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Abstract
The research in this thesis deals with nonlinear control of spacecraft attitude stabilization
and tracking manoeuvres and addresses the issue of control toque saturation on a priori
basis. The cascaded structure of spacecraft attitude kinematics and dynamics makes the
method of integrator backstepping preferred scheme for the spacecraft nonlinear attitude
control. However, the conventional backstepping control design method may result in
excessive control torque beyond the saturation bound of the actuators. While remaining
within the framework of conventional backstepping control design, the present work
proposes the formulation of analytical bounds for the control torque components as
functions of the initial attitude and angular velocity errors and the gains involved in the
control design procedure. The said analytical bounds have been shown to be useful for
tuning the gains in a way that the guaranteed maximum torque upper bound lies within the
capability of the actuator and, hence, addressing the issue of control input saturation.
Conditions have also been developed as well as the generalization of the said analytical
bounds which allow for the tuning of the control gains to guarantee prescribed stability
with the additional aim that the control action avoids reaching saturation while anticipating
the presence of bounded external disturbance torque and uncertainties in the spacecraft
moments of inertia. Moreover, the work has also been extended blending it with the
artificial potential function method for achieving autonomous capability of avoiding
pointing constraints for the case of spacecraft large angle slew manoeuvres. The idea of
undergoing such manoeuvres using control moment gyros to track commanded angular
momentum rather than a torque command has also been studied. In this context, a gimbal
position command generation algorithm has been proposed for a pyramid-type cluster of
four single gimbal control moment gyros. The proposed algorithm not only avoids the
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saturation of the angular momentum input from the control moment gyro cluster but also
exploits its maximum value deliverable by the cluster along the direction of the
commanded angular momentum for the major part of the manoeuvre. In this way, it results
in rapid spacecraft slew manoeuvres. The ideas proposed in the thesis have also been
validated using numerical simulations and compared with results already existing in the
literature.
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Thesis Contributions
•

The use of a generic class K function has been proposed within the framework of
conventional integrator backstepping based nonlinear control of spacecraft attitude
stabilization and tracking manoeuvres. A simple form of that function has
introduced a new gain which proved to be useful for reducing the peak control
torque. Moreover, the backstepping scheme has also been exploited for formulating
the bounds for the control torque components analytically as a function of the
initial attitude and angular velocity errors and the gains involved in the control
design procedure. The said analytical bounds have been shown to be useful for
tuning the gains in a way that the guaranteed maximum torque upper bound lies
within the capability of the actuator and, hence, addressing the issue of control
input saturation. Conditions have also been developed as well as the generalization
of the said analytical bounds which allow for the tuning of the control gains to
guarantee prescribed stability with the additional aim that the control action avoids
reaching saturation in the presence of bounded external disturbance torque and
uncertainties in the spacecraft moments of inertia.

•

Integrator backstepping scheme has been blended with the artificial potential
function method to propose a control law for the spacecraft large angle slew
manoeuvres with autonomous ability of avoiding pointing constraints. The
developments proposed for the general spacecraft attitude control problem guiding
the tuning of the control gains to ensure stability while avoiding control torque
saturation in the presence of bounded external disturbance torque and prescribed
uncertain variations in the spacecraft moments of inertia have also been adapted for
the case of aforesaid constrained slew manoeuvres.
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•

A gimbal position command generation algorithm has been proposed for a
pyramid-type cluster of four single gimbal control moment gyros. The proposed
algorithm exploits the maximum angular momentum deliverable by the control
moment gyro cluster corresponding to the direction of the commanded angular
velocity for the major part of the spacecraft reorientation manoeuvre and, hence,
results in rapid slew manoeuvres.
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Nomenclature
Roman symbols
b = [bvT , b4 ]T = Unit quaternion describing the attitude of the principal-axis
frame P with respect to the constraint attitude represented by
the quaternion qc = [qcTv , qc 4 ]T

b = [bvT , b4 ]T = Unit quaternion describing the attitude of the body frame B
with respect to the constraint attitude represented by the
quaternion qc = [qcTv , qc 4 ]T

Control gains (A, B, g ,
K δ , s , α , β ,η )

=

Positive constants where ( A, B, g , s, α , β ,η ) are considered
as optimizing parameters

Di = An upper bound for the components of external disturbance
torque vector Τ d = [T1d , T2d , T3d ]T where Ti d ≤ Di for
i = 1, 2,3
e = [e1 , e2 , e3 ]T = Angular velocity error vector where ei = δωi − δωis for

i = 1, 2,3

gˆ i = Unit vector along the gimbal axis of the ith CMG of the
pyramid-type cluster (expressed in the body frame B)

h = [h1 , h2 , h3 ]T = Total angular momentum vector due to the pyramid-type
cluster of four single-gimbal control moment gyros
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(expressed in the body frame B)
hCMG = Angular momentum magnitude due to each CMG of the

pyramid-type cluster
i

= Angular momentum vector due to the ith CMG of the
pyramid-type cluster (expressed in the body frame B)

hn = Maximal total angular momentum deliverable by the CMG
cluster corresponding to the direction of hs

hnp = Component of hn perpendicular to hs
hnr = Component of hn parallel to hs
hs = [hs1 , hs 2 , hs 3 ]T = Commanded h = [h1 , h2 , h3 ]T

hˆs = Unit vector parallel to hs (expressed in the body frame B)
hs = Commanded h
H = Total angular momentum vector of the spacecraft (expressed

in the body frame B)
J = Principal-axis frame P referenced nominal inertia matrix of

the spacecraft where J = SJ B ST and J = diag( J1 , J 2 , J 3 )
J a = Principal-axis frame P referenced non-nominal inertia

matrix of the spacecraft where J a = diag( J1a , J 2a , J 3a )
J B = Body frame B referenced inertia matrix of the spacecraft
M = Jacobian matrix ∂h ∂δ

pi =

( J j − J k ) / J i for (i, j , k ) ∈ Id
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q = [qvT , q4 ]T = Unit quaternion describing the attitude of the principal-axis

frame P with respect to the inertial frame N where qv = Sqv
and q4 = q4
q = [qvT , q4 ]T = Unit quaternion describing the attitude of the body frame B

with respect to the inertial frame N where qv = [q1 , q2 , q3 ]T is
the vector part of q so that q = [q1 , q2 , q3 , q4 ]T
qc = [qcTv , qc 4 ]T = Unit quaternion describing the constraint attitude relative to

the inertial frame N to be avoided by the principal-axis
frame P where qcv = Sqcv and qc 4 = qc 4
qc = [qcTv , qc 4 ]T = Unit quaternion describing the constraint attitude relative to

the inertial frame N to be avoided by the body frame B
qr = [qrTv , qr 4 ]T = Unit quaternion describing the attitude of the frame R with

respect to the inertial frame N where qrv = [qr1 , qr 2 , qr 3 ]T is
the vector part of qr so that qr = [qr1 , qr 2 , qr 3 , qr 4 ]T
ℜ = Set of real numbers

Reference frame B = A set of three mutually perpendicular axes fixed in
spacecraft with origin at the centre of mass of the spacecraft
also called as body frame
Reference frame N = An inertial frame
Reference frame N = An inertial frame represented by the reference frame R for
the case when the reference frame R becomes coincident
with the inertial frame N
Reference frame P = Spacecraft principal-axis frame
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Reference frame R = Reference frame which is rigidly connected to the reference
frame R and is misaligned with it in the same way as the
principal-axis frame P with the body frame B
Reference frame R = Reference frame corresponding to the commanded motion
for the spacecraft attitude tracking problem
sˆi = Unit vector along the spin axis of the ith CMG of the

pyramid-type cluster (expressed in the body frame B)
S = Direction cosine matrix of the principal-axis frame P

relative to the body frame B
Subscripts i, j, k =

(i, j , k ) ∈ Id where Id = {(1, 2,3), (2,3,1), (3,1, 2)}

t = Time
t f = Final time
tˆi = Unit vector along the gyroscopic torque axis of the ith CMG

of the pyramid-type cluster where tˆi = gˆ i × sˆi (expressed in
the body frame B)
t0 = Starting time
tsettling = Settling time defined as the time at and after which the norm

of the error state vector [σ vT , δω T ]T is bounded by 1% error
from the steady state being zero

Τ = [T1 , T2 , T3 ]T = Spacecraft control torque vector expressed in the principalaxis frame P where T = STB
Tanalytical = Analytical bound for the Euclidean norm of control torque

vector
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TB = Spacecraft control torque vector expressed in the body frame
B

Τ d = [T1d , T2d , T3d ]T = External disturbance torque vector expressed in the
principal-axis frame P

Τ d = External disturbance torque vector expressed in the body
frame B
U = Lyapunov function for the stabilization of complete

spacecraft attitude system comprising the attitude kinematics
and dynamics subsystems
ui = Ti / J i for i = 1, 2,3
V = Lyapunov function for the spacecraft attitude kinematics

subsystem stabilization
Vr = Repulsive potential to be added to the Lyapunov function V

for constructing the artificial potential function W
Vr = Lower bound of Vr corresponding to the minimum value of

the constraint separation angle ∆θ
W = Artificial potential function for the spacecraft attitude

kinematics subsystem stabilization with constraints on
admissible attitudes
Greek symbols

γ = An upper bound for the components of ω r = [ω1r , ω2r , ω3r ]T
where ωir ≤ γ for i = 1, 2,3
Γe =

(δ s 2 + δ s 4 ) 2

21

Γo =

(δ s1 + δ s 3 ) 2

δ = Gimbal angles vector for the pyramid-type cluster of four
CMGs where δ = [δ1 , δ 2 , δ 3 , δ 4 ]T

δ = Time rate of the gimbal angles vector for the CMG cluster
δ i = Gimbal angle for the ith CMG of the pyramid-type cluster
δ max = Gimbal angle rate limit for each CMG of the pyramid-type
cluster

δ s = Commanded δ (known as gimbal position command for the
CMG cluster) where δ s = [δ s1 , δ s 2 , δ s 3 , δ s 4 ]T

δ s = Commanded δ (known as gimbal rate command for the
CMG cluster)

δ si = Commanded gimbal angle for the ith CMG of the pyramidtype cluster

δω = [δω1 , δω2 , δω3 ]T = Angular velocity of the spacecraft with respect to the
reference frame R expressed in the principal-axis frame P
Angular acceleration of the spacecraft with respect to the
d
(δω ) = [δω1 , δω2 , δω3 ]T =
dt
reference frame R expressed in the principal-axis frame P

P

δω s = [δω1s , δω2s , δω3s ]T = Pseudo control input for the stabilization of the kinematics
subsystem corresponding the spacecraft attitude tracking
problem (expressed in the principal-axis frame P)
∆θ = Eigen-axis rotation angle separating the spacecraft current

attitude from the inadmissible (or constraint) attitude

(θ1 ,θ 2 ,θ3 ) =

3-2-1 Euler angles describing the attitude of the body frame
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B with respect to the inertial frame N

λ = Allowed normalized percentage variation for moments of
inertia with respect to their nominal values
Λ = Eigen-axis rotation angle separating the spacecraft current

attitude from the desired one
ΛT = Threshold value of the angle Λ before which the gimbal

position command transferring the maximum angular
momentum is employed

µ = Pyramid skew angle for the CMG cluster
ξ = An upper bound for the components of ω r = [ω1r , ω2r , ω3r ]T
where ωir ≤ ξ for i = 1, 2,3
Πe =

(δ s 2 − δ s 4 ) 2

Πo =

(δ s1 − δ s 3 ) 2

σ = [σ vT , σ 4 ]T = Unit quaternion describing the attitude of the principal-axis
frame P with respect to the reference frame R where

σ v = Sσ v , σ 4 = σ 4 and σ v = [σ 1 , σ 2 , σ 3 ]T is the vector part
of σ so that σ = [σ 1 , σ 2 , σ 3 , σ 4 ]T

σ = [σ vT , σ 4 ]T = Unit quaternion describing the attitude of the body frame B
with respect to the reference frame R where

σ v = [σ 1 , σ 2 , σ 3 ]T is the vector part of σ so that
σ = [σ 1 , σ 2 , σ 3 , σ 4 ]T
φ (σ i ) = Nonlinear tracking function for designing δωis for i = 1, 2,3
where a possible choice is φ (σ i ) = α tan −1 ( βσ i ) for
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i = 1, 2,3 with α and β as positive constants
s
φi (q) = Nonlinear tracking function for designing ωi with i = 1, 2,3

for constrained attitude stabilization problem where a
possible choice is φi (q) = qi − BVr bi for i = 1, 2,3 with Vr
based on a Gaussian function being

(

Vr = A exp − 12 B b12 + b22 + b32 + (1 − b4 )2

) and A and B as

positive constants

ω = [ω1 , ω2 , ω3 ]T = Angular velocity of the spacecraft with respect to the inertial
frame N expressed in the principal-axis frame P where

ω = Sω

ω = [ω1 , ω2 , ω3 ]T = Angular velocity of the spacecraft with respect to the inertial
frame N expressed in the body frame B

ω r = [ω1r , ω2r , ω3r ]T = Angular velocity of the reference frame R with respect to
the inertial frame N expressed in the principal-axis frame P

ω r = [ω1r , ω2r , ω3r ]T = Angular acceleration of the reference frame R with respect
to the inertial frame N expressed in the principal-axis frame
P

ω s = [ω1s , ω2s , ω3s ]T = Pseudo control input for the stabilization of the kinematics
subsystem corresponding the spacecraft attitude stabilization
problem (expressed in the principal-axis frame P)

ω s = Pseudo control input for the stabilization of the kinematics
subsystem corresponding the spacecraft attitude stabilization
problem (expressed in the body frame B)
Ω(⋅) = A class κ ∞ function which is defined to be zero at zero,

strictly increasing and becomes unbounded as its argument
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does so where a possible simple choice is Ω( x) = η x with

η >0
Acronyms

CMG = Control Moment Gyro
FEEP = Field Emission Electric Propulsion
ISO = Infrared Space Observatory
SAMPEX = Solar, Anomalous, and Magnetospheric Particle Explorer
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CHAPTER 1: INTRODUCTION

Chapter 1

1 Introduction
Rigid body attitude control has been studied since long ago because of having many
mechanical systems applications such as pointing and slewing of aircraft, helicopter,
spacecraft, underwater vehicle and several other applications in robot manipulation. Future
generations of these applications are expected to have more stringent requirements in terms
of highly accurate pointing, fast slewing, and other rapid manoeuvres from large initial
conditions under the action of large external disturbances, measurement noise and
modelling uncertainties in conjunction with fault detecting, tolerating and isolating
capabilities. Newly emerged idea of coordinated control of multiple agents or formation of
agents (e.g. spacecraft) has imposed additional demand of controlling the attitudes of all
the individuals tightly to follow the formation coordination commands rapidly and
accurately.

1.1 Spacecraft Attitude Control Issues
Spacecrafts commonly function in the presence of different disturbances, including
gravitational torque, aerodynamic torque, radiation torque, and other environmental and
non-environmental torques. The problem of disturbance attenuation is predominantly
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pronounced in the case of low-Earth-orbiting satellites that operate in the altitude ranges
where their performance is significantly influenced by most of the above mentioned
disturbances. Moreover, the facts that the inertia matrix of spacecraft is usually not known
precisely and the movement of payload and appendages like telescope, camera and solar
array causes the change of moments of inertia, especially for the case of microsatellites,
render addressing the issue of parametric uncertainties an important consideration in the
context of spacecraft attitude control design. Hence, disturbance attenuating control
strategies that also ensure robustness against parametric uncertainties are of great
importance. The control torques provided by the typical actuating devices for spacecraft
attitude control are generally classified as being external or internal to the spacecraft.
Actuators pertaining to the former kind such as thrusters can change the overall angular
momentum of the spacecraft and the ones belonging to the latter type such as reaction
wheels or control moment gyros (CMGs) can exchange angular momentum with it while
the overall momentum remains constant. Now, there is an upper bound on the torque
producible by the former onto the spacecraft or the angular momentum exchangeable by
the latter with it. So, accounting for saturation of control input either in the form of torque
or as exchangeable angular momentum is also of tremendous significance. Moreover, if the
spacecraft is relatively stiff and does not use liquid fuels that can slosh then its
approximation as a rigid body is sufficient for control design purposes. Otherwise, if the
frequency of the lowest vibration or slosh mode is less than about six times the desired
control bandwidth then flexibility or fuel slosh must be taken into account (Bryson, 1994).

1.2 Open-Loop Control
The rigid spacecraft attitude control problem has been studied quite widely (Hughes,
1986). A broad division of spacecraft attitude control algorithms can be classified as openloop systems and closed-loop or feedback systems. Open-loop systems, usually based upon
a pre-computed pointing manoeuvre trajectory, are typically determined using optimal
control techniques involving the solution of a two-point-boundary-problem. The timeoptimal attitude manoeuvre is an example of open-loop control. Works by Junkins and
Turner (1980), Skaar and Kraige (1984), Vadali and Junkins (1984) and Bilimoria and Wie
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(1993) are the examples of this kind of solutions to the spacecraft attitude control problem.
Survey paper by Scrivener and Thompson (1994) provides an excellent account of such
results. Lai, Yang and Wu (2007) recently proposed to use constrained nonlinear
programming for time-optimal rest-to-rest manoeuvres of spacecraft while considering the
actuator (reaction wheels) constraints. However, as open loop schemes lack any corrective
measures based on the difference between desired and actual performance resulting from
modelling uncertainties and external disturbances so these are generally sensitive to stated
factors as well as non-nominal initial conditions. One of the key uses of feedback is to
provide robustness against such uncertainties by supplying a corrective action. If the
system undergoes some change that affects the performance then the closed-loop schemes
sense this change and try to force the system back to the desired operating point. In the
following, various closed-loop approaches that have been employed in the literature for
spacecraft attitude control problem are reviewed.

1.3 Lyapunov-based Control
The necessity of highly precise slewing and/or pointing manoeuvres making the spacecraft
rotate along relatively large-angle amplitude trajectories call for the utilization of a
nonlinear dynamic spacecraft model for control system design. Among the various
nonlinear control design methods that have been employed to solve the problem of
spacecraft attitude stabilization/tracking, the main contributors are those based upon
Lyapunov stability theory (Lyapunov, 1892, 1992).
The stability of a nonlinear dynamical system about a given equilibrium state or nominal
reference trajectory refers to the behaviour of the system when displaced from the said
desired state/states. Lyapunov proposed two theorems to deal with this property of
dynamical systems. Lyapunov’s first theorem, also called Lyapunov’s linearization method
or Lyapunov’s indirect method, talks of the stability property of the nonlinear dynamical
system by studying the stability of the system linearized about the equilibrium state or the
nominal reference trajectory. However, the stability claims, if available, that can be made
with the help of this theorem are valid only for a neighbourhood around the desired
state/states. Lyapunov’s second theorem, also known as Lyapunov’s direct method, does
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not rely on local linear approximations. It is based upon the existence of a scalar energylike function for the dynamical system (Junkins and Bang, 1993b) which possesses
continuous partial derivatives and is positive definite about the desired state/states whereas
its time-rate is negative semidefinite/definite. Existence of such a function, called
Lyapunov function, fulfilling the mentioned properties either locally around the desired
state/states or globally, proves the local/global stability of the system. The selection of
Lyapunov functions can be performed simultaneously with the design of controllers for the
dynamical systems resulting in the stability claims for the closed-loop system (Junkins and
Kim, 1993).
The work by Kalman and Bertram (1960a, 1960b) exemplifies the early uses of Lyapunov
stability theory for the synthesis of feedback controllers. Starting from the research by
Meyer (1966, 1971), a number of works (Creamer et al., 1996; Joshi, Kelkar and Wen,
1995; Reyhanoglu et al., 1999; Schaub, Robinett and Junkins, 1996; Schaub and Junkins,
1996; Schaub, Robinett and Junkins, 1997; Schaub and Junkins, 2003; Slotine and Li,
1991; Tsiotras, 1996; Wen and Kreutz-Delgado, 1991; Wie and Barba, 1985; Wie, Weiss
and Arapostathis, 1989; Wie, 1998) followed the path of first selecting a candidate
Lyapunov function and then extracting the nonlinear feedback control law for the
spacecraft attitude stabilization/tracking problem. Creamer et al. (1996) demonstrated the
on-orbit success of Lyapunov stability theory-based control law for the Clementine
mission which used reaction wheels as the actuators in conjunction with a Kalman filterbased estimator for the spacecraft inertia. However, Robinett et al. (1997a, 1997b) were the
first to use the Lyapunov’s direct method to arrive at a saturated control design that was
found to be effective in simulation studies. In particular, they employed the idea of
Lyapunov optimality where the time derivative of the given Lyapunov function is made as
negative as possible during the intervals where one or more of the control devices are
saturated (Anderson and Grantham, 1989; Lee and Grantham, 1989; Junkins and Bang,
1993a; Schaub and Junkins, 2003). Nevertheless, Robinett et al. (1997a, 1997b) proved
stability for the case of spacecraft angular velocity stabilization only and the stability
analysis in the case of simultaneous stabilization of spacecraft attitude and angular velocity
and more general spacecraft attitude tracking problem under control input saturation was
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not carried out. They also did not carry out the robustness analysis of the approach for the
later case against disturbances and model uncertainty. A similar problem was considered
by Seywald (2001) also in the disturbance-free case, and the control law again needs the
information about the inertia matrix.

1.4 Nonlinear PID-based Control
Wie and Lu (1995) addressed the problem of rapid reoriention under sensor and actuator
constraints for the XTE spacecraft (Bauer, Femiano and Mosier, 1992). In the paper, only
the rest-to-rest manoeuvres are investigated without considering the existence of external
disturbances. Moreover, the controller robustness against uncertainties in the spacecraft
inertia matrix is not explored. Wie, Heiberg and Bailey (2002) expanded upon the
quaternion

feedback

based

nonlinear proportional-integral-derivative (PID) type

controllers in (Wie, and Barba, 1985; Wie, Weiss and Arapostathis, 1989; Wie, and Lu,
1995; Wie, 1998) to design a formulation which can be employed for rapid retargeting
control of an agile spacecraft under the action of various physical constraints like actuator
saturation, slew rate limit, control bandwidth limit and/or eigenaxis slew constraints.
However, the authors acknowledged that, like any PID-type controller under control input
saturation, their control logic is vulnerable to the so-called phenomenon of integrator
windup resulting in large transient overshoot and control effort (Franklin, Powell and
Emami-Naeini, 1994; Friedland, 1996) and it needs to be used in conjunction with the socalled integrator anti-windup or integrator synchronization which, in the case of a digital
computer implementation, is realized by the simple turning off the integral action as soon
as the actuator or any other limiter in the control loop saturates. Indeed, control input
saturation resulting from the integral action is a classical issue in control engineering and
various promising approaches in the name of anti-windup controller (AWC) have been
proposed in the literature (Hanu, Kinnaert and Henrotte, 1987; Kothare, Campo, Morari
and Nett, 1994; Teel and Kapoor, 1997; Choi, Bang and Kim, 1998). In general, windup is
related to large oscillations and possible instability induced by saturation only. The integral
element is sometimes provided by the dynamics of the system itself, rather than the
controller, or being simply not present in the system. Considering integral effect as the
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primary source of actuator saturation, (Bang, Tahk and Choi, 2003) investigated the
modification of the conventional nonlinear PID-type controllers for spacecraft large angle
manoeuvres to accommodate the anti-windup control and intelligent integrator (Krikelis,
1980) schemes. However, the stability analysis while incorporating the anti-windup control
is not performed and a systematic way for choosing the feedback gains is also not
mentioned.

