end
tangential flexural couples are both equal to (3+o~)w/ls1t, where W is
the total uniformly di stributed load.

The bending momentsfﬁnder the load are found thus:-

&

For D = N and o = 0,3,

Ma’ parf (), V& = 0, = 0.17 (1 +o) W = 00221 W

.Mb, part (b), v* = constant, = (3 +ov) W/16m = 0.0657 W

;. for a ratio D/A = 1/8, N = i = 0,2867 W
x

This is repeated with D = 2 N and D = 4 N for retios D/A = 1/4 and 1/2,and
these values are then used, as formerly, in corniunction with an igolate@
square section, Fig. 28 a, to obtain the solutions for smaller values of
the gbove ratios,. The results thus obtained, with different vdlues of
Poisson's ratio, are plotted on Diagram No. 8 .

~ For a high concentration of load, Westergasrd gives,

De = 2 JO-4 D® + n® . 1,35 h , where h is the plate thickness,

as the equivalent dlameter De of the loaded disc to be used with the
thin plate theory. For a point load, the equivalent diemeter is therefore
0.85 h;

If the léad is concentrated over a short length of a centre linme,
the seme procedure may be followed using the previous line lcad solution.
Thus, for a loaded length L end a ratio L/A s E/B, B

M, = (140-) 0-162T W + (0875 + & o-47e.)w/8 «~ (0-272 4 0-222 o) W,
end, for L/A = 1/4, _

Ms:(;"-)o.uo‘tv V_\/ + (04875 + o~ 0'4—76)“//8 = (04221' O'I70~)VV.
The above ere slightly inaccurste tecause of the assumptions of symmetry

when computing the flexural couplss preoduced by the g values on the

zd PEAN o line load, the flesldsg are

e

houndary of ths 3sola
3
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symmetrical about the respective centre lines and not , in addition,
about the diagonals as in Field No.48.It is thought, however, that the
inaccuracy 1is negligible and Diagram No,9 has been prepared accordingly
to meet the case of the line load concentration.
Deflections.

It is of interest to note the effect of distributions of load on the
deflection values of Field No.48.

-Considering, in the first instance, a uniform distribution throughout
the central square of side N. As formerly, this portion of the plate

is isolated from Field No.48 and is as shown in Fig.29.

* 1476 4703 o478
'10S 70 _roy

7 values have units -W/K
i ¢ 4417 (01
729 123 w values do. do, W N2/K

1474 1703 '1474
"L w2 703

Fig.29.

Applying Formula (2f), w_ = 0.7475 W Ns/K, where wa is the deflection
as in case (a), page 4 \.
Also, for a square of side N, the central deflection produced by the
uniformly distributed load * W 16.7206 WNe/ (64)sK » 0.0041 W N /K.

wa + wis s 0.7516 W N2A is the required deflection at the centre of
the plate loaded as above.
Or, if A and C are used to denote, as formerly, the plate and loaded square
dimensions, then, for C/A = 1/8, w = 0.0118 W A: /K.
It follows from the above that (0.7475 4+ 0,0118)W N2/K is the deflection
at the centre of the plate when the load is distributed over a square of
side N/s .
i.e. for C/A * 1/64, w * 0.01185 W As/K.
Similar calculations give central deflection values of 0.0114 W A2/K and
0.0099 W A2/K for C/A ~ 1/4 and 1/2 respectively. The above values
are plotted below and it may be noted that deflections are not particularly

sensitive to changes in the area of concentration of the load,

0.015r

0.010

0.005

© 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0,9 1.0

Ratios C/A

Contours of Deflection and the distribution of Shearing Force, Torque

etc., along the boundary are shown in Diagram No.10.
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_ D tagrgnn N--10

S q uare. Plate, of umf-orrn Thickness, S/n*/ofy sup /oprTed
at the edges and Jloaded with a cenfra! Conoerifrc\fed\

load /V.

Max. Deflection,o-7b3 *L£L
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Square plate, of uniform thickness, simply supported along the
edges and loaded with s concentrated load at the ouarter point
on an axis of symmetry.

The solution to this problem must satisfy the same requirements
as in the preceding case of the central concentrated load. It may be
obtained in the same manner, but advantage may also be taken of the
available vSv - 0 fields and the previous solution on Field No. 48,
The latter method is described below,

EF G D, Fig, TO, is a part of Field No. 48, forming a rectangle
s T by ¢ I, in which the £ end w values are zero along EG, FD, EF.
To complete the square of side s II, the portion A 3 F E, shown in red®

is added.

V4
c*
E
2
L<W
\\’ 11 w
J
c — WT D D~

Fig, 30,

The £ and w values in the added portion must satisfy the fundamental
differential equation and must not produce any discontinuity along the
line EF, These requirements are met by producing the field C D F E to
AR -with values of £ and w equal numerically butofopposite sign to those
at corresponding points in the part ED.

The preliminary field thus obtained is shown in Fig. 31, It
satisfies the loading but not the boundary conditions. The boundary
values are corrected by applying equal and opposite values and a
correction field is built up from Fields Hot. 2, 36, 37, 38, ...43,

In this case,however, the equal and opposite nature of the boundary
values along AB and CD, makes it possible to usetherectangular fields,
s N by «+ Ns referred to previously*on page 18.

By adding the preliminary and correction fields algebraically,
the solution to this particular problem is obtained. This is Shown
in Field He, 49.

Deflection contours, obtained from the above field, are plotted

on Diagram Ho. \l , and the distribution of shearing force,etc., along

the boundaries, on Diagram No. 12.
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-.083 -.164 TIT.241 -.312 -.374] -.424 i-.456 [.467

.0065 .0130 .0197 .0263 »0326 .0379 .0416 .0429
-.064 -.127 -.186 -.241 -.288 -.324 -.34, -.356

.0043 .(087 .0130 .0173 .o02:: .02441 .0265 ;.0273
-.044 -.086 -.127 -.164 -.195 -.219}-.235 ~-.240

0022 .0043 .0065 .0085 .0104 .0119 .0129

~oz: —.044 -.064 -.083 -.098 -.118 ...,
C 0 0 0 0 Il C
c r o 0 Q 0 0
rr?® 0043~ .0065- .C035- .0104- .0119- .0129 -.0138
.044 .064 .083 .098 .11+ .116
other
V alues
as
on

Fleld I\bll 3_8’
Load [-.3310
f .763

.0085- .mD173-.0263- 0356- ,0448- .0531- 0591 -rC£I3
.083 0led4 .241 .312 .374 .424  .456 467

"I, values have units WK
w values have units W T5/IL

V4w - o P at all points except the load point.

Fig;.. 31%
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Bending Moments under the Load,

The bending moments under the 1osd are obteined in a similar

. 4 4 . Y | = . - }'VJ -bx\*l
mannsr to that previously described, In this case,hovﬂfever, /3:‘1. "b—;?"‘ ,
and it is necessary to separste these componsnts from the ; values -
in order to compute the respective bending moments Mx and, M .

: y

Thus, for the square of rcide N with the load concentrated over
a central scuare of side N/4, thel end w values at the boundary,

‘ebstracted from Field No. 49, are shown in Fig. 32.

—.__ - -———-—-N - —b
1326 {550 11326
624 . 547 ‘524

A
VN7 il IPY
- 48 U, ‘491

‘97 | 4\7 1197
407 © 426 407

Fige 72
: , o) = Wi
Theg value ot the centre of the square, Formula (2¢), = = 0. 1434 /K

end the w value at the centre, Formula (2f), = -50§ WN/K. T -

2
- The data necessary to evsluate }.5-9‘1'; and%:—‘:"-t are thus available, and’

by arithmetical differentialion of the w values,

2;::’. = -o'téw/\(, and
y* -
Y, = =03V,

Ay

From Disgrem No. 7 , for G/A = 1/4, My= (1 +o= ) 0,15 W,
The meximum bending moment under the load is therefore,

My, = (0416 + 0.13¢=) + 0.15 (1 +0~ ) W per unit of lepgth,

.

H

(031 + 0.28¢7) Tiv,per unit of length.
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D/'agram NO- [/

_équare Plate, oF unForm 'ric:Knress, simply Su/plporfea/
al The edges and /oaded ol The guarler poinl with a

concemlraled /'oad W.

— Deflection Conlours —

/.engf'/v of side = &N >

Max. Defleclion = 0-548 H/NZ/K




55

D/c’tham £\~ ~

Scfuare Plate, nt <>ntfo rrn thic.K.nessf S/mfo/y jfu/Q/oorte d
at the -<dges and Jloadea/ with a concentrCltcd foact t\f

ext the. quarter y>oiot.

Qisfr/but/on of Shear/ngq force/ Peac f/on

and torque along *he edges
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Square Plate of side 8 ¥ simply supported along the boundaries

and symmectrically loaded with four concentrated loads esch of

= .
smount W at the qusrter points.

The losded plate is shown in ['ig. 33.

;

A ! 8

Fig. 33

The ; and w values are obtained directly by adding the wvalues

from four fields similar to Field Vo, 49, 1In this cese the field

is symmetrical also about the diagonals,snd a closer approximation
"is reedily obtained by further squaring. The settled field is shown
on Field No. 50,

Deflection contours etc., are plotted on Diagrem No.|3.
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Squsre Plete of side 8 ¥, losded completely with a urniformly

gistributed load, simply supportdéd on the boundaries and propped

ot the centre snd ausrter points so that dsflsctions are zero at

all supportse.

The plate is shown in Fig. 34, the intermediate props being at

the points &, F, G, H and J.

X ,
A BOUHJA!’{ 5!-.‘?,90"1' B
> YF :k-_ Total Load W = G4 p N}
;&‘ Prop Y uniformly distributed
A4 - E:y_ﬂs-\n y over the Pla‘fe.
o Py fep  Pepop
g X 4
: i " T
Y ¢ 2
& e 3
Boundary | Support
D ".Ix c

The solution to this problem is obtained by combining the previous
solutions of Fields Nos., 1, 48 and 50.

With the props removed,the deflections at the centre and quarter
points,from Field Noa 1,are 1647206 p N*/K and V2. 0950 P N*/K respectively,
If the loads on the central and quarter points are A end B respectively,
then,

0.763 A + 1,8625 B = 16,7206 p N%, and, ; ’

0.467 A + 1,3854 B = 12.0950 p N=,

-
{

= 3,406 p N, end,

Res]
|

= ¥.582 p NR.
Of the totel load W on the plate,TV ="64 P N2, 0.0534 W is taken by
the central prop, 0.1183 W by. each of the guarter points props énd the .
remeinder, 0.4734 W is carried on ’ché"t;oundary supports.

The § end w values are obtaiﬁea by multiplying the values on Field
No. 48 by 3,406 p N;;,, and thoss on Pield No. 50 by 7.582 p N}Eaand subtracting
the sum of the fields thus formed from Field No. 1. The resulting field
is given on Field No. 5l. |

Def‘lection contours etc., are plotted on Diagrem ﬁo. 14 .

.Bending Moments.

The meximum negétive bending moment occurs over the querter point
supports,end the value of this bending moment is ascertained, as formerly,
by considering the srea of the support in contact with the plate, .In

this case, because of the lack of symmetry and the wide variations in the

g velues it is necsssary to subdivide the losded scuare in order o obtaln
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a more accurate estimation of the quantities%, and),-:%‘ than that which
would be given by applying Formulasz (2e¢) and (2f) to the isolated square.
It is simpler, therefore,to determine the values of the Bending Moments
from the separate fields7vi_z., 1“1@1&5 Yos. 1, 48 & 50, and to add thess

elgebraically, If the prop reaction at F is uniformly distributed over a

square area of side N/4, the following are obtained:-

My

L}

- ( 1.52 + e~1.04 ) p NB,
and,

My

subscripts x and y denote the flexural couples for plenes perpendicular to

i

- (1.04 + e-1,52 ) p N®, per unit of length, where the

the axes of X and Y shown in Fig.34.

Shearing Force, Torque etc.

The boundary wvalues of these quantities are given,onD.idg,N"M. They
were obtained by mechanical differentiation of Field No. 51, but,in this

case, the squares were sub-divided for e distence N from the boundary.

( This problem is interesting also from the constructionsl side of
reinforced concrets where floor élab shuttering may be removed a few days
after the concrete haé been poured provided the floor is propped to
avold exoéssive deflection., Over-propping msy result in a reversal of the
bending moments with dengerous consequences unless double reinforcement

is provided ). -




58

D No 14
5Qudarc Pigfe , of uniform thickne 3S, Sinnpi" ®SUuPporte <d
On the e d<gea and propped at tine centre and Quarter
points 0P Tine A and loaded With a uniformls_
distributed load.

Deflection Contours

Max. Detlectiop r 0-66 Pn/k

Corner Load | Z(i- pN2
Total Load - 64 p N2
Load on centre Jjorop = 2'40& pN1
Load

on Quarter ep(Olrit jorop = 7'582 p N 2

Distribution op Shear, Tor<que and Reaction on tine

edges at the p late

Ma*. Shear

1*16 p N Ma x
(1-54-*38*-
Max. Torque 0'4(l -®-)pN
0_6(|_®*) pN2 . -0—5803-i|es
Shear 1 | I o1l p H
Torque f 1 i ~1-0.) pN1
Incluccet Reaction T 71 . Cl-<) pN
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Rectangular plate, 8 ¥ by 4 V¥, simplyv-supported on the boundsries

end loaded with a line lcad slong the long sxieg of the plate. Fipges35 »

e — 8N — - —=

Fig.35
The solution to this problem ig shown or Field No. 52. It is obtained

by folding Field No. 46 egbout its centre line end subtracting corresponding
values..
Deflection contours, etc., are plotted on Diagrem No. 15 .
The maximum bending moments are at the centre poin%lof the pkate,
the values being,
My. = (0.812 + 0,1190~ ) p N, and,

M = (0,119 + 0.812¢~ ) p N, per unit of length.

Rectangular plate, 8 N by 4 N, simply-supported on the boundaries and

loaded with & concentrated load ot the centre point,

The solution to this problem is shown on Field No. 53, It is
obtained by folding Field No. 49 about its centre line and subtracting
corresponding velues,

Deflection contours etc., are plotted on Disgram No. lo .

The ‘beﬁding moxﬁents under the load a;r;e calculated as in the case

of the concentreted load at the quarter-point of the square plate,




Diagram NO- 15
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Effect of the size of the network on the accuracy of the results,

It is noted previously,that a network of 16 squeres gives a § valus
of =2.42 C N® at the centrec of the simply-supported square plate loaded
with e uniformly distributed losd. This is about 2,5 Z greater then the
true value and a similar network gives the centrel deflection elso about
5 Z'in excess of thet obtained by using 2?6 squares, As these are limits
which are in accordence with the design requirements of many practical
problems, it is of interest to investigate further the effects of the size
of the network on the accuracy of the results,

For the'V*w = 0 fields, Nos.Z to 10, a coarser network is readily
obteined by folding them about their respective centre lines and subtract-
-ing corresponding valucs, Fields Nos. 54 to 58 and 59 to 61 are the
resulting fields for networks of 64 and 16 sGuares respectively, and
Field No.62 gives the solution to the@articular problem of the concentrated
load at the centre of the simply-supported square plate when a network of
64 squeres is also used. lhe latter was obtained by extracting the values
from e centrel square of side 4 N from Ficld No.48 and liguidating the
boundary values by mesns of Fields Nos. 54 to 58,

A comparison of the results obtained from Fields Nog.48 and 62 is

ag followss~

Square plate of side A, Central Concentrated Losd W

E . - ’
Dsscription Network Network yA
=58 squearcs 84 squares differencs.
iiax,Deflection. t.011¢e2 Wﬁ?/l 0.01222 WAR /K 2,5
Bending loment M =t | 0,258 (1+e)T o255 (14 o= 1.2
(C/a = 1/186). ¢
Max. Bouhdary Shear Co4144 W/A Co384 ¥/A 703

The sgreement between che’respective values is very geood with the exception
of the shearing forces or other guantities which are computed frem the
gradients of the § and w fields. It may be noted,however, by comparing the
actual § and w values of Fields Nos.48 and 62, that a very close agresment
between the respective values of shearing force, torgue,etc.,may be -
obtained by subdividing the boundary squares of Field No,6Z when
deterﬁining the boundary gradientégéznu{%ﬁby arithmetical differentiation.
In the sbove comparison, no subdivision of the boundary squares was msde.
It is condluded,therefore, that for many practical problems, =zspecially
those relating to simply-supported rectanguler plstss, the retwork
hitherto used is unnecessarily close and the ircreese in accuracy iz ot
;ustified by the smount of additicrsl labour which must be svpended.

The main reason for using the fine network in the previoug ewsmnls:s



was not to afford the above comparison but to provide a selection of
s —itled fields having different loading conditions from which portions,
jetangular or polygons! ay be cut, together with a comprehensive jriei
of Vdv =, fields for ligquidating the boundary values on the primary field.
It is possible to get e direct solution by solving several sets of
simultaneous equations in the first instance, but when the number of
unknowns becomes large it is probably simpler to revert to the usual method
of squaring. Ir this event, a judicious selection from one or more of the.
available Vw =, fields will leave small residuals only or the boundaries
which are more easily eliminated than the full boundary values.

Fields Nos 54 to 53 are also usefully employed in squaring the
correction fields. A rectangular plate, lengthybreadth ratio 1,5/1,
simply-supported at the edges end loaded with a central concentrated load,Wt
is shown in iig.34« This part is taken from Field No.48 and has the
overall dimensions of 411 by «H, each small square being of side IT/2.

T: ulLimmste trie boundary values, or the residuals if the availab'
correction fields are used, plausible values are selected in the first
instance for the points on the line GH and these jtogether with the

values on the boundaries AG,HD"a.nd DA enable £ and w values to be
computed for points on the line EF by using the values on Fields Nos.54 to
58. Square EFCB is then taken and new values obtained for the line GH and
this process Is repeated until the changes in the values on GH and EF

are negligible. Intermediate values are then filled in using the above

Fields and the correction field Is added to the primary one.

F H
Fig, 34,
Fields Nos.59 to 61 are also useful for filling in values in isolated
squares»
S:+ abs continuous over several supports. 50
It may be seen by reference to Fig, 3lithat if the boundary values
on that field are liquidated by adding a similar field with the values

reversed end for end, a settled field is obtained which has a load

at each of the quarter points of the Y axis. Fig, 37*
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Pig.57 Fig.28.

Similarly by extending the original field for various distances, other

ields having the double losd symmetricelly placed on one of the centre
lines are readily obtsined., It follows,alsc,that if these fields are in
turn‘extended in the other direction, settled field are made availsble
which have 4 concentrated loads symmetricslly placed with respect to the
X end Y axes. Fig.38,

It is easy,therefore, to get solutions for slabs which are fully loaded
and supported at the edges and at intermediate points, but although this
loading gives the worst conditions et the intermediate supports it does
not meet the case of partial lecading which produces the most unfavouréble
effects at the centres of the intermediate panels. In the latter cese,
it is sdvantageous to combine the results from different sizes of plates,
each of which has been divided into the same size of network. This is
demonstrated in the following example.

A flet slab floor, A B C D, is shown in Fig.39. This floor is supported
at the edges and at intermediete columns,BE to M, which prevent dsflection
of the floor at these points and do not resist bending moments but mersly

teke direct load.
A | D A D

ZN | 2N iZN | 2N

L .} 6 T 4M 7 4
. | %
- ' 2
Blzn|2znfan [ 2N |C B ¢
Fig. 39. Fig.39a.

For a uniformly distributed lozd fhroughout the entire floor area, it is
necessery to solve 3 equations to find the loads on the columns E,Hj and 1,
and to combine three fields with the primary one as in the previous
propped platec problem.

For superimposed loeding on any part of the floor, the most
unfavourable conditions at the centres of the panels cccur when the aress

shown hatched in Fig.2%9a are lcaded only. Tc obtain a primary field in

oy 0y L= o Aald vewdvio thae pvroner lnaddwme ~oen
= LRI LIS A w el ERP LilE,

e s
T R
» 1ee. & fisld @ dittons bul with tre

S iib ; [ T v
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intermediate supports removed,it is necessary to use quare fiel'd
of side 2N which has been settled, with a network of 16 squares. By
extending this field as in the previous examples, i.e. using a series of
spans -with .upward and downward loads alternatelyf.the field shown in
Fig. 3% 1is obtained, which, when combined with Field TIo.l gives the field
/

shown in Fig. 39c. It is only necessary to halve the'f and v values on this
field in order to get the required primary field.

A further difficulty arises in the case of the column loads. The loads
on each of the columns at F,H,L end J are equal and,similarly,.,for E and M,
and G arid K. It is therefore necessary to obtain the solution for a plate
or slab loaded with two loads symmetrically placed on a diagonal. Fig.39P.
This Is found by- using the previous method of alternate upward and downward
loads as illustrated in Figs.39d,39e and 39f.
The necessary data for finding the loads on columns E,H,K and I are now

available and the method of procedure is similar to that previously

describede

h- _ - 8N
TO
ffr
BE H K
Areas-loaded with
downward loads F 1 L
&) are shown in black
Areas loaded with 6 J M
upward loads
i are shown in red.
&
2N
Fig.39b.
D r [1irrnlk
4_W Z tm - yt
B
H
£ +W z
¢ ’ L
& C —
Figo 39d. Fig.59%e.

2W

2w,

Fig.59f.
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Beams &g intermediate supnorts,

A very common type of bridge decking or waréhouse floor consists of
ribs and slabs and it is possible to extend the previous solutions to
meet this important practical case,

It is interesting to compare,in the first jinstence, the restlts
of the line load solutions with those for a series of‘equal concentrated
loads W applied thus :=
(e) along e centre line of the squere plate, Fig.40.

(b) along a line par&llellto the centre line, Fig.40a.

(e) along the longer centre line of the rectangular plate, Fig.4Cb.

1k |

15 loads, W N ‘ Z | 8N—1
TiTHE] Ui LI : ; i LI - - - - -z

Nz agard 2 15 loads W 5 loads, W 6]

. LA ERERRERIAF RN —rrtrrirrr T ey
| + N/2 apart 2 N/z apart z
| ] B 1

Fig. 40 : Fig.4Ce. Fig.4Cb.

A line of‘values‘ from Field Wo,48 is shown in Fig,40Cc, ¢
tle e le |d le [ lo [ L
oo e 2jc 30 4[e B[F é|c 7|H 813
2
@ Fig.4Cc l

‘Values’for the points 1 to 8 are readily obtained for the specified loading
conditions'thus.
1. (j+H) |
2. (j#h) + (h+g) = (j+2h+g)
3. (j}Zh +g) + (g+f) = (j+2h+2g+f)
ete.,etec,,
8. 2(b+c+d+e+f4g+h) + j.
Similarly for the deflection valueg’end also for the rectengular plete,
Field No.b53,

The fields thus formed asre not reproduced in detail but the loaded
line § and w values are tabulated below together with quarter line values
for (a) and (¢) end centre line velues for (b). A comparison is also mede
‘with the 1iné load solutions on the assumption that the concentreted load

W’is distributed over a length N/2.




e7

along the centre line,

) [.5013 17583 ].9995 [1.1353 |1.2395|1.3007 1.3503#1.3635:@ L

G .49z [2.381 [4.111 [5.148 [5.971 |€.567 |€.928 |7.04¢ WNE/K
As cuxl"xgw 1s distributed over a length N/Z.

0 1 02507 143942 L4943 1.0676 | L€197 |,6548 1.6702 ¢ L6816 pN/X

G l.iae .441 T2.0568 [2.574 |2.986 |3.2%4 |[3B.4R4 7,524 gﬂ“/ﬁ
Centre line veluss, Field No.43.

G  +2422 [.39C6 |.4901 |.5€25 | .6141 [.84°8 |.6638 ¢.675u PN/K

o o725 hoarr Teoozn [e.s3e | 2,930 [3.221 [3.400 |5,427 pi®/%

#

0
N b

Lax. Difference - & walues
w values

2. Values along a line mide-way betwseen the centre line end the edge and

perallel to the load lin

hesuming W is distributed over a length 1,/2.
0 10802 141168 1 .16562 [.20BE | 42364 |.208Z |.<711 ﬁ12754 Pl /K
o ez ooz l1.sco [1.ssea l1.920 20123 [2.246 lzo27s pvd
Corresponding valuss, field No.45.
¢ (05598 |.2154 |.1838 [.2037 | .2342 [.25657 | .26C3 §.2725 PN/
C I.QSE « 788 1,270 11.€19 287 lz.085 |z.z206 |2.244 SRS

Lex.Differencs - § valuss = 2 ;5
w values = 1,5, . -

Cese (b), Similar leading es ehove but load epplied along the quarter line.

1, Load linc values, saszuning W is digtributed over a length N/2.
C. [«2295 3827 |[.4249 |.4018 |.R%12 1.5568 [.H71% #,ET:L PN b
) , \ - € N D /o
G l.5ce  |.o7cC 1.373 |1.709 |1.928 |z.155 |z2.2e3 l2.3c5 py /L

ield Mo,.46
O | « 2275 [« B40C AZ08 |.4373 .528C |.55h12 « 5665 §05702 pN/K
0 495 L850 | 1.247 11,869 |1.923 2,106 | 2.21% lz.249 pu/A
Max. Diffsrence 3 valies = 1 .
v valaes = 2.5 4 .
Centre line values as in 2 abovse.
T

Case (c¢) Similar loeding ss above apnlied along the longer centre line of

a rectanguler »late 87 x 4N,

1.Load linz valuss, assuming W is distributed over a length N, 2.
(c {2033 [.2113 | L3751 [.4182 | .4426 |.45%9 | .4878 ﬁi47ce pl/K
fo 266 |.498 | .eo1 l.mac [.os1 liioze (1,071 hose pr®/x
Corresponding values, Ficld MHo,E3
I 12054 [.2024 | L3713 [.4120 | .4330 |.4537 | .4625 %.3555 Pl K
lo 256 |.a83  |.s72 l.eas [.o17 l.oee [1.ose [1.74e pv®/u

<

2. Values alozng a line parallel to the load line and mid-way betwesn the

load line szand an edge.

