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Abstract 

Numerical models are important engineering tools when considering the prediction of 

pollution transport in a body of water. Such a prediction is achieved by the solution of the 

advection-diffusion equation. At present, there exist many numerical techniques which can 
be used to solve the advection-diffusion equation. The major difficulty when considering 

undertaking such a simulation, is what method should be used to calculate the advection 

term. It is now accepted that the appropriate method to follow would involve, splitting up 

this water quality equation into two separate terms, advection and diffusion. By using this 

process, each term can be solved individually and the numerical difficulties associated with 

each term, treated separately. 

This work discusses the various numerical modelling techniques which can be used to solve 

the advection term. Two-dimensional finite difference schemes, including QUICKEST, are 

compared with multi-point method of characteristics techniques. These are analysed in 

terms of solving advection for various distributions of concentration. The adaptation of 

these schemes to allow for the use of Courant numbers exceeding unity is also explored. 
The ultimate aim is to develop a numerical scheme which can be implemented in an 
industrial model. 
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1.1 Introduction 

Public interest in the environment, and the effects society has on it, has increased in 

recent years. This is reflected by more stringent European legislation regarding 

environmental pollution which has come into effect. There are numerous directives 

encompassing, noise, water and air pollution, general waste management and protection 

of flora and fauna. These directives have compelled environmental agencies to improve 

existing methods of pollution management. 

The issues of water pollution and waste water management are of particular significance 

as water is essential for life. It is widely used by society for industrial and domestic 

purposes most obviously in, manufacturing, sanitation, cooking, drinking and bathing. 

In addition, consideration must be given to marine and river environments in terms of 

fish and shellfish habitats. Coastal waters are also important, particularly in tourist 

areas, which are detrimentally affected if polluted. To this end strict regulations exist 

which affect how waste water treatment must be undertaken and where effluent can be 

discharged. 

A common means of disposing of waste in the sea is by means of a long sea outfall. 
This transfers waste from either an industrial source or perhaps a sewage treatment 

plant, to a location far from the shore. The location of an outfall will affect how the 

waste becomes dispersed in the water, so it is important to position it where it will have 

the least environmental impact. The difficulty lies in how to determine the best 

discharge location. Civil engineering can provide an answer to this problem. 

It is a role of the civil engineer to find creative solutions to the practical problems faced 

by society. There are two techniques which he can apply to produce an answer to the 

question of positioning a long sea outfall, experimental or computational modelling. 

Experimental modelling plays a valuable role in hydraulic engineering because, it 

enables the full three dimensional flow behaviour including turbulence and mixing 

effects to be studied. However, there are factors which must be taken into consideration 

with this approach. The effect of scale is important as it is difficult to reproduce certain 
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parameters at a smaller scale accurately. 111 For instance the size of air bubbles or 

friction factors cannot be scaled down. Furthermore, laboratory modelling is costly in 

terms of time and resources. This is particularly significant realising that such a model 
is specific to a particular scenario. Altering dimensions and discharge parameters in a 
hydraulic model may require redesigning the model. In the case of positioning a long 

sea outfall, several models would have to be built to explore dispersion characteristics at 
different locations. This can prove costly and time consuming. 

A numerical model simulates real processes by solving a set of equations, which 
describe any particular process. One advantage a numerical model has over an 

experimental model is the fact that it is considerably more portable. Many parameters 

can be simply adjusted in the program, which makes it very useful from an industrial 

perspective. 121 Several positions of an outfall can be considered and compared quickly, 

once the basic model has been developed. The major benefit of this is that it can then 
be easily adapted for another similar project. This makes it efficient in terms of both 

time and cost. However, it is also true that in the development of a numerical model 

many assumptions are made to facilitate the process, hence the mathematics can become 

oversimplified. 1'1 This is improving as approximate solution methods and our 

understanding of the physical processes develop, but it is still a concern. 

It would be desirable, during model development, to have both a numerical model and 

experimental analysis for comparison and calibration purposes. Unfortunately, in 

practice, it is very difficult to obtain good experimental data. 

