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Abstract

In this thesis we consider several questions on harmonic and analytic functions spaces and
some of their operators. These questions deal with Carleson-type measures in the unit
ball, bi-parameter paraproducts and multipliers problem on the bitorus, boundedness of
the Bergman projection and analytic Besov spaces in tube domains over symmetric cones.

In part I of this thesis, we show how to generate Carleson measures from a class of
weighted Carleson measures in the unit ball. The results are used to obtain bounded-
ness criteria of the multiplication operators and Cesaro integral-type operators between
weighted spaces of functions of bounded mean oscillation in the unit ball.

In part II of this thesis, we introduce a notion of functions of logarithmic oscillation
on the bitorus. We prove using Cotlar’s lemma that the dyadic version of the set of
such functions is the exact range of symbols of bounded bi-parameter paraproducts on the
space of functions of dyadic bounded mean oscillation. We also introduce the little space of
functions of logarithmic mean oscillation in the same spirit as the little space of functions of
bounded mean oscillation of Cotlar and Sadosky. We obtain that the intersection of these
two spaces of functions of logarithmic mean oscillation and L is the set of multipliers of
the space of functions of bounded mean oscillation in the bitorus.

In part III of this thesis, in the setting of the tube domains over irreducible symmetric
cones, we prove that the Bergman projection P is bounded on the Lebesgue space LP if
and only if the natural mapping of the Bergman space A? to the dual space (AP)* of
the Bergman space AP, where % + 1% = 1, is onto. On the other hand, we prove that for
p > 2, the boundedness of the Bergman projection is also equivalent to the validity of an
Hardy-type inequality. We then develop a theory of analytic Besov spaces in this setting
defined by using the corresponding Hardy’s inequality. We prove that these Besov spaces
are the exact range of symbols of Schatten classes of Hankel operators on the Bergman

space AZ.
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2.2.17 is from the published joint work with Professors A. Bonami and S. Grellier [23].
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the preprint [96].

iii



Introduction

In this thesis, we are concerned with several problems related to the boundedness of various
linear operators on some harmonic and holomorphic function spaces. We partially consider
problems of the same type related to holomorphic function spaces in domains with different
geometric structures. If in the unit ball (Part I) all the ingredients of real analysis are
available, the case of the bidisc required the development of more elaborated techniques
(see Part IT). The case of tubular domains over irreducible symmetric cones of rank greater
than 1 (see Part IT) is even much more difficult and its study has been at the origin of some
famous counter-examples such as the fact that the characteristic function in the disk is
not a Fourier multiplier for Lebesgue spaces of exponent not equal to 2 [42] (this allows to
prove that the Szegd projection is not bounded on LP for p # 2) or some counter-examples

to maximal inequalities proved using Kakeya sets (see the survey paper [70]).

0.1 Carleson-type measures in the unit ball of C”

Let © be a region in C" and X a Banach space of continuous functions in 2. A positive
measure 4 in € is called a p-Carleson measure for X, if there exists a positive constant

C = C(p) with the property that

/ﬂ FPdu(z) < CIITIE

for all f € X.

For Y another Banach space of continuous functions in €2, we pose the following prob-
lem: Characterize those positive measures y in €2 such that given 0 < g < 00, the measures
|f(2)]|9du(z) are p-Carleson measures for X for all f € Y. In the first part of this thesis, we
study such measures when Y is the space of functions of bounded mean oscillation or of
logarithmic mean ascillation (respectively the Bloch space or the logarithmic Bloch space)

and X is a Hardy space (respectively a weighted Bergman space).

iv



0.1.1 Overview and motivation

When ¢ = 0 and Y = X = HP where HP is the usual Hardy space, these measures are
known as Carleson measures. Carleson [27] was the first to study such measures in the
case of the unit disc D of C. The Hardy space HP(ID) consists of holomorphic functions f
in D ={z € C:|z| <1} with the property that:

sup/ | f(re?)|Pdf < oo.
0<r<1J—m

Carleson measures have been shown to be very useful in many questions in Analysis.
One question where they appear is the problem of pointwise multipliers of function spaces.

i.e. the characterization of those functions f for which the mapping :
Mp: X — X

g—1f-g
is a continuous mapping in the Banach space X. We can mention as well their role in the
solution of various questions such as the Corona problem [27] and the characterization of
the dual space of H! [41,44]. Carleson measures also play an important role in interpolation
problems with application to control theory (see e.g. [63]).

The extension of Carleson measures (for Hardy spaces) to the unit ball of C"
B"={zeC":|z] <1}

is due to Hérmander [60]. In 1982, Cima and Wogen [32] characterized Carleson measures
for weighted Bergman spaces A5 (B™) (o > —1) in the unit ball of C". The weighted

Bergman space A% (o > —1) consists of holomorphic functions f in B" such that

[ 15Gpa - 1sprave) < o

The space of functions of bounded mean oscillation in the unit disc D of C, denoted
BMOA, consists of holomorphic functions f in ID such that

supi /I |f(t) — mpf|dt < oo. (0.1.1)

rcr ||
Here T is the unit circle, I an interval in T with length |I| and m;f = ﬁ [; f(t)dt is the
mean of f over I. The Bloch space B of the unit disc consists of the holomorphic functions

f in D such that

sup(1 —[2%)|f'(2)] < oc.
zeD
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In 2003, Ruhan Zhao [111] gave a characterization in the unit disc of those measures p
such that |f(z)[Pdu(z) is a Carleson measure for Hardy space (respectively for weighted
Bergman spaces) for all f € BMOA (respectively f € B).

Given an interval I, we denote by |I| the normalized length of I so that |0D| = |T| = 1.
Let S(I) be the subset of T defined as follows
ﬁ el}.

The above set is also called Carleson square or region. R. Zhao [111] proved that the

SI)y={z€C:1-|I|<|2| <1,

measure | f(z)[Pdu(z) is a Carleson measure for Hardy spaces (respectively, for the weighted
Bergman spaces A? (D), s > 1) for any f € BMOA (respectively f € B) if and only if
there exists a constant C' > 0 such that for any arc I C T,

u(st) <o

~ (logp)r

1
(log 7P
terize pointwise mutipliers of BMOA and B in terms of these measures. He also obtained

(respectively p(S(I)) < C

). As applications of his result, he was able to charac-

boundedness conditions of integral operator J; with holomorphic symbol f defined on

holomorphic functions by

I9() = [ 90100 0.12)

0.1.2 On some equivalent definitions of p- Carleson measures on the unit

ball

Recall that for o > —1 the weighted Lebesgue measure dV,, is defined by

AV (2) = ca(1 — |2]*)*dV (2), (0.1.3)
where
_Tn+a+1)
o= AT (0.1.4)

is a normalizing constant so that V,(B") = 1.

Definition 0.1.1. For & > —1 and 0 < p < oo, the weighted Bergman space A% (B")

consists of holomorphic functions f in LP(B", dV,,), that is

AP(B") = LP(B", dVa) [ | H(B™). (0.1.5)
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We use the notation
1= [ 17GIPaVAC) (0.1.6)
for f € LP(B",dV,,).

Definition 0.1.2. For 0 < p < oo the Hardy space HP(B") is the space of all f € H(B™)

such that
Hng = sup / |f(r&)Pdo(§) < oo. (0.1.7)
o<r<1.Jsn

The space of all bounded holomorphic functions in B"” will be denoted H*(B").
For any £ € S™ and § > 0, let

B5(&) = {w e S" : [1 - (w, )] < 4},

and

Qs(§) ={z e B": [1—(2,8)| < d}.
These last ones are the higher dimension analogues of Carleson regions. For f € H!(B"),
we still denote by f(§), for £ € S, the admissible limit at the boundary, which exists a.e.

The space of functions of bounded mean oscillation BMOA is the space of all f € H!(B")

for which there exists a constant C > 0 so that

5 ),
sup |f — feldo < C.
s=n50, 0(B)/p
6€]0,1[,£es™

Here and anywhere else, fp denotes the mean value of f on B.
The space BMOA is a Banach space when equipped with the norm
111 70)]+ S L1 duld
BMOA = sup — fgldo.
o(B) Jp

B=B; (&),
6€]0,1[,£es™

We now define the space of functions of logarithmic mean oscillation LMOA. An

analytic function f belongs to LMOA if f € H'(B") and there exists a constant C' > 0 so

that
log% /
sup |f — fpldo < C.
B=Bs(£), o(B) Jp
6€]0,1[,£es™

The space LMOA is a Banach space when equipped with the norm

11 F0)] + 1°g§/f fald
LMOA = sup — fgldo.
B=Bg(¢), U(B) B

5€]0,1[,£es™
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The radial derivative Rf of a holomorphic function f is given by
Rf(z) = szg(z).
— J
7j=1
The Bloch space B consists of all f € H(B") such that
11l = 1£(0)] + sup [Rf(2)[(1 — |2[?) < oo (0.1.8)
zZE€bn

We also recall the following definition of the logarithmic (weighted) Bloch space LB.
An analytic function f belongs to LB if

sup |Rf(2)](1 — |2|*) log < 0. (0.1.9)
z€By 1- ’Z‘Q
The natural norm on LB(B") is given by
9 4
£l = [£(0)] + Sup [Rf(2)|(1— || )logm < oo0. (0.1.10)
z€EDbn

Both B and LB are also Banach when equipped with the norms || - ||z and || - ||15, respec-
tively.

Now we consider generalized Carleson type measures with additional logarithmic terms.

Definition 0.1.3. Let p be a positive Borel measure on B"™ and 0 < s < oo. For p a
positive function defined on (0,1), we say u is a (p, s)- Carleson measure if there is a
constant C' > 0 such that for any £ € S” and 0 < 6 < 1,
(0(Bs(£)))°
p(0)

When s = 1, p is called a p-Carleson measure and if moreover p is a constant function,

u(Qs(§)) < C (0.1.11)

then such measures are exactly Carleson measures. In Chapter 2, we consider the particular
case p(t) = ppq(t) = (log(4/t))P(loglog(e?/t))? with 0 < p, g < co. As seen above,the case
p(t) = (log(4/t))P has been studied in [111]. To characterize such measures, we adapt and
extend ideas of [111] to the unit ball of C". Our main results are a series of criteria of

these measures. In particular, we prove:

Theorem 0.1.4. Let 0 < p,q < 0o and let v be a positive Borel measure on B". Then

the following conditions are equivalent.

i) There is C1 > 0 such that for any £ € S™ and 0 < § < 1,

o(Bs(¢))

C g’
n(@s(8)) < Ch (log $)7(loglog & )a
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ii) For any f € BMOA and any g € LMOA, the measure |f(z)[P|g(z)|9du(z) is a

Carleson measure.

Theorem 0.1.5. Let 0 < p,q < 00, 1 < s < 0. Let u be a positive Borel measure on B".
Then the following conditions are equivalent.
i) There is C1 > 0 such that for any £ € S™ and 0 < § < 1,

(B
(log 4)r(loglog & )4

w(Qs(§)) < Ch

ii) For 0 <r < oo and for any f € B and any g € LB,the measure |f(2)[P|g(2)|%du(z)

is a Carleson measure for A;S_(HH)(B”).

Among the consequences of our characterization, are boundedness criteria of the higher
dimensional version of the operator (0.1.2) on LMOA and between LM OA and BMOA.
It is a result of D. Stegenga [100] and independently of S. Janson [64] that the space of
pointwise multipliers of BMOA in the unit disc of C is exactly the intersection L°° N
LMOA. This result has been extended to weighted BMOA by Janson [64]. With our
characterization, we also describe the set of pointwise multipliers of LM OA and from this

space to BMOA, extending partially to the unit ball the results of [64].
0.2 Logarithmic mean oscillation in the bidisc
Given z = re'? € D, let us denote by I, the arc
L={e“:|w—0<1-r}
The Carleson squares defined in the previous section can be also written as follows
S(I)={zeD:I,CI}.

Given f € L*(T) (T is the unit circle), we denote by F its Poisson extension to D. It is

well-known that a measure y is such that there exists a constant C' > 0 with

/ |F(2))2du(z) < C/ |f(e?)2d6 for all f e L*(T) (0.2.1)
D T
if and only if there is a constant K with

p(S(I)) < K|I|



for all intervals I. One could expect that in two dimension, the Carleson Embedding
(0.2.1) holds exactly for those measures p in D x D for which there exists a constant C' > 0
such that

u(S(I % 1)) < 1]

for all product of Carleson squares S(I x J) = S(I) x S(J) over rectangles I x J. In fact
this is not the case, as proved by Carleson by constructing a counter-example [28].
In 1979, S-Y. A. Chang proved in [29] that a measure p satisfies the embedding (0.2.1)

in the case of the bidisc D? if and only if there exists a constant C' > 0 such that
S(Q) < C|9| (0.2.2)
for all connected open set Q C T2, where
S(Q) ={(21,22) € D*: S(I.,) x S(I.,) C .}

This show how far the situation in the product spaces can be different and even compli-
cated. In 1980, S-Y. A. Chang and R. Fefferman [30] characterized the dual space of the
real Hardy space Hp, of the bidisc defined by

HL(T?)={feL':Hif € L', Hof € L', HiHof € L'},

where H; and Hy are Hilbert transforms in the first and the second variable, respectively
and the Hilbert transform is defined on L!'(T) by
1
Hf(z):= p.v.jr/0 Mdy. (0.2.3)
They proved that this dual space is the space of functions of bounded mean oscillation
BMO corresponding to the characterization (0.2.2) of Carleson measures in the bidisc
in the following sense: A function f belongs to BMO(T?) if and only if the measure

|VF (21, 29)|? log L Jog idzldﬁdzgdﬁ is a Carleson measure on the bidisc, F' being the

2
) (21, 22)-

The Chang-Fefferman BMO(T?) space has been the subject of several works. Its dyadic

bi-harmonic extension of f to D? and

0*F
821 822

2 ’82F

2| 9%F
021079 ‘

| 9°F
07z10%9 ’

021073

VE (21, 22) = (\

version for example is the right range of symbol of some bounded paraproducts between

Lebesgue spaces in product domains [21,71,84].
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Pointwise multipliers of the space of functions of bounded mean oscillation BM O(T)
are well understood. In [100], D. Stegenga proved that they correspond exactly to those
bounded functions with logarithmic mean oscillation, that is, L N LM O is exactly the
algebra of functions f such that the multiplication operator by f is bounded on BMO(T).
Thus, it is a natural question to ask what the pointwise multipliers of BMO(T?) are.

Our approach uses essentially dyadic techniques. Let us identify the unit circle T with
the interval [0, 1]. A dyadic interval is any interval of the form [k277, (k4 1)277) with 5,k

integers. Let h; denote the Haar wavelet adapted to the dyadic interval I,

he =172 (e = x1-),
where I and I~ are the right and left halves of I, respectively and y; is the characteristic
function of I. The set of functions {hy : I € D} U {xo,1j} forms an orthonormal basis for
L?([0,1]) (see [81]). We denote by D the set of dyadic intervals in T and we denote by
R the set of all dyadic rectangles R = [ x J, [ and J in D. The product Haar wavelet
adapted to R = I x J is defined by hg(t,s) = h;(t)h;(s). For f € L?(T?) with mean zero
over T? we have the representation:

=Y _{fheyhr=">_ frhr.

ReR ReER

We will be writing mpf for the mean of f € L?(T?) over the dyadic rectangle R.
The space of functions of dyadic bounded mean oscillation in T2, BMOd(']TQ), is the
space of all function f € L?(T?) such that

1 1
1 Baro0 == sup = > |fal* = sup ~l|Pof|f} < o, (0.2.4)
QCT? | | ReQ QCT? | |

where the supremum is taken over all open sets Q C T? and Pq the orthogonal projection
on the subspace spanned by Haar functions hr, R € R and R € Q. It is well-known
(see [30]) that BMOY(T?) is the dual space of the dyadic product Hardy space H}(T?)
defined in terms of the dyadic square function

2
st =( Y Wl

(t,s)ERER ‘R|
That is,

HY(T?) = {f € L}(T?) : Sf € L}(T%)}.
Given two function f and g in L?(T?) with finite Haar expansion, the pointwise product

f - g can be written as the following

f9=mn, f+Agf +7a,f+Anyf+ Ra, f+Ar,f+ Re f +7r, f+ Rr,f. (0.2.5)
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The nine terms correspond to the matrix elements (Myhy(s)hy(t), hp(s)hy(t)) for I' C I,
I'=1,I'cI,I'>I,J cJ,J =J,J D J. The first four operators above are non

diagonal terms of the matrix, we call them “paraproducts”.

Remark 0.2.1. In one dimension, for f and b with finite Haar expansion, we have

fo=m(f) + ()" (f) + 75 (b),

where T, is the dyadic paraproduct with symbol b defined on L?(T) by
m(f) =Y brmifhi
1eD
and its adjoint (m,)* = Ay is given by
Ap(f) =) beI’XTI|~
1eD
Thus the terms in (0.2.5) can be viewed as composition of the one dimensional operators
7w, A and R. We have in particular
() = Y hrprmrlf.
ReR
Continuous versions of Paraproducts first appeared in the work of Bony [26] in relation
with non linear differential equations. Since then they have appeared as important tool in
Harmonic Analysis and have been extensively studied [21,54,71-73,75,76,78,87]. Their
importance can be illustrated from the T'(1) theorem of David and Journé [69] which claims
that many singular integral operators 71" can be written as T' = S + m, + (m3)*, where S is

an almost translation invariant (or convolution) operator.

In Chapter 3, we study the boundedness of the four paraproducts in (0.2.5) on BMO%(T?).
For this, we introduce some notions of functions of logarithmic mean oscillation in T? that

generalize the one dimensional one.

Definition 0.2.2. Let ¢ € L2(T?). Then ¢ € LMO%(T?), if and only if there exists C' > 0

such that for each dyadic rectangle R = I x J and each open set 2 C R,

log(17)? log(57)?
1] [/] Z | 2
(pQ‘ < (.
it QER,QCO

As a key result, we obtain the following.

Theorem 0.2.3. Let ¢ € L2(T?). Then ¢ € LMO%(T?), if and only if 7r, : BMO%(T?) —

BMO%(T?) is bounded, and ||7r, |lpyoi_prod = [1€]laod-
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Given two positive quantities A and B which depend on parameters aq, as,-- -, the
notation A ~ B means that

cB<A<CB

where ¢ and C' are independent of some or all of the parameters a1, ag, - - -. Although not
normally stated explicitly, it is usually clear from the context which parameters ¢ and C
are independent of. There are analogous definitions for the notation ~, < and 2 which
are used later. The proofs in this chapter use a decomposition of the operators as a sum

of localized operators satisfying some good estimates, and Cotlar’s lemma.

In Chapter 4, using the results of Chapter 3, we characterize the algebra of pointwise
multipliers of BMO(T?). Let LMO(T?) be the intersection of all dyadic LMO(T?) obtained

by translating the original dyadic grid R, and let Imo(T?) be the set defined as follows:

Imo(T?) = {b € L*(T?) : 3C > 0 such that [|m{"bl| o) < C,

Hm?)bHLMo(T) < C for all intervals I, J C T}.

We prove exactly the following result.

Theorem 0.2.4. The set of pointwise multipliers of BMO(T?) is the intersection Imo(T?)N
LMO(T?) N L(T2).

0.3 Hardy-type inequalities and Analytic Besov spaces in

tubular domains over symmetric cones

Let D be a domain in C™ and denote by dV the Lebesgue measure in C". The Bergman
space A%(D) is the closed subspace of the Lebesgue space L?(D,dV) consisting of holo-
morphic functions in D. Let us denote by P the orthogonal projection from L?(D,dV)
onto A%(D). P is given by

Pf(z) = /D Bz, w) f(w)dV (w), f € LA(D,dV) (0.3.1)

where B(.,.) is the Bergman kernel of D.

A main concern in the kind of analysis we are interested in is the characterization of
those p € [1,00[ for which P extends as a bounded operator from LP(D,dV) into itself.
The answer to this question is completely known in one dimension. Indeed, in the case

of unit disc D or the upper-half plane C; of C, it is well-known that P is bounded on
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LP(D,dV) if and only if 1 < p < oo (see [12,59,88]). The one dimensional result has
been extended to the unit ball of C" by F. Forelli and W. Rudin [48] in 1974. For general
domains, the question is still open. The case of pseudo-convex and bounded domains
of C" has been considered in [39,43,82]. Partial results have been obtained by various
authors in various settings specially for Siegel domains of type II and tubular domains
over homogeneous cones [9,10,12,14,17,18,38,56,77].

The interest of the above question can be illustrated by some of its consequences among
which is the fact that if P extends as a bounded operator on LP(D,dV'), p > 1, then the
dual space of the Bergman space AP(D) identifies with the Bergman space A?' (D) where
% + I% = 1. Consequently, denoting by (AP(D))* the dual of the Bergman space AP(D),
we raise the following question: Is there any equivalence between the boundedness of P
and the surjectivity of the natural mapping between (A?(D))* and A?'?

In one dimension, it is well-known that a function f belongs to the Bergman space AP
if and only if the function (1 — |2|?)f(z) is in LP(D,dV) and there are constants ¢, C' > 0

such that

C/ [f(2)[PaV (2) S/ (1= ) ()] aV (2) SC/ [f(2)[PaV (2). (0.3.2)
D D D

If the second inequality can be extended to higher dimension using the mean value in-
equality, the first one (Hardy inequality) is not so natural for all exponents p and for
more general domains in C™. Thus, we pose our second question, which is to know if the
boundedness of P is equivalent to the validity of the corresponding Hardy inequality in
such domains.

Note that if the equivalent formulation in the domain D of the first inequality in
(0.3.2) does not hold for some p, this implies that the Bergman space AP(D) differs from
the space of those analytic functions f for which the corresponding weighted derivative
(corresponding to (1 — |z|?)f/(z) in one dimension) belongs to LP(D,dV). These spaces
are known as Besov spaces and have been studied in the case of bounded domains by
several authors [1,109,110,116]. We also raise the problem of understanding their theory
in general unbounded domains of C".

We consider the above three questions in this part of the thesis in the setting of tube

domains over symmetric cones where some related work has been carried out in [13,14,22].
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0.3.1 Bergman-type operators on tube domains over symmetric cones

Let V be a real vector space of dimension n, endowed with the structure of a simple
Euclidean Jordan algebra. We consider an irreducible symmetric cone §2 inside V = R"
and denote by T = V + i the corresponding tube domain in the complexification of V.
Here, V is endowed with an inner product (-|-) for which the cone € is self-dual. These
domains can be seen as multidimensional analogues of the upper half plane in C. A typical

example arises when € is the forward light-cone of R, n > 3,
Ay ={yeR" : yi—y5—...—y2>0, y1 >0}

Other examples correspond to the cones Sym_ (r,R) of positive definite symmetric r x -
matrices. We refer to the text [40] for a general description of symmetric cones. Following
the notation in [40] we write r for the rank of 2 and A(z) for the associated determinant
function. In the above examples, light-cones have rank 2 and determinant equal to the
Lorentz form A(y) = y7 — y3 — ... — y2, while the cones Sym_ (r, R) have rank r and the
determinant is the usual determinant of r x r matrices. We shall denote by H(Tq) the
space of holomorphic functions on Tq,.

Given 1 < p,q < oo and v € R, the mixed norm Lebesgue space L¥(Tg) is defined by

the integrability condition

1z o= [ [([ 1 wpas) sty

The mixed norm weighted Bergman space ALY (Tq) is then the closed subspace of L)% (Tg)

1
q

< 0. (0.3.3)

consisting of holomorphic functions on the tube Tg,. These spaces are nontrivial only when
v>"—1 (see [12]). When p = ¢ we shall simply write A}” = A}. The usual Bergman
space AP then corresponds to the case v = 7.

The weighted Bergman projection P, is the orthogonal projection from the Hilbert

space L2(Tq) onto its closed subspace A2(Tq) and it is given by the integral formula

PVf(Z):/T By, (z,w) f(w) A"+ (Sw)dV (w) (0.3.4)

where
n 2 —W

B,(z,w) =d,A™""(

) (0.3.5)
yrv Ta(v+2)
@2mnr Ta(v)

is the weighted Bergman kernel, d, =
C"(see [12]).

and dV is the Lebesgue measure on
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The LY?-boundedness of the Bergman projection P, is still an open problem and has
attracted a lot of attention in recent years (see [14], [10], [9], [13]). To date, it is only
known that this projection extends as a bounded operator on LL? for general symmetric
cones for the range 1 < p < oo and q,,, < ¢ < qup, With ¢, = min{p,p'}qu, ¢, = 1+ ﬁ
and % + z% =1 (see for example [13]) with slight improvements over this range in the case
of light-cones (see [52]).

In this chapter, we consider the L}?-boundedness of a family of operators generalizing
the Bergman projection . This family is given by the integral operators T' = T, g, and
T+ =T7",  defined on C*(Tq) by the formulas

a,Byy

TF(z) = A%(S2) /T B, (2, w) f () AP (Sw)dV (w),

and

TYf(z) = Aa(%z)/ \Bw(z,w)|f(w)Aﬁ(%w)dV(w).
To

Remark 0.3.1. The boundedness of T on L)(T) implies the boundedness of T', al-

though the boundedness of T is typically expected in a larger range than 7.

The boundedness of this family of operators on L)¥(Tq) has been considered in [14]

for the case P, = Ty ,_» , and in [10] for T, = , . Both works deal with the case

o
of the light cone. Here, we consider the problem of the boundedness of the operator T'F
for general symmetric cones and obtain optimal results for this operator. For this, we
systematically make use of the methods of [14] and [10]. We mention that the case p = ¢

for general symmetric cones was implicit in [17]. Our results can be stated in the following

way.

Theorem 0.3.2. Suppose v € R and 1 < p,q < oo. Then the following conditions are
equivalent:

(a) The operator T;ﬂ’7 is bounded on LY(Tg).

(b) The parameters satisfy v = a+ 3+ %, a+ > —1 and

n n n . n n n
max{—ga+-—1,g(-a+—-1)=—+1} <v <min{g(f+1)+"—1,¢(f+)=—+1}.

Theorem 0.3.3. The operator T;ﬁﬁ/ is bounded on L>®(Tq) if and only if o > * — 1,

=203

B>-1andy=a+p+ 7.

As application, we characterize the dual space of Bergman spaces in some cases where

the Bergman projection is not necessarily bounded.
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0.3.2 Analytic Besov spaces in tubular domains over symmetric cones

We still denote by T the symmetric domain of tube type T = R™ + ¢Q2 where Q is an
wrreducible symmetric cone in R™.

A major open question in these domains concerns the LP boundedness of the Bergman
projection [9,13,14]. Let AD(Tq) denote the subspace of holomorphic functions in LY =
LP(Tq, A(y)"~™/"dz dy). These spaces are non trivial (i.e. A) # {0}) only if v > 2 — 1
(see [38]). The usual (unweighted) Bergman spaces AP(Tq) correspond to v = 2. Let P,

be the orthogonal projection mapping L2(Tq) into A%(Tg). Let us write

11—z if 1—2>0
(I-2)y =
0 otherwise
CONJECTURE 1. Let v > = — 1. Then the Bergman projection P, admits a bounded

extension to LY(Tq) if and only if

v+ 1 (1-v)y
P, <p<pyi= :1 — .

33
313

The necessity of the condition above was proved in [13]. The conjecture concerns the
sufficiency. Note that the summand involving (1 — v)4 in the second term only occurs in
the three dimensional forward light-cone (n = 3 and r = 2), where v is allowed to take
values below 1.

The problem of LP-continuity of the Bergman projection has been studied in the papers
[9,11,13,14], and completely settled for large v in the case of light cones in [13]. Let us

write

Then the necessary condition p < p, is given by the fact that by duality, the Bergman
kernel has to belong to the dual space Lﬁl (Tq) . As far as sufficient conditions are con-
cerned, we refer to [52,53] for the best sufficient conditions that are known, up to now, in
the case of light cones. In general, it is proved in [13,14] that the Bergman projection P,
is bounded in L} (Tg) for

]7;, <p<pyi=—fF—.
T
Let O = A(%%) denote the differential operator of degree r defined by the equality:

0 [e#19] = A(£)e@lO) ¢ e R™. (0.3.6)
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In cones of rank 1 and 2 this corresponds to —id, (when T is the upper-half-plane) and
—(92, — 92, — ... — 02 )/4 (when Ty is the forward light cone), which justifies the name
of “wave operator” given to A. We denote by O, the extension of the operator O to C"
given by O, = A(%a%). When there is no ambiguity, we write O instead of O,.

In this chapter, instead of improving the above results, we will be concerned with
equivalent formulations of Conjecture 1 and some consequences in the formulation of the
theory of analytic Besov spaces in these settings. Our first result is the answer to the
question of the equivalence between the boundedness of the Bergman projection and the

validity of a Hardy inequality.

Theorem 0.3.4. Let v > = — 1. Then, for p > 2, the Bergman projection P, admits
a bounded extension to LY (Tq) if and only if there exists a constant C such that, for all

F € A we have

// |F(z+iy)[P AV~ (y) dady < C // ’A(y)DF(:L‘jLiy)‘pA”_%(y) dx dy. (0.3.7)
Ta To

Such an inequality is called a Hardy Inequality by reference to the one dimensional
case.

We note that the reverse inequality always holds and that (0.3.7) is always valid when
1 < p < 2, as it can be proved, for instance, from an explicit formula for F' in terms
of OF involving the fundamental solution of the Box operator (see [22]). However, in
this range (7.1.3) has no implications in terms of boundedness of Bergman projections.
Hardy’s inequalities have been also considered in [22]. In [14], for forward light cones,
Hardy’s inequalities were used as a key argument for proving the continuity of the Bergman

projection.
The second equivalent formulation of Conjecture 1 concerns duality.

Theorem 0.3.5. Letv > T —1 and 1 < p < oo. Then P, admits a bounded extension to

LY(Tq) if and only if the natural mapping of A2 into (AD)* is an isomorphism.

Remark 0.3.6. If p > p/,, then the inclusion ® : AP (AD)* is injective, and hence
boundedness of P, is actually equivalent to surjectivity of ®. When p > p, these two
properties fail, and (AD)* is a space strictly larger than A,e/ which we do not know how to

identify.

The two theorems above give two equivalent formulations of the boundedness of the

Bergman projection for p > 2. They are proved in Section 3. When 1 < p < 2 is such
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that the projection P, is not bounded, then we can still describe the dual space of A}
in terms of equivalence classes of holomorphic functions, and more precisely in terms of

Besov spaces. We define analytic Besov spaces BL, for v € R and 1 < p < oo, by

BY :={F : A™(3)O™F € LY}

v

for m large enough. The smallest possible value for m in the above definition is related
to the validity of the Hardy inequality for some other weight, and one has to deal with
equivalence classes modulo holomorphic functions that are annihilated by powers of the
Box operator when m cannot be taken equal to 0. For the one dimensional case and
bounded symmetric domains, we refer to [47,115,116]. Here, compared to the case of
bounded symmetric domains, it is more difficult to deal with equivalence classes.

Let us mention the following special family of Besov spaces corresponding to the weight

v = —n/r in the above definition that is,
B? = { F e H(Tq) : A™(S)O™F € LP(d)) }.

Here d\ = A~ (y)dx dy denotes the invariant measure under conformal transformations
of Tq. These are the analogue for T of the Besov spaces introduced by Arazy and Yan
in bounded symmetric domains [1,109,110]. The space BP is the right range of symbols of
Hankel operators in the Schatten class S, [24,115]. For p = oo, the Besov space is known

as the Bloch space (see e.g. [7,8]).

In Section 4, we study several properties of these spaces such as duality, integral
representation, complex interpolation, and real analysis characterization in a point of
view provided by [13]. We also discuss the problem of the minimum number of derivatives

in the definition of Besov spaces.

0.3.3 Hankel operators on Bergman spaces of tube domains over sym-

metric cones

Let b € L?*(Tq) = L*(Tq,dV). The small Hankel operator h; with symbol b is defined as

ho(f) = P(bf) (0.3.8)

for f € H>®(Tq).
The aim of this chapter is to give criteria for Schatten class (S,) membership of Hankel

operators on the Bergman space A%(T). This problem has been considered in [2], [65] for
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the case of the unit disc of the complex plane, and in [116] and [115] for bounded symmetric
domains. Some earlier works were done in [1], [35], [61], [80] and [90] in various domains
including the upper half plane. It is shown in those cases that the small Hankel operator
is in the Schatten class S, if and only if its symbol belongs to the corresponding Besov
space BP. Let us mention that the same problem for Hardy space of tube domains over
symmetric cones was considered in [24] where it is stated that classical result extends to
this case at least for 1 < p < 2. Combining techniques of [24,115], we prove that classical
results (see [115] for example) extend to the tube domains over symmetric cones for the
range 1 < p < co. When the symbol is analytic and 1 < p < oo, we also obtain criteria
in terms of the action of the operator on the reproducing kernel, here, “the reproducing
kernel thesis”. This last characterization appears in [98] for the same problem in the case

of Hardy space of the unit disc.
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Part 1

Carleson-type measures in the

unit ball of C"



Chapter 1

Preliminaries

In this chapter we introduce some basic properties of the unit ball. Results of this chapter
will be used in the next chapter.
1.1 Basic properties of the unit ball
Let n be a positive integer and let
C"=Cx---xC

denote the n dimensional complex Euclidean space.

