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SUMMARY 

The notion of an extending module can be traced back to work of von Neu- 

mann in the 1930s. His interest in quantum mechanics led him to develop "contin- 

uous geometry", which we today refer to as upper and lower continuous complete 

modular lattices. 

In a series of papers [34]-[36], von Neumann developed the theory of continu- 

ous geometries and their realisation as the lattice of principal left ideals of a von 

Neumann regular ring (see [33], [37]). Regular rings he called continuous if the 

lattice of principal left ideals is upper and lower continuous. Utumi [53], [54], 

[561 continued this study. He defined a regular ring to be left continuous if its 

lattice of principal left ideals is upper continuous, and proved that a regular ring 

R is left continuous if and only if the left R-module R is extending. Utumi [55] 

also studied rings which need not be regular but for which the left R-module R is 

continuous or quasi-continuous (i. e. 7r-injective) and these concepts were carried 

over to modules by Jeremy [21], [22], Takeuchi [501, and Mohamed-Bouhy [27]. 

Continuous and quasi-continuous modules were studied by various authors 

and a theory was developed. For a good account of this see the monographs by 

Mohamed and Muller [28] and Dung, Huynh, Smith and Wisbauer [5]. Perhaps 

one ought to mention the major contributions of Muller and his students, in 

particular Kamal and Rizvi, and also of Harada and his students, particularly 

Oshiro (see, for example, [161-[181, [151, [231-[251, [301, [311, [321, [391, [401, [411). 

Of course, one could mention many other names and their articles here. 

Seemingly independent of the above development, Goldie [101, [111 considered 

complements in his study of quotient rings and this was the inspiration for Ha- 

jarnavis to consider left CS-rings, i. e. rings R for which R as an R-module is 
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extending, and to publish [2] with Chatters. Chatters subsequently collaborated 

with Khuri in [3] to consider endomorphism rings of modules over left CS-rings. 

In fact complements occupy a very important place in the theory. Our extending 

definitions are based on it in two different ways. 

Because of the disparate nature of the development of the theory, different 

authors have adopted different terminology. Harada [14], [17] and his school have 

used term "extending module" as the dual to "lifting module", and this is also 

used in [5]. Chatters and Hajarnavis use "CS" for "complements are summands" 

and this terminology has been widely adopted also. 

In the development of the theory (with its different origins) it has become 

increasingly clear that more general modules warranted study because continuous 

and quasi-continuous modules have a common property, namely the extending 

property of submodules, i. e. every submodule is essential in a direct summand; 

equivalently, every closed submodule is a direct summand. Among examples of 

extending modules, we could point out sernisimple modules, uniform modules 

and quasi-injective modules. Also, any free abelian group of finite rank is an 

extending module. 

The purpose of this study is to give an up-to-date presentation of known 

and new results on extending modules and related notions with respect to an 

R-module class X. By assuming basic facts from Module Theory, our treatment 

is essentially self-contained. 

In the first chapter, some background material is given together with the 

definitions of the two types of extending module with respect to a class of modules. 

We investigate the extending property with respect to related module classes and 

direct sum decompositions of extending modules. We also define two types of 
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weak extending module and compare with extending modules both with respect 

to a class of modules. 

The second chapter concerns the structure and properties of extending mod- 

ules with respect to certain standard classes of modules, namely Goldie torsion 

modules, nonsingular modules, modules with finite uniform dimension and finitely 

generated modules. We also investigate the particular case of torsion modules 

over Dedekind domains. 

The importance of injective modules in Module Theory and more generally in 

Algebra is obvious in the 1960s and 1970s, largely, but not exclusively, through 

the impact of the publication of the lecture notes of Carl Faith [9]. Since that 

time there has been continuing interest in such modules and their various gen- 

eralizations which arose not only directly from the study of injectives but also 

from the work of John von Neumann mentioned above. Some results obtained 

for injective modules can be transferred readily to injective modules with respect 

to R-module classes X. 

In chapter three, we investigate the injective and also quasi-injective modules 

with respect to R-module classes and characterise them. 

In chapter four, we study modules with general quasi-continuity property 

and this notion is related to ideas and results found earlier in the thesis. We 

also generalize the concept of a quasi-continuous module by means of a property 

Q(X) relative to a class X of modules. Modules satisfying Q(X) are studied 

and the property Q(X) related to the extending properties introduced in the 

earlier chapters. In addition, we investigate modules with this general quasi- 

continuity property with respect to related module classes and with respect to 

certain specific classes of modules. 
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Chapter I 

MODULES WHICH ARE 

EXTENDING RELATIVE TO 

MODULE CLASSES 

In this chapter we will introduce basic definitions and some properties which will 

be required in the following chapters. 

Given a ring R and a class X of right R-modules, a right R-module M can 

be an extending module relative to X in two different ways. Various general 

properties of such extending modules are given and, in case of specific classes of 

R-modules, we characterize them. 
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1.1 Introduction 

Throughout this thesis all rings are associative with identity element and all 

modules are unital right modules. Let R be a ring and M be an R-module. A 

nonzero submodule N of a module M is called essential in M, written N <, M) if 

it has nonzero intersection with any nonzero submodule of M. For any submodule 

N of M, a closure of N (in M) is a submodule K of M which is maximal in the 

collection of submodules H of M which contain N as an essential submodule. 

For any module M, E(M) will denote its injective hull. 

A submodule K of M is called closed (in M) if K has no proper essential 

extension in M. By Zorn's Lemma for each submodule N of M there exists a 

closed submodule K of M such that N is essential in K. Given any submodule 

N of M, by a complement of N (in M) we mean a submodule L of M which is 

maximal in the collection of submodules H with the property HnN=0. A 

submodule L is called a complement (in M) if there exists a submodule N of M 

such that L is a complement of N. It is well known that a submodule K of M 

is closed if and only if K is a complement in M. The module M is called an 

extending module if every closed submodule is a direct summand of M. 

In view of the above remarks we see that the following statements are equiv- 

alent for an R-module M: 

(i) M is an extending module; 

(ii) For every submodule N of M, every closure of N is a direct summand 

of M; 

(iii) For every submodule N of M, every complement of N in M is a direct 

summand of M. 
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For a given submodule N of M, it may or may not be easy to check if every 

closure or if every complement of N is a direct summand. It all depends on M. 

Moreover, for any module M, in general there will be submodules which have 

every closure or every complement a direct summand. This is what motivates 

the following discussion. 

By a class X of R-modules we mean a collection of R-modules containing the 

zero module and closed under isomorphisms, i. e. any module which is isomorphic 

to some module in X also belongs to X. By an X-module we mean any member 

of X. If X is a class of R-modules and M is an R-module then an X-submodule 

of M will be a submodule N of M such that N belongs to X. For any ring R, any 

class X of R-modules is closed under submodulcs if a submodule N of M is an 

X-module whenever the R-module M is an X-module. Next X is closed under 

factor modules if MIN GX for any submodule N of any X-module M. On the 

other hand, X is closed under extension if every extension of an X-module by an 

X-module is also an X-module. (i. e. whenever N is a submodule of a module M 

such that N and MIN are both X-modules then M is an X-module). Finally, 

X is closed under direct sums if every direct sum of X-modules is an X-module. 

Let X be a class of R-modules. We shall say that an R-module M is 

type I X-extending if for every X-submodule N of M, every complement of N 

in M is a direct summand of M. On the other hand, an R-module M is type 

2 X-extending if for every X-submodule N of M, every closure of N in M is a 

direct summand of M. Note that, every extending module is type 1 X-extending 

and type 2 X-extending. 

In the sequel we shall be interested both in general classes X and in the 

particular classes U, 9, T and F of modules with finite uniform dimension, 
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finitely generated modules, Coldie torsion modules and nonsingular modules, 

respectively. For the class U of modules with finite uniform dimension, type 

2 U-extending modules are discussed in [28,38,39,46] (where they are called 

modules with (1 - Cj)), and in [5] and [7] (where they are called uniform-extending 

modules). lf C is the class of sernisimple modules then type 2 C-extending modules 

are considered in [46] (where they are called CESS-modules). 

1.2 Basic Properties and Examples 

In this section, we shall give some examples and basic properties of type I and 

type 2 X-extending modules, where X is a given class of modules. Throughout 

R is an arbitrary ring and modules are R-modules. The first result is obvious. 

Lemma 1.2.1 Let M denote the class of all R-modules. Then the following 

statements are equivalent for an R-module M. - 

(i) M is extending; 

(ii) M is type 1 M-extending; 

(iii) M is type 2 M-extending. 

In this case, M is type 1 and type 2 X-extending for any class X of R-modules. 

The second result is also clear. 

Lemma 1.2.2 Let XCY be classes of R-modules. Then any type 1 

(respectively, type 2) Y-extcnding R-module is type I (respectively, type 2) X- 

extending. 
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Next we give a series of results about closed submodules. 

Lemma 1.2.3 Let K be subrnodule of M. Then the submodule K is closed in 

M if and only if whenever Q is essential in M such that KCQ then QIK is 

essential in MIK. 

Proof. Suppose K is closed in M. Let Q be essential in M such that KCQ. 

Let P be a submodule of M such that KCP and (QIK) n (PIK) = 0. Now 

K=QnP is essential in P and hence K=P. Thus QIK is essential in MIK. 

Conversely, suppose that QIK is essential in MIK for any essential submod- 

ule Q containing K. Suppose that K is essential in L. Let K' be a complement 

of K in M. Then K E) K' is essential in M and hence (K K')IK is essential in 

MIK. But Ln K'= 0 gives that ((K E) K')IK) n (LIK) 0 and hence K=L. 

Thus K is closed. 0 

The next lemma can be found in [12, p. 18 Proposition 1.5]. We give the proof 

for completeness. 

Lemma 1.2.4 Let N be any closed submodule of an R-module M and let K 

be any closed submodule of N. Then K is a closed submodule of M. 

Proof. Let K' be a complement of K in N and N' be a complement of 

N in M. Then N (D N' is essential in M and hence (N ED N')IN is essential 

in MIN by Lemma 1.2.3. Then (N E) N')1K is essential in MIK. Similarly 

(K E) K')IK is essential in NIK. Now (N E) N')1K = (NIK) ED (K + N')IK. 

Thus (K + K'+ N')IK = ((K E) K')IK) (D (K + N')1K is essential in MIK. 

Suppose that K is essential in V for a submodule VCM. Then Kn(K'+Nl) =0 
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impiies vn(K+N) =0 and hence (VIK)n(K+K+N')IK = 0. Thus K=V. 

It follows that K is closed. 0 

Lemma 1.2.5 Let KCN be submodules of an R-rnodule M. Let L be a 

complement of Kin M and let H be a complement of Kin N such that NnL CH. 

Then HCL. 

ProoL Let xE Kn(H + L). Then x=y+z for some yEH, zEL. 

Thus x-yENnLCH and hence x= (x - Y) +yEH. It follows that 

Kn(H+L)CKnH=O. SinceLC H+LwemusthaveL = H+L and 

hence HCL. 0 

Lemma 1.2.6 Let M=M, E) M2 be an R-module and let N, K be submodules 

of Mi. Then K is a complement of N in MI if and only if KEDM2 is a complement 

of N in M. 

Proof. Suppose that K is a complement of N in MI. Let H be any 

submodule of M such that K (D M2 CH and HnN=0. Then 

H= Hn(mý@m2) = (Hnm, )E)m2, Hn mi is a submodule of M1, KCHn mi 
and (H n m, ) nN=0. Thus K=HnM, and H=K (D M2. It follows that 

K (D M2 is a complement of N in M. 

Conversely, suppose that K E) M2 is a complement of N in M. Let G be any 

submodule of M, such that KCG and GnN=0. Then K (D M2 gG E) M2 and 

(G(j) m, ) nN= (GED m2) n mi nN= Gn N=0. By hypothesis, KE) M2 
= GED M2 

and hence G=K. It follows that K is a complement of N in M1.0 
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Lemma 1.2.7 Let X be any class of R-modules. Then any direct summand 

of a type 1 (respectively, type 2) X-extending R-module is type 1 (respectively, 

type 2) X-extending. 

Proof. Suppose that M= Mi ED M2 and that N is an X-submodule of M1. 

Suppose that M is type 1 X-extending. Let K be a complement of N in Mi. 

By Lemma 1.2.6, K E) M2 is a complement of N in M. Hence, by hypothesis, 

K ED M2 is a direct summand of M and it follows that K is a direct summand of 

M1. Thus MI is type I X-extending. 

Now suppose that M is type 2 X-extending. Let L be any closure of N in 

M1. By Lemma 1.2.4, L is a closure of N in M. Thus L is a direct summand of 

M and hence also of Mi. It follows that M, is type 2 X-extending. 0 

Let M be a module. A module X is called M-injective if for every submodule 

N of M and homomorphism V: N --ý X there exists a homomorphism 0: 

M --ý X such that OIN : -- 791 i-C- O(n) = i9(n) for all n in N. (We say that 0 lifts 

to ?9 or that V lifts to M. ) The module X is called injective if X is M-injective 

for every module M. 

The following Lemma can be found in [20]. 

Lemma 1.2.8 Let a module M=M, E) M2 be a direct sum of submodules 

MI, M2. Then the following statements are equivalent: 

(i) M2 is Ml-injeCtiVC; 

(ii) For each submodulc N of M with NnM2 = 0, there exists a submodule 

M' of M such that M= M'(D M2 and NCM. 
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Pro of. (i) =* (ii). For i=1,2, let 7ri :M Mi denote the projection 

mapping. Consider the following diagram 

0)Na)M, exact 

Ot M2 

where a= 71-1 IN and P= 721N. By (i), there exists a homomorphism 0: M, 

M2 such that Oa = P. Let M' = Ix + O(x) :xEM, }. It easy to check that 

M= MED M2 and NC M'. 

(ii) =ý> (i). Let K be a submodule of M, and V: K ---ý M2 a homomorphism. 

Let L= ly - 79(y) :yE K}. Then L is a submodule of M and Lnm, = 0. By 

(ii), M= L'(D M2 for some submodule L' such that LC L'. Let 7-,: M 
--ý 

M2 

denote the canonical projection (for the direct sum M= L'E) M2). Then X= 

7r I Afý : Mi 
--ý 

M2 
and, for any YEK, X(y) = iTfy -, d(y) + ? 9(y)} = O(y). It 

follows that X lifts V to Mi. Thus M2 is Mi-injective. 0 

Lemma 1.2.9 Let I denote the class of injective R-modules. Then any R- 

module M is type 1 I-extending and type 2 I-extending. 

Proof. It is clear that M is type 2 I-extending. Suppose that N is an 

injective submodule of M and that K is a complement of N in M. There exists 

" submodule N' of M such that M=N 0) N'. By Lemma 1.2.8, there exists 

" submodule N" of M such that M=N () N" and KC N". Since N E) K is 

essential in M it follows that K= (N Eq K) n N" is essential in N" and hence 

K= N". It follows that M is type 1 I-extending. 0 

Note that if R is a (right and left) Artinian serial ring with Jacobson radical 

J and P=0 then every R-module is extending, in other words, type I and type 
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2 M-extending, by [6, Theorem 11]. However, in this case if J 7ý 0 then MZI 

[1, Corollary 18.8). 

Given a class X of R-modules it is natural to ask whether there is a relation- 

ship between type 1 and type 2 X-extending R-modules. We show next that in 

general no such relationship exists. 

Let R be commutative integral domain and let M be a right R-module. The 

set 

7-(M) = Ix E M: xr =0 for some 0 54 rE R} 

is a submodule of M and it is called the torsion submodule of M. We will say 

that, M is a torsion module if M= r(M), and M is torsion-free if -r(M) = 0. 

Note that 7-(Mlr(M)) = 0. 

For any ring R and R-module M, Z(M) will denote the singular submodule 

of M, i. e. 

Z(M) = Im EM: mE =0 for some essential right ideal E of R}. 

If Z(M) =M then M is called a singular module and M is called a nonsingular 

module if Z(M) = 0. 

If R is a commutative domain, then the essential ideals of R are exactly the 

nonzero ideals, and so the singular submodule of any R-module is just its torsion 

submodule. In this case the nonsingular R-modules are exactly the torsion-free 

R-modules. 

Example 1.2.10 Let F denote the class of torsion-free Z-modules. Let p be 

any prime. Then the Z-modulc M= (Z/Zp) E) Z is type 1 F-extending but not 

type 2 F-extending. 
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Proof. Let N be any nonzero torsion-free submodule of M and let L be any 

complement of N in M. It is easy to check that L= (Z/Zp) E) 0. Thus M is 

type 1 F-extending. 

Let K= Z(1 + Zp, p). Let H be an essential extension of the submodule 

K in M. Because K is uniform, H is uniform and hence H is cyclic, say H= 

Z (m + Zp, n) for some rn, nEZ. Now (1 + Zp, p) =s (rn + Zp, n) for some SEZ 

and it is clear that s= ±1. Thus K=H. Therefore K is a torsion-free closed 

submodule of M but K is not a direct summand of M. It follows that M is not 

type 2 J7-extending. 0 

Before giving a second example, we give three results. 

Lemma 1.2.11 Let N and K be submodules of an R-module M. Then K is a 

complement of N in M if and only if K is closed in M, NnK=0 and N (D K is 

an essential submodule of M. 

Proof. For the sufficiency, suppose that K is closed in M, N r) K=0 

and N ED K is essential in M. Suppose that H is a submodule of M such that 

KCH and HnN=O. LetTbeasubmoduleof HwithKnT=O. Then 

Tn (N e K) = 0. Since N E) K is essential in M, T=0, i. e. K is essential in H. 

This implies that K=H. Then K is a complement of N in M. 

Conversely, suppose that K is complement of N in M. Let H be a submodule 

of M with K essential in H. Thus HnN=0. Then K=H, i. e. K is closed. 

Now, we show that N (D K is essential in M. Let T be a submodule of M and 

Tn(N ED K) = 0. This implies that Nn (T ED K) = 0. Then T ED K=K, i. e. 

T=0. It follows that N (D K is essential in M. 0 
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Theorem 1.2.12 Let X be any class of R-modules which is closed under 

submodules. Then an R-module M is type 1 X-extending if and only if whenever 

K is a closed submodule of M such that the R-module MIK contains an essential 

X-submodule then K is a direct summand of M. 

Proof. Suppose first that M is type 1 X-extending. Let K be any closed 

submodule of M such that MIK contains an essential X-submodule. Let N be a 

complement of K in M. Then N embeds in MIK and, because X is closed under 

submodules, it follows that N contains an essential X-submodule L. Because K 

is closed in M, K is a complement of N in M, and hence K is a complement of 

L in M (Lemma 1.2.11). By hypothesis, K is a direct summand of M. 