This work is concerned with the development of a computational model which can be 

used to predict the movement of a contaminant in a body of water. It does this by 

solving the two-dimensional advection-diffusion equation. It includes the analysis of 
well known finite difference schemes, which are used as benchmark tests for the 

methods of characteristics. 
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1.2 The advection-diffusion equation 

The advection-diffusion equation is used to predict the movement of a pollutant in a 
body of water. The accepted derivation of this simple equation is as also used by 

Abbott and Basco. [31 The one-dimensional form of the equation is given as equation 
(2.1): 

Lo 
+u 

Oý 020 (2.1) 

at ax &2 
(1) (u) (iii) 

Term (i) Local concentration gradient 

Term (ii) Advection Term 

Term (iii) Diffusion Term 

The equation is based on the fundamental principle of conservation of mass. Figure 

(2.1) depicts a three-dimensional infinitesimal control volume of fluid, in which the 

pollutant is completely dissolved. Consider that the flow rate per unit area of solute into 

the control volume, in the x-direction, is defined as ý. 

ax 

+asx 
ax 

Figure (2.1): Control volume of a fluid 
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The total mass entering the control volume in the x-direction, Mm, is as given as 

equation (2.2), and the total mass leaving is as defined as equation (2.3), 

Mm = PAZ (2.2) 

M0, _+ &x Sy&z 
(2.3) 

To satisfy the conservation of mass equation, the difference between the mass entering 

and leaving the control volume must be equal to the rate of change of mass solute 

within the control volume. Thus the net mass flow rate into the control volume in the x- 
direction M. is defined as: 

M. =Mi. - Maur (2.4) 

Substituting equations (2.2) and (2.3) into (2.4) gives: 

Ma =PAZ-Lý+ 8r18y8z 
25 

which simplifies to: 

M, _ -[', 6x]8y&Z 
(2.6) 

Similarly for the y and z-directions, where 4 and c are the corresponding mass flow 

rates per unit area of solute: 

Mn, =-a 8y Sxsz 
(2.7) 
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Mtz = -[ýE sz sxsy 
(2.8) 

The mass flow rate has two components namely advection and diffusion. Advection is 

the physical process whereby the pollutant is carried downstream with the streamflow 

velocity. If the velocity field is constant, the pollutant does not alter in shape or peak 

concentration. The diffusion term describes the mixing of the pollutant in the flow by 

Brownian motion on a molecular scale or turbulent eddies at the macroscopic scale. 

Thus: 

=uff -Dx 4=vý-Dy 
a 

E=w4-Dz 
0 (2.9) 

aY 

where u, v, w are velocities in the x, y and z-directions respectively and DX, DY and DZ 

are the corresponding molecular diffusion coefficients. The factor 4. represents the 

pollution concentration. 

The sum of the net mass flow rates in each direction gives the total rate of change of 

mass of solute in the control volume: 

aý 
__a 

aý a aý a aý 
wý-D 

(2.10) 

at axCuý-Dx aJ -- vý-Dy- av-aZ z az) 

This can be rearranged into the common form of the three-dimensional advection- 

diffusion equation: 

6 

aý+uoý +vaý+waý=D a2ý+D 02ý+D ago (2.11) 
at & ay aZ xa2 yay2 Z2 

It is obvious by inspection of equation (2.11), that the advection process is governed by 

the velocity. If the velocity is high then advection will dominate the pollution transport. 

Conversely, if the velocity is very low or static, then the diffusion process will 
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determine the motion of the pollutant. The proportion by which advection and diffusion 

contribute to the pollutant transport can be defined in terms of the Peclet number, Pe. 

The Peclet number is dimensionless and is defined in one-dimension as equation (2.12). 

The factor L, is the length of the flow domain in metres. 

Pe = 
ju-L 

D. 

(2.12) 

At low Peclet numbers, diffusion is the dominant process. Under these circumstances, 
local velocity would be small compared to the co-efficient of diffusion. 

Correspondingly, when the value is high, advection controls the transport. 
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1.3 Thesis overview 

The aim of this study is to analyse finite difference schemes and the method of 

characteristics in the solution of the advection equation. 

This chapter presents the derivation of the advection-diffusion equation. 

Chapter 2 discusses methods which have previously been explored and indicates some 

of the limitations of different schemes. 