For z = (21,...,2n) and w = (wy,...,wy) in C", we write
<Z7w> = 21W1 + -+ + 2pWp

and

[zl = VI + -zl

The open unit ball in C” is the set
B"={zeC": |z|] <1}
The boundary of B™ will be denoted by S™ and is called the unit sphere in C™. Thus
S*={z€C": |z|=1}.
Remark 1.1.1. In one dimension (when n = 1) one speaks of the unit disc that is the set

D={:eC: | <1}
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Its boundary is the unit circle T defined as
T={zeC: |z|]=1}.
A function f:B"™ — C is said to be holomorphic in B” if

f(z) =) c(m)z™,  zeB" (1.1.1)

Here the summation is over all multi-indexes
m=(miy,...,my),

where each my, is a nonnegative integer and

- ml-..
z0 =2 Z

The series in (1.1.1) is called the Taylor expansion of f at the origin; it converges absolutely

and uniformly on each of the sets
rB" ={ze€C"; |z| <r}, 0<r<l.
If we let
|m|=k

for each k > 0, where

Im| =mq + -+ my,

then the Taylor series of f can be rewritten as
o0
f(2) = fil2).
k=0

This is called the homogeneous expansion of f; each fr is a homogeneous polynomial of

degree k. Both the Taylor and the homogeneous expansion of f are uniquely determined

by f.

For a multi-index m = (my,...,m,) we will employ the notation
m! =mq! - -m,!.
In particular, we have the multinomial formula

(z14 - +2z)N = Z E&zm.

[m[=N

We will denoted by H (B™) the space of all holomorphic functions in B™.
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1.1.1 The automorphism group

A mapping F : B" — CV, where N is a positive integer, is given by N functions as follows:

F(z)=(fi(2),...,fn(2)), z € B™.

We say that F' is a holomorphic mapping if each f is holomorphic in B™.

A mapping F': B" — B" is said to be bi-holomorphic if F' is one-to-one and onto and
F and its inverse, F~!, are holomorphic.

The automorphism group of B", denoted by Aut(B"), consists of all biholomorphic
mappings of B". If ¢ € Aut(B") with ¢(a) = 0 (a # 0), then there is a linear fractional
map ¢, on B"™ and a unitary transformation of C" such that ¢ = Uy,. The fractional
linear map ¢, is given by

a—Puz—(1—1a|>)?2Qquz
1- <Z> a>

Pa(z) = ,  z€eB (1.1.2)

where P, is the orthogonal projection from C™ onto the one dimensional subspace [a]

generated by a, and Q, = I — P,. We clearly have
P, = (-, a)af|a|*.
When a = 0, we simply take ¢,(2) = —z.

Lemma 1.1.2. For each a € B™ the mapping ¢, satisfies

1= (¢a(2), pa(w)) = 8 — 23258 — 223; (1.1.3)

for all z and w in the closed unit ball B* = B™ US™.

Moreover, for each a € B",
©a 0 @a(2) = 2z, z € B".
In particular, each pq is an automorphism of B™ that interchanges the points 0 and a.

Observe that in (1.1.3), if we take z = w, we obtain the useful relation

(1= Ja?)(1 = s2)

M= (za)P (1.1.4)

1 —|pa(2))* =
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1.1.2 Lebesgue spaces

Most spaces considered in of the thesis will be defined in terms of LP integrals of a function
or its derivatives. The measures we use in these integrals for this part of the thesis are
based on the volume measure on the unit ball or the surface measure on the unit sphere.
We refer to [117] for the results in this section.

We let dV denote the volume measure on B”, normalized such that V(B") = 1. The
surface measure on S will be denoted by do. Once again, we normalize o such that

o(S™) = 1. The next lemma gives an integration formula in polar coordinates.

Lemma 1.1.3. The measures m and o are related by

1
f(z)dV(z) = Qn/ r2n=Ldr f(r&do(§).
B 0 Sn

dV and do are invariant under unitary transformations. For a > —1, we define the

finite measure

dVa(2) = ca(1 — |2|2)*dV (2),

where ¢, is a normalizing constant such that V,,(B™) = 1. Using polar coordinates, we can

show that
_In+a+1)
T (et 1)

When a < —1, we simply write
dVa(z) = (1 — |2]?)%dm(2).

All the measures dV,,, a € R, are also unitary invariant (or rotation invariant), that is,

f(Uz)dVa(z) = [ f(2)dVa(z)
Bn Bn

for all f € L'(B",dV,,) and all unitary transformations U of C". As a consequence, we

obtain that
gmeldo(€) = 0, / 2" 2ldV,(2) = 0,
Sn n
if m and [ are multi-indexes of nonnegative integers with m # [. When m = [, we have

the following formulas.

Lemma 1.1.4. Suppose m = (mq,...,my) is a multi-index of nonnegative integers and

a > —1. Then
(n—1)Im!

m|2 _
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and
miI'(n+a+1)

F(n+|m|+a+1)

JRERIACE

As a consequence of the above lemma and Stirling’s formula, one obtain the following

asymptotic estimates for certain important integrals on the ball and the sphere.

Theorem 1.1.5. Suppose s is real and t > —1. Then the integrals

_ do(§) n
L= [ e S
and
(1= |w[*)'dV (w) n
Jsp(2) = /IB%" 11— (2, w)|ntirits z € B",

have the following asymptotic properties.
(1) If s <0, then I and Js¢ are both bounded in B™.

(2) If s =0, then
1

IS(Z) ~ szt(Z) ~ 10g1_7|z|2

as |z| — 17.

(3) If s > 0, then
Is(2) ~ Jsp(2) ~ (1 = ’212)_5-

as |z| — 17.

The notation A ~ B means that one can find a positive constant M such that

1
—B <A< MB.
Mo S4s

1.2 Various derivatives of a holomorphic function

In this section we introduce some notions of differentiation on B™ that we will need in the
next chapter. The most basic one is the standard partial differentiation, that is %. We
also give a well-known integration formula. We first introduce the very important notion
of the radial derivative in the unit ball.

The radial derivative Rf of a holomorphic function f is given by

RIG) =Y 55

Jj=1
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For a holomorphic function f in B"” we write

Viz)= <§Zfl(z), e ,itﬂ(z)) (1.2.1)

and call |V f(z)| the (holomorphic) gradient of f at z. We also define
Vf(z) = V(fop.)(0) (1.2.2)

where ¢, is the biholomorphic mapping of B" that interchanges 0 and z, and call |V f(z)]

the invariant gradient of f at z.
Lemma 1.2.1. If f is holomorphic in B™, then

V)P = Q= [zP)(IVE)P ~ [Rf(2)P)
for all z € B™.

The proof of the above lemma which uses the notion of the invariant Laplacian can be

found in [117].
Lemma 1.2.2. If f is holomorphic in B™, then
(1= P)RF(2) < (1= |2P)IVf(2)] < [V (2)]
for all z € B™.
Proof. By the Cauchy-Schwarz inequality for C",
Rf(2)] < |2V £(2)] < IV(2)].

This gives the first inequality. Now, using the inequality |Rf(z)| < |z||Vf(2)|, we obtain

from Lemma 1.2.1:
VP > (1= 2P VR = 2PV EP) = (1= 2P V()P
The proof is complete. O

The following lemma can be proved using integration by parts (see [92]) .

Lemma 1.2.3. Let f,g be holomorphic polynomials on B™. Then the following identity
holds

[ 1©3©dr©) = C1 | fE)eEAV(E) 40 [ RIGGE - |2V (e) +

B"

Os | T(2)Rg(z)(1 ~ |2V (2)

C1, Oy and C3 being constants independent of f and g.
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1.3 The Bergman Metric

The function
1

(1= (z,w))"*!

is called the Bergman kernel of B". The Bergman matrix is the n X n complex matrix

K(z,w) =

B(z) = (bij(z)) with entries
2
bij(z) - 828,2]-

log K(z, z).

The Bergman matrix is positive and invertible. Moreover, it is invariant under automor-

phisms of B”, that is,

for all z € B" and ¢ € Aut(B").

For a smooth curve ~ : [0,1] — B™ we define
N 1/2
= [ weonenn) @

i,j=1

1
- /0 (B (5).+/ (1)) 2.

This definition generalizes to the case of piecewise smooth curves. Thus we can define
metric § : B" x B" — [0, 00) as follows: for any two points z and w in B", let 5(z,w) be
the infimum of the set consisting of all £(), where 7 is a piecewise smooth curve in B"
from z to w. That [ is a metric follows easily from the positivity of B(z). [ is called the
Bergman metric on B". The following proposition is a consequence of the invariance of

the Bergman matrix under automorphism.

Proposition 1.3.1. The Bergman metric is invariant under automorphisms, that is,

for all z, w e B" and ¢ € Aut(B").

Using invariance again and other easy properties of the Bergman matrix, one proves

the following.

Proposition 1.3.2. If z and w are points in B", then

1+ . (w)

1
ﬁ(sz) = ilog 1 — Soz(w)7

where @, is the involutive automorphism of B™ that interchanges 0 and z.
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For a € B" and r > 0 we let D(a,r) denote the Bergman metric ball centered at a

with radius r. Thus

D(a,r) ={z€B": 3(a,z) <r}.

For any £ € S™ and § > 0, let

Qs(§) ={z e B": [1-(z,8)| <d}.

These are the higher dimension analogues of Carleson regions. We have the follow-
ing asymptotic estimates of the volumes V,(D(a,r)) = fD(a " dVy(2) and V4(Qs(§)) =

st(ﬁ) dVa(z).

Lemma 1.3.3. For any real « € R and r > 0 there exist constants Cor > 0 and cq,r >0
such that
Car(1 = |af)" 1% <V (D(a, 7)) < Cop(1 —[al?)"

for all a € B™.

Lemma 1.3.4. For any a > —1 there exist constants Cy > 0 and cq > 0 such that
cad™ T < Vo(Qs(€)) < Cad™ e

forall £ €S™ and 0 <6 < 1.

Remark 1.3.5. We refer to [117] for the proof of results of this section.



Chapter 2

On some equivalent definitions of

p- Carleson measures on the unit

ball

We give in this chapter some equivalent definitions of the so called p-Carleson measures
when p(t) = (log(4/t))?(loglog(e*/t)), 0 < p,q < co. As applications, we characterize the
pointwise multipliers on LM OA(S™) and from this space to BMOA(S"™). Boundedness of
the Cesaro type integral operators on LM OA(S™) and from LMOA(S™) to BMOA(S") is
considered as well. The case p(t) = (log(4/t))P was considered in [111] which also inspired

this work.

2.1 Holomorphic function spaces and Carleson measures in

the unit ball

2.1.1 Some holomorphic function spaces in the unit ball of C"

We define here various holomorphic function spaces appearing in this chapter. We refer
to the book [117] for the proof of different assertions stated below.

Recall that for a > —1 the weighted Lebesgue measure dV, is defined by

dVa(2) = ca(l — |2|?)%dV (2), (2.1.1)
where
_Tn+a+1)
0= Tl tT) (2.1.2)

10
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is a normalizing constant so that V,(B") = 1.

Definition 2.1.1. For @ > —1 and 0 < p < oo, the weighted Bergman space A} (B")
consists of the holomorphic functions f in LP(B",dV,,), that is

AP(B™) = LP(B", dVa) [ | H(B"). (2.1.3)
We use the notation
17l = [ 15GPaVa(e) (2.1.4)
]Bn
for f € LP(B",dV,).

Definition 2.1.2. For 0 < p < oo the Hardy space HP(B") is the space of all f € H(B™)
such that

£ = sup / FrE)Pdo(€) < oo, (2.1.5)
Oo<r<1.Jsn

The space of all bounded holomorphic functions in B" will be denoted H*>(B").
For any £ € S™ and § > 0, let

B5(€) = {w e S" : [1 = (w,§)] < 3},

and
Qs(6) = {z € B" : [1 = (z,6)| <4}
These are the higher dimension analogues of Carleson regions. For f € H!(B"), we still
denote f(§), for £ € S, the admissible limit at the boundary, which exists a.e (see e.g. [92]).
We recall that the space of functions of bounded mean oscillation in B BMOA(S™)
is the space of all f € H!'(B") such that

5,
sup f— feldo < C.
s=55¢). 0(B) B’ |
5€(0,1),6€SM

Here and anywhere else, fp denotes the mean-value of f on B.
The space BMOA is Banach space when equipped with the norm

1
llsrion = 11O+ sup s [ 1f = folao

5€(0,1),£€8™

We now define the space of functions of logarithmic mean oscillation LM OA.

Definition 2.1.3. A function f belongs to LMOA if f € H!(B") and there exists a
constant C' > 0 so that

log %

su - do < C.
B:Bf()s), o(B) /B If = feldo <

5€l0,1[,¢€s™
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The space LM OA is Banach space when equipped with the norm

log%
fllzaon = 1FO)]+  sup / f = fpldo.
B=By). 0(B) Jp

5€]0,1[,£€s™

The spaces BMOA and LMOA belong both to a more general class of holomorphic

functions.

Definition 2.1.4. Let p be a positive non-increasing function defined on (0,1). The
space of functions of p-bounded mean oscillation BMOA, is the space of all f € H!(B")

for which there exists a constant C > 0 so that

p(6)
)/B!f—deUSC.

sup
B=Bg(£), U(B
§€(0,1),6€8™

Here and anywhere else, fp denotes the mean-value of f on B.

The space BMOA, is Banach space when equipped with the norm

p(0)
fllsson, = 1FO) +  sup / f— foldo
| fl|Baroa, = [£(0)] s Ay B! Bl

6€]0,1[,£es™

(see [99,117]). When p is a constant function, the above space is the usual space of
functions of bounded mean oscillation BMOA and for p(t) = log($) this corresponds to
the space of functions of logarithmic mean oscillation LM O A

Let us recall the following definition of the Bloch space of the unit ball of C™.

Definition 2.1.5. The Bloch space B consists of all f € H(B") such that

1£lls = [£(0)] + sup |RF(2)|(1 - |2%) < o0 (2.1.6)
ZE€EDn
where Rf is the radial derivative of f defined in the previous chapter.

We now introduce the following generalized a-logarithmic-type Bloch spaces.

Definition 2.1.6. For 0 < p,q < oo and o > 0. Let BL? denote the space of holomorphic

functions f such that
4

4 e
sup (1 — [2|))% Rf(2)|(log ————)P(log log ———— )9 < oo.
sup (1= [+f2)°1 RS (:) ok )l log - 1)

These can be seen as special case of the so called p-Bloch spaces (see for example [62])
and one has that BY? are Banach spaces with the norm
4

4 e
_ 2\«
fllsge = 17O)]+ sup (1~ =) |RF(2) (108 1) oglog ) < oo
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The usual Bloch space B then corresponds to the case @ = 1 and p = ¢ = 0 while
B’ = B, are the so called a- Bloch spaces (see [117] ) and By' = LB is the so-called
logarithmic Bloch space. Moreover, BM O A continuously embeds in B and LM OA embeds

continuously in LB (see [117]).

2.1.2 Carleson measures on the unit ball of C"

We recall here the definition of Carleson measures and their equivalent characterizations

in the unit ball. We also introduce Carleson measures with weight.

Definition 2.1.7. Let p denote a positive Borel measure on B"”. Then for 0 < s < oo,
the measure p is called a s-Carleson measure, if there is a finite constant C' > 0 such that

for any £ € S™ and any 0 < § < 1,

1(Qs(8)) < C(o(B5(€)))” (2.1.7)

When s = 1, pu is just called Carleson measure. The infinimum of all these constants C'
will be denoted by ||u||s. We will also use ||u|| to denote ||i||1. The following theorem is
the higher dimension version of the theorem of L.Carleson [27] and its reproducing kernel

formulation.

Theorem 2.1.8. For a positive Borel measure p on B", and 0 < p < oo, the following

are equivalent
i) The measure p is a Carleson measure

ii) There is a constant C1 > 0 such that for all f € HP(B"),
[ 1fGpdu) < il

iit) There is a constant Cy > 0 such that for all a € B",

/ A—Jal) ) < 0
B

n 1= (a, w)*"

We say two positive constant K7 and Ky are comparable, denoted by K; ~ Ko, if there
is an absolute positive constant M such that

K,
M l< 2 <M.
<%, <

We note that the constants Cy, Cs in Theorem 2.1.8 are both comparable to ||u||. Assertion

i7) in Theorem 2.1.8 is the usual definition of Carleson measures (for Hardy spaces). The
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characterization of these measures in the unit disc is due to Carleson [27] and its extension
to the unit ball is due to Hérmander [60]. The proof of the above theorem can be found
in [117].

The characterization of Carleson measures for Bergman spaces in the unit ball of C"

is due to Cima and Wogen [32]. We have the following theorem in [117] and [113].

Theorem 2.1.9. For a positive Borel measure yp on B", s > 1 and 0 < p < oo, the

following are equivalent
i) The measure {1 is a s-Carleson measure

it) There is a constant K1 > 0 such that, for all f € Afm_(nﬂ),

[Pt < Kl oy

iit) There is a constant Ko > 0 such that, for all a € B",

—la 2\ns
/Bn u(l_@l,‘wgpnsdu(w) < K.

Here both K; and Ky are comparable to ||u||s. We consider here generalized Carleson

type measures with additional logarithmic terms.

Definition 2.1.10. Let p be a positive Borel measure on B" and 0 < s < co. For p a
positive function defined on (0, 1), we say that u is a (p, s)- Carleson measure if there is a
constant C' > 0 such that for any £ € S” and 0 < § < 1,
S
- oloBs€)
p(0)

When s = 1, p is called a p-Carleson measure. There is a close relation between

1(Q5(8)) (2.1.8)

p-Carleson measures and BMOA, space. The following is proved in [99].

Proposition 2.1.11. A holomorphic function f belongs to BMOA, if and only if the

measure (1 — |2|2)|Vf(2)|?dV (2) is a p?-Carleson measure.

We are interested in this chapter in the particular case

p(t) = ppg(t) = (log(4/t))F (loglog (e /1))

with 0 < p,q < co. We remark that the case p(t) = (log(4/t))P has been studied in [111]

for the unit disc of the complex plane C. The corresponding measures in the latter are
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called p-logarithmic s-Carleson measures. When s = 1 we call them p-logarithmic Carleson
measures and when p = 2 and s = 1 we call them logarithmic Carleson measures, using
the vocabulary of [111].

Let ¢, be the involutive automorphism of B” that interchanges 0 and z. We recall that
the Bergman metric of B" is given by

1 14 fpe(w)
Plaw) =gl T )

for all z,w € B™. For any R > 0 and any a € B", we write
D(a,R) ={z € B": 3(z,a) < R}

for the Bergman ball centered at a with radius R. We have the following characterization

of elements of B5? in terms of weighted Carleson measures.

Lemma 2.1.12. Let 0 < p,q < oo and a > 0. A function f € H(B") is in BY? if and
only if (1 — |z|2)"s=D+2e=1Rf(2)]2dV (2) is a (ppg, s)-Carleson measure for any s > 1,

where ppq(t) = (log )27 (log log %)2&

Proof. We first suppose that f belongs to BY? and show that there exists a constant C' > 0

such that for any £ € S*, 0 < § < 1 and any s > 1, the following inequality holds
I7(6) < Co(B5(€))",

where
4

4 € n(s— a—
15(6) = (og ) loglog 5% | IRFGIP(L— =00 av (o),
5

Let h(z) = (log 1) (loglog %)2‘1. Then h is decreasing on (0,1) and moreover, for any
2 € Qs5(€), 1— |22 < |1— (¢, 2)| < 8. It follows using the definition of BL? that there exists
a constant C' > 0 such that for all f € BYY,
h(9)
Ir(6) < C —_—
! Qs() (1 = [21%)
c (1= [z av (2)

Qs(8)
< Co(Bs(§))".

(1= 2"V av (2)

IN

This shows the necessary part.
Conversely, let us suppose that the analytic function f has the property that there

exists C' > 0 such that for any £ € S”, 0 < d < 1 and any s > 1,

17(0) < C(a(B5(£)))”
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and show that in this case f belongs to B2?. We recall that for a € B™ — {0} and
R > 0; letting 6 = 1 — |al, there exists A € (0,1) (depending on R but not on J§)such that
D(a,R) C Q5(&) with a = (1 — AJ)¢ (see [117, Lemma 5.23]). Now, using the mean value

property, we obtain that for any a € B,

C
[Rf(a)® < (A= [ap)ymtoa /D( " |RF(2)[P(1 = [2]?) =D ¥y (2).

It follows from the above inclusion and the hypotheses on the measure

[RF(2)P(1 = [2[?)"=D¥2e71qV (2) that

(1= lal*)**|Rf(a)[*(log ) (log log

4
1—laf? 1—laf?

The proof is complete. O

2.2 The case of p, , Carleson measures

2.2.1 Some useful results

We give in this subsection some useful results for the characterizations of p, - Carleson

measures in the unit ball.
Lemma 2.2.1. Let 1 < N < o0 and 0 < a < oo. The following assertions hold.

i) For any 0 < p < oo, there exists a positive constant Cy not depending on N so that

N e tdt &)
INap: < .
=) N—tr2p S (Nr2p

ii) If €1 and ez are real with log(2 + €1) + € > 1, then for any 0 < p < oo, there exists

a positive constant Co not depending on N so that

N e~ dt Cs
JNap = < .
” 1 (log(N—t+2+e€)+e)P ~ (log(N+2+¢€)+e)P

Proof. i). A simple change of variables gives the following equalities

N+1 —a(N+2-z) N+1

e dx _ _

INap = i R z Pe®dx.
2 xP 2

Thus i) can be written as

N+1
/ 7P dx < Cy(N + 2) PN +2), (2.2.1)
2
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Let f(z) =27 Pe*®. Then f'(z) = 2 P 1e®(ax —p) > 0if z > 2. Since f(z) is obviously
continuous on [2,00) and increasing as x > g, there is a positive constant K such that for
any x € [2, N + 1],

flz) < Kf(N +1) = K(N 4 1) PecW+D),

Integrating by parts gives

N+1 1 N+l N+
/ 7 Pedy = —gxPe?* + / x P ey
2 « 2

2 Q

N+1
< E(N 4+ 1) PeNHD) 4 @(N + 1)—p—lea(N+1)/ dx
(07 « 2
< K(1+p)(N+1)fpea(N+1)
o
/
< K(1+p)(N+2)—pea(N+2)’

(0}

where K’ is another positive constant, independent of N. Thus (2.2.1) is true, hence (4)
is true.

i1). The proof is similar to the proof of 7). Let x = N+2+4¢;—t. Thent = N42+4¢; —x,
and dt = —dz. Thus

N+1+€ e*Oé(N+2+€1*I)dx N+1+e1
INap= / = g~ o(N+2+e) (€2 +logz) Pe*dux.
o 2+e€1 (62 + IOg aj)p 24€1
Thus éi) can be written as
N+1+€1
/ (e +log x) Pe@dx < Coleg + log(N + 2 + ¢;)] PeN+2+en), (2.2.2)
2+4€1

Let g(z) = (e2 + log z)"Pe®*. Then
g (z) = (e2 + logz) P te® [a(ez +logz) — B] .
x

Since

lim |a(e2 +logx) — B} = 00,
T—00 x

we know that there exists a positive constant M such that ¢'(z) > 0 for all x > M. Thus g
is continuous on [2 + €1, 00) and increasing whenever x > M. Therefore there is a positive

constant K such that for any x € 2+ €1, N + 1+ €],

9(z) < Ki1g(N +1+€1) = Ki[eg + log(N + 1 + ¢ )] PecV+1+e),
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Integrating by parts gives

N+1+4€1 1 N+1+4€1 D Na4lde;
/ (€2 +log ) Pe™dr = a(EQ + log z) Pe™® + a/ (es +logz) P ez dy
e 2+-€1 2+4€1
K
< *1[62 +log(N +1+ 61)}_1’@0‘(N+1+61)
@
N+1+
—l-@[ﬁz +log(N + 1+ ¢)] P tex(VH1+a) / “ .
“ 2+4€1
Ki(1
< M[EQ +log(N + 1+ 61)]—p6a(N+1+el)
o}
Ky (1
< M[Q +log(N 4+ 2+ 61)]*;Dea(N+2+61)7
(6

where K3 is another positive constant, independent of N. Thus (2.2.2) is true, hence 1)

is true. The proof is complete.

Let

_ (A —laP)"
B = e

We have the following general characterizing of (pp 4, s)-Carleson measures in the unit ball.
Theorem 2.2.2. Let 0 < p,q < o0 and 0 < s < co. Let p be a positive Borel measure
on B"™. Then u is a (ppq,s)-Carleson measure with py4(t) = (log(4/t))P(loglog(e?/t))9, if

and only if
4

)| Ki(2)du(z) < C < . (2.2.3)

)P (log log
1-— |CL‘ B»

sup (lo
s oe Ty

Proof. We first suppose that p is a (ppq,s)-Carleson measure and prove (2.2.3). For
la| < 2, (2.2.3) is obvious since the measure is necessarily finite. Let 3 < |a| < 1 and
choose ¢ = a/|a|. For any nonnegative integer k, let 7, = 2*~1(1 — |a|), k = 1,2,--- ,N

and N the smallest integer such that 2N 2(1 — ’(l|) Z 1. Thus
(0] (0] . /N

Let By = Qp,(§) and E, = Q. (&) — Qr,_, (&), k > 2. We have
C2(k—1)ns(1 _ |a|)ns

1(Er) < p(Qr,(§)) < e '
k (log my’(log log Wf—lal))q

Moreover, if £ > 2 and z € Ej, then

1= (o2 = 11— lal+]all = (&2))
> —(1—lal) +]all1 - (&, 2)
> 29101~ faf) ~ (1~ Ja])
> 221 Jal).
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We also have for z € Fq,
1
1= (za)21~la] > 5(1—lal).

Using the above estimates, Holder’s inequality, the equivalence (2.2.4) and Lemma 2.2.1,

we obtain
. Ki(z)du(z) < a —?a\)”s kZ: 227111@5 (o8 é)p:lz:g - %)q
N
. kzl 2’“1”8 (log 21«—1(41|a>)p(11°g log ge=ri—ap)*
N
S Z; 2% (log m)p(llog log e=r=pay)*

N 1

1
2" (10g grr(i—ay)? (108108 gr=rf—pa )

p q
N p+q N pt+q
1 1 1 1
/ ots + dt / ts et dt
1 2% (log m)p a 1 2" (loglog s=r(r—qany )7

C
4 et ’
(log 1=p7)P(loglog 1577)¢

dt

N
»\W

N

<

This proves that (2.2.3) holds.
Now, suppose that (2.2.3) holds. For any £ € S" and 0 < 6 < 1, let a = (1 —6)&. Then

1 —Ja] = ¢ and for z € Q5(€), we have K,(z) > Thus, we obtain easily that

c
o(Bs ()"

4

4
oo > C 2 (log \al) (loglogl_, |)q K3 (2)du(z)

1-—
4
> (log(s loglog / K3(z)du(z)

(log g)p(log log 7)
~ (0(Bs(£)))?

We conclude that p is a (pp ¢, s)-Carleson measure. The proof is complete. O

w(Qs(£))-

The notation A < B (resp. A 2 B) means that there is a positive constant C' such
that A < CB (resp. A > CB). The following is well-known (see also Lemma 2.2.4 below).

Lemma 2.2.3. The following assertions hold.

i) There exists a contant C > 0 such that for any f € BMOA,

£()] < Clog( 4, Mfllsaon, = € B

1
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ii) The functions fq(z) = log( 17<4Z’a>), a € B" are in BMOA with uniformly bounded

norm.
Lemma 2.2.4. The following assertions hold.

i) There exists a contant C > 0 such that for any f € LMOA,
4

e
|f(2)] < ClOglOg(m)HfHLMOA, z € B".

4

ii) The functions fqu(z) = log log(ﬁm), a € B" are in LM O A with uniformly bounded

norm.
Proof. 1t is not hard to see that LMOA is a subspace of LB with ||f||Lg < C||f|lLamoa
(see [117]). Thus, we only need to show that i) holds for any f € LB.

For any analytic function f in B™, one easily has that

1
Rf(tz
1) - 10 = [
for all z € B™. It follows that there exists a contant C' > 0 such that for any f € LB and
any z € B",
1
Rf(t2)
£ - s = | [ e
0
STy A -
< LB .
0 (1— [#It) log(+<r)
4
= C’||f\|L3(Ioglog(1 — |Z|) —log4).
This prove the pointwise estimate for all f € LMOA.
Let us now prove that the functions f,(z) = log log(ﬁiw) are uniformly in LMOA

or equivalently, by the characterization of [99], that the measures duq(2) = |V fo(2)[*(1 —
|2|2)dV (z) are logarithmic-Carleson measures (that is a p-Carleson measures with p(t) =
log?(4/t)) with uniform bound. For any £ € S” and 0 < § < 1, we set

- 1 |22
1-o1<s 11— (@, 2)P|log(r—rr)

V(2).

We have to show that I < C ‘Zl(i‘sf))z), where the constant C > 0 does not depend on the
085

given a € B".
If |1 — (a,&)| > 26, then for any z € B" with |1 — (2,&)| < 6, |1 — (a, z)| > J. Thus,

o(B€)
(log & )2

64

fsazw%>2/ (1 |22)av(z) <
0 11— (2,6)|<6
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If |1 — (a,&)| <26, we obtain

1— 2
I 5/ : |Z’z) —dV(z)
1-(a5)<35 |1 = (2,a) 2 log” =%y,

_ 2
< Z i CoED v
382-1-1<[1-(,a)| <3027 |1 — (2, a)|? log® TGl
4

< 220+ 5= (logQJ)_Q/ (1—|z?)dV ()

jgﬂ 0" Jji-(za)<as2-d
< 57"4222 j+Dg—in+2) < T(Bs(E)

(log 5)2 1= (log 5)2

The proof is complete. O

2.2.2 p,, Carleson measures

In this subsection, we give and prove several equivalent definitions of p, 4- Carleson mea-
sures. We first establish a useful lemma. Let ¢, be the involutive automorphism of B™

such that ¢.(0) = z and ¢,(z) = 0. We remark that for any a,b, and z € B",

Ko(2) - Kip(pa(2)) = Kgoa(b)(z)

and

Ku($a(2)) - Kol2) = 1.
Lemma 2.2.5. Let 0 < s < oo and let p be a positive Borel measure on B™. Let

o) = 25,

Then

sup ||palls = [[uls-
acBn
PROOF: Using the previous remark, we obtain that

s dﬂ( a(2)) s dp(w)
RIS T I LSl ey

= | K(w)K;(pa(w))du(w)

_ / dpa(w).

The conclusion follows by taking the supremum over b € B” and applying Theorem 2.2.2.
O
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Let us now recall the following equivalence for the norm of elements of BMOA space:

1fllBrroa = sup |If o pa — fla)llp

a€cB

for any 0 < p < oo (see [117]).

Lemma 2.2.6. Let 0 < p,q < o0 and let u be a positive Borel measure on B™. Then the

following conditions are equivalent.

i) There exists a positive constant Cy such that for any 0 < § <1 and any £ € S™,

o)
(log 4)r(loglog & )4

wQs(§)) <C

ii) There exists a positive constant Cy such that

4
)" (log log - ¢ o) L Kal@)dn(z) < G < o
- -

sup (lo
o8 T,

iii) There exists a positive constant Cs such that for any f € BMOA,

et

sup (log log )q/ |f(2)PKa(2)dp(z) < Cs||fllBar0a-
a€B™ ‘a’ i

iv) There exists a constant Cy > 0 such that for any f € BMOA and any g € LMOA,

sup [Pl < Cll ool o

Proof. The equivalence i) < ii) follows from Theorem 2.2.2. We show that i) = iii) =
i1) = iii): We first remark that 4¢) implies that p is a Carleson measure and so is
%‘ZS)) for any fixed a € B" by Lemma 2.2.5.
Now, for any f € BMOA, using Hélder’s inequality we obtain

q

/n|f(2)f(a)\pKa(z)dM(z) < </ 1(2) = f(@)|PH K (2)d ) </ () >p+q
</Bn |foa(2) — fla )\pﬂdﬂ f S > ( (z)dp(z ))Fiq

_q

p+q
ClIullP ®* ) foa — f(a +(/ X )

_q

p+aq
Cllul PP a0 ( /R ) Ka(Z)du(2)> .

Q

IA

IN

It follows that

4

o [ Ky(z)du(z >)””,

I < Il P/ | F1Paron (<1og log
].— |(I| B
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where
oA

1—|a ,)q/ f(2) = f(a)P Ka(2)du(2).

I = (loglog

It is also clear that i) implies that p is a p-Carleson measure with

ol
p(t) = (loglog —)"™, ¢ € (0,1),
which is equivalent to saying there exists a constant C' > 0 so that
oA

(loglog ———)P*4 Ku(2)du(z) < C < 0.

