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Abstract

Engineering applications that include flows with thermodynamic non-equilibrium and rarefac-
tion effects require modelling with an increased level of physical detail. Practical problems often
involve more than one constituent in the flow and therefore the capability to analyse gas mixtures
is important. Extending kinetic model equations of the Bhatnagar-Gross-Krook (BGK)-type
from a single-species gas to a gas mixture presents a number of difficulties. These are further
pronounced when diatomic gas mixtures are considered, due to the addition of internal energy.
This is a challenging research area and available models present a number of shortcomings.
This thesis presents new mathematical models for high-speed flow applications with moderate
levels of rarefaction. The novel kinetic models are derived for mixtures of binary gases: two new
models for mixtures of monoatomic gases and a model for mixtures of diatomic gases are intro-
duced. The novel kinetic models are shown to have good mathematical properties and demon-
strate significant advances over models in the literature. Transport properties in the continuum
limit are obtained through the Chapman-Enskog (CE) type expansion and shown for each model.
The models account for separate species-mean velocity such that the species diffusion and veloc-
ity drift are accurately represented. For mixtures of monoatomic gases a Shakhov-based model
and an Ellipsoidal-Statistical (ES)-based model are derived. The main advantage of the newly
introduced models is the recovery of three correct transport coefficients in the hydrodynamic
limit and as a result having a correct Prandtl number for the mixture. For the diatomic mixture
model, the key improvement is the inclusion of separate species velocities, species- translational,
-rotational and -vibrational temperatures and three-step relaxation process.
Furthermore, the new models are numerically evaluated for a range of high-speed flows with
strong thermodynamic non-equilibrium. Validation and good agreement with results from the
Boltzmann model and the direct simulation Monte Carlo (DSMC) demonstrates the models’
capabilities and limitations. A parametric study shows the variation of flow properties under
varied free-stream conditions. A numerically efficient gas-kinetic scheme (GKS) based on the
monoatomic Shakhov-based mixture model is also presented and the results show good accu-
racy, while reducing the required computational time. Overall, the newly-introduced gas mix-
ture models demonstrate promising computational results for relevant applications. The current
work can form the basis for further work on improved kinetic modelling of high-speed non-
equilibrium flows.
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Chapter 1

Introduction

1.1 Motivation

Continuum flow modelling dominates industrial aerodynamics [1]. Computational fluid dy-
namics (CFD) based on the Navier-Stokes (NS) equations is traditionally used for aeronautical
applications. However, advances in engineering sciences have led to an increasing amount of
complex products in all length scales: from nanoscale devices to spacecrafts. Many of these
applications involve a rarefied gas environment.
In order to identify if the flow is in the continuum or rarefied regime, the concept of characteristic
length scale is introduced. This means that a consideration of the distance between molecules is
taken in reference to the characteristic length (CL) of the flowfield considered. The ratio of these
two lengths is an important quantity in rarefied gas dynamics and is known as Knudsen number,
which is defined in more detail in Section 1.3.4. For example, an airliner cruising at approxi-
mately 10− 11 km altitude will have an average distance between molecules of 10−6 m [10].
A typical characteristic length of an airliner is the chord of the wing which is of the order of
meters. Therefore, at this altitude and at that characteristic length, the number of molecules and
collisions is large enough to consider the flow a continuum fluid. Another example of aerospace
interest is the Space Shuttle orbiter. At reentry it passes from altitudes where the distance be-
tween particles is of the order of 20,000 m (at 300km altitude) to 0.3 m (at 100km) and then to
sea level with distance of 0.6x10−7 m between molecules [1], [10]. If the characteristic length
of the Space Shuttle is chosen to be the fuselage length, the overall flow can be considered
continuum below 100 km. However, a continuum assumption is not accurate when localized
effects need to be considered, e.g. for the flow at the nose, flaps or trailing edges of the shuttle,
a more appropriate CL is to be considered, e.g. the nose radius of the shuttle or the flap chord.
The number of molecules present in these regions are so low that continuum concepts cannot
be applied and rarefaction effects are considered. The characteristic length is selected for each
individual test case and is an important variable. Moreover, due the to low number of molecules
a low number of collisions occur. Thermodynamic equilibrium is established in a gas through

1
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molecular collisions and a reduced collision rate means the flow requires more time to relax to
equilibrium than in a higher density environment. Non-equilibrium thermodynamic effects are
to be considered. These effects will be described in detail in the theoretical background section.
Conventional computational methods (e.g. modern-day CFD methods) are based on the Navier-
Stokes equations and are limited to the continuum limit, i.e. with the mean-free path between
successive molecular collisions much smaller than the characteristic length scales of the flow.
The Navier-Stokes equations stop working at a Knudsen number (ratio between the mean-free
path and CL) around 0.001, which can be extended upto 0.1 when applying the slip boundary
conditions [3]. Classical solvers based on continuum equations find a the solution for the flow-
field macroscopically: by considering changes in pressure, density, velocity, etc. They are based
on the concept of mass, momentum and energy conservation for the fluid. In rarefied gas flows
this type of modelling is not sufficient and is inaccurate.
Furthermore, the failure of the Navier-Stokes equations is further pronounced for high Knudsen
number flows combined with high Mach number flows, e.g. shockwaves will create larger devi-
ation from thermal equilibrium. Therefore, for some practical applications a more detailed level
of modelling is required.
An important first question to pose is when rarefaction effects actually appear. It occurs in one
of two occasions. The first is when the characteristic length of the device is reduced to the dis-
tance between particles while air density is close to sea-level conditions, e.g. nanoscale devices.
The second occasion is caused by the opposite effect: when the distance between molecules is
increased to the characteristic length of a macroscopic device, e.g. a reduction in the density
in the upper stages of the atmosphere during a spacecraft launch or re-entry. Matter on the
microscopic level is composed of atoms and molecules, which are in constant motion, and the
most detailed level modelling means inspecting the individual movement of each particle. Such
modelling is governed by molecular dynamics (MD) and suitable applications are e.g. devices
on the micro- and nanoscale and also modelling of liquids and liquid-vapor mixtures. This is
a very detailed approach and is very accurate for all flow regimes. However the computational
time (CPU) and memory required limit its applicability to very small flow domains so that num-
ber of particle remains acceptable for MD simulations. For gas flows, MD is computationally
inefficient due to the combination of the small time-steps required to model the collisions and
the relatively long macroscopic time scales at which flow changes take place. Most practical
flows include a wide range of sizes of the flow domain and combine regions of both continuum
and rarefied flows, often referred to as transitional regime. Therefore, accounting for each par-
ticle movement and collision is computationally unfeasible for most engineering applications
due to excessively large number of particles that needs to be considered. The direct simulation
Monte Carlo (DSMC) is a statistical approach simulating a large number of particles and their
behaviour, which will be discussed in more detail later in this Chapter. The link between molec-
ular dynamics and classical hydrodynamics is provided by kinetic theory of gases. It is capable
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of modelling the motion of all particles, based on probability and statistical physics. What ki-
netic theory does is that it considers the behaviour of particles on the microscopic level to find a
solution for the overall behaviour of the gas on the macroscopic level [2].
Kinetic modelling has been widely studied, due to the increasing number of possible applica-
tions. The focus of this thesis is on applying kinetic modelling to aerospace applications, more
specifically on vehicles experiencing rarefied flow conditions. Examples include supersonic and
hypersonic vehicles, e.g. SR-71, X-15, X-51 etc., shown in Fig. (1.1). These vehicles will en-
counter different levels of rarefaction related to their corresponding flight altitude. Note that the
cruising altitudes of SR-71 and X-51 are lower in comparison to X-15 due to the requirements
imposed by their air-breathing engine.The thermodynamic non-equilibrium effects will vary, but
chemical reactions are unlikely. The flow around these vehicles at high altitudes (above 20 km),

(a) SR-71 (b) X-15

(c) X-51

Figure 1.1: Supersonic and hypersonic aircraft: applications of kinetic models

which is the domain of hypersonic vehicles, can be characterised as partly continuum with re-
gions of rarefaction. Therefore, the non-equilibrium effects are localised to parts of the vehicle.
Modelling this flow is a challenging task, since computational modelling requires code coupling
or the development of a new efficient methodology for multi-scale problems. The capability
to model the flow around these vehicles accurately is vital to their design and development. A
rocket launched from Earth and a re-entry vehicle coming back to Earth (Fig. 1.2) are examples
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of applications where all regimes are experienced: from continuum through transitional to free-
molecular flow. Such vehicles experience equilibrium thermodynamics as well as high levels of
non-equilibrium thermodynamics, including high levels of chemistry in the flow. These flows
are often solved by coupled solvers, e.g. [11–14], while alternatively different techniques try to
build a single solver that models the whole spectrum of regimes, e.g. [15, 16]. Kinetic models
provide the basis of many of these solvers. Therefore, all challenges that kinetic models face,
e.g. including chemical reactions, are inherited by the solvers.

(a) Rocket Launch (b) Capsule

Figure 1.2: Spacecrafts: applications of kinetic models

Outside the scope of aerospace science (Fig. 1.3), other engineering applications of kinetic the-
ory include nanoscale devices, e.g. microelectromechanical systems (MEMS) are being used
as biochips in biotechnology, pressure sensors in medicine, accelerometers and gyroscopes in
inertial sensing, etc. These are only a few of many examples of nanodevices and the possible

(a) MEMS (b) Knudsen Pump (c) Plasma

Figure 1.3: Engineering devices: applications of kinetic models
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applications. The current industry of MEMS has been identified as one of the most promising
of the century with the prediction of market value reaching £105.8 billion by 2026 [17]. Other
common uses of kinetic modelling study is utilised for flows including plasmas, gas purification,
Knudsen pumps, etc. Kinetic models can go a step further, outside of engineering applications,
with capabilities in social and natural sciences (Fig. 1.4). Models are used for radiotherapy, bac-
teria, traffic flow calculations, opinion formation, financial and economic market applications,
etc. see for example [18–21] and references therein.

(a) Radiotherapy (b) Traffic Flow (c) Financial Market

Figure 1.4: Social and natural sciences: applications of kinetic models

In summary, since kinetic models consider the microscopic level in order to model macroscopic
properties, many systems that require statistical analysis of large data can utilise such modelling.
There are many applications in numerous disciplines, some of which were detailed in this sec-
tion, but many more can be found in the literature. In this thesis the focus is on aerospace-related
applications, in particular high-speed flows.

1.2 Scope of the Thesis

The goal of this thesis is to propose new modelling solutions for flows consisting of mixtures
of gases, since these are of practical interest. For aerospace engineering that gas mixture is
comprised of diatomic molecules. However, due to the challenging nature of kinetic modelling,
the majority of available models in the literature is for a single-species monoatomic gas.
Therefore, the scope of this thesis is to create and apply numerically a new kinetic model for
a gas mixture comprised of diatomic molecules. This will allow a significant improvement
over existing models. The model is to posses good mathematical properties (i.e. continuity,
compatibility, positive macroscopic fields, etc.) and be consistent with other models and kinetic
theories in the literature. Furthermore, beyond defining and proving the model mathematically,
the model is to be applied numerically in order to test its capabilities.
All of the above criteria will be addressed and analysed in this thesis. A multi-step approach
is applied and is described in greater detail in the objectives of the thesis, which are presented
at the end of this chapter. Before that, the next sections will briefly review some of the vital
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theoretical definitions forming the basis of high-speed kinetic modelling and also provide an
extensive review of the available kinetic models and their capabilities.

1.3 Theory

This theoretical section briefly reviews basic concepts that are well-established and a full account
can be found in standard books on hypersonic flight and kinetic modelling, e.g. [22], [1], [23],
[2], [24] etc. It presents the background of this thesis and is an important stepping stone in the
literature survey.

1.3.1 High-speed Flow Properties

In aerodynamics the velocity of a fluid is often used to define the flowfield and it’s main prop-
erties. It is often expressed with a non-dimensional quantity: the Mach number, defined as the
magnitude of the gas velocity u0 divided by the local speed of sound a as: M =

|u0|
a =

|u0|√
γRT ,

where γ is the ratio of specific heats, R is the gas constant and T the temperature of the gas.
Even though the definition of a Mach number is a well-established concept, for cases where the
fixed γ assumption is not valid or R is defined for a mixture, the definition of the speed of sound
a and consequently the Mach number definition is a more involved process.
The different flow regimes are characterised according to the Mach number: from subsonic to
hypervelocity regimes. In this thesis the focus is on supersonic and hypersonic flows. The
normal shock wave is the simplest form of non-equilibrium phenomena and are an essential
part of many high-speed flows.Through a shock wave the variables defining the flow field, i.e.
density, velocity, pressure, temperature etc., change drastically in a short period of time. The
change in variables though the shock is solely dependent on the free-stream Mach number and
expressed through the Rankine-Hugoniot relationship [22]. Note these equations are strictly
valid for ideal gases. Increasing the Mach number leads to a higher jump in the flow conditions
with the limiting case for M−→ ∞ resulting in:

ρ+

ρ−
=

(γ +1)
(γ−1)

u+
u−

=
(γ−1)
(γ +1)

T+
T−
→ ∞ (1.1)

The Rankine-Hugoniot equations are used to initialize the flow in the normal shock simulations
in this thesis for monoatomic gases. The equations are valid only for calorically perfect gases
and to accommodate the jump conditions for a diatomic gas with excited vibrational degrees of
freedom and with a variable γ , an iterative procedure, detailed in [1] is required.
When a high-speed flow meets a solid surface an oblique or bow shock is created. Additional
complexity is added by the interactions between the flow and the wall of the solid in the boundary
layer. In contrast to slower speeds, boundary layers thickens. This is due to the higher kinetic
energy inducing a higher temperature close to the wall, which in turn propagates viscous effects.
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It is inherent to high-speed flows to have a thin shock layer (bow and oblique shocks move close
to the body) and the higher the Mach number, the closer the shock wave lies to the surface [1].

1.3.2 Molecular Motion & Energy Modes

Clearly, the definition of the free-stream Mach number and the flowfield variables are dependant
on the specific heat ratio γ , which is a function of the excited degrees of freedom of the consid-
ered gas. For air the focus is on nitrogen and oxygen which are both diatomic molecules that
can be modelled using a "dumbbell" model [1], i.e. two spheres connected with a spring. There
are four types of motion for a molecular gas that also correspond to the four types of energy,
comprising the total energy of a molecule: translational, rotational, vibrational and electronic
(shown in Fig. 1.5). Energy is quantised and the different types of energy have different spacing
between each quantised level. How many levels of energy levels are populated depends on how
excited that state is, which is directly related to the temperature of the gas [25]. The transla-

Figure 1.5: Modes of energy (adapted from Anderson [1])

tional kinetic energy is based on the movement of the molecule in the three space coordinates
and corresponds to three degrees of freedom. The quantised levels of translational energy are so
close to each other that it is considered a continuous range. The rotational energy is due to the
rotational motion of the molecule. The number of degrees of freedom for a diatomic molecules
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is two, since the rotation along the axis of the molecule is ignored, since the moment of inertia in
the third direction is negligible. The spacing between rotational energy levels is bigger in com-
parison to the translational energy. However, for most aerospace applications the temperature of
the gas is high enough to assume the rotational energy fully excited and treat it as continuous.
Vibrational energy is due to the movement of the atoms of the molecule with respect to each
other as if they are connected by a spring [1]. Two degrees of freedom are associated with this
energy type for diatomic molecules due to the kinetic energy of the moving atoms and the po-
tential energy of the intermolecular forces.
The most commonly used model for these forces is demonstrated by the harmonic oscillator,
while the anharmonic oscillator represents a more realistic modelling method. The internal
potential energy is shown to depend on the distance between the atoms of the molecule. The
harmonic oscillator is an idealised case and is shown as an infinite parabola (see Fig. 1.6). In

Figure 1.6: Potential energy with respect to distance between atoms in a vibrating molecule
(adapted from Vincenti and Kruger [2])

reality there is a limiting energy at which dissociation occurs when the harmonic oscillator will
fail to provide accurate results. The corresponding temperature associated with the dissocia-
tion of oxygen molecules starts at approximately 2500K and for nitrogen at around 4000K, as
demonstrated in Fig. (1.7). The harmonic oscillator is often used since the provided results are
accurate for most cases, in which the temperature is sufficiently low that no chemical reactions
occur. It is Therefore, used in the derivation of the diatomic kinetic model in this thesis.
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Electronic energy is an internal energy mode and and its detailed modelling is essential for very
high temperatures as shown in Fig. 1.7, conditions that occur for example in re-entry flows.
However, since the quantised levels are so spaced out and for the flow fields of interest (su-

Figure 1.7: Temperature range for non-reacting, vibrational, dissociation and ionization pro-
cesses (adapted from Anderson [1])

personic and hypersonic) the gas temperatures considered are unlikely to excite any levels of
electronic energy beyond the ground state level, it will not be considered in this thesis.
Clearly, monoatomic gases posses only translational and electronic energies, since at least two
atoms in a molecule are required for rotational and vibrational degrees of freedom to be possible.
Further, electronic energy is often neglected, as described previously. Such monoatomic flows
are referred to as inert and only the translational motion is accounted for. However, for inert
diatomic gases, the translational, rotational and vibrational temperatures are to be accounted for.
The rotational and vibrational DoF are referred to as internal DoF. Rotation is fully excited for
aerospace applications and the degrees of freedom are constant and equal to 2. However, the
vibrational energy is excited above 800K for air (Fig. 1.7). This means for some applications it
will not be excited and for others it can be partially excited. The degrees of freedom of vibra-
tional motion are a function of the gas temperature. It is important to note that vibrational energy
cannot be treated like translational or rotational, since a ’fully excited’ vibrational state will dis-
sociate the molecule before it is reached. The number of degrees of freedom are directly related
to the amount of energy through the characteristic specific heats cp and cV , with cp = cV +k/m.

ctran
V =

3
2

k
m

crot
V =

2
2

k
m

cvib
V =

δ (T )
2

k
m
, (1.2)

where δ (T ) corresponds to the degrees of freedom excited by vibration, which typically is a
non-integer number and depends on the temperature. The total cV is the sum of the different
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contributions and for diatomic vibrationally excited gas is cV = ctran
V + crot

V + cvib
V . Figure 1.8

demonstrates the activation of rotational and vibrational degrees of freedom with temperature
for a diatomic molecule. The activation temperature for rotation is very low and can easily be
reached for nitrogen (2.9K) and oxygen (2.1K) [2], which are the two species of main interest
to aerospace engineering. It is considered very similar, if not the same for both gases. However,
it is different for vibrational excitation. There is no single temperature after which a gas is
considered fully excited. Instead the level of excitation is dependent on the temperature of the
gas as is the number of degrees of freedom. This can be observed in the figure as well, where the
process of vibrational excitation is a slope and there is no such regime of a vibrationally fully
excited gas.
Since γ is the specific heats ratio γ = cp/cV , it is fixed for a monoatomic gas,i.e. γ = 5/3 and

Figure 1.8: Specific heat at constant volume cv for different temperatures (adapted from Ander-
son [1]).

for a diatomic gas with only translational and rotational energies fully excited, i.e. γ = 7/5. It is
more complex when the vibrational energy is excited since γ is no longer a constant and depends
on the temperature of the gas. In that case the expression becomes:

γ =
7+δ (T )
5+δ (T )

(1.3)

Diatomic dissociation and ionization occur at different temperatures for oxygen and for nitrogen.
Characteristic temperatures for chemical reactions are detailed in Fig. 1.7 and discussed in detail
in the literature [1], [23], [25], etc. They are beyond the scope of this thesis.
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1.3.3 Non-equilibrium Thermodynamics

The changes of pressure, temperature and composition of a gas follow the principles of thermo-
dynamics. These fundamental principles are linked to the assumption that a given system is in
equilibrium. While most systems have a tendency towards equilibrium, it does not mean that
using the equilibrium assumption is an accurate representation of said systems. Systems which
are in a non-equilibrium state have irregular and time-dependent patterns, which are often hard
to predict.
In the context of high-speed aerodynamics, it is important to note that high-temperature effects
(vibrational excitation, chemical reactions) do not necessarily mean the flow is non-equilibrium.
If these effects occur quickly, i.e. for a length of time much smaller relative to the fluid con-
vecting through the flowfield, we have vibrational and chemical equilibrium flow [1]. At the
same time, even though the flow is in equilibrium, it is no longer calorically perfect, since the
constant γ assumption no longer holds. In Fig. 1.9 the difference between calorically perfect gas
and a gas in vibrational and chemical equilibrium is demonstrated by comparing the shock-layer
temperature for a number of re-entry vehicles at different re-entry velocity [1].

Figure 1.9: Velocity-amplitude map, demonstrating the importance of accounting for vibrational
excitation, dissociation and ionization (adapted from Anderson [1])

Next, it is important to establish when a flow is out of equilibrium. The length of time for ther-
modynamic processes to take place is connected to the number of molecular collisions, which
redistribute the internal energy between the molecular states. The number of required collisions
for each type of molecular process to reach equilibrium differ, with the translational and ro-
tational needing significantly less collisions and having shorter characteristic times [2]. Also,
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the equipartition of energy principle guarantees that no matter the cause of energy exchange,
the equilibrium state of the gas will split the energy equally between all degrees of freedom.
If translational energy is excited, the rotational and vibrational energies will slowly increase
(with different relaxation rates) to find a balanced state. The state in which these energies are
not balanced and the corresponding temperatures are not equalised is referred to as thermody-
namic non-equilibrium. Flows at low density, experiencing high-temperature effects (vibrational
excitation and chemical reactions) will have extensive non-equilibrium regions, e.g. re-entry ve-
hicles for aerospace applications.
Furthermore, the non-equilibrium that occurs related to the translational and rotational molec-
ular motions is typically due to large gradients in the flow (e.g in a boundary layer or a shock
wave), rather than low collision frequency. Examples of such transport effects due to molecular
motion are viscous stresses, heat conduction and bulk viscosity, which are discussed in great
detail in Section 1.3.11.
It is clear from this discussion that accurate modelling of non-equilibrium processes needs to
account for the different energies, dependent on the different types of temperatures. If a single
temperature is used to describe a diatomic gas, the gas temperature is significantly overesti-
mated [25]. Therefore, mathematical models with different temperatures and relaxation rates
for each type of molecular motion are of great interest. Moreover, flow rarefaction is in im-
portant factor when establishing the length of time for sufficient collisions to occur to achieve
equilibrium and will be discussed next.

1.3.4 Rarefied Flow

A number of key aspects of high-speed flows were summarized previously. It is important to
note that flow rarefaction is not one of them. The typical domain for most classes of hypersonic
vehicles is the outer region of the atmosphere, where low - density effects occur [1]. These
effects are important and determine the choice of modelling equations.
Figure 1.10 summarises the different levels of modelling options and the laws that govern them.
A gas flow can be modelled on any of these levels. The macroscopic level regards the flow
as a continuum and a classical CFD solver considers the changes in the macroscopic variables:
pressure, density, velocity, temperature, etc. On a microscopic level matter is composed of atoms
and molecules, which are in constant motion [2] and are defined by the three dimensions in
physical space and three dimensions in velocity. Accounting for their individual movement is a
subject of molecular dynamics [23]. The middle ground between continuum flow and individual
particle modelling is governed by the laws of kinetic theory. It is based on statistical mechanics,
which is subject to probability theory and fluctuations around the average. Kinetic theory of
gases considers the behaviour of particles on the microscopic level to find a solution for the
macroscopic properties of the flow. As such kinetic theory governs the mesoscopic level of
modelling, illustrated in Fig. 1.10. The variables in a flow are nothing more than a macroscopic
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reflection of microscopic molecular motions [2]. These variables are local averages or statistical
moments over all molecules and that leads to defining density, velocity, pressure, etc. The
particle collisions cause molecules to change direction and velocity magnitude and as a result to
exchange momentum and energy and Therefore, cause change in the macroscopic properties.

Figure 1.10: Levels of flows modelling

Continuum flow theory is based on the principle that particles collide very often and equilibrium
in a gas is reached quickly relative to macroscopic changes of the flow and typically during this
relaxation a particle travels a couple of nanometres [26]. This is induced by the molecules being
in close proximity to each other. However, at lower densities the distance a molecule travels
before colliding with another increases, which delays equilibration of gas properties through
the flow. It is evident that the distance between molecules is crucial in defining the gas flow
modelling level (Fig. 1.10) and the laws that govern it. The mean free path of a molecule is
used to determine the density of a gas. It is defined as the average distance between successive
collisions [2] and it is illustrated in Fig. 1.11.

Figure 1.11: Mean free path illustration (adapted from Vincenti and Kruger [2])

For the hard-sphere (HS) molecular model, the expression for the mean free path λ is in the
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form:
λ =

1√
2πd2n

, (1.4)

where d is the molecular diameter and n the number density of the gas. Based on the mean free
path, the Knudsen number Kn is commonly used to assess the level of rarefaction in a gas, where
the non-dimensional Knudsen number is defined as: Kn = λ/Lre f with Lre f the characteristic
length (CL) of the problem.
Figure 1.12 presents the correlation between the Knudsen number and the modelling equations
required for the different levels of rarefaction. Classical CFD solvers are based on the Navier -
Stokes equations and model air as a continuum flow and for flows with a small Knudsen number
(Kn→ 0), this is sufficient. The NS equations have been modified to include slip regime and
temperature jump condition at the solid wall in order to extend their validity up to Kn∼ 0.1 [27].
However, for higher Knudsen numbers continuum hypothesis breaks down and the Navier -
Stokes solvers cannot be used to accurately predict the flow-field and a more detailed level of
modelling is required. This occurs when the mean free path is of the same order of magnitude
as the characteristic length of the problem [28], either on nanoscale or at low densities. Practical
applications were detailed previously in the Motivation section of this thesis.

Figure 1.12: Model equations according to the flow rarefaction (adapted from Ivanov [3])

The Boltzmann equation is capable of governing all Knudsen number regimes: from continuum
(Kn→ 0) to collisionless flows (Kn→ ∞). Both ends of this spectrum are extensively studied
and well-defined in the literature, while the transitional regimes still represents a challenging
research task. Most aerodynamics of high-speed vehicles require the modelling of the flow
as a combination of continuum, transitional and rarefied flow. For this reason, the Boltzmann
equation, simplified models of the equation and methodologies to solve the flow both efficiently
and accurately have been developed in the literature and are the main focus of this thesis.
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1.3.5 Boltzmann equation

The Boltzmann equation is a governing equation capable of modelling a variety of rarefaction
regimes and is a governing equation for a particle distribution that defines for each location in
space, the likelihood of finding a particle with a certain velocity. This distribution function is
therefore a 6-dimensional function for a monatomic gas, while for polyatomic gas (requiring
an extended form of Boltzmann equation) extra dimensions representing internal energy modes
need to be added. It considers the rate of change of a distribution function with respect to time
and position by accounting for the collision processes that take place [2], as shown in Eq. (1.5).
The Boltzmann equation is a non-linear integro-differential equation and is complex to solve.
For a monatomic gas, the Boltzmann equation can be written as:

∂ f (x,u, t)
∂ t

+u · ∂ f (x,u, t)
∂x

+
∂

∂u
(Fi f (x,u, t)) =

[
∂ f (x,u, t)

∂ t

]
coll

, (1.5)

where f (x,u, t) is the velocity distribution function (VDF). The velocity distribution function
provides the fraction of the molecules with a certain velocity, in a certain physical domain at a
specific time in a flowfield [29]. The terms of the equations on the left hand side (LHS) represent
the change in time of the velocity distribution function, the convection term and the external
forces acting on the molecule, respectively. The right hand side (RHS) of the equation contains
the complex collision integral of the Boltzmann equation. It accounts for the rate of increase of
number of molecules with a certain velocity as a result of binary collisions. The elastic collisions
assumption is required, since the Boltzmann equation accounts for the change in velocity of two
molecules when they collide and the probability of the atoms to have certain velocities after
collision (see Fig. 1.13). Further, the Boltzmann equation assumes the gas is dilute and only
binary encounters occur. The Maxwellian distribution function ( Eq. (1.6)), first published in

Figure 1.13: Velocity and directional change of two atoms colliding (adapted from Vincenti and
Kruger [2])
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1860 by Maxwell, provides the velocity distribution function for a gas in equilibrium.

f M(x,u, t) =
n

(2πRT )
3
2

exp
[
− 1

2RT

(
(u−u0)

2 +(v− v0)
2 +(w−w0)

2
)]

, (1.6)

where n is the number density of the flow, R is the specific gas constant, T the gas temperature
and u0 the macroscopic velocity of the gas. The flow properties are macroscopic averages of
the distribution function. They are found by taking statistical moments of f (x,u, t) from now
on referred to as f for simplicity. The process consists of integrating the velocity distribution
function with respect to the three dimensional velocity space for different powers of the velocity.
Standard definite integrals are presented in Appendix A [2]. Using these standard integrals, the
moments of the Maxwellian distribution function and the procedure for the density (zeroth order
moment) integral is demonstrated in Appendix B. The moments of the distribution function and
their use is also discussed in Sections 1.3.7 and 1.3.8.
Crucial properties of the Boltzmann equation include the conservation of mass, momentum and
energy during collisions, entropy dissipation and collision equilibria. The Boltzmann equation
can be extended to flows with multi-monoatomic species by introducing separate distribution
functions for each species, create a governing equation for each of these and the formulation of
collision terms representing collisions between particles belonging to different species. How-
ever, as defined the Boltzmann equation is valid for monoatomic gases and includes only elastic
collisions. Extensions of the equations have been derived to include molecules with internal
degrees of freedom. The Wang-Chang-Uhlenbeck (WCU) equations [30] include both me-
chanical and quantised flow modelling. As such WCU are considered semi-classical equations.
Molecules at each different internal state are treated as different species. The complexity of the
collision term is significantly increased. The computational cost associated with a numerical
technique using a direct, deterministic discretization approach makes the Boltzmann equation
unfeasible for practical applications. The diatomic extension (Wang-Chang-Uhlenbeck equa-
tions) is two orders of magnitude more expensive to simulate numerically than the monoatomic
version (Boltzmann equation) [31]. Therefore, for engineering applications alternative methods
are to be found. Relaxation model equations have been widely used and are constantly being
improved, with the complex collision term significantly simplified and reduced relative to the
Boltzmann or WCU equations.

1.3.6 Boltzmann Relaxation Models

The Bhatnagar-Gross-Krook (BGK) relaxation model [32] is the oldest and yet the most widely
used kinetic approximation of the Boltzmann equation. It consists of substituting the collision
term on the RHS in Eq. (1.5) with the difference between the non-equilibrium and equilibrium
velocity distribution function divided by the time required for the flow to relax to this equilib-
rium, where no external forces are considered (Eq. (1.7)). The BGK is a simplified model of
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the Boltzmann equation, but it retains many of the features and the physical significance of the
complex collision integral [2].

∂ f
∂ t

+u · ∂ f
∂x

=
f eq− f

τ
, (1.7)

where τ is the relaxation time and is expressed by the viscosity coefficient µ and the pressure p

of the gas as τ = µ/p. As such the BGK model is a single relaxation model and the relaxation
coefficient is not velocity dependent. Note that since the relaxation coefficient τ depends on
macroscopic properties that are positive then τ > 0 is always satisfied.
As discussed in the previous section the equilibrium distribution function is the Maxwellian ve-
locity distribution or f eq = f M. If the gas is in equilibrium then the non-equilibrium distribution
function f is equal to f eq and therefore to f M or f = f eq = f M. The collision term on the RHS
of the BGK equation goes to 0 in equilibrium, while on the LHS the non-equilibrium function
is substituted with f M or:

∂ f M

∂ t
+u · ∂ f M

∂x
=

f M− f M

τ
= 0. (1.8)

Taking moments for the collision invariants ψ of the BGK model for quasi one-dimensional
flow in equilibrium leads to the one-dimensional Euler equations in macroscopic gas dynamics
as briefly illustrated here.

+∞�

−∞

mψ

[
∂ f M

∂ t
+u

∂ f M

∂x

]
du = 0, (1.9)

where m denotes the molecular mass ψ = [1,u, 1
2(u

2+v2+w2)]T . The moments of the Maxwellian
distribution function with respect to the collision invariants are required and are shown for the
one-dimensional flow:

+∞�

−∞

m f Mdu = ρ ;

+∞�

−∞

um f Mdu = ρu0 (1.10)

+∞�

−∞

u2m f Mdu = ρ

(kT
m

)
+ρ(u0)

2 ;

+∞�

−∞

v2m f Mdu =

+∞�

−∞

w2m f Mdu = ρ

(kT
m

)
+∞�

−∞

u3m f Mdu = 3ρu0

(kT
m

)
+ρu3

0 ;

+∞�

−∞

uv2m f Mdu =

+∞�

−∞

uw2m f Mdu = ρu0

(kT
m

)

Switching the differentiation and integration, applying the moments of the Maxwellian distribu-
tion function and expressing as a system of equations leads to the well-known Euler equations



CHAPTER 1. INTRODUCTION 18

in 1D for a monoatomic gas:

∂

∂ t

 ρ

ρu0

ρ
(3

2RT + 1
2u2

0
)
+

∂

∂x

 ρu0

ρu2
0 +ρRT

ρu0
(5

2RT + 1
2u2

0
)
= 0 (1.11)

The shear and normal stresses as well as the heat flux are not present in the macroscopic equa-
tions. This is expected since for a flow in thermal equilibrium these effects do not occur.

1.3.7 Chapman-Enskog Expansion

The Chapman-Enskog expansion is a derivation procedure allowing to establish a relationship
between the mesoscopic level of modelling (i.e. via the velocity distribution function) and
macroscopic level (via the flow variables). It demonstrates the continuum limit and properties of
the Boltzmann equation and the Boltzmann relaxation equations. It provides the Navier-Stokes
equations and higher orders of the expansion were shown to recover the Burnett and super-
Burnett equations. We have limited ourselves to the most common use: the NS equations. Even
though the expansion is well-known [2], the detailed procedure is discussed in this section, since
it constitutes an important part of the construction and validation of new kinetic models and is
used on multiple occasions throughout the thesis.
The Chapman-Enskog expansion is effectively a power series (Eq. (1.12)) of the distribution
function for a small deviation from equilibrium.

f = f (0)+ ε f (1)+ ε
2 f (2)+ . . . , (1.12)

where ε � 1 is a small perturbation parameter of the order of the Knudsen number. Expressing
the relaxation coefficient as τ = ετ̂ (with τ̂ of order O(1)) leads to:

∂ f
∂ t

+u · ∂ f
∂x

=
1

ετ̂
( f eq− f )

ε
∂ f
∂ t

+ εu · ∂ f
∂x

=
1
τ̂
( f eq− f ) (1.13)

Substituting the series expansion from Eq. (1.12) into (Eq. (1.13)) leads to:

ε
∂ f (0)

∂ t
+ ε

2 ∂ f (1)

∂ t
+ εu · ∂ f (0)

∂x
+ ε

2u · ∂ f (1)

∂x
=

1
τ̂
( f eq− f (0)− ε f (1)− ε

2 f (2)), (1.14)
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up to second order. Matching the powers of ε for the zeroth and first order approximations:

f (0) = f eq

f (1) = −τ̂

(
∂ f (0)

∂ t
+u · ∂ f (0)

∂x

)
=−τ̂

(
∂ f eq

∂ t
+u · ∂ f eq

∂x

)
(1.15)

Therefore the expansion of the non-equilibrium distribution function in powers of ε up to and
including first order terms leads to:

f = f eq− ετ̂

(
∂ f eq

∂ t
+u · ∂ f eq

∂x

)
(1.16)

This expansion is valid for any target equilibrium distribution function. In the case of the
BGK model [32], the target equilibrium distribution function is the Maxwellian VDF and f eq =

f M = f (0). From here onwards the CE expansion proceeds in a one-dimensional form for sim-
plicity. Taking moments of the zeroth-order expansion of the the BGK governing equation
(Eq. (1.7)) provides the 1D Euler equations in the continuum limit. When the equilibrium VDF
is a Maxwellian VDF the Euler equations are in the form:

∂

∂ t

 ρ

ρu0

ρ
(3

2
k
mT + 1

2u2
0
)
+

∂

∂x

 ρu0

ρu2
0 +ρ

k
mT

ρu0
(5

2
k
mT + 1

2u2
0
)
= 0 (1.17)

Applying the Chapman-Enskog first order expansion (up to ε1) for monoatomic one-dimensional
flow to the familiar BGK model recovers the one-dimensional Navier-Stokes equations in the
hydrodynamic limit. The first order expansion requires knowledge of the derivatives of the VDF
f w.r.t. time t and space x. However, the VDF is a function of the macroscopic variables density,
velocity and temperature, therefore the chain rule is used:

∂ f eq

∂ t
=

∂ f eq

∂ρ

∂ρ

∂ t
+

∂ f eq

∂u0

∂u0

∂ t
+

∂ f eq

∂T
∂T
∂ t

(1.18)

∂ f eq

∂x
=

∂ f eq

∂ρ

∂ρ

∂x
+

∂ f eq

∂u0

∂u0

∂x
+

∂ f eq

∂T
∂T
∂x

(1.19)

The time derivatives of the macroscopic variables are expressed from the Euler equations
(Eq. (1.17)). The evolution of the equilibrium distribution function when f eq = f M becomes:

∂ f eq

∂ t
+u

∂ f eq

∂x
=

∂ f M

∂ t
+u

∂ f M

∂x
= f M

[(
m

(
u−u0

)2
+ v2 +w2

2kT 2 − 5
2T

){(
u−u0

)∂T
∂x

}
+

m
(
u−u0

)
kT

{(
u−u0

)∂u0

∂x

}
−
(

m

(
u−u0

)2
+ v2 +w2

3kT

)(
∂u0

∂x

)]
(1.20)
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Let the expression in square brackets be equal to A for short notation as in f = f M(1− ετ̂A) =

f M− τ f MA. Taking the moments of this expression :

+∞�

−∞

m f du =

+∞�

−∞

m f M du− τ

+∞�

−∞

m f MAdu = ρ (1.21)
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−∞
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−∞
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+∞�

−∞

mu f MAdu = ρu0 (1.22)
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k
m

T
∂u0

∂x
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(1.24)
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Taking moments of the BGK equation for the collision invariants ψ = [1,u, 1
2(u

2 + v2 +w2)]T

after substituting the expanded expression for f to the first order leads to the one-dimensional
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Navier-Stokes (NS) equations (Eq. (1.28)) for a monoatomic gas:

∂

∂ t

 ρ

ρu0

ρ
(3

2
k
mT + 1

2u2
0
)
+

∂

∂x

 ρu0

ρu2
0 +ρ

k
mT

ρu0
(5

2
k
mT + 1

2u2
0
)
− ∂

∂x

 0
τxx

−qx + τxxu0

= 0, (1.28)

where for one dimensional single species monoatomic gas flow the normal stress τxx and the
translational heat flux qx are the only terms present due to viscosity and thermal conductivity
and are in the form:
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where the local relaxation time for the BGK model equation is defined as τ = µ/p. It is a well
know disadvantage of the BGK approximation that the Prandtl number in the hydrodynamic
limit is Pr = 1 [2], while for monoatomic gas it should be Pr = 2

3 . We can easily observe this
result for the Prandtl number from the above expressions for the viscosity coefficient µ and the
heat conduction coefficient κ:

Pr =
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)2
T

= 1 (1.30)

Corrections to the BGK model for both monoatomic and diatomic gases exists in the literature.
For monoatomic cases the Shakhov model [33] regards the heat flux and the Ellipsoidal Sta-
tistical (ES) model [34] treats the stress to recover the Prandtl number for a monoatomic gas.
Both approximations use a single relaxation time and the changes are in the expression for the
equilibrium distribution function. The two models will be demonstrated in the next sections.

1.3.8 Shakhov Model

The BGK relaxation model is the most widely applied, due to its simplicity and reliability. Many
models build upon it to change some of its properties and to expand the range of applications.
These changes are always on the RHS of the equation and often incorporate a modification of
the equilibrium distribution function. The Shakhov kinetic model [33] was first introduced in
1968 and incorporates a change in the equilibrium distribution function (Eq. (1.31)), referred to
as f Sh here, that directly alters the heat flux of the solution. Correspondingly , this leads to the
correct Prandtl number in the continuum limit.

f Sh(u) = f M(u)

{
1+

2
(
1−Pr∗

)(
u−u0

)
·qcorr

5pkT/m

[
m

2kT

(
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)2
− 5

2

]}
, (1.31)
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where the pressure p = nkT , the heat flux correction is qcorr and Pr∗ is the target Prandtl number
and for single species monoatomic gas Pr∗ = 2/3. This Shakhov equilibrium function f Sh is
inserted in the governing equation (Eq. (1.7)) instead of f eq and the governing equation is in the
form:

∂ f
∂ t

+u · ∂ f
∂x

=
f Sh− f

τ
. (1.32)

Note only the higher order moments (above 2nd order) are affected by the Shakhov correction.
This is expected since only the heat flux should be modified and it appears only in the energy
conservation equation, which requires these moments. For one-dimensional flow the modified
moments of the Shakhov equilibrium function are in the form:
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Following the procedure of the CE expansion for the BGK equation as above, now the Shakhov
equilibrium function is substituted. The zeroth order expansion of the non-equilibrium function
becomes equal to the new equilibrium function, instead of the Maxwellian equilibrium and
f = f (0) = f Sh. The first order CE expansion is of order ε and the difference between the
Shakhov and Maxwellian equilibrium functions is also of order ε . Therefore, up to order O(ε2)

the derivatives in the CE expression are of the Maxwellian equilibrium function. The non-
equilibrium distribution function in power series of ε is in the form:

f = f Sh− ετ̂

(
∂ f M

∂ t
+u · ∂ f M

∂x

)
+O(ε2). (1.34)

The correction of the heat flux qcorr in the equilibrium function is found as a moment of the
non-equilibrium function in the continuum limit as:
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The continuum limit is acquired with the same procedure as for the BGK model. The goal is
to receive the Navier-Stokes equations in macroscopic gas dynamics with the correct Prandtl
number in Eq. (1.36).
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where the normal stress stays the same, but the heat flux has an additional term leading to a
different thermal conductivity expression and therefore different Prandtl number:
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Inspecting the Prandtl number:
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Comparison between the Navier-Stokes equations before and after the Shakhov correction con-
firms that only the heat flux term in the equation is affected, which is expressed in a change of
the energy equation. The correct continuum limit for a single species monoatomic gas is pro-
vided by the Shakhov kinetic model.
Notice that if the target Prandtl number set to Pr∗ = 1, the NS equations (Eq. (1.36)) reduce to
the familiar form of NS provided by the BGK model (Eq. (1.28)) and Eq. (1.38) leads to Pr = 1
as for the BGK model. Therefore the Shakhov model is consistent with the BGK model and can
be reduced to it. This observation will be used in the thesis when simulations of the BGK model
are preformed using the Shakhov model with Pr set to unity.