1.5 Notion of Almost Global Stability
There exist some short comings with the aforementioned approach of solving the
spacecraft attitude control problem using Lyapunov stability theory. Firstly, the natural
state space for the spacecraft attitude control problem involves the special orthogonal
group of 3 × 3 rotation matrices that describe spacecraft orientation in three dimensions,
that is, SO(3) and the compactness of SO(3) presents difficulties with regards to global
asymptotic stabilization, i.e. Lyapunov stability of a desired equilibrium point along with
global convergence. To gain an insight into this problem, one can think of rotation of a
rigid body about a fixed axis. The configuration space of the system can be represented by
the unit circle in the complex plane. The unit circle can be transformed into a Euclidean
vector space given by the real line where the origin 0 is seen as distinct from 2 . A
controller designed using the real line parameterization for the actual configuration space
rotate the rigid body needlessly from 2 to 0. This is because of the fact that the same
reference physical configuration is being represented on the real line by two distinct values
0 and 2 . The resulting unwinding can be eliminated by replacing the angular position to
be used by the controller with the principle value in [– , ). Then, the resulting feedback
control is discontinuous. More details of this example of unwinding phenomenon can be
found in (Bhat and Bernstein, 2000). Indeed, the global asymptotic stabilization under
continuous control is impossible due to this inherent nature of SO(3) and the related
unwinding phenomenon regardless of the adopted parameterization for attitude
representation (Koditschek, 1988; Bhat and Bernstein, 2000; Sanyal, Fosbury, Chaturvedi
and Bernstein, 2009; Wen and Kreutz-Delgado, 1991). The objective of global asymptotic
stability then has to be relaxed to ‘almost’ global asymptotic stability. The standard
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terminology of ‘almost’ global asymptotic stability for the spacecraft attitude control
problem means asymptotic stability over an open and dense set in the set of the special
group of rotation matrices SO(3) (Seo and Akella, 2007; Tsiotras, 1998). This means that
all the solutions apart from those starting in a nowhere dense set of measure zero converge
asymptotically to the desired equilibrium point. A nowhere dense set of measure zero is
considered thin and negligible in both a measure-theoretical and a topological sense. In
practical terms and from an asymptotic point of view, this relaxation is fairly mild, since
disturbances and sensor noise will prevent system trajectories from remaining on this thin
set (Angeli, 2004; Chaturvedi, Bloch and McClamroch, 2006). However, close vicinity to
that set may cause the convergence of the system trajectories to the desired equilibrium to
be arbitrarily slow (Chaturvedi, McClamroch and Bernstein, 2007; Chaturvedi and
McClamroch, 2007).

1.6 Attitude Parameterizations Related Issues
A further complicating factor in the way of developing globally asymptotically stabilizing
continuous controls pertains to the choice of parameterization for the representation of the
orientation of the rigid spacecraft relative to an inertial frame. Among the various
parameterizations that can be employed for deriving the feedback controls are Euler angles
(Slotine and Li, 1991), quaternions (also called Euler parameters (Hughes, 1986)), angleaxis representation, Rodrigues parameters, modified Rodrigues parameters (Marandi and
Modi, 1987), direction cosine matrices, and rotation matrices (the transpose of direction
cosine matrices) (Shuster, 1993). Some of the parameterizations like Euler angles and
Rodrigues parameters possess singularities and thus the stability results accompanied with
their use are only of a local nature as the system trajectories may evolve to one of the
singularities of such parameterizations. Other parameterizations, such as quaternions (or
Euler parameters) and the angle-axis representation are not one-to-one, that is, they cover
the Special Orthogonal group SO(3) multiple times which results in ambiguities. Such
attitude representations may result in control laws that are generally not well-defined and
may cause the closed-loop systems to exhibit the phenomenon of unwinding. Dwyer (1984,
1986) employed a reduced quaternion representation of attitude which helped to transform
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the complete equations of rotational motion into a linear model accompanied with attitude
singularities.

1.7 Quaternions as Attitude Parameterization
Quaternions cover the SO(3) twice leading to two distinct quaternions for every single
physical attitude. Hence, quaternion based control law may give rise to two different
control torques for the same physical orientation of the spacecraft, a property manifesting
inconsistency. Despite this apparent discrepancy, continuous quaternion-based controllers
that ensure convergence to a desired equilibrium point from every point except the
remaining equilibrium point can be designed (Luo, Chu and Ling, 2005b). Here, the two
equilibrium points represent the same desired physical attitude. The existence of two
equilibrium points may cause the spacecraft to exhibit unwinding in the sense that one of
these is chosen as the desired equilibrium point and the initial condition being close to the
other would entail a large-angle physical rotation away from and then back to the desired
physical orientation, thus showing the deficiency of Lyapunov stability on the physical
space SO(3). Hence, small perturbations can make the spacecraft exhibit the phenomenon
of unwinding even though it may be possible to go for smaller angle manoeuvres. These
discrepancies arise in continuous quaternion-based controllers such as those derived in
(Ahmed, Coppola and Bernstein, 1998; Joshi, Kelkar and Wen, 1995; Wie and Barba,
1985). A discontinuous quaternion-based controller with a switch at the 180 deg error
condition overcomes unwinding (Crassidis, Vadali and Markley, 2000; Schaub and
Junkins, 2003) and the same is true for the case of modified Rodrigues paramters-based
attitude control laws (Schaub and Junkins, 2003). However, the resulting discontinuous
dynamics may involve pathological problems (Cortes, 2008) and may lead to chattering in
the vicinity of the discontinuity.

1.8 Variable Structure Sliding Mode Control
The aforementioned hardships hindering the achievement of continuous control laws with
the help of Lyapunov stability theory for the spacecraft attitude stabilization and tracking
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problems, lead to the use of variable structure control methodology for this purpose. The
methodology has been widely used in the literature for the said problem and is especially
advisable for the attitude control of the spacecraft having on–off thrusters as actuation
devices. The variable structure control approach takes advantage of the useful
characteristics of different structures while designing appropriate algorithms for changing
the structure of the control system during its course of operation. Much frequent switching
between the selected structures, under certain conditions, results in a new behaviour of the
system known as sliding mode. The method was first proposed by Emelyanov in the early
1950s and elaborated by his group and a number of other researchers (DeCarlo, Zak and
Matthews, 1988; Emelyanov, 1967; Utkin, 1997; Hung, Gao and Hung, 1993). Under
sliding mode, the states of the dynamical system are confined to a hypersurface, also called
sliding surface, in the system state space where the behaviour of the system is dominated
by lower-order dynamics and invariant to external disturbances and parameter variations.
In the case when the achievement of a sliding mode cannot be assured, the discontinuous
controller is referred to as the variable structure control algorithm. The property of finite
time response is also attributed to the use of variable structure controller with/without a
sliding mode. These features have been widely exploited to develop exceedingly robust
controllers for both linear and nonlinear systems and have proved to be useful for a broad
range of engineering systems (DeCarlo, Zak and Matthews, 1988; Hung, Gao and Hung,
1993). As the variable structure controllers employ high-frequency switching to maintain
the solutions of the system on the sliding manifold and because of the imperfection of the
actuating devices, the phenomenon of chattering of the signals in the system occurs in
practice particularly in the presence of sensor noise or disturbances. This undesirable
feature can be removed by changing the sign function commonly used to implement such
controllers by either the saturation function (DeCarlo, Zak and Matthews, 1988), or by an
approximate sign function (Boškovi , 1997; Narendra and Boškovi , 1990; Narendra and
Boškovi , 1992). This remedy results in the solutions of the closed-loop system being
restricted to a boundary layer around the switching surface rather than to the surface itself
so that the error remains bounded rather than converging to zero. The extent of the
resulting set of uniform ultimate boundedness can be attuned with the appropriate selection
of the free design parameters.
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The variable structure control (VSC) has been used for spacecraft attitude control problem
in a number of works. Singh and Iyer (1989), Dwyer and Sira-Ramirez (1988) and
Crassidis and Markley (1996) used VSC for spacecraft attitude manoeuvres but their use of
Euler angles and Rodrigues parameters as the attitude parameterizations rendered the
proposed control algorithms nonglobal. Lo and Chen (1995) and McDuffie and Shtessel
(1997) used quaternions, a global representation of spacecraft orientation, for the
development of their control formulations. The controllers proposed by them, however, are
also not global as the reciprocal of one of the quaternion components is used in the control
law implementation. Vadali (1986) was the first to design a global VSC algorithm for
attitude stabilization control. The sliding surface is determined by the use of optimal
control theory for a quadratic performance index in the quaternion and angular velocity
components. However, the analysis seems to be incomplete as only a simplified spacecraft
model is used. This work was generalized to control of spacecraft tracking manoeuvres by
Crassidis, Vadali and Markley (2000). Terui (1998) augmented this approach to include the
control of spacecraft translational motion.
The mentioned VSC related research for the most part employed the equivalent control
part in the control law to keep the system dynamics in the sliding mode. None of these
works went for an explicit study of the issue of control input saturation. Boškovi , Li and
Mehra (2001) designed several formulations for global stabilization of spacecraft attitude
dynamics. The proposed controllers rely on variable structure control and explicitly cater
for the problem of control input saturation. The control algorithms are proved to guarantee
fast and accurate response and be highly robust to bounded external disturbance torque and
inertia matrix uncertainty. Moreover, these control algorithms have the property of
computational simplicity and straightforward tuning. Boškovi , Li and Mehra (1999)
extended the algorithms to the case of spacecraft attitude tracking control. However, the
Lyapunov-like function employed in the stability analysis was not global in the sense of
covering the entire state space of the system. Also, the control algorithms, for the cases of
both attitude stabilization and tracking, guarantee the convergence of the errors to zero
only when they are discontinuous. This can induce the chattering of the signals in the
system. The provision of an approximate sign function in the control law can circumvent
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the issue of chattering but for this case the stabilization and tracking errors can be proved
to be bounded rather than asymptotically converge to zero. Further, the proposed dynamic
controllers for the cases of both attitude stabilization and tracking, relies on an adaptable
control gain whose value can either decrease or remain constant. This constraint can lead
to a situation when the value of the adaptable gain approaches zero. This is the main
shortcoming of the work as in that situation it would not be possible to achieve the
convergence of the error quaternion to zero. Boškovi , Li and Mehra (2004) augmented the
previous results (Boškovi , Li and Mehra, 1999; Boškovi , Li and Mehra, 2001) to
propose a robust and continuous algorithm for the spacecraft attitude tracking control. The
algorithm is basically a continuous version of the variable structure control design
approach. The use of an appropriate Lyapunov function helped to demonstrate the global
stablility for the overall system. The proposed controller ensures asymptotic tracking and
disturbance rejection under control input saturation and robustness to the spacecraft inertia
matrix uncertainties. However, to achieve the global asymptotic stability, the proposed
smooth controller needs to ensure a nonzero value of the adaptable control gain all the time
and for the realization of that objective a condition is imposed in the formulation. To meet
this explicit condition is the major technical hardship associated with the proposed scheme.
Li and Wang (2006) have identified some of the disturbances in the presence of which the
explicit condition, accompanied with the solution proposed by (Boškovi , Li and Mehra,
2004), cannot be satisfied. Wallsgrove and Akella (2005) proposed another smooth version
of the variable structure control of the spacecraft attitude stabilization problem. They used
a hyperbolic tangent function for this purpose. Although, the angular velocity error
converges to zero, the asymptotic convergence of the attitude error to zero is not
guaranteed. Further, this control algorithm introduces numerical problems in simulations of
long duration, a fact that was acknowledged by the authors. Following the steps of
(Boškovi , Li and Mehra, 2001), Li and Wang (2007) proposed an attitude tracking
controller which guarantees global asymptotic stability in the presence of disturbances
providing robustness against bounded parametric uncertainties, accounting for actuator
saturation constraint under mild conditions and ensuring chattering avoidance. The authors,
however, did not support their theoretical findings with a realistic numerical example.
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1.9 Integrator Backstepping-based Control
Integrator Backstepping is a popular nonlinear control design technique that has been
widely studied in the literature (Kanellakopoulos, Kokotovic and Morse, 1992; Khalil,
2002; Kokotovic, 1992; Krsti , Kanellakopoulos, and Kokotovic, 1995). It is a systematic
control design method in which a subset of the state space is regarded as virtual control to
the dynamics of another subset of the state space. These virtual controls are designed to
asymptotically stabilize the subset of the dynamics. The next step of the control design
procedure is to select the next series of virtual controls to make the previous virtual
controls track to the desired value. The process is then applied repeatedly through all
subsets of the dynamics until the actual controls are designed. The term backstepping
refers to this recursive nature of the control design procedure where a control law as well
as a control Lyapunov function is recursively constructed to guarantee stability. Generating
a family of globally asymptotically stabilizing control laws is the main advantage of this
method that can be exploited for addressing robustness issues and solving adaptive
problems. The sliding mode control design technique is similar to backstepping control
design technique in the sense that the model takes the form of a cascaded nonlinear system,
but differs in that the error between the actual and desired virtual controls is made to
converge to zero (or a neighborhood of zero) in finite time rather than asymptotically
(Karlgaard, 2006). Backstepping has been considered for the spacecraft manoeuvres (Kim
and Kim, 2003; Krsti and Tsiotras, 1999). The cascaded structure of spacecraft kinematics
and dynamics makes the integrator backstepping a preferred approach for the spacecraft
attitude manoeuvre problem resulting in smooth feedback controls (Sontag and Sussmann,
1989). The simple or conventional backstepping control method, however, may result in
excessive control input beyond saturation bound of the actuators used for the spacecraft
attitude control problem.

1.10 Other Miscellaneous Control Schemes
Adaptive nonlinear controllers proposed for spacecraft attitude stabilization/tracking
problem include those in (Ahmed, Coppola and Bernstein, 1998; Cristi, and Burl, 1993;
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Junkins, Akella and Robinett, 1997) using classical adaptive control theory (Narendra and
Annaswamy, 1989; Sastry and Bodson, 1989) as well as the ones by (Paielli and Bach,
1993; Schaub, Akella and Junkins, 2000, 2001) which also hinge on the desired closed
loop dynamics. In another related study (Di Gennaro, 1997), the author used dynamic state
feedback to design a stabilizing controller for the spacecraft in a central gravitational field.
The proposed controller realizes the goal of attitude stabilization under input saturation,
inertia-matrix uncertainty, and external disturbance. Here, only gravity-gradient torque like
disturbance has been considered. In particular, the control term involving the derivative
action is multiplied with a factor being a continuous nonlinear function of the said control
term. The factor, for higher values of its argument, assumes smaller values and, hence,
addresses the saturation of the control input. The control law presents implementation
difficulties in the sense that two simultaneous nonlinear equations have to be solved
numerically for determining the values of estimated parameters to be used in the control
law. Also, tracking of desired trajectories was not considered. Loria and Nijmeijer (1998)
proposed a dynamic tracking controller for the Euler–Lagrange systems. The information
of the system inertia matrix is required to implement the controller. In addition, the
asymptotic stability result is non-global. The proposed solution addresses the situation
when the velocities are not available. The effect of the absence of the stated constraint
regarding the removal of the mentioned shortcomings of the approach, however, needs
further clarification.
The problem has also been addressed by passivity-based angular velocity-free control
strategies (Akella, Valdivia and Kotamraju, 2005; Caccavale and Villani, 1999; Egeland
and Godhavn, 1994; Lizarralde and Wen, 1996; Tsiotras, 1998) employing a dynamic filter
driven by the attitude measurements (e.g. the modified Rodrigues parameters or the vector
part of the quaternion) whereas Tayebi (2008) proposed an auxiliary unit-quaternion
dynamical system to make use of the passivity property. Akella, Valdivia and Kotamraju
(2005) also exploited the choice of unit quaternion as attitude parameterization in
conjunction with the use of hyperbolic trigonometric functions to find upper bounds for the
control inputs and their rates. Some important developments for spacecraft attitude
tracking with input constraints are reported in (Arambel, Manikonda and Mehra, 2000;
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Tsiotras and Luo, 2000) while some findings regarding the general problem of controller
design with input rate and magnitude constraints have been presented in (Esfandiari and
Khalil, 1992; Teel and Praly, 1995). Optimal nonlinear control approaches involving the
solution of Hamilton-Jacobi-Bellman equation (Krsti and Tsiotras, 1999; Tewari, 2002;
Sharma and Tewari, 2004) and Hamilton-Jacobi-Isaacs equation (Huang and Lu, 1996;
Luo, Chu and Ling, 2005a, 2005b) have also been explored for the spacecraft attitude
stabilization/tracking problem. Some of the results in this direction have introduced the
inverse optimal formulations which avoid the challenging job of solving the said equations
while still resulting in the feedback controllers that are optimal with respect to a set of
meaningful cost functionals. Nonlinear Model Predictive Control has also been employed
for the subject problem (Crassidis et al., 1997) where the current control action is obtained
by solving on-line, at each sampling instant, a finite horizon open-loop optimal control
problem, using the current state of the plant as the initial state. The optimization, while
minimizing a desired cost function using the system model, yields an optimal control
sequence over the prediction horizon and the first control in this sequence is applied to the
plant until the next sampling instant (Allgöwer, Findeisen and Nagy, 2004).

1.11 Potential Function Method for Constrained Attitude
Manoeuvres
Manoeuvre planning in translational and rotational degrees of freedom is an important part
of autonomous onboard operations for most spacecraft missions. For space science
missions with heat or light sensitive payloads like cryogenically cooled infrared telescopes
(Ximénez de Ferrán, 1991), star trackers, and low energy ion composition analyzers, the
spacecraft is required to perform large angle reorientation/slew manoeuvres in a way that
the sensitive instruments avoid exposure to bright or heat generating objects in the sky,
such as Sun, by a specified minimum angle. For such missions, the attitude control system
of the spacecraft has the additional task of applying the necessary control torque on the
spacecraft such that the cones (defined by the minimum avoidance angles) emanating from
these sensitive optical devices exclude the bright or heat generating objects during the
reorientation manoeuvre (Fig. 1.1). The ISO (Infrared Space Observatory) (Ximénez de
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Ferrán, 1991), Cassini mission to Saturn (Frakes et al., 1992), FIRST/Planck (Ahmed et al.,
1998; Singh et al., 1997), and SAMPEX (Solar, Anomalous, and Magnetospheric Particle
Explorer) (Collaudim and Passvogel, 1998) are examples of such missions involving
reorientation and retargeting manoeuvres in the presence of different variations of pointing
constraints.
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Various techniques have been explored in the literature for the planning of spacecraft
attitude manoeuvres in the presence of pointing constraints. Kim and Mesbahi (2004) used
semidefinite programming to solve this problem. Sorenson (1993) proposed differential
geometry-based approach for modelling the pointing constraints and seeking the feasible
attitude trajectories which avoid such constraints. Hablani (1999) also made use of the
vectorial kinematics approach and developed attitude commands for the spacecraft
undergoing slew manoeuvres while avoiding bright objects through a prescribed minimum
angle. The same approach has also been employed for constraint violation
detection/avoidance (Singh et al., 1997) and velocity avoidance (Frakes et al., 1992)
algorithms involving similar applications. Frazzoli et al. (2001) introduced random search
method based path planning scheme to address the problem.
McInnes (1994) proposed to use the artificial potential field method for the control of large
angle constrained slew manoeuvres borrowing the idea from robotics where it has been
used for developing motion planning algorithms for manipulators and mobile agents (Ge
and Cui, 2002; Khatib, 1986). Development of feedback controls in closed form happens to
be an important advantage of this method that facilitates the on-board implementation with
reduced software requirements. The method has also been used for other space applications
such as proximity manoeuvring (Roger and McInnes, 2000), spacecraft guidance and
control (McInnes, 1995a), formation flying (Badawy and McInnes, 2009; McQuade, Ward
and McInnes, 2002), autonomous and distributed motion planning for satellite swarm (Izzo
and Pettazi, 2007), on-orbit assembly of large and complex space structures (Badawy and
McInnes, 2008; Izzo, Pettazzi and Ayre, 2005; McQuade and McInnes, 1997), and
terminal descent on a planetary surface (McInnes, 1995b).
The artificial potential function method is a variation of the Lyapunov-based control design
procedure mentioned briefly in Section 1.3. Unlike the Lyapunov function which ensures
only convergence to the desired state/states of the nonlinear dynamical system (Fig. 1.2),
an artificial potential function extends the methodology for avoiding the undesired system
states by assigning higher artificial potential to the regions surrounding the undesired states
(Fig. 1.3). In this way, the new variant of Lyapunov function, called artificial potential
function, for the system now consists of two parts: one corresponding to the attraction
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towards the desired state/states while the other relates to the repulsion against the
undesired state/states. These parts may be added linearly, however, this process may result
in local minima on the potential topology which may lead to trapping the system in the
states other than the desired one. Various heuristics like adding noise may help to escape
from such local minima. The difficulty can be also be circumvented by using the Laplace
equation to numerically generate the artificial potential function (Roger and McInnes,
2000).

Function value

Phase plane

Global minimum

Fig. 1.2 Phase plane visualization of Lyapunov function
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Fig. 1.3 Phase plane visualization of artificial potential function
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McInnes (1994) adopted quadratic and Gaussian functions for the attractive and the
repulsive parts, respectively, of the artificial potential function. Moreover, the author used
Euler angles as the attitude parameterization. Radice and McInnes (2001) extended the
concept for multiple target selection and obstacle avoidance again using Euler angles for
the attitude representation. The methodology was further augmented in (Casasco and
Radice, 2004) and (Casasco and Radice, 2005a) for the constrained attitude stabilization
and tracking, respectively, in the sense that quaternions and modified Rodrigues
parameters were used as the attitude parameterizations instead of the Euler angles. Radice
and Casasco (2007) reported a comparison of the use of different attitude parameterizations
for the constrained attitude stabilization manoeuvres. Radice and McInnes (1999)
considered constrained manoeuvres with gas jets-based discrete on-off torques whereas
Mengali and Quarta (2004) achieved fine pointing with the help of FEEP (Field Emission
Electric Propulsion) thrusters while also considering the solar array pointing requirements.
Casasco and Radice (2005b) attempted to optimize the control of constrained attitude
stabilization manoeuvres by employing integrator backstepping-based inverse optimality
approach whereas Tatsch, Xu and Fitz-Coy (2005) used a genetic algorithm to optimally
tune the controller parameters.