1 - ‘a/| B
We conclude that
oA
Iy = (loglog )" /B I~ J@PE(2)an() < Cllflason (2:25)

Since f € BMOA, we already know that there exists C' > 0 so that

|f(a)] < Clog 1 fllBroa-

4
1 —|a

Thus, setting

I = (loglog - / F(@) P Ka(2)du(2),

we obtain

I, < C(log

4
P oglog o [ Kahdu:

We conclude using Theorem 2.2.2 that

I = (loglog - / F@PKa(2)du() < Ol Bnon: (2.2.6)

where C'is a constant independent of a. Finally, we obtain combining (2.2.5) and (2.2.6)
that for any a € B",

4

(oglog )" [ 1£GIPE(:)autz)

IN

2p(11 + _[2)

A

< Collflfsaoa:

i11) = v): For any f € BMOA, let dus(z) = Hf||]\c§’ 2I” du( ). We would like to show

that i) implies that there exists a positive constant C’4 such that for any f € BMOA
and any g € LMOA,

sup [ 1N Ku(=)dig (<) < Callallfson



CHAPTER 2. p- CARLESON MEASURES ON THE UNIT BALL 24

We remark that 4i7) implies in particular that for any f € BMOA, the measure dpuy is a

Carleson measure with ||zf|| ~ ||p|]. It follows easily as before that

/ 19(2) = (@)K a(2)dug(2) < Clld| < Nl bason < Clliall % llollf a0 (2:2:7)

Now, using the pointwise estimate for g € LMOA, we obtain

64
L (@i (z) < Clallbygontoglos ) [ Kulo)dug().

It follows using 7i7) that there exists C' > 0 so that

[ 19(@)*Ku(e)dns (2) < Clgllson (228)

Finally, using inequalities (2.2.7) and (2.2.8), we conclude that for any a € B",

IN

/ [F()Plg(2)] Ka(2)dp(2) 2"/ [F(2)IP(19(2) = g(@)|* + lg(a)|*) Ka(2)du(2)
B B

Coll a0 alldNE o>

IN

which is iv).
iv) = 4): For any 0 < § < 1 and £ € S", let a = (1 — §)§. From iv), we have in
particular that there exists C' > 0 so that for any f € BMOA and any g € LMOA,

/ 1F(2)Plg(2)|"Ka(2)du(z) < ClIfI5ar0all9( Lrs0a-
Qs(8)
We test the above inequality with f(z) = fu(2) = logkf‘m and g(z) = gu(2) =

log log #:@ which are uniformly in BMOA and LMOA respectively. Remarking that

for 2 € Qs(€), Kal2) 2 5y, log 3 < [fu(2)] and loglog & < |ga(2)], we obtain

C 4 p 64 q p q
@ B T e ) [ k) < [ Rl )
< O <oo.
That is
o(Bs(£))
w(Qs(§)) < C(log%)ﬁ(loglog i
The proof is complete. O

Taking ¢ = 0 in the above lemma, we obtain the following corollary (see also [111]).

Corollary 2.2.7. Let 0 < p < 0o and let p be a positive Borel measure on B™. Then the

following conditions are equivalent.
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i) There exists a positive constant Cy such that for any 0 < § <1 and any £ € S™

o(Bs(£))
4

mQs(§)) < Ch (logé)p .

ii) There exists a positive constant Cy such that for any f € BMOA,

sup / FEPEa(2)du(z) < Collf1Bason
acBn n

Lemma 2.2.8. Let 0 < p,q < o0 and let u be a positive Borel measure on B™. Then the

following conditions are equivalent.

i) There exists a positive constant Cy such that for any 0 < § <1 and any £ € S™,

o(Bs(8))

C *Yq'
1(Qs(8)) < € (log )P (log log &' )4

ii) There exists a positive constant Co such that for any g € LMOA,

sup (log

% / 19(2)| Ka(2)du(2) < Callgl|pron-
acB” 1-— |CL’ n

Proof. By Lemma 2.2.6, the assertion i) is equivalent to saying there exists a constant
C > 0 such that for any f € BMOA and any g € LMOA,
oo / F@Plg(2)I Ka(2)du(z) < Ollf paroallgEaroa
a n n
It follows from Corollary 2.2.7 that the latter is equivalent to saying that there exists a
positive constant C' such that
sup (log )P | Ka(2)dpg(z) < C < oo,
ackr 1 —lal” Jgn

_ e
HQ(Z)H%MOA

where djig(2) du(z). This proves 7). The proof is complete. O

Theorem 2.2.9. Let 0 < p,q < oo and let p be a positive Borel measure on B™. Then

the following conditions are equivalent.

i) There is C1 > 0 such that for any £ € S™ and 0 < § < 1,

o(Bs(¢))

C g’
w(Qs(§)) < Ch (log %)P(]og log %)q

ii) There is Cy > 0 such that

el

)4 Kq(z)du(z) < Cy < 0.

4
sup (log " )P(log log =) L

a€B” 1_’ |
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ii1) There is C5 > 0 such that for any f € BMOA,

4

sup (loglo
sup (loglog 7=y

)q/B |f(2)PKa(2)du(z) < Cs||fIB1r0a-

iv) There is Cy > 0 such that for any g € LMOA,

sup (log — =P /B 9(2)| K a(2)du(z) < Callgl|%yros-

acB” 1- |CL‘

v) There is C5 > 0 such that for any f € BMOA and any g € LMOA,

sup /n 1f(2)Il9(2)|"Ka(2)dn(z) < Csl|fI5r0all9llinroa

vi) For 0 < r < oo, there is Cg > 0 such that for any f € BMOA and any g € LMOA
and any h € H"(B"),

/n [F(2)Plg(2)|"h(2)["dp(z) < Cllf I paroallgllLaroal 217

Proof. We already have from Lemma 2.2.6 and Lemma 2.2.8 that i) < ii) < i) < v) &

v). Let
[f(2)IPlg(2)]

H%MOA| l9(2)| |%MOA

B110() = 573 ().

Then v) is equivalent to saying that
sup Ko(2)dpy g < Cs.
acB™ JRB"

By Theorem 2.1.8, this is equivalent to vi). The proof is complete.

2.2.3 Some applications of p, - Carleson measures

As first application of Theorem 2.2.9, we consider the Cesaro-type integral operator T
defined by

1
Ty(f)(z) = /0 F2)Rb(E) S, b, f e HB).

The characterization of the boundedness properties of T}, has been considered in [4], [5], [97]
and [111] for the case of the unit disc and [103] for the case of the unit ball for some analytic

function spaces. We first prove the following result on the boundedness of T, on LMOA.

Corollary 2.2.10. For b€ H(B"), Tj, is bounded on LMOA if and only if
4

e
1 —la

sup (log 1 " )%(log log )2 /Bn |Rb(2)[2(1 — |2)?) Ka(2)dV (2) < oo. (2.2.9)

a€eBn 1_| |
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Proof. We know from [99] that an analytic function b is in LMOA if and only if (1 —
|2|2)| Rb(2)|?dV (2) is a p-Carleson measure with p(t) = (log(4/t))?, which by Lemma 2.2.2

is equivalent to

sup (log

2 2 - Z2 5 . ~.
acBm 1— |a’) \/IB“ ’Rb<2)| (1 ‘ | )Ka( )dV( )<

It is not hard to see that
R[T,(f)](2) = f(2)Rb(2).

It follows that T3 is bounded on LMOA if and only if for any f € LMOA,

sup (log

sup (o8 =) [ IF@RIRNE R = )KL (Y () < I aron:

which by Theorem 2.2.9 is equivalent to saying that the measure |Rb(2)|?(1 — |2|?)dV (2)

satisfies
92 4
sup (log ———)?(log log e)2/ |Rb(2)|2(1 — |2|*) Ko(2)dV (2) < oo.
acBr 1 —|al 1—lal” Jgn

The proof is complete. O

Corollary 2.2.11. For b€ H(B"), T is bounded from LMOA to BMOA if and only if

el

sup (log lo
sup (loglog 7=

Proof. We have already seen that an analytic bis in BMOA if and only if (1—|z|?)|Rb(2)|?dV (2)

)2 /Bn |Rb(2)|2(1 — |2|*) Ko(2)dV (2) < oo. (2.2.10)

is a Carleson measure, that is
s;llBgl /n |Rb(2)|>(1 — |2]?) Ko (2)dV (2) < .
It follows that T} is bounded from LMOA to BMOA if and only if for any f € LMOA,
swp [ IFEPIRNARO = KLV () < Cllf o

which by Theorem 2.2.9 is equivalent to saying that the measure |Rb(2)|?(1 — |2|?)dV (2)

satisfies
4
sup (log log € )2/ |Rb(z)|2(1 — \z|2)Ka(z)dV(z) < 00.
aeBn 1 - ‘a’ Bn
The proof is complete. O

We also obtain in the same way the following result.

Corollary 2.2.12. For b€ H(B"), Ty is bounded on BMOA if and only if

sup (log )2 /Bn |Rb(2)|*(1 — |2]?) Ko (2)dV (2) < . (2.2.11)

aeBn 1- |CL|
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Our next application is about the pointwise multipliers on LM OA. Given two Banach
spaces of analytic functions X and Y, we denote by M(X,Y") the space of multipliers from
X to Y, that is

MX,)Y)={f€eHB"): f-geY forany g € X}.

When X =Y, we just write M(X, X) = M(X). The following lemma is an easy adapta-
tion of [117, Lemma 3.20].

Lemma 2.2.13. Suppose that X and Y are two Banach spaces of holomorphic functions.
If X contains constant functions and each point evaluation is a bounded linear functional

on both X and Y, then every pointwise multiplier from X to'Y is in H*>(B").
We have the following characterization of M(LMOA) for the unit ball of C"

Corollary 2.2.14. An analytic function f on B™ belongs to M(LMOA) if and only if
f € H®(B"™) and satisfies (2.2.9).

Proof. Instead of using Lemma 2.2.13, we give a direct proof of the fact that any element

in M(LMOA) is necessarily bounded. For this, we recall that for any f € LMOA,

4
e
|f(2)] < ClIfllLaoaloglog 1*7|Z|2

Now, for any a € B", let f,(z) = log log(ﬁi@). fa € LMOA and ||fallLmoa < C < 0.
It follows from these two facts that, if f € M(LMOA), then f - f, € LMOA and for

any z € B", ,

e
|f(2)fa(2)| < CI|f - fallLmoaloglog T
Taking z = a in the above inequality, we obtain
|f(@)] < CIIf - fallLmoa < C

where the constant C' does not depend on a € B". That is f € H*(B").
If f € M(LMOA), then for any g € LMOA, the measure |R(fg)(2)]?(1 — |z|*)dV (z)

is a logarithmic Carleson measure, or equivalently

I(9) < CllgllTaroas (2.2.12)

where

ff(g)zSelllBlg(log1 al
a n -

)? /n 9(2)Rf(2) + f(2)Rg(2)P(1 = |2*) Ka(2)dV (2).
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Since f € H®(B") and |Rg(2)|*(1 — |2|?)dV () is a logarithmic Carleson measure,

sup log
acBn”

/\f JRg(2)*(1 = [2[*) Ka(2)dV (2) < Ol fIIZ gl Zaroa-

We deduce that if f € H*(B,,), then (2.2.12) is equivalent to

sup (log 7 / 9(2)PIRF(2)P(1 = |2]*) Ka(2)dV (2) < Cllgl[Zaroa;

which by Theorem 2.2.9 is equivalent to saying that |Rf(z)|?(1 — |z|?)dV (z) satisfies
2 et
sup (log ——)*(loglog =——) | [Rb(2)]*(1 — [2*) Ka(2)dV (2) <
ek 1—|dl 1—la|” Jpn

The proof is complete. O
Similarly, we can prove the following results.

Corollary 2.2.15. An analytic function f on B™ belongs to M(LMOA, BMOA) if and
only if f € H*™®(B") and satisfies (2.2.10).

Corollary 2.2.16. An analytic function f on B™ belongs to
M(BMOA) if and only if f € H®(B"™) and satisfies (2.2.11).

The orthogonal projection of L?(0B™) onto H?(B") is called the Szegd projection and
is denoted by P. It is given by
P(f)(z) = - 5(2,€) f(§)do (), (2.2.13)
where S(z,&) = W is the Szegd kernel on 0B". We denote as well by P its extension
to L1(OB™).
For b € H?(B"), the small Hankel operator with symbol b is defined for f a bounded
holomorphic function by

hy(f) = P(bf). (2.2.14)

As last application, we prove that if b € LMOA, then the Hankel operator h; is
bounded on H!(B"). This extends the one dimensional result of [66] and [105].

Theorem 2.2.17. The Hankel operator hy extends into a bounded operator on H'(B") if
be LMOA.

Proof. Let b € LMOA or equivalently, such that (1 — |2|?)|Vb(z)|2dV (z) is a logarithmic
Carleson measure. For f € H!(B") and g € BMOA, we want to estimate |(hy(f),g)| =
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|(b, fg)|. Applying Lemma 1.2.3 to (b, fg), it follows that we only need to estimate the

following three integrals:

AFAJNMMMWMMWL

I —/ £ (19(2)] + [Vg(2)]) [VB(2)|(1 = |2*)aV(2),
and
I3 := /Bn 92V F(2)][Vh(2)[(1 = |2[*)dV ().

For the first one, we observe that since g and b are in all HP(B"), the estimate

l9(2)b(2)] < C(1 — |2|?)~1/?

holds. It follows using the fact that the measure (1 —|z|2)~1/2dV (z) is a Carleson measure
that
n<c [ @I =B avE) < i

For I, we use Cauchy-Schwarz inequality to obtain
I3 < C/ 1F(2)] (19(=)* +1Vg(2)]?) [(1 — |2[*)dV (2) x /n [F()IVO(2) (L~ |2*)aV (2).

We conclude by using the fact that [Vg(2)2(1 — |z]?)dV (2), |[Vb(2)[*(1 — |2|*)dV (z) and
|9(2)]2(1 — |2]?)dV () are Carleson measures.
The main point is the estimate of Is. We first recall that, by the weak factorization

theorem (see [36,92]), any f € H'(B") can be written as
F= hily with > |[|hyllallisll2 < C[[ £
J J
Replacing f by this weak factorization, we are led to estimate a sum of terms as

J :2/ 91U VA()|[VD(2)] (1~ |2[*)dV (2)
B

for [ and h in H?(B"). We recall that, for h € H?(B"),

Lénw%@N%1VQMV@)scmmb

Using this last inequality, Schwarz Inequality and Theorem 2.2.9, we obtain

1/2 1/2
([ vrora-1pave) ([ ePIeRwseRe - e

< CllgllBmoallll|2]|2|]2-

J

IN

N

This completes the proof of the theorem. O
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Remark 2.2.18. The condition on the symbols of Hankel operators in Theorem 2.2.17 is

also necessary (see [23]).

2.3 (p,s)-Carleson measures with s > 1

We consider in this section the case of (p, s)-Carleson measures when s > 1. Using Theorem

2.1.9 and the following equivalence for the norm of elements of the Bloch space B:
HfHB ~ Hfosoa - f(a)‘|p7a7 O<p<ooand a>—1

(see [117]). We recall that the logarithmic Bloch space LB consists of holomorphic func-

tions f such that

4
I£llzs = £ (0)] + sup (1 — |2*)|Rf ()| log -——5 < oo.

We can prove in the same way as Theorem 2.2.9, the following theorem.

Theorem 2.3.1. Let 0 < p,q <00, 1 <s < 0. Let u be a positive Borel measure on B”.

Then the following conditions are equivalent.

i) There is C1 > 0 such that for any £ € S™ and 0 < § < 1,

(B
(log 3)(log log )7

w(Qs(8)) < Ch

ii) There is Cy > 0 such that

4

)| Ka(2)%du(z) < Cy < oo.

4
sup (log - )P(loglog =i )L

a€B” 1_‘ |

ii1) There is C5 > 0 such that for any f € B,

el

sup (loglo
sup (oglog 7=

)q/B |f(2)PKG(2)du(z) < Csl|f][-

iv) There is Cy > 0 such that for any g € LB,

4
sup (log -y / 19(2) K2 (2)dp(z) < CullgllL
acB” 1— ‘CL‘ n

v) There is C5 > 0 such that for any f € B and any g € LB,

sup/ [f(2)Plg(2) " Ka(2) dp(z) < Cs|| fIl3l19]75-
acB” JB™
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vi) For 0 < r < oo, there is Cg > 0 such that for any f € B and any g € LB and any

he Al B,

/}Bn [f)IPlg(2) 10 (2)]"du(z) < Coll £INal1 sl s — gty -

We now move to applications of Theorem 2.3.1. We begin by considering the bound-
edness of the operator T} on the logarithmic Bloch space LB. We already know by Lemma
2.1.12 that a function f € H(B") is in LB if and only if for any s > 1 the measure
(1—|22)"s=DHY RF(2)[2dV (2) is (p, s)-Carleson measure with p(t) = (log(4/t))2, or equiv-
alently that

4
sup (log

cBn 1_ ‘a’)Q /Bn K3 (z)(1— |Z|2)n(5_1)+1‘Rf(2)|2dV(z) < .

We have the following corollary.

Corollary 2.3.2. For b € H(B"™), the operator Ty, is bounded on LB if and only for any

s> 1,
4 4

sup (log ——)%(log log 6)2/ |Rb(2)[2(1— 22"V (2)dV (2) < o0. (2.3.1)

acBn 1 — ‘CL| 1 — ]a| B
Proof. Let

4 _
Jo(f) = sup (log )2/ K5(2)(1 = |27 DF f(2)P| Rb(2)PdV (2).
acB” - ‘CL| B

That Ty is bounded on LB is equivalent to saying there exists a constant C' > 0 such that
for any s > 1 and any f € LB,
Io(f) < ClIfllis

which by Theorem 2.3.1 is equivalent to (2.3.1). O

Using Theorem 2.3.1 and the fact that any holomorphic function f belongs to B if and
only if the measure |Rf(2)[2(1 — |z|?)*~D+1dV (2) is a s-Carleson measure for any s > 1,

we can prove the following result in the same way.

Corollary 2.3.3. For b € H(B"), the operator Ty, is bounded from LB to B if and only
fors>1

64

sup (log log

acBn el /Bn [Rb(2) (1 = 2" DG (2)dV () < oo (2.3.2)

The following well-known result (see for example [103]) follows in the same way.
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Corollary 2.3.4. For b € H(B"), the operator Ty is bounded on B if and only for s > 1

sup (log )2/ |Rb(2)[2(1 — |2>)"=DHLKS (2)dV (2) < . (2.3.3)
acBr  L—la|” Jpn
We also obtain as in the previous section the following characterization of multipliers

of Bloch-type spaces.

Corollary 2.3.5. An analytic function f on B™ belongs to M(LB) if and only if f €
H>(B") and satisfies (2.3.1).

Corollary 2.3.6. An analytic function f on B™ belongs to

M(LB, B) if and only if f € H>*(B") and satisfies (2.3.2).

Corollary 2.3.7. An analytic function f on B™ belongs to
M(B) if and only if f € H*(B™) and satisfies (2.3.3).

2.4 Some generalizations

We give some generalizations and their applications. The proofs here follow the same steps

as in the two previous sections.

Theorem 2.4.1. Let 0 < p1,p2,q1,q2 < 00 and let u be a positive Borel meaasure on B”.

Then the following conditions are equivalent.

i) There is C1 > 0 such that for any £ € S™ and 0 < § < 1,
o(Bs(€))

(log 4)P1+72(log log %)(h +a2

u(@s(8)) < G

ii) There is Cy > 0 such that for any f € BMOA and any g € LMOA

I(f,9) < CallflBai0allgll T aroas

where

el

1—lal

I(f,g) = sup(log )P2(log log

acB” 1- ‘a|

[ A 0" KaEdaz).
ii1) There is C5 > 0 such that for any g € LMOA

I(9) < CsllgllTnroas

where

el

1 —|al

4
I(g) = sup (log 7)7’“”2 (log log

— )2 g(2)|* Ka(2)dpu(2).
a€B” 1 |a| B
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iv) There is Cy > 0 such that for any f € BMOA

I(f) < Call fIBrr0as

where

4

I(f) = sup (log ; !

P2(loglog ———
sup 0B g™

Fot [P Kalda(a),

Theorem 2.4.2. Let 0 < p1,p2,q1,q2 < 00, let 1 < s < 0o and p be a positive Borel

measure on B". Then the following conditions are equivalent.

i) There is C1 > 0 such that for any £ € S™ and 0 < 6 < 1,

(0(Bs(€)))°

(log %)Pl +p2 (log log %)fh +a2

mQs(§)) < C

it) There is Cy > 0 such that for any f € B and any g € LB,

J(f.9) < CollfIl5 gl s

where

4

e
1 —|al

J(f,9) = sup(log )7 (log log )”/En [f1(2) [Pt lg1(2)[" KG (2)dp(z).

acB™ - |a’

it1) There is C5 > 0 such that for any g € LB,

64 s
sup (log 710" 7 (o log )" [ Ja(2)[" K(:)u(:) < Callal

acB” 1_| |

iv) There is Cy > 0 such that for any f € B

4

e
1= al

Let 0 < p,q < oo. A function f € H(B") belongs to BMOA,,  with p,,(t) =
(log(4/t))?(loglog(e/t))? if f € H'(B™) and there exists a constant C' > 0 so that

sup (log ;)" (oglog )" [ [f()P K (2)du(z) < Cal -

acB™ 1- ’a"

4
wp  (08(4/0))P (loglog(e/5)) /|f faldo < C.
B=Bs(&) U<B)
5€]0,1[,£es™

By [99], a function f belongs to BMOA,, , if and only if du(z) = (1 — [2]*)|V f(2)|?dV (2)
is a p;q— Carleson measure. The following corollaries can be proved as in the previous

sections.
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Corollary 2.4.3. Let 0 < p,q < oco. Given an analytic function b, the operator Ty is
bounded from LMOA to BMOA,, , if and only if

64
) (10g log o) /B [Rb(2) (1 — |22 Ka(2)dV () < 0. (2.4.1)

Corollary 2.4.4. Let 0 < p,q < oco. Given an analytic function b, the operator Ty is

bounded from BMOA to BMOA,, , if and only if
4

e
1 —|a

sup (lo
s oe g

4
sup (log 1_7|a|)2p+2(10g log

)2‘1/ |Rb(2)|>(1 — |2|?) K. (2)dV (2) < 0. (2.4.2)
acB” Bn

In particular, we have the following.

Corollary 2.4.5. Given an analytic function b, the operator Ty is bounded from BMOA
to LMOA if and only if

sup (log

4 2 — |z 2 . . .
acEB” 1-— ‘a|) /IB%" |Rb(z)’ (1 | ’ )Ka( )dV( )<

Let us now move to applications of Theorem 2.4.2. The following two corollaries can

be proved exactly as before.

Corollary 2.4.6. Let 0 < p,q < 00, a« > 0 and b € H(B"™). Then the following conditions

are equivalent.

(a) Ty is bounded from LB to BY!.

(b) For any s > 1,

sup (log )2P(log log

272 [ |Rb(2) [P (1—|2?)" D2 (2)dV (2) < oo
a€By, 1- ’a‘ B"

(2.4.3)

1 —1a

Corollary 2.4.7. Let 0 < p,q < 00, a > 0 and b € H(B"™). Then the following conditions

are equivalent.

(a) Ty is bounded from B to BYY.

(b) For any s > 1,

el

1 —|al

4
sup (log ——)?P*2(loglog

S B 1=l 2 [ IR iV () < .

(2.4.4)
In particular, we have the following.

Corollary 2.4.8. Given b € H(B™), the operator Ty is bounded from B to LB if and only

if for any s > 1,

(log —2
Ssu O
wem BT a]

)4 /]Bn |Rb(z)|2(1 . |Z|2)n(s_1)+2a_1K;(Z)dV(z) < 00,
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Chapter 3

Bi-parameter paraproducts on the

bidisc

We introduce the space of functions of dyadic logarithmic mean oscillation on the bidisc
and use it to characterize boundedness of dyadic bi-parameter paraproducts on the product
space of function of bounded dyadic mean oscillation, BMOd(TQ). The idea of our proof
consists in writing our operators as a sum of localized operators satisfying some good

estimates and then applying Cotlar’s lemma.

3.1 Introduction

The paraproducts 7(f,b) are bilinear (multilinear) operators representing a class of op-
erators which can be view in some sense as “half product” or “renormalized product”
( [71]). They first appeared in the work of Bony ( [26]) in relation with nonlinear differen-
tial equations. Since then they have appeared as important tools in Harmonic Analysis.
Their importance can be illustrated from the 7'(1) theorem of David and Journé [69] which
claims that many singular integral operators T' can be written as T'= S + 7 + (7)*, where
S is an almost translation invariant (or convolution) operator.

The study of one parameter and multi-parameter paraproducts has attracted a lot of
attention in very recent years [21,54,68,71-73,75,76,78,84] with application to various
problems in Analysis. In [75,76], their characterization appears as an important step in
the study of of a multi-parameter version the Coifman-Meyer theorem ( [33,34]). In [87]

the authors also used the properties of paraproducts to characterize the Hankel operators

37



CHAPTER 3. BI-PARAMETER PARAPRODUCTS ON THE BIDISC 38

of Schatten class while in [72], they are used in the study of boundedness of commutators
with Riesz potentials. The study of composition of (Haar) paraproducts in [20] is applied
to the two weights problem, i.e for which pair of weights (u,v) is the Hilbert transform
bounded from L?(du) to L?(dv)?

One of the situations considered in [73] is the boundedness of the following multilinear
map:

TP o x I - LT 1< pj < oo

z”: 1 1

=t
It is understood that for some appropriate paraproducts 7w and in the limit case, i.e when
for example p; is 1 or oo, the space LP' can be replaced by the real Hardy space H}ZG
(p1 = 1) or its dual space BMO ( p; = o0). Let us remark that paraproducts have been
used in [21] to provided alternative characterizations of the Chang-Fefferman BM O space.
Restricting ourself to the bi-parameter case, an interesting situation which is still open for

general paraproducts is the following
m:BMO x L* — L*.

In this chapter, this last case is considered for some special Haar dyadic paraproduts in the
bitorus. The motivation for considering this case in the product setting is related to the
study of some other operators, such as the multiplication operators for BM O considered

in the next chapter or, as we expect Hankel operators in the limit case Hzlze

3.2 Settings and definitions

3.2.1 The one dimensional case

We recall in this subsection some basic facts about dyadic Harmonic Analysis in the unit
circle. Most of our statements are from [81].

Let T denote the unit circle which we identify with the interval [0,1). We recall that
for 1 < p < oo, a function f belongs to the Lebesgue space LP(T) = LP(T,dt), if f satisfies

the following integrability condition:

£l = /T F(1)Pdt < oo

The inner product on the Hilbert space L?(T) is given by

(f.g) = /T F(g@dt.
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A dyadic interval is any interval of the form [k277, (k + 1)277) with 7, k integers. We
write D for the set of dyadic intervals in T. Given an integer k, the k-th generation of

dyadic intervals is defined by
Dp={IecD:|I|=27%}
Remark 3.2.1. Let us remark that

e Given two intervals I and J in D, they are either disjoint or one is contained in the

other.

e Each interval is in a unique generation Dy and there are exactly two subintervals of
I in the next generation Dy called the children of I: the right half I and the left
half I~. Moreover, I = I JI™.

e For every interval I in Dj, there exists exactly one interval Iin Dj._1 such that I C I.

I is called the parent interval of I

Let h; denote the Haar wavelet adapted to the dyadic interval I,

hr =17 (x+ — x1-)

where I and I~ are the right and left halves of I, respectively and y; is the characteristic

function of I:

1 if tel
xi(t) =
0 otherwise

The set of functions {h; : I € D} U{xjo,1} forms an orthonormal basis for L?([0,1]).

Remark 3.2.2. Because of the application we have in mind and for simplicity, we suppose
in this chapter that our functions have mean zero over [0,1]. This has the advantage of
reducing the set of constant functions to {0}. We denote by LZ(T) the subset of L?(T)
corresponding to such functions. Then any f in L3(T) has the expansion:
f=> (fshnyhr = fihs
I€D IeD

(see for example [81]).
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We will be writing m;f = ﬁ 7 f(t)dt for the mean of the function f over the dyadic

interval I.
The space of function of dyadic bounded mean oscillation in T, BMO%(T), is the space
of all functions f € L?(T) such that

1
flI? := sup —
I SUp 7

/!f —myf|?dt < oo. (3.2.1)
I

A norm on BMO%(T) is given by

1B aro0 = 11113+ [1£112:

It follows using the Haar expansion that
2 1 2 1 2
[1£12 = sup = > " 1f1]* = sup || Psf]3 < o0, (3.22)
Jep || £ Jcr ||
where the supremum is taken over all dyadic interval J C T and Pj is the orthogonal
projection on the subspace spanned by Haar functions hy, I € D and I C J, i.e.
Pi(f)= > fihr
ICJ, I€D
Remark 3.2.3. The usual definition of the space of function of bounded mean oscillation

in the unit circle uses the power 1 in (3.2.1). The John-Nirenberg’s theorem then allows

us to use any power 1 < p < oo (see [49,67]).

The space BMOY(T) is the dual space of the dyadic Hardy space H 4(T) defined in

terms of the dyadic square function

2
st = ( 3 Wby

That means,
Hy(T) = {f € LY(T) : §f € L}(T)}
(see [81]).

Given f, g with finite Haar expansion, we have

fg=mg(f) + (mg)"(f) + 71 (9);

where 7, is the dyadic paraproduct with symbol b defined on L?(T) by

m(f) =Y brmifh

1eD
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and its adjoint (m)* = Ay is given by

No(f) =) beI’Xﬁ-

1eD

It is well-known that m, is bounded on LP(T) if and only b € BMO%(T) (see [81]).

3.2.2 The product setting case

Let T? denote the product of the unit circle by itself. We recall that D is the set of dyadic
intervals in T and we denote by R the set of all dyadic rectangles R =1 x J, I and J in
D. For any rectangle R € R, the product Haar wavelet adapted to R = I x J is defined

by hg(t,s) = hr(t)h;(s). These wavelets form an orthonormal basis of L3(T?):

F=Y (fihr)hr =" frhr

RER RER
We will be writing mpf for the mean of f € L?(T?) over the dyadic rectangle R. We also
use the notation fr(s) = (f(.,s),hr), mrf(s) = ﬁf[ f(t,s)dt, fr(t) = (f(t,.),hy) and
mf(t) =ty J, £(t,)ds.
For any f € L?(T?), we use the notations
Prf = > hr fr
R=I'xJ'eR,I'CI

and

Pf= Z hr fr.

R'=I"'xJ'eR,J'CJ
This means that given I € D, Py is the orthogonal projection on the subspace spanned by
the Haar functions hg = hp gy, R =1' x J' e R, I' C I.

There are several notions of bounded mean oscillation in the product setting. We are
interested here only in the Chang-Fefferman version of [30] . The space of functions of
dyadic bounded mean oscillation in T2, BMO?(T?), is the space of all function f € L?(T?)

such that

1 1
2 E : 2 2

= sup —— = sup — || P < o0 3.2.3
HfHBMOd S p2 |Q| |fR‘ S p2 |Q|H Qf“2 ) ( )

where the supremum is taken over all open sets Q C T? and Pq the orthogonal projection

on the subspace spanned by Haar functions hr, R € R and R C Q. It is well-known



CHAPTER 3. BI-PARAMETER PARAPRODUCTS ON THE BIDISC 42

(see [30]) that BMOY(T?) is the dual space of the dyadic product Hardy space HJ(T?)
defined in terms of the dyadic square function

h 2
S(ts)=( Y <f’Pj>' )2,
(t,s)ERER
That is,

Hy(T?) = {f € L}(T?) : §f € L}(T*)}.
As usual, we define the (7, j)th generation of dyadic rectangles,
Rij={IxJeR:|I|=27"|] =277},
the product Haar martingale difference,
Aijf= Y (fihg)hr,

RG'RiJ

the expectations

Eijf= Y Anif,

k<il<j

BV f = > Anf,

k<i,l,keNo
2
EPf= 3" A
l,keNp,l<j
for f € L*(T), i,j € N. We will need also need the operators on L?(T?) given by

Qijf = > Apif
k>i0>
Q= > Anf
k>i,l,k€eNy
Q;Q)f: > At
LkeNo 1>

Note that Q; ; is not the orthogonal complement of the expectation F; ;. In fact we have

the decomposition

f=Eiif +EVQV F+ B QW+ Qisf. (3.2.4)

The one dimensional paraproduct w and its adjoint A can be combined to obtain
various two dimension paraproducts. In particular, we write for ¢, f € L?(T?),
T f =790 =Y (Dije)(Eijf) = Y hrermrf.
3,7>0 ReR

We study below boundedness criteria of such operators on the product space BMO%(T?).
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3.2.3 An example of a function in BMO?(T?)

We show how to obtain for each rectangle R = I x J C T2, a function f% € BMO(T?)
such that
4

4
B> Clog — log — . 3.2.5
= Ogm Og’J|XIXJ ( )

Here the constant C' > 0 does not depend on R. In fact, we have the following lemma

in [21].
Lemma 3.2.4. BMO%(T) ® BMO%(T) C BMO%(T?).

The above lemma says that given f and g in BMOY(T), their tensor product defined by
b(t,s) := f(t)b(s) is in BMO?(T?). Thus, to obtain an example of element of BMO%(T?)
satisfying (3.2.5), we only need to find for any interval .J a function f” in the one dimen-
sional space BMOY(T) which satisfies the estimate

4
f7> Clog —
/]

where the constant C' > 0 does not depend on J.

Let J be a fixed interval in T. Let Jy = J and J be the intervals in T with the same
center as J and such that |Jy| = 2¥|J|, here k = 1,2,--- ;N — 1 and N is the smallest
integer such that 2V|.J| > 1. We define Jy = T. Thus,

N 42 > log, i
/]
Remark that the intervals J, are not necessarily dyadic. We define Uy = Jy = J, U =
i\ Jp_1, for k=1,---, N. Now consider the function f” defined on T by

N

= (N+2-k)xu,. (3.2.6)
k=0

Clearly,
4
f/(t) > N +2>logy — forall t€.J

/]
Lemma 3.2.5. For each interval J C T, the function f’ defined by (3.2.6) belongs to
BMO(T).
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Proof. We first estimate the L?-norm of /. We have

N N+2 N+2
7713 = D (N 42 =R\l = > Kl nsa-il < D K2V
N+2
Z L2oN+2-kgl-N
k=1
N+2

= 8 Z K22k,
k=1

It is clear that the last sum in the above equalities is finite and so f/ € L?(T).