1.3.9 Ellipsoidal Statistical Model

The Ellipsoidal Statistical model (ES-model) [34] was formulated in 1965 and is an alternative
approach to correct the Prandtl number. An anisotropic correction to the equilibrium distribu-
tion function f eq modifies the temperature T into a tensor Λ, leading to a new ES equilibrium
distribution function f ES in the form:

f ES(u) =
n√

det(2πΛ)
exp
[
− 1

2
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·Λ−1 ·

(
u−u0

)]
, (1.39)
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with the tensor defined as:

Λ = νESΘ+
(
1−νES

)(kT
m

)
I (1.40)

where I is the identity matrix and the tensor Θ is based on the velocity u0 and in the form:
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The new ES equilibrium function is inserted in the governing equation instead of the Maxwellian
VDF and the relaxation coefficient νES is also introduced in this equation, modifying the colli-
sion term on the RHS:

∂ f
∂ t

+u · ∂ f
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f ES− f
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. (1.42)

In comparison to the Shakhov model, more of the moments for the ES model are affected and
instead of the temperature in the macroscopic properties the tensor Λ appears. Only moments
above the first order w.r.t. velocity are affected in comparison to the Maxwellian VDF and are
summarized for one-dimensional formulation as:
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where λ11, λ22 and λ33 are the diagonal terms of the tensor Λ. The CE expansion proceeds in
a similar fashion as the Shakhov model, where the zeroth order in the power series expansion
of the non-equilibrium function is expressed by the ES equilibrium function f ES and the higher
order moments involve the Maxwellian equilibrium function f M as:

f = f ES− ετ̂(1−νES)
(
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)
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For a quasi one-dimensional flow (u0 6= 0,v0 = 0,w0 = 0) the elements of the matrix Λ can be
obtained as moments of the CE expanded non-equilibrium function as:
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with all off-diagonal elements equal to zero. The Navier-Stokes equations are formed after the
CE expansion and substituting the tensor elements of Λ:
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where the shear stress and heat flux are in the form:
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Inspecting the Prandtl number:
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where the relaxation coefficient for the ES is bound by the Prandtl number as Pr = 1
1−νES

and
in order to achieve Pr = 2/3, it is required νES =−1/2 for a monoatomic gas. Comparing with
the NS equations resulting from the Shakhov model (Eq. (1.36) and the heat flux expression
(Eq. (1.38)), which receive the correct Prandtl number, then Pr∗ = 1/(1−νES) = 2/3 are target
values.

1.3.10 Transport Properties

Transport mechanisms include but are not limited to convective transport and molecular trans-
port [25, 35]. The convection is accounted for in governing equations for flow modelling and is
due to the bulk motion of the fluid. Molecular transport refers to the the motion of molecules
relative to the bulk motion. It is expressed by gradients in the field and this type of transport
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of mass, momentum and energy is described by the transport properties or coefficients of the
flow. For typical aerospace applications these non-equilibrium effects are usually described by
the viscosity and thermal conductivity. For gas mixtures the diffusion between the two species
is also an important quantity. Table 1.1 summarizes the transport coefficients related to the flux
of mass and energy in a gas mixtures and the cause of each of these types of molecular transport.
What is different in comparison to single species gas is that the mass density gradient can create
both mass and energy flux and the temperature gradient can affect both fluxes as well.

mass gradient temperature gradient
mass flux Fick’s law (ordinary diffusion) Soret effect (thermal diffusion)

energy flux Dufour effect (heat of transport) Fourier law (thermal conductivity)

Table 1.1: Transport properties (mass and energy flux)

Fick’s and Fourier’s laws are effects causing mass flux from diffusion and energy flux from ther-
mal conductivity, respectively. For this reason, they are known as direct effects. The Dufour and
Soret are coupled effects and reciprocal phenomena for a gas mixture according to Onsager’s
phenomenological equations.
Furthermore, the viscosity is the resistance of one fluid layer to another layer and is described
in a similar style in Table 1.2:

velocity gradient temperature difference
momentum flux Newton’s law (viscosity) bulk viscosity

Table 1.2: Transport properties (momentum flux)

where the bulk viscosity is associated with diatomic and polyatomic gas, but not monoatomic,
since it is connected to rotational non-equilibrium. This effect will be further discussed in Chap-
ter 5. It is also important for the discussion of diatomic molecules that the ordinary diffusion,
Soret effect (and therefore the Dufour effect) and the viscosity for diatomic and polyatomic
molecules have the same expressions as for monoatomic gas [35]. Only the heat flux of the
system and the appearance of bulk viscosity are influenced by the presence of internal degrees
of freedom.
Note also that all of the transport coefficients are of order O(ε) in the context of the CE expan-
sion. The study of transport properties is a big and active research area on its own and here we
just aim to summarize part of it in a simple way.

1.3.11 Gas Surface Interaction

A normal shock wave is often used through the validation of novel mathematical models for
high-speed flows, since it is the simplest form of strong non-equilibrium flow. It is also stud-
ied in great detail in this thesis. However, more complex cases: such that include a geometric
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body, are of greater interest for practical applications. These cases are more intricate due to
the increased dimensionality of the problem, higher computational expense and gas-surface in-
teractions that need to be accounted for. Different collision types are defined corresponding to
the molecules’ reaction on encountering a wall. According to the type of collision, different
boundary conditions can be imposed. If an elastic collision occurs and the incidence angle is
equal to the reflection angle, specular reflection is observed as shown in Fig. 1.14. The normal
momentum is reversed and no transfer of momentum between the molecule and the wall takes
place. After collision the particle will have the same velocity magnitude. No energy exchange
takes place due to the fully elastic collision with the wall. A diffuse reflection, also known as

Figure 1.14: Specular reflection (adapted from Cunningham and Williams [4])

absorptive collision [4], is such that momentum transfer is observed between the molecule and
the wall. In comparison to the specular reflection, the reflection angle of the emitted molecule
is independent of the incidence angle as demonstrated in Fig. 1.15. Assuming an isotropic wall,
the reflection of the molecule in all directions has equal probability. Therefore a Maxwellian
distribution function is imposed at the wall. This Maxwellian is defined for the imposed wall
temperature. An exchange of energy between particle and wall does take place unlike for the
specular reflection. The boundary condition, introduced by Maxwell in 1879 [36], combines the

Figure 1.15: Diffuse reflection (adapted from Cunningham and Williams [4])

specular reflection and the diffuse reflection kinetic boundary conditions. The Maxwell model
uses an accommodation coefficient, which defines the ratio of specular and diffuse reflection.
The Maxwell model is one of the most widely used model with the accommodation coefficient
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dependent on multiple factors, including the surface composition and material and the type of
gas. A detailed description and numerical comparison between the Maxwell model and more
advanced models is available in the recent paper by Wu and Struchtrup [37].
In this thesis fully diffusive wall (Fig. 1.15) is used for all simulations, with an imposed half-
Maxwellian boundary condition at local surface temperature. This reflection type is selected
due to the simplicity of assuming a perfectly accommodating surface. Clearly, the different
conditions will lead to different boundary layers and effectively changing the resulting flow.
The effect of the selected reflection type is a separate topic in kinetic modelling and does not
comprise part of this thesis.

1.3.12 Numerical Discretisation

The numerical application of the kinetic models requires a numerical discretization of the dis-
cussed equations. There are two main routes- statistical (DSMC) and deterministic (i.e. DVM)
and we will use the deterministic approach. The numerical discretization consists of finite vol-
ume method (FVM) in physical space, the discrete velocity method (DVM) in velocity space
and the total variation diminishing scheme (TVD) in time. All three schemes will be summa-
rized and the discretization of the BGK governing equation, independent on the form of the
equilibrium function, is shown gradually. From the discretized distribution function by applying
the trapezoidal rule, the moments of the VDF are found, which correspond to the macroscopic
variables. These discretization choices are selected to ensure a reliable and simple numerical
application. There are more advanced approaches available in the literature, but the focus on the
thesis is not on numerical improvement, rather on the mathematical development and numerical
application.
First, the finite volume method [38] is applied. For the one-dimensional in space single-species
BGK model:
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the finite volume scheme approximation leads to:
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Assuming that in small volumes ∆V , the state does not change in time, which
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CHAPTER 1. INTRODUCTION 29

In one-dimensional setup, the surface integral reduces to two fluxes on either side of the cell j:
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where n is the unit vector normal to the surface, S is the total surface area on the cell, j is the cell
index and Fj+ 1

2
and Fj− 1

2
are the fluxes on the left and right faces of the j cell. The distribution

function and the fluxes calculation are defined in the next Section.

1.3.13 Discrete Velocity Method

The discrete velocity method (DVM) [39] is a deterministic numerical approach developed to
solve the Boltzmann equation and is widely used for applying kinetic models. The name of the
method comes from representing the continuous velocity by discrete velocities. Advantage of
the methodology are simplicity, the relatively easy computational implementation and accuracy
of the results. In this section the procedure of the discrete velocity method (DVM) is detailed.
Figure (1.16) demonstrates how the scheme is formulated for a one dimensional flow. In the
DVM approach in each cell of the mesh in space, a phase (velocity)-space is defined. Cut-off
minimum and maximum velocity bounds are set and the number of discrete velocities represent
all possible velocities in these bounds.
In each cell of the space mesh, this velocity-space is used to define discretized non-equilibrium
and equilibrium distribution functions. For each of these velocities, the numerical flux of the
non-equilibrium distribution function through each cell face is computed to represent the con-
vection part of the kinetic Boltzmann equation. For the fluxes, second order accurate upwinding
in velocity space is used on the velocity component normal to the cell face. The second order
formulation uses a min-mod limiter to suppress numerical oscillations. The discretized non-
equilibrium and equilibrium distribution functions in each cell center are used to evaluate the
collision term based on the BGK approximation. Following the discretization of the governing
equation from the previous subsection Eq. (1.52) is expressed for each discrete velocity um and
can be shown as:
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where m is the discrete velocity index. This index will be omitted in further discussions.
In each time step, the convection and collision effects create a modified non-equilibrium distri-
bution function, from which the corresponding continuum quantities are obtained from taking
moments in velocity space. Finally, an updated equilibrium distribution function is created
based on these continuum quantities in each cell center. Both the number of velocities and
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(ϱ, ϱu, ϱe) (i-1) (ϱ, ϱu, ϱe) (i)

Discrete Velocities

Distribution Functions

Flux Fuctions

DVM

... ...

Figure 1.16: Discrete velocity method diagram [5].

the bounds of the velocity space depend on the considered problem. The required number of
discrete velocities for which the distribution function is evaluated increases drastically for 2D
and 3D problems, such that the DVM approach is not widely used for large-scale 2D and 3D
practical applications. Combining the DVM method with a continuum solver creates a practical
approach to simulating partially rarefied flows in case effective coupling methods are employed.

1.3.14 Total Variation Diminishing

The physical and velocity space are discretized. Next step concerns the time derivative in the
governing equation. The time marching method used is a second order total variation diminish-
ing scheme (TVD), described here. The TVD is chosen for its capability to accurately capture
extreme changes in variables without the need of a very fine mesh [40], unlike other difference
schemes. The TVD was first introduced by Harten [41]. The discretized governing equation
becomes:
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where f n is the solution at time step n. The second order TVD [42] discretises the time derivative
of the BGK model as:
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∆tL( f n+1), (1.55)

where f (1) is an intermediate solution between time level n and n+ 1. The two-step update as
shown in Eq. (1.55) is implemented in the DVM solver, requiring only one intermediate solution
to be stored. The added accuracy and numerical stability of this TVD scheme relative to a
single-step Euler-forward method justifies the extra storage requirement due to this intermediate
solution.

1.3.15 Gas Kinetic Scheme

The gas kinetic scheme (GKS) [6,43] based on the BGK was first introduced by Xu and Prender-
gast [44,45] as a finite volume CFD solution method. It provides an alternative solution method-
ology as compared to more conventional approximate Riemann-solver based finite-volume CFD
methods, with the key difference in the flux computation. The approach taken in the gas kinetic
scheme (GKS) is completely different than the DVM and is described here. A key difference
is that in the GKS a finite volume method (FVM) for the continuum variables is constructed,
while the DVM discussed previously directly discretizes the kinetic equation. In the GKS, the
kinetic-level modelling appears only in the formulation and evaluation of the numerical fluxes
used in this finite volume method. This will be summarized in the following paragraphs.
The macroscopic variables update is found from the value of the variable on the previous time
step and the flux of the variable. The update of the conservative variables from time step n to
(n+1) is then defined as:

W n+1
j =W n
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(
F j−1/2(t)−F j+1/2(t)

)
dt, (1.56)

where W j is the vector containing the conservative variables, which for a single-species monoatomic
one-dimensional flow is expressed as:
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and the time-dependent flux F j+ 1
2

across the cell-face j+ 1
2 in the x-direction (and similarly for

the other face F j− 1
2
) is defined as:

F j+ 1
2
=

∞�
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umΨ f (x j+1/2, t,u)du (1.58)

where Ψ = (1,u, 1
2(u

2+v2+w2))T and the detailed derivation of the expression for distribution
function at the cell face f (x j+1/2, t,u), dependent on the equilibrium distribution function g as
defined by the kinetic model and the initial distribution function at the beginning of the time step
f0 (see Fig. 1.17), is shown by Xu in [6, 43]. The flux in Eq. (1.58) is not numerically evaluated

Figure 1.17: Cell face distribution function reconstruction in a gas- kinetic scheme (adapted
from Xu [6])

in the solver, but the moments are computed analytically and then inserted in the solver as depen-
dent on the macroscopic variables. The analytical flux expression is directly related to the GKS
solver resemblance to a continuum solver in its structure and also in its computational expense.
To make this process clearer we have visualised the process in Fig. 1.18. The red box drawn
around the considered cell face represents this reconstructed kinetic solution f (x j+1/2, t,u). The
kinetic solution is not actually stored and the moments of the locally-constructed kinetic solution
are evaluated analytically by Eq. (1.58) on the basis of the CE expansion of the non-equilibrium
distribution function f . Note also that different to the UGKS [15] and DUGKS [16], which are
described in more detail later, the distribution function is not stored locally on the cell face and
the fluxes are not numerical moments of the non-equilibrium distribution function in the GKS.
The UGKS and DUGKS are extensions of the original GKS method that do involve storing and
updating a discretized distribution function - this extends their applicability to larger Kn, at an
increased computational cost.
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Figure 1.18: Gas kinetic scheme diagram [5]

A limiting case of the presented gas-kinetic scheme is when the flow region is well-resolved.
The well-resolved scheme is achieved at a mesh that is fine enough so that the reconstructed
conservative variables in two neighbouring cells have similar values. It follows that the equi-
librium function g on the left and right side of the cell face has equal values and in Fig. 1.17
it becomes approximately a straight line. Similarly, the spatial and temporal derivatives on the
two sides of the face become equal. It follows that f0 in Fig. 1.17 is not discontinued any longer
and is approximately a straight line. These simplifying assumptions lead to definition of the
non-equilibrium distribution function at the cell face f (x j+1/2, t,u), which depends only on the
equilibrium distribution function and the CE expansion of it at the cell face. In this thesis, we
will use the well-resolved gas-kinetic scheme to resolve a number of high-speed non-equilibrium
flows.

1.4 Literature Review

After a detailed background into the theory required for this research, this literature survey
focuses on relevant works and innovation in the sphere of kinetic models. This section also
creates a bridge between the discussed theory and the novelty of the thesis.
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1.4.1 Monoatomic Kinetic Models

The Boltzmann equation [24] is a fundamental equation of gas dynamics as detailed previously.
The relaxation models try to replicate its fidelity, while simplifying the complex collision inte-
gral. Therefore, the models resemble the structure of the Boltzmann equation and can be related
back to it. The tree diagram in Fig. 1.19 demonstrates the connection between the Boltzmann
equation and the BGK model as well as the improvements based on it for single species gases.
Consequently, the complex collision integral of the Boltzmann equation is substituted by the

Boltzmann Transport Equation

BGK Relaxation
Model

Shakhov BGK  
Model

Ellipsoidal
Statistical Model

(ES-BGK)
Brull's ES model

Rykov Model
Ellipsoidal

Statistical Model-
Diatomic

Figure 1.19: Single-species BGK-type models for monoatomic gas (BGK, Shakhov and ES) and
diatomic extensions (Rykov and ES diatomic) tree diagram.

BGK relaxation model [32], which preserves the most important mathematical and physical
characteristics of the full equation close to equilibrium. This model has a simplified mathemat-
ical form and is widely applied in numerical simulations, e.g. [6,46]. However, the BGK model
cannot concurrently determine the correct viscous and heat transfer coefficients in the hydrody-
namic limit and thus the Prandtl number is not correct.
For monoatomic gas, the issue has been addressed in two ways- the Shakhov BGK model [33]
and the Ellipsoidal Statistical (ES) BGK model [34] (Fig. 1.19). These corrections were detailed
in earlier sections. Both models modify the Maxwellian distribution function in the original
BGK model to receive a new target equilibrium function to rectify Prandtl number. Both cor-
rections behave well in the asymptotic continuum limit and the Navier-Stokes equations can be
derived through the Chapman-Enskog expansion. The Shakhov model has shown to be more
reliable for strong non-equilibrium conditions [47], while the ES-BGK has been investigated
more thoroughly mathematically to confirm non-negativity of the distribution function and the
macroscopic fields [48–50].
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The extension of the kinetic model equations to gas mixtures is not trivial and resorting to relax-
ation models presents a substantial difficulty. There is momentum and energy exchange between
species and therefore the conservation equations are for the whole system. The hydrodynamic
limit involves species diffusion and the number of transport coefficients for monoatomic binary
mixtures increases to five - Fick, Soret, Dufour, Fourier and viscosity coefficients. Besides,
the simplified collision term can lead to non-physical effects such as a negative distribution
function and negative density or temperature regions. Mixture BGK-type approximation for a
Maxwellian potential [51–54] and later on for an arbitrary potential [55] have been developed
and confirm the obstacles mentioned. A common weakness of these models is the breakdown
of the indifferentiability principle, which has been defined and overcome for an arbitrary poten-
tial [56], however reintroducing the negativity problem.
Andries et al. [57] formulated a consistent BGK mixture model, preserving positive continuum
fields and distributions, complying with the indifferentiability principle and considering entropy
decay. This model was a big step forward for kinetic modelling and despite its limitations,
it is still a widely-used approach for numerical applications [58, 59]. There are two types of
Boltzmann derived models for mixtures in regard to the formulation of the collision term of
the transport equation. The AAP model [57] is a single-relaxation based model, treating self-
and cross-collisions with one operator on the right-hand side of the equation. Another possi-
ble approach is to have a sum of collision operators, similar to the full Boltzmann equation
and model each collision type individually [60, 61]. A detailed comparison of the mathemati-
cal properties of the two types of models is presented by Klingenberg et al. [62] and Bobylev
et al. [63]. The multi-relaxation models allow treating self- and cross-collisions with different
relaxation rates, while the collisions of the single-relaxation models are treated with the same
relaxation rate. This suggests multi-relaxation models are advantageous for the modelling of
multi-species gases, specifically when the species differ significantly from each other, e.g. high
mass ratio. However, important advantages the single-relaxation models provide are the reduced
complexity and higher computational efficiency. For this reason, in this work we focus our at-
tention on studying single-relaxation models and evaluating their capabilities. We will add to
the single-species figure (Fig. 1.19), the development of the mixture kinetic models, based on a
single-relaxation coefficient in Fig. 1.20 and will refer to this tree diagram as we introduce the
most recent mixture models.
The number of correctly fitted transport properties is a great challenge for BGK-type models for

gas mixtures. Table 1.3 is used to present an overview of the properties of the single-relaxation
mixture models, which are described in greater detail here. A similar formulation to the AAP
model is defined by Groppi et al. [64]. Both AAP and Groppi et al. models introduce mod-
ified species velocity and temperature in the equilibrium distribution function that differ from
the species mean velocity and temperature. These modified quantities recover the correct total
momentum and energy of the system and are directly related to the species mean variables. An
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Figure 1.20: Single-species and mixture kinetic models for monoatomic gas tree diagram.

advantage of the model by Groppi et al. is that it contains two relaxation coefficients, capable
of fitting two of the transport coefficients correctly, leading to true diffusion and viscosity as
summarized in Table 1.3. The model also guarantees positive macroscopic fields. The novel
kinetic models introduced in this thesis are based on the Groppi et al. model and for this reason
the Groppi et al. model is described in greater detail in the next chapter. Similarly, Brull’s BGK
mixture model [65] also has species mean velocity in the equilibrium velocity distribution func-
tion. The model targets the fit of the diffusion and viscosity coefficients, but requires further
work to have a correct Prandtl number. The latest ES-BGK mixture model by Brull [66] has
a common mixture velocity in the species distribution function. Two relaxation coefficients re-
cover the exact viscosity and heat flux of the system. However, as outlined in the paper, the value
of the Fick coefficient is calculated according to the new model, but remains incorrect (see Table
1.3). A new consistent BGK mixture model was introduced recently [63]. Both Maxwellian and
arbitrary potential molecules are considered in the presented model. For an arbitrary number
of species, this model was shown to fulfil all consistency requirements concerning conservation
laws, equilibria and H-theorem. The number of correctly fitted transport coefficients is not de-
tailed in this work.
In this thesis two new kinetic models are presented that are more advanced than other mod-
els currently available in the literature. Key advantages of the new models include accurate
modelling of binary mixture of monoatomic gases, accounting for species-specific macroscopic
properties, velocity diffusion and the correct definition of all three transport properties, summa-
rized in Table 1.3. Their detailed description and comparison with previous works is the basis
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Table 1.3: Transport properties difference between kinetic mixture models

AAP Brull’s
BGK

Groppi’s
Model

Brull’s
ES-BGK

Ordinary Diffusion (Fick) X X
Viscosity (Newton) X X X X

Thermal Conductivity (Fourier) X

H-theorem X X X X

for Chapter 2.

1.4.2 Numerical Evaluation

The numerical modelling of the Boltzmann and the kinetic relaxation models consists of two
separate research areas. The first area is the implementation and validation of the model equa-
tions for different applications and conducting a comparison with established results. It usually
consists of a new theoretical model, applied by a well-known and reliable numerical method. It
is the initial step of numerical tests and explores the limitations and accuracy of the mathemat-
ical models. The second research area focuses on numerical efficiency and explores different
numerical representations. A well-established theory is applied with a new numerical method
with the goal of improving result accuracy or ordinarily for computational efficiency.
Gas mixtures extend further the complexity and the computational expense of this research.
However, accounting for the species diffusion in gas mixture flows is essential when strong
species gradients and temperature gradients occur. An example application where modelling the
flow as a gas mixture is important includes gas separation in order to create multiple products or
purify a single product [67, 68].
In this thesis both research questions will be approached. The new kinetic models are first ap-
plied with a well-established numerical scheme, validated and compared with known results for
a variety of test cases. Then, one of the models will be applied with a numerically efficient
scheme with the purpose to reduce the computational expense.
To start with the most widely used computational methods for gas mixtures applying both the
Boltzmann and the relaxation equations will be discussed here. Further their main properties
are detailed in Table 1.4. Current techniques focused on high-speed gas mixture flows in-
clude statistical and deterministic approaches. The direct simulation Monte Carlo (DSMC)
method [23, 69, 70] is widely studied and statistically approximates solutions to the Boltz-
mann equation. It is a particle based method that is most commonly used in modelling flows
under rarefied conditions. Each DSMC simulator particle represents a large number of real
molecules/atoms and are moved ballistically, while collision events are treated stochastically
after the movement step. This makes the DSMC a widely used and reliable algorithm, par-
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Mathematical
model

Numerical
model

Characteristic and Problem

Boltzmann eq.
DSMC - statistical method

- excessive noise & expensive in the transitional regime

Boltzmann eq.
FSM - deterministic method

- computationally very expensive

Kinetic models
DVM - deterministic method

- large memory overhead
- unfeasable for most practical applications

AAP UGKS - combines GKS and DVM: large memory overhead
- capable of modeling variety of levels of rarefaction
- matches only 1 transport coefficient in the continuum

AAP DUGKS - less expensive than UGKS
- capable of modeling variety of levels of rarefaction
- matches only 1 transport coefficient in the continuum
limit

McCormack DUGKS - less expensive than UGKS
- valid close to equilibrium
- matches all transport coefficient in the continuum limit

Table 1.4: Numerical methods based on mixture models for monoatomic gases.

ticularly in the high Knudsen flows. The limitations of the method occur when the flow is
approaching continuum regime, lower speeds or trace gas in a mixture, where challenges arise
using DSMC due to large number of particles and long sampling times required. Therefore,
there are important applications in which a deterministic solution of the kinetic equations (such
as DVM) is desirable. The discrete velocity method (DVM), but also the Unified Gas Kinetic
Scheme (UGKS) [58] and Discrete Unified Gas Kinetic Scheme (DUGKS) [59] schemes are
deterministic numerical methods, which apply kinetic models. Zhang et al. [71] presented a
DUGKS method for a binary mixture based on the McCormack model with a key benefit- cor-
rect transport properties and Prandtl number. For microchannel flows, Lorenzani [72] showed
semi-analytical solutions for a linearized BGK mixture model. Without this linearization, such
semi-analytical solutions cannot be obtained and in the present work the DVM approach is used
instead. In comparison to the Monte Carlo method, typical characteristics of deterministic meth-
ods include larger memory overhead and computational time than DSMC. This limits the range
of applications of DVM. However, there are no statistical sampling errors allowing modelling of
flows in regimes that represent a challenge for DSMC.
In this thesis a detailed numerical testing and validation of the new Shakhov-based and ES-based
kinetic models for binary gas mixtures is conducted using the DVM for numerical application.
Previously, from the single-relaxation models for gas mixtures, the AAP model [57] has been
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numerically studied in different schemes, e.g. [58,59,73]. However, as described earlier only one
transport coefficient is recovered with this model. In these works, the authors specify that some
of the inaccuracies of the results are probably caused by the underlying kinetic model, rather
than the numerical scheme itself. It is suggested that more advanced schemes will benefit the
solution of the physical problem. Even though improved mixture kinetic models, e.g. [64–66],
are available in the literature, they have not been tested numerically yet. Therefore application
and validation of more advanced gas mixture models is required. This issue will be addressed
in this thesis.
A benchmark test case for validation of new models is the profile of a normal shock wave, since
it is the simplest form of high speed non-equilibrium flow. It is a simple step flow between two
different equilibrium states and does not involve any boundary layer or wall interactions. More-
over, it is well-inspected for binary mixtures of monoatomic gases, e.g experimentally [74, 75]
and numerically [58, 59, 76–78], where all numerical papers validate their results against the
results from the full Boltzmann equation [9]. The normal shock wave is an important first step
in the numerical validation and evaluation of the capabilities of the new kinetic models. More
complex geometries, based on the DVM, have been inspected for high-speed flows of single
species gas, e.g. [79], but not many results are available for a mixture of monoatomic gases.

1.4.3 Numerical Schemes

The discrete velocity methods (DVM) [39] require significant computational resources and for
the vast majority of aerospace applications, involving hypersonic and rarefied flows, are not
feasible. The DSMC method, in comparison, loses efficiency and potentially also accuracy for
reduced mean speeds in the considered flow as well as for increasing densities. Therefore, for
flows in the transitional regime between rarefied and continuum, particular challenges exist for
CFD methods.
The gas kinetic scheme (GKS) based on BGK relaxation models [44, 45] attempts to address
these issues by providing an alternative numerical method for applying BGK-based kinetic
models and recovering the Navier-Stokes equations in the continuum limit. As originally in-
troduced, GKS methods were Navier-Stokes solvers, and more recently the GKS approach has
been extended by a number of authors, e.g. [6, 46, 80], with a capability to resolve thermal
non-equilibrium and flow rarefaction effects. The strength of the gas-kinetic scheme lies in its
capability to include the effect of collisions introducing a multi-scale effect which is missing
in more commonly-used Navier-Stokes schemes. Moreover, due to their nature, gas-kinetic
schemes can predict flow fields with a certain degree of rarefaction, enabling the computational
analysis of a wide range of high-speed flows from the continuum to the rarefied regime without
having to rely on different numerical methods.
For simulation of flows covering a wide range of rarefaction, Xu and co-workers introduced the
unified gas kinetic scheme (UGKS) method [15, 81], more recently extended to diatomic gas
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flows with rotational relaxation [82] and vibrational and rotational relaxation [83]. The com-
putational overhead of the UGKS is however similar to that of a DVM approach and therefore,
despite the capabilities of the UGKS methodology, further work in the development of more
computationally efficient methods is still an active line of research, e.g. [16, 80, 84].
Xu introduced a multicomponent gas kinetic scheme [85] based on an inviscid gas kinetic BGK
scheme with common mean velocity and temperature. This model was extended to a chemi-
cally reacting mixture [86] and more recently to a fourth order multi-species GKS [87] in or-
der to overcome the numerical dissipation caused by the lower order method. A unified gas-
kinetic scheme [58] has been constructed for a gas mixture, based on the single-BGK-operator
model [57], capable of recovering one transport coefficient correctly. Wang and Xu [58] vali-
date the scheme by inspecting a shock structure under different conditions and the micro channel
problem and suggest that some of the discrepancies in the results are due to the selected mixture
kinetic model. Most recently a discrete unified gas kinetic scheme (DUGKS) for a binary mix-
ture [59] has been developed, again based on the single-BGK-operator model [57]. The DUGKS
possesses all the advantages and shows excellent agreement with the UGKS, while being com-
putationally more efficient. As outlined in that paper, a limitation in both UGKS and DUGKS
is connected with the chosen kinetic model that has only one correct transport coefficient in
the continuum limit. Very recently the McCormack method was applied with the DUGKS [71]
in order to overcome this disadvantage. All transport coefficients are correctly fitted, but the
method itself introduces a restriction on the level of non-equilibrium in the flow.
Clearly, there is a need for further improvements and investigation on numerical schemes based
on more advanced kinetic models for gas mixtures. Detail level of flow modelling combined
with numerical efficiency is key to designing the next generation of high-speed aircrafts.

1.4.4 Diatomic Kinetic Models

Most practical application include flows involving gas mixtures and in the vast majority of
cases these are not noble gases. Monatomic mixture models represent an active research area
[57,60–66,88]. Diatomic molecules present a further modelling challenge due to the internal de-
grees of freedom (DoF). Molecules, unlike atoms, are known to have rotational and vibrational
DoF. These extra degrees of freedom and the corresponding flow-field variables associated with
the internal DoF differ for each species in a diatomic gas mixture, which makes the modelling of
a mixture of gases with internal degrees of freedom a complex task. At the same time, diatomic
gas mixtures are particularly important for aerospace applications such that in cases without
chemistry, a binary mixture of nitrogen and oxygen needs to be considered (when ignoring
small concentration of argon). Relevant engineering problems include the hypersonic rarefied
gas flows, chemical reacting flows and plasmas [1, 25] and other applications in a variety of in-
dustries, discussed in the beginning of this chapter. Clearly, a flowfield comprised of a mixture
of gases with internal degrees of freedom is of practical interest for numerous domains. In this
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section, the focus is on reviewing excising diatomic models and their characteristic features.
The simplest and most widely used simplification of the Boltzmann equation is the Bhatnagar-
Gross-Krook (BGK) model [32] for a single-species monoatomic gases. We will focus on the
extensions of the BGK model to a model for diatomic molecules, which is to include the internal
energy of the gas, and we will consider the different level of detail of each model. Then, we will
introduce a new binary mixture model for diatomic gases. Most initial models for polyatomic
gases include the internal DoF, where the rotational and vibrational components are not sepa-
rated, but represent a part of the internal energy. This kind of formalisation is demonstrated in
the works by Morse [89], where the internal energy is quantised, and Andries et al. [48], where
an alternative approach is used and the internal energy is continuously distributed. Notice that
the relationship between the first polyatomic relaxation model shown by Morse [89] to the more
detailed and complex WCU [30] is similar to the BGK model [32] and the Boltzmann equa-
tion [24] for the monoatomic gas.
The monoatomic BGK model is modified by the Shakhov [33] and Ellipsoidal Statistical (ES)
[34] models to have a correct Prandtl number in the continuum limit. Similar extensions for
a polyatomic gas with a correct Prandtl number were introduced by the Rykov [90] (defined
with a continuously distributed internal energy) and ES [34] polyatomic models (as introduced
by Holway with quantum energy levels), which are extensions of the Shakhov model and the
monoatomic ES model, respectively. The 4 diatomic models, with the exception of the Andries
et al.’s model [48], have a multi-relaxation approach. Their collision term of the right-hand-
side (RHS) of the governing equation consists of two stages, splitting the process in elastic and
inelastic relaxation, while Andries et al.’s model has a single-relaxation approach. The single-
relaxation allows for a more simple formulation, but the multi-step approach better represents
the slower excitation of the internal modes. All of the models introduce translational and internal
temperatures as separate flow properties, since it is well-known that in flows with strong non-
equilibrium effects the single-temperature model is insufficient [1, 25, 91]. Notice that from the
four models only the Morse kinetic model [89] does not have a Prandtl correction. A different
approach to derive Andries et al.’s model [48] was detailed by Brull and Schneider [50], leading
to the same expressions.
More recently the model by Andries et al. [48] was further generalized with a model by Kosuge
et al. [92] extending it from a calorically perfect gas to thermally perfect gas by introducing
temperature-dependent specific heat. The model inherits an ellipsoidal statistical (ES) correc-
tion for the Prandtl number and the continuous distribution of the internal energy. A kinetic
model, introduced by Wu et al. [93], presents a model with continuous rotational energy and
quantum vibrational energy. The authors build upon a model previously presented by two of
them [94] that has continuously distributed energy by coupling it with the model by Morse [89],
which contributes to the quantisation of the vibrational energy. The model has a three-step relax-
ation process and separate translational, rotational and vibrational temperatures. The paper also
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features an initial numerical evaluation of the model and shows good comparison with results
obtained with DSMC for the selected initial conditions. Titarev and Frolova [95] generalize the
Rykov [90] and the polyatomic ES models [48] to take vibrational energy into account. The
two extensions have three-step relaxation process for the translational, rotational and vibrational
relaxation. The Prandtl number correction is present, but the vibrational heat flux in the con-
tinuum limit is not accurately modelled, according to the authors. Nevertheless, the model is
comprehensive, has good mathematical properties and is validated with DSMC results. Another
recent model is presented by Mathiaud and Mieussens [96]. The model has a single relaxation
time to a Maxwellian distribution function, which is based on a single equilibrium temperature.
The internal DoF include continuous rotational distribution and discrete vibrational energy. It
allows for calorically imperfect gases to be considered. The continuum limit and H-theorem
are shown. The simplicity of this model and the detailed description allow us to extend it to a
multi-relaxation model for gas mixtures in this article. The original model [96] will be further
discussed in the next section.
Modelling the flow as a mixture with separate species-dependent macroscopic properties in the
flow-field is important for practical applications. Even though there is a lot of work in the lit-
erature on creating models for monoatomic gas mixtures, such models for polyatomic gases
(and more specifically diatomic gases) are a less explored area. The model by Mathiaud and
Mieussens [96] is said to be extended to a mixture model in the work by Baranger et al. [97].
However, this mixture model has a single Maxwellian distribution for both species (in particular
nitrogen and oxygen mixture is discussed due to their small mass ratio) and no species-specific
variables or relationships are modelled. As such, the model is lacking detail, e.g. in describing
different levels vibrational excitation in the gases. A recent model, introduced by Klingenberg,
Pirner and Puppo [98] , is capable of modelling a binary gas mixture with internal degrees of
freedom. It demonstrates an extension from a single-species diatomic model [99], which has
a separate rotational relaxation applied to the macroscopic variables rather than the RHS of
the governing equation. The two gases in the mixture in Klingenberg et al. [98] have individ-
ual species-specific self- and cross- collisions, which is consistent with previous monoatomic
models from the same authors [60, 62]. An ellipsoidal correction (ES) is also demonstrated in
the paper, which corrects the Prandtl number in the continuum limit. Other ES-based models
for polyatomic gas mixtures have been detailed with particular focus on chemically-reactive
gases [100–102]. However, these models do not model the internal energy in detail, e.g. with
a multi-relaxation collision term or separate translational, rotational and vibrational variables.
Therefore, even though these models have extended capabilities beyond inert mixtures, they do
not possess some of the features of recent models for non-reactive gas mixtures. A model focus-
ing on a mixture of polyatomic and monoatomic gases or two polyatomic gases with different
discrete internal energy levels was presented by Bisi and Travaglini [103]. The model is yet
to separate the effects of the rotational and vibrational DoF and to introduce multi-relaxation
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approach.
Computational results based on the single-species diatomic models have been demonstrated
for a variety of test cases and conditions, starting with the work by Huang et al. [104] using
the Morse model [89] as early as 1973. Numerous numerical applications based on the poly-
atomic ES model [48] were performed by Tantos et al. [105, 106]. The model by Rykov has
also been extensively tested by Larina et al. [107], Titarev et al. [108], the unified gas-kinetic
scheme (UGKS) [82], Colonia et al. [80], etc. The papers presenting more recent kinetic mod-
els [92, 93, 97] have shown results for the flow past a cylinder or the profile of a normal shock
within the same paper. Validation of these models is limited. In contrast to the models created
through extension of previous monoatomic models, a more practical approach is taken by Xu
and co-workers [83, 109, 110] in order to simulate a two or three step multi-relaxation process.
A more phenomenological approach is taken rather then a detailed mathematical derivation of
a new kinetic model. The benefit of this approach is the simplicity of the modelling procedure
and the broad variety of test cases.
There are not many results for binary mixture of non-reacting diatomic gases in the literature
based on kinetic modelling. Agarwal et al. [31] shows detailed results for the profile of a nor-
mal shock wave for a binary mixture of oxygen and nitrogen and also for a mixture of nitrogen
and argon. The model used for the simulations is the Generalized Boltzmann equations (GBE),
which is identical to the Wang- Chang- Uhlenbeck equations (WCU).
It is clear from the discussion that there is a need for a detailed kinetic model for diatomic gas
mixtures and numerical testing to show the model’s applicability.

1.5 Summary of Findings

The survey shows that kinetic models for gas mixtures are of practical interest and an active re-
search area. However, developing a model with good mathematical properties and numerically
proven capabilities is a challenging task.
Since the introduction of the first Boltzmann relaxation model, many new models and improve-
ments were demonstrated. Monoatomic mixture models in the literature can model species
properties and diffusion, while preserving the model compatibility and conservation of mass,
momentum and energy. Difficulty occurs when trying to correctly fit more than two transport
coefficients in the continuum limit. As a result, the Prandtl number is also incorrect. Further-
more, the most recent models, which demonstrate the best mathematical advantage, are not ap-
plied numerically and therefore their capabilities are not inspected beyond the theoretical point.
Consequently, more efficient numerical schemes, which allow for complex geometries and var-
ied engineering applications, rely on less advanced models.
Diatomic mixture models present a greater difficulty and in comparison to the monoatomic mix-
ture models less work is conducted. The level of detail of the modelling is insufficient and
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accurate representation of the physics of the flow is missing. Standard features of mixture mod-
els, e.g. separate species variables, are unaccounted for. The lack of mathematical development
leads to lack of numerical testing and evaluation.
This thesis will address the issues summarised here and the next section provides details of the
approach taken.

1.6 Aim & Objectives of the Thesis

The aim of the thesis is to derive and analyse a new kinetic model for a binary mixture of
gases with internal degrees of freedom for high-speed rarefied flows with improved fidelity over
existing models. The model is to be validated and evaluated mathematically and numerically.
The objectives of the thesis are as follows:

1. To analyse the existing models for mixtures of monoatomic gases and identify their limi-
tations.

2. To address the limitations by developing two new kinetic models for binary mixture of
monoatomic gases [88]. The goal is to demonstrate models with three correct transport
coefficients in the continuum limit and the correct Prandtl number recovery, while accu-
rately modelling species diffusion.

3. To implement the new models in a discrete velocity solver (DVM solver) and evaluate
them.

4. To compare with existing results in the literature to validate the models [111, 112]. To
demonstrate the changes introduced by the two models and discuss the results.

5. Moreover, to assess the models against results obtained with direct simulation Monte
Carlo (DSMC) for challenging high-speed flows.

6. After the models are evaluated with the discrete velocity method, to address the need for
higher numerical efficiency. Following the approach of the gas-kinetic scheme to derive
one of the kinetic mixture models in a gas-kinetic framework [5]. The purpose is to
achieve a numerically efficient scheme for a monoatomic gas mixture, while preserving
as much as possible the accuracy demonstrated by the kinetic model.

