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Abstract

Quasideterminants are a relatively new addition to the field of integrable systems. Their
simple structure disguises a wealth of interesting and useful properties, enabling solutions
of noncommutative integrable equations to be expressed in a straightforward and aes-
thetically pleasing manner. This thesis investigates the derivation and quasideterminant
solutions of two noncommutative integrable equations - the Davey-Stewartson (DS) and
Sasa-Satsuma nonlinear Schrodinger (SSNLS) equations.

Chapter 1 provides a brief overview of the various concepts to which we will refer during
the course of the thesis. We begin by explaining the notion of an integrable system, al-
though no concrete definition has ever been explicitly stated. We then move on to discuss
Lax pairs, and also introduce the Hirota bilinear form of an integrable equation, looking
at the Kadomtsev-Petviashvili (KP) equation as an example. Wronskian and Grammian
determinants will play an important role in later chapters, albeit in a noncommutative
setting, and, as such, we give an account of their widespread use in integrable systems.
Chapter 2 provides further background information, now focusing on noncommutativity.
We explain how noncommutativity can be defined and implemented, both specifically using
a star product formalism, and also in a more general manner. It is this general definition
to which we will allude in the remainder of the thesis. We then give the definition of a
quasideterminant, introduced by Gel’fand and Retakh in 1991, and provide some examples
and properties of these noncommutative determinantal analogues. We also explain how
to calculate the derivative of a quasideterminant. The chapter concludes by outlining the
motivation for studying our particular choice of noncommutative integrable equations and
their quasideterminant solutions.

We begin with the DS equations in Chapter 3, and derive a noncommutative version of
this integrable system using a Lax pair approach. Quasideterminant solutions arise in a

natural way by the implementation of Darboux and binary Darboux transformations, and,
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after describing these transformations in detail, we obtain two types of quasideterminant
solution to our system of noncommutative DS equations - a quasi-Wronskian solution from
the application of the ordinary Darboux transformation, and a quasi-Grammian solution
by applying the binary transformation. After verification of these solutions, in Chapter
4 we select the quasi-Grammian solution to allow us to determine a particular class of
solution to our noncommutative DS equations. These solutions, termed dromions, are
lump-like objects decaying exponentially in all directions, and are found at the intersec-
tion of two perpendicular plane waves. We extend earlier work of Gilson and Nimmo
by obtaining plots of these dromion solutions in a noncommutative setting. The work
on the noncommutative DS equations and their dromion solutions constitutes our paper
published in 2009 [34].

Chapter 5 describes how the well-known Darboux and binary Darboux transformations in
(2+1)-dimensions discussed in the previous chapter can be dimensionally-reduced to enable
their application to (1+1)-dimensional integrable equations. This reduction was discussed
briefly by Gilson, Nimmo and Ohta in reference to the self-dual Yang-Mills (SDYM) equa-
tions, however we explain these results in more detail, using a reduction from the DS to
the nonlinear Schrodinger (NLS) equation as a specific example. Results stated here are
utilised in Chapter 6, where we consider higher-order NLS equations in (14 1)-dimension.
We choose to focus on one particular equation, the SSNLS equation, and, after deriving
a noncommutative version of this equation in a similar manner to the derivation of our
noncommutative DS system in Chapter 3, we apply the dimensionally-reduced Darboux
transformation to the noncommutative SSNLS equation. We see that this ordinary Dar-
boux transformation does not preserve the properties of the equation and its Lax pair, and
we must therefore look to the dimensionally-reduced binary Darboux transformation to
obtain a quasi-Grammian solution. After calculating some essential conditions on various
terms appearing in our solution, we are then able to determine and obtain plots of soliton
solutions in a noncommutative setting.

Chapter 7 seeks to bring together the various results obtained in earlier chapters, and also

discusses some open questions arising from our work.
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Chapter 1

Introduction

1.1 Integrable systems

To those not associated with the field, the idea of an integrable system is likely to be
unfamiliar, and even to those actively involved in the area, the precise definition is at times
difficult to pinpoint. There is no generally accepted definition of integrability, however
systems in possession of this property share a number of distinguishing features.

The term integrability, coming from integrable, brings to mind differential equations, and
indeed, an integrable system is a system of differential, difference or integro-differential
equations for which solutions can be obtained in terms of known functions or integrals. All
such systems possess characteristics such as a complete set of conservation laws, exact and
rigorous solution methods, for example the Inverse Scattering Transform, and a wealth of
explicit non-trivial solutions. Specifically, all systems known to be integrable have one or

more of the following [89]:

e solutions that can be expressed in terms of known functions or integrals

a complete set of conservation laws

e a Lax representation (Lax pair)

a hierarchy of commuting Hamiltonian flows

soliton solutions

a bi-Hamiltonian structure

a Hirota bilinear form
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e the Painlevé property
e Backliind transformations.

We discuss two of the above properties later in the chapter. The Lax representation, one
of the central themes of integrable systems, exploits the fact that the time evolution of a
Lax operator (usually a differential operator) is equivalent to a given nonlinear integrable
system. This will be discussed further in Section 1.2.1. We will also discuss the Hirota

bilinear form in Section 1.2.2.

1.2 Preliminaries

We now introduce some preliminary details and concepts used throughout the thesis.

1.2.1 Lax’s method and Lax pairs

In later chapters, we make much use of the Lax pair in order to generate noncommutative
versions of various integrable equations. Indeed, the point where most discussions of
integrability begin is with the idea of a system of differential equations that can be put
into Lax pair form.

The theory of Lax pairs, a pair of linear operators depending on x and possibly t (or x, y
and possibly ¢ in the two-dimensional case) operating on elements of a Hilbert space, was
developed by Peter Lax [55] in 1968 as a way of generalising earlier work by Gardner,
Greene, Kruskal and Miura [27] on the application of the so-called inverse scattering
method to the initial value problem of the Korteweg-de Vries (KdV) equation. After this
introductory work on the KdV equation, the question of whether the method could be
extended to other nonlinear evolution equations arose, and shortly afterwards, Zakharov
and Shabat [93] proved that the nonlinear Schréodinger (NLS) equation was one such
example. In the same year, Wadati [85] provided a method of solution for the modified KdV
(mKdV) equation, before Ablowitz, Kaup, Newell and Segur [4] developed the method for
the sine-Gordon equation. Ablowitz et al. were influential in the development of the
theory, showing that a surprisingly large number of nonlinear evolution equations could
be solved using this method. Because of the similarity between the Fourier transform
method used to solve initial value problems for linear evolution equations and the inverse
scattering method for solving initial value problems of nonlinear evolution equations, they

coined the phrase Inverse Scattering Transform (IST), the name now used throughout
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the field. The IST has come to be known as one of the most important developments in
mathematical physics in the past forty years.

Examples of other such nonlinear equations that can be re-expressed in terms of a Lax
pair and hence solved by the IST include both forms of the Kadomtsev-Petviashvili (KP)
equation [18,19,63], [1], the Davey-Stewartson (DS) equations [3], along with many others.
A common feature of these equations is the existence of soliton solutions, which have no

linear analogue.

Solitons

The discovery of the soliton (or solitary wave) was a very significant one and has allowed
much progress to be made in the field of integrable systems.

Observation of a solitary wave was first made by John Scott Russell, an engineer, in 1834
while on the bank of the Union canal near Edinburgh. As noted in his submission to
the British Association entitled ‘Report on Waves’ ten years later, Russell was watching
the motion of a boat being pulled along the canal by a pair of horses. The boat stopped
suddenly, causing a large mass of water to accumulate at its prow. This mass of water
took the form of a smooth, rounded wave and continued to travel along the canal and, to
Russell’s surprise, did not change in shape or speed as it progressed. This is the defining
characteristic of a solitary wave. Another important feature of solitary waves is that
they remain unchanged after collision or interaction with another wave of the same type,
although the waves undergo a phase shift, highlighting their nonlinear nature. This can be
seen after interaction - the two waves are not in their expected positions had they moved at
a constant speed throughout the collision. The wave of larger amplitude is moved forward
and the wave of shorter amplitude moved backward relative to their positions had the
collision been linear. This behaviour, i.e. the fact that solitary waves can interact and
remain unchanged with the exception of a phase shift, is more reminiscent of particle than
of wave behaviour, and thus led Zabusky and Kruskal [90] to term these waves ‘solitons’,

the ‘-on’ suffix used in the same vein as proton, photon and so on.
)

Lax’s generalisation

Here we focus on one of the simplest integrable equations, the KdV equation

up + 6uty + Upge = 0 (1.1)
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for w = wu(x,t). This equation arises as the compatibility condition of two linear oper-
ators, the first (commonly denoted L), determined from the well-known time-dependent

Schrodinger scattering problem with eigenvalue A\, namely [2]

L) := tyq + U(%t)w = A\, (12)

an equation widely studied in the fields of mathematics and physics, with the second

operator M governing the associated time evolution of the eigenfunctions v [2],

Wy == M. (1.3)

Lax [55] showed that the results obtained for the KdV equation via Inverse Scattering

could be generalised and applied to many other nonlinear partial differential equations.

Differentiating (1.2) with respect to ¢ and using (1.3) gives
Ly + LMy = \p + AMp, (1.4)

so that, by (1.2),
(L + (LM — ML)t = Aib. (1.5)

Thus L; + (LM — ML) = 0 if and only if Ay = 0. We define
[L,M]:=LM — ML (1.6)
and call this the commutator of the operators L and M. Hence we have
Ly +[L,M]=0 (1.7)

if and only if \; = 0. Equation (1.7) is known as Lax’s equation. For a suitable choice of L

and M, Lax’s equation generates a nonlinear evolution equation. For example, defining [84]

L=0+u, (1.8a)
M = —492 — 3ud, — 3u, (1.8b)
where 0, = % and so on, we can show that L and M satisfy (1.7) so long as u = u(z,t)
satisfies the KdV equation (1.1), and thus the KdV equation can be thought of as the
compatibility condition of the two linear differential operators L, M given by (1.8). (It
should be mentioned here that in practise, the differential operator 0; is often included in

one of L or M, and we then consider Lax’s equation as simply [L, M] = 0. This can be
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seen when we consider the DS equation in Chapter 3).

If we are able to generate a nonlinear evolution equation such as the KdV equation from
the compatibility of two linear operators L and M, then equation (1.7) is called the Lax
representation of the evolution equation, while the pair of operators L, M is known as a

Laz pair.

In his paper of 1968, Lax [55] indicated how, given a linear differential operator L, a
corresponding operator M can be constructed. However, there is no guarantee that a
particular nonlinear evolution equation will have a Lax representation, nor no set method
to determine the operators L, M if such a representation does exist. Advancement in this
area has resulted either from choosing a rather arbitrary form of L and M and investigat-
ing the equation that results from their compatibility, or else by considering a particular
equation and attempting to devise the corresponding linear operators, both approaches

being highly non-trivial.

In the following chapters, we make much use of the notion of a Lax pair in order to

generate noncommutative counterparts of some well-known evolution equations.

1.2.2 Hirota bilinear form

As alluded to above, the Inverse Scattering Transform is a powerful tool used to solve a
range of initial value problems for nonlinear evolution equations. Although this method
is recognised as being one of the major advances in the field of integrable systems, the
transformation is far from trivial, requiring sophisticated analytical methods and making
strong assumptions regarding the equation under consideration. In an attempt to devise
a solution method needing far fewer assumptions and hence applicable to a wider class
of equations, Hirota devised his so-called ‘bilinear’ or ‘direct’” method which has become
a highly regarded solution mechanism leading to multi-soliton solutions and a detailed
understanding of soliton scattering. Indeed, the method is the most efficient known for
finding soliton and multi-soliton solutions of integrable equations [39]. We give only a
brief account of Hirota’s method here - a far more detailed discussion can be found in the

book [48] devoted to the subject.



CHAPTER 1. INTRODUCTION 6

Linearisation of a particular nonlinear partial differential equation enables an exact so-
lution to be found with relative ease. However, not all such equations can be linearised,
leading Hirota to establish a method to ‘bilinearise’ nonlinear evolution equations. The
bilinear form is written in terms of a new dependent variable and of Hirota’s bilinear dif-
ferential operators. Once in this bilinear form, a perturbation method can be employed in
order to find an exact solution. This is the essence of Hirota’s direct method. Multi-soliton
solutions can easily be obtained by combining soliton solutions. It should be noted here
that the fact that an equation can be written in a bilinear form does not by itself imply

the equation is integrable.

Example - the Kadomtsev-Petviashvili (KP) equation

As an example we consider the KPII equation, a two-dimensional generalisation of the

KdV equation, namely, for u = u(z,y, t),
(ug + 6uLy + Uggs ) + 3uyy = 0. (1.9)

By employing the dependent variable transformation [48]

u = 2(10g f)zz, (1.10)

known as a Cole-Hopf transformation, where f = f(x,y,t) is a new dependent variable,
substituting in (1.9), integrating twice and choosing constants of integration to be zero

leaves
ffzt - fmft + ffm:xz + 3 xzx - 4fﬂcfzma: + 3ffyy - 3fy2 =0. (1-11)

(We note that transformation (1.10) is the same as that used in the case of the KdV

equation, although in the KdV case, f is a function of z and ¢ only).

Hirota noticed that the terms appearing on the left-hand side of (1.11) can be written
in a more compact way: he introduced a new binary differential operator, commonly
known as a D-operator which, when acting on a pair of functions a, b, is defined by

D?DZD?(Q . b) = (a;,; — 8z/)m (8y — ay/)" (&5 — 8t/)p CL(:L’, Y, t)b(.fEl, y/, tl) o=

Y=y
t'=t

(1.12)

~

0
for non-negative integers m, n and p, where 0, denotes — etc. It is then easy to show

ox

that (1.11) can be written in terms of these D-operators in the form

(De(Dy + D3) +3D2) f - f =0. (1.13)
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This is the Hirota bilinear form of the KP equation.
In order to find soliton solutions of this bilinear equation, we introduce an arbitrary small

parameter € and assume that the function f may be expanded in integral powers of e. We

let
oo
F=14) € fulz,y.1)
n=1
:1—|—6f1+62f2+63f3—|—.... (114)

Clearly this expansion would have to be truncated at some point and would thus give only
an approximate solution. However, when considering a bilinear equation, an appropriate
choice of f1 is made so that the infinite expansion truncates with only a finite number of

terms, and hence gives an exact solution.

Substituting into (1.13) and collecting like powers of €, we have

O(e): B(fi-1+1-f1)=0, (1.15a)
O(€): B(fa-1+fi-fi+1:f2) =0, (1.15b)
O): B(fs-1+fo-fi+fi-fat+1-f3)=0, (1.15¢)

-
O(): B (Z Frem - fm> =0 (1.15d)
m=0
for some positive integer r, where fy = 1 and B denotes the bilinear operator
B = Dy(Dy + D3) + 3D;. (1.16)

The coefficient of € gives B(f1-1)+ B(1- f1) = 0 using the property of the bilinear operator
such that B(a-b+c¢-d) = B(a-b)+ B(c-d). Thus

(02 (0 +82) +302) f1 =0 (1.17)

by (1.12), since, for example, Dy Di(f1 - 1) = (f1)zt, and so on. Here we assume that
(f1)z: (f1)y, (f1)t, ... — 0 as o — oo [17]. It can be shown that, if f; takes the form

f1=expmn, (1.18)
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where 1 = Piz + Q1y + Ot + ) and Qi P; + P+ 3Q?% = 0 [17], then f; satisfies (1.17).
Here, P, Q1 and € are constants, and 7} denotes a phase constant.

The coefficient of €2 gives, after rearranging as before,
2 (0, (0r+ 02) +307) fo=—B(f1- f1). (1.19)

It can be shown that substitution of f; = expny, with n; defined as above, into the right-
hand side of (1.19) gives zero, and hence we can choose fo = 0. Thus the infinite series

(1.14) can be truncated as the finite sum
f=1+¢€f, (1.20)

and by combining the parameter e and the phase constant 79, we have an exact solution

of the bilinear form of the KP equation (1.13), namely
f=1+expn:. (1.21)
By substituting in (1.10), we obtain the 1-soliton solution, that is

P2
u="Lgech?. (1.22)
2 2

In order to obtain the 2-soliton solution, we use the linear superposition principle and
choose

fi=expm +expny, (1.23)
where 1n; = Px+ Qiy + Qit—kn? and Q; P, + Pi4 + BQ? =0 for 7« = 1,2. We then continue in
the same manner as above to obtain a solution describing the interaction of two solitons,

namely

f=1+expm +expne +exp(m + n2 + A12), (1.24)
where the parameter Aqs is connected to the phase-shift after the soliton collision.
In principle, we can obtain a solution describing the interaction of any number of solitons
by continuing the perturbation calculation to higher orders. We call the solution describing
the interaction of n solitons (n > 1) the n-soliton solution.

Noncommutative case

The noncommutative KP equation, namely

(vt + Vgaw + 3020g) 2 + 3vyy — 3[vg, vy] =0, (1.25)



CHAPTER 1. INTRODUCTION 9

where v = v(z,y,t) and [vg, vy] = Vv, —vyU,, was considered by Gilson and Nimmo in [36]

and is obtained via the compatibility of the same Lax pair

L=02+v; — 0y, (1.26a)

M = 402 4 60,0, + 3vgs + v, + O (1.26b)

as is used in the commutative case, however the assumption that v and its derivatives
commute is relaxed. (Note that, as mentioned on page 4, we have included the operator d;
in M above). For instance, v could be thought of as a matrix, in which case multiplication
is the usual matrix multiplication. (In the case that variables do commute, differentiation
of (1.25) with respect to = and setting v, = u (and [vg,v,] = 0) leads to the familiar
commutative KP equation (1.9)). A more detailed introduction to noncommutativity will
be given in the next chapter. Here we only wish to point out that in the noncommutative
case, it is thought not possible to obtain a bilinear form of a nonlinear evolution equation
such as the KP equation in a similar manner to the commutative case. We can attempt
to use the same Cole-Hopf transformation, i.e. v = 2(log f),, for some new dependent
variable f = f(x,y,t), where f is a noncommutative variable, for example a matrix. In

this case, we write

log f =log (1+(f—1))

= log(1+ g), say, where g = f — 1

2 3
P g
—g-L 4T _ 1.27
9-5 73 , (1.27)
so that
1 1
(log f)e = g2 = 5(909 + 992) + g(gxf + 9929 + 9%9z) — - .. (1.28)

However, we see that, with each subsequent differentiation, the resulting expressions will
become increasingly complicated, and thus it is not possible to obtain a compact form
similar to (1.11) expressible in terms of D-operators as in (1.13). Consequently, it is not
appropriate to try to obtain a bilinear form of a noncommutative integrable equation in
this manner. We are, however, able to obtain a noncommutative analogue of a bilinear

form as we shall see in later chapters.

1.2.3 Wronskian and Grammian determinants

Wronskian and Grammian determinants will play a major role in later chapters when we

derive solutions of noncommutative integrable equations. Computing solutions of non-
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linear evolution equations in terms of Wronskian or Grammian determinants, whether in
the commutative or noncommutative case, is highly advantageous as they allow solution
verification to be carried out in a fairly straightforward manner and enable the asymptotic
properties of a solution to be analysed with relative ease.

In the noncommutative case, we introduce the notion of ‘quasi-Wronskians’ and ‘quasi-
Grammians’ by extending the familiar definitions of Wronskians and Grammians in the

commutative case. These commutative definitions are described below.

Wronskian determinants

We have seen that solutions obtained using Hirota’s direct method can be written in the
form of exponential functions, and it then follows that the n-soliton solution to the evo-
lution equation under consideration can be expressed as an n''-order polynomial in n
exponentials. As we have discussed, the IST is a somewhat more complicated method
used to solve nonlinear integrable equations, where an n-soliton solution is obtained in the
form of some function of an n x n determinant [26].

However, although both methods give the required n-soliton solution, verification of this
solution by direct substitution is far from easy, as the derivatives of the soliton solution
cannot be expressed in a simple, compact manner. For example, differentiating an n x n
determinant gives rise to a sum of n determinants, which, in the case of large n, will be
a complicated expression on which to work. To overcome this problem, the notion of a
Wronskian determinant (or more often simply a ‘Wronskian’) is often introduced, and

solution verification by direct substitution can then be implemented easily.

For functions ¢; = ¢i(x,...) (i = 1,2,...,n) of x and possibly infinitely many other
variables, the n'P-order Wronskian of ¢y, ..., ¢,, commonly denoted W (¢, ..., ¢y,), is an

n x n determinant defined by [48]

W(1,...,b,) = det (a;—lqﬁi)@m

N
=| Lo, (1.29)
¢§n71) o ¢(n71)

where qbz(-k) denotes the k' z-derivative of ¢;(x), i.e.

oM =okg;  (k=0,1,...,n—1). (1.30)



CHAPTER 1. INTRODUCTION 11

The Wronskian (1.29) is frequently written in the more compact notation introduced by

Freeman and Nimmo [25] as

—

W(p1,...,¢n) = (n—1), (1.31)
where the ‘hat’ indicates the presence of consecutive derivatives up to order n — 1.
One of the main advantages of Wronskian determinants comes to light when we con-

sider their derivative: taking the Wronskian W (¢, ..., ¢,) above and differentiating once

with respect to = gives

0 o
W (P1,. .y bn) =| N (1.32)
o™ e

where we have used the fact that a determinant with two identical rows is zero, and hence
the only contribution to the derivative of W (¢1,...,¢,) comes from differentiating the
final row of the Wronskian. Thus the derivative of a Wronskian is a single determinant.
Further differentiations lead to a sum of determinants, however the length of the sum
depends not on the order of the determinant but on the number of differentiations carried

out. For example, considering the same Wronskian as above, we have

(0) (0)
e o0 L D
W (1., 0n) = |p{" (n=3) ' '
T (le, ) ¢ ) ¢1 R @bn + ¢(n72) ¢(n72)
¢(n—1) gb(n_l) 1 e n
] Lo On (n+1) (n+1)
n n 1 e n
(e
=(m-3,n—1,n)+1n—2n+1), (1.33)

where we have used an extension of the compact notation introduced previously, namely
[25]

—

(n—i,n—kl,n—k‘Q,...,nfk:i,l),

with the ‘hat’ defined as before, and the n —k; (j = 1,2,...,i— 1) denoting the (n — k;)*®
derivative of the row (¢1,...,¢y). The constant k; is not one of the integers 0, ..., 1.

The fact that differentiation of a Wronskian leads to a single determinant and not a sum of
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determinants as is obtained on differentiation of an ordinary determinant therefore results

in a far more straightforward manipulation of Wronskians.

In the general theory of partial differential equations, the functions ¢;, and also their
corresponding Wronskian, will depend on z and other variables y, ¢ etc., and will satisfy
linear partial differential equations with constant coefficients in the variables x,y,t and
so on. Such linear equations can be obtained from the Lax pair of the nonlinear evolu-
tion equation under consideration and are called the dispersion relations for the system.
Thus we are always able to relate derivatives of ¢; with respect to y,t etc. to the deriva-
tives with respect to z, therefore enabling us to express, for example, O,W (¢1,..., dn),
W (b1, ..,0n), and so on, in terms of W(¢1,...,¢,), where W(é1,...,¢d,) consists of

the functions ¢; and their z-derivatives only.

Example - the KP equation

To understand how the notion of a Wronskian can be put into practise, we introduce the
(commutative) KP equation (1.9) as an example. Wronskian solutions of this equation
were obtained by Freeman and Nimmo in 1983 [25], however several years previously, Sat-
suma [80] had noted that the n-soliton solution of the KdV and mKdV equations could be
expressed in Wronskian form, and Freeman, Horrocks and Wilkinson had also made ad-
vances in the area [23]. Following these notable achievements, Wronskian solutions of other
equations, for example the Boussinesq [24], sine-Gordon [26], nonlinear Schrodinger [22]

and Davey-Stewartson [22] equations were subsequently obtained.

We have already discussed, in Section 1.2.2; the solution of the KP equation (1.9) obtained

from Hirota’s direct method, which can be conveniently written in Hirota’s notation as
(De(Dy+ D3)+3D3) f - f =0, (1.34)

with the D-operators defined as in (1.12). Freeman and Nimmo conjectured that f could be

expressed in the form of a Wronskian, namely, for functions ¢; = ¢;(x,y,t) (i =1,...,n),

f=W(o1,.... ¢n), (1.35)

with the Wronskian determinant defined as in (1.29) and written more compactly as

f=m—1). (1.36)
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Here, the functions ¢; satisfy the linear partial differential equations

i — Oyhi = 0, (1.37a)

403¢; + Opp; = 0, (1.37b)

the dispersion relations for the system. These come from considering the Lax pair (1.26)

for the KP equation in the trivial vacuum case, that is, when © = 0. We calculate the
x-derivatives of f = (n/—\l) as before, so that

fo=(n—2,n), (1.38a)

fre=Mm—=3n—1,n)+Mm—-2,n+1), (1.38D)

and similarly for further xz-derivatives, and use the dispersion relations (1.37) to determine

the y- and t-derivatives, namely
f, = (—(71/—\23,n—1,n)+(rz/—\2,n+1)>, (1.39)
fo=4 (—(71/—\4,71 21+ (n—3,n—1n+1)— (n/—\2,n+2)) (1.40)

and so on. Substitution of the appropriate derivatives into (1.11), the expanded form of

(1.34), gives

6<(n/—\3,n—2,n— 1)(71/—\3,11,71—{—1)

—

—(n—3,n—2,n)(n/—\3,n—1,n+1)+(n/—\3,n—2,n+1)(n/—\3,n—1,n)) =0.
(1.41)

The left-hand side can be shown to be the Laplace expansion of a 2n x 2n determinant
which is equal to zero, thus verifying the Wronskian solution (1.35). Appropriate forms of

the ¢; can be chosen in order to generate soliton solutions, see, for example, [25] for details.

The above procedure highlights the simplicity of solution verification in the Wronskian
case, thus explaining their widespread use as a solution-generating technique.
Grammian determinants

A Grammian determinant, the determinant of a Gram or Grammian matrix (often written

‘Gramian’) and named after the Danish actuary Jorgen Pedersen Gram, is one whose
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elements are in integral form. Specifically, a Grammian determinant G := det(g;;)1<i j<n

is the determinant of a matrix with entries [48]

b
Gij 12/ fifjdx (1.42)

for real-valued functions f;, f; defined on the closed interval [a, b].

As in the Wronskian case, the n-soliton solutions of various nonlinear evolution equa-
tions can be expressed in Grammian form. Although we have seen the advantage of the
Wronskian technique in that it possesses a simpler form of derivative than an ordinary de-
terminant, the Grammian method of solution is far more powerful. Whereas an n'"-order
Wronskian (i.e. an n x n determinant taking the form of a Wronskian) consists of n — 1
derivatives of a function, say ¢; (i = 1,...,n) (thus requiring us to carry out each of these
differentiations in turn), in contrast, an n'"-order Grammian determinant requires only a
single integration. Also, as we shall see later in the noncommutative case, verification of
the reality of an obtained solution is far easier in the Grammian than in the Wronskian

case.

Example - the KP equation

We again look at the example of the KP equation and show how the n-soliton solution

can be expressed in Grammian form.

Nakamura [67] was the first to consider soliton solutions of the KP equation in Gram-
mian form. He noted that the Grammian determinant is related to the determinant with
integral entries often used in the IST. However, Nakamura’s Grammian approach avoids
the need to utilise the Gel’fand-Levitan-Marchenko integral equation of inverse scattering
and instead alludes to a Jacobi identity of linear matrix algebra. This will be shown in
more detail later when we consider the DS equations and compare our work in the noncom-
mutative case with earlier work by Gilson and Nimmo in the commutative case. We will
see that verification of Gilson and Nimmo’s Grammian solution in the commutative case is

done using a Jacobi identity. Details of such identities will be discussed in the next chapter.

We once again consider the bilinear form of the KP equation (1.13), namely

(De(Dy + D3)+3D2) f - f =0. (1.43)
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(Note that the bilinear form considered by Nakamura is a scaled version of the one above).
We do not give details here, however Nakamura showed that the n-soliton solution could

be expressed in the Grammian form
f= det(hij)lgi,jgn, (1.44)

where

]’Lij =ci + / qf)zﬂ)] dl‘, (1.45)
—oo

with ¢;; arbitrary constants and ¢; = ¢;(z,y,t), ¥; = ¢j(x,y,t) satisfying the linear

partial differential equations

(4&% + 8t) ¢; =0, (48§ + 8t) P =0, (1.46&)
(02 —0,) ¢; =0, (82 4 9y) vb; = 0. (1.46b)

A rather lengthy calculation and use of a Jacobi identity then proves that f given by (1.44)

is indeed a solution to the bilinear KP equation (1.43).