IN

IN

For any interval I € T, let m € 0,--- , N + 1 be minimal such that I N U,, # 0, and
1€0,---,N+1 be maximal such that I NU,,4; # 0. Let us estimate the length of I NU;
forany m < j <m+1I. If ] =0 then I NU,, = I and there is nothing to say. If [ =1
then |I NUy,| < |I| and |I N Upy1| < |I]. Next, we consider the case [ > 2. We remark
that in this case, at least half of U; is contained in I for any m < j < m -+, thus we have
I NUj| < 25551 Finally, we have [I N Up,| < |I|. Thus,

m—1

1/ ; 1
— - (N+2—m—D|dt = — m 41— k)yu, |dt
LA L T oA
m4l
< — I — k)1
< g 2 (m+-BIN
m~+l
<

4m D> (mAl—k)2m |
k=m

k=l

= 422%9;.

k=0
Thus, for each interval J € D, the function f” given by (3.2.6) belongs to BMO(T) and
there exists a positive constant C' independent of J such that ||f/|[smo < C. The proof

is complete. ]

3.3 Boundedness of paraproducts on BMO?(T?)

Given two function f and ¢ in L%(']I‘Q) with finite Haar expansion, the pointwise product

f - g can be written as the following

f9=mn,f +An, [+ 70, +Anyf + Ra,f+ Ar,f + Be, f + 7R, [ + Rr, f.

The nine terms correspond to the products (Myhr(s)hy(t), hp(s)hy(t)) for I' C I, I' = I,

I'>I,J cJ,J =J,J D J. The first four operators above can be seen as compositions



CHAPTER 3. BI-PARAMETER PARAPRODUCTS ON THE BIDISC 45

of the one dimensional paraproduct 7 and its adjoint A. They are defined on L?(T?) by

the following formulas.

T =7of = Y (Do) (Eisf) = > hrprmef,

1,7>0 RER
AA f Z ‘R’@RfRa
RER
S
Ar f= X‘I ’ )hJ(t)SDImeJfla
IxXJER
A, f = Z hi( (PImeIfJ
IXJER

We refer to the next chapter for the definition of the remaining five terms.

It is a consequence of the Chang’s generalization of Carleson Embedding Theorem
(see [29]) that 7y is bounded on L?(T?) if and only if ¢ € BMO%(T?). The boundedness
of the operators ma, and Ay, has been studied in [21] and [84]. The following results can
be found in [21,71].

Proposition 3.3.1. Let o € L?(T?). Then the following assertions hold.

a) The operators mr, and Aa, are bounded on L*(T?) if and only if ¢ € BMO%(T?).

Moreover,

Imro 22— 2 = l@llgpon-
b) If p € BMOY(T?), then both 7, and Ay, are bounded on L*(T?).

In this section, we characterize those symbols for which they above operators extend as
bounded operators on BMO%(T?). For this, we introduce the following notions of function

of dyadic logarithmic oscillation in product setting.
Definition 3.3.2. Let ¢ € L%(T?).

e We say that ¢ € LMO%(T?), if there exists C' > 0 with

1
1QijllBmod(r2) < O
for all 4, j.
e We say that ¢ € LMO$(T?), if there exists C' > 0 with
1 1
1@ ¢llpyion < O

for all 7 € N.
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e We say that ¢ € LMOZ(T?), if there exists C' > 0 with

2 1
1057 ¢llprion < €
for all j € N.
The infimum of such constants is denoted by ||(,0HLMOd,HQD||LMO%, H‘P”LMogv respectively.
Remark 3.3.3. An alternative characterization of LMOY(T?), which is closer in spirit to
the one-parameter case, is the following: Let ¢ € L?(T?). Then

¢ € LMOY(T?), if and only if there exists C' > 0 such that for each dyadic rectangle
R =1 x J and each open set Q2 C R,

log(4)? log( )2
0]

> el <

QER,QCO
3.3.1 The main paraproduct

Let ¢ € L?(T?). The paraproduct Tr, = 7r<(p1’2) is defined by

Af = (Do) Eijf) =Y hrormrf

1,7>0 ReR
on functions with finite Haar expansion. We will sometimes write 7, or 7[¢] to avoid
ambiguities with complicated symbols. In this section, we show that 7, extends as a
bounded operator on BMO%(T?) if and only if ¢ € LMOY(T?). For this, we first provide

the reader with some useful lemmas.

Lemma 3.3.4.

Imrb| < knlbllgyoary (R € Ruk);
IxrbI3 < K2 n? RISy o2y (B € Rin);
Imibllgmodry S klbllgmodrrey (I € Dr);
and this is sharp.

Proof. Let R =1 x J. For the first inequality, consider

— XR
sup  [mgb| = sup |(b, )
beBMOY,[|b]| g p0a=1 beBMOY,[|b]| gy p0a=1 |R|
SJ H‘R|”H1(T2

= X H 1 H

4 4
< log(m)log(m) ~ kn,
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where we use the H}(T?)- BMO?(T?) duality in the first line and the known one-variable
results in the last line.

For the second inequality, note that xgrb(s,t) = Prb(s,t)+xr(s,t)mb(t)+xr(s,t)m b(s)—
Xr(s,t)mpb (see [21]).

Clearly [[PRbl3 < |RIIb200 and [xamsbl3 = [mrbPIR] < n2k2 RIIB2, 00 by
the first inequality. The results for the remaining terms follow from the one-dimensional

John-Nirenberg inequality, since e. g.

(s @l = s (1] [ [ ol 7 (@b Hasar
FELA(T), | fl2<1 1|
< M2 |bllgpos sup I IXR(S @l 72
fer2(m)lifla<t M
1
171210l gps0 sup ||TXI(S)IIH;(T)IIXJ(t)f(t)HH;(qr)
rer2(m)lflz<t M
< K 0lgmor sup Ixstlle S EnlIM2) 712 )1b) grod-

»eBMO®(T)

The last inequality follows in a very similar way:

[msbllmo(ry = Sup // X () f(0)b(s, t)dsd]
FEHY(D),|Fl 3 <1 T |1
1
S bllgmod(r) sup HmXI(S)f(t)HH;(T?)

FEHG (TSl 1 <1
1
HbHBMod(W)HmXI(S)HH;(T) S k”bHBMod(T?)-
For the sharpness in the two first inequalities, it suffices to test with b(s,t) = f1(s)f7(t)
when R = I x J and f! is the BMO%(T)-function given by (3.2.6 ). It follows easily that

4
log — 2 kn;

|mgb| 2 10g 2
]|

and

Ixrbll3 2 k*n®[|xrllz = k*n?|R].

For the last inequality, we take for I fixed, b(s,t) = f(s)g(t) where f is the BMO%(T)-
function given by (3.2.6 ) and g € BMOY(T) with 9l Brrod(ry = 1. Recalling that >k

on I, we obtain easily that

lmrbl garoacry 2 kllgll Brioaery = k-
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We also have the following useful lemma, in the same vein, which will be also of use in

the next chapter.

Lemma 3.3.5. For any open set U C T,
IxrPubllz < K2 IUNBI Ry oo g2y (T € D).

Proof. Let us first remark that any open subset of T can be written as a disjoint union of
countably many dyadic intervals. Let write U as the countable union of its maximal dyadic
subintervals. Thus Py is the sum of the mutually orthogonal projections corresponding to
these maximal subintervals. Consequently, we only need to prove the lemma for the case
where ) = J is a dyadic interval. For this, we recall that x;Pyb = Prxj— xym(Pyb) and

that || Prcsbl3 < [1]]7]]1]

< %M od- Thus, we only have to estimate the second term. Using

the one dimensional version of the first inequality in the previous lemma we obtain

Ixr@Omi(Psb)()3 < P (mab) )
< HIE P paroscm 7z
< T mobl o

< IR (b1 -

The next lemma provides an important identity for our study.

Lemma 3.3.6. Let b € L*(T?) and let k,1 € N. Then

176 Bk ill 22 = [l |

where
br.; if [I| > 27 |J] > 27!
(X gy b2 if 1] >27F || =27
br.y = Cpcr br g )2 if 11| =27%,]J] > 27
(XCrcrcs by, g |2)/?2 if 1| =27%,]J] =27
0 otherwise.
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Proof. Let f € L*(T?). Then

ImBraf 3 = 11 (Ai0) B Braf|?
1,J
2
= Y A EP+ D 1A ES B fI?
i>k,j>l i>k,j<l
1
+ 3 HAUDEEfI?+ Y (A b)Ei B fII?
1<k,j>l i<k,j<l
= 1Y 1A Y2E G+ DI 1A Y 2B £
i>k,j>1 j<l >k
A IO 1A PEFIP+ Y (A b)Ei s fII?
i<k §>l i<k,j<l
= I > (Aib)E;fI* = m fl*
i<k,j<l

Here is our main technical lemma.

Lemma 3.3.7. Let ¢ € LMO%(T?) and b € BMOY(T?). Then

kl
202 S EH‘PHLMO"’HbHBMOd'

7 [7[Qij10]

s = I
3V

Proof. We can assume that ¢ = Q;;¢. By Lemma 3.3.6, we have to estimate the BMO?
norm of WEE{). Clearly

P

ﬁ:Emb—i-E,(ﬂl)Q@) b“‘E Qk b+Qk Ql b

NNN

= Burgb+ EVQPr b+ EQQWr b+ QUWQProb = I+ 11+ 111+ 1V.

(indeed, this is the decomposition given by formula (3.2.4) and the definition of b in Lemma,
3.3.6).
We start with term I. For any open set  C T?,

1 1
@||P9Ek,l%b||2 = @ Z |90R|2|mRb’2
R=IxJ|I|>2"% |J|>2-t RCQ
k212 )
5 W Z |‘PR‘2HbHBMOd
R=IxJ|I|>2"Fk |J|>2—L,RCQ
< 50 < k,2l2
~ k=l HQDHBMOd”bHBMOd ~ 2 2||<70HLMOd||bHBMOd

by the definition of LMO? and by Lemma 3.3.4.
For term II, note that since EI(CI)QZQ)mpb has only nontrivial Haar coefficients for those

R=1xJ with |J| =27 and |I| > 27% (note that this corresponds to the second term in
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the definition of b in Lemma 3.3.6), it is sufficient to check the BMO norm on rectangles
R=1xJ with |J| =27 and |I| > 27%. Then

P

2
|R|HPR< LT3 = |Z\ Drob)r il
rcl
1
= IR Z o1 Imp bl
I'CILJCII'xJ'€ER
1 k212
- @HF@XRb”g S ”SOHBMOd‘R| HXRbHZ ~ 2 5 H(‘OHLMOde”BMOd

P

Term IIT is dealt with analogously. For term IV, note that since Qg)ng)ﬂ'wb has only
nontrivial Haar coefficient for R € Ry, it is enough to check the BMO norm on rectangles
of this type, and we obtain for R =1 x J € Ry :
D). @ )2 1 2 2
1PRQVQP r b)Pdsdt = —— lor . [lmp bl
), mu\ o

= ‘R| ||7T§0XRbH2

A

@HS‘JHZBMOd”XRb”%

k212
12 ) HQOHLMOdeHBMOd

N

by Lemma 3.3.4. O
Let us now recall the following Cotlar’s lemma (see [101]).

Lemma 3.3.8. Suppose {T}} is a finite collection of bounded operators on L?. We denote

the adjoint Tj by T7. We assume that we are given a sequence of positive constants

{a(4)}52 oo, with

o0

= Y a(j) <o,

j=—o00

and
Ty Tyl 2 p2 < [a(i —4)]
T e < [ali — )]

Then the operator
T=>"T
J
satisfies

1|22 < A.
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Theorem 3.3.9. Let ¢ € L%(T2?). Then ¢ € LMO%(T?), if and only if 7, : BMO%(T?) —

BMOd(TZ) is bounded, and “W¢“BMOd—>BMOd ~ H‘PHLMOd-

Proof. We begin by proving necessity. Suppose that m, : BMOd(T2) — BMOd(’]I‘2) is
bounded. Let R = I x J be a dyadic rectangle, with [I| = 27% and |J| = 27!, and
let @ C R be open. From Lemma 3.2.5, it is easy to see that there exists a function
b € BMO? with b|p = kl and [|b||lgyoe < C, where C is a constant independent of R.
Such a function is obtained as a tensor product of two one-variable functions by, by in the
variables s, t respectively, which have the corresponding properties for the intervals I and
J, respectively and are given by (3.2.6). Then

2 2
log(71)) (log(ry) kl
(ot >|Q<| ) > el D Ivel

QER,QCO QER,QCO
1
= @ Z |¢Q|2’me‘2 < ||7790b||2BMQd < C2||7T‘F’H2BMO‘1—>BMO‘1'
QER,QCQ

Thus ¢ € LMOd('JI‘Q) by Remark 3.3.3, with the appropriate norm estimate.

To prove sufficiency of the LMOd(']I‘Q) condition for boundedness of the paraproduct
on BMO%(T?), let ¢ € LMO%(T?) and b € BMOY(T?). Assume that b has a finite Haar
expansion. We will estimate |[7,b|/gy\0a = ||7[7,b]| 12— 2 by means of Cotlar’s Lemma.

For N, K € N, let

aN+l_1oR+1_1

Py = Z Z AV

i=2N  j=2K

co 00
PN’K = Z Z Ai,j?

i=2N j=2K

(3.3.1)

and

TN,k = m[r,b Py k.

That means, we wish to estimate the L? — L? operator norm of w[m,,b] = > Nk=0TNK-
In fact since we suppose that b has a finite Haar expansion, and in the aim of applying
Cotlar’s Lemma, we only need to consider a finite family of the operators {Tn i} N x>0
The result for the paraproduct n[m,b] will follow by taking the limits.

Clearly Tn kT g = 0 for N # N'" or K # K'. Therefore, we only have to estimate
the norm of T, , Tvv i+ for N, N’ K,K' € N. Letting N = max{N, N'}, N = min{N, N'},
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K =max{K,K'}, K = min{K, K'}, we obtain

TN kTl = I1Pni (b)) (lmed]) P |
= 1Py (=[P K mab)) " (7[PY K m b)) Pav ]

= Py 7PV Er ) (= IPY b)) P
K

< wPYEmob] P | [P bl P e |

= |#[x[PN K o)p) Py i || [P ]b] P
oN+19K+1 2N+12?+1

~  9N9K oN9oK llEnios 1Dl non
S 27NN =R o2 l1BlE o

by Lemma 3.3.7. Thus, by Cotlar’s Lemma, T = 7[m,b] is bounded on L?*(T?), and there
exists an absolute constant C' > 0 with
[7[moblll < Cllellod1bllpamod-

Consequently,

||7r<ﬂb||BMOd S H@HLModeHBMOd‘

3.3.2 The other paraproducts

There are four “good” dyadic paraproducts in two variables, namely the paraproduct m
discussed above, its adjoint defined by

Apf =20, f= ZX|QDRfR,

ReER

and the mixed paraproducts A, and 7a, given by

Axlolf = An f = XI (t)erxamyfr,
IXJER

X (1)

m b
]J| S orcamrfr

malelf =Ha, f = Zhl

IxJER
see [21].

Interestingly, all four paraproducts have a different boundedness behaviour on BMOd(’]I‘Q).
Theorem 3.3.10. Let p € L*(T?). Then

(1) A, : BMOY(T?) — BMO%(T?) is bounded, if and only if ¢ € BMOX.

Moreover, ||Apllgrod_pyod = 1@l pamod-
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(2) male] : BMOY(T2) — BMO%(T?) is bounded, if p € LMO$(T?).
Moreover, HWA[SO]HBMod(W)—»BMod(W) S HSOHLMo‘f(W)-
(3) Ax[g] : BMOY(T?) — BMOY(T?) is bounded, if ¢ € LMOY(T?).
Moreover, ||A7r[%0]||BMod(T2)—>BMod(T2) S ||80HLMog(T2)'

Proof. (1) was shown in [21]. To show (2), we will follow a simplified version of the ideas

of the proof of Theorem 3.3.9.

Lemma 3.3.11. Let b € L?(T?) and let k € N. Then

1
I EM | o = |l

where
b[7J if |I‘ > Q_k
bry = (> rcr by, s |*)1? if 1] =27F
0 otherwise.
Proof. As in Lemma 3.3.6. O

Lemma 3.3.12. Let ¢ € LMOY(T?) and b € BMOY(T?), i,k € N. Then

k
1 1
I [ral@ el B a2 S = lellaogllBllenos:

Proof. We write @ for Q") and E for E(Y. We can assume that ¢ = Q;p. Following the

results in Lemma 3.3.11, we estimate

”7rAtpb||BMOd < H7TAEWb||BMod + ||7TAQk<pb||BMOd‘

We start with the second term and remember that still Q;Qrp = Qrp. Since TA[Qrp]b
has no nontrivial Haar terms in the first variable for intervals I with |[I| > 2%,

ralQuelb = 3" S hi(s)(X lerslPlmpbs) X (1),

JED |1|=2—F Icr |l

and this has only nontrivial Haar terms in the first variable for intervals I with |I| = 27*.
The computation of the BMO? norm is therefore very easy: instead of considering general

open sets, one only has to consider rectangles of the foorm R = I x J, |I| = 2=, Thus,
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using Lemma 3.3.5 we obtain

IPr(ralQeeb)Z = [|Pr(ralQealb)l3

< |ImalPrQrebl3
= HM[PRkao]bH%

= | Z Z h[/ ) ermpby |3

J'CIJI'CI

= HMPWXJ(S)PJsz

N

k2
| PrellpnoslIxrPsbl3 S 5 llelfaroellblBaor-

Now we have to deal with the first term ||7a g, ,bl|gpod- Again, we recall that still

Ero = Q;E) with this notation. Let Q C T? be open and write

Then

1Pa(ma m o)

by Lemma 3.3.4.

IN

N

A

Jr = Ujep,ixjcnd for I €D. (3.3.2)

1Pa (malBre]) I3

XJ 2
1Pa > hI(S)m(t)SDIJmleHQ
1,JeD,|I|>2Fk

Y ) enmabsl}

1eD,|I|>2~k JED:IXJCQ

> Z (O)prymibsl

IeD,|I|>2-% JCI;

> HAm,bPJIwH%S Y lmblyed Pl
IeD,|I|>2—F IeD,|I|>2—k

Kbl 00 Y 1P 01113
1eD

K bl fyodll Peeld < 2||b|| wodl @l o

O]

The remainder of the proof of (2) is now exactly analogous to the proof of Therem

3.3.9, defining Ty = W[WA[QDHPN, where Py = )

2N+l

iZQN_l Agl), and using Cotlar’s Lemma

in one parameter. Finally, (3) follows by simply switching variables. O



Chapter 4

Pointwise multipliers of product

BMO

We characterize in this chapter the set of pointwise multipliers of the product space of
functions of bounded mean oscillation. This work is motivated by the one dimensional

result of [100] on the algebra of pointwise multipliers of this space.

4.1 Functions of bounded mean oscillation

In this section, we recall various notions of functions of bounded mean oscillation first
in the torus and then in the bitorus. In the product setting, we also recall equivalent
definitions of the little (small) BMO space denoted bmo and introduce the little LMO

space denoted by Imo.

4.1.1 Bounded mean oscillation in one dimension

Originally, we say a function f is in the space of functions of bounded mean oscillation
BMO if
171l = sup i [ 1b6e) = miblat < oc,
ol J;
where myf = |71‘ J; f(t)dt is the mean of the function f over the interval I. Because of the
John-Nirenberg’s inequality:
f € BMO if and only if there exist C, ¢ > 0 such that

{t e I:|f(t)—mrf] >\ < C|I]e= Ml

95
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we observe that the following equivalence holds

1 1/p
[ f]]x =~ <51}pm /I |b(t) — m]b|pdt> . (4.1.1)

Remark 4.1.1. The equivalence (4.1.1) explains the choice of the exponent 2 in the defi-

nition of BMO®(T) in previous chapter.

The Hilbert transform is defined on L!(T) by

Y O
Hf(x):=p. '7T/0 tan(ﬂ'(;r—y))dy' (4.1.2)

A second characterization of BMO is in terms of duality with the real Hardy space (see
[41]):

BMO(T) = (Hp(T))"
where (H}%e (T))* is the dual space with respect to the (L2, L?) duality, of the real Hardy
space H} (T) defined as

Hp,(T) = {f € LY(T) : Hf € L'(T)}.

Let us now introduce the useful notion of function of logarithmic mean oscillation. We

say a function f has logarithmic mean oscillation if

2
(tog 1) :
17 etog = s0p S [ 17(8) = Pt < oo (4.1.3)
C

The space of functions of logarithmic mean oscillation is denoted LMO(T). Taking only
dyadic intervals in the definitions of BMO(T) and LMO(T), we obtain their dyadic counter-
parts already introduced in Chapter 3 BMO?(T) and LMO%(T) respectively. The following

one dimensional version of Theorem 3.3.9 is easily obtained.

Proposition 4.1.2. For a function ¢ in L*(T), we have the equivalence

7ol BMod—Bymod == 1@l 10g-

4.1.2 Product space of functions of bounded mean oscillation

The product BMO(T?) of S-Y. A. Chang and R. Fefferman [29-31] is the dual of the real
product Hardy space H}, (T?) defined by

HL(T?)={feL':H fc L', Hof € L', HiHof € L'},
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where H; and Hs are Hilbert transforms in the first and the second variable. Keeping in
mind the equivalent definitions in one dimension, we also recall the definition of the small
BMO space bmo(T?) introduced by Cotlar and Sadosky [37]. A function f belongs to the

space of functions of bounded mean oscillation on rectangles, bmo(T?), if

1
sup / |b(s,t) — mpgb|dsdt < oc.
[R| Jr

RCT? rectangle

In the one dimensional case, bmo(T) = BMO(T). In higher dimension, this is far from
being the case. In fact we have bmo(T?) C BMO(T?) in the strict sense (see [37,46]).
Nevertheless, equivalent definitions of product BMO(T?) are obtained as in one dimension
in terms of range of symbols of bounded Hankel operators or commutators (see [30,45,46]).

The little BMO space on the bitorus bmo(T?) can also be characterised as

bmo(T?) = {b € L*(T?) : 3C > 0 such that 16(-,t)lBmo(ry < C,

llb(s, ')HBMO(’JI‘) < C for a.e. t,s € T} (4.1.4)

and as

bmo(T?) = {be L*(T?) : 3C > 0 such that ||m§1)b||BMO(T) <C,

HmE,Q)bHBMO(T) < C for all intervals I,J C T} (4.1.5)
(see [37,46]). Here and in the following, we think of I as an interval in the first variable
and J as an interval in the second variable, meaning that m(Il)b is a function in the second

variable and mF]Q)b is a function in the first variable. In the same spirit, we introduce the

little LMO space in the bitorus Imo(T?) as follows:

Imo(T?) = {b € L*(T?) : 3C > 0 such that ||m$1)bHLMO(T) <,
|]m82)b||LMO(T) < C for all intervals I, J C T}. (4.1.6)
Replacing rectangles by dyadic rectangles and intervals by dyadic intervals in any of

the characterizations above, we obtain the dyadic BMOd(Tz), the small dyadic BMO space
bmo?(T?) and the small dyadic LMO space Imo?(T?).

4.1.3 Dyadic grids and averaging

For a € [0, 1], let D denote the translated dyadic grid on T, that is the set of all interval
of the following form

[a+ k277 a+ (k+1)277), kjecZ



CHAPTER 4. POINTWISE MULTIPLIERS OF PRODUCT BMO o8

when we identify T with [0,1). Here D° = D the standard dyadic grid on T. For I € D%,
we denote by h¢ the corresponding Haar function, normalized in L?(T). Thus the notation
BMO%® will always means that we are defining our space of functions of bounded mean
oscillation with respect to the dyadic grid D* or the product dyadic grid R = D! x D*?
when we are in product settings, in which case a = (a1, ag).

In one dimension, the theorem of Garnett and Jones [Theorem 2, [83]] relates the space
BMO of functions of bounded mean oscillation to its dyadic counterpart, the dyadic BMO.
Its extension to the product space is due to J. Pipher and L. A. Ward [83].

Theorem 4.1.3. Suppose that ¢® € BMO%(T?) for each o = (a1, a0) € [0,1] x [0,1], that
a — % is measurable, and that the BMOd(TQ) norms of the functions ¢ are uniformly

bounded, i.e there is a constant Cy > 0 such that

e llppot < Ca

for all o € [0,1] x [0,1]. Let x = (x1,x2). Suppose also that

/goo‘(a:)dx =0 forall a €[0,1] x [0,1].

// (v + a)d

is in BMO(T?), where we identify T? with [0,1) x [0,1).

Then the translation-average

It is a duality consequence of the inclusion H}(T?) C H},(T?) (see [104]) that BMO(T?) C

BMO%*(T?) for all a = (a1, ) € [0,1] x [0,1]. Adding this fact to the averaging results

of Theorem 4.1.3, we obtain the following identification.
Corollary 4.1.4. BMO(T?) = (,c(9.1)x (0.5 BMO®*(T?).

Following the above identification of product BMO space as the intersection of all
dyadic BMO spaces obtained from translated dyadic grids, we introduce the following

notion of the product space of functions of logarithmic mean oscillation.

Definition 4.1.5. The space of functions of logarithmic mean oscillation on T?, LMO(T?),

is the intersection of all spaces of functions of dyadic logarithmic mean oscillation LMO%%(

LMO(T?) = ﬂLMOda(T2) (4.1.7)

where a = (a1, az2) € [0,1] x [0,1]. Here LM O%®(T?) is defined as in the previous chapter

taking rectangles in the product dyadic grid R® = D x D*1.

T2).
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Remark 4.1.6. We also have the identification Imo(T?) = (0, Imo®*(T?), a = (a1, az) €
[0,1] x [0,1]. Indeed this is a direct consequence of the one dimensional identification
LMO(T) = (] LMO™(T).
a€0,1]
Proof. 1t is clear that LMO(T) C (yep1 LMO®%%(T). Now, let f € Nacpo.1] LMO%(T)
and suppose that there exists a constant M > 0 such that for any dyadic interval J C T
in any dyadic grid D (a € [0,1]),
1og |J| /|f g f2dt < M.

I

Let I be an interval in T. Then I can be covered by a dyadic interval J in a suitable grid

with length |J| < 2|I|. It follows that

log log
|1\ / 2 \J\ 2
F(t) —mrf2dt < / F(8) — o f|2dt
o I
< 16 <10g J|> (J| / |f(t) = myflPdt + [myf — m1f2>
log
< ’J"‘] / () — my f|2dt < 8OM.
This proves that f belongs to LMO(T). O

4.2 Pointwise multipliers of BMO and of its dyadic counter-
part

We are interested in this section to those functions g € L?(T?) such that the pointwise
product f - g belongs to BMO(T?) for all f € BMO(T?). We use here the notations
introduced in Chapter 2 for the multipliers spaces: M(X,Y) and M(X) (when X =Y).
We recall that in one dimensional case, we have M(BMO(T)) = L*°(T) N LMO(T).

Theorem 4.2.1. Let ¢ € M(BMO(T?), BMO%*(T?)), o € [0,1] x [0,1]. Then ¢ €
Imo®?(T2) N LMO®%(T?2) N L>°(T?).

Proof. For simplcity, we restrict ourself to the case a = (0,0). To show that ¢ € L, note
that for each dyadic rectangle R, the function yr belongs to BMOd(’]IQ) and consequently
©xr € BMOY(T?2). Tt follows from the the definition of BMO%(T?) that we have

1 1
el msmo(r2) Brod(r)) = [l9XRlIBMOT = WK‘PXR?}LRH = Z\T”RSO’-
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where R is the parent rectangle (with respect to both dimensions) of R. Thus [|¢]le <
Allell pmero ) BMod(T2))-

Given a dyadic rectangle R = I x J with |I| = 27" and |J| = 27%, we already know that
we can construct a "dyadic logarithm” ¢ with the property that £ € BMO(T?), ¢|r = nk
and ||¢||smo < C, where C' is an absolute constant independent of R.

For any open set 2 C R, we obtain
1Pa(e6)13 = n*k?|| Pagll3.

It follows that for each rectangle R =1 x J € R and for all open set Q C R,

(log ﬁ) ? (log ﬁ) ?

Q) 1Pagll3 < ol 00-

Consequently, using the equivalent definition of LM O%(T?) in Proposition 3.3.3, we con-

clude that ||¢]|? C||90H3V[

LMO? = (BMO,BMO?)”

Now, suppose that ¢ has a finite Haar expansion. As in the previous chapter we break
up the multiplication operator M, : BMO(T?) — BMO%(T?) into the 9 dyadic operators
as in Chapter 3:

My, =7y, +Ap +7a, + Ar, + Ra, +Ar, + Rr, + g, + RR,

The first 4 terms are the dyadic paraproducts and it follows from the results of
Chapter 3 that they are bounded BMO(T?) — BMOY(T?) since ¢ € LMO%(T?). The

remaining five operators are defined as follows.

Rab(s, 1) me @s)brshi(s)h3(t),
1,

ARr,b(s,1) ZmJ (¢r bIJhI( Y (),
I1,J

wrD(s,t) = > my(er)ymr(by)hi(s)hs(t),
07

Rmpb(s, t) = Z m](gOJ)mJ(b])h](S)hJ(t),
1,J

and

Rpg,b(s,t) Zbumu 1(8)hs(t).

The operator Ry is clearly bounded on BMOY(T?), since ¢ € L*®(T?). For term 5 and
6, note that
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Lemma 4.2.2. Let ¢ € L>(T?). Then Ra,, Ag, are bounded on BMOY(T?) and in
particular bounded from BMO(T?) to BMO?(T?).

Proof. Because of the symmetry of variables, we only prove the lemma for the operator

Apg,. We first remark that for ¢ € L>°(T?) we have for any interval I, Imrell Bpory <

2l lloo-
Recall that
AR, b(t,s) = ZmJ<SOI)bI7Jh%(t)hJ(3)'
I,J

For any open set 2 € T2, define the subset J; for J € D as in (3.3.2). For any b €
BMO%(T?), we obtain

IPalAr,b(s, )15 = 1P my(er)brshi(t)hy(s)3
77

= [IPo (Z (Amyobr) hJ(S)) I3

JeD

= |Po (Z (A, P7,b7) hJ(8)> [

JeD

> 1 Am (P00 12y
JeD

> ImaselBaoae |1 P2,ball 2
JED

20lell3e D 1P7,bsl 72y = 2llel5 I Pabll3
JeD
2001212 11b]1 B ppoa-

IN

IN

IN

IN

Thus
1
ﬁ”PQAwa(Sat)|’% | 11 N [ e

The proof is complete. O
The conclusion of the theorem now follows from the final lemma:

Lemma 4.2.3. R -+, defines a bounded linear operator from BMO(T?) to BMO4(T?),

if and only if ¢ € lmo®(T?).

Proof. Suppose that Ry, +7p, is bounded on BMO(T?) — BMO(T?). Let I be a dyadic

interval and let b; € BMOY(T), [b1llBmo(ry = 1. Define b(s, t) = hr|I|?by(t), so

11|20y if I=r
b[',J' =
0 otherwise,
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and ”bHBMO(T?) ~ HblHBMO(’]I‘)- Then

(Rmp—f—ﬂ'Rw)b = Zhj(s)hJ/(t)mle/mJ/b[—l— Z h]/(s)hjl(t)mjlgol/mlxbjl

J! JICI
= > hi(hp@)Pmrsmabi + Y hp(s)hy(Ompppmpby
J! JLICI

Since the Haar supports of the two terms are disjoint, we know that both terms are in
BMOY%(T?), with norm controlled by a constant C' < | Rr, + 7R, llBMo—BMOd- Let us

consider the first term and fix a dyadic interval J € T. We obtain

CAII| = | Prxs (ZhI(s)hJ/(t)]l!l/szcmeJb1> [&

J/
= IS bl OV mrpym b3
J'CJ
— 11 (mre) gmbihgs (D113 = TPy b |
J'CJ

Since this estimate holds for each b; € BMO(T) and each dyadic interval J, it follows that
Tmye : BMO(T) — BMOY(T) is bounded, and by Proposition 4.1.2
1
Hm(f )‘P”LMod(T) S HﬂmIWHBMO(T)HBMOd(T) <C.

Similarly, one shows that

2
\|m5)@||LMod(T) S ||7rmJSO||BMO('JI‘)HBMOd(T) <C.
Since this estimate holds uniformly for all dyadic intervals I, J, it follows that ¢ €
Imo?(T?). O
Now, let us suppose that ¢ € Imo?(T?) and prove that both 7R, and Ry, are bounded.

Because of the symmetry of variables, it suffices to prove this for R;,. We recall that

mrD(s,t) = > my(er)ymr(by)hr(s)h(t).
I,J

Following the ideas of Theorem 3.3.9, it suffices to prove the following lemma.