7. Building on the foundation of the monoatomic mixture models, to develop a binary mix-
ture model for diatomic gases [113]. The model is to have a species translational, species
rotational and species vibrational temperatures. A multi-relaxation approach is to be
utilised to accommodate for the difference in relaxation times between translation and
rotation and rotation and vibration.
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8. To model the species velocities and diffusion consistently with the monoatomic version.

9. To obtain transport properties in the continuum limit through the Chapman-Enskog (CE)
type expansion.

10. Finally, to numerically evaluate the diatomic mixture model for a gas mixture of nitrogen
and oxygen [113].

11. To validate the model against Monte Carlo results for the profile of a normal shock.

12. To consider more complex geometry,e.g. the flow past a circular cylinder.

13. To demonstrate the variation in flow properties through a parametric study with different
Mach numbers, vibrational collision numbers and concentration.

14. To investigate the importance of modelling the flow as a mixture by studying the effect of
the different levels of vibrational excitation in the different species.

1.7 Outline of the Thesis

The structure of the thesis is as follows:
Chapter 1 presents the motivation and the background of the thesis. A detailed literature survey
covers the development of kinetic models and their numerical applications. Limitation and chal-
lenges in the field are identified, as well as available solutions.
Chapter 2 presents two new kinetic model: Shakhov-based and ES-based models for a gas mix-
ture of monoatomic gases. The mathematical properties of the new model are demonstrated.
The diffusion behaviour between species and the transport properties in the continuum limit are
detailed.
Chapter 3 numerically evaluates the new kinetic models for monoatomic mixtures with different
mass ratios. The results are validated for a variety of test cases for the profile of a normal shock
and the flowfield around a circular cylinder.
Chapter 4 presents a numerically efficient gas-kinetic scheme (GKS) applying the novel Shakhov-
based mixture model. The GKS is evaluated against results acquired with the same kinetic model
applied with the more computationally expensive but accurate discrete velocity method (DVM)
as benchmark results. The computational benefits and limitations of the scheme are discussed.
Chapter 5 presents a new model for a gas mixture of diatomic gases with rotational and vibra-
tional degrees of freedom and three step relaxation process. The chapter contains the derivation
of the model, the continuum limit, transport properties and diffusion behaviour of the species.
Chapter 6 evaluates numerically the newly-introduced diatomic mixture model for a mixture of
nitrogen and oxygen gases. The results are compared with DSMC acquired results. Physics of
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the flow are inspected for a variety ot test condition and different cases.
Chapter 7 is the final chapter of the thesis. It contains contains conclusions and future work.



Chapter 2

Monoatomic Mixture Kinetic Models ∗

Gas mixtures are important for many practical applications. Extending kinetic model equations
of the Bhatnagar-Gross-Krook (BGK) type from a single-species gas to a multi-species gas mix-
ture presents a number of significant challenges. First, obtaining the correct species diffusions,
viscous stresses as well as heat conduction in the continuum limit requires a careful design of
the collision terms in the kinetic equations. Secondly, the derived model collision terms need to
guarantee positivity of the macroscopic fields and distribution functions.
In this chapter, two new kinetic models are introduced and compared: an approach based on the
Shakhov kinetic model and an approach involving an anisotropic Gaussian equilibrium func-
tion. The models are based on the work by Groppi et al. [64] with new equilibrium distribution
functions by incorporating Shakhov-type and ES-type corrections, respectively. The two new
models are capable of modelling a binary mixture of monoatomic gases, with updated defini-
tions for the relaxation parameters and target species velocities and temperature. Both methods
account for separate species-mean velocity such that the species diffusion and velocity drift are
accurately represented. The Chapman-Enskog procedure is followed to derive the asymptotic
hydrodynamic limit and provide expressions for viscosity, thermal conductivity and diffusion
coefficients.
The novelty of the two newly-introduced models lies in the capability to capture one extra trans-
port property and a correct Prandtl number in the continuum limit for binary mixtures of chem-
ically inert gases in comparison to the existing kinetic mixture models, e.g. [64–66]. The exten-
sions of the two models provide an extra relaxation parameter that allows for the correct fit of
the three transport coefficients: Fick, Newton and Fourier laws in the continuum limit. This is a
significant improvement. The models enjoy good mathematical properties, including conserva-
tion of mass, momentum and energy, indifferentiability condition and more specifically for the
ES-based model the H-theorem and the equilibrium state at maximum entropy are shown.
This chapter details the new kinetic models for binary mixtures of monoatomic gases, their
proof and comparison in the continuum limit and the closure of the models with the transport
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coefficients definitions.

2.1 Kinetic Mixture Models

The standard properties described in this section are common between different kinetic mixture
models. They are inherent to the Boltzmann equation and provide consistency between the full
equation and the simplified relaxation models. For a binary gas mixture the governing equation
is defined per species s= 1,2 (Eq. (2.1)) and the simplified collision operator Qs involves a target
equilibrium distribution function Fs and the non-equilibrium distribution function fs. Single-
relaxation models are defined by a common collision rate ν for all collision types. The evolution
of the species-specific distribution function is governed by the BGK-type relaxation equation:

∂ fs

∂ t
+u ·∇x fs = Qs

[
f1, f2

]
; Qs = ν

(
Fs− fs

)
; ; s = 1,2, (2.1)

with collision terms Qs
[

f1, f2
]

and u the particle velocity. The common collision rate is defined
by the gas mixture properties: the pressure p and viscosity µ based on the mixture temperature
T , such that ν = p/µ and u is the particle velocity. The simplification of the kinetic equations
lies in the substitution of the complex collision integral of the Boltzmann equation with the
relaxation term Qs

[
f1, f2

]
, expressed by the relaxation rate of the difference between the equi-

librium and non-equilibrium state. The target equilibrium function Fs varies between kinetic
models and determines most of the main properties. However, a necessary condition for all
models is that the collision term preserves mass, momentum and energy. Note that since the gas
is a chemically inert mixture, mass conservation is per species, while momentum and energy can
be exchanged between them and it is only the sum over all species that needs to be conserved.
Therefore, the following constraints on the collision operator are imposed:

∞�

−∞

Qsdu = 0 ; s = 1,2,

2

∑
s=1

∞�

−∞

msuQsdu = 0,

2

∑
s=1

∞�

−∞

1
2

ms|u|2Qsdu = 0, (2.2)

where du = dudvdw. We denote with ns, ρs, us and Ts the species macroscopic quantities: num-
ber density, density, mean velocity and temperature of a species s. They are found as moments
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of the nonequilibrium distribution function fs:

ns =

∞�

−∞

fsdu,

nsus =

∞�

−∞

u fsdu,

3
2

nskTs =
ms

2

∞�

−∞

(u−us)
2 fsdu, (2.3)

where k is the Boltzmann constant and the species density is ρs = msns. From the species
macroscopic variables, the overall gas mixture properties n, ρ , u0 and T are obtained:

n =
2

∑
s=1

ns ; ρ =
2

∑
s=1

ρs ; u0 =
1
ρ

2

∑
s=1

ρsus ;

2

∑
s=1

ρs
(
us−u0

)2
=

2

∑
s=1

ρs|us|2−ρ|u0|2 ; (2.4)

3
2

nkT =
2

∑
s=1

3
2

nskTs +
1
2

2

∑
s=1

ρs
(
us−u0

)2
. (2.5)

The equilibrium solution is defined by the Maxwellian distributions as functions of common
macroscopic velocity (u0) and gas temperature (T ), and number densities ns for each species:

f M
s (u) = ns

(
ms

2πkT

)3/2

exp
[
− ms

2kT

(
u−u0

)2
]
. (2.6)

These properties are standard for all single-relaxation mixture models and are used by the Groppi
et al. model [64] and the new Shakhov-based and ES-based kinetic models. A main difference
between kinetic models begins with the introduction of a different target equilibrium distribution
function Fs in the collision term on the RHS of Eq. (2.1). The full derivation and description of
the models follows in this chapter.

2.2 Groppi, Monica and Spiga’s Model

The two new kinetic models introduced build upon the work by Groppi et al. [64]. This section
summarises their work and allows for a comparison of the key features of the models, including
definitions of the distribution function, target species velocity and temperature.
The collision term involves a common relaxation rate ν as a standard single relaxation model,
but the equilibrium distribution function f M

s is substituted with the modified distribution function
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Gs, leading to the following expression for Qs:

Qs = ν
(
Gs− fs

)
; s = 1,2. (2.7)

The modified function allows for species drift velocities u(g)s and common modified tempera-
ture T̂ that are different from the local gas mixture velocity and temperature. The modified
distribution function Gs is then defined as:

Gs(u) = ns

(
ms

2πkT̂

)3/2

exp
[
− ms

2kT̂

(
u−u(g)s

)2
]
. (2.8)

The main advantage of Groppi et al’s model [64] is the introduction of a second relaxation
parameter η , which sets a constraint on the species drift velocity equalisation:

1
n1

∞�

−∞

uQ1du− 1
n2

∞�

−∞

uQ2du =−η
(
u1−u2

)
. (2.9)

The drift velocity coefficient η was introduced to control the diffusion between species, which
in itself is a macroscopic quantity. The coefficient will be used to define the target velocity and
temperature and consequently the new target equilibrium distrubution function. The expression
for this coefficient is defined in section 2.7.2.
Evaluating the integrals in Eq. (2.9) and following the momentum conservation equation, the
species target velocity in Gs is expressed from the local species velocity and the average gas
mixture velocity:

u(g)s =
(

1− η

ν

)
us +

η

ν
u0 ; s = 1,2. (2.10)

The same principle is applied with the energy conservation equation to express the modified
temperature in the equilibrium functions Gs:

T̂ = T − 1
3nk

2

∑
s=1

ρs
(
u(g)s −u0

)2
= T − 1

3nk

(
1− η

ν

)2 2

∑
s=1

ρs
(
us−u0

)2
. (2.11)

As demonstrated in the original paper [64] the relaxation ratio is limited in the bounds 0 ≤
η/ν ≤ 2 to ensure positive temperature fields. The second relaxation coefficient allows for two
transport coefficients to be recovered correctly in the hydrodynamic limit: the Fick and viscosity
coefficients. Building upon the discussed model, we aim to fit three transport coefficients with
two different approaches, discussed in the next sections.
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2.3 Shakhov-based Mixture Model

A Shakhov-type correction is applied to extend the kinetic model in order to correct the Prandtl
number. The Prandtl number of a binary mixture has previously been examined [7, 114, 115].
The values it takes depend on the mass ratio between species and the concentration levels as
shown in Fig. 2.1.

Figure 2.1: Prandtl number variation with concentration and mass ratio between species at 1
atm pressure and 300 K temperature. Helium-Neon (dotted), Helium-Argon (solid), Helium-
Krypton (dashed), Helium- Xenon (dot dash). (adapted from Belcher at al. [7])

For high mass ratios (e.g helium-krypton mix with mass ratio of 21) and equal species concen-
tration, the Prandtl number can drop to values as low as Prmix = 1/5, while the maximum values
for a monoatomic gas are reached when the gas is pure/simple (i.e. when the mixture consists of
100% of one of the species), leading to Prmix = Pr = 2/3. This creates a ’bucket’ type of shape
of the Prandtl number plot in Fig. 2.1 with maximums at both ends at 2/3. In theory increasing
the mass ratio further will lead the Prandtl number close to 0 and therefore the limits of the Prmix

for monoatomic gases are Prmix ∈ (0, 2/3
]
. The expression for the mixture Prandtl number is

discussed further in Section 2.6.
The Shakhov model [33] modifies the Maxwellian distribution function by introducing a heat
flux correction. Similarly, expanding the described extended Gaussian distribution (Eq. (2.8)), a



CHAPTER 2. MONOATOMIC MIXTURE KINETIC MODELS 52

new equilibrium distribution function is introduced:

GSh
s (u) = ns

(
ms

2πkT̂

)3/2

exp
[
− ms

2kT̂

(
u−u(g)s

)2
]

︸ ︷︷ ︸
Gs(u)

∗

{
1+

2
(
1−Pr

)(
u−u(g)s

)
·qcorr

s

5pskT̂/ms

[
ms

2kT̂

(
u−u(g)s

)2
− 5

2

]}
, (2.12)

with species pressure ps defined as ps = ρskT̂/ms = nskT̂ and Pr is a target Prandtl number. The
moments of the quasi one-dimensional Shakhov-based mixture model are detailed:

∞�

−∞

GSh
s du = ns ;

∞�

−∞

uGSh
s du = nsu

(g)
s

∞�

−∞

u2GSh
s du = ns

(kT̂
ms

)
+ns(u

(g)
s )2 ;

∞�

−∞

v2GSh
s du =

∞�

−∞

w2GSh
s du = ns

(kT̂
ms

)

∞�

−∞

u3GSh
s du = 3nsu

(g)
s

(kT̂
ms

)
+ns(u

(g)
s )3 +

6
(
1−Pr

)
qcorr

xs

5ms

∞�

−∞

uv2GSh
s du =

∞�

−∞

uw2GSh
s du = nsu

(g)
s

(kT̂
ms

)
+

2
(
1−Pr

)
qcorr

xs

5ms
(2.13)

In the single species Shakhov model, the heat flux correction qcorr, which goes into the distri-
bution function, is the full heat flux. This represents the Fourier conduction effect. The heat
flux correction for two or more species is defined for each species individually and only affects
the conduction part of the heat flux. For single-species, it is computed by taking the moment of
the non-equilibrium distribution function f ε (expanded by the Chapman-Enskog expansion as
described in Chapter 1 Eq. (1.16)) with respect to the mean gas velocity 1

2m(u−u0)(u−u0)
2 as:

qcorr =

∞�

−∞

1
2

m(u−u0)(u−u0)
2 f εdu. (2.14)

For a mixture of gases, the heat flux of the gas comprises of energy flux based on the temper-
ature gradient (thermal conductivity) and the mass gradient (the Dufour effect). However, the
introduced Shakhov correction is not affected by the coupled effect, but only from the direct
effect of energy flux dependent on the temperature gradient (Fourier effect). To achieve a heat
flux correction qcorr

s that involves only the Fourier effect, the moments of the non-equilibrium
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distribution function f ε
s are taken with respect to the species mean velocity: 1

2ms(u−us)(u−us)
2

as:

qcorr
s =

∞�

−∞

1
2

ms(u−us)(u−us)
2 f ε

s du. (2.15)

The expression for f ε
s comes from the Chapman-Enskog expansion up to O(ε2) order (see

Eq. (2.48) and Eq. (2.49)). The heat flux correction is found from:

∞�

−∞

ms(u−us)
1
2
(u−us)

2 f ε
s du =

∞�

−∞

ms(u−us)
1
2
(u−us)

2
{

GSh
s −

ε

ν

(
∂ f M

s
∂ t

+u
∂ f M

s
∂x

)}
du

+O(ε2). (2.16)

In the continuum limit the integration yields:

∞�

−∞

ms(u−us)
1
2
(u−us)

2GSh
s du =

5
2

nskT
(
u(g)s −us

)
+(1−Pr)qcorr

s +O(ε2)

∞�

−∞

ms(u−us)
1
2
(
u−us)

2
{
− ε

ν

(
∂ f M

s
∂ t

+u
∂ f M

s
∂x

)}
du =

η

ν

5
2

nskT (us−u0)−
ε

ν

5
2

k
nskT
ms

∂T
∂x

+O(ε2), (2.17)

where ε represents a small parameter, corresponding to the Knudsen number, used in the Chapman-
Enskog expansion (see Appendix C). Combining the two parts of the integration and substituting
the expression for u(g)s (Eq. (2.19)) leads to the expression for the heat flux correction.

qcorr
s = − ε

ν

5
2

k
nskT
ms

∂T
∂x

+(1−Pr)qcorr
s +O(ε2) (2.18)

qcorr
s = − ε

ν

5
2

k
Pr

nskT
ms

∂T
∂x

+O(ε2)

The moments of the extended distribution function GSh
s are unchanged up to and including sec-

ond order in molecular velocity in comparison to Groppi et al.’s model [64]. As expected from
a Shakhov-type correction, only the third order moments are affected with a correction on the
heat flux with the Prandtl number (see Eq. (2.13)). Therefore, the expressions for u(g)s and T̂ are
unchanged in comparison to the original model (Eq. (2.10) and Eq. (2.11)):

u(g)s =
(

1− η

ν

)
us +

η

ν
u0 ; s = 1,2. (2.19)
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From the energy conservation, the modified temperature in the distribution function GSh
s is ex-

pressed:

T̂ = T − 1
3nk

2

∑
s=1

ρs
(
u(g)s −u0

)2
= T − 1

3nk

(
1− η

ν

)2 2

∑
s=1

ρs
(
us−u0

)2
, (2.20)

nkT̂ =
2

∑
s=1

nskTs +
1
3

[
η

ν

(
2− η

ν

) 2

∑
s=1

ρs
(
us−u0

)2

]
. (2.21)

To preserve positive temperature fields the ratio of relaxation parameters η/ν needs inspection.
The collision rate is defined by strictly positive quantities: viscosity µ and pressure p and there-
fore ν > 0. The second relaxation coefficient η , defined in section 2.7.2, has the same constraint
η > 0, as imposed by the Groppi et al. [64]. Therefore, the lower bound of the ratio is η/ν > 0.
In Eq. (2.21) for Ts > 0, the T̂ > 0 is guaranteed for

(
2− η

ν

)
≥ 0, leading to the upper bound

η

ν
≤ 2. The limits of the ratio of relaxation coefficients are then 0 < η/ν ≤ 2. The relaxation

ratio is with the same limits for preserving positive temperature fields as the original mixture
model.
Clearly the ratio η/ν is an important part of the definition of the model and is bound by limits
defined above. It is discussed in detail for both the Shakhov- and ES-based models in section
2.7.

2.4 ES-based Mixture Model

Starting from the same original distribution function (Eq. (2.8)), an anisotropic modification
is formulated, following the approach used for the single species ES model [34] . The new
distribution function is defined as:

GES
s (u) =

ns√
det(2πΛs)

exp
[
− 1

2
(
u−u(g)s

)
·Λ−1

s ·
(
u−u(g)s

)]
. (2.22)

The separate drift velocity u(g)s for each species is kept as in the isotropic Gaussian, while the
tensor Λs is introduced by the temperature T̂ and the ES relaxation parameter νES:

Λs = νESΘ
s
+
(
1−νES

)(kT̂
ms

)
I, (2.23)
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where the tensor Θ
s

is also based on the species drift velocity u(g)s as:

Θ
s

=
1
ns

∞�

−∞

(
u−u(g)s

)
⊗
(
u−u(g)s

)
fsdu. (2.24)

For a quasi one-dimensional flow (u0 6= 0,v0 = 0,w0 = 0) the elements of the matrix Λs can be
obtained as:

λ
s
11 =

(
1−νES

)(kT̂
ms

)
+

νES

ns

∞�

−∞

(
u−u(g)s

)2 f ε
s du

λ
s
22 =

(
1−νES

)(kT̂
ms

)
+

νES

ns

∞�

−∞

v2 f ε
s du

λ
s
33 =

(
1−νES

)(kT̂
ms

)
+

νES

ns

∞�

−∞

w2 f ε
s du (2.25)

with all off-diagonal elements equal to zero. In the continuum limit after substituting the 1st-
order CE expansion for f ε

s the tensor elements become:

λ
s
11 =

(
1−νES

)(kT̂
ms

)
+

νES

ns

∞�

−∞

(
u−u(g)s

)2GES
s du− νES

ns

ε
(
1−νES

)
ν

∞�

−∞

{(
u−u0

)2

−2
(
u−u0

)(
u0−u(g)s

)
+
(
u0−u(g)s

)2
}(

∂ f M
s

∂ t
+u

∂ f M
s

∂x
+ v

∂ f M
s

∂y

)
du

⇒ λ
s
11 =

(kT̂
ms

)
−νES

ε

ν

kT
ms

4
3

∂u0

∂x
+O(ε2) (2.26)

and for λ s
22 and λ s

33:

λ
s
22 =

(
1−νES

)(kT̂
ms

)
+

νES

ns

∞�

−∞

v2GES
s du

− νES

ns

ε
(
1−νES

)
ν

∞�

−∞

v2
(

∂ f M
s

∂ t
+u

∂ f M
s

∂x
+ v

∂ f M
s

∂y

)
du

⇒ λ
s
22 =

(kT̂
ms

)
+νES

ε

ν

kT
ms

2
3

∂u0

∂x
; λ

s
33 =

(kT̂
ms

)
+νES

ε

ν

kT
ms

2
3

∂u0

∂x
(2.27)

The collision operator is also altered with the relaxation parameter νES and is in the form:

Qs =
ν

1−νES

(
Gs− fs

)
; s = 1,2, (2.28)
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where the expression for νES is bound by the Prandtl number and Pr = 1
1−νES

as in [48]. For
monoatomic gases the parameter Pr = 2/3, which leads to νES =−1/2. This value assures the
mixture Prandtl number Prmix has a correct behavior in the limit of a pure monoatomic gas for
the ES-based model, as will be demonstrated in Section 2.6. Therefore, following the relaxation
between velocities, introduced by Groppi and co-workers [64] (Eq. (2.9)):

1
n1

∞�

−∞

uQ1du− 1
n2

∞�

−∞

uQ2du =−η
(
u1−u2

)
(2.29)

leads to a modified relaxation of the mean species velocities:

ν

1−νES

[(
u(g)1 −u1

)
−
(
u(g)2 −u2

)]
= −η

(
u1−u2

)
(2.30)

⇒ u(g)1 −u(g)2 =
(

1− η

ν
(1−νES)

)(
u1−u2

)
.

To finalise the definition of the new kinetic model, we examine the expressions for the species
modified velocity and temperature. The formulation of u(g)s is now changed to accommodate for
the relaxation parameter, characteristic for the ES model νES:

u(g)s =
(

1− η

ν
(1−νES)

)
us +

η

ν
(1−νES)u0 ; s = 1,2. (2.31)

The common target temperature T̂ is also required to change to provide an energy conserving
model:

T̂ = T − 1
3nk(1−νES)

[
2

∑
s=1

ρs
(
u(g)s −u0

)2−νES

2

∑
s=1

ρs
(
us−u0

)2
+νES

2

∑
s=1

ρs
(
u(g)s −us

)2

]
.

(2.32)
The expression for T̂ as a function of the mean species and gas velocities is obtained by substi-
tuting u(g)s from equation (2.31) into (2.32):

T̂ = T − 1
3nk

[(
1− η

ν
(1−νES)

)2 2

∑
s=1

ρs
(
us−u0

)2

]
. (2.33)

A comparison with the original expression for T̂ (Eq. (2.11)) shows that the additional term
comes from the relaxation change νES introduced by the ES correction. Setting νES = 0 will
eliminate the difference and the equations will reduce to Groppi et al.’s model [64]. This is
also true for the Shakhov-based model when Pr = 1. Notice that when the gas equilibrium
temperature is substituted with:

3
2

nkT =
3
2

2

∑
s=1

nskTs +
1
2

2

∑
s=1

ρs(us−u0)
2 (2.34)
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Eq. (2.33) becomes:

nkT̂ =
2

∑
s=1

nskTs +
1
3

[
η

ν
(1−νES)

(
2− η

ν
(1−νES)

) 2

∑
s=1

ρs
(
us−u0

)2

]
. (2.35)

To guarantee a positive temperature, the fraction η/ν is in the limits 0 ≤ η/ν ≤ 2/(1− νES).
In comparison to the Groppi model the possible range for the relaxation parameter η is more
restrictive due to the introduction of νES with maximum value of η/ν = 4/3 when the maximum
for νES =−1/2 for a monoatomic binary mixture is reached.

2.5 Properties

The fundamental properties derived for the Boltzmann model need to be satisfied by the kinetic
models. For a gas mixture, these include the H-theorem, the equilibrium state, indifferentiability
principle, collision invariants and continuum limit and are discussed in this and the following
sections.

2.5.1 H-functional

The entropy of a system increases constantly until it reaches its maximum at the equilibrium
level. The H-theorem is an a priori statement that guarantees the second law of thermodynamics
is preserved, where the connection between H and the entropy S was indicated by Boltzmann
in 1872 [24] and relates with an opposite sign and constant as S = −kH. This means that for
maximum entropy S, H is minimised.
The H-theorem is shown for the ES-based model in this section. For a binary gas mixture:

H =
2

∑
s=1

∞�

−∞

( fsln fs− fs)du. (2.36)

We will prove that:

∂H
∂ t

=
∂

∂ t

2

∑
s=1

∞�

−∞

( fsln fs− fs)du≤ 0. (2.37)

The LHS of Eq. (2.37) can be simplified as:

∂

∂ t

2

∑
s=1

∞�

−∞

( fsln fs− fs)du =
2

∑
s=1

∞�

−∞

∂

∂ t
( fsln fs− fs)du =

2

∑
s=1

∞�

−∞

∂ fs

∂ t
ln fsdu . (2.38)
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The governing equation for the ES-based model for a spatially homogeneous problem allows to
express the derivative of fs:

∂ fs

∂ t
=

ν

1−νES
(GES

s − fs) ; s = 1,2, (2.39)

∂

∂ t

2

∑
s=1

∞�

−∞

( fsln fs− fs)du =
2

∑
s=1

∞�

−∞

ν

1−νES
(GES

s − fs)ln fsdu. (2.40)

Since y(x) = xlnx− x is a strictly convex function for x > 0 and y′(x) = lnx it follows that for
x = fs:

2

∑
s=1

∞�

−∞

(GES
s − fs)ln fsdu ≤ H(GES

s )−H( fs). (2.41)

It is sufficient to prove that H(GES
s )≤ H( fs). This is a challenging derivation and it is better to

consider the following process H(GES
s )≤ H(G

Θs
s )≤ H(Gs)≤ H( fs).

The first two inequalities are deduced by analogy with the formal derivation of the ES-BGK
model [48], where the velocity is u(g)s , the temperature: T̂ , Λs and Θ

s
are functions of u(g)s and

T̂ . The distribution functions GES
s and Gs are defined as before (see Eq. (2.22) and Eq. (2.8)

respectively) and G
Θs
s expressed from the tensor Θ

s
for νES = 1 as:

G
Θs
s =

ns√
det(2πΘ

s
)
exp
[
− 1

2
(
u−u(g)s

)
·Θ−1

s
·
(
u−u(g)s

)]
. (2.42)

Following [48]:

H(GES
s )−H(G

Θs
s ) =

1
2

2

∑
s=1

nsln
det Θ

s
det Λs

. (2.43)

If the RHS of Eq. (2.43) is negative, H(GES
s ) ≤ H(G

Θs
s ) follows. This is achieved only if

det Λs ≥ det Θ
s
, the detailed derivation of which is described by Andries et al. [48, 116]. An-

dries and Perthame [116] and the reference therein state the classical result that the entropy at a
given velocity, number density and pressure tensor (Θ

s
) is minimised for the Gaussian defined

by that pressure tensor and therefore H(G
Θs
s )≤ H(Gs).

The final inequality (H(Gs)≤ H( fs)) follows the proof of the H function of the original model
[64], but with the new definition of u(g)s and the allowed range of the relaxation parameter
0 < η < 2ν/(1−νES). This is done by the direct evaluation of H(Gs) and H( fs), where the en-
tropy evaluated at the local Maxwellian ( f LocM

s ) with the same variables of the non-equilibrium
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fs (us, ns and Ts) is H( f LocM
s ) and is less than the entropy H( fs).

H(Gs) =
2

∑
s=1

ns

(
ln(ns)+

3
2

ln
(

ms

2πkT̂

))
−n, (2.44)

H( fs)≥ H( f LocM
s ) =

2

∑
s=1

ns

(
ln(ns)+

3
2

ln
(

ms

2πkTs

))
−n

⇒ H(Gs)−H( fs)≤
2

∑
s=1

3
2

nsln
(

Ts

T̂

)
≤ 3

2T̂

( 2

∑
s=1

nsTs−nT̂
)
.

The last inequality is due to the second order Taylor expansion for lnTs, centered at T̂ : (lnTs ≤
lnT̂ + (Ts − T̂ )/T̂ ). From Eq. (2.33) and for the allowed range of η , it follows that nT̂ ≥
∑

2
s=1 nsTs and therefore H(Gs)≤ H( fs).

Since H(GES
s )≤ H(G

Θs
s )≤ H(Gs)≤ H( fs) then H(GES

s )−H( fs)≤ 0 :

∂

∂ t

2

∑
s=1

∞�

−∞

( fsln fs− fs)du ≤ ν

1−νES
(H(GES

s )−H( fs))≤ 0 (2.45)

=⇒ ∂H
∂ t
≤ 0 .

With the H function minimised, the proof is completed.

2.5.2 Equilibrium

The entropy of a gas increases with time and reaches maximum at equilibrium. To achieve the
equality of the H-functional, a necessary condition is (H(GES

s )−H( f LocM
s )) = 0, which can be

expanded as:

H(GES
s )−H(Gs)︸ ︷︷ ︸+H(Gs)−H( f LocM

s )︸ ︷︷ ︸= 0, (2.46)

where f LocM
s is the local Maxwellian defined with species variables ns, us and Ts as described

previously. We know from the previous section that both expressions within the brackets are
non-positive. Therefore, in order to satisfy the equation, each one needs to be 0. It follows that
H(GES

s )−H(Gs) = 0 and H(Gs)−H( f M
s ) = 0 or H(GES

s ) = H(Gs) and H(Gs) = H( f M
s ). The

first equality is based on H(GES
s ) = H(G

Θs
s ) = H(Gs) , following the single species Ellipsoidal

statistical model [48]. The entropies H(GES
s ) = H(G

Θs
s ) are equal only if det Λs = det Θ

s
ac-

cording to Eq. (2.43), from which the eigenvalues expression follows: λ s
1 = λ s

2 = λ s
3 = k

ms
T̂ .

The entropies H(G
Θs
s ) = H(Gs) are equal when Gs is expressed from the Gaussian structure and

equal to G
Θs
s . Substituting Θ

s
= k

ms
T̂ I into Eq. (2.42) leads to the known expression for Gs

(Eq. (2.8)).
The equality H(Gs) = H( f LocM

s ) is inspected by comparing the difference in the entropy expres-
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sion in Eq. (2.44) and holds only if nT̂ = ∑
2
s=1 nsTs. Substituting this into Eq. (2.33), it follows

that us = u0, which leads to us = u0 = u(g)s and T̂ = T . Under these constrains the distribu-
tion function Gs is equivalent to the isotropic Maxwellian or Gs ≡ f M

s and H(Gs) = H( f M
s ) =

H( f LocM
s ):

∂H
∂ t

= 0⇐⇒ GES
s = f M

s . (2.47)

Therefore the equality of the H-functional is achieved at equilibrium and both species have a
Maxwellian isotropic distribution. The species target equilibrium temperature and velocities are
equal to the mean properties of the mixture.

2.5.3 Indifferentiability principle

The indifferentiability principle, described by Garzo et al. [56], requires the ES-BGK model for
two species to reduce to a single species ES-BGK model when the species are identical. To test
this principle the species masses are set equal (for a binary mixture this means m1 = m2 ) and
the distribution function: G = ∑

2
s=1 GES

s should satisfy the ES monospecies kinetic model. A
necessary assumption [66] is that us = u0 for all species s, which leads to u(g)s = u0 and T̂ = T .
With equal species mass and velocity, the distribution functions differ only by number density
ns and can easily be added up to the distribution function G(n,m,u0, T̂ ), which satisfies the
indifferentiability principle. Note that under these conditions the principle is also valid for the
Shakhov-based model.

2.6 Continuum Limit

In this section the continuum limit of the kinetic models leading to the mass, momentum and
energy equations is examined and Groppi et al.’s [64], Shakhov-based and ES-based models
are compared using the Chapman-Enskog expansion. This is performed in order to achieve the
asymptotic limit, but also to emphasize the difference between the models and how and where
the two proposed models make corrections. In the near-continuum regime, the Knudsen number
can be used as a small perturbation parameter ε � 1 to perform a Chapman-Enskog expansion
up to O(ε2) order, where f ε

s is of order O(1) after rescaling with ε (see Eq. (2.48)), as described
in Chapter 1:

ε

(
∂ f ε

s
∂ t

+u ·∇x f ε
s

)
= ν

(
Fs
[

f ε
1 , f ε

2
]
− f ε

s

)
; s = 1,2, (2.48)

where Fs=Gs, GSh
s , GES

s for the corresponding model, ν = ν

1−νES
for the ES model and f ε

s is
expanded in powers of ε . At zeroth order Fs

[
f 0
1 , f 0

2
]
= f M

s , as given by Eq. (2.6) and expressing
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the non-equilibrium distribution function from Eq. (2.48) leads to:

f ε
s (u) = Fs

[
f ε
1 , f ε

2
]
(u)− ε

ν

(
∂ f M

s
∂ t

+u ·∇x f M
s

)
+O(ε2). (2.49)

For simplicity the quasi one-dimensional flow is considered from here onwards. The evolution
of the Maxwellian distribution can be derived and after substituting the time derivatives with the
spatial gradients from the unexpanded conserved moments leads to:

∂ f M
s

∂ t
+u

∂ f M
s

∂x
= f M

s

[
1
ns

(
u−u0

){∂ns

∂x
− ρs

ρ

∂n
∂x

}
+
(

ms

(
u−u0

)2
+ v2 +w2

2kT 2 − msn
ρT
− 3

2T

){(
u−u0

)∂T
∂x

}
+

ms
(
u−u0

)
kT

{(
u−u0

)∂u0

∂x

}
−
(

ms

(
u−u0

)2
+ v2 +w2

3kT

)(
∂u0

∂x

)]
. (2.50)

A key aspect of the kinetic model for the binary mixture is the velocity drift of the species
relative to the mean gas mixture. For the velocity component in x−direction, the following
moments involving molecular velocity u in x−direction can be used,where as before Fs=Gs,
GSh

s , GES
s for the corresponding model and ν = ν

1−νES
for the ES model.

nsuε
s =

∞�

−∞

u
[
Fs−

ε

ν

(
∂ f M

s
∂ t

+u
∂ f M

s
∂x

)]
du

= nsu
(g)
s −

kT ε

ν

[ 1
ms

∂ns

∂x
− ns

ρ

∂n
∂x

+
ns

T

( 1
ms
− n

ρ

)
∂T
∂x

]
. (2.51)

Inserting the expression for u(g)s for each model, the species velocity in the x− direction up to
1st-order in ε is:

uε
s = u0−

εkT
nsη

[ 1
ms

∂ns

∂x
− ns

ρ

∂n
∂x

+
ns

T

( 1
ms
− n

ρ

)
∂T
∂x

]
. (2.52)

Total mass, momentum and energy of the system need to be conserved. The mass and mo-
mentum equations for the three models in the continuum limit up to O(ε2) order are recovered
(Eq. (2.53) and Eq. (2.54)), after substituting the expression for u(g)s , T̂ and for the ES-based
model - the matrix elements λs as described in more detail in Appendix C: CE limit. Mass
conservation equation:

∂ns

∂ t
+

∂

∂x

{
nsu0− ε

kT
η

[ 1
ms

∂ns

∂x
− ns

ρ

∂n
∂x

+
ns

T

( 1
ms
− n

ρ

)
∂T
∂x

]}
= 0. (2.53)
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From the Chapman-Enskog expansion we find for the mixture momentum equation:

∂ρu0

∂ t
+

∂

∂x

{
nkT +ρu2

0−
ε

ν
nkT

4
3

∂u0

∂x

}
= 0,

which for the ES-based mixture model is in the same form but with a difference of the ν coeffi-
cient:

∂ρu0

∂ t
+

∂

∂x

{
nkT +ρu2

0− (1−νES)
ε

ν
nkT

4
3

∂u0

∂x

}
= 0,

The momentum equation in the Navier-Stokes equations for a compressible one-dimensional
flow is most commonly expressed as:

∂ρu0

∂ t
+

∂

∂x

{
nkT +ρu2

0−µ
4
3

∂u0

∂x

}
= 0. (2.54)

From which it follows that the viscosity coefficient µ is expressed as µ = ε

ν
nkT . This is

concluded since the viscosity coefficient is the expression expected in front of the velocity
derivative ∂u0

∂x in the momentum flux. Note again, that for the ES-based model ν represents
ν = ν/(1−νES) and the viscosity coefficient expression is actually µ = (1−νES)

ε

ν
nkT .

The corrections in the new models affect the limit of the energy equation and the following
three equations demonstrate the introduced change, found in the underbraced temperature gradi-
ent term. Since Pr = 1

1−νES
[48], the Shakhov and ES corrections lead to the same expression for

the energy equation. Moreover, when Pr = 1 or νES = 0 the limit reduces to the original model.
This is a desired result and shows theoretical consistency between all models. Note that by ex-
amining problems with Pr = 1 and νES = 0, numerical consistency will also be demonstrated.
For the Groppi et al’s model the energy equation is:

∂

∂ t

[3
2

nkT +
1
2

ρ0u2
0

]
+

∂

∂x

{
2

∑
s=1

msns

[5
2

kT
ms

u0 +
1
2

u3
0 +
{5

2
kT
ms

+
3
2

u2
0

}(
u0−us

)]
−ε

kT
ν

2

∑
s=1

[4
3

nsu0
∂u0

∂x
+

5
2

ns

( k
ms

)
∂T
∂x︸ ︷︷ ︸
]}

= 0. (2.55)

The Shakhov correction shows a dependency on Pr :

∂

∂ t

[3
2

nkT +
1
2

ρ0u2
0

]
+

∂

∂x

{
2

∑
s=1

msns

[5
2

kT
ms

u0 +
1
2

u3
0 +
{5

2
kT
ms

+
3
2

u2
0

}(
u0−us

)]
−ε

kT
ν

2

∑
s=1

[4
3

nsu0
∂u0

∂x
+

1
Pr

5
2

ns

( k
ms

)
∂T
∂x︸ ︷︷ ︸
]}

= 0. (2.56)
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The ES-based model energy equation:

∂

∂ t

[3
2

nkT +
1
2

ρ0u2
0

]
+

∂

∂x

{
2

∑
s=1

msns

[5
2

kT
ms

u0 +
1
2

u3
0 +
{5

2
kT
ms

+
3
2

u2
0

}(
u0−us

)]
−ε

kT
ν

2

∑
s=1

[4
3

nsu0
∂u0

∂x
+(1−νES)

5
2

ns

( k
ms

)
∂T
∂x︸ ︷︷ ︸
]}

= 0. (2.57)

2.7 Transport Properties

To define the transport coefficients, the flux vectors in the hydrodynamic limit of the kinetic
equations need to be studied. It should be noted that the same assumption for a dilute gas mixture
as in the Boltzmann equation is made and the gas is considered with low enough density so that
the three-body collisions can be ignored.
In this section the expression for transport coefficients known from the literature are compared
against the expressions from the Groppi et al. [64], Shakhov-based and ES-based kinetic mixture
models. The relaxation coefficients allow to match the received transport properties with the
correct values. For this reason we say the relaxation coefficients allow us to "correctly fit" the
transport coefficients and the Prandtl number of the kinetic mixture models in the continuum
limit.

2.7.1 Diffusion

The mass flux vector in the species conservation equations, excluding the external forces, is
caused by gradients of concentration, pressure and temperature. The mass flux equation is taken
from Hirschfelder’s book [35] as a standard expression and has the following form for species s:

js = nsmsV s =
n2

ρ
msmrDsrdr−DT

s
∂ lnT

∂x
, (2.58)

where Dsr = Drs is the binary diffusion coefficient and is single valued, r ∈ {1,2} and r 6= s, dr

is such that:
dr =

∂

∂x

(
nr

n

)
+

(
nr

n
− nrmr

ρ

)
∂ lnp

∂x
. (2.59)

Splitting the pressure gradient into concentration and temperature expressions and considering
only the ordinary diffusion part, provides an expression for the mass flux based on the binary
diffusion coefficient Dsr :

js =−
n
ρ

msmrDsr

(
∂ns

∂x
− ρs

ρ

∂n
∂x

)
. (2.60)
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The binary diffusion coefficient is expressed from the comparison between the mass flux from
the CE expansion from Eq. (2.53), shown explicitly in Eq. (2.61) and the above expression
provided by Hirschfelder (Eq. (2.60)):

js =−
εkT
η

(
∂ns

∂x
− ρs

ρ

∂n
∂x

)
, (2.61)

leading to an expression for the coefficient:

Dsr =
εkT ρ

ηnmsmr
. (2.62)

2.7.2 Viscosity

The viscosity coefficient for the mixture is shown in Section 2.6 (Eq. (2.54)) to be in the form:

µ =
ε

ν
nkT. (2.63)

For a binary mixture the diffusion and viscosity coefficients are closely connected [35]:

µ =
5
3

m1m2

(m1 +m2)

nD12

A∗12
, (2.64)

where A∗12 is a non-dimensional coefficient, defined by the ratio of collision integrals and is in
general a function of the gas temperature and the force law between molecules. However, the
variation of A∗12 is limited and after inspection of the values of noble mixtures presented in the
Weissmann and Mason paper [117], a good approximation for A∗12 is A∗12 = 1.11. Now there is
a platform to express the relaxation ratio η

ν
, required for the computation of the species target

velocity u(g)s and the modified temperature T̂ :

η

ν
=

5
3

1
(m1 +m2)A∗12

ρ

n
. (2.65)

It is clear that the relaxation ratio will vary only in the regions where strong non-equilibrium
effects and large gradients occur and this effect will be amplified for higher mass ratios.
Moreover, it is easy to check that it is within the defined limits for the above expression (Eq. (2.65))
for the Shakhov-based model. A positive density leads to η/ν > 0. The upper bound requires
considering part of the expression:

1
m1 +m2

ρ

n
=

1
m1 +m2

n1m1 +n2m2

n1 +n2
=

n1m1 +n2m2

n1m1 +n2m2 +n1m2 +n2m1
< 1, (2.66)

which is always less than 1 and therefore η

ν
< 5

3A∗12
, which in turn leads to η

ν
< 2 for all ρ , m1,m2,

etc. This means that the temperature field is always positive for every possible species mass or
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density for the Shakhov mixture model.
For the ES-based model, the νES =−1/2 corresponds to the typical value for the Prandtl number
of a pure monoatomic gas (Pr = 2/3), which is the maximum value of the Prandtl number for
a gas mixture. A similar study to the Shakhov-based model of the relaxation ratio confirms it is
always positive or η/ν > 0 for all variables in Eq. (2.65). For νES =−1/2, the upper bound is
limited to η/ν ≤ 4/3, which means a necessary condition is:

5
3

1
(m1 +m2)A∗12

ρ

n
≤ 4

3
→ 1

m1 +m2

ρ

n
≤ 0.888, (2.67)

which limits the possible species densities and masses. Note that this condition is for a strict
guarantee of positivity, while in practical applications positivity of T̂ occurs for a wider range of
ratios η/ν . For the test cases considered with the ES-based model within this thesis, the values
of T̂ were always found to be positive.