1.12 Actuators for Spacecraft Attitude Control
Torques about the centre of mass of the spacecraft, as mentioned in Section 1.1, can be
regarded as external or internal. The former change its total angular momentum whereas
later affect only the distribution of momentum among its various moving parts. Usually the
spacecraft will always be subject to naturally occurring disturbance torques which will
cause a progressive build-up of its angular momentum over a period of time. This
identifies the need of providing the spacecraft attitude control system with external
torquers for controlling the said momentum build-up.
The most common external torquers are mass expulsion devices, such as gas jets or ion
thrusters; electromagnetic coils, which provide a torque by interacting with the Earth’s
magnetic field and gravity-gradient torques which result from the differential gravitational
forces acting on an asymmetrical spacecraft forcing its minimum moment of inertia axis to
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be perpendicular to the gravitational equipotential. General internal torquers include
reaction wheels, momentum wheels and gimballed momentum wheels (also called as
CMGs), which are the rotating masses inside spacecraft body used to exchange angular
momentum with it so that the overall momentum remains constant. Gravity-gradient or
magnetic torques can be used for controlling the attitude of the satellite however the torque
levels that can be achieved with these actuators are normally low and generally insufficient
for fast attitude manoeuvres.
For very accurate attitude control systems and for moderately fast manoeuvres, the reaction
wheels are preferred because they allow continuous and smooth control with the lowest
possible parasitic disturbing torques. The level of torque that can be achieved with reaction
wheels is of the order of 0.05 to 2 Nm. For three-axis control, three orthogonal reaction
wheels will be the minimum requirement. A redundant fourth is normally added at an
equal angle to the other three, in order to avoid a single-point failure. When the prime
means of attitude control are reaction or momentum wheels then thrusters can be used for
momentum dumping. In low earth orbit, gravity-gradient and magnetic torques rather than
the thrusters can be employed to desaturate the wheels.
Thrusters are usually fired in pairs to minimize translational motion. These are commonly
used with spin-stabilized spacecraft for attitude manoeuvring and spin rate control. For this
type of spacecraft, a minimum of two reorientation thrusters and two spin rate control
thrusters are required. For a three-axis stabilized system, six possible directions are
available for manoeuvring the spacecraft and a minimum of six thrusters are required. The
level of control torques that can be achieved with thrusters is almost unbounded leading to
fast attitude manoeuvres but their inherent impulsive nature hinders attaining smooth
control. Pointing accuracy with the typical on-off thrusters is limited to about 0.1 to 1.0
degrees (amplitude of limit cycles). More accurate pointing can be achieved by using either
reaction wheels or thrusters capable of providing small and consistent impulses with
minimum switch-on time of several milliseconds leading to a low maximum thrust
(typically as low as 10-2 N with a minimum thrust impulse of order 10-4 Ns).
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1.13 Control Moment Gyros as Actuators
Control moment gyro (CMG) is a momentum exchange device which is used as an actuator
for spacecraft attitude control. The working principle of CMG installed on a spacecraft can
be described as a rotor that spins at a constant speed and is gimballed to apply a gyroscopic
torque on the spacecraft (Fig. 1.4). When the gimbal is rotated, the spin axis of the rotor
points along different directions causing a change in its angular momentum orientation.
The gyroscopic torque is proportional to the rate of change of the angular momentum. The
classification of a CMG as a single-gimbal CMG or a double-gimbal CMG is attributed to
one or two motorized gimbal mechanisms, respectively, used to control the direction of its
angular momentum. CMG is energy efficient owing to the fact that a large apparent control
torque can be obtained at the expense of a relatively small gimbal torque. This
characteristic, known as torque amplification, motivated for the use of CMGs as attitude
effectors for large spacecraft platforms such as the Mir Space Station, Skylab, the
International Space Station and the Hubble telescope. However, a recent interest for agile
small satellites has caused a renewed attention towards this actuator. CMGs can be used in
the form of a cluster of units where the three-axis attitude control of a spacecraft needs a
cluster of three or more single-gimbal CMGs. An algorithm that calculates the desired
motion for each CMG of the cluster for the task of attitude control is called a steering law
or logic. There are generally two ways for using clusters of CMGs in the context of attitude
control (Wie, Heiberg and Bailey, 2001). In the first approach, the torque desired by an
attitude controller is used to calculate the required gimbal rate for each CMG of the cluster
(called the gimbal rate command) with the help of some steering law. The second approach
involves the use of the steering logic for the calculation of the required gimbal angle
trajectories for all the CMGs of the cluster (known as gimbal position command) that
generate the commanded angular momentum trajectory. A steering logic also needs to
meet various hardware constraints like the gimbal rate limits and gimbal stops but the issue
of foremost concern to be addressed is the existence of singular states for the cluster of
CMGs known as singularities (Wie, 2004). At such a state, the gyroscopic torques from the
individual CMGs of the cluster lie on a plane whereas the required torque happens to have
a component along the perpendicular to that plane (Yoon, 2004). One way to deal with this
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difficulty is to use approximate singularity avoiding/transiting solutions at the cost of
accuracy of control.

Gyroscopic torque axis

Gimbal axis

Flyweel motor

Flyweel

Angular momentum axis
Gimbal frame

Gimbal motor
Fig. 1.4 Single Gimbal Control Moment Gyro Unit

The investigations regarding the use of CMGs for spacecraft attitude control problem can
be found as far back in the literature as the work by Jacot and Liska (1966). An important
work by Margulies and Aubrun (1978) laid down the foundations for the singularity
analysis of clusters of single-gimbal CMGs where they employed a systematic geometrical
framework for establishing the fundamental properties of such clusters. They explored the
angular momentum envelopes for different configurations of CMGs to come up with the
idea of null motion of redundant CMG systems where CMGs motions do not produce
torque. Such a motion was proposed as a possible means of avoiding singularities. Their
work opened up an active area of research leading to a variety of CMGs steering logics, to
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avoid/escape singularities, which can be broadly classified between open-loop schemes
and pseudoinverse-based solutions. The results by Bedrossian, Paradiso, Bergmann and
Rowell (1990a, 1990b) fall into the latter category where the singularity robust inverse
proposed by Nakamura and Hanafusa (1986) for robotic manipulators was used to find an
approximate gimbal rate command leading to feasible solutions in the neighbourhood of
singularities. However, the singularity robust inverse failed to avoid a special class of
singularities known as internal elliptic-type singularities. Wie, Heiberg and Bailey (2001)
utilized the time-dependent modulation functions to modify the singularity robust steering
law to propose a generalized singularity robust steering logic which was successful in
transiting the internal elliptic singularities. Nevertheless, the proposed solution had a
deficiency of being trapped in the momentum saturation singularities, a problem that was
addressed in Wie (2005). The generalized singularity robust steering logic by Wie, Heiberg
and Bailey (2001) was explored by Lappas and Wie (2009) in the context of
accommodating mechanical gimbal angle constraints. The approach of perturbing the
desired torque near the singularities rather than changing the singularity robust law was
investigated in (Oh and Vadali, 1991).
The above mentioned schemes, manipulating variations of pseudoinverse to formulate
different steering laws, while avoiding/escaping singularities, introduce some error
between the torque desired by the attitude controller and the output torque from the cluster
of CMGs. Spacecraft applications with precision pointing and tracking requirements
require, however, accurate generation of the autopilot-requested torques during a
manoeuvre. The schemes involving some level of preplanning (Paradiso, 1992; Vadali, Oh
and Walker, 1990; Vadali and Krishnan, 1995) are successful in addressing the issue of
singularities while generating the commanded torques precisely, however, these
approaches, being open-loop in nature, are of limited use for feedback control. Paradiso
(1992) used the commanded angular momentum trajectories for a tree search algorithm
which avoids the singularities while utilizing null motion. Vadali, Oh and Walker (1990)
proposed a method of finding a set of preferred initial gimbal angles that ensure to avoid
singularities for a particular class of manoeuvres. Moreover, a null motion-based scheme
was also presented to place the gimbals at the preferred angles. The work was extended by
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Kurokawa (1997) while ensuring simplicity and repeatability. Vadali and Krishnan (1995)
proposed an algorithm involving suboptimal planning with respect to a singularity
avoidance objective function. Pechev (2007) considered the problem of singularity
avoidance from a control point of view and proposed to calculate the gimbal rates in
feedback loop avoiding the computation of matrix inversion. The survey paper by
Kurokawa (2007) provides a detailed account of various steering laws and singularity
avoidance methods for single-gimbal CMGs.
The potential function method has also been used recently in order to deal with the
singular-configuration issue (Avanzini and Palmas, 2007), where singularities themselves
are treated as obstacles in the control parameter space rather than in the phase space and a
gimbal-rate command which avoids them is formulated. Unfortunately, the simultaneous
definition of obstacles in both the control and state spaces makes the shape of the potential
function highly complex and this may lead to the formation of local minima for the
(global) potential function, thus harming the global stability property of the approach.
The generation of gimbal position command is based on the inversion of the kinematic
relation between gimbal angles and the platform commanded angular velocity which can
be expressed as a function of attitude error. The basic idea originating from the
conservation of angular momentum is to drive the cluster of CMGs in an arrangement that
implements an angular velocity command rather than a torque command. In the reference
position (zero rotation angles for all the gimbals), the total angular momentum delivered by
the CMG cluster is zero. Considering the satellite platform initially also at rest makes the
total angular momentum as zero. A non-zero angular momentum vector can be generated
by rotating each CMG about the gimbal axis perpendicular to the direction of the spin axis
of the CMG. In response, the platform will rotate to achieve an angular velocity such that
the vector sum of cluster and platform angular momentum remains constant being zero.
Now, the rotation angles of the gimbals of all the CMGs can be chosen in such a way that
the resulting angular velocity of the platform equals the commanded angular velocity for a
certain desired manoeuvre of the platform. The rotation rate of the gimbals thus results in
an apparent gyroscopic torque (Wie, 1998) that can be used for steering the spacecraft for
the prescribed manoeuvre. The scheme works in the same way for the case of a nonzero
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total angular momentum of the platform and the CMG cluster at the start of the manoeuvre.
However, such a situation causes a reduction of the maximum available angular
momentum that is exchangeable between the CMG cluster and the platform. In other
words, the effectiveness of the CMGs is reduced, as is the case when using any momentum
exchange device under such circumstances. That is why, spacecraft usually have a
mechanism (e.g. a set of thrusters or magnetorquer rods) on board to perform desaturation
manoeuvres intended at dumping the undesired angular momentum accumulated because
of external disturbance torques.
Avanzini (2005) used the approach of gimbal position command generation for a cluster of
four single-gimbal CMGs in pyramid configuration. A small angle assumption about the
reference positions of the CMGs (zero rotation angles for all the gimbals so that the total
angular momentum delivered by the CMG cluster is zero) is employed in conjunction with
sacrificing the redundancy in the CMG cluster to find an approximate linear solution for
the gimbal angles. As for the case of the kinematic relation between gimbal angles and the
spacecraft commanded angular momentum, the higher order terms for the expression
involving the time-rates of the gimbal angles and the commanded angular momentum are
neglected to prove the closed-loop system stability. However, the gimbal angles
conforming to the small angle approximation cannot track higher values of the commanded
angular momentum. The author also proposed some amendments to allow for larger
gimbal angles but the system stability for such fast manoeuvres was demonstrated only
through numerical simulations. Variable speed control moment gyro (VSCMG) with an
extra degree of freedom of variable rotor speed has also been studied as an alternative
solution to the standard CMG related problems (Schaub and Junkins, 2000; Yoon, 2004).

1.14 Research Objectives
The research reported in this thesis considers spacecraft as a rigid body and assumes that
the spacecraft attitude and angular velocity measurements exist for feedback. The actuators
that provide torques about three mutually perpendicular axes are assumed to be available
for controlling the spacecraft. The attitude control problem of a rigid spacecraft with the
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number of actuators less than the controlled degrees of freedom (Shen and Tsiotras, 1999;
Tsiotras and Doumtchenko, 2000; Wan and Bernstein, 1995) is not studied in this thesis.
In this work, unlike the approaches of nonlinear proportional-integral-derivative control
(Wie and Lu, 1995), Lyapunov-optimal control (Robinett et al., 1997a, 1997b), variable
structure sliding mode control (Boškovi , Li and Mehra, 2001), we explore the nonlinear
integrator backstepping control design as a nonadaptive scheme for addressing the issue of
control input saturation in the context of spacecraft attitude manoeuvres. We seek to prove
stability for the cases of both attitude stabilization and tracking problems under control
input saturation. We also carry out robustness analysis of the approach against external
disturbance torques and uncertainties in spacecraft moments of inertia. We shall make use
of an inverse tangent based tracking function (Kim and Kim, 2003) and a family of
augmented Lyapunov functions (Mazenc and Iggidr, 2004) for the accomplishment of
aforesaid task.
As the use of artificial potential function method for constrained large angle manoeuvres
planning has not been explored in the context of satisfying the spacecraft control torque
constraints (Kim et al., in press), we seek to blend nonlinear integrator backstepping
scheme with the artificial potential function method to control the spacecraft large angle
slew manoeuvres with autonomous ability of avoiding pointing constraints. The resulting
feedback controls shall be explored for ensuring stability while avoiding control torque
saturation in the presence of bounded external disturbance torque and prescribed uncertain
variations in the spacecraft moments of inertia.
A CMG steering logic based upon a gimbal position command is advantageous because of
its inherent singularity robustness. Existing gimbal position steering laws (Avanzini,
2005), however, do not exploit the maximum angular momentum deliverable by the CMG
cluster. In this thesis, we shall address this issue which is particularly important for an
agile spacecraft which is meant for undergoing rapid attitude manoeuvres.
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1.15 Thesis Outlines
•

Chapter 1: This chapter introduces problems of rigid spacecraft attitude
stabilization and tracking control and identifies the issues that need to be addressed
in the context of this problem. It surveys various schemes that have been utilized
for solving this problem. It also talks of the autonomous avoidance of pointing
constraints as an additional requirement imposed on the spacecraft attitude control
system and the use of CMGs as an actuator for this problem. Finally, the objectives
of the research presented in the thesis are set up.

•

Chapter 2: First, different reference frames to be used in the following
developments of the thesis are defined. Then, the kinematics and dynamics of rigid
spacecraft are summarized while developing equation for the spacecraft attitude
tracking error dynamics and defining the attitude tracking control objective. Next,
the details of the design procedure for the proposed attitude tracking controller and
the analytical bounds for the control torque components are given. The proposed
controller is analysed in terms of robustness against bounded external disturbance
torque and prescribed uncertainties in the spacecraft moments of inertia. The
conditions ensuring stability and allowing the calculation of control torque bound
in this non-nominal case are also developed. It follows with the specialization of
the proposed controller for the case of attitude stabilization. Lastly, the efficacy of
the proposed scheme is demonstrated by the numerical simulations for the cases of
attitude stabilization and tracking both.

•

Chapter 3: First section briefly describes the pointing constraints in the context of
spacecraft large angle slew manoeuvres. Then, the attitude stabilization
specialization of the methodology of Chapter 2 is blended with the artificial
potential function method for the incorporation of capability of avoiding the
pointing constraints while undergoing the said manoeuvres. Gaussian function
based repulsive potential is used for the construction of an artificial potential
function. Next, the proposed methodology is explored for robustness against
bounded external disturbance torque and prescribed uncertainties in the spacecraft
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moments of inertia. Here, the stability and control torque bound-related conditions
for the non-nominal case are developed for the constrained attitude slews. Finally,
the effectiveness of the proposed methodology is established by the numerical
simulations.

•

Chapter 4: At the start, the details of the dynamics of the rigid spacecraft equipped
with a cluster of single-gimbal CMGs are provided. Next section introduces the
concept of gimbal rate command-based steering law for the CMG cluster. The
following section presents the idea of steering the CMG cluster using a gimbal
position command. It also details a gimbal position steering logic for a pyramidtype cluster of four single gimbal CMGs. In the subsequent section, a novel gimbal
position steering law is proposed which exploits the maximum angular momentum
deliverable by the CMG cluster corresponding to the direction of the commanded
angular velocity for the major part of the spacecraft reorientation manoeuvre. The
chapter ends with the section reporting the numerical simulation results that employ
the proposed algorithm of the previous section for the generation of gimbal position
command. The obtained results are also compared with some benchmark results in
the literature for proving the significance of the proposed gimbal position steering
logic.

•

Chapter 5: The conclusions of the thesis are presented here and possible directions
for further research are also identified.
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2 Spacecraft Attitude

Control

with

Bounded Torque Input
This chapter studies the nonlinear control of spacecraft attitude tracking manoeuvres while
addressing the issue of control torque saturation. First of all, different reference frames to
be used in the following developments are defined. Then, the kinematics and dynamics of
rigid spacecraft are summarized while developing equation for the spacecraft attitude
tracking error dynamics and defining the attitude tracking control objective. Next, the
details of the design procedure for the proposed attitude tracking controller and the
analytical bounds for the control torque components are given. The proposed controller is
analysed in terms of robustness against bounded external disturbance torque and prescribed
uncertainties in the spacecraft moments of inertia. The conditions ensuring stability and
allowing the calculation of control torque bound in this non-nominal case are also
developed. It follows with the specialization of the proposed controller for the case of
attitude stabilization. Lastly, the efficacy of the proposed scheme is demonstrated by the
numerical simulations for the cases of attitude stabilization and tracking both. Some of the
results reported in this chapter have been published in (Ali, Radice and Kim, 2010).
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2.1 Rigid Spacecraft Attitude Motion
First, we introduce various reference frames which will be used in the following
developments. The spacecraft is assumed to be a rigid body and three mutually
perpendicular axes fixed in the spacecraft define a body frame B with origin at the centre
of mass of the spacecraft. The spacecraft is assumed to be equipped with the actuators that
can provide torques about the axes of the body frame B. Let N be an inertial frame. The
orientation of the body frame B with respect to the inertial frame N is represented by the
quaternion q = [qvT , q4 ]T with qv ∈ℜ3 , q4 ∈ ℜ and qvT qv + q42 = 1 , where ℜ is the real
number set.
Reference Frame R (solid)
Reference Frame R (dashed)

Inertial Frame ( N )
Body Frame B (solid)
Principle-axis Frame P (dashed)

Fig. 2.1 Relations between the used frames: The reference frame R is rigidly connected to
the reference frame R and is misaligned with it in the same way as the principle-axis frame
P with the body frame B.

The reference frame corresponding to the commanded motion is denoted by R and its
attitude with respect to the inertial frame N is specified by the quaternion qr = [qrTv , qr 4 ]T .
The quaternion σ = [σ vT , σ 4 ]T describes the orientation of the body frame B with respect
to the reference frame R and is written as

σ v = qr 4 qv − q4 qrv − qrv × qv
σ 4 = qrTv qv + qr 4 q4
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Let P represent the spacecraft principal-axis frame. We choose to define a reference frame

R which is rigidly connected to the reference frame R and is misaligned with it in the
same way as the principal-axis frame P with the body frame B. The attitude tracking error
is taken as σ = [σ vT , σ 4 ]T which is the quaternion representing the attitude of the principalaxis frame P relative to the reference frame R. If S denotes the direction cosine matrix of
the principal-axis frame P relative to the body frame B then σ v = Sσ v and σ 4 = σ 4 . With
the mentioned choice for the definition of attitude tracking error, the coincidence of the
principal-axis frame P with the reference frame R makes the body frame B align to the
reference frame R . A graphical description of all the aforesaid frames is available as Fig.
2.1. The equations of rotational motion of the spacecraft are given by (Shuster, 1993)

qv =

1
1
(q4ω − ω × qv ), q4 = − ω T qv
2
2

J Bω + ω × [J Bω ] = TB

(2.2)

(2.3)

where ω = [ω1 , ω2 , ω3 ]T is the angular velocity of the spacecraft with respect to the inertial
frame N expressed in the body frame B, J B = J TB is the body frame B referenced, positive
definite inertia matrix of the spacecraft, TB is the control torque vector in the body frame B
and the superscript,

()

T

, is the transpose of vector or matrix. We define the three

subscripts i, j and k as the element of the set Id as follows: (i, j , k ) ∈ Id , where

Id = {(1, 2,3), (2,3,1), (3,1, 2)} . The first part of Eq. (2.2) can be written as
qi = 12 (q4ωi − qk ω j + q jωk )

(2.4)

for (i, j , k ) ∈ Id .
Let us have ω = Sω , T = STB and J = SJ B ST where ω = [ω1 , ω2 , ω3 ]T , Τ = [T1 , T2 , T3 ]T and
J = diag( J1 , J 2 , J 3 ) . For the principal-axis frame P, Eq. (2.3) becomes

ωi = piω jωk + ui
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where pi = ( J j − J k ) / J i and ui = Ti / J i , for (i, j , k ) ∈ Id . Further, the spacecraft principalaxis frame P is desired to track the attitude motion of the reference frame R whose angular
velocity and angular acceleration relative to the inertial frame N expressed in the principalaxis frame P are denoted by ω r = [ω1r , ω2r , ω3r ]T and ω r = [ω1r , ω2r , ω3r ]T , respectively. The
angular velocity tracking error is written as

δω = ω − ω r

(2.6)

whereas for the angular acceleration tracking error we have
P

d
(δω ) = ω − ω r + ω × ω r
dt

where

(2.7)

P

d
ω as seen by the principal(δω ) = [δω1 , δω2 , δω3 ]T represents the derivative of δω
dt

axis frame P (Schaub and Junkins, 2003). Equations (2.5) and (2.7) can be used to write
the tracking error dynamics equation as

δωi = piω jωk + ui − ωir + ω jωkr − ωkω rj

(2.8)

for (i, j , k ) ∈ Id . Finally, the attitude tracking control objective becomes the regulation of

lim t →∞ [σ v (t ), δω (t ) ] = 0 .