G [.0€83 [.1217 | .162¢4 [.1902 |.2C25 [.2199 [ .22€1 %. 2251 ok

o lars [szo Tlasz lissr |.eas loees |.72s l7ac ¥
Corresponding Velugs, Field No.53.

c [-C888 |.1206 1.1607 ,.1382 | .2061 |.2175 |.zz3G ?oa”' iy

G [Te7 ‘319 1-447 |-548 [-622 [673 ‘705 1.-73 PNV

Max. Difference, 1 and 2. ~ S values = | % ; W values +3-8%
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Thie sgpresment Letwesn the above values, particulsrly the ; valusgg, ic

(D

sufficiently close to justify the method being epplied to cther line
lceding conditions and especislly to slabs which are continuous over
intermediate beams. The total lcads are not guite ths same in both of the
above cases, there being » smell difference due to small lengths N/4 ot
each end of the line not being losded in the W system. It is sssumed,
however, that any load on these end portions is transfereed to the boundery
supports without affecting the slab, and although further refinements

will eliminete the discrepency they are hardly justified from & practicsl
point of view. The heam loeding is therefore considered as being equivalent
to a series of concentrated ioads spaced N/% apart and the smount of

each concentration is obtained by equating slab and beam deflections at
each assumed point of concentration.

For the primary field, three loading conditions ere necessary, viz.,
(a), all spans loeaded,

(b),alternate spans loasded,

(c)yadjecent spans, and thereafter each alterneate span, loaded,

and it is only in the simpler symmetricel cases of two or three intermediate
spans that solutions are readily available.

The problems ere aléo congiderably more difficult when the boundary
supports deflect under load. The simply supported platekis,in fact,
analegous to the statically determinete beam in the sense that the g and
w values being zero on the bounderies are known beforehand, For é'free edge
the boundary conditions arg,

Mcsoy o :;:2 + o ?;“z =0,
Ry =0 .',’,‘ D», +(2- ‘T'?-] =0,

end for s glab suprorted on a Plex1ble beam which does not resist torsion,

, -iEL 3 W
Mﬂ "O " L) ‘bxt + 'bv’n “o’
and,

Kho tsﬂ""@ - o) }311 1E ~°s4-,
whereIE is the flexural rigidity of the supporting beam.
Trial and error methods.ultimately yield the correct z and w values on the
fres er deflected boundary, but from certein preliminary investigetions
with test fields, the Author is ineclined to regerd the arithmetical method
as not being particulerly suited to this special case. Since the techmnique
of the method has not been fully developed, it is not possible to give =

definite opinion in the meentime,
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Part 2, - Experimental Work,

Description of Apparatus,

A testing mechine, specielly designed for applying loads to
plates or slebs is shown én Drawing No. 14 page 70.

The supporting frame is 6 ft. long, 3 ft. wide and ebout 4 ft. high,
and is made from 6 in, by 3 in, by 12 lb/?t. rolled steel joists welded
together to form a rigid structure,

The supports for the plate to be tested are T sections,'z in, by
2 in, by 1/4 iﬁ. thick, resting on top of the frame and held in position
by amall set screws. To provide a complete bearing throughout the
required boundary supports it is necessary to file the vertical legs of
the T?s to suit the irregularities in the test plate. It is important
to make sure that the proper support conditions are reslised as far as
it is practicablg and considerable care is necessary with this part of
en -experiment.

Rectanguler plates, € ft, by 3 ft. meximum.size, with or without
intermediste supports’are readily accommodated in the testing mechine.

The loeding device consists of s screw strasining machine cerried
on two 7 in. by 3 in, by 14.22 1b/ft. rolled steel channels underslung
on the steel frame. The losad is applied to the test plate by meens of
bridle beams made from rolled steel channels of the same section as the
above, These span across the plate snd frame end are connected at théir,
ends by turnbuckles which permit sdjustments for height to be made. ’
The loed is trensferred from the upper bridle beam to the test plete,
either by means of an arrengement of beams end rollers in the case of
a line load’or by packing and a central strut.in the case of a concentrated
load. The lower bridle beam is connected at its centre to a weigh-bar
which is sttached to the short erm of a lever, ratio 2 to 1, with its
fulerum on a block fixed to the supporting dhsnnels of the straining
machine. The longer arm of the lever is connected to the straining
machine., The latter is described in a publication by Professor Gilbert
,Coékpgho kindly granted the use of this part of the ppparstus for the
platé tesfs. Small increments of load cen be applied by meens of e worm
' wheél on the streining machine,

The weighwbar is mede from mild steels It was calibrated in a
10 ton Buckton testing machine, the extension on e 4 in., gauge length
measured by meens of en Ewing fExtensometer giving the load on the weigh-
bar., The celibretion velues for the weigh~bar used throughout the

experi-ments are given in the following teble and the calibration curve
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is plotted on Drawing No. 24 page 72.

Diameter of Weigh-Bar, 3/4 in, (nominal),

Extensometer Reading Load
ivisions 1b,

33,6 1000

48.5 5000,

59,6 ° ‘ 8000

" The above calibration was checked from time to time to ensure that no
variation had'developed during the repeated loading and unloeding of
the test plate. |

The deflection of thepoaded plate is messured by meens of Ames
- Dials which are gradusted in thousendths of an inch, All dials used
in the experiments were compared with a standard diél which had beeﬁ
checked previously in a dividing machine. The dials showed remsrkable
agreement end no corrections were necessary.
| The dials are attached to traveller blocks on a moveble traverse
freme which is supported and locked in position on a carrier frame.
Supports for the carrier frame are provided by sngle cleats fixed to
the maih frame of the structure. Adjusting screws through the cleats
are also provided to give a four point besring. Any point on the plate
surface, except the load points, is thus reached with comparstive ease.
The general errangempent of the above is shomm on Drawing No{3,Page 753,

Method of Testing.

The surface cf'the test plete was divided into squares of 4.5 in.
side by means of fine pencil lines,snd the deflections at the corners of
the squares thus formed were measured in the following menner,

A small emount of load was epplied initially to eliminate any
irregularities in the seeting of the plate and this load was maintained
on the plete throughout the complete test. The deflection dials were
then set to zero‘and a test load was applied to the plate. The difference
in the dial readings, before snd after the epplication of the test loed,
gave the deflection of the point on the plate surfece. The loading was
then returned to théfriginal value and the dials were read agein to ensure
" that no creep or other errors had teken place during the test. The dials
were then moved to other points acd the sbove process was repeated until
the complete plate area had been explored.

Throughout the tests on steel plstes no troubles of any kind were

experienced with creep or other errors. The extensometer snd dial zero
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reedings agreed perfectly, and eventuslly, the precautionary messurements
mentioned above were dispensed with and the dials were moved to other
points while the test load was on the plate. In this case the dials
recorded the rise in the plate when the load was removed.

The repeated loading end unloading of the plate was unavoideble
~end, as a further precaution against errors in load messurement, a dial
was kept in the same position throughout the test. The most convenient
place for this dial was ot the centre point of the load 1ine, the dial
being undernsath the plete end easily redd in conjunction with the
extensometer. A movement of the traverse freme altered the reading
on this disl but the readings before and after the movement were made
the same by'adjusting the zero on the dial., In this way the irntroduction
of errors beceuse of the repeated loadings was reduced to a minimum,

The following experiments were mede with e steel plate 3 ft. square
and 1/2 in. thick.

Square plate, simply supported slong the edges snd loaded with a

uniformly distributed lcad spplied scross a centre line.

An attempt to get the specified loading conditions was made with
the ari-angement shown in Drawing ‘\Io°4l P2 eT}:is arrengement had the
advantage of being easily erected but prelimiﬁary test with it gave
. measured deflections considerably less than the theoretical values,

The theoreticel solutions are based on the assumption that only the -
bending and torsional stresses induce the strain energy stored in the
plate, fhe effects of shearing end direct stresses being heglected, but
they are accepted as being good approximastions provided the deflections
are small in comparison with the plate thickmess,

To ascertain the cause of the above discrepancy, the deflection of
the centre point of the plate,for various increments of load wa.s mesasured
and the results are plotted on Diagrem No, 5'/ eNZ‘correctlons have been
mede for the sinking of the supports under lcad in this case. The bresk
in the deflection-load curve suggested that some shift hed teken place
during the test. At one stage in the loading of the plate a sharp,
metallic noise was heard, but this wes attributed to the settling of the
straining mechine beems and no épet?af notice wes taken of it. On
further investigation it was found that it was produced by e movement of
the loesd blocks resting on the plate,and it is therefore probable, that

after a certain stage in the loading was reached, part of the loed incrementy

passed directly to the supports by arch action snd did not affect the
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plate under test.

Accordingly, to eliminate these frictional troubles the V notches
were machined out and larger diameter rollers were provided as shown
in Drawing No. 6,096 78.

The load-deflection curve for the centre point with this loading

I Te
arrangement 1is also plotted on Drawing No. S [* A

will be seen that
the deflection is more nearly directly proportional to load.

The distribution of load was not checked, but, as far as all
practicable requirements are concerned”no great errors are introduced
by making the assumption that the loads on each lower roller are equal.

During the preliminary testing it -was noticed|also, that the corners

of the plate rose off the supports and only the central portions for a

length of about +10.5 in. on either side of the centre lines remained in
p*gc73
contact. Corner clamps, as illustrated in Drawing No.'S,A, were provided

and no further troubles were experje need in this respect.

Measurements of the deflections of all points on a square net work
of 4.5 in. side were taken for an applied load of 5650 1lb. The deflections
of corresponding points agreed extremely well and the mean values are

shown in Fig. No. 41 -

1.05 1.55 2.3 3.0 3.0
e 20 o 35.4 45.1 808
1

2.6 38.0 66.7 85. % 92.2

3.1 52.1 92.3 1017.7 126.8

3.5 60.0 104.5 132.3 141.0

Load Line

Deflections in thousandths of an inch. Load = 5650 1b.

Fig. 4 f.
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Comparison of measured and calculated deflections.

Because of the deflections of the supports under the test losd,
2 direct comparison of the measured and theoretical deflections
is not available. A comparison may be obtained,either, by correcting
the messured deflections for support yield, or by correcting the boundary
of the theoretical solution to egree with the test conditions. The former
method has been chosen and the corrections were obtained from Fields Nos,
21 to 28, The @ffects of curvature%on the boundaries were neglected jbut,
it is thought thet this is not a serious omission since the boundary
defiections are comparatively small,
The corrected field is shown in Fig. 42, the ccrrected measured
deflections being in all cases written in bleck above the line,
The values in red, below the line, are those obtained from the
theoretical solution to this problem, Field No. 45, snd they are based on
' the essumption of equal central, measured and calculated, deflectiong,the
- amouat of the load and the.flexural rigidity of the plate being ignored

5 in the meantime. (i.e. the deflection values on Field No., 45, are
138-3
3457
A useful check on the solution of the fundamentel differential

multiplied by = 40 ).
squation is afforded by comparing the black and red values. It may be
noted that the sgreement betweén them is practically complete.

To calculate the theoretical values, the modulus of elasticity. end
Poisson’s ratio for the plate meterial must be known. Assuming these as
30 x 10° 1b/in® end 0.28 respectively, then for a square plate of 3 ft.
gide and 1/2 in, thick, loasded with a total loed of 5650 1lb. the value
of PNB(‘— z)/ye = 0.0421”. The theoretical deflections are therefore
obtained by multiplying the coefficients of w on Field No. 45 by the above
value. The values thus obtained are merked in green on Fig.4d.

The thecretical deflections are in excess of the measured valueé at -
t all points on the plate surface; At the centre point this difference
%raméunts to 6.7 thousandths of an inch, (i.e. about 4.6 per cent, of the

theoretical deflection.)
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Comparison of Measured and Theoretical Deflections,

Steel plate, 3 ft,

square and 1/2 inch thick,

simply

supported on the four edges and loaded with a central

line load of 5650 1lb«

f

18.0 32.7 42.1 45.8

18. 3 33.4 43.3 46.5

19'3 35't 45-S 49 '0

35.8 04.2 82,8 89.4

35.5 64.6 83.5 89.8

37-4 68'0 87'8 9414

9. 6 8S.7 115.0 124.1

<Q.8 90.0 115.0 124.0

52'5 94'5 1Z20'8 150-0

57.2 101.3 129.6 138.3  load
56.8 101 .38 129.0 138.3 line
53-6 06'5 ISS'S 1450

Measured deflections, corrected for boundary deflection, are shown in black.
Red values are based on equal calculated end measured deflections of the
centre point.

Theoretical deflections are shown in green.

Deflections in thousandths of an inch.

Eig. 4Z
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Steel nlate, 3 ft, square snd 1/2 inch thick, csimply supported

along the edges and losded with » uniformly distriluted load

alons s line parallel to one edge and distant 9 inches therefrom.

Thg.sﬁeel plate was kept on the same supports as in the previous
expefiment and the straiﬁgng machine end the beem and roller arrengement
on Drawing No, G,L,P":Nge‘rg moved to give the specified load position.
Corner clemps were also provided to prevent corner uplift,

- fhe doad-deflection curve, for thé point of meximum deflection
| e page 82. ’
on the plate, is shown or Drawing Neo. 7’[. This has not been correc'ted
for sinking of the supports under load.

The deflections of the corner points on a 4,5 inch Square net work

were meesured in the same memner as in the preceding“experiment end the

‘average values for corresponding points are given in Fig. 43. The

total applied load in this cese wes 7540 1b.

0.4 1,1 1.5 248 q:'5.5

1.4 13.5 239 3143 34,2

2,0 262 46,8 60.7 66,0

25 33.6 BB 6 8845 $5.0

¥ 2,5 40,0 87.0 [111.5 [119.5

25 55.5 97.8 |123.3 [132.0

2¢5 5265 91,2 |111.8 |120.0 Load
Line

25 3264 55,5 |68.5 - 172.5

1.5 27 445 445 4.5

Deflections in fhousandths of an inch. Total load = 7540 1b,.

Fige 4%,
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Comparison of meesured end theoretical dzlfections,

The correction values for the boundsry deflections, again

neglecting the effects of curvetures, may be obtsined by summing

values from Fields Nos, 2, 29 to 35, and 36 to 43, but the lsbour

involved is very great and they are obtained more readily by direct

squaring using the metheds and formulse already described for the

solutions of v%w = G,

(Fields 54 fo 58 have simce been made available
and may be used insfead of The above)
The corrections thus obtained are shown in Fig, 44 .

X
iy

Cod 1.1 1.5 248 )
1.4: 106 200 204 2‘7
290 2.0 2e2 ' 204 42.5
205 263 204 245 25
‘,[\ 2e5 265 206 206 2.7
-
25 268 Ze 209 269
28 o B0 sz 55 load . .
Line o
245 249 3.5 348 | 3.8
1.5 2.7 445 445 445

Corrections for boundary deflections in thbusandths of an inch,

Fige 444 |
Applﬁng the above corrections to the measured values on Fig. 43,
the values’marked in black above the lines in Fige. 45, are obtained,
The values marked in red on the same Figure are again based on the
sssumption of egual theoretical end measured deflections of the point
of meximum deflection. (i.e. the red values are obtained by

91
mult¥plying the coefficients of w on Field No. 46 by lza,g-] =52 .)

The agreement between both values is very good.
With E end e~ 30 x 10%® 1b/in% and 0.28 respectively, then for
a square plate of 3 ft. side and 1/2 inch-thick, loaded with = line

EN‘(!-G"‘) " 1 . .
load of 7540 1b. the value of 1E = 0,0662. Multiplying
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the coefficients of w on Field No. 46 by the above valuep the
theoretical deflections are obtained and are marked in green on Fig. 45
It may be noted that they are greater than the measured values at all
points on ths plate. At the point of maximum deflection the difference

is 10.5 thousandths of an inch which is equivalent to 7.5 per cent of

the measured value.

Note.- To accommodate
the rows of figures the

11.9 21.9 28.9 31.5 distances at right-angles

12.1 22.3 29.0 31.4 to the load line are

131 4T 304 33'9 exaggerated on this
figure.

24.2 44.6 58.3 63,5

24.-2 44.3 57.9 62.5

Ko'l 4g-0 &J'S

36.3 66.2 86.0 92.5

36.0 65.8 85.3 92.1

35-9 7M 921y, 99's

46.5 84.4 108.9 116.8

-i- 46.1  84.0 108.2  116.5

49'8 90'8 117'0 \Z(0'0

52.9  95.0 120.4  129.1
52.6  94.3 120.1  129.1
101's 13010

49.7  88.2 108.6  116.7 Load
49.3  86.7 109.0  116.7 Line
5313 118 o \Z&> 1

29.5  52.0 64.7 68.7

28.7  50.6 63.9 68.3

31'0 S4'8 69'7Z 73-9

Measured deflections, corrected for boundary deflection are shown

in black.

Red values are based on equal calculated and measured deflections of
the cmtre point. *
Theoretical deflections are shown in green.

Deflections in thousandths of an inch. Total load - 7540 I1b.

Fig. 45%



§s

Steel plate, 3 ft. square and 1/2 inch thick, simply supported

elong the edges snd loaded with a concentrsted load at the centre

of the plate,

page 82

The loading arrangement is shown on Drawing No.7,£, the load being
~distributed over an area of 1 squere inch of the plate area,
Corner clemps were provided to prevent corner uplift,
Thevdeflections were~measﬁred over the same net work and in the
same manner as previously described. The load deflection graph for the

centre point of the ph te is shown in Diagram.No.’7 . This, also,has not

been corrected for sinking of the supports.

The mean values, for an applied load of one ton, are shown on Fig.46,

4

0,3 0.5 1.2 1,5 1.6
0.5 12.2 23,1 30.8 3248
1.2 23.1 43,0 5840 64,1
1.5 30.8 58,0 7948 89.5
t? 1,6 ~132.8 64,1 89.5 103,0
Deflections in thousandths of an inch Central Load = 2240 1b,
Fi‘go 46 °

The correction values for the boundary deflections are resdily
obtained from Fields Nos. 11 to 19.

The corrected measured values are marked in black on Fig, 47 .

The values. merked in red are based on the previous assumptioh of
éQual theoretital and measured deflecﬁions of the centre point of the
plate. It may be noted that the agreement between both sets of vslues

is very good. .

The theoreticel solution, Field No. 48, gives the central deflection,

for & high concentration of load, = 0,763 W N/K.
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With E and <~ equal to 30 x 10s 1b/in? and 0.28 respectively,
then for a plate s ft. square and :,. inch thick, loaded -with a load
W = 2240 1b.,the value of W IB/K is equal to 0.134 inches.
Multiplying the coefficients of the w values on Field No. 48$ by 0.134,
the theoretical deflections,shown in green, are obtained. The maximum
theoretical deflection is 0.1025 inches, which is about 1 per cent greater
than, the corrected measured value.

The agreement between the various values 1is very good in this
particular case. The load deflection graph on show581hat the

variation of deflection with load is very nearly linear for a range of

central deflections from zero to 0.160 inches.

11*3 21.9 29,4 31.3
11.4 21.9 29.0 31.9
s 221\ 2912 321
2L.9 41.8 56,7 62.8

21.9 41.5 56.2 62.0
22'1 41'8 56<G G2'5
29.4 56.7 78.5

29.0 56.2 78.0 fe o

29' 2 56'6 78-S S8'6
31.3 62.8 so . 4JI0L.7
31.9 62.0 ve o 101.7
21 £2 -5 88 G . 10z'3

Measured deflections, corrected for boundary deflection, are shown in
black.

Red values are based on equal calculated and measured deflections of the
centre point of the plate*

Theoretical deflections are shown in £reen

Deflections in thousandths of an inch.

Figc 47
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Steel plate, 3 fte, square end 1/2 inch thick, simply supported

along the edges and loeded with a concentreted load at the 1/4 point

on an axis of symmetry,

The loading errangement of the preceding experiment was uged also
in this case, and, since both experiments are similar the test results
only are given. Corner uplift was again prevented.

The load-deflection curve,for the point of meximum deflection of
the plate, is shown orn Drawing No. 7,[?“’?[%15 has not been corrected
for the boundary deflections, |

The averagegof the measured deflections at corresponding points

throughout the plate surface,for a total load of 3690 1lb., are given in
Fig. 48 .

© C.b C.8 20U 345

0,9 (10,5 |19.5 |26.5 |29.1

201 21,0 3861 5C.4 55,0

2e3 30,3

(w2
1
-]

)

7349 80.8

%E’ 263 36,7 70,0 93,7 103.0

2¢3 3945 7445 104.7 |117.5

-‘.-«1190 0 (Max.) -

203 34,0  |65.8 [95.2 113.0
) Loed FPoint

1.6 2065 40,0 58,1 87.2

0.8 048 248 4,4 4,5

Deflections in thousandths of an inch, Total Load = 3690 lb,
Fig. 480 ' -

The corrections for the ebove boundary deflections are shown in

Fig. 49 . These are obtained in a similer menner to those for the line

load across the guarter of the plate.
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C ol o Lol Y6 D
0. 9 1.3 1.6 201 204
Lo 1 2.0 2.1 2.3 |2.4
2.5 (243 2.3 244 204
Ze3 204 2.5  [245 2.6

2.3 (203  |2e€ 2e8 249
243 2.3 | 2.6 .[2.1 Be2
1.6 |1.9 2.6 |3.4 3,7 '
0.8 0.8  |.8 14 4.5

Corrections for boundary deflections in thousandths of an inch,

Fige 49 ,

Comparisen of measured and theoretical deflections,.

" -The correc’ced measured values are shown in black on Pige. 50. .. S
The values in red,on the seme figure, are based, as formerly, on equal
theoretical and measured deflections of the point of meximum deflectiona
(i.es the red values are obtained by multiplying the w velues of Field No.
49 by “s'q/swi ). In the central portion of the field, the red values
are less than the corrected measured valueé Ey 2 ﬁhousandths of en inch,
but near the losd point they are in good agreement,

Using the previous values of E and O~ , W NE/K = 0,221 ipches, and,
multiplying the w voefficients of Field No, 49 by this value, the
theoretical deflections, in inches, are obtsined, These are marked in
green on Fig, 50 4 The meximum deflection is sbout tl1~.6 per cent greater

than the measured value.
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23.6
24-17

48.1

47.1
49-4

71.5

69.9
73-1

1C1.9

100.5
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26.7

25.5
26-7

52.6

51.3
53'g
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76.4
80-0

100.4
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114.6

113,6
19-0

M15.

109.8

L09.8
IIS'O

63.5

63.1
£<5'l
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Note.- To accommodate the rows of
figures the distances along
the y-axis are exaggerated on
this Figure.

9, 115.9., 121 2

joo'iKE

Measured deflections, corrected for boundary deflection, are shown in

black.

Red values are based on equal calculated and measured deflections of the

point of maximum deflection.

Theoretical deflections are shown in green.

Deflections in thousandths of an inch. Total Load = 3690 1b.

Fig. 50 e



Conclusion.

The main purpose of the foregoing experiments is to affofd a comparison
between the deflection values of thé arithmetical analyses and those from
actual test; with line and concentraﬁed loading. It was expected that the
theoretical values, as in other recorded experiments(sz would be grester
then the test results and thet the difference wnuld increase with losd,
but the Author was unable to find any record of:experimental work which
would furnish e comparison throughout the entire surface of the loaded
plate.

The agreement between the two setsgofxvé;ues, marked in black and
red respectively, leaves little doubt ebout tﬁe efficiency of the
arithmetical method of analysis. When a fine network is used, the method
is somewhat long end tedious, but it gives a solution for the entire
surface of the ﬁiate which is, in effect, analogous with influence lines
for structural frameworks, etc. This is an extremely valuable property
where moving loads are concerned and should not be overlooked.

By making use of the Theorems of Reciprocity and methods of super-
-position magy important problems are readily solved oncelfhe values on
.the primary. field are known. The fields themselves prove the Reciprocity
Theorem, and sn analytical proof is therefore considered as being
superfluous. It may be noted from Fields Nos, 45 & 46 and‘48 & 49 that
the theorem is valid for deflections,bending moments,and shearing force.

The arithmetical method may also be used with advantage where-siﬁply-
- -supported plates of polygonal shape or floor slebs whth re-entrant angles

are concerned, and meny interesting solutions for the isoceles right-

‘ ~angled triangle are obtained by folding the square fields about their
diagonals end subtracting corresponding values.

It is not elsimed that the method is suitable for all classes of
practical problems. With coarser networks, however, meny closer
' approximations than those in current use may be made without undue lsbour,
and in this respect, it may be mentioned that all degrees of fixity, from
the fully clamped to the simply supported edge condition, are regdily
handled.

It is hoped that the Fields may also prove useful in other brehches
of research where solutions offémdeamentel differential equations of a

similar type are necessary.

SRR o JURNIY o PREN  JSRFUT o IS o TASH
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Appendix

As mentioned in the Prefatory Note, several publications are now

available which meke it possible to compare the various results.

Line Load across the centre of the plate,

(e) Squaere plate of side & eand thickness h gon = 0.3,
&)
wvnax = 6.0736paa/E }l'3 ..........-..--..-.....-.-(Timoshenko)()
Corresponding value, arithmeticel method, 0,0736 p aa/E' h®, . .

(b) Rectanguler plate, 2a =x a x thickness h, line load applied along

the centre line of length 2a, o~ = 0,.3.
- (®
W zo-l779pa3/E ha -.o-oo.a.toooo.'t'"OUOOO(TiMOShenkO)L
Corresponding value,arithmetical method, 0,179 p a®/E h®,

M = 0,107 W
v

® 9200000000008 0000000000000000000s0a (doo)

M= 0,044 W
X

Corresponding values, arithmetical method, 0.106 W end 0,045 W.

Concentrated Load at the centre of the plate,

Square plate of side a , thickness h,ew= 0,3

| Woax, = 041265 Wa®/Bh® .....iiiiiiiiiiiiieiiiiienena.a(doy)
Corresponding value, ariihmetical method, 0,13 Wae/'Eha.
Rectangular plate, 22 x a x thickness h,on= 0,3,

0.1808 WeR/Eh®, «.ovvviinvenennennnnenneosses(do.)

(]

w
max.

Corresponding value, erithmetical method, 0,189 Wa®/Eh®,

Partially Loaded Plsate.

For the load W concentrated over e square of side C, the values of the g
~coefficients on Diagram No. 7, ,:I:a"i;’complete agreement with Timoshenko’s
" for the range C/A = 0,1 to C/A = 1.0 .
pase 46

For the line load, Diagram No.8,[,the @ coefficients are less than Timoshenkds
for the smeller ratios of L/A but they agree at L/A = 1 It was mentioned
on page 44 that essumptions of symmetry had been made, and that slight errors
had been introduced as & result., The maximum difference is at L/A = 0.1,
Diagram No.8 gives /Qf = 0,86 wheeesas Timoshenko’s value is 0,378,

A complete solution for the simply supported square plate with a
concentrated load at its centre is given by Hol]%w.) The Marcus method,
based on the membrane enelogy, wes used in this case’and a network of

64 squareB was taken. A comparison of the several results is interesting

in view of the closer mesh of 256 squares on Field Yo. 48,
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In this example the dimensions of the plste are 2a by 28 by thickness
h and the thickness/spen ratic, h/2a, is 0,10, &= 0.20C.
1)) '
In enother publication, Holl gives the following velues for the equivalent

diameter De:-

D, = 0.0556 A for point loads, where A is the plate length or span.