2.7.3 Heat Flux

The model introduced by Groppi et al. [64] can recover correctly the diffusion and the viscous
coefficients due to the introduction of a second relaxation parameter. The velocity equalisation
coefficient η and together with the standard BGK relaxation coefficient ν allows for a max-
imum of two transport coefficients to be set. The Shakhov and ES-based extensions of this
model instigate a third variable- the Prandtl number Pr and the corresponding anisotropic model
variable - νES. The goal is to recover the thermal conductivity and have a system with three
correct transport coefficients. We inspect the thermal conductivity ks in the expression for the
heat flux, found by a standard integration with respect to the mean gas mixture velocity u0. The
non-equilibrium part is common for all models and yields:

∞�

−∞

ms(u−u0)
1
2
(
(u−u0)

2){− ε

ν

(
∂ f M

s
∂ t

+u
∂ f M

s
∂x

)}
du

=
η

ν

5
2

nskT (us−u0)−
ε

ν

5
2

k
nskT
ms

∂T
∂x

+O(ε2), (2.68)

where as before, for the ES-based model in the above expression ν = ν

1−νES
. The moments with

respect to the equilibrium distribution functions are expressed as:

∞�

−∞

ms(u−u0)
1
2
(
(u−u0)

2)GSh
s =

(
1− η

ν

)5
2

nskT (us−u0)+(1−Pr)qcorr
s +O(ε2), (2.69)
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∞�

−∞

ms(u−u0)
1
2
(
(u−u0)

2)GES
s

=
(

1− η

ν
(1−νES)

)
(us−u0)

(5
2

nskT −νES
ε

ν
nskT

4
3

∂u0

∂x

)
+O(ε2). (2.70)

Combining the moment of the Shakhov and ES-based model with the corresponding CE expan-
sion, provides the heat flux qs for each model.

qSh
s =

5
2

nskT (us−u0)−
ε

ν

5
2

k
nskT
ms

∂T
∂x

+(1−Pr)qcorr
s +O(ε2),

qES
s =

5
2

nskT (us−u0)−
ε(1−νES)

ν

5
2

k
nskT
ms

∂T
∂x

+O(ε2). (2.71)

Substituting the previously derived expression for qcorr
s - Eq. (2.19) for the Shakhov model:

qSh
s =

5
2

nskT (us−u0)−
ε

ν

5
2

k
Pr

nskT
ms

∂T
∂x

+O(ε2). (2.72)

Again, we observe consistency between the models when (1−νES) = 1/Pr. The species heat
flux is determined by the combination of Fourier law (term involving the temperature gradient)
and Dufour effect (term based on the diffusion effect). It is important to remember that only the
mixture energy is conserved, while species energy equations would contain a source term due
to the exchange of energy between the species. Note that if the species have the same mass, the
difference between us and u0 will vanish and the Dufour effect will not contribute to the heat
flux.
The main advantage of the proposed models lies in the definition of the Fourier part of the heat
flux. The thermal conductivity is qualitatively and quantitatively reproduced and the thermal
conductivity coefficient κs is recovered for both models as:

κs =
ε

ν

5
2

k
Pr

nskT
ms

=
ε(1−νES)

ν

5
2

k
nskT
ms

. (2.73)

2.7.4 Prandtl number

The Prandtl number for a gas mixture Prmix is evaluated from the gas mixture properties as:
Prmix = cpµ/κ , where cp =

5
2

k
m is evaluated with the mixture mass m = ρ/n, µ is the mixture

viscosity (Eq. (2.63)) and κ is the mixture thermal conductivity coefficient in front of the tem-
perature gradient, received from summing the heat flux expressions (Eq. (2.71) for the ES-based
model and Eq. (2.72) for the Shakhov-based model) over all species s.

Prmix =
cpµ

κ
=

5
2

k
m

ε

ν
nkT

ε

ν

5
2

k
Pr kT ∑s

ns
ms

=
Pr

∑s
ns
n

m
ms

, (2.74)



CHAPTER 2. MONOATOMIC MIXTURE KINETIC MODELS 67

where Pr = 1/(1−νES) for the ES-based model. The Prandtl number for a gas mixture is known
to vary with the mass and concentration of each species and the same conclusion is observed in
the expression for the Prmix. The maximum value of Prmix is found in the limiting case when
the gas mixture reduces to a pure gas and Prmix = Pr.

2.8 Summary of Findings

Two new kinetic models for binary gas mixtures of monoatomic gases were introduced. The
development of the two models was detailed. Both models were compared with an established
mixture model. The models were shown to have good mathematical properties and more specif-
ically:

• The Shakhov single-species and ES single-species models that address the Prandtl number
problem in the single-species BGK models are well understood. However, so far these
approaches had not been applied to gas mixtures. In this chapter the Shakhov- and ES-
based extensions were detailed correcting the Prandtl number for a binary mixture kinetic
model.

• The equilibrium functions in the collision term for the new mixture models were shown,
as well as the new target velocity and temperature values.

• The new models were shown to be consistent with previous work on mixture models.
They were shown to reduce to the initial mixture model for Prandtl number of 1.

• The models were shown to reduce to their single species Shakhov and ES models for
indifferentiable species.

• The H-theorem was proved for the ES-based mixture model.

• Conservation of mass per species, mixture momentum and mixture energy were demon-
strated for all models.

• The continuum limit for the uncorrected mixture model, the Shakhov-based mixture model
and the ES-based mixture models was derived and compared. The effect of the Prandtl
correction in the continuum limit was clearly identified.

• Species diffusion was accounted for with a relaxation parameter allowing the two species
velocities to separate.

• A third relaxation coefficient was introduced in both models to allow for the correct fit of
the thermal conductivity coefficient.
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• The three relaxation coefficients, the correctly fitted transport coefficients, as well as the
correct Prandtl number were defined and derived.

• The Shakhov-based mixture model and the ES-based mixture model were derived with
different equilibrium functions and target velocity and temperature expressions, but re-
duced to the same continuum limit.



Chapter 3

Numerical Evaluation of Mixture Kinetic
Models ∗

The goal of this chapter is to numerically validate the two new kinetic models introduced in
Chapter 2 for a range of high-speed flows and demonstrate their capabilities and limitations.
The mixture models are first shown to reduce to single species models for identical species and
are validated with known results. The indifferentiability principle is demonstrated numerically
in this chapter. The models are then validated against known numerical results for normal shocks
from the full Boltzmann equation, showing good agreement for species density and temperature
profiles. Moreover, the Shakhov- and ES-based models are compared with each other and with
the Groppi et al. model, showing the improvement of the shock profile caused by an extra
correct transport coefficient. Furthermore, the importance of the Prandtl number correction is
also demonstrated with the evaluation of the heat flux. A parametric study demonstrates the
variation in flow properties for different mass ratios between species and for different Mach
numbers. Finally, the models are evaluated for the more complex flow around a circular cylinder.
A parametric study shows the change in the flow-field when the temperature of the wall is varied
and when the mass ratio between species is increased. A detailed comparison of the results,
acquired with a DSMC solver, demonstrates promising results from both kinetic models.
To summarise, the novelty of the work presented in this chapter lies in the numerical application
of the two new kinetic models for gas mixtures, which are validated with well-established test
cases and assessed in detail for varied flow conditions.

3.1 Numerical Method

The two kinetic models are validated and tested for the profile of a normal shock wave and
the flow around a circular cylinder. The problem and solver setup are defined in this section,
together with the used non-dimensionalisation.

∗Published in Physics of Fluids and the European Journal of Mechanics - B/Fluids.
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3.1.1 Discrete Velocity Method

The results of the kinetic models are obtained using the discrete-velocity method [39] within the
Multi Physics Code (MΦC) [80,118] in-house framework. The method is chosen for its relative
simplicity, accuracy and deterministic nature (i.e. avoiding sampling errors). Possible molecular
velocities are uniformly spaced in a defined velocity domain. The domain varies according to
the initial conditions and is highly dependent on the Mach number. The number of molecular
velocities in the domain varies with Mach number and mass ratio between species. For the pro-
file of the normal shock wave 100 uniformly spaced discrete velocities are used, unless stated
otherwise (e.g. for mass ratios of 10 and more), while the number of discrete velocities increases
drastically for the two-dimensional cylinder case and is specified in the cylinder section for each
case. For two- and three-dimensional cases code parallelisation is necessary and for the pre-
sented cylinder case the code is parallelised in both space and velocity phase space.
The distribution function and the fluxes are evaluated for each of the velocities in every cell. The
moments of the distribution functions (macroscopic variables) are found by applying the trape-
zoidal rule. A finite-volume scheme and a second order Total Variation Diminishing (TVD)
time marching method [41, 42] are used to numerically discretise the models’ governing equa-
tion. Note that in contrast to a continuum solver, which stores only the macroscopic variables
in each cell, the two kinetic solvers, based on the DVM, require much more computational time
and memory. The difference in CPU time will be discussed in detail in the Chapter 4.

3.1.2 Problems Setup

All shock profile simulations are set with the same uniform spatial domain, where x∈ [−75Lre f ,

75Lre f ], which is discretised by 1200 cells in the x-direction. Note the domain is selected to
avoid the disturbances, downstream of the shock during the simulation, to reflect on the down-
stream boundary and affect the shock structure.
The setup of the problem is as follows: a flow with initial conditions undergoes strong non-
equilibrium changes through a normal shock wave to arrive at a different equilibrium state. The
state to state change is initialised with the Rankine-Hugoniot conditions for the macroscopic
variables and Maxwellian distributions are set at the two different initial equilibrium states.
To evaluate the models’ capability for two-dimensional flows, a high-speed flow past a cylinder
is presented. The flow is initialised with initial Mach number, species concentration, mass ra-
tio between species, rarefaction level and fixed wall temperature. Note the rarefaction level is
defined by a Knudsen number, based on the radius of the cylinder, where the radius has length
1Lre f , where Lre f depends on the reference time and reference velocity as shown in the follow-
ing subsections. Note that this is standard for kinetic modelling and it differs from the Knudsen
number definition based on the mean free path as in molecular modelling [119]. These differ-
ences are taken into account when comparison between the kinetic models and the Monte Carlo
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method is conducted. The Knudsen number is equalised between the two modelling approaches
and it is quoted based on the kinetic definition. The used geometry is a quarter of a cylinder
with a symmetry condition on the stagnation streamline as shown in Fig. 3.1. The spatial grid
consists of 36 blocks and 27864 cells for the Shakhov- and ES-based models. The DSMC setup
is described in the corresponding section.
Validation for the normal shock is performed by comparing with numerical results from the full
Boltzmann equation available in the literature. The validation and comparison of the flow past
a cylinder is through a comparison with solutions acquired through DSMC with the number of
particles and samples specified for each condition.

Figure 3.1: Mesh of cylinder and imposed boundary conditions.

3.1.3 Dimensional Reduction

In the one-dimensional formulation, the distribution functions are dimensionally reduced to
functions defined in one-dimensional velocity space to reduce computational cost [120]. Since
the mean velocities v0,w0 in the y and z-directions are zero, the species distribution function fs

reduces to translational gs and thermal hs energy component, as demonstrated in Eq. (3.1). The
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macroscopic variables are then found by taking moments of the reduced distribution functions:

gs =

∞�

−∞

fs dvdw,

hs =

∞�

−∞

(v2 +w2) fs dvdw. (3.1)

Therefore the solver uses four velocity distribution functions: two for each species to define the
flowfield. Note the dimensional reduction for the cylinder follows the same procedure but for
two-dimensional reduced functions by integrating out only the z-direction. This also leads to
four velocity distribution functions.
The macroscopic variables. found as moments of the reduced distribution functions, are then in
the form:

ns =

∞�

−∞

gsdu,

nsus =

∞�

−∞

ugsdu,

3
2

nskTs =
ms

2

[ ∞�

−∞

u2gsdu+

∞�

−∞

hsdu

]
− 1

2
ρsu2

s , (3.2)

3.1.4 Dimensionless Form

The macroscopic variables are non-dimensionalised and the reference values are described in
this subsection. The lighter species and its mass m1 are taken as reference at free-stream con-
ditions. All velocities are non-dimensionalised with the most probable speed ure f of the light
species. Elements of the anisotropic tensor for the ES-based model λ s

r are scaled per species
to preserve the scaling of the ES distribution functions the same as the distribution functions in
the Shakhov-based model - fr,gr,hr. Note the non-dimensionalisation presented is for the one-
dimensional flow formulation. The constant β = m2/m1 is the mass ratio in the expressions for
the distribution functions of the heavy gas and the reference values for non-dimensionalisation
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are:

ure f =
√

2kTr/m1, (3.3)

ρr = nrm1,

λ
s
r = RsTr =

kTr

ms
,

fr =
nr

u3
re f

=
nr(

2kTr/m1
)3/2 ,

gr =
nr

ure f
=

nr√
2kTr/m1

,

hr = nrure f = nr
√

2kTr/m1,

β = m2/m1,

qr =
1
2

nrm1u3
re f = nrkTr

√
2kTr

m1
,

Lre f =
ure f

tre f
=

ure f

τre f
=

ure f µre f

pre f
.

In the kinetic model, the reference length Lre f is defined by reference time and velocity, where
the tre f = τre f - the collision time, expressed from the mixture pressure and viscosity at reference
conditions. The reference viscosity is taken for a variable cross-section hard sphere model
(VHS), which depends on the molecular potential ω and the mean free path for a VHS model,
as described in [119] and by Eq. (3.4) :

µre f =
15
2

λre f ρ

√
2πkT
mmix

1
(7−2ω)(5−2ω)

, (3.4)

where the mass of the mixture mmix = ρ/n. Note that for a hard sphere model, the molecular
potential is ω = 0.5, which reduces the expression for the viscosity to:

µre f =
5

16
λre f ρ

√
2πkT
mmix

. (3.5)

This allows for comparison with a variety of models, where the mean free path λre f is taken as
a reference length. Note that in the following section the hard sphere model and Eq. (3.5) are
used for a comparison with the Boltzmann solution [9] for the normal shock wave simulations
and the variable hard sphere model and Eq. (3.4) are used for the validation with DSMC for the
flow around a cylinder. The resultant reference length is:

Lre f =

√
2kT
m1

15
2 λre f ρ

√
2πkT
mmix

1
(7−2ω)(5−2ω)

nkT
=

15
√

π

(7−2ω)(5−2ω)
λre f

√
mmix

m1
, (3.6)

Lre f =
15
√

π

(7−2ω)(5−2ω)
λre f

√
n1m1 +n2m2

m1(n1 +n2)
.
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The ratio of the two reference lengths Lre f for the kinetic models and λre f for the validation
models is the required scaling factor with all variables taken at free-stream conditions:

Lre f

λre f
=

15
√

π

(7−2ω)(5−2ω)

√
n1 +βn2

n1 +n2
. (3.7)

3.1.5 Normalised Values

The macroscopic quantities presented for the shock wave are normalised following Kosuge’s
approach [9], where y is the macroscopic variable, Y− is the pre-shock value of y and Y+ is
post-shock:

ỹ =
y−Y−

Y+−Y−
. (3.8)

Note that the tilde is omitted from here on for simplicity. Also, the origin of the plots (X = 0) is
defined at the location where the total number density is exactly half of the sum of the pre-shock
and post-shock values.

3.2 Normal Shock Wave

3.2.1 Single Species Recovery

The numerical evaluation of the models begins with an investigation of the structure of a normal
shock wave. The first step is to demonstrate that the two models collapse to a single-species
model not only theoretically as in Chapter 2, but also numerically. This means that for the same
properties of the two species, the binary-mixture model satisfies the indifferentiability principle
and recovers the single-species Shakhov-model and ES-model respectively. We will show that
the single-species models are recovered and we will validate the results by a comparison with
the solution for a single-species normal shock wave.
There are two main points to be made here. First, a mixture of two gases with the same mass,
initial velocity and temperature is inspected. Each gas is at 50% concentration. Numerically
there is nothing to push the two gases to separate and we expect to observe equal species macro-
scopic properties through the shock, e.g. n1 = n2, u1 = u2, T1 = T2, etc.
In Fig. 3.2 (a) and (b) the Shakhov- and ES-based solvers respectively are tested to confirm that
the species variables will collapse into one. The species number densities, species velocities
and species temperature are plotted with a solid line for species 1 and dashed line for species 2.
The results between species 1 and 2 match exactly for each solver, confirming that for identical
species masses, the species do not separate from each other.
The second proof is to compare the total macroscopic properties of the gas ρ, u0, T and vali-
date the results against single species results. This test case is well-studied and there are suitable
experimental, e.g [121], and numerical results, e.g [8, 78, 122]. As described earlier, the power
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(a) Shakhov-based results (b) ES-based results

Figure 3.2: Profile of a normal shock wave with a free-stream Mach number 3.0, a mass ratio
between species β = 1 and equal concentration between the species of 50%.Comparison of
species macroscopic variables. Results for the Shakhov-based model shown in (a), with results
for ES-based model in (b).

law for the viscosity is used in the Shakhov- and ES-based solvers with a molecular potential
ω . The results from Ohwada are for a hard-sphere and therefore, ω = 0.5, while the Suther-
land law is found most suitable to compare against Alsmeyer’s results. In Fig. 3.3 the results of
the Shakhov-based and ES-based models in blue and green are validated with the results from
Ohwada [8] (red elements) for flow with free-stream Mach number M∞ = 3. This also allows
for a comparison between the two kinetic models. The mixture density ρ and velocity u0 follow
closely the results from Ohwada. The Shakhov- and ES-based results have a longer upstream
tail, as can be expected in results of BGK-type models. This effect can also be observed in the
early decrease of the mixture velocity u0 of the models in comparison to the mixture velocity
from Ohwada. It is further pronounced in the higher moments of the distribution function: the
mixture temperature T , where the variation is more significant. The Shakhov-based model pre-
serves the profile of the shock better than the ES-based model for a single species gas, which has
been observed previously [47]. The main goal of the investigation in this section was to demon-
strate numerically that the mixture Shakhov- and ES-based kinetic models have the capability
to reduce to single-species models. Indeed, the results show that for identical molecular mass of
the species the single-species Shakhov and ES models are recovered.

3.2.2 Normal Shock of a Gas Mixture

The numerical evaluation of the mixture models continues with an investigation of the structure
of a normal shock wave for a binary gas mixture comprised of two distinguishable gases. The
profile of the shock wave is studied for gases with different mass and with mean species veloc-
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Figure 3.3: Profile of a normal shock wave with a free-stream Mach number 3.0, a mass ratio
between species β = 1 and equal concentration between the species of 50%. Comparison of
total mixture variables with the single-species full Boltzmann equation [8].

ities and temperatures that are allowed to deviate. The goal is to inspect the effect of different
free stream conditions (Mach number, ratio of masses and concentration ratio) on the profile of
the shock. A viscosity law with ω = 0.5 is used for a hard-sphere mixture model, except for one
case where the variable hard sphere with ω = 0.72 is used to inspect the effect of the molecular
potential on the shock. Test case conditions are summarised in Table 3.1.

M∞ m2/m1 n1/n ω

1.5 2 0.9 0.5
1.5 4 0.9 0.5
1.5 4 0.9 0.72
1.5 2 0.5 0.5
3 2 0.9 0.5
3 2 0.5 0.5

Table 3.1: Test case conditions for a normal shock wave (DVM)

Figures 3.4 and 3.5 show the results obtained by the Shakhov-based model in blue and ES-based
model in green, while the Groppi et al.’s model is presented with black lines. For the three ki-
netic models the light gas macroscopic variables are presented with solid lines (species 1) and
the heavy gas variables are with dashed lines (species 2). We validate against the results from
the full Boltzmann equation [9], which are presented by the red elements- squares for species 1
and triangles for species 2.
Figures 3.4 and 3.5 show the normalised number density and temperature for each species
through the shock profile under the specified conditions. Figures 3.4 (a) and (c) focus on com-
paring the Shakhov and ES-based models with Kosuge’s full Boltzmann model for two different
free-stream Mach numbers: M∞ = 1.5 and M∞ = 3 . Combining the higher velocities with a gas
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having predominantly the light component leads to an overshoot of the heavy species’ tempera-
ture, which is a known numerical result [23]. The results from the new BGK-type models follow
closely the full Boltzmann results and match well with each other. For normal shocks at higher
Mach numbers, longer upstream tails for the species temperatures are observed. This is a known
disadvantage of all BGK-type models and the introduced corrections in the two kinetic models
cannot target this drawback. This result is also observed for the uncorrected model in figure 3.4
(b) and (d). Comparing the results of the two new models, we can see that the upstream tail is
more pronounced in the ES model than in the Shakhov-based model, consistent with observa-
tions for single-species simulations based on ES and Shakhov models [47]. The Shakhov model
with Prandtl number Pr = 1 eliminates the introduced correction (Fig. 3.4 (b)) and the same
happens when the ES-based model is simulated with νES = 0 (Fig. 3.4 (d)). These conditions
allow to demonstrate the results that can be obtained by the original Groppi et al. model [64].
The original model follows the results of the full Boltzmann equation, but clearly reveals the
changes the new models introduce. The difference is emphasised for more extreme conditions.
For a higher Mach number (Fig. 3.4 (c) and (d)) Groppi et al.’s model moves further away from
the target solution, while the Shakhov- and ES-based models preserve the structure of the shock
wave more closely.
Further validation and parametric study show the change of the flow with the increase of the
mass ratio from 2 to 4 on figure 3.5 (a). An example setup of a mixture of noble gases with
these mass ratios are the mixtures of neon and argon and neon and krypton correspondingly.
The shock thickness increases and the shock front is more gradual with an increasing mass ratio
between species. The solutions demonstrate that increasing the mass ratio leads to changes in
the flow further upstream in the flow, since the lighter gas’s faster reaction to the shock is en-
hanced in comparison to the heavy gas. This phenomenon has previously been confirmed for
monoatomic and diatomic gas mixtures with the generalised Boltzmann equation [123].
All simulations until now were performed for a hard sphere model in order to compare with
the Boltzmann solution. The effect of molecular model is inspected by comparing at the same
free-stream conditions and changing the viscosity power law - see figures 3.5 (a)-hard-sphere
model (ω = 0.5) with (b)-variable hard-sphere model (ω = 0.72). The changes in the shock
profile from introducing the different molecular potential are small in comparison to the change
caused by the Prandtl number correction, which is the desired result.
Two more cases with 50% concentration for each component and mass ratio of 2, but under
different Mach numbers (M∞ = 1.5,3) allow to solely examine the effect of the ratio of light
to heavy species in the flow (Fig. 3.5 (c) and (d)). The figures show that the shock thickness
reduces with the increase of heavy species in the flow and the structure becomes steeper overall,
which corresponds to the properties of the heavy species observed until now.
Note that for any pure monoatomic gas the Prandtl number is 2/3, while it is known that for a
binary mixture of monoatomic gases it is reduced, according to the mass ratio and species con-
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(a) M = 1.5; m2/m1 = 2; n1/n = 0.9 (b) M = 1.5; m2/m1 = 2; n1/n = 0.9;
Pr = 1
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(c) M = 3; m2/m1 = 2; n1/n = 0.9 (d) M = 3; m2/m1 = 2; n1/n = 0.9;
νES = 0

Figure 3.4: Validation and comparison of the Shakhov and ES-based models with Kosuge’s
full Boltzmann model [9] and without the added corrections for flow conditions: (a) M =
1.5; m2/m1 = 2; n1/n = 0.9 (b) M = 1.5; m2/m1 = 2; n1/n = 0.9; Pr = 1. (c) M = 3; m2/m1 =
2; n1/n = 0.9 (d) M = 3; m2/m1 = 2; n1/n = 0.9; νES = 0.

centration [114, 115]. For 90% concentration of the lighter species, the mixture Prandtl number
remains close to the target Prandtl number (Pr = 2/3), i.e. the resultant mixture Prandtl number
is Prmix = 0.638, however for n1/n = 50% and m2/m1 = 2 it reduces to Prmix = 0.593. Increas-
ing the mass ratio to m2/m1 = 10, e.g. for a helium-argon mixture can decrease the mixture
Prandtl number to ≈ 0.22 , making the Shakhov and ES-based corrections further pronounced.
Characteristic features of the problem are observed, including the lighter species (species 1)
reacting faster to the shock, while the temperature rise of the heavy species T2 is steeper and
crosses T1. Species mean velocities and number densities also react at different rate but unlike
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(a) M = 1.5; m2/m1 = 4; n1/n = 0.9 (b) M = 1.5; m2/m1 = 4; n1/n = 0.9;
ω = 0.72
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(c) M = 1.5; m2/m1 = 2; n1/n = 0.5 (d) M = 3; m2/m1 = 2; n1/n = 0.5

Figure 3.5: Validation of the Shakhov and ES-based models with Kosuge’s full Boltzmann
model [9] for flow conditions: (a) M = 1.5; m2/m1 = 4; n1/n = 0.9 (b) M = 1.5; m2/m1 =
4; n1/n = 0.9; ω = 0.72. (c) M = 1.5; m2/m1 = 2; n1/n = 0.5 (d) M = 3; m2/m1 = 2; n1/n =
0.5.

the temperatures do not intersect at any point. Based on the validation and parametric study
shown, a good agreement with the results by Kosuge et al. [9] is evident. Note that the findings
in this section are verified with the more detailed results of the full Boltzmann model and are
consistent with the trends of other BGK-based models [58, 59]. From the results for the normal
shock waves, the Shakhov-based model shows a slightly better behavior upstream of the shock
wave in comparison to the ES-based model. Given the fact that the numerical complexity for
this model is also lower, this model is the preferred choice for normal shock wave simulations.
The relative merit for both models will be further assessed for a cylinder later in this chapter and
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for a wider range of test cases in future studies.

3.2.3 Heat Flux

The two models introduce changes that provide a correct third transport coefficient: the thermal
conductivity in the continuum limit, leading to a correct Prandtl number for the gas mixture.
This affects all variables, defining the flow, but mostly the heat flux. In the present work the
difference of the heat flux prediction is demonstrated for the Groppi et al.’s [64], Shakhov-based
and ES-based models through the normal shock. Moreover, the results are evaluated against the
results from the full Boltzmann equation [9]. Figure 3.6 inspects the total heat flux variation
through a normal shock wave of the same test cases: for free-stream Mach numbers 1.5 and 3,
mass ratio of 2 and 90 percent light species concentration. On the plot we see the variation of
the non-dimensionalised heat flux through the normal shock, defined as:

q̃ =− q(x)

pr

√
2kTr
m2

, (3.9)

where here q(x) is the dimensional heat flux through the shock and the q̃ the heat flux non-
dimensionalised as in the results provided by the full Boltzmann equation [9] and the tilde is
omitted as we proceed. The reference pre-shock pressure and temperature are pr and Tr with
m2- the heavy species mass. This non-dimensionalisation is done to match with the results of
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Figure 3.6: Non-dimensional total heat flux for the gas mixture q for the Shakhov-based, ES-
based and Groppi et al. models through a normal shock wave with free stream Mach numbers
1.5 (shown in (a)) and 3 (shown in (b)), mass ratio β = 2 and light-species concentration 90%.
Results are evaluated against gas heat flux result from the full Boltzmann equation, provided to
us by the authors of the paper showing normal shock wave results with the Boltzmann equation
[9].
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the full Boltzmann equation, provided by the authors of the paper showing normal shock wave
results with the Boltzmann equation [9], shown with red elements in Fig. 3.6. Note that heat
flux is a combined effect between the thermal conduction and the Dufour effect. Our models fix
only the thermal conductivity coefficient and the Dufour effect is not correctly fitted, which will
offset the results for the total heat flux. However, for the described cases, this offset is small
since the thermal effect is much stronger than the diffusion effect in the flow and is dominating
the heat flux.
The heat flux, which is a macroscopic variable corresponding to a higher order moment, vary
over a more spread-out region, covering approximately 60% larger number of mean free paths.
We observe a difference between the two new models of 4.1%, while the Shakhov-based and
Groppi et al.’s models differ by a total of 20.5%. This emphasises the importance of fitting cor-
rectly the transport coefficients and in particular the thermal conductivity.
Comparing with results from the full Boltzmann equation, the results for the heat flux from the
Shakhov- and ES-based models demonstrate the capability of the two models to capture the heat
flux correctly through the shock and it’s maximum. Recovering the heat flux is a key advantage
of the two new kinetic models.
When comparing the accuracy of the models, the same longer tail, inherent to BGK-style mod-
els, is evident through the shock as in the species temperature profile. This is an expected feature
due to the relationship between the translational temperature and the heat flux. Note that the ES-
based model has an even longer upstream tail, which is further pronounced with the higher Mach
number. In Fig. 3.6 we observe that the Shakhov-based model shows good agreement with the
benchmark results, preserving the maximum and downstream tail of the heat flux.
Previously, we observed that the Shakhov-based model is matching the results for the single-
species high speed flow through a normal shock more closely than the ES-based model. Fur-
thermore, for both gas mixture cases, the Shakhov-based model performs better than the ES-
based model. Therefore, the parametric study on the species mass variation and Mach number
variation in the next sections will be performed with the Shakhov-based model.

3.2.4 Species Mass Ratio Variation

In this section a parametric study is conducted for a varying mass ratio between species. The
Shakhov-based model is used to investigate the effect. The number of discrete velocities is 100
for the smaller mass ratios, but increases to 200 for mass ratios β = 10,20 and 32.8 for better
resolution of the velocity space. The solver is initialised at the same Mach number M∞ = 1.5,
concentration of light species gas 90% and varied mass ratio. The velocity is defined from
a fixed Mach number, but the speed of sound a is defined with the mass of the gas mixture.
Therefore, us = M∞a = M∞

√
γ

k
mmix

T , where mmix = ρ/n. After non-dimensionalisation the
direct relationship between the velocity and the mass ratio β is clear. The velocity is initialised
from the set Mach number and the initial macroscopic variables and the non-dimensional initial
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velocity is in the form:

us = M∞

√
γ

2
n1 +n2

n1 +βn2
T ; s = 1,2, (3.10)

where γ = 5/3 for a monoatomic gas. Therefore, for a fixed Mach number and increasing mass
ratio β , the initial velocity reduces. Note if the velocity is fixed instead, the Mach number will
change for each mass ratio.
Increasing the mass ratio between the two species would lead to a bigger difference between
their velocities and temperatures due to different behavior of atoms with a mass difference.
However, the initial velocity reduces due to the mass ratio increase and creates a counter-effect.
In Fig. 3.7 the velocity variation udi f f through the shock is presented, where udi f f = u2− u1.
For the initial increase of mass ratio, the variation between the species increases as expected
for species with bigger difference between their masses. However, the difference between the
species velocity increases until it reaches its limit between mass ratios β = 4 and β = 10. The
lower initial velocity begins to counter this effect and for bigger and bigger mass ratios of 20 or
32.8 the velocity reduction is the dominating effect. Note that a simple substitution in Eq. 3.10
shows that the initial velocity at the specified conditions for β = 32.8 is close to half of the initial
velocity for β = 2, due to the speed of sound change. Notice also that even though the peak of the
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Figure 3.7: Non-dimensional species velocity difference u2− u1 through a normal shock wave
with free stream Mach number 1.5, light species gas 90% and varied mass ratio from 2 to 32.8
between species.

difference between the species velocity decreases for a higher mass ratio, the number of mean
free paths (using reference conditions) required for the velocities to become in equilibrium with
each other increases. The difference between velocities is 0 at the far upstream and downstream,
while when the flow approaches the shock this u2−u1 increases and it decrease back to 0 post
shock. In Fig. 3.7 the shock wave with the mass ratio of 2 has difference in species velocities
for approximately 24 mean free paths, while for a mass ratio of 32.8 the distance increases to 75
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mean free paths for the velocities to equalise again to the gas mixture velocity behind the shock.
This demonstrates that the flow non-equilibrium caused by the higher mass ratio between species
is governing an extended region.

3.2.5 Mach Number Variation

The variation between species velocity and species temperature is tested in this section for dif-
ferent Mach numbers. Using the Shakhov-based model a parametric study is conducted based
on a flow with light-species concentration 90% , mass ratio between species β = 2. In Fig. 3.8
the species velocity and temperature differences are plotted for Mach numbers M∞ = 1.5,3 and
6. The light species reacts first to the shock (i.e. furthest upstream of the centre of the shock)
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Figure 3.8: Non-dimensional species velocity difference u2−u1 (in (a)) and species temperature
difference T2−T1 (in (b)) through a normal shock wave for a varied free stream Mach number
of 1.5, 3 and 6, mass ratio between species β = 2 and light-species concentration 90%.

and u1 decreases first, creating the difference between the two velocities. The species velocity
difference increases with the increase of Mach number and for M∞ = 6 it is represented by a
sharp spike. Moreover, the highest Mach number creates a difference between the velocities in
the flow for a bigger range of mean free paths, due to the light gas reacting to the shock wave
very early to the shock. Meanwhile, the shock with M∞ = 1.5 is spread out and gradual rather
than steep. When the difference between velocities is normalised by the gas mixture velocity u0

for each Mach number, the peak value of M∞ = 6 is approximately 4.8 times the peak value of
M∞ = 1.5 test case, while M∞ = 3 is approximately 3.7 times the peak value of M∞ = 1.5 test
case.
The temperature difference Tdi f f = T2−T1 is presented in Fig. 3.8 (b). The relative variation in
the temperature is bigger than the velocity. The lighter gas reacts quicker to the shock and the
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light species temperature T1 increases first creating a negative T2−T1 difference. The increase
of the heavy gas is steep and the difference between T2−T1 changes sign through the shock and
becomes positive. The difference between temperatures is evident for the M∞ = 1.5 test case,
but quite small in comparison to the difference created by M∞ = 6 test case. We confirm that
increasing the Mach number has a significant effect on the species properties. Therefore, for
higher velocities, the importance of modelling of the flow as a gas mixture is further empha-
sised.
In the next section, a more complex two-dimensional flow at Mach M∞ = 3.0 is investigated.

3.3 Cylinder

3.3.1 Flow Past a Cylinder

A more complex test case - a two-dimensional flow over a circular cylinder with 48× 48 and
64× 64 (for the higher mass ratio) uniformly spaced discrete velocity meshes, is investigated.
The Shakhov-based model is used to simulate the flow around the cylinder in this first section,
while in the next section the two kinetic models are validated and compared. In Fig. 3.9 and 3.10
a flow with free-stream Mach number 3, Knudsen number 0.1, based on the radius of the cylinder
and the reference length at free-stream conditions with light species concentration 90 percent of
the gas is presented. The formed bow shock is well-resolved on the used mesh (27864 cells),
i.e. with on average 25 cells covering the width of the shock. Fully-accommodating diffuse wall
boundary conditions are used for the solid wall. We know from previous simulations that the
largest differences between species occur in regions with strong non-equilibrium effects. We
also know that the lighter species (species 1) reacts faster to those changes and then the heavier
gas (species 2) has to catch up until they find a balance. In Fig. 3.9 the variation between species
mean velocity is shown, while Fig. 3.10 focuses on the variation between species temperature.
In the vicinity of the shock, the velocity of the lighter gas u1 starts decreasing first and the
difference between the two species u2− u1 increases, until species 2 catches up post shock.
Unlike the velocities, the heavy species temperature has a steeper slope, increases faster and
crosses the lighter species temperature in the shock wave. This we can clearly observe in the
plots. Temperature T1 increases first, creating a negative T2-T1 difference in blue and then T2

catches up and surpasses T1 leading to a positive temperature difference T2- T1 in red.
Each figure contains three plots with varied conditions. In Fig. 3.9 (a) and (b) and Fig. 3.10 (a)
and (b) the mass ratio between species is 2 and the assigned wall temperature is changed from
Twall = 1.5T∞ in (a) to Twall = 2.5T∞ in (b) to inspect the sensitivity of the flow field with respect
to the imposed wall temperature. The non-equilibrium effect in the flow through the bow shock,
expressed by the difference in species velocities and temperatures, is not affected by the changes
of the wall temperature. For the considered wall temperatures, the shock stand-off distance is
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not significantly changed.

(a) m2/m1 = 2, Twall = 1.5T∞ (b) m2/m1 = 2, Twall = 2.5T∞ (c) m2/m1 = 4, Twall = 1.5T∞

Figure 3.9: Non-dimensional species velocity drift u2−u1 in a binary mixture flow over a cylin-
der (velocity is non-dimensionalised with the most probable speed of the lighter gas) with initial
Mach number 3, mass ratio between species β = 2 and 4, light-species concentration 90%,
Knudsen number Kn = 0.1 and wall temperature Twall = 1.5 and 2.5. Results were obtained
with the Shakhov-based model. (a) m2/m1 = 2, Twall = 1.5T∞, (b) m2/m1 = 2, Twall = 2.5T∞,
(c) m2/m1 = 4, Twall = 1.5T∞.

Changing the mass ratio between species to 4, however, affects the species mean velocities and
temperatures significantly, as we can see in Fig. 3.9 (c) and 3.10 (c). For the higher mass ratio,
the non-equilibrium effects and species differences are stronger. The same is observed for the
species temperature drift. This is consistent with the behaviour observed previously for the
normal shock simulations.

3.3.2 Validation with DSMC Simulations

Until now we were focused on emphasising the difference between species mean properties as
a way of establishing the non-equilibrium of the flow. The discussed results were obtained with
the Shakhov-based kinetic model. We now consider the stagnation streamline (the streamline
on which the stagnation point lies) for the same two flows past the circular cylinder with free-
stream Mach number 3, Knudsen number 0.1 and a mass ratio of 2 and 4. The goal of this study
is to compare the Shakhov- and the ES-based models with DSMC results. The DSMC solver
used in this work is dsmcFoam+ [124] and results were provided by Dr. Craig White. To remain
consistent with the kinetic models the Mach number (M∞ = 3) is based on the gas constant of
the mixture and the Knudsen number is defined as for the kinetic models, as described in detail
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(a) m2/m1 = 2, Twall = 1.5T∞ (b) m2/m1 = 2, Twall = 2.5T∞ (c) m2/m1 = 4, Twall = 1.5T∞

Figure 3.10: Non-dimensional species temperature drift T2−T1 in a binary mixture flow over
a cylinder with initial Mach number 3, mass ratio between species β = 2 and 4, light-species
concentration 90%, Knudsen number Kn= 0.1 and wall temperature Twall = 1.5 and 2.5. Results
were obtained with the Shakhov-based model. (a) m2/m1 = 2, Twall = 1.5T∞, (b) m2/m1 = 2,
Twall = 2.5T∞, (c) m2/m1 = 4, Twall = 1.5T∞.

in Section 3.1.2. In both cases, the light species is neon, with argon and krypton being used for
the mass ratios of 2 and 4, respectively. Note that the molecular mass of krypton was slightly
modified to get an exact ratio of 4. The variable hard sphere collision model is used (ω = 0.72),
with fully diffusive reflections considered for the cylinder surface interactions. As before, the
cylinder wall temperature is held constant at 1.5T∞. The DSMC simulation is set up as described.
The numerical meshes consist of 40000 cells that are smaller near the stagnation point in order
to ensure that all cells are smaller than the local mean free path. The total freestream number
density is 3.11x1019m−3, which consists of 90% neon and 10% argon for the first test case at
β = 2. A viscosity coefficient of 0.72 and a reference temperature of 273K is used for both
species to maintain consistency with the kinetic models developed in this work. The variable
hard sphere mean free path of the mixture is 8.54x10−2m. A freestream temperature of 300 K is
used and a velocity of 1299.8m/s to give a Mach number of 3. A time step of 5x10−6s is used
and 274000 samples were taken after steady state was reached to reduce the numerical scatter in
the results. There are 70 DSMC particles per cell in the free-stream and approximately 3.04x106

particles in the simulation at steady state. All gas-surface interactions are considered to be fully
diffusive with a wall temperature of 450 K. The described test setup is identical for the two mass
ratios. The DSMC results are shown in black lines, while the Shakhov-based and ES-based
solutions are in blue and green respectively. We plot the non-dimensional number densities and
temperatures through the shock and until the solid is reached at x/R =−1, where R is the radius
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of the cylinder (x = 0 at the cylinder centre).
In Fig. 3.11 the non-dimensionalized total number density n and the heavy gas number density
n2 are shown. Physically, the gas undergoes a compression effect through the shock and then
towards the stagnation point of the cylinder, demonstrated by the increase in number density.
Figure 3.11 shows good agreement in the stagnation streamline density profiles predicted by
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Figure 3.11: Comparison of the total number density (in (a)) and heavy species number density
(in (b)) for the Shakhov and ES kinetic models with DSMC results for Mach number 3, mass
ratio β = 2, light species concentration 90%, Knudsen number Kn = 0.1 and Twall = 1.5T∞.

dsmcFoam+ and the kinetic models, with the ES-based model slightly closer to the DSMC than
the Shakhov-based model for the total number density, while the heavy gas number density’s
profile is also matching closely with the ES-based model. Notice that the number density for
both kinetic models reaches a maximum value of approximately 8 times the free-stream number
density in the center of the cell neighbouring the wall of the cylinder, while DSMC predicts ap-
proximately 7.55 times the free-stream value. A possible explanation for this effect is the better
flow resolution in the near-wall region in the kinetic simulations, originating from the finer mesh
used in this region as compared to the DSMC mesh.
The mixture temperature is shown on Fig. 3.12 (a). The temperature jump is caused by the shock
and later on relaxes, going into the boundary layer of the cylinder towards the prescribed wall
temperature Twall = 1.5T∞. The figure shows a reasonable agreement in the stagnation stream-
line temperature profile for the gas mixture. The longer tail upstream of the shock appears for
both models in comparison to DSMC, with a more pronounced effect in the solution by the ES-
based model. In this first region of the bow shock the Shakhov-based model solution matches
closer to the solution by DSMC. However, the peak of temperature provided by the ES-based
model predicts the DSMC results better than the Shakhov-based model. Near to the solid wall
the gas mixture temperature of the kinetic models closely approaches the fixed wall temperature
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Figure 3.12: Comparison of the mixture temperature (in (a)) and the species temperature drift
(in (b)) for the Shakhov and ES kinetic models with DSMC results for Mach number 3, mass
ratio β = 2, light species concentration 90%, Knudsen number Kn = 0.1 and Twall = 1.5T∞.