Conversely, suppose that a submodule B of M is a direct summand whenever 

B is a closed submodule of M and MIB contains an essential X-submodule. Let 

P be any X-submodule of M and let C be any complement of P in M. Then 

PnC=0 and P E) C is essential in M. Since C is closed it follows that (P ED C)IC 

is essential in MIC by Lemma 1.2.3. But (P ED C)IC ý--- P so that (P (D C)IC Cz X 

and, by hypothesis, C is a direct summand of M. It follows that Al is type I 

X-extending. 0 

For any ring R, a nonzero R-module M is said to be uniform if any two nonzero 

submodules of M have nonzero intersection, i. e. every nonzero submodule is 

essential in M. We say that M has finite uniform dimension (or M is Goldie 

finite) if M does not contain an infinite direct sum of nonzero submodules. Let M 

be a nonzero Coldie finite R-module. Then M contains a uniform submodule U. 

Moreover, there exist a positive integer n and independent uniform submodules 

Uj (I <i< n) of M such that U, E) U2 E) ... Eý U,, is an essential submodule of 
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M. In this case, n is an invariant for M, called the Goldie dimension or uniform 

dimension, written u. dirn(M) = n. If N, (D ... ED Nk is any direct sum of nonzero 

submodules Ni (1 <i< k) of M then k<n. 

For any ring R, U will denote the class of R-modules with finite uniform 

dimension. Recall that U consists of all R-modules M which do not contain a 

direct sum, of an infinite number of nonzero submodules. Note that U is closed 

under submodules. 

Corollary 1.2.13 With the above notation, an R-module M is type 1 

U-extending if and only if whenever K is a closed submodule of M such that the 

R-module MIK has finite uniform dimension then K is a direct summand of M. 

Proof. By Theorem 1.2.12.0 

Example 1.2.14 Let U denote the class of Z-modules with finite uniform 

dimension. Then any free Z-module of infinite rank is type 2 U-extending but 

not type I U-extending. 

Proof. Let M be any free Z-module of infinite rank and let Imi :iE I} 

be a basis of M. Let U be any U-submodule of M. Then U contains a finitely 

generated essential submodule L. There exists a finite subset J of I such that if 

N= EDjmiZ then LCN. Since MIN is torsion-free and (U+N)IN ý--- ul(unN) 

is torsion, it follows that UCN. Let V be any closure of U in M. Since 

(V + N)IN c-- VI(V n N) is torsion, we have VCN and hence NIV is finitely 

generated torsion-free. Thus V is a direct summand of N, and hence also of M. 

It follows that M is type 2 U-extending. 

. 
There exists a submodule K of M such that MIK Since MIK is 

torsion-free it follows that K is closed in M. Note also that MIK is uniform 
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and K is not a direct summand of M. By Corollary 1.2.13, M is not type 1 

U-extending. 0 

1.3 General Classes of Modules 

Classes of modules can be combined in different ways to give other classes and we 

examine how our extending properties behave under these constructions. Again 

R is an arbitrary ring. 

Let X be any class of R-modules. Then X6 will denote the class of R-modules 

which contain an essential X-submodule. Note that XC X6. 

Let n be a positive integer and let Xi (I <i< n) be classes of R-modules. 

Then X, E) ... Eý X, is defined to be the class of R-modules M such that 

M= Mi E) ... E) M,, is a direct sum of Xi-submodules Mi (I <i< n), and 

X, ... X,, will denote the class of R-modules M such that there exist a chain of 

submodules 

mo 9 mi C ... CM. =M 

with the factor module Mj1Mj-j E Xi (1 <i< n). In particular, if Xi =X 

(1 i< n) then we shall denote the class X, ... X,, by Xn. We set Xw =U n>, 
Xn. 

Also X, +... + X,, will denote the class of R-modules M such that there exist 

Xi-submodules Li (I <i< n) with M=L, +... + L, If X, ==X,, =x 

then we denote X, +... + X,, by nX and define X+ = U,, >, (nX). 

A module M is called a UC-modulc if for each submodule N of M there 
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exists a unique closed submodule K of M such that N is essential in K i. e. 

every submodule has a unique closure in M. For example, sernisimple modules, 

uniform modules and nonsingular modules are all examples of UC-modules. The 

Z-module (Z/Zp) (D (Z/Zp') is not UC (see [47]). 

The first result of this section is elementary but we give its proof for com- 

pletenes. 

Proposition 1.3.1 Let n be a positive integer and let Xi (1 :5i< n) be 

classes of R-modules. Then 

W X, E) ... E) X, X1 ... x". 

(ii) Xi ED ... ED X. Xi + .. - + Xn- 

(iii) XI 
... 

Xn 9 (Xi e... E) Xn)e if Xi is closed under submodules for 2 
-< 

i<n. 

(iV) Xl+---+Xn Xl---Xn ifXi is closed under factor modules for 2<i<n. 

(v) X, + ... + X,, (XI ED ... ED X,, )' if Xi is closed under factor modules and 

submodules for 2<i<n. 

(vi) If Xi is closed under submodules for 2 
-< 

i <- n, then any (Xi + ... + X,, )- 

e 
module which is also a UC-module belongs to (Xi ED ... G) x,, ) . 

Proof. (i), (ii) clear. 

(iii). By induction on n. If n=1 then there is nothing to prove. Suppose 

that n>1. Let ME Xi ... X,,. Then there exists a submodule N of M such that 

NE X1 ... X,, 
-, and MIN E X,,. By induction on n, NE (XI (D... Let L 

be a complement of N in M. Because NnL=0, we have L 5-'! j (L + N)IN E Xn- 

Moreover, N ED L is an essential submodule of M. Thus ME (Xi (D ... ED Xn) e- 

(iv). Let HEX, +... + Xn. Then H= H1 +... + Hn for some Xi-submodules 

Hi (1 <i< n). By induction G= I-It +... + Hn-1 G X, 
... 

Xn-j. Now 

H/G (H, + G) /G ý--- H� / (H� n G) c x�. 

14 



Thus HE Xi ... 
Xn- 

(v). By (iii), (iv). 

(vi). By induction on n. If n=1, then there is nothing to prove. Suppose that 

n>1. Let MEX, +... + Xn. Then M=M, + M2 for some Mi E Xi + ... + Xn-l, 

M2 G Xn- 

Let K be a complement of m, n m, in M2. Then (m n m2) ED K is essential 

in M2. Then Mi ED K is essential in M by [47]. Now KEX,,. Thus M 

(x, ED ED x�)C. n 

Proposition 1.3.2 For any class X of R-modules, an R-module M is type 1 

(respectively, type 2) X-extending if and only if M is type 1 (type 2) X'-extending. 

Proof. The sufficiency follows by Lemma 1.2.2. Now suppose that N is an 

Xe-submodule of M. There exists an X-submodule L such that L is essential in 

N. Clearly any closure of N is a closure of L. On the other hand, any complement 

of N is a complement of L by Lemma 1.2.11. The necessity follows. 0 

Theorem 1.3.3 With the above notation, an R-module M is type 1 (respec- 

tively, type 2) (Xi ED ... ED X,, )-extending if and only if M is type 1 (type 2) Xi- 

extending for all 1<i<n. 

ProoL The necessity follows by Lemma 1.2.2. To prove the two converses, 

in each case we can suppose by induction that n=2. Suppose that M is type 

1 Xi-extending for i 1,2. Let Ni (i = 1,2) be Xi-submodules of M such that 

N, n N2 = 0. Let N N, E) N2 and let K be a complement of N in M. Note that 

KnN=0 gives (K (D N2) n N, 0. By Zorn's Lemma there exists a complement 

L of N, in M such that K (D N2 L. By hypothesis, L is a direct summand of M, 
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i. e. M= Le Lfor some submodule L'. Next note that KE) N2 = (KED N) n L, by 

the Modular Law , so that K ED N2 is essential in L and hence K is a complement 

of N2 in L (Lemma 1.2.11). By Lemma 1.2.6, K ED L' is a complement of N2 in 

M and by hypothesis K ED L', and hence K, is a direct summand of M. It follows 

that M is type 1 (Xi ED X2)-extending, as required. 

Now suppose that M is type 2 Xi-extending for i=1,2. Let Ni (i = 1,2) be 

Xi-submodules of M such that N, n N2 = 0, let N=N, E) N2 and let H be any 

closure of N in M. Let L be a closure of N, in ff. Then L is a closure of N, in M 

by Lemma 1.2.4. By hypothesis L is a direct summand of M. Thus M=L Eý L' 

for some submodule L'. Also I-I =L E) (H n L). Now Hn L' is closed in M by 

Lemma 1.2.4. 

Let 0 54 hEHn L'. Then there exist rER, ni E Ni for (i = 1,2) with 
0 :ý hr = n, + n2. Let 7, -' :H --ý Hn L' denote the canonical projection. Then 

hr = 7r(n, + n2) = 7r(n2) E 7r(N2). Thus -r, '(N2) is essential in HnL. But 

N, n N2 =0 implies N2nL =0 and thus N2 ý-- -r, '(N2). Hence 7r'(N2) E X2. 

By hypothesis HnL' is a direct summand of M. Therefore Hn L' is a direct 

summand of L' and hence H is a direct summand of M. 0 

Corollary 1.3.4 Let X and Y be classes of R-modules such that XC1. 

Then an R-module M is type 1 (respectively, type 2) Y-extending if and only if 

M is type 1 (respectively, type 2) (X @ Y)-extending. 

ProoL By Lemmas 1.2.2 and 1.2.9 and Theorem 1.3.3.0 

Given any class X of R-modules, XO will denote the class of R-modules which 

are direct sums of a finite number of X-submodules. Theorem 1.3.3 also has the 

following immediate consequence. 
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Corollary 1.3.5 Given any class X of R-modules, an R-module M is type 1 

(respectively, type 2) X-extending if and only if M is type 1 (type 2) X'I'-extending. 

Theorem 1.3.6 Let n be a positive integer and let Xi (1 <i< n) be classes 

of R-modules such that Xi is closed under submodules for all 2<i<n or Xj is 

closed under factor modules for all 25i<n. Then an R-module M is type 2 

(Xj 
... X,, )-extending if and only if M is type 2 Xi-extending for all 1<i<n. 

Proof. Note that Xi g X, ... X,, for all 1<i<n. Thus, the necessity follows 

by Lemma 1.2.2. 

Conversely, suppose that M is type 2 Xi-extending for all 1 <- i <- n. If Xi 

is closed under submodules for all 2<i<n, then by Proposition 1.3.1 (iii), 

Xi ... X, 9 (Xi E3 ... ED X, )e. Apply Theorem 1.3.3, Proposition 1.3.2 and Lemma 

1.2.2. 

Suppose that Xi is closed under factor modules for all 2<i<n. We will 

show that M is type 2 (Xi 
... X,, )-extending by induction on n. If n=1 then 

there is nothing to prove. Suppose n>1. Let Y= XI... Xn-,. Then Al is type 

2 Y-extending by induction on n. Thus it is sufficient to prove the result when 

n=2. 

Let K be a closed submodule of M such that there exist submodules LCN 

of K with LE X1, NIL E X2 and N is essential in K. There exist a closed 

submodule K' of K such that L is essential in K'. Then K' is a closed submodule 

of M (Lemma 1.2.4) and hence K' is a direct summand of M, because M is type 

2 XI-extending. There exists a submodule K" of M such that M= K'ED K" and 

hence K= K'E) (K n K"). Now again by the Modular Law 
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N+ K'= K'(D ((N + K) n K") and 

(N + K') n K" ý= (N + K')IK'=- NI(N n K') E X2 

since LCNn K'. Moreover, N is essential in K gives Nn K" essential in 

Kn K" and hence (N + K') n K" essential in Kn K". Since Kn K" is a closed 

submodule of M (Lemma 1.2.4) it follows that Kn K" is a direct summand of 

M and hence Kn K" is a direct summand of K". Thus K is a direct summand 

of M. Consequently, M is type 2 (Xj 
... X,, )-extending. 0 

Corollary 1.3.7 Let X be any class of R-modules which is closed under sub- 

modules or under factor modules. Then an R-module M is type 2 X-extending if 

and only if M is type 2 X'-extending. 

ProoL By Theorem 1.3.6.0 

Theorem 1.3.8 Let R be any ring, let n be a positive integer and let Xi 

(I i< n) be classes of R-modules. 

(i) Suppose that Xi is closed under factor modules for all 2<i<n. Then 

an R-module M is type 2 (Xi + ... + X,, )-extending if and only if M is type 2 

Xi-extending for all I<i 

(H) Suppose that Xi is closed under submodules for all 2<i<n. Then a 

UC R-module M is type 2 (XI + ... + X,, )-extending if and only if M is type 2 

Xi-extending for all 1<i<n. 

Proof. (i). Let M be type 2 (Xi +... + X,,, )-extending. Since 

Xi L:: (Xi +... + X,, ), M is type 2 Xi-extending for all I<i<n by Lemma 1.2.2. 
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Conversely, suppose that M is type 2 Xi-extending R-module for all 1<i<n. 

Then M is type 2 (XI + ... + X,, )-extending by Proposition 1.3.1 (iv), Theorem 

1.3.6 and Lemma 1.2.2. 

(ii). The necessity follows by Lemma 1.2.2 and the sufficiency by Propositions 

1.3.1 (vi) and 1.3.2, Theorem 1.3.3 and Lemma 1.2.2.0 

Corollary 1.3.9 Let R be any ring and let X be class of R-modules which is 

closed under factor modules. Then an R-module M is type 2 X-extending if and 

only if M is type 2 X+ -extending. 

Proof. By Theorem 1.3.8 0 

Now, we have the following partial analogue for Theorem 1.3.6. 

Theorem 1.3.10 Let n be a positive integer and let Xi (I <i< n) be classes 

of R-modules such that Xi is closed under submodules for all 2<i<n. Then an 

R-module M is type 1 (X, 
... X,, )-extending if and only if M is type 1 Xi-extending 

for all I<i<n. 

ProoL The necessity follows by Lemma 1.2.2. Conversely, suppose that M is 

type 1 Xi-extending for all 1<i<n. By induction on n it is sufficient to prove 

that M is type 1 (Xi ... X,, )-extending in case n=2. 

Let N be an (XIX2)-submodule of M. Then there exists a submodule N, 9N 

with N, E X, and NINI E X2. Assume that K is a complement of N in M. Let 

L be a complement of N, in N. Then N, nL=0 implies that L embeds in 

NIN1 E X2. Thus LE X2. Also L E) N, is essential in N and hence, by Lemma 

1.2.11, K is a complement of L (D Ni. Since M is type I (Xi ED X2)e-extending, 

by Proposition 1.3.2 and Theorem 1.3.3, K is a direct summand of M. 0 
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Question 1.3.11 Is Theorem 1.3.6 true in the type 1 case, i. e. if Xi (I <i 

n) is a finite collection of R-module classes, each closed under either submodules 

or factor modules and the R-module M is type I Xi-extending for all I<2<n, 

is M type I (XI 
... X,, )-extending? 

1.4 Decomposition of X-extending Modules 

Let R be a ring and let X be a class of R-modules. We call an R-module M 

X-free if M contains no nonzero X-submodule. Clearly any submodule of an 

X-free module is itself X-free. 

Theorem 1.4.1 Let X be any class of R-modules which is closed under sub- 

modules. Then any direct sum of X-free modules is X-free. 

Proof. Let M --` EDAM, \ and let M, \ be an X-free module for all AEA. 

Suppose M is not X-free. Then there exists 0 zA NCM, NEX. Let 00xEN. 

Note that 00 xR C N, xR E X. There exists a finite subset A' of A such that 

XE &AIMA. Without loss of generality, A' = n). If 

xR n (mý (D ... ED M,, 
-ý) =0 then xR embeds in M,,, a contradiction. Thus 

xR n (m, (D ... (D M,, -ý) =A 0. But by induction on n, M, Q) ... ED M.,, 
-, 

is X-free, 

a contradiction. Thus M is X-free. 0 

In Theorem 1.4.1 we need the R-module class X to be closed under submod- 

ules as the following example shows. 
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Example 1.4.2 Let X be the class of modules which are not finitely gener- 

ated or are zero. Let M be a Noetherian module. Then M is X-free but any 

direct sum of an infinite number of copies of M is not X-free. 

Theorem 1.4.3 Let R be any ring and let X be a class of R-modules which 

is closed under direct sums. Let M be a type 2 X-extending R-module. Then 

M=M, ED M2 for some extending module M, and module M2 such that there 

exists an essential submodule N of M2 with Na direct sum of X-free modules. 

Proof. Suppose first that M has no nonzero X-free submodules. Let K be a 

closed submodule of M. Let jLj :iE II be a maximal collection of independent 

X-submodules of K. Let L= EDjc,, [Lj. Then LEX since X is closed under direct 

SUMS. 

Let H be a submodule of K and suppose that Ln ii = o. If H 54 0 then there 

exists a nonzero X-submodule H' of H and jLj :iE II Uf H'I is a collection 

of independent X-submodules, a contradiction. Thus L is essential in K. By 

hypothesis K is a direct summand of M. Thus M is an extending module. 

Now suppose that M has nonzero X-free submodules. Let jQj :iE JI 

be a maximal collection of nonzero independent X-free submodules of M. Let 

Q= E)jEJQj. Let M, be a complement of Q in M. Then M, is a closed submodule 

of M. By the choice of Q, M, contains no nonzero X-free submodule and hence, 

by the first part of the proof, A11 contains an essential X-submodule. Since Al 

is type 2 X-extending M=M, ED M2 for some submodule M2 of M. Also M, is 

extending. 

Since QnM, =0 it follows that Q 7-12(Q)) where 712 :M --ý M2 is the 

canonical projection. Let 0 :AmE M2. Then 0 :A mr = mi +q for some rER, 
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mi E Mi, qEQ. Now 

mr ---: 7r2(rnr) ---: 7r2(Ml + q) ý 72(q). 

Thus 7r2(Q) is essential in M2 and so the proof is complete. 0 

Corollary 1.4.4 Let X be any class of R-modules which is closed under sub- 

modules and direct sums. Let M be a type 2 X-extending module. Then there 

exists an extending submodule M, of M and X-free submodule M2 of M such that 
MýMlem- 

Proof. By Theorems 1.4.1 and 1.4.3.0 

Question 1.4.5 Is there a class X of modules such that X is not closed under 

both direct sums and submodules and a type 2 X-extending module M such that 

M is not a direct sum of an extending module and an X-free module? 

Question 1.4.6 Is Corollary 1.4.4 true for type 1 X-extending modules? 

1.5 Uniform Decompositions 

To consider decomposition properties, we need the following definitions. 

A non-empty set M of submodules of an R-module is called Noetherian if it 

satisfies the ascending chain condition (ACC), i. e. if every ascending chain 

M1 C M2 C 
... of modules in M 
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becomes stationary after finitely many steps. 

M is called Artinian if it satisfies the descending chain condition (DCC), i. e. 

every descending chain 

Mi D M2 D ... of modules in M 

becomes stationary after finitely many steps. 

An R-module M is called Noetherian (Artinian) if the set of all submodules 

of M is Noetherian(Artinian). 

By definition, R is a right Noetherian (Artinian) ring if and only if the module 

RR is Noetherian (Artinian). 