2.2 Control Design and Torque Bound
The candidate Lyapunov function for the kinematics subsystem stabilization is
V=

1
2

σ 12 + σ 22 + σ 32 + (1 − σ 4 ) 2

(2.9)

which is continuously differentiable and zero at the equilibrium point σ v = 0 and σ 4 = 1 .
The time derivative of V comes out to be

V=

1
2

3
i =1
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For stabilizing the kinematics subsystem, the pseudo control input, δωis , is based on a
nonlinear tracking function φ (σ i ) as follows (Kim and Kim, 2003)

δωis = − sφ (σ i )

(2.11)

where s is a positive constant and the nonlinear tracking function φ (σ i ) is given by

φ (σ i ) = α tan −1 ( βσ i )

(2.12)

with α and β as positive constants. This choice of the pseudo control for the kinematics
subsystem achieves the objective of limt →∞ σ v (t ) = 0 as it makes the time derivative of the
Lyapunov function V given by Eq. (2.9) as the negative semidefinite as follows:

V = − 12 s

3
i =1

σ iφ (σ i )

(2.13)

Further, the convergence to σ v = 0 and σ 4 = 1 is achieved asymptotically for all initial
conditions σ (t0 ) whenever the initial condition σ 4 (t0 ) ≠ −1 , where t0 is the initial time
(Luo, Chu and Ling, 2005b). Next, the function V is augmented with the dynamics part of
the system as follows (Mazenc and Iggidr, 2004)

U = V + 12

3
i =1

Ω(δωi ) − Ω(δωis )

2

(2.14)

where Ω(⋅) is a class κ ∞ function, i.e. it is zero at zero, strictly increasing and becomes
unbounded as its argument increases to infinity (Mazenc and Iggidr, 2004). The time
derivative of the overall Lyapunov function U yields
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U=

=

1
2

1
2

3
i =1
3
i =1

σ i δωi +
σ i δωis +

3

Ω ′(δωi )δωi − Ω ′(δωis )δωis

Ω(δωi ) − Ω(δωis )

i =1
3
i =1

1
2

σ i (δωi − δωis ) +

3

−Ω ′(δωis )δωis +

i =1

Ω ′(δωi )( pi ω j ωk + ui − ω + ω j ωkr − ωk ω rj )
r
i

=− s
1
2

3
i =1

σ iφ (σ i ) +

3
i =1

1
2

Ω(δωi ) − Ω(δωis )

(2.15)

σ i + −Ω ′(δωis )δωis +

Ω ′(δωi )( pi ω j ωk + ui − ωir + ω j ωkr − ωk ω rj )

Ω(δωi ) − Ω(δωis )
(δωi − δωis )
s
δωi − δωi

where Ω( x) is chosen such that

(

)

Ω(δωi ) − Ω(δωis ) / δωi − δωis ≠ 0
where Ω′( x) denotes the derivative of Ω( x) with respect to x. A negligibly small
numerator on the left hand side of above equation may cause numerical problems so it
should be large enough to avoid such practical implementation issues. In order to make the
time derivative of U equal to the following:

U = − 12 s

3
i =1

σ iφ (σ i ) − g

3
i =1

(δωi − δωis )2

(2.16)

the backstepping controller comes out to be

δωi − δωis
1
ui =
−
Ω′(δωi ) Ω(δωi ) − Ω(δωis )

1
2

σ i + g (δωi − δωis ) + Ω′(δωis )δωis −

(2.17)

piω jωk + ωir − ω jωkr + ωk ω rj
for (i, j , k ) ∈ Id , where g is a positive constant. Now, for the closed loop system, the
attitude tracking control objective lim t →∞ [σ v (t ), δω (t ) ] = 0 is achieved ‘almost’ globally
and asymptotically as Eq. (2.16) is negative semidefinite. The standard terminology of
‘almost’ global stability for this problem means stability over an open and dense set in the
set of the special group of rotation matrices that describe spacecraft orientation in three
dimensions SO(3) (Tsiotras, 1998; Seo and Akella, 2007). This is because of the wellknown fact that SO(3) is not a contractible space and, hence, the quaternion-based
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controllers do not offer globally continuous stabilizing formulations (Wen and KreutzDelgado, 1991; Bhat and Bernstein, 2000).
Note that by equating Eqs. (2.15) and (2.16) we can find the time derivative of U − V as
given below which is subject to the condition that the control input is given by Eq. (2.17):
d
dt

(

2

Ω(δωi ) − Ω(δωis )

1
2

) = − g (δω − δω ) −
i

s 2
i

1
2

σ i (δωi − δωis )

(2.18)

for i = 1, 2,3 .
We choose a simple form of class κ ∞ function as Ω(δωi ) = ηδωi with η > 0 , which

(

)

Ω(δωi ) − Ω(δωis ) / δωi − δωis = η ≠ 0 , for i = 1, 2,3 . Then, the

satisfies the condition

control input is rewritten as follows:
ui = −

1

η

2

1
2

σ i + g (δωi − δωis ) − 12 sφ ′(σ i )(σ 4δωi − σ k δω j + σ j δωk ) −

pi ω j ωk + ω − ω j ω + ωk ω
r
i

r
k

(2.19)

r
j

for (i, j , k ) ∈ Id , where φ ′(σ i ) is the derivative of φ (σ i ) with respect to σ i . The control
law given by the above expression can be decomposed into the terms involving the
proportional and derivative actions (Seo and Akella, 2007). The proportional action term
gain comes out to be a constant whereas that for the derivative action term happens to be a
nonlinear function of the attitude tracking error. That is why, it is said to belong to
nonlinear proportional-derivative type. Defining e = [e1 , e2 , e3 ]T where ei ≡ δωi − δωis , the
above equation can be written as
ui = −

1

η

2

[ 12 σ i + gei ] − 12 sφ ′(σ i )(σ 4ei − σ k e j + σ j ek + σ 4δωis − σ kδω sj + σ jδωks ) −

pi (e j + δω + ω )(ek + δω + ω ) + ω − (e j + δω )ω + (ek + δω )ω
s
j

r
j

s
k

r
k

r
i

s
j

r
k

s
k

(2.20)

r
j

As σ i ≤ 1 , δωis ≤ sα tan −1 ( β ) , φ ′(σ i ) ≤ αβ , ωir ≤ ξ and ωir ≤ γ for i = 1, 2,3 , the
control torque bound is derived using the triangle inequalities as follows:
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ui ≤

1

η

2

(

1
2

σ i + g ei ) + 12 s φ ′(σ i ) σ 4ei − σ k e j + σ j ek + σ 4δωis − σ kδω sj + σ jδωks +

pi (e j + δω sj + ω rj )(ek + δωks + ωkr ) + ωir + (e j + δω sj )ωkr + (ek + δωks )ω rj
≤

1

η2

(

1
2

(

)

+ g ei ) + 12 sαβ σ 4 ei + σ k e j + σ j ek + σ 4δωis + σ k δω sj + σ jδωks +

pi e j ek + e jδωks + e jωkr + δω sj ek + δω sj δωks + δω sj ωkr + ω rj ek + ω rj δωks + ω rj ωkr + ωir +
e j + δω sj ωkr + ek + δωks ω rj
≤

1

η

2

(

1
2

(

)

+ g ei ) + 12 sαβ ei + e j + ek + 3sα tan −1 ( β ) +

{

(

pi e j ek + ξ + sα tan −1 ( β )

(

)

)( e

j

}

)

+ ek + sα tan −1 ( β ) + ξ sα tan −1 ( β ) + ξ 2 +

γ + e j + ek + 2sα tan −1 ( β ) ξ
(2.21)
for (i, j , k ) ∈ Id . Rearranging the terms, the above inequality becomes

(

)

ui ≤ k1i + k2 ei + k3i e j + ek + pi e j ek

(2.22)

for (i, j , k ) ∈ Id , where the constants k1i , k2 and k3i are
2
1
+ ( 32 sαβ + 2ξ ) sα tan −1 ( β ) + pi ξ + sα tan −1 ( β ) + γ
2
2η
g
k2 = 2 + 12 sαβ

(

k1i =

η

k3i = sα

(

1
2

)

(2.23)

β + pi tan −1 ( β ) ) + ( pi + 1) ξ

However, the angular rate error ei (t ) , for i = 1, 2,3 , is unknown in Eq. (2.22). Hence, Eq.
(2.22) does not give any useful information about the control torque bound. To obtain the
bound for the angular rate error, recall Eq. (2.18) with Ω(δωi ) = ηδωi for i = 1, 2,3 . Then,

η2

d 1 2
( ei ) = − gei 2 − 12 σ i ei
dt 2

(2.24)

for i = 1, 2,3 . Eq. (2.24) implies that if ei > σ i / (2 g ) , then ei is guaranteed to be
decreasing to a certain value that is bounded by 1 / (2 g ) . Therefore, ei is bounded by the
following inequality:
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ei ( t ) ≤ max ei (t0 ) ,

1
2g

(2.25)

for all t in [t0 , ∞ ) for i = 1, 2,3 , where t0 is the initial time and max( , ) is the function
whose value is the maximum of two arguments .
Finally, Eq. (2.22) is used to calculate the bounds of the controls ui and the control torque
is bounded by

(

)

Ti ≤ J i k1i + k2 ei ( t ) + k3i e j ( t ) + ek ( t ) + pi e j ( t ) ek ( t )

(2.26)

for (i, j , k ) ∈ Id where ei ( t ) for i = 1, 2,3 follows the inequality (2.25). Hence, the
minimum value of the bound for Ti identifiable by Eq. (2.26) comes out to be

J i k1i +

1
1
k 2 + 2 k3 i +
pi
2g
2g

(2.27)

The control torque components bounds given by Eq. (2.26) can be used to calculate the
bound for Euclidean-norm T . Moreover, the direction cosine matrix S mentioned in the
previous section can be used to calculate TB from T however this transformation does not
affect the bound for the Euclidean-norm of control torque.

2.3 Robustness Analysis
The attitude control design of satellites is coupled to main issues like disturbances from
space environment, perturbation from spacecraft’s moments of inertia variations and
control input constraints (Wu, Cao and Li, 2009). Gravity gradient torque, aerodynamic
torque and Earth magnetic field torque are among the major disturbances for low-Earth
orbit (LEO) satellites being below 1000 km altitude. Moments of inertia variations are
caused by the movement of payload and appendages such as telescope, camera, solar array
panels etc. and attitude control systems of microsatellites with mass less than 100 kg and
moment of inertia of around 20 kg m2 are quite sensitive to the aforesaid disturbance
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torques and moments of inertia variations (Wu, Cao and Li, 2009). So, the spacecraft
attitude control design, while dealing with the issue of control input saturation, should also
take into account the existence of external disturbances and parameters like moments of
inertia uncertainties (Kim and Kim, 2003; Wu, Cao and Li, 2009). In this section, the
control law given by Eq. (2.17) is explored for robustness against the said uncertainties in
the nominal moments of inertia J i , i = 1, 2,3 and external disturbance torque.
Incorporating in the time derivative of the Lyapunov function U the non-nominal moments
of inertia J ia and the external disturbance torque components Ti d where i = 1, 2,3 we get

U=

3

1
2

i =1

= − 12 s

3
i =1

σ iδωi +

3

Ω(δωi ) − Ω(δωis ) Ω′(δωi )δωi − Ω′(δωis )δωis

i =1

σ iφ (σ i ) +

3
i =1

1
2

σ i + Ω′(δωi )( piaω jωk +

Ω′(δωis )δωis

Ji
Ti d
r
r
r
−
+
−
+
)−
u
ω
ω
ω
ω
ω
i
i
j k
k j
J ia
J ia

Ω(δωi ) − Ω(δωis )
(δωi − δωis )
s
δωi − δωi
(2.28)

where J a = diag( J1a , J 2a , J 3a ) is the principal-axis frame P referenced non-nominal inertia
matrix of the spacecraft and Τ d = [T1d , T2d , T3d ]T the external disturbance torque vector
expressed in the principal-axis frame P. Substituting the control law ui given by Eq. (2.17)
in the above equation we get

U = − 12 s

(

3
i =1

σ iφ (σ i ) +

)

3
i =1

Ω′(δωi )

(p

a
i

)

− pi J i J ia ω jωk + Ti d J ia +

(

)

J i J − 1 Ω′(δωi ) ωir − ω jωkr + ωkω rj + Ω′(δωis )δωis

(1 − J

a
i

i

J ia

)

1
2

σ i − ( J i J ia ) g (δωi − δωis ) (δωi − δωis )

For Ω( x) = η x , the above equation becomes
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U = − 12 s

3
i =1

σ iφ (σ i ) +

3

η2

i =1

(p

a
i

)

− pi J i J ia ω jωk + Ti d J ia +

(J

i

J ia − 1 ωir − ω jωkr + ωkω rj + δωis

)(

(J

i

J ia g (δωi − δωis ) (δωi − δωis )

) + (1 − J

i

J ia

)

1
2

σi −

(2.30)

)

The condition for the above expression to be negative comes out to be

(J

i

)

(

J ia g δωi − δωis > 1 − J i J ia

(

)

1
2

σi +η2

)(

(p

a
i

Ti d J ia + J i J ia − 1 ωir − ω jωkr + ωkω rj + δωis

)

− pi J i J ia ω jωk +
(2.31)

)

or

(

)

g δωi − δωis > J ia J i − 1 12 σ i + η 2

(

(p

a
i

)

J ia J i − pi ω jωk +

)(

Ti d J i + 1 − J ia J i ωir − ω jωkr + ωkω rj + δωis

)

(2.32)

for i = 1, 2,3 .
Regarding the variations of the moments of inertia, the non-nominal values J ia can be
written as the sum of nominal values J i and perturbations ∆J i as (Wu, Cao and Li, 2009)
J ia = J i + ∆J i

(2.33)

for i = 1, 2,3 where if the uncertain perturbations in the moments of inertia ∆J i are
considered to be 100λ percent with respect to their nominal values then the variations
envelopes of ∆J i are given by ∆J i ∈ [−λ J i , λ J i ] and uncertain non-nominal moments of
inertia J ia come out to be J ia ∈ [ J i (1 − λ ), J i (1 + λ )] for i = 1, 2,3 . For example, if we allow
20 percent variation of moments of inertia with respect to their nominal values then the
uncertain non-nominal moments of inertia J ia can assume any values across the variations
envelopes J ia ∈ [0.8 J i ,1.2 J i ] for i = 1, 2,3 . So, we can write
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J ia J i − 1 ≤ λ

(2.34)

pia J ia J i − pi ≤ λ ( J j + J k ) J i

(2.35)

for i = 1, 2,3 and

for (i, j , k ) ∈ Id .
For the bound of the right hand side term of the condition given by inequality (2.32) we
can write

(J

a
i

)

J i − 1 12 σ i + η 2

(1 − J

a
i

(p

a
i

)

J ia J i − pi ω jωk + Ti d J i +

)(

J i ωir − ω jωkr + ωk ω rj + δωis

)

≤ 12 λ + η 2 [λ ( J j + J k ) J i ] (e j + δω sj + ω rj )(ek + δωks + ωkr ) + Ti d J i +

λ ωir − ω jωkr + ωk ω rj + δωis
≤ 12 λ +

{

(

η 2 [λ ( J j + J k ) J i ] e j ek + (ξ + sα tan −1 ( β ) ) e j + ek + sα tan −1 ( β ) + ξ

{

(

)

(

λ γ + ξ e j + ek + 2sα tan −1 ( β ) + 12 sαβ ei + e j + ek + 3sα tan −1 ( β )

)} + D

i

Ji +

)}

(2.36)
where Ti d ≤ Di for i = 1, 2,3 . So, a conservative version of the condition given by
inequality (2.31) can be found as
g ei (t ) > 12 λ + Θi ( e ( t ) )
where
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Θi ( e ( t ) ) = η 2 Di J i + [λ ( J j + J k ) J i ] e j ( t ) ek ( t ) +

(ξ + sα tan

−1

(β )

) ( e ( t ) + e ( t ) + sα tan
j

k

(

−1

(β ) + ξ

)

+
(2.38)

)

λ γ + ξ e j ( t ) + ek ( t ) + 2sα tan ( β ) +
1
2

−1

(

sαβ ei ( t ) + e j ( t ) + ek ( t ) + 3sα tan −1 ( β )

)

for (i, j , k ) ∈ Id . Further, in this case the Eq. (2.24) takes the form

η2

d
dt

(

(J

i

1
2

)

(

)

ei 2 = − J i J ia gei − J i J ia 12 σ i + η 2

)(

J ia − 1 ωir − ω jωkr + ωk ω rj + δωis

)

(p

a
i

)

− pi J i J ia ω jωk + Ti d J ia +

ei

(2.39)
for (i, j , k ) ∈ Id . The above equation implies that the condition
g ei (t ) > 12 + Θi ( e ( t0 ) )

(2.40)

(

)

ensures ei (t ) to decrease to a certain value that is bounded by 1 2 + Θi ( e ( t0 ) ) g where
Θi ( e ( t0 ) ) is calculated using Eq. (2.38). Hence, ei is bounded as

ei ( t ) ≤ max ei (t0 ) ,

1 + 2Θ i ( e ( t 0 ) )

(2.41)

2g

for i = 1, 2,3 . Lastly, the bound for the control torque components is given by Eq. (2.26)
where ei ( t ) for i = 1, 2,3 follows the inequality (2.41) and the minimum value of the
bound for Ti identifiable by Eq. (2.26) comes out to be

J i k1i +

1 + 2Θi ( e ( t0 ) )
2g

k 2 + 2 k3 i +
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pi
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2.4 Attitude Stabilization Specialization
Developments of the previous two sections can be specialized to the case of attitude
stabilization for which the reference frame R becomes coincident with the inertial frame
N (whereas the reference frame R coincides with an inertial frame N ). The case of set

point regulation, where the desired target frame is different from the inertial frame, can
also be treated similarly. For this case, the pseudo controls are given by

ωis = − sφ (qi )

(2.43)

where φ (qi ) = α tan −1 ( β qi ) and the unit quaternion q = [qvT , q4 ]T with qv = [q1 , q2 , q3 ]T is
defined as qv = Sqv and q4 = q4 representing the attitude of the principal-axis frame P
with respect to the inertial frame N . The control law given by Eq. (2.17) with general class

κ ∞ function Ω(⋅) takes the form

ui =

ωi − ωis
1
−
Ω′(ωi ) Ω(ωi ) − Ω(ωis )

1
2

qi + g (ωi − ωis ) + Ω′(ωis )ωis − piω jωk

(2.44)

whereas the one given by Eq. (2.19) for Ω(ωi ) = ηωi with η > 0 is written as
ui = −

1

η2

1
2

qi + g (ωi − ωis ) − 12 sφ ′(qi )(q4ωi − qk ω j + q jωk ) − piω jωk

(2.45)

The bounds of the controls are given by Eq. (2.22) where ei ≡ ωi − ωis and the constants
k1i , k2 and k3i become

1
+ 32 β + pi tan −1 ( β ) s 2α 2 tan −1 ( β )
2η 2
g
k2 = 2 + 12 sαβ

(

k1i =

η

k3i = sα

(

1
2

)

β + pi tan −1 ( β ) )
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Inequality (2.25) defines the bounds of ei to be used in Eq. (2.22) for calculating the
bounds of the controls ui for the nominal case. The bounds for ei to be employed in Eq.
(2.22) for the bounds of the controls ui under the action of uncertainties in moments of
inertia and external disturbances are given by Eq. (2.41) and the condition for ensuring
stability in this case is given by Eq. (2.37) where
Θi ( e ( t ) ) = η 2 Di J i + [λ ( J j + J k ) J i ] e j ( t ) ek ( t ) +

(

sα tan −1 ( β ) e j ( t ) + ek ( t ) + sα tan −1 ( β )
1
2

(

)

+

sαβλ ei ( t ) + e j ( t ) + ek ( t ) + 3sα tan −1 ( β )

(2.47)

)

2.5 Numerical Simulation
Numerical simulation examples for the cases of both attitude stabilization and tracking are
considered here for demonstrating the efficacy of proposed scheme.

2.5.1 Stabilization Case
If the reference frame R

coincides with the inertial frame N i.e. ω r (t ) = 0 ,

qr (t ) = [0 0 0 1]T , ξ = 0 and γ = 0 then the problem is reduced to attitude stabilization.

The effectiveness of the proposed backstepping controller for the case of attitude
stabilization is evaluated through the numerical simulation of a rest-to-rest slew
manoeuvre. The simulation scenario considered by Krsti and Tsiotras (1999) and Kim and
Kim (2003) is used for this purpose in the following. The numerical data for the scenario is
given in Table 2.1 where t0 represents the starting time. For the sake of comparison, the
values of the gains s, α , β and g are adopted from (Kim and Kim, 2003). For the given
values, the control torque bounds are obtained using Eq. (2.26) as follows:
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T1 ≤
T2 ≤
T3 ≤

103

+ 201

η2
120

+ 316

η2
222

η2

[N m]

(2.48)

+ 382

Table 2.1 Stabilization Example Nominal Case by Trial and Error

Parameter

Value

Units

J1

10

kg.m2

J2

15

kg.m2

J3

20

kg.m2

q (t0 )

[0.4646 0.1928 0.8047 0.3153]T

ω (t0 )

[0 0 0]T

s

1

g

10

α

0.75

β

8

η

3.5196

Tanalytical

556

N.m

21.6

N.m

5.18

s

max ( T

)

tsettling

rad.s-1

Hence, the Euclidean norm bound is given by

T

2

≤ 535

1.0

η

4

+

0.26

η2

+ 1 [N m]

(2.49)

For comparison with the results of (Kim and Kim, 2003), the gain η is tuned so that for the
considered rest-to-test manoeuvre the value for max ( T
max ( T

)

)

becomes 21.6 Nm where

denotes the peak Euclidean norm of the actual control torque from the

simulation. By trial and error, η is tuned to the value given in Table 2.1. For the chosen η ,
the bound given by Eq. (2.49) becomes about 556 Nm whereas the settling time tsettling
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comes out to be nearly 5.18 seconds. The simulation results are given by Fig. 2.2. Here,

tsettling is defined as the time such that the norm of the states vector [qvT , ω T ]T is bounded
by 1% error from the steady state, which is zero in this case, for all t ≥ tsettling . Better
performance in the settling time is mainly because of the incorporation of the nonlinear
tracking function φ (qi ) whereas the reduction of the peak control torque has been achieved
through the introduction of the constant control gain η .
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Fig. 2.2 Simulation results for the stabilization case example with the control gains tuned by
trial and error

The proposed controller offers adequate performance despite the fact that it has a much
simpler form than the one in (Kim and Kim, 2003), which uses additional switching
parameters to obtain the robustness with respect to moments of inertia uncertainty.
Moreover, as summarized in Table 2.3, it shows better performance when compared to
other existing methods (Krsti and Tsiotras, 1999; Wie and Barba, 1985; Joshi, Kelkar and
Wen, 1995).
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The bound given by Eq. (2.49) is very conservative being about 25 times larger than the
actual maximum torque. This is caused by the short desired settling time as the
corresponding control parameters become large to achieve that specification. Moreover, in
this case, only one parameter, η , has been tuned. If all the five parameters in the bound,
i.e. s, α , β , g and η , are simultaneously used for lowering the bound, this will be less
conservative. To demonstrate this, the following optimization problem is solved using
sequential quadratic programming (SQP):

min

α > 0.1, β > 0.1, s > 0.1, g > 0.1, η > 0.1

Tanalytical

subject to tsettling ≤ 5 seconds, max ( T ) ≤ 21.6 Nm and the closed loop differential
equations, where Tanalytical is the analytical upper bound given by Eq. (2.26). The lower
bounds of all the gains are set to 0.1 as values of these parameters smaller than this would
hardly achieve the given settling time specification of the closed loop response. Starting
from the values of the gains given in Table 2.1, the above optimization problem is solved
using SQP. The converged values of the parameters s, α , β , g and η are given in Table
2.2. Fig. 2.3 provides the simulation results for this case. The resulting
174 Nm whereas the corresponding max ( T

)

Tanalytical is about

is 21.6 Nm. The conservativeness of the

upper bound is significantly reduced, i.e., from 25 times to just over 8 times bigger than the
actual maximum torque. Moreover, the optimized bound guarantees that the actual control
torque never exceeds the bound with the condition that ei (t0 ) is less than or equal to the
value for the current scenario.