8 

Chapter 3 explains the concept of the finite difference approach. It also includes the full 

derivation of four popular methods in one-dimension. These schemes are compared 

using idealised testcases. 

Chapter 4 details the method of characteristics in one-dimension. It describes the basis 

of this numerical approach and includes complete derivation of four schemes. These are 

also compared using the same idealised tests used in Chapter 3. 

Chapter 5 describes the extension of the most favourable finite difference schemes and 

methods of characteristics, derived in the previous chapters, from one to two 

dimensions. The two-dimensional methods are applied to more complicated testcases. 

Chapter 6 explores the use of the spatial reachout approach to allow larger time 

increments to be used by the method of characteristics. This method is adapted to allow 

it to be applied to the QUICKEST finite difference scheme. 

Chapter 7 explains how the six point method of characteristics is implemented into an 

existing industrial model. The procedure followed and an example of how this adapted 

model can be applied to a realistic test is discussed. 

Whilst complementary to other work previously carried out in numerical modelling, this 

work is new in the increasing of the time step for the methods investigated and also in 

its implementation to DIADEM3D. 
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2.1 Solution of the advection-diffusion equation 

There are a number of different numerical techniques which can be used to solve the 
hydrodynamic or water quality equations in any given situation. The main general 

categories are explicit and implicit numerical methods. 

Explicit schemes use data which is already known, at the present time step, to calculate 

conditions at a future time. Although these methods are relatively simple to set up, the 

time step that can be used in the solution is governed by a stability criterion, i. e. the 
Courant number, such that for a specific spatial increment, the time step must be less 

than some limit imposed by this constraint. This can lead to very small time 
increments, which inevitably increases the computer time, so the calculation can take 

longer. 

Implicit schemes involve the solution of equations at several points simultaneously. [1,21 

This requires that both known and unknown quantities are used in the solution process. 
It is a complex method to set up and, because very large matrix manipulations are 

necessary at each time step, the computer time per time step is high compared with 

explicit schemes. [3,41 As large time increments can be used, the truncation error is 

larger than for explicit methods, and hence implicit methods may not give as accurate a 

solution to the governing equations. However, using larger time steps will also reduce 

overall computational time, provided the numerical scheme remains stable. 

A choice must be made between, explicit schemes which have time increments limited 
by stability, or the more complicated but unconditionally stable implicit schemes. In 

this work it was important to preserve numerical stability, therefore explicit schemes 

were developed. The issue of the time increment connected with these methods is also 

addressed. 
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2.1.1 The operator splitting technique 

When the advection-diffusion equation is used in the modelling of a river or coastal 

environment, it will encounter a range of velocities. As the velocity changes, the Peclet 

number will increase or decrease indicating that the dominant transport process in the 

flow is changing between advection and diffusion. t5' 61 Solution of this equation, 

particularly under such complex varying flow conditions, is a difficult task. 

Cao and Wei171 state that, " Any numerical algorithm which maintains a Eulerian 

framework has potential deficiency of numerical dispersion and may lead to an 

oscillating solution. " This means that when the governing equations are discretised 

using a grid which is fixed in space, the solution can produce spurious results. It is 

generally accepted that these numerical instabilities arise from the solution of the 

advection term. 16-121 Obviously, this is a particular concern in situations where 

advection dominates the transport processes. [131 To limit such instabilities, it has been 

suggested that the advection-diffusion equation should be solved using an operator 

splitting technique. 16,8,11,14-181 

The benefit of using an operator splitting approach is that it allows the separate solution 

of the advection and diffusion terms. This is an important advantage as it is difficult to 

find a single numerical scheme which will solve both terms with comparable 

accuracy. 181 Solving the terms separately allows the optimum numerical scheme to be 

used for each process. 

Benque et a11141 promote the splitting up of these terms because the advection term is 

hyperbolic, whereas the diffusion equation is parabolic and therefore requires different 

numerical boundary conditions. [19" 203 This stepped approach not only separates these 

terms but further splits the solution into x and y-directions and also propagation. The 

equations are solved in succession in the order, advection, diffusion then propagation. 

HollyI2'I discusses a similar one-dimensional operator splitting scheme using the 

method of characteristics to solve the advection term. This is then used as an initial 

condition for the solution of the diffusion step, and subsequent source or sink terms are 
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solved using both the advection and diffusion fields. The calculations are sequential 

over a single time step. 