Lemma 4.2.4. Let ¢ € lmo?(T?) and b € BMOY(T?), i,k € N. Then

1 1 k
I [mRIQ" e8] B 212 S =1 lhmosBllmntoe-
Proof. We write Q for Q) and E for EM. Let ¢ be defined by

Pr,J if |I| > 2_k
Gr.0 =1 (Cpcslor )2 if | =27%

0 otherwise.
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Then it follows as in the proof of Lemma 3.3.11 that

1
o B | Lo = |Imall

We can assume that ¢ = Q;p. Following the above remark, we estimate

HTrRapb”BMOd < ||7TREk<Pb||BMOd + ||7TRQk<pb||BMOd'

We first consider the second term and remember that still Q;Qrp = Qrp. Since

7r[Qre]b has no nontrivial Haar terms in the first variable for intervals I with || > 27,

mrlelb = Y ()Y ImppsPlmabe ) (1),

JED |[|=2—F I'crl

and this has only nontrivial Haar terms in the first variable for intervals I with |I| =

27%. The computation of the BMO? norm can therefore be done by only considering

rectangles of the form S = I x J, |I| = 27%. Thus, using the one dimensional result on

the boundedness of the paraproduct = on L?(T), the definition of lmo?(T?) and Lemma

3.3.5, we obtain

—_—~—

|1Ps(mr[Qrelb)|3 =

A

A

<

10> hp()hp)mpbymper|3

JICIICI
Z | Z hI’(S)mI’bJ’mJ’S"I’H%Z(T)
JICJ I'CI
D TP o (xr ()b (9)) 72
JICT
Z HP[mJ/(pHBMOd(T)”XI(3>bJ’(3)H%2(’]I‘)
JICJ
1
Z,—Qllc,o\lfmod > lxa(8)br ()17 2¢my-
JICJ

1 k2
gll@\lfmodllxz(S)PJb(s,t)\liz(qrz) S ﬁllwllfmdllbllémd(w)-

Let us now move to the first term H7rREWbHBMOd(T2). Again, for we recall that still

Erp = Q;Erp with this notation. Let Q C T? be open and write J; = UJjep,ixcad

for I € D. We also write 2 = Ujep 12—+ 1xjcol. Then using the one dimensional

boundedness result of the paraproduct  on L?(T), the definition of Imo?(T?) and Lemma
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3.3.5, we obtain

1Po(rr,dl3 = [P D D ha(s)hs(t)maprmibyll3
IeD,|I|>2-% JED

= Y > hi(symyermrby|;

JED [eD,|I|>2-k IxJeQ

= Z ||PQJ7TE,(€1>mJ<p <Z hl(s)beJ> ||%

JeD IeD
= ZHPQJWEI(;)mJ(p(bJ)Hg
JeD
2
= ZHPQJWE;;)mM(XQJbJ)Hz
JeD
= ZIIPQJWE]@WM( > xa(s)xa, ()bs(9))13
JeD [I]=2—F
2
= ZHPQJ?TEI(;)mm( > xab)l3
JeD [I|=2—k IxJeN
1
< SIEOmel i Y xibill3
JeD |[I|=2"kIxJ€Q
1
< Z.*QHSOHlQmOd Z | Z xrbsll3
JED Ieb,|I|=2"k IxJeQ
1 9 2
= lelineall > xi(s) Y br(s)hs(6)]3
IeD,|I|=2"%IxJe JeD
1
= Sleltg X IuPrblB
IeD,|T|=2—F
< kZ 2 2 < kQ 2 2
S 2 el 1blEyo oo Tl S 2 12lhea bl gppoa €2
Iel,|I|=2—*
This finishes the proof of the Theorem. O

We obtain in the same way the following result.

Theorem 4.2.5. Let ¢ € L*(T?) and o € [0,1] x [0,1]. Then ¢ € M(BMO%®(T?)) 4f
and only if ¢ € Imo®®(T?) N LMO%(T?) N L>(T?).

Corollary 4.2.6. M(BMO(T?)) = lmo(T?) N LMO(T?) N L>(T?).

Proof. If ¢ € M(BMO(T?), BMO(T?)), then ¢ € M(BMO(T?),BMO%%(T?)) for each
product dyadic grid R%, the standard dyadic grid translated by oo = (a1, a2) € [0, 1] x[0, 1].
It follows from Theorem 4.2.1 that ¢ € Imo®®(T?) NLMO®%*(T?) N L>(T?) with uniformly
bounded norms for all a = (aq, az) € [0,1] x[0, 1] , and therefore € Imo(T?)NLMO(T?)N
L>(T?).
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Conversely, suppose that ¢ € lmo(T2?) N LMO(T?) N L°(T?). Thus, ¢ € Imo®*(T?) N
LMO%%(T?) N L°°(T?) with uniformly bounded norms for all a = (a1, az) € [0,1] x [0,1].
It follows from Theorem 4.2.1 that for any b € BMO(T?), the pointwise product function
@ - bis in BMO%*(T?) for all a = (a1, az) € [0,1] x [0,1]. Thus,

p-be () BMO* =BMO(T?).
a€l0,1]x[0,1]

The proof is complete. O
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Chapter 5

Introduction to symmetric cones

This chapter introduces symmetric cones and their analysis. We give here different notions
and objects useful in this part of the thesis. Our setting is an Euclidean vector space V/
of finite dimension n endowed with an inner product (-|-). Materials of this chapter are

essentially from the text [40].

5.1 Convex cones

We first recall the definition of a cone.

Definition 5.1.1. A subset ) of V is said to be a cone if, for every x €  and A > 0, we
have Az € Q.
A subset 2 of V is a convex cone if and only if for z,y € Q and A\, u > 0 we have

Az + py € Q.
Let us now move to the definition of the dual cone of a convex cone.

Definition 5.1.2. Let €2 € V be an open convex cone. The open dual cone of € is defined
by
Q' ={yeV:(ylz) >0,Vx € Q\ {0}}. (5.1.1)

We say that € is self-dual whenever Q* = Q.

Example 5.1.1. (1) The octant 2 = (0,00)" in V = R" (endowed with the canonical

inner product);

(2) The Lorentz cone in V = R", when n > 3

A, = {yER” Sy -y >0, y1>0}.
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is a self-dual cone (see [40, pp. 7-10]).

5.2 Symmetric cones and Euclidean Jordan Algebras

5.2.1 Jordan algebras

We recall that a vector space V' is called an algebra over R if a bilinear mapping (z,y) — zy
from V x V into V is defined. For an element x € V let L(x) be the linear map of V
defined by

L(z)y = xy.

An algebra V over R is said to be a Jordan algebra if for all elements z and y in V:
Ty =y, (5.2.1)

z(2%y) = 2 (xy). (5.2.2)

Property (5.2.2) is called power associativity because if we suppose that V' has an identity
element e then (5.2.2) implies that the algebra R[x| generated by an element z and e is

associative. Here,
Rlz] = {p(z) : p € R[X]},

where R[X] denotes the algebra over R of polynomials in one variable with coefficients in
R. Given z € V we have
R[z] ~ R[X]/Z(z),

where Z(z) is the ideal defined by
I(z) = {p € R[X] : p(z) = 0}.

Example 5.2.1. Let M(m,R) be the algebra of m x m matrices with entries in R and
V = Sym(m,R) its subspace of symmetric matrices. Then V equipped with the Jordan
product

Toy= %(my + yx) (5.2.3)

is a Jordan algebra.

Note that the powers of x cannot all be linearly independent and consequently, Z(x) #
(). Since R[X] is a principal ring, Z(x) is generated by a monic polynomial f which we call

the minimal polynomial of x.
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For an element = € V' let m(x) be the degree of the minimal polynomial of . We have
m(z) = min{k > 0: (e,z, 22, - - ,xk) are linearly dependent}
(see [40, Ch. II, pp. 28]). We have 1 < m(x) < dim V. We define the rank r of V as
r = max{m(z):x € V},

and an element x is said to be regular if m(z) = r.
Let Lo(z) be the restriction of L(z) to R[z]. For x regular, we denote by My(x) the
matrix of Lo(z) with respect to the basis e, z,--- ,2"~!. The determinant of z, det(x) and

trace of z, tr(x) are defined by
det(x) = Det My(x)

and

tr(z) = TrMy(x).

Example 5.2.2. Let V be the space of m x m matrices with the Jordan product (5.2.3).

The rank of V' is m, the trace and determinant are the usual ones.

Recall that ¢ € V is said to be an idempotent if ¢ = ¢. Two idempotents ¢ and d are
said to be orthogonal if cd = 0. We say that an idempotent is primitive if it is non-zero
and cannot be written as the sum of two non-zero idempotents. We say that ci,--- , ¢cp, is

a complete system of orthogonal idempotents if
« 2=,
o cic; =0if i # 7,
e > ', ¢; = e (here e is the identity of V).

A complete system of idempotents is a Jordan frame if each of these idempotents is prim-

itive. The following spectral decomposition theorem is from [40, Th. II1.1.2].

Theorem 5.2.1. (Spectral theorem). Suppose that V' has rank r. Then for x in V there

exists a Jordan frame c1,--- , ¢, and real numbers A1, --- , A, such that
T
T = E Ajcj.
=1

The numbers \j (with their multiplicities) are uniquely determined by x. Furthermore,

det(x) = H Aj, tr(z) = Z/\j.
j=1 j=1
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Remark 5.2.2. The numbers ); in the above theorem are also called eigenvalues of .
We end this subsection with the following definition of an Euclidean Jordan algebra.

Definition 5.2.3. A Jordan algebra V over R is said to be Euclidean if there exists a
positive definite symmetric bilinear form on V' which is associative; that is there exists on

V' an inner product denoted by (u|v) such that (L(z)u|v) = (u|L(x)v) for all z,u,v in V.

Example 5.2.3. The algebra Sym(m,R) of m x m real symmetric matrices with the
Jordan product (5.2.3) is Euclidean. In fact the bilinear form tr(xy) is positive definite
and associative (see [40, Ch. III]).

5.2.2 Structure of symmetric cones

Let 2 be a fixed open convex cone in V. Let GI(V') denotes the group of all linear invertible
transformations of R™. The automorphism group G(f2) of  is defined by

GQ)={geGIl(V):gQ2=Q}.

This leads to the following definition.

Definition 5.2.4. An open convex cone {2 is said to be homogeneous if the group G(Q2)
acts transitively on €, i.e. for all x,y € €, there exists g € G(Q2) such that y = gz. An

open convex cone is said to be symmetric if it is homogeneous and self-dual.

Definition 5.2.5. A symmetric cone 2 in a Euclidean space V is said to be irreducible
if there do not exist non-trivial subspaces V1, V5, and symmetric cones 21 C Vi, Qs C V5,

such that V is the direct sum of V7 and Vs, and 2 = Q7 + Qo.

We denote by G the connected component of the identity in G(€2). G is a closed

subgroup of G(2). If V has rank r, the determinant function satisfies the following relation
det(gz) = (Detg)ndet(z), z €V, g G

(see [40, Ch. III, pp. 56)).
Let K be the subgroup of G defined by

K:=Gno(V)

where O(V) is the orthogonal group of V. We refer to [40, Ch. I and VI] for the following

result.
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Theorem 5.2.6. Let ) be a symmetric cone in V. Then the following are satisfied.
(i) The identity component G of G(2) acts transitively on §Q.

(ii) There exists a point e € Q0 such that

{geG:ge=e}=K=GQ)NO(V).

(iii) There exists a subgroup H of G which acts simply transitively on Q; i.e., for all
y € Q we can find a unique h € H such that y = he. Moreover, G = HK.

5.2.3 The Jordan algebra associated with a symmetric cone

Let 2 be a symmetric cone in a Euclidean space V. Let e be a point in {2 whose stabilizer
is K = GNO(V). We write g for the Lie algebra of G. Then, following [40, Ch. III], there

exists a Lie subalgebra p of g such that the mapping from p into V' defined by
X—X-e (5.2.4)

is a bijection. We denote by L its inverse: for z € V', L(z) is the unique element in p such
that L(z)e = x.
Theorem 5.2.7. Let €} be a symmetric cone in a Fuclidean vector space V. Defining on
V' the product

zy = L(z)y,

Vis a Fuclidean Jordan algebra with identity element e and
Q={s?:xecV}

A Jordan algebra is said to be simple if it does not contain any non-trivial ideal. In a

simple Jordan algebra V every associative symmetric bilinear form is a scalar multiple of
tr(zy).
Definition 5.2.8. Let V be a simple Euclidean Jordan algebra with rank r. The rank

rk(x) of an element x € V is the number of non-zero eigenvalues in its spectral decompo-

sition (with multiplicities counted).

We observe with [40, Ch. IV] that for all x € Q, we have rk(z) = r. Consequently, we

also call r the rank of the cone €.
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Let us fix a Jordan frame {ci,--- , ¢} in V' = R". This induces a Peirce decomposition:
V=D Vi
1<i<j<r

which formally lets us regard V' as a space of symmetric matrices (with V; ; as (i, j)-entry;
see [40, Ch.IV]). More precisely, the subspaces in the above decomposition are given by

Vii=R-c¢and V;j = V(c;,2)NV(cj,3) ={z €V : iz = cjo = £} for i< j. For

each i < j, the dimension of V; ; is the constant integer d = 2”5:1 (see [40, pp. 71] ). We
denote by P;; the orthogonal projection of V onto V;; for 7 < j.

We choose as H the subgroup of matrices h € G which are lower triangular with respect
to the Peirce decomposition of R™. More precisely, H is formed by the elements h € G

which satisfy the following two conditions:
(a) h(Vij) © B> .5 Vi,
(b) There exist strictly positive real numbers A;j, 1 < ¢ < j < r, such that P;jjhP;; =

In assertion (a) above, (k,1) > (i, j) denotes the lexicographic order. Then by Theorem
VI.3.6 of [40], H acts simply transitively on Q. Furthermore, one can write H = NA =
AN, where N denotes the strictly triangular subgroup of H (i.e., matrices such that

Aij = 1), and A is the diagonal subgroup. It is known from [40] that

A={P(a):a= Z a;c;, a; > 0},

1<i<r

where P is the quadratic representation of V' given by
P(zx) = 2(L(x))? — L(z?), z € V.

It follows that
G=NAK = KAN.

We shall denote by Aj(z), -, A.(z) the principal minors of x € V', with respect to
the fixed Jordan frame {c;,---, ¢, }. That is, Ag(x) is the determinant of the projection

Pya of x in the Jordan subalgebra vk = ®i<i<j<kVij- It is well-known that
Q={xecV:Ax(z)>0,k=1,---,r}

(see [38, Ch. IJ)
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Remark 5.2.9. Let us make the following observations (see [40]).
e We have the following homogeneity of the polynomials Ay:
Ap(mz) = Ag(x)
for  in V and for any positive integer m.
o LetxeQ, h=nP(a) € H,je{1,---,r}. Then
Aj(ha) = Aj(he)A(x) = a? -2 ().

In particular, A; is invariant under N.

Ar(gy) = Ar(ge)Ar(y) = Det(g)n A, (y)

where Det(g) is the determinant of g € G(Q2).

o Ay (ky) =A,(y) for all ke K.

5.3 Integrals over (2

We suppose in this section that € is an irreducible cone of rank r in R”. Let us introduce

some standard notations on multi-indices:
1. If t = (¢1,--- ,t,) we denote by t* the vector t* = (t,,--- , 1),

2. For t = (t1,--- ,t,) and a € R, by convention a + ¢ denotes the multi-index defined

by <t1+a7"' 7t'r+a>7
3. For t € R" and k € R", we write that t <k if t; < k; for j =1,---,r.

We also introduce the particular multi-index

d d n
go := (j—1)> with (r —1)= = — — 1.
( 2 1<j<r 2 r

The generalized power function on 2 is defined as
As(z) = AT 2 () A3 (z) - Ay (x), 2 € Q; s C.

Remark 5.3.1. Let s = (s1,---,8;) € C". Then,
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o Ag(arci + -+ -+ apcp) = ajt - - ar for strictly positive aq, - -, ar, whence the name

of generalized power;
i ‘As‘ = A?Rs

We now recall the definition of generalized gamma function on Q:
Ta(s) = [ ¢ CHAQATOE 5= (s1,+ 5) € T
Q

This integral converges if and only if Rs; > (j — 1)n/r L=(j—1)¢

forall j =1,--- 7, being in this case equal to:

T'q 27an1—[F j—ld

)5):

where I" is the usual gamma function on the positive half real line R, (see Chapter VII
of [40]). For s € R, we write I'q((s,---,s)) = T'a(s). We have the following result
on the Laplace transform of the generalized power function (see Proposition VII.1.2 and

Proposition VII.1.6 in [40]).

Lemma 5.3.2. Let s = (s1,---,5;) € C" with Rs; > (j — 1)%, j=1,---,r. Then for all
y € Q we have
| e OA©OAT (€)de = Ta(s)a ),
Q

Here, y = he if and only if y~! = h*~le with h € H.

Let us remark that the power function As(y~!) in the above lemma can also be ex-
pressed in terms of the rotated Jordan frame {c,,- -, c1}. If we denote by A;-‘, jg=1---,r

the principal minors with respect to this new frame then
Ady™) = [AL @) Vs = (1,0 ,s,) €T

The general power function can be extended to T = V + i§2 via the Fourier-Laplace

transform. We refer to [51] for the following.

Lemma 5.3.3. The following assertions holds.
(1) Let s1,--- ,8 >0 and s = (s1,--- ,8). Then

As(y+u) > Ag(y), Yy,ue Q.
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(2) For s = (s1,---,Sr) > qo, the integral

1 .

[ongo
Fa(s) Jo AT (€)
is absolutely convergent and defines a holomorphic function on V +i€). It is denoted

by [As(2)] 7.

By Corollary 2.18 and Corollary 2.19 of [38] (see also [55]) we have the following lemma.

Proposition 5.3.4. Lett € C" and y € Q2.

= ) do

converges if and only if Rt > g5 + . In this case, Ji(y) = C’t|A,t(y)|A%(y), where

(1) The integral
T +y

A_
(=

(2m)2n2n RG= ) g (Re* — 1)

Cy = -
L)1

(2) For multi-indices s and t and for any u € Q, the functions y — Ai(y + u)As(y)
belongs to L'(Q

’A”/T ) if and only if Rs > go and R(s +t) < —gj. In this case,

we have

d i FQ(S)FQ(—(S +t)*)



Chapter 6

Boundedness of Bergman-type

operators

In this chapter, we study here boundedness properties of Rudin-Forelli-type operators
associated to tubular domains over symmetric cones. As an application, we give a charac-
terization of the topological dual space of the weighted Bergman space AD?. We essentially

make use of the methods in [10, 14].

6.1 Introduction

Let V be a real vector space of dimension n, endowed with the structure of a simple
Euclidean Jordan algebra. We consider an irreducible symmetric cone €2 inside V = R"
and denote by T = V + i€} the corresponding tube domain in the complexification of V.
Here, V is endowed with an inner product (.|.) for which the cone (2 is self-dual. We recall
that as an example of a symmetric cone in R”, we have the forward light cone given for
n > 3 by

Tp={yeR":yf—ys—--—ys >0, y1 >0}

Again, we write r for the rank of 2 and A(x) for the associated determinant function.

Light cones have rank 2 and determinant function given by the Lorentz form

A(y>:y%_y%__y72u for y:(y17y27"' 7yn)

We recall that given 1 < p, ¢ < oo and v € R, the mixed norm Lebesgue space L) (Tg)
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is defined by the integrability condition

1£llpe = [ /Q ( /R ) f<x+iy>rpdx)g A"-’r‘<y>dyr < . (6.1.1)

The mixed norm weighted Bergman space ALY (Tq) is then the closed subspace of L) (Tg)
consisting of holomorphic functions on the tube Tq. These spaces are nontrivial only when
v > 2 —1 (see [12]). When p = ¢ we shall simply write A)” = A}. The usual Bergman
space AP then corresponds to the case v = 7.

The weighted Bergman projection P, is the orthogonal projection from the Hilbert

space L2(Tq) onto its closed subspace A%(Tq) and it is given by the integral formula

Pf(2)= | Bu(z,w)f(w)A"" 7 (Sw)dV (w), (6.1.2)
Ta
where
By(z,w) = d,A~"F (22 (6.1.3)
is the weighted Bergman kernel, d, = %F%(;; )% ) and dV is the Lebesgue measure on

C"(see [12]). Let us recall that the Bergman kernel is a reproducing kernel on A2(Tg),
that is for any f € A%(Ty), z € Tq,

f(z) = C/T B, (z,w) f(w) A"+ (Sw)dV (w). (6.1.4)

The LY?-boundedness of the Bergman projection P, is still an open problem and has
attracted a lot of attention in recent years (see [14], [10], [9], [13]). To date, it is only
known that this projection extends to a bounded operator on LL? for general symmetric
cones for the range 1 < p < co and ¢, < ¢ < qup, With g, = min{p,p'}qy, ¢ =1+ ﬁ
and 1% + 1% =1 (see for example [13]) with slight improvements over this range in the case
of light cones (see [52]).

The importance of the boundedness of the Bergman projection can be expressed in
terms of its consequences, among which the following is a well-known one: If P, extends
to a bounded operator on L% then the topological dual space (A7)* of the Bergman

space AD? identifies with Ai’/’q/ under the integral pairing
(f.9)v = . F(2)g(2) A7 (S2)dV (2),
Q

Fe AT and g € AD? (see [12]). So, since the range of boundedness of P, on L5 is far

from being completely known, a natural question is: is there any way of characterizing
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the dual space of AD? for values of the parameters p, ¢, v for which P, is not necessarily
bounded? To answer this type of question, it seems natural to consider the problem
of LY?-boundedness of a family of operators generalizing the Bergman projection. This
family is given by the integral operators T' = T, g, and T = T;fﬁ’7 defined on C°(Tg)
by the formulas

Tf(z) = A%(3z) . By (z,w) f(w) AP (Sw)dV (w) (6.1.5)
and
TYf(z) = AO‘(SZ)/T |B., (2, w)| f(w) AP (Sw)dV (w). (6.1.6)

Remark 6.1.1. The boundedness of T on L}%(T) implies the boundedness of T', al-

though the boundedness of T is typically expected on a larger range than 7.

The boundedness of this family of operators on L}?(Tq) has been considered in [14]
for the case P, = Ty,—n , and in [10] for To,y—2 p+m- Both works deal with the case
of the light cone. Here, we consider the problem of the boundedness of the operator
T+ for general symmetric cones and obtain optimal results for this operator. For this, we
systematically make use of the methods of [14] and [10] which seem to be appropriate here.
Since we are considering general symmetric cones, the general power function defined in
the text is also useful in this case. We mention that the case p = ¢ for general symmetric
cones was implicit in [17].

As an application, we characterize the dual space of Bergman spaces in some cases
where the Bergman projection is not necessarily bounded, answering partially the question

mentioned above.

6.2 Integral operators on the cone

The aim of this section is to give L{-continuity properties of a family of operators on the
cone ) which are closely related to the operators T, 5. Considering V' = R" as a Jordan
algebra, we denote its identity element by e (this correspond to the point (1,0,...,0) in the
forward light cone). We recall that a generalized power in the symmetric cone € of rank

r is defined by
Ag(z) = AT 2 (2) AP 3 () - AY(x), s = (51,82, ,sr) € C",

where x € Q and Ag(z) are the principal minors of  as defined in the previous chapter.
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We now recall Schur’s lemma.

Lemma 6.2.1 (Schur’s Lemma). Let u be a positive measure on a measure space X,
let H(x,y) be a positive measurable function on X x X, and let ¢ > 1, with % + % =1.
If there exists a positive measurable function h(x) on X and a positive constant C' such

that
/X H(z, y)h(x)dp(x) < Chi(y)

and
[ Hab Gaut) < o1 @)
for all x and y in X, then the integral operator
Hiw) = [ Ha) fo)duto)
is bounded on L1(X,pn) with ||H|| < C.

Proof. See [114] Theorem 3.2.2. O

For real parameters «, (3, 77, we now consider the integral operators S = S, g, which

are defined on the cone 2 by

Sa(y) = /Q A () A7 (y + 0)g(0) A% (v)d. (6.2.1)

The following lemmas give continuity properties of the operators S, g, on

LL(Q) = LYQ, AV (y)dy), v € R.

Lemma 6.2.2. Letv € R, 1 <g<oo,y=a+ 3+ % with

max{—qa%—ﬁ—l,q(—a—kﬁ—l)—ﬁ—kl} <v< min{q(ﬁ—i—l)—kﬁ—1,q(ﬂ+ﬁ)—ﬁ+1}.
r r r r r’oor

Then the operator S = S, 3. is bounded on L1(S2, AV (y)dy).

Proof. We can write the integral S as

Sg(y) = /ﬂ H(y, v)g(w) A% (v)do,

where H(y,v) = A%(y)A™(y + v)AP~"*% (v) is a positive kernel with respect to the
measure AV~ 7 (v)dv. By Schur’s lemma, it is sufficient to find a positive function h on Q

such that
/Q H(a,y)h? (y)du(y) < Ch ()
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and

| i @inte) < Chy)
for ¢ > 1 and du(y) = AV~ 7 (y)dy. We take h(y) = A(y), where s = (s1,--- ,s,) and
sj,j = 1,---,r, are real numbers to be determined.
Straightforward computations with the use of the given choice of A and Proposition 5.3.4
yield

—a—v+(j—1)4 —a—v+y—2+1+4(—1)4
q, <s§; < q/

and
. d . d
—B-2+0G-1)3 <8< P+ -5 —27+1
q q

Thus, each s; must belong to an intersection of two intervals. This intersection is not

empty by the hypotheses, since the condition
n n n ) n n, n
max{—ga+——1,q(-a+——-1)——+1} <v<min{g(B+1)+ - —1,¢(B+—)— - +1}
r r r r r r
is equivalent to

n ) d ) n . n . d. n )
wax {g(—ot 1= 1)) +(-Dd=+1} <v < min {g(B+—(-1)5) = +1+(—-1)d}.

It follows that S is bounded on L%(Q) for every ¢ > 1 and the proof is complete. O

Lemma 6.2.3. Supposel < g < oo, v € R and S = S, 3 is bounded on LI(, A”_%(y)dy).
Then
max{—qga+2"—1,q(f—v+22—-1)="24+1} <v <min{g(y—a) =2 +1,¢(B+1)+ 2 —1}.

Proof. Let us take the characteristic function of the Euclidean ball b;(e) of radius 1 cen-
tered at e as a test function and denote this by g. By continuity, A(v) is almost constant
on the support of g. Let us estimate A(v + y) on the support of g(v) for y € Q fixed. For
that, we remark that for all y and ¢ in the cone  and A > = — 1 we can write
A My +v)=c / e~ WHI AT (6)dg (6.2.2)
Q
( see Chapter VII of [40]). By Theorem 2.45 of [12] there exists a constant C' = C(Q2) > 1
such that for all £ € €2,
19
C ~ (ef¢)

Remarking that for C' > 1, &(y + vl€) < &(vl§) + (y1€) < (y +v[€) < C(vl€) + (yl§) <
C(y + v[§), we obtain using the estimates (6.2.3), formula (6.2.2) and the fact that the

< C whenever v € by(e). (6.2.3)
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determinant function is homogeneous of degree r (see [40]) that for v in the support of g

and y € 2, the following hold:

(GrAle+y) = Algle+y) < Alge+y)

< Aw+y) <A(Ce+y) <A(C(e+y)) =C"Ale+y).

We conclude that there exists a constant C' = C(2) > 1 such that, for all y € €,

1
6A(§+ y) < A(w+y) <CA(e+y), forall veb(e).

It follows that Sg(y) = Sxp,(e)(y) & CA“(y) A7 (y+e). Soif S is bounded on LI(£2, AV (y)dy),

n

then the function A*(y)A™Y(y +e) is in L9(Q, A¥~ 7+ (y)dy), which means that

/ ATV () AT (y + e)dy < o
Q

By Proposition 5.3.4 we necessarily have qa+v—" > —1 and —qy+qa+v—1 < =22 +1,
which is equivalent to v > —ga + % — 1 and v < q(y — o) — % + 1 with 1 < ¢ < co. This
gives half of the conditions.

By duality, the boundedness of S on L?(Q, AY~ " (y)dy) implies the boundedness of its
adjoint S* on LY (), A”f%(y)dy), where % + % = 1. It is easy to see that

S'0(0) = [ AR ATy +0)g(0) AT W)

Using the same reasoning as before, we obtain that the function AP~+7% (1) A=7(y + e)
must belong to L7 (€, A”fg(y)dy). Again by Proposition 5.3.4, we must have (8 — v +
D¢ +v—-">-1land —¢y+ (B —v+2)¢ +v -2 < —2% + 1, which is equivalent to
v<qB+1)+2—-1landv>q(f—~v+2% —1)— 2 + 1. This completes the proof of the

lemma. O

Lemma 6.2.4. For v € R, the operator S = So ., is bounded on L'(Q, AV~ (y)dy) if
and only if y=a+ B+ 7 and —a+ T -1 <v < B+ 1.

Proof. We first show the sufficient condition. For any function g in L1(Q), using Fubini’s

theorem, we have that
[1sswia iy < | ( A%ym—v(y+v>|g<v>|M<v>dv) A (y)dy
Q Q Q
~ [ lotw) ( [ v)Aa+”—?<y>dy> AP(v)do
e /Q l9(0) | AV (w)d,
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where the last equality follows from Proposition 5.3.4, since v = a+(+% and —a+% -1 <
v<fg+1.
To prove the necessary condition, we proceed as in the proof of Lemma 6.2.3. That means,

the operator
S'(0) = [ AR ATy +0)g(0) AT w)d
must be bounded on L*°(Q2). As test function, we take g = 1. Then

15%(y)| = /Q APV () A7 (y + o) AT (0)d,

It follows from Lemma 8.2.1 that we must necessarily have o +v — 7 > —1 and
—y+a+v—"2< 2%+ 1. In this case, |S*g(y)| = CAP=7F+5(y) for all y € Q. Thus,
S*g belongs to L>°(Q) if and only if 3 —~ 4+ a + % = 0. This completes the proof of the

lemma. O

6.3 Positive integral operators on the tube T, =V + i)

In this section, we give some boundedness conditions for the family of integral operators

T4,y defined on the tube T, . We begin by recalling some results.

Lemma 6.3.1. ( [12], Lemma 4.11) For v € R, there are constants C, > 0 and § > 0

such that for all z = z + iy € To, v € Q with |z| < 3, |v], |y| < 4,
/ | By (z,u + iv)|du > C,A™"(y + v).
lu[<1

Lemma 6.3.2. Let o be real. Then the function f(z) = A™*(ZL) with t € Q, belongs to

AVY(Tq) if and only if v > % — 1 and o > max (2?1)_1, T V+§_1>- In this case,

T

a4y,
HquAgﬁ = CapgA " (1)
Proof. See [12], Lemma 3.20. O

Theorem 6.3.3. Suppose v € R and 1 < p,q < oo. Then the following conditions are

equivalent.

(a) The operator T defined by (6.1.6) is bounded on LY (Tg).
(b) The parameters satisfy y =a+ [+ 2, a+ [ > —1 and

r?

max{—qa%—;—l,q(—a+g—1)—;+1} <v< min{q(ﬂ—i—l)—k%—l,q(ﬂ—i—%)—;—kl}.
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Proof. The ideas of the proof are the same as in [10] and [12]. Let us first prove the
sufficient condition. For f: T — C, we write f,(z) = f(z + iy). Then

T* i+ iy) = (T Py(e) = dA(y ( |80 —u)\mu)du) AP (w)do
— 4,A%() / (18,759 5 £,) () AP (w)do.

Without loss of generality, we may assume that f is non-negative. By the Minkowski

inequality, the Young inequality and part (1) of Proposition 5.3.4, we obtain

1 Dl = ([ 10 DyfaPae)’

= o ([ ([oaf I*fv)(fﬂ)Aﬁ(v)dv>pd$>;

< dyA%(y /HA?H-U )‘*vapAﬂ(v)dv
< a0 / 12, 5O £l AP () do

- c, / A () A7y + )| fullp A () do
Q
= CaS(Ifulln)(®),

where [|A, ;f )Hl is given by part (1) of Proposition 5.3.4. The sufficient condition then
follows from Lemma 6.2.2 and Lemma 6.2.4.

We now prove the necessary condition. We first show that if the operator 7" is
bounded on LYY(Tg), then the equality v = a + 3 + = necessarily holds. We recall that
the determinant function is homogeneous of degree r (see [40]). For f € LVY(Tqy), we

define fgr, R > 0, by fr(z) = f(Rz) for any z € T. The function fg belongs to LV (Tg).

Using the homogeneity of the determinant function, we obtain

— _ny_n4q_
”fRH%g’q = R 7'(1/ ) 'fl n||f|‘qu

and

It follows from the hypotheses that there exists a positive constant C' such that || (fr)|| e <
C||fr|zpa. This is equivalent to R"O==)=n||T+ f|| o < C||f|| pa for all R > 0, which
necessarily implies that v = a + # + . The condition a + 3 > —1 is naturally necessary
since if it does not hold, the range of v is be empty. To obtain the other necessary con-

ditions, we test T" on the functions f(z + iy) = X|z|<1(2)g(y), with g a positive function
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compactly supported in the intersection of the cone with the Euclidean ball of radius §

centered at 0. Using Lemma 6.3.1, it follows that for z,y with |z| < 3, |y| < §, the

following inequality holds:

T f(x +1iy) > CA%(y) /Q A7 (y + v)g(v) AP (v)do.

Then, by assumption, there exists a constant C' independent of g such that

[ s (370 [ 370 s te) 5= <€ [Lgrae o

By homogeneity of the kernel, we can replace the constant § by an arbitrary positive

constant K. It follows that for every positive function g on €2, we have the inequality

/ (A%(y) / A= (y+0)g(0) A% (0)dv) 1A% (y)dy < C ¢ (0)A % ()
yeQ,|y|<K Q vEQ,Jv|<K

Then by density of compactly supported functions, we have the same inequality without
any bound on the integrals. The other necessary condition of the theorem is then a
consequence of the necessary conditions in Lemma 6.2.3 and Lemma 6.2.4 and the relation

obtained previously, v = a +  + 7. This completes the proof of the theorem. O

Corollary 6.3.4. Let 1 <p,g< oo andv eR . Ify=a+F+2, a4+ 8> -1 and

o
n n n . n n. n
max{—qa—i—;—l,q(—a%—;—1)—;4—1} <V<mln{q(ﬁ—i_l)_‘_;_17Q(B+;)_;+1}7

then the operator Ty, g is bounded on L (Tq).
We define the Berezin transform on T, as the operator defined on L!(Tg,) by the pairing
<meBz>7 zZE€ TQ,
where B, = A%(SZ)BQ_(.,Z) is the normalized reproducing kernel of A?(Tg) (see for
example [114] for more on the Berezin transform).