Dg = 0,060 A, when the actual load is concentfatﬁd_over a circle of
diemeter D = 0.02 A = 0,2 h.

D, = 0,074 &, as sbove, D = 0,080 A = 0,6 H.

De = D, for values of D greater then 0,08 A.

It is essumed thet these values heve been used instead of'Westergaard’sa

Quantity Holl Arithmetical
Max.deflection 0,0522 Wa®/k 0,0478 WaR/K
My = My ( 0.3499 W 0,345 W
Max, Shear, boundery. €.2205 W/a 0.2072 W/e
Mex. Reaction. 0.368 W/e 0,368 W/e
Max, Torgue, boundary. .0688 W/a 0.0704 W/a
Corner Load. 0.1376 W 0,1408 W.

With the exception of the maximum deflection, tﬁe guantities are in
good sgreement. Tt may be noted that Timoshenko' s value for the maximum
deflection of the above plate is 0°0445 We®/K,

The Marcus method is apparently very similar to the arifhmetioal.one.
The membrasne analogy on which it is based is,

(a) the deflections of a membrene loaded with loads proportional to those
© on a.given plate may be considered as the sum of the principél moments of
the eactusal Plate,

and,

(b), a second membrane may be loeded with elastic weights proportional

to these moment sums, and, subject to eppropriete boundary conditions,
vthe deflection of the lastter membrane will be proportional to the
deflections of the actual plate under the given loed system;

It is easy to prove that this gives the ssme formulee (la) and (1b)
for the single squere of side 2n but thereafter the methods differ-—the
arithmetical method groups the squares whereas the Marcus method uses
finite differences to get two sets of simultaneous equations. In the
example given by HoLP%k;was necessary to solve 2 sets of equations
for 10 unkncwns in each case, and in view of this,it does not appear to
the Author as being simpler or quicker then the arithmetical method.used

in this Yhesis,
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tests of Plaster-Model slsbe subjected to concentreted ladads
have been made by Nevmerk and Lepperqz These give an interssting
comparison with the theoretical enalysis for the concentrested load
on a simply supported square plates

It is claimed by the above authors,thﬁhat when specimens of pottery
plaster are made under the proper conditions the stress-strain reletion
is practically linear up to the point of rupturej the material is
rolatively week in teansiong end feilure seems to occur at a limiting
tensile stress, but for practical purposes may be considered to be
nearly independent of the magnitude of  the other principal stresses.
When plaster is used for tests the necessity for measuring strains is
eliminated, since the intensity 6f the meximum tensile stress occurring
in the test specimen is equal to the strength of the plaster, and this
feirly definite stress corrssponds to the ultimaste load on the specimen
just before rupture., One may determine relative stresses for given loads
on different specimehs by a comparison of ultimate loads, '

The values of Poisson’s ratio, determined as the ratio of lateral
to longitudinal curvature of certein test beams, varied from 0,15 to 0.26
for seven tests with en aversge of 0.20.

As a result of these experiments,a coeffickent, which mey be
interpretved as the meximum moment due to a unit losd of 1 1b. at the
various load positions,was determined, In the case of a plaster slab,
12 inches square and 1 inch thick, losded with e coneentrated load at thg
centre over a circular area of 1 inch diemeter, the coefficient is given
" as 0e331, and for'similar loading at the guarter point of a centre line
the coefficient is 0,287.

The corresponding values from the erithmetical analyses, using

Westergaard’s formule for the equivalent diameter, are 04305 and 0,29

_respectively.
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Paper No. 1028

BASIC CURVE METHODS IN ROAD-CURVE DESIGN
By W. MacGregor*, B.Se.

Discussed in writing, April, 1942

TrANSITION CURVES

To those who are familiar with the advantages to be gained
by using basic curve methods in the design and setting-out of
road bends, it is strange indeed that despite the numerous
papers which have been published in recent years on highway
alignment and design, none has dealt with the subject from the
aspect of the basic curve. In new road schemes, the running,
chainage should be maintained throughout the works, and,
although much has also been written about this for the case
where circular curves alone form the bend, little attention has
so far been given to it when transitions are introduced. It
will, in general, be agreed that setting-out methods that will
allow any point or station on the bend to be readily located are
to be preferred to others. In this respect, basic curve methods
will meet all requirements, and their use will also give a quick
solution in location problems, such as making the bend pass
through a pre-selected point. It is not the intention to describe
any new type of transition in the present paper, or to dispute
the accepted methods of design. The spiral and the lemniscate
will be, described from the aspect of the basic curve and formule
correlating speed and curvature will be given for both.

The basic curve method was introduced by Thom,'! who
pointed out that in transition work all spirals have the same

*Of the University of Glasg-ow
1See bibliography, p. 330. N
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form and differ only in their size or scale and in the length of
curve which is used. The basic curve is defined by its equation.
Its linear quantities are non-dimensional, but it may best be
visualized as being a model of the full-size curve to a scale of
1/K. Lengths on the full-size curve are therefore obtained
~by multiplying the corresponding basic curve values by K.
This applies equally to the lemniscate and to the spiral, but
to, avoid confusion in the respective formule, the use of K will
. be restricted to the spiral and the multiplier for the lemniscate
will be denoted by J. The basic curves are shown together in
Fig. 1, the numbers marked thereon being the so-called lengths

&

from the tangent point B to the point in question. These,
when multiplied by K or J respectively, give the distances on
the full-size curve. It will be proved later that, for the same

initial rate of change of acceleration, J=4/3K, and to give a
comparison between the lemniscate and spiral, scales in the -

ratio 4/3 : 1 have been used in plotting the respective curves.

In improvement schemes especially, the multipliers, K and
J depend mainly on the extent of the ground available, whereas
in new road design, the optimum values can be found by con-
sidering the requirements of speed and curvature in addition
to those of the site. The speed and curvature requirement herein
adopted is the rate of change of acceleration. This quantity
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will be denoted by C ft. per sec. per sec. in 1 sec., and it will
be assumed that the speed of the vehicle is constant throughout
the bend in question, » and V being used for speeds in ft. per
sec. and miles per hour respectively.

The Centrifugal Ratio, F. On a vehicle travelling in a curve
of radius R at a speed w», the radial acceleration is »2/R.
If the centre of gravity of the vehicle is at height A above road
level and b is the width of wheel base, then on level road
surfaces, overturning of the vehicle will occur if (v2/gR)A> b/2,
and side-slip will take place when (v2/gR)> u, the coefficient of
friction between the tyres and the road. If y<b/2h side-slip.

~will take place first ; this is the general tendency with road

vehicles. On roads superelevated at an angle v to the horizon-
tal, »2/gR must not exceed (p-+tan y)/(1-—w tan v) or slipping
will result.

The important ratio, »?/gR, has come to be known as the-

‘Centrifugal Ratio, and throughout this paper it will be denoted

by F. Substituting 32-2ft. per sec. per sec. for g and keeping
R in ft. and V in m.p.h.,

F=V%/15R. (1)

Extensive research is being constantly carried out by the Road
(Materials and Construction) Board of the Department of

Scientific and Industrial Research on. the development and

maintenance of non-skid surfaces, and much wvaluable data
has been published from the results of tests on various types

-of surfacing materials under wet and dry conditions.? -An-
-excellent resumé of this work has been given by Pidgeon.® .In

general, it appears that a value of F=0-25 is about the maximum
which should be used in the design of modern roads ; with this
the radial acceleration is 8 ft. per sec. per sec.

The Rate of Change of Acceleration, C. As a result of experi-
ments on railway curves, Shortt* suggested that a value of 1 ft.
per sec. per sec. in 1 sec. was about the maximum rate at which
the acceleration could be acquired without the passengers, in
a railway carriage experiencing a sensation of discomfort. This
value is the standard in present-day railway practice, and many
engineers have adopted it also for the design of road curves.
In road work, however, it is not a universal standard. Many
feel that it is too low ; that it gives transitions which are unduly



BASIC CURVE METHODS IN ROAD-CURVE DESIGN 305

Jong ; and that values of about 2 ft. per sec. per sec. in 1 sec. are
not only permissible but indeed desirable. In 1939, a com-
prehensive review of the position was made by Orchard? and

. since the publication of that paper the validity of C as a factor
in the design has been questioned.® Tt should not be over-
looked that, apart from its validity from the aspect of comfort,
the value of C serves as a useful and convenient means of
measuring the sharpness of a bend. More experimental work,
with all types of transport vehicles, must be made before the
position is finally cleared and a maximum permissible value of
‘C established. In the meantime, therefore, the choice of value
must be left to the discretion of the engineer.

STFG »qi'd'

THE SPIRAL TRANSITION CURVE

Referring to Fig. 2, the basic spiral is defined by the equation
d6/ds=s, where s is the distance measured along the

basic curve. : (2)

. rs=1, r being the radius of curvature at the point
dlstant s from the origin . (3)
"For the full-size curve, S=Ks, R=Kr, and the above become
ds/dS =s/K=S /K2, (4)
and ‘ RS=K2. (5)

Since K is constant numerically, the radius of the full-size spiral
is therefore inversely proportional to the distance along the curve;
<consequently the centrifugal ratio F will vary at a uniform rate
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when the vehicle is on the transition. Integrating (2) and (3),
respectively,

B=s2/2, (6)

=82/2K?2, (7)

It may be noted that the multiplier K for the spiral is, in effect,

the length of the full-size curve which gives a deviation angle
9=4 radian.

For the rate of Change of acceleration, C we have,

O=1(v%/R) =08 /K?, (8)

and therefore, provided the speed of the vehicle is constant,
C will also be constant throughout the length of the transition.
Re-writing (8), and changing the speed units to m.p.h.,

K=1-7754/(V3/C) ft. (Sa)

If Q denotes the rate of turning of the steering wheel in degrees
per sec., and G and B are, respectively, the gear ratio of the
steering wheel and the length of the wheelbase of the vehicle,

then,
Q=267 GBC/V2. (9)

From this it will be noted that if the steering wheel is turned
at a steady rate, the vehicle will describe a spiral curve. Since
G and B are not uniform for all transport vehicles, Q is best
. used, not as a prime factor in the design of the bend, but rather
as a check on the selected value of C.

With selected values of V and C, the multiplier K is obtained
from (8) or (8a), but to complete the data for the design of the
bend the length of the transition or the limiting radius must be
ascertained. These depend on the value of F, and on the
magnitude of the actual deviation angle between the straights.
Each bend must therefore -receive individual consideration
before the optimum values are fixed.

It may be possible to form the bend entirely with two trans
itions, each being the mirror image of the other about the line
bisecting the intersection angle between the straights. On
these wholly transitional bends, however, the driver of ‘the
vehicle has no respite from turning the steering wheel. On
entering the curve he must turn the wheel throughout the entire
length of the first transition and thereafter unwind until the
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next straight is reached. The majority of motorists do not like
this arrangement, and it should not be used indiscriminately.
Even a short length of circular arc between the transitions is
in certain respects an easement curve, and, in the Author’s
opinion, it adds to the appearance.

"~ On the other hand, it should not be overlooked that the
Jayout which develops the maximum permissible values of C and
F, will approach the intersection point of the straights more
closely than any other arrangement; incidentally, this will
also be the shortest length of curved road but, paradoxically
ias it may seem, the longest route. This important site require-
ment may well justify the wholly transitional layout, but in the
past the Author has noted a tendency to use this arrangement
simply because the calculations-are to some extent simplified.

Nevertheless, it is most helpful in the preliminary work to
know if a particular bend can be made wholly transitional
with the selected values of F and C. Since, in this event, each

. transition must contribute equally to the deviation angle, the
limiting value of the latter is,

20 =a=(gF)2/vC radians. - (10)

An arrangement of the above which is more suited for practical
use 1is,

2=40508 F2/VC, where o is the limiting value of the
deviation angle in degrees, (11)

and a further modification, which is useful in certain problefns, is
K=V2/4/1135 F. (11a)

If the deviation angle of the bend under consideration is less
than the limiting value found from (11), the bend can be wholly
transitional and the value of F used in the substitution may not
even be developed. If, however, it is greater, an intermediate
length of circular arc will be necessary. At their junction,
transition and arc must have the same radius and a common
tangent. The locus of the common centre of curvature will
be the line bisecting the intersection angle between the straights
(Fig. 4).

The length of the spiral throughout which the value of F will
not be exceeded, and which is, in fact, the length of the spiral
which can be used as a transition, is readily found by substi-
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tuting K2/S for the radius R in (1). This gives,

S=15F(K/V)2 (12)
Care must be taken when using (12), for whether this length
will be used in whole or in part depends, as already noted, on
the magnitude of the actual deviation angle.

Fig. 3 shows in graphical form the relationship between the
design factors V, C and F, the multiplier K and the limiting
length of the transition S. It has been constructed by using
(8a) and (12) and instructions in its use are given in the ac-
companying footnote. The higher values of C and F have been
included, not because they are likely to be used in road practice,
but because they show very clearly the effects of an increase in
speed, and may therefore be useful to those who may wish to-
carry out further investigations of the maximum value of C.
It is thought that the diagram, apart from its use in the pre-
liminary work, will give a clearer perspective of the factors.
which form the basis of the design of transition curves:

In setting-out circular curves, the advantages of the degree-
system are too well known to require further amplification.
A curve of D° is one in which an arc of 100 ft. subtends an angle
of D° at the centre. It will be noted that a slight departure
from usual custom has been made by using the arc and not
the chord length of 100 ft. The relationship between R and D
is therefore, R=5729-58/D ft., and in the preliminary work the
approximation, :
» D=86000 F/V?2 ) (La)

may be used as an alternative to (1).

A certain amount of latitude can be allowed in fixing the
values of K, 8 or R in order that calculations and setting-out

The intersection of the vertical line corresponding to the speed standard
with the curve of the selected value of C gives the multipliers K and J.
Thus, for V=40 m.p.h. and C=0'5 ft. per sec. per sec. in 1 sec.,.
K=635 ft. and J=1100 ft.

The intersection of the curve of ¥ and the straight line drawn through
the origin to the point as found above gives the lengths § and P through-
out which the value of F will not be exceeded. Thus, for V=40 m.p.h.,
C=0'5 ft. per sec. per sec. in 1 sec. and F=01, S and P are both equal.
to 378 ft. If Prof. Royal-Dawson’s unit chord system? is used, the length
of the unit chord is very nearly K/6.



310 BASIC CURVE METHODS IN ROAD-CURVE DESIGN

may be facilitated. Whatever adjustments are made to these
quantities, the fundamental relationship, RS=K2, must be
strictly observed.

Tangent Distances. When the values of K, S and R have
been finally settled, and the deviation angle « between the
straights has been measured by theodolite, accurate calculations
must be made to determine tangent distances, etc. Referring
te Pig. 4, which >nows the centre line of the road for the general
case of a bend that requires an intermediate length of circular
arc, sufficient data is required to establish the points B, E, H,
J, C, G and F. The importance of these points demands that

Deviation
Angle

Circular
this
-

Fig. 4.

pegs, when once fixed, should be referenced carefully so that
they can be replaced quickly in the event of their being moved
“or destroyed during the execution of the works. ,

The value of 6 is obtained from (6) or (7), it being a matter
of choice whether the calculations are made for the basic or the
full-size curve in the first instance. The deviation angle for the
circular arc («—26) readily follows. (In the wholly transitional
layout, the points C and G would coincide and the above pro-
cedure would be reversed, s or S being obtained from (6) or (7)
respectively, by substituting 6=0/2.)

The sub-tangent lengths, CF and FG=R tan («/2—9).

For the spiral (Fig. 2),

X =Kz=K+/20 (1—62/10--64/216—65/9360
and  Y=Ky=K./20 (6/3—03/42+65/1320—......... J
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Substituting 6=s2/2, these become
X=Ks(1—s*/40-58/3456—s12/599040+......... )
and Y =Ks(s?/6—s°/336 +510/42240—......... )
* tan =Y /X =0/3-+63/10546%/5997 %07/198700 > S

The rather formidable aspect of the above expressions has
doubtless restricted the general use of the spiral in the past.
Adequate tables are now available, those by Thom! being
specially prepared to suit the basic curve method of design.
They give values of , y and ¢, for values of s ranging from
zero to 2-4, at intervals which are sufficiently close to give
interpolated values of ¢ to single seconds of arc.
When X and Y have been found,

HC =Y /sin 6, HA=HF cos («/2—8)/cos «/2,
HO' =Y /tan o, AF=HF sin 6/cos a/2,
HF =HC+-CF, BA=BC'—C'H+HA.

The points can now be located and pegged and the runmng
chainages of B, C, G and E obtained.

The Shift Method of Obtaining Tangent Distances. If no
transitions had been inserted, the circular arc would have been
tangential to the straights, but with transitions, Fig. 4, the
minimum distance between the extended curve and the straights
is known as the shift N, and the distance from tangent point
to the shift point is M which can, for convenience, be called
the shift point distance.

N=Y —R(1—cos 6), : (13)

and M=X-—R sin 6. (14)
The tangent distances are therefore,

AB=AE=(R+N) tan «/2-4M. (15)

This method is undoubtedly quicker than the previous one but
no intermediate checks on the field work will be available until
the complete bend has been set out. It is, however, very useful
when the shorter transitions lengths are used.

Setting-out the Curves. The transitions BC and EG will usually
be set out with the theodolite stationed at the tangent points
B and E respectively, Fig. 4. Intermediate points on the
transitions are located by turning the deflection angles from
the straights and chaining the distances along the curve. To

z
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avoid confusion with the total length of the transition, s; and §;
will be used to denote the distances of the intermediate points on
the basic and full-size curves respectively, and the deflection
angles to these points will be distinguished by a similar sub-
script. The values of ¢, may be obtained by substituting the
values of s, or S, in the previous series. This is laborious and
is not suited for work -in the field. Thom! gives the ap-
proximation, '
¢y, In minutes of arc=573s;—1-213s{—......... ;

this is sufficiently accurate for values of s, not greater than 1.

If the running chainage is to be maintained, the S, distances
will be known in the first place. These depend on the chainage
of the tangent point and on the station interval and are readily
reduced to basic curve values by dividing by K. If the running

Circle

Q SPira’

MsiEl K
[
—B.M. Diagrom —~

Fig. 5. Fig. 5 (a).

chainage is not to be maintained, the basic curve distances;
may be selected to facilitate the setting out. With the tables!
the calculations can be made in the field and the curves set outi
with little delay.

The intermediate circular curve would be set out in the usuaL
way. Except to point out that, if the shift method of obtaining
tangent distances has been used, the tangent at C would be located;
by stationing the instrument at this point, sighting back on B,
transiting and turning through an angle (6—9), no further
explanation need be given.

The Law of the Osculating Circle. An osculatmg circle at &
point P on the spiral is the circle which is tangential to- the
spiral at P and which has the same radius of curvature as the
spiral at this point (Fig. 5). The law states that the rate -of;
divergence of the spiral from the osculating circle is approxif
mately the same as the rate of divergence of the spiral from
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the tangent at the origin. The following demonstration may
be of interest to students versed in the Mechanics of Struo-
tures.

An important theorem, used to determine beam deflections,
states that the deflection of Q from the tangent at P, where P
and Q are points on a beam subjected to bending, is equal to -
the moment of the area of the portion of the bending moment
diagram between P and Q about the point Q divided by IE,
where I and E have their usual significations. -

Considering the spiral as a bent beam, and using the well-
known relationship M/I=E/R, the bending moment at the
point distant S from the start of the curve is M=IES/K?2% The
“bending moment diagram is therefore a straight line, Fig. 5(a).
Let P and Q denote also the distances of the points along the
sspiral. The deflection of the point Q from the tangent at P is
a@Q and, from the above, aQ=(2P+Q}Q—P)%/6K?2.

For the osculating circle at P, of radius K2/P; the deflec-
tion of a point (Q—P):distant from P is ab=P(Q—P)2/2Kz2.

. bQ=aQ—ab= ~—P)3/6K2 which, by comparison with the
prekus expressmn for Y, is approximately the same as the
deflection of a point distant (Q—P) from the origin, from the
tangent at the origin.

This law is of extreme value when obstacles mterfere with
the line of sight from the instrument stations at B-or E in Fig. 4,
since it will allow points on the spiml to be located from another
point on the curve. Thus if P.is to be the new instrument
station, and Q the point to be located, the deflection angle from
the tangent at P to the point Q, is equal to the deflection angle
for a 1ength (Q-—P) of the spiral from the straight at the begin-
ning, plus the deflection angle from the tangent for a length
(Q—P) on the osculating circle. . The latter has a radius of
K2/P and consequently the osculating circle deflection angles
are, in minutes of arc, 1719 P(Q—P)/K?2 If, however, the
point to be located is Q', lying between B and P, the deflection
angle from the tangent is equal to the osculating circle deflection
angle minus the spiral deflection angle. The tangent at P
would be located by sighting the point B and turning through
the angle (6,—o,).

The rules are not.strictly accurate and correomons in seconds
of arc, have been given by Thom. :
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THE LEMNISCATE TRANSITION CURVE

In trecent years the lemniscate of Bernouilli has been used
by road engineers not only as a transition curve but also in the
complicated clover-leaf flyover junctions. Referring to Fig. 6,
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0=3¢
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Fig. 6.

BC=P, the polar ray to the point C;

R =Radius of curvature at C;

BM is the axis of the lemmscate and on the full-size curve this
is equal in length to the multiplier J ;

CH is the tangent at the point C;

¢ is the polar deflection angle for the ray BC;

6 is the angle turned through by the curve in length BC.

The equations for the full-size lemniscate are,

P=3R sin 29, (16}
"~ and P=J4/ sin 2q. (17);
Another important property of the lemniscate is that the angle

6 is exactly 3p. For the basic lemniscate BM is unity and the
above become,

’ .p=3r sin 2o, (18

and . - p=4/ sin 2¢. » (19]2
From these it follows that,

pr =% (compare fs=1 in the basm spiral) (20)

and, PR=J2%/3 (compare RS=K?in the full-size spiral) (21}

To Determine, the Multzpher J for the Lemniscate. For the
lemniscate, by successive differentiation, the rate of change of
acceleration, C, is (3v3/J%) cos 2¢. C is ‘therefore not constant
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in value, but is a maximum at the beginning of the curve where
¢ is zero, and thereafter decreases until zero value would be
obtained if ¢=45° were-reached. A certain amount of easement
in the rate of turning of the steering wheel (9), is therefore
obtained with the lemniscate.

Using the maximum value of C as the criterion,

J=+/3 (v*/C) ft., (22)
or, with m.p.h. units, o ;
J=30754/(V3/C) ft. (22a)
A comparison of these with (8) and (8a) shows that, for equal
values of C, J :\/S—K, and, accordingly, the scale to suit the
lemniscate is shown on the right-hand side of Fig. 3.
The maximum length of the lemniscate which may be used

as a transition is decided, as in the case of the spiral, by the
centrifugal ratio F. Substituting J2/3P for the radius R in (1),
P=5F (J/V)% (23)
A comparison of (12) and (23) shows that, for J :\/3K, the
lengths S and P, in the spiral and lemniscate respectively, are
the same. Fig. 3 can therefore be used for both curves. It may
be noted, however, that S is a curved length whereas P is a
chord length.
For wholly transitional bends, the formule equivalent to (11)
and (1la) of the spiral are readily obtained by substituting
¢=a/6 in the lemniscate equations (16) and (17). This gives
sin «/3=236 F2/VC, o (24)
and J=V24/(sin «/3)/5F. T (24a)
Tt may be noted that sin «/3 replaces «/3 in the corresponding
spiral formule. The remarks concerning the selection of the
values of K, S and R apply equally to the lemniscate values
J, P and R, the relationship PR=J?2/3 being strictly observed.
Tangent Distances, etc. Once the essentials J, P and R have
been finally fixed, the various tangent distances, etc., can be
determined as follows :
With the notation of Fig. 7, ¢ is found from (17) or (19), then

BH =P sin 2¢/sin 3¢, and HC=Psin¢/sin 3¢.

The sub-tangént length for the circular curve CF =R tan («/2—3¢).
Triangle HAF can now be solved for the lengths HA and
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AT, and the tangent distances AB and AE obtained by adding
the lengths BH and HA. '

(In the special case of a wholly transitional bend the procedure
is reversed, p=u/6 being substituted in (17) or (19) to get the
lengths P or p respectively. The tangent distance for the basic
curve is then p cos2¢/cos 3¢ ; this, when multiplied by J,
gives the full-size tangent distance.)

Shift Methods. In view of the ease with which the tangent
distances, etc., can be obtained from the properties of the
lemniscate, it is only where the check points C and G are not,

Deviafion

Fig. 7

to be located beforehand that any advantage is to be gained
by using the shift methods. For the full-size curve, Fig. T,
the shift is, ]

N=P sin ¢g—R(1— cos 3¢)

=R(3 cos p— cos 39—2)/2, . (25)
and the shift point distance is
M=RB(3 sin ¢-sin 39)/2 (26]
=(P cos 9)/24R sine. (264}
The tangent distances are ‘
AB=AE=(R+N) tano/24-M. (@7

The Léngth of the Lemmniscate. To distihguiéh the lemniscatt
from the spiral the length of the curve will be denoted by I or
instead of s and S. Forthe basic lemniscate

dl—=r d6—3r do.
o @ ]

o 1= 3r do= f do/+/ 50 2 (@
0 o :



BASIC CURVE METHODS IN ROAD-CURVE DESIGN 317

This integral can be obtained in the form of an infinite series
which, unfortunately, does not converge rapidly for the highér
values of ¢, and the arithmetical work involved precludes its
use as a really practical formula. An approximate expression
for the length has. been given by Prof. Royal-Dawson.”

- It may be noted, however, that by making the substitution,
c0s2A =sin 20, in (28),

1 [fﬂ dA /‘A _dA
T2 4/1—%sin?A . D\/l—%sinzA]-

These are elliptic integrals of the first kind, the modulus being
45°1in each case. The first one is known as the complete integral
and has the value 1-85407468....... Tables of values of. the
second to twelve decimal places are published® for values of A,
at 1/2° intervals, between the limits 0 and 90°. “Values of I and
o which have been obtained by the Author on the above basis
are given in Table I. The corresponding values of p and r have
not been included since they can be obtained from tables of the
natural trigonometrical functions by using. the relationships,
p=4+/5in 29=cos A, and r=(sec A)/3.