Cao and Weim73 also advocate this method and have developed a fractional step method 

based on operator-splitting in three dimensions. The advection term is solved by the 

method of characteristics and the diffusion term by use of an explicit finite difference 

scheme. This approach differs from the others mentioned as it claims to simultaneously 

solve advection and diffusion as opposed to sequentially. This, although complex, is 

much closer to the way the processes occur in reality. 

13 

Lin and Falconer [221 compared the use of an operator splitting approach with solving 
both advection and diffusion as part of the same equation. They use forms of the 

QUICKEST [231 scheme to solve the advection terms during the split tests. The results of 

their standard rotational testcases indicated that there was no significant difference 

between the results obtained using the split and non split approaches. Both were 

observed to be stable, non-oscillatory and to closely predict the analytical solution. A 

field test in the Humber Estuary was also carried out. These results demonstrated that, 

in this case, the operator splitting method was beneficial. This was due to the fact that 

the ULTIMATE[24] limiter, was applied to the advection term only, hence the extent of 

the limiting was independent of the physical dispersion-diffusion term. 

The operator splitting approach is also used in the solution of other equations. 

Greenberg1251 describes the difficulty with modelling the chemistry of reacting flows. In 

this situation the main difficulty is "stiffness", which is caused by the wide range of 

time scales associated with reactive collisions between n'lolecules. These reacting flow 

equations consist of both parabolic and hyperbolic terms, as does the advection- 

dispersion equation. He found that by splitting the equation and solving terms 

individually using appropriate numerical schemes, the problem of stiffness was 

overcome. 

It is clear that in situations where the governing equations consist of a mixture of 

parabolic and hyperbolic terms, it is logical to use an operator splitting technique to 

solve the equations separately. This is particularly useful if there is a dominant process 



Chapter 2: Literature Review 

within the equation, as in a high velocity flow where advection governs contaminant 

transport. 

2.1.2 Numerical methods used to solve partial differential equations 

14 

It is relatively simple to model one-dimensional transport, but very difficult to model it 

accurately. The main reason for this has already been indicated as numerical errors 

stemming from the solution of the advection term in the water quality equations. To 

this end civil engineers have been striving to improve the approximation of this term, by 

developing complicated numerical schemes. 

One of the most popular techniques applied to the solution of hydrodynamic and water 

quality equations is the finite difference method. [12,22,23,26-281 This approach uses Taylor 

series expansions to derive finite difference representations of partial differential 

equations. 129-31' These finite difference equations solve the water quality equation, using 

values of dependant variables at specific points on a space-time grid, which represents 

the continuous physical domain. This technique is explained in detail in Chapter 3. 

The finite element method can also be used in water quality modelling. 132-341 In this 

approach the domain, over which the partial differentials are applied, is split into a finite 

number of sub-domains. These sub-domains are termed, finite elements. The variation 

of a dependant variable over each element is calculated and these are used collectively 

to give a solution over the entire domain. This approach is more complicated than the 

finite difference scheme and the mathematics will not be discussed here. However, it is 

interesting to note that despite its relative complexity it is widely used in the solution of 

partial differential equations. Although it is used occasionally in pollution modelling, 

the more popular usage is in structural engineering. 

A third commonly used approach in numerical modelling is the finite volume technique, 

which is viewed as a combination of the finite difference and finite element methods. 
Like the finite difference scheme it develops numerical equations at a specific location 
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on a grid, based on values at adjacent points. It also uses some of the implementation 

methods used in finite elements. 

Another, quite different, widely used approach is the method of characteristics. This is 

a popular method because the equations used are fairly easy to derive and also because 

they exhibit the, "essential physical wave behaviour"[351, as a characteristic contains the 

time-space path along which information travels. They differ from finite difference 

approaches in that they employ interpolating polynomials to calculate the concentration 

at the foot of the characteristic. This value is then advected forward in time and space 

along a characteristic curve. A detailed analysis and derivations of various method of 

characteristics schemes are included in Chapter 4. 