Let M be an R-module and let mEM. Then we set 

r(m) = tr c R: mr = 01. 

r(m) is a right ideal of R, called the annihilator of m in R. 

A familY f X, \ :AE Al of submodules of a module M is called a local summand 

of M) if EAEA XA is direct and EAC-F XA is a summand of M for every finite subset 

FCA (see [28]). 

Lemma 1.5.1 Let M be an R-module such that R satisfies ACC on right 

ideals of the form r(m), rn E M. Then every local direct summand of M is closed 

in M. 

Proof. Let N= EDINi be any local direct summand of M. let L be a 

submodule of M such that N is essential in L. Suppose that N 54 L. 

Choose mEL-, N such that r(m) is maximal in jr(x) :xEL-, NJ. Clearly 

m :ý0 and there exists rGR such that 00 mr E N. There exists a finite subset 
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P of I such that mr EK= E)I, Ni. Now M=K (D K' for some submodule K' of 

M. 

There exist yEK, Y' E K' such that m=y+ y'. Now mr = yr + y'r implies 

Y/r = 0. Hence r(m) is a proper subset of r(y). But y' =m-yEL-, N, 

contradicting the choice of m. Thus N=L and it follows that N is closed. El 

The next result should be compared to [38, Lemma 3]. 

Theorem 1.5.2 Let X be a class of R-modules and let M be a type 1 X- 

extending R-module such that every nonzero submodulc contains a nonzero X- 

submodule. If R satisfies ACC on right ideals of the form r(m), where mEM, 

then M is a direct sum of Xe-submodules. 

ProoL Let M :A0 and let U be a nonzero X-submodule of M. Let W 

be a complement of U in M. Since M is type 1 U-extending, it follows that 

M=W ED W' for some submodule W'. Now U ED W is essential in M and W is 

closed in M so that (U (D W)1W is an essential submodule of M1W by Lemma 

1.2.3. But U (U ED W)1W and W'=ý M1W. Thus W' is an X'-submodule of 

M and is also a direct summand of M. 

By Zorn's Lemma, M contains a maximal local summand JMj: iE I} of M 

with each submodule Mi (i E I) an Xe-submodule of M. Let N= E)iMi. By 

Lemma 1.5.1, N is a closed submodule of M. Suppose that N :AM. Then N 

is not essential in M. There exists a nonzero X-submodule C of M such that 

Nnc=0. Let B be a complement of C in M such that NCB. Since M is type 

1 X-extending, it follows that M=B E) B' for some submodule B'. The above 

argument shows that B' E X'. Thus jMi :iE II Uf B} is a local summand of 

M, a contradiction. Thus M=N= EDIMi, as required. 0 
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Note. M. Okado [38] proved Theorem 1.5.2 for the case of an extendii%, 

module. 

We call M locally Noetherian if every finitely generated submodule of M is 

Noetherian. 

Corollary 1.5.3 Let X be any class of R-modules. Then any locally Noethe- 

rian type I X-extending module M is a direct sum of Xe -submodules provided 

every nonzero submodule of M contains a nonzero X-submodule. 

Proof. For each mE M) mR is Noetherian and hence R/r(m) 5-'2 mR 

is Noetherian. Thus R satisfies ACC on right ideals of the form r(m), where 

mEM. Apply Theorem 1.5.2.0 

Corollary 1.5.4 Let X be a class of R-modules which is closed under sub- 

modules and let M be a type 1 X-extending R-module such that R satisfies ACC 

on right ideals of the form r(m), where mEM. Then M is a direct sum of 

Xe -submodules if and only if every nonzero submodule of M contains a nonzero 

X-submodule. 

ProoL The sufficiency is proved in Theorem 1.5.2. Conversely, suppose that 

M= ý)JMi where Mi is an X'-submodule of M for each iEI. Let N be a 

nonzero submodule of M. Let 0 54 MEN. There exists a finite subset J of I 

such that ME EDjMj- If JJJ =I then mE Mi for some iEI and Mi contains an 

essential X-submodule L. In this case, mR nL is a nonzero X-submodule of N. 

Now suppose that JJJ > 1. Let jEJ and let Y=J --, jj}. If mR n (EDj, Mj) = 0, 

then mR embeds in Mj and hence mR contains a nonzero X-submodule. If 
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mR n (ED, mi) =h 0, then, by induction on IJI, mR n (EDj, Mi), and hence N, 

contains a nonzero X-submodule. 0 

1.6 Weak Extending Modules 

In this section we give the definition of weak extending modules with respect to 

a general class of modules and some basic properties. 

Let X be a class of R-modules, for a given general ring R. An R-module M 

is called weak type 1 X-extending if for every X-submodule N of M there exists 

a complement K of N in M such that K is a direct summand of M. On the 

other hand, M is called weak type 2 X-extending if every X-submodule of M is 

essential in a direct summand of M, equivalently for every X-submodule N of M 

there exists a closure L of N in M such that L is a direct summand of M. 

Proposition 1.6.1 Let X be any class of R-modules. Then any weak type 2 

X-extending R-module is weak type 1 X-extending. 

ProoL Let M be any weak type 2 X-extending R-module. Let N be any 

X-submodule of M. Then there exist submodules K and K' of M such that 

K ED K' and N is essential in K. It follows that the direct summand K' is 

a complement of N. Hence M is weak type 1 X-extending. 0 

The next result is clear. 
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Proposition 1.6.2 Let XCY be classes of R-modules. Then any weak type 

I (respectively, weak type 2) Y-extending module is weak type 1 (weak type 2) 

X-extending. 

Proposition 1.6.3 For any class X of R-modules, an R-module M is weak 

type 1 X-extending if and only if M is weak tYPe I X'-extending. 

ProoL Since XC X', the sufficiency follows by Lemma 1.6.2. For the 

necessity, the proof of Proposition 1.3.2 can be adapted. 0 

Since UC 9', Proposition 1.6.2 and 1.6.3 give at once: 

Corollary 1.6.4 Any weak type 1 9-extending module is weak type 1 

U-extending. Moreover, the converse holds if R is right Noetherian. 

Proposition 1.6.5 Let X be any class of R-modules. Then any type 1 (re- 

spectively, type 2) X-extending module is weak type 1 (type 2) X-extending. 

ProoL Clear. 0 

Lemma 1.6.6 Let X be any class of R-modules and M be an R-module. Then 

M is type 2 X'-extending if and only if M is weak type 2 X'-extending. 

ProoL The necessity is clear by Proposition 1.6.5. Conversely, let NE X' 

and K be a closure of N in M. Then N is essential in K and also there exists 

an X-submodule N, of N such that N, is essential in N. Thus KE X'. By 

assumption K is essential in a direct summand of M. Therefore K is a direct 

summand and M is type 2 Xe-extending. 0 
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Theorem 1.6.7 Let X be any class of right R-modules. Then an R-module 

M is type 2 X-extending if and only if M is weak type 2 X'-extending. 

ProoL By Proposition 1.3.2 and Lemma 1.6.6.0 

The above theorem can also be proved directly. 

A class X of right R-modules will be called essentially closed if X is closed 

under essential extensions, i. e. a right R-module M belongs to X if M contains 

an essential X-submodulc. Note that if X is any class of right R-modules then 

X C: X', and X is essentially closed if and only if X= X'. 

Corollary 1.6.8 Let X be any essentially closed class of right R-modules. 

Then an R-module M is type 2 X-extending if and only if M is weak type 2 

X-extending. 

ProoL By Theorem 1.6.7.0 

Corollary 1.6.9 Let R be any ring. Then a right R-module M is type 2 

U-extending (respectively, type 2 T-extending) if and only if M is weak type 2 

U-extending (respectively, weak type 2 T-extending ). 

Proof. Since the class U of right R-modules with finite uniform dimension 

and the class T of Coldie-torsion right R-modules is essentially closed, apply 

Corollary 1.6.8.0 

Lemma 1.6.10 Let X be any class of R-modules. Then any weak type 2 

X-extending UC-module is type 2 X-extending. 

28 



ProoL Clear. 0 

Note that, Lemma 1.6.10 is not true for weak type 1 X-extending UC-modules 

even when they are nonsingular. First we prove the following result. 

Proposition 1.6.11 Let R be a Dedekind domain. Then any free R-module 

is weak type 1 g-extending. 

Proof. Let F be a free R-module with basis fýi :iE I}. Let N be a 

finitely generated submodule of F. There exists a finite subset J of I such that 

NC eiEifik Let Gý EDiEjfiR. Let K be any complement of N in G. Then 

K is a direct summand of G because GIK is a finitely generated torsion-free 

R-module, so that GIK is projective. Let G' : -- ENEI, ifiR. Then K ED G' is a 

complement of N in F by Lemma 1.2.6. Clearly K (D G' is a direct summand of 

F. El 

Proposition 1.6.12 Anyfree Z-module of infinite rank is a torsion-free weak 

type 1 U-extending R-module which is not type 1 U-extending. 

Proof. Let F be a free Z-module of infinite rank. By Corollary 1.6.4 and 

Proposition 1.6.11, F is weak type 1 U-extending. There exists a submodule K 

of F such that FIK'_ý-- Q. Since FIK is torsion-free it follows that K is a closed 

submodule of F. Moreover, FIK is uniform and K is not a direct summand of 

F. By Theorem 1.2.12 F is not type 1 U-extending. 0 

Recall that M is the class of all R-modules. We can give the following lemma: 
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Lemma 1.6.13 Let R be any ring and M be the class of all R-modules. Let 

M= SEDU where S is a simple and Ua uniform R-module. Then M is weak type 1 

M-cxtending. Moreover, M is extending if and only if S is (UlSoc(U))-injective. 

Proof. Let N be a submodule of M. If NnS =h 0, then NnS=S and 

SCN. Thus N=S (D (N f) U). If Nnu=o, then N=S with a complement 

U which is a direct summand of M. Otherwise, NnU 54 0 and N is essential in 

M with a complement 0, also a direct summand of M. 

Now suppose that Nns=o. If N :ý0, then S is a complement of N since 

N E) S is essential in M. If N == 0, then M is a complement. Therefore M is 

weak type 1 M-extending. For the last part see [57, Proposition 4.3]. 0 

Consider the following example which shows that Lemma 1.2.1 is not true for 

weak type I M-extending modules and that the converse of Proposition 1.6.1 is 

false in general. 

Example 1.6.14 Let p be any prime. Then the Z-module M= (Z/Zp) ED 

(Z/Zp') is a weak type 1 M-extending module which is not weak type 2 U- 

extending (and hence not extending). 

Proof. Since Z/Zp is simple and (Z/Zp3) is a uniform Z-module, by Lemma 

1.6.13, M= (Z/Zp) E) (Z/Zp) is weak type 1 M-extending. On the other hand, 

by [57, Proposition 4.3], M is not extending since (Z/Zp) is not (Z/Zp')-injective. 

(Note that (Zp/Zp) is the socle of (Z/Zp)). Now apply Corollary 1.6.9.0 

Tercan and Smith [491 call a weak type 1 M-extending module a "module 

with (C11)" and prove that any direct sum of uniform modules satisfies (CII), i. e. 

is weak type 1 M-extending. 
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Proposition 1.6.15 Let X be a class of R-modules such that X is closed 

under submodules. Let M, be a weak type 1 X-extending R-module and let M2 

be an injective R-module. Then the R-module M=M, ED M2 is weak type I 

X-extending. 

ProoL Let L be any X-submodule of M. Let N be a complement of Lnm, 

in L. Then Nnm, =0 and (L n m, ) E) N is essential in L. By Lemma 1.2.8, 

we can suppose without loss of generality that NC M1. Note that N is an 

X-submodule of M1. There exists a direct summand N' of M, such that N' is 

a complement of N in Mi. Moreover, because M2 is injective, there exists a 

direct summand M' of M2 such that M' is a complement of Ln M2 in M2. Let 

L' = N' ED M. Then L' is a direct summand of M, [(L n M2)EDNjnL= 0 and 

(L n m2) ED (N ED L') is essential in M. By Lemma 1.2.11 it follows that L' is a 

complement of (L n Al'2)E)NinM. But(Lnm2) eN is essential in L. Thus L' 

is a complement of L in M. It follows that M is weak type 1 X-extending. 0 

Remark 1.6.16 There is no analogue of Proposition 1.6.15 for the type 2 

case. For any prime p, the Z-module Z/Zp is simple, and so an extending module, 

and Q is an injective Z-module but the Z-module (Z/Zp) E) Q is not extending 

and hence not weak type 2 M-extending by [23, Theorem 1]. 

Weak type 2 X-extending modules for the class of sernisimple right R-modules 

C have been studied by Smith [46]. 

Lemma 1.6.17 Let R be any ring. Then the R-module M is type 2 

C-extending if and only if every complement with essential socle is a direct sum- 

mand. 
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Proof. For the necessity, let M be a type 2 C-extending module and K be 

a complement in M such that socK is essential in K. K is a closed submodule 

in M. Then K is a closure of socK and socK E C. By assumption K is a direct 

summand of M. 

Conversely, let N be a semisimple submodule of M and K be a closure of N 

in M. Since socN =N and N is essential in K, N= socK by [1,9. Exercise 10]. 

Thus socK is essential in K. By assumption K is a direct summand of M. Then 

M is type 2 C-extending. 0 

The next result is taken from [46]. 

Proposition 1.6.18 Let R be a Dedekind domain and M be an R-module 

with finite uniform dimension. Then M is a weak type 2 C-extending module. 

Note that, weak type 2 X-extending modules need not be type 2 X-extending. 

Let p be any rational prime number and M the Z-module (Z/Zp)ED(Z/Zp'). Then 

the Z-module M is weak type 2 C-extending by Proposition 1.6.18, but not type 

2 C-extending by Proposition 1.3.2 and Example 1.6.14, because every non-zero 

submodule has essential Socle. 

Weak type 2 C-extending modules share some of the properties of extending 

modules. For example, Smith [46] proved that if M is a weak type 2 C-extending 

module which satisfies the ascending chain condition on essential submodules 

then M is a direct sum of a sernisimple module (i. e. C-module) and a Noetherian 

module. 

Question 1.6.19 Do the results of [46] for weak type 2 C-extending modules 

apply to weak type 1 C-extending modules? 
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Chapter 2 

SOME PARTICULAR CLASSES 

OF MODULES 

Having considered type I and type 2 X-extending modules for a general class X 

in chapter 1, we now consider particular classes X. In section 2.1 we consider 

type I and type 2 X-extending modules when X=T or T7. In section 2.2, 

we investigate the case when X=U or g. For example, we show that if R 

is a commutative domain then any torsion-free type 1 U-extending module is a 

finite direct sum of injective modules and uniform modules, and is extending. In 

section 2.3, we prove that if R is Dedekind domain, then any type 2 C-extending 

torsion R-module is extending. Finally in section 2.4, it is proved that for any 

ring R, any countably generated type 2 ! 91-extending module is a direct sum of 

submodules each containing a cyclic essential submodule. 
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2.1 Singular and Nonsingular Modules 

We begin this section by considering the classes S and T of singular modules and 

Goldic torsion modules, respectively, over a general ring R. Note that 

SCT9 Se, so an R-module M is type 1 (respectively, type 2) S-extending if 

and only if M is type 1 (type 2) T-extending, by Lemma 1.2.2 and Proposition 

1.3.2. 

For any module M, the second singular submodule Z2(M) of M is the sub- 

module containing Z(M) such that Z2(M)IZ(M) is the singular submodule of 

MIZ(M), i. e., Z2(M)IZ(M) = Z(MIZ(M)). It is well known that Z2(M) is a 

closed submodule of M. 

Moreover ME 7- if and only if Z2(M) = M. The next result should be 

compared with [23, Theorem 1]. 

Theorem 2.1.1 (i) An R-module M is type 1 T-extending if and only if 

M= Z2(M) E) M' for some submodule M' of M such that Z2(M) is extending 

and Z2(M) is M'-injective. 

(H) An R-module M is type 2T-extending if and only if Z2(M) is extending 

and is a direct summand of M. 

ProoL (i) Suppose first that M= Z2(M) ED M' for some submodule M' of 

M such that Z2(M) is extending and Z2(M) is M'-injective. Let N be a 

T-submodule of M and let K be any complement of N in M. Note that N is a 

submodule of Z2(M) and N E) K is essential in M. Now 

N ED (KnZ2 (M)) 
= (N E) K) n z2(m) is essential in Z2(M). Let L be a 

complement of Kn z2(m) in K. Then (Kn z2(m)) ED L is essential in K 

34 



and hence N ED (K n z, (m)) ED L is essential in M. We have z, (m) nL=0. 

Without loss of generality, LC M'because Z2(M) is M'-injective (Lemma 1.2.8). 

Moreover, Z2(M) ED L is essential in M, so that L is essential in M', because 

L =- (Z2(M) ED L) n M'. But L is closed in K and K is closed in M, so that L is 

closed in M (Lemma 1.2.4) and hence L=M. Thus M' is a submodule of K. 

Note further that K= (Z2(M) ED M') nK= (Z2(M) n K) E) M'. Thus 

z, (m) nK is closed in K so that, by Lemma 1.2.4, z, (m) nK is closed in M 

and hence also in Z2(M). Because Z2(M) is extending, z2(m) nK is a direct 

summand of Z2(M) and hence K is a direct summand of M. It follows that M 

is type 1 T-extending. 

Conversely, suppose that M is type I T-extending. Let K be a complement 

of the submodule Z2(M) in M. By assumption K is a direct summand of M. 

Write M=K E) K' for some submodule K. Now 

Z2 (M) = Z2 (K) E) Z2 (K) =0 E) Z2 (K') C K'. 

Note that K (D Z2(M) is essential in M=K E) K', and 

Z2(M) = Z2(M) E) (K n K') = K, n (K E) Z2(M))) 

which is essential in K'. But Z2(M) is closed in M. Thus Z2(M) = K' and 

M= Z2(M) E) K. 

Note that Z2(M) is type 1 T-extending by Lemma 1.2.7, so that Z2(M) is 

extending. Now we show that Z2(M) is K-injective. Suppose N is a submodule 

of M and Nn Z2 (M) = 0. Then N is a submodule of a complement submodule L 

of Z2(M) in M. By hypothesis, L is a direct summand of M. Write ML (D L' 

for some submodule L' of M. Next Z2(M) Z2(L) ED Z2(L) = Z2(L) L'. It 

follows that L' = Z2 (M) (D (L' n K) and ML Eý L' =L ED Z2 (M) ED (L' n K). 
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Finally Z2(M) is K-injective by Lemma 1.2.8. 

(ii) Suppose first that M is type 2 T-extending. We know that Z2(M) ET 

and Z2(M) is closed in M. By assumption Z2(M) is a direct summand of M. 

Then M= Z2 (M) E) M' for some submodule M' of M. 

Let N be a closed submodule of Z2(M). Then NET and hence N is a direct 

summand of Z2(M) by Lemma 1.2.7. Thus Z2(M) is extending. 