Setting-out the Lemniscate. To maintain the running chainage
the lengths L along the curve will be known when the chainage
of the tangent point B is found. These become basic curve
lengths 6n dividing by J, and the deflection angles may then
be found by interpolation in Table I, linear interpolation being

* sufficiently accurate for all practical purposes. '

If the running chainage is not to be maintained, equal curve
lengths corresponding to something of the order of 0-05 to
0-10 of the basic curve would be satisfactory, the values of ¢
being again found from the Table. It may be noted, however;
that at the beginning of the curve the values of ¢ are small
and the difference between the curve length and polar ray is
of no practical significance. Accordinvly the approximations
2cp sin 2¢ and I=p may be made in (19), which then becomes

¢=1719 [2 minutes of arc. (19a)

The apprommatlons compensate one another to a certain

extent and (19a) is sufficiently accurate for values of ¢ not

- exceeding about 4°. A comparison of the true and approximate
~values is interesting. For a length of 0-4 of the basic curve
{19a) would give a deflection angle of 4°35’2", whereas the
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true value as found by interpolation in Table T is 4° 34’ 47"
The error in the approximation is therefore some 15" of are,
and for a multiplier of 1430 ft. this would produce an error in
alignment of less than 1 in.

Allowance for Curvature. By keeping the peg interval small,
the difference between chord and curve length is negligible as
far as practical setting out is concerned. It is only in the higher
values of ¢ that the differences become appreciable. It may be
of interest to record that, if for an estimate of the length of
the basic curve from 0 to 45° deflection angle, a chord length
of 0:05 had been used instead of a curve length the error in the
estimation would have been of the order 1/2400, which, in
surveying work, represents an accuracy more than sufficient

. sin A
0\ —
&5 ' Sih2g.\ _
Sk z¢,’!) cos A
Fig. 8.

--(29)

for ordinary chaining purposes. And, in addition, at station
1-00 on the basic curve, deflection angle 27° 44’ 16", the differ-
. ence between this angle and that of the point which would
have been obtained if twenty chord lengths each of 0-05 had
been used instead of curve lengths, is less than 1’ of arc.
Setting out the Lemmiscate from a Point on the Curve. One
great disadvantage of the leminiscate, as compared with the
spiral, is that the osculating circle law is not sufficiently accurate
unless the points P and Q, Fig. 5, are close to each other. Re-
ferring to Fig. 8, let the curve be set out from the tangent point
B on the straight, as far as the station F. To complete thé
setting-out of the transition with the theodolite stationed at
F the deflection angles, from the polar ray BF produced, to
the remaining stations must be calculated. Thus for station W,
the deflection angle is (A+7), where A is the difference between
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the original deflection angles from the straight at the beginning
of the curve. Expression (29), Fig. 8, will give the values of ~
directly, but it is not specially suited for accurate logarithmic
calculation, and the following method may be preferable. By
solving triangle BWEF, and taking logs, we have,

log sin (A++y)—log sin y=(log sin 2¢,—log sin 2¢.)/2.  (29a)
If an approximate value is known for vy to begin with, this
can be solved very quickly using trial and error methods.
v=(2¢,+Z), where Z=1719 p 8l, minutes of arc, p and 5] being
the basic curve polar ray BF and the basic curve length FW
respectively, is a good approximation provided the lengths
8l are not too large. (It underestimates the value of y as 8
increases.)

sin A ,
Sin 29
/ \Sin 2¢5) - cos A
Fig. 9.

-=-(30)

On the other hand, when W is between F and B, expression
(30), Fig. 9, should be used instead of (29), and the deflection
angle from the fangent at F is (2¢,—7v). The alternative,
corresponding to (29a), is

log sin (A+v)—log sin y=(log sin 2¢,—log sin 2¢,)/2 (30a)
and in this case the approximation for v is y=(2¢,—Q),
where Q=1719 3l (3p—3l), minutes of arc, and p and 8/ are
as already defined.

It may be noted in connection with the above, that Q is the
angle as found from the osculating circle law, whereas Z is the
deflection angle for a length 8l on a circle having a radius three
times that of the osculating circle at the point F. An example
which illustrates the above is included in the Appendix.
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Tre CuBic ParaBoLA TRaANSITION CURVE

This curve is the first approximation to the spiral, and, with
the same notation, its equation is Y=X3/6RS=X3/6K2.
For low values of ¢, the following approximations hold with

sufficient accuracy for practical purposes: X =8 ; the shift=
© 82/24R ; the shift point distance is S/2. From these it will be

seen that the-transition bisects the shift. Tangent distances
aré found as formerly, and the curve may be set out by offsets
from the straight, or by deflection angles ¢, as before, the
values of ¢ and 6 being obtained from the expressions tan o=
Y/X=X2/6K?2 and tan 6=X?2/2K?2 respectively. The cubie
parabola is not suitable for the higher values of ¢, in fact the
radius of curvature increases after the point corresponding to
©=8°3" is reached.

MopeL CURVES

An excellent idea of the position of the bend can be obtained
graphically by using a scale model of the basic curve. This will
ensure that the proposed values of the multiplier and radius
or length of transition will meet the site requirements in addition
to those of speed and curvature, and will allow amendments
to be made to these quantities before the final calculations
are begun. In this way, not only may unnecessary work be
avoided, but, in addition, an excellent check on the accuracy
of the arithmetical work itself will be available. The basic
curve, together with the locus of the centres of curvature, can
be drawn to a suitable scale on tracing paper or cloth, but the
durability of a celluloid model should not be overlooked.

For purposes of illustration, the lemniscate will be taken
as the transition in question, but the remarks apply equally
to the spiral. The Author has found a basic model whose axis
is 10 inches in length, to be sufficient to cover all combinations
of transition and arc likely to be met in practice and to give,
with careful work, accuracies to a foot or so. The model curve
is shown in Fig. 10 and the data for its aecurate construction
ig given in Table II.

For direct use the proposed values of P and R are convelted
into basic curve values by dividing by J. These are marked care-



BASIC CURVE METHODS IN ROAD-CURVE DESIGN 321

fully on the basic model and the latter is then positioned on an
accurate drawing of the straights so that the respective straights
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coincide and the centre of curvature point corresponding to 7
is on the line bisecting the intersection angle between the
straights. With this point as centre, the circular arc is pencilled-

o
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in lightly with compasses. In the special case of a wholly tran-
sitional bend the centres of curvature line will be tangential
to the line bisecting the intersection angle. Tangent and other
distances from the intersection point may now be measured
with the basic curve scale, and these when multiplied by J will
give the corresponding lengths on the full-size bend.

In improvement schemes especially it may happen that the
bend must pass through a definite point. Here the multiplier
is found primarily from the site condition and not by considering
F and C, although, when the multiplier has been fixed, the
latter considerations fix the speed standard for the bend. In
this event the use of the model will allow the optimum value of
J to be selected. Let the point through which the curve must
‘pass be Q, Fig. 7. Q may be fixed in position by measuring the
angle BAQ and the distance AQ. Maliy combinations of tran-
sitions and circular arc will satisfy the site condition, but,
with respect to speed and curvature, the optimum arrangement
may be found by placing the basic model in the manner previously
described on an accurate drawing of the straights to which has
been added the line corresponding to the direction AQ. The
intersection of the model bend with this line fixes the basic
length corresponding to AQ. This basic length and %also the
radius of curvature r at the end of the transition are scaled
from the drawing with the basic curve scale. The multiplier
J is then the actual distance AQ divided by the corresponding
basic length, and the radius of the full-size circular arc is R=Jr.
The speed standard for the limiting values of F and C can now
be found. Various positions are thus tried until the optimum
arrangement is found. The calculations and setting out are
then made in the usual manner. If, however, it is found that,
due to inaccuracy in the graphical work, the curve does not
pass through Q, but through Q' also on the line AQ, and the
error QQ’ is too great to be ignored, the multiplier should be
altered in the ratio AQ/AQ’. All lengths, tangent distances
radius, ete., are proportional to the multiplier and the necessary
alterations are readily made. ‘

Analytical solutions are possible, but these are very laborious,
and, except when Q happens to be at the centre of the bend,
when the algebraic work is simplified considerably, they cannot
be recommended.
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WIDENING AT BEXNDS

= The calculations for the layout of the bend should in general
be made for the line corresponding to the centre line of the
carriageway under consideration. To get the kerb lines the
centre line may be moved parallel to itself as shown in Fig. 11.

Fig. 11.

In this way the widening of the carriageway is automatic, and
the same setting-out table can be used for the kerbs. The
distance between the kerbs, measured. in a direction parallel
to the line bisecting the intersection angle between the straights,
is constant and equal to W sec o/2, this being the normal width
at the centre of the bend. If additional widening is required
the simplest method is to increase the multiplier on the inside
curve. To illustrate this point, let ZQ be the additional width
required, i.e. ZQ=(Wc—W sec «/2), where W¢ is the required
.width of carriageway at the centre of the bend. The new
multiplier is then J(AQ/AZ), the distances being calculated
from the original layout, or they can be often obtained with
sufficient accuracy from the basic model. The increase in
tangent distance, BB', is T ZQ/AZ) where T is the orlgmal
tangent distance AB. The increase in chord length is found in
a similar wayy. For large deviation angles the additional widening
produced by the parallel shift method may be excessive. Thus,
for a carriageway of normal width 30 ft., and a deviation angle
« of 60°, the increase in width by _the parallel shift method
would be 4-64 ft. In this case, the scale of the inside curve
will need to be reduced ; this should not escape attention when
the values are being originally selected.
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REVERSE BENDS

These are mainly confined to improvement schemes and in
consequence the limits of the land available have to .be con.
sidered in their design. A typical example is shown in Fig. 12;
oy being greater than o,, and, although
the lemniscate notation bas been used
for purposes of illustration, the spiral
can be applied with equal facility.

It should not be assumed that two
wholly transitional bends will give the
best solution without in the first instance
“assessing the relative merits of several
alternative arrangements. If the devia-
tion angles are unequal, two wholly
transitional bends of the same scale or
multiplier will result in a greater value
of F being reached on the bend with the
larger deviation angle. It is true that
the calculations are simplified if wholly
transitional bends are used, and it is
possible to obtain this arrangement and
equal values of F at the same time by
the use of different multipliers. (24a)

shows that J is proportional to Vsin «/3
and simple proportion will give the
desired result. This arrangement, how-
ever, departs from uniformity and cannot
be recommended. ;

A more logical method would- be to
provide the same values of C and F
throughout, and these conditions can
only be fulfilled by- having the same
length of transition on each bend. The
best combination of transition and arc can be obtained with the
model curve in the manner previously described, but the "basic
tangent lengths must then be known before the multiplier can
be found. In the preliminary work these may be scaled from
the drawing. Denoting these by ¢, and #, respectively, it is

Fig. 12.
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readily seen from Fig. 12 that the multiplier is D/(¢, +¢,), where
D is the actual distance AA’ between the intersection points,
minus a length which will allow the kerbs to be accommodated.
If the parallel shift method is ‘adopted, the deduction is
W( tan ay/2— tan o;/2)/2. It will be understood that the
final values of £, and ¢, must be calculated ; the model curve
has only been used to facilitate the selection of the basic quanti-
ties p and . When J has been found the speed standard can
be obtained from Fig. 3. The dramage of the hatched portion
of the roadway in Fig. 12 may require special consuieratlon
when the gradient of the road is flat.

SUPERELEVATION

Throughout the bend the adverse camber on the outside
must be replaced by superelevating or banking the roadway.
The most usual method of effecting this is to keep the crown of
the road at its normal profile level and to raise and lower the
outer and inner channels and kerbs respectively. For small
amounts of superelevation the inside camber may be preserved
over the length where its slope is greater than the required
cross-fall. The change-over from the normal cambered section -
to the superelevated one must be worked in carefully at the-
beginning of the transition to give an appearance pleasing to
the eye, and for this purpose parabolic vertical curves on the
kerbs can be used. The lengths of these depend on the scale
of the transition and the amount of superelevation to be pro-
vided. Excellent examples are given by Collins and Hart®,
and further details need not be discussed here.

On flat gradients a minimum cross-fall of } in. per ft. width
should be provided to give adequate drainage to the road. The
maximum amount, however, depends on the classes of vehicle
the road has to serve. The extremely dangerous conditions.
which would be brought about by the combination of excessive
«cross-fall, slippery road surface and wind pressure, should be
considered, and in no case should the safety of slow moving
‘traffic, such as a horse-drawn cart of hay, be endangered. - For
this reason cross falls greater than 1 in. per ft. width are
rarely exceeded. Assuming that the coefficient of . friction
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between the tyres and the road were zero, a cross-fall of 12 T in,
per ft. would be required to prevent side-slip. Even if it wers
possible to provide this amount, it is illogical to base anyi
argument on a condition which could only arise on ice-bound
roads. In any event, for the hlgher values of F, a third of thlS\
quantity, say 4 F in. per ft., is about the maximum quantity
that can be applied. '

In fixing the amount of superelevation several other factors
should be taken into account. Of these the chief is the effect
of gradient on the relative positions of the wheels of the vehicle,
The outer wheels of a car travelling on an up-grade will be higher
up the grade than the inner ones and an effect eqmvalent to
an increase in superelevation is obtained. The reverse is true
when the car is travelling on the down grade.

VERTICAL CURVES

For the purpose of pr0V1dmg transitions at all changes of
gradient the parabolic curve is most commonly used. Gradlents‘
are usually expressed in the tangential percentage system,
and for purposes of definition a gradient of -+ a per cent. will
- be taken to mean one which rises or falls through a verticall
height of a ft. in a horizontal length of 100 ft., the latter distance;
being measured in the direction of the running chainage. The,
grades are, in general, fixed by considering drainage and control.
 levels through which the finished road must pass, but at brldger
crossings, especially those of large span and skew, it is often
possible to fix the tangent grades after the vertical curve 1tbelf‘.
has been determined. By making the centre of the bmdgef
coincide with the highest point of the curve, the bridge design:
is simplified and unnecessary dead load in the form of concrete;
or other filling is eliminated. Simultaneous changes in horizontal;
and vertical alignment, especially at summits, should be avoided:
‘wherever possible. :

To connect the gradients of +a per cent. and —b per cent..
Fig. 13, by means of a parabolic curve, the length L must be
known. This is the projected length on the horizontal plane,
not the curve length, and it is fundamental if a parabola with:
a vertical axis is to be used that, no matter what values:
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a and b have, the tangent points must be equally spaced
a horizontal distance of L./2 on each side of the intersection
point. Disregard of this leads to hybrid curves.

In summit curves the length L should be fixed by considering
the visibility, E, for a height of eye of & ft., as shown in Fig.
14(a). The Ministry of Transport requirements in this respect,
hased on a value of 3 ft. 9 in. fot %, are as follows0 :

Trunk roads, E=600 ft.; Class I roads, E=500 ft.;
Class II roads, E=450 ft. ; unclassified roads, E=300 ft.
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Denoting the algebraic difference of the percentage grades by

G, then L=ZG, where Z is a multiplier in feet units. Strict

attention must be paid to algebraic conventions when determining

the numerical value of G. Thus, for the case shown in Fig. 13,

G=(a)—(—b)=a-+b. Referring to Fig. 14(a), with the origin

at the highest point, the general equation of the parabola is -
y=-—cx?, where ¢ is constant numerically. Differentiating this

expression,

dy/de=—2 cx and d?%/dx*=—2c.

The gradient at any point on the curve may be scaled or
calculated from the diagram shown in Fig. 13. The highest
point on the curve, or the lowest in the case of a sag, is aZ and

24
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bZ ft. distant from the respective ends of the curve; these
can therefore be located at once.

At g=—aZ, dy/dx=a/100; and at x=+4bZ, dy/de=—b/100.

‘. @/100=2caZ and —b/100=—2cbZ.
By subtracting the above, ¢c=1/(200Z), and the gener. al equation
of the curve is therefore,
y==-22/(200 Z), (31)

the -+ sign being used for sags, and — sign for summits.

The radius of curvature is approximately R=100 Z; this
is sufficiently accurate for all curves likely to be used in practice.
(When drawing vertical curves on the profile, the radius of the
curve m inches is approximately 100 Zn/m?2, where 1 in.=m ft.
" and 1 in.=n ft. are the scales for chainage and height respec-
tively.)

e
h_L,{/ ‘
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o> | (b)
Fig. 14.

To ‘determine the multiplier Z. Substituting the values E/2.
and h, for  and y respectively, in (31), E=+/(800AZ)

For 2=3-75 ft. this becomes

Z=E2/3000 ft. (32)

For the various road classes, (32) gives values of Z of 120, 83,
67-5 and 30 ft. Strictly speaking, (32) is valid only when L
is greater than K, and on flat gradients it will underestimate
the visibility. In this event, Fig. 14b, either E/2=aZ/2-100A/a
or BE/2=0Z/2 +100h/b may be used instead. To avoid
unnecessary complication, it is suggested that the value of the
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steéper gradient be taken. From the aspect of visibility a vertical
curve will not be necessary when the steeper gradient is less than
200h/E per cent. Substituting the values of E for the appropri-
ate road classes, the limiting gradients are : Trunk roads,
1-25 per cent. ; Class I, 1-50 per cent. ; Class II, 1-67 per cent. ;
unclassified, 2-5 per cent.

On sags and summits, where visibility is no longer a factor,
Z is found by limiting the amount of the radial acceleration,
v2/R, to a value of 2 to 3 ft. per sec. per sec. Replacing R by
100 Z, then, for speeds in m.p.h. and an acceleration of 2-6 ft.
per sec. per sec., .
Z=V?/120 (33)
. for V=60 m.p.h., Z should not be less than 30 ft. I

In the Author’s opinion the minimum length of curve, irre-
spective of visibility or speed requirements, should not be less
than 200 ft. If an arbitrary length is chosen Z can be obtained
from Z=L/G.

 Finished Road Levels. Finished road levels may be calculated
from (31), it being remembered that the highest point is aZ ft.
distant from the start of the curve. This method, however,
is not readily applied to the case where the curve connects two
gradients of the same sign. The finished levels in this- case
are more readily determined by the method of vertical offsets
from the grade line produced. With the notation of Fig. 13,
the offsets are proportional to the squares of the distances
from the tangent points, and the expression,

0=x,%/200Z (34)
will give the required values.

Channel Grading. On gradients flatter than 1 in 200 channel
grading may be used to give proper drainage to the road. In
general, if the limiting gradient is d per cent., channel grading
over a length of dZ feet on each side of the turning point of the
curve will be necessary.

The Author gratefully’ acknowledges the assistance and
advice which he has received in the preparatlon of this paper
from Prof. G. Cook, D.Sec., F. R.S. No less is he indebted to
Mr. V. R. Paling, B.Sc., Who has also checked the numerous
formule and calcula.tions, and assisted in correcting the proofs.
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TaBLE I—Basic LEMNISCATE

s d
: l:fo%; cos2A = sin 2¢; p=cos A ; r=(sec A)/3.

gin 2¢
? : ?

A l Deg. Min. Sec. A ! Deg. Min. Sec.
90° 0 0 0 0 745 0-267375 2 02 52
89-5 0-008727 0 0 08 74 0-275797 2 10 43
89 0-017452 0 0 32 735 0284201 2 18 48
88-5 .0-026177 0 01 11 73 0-292586 2 27 07
88 0-034900 0 02 06 72-5 0-300953 2 35 38
87-5 0-043619 0 03 16 72 0-309300 2 44 23
87 0-052336 0 04 42 71-5 0-317628 2 53 21
86-5 0:061049 0 06 24 71 0-325936 3 02 32
86 0-069757 0 08 22 70-5 0-334223 3 11 56
85-5 0-078459 0 10 35 70 0-342491 3 21 32
8 0087156 0 13 03
845 0095847 0 15 47 69-5 0350738 3 31 21

69 0-358963 3 41 22
84 0-104530 0 18 47 .

68-5 0-367168 3 51 35
835 0113205 0 22 02

68 0-375350 4 02 00
83 0-121872 0 25 32

- 67-5 0-383512 4 12 38

82-5 0130530 0 29 17 -
67 0-391651 4 23 27
82 0-139178 0 33 18
66:5 0-399768 4 34 28
81-5 0-147816 0 37 33 :
66 0-407863 4 45 40
81 0-156444 0 42 04
. 65-5 0-415935 4 57 04
805 0-165060 0 46 50 65 0-423085 5 08 39
80 0°173664 0 51 50
795 0-182256 0 |57 06 64:5 0-432012 5 20 26
79 0-190834 1 02 36 64 0-440015 5 32 23
785 0-199399 1 08 20 63-5 0-447996 5 44 31
78 0-207951 1 14 20 63 0:455954 5 5856 50
775 0-216487 1 20 33 62-5 0-463889 6 09 19
71 0-225009 1 27 01 62 0-471800 6 21 59
76-5 0-233515 1 33 43 61-5 0479687 . 6 34 49
76 0-242005 1 40 39 61 0-487552 6 47 49
755  0-250479 1 47 50 60-5 0495392 7 00 59
75 0-258935 1 55 14 60 0-503209 7 14 20
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A
59-5
59
585
58
575
57
565
56
555
55

54-5
54
536
53
52-5
52
515
51
50-5
50

49-5
49
485
48
47-5
47
46-5
46
455
45
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l
0-511003
0-518773
0-526519
0-534242
0-541941
0-549617
0-557268
0-564897
0-572502
0-580083

0-587642
0-595176
0-602688
0:610177
0-617642
0-625085
0-632505
0-639902
0-647276
0-654628

0-661958
0669266
0-676551

0-683815

0691057
0-698277
0-705476
0-712654

- 0-719810

0-726946

10
10
10
10
11
11
11
11
12

12
12
13
13
13
13
14
14
14
15

© ©© m w118

Min.

27
41
55
09
23
37
52
06
21
36

06
21

T 87

52
08
24
39
55
12

28
44
01
17
34
51
08
25
42
00

TaBLE I—cont’d

49
29
18
16
23
40
05
39
22
13

13
21
37
02
34
14
01
56
58
08

25
49
20
57
42
33
30
34
44
00

A
44:5
44
435
43 -
42-5
42
41-5
41
40-5
40

395
39
385
38
37-5
37
36-5
36
355
35

345
34
335
33
32:6
32
315
31
30-5
30

1
0-734061
0-741155
0748229
0755283
0762317
0-769331
0-776326
0-783301
0790257
0797194

0-804112
0-811012
0-817893
0-824757
0-831602
0-838430
0-845240
0-852033
0-858809
0-865568

0-872310
0-879037
0-885747
0-892441
0-899120
0-905783
0-912431
0-919064
0925682
0-932286

Deg.

15
15
15
16
16
16
17
17
17
17

18
18
18
19
19
19
20
20
20
21

21
21
22
22
22
22
23
23
23
24

Min.

17
34
52
10
27
45
03

21

39
57

16
34
53
11
30
48
07
26
45
04

42

01
20
40
59
19
38
58
17

Sec.
22
50
24
04 -
50
40
37
39
45
58

15
37
04
35
12
53
38
28
23
21

24
31
41
56,
15
37
03
33
06
43
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TABLE I—cont’d

A l Deg. q)Min, Sec. A ! Deg. cpMin. Sec.
295 0-938876 24 37 23 145 1-131123° 34 48 08
29 0:945452 24 57 06 14 1-137389 - 35 09 Ol
285 0-952014 25 16 53 13-5 1-143649 35 29 55
28 0-958562 25 36 43 13 1-149902 35 50 51
27-5 0965097 25 56 35 12-5 1-156149 36 11 47
27 0-971619 26 16 31 12 1-162391 36 32 46
26-5 0-978128 26 36 30 115 1-168627 36 '~ 53 45
26 0-984625 26 56 32 11 1-174857 37 14 45
255 0991109 27 16 37 10-5, 1-181082 37 35 47
25 0-997581 27 36 44 10 1-187302 37 56 49
24-5  1-004041 27 56 54 95 1193517 38 17 53
24 1-010490 28 17 07 9 1-199728 38 38 57
23-5 1-016927 - 28 37 - 22 85 1:205935 39 00 03
23 1-023353 28 57 40 8 1212138 39 21 09
22-5° 1-029768 29 18 00 7-5 1:218337 39 42 16
22 1-036173 29 38 23 7 1-224532 40 03 23
215 1-042567 29 58 48 6-5 1230724 40 24 32
21 1-048951 30 19 15 6 1-236913 40 45 40
205 1-055325 30 39 45 55 1243099 41 06 50
20 1-061689 31 00 16 5 1-249283 . 41 28 00
19-5 1-068044 31 20 50 45 1-255464 41 49 11
19 1-074389 31 41 26 ) 4 1-261643 42 10 22
185 1-080726 32 02 03 35 1267820 42 31 33
18 1.087054 32 22 43 3 1-273996 42 52 45
175 1093373 32 43 24 2:5 1-280171 43 13 58
17 1-099684¢ 33 04 08 2 1-286344 43 35 10 _
16-5 1-105987 33 24 52 15 1292516 43 56 22
16 1-112282 33 45 39 1 1-298687 44 17 35
155 1-118569 34 06 27 0-5 1-304858 44 = 38 48

15 1-124850 34 27 17 0 1-311029 45 00 00
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TasreE II—MobDEL CURVE VALJES

Degrees P T y r z’ Yy Ref.
0 0 0 0 © [ 0
1.5 0229 0166  0-157 1-457 1-459 0-114
3 0-323  0-240 0-216 1-031 1-035 0-162 .
45 0396  0-301 0-257 0-843 0-851 0-198
6 0-456 0-354  0-287 0-731 0-743 0-228
75 0-509 0-404 0310 0-655 0672  0-254
9 0556 0450  0-327 0-600 - 0-621 0-277
10-5  0-599 0-493 0-339 0-557 0-584  0-298
12 0-638 0535  0-347 0-523 0:555 0-317
13-5 0674 0575 . 0-352 0-495 0-533 0-334
15 0:707  0-612 0-3564 0471 0-516  0-350
18 0-767 0-683  0-348  0-435 0-492 0-377 10
21 0818 0-747 0-333 0-408 0478 0401 11
24 0-862  0-805 0-309 ~ 0-387 0470 0420 12
27 0-899  0-855 0-278 0-371 0-466 0-435 13
30 0-931 0-899 0-241 0-358  0-465 0-448 14
33 0-956  0-935 0-199 0-349 0-466 0-457 15
36 0975  0-963 0-153 0-342 0468 0464
39 0-989 0-984  0-103 0-337 0-469 0-468
42 0-997 0996 00562 0-33¢ 0471 0-471
45 1-000 1-000 0 0-333 0-471 0-471

L - U COre

If the axis is made 10 inches, these values should
be multiplied by 10 in. Fig. 10.