In contrast, in the noncommutative case, we find that verification of our ‘quasi-Grammian’
solution to the noncommutative DS equations does not require use of an identity - by direct
substitution into a noncommutative analogue of the bilinear form of the equations, the
solution is verified immediately. This is also the case when we verify our quasi-Wronskian
solution, so that, as was also noted by Gilson and Nimmo in [36], in some sense solution
verification is actually easier in the noncommutative than in the commutative case. This

will become apparent in Chapter 3.

1.3 Thesis outline

This thesis is organised as follows. Chapter 2 provides background information to non-
commutativity and noncommutative integrable systems, and introduces the definition of
noncommutativity that will be used throughout the thesis. We also introduce the def-
inition of a quasideterminant, one of the major tools in the study of noncommutative
integrable systems, and provide some important properties of quasideterminants. The
chapter concludes with some motivation as to why we have chosen to study our particular

choice of noncommutative integrable equations and their quasideterminant solutions.
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Chapters 3 and 4 concern the Davey-Stewartson (DS) equations in a noncommutative set-
ting. In Chapter 3, we begin by briefly detailing the physical background, and how we can
transform between two equivalent forms of the equations. Section 3.3 shows the procedure
used to derive a noncommutative version of the commutative DS equations considered by
Ablowitz and Schultz.

In Section 3.4, we introduce the concept of a Darboux transformation, an iterative pro-
cess enabling us to generate quasideterminant solutions of our system of noncommutative
DS equations. We explain how an ordinary Darboux transformation can be used in the
generation of quasi-Wronskian solutions, while a binary Darboux transformation leads to
quasi-Grammian solutions. The section that follows gives a direct verification that the ob-
tained quasideterminant solutions are indeed solutions of our system of noncommutative
DS equations.

We move on in Section 3.6 to compare our solution method with that of Gilson and Nimmo,
who obtain Grammian solutions of a system of commutative DS equations. We empha-
sise that aspects of solution verification in the noncommutative case are surprisingly more
straightforward than in the commutative case.

Chapter 4 is devoted to the calculation and depiction of a special kind of solution to the
noncommutative DS equations, namely dromions. We discover some of the complexities of
obtaining such solutions in a noncommutative setting, however the more simple dromion
solutions can be calculated and plotted with relative ease.

In Chapter 5, we detail the procedure used to carry out the dimensional reduction of
a Darboux transformation, from (2 + 1)-dimensions (two spatial and one time dimen-
sion) to (1 + 1)-dimensions (one spatial and one time dimension). We recall the (2 + 1)-
dimensional ordinary Darboux transformation in Section 5.1, and, in Section 5.2, show
how to reduce this to a (1 + 1)-dimensional transformation using the DS and nonlinear
Schrodinger (NLS) equations as examples. Section 5.3 details the dimensional reduction of
the (2 4+ 1)-dimensional binary Darboux transformation. We note in Section 5.5 that the
dimensionally-reduced Darboux and binary Darboux transformations must be modified
slightly in order to be applicable to the Sasa-Satsuma NLS (SSNLS) equation studied in
the next chapter.

Chapter 6 focuses on higher-order NLS equations, (14 1)-dimensional integrable equations
based on the simple NLS equation but with higher-order terms. The first section of the

chapter provides background information, and also details the higher-order NLS equations
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known to be integrable. Section 6.2 explains how one such equation, namely the SSNLS
equation, can be obtained from a reduction of the 3-component KP hierarchy.

We then proceed to discuss noncommutative versions of various integrable higher-order
NLS equations, deriving two of these via the same Lax pair approach as for the noncom-
mutative DS equations in Chapter 3. We choose to focus our attention on the noncom-
mutative SSNLS equation and, in Section 6.4, apply the dimensionally-reduced Darboux
transformation obtained in Chapter 5 to this noncommutative equation. We find that
certain properties are not preserved by the reduced ordinary Darboux transformation,
and we must therefore allude to the reduced binary Darboux transformation to obtain a
quasi-Grammian solution which can once again be directly verified. Section 6.5 details the
procedure used to obtain soliton solutions in both the commutative and noncommutative
settings.

We conclude in Chapter 7 by summarising our findings and discussing some open problems

that could be investigated in future work.



Chapter 2

Noncommutative integrable

systems

2.1 Introduction

This thesis is concerned with various integrable equations in a noncommutative setting.
In this chapter, we introduce the idea of noncommutativity and some of the many ways in
which noncommutativity can be defined. As shall be explained below, we choose to define
noncommutativity in a very general manner, and only specify the nature of the noncom-
mutativity under consideration when we calculate particular solutions of the equation of
interest.

We also introduce the idea of a quasideterminant, a representation of a determinant in
a noncommutative setting. Quasideterminants will be used extensively throughout the

thesis.
2.2 Definitions of noncommutativity
In simple terms, we say that a binary operation * on a set S is commutative if

TxyYy=y*x (2.1)

for all z,y € S. In other words, the order of the terms does not affect the final result. Any
operation that does not satisfy this property, for example matrix multiplication, is said to
be noncommutative.

An example of noncommutativity arises in terms of a star product, an associative but

18
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noncommutative product with a Poisson bracket. In this case, noncommutativity is defined
in terms of the coordinates over which the given integrable equation is specified, rather
than the functions present in the equation. In recent years, Hamanaka and Toda [42] have
derived a number of noncommutative integrable equations with noncommutativity defined

by a Moyal star product, for example the noncommutative KdV equation,

3 1
up + Z(ux*u—i—u*ux) + o Vaze = 0, (2.2)

where u = u(z,t), and the noncommutative KP equation,

1 3 3 3
ug + 7 Uz + 1<u$ * U+ UKk uy) + Zﬁgluyy + 1 [u, 8;1%]* =0 (2.3)
—1 x ! ! 83u . o .
for u = w(z,y,t), 0y f(z) = [“da f(2') and ugee = 925" This noncommutativity
x

of coordinates, in either the spatial coordinates or the spatial and time coordinates, is
realised by replacing the ordinary products of the fields with star products. Equations
(2.2) and (2.3) can be seen, up to suitable scaling, to reduce back to the commutative
KdV (1.1) and KP (1.9) equations respectively when * is standard multiplication and we
assume commutativity, i.e. we assume that u % u, = vu, = u, * u = uzu. We introduce

the definition of the star product via an example.

Example

In general, for noncommutative coordinates z* and z!, we define
(2%, 2], = aF x 2l — 2t 2b = 1M (2.4)
for some nonzero real constant #¥ and i = /—1. It then follows that
gkl = —p'k, (2.5)

We consider a particular case where f and g are arbitrary functions of three variables
(coordinates) z!, 22,23, so that f = f(x), g = g(x) for x = (z!, 2% 23). We suppose that

two of the coordinates, say x' and 2, are noncommutative, so that

(2!, 2%, = 2! x2? — 2? x 2t = 112 (2.6)
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and 0! = §?2 = ¢33 = 0 by (2.5). The star product of f and g is then given by [41]

3 .
1 x/ <!
Jrgte)=exp | 37 0NV | F(x)g(x") e
k=1

= exp <;9123§X/)8§XH) 4 ;9213§X/)8£X”)> f(X/)g(XN)|x’:x”:x

= FGg(x) + 20™(O T ()g(x) — Daf (X)hg() + O ((07), (27)

where 8,(;(,)

0

= (In the above definition, the sum over k,[ tends to be omitted from
x

papers). This explicit representation is known as the Groenewold-Moyal product and, in

the commutative limit #'2 — 0, reduces to the ordinary product fg.

In this thesis, we follow the same approach as that used by, for example, Gilson and
Nimmo in [36] (noncommutative KP equation), Gilson, Nimmo and Sooman in [38] (non-
commutative mKP equation) - we adopt a very general approach and do not initially
specify the nature of the noncommutativity under consideration; that is, we simply as-
sume that, for functions f, g, multiplication of f by ¢ is noncommutative: fg # gf, i.e.
[f,g] # 0. (Here we are assuming noncommutativity of functions, rather than coordi-
nates as in the star product above. We could think of f, g as matrices for example). To
derive a particular integrable equation in this manner, we utilise the same Lax pair, L,
M, say, as in the commutative case but assume no commutativity when calculating the
commutator [L, M]. This results in a noncommutative version of the integrable equation
under consideration, which reduces back to the commutative equation when we relax the

noncommutative condition.

For example, as we saw in Section 1.2.2, in their work on the noncommutative KP equa-

tion [36], Gilson and Nimmo consider the Lax pair

L=0%+v,—0,, (2.8a)
M= 483 + 60,0, + 3Vze + vy + O (2.8Db)
for v = v(z,y,t), and set the commutator [L,M] = 0. Expanding and assuming no

commutativity of variables (so that v,v;, # v4,v, and so on) gives a noncommutative KP
equation, namely

(V¢ + Vpgg + 30205 + 30yy — 3[vg, vy] =0, (2.9)
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which, by relaxing the noncommutativity condition, can be differentiatied with respect to
x to give, with v, set equal to u, the well-known commutative KP equation (1.9). We adopt
this approach in Chapter 3, where we derive a noncommutative version of the DS equations,
and in Chapter 6 when deriving noncommutative Hirota and Sasa-Satsuma NLS equations.
Although initially we choose not to specify the nature of our noncommutativity, in Chapter
4 and the later sections of Chapter 6 we make the noncommutativity more explicit by
choosing the functions in our noncommutative equations to be of matrix form. This then

enables solutions to be calculated and plotted for this particular case of noncommutativity.

2.3 Quasideterminants

Here we briefly recall some of the properties of quasideterminants. A more detailed anal-
ysis can be found in the original papers [28,29].

The notion of a quasideterminant was first introduced by Gel’fand and Retakh in [29] as a
straightforward way to define the determinant of a matrix with noncommutative entries.
Many equivalent definitions of quasideterminants exist, the simplest involving inverse mi-
nors. Let A = (a;;) be an n xn matrix with entries over a usually noncommutative unitary

ring R. We denote the (i, 7)™ quasideterminant by | A |ij, where

| Alij = aij — ] (AY) 1Sl (2.10)
Here, A% is the (n — 1) x (n — 1) minor matrix obtained from A by deleting the i*® row
and ;'™ column (note that this matrix must be invertible), rf is the row vector obtained
from the i row of A by deleting the j*" entry, and sj- is the column vector obtained from
the j* column of A by deleting the i*® entry.

A common notation employed when discussing quasideterminants is to ‘box’ the expansion

element, i.e. we write

| Al11= e a11 — ar2a2 tag (2.11)
az1 a2
to denote the (1,1)" quasideterminant of a 2 x 2 matrix A = (a;;) (4,5 = 1,2). It should
be noted that the above expansion formula is also valid in the case of block matrices,
provided the matrix to be inverted is square.

Quasideterminants also provide a useful formula for the inverse of a matrix: for an invert-

ible n x n matrix A = (a;;) (i,j = 1,...,n), the (i,j)" entry of A~! is given by

(A = (1AL) (2.12)
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so that, forn =2 and A = (‘CLZ),

a—bdte)™' (c—dbla)!
AT = ( )7 ) . (2.13)
(b—actd)™! (d—ca tbh)™!
This formula is required when finding quasideterminants of larger matrices (n > 2).
When the elements of A commute, the quasideterminant | A|;; is not simply the determi-

nant of A, but rather a ratio of determinants: it is well-known that, for A invertible, the

(j,9)™ entry of A=!is

,-det A%
—1)"t7 )
(=1) det A
Then, by (2.12), we can easily see that
i det A
| Alyy= (—1) - (2.14)
det AW

in the commutative case.

Quasideterminants possess certain row and column multiplication properties. In short,
if the i'" row of a quasideterminant is left- (right)-multiplied by some element A\ € R
and all other rows remain unchanged, this has the effect of left- (right)-multiplying the
quasideterminant by A. A similar result holds for columns. A more detailed explanation
of these results, along with many other results relating to quasideterminants, can be
found in [28]. Before moving on, we do however detail several important quasideterminant

identities which will be useful in later chapters.

2.3.1 Quasideterminant identities

We begin by stating the Jacobi identity for commutative determinants, which is a powerful
tool used to verify Grammian-type solutions of an integrable equation. We follow the
notation given in [48], where the Jacobi identity stated is identical to the commutative
version of the Sylvester identity given in, for example [28]. Hence we could also refer to
the Jacobi identity as a (commutative) Sylvester identity.

For i,j = 1,...,n, consider an n X n determinant D = det(a; ;). We denote the (j, k)th

minor of D, that is, the (n—1) x (n — 1) determinant obtained by eliminating the j*® row

and k™ column of D, by D J . Similarly, the (n — 2) x (n — 2) determinant obtained
k

by eliminating both the j™ and k"

rows and the I*® and m'™ columns from D is denoted
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k
D . Then the Jacobi identity states that [48]

D J D=D D T D D J . (2.15)
i g i J J i
For example, suppose n = 3, so that

all a2 a3
D = a21 az2 a23|- (2-16)
as; a3z a33

Taking, for instance, i = 2, j = 3 in (2.15) gives

ail a2 Qi3
a1l ai3||air a2 a1l aiz||air a3
a11 |a21 a9 ag3| = — . (2.17)
a3l asz||a21 a22 az1 agz||a2r a23
as1 agz2 ass
This can easily be verified by direct calculation, as can results for larger n, using a computer
package if necessary. A proof that the Jacobi identity (2.15) holds for all n can be found

in [48].

Noncommutative case

In their paper of 1991 [29], Gel'fand and Retakh define a noncommutative version of the
Sylvester identity, valid in the case of quasideterminants. We describe this result below
and shall then see that, if we reduce to the commutative case by writing each quasideter-
minant as a ratio of determinants, we arrive at the commutative Jacobi identity described
above. We will see that, perhaps surprisingly, the Sylvester identity for quasideterminants
in the noncommutative case appears more straightforward than the Jacobi identity for

determinants in the commutative case [30].

Fori,j=1,...,n,let A= (a;;) be a matrix over a (not necessarily commutative) ring R

and, for i,j =1,...,k (k < n), let Ay = (a;;) be a k x k submatrix of A assumed to be

invertible over R. We define, for p,q = k + 1,...,n, quasideterminants
Alq
Ap :
Cpg = . (2.18)
(kg
ap1 oo aph
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Now consider the (n — k) x (n — k) matrix C' = (c¢pq), a matrix whose entries consist of
quasideterminants. Then [29]
Theorem 1 Fori,j=k+1,...,n,

| Alij=|Clij - (2.19)

We do not give details of the proof, but outline an example. Suppose n = 3, with A = (a;;)
(1,7 = 1,2,3), and take the submatrix Ag = (a11), so that £ = 1. We assume that Ay is

invertible. Then

a1l a2 ail a3
C22 = s C23 = )
a1 | a2 a1 |a23
a1l a2 ail a3
c32 = , €33 = ; (2.20)
as1 |ass agzyp |ass
so that
ail a2 a1l ais
a1 | a2 a1 |ag3
C22 €23
C= = (2.21)
€32 €33
ail a2 a1 a3
a3l |as2 az; |ass
Then, for example, by Theorem 1, we see that
| Al33=[C33, (2.22)
l.e.
ail a2 a3 -1
a1l ais a1l Q12 | (a1 G12 a1l a3
az az a3 | = - : (2.23)
az1r |ass azlr |as2| (a1 |Aaz2 a1 |Aaz3

31 az2 | as3
(It should be noted here that the notation |C'|33 means that we expand C as given in
(2.21) about the entry cs3, not, as in the case of | A|s3, the entry in position (3,3) (such

an entry does not exist in C, being only of size 2 x 2)).

From (2.23), we see that

ai; a2 as -1 -1 -1
ailr a3 ail a3 ||air a13 ail a2 | |air a12

a21 Q22 a23 -

a | a3 a1 |ass | |a21 |G23 as |as2|| |a21 |aG22
a3 a3

(2.24)
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Also, choosing i = 3 and j = 2 in Theorem 1 and Ay = (a11) gives

ail a2 a13 -1 -1 -1
ail a2 ail  ai2 | |a11 012 ail a3 | |a11 013
a21 a22  G23 = -
az1 | ag2 asy |asz || (az1 |a22 asy |asz|| (az1 |az3
(2.25)

Thus, by comparing (2.24) and (2.25), we have the relation

ail ai2 a3 -1 ail a2 a3 -1
ail a3 ailr a1
a1 azz a3 = —la21 aze a3 ) (2.26)

as a1 | a2
asi asz [ass as ass

with others following in the same way using an appropriate choice of submatrix Ag. We
will see shortly that the row and column homological relations for quasideterminants are

identical to relations of the form (2.26).

We can express (2.23) in a more useful form as

A B C -1
A C A B||A B A C
I og|= -

E i ED D [g]

where A is an M x M matrix (say), B,C are M x 1 columns, D, E 1 x M rows, and

(2.27)

)
>

f, g, h,t single entries. Taking C' to be the M x 1 zero column, g =1 and 7 = 0 gives

0 -1
A 0 A B||A B A O

E [0] ED D [1]

-1

B
f
h

& O

1
0]
A B||lA B

—_ . (2.28)

E [n]|D [f]

In the commutative case, we write each quasideterminant in (2.23) as a ratio of determi-

nants using (2.14), so that

ail aiz a3
a1 aiz||ann a2l |ain aiz||an a3
ail lagr az a3 = - ; (2.29)
as; ags||a21 age| |az1 asz||a2 a9
as;p as2 dass

which we see matches the result of the Sylvester identity in (2.17).
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A result such as that obtained in (2.26) can be seen to be a homological relation as derived
by Gel'fand and Retakh in [29]. An n x n square matrix A = (a;;) is considered, along
with an (n — 1) x (n — 1) minor matrix A¥ (k.1 =1,...,n) obtained from A by removing
the k™" row and I*" column. Then Gel’fand and Retakh showed that quasideterminants of

the matrix A and its minors are connected by the following homological relations:
Theorem 2 (i) Row homological relations

— Al AT G =1 Al [AY Y s # (2.30)

sl
(i) Column homological relations
— AN ALy =AY ALy, t# . (2.31)

For example, choosing A to be a 3 x 3 matrix with [ = s =2 and i = j = 3 in (2.30) gives

the same result as that obtained from the noncommutative Sylvester identity in (2.26).

Quasideterminant invariance properties

We now show that, similar to determinants, quasideterminants possess properties invari-
ant under elementary row and column operations. We will see in particular that we can

subtract rows from the expansion row and leave the quasideterminant unchanged.

Consider, for (n —1) x (n — 1) matrices A, F, 1 x (n — 1) row vectors F,C, (n—1) x 1 col-
umn vectors O, B, where O denotes the zero column, and single entries g, d, the following

quasideterminant [36]:

E O\ [A B EA EB X A B
= =g(d-—CA'B)=gyg

F g)\C d)| = |FA+g4C [FB+gd| c [

(2.32)

Thus we see that premultiplying the expansion row of a quasideterminant by g has the
effect of premultiplying the whole quasideterminant by g. All other operations leave the
quasideterminant unchanged. A similar invariance property exists for column operations
involving postmultiplication.

Choosing g = 1 in the above, we have

E O A B A B

F 1) \c 4 c [d4]

nn

(2.33)
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Now choose E to be the (n — 1) x (n — 1) identity matrix, F' the 1 x (n — 1) row vector

(0 .. 0 _1) and O the (n — 1) x 1 zero column vector. Consider the n x n matrix
P Q
T=|r s|, (2.34)
R t

where P is an (n—2) x (n—1) matrix, R a 1 x (n—1) row vector, @ an (n—2) x 1 column

vector and s,t single entries. Then

10 0O 0 O
P Q 01 ...0 0 O P Q P Q
E O . . . . .
R s =1]: oo R s =| R S
F 1
t 00 ...0 1 0f\R t 0...0 [t—s]
00 ... 0 -11
(2.35)
However, we know by (2.33) that, for E, F' of size as detailed above,
P Q P Q
E O
R s =|R s|- (2.36)
F 1
R t R
nn
Hence
P Q P Q
R s|=| R s | (2.37)
R 0...0

so that the value of a quasideterminant is unaffected by subtracting rows from the ex-
pansion row, a property analogous to that of determinants. We exploit this property in

Section 3.5.1 of the next chapter.

2.3.2 Derivatives of a quasideterminant

Here we detail the method used to compute the derivative of a quasideterminant. The
results obtained will be utilised later when verifying quasideterminant solutions of the DS
equations.

We modify the approach of [36] to derive a formula for the derivative of a general quaside-

terminant of the form

== (2.38)
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where A, B, C and D are matrices of size 2n x 2n, 2n x 2, 2 x 2n and 2 x 2 respectively.
(The reasoning behind choosing matrices of this size, rather than the more simple choice
ofnxn,nx1,1xnand1x 1 matrices, is to allow us to apply the formulae obtained to
quasideterminant solutions of the DS equations in Chapter 3. The matrix sizes can easily
be modified to ensure the results are applicable to, for example, the 3-component SSNLS

equation in Chapter 6). Using the product rule for derivatives, we see that
=D -C'A'B+cA'AAT'B-CcATIB. (2.39)

Suppose firstly that A is a Grammian-like matrix with derivative

k
A'=>"EF, (2.40)
=1

for some integer k, where E; (F;) are column (row) vectors of comparable lengths. Then

(2.39) becomes

k
=D -C'A'B-CA'B' +> (CA'E;)(F,A"'B)
i=1

A B A B *lA E;||[A B
+) : (2.41)

_|_

where O denotes the 2 x 2 zero matrix (§9). If, on the other hand, the matrix A does not

have a Grammian-like structure, we can once again write the derivative Z’' as a product

of quasideterminants as above by inserting the 2n x 2n identity matrix in the form

i
L

I=) (frer)(frer)’, (2.42)
0

i

where ey, fi, denote the 2n x 1 column vectors with a 1 in the (2n—2k—1)"" and (2n—2k)*™
row respectively and zeros elsewhere, so that (f; ex) denotes the 2n x 2 matrix with the

(2n — 2k)™ and (2n — 2k — 1)'" entries equal to 1 and every other entry zero.

Inserting the identity in the form (2.42), we find that, using (2.39),

n—1
= =D —-C'A"'B+ Z (CA™ frex(frex)"A’A™' B — CA™ frep(frer) " B') . (2.43)
k=0

To simplify the above expression, note that
( A2n—2k—1)/

(frer) A" = onzvy | (2.44)
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where A* denotes the k™ row of the matrix A, and similarly for (frer)” B'. Hence

|
—

n

(CA™! frer(fren)"A'AT'B — CA™ frep(frer)" B')

k=0
(2.45)
n—1 (A2n—2k—1)/ (B2n—2k—1)/
=2 _(CA™ frex) 2n—2k A™'B - 2n—2k
k=0 (Amn=2Ry (==Y
and thus (2.43) gives
A B

A B nmliA
= +Z Fi e | (azn-2k-1y (B2=2k=1y |, (2.46)

c’ k=0 |C (AQn—2k)/ (B2n—2k)/

We can also obtain a column version of the derivative formula by inserting the identity in

a different position, i.e. (2.43) is now written as

n—1
B =D —-C'AT'B' +) (CAA fren(fuer) AT B = C' fren(frer)TAT'B) . (2.47)
k=0
We calculate that
A(feer) = ((Aanzsr) (Aanan)') (2.48)

where A, denotes the k™ column of the matrix A, and similarly for C’(fre;). Thus we

can express Z' as

A B =LA (Agp_op-1) (Azn—o) A B

o kZ:OC (Con—2k-1)" (Cop—o)’ . (frer)” .

2.4 Motivation

As mentioned in earlier sections, noncommutative integrable systems have attracted con-
siderable attention in recent years. Much work has been carried out on the derivation
of such equations with noncommutativity defined in terms of a star product, for exam-
ple by Dimakis and Miiller-Hoissen [14], Wang and Wadati [87], Paniak [75], Hamanaka
and Toda [42], Hamanaka [41], and others. However, the idea of taking the definition of
noncommutativity to be very general at first is a relatively new one, with Gilson, Nimmo
and their collaborators the major players in this field, beginning with work on the non-
commutative KP equation in 2007. They also obtained quasideterminant solutions of the

equation via Darboux and binary Darboux transformations. Similar work soon followed,
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with Gilson, Nimmo and Sooman carrying out an identical procedure on a noncommuta-
tive modified KP equation [38], and Li and Nimmo on a non-abelian Toda lattice [59] and
a noncommutative semi-discrete Toda equation [60].

It therefore seems natural to continue in this vein and attempt to obtain similar noncommu-
tative generalisations and quasideterminant solutions of other, somewhat more complex,
integrable equations. The (2 + 1)-dimensional DS equations are a natural place to begin,
as results obtained can be compared and contrasted to those of Gilson and Nimmo in the
commutative case in [35], and can also be reduced to results valid for the noncommutative
NLS equation in (1 4+ 1)-dimension. The challenges of extending to a noncommutative
setting soon become apparent, particularly when attempting to plot solutions such as
dromions - the choice of parameters is highly non-trivial.

Continuing on a similar theme, another natural step is to revert to a (1 4 1)-dimensional
situation and, rather than considering the relatively simple NLS equation, whose quaside-
terminant solutions can easily be obtained by reduction of those solutions obtained for
the DS equations, we consider higher-order NLS equations in a noncommutative setting,
the Sasa-Satsuma equation being one particular example. Gilson, Hietarinta, Nimmo and
Ohta have considered soliton solutions of this equation in the commutative case [33], and

hence we take their work one step further by extending to a noncommutative situation.



Chapter 3

The Davey-Stewartson equations

3.1 Background

The Davey-Stewartson (DS) equations have become a topic of much interest in recent years.
Derived by Davey and Stewartson in 1974 [13], the system is nonlinear in two spatial and
one time dimension, and describes the evolution of a three-dimensional wave-packet with
slowly varying amplitude on water of finite depth. In his series of papers beginning in
1965, Whitham [88] began to develop a theory to model such an evolution, describing
the motion in terms of a phase and an amplitude variable, with further extensions to the
theory subsequently proposed by Lighthill [61] and Hayes [45].

Whitham’s work indicated that the evolution of these wave-packets is determined by either
a hyperbolic or an elliptic equation. However, his theory does not give any indication as
to what exactly is meant by a slow variation in amplitude; it is usual in such a case to
introduce a small parameter, say €, with the idea of a slow amplitude variation being
explicitly governed by this parameter. Whitham’s work does not allude to a parameter of
this kind, which led Davey and Stewartson to focus on the so-called method of multiple
scales, whereby a small parameter ¢ is included in the expansion. In short, this multiple
scales method is used to find an approximate solution to a perturbation problem for
both small and large values of the independent variables. The technique replaces the
independent variables with fast-scale and slow-scale variables and then considers these
new variables to be independent.

In their paper of 1974, Davey and Stewartson showed that the motion of the wave-packet
is described by two partial differential equations (although if the wave-packet takes the

form of an oblique plane wave (a wave in a number of planes), the two equations can be

31
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converted into a single equation). They considered an area of water with depth h, and
used a standard Cartesian coordinate system (z,y, z), with the origin O on the surface of
the water and the z-axis pointing vertically upwards, so that the ‘bed’ of the water area is
given by z = —h and the zy-plane lies on the water surface. At time ¢ = 0, a progressive
wave is formed such that the height of the water’s surface is raised to z = (, say.

At later times t > 0, a velocity potential ¢(z,y, z,t) is such that
2p+ 020+ 02¢=0for —h<z<(, (3.1)

with suitable boundary conditions. The progressive wave can be assumed to have a solution
of the form
o0 oo
b= > ¢uE", (= > GE" (3.2)
n=-—00 n=-—o00
where E = expli(kx — wt)|, with k denoting the wavenumber and w the frequency of the

progressive wave. The parameters ¢, and (, are defined by

o0 o0

b0 =Y n, o= G, (3.3)

j=n j=n
and are such that, for n > 0, ¢_,, = ¢y,, (—,, = (;;, with the ¢,; functions of z,y, 2,t and
(nj functions of z,y,t. Substituting the expansion (3.2) for ¢ into the partial differential
equation (3.1) with appropriate boundary conditions (the expression for ¢ in (3.2) is needed
to satisfy the boundary conditions) and utilising the method of multiple scales, the well-

known Davey-Stewartson equation is obtained, which can be written as

10, A+ AFA+ poiA=v|AIPA+ 11 AQ, (3.4a)
MOFQ + 110;Q = K102 | AJ* (3.4b)

Here, A and @ are functions of £, n and 7, which in turn are functions of x, y and ¢, while
A, A1, f, 1, v, V1, K1 depend on various factors such as the wavenumber k, frequency
w, acceleration due to gravity, etc. A full account of the derivation can be found in the
original paper [13] by Davey and Stewartson.

