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Summary

This thesis is concerned with the relationship between spectral decomposition of
operators, the functional calculi that operators admit, and Banach space structure.
The deep connection between the first two of these concepts has long been known.

The thesis is organised as follows. Chapter 1 is an introduction to the concepts,
ideas and constructions that will be used through at this thesis. Particularly we

consider numerical range and hermitian operators which have a critical role in all

this thesis.

In Chapter 2 we give a brief overview of some of the theory of (strongly) normal
(equivalent) operators. Developing the properties of (strongly) normal (equivalent)

operators we will show that the possession of a functional calculus on the spectrum

of T is equivalent to T' being scalar type prespectral of class X, thus answering a

question of Berkson and Gillespie ([12], Remark 1).

The operators considered in Chapter 3 are the well-bounded operators intro-
duced by Smart [62] as a natural analogue of selfadjoint operators on Hilbert space.
Well-bounded operators are defined as those which possess a functional calculus
for absolutely continuous functions on some compact interval [a, b] of the real line.

Their spectral structure was determined by Ringrose [58] and [59]. Well-bounded
operators of type (B) were characterised by Berkson, Dowson [10] and by Spain

65] as being those for which the absolutely continuous functional calculus is weakly

compact. Every well-bounded operator on a reflexive Banach space is of type (B),

and hence has an integral representation.._‘_u{;g@:respect“to a spectral family of pro-
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jections. Ringrose showed that the dual 6.4 iwell-bounded operator can always be
written as an integral representation with respect to a family of projections. This

family of projections is called a decomposition of the identity. We will show that
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if the Banach space X contains a subspace isomorphic to ¢, or a complemented
subspace isomorphic to [;, then there exists a well-bounded operator which is not
“decomposable in X” in that the projections in the decomposition of the identity are

not the adjoints of projections on X. By applying the results of Chapter 2 we deduce
that the set {T™ : n € N} is hermitian-equivalent if T is well-bounded operator with

decomposition of the identity of bounded variation.

The operators considered in Chapter 4 are the AC-operators. Berkson and Gille-
spie introduced the concept of an AC-operator as an operator which possesses a
functional calculus for the absolutely continuous functions on some rectangle in C
[12]. Berkson and Gillespie showed that these operators can be characterised by the
fact that they possess a splitting into real and imaginary parts, T = U + iV, where
U and V are commuting well-bounded operators [12]. They showed [12] that if U

and V are well-bounded operators of type (B) this splitting is unique, and that if
S € L(X) commutes with U + iV then S commutes with U and V. It was shown

that neither result is guaranteed if the type (B) hypothesis is omitted [11]. We will
show that if S commutes with the AC-operator T' = U + tV where U and V are

well-bounded with decomposition of the identity of bounded variation then S com-
mutes with U and V. It is shown if T' = U + iV is an AC-operator where U and V
are well-bounded operators with decomposition of the identity of bounded variation,
and if either X does not contain a copy of ¢y, or if U and V' are decomposable in X,
then the representation is unique. We also explore some properties of AC-operators
by applying the theory of (Foiag) decomposable operators.

Since 1954 the problem of giving sufficient conditions for the sum and product
of two commuting spectral operators to be spectral has attracted attention. The
boundedness of the Boolean algebra of projections generated by the two resolutions
of the identity is critical. In 1954 Wermer [70] proved an affirmative result on
Hilbert space. McCarthy [48] showed that this did not remain true in a general
Banach space. In 1964 McCarthy [49] showed that an affirmative result holds on
closed linear subspaces of L, spaces, where 2 < p < 0o. Much later, in 1997, Gillespie
[33] proved that if £ and F are two commuting Boolean algebra on X, where X is

a Banach lattice or a closed linear subspace of a p-concave Banach lattice (p < 00),
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then the Boolean algebra of projections generated by £ and F is also bounded.
As a consequence of this he showed that the sum and product of two commuting
spectral operators is also spectral in each of the above cases. We will show that the
weakly closed algebra generated by the real and imaginary parts of a finite family of
commuting scalar-type spectral operators on a Banach lattice not containing ¢y, and

on a closed linear subspace of a p-concave Banach lattice, where p < o0, is a W*-

algebra, and that every operator in this algebra is a scalar-type spectral operator.
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Chapter 1

Preliminaries

1.1 General notation

R will denote the set of real numbers, C the complex numbers, Z integers, N the pos-
itive integers. Throughout, X denotes a non-zero complex Banach space, otherwise

arbitrary unless the contrary is explicitly stated. The dual space of X is denoted by

X'. We write (z,2') for the value of the functional z' at the point z in X.

Definition 1.1.1. Let X be a Banach space. The weakest topology on X which
makes each element ' : X — C continuous is called the weak topology of X. A

typical open neighbourhood of x € X for the weak topology has the form
{lye X :|(z,2')| <e¢, z' € F},
for some € > 0 and some finite set F C X'.

A net of elements {z,} C X converges to z € X in the weak topology if and
only if

liéIl(xmx') = (z,7'), z' € X'
The weak topology on X is denoted by o (X, X").
We have the following basic facts about weak topology (see [26], Chapter V):

1. A subset of X is norm bounded if and only if it is weakly bounded,

2. 1It'Y 1s any convex subset of X, then the closure of Y with respect to the norm

topology coincides with the closure of Y with respect to weak topology,

2
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3. A linear functional A : X — C is continuous with respect to the topology
o(X,X') on X if and only if A € X'.

Definition 1.1.2. Let X be a Banach space and let )", z, be a series of elements
z, € X.
(i) The series is said to be unconditionally norm convergent if there ezists z € Xsuch

that Y>> | Ta(n) = Z, for all bijections m : N = N.

o0

n=1 mﬂk

(1) The series is said to be weakly subseries convergent if each subseries )

converges (to some element of X ) in the weak topology.

The series D .., 5 in X is unconditionally norm convergent whenever it is weakly

subseries convergent ([19], chapter 1, §4).

Definition 1.1.3. The weakest topology on X' which makes each of the linear func-
tional (z,-) : X' = C, = € X, defined by 2’ — (z,2'), for ' € X', continuous 1s
called the weak-star topology of X' and is denoted by o(X', X).

A typical open neighbourhood of ' € X’ has the form
{v e X': |{z,2") — (z,¥)| <€, z € F},

for some € > 0 and some finite set 7 C X. In particular, a net of elements {z],} C X"

converges to ' € X' for the weak-star topology if and only if
lim(z, 2. ) = (z,2'), T € X.
O

Definition 1.1.4, Let || - ||y and || : |2 be two norms on X. They are said to be

equivalent norms if they define the same topology on X.

|- |l; and || - || are equivalent if and only if there are positive constants M; and

M, such that M||z|; < ||z2|| < Ma||z||; for all z in X.

Throughout this thesis operator means “bounded linear operator”. The collec-

tion of all operators on the X is denoted by L(X). If we define

IT]] = sup {||Tz| : = € X, ||z]| < 1}

then L(X), with this norm, is a Banach algebra.

The three most commonly used topologies in L(X) are the norm topology, the

strong operator topology, and weak operator topology.
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Definition 1.1.5. The strong operator topology on L(X) is the topology defined by

the basic set of neighbourhoods

{R:R€ L(X),||(T - R)zl| <e¢, z€F}

where € > 0 is arbitrary, and F is an arbitrary finite subset of X. In particular a

net of element {T,} converges to T if and only if {T,x} converges to Tz for every
T € X.

Definition 1.1.6. The weak operator topology on L(X) is the topology defined by

the basic set of neighbourhoods

{R:Re L(X),|{(T - R)z,z')| <¢, 2’ €F, z€F},

where € > 0 is arbitrary, and F' and F are arbitrary finite sets of elements in X
and X, respectively. In particular a net of elements {T,} converges to T if and only

if {{T,z, ')} converges to (T'x,z') for every z € X and and z' € X".

We shall abbreviate “weak (strong) operator topology” to “weak (strong) topol-

==

ogy”. When % is a subset of L(X) we write 20 and A for the weak and strong
closure of 2, respectively. If 2 is convex then &~ =2 ([26], VL. 1.5).
For any T in L(X), let T” in L(X") be its adjoint:

(Tz,z') = (z,T'z") (z € X, 2' € X').

Definition 1.1.7. The resolvent set o(T) of T is the set of complex numbers A for
which A1 =T is invertible in the Banach algebra L(X).

Definition 1.1.8. The spectrum o(T) of T is defined to be C\ o(T).

Definition 1.1.9. Let T € L(X). The spectral radius v(T') is defined by

v(T) = sup{|\| : A € o(T)}.
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1.2 BV(J) and BV(J x K) as Banach Algebras

Much of this thesis is concerned with functions of bounded variation.

1.2.1 BV(J)

Let J = [a,b] be a compact interval contained in the real line. We denote by
B = P(J) the set of all finite partitions A ={a=Ag <A\ <:--:A,=b}of J.If f

1s a scalar-valued function on J, then the variation of f over J is defined to be

vary f = sup Z |f(’\J) - f(’\i“l)l'

AP S

If vary f < oo, then f is said to be of bounded variation over J. Let BV(J) denote

the set of functions of bounded variation over J. If we define

1flly = 1£(0)] + vars f

then || - ||; is a norm on BV(J) which makes this space into a Banach algebra [61].

A function f : J — C is said to be absolutely continuous on J if for all € > 0
there exists a § > 0 such that Y°7_, | f(A;) = f(u;)| < € for every finite collection
of pairwise disjoint subintervals (A, p;) of J for which }_ ., |A; — p;| <.

Definition 1.2.1. Let J = [a,b]. The Banach subalgebra of BV(J) consisting of
absolutely continuous functions on J is denoted by AC(J). For f in AC(J)

£l = £0) + [ ) d

1.2.2 BV(J x K)

Let J = [a,b] and K = [c,d] be two fixed intervals in R. The notation of variation
for a complex-valued function defined on J x K used here is due to Hardy [36] and

Krause. (See the discussion in [37], §254.) Let A be a rectangular partition of J x K :
Aa=5<8< <=0, c=t<ti< <L, =d.

For a function f: J x K — C define
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Va(f) = Z Z | f(siyt5) — f(sisti=1) — f(si=1,5) + f(si=1,t5-1)|

=1 7=1
and the variation of f on J X K by

varyx i (f) =sup{Va(f) : A is a rectangular partition of J x K}.

The function f is said to be of bounded variation on J X K (according to Hardy and

Krause) if each of the numbers

varyxk f, valy f(& d)a varg f(b! )

is finite. Denote by BV(J x K) the set of all functions f : J X K — C of bounded

variation. It is readily verified that with the norm given by

”W” — If(b: d)l -+ vary f('ad) + varg f(ba ') + Varyx K fa

BV(J x K) is a Banach space.

Remark 1.2.2. It should be mentioned that, as in the one-dimensional case, we

take vary g f = 0 if either J or K reduces to a single point.

It will be shown with pointwise product and norm ||| - |||, BV(J x K) is a
Banach algebra. To prove this, it is convenient to note first that BV(J x K) may

be considered as the l;-direct sum

C @ BVy(J) ® BVy(K) @ BVy(J x K). (1.1)

Here

BVo(J) = {f € BV(J): f(b) =0}  BVo(K)={f € BV(K): f(d)=0}
and
BVO(J‘x K)‘-:. {f €BV(I x K): f(s,d) = f(b,t) =0 (s € J,t € K)}.
The identification of BV(J x K) with (1.1) arises from writing f € BV(J x K) as

f(s,t) = f(b,d) + fi(s) + fo(t) + f3(s, ),
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where
fi(s) = f(s,d) = f(b,d),  fa(t) = f(bt) — f(b,d)
and
fi(s,t) = f(s,8) — f(s,d) — f(b,2) + f(b, d).
Note that
vary fi = vary f(-,d),  vark f2 = varg f(b,")
and

varyx g f3 = varyxk f,

so that the above algebraic identification is indeed isometric.

The next lemma and theorem are due to Berkson and Gillespie [12].
Lemma 1.2.3. Let f € BVy(J), g € BVy(K) and h,k € BVy(J X K). Then
1. fg € BVyo(J x K) and varyxk(fg) < vary f varg g,
2. fh € BVy(J X K) and varyxg(fh) < vary f varjxk h,
3. gh € B\’/(J X K) and varg g varjy g h,
4. hk € BVo(J x K) and varyyxg(hk) < varyxx h varggk k.
Proof. ([12], Lemma 1). [

Theorem 1.2.4. Under the pointwise product and norm |||-|||, the space BV(J x K)

1s a unital Banach algebra.

Proof. This is a consequence of Lemma 1.2.3 and the decomposition (1.1), together
with the fact that BVy(J) and BV (K) are subalgebras of BV(J) and BV(K) re-
spectively. ~ . [

1.2.3 Functional Calculus

When A is a compact Hausdorff space, we write C(A) for the Banach algebra of
continuous complex-valued functions on A with pointwise-defined algebraic opera-

tions and the supremum norm. When J = [a,b], we write BV(J) for the Banach
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algebra of complex-valued functions of bounded variation on J with norm ||| - |||

defined by |||f||| = |f(®)| + var(f, J), and AC|a,b| for the subalgebra of BV(J) con-
sisting of absolutely continuous functions on J. Suppose that ¥ is a Banach algebra

of scalar-valued functions on some subset S C C and that § contains polynomials.
Forn=0,1,---, let e,(2) = 2".

Let X be a Banach space. An F-functional calculus for T is a Banach algebra ho-
momorphism © : § — L(X) for which ©(e,) = T"(n = 0,1,...). Some authors
prefer the term “operational calculus” to “functional calculus”. We shall say that a

$-functional calculus © is compact (respectively weakly compact) if, for all z € X,
the operator ©; : § — X defined by ©,(f) = ©(f)z is compact when X is given

its norm (weak) topology. We shall be concerned here with the algebras C(o(T)),
BV(J), BV(J x K), AC(J) and AC(J x K).

Vector Measures

Let Q be a non-empty set. A family of subsets T of § is called an algebra (of sets) if
1. Q€ X and ¢ € ¥ (where ¢ denote the empty set),

2. Q\E belongs to ¥ whenever E € ¥, and
3. U;erEj € X for every finite collection {Ej;: j € F} C L.

If ¥ is an algebra of sets with the additional property that |, .yEn. € £ for every
sequence {E,} C L, then it is called a o-algebra. In this case the pair (Q, E) is

called a measurable space.

Let (£2,%) be.a measurable space. A function p : ¥ — C is called a complez

measure if p(U,cnEn) = D_nei #(En) whenever {E,} C T is a sequence of pairwise

disjoint sets, meaning that E,NE,, = ¢ whenever n # m. We say that u is o-additive.

In this case triple (2, Z, p) is called a measure space.

By L,(Q, %, 1), 1 £ p £ 00, we denote the Banach spaces of equivalence classes of
measurable functions on (£2, X, 1) whose p** power is integrable (rep. are essentially

bounded if p = o0). If (Q,X%,n) is the usual Lebesgue measure space on [0, 1]



CHAPTER 1. PRELIMINARIES 9

we denote L,(u) by L,. If (T', X, u) is the discrete measure space on a set I" with
u({v}) =1 for every v € I" we denote L,(u) by (). U T = {1,2,--+,n}, n < oo,
we also denote [,(I") by 17, while I, denotes [,(I") with ' = N.

Let X be a o-algebra of subsets of an arbitrary set 2. An additive set function u

defined on ¥ with values in the Banach space X is said to be a vector measure if

wlUm), 2 =D (u(m), ) (z' € X')

for every pairwise disjoint sequence {7,} of sets in %.

Lemma 1.2.5 (Banach-Orlicz-Pettis). Any vector measure p s strongly count-

ably additive. That is, p(J(m)) = .22, u(7,) for each sequence {T.} of pairwise

disjoint sets in L.

Proof. ([5], Lemma 2.2 ) or ([26], IV. 10.1). D

The results of ([26], IV. 10) show that every u-measurable p-essentially bounded
complex-valued function on Q can be integrated with respect to u, and that the

integral satisfies the dominated convergence theorem.

Lemma 1.2.6. If {f,.} is a sequence of p-integrable function which converges p-
almost everywhere to f, and if g is a p-integrable function such that | f.(s)] < |g(s)|
p-almost everywhere (n = 1,2,...), then f is p-integrable and

n—00

[f uds) = lim [ fa(s)ulds) (E € 3).

Proof. ([26], IV. 10) L]

Lemma 1.2.7. Let X be a Banach space an p: ¥ — X be a vector measure. Then

its range (L) is a relatively weakly compact subset of X. That is, the closure in X
of u(X) with respect the weak topology o(X, X') is weakly compact.

Proof. ([57], Proposition 1.4) L]

When A is a compact Hausdorff space, we write S(A) and Sy(A) for the o-algebra
of Borel and Baire sets of A, respectively and B(A) and By(A) for the family of Borel
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and bounded Baire measurable complex-valued functions on A respectively. We say

that a vector measure p on S(A) is regular if (u(-),z’) is a regular measure for each

' in X'.