In this study the finite difference and method of characteristics approaches have been 

developed, analysed and compared. However, as indicated by the mention of finite 

elements and finite volumes, they are not the only approaches which can be used in 

computational fluid dynamics or numerical modelling in general. 

2.1.2.1 Finite difference schemes 

One of the most basic methods which utilises finite differences in the solution of 

hydrodynamic and water quality equations is the box model. Jeffries and Steele [361 

developed a box model to predict concentrations of caesium in the Irish Sea. The sea is 

split into six compartments across which water transfer occurs. The solution uses a 

system of linear first order differential equations using a semi-implicit Crank-Nicholson 

scheme to represent the box model. Mean concentrations were calculated in each 

compartment and compared with actual data. The greatest drawback with this approach, 

as is often the case in water quality modelling, was simulation of the hydrodynamics. 

The flow pattern was altered regularly to improve correlation between predicted and 

actual concentrations. Forms of the box model are used in modelling of radionuclides, 
but seldom in general pollution modelling. [37] 
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Although the concept of box models is simple, it has not been pursued in numerical 

modelling. However, finite differences have been developed extensively. 

Quadratic upstream interpolation methods 

In 1979, Leonard [231 realised that the favoured upwind and central differencing finite 

difference schemes, used to model convection, were severely limited in their numerical 

accuracy. He observed that upwinding, although numerically stable, suffered from 

significant numerical diffusion. [38,391 This meant that, although the predicted solution 

was smooth, it was squashed such that the peak was reduced and the solution spread out 

spatially. Central differencing was subject to numerical instability, which is observed 

as spurious oscillations in the solution. In fact it is stated by Abbott and Basco[31] that, 

in the case of advection only conditions, central differencing is unstable for all Courant 

numbers. 

More recently, Karpik and CrockettE411 reinforced these observations with comparisons 
between upwinding and central differencing with other higher order schemes. In the 

simulation of one-dimensional advection of a Gaussian distribution, upwinding is 

shown to produce a stable numerical solution, however, it severely underpredicts the 

solution. Despite this failing it does prove to be superior to the central differencing 

scheme, which exhibits undershooting. Although these methods are still in use, they are 

generally only used as benchmark schemes for comparison with new approaches. 

These inadequacies prompted Leonard [231 to develop a quadratic upstream interpolation 

method, which would overcome these errors and accurately solve the advection term. 

He first derived the one-dimensional, quadratic upstream interpolation method for 

convective kinematics, QUICK, which was then adapted to create QUICKEST. The 

latter is QUICK with estimated streaming terms and can be used to model conditions 
influenced by unsteady flows. Although for unsteady flows it is necessary to estimate 

variation in concentration through time, QUICKEST is also an improved form of the 

original equation in terms of numerical accuracy and dispersion. 
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Corrtour plots of dye patches recorded duri rig the survey of the Firth of Clyde 
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Figure (7.7) Surveyed contour plots 
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Vector plot of neap tide at high water (release point) 
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Vector plot of neap tide at high water +1 hr 
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Vector plot of neap tide at high water + 2.15 hrs 
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Vector plot of neap tide at high water + 3.22 hrs 
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Vector plot of neap tide at high water + 4.65 hrs 
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Vector plot of neap tide at high water + 5.65 hrs 
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Vector plot of neap tide at low water + 1.42 hrs 
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7.3.1 Analysis of the model results 

The results show that the numerical model simulates a trend similar to that observed in 

the survey. The model demonstrates that the pollutant follows the direction of the 

velocity field, moving in a southerly direction upon release. As the dye is advected 
downstream, it becomes elongated and the peak concentration significantly reduces, 

which is consistent with observations made in Chapter 5. The dye patches continue to 

travel south until the low water point is reached, at which time the flow reverses, and 
the dye begins to move towards the north. 

The survey data also illustrates that the contaminant moves in a southerly direction until 
low water. The dye patches are clearly elongated and the concentrations reduce as time 
increases. However the extent to which the dye patches move south is greater in the 

survey than in the data. This can be explained by taking account of the hydrodynamic 

simulation. 

Velocity profiling 

Velocities were recorded at three points in the Firth of Clyde identified as, P1, P2 and 
P3. The locations of these profiling points are converted from Basting and northing co- 

ordinates to positions on the grid used in the numerical model. These are specified in 

Table (7.1) below. 