Various equivalent forms of the above system of equations are known, and can easily be
obtained by suitable scaling of variables. In the next section, we show how to carry out a

transformation between two such systems.
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3.2 Transformation between equations

Shortly we will derive a noncommutative version of the DS equations by considering the
Lax pair of a system of commutative DS equations given by Ablowitz and Schultz in [7],

namely, for functions q = q(z,y,t), r = r(z,y,1),

, 1 .

19t = T 952 (Q:m + Uzq'yy) +ig(Ay — Ag), (3.5a)
. 1 )

ire =53 (rzz + O'QTyy) —ir(A; — Ag), (3.5b)

where Ay, As are such that

i

Op — 00y)(qr), (3.6a)

(@—a@pb:§%«%+a@xw) (3.6b)

and r = £¢* (¢* denotes the complex conjugate of ¢). The constant o is chosen to be —1 or
i for the DSI (hyperbolic case) and DSII (elliptic case) equations respectively. Only the DSI
equations give rise to the dromion solutions studied in the next chapter. Before discussing
these equations in a noncommutative setting, we firstly highlight a correspondence between
the above commutative DSI equations (¢ = —1) and the commutative DSI equations

considered by Gilson and Nimmo in [35], namely
w4+ uxx + uyy — 4u|u|? — 2uv =0, (3.7a)
ny+(ax+5’y)2|u‘2 =0, (3.7b)

for functions u = u(X,Y,t), v = v(X,Y,t). (Gilson and Nimmo investigate only the DSI
case as this leads to the dromion solutions considered later in their paper). We define a

variable transformation from z,y to X,Y by

x:;X+Y% (3.82)

y:;X_m, (3.8D)
so that

9, = Ox + Oy, (3.92)

9, = dy — dy. (3.9b)

Then, in the DSI case, (3.5a) and (3.5b) give, on setting ¢ = u,

iut +uxx +uyy — 1U(A1 — A2) =0 (310)
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and its corresponding complex conjugate. By comparing with (3.7a), we require
Ay — Ay = =2i(2ul* +v), (3.11)

which transforms (3.10) to the first of Gilson and Nimmo’s equations (3.7a).

We now apply the operation —3 (9, +,) to (3.6a) and —%(0, — 9y) to (3.6b). Subtracting
the resulting equations and implementing the same variable transformation (3.8) as be-
fore, with ¢ = u and A; — Ay defined as in (3.11), gives the second of Gilson and Nimmo’s

equations (3.7b).

In this chapter, we have chosen to work with the DS equations and corresponding Lax
pair as given by Ablowitz and Schultz in [7]. Our noncommutative DS system obtained
from this Lax pair was found to match exactly the quantum version of the DS equations

considered in a later paper by Ablowitz, Schultz and Bar Yaacov [81].

3.3 Noncommutative Davey-Stewartson equations

We now derive a system of noncommutative DS equations, a topic of considerable interest
in recent years. Hamanaka [40] derived a system with noncommutativity defined in terms
of the Moyal star product, while more recently, Dimakis and Miiller-Hoissen [16] deter-
mined a similar system from a multicomponent KP hierarchy.

The strategy that we employ here, whereby we introduce noncommutativity into an in-
tegrable nonlinear wave equation without destroying the solvability, has previously been
considered by others in the field, for example by Lechtenfeld and Popov [57], and by Lecht-
enfeld, Popov et al. [56], where a noncommutative version of the sine-Gordon equation is
discussed.

As mentioned in the previous chapter, we are not concerned with the nature of the non-
commutativity, and derive a system of noncommutative DS equations in the most general
manner by utilising the same Lax pair as in the commutative case but assuming no com-
mutativity of the dependent variables. This method has also been employed by Gilson

and Nimmo in [36] for the case of the noncommutative KP equation.
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The Lax pair for the (commutative) DS equations (3.5) is given by [7]

Yz = Ap— oy, (3.12a)

1 .
pr = Ap — ;AS"y +1J@yy, (3.12b)

where ¢ = ¢(x,y,t) is a 2 x 2 solution matrix, J and A are the matrices
J = , A= (3.13)

for ¢, r functions of x,y and ¢ such that r = +¢*, and A is a 2 x 2 matrix given by
A R,
1 4z — 04
a-| 20 0 W) (3.14)

1
—ﬁ(’r$ +O'7"y> AQ

with ¢ = —1 or ¢ =i for the DSI and DSII equations respectively. The Lax pair (3.12)

can be expressed in an equivalent form as
L=0,—-A+0J0y, (3.15a)

M=0-A+ é/l@y —1J0,,. (3.15b)

By setting the commutator [L, M] of this Lax pair equal to zero and assuming no commu-

tativity of variables, we obtain the compatibility condition
—Ap+ (A A+ A — oA, + éAAy —iJ Ay, =0, (3.16a)
i/lx +o[A, J] —iJA, = 0. (3.16b)

The second equation (3.16b) is satisfied automatically on equating matrix entries, while

from (3.16a), we generate a system of noncommutative Davey-Stewartson (ncDS) equa-

tions,
. 1 ),
g = — 55 (aa + 07ayy) +i(A1q — g4), (3.17a)
iry = % (r2z + O—QTyy) —i(rAy — Agr), (3.17b)
(0, + 00,)Ar = —ig(ax — 50,)(ar), (3.17¢)
(0, — 0,)As — 2%(01 +00,)(rq). (3.17d)

(Note that, taking a dimensional reduction 9, = 0 gives

+2iq; = —qaz + 27, (3.18)
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which, on scaling, matches the noncommutative NLS equation obtained in [15] (where the
* multiplication is taken to be ordinary multiplication). To revert to the commutative
case, we write grq = +qq*q as £+ | q|? ¢*). Our results in this chapter and the next can
easily be reduced to those valid for the noncommutative NLS equation by removing all

dependence on one of the spatial variables = or y.

There is one important factor that we must consider in the noncommutative case, namely
our definition of the matrix A in (3.13). In the commutative case, where we consider ¢
and r to be scalar objects, we see that

A for r = ¢*,
At = (3.19)

—A forr=—q*,
where AT denotes the Hermitian conjugate (conjugate transpose) of A. In the noncommu-
tative case, the conditions (3.19) must be preserved. If we were to take the matrix A as in
(3.13) and think of ¢, as noncommutative objects, for example matrices, with r = +¢*,
we find that (3.19) does not hold. Instead, we define A to be the same matrix as in (3.13),
however we now define r = +¢'. (Note that we could equally well have used this definition
of r in the commutative case, since, for scalar ¢, ¢' = ¢*). This does not affect our system

of ncDS equations (3.17), so long as we bear in mind that r = +¢'" in this case.

For notational convenience, and to avoid the use of identities later when verifying so-

lutions, we introduce a 2 x 2 matrix S = (s;;) (4,5 = 1,2) such that A = [J,05] [58],

thus
q
S11 5
S = . 20|, (3.20)
T oy S22
Additionally, by setting
A=18,-iJS,, (3.21)
o

(3.16b) is automatically satisfied, and (3.16a) becomes

— 280 +1JSS, —i8JSy — 1Sy JS + 1S, +i0JS,JS
g

—i0JSySJ +0JS; — 0SiJ —icJSSyJ +i0SJS,J +icJSy,J =0. (3.22)

Note that this is essentially the noncommutative analogue of the Hirota bilinear form (see

for example [48]) of the DS equations.



CHAPTER 3. THE DAVEY-STEWARTSON EQUATIONS 37

3.4 Darboux transformations

3.4.1 Ordinary Darboux transformations

A Darboux transformation, named after the French mathematician Jean-Gaston Darboux,
is an iterative process and a way of generating new solutions of a given integrable equa-
tion. One of the major attractions of Darboux transformations as a solution-generating
technique is that such a transformation can be applied even to the trivial solution of the
equation under consideration and a new non-trivial solution generated. By repeating this
process, a whole family of new non-trivial solutions can be constructed.

We look at the particular example of the system of ncDS equations (3.17) and outline how
such a Darboux transformation can be implemented.

Consider the Lax operators L, M defined as in (3.15), and suppose that T is the set of

zero-eigenvalue, eigenfunctions of L, M, i.e.
T={0:L(0O)= M) =0}. (3.23)

As discussed previously, setting the commutator [L, M] equal to zero and assuming no
commutativity of variables generates the system of ncDS equations (3.17). We take a
known solution ¢ of this system, for example ¢ = 0, and apply a Darboux transformation,
to be defined later. This transformation maps the original Lax operators L, M to some

new operators f), M , with eigenfunctions

T =1{0:L(f) =M@ =0). (3.24)

These operators are identical to the operators L, M in (3.15) but with A replaced by A
and A by A, where

b
I
DO

A= and

- 0 q Al 7(‘]3: —0q, )
d . o’ ! (3.25)
0

_ i - -
7 —ﬁ(% + ofy) Ay

(We define .JJ = J since J is a constant matrix). The operators L, M are covariant under
the action of the Darboux transformation, so that, by setting the commutator of L and
M equal to zero and assuming no commutativity, we generate the same system (3.17) as
before, but with ¢ replaced by ¢ and so on. This new system of equations has solution
G, so that, by applying a Darboux transformation, we have generated a new solution of
our original system of ncDS equations (3.17), i.e. ¢ satisfies the system (3.17) whenever

q does. It therefore follows that the Darboux transformation induces an auto-Béacklund
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transformation ¢ — ¢ for the original system (3.17). Clearly the above process can be
repeated many times, allowing us to obtain a family of solutions of this original system of
equations.

The Darboux transformation, G, is defined in terms of 0 as
Go =0y — 0,07 = 00,01, (3.26)

and if ¢ is a generic eigenfunction of the original Lax operators L, M, then (5 = Gp(o) is

a generic eigenfunction of the transformed operators L, M.

We now show how this transformation can be iterated in a natural way. We mainly

follow the notation of [70], and denote L by Ly, M by My to indicate the starting levels.

Iteration

Step 1 Let 61,..., 0, be eigenfunctions of the original Lax operators Ly = L, Mp;; = M,
and define ¢;] = ¢ to be a generic (arbitrary) eigenfunction of Ly, Mpy). We choose one
eigenfunction, say 61, to define a Darboux transformation to a pair of new Lax operators
Lz}, Mg, and relabel this eigenfunction as ;] to indicate that it is an eigenfunction of
the original Lax operators Lyjj, M. Our assumption is that 6y is invertible. Then a

Darboux transformation is defined as

_ (1) p—1
Go,, =0y — «91[1]91[1], (3.27)
where 0&1)] denotes one differentiation of 6,;; with respect to y, and the new Lax pair

Ly = G91[1]L[1]G671?1]’ Mg = G, MU]G@:L] has generic eigenfunction

(b[?} = G91[1](¢) = ¢(1) - 9%)]91_[}@. (3.28)

(Note here that since ¢ is an eigenfunction of Ly =L, My = M, we think of ¢ as a 2 x 2
matrix. In a similar manner, each 6; (i = 1,...,n) is considered to be a 2 x 2 matrix. Later,
when we investigate dromion solutions in a noncommutative (matrix) setting, we think of
each entry of 6; as having matrix form). In particular, this Darboux transformation maps
the eigenfunction 6, = 6y[y; to G91[1] (91[1]) := 01[), which is zero (since G@lm (01[1]) =0

by definition), and 0y, ..., 0, to Oa), . .., 0, respectively, where, for i = 2,...,n,

Oi2) = D121 lo—0;5 (3.29)
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i.e. we define the transformed functions €y, ..., 0, in terms of the original (known)
eigenfunctions 6, ..., 0, of Ly, M. It is easy to show that these transformed functions

are ergenfunctions of the transformed operators Lig), M.

Step 2 We now select the eigenfunction 65 to define a Darboux transformation from
- -1 _
the Lax operators Ly, Mg to some new operators L3 = GQQ[Q]L[Q]G92[21 and Mz =

-1 . .. .
G92[z] M, 2] GGQ[Q] with generic elgenfuncmons

1 1) ,—
P13 = Goyy (¢[2}) = ¢E2]) - ‘95[2)]92[%@[2}- (3.30)

In particular, this Darboux transformation maps the eigenfunction b9 to Gy, (62[2]) =
0a(3), which is zero (since G, (6aj21) = 0 by definition), and b3py), . . . , 2] t0 O3], - - -, Oyp3)

respectively, where, for i = 3,...,n,

Oiiz) = Dj3] lo—0; - (3.31)

Step n (n > 1) We select the eigenfunction 0, to define a Darboux transformation
from the Lax operators Ly,), M, to some new operators Ly, = GGn[n]L[n]Ga_nl[n] and

My, 1) = G, M) Ge_nl[n] with generic eigenfunctions

) -
Pnr1) = Go, (D1) = 925&]) - Hfz[q)@]en[iz]‘ﬁ[n]‘ (3.32)

In particular, this Darboux transformation maps the eigenfunction 6, to ng[n] (Gn[n]),
which is zero as before.

From now on, we choose to simplify our notation slightly, and denote 6,[;) by 6, and, in
general, Oy by Oy (K =2,...,n). (Note that we have introduced a shorthand notation
only for O since only terms of this form appear in our iterated expressions - terms of
the form 0,4, say (k # i), do not appear). We thus illustrate the Darboux transformation
pictorially as

Gopy) Gopy

G
Ly — Ly Ly Ly — Lipya,

0

where L corresponds to L. Darboux summed up one step of this iterative process in a

theorem, applicable to a broad class of operators in a noncommutative setting:
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Theorem 3 (Darboux [12], Matveev [64]) Let

N
Ly =0.+ Y b0, (3.33)
=0

where b; € R, a ring. Let 0 be an invertible eigenfunction of Ly, so that Ly (0) = 0, and
define Gg = 0, — 0,0~. Then
Ly = GoLp)Gy' (3.34)

has the same form as Lyyy. In particular, for any eigenfunction ¢ = ¢ of Ly,

b = Go(9) (3.35)

is an eigenfunction of L.

The proof of this theorem is straightforward, if a little tedious - we write Gy in the form
08y9_1 and substitute this, along with the definition of Ly}, into Lig) = GyLyy G;l. Com-
pletion of the proof requires us to use the fact that ¢ is an eigenfunction of Ly, i.e.
Lyy(0) = 0.

In the case of the DS Lax operator Ljjj = L , we take the b; to be 2 X 2 matrices, so that
bo = —Aand by = oJ. A similar theorem holds for the operator M[;; = M - with a general
operator M of the form M = 0; + Zé\f:o cjag,', we take co = —A, ¢1 = %A and co = —iJ in
the DS case.

Although Darboux’s theorem gives a connection between the eigenfunctions of the trans-
formed Lax operators and those of the original operators, it does not attempt to give a
connection between the coefficients of the transformed equation and those of the original
equation. This requires use of the formulae Ly = GgL[I]Ge_l, Le. LGy = GoLpy, and

similarly M9 Gy = GgM|;; which will be outlined in the next section.

Quasi-Wronskian form

By defining © = (6 ... 0,,) and recalling that ¢|;) = ¢, it can be shown that the expression

for ¢p,,41) in (3.32) can be written as a quasideterminant, namely

Ongr] = | NP (3.36)
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where ) ¢(*) denote the k™" y-derivatives of © and ¢ respectively (k = 0,...,n). (Re-
call that ¢ and each 6; (i = 1,...,n) are 2 x 2 matrices). Thus we have expressed the
formula for the (n + 1) generic eigenfunction P[n+1) In terms of only the known eigen-
functions 61,...,6, and ¢ of the ‘seed’ Lax pair Ly = L, M = M. The Wronskian-like
quasideterminant in (3.36) is termed a quasi- Wronskian, see [36], and the proof of (3.36)

is by induction on n as follows.

The expression is clearly true for n = 1, since

6 ¢
P2 =
= ¢M — 9oLy, (3.37)

which holds by (3.28) since ¢};) = 1. Now assume that (3.36) is true for some fixed n > 1.

We prove the expression is also true for n + 1, i.e. we prove that
S} 9n+1 ¢

Pnyrr) =[O0 gl gD | (3.38)
om g gn
eon+1) 97(3:31) ¢(n+1)

We have

1)
Plnt14+1) = ¢[n+1] n+1[n+l] n+1n+1]¢[n+1]

— 4@ sy

= Ps1) ~ 1) Oy Pl (3.39)

by (3.32) on replacing n by n+1. Using the formula for the derivative of a quasideterminant
(2.46), it can be seen that

1
O = (002 6D |+ Vpap, (3.40)
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where
© O
V=le2 O, (3.41)
@(n—l) Iy
o

and Oj, I denote the 2 x 2 zero and identity matrices respectively. In a similar manner

to the above, since O3] = Py |¢—p, for k=2,...,n, it follows that
© 9n+1
o!) g | v (3.42)
n+1[n—+1] [n+1] . n—1 [n+1]
o0 gfn?
n n+1
o) [

on replacing ¢p, 11 by Oy 1n41] = Ojpyq) in (3.40). Thus (3.39) is

S 10} S Oni1
Orrry =| Ve || o | VO [ 0510
[n+1+1] o1 gn) [n+1] on-1) 07(11—11) [n4+1] | Yin41)Pin+1]
@(n—l—l) ¢(n+1) @(n+1) ngfll)
-1
© ¢ © On+1 © On+1 e &
et $(n=D) g1 953:11) -1 agj:ll) |- 1)

by the inductive hypothesis and the fact that Oy = ¢[k]|¢—»9k
S) Ont1 o

== gn=b  yn-1) (3.43)

n+1
oM 97(32 . P
e(n+1) 97(173:31) ¢(n+1)

by the noncommutative Sylvester identity (2.27). This completes the proof.

3.4.2 Quasi-Wronskian solution of ncDS using Darboux transformations

We now determine the effect of the Darboux transformation G91[1] =0y — 9%)]01_&} on the

Lax operator Lj;; = L given by (3.15a), with 01,...,0, = 011, ..., 0, eigenfunctions of
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L, and 6]y} chosen to iterate the Darboux transformation. As before, we denote ;) by
¢, and, in general, Oy by O (k = 2,...,n). Corresponding results hold for the operator
M) = M given by (3.15b). The operator L) = L is transformed to a new operator Lig),

say, where
L[Q] Gy = GyL, (3.44)
giving

— 0007 + 0,010,071 — 0J0,, 07" +0J0,0710,60 " + A0,07" + A, — 6,071 A=0
(3.45a)

and
—0J0,0" — A+ A+ 0,07 0] =0. (3.45Db)

From (3.45b), we see that Ajg = A—o[J,0,6"]. Substituting for Ay in the left-hand side
of (3.45a) gives

- (9:@, — 0,070, + 00y, — A0, — 00,071 J0, — A0 + 0y0_1/19> 0!
=— ((ay — 0,07 1) (0, — A0 + ajey)>91
= —(GoLO)O ™, (3.46)

which is clearly equal to zero since # is an eigenfunction of L. Thus (3.45a), (3.45b)
are satisfied with Ap = A — o[J,0,07!]. Since A = [J,0S] from (3.20) and therefore
/1[2] = [J, US[Q]], we have

Sy =9 —6,607" (3.47)

After n repeated applications of the Darboux transformation Gy,

— M py-1
Sint1) = Sy — Q[n} Q[n] , (3.48)
where S[l] =5, 9[1} =0= 01[1] and 9[@ = Gk[k] (k? =2,... ,n), that is
— - (Dp-1
Siney = S — 30071 (3.49)

i=1
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We express S},41] in quasideterminant form as

) 02

S[n—i—l] =S+ |er-2) 0o

@(n—l) I
o
—S+V, (3.50)

where ©%) denotes the k™ y-derivative of © (k= 0,...,n) and V is defined as in (3.41).
It should be noted here that each of the entries in the above quasideterminant solution is

not a single entry but a 2 x 2 matrix (since the 6; are eigenfunctions of L, M).

The proof that S|, ;1] can be expressed in the quasideterminant form (3.50) is by induction

on n: for n = 1, we have

91 _[2
S[Q] — S + (1)
%
=8 — 6,67 since 0; = by =0, (3.51)

which is true by (3.47). We now make the assumption that (3.50) is true for some fixed

n > 1, and prove that
© Ony1 Oo

S[n+1+1] = S + (,_)(TL—I) H(n_l) 02 . (352)

n+1
CX 97(321 I

o) ol

We have

_ (1) p-1
Stnt141] = St = Oy 0y (3.53)
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by (3.48) on replacing n by n+1. Using the formula for the derivative of 0, 1] = 0,41 [n1]
obtained in (3.42), it follows that

G} 9n+1
J— _ ) -1
Stn+141] = Sp+1) o1 glnb V0 | Oy
n n+1
o) [
S) en—‘rl
=S+V—| et -V (3.54)
— n—1 [n+1]
o g5
n n+1
e+ gty

by the inductive hypothesis. Then, using the fact that 0 = Opp) = d |¢—0,, we have

-1

© 9n+1

Stnt1+1) = 5 — -
CRa 91(~L+1 :

n n+1

o) [z

© 9n+1

— n— n—1
=S+ oD gD
ool

n n+1

oueh )

O2

02
I

)

o)

0n+1

' @(n—l) e(n_l)

n+1

(3.55)

where we have used the Sylvester identity (2.28), replacing 0 and 1 by the matrices Oq

and Iy respectively. Thus by induction, (3.50) is true for all n.

For ease of notation, for integers i, j = 1,...,n, we denote by Q(7, j) the quasi-Wronskian
[36]
A B /e
Q(i,j) = T, (3.56)
o
where O = (9‘?71)) o is the n x n Wronskian matrix of 6y,...,6, and ©*) denotes
i,j=1,...,n

the k' y-derivative of © (k =0,...,n—1,n+1), © is the row vector (6; ... 6,) of length
n, and f; and e; are 2n x 1 column vectors with a 1 in the (2n —2j — 1) and (2n — 25)

row respectively and zeros elsewhere. Again each 6; is a 2 x 2 matrix. In this definition
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of Q(i,7), we allow 7, j to take any integer values subject to the convention that if either
2n—2j or 2n—2j—1 lies outside the range 1,2, ...,2n, then e; = f; = 0 and so Q(¢,j) = 0.
Hence (3.50) is given by

Sint1) = S +Q(0,0). (3.57)

Alternatively, we can express the solution S of the ncDS equations (3.17) such that A =
[J,0S] as
S = S0+ Q(0,0), (3.58)

where Sj is any given solution of the ncDS equations.

It will be useful to express the quasi-Wronskian solution (3.58) in terms of ¢ and r, the
variables in which the ncDS equations (3.17) are expressed. Taking the trivial vacuum
solution Sy = 0, we have

S = Q(0,0), (3.59)

which gives, by applying the quasideterminant expansion formula (2.10),

0 0
0 O
0 O ~
S = — (o oem)et] i (3.60)
0 0
1 0
0 1
We now express each 6; (z =1,..., n) as an appropriate 2 X 2 matrix
6, — G2i—1 D2 (3.61)
Voi—1 Yoy

for ¢ = ¢(x7y7t>7 ¢ = w(x7y7t)7 so that

¢ @2
1 Po

91(
0y = (¢3 S (3.62b)
en(

, (3.62a)

Y3 Yy

$2n—1  P2n
Yon—1 oan

(3.62¢)
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Continuing with the expansion (3.60), we can express S as

~

e fo © e

() @ o) @

S = : (3.63)

é fo @ €0

™) @ P @

where ¢("), (™ denote the row vectors (qﬁgn) g,?), <w1n) 1/15?) respectively, and

fo, eo are defined as on page 45. By comparing with (3.20), we immediately see that ¢, r

can be expressed as quasi-Wronskians, namely

q=20 , r=—20 . (3.64)

3.4.3 Binary Darboux transformations

We give an outline of the construction of a binary Darboux transformation, following the
notation given in [71]. Consider an operator L and let T be the set of eigenfunctions of
L,ie. T = {0 : L(A) = 0}. Similarly, let L, L be operators with sets of eigenfunctions
T, T respectively, so that T = {0 : L(f) = 0} and T = {# : L(f) = 0}. The Darboux
transformation Gy = 9, — 0,0~ = 09,0~! maps eigenfunctions of L to eigenfunctions of
L, where § € T and L = G(;LGQ_I. Similarly, define G; = é(‘)yé_l to be the Darboux

transformation mapping eigenfunctions of L to eigenfunctions of L= GéﬁGefl, ie.

TGP 2 q

where 6 € T. The aim of the binary Darboux transformation is to define a mapping
from T to T in order to determine 6. Clearly this is given by (Gé)_lG(;, and thus the
binary Darboux transformation is a composition of two ordinary Darboux transformations.
However, by the definition of G5 above, this transformation requires knowledge of é, the
eigenfunctions to be determined. To find an expression for é, the adjoint operator G;
must be considered. The notion of adjoint can be easily extended from the well-known
matrix situation to any ring R. An element a € R has adjoint af, where the adjoint has

the following properties: if 9 is a derivative acting on R,

of = -9, (3.65)
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and for any A, B elements of, or operators on, the ring R,
(A+B) = AT+ BT, (3.66a)
(AB)' = BT AT, (3.66b)

We also introduce the notation A~T to denote (AT) - (A_I)T. Using the above relations,

it can be seen that
it = (c.ic=)
_ ottt
= Gé L Gé, (3.67)

so that Gg is a Darboux transformation mapping the eigenfunctions of LT to those of Lt

i.e. from T to TT, where
A A\ T
T -1
Gl = (60,07
= 619,01 (3.68)
using properties (3.65) and (3.66b). Clearly, G; (é‘T> = 0 by definition, so that =T is an

eigenfunction of LT, i.e. 6-t e St Also, since L = GgLG;', so that L = G(;IEGQ, we

have
t— (aic,)
Lt = (G5 LGo)
Syeintens (3.69)
so that Gg is a Darboux transformation mapping the eigenfunctions of LT to those of LT,

i.e. from Tt to TT. We see that the adjoint Darboux transformations G; and G; act in

the opposite directions to their corresponding ‘non-adjoint’ versions. Thus
pi=Gl (é‘*) (3.70)

is an eigenfunction of the adjoint operator LT, i.e. p € TT. We therefore have the following

situation: o
L S L g
0 0

with the binary Darboux transformation given by

Ggflcg R
L

L i,
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and the corresponding transformation between the adjoint eigenfunctions defined as

cta;t .
Lt e, L.

We call this the ‘adjoint binary Darboux transformation’ to indicate a transformation be-
tween adjoint operators (i.e. a transformation between adjoint eigenfunctions), although

this transformation is actually the adjoint inverse of the binary Darboux transformation

-1
GG,

We have the adjoint eigenfunction p defined as
p=Gi (é—T) . (3.71)
Substituting for G;g = —H*Taym gives
p=—0-To, (0* é*T) , (3.72)
where 6 is the unknown eigenfunction of L to be determined. Thus
8,1 (0Tp) = —0707T, (3.73)
and hence
o=-0(0,"10))
= —09(0,p) ", (3.74)
where we define Q(6,p) = 8y_1(pT9), ie. Q(0,p)y, = p'6. Thus the binary Darboux
transformation Gy , = Gé_ng is given by
Gy, = (éayé—l)_l 09,0 by definition of Gy and G,
=00719,100,07" by (3.74)
=TI-097'0,"p", (3.75)

where 2 = Q(6,p). The above calculation uses the fact that 9,2 = Q, + Q0,, giving

Q0, = 0,02 — . The transformation between the adjoint eigenfunctions, GgGe_ T =
(Gé_ng) B = Ge_}, is given by
Gyl =0"10,0'0719, 01
=071019,0719, 0" by (3.74)
—o7tat (ot + 071o,) 96!

=1-pQ o 1ot (3.76)
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where we note that €2, T = —Q~ 19T pQ~T by differentiating both sides of the equation
QfQ~T = I with respect to y and use the fact that Q) = 0Tp for Q = Q(6,p). Notice
that the eigenfunctions and adjoint eigenfunctions have interchanged roles in the adjoint

transformation.