Lemma 1.2.8 ([5], Theorem 3.2). Let A be a compact Hausdorff space, let X be
a Banach space and let © : C(A) = X be a weakly compact map. Then there exists

a unique regular vector measure p on S(A) with values in X such that

of = /A FON) (dN) (f € C(0)).

Conversely, if p is a vector measure on Sy(A) with values in X, and if O :

C(A) = X is defined by ©f = [, f(A) u(dX), then © is a weakly compact operator.

Lemma 1.2.9 ([52], Theorem 5). If X is a Banach space which does not contain

a subspace isomorphic to ¢y, in particular if X is weakly complete, then any bounded

operator
O:CA)—- X

1s weakly compact.

Boolean algebras of projections

An operator E in L(X) is called a projection if E? = E. We write E < F when E
and F' are projections and F = EF = FE. If E and F are commuting projections,
then EVF = FE+ F - EF and EAF = EF are also projections. The ranges of
E'V F and E A F of commuting projections E and F are given by the equations
(EAF)X = EXNFX,(EVF)X = EX+FX =lin(EX, FX), where lin(EX, FX)
means the closed linear manifold spanned by EX and FX.

A set B of commuting projections on X is called a Boolean algebra of projections
if B contains 0 and I and is a Boolean algebra under V and A. A Boolean algebra
of projections B is bounded if there is a constant M such that ||E|| < M, E € ‘B.

We will be dealing exclusively with bounded Boolean algebras of projections. The

following example shows that not all Boolean algebras of projections are bounded.
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Example 1.2.10. Let X = L,(R), for some p € (1,2). For each t € R, define the
translation operator Ty € L(X) by Tif = fi, for f € X, where fi(s) = f(t+s) for a.e.
s € R. A projection E € L(X) is called a p-multiplier if E'T; = T E, for allt € R
It is a known fact from harmonic analysis that the family B, of all p-multiplier

projections is a Boolean algebra of projections for which sup{||E|| : E € B,} = oo.

Following [26] we say that an abstract Boolean algebra £ is (o-)complete if each
(countable) subset of £ has a supremum and infimum in £.

€, a Boolean algebra of projections on X, is (0-)complete on X if each (countable)

subset F of £ has a supremum and infimum in € such that

(Vf)X=Ti'ﬁ{FX :F erF} (/\J—‘)X—-_.- () FX.

FeF

Lemma 1.2.11. If a Boolean algebra of projections is o-complete as an abstract

Boolean algebra, then it is bounded.

Proof. ([3], Theorem 2.2) or ([57], Theorem III.1). L]
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1.3 Single-valued extension property

Definition 1.3.1. An operator T € L(X) is said to have the single-valued extension
property if whenever f : Dy — X is analytic in an open set Dy C C and satisfies

(AI-T)f(A) =0, (A € Dy)
it follows that f =0 in Dy.

Let T € L(X) have the single-valued extension property. For each z € X we
denote by pr(r) the set of elements a € C such that there exists an X-valued

function z(-) analytic in a neighbourhood of V, of a, such that
AI-T)z(\) ==z (A € Va).

In particular, o(T) C gr(z). The complement op(z) = C\or(z) is the local spectrum
of T at z; it is a compact subset of o(T), which is non-empty for z # 0.

For F C C, let X7(F) = {z € X : or(z) C F}. This is a T-invariant manifold.
Lemma 1.3.2. Let T € L(X) have the single-valued ertension property. Then

1. Fl C Fy implies Xr(Fy) C Xp(F3),

2. X1(F) is a linear subspace of X,

3. or(z) = ¢ if and only if z =0,

4. or(Sz) C or(z) for every S € L(X) with ST =TS,

5. op(z(A)) = or(x) for every x € X and X € or(zx).

Lemma 1.3.3 ([22], Proposition 5.28). Let T € L(X). Suppose that o(T) is

nowhere dense. Then T has the single-valued extension property.

Lemma 1.3.4 ([17], Theorem 2.4). LetTy, Ty € L(X). If T\ has the single-valued

extension property and Ty — Ty quasinilpotent, then

o (z) = ony () (z € X).
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Let X and Y be two Banach spaces. L(X,Y) will denote the collection of all
bounded linear mappings of X into Y. For S € L(X) and T € L(Y) we define
L(T), R(S), C(T,S) : L(X,Y) — L(X,Y) by

L(T)A = TA,
R(S)A = AS,

and

C(T,S)A=TA - AS,
respectively (where A € L(X,Y)). For every n > 1 we put

C™(T, 5)(A) = [L(T) — R(S)]"(A)

n
n

k

)( )L(T)*R(S)(A)

k=0

— Z :) (—1)kT"-*AS*.

‘_

o

Definition 1.3.5. We say that T, S € L(X) are quasinilpotent equivalent if
. n 1/n __ : n 1/n _
lim [[C(T,3)*(DI'" =0 & ,}ggollC(S,T) (N|I*™ =0.
This relation is reflexive, symmetric and transitive ([17], p. 11).

Definition 1.3.6. Let X be a Banach space andT € L(X). A closed linear subspace

Y of X is called a spectral maximal space of T if

1. Y 1is wnvariant under T,

2. if Z is another closed linear subspace of X, invariant under T, such that if

o(T|2) Co(T|Y), then Z C ).

A spectral maximal space of T € L(X) is ultra-invariant under T'; that is, in-

variant under any operator A commuting with 7.

Definition 1.3.7. An operator T € L(X) is called decomposable if any open cover
C = G1 UG, of the complex plane C by two open sets Gy and G, yields a splitting
of the spectrum o(T) and of the space X in the sense that there ezist closed T-
invariant linear subspaces Y and Z of X for which o(T|Y) C Gy, o(T|Z) C G2, and
X=Y+2Z
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The definition of decomposability has been simplified considerably since Colo-
joard and Foiag wrote their book [17]. The original definition of a decomposable

operator as developed by Foiag was somewhat complicated and involved the notion

of a spectral maximal space. See [43], [17] and [69] for an account of the classical

theory of decomposable operators.

The next three lemmas give some basic facts about (Foiag) decomposable oper-

ators (see [17], chapters 2 and 4).

Lemma 1.3.8. Let T be (Foiag) decomposable and F a closed subset of o(T). Then
Xr(F) is a spectral mazimal space of T, and o(T|Xr(F)) C F. Conversely, if Y is

a spectral mazximal space of T, then

Y = Xr(a(T|))).

Proof. ([17], Theorem 2.1.5). O

Lemma 1.3.9. Let S € L(X), T € L(Y) be two (Foiag) decomposable operators
and suppose A € L(X,Y). Then the following assertions are equivalent:

1. AXg(F) C Xp(F) for every closed set F C C.
2. limpo00 [|C™M(T, S)(A)||H/™ = 0

Proof. ([17], Theorem 2.3.3). R 0

Lemma 1.3.10. If T € L(X) is a (Foiag) decomposable operator then

Xr({0}) = {z € X : lim ||T"z||"™ = 0}.

n—00

Proof. ([17], Lemma 4.4.4). , O
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1.4 Hermitian operators

In this section we consider those properties of hermitian operators which are impor-

tant in the theory of prespectral operators.

Definition 1.4.1. A semi-inner-product on a complez linear space Y is a function

-,:]: Y x Y — C satisfying

1. [z +y,2] =z, 2] + [y, 2],
Az, y] = Alz, v, T,Y,2 €Y, A€ C,

2. [z,z] > 0, T # 0,

J. |[.’13, y]|2 < [33, 37] [yay]: Z,Y € Y.
A space Y with a semi-inner-product is called a semi-inner-product space.

Lemma 1.4.2 ([47], Theorem 2). Let Y be a semi-inner-product space. Then
-]l : Y = C defined by ||z|| = [z,2]/? is a norm on Y. Conversely, let Y be a

normed complez linear space and for each x in'Y let T be a bounded functional on
Y such that (z,%) = ||z||* = ||Z||°. Then[,]:Y x Y = C defined by [x,y] = (z, §)

18 a semi-inner-product on Y.

In general, a normed linear space Y admits infinitely many semi-inner-products

compatible with its norm (in the sense that [z,z] = ||z||°>, = € Y). However, a

pre-Hilbert space admits a unique compatible semi-inner-product ([47], Theorem
3).

When Y is a semi-inner-product space and T is an operator (not necessarily

bounded) on Y we define W(T'), the numerical range of T, to be the set
W(T) ={[Tz,2]: [z,2] =1}.
Definition 1.4.3. An operator T € L(X) is hermitian if W(T') is real.

We now collect a few basic facts about hermitian operators needed later.

Lemma 1.4.4. (i) Let 1, ,0, € R and let Ay, -, A, be hermitian operators

on X. Then ) _, a,A, is a hermitian operator.
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(it) Let A, be a net of hermitian operators on X. If {A,} converges to A in the weak
operator topology of L(X) then A is a hermitian operator.

Proof. ([22], Theorem 4.4). [

Lemma 1.4.5. Let A € L(X). The following statements are equivalent:
(1) A is hermitian.

(ii) limao o {||/I —iad]|| -1} =0 (a¢ €R).

(11i) || exp(iad)]| =1 (a € R).

(iv) |explicd)| S1  (a€R)

Proof. ([22], Thorem 4.7). L

Lemma 1.4.6. If A € L(X) is a hermitian operator then oc(A) C R
Proof. ([22], Theorem 4.8). L]

Theorem 1.4.7 (Sinclair). Let A, in L(X), be a hermitian operator. Then

1Al = v(A).
Proof. ([22], Theorem 4.10) [

Lemma 1.4.8. T € L(X) is hermitian if and only if T' is hermitian.

Proof.
| exp(iaT)|| = || exp(iaT")| (@ € R).

By Theorem 1.4.4(i) the sum of two hermitian operators is hermitian. However,

powers of hermitian operators need not be hermitian, as the following example, due

to M.J. Crabb, shows. See ([15], p. 57, 58).

Example 1.4.9. Let p defined on C* by

p(a, B,7) =sup{|A\'a+ f + M|:AeC A =1}
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Then p is a Banach space norm on C°>. Now C° is an algebra under pointwise mul-

tiplication. If a € C, let A be the operator defined by
Az = azx (z € C).
Observe that the operator norm of A is given by
|1Al} = sup{p(za) : x € C°, p(z) = 1}.

Now let a = (—1,0,1). Then A is hermitian but A? is not hermitian.

For: givent in R and z = (o, 3,7) in C* we have

p(z exp(ita)) = p(aexp(-—it), B,vexp(it)) = p(e, B,7)

so that || exp(itA)|| = 1. Therefore A is hermitian by Lemma 1.4.5. Let s = —m/2
and y = (t,1,1). Then

p(y)|l exp(isA®)|| 2 p(y exp(isa®)) =p(1,1,1).
Since p(y) = 52 and p(1,1,1) = 3 it follows that
| exp(isA?)|| > 1.

Hence by Lemma 1.4.5, A% is not hermitian.



Chapter 2

Normal-equivalent and prespectral

operators

The class of scalar-type spectral operators on a Banach space was introduced by
Dunford [19] as a natural analogue of the normal operators on Hilbert space. They

can be characterised by their possession of a weakly compact functional calculus for
continuous functions on the spectrum ([41}], Corollary 1) or ([63], Theorem). The

more general class of scalar-type prespectral operators of class I' was introduced by
Berkson and Dowson [9]. They proved that if T € L(X) admits a C(o(T’)) functional
calculus, then T" is scalar-type prespectral of class X. The converse implication is

immediate if X is reflexive ([22], Theorem 6.17) or o(T') C R ([22], Theorem 16.15
and the proof of Theorem 16.16). The question raised by Berkson and Gillespie
([12], Remark 1) has remained open for some time. The problem amounts to finding
a decomposition for T with commuting real and imaginary parts, given that 7"

has such a decomposition. We show that this can always be done, developing the

properties of (strongly) normal (equivalent) operators for this purpose.

2.1 Hermitian-equivalent operators

Definition 2.1.1. An operator T € L(X) is hermitian-equivalent if and only if

there 1s an equivalent norm on X with respect to which T is hermitian.
Theorem 2.1.2. T is hermitian-equivalent if and only if there is an M (= 1) such

18
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that
lexp(itT)[| < M (t€R).

If this condition is satisfied, then
lz| = sup{|| exp(itT)z|| : t € R}

defines a norm on X, equivalent to || - ||, with respect to which T is hermitian.

Definition 2.1.3. Let A C L(X). Then A is said to be hermitian-equivalent if and

only if there is an equivalent norm on X with respect to which every operator in A

1s hermitian.

Lemma 2.1.4 ([22], Theorem 4.17). Let A be a commutative subset of L(X).

Then A 1s hermitian-equivalent if and only if each operator in the closed real linear

span of A is hermitian-equivalent.

Lemma 2.1.5. Let £ be a bounded Boolean algebra of projections on X. Then there

1s an equivalent norm on X with respect to which every operator on € is hermitian.

Lemma 2.1.5 is due to Berkson ([7]).

2.2 Normal operators, Strongly normal operators

Definition 2.2.1. An operator T € L(X) is normal if T' = R +1J where R and J

are commuting hermitian operators.

We shall need the following Fuglede-type result ([24], Lemma 3), and generali-

sations of it.

Lemma 2.2.2 ([24], Lemma 3). If T = R +1J is a normal operator and if A €
L(X) is such that AT =TA, then AR = RA, AJ = JA.

Remark 2.2.3. IfT € L(X) is normal, then the operators R and J are determined

uniquely by T' and we write
T" =R-1J.

Uniqueness follows from Lemma 2.2.2.
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Definition 2.2.4. An operator T € L(X) is normal-equivalent if T = R+-1J where
RJ = JR and {R,J} is hermitian-equivalent.

The following result is an immediate consequence of Lemma 2.2.2

Lemma 2.2.5. If T = R + iJ is normal-equivalent, and if A € L(X) is such that
AT =TA, then AR = RA, AJ = JA.

Remark 2.2.6. The operator T = R+ 1J is normal-equivalent if and only if RJ =
JR and

lexp(isR +itJ)|| < M

for some M and all real s, t.

Lemma 2.2.7. If T € L(X) is normal-equivalent then T can be expressed uniquely
in the form R+ 1J, with RJ = JR and {R, J} hermitian-equivalent.

PTOOf. T =R+1J = Rl + iJl, where RJ = JR, R1J1 — J1R1, and {R, J}
and {R;,J;} are hermitian-equivalent, then by Lemma 2.2.5, {R,J, Ry, J1} is a
commuting hermitian-equivalent set: by Lemma 2.1.4 we can renorm X to make

them simultaneously hermitian. Since R — R; = i(J; — J) we have
o(R— R))=0(Jy - J)={0}:
by Sinclair’s theorem R = Ry, J = J;. [

The next result is more general, relying on more intricate consideration of local

theory.

Theorem 2.2.8. Let Ty, = Ry + iJ (k = 1,2) be two normal-equivalent operators,

and suppose that Ty and T3 are quasinilpotent equivalent. Then
Ry = Ry, J1 = Js.
Proof. (2], Theorem 2). ]

If T € L(X) is normal-equivalent then clearly 7' € L(X') is normal-equivalent.

The converse also holds: but is not obvious. We model our proof on that of
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Behrends [6]. It depends on Lemma 2.2.9 which is essentially due to Behrends [6]:

for completeness we include a proof.

In the following lemma we shall make use of the canonical projection on the

third dual of X. If ix : X — X" is the canonical injection, then P = ix/(ix)' is a

projection on X" whose range is ixs(X') and whose kernel is (ix(X))*. We have

the following facts about ix, ixr, (ix)’ and P :
1. (ix)"ix = (identity)x:,
2. Pixr =iy,
3. (ix)'P = (ix)’,
b 1Pl =1,

5. (ixa';, Py!ﬂ> — (.'L', (ix)fp,yﬂf) — (SU, (ix)fym') — (ZX.T, y”;)

for each z in X and %" in X".

Lemma 2.2.9. An operator T € L(X') is of the form S' (for some S € L(X)) if

and only if T" commutes with the projection P = ix/(ix)' : X" — X",
Proof. First note that if S € L(X) then

S"ix = 1ixS.
If now T' = S’ for some S € L(X) then

T'ix =1ixS
SO

(ix)T" = S'(ix) = T(ix)’
and | ,
PT" = ix(ix)'T" = ixS'(ix) = ixT(ix)"

Next note that |

Tuixi —_— ier
from which

T"P = T"ixf(‘ix)' = ixfT(‘ix)’ .
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SO

PT" =T"P.
Cbnversely suppose T"P = PT". If y" L ix(X), that is, Py" =0, then
(sz'xx, ym> — (":X:I;,T"'ym>
= (ixz, PT"y") (by 5 above)

— (ix:r, Tﬂpyﬂf>
=0

1.e. y’” 1 T'ix (X) It follows that T’?:X (X) C ix (X) so that
S = (‘ix)“lT’?:X X 2 X
1s well-defined: and then T = S'. U

We can now prove the following theorem, which generalises that of Behrends ([6],

Theorem 1).