Conversely, suppose that M= Z2(M) E) M' for some submodule M' of M 

and Z2(M) is extending. Let N be a submodule of M with NET. Then N is 

a submodule of Z2(M). Suppose that K is any closure of N in M. Then K is 

a submodule of Z2(M). Thus K is a direct summand of Z2(M), so that K is a 

direct summand of M. Thus M is type 2 T-extending. 0 

Corollary 2.1.2 With the above notation, any type 1 T-extending R-module 

is type 2 T-extending. 

ProoL By Theorem 2.1.1.0 

The converse of Corollary 2.1.2 is not true in general, as the following example 

shows: 

Example 2.1.3 For any prime p, the Z-module M= (Z/Zp) E) Z is type 2 

T-extending but not type 1 T-extending. 

ProoL By Theorem 2.1.1.0 

In the Coldic torsion theory for mod-R, T is the class of torsion R-modules 

and the class F of torsion-free modules is the class of nonsingular R-modules. 

36 



Now we consider T-extending modules of the two types. The next result can also 

be compared with [23, Theorem 1]. 

Theorem 2.1.4 (i) An R-module M is type 1 F-extending if and only if 

M= Z2(M) ED M' for some extending submodule M' of M. 

(ii) An R-module M is type 2. F-extending if and only if M= Z2(M) ED M' 

for some extending submodule M' of M such that Z2(M) is W-injective. 

Proof. (i) Suppose first that M is type I F-extending. Let N be a comple- 

ment of Z2(M) in M. Z2(M) is closed in M and Nn z2 (m) == 0, N ED Z2 (M) 

is essential in M. By Lemma 1.2.11, Z2(M) is a complement of N and NEF. 

By assumption M= Z2(M) E) M' for some submodule M'. Thus M' is type I 

. 
F-extending and so is extending since M' (=- Jc. 

Conversely, let N be an F-submodule of M. Suppose that K is a complement 

of N in M. We have K+ Z2 (M) = Z2 (M) ED ((K + z2 (m)) nM) by the Modular 

Law. Suppose that Nn (K + Z2(M)) :A0. Let 0 -54 x=y+z where YEK, 

zE Z2(M), xEN. Then there exists an essential right ideal E of R such that 

zE C Z(M). Note xE 0 0. Thus there exists eEE such that xe 0. There 

exists an essential right ideal F of R such that zeF = 0. But xeF 0, so that 

0 54 xef = yef + zef = yef +0ENnK=0, for some fEF, a contradiction. 

Thus Nn (K + Z2(M)) = 0. But K is maximal with respect to KnN=0. It 

follows that K+ Z2(M) = K, i. e. Z2(M) 9 K. Thus K= Z2(M) E) (K n M). 

Since K is closed in M, Knm, is closed in M by Lemma 1.2.4. Thus Knm, 

is closed in M' and hence Kn M1 is a direct summand of M'. It follows that K 

is a direct summand of M. Therefore M is type 1 F-extending. 

(ii). Suppose that M= Z2(M) E) M' for some extending submodule M' of M 

such that Z2(M) is M'-injective. Let N be an. F-submodule of M. Let K be any 
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closure of N in M. Since Nnz, (m) 0, we have Knz, (m) = 0. There exists 

a submodule M" of M such that M Z2(M) (D M" and KC M" by Lemma 

1.2.8. Clearly M" '== M, so that M" is extending because M' is extending. But 

K is a closure of N in M" and hence K is a direct summand of M", hence also 

of M. Therefore M is type 2. F-extending. 

Conversely, suppose that M is type 2 F-extending. Let K be a complement 

of the submodule Z2(M) in M. Clearly Kn Z(M) = 0. Thus KEF. By 

assumption K is a direct summand of M. Write M= KEDK'for some submodule 

K'. Now 

Z2 (M) = Z2 (K) ED Z2 (K) =0 E) Z2 (K') C K'. 

But K ED Z2(M) is essential in M=K (D K' since K is a complement of Z2(M) 

in M. Next Z2(M) = Z2(M) ED (K n KI) = KI n (K (D Z2(M)) and hence 

Z2(M) is essential in K'. But Z2(M) is closed in K'. Thus Z2(M) = K' and 

M=K ED Z2(M). 

Note that K is type 2 F-extending by Lemma 1.2.7 and KEF. Hence K is 

extending. 

Now we show that Z2(M) is K-injective. Let L be any closed submodule of 

M such that Lnz, (m) = 0. Then L is a direct summand of M and hence 

M=L E) L' for some submodule L'. Moreover Z2(M) = Z2(L) E) Z2(L') 9 L, 

gives that L' = 
Z2 (M) E) (L, n K) and hence M=L& Z2 (M) E) (LI n K). By 

Lemma 1.2.8, Z2(M) is K-injective. El 

In contrast to Corollary 2.1.2 we have the following result. 

Corollary 2.1.5 With the above notation, any type 2 JI-extending R-module 

is type 1 F-extending. 
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Proof. By Theorem 2.1.4.0 

The converse of Corollary 2.1.5 is not true in general as the following example 

shows. 

Example 2.1.6 For any prime p, the Z-module M= (Z/Zp) (D Z is type I 

. F-extending but not type 2 J*-extending. 

ProoL By Theorem 2.1.4.0 

In view of Theorem 1.3.10, it is no surprise to learn from Theorem 2.1.1 and 

2.1.4 that an R-module M is extending if and only if M is type I (respectively, 

type 2) 7--extending and type 1 (type 2) F-extending. This fact has an obvious 

generalization to an arbitrary torsion theory. 

2.2 Classes U and 9 

In general, it is not the case that if R is a ring, Xa class of R-modules and M 

a type 2 X-extending R-module then every closure of a direct sum of an infinite 

number of X-submodules is a direct summand, as the following example shows: 

Example 2.2.1 Let F be any free Z-module of infinite rank. Then F is type 

2 ! g-extending but there exist a free submodule H of F such that H is closed in 

F and H is not a direct summand of F. 
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ProoL Let N be any finitely generated submodule of F and let K be any 

closure of N in F. There exists a finitely generated free direct summand P 

of F such that NCP. Since KIN is torsion, it follows that KCF. Now 

FIK is finitely generated torsion-free, so that K is a direct summand of P, and 

hence also of F. Thus F is type 2 9-extending. There exists a Z-epimorphism 

ýo :F -+ Q. Let H=Kerýo. Then FIII is a torsion-free Z-module, so that H is 

closed in F. Clearly H is free and hence H is a direct sum of cyclic submodules. 

But H is not a direct summand of F because FIH ý--- Q0 

Note that in Example 2.2.1, if the free Z-module F has countably infinite 

rank, then so too does H and hence there exists a chain of finitely generated 

submodules 

O=Ho 9 H, 9 H2 9 ... 9 Un>lHn =H 

such that HilHi-, is cyclic for all i>1. However H is closed in F but H is not 

a direct summand of F. Thus Corollary 1.3.7 cannot be extended. 

Corollary 1.3.5 can be applied to particular classes of modules, as we now 

demonstrate: 

Proposition 2.2.2 Let U, and U denote the classes of uniform R-modules 

and of R-modules with finite uniform dimension, respectively. Then an R-module 

M is type 1 (respectively, type 2) U-extending if and only if M is type 1 (type 2) 

Ul-extending. 

Proof. Note that U, CU and that every module in U contains an essential 

submodule which is a finite direct sum of uniform modules. Apply Lemma 1.2.2, 

Proposition 1.3.2 and Corollary 1.3.5.0 

40 



A module M is uniform- extending if every uniform submodule is essential in 

a direct summand of M. Note that uniform-extending is the same as weak type 

2 UI-extending. Since U, is essentially closed, by Corrolary 1.6.8 and Proposition 

2.2.2, uniform-extending is the same as type 2 U-extending. 

The argument of Proposition 2.2.2 gives the next result immediately. 

Proposition 2.2.3 Let C, and A denote the classes of simple R-modules and 

of Artinian R-modules, respectively. Then an R-module M is type 1 (respectively, 

type 2) A-extending if and only if M is type I (type 2) Ci-extending. 

Note that in Proposition 2.2.3 we can replace A by the class A' of finitely 

cogenerated modules. It is not the case that any type 2 Cl-extending module is 

type 2 C-extending, as the following example shows: 

Example 2.2.4 Let K be any field and let fiý, =K (n >, 1). LetS = 
][I 

-[fn 

n>, 1 

and let R denote the subring of S consisting of all sequences Ik,, } with k.,, (E K 

(n > 1) and k.. = k,,, +, = ... for some m>1. Then every R-module is type I 

and type 2 Cl-extending but RR is not type I nor type 2 C-extending. 

ProoL The ring R is a commutative von Neumann regular ring and hence 

every simple R-module is injective (see [44, Theorem 6]). Thus every R-module 

is type 2 Cl-extending. 

Let M be any R-module and S be a simple submodule of M. Let K be a 

complement of S in M. By [44, Theorem 6], S is inj ective. Then M=S E) S' for 

some submodule S. By Lemma 1.2.8 without loss of generality KC S'. Thus 

K= S'. Then M is type 1 Cl-extending. 
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On the other hand, let I be the ideal of R consisting of all sequences f k,, } 

such that k2n=Oforalln >1 andki =Oforalli > m, forsomem > 1, i. e. 

I= KE)O(DKE)O(DKED .... Let x be any element of R such that I is essential 

in I+ xR. Then xE CI for some essential ideal E of R. If T= EDn>11cni then T 

is the socle of R and hence TCE. Thus xT CI and xEI. Thus I is a closed 

sernisimple submodule of RR but I is not a direct summand, i. e. RR is not type 

2 C-extending. 

Let J=0 E) K G) 0 E) K ED - ... Then in i=0 and I (D J is essential in R. Since 

I is closed, I is a complement of the sernisimple submodule J of R by Lemma 

1.2.11. Then 154 Re for e=e2ER. Thus I not a direct summand of R, so RR 

is not type 1 C-extending. 0 

We now consider the classes ! 91 and !9 of cyclic and finitely generated modules, 

respectively. Note that the class 91 and 9 are both closed under factor modules 

and that, 91 9 (! 91)+ =9= (Gi)-. Lemma 1.2.2 and Corollary 1.3.7 give the 

following result: 

Proposition 2.2.5 With the above notation, an R-module M is type 2 9- 

extending if and only if M is type 2 91-extending. 

Proposition 2.2.6 Let R be any ring. Then any type 1 (respectively, type 2) 

g-extending module is type 1 (respectively, type 2) U-extending. 

ProoL By Lemma 1.2.2 and Proposition 1.3.2, because UC 9'. El 

Not every type I (type 2) U-extending module is type 1 (type 2) 9-extending 

as we show next. First we prove a general result: 
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Proposition 2.2.7 The following statements are equivalent for an indecom- 

posable R-module M. - 

(i) M is uniform; 

(H) M is type 1 9-extending; 

(iii) M is type 2 9-extending. 

Proof. (i) =: ý (ii), (iii) clear. 

(ii) =: ý. (i). Assume that M is type I 9-extending. Let 0 zA MEM. Let K be 

a complement of mR in M. By hypothesis K is a direct summand of M. Then 

K=0 or K=M. Thus K=0. Hence mRnB 54 0 for every nonzero submodule 

B of M, i. e. mR is essential in M for all 0 7ý mEM. Thus M is uniform. 

(iii) =* (i). Assume that M is type 2 9-extending. Let 0 :AmEM. Let K 

be a closure of mR in M. By hypothesis K, is a direct summand of M. Then 

K=0 or K=M. Thus K=M. Hence mR is essential in M for all 0 :AmEM. 

Therefore M is uniform. 0 

A right 6re domain is any domain R in which every two nonzero elements 

have a nonzero common right multiple, i. e., for each nonzero x, yER there exist 

r) sER such that xr = ys =A 0. 

For example, every commutative domain is right bre. 

Corollary 2.2.8 Let R be any domain. Then 

(i) the R-module R is type 1 and type 2 U-extending. 

(h) The following statements are equivalent: 

(a) R is right (5re; 

(b) the R-module R is type 1 9-extending; 

(c) the R-module R is type 2 g-extending. 
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ProoL (i) If R has no uniform right ideals then RR is both type 1 and type 

2 U-extending. Suppose that R has a uniform right ideal U. Let 00uEU. 

Define W: RR -4 U by ýo(r) = ur (r E R). Since R is a domain, (p is an 

R-monomorphism. Then RR c--- imýp is a submodule of U. Thus RR is uniform. 

Then RR is extending, so it is type I and type 2 U-extending. 

(ii) By Proposition 2.2.7. El 

If R is a right Noetherian ring then !9CU. Hence Lemma 1.2.2 gives that 

an R-module M is type 1 (respectively, type 2) U-extending if and only if M is 

type 1 (type 2) 9-extending. In particular, Example 1.2.14 shows that any free 

Z-module of infinite rank is type 2 ! 9-extending but not type I ! 9-extending. 

Any direct summand of an injective module is injective but, in general, direct 

sums of injective modules are not necessarily injective, although any finite direct 

sum of injective modules is injective. H. Bass proved in his Ph. D. (1956) that, 

every direct sum of injective R-modules is injective if and only if R is right 

Noetherian. The following example shows that a direct sum of injective modules 

also is not extending in general (see [4]). 

Example 2.2.9 Let K be a field and let V be any infinite dimensional vector 

space over K. Let R= End(VK), the ring of all linear mappings cr :V -ý V, 

operating on the left. Then R is a right self-injectivc von Neumann regular ring 

which is not left self-injective by [12, Proposition 2.23]. Thus by [4, Proposition 

31 every direct sum of countably many copies of RR is extending but not every 

direct sum of copies of RR is extending. 
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Theorem 2.2.10 Let Mi (i E I) be any collection of injective R-modules and 
let 1ý'I ý ENEIA. Then M is type 1 g-extending (and type 1 U-extending). 

ProoL Let N be a finitely generated submodule of M and let K be a com- 

plement of N in M. Then NC C)iEJMi for some finite subset J of I. Hence 

E(N) CM and M E(N) E) Nfor some submodule N'. Since E(N) nK=0, 

it follows that M E(N) (D M" for some submodule M" with KC M", by 

Lemma 1.2.8. But Nn mll =o gives K= M" and hence K is a direct summand 

of M. Thus M is type I G-extending. (Note that M is type 1 U-extending by 

Proposition 2.2.6). 0 

Before giving an example related to Theorem 2.2.10 some of the following 

properties can be found in [7,8,28] 

Proposition 2.2.11 Let Mi (i E I) be indecomposable injective R-modules 

and let M= (Dic,, Mi. Then Al is type 2 U-extending if and only if M is quasi- 

injective. 

Proof. See [7, Corollary 3.6]. 0 

Given a module N, a module U is essentially N-injective if for every submodule 

L of N and homornorphism W: L -+ U, with kerW essential in L, there exists a 

homomorphism 0: N --4 U such that ýP ý OIL- 

The modules Mi (i E I) satisfy (A2) provided for all distinct i(n) EI 

(n ENU 10}) and elements x,, E Mi(,, ) (n ENUf 0}) such that r(xo) 9 r(x,, ) 

(n E N), the ascending chain 

n,,, Ir(x, ) g nn>2r(x.,, )g nn>3r(Xn) C 
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becomes stationary. 

Proposition 2.2.12 Let M= EDjEjMj. Then (Dj, jjjMj is Mj-injective for 

every iEI if and only if Mj is Mk-injective for all j: ý kEI and (A2) holds. 

ProoL See [28, Proposition 1.91.0 

Lemma 2.2.13 Let Mi (i E I) be uniform R-modules with local endomor- 

phism rings and M= EDjEjMj. Then M is type 2 U-extending if and only if 

Mi ED Mj is extending for all ij in I and the modules Mi (i E 1) satisfy (A2), In 

this case, for each jEJ the module EDjrj, fjjMj is essentially Mi-injective. 

ProoL See [8, Lemma 2.2 and Lemma 2.31.0 

A module M is said to have the exchange property if for any index set 1, 

whenever M ED N= (DiEjAi for modules N and Ai (i E I), then M ED N= 

M ED (E)ic=iBi) for submodules Bi g Ai (i E I). 

Lemma 2.2.14 Let Mi (i E I) be uniform R-modules with local endomor- 

phism rings and M= @jGjMj. Then M is extending if and only if M is type 2 

U-extending and there does not exist a sequence ji(n))nEN of distinct elements of 

I and non-isomorphic monomorphisms wn : Mi(,, ) --+ Mi(n+, ) (n E N). in this 

case M has the exchange property. 

ProoL See [7, Theorem 3.4 and Corollary 3.5j. 0 

Lemma 2.2.15 Let Mi (i E I) be indecomposable injective R-modules. Then 

the following statements are equivalent for the module M= (Dic-, Mi: 
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(i) M is type 2 U-extending; 

(H) M is extending; 

(iii) M is quasi-continuous; 

(iv) M is quasi-injective; 

(v) The modules Mi (i E 1) satisfy (A2)- 

Proof. (iv) ==* (iii) ==* (ii) =#- (i) clear. 

(i) ===> (v) By Lemma 2.2.13. 

(v) =: > (iv) Clearly Mi is Mj-injective for all ij EI and, by assumption, 

A (i E 1) satisfy (A2). Then fix i 54 j in I. Note that N= E)kEI-Ijjmk is 

Mj-injective by Proposition 2.2.12. Thus N' = EDkEl-, Ii, jlMk is Mi-injective by 

Proposition 2.2.12. N= Mi (D N', Mi is Mi-injective and N' is Mi-injective, so 

N is Mi-injective. Then N is Mk-injective for every kEI. By [28, Proposition 

1.51 N is M-injective. Then M=N E) Mj is M-injective. 0 

Example 2.2.16 There exists a commutative subdirectly irreducible ring R 

and indecomposable injective R-modules M,, (n E N) such that M: 
--: (DnENMn is 

not type 2 U-extending and (not type 2 ! 9-extending). 

Proof. Let p be any prime, let Z(poo) denote the Prufer p-group and let 

zz (P-) 
R That is, R is the commutative ring whose elements are the 

0z 
"matrices" 

ax 
where aEZ, xE Z(poo) and addition and multiplication are the 

0a 

usuJI matri-x addition and multiplication. If A is the (unique) subgroup of Z(p') 

of order p then it is easy to check that: 
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0A 
is the intersection of all nonzero ideals of R, Le R is subdirectly 

00 
irre(lucible. 

Since Z(p') is not a finitely generated Z-module, it follows that R is not a 

Noetherian ring. By [45, Theorem 4.1] there exist simple modules Sn (n E N) such 

that enENE(S,, ) is not an injective module. Let M, = E(R) and Mn+l = E(S,, ) 

(n E N). Then Mn is indecomposable injective for all nEN. Let M= ED,, ENMn- 

By Proposition 2.2.12 and Lemma 2.2.13, M is not type 2 U-extending because 

EDn>2Mn is not MI-injective. Since every type 2 9-extending module is type 2 

U-extending (see Proposition 2.2.6), it follows that M is not type 2 9-extending. 