In summary, we have found that a binary Darboux transformation Gy, transforming

L, M to some new operators I:, M is given by

Go,p=1—09(0,p)""0, " o', (3.77a)
with adjoint transformation

Gyl =1—pQ(0,p)"T0, 01 (3.77D)

for eigenfunctions 6 of L, M and adjoint eigenfunctions p of LT, M. Here I denotes the
2 x 2 identity matrix. The adjoint Lax pair for the ncDS system is given by

1
Lt=—-9,— AT - —Jo, (3.78a)
M' = -9, — A" +io(Al + AT0,) +1J0,,. (3.78b)
1
(Note that of = = for 0 = —1,1). Let ¢ be an eigenfunction of L, M and v an eigenfunction
o
of the corresponding adjoint operators LT, MT, so that L(¢) = M(¢) = 0 and LT(y)) =

MT(¢p) = 0. We calculate the dispersion relations for the ncDS equations in the trivial

vacuum case, i.e. for A, A = 0 and find that
Oy = *O-Jd)ya Ot = iJ¢yya (3.79&)
1 .
Yy = —EJdJy, Py = iy, (3.79Db)

The potential (¢, 1)) satisfies
Qe p)y = v'e, (3.80)

from which it follows that

Q¢ Y) 2y = V10 + YTy
= o (s}Jo+u1Io,) (3.81)
by (3.79a), (3.79b). Thus
Q¢ Y)s = —0 (ww —~ / Iy dy + / P I, dy)

= —ogyplJo. (3.82)
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Similarly, using the Lax operators M, MT, we deduce that

Q¢,0) =101 Jpy — v]Te). (3.83)

These definitions are also valid for non-scalar eigenfunctions: if ® is an n-vector and ¥ an

m-vector, then Q(®, V) is an m X n matrix.

We now detail the procedure used to perform the iteration of the binary Darboux trans-

formation.

Iteration

We relabel L, LT as Ly, LL] respectively, and similarly for M, MT, to indicate the starting

levels.

Step 1 Let 64,...,0, be eigenfunctions of the original Lax pair Ljy) = L, M) = M,

and p1,..., py eigenfunctions of the adjoint Lax operators LEFH = LT, MT] = M?*. Sup-

1
pose ¢py) = ¢ is a generic eigenfunction of Lyjj, M[y; and 9p;) = ¢ a generic eigenfunction
of LEFH,M[TI]. We choose 61 := 6y1; to be the eigenfunction defining a binary Darboux
transformation from Ly}, My to a new Lax pair Ly, Mg, and similarly p1 := pyq) the
eigenfunction defining the adjoint binary Darboux transformation from LE], M, [Tl] to a new
adjoint Lax pair L[TQ]7 M, Eg]. Then the operators Lyjj, M) are covariant under the action of

the binary Darboux transformation

Goypyrpy =1 — 91[119(91[1]7Pl[l})flayflpi[lp (3.84)

while the adjoint operators LL],M[T” are covariant under the adjoint binary Darboux

transformation
—t _ —ta—1pt
Goylyony = L = P01y, 1) 10,107 (3.85)

The transformed operators

_ —1
Lig) = Goypy oy L Goy g oy (3.86a)

Mpg) = Goyyy.p0 My G (3.86b)

-1
91[1] P1[1]

have generic eigenfunctions

b1 = Goyypiy (0) = & — 0120171, p1727) " U9, prpyy)s (3.87)
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and generic adjoint eigenfunctions

Ypg = Ga_j[l],pm] (V) =¥ — pi 01y, prpyy) QO g, )T (3.88)

The eigenfunction 6y is mapped to zero by (3.84), and the adjoint eigenfunction P[]

to zero by (3.85). The remaining eigenfunctions 6o, ...,0, and adjoint eigenfunctions
P2, -, pn are mapped to Oy, ..., 0, and popy, ..., Py respectively, where, for i =
2,...,n,

Oif2) = Prdp—o;, Pir2) = Vi2)lv—pi- (3.89)

These transformed functions can easily be shown to be eigenfunctions and adjoint eigen-

functions respectively of the transformed operators Ly}, My and LE}, M [TQ].

Step n (n > 1) To perform the n'' iteration of the binary Darboux transformation,
we choose the eigenfunction 6,,] to define a binary Darboux transformation from the
Lax operators Ly, M}, to some new Lax operators Li, 1}, M}, 41}, and similarly p, the
adjoint eigenfunction defining the adjoint binary Darboux transformation from L[Tn]’ M, [1;1 |

to Lgn ] M[L ) The operators Ly,), M|, are covariant under the action of the binary

Darboux transformation

_ “1a-1 1t
Gen[n]vpn[n] =1- Hn[n}Q<9n[n]7pn[n]) ay Pn[n], (390)

T

while the adjoint operators L[n],

M[Tn ] are covariant under the adjoint binary Darboux
transformation

—t _ —t9-1pyt

The transformed operators

-1
L["+1] = Gen[n] ,pn[n]L[n} Gen[n] P’ (3.92a)
-1
have generic eigenfunctions
¢[n+1} = GOH[H],pn[n] (‘b[n]) = gb[n] - en[n]Q(en[nbpn[n])_19(¢[n]a pn[n})v (393)
and generic adjoint eigenfunctions
Yint1] = G(;J[n],pn[n] (Vi) = Yn) = P 2O L))~ R Onfn], i) (3.94)
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In particular, the eigenfunction 6,,, is mapped to zero by (3.90), and the adjoint eigen-
function p,,[,) to zero by (3.91). We illustrate the iteration pictorially below, where we have
distinguished between the operators corresponding to ordinary Darboux transformations

by the use of tilde. In addition, Ly corresponds to L and f/p] to L.

Gel[l]”’l[l] G92[2]’/’2[2]

L 1 .Z/ L 2 _E L 3] .-

[ ] G91[1] [2] Gél[l] [ ] G92[2] [3} [ ]
0111

t =4 i - i
Ly Ly = by Ly — Ly

1) 011 92[2)

P11]

Quasi-Grammian form

Defining © = (61 ... 0,) and P = (p1 ... py), we express ¢p,41] and Py, q) in quasi-

Grammian form [36] as

Q0e,P) QP Q(e,P) QOe,y)!
Ssr) = (©,P) Q¢ )’ Y] = (©,P)1 Q(6,7) ’ (3.95)
S P
with
QO,P) QP
QUPpnr1) Yint1) = (6,7) g, P) (3.96)

2(6,4) |

Note that (3.96) follows from (3.95) using the formula for the derivative of a quasi-

Grammian, (2.41), and the usual expansion of a quasideterminant: consider

QOe,P) Q¢,P) Q6. + QO,P) Q¢,P) N QOe,P) Q¢,P),
aew) [eew)] 7 |aew, (6, v)
l
N Qe,p) P ‘Q(@,P) Q(e¢, P) by (2.41)

Q(0,v) Cl

=yl —TOQ(O, P)1Q(¢, P) — Q(O,4)O,P) ' Plg 397

+Q(0,9)Q(0, P)"1PTeQ(e, P) 710 (¢, P),
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where we have used the fact that Q(a,b), = bla, and, in (2.41), Zle E;F; = PTO. We

therefore have

T Q0O,P) Q,P)

6

— ot

- w[n+1]¢[n+1]

= QUPnt1) Vin+1))y- (3.98)
Thus (3.96) follows on integration (where we assume constants of integration are equal to

Z€r0).

We now prove the result for ¢p,,q in (3.95) by induction; the proof for ty, ) arises

in a similar manner. We therefore prove that

Qe,P) Q¢,P)
Plny1] = : (3.99)
6
Observe that the result is true for n = 1, since
Py = ¢ — 101, p1) " Q, p1)
= ¢ — O Q01117 prpyy) QU p1)), (3.100)

which holds by (3.87). Now suppose that (3.99) is true for some fixed n > 1. We will show

that
Q(e,P) Q(On+1, P) Q(¢, P)
Pnt141] = |QO, pnt1)  QOnt1, pnt1) Qs prt1)]| - (3.101)
S O i1
We have

¢[n+1+1] = ¢[n+1} - 0n+1[n+1]9(9n+1[n+1]7pn+1[n+l])719(¢[n+1]7pn+1[n+l])
from (3.93), replacing n by n + 1

Q(0,P) Qe,P)

6

Q(@vp) Q(9n+1ap)

0

'Q(0n+1[n+1]7 Pn+1[n+1])719(¢[n+1]a pn+1[n+1])

(3.102)
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by the inductive hypothesis (3.99) and the fact that 0, = ¢p)l—6,, i€ Opiijnry =
Pint1)l¢—6,,,- In order to obtain a quasideterminant expression for Q(0,, 1 1(n41], Pntijn+1])s
we look to (3.96) and replace ¢p,41] by O 1jnt1)s i-€. ¢ by Ony1 (since 0,4, = Ppnjlo—0,)
and Yp,1) BY ppyijngr), 1€ ¥ by pnga (since pppn) = Yply—p,). An expression for

QUP[n+1]> Pntifnt1)) can be obtained in a similar manner. Thus

QO,P) Qo¢,P)

bn [n+1] = -
+1fn+1 o
Q(6,P) Qbnir, P)| | Q©,P) Q0031 P) - Q6,P)  Qé,P)
) Q(@nOnJrl) ’Q(enJrl»PnJrl)‘ Q(@,PnJrl) Q(gb,pn+1)

(3.103)

which can be seen to equal the right-hand side of (3.101) using the noncommutative

Sylvester identity (2.27). This completes the inductive proof.

3.4.4 Quasi-Grammian solution of ncDS using binary Darboux

transformations
We now determine the effect of the binary Darboux transformation G91[1]7p1[1] on the Lax
operator Lp;j = L given by (3.15a), with 61,...,0, = 0yy3,...,0,p eigenfunctions of L

and 6y[1] chosen to iterate the Darboux transformation. To simplify our notation slightly,
we will denote ;3] by 6, 011y by 6 and, in general, Oy by 0 (k =2,...,n). Similarly,
we denote pyy) by p, and, in general, pyp by pp). Corresponding results hold for the
operator M given by (3.15b). Since the binary Darboux transformation G91[1],pl[1] =Gy,
is a composition of the two ordinary Darboux transformations G@lm = Gy and Gél[l] =Gy
(see the diagram on page 53), we have

Ly = GoL Gy, (3.104)
giving
A=A —0[J,0,07"] (3.105)
as in Section 3.4.2, where A = Ay}, and

Ly = G;Lp Gy, (3.106)

so that
/I[Q] = A[Q] — U[J, éyé_l] (3.107)
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with § = 0y1y) = —011)Q(0111], p1pyy) " as in (3.74). (On substituting in (3.106), we obtain
two equations, one of which can be solved for /1[2}, giving the expression above, and the
other simplified to zero as in Section 3.4.2 using the fact that L[Q}(é) = L[Q](él[l]) = 0).
Comparing (3.105) and (3.107), we see that

A—0lJ,0,07") = A — o[ J,0,67"], (3.108)
so that
Ay = A~ 0[], 0,07+ o[J,0,07"]. (3.109)
Since A = [J,0S] from page 36 and therefore Apy = [J, 0S|y, we have
S = S—0,07"+6,07"
= S—0Q(,p) tp' (3.110)

as 0 = —0Q(6, p)~* from before. After n repeated applications of the binary Darboux

transformation Gy ,, we obtain

_ 1t
Sn+1) = Sty = O 2O p) ™ Pl (3.111)
ie.
S[n+1] =5 Z H[Z}Q(Q[l], pm)ilpgk], (3.112)
=1

where S[H = S7 0[1] = (91[1] =0 and G[k] = Gk[k] (k: = 2, e ,n), and similarly p[l} = pl[l} =p
and ppi) = prp)- By once again defining © = (61 ... 6,) and P = (p1 ... p,), we express
S[n+1) in quasi-Grammian form as
Qe,p) Pt
, (3.113)

:

where (0, P) is the Grammian-like matrix defined by (3.80), (3.82) and (3.83). (Note

S[n+1] =S+

that, for ¢ = 1,...,n, each 6;, p; is a 2 x 2 matrix (since the 6;, p; are eigenfunctions of

L, M and L, M7 respectively)). The proof is by induction on n as follows.

For n =1, we have

(61, i
S[Q]:S—i— (1/?1) P1

=S5 —00(0,p) o, (3.114)
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which holds by (3.110), since ¢y = 0y;) = 6, p1 = piyj = p. Now suppose that (3.113) is

true for some fixed n > 1. We prove that the result is also true for n + 1, i.e. we prove

that
Q(0,P) Q(0n41, P) Pt
Stt141] = S+ (O, pny1)  QUbny1, pry1) PLH : (3.115)
6 O
We have

Sint141) = Spns1) — 9[n+119(9[n+1]»P[n+1])_1p?n+1] by (3.111), replacing n by n + 1

Qe,pP) Pt
=S+
6
-1
QOe,P) Qb,+1,P) Q(0, P) (041, P) Q(0, P) Pt
© Q(O, ppt1) | Ubn+1, prt1) (O, pn+1) PLH

by the inductive hypothesis (3.113) and (3.95), (3.96), where we have used the fact that

O1n) = Onfn] = Pnllé—n> Pin] = Prin] = Vinllv—pn>

OO,P) 0w, P) P
=5+ 120, pnt1)  Q0nt1, pot1) PL.H (3.116)

0 Ont1

by the noncommutative Sylvester identity (2.27). This completes the proof.

For ease of notation, for integers i,j = 1,...,n, we denote by R(i,j) the quasi-Grammian

[36]

o ; Q(e, P) Pt
R(i,j) = (=1) : (3.117)

6t
so that (3.113) is given by
S[n—i—l] =S+ R(0,0). (3.118)

(The reason for the inclusion of the factor (—1)7 in (3.117) will be made clear later). As
before, we can express the solution S of the ncDS equations (3.17) such that A = [J,05]

as

S = Sy + R(0,0), (3.119)

where Sjy is any given solution of the ncDS equations and R(0,0) is a Grammian-like

quasideterminant. We then take the trivial vacuum solution Sy = 0 and apply (2.10) to
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give

0 0 _1
S = -0Q(e,pP) P (3.120)
0 0
In order to express the quasi-Grammian solution (3.120) in terms of the variables g, r, we

define the matrices 6; as in the quasi-Wronskian case (3.61), so that

O=(0...0,) = o o) (3.121)
Yroo Yo
We also take
P=0H' (3.122)

where H is a constant 2n x 2n matrix which we assume to be invertible, and HT denotes the
Hermitian conjugate of H. (The reason for choosing P in this form will become apparent -
it will be shown that ©, P satisfy the same dispersion relations in the case o = —1, which
are unaffected when multiplied by a constant matrix (independent of x,y,t). Although
we could conceivably make the simpler choice P = ©, this does not produce the desired
dromion solutions obtained in the next chapter. This has been explained in more detail
in Section 4.1.4).

Thus, from (3.120), we obtain

QO,P) He¢f| |Q(O,P) Hyf

o o] | ¢ [0

S = , (3.123)
QO,P) H¢t| |QO,P) HyYf

v [o]] | v o]

where ¢, 1) denote the row vectors (¢1 ... ¢2n), (¥1 ... 1ay) respectively, which gives, by

comparing the above matrix with (3.20), quasi-Grammian expressions for ¢, r, namely

Qe,pP) Hy' Qe,P) He'

q=20 R r=—20
¢ [0 v 0]

Hence we have obtained, in (3.64), expressions for ¢, r in terms of quasi-Wronskians,

(3.124)

and in (3.124), expressions in terms of quasi-Grammians. In the next chapter, when we
investigate dromion solutions of our system of ncDS equations, we will derive a condition to
ensure that, with ¢, quasi-Grammians as above, the relation = +¢ holds. Although we
could also check this relation for our quasi-Wronskian solutions (3.64), the calculation in
this case is more difficult, and hence we choose to focus primarily on our quasi-Grammian

form of solution.
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3.5 Direct verification of quasi-Wronskian and quasi-

Grammian solutions

We now show how our obtained quasideterminant solutions can be verified by direct sub-
stitution by firstly detailing the methods used to calculate the derivatives of the quasi-

Wronskian Q(7,j) and quasi-Grammian R(, j) using results from Section 2.3.2.

3.5.1 Derivatives of quasi-Wronskians

We saw in Section 3.4.2 that the quasi-Wronskian solution of the ncDS equations (3.17)
is given by S = Q(0,0), where S is the 2 x 2 matrix such that A = [J,0S], and Q(i, ) the

quasi- Wronskian

O i
j) = . 3.125
Q)= | Sy | 00 (3.125)
0 0

There are two important special cases [36]: when n+i=n—j—1¢€ [0,n — 1] (i.e. when

i+j+1=0and —n <i<0),

o 02 © 02

en—i-1) T, en—i-1) [,

Qi,j) = ‘ S l= _ T =1, (3.126)
@(n—l) 02 @(n—l) 02
Q(n+i) O I

where we have used the invariance properties of quasideterminants (2.37) to subtract the

row containing I5 from the last row of the quasi-Wronskian. As before, Iy and Oy denote

the 2 x 2 identity and zero matrices respectively. Similarly, when n + ¢ € [0,n — 1] but

n+i#n—j—1, we find that Q(i,7) = Oy. For arbitrarily large n, we therefore have
I, i+j+1=0,

Q(i,7) = (3.127)
Oy (i<Oorj<0)andi+j+1#0.
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The dispersion relations (3.79a) for the ncDS system (3.17) will also be utilised, namely,

for 0 an eigenfunction of L, M,
0, = —aJby,
0 = iJ0y,,

and, since © = (0; ... 6,), it follows that

O, = —0JO,,
O; = iJ@yy.
Thus, using (2.46), we have
. 6 fi e | &K © fr ek 6 fi e
Qi, )y = , ’ U+ Z A : ’
@(n+z+1) PR @(n-‘rz) @(n—kz)
n—1
= QUi+1,5) + Y QUi,k)Q(—F, ),
k=0
- 6 fieg| K0 fie ©
Q(la.j)m - ) ! ’ + Z .
o JOntitl) =0 Q(n+i) — 0. JOn—k)
n—1
k=0
. G fi € 8 Tk ek 6
Q(Zaj)t = ) / / + Z ) .
iJ@(n+z+2) o @(n—H) iJ@(n—k—H)

n—1
=i (JQ(Z’ +2,5)+ Y QU k)JQ(1 - k,j)) .

k=0

These can be simplified using (3.127), leaving

Q(ivj)y - Q(Z + laj) - Q(Zaj + 1) + Q(i7O)Q(O’j)v
Qi,j)e = —0(JQ(i+1,5) — Q(i,j + 1)J 4+ Q(i,0)JQ(0, j)),

Q(i,j)e = 1(JQ( +2,5) — Q1,5 + 2)J + Q(i,1)JQ(0,5) + Q(:,0)JQ(1, 7))

3.5.2 Derivatives of quasi-Grammians

(3.128a)
(3.128b)

(3.129a)

(3.129D)

(3.130a)

€j

(3.130¢)

(3.131a)
(3.131b)

(3.131c)

From Section 3.4.4, the quasi-Grammian solution of the ncDS equations (3.17) with trivial

vacuum is given by S = R(0,0), where A = [J,0S] for a 2 x 2 matrix S, and R(7, j) is the
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quasi-Grammian defined by

Qe,pr) pto)

R(i,j) = (—1)j o 0 0 (3.132)
00
for i,5 = 1,...,n. Again we utilise the dispersion relations for the system, this time

relations in p, where p is an eigenfunction of LT, MT. We find that, from (3.79b),

1
pe = ——Jpy, (3.133a)
o

pr = iJ pyy, (3.133b)

and since P = (p1 ... pn), it follows that

1
P, =——-JP,, (3.134a)
o
P =1iJP,,. (3.134b)
(Note that, for ¢ = —1, P satisfies the same relations as © in (3.129), explaining our

choice of relation between P and © in (3.122)).
We now calculate the derivatives of R(i,7) using (2.41). From our construction of the

binary Darboux transformation in Section 3.4.3, the potential (¢, ) satisfies

U, v)y = 9o, (3.135a)
¢, ¥)e = —opl T, (3.135b)
Qb ) =i Ty — i J9). (3.135c¢)

Thus, since 0}, = ¢[n}|¢—>9nv Pln] = ¢[n}|w_,pn and © = (01 ...0,), P = (p1 ... pn), it
follows that

Q(e, P), = P'e, (3.136a)
Q(e,P), = —oPJe, (3.136b)

QO,P), =i (PU@<1> - PT<1>J@) , (3.136¢)
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where ©1), Pt denote one differentiation with respect to y of © and P! respectively.

Thus, using (2.41), we have the derivatives

10 P 1o pteHy 1 Pl po
R(i,j)y = (=1 | + (=107 + (=D
(1) 00 00 [01] o
= R(i +1,5) - R(i,j + 1) + R(i, 0)R(0, j), (3.137a)
, 0 pti) 1o —gptG+h g
R(i,j)e = (1) + (=1

— o JOu+1) (10
QO —oPf||Q PO
o0 [0 |]s0

= —o(JR(i +1,§) — R(i,j + 1)J + R(i,0)JR(0, j)), (3.137b)

O Pt Wy O —ipt@+2 g
A + A
i+ o)
1 —ipM pte 1o ipt 0 pti)
+ (=1)/ + (=1)/

00 [03] || 00 [0g] |0t

=i(JR(i+2,j) — R(i,j + 2)J + R(i,1)JR(0, j) + R(i,0)JR(1,5)),  (3.137c)

where again, 2 = Q(0©, P), and we have used O3 to denote the 2 x 2 zero matrix. Notice
that the above derivatives of R(i,j) match exactly the derivatives of Q(7,7) in (3.131).
This explains our definition of R(i,j) given by (3.117) - the coefficient (—1)7 is included
to ensure that the derivatives match those of Q(i,7). Thus subsequent calculations to
verify the quasi-Wronskian solution of the ncDS equations will also be valid in the quasi-

Grammian case, meaning that we need only verify one case.
3.5.3 Quasideterminant solution verification
We now show that
S =Q(0,0) and S = R(0,0) (3.138)

are solutions of the ncDS equations (3.17), where S is the 2 x 2 matrix given by (3.20) and

A =1[J,08S]. Using the derivatives of Q(i,j) obtained in Section 3.5.1, we have, on setting
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i=7=0,
Sy = Q(O,O)y = Q(L 0) - Q(O’ 1) + Q(()’ 0)27 (3139&)
Sy =Q(0,0), = —0(JQ(1,0) — Q(0,1)J + Q(0,0)JQ(0,0)), (3.139Db)
Sy = Q(0,0); =i(JQ(2,0) — Q(0,2)J + Q(0,1)JQ(0,0) + Q(0,0)JQ(1,0)), (3.139¢c)
Syy - Q(27 O) + Q(Ov 2) - 2@(17 1) - Q(07 1)@(07 O) + Q(07 O)Q(L 0)
(3.139d)
+ 2(@(17 O)Q(Ov 0) - Q(O’ O)Q(O’ 1)) + QQ(O’ 0)37
Spa = 07 (Q(% 0) +Q(0,2) —2JQ(1,1)J — Q(0,1)Q(0,0) + Q(0,0)Q(1,0)
(3.139¢)

—2@%&0)%%&1%%—JQUﬂmJQ&Lm)+2QHL®JQ«L®JQGL®)

Substituting the above in (3.22), all terms cancel exactly and thus the quasi-Wronskian
solution S = @Q(0,0) is verified. As mentioned previously, we obtain the same deriva-
tive formulae whether we use the quasi-Wronskian or quasi-Grammian formulation, and
hence the above calculation also confirms the validity of the quasi-Grammian solution

S = R(0,0).

3.6 Comparison of solutions

3.6.1 Comparison with the bilinear (commutative) approach

We have used a direct approach to obtain quasideterminant solutions of a system of non-
commutative DS equations. This method of solution has been widely studied in the com-
mutative case, for example by Freeman and Nimmo in 1983 [25], who were the first to
use a direct approach to obtain Wronskian solutions of the KAV and KP equations. The
same approach was continued by Freeman in 1984 [22], who extended the idea to the
NLS and DS equations; and by Hietarinta and Hirota in 1990 [46], who obtained ‘double
Wronskian’ solutions of the DS equations using a direct method. Many other examples
of this approach are contained in [48]. In all instances, a change of dependent variable
is required, converting the nonlinear equation to Hirota bilinear form. For example, as

mentioned earlier, in the case of the KP equation
(u + 6uLy + Upaz ) + SUyy = 0, (3.140)
we apply the Cole-Hopf transformation

u = 2(log f)zx (3.141)
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and find that f satisfies the bilinear relation
(De(Dy + D3)+3D3) f - f =0, (3.142)

where the D-operators are defined as before (1.12). A possible solution f in the form of
a Wronskian or Grammian determinant is then substituted into the bilinear relation and

verified using appropriate determinant identities.

For the case of the DS equation, we compare the method of solution used here to ob-
tain (quasi-)Grammian solutions in the noncommutative case with the method of Gilson
and Nimmo in [35], who use the direct approach discussed above to verify Grammian
solutions in the commutative case. We find that the introduction of the 2 x 2 matrix S
defined in (3.20) provides a noncommutative analogue of the Hirota bilinear form (in the
noncommutative case, a true bilinear form is believed not to exist), thus avoiding the need
for quasideterminant identities when verifying the solution. In contrast, we require certain

Jacobi-type identities in order to verify the solution in the commutative case.

3.6.2 Comparison of Grammian solutions

We discuss the approach of Gilson and Nimmo in [35], who consider the DS equations in

the form

104u + Opptt + Oyyu — 4u|u| 2 _2uww =0, (3.143a)

Dpyv + (0 + 0y)* |ul? =0, (3.143b)

for functions u = u(x,y,t), v = v(x,y,t). By introducing new dependent variables F'

which is real and G which is complex such that

u=G/F, (3.144a)

v=—(0y +0y)*InF + a(x,t) + by, 1), (3.144Db)
the Hirota bilinear form of the DS equations (3.143) is given by

(iD; + D} + D2)G - F = 2(a(x,t) + b(y, t))GF, (3.145a)

D,D,F - F = 2GG", (3.145b)

where G* denotes the complex conjugate of G, and a(z,t), b(y,t) correspond to the non-

trivial boundary conditions on v. Following the usual method in the commutative case, an
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ansatz is made for a solution F' expressed in terms of a Grammian determinant, namely

F=|F|=|I+H?|, (3.146)
where @ is an (M + N) x (M + N) matrix of the form

[ bid;* da 0

0 S, i dy
for functions ¢;(z,t), ¢;(x,t), Yi(y,t), Yi(y,t), with 4,5 € {1,..., M}, k,l € {1,...,N}.
Here, H is a constant Hermitian matrix of size (M + N) x (M + N) and ¢, ¢ satisfy the

® = (3.147)

time-dependent Schrodinger equations

1ot + Pz — 2a(z,t)p =0, (3.148a)
by — gy + 2b(y, )1 = 0. (3.148D)

In order to obtain a Grammian expression for (G, the derivatives of F' are calculated in

terms of bordered determinants and substituted into the left-hand side of (3.145b), giving

o o 7
0 l*T 0 m*T
DuD,F-F=-2l0 0 mT||F|+2 , (3.149)
Hl F||Hm F
HI Hm F

where [ and m are M 4+ N column vectors defined by

l=(¢1,...,61:0,...,0)T, (3.150a)
m=(0,...,0;¢1,...,9n5)T. (3.150b)

A Jacobi identity is also utilised, namely

(3.151)

o Al Aj
Al =0
’ i

l

A

(compare (2.15)), where AZ"::% denotes the minor matrix obtained from the n x n matrix

A by deleting the i, ... j* rows and k', ..., I* columns. Choosing
o o r*
A=10 0o mT (3.152)

Hl Hm F
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with {7, 5} = {k, 1} = {1,2}, the Jacobi identity gives

o o T
0 l*T 0 m*T 0 Z*T 0 m*T

0 0 mT||F|l- + =0. (3.153)
Hl F||Hm F Hm F||Hl F

Hl Hm F

Rearranging and substituting for the first product of determinants in (3.149) gives

0 Z*T 0 m*T
D,D,F-F =2 , (3.154)
Hm F||Hl F

and, by comparing with (3.145b), it follows that

0 l*T 0 m*T
GG* = . (3.155)
Hm F||Hl F

Taking

G = : (3.156)
Hl F

it can be shown that the first determinant on the right-hand side of (3.155) is the complex
conjugate of G. It is also straightforward to calculate the derivatives of G in terms of bor-
dered determinants using the same procedure as for F' above. These derivatives can then
be substituted into the left-hand side of (3.145a) and a pair of Jacobi identities utilised to

show that this expression is zero, thus verifying the Grammian solutions for F' and G.

In our method used in the noncommutative case, we have avoided the need to propose an
ansatz for the solution, requiring a certain degree of intuition and experience, by deriv-
ing a quasi-Grammian solution directly via a binary Darboux transformation. Also, the
introduction of the 2 x 2 matrix .S in (3.20) to obtain a noncommutative analogue of the
Hirota bilinear form of the DS equations avoids the need for identities when verifying the

solution.