Theorem 2.2.10. If T' € L(X') is normal-equivalent then T € L(X) is normal-

equivalent.

Proof. If T' € L(X') is normal-equivalent then TV = R + iJ where R,J € L(X'),
and R,J commute, and ||exp(isR + itJ)|| < M for some M and all real s,t. Also
T" = R" + iJ" is normal-equivalent. By Lemma 2.2.9 we have T""P = PT"; by
Lemma 2.2.5 we get R"P = PR" and PJ" = JP” : hence, by Lemma 2.2.9, there
are H, K € L(X) such that H' =R, K'=J. So T = H +iK; now

| exp(isH + itK)|| = || exp(isR + itJ)|| < M
for all real s,t, so T' is normal-equivalent (Remark 2.2.6). [

Definition 2.2.11. An operator T € L(X) is strongly normal if T = R+ 1J where
RJ = JR and the set

{R™"J" :m,n=0,1,2,...}

18 hermitian.
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Remark 2.2.12. If T € L(X) is strongly normal, T = R 4 iJ as above, then the

set {g1(R,J) +ig2(R,J) : g1,92 € Cr(o(T))} is a commutative C*-algebra under
the operator norm and the natural involution (g,(R,J) + ig2(R,J))* = g1(R,J) —

192(R, J), where Cr(o(T'))) is the Banach algebra of continuous real -valued functions
in two variables on o(T') ([15], §38).

Definition 2.2.13. An operator T € L(X) is strongly normal-equivalent if T =
R +1J where RJ = JR and the set

{R™J" :m,n=0,1,2,...}
1s hermitian-equivalent.

Remark 2.2.14. If T € L(X) is strongly normal-equivalent then T' € L(X') is

strongly normal-equivalent.

The next result is a refinement of Theorem 2.2.10.

Theorem 2.2.15. If T' € L(X') is strongly normal-equivalent then T € L(X) is

strongly normal-equivalent.

Proof. Suppose that there exist operators R and J such that T' = R+iJ and there

is an equivalent norm |- | on X' with respect to which the set
{R™J" :m,n=0,1,2,...}

1s hermitian. Since 7" is normal-equivalent, by Theorem 2.2.10 there exist H, K such

that T = H + 1K where HK = KH and H, K are hermitian-equivalent. The set
{R™"J" :m,n=0,1,2,...}
is hermitian-equivalent. So there is an M (> 1) such that

lexp(itR™J™)|| <M (t€R, m,n=0,1,2...)

and we have

|exp(itH™K")|| = ||exp(itR™J™)|| < M (teR, myn=0,1,2,...).
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If we define
ll|z||| = sup {|| exp(itH™K™)z|| : t € R, m,n=0,1,2,...}

then ||| - ||| is a norm on X, equivalent to the original norm, and for each t € R we

have

llexp(tH"K")||| =1  (m,n=0,1,2,...).

Therefore with this norm the set {H™K™ : m,n =0,1,2,...} is hermitian: hence T

1s strongly normal-equivalent. u

Note that if T is strongly normal-equivalent then the closed linear span of
{R™J" :m,n=0,1,2,...}

1S a hermitian-equivalent set Lemma 2.1.4: equivalently,

{f(R,J): f € Cr(o(T))}

is hermitian-equivalent. We may therefore introduce yet another norm, 7, on X,

with respect to which T will be strongly normal:

v(z) = sup {|{exp(if (R, J))z|| : f € Cr(o(T))}.
Then ~(z) > |||z||| : so |||z'||] < v(z') for 2’ € X'.

Questions 2.2.16. (I) Do v and ||| - ||| coincide ?
(II) Does the norm |- | (on X') coincide with either the dual of of v or the dual of

-1l 2

(IIl) Is || (on X') automatically a dual norm? that is, does there exist an equivalent

norm 1 on X such that |2'| = sup{|(z,2')| : n(z) = 1}?
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2.3 Prespectral operators

A family I' C X' is called total if and only if y € X and (y,f) =0, forall f €T
together imply that y = 0. Let ¥ be a o-algebra of subsets of an arbitrary set (2.
Suppose that a mapping E(-) from ¥ into the Boolean algebra of projections on X

satisfies the following conditions:
1. E(61) + E(d2) — E(61)E(62) = E(6, U 63),
2. E(6,)E(62) = E(6; N J2) (61,09 € X),
3. E(Q—-46)=1-E(J) (6 € ),
4. E(Q) =1,
5. there is a real constant M such that ||E(d)|| < M for all 6 € %,

6. there is a total linear subspace I' of X* such that (E(:)z,y) is countably

additive on X, for each z in X and each y in I'.

Then E(-) is called a spectral measure of class (3, I'). -

In the following X, denotes the o-algebra of Borel subsets of the complex plane.

Definition 2.3.1. An operator S in L(X) is called a prespectral operator of class

' if there is a spectral measure E(-) of class (£,,') on X such that for all § € L,
1. SE(0)=E(@0) S (6 € Z,)
2. o(S|E(8)X)C ¢ (6 € Z,).

The spectral measure E(-) is called a resolution of the identity of class I' for S. If,
in addition, S = fa(s) AE(dA) then S is said to be a scalar-type operator of class L.

The basic decomposition theorem for prespectral operators is the following result

due to Dunford [25].
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Lemma 2.3.2. Let T be a prespectral operator on X with a resolution of the identity

E(:) of class T'. Define
S=[ ME@\, N=T-8.
a(S)

Then S is a scalar-type operator with a resolution of the identity of class I', and N

18 quasintlpotent.

Definition 2.3.3. Let T be a prespectral operator on X with a resolution of the

identity ' of class I'. Define
S = AE(d)), N=T-25.
a(S)
Then S + N is called the Jordan decomposition of T corresponding to the resolu-
tion of the identity E(-). S is called the scalar part and N the radical part of the

decomposition.

Lemmas 2.3.4, 2.3.5, 2.3.6, 2.3.7 and 2.3.8 are some basic facts needed later;
these lemmas can be found in ([22], §5).

Lemma 2.3.4. Let T be a prespectral operator on X of class I'.
(I) T has a unique resolution of the identity of class I

(II) T has a unique Jordan decomposition for the resolution of the identity of all

classes.

Lemma 2.3.5. Let K be a compact Hausdorff space, and let © be continuous algebra
homomorphism of C(K) into L(X) with ©(z2— 1) =I1,0(2 = 2) = S. Then there
is a spectral measure E(:) of class (Zk, X) with values in L(X") such that

o(f) = fK (V) E(d)) (f € C(K)).
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Lemma 2.3.6. Let T be a prespectral operator on X with resolution of the identity

E(-) of classT'. Then T' is prespectral on X' with resolution of the identity F(-)of
class X such that

(/K f(A) E(d/\))’ = /;{f(,\) F(d\) (f € C(o(T)).

Moreover if

o(T)

then S" + N' is the Jordan decomposition of T'.

Lemma 2.3.7. If S be a scalar-type operator of class " then S is strongly normal-

equivalent.

Proof. 1f we define
R = ReA E(d)), J = / Im A E(d))
ao(T) o(T)
then by Lemma, 2.1.5 there is an equivalent norm on X with respect to which {E(7) :

T € ¥,} are all hermitian. Let p(z,y) be a polynomial with real coefficients in the
two real variables £ = Re A and y = Im A. There is a sequence of real-valued simple
Borel measurable function of A converging uniformly on ¢(S) to p(zx,y). It follows

from Lemma 1.4.4 that p(R, J) is hermitian and so the
{R™,J" :m,n=0,1,2,---}

are all hermitian. L]

Lemma 2.3.8. If S is strongly normal-equivalent then S’ is a scalar-type operator
of class X.

Proof. Let A be the closed subalgebra of L(X) generated by I, R, and J. Define
Q={z+1y:z € d(R),y € o(J)}. Observe that Q is compact. Let p(z,y) be a

polynomial in the two variables z and y. We define

Ip|| = sup{|p(z,y)|: = + iy € Q},
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O(p) = p(R, J).

When p has a real coefficients, ©(p) is hermitian, and so by Sinclair’s theorem the

norm and spectral radius of ©(p) are equal. Let M denote the set of multiplicative

linear functionals on A. It follows that

1©(p)|| = sup{|¢[p(R, J)| : ¢ € M}
= sup{|p(¢(R), #(J))| : ¢ € M}

< 1P|l co-

If p has complex coefficients we can express p in the form p, + ip2, where p; and p;

are polynomials in two real variables with real coefficients.Hence

1©(p1)| < lipall < lIpleos

1©(p2)]l < lIplloo,

and so

1©(p)]] < 2|Ip|lco-

It follows from the last inequality and the Stone-Weierstrass theorem that © can be

extended to a continuous, identity preserving algebra homomorphism of C(2) into
L(X). If fo(\) = A (A € Q) then '

O(fo) = R+iJ =S

and by Lemma 2.3.5 S’ is scalar-type of class X. O

The converse of Theorem 2.3.5 and Theorem 2.3.8 also holds (Theorem 2.3.9).

Theorem 2.3.9 extends that of Berkson and Gillespie ([12], Theorem 8) and answers
the question of ([12], Remark 1 on Theorem 9) affirmatively.

Theorem 2.3.9. Let S € L(X). Then the following conditions are equivalent:
1. §' € L(X') is a scalar-type operator of class X,

2. S € L(X) is strongly normal-equivalent,
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3. there exist a compact subset () of C and a norm continuous representation

©:C(Q) — X suchthat©(z+— 2) =S, 0(z—1)=1.

Proof. 1 = 2. Suppose that S’ € L(X') is scalar-type of class X with spectral
measure F(-). There is a norm |- | on X', equivalent to the original norm || - ||, for
which the values of E(-) are simultaneously hermitian Lemma 2.1.5. Then, putting
R = fa(s) Re) E(d)A) and J = fa(s) ImA E(d)), we see that S'= R+1¢J, RJ = JR
and {R™J" :m,n=0,1,2,3,...} is | - |-hermitian (proof of Lemma 2.3.7): so S’
is strongly normal-equivalent. Hence, by Theorem 2.2.15, S is strongly normal-

equivalent.

2 = 3. If |-| is a norm equivalent to the original norm on X such that S = H+:1K
where HK = KH and

{H"K" : m,n=0,1,2,3,...}

is | - |-hermitian, then, using Sinclair’s theorem as in the proof of Lemma 2.3.8, we

have

p(H, K)| < 2sup {|[p(ReA, ImA)| : A € 0(5)} "'

for all polynomials p(z, y) with complex coeflicients. The Stone-Weierstrass theorem

ensures the existence of the functional calculus © as claimed.

3 = 1. This is immediate from Lemma 2.3.5. O

Theorem 2.3.10. Let S; and S, be two operators with adjoint of scalar-type pre-

spectral of class X and suppose S; and S; are quasinilpotent equivalent. Then
81 — Sg.

Proof. By Theorem 2.3.9 S; and Sy are strongly normal-equivalent. Hence, by
Theorem 2.2.8 Sl = Sg. [
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2.4 Spectral operators

In this section we consider spectral operators, a very important subclass of the

prespectral operators.

Definition 2.4.1. An operator S € L(X) is a spectral operator if there is a spectral
measure E(-) defined on ¥, with values in L(X) such that

1. E(-) is countably additive on L, in the strong operator topology,
2. SE(T) = E(T) S (T € 2p)1

3. o(S|IE(T)X)CT (T1€X%,).

Lemma 2.4.2 lists some of the imporrtant properties of resolutions of the idgntity

of spectral operators ([22], Theorems 6.5, 6.6).

Lemma 2.4.2. (i) T € L(X) is spectral if and only if it is prespectral of class X'
(it) Let T be a spectral operator on X and let E(-) be the resolution of the identity

of class X' for T. Let A € L(X) and AT =TA. Then

AE(r)=E(r)A (T €L,).

By Lemma 2.3.6 the natural class of operators to which a C(o(T'))-functional
calculus leads is the scalar-type operators. It has been shown that we can charac-

terise the scalar-type spectral operators by their functional calculus ([41], Corollary

1) or ([63], Theorem).

Lemma 2.4.3. S € L(X) is a scalar-type spectral operator if and only if S has a

weakly compact functional calculus.

Theorem 2.4.4. Let X be a Banach space which does not contain a subspace iso-
morphic to co. Then S € L(X) is scalar-type spectral if and only if S satisfies any
(and hence all) of the conditions in Theorem 2.8.9.
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If S € L(X) is scalar-type prespectral, then S is strongly normal-equivalent
(Lemma 2.3.7) and so S’ is scalar-type prespectral of class X (Lemma 2.3.8).

Proof. Suppose S’ € L(X') is scalar-type of class X. Then by Theorem 2.3.9 the
operator S € L(X) has a C(o(S)) functional calculus. Since X does not contain a

subspace isomorphic to ¢y the C(o(S)) functional calculus is weakly compact, (by

Lemma 1.2.9). By Lemma 2.4.3, S is scalar-type spectral. O]

The next lemma, due to Doust and deLaubenfels ([21], Theorem 3.2), gives us

a source of examples of operators which have a C(o(T')) functional calculus but are

not scalar-type spectral.

Lemma 2.4.5. Let X be a Banach space which contains a copy isomorphic to cy.

Then there ezists an operator T' € L(X) which is not scalar-type spectral, yet admits

a C(o(T)) functional calculus.

The next result is immediate corollary of of Theorem 2.3.9 and Lemma 2.4.5.

Corollary 2.4.6. Let X be a Banach space which contains a subspace isomorphic

to cg. Then there exists an operator which satisfies the three condition of Theorem

2.3.9, but which is not scalar-type spectral.
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Chapter 3
Well-bounded operators

The class of well-bounded operators on a Banach space was introduced by Smart

62] as a natural analogue of selfadjoint operators on Hilbert space, and was first

studied by Smart and Ringrose ([58], [59], [62]). Well-bounded operators are defined

as those which possess a functional calculus for absolutely continuous functions on
some compact interval [a, b] of the real line. Smart and Ringrose [58] proved that on
a reflexive Banach space a well-bounded operator can always be written as an inte-
gral with respect to a spectral family of projections. Ringrose showed that the dual
of a well-bounded operator always admits an integral representation with respect to
a family of projections. This family of projections was called a decomposition of the
identity (a definition will be given in section 2). Well-bounded operators of type (B)
were characterised by Berkson and Dowson [10] and by Spain [65] as being those
for which the absolutely continuous functional calculus is weakly compact. Berkson
and Dowson [10] introduced the class of well-bounded operators with decomposition
of the identity of bounded variation. They showed that there exists a well-bounded
operator with decomposition of the identity of bounded variation which is not “de-
composable in X” in that the projections in the decomposition of the identity are
not the adjoints of projections on X. Doust and deLaubenfels [21] showed that if the
Banach space X contain a subspace isomorphic to ¢p, or a complemented subspace
isomorphic to Iy, then there exists a well-bounded operator on X which is not of
type (B). In this chapter it is shown that if a Banach space X contains a subspace

isomorphic to ¢p, or a complemented subspace isomorphic to [y, then there exists a

32
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well-bounded operator on X which is not decomposable in X.

3.1 Well-bounded operators of types (A) and (B)

Let P(J) be the subalgebra of AC(J) consisting of the polynomials on J. P(J) is
norm dense in AC(J). Let T' € L(X). we define p(T') in the natural way by setting

A 1
p(T) =) aT",

n=0
where p()\) = 3°°_, a,\"*. The map p — p(T) is an algebra homomorphism.

We shall give some of the basic definitions regarding well-bounded operators.

Definition 3.1.1. An operator T € L(X) is said to be well-bounded if there erist
a constant K and a closed interval J = [a,b] C R such that

b
@l < K {p@l+ [ o} pePO)
Smart [62] introduced this definition and proved the following fundamental result.

Lemma 3.1.2. Let T' be a well-bounded operator on X with natural algebra homo-
morphism © : p — p(T) from P(J) into L(X). Let K and J be as in Definition
3.1.1. Then © has a unique extension to an algebra homomorphism © : f — f(T)
from AC(J) into L(X) such that

LSO <K (f € ACW)),

2. if S € L(X) and ST =TS then
Sf(T)=f(T)S  (f € AC(J)),

5. f(T') = f(TY  (f € AC(J)).
We refer the reader to (|22}, Lemma 15.2) for a proof.

Definition 3.1.3. A function u € Ly(a,b) is C-limitable on the right at a point s
of la, b) if the indefinite integral of u is differentiable on the right at s.
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Definition 3.1.4. A function u € L(a,b) is C-continuous on the right at a point
s € la,b) if it is C-limitable on the right at s and if the derivative of the indefinite

integral of u at the point s is equal to u(s).