Corollary 6.3.5. Let 1 < p,q < oco. Then the Berezin transform defined on Tq by

B(:) = A% (32) [ [Bos (o)l fw)aV(w), =€ Ty

To

is bounded on LP4(Tq,dV (2)), if and only if ¢ > 2 — ..

Remark 6.3.6. Let us remark that the above corollary was proved in [50] in the setting

of light cones and for p = q.
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Corollary 6.3.7. Let 1 < p,q < oo. If v and m are real numbers such that v+m > = —1,

then the positive operator Q™ defined by

Q1) = / (B2, w)] f () A~ (Sw)dV ()
To

is bounded from Liy9(Tq) to L)Y, (Ta) if and only if the following conditions are satisfied:

max{—qurg—l,q(—qu%—1)—;+1}<1/<min{q(y—;+1)+;—1,qy—%+1}.

Proof. The operator K defined by K(f)(z) = A™™(Sz)f(2) is an isometric isomorphism

of L}4(Ta) to LY., (Ta). Since for every f in Liy(Ty),

QHf(z) = / [Bysm(2,0) A7 (S0) f(0) A (Sw)dV () = Ty, oy (KF)(2),

To

the corollary follows from Theorem 6.3.3. ]

Remark 6.3.8. The above corollary in the case r = 2 is Proposition 3.5 of [10].

We recall that P =T, 0+ u—n - The boundedness of P has been obtained in [14] for

the case of the light cone. The following corollary is its generalization.

Corollary 6.3.9. Let u,v € R and 1 < p,q < co. Then P, is bounded in L} (Tq) if and
only if p,v > —1 and

n_qy ygn g yyn 1
T T } <qg< ___r -
- (F - I r-1

Recall that the Bergman projection P, is defined for f & LZ(TQ) by

v
max{

T

Puf(z) = /T Bz, w) f (w) AP~ (Sw)dV (w),

where the Bergman kernel B, is given by (6.1.3). P, f(z) defines a holomorphic function
in To whenever the above integral is absolutely convergent. This is also the case if we
consider P, f(z) with f € LEY(T). Using the notation g, = (”%*% with G,, = 00
if n/r < p/, we have the following proposition (see also Lemma 4.23 in [13] for the case
=v).
Proposition 6.3.10. Let p,v € R and 1 < p,q < co. If P, extends to a bounded operator
on LYY (Tq), then B, (z,ie) € LYY and AP (32)B,(z,ie) € L7 The latter is equivalent
to the following conditions: v > 7 —1 and p(% — 1 —p) <27 —1 < p( + p),

v—=2+1 v4+2-1
(h=2+D3 " (n+ )+

}<a<dup
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Proof. Let P; be the adjoint operator of P, with respect to the pairing <,>,. We have
P f(z) = A" (S2) /T Byu(z,w) f(w) AV (Sw)dV (w), fe LL9.
Q
Testing P, with fi(z) = XBl(ig)(z)Af“Jr%(%z) and P with fa(z) = XBl(ig)(z)Afl’Jr%(%z)
where Bj (ie) is the Euclidean ball of radius 1 centered at ie, it follows from the mean value
property that P, fi(z) = CB,(z,ie) and P} fa(2) = CA*7V(3z)By(z,ie). Consequently,
we have B,(z,ie) € L)Y and AF7V(Jz)B,(z,ie) € L5, Thus, by Lemma 6.3.2 this is
11

equivalent to V—l—(,u—u)q/>%—1,V>%—1,,u+%>(2%—1)max(z7,§) and p+ 7 >

v+ (u=—v)q'+2-1 v+l i 7

mac{ 2 S PR That s, v > B - Lo B> (20 - Dmax(}, D),
v—"+1 v+—1 ~

and max{ EEmye (“JW’TL/”} < q < Qy,p. t

Theorem 6.3.11. The operator T is bounded on L*®(Tq) if and only if a > % —1,
B>-1andy=a+p+ 7.

Proof. We first prove the sufficiency. For any f € L>°(Tq), we have

T f(z +ay)| < AC‘(y)/ | By (z + iy, u + iv)| | f (u + iv) | A (v)dudv
Ta

r—u+i(y+v)
1

IN

1100 (y) / A+ JAGTDE (0)dudo
To
Ol Il AT+ (y)

= Cllflloos

IN

where the third inequality follows from Lemma 6.3.2 under the hypotheses.

We now prove the necessary condition. First, we show that if 7" is bounded on
L>(Tq), then the equality v = a + #+ % holds. For f € L>°(Tq), we define the function
fry, R> 0, by fr(z) = f(Rz) for any z € T. The function fr belongs to L>°(T) and we

have ||fr||loo < ||f||co- Using the homogeneity of the determinant function, we obtain
ITH(fR)lloo = RIOF T 5220 T4 ]

It follows from the hypotheses that there exists a positive constant C' such that || T (fr)||c <
C||frlso. This implies that RT3 =ra=r8=2n| 7+ £|| < C||f]|oo for all R > 0, which nec-
essarily implies that v = a46+%. Now, we test 7" on the function f(z+iy) = X|z<19(y),
where g is a positive function compactly supported on the intersection of the cone with
the Euclidean ball of radius ¢ centered at 0. From Lemma 6.3.1, we have that for x, y with

lz| < 3, |y| <4, the following inequality holds:

A%(y) / A7y + 0)g(w) A% (v)do < CT f(z + i) < C||f]]oe.
veQ,|v|<o
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We already know that by homogeneity of the kernel, we can replace é by an arbitrary
positive constant K. Thus by density of compactly supported functions, we can just write
the left hand side of the above inequality without any bound on the integral. Taking
g(v) =1, it follows that we should have

A*(y) /Q A7 (y 4 v)AP (v)dv < 0.

It follows easily from Proposition 5.3.4 that we should have 3 > —1 and —y+8 < —27+1.
Thus, using the equality previously obtained, we deduce that o > * — 1. This completes

the proof of the theorem. O

Although the conditions for the boundedness of " are generally only sufficient for the
boundedness of T', in the case of L>°(Ty) they are also necessary, as we show in the next

result.

Theorem 6.3.12. The operator T' is bounded on L*°(Tq) if and only if a > 7 —1, 3 > —1
and vy =a+ [+ 7.

Proof. We only have to prove necessity. Let 7" be bounded on L*(Tg). The condition
v = a+ B+ follows on the same way as in the proof of the previous theorem. Let w = £+
it € Tq be fixed and consider the function f,, given by f,,(x+iy) = %X‘xklg(y);
where ¢ is a positive function compactly supported on the intersection of the cone with
the Euclidean ball of radius § centered at 0. Testing T with f, and taking x 4+ iy = w,

we obtain with the same reasoning as in the proof of Theorem 6.3.3 that we have 8 > —1,

—y+ 8 < —2% +1 and consequently o > % — 1. =

6.4 The topological dual of AP%(Ty), 1 < q < q,

We recall the following notations:

. v+2—1 .
Gvp= 75— @p=min{p,p'}q, and ¢ =1+
('rp/ 1)+

v
n_q

”

with ¢, , = oo if n/r < p/. It is clear that 1 < ¢, < @up < Gvp- By density of the

intersection AD?N Ai in AD? (see [12]), we have the following reproducing formula for all

a>2—Tand fe AY? with 1 <p <ooand 1< ¢q < Gy

() = /} Bo (2, w) f(w) A% (Sw)dV (w), = € To. (6.4.1)
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Remark 6.4.1. In fact, formula (6.4.1) holds for all f € Ai and then by density for all

f € AD?. We will give more comments about this in the next chapter.

The following theorem characterizes the topological dual space of the Bergman space
ADY(Tq) for some values of p, q and v for which the Bergman projection is not necessarily

bounded.

Theorem 6.4.2. Letv > T —1 bereal, 1 <p<oo and 1 < q<qy,. If u is a sufficiently
large real number so that p > 7 —1 and 1 < q' < qu, then the topological dual space (AD?)*

of the Bergman space AD? identifies with Aﬁl’q/ under the integral pairing
(f:9)a = . Fw)g(w) A% (Sw)dV (w),
Q

+ =1

where o = +

+5,

Q=
QU

1
v

D=

14
q

Proof. We have the equality

n n
v—r

f(Z)g(Z)Aa_ﬁ(%Z)dV(Z)Z/ (AT (32)f(2)(A T (32)5(2))dV (2).
To To

n

Since for every f € AD? the nfunction A%(%z)f(z) is in LPY(Tq,dz) and for every

g€ Aﬁ/’q,, the function A%(%z)g(z) is in LY (T, dz), it follows that the given form
is well-defined and every g € Aﬂ/’q, defines an element of (AD7)* given by the above
integral pairing. The injectivity of the mapping g € Aﬁ/’q/ — (., g)a follows by testing with

f = Ba(.,,w). Indeed, f = B,(.,w) belongs to A}? by Lemma 6.3.2 since @ > 2 — 1 and

u-i—%;l
pt—

rp

is such that (h,g) = 0 for all h € AD?, then in particular 0 = (B,(.,w), g) = g(w) for all

q>q, > . Now using the reproducing formula (6.4.1) we obtain that if g € Aﬁ/’q/
w € D and so g = 0.

Now let us show that every element M of (AD?)* can be represented by an element
g of Aﬁl’q/. By the Hahn-Banach theorem, there exists a function h € LI ¢ satisfying
||, a0 = || M]| such that for any f € ADY,

/
p'yq
Ly~

M(f) = /T F(2)h(z) A% (32)dV (2).

v—

Let us set k(z) = ATu S2)h(z). Then k € Lp/’q/ and we have
o

! FER(2) A" (32)dV (2) = § F()R(2)A%7 (32)dV ().
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It is easy to see that y < min{¢'(a — %2 +1)+ % —1,da — 2 41}
and v < min{g(a — % +1) + 2 — 1,qac — 2 4 1}. Thus, P, is bounded on L2 and on

LYY, 1f we set g = P,(k), g belongs to Aﬁ/’q/ and we clearly have
M(f) = <f7k>04 = <Paf7k>a = <fypak>a = <fug>04-

We have used the fact that since P, is bounded on LYY, it reproduces functions of ADY.

The proof is complete. O



Chapter 7

Analytic Besov spaces on tube

domains

We give various equivalent formulations to the (partially) open problem about LP-boundedness
of Bergman projections in tubes over cones. Namely, we show that such boundedness is
equivalent to the duality identity between Bergman spaces, AP = (AP)* and also to a
Hardy type inequality related to the wave operator. We introduce analytic Besov spaces
in tubes over cones, for which such Hardy inequalities play an important role. For p > 2
we identify as a Besov space the range of the Bergman projection acting on LP, and also
the dual of A”'. For the Bloch space B we give in addition new necessary conditions on

the number of derivatives required in its definition.

7.1 Introduction

Let T be a symmetric domain of tube type in C”, that is T = R™ 4 i), where () is an
irreducible symmetric cone in R™. We still write r for the rank of Q and A(z) for the
associated determinant function as in the previous chapter. We shall denote by H(Tq) the
space of holomorphic functions on Tq,.

A major open question in these domains concerns the LP boundedness of the Bergman
projection [9,13,14]. Let AD(Tq) denote the subspace of holomorphic functions in LY =
LP(Tq, A(y)"~™/"dx dy). These spaces are nontrivial (ie. A} # {0}) only if v > 2 —
(see [38]). The usual (unweighted) Bergman spaces AP(Tq) correspond to v = 2. Let P,
be the orthogonal projection mapping L2(Tq) into A2(Tg).

90
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CONJECTURE 2. Let v > * — 1. Then the Bergman projection P, admits a bounded

extension to LY(Tq) if and only if

/
Py <p<p=—5 - =
T '

The necessity of the condition above was proved in [13]. The conjecture concerns the
sufficiency. Note that the summand involving (1 — )4 in the second term may only occur
in the three dimensional forward light-cone (n = 3 and r = 2), where v is allowed to take
values below 1.

The problem of LP-continuity of the Bergman projection has been studied in the papers
[9,13,14], and completely settled for large v in the case of light cones in [13]. Let us note

V+27”—1

n_q
.

Dy =

Then the necessary condition p < p, is given by the fact that by duality, the Bergman
kernel has to belong to the dual space Lﬁl(Tg) (see also Proposition 6.3.10). As far as
sufficient conditions are concerned, we refer to [52,53] for the best sufficient conditions
that are known, up to now, in the case of light cones. In general, it is proved in [13, 14]
that the Bergman projection P, is bounded in LL(Tg) for

1/+27"—2
n_1

T

ﬁ;/<p<ﬁu =

Let O = A(la%) denote the differential operator of degree r defined by the equality:

O[] = A(£)e'®9), ¢ e R™ (7.1.1)

In cones of rank 1 and 2 this corresponds to —id, (when Tg is the upper-half-plane) and
—(82, — 92, — ... — 02, )/4 (when T is the forward light cone), which justifies the name
of “wave operator” given to A. We denote by O, the extension of the operator O to C™
given by O, = A(%a%). When there is no ambiguity, we write O instead of O,.

Let us first recall the following result of [14] which is a consequence of the mean value

inequality for holomorphic functions.

Lemma 7.1.1. Let 0 < p < oo and v € R. Then

|A(Sm)OF|

<c|r

" L2 (7.1.2)

for F € H(Tq).
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In this chapter, we will be concerned with equivalent formulations of Conjecture 2
and some consequences in the formulation of the theory of analytic Besov spaces in these
settings. We first prove that for p > 2, the validity of the reverse inequality of (7.1.2) is
equivalent to the boundedness of P, on L} when v > 7 —1. Clearly, we prove the following

result.

Theorem 7.1.2. Let v > = — 1. Then, for p > 2, the Bergman projection P, admits
a bounded extension to LY (Tq) if and only if there exists a constant C such that, for all

F € AP we have

// |F(z +iy)|P AV 7 (y) de dy < c// |A(y)OF (z + iy)[" A7 (y) de dy. (7.1.3)
To Ta

Such an inequality is called Hardy Inequality by reference to the one dimensional
case. More comments on Hardy inequalities for holomorphic functions have been done

in [22], where a weaker statement has been announced.

Remark 7.1.3. e We remark that (7.1.3) is always valid when 1 < p < 2, as it can
be proved, for instance, from an explicit formula for F' in terms of OF involving the
fundamental solution of the Box operator (see [22]). However, in this range (7.1.3)

has no implications in terms of boundedness of Bergman projections.

e Let us mention that a weak form of Theorem 7.1.2 for forward light cones had also
already been given in [14], where it was the key argument for proving the continuity

of the Bergman projection.

e We will refer to (7.1.3) as Hardy’s inequality for the parameters (p, v).

We will prove Theorem 7.1.2 in Section 3, and add more comments on Hardy inequal-
ities.

The second equivalent formulation of Conjecture 2 concerns duality.
Theorem 7.1.4. Let v > 7 —1 and 1 < p < co. Then P, admits a bounded extension to
LY(Tq) if and only if the natural mapping of A into (AD)* is an isomorphism.

Remark 7.1.5. If p > p/,, then the inclusion @ : AV < (AD)* is injective (see the proof of
duality result in the previous chapter), and hence boundedness of P, is actually equivalent
to surjectivity of ®. When p > p, these two properties fail, and (AD)* is a space strictly

larger than Agl which we do not know how to identify.
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The two theorems above give two equivalent formulations of the boundedness of the
Bergman projection for p > 2. When 1 < p < 2 is such that the projection P, is not
bounded, then we can still describe the dual space of A% in terms of equivalence classes
of holomorphic functions, and more precisely in terms of Besov spaces that we study in
Section 4. Equivalence classes appear naturally in this setting since the injectivity of ®
(or equivalently of O] Aﬁ/) fails when p < p!,. We define analytic Besov spaces B, for v € R
and 1 < p < oo, by

B :={F : A™(3)O"F € LP}

v

for m large enough. The smallest possible value for m in the above definition is related
to the validity of the Hardy inequality for some other weight, and one has to deal with
equivalence classes modulo holomorphic functions that are annihilated by powers of the
Box operator when m cannot be taken equal to 0. For the one dimensional case and
bounded symmetric domains, we refer to [47,115,116]. Here, compared to the case of
bounded symmetric domains, it is more difficult to deal with equivalence classes.

Let us mention the following special family of Besov spaces corresponding to the weight

v = —n/r in the above definition that is,
B? = { F e H(Tq) : A™(S)O™F € LP(d)) }.

Here d\ = A~ (y)dx dy denotes the invariant measure under conformal transformations
of Tq. These are the analog for T of the Besov spaces introduced by Arazy and Yan in
bounded symmetric domains [1,109,110]. The space B? is the right range of symbols of
Hankel operators in the Schatten class S, [24,115] (see also the next chapter). For p = oo,

the Besov space is known as the Bloch space (see e.g. [7,8]).

Among our results we shall prove the following. Let P,,(k)( f) denotes the equivalence

class P,(f) + ker OF (defined at least for f in the dense set L2 N L}).
Theorem 7.1.6. Let v > % — 1,2 <p<o0 and k > ko(p,v). Then
1.- For every real u < v, the operator P,,(k) extends continuously from LY, onto BY,.

2.- The dual space (Aﬁ')* identifies with BY, under the pairing

(F,Vyp = | F(2) A¥(Sm2) OFG(2)dV,(z), FeAY, GeBE.
Tq

Boundary values of Besov spaces can be defined via a Littlewood-Paley decomposition

of the cone (), seen as supporting the function g, if the Laplace transform of ¢ is the
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function under consideration. This allows to choose a representative holomorphic function
in the equivalence class for much smaller values of . In order to do this, we shall go back
to the definition of Besov spaces as Fourier-Laplace transforms of the Besov spaces at the

boundary, as in [13].

7.2 Bergman kernels and reproduction formulas

7.2.1 Some prerequisites

Below we shall use some invariance properties of determinants and Box operators. To
introduce them we need to recall some basic facts about symmetric cones introduced in
Chapter 5.

Considering V' = R" as a Jordan algebra, we still denote its unit element by e (think
of the identity matrix in the cone of positive definite symmetric matrices, or the point
e = (1,0) in the forward light cone). We recall that G is the identity component of
the group of invertible linear transformations which leave the cone €2 invariant. We have
already seen that G acts transitively on 2. The determinant function is also preserved by

G, in such a way that
A(gy) = A(ge)A(y) = Det(g)=A(y), VgeG, yeq, (7.2.1)

It follows from this formula that an invariant measure in €2 is given by A(y)_% dy. More
precisely, we have the following result which follows by a change of variable and formula

(7.2.1) (see [12]).

Proposition 7.2.1. Let Q be a symmetric cone. Consider in ) the measure :

_ dy
M(E)—/EA(y),:, E C Q.

Then p is G-invariant, i.e., (g - E) = pu(E) for all g € G.

The invariance of the Box operator under the action of GG is an easy consequence of its

definition and the invariance of the determinant function (see [14]), namely
O[F(g)] = Alge) [OF](g) = Det(g)[OF](g:), VgeGq. (7.2.2)

Another fundamental property is the following [40, p. 125]: for every a € R one has the
identity in Q
OA% = b(a)A%™! (7.2.3)
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where
d d. d 2-1
— — ) ... —1 — —_ = r .
b(r) a(a+2) (a+ (r )2), 5= 1

The polynomial b is called the Bernstein polynomial of the determinant.

Remark 7.2.2. The polynomial b vanishes for the r values 0, «g,--- (r — 1), where

n
T
r—

ag = — Consequently, we have for example,

T

DA™ (y) =0, yeq. (7.2.4)

7.2.2 Bergman kernels and Determinant function

Recall that the (weighted) Bergman projection P, is defined by
P,F(z) = / B, (z,w)F(w)dV,(w),
Ta

where B, (z,w) = ¢, A~"*+3)((2 —w) /i) is the reproducing kernel of A2, called Bergman
kernel (see [40]). For simplicity, we have written dV, (w) := A"+ (v)dudv, where w =

u + iv is an element of T. Observe from (7.2.3) that
O7 [By(z —w)] = cum Bugm(z —w) (7.2.5)

for a suitable constant ¢, ,,, and all m € N. We will need the integrability properties of

the determinants and Bergman kernels provided by Proposition 5.3.4 and Lemma 6.3.2.

Remark 7.2.3. Lemma 6.3.2 means in particular, using (7.2.4), that for p > p, the
function F(z) = A7+t (2 +ie) € AY and is annihilated by O; so, there is no Hardy
inequality for such values of p. In this range of p, as mentioned in the introduction, the
Bergman projection P, is not bounded in L, so we have proved easily Theorem 7.1.2 for

p > p,. We shall concentrate on the other values of p later on.

Let us now recall the following density properties (see eg [14,51]).

Lemma 7.2.4. Let1 <p <oo andv > 7 —1. Then, for all1 < q < oo and p > 7 —1, the
subspace AN AY, is dense in AL Moreover, AN A}, is dense in A% for the weak*-(L>, L)

topology.

PROOF: Let us consider the case p = oo, which is the only new part. If F' € A% then
by part (1) of Lemma 5.3.3 the functions A~%((ez + ie) /i) F(z) are in A}, N A™ for large
values of «a, and we clearly have the required property when ¢ tends to 0 by Lebesgue

dominated convergence theorem.
O
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7.2.3 Integral operators

For the characterizations of Besov spaces, we shall need some integral estimates involving
Bergman kernel functions. We will heavily make use of the following particular case of

integral operators T and T studied in the previous chapter.

T,aF(2) = Aa(i\smz)/ Byio(z,w)F(w)dV, (w), (7.2.6)
To
and
T/ F(2) = A%Qn2) [ [Busalew) F)dVi(w), (727)
To
when these integrals make sense. Observe that P, = T, 9. We recall the corresponding

boundedness conditions of T,f, on L},(Tq).
Proposition 7.2.5. Let a,v,u € R and 1 < p < oco. Then the following conditions are

equivalent:

(a) The operator T}, is well defined and bounded on L}, (Tgq).

v,

(b) The parameters satisfy v+ a > = — 1 and the inequalities
vp—p> (2 —Dmax{l,p—1}, ap+p > (2 —1)max{l,p—1}.

In particular, when v = p > % — 1 and when p > (u + % — 1)/, the condition is

satisfied for a large enough.

Proposition 7.2.6. Let a,v € R, with v > % — 1. Then the operator T, o (resp. lefa) 18

bounded in L™ if and only if o> 7 — 1.

7.2.4 Reproducing formulas

We will make an extensive use of the following “integration by parts”.

Proposition 7.2.7. Forv> -1, 1<p<occand F € AV G e Ag, we have the formula

F(2)G(2)dV,(z) = cmm/T F(2)O0mG(2)A™(Sm 2)dV,(2). (7.2.8)

Ta
Proof. We only need to show the identity (7.2.8) for p = 2 since the general case follows
by density.Using the reproducing formula (6.1.4), derivation under the integral, Lemma
6.3.2 and Fubini’s theorem we easily obtain for any G € A2 and for all z € Tg,

: B, (z,w)G(w)dV, (w) = . Byt (z,w)G(w)A™ (Smw)dV, (w). (7.2.9)
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That is the formula holds for G = B,(.,w) and all F € A2. Using the reproducing
formula (6.1.4) Fubini’s theorem and the identity (7.2.9), and setting

I(F,G)Z/T F(2)0MG(2)A™(Sm2)dV,(2),

we obtain

(F.G) - /T

F(z
Q

) (o [ Bl VGT)AV, ) ) A™(Sm )3 ()

Cy, G(w) (/T By+m(w,z)F(z)Am(i‘s’mz)dVy(z’)> dv,(w)
0
Com | P(w)G(w)dVy (w).
O]
We can now write the following general reproducing formula. In the next proposition,

we write ¢ for some constant that depends on the parameters involved.

Proposition 7.2.8. Let v > % —1and1<p<oo. For all F € AL we have the formula

OfF(2) = ¢ . By, ¢(z,w)0™F(w)A™(Smw)dV, (w) (7.2.10)

form >0 and ¢ large enough such that B,¢(z,-) is in L,’i/. In particular, when 1 < p < p,,

the formula is valid with £ = 0.

PROOF: We can assume that m = 0. If not, we use (7.2.8). It is true for p = 2 and
¢ = 0 because of the reproducing property of the Bergman projection. Derivation under

the integral and (7.2.5) gives also the case £ > 0. We then use density for the general case.
O

Corollary 7.2.9. Let 1 <p <p, and v > = — 1. Then every I’ € AV can be written as

F(z)= /T B, (z,w)F(w)dV,(w). (7.2.11)

We shall state two more results which can be similarly proved by density and absolute
convergence of the involved integrals (together with Lemma 6.3.2 to verify the statements

about the Bergman kernels).
Proposition 7.2.10. Let v > 2 — 1 and o > ®* — 1. Then By 14(-,ie) € L},, and for all

holomorphic F' with A*(Smz)F(z) € L™ and all m > 0 we have

F(z) =c . By io(z,w) O™F (w) A (Smw) dV, (w). (7.2.12)
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Proposition 7.2.11. Let p,v,a € R and 1 < p < oo satisfying

vta>2—-1, vp—pu>p@E-1)(2—-1) and p+ap>{p-1)(F—-1)—-2

r

Then, AV~H(Smz)By1a(z,i€) € Lﬁ,, and for all holomorphic F with A*(Smz)F(z) € L},
we have

F(z) = /T By io(z,w) F(w) A*(Smw) dV,, (w). (7.2.13)

7.3 Hardy-type inequality and duality

We consider in this section, the proofs of equivalent formulations of boundedness of

Bergman projection.

7.3.1 Equivalence between boundedness and Hardy’s inequality

We prove in this subsection the equivalence between the validity of the Hardy inequality
(7.1.3) and the boundedness of the Bergman projection. Let us first prove the following

lemma.

Lemma 7.3.1. Letv > = —1 and 2 < p < p,. Then,

|yDFHL5+p < C||e™F| ,» , VFeAl, Vm=>1. (7.3.1)

v+(m+1)p

Proof. Using (7.2.8) we can write
OF() = | Buigle )3 (OF () A™ (@ w)dV, iy w),
Ta

since OF € A}, and B, (-, 2) € Aﬁ;p. So the inequality (7.3.1) follows from the fact

that the projector P, is bounded on L, (since the condition on p implies p < py4p). O

v+p

Theorem 7.3.2. Let v > = — 1. Then for p > 2, the Bergman projection P, admits
a bounded extension to LY(Tq) if and only if there exists a constant C' such that for all
F ¢ AY, we have

17|

< CAS)BF|,. (7.3.2)

Proof. Let us first assume that P, is bounded, which implies in particular that p < p,,

that is, B,(z,-) is in AP Then the formula

F(z)=c . B, (z,w)0F (w)A(Smw)dV, (w)
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implies that F is the projection of the function OF (w)A(Sw) € LY. Thus, it follows from

the continuity of the projection that

[ 5 = cl| PA(AS)BE) || p < CIAS)BF|| -

Next, consider 2 < p < oo and assume that the inequality (7.3.2) holds. We can restrict
to the range 2 < p < p,, since for larger values p > p,, as we have seen above, the Box
operator is not injective in A%, and hence Hardy’s inequality does not hold.

Our proof uses Hardy’s inequality (7.3.2), not only for the Box operator, but for its
power O with m large enough. It follows from Lemma 7.3.1 that our assumption that
Hardy’s inequality (7.3.2) holds implies that for all F' € A} and all positive integer m, we
have the inequality

// |F(z +iy)[P AV~ 7 (y) dedy < C // |A™ () O™ F (z + iy) |[” A7 (y) da dy.
" e (7.3.3)

We want to prove the existence of some constant C' such that for f € L) N L2, we have

the inequality
1P, fllaz < ClIfllre-

Consider such an f with | f||,» = 1. Call F:= P, f. By Fatou’s Lemma, it is sufficient to

prove that the functions F.(z) := F(z +ice), which belong to A%, have uniformly bounded

p

ytpm fOT

norms. So, using (7.3.3), it is sufficient to prove that O™F; is uniformly in L

p

v+pm fOr some m (see

some m, which is a consequence of the fact that O™ F itself is in L

eg [51, Corol. 3.9]). To prove this, we use the identity

O"F(z)=c . Byim(z,w) f(w)dV, (w),

so that ||[O™F|| r, =c | Tym f|l 1z, and if m is sufficient large we conclude from Theorem
v+pm v

6.3.3 This finishes the proof. O

7.3.2 Boundedness of Bergman projection and duality

We prove the following equivalence between the boundedness of the Bergman projection

P, on L%(Tq) and the isomorphism of the natural mapping of AL into (AL)*.

Theorem 7.3.3. Let v > 7 —1 and 1 < p < oco. Then P, admits a bounded extension to

LY(Tq) if and only if the natural mapping of Aﬁ' into (AD)* is an isomorphism.
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Proof. We first consider the case p, ' < p < oo, for which the Bergman kernel B, (-, w)

belongs to A%. So, if F is in AZ and if the associated linear form ®(F), given by

(B(F), G)y = . G(2)F(2)dV,(2)

vanishes on A}, Corollary 7.2.9 implies that F' = 0. Thus, A’;’ is embedded into the
dual of AY. Assume that this embedding is onto, and hence by the closed graph theorem
that it has a continuous inverse. Since every f € Lfi/ defines an element of (AD)* by

G— ng G(2)f(z)dV,(z), by assumption there exists F' € AP such that

. G(2)f(2)dV,(z) = . G(2)F(z)dV,(z), VGe AP

with HF||A€/ < C”fHLﬁ/' Taking for G the Bergman kernel, we see that F' is the projection
P,f, so that P, maps LY continuously into itself.

Conversely, assume that P, is bounded in L (and, by duality, on Lﬁl). Then we have
the identity

G(2)f(2)dVi(z) = | G(2)P,f(2)dV,(z)
To To

for all f € I¥ and G € AD. Tndeed, use the fact that this equality is valid in L2,
and density. Since every functional v € (A4D)* can be expressed by Hahn-Banach as
G — (G, f), for some f € ¥ (with ||fHL€/ = ||v]|), the above identity shows that the
functional can be obtained from P, f € A,Zj,. So, under the assumption that P, is bounded
in L, the embedding ® : Agl — (AD)* is an isomorphism.

It remains to consider the case when 1 < p < p/,, where we know that the Bergman
projection is not bounded, and hence we want to show that ® is not an isomorphism.
First, it is easy to see that ® is not injective when 1 < p < p/,. Indeed, in that range we
may find a (non-null) function F' € AV with OF = 0 (see Remark 7.2.3). Now, it follows
from (7.2.8) that

G(2)F(2)dV,(z) =c | G(2)OF(2)A(Smz)dV,(z), G¢c AP, (7.3.4)
Ta To

which implies ®(F) = 0.

Let us now consider the end-point, p = p,. If F is in A then OF is in A,’j’:rp, and, by
(7.3.4), the norm of ®(F) is bounded by the norm of OF in this space. So, if ® was an
isomorphism, we would have some constant C' independent of F' such that

1] g < CIBF| e

v4p/
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This is exactly Hardy’s inequality, which is not valid for p’ = p,,, concluding the proof of
the theorem. O

The next corollary, which is implicitly contained in the previous proofs, will be used

later on.

Corollary 7.3.4. Letv > 7 —1 and 1 < p < p,, and assume that the Hardy inequality

p

(7.1.3) holds for (p,v). Then for every positive integer m, the mapping O™ : A) — Aty

s an isomorphism. In particular, for all G € A§+mp

the equation O™F = G has a unique
solution in AL. Moreover,

[Elap < ClIGlaz,,

v+mp

for some constant C > 0.

Proof. When 2 < p < p,, by the assumption and Lemma 7.3.1 we have the estimate
|Fllap <C HDmF||A5+mP, for all F' € AY, so we only need to establish the surjectivity of
O™. Since by assumption and Theorem 7.3.2 the Bergman projection P, is bounded in
LY, given any G € A}, the function F' = P,(A™(Sm-)G) belongs to A}. Moreover, by

the reproducing formula (7.2.13) we have
() = / Bys(210) G(w) A(Smw)™ dVi(w) = cG(2),
Ta

which proves the surjectivity.
For 1 < p < 2, injectivity follows directly from Proposition 7.2.8 (with ¢ = 0). For
surjectivity, we first remark that the conditions of Proposition 7.2.11 are satisfied (with

v =y and o = m). Thus, formula (7.2.13) holds for all G € A}, i.e.,

G(z):/T By im(z,w) G(w) A(Smw)™ dV,, (w).

For Ge AY . let

F(z)= /T B, (z,w) G(w) A(Smw)™ dV, (w).

Since p’ > 2, F is well-defined and satisfies O™F = ¢G. To conclude, it suffices to show

that F' € AL or equivalently that

T i yGla + i) = Aly) ™ /T B, (z,w) G(w) A(Smw)™ dV (w)

is in L +mp- This is an easy consequence of the boundedness of the operator T,m,y+m,%7y
on LY +mp given by Theorem 6.3.3. The proof is complete. 0
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Remark 7.3.5. An alternative proof of surjectivity in the case 1 < p < 2 using the

explicit formula involving the fundamental solution of O can be found in [22, Prop. 3.1].

7.4 Besov spaces of holomorphic functions and duality
Throughout this section, given m € N, we shall denote
Nop = {F € H(Tg) : O™F = 0}

and set

Hm(Ta) = H(Ta)/Nm.