3.6.3 Comparison of solutions of noncommutative integrable equations

We have explained above how direct verification of quasi-Wronskian and quasi-Grammian
solutions of the ncDS equations requires either the introduction of a 2 x 2 matrix S or
the use of quasideterminant identities. In contrast, in the case of the noncommutative KP

(ncKP) equation studied by Gilson and Nimmo in [36], it was found that, unlike in the
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commutative case, where an identity, namely the Laplace expansion of a determinant, is
necessary in order to verify the Wronskian solution, verification of the quasi-Wronskian
and quasi-Grammian solutions in the noncommutative case (obtained from Darboux and
binary Darboux transformations) is automatic without the use of identities, and without
the introduction of a matrix in a similar manner to that used here for the ncDS equations.
Gilson and Nimmo point out that with all other noncommutative equations they have
studied (noncommutatuve Hirota-Miwa [37,72], noncommutative modified KP [38]), direct
verification of quasi-Wronskian and quasi-Grammian solutions does require the use of
quasideterminant identities, and hence the ncKP equation is thought to be exceptional
in this respect. The ncDS equations join the list of noncommutative integrable equations
requiring quasideterminant identities for solution verification (without the introduction of
an appropriate matrix as in our work), thus further confirming the suspicions of Gilson

and Nimmo.

3.7 Conclusions

In this chapter we obtained a noncommutative version of the Davey-Stewartson system by
utilising the same Lax pair as in the commutative case but relaxing the assumption that the
dependent variables commute. We applied a Darboux and binary Darboux transformation
to this noncommutative system in order to generate quasi-Wronskian and quasi-Grammian
solutions, which were verified by direct substitution. In the next chapter, we look at a
particular type of solution to the noncommutative system and, by choosing the dependent
variables to be of matrix rather than scalar form, are able to obtain plots of these solutions

in a noncommutative setting.



Chapter 4

Solutions of the noncommutative

Davey-Stewartson equations

We now consider a particular type of solution to our system of noncommutative Davey-
Stewartson equations derived in the previous chapter, namely dromions. As we shall
discuss below, dromion solutions of the DS equations have been considered by a number
of authors, however only in the commutative case. We show here that results can be

extended to the noncommutative case.

4.1 Dromion solutions

4.1.1 Background - dromions

A major development in the understanding of the DS equations came in 1988, when Boiti et
al. [10] discovered a class of localised solutions (two-dimensional solitons) decaying to zero
exponentially in all directions as spatial variables tend to infinity. These solutions undergo
a phase shift, and, unlike the (1 4 1)-dimensional case, a possible amplitude change on
interaction with other solitons. These new solutions were later termed dromions by Fokas
and Santini [20], derived from the Greek dromos meaning tracks, to highlight that the
dromions lie at the intersection of perpendicular track-like plane waves. The DS equations
were the first found to posses this wider class of solution.

Until the discovery of dromion solutions by Boiti et al., the only known localised exact
solutions of the DS equations were the so-called ‘lump’ solutions conceived by Ablowitz

and Satsuma in 1979 [6]. Lump solutions, unlike dromions, decay algebraically in all

68
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directions and undergo no change in form upon interaction with similar waves.

Multidromion solutions to the DS system have been obtained using a variety of approaches.
The initial discovery by Boiti et al. was made using Backlund transformations, with further
methods being utilised later to obtain the same type of solution - the inverse scattering
method [20], Hirota’s direct method [46] and others. Multidromion solutions have been
determined both in terms of Wronskian [46] and Grammian [35] determinants.

In this section we wish to obtain dromion solutions to our system of ncDS equations (3.17),
which we find correspond to those found by Gilson and Nimmo in terms of Grammian
determinants in the commutative case [35]. We are then able to plot both dromion and

multidromion solutions using our new results.

4.1.2 Dromion solutions - quasi-Wronskian versus quasi-Grammian

In order to obtain dromion solutions, we choose to work with the quasi-Grammian rather
than the quasi-Wronskian solution of our system of ncDS equations. The reasoning be-
hind this choice concerns verification of the reality of our solution - verification is far more
straightforward in the quasi-Grammian case. This can be seen by alluding to the com-
mutative case, where, by studying the work of Hietarinta and Hirota [46], we see that
checking the reality of a solution expressed in terms of a Wronskian determinant can be
rather complex. This point was explicitly made by Hietarinta and Hirota.

In their paper of 1990, Hietarinta and Hirota construct an (N, N)-dromion solution (that
is, a solution consisting of N plane waves in one direction and NN in the perpendicular di-
rection, with each point of overlap of these waves giving rise to a dromion) to a system of
DS equations using double Wronskians. By taking a system of commutative DS equations
in terms of variables v and v, both functions of x, y and ¢, and expressing u, v in terms
of new dependent variables F' and G (with F real), the Hirota bilinear form of the DS

equations is obtained, namely

(iD;+ Di + D;)G - F =0, (4.1a)

D,D,F-F=2|G|> (4.1b)
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Hietarinta and Hirota then introduce eigenfunctions ¢(z,t), 1(y,t) satisfying the disper-

sion relations for the system and use these to construct a double Wronskian 7,,, namely

é ¢g1) (bgn—l) " %1) §2N—n—1)
(1) (n—1) (1) (2N-n-1)
| S e )
bon by o don ) dan WSy .. wsa Y
where n =1,2,...,2N — 1. Choosing
2N
gﬁi = Z aijegf, (4.3&)
j=1
2N
i = bije% (4.3b)
j=1

for i = 1,...,2N, where {; = Pjz + inQt and (5 = Q;y — iQ?t for complex constants
Pj,Qj, with a;j, b;; the (i,7)t" entries of 2N x 2N matrices A, B respectively, they then

conjecture that F, G are such that
F= C7~'N, G = C7~'N+1, G* = C7~'N,1 (4.4)

for some constant ¢, where 7,, = 7, exp <— Zfil &N+ Q)

In order to check reality, it must be shown that F' is real, i.e. that c7, is real, and also
that the expression for G* is the complex conjugate of the expression for G, i.e. that
cTn-1 = (cTny1)".

In the case of a single dromion solution, the conditions required for this solution to be real
are fairly simple to obtain - by writing the columns of the matrices A, B in terms of the
columns of two new matrices «, 3 respectively and of P;, Q; (j = 1,2), Hietarinta and
Hirota show that a real solution amounts to ensuring that the matrix o~ 'f3 is real with
unit determinant.

However, for a general (N, N)-dromion solution, these reality conditions are more difficult
to obtain. A lengthy calculation (see [46] for full details) leads to the requirement that
the matrix o' 3 must be symplectic. To enable such a choice to be made, Hietarinta and
Hirota express o and (8 in terms of an arbitrary nonsingular matrix and two Hermitian
matrices, all of size N x N. Although the entries of these matrices may be easy to choose, to
obtain such a condition in order to ensure a real solution is a lengthy and difficult process.

As we shall see later, the Grammian approach leads to a much simpler calculation to verify
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reality. This can be seen in, for example, [78], where Grammian solutions of a system of
commutative DS equations are obtained, although the assumption that the system has
zero asymptotic state is removed. The method used in [78] to check reality of a solution

is the one that we exploit in the next section.

4.1.3 (n,n)-dromion solution - noncommutative (matrix) case

We modify the approach of [35], where dromion solutions of a system of commutative DS
equations are determined. We consider the ncDS system (3.17) and, by specifying that
certain parameters in the quasi-Grammian are of matrix rather than scalar form, we are
able to obtain dromion solutions valid in the noncommutative case. Due to the complexity
of this solution compared to the scalar case considered in [35], we look in some detail only
at the simplest cases of the (1,1)- and (2,2)-dromion solutions. We do however verify
reality for the general case. Note here that to obtain dromion solutions, we consider the

DSI case, and hence choose 0 = —1.

Recall the expressions for ¢, r obtained in terms of quasi-Grammians in (3.124), namely

i i
S Q(O,P) Hy | _,|e.P) HY | .

¢ [0 ¢ [0]

where ¢, ¢ denote the row vectors (¢1 ... ¢25), (Y1 ... ¥a,) respectively and H = (hj )
is a constant invertible square matrix, with T denoting conjugate transpose (Hermitian
conjugate). By once again considering the dispersion relations for the system, we are able
to choose expressions for ¢, ¥ corresponding to dromion solutions. From (3.129) and the

definition of © = (6y,...,60,), where 6; is given by (3.61), it follows that ¢, ¢ satisfy the

relations
(@5)z = (B5)y, (05t = 1(&;)yy: (4.6a)
(V5)a = —(¥5)y, (j)e = =i(¥))yy- (4.6b)
(Since the dispersion relations for P are the same as those for © when 0 = —1 (see

(3.129), (3.134)), considering P rather than © and recalling that P = ©H will give the
same relations (4.6)).
So far we have not specified the nature of the noncommutativity we are considering. One

of the more straightforward cases to consider is to take the fields ¢ and r to be 2 x 2
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matrices. Thus for dromion solutions in the noncommutative case, we choose ¢;, ¥; to be
2 X 2 matrices, so that
¢j = ajly, (4.7a)
Y = Bjla, (4.7b)

where I denotes the 2 x 2 identity matrix, and o, 3; the exponentials [35,46]

a; = exp(pjzr + ip?t +piy + ), (4.8a)
Bj = exp(qjz — iq7t — gy + Bjo); (4.8b)
for j =1,...,2n, suitable phase constants «,, 3;, and constants p;, ¢;, whose real parts

are taken to be positive in order to give the correct asymptotic behaviour. The matrix H
can be assumed to have unit diagonal since we are free to choose the phase constants «;,,
Bj, arbitrarily [35]. Using the coordinate transformation X =z +vy, ¥ = —(x — y), we

have
a; = exp(p; X + ip?t + ajy), (4.9a)
Bj = exp(—q;Y —igjt + Bj,), (4.9b)
so that o = (X, 1), B = 5;(Y,1).
We now choose to simplify our notation so that we are working with only ¢1,..., ¢, and
Y1,. ..,y by relabeling ¢; as qb% for odd j (i.e. 7 =1,3,...,2n — 1) and setting ¢; =0
for even j (j =0,2,...,2n), and similarly relabeling v; as w%- for even j and setting ¢; = 0

for odd j, so that 6; = diag(¢;,v;) (j =1,...,n) and
¢=(¢1 0 ¢ 0 ... oy 0), (4.10a)
w:(o Y1 0 g ... 0 wn), (4.10b)

where each ¢;, ¥; is a 2 x 2 matrix as defined in (4.7) above. Thus, for n = 1, ¢ (which
we henceforth denote by ¢! for the (1, 1)-dromion case and ¢" for the (n,n)-dromion case)

can be expressed in quasi-Grammian form as

0 0
0 0
Qe,p) H
X gy 0 i
q' = -2 1 4.11
0o g
ar 0 0 0 0 0
0 a; 0 0 0 0
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where H = (h;;) is a constant invertible 4 x4 matrix. (Note that H is of size 2nx2n = 2x2,
but we now assume each entry of H takes the form of a 2 x 2 matrix, meaning H is 4n x 4n).
Applying the quasideterminant expansion formula (2.10) allows us to express ¢* as a 2 x 2

matrix, where each entry is a quasi-Grammian, namely

hi13B7 h14 37
Q(e,P) Q(e,P)
ha3 3} haa 37
a; 00 0 0] ap 000 [0
¢t = -2
hi3B7 h1487
Q(e,P) Q(e,P)
haz 37 haa 3]
0 a; 0 0 [0] 0 a; 0 0 [0]
1 1
T (4.12)
q%l ‘52

We consider each quasi-Grammian in turn, but as an example we will look at the quasi-

Grammian q},. We apply (2.14) to express qi; as a ratio of determinants, namely

hi3f1
Q(e, P)
has 31
a; 0 0 O 0 1
q = —2 = —2%, say. (4.13)
2, P)|

(We have introduced the notation G7, and ¢}, (v,w = 1,2) to emphasise that we are
considering the (v, w)'™" entry of the expansion of ¢" in the (n, n)-dromion case). Although
(2.14) is valid only in the commutative case, our assumption here is that the variables g, r
in our system of DS equations, and also the parameters ¢;, 1;, are noncommutative. The
exponentials o, 3; given by (4.9) are clearly commutative by definition, hence we are free
to use the result (2.14).

By expanding the quasi-Grammian r in (4.5) in a similar manner and extracting the (1, 1)
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entry, we obtain

hnoi{
Q(e,P)
h410f{
00 ﬁl 0 0 Kl
iy =2 =2 ;, say, (4.14)
2, P)|
with similar results for ¢l,, ri, ete.
4.1.4 Reality conditions
In the (n,n)-dromion case, we have
GTL
qgw =-2 }w> (415&)
KTL
row = 222, (4.15b)

for v,w = 1,2. To verify reality, we must check that 77, = +(¢7,)', i.e. that F is self-

adjoint, and (G7,)" = + K"

n . where (G™,)T denotes the Hermitian conjugate of G,

Consider
F= (e, p))
= (yrtody+c) (4.16)

since Q, = P1O for © = (61 ... 0,), P = (p1 ... pn), so that F = det F. Here, C' = (c;;)
(i,7=1,...,2n) is a 2n X 2n (constant) matrix denoting a constant of integration, where

each ¢;j is a 2 x 2 block. From before, P = ©H', so that
F= (Hj@fedwc). (4.17)

Thus, since © = (01 ... 0,) for §; = diag(¢;,v;) (j =1,...,n), this gives

I o1 dX 05 v [ $iendX Oy
0» [y i dy L O- fy dindY
F=H : : : : +C, (4.18)
[* ¢rerdX 0, v [ e dX 0,
) 5k dy 0o v nndY

remembering that each ¢;, ¢; is a 2 x 2 matrix and Oz denotes the 2 x 2 zero matrix. The

limits of integration are determined from the definitions of ¢;, ¥; (j = 1,...,n) in (4.7),
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(4.9). We choose the entries of the matrix C so that

I, fori=j,
Cij = (419)

Oy  otherwise.

Thus
F =1y, +HO, (4.20)
where
[ ¢t dX 0, o X dthndX 0,
0, [ dy O, [ i dY
d = : : : : : (4.21)
J2 $ndr dX 0 o [ G dX 0y
0, [ i dy 0, [ b, AY
and hence
F=detF =|Iy, + HP| . (4.22)

We firstly prove F is self-adjoint, i.e. we prove FT = F. We have

F=|1y, + HD|
=|H|.|H '+ | (4.23)
since we assume H to be invertible. Then
Fi=|H|" . |H '+ o]
=|H'[.[(H)™" + @
=F, (4.24)
provided H' = H, where we have used the fact that (HJf)f1 = (Hfl)T, and also that

®T = & (which is clear from the definition of ® above). Thus for F self-adjoint, we require

that H is a constant 4n X 4n Hermitian matrix.

Here we explain why we made the choice P = ©HT in (3.122), rather than the con-
ceivably more simple choice of P = ©. We take our lead from Gilson and Nimmo in the

commutative case with F' of the form (3.146), i.e.

F=|I+H®| (4.25)



CHAPTER 4. SOLUTIONS OF THE NONCOMMUTATIVE DS EQUATIONS 76

where ® satisfies (3.147), and H and & are of compatible sizes. Taking H to be the identity

matrix, we can factorise F' so that
F(z,y,t) = Fi(z,t)Fa(y,t) (4.26)
for some functions Fy and F». Then, from (3.144b), it follows that
v=—(InF1)ze — (InF2)yy + a(z,t) + b(y, 1), (4.27)
and, from the bilinear form (3.145b),
lu|? = 0. (4.28)
To see this, we calculate from the definition of the Hirota derivative (1.12) that
D,Dy(F - F) =2 (FF,, — F,F,). (4.29)
With F as in (4.26) above, we find that F,, = Fi,Fy, and F,F, = F1F>F1,F5,. Then
DoDy(F - F) = 2 (FiFyFyy Fyy — FIFyFi,Fy,) =0, (4.30)

so that, by (3.145b),
GG* =0. (4.31)

Since u = % by (3.144a), it follows that

= GFC; = 0. (4.32)

lu|? = uu* =

In Gilson and Nimmo’s notation, the variable v governs the plane waves, and thus, by
(4.27), we have plane waves parallel to the - and y-axes which interact in a linear manner.
As aresult, these waves do not have any effect on each other, and hence we see no dromions
in the u-plane, i.e. |u|? = 0, where |u|?> governs the dromion height. We must therefore
choose a more general H to allow for a nonlinear interaction of the plane waves in the
v-plane. This nonlinear interaction leads to dromion solutions.

We follow the same approach in the noncommutative case - although we do not have a
bilinear form as in (3.145), nor a concrete simple expression for our plane waves in terms
of F' as in (3.144b), we consider F' to have the same structure as in the commutative case
(4.25). We have found that the matrix H must be Hermitian, and, as this matches with
the condition required on H in Gilson and Nimmo’s work, our assumption for the form of

F' is a sensible one.
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We now derive the condition so that (G74)" = £K7,. We have

L |F HpB
1= 5 (4.33)
« 0
where «, B are row vectors defined by
OéZ(OleOOagOOO... an000>, (4.34a)
52(0051000520...005n0), (4.34b)
while
F Hal
K = . (4.35)
g 0

Since F = H(H ™! + ®), it can be seen that

H O\ (H'+d gt
11 = ) (4~36)
O 1 « 0

where O denotes the 1 x 4 row vector (0 0 0 0), so that

HY OT| |(HHT+of aof
o 1| 3 0
H O"\ ([H'+® af
o 1 3 0

provided H' = H,i.e. H Hermitian. (Again we have used the fact that ®' = ®). Thus we
have r{, = —(q?l)]L so long as H is a constant Hermitian matrix, agreeing with the work
of Gilson and Nimmo in [35]. We have shown that, by imposing the relation P = ©HT
for a Hermitian matrix H, the condition 7}y = —(¢fy)" holds and thus, for a dromion
solution (¢ = —1), with A defined as in (3.13), we must have AT = — A, i.e. ST = —S since
A =1[J,0S]. The binary Darboux transformation preserves this skew-adjoint condition, so

that after n iterations, .S, —S[n+1), where we use the fact that P = OH f,

T _
n+1 —

4.1.5 (1,1)-dromion solution - matrix case

We now show computer plots of the (1,1)-dromion solution in the noncommutative case,

where we choose ¢1, 11 to be 2 x 2 matrices as in (4.7). A suitable choice of the parameters
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p1, q1 and of the 4 x 4 Hermitian matrix H allows us to obtain plots of the four quasi-
Grammian solutions g1y, qis, ga; and i, as detailed in (4.12).

We are restricted in our choice of p1, ¢1 and H in that we require F' # 0. In particular, we
derive conditions so that F' > 0. The determinant F' can be expanded in terms of minor

matrices of H = (h;) (4,5 =1,...,4), giving

F =1+ Py (h331+ hi31) €2 + Q1 (hi3i + hi33) e % + PZhije™
+ QFhize ™ + PiQy (h3) + hij + ha + hi3) €217

+ PEQ1 (R + h3) e*72 + P1Q7 (h3 + h}) €217 + PEQIne* ™%, (4.38)

where we define Py = 1/(2R(p1)), @1 = 1/(2R(q1)), n = R (p1)(X — 23 (p1)t) and & =
R (q1)(Y —23(q1)t), with k{7 denoting the minor matrix obtained by removing rows
iyj,...and columns r,s,... of H, where i,j,...,r,s,... € {1,2,3,4}. We have used ‘h’ to
indicate that no rows or columns have been removed, i.e. h = det H. We can also obtain

expressions for each GL, (v,w = 1,2), for instance
Gl = a1y (534 — PLhie® — Quhie™ — PLQihde? ™), (4.39)

with aq, 31 defined as in (4.9). Similar expansions can be obtained for G1,, G3; and G1,.
Thus, it can be seen that for F' > 0, we require R(p1), R(q1) and each of the minor matrices
in the expansion of F' to be greater than zero. Suitable choices of p1,q; and H have been
used to obtain the dromion plots shown later. In addition to the matrix-valued fields ¢
and r, there are also matrix-valued fields A; and Ay in the ncDS system (3.17). Plotting
the derivatives of these fields gives plane waves as follows.

From (3.123), we have an expression for the 2 x 2 matrix S in terms of quasi-Grammians.
By (3.21), A = —iS, —iJ Sy, therefore substituting for S using (3.123) and equating matrix

entries gives quasi-Grammian expressions for Ay, Ay, namely

|Q He'| 10 Hel

Ay =i —i , (4.40a)
o 0], Je [of]
f f

AQZ—iQ Hel e (4.40D)
v [of] e [of]

We choose ¢1, 11 to be 2 x 2 matrices as before so that the boxed expansion element ‘0’
in each quasi-Grammian is the 2 x 2 matrix (8 8). Thus, expanding each quasi-Grammian

in the usual manner gives a 2 X 2 matrix where each entry is a quasi-Grammian, and
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hence we have distinct expressions for Ay, Ay corresponding to each of the four dromions
411, qig, g3 and qi,. Considering (3.17¢)-(3.17d), we find that plotting the combination
(Op +00y)A; for 0 = —1 gives a plane wave travelling in the X direction, while the combi-
nation (0, —o00y)As gives a plane wave in the Y direction. These, along with the dromions
corresponding to each plane wave, have been plotted at time ¢ = 0 in Figures 4.1 and 4.2,

where the Hermitian matrix H has been chosen to have unit diagonal. As can be seen

N[O

7h14:

=

Figure 4.1: (1,1)-dromion plots with p; = %+i, q = % —iand hig = %, hiz =

1 1
hog = 3, has = 5, h3a =

Wl

from Figure 4.1, single dromions of differing heights occur in each of the fields g1, qi2,
g21 and go2. If we were to plot the (1,1)-dromion solution in the commutative (scalar)
case (that is, if we were to choose ¢ and its Hermitian conjugate to be of scalar rather
than matrix form), we would obtain only one dromion in the single field g. This dromion
and its plane waves would have the same basic structure as those above, and thus there
would be no marked difference in the appearance of the dromions in the commutative
and noncommutative cases. The main difference between the two situations concerns the
number of parameters - a far greater number in the noncommutative case gives us more
freedom to control the heights of the dromions, however some extra care has to be taken

in choosing the parameters so that no singularities occur in the solution.
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Figure 4.2: Plane waves corresponding to, clockwise from top left, ¢i;, qis, a9, Gay-

With the aid of a computer package, we can easily determine the amplitude of each of the
dromions depicted above. We firstly consider ¢i; = —2G1,/F, with F and G1, given by
(4.38) and (4.39) respectively. Calculating the numerical values of F' and G}, at time t = 0
and position (X,Y) = (0,0), we find that F = 11.9184 and G}; = —0.3125, giving ¢}, an
amplitude of 0.0524 (to four decimal places). Similar calculations can be carried out for
the remaining three dromions, giving amplitudes for g5, ¢3; and g3, of 0.3939, 0.1311 and
0.1847 respectively. (Note that the maximum amplitude of each dromion can be seen to
occur at position (X,Y) = (0,0) as deviations from this position result in a decrease in
amplitude).

Clearly this is a very naive approach to utilise in order to determine dromion amplitudes,
and gives no information as to the factors governing these amplitudes. In the scalar (com-
mutative) case, Gilson and Nimmo [35] are able to calculate dromion amplitudes in a
relatively straightforward manner by employing the Hirota bilinear form (3.145) of their
DS equations (3.143), with the variables u, v defined in (3.144). From this bilinear form,
they are able to obtain a simple expression for the dromion amplitudes, namely 0,0, (In F').

Since F' in this case takes the compact form

F =14 ae® + Be 2 4 1720, (4.41)
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with n = R(p1)(x — 23 (p1)t), p = R(q1)(y — 23(q1)t), p1,q1 complex parameters and «, 3,
~ positive, an easy calculation yields an expression for the dromion amplitudes.

In the noncommutative case, we have no bilinear form as in the commutative case above,
and hence calculations of this type are not possible. (An attempt was made to carry out a
calculation in the same manner to that done by Gilson and Nimmo, however the resulting
expression could not be simplified due to its complexity). This highlights a limitation of
the matrix case - although we have succeeded in plotting the (1, 1)-dromion solution with
relative ease, an analysis of the obtained plots and their properties proves to be rather

difficult.

4.1.6 (2,2)-dromion solution - matrix case

In the scalar case [35], Gilson and Nimmo carry out a detailed asymptotic analysis of their
(M, N)-dromion solution, and are able to obtain compact expressions for the phase-shifts
and changes in amplitude that occur due to dromion interactions. They then use the
results of this analysis to study a class of (2,2)-dromions with scattering-type interaction
properties. The Hermitian matrix H can be chosen in such a way so that some of the

dromions have zero amplitude either as t — —oo or as t — 4o0.

For the (2,2)-dromion solution in the matrix case, detailed calculations of this type are
more complicated due to the large number of terms involved. However, we can adopt the
same approach to carry out some of the more straightforward calculations. In particular,
we obtain plots of the situation in which the (1,1)" dromion in each of the solutions ¢,

q%z, q%l and q%Q does not appear as t — —oo. These are depicted in Figures 4.3-4.5.

To analyse this situation, we focus our attention on ¢3; and consider G2, in a frame

moving with the (1,1)* dromion. We define

A~

X =X - 23(p)t, (4.42a)

~

Y =Y —23(q )t, (4.42b)
and consider the limits of G%l as t — —oo. Let

n2 = R(p2) (X — 2S(p2)t)

= R(p2) (X —2(3(p2) = S(1))t) (4.430)



CHAPTER 4. SOLUTIONS OF THE NONCOMMUTATIVE DS EQUATIONS 82
and similarly

2 = R(q2) (Y — 23(q2)t)
= Rlg2) (¥ — 2(3(a2) = S(@)t). (4.43D)

We choose to order the p;, q; (i = 1,2) by means of their imaginary parts, so that S(p;) >
S(p2) and J(q1) < S(g2). Thus, as t — —o0, 2 — —oo and & — +o0. It can easily be
shown that 72, —&s determine the real parts of the exponents in ase, G5 respectively, where
ag, [y are defined as in (4.9), so that, as t — —o0, ag, f2 — 0 (and hence o3, 55 — 0 also).
Therefore, by setting as, a3, 52,55 — 0 in G%l and expanding the resulting determinant,

we obtain a compact expression for G%l as t — —oo, namely
2 _ o gx (71245678 145678 21 125678 ,—2¢ 15678 ,2n—2¢
Gy = —a1fy (h2345678 Prhzi5e7s¢ QRuhazserse”  + PiQuhssgrse - (444)

Similar expressions can be obtained for the other three determinants G2,, G3, and G3, by
considering an extension of (4.12) to the (2,2)-dromion case and interchanging columns
appropriately: for example, we firstly interchange columns 3 and 4, and 7 and 8, of H,
before using the same expansion as in (4.44), to obtain an analogous expression for G2,.
Thus we have, as t — —oo, compact expressions for the minors of H governing the (1, 1)

dromion in each of G3;, G3,, G%;, G3,, namely

hi2  has| |hi2 hia
@ | [ ) hoo  has| |haa  hoy 2
=—a1] +P e
G3, G3 |has] [haal
hi1 has| |har haa
ha1 has| |ha1  hoa (4.45)
hig hiz hia| b2 haz haa
his  hia| |haz hia haa  has  hoa| |h22 has  has
hag  haa| |h33  hsa hag  hasz  haa| |h32 h3sz h3a
+Q e % +P1Q T2 5,
hag  haa| |has  hos hi1 Pz haa| (hin hig hag
hag  haa| |h33  hsa ha1 has  hos| |hor hog ho
har  hag  haa| |hs1 hsz haa

where T' = diag(—1,1), P = PT and Q = Q7. Since we have written out each minor

matrix explicitly, rather than using the abbreviated notation as in (4.44), it can easily
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be seen that, by setting hi3, hi4, ho3 and hay equal to zero, the (1,1)™ dromion in each
of q%l,q%Q,qgl and q%z will vanish as t — —oo. This is shown in Figures 4.3-4.5 below.
(Note that in the plots of ¢?; and ¢?, in Figure 4.3, two of the dromions have very small
amplitude). In Figure 4.6, we have focused on the dromion solutions of ¢3,, plotting these
in smaller time increments to highlight how the dromions approach each other and move
apart, while in Figure 4.7, we have shown a close-up of the g2, dromion interaction at
t = 0. In each of these plots, we choose p; = g2 = %+i, P2 =q = % —1, and the Hermitian

matrix H such that

& 1 0 0 4 1 & %
1 2 0 o 1 4 & 1
o o % 1 £ 1 4 1
H:O U R (4.46)
4 1 & L 8 1 L 1
1 4 1 5 1 2 o1 1
% o1 4 1 1 1 5 1
L1 1 4 1 1 1+ &

) 3,
an A1

2 2
q21 922

Figure 4.3: (2,2)-dromion plots at ¢t = —10.
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The choice of H given in (4.46) seems rather complex; indeed, we have not been able
to find a systematic way to determine appropriate entries of this matrix, and hence have
chosen the entries in a rather random manner. However, one way to ensure that our choice
of H generates suitable dromion plots is to refer to the work of Gilson and Nimmo in [35]
and take H to be a positive definite matrix. In order to choose such an H, we choose any
Hermitian matrix, say J, such that the (1,3)™, (1,4)™, (2,3)™ and (2,4)'" entries are

zero and multiply this matrix by its conjugate transpose JT. We make the choice

2100 2 1 1 1%

1 40 01 2 %1

oo % 3 L 1 21
J = 00 2w 1§ 22 : (4.47)

2 1 + 2 2 1 11

1 21 3 1 & 11

I8 23 3 1 % 3

: 11211 3 2

so that

H=JJt (4.48)

is positive definite and Hermitian, with zeros in the correct positions so that the (1,1)%
dromion in each of ¢f; etc. will vanish as t — —oo. This highlights one of the main
difficulties of obtaining dromion plots in the noncommutative case - we believe that it is
not possible to carry out a detailed analysis as in the work of Gilson and Nimmo, and,
as a result, our choice of the matrix H is somewhat arbitrary. Nevertheless, we have
succeeded in obtaining a range of plots of both the (1,1)- and (2,2)-dromion solutions in

the noncommutative case.