Lemma 3.1.5. Given any z € X,¢ € X', there erists a function wz 4 in Lo(a,d),

uniquely determined to within a null function, such that

(T)6,3) = SO)(8,2) ~ [ wes(Nd SO (f € AC()

The function wg 4 satisfies

lwa,gll < {|&lllll,

and its equivalence class (modulo null functions) depends linearly on both z and ¢.

Proof. ([59], Lemma. 3). u

The notation of a decomposition of the identity was introduced by Ringrose in

[59).
Definition 3.1.6. A dec;)mposition of the identity for X (on J) is a family
{E(s) : s € R} I
of projections on X' such that
1. E(s) =0 for s < a and E(s) = I for s > b,
2. E(s)E(t) = E(t)E(s) = E(s) for s <1,
3. There is a real constant K such that ||E(s)|| < K for s € R,
4. T}ze function s — (z, E(s)y) is“Lebesgue measurable forz € X, y € X,

9. For each x € X, the map y — (z, E(s)y) from X' into Ly[a,b] is continuous
when X' and Ly|a,b] are given their weak* topologies as the duals of X and
L,|a,b] respectively,

6. Ifx € X,y € X', s €la,b), and if the function £ f;(x,E(u)y) du is right
differentiable at s, then the right derivative at s is (z, E(s)y).
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If there is a decomposition of the identity for X such that

b
(Tz,9) = b(z,) - | (2, Blu)y) do @eX, yeX).
We say that the family {E(s) : s € R} is a decomposition of the identity for 7.

The following lemma is due to Ringrose [59]; we shall use this lemma several

times.

Lemma 3.1.7. Let T € L(X) be a well-bounded operator on X and {E()\) : A € R}

denote the decomposition of the identity constructed in ([22], Lemma 15.17). If
S € L(X) and ST =TS, then S'E(\) = E()\)S'.

Proof. ({22], Theorem 15.19). u

Given a decomposition of the identity {E(s) : s € R} there exists a unique

well-bounded operator T' € L(X) such that

(Tz,9) = Wa,) - [ (@ E(wy) du

(122], Theorem 15.6). Every well-bounded operator has such a representation, but

in general the decomposition of the identity is not uniquely determined by T ({22,
Example 15.25).

Definition 3.1.8. Let T be a well-bounded operator and let {E(s) : s € R} be a
decomposition of the identity for T. Then T is decomposable in X if there ezists a

family of projections F(s) on X such that F(s)' = E(s) for all s € R.
T’ is well-bounded of type(A) if it is decomposable in X and the function A = F(\)zx

18 continuous on the right for every z € X.

It has recently been shown ([56], Theorem 3.2) that an operator T' is well-bounded

of type (A) on a Banach space X if and only if T is a well-bounded operator decom-
posable in X.

Definition 3.1.9. T is well-bounded of type (B) if T well-bounded of type (A) and,

in addition, for each real s, lim;_,,- F(t)x ezxists for every xz € X.
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The following lemma is due to Ringrose [59]. We use this lemma several times

in this chapter and in Chapter 4.

Lemma 3.1.10. Let T be a well-bounded operator decomposable in X and {F(]) :

A € R} be a family of projections on X whose adjoints form a decomposition of the

identity for X. Then

(i) T is uniquely decomposable;

(i1) if S € L(X) and TS = ST, then F(A\)S = SF()) (A € R);

(iti) given any z in X and y' € X', the function A\ = (F(\)z,y') is everywhere

C-continuous on the right.

Proof. ({22], Theorem 16.3) | O

Lemma 3.1.11 is due to Berkson and Dowson [10].

Lemma 3.1.11. Let T be a well-bounded operator on X, and let E(-) be a decom-

position of the identity for T. Then

ENX'={z' € X": op(z") C (—00, ]} (A € R).

Proof. ([10], Theorem 5.6). O

Theorem 3.1.12. Let U and U, be commuting well-bounded operators on X, where

U is well-bounded of type (A) and U — U, is quasinilpotent. Then U = U,.

Proof. Let E(-) be the family of projections on X whose adjoints are a decomposition
of the identity of U, By lemmas 3.1.7 and 3.1.10, there exist a decomposition of the
identity {F(s) : s € R} for U such that E(s)F(s) = F(s)E(s) for all s € R.
Observe that U’ and U] have the single valued extension property (Lemma 1.3.3).
Given z' € X' denote by oy (z') the local spectrum of z' relative to Uy'. Since U—-U,
is quasinilpotent, so also is U' — U]. Hence oy (z') is equal to the local spectrum z
relative to U’ by Lemma 1.3.4. Hence by Lemma 3.1.11 the projections E(s)’ and

F(s) have the same range, and hence are equal, since they commute. This is true

for all s € R, and so U = U]. [

Corollary 3.1.13. IfU isa quasiﬁilpotent well-bounded operator, then U = 0.

M e F gk o MfTT
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]
b
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The integrals described here are based on the modified Stieltjes integral of Krabbe

[42]. Spain applied this integration theory to establish various characterisation of
well-bounded operators of type (B) ([65], Theorem 5).
Let £;(J = [a,b]) be the family of functions E : R — L(X) satisfying
(¢) E(s) = E(sT) = stlim_,,+ E(t) (s €R)
(i) E(s™) = stlimy,,- E(t) exist (s € R)
(i31) E(s) =0 (s < a)

(iv) E(s) = E(b) (s > b).
Then suppg || E(s)|| = supy ||E(s)|] < oo for E € £; ([22], Lemma 17.1).

We say that a sequence u = (u;: 0< k 5 m) is a subdivision of J if
a=1uy<u <-+,u, =0>b. The set U; of all subdivisions of J admits a partial order

> defined by refinement: we write

u=(u:0<k<m)<v=(v;:0<j<n)

when u refines v; that is, when each [ug_y,ui) (1 < k < m) is contained in some
[vj-1,9;] (1 < j < n).
Let M(u) be the family of sequences u* = (ux* : 1 < k < m) such that

uk._1<u;<uk, (15k_<_m)

for each u in Uj.

A pair 4 = (u,u*) with u € Uy and u* € M(u) is called a marked partition of J.
We write 7; for the family of marked partition of J and define the pre-order > on
my by setting (u,u*) > (v,v*) if and only if u > v.

Let 7% = {t = (u,u*) € Ty 1 up—y < u* <up, 1 <k < m} and let
my={t=(u,u’) € 1y :up = u,1 <k <m}.

The sets U;, 7y, 74 and 77 are directed by > . Also, n%, and 77} are cofinal in 7.

Let © and ¥ be functions on J, one taking values in C, the other taking values
in L(X). When @ € 7y, we define

D (UAT) = 3 B(uf) () - ¥(ug-1)).
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The following integrals are defined as net limits in the strong operator topology
of L(X) when they exist. We write st lim for a limit in the strong operator topology.
Then

[., . )

f O d¥ = st lir'_nz O(¥ Ai),
J L

a right Cauchy integral.

[ ®d¥ = stlim )  ®(TAR),
J J

a modified Stieltjes integral.

Let A be the Banach subalgebra of BV(J) consisting of the functions in BV(J)
which are left continuous on (a,b]. We define 7% for each g in BV(J) thus:

T, g € N Js
Ty =
ﬂ..lh g€ BV(J)\NJ
Let By = 3 71" E(Uk-1)X[us-1ux) + E(0)Xpoc) When E € &; and u € Uy. The
following integral is defined as a net limit in strong operator topology when it exists.

f( Bdg = st hﬁnZE(QM) (g € BV(J), E € £(J))
J Ty

It is easy to verify that if § F, dg and ¢ E; dg exist, then §(E; + E,) dg also exists

and

f(El + Ep)dg = ?(El dg + j{Ez dg.

We have the following basic facts about the integral § E dg.

Lemma 3.1.14. Let g € BV(J) and E € £(J). Then ¢, E dg ezists and

fEdg = sthm}gEu dg.

ﬁ Edg” < var(g, J) sup | E(s)I|

fEdga:
J

Also

and

< var(g, J) sup | E(s)zl] (z € X).
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Proof. (|22], Theorem 17.4). S

For g in BV(J) and E € £(J), we define

(9, B) = 9B (t) - § Bdg.
Lemma 3.1.15. Let g € BV(J), E€ £(J), T € L;(X)' and s € J. Then
1. S(gx(s,00T) = g(s)T,
2. 1S(g, E)|| < lllgli|sup, || E(s)]],
3. |15(g, E)z|| < [l|gll|sup,; || E(s)z| (z € X),

4 S(X[a,s]s E) — E(S)

J.
E dE, N7,
o my = |9OB@ + G948, g N
g(a)E(a) + §; gdE, g€ BV(J)\W.
Proof. ([65], Lemma 6 and Theorem 3). Ol

We shall write f? g dFE instead of S(g, E) when g € BV(G) and E € £(J).

Lemma 3.1.16. Let T' be a well-bounded operator on X and let J = |a,b] and K

be chosen so that for every complex polynomial p we have

Ip(T)|| < K{|p(b)| + var;(p)}.

Let © : AC(J) = L(X) be the AC(J)-functional calculus discussed in Lemma 3.1.2.

Then the following conditions are equivalent.

(i) T is of type (B). |

(ii) For every z € X, O, : AC(J) = X (O:(f) = ©(f)z) is a compact linear map
of AC(J) into L(X).

(i) For every x € X, ©; : AC(J) = X (©:(f) = ©(f)z) is a weakly compact
linear map of AC(J) into L(X).

(iv) T = fjﬁ A dE()) where E(-) is the decomposition of the identity of T.

Proof. ([65], Theorem 5). * ]
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If X is a reflexive Banach space then every well-bounded operator on X is of

type (B). If X contains either a subspace isomorphic to ¢y, or else a complemented

subspace isomorphic to l;, then there exists a well-bounded operator on the Banach

space X which is not of type (B) ({21], Theorem 4.4).

It has been shown if X contains either a subspace isomorphic to ¢y, or else a
complemented subspace isomorphic to [;, then there exists a well-bounded operator

which is not decomposable in X. The following result is useful and does not appear

to have been published before.

Theorem 3.1.17. Let X =Y ®Z where X and Z are closed subspaces ofﬂX and le}t
P € L(X) be the projection onto Y with kernel Z. Let T € L(X) be a well-bounded
operator of type (A) with the decomposition of the identity E(s) (s € R) and let
PT = TP. Then setting G(s)y' = E(s)(¥/,0) (s € R) gives a decomposition of the
identity on Y' = P'X'. Also, Y is invariant subspace for T and the restriction Ty

on Y is well-bounded of type (A).
Proof. Let F(-) be the family of projections such that E(s) = F(s)". Since
PT =TP

we have PF(s) = F(s)P by Lemma 3.1.10. If we define

Gi(s)y = F(s)(y,0)
G(s) = Gy(s) (s € R)

then we have

(v, G(s)Y") = (G1(s)y, V')
= (F(s)(y,0), (¥, 0))
= ((y,0), E(s)(1', 0)).

By Theorem 3.1 of [54], G(s) is a decrompositiﬂon of the identity on the dual Y’ =
P'X'. Also, Y is an invariant subspace for T' and G(:) is a decomposition of the

identity for T'|y.

Since G(s) = Gi(s)’ (s € R), we see that T|y is decomposable in Y. O
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Our main result relies on the following construction from [54], Example 4.13.

Note that c is the linear space of all convergent sequences of scalars, and ¢y is the

linear space of all sequences converging to zero.

Example 3.1.18 ({54}, Example 4.13). On the Banach space ¢, define projec-
tions Q, (n € N) by

Qn(T1,%2,23,.--) = (Tny -+ s Tny Tty Tnt2s - - - )-

n times

1
Forn>1, let P, = Qn — Qun+41- Define T = ;Pn. Then T is well-bounded of

type (B) but T' is not decomposable in X'.

For the convenience of the reader we réproduce the details as given in [54].

Let P, = Qn — Qn+1. Then {P,} forms a sequence of disjoint finite-rank pro-

1

jections so Theorem 2.3 [53], shows that T = ) > , ;Pn is well-bounded. Indeed,

since (), — 0 in the strong operator topology, the operator T is well-bounded of

type (B). The unique decomposition of the identity for T is given by
0 ifs<0,
F(s)=1Q, ifse [ L) forn>2,
I ifs>1.
T is well-bounded and hence T" is well-bounded. However, T is not well-bounded
of type (A). Suppose that T is decomposable in X' and let {E(s) : s € R} C L(ly)

denote any decomposition of the identity for T'. If s # 0 then E(s) = F(s).

But there does not exist S € L(l;) such that S’ = E(0). If y = (y.) € ¢ then
E(0)y = l(y)u where v = (1,1,1,..,) € c and I(y) = lim,, y,. Fix z = (z,,) € [; and
Y = (yn) € ¢ C lo. Define

G(t) = /Ot(;r,E(s)y) ds.

For t € (0,1), let V; be the unique integer such that 1 — ¢t < tN, < 1. Then

ﬂQ__‘t:ﬁm_)_ _ %. /0 (z, E(s)y) ds

1 I/Nt 1 A
=3 [ (z, E(s)y)ds + ~ (z, E(s)y) ds.
0 ¢ 1/N¢
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Now t |
1 t—1/N
L[ (@, Bl du| < Kl — o,
1/N¢
as t = 07. On the other hand
1 1/N;
[ @B ds
t Jo
1 «— 1
— 7 (Q:'I.xi y)
t e n(n—1)
=l i - ynixi'l' i IiYi
¢ n=N;+1 n(n IR 1) Ci=1 i=n+1

Let

i=1 - t=n+1
Now, given any € > 0 there exists t. > 0 such that for all n > V,,, |ex| < €. Thus,

1/N,
% /0 (z, E(s)y) ds

-1 >

n(n - 1) (l(y) ‘;Zl Zi + fn.)

n=N:+1
Lip Y+t 3 o
tNt 1=1 n"'Ng+1 n(n B 1)
For any t < t,,
1 i € e i 1 <
: n=N;+1 n(n - 1) ﬂ"“Nt+1 n(n - 1) Bl

On the other hand, (tN;)~! — 1 as t — 0%. It follows that G is right differentiable
at 0 and that

tim SO _ 1) Sz, = 3, 15)0).

1=1
By condition (6) for a decomposition of the identity, we must have that E(O)y =

l(y)u. If y = (yn) € lo, then y is the weak* limit of the sequence {w,} C c where
= (Y1,%2,--+ »YUnsYn,---). Suppose that there exists S € L(l;) satisfying S’ =
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E(0). Then, for any z € ;,

(z, E(0)y) = (Sz,y)
= 1i111n (Sz, wp) = lirr‘n (z, E(0) wy)

00
= lim (z,l(wy) v) = liﬁn Un Z T;.

=]
But the last limit may not exist. It follows that no such operator S can exist. 'T'hus

T" is not decomposable in [;.

A Banach space X contains a complemented subspace isomorphic to I; if X'

contains a copy of ¢y ({45], Proposition 2.e.8).

We can now prove the main result of this section.

Theorem 3.1.19. Let X be a Banach space which contains a complemented sub-

space isomorphic to ly. Then there ezists a well-bounded operator S € L(X) which

1s not decomposable in X.

Proof. Let X = Y ®Z where Y is a space isomorphic to [;. By Example 3.1.18 there
exists an operator T' which is well-bounded but not decomposable in Y. We define

the operator S=T @0 on X =Y @ Z. By Theorem 4.3 of [55], S is well-bounded.
We define the projection IT of X onto Y by II(y, z) = (y,0). Then I1S = SII. If S

decomposable in X, then by Lemma 3.1.7, we have

[I'E(s) = E(s)IT (s €R)

where E(s) is the decomposition of the identity for S. By Theorem 3.1.17, the

operator S|y = T is decomposable in Y. This gives us a contradiction. L]

The next example shows “X does not contain a copy of ¢’ is not sufficient

for every well-bounded operator to be decomposable in X. This example is due to

Ringrose.
Example 3.1.20. Let X = L,(0,1), and let T € L(X) be defined by the equation

Tz(t) = tx(t) + /:a:(u) du (1<t<L1).
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For any polynomial p, it follows easily that* ' -

(p(t)x)(t) = p(t)=(t) + p'(¢) [o z(u)du. -

Hence

p(T) £ sup |p(T)| + varp < 2{p(1) + varp}.
te[o,1) [0,1] [0,1]

Thus T is a well-bounded operator. It is easily seen (by ils uniqueness) that the

homomorphism of Lemma 3.1.2 is determined by the equation

t

(FT))0) = £O20)+ 1) | z(w)du (v € X, f € AC(J)).
We shall make the customary identification of X' with Lo(0,1). When ¢ € X/,
r € X, fe AC(J), we have * '

6,50 = [ s0ra@a+ [ 6050 ([ owdo) a
= 0)(62) ~ [ ([ olaatu) du= o) [ olu) dud () e

0

Hence the functions wy ¢ of Lemma 3.1.5 are given by

ro) = [ Bw)a)du—g(0) [ (u)du

The first term on the right- hand side of this equation is absolutely continuous, and
therefore C — limitable on the right throughout [0,1). However, for suitably chosen

r and ¢, the second term will not have this proberty. For example, define

o(t) = 1 if0<t<1/2,

0 if1/2<t<]1,
¢(t) = 2 +sin(log |t — 1/2|) 0<t<1,t#1/2)
#(1/2) = 0.