For simplicity, we use the following notation for the normalized Box operator: We write
ATOMF(z) == A™(Qmz)0"F(z), z € Tq. (7.4.1)

For convenience, we shall use the same notations for holomorphic functions and for equiv-
alence classes in ‘H,,. Remark that for F' € H,,(Tq), we can speak of the function O™F'.
Sometimes we shall write O, for the class in H,,(Tq) of all F' € H(Tq) with O™F = G.
When G € H(Tg) this class is non-empty by the standard theory of PDEs with constant

coefficients (see eg [106]).

7.4.1 Definition of BE(7q)

Given p € R and 1 < p < oo, we wish to define a Besov space B} (T) consisting of
holomorphic F so that AmO™F € L}, for sufficiently large m. The following proposition

clarifies the dependence of such spaces on the parameter m.

Proposition 7.4.1. Let u € R and 1 <p < oo, and let kkm e Z, 0 < k <m.

(i) If A¥OFF s in L}, then A™O™F is in Lk, and [ATB™F||p < CHAkaF”L{;-

(i) If p+ kp > 2 — 1 and Hardy’s inequality (7.1.3) holds for (p,v = pu + kp), then

A™O™F € L, implies the existence of F € H(Tq) so that O™F = O™F and ||AkaﬁHLg <

C|A™B™F | 1p. Moreover the function F is uniquely determined modulo Nj.

Proof. Assertion (i) follows from (7.1.2). We focus on assertion (ii). The assumption on
Hardy’s inequality implies that O™ % : AZ thp A is an isomorphism, by Proposition

7.3.4. Thus since O™F € A},

P
ptmp
there is a unique H € AZJrkp with O™ *H = O™F. Now

we take for F any holomorphic solution of OKF = H. 0
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Given p € R, 1 < p < oo and m € N, we define the space
B = {F € Hp(To) : A™O™F € L2}

endowed with the norm | F[|gr = [|A™O™F||z. Observe that each element of Bﬁ’(m) is the

p

equivalence class of all analytic solutions of the equation O™F = g, for some g € 4, ..

Thus, the spaces are null when p + mp < % — 1. By the previous proposition, when
0<k<mand p+kp > — 1, the natural projection
P, (k) p,(m)
B, B,

—
(7.4.2)
is an isomorphism of Banach spaces, provided Hardy’s inequality (7.1.3) holds for the

indices (p,v = p + pk). This leads us to the following definition.

Definition 7.4.2. Given g € R and 1 < p < oo, we define B}, := Bﬁ’(ko) where ky =

ko(p, 1) is fixed by

ko(p, ) := min{k: >0 : p+kp>7—1 and Hardy inequality holds for (p, pu + pk) }
(7.4.3)

Observe that B, = AL if and only if ko(p, 1) = 0. When 1 < p < 2 we have ko(p, ) =

min{k >0 : p+kp>2—1}. For p > 2, however, the exact value of ky(p, ) depends

r

on Conjecture 2, and we only have the estimate

k1(p, 1) < ko(p, 1) < ka(p, 1)
where
ki(p,n) = min{k: >0 : p+kp>7—1 and p <pu+kp}
ka(p, ) = min{k >0 : p+kp>7—1 and p <ﬁu+kp}
A simple arithmetic manipulation shows that k; < ko < k1+1, and hence ko € {k1,k1+1}.
Of course, the conjecture should be ko(p, 1) = k1(p, 1), and hence we are at most one unit
above the best possible integer in the definition of Bf,. Observe also that ki(p, ) and

ka(p, i) can also be written as

ki = min{kZO: /-C%—%>maux{(ﬂ—1)l (2 —1)( —2y_ 1l )(%_%)}}7

r

ky = min{kZO: k+%>max{(ﬂ—1)l (% —1)( _2)}}.

T

Thus, we have kg = k1 = ko when 1 < p < 3.

In all cases, we can summarize part of the discussion above in the following proposition.
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Proposition 7.4.3. Let 1 <p < oo, p € R and k > ko(p, ). Then

k. mp p
O .IBBH—>AM+kp

p

is an isomorphism of Banach spaces. In particular, B}, is an isomorphic copy of Au+k0p,

and when > " — 1 then B}, = A}, for all 1 < p < p,,.

Finally we define separately the special family
B =B, = {FeH(Tn) : AFOFF € LP(Tg,dN) }

where k is sufficiently large and dA(z) = A_27n(i‘sm 2)dV (z), that is the invariant measure
under conformal transformations of To. When n = r = 1, B? is the analog in the upper
half plane of the analytic Besov space studied by Arazy-Fisher-Peetre, Zhu and others
[2,3,89,114]. These spaces have also been considered in bounded symmetric domains by

Yan (for p = 2), Arazy and Zhu [1,110,116].

7.4.2 Properties of Bl: image of the Bergman operator and duality

Let v > 7 —1,1 <p<ooand p € R. When m is large we extend the definition of the
Bergman projection P, to functions f € LI, by letting Plsm)( f) be the equivalence class
(in H,y,) of all holomorphic solutions of

O"F = cym Byim (- w) f(w) dV, (w).
Ta

The constant ¢, ., is as in (7.2.5), so that if f € L2 N L}, then P () = Py(f) + Nin,
and in this sense we say that Py(m) is an extension of the Bergman projection. Observe
that Plsm) is well defined and bounded from Lﬁ into Bﬁ’(m) if and only if 7T}, ,, is bounded
in L}, and in particular, by Lemma 7.2.5, when pr — p > max(1,p — 1)(% — 1) and m is
sufficiently large. Moreover, it follows from the reproducing formulas that the operator is

(m)

onto. Indeed, by Proposition 7.2.11, every F € B};""" satisfies

O™F(z) :/T By im(z,w) O"F(w) A(Smw)™ dV, (w)

provided m is sufficiently large, from which it follows F' = cP,Sm)(AmDmF ). Therefore we

have shown the following result, which partially establishes part 1 of Theorem 7.1.6.
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Proposition 7.4.4. Letv > —1, p € R and 1 < p < oo so that
pv — p>max(l,p—1)(% —1). (7.4.4)

If m is sufficiently large (depending only on p and 1) then Plgm) maps Lt, boundedly onto
pr(m)
.

Remark 7.4.5. In this proposition it is enough to consider integers m so that mp + p >
max{1,p — 1}(2 — 1), since in this case T}},, is bounded in Lj, (by Lemma 7.2.5). The
result continues to hold as long as T, ,, is bounded in L}, for which we give a better range

m+k)

of m and p in Proposition 7.4.22 below. Remark that kay(m) = PV( . We could as well

speak of the projection P, from L}, onto BY,.
Turning to duality one has the following result.

Proposition 7.4.6. Let p € R and 1 < p < oo. For any integers my > ko(p, ) and
ma > ko(p', ), the dual space (BL)* identifies with ]B%ﬁ/ under the integral pairing
(F, ) pomy.my = /T A™MO™ () AmEmG(2) dVy(z), FeBl, GeBY. (T45)
Q
Moreover, modulo a multiplicative constant, the pairing (-, -)um, m, is independent of mq

and my satisfying these inequalities.

Proof. The last statement of the theorem follows from the formula of integration by parts
in (7.2.8). Thus, we can assume in (7.4.5) that m; = mg = m, for m as large as desired.

If we denote @G (F) = (F,G),,m,m, then it is clear that ®¢ defines an element of (Bf,)*
and that the correspondence G € Eﬁ/ — ®¢ is linear and bounded. To see the injectivity,
consider for each w € Ty the function F, = Bjqm(- — @), which belongs to BJ, if m is
sufficiently large (by Lemma 6.3.2). Then Proposition 7.2.10 gives, for every G € Bﬂl, the
identity

Bo(Fu) = ¢ [ Buianlz = @) D7GE) A™(9n2) dVy(2) = cT7G(w).
Q

(for large m), from which the injectivity follows easily.

P
Ht+mp

)* by F(H) = v(0"™H). The

To see the surjectivity, consider v € (B},)*. Using the isomorphism O™ : Bf, — A

(in Proposition 7.4.3) we can define an element 5 € (A},

functional 5 can be extended to (L?,  )* by Hahn-Banach, and therefore there exists a

ptmp

function g € Lﬁ/ so that we can write

Y(H) = [ H(z)g(z)dV,1m(z), He€ Aﬁ+mp.
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Consequently for every F' € B,
AWF) =F(O"F) = [ 0" 50 Vi),

Next, let G = Pé@n (g) which for large m defines an element of IB%ZI (by Proposition 7.4.4).

We claim that v = ®. Indeed, when F € B,
(F.Glumm = [ O"F(:)TTGE V(2
= C/DmF(z) [/ B yom(w, 2)g(w) dV,hLm(w)} dVyrom(2)

:c/ e

(by Proposition 7.2.11) = C/DmF(z)g(w) AVypm(w) = cy(F),

[ Bt (1,2 27 F ) A" ¥y (2)| 6] V()

where Fubini’s theorem is justified by the boundedness of the operator T: v L
when m is sufficiently large. This establishes the claim and completes the proof of the

proposition. ]
As a special case we obtain the following, which establishes part 2 of Theorem 7.1.6.
Corollary 7.4.7. Letv > " —1 and 1 < p < 2. Then, (AD)* identifies with IB%{'Z/ under the
integral pairing
(F,G)ym = /T F(2)AmOmG(z)dV,(z), Fe A%, GeBY, (7.4.6)
0
for any integer m > ko(p',v).
Proof. Just observe that in this range ko(p, v) = 0 and BY = A? (see Proposition 7.4.3). [

Remark 7.4.8. We observe that the duality of Bergman spaces is still open for values of
p for which the Hardy inequality is not valid; that is, we do not know any (non trivial)

description of the spaces (AL)* for p > p,.

7.4.3 The Bloch space B*(1j)

The definition of analytic Besov space and the properties in previous sections extend in
an analogous way to the case p = oo, for which B* is called Bloch space. In fact, the
Bloch space in Ty was already introduced in [7,8] and shown to be the dual of AY(Tg).
Here we recall these results, together with some new facts about the required number of

equivalence classes.
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The following inequality is elementary, and can be obtained from the mean value

property of holomorphic functions exactly as in [14, Prop. 6.1], so we omit the proof here.

Lemma 7.4.9. Let v € R. Then
|ASm )" TOF| 0 < C||ASM ) F||,. VF € H(Tq). (7.4.7)
For every integer m we define a Bloch type space
B> = {F € H;p(To) : A™O™F € L},

endowed with the norm || F||geo,(m) = ||A™O™F||o. We simply write B> (Tg) for the space
B (™) with m = [ — 1], the smallest integer greater than % — 1. We have the following
property:

Proposition 7.4.10. For all integers m > k > 7 — 1, the natural inclusion of B>(*) into

Bo(™) s an isomorphism of Banach spaces.

Proof. We may assume m = k + 1. By Lemma 7.4.9
e el I S )

We want to prove the converse inequality, which is the analogue of Hardy’s inequality for
p = oo, that is,
IARD flloo < CIIAMTOM! fllo (7.4.8)

for all £ > 7 — 1 and all f € H(Tq) for which the left hand side is finite. Choosing

v > — 1, we may use Proposition 7.2.10 to write
akf = e / By (- — @)0F L f(w) AM Y (Smaw) dVy (w). (7.4.9)
Ta

The inequality (7.4.8) follows from the fact that fTQ |B, 1 (2 — w)|dV, (w) < CATF(Sm2)
by Lemma 6.3.2.

This implies the injectivity of the mapping. Let us finally prove that the mapping is
onto. Let f € H(Tq) be such that AF10F+1f is bounded. Then the right hand side of
(7.4.9) defines a holomorphic function, which may be written as 0%g. We prove as before
that A*O*g is bounded. Moreover, O¥*1g = OF*1f which proves the surjectivity of the

mapping. ]
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Remark 7.4.11. Observe that when k < 7 — 1, the injectivity of Boo:(k) — Boo:(m) fajls.

n

Indeed, the function F(z) = A¥1=7 (2 + ie) belongs to B**) and is typically not null
in Hi. However, F' is zero in H,, for all m > k since by (7.2.3) and (7.2.4), we have

DFHLF(2) = ¢OAY" 7 (2 +ie) = 0.

Remark 7.4.12. We do not know whether for some k£ < —1 the correspondence Boo-(k) —
B>(™) may be surjective. This question can also be formulated as follows: Is it possible
that every element f of B® possesses a representative g such that AFTFg is bounded, with
k < — 1% We shall answer partially this question in Section 7.4.6. It seems that this

problem has never been considered before in the literature.

We now turn to the boundedness of Bergman operators in L*°. As we did in Subsection
7.4.2, when v > 7 — 1 we may extend the definition of the Bergman projection P, to L
functions by letting P,Sm) f be the equivalence class (in H,;,) of all holomorphic solutions
of

O"F = cym Byim (- —w) f(w) dV, (w).
Ta

To do this, it suffices to consider m > 7 — 1, since by Lemma 7.2.6 the above integral is

always absolutely convergent and moreover

||P15m)fHBoo,(m) = ||T1/,meoo 5 ||f||oo

Thus Plsm) maps L — B> boundedly. The mapping is surjective, as every F' € B>
satisfies (by Proposition 7.2.10)

OMF(z) = / Byim(z,w) 0" F(w) A(Smw)™ dV, (w)
Ta

and therefore F' = cPV(m)( f) with f = A™O™F € L*°. Hence we have established the
following result.
Proposition 7.4.13. When v,m > 7 — 1, the Bergman projection Py(m) maps L (Tq)
continuously onto B™>.

Concerning duality, we recall the identification of the Bloch space with the dual of the
Bergman space AL.

Theorem 7.4.14 (Békoll§, [8]). Let v,m > — 1. Then the dual space (A})* identifies

with the Bloch space B™ under the integral pairing

(F,GYyn = | F(2)ASmz)mOmG(2)dV,(z), FeAl, GecB>. (7.4.10)
Ta
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Moreover, the pairing (-, -),m is independent of m > % — 1.

The proof is entirely analogous to the one presented in Proposition 7.4.6, so we omit

it. Let now p € R. Since O™ : BL — Al

Ji+m 1 an isomorphism when p+m > — 1 (by

Proposition 7.4.3), we obtain as a corollary the following duality statement.

Corollary 7.4.15. Let p € R and let my, mo be two integers such that p+my > 7 —1
and mg > 7 —1. Then (IB%}L)* identifies with the Bloch space B under the integral pairing
(F, G oy my = / L, F(2) L, G(2) AP~ (Sz)dz, F €B), G €B>,

Ta
where Ly H(z) = A™(Imz)07H(z). Again, the pairing (-, -)um,,m. 5 independent of

mi,ma (modulo a multiplicative constant).

7.4.4 A real analysis characterization of Bf,

We briefly recall the real variable theory of Besov spaces adapted to the cone that was
developed in [13].

Following [13, Section 3], we consider a lattice {{;} in © and a sequence {i;} of
Schwartz functions in R™ such that Jj is supported in an invariant ball centered at §;
and Zj 1@ = xq- In particular, the sets Supp Jj have the finite intersection property
and the norms ||¢||1(gn) are uniformly bounded. Below we denote by Spq, the space of
tempered distributions with Fourier transform supported in 9. Observe that Ou = 0 (in

S') implies Supp @ C 9Q U (—09Q).

Definition 7.4.16. Given v € R and 1 < p < oo, we define
BY = {feS®R") : Supp fCQ and ||f]lz <oc}/Sha,

where the seminorm is given by

hSA

1f1lmz = (D AT E) IIf *¢5l) 7.
J
It can be shown that B! is a Banach space and the definition is independent on the
choice of {&;,1;} (see [13]). In the 1-dimensional setting BY coincides with the classical
homogeneous Besov space B, 5/ P(R) (of distributions with spectrum in [0, 00), modulo
polynomials).

In certain cases one can avoid equivalence classes in Definition 7.4.16, and this will

turn into a representation of BY as a holomorphic function space. We denote by Lg(z) =



CHAPTER 7. ANALYTIC BESOV SPACES ON TUBE DOMAINS 110

(9, ei(z|')), z € Tq, the Fourier-Laplace transform of a distribution g compactly supported
in  (which defines an analytic function in Tq). For convenience, we write T for the set

of indices (p,v) such that
v>-2 and 1<p<p,, or v=-7 and p=p, =1 (7.4.11)

Then, in [13, Lemmas 3.38 and 3.43] the following result is shown.

Lemma 7.4.17. Let (p,v) € Y. Then if f € BY
(i) the series >, f x1b; converges in S8'(R™) to a distribution Jik
(i) the series 3_; E(ﬁzj)(z) converges uniformly on compact sets to a holomorphic

function in Tq, denoted by E(f)(z), which satisfies
A@n )P () < Cllf g, = € T
In addition, the mappings
feBl — ffeS'(R") and fe B — E(f) € H(Tq)
are continuous and injective, and for every f € BY we have

lir% EN)-+1iy) =f inSR") and in || - ll -
-

yeQ
Remark 7.4.18. The results in [13] are stated only for v > 0, but remain valid as long

as (p,v) € T.

From this lemma we can define an isometric copy of BY (and hence of BY) as a holo-

morphic function space in H(Tq):

Definition 7.4.19. For (p,v) € T we define the holomorphic function space
By :={F=&f:feBl},

endowed with the norm ||F||gze = || f||ge.

The following properties hold

(a) BY = AD when Hardy’s inequality holds for (p,v), and in particular when v > 2 —1
and 1 < p < p, (see [13, p. 351]).

(b) AY — BY when v > % —1land 1< p < p,. The inclusion is strict in the 3-dimensional

light-cone when v < 1 and p, <p < p,.
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(c) B2 = H*(Tg) (Hardy space). Moreover, {Bg = £<L2(Q;A*”(§) d§))} ) is the
v>—

family of spaces introduced by Vergne and Rossi in the study of irreducible repre-

sentations of the group of conformal transformations of T (see [107] or [40, Ch.

XI11]).

(d) If (p,v) € T then O : B) — By, is an isomorphism of Banach spaces. This is

inherited from the corresponding property in the scale BY (see [13, Th. 1.4]).

(e) If (p,v) € T then BY can be identified with Bb, in the sense that every F' € BY has
a (unique) representative F in BY, and moreover ||F lpr =~ |F|| pe- To show this, let

=B (by (a)). Then use (d) to define the

m = ko(p,v) so that O™F € AP Dtmp

v+mp
unique Fc BY such that OmF = OMF,

The assertion in (e) above gives a representation of B as a holomorphic function space
with no equivalence classes involved. For example, when v = —n/r, the space B! can be

represented by the holomorphic function space Bin /s €ven in the one-dimensional setting.

Using the box operator, this procedure can be easily extended to all indices (p,v) (not
necessarily in 1), to represent B with less equivalence classes than kg (p, v). Namely, given

veRand 1 <p < oo, define
ki =ke(p,v) = min{k €N : (p,v+kp) € T}. (7.4.12)
Observe that k.(p,v) < ko(p,v), and the inequality is often strict. In fact,

ku(p,v) = min{k : k+%>(§—1)(1_%)_%

(and k«(1,v) = min{k : k+v > —21}). Then we have the following result.

Proposition 7.4.20. Let v € R, 1 < p < oo and k.«(p,v) defined as in (7.4.12). Then

every F' € BY has a unique representative ﬁ, modulo Ny, , such that ok F e Blzj+k*p, and
moreover ||F||gr ~ |]Dk*ﬁ\|8p+k . In particular, BY identifies with the space
v v )
{GeHy, : O"GeB,, } (7.4.13)

PROOF: Combine the fact that B,  identifies with B}, , = (by property (e) above),

with the trivial isomorphism O : BY — B,IjJrk*p-

O
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We turn now to the identification between the spaces BY and BY via boundary values,

as asserted in the introduction. When (p,v) € T the result is immediate from (e) above.

Corollary 7.4.21. Let (p,v) € Y. Then

(i) if F € BY, there exists limzzg F(-4iy) = f in BY (and S'), for some representative
F of F.

(i) if f € BY, there exists a unique F € B such that lingg F(-+iy) = f in BY.

In either case

clfllsy < IFllsy < cllfllsp-

The inverse mapping in (ii) is defined by the operator f — F = £(f). For general

parameters p and v, £f is no longer defined when f € BE, but £(0% f) is well-defined

P

and belongs to By+k*p.

Thus, using Proposition 7.4.20, we may consider a new operator E
from BY into BL by

OkEf = £(TF f).

It is easily seen that E : BL — Bl is an isomorphism, which commutes with the Box
operator

OfoE=EoD!, V/eN.

Moreover, duality can be expressed through this isomorphism. Recall first that (see [13])
(BY)* = BY
whenever the definition of the duality pairing is given by

[foglv =Y (f,0"g=vy),  feB geBY. (7.4.14)

J
On the right hand side the brackets stand for the action of the distribution f on the
conjugate of the given test function, while O~ is defined on the Fourier side by the mul-
tiplication by A(§)™”. Then, the duality result in Proposition 7.4.6 can also be obtained

/
from the above discussion, since when FF =Ef € B, G = Eg € B}, and m is large we have

<F’ G>u,m,m = Cm,u [fv g]u-

Finally, using real variable techniques we are able to improve on the results in Propo-
sition 7.4.4 concerning the range of p and number m for which there is boundedness of

P™ from LL into BY,. Below we consider P, as a densely defined operator in L}, N L2.
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Proposition 7.4.22. Letv > 7 —1, p€R and 1 < p < oo so that
pv — p>max{p—1,2 —p} (% —1). (7.4.15)

If ke = ku(p,p) is as in (7.4.12), then O o P, extends as a bounded surjective mapping

P 72
from Ly, onto B, ;. .

Remark 7.4.23. As a special case we obtain that, in the range in (7.4.15), PV(’“) maps Li,
continuously onto Bf,, which in particular establishes part 1 of Theorem 7.1.6. Equivalently,
the operator T}, ,,, given by (7.2.6) is bounded in L, for all m > ko(p, n); see the discussion
preceeding Proposition 7.4.4.

When p = —n/r the condition (7.4.15) produces no restriction in p, and we obtain the

following.

Corollary 7.4.24. For allv > % —1 and 1 < p < oo, the operator Py(ko) maps LP(Tq, d\)
onto BP. Moreover, P, extends boundedly from L'(d\) onto B!.

PROOF of Proposition 7.4.22: The continuity follows from a similar reasoning as
in [13, Prop. 4.28], where the case u = v was proved. For completeness, we sketch here

the modifications of the general case. Given f € L N L2, since P, f € A2 we can write

v

it, by the Paley-Wiener theorem, as P, f = Lg, for some g € L?(2, A7 (£)d¢). We must

show that OF P, f = L(AF*g) belongs to B’ or equivalently that the inverse Fourier

ptkap?

transform of the distribution A*g belongs to the real space B” Arguing by duality

ptkyp®
as in (7.4.14), this is equivalent to showing that for all smooth ¢ with compact spectrum
in

(kg a7t | < Cllfllg el

By the Paley-Wiener theorem for Bergman spaces (see eg [40, p.260])

ris = [ gle)a “’-”(f)@ﬁigg i

- / /T P ) B0 R ) ) Vi)

(since Py =P) = (f,E@ D) < || fllgp AV HE@ D)

If p > 1 the last norm equals

lE@ = Ng)]|

(v—p)p'+p
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Under the conditions (7.4.15) we have A? =B

() +11 ()0 since Hardy’s inequality

holds for the corresponding indices. Thus,

Je@ D) e o Sl
(v=m)p’+p (v—p)p'+p ptksp

as we wished to prove. When p = 1 one must use instead
[AYHE(@" o)l S 10" ol = llelBge

(see Lemma 7.4.26 below), and conclude again by duality. The surjectivity of 0% o P,
follows from the surjectivity of the operator P,,(m) L — Bﬁ’(m) for large m in Proposition

7.4.4, since the spaces Bﬁ hap and Bﬁ’(m) are related by isomorphisms.
O

7.4.5 A real variable characterization of B>

For completeness, we give here the real variable characterization of the Bloch space B,

starting with the definition of the distribution spaces B° introduced in [13].

Definition 7.4.25. For v € R we let

IfllBge = sup A(E)7VIIf *Wjllo, [ € SR,
J
and define the space B;° by

B = {feS®R" : Supp fcQ and ||f|[p= < oo}/Sho-

The following result is the analogue of Lemma 7.4.17 for p = co. The result was not

stated in [13], so we sketch the proof for completeness.

Lemma 7.4.26. Let v > = —1 and f € By°. Then
(i) 225 f *v; converges in S'(R™) to a distribution ft;
(i) Zj £(]?1$J)(z) converges uniformly on compact sets of Tq to a holomorphic function

E(f)(z), which satisfies
AQmz)" [E(N)(2)] < Clflpg, =€ Ta.

Proof. By duality, (i) is equivalent to S(R") — B!, which in view of [13, Prop 3.16]

happens if and only if v > % — 1. Concerning (ii) and reasoning as in the proof of [13,
Prop 3.43], it suffices to see that F~'(e~(¢)yq) belongs to the space BL,. Using the
isomorphism 0% and the identity B = Al this is equivalent to £(A%e~ (€l yq)(z) =

cA(z + ie)72”7% € Al which by Lemma 6.3.2 happens if and only if v > - -1 O
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For simplicity we denote B> = Bj°, which can be identified with the Bloch space B>

as follows.

Proposition 7.4.27. For all k > 7 — 1, the correspondence
fe€B*r— Dz_k[g(ljkf)] € B*
is an isomorphism of Banach spaces.

Proof. Since OFf € Bp°, by the previous lemma the function G := & (0% f) is holomorphic
in Tq, and AF(Sm2)G(2) is bounded. Thus the equivalence class of all I such that OFF =
G belongs to B>, and the correspondence f — F + N}, defines a bounded operator from
B> to B>.

On the other hand, whenever v > 2 — 1 and H := £(h) is in A}, so that h belongs to
B, one has

; H(2)OFF(2)AF(32)dV,(2) = [k, f]u.

Using the duality identities B> = (AL)* (with the above pairing) and B® = (B}

L) (with
the pairing [-,-],), it follows that the mapping f — F' is an isomorphism, like the mapping

h— H. O

7.4.6 Minimum number of equivalence classes: partial results

Related with the question of the smallest number of derivatives in the definition of BY,

one can also consider a weaker property than Hardy’s inequality; namely

Question: Given 1 <p < oo and v € R, find the smallest { = {(p,v) € N so that, for all
m > 1,
inf AU F+ H < ||AHmOlttm 7416
He?—l(Tg)l?l |:14+mH:oH (F+ )HL’J ~ H HLﬁ’ ( )

for all holomorphic F' for which the right hand side is finite.

We look first at p = co and its equivalent formulation raised in Remark 7.4.12, namely
n

the surjectivity of the mapping B°*) — B> for k < = — 1. We prove that it cannot
happen at least when k& < (% —1)/2.

Proposition 7.4.28. Let k be a non negative integer. If, for every F € B, there exists
F such that A*OFF is bounded and O™F = O™F for some m > = — 1, then necessarily

k>3(2—1).
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Proof. Let m > T — 1. By the open mapping theorem, if this property is valid, the
natural mapping of B>°:(¥) into B°(™)  which is surjective, defines an isomorphism from
the quotient space B (*) /N onto B°>(™). So there is some constant C' such that, for

each F € B°(™)  there exists some G with 0"G = 0 and
| F + Gllpoe.oy < ClF || poc.om)-

In particular,

\DkF(a: +ie) + DkG(x +ie)| < C||F||goo.(m)-

Consider now F = £f with f € C°(Q), so that || F||gec.(m) < O f|lp. Since OFF (x + ie)
is bounded, the same is valid for O*G(z + ie). So we can speak of the Fourier transform
of O*G(x 4 ie), whose support is in the boundary of Q. Let ¢ be a smooth function whose
Fourier transform is compactly supported in €2, and consider its scalar product, in the x
variable, with the function OF F(z +ie) + O*G(x + ie). By the support condition on ¢ we

must have (0FG(z + ie), p) = 0. So, the following inequality, valid for all such F, holds

< C|fllBe x |l

/n OFF(z + ie)p(x)dx

The last inequality can as well be written as

< Clflipe x |l

f(x)To(x)dx
R™

where @(f) = A(&)Fe 0 p(€). In view of the duality (BL)* = B®, it is easily seen
that this implies the inequality
ITellpy < Cllell (7.4.17)

We want to find a contradiction by choosing specific functions ¢. Assume that ¢ := ¢4

may be written as

i) =Y rj(t)ae’ (),
Jj€J
where J is a finite set of indices, and 7 is a smooth function whose Fourier transform
is supported in a small ball centered at 0, in such a way that the functions 1); can be
assumed to be equal to 1 on the support of 7(- — &), for all j € J. Here r(t) stands for

the Rademacher function and the parameter ¢ varies in (0,1). Integrating in ¢ and using

Khintchine’s Inequality, we have
1/2

1 1
/O | Tt rdt < C /0 ledhdt < (a2 | Il (7.4.18)

jedJ
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Let us find a minorant for the left hand side of (7.4.18). For every choice of ¢, we have
IT@dllpr =Y lagl [T )],
Jj€J

Let us take for granted the existence of some uniform constants c1, ce > 0 such that
1
IO, = ||Ftake@ic — ]| = = A e gl (7.419)
1

Then, (7.4.18) leads to the existence of some (different) constant C' such that

1/2

> lajlA(g) e el <0 | Y fay?

jeJ jeJ
We choose a; = A(&;)Fe2(¢l%) and find that
ZA 2k 7202 (el&;) < C2
jeJ

uniformly when J varies among finite sets of indices. This allows to have the same estimate

for the sum over all indices j, that is

Z A —2cz(elg;) < 00.

By [13, Prop. 2.13] this sum behaves as the integral

A(€)e(el) 3
/ A

which is finite for 2k > — 1.

It remains to prove our claim (7.4.19), which we do by using group action as in [13,
(3.47)]. Write §; = gje with g; = g7 € G, and let x;(§) = X(gj_lf) for some y € C°(Q)
with the property that x; =1 in Supp 7(- — &;), V j € J (which we can do by our choice

of n). Consider the function v; whose Fourier transform is defined by

Fi(€) = e®AE) Fx;(8),

so that we can write

18y = ;j * T(ei('\&j)n)7 Vel
Thus, it suffices to show that

il < erA(gy) e, (7.4.20)
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Now, a change of variables gives

il = [ 7 [e959A(g;) ()] ||, = AE) | FH @A T,

where in the last equality we have used (7.2.1) and gj = g;. The L'-norm on the right
hand side can be controlled by a Schwartz norm of el A=Fy, which leads to (7.4.20)
using the fact that (&8 < e2(&le) when ¢ € Supp x (see eg [13, Lemma 2.9]). O

We consider now the same problem for BY, namely the surjectivity of Bﬂ’(k) — Bﬁ’(m)

for some k < ko(p, ). Again, this cannot happen at least if & is small.

Proposition 7.4.29. Let 1 € R and k be a non negative integer. If, for every F € Bh,
there exists F such that AKOFF € LY, and OmF = OnF for some m > ko(p, ), then
necessarily

kb > max{(%—l)l (n— )(%7}3)}. (7.4.21)

P Y

Proof. We must clearly have u + kp > 7 — 1, since otherwise OFF € AP

ikp = 10}, which

implies F' = 0 (mod N,,). We may also assume that k < ko(p, i), since otherwise (7.4.21)
is trivial. In particular, we only need to consider p > 2.

The proof is similar to Proposition 7.4.28 with some small changes. Under the condition
in the statement, the inclusion Bﬁ’(k) [N — IB%ﬂ’(m) is an isomorphism of Banach spaces.
Hence, for every smooth f with Fourier transform compactly supported in €2, the function

F = &(f) belongs to Bﬁ’(m) and there exists some G € H(Tq) with O™G = 0 so that
|ARDH(F + G5 S AT Flp. (7.4.22)

As before, OFG is the Fourier-Laplace transform of some distribution supported in €.

Thus, for all ¢ € C°(Q) we have

‘/n DkF(x +ie)p(—x) daz‘ = ’Dk(F + Q) (- +ie) * 90(0)‘

< el |

DF + ) +ie)| oy (7:4.23)

Since p + kp > 2 — 1 we have |0F(F + G)(- + ie)HLp(Rn) < ok F+ @ (see

az,, 1)
e.g. [13, Prop. 4.3]). By (7.4.22) and the results in 34.4, this last quantity is controlled
by

IO FlLe, < 10™fllss,, =~ [1flls,
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since m > ko(p, ). Thus, going back to (7.4.23) we see that

f(@)To(x)dx
Rn

< Clfllsg % Il

where as before @({) = AF(€)e=(OF(£). The left hand side can be written as a duality
bracket [f,T,¢], by letting m(f) = A(6)ktre=(el)3(€), and hence we conclude that

1Tl gy < Cllolly - (7.4.24)

As before, we choose ¢ := @y with

where J is a finite set of indices and 7 is a smooth function with Fourier transform sup-
ported in a small ball centered at 0 so that ¢; can be assumed to be equal to 1 on the
support of (- — §;), for all j € J. Integrating in ¢ and using Khintchine’s inequality we
find that

1 / 1 / p’/2 /
| ety a<c [ a < o (Slal)" . (7.4.25)
n

where the left hand side equals
> AEG) Hag P I T
jed

Arguing as in the proof of (7.4.19) one finds two constants ¢, ce such that
c|| T (e 10m) [l > A () F e ] .