0 

Theorem 2.2.17 Let Mi (i E I) be nonsingular injective modules and let 

M --": ENEIA. Then M is type 2 9-extending. 

Proof. let K be any closed submodule of M such that K contains a finitely 

generated essential submodule N. There exists a finite subset J of I such that 

NC E)iEJMi- Since M is nonsingular it follows that KC E)iEJMi. But G)iEJMi 

is injective, s6that K is a direct summand Of (DiEJMi, and hence also of M. 0 

Proposition 2.2.18 Let M be a type 1 U-extending R-module such th(Zt R 

satisfies A CC on right ideals of the form r(m), where mEM. Then M is a direct 

sum of uniform modules if and only if every nonzero submodule of M contains a 

uniform submodule. 

ProoL By Corollary 1.5.4.0 
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Corollary 2.2.19 Any locally Noetherian type 1 U-extending module is a di- 

rect sum of uniform modules. 

ProoL Let M be a locally Noetherian type 1 U-extending R-module. Let 

N be a nonzero submodule of M. Let 0 7ý mEN. Then mR is Noetherian 

and hence mR contains a uniform submodule and R/r(m) is Noetherian. By 

Proposition 2.2.18, M is a direct sum of uniform submodules. El 

Note that we do not have the same result for the type 2 U-extending case, as 

the following example shows: 

Example 2.2.20 Let M,, =Z (n E N) and let M be the Z-rnodulc rInEN M"' 

Then M is a locally Noetherian type 2 U-extending Z-module but M is not a 

direct sum of uniform modules. 

Proof. Because the ring Z is Noetherian, it is clear that M is locally Noethe- 

rian. Let U be a maximal uniform submodule of M. Because M is a torsion-free 

module it follows that MIU is torsion-free (if UCVCM and VIU is torsion 

then U is essential in V hence U= V). Let 00 ja,, J E U. Let d be the greatest 

common divisor of the elements ja,, :nE NJ. There exist bn EZ (n E N) such 

that a,, = db,, (n E N). Then dfb,, } = la,, } EU and f b, } E U. 

For each kEN, let dk be the greatest common divisor of the elements b,, 

(1 n< k). Note that dk+j divides dk for all kEN. Thus we have the following 

ascending chain of ideals in Z: 

Zdl 9 Zd2 C U3 C- 
--- 

There exists a positive integer I such that Zdt = Zdt+j = Zdt+2 = .... Hence dt 

is the greatest common divisor of the elements b,, (n E N), i. e. dt = 11. Also we 
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can suppose without loss of generality that b,, 7ý 0 for some 1<n<t. 

Let V be the submodule Z(bl,..., bt) of the free Z-module F= Z(O. If ci EZ 

(1 <i< t) and f (cl,..., ct) EV for some 0 =A fEZ, then there exists 9EZ such 

that fci = gbi (I <i< t). Suppose that f0 ±1. Let p be any prime divisor 

of f. Then p divides gbi for each I<i<t. Since the elements bi (I <i< t) 

have greatest common divisor ±1, it follows that p does not divide bj for some 

I<j<t. Hence p divides g. It is now clear that f divides g and hence 

(Cj,..., ct) = (g1f)(bj,... 
' 
bt) E V. Thus FIV is finitely generated torsion-free, 

so that FIV is a free Z-module and V is a direct summand of F. Let V' be a 

submodule of F such that F=V (D W. 

Let us return to U. Let 0 54 jej E U. There exists 0 rh hEZ such that 

hfe,, } E Zjbj. By the argument we used in the previous paragraph we have 

f e,, IEZf bj. Thus U=Z 1bj. Let 

If q,, l E M: (ql,..., qt) V'j. 

Clearly W is a submodule of M. Suppose that zf b,, l EW for some z (: - Z. Then 

z(bl,..., bt) E V' and hence z(bl,..., bt) = 0, i. e. zbi =0 (1 <i< t). Since bi 00 

for some 1<i<t it follows that z=0. Thus unw=0. Now let f m,, } E M. 

There exists xEZ such that 

(M 1, ..., m t) =x (bi, 
..., bt) + (yi, 

..., yt) 

for some (yi, - .., yt) E V'. Then Im,, l = xfb,, } +fy,, I, where 

xb,, (n >t+ 1). 

Clearly jy,, j EW and hence jm,, j EU+W. It follows that M=U ED W. We 

have proved that M is type 2 U-extending (Proposition 2.2.2). 
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Moreover, we have seen that if U is any maximal uniform submodule of M 

then U= Zfb,, } for some non-zero element lb,, }. In particular, this means that 

U ý'2 Z- If M= ENEA where Ui is a uniform submodule of M for each iEI, 

then Ui is a maximal uniform submodule and hence Ui Z for each iEI. In 

this case, M is a free Z-module, contradicting [1, p. 202 Ex. 3]. Thus M is not a 

direct sum of uniform modules. n 

Remark 2.2.21 Note that in [5,8.5] we have the following (see also [5,8.1 

(1)1). Suppose that M is a module such that 

(i) every nonzero submodule contains a uniform submodule, 

(ii) every local direct summand is a summand, and 

(iii) M is type 2 U-extending. 

Then M is extending. 

In [231 Kamal and Willer proved that if R is a commutative domain and M 

is a torsion-free extending R-module then M=M, ED ... (D M,, for some positive 

integer n, injective R-module M, (possibly zero) and uniform R-modules Mi 

(2 <i< n). We now extend this result to type 1 U-extending modules. First we 

note the following result: 

Lemma 2.2.22 The following statements are equivalent for an R-module M 

with finite uniform dimension: 

(i) M is extending; 

(ii) M is type 1 U-extending; 

(iii) M is type 2 U-extending. 

51 



Proof. Clear. 0 

The next result generalises [23, Theorem 51. 

Theorem 2.2.23 Let R be a commutative domain. Let M be a torsion-free 

type 1 U-extending R-module which contains no nonzero injective submodule. 

Then M has finite uniform dimension. 

Proof. Suppose M =A 0. For each 0 :AMEM, mR R which is a uniform 

R-module. Thus every nonzero submodule of M contains a uniform submodule. 

Obviously R satisfies ACC on ideals of the form r(m) (rn E M). By Proposition 

2.2.18, M is a direct sum of uniform submodules. Suppose that M does not 

have finite uniform dimension. We can suppose without loss of generality that 

M= M1 E) M2 E) M3 ED .... where Mi is a uniform module for each i>1. 

Let i>1. Let 0 54 xE Mi. Then xR L-ýj R and hence E(xR) ý-"- E(R) =F 

where F is the field of fractions of R. Since xR is essential in Mi we can suppose 

that Mi E(xR) and hence, without loss of generality, that RC Mi g F. 

Let 0cER. Define ýp: M --ý F by 

W(Mli ... 1 mn3 01 01 
... 

): -- Ml + C-1 M2 + 
_.. 

+ -(n-1) Mn 

for any positive integer n and elements mi EA (1 <i< n). Clearly ýO is 

an R-homomorphism. Let K be the kernel of W. Then MIK ý--- W(M) is a 

submodule of F, so that MIK is torsion-free and uniform. Thus K is closed in 

M. By Corollary 1.2.13, K is a direct summand of M, say M=K E) K' for 

some submodule K' of M. Note that K' '= MIK so that K' is uniform. Let 

0oxEK'. ThenxEM1(D ... E) Mk. for some positive integer k. Since K'IxR is 

torsion, it follows that K' C M, ED ... (D Mk- 
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Since RC Mk+,, the element m= (0, 
..., 0,1,0,0, E M, where 1 is the 

(k + I)th component. There exist yEK, zE K' such that m=y+z and hence 

(p(m) = W(z). Now z= (zl,..., Zk, 0) 0) ... 
) for some zi EA (I <i< k) and hence 

C-k = (P(Z) = Zl + C-lZ2 + 
... 

+ C-(k- 1)Zk- 

It follows that c-1 = Ck-lZ, +Ck-2 Z2+---+CZk-l+Zk GV= Ml+M2+M3+... 9 F. 

Therefore c-1 EV for all 0 54 cER. Hence F V. 

Define 0: M --4 F by 0(mi, 
---Mni 01 01 ... = MI + --- + Mn for all positive 

integers n and elements mi E Mi (1 <i< n). In viewing the above, it follows 

that 0 is an epimorphism. Let L= kerO. The argument given for K shows that 

M=L ED L' for some submodule L' of M. But L' =ý MIL F, which is an 

injective R-module, a contradiction. Therefore M has finite uniform dimension. 

0 

Theorem 2.2.24 Let R be a commutative domain. Then a torsion-free R- 

module M is extending if and only if M is type 1 U-extending. In this case, M is 

a finite direct sum of injective modules and uniform modules. 

Proof. The necessity is clear. Conversely, suppose that M is type I U- 

extending. There exist an injective submodule M, and a submodule M2 such 

that M=M, () M2 and M2 contains no nonzero injective submodules. By 

Lemma 1.2.7, M2 is type I U-extending and by Theorem 2.2.23 M2 has finite 

uniform dimension. But this implies M2 is extending by Lemma 2.2.22. Finally, 

[20, Theorem 4] gives that M is extending. The last part of the proof follows by 

Proposition 2.2.18.0 
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Theorem 2.2.24 is not true for the case of type 2 U-extending modules. For 

example, if M is a free Z-module of infinite rank then M is type 2 U-extending 

but not extending (see Example 1.2.14), and is not a finite direct sum of injective 

modules and uniform modules. 

2.3 Modules over Dedekind Domains 

We begin this section with the following general result. 

Proposition 2.3.1 Let R be any ring and let M= E)iEjMi be the direct sum 

of nonsingular R-modules Mi(i E I) such that E)jEjMj is type 2 G-extending 

(respectively, type 2 U-extending) for every finite subset J of L Then M is type 2 

G-extending (respectively, type 2U-extending. ) 

Proof. Suppose first that @jEjMj is type 2 9-extending for all finite JC1. 

Let N be a submodule of M= (DjEjMj with NEg. Since N is finitely generated 

and NC (DiEIMi, there exists a finite subset J of I such that NC EDjEjMj- 

Let K be any closure of N in M. Note that, for kEK, k= fmi}, there exists 

E which is essential in RR such that kE CNC EDjEjMj. Then for all iýJ, 

mjE =0 implies mi = 0, because of all A being nonsingular R-modules (i (E I). 

Thus kE @jEjMj and K C- 6)jEJMj. By assumption K is a direct summand of 

EDjEJMj- Consequently, K is a direct summand of (DiElMi = M. Thus M is type 

2 g-extending. 

Now suppose that (DjEJMj is type 2 U-extending for all finite JCI. Let N 

be a submodule of (DiciMi with NEU. Thus u. dim(N) < oo. There exists an 
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essential submodule N' of N, N' finitely generated. Now N' C EDjcjMj for some 

finite subset J of I. Let K be any closure of N in M. Note that N' is essential 

in K and N' finitely generated. By the same argument as above, K C- E)jc-jMj. 

Thus K is a direct summand of E)jc-jMj since EDjEjMj is type 2 U-extending. 

Then K is a direct summand of EDi(=-, Mi. Consequently, M is type 2 U-extending. 

Corollary 2.3.2 Let R be a right nonsingular ring such that every finitely 

generated nonsingular right R-module is projective. Then every free right R- 

module is type 2! 9-cxtcnding. 

ProoL Let M be a free right R-module. Then M= (RR)(") for some set A. 

Since R is a right nonsingular ring, MR is nonsingular. 

Assume that F is any finitely generated free module. Let N be a submodule of 

F and let K be a closure of N in F. Then FIK is finitely generated nonsingular, 

so FIK is a projective module by hypothesis. Thus K is a direct summand of 

F. So F is extending. Then M is type 2 ! 9-extending. 0 

Corollary 2.3.3 Let R be a Pri7fer domain. Then every free R-module is 

type 2 9-extending. 

Proof. Every finitely generated torsion-free R-module is projective by [26, 

Theorem 1]. Apply Corollary 2.3.2.0 

Remark 2.3.4 Let R be a PrEfer domain. Let M be a free R-module. Then 

M is extending if and only if M is finitely generated. 
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Proof. The necessity follows by Theorem 2.2.23. Conversely, let K be a 

closed submodule of the finitely generated free R-module M. Then MIK is 

finitely generated torsion-free and hence projective. Thus K is a direct summand 

of M. 0 

Proposition 2.3.5 Let R be a Dedekind domain and let M be a torsion R- 

module. Then the following statements are equivalent: 

(i) M is extending; 

(h) M is type 2 C-extending; 

(iii) M is type 2 C, -extending and M is a direct sum of uniform modules. 

Proof. (i) #ý, (ii). Note that CCTC C'. Apply Lemma 1.2.2 and Proposi- 

tion 1.3.2. 

(i) ==ý. (iii). Clearly M is type 2 Cl-extending. Any Dedekind domain is a 

Noetherian domain. Then M is direct sum of uniform modules by Corollary 

2.2.19. 

(iii) #ý- (i). Now let M be a type 2 Ci-extending module such that 

M= EDic,, Mi with Mi uniform for every iE1. Let UR be a uniform module. Let 

P=IrER: ur=O forsome O: AuEU} 

Then P -Ip R and P is the associated prime ideal. Also there exist 0 :AvEU 

such that vP = 0. Now 

UC E(RIP). 

'- E(RIP) or U ý- > 1. Note Since R is a Dedekind domain, U RIP' for some n- 

that there exist an index set A, independent submodules N, \ (A E A) of M and 

distinct prime ideals P, \ (A E A) of R such that 
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(') Mý EDAEANAi 

(ii) for every AEA and mEN. X, there exist n>I such that PX'm =0 (i. e 

M(PA) = Nx), and 

(iii) for every AEA., NA = E)iEI(. \)Mi for some non-empty subset I(A) of 1. 

If i0iEI, then Mi (D Mj is type 2 Cl-extending and hence type 2 A- 

extending (Proposition 2.2.3). Since Mi and Mj are both uniform, Mi ED Mi is 

extending. By [24, Corollary 23) M is extending. 0 

Question 2.3.6 Suppose that X is any class of R-modules and an R-module 

ME Xe. If M is type 2 X-extending, is Ma direct sum of uniform modules? 

2.4 Countably generated or projective Modules 

Theorem 2.4.1 Let R be any ring and let M be a countably generated type 

2 91-extending R-module. Then M=M, e M2 ED M3 Eý ... where each Mi has a 

cyclic essential submodule. 

ProoL Let M= mjR + In2R + M3R + .... There exists a closed submodule 

K, in M such that mjR is essential in If,. Then K", is a direct summand of M 

since M is type 2 91-extending. Thus M= K", ED K, for some submodule K"I. 

Note that M2 = 
k2 + k' for some k2 (E ICI, k' E IICI'. 22 

Now there exists a closed submodule IC2 of IC1' such that MR is essential in 2 

IC2. Next K2 is closed in M (Lemma 1.2.4) and hence K2 is a direct summand 

of M. Thus K2 is a direct summand of K,. Therefore K, ' = K2 E) IC2' for some 
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submodule 
K2' 

of "Cl, M= KI (DK2 ýDlf2 and mjR +M2R C K, ED K2. Take 

' for some k-3 E Klý 13 G If2i I' E K2- M3 ý k3 +13 +13 
3 

Now there exists a closed submodule K3 of K2' such that PR is essential in 3 

K3 and IC3 is a direct summand of If2' by the same argument as above. 

By repeating this argument, for every n>I we have 

M=K, (D ... (D & 0) K,, and m, R + M2R +... + m,, R C Ifi (1) ... (D IC,,. Thus 

M= mjR + rn2R 
C Ifl+If2+lf3+---CM 

Also IC, + K2 + K3 + ... is a direct sum. Then M= Ki ED K2 ED K3 ED ... and 

moreover for every n>1, If,, has a cyclic essential submodule. 0 

Corollary 2.4.2 Let R be any ring and let M be a projective type 2 ! 9- 

extending R-module. Then M is a direct sum of modules with cyclic essential 

submodule. 

ProoL By Proposition 2.4.1 and [1, Corollary 26.2). 0 

Corollary 2.4.3 Let R be a right Noetherian ring and let M be a tYPe 2 U- 

extending R-module which is either countably generated or projective. Then M is 

a direct sum of uniform modules. 

Proof. For right Noetherian rings, any type 2 U-extending module is type 

2 9-extending, so type 2 91-extending. By Theorem 2.4.1 and Corollary 2.4.2, 

M ý-- E)AEAMA, where M, \ has a cyclic essential submodule for every AEA. Let 

A C- A; then there exist mE M, \ such that mR is essential in M, \. Since rnR is 

Noetherian, M, \ is type 2 U-extending with finite uniform dimension. Thus M, \ 

is a finite direct sum of uniform submodules. Hence M is a direct sum of uniform 

submodules. 0 
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Chapter 3 

INJECTIVE MODULES 

RELATIVE TO MODULE 

CLASSES 

For any prime p, the Z-module (Z/Zp) E) (Z/Zp3) is not extending because the 

submodule K=Z (I + Zp, p+ Zp') is closed, but cannot be a direct summand, 

since it has order p'. There has been a lot of interest in recent years in determining 

under which conditions a direct sum of extending modules is extending (see, for 

example [5,17,20,23,24,25,28,38,51]). Also note that (Z/Zpl) is (Z/Zp)- 

injective but (Z/Zp) is not (Z/Zp3)-injective. In this chapter we investigate 

relative injectivity with respect not only to modules but also module classes. In 

section 3.1 for a module M and a class X of R-modules we define what we mean 

by an (M, X)-injective module and give some basic properties. In section 3.2 

we give two different characterisations of when a module is (M, X)-injective. In 
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section 3.3, we investigate what happens when X is a particular class of modules, 

for example X =! 9i. 

3.1- X-injective Modules 

The definition of M-injective module has been given in Chapter 1. Let R be a 

ring with identity. Recall that all modules are unital right R-modules. Let X be 

a class of R-modules. Let U, M be R-modules. We say that U is (M, X)-injective 

if for every X-submodule L of M, every homomorphism W: L ---+ U can be lifted 

to M, i. e. there exists a homomorphism 0: M --ý U such that O(x) = W(x) for 

all xEL. Thus U is (M, M)-injective if and only if U is M-injective. On the 

other hand, every R-module U is (M, l)-injective for any module M. 

Lemma 3.1.1 Let X be a class of R-modules and let U, M be R-modules. 

Then U is (M, X)-injective if and only if given any X-module N and diagram 

0 N a M 

with exact row, there exists a homomorphism 0: M --4 U such that Oa =, 8. 

Proof. The sufficiency part is clear. 

Conversely, consider the diagram: 

a(N) 
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where y: N --ý a(N) is given by p(x) = a(x) (x E N) and t: a(N) ---+ M is 

inclusion. Note that p is an isomorphism and a= tp. Let W =, 6p-1 : a(N) 

U. By hypothesis, there exist a homornorphism 0: M --ý U such that Ot 

Thus 8= ýop = OtIL = Oa, as required. 0 

Lemma 3.1.2 Let X be a class of R-modules and let U, M be R-modules SUch 

that U is (M, X)-injective, Then U is (N, X)-injective for any submodule N of 

M. 