Twall = 1.5T∞ in the first cell above the wall in the stagnation point for the two kinetic models
(T = 1.75T∞) and so does the DSMC solution (T = 1.77T∞).
It is very interesting to observe the variation between species temperature T2− T1 (Fig. 3.12
(b)). As in the normal shock study, the increase in T1 is faster and therefore negative difference
between the temperatures T2−T1 is seen in the first part of the shock. Then a steeper growth of
the heavy species temperature, creates a positive T2−T1 difference, until we reach equilibrium,
where the species temperatures are equalised. The kinetic models follow qualitatively the results
by DSMC, but the increase of the temperature of the light species is larger. The DSMC results
display some statistical scatter, since the heavy gas species is only 10% of the gas mixture and
therefore a trace species in the DSMC simulation. This means the number of particles for the
heavy species is only 10% of the total number of particles at the imposed boundary condition in
the free-stream. This makes reducing the statistical scatter challenging with the use of constant
particle weighting factors. Here we observe one of the benefits and motivations of kinetic mod-
elling with DVM - the lack of statistical scatter for these type of flows with small concentrations
of one of the species, of course at a large memory overhead.
Considering the higher mass ratio β = 4, a gas mixture of neon and krypton is simulated by
DSMC. The setup closely resembles the neon-argon mixture. Again, the total free-stream num-
ber density is 3.11x1019m−3, which consists of 90% neon and 10% krypton. The variable hard
sphere mean free path of the mixture is 8.31x10−2m. The freestream velocity to achieve Mach
number 3 is 1194.51m/s with this gas mixture. Note that for the same Mach number and differ-
ent mass ratios, the freestream velocity has decreased. This is consistent with the findings from
the normal shock wave results in the previous section. All other simulation parameters are the
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same as for the neon-argon mixture described above. Figure 3.13 shows very good agreement
in the stagnation streamline density profiles predicted by dsmcFoam+ and the kinetic models.
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Figure 3.13: Comparison of the total number density (in (a)) and heavy species number density
(in (b)) for the Shakhov and ES kinetic models with DSMC results for Mach number 3, mass
ratio β = 4, light species concentration 90%, Knudsen number Kn = 0.1 and Twall = 1.5T∞.

Figure 3.14 (a) shows good agreement in the stagnation streamline temperature profile for the
gas mixture. The shock stand-off distances of the two kinetic models are similar to each other
and to the DSMC results. The peak temperature is also lower in the DSMC results than for the
kinetic models, while the Shakhov-based model is closer to the DSMC prediction.
The difference between species temperatures in Fig. 3.14 (b) is well captured by the kinetic
models and DSMC in its decrease, while the increase predicted by dsmcFoam+ has a signifi-
cantly greater peak temperature difference than the kinetic models. The DSMC results do not
exhibit as much scatter as the lower mass ratio, because the non-dimensional temperature differ-
ences between the species are greater at the higher mass ratio. For the higher mass ratio, the two
kinetic models are fairly close to each other, while the Shakhov-based model matches DSMC
slightly better than the ES-based model in first part of the bow shock region.
Even though the differences between DSMC and the kinetic models are discussed in detail, they
are very small and we consider the validation of the kinetic models with DSMC successful.
Overall, the comparison between Shakhov-based, ES-based and DSMC shows good agreement
and further inspection of different parameters like Mach number and concentration are consid-
ered part of future work.

3.3.3 Surface Heat Flux and Pressure

The heat flux and pressure along the surface of the cylinder are of particular interest for indus-
trial applications. Two cases are investigated for the same conditions as in the previous section
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Figure 3.14: Comparison of the mixture temperature (in (a)) and the species temperature drift
(in (b)) for the Shakhov and ES kinetic models with DSMC results for Mach number 3, mass
ratio β = 4, light species concentration 90%, Knudsen number Kn = 0.1 and Twall = 1.5T∞.

and the results from the Shakhov-based mixture model and the DSMC method are compared.
The kinetic model is presented by red elements and DSMC with black elements for both heat
flux (Fig. 3.15) and pressure (Fig. 3.16) results. Note that the heat flux non-dimensionalisation
is consistent with Kosuge’s [9] approach and is described in Section 3.2.3, while pressure is
scaled with the free-stream pressure. In the figures the heat flux and pressure are plotted on the
ordinate, while the abscissa shows the cylinder angle as measured from the center (X = 0.0),
where the stagnation streamline is in line with 0 degrees and 90 degrees is the point where the
cylinder surface is parallel to the free-stream.
The results from the DVM show good agreement with results from DSMC. The value of the
non-dimensional heat flux at the stagnation point is greater for the larger mass ratio. The peak
of the heat flux is at the stagnation point where the difference between DVM and DSMC results
is 0.73% for β = 2 and 1.85% for β = 4. The difference between the results from the kinetic
model and DSMC decreases along the cylinder surface. At the top of the cylinder (90deg) the
non-dimensional heat flux has values under 1 (for β = 2, q = 0.86) and just above 1 (for β = 4,
q = 1.12), as observed in Fig. 3.15 (a) and (b). Some discrepancies are observed in the last few
cells, most likely due to the imposed boundary conditions. For DVM the extrapolation boundary
condition is applied on the outflow boundary face. Meanwhile, the vacuum boundary condition
imposed for DSMC is only strictly accurate for Mach number >> 1. Close to the cylinder sur-
face, the flow is subsonic and therefore both boundary conditions are not strictly valid, although
both are widely used for this kind of cylinder test cases. This is further pronounced in the results
for the pressure on the cylinder surface and discussed in more detail below.

The gas mixture pressure along the cylinder surface for the two mass ratios is shown in
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Figure 3.15: Comparison of the surface heat flux along the cylinder for the Shakhov-based
kinetic model with DSMC results for Mach number 3, mass ratio β = 2 (in (a)) and β = 4 (in
(b)), light species concentration 90%, Knudsen number Kn = 0.1 and Twall = 1.5T∞.

Fig. 3.16 (a) and (b). There is a good comparison between the kinetic model and DSMC from the
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Figure 3.16: Comparison of the surface pressure along the cylinder for the Shakhov-based ki-
netic model with DSMC results for Mach number 3, mass ratio β = 2 (in (a)) and β = 4 (in (b)),
light species concentration 90%, Knudsen number Kn = 0.1 and Twall = 1.5T∞.

stagnation line to approximately 70deg. Beyond that, for both mass ratios the surface pressure
predicted by the kinetic model is higher than the DSMC prediction. Most likely this is due to
the outflow boundary conditions imposed by the two solvers for a flow that is not supersonic in
this region.
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3.4 Summary of Findings

The two newly introduced kinetic models for binary gas mixtures were tested and evaluated
through simulations examining the structure of a normal shock wave and the high speed flow
over a cylinder. Results show:

• Indifferentiability principle was demonstrated numerically, showing the two species col-
lapse into one under the same conditions.

• The single species profile of a normal shock wave was inspected and results for the macro-
scopic variables were validated with known results in the literature.

• A detailed evaluation of the profile of a normal shock for a gas mixture with different
masses was conducted for varied free-stream conditions.

• Previously, detailed numerical tests were not conducted in such detail in the literature for
single-relaxation mixture kinetic models with two or more correct transport coefficients.
In this Chapter, results acquired by the Shakhov-based, ES-based and the Groppi et al.
(with Pr = 1) mixture models were presented for varied free-stream conditions.

• A detailed evaluation of the three mixture model showed the correction of the third trans-
port coefficient and the Prandtl number advantage and good agreement between the two
mixture models and the Boltzmann results was observed.

• The results for the total heat flux through the shock for the two corrected models and the
uncorrected model compared with the Boltzmann results further emphasized the impor-
tance of a correct Prandtl number. While a significant difference occurred in the Groppi et
al. model, both the Shakhov-based and the ES-based model were close to the full Boltz-
mann results.

• A parametric study based on the Shakhov-based mixture model for a wide range of mass
ratios and Mach numbers was conducted, which further demonstrated the importance of
modelling a flow as a gas mixture.

• A parametric study varying the Mach number and the wall temperature was conducted
for a flow past a cylinder. The non-equilibrium region of the shock was clearly shown to
depend on the mass ratio between the species.

• The same mass ratio variation for both the Shakhov-based and ES-based models was com-
pared with results acquired by DSMC, where a good agreement was observed in the num-
ber densities and temperatures on the stagnation streamline.

• The surface heat flux and pressure on the cylinder are important aerodynamic quantities
and were also shown using the Shakhov-based mixture models and compared with DSMC.
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• The Shakhov-based mixture model generally demonstrated higher accuracy than the ES-
based model for both the single-species and multi-species flows considered here. It will
therefore be used in the future gas kinetic study as the underlying kinetic model.

The comparisons with the benchmark results for the full Boltzmann equation and DSMC respec-
tively, showed promising results from both new mixture kinetic models for a range of free-stream
conditions. Even though future tests will be beneficial, at this stage the models are considered
validated for mixtures of noble gases.



Chapter 4

Comparison of DVM and GKS for Gas
Mixtures ∗

The formulation of computationally efficient methods describing gas mixtures at kinetic level
suitable for demanding aerospace applications presents significant challenges. In the previous
chapters new kinetic models were derived, theoretically validated and also numerically tested
and validated using the discrete velocity method. A range of demanding high-speed flows were
shown to be well-described at the kinetic level, however the computational expense of the used
numerical method makes it unfeasible for large-scale aerospace applications. A more efficient
method to model similar level of detail is required.
In this chapter, a gas-kinetic scheme for binary gas mixtures is derived in which the kinetic
model is capable of recovering, in the continuum limit, the correct heat transfer, mixture viscos-
ity as well as species diffusion. This gas-kinetic scheme is based on the Shakhov-based mixture
model, introduced and detailed in previous chapters. The model accounts for separate species-
mean velocity such that the species diffusion and velocity drift are accurately represented and
this property is transferred to the gas-kinetic scheme.
The chapter begins with the GKS method development and its formulation. For the binary mix-
ture kinetic model, a number of sample solutions, obtained using the discrete velocity method
(DVM) and the new GKS methods are presented. The derivation of the GKS involves using a
CE expansion, which limits the scheme to flows close to equilibrium. A detailed comparison is
shown where the DVM results represent a benchmark for the GKS and assist in establishing the
extent to which GKS provides accurate results. Supersonic flows with varying species mass ra-
tios, concentrations and Knudsen number are investigated. The complex flow physics occurring
in a normal shock in a binary mixture is considered to highlight the species diffusion and veloc-
ity drift effects and their dependencies on the species atomic mass ratios and concentration. A
two-dimensional flow over a flat plate is also studied for different flow conditions, where strong
non-equilibrium effects of interest occur particularly around the leading edge of the plate. The

∗Published in Journal of Thermophysics and Heat Transfer.
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key advantage of the GKS is the computational efficiency of the scheme, which is discussed in
detail for the presented baseline test cases. The limitations of the GKS for different flows and
different levels of thermodynamic non-equilibrium are examined.

4.1 Development of a Gas-kinetic Scheme

4.1.1 Governing Equations

In this section, the gas-kinetic scheme for a well-resolved flow (defined in Chapter 1) is pre-
sented, based on the newly developed Shakhov-based mixture model [88], presented in Chapter
2, and the original gas-kinetic BGK scheme [6,44,45]. It is important to note that unlike a single
species gas, momentum and energy are conserved only for the gas mixture. This means that the
species momentum equations will return a source term Ss. The source term is created due to the
difference between species velocities, which is of order O(ε) (where ε is a small number of the
order of the Knudsen number). The presented GKS is derived for viscous flow based on the first
order CE expansion so that O(ε) terms are included. Separate species momentum equations are
used which include sources as defined previously. The species conservation follows from the
CE analysis as:

∂ns

∂ t
+

∂

∂x

{
nsu0− ε

kT
η

[
1

ms

∂ns

∂x
− ns

ρ

∂n
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ρ
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∂x

]}
= 0, (4.1)

where the second term within curly brackets represents the velocity drift between species mean
velocity us and the mixture mean velocity u0, caused by diffusion in case of different molecular
masses of the species. The species momentum equation is:
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, (4.2)

with viscosity coefficient µ = (ε/ν)nkT . As expected, the right-hand side of Eq. (4.2) results
in a source term Ss for each species. The summation of the source terms over all species goes to
zero, which confirms that momentum is conserved for the mixture. The energy equation for the
gas mixture is in the form:
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4.1.2 Cell Face Distribution Function

The mathematical development of the GKS concerns with the evolution of the species distribu-
tion function at a cell face. Here, we initially follow the derivation as introduced by Xu in [6,43]
as adapted to include the Shakhov-based mixture model. We also introduce the assumption for a
well-resolved scheme, similar to Xu. In the last step, following the work introduced by Colonia
et al. [80] for the Rykov GKS, we use cell-centered data of the two cells around the cell face to
calculate the flux, which will be detailed in this section.
In the following, a quasi-1D flow is considered. Starting from the BGK-type equation for a gas
mixture with species s and mixture collision rate ν , the GKS for the mixture is detailed. The nu-
merical fluxes for a cell face ( j+1/2) between cell j (left) and cell j+1 (right) can be obtained
from the time dependent distribution function (Eq. (4.4)) around the interface x j+1/2.

fs(x j+1/2, t,u) = ν

� t

0
f eq
s (x′, t ′,u)exp

(
−ν(t− t ′)

)
dt ′+ exp

(
−νt

)
f 0
s (x j+1/2−ut,0,u), (4.4)

with x′ = x j+1/2− u(t − t ′) - the particle trajectory during the time-step considered and u is
the particle velocity in the x-direction. A characteristic of the GKS method is that the inviscid
and viscous fluxes are obtained simultaneously, since the distribution function comprises of
equilibrium and non-equilibrium contributions. The initial distribution function f 0

s around the
interface is based on a CE expansion as:

f 0
s (x,0,u) = GSh

s (x,0)− 1
ν

(
∂ f M

s
∂ t

+u
∂ f M

s
∂x

)
, (4.5)

where GSh
s (x,0) is the modified Maxwellian in the mixture kinetic model evaluated for the condi-

tions in position x at time t = 0, while f M
s are the unmodified Maxwellian distribution function.

Assuming a linear variation of the distribution function within the cells, the expression is ex-
panded as:
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where a and A represent spatial and temporal derivatives as:
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where the derivatives are evaluated at x j+1/2 and the assumption is made that the derivative
of GSh

s can be approximated by the derivative of f M
s for the order of accuracy in ν and space

considered. The equilibrium distribution f eq
s around the cell interface is also approximated using

a second-order accurate in space Taylor series expansion:

f eq
s (x, t,u) = GSh

s (x j+1/2,0)+ f M
s

[
a
(
x− x j+1/2

)
+At

]
. (4.8)

Unlike the initial non-equilibrium function f 0
s , which is independent in time, the equilibrium

function varies within a time-step due to the fact that particle collisions are considered along with
particle convection. Using Eq. (4.8), the integral on the right-hand side of Eq. (4.4) becomes:
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Using Eq. (4.6), the second term on the right-hand side of Eq. (4.4) becomes:

exp
(
−νt

)
f 0
s (x j+1/2,0,u) = GSh

s (x j+1/2,0)exp
(
−νt

)
+ f M

s

[
−aut− 1

ν

(
ua+A

)]
exp
(
−νt

)
.

(4.10)
Combining Eq. (4.9) and (4.10), for a well-revolved flow, Eq. (4.4) becomes the time-dependent
gas distribution function on the cell face, from which the flux of macroscopic variables can be
expressed:
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The time-derivative in the Maxwellian is ignored in our implementation, since extensive ex-
amination for the single-species GKS showed that neglecting this term has a negligible effect
on flow solution [80]. Following Xu, the time-dependent numerical fluxes across the cell face
should be evaluated by taking moments of the time-dependent distribution function on the cell
face:

F j+ 1
2
=

2

∑
s=1

+∞�

−∞

uΨs fs(x j+1/2, t,u)du, (4.12)
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where Ψ1 = (1,0,m1u,0, 1
2m1(u2 + v2 + w2))T and Ψ2 = (0,1,0,m2u, 1

2m2(u2 + v2 + w2))T .
However, following the work on the Rykov GKS by Colonia, Steijl and Barakos [80] spatial
reconstruction towards cell-face data is not carried out, but rather the cell-centred data is used
to calculate the right and left state of the equilibrium distribution function and the spatial and
temporal derivatives around the j+1/2 face. It follows:

fs(x j, t,u) = GSh
s (x j,0)−

1
ν

(
∂ f M

s
∂ t

+u
∂ f M

s
∂x

)
, (4.13)

is the left state calculated in cell center j and similar calculation is done for the right state in cell
center j+1 for fs(x j+1, t,u). The flux F j+ 1

2
on the cell face is calculated by summing the two

half-spaced integrals over of all positive molecular velocities u going from left to right and all
negative velocities coming from right to left. Eq. (4.12) then becomes:
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where Ψ1 = (1,0,m1u,0, 1
2m1(u2 + v2 + w2))T and Ψ2 = (0,1,0,m2u, 1

2m2(u2 + v2 + w2))T .
Compared to Xu’s formulation for well-resolved flow, our implementation adds as a small
amount of additional numerical dissipation and robustness, at the price of a reduction in the
order of accuracy in space. As a benefit, the used version is less complicated to implement, i.e.
no need for limiters. For the cases considered, the meshes were selected to lead to well-revolved
flows, supporting the assumptions made in the current GKS solver implementation. The con-
served macroscopic variables W j (Eq. (4.15)) are the variables the GKS method stores in the
cell centers and which are integrated in time:

W j =
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. (4.15)

The update of the conservative variables from time step n to (n+1) is then defined as:

W n+1
j =W n

j +
1

∆x

� tn+1
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(
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where the source term is defined as shown in Eq. (4.17):

Ss = νρs

(
η

ν

)(
u0−us

)
; s = 1,2. (4.17)
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The GKS model described above for quasi one-dimensional flows was further derived for two-
dimensional flows on a curvilinear mesh. In the two-dimensional formulation, a direction-cosine
approach is followed and the cell-face normal direction replaces the x-direction in the discussion
above for 1D flows. The velocity-space integrals were worked out analytically to provide the
main efficiency gain of a GKS approach relative to the DVM method.

4.2 Numerical Evaluation

The newly developed GKS scheme is tested in the next sections and compared to DVM solutions
for the same kinetic model as shown in Fig. 4.1. Two different test cases, e.g. the flow through

Mixture Kinetic
Model

Gas Kinetic
Scheme

Discrete Velocity
Method

Figure 4.1: The DVM and GKS apply the same Shakhov-based mixture kinetic model and are
compared.

a normal shock wave and the rarefied supersonic flow over a flat plate, are considered. The
normal shock test case represents the simplest problem that involves strong gradients and non-
equilibrium flow and is also well documented. The focus is on the effect of treating the gas
as a mixture, inspecting the diffusion effect and species properties. The change in the flow
is demonstrated for different Knudsen numbers and species mass ratios. The kinetic model is
implemented with the discrete velocity method (DVM) and the gas kinetic scheme (GKS). DVM
allows for strong non-equilibrium flows, since there are no underlying assumptions for small
deviations as in the CE expansion, required for the GKS. The high computational expense of the
DVM is feasible for one and two-dimensional cases, but the extension to vehicles of practical
application will require an alternative approach, e.g. the GKS method or a hybrid GKS/DVM
approach. The solutions provided by the GKS and DVM methods are compared, based on the
same kinetic model. Ideally, the results from the GKS will be as close as possible to the results
of the DVM. The computational cost of both numerical approaches is also detailed.

4.3 Normal Shock Wave

A classical problem for rarefied flows is the study of a normal shock wave for single as well as
multi-species gases. Monoatomic binary mixtures have been investigated extensively, experi-
mentally [74, 75] and numerically [9], providing a dataset for validation.
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Table 4.1: Test case conditions for a normal shock wave (DVM vs GKS)
M∞ m2/m1 n1/n ω

1.5 2 0.9 0.5
1.5 2 0.5 0.5
1.5 4 0.9 0.5
1.5 4 0.9 0.72

In this section the profile of a normal shock wave is studied for a binary mixture of gases with
different molecular masses. Test case conditions are summarised in Table 4.1. Here M∞ is the
free-stream Mach number, m2/m1 defines the heavy to light gas mass ratio, n1/n is the con-
centration of light gas in the flow. The ω = 0.5 refers to a hard-sphere molecular potential and
ω = 0.72 to a variable hard-sphere potential. The goal is to analyse the effect of different free
stream conditions (ratio of masses, concentration ratio and molecular potential) on the macro-
scopic flow variables.

Figure 4.2 shows the normalised number density for each species and the mixture tempera-
ture through the shock under the specified conditions, starting with free stream Mach number of
1.5 and varying the concentration (50% and 90% light species) and mass (m2/m1= 2; 4 ) ratios
(Fig. 4.2 (a)-(d)). These flow-conditions are chosen to allow for a numerical comparison with
the results from Kosuge et. al [9] for a normal shock using the full Boltzmann equation, repre-
sented by the red elements. The DVM results are in blue and the GKS results are in green. It is
important to stress that the model in Kosuge’s work is not a single-relaxation time BGK model
and therefore the DVM results for Shakhov-derived binary mixture model will also deviate from
those results. The reference length of the problem is defined as:

Lre f =
ure f

tre f
=

ure f

τre f
=

ure f µre f

pre f
, (4.18)

where the reference viscosity is defined as in Eq. (4.19) and τre f is a reference relaxation time
where τ = 1/ν . The reference viscosity µre f is taken for a smooth, rigid, elastic sphere [24]
with diameter d and mass of the mixture mmix = ρ/n as:

µre f =
5

16d2

√
kmmixT

π
. (4.19)

The mean free path is defined as λre f = 1/(
√

2πd2n) in the solution of the full Boltzmann
equation [9]. We use the ratio between the reference length Lre f and the mean free path λre f as
a scaling factor:

Lre f

λre f
=

5
√

π

8

√
n1 +βn2

n1 +n2
, (4.20)

where the constant β = m2/m1 is the mass ratio. For increasing levels of thermodynamic non-



CHAPTER 4. COMPARISON OF DVM AND GKS FOR GAS MIXTURES 101

1

0

0.2

0.4

0.6

0.8

0 5-5
X/λref

N
o

rm
a
li
se

d
 n

u
m

b
e
r 

d
e
n

si
ty

 a
n

d
 t

e
m

p
e
ra

tu
re 1

0

0.2

0.4

0.6

0.8

0 5-5
X/λref

N
o

rm
a
li
se

d
 n

u
m

b
e
r 

d
e
n

si
ty

 a
n

d
 t

e
m

p
e
ra

tu
re

(a) M∞ = 1.5; m2/m1 = 2; n1/n = 0.9 (b) M∞ = 1.5; m2/m1 = 2; n1/n = 0.5.
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(c) M∞ = 1.5; m2/m1 = 4; n1/n = 0.9 (d) M∞ = 1.5; m2/m1 = 4; n1/n = 0.9;
ω = 0.72.

Figure 4.2: Profile of species number densities and mixture temperature of a binary gas mixture
through a normal shock wave for Mach number 1.5 and varied inflow conditions: m2/m1 =
2; n1/n = 0.9 in (a), m2/m1 = 2; n1/n = 0.5. in (b), m2/m1 = 4; n1/n = 0.9 in (c) and m2/m1 =
4; n1/n = 0.9; ω = 0.72. in (d).

equilibrium this difference in the used kinetic models will be more pronounced. A key aspect
of the comparison between our DVM and GKS results (both based on the same kinetic model
[88]) is to assess for what level of thermodynamic non-equilibrium the GKS approach can be
employed.
Characteristic features of the problem include the lighter species (Species 1) reacting faster to the
shock than the heavy species (Species 2). This becomes more evident for higher concentration
of light species and with increasing mass ratios, as can be seen in Fig. 4.2. The observed GKS
solutions for the number densities and the mixture temperature match closely with the solutions
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from the DVM under different flow conditions. The number density of the heavy gas (n2),
which acts as a trace gas where the concentration of light gas is 90%, deviates more from the
Boltzmann solution for both the DVM and GKS than the number density of the lighter gas
(n1). The shock profile predicted by the GKS scheme versus the DVM is slightly steeper and
as a consequence the shock is thinner in comparison to the DVM results. This thinner shock
is in line with expectations based on single-species GKS results [80]. This effect will be more
pronounced for higher Mach numbers. At the same time, the well-known disadvantage of the
BGK-based kinetic models, i.e. the longer upstream tail, will be reduced with the steeper profile
of the GKS solutions.
The GKS presented in this chapter is derived from the Shakhov-based mixture model, introduced
in Chapter2. A characteristic feature of the underlying kinetic model for this GKS is that it
recovers three correct transport coefficients. Compared to the established GKS mixture work
[85–87], the species mean velocities and temperatures are allowed to deviate from each other
and from the gas mixture means. Figure 4.3 shows the normalised species velocity profiles u2

and u1 through the shock wave. The difference between the velocities and their change under
varied conditions demonstrates the importance of modelling the species velocities separately.
This important limitation of most existing GKS methods for gas mixtures is overcome with the
current scheme. As with the number densities, the lighter species velocity reacts faster to the
shock than the heavy gas. Focusing on the differences between Fig. 4.3 (a),(b) and (c),(d), it is
easy to notice that the higher the mass ratio, the bigger the difference between the velocities, as
can be expected since a stronger non-equilibrium effect will occur. The GKS provides a good
match with the DVM for the solution of the species velocities. As before the shock wave profile
is slightly steeper and results for the gas with bigger concentration (species 1) are in better
agreement.
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(a) M∞ = 1.5; m2/m1 = 2; n1/n = 0.9 (b) M∞ = 1.5; m2/m1 = 2; n1/n = 0.5.
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(c) M∞ = 1.5; m2/m1 = 4; n1/n = 0.9 (d) M∞ = 1.5; m2/m1 = 4; n1/n = 0.9;
ω = 0.72.

Figure 4.3: Profile of species velocities of a binary gas mixture through a normal shock wave
for Mach number 1.5 and varied inflow conditions: m2/m1 = 2; n1/n = 0.9 in (a), m2/m1 =
2; n1/n = 0.5. in (b), m2/m1 = 4; n1/n = 0.9 in (c) and m2/m1 = 4; n1/n = 0.9; ω = 0.72. in
(d).

4.4 Flat Plate

A second test case considered is a supersonic rarefied flow over a flat plate. This test case is
challenging due to the complex non-equilibrium boundary layer, with velocity slip as well as
a jump in temperature between the wall and the gas in the immediate vicinity for the rarefied
cases considered here. The grid is shown in Fig. 4.4 together with the boundary conditions.
The changes of the flow are examined for varied species mass ratio, rarefication level and wall
temperature. The DVM and GKS solutions are compared. The baseline test case is taken at
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Figure 4.4: Mesh of cylinder and imposed boundary conditions.

M∞ = 1.5, mass ratio of 2, Knudsen number 0.05. Note that the Knudsen number is based on
the reference length, calculated as in Eq. (4.18). The scaling factor is not required since we
can compare the DVM and GKS based on the same reference length. This is also reference
length is used for the 2D mesh. The temperature of the wall is fixed at 1.5 times the free-stream
temperature, while a fully accommodating diffuse wall is assumed. The free-stream conditions
for all cases involve a concentration of 90% for the light species and 10% heavy species. All
test case conditions are summarised in the Table 4.2.

Table 4.2: Test case conditions for a flow over a flat plate (DVM vs GKS)
M∞ m2/m1 Kn Twall

1.5 2 0.05 1.5T∞

1.5 2 0.025 1.5T∞

1.5 4 0.05 1.5T∞

1.5 2 0.05 1.0T∞

The solutions for the flow variables for the DVM and GKS matched closely as seen from the
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normal shock wave results. For the same Mach number 1.5, the shock at the flat plate is weaker,
which leads to even better agreement between the two numerical schemes for the macroscopic
variables. In Fig. 4.5 the Mach number and the mixture temperature contours for the baseline
test case are presented. The results demonstrate a good comparison between the DVM and GKS.
We want to investigate the differences between them. Therefore, we will next focus our atten-
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Figure 4.5: Mach number and mixture temperature variation of the baseline test case for a binary
mixture flow over a flat plate for Mach number M∞ = 1.5, mass ratio m2/m1 = 2, Knudsen
number Kn = 0.05 and Twall = 1.5T∞.

tion on the diffusion effects, in particular the concentration variation of the light species in the
mixture (Fig. 4.6) and the species velocity difference u2−u1 (Fig. 4.7). Note that these are very
detailed plots and seemingly large variations between the GKS (in color flood) and the DVM
(black lines) are of the order of less than 1% for the concentrations and 3−4% for the difference
in velocities.
To highlight the effect of the Knudsen number, two different length-scales were considered in the
presented numerical results. The lower-Knudsen number case involves a flat plate length of 40
reference lengths of the flow at free-stream conditions, while the higher-Knudsen number case
involves a plate length of 20 reference lengths. The ratio of the species molecular masses is also
varied. A further aspect investigated is the imposed wall temperature, i.e. a lower wall temper-
ature will lead to thinner boundary layer and a somewhat weaker displacement effect. Fig. 4.6
and Fig. 4.7 show the variation of concentration of the light species and the difference between
the species velocities, respectively. The strongest non-equilibrium effects will occur close to the
leading edge of the plate, where the largest gradients in the flow occur. This is evident in all the
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(c) m2/m1 = 4; Kn = 0.05; Twall = 1.5T∞ (d) m2/m1 = 2; Kn = 0.05; Twall = 1.0T∞

Figure 4.6: Light species concentration variation in a binary mixture flow over a flat plate for
Mach number M∞ = 1.5 and varied inflow conditions: m2/m1 = 2; Kn = 0.05; Twall = 1.5T∞ in
(a), m2/m1 = 2; Kn = 0.025; Twall = 1.5T∞ in (b), m2/m1 = 4; Kn = 0.05; Twall = 1.5T∞ in (c)
and m2/m1 = 2; Kn = 0.05; Twall = 1.0T∞ in (d).

results shown in the figures. In Fig. 4.6 it can be seen that even for the considered flows without
chemistry, the non-equilibrium effects give rise to a change in species concentration, caused
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by diffusion of the species. As expected the lower level of rarefaction in the Kn = 0.025 case
leads to a slightly smaller change in concentration as compared to the baseline Kn = 0.050 case.
Clearly, for a larger ratio of molecular masses, the velocity drift is more pronounced, leading to
larger concentration changes, as can be seen in Fig. 4.6(c). The effect of the lower wall temper-
ature can be seen by comparing Fig. 4.6(d) with the result in Fig. 4.6(a). For this relatively low
Mach number, it can be seen that the effect is limited, however not insignificant. Comparing
the GKS and DVM results, overall a good agreement can be observed, considering the level of
detail highlighted. It is important to note that the GKS solver represents concentration changes
that compare well with DVM, showing that this important non-equilibrium effect is captured.
A similar comparison for the different cases and for the DVM and GKS is shown in Fig. 4.7.
The non-equilibrium effect shown here is the occurrence of velocity drift, represented by the
difference between the non-dimensional species u−velocities. The extent of non-equilibrium
effects follows the pattern of that in the concentration changes, i.e. with more pronounced ef-
fects for larger Kn and mass ratio, mainly focussed in the immediate vicinity of the plate leading
edge. Comparing Fig. 4.7(a) and Fig. 4.7(c), it shows that the maximum and the region of the
difference between the species velocities are bigger for the larger mass ratio case.
In order to explore the limitations of the gas-kinetic scheme, we focus on the shear stress at the
wall of the flat plate. The biggest variation between the DVM and the GKS is at the leading edge
of the flat plate and in the cells just above it. Three test cases are considered with fixed Mach
number 1.5, mass ratio 2 and light species concentration 90%, while the Knudsen number is
varied. Starting at the baseline test case at Kn = 0.05 (in blue), we consider a more rarefied flow
at Kn = 0.075 (in green) and a more continuum flow at Kn = 0.0125 (in red). In Fig. 4.8(a) the
shear stress along the flat plate is presented. As expected the biggest variation between the DVM
(square symbols) and GKS(delta symbols) solutions is at the leading edge of the flat plate. The
most rarefied case with Kn = 0.075 shows the biggest difference between the DVM and GKS in
the result for the shear stress. As the flow becomes more continuum towards Knudsen number of
0.05 and 0.0125 this difference decreases. Since the GKS is based on the Chapman-Enskog and
as demonstrated in this plot, the results will keep improving as Kn→ 0 (in the hydrodynamic
limit).
Focusing on the peak value of the shear stress along the flat plate, the velocity profile for the
different Knudsen numbers is plotted at that point in Fig. 4.8(b). The velocity profile is well-
captured, but the difference between the two schemes at the plate propagates up through the
whole profile. It should be noted that the more rarefied cases seem to match the two gas
mixture velocities better, but this is only due to the scaling of the problem. The same loca-
tion on the y-axis on Fig. 4.8(b), e.g. y = 20Lre f , when compared to each flat plate length
of 80Lre f (Kn = 0.0125),20Lre f (Kn = 0.05),13.3Lre f (Kn = 0.075) refers to a different loca-
tion at the downstream farfield of each case. Therefore, the velocity of the most rarefied case
(Kn = 0.075) in fact takes the longest to converge to the same value.
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Figure 4.7: Non-dimensional species mean velocity difference u2−u1 in a binary mixture flow
over a flat plate for Mach number M∞ = 1.5 and varied inflow conditions: m2/m1 = 2; Kn =
0.05; Twall = 1.5T∞ in (a), m2/m1 = 2; Kn = 0.025; Twall = 1.5T∞ in (b), m2/m1 = 4; Kn = 0.05;
Twall = 1.5T∞ in (c) and m2/m1 = 2; Kn = 0.05; Twall = 1.0T∞ in (d).

The profile of the shear stress is plotted at two different points. One is at the peak of the stress
along the plate on Fig. 4.8(b) and the other is further downstream: at a quarter of each plate’s
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Figure 4.8: Comparison of DVM and GKS results for the shear stress along the flat plate (in
(a)) and velocity profile at peak shear stress at the flat plate (in (b)) for Mach number M∞ = 1.5,
mass ratio m2/m1 = 2 and varied Knudsen number Kn = 0.0125; Kn = 0.05; Kn = 0.075.

length - on Fig. 4.9(b) to establish how the flow develops. At the peak shear stress location the
variation between the DVM (square) and GKS (delta) values of the shear stress in the first few
cells is significant. The biggest difference is for the most rarefied case, where the GKS overpre-
dicts the value of the shear stress in the vicinity of the wall. The difference propagates in the
farfield but reduces quickly. The match between profiles of the shear stress at the downstream
location from the GKS and DVM is much better as shown on Fig. 4.9(b). The most rarefied test
case shows good agreement between the schemes, while the test case at (Kn = 0.0125) demon-
strates the convergence of the GKS when the flow goes towards the continuum limit.
From these results and the shown comparison between DVM and GKS it follows that despite

the relatively large Knudsen numbers considered for this flat plate case, the GKS performs rela-
tively well. Partly this can be explained by the Mach number of 1.5. For higher Mach numbers,
stronger non-equilibrium will occur and bigger deviations can be expected. It should be noted
that currently the GKS is limited at Mach number of 1.5 and Knudsen numbers up to 0.05 due to
stability issues discussed in Section 6 of this chapter. For this reason they have been extensively
investigated in this chapter. It was also found that Mach number of 2 and Kn=0.1 are critical
for the GKS at concentration of 90%. A more detailed investigation of this aspect forms part of
future work.
In the next section the main advantage of the GKS - the computational efficiency - is discussed.
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Figure 4.9: Comparison of the DVM and GKS results for the vertical shear stress profile at two
locations: at the peak in (a) and at a quarter of the plates’ lengths in (b) for Mach number M∞ =
1.5, mass ratio m2/m1 = 2 and varied Knudsen number Kn = 0.0125; Kn = 0.05; Kn = 0.075.

4.5 Computational Efficiency

The described results were achieved by implementing the new mixture kinetic model with a
DVM and a GKS scheme. The distribution functions are per species and vary with the mass of
the each gas. For higher mass ratios m2/m1 for the DVM the number of discrete velocities needs
to be increased in order to correctly resolve the velocity distribution functions. This is also true
for an increase in the Mach number. While for a one-dimensional test the increase of velocities is
possible, it becomes computationally highly expensive to achieve the same resolution in higher
dimensions. The main goal for constructing the gas-kinetic scheme is achieving numerical effi-
ciency, which will allow for more complex cases and aerospace vehicles to be investigated. The
results for a normal shock and the supersonic flow over a flat plate under different conditions
demonstrated that the GKS is capable of preserving the physical details of the flow. There is
a good agreement between the solutions from the discrete velocity method and the gas-kinetic
scheme based on the same kinetic model for the cases considered. The shock wave grid has
1200 cells in the x-direction for the DVM and GKS simulations. Two-dimensional formulations
were used for the flat plate simulations. The flat plate’s grid is three-dimensional and has 19200
cells, but no computational effort is used in the third dimension. By comparing the computa-
tional requirements for the shock wave and flat plate problems, we observe the effect of higher
dimensionality for both the DVM and GKS simulations. For the shock wave DVM test case 100
uniformly spaced discrete velocity are sufficient, while for the flat plate DVM 32× 32 = 1024
discrete velocities were used. Note the number of discrete velocities for the flat plate are limited
and provide a relatively course velocity grid. Notice if we have used the same number of dis-
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crete velocities as for the shock wave but in two dimensions, the flat plate test case would run
with 100× 100 = 10000, which would increase the CPU time for the DVM significantly. The
simulations were run on a quad-core Intel R©Xeon R©3.30 GHz computer. Table 4.3 demonstrates
the CPU time required for every 1000 steps for the DVM and the GKS for the two baseline test
cases: M∞ = 1.5, m2/m1 = 2, n1/n = 0.9 and for the flat plate also Kn = 0.05, Twall = 1.5T∞.
The times quoted are those for simulations running on a single core. The orders of magnitude

Table 4.3: CPU time per 1000 steps (DVM vs GKS)
Shock Wave (1D) Flat Plate (2D)

DVM 64 min 376 min
GKS 22.7 sec 1 min 15 sec

Speed-up 169 301

difference between the CPU time of the DVM and the GKS methods is significant. The differ-
ences between the relative speed-ups for the shock wave and the flat-plate cases are due to the
fact that in the flat-plate DVM a two-dimensional velocity-space discretisation was used, while
for the DVM simulations of the shock wave, a one-dimensional discretisation was employed.
The CPU time difference for the GKS shock wave and flat plate simulations is directly the result
of the larger mesh for the flat-plate case, while the difference between the DVM simulations
results from both the larger mesh and the increased number of discrete velocities. For a larger
Mach number or species mass ratio, the DVM approach requires an increased number of discrete
velocities, leading to significantly larger CPU times, while the CPU time for the GKS remains
the same. Overall, the GKS method shows a significant computational advantage and promising
numerical results.

4.6 GKS vs DVM Performance

Since the gas-kinetic scheme is based on the first-order in Knudsen number Chapman-Enskog
expansion, only small to moderate levels of rarefaction can be modelled. This was demonstrated
by the numerical results with increase of the Knudsen number. The first order expansion also
means that the current scheme reduces to the Navier-Stokes equations of hydrodynamic limit.
At the same time the scheme allows to model beyond the capabilities of a continuum solver in
regions of thermodynamic non-equilibrium and provides a method to connect microscopic be-
haviour to macroscopic quantities. This summarises the theoretical part of the limitation of the
GKS. After comparing the numerical results from implementing the new kinetic mixture model
with both the DVM and GKS and discussing in detail the numerical accuracy and efficiency of
both schemes,a summary of the findings is provided in Table 4.4. The strong non-equilibrium
created by high Mach numbers and high Knudsen numbers is found to be unsuitable for the
mixture GKS. As a conclusion, GKS for mixture of gases is showing promising results in terms
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Table 4.4: Comparison of DVM and GKS
DVM GKS

Accurate results Good accuracy
Accurate for high Mach numbers Limited to lower Mach numbers

Accurate for higher Knudsen numbers Limited to moderate levels of rarefaction
Computationally expensive Inexpensive

Memory overhead No memory restrictions
2D and 3D cases need parallel simulations Runs on a single PC (CPU time similar to NS)

of accuracy in comparison to the detailed, but expensive DVM method. This accuracy is demon-
strated close to continuum flow and for high Mach numbers and Knudsen numbers, the solutions
deviate from the desired results in the regions of strong non-equilibrium.
It should be noted that DVM in cases close to continuum tend to create artificial dissipation.
Therefore, differences with GKS are to be expected. However, the GKS is compared with DVM
in this chapter since the underlying kinetic model is identical,i.e. the Shakhov-based mixture
model.