APPENDIX

Ezample 1. Referring to Fig. 7, «=38°30"0". Determine
a layout for the centre line of a road to suit the following re-
quirements :

Speed standard, 60 m.p.h.; C and F, 1 ft. per sec. per sec.
in 1 sec. and 0-20 respectively; lemniscate transitions are to
be used, and the running chainage is to be maintained. Statipn
interval 100 ft.

Preliminary Work. From Fig. 3, for V=60 and C=1, the
multiplier J is 1430 ft. and for F=0-20, the length P=>567 ft.
.. sin 2¢0=(567/1430)2=0-157 (slide-rule value), and 2¢=9°2'.
The maximum value of « for a wholly transitional bend
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is therefore 27° 6’ and the bend cannot be wholly transitional
for the specified values of F and C. (This is an alternative
method to (24).) An intermediate length of circular arc will
therefore be used. For V=60, and F=0-2, the degree of the
curve (la), is 4-76°.

Since the running chainage is to be maintained, J will be
made 1428-57 ft.; this has as its reciprocal 0-0007, and the
conversion to basic lengths is thereby facilitated. The degree
of the curve will be altered to 4-5°, the radius of this is 1273-2 ft
P is therefore, from (21), 534-28 ft.

At this stage the model curve should be used in the manner
described. From this it is found that the basic tangent distance
is 0502 and the distance from the intersection point to the
centre of the bend is 0-060. Multiplying these by J, distances
of 717 and 85-6 ft. respectively are obtained. Assuming these
are satisfactory from the point of view of site requirements
the final accurate calculations may now be made.

Final Calculations. These were made with 7-figure loga-
rithms but economy of paper precludes them from being given
in detail, and only the final result in each step will be given.

Substituting the selected values of P and J in (17),

‘ e=4°1"13",
and therefore,

20=8°2'26"; 3¢=12°3"39"; 6¢=24°7'18" and
: (a—B¢)=14° 22’ 42",
Solving triangle BHC,
BH="P sin 2¢/ sin 30=357-66 ft.,
and HC=P sin ¢/ sin 3¢=179-27 ft.
"The sub-tangent distance
CF=R tan («/2—3¢)=160-60 ft.
. HF=HC—+CF=339-87 ft.
From triangle HAF,
HA=HF sin HFA/ sin HAF =357-17 ft.,
and AF=HF sin 3¢/ sin HAF=75-22 ft.
The distance from A to the centre of the bend is

AF—{—RLsec (2——-3<p> 1] —85:23 ft.
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The tangent distance AB=(HA+HB)=714-83 ft. It may k
noted that the basic model gave 856 and 717 ft. for thes
quantities. ’ ‘ ‘
The various points can now be located from the straight
and the running chainage of the tangent point B found on th
ground. Assuming that the chainage of B is 44335, ie. Bi
433-5 ft. from the beginning of the work, the curve length
and chainages of the intermediate tangent points are as follows:
For ¢=4°1’13", interpolation in Table I gives for the basié
curve length, 1=0-37473.
.. L=J1=53533 ft.,
and for the circular curve, the total angle to be turned through
is 14° 22’ 42", which means a length of
‘ 100 x 14-37833 /4-5=319-52 ft.
The chainages of the various tangent points are therefore :
~ Chainage of B=4335.
Chainage of C=433-5-}535-33=9--58-83,
Chainage of G==968-834319-52=124-88-35,
Chainage of E=1288-35+4535-33 =18-23-%5,
. The deflection angles for the curves may now be found. Thes
are as tabulated.
For the first transition curve,

Chainage Length L ft. Basiclengthl=L/J o

41385 0 0 1)

5+00 ) 66-5 0-04655 0° 3’ 44”7
6+oo 166-5 0-11655 0° 23’ 21”
7+e0 266-5 0-18655 0° 59’ 49”
8+oo ) 366-5 0-25655 1° 83" 77
9+00. 4665 - 0-32655 3° .3 14"

g+o8.83 53533 - 0-37473 4° 1713

For the circular curve,

Chainage Arclength ft. Deflection Angle Vernier Setting

g+es.83 0 (U 359° 17 65*
10+00 31-17 0° 42" 5 - 0° 007
11+00 - 131-17 2° 57’ 5" 2°15" 07
12-+00 231-17 5° 12" 57 4° 30" 0

12-+88-35 319-52 7° 11’ 21”7 6° 29’ 16”
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For the second transition,

Chainage Length L. Basiclengthl=L1/J ¢

1 8+23.68 0 0 0

18+00 23-68 0-016576 0° 0’ 28"
17+00 123-68 0-086576 0° 12" 53"
16-+00 223-68 0-156576 0° 42, 77
157+00 323-68 0-226576 - 1° 28’ 14”7
14-+00 423-68 0-296576 2° 31’ 10”7
13+00 - 523-68 0-366576 3° 50’ 51”7
12+88-35 535-33 0-37473 4° 1’13

The first transition curve will be set out from the point B,
the deflection angles being referred to the tangent at B. The
circular curve will be set out from the station C, the deflection
angles being referred to the tangent at C. In this case the special
vernier settings shown in the table eliminate the need to set to
seconds at the intermediate stations. The line of sight would
be directed along the tangent at C, that is, the line CF in Fig. 7,
with the vernier reading 359° 17° 55”. The second transition
would be set out from E, the deflection angles being referred
to the straight at E. Being a left-hand curve from the instru-
ment man’s point of view these will need to be deducted from
360°. '

Ezample 2. Given that the deflection angles ¢ to stations
corresponding to 0-8, 0-9 and 1-30 respectively, on the basic
curve are 18°5’ 22", 22°42'50" and. 44°22'6” TFind the
values of v to locate stations 0-9 and 1-:3 with the instrument
set up at 0-8

By direct substitution in (29) the required values are 38° 22" 58"
and 47° 34’ 2" respectively. ‘

To illustrate the alternative method, however, y=
36°10' 44" 4-1719 p8l minutes of arc. At 0-8, p=0-768 and
for 0-9, 81=0-10. .. y=36° 10’ 44" 1-2° 12'=38° 22’ 44", a value
which is only 14" in error. For 1-:30, however, 8l=0-50 and the
first approximation for v is 36° 10’ 44”--11°=47° 10’ 44”.
Keeping in mind that the rule underestimates the values
a first approximation y=47° 12’ 0" will be tried. Then
from (29a),
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log sin 88° 44’ 12" —9-0998044 b
log sin 36° 10" 44" =9-7710789 -
02288155

*. (a—b)/2=0-1144078 (
log sin (y+A)—log sin y=(c)

Try v=47° 12’

A=26°16' 44"

" (y+A)=T3° 28" 44"
log sin 73° 28’ 44’ =0.9816895  Difference for 1’ - = 3
log sin 47° 12" 0" =9-8655362 “ Do. do. =11f
0-1161533 K
(e), above 0-1144078 .. Correction =17455/794 =%

Error  =0-0017455

Repeating the above with y=47°12'422"=47° 34’, it will §
found that the error in this value of v is about 2" of are.

Example 3. Given that the levels at A and B, chalnage
161+16 and 1714, the two controlling points at a bndg
crossing, must be 410-63 ft. above datum level, determine th
chainages and levels at each end of a parabolic vertical cury
to give approach grades of +3-16 and —2-40 per cent., th
visibility to comply with the requirements of the Ministry )
Transport for Trunk road schemes.

From (32), Z=120 ft., and therefore the length of the cury
will be ZG=667-20 ft. Th1s is greater than the visibility an
(32) is therefore valid. The distances of the hlghest point wi
be aZ and bZ from the tangent points, that is, 379-20 ay
288-00 ft. respectively.

From the site requirement the cha,lnage of the highest pom
will be midway between A and B, i.e. at chainage 161 SR
The chainages of the beginning and end of the curve are then
fore 1574868 and 164154,

The general equation of the ctrve (31) is y=x2/24000, anf
the level of the highest point=410-634-(50)2/24000=410- 734ﬂ
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above datum level. The level at the Dbeginning of the curve
‘ =410-734-—(379-20)2/24000 =404-74,
and the level at the end of the curve
—416-734—(288)2/24000=407-28.

The intersection point of the grades will be at chainage
1614-20-4% £t the level of this point being 415-28 ft. Finished
levels on the eurve can be found from (31).

Discussion

Mr. E. H. Cornertus : The Author has stated in his opening
paragraph that it is not his intention *to dispute -accepted
methods of design.” This uncritical attitude is responsible,
perhaps, for some of the conclusions reached and inferences
‘drawn which need the following constructive criticism.

The Multipliers are simply the parameters of the curves dis-
cussed. As such they possess many interesting properties other
than serving as mere multipliers. However, the Author’s
handling of curves by means of their parameters is the nearest
approach yet made to what has become standard practice in
the case of the circle, which is recognised by either of its two
parameters, the radius or diameter. Specifications will be
simplified very materially when it is possible to use the parameter
as the full and complete description of the curve designed for
any deviation point whatever be the deviation angle. This
is quite possible in the case of the lemniscate which needs only
the parameter, J, to describe the curve as fully as the radius
or diameter would describe a circle.

The Centrifugal Ratio. For the safety of vehicles, the highway
engineer’s true criterion for maintenance of his road is the
amount of reliance he can place on frictional resistances. Tt is
unwise to cloak this by the use of the centrifugal ratio in the
manner described. Writing 1 as tan ¢, the Author’s equation
becomes tan (y49)=(v?/g)(1/R). It is written in this form to
extend the use of the parametcr or multiplier which is the
constant, (v2/g), of a curve of curvatures of the original curve.
A very simple geometrical construction will separate v from ¢
and, then, tan ¢ becomes valuable as a figure by which a judg-
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ment can be formed as to the safety of the road. If, moreove
tan o is used, not as a coefficient but merely as a reliance q
friction, it becomes a useful criterion for the purpose intendekﬁ

The Rate of Change of Acceleration, C. The equations state
to be, for the spiral C==0v3%/K? and for the lemniscate C——(303/J&
cos 20, are obtained by the scalar differentiation of the radn’
accelerations, A, from the equation A=v?/R. The fundamenta{
property of A is that it is a vector quantity and therefore thi
rate of change cannot be obtained by scalar d]ﬁelentlatxorg
In the case of the lemniscate this has led to the erroneous corfr
clusion that C “is a maximum where ¢ is zero and thereafi
decreases until zero value would be obtained if ¢=45 wea’
reached.” Just the opposite is the case as may be seen
writing A=v2/R in the form A=v*1/R) where (1/R) is ti
curvature and » is the constant velocity. At the beginning ¢
a lemniscate the curvature is very small whereas when o=
is reached its change becomes very rapid comparatively. Co
sequently C=vectorial dA/dt over a period of one second
very small at the beginning of the ¢urve becoming a max1mm’<
in the vicinity of ¢==45°. The Author’s Fig. 3 will requm
alteration materially.

The correct method of evaluating C=vectorial dA/dt is I
drawing the Hodograph of Accelerations. For the lemniscal
this is shown in Fig. 15 and follows from a simple geometria
construction which depends on the axiom that equal vectoti
have equal magnitudes and either the same or parallel directios
and on the properties of the lemniscate that

(i) The vectorial, tangential and intrinsic angles are in ti
ratio of 1:2: 3.

(i) The magnitudes of radial accelerations when plotty
along the vectorial angles, o, dgscribe the lemniscate of acceler
tions, A=(3v*/J)+/ sin 2« whose parameter is (3v*/J). Hei
v is the constant velocity and J is the parameter of the lemni
cate of the path.

(1ii) Parallel directions through the centre C of the lemnisca
of the path to the radii of curvature (perpendicular to tangent
will be found along rays through C drawn 90° out of phase wi
the intrinsic angles swept by tangents with the axis of referend

The hodograph of accelerations is obtained by plotting th

values A=(3v2/J)4/ sin 2« of the lemniscate of acceleratior
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along rays through the centre or origin-.of the lemniscate of the
path at angles sweeping (90°+3«) with the axis of reference.

LEMNISCATE oF Paty

N N s
7
V4 N
/,'" Q ’ A
3 0
P ,
/
/7
/
/
/
‘ ¢ LEMNISCATE oF
T u s AccELERATIONS
/
8¢, 7/
/
(ot 34) oy
~ /
Ll 1/ 07
c
7
7
/’ : ’
/3% T
/
/
// U/
/
« /
’
’ HoboGRAPH oF
& TS ACCELERATIONS

CA =parameter, J. Ca= Ca’=3%/J.
PQ=SA=v ft. CP=J /sin 2a
CQ=J ./ sin 2(ax+ Sav). CT=(3+2/J) ./ sin 24=CT".
CU=(82/3) ysin 2(a+8e)=CU".
dA

Arcs a’8” and T'U’ are vectorial E—over ove second.
CN is the axis of refelence

LNCT'=(90+3a). £ T/CU'=38a.

Fig. 15.

['he arc of the hodograph between two radius vectors one second
part subtends at the origin an angle which is 38« when the
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constant velocity, v, during that second, describes the arc(
the lemniscate of the path subtended by the angle da. It is th:
length of the arc of the hodograph which in one second gm
the value C=vectorial dA/d¢. y

The Law of the Osculating Circle. The inference that i
bending moment diagram of a beam bent in the shape of|
spiral must be a stralght line is not tenable. In fact, it is pr
bably another spiral whose parameter is the product of t
parameter of the beam spiral and the flexural rigidity, EI. |
the relation M/I=E/R, M=EI(1/R) and (1/R) is the curvatu
of the beam spiral. |

The Lemniscate Tramsition Curve. The Author sugges{
evaluating the parameter or multiplier of the lemniscate of #
path from the rate of change of radial acceleration, C. This:
a very tedious process and quite the wrong way to use C. |
correct function is as a test of results obtained mdependentl(

Denoting the vectorial angle by « to avoid confusion wi
the angle of friction, ¢, the Author’s equations (16) and (I»\
become

P=3Rsin2  (16) and P=J+/sin2 ai

Combining these two, J= 3R\/ sin 2«.  This glves the val!
of the parameter J when R is known and R is found fio
tan (y+¢)=02/gR. |

Using the lemniscate as the curve of the path, the procedm
for design would be somewhat as follows :

(i) Decide on values to be given to tan y and tan ¢. l

(ii) Select the point on the curve where R is likely to be
minimum and evaluate R from tan _tan (y+oq) =v2/gR. “

(iif) Evaluate J from J= =3R4/ sin 2« and adjust it to suxttk
conditions obtaining at the site.

(iv) Plot the curve and draw the lemniscate and hodogra
of accelerations and evaluate.C(max). This is the test.

Since drivers like to just feel the curve, C may safely be a]low§
to go as high as 4 ft. per sec. per sec. in 1 sec. Passengers v
are not preoccupied with driving may éxperience some slig
discomfort but the criterion of safety is that the driver must}
just able to feel the curve and must be permitted to do th
without discomfort. (Shortt’s standard of unity is from ﬂg
point of view of the passenger.)

JRUR W
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(v) When a final decision regarding J has been reached, then
multipliers or parameters of the  lemniscate of curvature,

(1/R)=(3/J)4/ sin 2a and of the lemniscate of superelevation,

tan (y4o)=(v%/g)(3/J)4/ sin sin 2 may be found quite readily
as the Lquatlons indicate the multipliers of the lemniscate of

unit parameter whose radius vectors are p=+/ sin 2«.

(vi) The design is completed by separating tan y from tan ¢
for selected points along the curve located by the vectorial
angle «, and so finding the gradient of superelevatlon of the
inner and outer kerbs.

Model Curves. The scale model of the basic curve is very
useful in ensuring that the curve suits the conditions obtaining
at the site. There its utility appears to cease. If, however, the
scale model be used as a unit curve, a simple alteration of the
scale results in the evaluation of such other multipliers as may
be necessary. The vast difference in magnitudes must receive
careful consideration. For example if the parameter of the
lemniscate of the path be 1,000 ft. then at 60 m.p.h. the lemnis-
cate of the superelevation will have a parameter of only
0-726. Again the Cartesian co-ordinates of the lemniscate of the
path will be very small in the vicinity of the orlgm compared
with the parameter.

Superelevation. The correct amount of superelevation is
dependant principally on the amount of the reliance on friction.
The effect of the relative positions of the wheels is negligible
because the length of the wheelbase is small compared with the
radius of curvature. On the other hand, the reliance on friction
(itself a superelevation) is, when used logically, a valuable
corrective to any tendency to use excessive superelevations
and extravagant radii of curvature. Frictional resistance to
rolling is smaller than to slipping. Consequently it is illogical
to cater for high speeds needing high reliances on rolling friction
while denying frictional resistances to side slipping at those
or indeed any speeds. The superelevation gradient is calculated
very easily in the case of the lemniscate once a decision has been
reached as to the maximum superelevation desirable.

Vertical Curves. The parabolic vertical curve has the vital de-
ffect of possessing at its junction with a straight a finite curvature.
The change of curvature from the zero of the straight to the

2B
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finite of the curve is instantaneous and consequentlv there mug
be a shock or blow disruptive to the road. It is illogical
prescribe conservative values for C, the rate of change in radij
acceleration, fcr horizontal curves and to allow it to riseh}"
unpredictable heights in’ vertical curves. ;
The justification for a parabolic curve seems to be that t
parabola is the path of a particle projected with some initid
velocity when under the influence of gravity alone. It is ng
known ' generally that the lemniscate can be justified on th
ground that a particle under the influence of gravity alon
will travel along a lemniscate in the same time as it takes
travel along a radius vector. In the case of a lemniscate tim
and therefore power are saved on gradients and, since thz
curvature is zero at the centre or origin, a junction with a straigl
can be made without the development of disruptive %hock;
The evaluation of the rate of change in radial acceleration issé
direct as in the case of horizontal curves. Incidentally
interesting corollary is that lemniscate cambers will drain roa@
as quickly as straight crossfalls while limiting the steepnes
of the incline in the most used part of the cross section.
General. The Author’s approach to the problem of des.1gmw
road curves may be regarded as a decided advance on b
methods employed up to date. The multiplier or parametf
should be capable of defining a type of curve as completely i
the radius or diameter defines a circle. This is true in the ca
of the lemniscate. !
It is important to realise the value of (, the rate of chang
in radial acceleration, as a test of the design. The test can !
applied to both horizontal and vertical curves and it is logid
to apply it in this way. When the multiplier or parameter hi
been fixed then such matters as visibility on vertical curw
and the length of the curve are settled automatically. !
In all cases the important dimension is the minimum radi
of curvature. Little can be done until this has been evaluat!
and it is best found from considerations governing the supe
elevation desirable and the reliance to be placed on friction
resistances. In this connection it is important to realise th
the circle cum transition curve is unnecessarily wasteful -ar
on the site does not look any better than the wholly transition
curve.



BASIC CURVE METHODS IN ROAD-CURVE DESIGN 345

In these comments the lemniscate has been used freely
because it lends itself to a greater extent than any of the other
curves to handling by the method of multipliers. Indeed, the

unit curve, p=+/ sin 2a, is capable of solving graphically most
of the problems in highway curve design.

Prof. ¥. G. RovarL-Dawsox : This paper affords an excellent
study of transition principles from a purely mathematical stand-
point. It is perhaps open to question whether it is not too
exclusively mathematical in outlook for easy assimilation by
the average engineer engaged in location work : what the latter
needs is a method giving a series of simple polar deflections for
equal chords of easily determinable length, and involving
minimum ready-reckoning for each individual curve. This
question hinges primarily on the choice of a unit of measure-
ment. Taking the lemniscate, the Author’s unit is the major
axis, from which he deduces, by recourse to elliptic integrals,
a most valuable series of curve lengths with their corresponding
polar deflections, embodied in Table I. This is an essential
prelude to the study of the lemniscate, but Table I as it stands
is obviously not adapted for direct field use. It was from similar
considerations that the writer evolved his *“ unit-chord * system,
taking as the unit of measurement a polar ray of 16 minutes
deflection, thus obtaining for a quarter-chord sequence the
simple square-law series 1’, 4', 9’, 16’, 25', etc., for all transitions,
without modification up to 4°, and needing only slight correc-’
tions thereafter for the majority of road curves. By this method
the ‘major axis becomes 10-3648 units, by which the Author’s
figures should be multiplied to produce like results. ]

The Author’s choice of unit for the spiral is more subtle. It
involves two factors, rs=1 (where s is used instead of 1), that is
BR8=rKsK=K?2, a constant. The Author rightly points out
that the writer’s unit is very nearly K/6. In short, the unit
length (s=1) is equivalent to the writer’s 5-9841 units, so that
the latter’s constant RL=(5-9841)2=35-81. Incidentally, it.
will be found that the ratio 10-3648/5-9841=4/3, which con-
firms the Author’s comparison of basic unit lengths.

From a practical point of view, considering the material
similarity of the two curves for a considerable portion of their
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length, there is no reason why the same unit should not be uset
for both. The spiral is so divided in Table XV of “ Roaf
Curves,” from which it will be seen that the polar ray at 4
is 10-0199 units, as compared with 10-3648 for the lemniscate
Again, if a 10-inch model (1 unit=1 inch) be taken, it will b
found that at 7-534 inches (the 15° mark on the lemniscatd
the lateral difference is only 0-006 inch (less than the point of:
sharp pencil), while for a 36-inch model (1 unit=3-6 inchej
the corresponding lateral difference is only 0-022 (about 1,50tk
inch. So that for drawing office purposes the contours of th
curves are practically identical within a range of 15° (eqmvalenl
to a 90° bend).

The Author’s dla.gram Fig. 3, is ingenious, but its utlht
or otherwise to the engineer would depend upon the metho&
to which he was accustomed. On the other hand, the basi
lemniscate, Fig. 10, with its attendant locus of centres of cuy
vature, has a definite element of usefulness in helping to &
termine the main features of a proposed curve on a scale plat
especially in showing whether a central circular arc would k
necessary or not, in a given case. In principle it goes a sty
further than the process described in pp. 39 and 40 of « Roaﬁ
Curves.”

Regarding the value of “C” to be adopted for design puI~;
poses, the writer’s views have been fully expressed,!* so no mor
need be said on the subject, except to point out that the questic
is not one of ‘“ experiment,” in the backyard sense of the tern
but of intelligent observation of actual traffic movements 0L
the open road.

Turning to other points the Author suggests that on a Wholls
transitional curve the driver has no respite from turning tk
steering-wheel, and that the majority of motorists do not lik
this arrangement. As regards the first suggestion, it will i
found that in actual practice the driver takes a respite whes
ever he wants it, whatever the curve may be, and that in fat
the whole operation of steering consists of intermittent han
movements interspersed with respites or rests while followiy
the general course of the curve. The second objection seen
to be largely imaginary, existing in the minds, not of motoris
as such, but mainly of engineers accustomed to the ° spird
degree ’ method of setting out, with its inevitable centn
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circular arc. The ordinary motorist who has no personal know-
ledge of the technology of any curve on which he happens to
find himself, cannot tell one from another, except as between
long and short, flat and sharp, symmetrical and irregular,
according to environment.

On the question of maintaining a through chainage when
staking out a transition curve, in theory this is quite feasible,
whatever unit may be used, but it cannot be pretended that it
facilitates the construction of the transition, as the Author’s
own worked-out example shows, nor that it even serves any useful
purpose. Chain pegs, like milestones, are merely records of
through distances which are liable to be changed at any time
by realignment schemes in other portions of the route. The
incorporation of through chainage as an integral part of the
setting out of transition curves is therefore in general a waste
of time and labour, except perhaps in the case of curves which
are mainly circular and of large radius, when the transition is
comparatively short, entailing little calculation.

With regard to setting out transitions from intermediate
points, if these points are restricted to half or quarter chords,
as in the writer’s unit-chord system, the required deflection in
both directions can be read off direct from tables up to 9 unit
chord points in ““ Road Curves 12 and for further distances in
“ Motorways. 13

On the question of vertical curves the Ministry of Transport
requirements quoted by the Author are probably under revision.
So far as summit curves are concerned, the writer’s independent
investigations give the following desirable values of Z according
to speeds, for 60 m.p.h, 165 ; for 45 m.p.h., 93 ; and for 30 m.p.h.,
41. In regard to sags or valley curves, for which the use of
transitions is advocated, the writer has evolved definite figures
for the impact factor, which tend to show that the minimum
radius for 60 m.p.h. should be not much less than 3,000 ft., and
preferably much more. If transitions are not used, the cn‘eular
radius should be round about 9,000 ft. This means Z=90
against the Author’s. proposed 30, which seems a somewhat
low figure for a non-transitional curve at that speed

Mr. H. W. S. Hussanps, M.C.: If it is desired to use the
spiral or lemniscate the basic curve method is no doubt useful,
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but the writer sees no necessity for their use. As a railwy
engineer he has always used a circular arc and cubic parabok
transition, which is sufficiently accurate over the short lengti
necessary for the transition curve. The use of spirals ani
lemniscates is surely an unnecessary refinement, and a cury
transitional throughout is a contradiction in terms; if ther
is not even a small length of circular arc, it must result int
kink at the centre. The absurdity of lengthening the route ii
order to continue to a much sharper minimum radius with
so-called through transition is apparent, and it is satisfactoy
to note that the Author prefers.a main circular arc.. The writd
considers a circular arc with constant acceleration to be safs
than a transition with changing acceleration, but agrees wit
the Author that a rate of change of 2 ft. per sec. per sec. in 1 set
is permissible. 1

The parabolic vertical curve can be set out very simply b
bisecting the perpendicular from the interesection point to tht
chord joining the tangent points and quartering the offset ¢
the centre of successive chords. It might be mentioned ths
the parabola is practically indistinguishable from a ecircle fu
angles of deflection less than about 15°. :

Mr. H. A. WagreN, M.Sc.(Eng.) : The paper forms a usefi
. summary of principles and formulae relating to transitis
curves in present orthodox practice. It is, however, not eas
to see in what way the Author’s ‘ basic ”’ methods are in ai
way more basic, or simple, or useful than those outlined i
previous and similar pubhoatlons 14 The chief pomts for crif
cism are the continued use of ¢ maximum rate of gain of centt
fugal acceleration ” as a design factor, and the insufficia
attention paid to its value and the effects of its value on desig
It is easy to say ““ the choice of value must be left to the di
cretion of the engineer ” and then proceed with the mathematic
presentation of the spiral and the lemniscate, but this is real
very little help to the practising engineer.