Table 2.2 Stabilization Example Nominal Case with Minimized Analytical Bound for Control
Torque Norm

Parameter

Value

s

0.3356

g

1.1644

α

0.9835

β

10.8985
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η

1.0131

Tanalytical

174

N.m

21.6

N.m

5

s

max ( T

)

tsettling

q
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Fig. 2.3 Simulation results for the stabilization case example with the control gains tuned to
minimize the analytical bound for control torque norm

It is noteworthy to compare the obtained value of the analytical torque bound even with the
simulation values of the peak control torque mentioned in Table 2.3 where it is almost
twice the one for (Wie and Barba, 1985) and is less than the ones by (Krsti and Tsiotras,
1999; Joshi, Kelkar and Wen, 1995; Kim and Kim, 2003). Here, we compare the linear
version of the backstepping controller by (Kim and Kim, 2003). Moreover, in this study,
we have exploited the integrator backstepping design methodology for developing an
analytical bound for the control torque with the control law given by Eq. (2.19) being
similar in shape to the one already existing in the literature (Seo and Akella, 2007). The
methodology can be turned to further advantage by exploiting it to avoid the cancelation of
‘good’ nonlinearities, if any, in the system (Krsti , Kanellakopoulos and Kokotovic, 1995).
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It may be helpful to decrease both the peak control torque from the simulation and its
analytical bound. As we used a simple local optimization algorithm, the bound may also be
improved further with some global optimization techniques.
In the above numerical example, the body axes B and the principal axes P of the spacecraft
are taken as coincident. Otherwise, one can always find the inertia matrix about the
principal axes P and proceed as mentioned above. Later, the results can be transformed
back to the body axes B employing the transformation matrix S however it does not change
the findings regarding the bound for the Euclidean norm of the control torque.

Table 2.3 Stabilization Example Nominal Case Simulation Results Comparison: All values
taken from (Kim and Kim, 2003) except the ones for the proposed controller

Controller
Linear backstepping
controller
(Kim and Kim, 2003)
Controller in
(Wie and Barba,
1985)
Controller in
(Joshi, Kelkar and
Wen, 1995)
Controller in
(Krsti and Tsiotras,
1999)
Controller in
(Kim and Kim,
2003)
Proposed
Controller

Peak control
torque
max ( T )

Angular velocity norm
ω (rad.s-1) at 5 s

Quaternion norm
qv at 5 s

178.4

0.1151

0.1093

85.0

0.1170

0.1039

311.8

0.1402

0.1957

196.2

0.1327

0.2304

21.6

5.75e-4

9.64e-5

21.6

10.2e-3

5.6e-3

(N.m)

The nominal values of the spacecraft moments of inertia considered for the numerical
simulations are typical of a microsatellite with mass around 100 kg. The variation in the
moments of inertia of a microsatellite caused by some instrument or payload movement is
an important consideration for the attitude controller design and robustness against such
uncertainties needs to be ensured (Wu, Cao and Li, 2009). Now, we consider the ongoing
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numerical example with 20 percent uncertain variation in the moments of inertia with
respect to their nominal values.

For this perturbation we have λ = 0.2 . At the same time we also consider the presence of
external disturbance with bounds Di = 0.1732 Nm for i = 1, 2,3 . This external torque
disturbance is substantially larger than what a spacecraft in orbit would usually be
subjected to because of solar or atmospheric drag (Schaub and Junkins, 2003). Next, we
solve the aforementioned optimization problem subject to tsettling ≤ 9.0125 seconds,

(1 2 + Θ ( e ( t ) ) )
i

0

g ≤ 0.05 for i = 1, 2,3 and the closed-loop dynamics. The values of the

gains mentioned in Table 2.1 are used as the starting guess. The optimized values of the
gains s, α , β , g and η are given in Table 2.4 which also mentions the resulting
Tanalytical and max ( T

) being about 176 Nm and 109 Nm, respectively. Simulation results

are given as Fig. 2.4.

Table 2.4 Stabilization Example Nominal Case with Minimized Analytical Bound for Control
Torque Norm while Robustness Ensured

Parameter

Value

s

0.0763

g

971.6201

α

2.6396

β

13.4999

η

8.1861

Tanalytical

176.28

N.m

109.41

N.m

tsettling

9.0125

s

λ

0.2

Di for i = 1, 2,3

0.1732

(1 2 + Θ ( e ( t ) ) )
(1 2 + Θ ( e ( t ) ) )
(1 2 + Θ ( e ( t ) ) )

max ( T

)

1

0

g

0.0499

2

0

g

0.0434

3

0

g

0.0390
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(a)

q1

Angular velocity [rad/s]

1

Attitude quaternion

q2
q3

0.5

q4
0

0

5

Control torque [Nm]

50

time [s]
(c)

10

15

0
T1
T2

−50

T3
0

5

time [s]
(e)

10

40
20
0
−20
−40
−60
−80

T

2

T

3

0

0.5
time [s]

1

ω2

−0.2
−0.3

ω3
0

5

0.4

time [s]
(d)

10

15

|e1|

0.3

|e2|
|e3|

0.2
0.1
0

15

T1

ω1

−0.1

Tracking error [rad/s]

Control torque [Nm]

−100

0

Tracking error [rad/s]

−0.5

(b)

0.1

0

5

time [s]
(f)

10

0.3

15

|e1|
|e |
2

0.2

|e3|

0.1
0
0

0.2

0.4
time [s]

0.6

Fig. 2.4 Simulation results for the stabilization case example with the control gains tuned to
ensure robustness against bounded external disturbance and uncertain moments of inertia

The analytical upper bound is approximately 1.6 times the actual maximum torque. Here,

e1 ( t ) , e2 ( t ) and e3 ( t ) are guaranteed to decrease to values bounded by 0.0499, 0.0434
and 0.0390, respectively, as mentioned in Table 2.4 and the stability ensuring condition
given by Eq. (2.37), while considering the upper bound of the right hand side which is
given by its value at time t0 , becomes

e1 (t ) > 0.0499 − 0.00041168 ≅ 0.0495
e2 (t ) > 0.0434 − 0.00041168 ≅ 0.0430
e3 (t ) > 0.0390 − 0.00041168 ≅ 0.0386
76
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where (1 − λ ) (2 g ) ≅ 0.00041168 . The above stability related conditions allow for some
angular

velocity

and

attitude

0.05 < ei (t ) ≤ ωi + α tan −1 ( β qi )

convergence

errors.

The

condition

implies that if the attitude error qi is zero then the

angular velocity error ωi can be up to 0.05 rad.s-1 otherwise the maximum possible
attitude error qi comes out to be 0.0188. So, the overall attitude error is bounded by

(

2 sin −1 (q12 + q22 + q32 )1 2 = 2 sin −1 0.0188 3

)

≅ 3.73 deg and the overall angular velocity

error (ω12 + ω22 + ω32 )1/2 is bounded by 0.087 rad.s-1. Using bounds for ei ( t ) with i = 1, 2,3
given by Eq. (2.50), the overall attitude and angular velocity errors become 3.27 deg and
0.076 rad.s-1, respectively.
After tuning the gains s, α , β , g and η for minimizing the analytical bound for control
torque norm Tanalytical

while ensuring robustness against 20 percent variations in the

moments of inertia and external disturbance torque with the absolute values of the
components bounded above by 0.1732 Nm, the manoeuvre is actually subject to nonnominal moments of inertia in conjunction with the external disturbance torque. Here, Fig.
2.5 reports the simulation results for the case of constant external disturbance toque
(mentioned in Table 2.5) whereas Fig. 2.6 provides the same while considering the
disturbance as time varying (stated in Table 2.6). The non-nominal moments of inertia
considered for both the cases are mentioned in Table 2.5. The peak control torque and the
settling time performance parameters for both the cases are almost the same as for the
nominal case given in Table 2.4.
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Table 2.5 Stabilization Example Non-nominal Case with Constant External Disturbance
Torque

Parameter

Value

Units

J1a

8

kg.m2

J 2a

16.5

kg.m2

J 3a

24

kg.m2

109.41

N.m

max ( T

)

tsettling

[0.1728 0.2592 -0.3456]

steady state
value

0.000759

(a)

Angular velocity [rad/s]

q3
q4

0

5

time [s]
(c)

10

15

0
T1
T2

−50

T3
−100

0

5

time [s]
(e)

10

−20
−40

T

−60

T

−80

T

−100

1
2
3

0

0.5
time [s]

1

ω1

−0.1

ω2

−0.2
−0.3

ω3
0

5

0.4

time [s]
(d)

10

15

|e1|

0.3

|e2|
|e |

0.2

3

0.1
0

15

0

(b)

0

Tracking error [rad/s]

0

N.m

0.1

Tracking error [rad/s]

Attitude quaternion

q1

0.5

50

Control torque [Nm]

T

q2

−0.5

s

Td

1

Control torque [Nm]

8.978

0

5

time [s]
(f)

10

0.3

15

|e1|
|e |
2

0.2

|e3|

0.1
0
0

0.5
time [s]

1

Fig. 2.5 Simulation results for the stabilization case example under the action of constant
bounded external disturbance and non-nominal moments of inertia
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Table 2.6 Stabilization Example Non-nominal Case with Time Varying External Disturbance
Torque

Parameter

Value

Units

max ( T

109.41

N.m

9.087

s

)

tsettling

0.1728sin π t
Td

0.2592sin

π
3π
t+
2
2

3π
2
fluctuating between
0.0007 and 0.0017

0.3456sin 2π t +
steady state
value
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(a)

q3

0.5

q4
0

5

10
time [s]
(c)

15

0

20

T1
T2

−50

T3
−100

0

5

10
time [s]
(e)

15

T1

−50

T

2

T

3

−100

0

0.5
time [s]

0

1

ω1

−0.1

ω2
ω3

−0.2
−0.3

0

5

0.4

10
time [s]
(d)

15

20

|e1|

0.3

|e2|
|e3|

0.2
0.1
0

20

0

(b)

0.1

Tracking error [rad/s]

0

50

Control torque [Nm]

Angular velocity [rad/s]

q2

−0.5

Control torque [Nm]

q1

Tracking error [rad/s]

Attitude quaternion

1

0

5

10
time [s]
(f)

15

20

0.3

|e1|

0.2

|e3|

|e |
2

0.1
0
0

0.5
time [s]

1

Fig. 2.6 Simulation results for the stabilization case example under the action of time
varying bounded external disturbance and non-nominal moments of inertia
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2.5.2 Tracking Case
In this subsection, we carry out the numerical simulation of the tracking attitude
manoeuvre in order to demonstrate the proposed control law. The diagonal inertia matrix
of the spacecraft has the same values as used for the stabilization example. The open-loop
reference manoeuvre is a smoothed near-minimum-time manoeuvre starting at rest but
having a certain angular velocity at the end of the manoeuvre as desirable for landmark
tracking (Schaub, Robinett and Junkins, 1996; Robinett et al., 1997a, 1997b). It takes the
spacecraft from the 3-1-3 Euler angles (–20, 15 and 4 deg) or the unit attitude quaternion
qr (t0 ) = [0.1277 − 0.0271 − 0.1380 0.9818]T to the angles (40, 35 and 40 deg) or

qr (t f ) = [0.3007 0 0.6130 0.7306]T with a final body angular velocity ω r (t f ) = [0 1 0]T
deg/s (see Fig. 2.7). More complete details regarding the reference manoeuvre are
available in (Schaub, Robinett and Junkins, 1996). For the chosen manoeuvre, the upper
bounds for the absolute values of the reference angular velocity and angular acceleration
components are ξ = 1.7316 deg/s and γ = 0.0469 deg/s2, respectively, and the final
manoeuvre time is t f = 112 seconds. The initial attitude error in 3-1-3 Euler angles is
taken as (10, –20, 10 deg) resulting in the spacecraft initial attitude quaternion
q (t0 ) = [−0.0427 0.0091 0.0349 0.9984]T and the initial angular velocity error is chosen
to be (–2.5, 1.0 and 2.5 deg/s) leading to the initial spacecraft angular velocity

ω (t0 ) = [−2.5 1.0 2.5]T deg/s.
The abovementioned tracking manoeuvre is simulated using the proposed backstepping
control law given by Eq. (2.19) with the control gains s, α , β , g and η chosen by trial
and error. With the choice of the control gains mentioned in Table 2.7, the analytical upper
bound for the control torque norm Tanalytical , given by Eq. (2.26), is 7.1075 times bigger
than the peak Euclidean norm of the actual control torque from the simulation max ( T ) .
The simulation results are provided as Fig. 2.8. Here, the settling time tsettling is defined to
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(a)

Attitude quaternion

1
q1r

0.8

q2r

0.6

q3r

0.4

q4r

0.2
0
−0.2
0

20

40

60

80

100

(b)

Angular velocity [rad/s]

0.025
ω1r

0.02

ω2r

0.015

ω3r

0.01
0.005
0
−0.005

0

20

40

60

80

100

Fig. 2.7 Reference manoeuvre for the tracking case example
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(c)

−4

2

Angular acceleration [rad/s ]

x 10
4

ω̇1r

2

ω̇2r

0

ω̇3r

−2
−4
0

20

40

60

80

100

(d)
Control torque [Nm]

0.01
0.005
0

T1r

−0.005

T2r

−0.01

T3r
0

20

40

60
time [s]

80

100

Fig. 2.7 Reference manoeuvre for the tracking case example
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be the time at and after which the norm of the error states vector [σ vT , δω T ]T is bounded
by 1% error from the steady state being zero.
As for the stabilization case example, the same optimization problem is solved subject to

tsettling ≤ 13 seconds and the closed-loop dynamics. The values of the control gains given in
Table 2.7 are chosen as the starting guess. As a result of optimization, the values of the
gains converged to the ones presented in Table 2.8.
Figure 2.9(a–d) shows the simulation results for these converged values of the gains
employed in the controller given by Eq. (2.19).The conservativeness of the upper bound
Tanalytical is reduced from 7.1075 to 4.029 times bigger than the actual maximum Euclidean
norm max ( T

)

while significantly improving the settling time from 24.7576 to 13

seconds. Again, the optimized bound guarantees that the actual control torque never
exceeds the bound with the condition that ei (t0 ) is less than or equal to the value for the
current scenario.
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Table 2.7 Tracking Example Nominal Case by Trial and Error

Value

s

0.001

g

2

α

0.75

β

8

η

1

Tanalytical

28.3

N.m

3.982

N.m

24.76

s

max ( T

)

tsettling

σ1

0.8

σ

2

0.6

σ

3

0.4

σ4

0.2
0
−0.2

Control torque [Nm]

0

10

20
time [s]
(c)

30

40

1
0

T1

−1

T

2

−2

T3

−3
0

10

20
time [s]

30

40

Units

(b)

δω

1

0.04

δω

2

0.02

δω3

0
−0.02
−0.04

Tracking error [rad/s]

Attitude quaternion error

(a)

Angular velocity error [rad/s]

Parameter

0

10

20
time [s]
(d)

30

40

0.04

|e1|

0.03

|e |

0.02

|e3|

2

0.01
0

0

10

20
time [s]

30

40

Fig. 2.8 Simulation results for the tracking case example with the control gains tuned by trial
and error
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Table 2.8 Tracking Example Nominal Case with Minimized Analytical Bound for Control
Torque Norm

Value

s

0.1673

g

12.1032

α

0.2277

β

20.9253

η

4

Tanalytical

7.2799

N.m

1.8069

N.m

13

s

max ( T

)

tsettling

σ

1

0.8

σ

2

0.6
0.4

σ3

0.2

4

σ

0
−0.2

Control torque [Nm]

0

5

10
15
time [s]
(c)

20

25

0.5
0

T

1

−0.5

T

2

−1

T

3

−1.5
0

50
time [s]

Units

δω1
δω

2

δω

3

0

−0.05

0

5

0.08

10
15
time [s]
(d)

20

25

|e1|

0.06

|e |
2

|e |

0.04

3

0.02
0

100

(b)

0.05

Tracking error [rad/s]

Attitude quaternion error

(a)

Angular velocity error [rad/s]

Parameter

0

5

10
15
time [s]

20

25

Fig. 2.9 Simulation results for the tracking case example with the control gains optimized for
the minimum analytical bound of control torque norm
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Now, we consider the ongoing tracking case numerical example in conjunction with 20
percent uncertainty in the moments of inertia with respect to their nominal values. Such
perturbation in the moments of inertia is quantified as λ = 0.2 . As for the case of attitude
stabilization example in the previous subsection, we consider the presence of external
disturbance torque with upper bounds for its components as Di = 0.1732 Nm for i = 1, 2,3 .
As before, we solve the aforementioned optimization problem subject to tsettling ≤ 19.027
seconds,

(1 2 + Θ ( e ( t ) ) )
i

0

g ≤ 0.01 for i = 1, 2,3 and the closed-loop dynamics. The

values of the gains mentioned in Table 2.7 are used as the starting guess. The optimized
values of the gains s, α , β , g and η are given in Table 2.9 which also presents the
resulting

Tanalytical and max ( T

)

being about 16 Nm and 13.8 Nm, respectively. The

analytical upper bound is approximately 1.6 times the actual maximum torque. Here,

e1 ( t ) , e2 ( t ) and e3 ( t ) are guaranteed to decrease to values bounded by 0.01, 0.0089
and 0.0073, respectively, as mentioned in Table 2.9 and the stability ensuring condition
given by Eq. (2.37), while considering the upper bound of the right hand side which is
given by its value at time t0 , becomes

e1 (t ) > 0.01 − 0.00047942 ≅ 0.0095
e2 (t ) > 0.0089 − 0.00047942 ≅ 0.0084

(2.51)

e3 (t ) > 0.0073 − 0.00047942 ≅ 0.0068
where (1 − λ ) (2 g ) ≅ 0.00047942 . The above stability related conditions allow for some
angular

velocity

and

0.01 < ei (t ) ≤ δωi + α tan −1 ( βσ i )

attitude

tracking

errors.

The

condition

implies that if the attitude error σ i is zero then the

angular velocity error δωi can be up to 0.01 rad.s-1 and otherwise the maximum possible
attitude error σ i comes out to be 0.0195. So, the overall attitude error is bounded by
2 sin −1 (σ 12 + σ 22 + σ 32 )1 2

(

= 2 sin −1 0.0195 3

)

≅ 3.87 deg and the overall angular

velocity error (δω12 + δω22 + δω32 )1/2 is bounded by 0.0173 rad.s-1. Using bounds for ei ( t )
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with i = 1, 2,3 given by Eq. (2.51), the overall attitude and angular velocity errors become
3.13 deg and 0.0144 rad.s-1, respectively.
Fig. 2.10 provides the results of nominal attitude tracking manoeuvre employing the gains

s, α , β , g and η tuned for minimizing the analytical bound for control torque norm
Tanalytical while ensuring robustness against 20 percent variations in the moments of inertia
and external disturbance torque with the absolute values of the components bounded above
by 0.1732 Nm. Then, the tracking manoeuvre is undergone under the action of same nonnominal moments of inertia and the external disturbance torques as for the case of attitude
stabilization numerical example. The simulation results for the case of constant external
disturbance toque are given as Fig. 2.11 and the manoeuvre details while considering the
disturbance as time varying are presented as Fig. 2.12. The peak control torque and the
settling time performance parameters for both the kinds of external disturbance are almost
the same as for the nominal case given by Table 2.9.
Table 2.9 Tracking Example Nominal Case with Minimized Analytical Bound for Control
Torque Norm while Robustness Ensured

Parameter

Value

s

0.0279

g

834.3461

α

0.6923

β

29.2698

η

10

Tanalytical

16.061

N.m

13.7568

N.m

tsettling

19.0267

s

λ

0.2

Di

0.0216

max ( T

)

(1 2 + Θ ( e ( t ) ) )
(1 2 + Θ ( e ( t ) ) )
(1 2 + Θ ( e ( t ) ) )
1

0

g

0.01

2

0

g

0.0089

3

0

g

0.0073
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Table 2.11 Tracking Example Non-nominal Case with Time Varying External Disturbance
Torque

Parameter

steady state
value

19.145
fluctuating between 0.002
and 0.003

s

σ1
σ

2

σ3

0.5

σ

4

0

0

10

10

time [s]
(c)

20

30

0
T1
T2

−10

T

3

−20

0

10

time [s]
(e)

20

0
T

1

−5

T2

−10
−15

T3
0

0.5
1
time [s]

2

δω3
0

−0.05

1.5

0

10

0.08

time [s]
(d)

20

30

|e |
1

0.06

|e2|
|e3|

0.04
0.02
0

30

5

δω1
δω

Tracking error [rad/s]

−0.5

(b)

0.05

Tracking error [rad/s]

Attitude quaternion

N.m

(a)

1

Control torque [Nm]

13.7568

)

tsettling

Control torque [Nm]

Units

Angular velocity [rad/s]

max ( T

Value

0

10

time [s]
(f)

20

30

|e |
1

0.06

|e2|

0.04

|e3|

0.02
0
0

0.5
1
time [s]

1.5

Fig. 2.12 Simulation results for the tracking case example under the action of time varying
bounded external disturbance and non-nominal moments of inertia
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Chapter 3

3 Spacecraft

Constrained

Slew

Manoeuvres with Bounded Control
Torque
In previous chapter, we have studied an inverse tangent-based nonlinear tracking function
for the spacecraft attitude stabilization and tracking control problems. In this chapter we
explore another nonlinear tracking function which accommodates the avoidance of
pointing constraints for the spacecraft while undergoing large angle slew manoeuvres. First
section briefly describes the pointing constraints in the context of spacecraft large angle
slew manoeuvres. Then, the attitude stabilization specialization of the methodology of
Chapter 2 is blended with the artificial potential function method for the incorporation of
capability of avoiding the pointing constraints while undergoing the said manoeuvres.
Gaussian function based repulsive potential is used for the construction of an artificial
potential function. Next, the proposed methodology is explored for robustness against
bounded external disturbance torque and prescribed uncertainties in the spacecraft
moments of inertia. Here, the stability and control torque bound-related conditions for the
non-nominal case are developed for the constrained attitude slews. Finally, the
92

CHAPTER 3: SPACECRAFT CONSTRAINED SLEW MANOEUVRES WITH BOUNDED CONTROL TORQUE

effectiveness of the proposed methodology is established by the numerical simulations.
Some of the results reported in this chapter have been published in (Ali and Radice, 2008).