4.7 Summary of Findings

• A new gas-kinetic scheme was introduced for a binary mixture of monoatomic gases based
on a new kinetic model. This model is more advanced and detailed than the kinetic models
previously used as the basis for GKS methods.

• The derivation of the gas-kinetic scheme was detailed.

• The new GKS has species velocity and the correct transport properties in the continuum
limit, i.e. recovering the correct viscosity, heat flux and diffusion coefficients and the
correct Prandtl number.

• The GKS was implemented numerically and results from high-speed flows were pre-
sented.

• A detailed comparison was presented between the results provided by the gas-kinetic
scheme and a discrete velocity method using the same underlying kinetic model as the
GKS.

• The GKS method agreed well with the DVM method for the cases of a shock wave and a
flow past a flat plate.

• The limitations of the GKS were explored. The shear stress along the flat plate computed
with GKS and DVM demonstrated that increasing the Knudsen number leads to bigger
discrepancies in the results.
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• In further work, the limitations of the GKS in terms of Kn for a wider range of test cases
needs to be investigated. Here, it needs to be remarked that for a comparison with DVM,
the computational cost of the limiting factor in terms of mesh sizes that can be used. In
particular for lower Knudsen cases, this DVM cost factor also limits the extent to which a
detailed mesh dependency study can be performed.

• The main advantage of the GKS is the computational efficiency and the speed-up of the
CPU time, shown for the shock wave and the flat plate, was significant.

• The good comparison with DVM results, together with the computational efficiency, make
this GKS scheme a viable alternative for supersonic mixture flows in the moderately rar-
efied regime.



Chapter 5

Diatomic Model for Gas Mixtures ∗

Extending kinetic model equations of the Bhatnagar-Gross-Krook (BGK) type from a single-
species gas to multi-species gas mixtures presents a number of important challenges, as dis-
cussed in detail in Chapter 2. This challenge is further pronounced when diatomic gas mixtures
are considered due to the addition of internal energy modes.
In this chapter a diatomic binary mixture with separate translational, rotational and vibrational
temperatures is derived and the emphasis is on the procedure of deriving the model and the
additional information each temperature provides. This derivation is demonstrated as a logical
build-up with a multi-step approach from a well-described diatomic model known in the lit-
erature [96]. More specifically the changes in the collision term on the RHS of the equation
and the target equilibrium function or functions are detailed. First, starting from the existing
single species, single-temperature model, a two- temperature model with common translational
and rotational temperatures is introduced. The vibrational temperature is allowed to deviate
from the common translation-rotational temperature. Second, this model is extended to a three-
temperature model with separate translational, rotational and vibrational temperatures. All three
models’ continuum limit is obtained through the Chapman-Enskog expansion and the effect of
each additional temperature is examined in the corresponding Navier-Stokes equations.
Finally, we extend the three-temperature model with the capability to describe a mixture of two
diatomic gases. Common translational temperature between the species is assumed, while the
rotational and vibrational temperatures are defined separately for each species. Species velocity
and diffusion effects are accounted for. Transport properties in the continuum limit are obtained
through the Chapman-Enskog type expansion. The diatomic mixture model is demonstrated to
reduce to a well-known mixture monoatomic model [64], which has two correct transport co-
efficients in the continuum limit and to reduce to the known single-species single-temperature
model [96].

∗Published in AIP Advances.
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5.1 Single-Temperature to Three-Temperature Model

In this section we will build up a three-temperature model with translational, rotational and
vibrational degrees of freedom and separate temperatures. Notice the emphasis here is on three
different single-species models. The goal is to observe the changes each additional temperature
provides and examine the continuum limit for all three models. The limit will differ solely due
to the different process of temperature relaxation, since these are all single-species models and
therefore no velocity relaxation occurs through this process. We will later observe that this is
a characteristic valid only for the single-species models and not for the mixture model, where
species diffusion effects can be modelled at different levels of accuracy in different models.

5.1.1 Single Temperature Model

This section summarises the work by Mathiaud, Mieussens and co-workers on a BGK model
for diatomic gases, presented in [96, 97]. The model is well-defined and proved theoretically to
be mathematically consistent. Furthermore, numerical tests for moderately rarefied gas flows
(Knudsen Kn = 0.01) demonstrate good agreement in comparison to results obtained by a
compressible-flow Navier-Stokes solver [97].
The BGK model includes rotational and vibrational degrees of freedom, where rotation is con-
sidered fully excited and similar to the translational energy: continuous, while vibrational en-
ergy is partially excited and has quantised levels. The distribution functions and the governing
equation are presented for each quantised level i, but for brevity the subscript i is omitted, e.g
the distribution function fi is written as f . The model contains a single temperature T and gas
velocity u0. The governing equation is in the form:

∂ f
∂ t

+u · ∂ f
∂x

=
1
τ
(meq− f ), (5.1)

where the collision term on the RHS of the equation is denoted Q with Q = 1
τ
(meq− f ) and τ is

the relaxation time. The equilibrium distribution function is in the form:

meq =
ρ

(2π(k/m)T )3/2 exp

(
−m(u−u0)

2

2kT

)
m
kT

exp
(
−mI

kT

)
×(

1− exp
(
−θv

T

))
exp
(
− iθv

T

)
, (5.2)

where T is the equilibrium temperature, I is the rotational energy, θv is the characteristic temper-
ature for vibrational excitation, m is the molecular mass and i is the considered quantised level.
The distribution function is defined at each quantised level, which is a very detailed modelling
approach. However, the complexity of the model is reduced by summing over all quantised
levels i up to infinity, where Boltzmann distribution of the vibrational states is assumed, lead-
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ing to the removal of discrete vibrational levels and a reduced form of the distribution function
meq [96] to two distributions Mtran

eq and Mvib
eq . In practical applications, only a finite number of

vibrational quantum states need to be considered and this number may be different for different
diatomic species.

Mtran
eq =

∞

∑
i=0

meq =
ρ

(2π(k/m)T )3/2 exp

(
−m(u−u0)

2

2kT

)
m
kT

exp
(
−mI

kT

)
, (5.3)

Mvib
eq =

∞

∑
i=0

i
k
m

θvmeq =
δ (T )

2
k
m

T
ρ

(2π(k/m)T )3/2 exp

(
−m(u−u0)

2

2kT

)
m
kT

exp
(
−mI

kT

)
.

Furthermore, the distribution function can be reduced with respect to the rotational energy I

and also the z- direction in velocity for a two-dimensional problem. This form of the equations
is a standard procedure to reduce complexity and computational expense in kinetic modelling
and it was also used in Chapter 2. It will be extensively used throughout this chapter and next
chapter but it will not be detailed for each kinetic model for single-species gas. We will refer
back to the reduced form after introducing the diatomic mixture model and will carefully de-
tail each reduced distribution function and the resulting governing equation. This is done for
the mixture model since it is the focus of this study. Furthermore, the dimensionally-reduced
form of the equation is implemented in the MΦC solver, extending the previously-implemented
discrete-velocity method for the new diatomic mixture model. The reduced distribution func-
tions together with the numerical results of the study will be part of the next chapter.
Returning back to the description of the single-species single-temperature model, following the
procedure detailed in Chapter 1, the first order Chapman-Enskog expansion provides an expres-
sion for the non-equilibrium distribution function:

f = meq− ετ̂

(
∂meq

∂ t
+u · ∂meq

∂x

)
, (5.4)

where as before the collision parameter τ is equal to τ = ετ̂ .
Note that the internal energy for the single-species single-temperature model is in the form:

e =
5+δ (T )

2
RT, (5.5)

where R = k/m and δ (T ) is the number of excited vibrational degrees of freedom and for the
harmonic oscillator is expressed as:

δ (T ) =
2Θv/T

exp(Θv/T )−1
. (5.6)

The harmonic oscillator, which was described in detail in Chapter 1, is one of the simplest and
most widely used methods for modelling intermolecular forces for the considered non-reactive
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flows. Notice that if the kinetic models presented in this chapter are extended to involve chem-
istry then the more advanced and realistic anharmonic oscillator should be considered. The
limits of the vibrational degrees of freedom δ (T ), as defined in Eq. (5.6), for low temperatures
with respect to θv is approaching 0, while for high temperatures it approaches 2 (fully excited
state). The expression for the internal energy e based on the degrees of freedom and the cor-
responding temperatures will change with the introduction of multiple temperatures, but will
always be equal to the expression based on the equilibrium temperature T as shown in Eq. (5.5).
The continuum limit as well as the H-theorem are shown in the papers [96, 97] by Mathiaud
and Mieussens. This is a well-defined single temperature model including rotational and vibra-
tional degrees of freedom. We will build on it to extend the level of accuracy, physical detail
and applications. The continuum limit is shown and further discussed in the next section of this
Chapter.

5.1.2 Two Temperature Model

The described single temperature model accounts for variable degrees of freedom, but has a dis-
tinct disadvantage: the different types of internal energy are all based on one temperature, which
is the equilibrium temperature. This is an approximation, which shows that presenting a flow in
non-equilibrium with one (translational) temperature leads to significant deviation (for the case
in which the gas is compressed, e.g. in the presence of a shock, the deviation is overestimation)
of the actual value of the gas temperature [25, 91] (see Chapter 1, Fig. 1.9). Park [91] discusses
this issue and provides a model for the reaction rates and equilibrium coefficients in the Navier-
Stokes equations. This model has two distinct temperatures: one governing the translation and
rotation and a second one for the vibration and electron degrees of freedom. This approach
groups temperatures with closer values and allows the deviation of the slowly reacting vibra-
tional and electron temperatures.
We use a similar approach in the extension of the single-temperature kinetic model. Here we
present a two-temperature kinetic model for a diatomic gas. The model contains a single trans-
lational and rotational temperature Ttr and a separate vibrational temperature Tv and gas velocity
u0. The typical for BGK relaxation from non-equilibrium to equilibrium state, i.e f → meq, now
has an extra step. The relaxation is in the form f → m2 → meq, where m2 is an intermediate
equilibrium distribution function in which the temperatures Ttr and Tv are separate, while the fi-
nal equilibrium function meq stays the same and has a common equilibrium temperature T . The
two-step relaxation process is not uniform and the time for the non-equilibrium function f to
relax to the first (intermediate) equilibrium function m2 is τ as before, while it takes longer for
the vibration to relax to the translation and effectively to equilibrium, represented by a longer
relaxation time Zvτ between m2 to meq (Zv > 1). Typical values of the Zv coefficient are in the
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tens to hundreds and in some cases in the thousands. The governing equation is in the form:

∂ f
∂ t

+u · ∂ f
∂x

=
1
τ
(m2− f )+

1
Zvτ

(meq−m2), (5.7)

where the collision integral is Q = 1
τ
(m2− f )+ 1

Zvτ
(meq−m2) and the non-equilibrium function

f and the equilibrium distribution functions are for each quantised level i, as in the previous
model. The intermediate distribution function is in the form:

m2 =
ρ

(2π(k/m)Ttr)
3/2 exp

(
−m(u−u0)

2

2kTtr

)
m

kTtr
exp
(
− mI

kTtr

)
×(

1− exp
(
−θv

Tv

))
exp
(
− iθv

Tv

)
, (5.8)

while the equilibrium distribution function is in the form:

meq =
ρ

(2π(k/m)T )3/2 exp

(
−m(u−u0)

2

2kT

)
m
kT

exp
(
−mI

kT

)
×(

1− exp
(
−θv

T

))
exp
(
− iθv

T

)
. (5.9)

Following the expansion of the non-equilibrium distribution function procedure in powers of ε

(with ε a small parameter of the order of the Knudsen number Kn) and utilising the assumption
that the difference between meq and m2 is of order O(ε) and therefore:

ετ̂

(
∂m2

∂ t
+u · ∂m2

∂x

)
= ετ̂

(
∂meq

∂ t
+u · ∂meq

∂x

)
+O(ε2) (5.10)

leads to the expression for the non-equilibrium distribution function up to and including first
order terms in ε for the two-temperature model :

f = m2 +
1
Zv

(meq−m2)− ετ̂

(
∂meq

∂ t
+u · ∂meq

∂x

)
. (5.11)

In comparison to the single-temperature model (Eq. (5.4)), the 0th- order expansion is the inter-
mediate equilibrium function m2, while also the difference to the ’Maxwellian’ equilibrium meq

is accounted for with the relaxation coefficient Zv also involved.

5.1.3 Three-Temperature Model

Building upon the two-temperature model, a three-temperature model for a diatomic gas is in-
troduced. The next step of this process is to split the common Ttr temperature into a separate
translational and rotational temperature, while preserving the separate vibrational temperature.



CHAPTER 5. DIATOMIC MODEL FOR GAS MIXTURES 119

This allows for each different type of energy to be calculated based on the corresponding tem-
perature. It will also assist in solving problems with high levels of non-equilibrium where all
three internal degrees of freedom are excited at different levels and differ significantly between
each other, due to the difference in characteristic relaxation rate for translation, rotation and vi-
bration.
The new relaxation process is a three-step approach and follows the process: f → m1 → m2

→ meq, where m1 is the first intermediate equilibrium function and is a function of all three
temperatures, m2 is the second intermediate equilibrium function and is in the same form as
before (two temperatures) and meq is the final equilibrium function with one temperature. The
three-temperature model contains a translational T̂ , rotational Tr and a vibrational temperature
Tv. The gas velocity is u0. Notice that Tt would have been a logical notation for the transla-
tional temperature. However, T̂ is legacy notation for the translational temperature from the
monoatomic gas mixture model, presented in Chapter 2. It will allow for consistency and easier
comparison between the monoatomic and diatomic models. Furthermore, it will be used in the
diatomic mixture model within this chapter to represent the target translational temperature of
the gas and will therefore be used in the current model. The governing equation is in the form:

∂ f
∂ t

+u · ∂ f
∂x

=
1
τ
(m1− f )+

1
Zrτ

(m2−m1)+
1

Zvτ
(meq−m2), (5.12)

where the collision term is Q = 1
τ
(m1− f ) + 1

Zrτ
(m2−m1) +

1
Zvτ

(meq−m2). The three-step
relaxation process is not uniform and the delay of rotational to translational equilibration is via
the rotational collision number Zr, while to vibration is via the vibrational collision number Zv

(Zv > Zr > 1). These coefficients are temperature dependent and the ratio of the two coefficients
of rotation and vibration with respect to τ is typically 1:5:100 [31], with Zv at least one order
of magnitude higher than the other two (with values of hundreds and thousands). Here, for
simplicity, Zr and Zv are taken as constants, i.e. assumed to be independent of temperatures and
therefore fixed throughout the considered flow domain.
The first intermediate distribution function is in the form:

m1 =
ρ(

2π(k/m)T̂
)3/2 exp

(
−m(u−u0)

2

2kT̂

)
m

kTr
exp
(
−msI

kTr

)
×(

1− exp
(
−θv

Tv

))
exp
(
− iθv

Tv

)
(5.13)

The second intermediate distribution function is in the form:

m2 =
ρ

(2π(k/m)Ttr)
3/2 exp

(
−m(u−u0)

2

2kTtr

)
m

kTtr
exp
(
−msI

kTtr

)
×(

1− exp
(
−θv

Tv

))
exp
(
− iθv

Tv

)
,(5.14)
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while the equilibrium distribution function is in the form:

meq =
ρ

(2π(k/m)T )3/2 exp

(
−m(u−u0)

2

2kT

)
m
kT

exp
(
−msI

kT

)
×(

1− exp
(
−θv

T

))
exp
(
− iθv

T

)
.(5.15)

Therefore the expansion of the non-equilibrium distribution function in powers of ε where m1

is the 0th-order expansion and the same property as in Eq. (5.10) for the difference between two
equilibrium functions leads to:

f = m1 +
1
Zr

(m2−m1)+
1
Zv

(meq−m2)− ετ̂

(
∂meq

∂ t
+u · ∂meq

∂x

)
+O(ε2) (5.16)

=⇒ f =
(

1− 1
Zr

)
m1 +

( 1
Zr
− 1

Zv

)
m2 +

1
Zv

meq− ετ̂

(
∂meq

∂ t
+u · ∂meq

∂x

)
+O(ε2)

For the three-temperature model both collision numbers are involved and we notice that they
are present in the first order expansion, which means they will directly influence the transport
properties (which are of order O(ε)).
Splitting the collision term in three different relaxation processes is a widely used approach and
the above kinetic model is very similar to the UGKS three-temperature model [83] in terms of the
definition of the equilibrium functions and the governing equation formulation. Furthermore, if
vibrational excitation is not considered, the model will have only two relaxation processes (with-
out the Zv), which is similar to the UGKS with translational and rotational non-equilibrium,
presented in [82]. Another two-step approach is demonstrated by the Rykov model [90], but
the formulation is classified as a heat-flux correction for diatomic gas as an alternative to the
Shakhov correction for monoatomic gas. This shows that this multistep build-up from the single
temperature model to the three temperature model is consistent with models previously pub-
lished in the literature.
To visualize the main difference in the three models, Fig. 5.1 demonstrates the different temper-
atures for each model and their relaxation process. The comparison between the three models
and their expansion will proceed when the continuum limit is discussed next.
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Figure 5.1: Temperature relaxation process for the single-, two- and three-temperature models
for diatomic single-species.

5.2 Continuum Limit

This section demonstrates the continuum limit of the presented diatomic kinetic models and
compares the single-, two- and three-temperature mass, momentum and energy conservation
equations. The Chapman-Enskog expansion upto first order of the non-equilibrium functions f ,
detailed in the previous section, for the diatomic gas consists of summation over all vibration
levels i, integration over all positive rotational energies I and similarly to the monoatomic gas:
integration in the three velocity directions and is performed as:

∂

∂ t

∞�

−∞

∞�

0

∞

∑
i=0

ψ f dI du+
∂

∂x

∞�

−∞

∞�

0

∞

∑
i=0

uψ f dI du = 0, (5.17)

where ψ is the collision invariant and is in the form ψ = [1,u, 1
2(u

2 + v2 +w2)+ I + i kB
m θv]

T .
We observe that the mass conservation equation is the same for all models:

∂

∂ t

∞�

−∞

∞�

0

∞

∑
i=0

f dI du+
∂

∂x

∞�

−∞

∞�

0

∞

∑
i=0

u f dI du = 0, (5.18)

where from here onwards we consider the Chapman- Enskog expansion only in the one-dimensional
formulation leading to:

∂

∂ t
ρ +

∂

∂x
(ρu0) = 0 (5.19)

Since only the temperatures are changed, the mass conservation of the system is not affected.
Notice also that in comparison to the monoatomic gas (Chapter 1 Eq. (1.28)) no additional terms
are present.
The flux in the momentum equation is different for the one-, two- and three-temperature models
as:
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Single Temperature:

∂

∂ t
(ρu0) +

∂

∂x

(
ρu2

0 +ρ
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5
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T
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∂x

]
= 0 (5.20)

Two Temperature:
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Three Temperature:
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δ 2(T )
4 exp
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θv
T

)) ∂u0

∂x

]
= 0 (5.22)

We observe that all three models lead to different momentum equations. The single-temperature
model is matching the continuum limit presented by the model from Mieussens and co-workers
[96, 97]. The two- and three- temperature models have extra terms that are highlighted with a
bracket on top. It is easy to see that if for the two-temperature model Ttr = T then it collapses
to the expression of the single-temperature model. Again, for the three-temperature model if
T̂ = Ttr, we recover the two-temperature model and if we set them equal to T as T̂ = Ttr = T , the
single-temperature expression in the continuum is recovered. This shows consistency between
the models with the additional terms involving temperature differences that are of order O(ε)

and contribute to the bulk viscosity in the gas. The transport properties will be further discussed
in the following section.
Unlike the momentum equation, the energy equations are modified in both the time and space
derivative terms when changing from single-temperature to two- and three-temperature models.
Note that the considered energy equation governs the conservation of total energy of the gas,
while for the two- and three-temperature model, separate equations for rotational and vibrational
energy can be derived (which correspondingly will include a source term on the RHS). The total
energy conservation for the three models is:
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Single Temperature:
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Two Temperature:
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Three Temperature:
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Notice that in the time-derivative term, the expressions that are highlighted with the top bracket
((1), (3) and (4)) are outside the well-known total energy expression. Since this is a total energy
conservation, we do not expect these extra terms. When discussing each of these terms in the
next section, we will prove the "extra" expressions to be equal to 0, which in turn will lead to
a consistent energy conservation for all there models. Furthermore, expression (5) is also 0 and
expressions (2) and (6) in the space-derivative terms will be partially reduced as well.
Moreover, observing the consistency property of the three models, equalisation of the tempera-
tures leads to reduction of the model from three- to two- and then from two- to one-temperature
model. A similar process in the reduction is followed as in the momentum equations. However,
a distinct difference is the appearance of the rotational temperature Tr in the energy equation of
the three temperature model. The energy equation is the first continuum equation in which the
three initial temperatures T̂ , Tr and Tv are all present. Therefore to reduce to the two-temperature
model first the translational and rotational temperatures equilibrate to the common translation-
rotation temperature or T̂ = Tr = Ttr. This leads the first terms in the time- and space-derivatives
with an overbrace and multiplier 1/Zr (i.e. expressions (3) and (5)) to 0. Logically, the next step
to reduce to the single-temperature model will be to equalise Ttr = Tv = T , which will make the
brackets multiplied with 1/Zv (i.e. expressions (4) and (6)) also 0.
We can clearly see the effect of additional temperatures and relaxation ratios in the kinetic mod-
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els lead to changes in the continuum limit. The additional information facilitates a more detailed
level of modelling.

5.3 Transport Properties

The Chapman-Enskog [24] expansion is widely used in the kinetic gas theory and it was estab-
lished and derived specifically for monoatomic gases, while it is also often used for diatomic
models. Monoatomic kinetic models utilise the expansion to demonstrate the continuum limit
and show the corresponding closure of the Navier-Stokes equations. The derived continuum
limit allows for the transport coefficients to be evaluated and with the help of relaxation coeffi-
cients to be correctly fitted, as shown in Chapter 2. Therefore the full derivation and numerical
application of kinetic models is not possible without the evaluation of the transport properties,
which are the focus on this section. Furthermore, this section will proceed to discuss the ad-
ditional level of detail provided by the models with different number of temperatures, while
focusing on the transport properties and how they are affected.
The transport properties for a single-species monoatomic gas are viscosity and thermal con-
ductivity. As previously discussed, more transport effects occur for a gas mixture (see Chapter
1.4.11). Similarly, for diatomic and polyatomic gases additional transport properties are present.
When the CE is applied to a polyatomic model, a volume viscosity component and extra ther-
mal conductivity terms occur, due to the internal degrees of freedom [125]. The volume (bulk)
viscosity for a monoatomic gas is zero as are the extra thermal conductivity terms as well. Com-
paring the continuum equations of a monoatomic single-species gas and diatomic single-species
gas will highlight these properties. Considering the equations in the previous section and com-
paring with the Navier-Stokes for a monoatomic model (shown in Chapter 1), the change in
transport coefficients moving from monoatomic to diatomic single temperature model and then
to two- and three- temperature models is examined. First, the mass conservation equations are
inspected.
Monoatomic Mass Conservation:

∂

∂ t
ρ +

∂

∂x
(ρu0) = 0 (5.26)

Diatomic Mass Conservation:

∂

∂ t
ρ +

∂

∂x
(ρu0) = 0 (5.27)

In the previous section, it was shown that for all three models the mass equation does not change.
Furthermore, the continuity equation is not affected, i.e. there is no difference between the ex-
pressions for monoatomic or diatomic mass conservation, as shown in Eq. (5.26) and Eq. (5.27).
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5.3.1 Bulk Viscosity

As expected we observe changes in the momentum equation. If we compare the monoatomic and
diatomic momentum equations, an additional term appears. That additional term is known as the
bulk viscosity. The literature specifies the bulk viscosity for a diatomic gas is due to presence of
internal degrees of freedom. It can be regarded as a relaxation phenomenon [24]. Furthermore,
the difference of relaxation times between translational, rotational and vibrational degrees of
freedom contribute to the definition of this transport term. Due to this difference, the work done
by the pressure on the gas affects the mechanical (translational) energy faster than the thermal
(by inelastic collisions) energy which then gives rise to the bulk viscosity [24, 126]. Examples
of flows where the bulk viscosity becomes important include flow where the velocity divergence
is large, e.g. inside a shock wave, when fluid is compressed and expanded in multiple cycles
(e.g sound wave) or when the atmosphere consists of a gas with large bulk viscosity e.g. CO2

in the atmosphere of Mars [2, 126]. Even though it is a viscosity coefficient and has viscosity
units, the bulk viscosity does not represent a momentum transfer, but an energy transfer [127].
The momentum equation in the x-direction for the monoatomic gas is shown in Eq. (5.28).
Splitting the viscous term in diatomic momentum equation (Eq. (5.20)) into a normal stress that
matches the monoatomic gas momentum in Eq. (5.28) and examining the remaining terms leads
to the bulk viscosity, consisting of the last two terms in Eq. (5.29), which are emphasised with
an underbracket. This is possible since we know that the ordinary viscosity does not differ for a
monoatomic and diatomic gas [35].
Monoatomic Momentum Conservation:
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]
= 0, (5.28)

Single Temperature Momentum Conservation:
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]
= 0, (5.29)

where the ordinary viscosity µ for the monoatomic model and all diatomic models is:

µ = τρ
kB

m
T. (5.30)
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Therefore the contribution to the normal stress from the bulk viscosity for the single temperature
model is in the form:

σ(µB) =
2
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∂u0
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m
T(

5
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δ 2(T )
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(
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)) ∂u0

∂x
. (5.31)

Notice that in the limit of δ (T )→ 0, where no vibrational energy is present, the classical result
[128] for the stress due to bulk viscosity appears:

σ(µB) =
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∂x
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∂x
, (5.32)

where in the absence of vibrational energy, this bulk viscosity is solely due to the rotation of the
molecules in the gas.
The two-temperature model has a common translational and rotational temperature and a sep-
arate vibrational temperature. The same comparison is used for the model with two relaxation
times. Extra terms of order O(ε) appear in the first space-derivative term and have been moved
into the second space-derivative bracket with the other order O(ε) terms.
Two Temperature Momentum Conservation:
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Therefore the normal stress caused by the bulk viscosity for the two temperature model is now
modified and can be expressed in the form:

σ(µB) =
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(5.34)

Notice that relative to the one-temperature model the modification of the expression is a temper-
ature difference and not based on a velocity gradient. The Chapman-Enskog expansion based on
the Maxwellian leads to a distinct advantage at this stage that we have noticed after comparing
with an expansion that is based on the intermediate equilibrium function. The bulk viscosity is
identified after the exact same expression for the ordinary viscosity, based on the equilibrium
temperature T , as in the monoatomic gas is in the continuum limit of the diatomic gas. Note
that if we are to expand with the intermediate distribution function the ordinary viscosity will be
expressed with the combined translational and rotational temperatures Ttr and is not identical to
the one from the monoatomic gas. Therefore, no straightforward conclusions would be possible
for the bulk viscosity, while now we have the capability to assess the bulk viscosity transport
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property. Of course, at the same time both expansions are valid alternatives based on the order
of ε considered here.
Furthermore, performing the same analysis for the limit of δ (T )→ 0 in order to inspect the bulk
viscosity stress in the limit of no vibrational excitation leads to:
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. (5.35)

At first, this expressions differs from the well-known expression shown in Eq. (5.32). How-
ever, for the assumed condition of no vibrational excitation the difference between the common
translation-rotational temperature Ttr and the equilibrium temperature T will be 0, which then
in turn reduces to the bulk viscosity stress expression to the expected value as in Eq. (5.32).
Following the same procedure in the expression of the momentum equation for the three temper-
ature model provides an expression for the modified stress due to bulk viscosity for the model.
Three-Temperature Momentum Conservation:
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= 0, (5.36)

therefore the expression for normal stress based on the bulk viscosity is:
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(5.37)
where additionally to the two-temperature model modification based on Ttr and T with a colli-
sion number Zv, further change is introduced with the difference between temperatures T̂ and
Ttr with collision number Zr. All three temperatures of the model contribute directly to the
expression for bulk viscosity. Similarly to the two-temperature model, it is easy to observe
the expression for the stress due to bulk viscosity with no vibrational excitation reducing as in
Eq. (5.32) and Eq. (5.35). As in the two-temperature model, further to the limit of the vibrational
degrees of freedom δ (T )→ 0, the temperatures Ttr and T are non-distinguishable or Ttr = T .
Therefore:

σ(µB) =
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. (5.38)

In contrast to the other two models in which the translational and rotational temperatures are in
equilibrium, in the three-temperature model (in the limit of no vibrational excitation) the differ-
ence between the translational and equilibrium temperature (which can differ due to the separate
rotational temperature in the gas) creates an extra term even in the reduced bulk viscosity ex-
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pression.
Furthermore, with the additional assumption of equal translational and rotational temperatures
or Ttr = T̂ = Tr, we again receive the result for the stress due to bulk viscosity of the single-
temperature model as in Eq. (5.32).

5.3.2 Heat Flux

The second extra term that appears in the continuum limit of a diatomic model in comparison
to the monoatomic model is the additional heat flux based on the rotational and vibrational
molecular motion. Equations (5.23), (5.24), (5.25) showed the continuum limit as derived from
the moments for the energy equation. Notice that in the two and three temperature models terms
of order O(ε) appear even in the time derivative term. Using the internal energy definition, we
observe that these terms are eliminated, since:

e =
5
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RTtr +
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2
RTv =

5+δ (T )
2

RT (5.39)

is the definition based on the separate temperatures for the two-temperature model and:
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is the definition based on the separate temperatures for the three-temperature model. Using
these definitions and inserting the terms of order O(ε) into the second space derivative bracket
similar to the momentum equations, the new expressions for the energy equation of the two and
three temperature models are compared with the monoatomic and single temperature diatomic
models.
Monoatomic Energy Conservation:
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(5.41)
The total energy conservation for diatomic gas will differ due to the extra degrees of freedom due
to the molecular rotation and vibration. The temporal and zeroth order of O(ε) spatial derivative
will be in a similar format to the monoatomic gas but differ in the coefficient specifying the
contribution due to the DoF. From the standard form of the Navier-Stokes equations the order
O(ε) term in the space derivative will consist of the normal stress multiplied by the gas velocity
and the heat flux. By knowing the ordinary and bulk viscosities contributions to the normal
stress, we can isolate the heat flux contribution.
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Single Temperature Energy Conservation:
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Therefore the heat flux due to translation, rotational and vibrational DoF is in the form:
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where when compared with the monoatomic energy equation, the translational heat flux is shown
to have preserved the same form, as it was expected [35], and the separate contributions to the
heat flux from the translational, rotational and vibration DoF are:
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(5.44)
After simplifying the two-temperature energy equation with the definition of energy, the equa-
tion is in the form:
Two-Temperature Energy Conservation:
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Therefore, for the two-temperature model the heat flux is in the same form as for the single-
temperature model and is expressed with the equilibrium temperature T .
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No corrections to the heat flux expression is observed up to order O(ε) from introducing the sec-
ond temperature. Further, the individual heat flux contribution are also the same as in Eq. (5.44).
This is a result of using the equilibrium (Maxwellian) distribution function as the basis for the
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CE expansion. Notice that the energy equation overall is still modified due to the work done by
the normal stress based on the bulk viscosity.
Three-Temperature Energy Conservation:
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Similar to the two-temperature model, the total heat flux and the individual heat flux contribu-
tions from the translation, rotational and vibration are unchanged in comparison to the single-
temperature diatomic model. Again, this is a result of the CE expansion based on the Maxwellian
distribution function. The total heat flux expression is based on the equilibrium temperature T

and is in the form:
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while the different contributions are as in Eq. (5.44) or:
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(5.48)
Equations (5.48) will be compared with the heat flux contributions for the diatomic mixture
model with three temperatures presented in the next section.

5.4 Diatomic Mixture with Three Temperatures

After building up a diatomic model from a single-temperature model, available in the litera-
ture [96, 97], to a three-temperature model, which can model separately translation, rotation
and vibration, we focus our attention to expand this model to a diatomic mixture model. Note
that we have defined the model for a binary mixture, similar to the monoatomic mixture mod-
els. In this section, a diatomic mixture model with separate species velocities is presented. A
species target velocity is also introduced similar to the monoatomic mixture models discussed
in Chapter 2. Furthermore, the model features three temperatures per species and has a com-
mon translational target temperature (used in the equilibrium distribution function), consistent
with the monoatomic mixture model. The properties established with the derivations of the
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monoatomic mixture model (e.g diffusion coefficients and ordinary viscosity coefficient) and
the single-species three temperature model (e.g relaxation process, bulk viscosity, etc.) are
found in this new model and are discussed in detail.
The governing equation for a diatomic mixture is per species s, while the rotational and vibra-
tional collision numbers Zr and Zv are kept constant for all species. The characteristic tempera-
ture θvs is also per species s, which allows for specific gases with different levels of vibrational
excitation to be considered. This is one of the key benefits of this model. The governing equation
per species for the diatomic kinetic model is:
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1

Zvτ
(meq

s −ms2) ; s = 1,2, (5.49)

where fs is the non-equilibrium function, ms1 is the initial (or first) intermediate equilibrium
function, ms2 is the second intermediate equilibrium and meq

s is the final equilibrium function,
resembling a Maxwellian distribution. All distribution functions follow the same notation as be-
fore, but are per species s. Similarly, the governing equation as well as the distribution functions
describing it are quantised (for the vibrational energy levels) as in the single-species multi-
temperature approach. Note that in general for different diatomic gases, different number of
quantised levels need to be considered.
The first equilibrium function ms1 that the non-equilibrium function fs relaxes to, is in the form:
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where the target translational temperature is common for both species and is T̂ . Furthermore, the
target species velocity is u(g)s . Both of these variables are consistent with the monoatomic binary
mixture model by Groppi et al. [64] and the two models presented in Chapter 2 and in [88]. The
relationships between the target temperature T̂ and the species translational temperatures Ttrans

and between the target species velocities u(g)s and the species velocities us and gas velocity u0

will be discussed in detail. They are important for compatibility of the model but also to model
the diffusion behaviour of the two gases in the mixture. More terms specific for this equilibrium
function are the species rotational temperatures Trs and the species vibrational temperatures Tvs .
Notice that since this is the first or initial equilibrium function, the gas is furthest away from
equilibrium in the considered relaxation process. This is the reason all temperatures differ from
each other.
In the next relaxation step the first intermediate equilibrium function ms1 relaxes to the second
intermediate equilibrium function ms2 with relaxation time Zr times longer than the initial relax-
ation. At the stage of the relaxation process represented by this equilibrium function, the species
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translational and species rotational temperatures should be in equilibrium leading to a species
translation-rotation temperature Ttrs . However, in the time of having translational and rotational
temperatures equalize, the species translational temperature will be common for both species
and similarly the species rotational temperature will be common as well or Tr1 = Tr2 . Therefore,
having species translation-rotation temperature Ttrs is unnecessary and a common temperature
Ttr is used, where T̂ = Tr1 = Tr2 = Ttr. Note that this can be justified for the common binary gas
mixture for aerospace application (air) consisting of nitrogen and oxygen,where the collision
number Zr for N2 is very close to the collision number Zr for O2. Considering modelling differ-
ent methods for Zr as a function of temperature [129,130] and the fact that the species rotational
temperatures have similar values, having a value for Zr common between the two species is a
reasonable assumption. The second intermediate equilibrium function becomes:

ms2 =
ρs

(2π(kB/ms)Ttr)
3/2 exp

(
−ms(u−u0)

2

2kBTtr

)
ms

kBTtr
exp
(
− msI

kBTtr

)
×(

1− exp
(
−θvs

Tvs

))
exp
(
− iθvs

Tvs

)
, (5.51)

where two species vibrational temperatures Tvs represent the fact that the vibrational tempera-
tures have not equilibrated yet with the other temperatures. Important to notice in Eq. (5.51) is
the velocity, which has relaxed from species target velocity u(g)s to the common mixture velocity
u0 of the gas. There are two possible relaxation routes for the velocity, which is not directly
related to the Zr and Zv collision numbers. It is considered that the velocity equilibration occurs
with the quicker initial relaxation rather than the slower relaxation. For this reason the ms2 dis-
tribution function is defined with the gas velocity u0.
Finally, the last equilibrium distribution function is defined with the equilibrium temperature T

and the gas mixture velocity u0 as:

meq
s =

ρs

(2π(kB/ms)T )
3/2 exp

(
−ms(u−u0)

2

2kBT

)
ms

kBT
exp
(
−msI

kBT

)
×(

1− exp
(
−θvs

T

))
exp
(
− iθvs

T

)
. (5.52)

At this last stage all temperatures are in equilibrium, which makes this distribution function to
resemble a species Maxwellian distribution function for a diatomic gas.
The relaxation process of the distribution function is as fs → ms1 → ms2 → meq

s . To visu-
alize the temperature relaxation, the temperature reduction stages are shown for the mixture
model in Fig. 5.2, similar to the comparison between the single-, two- and three-temperature
single-species diatomic models before. The red temperatures and dashed lines are stages in
the temperature equalization that are omitted in the modelling process. Despite being omitted,
species-specific translational temperatures can still be obtained from taking moments of the non-
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equilibrium distribution function fs. However, these temperatures play no role in the definition
of the current model. These red steps are justified through the representation of the model in this
section. The equilibration process begins with five temperatures for the two-species model: T̂ ,

T Tr1

T

Ttr

Tr2

Tv1

Tv2

Ttran1 Ttran2

Ttr2Ttr1

Tv1

Tv1

Figure 5.2: Temperature relaxation process for the diatomic mixture model.

Tr1 , Tr2 , Tv1 , Tv2 . In the next step, the translational and rotational temperatures have a common
Ttr temperature, while Tv1 and Tv2 are still in the process of relaxation. In the final step all tem-
peratures are equal to each other and to the gas temperature T .

Reduction to a single-temperature single-species model

We will now demonstrate the reduction of the mixture diatomic model to the original single-
species single-temperature model [96] and the conditions required to achieve it. That model
does not have a separate rotational or vibrational relaxation. Therefore, to reduce to the original
model, we inspect the case where Zr = Zv = 1, resulting in the additional equilibrium functions
cancelling out as:

∂ fs

∂ t
+u · ∂ fs

∂x
=

1
τ
(ms1− fs)+

1
τ
(ms2−ms1)+

1
τ
(meq

s −ms2),

=⇒ ∂ fs

∂ t
+u · ∂ fs

∂x
=

1
τ
(meq

s − fs), (5.53)

where the equilibrium distribution function is dependent on the gas mixture velocity u0 and
the equilibrium temperature. Other macroscopic properties discussed during the mixture model
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introduction like the target velocity u(g)s and the temperatures T̂ ,Trs,Tvs,Ttr no longer participate
in the required set of equations. The equilibrium function is in the form:

meq
s =

ρs

(2π(kB/ms)T )
3/2 exp

(
−ms(u−u0)

2

2kBT

)
ms

kBT
exp
(
−msI

kBT

)
×(

1− exp
(
−θvs

T

))
exp
(
− iθvs

T

)
. (5.54)

Next, we consider that the original model is not defined for a gas mixture. Therefore, the final
step is to reduce out the species specific properties: ρs = ρ , ms = m and θvs = θv. The governing
equation is for the distribution function f for the gas:

∂ f
∂ t

+u · ∂ f
∂x

=
1
τ
(meq− f ), (5.55)

and the equilibrium function goes to:

meq =
ρ

(2π(kB/m)T )3/2 exp

(
−m(u−u0)

2

2kBT

)
m

kBT
exp
(
− mI

kBT

)
×(

1− exp
(
−θv

T

))
exp
(
− iθv

T

)
. (5.56)

We recover the single-species model with one equilibrium temperature and one gas velocity,
demonstrating the consistency of the diatomic mixture model. This property is discussed math-
ematically, but in the next chapter will be shown numerically.

Reduction to monoatomic gas mixture

To reduce to the monoatomic gas mixture, we consider the case when there is no energy ex-
change between the translational and internal energies. The rotational and vibrational relaxation
effects are so much slower than the translation relaxation that they never really begin to propa-
gate and Therefore, the collision numbers Zr→∞ and Zv→∞ . In the limit of infinity it follows
that 1/Zr = 0 and 1/Zv = 0, which reduces the governing equation of the diatomic mixture
kinetic model to:

∂ fs

∂ t
+u · ∂ fs

∂x
=

1
τ
(ms1− fs), (5.57)

with the equilibrium function in the form:

ms1 =
ρs(

2π(kB/ms)T̂
)3/2 exp

(
−ms(u−u(g)s )2

2kBT̂

)
ms

kBTrs

exp
(
− msI

kBTrs

)
×(

1− exp
(
−θvs

Tvs

))
exp
(
− iθvs

Tvs

)
. (5.58)
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Notice that the governing equation reduced to one equilibrium distribution function, similar to
the reduction to a single-temperature, single-species model in Eq. (5.53), but the function itself is
different. In the current reduction to a monoatomic mixture model, we have kept the distribution
defined with the target velocity u(g)s and the target temperature T̂ , similar to the monoatomic
model we are trying to go to: the Groppi et al. model [64], described in Chapter 2. To reduce
the equilibrium function we consider the summation over all quantised levels i from 0 to ∞ and
then integrating out the rotational energy I as:

∂Fs

∂ t
+u · ∂Fs

∂x
=

1
τ
(Ms1−Fs), (5.59)

with the equilibrium function in the form:

Ms1 =

∞�

0

∞

∑
i=0

ms1dI =
ρs(

2π(kB/ms)T̂
)3/2 exp

(
−ms(u−u(g)s )2

2kBT̂

)
(5.60)

Comparing with the expressions in Chapter 2, we conclude that Ms1 ≡ Gs and the monoatomic
mixture model possessing two correct transport coefficients in the continuum limit is recovered.
In this section the governing equations of a new kinetic model for a binary diatomic gas mixture
were presented. Furthermore, modelling decisions were discussed and justified. The relaxation
process was detailed. The next sections will focus on closing the model by deriving the expres-
sions for the target velocity and species temperatures, demonstrating compatibility of the model,
providing the expressions for the transport properties and showing the continuum limit.