4.2 Conclusions

We have derived and plotted a particular type of solution to our system of noncommutative
Davey-Stewartson equations, namely dromions. By choosing the dependent variable ¢ and
its Hermitian conjugate ¢’ to be of matrix rather than scalar form, plots of the (1,1)-
and (2,2)-dromion solutions were obtained in the noncommutative case. In theory, this
procedure could be extended to include the (3, 3)-, (4,4)-dromion cases and so on, however

the difficulties that we faced in the (2, 2)-dromion case with regards to choosing the entries
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of the matrix H indicate that this would not be an easy task. It does not seem possible
to generalise results to the (n,n)-dromion case in order that such calculations could be
carried out routinely. We have, however, succeeded in extending results for the (1,1)- and
(2,2)-dromion situation to the noncommutative case and have obtained new plots of single

dromions and dromion interactions.



Chapter 5

Dimensional reduction of Darboux

transformations

We have already described in some detail in Chapter 3 the application of both Darboux
and binary Darboux transformations to a system of Davey-Stewartson equations. Here we
review this procedure and show how the results can be generalised to include a wider class
of Lax operator. We then describe a reduction of these Darboux transformations from
(24 1)- to (1 + 1)-dimensions and indicate their application to the nonlinear Schrédinger
equation, a dimensional reduction of the Davey-Stewartson system. This then equips us
with the necessary tools to apply, in the next chapter, the reduced Darboux and binary
Darboux transformations to the Sasa-Satsuma NLS equation in (1 + 1)-dimension, which

can be considered as a dimensional reduction of the 3-component KP hierarchy.

5.1 (2+ 1)-dimensional Darboux transformations

5.1.1 Standard Darboux transformation and its application to the

DS system

We saw in Chapter 3 that the so-called ‘standard’ Darboux transformation, that is

L — L=GyLG,", (5.1a)
M — M =GyMG, ", (5.1b)

where
Go =0, — 0,0 =00,07", (5.2)

88
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with 6 an eigenfunction of the Lax operators L, M, can be applied to a system of noncom-
mutative DS equations to generate quasi-Wronskian solutions. This Darboux transforma-
tion can be applied to other noncommutative nonlinear integrable equations in (2 + 1)-
dimensions, for example the KP equation as detailed by Gilson and Nimmo in [36]. In
fact, it was shown in [65] that the above Darboux transformation can be applied to Lax
operators from a rather general class. We state this result below and show its applicability
to the Lax operators of the DS system. The following theorem is due to Matveev [65] and

is also stated in [73].

Theorem 4 (Part I) Let
N

L=> a0 (5.3)

=0
where N € ZT, a; are operators (possibly matrices) independent of 9y, and let 6 be an

invertible matriz such that L(8) = 0C for some matriz C' such that 0,(C) = 0. Defining

Gy = 0(9y9_1, L is form invariant under the Darbouz transformation

L — L=GyLGy* (5.4)
if and only if
ag = ady + my, (5.5a)
aj=m; j>0, (5.5b)
where o is a constant scalar (i.e. Oy(a) = 0), m; (j > 0) are matrices and O, is a

differential operator independent of 0, .

For example, in the case of the DS system, we have
L=0,—-A+0J0y, (5.6)

with A, J defined as in (3.13) and o =i or —1. Taking

ag = ax — A’ (57&)
ay =ol, (5.7Db)
ie. a =1, my = —A and m; = oJ, we can see that L is of the required form (5.3),

with N = 1. In the above example and those that follow, N denotes the order of the Lax
operator.

We can adapt Theorem 4 for the second operator M in the Lax pair as follows:
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Theorem 4 (Part IT) Let
N

M =Y "b;0] (5.8)

j=0
where N € Z*, b; are operators (possibly matrices) independent of 9y, and let 6 be an
invertible matriz such that M(0) = 0D for some matriz D such that 0y,(D) = 0. Defining

Gy = 0@,9_1, M is form invariant under the Darbouz transformation

M — M = GyMGy,* (5.9)

if and only if
by = GO + no, (510&)
bj =Ny 7 >0, (5.10b)

where (3 is a constant scalar (i.e. 0y(5) = 0), n; (j > 0) are matrices and 0, is a differ-

ential operator independent of 0,,.

Thus in the case of the DS system, where
M =0, — A+ =N, —iJd,,, (5.11)
o

with A defined as in (3.14) , we take

bo = 8 — A, (5.12a)

by = —A, (5.12b)
g

by = —iJ, (5.12¢)

ie. B=1,ng=—-4,n = gA and ng = —iJ. Then M is of the form (5.8) with N = 2.
Note that both C in Part I and D in Part II of the theorem can be taken to be the zero
matrix without loss of generality - in fact, we make this assumption in the DS case in
Chapter 3 when we assume L(0) = M (6) = 0.

As was described in Section 3.4.1, Theorem 4 implies that if ¢ is an eigenfunction of L,

so that L(¢) = 0, then ¢ := Gy(¢) is an eigenfunction of L, i.e. a solution of L(¢) = 0.

Similar results hold for eigenfunctions of the Lax operator M.
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5.2 (1+ 1)-dimensional Darboux transformations

5.2.1 Reduction of standard Darboux transformation and its application

to the NLS equation

Theorem 4 has a natural dimensional reduction from (2+1)- to (1+1)-dimensions obtained
by making either the z- or y-dependence explicit in the solutions (depending on whether we
choose to reduce to a system in x and t or one in y and ¢). As an example to motivate this
reduction, we take the standard (2 + 1)-dimensional Darboux transformation applicable

to the DS system (outlined above) and consider a reduction to the NLS equation.

Example: Davey-Stewartson reduction

In the case of the DS system, the Lax operator L is given by (5.6), with L invariant under
the standard Darboux transformation L — L = GgLG’;l, where 6 = 0(x,y,t) satisfies
L(#) = 6C for some 2 x 2 matrix C such that 9,(C) = 0. (Of course we are free to choose
C = 0 as explained above). We also define ¢ = ¢(x,y,t) to be an eigenfunction of L, so
that L(¢) = 0.

There are two possible routes that we can take in order to carry out a reduction of the
above procedure from (2 4 1)- to (1 + 1)-dimensions. We either choose to eliminate all
y-dependence from the DS system and subsequently obtain an NLS equation in z and
t, otherwise we eliminate all xz-dependence and obtain an NLS equation in y and ¢. For
simplicity, we consider only one case, the elimination of y-dependence. The elimination of

x-dependence arises in a similar manner.
Elimination of y-dependence
We choose to make the y-dependence explicit in the solutions by employing a ‘separa-

tion of variables’ technique. To do so, we define

0 =6(x,y,t) =0 (x,t)elY, (5.13a)

¢ = P(x,y,t) = QST(J:,t)e’\y, (5.13b)

where 6" and ¢" are independent of y, Il is a constant matrix and A\ a constant scalar.

Here, the superscript r stands for functions in the reduced case. We have thus effectively
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‘split’ 6 and ¢ into two parts, one dependent on y, the other independent of .

We must now determine the effect that this reduction has on Gy given by (5.2). Note
that, with 6 defined as in (5.13a) and j € ZT,
: B —
9 (0(z,y,t)) = 0" (z,t)e VIV
= 0(x,y, t)II, (5.14)

so that the dimensional reduction replaces BZ (6) with OI17. Further, with ¢ defined as in
(5.13b) and j € Z™T,

0; (¢(x,y,1) = ¢" (z, )N

= No(x,y,t), (5.15)

i.e. @(-) = M(), so that the dimensional reduction replaces & with A7. Thus we have,
from Theorem 4,
Go =0y — 0,0
=0y — 0,(0)07", (5.16)

and hence, in the reduced case, replacing d, with A, d,(0) with 611 and 6 with its reduced

counterpart defined in (5.13a),

Gor = X — OTI(07e¥) 71
=\—0"eWIIe g
= 0" (A —T1)0, (5.17)

where 67" denotes (9’”)_1. We use the notation Ggr to indicate dependence on 6" rather

than 6. Notice that Gyr is now independent of y.
From Theorem 4 Part I, we have the condition

L(6) = 6C (5.18)

and similarly for M in Theorem 4 Part II. Substituting the expression for L given by (5.3),
it follows that

N
> " a,05(6) = 6C, (5.19)
j=0
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so that, when we apply the dimensional reduction as above, we obtain

N
> a;(O)IF = 6C. (5.20)
=0
Replacing 6 with its reduced form (5.13a) gives
N .
> a(07)e™IV = 7™, (5.21)
=0

ie.
N
> a; (07 =067C. (5.22)
j=0
We are free to choose C' = 0 without loss of generality as explained previously, hence
N
> a; (07 =0 (5.23)
j=0

in the dimensionally-reduced case.

Carrying out the same reduction process on our Lax operator L defined in (5.3) gives
N .
L' =) a;N, (5.24)
§=0

where a; are operators independent of \. We thus have the following corollary of Theorem

4 Part I [73]:

Corollary 4 (Part I) Let
N

L™= a;N, (5.25)

=0
where N € Z*, a; are operators independent of A, and let 8" be an invertible matriz such

that
N .
> a; (07T =0 (5.26)
Jj=0

for a constant matriz II. Defining Ggr = 0"(AI —I1)0~", L" is form invariant under the

Darboux transformation

L" — L" = Ggr L" (Ggr) (5.27)

if and only if
ag = ady + my, (5.28a)
a; =mj j >0, (5.28b)

where « is a constant scalar and m; (j > 0) are matrices.
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Thus, with ag and a; defined as in (5.7), we have
L' =0, — A+ oAJ. (5.29)

This is one part of the Lax pair for the NLS equation in x and ¢.
We can easily adapt the above corollary to the case of the reduced form of the Lax operator

M of the DS system (i.e. the operator M" of the NLS equation) as follows:

Corollary 4 (Part II) Let
N

M™ = "bN, (5.30)
j=0

where N € Z*, b; are operators (possibly matrices) independent of A, and let 0" be an

invertible matrixz such that

N
> b (07T =0 (5.31)

7=0
for a constant matriz 11. Defining Gogr = 0"(A —I1)0~", M" is form invariant under the

Darbouzx transformation

M" — M" = GgrM"(Ggr) ! (5.32)

if and only if
by = GO + no, (5.33&)
bj=n; j7>0, (5.33Db)

where B is a constant scalar and n; are matrices.

Thus, choosing by, by and by as in (5.12), we have the Lax operator of the NLS equation
in z and ¢ defined as

M™ =8, — A+ ~ XA —iM2J. (5.34)
g

(Although we do not go into details here, setting the commutator of L" in (5.29) and M"

in (5.34) equal to zero generates the equation
oz + 2qrq + 2ig; = 0, (5.35)

which, on scaling, matches the noncommutative NLS equation (3.18). In this commutator
calculation, we take A as in (3.13), where ¢, r are now functions of = and ¢ only, and

i
Aq qdx
_ 202
A= i o , (5.36)

Top2te A2
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for Ay = Ay (z,t), Ag = Az(z,t) (compare (3.14) in Chapter 3), since ¢, = 0 for ¢ = ¢(z,t)).

We note here that in the work of Gilson, Nimmo and Ohta on the self-dual Yang-Mills
equations [73], a generalisation of Corollary 4 must be obtained in order that the Lax oper-
ators associated with the self-dual Yang-Mills equations are encompassed. However, as we
shall discover in the next chapter, the corollary that we have stated here does include Lax
operators of the form used in the Sasa-Satsuma NLS equation. Since it is this equation to

which we wish to apply the results of the corollary, no such generalisation is needed.

5.3 Dimensional reduction of binary Darboux transforma-

tions

5.3.1 Reduction of standard binary Darboux transformation

Corresponding to the reduction of the standard Darboux transformation described above,
there also exists a reduction of the standard binary Darboux transformation. This binary
Darboux transformation was described in detail in Section 3.4.3, along with its application
to the DS system in Section 3.4.4. Here, it was found that, for an eigenfunction 6 of the
Lax operators L, M and an eigenfunction p of the adjoint operators LT, MT, a binary
Darboux transformation Gefng = Gy, transforming L, M to some new operators I:, M

is defined by
Gop=1—090,p)'0, " pf, (5.37)
ie.
Go(-) = (1) = 09(0, )~ Q- p), (5.38)
with the adjoint transformation defined by
Gy p() = () = p2(0,0) 7100, )1, (5.39)

where - denotes a function in x,y and ¢ on which Gy , acts, and the potential 2 satisfies

Q(0,p) =0, 1(p'0). The transformed operators L, M have generic eigenfunctions

¢ = Go,n(9) = ¢ — 09(0, p) ', p) (5.40)

and generic adjoint eigenfunctions

=Gyl (W) = — p(0, p) 10, ¥, (5.41)
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For simplicity we once again consider only one form of the reduction, from z, y and ¢
to z and t. As in the reduction of the standard Darboux transformation, we make the

y-dependence explicit in the solutions by defining

0 =0(z,y,t) =0 (z,t)eY, (5.42a)

¢ = oz, y,1) = ¢ (x,t)e’?, (5.42b)
with the adjoint eigenfunctions p, v such that

p=p(z,y,t):=p"(x,t)eY, (5.42¢)

v =1(x,y,t) =P (x,t)e”. (5.42d)

Here, 0", ¢", p" and 9" are independent of y, II and I" are constant matrices, while A, v
are constant scalars. It then follows that the y-dependence of the potential €2 can also be

made explicit by setting
Q, p) == eV (07, pr)e. (5.43)

By definition (see Section 3.4.3), in (2 + 1)-dimensions we require

ie.
(Tl (r, pryet™) = eTlu(pryierem (5.45)
y
using (5.42a), (5.42c¢) and (5.43). This gives

Tt vQr (07, o)™ + QT (07, pr) eI = Y (p7) e, (5.46)
thus
LrQr (67, p") + QU (67, p )T = (p") 1o (5.47)
We also take
Q(¢, p) = eTHAVQT (47 o). (5.48)

Again, in (2 4 1)-dimensions, we require
U, p)y =p'o (5.49)
and thus, by (5.42b), (5.42¢) and (5.48),

(G(FT—&-)\I)er(gbr’pr)) = ()T gre, (5.50)
Y
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so that
(T +ADQ"(¢",p") = (079" (5.51)
In addition, we define
Q(0,7) == Q" (07, ") I+ Dy, (5.52)
so that
Q (0", ") (VT +10) = (") 6. (5.53)

We are now in a position to determine the form of the dimensionally-reduced binary

Darboux transformation. We have
Gop=1—090,p)"'0, " pf (5.54)
and hence
-1
Gor yr =T — 0" (eFTyQT(HT, pT)eHy) (9;1(;%’(,()’")T

—J— OTQT(GT, pr)—le—FTyay—leFTy(pr)T

=1 —0"Q" (6", p") "' T ("), (5.55)
where 0", p" are independent of y and we assume I to be invertible. Thus our expression

for Gyr ,r is a function of x and ¢ only, confirming that we have carried out a dimensional

reduction.

Note that, using (5.47), we can rewrite our expression for the reduced binary Darboux

transformation Gyr ,r as
Gorpr =1— 0" Q" (0", p") T (pT) T
— [ (o7, )0 (FTQT(Q"“, o)+ Q0T pr)n) o
= —0"Q" (6", p")TIrTTQ (07, p I (5.56)
However, formula (5.55) has the advantage that it is still applicable even when the inverse

of 0" is not defined. In particular, it is valid when 6 and p are chosen to be of matrix

form [73].

We also determine the adjoint reduced binary Darboux transformation G;L: in the (2+1)-

dimensional case, we have, from the calculation carried out in (3.75),

GG,p = 99(95 p)_lay_lg(ev p)aye_lv (557)



CHAPTER 5. DIMENSIONAL REDUCTION OF DARBOUX TRANSFORMATIONS98

so that
Gyl = (090, p) 19,10, )3, 0)
=0710(0,p)19,2(0, p) 10, "0 (5.58)
since O' = —9. Thus, in the dimensionally-reduced case,

G;TJEPT = (HTBHy)_T(CFTyQT(0T7 pr)eHy)Tay(el“Ter(er7 pr)eﬂy)—Tay—l(greﬂy)T
— (97‘)—J[e—HTyel_[fyglr(97"7 pr)Tef‘yaye—rygr(97"7 pr)—Te—HTyay—leHTyng
= (On)t (@, ) e (<T)e TV (67, o) e VI e v
= —(")tarr, pirarer, pr)y i tert. (5.59)
In the (2 4 1)-dimensional case,
0, p)y = p'0, (5.60)

so that
Q0,p)l, = 0'p. (5.61)

Then, replacing each term by its reduced counterpart as before gives

.I>
(ef*ym(er, pT)eny>y = (67e)tprely, (5.62)
and hence
oo, ) + Q07 p)iT = 071 (5.63)

We have the adjoint reduced binary Darboux transformation defined in (5.59) as
Ggrﬁpr = — (@t pyirar o, pr) T tert (5.64)
and thus, replacing Q" (6", p")'T with 0"Tp" — IITQ7 (", p")T as in (5.63) gives
Gyl o =1—p" (07, p") " TT1 10", (5.65)

It is often more computationally straightforward to consider the reduced binary transfor-
mation as a composition of the two reduced ordinary Darboux transformations Ggr and
Gy, (as was done in the non-reduced case for the DS equations in Section 3.4.4). We have
found the reduced form of the ordinary Darboux transformation Gy in (5.17), and we now
obtain a dimensional reduction of the Darboux transformation G4 in a similar manner as

follows.
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In (2 + 1)-dimensions, we have

0 =—00Q(0,p) " (5.66)

as in (3.74). Replacing € and (0, p) by their reduced counterparts as defined in (5.13a),
(5.43) gives

~ —1
6= e (eF vor (e, pr)eﬂy) : (5.67)

i.e.

O(w,y,t) = —0" (2, ) (07, p") "L T
= ér(x,t)e_ﬂy, say, (5.68)

where 0" (x,t) = —0"(x,£)Q" (0", p")~1, so that the dimensional reduction replaces 673(9)
with (—1)76(I'1)7 in a similar manner to (5.14).

We also have, in (2 4 1)-dimensions,
Gy=0y—,(0)07" (5.69)
from (5.16), replacing 6 by 6. Then
Gy = A+ 0T (éf’e—ﬂy)_l
=\+0Tt0, (5.70)

where 6 = 67 (z,t) is defined as above. This is the dimensionally-reduced version of the

Darboux transformation Gé.

5.4 A note on dimensions of matrices

In our reduction from Darboux transformations applicable to the (2 + 1)-dimensional DS
equation to the dimensionally-reduced Darboux transformations of the (1+ 1)-dimensional
NLS equation, we have stated that 6" is an eigenfunction of the Lax operators L", M"
defined in (5.29), (5.34) of the NLS equation, while p” is an eigenfunction of the adjoint
Lax operators L"T, M"T. We have also introduced constant matrices IT in (5.13a) and T'
in (5.42c). However, we have neglected to mention the dimensions of these matrices. In
what follows, we choose to omit superscripts.

Since # = 60(x,t) is an eigenfunction of the NLS Lax operators L, M, so that L(f) =
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M(0) = 0, where L, M involve the 2 x 2 matrices J and A, # must have 2 rows, however
can be chosen to have an arbitrary number of columns. After n iterations of the reduced
ordinary Darboux transformation Gy, we introduce © = (6 ... 6,,), where each 0; (i =
1,...,n) is an eigenfunction of L, M. Defining each 6; to be of size 2 x s for some arbitrary
s, we see that © has dimension 2 X ns = 2 x N, say, where N = ns. Similarly, we define
each adjoint eigenfunction p; (i = 1,...,n) to be of size 2 x s, so that P = (py ... p,) has
dimension 2 x N also.

We choose the constant matrices II and I' each to be of size s x s, so that, for example,
the expression for Gy (i.e. Ggr) in (5.17) makes sense.

We will shortly move on to consider various noncommutative versions of higher-order NLS
equations. We will see that, when we look at the case of the Sasa-Satsuma NLS (SSNLS)
equation, a 3-component higher-order NLS equation, the Lax operators now involve 3 x 3

matrices, and hence the 6;, p; must be chosen to be of dimension 3 X s.

5.5 Darboux transformations applicable to the Sasa-Satuma

NLS equation

In the next chapter, we will apply dimensionally-reduced Darboux transformations to the
(1 + 1)-dimensional SSNLS equation. For reasons that will be explained in due course,
we define the dimensionally-reduced Darboux and binary Darboux transformations in a
slightly different manner to those for the DS to NLS reduction described above. We include

the complex constant i by setting
0 =0(x,y,t) :=0"(x,t)e Y, (5.71a)
¢ =¢(z,y,t) = ¢ (x,t)e ™, (5.71b)
with II, A as before. Then the dimensional reduction replaces 85 (6) with (—1)/i70T7 and
8; with (—1)7i/ M\, so that the dimensionally-reduced Darboux transformation Gy- is given
by
Gor = —10" (N —11)0™". (5.72)

Similarly, in order to carry out a dimensional reduction of the (2 4 1)-dimensional binary

Darboux transformation, we define the adjoint eigenfunctions p, such that
pP= p(.%', Y, t) = pr’(m’ t)eif‘y’ (573&)

v =1(x,y,t) = w’"(x,t)ei”y, (5.73b)
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and take

Q(0,p) == e_iFTyQT(HT, pre ., (5.74)
In addition,

Q(¢, p) 1= e AT ), (5.75)
while

Q0,7) = QT (07, " )e i Dy, (5.76)

Then the dimensionally-reduced binary Darboux transformation in (5.55) is given by
Gor o =1 —i07Q7 (07, p") 1T T ()T, (5.77)

with adjoint
Gyl =T —ip" (07, p") T (67)1. (5.78)

Also, the modified versions of (5.51) and (5.53) are
—i(TT+ ADQ" (6", p") = (") To" (5.79)
and
—iQ" (0", "YW+ 10) = (¢7) 10" (5.80)
respectively, while, in a similar manner to (5.70),
Gy = —iA+0TT07). (5.81)

It is these dimensionally-reduced Darboux transformations and associated results that we

apply to the SSNLS equation in the next chapter.



Chapter 6

Higher-order nonlinear

Schrodinger equations

6.1 Introduction

6.1.1 Background
The nonlinear Schrodinger equation

The celebrated nonlinear Schrédinger (NLS) equation [5],

iQtZsziQ‘qR% (61)

arises from a coupled pair of nonlinear evolution equations,

iQt = Qxx — 2“]2’ (62&)

—iry = rap — 2q72, (6.2Db)

setting r = Fq*, with ¢, » complex functions of the real variables x, . Proved integrable
via the inverse scattering transform in 1971 [93], the NLS equation has a number of impor-
tant applications in both mathematics and physics. Benney and Newell [8] indicated how
the equation can be used as a model for the evolution of slowly varying small amplitude
wave packets in a nonlinear dispersive media. Indeed, the NLS equation has applications
in a wide variety of physical systems - water waves [9,91], plasma physics [92], nonlinear
optics [43,44], and many others. Mathematically, the equation is considered to be one of

the fundamental integrable equations admitting an n-soliton solution.

102
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Perhaps one of the most interesting and successful applications of the NLS equation con-
cerns the propagation of short-wave soliton pulses in optical fibres. The field of optical
solitons, devised by Hasegawa and Tappert in 1973 [43, 44], has quickly become an area
of much research in modern science. For further background on the subject, see, for

example, [51] and the references therein.

The Kodama-Hasegawa equation - a higher-order NLS equation

The NLS equation can be used to model short soliton pulses in optical fibres, however,
as the pulses become increasingly short, various effects (such as short-frequency shift,
third-order dispersion and Kerr dispersion [69,76]) become apparent and the NLS model
is no longer appropriate. In light of this fact, Hasegawa, along with Kodama, developed a
suitable higher-order NLS equation to take account of these additional effects, consisting
of the NLS equation itself along with perturbative correction terms. We do not give details
of the derivation here - a thorough explanation can be found in the original papers [52,53].
Their equation, which we hereafter refer to as the Kodama-Hasegawa higher-order NLS

equation, takes the form

igt + Q1que + 2| q|*q + i€ (Biduas + B2 |q|*qx + B3a(|q|%)z) = 0, (6.3)

where again ¢ is a complex function of z and ¢, the oy (i = 1,2) and 3; (j = 1,2,3) are
real constants and € is a real spectral parameter. Note that the independent variables and
the parameters differ from those in the original equation of Kodama and Hasegawa.

Setting € = 0 gives the standard NLS equation (which can easily be scaled to match (6.1)),

while the 8; (j = 1,2, 3) terms are perturbative corrections.

6.1.2 Integrable higher-order NLS equations

The Kodama-Hasegawa higher-order NLS equation (6.3) need not be integrable unless
some restrictions are imposed on the parameters 31, 32, 3. With appropriate choices of
these real constants, the inverse scattering transform can be applied to verify integrability
of the resulting equation. It is known that, along with the NLS equation itself, there
are four cases in which integrability can be proven via inverse scattering [79]. These are

described below.
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The Chen-Lee-Liu (CLL) derivative NLS equation (8, : f2: 83 =0:1:0)
Setting §1 = 03 = 0 and 2 = 1 in (6.3) gives

igr + 1 qus + 2| q|?q +ic|q|*q. = 0. (6.4)

By choosing a7 = 1 and ay = 0, we obtain the derivative NLS equation as derived by

Chen, Lee and Liu in [11], namely
gt + Qzq + i€ ‘ q ’ ZQ$ =0. (65)

This equation was proved integrable by Chen, Lee and Liu in 1979 and confirmed by
Nakamura and Chen the following year using a different approach [68].

The Kaup-Newell (KN) derivative NLS equation (8, : f2: 3 =0:1:1)
Setting #1 = 0 and 2 = 3 = 1 in (6.3) gives
g + a1des + a2 [q1%q + i€ (lq] a0 + a(lq]?)z) = 0. (6.6)

Choosing a1 = 1 and as = 0, we obtain the derivative NLS equation as derived by Kaup

and Newell in [50], namely

igt + quo + i€ (|q] gz + (|| *)z) = 0. (6.7)

Wadati and Sogo [86] carry out a dependent variable transformation between the KN
derivative NLS equation (referred to by Wadati and Sogo as simply the derivative NLS
equation) and the CLL derivative NLS equation. The transformation between these equa-

tions has also been discussed by Kundu in [54].
The Hirota NLS (HNLS) equation (81 : f2:03=1:6:0)
We set 81 =1, B2 =6 and B3 = 0 in (6.3), so that

igt + Q1qus + 2| q|2q + i€ (quos + 6] q]*qz) = 0, (6.8)

which gives, on setting a; = as = 0, an equation known as the Hirota NLS (HNLS)

equation [47], that is

ig; + i€ (quaa + 64| 2%) =0, (6.9)
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i.e.

Gt + € (Guaz + 64| %qx) =0, (6.10)

which is a complex modified KdV equation and reduces to the modified KdV equation for

real q.