The simplest experiments'® with actual road vehicles ¥
show that the value of C can reach 50 ft. per sec. per sec. in 1 sec.
higher, practically to infinity, without- any danger or ew
discomfort whatever, and that the idea that C cannot mut
exceed unity is completely illusory. The reason why the vak
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of C is a prime consideration is that when the higher values
are used the length of the transition curve necessary becomes
go small that other considerations such as the smooth applica-
tion of superelevation without undue vertical acceleration,
provide the limiting factor in design and influence both the
shape and the length. Moreover the shapes of the lemniscate
and the spiral for short length transitions are so indistinguish- .
able from the cubic parabola that the bulk of the elaborate
mathematics for setting out the former curves is rendered
useless, especially when it is remembered that there is in any
case no compulsion on the motorist to follow the kerb lay-out
at all. One cannot avoid the feeling that the practical highway
engineer looking to papers such as this for guidance will find
an abundance of mathematics but little that will help him in
assessing the prime factors affecting design. In the matter of
transition curves in general there is need for less theorizing
and more experiment,.

The numerical example No. 1 given in the Appendix will be
used to illustrate these remarks on how far from reality is the
standard of C=1. The radius of the curve entered is 1,273 ft.,
and assuming a wheel-base of 7-8 ft. and a steering gear ratio
of 6 to 1, the angle turned by the steering column will be 2-1°.
The length of the transition curve according to the paper is
535-3 ft. and the speed is 88 ft. per sec., so that the time occupied
in turning the steering column is 6-1 secs. The motorist is thus
asked to take 6-1 secs. over the negligible task of turning the
steering wheel through 2-1°. If he does not occupy this time
he will not keep constant distance from the kerb which has
been laid out with such precision on C=1 principles. In actual
fact the wheel turns through the 2:1° by a mere ““ twitch ” practi-
cally instantaneously, and since a transition is traced only
whilst the wheel is being turned, the length is reduced to a
very small value. The necessity or even desirability of trans-
itions at high speeds is much overrated, but at low speeds,
where the wheel can be turned through very large angles and
therefore requires considerable time, the provision of transition
curves becomes a practical desirability, as for example at 90°
street intersections. Curiously enough this aspect has received
the least attention. ‘
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Author’s Reply

Mr. MacGrEGOR: Mr. Cornelius has made an extremelj
valuable contribution to the paper and it will well repay anyon
to make a close study of his remarks on superelevation and the
extended use of multipliers. The reason for the statement
which he has taken exception was that the Author did not wist
to add to the controversy already in existence between twq
well-known writers on curve design until experiment and exi
perience. had proved conclusively that the new basis of desigi
was better than the old. Petrol rationing has, however, made
it impossible for the experimental work to be carried out. Th
chief point of difference is in the meaning attached to the rat
of change of acceleration C. Mr. Cornelius has stated that th
equations, C=v3/K? and C=(3v3/J?%) cos 2¢, are wrong becaus
they have been obtained by scalar differentiation, and that th
conclusions reached therefrom are also wrong. At the beginning
of the lemniscate the curvature is small, whereas at o=45° the
curvature is relatively large, but—and this is the importanl
point—the rate of. change of curvature is a maximum at th
beginning. A glance at the basic model, Fig. 10, will show thi
to be the case. Mr. Cornelius has seemingly confused curvatur
with rate of change of curvature. The vectorial rate of cha,nge
of acceleration is quite irrelevant to the problem. This maj
be seen by considering the change in acceleration and its effed
on the comfort of the passenger when the vehicle is travel]mg
with speed v in a circle of radius R. The acceleration. is ther
constant in magnitude and is equal to »?/R; it is directel
towards the centre of the circle and therefore the hodograpk
of acceleration is another circle also of radius v?/R. The scaldt
rate of change of acceleration is zero, since the acceleration i
constant in magnitude, but the vectorial rate of change is v*/RY
Once the circular part of the road bend is reached, the passenget
has adjusted himself relative to the car and feels a constant
pressure on certain parts of his anatomy. By giving him tmle
on the transition to brace himself to meet this force he experl
ences no discomfort unless the force is great, and by keepinf
the value of the centrifugal ratio, F, below 0-25, the fore
exerted by the car on the passenger will not exceed one
quarter of his weight. On the transition he has had to adjus
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himself to meet the increase in force only, and the direction of’
the line of action does not worry him, for it appears to be constant.
Tor the spiral, v3/K2? is Shortt’s formula, since RS=K?2 and
the acceleration is acquired at a uniform rate. In the lemniscate
the rate of change of acceleration is not-constant. This may
be seen by referring to the lemniscate of accelerations in Fig.
15. Here CT represents the radial acceleration at P, CU that
at Q and-Ca that at A. It is obvious that if the distances PQ
and SA on the lemniscate of the path represent the distances
travelled by the car in 1 second, then the rate of change of
acceleration (scalar) in the vicinity of PQ is considerably greater
than in the vicinity of SA. It may also be noted by reference
to Prof. Royal-Dawson’s remarks that Fig. 3 requires no altera-
tion on this account. The process of determining the multiplier
is therefore not a tedious one, for it consists simply of reading
the value from Fig. 3. Mr. Cornelius will no doubt revise his
design methods in the light of the above and the laborious
task of drawing hodographs of acceleration need be done no
longer. Whether the designer chooses P and R in preference
to J and R makes little difference to the problem, the funda-
mental property PR=J 2/3 must be observed in both cases.
In the demonstration of the law of the osculating circle by
analogy with beam deflections, the bending moment diagram .
plotted on a base S is a straight line. “The law can, of course,
be proved from the usual theorems of curvature.

The mathematical reader will have no difficulty in following
Mr. Corneling’s description of the extended use of the multiplier
and basic curve to superelevation problems. His treatment
of superelevation is perfectly logical and the Author agrees
that it is illogical to cater for high speeds, needing high reliances
on rolling friction, while denying frictional resistances to side
slipping at those or indeed any speeds.. His method would
not apply over the portion of the transition where p is in itself
greater than v2/gR. This might be taken to indicate that the
procedure of introducing the superelevation so that it is sweet
to the eye is legitimate. The engineer must use his own discretion
when selecting y and it is probable that once the maximum
value of y has been found he will grade.in the superelevation
without further reference to y. The Author considered the
question of fitting transition curves to vertical curves but came
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to the conclusion that in view of the large radii generally usd
they would be an unnecessary refinement. Settlement of th
bank material would also affect them and consequently he dif
not pursue the matter any further. The interesting propert}
of the lemniscate tos which Mr. Cornelius has referred woulf
appear to be true only for the case where the axis of the lemnis
cate is inclined at 45° to the vertical. {

The Author appreciates the criticism of his paper by Proi,
Royal-Dawson. It will in general be agreed that Prof. Roya
Dawson has been mainly responsible for the mtroductlond
scientific principles into road curve design and the Author hy
found his publications to be of immense value. Regarding th
relative merits of basic curve and unit-chord methods, it al
depends on the system to which one is accustomed and on th;
weight placed on the maintenance of the running chainag
In new works, alterations in the alignment of the route wi
seldom occur and the Author has found that there is less likel
hood of mistakes being made if the running chainage is mait
tained. Profiles and cross-sections have to be taken and graf
levels calculated before the contract drawings are complete(f;
and the levelling party will have less trouble if pegs are puti
at even chainages. In improvement schemes there is not t
same need to retain the running chainage, but, as in the ﬁw
case, Table I, together with a slide rule, will give the engine
all the information he requires for setting out the lemmscats
He can take any length of chord he pleases provided he respe
the difference between curve and chord length. Thus for chon;
lengths of 50 ft. on a lemniscate with J=1,000 ft., he wou
find by interpolation the values of ¢ correspondmg to l~00¢
0-10, 0-15, ete.

Since the engineer who uses the spiral is unlikely to chang
over to the lemniscate and vice versa, the Author does m
think there is likely to be any confusion of the mulmphersl
and J. He cannot agree that the same unit should have bet
chosen for each curve ; the selected units appear to him tol
the natural ones for the respective -curves. The similarity ¢
the curves over a considerable portion of their lengths has be
commented upon, and, as Prof. Royal-Dawson points out, #
difference between the curves can hardly be detected on:
10-in. model. In this connection, it should be noted that Pnt
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Royal-Dawson is referring to his own 10-in. model which has
an axis length of 10-3648 in. The Author’s basic model has
an axis length of 10 in. exactly and the 15° mark will therefore
be at 7-:269 in. along the curve. The spiral enthusiast can, of
course, obtain his basic model by using the tables® referred to.
The Author should also have stated that there is no need to
go on decreasing the radius so that a bend can be made wholly
transitional. Tt is axiomatic that the smaller the centrifugal
ratio the safer the bend, and this can be met in most cases by
introducing a length of circular arc.

Prof. Royal-Dawson’s remarks on vertical curves should be
noted for future reference. - The determination of finished
road levels on a sag curve will be somewhat tedious in com-
parison with the non-transitional case and the Author therefore
recommends the use of the higher multiplier.

The Author agrees with Mr. Husbands that a cubic parabola
is sufficiently accurate for the shorter length transitions in
railway work, but in roads the minimum radius of the bend
may be considerably smaller.than that in use on railways and
the use of the spiral and lemniscate is then justifiable. The
method of quartering referred to by Mr. Husbands will be
familiar to most engineers. In general, however, grade levels
have to be computed for odd chainages and the Author has
found direct substitution in equations (31) or (34) to be the -
quicker method. -

Mr. Warren’s chief point of criticism is that the Author
has continued to use C as a design factor when he, from the
simplest experiments with actual road vehicles, has deduced
that the value of C can reach 50 ft. per sec. per sec in 1 sec. or
higher, practically to infinity, without any danger or even
discomfort whatever. The experiments are described in Mr.
Warren’s paper'®; in brief, they consisted of measuring by
tacheometric means the track of a car when turns ranging from
“natural ” to “forced ” were made in a large car park. The
track was recorded by means of a sharp, thin trail of water
which issued, about one inch above the ground, from flexible
tubing connected to a drum of water mounted in the passenger’s
seat. The vehicles passed through a straight lane formed by
two parallel steel bands, 100 ft. long, and spaced about 2 ft.
wider than the wheel track of the vehlole bemg tested. At
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the end of this lane ranging rods stood on either side and im:
mediately the posts were passed the driver was supposed #
turn in a comfortable path. The instrument was stationed &
the point of intersection of the water trail and the line joining
the ranging rods, and tracks which showed that the vehick
had turned slightly before or after the posts were not recorded:

From a plot of the observed values to a scale of 1 in.=10 f
Mr. Warren found that elusive quantity, the third derivatiw
of a curve, or, in engineer’s language, C. His values, althoug
given in some instances to two decimal places, are inconsistent,
and range from 0:79 to 58-4 ft. per sec. per sec. in 1 sec. Ass
result he concluded that ‘ unless the above results can I
explained away, present designs based on C=1 are just so mud
scrap.” The results require little explaining away, for anyor
with experience in graphical differentiation would have told
him that the values of C obtained in this manner might k¥
inaccurate to the extent of several hundred per cent. It woull
thus be easy to dismiss the subject, but since the practicl
highway engineer may accept Mr. Warren’s invitation to pli
the results and see for himself, it may be better to point ou
the idiosyncrasies of the experimental evidence.

By plotting the deflection angles on a base of radius vectOL
then, with the notation used in the present paper, if a lemniscat

of axis length J ft. has been described, P=J \/ sin 29, and
curve similar to (a), Fig. 16, would be obtained. If no transmon
is introduced and the vehicle describes a circular arg, the chor
becomes proportional to the sine of the deflection angle anl
curve (a) will be almost a straight line. 1f, however, the radis
increases from a finite value, then & curve similar to (b) will ¥
obtained. It should be noted that curve (a) is concave up
wards wheréas curve (b) is convex upwards. The curves L, %
4, 6, 8 and 9 in Fig. 16 are those obtained from Mr. Warrent
experimental data. It will be seen that curves 1, 4, and 6 shor.
signs that some form of transition may have been followel
and it is significant that these were described as * natural’
turns. For 4 Mr. Warren deduced that C=584 ft. per set
per sec. in 1 sec., whereas for the ““easy and comfortable’
turn 2 his value was (5:16). The brackets are his, and the
signify that the value was obtained by guessing the shift, thoug
perhaps the description of the turn may have misled him intf
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imagining that C should have been low on that account. The
Author would have concluded that, if the data were free from
experimental errors, C must have been infinite in run 2. Runs
8 and 9, for which the published values of C are 18 and (4-34)
were described as ““ forced ” and “ very comfortable > respec-
tively. The Author would also have concluded that 9 was even
more forced than 8 ; that C could quite well have been infinite
in both instances ; and that Mr. Warren should have sufficient
justification to revise the opinion expressed by him that ““ once it

Fig. 16.

is realized that it is 9mpossible for the road vehicle to turn other
than by a transition curve, the most humorous absurdity of
laying out the kerb otherwise will be apparent to everyone.”
In the Author’s opinion the data are not free from experi-
mental errors, but there are so many potential sources of error
that he is unable to say which has made the major contribution.
Skidding may explain the type (b) characteristics, but from
the general outline of the curves in Fig. 16, especially 2,
it appears however that the instrument was stationed not at
the tangent point but at some point along the curve. Mr.
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Warren’s insistence on the instrument station being on the lix
joining the ranging rods was most unfortunate. Other factos
which merit some attention and correction are the centrifugi
and aerodynamic effects on the fine jet of water. It mighf
well be that only when the vehicle was travelling along tl
straight or on a circular curve, when conditions would becon
stabilized, that anything like the path of the car was describ?
by the jet. The Author is therefore unwilling to advise anyo 1
to discard the present basis of design until further experimen '
with all types of transport vehicles and drivers have poin
the way to a better basis of design, and he agrees with Pro;
Royal-Dawson that the experiments should consist of intelligef
observation of actual traffic movements on the open road.

Mr. Warren’s remarks on how far from practical reality
the standard C=1, appear to the Author to be a logical o
for the continued use of this standard when site conditiof
permit. The driver of the vehicle is given 6-1 secs to mee? f
changing curvature of the road, in fact it is not beyond t
realm of possibility that with proper superelevation the o
will round the bend itself. By using low values of C the avers-
highway engineer will find that he has sufficient length in
transition. to work in the superelevation without ha,ving:
resort to a transition of the form y=Aa*—Ba®. At any rd
no matter which value is used for the multiplier, or how it It
been obtained, the basic curve method of design will facilitd
the setting-out of the spiral, lemniscate and cubic' paraho
this is but one of its many advantages.
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If the § values are -ve.the w values are +ve, and vice versa
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If the Z values are -ve, the w values are +ve. and vice versa.
Multiply The & unifs by NZ 15 get w unifs.
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The w values are rve, anmd vice versa.
Mu\ﬁ_pig The Z un'Ts by NZ To ec‘r w uniTs.
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‘526
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A7}

2006

‘26 4

2647

‘363

13-228

4o

3722

567

406/

‘032

4-/83

- e -

658

- 765

-085

/519

-172

12- 246

260
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Field N©°. 22
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‘413
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It the § values arce
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o

4

7539

-ve, the w values are +ve,

& 948

9.023

9-2¢7
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i fs by N< 1o gcf w wnits

VLl VErson.




& Field N° 23

070 |-175 |-338 | 696 (/907 2908 |2-/// |}F271 gv,,[“,

427 1867 |/ 336 (/86/ |2:486 (2953 2-98312-892 \ values

A /35 [289 ["537 | 933 |/ 464 |/ 8/ 1763 |/ edq

1806 /626 246833344 /524752 5025 |5 080 R
; : Key Diagram
Jo9 | 358 |-595| 880 |/ 188 |/-399|/ 476 |/ 484 o, | .o

15111 |2-220 [33/8 4370|6 299(5993 [63%6 |6524 T ¢ B

/8! ©372 | 584 | £05|/ 013 /1170 1258 |/-283

et o e 8 N — e

/333 (2646 3-9/2 l;.f-o?! 6078 68377 300 |7 456

92 365 1552 734 |-897 /025 /)02 |//28 i e &t
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(78 |-352 |'$23 | 682 | 8'% |.928 | 994 |/-0/9
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Field N© 24
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~452 | 923 |/ 445 [2058|2500|2-48512:37/ |2258 w vaiues

88 |- 433 |92/ |/ 328(/623 |/ 463 |/-/2/ | 970 “‘S’.iﬁi._’ Q. —

1834 |rer9 [2537 (33453 9/6 (2149|4163 |4 14/ K e- D;a%:;

-2/5 |- 487 |74/ |[0/9|; 187 |/ 187 |[-102 |/-053 10 (O

[ 11/ (2212 |3259|4 ,83|4878 5292 5476|552/ g

209 |-q24 |64/ | 32| 960/ 0/3 |1-0/2 |/ 004

/295 2553 |3 724 |4 7140|5534|c 0726368 [6-457 e = 8 [N — - ]

/194 | 382 |-562| 7/ |- £29]| £95 |.926 | 933 &
I'4i0 |2:769 |40/19|5- 105|597/ (6586 |6 949|7-067 hS

178 || 348 | 507 [ 644|749 |- #/9 | FSB [ £69

[-477 |2-896 |4 198|5 330|6 244{6 907|7-3/0 |7-940
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b
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3 1322 | 465 |.5921 c89 |-7e3 |-80/ |-£/7

V524 (2985 [432515993]c 44/ 17.738 |7. 505 [7-704
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It the L values are -ve, the w values are +ve, and vice versp,

Multiply The L units by N To gef w units
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Field N©° 26
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2:67/ {11774
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2668 3-074
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369
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1 /88

2-094
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- 404
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‘362
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Field N© 27

. |0 }3:
,,,,, 114932559 /699 | S76 | 282 |'/175 /33 |12/ { values
"724 1/2201/°2/9 1) 0321927 | #68 239 |23/ "W values
» 792 | /214 (1090712 |- 435 |- 298 |239 | 22/ T*w = O —
g8/ |1-504, 755752 |/ 683 |/ 629/ ¢00 |,/ 589 T XY w
| Key Diagram.
| 424 | 83 | 714 |'597 |57 |-358 |-308 | 29/ 10 1O
275 |1 5581197852 10/ |2 2/712227]2 2282224 A 4- t
E J
281 |- 4282 | 996 | 479 | 416 |-373 |-340|:330 3 I
B38|/ 549]2 0642 380625642655 7.698|2-7/4 - BN ,
l/e7 |-295 |-370 |-393 |-384 ‘368 | 349|343 -
809 |/ 529 |3.700 |22511 22781 |2.9943.0293-057 €
_|'/34 |-228 |'299 |'337 |.352 | 352 |-.349 |'348
780 |1 511 (2113 |2-579]2:911 (3./25 |3 2449|3282
103 [ 194 |26/ [ 307 | 33/ |34/ |- 345 |'344 ]
779 1499|2119 |2-6/2 (2978 |3-222[3-363|3- 407 ;o 10
097 |-/83 |-25/ |:1296|-325 ‘330 | 344 | 344
7785 (/- 497|2-//8 |2 0282 999 3-254(3-40/|3- 447
A : 0.
J0 <3 Field N©°-28
_12.097|1 493|246/ | 200 | 115 |-077 | 06/ | 057 L varlucs
¢4z [ 720 |- 682 |-50/ |-45¢c|-43/]-420|4/7 ™ vaioes
4
e |'792 |.524|.299 /89 |35 |/1/ |-103 w=0 —
588 | §82|- 920|979 | -840 | &/5|- 802|798 ‘4'-:, Oiagram
299 | 424| 384|290 2/5 |-171 |-147 |14 0 | LY
515 |-g75 7050012 (11241123 |1-122 |/ 120 ¥ ‘# v
1856 |252 |27/ |245|-2/2 |-/83 | /66 | /160
4oc|-841 109/ {1235 (/310 135/ (1366|1373 -+ e BN -
|97 | /68 |20/ |-202 |-/95 | /82 |/74 |47/ t
435 |.814 |/-102|/-30/ (] 428/ 503/-543)/ 555
o068 |24 |- 18§57 | 175 18] |-178 | /75 |-/75
418 |-794 |/103 |/-334)/°495|/ 600/ 658/ 674
_ 056 |-/106 |- /38 | /6O | 170 | /74 |-175 |- /7§ ¢ .
408 [-783 |/ 10/ |1.353/1-582.7652/ 720/ 743 /6 0
053 | 099 |13/ |-/Se | 167 |17/ /75 |/75 &
4085 '-78¢ 1/ 102 11-3551/548 /670 /739 |/ 763
It the gva‘auts are ~ve The w values are |

+ve, Ond Vice versa. i

Muﬂ'ipl‘g the & unitTs b-:, Ne fo gcf w unilyg,



Field N° 29

— Key_Diagram —

T4 A o 8 -
K
- 4
10
o040 | 089 |63 | 30/ | £29 /798 [2-730 |/ 802 | 38 |-3/3 |-/80 |-/13 |07/ |[043 |- 020
240 |-488 |-748 1033 /-37/ (/- §03|2 CeO ] §S0 /468 /173 |- O34 | 725 | 533 352 s
072 |-/§8 |°277 |- 469|-809 /268 |/ 508 |/ 275|826 | 493|309 |-202|-731 | -0%0| 039
.453 -9/3 1387 /- 88312396|2.8554 3.075 2-944| 2-579.2./69|,-758 |, 382 |/-023 677 | 338
1092 |.198 |-327 | 502 |:725 | 93%|/.033|:948 |- 745 | 534 |:373 | 258 |-/7+ |-/09 | 052
626 [/253 /8772489 3055 |3-492/3-69%(3-622 3 3/8(2 8572 409|/-923|/440|-957 |- 477
/02 |"2/1 |-335 |-474|-620|-740 | 783 |75/ |- 646 $/3 |-39/ |-28S |-200 |-i26 |-062
754 |/ 498 |2.219 |2-588 34653 889\ 403214.054|3-797|3-387|2-9€6|2-338|/-76S /180 ['S91
/03 | 2/0 |-322 |'435|-538 | 6/7 |-650 |'630 |-567 |-479| 386|294 212 |/37 067
-§39 11659 2436 3./36 3-7/18 |4134 (4342|4327 4104]3°7/9(3-214|2-632(2.003 /349 |- 677
+/02 1204 (308 [-399 |- 4¥%2 S 567 |-556 |-5/3 |- 448 ‘3721295 |- 2/6 | 142 071 |
892 |/ 758 2-506 3282 |3-567 | 4279 4492| 4493|4203 3 924(3-420(2.8252-/63 [/ 4621735
100 |- /98 |°29/ |-379 |- 450 |-499-523 |-5/S |'4g4 429 363 129/ (2/8 [/4S [-072
920 /-81/ [2-634/3359(3.943\4355/4.57: |4580|4.309 4035 |3537|2932 |2254|/528 | - 769
098 |-/96 287 |-37) |- 439 486 509 | 503 |- 473 | 422 | 36/ |29/ |-2/9 |-/34 07/
‘930 /826 |2-655 |3-38/ (3-96( | 4379959 |460914-42¢ 4-069'3-572|2-969'2-295 |/ 5501 782 __
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?
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&
-
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It *he G values are -ve, The w values are +ve, oand vice versa,

M\.ﬁﬁlp‘:j ke ZTumiTs by N To get w units,




Mu!T;‘Plj the éuhifs by N? to gc,'(' w uriTs,

Figia N® 30
Vw2
: 10
T T I T j | H j | i |
. i | | | & | | |
_Le_u 144 2286 619 1790|2725 1799 | 63 (313183 117 077 osi~l031 o
28] 1-572 fe?il 255%/712 /992 /806 |/ 446 11177 f~9¢o 774, 606 447 290 147
| | ;‘ i
L1107 241 j,',,,‘i;{*3.l',_790‘_;!'.,25‘24!..:if,’&’/170,. 822 493 3’3 209 /43 . 09 ;-0.59 028
‘522 /055 ]/-60442'171 ';'2—675 294402.86/ |2 5‘40 ‘2- /64- / £98 [-477 /164 ‘864 572 285
: : l
‘ | ! <
29 -277 - 46S ‘1096 %318 11-0/9 940|742 535 379 269 /89 /30 -0%2 039 |
- |'704 405 209/ 2717 3 2353509 3850/ |3 262 2: s’94~ 2 4?3 zo(,.i /642 /227 -818 406
133 L2794 | 429 . 585 . 714 774 f]g_gw 642 -5/6 397 299 220 54 098 | 042
“le2s 632 ,2 3?93056 |3 5¢4 3-856 |3-30/ |3725 34ao 2 990:5/3 2023 /8522 l/ 015 -S08
; ; |
|28 " -256 .sz.s 499 | 588 _e30 619 | Sed 482 394 -3/0 235 /63’ L 1005+
RTY R 768 I2 566 ‘.3 243 3-755 4065 414914 024 3-733 3 32372 £36 2- 304 / 744- 1470 ;,'.5‘3.5‘
i ! [ i 1‘ i
/20 [-237 [ 345 |- 490508 | 'S45. Lse3 | 5/0 L 4s) | 383 ?3/0 242 77 418 087
‘939 /-§38 2.655 1534438664 187 #29% # 2033941 35’43‘30;2 r2 494/ 99| 1277 | 640
i |
1S 1223 5 | 466 |-Soo0 |- 502 477 432 374 308 244: 179 : /18 1089
959 /873 3.920(4.24¢ 4373 |# 299 4 of/i.s “4-|3 7712606 /- 988 /339 |- 672
N RrY: 4S0 | 484 |- 490 |- 467 - 42¢ ?,370'303 245 -/180 |.120 |-060 | 4
loce ', 88412.7// 3.408'3935'4:267'4396|4-329 4.006'3-703 '3 109;1 040201711360 684 | &
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hop——— - -~8 N R i
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he
10
— Ke, _Q_l_aol"am —
It the & values are -ve, The w values are tve, and vice versa



Freld N© 3

10 :

JO04 | 259 | 600 |a775|2-2/3 1790 | 629 |- 3/0 |./8/ |-Jie |-078 |-054|-036 |-022 |-010 ]

‘337 |'681 (/079 (/°-564\/-87) (1-711 (1-373 |]-128 |'939 |-773 -625F |"494|-366 |-241 |-120

(67 |'390 |-753 |/226 |/-477|/-:254 |- 8/!1 | 485 [-3/0 [‘209 |-/46 |/02:|°070 |-O%44 |- 02/

85991/-208 |/-828 |2-388 |2-707 |2-673 |2-400|2-671 |/'763 |/ 476|/'209 | 956 |-709 |"47! |-234

85 |'397 |- 644 | §79 |-99) |- 917 | 727 |.526 |- 375 | 269 |.195 \-/40 | 097 |-062 |- 030

<775 |/ 8§37 2244/2923(3-169 3-230 3-060{2-7e/ 2-417 |(2063|/-709 |/ 359|/-0/5|°675 336

172 |-349 1525|666 |-735 [ 7/4 |-623 |'§02 |1 387 |-299 |-225 |- /66 |-/6e |07 |'037

‘874 /- 708 |2-457|3051|3-429(|3-560(3-473|3:229|2.835(2-5// (2104 |/ 89|/ 266 |-§44 | 42/

/52 |-299 |- 430 |-533|-588 | 586 |'S40]|- 467 |-386 | 309 1242 /83 |°'/3/ |‘O084| 042

92/ |/-79/ |2-§556|3-/65|3-569(3:75/ 3726 |3-533|3-224|2-836|2- 9401 |/:939|/-463 (978 |- 489
/33 |'259 /367 || 452|499 |-509 |- 483 |- 9435 |-375 |-3// |-250 |-/92 [-/139 |-089 |-04S5

‘940 |/-825 |2-5981|3-217 3641 |3-§58 |3-875|3-720 3-435 |3:050|2-004|2-112 |/-60/ |}07/ |-8§37

120 |- 235 |33/ ‘407 452 465 | 452 | 4/6 | 366 |-3/0 |-252 /9% /43 |-033| 046

946 /933 12-4/4|3239(3-6476|3-011 3-952|3-9/18 |3.599|3/6812-717 2.2/5 |1-681|//29]-565 |

N8 226 |-320 |-393 |- 438 |-453 |- 439 |- 408 |'36/) |- 309 -252 -/99 |- /44 |-096 046

040 /839 2.6/8 3248 3683 3027 3-978 |3852 '359613-2/1 2757 '2-251 /708 | /149575

Jo |
le—— - — B[N — —
$4—
=
Key Diagrom

It the Z values oare -ve, The w values are +ve, and vice versa.
MU‘T;Plv the gust ‘oy N? to gcT w urits,

Mp.