5.5 Compatibility

In this section the compatibility property of the model is demonstrated. It is shown that taking
moments with respect to the collision invariants of the collision integral on the RHS of the gov-
erning equation equals zero. This property was also used in Chapter 2 to provide expressions
for the target species velocity u(g)s and target temperature T̂ . Similarly, these expressions will be
derived for the diatomic mixture model together with the expressions linking the temperatures
received by taking moments of the distribution function and the translational-rotational temper-
ature Ttr and the equilibrium temperature T . As in Chapter 2 these expressions guarantee the
compatibility condition.
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5.5.1 Mass Compatibility

The collision term on the RHS of the governing equation is Qs =
1
τ
(ms1− fs)+

1
Zrτ

(ms2−ms1)+
1

Zvτ
(meq

s −ms2) and the collision invariant for the mass compatibility is 1, leading to:

�
∞

−∞

�
∞

0

∞

∑
i=0

QsdI du =

�
∞

−∞

�
∞

0

∞

∑
i=0

1
τ
(ms1− fs)+

1
Zrτ

(ms2−ms1)+
1

Zvτ
(meq

s −ms2)dI du

=
1
τ
(ρs−ρs)+

1
Zrτ

(ρs−ρs)+
1

Zvτ
(ρs−ρs)

= 0, (5.61)

where even though the model is for a mixture the mass is conserved per species s, since the gas
is non-reacting. This will differ for both momentum and energy compatibility equations. The
proof of the mass is trivial, since the first moment of all functions is the species density ρs and
does not impose new conditions between the macroscopic variables.

5.5.2 Momentum Compatibility

The momentum of the diatomic mixture model is conserved for the whole mixture and not per
species s. Therefore the sum of the moments of the collision integral Qs with respect to the
collision invariant u is assessed:

2

∑
s=1

�
∞

−∞

�
∞

0

∞

∑
i=0

uQsdI du

=
2

∑
s=1

�
∞

−∞

�
∞

0

∞

∑
i=0

u
1
τ
(ms1− fs)+

1
Zrτ

(ms2−ms1)+
1

Zvτ
(meq

s −ms2)dI du

=
1
τ

(
(ρ1u(g)1 −ρ1u1)+

1
Zr

(ρ1u0−ρ1u(g)1 )+
1
Zv

(ρ1u0−ρ1u0)
)

+
1
τ

(
(ρ2u(g)2 −ρ2u2)+

1
Zr

(ρ2u0−ρ2u(g)2 )+
1
Zv

(ρ2u0−ρ2u0)
)

=
1
τ

((
ρ1u(g)1 +ρ2u(g)2

)
−
(

ρ1u1 +ρ2u2

)
+

1
Zr

(
ρu0−ρ1u(g)1 −ρ2u(g)2

))
= 0. (5.62)

Notice that the bracket multiplied with 1/Zv has disappeared in the final expression in Eq. (5.62).
Furthermore, for a binary gas mixture with species velocities u1 and u1 and gas mixture velocity
u0, the following condition is valid:

ρu0 = ρ1u1 +ρ2u2, (5.63)
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which inserted in Eq. (5.62) leads to a requirement for the target velocity u(g)s . This leads to:(
1− 1

Zr

)
(ρ1u(g)1 +ρ2u(g)2 −ρu0) = 0

OR

ρ1u(g)1 +ρ2u(g)2 = ρu0 = ρ1u1 +ρ2u2 (5.64)

Definition of the u(g)s velocity:

So far we have described the velocity u(g)s as an equilibrium target velocity for each species
representing the velocity in the initial equilibrium distribution function ms1 . However, taking
moments of the non-equilibrium distribution function fs will lead to the species velocity us.
The gas mixture velocity u0 can be found using the species velocity us and Eq. (5.63). Up
until this point, we do not have a mathematical expression for the species target velocity u(g)s .
Further to Eq. (5.64), a second velocity relationship is required. This is provided by the same
constraint as for the Groppi et al.’s model [64] for the species-velocity equalisation and includes
the introduction of the relaxation parameter η :

1
ρ1

�
∞

−∞

�
∞

0

∞

∑
i=0

uQ1dI du− 1
ρ2

�
∞

−∞

�
∞

0

∞

∑
i=0

uQ2dI du =−η(u1−u2), (5.65)

where Q1 and Q2 are the collision terms for species 1 and 2 respectively. Integrating the collision
terms with respect to the momentum invariant u in Eq. ((5.65)) leads to the following expression:

1
ρ1

(1
τ
(ρ1u(g)1 −ρ1u1)+

1
Zrτ

(ρ1u0−ρ1u(g)1 )+
1

Zvτ
(ρ1u0−ρ1u0)

)
− 1

ρ2

(1
τ
(ρ2u(g)2 −ρ2u2)+

1
Zrτ

(ρ2u0−ρ2u(g)2 )+
1

Zvτ
(ρ2u0−ρ2u0)

)
=−η(u1−u2),

(5.66)

which reduces to:

(u(g)1 −u1)+
1
Zr

(u0−u(g)1 )− (u(g)2 −u2)−
1
Zr

(u0−u(g)2 ) = −ητ(u1−u2)

u(g)1 −u(g)2 − (u1−u2)+
1
Zr

(u0−u(g)1 −u0 +u(g)2 ) = −ητ(u1−u2)

u(g)1 −u(g)2 =
Zr(1−ητ)

(Zr−1)
(u1−u2)

(5.67)

Notice that this equality is possible only if Zr is common for the two species and not species
dependent, while for this formulation Zv can be species dependent and the same expression
will be received. Next, to find u(g)s velocity we multiply Eq. (5.67) by ρ2 and sum with the
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compatibility equation ρ1u(g)1 +ρ2u(g)2 = ρu0 (Eq. (5.64)):

u(g)s = (1−ητ)
Zr

Zr−1
us +

(
1− (1−ητ)

Zr

Zr−1

)
u0 ; s = 1,2 (5.68)

A necessary condition is that Zr 6= 1. In comparison to the monoatomic mixture model (see
Eq. (2.10)), where the expression for the velocity has a dependency on the relaxation parameters
η and ν = 1/τ , for the diatomic mixture model a further dependency on the collision number
Zr is present. For typical values of Zr in the interval 1 < Zr ≤ 5, then the ratio Zr/(Zr−1) will
be always bigger than 1 and less than 2. It can be therefore argued that the collision number
dependency leads to a small weighted advantage towards the species velocity us rather than u0

in the diatomic mixture model. Also, relatively to the monoatomic model, the same ratio of
η/ν ≡ ητ will lead to the value of u(g)s closer to us. Now, all velocities associated with the
presented diatomic mixture model are specified and can be computed.

5.5.3 Energy Compatibility

Equivalent to the momentum, the energy of the diatomic mixture is preserved for the sum of
all species and not individually. Furthermore, it is preserved for the sum of all types of energy:
translational and internal. The sum of the moments of the collision integral Qs with respect to
the collision invariants for the translational, rotational and vibrational energy is:
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∑
s=1
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∞

−∞

�
∞

0

∞

∑
i=0

(
1
2
|u|2 + I + i

kB

ms
θvs)QsdI du = 0 (5.69)
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(ms1− fs)+

1
Zrτ

(ms2−ms1)+
1

Zvτ
(meq

s −ms2)
)]

dI du = 0,

where |u|2 = u2 + v2 + w2 and after a long but standard integration we reach the following
expression:
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+
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+
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δs(Tvs)
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kB

ms
Tvsρs
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= 0. (5.70)

The only way to guarantee this expression is equal to 0 for different choices of Zr and Zv is if
each individual relaxation expression with a different collision number in front of it is 0, leading
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to three separate conditions to ensure energy compatibility of the mixture model:
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2
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ms
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= 0 (5.71)

These equations resemble Eq. (2.11) in Chapter 2 from which the temperature introduced as a
target equilibrium temperature in the equilibrium distribution function was defined. The species
translational, rotational and vibrational temperatures Ttrans , Trs and Tvs are found as moments of
the species non-equilibrium distribution functions. Similarly to the monoatomic model, from the
energy compatibility, the expressions for T̂ ,Ttr and T are defined from the species temperatures
Ttrans , Trs and Tvs:

T̂ =
1

3nkB

2

∑
s=1

[
ρs(us

2−u(g)s
2
)+3nskBTtrans

]
(5.72)

Ttr =
3
5

T̂ +
1

5nkB

2

∑
s=1

[
ρs(u

(g)
s

2
−u0

2)+2nskBTrs

]
(5.73)

T =
5nkBTtr +∑

2
s=1(δs(Tvs)nskBTvs)

5nkB +∑
2
s=1(δs(T )nskB)

(5.74)

To guarantee positive temperatures, the limit of possible values for the coefficient ητ = η/ν is
found, similar to the monoatomic mixture models in Chapter 2. For positive macroscopic values
for the temperatures, the expressions in Eq. (5.72) and Eq. (5.74) guarantee positivity without
any limitations. From Eq. (5.73) and the known possible values for the rotational collision
coefficient Zr, the coefficient’s bounds are 1/Zr ≤ ητ ≤ (2Zr− 1)/Zr. Inspecting the possible
values for Zr, it follows that 0<ητ < 2, which are similar values to the Groppi et al’s model [64]
and the Shakhov-based mixture model we developed [88] and detailed in Chapter 2.
Together the 3 equations (Eq. (5.72)-Eq. (5.74)) guarantee energy compatibility of the model,
provide expressions for 3 important macroscopic variables for the definition of the equilibrium
distribution functions and contribute to the successful closure of the kinetic model.

5.6 Continuum Limit for the Gas Mixture

The continuum limit of the diatomic mixture model and the equations for the mass, momentum
and energy conservation are demonstrated in this section. The Chapman-Enskog expansion upto
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first order of the species non-equilibrium distribution function fs is:

fs = ms1 +
1
Zr

(ms2−ms1)+
1
Zv

(meq
s −ms2)− ετ̂

(
∂meq

s

∂ t
+u · ∂meq

s

∂x

)
+O(ε2), (5.75)

where the same approach is followed as for the single-species diatomic models described in this
chapter. The order O(ε) expansion is based solely on the final (Maxwellian) equilibrium distri-
bution function meq

s , defined by the gas mixture velocity u0 and the equilibrium temperature T .
As with the monoatomic gas mixture and due to the absence of chemistry, the mass conservation
is per species s, while the momentum and energy are conserved for the mixture. To receive the
complete set of conservation equations, we need to sum over all vibration levels i and integrate
the rotational energy I and in the three velocity directions with respect to the collision invariant
ψ

s
.
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where the collision invariant is per species and in the form ψ1 = [1,0,u,0, 1
2(u

2+v2+w2)+ I+

i k
ms

θv1 ]
T and ψ2 = [0,1,0,u, 1

2(u
2 + v2 +w2)+ I + i k

ms
θv2]

T .
Similar to the monoatomic mixture model the drift velocity is a very important quantity. It is
found as a moment of the CE-expanded non-equilibrium distribution function fs as:
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(5.77)

Substituting the expression for u(g)s as defined in Eq. (5.67) into the above expression leads to:

uε
s = u0−

εkT
ηρs

( 1
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∂ρs

∂x
− 1

m
ρs

ρ

∂ρ

∂x
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)
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)
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ηns

( 1
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∂ns
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− ns

ρ

∂n
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+
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T

( 1
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ρ

)
∂T
∂x

)
, (5.78)

where ns = ρs/ms is the species number density and n = ρ/m is the number density for the gas
mixture. Note the relaxation coefficient η is of the same order as 1/τ and therefore 1/η = ε/η̂ .
In Eq. (5.78) we use this reduced form but instead of η̂ we have used η by omitting the -̂ symbol
for simplicity. We have used these quantities to derive the species velocity uε

s in a form allowing
comparison with the species velocity for the monoatomic mixture models from Chapter 2. We
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find that the monoatomic and diatomic expressions are identical, which is the desired result,
since the extra temperatures and relaxation processes should not affect the species velocity uε

s .
The mass conservation equation for the diatomic mixture model is per species s and is in the
form:
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)
= 0, (5.79)

which after substituting u(g)s from Eq. (5.67) and then the expression for uε
s from Eq. (5.78)

reduces the equation to a mass conservation equation which involves the gas mixture velocity
u0.
Mass Conservation:

∂ρs

∂ t
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( 1
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))
= 0. (5.80)

Notice that the diatomic single-species mass equation was equivalent to the monoatomic single-
species mass equation. Similarly, the diatomic mixture mass conservation equation is the same
as the continuity equation presented in Chapter 2 for the monoatomic gas mixture models. The
introduction of molecular collision with internal degrees of freedom has not affected the mass
flow and diffusion in the system. The continuity equation can be reduced to a single-species
equation for ms = m and ρs = ρ , which makes the term of O(ε) to vanish. The continuum limit
for the mass of the system shows consistency with both the monoatomic mixture model and the
single-species diatomic model, which is the desired mathematical result.
The momentum is conserved for the mixture and therefore the sum over all species s is required
to receive the momentum conservation equation:
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(5.81)

The above equation can be reduced by using:
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similar to the monoatomic mixture models in Chapter 2. Furthermore, we can show from the
velocity expression in Eq. (5.78) that u(g)s −u0 = O(ε) and therefore (u(g)s −u0)

2 = O(ε2). The
continuum limit considered here is upto and including first order terms in ε . Therefore, the
momentum equation of the gas mixture is for the whole system and is based on the mixture
velocity u0.
Momentum Conservation:
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Note that the only difference between the mixture three-temperature momentum conservation
and the single-species three-temperature model is the mass ms and density ρs per species s. For
ms = m and ρs = ρ , the momentum conservation reduces to the single-species three-temperature
model. The total energy of the system is conserved for the mixture and we know that:
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Furthermore, by inserting Eq. (5.71) we find:
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which is the form used in the energy conservation expression. After integration the mixture en-
ergy conservation equation is based on the u(g)s velocity and all of the temperatures introduced
with the model. We have reduced that expression to a more concise form by using the expres-
sions derived from the energy compatibility, describing the relationships between the different
temperatures (Eq. (5.71)) , (Eq. (5.85)) and after expressing u(g)s as a function of us and u0. Fur-
thermore, all terms of order O(ε2) are ignored.
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Energy Conservation:
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Notice that for the energy conservation equation to reduce to the single-species form will need
further requirements than the mass equalisation. Specifically, in the zeroth-order time-derivative
and space-derivate terms, the species rotational and vibrational temperatures Trs and Tvs need to
be equal, i.e. Tr1 = Tr2 and Tv1 = Tv2 . Moreover, the δs(Tvs)- degrees of freedom dependency,
which is defined with the gas-specific characteristic temperature will need to be set to the same
value. Only then, the energy conservation model reduces to a single-species model, which is the
required reduction to a single-species gas.
Finally, the three-temperature diatomic mixture model can be reduced to a two-temperature and
a single-temperature mixture model following the same processes described in the single-species
diatomic models.

5.7 Transport Properties for Diatomic Mixture

We will inspect the three equations describing the continuum limit to identify the transport
properties. The transport coefficients for the diatomic mixture model inherit the properties of
the single-species diatomic model: viscosity, bulk viscosity and thermal conductivity, due to the
internal degrees of freedom [125]. Additional properties arise that are mixture related such as
the ordinary diffusion, Soret and Dufour effects.

5.7.1 Diffusion

In comparison to the three single-species diatomic models where no mass diffusion behaviour is
observed, Eq. (5.80) has a mass flux term, caused by the gradients of the concentration, pressure
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and temperature, in comparison to the single-species mass conservation shown in Eq. (5.19).
The mass flux term is in the form:
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which is identical to mass flux of the monoatomic mixture models. Early in this chapter we dis-
cussed that expanding from a single-species monoatomic gas to a single-species diatomic gas is
known to affect some coefficients, e.g bulk viscosity and thermal conductivity, while others, e.g
ordinary viscosity, are unchanged. Diffusion belongs to the latter group and therefore the diffu-
sion effect of the monoatomic mixture and the diatomic mixture are identical [35]. In Chapter 2,
as well as here, we ignore the temperature effect (associated with the Soret coefficient), leading
our focus to the ordinary diffusion. Therefore, the binary diffusion coefficient Dsr = Drs, where
r ∈ {1,2} and r 6= s, is such that:

Dsr =
εkT ρ

ηnmsmr
, (5.88)

similar to expression Eq. (2.62).

5.7.2 Viscosity

For the diatomic mixture model two viscosity coefficients are present: the ordinary viscosity
and the bulk viscosity. The momentum equation can be rewritten as:
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where the ordinary viscosity µ for the diatomic gas mixture considered here is identical to that
for the monoatomic model and is expressed as:

µ = τρ
kB

m
T. (5.90)

Here, we should take a moment to appreciate that the value of ητ is defined from the relationship
of the ordinary diffusion and ordinary viscosity coefficients, formulated as [35]:
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, (5.91)
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where A∗12 is a non-dimensional coefficient, defined by the ratio of collision integrals and is in
general a function of the gas temperature and the force law between molecules. This relationship
is identical to the monoatomic gas mixture, as are the ordinary diffusion and viscosity coeffi-
cients. Therefore, the expression for ητ is the same and equal to η/ν . Furthermore, the value
of A∗12 = 1.10 is found appropriate [117].
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n
. (5.92)

This coefficient will vary the most in regions of strong non-equilibrium and for bigger mass
ratios.
After identifying the ordinary viscosity coefficient, the contribution to the normal stress due to
the bulk viscosity is:
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We observe an expression similar to the single-species three-temperature diatomic model. Again,
three temperatures (T̂ , Ttr, T ) contribute directly to the bulk viscosity expression and the relax-
ation phenomenon is presented by the collision numbers Zr and Zv. The difference with the
single-species expression is only in the last term, which is multiplying the derivative of the mix-
ture velocity u0. There, a mass averaged contribution of the different degrees of freedom is
present. In the limiting case where s = 1 the normal stress due to bulk viscosity for the mix-
ture will reduce to the single-species expression (Eq. (5.37)). Alternatively, for the limit of no
vibrational excitation, the bulk viscosity expression reduces, where:
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which is identical to the similarly-reduced single-species expression and no mixture contribution
is present. Therefore, in the absence of vibrational excitation, the mixture momentum equation
up to the Navier-Stokes level is identical to the single-species equation, without any further
assumptions or requirements.

5.7.3 Heat Flux

In the energy equation for the gas mixture (Eq. (5.86)), the order O(ε) expression in the spatial
derivative consists of three terms: the work done by the two types of viscosities and the heat
flux, which includes the thermal conductivity and the Dufour effect. The heat flux is expressed
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as:
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where the term associated with the temperature derivative is the thermal conductivity contribu-
tion and the diffusion effect (the term multiplied by the velocity difference) is the Dufour effect.
The Dufour effect qD is:
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where contributions from each species temperatures for the rotation Trs , the vibration Tvs and the
common target translational temperature T̂ are present, while the velocity contribution sums to
0 for the mixture. This expression of the Dufour effects resembles the monoatomic expression
but the additional internal degrees of freedom of the diatomic model give rise to additional terms
based on these extra DoF. Note that for the same species mass, the difference between us and u0

vanishes and therefore the Dufour effect disappears.
The other effect in the heat flux expression is the thermal conductivity. The individual contri-
butions of the separate translational, rotational and vibrational DoF to the thermal conductivity
are:
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These expression are similar to the thermal conductivity for a single-species diatomic gas and
will in fact reduce to it for ms = m, ρs = ρ and identical characteristic temperature θvs = θv.
These equations are consistent with the single-species diatomic model, but the reader should
note that in comparison to the expressions in Chapter 2, no Prandtl correction is used in the
current diatomic mixture model. This is a drawback of the current kinetic model and should
be addressed in the future. However, diatomic mixture models are still a very challenging and
active area of research and the introduced model is a strong step in a well-understood, derived
and described model for gas mixtures with drift velocity and species-specific rotational and
vibrational temperatures.
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5.8 Summary of Findings

Three single-species diatomic models with different level of complexity were presented. Fur-
thermore, a diatomic model for binary gas mixture was detailed. The goal was to derive a
diatomic model, accounting for the internal degrees of freedom, for a gas mixture through a
comprehensive development from a well-known single-species single-temperature model to a
mixture three-temperature model and to explore the impact of each change. The continuum
limit for each model was demonstrated and compared. The transport properties were discussed
separately. The models were shown to have good mathematical properties and more specifically:

• A single-species diatomic model with a single temperature and single-relaxation approach
in the governing equation which is well-defined in the literature was summarised and used
as a starting point to develop two more detailed single-species models.

• A single-species diatomic model with two temperatures: a common translational and ro-
tational temperature and a separate vibrational temperature was developed and presented.
The model also differs from the initial diatomic single-species model by a two-level re-
laxation approach, allowing for a slower vibrational relaxation.

• A single-species diatomic model with three separate temperatures: translational, rota-
tional and vibrational temperatures was shown. The relaxation was split in three parts,
translational, relatively slower rotation and further delayed vibration.

• Both extended models were shown to be consistent with each other and the original model
when the temperatures were equalised.

• The mass, momentum and energy conservation was demonstrated. The differences be-
tween the conservation equations in the continuum limit due to the introduced tempera-
tures and relaxation differences were detailed and discussed.

• Transport properties were detailed for all models. The ordinary viscosity and the diatomic
heat flux, dependent on all excited DoF, were found identical between the models, while
the bulk viscosity expression reflected the relaxation of the additional temperatures.

• Based on the three-temperature approach, a diatomic model for a binary gas mixture
was developed. Similar to the monoatomic mixture, a new target species velocity and
a common target translational temperature were introduced. The rotational and vibra-
tional temperatures were per species, while the three-level relaxation was identical for the
two species.

• Species diffusion was accounted for with a relaxation parameter allowing the two species
velocities to separate.
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• The model was shown to be consistent and to reduce to a single-temperature single-species
model. The model was also shown to reduce to the monoatomic mixture, demonstrated in
Chapter 2.

• The model was shown to conserve mass, momentum and energy in the continuum limit.

• The ordinary viscosity, bulk viscosity were found identical to the corresponding single-
species expressions. The diatomic thermal conductivity was shown dependent on the
species mass and concentration, but besides that had a similar expression to the single-
species heat flux.

• The mixture transport properties appeared in the continuum limit expressions, similarly
to the monoatomic mixture models. The ordinary diffusion coefficient is identical to the
monoatomic expression, while the Dufour effect in the energy equation was similar to the
monoatomic version, but accounted for the additional internal DoF.

In summary, the developed diatomic model for binary gas mixtures was found consistent and
with good mathematical properties. Next, it will be evaluated numerically.



Chapter 6

Numerical Evaluation of the Diatomic
Mixture Model ∗

The purpose of this chapter is to numerically evaluate the diatomic mixture model, which was
developed and theoretically evaluated in Chapter 5. The model is applied in a computational
setup similar to the setup for the novel monoatomic mixture models in Chapter 3 and a similar
approach is utilised for the numerical validation of the model. Starting with the evaluation of
the binary mixture model with two gases of equal mass and identical initial conditions, it is
numerically verified that the two gases are indifferentiable. The normal shock profile is shown
for a gas mixture consisting of nitrogen and oxygen. A parametric study with cases at different
Mach numbers, vibrational collision coefficients and species concentrations is presented. A
detailed comparison with results, acquired with a DSMC solver under the same conditions, is
presented and used for the evaluation of the mixture model. Some of the limitations of the
BGK-type model with a uncorrected Prandtl number are observed, while overall the mixture
model demonstrates promising results. Finally, the flow around a more complex geometry with a
cylindrical body is demonstrated for different Mach numbers and vibrational collision numbers.
In summary, the main contribution of this chapter is the numerical application and evaluation
of a novel diatomic mixture model with three temperatures per species and velocity diffusion
effects. The good agreement of the results when compared with DSMC results at identical
conditions is a stepping stone in the development of modelling air flow in rarefied conditions for
practical applications using deterministic and efficient kinetic models.

6.1 Numerical Method

The diatomic mixture model is tested and evaluated for the profile of a normal shock wave and
a circular cylinder. The computational setup and the problems are detailed in this section.

∗Published in AIP Advances.
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6.1.1 Discrete Velocity Method

The results of the diatomic kinetic model are acquired using the discrete-velocity method within
the Multi Physics Code (M Φ C) in-house framework [112, 118].The method is chosen for its
simplicity and accuracy. This is identical to the methodology described in Chapter 3. Since we
follow the same approach, only the differences will be detailed here. In the current computa-
tional setup, all test cases are considered as two-dimensional (2D) problems. This choice for
2D was based on the planned applications to more complex problems (flow over cylinders, flat
plates and ramps). For the current one-dimensional (1D) shock problems, the extra cost was
deemed acceptable, since it avoids the development of a separate 1D version of the solver. Code
parallelization is required for all cases. As a consequence of using two-dimensional setup, the
number of discrete velocities has increased and for the profile of a normal shock wave the num-
ber of uniformly spaced discrete velocities in the velocity grid is 48× 48 or 2304 for all Mach
numbers. Velocity bounds are between umin = −8 to umax = 12 (i.e. 8 and 12 times the most
probable molecular velocity at reference temperature), leading to velocity-step ∆u = 0.417. The
local time-step ∆t, which is dependent on the local cell size, uses a CFL-based criterion (CFL
= 0.5) and is limited by the maximum convection speed. The smallest step is at the shock,
where the cell are clustered and ∆t = 0.004, which is always smaller than the mean collision
time (non-dimensional relaxation time is in the range of 0.075 (post-shock) to 1 (pre-shock)).
The number of discrete velocities for the circular cylinder for the M∞ = 3 is 36× 36 and it in-
creases correspondingly for M∞ = 5 to 48×48. This is done not to provide a finer velocity grid,
but to address the extended minimum and maximum bounds of the range of possible velocities
and preserve the uniform velocity mesh at the same ∆u (at M∞ = 3, ∆u = 0.44 and at M∞ = 5,
∆u = 0.417 of the most probable speed). The velocity grids are known to be sufficiently refined
from the similar tests for the monoatomic setup. Additionally, the M∞ = 3 case is also tested
with a finer 48× 48 velocity grid, confirming that the 36× 36 grid leads to well-converged re-
sults in terms of the velocity-space mesh.
Similar to Chapter 3, the evaluation of the distribution functions and the fluxes is performed for
each velocity in every cell. The macroscopic variables are obtained from taking correspond-
ing moments of the distribution functions, evaluated using the trapezoidal rule. A finite-volume
scheme and a second order Total Variation Diminishing (TVD) time marching method [41], [42]
are used to numerically discretise the models’ governing equations. The computational time
and overhead requirements are again more than a continuum solver, but are also larger than
the monoatomic version of the solver due to the extra distribution functions and macroscopic
variables related to the internal degrees of freedom of the gas mixture.
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6.1.2 Problem setup

The numerical evaluation starts with the study of the profile of a normal shock wave, since it
is one of the simplest problems with high levels of non-equilibrium. The normal shock simu-
lations are all performed on a grid with 1152 number of cells, with x ∈ [−75Lre f ,75Lre f ]. In
comparison to the monoatomic mixture simulations, the grid is two-dimensional with 4 blocks
and a non-uniform physical space, but optimised for the smallest in size cells to gather near the
shock, where ∆x = 0.125.
The considered diatomic gases are nitrogen (N2) and oxygen (O2) with a concentration ratio sim-
ilar to air for most cases: 80% and 20% respectively. The normal shock setup is initialised with
two Maxwellian equilibrium distributions on each sides of the shock. The equilibrium functions
are defined based on the macroscopic variables provided by the modified Rankine-Hugoniot
conditions for a diatomic gas with rotational and vibrational excitation. In the test cases studied,
pre-shock values are evaluated at a temperature T∞ = 288.15K , for which the level of vibra-
tional excitation is considered negligible and the number of excited vibrational DoF for each
species δs(Tvs) = 0, while the rotation is taken as fully excited for both gases. Therefore, for the
pre-shock values, the ratio of specific heats is taken as γ = 1.4 and the speed of sound is based
on the mass mixture mmix = ρ/n. An iterative method is applied to evaluate the jump conditions,
described in detail in [1], for each test case.
Even though the main focus of the study is based on the profile of the normal shock wave, the
high-speed flow past a cylinder is evaluated and inspected as well. A quarter of a circular cylin-
der grid is used with symmetry condition imposed on the stagnation line and initialised with
free-stream Mach number, species concentration and fixed wall temperature. The same grid as
in the monoatomic simulations is used, consisting of 36 blocks and 27864 cells. The rarefac-
tion level is based on the radius of the cylinder (R = 5.5Lre f ) and the Knudsen number is set to
Kn = 0.18 for all cases. This is a more rarefied case than the case considered in Chapter 3. The
reason to inspect test cases with a bigger Knudsen number is the resulting higher level of non-
equilibrium, creating a more demanding test case in terms of flow physics, but well-resolved on
the relatively fine mesh used here.
Validation of the numerical results for the normal shock are performed by comparing with re-
sults acquired by a DSMC solver with the same macroscopic conditions. There are not many
validation data for gas mixtures available in the literature with which the accuracy of the model
itself can be evaluated. The circular cylinder study demonstrates interesting results, but requires
a further validation study.

6.1.3 Dimensional Reduction

The dimensional reduction is a standard and very useful procedure for solvers based on kinetic
modelling. As briefly mentioned in Chapter 5, the distribution functions are reduced with respect
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to the rotation and the vibration. The functions are reduced as follows:
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leading to a set of governing equations per species s that need to be solved together:
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where the corresponding equilibrium functions are:

Mtran
s1

=
ns(

2π(k/ms)T̂
)3/2 exp

−ms(u−u(g)s )
2

2kT̂

 ;

Mrot
s1

=
kTrs

ms
Mtran

s1
; Mvib

s1
=

δs(Tv,s)

2
k

ms
Tv,sMtran

s1
(6.3)

The second intermediate function reduces to:
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(6.4)

The final equilibrium function reduces to:
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(6.5)

Further to this reduction and similar to the monoatomic solver for gas mixtures, these functions
can be further reduced with respect to the w− velocity, since for the two-dimensional setup the
mean velocity w0 = 0. This is done by the same approach as in Chapter 3, reducing the distri-
bution functions to a translational Gs component and thermal energy Hs component following:

Gs =

∞�

−∞

Fs dw Hs =

∞�

−∞

w2Fs dw, (6.6)
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where all distribution functions are reduced translationally, while the thermal component is re-
quired only for the kinetic part of the energy equation associated with the first of the set of
governing equations in Eq. (6.2). The new and final form of the governing equations is:
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(6.7)

Therefore, the solver uses in total eight governing equations: four for each species. The macro-
scopic variables are then found by taking moments of the reduced non-equilibrium distribution
functions: Gtran

s , Grot
s , Gvib

s and Htran
s : The macroscopic variables are found as moments of the

reduced distribution functions, similarly to the monoatomic solver, finding ρs, us, Ttrans , Trs and
Tvs from which u0, u(g)s , T̂ , Ttr and T are expressed. The required moments are:
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where the expression for Tvs contains δs(Tvs) and an iterative procedure is needed to obtain Tvs .
The resulting quasi-two-dimensional functions reduce the computational expense and complex-
ity of the diatomic mixture solver.
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6.1.4 Dimensionless Form

The non-dimensionalisation and reference values are summarised here. For the diatomic mixture
model including vibrational excitation, the gases in the mixture need to be defined in terms of
their respective characteristic temperature, required for the calculation of the number of vibra-
tional degrees of freedom. The focus in the thesis is on air and Therefore, the mixture consists of
nitrogen with characteristic temperature θv1 = 3371K and oxygen with θv2 = 2256K. The mass
ratio β = m2/m1 = 1.14. The most probable speed ure f for the lighter gas (nitrogen) is used to
scale all velocities. The reference values are denoted with re f and are:

ure f =
√

2kTre f /m1, (6.9)

ρre f = nre f m1,

Gtranre f =
nre f

u2
re f

=
nre f

2kTre f /m1

Grotre f = nre f

Gvibre f = nre f

Hre f = nre f

Lre f =
ure f

tre f
=

ure f

τre f
=

ure f µre f

pre f
.

Note that for a hard sphere model, the molecular potential is ω = 0.5 and the expression for the
viscosity is:

µre f =
5

16
λre f ρ

√
2πkT
mmix

, (6.10)

where the mass of the mixture mmix = ρ/n and the ratio between the kinetic reference length
Lre f and the mean free-path λre f is now easily found. It is an important ratio when comparing
with the results from DSMC.

6.1.5 Normalised Values

Similar to the results from the monoatomic simualtions, the macroscopic quantities presented for
the shock wave are normalised following Kosuge’s approach [9] from both the kinetic model and
DSMC, where y is the macroscopic variable, Y− is the pre-shock value of y and Y+ is post-shock:

ỹ =
y−Y−

Y+−Y−
. (6.11)

Note that the tilde is omitted from here on for simplicity. Also, the origin of the plots (X = 0) is
defined at the location where the total number density is exactly half of the sum of the pre-shock
and post-shock values.
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6.2 Normal Shock

6.2.1 Single Species Normal Shock Wave

The numerical evaluation of the gas mixture kinetic model begins with the evaluation of the pro-
file of a normal shock wave. Before conducting a thorough test with a gas mixture, however, we
will first focus briefly on inspecting numerically the collapse of the mixture model to a single-
species diatomic model. We demonstrated this property of the model in Chapter 5 theoretically
by reducing it not only to a single-species but also to a single-temperature model. Here, we will
solely focus on evaluating the model for a single-species but preserving the three-temperatures
and the three-step relaxation. The results will demonstrate the separate rotational and vibrational
relaxation processes. We will show that under the same initial conditions, properties and species
mass for the two gases, the two gases of the mixture are indifferentiable.
We will show that under the same initial conditions for two identical species and with 50% con-
centration for each species, the macroscopic variables for both gases are identical throughout
the shock wave. Note that further to identical initial conditions, concentration and species mass,
the characteristic vibrational temperature for both species has been set for one type of gas only,
i.e. the same value is used since two identical gases are considered. In this case, we have se-
lected the characteristic vibrational temperature for nitrogen. To initialize the problem, further
to the concentration and the Mach number, the free-stream temperature is defined dimension-
ally to evaluate the number of vibrationally-excited DoF. The translational and rotational DoF
are considered fully excited, which is a reasonable assumption for the considered temperature
T∞ = 288.15K. Furthermore, the values of the collision coefficients Zr and Zv need to be speci-
fied before each simulation. As described during the development of the kinetic model, the two
coefficients are considered constants and are not temperature-dependent, which is a simplifica-
tion to be addressed in future work. The free-stream conditions are: Mach number M∞ = 3,
Zr = 5, Zv = 25, free-stream temperature T∞ = 288.15K, hard-sphere potential ω = 0.5 for two
N2 gases with a characteristic temperature θv = 3371K.
What we expect to find is all species macroscopic variables equal to each other, i.e n1 = n2,
u1 = u2, Ttran1 = Ttran2 , Tr1 = Tr2 and Tv1 = Tv2 , since there is no process to separate the two
species. In Fig. 6.1 (a) and (b) these properties are inspected, where the solid coloured lines are
used to denote species 1 properties and the black dashed lines with the corresponding coloured
symbol indicate results for species 2. In (a) the species number density is in red colour, while
the species velocity is in green. In (b) the translational temperature is in red, the rotational
temperature is in blue and the vibrational temperature in green. This colour convention for the
species temperatures is kept throughout the chapter. It is clear that the two species have identical
shock profiles and have collapsed into a single species, which was the desired result. This test
shows the consistency of the model numerically. Note, in this section we focus on showing the
property of the model to reduce to the same species, while the physical phenomenon observed
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(a) Number density and velocity (b) Translational, rotational and
vibrational temperature

Figure 6.1: Profile of a normal shock wave of a nitrogen gas with a free-stream Mach num-
ber 3.0, a mass ratio between species β = 1 and equal concentration between the species of
50%. Comparison of species macroscopic variables. Results for the species number density and
velocity shown in (a), with results translational, rotational and vibrational temperature in (b).

in the results will be discussed in detail in the section concerning the gas mixture.