It is easily verified that ¢ € Ly(0,1)and ¢ is not C-limitable on the right at

t =1/2. It follows that wy 4 is not C-limitable on the right throughout [0,1). Now,
by Lemma 8.1.10, T is not decomposable in X. (Note that the space X is weakly

complete. )

An interesting question is whether there exists a non-reflexive Banach space X

on which every well-bounded operator is decomposable in X.
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3.2 Well-bounded operators with decomposition

of the identity of bounded variation

Definition 3.2.1. Let T € L(X) be a well-bounded operator on X. A decomposition
of the identity {E(s) : s € R} forT is said to be of bounded variation if the function
s — (z, E(s)y') is of bounded variation on R for everyx € X and y' € X'.

Example 3.2.2 ( [22], Example 16.19). Let X be the Banach space of all con-

vergent sequences w = {fB,} of compler numbers under the norm ||w|| = sup,|Bnl.

The pairing of X' with l; given by

(w, f) =M lim Bn+ > Bans1,

n—00
n=1

where f = {A,} € li, induces an isometric isomorphism of l; onto X'. Define

T € L(X), by
T{f.) = {-—--ﬁ—“-}-

n
T is a well-bounded operator decomposable in X with decomposition of the identity

of bounded variation but T is not a well-bounded operator of type (B).

Example 3.2.3 was introduced by Gillespie in {30] to show that the sum of two

commuting well-bounded operators is not necessarily well-bounded. This example

also shows that there exists a well-bounded operator of type (B) which is not a

well-bounded operator with decomposition of the identity of bounded variation.

Example 3.2.3. Let e, denote the element of Iy with 1 in the n'* place and 0

elsewhere. Then {e,} constitutes an orthonormal basis for ls. Define oy = 0 and

1
anznlogn (n=2,3,4,-+)
Observe that o, > 0(n=1,2,3,:--), Z;il jo;j* < oo and Zf—_1 a;j = 0o, Let {zn}

and {y,} be defined by

n
Toan-1 = €211-1 + E Xn—-i4+1€24, Ion = €2n (n - 1& 2: 3) v ))

1=1

Yan-1 = €2n-1, Yon = Z(“an-—i+1)e2i—1 + €2n (n =1,2,3,:-- )
1=1

Then



CHAPTER 3. WELL-BOUNDED OPERATORS 46

1. {z,} is a basis of I,
2. (ZTnyYm) = 0pm forn,m=1,2,3,---,
3. (e2n-1,Yoam-1) = Opm forn,m=1,2,3,---,
4. | Z;;l n~Y2z9; || = o0 as n — co.
If we define p, in L(l3) by
PaZ ={(Z,Yn)Tpn T €l

forn=1,2,3,--- we see that p, is a projection, p,pm = 0 (n # m), and

I =stlim)_ >  pn. (This notation means that the series converges z'n. the the strong

n+1
Operator topo!ogy of L(l2).) By ([22], Theorem 18.5) the series Z

n=1

verges strongly in L(l;) and its sum is a well-bounded operator of type (B). Let

Dn COTI-

T = sthmz ntl .. If T is a well-bounded operator with decomposition of the

n=1
identity of bounded variation then T' is scalar-type of class l;. 1y is a Hilbert space

and hence T is scalar-type spectral. But T is not scalar-type spectral (a spectral

operator has an unconditionally convergent expansion while T' has a conditionally

convergent ezpansion). It follows that T is not well-bounded with decomposition of

the ‘identity of bounded variation.

Examples 3.2.2 and 3.2.3 show that neither of the classes of well-bounded oper-

ators with decomposition of the identity of bounded variation and of well-bounded

operators of type (B) includes the other.

The next lemma, due to Berkson and Dowson, relates well-bounded operators

and scalar-type operators ([10], Theorem 5.2).

Lemma 3.2.4. Suppose that T € L(X) and o(T) C R. Then the following condi-

tions are equivalent. =~

(i) T is a well-bounded operator with a decomposition of the identity of bounded
variation.

(1) There is a compact interval J and a constant M such that

()] < 4 sup p(e)
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for all complezx polynomials p.
(iit) T' is a scalar-type operator of class X.

If (i) holds, then T is a uniquely decomposable well-bounded operator.

Proof. ([10}, Theorem 5.2). []

Theorem 3.2.5. IfT is a well-bounded operator with decomposition of the identity

of bounded variation then the set
{T":n=0,1,2,---}
1s hermitian-equivalent.

Proof. If T is a well-bounded operator with decomposition of the identity of bounded
variation, then, by Lemma 3.2.4, T" is real scalar-type of class X with resolution
of the identity E(:). Then by Theorem 2.3.9 there are operators H, K € L(X)
such that T = H + 1K, {H"K™ : n,m = 0,1,2,---} is hermitian-equivalent and
H' = fg(s) ReAE(d)) and K' = [ o ImAE(d)). Note that o(T') C R so that
o(T") CR: then K' = 0: so that T = H. O

Corollary 3.2.6. Let T € L(X) be well-bounded with decomposition of the identity

of bounded variation, zo € X and

lim ||T™zq||*/" = 0.

n—oo

Then T.’Bo = (.

Proof. By Theorem 3.2.5 T is hermitian-equivalent. The result now follows from

({2], Proposition 1). (]

We generalise this last result to apply to all well-bounded operators in the next

chapter (Theorem 4.2.10), relying on more intricate considerations of local theory.

Corollary 3.2.7. Let Ty € L(X) and T, € L(X) be well-bounded operators with

decomposition of the identity of bounded variation, S € L(X,Y), and suppose that
limy, o, ||C(T1,T3)"S|| = 0. Then T\S = ST,
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Recall that two operators T, S € L(X) are said to be quasinilpotent equivalent,
T ~ S ([17), Definition 1.2.1), if and only if

lim ||C(T,S)"1||'™ = 0= lim ||C(S,T)" 1|/

n—400 n—+00

where I is the identity operator on X.

Corollary 3.2.8. Let T} and T, be well-bounded operators with decomposition of
the identity of bounded variation. Suppose T} < Ty. Then Ty = Tp.

Proof. Ty and T5 are hermitian-equivalent by Theorem 3.2.5. Now the result follows
from ([2], Corollary 2). L
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Recall that two operators T,S € L(X) are said to be quasinilpotent equivalent,
T ~ S ([17], Definition 1.2.1), if and only if

lim ||C(T, S)"I||'/" = 0= lim ||C(S,T)"I||'/"

where I is the identity operator on X.

Corollary 3.2.8. Let T} and T, be well-bounded operators with decomposition of
the identity of bounded variation. Suppose T ~ Ty, Then Ty = To,.

Proof. Ty and T5 are hermitian-equivalent by Theorem 3.2.5. Now the result follows

from ([2], Corollary 2). n



Chapter 4

AC-operators

4.1 AC-operators and well-bounded operators with

dual of scalar-type

In {12] Berkson and Gillespie introduced the concept of an AC-operator as an op-

erator which possesses a functional calculus for the absolutely continuous functions
on some rectangle in C (more detailed definitions are given below). Berkson and
Gillespie showed that these operators can be characterised by the fact they possess a

splitting into real and imaginary parts, T' = U + 1V, where U and V' are commuting

well-bounded operators. They showed [12] that if U and V" are well-bounded of type
(B) this splitting is unique, and that if S € L(X) commutes with U + iV then S
commutes with U and V. Berkson, Gillespie and Doust later showed that neither
result is guaranteed if the type (B) hypothesis is omitted [11].

In this chapter the AC-operators U + 1V, where U and V' are commuting well-
bounded with decomposition of the identity of bounded variation are studied. In
this case if S € L(X) commutes U + iV then S commutes with U and V. It is
shown if T' = U 4+ iV, where U and V' are commuting well-bounded operators with
decomposition of the identity of bounded variation, and if either X does not contain

a copy of cg, or if U and V' are decomposable in X, then this representation is unique.

49
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One of the major complications one encounters when trying to extend this the-
ory to operators with complex spectra is deciding upon the correct concept of an
absolutely continuous function of two variables to use. In the discussion that follows

we shall identify the subsets of R? with subsets of C in the usual way. Let m denote
Lebesgue measure on R%. Recall that if J = [a,b] and K = [c, d] are two compact

intervals in R, and if A is a rectangular partition of J X K :

a=8< 81 << 8, =0, c=liy<ti <+ <t, =d,

then for a function f : J X K - C, we define

VA(S) =D ) 1F(sirts) — Fsirtiz) = F(si—1st5) + fF(Si=1,j-1)]

=1 71=1

and
varyxk (f) = sup{Va(f) : A is a rectangular partition of J x K}.

A function f is of bounded variation if vary«x f, vary f(-,d) and varg f(b,:) are all
finite. By Theorem 1.2.4 the set BV(J X K) of all functions f : J X K — C of

bounded variation is a Banach algebra under the norm

1A = 1£ (6, d)] + vary f(:,d) + vark f(b,") + varsxk f.

A function f : J X K — C is said to be absolutely continuous if

1. For all € > 0, there exists § > 0 such that

Zvaer<e

ReR

whenever R is a finite collection of non-overlapping subrectangles of J x K
with )" . m(R) < 6;

2. The marginal functions f(-,d)and f(b,-) are absolutely continuous functions

on J and K respectively.

The set AC(J x K)) of all absolutely continuous functions f : J X X — C is a Banach

ul

subalgebra of BV(J x K), and is the closure in BV(J x K) of the polynomials in

two real variables on J x K. Equivalently, one can consider AC(J x K) to be the
closure in BV(J X K) of the polynomial functions p(z, 2) on J x K c C.
Define the functions u,v € AC(J x K) by u(z,y) = z and v(z,y) = v.
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Definition 4.1.1. An operator T € L(X) 1is said to be an AC-operator if there

exists a continuous unital Banach algebra homomorphism

© : AC(J x K) = L(X) for which ©(u + iv) =T.

Berkson and Gillespie ([12], Theorem 5) proved that this is equivalent to the
condition that T can be written as T' = U + 1V where U and V' are commuting well-
bounded operators on X. They showed that if U and V are well-bounded of type (B)
the representation in the form T' = U 41V is unique and if S € L(X) commutes with
T then S commutes with U and V. However, neither result is guaranteed if the type
(B) hypothesis is omitted as is shown by ({11}, Examples 3.1 and 3.4), reproduced

below.

The next lemma, due to Berkson and Gillespie [12], links absolutely continuous
functions of two variables and operators of the form U+:V, with U and V commuting

and well-bounded.
Lemma 4.1.2. Let T € L(X). Then the following conditions are equivalent:

1. There exist commuting well-bounded operators U and V on X such that T =

U + 1V,

2. There exist compact intervals J and K in R and a norm-continuous represen-

tation © : AC(J x K) = L{X) such that O(u + iv) =T.

Proof. ([12], Theorem 5). n

Operators of the form U +1V with U and V commuting well-bounded operators

and of type (B) were characterised by Berkson and Gillespie in terms of weakly

compact representation of algebras of the form AC(J x K).
Lemma 4.1.3. Let T € L(X). Then the following conditions are equivalent:

1. There exist commuting type (B) well-bounded operators U and V on X such
that T = U + 1V,

2. There exist compact intervals J and K in R and a strongly-compact represen-

tation © : AC(J x K) — L(X) such that O(u+1v) =T,
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3. There exist compact intervals J and K in R and a weakly-compact represen-

tation © of AC(J X K) on X such that ©(u + iv) = T.
Proof. ({12}, Theorem 6). 4 ]
The next two lemmas are due to Berkson and Gillespie; we shall generalise these
lemmas in §2.

Lemma 4.1.4. Let U and V be commuting well-bounded operators of type (B) on
X and let S € L(X) commute with U 4 iV .Then S commutes with U and V.

Proof. ({12}, Lemma 4). " u

Lemma 4.1.5. Let
T=U+1V =U; +1V;

where
1. U and V are commuting well-bounded operators of type (B) on X,
2. Uy and V} are commuting well-bounded operators on X.
g Then U =U; and V = V;.

Proof. ({12], Theorem 7). 0

it Ll e Ll i L

Corollary 4.1.6. An AC-operator on a reflerive space can be ezpressed uniquely in

the form U + iV, with U and V' commuting well-bounded operators of type (B).

IRETIR RIS g SR R R, 10 B L e e

Example 4.1.7 ([11], Example 3.1). Let X = L|[0,1] ® L,[0, 1], with norm

1(F, )= Nl £lloo + gl

Define the operator U € L(X) by U(f, g) = (hf, hg), where h is the function h(t) =
t, t c [0, 1] Then U iS well‘bounded, and SO T —— U-I—iU is an AC.Operator. Consider
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now the operator Q € L(X) given by Q(f,g) = (0, f). For any a € C and any non-
negative integer n, a simple induction proof shows that (U +aQ)" = U +nU""'aQ.
Thus for any polynomial p, p(U + aQ) = p(U) +p'(U)aQ. If (f,g) € X then

p(U, aQ)(f, 9| =lIpflleo + llap' f + pglls
< |IPllooll Flloo + |2l 11l f lloo + lIPllooll gl

o ]

< 1+ le)iplsvoyll(F 9,

and so U + aQ) is well-bounded.
Let A=U+Q and let B=U +1Q. Then A and B are well-bounded, and since

U and QQ commute, A and B also commute. Now A+ B =U+1iU =T.

Example 4.1.8 ([11], Example 3.4). Let T be the operator defined in Ezample
4.1.7. The operator S(f,g) = (f,0) commutes with T, but it does not commute with

A or B.

We do have however, the following positive results.

Theorem 4.1.9. Let U and V' be commuting well-bounded operators with decompo-
sitions of the identity of bounded variation on X and let S € L(X) commute with
U+iV. Then S commutes with U and V.

Proof. By Theorem 3.2.5 the operators U, V are hermitian-equivalent. Since UV =
VU it follows that U + 1V 1is normal-equivalent. By 2.2.5 we have

SU =US, SV =VS8.

Theorem 4.1.10. Let
T=U+7:V=U1+iVi

where
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1. U and V are commuting well-bounded operators of type (A) on X, with decom-

positions of the identity of bounded variation,
2. Uy and V; are commuting well-bounded operators on X.
Then U = U1 and V = Vi

Proof. U; commutes with U; +1V; and hence U; commutes with U +1V. By Theorem
4.1.9, U; commutes with U and V. Similarly V; commutes with U and V. Hence the
set {U,V,U,, Vi} is commutative. Since well-bounded operators have real spectra,
we can apply standard Gelfand theory to deduce that U — U; and V — V; are
quasinilpotent. Now, by Theorem 3.1.12, U =U; and V =1]. O]

When X does not contain a copy of ¢ we need not assume that the real and

imaginary parts are decomposable in X.

Theorem 4.1.11. Suppose that X does not contain a copy of ¢o. Let
T=U+1V =U; +1V;
where

1. U and V are commuting well-bounded operators on X with decomposition of

the tdentity of bounded variation,

2. Uy and V7 are commuting well-bounded operators on X.

ThenU =U, and V = V].

Pmbf. U and V are real scalar-type spectral operators ([20], Theorem 2). Now by

([22], Theorem 16.17) U and V are well-bounded and decomposable in X. The result
follows from Theorem 4.1.10. | L | L
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4.2 AC-operators and (Foiag) decomposable op-
erators

Let Q be a subset of the complex plane. An algebra A of complex functions defined

on § is called normal if for every open finite covering {G;}1<i<n Of Q there exist

functions f; € A such that
1. ft(ﬂ) C [0:1]’ (1 <1< n)s
2. supp(f;) C G;, (1 <1 < n) where supp (f;) = {A € Q|f(\ # 0)}

3. Z?:l f,‘ =1 on ).

Definition 4.2.1. An algebra A of complex functionsﬁde:ﬁned on the set (0 C C 1is

called admissible if
1. A=A eA (A1) €A,
2. A is normal,

3. for every f € A and every £ ¢ supp(f), the function

fA) .
Z_:_X 'lfA C Q\{E}!
fe(A) =
0 if A € QN {£}.

1 belongs to A.

Definition 4.2.2. Let A be an admissible algebra. A mapping © : A — L(X) is
called a A-spectral function if

1. ©: A — L(X) is an algebraic homomorphism and ©(A - 1) =1,
2. The L(X)-valued function £ — O(fe) is analytic on C\supp(f).