The Sasa-Satsuma NLS (SSNLS) equation (51 :(2: 3 =1:6:3)

We finally set 51 =1, 2 = 6 and (33 = 3 in (6.3) to obtain

igt + Q1qus + 2| q|*q + i€ (quaw + 6| q|*qz + 3¢(|q|?)z) = 0. (6.11)

Sasa and Satsuma [79] consider the case where a = % and ap =1, that is

. 1 .
igs + §qm;+ lq|%q + ie (qu +6|q|%q + 3q(|q\2)x) =0. (6.12)

Since 3f1a = (2au, a result by Gilson et al. [33] shows that, for 31 # 0, a gauge transfor-
mation can now be implemented to set a1 = as = 0. Sasa and Satsuma apply this gauge

transformation and focus on an equivalent version of (6.12), namely

at + € (quae + 6]q]%a: + 3q(|q|?)z) =0, (6.13)

also proving its integrability. Equation (6.13) is commonly known as the Sasa-Satsuma
NLS (SSNLS) equation, and we will denote it as such from now on. It is natural to refer to
the SSNLS equation as the complex modified KdV IT (mKdV II) equation, since, on scal-
ing € to 1, (6.13) is one of the two integrable complexifications of the mKdV equation [82],
the other being, as mentioned above, the Hirota NLS equation (6.10), an integrable com-

plexification of the mKdV I equation.

Note that in the recent paper of Gilson, Hietarinta, Nimmo and Ohta [33], it is assumed
that 81 # 0, hence only the Hirota and Sasa-Satsuma NLS equations are defined as being

integrable in this case.

6.2 Reduction from 3-component KP hierarchy

Our understanding of the structure of soliton equations was greatly enhanced by Sato,

who, in 1981, made the remarkable discovery that such equations can be organised into
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infinite hierarchies, and particular equations can be obtained from such hierarchies by
suitable reductions. Sato studied the KP hierarchy in particular, where the KP equation
(1.9) is a key one. He showed that the KdV and Boussinesq equations arise as reductions
of equations in this hierarchy. Other hierarchies have been proposed and studied since
Sato’s initial work, for example the mKP and Dym hierarchies [74].

Sato’s work on the KP hierarchy can be extended to multi-component hierarchies. The
standard KP equation (1.9) is a 1-component equation, with the operators in the Lax pair
being scalars (i.e. 1 x 1 matrices) in the commutative case. Thus Sato’s studies concerned
the 1-component KP hierarchy, where the simplest non-trivial nonlinear equation is the
KP equation.

In their paper of 1990 [49], Kajiwara et al. consider an extension of Sato’s KP hierarchy
to two components, and show that the DS equation is the simplest non-trivial nonlinear
equation in this new hierarchy. Via suitable reductions, the NLS equation and its higher
order extensions, along with the mKdV equation, are obtained.

The SSNLS equation, with Lax pair given in terms of 3 x 3 matrices as we shall see shortly,
arises as a dimensional reduction of the 3-component KP hierarchy. Gilson et al. [33] give
the equations in this hierarchy in bilinear form, while Kajiwara et al. provide an explicit
way of constructing the 2-component KP hierarchy in a ‘non-bilinear form’. Although we
could in theory extend their idea to construct the 3-component hierarchy, the calculation

is far from straightforward, and is not necessary for our work.

6.3 Derivation of noncommutative equations

In this section, we discuss noncommutative versions of the integrable equations mentioned
above, namely the Chen-Lee-Liu and Kaup-Newell derivative NLS equations and the Hi-
rota and Sasa-Satsuma NLS equations. The Chen-Lee-Liu equation has been considered
by Tsuchida and Wadati in the noncommutative (matrix) case [83], and so we simply state
their result. In the same paper, a vector generalisation of the Kaup-Newell equation is
obtained, and once again we state this equation. We do not believe that the Hirota and
Sasa-Satsuma NLS equations have been considered in a noncommutative setting, therefore

this is a topic that we wish to discuss in detail.
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6.3.1 Chen-Lee Liu derivative NLS equation - matrix case

As stated above, Tsuchida and Wadati [83] considered the CLL derivative NLS equation,

namely

iQt + Qzz — iqTQI = 07 (614&)

iry — ree — irqry =0, (6.14b)

where ¢, r are complex functions of z, t. (Specifying that r = £¢* reduces this coupled
system of equations to a single one). By generalising the Lax pair of this set of equations
to matrix form, they were able to obtain an integrable matrix version of Chen, Lee and

Liu’s equation, that is

iR; — Ry — iRsQR = 0, (6.15b)

where (), R are matrices. Again, this system can be reduced to a single equation by
stipulating that @ and R are complex conjugates. Tsuchida and Wadati also noted that
there is no restriction on the size of the matrices Q and R. Thus, choosing, for example,

@ and R to be a row and column vector respectively, so that

Q=(19 - qm), (6.16a)

R=(rirg ... r)" (6.16b)

for some m € N gives a coupled version of the CLL derivative NLS equation which, on

defining r; = :l:q; (j =1,2,...,m), reduces to a vector version of the equation, that is

. . 2 o

iqt + quz Fila| gz =0, (6.17)
where q is the m-component vector q = (q1 ¢2 ... Gm)-

6.3.2 Kaup-Newell derivative NLS equation - matrix case

In their paper of 1990, Tsuchida and Wadati also state a vector generalisation of the KN

derivative NLS equation, namely [83]

iq: + qze Fi(]q)?q)z = 0, (6.18)

which has been shown to be integrable, and has previously been studied by Morris and

Dodd [66] and Fordy [21].
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6.3.3 Hirota and Sasa-Satsuma NLS equations - general noncommuta-

tive case

In order to derive noncommutative versions of the Sasa-Satsuma and Hirota NLS equa-
tions, we make use of the general m-dimensional Lax operators defined by Ghosh and

Nandy [31,32] as

L=0,— 9, (6.19a)
M =0, — 0, (6.19Db)

where
D =—iAJ+ A, (6.20a)

U= —MHeX3T + 4eX?A 4 2eA> — UNTA? + AeNT Ay — €Ay + €Ay A — €AA,,  (6.20b)

with € a real parameter and A a spectral parameter,

m—1
J= (Z e) — emm (6.21a)

and
m—1 m—1
Az, t) = Z ai(z,t)eim — Z a; (z,t)em;, (6.21Db)
i=1 i=1

where e;; is an m X m matrix with the 7™ entry equal to one and every other entry zero.

Note that we have included the term aI

in the above definition of A, where  denotes
the adjoint (Hermitian conjugate), rather than o as in the original papers by Ghosh and
Nandy. The reasoning behind this is so that we can encompass the noncommutative case
in our definition of A: when we treat the a; as noncommutative objects, for example

matrices, we find that we must replace o by O‘ZT

so that properties of A which hold in the
commutative case also hold when we extend to the noncommutative case. This will become
clear later when we study the particular case of the noncommutative SSNLS equation for
m = 3. In the commutative case, when the «; are thought of as being scalar objects,
aj = (af)T = a7, since transpose has no effect on a scalar, and hence (6.21b) reduces

back to the same definition of A as in [31,32]. We mention here that the matrix A is

skew-Hermitian (or anti-Hermitian), so that

Al =—A. (6.22)
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There is a further symmetry property of the matrix A valid in the case of the SSNLS

equation - this will be detailed in Section 6.3.5.

In (6.21b) above, the «a; can be chosen as g(x,t) or ¢*(x,t) in the commutative (scalar)
case, and as q(z,t), ¢*(z,t), ¢" (x,t) or ¢(z,t) in the noncommutative case, where ¢(z,t)
is a noncommutative object. However, we do not specify the nature of the noncommuta-
tivity at this stage. Later in the chapter, we explicitly choose g to take the form of a 2 x 2
matrix. The entries of A will also be of this form, and the entries of J are then replaced

by the 2 x 2 zero and identity matrices.

Clearly, from the definitions of J and A in (6.21a), (6.21b) above, it can easily be seen
that

JA =1, (6.23a)
where I,,, denotes the m x m identity matrix, and J and A are anti-commutative, i.e.

JA+AJ =0. (6.23b)

The resulting equation generated from the Lax operators L, M depends on the choice of
entries in the matrix A.
Setting the commutator of L and M equal to zero and equating powers of A\ results in

three equations, namely

Ap+ € (Agyy — 2(A?), A — 3A%A, + 244, A — A, A) =0, (6.24a)

3JAA, — JAy, —2JA%A — JA, A — 24T A% + 2AJ A,
+2A%AT +2JA3 — Ay d + AL AT — AALT =0, (6.24b)
and
—2A% —2A, +2JA%J —2JA,J = 0. (6.24c)

It is straightforward to show that (6.24b) and (6.24c) are automatically satisfied using
only properties (6.23a), (6.23b) and simple differentiation and algebraic manipulation.
Using the same conditions (6.23a), (6.23b), we can simplify (6.24a): by manipulating
(6.23b), it can be shown that

(A2),A = A,A? + AALA, (6.25)
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and hence (6.24a) simplifies to
At + €Aypy — 3e(A%A, + ALA%) =0 (6.26)

as in [31]. It is this equation from which we are able to generate higher-order NLS equa-

tions with appropriate choices of A.

Before moving on to generate noncommutative versions of the Sasa-Satsuma and Hirota
NLS equations, we note that, as in the DS case, we can introduce, for notational conve-

nience, an m x m matrix satisfying (6.23b). We let
A=1[J,T] (6.27)

for an m x m matrix T = (t;;) (4,7 = 1,...,m). This then enables T' to be determined
explicitly for a suitable choice of A, as will be shown later. Replacing A by [J,T] means
that (6.24b), (6.24c) are satisfied automatically, while (6.26) becomes

JT =Ty J + G(JT$JJ.T - T:c.tzj)
—3¢(JTITJIT, — JT*T, — T?*JT, + TJTT, — JTITT,J + JT?JT,J + T*T,J
—TJTJT,J + JT,JTJT — JT,JT%J — JT,T? + JT,TJTJ

— T, TJT + T,T%J + T,JT? - T,JTJTJ) =0, (6.28)

which we can rewrite in commutator form as

[J, Tt + €Tppy — 36(TIJTJTy + JTJTT, + T,TJTJ + T?JT,J
— 1Ty, + T, JTJT — T,JT%J] — T, T?)] = 0. (6.29)

This is the noncommutative analogue of the Hirota bilinear form of the higher-order NLS
equations generated by the Lax pair (6.19). We now move on to generate noncommutative

Hirota and Sasa-Satsuma NLS (ncHNLS and ncSSNLS) equations for various values of m.

6.3.4 m=2
Commutative case
We firstly take m = 2 and consider the commutative case, so that, from (6.21a),

J =e11 — e

= : (6.30)
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while from (6.21b),

*
A= ajern — ajen

0 «
- H, (6.31)
—a] 0

remembering that oﬂ; = aj in the commutative case, that is, when we consider o to be a

scalar object.

We choose a; = ¢ (and hence af = ¢*), where ¢ is a scalar function of x and ¢ and,
by equating the (1,2)" entries, (6.26) reduces to a commutative 2-component Hirota NLS
equation [47]:

Gt + €quas + 6€|q|2qs = O, (6.32)

where | ¢ |? denotes the product g¢*. Choosing a; = ¢* (and hence o} = ¢) and equating

(1,2)™ entries gives the complex conjugate of (6.32).

Noncommutative case

In the noncommutative case, where A = ajejg — oﬂiegl, we choose oy = ¢ and hence
oz} = ¢!, but we now consider ¢ to be a noncommutative object. This gives, again using
(6.26) and equating (1, 2)th entries, a noncommutative version of the Hirota NLS equation,
namely

Gt + €Quas + 3¢(qq'qs + 4247q) = 0. (6.33)

Choosing aq = ¢, and hence 0/1r = ¢, and equating (1, 2)th entries gives the corresponding

adjoint (Hermitian conjugate) equation of (6.33).
6.3.5 m=3

The case m = 3 is more interesting, as we are able to generate both the HNLS and SSNLS

equations as follows.
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Commutative case

In the 3-component commutative case, (6.21a) gives

J =e11 + e — e33

10 0
=lo1 o[, (6.34)
00 -1

while (6.21b) gives

* *
A = aqe13 + apeas — ajesr — azesn

0 0 aq
=10 0 al- (6.35)
—af —a3 0

where aJ{ = of, ozg = o5 when we think of a1, ap as commutative scalar objects. Note

that in the case m = 3, the Lax pair (6.19) agrees with that given by Sasa and Satsuma
in [79], which they show generates a gauge equivalent version of the (commutative) SSNLS

equation. It was in this paper that the SSNLS equation was first proposed.

We firstly choose a; = a2 = ¢ (so that af = af = ¢*), where again ¢ is a scalar function
of x and t. Then, by equating (1,3)'" entries, (6.26) reduces to a commutative HNLS
equation

qt + €Qzax + 12¢ | q‘qu =0 (636)

and its corresponding complex conjugate, which can be made to match the HNLS equation

obtained in the case m = 2 by appropriate scaling of the fields ¢ and ¢*.

Alternatively, we can choose oy = ¢, ag = ¢* (so that af = ¢*,a5 = ¢). Then (6.26)

reduces to a commutative SSNLS equation, namely
Gt + €quan + 6€[q|*qr + 3€(q]*)eg = 0 (6.37)

and its corresponding complex conjugate. In this case,

A= 0 0 ¢ |- (6.38)
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and we see that A satisfies

A=SA*S (6.39)
for
010
S=110 0]- (6.40)
0 0 1

(Premultiplication of an arbitrary 3 x 3 matrix by S permutes the first two rows of the ma-
trix and leaves the third row unchanged, while postmultiplication by .S permutes the first
two columns, leaving the third column unchanged). Note that S~! = S, since S.5 = I3,
the 3 x 3 identity matrix. Properties (6.22) and (6.39) will be exploited later when we

discuss the application of Darboux transformations to the SSNLS equation.

Note that these two equations, namely the HNLS equation (6.36) and the SSNLS equation
(6.37), are the only two possible equations in the commutative case that can be obtained
from the compatibility condition (6.26). Setting a1 = ¢*, e = ¢, or a1 = ag = ¢* again

give equations (6.36) and (6.37), along with their corresponding complex conjugates.

Noncommutative case

In this case, A = aje13 + ageag — aJ{egl - 04632. We now assume ¢ is a noncommutative

object, and set a; = ag = ¢ (so oﬂ; = a£ = qT). This gives another ncHNLS equation,

Gt + €qraz + 6€(qq' g + g2q7q) = 0, (6.41)

and the corresponding adjoint equation can be obtained by setting oy = ap = ¢f. Note
that (6.41) can easily be scaled to match (6.33).
Secondly, we set o; = ¢ and ag = ¢* (so that aJ{ =4, oz; = ¢*T = ¢7). We then obtain,

from (6.26), a noncommutative version of the SSNLS equation, namely

T

Gt + €Qrar + 3€(aq e + 40" 0% + e’ g + 0oq* ) = 0, (6.42)

with the corresponding adjoint equation obtained by setting a; = ¢f, as = ¢7.
We have described only two possible cases above, namely the choices ay = ag = ¢ (giving

a ncHNLS equation), and oy = ¢, 0 = ¢* (giving rise to a ncSSNLS equation). Many

o1 e1ey e . *
more possibilities exist, for example a; = ¢, = ¢f, or a1 = ¢*, a0 = ¢ = ¢7, and so on.
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However, as mentioned above, the matrix A satisfies condition (6.39) in the commutative
(scalar) case which must be preserved when we extend to the noncommutative case. We
find that only the choice ay = q,as = ¢* (or a1 = ¢*, 2 = q) preserves this special

condition, and so it is this one on which we focus from now on.

Clearly the process of generating both commutative and noncommutative higher-order
NLS equations can be continued for m = 4,5 and so on. For example, in the case m = 4,
we can generate an HNLS equation equivalent to those obtained in the cases m = 2,3 (up
to scaling). We can also obtain new equations (i.e. ones with different ratios of coefficients
which do not reduce to the standard HNLS or SSNLS equations). In the m = 4 case, two

such (commutative) equations are
G + €laae +12¢|q| gz + 3€(q]*)2q = 0 (6.43)

and

qt + €Qzzx +66|q’2qzr +6EGQ|2)EQ =0. (644)

These equations have coeflicients in the ratio 1 : 12 : 3 and 1 : 6 : 6 respectively. How-
ever, they are not necessarily integrable; in fact, it is known (see [33]) that (6.44) is not
integrable, but has been investigated in the literature, for example in [62,77]. We do not
consider these new equations but instead focus our attention only on the noncommutative

integrable SSNLS equation obtained in the case m = 3 above.

6.3.6 General case

Before discussing quasideterminant solutions of the noncommutative version of the SSNLS
equation, we note that it is possible to derive both a commutative and a noncommutative
higher-order NLS equation for a general m. The commutative case has been considered

by Ghosh and Nandy [31,32], however the noncommutative case gives us a new result.

Commutative case

Suppose that our Lax operators L, M in (6.19) are m-dimensional. Then, from (6.21Db),
we can see that we have (m—1) a;s (i = 1,...,m—1). We choose to identify [ of these a;s
with ¢ (a scalar function of x, t) for some [ = 1,...,m — 1, and the remaining (m —1 — 1)

a;s with ¢*. Then (6.26) gives

qt = €Qzxx + 6le ’ q | 2‘]@“ + B(m —1- 1)€(I q | Q)Iq’ (645)
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with coefficients in the ratio 1 : 61 : 3(m —[—1). Of course, there is no guarantee that such
an equation will be integrable for all choices of [, m - the well-known cases of the HNLS
equation, with coefficient ratios 1: 6 : 0, i.e. [ =1 and m = 2, and the SSNLS equation,
with coefficient ratios 1 : 6 : 3,i.e. [ = 1 and m = 3, are known to be integrable. As we have
shown, these two equations can be obtained for other values of m (for example, we obtain
the HNLS equation when m = 3) and can be reduced to the ‘standard’ versions of the
equations by suitable scalings. However, we choose to focus solely on the SSNLS equation
in the case [l = 1, m = 3 (i.e. a 3-component equation), albeit in the noncommutative

case.

Noncommutative case

We can show that, by identifying I of the «;s with ¢, a noncommutative object, and the

remaining (m — [ — 1) of the a;s with ¢*, the noncommutative analogue of (6.45) is

@t = €quaz + 3le(qq’qr + quatq) + 3(m — 1 — De(qq* q2 + a0 q*). (6.46)

In the remainder of this chapter, we consider only the ncSSNLS equation obtained from

(6.46) in the case [ =1, m = 3, i.e.

G = €Geas + 36(qq' a0 + 907 ¢ + quaTq + 00" 0). (6.47)

6.4 Darboux transformations for the SSNLS equation

To begin, we look at the result of application of the reduced ordinary Darboux transfor-

mation given in (5.72), namely
Gp = —iO(N —T)0 !, (6.48)

to the Lax operator

L=0,+i\ — A (6.49)

of the ncSSNLS equation (6.47). Here, II is a constant s X s matrix with each entry taking
the form of a noncommutative object, for example a matrix, while A is defined in (6.35)
with a1 = ¢, ag = ¢* and ¢ = ¢(z,t) a noncommutative object. We have chosen, for
notational convenience, to omit superscripts from now on. Thus 6 as given in (6.48) is
actually 6", a function of x and t only.

It should be noted here that, in the majority of what follows, we will only state results for
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the Lax operator L of the SSNLS equation, although the same results also hold for the

Lax operator M as given in (6.19b).
6.4.1 Application of reduced Darboux transformation to SSNLS equa-
tion

We now apply the dimensionally-reduced Darboux transformation (detailed in Corollary

4) to the Lax pair of the SSNLS equation, and thus consider Lax operators of the form

N

L' =) a;N, (6.50a)
=0
N

M™ =Y bV (6.50b)
7=0

for operators a; and b; independent of A, where N € Z*. Then, with the Lax operator L

of the SSNLS equation given by (now omitting superscripts)

L=0,+i\] — A, (6.51)
we choose
ag = 0, — A, (6.52a)
a; =1J, (6.52b)
i.e., in the notation of the corollary, « = 1, mg = —A and my = iJ. We also have

M =0 + e(Apy — Ag A+ AA, — 2A3) 4 2iNe(JA? — JA,) — 4X%eA + 4iX3e],  (6.53)

and hence we choose, in Part II of the corollary,

bo = Oy + €(Apy — Az A+ AA, — 243), (6.54a)
by = 2ie(JA% — JA,), (6.54b)
by = —4eA, (6.54c)
by = 4dieJ, (6.54d)

where, in the notation of the corollary, 3 = 1, ng = €(Age — Az A + AA, — 2A43),
ny = 2ie(JA? — JA;), ng = —4eA and n3 = 4ieJ.

To determine the effect of the reduced Darboux transformation Gy in (6.48) on the eigen-

functions of the SSNLS Lax pair, we use the same notation as in Chapter 3, and denote



CHAPTER 6. HIGHER-ORDER NONLINEAR SCHRODINGER EQUATIONS 117

Iteration

Step 1 Let 61, ...,0, be eigenfunctions of Ljy) = L, My = M, and ¢;] = ¢ a generic

eigenfunction of L), M[y;. Choose 6y1] := 6 to define a dimensionally-reduced Darboux
transformation
Goypy = —1 <>‘ 01[1]1_[91[1]) (6.55)
to a new Lax pair Ly}, M), where 9%)] = —191[1]1_11 and 95[1)] denotes one differentiation
of 611 with respect to . The new Lax pair
L[Q] = Ggl [1]G91[1] (656&)
[2] = Gel M[11G91[1] (6.56D)
has generic eigenfunction
bp2) = Goy, (¢)
= oM — 0170710 (6.57)

since 0[] = 61. Asin the (241)-dimensional case, the eigenfunction 6; = 6, is mapped to

zero, and the remaining eigenfunctions 6y, ..., 0, to Oy, ..., 0,9, where, for : = 2,...,n,

Oii2) = P2 lo—0; - (6.58)

Step n (n > 1) The eigenfunction 6, defines a dimensionally-reduced Darboux trans-

formation from Ly,), M|, to some new operators

Lins1) = G, LinGo,, - (6.59a)

nln]

-1

o (6.59D)

with generic eigenfunctions

Plnt1) = Gﬂn[n](¢[n )
= o) — 00 0L . (6.60)
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In particular, this Darboux transformation maps the eigenfunction 6, to ng[n] (Gn[n]),
i.e. to zero.
By defining ©® = (; ... 6,), we can show by induction that (6.60) can be expressed in

quasi-Wronskian form as

Onsr) = | o, (6.61)

where O™ := —iOII", and II is the ns x ns = N x N matrix such that

I = diag(IL, I1, . . ., IT), (6.62)
~—————

n
where each matrix II is of size s x s. The inductive proof is carried out in a similar manner

to that done in Section 3.4 of Chapter 3.

6.4.2 Quasi-Wronskian solution of ncSSNLS using reduced Darboux trans-

formation

We now determine the effect of the reduced Darboux transformation (6.55) on the Lax
operator L) = L given by (6.51), with 61,...,0, = 011, ..., 0,1 eigenfunctions of L, and
f1]1) chosen to iterate the transformation. To simplify our notation slightly, we will denote
th1) by 0, and, in general, Oy by O (kK = 2,...,n). Corresponding results hold for the

operator M given by (6.53). The operator L) = L is transformed to a new operator Ly,

say, where
Ly = GoLGy ', (6.63)
giving
—0, 11071 + 011607 10,60" + Ap110~" — 9110 ' A =0 (6.64a)
and
JOIIO — OII6 " J +i(A — Ap)) = 0. (6.64b)

Note that, in carrying out the reduction on the ‘standard’ (2 + 1)-dimensional Darboux
transformation, we have, as indicated previously, replaced 8; with (—1)7i7 /. Hence A
is effectively playing the role of 9, in the reduced case, thus when we apply the reduced

Darboux transformation to the SSNLS Lax operator L, we set coefficients of A equal to
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zero, rather than coefficients of 8 as was done in, for example, the DS case in Chapter 3.

From (6.64b), we see that

Ap = A—1i[J, 01167 "], (6.65)
i.e. by introducing the notation (1) = —ifII', where #(!) denotes one differentiation of 6
with respect to x, we have

Ap = A+[J,0W071]. (6.66)

Substituting for Apy in (6.64a) using (6.65) gives
(—0,I1 + 611010, + AT + 10116 JOII — iJOIT* — OTI9~ " A9) 6~ = 0. (6.67)

In order to see that the left-hand side of this equation is zero, we look to (5.26), where we

have, omitting superscripts,

N .
> a;(0)TF =0, (6.68)
=0
ie.
0, — AO +1JOI = 0 (6.69)

using (6.52). This result can be used to confirm the validity of (6.67).

As mentioned in (6.27), we introduce an m x m = 3 x 3 matrix T' = (t;;) (4,5 = 1,2,3)
such that A = [J,T]. We then have, from (6.66),
[, Tig] = [, 7]+ [,60671, (6.70)
so that
Tiy =T +6Wo~". (6.71)
After n repeated applications of the reduced Darboux transformation,
Thpr) = Thy + 05071 (6.72)
[n+1] [n] [n] Vn] :

that is

P P
Thpsyy =T + Zl 010, (6.73)
j:
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where T() =T, 0y = 6 and 0y = O y). By induction, we express T}, 1] in quasi-Wronskian

form as
© O3
Ty =T 102 04|, (6.74)
@(nfl) I3
o0

where O3 and I3 denote the 3 x 3 zero and identity matrices respectively, and © =
(01 ...6,). As before, ©F) = —iOIT*, where O denotes the k™" z-derivative of ©
(k=0,...,n), and IT is an ns x ns = 3s x 3s matrix defined as in (6.62). The inductive

proof of (6.74) is similar to that in Chapter 3, Section 3.4.2.

6.4.3 Invariance of Darboux transformation

Above, we have applied the appropriate (1 + 1)-dimensional Darboux transformation to
the Lax operator L of the (noncommutative) SSNLS equation. However, since a Darboux
transformation is, by definition, a special type of gauge transformation that keeps the Lax
pair associated with the particular equation under consideration invariant, we must ensure
that our transformed Lax operator L (= Ljg) has the same form as our original operator
L (and similarly for the Lax operator M and transformed operator M = M, 2]). Here we
mainly focus on one iteration of the transformation L — f), M — M. In particular, since

L is of the form

L=0,+i\] — A, (6.75)
with
0 0 q
A= 0 0 q¢ |- (6.76)
—¢t —¢" 0

the transformed matrix A must be of the form

0 0 q
A=1 o 0 g | (6.77)
- ((fr)* 0

and similarly for the transformed matrix Ay, ) after n iterations of the Darboux transfor-

mation. In short, the Darboux transformation must preserve properties (6.22) and (6.39),
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so that

Al =—A (6.78a)
and

A=S8A*S (6.78b)

for S defined as in (6.40). We do not go into details here, however we can show that, with
an appropriate choice of the matrices © and II, the ordinary Darboux transformation can

preserve condition (6.39) (the ‘complex conjugacy condition’). In particular, we define
O = 5S0%5, (6.79)

where S7 is an ns X ns matrix with real entries such that S% = I,,s. The ‘skew-Hermitian
condition’ (6.22) implies that the transformed Lax operator must satisfy LT = —L. In
general, a symmetry in a Lax pair is not preserved by an ordinary Darboux transformation
but can be preserved by a binary one [73]. In the case of the ncSSNLS equation discussed
here, it is possible for the ordinary Darboux transformation to preserve the skew-Hermitian
condition, however the resulting requirement that 0,6~! is Hermitian is difficult to realise.

We therefore allude to the reduced binary Darboux transformation noted in Section 5.5.