ProoL Clear. 0 

Lemma 3.1.3 Let M, and M2 be R-modules, let M=M, E) M2 and let N be 

a submodule of M. Then (N + m, ) n m, 7r2(N) where 71-2 :M --ý M2 is the 

canonical projection. 

ProoL Let yE 7r2(N). Then there exists xEN such that y= 7-12(X), Le 

x-y E MI. Now y= X-(X-Y) E (N+M, )nM2. Thus 7-12(N) 9 (N+m, )nm,. 
Conversely, let uE (N +mý) nM2. Then u=v+w for some vEN, w Cz MI, 

and hence 

U" 71-2 (U) 
---: IT2 

(V + W) : -- 72 (V) +0E 72 (N). 

Thus (N + mý) n m2 9 7r2(N). It follows that 7r2(N) = (N + m, ) n m2. Ei 

Proposition 3.1.4 Let X be a class of R-modules which is closed under sub- 

modules and factor modules and let Mi (i E I) be R-modules. Then an R-module 

U is (EDjMj, X)-injective if and only if U is (Mi, X)-injective for all iEI. 
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Proof. The necessity is clear by Lemma 3.1.2. Conversely, suppose that 

U is (Mi, X)-injective for all iE1. Let L be an X-submodule of M= (DIA 

and let ýp :L --+ U be a homomorphism. Let iEI. Since X is closed under 

submodules ,Ln Mi is an X-submodule of Mi. By hypothesis the homomorphism 

WILnAfi :Ln Mi ---ý U lifts to Mi. There exists 8i : Mi ---+ U such that 

fli(x) = ýp(x) (x ELn Mi). Define Oi :L+ Mi -4 U by Oi(x + m) = W(x) +, 8i(m) 

for all xEL, mE Mi. To check that Oi is well-defined, suppose that xEL, 

mE Mi and x+m=0. Then x= -m ELn Mi and hence 

Oi(x + m) = Kx) + ßi(m) == ýp(X) - AM = 
Thus Oi is well-defined. Moreover Oi is a homomorphism, and for all x C- L, 

Oi(x) = ýo(x). Thus W can be lifted to L+ Mi. 

By Zorn's Lemma there exists a maximal subset J of I such that W can be 

lifted to L+ (EqjMj). Suppose that M -ý4 L+ (E)jMj). There exists kEI-J 

such that Mk ZL+ (EDjMj). 

Let M' = EDjMj and let 01 :L+ M' ---ý U be a homomorphism such that 

Oj(x) = ýo(x) for all xEL. Let W= (Di, ýkMi and let i-r :M --ý MA, be the 

canonical projection with kernel W. Then Lemma 3.1.3 gives that 

7-, (L) = (L + W) f) M;... Hence (L +w) n m, EX and hence the submodule 

(L + MI) n Alk X. By hypothesis, there exists a homomorphism y: Mk --4 U 

such that lt(x) Oj(x) for all xE (L + M) n Alk. Now define 

0': L+ «(DiMj) (D Mk) ----> 

by 0'(x + y) = Oj(x) + p(y) for all xEL+ ((DjMj), yE Mk. By the above 

argument 0' is well-defined. Clearly 0' is a homomorphism and, for all xEL, 

0'(x) = Oj(x) = ýO(X)- 
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Thus ýp can be lifted to L+f ((DjMj) E) Mk}, contradicting the choice of J. It 

follows that M=L+ (ý)jMi). Therefore U is ((DiMi, X)-injective. 0 

Corollary 3.1.5 Let IMi}j be any collection of R-modules. Then an R- 

module N is (ENEIMi)-injective if and only if N is Mi-injective for every iGI. 

ProoL Take X=M in Proposition 3.1.4.0 

Proposition 3.1.6 Let X be any class of R-modules and let M, Ui (i E I) be 

R-modules. Then the direct product rlj Uj is (M, X)-injective if and only if Uj is 

(M, X) -injective for all iEI. 

Proof. For the necessity, let jEI. Let K be any X-submodule of M and 

consider 
K 

wt 

Uj 

it 
III ui 

where i. denotes inclusion. By hypothesis there exists a homornorphism 

0: M --ý rl, Ui such that tW = Ot. Let 7rj : 11, Ui --ý Uj denote the canonical 

projection. Then 7rjO :M ---+ Uj is a homornorphism and 7rjO(x) = 7rjtw(x) 

ýp(x) for all xEK. It follows that Uj is (M, X)-injective. 

Conversely, suppose that Uj is (M, X)-injective for all iEI. Let L be any 

X-submodule of M and let a: L --ý 11, Ui be a homomorphism. For each iE1, 

xja :L --ý Uj is a homomorphism and hence there exists a homomorphism, 6i 
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M -+ Uj such that, 6j(x) = 7rja(x) for all xEL. Now define, 8: M --ý rl I Ui 

by, 8(m) = foi(m)l (m E M). Clearly, 6 is a homomorphism and 

P(X) = ffli(X)} = f7ria(X)l = a(x) 

for all x (2 L. Thus 0 : -- 0 JL- It follows that 11, Ui is (M, X)-injective. El 

Let X be any class of R-modules. Let M be an R-module and let N be a 

submodule, of M. Let X(MIN) denote the class of R-modules A such that A=0 

or A KIN for some X-submodule K of M with NCK. 

Lemma 3.1.7 Let X be any class of R-modules, let M be an R-module and 

let U be an (M, X)-injective R-module. Then U is (MIN, X(MIN))-injective for 

every submodule N of M. 

ProoL Let K be an X-submodule of M with NCK and let ýo: KIN --4 U 

be a homomorphism. Consider the diagram, 

0KM 

irt -t 

0 KIN MIN 

(Pt 

u 

where t denotes inclusion and 7r projection. ' By hypothesis there exists a homo- 

morphism 0' :M --4 U such that ýpri = Wt. For any x N, 0'(x) = W7r (x) = 0, 

so NC kerO' and hence 0' induces a homomorphism 0 MIN --4 U such that 

O(x + N) = 0'(x) = W(x + N) for all xEK. Thus ýO = OIKIN. By Lemma 3.1.1 

the result follows. 0 

64 



Corollary 3.1.8 Let X be a class of R-modules which is closed under exten- 

sions. Let M be an R-module and let U be an (M, X)-injective R-module. Then 

U is (MIN, X)-injective for every X-submodule N of M. 

Proof. Let Tý' be any X-submodulc of MIN. Then T<' = KIN for some 

submodule K of M containing N. Since N and KIN both belong to X, it 

follows that K C- X. Thus Tý' E X(MIN). The result now follows by Lemma 

0 

By a Serre class of R-modules we mean a class which is closed under submod- 

ules, factor modules and extensions. It is easy to check that X is a Serre class of 

R-modules if and only if for every exact sequence of R-modules 

mil ) 

we have MEX if and only if M' EX and M" E X. For example, A(, A and T 

are all Serre classes. 

Corollary 3.1.9 Let X be any Serre class of R-modules, let M be an R- 

module with submodules Mi (i E I) such that M=E, Mi and M -ý-- (EDMi)IN 

for some X-submodule N of EDIMj. Then an R-module U is (M, X)-injective if 

and only if U is (Mi, X)-injective for all iEI. 

ProoL By Lemma 3.1.2, Proposition 3.1.4 and Corollary 3.1.8.0 

Theorem 3.1.10 Let X be any Serre class of R-modules, let M, U be R- 

modules and let N be an X-submodule of M. Then U is (M, X)-injective if and 

only if 
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(i) U is (N, X) -injective, 
(ii) U is (MIN, X) -injective, 
(iii) every homomorphism W: N --ý U lifts to M. 

Proof. The necessity follows by Lemmas 3.1.1,3.1.2 and Corollary 3.1.8. 

Conversely, suppose that (i), (ii), (iii) all hold. Let K be any X-submodule 

of M and let ýo :K ---+ U be a homomorphism. Then KnNEX and hence 

there exists a homomorphism a: N ---ý U such that ýP I KnN : --: aI KnN by (i). By 

(iii), a can be lifted to, 6: M -4 U. Let p : -- (ýP -, 3)IK. Then y: K ---+ U and 

[t(K n N) = 0. Define A: (K + N)IN --ý U by A(k + N) = y(k) (k E K). Since 

y(K n N) =0 it follows that A is well-defined and clearly A is a homomorphism. 

Also (K + N)IN ý-- KI(K n N) EX so that A lifts to a homomorphism S: 

MIN --ý U by (ii). Let 7r :M --ý MIN denote the projection mapping and let 

0=6+ J7-1. Then 0: M ---ý U is a homomorphism and for all kE KI 

O(k) = fl(k) + J(k + N) = W(k) - y(k) + ji(k) = ýo(k). 

Thus W : --: 
OJK- It follows that U is (M, X)-injective. 0 

Note In Theorem 3.1-10, the necessity requires that X be closed under ex- 

tensions and the sufficiency holds if X is closed under submodules and factor 

modules. 

Proposition 3.1.11 Let U, M be R-modules such that M is locally Noethe- 

rian. Then U is M-injective if and only if U is (M, g)-injective. 

ProoL The necessity is clear. Conversely, suppose that U is (M, 9)-injective. 

Let mEM. Then U is (mR, g)-injective by Lemma 3.1.2. Since mR is Noethe- 

rian it follows that U is mR-injective. Let M' = ED,,, EAlmR. By Corollary 3.1.5, 
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U is M-injective. Finally, Lemma 3.1.7 gives that U is M-injective since M is a 

homomorphic image of M'. 0 

Let X be any class of R-modules. An R-module M is called X-noetherian if 

every ascending chain of X-submodules terminates, i. e. given 

K2 
3C 

with K"i an X-submodule of M for each i>1, there exists a positive integer n 

such that lfý = If,, +, = Ifn+2 = .... A module M is locally X-noetherian if every 

finitely generated submodule is X-noetherian. 

Lemma 3.1.12 Let X be any class of R-modules which is closed under sub- 

modules. If M is locally X-noetherian then for each rn E M, every X-submodulc 

of mR is finitely generated. 

Proof. Let mEM and let K be an X-submodule of mR. Let K, 

K2 < K3 < ... 
be any ascending chain of finitely generated submodules of K. 

Since X is closed under submodules we have Ki EX for all i>I and hence 

Ifn == Ifn+1 -= Kn+2 = ... for some positive integer n. It follows that K is finitely 

generated. 0 

Note that, the converse of Lemma 3.1.12 is not true in general because of the 

following example. 

KVav 
Example 3.1.13 Let R= : aEK, vEV where 

-0K0aI K is a field and V an infinite dinlensioný-I vector-space over K. R is a commuta- 

tive ring. 
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Let VI, V2) V3ý ... 
be an infinite set 

.f 
linearly independent elements of V. Then 

0 Kv, 
C0 

Kv, + KV2 
C0 

Kv, + KV2 + KV3 

#: 7-1 R 
000000 

is an- ascending chain of Noetherian subm(; dules of the cyclic R-module R. Thus 

R is not locally Ar-noetherian. 

3.2 Further Characterizations of X-injective Mod- 

ules 

Lemma 1.2.8 can be generalized with respect to R-module classes in the following 

way. 

Lemma 3.2.1 Let X be any R-module class. Let a module M= ME)M2 be a 

direct sum of submodules MI, M2. Then the following statements are equivalent: 
(i) M2 is (Mi, X)-injective; 

(ii) for every X-submodule N of M with Nnm, = o, there exists a submodule 

M' of M such that M= M'E) M2 and NC M'. 

Proof. (i) =ý- (ii). For i=1,2, let 7, ri :M --4 Mi denote the projection 

mapping. Let N be any X-submodule of M with Nn m2 = o. Consider the 

following diagram 
N M, exact 

ot 
M2 
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where Ct ` 771 IN) 8 : -- '72 
IN. By (i), there exists a homornorphism 0: M, -+ 

M2 

such that Oa = fl. Let M' =fx+ O(x) :xE Mi I- It can easily be checked that 

M'is a submodule of M, m, n m, = o, M= M'(D M2 
and NC M'. 

(ii) =: ý. (i). Let N be an X-submodule of M, and W: N ---+ M2 be a ho- 

momorphism. Let L= in - ýp(n) :nE N}. Then L is a submodule of M and 

Lnm, 0. Also LEX because L N. 
ý 

By hypothesis M= L'(D M2 for some 

submodule L' of M such that LC L'. Let 7r :M --4 M2 denote the canonical 

projection for the direct sum M= L' (D M2. Then X: 7rlN, ý : M, -+ M2 is a 

homomorphism and for any n C- N, X(n) = 7-, (n - ýp(n) + W(n)) = V(n). It follows 

that X lifts ýp to Mi. Thus M2 is (M1, X)-injective. 0 

Theorem 3.2.2 Let X be a Serre class of R-modules. Then the following 

statements are equivalent for any R-module M., 

(i) U is (M, X)-injective; 

(ii) for every KEX, every X-submodule N of M, and all monomorphisms 

ýp: K --ý MIN and a: K --ý U, there exists a homomorphism 0: MIN -+ U 

such that Oýp = a. 

Proof. (i) =* (ii). Let KEX and N be a submodule of M with NEX. 

Consider the diagram 

0 

t 
0KU exact 

wt 

MIN 

exact 
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Let L be the submodule of M containing N with LIN = W(K). Then W: K --+ 
LIN is an isomorphism. Notice that NEX and LIN EX so L C- X because X 

is closed under extensions. Consider the following diagram 

0LM 
7r 

t-t 

0K LIN MIN 
at 

U where /, denotes inclusion and 7r projection. By hypothesis, there exists a homo- 

morphism, 8 :M --ý U such that 6t. = aw-17r. Now 7r(N) =0 so that P(N) =0 

and hence, 8 induces a homornorphism 0: MIN ---ý U given by 0(m+N) =, 8(m) 

(m E M). 

Let xCK. Then W(x) =y+N for some y C- L and 

Oýp(x) = O(y + N) = P(y) = aýo-'7r(y) = aW-'(y + N) = a(x). 

Thus Oýo = a. 

(ii) =: ý (i). Let K be any X-submodule of M and W: K -+ M any horno- 

morphism. Consider 

exact 

Now consider 0 

0 Klkerýo U exact 

tt 
Mlkerýp 

exact 
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where iT is the induced monomorphism. Note that, because X is closed under 

submodules and factor modules, KEX gives kerýo EX and KlkerW E X. By 

hypothesis there exists 3: Mlkerýo --4 U such that 8t = iý5. Let 7r :M --ý 
MIkerW be the canonical projection. Then, 87r: M --4 U. Let xEK. Then 

, 67r(x) = P(x + kerýp) =, 8t(x + kerW) = iý5(x + kerýo) = W(x). 

Thus 6-r. (x) = w(x) for all xEK. It follows that U is (M, X)-injective. 0 

3.3 Injective Modules relative to Different Classes 

What happens when U is (M, X)-injective and Y is some other class of modules. 

Is U also (M, Y)-injective? The first result is obvious. 

Lemma 3.3.1 Let U, M be R-modules such that U is (M, X)-injective for 

some class X of R-modules. Then U is (M, Y)-injective for any class Y9X. 

Note that if X is a class of R-modules and U is (M,; Ve )-injective then U is 

(M, X)-injective by Lemma 3.3.1 because XC X'. The converse holds true if U 

is nonsingular. 

Proposition 3.3.2 Let U, M be R-modules such that U is nonsingular and X 

be a class of R-modules. Then U is (M, X)-injective if and only if U is (M, Xe)- 

injective. 
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Proof. Sufficiency is clear by Lemma 3.3.1. Conversely, let N be any 

submodule of M and let V: N --ý U be a homomorphism. There exists an 

essential submodule L of N such that LEX. Now ýpjj ,: L -+ U is a ho- 

momorpbism and hence there exists a homomorphism 0: M ---ý U such that 

O(m) =z V(m) for all m Cz L. Let nEN. There exists an essential right ideal E 

of R such that nE C L. Let eEE. Then 

(0 (n) - ýp (n)) e=0 (n) e- ýp (n) e 

= O(ne) - W(ne) = 0. 

Thus [O(n) - ýo(n)]E = 0. Because U is nonsingular, O(n) = W(n). It follows 

that ýo = OlIv. Thus U is (M, X")-injective. 0 

Proposition 3.3.2 fails in general if U is not nonsingular. In order to produce 

an example we first consider divisible modules. Let R be a (not necessarily 

commutative) domain. An R-module U is called divisible if U= Uc =f uc :uE 

U} for all 00cER. 

Lemma 3.3.3 Let R be a domain. Then an R-module U is divisible if and 

only if U is (RR, gi)-injective. 

Proof. Suppose first that U is divisible. Let 0 =A cER and let ýo : cR -4 U 

be a homomorphism. There exists UEU such that ýp(c) = uc. Define 0: R --4 U 

by O(r) = ur (r C- R). Then ýp = 01,: R. It follows that U is (RR, gi)-injective. 

Conversely, suppose that U is (RR, 9j)-injective. Let 0 :AdER and let VEU. 

Define a: dR --+ U by a(ds) == vs (8 E R). Then a is a homomorphism and 

hence a lifts to a homomorphism fl: R -+ U. Now v= a(d) =, O(d) = P(I)d E 

Ud. It follows that U= Ud. Hence U is divisible. 0 
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Lemma 3.3.4 Let R be a right 6re domain. Then an R-module U is injective 

if and only if U is (RR, GO-injective. 

Proof. The necessity is clear. Conversely, suppose that U is (RR, g, e)- 

injective. Let E be any nonzero right ideal of R. Let 0 :ýcEE. Then eR 

is an essential submodule of the R-module E. Thus EE ! 91. By Baer's Lemma 

it follows that U is injective. 0 

Lemma 3.3.5 A commutative domain R is Dedekind if and only if every 

(RR, 9l)-injective R-module is (RR, gl)-injective. 

Proof. By Lemma 3.3.3 and 3.3.4, every (RRigi)-injective R-module is 

(RR,! 91)-injective if and only if every divisible R-module is injective. Apply 

[45, Theorem 2.8] to complete the proof. D 

Recall that if X is a class of R-modules then X+ denotes the class of R- 

modules each of which is a sum of a finite number of X-submodules. In particular, 

g= gl+. Now we show that if U is (M, X)-injective then U need not be (M, X+)- 

injective. 

Proposition 3.3.6 Let R be a commutative Noetherian domain. Then R is 

Dedekind if and only if every (RR, 91) -injective R-module is (RR, 91+) -iniCCtiVC- 

Proof. In Lemma 3.3.3 we saw that the (RR,! 91)-injective R-module are 

precisely the divisible R-modules. Because g= 91 and R is Noetherian, the 

(RR) 91+)-injective R-modules are precisely the injective R-modules. Again we 

apply [45, Theorem 2.8] to complete the prooL 0 
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It is well known that an R-module M is quasi-injective if and only if O(M) 

M for every endomorphism 0 of E(M). The module M is called quasi-continuous 

if O(M) 9M for every idempotent endomorphism 0 of E(M). Quasi-continuous 

modules form an important class of modules which have been extensively studied 

in recent years (see, for example, [5], [48]). In particular, in [5,2.101 or [28, 

Theorem 2.. 8] we find the following result. 