Definition 4.2.3. Let A be an algebra of complez functions defined on the closed
set 2 C C. A will be called topologically admissible if



CHAPTER 4. AC-OPERATORS 56
1. (A=A eA (A1) e A,
2. A is normal,

3. A is endowed with a locally convex topology T such that if {f,} C A is a
Cauchy sequence in 7 and fp(A) — 0 for every A € Q, then f, — 0 in T,

4. for every f € A and every & € supp(f), the function

F(\)
£— \

if A € Q\{¢},
fe(A) =

0 if A € QN {£}.

belongs to A, and the mapping & — fe of C\supp(f) into A is continuous.

Lemma 4.2.4. Let J = [a,b], K = [c,d] and Q = J X K, let A= AC(Q) and let
f € A, and fe be as in Definition 4.2.3. Then

1. fe € A,

2. the mapping £ — fe of C\supp(f) into A is continuous.

Proof. Let £ ¢ supp(f). We can find a C* function ;¢ and a closed disc Dy
containing £ such that kj¢|supp(s) = 1 and &5¢|p, = 0; then

A > ;_fg)\ € C* and f¢(A) = I.(.’?.’?}ii)\_)_, so is in A.

The mapping § — f¢ is clearly continuous. O

Corollary 4.2.5. AC(J) and AO(J X K) are topologically: admissible algebras.

Definition 4.2.6. Let A be a topologically admissible algebra. A mapping © : A 5

L(X) is called a continuous A-spectral function if

1. ©: A— L(X) is an algebraic homomorphism, and ©(\ +— 1) =1,

2. ©: A — L(X) is continuous ([17], Definition 3.5.3).
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Remark 4.2.7. By ([17], Theorem 3.5.4) every continuous A-spectral function is

an A-spectral function.

Definition 4.2.8. An operator S € L(X) 1is called A-scalar if there exists an A-
spectral function © such that ©(A\) = S. Such an A-spectral function will be called

an A-spectral function of S.

Theorem 4.2.9. Well-bounded operators and AC-operators are (Foiag) decompos-

able.

Proof. By Corollary 4.2.5 well-bounded operators and AC-operators are .A-scalar
and hence by ([17], Theorem 3.1.16) they are (Foiag) decomposable operators. [J

If T € L(X) is a (Foiag) decomposable operator then for any closed subset F of
o(T) the subspace X (F) is a spectral maximal space of T' (Lemma 1.3.8).

Theorem 4.2.10. Let T € L(X) be a well-bounded operator, zo € X and
lim ||T™z||Y/™ = 0.
n-—-00

Then T.’Bo = ().

Proof. T is (Foiag) decomposable hence X7({0}) is a closed subspace of X which is
invariant for T and satisfies o(T'|X7({0})) = {0} No(T') (Lemma 1.3.8). Therefore,
T|Xr({0}) is a quasinilpotent well-bounded operator. Hence by Corollary 3.1.13

T|Xr({0} = 0. Now by Lemma 1.3.10 we have

Xr({0}) = {z € X : lim ||T"z|'/* = 0}.

n—00

Thus zy € X7({0}) and T'zy = 0. n

Corollary 4.2.11. Let I' = U + 1V where U,V are commuting well-bounded oper-

ators. If
lim ||T"z||}/" =0

n—>00

for somezx € X, thenUz =Vz =0.
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Proof. There is a continuous homomorphism 6 : AC(J x K) — L(X) such that
O(u) =U, ©(v) =V and ©(u+1iv) = U +iV.
Now lim, o ||7"z||'/" = 0 and hence z € X1 ({0}) (Lemma 1.3.10). This gives

v € Xr({0}) € Xr(u™({0}) = Xew({0}) = Xu({0}),

where the inclusion is by Lemma 1.3.2 and the first equality is by ([17], Theorem
3.2.4). Hence

lim [U™z||*/™ = 0.

n—o0

By Theorem 4.2.10, Ux = 0. Similarly we can show that Vz = 0. - L]

Lemma 4.2.12 is due to Gillespie (private communication).

Lemma 4.2.12. Let T = U 41V, where U,V are commuting type (B) well-bounded
operators on a Banach space X. Fiz a,b € R witha < b and let
F={2€C: a< Rez<b}. Then

Xr(F)=|E(b) - E(a7)]| X
where E(+) is the spectral family of U.

Proof. Standard Gelfand theory shows that the spectrum of the restriction of T to
|E(b) — E(a)] X is contained in F. Hence {E(a) — E(b)] X C Xr(F). Now U and
V commute with T, and hence Xr(F) is invariant under both U and V (Lemma

1.3.9). Again, standard Gelfand theory implies that the spectrum of the restriction

of U to Xr(F) is contained in [a,b]. It now follows from ([22], Theorem 19.3) that
Xr(F) € [E®) - B@)|X. 0

We can now prove the following theorem, which generalises that of Berkson and
Gillespie ([12], Lemma 4).

Theorem 4.2.13. Suppose X andY are Banach spaces. Let Ty = U, +iV; € L(X)
and Tz = U, +iVz € L(Y) be AC-operators where U;, V;, (i = 1,2) are commuting
type (B) well-bounded operators. Let S € L(X,Y) be an operator such that

lim ||C(T3, T1)"S||'™ = 0.

n-—00

Then UzS — SUl, ‘/25 = S‘/l and T2S — STI
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Proof. It is sufficient to show that E3(a)S = SEi(a), (a € R) where {E;(s) : s €
R} and {E,(s) : s € R} are the spectral families of U; and U, respectively. Let
a,beER a<band F={2€ C: a < Rez < b}. By Lemma 1.3.9 we have
SXr,(F) C Y5,(F) and hence S[E,(b) — E;(a™)] X C [E3(b) — E2(a™)]Y (Lemma
4.2.12). If {a,} is a sequence decreasing to a, then E;(a,) — Ej(a) (2 = 1, 2) strongly;
but S[{E1(b) — Er(an™)] X C [E2(b) — Ex(an7)]Y so

S [Er(b) — Ev(a)] X C [E2(b) — Ez(a)]Y.

Taking b sufficiently large and positive we get S{I-E;(a)] X C [[-FE2(a)]Y and
taking a sufficiently large and negative we get SE;(b)X C E3(b)Y. Hence for a € R

we have SE;(a)X C E3(a)Y, S[I-E;(a)] X C [l —F2(a)]Y and therefore E;(a)S =

SEl ((1) L]

Corollary 4.2.14. Let T} = Uy + iV} € L(X) and Ty = U, + iV, € L(X) be AC-

operators where U;, V;, (1 = 1,2) are commuting type (B) well-bounded operators.

Suppose T ATy ThenUy=U,, Vi=Vs and Ty = Ts.

Proof. With Y = X and § =1 in Theorem 4.2.13 we obtain U, = U,, V}; =V, and

T1 —_ Tg. D

The following results are immediate corollaries of Theorem 3.2.5 and ([2], Theo-

rem 1).

Corollary 4.2.15. Suppose X andY are Banach spaces. Let Ty = Uy +iV; € L(X)
and T; = Uy + iV, € L(Y) be AC-operators, where U;,V; (i = 1,2) are commuting

well-bounded operators with decompositions of the identity of bounded variation on
X, Y. Suppose further that

lim ||C(T3, T3)"S||¥™ = 0.

n—00

Then UQS — SUl, Vgs — SVl, and TQS — ST1
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Corollary 4.2.16. Let X be a Banach space and let T; = Uy + 1V} € L(X) (1 =
1,2) be AC-operators with U, V;, (2 = 1,2) commuting well-bounded operators with

decompositions of the identity of bounded variation. Suppose Ty ~ Ty. Then Uy = Us,
Vi =V and T} = Ts5.

4.3 Examples

In this section we shall present some examples of AC-operators. The next Theorem

due to Berkson and Gillespie [12] gives us a source of examples of AC-operators. For

completeness we include a proof.

Theorem 4.3.1. Let T be a well-bounded operator on X and let J = [a,b] and K,

be chosen so that for every complex polynomial p

lp(T)]| £ Ka{lp(b)] + vars(p)}.

Suppose f € AC(J) is such that Re f and Im f are piecewise monotonic. Then f(T)

is an AC-operator.

Proof. Let J = [a, b] and let
a=gy<a; <+ +<a,=0>b

be such that Re f is monotonic on each interval [a;_;,a;]. Let K be an interval

containing Re f(a;) for j =0, -+, n. For each polynomial p,

n

V&I‘J(p o Re f) = Zaj(p),

1=
where a;(p) is the variation of p over the interval with endpoints Re f(a;_,) and

Re f(a;) and “o” denotes the composition of functions. Hence

vary(po Re f) < nvarg p"

and so

[p(Re f(T)|| = ll(po Re )(T)|| < Kil|lpo Re(f)l|l; < Ki{pRe f(b) + nvarg p}.

Hence Re f(T') is well-bounded. Similarly we can show Im f(T') is well-bounded. O3
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Corollary 4.3.2. Let T be a well-bounded operator. Then exp(:T') and p(T) (where

p is a polynomial) are AC-operators.

As a consequence of this corollary, a number of naturally occurring operators are
AC-operators.

Let G be a locally compact abelian group and suppose that p is a left Haar
measure on G: that is, u is a regular positive Borel measure on G such that
u(s+ E) = p(E) for each s € G and each Borel set E C G. For1 < p < oo,
let L,(G) denote the usual Banach space of equivalence classes of Borel measurable

complex valued functions on G whose p** powers are integrable with respect to to p

and the norm "
1£ll, = [ [ \fl’“du(t)] (f € L,(G)).

Here Lo (G) denotes the usual Bnach space of equivalence classes of essentially

bounded p-measurable functions on G with the norm || f||o, = esssup,c¢ |f(t)]. For

1 <p< oo, f€L(G) and g € Ly(G), we define f x g for almost all s € G by

f ¥ g(s) = [G 7(s - t)g(t) du(e).

The element f * g, is called the convolution of f and g. If the Haar measure p is

normalized so that u(G) = 1, then L,(G) (1 < p < o0) is a commutative Banach

algebra with convolution as multiplication.

Definition 4.3.3. Let G be a locally compact abelian group and let 1 < p < oo. For

each z € G the mapping R; : Lp(G) — Ly(G) is defined by (R, f)(y) = f(y + z),
where f € Ly(G) and y € G a.e. (locally a.e. in the case p = o).

Let G be a locally compact abelian group. If 1 < p < oo, then R, € L(L,(G)),

Rl = l|fllps  (f € Lp(G), = € G) and for each f € L,(G) the mapping from
G to L(L,(G)), defined by z — R, (z € G), is uniformly continuous.

Lemma 4.3.4. Let G be a locally compact group, let 1 < p < 0o and, for xz € G,

let R, be the translation operator on L,(G). Then there exists a unique well-bounded

operator T, on L,(G) such that exp(iT;) = R;.

Proof. ([31], Theorem 1). u
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The following example is due to Berkson and Gillespie [12].

Example 4.3.5. Let G be a locally compact group, letl < p < oo and, forz € G,
let R, be the translation operator on L,(G). Lemma 4.3.4 and Corollary 4.3.2 show
that R, is an AC-operator.

Let T = {z € C: |z| = 1}, be the unit circle in the complex plane. The unit disc
{z:|z] < 1} is denoted by D, and the closed unit disc {z:]z] <1} by D. Let p > 0
and let f be holomorphic in D. If

ho(f, ) = [ F(re")|? dt

then hy(f,r) is a monotone nondecreasing function of r.

Definition 4.3.6. The space HP(D), p > 0 is the (linear) space of all functions f
holomorphic in D, such that

£ = lim hy(f,r) = sup hy(fyr) < oo

0<p<1
If f € HP(D), p > O then the radial limit lim,_,;- f(re*) exists for almost all
t € T and, denoting it by f(e*), we have

111 = 5= [ 15DP

Forp > 1, || ||;» is @ norm and H?(D) endowed with this norm can be identified
with a closed subspace of L,(T). See [40] for a fuller account.

Definition 4.3.7. Let Aut(G) denote the group of conformal maps of D onto D.
A one-parameter group of Mobius transformations of D, {¢:}, is a homomorphism
t — ¢, of the additive group of of R into Aut(D) such that for each z € D, ¢,(2) is

a continuous function of t on R and, for somet € R, ¢; 1s not the identity map.

Lemma 4.3.8. Let {¢;} be a one-parameter group of Mdbius transformations of
D. Then the set of common fized points in the extended plane must be one of the

following:

1. a doubleton set consisting of a point of D and its symmetric image with respect

to T (elliptic case),
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2. a singleton subset of T (parabolic case),

3. a doubleton subset of T (hyperbolic case).

Moreover, for any u € R such that ¢, is not the identity map, the fized points of ¢,
are the common fized points of the group {¢:}.

Proof. ([14], Proposition (1.5)). [

Lemma 4.3.9. Let {¢;} be a one-parameter group of Mobius transformations of D.
We have: (i) If {¢:} is elliptic, then there are unique constants ¢ € R ¢ # 0 and
7 € D such that ¢y(z) = 7-(e'"v-(2)) fort € R, z € D, where v,.(z) = (z—7)/(Fz-1).
(ii) If {¢:} is parabolic, there arec € R, ¢ # 0 and a € T such that fort € R, z € D,

Pilz) = .f:c;tf?.z(f f:;)'

(ii1) If {@:} is hyperbolic, there are unique constants c € R, a,f € T, with ¢ > 0,
a # B, such that fort € R, z € D, ¢4(z) = 0 z(e%0ap(2)), where 04p4(z) =
(z — a)/(z = B),

Conversely, the equations in (i), (it), and (iii) above define groups of the respec-
tive types.

Proof. ([13}, Theorem (1.6)). n

If {¢:} is a group of Mobius transformations of D, and 1 < p < 00, one can select in

a canonical way a branch of (¢})"/? for t € R so that ¢/, ,'/? = [(¢!)1/? o A CARLS
for 5,t € R, where ¢; denotes J.¢:(2) ([13] p. 231). Henceforth the symbol (¢})!/?

will always indicate this special branch.The isometric groups in H?(D) can now be
described.

Lemma 4.3.10. let {T;} be a strongly continuous one-parameter group of isome-
tries of HP(D), 1 < p < o0, p # 2. Then

1. If {T.} is continuous in the uniform operator topology, there is a real constant

w such that Ty = eI for t € R, where I is the identity operator.



CHAPTER 4. AC-OPERATORS 64

2. If {T;} is not continuous in the uniform operator topology, then {T;} has a

unique representation in the form

T.f = e“![$]'?f(¢:) (t € R, f € H?(D)),

where w is a real constant, and {¢;} is a one-parameter group of Mobius trans-

formations of D.

Conversely, for suchw and {¢:}, if 1 <p < oo, e“d}|/?f(¢:) (t € R, f € HP(D))
defines a one-parameter group of isometries of HP(D) that is continuous in the

strong, but not in the uniform, operator topology.

Proof. ([14], Theorem (2.4); [13], Theorem (2.1)). I O

Lemma 4.3.11. Let {T;} be a strongly continuous one-parameter group of isome-

tries on HP(D), 1 < p < 00. Then there exists unique well-bounded operator A, on
H?(D) such that exp(iA;) = T;.

Proof. ([8], Proposition 2.6). 0

Example 4.3.12. Let {T;} be a strongly continuous one-parameter group of isome-

tries on HP(D), 1 < p < co. Lemma 4.3.11 and Corollary 4.8.2 show that T, s an
AC-operator.

It has been shown that two further properties that one might hope AC-operators

to possess also fail. Suppose that T is a normal operator on a Hilbert space. It is

immediate from the definition of normality that for any a € C, aT is also normal.

Even on a Hilbert space however, the class of AC-operators fails to be closed under

scalar multiplication ([11], Example 4.1).

Example 4.3.13. Let p, (n € N) be projections constructed in Ezample 3.2.83. If
we define A = stlim) . Aupn and B = stlim) >, pn.p, where \, = (n+1)/n

(n € N) and pon—1 = pon = (2n—1)/2n (n € N). By ([22], Theorem 18.5) A and B
are well-bounded operators. LetT = A+ iB and a = 1 - 1. Suppose that oT is an

AC-operator with representation ol = C + i1D. Since p, commutes with A and D,

——— s,

—_— — —




CHAPTER 4. AC-OPERATORS 69

it also commutes with aT. Then, by Theorem 4.2.13, p, commutes with C and D.
Now for each n,

aTlp, =Cpn +1Dpy
= (A + B)ps + i(B — A)pn

— ((/\n + p‘ﬂ) -+ i(ﬂn - An))pm

and so (C + iD)y,. x = ((An + pn) + 1(1n --;WA,,))I. Since o(Cip,x) € 0(C) C R
and the range of p, is one-dimensional, this implies that Cﬁ,n x = (An + pp)! and
Dip.x = (ttn — Ap)I. Thus C = stlim S ,Cpp=A+B and D= B - A. By [30]

A + B is not a well-bounded operator and hence aT cannot be an AC-operator.