3.1 Pointing Constraint Avoidance
The attitude stabilization specialization of the methodology of the previous chapter will be
extended here to include potential shaping for avoiding undesired attitudes. The proposed
solution can be used for spacecraft large angle slew manoeuvres without directing the
spacecraft payload along the undesired directions. The undesired directions, also called
pointing constraints, can be represented by the unit quaternions which describe the
inadmissible attitudes relative to the inertial frame N (McInnes, 1994). The Lyapunov
function of the previous chapter employed for the kinematics subsystem stabilization is
modified by artificially superimposing on it regions of high potential around the undesired
orientations. The resulting function is called artificial potential function. If the inadmissible
attitude to be avoided by the body frame B is represented relative to the inertial frame N by
the quaternion qc = [qcTv , qc 4 ]T where qcv = [qc1 , qc 2 , qc 3 ]T then, for the principal-axis frame
P, it can be transformed to one that is represented with respect to the inertial frame N (as

defined in Section 2.4 of Chapter 2) by the quaternion qc = [qcTv , qc 4 ]T

with

qcv = [qc1 , qc 2 , qc 3 ]T where qcv = Sqcv and qc 4 = qc 4 . The orientation of the principal-axis
frame P with respect to the transformed inadmissible attitude is given by the quaternion
b = [bvT , b4 ]T , bv = [b1 , b2 , b3 ]T as
bv = qc 4qv − q4qcv − qcv × qv

(3.1)

b4 = qcTvqv + qc 4 q4

(3.2)

The separation of the spacecraft payload axis from the inadmissible direction is denoted by
the angle ∆θ that is written as
∆θ = 2sin −1 (bvT b)1 2
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Moreover, the constraint on the admissible attitudes is assumed to be fixed with respect to
the inertial space and the time rate of change of b = [bvT , b4 ]T can be written as
1
bv = (b4ω − ω × bv )
2

(3.4)

1
b4 = − ω T bv
2

(3.5)

3.2 Control Design and Torque Bound
The artificial potential function for the kinematics subsystem stabilization is chosen to be
the sum of attractive and repulsive potentials V and Vr, respectively, as

W = V + Vr

(3.6)

where the attractive part is given as

V=

1
2

q12 + q22 + q32 + (1 − q4 )2

(3.7)

and the repulsive part Vr, which the avoidance of the undesired attitude qc = [qcTv , qc 4 ]T is
attributed to, is chosen here to be a Gaussian function as follows

(

Vr = A exp − 12 B b12 + b22 + b32 + (1 − b4 )2

)

(3.8)

where the components of the unit quaternion b are given by Eqs. (3.1) and (3.2) and A and

B are the positive constants shaping the repulsive potential topology. The choice of the
Gaussian functions for artificially raising the potential for the regions around the undesired
attitudes has the advantages of being free of singularities, resulting in bounded controls and
decaying rapidly away from the inadmissible attitudes (McInnes, 1994). However, the
Gaussian functions displace the minimum of the attractive potential by a small amount and
such superpositions of the attractive and repulsive potentials may lead to the introduction
of local minima which may cause the spacecraft to converge towards the attitudes other
than the desired one (McInnes, 1994). For simpler superpositions as considered here,
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however, the local minima happen to be unstable saddle points (McInnes, 1994). The
artificial potential function W is continuously differentiable and zero at the equilibrium
point qv = 0 and q4 = 1 . The time derivative of the potential function W given by Eq. (3.6)
comes out to be

W=

1
2

3

( qi − BVr bi ) ωi

i =1

(3.9)

For stabilizing the kinematics subsystem, the pseudo control input, ωis , is based on a
nonlinear tracking function φ (q) = [φ1 (q),φ2 (q ),φ3 (q)]T as follows

ωis = − sφi (q)

(3.10)

where s is a positive constant and the nonlinear tracking function φi (q) is given by

φi (q) = qi − BVr bi

(3.11)

With the mentioned choice for the pseudo control, the time derivative of the artificial
potential function W given by Eq. (3.9) becomes

W = − 12 s

3
i =1

( qi − BVr bi )

2

(3.12)

which is negative semi-definite with respect to the chosen equilibrium point. Next, the
function W is augmented with the dynamics part of the system as follows (Mazenc and
Iggidr, 2004)

U = W + 12

3
i =1

Ω(ωi ) − Ω(ωis )

2

(3.13)

where Ω(⋅) is a class κ ∞ function that is defined to be zero at zero, strictly increasing and
becomes unbounded as its argument does so (Mazenc and Iggidr, 2004). The derivative of
the overall potential function U with respect to time comes out to be
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U=
=

1
2

1
2

3
i =1
3
i =1

(qi − BVr bi )ωi +
(qi − BVr bi )ωis +

3

Ω(ωi ) − Ω(ωis )

i =1
3
i =1

1
2

Ω′(ωi )ωi − Ω′(ωis )ωis

(qi − BVr bi )(ωi − ωis ) +
Ω′(ωis )ωis

= − 12 s

3
i =1

(qi − BVr bi ) 2 +

3

1
2

i =1

3

Ω′(ωi )( piω jωk + ui ) −

i =1

Ω(ωi ) − Ω(ωis )

(3.14)

(qi − BVr bi ) + Ω′(ωi )( piω jωk + ui ) −

Ω′(ωis )ωis

Ω(ωi ) − Ω(ωis )
(ωi − ωis )
s
ωi − ωi

(

)

Ω(ωi ) − Ω(ωis ) / ωi − ωis ≠ 0 and Ω′( x) denotes the

where Ω( x) is selected so that

derivative of Ω( x) with respect to x. In order to make the time derivative of U equal to the
following

U = − 12 s

3
i =1

(qi − BVr bi )2 − g

3
i =1

(ωi − ωis ) 2

(3.15)

the backstepping controller comes out to be

ui =

ωi − ωis
1
−
Ω′(ωi ) Ω(ωi ) − Ω(ωis )

1
2

(qi − BVr bi ) + g (ωi − ωis ) + Ω′(ωis )ωis − piω jωk
(3.16)

for (i, j , k ) ∈ Id , where g is a positive constant. Now, for the closed loop system, the
attitude stabilization control objective limt →∞ [ qv (t ), ω (t ) ] = 0 is obtained ‘almost’ globally
asymptotically as mentioned in Chapter 2 provided that qi (t ) ≠ BVr (t )bi (t ) ∀t ∈ [t0 , ∞) as
Eq. (3.15) is negative semi-definite. Note that by equating Eqs. (3.14) and (3.15) we can
find the time derivative of U − W as given below which is subject to the condition that the
control input is given by Eq. (3.16):

d
dt

(

1
2

Ω(ωi ) − Ω(ωis )

2

) = − g (ω − ω ) −
i

for i = 1, 2,3 .
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Again, we choose a simple form of class κ ∞ function as Ω(ωi ) = ηωi with η > 0 , which

(

)

Ω(ωi ) − Ω(ωis ) / ωi − ωis = η ≠ 0 ,

satisfies the condition

for i = 1, 2,3 . Then, the

control input is rewritten as follows:
ui = −

1

η

2

1
2

( qi − BVr bi ) + g (ωi − ωis ) − 12 s

q4 − (b4 − Bbi2 ) BVr ωi +

(3.18)

− qk − ( −bk − Bbi b j ) BVr ω j + q j − (b j − Bbi bk ) BVr ωk − piω jωk

for (i, j , k ) ∈ Id . Defining e = [e1 , e2 , e3 ]T where ei ≡ ωi − ωis for i = 1, 2,3 , the above
equation can be written as

ui = −

1

η

2

[ 12 (qi − BVr bi ) + gei ] − 12 s

q4 − (b4 − Bbi2 ) BVr (ei + ωis ) +

− qk − (−bk − Bbi b j ) BVr (e j + ω sj ) + q j − (b j − Bbi bk ) BVr (ek + ωks ) − (3.19)

pi (e j + ω sj )(ek + ωks )
As qi ≤ 1 , bi ≤ 1 , Vr ≤ Vr and ωis ≤ s (1 + BVr ) for i = 1, 2,3 , the control torque bound is
derived using the triangle inequalities as follows:

ui ≤

1

η

2

(

1
2

(

qi − BVr bi + g ei ) + 12 s q4 − (b4 − Bbi2 ) BVr ei + ωis +

)

− qk − (−bk − Bbi b j ) BVr e j + ω sj + q j − (b j − Bbi bk ) BVr ek + ωks +
pi (e j + ω sj )(ek + ωks )
≤

1

η2

1
2

(1 + BVr ) + g ei + 12 s 1 + (1 + B) BVr

ei + s (1 + BVr ) +
(3.20)

1 + (1 + B) BVr

e j + s (1 + BVr ) + 1 + (1 + B) BVr

ek + s (1 + BVr )

+

pi e j ek + e jωks + ω sj ek + ω sj ωks
≤

1

η

2

1
2

(1 + BVr ) + g ei + 12 s 1 + (1 + B ) BVr

{

pi e j ek + s (1 + BVr ) e j + ek + s (1 + BVr )
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for (i, j , k ) ∈ Id . Here, Vr is the lower bound of Vr corresponding to the minimum value of
the separation angle ∆θ acquired during a constrained slew manoeuvre. Rearranging the
terms, the above inequality becomes

(

)

ui ≤ k1i + k2 ei + k3i e j + ek + pi e j ek

(3.21)

for (i, j , k ) ∈ Id , where the constants k1i , k2 and k3i are
1
(1 + BVr ) + 32 s 2 1 + (1 + B) BVr (1 + BVr ) + pi s (1 + BVr )
2η 2
g
k2 = 2 + 12 s 1 + (1 + B ) BVr

k1i =

η

k3 i = s

1
2

2

(3.22)

1 + (1 + B) BVr + pi (1 + BVr )

However, the angular velocity error ei (t ) , for i = 1, 2,3 , is unknown in Eq. (3.21). Hence,
Eq. (3.21) does not provide any useful information about the control torque bound. To
obtain the bound for the angular velocity error, recall Eq. (3.17) with Ω(ωi ) = ηωi for
i = 1, 2,3 . Then,

η2

d 1 2
2
1
(
2 ei ) = − gei − 2 ( qi − BVr bi )ei
dt

(3.23)

for i = 1, 2,3 . Eq. (3.23) implies that if ei > qi − BVr bi / (2 g ) , then ei is guaranteed to be
decreasing to a certain value that is bounded by (1 + BVr ) / (2 g ) .

Therefore, ei is

bounded by the following inequality:
ei ( t ) ≤ max ei (t0 ) , (1 + BVr ) / (2 g )

(3.24)

for all t in [t0 , ∞ ) for i = 1, 2,3 , where t0 is the initial time and max( , ) is the function
whose value is the maximum of two arguments .
Finally, Eq. (3.21) is used to calculate the bounds of the controls ui and the control torque
is bounded by
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(

)

Ti ≤ J i k1i + k2 ei ( t ) + k3i e j ( t ) + ek ( t ) + pi e j ( t ) ek ( t )

(3.25)

for (i, j , k ) ∈ Id where ei (t ) for i = 1, 2,3 follows from the inequality (3.24). Also, the
minimum value of the bound for Ti which can be identified by Eq. (3.25) comes out to be

J i k1i +

1 + BVr
1 + BVr
k2 + 2k3i +
pi
2g
2g

The control torque components bounds provided by Eq. (3.25) can be used to calculate the
bound for Euclidean-norm T . Moreover, the direction cosine matrix S mentioned in the
previous chapter can be used to calculate TB from T however this transformation does not
affect the bound for the Euclidean-norm of control torque.

3.3 Robustness Analysis
As considered in Chapter 2 for the case of unconstrained spacecraft attitude manoeuvres,
this section explores the spacecraft constrained slew manoeuvres control for robustness
against the uncertainties in the spacecraft nominal moments of inertia and the existence of
external disturbances (Kim and Kim, 2003; Wu, Cao and Li, 2009). In order to evaluate the
control law given by Eq. (3.16) for said robustness, the non-nominal moments of inertia
J ia and the external disturbance torque components Ti d where i = 1, 2,3 are incorporated in
the time derivative of the Lyapunov function U to get
U=

1
2

=− s
1
2

3
i =1

3
i =1

(qi − BVr bi )ωi +
(qi − BVr bi ) +
2

3
i =1

3
i =1

Ω(ωi ) − Ω(ωis ) Ω′(ωi )ωi − Ω′(ωis )ωis
1
2

(qi − BVr bi ) + Ω′(ωi )( piaω jωk +

Ω′(ωis )ωis

Ji
Ti d
ui + a ) −
J ia
Ji

Ω(ωi ) − Ω(ωis )
(ωi − ωis )
s
ωi − ωi

Substituting the control law ui given by Eq. (3.16) in the above equation we get
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U = − 12 s

(

3
i =1

)

i

J ia

)

1
2

Ω′(ωi )

i =1

(p

a
i

)

− pi J i J ia ω jωk + Ti d J ia +

Ω(ωi ) − Ω(ωis )
+
ωi − ωis

J i J ia − 1 Ω′(ωis )ωis

(1 − J

3

(qi − BVr bi ) 2 +

(

(3.27)

)

(qi − BVr bi ) − J i J ia g (ωi − ωis ) (ωi − ωis )

For Ω( x) = η x , the above equation becomes

U = − 12 s

3
i =1

(qi − BVr bi ) 2 +

)

3

η2

i =1

(J

i

J ia − 1 ωis + 1 − J i J ia

(

)

(J

i

J ia g (ωi − ωis ) (ωi − ωis )

1
2

(p

a
i

)

− pi J i J ia ω jωk + Ti d J ia +

(qi − BVr bi ) −

(3.28)

)

The condition for the above expression to be negative comes out to be

(J

i

)

(

J ia g ωi − ωis > 1 − J i J ia

(

)

1
2

(qi − BVr bi ) + η 2

(p

a
i

)

− pi J i J ia ω jωk +
(3.29)

)

Ti d J ia + J i J ia − 1 ωis

or

(

)

g ωi − ωis > J ia J i − 1 12 (qi − BVr bi ) + η 2
Ti

d

(

Ji + 1 − J

a
i

)

(p

a
i

)

J ia J i − pi ω jωk +
(3.30)

Ji ω

s
i

for i = 1, 2,3 . For the bound of the right hand side term of the above inequality we can
write
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(J

)

Ji − 1

a
i

(1 − J

1
2

(qi − BVr bi ) + η 2

(p

a
i

)

J ia J i − pi ω jωk + Ti d J i +

)

J i ωis

a
i

≤ 12 λ (1 + BVr ) + η 2 [λ ( J j + J k ) J i ] (e j + ω sj )(ek + ωks ) + Ti d J i +

λ ωis

(3.31)

≤ 12 λ (1 + BVr ) +

{

)}

(

η 2 [λ ( J j + J k ) J i ] e j ek + s(1 + BVr ) e j + ek + s(1 + BVr ) + Di J i +
1
2

{

}

λ s {1 + (1 + B) BVr } ei + e j + ek + 3s(1 + BVr )

where J ia J i − 1 ≤ λ , pia J ia J i − pi ≤ λ ( J j + J k ) J i and Ti d ≤ Di for i = 1, 2,3 . So, a
conservative version of the condition given by inequality (3.30) can be found as
g ei (t ) > 12 λ (1 + BVr ) + Θi ( e ( t ) )

(3.32)

where
Θi ( e ( t ) ) = η 2 Di J i + [λ ( J j + J k ) J i ] e j ( t ) ek ( t ) +

(

s (1 + BVr ) e j ( t ) + ek ( t ) + s (1 + BVr )
1
2

)

+

(3.33)

{

}

λ s {1 + (1 + B) BVr } ei ( t ) + e j ( t ) + ek ( t ) + 3s(1 + BVr )

for (i, j , k ) ∈ Id . Further, in this case Eq. (3.23) takes the form

η2

d
dt

(

Ti

d

1
2

)

(

)

ei 2 = − J i J ia [ gei + 12 (qi − BVr bi )] + η 2

(

a
i

)

a
i

)

− pi J i J ia ω jωk +
(3.34)

J + Ji J −1 ω
a
i

(p

s
i

ei

for i = 1, 2,3 . The above equation implies that the condition
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g ei (t ) > 12 (1 + BVr ) + Θi ( e ( t0 ) )
ensures

ei (t )

to

(1 2(1 + BV ) + Θ ( e ( t ) ) )
r

i

0

decrease

to

a

certain

(3.35)

value

that

is

bounded

by

g where Θi ( e ( t0 ) ) is calculated using Eq. (3.33). Therefore,

ei is bounded by the following inequality:

(

)

ei ( t ) ≤ max ei (t0 ) , 1 + BVr + 2Θi ( e ( t0 ) ) (2 g )

(3.36)

for i = 1, 2,3 with t ∈ [t0 , ∞ ) . Again, the bound for the control torque components is given
by Eq. (3.25) but now ei (t ) for i = 1, 2,3 follows from the inequality (3.36) rather than the
inequality (3.24). Also, the minimum value of the bound for Ti which can be identified by
Eq. (3.25) comes out to be

J i k1i +

1 + BVr + 2Θi ( e ( t0 ) )
2g

k2 + 2k3i +

1 + BVr + 2Θi ( e ( t0 ) )
2g

pi

(3.37)

3.4 Numerical Simulation
In this section, we carry out the numerical simulation of a constrained slew manoeuvre in
order to demonstrate the proposed backstepping based developments of the previous two
sections. The simulation scenario considered by Krsti and Tsiotras (1999) and Kim and
Kim (2003) is again used for this purpose in conjunction with a forbidden or obstacle
attitude given by the unit quaternion qc = [0.2 0.1 0.3 0.9274]T . The prescribed
minimum separation of the spacecraft attitude from the inadmissible one is chosen to be
∆θ = 10 deg . The initial conditions and the nominal values of moments of inertia for the
scenario are the same as given in Table 2.1. For the sake of comparison, the values of the
gains s, g and η are also adopted from Table 2.1. Without the avoidance of obstacle
attitude incorporated with the help of repulsive potential, the minimum separation angle

min ( ∆θ ) comes out to be about 4 deg violating the prescribed minimum value.
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Incorporating the obstacle avoidance capability, the gains A and B are tuned by trial and
error as mentioned in Table 3.1 so that the prescribed obstacle separation specification is
achieved. The simulation results for the chosen values of the gains are provided as Fig. 3.1.
For these values of the gains, the analytical bound for the control torque norm comes out to
be unreasonably high. This is caused by a high value of the gain B as square and cube of
this gain are involved in the calculation of analytical bound for control torque norm, an
issue being typical of the Gaussian function based repulsive potential for the spacecraft
slew manoeuvre problem with unit quaternion used as attitude parameterization. The short
settling time is another reason for the high control torque bound as the gains become large
to achieve that specification.

Table 3.1 Constrained Slew Manoeuvre Nominal Case by Trial and Error

Parameter

Value

s

1

g

10

η

3.5196

A

0.033

B

150

min ( ∆θ )

10

deg

Tanalytical

1.66e7

N.m

14.41

N.m

11.67

s

max ( T
tsettling

)
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q

2

q3

0.5

q4
0

0

5

time [s]
(c)

10

T3

0
−5
−10
10

0

5

time [s]

ω

−0.4

3

0

15

50

0

2

Potential function W

100

1

ω

5

T1

5

time [s]
(e)

ω

−0.2

15
T2

5

0

Tracking error [rad/s]

Attitude quaternion
Control torque [N.m]

q1

0

∆θ [deg]

(b)

Angular velocity [rad/s]

(a)

1

10

15

time [s]
(d)

10

0.8

15

|e1|

0.6

|e |
2

|e3|

0.4
0.2
0

0

5

0

5

time [s]
(f)

10

15

10

15

0.6
0.4
0.2
0

time [s]

Fig. 3.1 Simulation results for the constrained slew manoeuvre example with the control
gains tuned by trial and error

A larger value of the settling time may result in the smaller values for the gains s, g and η
to the extent that the high value of B is also compensated for and the bound Tanalytical
becomes acceptably small. In anticipation of this fact, all the five parameters in the bound,
i.e. s, A, B, g, and η are simultaneously tuned for lowering the bound by setting up the
following optimization problem which is solved using sequential quadratic programming
(SQP):

min

s > 0.01, A > 0.01, B >100.0, g > 0.1, η > 0.5
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The problem is subject to tsettling ≤ 47 seconds, ∆θ ≥ 10 deg and the closed loop
differential equations, where Tanalytical is the analytical upper bound given by Eq. (3.25).
The lower bounds of all the gains are selected as mentioned because values of these
parameters, smaller than this, would hardly achieve the given specifications of the closed
loop response. Starting from the values of the gains given in Table 3.1 as the initial guess
the above optimization problem is solved using SQP. The converged values of the
parameters s, A, B, g and η are given in Table 3.2. The resulting
Nm whereas the corresponding max ( T

)

Tanalytical is about 175

is 4.36 Nm. So, a sacrifice of the settling time

performance from around 12 to 47 seconds has resulted in a reasonable value for Tanalytical
despite the high value of the gain B, being 100. Fig. 3.2 shows the simulation results for
the converged values of the gains employed in the controller given by Eq. (3.18). Again,
the optimized bound guarantees that the actual control torque never exceeds the bound
with the condition that ei (t0 ) is less than or equal to the value for the current scenario. As
we used a simple local optimization algorithm, the bound may also be improved further
with some global optimization techniques.