Proposition 3.3.7 The following statements are equivalent for a module M: 

(i) M is quasi-continuous; 

(ii) For all submodules NI, N2 with N, n N2 =0 there exist submodules MI, 

M2 such that M=M, E) M2 and Ni g Mi (i = 1,2); 

(iii) For any family of independent submodules Ni (i E I) of M there exist 

independent submodules Mi (i E I) such that M= EDiEIMj and Ni 9 Mi for all 

iEI; 

(iv) (a) For any submodulc N of M there exists a direct summand K of M such 

that N is essential in K, and 

(b) for all direct summands K, L of M with KnL=0 the submodule K ED L 

is also a direct summand of M. 

Note that, in particular, Proposition 3.3.7 gives that quasi-continuous modules 

are extending. 

Now we do have a positive result for quasi-continuous modules. 

Proposition 3.3.8 Let Xi (i E I) be classes of R-modules. Let U, M be R- 

modules such that M is quasi-continuous. Then U is (M, ED, Xi)-injective if and 

only if U is (M, Xi)-injective for all iGI. 
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Proof. The necessity follows by Lemma 3.3.1. Conversely, suppose that 

U is (M, Xi)-injective for all iE1. Let L be a (EDIXi)-submodule of M and 

let W: L --ý U be a homomorphism. There exist independent Xi-submodules 

Li (i E I) such that L &, Li. By Proposition 3.3.7, M= E)jMj for some 

submodules Mi with Li Mi (i E I). Since U is (M, Xi)-injective and hence 

(Mi, Xi)-injective (Lemma 3.1.2), it follows that there exists a homomorphism 

Oi Mi --ý U such that ý01L, = OjjLj. Define 0: M --4 U as follows: for each 

rn M, m=E, mi where mi EA (i E I) and at most a finite number of mi 

are nonzero, so we define O(m) = E, Oi(mi). It is clear that 0 is a homomorphism 

and W ; -- OIL- It follows that U is (M, E)iXi)-injective. 0 

We do not know in general whether for given R-modules U and M such that 

U is (M, Xj)-injective for some finite collection Xi (1 <i< n) of classes of 

R-modules, then U is (M, X, ED ... E) X,, )-injective. 
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Chapter 4 

QUASI- CONTINUOUS 

MODULES RELATIVE TO 

MODULE CLASSES 

Quasi-injective modules are quasi-continuous and it is not hard to prove that 

direct summands of quasi-continuous modules are quasi-continuous. Since quasi- 

continuous modules are example of extending modules, we now study quasi- 

continuous modules. This concept leads us to study quasi-continuous modules 

with respect to R-module classes. In this chapter, we investigate modules M 

with the property that for each submodule N, in some given class X of modules 

and submodule N2 with N, n N2 =0 there exist submodules MI, M2 of M such 

that M=M, (D M2 and Ni 9 Mi (i = 1,2). Moreover the properties we obtain 

are essentially self-contained. 

One motivation for this investigation is the following simple observation. Let 
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R be a ring which is not right Noetherian. Then there exist injective R-modules 

U,, (n > 1) such that the module M= (D,, >, U,, is not injective. In fact, it may 

turn out to be the case that M is not even quasi-continuous (see [28, Proposition 

2.101). Let N be a finitely generated submodule and let L be a submodule of 

M such that NnL=0. There exists a positive integer k such that NC 

kk (Dn=l Un. Now EDn=l Un is an injective module. Let N' denote the injective hull of 

k N contained in (D,, =, 
U,,. Then N' is inj ective and hence M= N' E) N" for some 

submodule N" of M. Since N is essential in N', it follows that N'() L=0. Recall 

that, Lemma 1.2.8 gives the existence of a submodule L' of M= E)n>, U,, such 

that M= N'ED L, NC N' and LC L'. Thus property (ii) of Proposition 3.3.7 

holds for this particular module M in case N, or N2 is finitely generated although 

it does not hold for general submodules N1, N2. This leads us to consider (ii) for 

a restricted class of submodules of M. 

4.1 (Cl)x, (C2)x, (C3)x Conditions 

Let X be any R-module class. We consider the following conditions: 

(Cl)x: Every X-submodule is essential in a direct summand. 

(C2)x: If an X-submodule A of M is isomorphic to a direct summand of M, 

then A is a direct summand of M. 

(C3)x: Let AEX and X be a direct summand of M, if A is a direct summand 

of M and Anx=o, then A (D X is also a direct summand of M. 
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A module M is called weak type 2 X-extending, X-continuous, X-quasi- 

continuous, respectively, if it satisfies condition (CI)x, conditions (CI)x and 

(C2)x, conditions (CI)x and (C3)x. 

Lemma 4.1.1 If M satisfies condition (Ci)x for (i = 2,3), then every direct 

summand of M also satisfies it. 

Proof. Suppose that M-M, (D M2 for some submodules Mi, M2. Suppose 

that M satisfies (C2)x. Let A be any X-submodule of M, which is isomorphic 

to a direct summand X of Mi. Since X is a direct summand of M, A is a direct 

summand of M because M satisfies (C2)x. Thus M= AE)A'for some submodule 

A'. Then M, = MI n (A (D A') =A ED (MI n A') by the Modular Law, i. e., A is a 

direct summand of Mi. Then MI satisfies (C2)x. 

Now suppose that M satisfies (C3)x. Let Ai EX and X, be a direct summand 

of MI. Also let A, be a direct summand of M, such that A, n x, = o. Since A, 

and X, are both direct summands of M and A, f) X, = 0, by hypothesis A, (D X, 

is a direct summand of M. Then M=A, (D X, E) T for some submodule T of 

M. Thus M, = M, n (A, ED X, E) T) = A, 0) X, (D (Ml n T) by the Modular Law. 

Then M, satisfies (C3)x. 0 

Lemma 4.1.2 If a module satisfies condition (C2)x, then it satisfies condi- 

tion (C3)x. 

Proof. Assume that the module M satisfies (C2)x. Let both M, and M2 be 

direct summands of M with M2 an X-submodule such that M, n M2 = 0. Then 

M=M, ED M, for some submodule M,. Let 7r denote the canonical projection 

such that 7r : M, ED M1' ---+ M1'. Then M, Ef) M2 = M, ED 7r(M2). Since 7rJAI-2 is 

78 



monomorphism M2 7r(AI2) and 7r(M2) E X. By assumption, -F, (M2) is a direct 

summand of M. Also 7r(M2) 9 M1'. Thus 7r(M2) is a direct summand of M1'. 

Then M, E) M2 = M, (D 7r(M2) is a direct summand of M, (D Mj' = M, i. e. M 

satisfies (C3)x. 0 

Note that, 

X-continuous =* X-quasi-continuous ==> weak type 2 X-extending. 

Lernrna 4.1.3 The following statements are equivalent for a module M. 

(i) M satisfies (C3)x; 

(H) For all summands P, Q of M such that PEX and PnQ=o, there exists 

a submodule P of M such that M=P G) P and QC P'. 

Proof. (i) =* (ii). Let P and Q be direct summands of M such that PEX 

with QnP=0. Then by hypothesis Q (D P is a direct summand of M. Hence 

M=P ED Q ED Q" for some submodule Q" of M. Thus P=Q E) Q" has the 

requisite properties. 

(ii) =: ý. (i). Let K and L be direct summands of M such that KEX and 

KnL=0. There exists a submodule K' of M such that M=K ED K' and 

LCK. But M=L E) L' for somc submodule L'. Hencc K' =L E) (K, n L). 

Thus M=K (D L E) (KI n L'). Then M satisfies (C3)x. 0 

Proposition 4.1.4 Let X be an essentially closed R-module class. A weak 

type 2 X-extending module M is X-quasi-continuous if and only if whenever M= 

M, ED M2 is a direct sum of submodules MI, M2, then M2 is (Ml, X)-injective. 

ProoL Suppose first that M is X-quasi- continuous. Suppose M=M, E) M2. 

Let N be an X-submoudule of M with Nnm, = o. Since M is weak type 2 

79 



X-extending, there exists a direct summand N' of M such that N is essential in 

N'. Clearly N, n m, = 0. Because X is essentially closed, N' E X. By Lemma 

4.1.3, M= M' ED M2 for some submodule M' of M such that N' C AV. Note 

that NC M'. By Lemma 3.2.1, M2 is (MI, X)-injective. 

Conversely, suppose that M2 is (MI, X)-injective whenever M= Mi (D M2. 

By Lemma 3.2.1 and 4.1.3, M satisfies (C3)x. 0 

4.2 A Special Property 

Given a class X of R-modules we say that an R-module M satisfies property 

Q(X) ("Q" for quasi- continuous) if for each X-submodule N and submodule L 

of M with NnL=0 there exist submodules N', L' such that M= N' ED L', 

NC N' and LC L'. For example, our above discussion shows that any direct 

sum of injective modules satisfies %9), where 9 is the class of finitely generated 

modules. Two extremes are given in the next result. 

Proposition 4.2.1 (i) An R-module M is quasi-continuous if and only if M 

satisfies Q(M). 

(ii) Every R-module satisfies Q(I). 

Proof. (i) Clear by Proposition 3.3.7. 

(ii) Let M be any R-module. Let N be an injective submodule and L be a 

submodule of M such that NnL=0. Then M=N E) N' for some submodule 

N' of M. Because N is N'-injective, Lemma 1.2.8 applies to give a submodule 

L' of M such that M=N E) L' and LCL. Thus M satisfies Q (1). 0 
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Now we make three elementary introductory observations. The first is the 

following: 

Lemma 4.2.2 Let X be any class of R-modules and let M be an R-module 

which satisfies Q(X). Then any direct summand of M satisfies Q(X). 

Proof. Suppose that M, and M2 are submodules of M such that M= 

M, CD M2. Let N be an X-submodule of M, and let L be a submodule of M, 

such that NnL=0. Consider the submodules N and L ED M2 of M. By 

hypothesis, there exist submodules N' and L' of M such that M= N' ED L', 

NC N' and L (D M2 C L'. Hence L' = L' n (MI ED M2) = M2 (D (LI n Mj), 

M= N'ED L' = N'(D (LI n MI) ED M2 and M, = (LI n MI) (D [(N'+ m2) n mil. 

Note that NC N' n M, 9 (N+ m2) n M, and LC L' n MI. Thus M, satisfies 

Q(X). 0 

Our second elementary observation is the following: 

Lemma 4.2.3 Let X be any class of R-modules, let U be an X-module and 

let M be any R-module such that the R-module U ED M satisfies Q(X). Then U 

is M-injective. 

Proof. Let L be any submodule of the module X=U ED M such that 

U r) L=0. There exist submodules N' and L' of X such that X= N' ED L) 

UC N' and LC L'. Clearly N' =U E) (NI n M) and X=U (D U' where 

Ul = (NI n M) E) L. Note that LC U'. By Lemma 1.2.8, U is M-injective. El 

Our third observation is as follows: 
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Lernma 4.2.4 Let X be any class of R-modules and let M be an R-module 

which satisfies Q(X). Let N be any X-submodulc of M and L be any complement 

of N in M. Then M= N'ED L for some closure N' of N in M. 

Proof. Since NnL=0, it follows that M= N'(D L' for some submodules 

N') L' such that NC N' and LC L'. But VnN=0 gives L= L'. Moreover, 

N E) L essential in M gives N= (N E) L) n N' essential in N'. Clearly N' is closed 

in M, so that N' is a closure of N in M. 0 

For an essentially closed class X we have the following corollary: 

Corollary 4.2.5 Let X be any essentially closed class of R-modules and let 

M be an R-module which satisfies Q(X). Let N be an X-submodule of M. Then 

N'ED L'for any closure N' of N and complement L' of N in M. 

For any R-module class X, a collection jMj :iE II of R-modules will be 

called relatively X-injective if Mi is (Mj, X)-injective for every i0j (i, jE 1). 

A module M is called X-quasi-injective if M is (M, X)-injective, Le for every 

X-submodule K of M, every W: K --4 M lifts to M. 

Lemma 4.2.6 Suppose that X is any class of R-modules. Let M=M, E) M2 

be a direct sum of submodules such that M has property Q(X). Then M, and M2 

are relatively X-injective. 

Proof. Let N be any X-submodule of M with Nnm, = 0. By hypothesis, 

there exists submodules M, M" of M such that M= MI 6) M") NC M' and 
A12C M". Then M" = 

M2 E) (All' n Mj), so that 

[MI E3 (M" n Mi)] (f) M2 
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and NCm, e (mll n MO. By Lemma 3.2.1, M2 is (Mi, X)-injective. Similarly, 

Mi is (AI2, X)-injective. El 

Relative quasi-continuous modules have been considered by other authors. 

For example, Page [43] considers quasi-continuous modules relative to a torsion 

theory r. Given an R-module M, a submodule N of M is called a T-summand if 

there exists a submodule L of M such that NnL=0 and N ED L is a r-dense 

submodule of M (i. e. MI(N ED L) is 7-torsion ). Then the module M is called 

-r-quasi-continuous if it satisfies the following properties: 

(Cl), for every submodule N of M there exists a submodule K of M such 

that N is essential in K and K is aT-summand of M, and 

(C3), if K and L areT-summands of M with KnL=0 then K E) L is also 

a T-summand of M. 

He proves that a module M is 7--quasi-continuous if and only if for all submodules 

N) L of M with NnL =0 there exist submodules N, L' of M such that 

N, nL' = 01 NC N'7 LC L' and N' ED L' is -r-dense in M. 

Oshiro [391 also considers relative quasi-continuous modules but his approach 

differs from that of Page. Let M be an R-module and let B be a non-empty 

collection of submodules of M such that 

(a) if BEB and A is a submodule of M such that B ý--- A then AEB, and 

(b) if BE 13 and A is an essential extension of B in M then AEB. Then 

Oshiro defines the module M to be 13-quasi-continuous if it has the following 

properties: 

(Cl)13 for any B in B there exists a direct summand A of M such that B is 

essential in A, and 
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(C3)L3 for any B in 13 with Ba direct summand of M, and direct summand 

K of M such that BnK=0, the submodule B (D K is also a direct summand 

of M. 

Given such a collection B of submodules of M we determine that 13,, = 13 UfQ 

and we define X to be the collection of R-modules which are isomorphic to sub- 

modules in B.. Thus we have class of R-modules X. Conversely, given any essen- 

tially closed class X of R-modules, let B denote the collection of X-submodules 

of M. Then B is a non-empty collection of submodules of M satisfying Oshiro's 

conditions (a) and (b). 

Lemma 4.2.7 Let X be any class of R-modules and let M be an R-module 

with Q(X). Then M is type 1 X-extending and weak type 2 X-extending. 

Proof. Let K be any X-submodule of M and let L be a complement of K 

in M. By hypothesis, there exist submodules MI, M2 of M with M=M, ED M2, 

KCM, and LC M2. Since Kn m2 =0 it follows that L= M2. Thus M is 

type 1 X-extending. Moreover, K E) L is an essential submodule of M, and 

(K (D L) n M, =K+ (L n mý) 9K+ (m2n mi) =KC Mi, 

so that K is essential in Mi. Thus M is weak tYpe 2 X-extending. 0 

Lemma 4.2.8 Let M be any module with property Q(X). Then M is X- 

quasi-continuous. 

ProoL By Lemma 4.2.7, M is weak type 2 X-extending. Now let K and 

L be direct summands of M such that KEX and KnL=0. There exist 

submodules M, and 
M2 

of M such that M=M, E) M2, KCM, and LC M2. 
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But M= KE)K'= L@L'for some submodulesK', L'. Thus M, = K(D(MnK') 

and M2 =L ED (m2n L'), so that M=K E) L E) (Ml n KI) ED (m2n L'). Then M 

satisfies (C3)x. 0 

Question 4.2.9 Is the converse of Lemma 4.2.8 true? 

Theorem 4.2.10 Let X be any essentially closed class Of R-modules. The 

following statements are equivalent for an R-module M. 

(i) M satisfies Q(X), 
(ii) M is X-quasi-continuous and type 1 X-extending, 

(iii) M is type 1 and type 2 X-extending and M has (C3)x. 

Proof. (i) =:;, (iii). Suppose that M satisfies Q(X). Then M satisfies (C3)x 

by Lemma 4.1.3. By Lemma 4.2.7 and Corollary 1.6.8, M is type 2 X-extending 

and type 1 X-extending. 

(ii) <=> (iii). Clear by Corollary 1.6.8 and hypothesis. 

(iii) =* (i). Let A, B be submodules of M such that AEX and AnB=0. 

Let K be a complement of A in M with BCK. Since M is type I X-extending 

it follows that K is a direct summand of M. Because M is type 2 X-extending, 

there exists a direct summand L of M such that A is essential in L. Because X 

is essentially closed, LEX. Also we have LnK=0. Since M has (C3)x, L ED K 

is a direct summand of M. Then M=L ED K ED P for some submodule P and 

ACL, BCKEDP. Thus Mhas Q(X). 0 
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4.3 Classes of Modules with Property Q(X) 

Let R be any ring. The basic question we wish to consider in this section is if 

X and Y are classes of R-modules which are related in some way and M is an 

R-module which satisfies Q(X), does M also satisfy Q(Y)? The first result is 

clear. 

Lemma 4.3.1 Let XCY be classes of R-modules. Then every R-module 

which satisfies Q(Y) also satisfies Q(X). 

Lemma 4.3.2 Let X be any class of R-modulcs. Then a nonsingular R- 

module M satisfies Q(X) if and only if M satisfiesQ(Xe). 

Proof. Because XC X', the sufficiency follows by Lemma 4.3.1. Conversely, 

suppose that M satisfies Q(X), let N be an Xe_submodule of M and let L be a 

submodule of M with NnL=0. There exists an X-submodule K of M such 

that K is essential in N. Clearly KnL=0 and hence M= Mi ED M2 for some 

submodules MI, M2 such that KC MI and LC M2. Since NIK is singular it 

follows that NI(N n mi) ý--- (N + MI)IM, is singular. However MIM, ý--' M2 

which is nonsingular. Thus N=Nnm9 Mi. Hence M satisfies Q(Xe). 0 

Recall that U denotes the class of modules of finite uniform dimension and 

the class of finitely generated R-modules. Then U C- ! 9e. By Lemma 4.3.1 

and 4.3.2 any nonsingular module which satisfies %9) also satisfies Q(U). The 

converse is false. If R is any domain which is not right bre then the right 

R-module R is nonsingular and has no uniform submodules, so satisfies Q(U) 

vacuousl y, but does not satisfy Q(9). If R is a right Noetherian ring then !99U 
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and in this case any R-module which satisfies Q(U) also satisfies Q(9) by Lemma 

4.3.1. 