So, (7.4.25) links to the existence of some constant C' such that
p'/2

Z ‘aj‘p’A(éj)kp”rup’—ue—@(elfj) <C Z |aj|?
j€J jEJ

By the duality ¢, ¢ with r = 2/p’ (since we assume p > 2), we conclude that

Z A(gj)r’(kp’-m(p’—l))e—ca(e\&) < o0,
J

since its partial sums are uniformly bounded. As in the previous proof, we conclude by
a comparison with the corresponding integral, and find the constraint on parameters in

(7.4.21).
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Remark 7.4.30. In the special case k = 0 we obtain, for v > % — 1 and m > ko(p,v),

that a necessary condition for the operator O™ : A} — A}, to be surjective is
20v+ -1 _ v—1
1§p<(nr1 )zpu+ﬁ I (7.4.26)
T T

When v < 1 (in the three dimensional light-cone), (7.4.26) is the same necessary condition

given in Conjecture 2. When v > 1, however, it is a weaker condition.

7.4.7 Complex interpolation

The Interpolation of Banach spaces is a powerful tool in Analysis. In this subsection we
define and characterize the complex interpolation space of two Besov spaces. We first
recall briefly the complex interpolation method.

The complex interpolation method

Two Banach spaces Xg and X are called compatible if there exists a Hausdorff topological
linear space X containing both of them. In this case, we form two subspaces of X, XqN X,

and Xy + X1, and they become Banach spaces with the following norms:

|’$||XO0X1 = maX(Hl‘HXov ’|$HX1)3

and

|2l xo+x1 = mf{[[][x, +[|2]|x, : @ =20+ 21,20 € Xo, 21 € Xu},

Let S = {2z € C: 0 < Rz < 1} denote the open strip and S its closure. If Xy and X;
are compatible Banach spaces, and if 6 € (0, 1), we define a Banach space Xy as follows.
As a vector space, Xy consists of vectors x € Xg + X1 with the following property: there

exists a function f: S — Xy + X1 such that
(a) f is bounded and continuous on S.
(b) f is analytic in S.
(c) f(O) ==
(d) f(iy) € Xy for every real y.

(e) f(1+41iy) € X; for every real y.
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For every f satisfying the above conditions we write

yeR yeR

]| = max (Supllf(iy)llxo ;sup || f(1 +iy)||X1> :

The norm of z € Xy is then defined as the infimum of all such ||f]|.

To emphasize the dependence of Xy on Xy and X7, we write

Xy = [Xo, X1]o,

and call it a complex interpolation space between Xy and X;. The construction of complex

interpolation spaces is functorial in the following sense (see [19]).

Theorem 7.4.31. Suppose Xg and X1 are compatible, Yy and Y1 are compatible, and
0 € (0,1). If a linear operator T : Xo + X1 — Yo + Y1 maps Xo boundedly into Yy (with
norm My) and X1 boundedly into Y1 (with norm M), then T maps [Xo, X1]gp boundedly
into [Yo, Yilp (with norm not to exceed My~ MY ).

One of the most important example of complex interpolation spaces is the following

result concerning L spaces (see [19]).

Theorem 7.4.32. If (X, ) is a measurable space and 1 < pg < p1 < 00, then
L7 (X), 1P (X)]p = IP(X)
with equal norms, where 0 < 6 <1 and

1 1-06 0
+ —.
b Po p1

Complex interpolation of analytic Besov spaces

We first consider the complex interpolation of two Bergman spaces. Following the complex
method, if § € (0, 1), we define the complex interpolation space [AL), AD!]y of two Bergman
spaces ADY and AL! as the space of holomorphic functions F in Tg, such that there exists
a function z — f(2) = F, from S into the Banach space A} + AD! such that properties

(a) through (e) hold.

Theorem 7.4.33. Suppose vo > T —1 and vy > = =1 . If 1 < po < puy, 1 < p1 < Doy,
1 <po < p1 < oo and Hardy’s inequality holds for both (po,vy) and (p1,v1), and
1 1-6 0

+ )
p Po b1
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for some 8 € (0,1), then
Az, ARy = A

vo? 1
with equivalent norms, where v is determined by

v 1-0 0
- = I/0+*V1.
Po P

Proof. We naturally have 1 < p < co. We first consider the case where 1 < py < ¢,, and
1 < p1 < qu, where g, = 1+ =%5. Now we fix a real p sufficiently large. By Corollary
6.3.9, the integral operator P, defined by
Puf(z) = [ Bu(z,w)f(w) Al (Imw)dw
To

maps L} boundedly onto A%, it maps L) boundedly onto AY), and it maps LY} boundedly
onto AD!. Tt follows from the properties of complex interpolation and the settings above
that P, maps [LY), L)i]p = L boundedly onto [AJ], AD}]y. Since 1 < p < gy, by Lemma
5.1 of [14], P,(L}) = AD. We conclude that

AP C [AP°

I}

APy

and the inclusion is continuous.

Now if m is a positive integer, then the operator defined by
L(f)(2) = A™($2)0 f(2), f € H(Tn)

maps AD) boundedly into LY, it maps AV boundedly into LU!. Tt follows from the proper-
ties of complex interpolation and the same settings above that L maps [AD), AVi]g bound-
edly into [LD0, LEl]g = LY. So, if f € [ALS, ALy, then, the function z — A™(J2)07 f(2)

belongs to L}, which because of 1 < p < g, is equivalent to f € AY. We conclude that

[ APo

12

Alllg C AY

1

and the inclusion is continuous. This completes the proof of the theorem when 1 < py < gy,
and 1 < p; < qy,.

Next we consider the case where 2 < pg < p; < oo and both P, and P,, are bounded
respectively on L) and L};. For any integer m such that po < quytmpo a0d p1 < Guy+mp: »
using the fact that the O™ is a bicontinuous isomorphism from A7 onto Aﬁ; tmpy J = 0,1

and the first part of the proof, we conclude that

[APo| AP1], = AP

vo? 1
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We conclude easily for the proof of theorem using the Wolff’s abstract reiteration theorem

(see [108]). O

We recall that A} = B}, when 1 < p < p, and v > 2 — 1. Using the isomorphism of

gm - Bp — Bp

v+mp and the above theorem, we easily obtain the following.

Proposition 7.4.34. Suppose both (pg,vy) and (p1,v1) are in Y. If pg < p1 and
1 1-60 ¢
= +

p  po p

for some 6 € (0,1), then
B2, By = B

2

with equivalent norms, where v is determined by

v 1-—6 0
Vg + —U1.
p Po P

Remark 7.4.35. The complex interpolate of two Bergman spaces with the same weight
has been characterized in [16] using among other techniques, the Wolff’s abstract reitera-

tion theorem (see also [56]).

Let us now define the complex interpolate of two analytic Besov spaces. We recall the

definition of

BL(™ = {F € H, : O"F € AL, 3.

Let us now introduce a notion of sum and intersection of Banach spaces (Besov spaces) of
equivalence classes.
Let m be an integer such that v; + mp; > 7 — 1 and the Hardy’s inequality holds for

(pj,vj +mp;), 7 =0,1. We define the sum of two Besov spaces as follows:

Bro-(m) 4 BELM) = (F € H,,(T) : O™F € AY + AL

vo+mpo vi+mp1 }

Endowed with the norm

[1Fllgpo.cm oy = O™ Fllaro gm

Bﬁg o(m) + Bp 1,(m) ; is a Banach space. We also define their intersection as follows:
BLO-(™) (VB ™) i= {F € Hpp(To) : OMF € AR, (AD L b
Endowed with the norm

1 llggocm gz o = N0 Fllaze a0

BE ™ M BEH™ s a Banach space.
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Definition 7.4.36. If 6 € (0, 1), the complex interpolation space [ng’(m),]Bgi’(m)]g consists

of functions F' € H,,(Tq) such that there exists a function z — f(z) = F, from S into the

Po,
vo

Banach space B so that properties (a) through (e) hold.

From the isomorphism property of the Box operator and the definition of Bg’(m), we

clearly have that
ng’(m) ﬂlﬂ%ﬁi’(m) C [Bﬁg’(m),Bﬂ’(m)]g C ng,(m) + 1331127(”1)_
Moreover, we can always use the following equivalent norm for the interpolation space

—— m
HFH[ngm)?Bgixm)b =0 Fllparo, - am -

Theorem 7.4.37. Let vg,v1 € R and 1 < pg < p1 < oo. Let m be an integer so that
vj +mp; > — 1 and Hardy’s inequality holds for (pj,v; +mpj), j = 0,1. If, moreover,
1 1-6 0

+ )
b Po P1

for some § € (0,1), then
[Bg ), B ™o = BY

with equivalent norms, where v is determined by

v 1-46 0
Vg + —U1.
p Po P

Proof. We first remark that if Hardy’s inequality holds for both (pg, vo+mpg) and (p1, 1+

mp1 ), then it also holds for (p, v + mp) where
1 1-6 0

p Do p1

and
v 1-6 0
- = vy + —U1.
p bo b1

Clearly, the isomorphism of O™ gives that for any F € [ng’(m),lﬂigi’(m)]g,

= AP

OmF e [AR AP D mp-

vo+mpo’ “1vy +mp1]9

Thus, by definition, F € B2™.

q
HAmgq

boundedly

Conversely, if we denote by Z the application which associates to every F € A
the equivalence class of all solutions of O™G = F, then Z maps A,
boundedly into BIJ;’(’"). It follows from the properties of
complex interpolation and the previous observations that Z maps [A}) s AV T
A boundedly into [ng’(m),Bgi’(m)]g. Thus, since by definition Z(A} ) = B ™ we

conclude that B’;’(m) C [ng’(m),ﬁgi’(m)]a U

into BL™ it maps AV

p
v+mp
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As a consequence of the above theorem, we have that when 0 < k < m and v; 4+ kp; >

*—1,j=0,1, the natural projection

Blljov(k) ’ Blljl ,(K) Blljoa(m) ’ Blljl ,(m)
Bro . - B, 1 lo (7.4.27)
F+ N, — F+ N,

is an isomorphism of Banach spaces, provided Hardy’s inequality (7.1.3) holds for the
indices (p;,v; + pjk), 7 =0, 1.

7.5 Open Questions

In this section we pose some questions left open in this topic, in addition to Conjecture 2.
Most questions concern the spaces AL for p > p,, about which we know very little.

(I) Is the operator O™ : A} — A}, onto for some p > p, and m > ko(p,v)?

p

v+mp: does the equation

Equivalently, given a function G € A
O"F =G

have some solution F' belonging to the space AL(Tq)?
From Remark 7.4.30 we only have a negative answer when p > p, + (v — 1)/(% — 1).
(II) Is the operator ® : AL — (AL)* onto for some q < pl, ¢
This question is equivalent to (I) for p = ¢, using the duality property (Af)* = BY in
Corollary 7.4.7.
(II1) Is the Box operator injective on AL when p = p, ?
Injectivity holds when 1 < p < p,, (by Proposition 7.2.8), and fails when p > p, (by the

explicit example A(z +ie)”r 1)

. We do not have a conjecture for the endpoint p = p,.

(IV) Is the mapping ®: AL — (AD)* injective when q = pl, ¢

This is equivalent to (I1I). In fact, from (7.3.4) it easily seen that Ker <I)|A§l, =
KerO| APy -

Our next question stresses further the differences between the spaces A}, depending
on whether p < p, are p > p,:

(V') Is the space AL isomorphic to (P for some p > p, ?

Recall here that the Bergman spaces Al are isomorphic to #? in the one dimensional

setting. This can be proved as a consequence of the atomic decomposition (see [89]).

In [10], atomic decompositions for A} are derived when Hardy’s inequality holds.
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(VI) Is it span {B,(-,w) : w € Ta} dense in AY(Tq) for p > Dy and p sufficiently
large?

The validity of this result was wrongly stated in [14, Corollary 5.4] in the light-cone
setting. As we show below (see also [14, Lemma 5.1]), the density holds when the projection
P, is bounded in L}, but this restricts p to be smaller than p, (since P;f =T, -, must

also be bounded in LE).

Proposition 7.5.1. Let v > = — 1. Assume that p and p are so that P, extends as a
bounded operator in LY. Then Al is the closed linear span of the set {B,(-,w),w € Ta}.

Proof. The boundedness of P, in L} already implies that B,(-,ie) € Al. We take for
granted the fact that P} = T, ,—, (with respect to (-,-)ay, ). To establish the proposition

it suffices to prove that for f € Lg such that
<f7 Bu('vw»l/ =0 VYwe Tﬂa (751)

we have also (f, F), = 0 for all F in a dense subset of A). Now (7.5.1) is the same as
Ty, u—v(f)(w) = 0, by definition of this operator. Thus, if F € AN AZ, using the claim

above we have
(fs Fy = (f, PuF), = (P;(f),F), = 0.

Finally, we establish the claim, that is P} =T, ,—,. For f,g € C.(Tq) we have to justify

the exchange of order of integration in

Buo) o = [ [ Bute gt ] ) avi o)
= / / B, (w, 2) )dV (z)} AV, (w) = (g, Ty, y—v f)v-

but this follows from

/TQ/ u(z,0)|lg(w)| AV, (w)|f(2)| AV, (2) < || T},

using the fact that the operator TIO with kernel | B, (z,w)| is bounded on LZ. O

NI



Chapter 8

Hankel operators on Bergman

spaces

We present here some criteria for Schatten-Von Neumann class membership for the small
Hankel operator on the Bergman space A2(Tq), when T = R™ + i€ is the tube over the
symmetric cone ). For simplicity, we restrict ourself to the unweighted case since the

general result is proved in the same way.

8.1 Introduction

Let © be an irreducible symmetric cone in the Euclidean vector space R™ of dimension n,
endowed with an inner product (-|-) for which the cone Q is self-dual. We denote by
Ta = R™ + iQ the corresponding tube domain in C". Again, we write the rank and

determinant associated with the cone by
r =rank Q, and A(z) = detx, x € R".

For more simplicity, we modify our definition of Bergman space by translating the
weight. This has no effect on the results. Given 1 <p < oo and v > 2% — 1, the weighted
Bergman space AL (Tq) of the tube Tg, is the space of analytic functions f on T satisfying

the integrability condition

llae = ([ 16+ inPar2 tsdy)” < . (8.1.1)

When v = 22, we write A*(T) = Agg(Tg).

127
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For 1 < p < o0, the Besov space BP(Tg) of the tube Tg is the space of holomorphic
functions f € H,(Tq) such that

|10t P a sy < .
Ta

In other words, f belongs to BP(Tg) if and only if O™ f belongs to A%, (Tq). When p = oo,
we denote the Bloch space of T by B = B, which is the space of analytic functions f
satisfying

sup A"(32)|0" f(2)] < oo.
z€Tq

Remark 8.1.1. In our notations in the previous chapter, the B? here corresponds to B:(")

in the previous chapter while B corresponds to B (™).

The weighted Bergman projection P, is given by the integral formula
P,f(z) = / B, (z,w) f(w)AY "2 (Sw)dV (w) (8.1.2)
Tq

where
By(z,w) = d,A" (% ; “ (8.1.3)

is the weighted Bergman kernel (see [12]) and dV is the Lebesgue measure on Tq. Let us
recall that B, is a reproducing kernel on A2(Ty), that is for every f € A%(Tq) we have

the formula:
flz) = C/T B, (z,w) f(w)AY 2% (Sw)dV (w). (8.1.4)

In fact, formula (7.2.13) gives that for any p > 22 — 1, and any f € A2(Tq) we still have

f(z) = C/T Bu(z,w)f(w)A“fz%(%w)dV(w). (8.1.5)

Again, when v = 2%, we write P = P, and B = B,
Let b € L?(Tq) = L?(Tq,dV). The small Hankel operator h;, with symbol b is defined

as

ho(f) = P(bf) (8.1.6)

for f € H*(Tq).

The aim of this chapter is to give criteria for Schatten class (S,) membership of Hankel
operators on the Bergman space A?(T). This problem has been considered in [2], [65]
for the case of the unit disc of the complex plane, and in [116] and [115] for bounded

symmetric domains. Some earlier works were done in [1], [35], [61], [80] and [90] in various
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domains including the upper half plane. It is shown in those cases that the small Hankel
operator is in the Schatten class S, if and only if its symbol belongs to the corresponding
Besov space BP. The idea of the proof in [115] is the use of an appropriate integral operator
which carries a lot of information on the small Hankel operator. This idea seems to be
the appropriate one in our case also. Let us mention that the same problem for Hardy
space of tube domains over symmetric cones was considered in [24] where it is stated that
classical result extends to this case at least for 1 < p < 2.The main tool in the proof
of the necessity in [24] is the use of the sampling theorem related to a lattice in Tq for
functions in a Bergman space. We will also take advantage of this idea. We show specially
that classical results (see [115] for example) extend to the tube domains over symmetric
cones for the range 1 < p < co. When the symbol is analytic and 1 < p < oo, we also
obtain criteria in terms of the action of the operator on the reproducing kernel, here, “the
reproducing kernel thesis”. This last characterization appears in [98] for the same problem
in the case of Hardy space of the unit disc. The main result of this chapter can be stated

in the following way.

Theorem 8.1.2. Suppose b is analytic in Tg and 1 < p < oo. Then the following condi-

tions are equivalent
(i) hy € Sp.
(ii) b e BP.
(iii) For all integer k > — 1,

| (@ Byt @2av(s) < o.
Ta

Here the norm || || is the norm of the Hilbert space on which the operator acts, that
is A%(Tq).
Remark 8.1.3. e Condition (7i7) is still valid when b is not analytic since it only

depends on the operator. One can weaken the conditions on k. We will see, in

particular, that it is sufficient to consider k£ > 0 when p > 2.

e The operator as defined above does not depend on the choice of the representative

of a class. This is an easy consequence of the formula (7.2.8).

e The choice of the unweighted case is only for simplicity of our presentation. The

results easily generalize to the weighted case.
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8.2 Preliminaries

8.2.1 Determinant function, Schatten-Von Neumann classes

We adopt the following notation

B.() = B(.2) = dA™>7 (— 5.

We recall that A?(Tg) is a Hilbert space with reproducing kernel B,, that is for every
f € A%(Ty), {f, B.) = f(z) with the pairing

(fr9) = . f(2)g(z)dV (2).

With our new notations, Lemma 6.3.2 (for p = ¢) takes the following form.

Lemma 8.2.1. Let o be real. Then the function f(z) = A™%(ZHL) with t € Q, belongs to

AV(Tq) if and only if
T-1lv+2-1

a > max(—" , )

p p

In this case,

1£llag = CapA™P*(1).

It follows easily that ||B.|| 42 = CA~()(S32).
Let us recall that the wave operator acts on the reproducing kernel in the following
way:

DgBa(., Z) = Cn,a,kBOH-k(‘? ’Z)

with B, given by the formula (8.1.3). As in the previous chapter, we have that for any
f € A% (Ty),

(f;0%'B:) = CnB™ f(2).

In particular,
102 B, || 42 = |(OF B, OFB.)[Y? = Cp AT H0)(S2).
For any f € A%(Tq) (f #0), we denote by f, the normalization of f, that is

F = F/Fla2(y)- (8.2.1)

Let H; and Hs be two Hilbert spaces. Let B(H1, Hs) and K(H1, He) denote the spaces

of bounded and compact linear operators from H; to Hso , respectively. It is well known
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(see for example [114]) that any operator 7' € K(H1,H2) has a Schmidt decomposition,
that is there exist orthonormal bases {e;} and {o;} of H; and H, respectively and a

sequence {\;} of complex numbers with A\; — 0, such that

Tf=> Mlf.e)o;, feH. (8.2.2)
0

j:
For 1 < p < oo, a compact operator T with such a decomposition belongs to the Schatten-

Von Neumann p-class S,(Hi, Hz), if and only if

oo

1
1T]ls, = (D 1A P)7 < oc.

3=0
When T € S, = S,(H, H), for any image {e;} of an orthonormal sequence by a bounded

operator in H,
o

S Tej el S NG,
j=0

(see [91]). For p =1, 8§ = S1(H,H) is the trace class and for T € S, the trace of T is
defined by

(o)

Tr(T) =Y (Tej,e;)

j=0
where {e;} is any orthonormal basis of the Hilbert space H. We will denote by Soo(H)

the set of all bounded linear operators on H.

8.2.2 Bergman distance, Sampling and Covering results

We first recall the definition of the Bergman distance on the tube To. Let {g;x}1<jk<n

be the matrix function defined on T by
2

gik(z) = 92,07

log B(z, 2).
The mapping z € Tq — H, where

Hz(uv U) = Z gjyk(z)ujﬁk (u = (ulv"' 7““)7 v = (Uh'" 7””) S Cn)?

1<jk<n
defines a Hermitian metric on C", called the Bergman metric. The length of a smooth

path v : [0,1] — Tq is given by

1 1
awzé{%mwwn@HMt

and the Bergman distance between two points z1, zo of Tq is

dBerg(Zla z?) = 13f€(7)
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where the infinimum is taken over all smooth paths « : [0,1] — T such that v(0) = #;
and (1) = 2.

Remark 8.2.2. We refer to the text [58] for the following observations:

(a) The Bergman distance dperq is equivalent to the Euclidean distance on the compact

sets of C" contained in T§.
(b) The Bergman balls in T, are relatively compact.

(c) Let R™ be the group of translations by vectors and let again H be the simply tran-
sitive group of automorphisms of the symmetric cone ) defined in Chapter 5. The
group R™ x H acts simply transitively on T and the Bergman distance is invariant

under the automorphisms of R” x H.

Let us denote by B,(z) the Bergman ball centered at z with radius . We have the

following covering lemma in [24].

Lemma 8.2.3. Given § € (0,1), there exists a sequence of points {z;} in Tq called §-
lattice such that, calling B; and B;. the Bergman balls with center z; and radius § and §/2

respectively, then
(i) the balls B are pairwise disjoint;

(i1) the balls Bj cover Tq with finite overlapping, i.e. there is an integer N such that
each point of T belongs to at most N of these balls.

We observe with [12] the following.

Lemma 8.2.4. For all § €]0,1], there ezists a constant C > 1 such that if dgerg(z,w) < §

for some z,w € T, then % < ﬁgjj)) < C.

The above balls have the following properties:

J,

J

AV (z) ~ / AV (2) ~ CsA?"(S2;).
=

We recall that the measure dA\(z) = A™2"/7(32)dV (2) is an invariant measure under the
automorphism of T ( [12]).

The proof of the following sampling result heavily uses Lemma 8.2.4.

Lemma 8.2.5. (Theorem 5.6 in [12]) Let {z;} be a 0-lattice in Tq, 6 € (0,1).
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i) There exists a positive constant Cs such that every f € AV(Tq) satisfies
p Y

S PAY(S2) < ColfI%,
J

(11) Conversely, if & is small, there is a positive constant Cs such that every f € AL(Tgq)
satisfies

1110 < Cs Y £ () PAY(Sz)).
i

8.3 S, criteria for arbitrary operators on A*(Tp)

8.3.1 Hilbert-Schmidt operators

These are operators in Sz. The following result is established for an arbitrary operator

defined on A?(Tq) with values in a Hilbert space H.

Theorem 8.3.1. If T € B(A%(Tq), H) then
71, 20 = Co | IT(EEB)|PNR),
Q

for every integer k > 0, where d\(z) = A™%7 (32)dV (2) is the invariant measure on Tg .

Proof. 1f {e;} is an orthonormal basis of H, then

/IIT(DﬁB)Ilﬁ%( 2)dV(z) = / T(DEB.), ;)P A% (32)dV (z)
Ta To

J= 0

— Z/T (DEB,, T e;) > A% (32)dV ()
==ZLJWW (2) A5 (S2)aV (2)

- nkz/ 2PV (2)

To
— 0,%,@2||T*ej||?42
j=0
= CopllT*|5, = CuilTI[Z,-

The fourth equality follows from the fact that OF is an isometric (up to constant C,, )

isomorphism from A2(Tq) onto A%k+2n/r(TQ)' O
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8.3.2 S,(A*(Tq),H) for p # 2

Lemma 8.3.2. Suppose that T € B(A?(Tq), H) for any Hilbert space H and k = 0,1, -.
Then,

i) if T €Sy for2 < p < oo then,

| ITEEB)IPANG) < ConliTI,.
Q

ii) If for 1 <p <2,
]/ IT(OEB,)|PAA(z) < oo
To

then T' € S,. Moreover,

—_—~—

715, < Co [ IT(EEBL) PO,

To

Proof. First of all, we have by Theorem 8.3.1 that if T € S1(A?(Tq), A%(Tq)) is a positive
operator, then
Tr(T) = [|TV?|3, = Coy | (T(DEB.),0EBYAM(S2)dV (2).
Ta
The result follows since ||T'| |§p = Tr((T*T)P/?) and for any unit vector(see [114]) in L?(D),

we have

(T*Tf, f)P/? < (T*T)P2ff), if p>2

and

(T*TYP2f, £y < (T*Tf, fP? if 1<p<2.

8.4 The case of the small Hankel operators

We give in this section some Schatten classes membership criteria for the small Hankel
operator on the Bergman space A?(Tq). Let Vi and L be the operators defined on L?(Tg)
by
Ve(e) = AT () /T Bogyarny(z, w) f(w)dV(w), = € To,
Q

and

Lf(z) = A"(32) . By oz (z,w) f(w)dV(w), z € Ta.

We set 7. = B(z1n)(.,2). We have the following lemma.
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Lemma 8.4.1. Let {,) be the inner product in L*(Tq). For f € L*(Tq), we have

~— ——~—

1) Vif(2) = Cn<hf(D§BZ)a Dng> and Lf(z) = Cn<hf7:z77:z>-
2) PVif = PLf = Pf.
5’) hf = hpf = hka = th on AQ(TQ).

Proof. 1) follows from the definition of V}, and L, Fubini’s theorem and reproducing for-
mulas.
Let us show 2). It is not hard to see that the operators Vi and L are bounded on

L?(Tgq) as it follows from Theorem 6.3.3. We consider the following function:

Pl ) = a0 (C S anern G ranan(se), f e L),

and z € To. Using the reproducing formula, we obtain that

/T F(&,w)dV(w) = A28 Lr(e) = G (),

7
and
zZ—w

| Plewavie) = a=r =) fw) = (o).

i
It is clear that H, is integrable and so is G, since the operator L is bounded on LQ(TQ).
Applying Fubini’s theorem, we obtain
PLf(z)= | G:(§)dV(§) = | H:(w)dV(w) = Pf(2).
To Ta
The equality PVif = Pf follows in the same way. The first equality in 3) follows from
the definition of the little Hankel operator, Fubini’s theorem and reproducing formulas,

the second and the third equalities follow from the first one and 2). O

Lemma 8.4.2. If1 < p < 0o and b € LP(Tq,d)N), then the Hankel operator hy is in the

Schatten class Sp.

Proof. The case p = oo is obvious, it suffices then to show the case p = 1 since the result
then follows by interpolation. An easy computation shows that
hy = b(w)hy, d\(w),
Tq
where f,,(2) = A%F (S2)A27 (Sw)A~47 (22) and hy,, is the rank 1 Hankel operator given

by

LW ———

)g(w)

hy,g = A% (Sw) A7 (

1
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with [|hy,||ls, = ||hs,|| = C < oco. It follows that

Ihb\lslé/ hglls: [b(w)|dA(w) < C [ [b(w)[dA(w).

Ta Ta
The proof is complete. O

Theorem 8.4.3. Suppose 1 < p < 0o, and b € L*(Tq). Then the following assertions are

equivalent
i) hy is in Sp.
ii) For every integer k > 0, Vib € LP(Tq,dN).

Proof. ii) = 1) follows from Lemma 8.4.2 and the equality hy = hy,;. Let us show that
for

1 <p<oo,i)=ii). Let {z;} be a d-lattice in Tq. Using the equality

Vib(2) = Cp . (hp(0EB,), 0 B,) and Lemma 8.2.5, we obtain

—_—~—

IVibll ) = o [ ho(T8E.), DEBL)PAA(:)
Q

= Cnik / |(ho(D5B.), OEB.) [P A (S2)dV (2)
Ta

%

Cge Y 1(hy(OEB.), OEB, ) PAZE2T (S)
J

= Cn,kz |<hb(D§BZj)) Dngij

J

—_—

To conclude, it suffices to show that 05B,, = O AR () A= (kF2n/m)( Z1) is the image

of an orthonormal sequence v; in L?*(Tq) through a bounded linear map Ty : L?(Tq) —
L(Tg).
Define T, : L*(Tq) — L*(Tq) by setting
Tip(2) = Cue | ATz = (O ANSE)AV(S), = € T
To

P

and 9;(z) = mkA_”/’“(%z)XB;(z). Then Ty; = Dngj, Hl/}jHLz(TQ) = 1 with an ap-
propriate choice of Cy, 1. The operator T}, = Cj P an is clearly bounded on L?(Tq) by
Corollary 6.3.9.

—_——

For p = 0o, we take as test functions f, = g, = DQBZ. It follows that if h; is bounded
on A%(Tg), then

—_—~

Vib(2)| = Co il (o (D5 Bz), DEB2)| = Cr gl (ha(f2), g2)] < 0.

So Vb € LP(Tq,dN) for any 1 < p < co. The proof is complete. O
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Theorem 8.4.4. Suppose 1 < p < oo, and b € L*(Tq) is analytic. Then the following

assertions are equivalent
i) hy is in Sp.
i) b e BP.

Proof. ii) = i) follows from Lemma 8.4.2 and the equalities Lb(z) = A™(Jz)0"b(z) and
hy = hrp. Let show that i) = i) for 1 < p < co. Let {2;} be a d-lattice in D. Using the

equality Lb(z) = Cp(hp7s, 7-) and Lemma 8.2.5, we have
10", = IE¥ ) = Ca [ N 2POAG)
Q

= G X [, mtr.npam @2V

Q

C Z ’ TZ] sz ’pAnp( Z])

= CZ] hyTay, 7oy ) 1P
J

To conclude, it suffices to show that 7., is the image of an orthonormal sequence ; in
L?(Tg) trough a bounded linear map 7T : L?(Tq) — L*(Tq).
Define T : L?(Tq) — L?*(Tq) by setting
Tp(z) = Co | ATGHI(z = p()AE"(I€)aV(E), 2 € Th
Tq
and ¢;(z) = C’nA_”/T(%z)XB;_(z). Then Tp; = 7., |[¢jllr2(1,) = 1 with an appropriate
choice of C,,. The operator T = C’nP(%Jrg) is bounded on L?(Tq) by Corollary 6.3.9. The
case p = oo can be handled easily as in Theorem 8.4.3 taking as test functions f, = g, = 7.

The proof is complete. O

8.5 The reproducing kernel thesis

In this section, we give Schatten class criteria for the little Hankel operator on the Bergman
space A?(Tg) in terms of the action of the operator on the reproducing kernel. We refer

the reader to [6,25,57] where some previous works have been considered.

Theorem 8.5.1. Let b € A%(Tq). Then the following conditions are equivalent

i) hy is bounded on A%(Tq).
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ii) For every integer k > 0,

—_

sup th(Dng)HA%Tsz) < 0.
z€Tq

Proof. That i) = i) is obvious. Let show that i7) = ). For that, it suffices by Theorem

8.4.3 to show that ii) implies that sup,cr, [Vib(2)| < co. But, we already know that

e~ —~—

Vib(2) = Cp i (hy(D5B.), OB, ).

The result follows now since

—_~ —_——

Vi(2)] < Cn il |hp(OEB:)|| a2 ]| D5 Bz 42 = Cr il |hip(OEB2) || a2-
The proof is complete. O

Theorem 8.5.2. Let b € L?(Tq) be analytic and 1 < p < co. The following conditions

are equivalent
i) hy € Sp.
ii) For every integer k > —1,

[ @B axe) < .

To

Proof. To show that ii) = i), it suffices by Theorem 8.4.3 to prove that i7) implies that
Vib € LP(Tq,d)) and this follows easily from the inequality

[Vib(2)] = Chnxl(he(OEB,), OEB.)|

P S N

Cr |7 (OE B )| a2 || DL Bz || 42

IN

= Cnillh(DEB.)|| 42
That i) = 4i) for 2 < p < oo, follows from part i) of Lemma 8.3.2.
It remains to prove that i) = i) for the range 1 < p < 2. Let us first show the
implication for p = 1. By Theorem 8.4.3, it suffices to show that if Vyb € L' (T, d)\) then

ii) holds. We recall that hy = hy,; and that the following representation holds:
hvip = / Vib(w)hy, dA(w),
Ta

where f,,(2) = A%F (S2)A27 (Sw)A~47 (22) and hy,, is the rank 1 Hankel operator given

by

LW ——

)g(w).

ht,g = A% (Sw) A2 (

1
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It follows that

hp,(DEB:) = A% (Sw)A™F () AR —
2 2

Using Lemma 8.2.1, we obtain

1hy, (OEB.)|| = CAM" (Sw) AR+ ()| A=+ 20/m) 2Ty

It follows using Lemma 8.2.1 again that

[ I @B = oavigw) [ actemn Gy sk
Ta

= Cn,k: < 00.

We obtain finally that

IN

| @B llaxe)
Ta

IN

C/TQ Vib(w)|dA(w).

—_—~—

)Ak—l-; (%Z)A—(k-‘ﬂn/r) (7)

/ Vib(w / g (OEB.)[dA(2))dA ()

139

z)dV (2)

Now, considering the sublinear operator H : b — ||hyOFB ||, we have by the previous
and Theorem 8.4.3 and Theorem 8.4.4 that H is bounded from B! to L!(D,d)). We also
have by Theorem 8.3.1 and Theorem 8.4.4 that H is bounded from B? to L?(Tq,d)\). We

deduce by interpolation that H is bounded from B? to LP(Tq,d\), whenever 1 < p < 2.

It follows that we have i) = b € BP = 4i). The proof is complete.

From the first part of the proof of the above theorem, we have the following.

O]

Theorem 8.5.3. Let b € L*(Tq) and 2 < p < co. The following conditions are equivalent

i) hy € Sp.

ii) For every integer k > 0,

/ th(agB/z)de/\(z) < 0.

Tq
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