N‘U”'P'g the éu»—w\"f's b:} N? 1o gc'f w unifs

“igia NSO R
10 & |
| 1
197 559 /747 269541 775 ''e19 30/ |-175 L.y3 1078 055 ‘038 _2,6__4 o17_|-008
402 -£39 4359 |/697 /565 /264 /034 | 866 "726 606 498 :390 [-223 </9z ‘095
l {
283 |'6¥80 !l,,‘.l,,71._J__é§.,?_1.;2_22_, 790 |'469 (299|202 |-/42 |/02 | 073 | 05O _|'032 ‘ole
8% 1376 1996 'i:z-37/ 2388 2-/68 1137 /625 /385 /164 |- 956 | 756 ‘560 -373 | -/f¢&
. i ;
267 | 'SS2_|'8/0 939 | £79 | 696 |-504 |'358 258 |9/ | /40 -102 07 |-045|-022
‘§34 1617 T:z 1: e93 zpu. 2725 2.495(22171-930|1 641 /.?.s‘sw 079 | 808 | 534 267
!
‘217 |4zz v.s'n;eys ¢6¥ SF6 476 |'372 |-285 j-z/,?__/gh/zdz_f 087 | 056 027
‘887 /-704 2. 372 . 2- 937 054-3 053 2 §94]2.6432-343[2°0/9 /es’.s' /349‘/ 010 673 336
V | ] I ;
/72 328 |- 450 S$2/ | 534 499 #36|363 295 J,J,-*,f /183 /37 "” 064 032 |
F95 (1718 ;3'4"” 2994-3-/37 13'23253'/422 9302439 2-302 /338 /Seo 1971 2782 (391
i ' 1
4 267 367 L #30 |- 453 -#39 | 40/ | 350 | 295 |24/ 81 147 | _/05 ‘069 |- 034
898 ["707 2394 2-908 3-2/9 .3333]3 290|3 /69 2. 832]2- 4922110 g 706 /287 |"£60 -430
|
/23 233 -32/ ;.37/ }405’; 4051 380 || 335 |.292 243|195 ./s5/ |-,09 |07 |-03§
£79 /693 2-392 2-905 3 2393398 3365|3206 |2:941(2.6402(2-212 ) 793 |1-353 |-906 | 454
18 |'223 ['308 |.365 -394 !-33.5 ‘373 1336 '29/ |-243 1496 |'/53 |-110 | 073 {1036 ]| 4
876 /) 688 2378 2.905 3-246 3-402'3-389 (3236 2975 2636 2299 /821 /376 ‘922 ‘462 | E
/0
= ¢
V.
h -
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— Key Diagram —
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It the 4 values are -ve, The w values are rve, and vice versa.



Fieid WNO 3%

10 a

‘455 | 686 (2653 1/747 | 599 |'287 /63 |-/03 |-070 |-06/ | 037 |‘026 |-O/9 |-0/2 |-00S8

‘508 |i-079 |i'487 |/'359 (1r079 ‘887 |'746 | 633 |535 ‘448 | 366 ['290 [-2/5 J43 |07/

813 /068 1366|1175 |-7S1 |-44#/|-278 |-/86 |13/ | 095 o2/ |05/ | 036 1023 |-0//

777 |1°474\/ 916 |/ 995|/°829 |/:602 Y39/ |/-201 {028 | 867 |-7/2 | 565 | 420 |'279 735

369 680 845 | 8/0 | 643 | 404 329 | 237 <174 | /30 |-099 -072 |-052 |-032 016

‘$43 /568 2063 (2273 |2:2462-099\/ - §F93 |/ 664 |/ 4406|1230 [/-018|-8/I | 604 |-402 | 200

2850 | 4585 ||S72 | S8 |- S22 | 429 ‘335 259 202 |/5S |//8 |-O88 ‘062 |04/ 1020

§29 |/ SS3 1-0%/ |2376 2457 (2387 2224 [2°0/2|/778 |1-526 (/272 [f017 1762 |-S07 | 253

26 |-324 |4/ 1450 |- 43/ 3%/ 323 |'264 -2/3 |-/68 ['/3/ |-/0/ |07 046 023

797 /503 (2050 1.401(2.559 2559 2:443(2:262 2014|1749 /- 467,/-179 | §9S |'$90 -295

|
/34 248 |-325 /366 |36 |-34¢ l'L-so,s;%;z,ez ‘218 | 176 (/41 |-107 | 078 |-08) | 028
766 |/-457 2010 [2:394 [7.co0 1650 2574 |2°40%|2:/75 /903 606 J-293 | 973 |- 650 | 315

g1 |-209 |-287 322 |-333 |32/ -205 |.257 1 2/9 |-180 /g5 |./// 082 |-053 026

747 |1°425 1987 2-391|2-6/6|2-6942-644[2 49/ 2266|1992 |/ eF6 /362 |/-028| 687 | 344

i
105 | /19 |-206 ‘308 322 |-3/4 -290 |-256 ‘218 182 |-146 |//2 -Of84 |-054 027

740 |/-4/4 /972 1237¢ '26/8 12709 2663 |25/8'2:205 2022 712 1 ]-384 /043 ‘700 350

/0
a— 8IN 1.
2
R
7 Y

Kej Diagram

y
4
z i
- -

W The Z vaiues are -ve, The w values are +ve, and vice versa.

Mottt oy The ZuniTs by N* fo gcT'w urmits,




Fielda NO 4

o ¥

I‘I

|"468)2:550 |/-¢87 | 559 | 258 | /44 |-0%0 | 0¢! |- 043 || 03] |-024|-017 |-0/3 |-007 |-003

‘077 /425 [[080 |- 830 |- 683 |'S73 | 48¢ | #/6 353 1296 |-243|°/92 |- /45 ‘098 [-047

78411200 |/008 |- 680 ‘392 |- 240 /58 | -1l |-0f0 |'OS9 |-044| 032 |-023 |-0/4+ |-007

2788 /3/9 | /4761378 1-2/1 (1-055-9/8 | 794 682575 |- 473°374 -279 |'/8S |-093

14| b3 |82 | 552 ‘396 |-278 |-/99 | /4S5 |1 109 [-O0F8! -0e2 |-046|:032 |-02/ |-Ol}

©7391/-291 /8§76 |/-621 |/-$89 /- 407 /260 |/-1/Z | 964 |"§20 |77 |‘S$40 | 402|267 /34

239 402 |'457 422 1 35/ 1276 212 |- /65 |-/27 |[‘OO8 | 074|057 |-040|-026 |-0/2

669 /211 /8557 /707 17/5 /634 /- 506]|/-387|//92 [ 02/ |‘BSO |"678 'S0V ‘338 /68

/54 266 11324 |-327 299 256 | [2/2 |'/72 |- /37 /09 1086 O6S 047 030 |'0/3

‘@l2 |/-1385 |/'5091723 /7971768 |/-669|/ 528 |/360|/-/785 984 789591394 /7

‘109 | /906 | 249 [ 270 26/ [237 (206 | /74 /143 | /8§ |09 ‘068 -05/ |-033 | 0/5

873 [0)6 /@61 |1'7i12 |1 @3 /841 (270 |/ 6@/l 474 |[-286/-679| §67 |-652 | 436 -2IF8

087 - /60 1207 | 234 -237 223 |[-200 | 122 |-/4q |-/18 094 1°0721-0854|-033 -0/6

8549|1040 (/- 330/ 698 /843,877 |/ 823/ 703 (/540 |/-345|/ /35 (- O/4 ‘688 | 459 |-230

op/ /149 /96 223 23/ (-2/7 ;/39 -1722 |-/¥+S |- /1S 095|073 0854 |-035 [-017

$42 /028 418 '/694 /533,987 /839 |/ 724 /- 56/ 1367 ') /5% | 834 700 468 234

n
T

lo

— Key Diagram —

- &

IF The g values are ~ve, The w values are +ve, and Vice versa.
Multiply the & units by N% to gel w uniTs, -




Field N© 35

—_— T4 o O —
jo 4

22095 | 1490 | 455 |-/197 | /094 |oe2 | 040 {o0z8 |02/ ‘0/§ |'010  |[-009 | 006 (-004 |00/
C/§ |677 3509 | 403 332 |28/ |24/ 208 |'/78 |50 |/24 ‘098|072 049 |02

-é‘f 788 |°S5I3 F282 |-/ |- /0k -07'1 -05/ |-039 |-029 {-022 |-0iy) |-012 007 ‘004
|s540 | 798 |777 |68F |60/ | 525|459 |'399 (‘344 (-29/-235 |-/9/ /43 1098 | 04%

1294 |- 414 | 367 (267 | /85 |-/30 | 0894 |-070 |-053 [[042 |03/ 023 | 00 o/ - 008
f40 (737 844 37 |'T79 ‘708 1634 | S60O | ‘488 |‘4/5 |- 345 ['275 |-206 |-/138 |'068

/50 |-240 |'2850 | 2/6 |'173 |- /34 |-(02 |'O80 |03 [ 049 039 [r028 |02/ |-0/3 |006
‘379 | 668 W83/ |'§89 €77 |83/ 762 |68 ‘604 8§/ 433346260 /73 [-087

<089 |-IS1 176 |"17/ 1852 1-/27 l.jo5 | 085 |-069 |085S5 |-043 |03/ |-025 | D/6 |-007
334 [¢/2 | 799 ['898 927 |\ 905 8S/ | 777 |-692 | §99|.502 |- 402|303 | 202 [/0/

1060 [ /0y | /32 /40 -/3F /1D /04 |'08F 072 |-05® \-047 ‘035 | 026 |-0/7 | 00f]
306 |57/ |79 -830 945 |-944 | 905 ||£37 752 | 655 |55/ |- 443334 -2241.//2

1048 [0€7 | 110 [-/22 128 |i1q |02 |0%7 |'023 |06/ |-047 |- 037 028 |'0/8 009 |
1’290 |'S¢4g || 798 | 584|952 |-9¢5 |'933 | 872 786 |66 |'SFO 469’583 2306 |- /1]

079 |02 | nuT7 40O Ayis ;01 | 087 1-023 |-06/ [-047| 037 [-02% | '0/9 009

$39 742 '-gy9 1952 "'97/ 1 843|872 1797 699 '§90 1477 "Jeo '-241 T-j20

-

g
L4

10

—-*_K_Q\J D'\O\q‘ranj:~

It the [ values are -ve, the w values are +ve, ard vice versa.
N1L,H|'P1:' 1"»\‘ GUh'lT, by Nz TO gl."i' W UH'trS



Fleld N° 36

- E:w t D e
f
&
/10
082 |lie |21/ 394 | 774 2072 |3-326|3 56/ § values
300 |6/4 |95 |/'348|1823 (2440295513118 W values
096 | 205 |1 |11 1oaFl G 2-293|2-96¢
564 1147 776 445 3./188 3.938 |4-57/2|4-722
; 9 ’25: - 430 [ 668 989!/ 35116481 765
T [7e5 1/54!5.'Tz 350 3187 4.°0/3 14763 5298 |5 495
: l
L /28 ‘ 268 433 632 | SO [ 084 /-255|/-3/9
‘894 ./ 793 52 Z?FJS«S’Z 4 415! 5 120|5°898] 5771
<124 ' ‘257 4ozl .seo -723 -g73 .-978 |/-0/5
‘954 x/ 904 2- 1333 718 4 $72 .f/fbts'-f?f 5 727
l
‘s ;232 35.5‘ 479 598 o1 7721797
959 /308 2 £1373.657 4333 |4 97553485477
L 101 202 Joz 40/ 49/ S5 | 6/6 ‘@32
I |92/ / :zs 2 6!0&.5 462, 4- 129 4 640 4975 5088
'O‘f’.‘/70 '253 "33/ 4,90 455 .492 ‘503
256 /'691;2‘47%5/75;3-749 4 24451 |4 609
' J ! | |
| |o7/ 14 207 269 322 363 39/ |-400 o] s0
768 /5'/4 z .208 2 £29 335/ 3 744.3 8990|4072 L
- ross’ L ‘ /67 §2/5 256 188 309 3/7 ‘F
668 /)3/5 1316 2 450 25943223 ‘3437 3509
; |
046 090 /33 ;63 20/ | 324 2.59 39 | 245 &
562 ./ /04 / 606 2 050 2 «?20 2 497 2868|2920 e
l
| g;_@ 069 /oz /29 /52 /6,9 y/go 83 fe— - — AN}— o]
: 45/ 885 /298 /4¢4 /93«, T2 56 225/ 2.337 ,
4 ; :
L [025  os0 073 ! 092 /09 2/ 130 |13/
L [33F 1665 967 123/ /45/ & 6/6 (I'7/8 \I-749
L o5 033 ‘04-6‘ 060 070 | ' 078 |-083 | 084 —NKey Diagram —
227 44-.3 , 644 £20 o6 / 075 42 1/ /66
___|oo® J’ ole 023 oJo ’035 ‘042 |-043
14 223 {322 ] 4/0 482 53@ 570|582
| | ! ! ¢
i L | 1 '

FT“ Lvalues are -ve, The w values are rve, amd vice versa.

Mui?iplj The Z units by N 1o geT w urits,




Field No 27

— 9w 0 —
o ¢
00609 |'160 1315 |- (08 |/ 873|2-970(2:071 |1230 & values
320 657 /029 /472 (2028 |2 444H2 4432340 W values
129 |'269 | 492 |-§75 |/-396|/-737 /683 |/ 564
598 /205 |/-$56(2-555|3236 3-738 3944|3978
/¢4 | ‘3/0 |'524 |-797 |1-083!/-283 /-382|/358
789 |/- 588 23993 200 3923 4 ¢A +772|4+-F67
|47 |-.305 |-486 |- 682 |- 868 /010 |/-087]//109
Qo4 |/-Bo4 _z-bferj.s'/s 3-242|4.7955 /33 |5 246
/37 1277 424 8§73 |.D07 |8/ |-875 |-§96
‘048 |/'883 (2:777 3600430/ .4 -£36 5 /72|85 285
12/ 1240 1-361 |4751-878 -6855 {704 |-722 }
"Ju/) |90 2-72%3-5// 4175 4-6774992| 5097
/03 1203 [ 30/ | 390 468! -530|'5S067 ]| 'S80
‘P90 | 765 [2.5803.307 .39/6 | 4376 |4 eof| 4 762
086 | /69 |'247 |-320|-379|-427 |-458| 467 A
‘824 /622 2-364 3024 3572 3-995 4.24/|4-329 )=
07/ .-/39 |-20/ |-259 300 394 |- 367 |-374 o, | 19
735 /- 447 2 /07 2692 3175 3.536 3-760|3 8§36 o ¢ '
087 112 |/e/ |-207 -2431-273 |'290 | 298
639 /255 /0262327 2743 3 -0533-245]|3-309 b - — BN —— - —
OG5 089 /27 |-/61 11 /By ' 2/3 (220 |:232 b
1’836 /082 |/ 627 /947 ,2-293 2852 2-7/10|2-763 -
034|067 |:097.:/23 /44| -/60 <171 |-/75
429 °843 /225 [-560 /835 2.041 2 /162|2-2/0
.024 | 049 |07/ |-088 /04 |-/15 1:,23 |']26 )
327 632 |'9/9 /-/69/°'375/).828/623|/657 o
-0/5 -03/ | 046|058 067 |-074 |-080 ] -080 Key Diagram
r2/8 422 t6/2 |70 tD16 ([ 0/7|/08/]| /702
1007 |-0/5 |- 022 |-028 |-034|:038 |-04/ |-042
108 [2/] |‘306 389 | £5F | 508 | SLO|'5§52

I the & values are -ve, the w values are tve, and vice versa.
Multiply The & unifs by NZ To get w wunifs.



“"«aiﬁ}clg

*lae g.umfs b_y

N fo get w

R
(ST VIR

¥

Fieid NO. z28
= Vi 20
L
p
/10 e S
1107 | 268 6/6 119042762 1874 776 | 584 & values
*355 734 (11171 [-708 z-osoiz—oso 78311 767 w values
l
_ 174 |'406 ! 78/ /2764 5@31/399 /-050| 898
64—0 /- 3oo 9:712-6453 o§513 238 37/96|3./55
/91 43 1679 | ‘940 /0.93 /-084 -99/ |-940
§22 f/~643‘2 4333/33 ..36443 923 4.0:3|4 040
i | ! ,
1477 363 |.554 72/ -g30 ‘868 -$60 |-§43
F908 /1792 2-62/ 33373 285 4 ‘242 4-926{ 4-479
i : \
: i |
(83 303 446, 570 658 -706 724 728
926 ./-817 2-6941 3350 3 9//‘4 301 4-5231 4.593
o | | |
124 247 (36 456 528 $576 -¢ol |-607
g-ssa‘/'757 |Z 547.! 2193 7798 417/ 4¢o 448/
[0l -200 ‘288 368 428 -470 -494| 50/
737 /%0, 2 3783 0/8,3 $36359/2 R +.2/4
, i |
osz ol |-232 296 345 38/ 1400 | 409 P
762 [ 493 2/03 *2-747:3-2;0;3»5‘6.9 3-782|3-852 =
_j-obs /28 /86 '-237 276 308 324 |33/ 10 l 10
‘074 [-321 (/917 2435 2257.5 /0] 3 300[3 422 — &
_05% 101 _|1/47 /88 22/ 244 257|267 - _aln R
-58/ 139 a,wz 100 2466, 27372901 2:959
! 04 080 -/18 4-/467 ;'/721'/6’9 202 |-206 +
:48’4 952 1378 J/~754.‘2»059Pz-z%‘2'42-7 2473 <
1032 06/ 087 111 130 /45 -/53 | /55
'387 760 1-102 [/ 403 /648 829 /'942]|/-979
! ,‘ K | ;
11022 044|:062::079 -093 /04 /11| /12
289 570 826 /049/234 /370{/ £54] /482
014 028 04/1 1052 -060|:067 l 07/ |-072 Key Diagram
;193 378 ‘550 699 -8/ ;-.9//‘;'-.94,7 ' 9¢7
' i | l
007 -0/3 10/® 1025 -029 -032!.034|-030
086 |- /89 [-274 '3493'410:»455;'48’3 492
. 1 }
{ I 1
- L . L
2
-2
e Tine ;vo\’.ucs are -wve., the w vaiues .ar-e rve, and vice verso.



Fieid N° 39

1o

|

!

| l
499 |-S64 |[757 271 805|-663 385 |320 [ values

414 -869 |/ 4/3 f/'7f9§;/-7;o i/"472“:/'350 v 3/F Tw values
: ! 1
: | I
287 |.688 [/ /90 ;469 /278 876 |-6/2 |-537

‘709 [, 425 (2087 2:53/ |2 6452556 2-449(2-412

270 [ 560 | %28 .973 |.939 .799 670 |- 622

|'#53 11666 (2371 2875 3-/132 320/ 3/89 |3.176
, i }

| ! |
218 1'32& b0y -703 -723 -683 |-633 {-¢I3

8§91 |/-725 2-445 2.59013.330/3-5/7 3-589(3.607 _ ; -
3 ' : '
Je¥ | 322 |- 449 533 57/ 573 .56 |-554

8§69 1683 (2390 295+ 3-350|3598|3-725(3 764

128 246 i'343 i‘f/sg- 456 476 . 480 | 48]

£16 1SFS 2.202 2917 32303509 3665 |3 7/0

! l
c098 /89 200 10327 iJ67 1°39/ |-402 |'405

747 |/ 454 [2:083 2-6/0 3018 3-3023-469(3-525

077 /4% |.209 1259 ' 295| 3/8 |.332 | 336

‘669 /305 |/-877 2-363 2:7453-0/9(3-/82|3-236

‘060 1-//85 | /164 | 205 236 [-257 270 | 273 ' 10 - .
887 |/ /95 |1-6852 2-088 2-433\12-685|2.837|2.287 T Gh ¥
047 -0%0 (129 | /b2 |-/8F -204 -2/6 |'2/9
502 ‘982 [/ 4/9 |1 7972099.2-322 (2. 457]12.502 DU Y § VS ——
‘03 |-070 099 |./25 | /46 /O /720 |72 o
317 '817 |1-192 /-.s'ooi/?:s /" 8942\2-056|2096 w
026! -052|.074 094 11 |-s22 128 | 13/
332 |52 | 9¢3 |1-/96 /403 /555 /648|679

|
‘019 | 037 | 053 |- 068 - OF0|- 088 [-092 | 094
248 1484 708 |'§96 (/052 |//65 |/236 |/-258

| " —x :
0/2 |-024 | 034 |-0431051 |-056 052 |-06) Key Diagram ~
165 |- 324 |- 469 | S9 699|776 8§23 | £38
006 |.012 |-0/0 |-020 025|028 |-029 |-030
082 | /62 [-234 -2.97{-350 387 141/ |-418

v the {vaies are -ve, The w values are +vg, and vice versa’
S va .

N?u??ilp!ﬂ the Z umiTs by N % QQT w uriTs ‘




FIC'td NO 404_’

T _Yi!""q o
A
10 )= 4
456 |/ 699 (7058 ) 756 -¢15 |35 | 2/0 |-/83 values
8514 (1094487 /4/3 ;170 |{/-03/ |- 958 ]| 936 w values
5i4 (1072 [1:378 (119 782 492 ‘363 |'326
785 /497 (/965 [ 2.089 /-spoi/'y.s‘s 1772 |/' 744
369 | 683 '§54 | 928 680527 |-43/ |-400
F46 |/ 594 2110 2:370,2-436'2-402/2°359]2 340
299 |"454 | $7S 600 -S54 488 |- 437 |-4/7
FI1F (/) SF3 1209624497 2-624/{2:69/ .2-705|2-706
170 1-3/3 409 45/ 44§ 424 | 404 | 394
760 |/ #4F 998 2.395 264K 278/ 7P LA 2-F62
420 | 225 [-30/ '344-360 |'36/ 11356 |'354
690 |/ 323 |/ 8S5S 2-26812585/ 273/ |2-826|2-56
057 | /b6 | 229 | 269|290 301 |:304 |:304
‘©/8 /82 /690 20882383 2-5792-¢9312727
066 |- )28 /78 -2/) 1.234-248 |-28§4 |' 25 .
S$45 /057 [ 508 / £802:/65 2365 2-479|2-5/F8 X
1050 |09 | /34 164 |-/88 202 |-209 |-2/0 A9 Wil
473 '920 [ 3/8 [/ 6585/ 9/9 2/07 2:2/7 |225S ¢
' . LY
| .
1039 -074 |- /04 /29 /SO ‘16l |-/69 |-/70
40/ | 754 J-/28 /422 /- 655 /-F22 ;923 |/ 956 i - B EAV R
‘029 |08y 079 -/00 [-}J/5 ©/285 /32 | /34 &
332 [ 649 [ 937 |//8S5 /382 |/ 526 [/o/3 |/ 642 -
‘021 042 | 00 |-075|:0806 [-096 /00 |-/03
264 |-§17 | 747 | 946|/)/08 (/222 |/-294 |/ 3/8
‘Ol |+ 029 | 043 '054 | 062 |-069 (072 074
187 | 396 | £57 |<)0F -£28 |9/6 1970 | 988
|00 |-0/9 1027 |-035 | 040|-044 |-046 | 046 Key D'acj"m‘“
131 2856 |37/ |-47/|- 8581 [-6/0 |"647 |-65F%8
_loog |1009 |-014 -017 |-020,:022 |-033 |-023
‘06S | /28 /88 {236 | 275 |'304 ['323 |-330
i
~

If the [ vaives are -ve, The w vaiues are

Multiply The % unts by NZ To gel w umits,

+ve, ond vice versa



Field NO 41

If the Zvalues are -ve,the w values are rve, anmd vice versa.