The following two properties can be found in (281: 

Theorem 4.3.3 Let jMj :iE 11 be a family of quasi-continuous modules. 

Then the following are equivalent: 

(i) M= @jrlMi is quasi-continuous, 

(H) (Dj, fijMj is Mi-injective for every iE1, 

(iii) Mi is Mk-injective for all i 54 kEI and (A2) holds. 

Proof. See [28, Theorem 2.13]. 0 

Corollary 4.3.4 Let IMi :iE I} be any family of R-modules. Then (D'i-, Mi 

is quasi-continuous if and only if each Mi is quasi-continuous and Mi-injective 

for all j :ýi. 

Proof. See [28, Corollary 2.141. El 

Lemma 4.3.5 Let M E)iEIMi where Mi is injective for all iEI. Then M 

satisfies Q(9). 

Proof. Let N be any finitely generated submodule of M and L be any 

submodule of M such that LnN=0. Then there exists a finite subset J of I 

such that NC (DjcjMi which is injective. Let N= E(N) be a maximal essential 

extension of N in (DjcjMj. Then 7 is a direct summand of E)jcjMj. N is also a 

direct summand of M. Thus M= NED N' for some submodule N' of M. Now -N 

is N-injective and XnL=0. Then by Lemma 1.2.8 there exists a submodule 

N" of M such that M E) N" and LC N". Therefore M satisfies Q(9). 0 
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Question 4.3.6 Is Lemma 4.3.5 true for the case Q(U)? 

Theorem 4.3.7 Let R be a right Noetherian ring and M be a right R-module. 

Then M satisfies Q(U) if and only if M is quasi-continuous. In particular M 

satisfies Q(9). 

Proof. Suppose first that M satisfies Q(U). Then M is type I U-extending 

by Lemma 4.2.7. By Corollary 2.2.19, M= E)iEIMi, with Mi a uniform R-module 

for all iEI. 

Fix iE1. For all j Cz Mi ED Mj satisfies Q(U) and Mi (D Mj E U. Then 

Mi E) Mj is quasi-continuous. Thus Al'i is Mi-injective by Corollary 4.3.4. By 

Theorem 4.3.3, M is quasi-continuous. The converse and the last part are clear. 

0 

For a commutative domain R we also have the following result: 

Proposition 4.3.8 Let R be a commutative domain. Then the following 

statements are equivalent for a torsion-free R-module M. 

(i) M is quasi-continuous; 

(H) M satisfies Q(U); 

(iii) M satisfies Q(9). 

Proof. It is obvious that (i) implies both (ii), (iii); (iii) implies (ii) by Lemma 

4.3.2 and 4.3.1; finally, we show (ii) implies (i). Let M be a torsion-free R-module 

with property Q(U). Then MR is type I U-extending by Theorem 4.2.10. Thus 

MR is extending by Theorem 2.2.24. By Theorem 2.2.23, M=M, E) M2 where 

M, is injective and M2 has finite uniform dimension, and so M2 E U. Then M2 
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has Q(U) by Lemma 4.2.2, i. e., M2 is quasi-continuous. Next, M, = E)iEiMli 

where Mli is indecomposable injective. By assumption for each iE1, Mii ED M2 

satisfies Q(U) and hence Mli E) M2 is quasi-continuous since Mli ED M2 E U. Thus 

M2 is Mli-injective for every iEI by Corollary 4.3.4. Then M2 is Ml-injective 

by Proposition 3.1.5. Therefore M is quasi-continuous by Theorem 4.3.3.0 

Proposition 4.3.9 Let n be a positive integer and let Xi (I <i< n) be 

classes of R-modules. Then an R-module M satisfies Q(XI (D ... (D X,, ) if and only 

if M satisfies Q(Xi) for all 1<i<n. 

Proof. The necessity follows by Lemma 4.3.1. 

Conversely, suppose that M satisfies Q(Xi) for all I<i<n. Let N be 

any (Xi ED ... @ X,,, )-submodule of M and let L be a submodule of M such that 

NnL=O. ThenN=NE) ... & Nn for some Xi-submodules Ni (I <i< n) of 

M. Now N, n (N2 ED ... E) Nn (D L) =0 so that M=M, E) M2 for some submodules 

MI, M2 such that N, g M, and N2 ED ... ED N,, ED LC M2. By Lemma 4.2.2, M2 

satisfies Q(Xi) for all 2<i<n. By induction on n there exist submodules M3, 

M4 of M2 such that M2 = M3 ED M4, N2 E) ... E) Nn 9 M3 and LC M4. Hence 

M= (Mi E) M3) (D M4, N, (D ... E) N,, 9 M, ED M3 and LC M4. It follows that M 

satisfies Q(Xi (D ... E) Xn) -0 

Proposition 4.3.9 has the following immediate corollary: 

Corollary 4.3.10 Let X be any class of R-modules. Then an R-module Al 

satisfies Q(X) if and only if M satisfies Q(XO). 
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The next result is an analogue of Proposition 4.3.9. Note that if a module 

M satisfies Q(Xi') (I <i< n) then M satisfies Q(Xle () ... ED X, ' ) by Proposition 

4.3.9. In fact we can say more. 

Theorem 4.3.11 Let n be a positive integer, let Xi (1 <i< n) be classes of 

R-modules and let X=X, E3 ... E) X,,. Then an R-module M satisfies Q(X') if 

and only if M satisfies Q(Xi') for all I<i<n. 

Proof. Since Xi CX and hence Xie C Xe for all I<i<n, the necessity 

follows by Lemma 4.3.1. 

Conversely, suppose that M satisfies Q(Xie) for all 1<i<n. Let N be an 

Xe-submodule and let L be a submodule of M such that NnL=0. There exists 

a closed submodule N' of M such that N is essential in N. Note that NI nL=0. 

There exist Xi-submodules Ni (I <i< n) of N such that N, (D ... E)N,, is essential 

in N. There exists a closed submodule N1' of N' such that N, is essential in N1'. 

By Lemma 1.2.4, N1' is closed in M. By Zorn's Lemma there exists a complement 

L' of N, (or N, ) in M such that N2 (D ... ED N,, Eý LCV. By Corollary 4.2.5, 

M= Nj'(D V, because M satisfies Q(Xle). 

Now N' = N1' (D (NI n V) and (Ni (D ... ED N,, ) n (N' n V) = N2 (D - ED N,, 

is essential in N, nL'. Thus N' n L' E Ye where Y= X2 (D ... ED X,,,. But L' 

satisfies Q(Xie) for all 2<i<n, by Lemma 4.2.2. By induction on n, L' satisfies 

Q (Yc). There exist submodules P, Q of L' such that L' =P E3 Q, N, nL'C P 

and LCQ. Finally, note that M= Nj' ED P ED Q, NC N' C Nj' E) P and LCQ. 

It follows that M satisfies Q(Xe). 0 

Corollary 4.3.12 Any R-module M satisfies Q(U) if and only if M satisfies 

Q(U, )- 
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Proof. The class U, is essentially closed and any module in U is an essential 

extension of a finite direct sum of uniform modules. Apply Theorem 4.3.11. El 

Theorem 4.3.13 Let n be a positive integer and let Xi (1 <i< n) be essen- 

tially closed classes of R-modules such that Xi is closed under factor modules for 

all 2<i<n. Then M satisfies Q(Xj +... + X,, ) if and only if M satisfies Q(Xi) 

for all I<i<n. 

Proof. The necessity follows by Lemma 4.3.1. Conversely, suppose that M 

satisfies Q(Xi) for all I<i<n. Let Ni be an Xi-submodule of M for each 

I<i<n, let N=N, +... + N,, and let L be a submodule of M such that 

NnL = 0. There exists a closed submodule N' of M such that N is essential 

in N'. Clearly N, nL = 0. There exists a closed submodule H of N' such that 

N, is essential in H. Clearly HnL = 0. Let L' be a complement of H in M 

such that LCL. Since H (=- X, there exist submodules MI, M2 of M such that 

M= MI (D M2, HCM, and L' C M2. Since I-I E) L' is essential in M it follows 

that H is essential in MI and hence H= MI. 

Let 7-, :M -+ M2 denote the canonical projection. Then 

7r(N) = 7r(N2) +... + 7r(N�) C X2 +... + X, 

Also F(N) C M, +N=H+NC N', so that iT(N) nL = 0. By Lemma 

4.2.2, M2 satisfies Q(Xi) for all 2 
-< 

i 
-< n and by induction on n, there exist 

submodules M3, M4 of M2 such that M2 = M3 ED M4,7r(N) g M3 and LC M4. 

Then M= (Mi (D M3) ED M4, NCM, + 7r(N) 9 M, (D M3 and LC M4. It 

follows that M satisfies Q(Xi +... + X,, ). D 
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In view of Corollary 4.3.12 it is natural to ask whether any module with Q(91) 

also satisfies Q(9). 

4.4 Direct Sums 

Let R be a ring and let Mi (1 <i< n) be a finite collection of R-modules. We 

recall that the modules Mi (I <i< n) are relatively injective if Mi is Mi-injective 

for all 1<i :Aj<n. It is well known that the module M=M, ED ... ED A, is 

quasi-continuous if and only if the modules Mi (I <i< n) are quasi-continuous 

and relatively injective (see, for example, Corollary 4.3.4). We now generalise this 

fact by proving: 

Theorem 4.4.1 Let X be an essentially closed class of R-modules such that 

X is closed under submodules. Let Mi (I <i< n) be a finite collection of 

relatively injective R-modules. Then the R-module M=M, (D ... 6 M,, satisfies 

Q(X) if and only if Mi satisfies Q(X) for all 1<i<n. 

Proof. The necessity follows by Lemma 4.2.2. 

Conversely, suppose that Mi satisfies Q(X) for all 1<i<n. By induction on 

n, to prove that M satisfies Q(X) we can suppose without loss of generality that 

n=2. Let N be an X-submodule and let L be a submodule of M=M, E) M2 

such that NnL=0. Let N' be a closure of N in M. Because N is essential in 

N' we have N' EX and Nn L=0. Thus, without loss of generality, we can 

infer that N= N', i. e. N is closed in M. 
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Suppose next that Nn mý = 0. Because M, is M2-injective, Lemma 1.2.8 

allows us to assume, without loss of generality that NC M2. Then Corollary 

4.2.5 gives M2 =N E) H for any complement H of N in M2. By Lemma 4.2.3, N 

is H-injective. But M2 being Mi-injective implies N is Mi-injective and hence N 

is (H ED Mj)-injective see Corollary 3.1.5. But M=N ý@ (H ED Mj) and NnL=0 

so that, applying Lemma 1.2.8 again, there exists a direct summand M' of M 

such that M=N E) M' and LCM. 

In general, Nn A12 is an X-submodule of M, because X is closed under 

submodules, and there exists a closed submodule K of N such that NnM, 

is essential in K. By Lemma 1.2.4, K is a closed submodule of M. Moreover 

K is an X-submodule of M, KnM, =0 and KnL=0. By the above 

argument, M=K ED K' for some submodule K' such that LC K'. Note that 

N=K E) (N n K'), so that Nn K' is a closed submodule of M by Lemma 

1.2.4. Moreover (N n K') n M2 9Kn K' = 0. By the above argument, M 

(N n K) ED K" for some submodule K" such that LC K". Hence 

K (D K'= K E) (N n K') E) (KI n K") =N E) (KI n KII), 

and LC K'n K". It follows that M satisfies Q(X). 0 

For any ring R, the class U of R-modules with finite uniform dimension is 

essentially closed and is also closed under submodules. Thus Theorem 4.4.1 has 

the following immediate corollary: 

Corollary 4.4.2 Let Mi (1 <i< n) be a finite collection of relatively injec- 

tive R-modules. Then the R-module M : -- M, (f) ... E) M,, satisfies Q(U) if and 

only if Mi satisfies Q(U) for all I<i<n. 
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Examples of classes of modules which are both essentially closed and closed 

under submodules include the class T of Coldie torsion modules and the class jC, 

of Coldie torsion-free ( i. e. nonsingular ) modules. As an application of Theorem 

4.4.1 we next characterise modules which satisfy Q(T). 

Theorem 4.4.3 An R-module M satisfies Q(T) if and only if M= Z2 (M) (D 

M' for some submodule M' of M such that Z2(M) is quasi-continuous and M'- 

injective. 

Proof. Suppose first that M satisfies Q(T). Because 7- is essentially closed, 

Z2(M) is a closed 7--submodule of M and hence M= Z2(M) ED M' for some 

submodule M' of M by Lemma 4.2.4. By Lemma 4.2.3, Z2(M) is M-injective 

and by Lemma 4.2.2 and Theorem 4.2.10, Z2(M) is quasi-continuous. 

Conversely, suppose that M= Z2(M) E) M, Z2(M) is quasi-continuous and 

Z2(M) is M'-injective. Clearly Hom(L, M) =0 for any submodule L of Z2(M), 

and hence M' is Z2(M)-injective. Clearly also M' satisfies Q(T). Moreover by 

Proposition 3.3.7, Z2(M) satisfies Q(T). Finally, Theorem 4.4.1 gives that M 

satisfies Q(7-). 0 

Using Theorem 4.4.3, we can show that for the class T, not every T-quasi- 

continuous module satisfies Q(T). For example, let S be a simple Z-module 

and let M denote the Z-module S ED Z. Because S is not Z-injective, Theorem 

4.4.3 shows that M does not satisfy Q(7-). Since the only T-submodules of M 

are 0 and S, it is easy to check that M satisfies (C1)T and (C3)T, i. e. M is 

T-quasi- continuous. 

Theorem 4.4.1 for the class T is as follows: 
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Theorem 4.4.4 Let Mi (1 <i< n) be a finite collection of R-modules and 

let M= Mi (D ... () Mn. Then M satisfies Q(T) if and only if Mi satisfies Q(T) 

for all I<i<n and Z2 (Mi) is Mj -injective for all 1<i 54 j :ýn. 

Proof. Suppose first that M satisfies Q(T). By Lemma 4.2.2, Mi satisfies 

Q(T) and hence, by Theorem 4.4.3, A= Z2(Mi) E) Mj' for some submodule Mj', 

for all I<i<n. Let 1<i --7ý i :5n. Then Mi & Mi = Z2 (Mi) (D Mj'E) Mj satisfies 

Q(T) and hence Z2(Mi) (D Mj satisfies Q(T) by Lemma 4.2.2. By Lemma 4.2.3, 

Z2(Mi) is Mj-injective. 

Conversely, suppose that Mi satisfies Q(T) for all 1<2<n and that Z2(Mi) 

is Mj-injective for all I<i 54 j :ýn. To prove that M satisfies Q(T), we can 

suppose, without loss of generality, that n=2. By Theorem 4.4.3, for i=1,2, 

Mi contains a submodule Mj' such that Mi = Z2(Mi) ý) Mj'. Then 

Mýml& M2 Z2 (Ml) (DZ2 (M2) ED Ml' ý) M21 : -- Z2(M) E) M 

where M' = MI' (D M2' By hypothesis, the modules Z2(MI) and Z2(M, 2) are 2* 

relatively injective and satisfy Q(T). Hence Z2(M) satisfies Q(T), i. e. Z2(M) 

is quasi-continuous (see Theorem 4.4.1 and Proposition 3.3.7). Moreover, by 

hypothesis Z2(MI) is Ml'-injective and Z2(Mi) is M2-injective. Thus Z2(MI) is 

M'-injective. Similarly Z2(M2) is M-injective. Thus Z2(M) is M'-injective. By 

Theorem 4.4.3, M satisfies Q(T). 0 

There is an analogue to each of Theorems 4.4.3 and 4.4.4 for the class F of 

nonsingular R-modules. 

Theorem 4.4.5 An R-modulc M satisfies Q(T) if and only if M= Z2(M) (D 

M' for some quasi-continuous submodulc M' of M such that Z2 (M) is M- 
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injective. 

ProoL Suppose first that M satisfies Q(. F). Let M' be a complement of 

Z2(M) in M. Then M' is an F-submodule of M and Z2(M) is a complement 

of M' in M. By Corollary 4.2.5, M= Z2(M) e M. By Proposition 3.3.7 and 

Lemma 4.2.2, M' is quasi-continuous. Let N be any submodule of M such that 

Nnz2(m) = o. Clearly N is an F-submodule of M and, by hypothesis, M= 

N'(D L' for some submodules N', L' such that NC N' and Z2 (M) C L'. It follows 

that L' = z2(m) (D (m, n L) by the Modular Law and hence M= Z2(M) (D M" 

where M" = N'(D (m, n L') is a submodule of M with NC M". By Lemma 

1.2.8, Z2(M) is M'-injective. 

Conversely, suppose that M= Z2(M) E) M' for some quasi-continuous sub- 

module M' such that Z2(M) is M-injective. It is not difficult to see that M' is 

Z2(M)-injective and that Z2(M) satisfies Q(, F). Finally, by Theorem 4.4.1, M 

satisfies Q(. F). 0 

Corollary 4.4.6 Let Mi (1 <i< n) be a finite collection of R-modules and 

let M= Mi (D ... ED Mn. Then M satisfies Q(. F) if and only if Mi = Z2(Mi) ED Mj' 

for some quasi-continuous submodule Mi' such that Z2(Mi) is Mi'-injective for all 

1<i<n and Mi is Mj'-injective for all I<i 54 i<n. 

Proof. Suppose first that M satisfies Q(, T). By Lemma 4.2.2, Mi satisfies 

Q(. F) and hence, by Theorem 4.4.5, A= Z2(Mi) E) Mj' for some quasi-continuous 

submodule Mj' such that Z2(Mi) is MiLinjective, for all 1<i<n. Let 1<i ZA j :5 

n. Then Mi E) Mj = Z2(Mi) (D Mj' (D Z2(Mj) (1) Mj' satisfies Q(. F) and hence so too 

does Z2(Mi) (1) Mj', by Lemma 4.2.2. By Theorem 4.4.5, Z2(Mi) is Mj-injective. 
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Moreover, by Lemma 4.2.2, Ali' ED Mý satisfies Q(. F) and Mi' is Mj-injective by 
.7 

Lemma 4.2.3 because Mj' is an . 7-submodule. Thus Mi is Mj-injective. 

Conversely, suppose that the modules Mi (I <i< n) have the stated condi- 

tions. To prove that M satisfies Q(F), we can suppose without loss of generality 

that n=2. Now M= Z2(M) @ M' where Z2(M) = Z2(Mi) 0 Z2(M2) and 

M' = MI'E)M2. By hypothesis Z2(NII) is W-injective and so too is Z2(M2). Thus 

Z2(M) is M-injective. Moreover, by Theorem 4.4.1, M' is a quasi-continuous 

module. Finally, Theorem 4.4.5 gives that M satisfies Q(F). 

D 

Note in particular that Theorems 4.4.3 and 4.4.5 together give that a module 

M is quasi-continuous if and only if M satisfies Q(T) and Q(. T) (see Corollary 

4.3.4). 
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