Table 3.2 Constrained Slew Manoeuvre Nominal Case with Minimized Analytical Bound for
Control Torque Norm

Parameter

Value

s

0.01

g

2.5515

η

1.4305

A

0.04652

B

100

min ( ∆θ )

10

deg

Tanalytical

175.28

N.m

4.3657

N.m

47

s

max ( T
tsettling

)
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(a)

q2
q3
q4

0

10

2

20
30
time [s]
(c)

40

T1
T

2

−4
−6

T3
0

10

40

−0.1

ω2

−0.15

ω3

−0.2

0

10

20
30
time [s]

40

50

1

0

10

0.2

20
30
time [s]
(d)

40

50

|e1|

0.15

|e2|
|e |

0.1

3

0.05

50

50

0

ω

Potential function W

20
30
time [s]
(e)

−0.05

50

0
−2

0

Tracking error [rad/s]

Control torque [N.m]

0

100
∆θ [deg]

1

0.5

−0.5

(b)

q

Angular velocity [rad/s]

Attitude quaternion

1

0

0

10

20
30
time [s]
(f)

40

50

0

10

20
30
time [s]

40

50

0.8
0.6
0.4
0.2
0

Fig. 3.2 Simulation results for the constrained slew manoeuvre example with the control
gains optimized for the minimum analytical bound of control torque norm

As for the case of unconstrained attitude manoeuvre examples in Chapter 2, we augment
the ongoing numerical example of constrained slew manoeuvre considering uncertain
variations in the spacecraft nominal moments of inertia and the presence of external
disturbance torque. As before, we consider the numerical example with 20 percent
uncertain variation in the moments of inertia with respect to their nominal values and for
this perturbation we have to set λ = 0.2 . Similarly, external disturbance torque is assumed
to be present with bounds Di = 0.1732 Nm for i = 1, 2,3 . Next, we solve the optimization
problem:
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min

s > 0.01, A > 0.01, B >50, g > 5.0, η > 0.5

subject to tsettling ≤ 180 seconds,

Tanalytical

( (1 + BV ) 2 + Θ ( e ( t ) ) )
r

i

0

g ≤ 0.0027 for i = 1, 2,3 and the

closed-loop dynamics. The values of the gains mentioned in Table 3.2 are used as the
starting guess. The optimized values of the gains s, A, B, g and η are given in Table 3.3
Tanalytical and max ( T

which also presents the resulting

)

being about 499.98 Nm and

428.32 Nm, respectively. The analytical upper bound is approximately 1.17 times the
actual maximum torque. Here, e1 ( t ) , e2 ( t ) and e3 ( t ) are guaranteed to decrease to
values bounded by 0.0027, 0.00267 and 0.00265, respectively, as mentioned in Table 3.3
and the stability ensuring condition given by Eq. (3.32), while considering the upper bound
of the right hand side which is given by its value at time t0 , becomes
e1 (t ) > 0.0027 − 0.0013 = 0.0014
e2 (t ) > 0.00267 − 0.0013 = 0.00137

(3.38)

e3 (t ) > 0.00265 − 0.0013 = 0.00135
where (1 − λ ) (1 + BVr ) (2 g ) ≅ 0.0013 . The above stability related conditions allow for
some

angular

velocity

and

attitude

convergence

errors.

The

condition

0.0014 < ei (t ) ≤ ωi + s ( qi − BVr bi ) implies that if the attitude error qi is zero then the
angular velocity error ωi can be up to 0.0014 rad.s-1 otherwise the maximum possible
attitude error qi comes out to be 0.0262. So, the overall attitude error is bounded by
2 sin −1 (q12 + q22 + q32 )1 2

(

= 2 sin −1 0.0262 3

)

≅ 5.2 deg and the overall angular velocity

error (ω12 + ω22 + ω32 )1/2 is bounded by 0.0024 rad.s-1. Using bounds for ei ( t ) with
i = 1, 2,3 given by Eq. (2.50), the overall attitude and angular velocity errors become 5.11
deg and 0.00238 rad.s-1, respectively.
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Table 3.3 Constrained Slew Manoeuvre Nominal Case with Minimized Analytical Bound for
Control Torque Norm while Robustness Ensured

Parameter

Value

s

0.053321

g

1000.1

η

1.4616

A

0.046043

B

62.133

min ( ∆θ )

10

deg

Tanalytical

499.98

N.m

428.32

N.m

tsettling

180

s

λ

0.2

Di for i = 1, 2,3

0.1732

max ( T

)

( (1 + BV ) 2 + Θ ( e ( t ) ) )
( (1 + BV ) 2 + Θ ( e ( t ) ) )
( (1 + BV ) 2 + Θ ( e ( t ) ) )
r

i

0

g

0.0027

r

i

0

g

0.00267

r

i

0

g

0.00265
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Fig. 3.3 Simulation results for the constrained slew manoeuvre example with the control
gains optimized for the minimum analytical bound for control torque norm while ensuring
robustness against bounded external disturbance and uncertain moments of inertia

After tuning the gains s, α , β , g and η for minimizing the analytical bound for control
torque norm Tanalytical

while ensuring robustness against 20 percent variations in the

moments of inertia and external disturbance torque with the absolute values of the
components bounded above by 0.1732 Nm, the manoeuvre is actually subject to same nonnominal moments of inertia in conjunction with the time varying external disturbance
torque as considered for the spacecraft attitude manoeuvres numerical examples of Chapter
2 and the simulation results are reported in Fig. 3.4 and Table 3.4. The peak control
torque, the settling time and the minimum constraint separation angle performance
parameters in this case are almost the same as those for the nominal case given in Table
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3.3. A higher control torque rate at the start is a common element among the manoeuvres,
reported here as well as in Chapter 2, for which the control gains have been tuned for
minimizing the analytical bound of the control torque norm. This observation is specially
pronounced for the manoeuvres reported in Figs. 3.3 and 3.4. It identifies the need of also
addressing the control torque rate saturation.
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Fig. 3.4 Simulation results for the constrained slew manoeuvre example under the action of
time varying bounded external disturbance and non-nominal moments of inertia
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Table 3.4 Constrained Slew Manoeuvre Non-nominal Case with Time Varying External
Disturbance Torque

Parameter

Value

Units

max ( T

428.32

N.m

tsettling

180.1

s

min ( ∆θ )

9.9998

deg

)
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Chapter 4

4 Spacecraft Rapid Slew Manoeuvres
Using Control Moment Gyros
In the previous two chapters upper bounds for the control torque components are
formulated analytically as a function of the initial attitude and angular velocity errors and
the typical gains involved in the integrator backstepping based nonlinear control design
procedure. Compensating the control torque saturation in this way prohibits the
exploitation of the full availability of the control input space due to excessive detuning
(Mulder, Tiwari and Kothare, 2009). In this chapter, we intend to explore the idea of
undergoing rapid large angle reorientation manoeuvres by tracking the commanded angular
momentum with the help of a cluster of four single gimbal CMGs in a pyramid
configuration. The proposed formulation not only avoids the saturation of the angular
momentum input from the CMG cluster but also exploits its maximum value along the
direction of the commanded angular momentum for the major part of the manoeuvre. First
section summarises the dynamics of the rigid spacecraft equipped with the said CMG
cluster. Next section introduces the concept of gimbal rate command-based steering law
for the CMG cluster. In the following section, the idea of steering the CMG cluster using a
gimbal position command is presented. It also details a gimbal position steering logic for a
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pyramid-type cluster of four single gimbal CMGs. Subsequently, a novel gimbal position
steering law is proposed which exploits the maximum angular momentum deliverable by
the CMG cluster corresponding to the direction of the commanded angular velocity for the
major part of the spacecraft reorientation manoeuvre. The chapter ends with the section
reporting the numerical simulation results that employ the proposed algorithm of the
previous section for the generation of gimbal position command. The obtained results are
also compared with some benchmark results in the literature for proving the significance of
the proposed gimbal position steering logic. Some of the results reported in this chapter
have been published in (Avanzini, Radice and Ali, 2009).

4.1 Attitude Motion of Rigid Spacecraft Equipped with
CMGs
If the rigid spacecraft is equipped with a cluster of CMGs then the rotational equation of
motion given by Eq. (2.3) can be written as (Wie, 1998)

( J ω + h) + ω × ( J ω + h) = T
B

B

d

(4.1)

where JB is the body frame B referenced positive definite matrix denoting the inertia
matrix of the spacecraft including the CMGs, Td is the external torque vector expressed in
the body frame B. Here, we assume that the cluster comprises
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Fig. 4.1 Pyramid mounting for a cluster of four single-gimbal CMGs

four single gimbal CMGs. The total angular momentum stored in the cluster of CMGs,
h = [h1 , h2 , h3 ]T , is expressed in vector form as a function of the gimbal angles δ i with

i = 1, 2,3, 4 as
h=

where

i

4

i =1

4

i

(δ i ) = hCMG i =1 sˆi (δ i )

(4.2)

and sˆi are the angular momentum vector and unit vector along the spin axis,

respectively, of the ith CMG. All the wheels are assumed to be equal, spinning at the same
angular speed and having the same constant angular momentum magnitude hCMG.
Neglecting the external torque vector Td and introducing the internal (apparent) control
torque vector TB generated by the CMG cluster, Eq. (4.1) takes the form of Eq. (2.3)
where the control torque TB is given by
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TB = −(h + ω × h)

(4.3)

The time derivative of the angular momentum delivered by the cluster of CMGs can be
expressed as (Wie, 1998)
h = Mδ

where M = M (δ ) is the 3 × 4 jacobian matrix

(4.4)

∂h
, δ = [δ1 , δ 2 , δ 3 , δ 4 ]T is the gimbal angle
∂δ

vector and its time rate is denoted by δ = [δ1 , δ 2 , δ 3 , δ 4 ]T . The cluster of four CMGs is
assumed to be the conventional pyramid mount as shown in Fig. 4.1. For such a mount, the
total CMG angular momentum vector h given by Eq. (4.2) can be written in the body
frame B as
− cos µ sin δ1
h(δ ) = hCMG

cos δ1
sin µ sin δ1

− cos δ 2

cos µ sin δ 3

cos δ 4

+ − cos µ sin δ 2 + − cos δ 3 + cos µ sin δ 4
sin µ sin δ 2
sin µ sin δ 3
sin µ sin δ 4

(4.5)

where µ is the pyramid skew angle. Also, the matrix M is written as

M=

− cos µ cos δ1

sin δ 2

cos µ cos δ 3

− sin δ 4

− sin δ1
sin µ cos δ1

− cos µ cos δ 2
sin µ cos δ 2

sin δ 3
sin µ cos δ 3

cos µ cos δ 4
sin µ cos δ 4

(4.6)

4.2 Gimbal Rate Steering Logic
For the design of this kind of CMG steering logic, the commanded h is defined as
hs = −TB − ω × h

(4.7)

where TB = ST T with T = [ J1u1 , J 2u2 , J 3u3 ]T and ui for i = 1, 2,3 are given by Eqs. (2.19)
and (3.18). Then, the gimbal rate command δ s is obtained by inverting Eq. (4.4) as

δ s = M † hs
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where the inverse matrix M † is computed by means of various variations of pseudoinverse of the rectangular matrix M. For example, if the Moore–Penrose pseudo-inverse is
used, then
M † = MT (MMT ) −1

(4.9)

The drawback of this approach is related to the presence of cluster singular states (Wie,
1998, 2004), where it is not possible to provide a gimbal rate command producing a torque
in an arbitrary direction. In mathematical terms, a singular state is detected whenever
rank(M ) < 3 , that is, the matrix MMT becomes singular. It should be noted that, in the
neighbourhood of singular states, when det(MM T ) is close to zero, the gimbal rate
command diverges towards infinity, so that hardware constraints, such as gimbal rate limits
and gimbal stops, may be violated, thus triggering possible instabilities in the closed-loop
system. Details on the issue of cluster singularities (Bedrossian et al., 1990b; Margulies
and Aubrun, 1978; Wie, 1998, 2004) and strategies for either avoiding them (Ford and
Hall, 2001; Oh and Vadali, 1991) or improving the robustness of the gimbal steering logic
against their inception (Heiberg, Bailey and Wie, 1997; Wie, Heiberg and Bailey, 2001,
2002) have been widely discussed in the literature.

4.3 Gimbal Position Steering Logic
The spacecraft main body angular momentum J Bω can be added to the angular
momentum of the CMGs cluster h to find the total angular momentum vector H as
H = J Bω + h

(4.10)

When external torque Td is neglected, the total angular momentum of the spacecraft H is
constant in the inertial space. By assuming that, for δ = 0 , the satellite is at rest ( ω = 0 ),
the resulting value of the total angular momentum is H = 0 . Under this further
assumption, an angular velocity command ω s can be tracked by means of a gimbal
position command δ s = [δ s1 , δ s 2 , δ s 3 , δ s 4 ]T being a solution of the equation
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h(δ s ) = hs

(4.11)

where h(δ s ) follows from Eq. (4.5) and hs is given as
hs = − J Bω s

(4.12)

As a consequence, rather than inverting Eq. (4.4) to find the gimbal rate command δ s
which can generate the commanded hs given by Eq. (4.7), a solution δ s for Eq. (4.11) is
sought so that the resulting angular velocity ω = ω s drives the spacecraft towards the
desired attitude provided that ω s is defined in a way similar to Eq. (2.43) or (3.10). A
simple possible definition can be

ω s = − sq v

(4.13)

where s is the positive gain. In the long run, even the small disturbance torques typical of
space environment result in a sizable variation of the total angular momentum. This can be
easily taken into account in the control law by taking hs as
hs = H − J Bω s

(4.14)

where the total angular momentum H can be measured from the knowledge of current
spacecraft states (angular velocity components and gimbal rotation angles). A non-zero
value of H does not change the structure of the controller but it is detrimental for the
effectiveness of any momentum exchange device, because when H grows, the available
control power, defined by the maximum angular momentum that platform and spinning
wheels can exchange, is reduced. For this reason, a set of thrusters is installed on board of
spacecraft, in order to perform desaturation manoeuvres, aimed at dumping parasite
angular momentum accumulated during a station-keeping phase because of an external
disturbance torque. The issue of long-term stabilization during station-keeping phases in
the presence of external disturbance torque and cluster desaturation is out of the scope of
the present work, which deals with short-term manoeuvres during which environmental
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disturbance torques have no effect and H can be considered constant to any practical
purpose.
A closed-form solution of the redundant system given by Eq. (4.11) is not available and
Avanzini (2005) has presented two approximate solutions using the definition of
symmetric Γ and anti-symmetric Π components of the overall gimbal rotation angles for
the odd and even numbered pairs of gimbals as

Γo =

δ s1 + δ s 3

2
δ −δ
Π o = s1 s 3
2
δ + δs4
Γe = s 2
2
δ −δ
Πe = s2 s4
2

(4.15)

Equation (4.11) can be written in terms of the symmetric and anti-symmetric parts as
hs1 = −2hCMG ( cos µ cos Γ 0 sin Π o − sin Γ e sin Π e )

hs 2 = −2hCMG ( cos µ cos Γ e sin Π e + sin Γ o sin Π o )

(4.16)

hs 3 = 2hCMG sin µ ( sin Γ o cos Π o + sin Γ e cos Π e )

The first formulation given by Avanzini (2005) is based on the small angle assumption
which transforms Eq. (4.16) into a linear system as
hs1 = −2hCMG ( cos µ ) Π o

hs 2 = −2hCMG ( cos µ ) Π e

(4.17)

hs 3 = 2hCMG ( sin µ )( Γo + Γ e )
which is solved under a further assumption that Γo = Γ e . Since small gimbal angles result
in small values of the angular velocity, the approach allows only for slow reorientations. In
the second formulation, an approximate solution of the whole nonlinear system given by
Eq. (4.16) is derived still assuming that Γo = Γ e which allows for wide gimbal rotations,
thus speeding up the manoeuvre. In this case, the solution is written in terms of the
transformed variables Γo = Γ e = Γ , Π o , and Π e as
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sin Γ =

hs 3
hs 3
≅
2hCMG sin µ ( cos Π o + cos Π e ) 4hCMG sin µ

sin Π o = −
sin Π e = −

hs1 cos µ cos Γ + hs 2 sin Γ

(

2hCMG cos 2 µ cos 2 Γ + sin 2 Γ
− hs1 sin Γ + hs 2 cos µ cos Γ

(

2hCMG cos 2 µ cos 2 Γ + sin 2 Γ

)

(4.18)

)

Further details on this command law are given in Avanzini (2005), where a possible
strategy for keeping the absolute value of the right-hand sides of Eqs. (4.18) below unity is
also discussed. The time required for the benchmark manoeuvres tested becomes
significantly shorter, when the nonlinear version of the gimbal position command is
implemented. Nonetheless, the performance of the closed-loop algorithm is still
suboptimal, and the resulting manoeuvre time significantly longer than that demonstrated
by the singularity robust pseudo-inverse (Wie, Bailey and Heiberg, 2001), because the
gimbal position command law described by Eq. (4.18) does not exploit the maximum
angular momentum that the CMG cluster can deliver.

4.4 Gimbal Position Steering Logic for Maximum Angular
Momentum
A new gimbal position command generation algorithm is proposed in this section, where
the largest part of the reorientation is performed by exploiting the maximum available
angular momentum vector component in the direction of the desired angular momentum
hs . Let hˆs = hs hs be the unit vector parallel to hs , the maximum angular momentum

component that the cluster can deliver along hˆs is obtained if each CMG is rotated in such
a way that the projection of the CMG spin axis sˆi along hˆs is maximum with sˆi ⋅ hˆs > 0 .
This is true if one chooses sˆi as

sˆi =

( gˆ i × hˆs ) × gˆ i
gˆ × hˆ
i
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where gˆ i is the unit vector along the gimbal axis of the ith CMG. In such a situation, the
direction hˆs has been made singular. If we define the unit vector tˆi as
tˆi = gˆ i × sˆi

(4.20)

then making the unit vector hˆs as singular means

hˆs ⋅ tˆi = 0

(4.21)

for i = 1, 2,3, 4 . In such a situation, there are two possibilities (Fig. 4.1):

hˆs ⋅ sˆi > 0 or hˆs ⋅ sˆi < 0

(4.22)

For a pyramid-type cluster of four CMGs, there are a total of sixteen possible combinations
for making a given direction hˆs as singular. Equation (4.19) deals with the combination of

hˆs ⋅ sˆi > 0 for i = 1, 2,3, 4 which geometrically means that each sˆi has a maximal projection
onto the singular direction hˆs . It makes the component of the total angular momentum of
the CMG cluster along the direction hˆs as maximal. The locus of normalized total angular
momentum of the pyramid-type CMG cluster (Fig. 4.1) for all hˆs ∈ℜ3 with hˆs ≠ ± gˆ i and

hˆs ⋅ sˆi > 0 for i = 1, 2,3, 4 is given as Fig. 4.3 whereas Fig. 4.4 shows such a singular surface
for the case of hˆs ⋅ sˆ1 < 0 and hˆs ⋅ sˆi > 0 for i = 2,3, 4 . The normalized angular momentum
envelope for the said CMG cluster is presented as Fig. 4.5 being a smooth connection of
the four singular surfaces of type as shown in Fig. 4.4 with the one given by Fig. 4.3. A
look of the complex inner construction of the angular momentum envelope is available as
Fig. 4.6.
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gˆ i

hˆs
sˆi (hˆs ⋅ sˆi < 0)
(hˆs ⋅ sˆi < 0) tˆi
tˆi (hˆs ⋅ sˆi > 0)

(hˆs ⋅ sˆi > 0) sˆi

Fig. 4.2 Gimbal state with the direction hˆs considered as singular (Yoon, 2004)

h3

h1

h2

Fig. 4.3 Singular surface for pyramid-type CMG cluster with
2004)
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h3

h1

h2

Fig. 4.4 Singular surface for pyramid-type CMG cluster with

hˆs ⋅ sˆi > 0 for i = 2,3, 4 and

hˆs ⋅ sˆ1 < 0 (Yoon, 2004)

h3

h1

h2

Fig. 4.5 Angular momentum envelope for pyramid-type CMG cluster (Yoon, 2004)

122

CHAPTER 4: SPACECRAFT RAPID SLEW MANOEUVRES USING CONTROL MOMENT GYROS

h3

h1

h2

hˆs ⋅ sˆi > 0 for all i (i.e.
i = 1, 2,3, 4 ) and with hˆs ⋅ sˆi > 0 for all i except one value for which hˆs ⋅ sˆi < 0 (Yoon, 2004)
Fig. 4.6 Singular surface for pyramid-type CMG cluster with

The resulting angular momentum delivered by the cluster

hn = hCMG

4
i =1

sˆi

(4.23)

is not parallel to hˆs where sˆi for i = 1, 2,3, 4 are given by Eqs. (4.19). It is thus possible to
split it into a desired component, parallel to hˆs

hnr = (hn ⋅ hˆs )hˆs

(4.24)

and an undesired one, perpendicular to it

hnp = hn − hnr

123

(4.25)

CHAPTER 4: SPACECRAFT RAPID SLEW MANOEUVRES USING CONTROL MOMENT GYROS

In order to take advantage of the maximal total angular momentum available in the
direction of hn , the gain s is tuned by imposing that hs = hnr . Hence, one is left with

s=

hnr

J Bω s

(4.26)

Using the above value of gain s, Eq. (4.13) takes the form

ωs = −

hnr qv

J Bω s

(4.27)

There are two drawbacks related to the implementation of such a gimbal command law.
Firstly, the undesired angular momentum component hnp will perturb the resulting
spacecraft attitude motion with respect to the desired eigen axis rotation and, secondly, the
commanded angular momentum component does not drop towards zero as the spacecraft
approaches the target attitude. This means that some other strategy must be implemented in
order to stop the motion.
Numerical simulations demonstrate that the first issue does not harm closed-loop stability
of the system, as hnr is always significantly larger than hnp and the spacecraft is driven
towards the desired attitude by the proposed command law, regardless of the initial value
of the quaternion error vector. In order to circumvent the second problem, the maximum
angular momentum command law is applied only until qTv qv > sin 2 ( ΛT 2 ) , where ΛT is a
given threshold. When the initial pointing error is larger than ΛT , the maximum angular
momentum is exploited until this threshold is crossed. For the second part of the
manoeuvre when qvT qv < sin 2 ( ΛT 2 ) , the fixed value of the gain s, which is equal to the
one attained at the threshold, is used. At the same time, the command law is switched to
the approximate non-linear solution for the gimbal angles by Avanzini (2005) provided by
Eq. (4.18).
Also, if the initial pointing error is less than ΛT , that is, qv (t0 )T qv (t0 ) < sin 2 ( ΛT 2 ) , a
suitably selected fixed value of the gain s is employed in conjunction with the solution of
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Eq. (4.18). Note that, with the proposed approach, the gain s always results in an angular
velocity/angular momentum command bounded by the angular momentum envelope of the
cluster.
Aforementioned scheme can also be employed for the constrained slew manoeuvres
considered in Chapter 3. In this case, the pseudo control law given by Eq. (3.10) can be
written as