Chapter 5

Boolean algebras of projections

5.1 V*-algebras

Definition 5.1.1. A C*-algebra is a complez Banach algebra A with an involution

*, salisfying ||z°z|| = ||z||® for all z in A.

Since ||z*z|| < ||z*|||jz]| we have ||z]| < ||z°]| for each z in A, whence [|z]| = [|=z*[l,
so that the involution is isometric.
The Gelfand -Naimark theorem characterises C*-algebras as the norm closed selfad-
joint subalgebras of L(H), where I is a Hilbert space.

Let 2 be a closed subalgebra of L(.X) and §) be the set of hermitian operators
in 9.

Definition 5.1.2. %A is a V*-algebra if I € A and A = § +1).

By ([16), Theorem 2. 8) A is V*-algebra if and only if 9 is a C*-algebra under
the (Vidav) involution » : R+iJ — R—1J (R,J € $). When o is a V*-algebra,

then A = H + iH and if A = K+ iR where K is a set of hermitian operators in &,
then § = K.

A bounded linear functional w on A is called a state if w(l) = |jw]|.
For each z € X, the functional w; : L(X') = C: T = [T'r, 2] is n state on every

Ve-algebra in L(X') where [+, ] is a semi-inner-product on X, These functional are

called point states.

66
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The strong operator topology and the weak operator topology on L(X) are of
paramount importance: important here too are the BWO topology and BSO topol-
ogy, the strongest topologies coinciding with the weak and strong topologies on

bounded subsets of L(X): see ([26], VI, §9). The BWO topology coincides with the
ultraweak topology, the BSO topology with ultrastrong topology, on L(H), when H

is a Hilbert space.

The following theorem is a generalisation of the Kaplansky Density Theorem: (
(68], Theorem).

Theorem 5.1.8 (BWO Closure Theorem). Let A be a V*—algebra such that

(A1) s weakly compact. Then ﬁ, the BWO closure of A, s a W*—algebra and
(), = (A1)

Moreover, any faithful representation of A as von Neumann algebra is BWO bicon-

tinuous.
Proof. ([68], Theorem).

Remark 5.1.9. It remains open, in general, to decide whether A=q"

If A ¢ L(X) and X is reflexive the compactness condition in Theorem 5.1.8 is
satisfied. We will prove that the compactness condition is satisfied if X does not
contain a copy of ¢y (the Banach space of sequences that converge to zcro). For a
proof of this fact we need the following generalisation of a theorem of Grothendicck
[35] which states that © : & — X is weakly compact whenever 2 is a C*-algebra
and X is weakly sequentially complete. Pelczynski extended this result in [52]; he
showed that X need only be assumed not to contain a copy of ¢y. Akemann, Dodds
and Gamlen [1} extended this theorem yet further and showed that it holds whenever
2 is a C*-algebra and X does not contain a copy of cy. Spain’s result is even mor(;

general and it is proved in a more elementary manner ({66], Theorem 2).

Theorem 5.1.10 (Akemann, Dodds and Gamlen). If B is a C*-algebra, if .

© : B — X is a bounded operator, and X does not contain an isomorphic copy of

Co, then © is a weakly compact mapping.
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Remark 5.1.11. A stronger version, where B may be any complete Jordan algebra
of operators, not necessarily commutative, can be found in ([66], Theorem 2). That
proof relies on James’s characterisation of weakly compact sets. Both Akemann,
Dodds and Gamlen [1] and Spain [66] use the Bessaga-Pelczyriski result that X con-
tains no copy of co if and only if all series )z, in X with ) |(z,, z')| convergent

for all ' € X' are unconditionally norm convergent.

Our main theorem in this section relies on the following result which was set as

an exercise in ([26], VI. 9.1.2).

Theorem 5.1.12. Let B be a subset of L(X). Then B is compact in the weak
operator topology if, for each z € X, ("Bzx)¥ is weakly compact.

Proof. We define
Y =] [{(B2)”: ||zl} < 1}.

x€X
By Tychonoff’s theorem Y is compact. If A € B" let 7(A) € Y be defined by

7(A); = Az. It will be shown that 7 is a homeomorphism from B onto 7(B" ) with

the relative topology from Y, and that T(ﬁw) is closed in Y. Thus B is compact in

the weak operator topology.

1o see that 7 is injective suppose that 7(A;) = 7(A;). Then for every z € X; we

have 7(A;); = 7(As3);. Therefore, for every z € X;, we have A;z = A,z and hence
Al — Ag.

The sets

{AeB" : [(Az,2')| < €} (z € X1, 2 € X})

g /)

form a subbasis for 8 in the weak operator topology, while the sets

{r(A): A€ B",|(r(4),,2")| < €} (z € X, 2’ € Xj)

form a subbasis for T(_‘ﬁw) in the product topology of Y. It is clear that 7 is a
homeomorphism.

Let A, be anetin B , and let f € Y and suppose 7(A4,) = f in Y. So, for every
r € X1, 7(Aa), = fz. If we define A by Az = f, then A is linear. Given z € X,
(z # 0) let v > 0 be such that ||yz|| = 1. Then we define Az = y~!(Avz). If also
B > 0 is such that ||fz|| £ 1, then
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(v tA(vz), ¥') = v lim{Aa(vz), y')
= 71 lim{A.(Bz),y')
= (87 A(Bz),y').

So A is well defined. If ||z|| < 1 then A,z € (*Bz)* and
(Az,y) =lim(Aq.z,9) (V' € X')

and hence
Az € (*Br)".

So f =7(A) € 7(®B"). Therefore 7(B" ) is closed in the product topology of Y.
[

Theorem 5.1.13. Let X be a Banach space which does not contain a copy of cy. If
A is a V*-subalgebra of L(X), then A is a W*-algebra and

Proof. For each z € X we define 7, : A = X by 7,(A) = Az : themap 7, : A = X
is bounded and linear. By Theorem 5.1.10, 7, is weakly compact; that is (A;z)" is

weakly compact. Now by Theorem 5.1.12, (®I;) is compact in the weak operator

topology; by Theorem 5.1.8, A is a W*-algebra and

The following questions seem still to be open:
I. Is 2 closed in the weak operator topology?

II. Is * continuous in the weak operator topology?
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Commutative C*-algebras on X

The remaining results in this section apply to any commutative unital C*-subalgebra
B of L(X), and in particular to any algebra generated by a Boolean algebra of
(hermitian) projections.

The operators in a commutative C*-subalgebra of L(X) are called normal (some-
times strongly normal). Abstractly, they enjoy all the properties of normal operators
on Hilbert spaces.

Let A be the maximal ideal space of B and © the inverse Gelfand map
©:C(A)-B

which is a unital isometric *-isomorphism. (O is also called the functional calculus

for B.)

On restricting © to the C*-subalgebra generated by I, T (for any T € B) we ob-

tain a functional calculus for a (strongly) normal T': a unital isometric *-isomorphism

&

Or: C(G(T)) — B

such that

eT(Z —> 1) =1
GT(z — Z) =T
Or(z— 2)=T"

1O () = 1 fllo(r)

The following two lemmas demonstrate how to some extent the normal operators

on a Banach space mimic normal operators on a Hilbert space.

Lemma 5.1.14. Let B be a commutative C*-algebra on X and let H be the set of
hermitian elements of B. Suppose that g €H and0 < H L K. Then

|Hzl]| < [|[Kz]] (z € X).
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Proof. For any € > 0 the operator L = H(K + €I)™! is defined in H, and, by the
functional calculus, 0 < L < I; so || L|| < 1. It follows that || Hz|| = ||L{(K +el)z|| <
|(K + eI)z]||: and ¢ is arbitrary (positive). O]

The next result, originally due to Palmer [51] Lemma 2.7, helps us extend the
C* structure from B to C = B . The following short proof is taken from [18].

Lemma 5.1.15. ForallBeEB andz € X
[Bz|| = || B*z]|.
Proof. For € > 0 the functional calculus gives
|B— B*(B*B+¢el)™'B*|| = ||eB(B*B + el)H| < Ve/2,

and

|B2(B*B + €)™ < 1.
Thus, for any z € X
|Bz|| = lim | B2(B* B + €)™ B*a|| < ||B"a]|

and then ||B*z| < ||B**z| = ||Bz|. O 0

The weak closure of a commutative C*-algebra on X is also a C*-algebra on X.

Theorem 5.1.16. Let B be a commutative C*-algebra on X and H the set of her-

mitian elements of B. Let H" be the weak operator topology closure of H, and B’

the weak operator topology closure of B. Then
B ' =H +iH
s a C*-algebra. Moreover, (F")l =B, .SoB =B".

Proof. First note that the weak and strong closures coincide for £ and B (they are

both convex sets). Now Lemma 5.1.15 shows that B® = H' +iH , so B is a C*-
algebra.
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Consider H € (H" )y Then K = (I - [I - Hz]%)/H € H',and H =2K/(I + K?).
Take a net K, in #H converging strongly to K: put Hy = 2K, /(I + K2). Then

1
H,—H=2I+K})'(K,—-K)(I+K*)™"+ > Ha(K — Ko)H

so H € H; . By the Russo-Dye Theorem [15] §38 we have (B"), C B; . O

Corollary 5.1.17. If, further, the unit ball of B is relatively weakly compact, then
B is a W*-algebra and any faithful representation of B' as a concrete von Neumann

algebra on a Hilbert space is BWO bicontinuous (that is, weakly bicontinuous on

bounded sets)

Proof. Use Theorem 5.1.8 o

Remark 5.1.18. We show later (§5.2) that any such faithful representation is also
BSO bicontinuous (that is, strongly bicontinuous on bounded sets). The proof (maybe
the result) depends on being able to represent B° by a spectral measure: and the

presence of ¢y as a subspace of X seems to be the natural obstruction to this: see
85.3.
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5.2 Boolean algebras of projections and the alge-

bras they generate

Let X be a complex Banach space, and £ a bounded Boolean algebra of projections

on X. Write aco€ for the absolutely convex hull of € in L(X).

It is known that X can be renormed so that each element of £ is hermitian

(Lemma 2.1.5).“

Theorem 5.2.1. Let £ be a Boolean algebra of hermitian projections on a complex
Banach space X. Then A, the linear span of €, is the *-algebra generated by €: A
1s a commutative unital algebra, and A = H + iH, where H is the set of hermitian

elements of A. So B = A is a commutative C*-algebra on X.

Proof. Immediate from the Vidav-Palmer Theorem. u

Lemma 5.2.2. . Let S € A and suppose that —I < S < I. Then
S € 2acof.

Proof. Suppose first that 0 < S < I. Write S in E-step-form as S = E A;E;, where
the E; are pairwise disjoint. Then 0 < A; < 1. Arrange the ); in dercendlng order:

then ||S|] = A;. Define Apr41 = 0 and use Abel summation —

S = ZAE Z (Aj = Ajs1) (ZE) € aco€.

1=1

If -1 < S <1I,split S into its positive and negative parts. [

Theorem 5.2.3. Let £ be a Boolean algebra of hermitian projections on a complex
Banach space X, and let B be the C*-algebra it generates: let B; be the closed unit
ball of B. Then

B; C 4acof.

Proof. Consider an element B € B such that ||B|| < 1. Given € > 0 we can find
S = R+1J in A such that |B — R —iJ|| < min{¢, 1 — [|B||}. Now ",}}:H < 1, so by
Lemma 5.2.2, E2aco£ L]
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Corollary 5.2.4. The following are equivalent:
(I) B, is relatively weakly compact

(II) aco& is relatively weakly compact

(III) & is relatively weakly compact.

Proof. Use the Krein-Smulian Theorem. [

Theorem 5.2.5. Let £ be a relatively weakly compact Boolean algebra of hermitian
projections on a compler Banach space X, and let B be the C*-algebra generated
by E. Then B is a W*-algebra and any faithful representation of B” as a con-
crete von Neumann algebra on a Hilbert space is BWO bicontinuous (that is, weakly

bicontinuous on bounded sels).

Proof. This follows from Corollary 5.2.4 and Corollary 5.1.17. u

5.3 o-complete Boolean algebras of projections and

spectral measures

On Hilbert space

On a Hilbert space H the following two facts are classical. We sketch their (elemen-

tary) proofs for the convenience of the reader.

Lemma 5.3.1. Any monotone net of hermitian projections on ‘H has a supremum,

to which it converges strongly.

P}o;)f. Let (Ea)a 4 be such a net. The generalized Cauchy-Schwarz inequality
(P3¢, &) < (P, &) (P°¢, &), which holds for any positive operator P on H and
any element £ € ‘H, shows that the net (E{,,,)ﬂ|E cp 18 strongly Cauchy: and its limit

must be the supremum. [

Lemma 5.3.2. Suppose that (E,) _, is a net of hermitian projections that con-

a€A
verges weakly to a projection E. Then it converges strongly.
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Proof. This is immediate from the calculation

I(E — Eq) €]1> = ((E — EJ)*¢, €)
= (E%¢, £) — (EEL&, &) — (EE¢, &) + (B2, €)
- ((E - E*) ¢, &) =0. 0]

n

It follows that on a Hilbert space every Boolean algebra £ of hermitian projections

can be extended to a complete one; that £* is the smallest such complete extension;

and that £° = £V ({projections on H}.

On a Banach space

On a Banach space the situation is more delicate. It was shown by Bade that if
€ is o-complete on X then &£° is complete on X ([28], XVII. 3.23): and that the
family of projections in £¥ coincides with £°. See Corollary 5.3.9 below for a proof
(independent of Bade’s original methods).

Let £ be a o-complete Boolean algebras of projection on X. Then £ is o-complete
on X if and only if every bounded monotone (sequence) net in £ converges strongly
to a limit ([28], XVII. 3.4): and then £ must be bounded.

A o-complete Boolean algebra of projections £€ on X can be identified with a

spectral measure of class X’ on the Borel sets of the Stone space of £ ([19], Chapter

I): each vector measure £ z is strongly countably additive.

Lemma 5.3.3. If u is a strongly countably additive vector measure with values in

X then aco{u(o) : 0 € L} s relatively weakly compacit.

Proof. Essentially this is a result of Bartle, Dunford and Schwartz ([5], Lemma 2.3):
see also ([19], 1.2.7 & 1.5.3). (]

Corollary 5.3.4. If £ is a-complete then the set aco™(€x) is weakly compact for
eachr € X.
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Theorem 5.3.5. Let £ be a (bounded) o-complete Boolean algebra of projections.
Then C = B, the commutative C*-algebra generated by € in the weak operator
topology, is a W*-algebra, and C; = B, C 4acovE. Furthermore, any faithful rep-
resentation of C as a von Neumann algebra on a Hilbert space is weakly bicontinuous

on bounded sets.

Proof. Because aco¥(£z) is weakly compact for each z € X (Corollary 5.3.4) it
follows that B z is relatively weakly compact in X for each z € X , and so"BTw is
relatively weakly compact, by Theorem 5.1.12.

Theorem 5.2.5 shows that C is a W*-algebra, and any faithful representation of

C as a von Neumann algebra on a Hilbert space is weakly bicontinuous on bounded

sets. | ]

Theorem 5.3.6. Let B be a commutative C*-algebra on X such that B, is relatively

weakly compact. Let B = C . Then there is a representing spectral measure E(-)

defined on the Borel sets of the Gelfand space A of C such that

o(f) = [A F(NE() (f € C(A)).

Proof. Let w : C — L(H) be BWO continuous representation of C as a concrete

W*-algebra. Let E(-) be a representing spectral measure for 7 (C):

70 O(f) = fA FNEB@) (f € CA)).

Now define E(-) = n#~!E(:): this yields a spectral measure on X (E(-) is weakly
countably additive, hence, by the Banach-Orlicz-Pettis theorem, strongly countably
additive): and then

o(f) = [A F(NE(d)) (f € C(A)).
]

It is immediate that for a bounded net (T,)_., of operators on a Hilbert space we

have
(Ta)aGA _>strongly 0= (T‘;T")QGA _)weakly 0.

A similar result for operators on a Banach space seems to be available only for

normal operators belonging to a common W*-algebra.
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Theorem 5.3.7. Let C be a commutative W*-algebra on X. Suppose that (Sa)ae P

s a bounded net in C. Then

(S“)aeA —?strongly 0 <= (S;Sa) acA —weakly 0.

Proof. Clearly Sq = strongly 0 implies that S3Sq —strongty 0 and so 535 —weakty 0
Let E(-) be the representing spectral measure for C guaranteed by Theorem 5.3.6.
Suppose that S;Sa —rweakly 0. Let fa = 6'153. Then

lim (S} S,z, z') = lim f |fol® (E(dN)z, z') (z € X,2' € X').
o O A

Therefore lim f, = 0 in var (E'(:)z, z') measure and

im /A f. (E(dN)z, ') = 0.