6.2.2 Gas Mixture Normal Shock Wave: Comparison with DSMC

In this section the diatomic kinetic model is tested for a binary gas mixture. In comparison to the
previous section, the effect of diffusion between species is present and the species temperatures
can deviate from each other. Further, the characteristic vibrational temperature θv is defined per
species s to account accurate for the different gas species. Notice that for the practical appli-
cation of air, the mass ratio between nitrogen and oxygen is quite small (m2/m1 = 1.14) and is
not significant enough to create a big difference between the species in terms of species mean
velocities. The non-equilibrium caused by the species mass difference, which we observed in
the monoatomic mixture in Chapter 3, is not a dominant effect here. Of course for different
gases, e.g. a mixture of hydrogen and nitrogen with mass ratio of 14, the diffusion effect will
become very important. Another case where the species diffusion becomes important is when
the mixture of a diatomic and monoatomic gas is often considered, which will create in most
cases significant mass ratios. For a chemically reacting air, a five-species gas mixture is typi-
cally considered with elements N2, O2, NO, N and O and therefore a mass ratio of 2 is present.
In this case also only some of the gases have rotational and vibrational degrees of freedom and
temperatures, while the atoms will have all of their energy stored in the kinetic and translational
components. Example application is the atmosphere of different planets beyond the Earth, e.g.
Saturn and Jupiter with mostly hydrogen and helium constituents. Therefore, there are a number
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of cases in which the diffusion of the gas mixture is significant. At present, the new model can
model binary mixture of diatomic gases only. However, when modelling air as a gas mixture the
different level of vibrational excitation for each species has the greatest impact on the flow-field.
This is due to the different characteristic vibrational temperatures for nitrogen and oxygen. It
leads to different expressions for each species equilibrium function and separation between the
species. We will focus our attention on demonstrating this difference through the results for the
species translational, rotational and vibrational temperatures.
The pre-shock conditions are evaluated at a temperature T∞ for which the vibrational excitation
is negligible, i.e. T∞ = 288.15K, while in comparison the characteristic temperatures for the
two gases are θv1 = 3371K and θv2 = 2256K. Throughout the shock, however, the number of
excited vibrational DoF, which is a non-integer value changes with the rise in the temperature.
The normal shock, reducing the speed to subsonic flow behind it, leads to a jump in the internal
energy of the flow, represented by the jump in temperature. Since vibration is present, it absorbs
part of the internal energy and the temperature is not as high as for the perfect gas jump. This
leads to an increase in the density (and density jump) behind the shock [25].
The information detailed in Table 6.1 describes the initial conditions for the computation of a
normal shock for a diatomic gas mixture, including the Mach number, concentration ratio of
the two gases, the collision coefficients for rotation and vibration. All other variables are not
changed through the simulations, e.g. the free-stream temperature T∞ = 288.15K, the two gas
mixture components N2 and O2 and their characteristic temperatures. The results from the ki-
netic model are compared and validated against DSMC simulations under the same conditions.
The DSMC simulations and results are provided by Craig White. The DSMC solver used is
dsmcFoam+ [124], similar to the monoatomic gas comparison for the circular cylinder. The
hard-sphere potential is used for simplicity with ω = 0.5 as in the kinetic model. The number
of DSMC particles in steady state are 2.7 million for M∞ = 3 and increase to 3.6 million for the
higher Mach number M∞ = 5, with a minimum of 25 particles in each cell. The number of sam-
ples in steady state are 35000 and the spatial grid contains 40000 cells. Each point in the results
is an average of 80 cells, bringing the resolution to 500 evenly spaced bins for all simulations.
The validation with DSMC allows for a very accurate assessment of the validity of the kinetic
model. This is due to the fact that further to initialising the flow with the same initial conditions,
including the free-stream temperature, we can also set up constant and identical collision coef-
ficients Zr and Zv for both solvers. Currently, available results in the literature do not allow for
the same level of comparison, e.g. [31], since the initialisation of the problem is not identical
and the collision numbers Zr and Zv are not constants typically in the literature.
The jump in the species number density and the mixture number density is shown in Fig. 6.2.
The results from DSMC are presented with elements, squares for species 1, triangles for species
2 and circles for the mixture value, while the kinetic model has red lines for species 1, blue
for species 2 and green for the mixture values. The number densities are not normalised. It
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M∞ n1/n Zr Zv
3 0.8 5 25
3 0.8 5 100
5 0.8 5 25
5 0.8 5 100
5 0.5 5 25

Table 6.1: Test case conditions for a normal shock wave for a diatomic gas mixture

is easier to inspect the results without the normalisation due to the small mass ratio between
species and consequent small variation of the normalised results. This also allows us to appreci-
ate the different jump in density for initial velocity or concentration variations. Three cases are
shown: M∞ = 3, nitrogen to oxygen concentration 80:20 denoted with n1/n = 0.8 in Fig. 6.2 (a),
M∞ = 5, n1/n = 0.8 in Fig. 6.2 (b) and M∞ = 5, n1/n = 0.5 in Fig. 6.2 (c). Further, only results
for the vibrational collision coefficient Zv = 25 are shown. Notice that the different coefficients
will not lead to a different jump condition and even though it influences the vibrational degrees
of freedom and temperatures through the internal part of the shock wave, it has a small effect
on the number density. What we observe when we plot the same results for Zv = 100 is almost
identical number densities, with the profile of the shock slightly less steep. Notice that even
though the mass ratio between the two species is very small, the nitrogen reacts first to the shock
wave, since it is the lighter gas. We observe that the number density n1 (in red) is the first to
start rising through the shock, which is consistent with the monoatomic mixture model results.
The jump for the same Mach number (M∞ = 5) but with different concentrations is of similar
value, but is not identical as we see when comparing Fig. 6.2 (b) and (c). Having less nitrogen
present in (c) leads to a higher jump in number density, since more of the internal energy is
absorbed by the easier to excite the vibrational mode for oxygen, which comprises 50% of the
gas here. This leads to a lower jump in mixture temperature and higher number density jump,
consistent with the discussion earlier in this section and with the literature [25].
Overall, we observe excellent agreement between the results from the diatomic kinetic model
and DSMC for all cases. The number densities profiles are mostly identical from the two solvers
with only a small difference observed at the second part of the shock. We believe this is caused
by the small variation between vibrational temperatures between the results acquired by DSMC
and the kinetic model, discussed further when the species temperatures are plotted. Next, the
species translational, rotational and vibrational temperatures are plotted and compared with
DSMC for all 5 cases defined in Table 6.1. Figure 6.3 (a) and (b) show the profile of the normal
shock at Mach number M∞ = 3, 80% N2 concentration and two different vibrational collision
coefficients Zv = 25 and Zv = 100. Figure 6.4 (a) and (b) has the same comparison, but for a
higher Mach number M∞ = 5, 80% N2 concentration and two different vibrational collision co-
efficients Zv = 25 and Zv = 100. Last, in Fig. 6.5 the focus is on a different concentration with
50% N2 and 50% O2 at M∞ = 5 and Zv = 25. The translational temperatures are in red, rotational
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(a) M∞ = 3, n1/n = 0.8 (b) M∞ = 5, n1/n = 0.8

(c) M∞ = 5, n1/n = 0.5

Figure 6.2: Profile of a normal shock wave of a gas mixture consisting of nitrogen and oxygen.
Comparison of species number density and the mixture number density between the diatomic
kinetic model and DSMC results under different conditions: M∞ = 3, n1/n = 0.8 in (a), M∞ = 5,
n1/n = 0.8 in (b) and M∞ = 5, n1/n = 0.5 in (c).
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(a) M∞ = 3, Zv = 25, n1/n = 0.8 (b) M∞ = 3, Zv = 100, n1/n = 0.8

Figure 6.3: Profile of a normal shock wave of a gas mixture of nitrogen and oxygen with a
free-stream Mach number 3.0 and concentration between the species of 80% N2 and 20% O2
.Comparison of species translational, rotational and vibrational temperatures. Results for the
collision number Zv = 25 are shown in (a) and for Zv = 100 in (b).

in blue and vibrational temperatures in green for all temperature plots. The kinetic model results
are with solid lines for species 1 (nitrogen) and dashed lines for species 2 (oxygen), while the
results by acquired with DSMC are presented with symbols and more specifically squares for
species 1 and triangles for species 2. All temperatures are normalised, i.e. leading to a value of
0 at pre-shock and 1 at post-shock conditions, respectively.
We observe a good agreement between the results from the kinetic model and DSMC for the
structure of the shock. Overall the profile of each temperature jump is steeper when the Mach
number is increased and therefore the number of mean free paths for the temperatures to equili-
brate post-shock is bigger for the smaller Mach number M∞ = 3, similarly to the monoatomic gas
mixture. The translational temperatures for both species have longer upstream tails for the ki-
netic model in comparison to DSMC. This is a classical characteristic of all BGK-based models
for both monoatomic (as observed also in Chapter 3) and diatomic gases. This known disad-
vantage of BGK models can be avoided if the relaxation time was dependent on the molecular
velocity. Another known phenomena that can also be seen here is the overshoot of the transla-
tional temperature in all figures, similar to the results from the monoatomic gas mixture. The
rotational temperatures lag behind the translational and are excited more slowly with respect to
the translational temperatures. For all cases the collisional coefficient Zr = 5 and therefore the
rotation’s lag is identical for each case. The same is not true for the vibrational temperatures.
The change from Zv = 25 in (a) to Zv = 100 in (b) in both Fig. 6.3 and Fig. 6.4 is very significant.
The slope of the vibrational temperatures for the bigger Zv is much more gradual in comparison
to the the smaller value. The change between the two Zv values leads to approximately 15 mean
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(a) M∞ = 5, Zv = 25, n1/n = 0.8 (b) M∞ = 5, Zv = 100, n1/n = 0.8

Figure 6.4: Profile of a normal shock wave of a gas mixture of nitrogen and oxygen with a
free-stream Mach number 5.0 and concentration between the species of 80% N2 and 20% O2
.Comparison of species translational, rotational and vibrational temperatures. Results for the
collision number Zv = 25 are shown in (a) and for Zv = 100 in (b).

free paths (where λre f is evaluated at free-stream conditions) difference for the vibrational tem-
perature to reach the equilibrium post-shock temperature for the M∞ = 5 case and approximately
20 mean free paths for the M∞ = 3 case. Moreover, the slope of the rotational temperatures is
steeper than the vibrational temperatures, while the translational temperatures have the steepest
slope. All of these phenomenon are consistent with non-equilibrium thermodynamics and phys-
ical observations.
However, we notice that both the kinetic model and the results for DSMC show that upstream of
the shock the vibrational temperatures are not lagging behind the other temperatures. In partic-
ular, species 1, which is leading even the translational temperatures. Such a result is surprising,
but can be observed in the results by the more detailed General Boltzmann equation (GBE) [31].
Even though further work is required to justify this phenomenon, it is not considered a drawback
introduced by the new kinetic model, since it observed by the DSMC and GBE results.
The assumption for a constant Zv throughout the shock and its value is too big pre-shock, where
the free-stream temperature suggest no vibrational excitation. It is also possible that the values
post-shock are too low, especially for the case of Zv = 25. It is clear the assumption of a constant
Zv is a simplification, which is reasonable for initial method/ solver development that should be
improved upon and addressed in future work.
Until now we were focused on the different types of temperatures. If we turn our attention to the
species differences we observe that species 1 (nitrogen) and 2 (oxygen) for both translational and
rotational temperatures differ very little for both the kinetic model and DSMC. This is consistent
through the different Mach numbers and concentrations. Certainly increasing the mass ratio be-
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Figure 6.5: Profile of a normal shock wave of a gas mixture of nitrogen and oxygen with a
free-stream Mach number 5.0 and concentration between the species of 50% N2 and 50% O2
.Comparison of species translational, rotational and vibrational temperatures. Results for the
collision number Zv = 25.

tween species will separate the same type of temperature between the two species (specifically
the translational and rotational temperatures), as observed for the translational temperature in
the monoatomic mixture [88, 112]. The difference between species vibrational temperature is
larger, in comparison to the difference between species for the other two types of temperatures,
even for the small mass ratio considered here. The number of vibrationally-excited DoF be-
tween the oxygen and nitrogen gases is also different, which is a key emphasize of the model.
This is due to the different species characteristic vibrational temperatures. It is highly likely that
for a species and temperature dependent Zvs this difference will be more pronounced. Notice
that having similarly a species Zrs for the rotational collision coefficient will separate the two
rotational temperatures. Here we observe the biggest difference between the kinetic model and
DSMC: in the vibrational temperatures and even here the two numerical models still show good
agreement.
This discussion of the results shows that the kinetic model and DSMC results follow the same
physical trends, as well as some of the limitations of the current assumptions. It demonstrates
that the model itself provides accurate results for the macroscopic variables under strong non-
equilibrium conditions, i.e. as created by M∞ = 5 normal shock conditions. The validation and
evaluation of the model beyond M∞ = 5 needs further study. Future work will include more and
varied numerical cases and further comparison with existing methods, but for now the numerical
validation of the diatomic kinetic model for gas mixtures is considered completed and success-
ful.
From here on, the physics of the flow will be investigated further. The vibrational degrees of
freedom through the shock are considered. At the considered temperatures, the translational and
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rotational degrees of freedom are considered fully excited. In contrast, the vibrational degrees
of freedom are species- and temperature-dependent. In Fig. 6.6 the values of the vibrational de-
grees of freedom δs(Tvs) are plotted through the jump for each species s. The results for nitrogen
as species 1 are with a solid line and the results for oxygen as species 2 are with a dashed line.
To distinguish between the different vibrational collision numbers Zv, the results for Zv = 25 are
solely lines, while results for Zv = 100 have square elements through the lines. Figure 6.6 (a)
shows results for M∞ = 3 and concentration ratio 80% : 20% N2 vs O2 in red lines, Fig. 6.6 (b)
has the same concentration ratio but for a higher Mach number M∞ = 5 in green and Fig. 6.6 (c)
shows in blue a variation in concentration with equal parts nitrogen and oxygen at M∞ = 5.
At the specified free-stream temperature, pre-shock values are expected to be negligible. With
the rise in temperature through the shock wave, the number of vibrational DoF increase. The
non-integer values of δ (T ) in the pre-shock flow-field are close to 0, increase through the shock
and reach maximum values post-shock. This maximum value depends on the temperature jump,
but asymptotically approaches the value 2 for very high vibrational temperatures. Figure 6.6
shows the values of δ are non-integer values, as expected, and are in the bounds discussed for
δ (T ): [0;2). Furthermore, the values of δ for oxygen are much higher than the values of δ

for nitrogen for both vibrational collision numbers Zv. Therefore, we observe that oxygen is
more vibrationally-excited than nitrogen at the same temperature, which can be explained from
the lower characteristic temperature for O2. This is consistent with non-equilibrium thermody-
namics theory [1, 24, 25, 35]. In Fig. 6.6 (a) and (b) the effect of the larger vibrational collision
number Zv = 100 is significant. For the two collision numbers the jump in the value of δ is
identical, but for Zv = 100 the slope of the jump is less steep and the number of mean free paths
that are required to post-shock equilibrium is much larger than for Zv = 25. Comparing the plots
in (a) and (b), it is clear that for larger Mach numbers, the level of excitation of both species is
much higher. This is due to the larger temperature jump caused by the M∞ = 5. In contrast, the
concentration change in (c) has not really affected the number of vibrational degrees of freedom
for either species. The figures demonstrate that there is a significant difference between species
in the level of excitation and modelling them separately is important.

6.2.3 Mixture Properties of the Normal Shock Profile

Inspecting the velocity drift between species through the shock demonstrates the importance of
having separate species velocity. In Fig. 6.7 the difference between velocities u2−u1 is shown
for cases when the concentration ratio is 80% N2 and 20% O2. The cases considered are M∞ = 3
and M∞ = 5 with vibrational collision numbers Zv = 25 and Zv = 100. The results for M∞ = 3
are in red and for M∞ = 5 are in green, with Zv = 25 displayed with a solid line and Zv = 100
with a dashed line and a symbol. We observe from the figure that the velocity difference does
not change when the vibrational coefficient is modified. However, the higher the Mach number,
the bigger the velocity difference. This drift velocity will increase with increasing mass ratios
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(a) M∞ = 3, n1/n = 0.8; (b) M∞ = 5, n1/n = 0.8

(c) M∞ = 5, n1/n = 0.5

Figure 6.6: Vibrational DoF through a normal shock wave of a gas mixture of nitrogen and
oxygen with a free-stream Mach numbers 3.0 and 5.0 and concentration between the species
of 80% N2 and 20% O2 for the collision numbers Zv = 25 and Zv = 100 in (a) and (b). The
vibrational DoF are also evaluated for Mach numbers 5.0, equal species concentration (50%)
and Zv = 25 in (c).
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Figure 6.7: Velocity difference through a normal shock wave of a gas mixture of nitrogen and
oxygen with a free-stream Mach numbers 3.0 and 5.0 and concentration between the species of
80% N2 and 20% O2 for the collision numbers Zv = 25 and Zv = 100.

between species, as it was shown in the parametric study in Chapter 3. It is interesting to
compare with the velocity difference u2− u1 through the shock for the monoatomic mixture,
shown in Fig. 3.7 and Fig. 3.8 (a) in Chapter 3. Figure 3.7 displays a pattern in the lower mass
ratios, which is that increasing the mass ratio m2/m1 from 2 to 4 is approximately doubling the
maximum value of the velocity difference. We know that for a mass ratio of 1, i.e. the species
are the same, the difference between velocities is exactly 0. It is hard to predict the value of the
velocity difference at m2/m1 = 1.14 for the monoatomic mixture due to the non-linear response
and we expect a velocity difference peak between the values corresponding to β = 0 and β = 2.
In Fig. 3.8 (a) we observed the change of the velocity difference with the increase of the Mach
number at mass ratio 2. Maximum values at β = 2 for M∞ = 3 is u2− u1 = 0.3ure f and for
M∞ = 5 is u2− u1 = 0.9ure f for the monoatomic gas. For the diatomic mixture the maximum
values at β = 1.14 are: at M∞ = 3: u2− u1 ∼ 0.08ure f and for M∞ = 5 is u2− u1 ∼ 0.17ure f ,
where ure f is the most probable speed for the mixture at free-stream conditions, but is different
from the monoatomic mixture value. Qualitatively, the diatomic mixture shows to fit within
the bounds of β = 0 and β = 2 observed in the results by the monatomic mixture. Note that
this discussion is with respect to the corresponding reference velocity ure f for the two kinetic
models. No more definitive conclusions can be drawn at this stage for the mass ratio effect on the
difference between velocities and comparison between the monoatomic and diatomic mixtures.

6.2.4 Velocity Distribution Functions

Further to the macroscopic variables, the velocity distribution functions reveal interesting facts
about the flow-field. There are 4 distribution functions per species: Gtran

s , Grot
s , Gvib

s , Htran
s .
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The flow is initialised with Maxwellian distributions at two different equilibrium positions: pre-
shock and post-shock with the corresponding initial macroscopic variables. We observe that
their values increase through the shock and reduce after it. The maximum of each distribution
function is at the different location, but we have noticed that this physical location matches be-
tween species, i.e. X1 for the maximum value of Gtran for nitrogen is the same as X2 for the
maximum value of Gtran for oxygen, etc. We have inspected the velocity distribution functions
for all test cases and have added a discussion for the differences between them, but have plotted
only the case at the highest Mach number M∞ = 5 and the larger vibrational collision number
Zv = 100 at 80% : 20% nitrogen to oxygen concentration ratio in Fig. 6.8 and in Fig. 6.9. In
Fig. 6.8 the focus is on comparing the distributions far upstream and far downstream, while
Fig. 6.9 shows the behaviour of the distribution functions of the two species through the shock.
The pre-shock and post-shock values of the translational, rotational and vibrational distribution
functions are shown for the oxygen in Fig. 6.8. Both distributions are Maxwellian and are set by
the macroscopic variables defining the shock jump. The pre-shock distribution functions have
a sharp peak, which is however low in value in comparison with the post-shock Maxwellian
functions. This is due to the higher values of the post-shock macroscopic variables. Here it is
important to mention that higher value for the post-shock number density increases the value
of distribution function, while high temperature post-shock actually has the opposite effect. We
will observe that the first effect seems to dominate here. For this reason the pre-shock values are
plotted on a third of the post-shock scale. At the same time, the post-shock distribution functions
are more spread out over a larger velocity mesh. This is consistent with theoretical observations:
a larger temperature leads to a larger spreading of distribution function. The classical question in
applications of kinetic models in DVM solvers for the compromise between velocity bounds (to
capture the tails of the post-shock values) and the fine velocity mesh (to capture the sharp spike
in the pre-shock values) for the velocity mesh is demonstrated. Through visual observation of
the figures, the mesh demonstrates to be adequately selected.
Furthermore, pre-shock values are most prominent for the translational distribution. It has a
higher maximum than the rotational and vibrational functions. Notice that the relationship be-
tween the reduced translational distribution function and the rotational distribution function,
following the expressions in Eq. (6.3) and in non-dimensionalised form Grot = (Tr/2β )Gtran,
where Tr is the non-dimensionalised rotational temperature and β = m2/m1 is the mass ratio
between species. Since the non-dimensional rotational temperature is taken in the pre-shock as
Tr = Tr(dimensional)/T∞ = 1, it follows that Tr < 2∗β in the pre-shock then Grot < Gtran, while
post-shock the value of Tr jumps and Grot > Gtran. Meanwhile, there is no vibrational energy in
the pre-shock part of the flow domain. Observe that the colour scale for the vibration is 3 orders
of magnitude lower for the purposes of presentation of the figure. The values are approaching
zero, consistent with the recognition that no vibrational excitation is present at the pre-shock
position. Meanwhile, the biggest pre- and post-shock difference between distribution functions
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Figure 6.8: Velocity distribution functions for the case of a normal shock wave of a gas mixture
of nitrogen and oxygen with a free-stream Mach number 5.0, concentration between the species
of 80% N2 and 20% O2 and vibrational collision number Zv = 100 with pre-shock values in the
first column and post-shock values in the second column.
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is for the vibrational function Gvib(O2), with the highest jump in values of 3 orders in magni-
tude. The vibrational distribution function is significantly affected by the choice of free-stream
temperature. Fig. 6.8 (e) would have a more pronounced peak and shape in the pre-shock for
T∞ = 1000K for example. This selection would also affect the post-shock value dramatically. In
Fig. 6.9 the distribution functions for both species: nitrogen (first column) and oxygen (second
column) half-way through the shock are shown. The first observation is that the distribution is
non-Maxwellian. It has some features of both the pre-shock and post-shock distributions and
the transition between them. The values for nitrogen are expectedly higher than the values for
the oxygen due to the 4-times higher concentration of nitrogen (i.e. number density multiplied
of the distribution), while the shape of the distributions is identical between species. Notice that
due to the lower value of excited vibrational degrees of freedom δ (N2) as shown in Fig. 6.6 (c),
the distribution function of the nitrogen is expected to have lower value of the peak. However,
this is compensated by the higher levels of concentration. A clear bimodal behaviour can be
observed in Fig. 6.6 (e) and (f) for the two species, suggesting that for M∞ = 5 two most proba-
ble velocities can be identified. These two velocities are usually closely related to the pre- and
post-shock mean values.
We observe that the maximum values of the distribution functions for the nitrogen gas are higher.
This is due to the higher concentration of species 1 in the mixture for the case with 80% : 20%
ratio of nitrogen to oxygen concentration. Furthermore, the displayed results for the distri-
bution functions at Zv = 100 are very close to the values for the lower vibrational collision
number Zv = 25. The maximum of the vibrational distribution function Gvib

s is achieved further
downstream relative for the other distribution functions at Zv = 100, which is consistent with
the findings for the macroscopic variables. This is apparent by inspecting the mid-shock value
of the distribution functions and compare it with equivalent post-shock distribution function.
The maximum value of the translational distribution function is of the same order of magni-
tude mid-shock and post-shock. The rotational distribution function is 1 order of magnitude
smaller mid-shock then post-shock, while the vibrational distribution is at 2 orders of magnitude
smaller mid-shock in comparison to the maximum value post-shock. Therefore, the effect of
the different relaxation rate of translation, rotation and vibration can be observed in the velocity
distribution functions.
Next, comparing the two Mach numbers M∞ = 3 and M∞ = 5, shows that the translational distri-
bution function for both species Gtran

s reaches much larger values at M∞ = 3 through the shock,
while all other velocity distribution functions: Grot

s and Gvib
s have lower maximum values for the

lower Mach. Bigger portion of the energy is transformed into internal energy at M∞ = 5 and the
effect of the excited vibrational degrees of freedom is more prominent.
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Figure 6.9: Velocity distribution functions through the shock for the case of a normal shock wave
of a gas mixture of nitrogen and oxygen with a free-stream Mach number 5.0, concentration
between the species of 80% N2 and 20% O2 and vibrational collision number Zv = 100 with the
nitrogen distribution in the first column and the oxygen distribution in the second column.
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6.3 Cylinder

In this section the more complex flow past a circular cylinder is considered. This flow is more
complex since it is two-dimensional, with fluxes in the x- and y-directions, unlike the profile of
a normal shock. Furthermore, it involves a body and therefore boundary conditions need to be
considered for the solid wall. Here fully accommodating diffuse-reflection boundary condition
is used. The considered flow field forms a curved shock, incorporating the physics of a normal
shock on the stagnation streamline and of an oblique shock with varying shock angles away
from stagnation line. This test case is often considered, since the bow shock that appears is of
practical application for high-speed vehicles, e.g. re-entry flows.
The flow around a cylinder was previously used as a validation test case for the monoatomic
kinetic models for gas mixtures, where it was compared with DSMC results, acquired by Craig
White. In this section, the focus is on applying the diatomic kinetic mixture model for this
2-D geometry, inspecting the physics of the flow and the macroscopic variables. Further vali-
dation tests for the new kinetic model beyond the profile of a normal shock, presented in this
Chapter, form part of the future work. The numerical setup is described in the beginning of
the Chapter and the boundary conditions are similarly to Chapter 3, with the main difference of
having to consider the rotational and vibrational distribution functions at the wall, which was
previously not required. For the rotation and vibration-related governing equations, the cor-
responding Maxwellian distribution is defined for the prescribed Twall . Similar setup is used
for the initialisation of the flow around a cylinder and the details of the initialisation is sum-
marised in Table 6.2. For a gas mixture, an interesting value to inspect is the velocity drift

M∞ n1/n Zr Zv
3 0.8 5 25
3 0.8 5 100
5 0.8 5 100

Table 6.2: Test case conditions for a flow around a cylinder (diatomic gas mixture)

u2− u1 between species. In Fig. 6.10 the velocity difference is shown for the three cases from
Table 6.2. The velocity difference is zero in the free-stream (where the gas mixture is still in
equilibrium at free-stream conditions), increases through the shock to a maximum value (where
the species separate the most between each other) and starts decreasing after the shock (where
the species equilibrate to a new common and significantly reduced velocity). The vibrational
collision number does not affect the velocities and the plots in (a) and (b) are identical. The
finding is consistent with the conclusions for the velocity difference through the normal shock
wave in Fig. 6.7. The difference increases significantly for the higher Mach number in Fig. 6.10
(c) where the non-equilibrium effect is stronger. Notice that the maximum difference is at the
stagnation line, where a normal shock is formed. The maxima also agree with the peak values
of the normal shock profile in Fig. 6.7.
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(a) M∞ = 3, Zv = 25 (b) M∞ = 3, Zv = 100 (c) M∞ = 5, Zv = 100

Figure 6.10: Velocity difference between species u2−u1 in a binary mixture flow over a cylinder
with initial Mach numbers 3 and 5, nitrogen to oxygen concentration 80% : 20%, Knudsen
number Kn = 0.1 and wall temperature Twall = 1.5T∞.

The difference between species translation temperatures, species rotational temperatures and
species vibrational temperatures follow a similar pattern as the species translational tempera-
tures for the monoatomic gas. Small differences are observed for the different vibrational colli-
sion numbers, while higher level of non-equilibrium is brought by the higher Mach number. It is
more interesting to inspect the difference between the translational and vibrational temperature.
The results are shown in Fig. 6.11 with top figures for species 1 (nitrogen) and bottom figures
for species 2 (oxygen). Notice that the colour plots in (c) and (f) are with double the values in
the legend, since the difference between the temperatures increases for the high Mach number
M∞ = 5. There is a difference between the species. We know that the translational temperatures
for the two species are close to each other, while the vibrational temperature deviate between
species. Comparing the top and bottom figures in Fig. 6.11 shows the oxygen to have a stronger
level of non-equilibrium between the translational and vibrational temperatures for all cases.
This is due to the higher level of vibrational excitation of oxygen and the corresponding bigger
separation of the vibrational temperature with respect to the translational temperature in com-
parison to the less vibrationally excited nitrogen.
Furthermore, the vibrational temperature in the case of Zv = 25 in (a) and (d) has the time to
develop and reach closer to the value of the translational temperature. However, for the case of
Zv = 100 in (b) and (e) the same is not true. The vibrational temperature has a delayed relaxation
process and does not approach the value of the translational temperature as closely. As a result
the difference between translational and vibrational temperatures is bigger relative to the case
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(a) M∞ = 3, Zv = 25 (b) M∞ = 3, Zv = 100 (c) M∞ = 5, Zv = 100

(d) M∞ = 3, Zv = 25 (e) M∞ = 3, Zv = 100 (f) M∞ = 5, Zv = 100

Figure 6.11: Temperature difference between translational and vibrational temperatures per
species in a binary mixture flow over a cylinder with initial Mach numbers 3 and 5, nitro-
gen to oxygen concentration 80% : 20%, Knudsen number Kn = 0.1 and wall temperature
Twall = 1.5T∞.
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with a same Mach number but lower vibrational collision number Zv.
In the section for the profile of a normal shock wave, the number of excited vibrational degrees
of freedom per species δs was considered. This value is also interesting for the cylinder case. In
Fig. 6.12 we show the values of δ for nitrogen and in Fig. 6.13 for oxygen for the same 3 cases in
Table 6.2. Note that the bottom plots in the two figures ((d) and (e)) are identical to the top plots
just above them ((b) and (c) correspondingly), but their legends have different maxima. At the
top, the 3 plots have the same legends to allow for easier comparison between cases and drawing
conclusions, while the plots below allow for a more detailed evaluation of each case by itself.
Notice also that a colour plot is used with the same step size for the top plots in both figures,
but the maximum value for the oxygen plots (Fig. 6.13 (a), (b), (c)) is more than 3 times the
maximum value of the nitrogen plots (Fig. 6.12 (a), (b), (c)). The vibration degrees of freedom
in the free-stream are negligible. This is due to the low free-stream temperature T∞. The values
increase as the flow approaches the cylinder, with a peak at the stagnation streamline, where the
bow shock is at 90 degrees and the temperature is at its highest. The values decrease behind
the shock as the flow approaches the body of the cylinder, since the temperature decreases to the
imposed wall temperature Twall = 1.5T∞ = 432.2K. In all cases, the oxygen reaches much larger
values than the nitrogen, consistent with the theory and with the observations in the previous
section.
Another consistency is that the higher Mach number M∞ = 5 leads to an increased vibrational
excitation, due to the bigger jump in temperature, as seen in Fig. 6.12 (c) and Fig. 6.13 (c). The
maximum values for M∞ = 3, Zv = 25 are lower in the case of the cylinder, where δ (O2)= 0.246,
in comparison to the normal shock, with a maximum value of δ (O2) = 0.312. This is caused
by the cylinder wall, which in comparison to the normal shock setup, presents a physical barrier
and the provided relaxation for the vibrational DoF is not sufficient to reach equilibrium level.
Moreover, notice that for the normal shock the collision number Zv affected only the length
of the excitation process and the maximum value of δs was identical downstream. In contrast,
the increase of Zv for the cylinder, reduces the maximum values of the vibrational degrees of
freedom in Fig. 6.12 (b), (d) and Fig. 6.13 (b), (d), i.e. δ (O2) = 0.141. The longer relaxation
process does not allow for the vibrational excitation to develop completely, changing the results
significantly. Notice also that the region where δs is bigger than 0 moves closer to the body
with the increase of Zv, as well as with the increase of the Mach number when considering the
flow-field in y-direction. Furthermore, we will inspect the stand-off distance, which is hard to
define when the shock structure is resolved. Here it is done by inspecting the position at which
the total number density jump is half of its maximum value through the shock. This is similar
to the practice established for the normal shock wave in the previous section. For Zv = 25 the
number of vibrationally-excited degrees of freedom is higher than for Zv = 100. It follows that
for a growing δ (T ), the specific heats ratio γ reduces from γ = 1.4 for no vibrational excitation
to lower values. Therefore, γ (Zv = 25)< γ (Zv = 100) and for the lower value the shock moves
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closer to the body. The change is small and corresponds to 0.5% from the cylinder radius R.
This difference will increase for higher vibrational excitation and/or different vibrational colli-
sion number. Therefore, the correct vibrational collision number Zv is of great importance and
it will be one of the first objectives to consider in future work.
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(a) M∞ = 3, Zv = 25, N2 (b) M∞ = 3, Zv = 100, N2 (c) M∞ = 5, Zv = 100, N2

(d) M∞ = 3, Zv = 100, N2 (e) M∞ = 5, Zv = 100, N2

Figure 6.12: Vibrational degrees of freedom for nitrogen δ (N2) in a binary mixture flow over
a cylinder with initial Mach numbers 3 and 5, nitrogen to oxygen concentration 80% : 20%,
Knudsen number Kn = 0.1 and wall temperature Twall = 1.5T∞.
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(a) M∞ = 3, Zv = 25, O2 (b) M∞ = 3, Zv = 100, O2 (c) M∞ = 5, Zv = 100, O2

(d) M∞ = 3, Zv = 100, O2 (e) M∞ = 5, Zv = 100, O2

Figure 6.13: Vibrational degrees of freedom for oxygen δ (O2) in a binary mixture flow over
a cylinder with initial Mach numbers 3 and 5, nitrogen to oxygen concentration 80% : 20%,
Knudsen number Kn = 0.1 and wall temperature Twall = 1.5T∞.
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6.4 Summary of Findings

The new kinetic model for a binary mixture of diatomic gases with species translational, rota-
tional and vibrational temperatures was evaluated numerically for a profile of a normal shock
wave and the flow around a circular cylinder. The results are:

• The diatomic mixture solver is shown to produce identical results under the same initial
conditions for the two species.

• The profile of a normal shock wave for the gas mixture of nitrogen and oxygen was eval-
uated.

• A parametric study was conducted varying the free-stream Mach number, the concentra-
tion between species and the vibrational collision number. The physics of the flow in the
results showed consistency with theoretical observations.

• Validation with DSMC acquired results was demonstrated by inspecting the macroscopic
variables: species and total number density, species translational, rotational and vibra-
tional temperatures for all test cases. Very good agreement was observed.

• The vibrational degrees of freedom for the nitrogen and oxygen, which are of particular
interest in these test cases, were presented. The vibrational collision number has influ-
enced the results significantly. The importance of treating the gas as a mixture due to the
difference in the species vibration DoF was further emphasised.

• The velocity drift between species was shown to increase for higher Mach numbers, but
was not affected by the vibrational collision number.

• Beyond the macroscopic variables, the velocity distribution function pre-shock, mid-shock
and post-shock was plotted for the case with largest Mach and vibrational collision num-
bers. The expected non-Maxwellian behaviour through the shock wave appeared, as well
as a bi-modal behaviour, most clearly demonstrated by the vibrational distribution.

• The flow around a circular cylinder was demonstrated for 3 cases with varied Mach num-
ber and vibrational collision number.

• The species velocity drift again showed no change with the variation of the vibrational
collision number, but was significantly affected by the increase of the free-stream Mach
number.

• In contrast, the difference between the translational and vibrational temperature was in-
creased by the vibrational collision number, as well as the Mach number. Furthermore,
the difference between these two temperatures changed for each species and was more
pronounced for the oxygen, which is more vibrationally excited.
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• The vibrational DoF for each species was studied for all cases. For the higher vibrational
collision number, the flow required more time to be developed and as a results the vibra-
tional DoF did not reach its maximum value.

• The oxygen vibrational DoF were shown to be 3 orders of magnitude higher than the
nitrogen under the same condition for the considered Mach numbers.

The kinetic model for a diatomic mixture was numerically evaluated for different cases, under
varied conditions. Validation for five cases with DSMC showed good agreement. This initial
numerical study of the new kinetic model showed promising results. Future testing will expand
the application possibilities and capabilities of the model, but at this stage we are satisfied a gas
mixture with air constituents was tested successfully.



Chapter 7

Conclusions and Future Work

7.1 Conclusion

This thesis presents new kinetic models for gas mixtures: first for a binary mixture of monoatomic
gases and then for a binary mixture of diatomic gases. The models solved current challenges for
Boltzmann relaxation equations for mixtures. The derivation of the models and the consistency
with available models in the literature were demonstrated. The continuum limit, compatibility
and transport properties of the models were shown. Each species has separate species flow-field
properties, e.g. species densities, velocities and temperatures and the relationship between the
species macroscopic variables was modelled. Species diffusion was accounted for. Each of the
mixture models was shown to reduce to the equivalent single-species model. The models were
numerically evaluated and tested.
All objectives of the thesis were satisfied. A detailed summary of findings was provided after
each of the chapter and an overview of the main conclusions is as follows:

• A Shakhov-based and an ES-based extensions were applied to a known monoatomic mix-
ture model. As a result, the thermal conductivity coefficient was correctly fitted in the
continuum limit, as well as the ordinary diffusion and viscosity coefficients, inherent to
the initial mixture model. The Prandtl number was also corrected in the continuum limit,
which is a distinct advantage of the two new models.

• The numerical evaluation of the models showed good agreement when compared with
results for the flow-field macroscopic variables from the Boltzmann equation for the pro-
file of a normal shock wave and with DSMC results for the flow past a circular cylinder.
The influence of the heat flux correction and the actual contribution of the new mod-
els were demonstrated when a comparison was presented of the two new models with
the uncorrected model and results from the Boltzmann equation. The newly-introduced
models showed clear improvement in this comparison. Furthermore, a parametric study
showed the importance of modelling the gas as a mixture by varying the mass ratio be-

180



CHAPTER 7. CONCLUSIONS AND FUTURE WORK 181

tween species, level of non-equilibrium caused by the free-stream Mach number and initial
species concentrations.

• The derivation of a gas-kinetic scheme based on the Shakhov-based mixture model was
detailed. A comprehensive comparison with previously acquired DVM results from the
model as a benchmark demonstrated good accuracy and agreement of the gas-kinetic
scheme. For moderate levels of rarefaction and moderate level of thermodynamic non-
equilibrium, the GKS results showed a good agreement with the corresponding DVM
results. For flows with higher Mach numbers and Knudsen numbers differences are to be
expected, inherent to the assumptions made in the derivation in the GKS. At the same time
a significant speed-up of the computational time was observed, making the GKS a viable
method for flows close to equilibrium.

• A new model for diatomic gas mixtures was presented. A detailed derivation procedure
from a single-species single-temperature model was included. The model was shown
to have species translational, rotational and vibrational temperatures. The model also
features a three-step relaxation process, accounting for the different rates of translational,
rotational and vibrational effects. Unlike previous diatomic models, species properties
and diffusion was accurately represented. These features are major improvements over
existing models for diatomic mixtures. A CE-like expansion led to the continuum limit
and transport properties of the model.

• A numerical investigation of the diatomic model for a gas mixture showed good agreement
with results acquired with DSMC for the profile of a normal shock wave. A parametric
study of the shock wave and a flow around a circular cylinder was conducted. The dif-
ferent level of vibrational excitation for each species and under different initial conditions
emphasized the importance of modelling flows as mixtures. Also, the different level of vi-
brational excitation of the normal shock and the cylinder under the same initial conditions
highlighted the importance of a correctly modelled vibrational collision number Zv. The
capability to model at the kinetic level the non-reacting flow of air, encountering strong
non-equilibrium regions, was created. A gas mixture of nitrogen and oxygen, which is
of great relevance to practical applications, was successfully modelled and numerically
evaluated.

7.2 Future Work

Based on this thesis and the aforementioned conclusions, the following future work is suggested:

• The transport properties for a mixture of monoatomic gases are a main research point.
The Fick, Newton and Fourier coefficients are correctly fitted in the presented models,
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but the coupled effects: Dufour and Soret are not addressed in this work. Since they
are already included in the continuum limit equations and we know they should have
reciprocal quantities, only one extra relaxation coefficient needs to be added to correctly
fit all transport coefficients for binary monoatomic gas mixtures.

• The viscosity power law dependence on temperature is used. This is clearly a simplifi-
cation when binary gas mixtures are considered. Better mixture laws for viscosities are
available and should be considered.

• Further validation test cases including a variety of low speed flows and rarefaction levels
will enable a more detailed level of evaluation of the new models.

• The limitations of the numerically efficient gas-kinetic scheme should be further studied
for a range of Mach numbers and variety of geometries.

• The current GKS scheme is for a monoatomic mixture and an extension to a diatomic
mixture will increase the possible applications.

• Implementing the new kinetic models in a more advanced numerical scheme, e.g DUGKS,
constitutes an interesting line of research.

• The diatomic mixture model fits only two correct transport coefficients in the continuum
limit. Future work is to correct the heat flux and the Prandtl number.

• A model which is capable of simulating gas mixture of a monoatomic and a diatomic gas
will increase the domain of applications. Similarly, extending the models to more than
two species is part of future work.

• The collision numbers Zr and Zv allowing for the different rate of relaxation of the rota-
tional and vibrational DoF are introduced as constants. A more advanced model should
define them as functions of the model’s temperatures. Furthermore, for the mixture model,
Zr and Zv should be also species dependent.

• Further validation test cases are required to consider the kinetic model for diatomic gas
mixtures fully validated.

• A study inspecting the effect of each new temperature type should be considered. We
observed that the species translational temperatures had similar values, as well as the
species rotational temperatures for the cases of nitrogen and oxygen components. In order
to save computational time, big test cases including air-flow should consider having one
translational temperature, one rotational temperature and species vibrational temperatures.
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• Test cases with a mixture consistent of other diatomic gases beyond nitrogen and oxygen
with higher mass ratio between species should be studied. The mass ratio effect will dom-
inate the difference between species macroscopic properties and will create interesting
results.

• Extensions of the model beyond inert mixtures and including chemical reactions, while
very challenging, will broaden the capabilities and applications.

Clearly, the area of kinetic models for gas mixtures and their numerical applications is a complex
research area with many questions still unanswered. The current thesis makes a strong advance
in creating such models for monoatomic and diatomic gas mixtures, enabling the kinetic mod-
elling and simulations of rarefied flows of engineering interest.
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Appendix A

Standard definite integrals where a and b are constants and a > 0 [2] are:

+∞�

−∞

e(−a(x−b)2) dx =
√

π

a
(A.1)

+∞�

−∞

xe(−a(x−b)2) dx = b
√

π

a
(A.2)

+∞�

−∞

x2e(−a(x−b)2) dx =
1

2a

√
π

a
(2ab2 +1) (A.3)

+∞�

−∞

x3e(−a(x−b)2) dx =
1

2a

√
π

a
b(2ab2 +3) (A.4)

+∞�

−∞

x4e(−a(x−b)2) dx =
1

4a2

√
π

a
(4a2b4 +12ab2 +3) (A.5)

+∞�

−∞

x5e(−a(x−b)2) dx =
1

4a2

√
π

a
b(4a2b4 +20b2a+15) (A.6)

+∞�

−∞

x6e(−a(x−b)2) dx =
1

8a3

√
π

a
(8a3b6 +60a2b4 +90ab2 +15) (A.7)

Note: If the limits of the integral are 0 to +∞ all integrals with even powers of x will evaluate to
half the value given above. Also, if b=0 integrals with odd powers of x will become 0.
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Appendix B

Moments of the Maxwellian distribution function, where du is the infinitesimal change of the
element of velocity volume and du = dudvdw, are:

+∞�

−∞

f M(u) du = ρ (B.1)

+∞�

−∞

u f M(u) du = ρu0 (B.2)

+∞�

−∞

v f M(u)du = ρv0 (B.3)

+∞�

−∞

w f M(u) du = ρw0 (B.4)

+∞�

−∞

u2 f M(u) du = ρ(u2
0 +RT ) (B.5)

+∞�

−∞

v2 f M(u) du = ρ(v2
0 +RT ) (B.6)

+∞�

−∞

w2 f M(u) du = ρ(w2
0 +RT ) (B.7)
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1
2
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u(u2 + v2 +w2) f M(u) du =
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ρ(u3
0 + v2
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The above integrals are of particular interest for the integration of the Maxwellian distribution
function f M(u).

f M(u) =
ρ

(2πRT )
3
2

exp
[
− 1

2RT

(
(u−u0)

2 +(v− v0)
2 +(w−w0)

2
)]

(B.10)

It will be shown that:
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(B.12)

In the above proof of the zeroth order moment of the Maxwellian distribution function, the in-
tegral and the exponential function were split into the three directions of the velocity vector ci.
The standard integral (A.1) was applied to all 3 integration functions. The derivation of first and
second order moments of the Maxwellian function follows the same procedure as in (B.12) and
incorporates more of the standard integrals defined above.



Appendix C

The detailed derivation of the continuum limit of all three models is shown. Note that the mass
and momentum limits of the original and Shakhov-based models are the same and is shown only
for the corrected Shakhov model GSh

s .

Mass Equation

The time-derivative term has the following form for all the models:
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The mass equation in the continuum limit after substituting the expression for u(g)s is the same
for all three models, as expected.
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Momentum Equation

The time-derivative term has the following form for all the models:

2
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η

ν
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]
= ρu0

Here due to the summation, the contribution from the CE expansion is 0.
The inviscid flux in the x-direction:
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The viscous part for all models is similar, with the ES model pre-multiplied as always by
(1−νES).
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The momentum equation results in:
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where the viscosity coefficient µ = ε

ν
nkT

Energy Equation

The time-derivative term has the form:
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For the 0th-order part of the flux in the x−direction this results in,
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The 1-st order part of the flux in the x-direction is based on the Maxwellian and is common for
all the models, except a multiplication by (1−νES) for the ES model. The common part results
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in:
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Combining the time-derivative and the flux terms forms the limit of the energy equation up to
order O(ε2) for each model as shown in the text.
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