Muitipiy the ZuniTs by NZto get w uniTs

~Ttw s 0
A
o) KF
|
| 498|2550 1689 |-564 | 269 |-160 |-117 |-108 Tvalues
17678 [1130 |1-095 | 868 735 | 658 6/6 604 w vaiues
784 |1-200[1:07) | 688 |- 407 |-268 |'207 |-/89
-788 |1-325 |- 496 |- 425|301 |} 20711182 {1132
<412 '-ca./ ‘of3 | 559 418 31/ |'257 | 238
734 | 288 |/ 584 /667 |/ 64/ [/ 59/|)55/ /538
1235 |-397 |-4854 | 425 |-365 306,27/ | 259
€52 \|1i87 |[-§43|/-727 |/-796 /-807 |/-goZ |/ K00
/45 |-255 |-3/3 |- 323 /13094 -278 257 |28
578 |1 073 |/-445 /686 |/ 82/ |/ 8§F0 /914 |/ 920
0961j75 1225 | 247248 .24/ | 233 | 23/
8§07 |96/ |1-324 /588 762 |/-866|/-216 |/ 93/
c0671-123 |- /65 |-/189 .20/ {203 |-202 |- 20!
445 | 851 |/-193 |/-4859/-648 |/ 769 |/ 837 |/ 857
10491092 1-/25 |'/48 /63 /68 -/72 |-/72 4
© 388 | 748 |/ 0S99 |/ 314 /- 499(/627 |/ 7000|1724 =
‘036 |-070 1096 |-/17 |'/30 /38 /42 | /43 iIO : 0
334 |- 648|925 |/-/53 |/ 330|/453./526|/- 549 E:
028 |-054 |-075 [ 09/ 104 |-1/1 |-116 |-117 e —— B[N —-
284 || £51 |*789 |-991 |)-/48 /26/ |/ 328|135/
02204/ |-058 |07/ |-08/ | 087 |-092 |-093 .
‘233 1. 456 | 6855 | F20 | 960 (10571115 |/-136 -
LO0/6 |03/ | 043|-054|.0062 |-068 |-06D | 07/
/85 |'362 |52/ |-658 |-769 |[§48 | 8§96 | -9/4
01/ |-023|-03) [|039 | 043 [[048 |-085/ | 052
~/¢9 ‘270 |'39/ 494 575 (636 |73 | 6806 ,
007 | 0/14 [-020 |'024 [-029 |-03! |- 03} |-033 *“ K@.s v.P...La\_GJ':Q_”l—
‘093 |17 259 (327 | 383 ‘423 | 448| 456 '
004 |.007 010 |.012 | 014 | 015 |-016 |-017
‘046|090 /30 (/63 | 9/ |(2// | 2231228



Field No.g2

0 - F

i
]
20941490 - 456 ;-/99 107 1069 |-052 |-048 Q values
1618 679 "S/4 ‘45 | 356 -320 30! |-29% w values

68§ 785 | 514 |29 174 | //8 |-093 | 085
S40 790 ‘785 1708 '64/ 594 |-568 | S59

293 |- 4,3 '367 270! /93 /45 {721 |2
433 -734 |'F46 ‘855 |52 “79: |77/ ‘762

149 235 249 2/7 |« /FO /a7 |./29 | /21
‘370 11653 |82/ |'894 1-912 -9/0('90/ |- 899

086 /46 |-/7) |66 /53 136 \v126 |- 121
3/4 578 '762 ‘873 -93/ ‘956:965 | 966

27/ 509 | 694 | §22 1903 1 949872 (9879

1

054 1096 |12/ 128 /27 |1z0 .47 |16
i
!

{
037 . 067 |-088 | .j00 |.103 .05 102 |-102
134 | #4762/ 750 1§46 903 1936 |-947

0216 049! 06s |-078 083 .08 087 | 087

202 390 55/ g78 ‘77 (-§35 [§r0 |- 882

i I .
‘0/9 038 050 ‘06! 067 l.072 1.073 |-074 10 10. .

/73 337 | 480 597 |-686|-748 783 |- 797 ' ¢ )
| ! ? ' i

014 {028 |-037 046 064 0S¥ .06/ | 062

147 2%e |'409 S/ |\ 583 650685 | 695 - - = 8 [N e

0/0 _-02] |-030 |-03b |-042 046 048 [049
/21 236|340 | 427 |°498 |.548 -578 |88

s L

‘007 017 022 [-02¥ 1032 035 '038+,'_o39
096 /88 270 |34/ {398 | 440 465 | 475

_ 006 -0/2 | 0/6 020|023 | 026,027 | 028
07/ /4/ 204 ’257 ‘JOoO |- 332 | 385/ | 358

004 007 O/f [-0I3 04 |-017  OI7 ] 017 - Key Diagram —
048 093 /35 ./7/ |/998 |.222(1135 [-.239

00, | 007 [-008 ['008 |- 00¢%

ez - -oc4 | VoS i
l.og6 |-100 [-/11 |- 118 | /20

loz4 o047 -067

o | i

A

Yoo §values are -ve, the w values are +ve, and vice versa.
i .
L%

el r‘nc é uhu*s 'bg NI fo geT W UH\TS.



Field NO°. 43

£ The Z values are -ve,the w values are +ve, and vice versa.

by

N2 1o g:.T w unts

Vtw=0 -
&
‘930 |°235 1-090 |-043 |-025 [-0l17 013 |-012 § values

1226 161 124 <100 [ 086 078 [-073 [072 W valucs
235 c27 -//6 |"065 04/ |'029./-:023 | 022
162 -2/3 /96 |-173 /56 /44 :137 |- /34
1089 ! 116095 065 '.047,:035 |-030 |.028
122 /95 -215 |2/ 20/ j92 |-/85 |82

; :
042 064 064 054043 ‘036 | 031 |-030
0% |"JoB8 [.207 [ 219 22/ (219 [‘2/4 |-214

§ |

| |
‘023 038 044 042 037 1033 030 |-02¥
‘080|145 1190 |-2/3 224|228 | 228 [ 228
O/ &4 ! 025 030 !'032 1-030 1-028 027 |'026
‘067 -I25 |-/69 (+/98 2/ |224 | 22F% [-230

|-009 017 022 [ 023 024 || 024 |023 |'023
‘056 !-107 148 /76 (/97 |-2/0|-217 |-22]

_lo0e 012 |-0/5 0/18 lo/8 019 ‘020 | 020 y.
048 092 /28 | I§7 477 |-/92 200 | 202 =
004 008 |-0/1 |.0:3 -0/4 015 [[0/§ |06 /0 : 1O -
‘040 |-078 |1/OD |-/35 /S4 (/6D |77 |-179 q»

003 |-008 |-:008 [ 0/0 l-0/1_ [0/l |-012 | 0/2 - 8N —-
2033 -o064|-092 | /id |+]3] (/44| ./5) | /54
002 | 004 |[006 006 007 | 008 |-100% | 008 s
‘0206|052 {074 033 -/07 [ /19 /24 |-125 -
00/ |-002 003 004 '00S ‘006 006 | O0&
‘020 :039 |087 |-072 ;-09.5‘ ‘093 097 |100
oo/ .00/ 002 ['002 é»oo.s ‘003 |-003 |-003
"0/5 1029 | 042|083 1063 |:1069:072 |1074
1 . ,
00/ |:00/ | 00/ |00/ |00 001 | 001/ — Key Diogram —
r009 -O/8 | 1028 | 034 04/ | 095048 048
004 | 005 | 0,4 |-0/7 ‘020|022 |-023 |024
. |
1



Field N° 4 4

Ciam}ced Edqes ~ Unirorm Load P

J4w =

C -

VA S

A
&
e,
+- 089 |+ 145
22
+-403 |+:232 N\ + 147
1078 860
+- 718 éf'367 + 123 \'~\}F'O35 ’Bva\luc; i
/45 48/ ;""<87 W values
N
r1028 |#5/7 |pi140 | -130 \‘\;'3/6’ ' |
209 695 /287 L8T# } ;
+/298 + 660 |+176 -183 44z 623 :
26z 877 /632  2-383 | J-038
t/502 |+ 775 |+2/5 |-208  .5/9 740 . 887
300 /013 /892 2770 (3538 4127
| AN
! AN
+1-632 -+ 849 (+ 243 |-2/9 56/ 806 970 N1-0e3
‘323 /096 2052 J-0// 3850 :4-494. 7896
l ' AN
o RN
4 +668 |+ 874 | +254 .22/ 574|828 997 i/-os4 \ /125
& -330 /124 207 3092 3956 46/9 5033 |5/73
i
| T e ——— - 4’ N “i&‘

Small squares have lenathh of side - N/z

I values are HcgakT;vc exccp"f near The bounoary

SU"H'H oare CN?T ., W

ur\'\Tg

kK= 1E/-o2)

C N4

Are



Field No 45

L ne Load arm«c "'He»_’w{;chfre Lime

é

ey 1 ™ ¥ ' T B

0129 025/ .0362 0456 0528 0584 OIS 0629 §voluwes
e 223 ‘332 419 49/ 544 579 589 w values

02€§ 0520 -O7¥5 0934: 1083 1190 (256 ‘1277

-232 -458 6‘62 834 ‘97> (080 I'/45 //65

e e

0419 -08/8 /62 I#52 (67 1843 /940 1972
347 68/ 380 1237 1 445 /607 /696 725

- 0698 JISG 1638 2037 2342 2557 2683 2725 Line 1-13

455 -88E /279 169 /887 2085 2206 2244

03/9 I857/ 2202 2714 3096 3359 -35/7 3569 :
LS54 1084 1551 1961 2.284'2-5/8 2664 2713 ‘ i

s
///s J2io7 2902 ‘35/4 ‘3963 ‘427 - $450 4510
| 540 /248 1787 22452612 2878 3039 3054 ‘

/5‘7_7 LBV 3784 4476 4972 53/ 5504 5567

708 /365 105 2 4522841 3128 3258 3355
| i .

/35 (417 [2-020 2.830 i T 1 !
— R L e . - t e T S i 4 J
j | : i ‘ | %
: ; 1 ; ‘ ’
| \ ; ! i
[ VSNUUISURUI: IO NN b i e i - } J——
i |
| i
B S e - U . e 4 R - e -+
, | e |
e s - e T %___ % g .
‘ . | | i
i é 1 ! | f
i i
s VRN S — “ + + + ———
: | 2 iy .
I
f ' T T
i 1 I !
- i 4 4 } -t
T 1 ! T
; 1 | ! . ’ !
' | ) 4 : : )
'_J] | 1 5 { L ﬁ ; i i N i . i
T T 14 T
e e e - e 8 N — - A e —- C g
S»a‘\ucs are -ve and have i Ts N/'K

W VvAalees arge +ve and have umiTs FNg/K
K o= iE/Q-o})



L e ¥ 2

wood a.lcnq YThe

qu-ar‘Tzr’ - i.;me N

— T

8

oo47‘ 0092

!
T i

‘0133 o170 10,99 022/

{
|

0236 i 0239

4 vauf:lutg

T ps9 -

/115

__p09€ [0/90

/3 . 234

0/_50 ‘0295

17s 352

02/1 '_9412

168 214 252279
;

0275 0347 0407 045/ |

298 '304—

0473 I 0486

" v@.&acl

[ R

‘338 4293 ~5’o4 -559

0425 o540’ 063/ 0700

594 -¢co4.
k :

0742.}-0756

D SN

PR S,

w508 ~4,4-4 76 g 40

‘0595 0*55 otziul 0975

‘239 467

0279 0548

-89 }'309

O30 /049

675 859 /ooe ///b

078 7;‘2?,,93,,» 164 1285

0772

297 582

0363 0710

/187 ,/ za.s

1360 /375'

839 /068 /'250 /'385

10t /2:?3 /494- (644

353 694

0469 0905
‘407 795

0598 1/54

456 FE9

L o2l 196
‘520 J01Z

__4:;/4’26 2553

_,..2_2.15_'_-.’49& 4308 4373 5260 5512,

/296 2299

476 12068254/ 2992
‘498 962 51-385 /'74-4 2028

3356 3936 4341
526 [0i6 1442 /81 z.ogs

jooo 1267 48’4- /643

1236 /62.5' /3’92 1203 |
;148 - 4—.5'5‘/ 698 / £8/

2556
208+

1637 2037 2344
1279 0D [ 587
i ‘

338
2239

2627 3/64 ISS55138(7
iz 447}/ 814 2106 2-3/6

- 09|
2-286

l

i

/469 1 498

i

;

4735 | /767

[ S

1741 Tl 774
i

2173 12211

i

/-385] 2027

2685 2726

\-%he ‘2:‘2 3

2-206 2 246

3278 3326

1L

2-364 2-400

3970 402/

2-444 2487

4762 4812

o

| 2-409 23450

i
l
5655 5702 Line Lop.d

‘495 950

qo8 785

_ 0753 /395 -

-ZF6 . 553

_ 035/ 0662’

4

/- 34-7 /669 /223 2-10S8

|
~2994, 3476 3508 |
gl 11-379 1590
! [

4025
I"7¢2

-2229
977

i
i

2469
/126

/1881
‘785

2624,
1-232

0806|1087 1210 |- /294

2-2/13 2-249

4147 4186

/-832 /-86/

2714 2742
/297 1317

/342 /358

; /46 283 403

|

H

i

S04 (582 637

e72 <82

i

J

F—

L values
w valuwes

are
are +\ve

-ve,

I E//(‘-‘ o~

ar\A L\av¢

[

8 'N
uni"’s
unifs

A4

L)
P

pN/K

F NY/K

Y




Field N° 47

[ - ’bg/'b_y curve
th o 9 O ~ [ ] Y] <+
Cockifs Wy, B 3 2 a 3 e & 0@
o o o o o o o °¢
066 5 valuels
G 70 w o valwes
<13/ ‘262
133 &6/
/98 394 \| 595 L
/D4 383 ﬁ
258 522 795 /078 . e
250 494 727 43
‘3/8 ‘639 ‘984 /354 /747
297 $89 &9 . /37 Y3 64
-36/ 736 /[ /¥ 6 /605 2 /32 2729
|3-34 662 9-80 /2-80 /15 52 - 80
39/ __ |:802 /287 /786 2436 | 3285 |4 458
357 709 087 /1377 16 78 /9-39 ‘2<'.56
e ‘g0z 825 /297 185z |2554 |3-527 ;/> /O 000
3l I o6s 723 7076 I 77 1722 79-97 22 /5 <.55
- - 4N : e




COHCQY\TP’O\TQ(A

Load

aT C er}Tre

'V‘w'= O, except al centre.

Field N© 48

N *
\\
\ l
10022
Sos ;
\
\\
\ i
‘0043 N\ 0087
O 4 o886 i
| 0065 lor30 Neoroy L volugs |
‘o064 n27 \ W valuegs -,
’ 0085 0173 ;026;\\y0356
7083 /64 24/ 22
Ny -
\\
_— 0/04 0212|0326 |0448 0578
098 /95 288  |-37# ¢S5/
% \
. ro0/l9 i,0244_ 1—037,_9, ‘053/ ‘0706 N-0903
" 2/9 1324 F24 514 X8
'\\
o |029 0265 o416 059/ | 0806 /087 . 476
8 ‘235 | 348 456 ‘555 G4/ %03
| N
TN
£ _ jor3z 0273 |o#29 0613 =~ |0845 _ /67 !4703 Sad3/0
= 2 240 1356 lge7  S70 ‘660 |'729 763
Load W
| S 4N — S O G —
I
Small squares have lengTh or side = N/2z _
§ values are -ve, and have unils w/f
w values are + ve, and hwave urmi ts WN /K

K= IEL1-o?)



Concenfraled Load at guarfer poinT.

¢

-

Fleia

He. 49

1

o)

0050 |
-I-]]

0047

00441 0039

059

‘00990027

5 Jval
W WA

luey

.

‘080 (1049

‘0090|-0080

042

.006‘7 .

121 ‘o

0153 |.0150

loi4o

12 o093

-0125

084

0106 ;008

182
0214

178
0210

i

6T

154

0195|0173

nz7

!
D145

Twoo

oz

| 0028
035 |

0038

243
10286 |

‘238

‘0279 0259

‘223 (.200

4@91\52 ;
i

0190 . 0146

looa8

090 | 046

1'0050

’503

237

OSW 05@(

273

'249

0334uoz92

c2 08 [164
|

024\ ox83

iz 1-o87

‘0123

|

302 354
0477 0403

‘331 296
0412310366

‘249 (94

'0196 0213

006} _
132 067

014810074

‘47

061D

’0591

4087380 [1338

osu' 0448

@556!0265

.tSo

076

‘0173 "00 85

467
107870759 06k2 ‘0558

5 456 . , 424‘ 374

3.2 T24\

0415 0300

o4 083

‘0194:-0095

NS S

1069 0991 -

‘509 495 488 40!

0813 D2t

331

!

0463

jzss

‘0326

10208 -0lot ]

\72 087

538 522 476 414

1550 11326 | 0947068

<339
‘0486

257

‘03385

‘0210

173 088

0104

o

3096

547

514 478404 |
11493 D%72. 0672

{

328

0468

248
50M7'

083
0095

167
‘0197

18520 |

{47

.49‘:
197 ll082&05’7

437 370

298 |

224
!

04000270

0168

180 1075

0078

‘4206

1-10795

|

407‘563{306

0725 | 0569 04‘¢

fz4e

184

‘0291 1 01(96

012l

123 |06t

‘0057

~299

1287

ar}-

148

T rg>

'420

0368 0343 ;;gz_gsi'ezl?:

76

10152 0103

31

087 044

10064 0030 !

134 na

22

068 -

045 022

L vaaniues

w \/a.iucs

are

are

—Vc,

+ve,

<

— 8N

ornd hmave

‘and

¢

umiTs

W/K

1 ' ‘ W z
nave wniTs WN /K
IE/ (\-0?)




Field N° 50

g_o'hcu\froﬁcd Loads al the guarter points.

_ + //
WU W
P OX
e “w
! I
| |
\:\ 0079 Lvalued
TN 0683 i w voaluks.
|
|
0157 \|-0Bi4 |
1346 | 265l T
< |
‘0236 -04-70\:.4;0702
<1970 ‘3878 | 5663
_ o318 063! |-0934 N\ 1226
2538 {4990 [.7274 9314 -
0403 |-0803 |- 1182  |-1521 . 1820
3330 -§955 | B3 |I1047 \sze
0489 | 0990 1477 -1871 2124 " -2294
3423 [|'6729 -9782 1'2418 |1'4550 [ \J'6108
| AN
1 , N
0559 1164 1869 ‘2413 2509 1.2438 - - 2444
3683 |.7251 |0S¢5 [I'3400 | !'5565 [1-7082 ‘\3007
0587 |"1240  +2096 44022 2733 2505 24560 2452
3774 |-7438 o862z 13854 {15937 [[7418 | 1'832! 118625
4 N —
Small squares have ic,-.gf;\ of side = N2
éya!uea Are -v<e GHO" Nnav e UV\IIT'S ‘,\//K

: * 4 - Z
“ri‘“{“"b are +ve, and nave UAITH V\’N/‘K



— Propped

PiatTe

1 r—P.";%_—, ":'—.’r *pv":_

Un.Form Lood
o~ plate 5 G4 pnN*?

Quarter Fo'onf prop Leaa -7-58PN7'

y ‘ A | 'ﬂ‘" “ " =K. 2
P f;'cp . Centre poi | 34ipn
; T
|
Cod . i
N %
N01%6 & values | ;
134 W values,
o327 _
232 \(413
§
0-233 0367 0 424 :
290 510 ‘633
N i
10°235 0366|0417 N 0402 -
301 528 ‘@47 654 |
. N , ;
| : N e lj
0214 0321 10:347 0°320 \,0-25> '
278 475 567 | 562 ~474 ,
' ‘ ;
0-178 0235 |0-201 0146 0115 N\ 0070 ‘
22y 0376 1418 386 322 "1l |
; ! N ?
5142 0135  |£0-047 40217 407131 +0-017 \40-056 |
182 .270 ‘240 1 -17) 151 134 N\ 087
; t ; : \ »
. 0126 0087 40-212 ¥1'421 40287 40060 40-112 4#0.6125
€ ‘162 .-226 |''55 7000 | :Ce5 089 .05 N0 00
prop ' | prog
. RN Pt

L .alues are ~ve except where noted, units Nk

w velues are +ve and have

K

1 E/Ch- o~"\,

pN‘/\(

un'\Ts

i
i



A
1
S
|

Field N°. 52

T

Recfang=iar PlaTe Line Load cxiong_d& .
U an .
| ‘t.t.

L0205 057 0773 | 0916 o 1074 {05 s
‘087 | {8 ‘236 ‘290 -%30 3ss8 374 ‘378
| |
0658 1206 | le07  |.18BZ | 206t 2173 2235 2254
67 319 447 548 22 73 L -703 AY
‘W47 | 2005 |-2569 [+2937 |-3177 13324 3404 |-3429
— - : — .
‘229 - 43X 603 734 834 901 [+ 94l 953
|
‘2064 |.3084 |-3713 ‘4120 |- 4380 | 4537 4625 | 4683
1-256 483 1 @72 ‘818 . -14 *989 [-032 FO46
ine Lo d F/x_;/\‘t"r . % 1«6»\51"11*\_
5 values c\rc.‘ -ve and have I PN/K
W values are +ve and have wnits PN’/K
Flela N° 53
RecTangular Plafe +~ Comcentrated Lcad at Ceptre
’F,__,,,,_‘-A..H, et e A — S 4N e P . B . o a—
] T
002} cOo4b 0077 oI o772 0332 ‘0290 c3zo
SOl 022 ‘G336 o448 oY AP o778 -088 ‘092 -
or 39 0085 0143 0223 0334 04T 0629 ‘Ved7
‘02 042 064 09y 120 |45 168 477
.
005} o112 0189 5125 0452 | 0688 1047 ‘1264
T 00 055 084 [ 8 185 1385 Z18 244
Lead W
0087 0121 ‘0206 0323 0489 |-0777 |1283 2882
‘029 ‘000 - 092 <129 V70 ‘24 '25% *277
ualues are ~ve amnd have units W/

W values are +ve amd have unaits WNYK,



F—ic!_é—N“_s_‘}_. Field Ne.gs

10 o %
N 86 1837 11715 12647 pualwes |/ 1 | 447 |rero |z628[1713 |-556 231 | 690
{83 1003 7010 1244, w values 415 |-897 11189 101 16603997189
T ' Ve o
-26!\ ‘636 |11109 (13501 |7 4961035 [1-318 |1:109 |- 669 /330 |- {42
452 " 910 -312 {1481 //’_ 592 | 1110 |1-385(1°312 l'osﬁf ‘053 |'3(8
\~ /
235|487 713 |:809 /7 343 630 |.773[ 714 626|318 145
‘485332 m’ 269 I 409 ‘56871030 (1280112621050 724 1-363
1173 1336 __gej*_soa_,_ﬁ_w__ | VL lzie 387 |-477 46l |-372|-246 |12
429 |-809 /6 [RESY ' ] [ 467|845 [1:0541 1076 -925] 660|347
|
____Vg_tevj;g;gﬂ_;, 292 |- 318 [131 |-234 /9« '29>\'Z4—7 173_|.087
‘335 24" 821 |- 891 i '.345 e17/1'794 |- 821 [\722] 528 {-277
‘070 |A31 |72 lts7 L ‘075 {433 [1eB 172 ['150"|-108 |-056
'22/54-4\7 5+7l 594 —'l 22/ AW 15270547 | 4877362191
AN
! 632060 1:079 086 N 35(.062 |-077]-079 |-069 |-051\]|.027
13 [208 273 | | 294 1' 1703|7259, 273 |-244| 182 |.q98
7 | N / ' <
; J | L : '
i v [ . '
——-V“w 3 0 ——
If The Zvalues are ~ve, The w values are +ve, and vice versa.
Mle’ip\\J ; v nite b_‘j N2 To ge? W oumiTe,
0 ¢ Ficid N° 56 10 ¢ Field No. 57
\\ T S 1 B
N r e AN I I
11484 (2:539/1670 537 |-231 |09 | 704l ~12:092|11484|- 447186 |-090 | 045 [ ~Ci8
Net2  1°000-895 60T "'399 | 244|116 -‘s\ss ol2 [-4\5[-282 |-I188 [-115]-054
\ /‘/ ] N //
7731178 1035|636 336 |“171 |074) | ‘82772 |'496 261 | 140]4075-033
059 N 070[1110 910 557 415202 475 [Me59( 591 | 461 .3\7.20‘ 997
AN .
396 627632 486 L6 |82 03| 285 |-395.].343 . 230 ,/_11%4084 037
‘546| 918 [%03%0[-937|-722 |-480][ 239 13491546 ["568| 4841 364] 233 118
\\ 4 .
‘215 354 .38%1,336 |-247 |-I55 |:074 138 214 | 216 /{73 120 ['072 | 034
415 718 844 809602 | 458 23] '248] 413 |- 467|-428)- 341 |237 |11
| 119 |-ze3 235218173 |- 1\5_|-057 073 |18 A3t |-n7 |oss |-058 | 028
'79% '518 1629|623 \5\27 ‘375 |1192 170 |'29471:346,°3%5 :1277 |192 'oesl
065 iz {134 131 |-108.]-075 ! 037 038 | 063 |-075 l-070 | 057 038 1019
18771"33B - 411 |-417 [+360[«263| 136 106/1-187 [-227 1225 | 190 |-135 Q70
1029 1049 |-06! |-060 |-050 034]-018 »»4{(7 ‘028 |-035i'032 |.026 -oné\ 009
/|709) 163 11203/:208 181 133 [\070 rosi|-090(-112 1113 | -097|-070.I'e36
N / ! i N
’ “ | l '
|

-~ . 4N — . . __._.__..i P___. _;_.__4p14 - .____.’ -___>i



___.V“w

30 —

{6 the SvMuu ore -ve, The w valuss are +ve, and vice versa,
Multiply The L unifs by N* To get w uniTs.

- Field N°58
[Ke]
928 Svaljes <
24 lues. |
2\? w vallu i | //
235N -217 ! .
- At
147 483
*8\ /,/
088 |13 ~[-089 |
qor |450 [Na9 /
/
N
C4t |-060 | 05717046
069 |13 '?/\uz
0zl |-032 7036|030 1024
0406 '0;9/ 1094 :090 [2075
011 618 .020 {018 oaf:‘.\ 01}
.oa/o* ‘051 | 063 |'062|- 052 ['036
005 | 009 |.009 |-008 006 005|002
/| o14 {025 [-03] [-03 |-0Z5 |'013 Q10
'~
|
4N >’

Conmcentralcd Load w at centre

—9*w 20, except at cenfre—
et - - ZN - —_--
N | N©O:
T "
| {0088 gualucl
'\O\Zis w lvalues
. vons\ 036!
0424  N0800
Z \\
w N
- 144 10533 \|-0922
‘0565 1096 {5085
] \\\\\
. 7 ‘0272 [r0609 -1148 12756
t | o623 i'LZlO 1697 | 955
Load W

Lvalues are -ve, and have uaits W/

w values are rve amd hove unmifs ‘;N"/K

o Field N°59
‘ 428 2.415 |~
475 726,
//
r “Jz
2 672 > /966
N ‘407 NS 81
|
I 252 357
: 207 295
lL/ _J
| Field N° &0
T \\ l //’/
| 4
: yd
| J2-087 {428 /350
,\Q‘; <475 dral
\_\\ /’//
Z 630 N\ 7672 | 33¢
~ ‘342 |\ 407 [238
| N
/203|252 | 154
l 159  [-207 | 134
. ~\\

l A
R4 | { S
lo i °- 6!

T T
‘973 L2210 064
20! 1z . 049
ya 221 | 188 lo14 |
o 12 NI 060
N
064 |-074 | 040
’ 049 . | 060 \936