For fixed z € X theset {(E(:)z, z') : ||z|| £ 1} is a relatively weakly compact set of
measures ([26], IV.10.2): hence lim, [, fo (E(d))z, 2') = 0 uniformly for ||z'|| < 1
([35],Théoréme 2). Therefore lim, [, foaE(dA)x = 0 that is, Se —strongty O 0

Corollary 5.3.8. Let C be a commutative W*-algebra on X. Then any faithful

concrete representation of C as a von Neumann algebra is weakly and strongly bi-

continuous on bounded sets.

Corollary 5.3.9. Let £ be a o-complete Boolean algebra of projections, and let
(Ea) 4 be a monotone net of hermitian projections in the commutative W*-algebra
C generated on X by £. Then (Ea)a o4 COnverges strongly to a projection in C. So
E’ is complete on X. What is more, & =& (\{projections in C}.

Proof. This follows immediately from the known result on Hilbert spaces and from

the strong bicontinuity of faithful representations as guaranteed by the theorem. [
The next corollary complements ([64],Theorem 5) and ([32],Theorems 1, 2).

Corollary 5.3.10. Let £ be a bounded Boolean algebra of projections on a Banach
space X and suppose that € is relatively weakly compact. Then € has a (o-)complete

. . . 3
extension contained in £ .
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Remark 5.3.11. This ha‘ppen.s automatz’bally when X 2 ¢y (see §5.3).

Corollary 5.3.12 ([28], (XVII. 3.7)). Let £ be a complete bounded Boolean al-

gebra of projections on a Banach space X. Then £ is strongly closed.

Remark 5.3.13. The results of [23] overlap with ours.

5.4 In the absence of ¢,

We can now present a theorem which is stronger than any other known to us in this

arca.

¥

Theorem 5.4.1. Let £ be a bounded Boolean algebra of projections on a Banach
space X 'and suppose that X does not contain an isomorphic copy of cg. Then the
weakly closed algebra generated by £ is a W*-algebra and any faithful representation
of B as a concrete von Neumann algebra on a Hilbert space is BWO and BSO

bicontinuous. Moreover, every operator in B, the W*-algebra generated by £ in the

weak operator topology, is a scalar-type spectral operator.

Proof. Theorem 5.1.13 shows that £ is relatively weakly compact. The result follows
from Theorem 5.2.5, Corollary 5.3.8 and Theorem 2.4.4. L]

Corollary 5.4.2. Let T be a commuting finite family of scalar-type spectral opera-
tors on a Banach space X that does not contain an isomorphic copy of co. Suppose
that the Boolean algebra generated by the resolutions of the identity for eachT € T

15 uniformly bounded. Then every operator in the weakly closed *-algebra generated

by T is a scalar-type spectral operator.

Remark 5.4.3. If X contains ¢y then there is a strongly closed bounded Boolean
algebra F of projections on X which is not complete ([32], Theorem 2). Then the
weakly closed algebra generated by F cannot have relatively weakly compact unit ball,

and there can be no BWO bicontinuous faithful representation of this algebra on a

H:lbert space.
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5.5 Boolean algebras with countable basis

As remarked above, ¢y seems to be the natural essential obstruction to extending
the results of the previous section. It is of course conceivable that a closer analysis
will provide a proof that the sum and product of a pair of commuting scalar-type

spectral operators must be a scalar-type spectral operator (so long as the Boolean

algebra generated by their resolutions of the identity is bounded).

We shall say that a Boolean algebra £ has a countable basis if it contains a
countable orthogonal subfamily F = (F},),. .y such that every E' € £ can be written
as the strong sum of a subset of this family. Note that then I = > F, the sum

m=1
being strongly convergent.

Lemma 5.5.1. Let C be a commutative C*-algebra on X and (F,),,en @ countable
family of positive elements of C such that >, F,, converges in the strong topology.

m=1

Let C,,, be any sequence in C for which 0 < C,, < I (Ym). Then

m=1

converges strongly.

Proof. Note that 0 < C,F,, < Fin (Ym). Then, for M < N,

so, by Lemma 5.1.14, the sequence (CmFm)m y 18 a strongly Cauchy sequence, hence

g
strongly convergent. L}

The following theorem generalises ([33], Theorem 3.6).

Theorem 5.5.2. Suppose that EN) and €@ are two commuting o-complete Boolean
algebras of projections on X and that the Boolean algebra £ generated by £V and
E? is bounded. Assume, further, that £® has a countable basis F = (Fp), .y

Then € has a o-complete extension, and hence a complete extension.

Proof. As remarked in §5.2 we may, and shall, assume that all the elements of £ (1)

and £() are hermitian. Let C be the weakly closed C*-algebra generated by £.
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For each sequence of projections (ES{)) taken from £1) we can, by Lemma

meN

00

5.5.1, define £ = ) E&)Fm € C: each such F is a hermitian projection in C so has
m=1

norm < 1.

Consider

= {Z EWF, : EV ¢ 8(1)}.

m=1

It is clear that F,, € G (Vm): so €@ C G. Note also that for any E) € £() we
have EM =S EWF, : so EM € G. Thus ENVEWD CG.
It is clear that G is closed under products. Further, for any £ = ) E},{)Fm X
m=1

we have .
I-E=) [I-EQ|Fn€,
m=1

so G is a Boolean algebra of hermitian projections on X.
Note that for any such E € G we have EF,, = Ew’F,, (Vm): thus any element

of G, which can be written, though not in a unique manner, as an (orthogonal) sum
00
E=)_ EWVF,,
m=1

satisfies . -
E=Y EQF,=) EF,

m=1 m=1

Now consider a, sequence-(Eh)h N of pairwise orthogonal projections in G:

o0 00
En=Y EJ)F.=) EyF,
m=1l m=1

For each k and m define

andl then define

e o0
Gm 2\ Gen = \/ Ejp, € EV
k=1 h=1

Note that for each £ and m

k k k
GamFm = \| B Fn = S~ B, Fy = (z E,,) Fo
h=1 h=1 h=1
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Suppc;sé given 2 € X'and € > 0. Then there exists an M such that

M
m=1

and then we can find Nsuchthatforl1<m< Mand k>N

<€

I(Gm — Grm)z|| < €/M.

k
Suppose that j < k: then0< )  FE, <1, so, by Lemma 5.1.14,

h=3+1
k k . M M k
(Z Eh) < (Z Eh) (:v—-z Fma:) + (Z E,,) Frnz
h=7+1 h=j+1 m=1 m=1 h=3+1
M M
< :B—Z me +Z”(Gk,m_Gj,m)Fm$H
m=1 m=1
M M
< |lz - Z Fo, z|| + Z (Grm — Gjm) Z|]
m=1 m=1
<e+4e=2e ' (5.1)

'This shows that G is o-complete. Then G* is complete, by Corollary 5.3.9.

From this we obtain

Theorem 5.5.3. Let £V and £@ be two o-complete Boolean algebras of projections
on X . Suppose that the Boolean algebra £ generated by £V and £®? is bounded,

and that £ has a countable basis. Then the weakly closed algebra C generated by
€ is a W*-algebra.

Corollary 5.5.4. (Eztension of [33], Theorem 8.6) Let X be a Banach space
and 1y, To be commuting scalar-type spectral operators on X with resolutions of the
identity E1), €@ such that EM v EW) is bounded. Suppose further that one of these
operators has countable spectrum. Then all operators in the weakly closed *-algebra

generated by Ty and Ty are scalar-type spectral operators.
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9.6 Boundedness criteria for Boolean algebras of
projections

Definition 5.6.1. A partially ordered Banach space X over the reals is a Banach

lattice provided
1. z <y impliesx+ 2 < y+ 2z, for every z,y,z € X,
2. ax 2 0, for every x 2 0 in X and every nonnegative real a,

3. for all z,y € X there exist a least upper bound (l.u.b.) x Vy and a greatest
lower bound (g.1.b.) x Ay,

4. ||zl £ l|ly]| whenever |z| < |y|, where the absolute value |z| of x € X is defined
by |z] =z V (-x).

The continuity of the lattice operations implies, in particular, that the set

C ={z: z € X,z >0} is norm closed. The set C, which is a convex cone, is called

the positive cone of X.

For an element z in a Banach lattice X we put z =z Vv 0 and z_ = —(z A0) and

|z} = 24 4+ z_. Two elements z,y € X for which |z| A |y| = 0 are said to be disjoint.
Every Banach lattice X has the decomposition property: il x,,x, and y are

positive elements in X and y < z; + z2 then there are 0 < y; <y and 0 < ¥ < 75

such that y = y; + ..

Definition 5.6.2. The Banach lattices X and Y are said to be order isometric if

there exists a linear isometry T from X onto Y which is also an order isomorphism.

Definition 5.6.3. A sublattice Y of a Banach lattice X is a closed subspace of X
such that zVy (and thusz Ay=z+y—xVy) belongs to Y whenever z,y €Y.

The dual X’ of Banach lattice X is also a Banach lattice provided that its positive
cone is defined by 2’ > 0in X' if z'(z) > 0, for every z > 0 in X. It is easily verified

that, for any 2,9’ € X' and every z > 0 in X, we have

(z' Vi) (z) =sup{z’(u) + ¥ (z —u): 0 <u<z}
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and

(' AY)(z) =inf{z'(v) + ¥ (z—v): 0< v <z}

Let X be a real Banach lattice and let X be the linear space X @ X which is

made into a complex linear space by setting
(a + ib)(z1,z2) = (azy — bxa, azy + bxy).

We can define an absolute value and norm on X by putting

(@1, 22)| = (|2 + |22I%), (=1, 22)ll 2 = lll(z0, 22 x-

The space (X, ||, | %) is said to be a complez Banach lattice or more precisely,
the complezification of the real Banach lattice X. As expected, the complex L,(u)

or C(K) spaces are the complexifications of the real L,(u) or C(K) with the same
1, respectively K.

Theorem 5.6.4 is due to Gillespie ([33],Theorem 2.5).

Theorem 5.6.4. Let X be a complex Banach lattice and €, F be commuting bounded

Boolean algebras of projection on X. Then the Boolean algebra of projections EV F
generated by &€ and F is bounded. Furthermore

(2° 4+ 1)

<
eV Fll < 2

LENIIFI.

For the convenience of the reader we reproduce the details as given in [33].

Proof. A typical element of £ V F has the form

~

where E,,--- , Ey, are mutually disjoint elements of £, Fy,--- , F,, are mutually dis-

joint elements of F, ) " E; = ) Fy = I, and each a; equals 0 or 1. Then

2G—I=>) > BjiE;F;,

=1 k=1
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where each 3, equals £1. By ([33], Lemma 2.4) we have

m n 1/2
1(2G — I)z|| = 8||EJj]|F] (ZZ |E5F(2G — I)w\z)

j=1 k=1

’ m  n 1/2
= 8|E|[|F] (EZ |E3'Fk$|2)

1=1 k=1

< 64||E]1*1F 1|z

for all z € X This gives the required result. [

. Kakutani [39] gave an example of two commuting bounded Boolean algebras of
projections on a Banach space which generate an unbounded Boolean algebra of

projections. Since every Banach space is isomorphic to a subspace of C(K) space, it
follows that Lemma 5.6.4 does not extend to arbitrary subspaces of Banach lattices.

However, it does extend to subspaces of Banach lattices which are p-concave for

some p in the range 1 < p < 0.

Definition 5.6.5. A Banach lattice W 1s p-concave if there is a constant M < o0

such that
n 1/p n 1/p
(Zuw,-u”) < M (lejlp)
k=1 k=1
for all finite sequences wy,--- ,wy, tn W.

Remark 5.6.6. The least possible constant M 1is called the p-concavity constant of
W: we shall denote it by Mpy(w). This notation is usually applied to real Banach
lattices. It is clear that a complex Banach lattice W is p-concave if and only if Re W
is p-concave, and when both lattices are p-concave, Mpy(W) = M,(Re W). Also, if W

is an L, space, where 1 < p < oo, then W 1s p-concave with p-concavity constant 1.

Theorems 5.6.7 and 5.6.9 are due to Gillespie.

Theorem 5.6.7. Let 1 < p < oo and let X be a closed subspace of a p-concave

complex Banach lattice W. Suppose £, F are commuting bounded Boolean algebras
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of projections on X. Then the Boolean algebra of projections £V F is bounded.

Furthermore,

1€V F| < ap Mp(W) [IE]|[|FI|

where oy 1 a constant which depends on p but not on W.

Proof. ([33], Theorem 2.6). O]

Theorems 5.6.4 and 5.6.7 imply similar boundedness results for other related

classes of Banach spaces as follows.

Definition 5.6.8. Let 1 < p < oo andl1 < A < 00. A Banach space X 1is said

to be an L, space if for every finite-dimensional subspace B of X there is finile-

dimensional subspace C of X such that C 2 B and
d(C, 1) = inf{|[c—t|| : c€ C,t € J} < X where n = dim C. A Banach space is said

to be an L, space (1 < p < oo) if it is an L, ) space for some A < oo.

The basic theory of £, spaces can be found in [44].

The unconditional basis constant X(FE) of a given Banach space E is the least
constant A having the following property: There exists a basis {e;} for E such that
HZ:'EI c,-:c,-e,-” < A whenever ) ..;zie; € E has norm one and ¢; = £1(i € I),
with ¢; = 1 for all but finitely many <. If no such A exists, set X(E) = oo. We do
not exclude the case where the index set I is uncountable, in which case all vectors
> ;1 Zi€i have z; = 0 for all but countably many indices i. More generally define the
local unconditional constant of E, X,(E), to be the infimum of all scalars \ having
the following property: Given any finite-dimensional subspace F' C F, there exist a
space U and operators @ € L(F,U), B € L(U, E), such that B« is the identity on F
and |[|a|| ||8l] X(u) < A. If no such X exists, set X,(E) = oo. In case X, (F) < oo, we

say that F has local unconditional structure.

See [34] for a fuller account.
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Theorem 5.6.9. Let £ and F be commuting bounded Boolean algebras of projec-
tions on a Banach space X. Then the Boolean algebra £V F is bounded and satisfies

1EV F| < ax |EIPNFI?,

where ax is constant depending only on X, in each of the following cases.
1. X is a subspace of an L, space for some p in the range 1 < p < o0.
2. X 18 a complemented subspace of an L.

3. X has local unconditional structure.

Proof. ([33], Theorem 2.9). =

Theorem 5.6.10. Let X be q Banach space and Ty, To be commutling scalar-type

spectral operators on X with resolutions of the identity g, EQ). Then all opera-

tors in the weakly closed *-algebra genergted by Ty and T, are scalar-type spectral

operators in each of the following cases.

1. X is a Banach lattice which does not contain q copy of ¢

2. X is a subspace of a p-concave Banach lattice, where 1 < » < 00.

3. X is a subspace of an L, space where 1 < p < oo.

4. X 1s a complemented subspace of an L, space.

Proof. (1) is immediate of Corollary 5.4.2 and Theorem 5.6.4. For (2) note that a
Banach lattice which is p-concave for some finite p cannot contain a copy of c, ({46},
p. 52) and then apply Corollary 5.4.2 and Theorem 5.6.4. By ([44], Theorem I) part
(3) is a special case of (2). For (4), let £!, £% be the spectral measures of T}, T,
By ([{50], Theorem 14), the spectral measure £' is atomic and for each z € X, the

vector measure £1(-)z is supported on a countable set. Now the result follows from

Theorem 5.5.3. L]



Notation

The following list includes notation which is either not defined in the body of the

thesis or which is used in a different section to where it is defined.

R, C the real and complex scalar fields

N, Z the integers and the positive integers

X a real or complex Banach space

X' the Banach space of continuous linear functionals on X
(z,z") the linear functional ' € X' evaluated at z € X
(X, X') the weak topology on X

o(X', X) the weak-star topology on X'

SOoT the strong operator topology on L(X)

WOoT the weak operator topology on L(X)

st lim the limit in the strong operator topology

w lim the limit in the weak operator topology

BV (J x K) the space of functions of bounded variation on J X K
where J and K are compact intervals

AC(J x K) the space of absolutely continuous functions on J x K

where J and K are compact intervals

83



o(T)

L,(G)
H?(D)
aco &

aco¥ &

the space of continuous functions on the Hausdorff
space A

a posltive measure space

the space of equivalence classes of p-integrable
Y-measurable functions on )

the space L,(9, 2, u) where (2, Z, ) is Lebesgue
measure space on [0, 1]

the space L,(T', o, u) where (T', X, p) is the discrete measure
space on a set ' with pu({v}) =1 for every y €T
the space [,(I') where ' = {1,2,--- ,n}

the space [,(I') where I' = N

the norm of f in L,(, Z, p)

the space of equivalence classes of essentially

bounded ¥-measurable function on

the resolvent set of T

the spectrum of T

the local spectrum of T at z

semi-lnner-product

the numerical range of T

the spectral radius of T

see p. 61

see p. 62

the absolutely convex hull of £ in L(X)

the closure of aco £ in the weak operator topology of L(X)
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