Map position Model grid position 
Point Easting Northing x-m y-m 

P1 219498 673795 4000 7600 

P2 218519 672071 3600 5800 

P3 220027 677227 3800 11200 

Table (7.1) Relevant positions of profiling points on the grid used in the numerical 

model 
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The velocity profiling data was collected using recording current meters, which 

recorded speed and direction every 12 seconds for one minute. These values were then 

vector averaged and logged to a computer. Plots depicting the comparison between the 

surveyed data and the speeds and directions calculated using the numerical model, are 

included as Figure (7.15) to Figure (7.20). 

Comparisons between the observed and simulated velocities show that the predicted 

neap tide speeds are generally less than those surveyed by up to 50%. The survey also 

shows that the ebb flows are greater than those associated with the flood, however the 

model shows little variation between the two. The predicted speed directions do follow 

a similar trend to those observed in the survey. 

This large underprediction of the velocity is significant when considering how far the 

dye patch will be advected downstream. If the velocity is low the patch will travel a 

shorter distance than if the velocity is high, as was the case in the survey. There are 
three possible reasons for this significant difference between model and survey results. 

The first is that it is extremely difficult to gather accurate survey data in an estuary. It is 

therefore possible that some errors were made while collecting the data. The second is 

that the hydrodynamic model may not be calculating the velocity correctly. The 

hydrodynamic simulation, like the water quality model, also includes the calculation of 

an advection term, which has not been analysed in this study. In addition the model 

velocity is averaged over a depth of ten metres whereas in the survey, the probe records 

speeds at a depth of one metre. 

Finally the presence of wind in the survey is not fully represented in the model. This 

would have an effect on the velocity field in the estuary. 
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Comparison of actual and model generated speeds for a neap tide at Pt 
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Comparison of actual and model generated speeds for a neap tide at P2 
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Figure (7.17) Plot of surveyed and calculated speeds at P2 
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Comparison of actual and model generated speeds for a neap tide 
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Figure (7.20) Plot of surveyed and calculated directions at P3 
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The fact that the predicted results do not exactly match the observed data, but only 
follow a general trend, implies that the model will not completely reproduce conditions 
in the Firth of Clyde. It must therefore be concluded that results obtained using this 

hydrodynamic model will only give an overall impression of the Firth of Clyde and not 
be an exact representation. This must be taken into account when examining the 

movement of the dye in the estuary and comparing this with the model results. 

Concentrations of pollution 

The actual concentrations of the dye in the survey are also unclear. Peak concentrations 

at the time of release and also after one hour are not available as the sensor could not 

record the data. Therefore a comparison is made using normalised concentrations using 
data at high water plus 2.15 hours as the initial condition, see Figure (7.21). 

These results indicate that some error in recording the survey data was made as there is 

a sudden increase in concentration at high water plus 4.65 hours. In spite of this 

unusual result, the comparison between the observed and predicted peaks indicate some 

correlation with the surveyed peaks in the way in which they reduce over time. Initially 

there is a sharp initial decrease in concentration but this gradient reduces over time, 
indicating signs of levelling off towards the end of the simulation. 
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Comparison of normalised peak concentrations 
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Figure (7.21) Plot of normalised surveyed and simulated peak concentrations 

From the analysis of these comparisons it can be concluded that, the six point method of 

characteristics has been successfully implemented in DIADEM3D. However further 

field tests are required to evaluate its true value to industry. 

02 
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8.1 Discussion 

The solution of the advection equation is shown to be a difficult task. Any numerical 

scheme used for simulating convection must be both accurate and stable. Time is an 

additional condition when the application is commercial. 

Four popular finite difference schemes were analysed in Chapter 3, upwindingtt1, central 

, QUICK'S' and QUICKEST. Of these schemes, upwinding and differencing121 ý31 

QUICKEST produced the most stable and numerically accurate results in one- 
dimension. 