ω s = − s(qv − BVr bv )

(4.28)

where the quaternion b = [bvT , b4 ]T , bv = [b1 , b2 , b3 ]T can be written as

bv = qc 4 qv − q4 qcv − qcv × qv

(4.29)

b4 = qcTv qv + qc 4 q4

(4.30)

with the quaternion qc = [qcTv , qc 4 ]T defined as in Section 3.1 and Vr given by Eq. (3.8)
while replacing the quaternion b = [bvT , b4 ]T with b = [bvT , b4 ]T . The relation to tune the
gain s for exploiting the maximum angular momentum available from the CMG cluster
takes the form

s=

hnr

(4.31)

J B (qv − BVr bv )

Apparently, the gain s may diverge if qv = BVr bv , but considering Eqs. (4.28) and (4.31)
together as

ωs = −

(

(
(q

hnr qv − BVr bv
JB

it is clear that the term J B qv − BVr bv

)

v

− BVr bv

)

)

(4.32)

is used to normalize the angular velocity

command. Only if the condition qv = BVr bv is met exactly, the angular velocity command
is singular. In order to meet the singularity condition, the vectors qv and BVr bv should be
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equal. This requires that, firstly, the vectors qv and bv are exactly parallel (which in turn
means that from the current spacecraft attitude, the obstacle and the target attitudes are
obtained by rotating the spacecraft through two angles ∆θ and Λ , respectively, around
exactly the same eigenaxis and, secondly, the angles Λ and ∆θ satisfy the condition

sin ( Λ 2 ) = BVr sin ( ∆θ 2 ) where the angle ∆θ is given by Eq. (3.3) with the quaternion
b = [bvT , b4 ]T replaced with b = [bvT , b4 ]T and the angle Λ is defined as
Λ = 2sin −1 (qvT qv )1 2

(4.33)

From the mathematical standpoint the two conditions can be met, and in simulation this
may be possible if one forces the initial conditions to create such a configuration. Such a
situation happens at a point of the state space where the angular velocity command given
by Eq. (4.28) drops to zero as the gradient of the Lyapunov function vanishes here,
regardless of any admissible control action. The presence of such local minima where the
derivatives of the potential function vanish is typical of all the applications of the potential
function method for obstacle avoidance. Being a saddle, the resulting local minimum is
unstable. Moreover, in the present application, the parasite angular momentum hnp acts as
a perturbation to the exact implementation of the command avoiding the possibility of the
system being trapped in the unstable local minimum of the potential function.
The architecture of the closed-loop system employing the aforementioned gimbal position
command exploiting the maximum angular momentum deliverable by the CMG cluster is
given by the block diagram reported as Fig. 4.7. The attitude error vector q is used in Eq.
(4.13) or (4.28) to generate an angular velocity command ω s for the case of unconstrained
or constrained large angle attitude manoeuvre, respectively. The gimbal position command
law determines the value of the gimbal angles δ s as a solution of Eq. (4.19) or (4.18) for
the ‘maximum available angular momentum transfer mode’ or the ‘convergence to the
desired attitude mode’, respectively, of the attitude manoeuvre. The resulting value of δ s is
tracked by means of a simple first-order system (Avanzini, 2005), such that the
commanded gimbal rate comes out to be
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δ = Kδ (δ s − δ )

(4.34)

where Kδ is a positive constant. Dynamics of each gimbal is modelled by means of a
second-order linear system as considered in (Wie, Heiberg and Bailey, 2001), featuring
also a gimbal rate limit δ max for each CMG of the cluster. The resulting gyroscopic torque

TB that forces the spacecraft attitude motion is then determined with the help of Eqs. (4.3–
4.5) as a function of the gimbal position δ , the gimbal rate δ and the spacecraft angular
velocity ω . The proposed scheme is based upon the attitude kinematics subsystem
stabilization and still is practically viable as the response of the electric motors that drive
the gimbals is usually sufficiently fast, so that the required angular momentum is
transferred to the spacecraft platform in a relatively small amount of time, during which
only minor variations of spacecraft attitude are expected, resulting in small corrections to
angular velocity command.

−
+

Kδ

δ
δ

gyroscopic
torque

ΤB

Eq. (4.3)

CMG CLUSTER DYNAMICS

δs

rigid body
dynamics

Eq. (2.3)

Eq. (2.2)

SPACECRAFT DYNAMICS

gimbal pos.
command

Eq. (4.18)
or (4.19)

angular vel.
command

ω s Eq. (4.13)

CONTROL LAW

Fig. 4.7 Block diagram
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4.5 Numerical Simulation
In this section, numerical simulations are used in order to assess the validity of the
proposed CMG steering logic. Data for the rigid spacecraft equipped with a cluster of four
single gimbal CMGs in a pyramid configuration is taken from (Wie, Bailey and Heiberg,
2001) and is provided as Table 4.1 whereas Table 4.2 provides information common
among all the considered numerical examples. A skew angle µ of 53.13 deg features an
almost spherical angular momentum envelope as shown in Fig. 4.5 (Oh and Vadali, 1991).
A pure roll manoeuvre also acquired from (Wie, Bailey and Heiberg, 2001), where the 3-21 Euler angles θ1 , θ 2 and θ3 (describing the attitude of the body frame B with respect to
the inertial frame N) , at the start, are taken as 47, 0 and 0 deg, respectively, is used as a
test benchmark for the numerical validation of the proposed gimbal position command
generation algorithm. Moreover, the algorithm will also be employed for the said
benchmark roll manoeuvre while avoiding a pointing constraint along the desired attitude
path. For all the reported results, the total angular momentum H is assumed to be zero.
Table 4.1 Data for the spacecraft equipped with pyramid-like cluster of four single-gimbal
CMGs

Parameter Value

Units

J1

21400

kg.m2

J2

20100

kg.m2

J3

5000

kg.m2

hCMG

1000

kg.m2.s-1

µ

53.13

deg

δ max

2

deg.s-1

Table 4.2 Data for the attitude manoeuvre examples for spacecraft equipped with pyramidlike cluster of four single-gimbal CMGs

Parameter

Value

Units

ω (t0 )

[0 0 0]T

rad.s-1

Kδ

2

A

0.5

B

1000
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Fig. 4.8 Simulation results for the benchmark roll manoeuvre with the gimbal position
steering logic exploiting the maximum available angular momentum

The features of the new gimbal position command exploiting the maximum angular
momentum deliverable by the CMG cluster are first analysed for the constraint-free roll
manoeuvre (Fig. 4.8). The manoeuvre is split into two sections, where the threshold for
switching to the second section (the convergence mode) is at qTv qv = 0.005 , corresponding
to an angular distance ΛT = 8 deg from the target. Fig. 4.8 shows that the target attitude

qv = 0 is achieved in approximately 11 seconds, i.e. little more than half of the time
necessary when the gimbal position command described by Eq. (4.18) is used through out
the manoeuvre (Fig. 4.9).
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Fig. 4.9 Simulation results for the benchmark roll manoeuvre with nonlinear approximate
gimbal position steering logic

Such a performance compares well with the quasi-optimal performance of the singularity
robust pseudoinverse (Wie, Bailey and Heiberg, 2001), where the same rotation was
performed in 8.5 seconds. It should be noted that the manoeuvre given by Fig. 4.8 is
different from that presented as Fig. 4.9, in the sense that it is three-axial right from the
beginning. Pitch and yaw angular velocity components are different from zero (and quite
large, indeed, as shown in Fig. 4.8(b)). It is because of the fact that the maximal angular
momentum gimbal position command rotates all the gimbals and delivers, together with
the maximum angular momentum component along the desired rotation eigenaxis, also an
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undesired angular momentum component in a perpendicular direction (Fig. 4.8(e)).
Nonetheless, a very fast manoeuvre is achieved. Control activity (Fig. 4.8(c) and (d)) is
smooth until the spacecraft crosses the threshold at ΛT = 8 deg. A transient in Fig. 4.8(c)
and (d) is clearly visible when the control law switches from the steering logic for
maximum angular momentum to the gimbal position command of Eq. (4.18), and the
angular velocity command gain s becomes constant (Fig. 4.8(f)).
In the next simulation scenario, the new gimbal position command exploiting the
maximum angular momentum deliverable by the CMG cluster is employed in conjunction
with the obstacle avoiding angular velocity command given by Eq. (4.28) to undergo large
angle attitude manoeuvre while avoiding a prescribed pointing constraint. The
aforementioned 47 deg roll manoeuvre is again used for indicating the viability of the
approach. This time, a forbidden attitude is placed along the path towards the desired
attitude at qc = [0.0887 0.0155 − 0.0538 0.9945]T , which corresponds to a position at 12
deg from the target attitude. The time history of the 3-2-1 Euler angles is reported in Fig.
4.10(a), and the effect of the presence of the obstacle along the angular path followed by
the spacecraft is clearly visible: the decrease of θ1 suddenly stops at t = 4.5 seconds, while
at the same time θ 2 undergoes a sudden ‘bump’, which was not present in the previous,
obstacle-free manoeuvre (Fig. 4.8(a)). The angular distance from the obstacle (Fig.
4.10(b)), which was rapidly decreasing along the nominal path, is stopped and the
minimum distance kept higher than 5 deg. One of the interesting features of the proposed
gimbal position command generation algorithm is that the control activity is very smooth
for the unconstrained slew manoeuvre (Fig. 4.8) until the ΛT = 8 deg threshold is reached.
On the converse, for the case of constrained slew, the control activity becomes more
intense as the forbidden attitude is approached (Fig. 4.10(c) and (d)), because of the
requirement of making the roll angular velocity component as zero in order to avoid the
obstacle (Fig. 4.10(e)). The said intensity of control effort is further enhanced by the
almost simultaneous encounter with the ΛT = 8 deg threshold, where the control law
switches from the maximum angular momentum steering logic to the approximate nonlinear gimbal position command given by Eq. (4.18). Inspite of the presence of a gimbal
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Fig. 4.10 Simulation results for the benchmark roll manoeuvre with the gimbal position
steering logic exploiting the maximum available angular momentum while avoiding a
pointing constraint
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rate saturation limit of 2 rad/s clearly visible in Fig. 4.10(c), the closed-loop system
remains stable and the manoeuvre is correctly tracked. By tuning the parameters of the
repulsive potential function, it is possible to tailor the forbidden neighbourhood, keeping
the attitude farther away from the obstacle or allowing closer passes with smaller angular
separation. As expected, in spite of the singularity measure dropping close to 0, the
proposed gimbal position command successfully implements the angular velocity
command generated by the potential function approach. Control activity drops to 0 and the
spacecraft is at rest after achieving the convergence to the target attitude in approximately
less than 14 seconds. This represents a minor penalty, in terms of manoeuvre time, with
respect to the results reported in Fig. 4.8 where the same manoeuvre was performed
(without the presence of any obstacle) in approximately 11 seconds.
The results for the aforesaid constrained roll manoeuvre with the gimbal position command
employing only the approximate nonlinear solution of Eq. (4.18) (Avanzini, 2005) are
given by Fig. 4.11. In this case, the convergence to the final target attitude is achieved in
approximately 21 seconds, when the spacecraft angular speed and the angular momentum
drop back to zero (Fig. 4.11(e) and (f)). It should be noted that, because of the three
dimensional nature of the simulation scenario, the obstacle for the manoeuvre given by
Fig. 4.11 is not left in the same position as for the one presented in Fig. 4.10, as the angular
distance from it gets only marginally smaller than 6.42 deg during the corresponding
unconstrained manoeuvre reported in Fig. 4.9. For this reason, the forbidden attitude is
moved to qc = [0.2 0.001 0 0.9798]T which is approximately the position reached by the
spacecraft at about t = 7.85 seconds during the previous manoeuvre with no obstacle as
shown by Fig. 4.9. The results given by Fig. 4.11 show how the path towards the desired
attitude is followed (Fig. 4.11(a)) until the angular distance from the obstacle, ∆θ
(reported in Fig. 4.11(b)), drops close to approximately 5 deg. At this point, the pure roll
manoeuvre is traded for a tri-axial one, where minor displacements about the pitch and
yaw axes allow to avoid the forbidden attitude (Fig. 4.11(a)).
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Fig. 4.11 Simulation results for the benchmark roll manoeuvre with nonlinear approximate
gimbal position steering logic while avoiding a pointing constrain
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Finally, we consider a slew manoeuvre of the spacecraft (with data given by Table 4.1)
where the initial rest condition q (t0 ) = [0.5 0.5 0.5 0.5]T requires a 120 deg rotation
about an eigenaxis skewed by 60 deg with respect to all the body axes. Figure 4.12 shows
the resulting manoeuvre when two obstacles are placed along the angular path followed
during the nominal, obstacle-free case.
Again, the gimbal position command exploiting the maximum available angular
momentum successfully stabilizes the spacecraft while avoiding all the forbidden attitudes,
with a correction on the variation of the pitch and yaw angles, θ 2 and θ3 (Fig. 4.12(a)),
and angular velocity components (Fig. 4.12(e), where an abrupt change in the pitch and
yaw angular rates is clearly visible). The first obstacle is avoided at t = 4.5 seconds and the
minimum angular separation is kept larger than 5 deg. The deviation from the nominal
angular path allows for avoiding the second one by means of a minor correction only, the
second peak of the potential function in the neighbourhood of the second forbidden attitude
being simply skimmed by the attitude variables at t = 9 seconds. The minor correction on
the attitude path is hardly visible in the plots of Fig. 4.12, being evident only on the gimbal
rate plot reported in Fig. 4.12(c).
The command law switches in ’convergence mode’ at t = 11.5 seconds and the target
attitude is achieved in approximately 16 seconds, when the angular velocity and the
angular momentum components drop to zero (Fig. 4.12(e) and (f )). This manoeuvre time
compares well with the nominal one, achieved for the obstacle free slew, when
convergence on the target attitude is reached in approximately the same amount of time.
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Fig. 4.12 Simulation results for the three-axis slew manoeuvre with gimbal position steering
logic for maximum angular momentum while incorporating two pointing constraints

136

CHAPTER 4: SPACECRAFT RAPID SLEW MANOEUVRES USING CONTROL MOMENT GYROS

4.6 Summary
A novel gimbal position command generation algorithm has been proposed where largeangle slews are performed for the largest portion exploiting the maximum angular
momentum available. In spite of the presence of an undesired angular momentum
component in the direction perpendicular to the desired angular momentum command, the
spacecraft is successfully driven towards the desired target attitude, final convergence
being achieved by switching to a more conventional inverse kinematic solution. Numerical
simulations showed that the resulting control logic allows for suboptimal performance in
the obstacle-free case, where the final attitude is achieved in a total time only marginally
higher than the best published results on a test benchmark pure roll manoeuvre. When an
obstacle is present, minor corrections allow for keeping the forbidden attitude sufficiently
far from the spacecraft angular path with minor penalties (if any) on the total manoeuvre
time.
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Chapter 5

5 Conclusions and Future Work
Here, we conclude the results from the previous chapters and identify the possible
directions for the future research.

•

Actuator saturation is an important issue to be addressed while designing
feedback control systems. There are two general ways of circumventing this
problem. The one caters for the issue a posteriori like anti-windup control
methodologies. The other is to compensate the saturation a priori where the
controller is designed such that the system has certain guarantees of stability
and performance with the additional aim that the control action avoids reaching
saturation in the presence of all anticipated bounded external disturbances and
parametric uncertainties. We have exploited integrator backstepping based
control design to develop a scheme pertaining to the latter category to address
the said issue in the context of spacecraft attitude control problem. Reduction of
the peak control torque for the spacecraft attitude stabilization and tracking
manoeuvres has been achieved by introducing a new positive constant gain
within the framework of conventional backstepping control method. The
bounds for the control torque components are derived analytically as a function
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of the initial attitude and angular velocity errors and the gains involved in the
control design procedure. The proposed scheme has also been blended with the
artificial potential function method for the case of large angle slew manoeuvres
with constraints on the admissible attitude. It has been shown to perform
adequately in the numerical simulations where we demonstrated that, for a
given settling time specification, the analytical bound can be used effectively
for tuning the control parameters so that the guaranteed maximum torque upper
bound is minimized. The obtained values of the analytical torque bound are
comparable even with the simulation values of the peak control torque reported
in the literature (Wie and Barba, 1985; Krsti and Tsiotras, 1999; Joshi, Kelkar
and Wen, 1995; Kim and Kim, 2003). Further, the analytical bound for the
control torque has been developed for a control law that is similar in shape to
the one already existing in the literature (Seo and Akella, 2007).

o The methodology can be turned to further advantage by exploiting it to
avoid the cancelation of ‘good’ nonlinearities, if any, in the system
(Krsti , Kanellakopoulos and Kokotovic, 1995). It may be helpful to
decrease both the peak control torque from the simulation and its
analytical bound.

o As we used a simple local optimization algorithm, the torque bound may
also be improved further with some global optimization techniques.

•

A higher control torque rate at the start is a common element among the attitude
manoeuvres, reported in Chapters 2 and 3, for which the control gains have
been tuned for minimizing the analytical bound of the control torque norm. This
observation is specially pronounced for the manoeuvres of Chapter 3 where
robustness against uncertainties in spacecraft moments of inertia and external
disturbances has also been ensured. It identifies the need of also addressing the
control torque rate saturation.

o The scheme can be explored for its extension to address the problem of
actuation rate saturation.
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o Considering the scheme as a more general theoretical contribution,
applications other than the spacecraft attitude control can be sought.

o Many other applications of artificial potential function method as
available in the literature including the space applications such as
proximity manoeuvring (Roger and McInnes, 2000), spacecraft
guidance and control (McInnes, 1995a), formation flying (Badawy and
McInnes, 2009; McQuade, Ward and McInnes, 2002), autonomous and
distributed motion planning for satellite swarm (Izzo and Pettazi, 2007),
on-orbit assembly of large and complex space structures (Badawy and
McInnes, 2008; Izzo, Pettazzi and Ayre, 2005; McQuade and McInnes,
1997), and terminal descent on a planetary surface (McInnes, 1995b)
can also be explored in conjunction with the proposed scheme.

o The scheme talks of a general class K function but a very simple form
of this function has been utilized. More sophisticated forms of class K
function can also be explored in pursuit of less conservative control
input bound and improved robustness against bounded external
disturbances and parametric uncertainties.

•

While blending the scheme with artificial potential function method, only
Gaussian function based repulsive potential has been considered. This choice
for repulsive potential results in higher values for the analytical torque bound.
This is caused by a high value of a gain associated with the Gaussian function
as square and cube of this gain are involved in the calculation of analytical
bound for control torque norm, an issue being typical of the Gaussian function
based repulsive potential for the spacecraft slew manoeuvre problem with unit
quaternion used as attitude parameterization. Larger values of the settling time
have been found useful for compensating for the high value of the said
Gaussian function-related gain.

o Other forms of repulsive potentials can also be explored in conjunction
with the scheme.
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o The scheme can be explored as baseline framework for spacecraft
failure detection and identification and reconfigurable control.

•

The proposed gimbal position command generation algorithm (Chapter 4), for a
major part of the spacecraft large angle reorientation manoeuvre, exploits the
maximum angular momentum deliverable by the pyramid-type cluster of four
single-gimbal CMGs corresponding to the direction of the commanded angular
momentum. It has caused a significant reduction in the manoeuvre time when
compared with the approximate nonlinear inverse kinematic solution-based
gimbal position command by Avanzini (2005). However, such an
implementation of gimbal position command law can be improved further in
the following possible ways.

o Firstly, the undesired angular momentum component associated with
this algorithm, which perturbs the spacecraft attitude motion with
respect to the desired eigen axis rotation, can to be removed.

o Secondly, the CMG cluster angular momentum caused by this gimbal
position scheme does not drop to zero as the spacecraft approaches the
target attitude and some other strategy, like the approximate nonlinear
gimbal position command by Avanzini (2005), has to be employed in
order to bring the spacecraft at rest at the desired final attitude. The
proposed algorithm can be modified so that the convergence onto the
desired target attitude in the final part of the spacecraft attitude
manoeuvre may be achieved without switching to a different scheme.

o Lastly, the proposed scheme is based upon the attitude kinematics
subsystem stabilization and is viable as the response of the electric
motors that drive the gimbals is usually sufficiently fast, so that the
required angular momentum is transferred to the satellite platform in a
relatively small amount of time, during which only minor variations of
spacecraft attitude are expected, resulting in small corrections to angular

141

CHAPTER 5: CONCLUSIONS AND FUTURE WORK

velocity command. However, a more complete stability proof involving
the spacecraft and actuator dynamics can also be sought.

142

Appendix

Appendix
Backstepping Control Overview
Let us consider the following cascaded system‡

η = F (η) + G (η)ξ

(a1)

ξ = Fa (η, ξ) + Ga (η, ξ)u

(a2)

where η ∈ℜn , ξ ∈ℜm , u ∈ℜm ,

F (0 ) = 0 and Fa (0, 0 ) = 0 . The functions F (η) and

Fa (η, ξ) are continuous and the m × m matrix Ga is invertible.
The subsystem described by Eq. (a1) is stabilized first using the control law ξ = − f (η) and
then the resultant control u is developed so that the overall system described by Eqs. (a1)
and (a2) is stabilized. The backstepping control design scheme can be briefly described by
the following theorems.

‡

Notation of the appendix is independent of that for the rest of the thesis.
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Theorem 1: Using a candidate Lyapunov function V (η) , the subsystem described by Eq.

(a1) can be stabilized by the control law ξ = − f (η) that satisfies the following condition
∂V
[ F (η) − G (η) f (η)] ≤ −W (η)
∂η

(a3)

where W (η) is a positive definite function.

Proof: see (Khalil, 2002)

Theorem 2: Assume that Eq. (a3) is satisfied, the overall system described by Eqs. (a1) and

(a2) is stabilized by the control input given by Eq. (a6) with the augmented Lyapunov
function of Eq. (a4) and its time derivative as Eq. (a5):
U (η, ξ) = V (η) +

U (η, ξ) =

1
T
[ ξ + f (η)] [ξ + f (η)]
2

∂V
∂V
∂f
T
[ F − Gf ] + G [ ξ + f ] + [ ξ + f ] Fa + Gau + [ F + Gξ ]
∂η
∂η
∂η

−1
a

u=G

∂f
∂V
− [ F + Gξ ] −
G
∂η
∂η

where g > 0 .
Proof: see (Khalil, 2002)
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T

− Fa − g [ ξ + f ]

(a4)

(a5)

(a6)
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