The method of characteristics was also considered as a means of solving the advection 

equation. Chapter 4 investigated the basic linear approach141, Holly-Preissmann151 and 

two multi-point schemes based on work by Holly Jr. and KomatsuE61 and Komatsu et 

aP1. The eight and six point method of characteristics developed were shown to be 

highly stable, accurate and easier to extend into two-dimensions than the classical 
Holly-Preissmann approach. [8J 

The four numerical methods, upwinding, QUICKEST, the eight and six point methods 

of characteristics, were developed into two-dimensions and compared using three 

different pollution distributions in Chapter 5. All of the schemes suffered from a degree 

of numerical diffusion and inaccuracy under specific conditions. Upwinding 

demonstrated significant diffusion for Courant numbers less than one. QUICKEST and 

the eight and six point methods of characteristics exhibited this to a lesser extent in most 

cases. However, in testcases using a point release of pollution all of the schemes fared 

less well, considerably underpredicting the peak. 

Tests were also carried out using Courant numbers exceeding unity. Under these 

circumstances all of the methods showed signs of numerical instability (Chapter 6). 

This clearly indicates that under the specific circumstances where the Courant number is 

high, or the pollution distribution has sharp gradients, there are limitations with these 

numerical schemes. 
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As the ultimate aim of this work is to derive and implement a numerical scheme into an 

industrial model, where computational efficiency would be important, the time step 

issue was tackled. For further developments of the model, the problems associated with 

modelling sharp changes in concentration should also be addressed in future work. 

Chapter 6 is concerned with improving the six point method of characteristics and 

QUICKEST such that they can be solved using Courant numbers greater than one 

without compromising accuracy or stability. The spatial reachout technique, used by 

Yang and Chiu191 with the Holly-Preissmann scheme, was incorporated into the six point 

method of characteristics. This novel combination of the two schemes allows a 

simulation to be run using a wider range of Courant numbers. 

The eight point method of characteristics was used to solve the advection term for 

Courant numbers up to 15. These tests were highly successful as the solutions were 

numerically stable. They also became more accurate as the Courant number increased 

as fewer interpolations were required in the simulation. 1101 This was an additional 

benefit to the fact that the computational time could be significantly reduced using 
larger time increments. This is advantageous in industry as a reduction in 

computational time will allow many different simulations to be executed quickly, 

resulting in an improved overall efficiency. 

The QUICKEST approach was also improved with respect to computational efficiency. 

In this case the spatial reachout technique was used to locate the control volume at 

which QUICKEST solved the advection term. This was based on work by Manson and 
Wallis" 11 who used a method of characteristics to locate the control volume for one- 
dimensional QUICKEST, solving advection in streamtubes. This is a new approach 

because the application is fully two-dimensional for the advection term. The same 
benefits of increased accuracy with a greater Courant number are also observed in this 

case. 

The implementation of the six point method of characteristics into DIADEM3D, in 

Chapter 7, was also a significant development. Previously DIADEM3D used finite 

difference schemes, including upwinding and QUICKEST to solve the advection term. 
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As the six point method of characteristics has been shown to be an improvement on 
both approaches, this is an important adaptation. The fact that the scheme can also be 

applied using a large time increment is also beneficial in this commercial model. 
However, the water quality simulation would have to run independently from the 

hydrodynamics as this has not been developed to run at Courant numbers exceeding 

unity. 

The application of the scheme to the Firth of Clyde demonstrates that this approach has 
been implemented successfully. 
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8.2 Conclusions 

" Of the finite difference schemes tested, QUICKEST is the most numerically 

accurate. When extending this scheme from one to two-dimensions it is important 

that the full derivation including all cross derivatives should be employed. 

" For the test cases considered, the multi-point method of characteristics derived here 

proved to be more accurate than QUICKEST. 

" The six point method of characteristics is shown to be as accurate as the eight point 

approach. As it is the most compact of the two multi-point schemes it is easier to 

implement in two-dimensions. 

" The flexibility of the six point method of characteristic has been enhanced by the 

inclusion of the spatial reachout method. It was observed that as the Courant 

number increased, the predictions made by this scheme with the spatial reachout 

method, became more accurate, due to the fact that fewer interpolations were 

required. 

" The QUICKEST scheme was also adapted using the spatial reachout technique to 
locate the control volume for the finite difference scheme. This allows large time 
increments to be used in this approach 

" The six point method of characteristics was successfully implemented in 
DIADEM3D, demonstrating its application in an industrially relevant testcase. 
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