6.4.4 Application of reduced binary Darboux transformation to SSNLS

equation

We now determine the effect of the reduced binary Darboux transformation detailed in
Section 5.5 on the Lax operators L, M of the SSNLS equation. We relabel L, L as Ly,

Lt

o respectively, and similarly for M, M7, to indicate the starting levels, and omit super-

script r from now on.
The adjoint Lax pairs LT, MT of the SSNLS equation satsify, from (6.19) and the def-
inition of adjoint given in Section 3.4.3 of Chapter 3,

LT =-9, — o, (6.80a)

MT = -9, — 0T, (6.80b)
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where

o = iNJ + AT, (6.81a)
U = 41eX3T + 4eX? AT + 2¢(A3)T 4 21T (A?)T — 21eAJ AL — €Al + eATAT — e AT AT,
(6.81D)

Iteration

Step 1 Let 64,...,0, be eigenfunctions of Ly = L, My = M, and p1,. .., p, eigenfunc-

tions of the adjoint Lax operators LEL” = Lt M[Tl] = M. Suppose ¢ = ¢ is a generic
eigenfunction of Ly}, My and ) = ¢ a generic eigenfunction of LErl], M[TH. We choose
6 := 6q[1) to be the eigenfunction defining a reduced binary Darboux transformation from
Ly, M) to a new Lax pair Ly, Mg}, and similarly p1 := pyp;) the eigenfunction defin-
ing the adjoint binary Darboux transformation from LErl], M [Tl] to a new adjoint Lax pair

LErQ], M [TQ]. The reduced binary Darboux transformation is defined as

G91[1]al)1[1] =1- iel[l}Q(el[I]aPl[l])_lr_TPJ{ma (6.82)

with adjoint

G*T

— 3 — — T
011010 I— 1P1[1]Q(91[1}>,01[1]) il T¢91[1]. (6.83)

The transformed operators

Lig) = Goyyory L1u G,y pr (6.84a)
Mig) = Gy ory MG,y o (6.84b)
have generic eigenfunctions
b1 := Goypyoupy (©)
= ¢ — Q0. ) Tl 0
= ¢ — 61 Qb1 1), P1[1])_1(I + AT, P11) (6.85)

by (5.79), and generic adjoint eigenfunctions

1
7/’[2] T G91[1]7P1[1] (¥)
=1 — ip1[119(91[1]7 P1[1])_TH_T91[1]¢

=4 — pr Oy, prpy) T + vITT Q) )] (6.86)
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by (5.80). The eigenfunction 6;[;; is mapped to zero by (6.82), and the adjoint eigenfunction

p1y1) to zero by (6.83). The remaining eigenfunctions 6s, . .., 0, and adjoint eigenfunctions
P2, .-, pn are mapped to Oy, ..., 0,2 and popy, ..., py[ respectively, where, for i =
2,...,n,

Oif2) = Pp2)l—e:, Pi2] = Yi2)lp—pi- (6.87)

Step n (n > 1) To perform the n'® iteration of the reduced binary Darboux transforma-
tion, we choose the eigenfunction 6,(,) to define a reduced binary Darboux transformation
from the Lax operators Ly,), M|, to some new Lax operators Ly, 1], M, 1), and similarly
Pn[n) the adjoint eigenfunction defining the adjoint reduced binary Darboux transformation

T t t
from L[n}, M[n] M[n+1]'

of the reduced binary Darboux transformation

to L The operators Li,), M}, are covariant under the action

]
[n+1]

Gﬁn I— len[n]Q(en[n]a pn[n})_IF_TPT

nln)’

(6.88)

[n]:Pnln]

while the adjoint operators LELn],MELL ] are covariant under the adjoint binary Darboux

transformation

The transformed operators

-1
L[n+1] = G@n[n] 7,071,[71]L[n} ng[n] 7Pn[n]’ (690&)
_ -1
My = Gen[n]vf’n[n]M[”}G%[n},pn[n] (6.90Db)
have generic eigenfunctions
— ; —1p—1 .t
Pln+1] = Bn) = Onfn] 2Onfn)s Pufn]) ™ T Py Pl
and adjoint eigenfunctions
Vint1] = Vin) = 10 2O Pn[n])_fﬂﬂel[n]d)[n]

The eigenfunction 6, is mapped to zero by (6.88), and the adjoint eigenfunction pyj,) to
zero by (6.89).
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Quasi-Grammian form

Defining © = (01 ... 0,) and P = (p1 ... p), We express ¢, 1) and ¥, 41 in quasi-

Grammian form as

i’ Q(e,P) I+ MTHQ(s,P) ) Qe,P)t (I +vII HQ(O,y)!
[n+1] — ) [n+1] — )
C] P

(6.93)
where I is an ns X ns = 3 x 3 matrix such that
[ =diag(T, T,...,T), (6.94)

—_————

n

with each matrix T of size s x s, and II is defined as in (6.62).

6.4.5 Quasi-Grammian solution of ncSSNLS using reduced binary Dar-

boux transformation

In this section, we calculate the effect of the binary Darboux transformation (6.82) on
the Lax operator Lpj; = L of the SSNLS equation given by (6.51), with 01,...,6, =
010175 - - - » 01 eigenfunctions of L, and 60;[;) chosen to iterate the Darboux transformation.
As in previous sections, we denote 6] by 0, and, in general, 8y by O (K = 2,...,n),
and similarly, pi1; by p and pyp) by ppry. Corresponding results hold for the operator
M given by (6.53). In what follows, we choose to omit superscripts, so that § = 6" and
Q=076 p").

As mentioned in the previous chapter, it is convenient to consider the reduced binary
Darboux transformation as a composition of the two reduced ordinary Darboux transfor-
mations Gy and Gj. We have the same situation as depicted in the diagram on page 53
in Chapter 3, with each term replaced by its reduced counterpart. The operator L) = L
is transformed to a new operator E[Q} by the reduced Darboux transformation Ggl[l] =Gy

defined in (5.72), so that _i/[2} = Gy LGy-1, giving

Ap) = A—i[J,01167] (6.95)

as in (6.65). We also have f/[g] = Gyl GHTI, and, using the reduced form of G5 obtained

in (5.81) and omitting superscripts, this gives two equations on equating coefficients of )\,
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namely

0,0 TTQ0~! — 001 Q, Q' TTQ0! + 00 T1Q,07!
— 007 'TTQ0 10,0 — A0 'TTQO ™ + 00 'TTQ0 Ay =0 (6.96)
and
JOTITI00™! — 007001 — i (A — Ap) = 0. (6.97)
From (6.97), we have
Ap) = Ay +i[J,007'TTQ071). (6.98)

Substituting in (6.96),

0,07 TTQ0~! — 0071, QT + 00 TTQ, 07!
— 007 'TTQO 10,0 — Ao ' TTQO ™ —iJ9Q 1 (IT)2Q0 !
+i0Q 'O T00 T + 007 TTQO Ay = 0. (6.99)
The left-hand side can be shown to be zero in a similar manner to Section 6.4.2 - since
O(z,y,t) = ér(x,t)eiﬁy from a modified version of (5.68), we see that the dimensional
reduction replaces &(f) with (i/)0(I'f)7. We use Corollary 4 Part I on page 93, but

replace L by L, 6 by 6 and the constant C by C.
Comparing (6.95) and (6.98), we see that

Ap) = A—i[J,011607] —i[J,0Q7'TTQe ). (6.100)
Although not immediately obvious, by once again introducing a 3 x 3 matrix 7' = (¢;;)
(1,7 = 1,2,3) such that A = [J,T] and performing some simple algebraic manipulation,
we can see that this expression for Ay can be written in quasi-Grammian form: (6.100)
is

[J, Tig] = [J,T] —i[J, 0110~ '] — i[J, Q' TT Qo] (6.101)
ie.

T =T — 6116~ —16Q7'TTQ0 ", (6.102)
where Q = (0, p). From a modified version of (5.47), we see that (omitting superscripts),
—il'TQ = p'h +1QI1, and hence (6.102) is

T =T — 0116~ " — 109 (ip'0 — QIT)0 !

=T+ 600 1)l (6.103)
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which we express in quasi-Grammian form as

Q0,p) Pl
o

where O3 denotes the 3 x 3 zero matrix. After n repeated applications of the reduced

T =T — (6.104)

binary Darboux transformation Gy ,, we obtain

Ting1) = Tin) + Oy U 0py P[n])flp?np (6.105)
that is
_ - 1t
Tipyr) =T+ Z 0201, pr) Py (6.106)
=1

where Tm = T, 0[1] =0= (91[1], H[k] = Hk[k} (k = 2, oo ,n), and similarly p[l] = p = Pl[l]v
Pk = Prjk]- By defining © = (61...6,) and P = (p1...pn), we can then, by induction,
express T}, 1] in quasi-Grammian form as

Q(©,p) P
Ty =T — . (6.107)

0

The inductive proof is carried out as in Chapter 3, Section 3.4.4.

In order to satisfy the skew-Hermitian condition, we require that

i _
Al =~ Apy, (6.108)
so that
[, Ths] " = = [ D] (6.109)
and hence
T 1) = Tinta)- (6.110)
Using (6.107), we thus require
PQ(O,P)TOf =000, P) P! (6.111)

since AT = —A =TI =T.
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We firstly obtain an explicit expression for Q"(©", P"), the reduced form of (0O, P). (Note
that in the above, we have omitted superscripts for convenience, so that (0, P) is actu-

ally Q"(©", P"), a (1 4+ 1)-dimensional entity, where ©" = (6] ... 0,), P" = (p] ... p},)).
Consider the Lax operator L for the SSNLS equation, namely

Lssnrs = 0 +1AJ — A. (6.112)

As described in the previous chapter, the dimensional reduction replaces 9, by —i}, so
that, by applying this reduction in reverse, the Lax operator (6.112) comes about as a

dimensional reduction of
L =0,—-Jo,— A. (6.113)

The entries of A are now functions of z, y and t. With 8 = 0(x,y,t) an eigenfunction of L

and p = p(z,y,t) an eigenfunction of the adjoint operator LT, each of size 3 x s for some

s, we have

JO, =0, — A0 (6.114)
and

Jpy = ps + Alp, (6.115)
so that

plJ = pl+plA. (6.116)

In (2 + 1)-dimensions, from the definition of (¢, p) on page 49,

Q(0, p) :/pTGdy. (6.117)

Now consider

</pTJ9dx> :/pLJde—i—/pTJdex
Yy

= /(pL +plA)odx + /pT(OI — Af)dz by (6.114), (6.116)

= /(pTe)z dz

= Q(0, p)y- (6.118)



CHAPTER 6. HIGHER-ORDER NONLINEAR SCHRODINGER EQUATIONS 128
Hence
Q(0,p) = /pTJadx+C (6.119)

for some constant of integration C'. Replacing each term by its reduced counterpart as

defined in Section 5.5 gives
e_iFTyQT(HT, pHe My — /e_irfyprTJHTe_iHy dz + C, (6.120)
so that
QO (7, p") = /p”JGT’ dz + C, (6.121)

where 0" = 0"(x,t), p" = p"(z,t), and thus we have an explicit expression for Q" (6", p") in

(14 1)-dimension. Hence
Qe P") = /PTU@’“ dz +C (6.122)

for © = (61 ...6,), P = (p1 ... pn). We define C = (¢;;) (4,7 = 1,...,ns) to be an
ns X ns constant matrix, where, in the commutative case, each ¢;; is a scalar (1 x 1) entry.
Choosing C' to have entries given by
1 fori=j,
Cij = (6.123)
0 otherwise,
it then follows that
(", P = / PO dz + L. (6.124)
We also define

P =05, (6.125)

where Sy is an invertible Hermitian ns x ns matrix with real entries. (We will see later
that, as in the DS case, ©, P satisfy the same dispersion relations, and hence this choice

of © is a sensible one). Then the left-hand side of (6.111) is
05,0(0, P)" 18,71 Pt

which is equal to the right-hand side so long as (6, P) = $Q(0, P)IS,!. This can
easily be verified using (6.124) and (6.125), where we use the fact that Sy is Hermitian.
Hence (6.111) holds, and thus the skew-Hermitian condition is satisfied so long as P = ©.55.
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Looking back to our quasi-Grammian solution (6.107), as in the DS case discussed in
Chapter 3, for notational convenience we define a general quasi-Grammian R(7,j) (i,j =
1,...,n) to be of the form

. |o@,p) PO
R(i,j) = (-1) , (6.126)

ot
so that (6.107) is given by
T[n+1] =T - R(0,0), (6.127)

which can be expressed in a more simple form as
T =Ty — R(0,0), (6.128)

where Tg is any given solution of the ncSSNLS equation. We choose the trivial vacuum

solution Ty = 0 for simplicity.

Expanding (6.128) with 7 = 0 via the usual expansion of a quasideterminant (2.10)
gives

T =0;+0Q(0,P) 1P (6.129)

We have © = (6; ... 0,), where each 6; (¢ = 1,...,n) is an eigenfunction of the Lax
operators L, M of size 3 x s, and hence O is of size 3 x IV for some N = ns to be chosen

later. Define
0,

0=10,], (6.130)

O3
where the ©; (i = 1,2, 3) are row vectors of arbitrary length N. Similarly, P = (p1 ... pp)
and hence PT = COl(p]i pil), where each p; (i = 1,...,n) is an eigenfunction of the
adjoint Lax operators LT, M1 of size 3 x s. Then each p;f has 3 columns and an arbitrary

number s of rows, and P is of size N x 3, where N = ns as above. Define

pT:(ﬂ Pl Pg),), (6.131)
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where the P;f (i =1,2,3) are column vectors of arbitrary length N.
Thus
0,
T=03+ |0, |6,P)" (P:T'l Pl Pg)
O3
Q©,P) Pi| |Q@©,P) Pl |Q@©,P) PL
0, 0] 0, 0] OJ1 0]
Q©,P) Pi| |Q@©,P) Pl |Q@©,P) P (6.132)
e, [o0] e, [0 @, [o0]
Q©,P) Pi| |Q@©,P) Pl |Q@©,P) P
e [0] e [o0] @ [0]

Above, we introduced the 3 x 3 matrix T such that A = [J,T]. With T = (t;;) (i,j =
1,2,3), this gives

0 0 q 0 0 2t13
0o 0 q¢|=] o 0 2t | (6.133)
_qT _qT* 0 —2t31 —2t39 0

so that, by comparing with (6.132), we have quasi-Grammian expressions for ¢, ¢*, ¢ and

qT*, namely

Q(e,P) P! Q(e,P) P!

qg=—2 (0.7) Py , ¢ = -2 (©.F) Py , (6.134a)
@1 @ @2 @
Q(e,p) P! i Q(e,P) Pl

¢t =-2 (©.P) Py , ¢ =-2 SO : (6.134Db)
@3 @ @3 @

We have obtained a quasi-Grammian solution g of the ncSSNLS equation, along with its
complex conjugate, adjoint and complex conjugate adjoint. To show that this solution is
unique (i.e. to ensure that, for example, the two quasi-Grammians in (6.134a) are indeed
complex conjugate, etc.), we utilise the conditions on the ®; and P; (i = 1,2, 3) obtained

previously.
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6.4.6 Uniqueness of solution

We summarise the conditions that have been determined earlier in the chapter in order to
ensure that application of a Darboux transformation gives a transformed matrix with the

correct structure. We have, from (6.79), that
0 = 5SO*S), (6.135)

where S is the permutation matrix defined in (6.40) and S is an ns x ns matrix such that
S% = I,,s. In addition,
P =085, (6.136)

for an ns X ns Hermitian matrix S5. We assume both S; and Ss are invertible with real
entries (so that S7 = Sy since Sy is Hermitian). With the above conditions, along with our
definition of Q(©, P) in (6.124), we can prove the uniqueness of our solution in (6.134). To
do so, we require some results obtained later in the chapter. The calculations are rather
tedious and have thus been detailed in Appendix A. (It is here that we also explain the
reasoning behind our choice of dimensional reduction 9, — —i\). We find that we must

impose additional conditions on the matrices S7; and S such that

S is orthogonal, i.e. Slsf = I,,, so that ST = 51—1’ (6.137a)

S1 and Sy commute, so that S1.59 = 5557. (6.137b)

Thus the ncSSNLS equation (6.47) has a unique quasi-Grammian solution, namely

Q(e,P) P
q:_2( ) 81 (6.138)

e [0

so long as © = SO©*S; and P = ©S; for S defined in (6.40), where Sy is an nsxns = N x N
Hermitian matrix with real entries, and S and S satisfy (6.137). We do not go into details
here, however we can verify that this quasi-Grammian is indeed a solution of the ncSSNLS

equation in a similar manner to the DS case in Chapter 3.

6.5 Soliton solutions - commutative case

We are now in a position to determine and plot the soliton solutions of our ncSSNLS
equation (6.47). To begin, we firstly choose to revert to the commutative case, where cal-

culations are somewhat more straightforward. Although our main interest lies in solutions
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in a noncommutative situation, the commutative version of the SSNLS equation and its
soliton solutions has received little attention, with only the original paper by Sasa and
Satsuma [79] and work by Gilson et al. [33] making advances in this area. We therefore
choose to focus more on the commutative situation here than we did in the DS case in
Chapter 3. We obtain soliton solutions in a commutative setting, which then give us the
framework to extend to the noncommutative case and obtain corresponding soliton plots

in a noncommutative setting.

6.5.1 n-soliton solution
As in the DS case in Chapter 3, we consider our quasi-Grammian solution

Q©O,P) Pgl
g=—2 (©,P) *, (6.139)

e, [o0]
where @, denotes the first row of our matrix of eigenfunctions ©, and similarly P3' is
the third column of Pf, i.e. the Hermitian conjugate of the third row of P, where P
is the matrix of adjoint eigenfunctions. Since we are considering the commutative case,
© = (01 ... 6,) consists of matrices 0; (i = 1,...,n), each an eigenfunction of the Lax oper-
ators L, M, of size 3 x s with scalar (1x 1) entries, and in a similar manner, P = (p1 ... pn)
contains matrices p; (i = 1,...,n), each eigenfunctions of LT, MT, of size 3 x s with scalar
entries. Hence Q(©, P) = [ PTJOdz + Iy is an N x N matrix with scalar entries, where
N = ns for some s to be chosen. Later, when we move on to the noncommutative case,

we will suppose that each 6;, p; have entries of matrix form.

In order to obtain a specific quasi-Grammian solution in the commutative case, we must
choose the constant s mentioned above. We consider the relatively simple case of s = 4,
so that each 0; (i =1,...,n) is a 3 X 4 matrix, as is each p; (i = 1,...,n). The 6; and p;

have scalar entries in the commutative setting.

Define, for i = 1,...,n,

Gai—3  Qai—2  Pai—1 Gai
0i = | Yaics Yaice Yaic1 Yai (6.140)
X4i—3 X4i—2 X4i—-1 X4i
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for functions ¢ = ¢(x,t), Y = (z,t), x = x(z,t), so that

¢1 ¢2 ¢4n—1 ¢4n
@:<91 b2 ... Op Qn): Y1 Y2 .. Yan—1 Yan | - (6.141)
X1 X2 .-+ X4n—1 Xdn

The entries of © satisfy the dispersion relation for the system, calculated as follows. Since
0 is an eigenfunction of the Lax operator L (6.19a), L(f#) = 0, and hence 6, = —i\J6.
Then

Opz = —1AJ O,

= -\% (6.142)
by the definition of 8, above, and thus

Oz = —N2(—iNJ0O)

= i), (6.143)
Then, since 6 is also an eigenfunction of the Lax operator M (6.19b), we have

0, = —4iX3eJO

= —460,0s. (6.144)

It then follows that, for © = (6 ... 0,,), Oy = —4€0O .4, hence, for i = 1,...,4n, we have

(0i)y = —4€ (9i) s » (6.145a)
(Xi)y = —4€ (Xi) g - (6.145¢)

From now on we choose the real constant ¢ = 1 for simplicity.

We know, from (6.137), that S; and Sy are ns xns = 4n x 4n matrices satisfying particular
conditions in order to ensure uniqueness of our quasi-Grammian solution, namely 57 must
be an orthogonal matrix whose square is the identity, and 57 and Se must commute. In
addition, we assume that both S; and So have real entries, with Sy chosen to be Hermitian.

For simplicity, we choose S7 to be a permutation matrix such that

S; = diag(Sy, S1,...,51), (6.146)
N———

n
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where
0100
- 10 00
S = (6.147)
0 001
0 010
Then, defining
SQ = diag(gg, S~2, ey gg), (6148)
—_—

n
where Sy = (s;;) (i,j = 1,...,4) is a 4 x 4 Hermitian matrix, (6.137b) implies that So
takes the form
511 512 513 514
~ S12 S8 S14 S13
S . (6.149)

513 S14 533 S34

514 S13 S34 S33

We choose
0 01 0
- 0 001
Sy = (6.150)
1 0 0O
01 00

(Note that although we could have conceivably left S as an arbitrary 4 x 4 matrix for now,
when we later express our quasi-Grammian solution as a ratio of determinants and expand
the denominator using Mathematica in order to find conditions so that this denominator is
non-zero, the obtained expression is extremely unwieldy. We therefore choose our matrix
S, at this stage, and firstly check, using Mathematica, that this gives a non-zero numerator
in our ratio expression. Having done so, we then find conditions on our parameters in order
that the denominator of the ratio is non-zero with this particular choice of S5. The choice
of S5 is not unique, however it has the important benefit that the numerator of our ratio
is non-trivial - other choices of this matrix, such as 52 =1, or gg = 5‘1, result in a trivial

numerator). It then follows that, since P = ©Ss, we have, for i = 1,...,n,

pi = 055

G4i-1 G4 Pai—3  Pai2
Yai—1 Yai VYai—z Va2 | (6.151)
X4i—1  X4i X4i—3 X4i—2



CHAPTER 6. HIGHER-ORDER NONLINEAR SCHRODINGER EQUATIONS 135

so that

¢3 s 1 P2 ... Gan—1 Pan
P=(p1,....pn) = |3 s Y1 P2 ... tan—1 Yun
X3 X4 X1 X2 -+ Xd4n—1 Xdn

Thus our quasi-Grammian solution (6.139) takes the form

Gan—3 Pan—2
Van—3 Yan—o |-  (6.152)

X4n—3  X4n—2

Qe,P T
q=-2 ©:7) : (6.153)
¢ [0]
where ¢, x denote the row vectors
¢) - (¢1 ¢2 ¢3 ¢4 e ¢4n—4 ¢4n—3 ¢4n—1 ¢4n) ) (6154&)
X= (X3 X4 X1 X2 -+ Xd4n—1 Xdn X4n-3 X4n72) (6154b)

respectively.

As in our work on the DS equations in Chapter 3, we choose to simplify our notation

so that we work with only ¢1,..., ¢an, ¥1,...,%9, and x1,...

relabel

qu as gbgi for ] = 4i,

qu as d)Qifl for ] =44 — 1,

,Xon. Fori=1,...,4n, we

and set ¢; = 0 for j = 4¢ — 2, j = 49 — 3. The same conditions also hold for 91, ..., Y.

We also relabel

X; as x2; for j = 4i — 2,

X; as x2i—1 for j =4i — 3,
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and set x; = 0 for j = 44, j = 41 — 1. We thus have

¢:(¢1 G2 03 Qs G5 P6 P71 P8 ... Pan-3 OGan—2 Gan—1 <Z>4n)

=(0 0 61 6o 00 ég ds ... 0 0 ¢ons ¢2n), (6.1552)
Y= (wl Yo Y3 Y4 Y5 e Yr Ys ... Yan—3 VYan—2 Yan—1 ¢4n>

=(0 0 ¥ s 0 0 w5 g ... 0 0 tons ¢2n), (6.155D)
X = (Xl X2 X3 X4 X5 X6 X7 X8 --- Xd4n—3 Xdn—2 Xdn—1 X4n>

:<X1 x2 00 x3 xa 00 ... xon1 X2n O 0)- (6.155¢)

Our choice of the matrix © = col (@1 O, @3> must satisfy the condition (6.135), so

that
@1 = @2*51, (6156&)
O, = ©,%5], (6.156b)
@3 = @3*51. (6.156C)

In order that these conditions are satisfied, we choose

¢=(o 0 ¢1 &F 0 0 do ¥ .. 0 0 oy zp;nfl), (6.157a)
¢=(o 0 1 &8 0 0 s &5 ... 0 0 thopy ¢;n_1)7 (6.157D)
X:(Xl P00 X2 X5 0 0 .ot Xono1 X5,y O 0), (6.157¢)
i.e. for even ¢ = 2,4,...,2n — 2,2n, we choose ¢; =7 ; and x; = xj_;, so that
0 0 ¢ ¥ ... O 0 a1 V3, 4
O=(0 0 v ¢f ... 0 0 Yot I3, 1 |- (6.158)
xt xi 0 0 ... Xon-1 Xopr O 0

It then follows that P = ©.55 is given by

o1 Y 0 0 ... Pap—1 Y5, 4 0 0
P=1y1 ¢f 0 0 ... ton1 3,1 0 0 : (6.159)

0 0 x1 xi --- 0 0 Xon—1 X3p—1
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We choose the entries of ¢, 1, x to satisfy the dispersion relations for the SSNLS equation

as given in (6.145) with e = 1. We therefore choose, for i = 1,...,2n,

b; = aqi, (6.160a)
Xi = Yis (6.160c)

where a is a real constant (to be defined later), and «;, 8;,7; are exponentials such that

o; = exp(piz — 4p3t), (6.161a)
B; = exp(qix — 4¢3t), (6.161Db)
vi = exp(riz — 4r3t) (6.161c¢)

for complex constants p;, q;, ;. We will later derive conditions on the p;, g;,r; in order to
give the correct asymptotic behaviour. Thus we have the quasi-Grammian solution in the

commutative case defined to be

Qo,pP) xf
q=-2 ©.F) x ; (6.162)

¢ [0

where ¢, ¥ denote the row vectors
d>:(o 0 ¢ ¥ ... 0 0 ¢op w;nfl), (6.163a)
X:(o 0 x1 xi - 0 0 xon X;M) (6.163b)

respectively, and the ¢;, x; (i = 1,...,2n) are as defined as in (6.160), (6.161). Since we

are considering a commutative situation, we can express the quasi-Grammian in (6.162)

as
Qe,pP) X'
) 0
q=-2
2, P)|

As in the DS case, we obtain an explicit expression for the determinant F' by setting

F=Q(0,P)

= / P1JO dx + Iy, by (6.124), omitting superscripts, (6.165)
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so that ' = det F. Then, since P = 0.5, it follows that
F =25, / 0'Je dz + Iy,. (6.166)

Substituting for © using (6.158), we see that

F = S0 + Iy, (6.167)
for
_ fwxl,l 02 . _ fIXanl,l 02
02 fx¢l’1¢1’l o 02 fx¢1,2n71¢1,2n71
_ fIX2n71,l 02 = J“J?Xanl,anl 02
02 fl’gbZn—l,lq/}Zn—l,l o 02 fx¢2n—1,2n—1¢2n—1,2n—1
(6.168)

where all integrals are with respect to x, and the limits of integration are determined
from the definitions of ¢;, ¥, x; (j = 1,...,2n — 1) in (6.160), (6.161). For notational

convenience, we have defined, for i,7 =1,...,2n — 1,
Yo (X XDG gidyid i 10TV STV YIS

XiXi  XiX; bigs + Gy Yiy + i

(6.169)

F =det F =|Iu, + S0 . (6.170)

We now consider the simplest example of the 1-soliton solution (n = 1) and derive appro-
priate conditions to ensure that this solution, expressed as a ratio of determinants, has a

non-zero denominator.

6.5.2 1-soliton solution

Choosing n = 1, we have, from (6.158),

0 0 ¢1 97
O=6h=|0 0 v ¢}, (6.171)
xt x1 0 0
while from (6.159),

P=pi=|y; ¢t 0 0|, (6.172)
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with
¢1 = aexp (p1z — 4pit) | (6.173a)
U1 = aexp (q1z — 4¢3t) (6.173b)
and
X1 = exp (riz — 4rit) (6.173c)

for a real constant a. From (6.168), (6.169),

- [xixade - [Txixide 0 0
— [ dez — [* *dx 0 0
g |~ J axi ) ) . (6.174)
0 0 JP ot +ivide [T oYt + ot da
0 0 [P + prprde [T s + 1t da
Choosing p; = ¢1 in (6.173) for simplicity, it then follows from (6.170) that
1 0 2 [“piprdr 2 [T pietda
0 1 2 [* de 2 [" 1ot da
F=| ) J" o Jmonoide) (6.175)
—f X1x1dz —f X1x7 dz 1 0
— [Txixadz — [Txaxidz 0 1

Since our quasi-Grammian solution ¢ is expressed as a ratio of determinants with denom-

inator F' as in (6.164), we must ensure that F' is non-zero. Expanding gives

F =14 Pemtnitéatey Q€2(m+€1“) + Q*€2(nf+£1) + 11362(771+77i‘+€1+ﬁ)7 (6.176)
where
1+a®
o — 6.177a
o )R (6.1772)
a
- 6.177b
] (6.177D)
14+ 2a2+a* 1 1 2 1 1
R= +“+“2( 5 — *>+ “*< __ 2), (6.177¢)
16 (R(p1))” \(R(r1))” 77y Apipt \rrt (R(r1))
and
m = p1x — 4pit, (6.1784a)

&1 =z — 4t (6.178b)
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Removing a factor of emTm+&+€0 — 2RM)+R(E))  which we will denote by e4, say, we
have

17:eA<P+%&ﬁ—%QefB4aR%<R%6L+R‘afA)), (6.179)
where B = n1 —nf — (&1 — &) = 21(S(m) — I(&1)). It can easily be seen that P, R are

purely real. We let
Q= Q1 +iQ2 (6.180)

for Q1,Q2 € R, so that

Qe + Qe P = (eB + e_B) +iQ> (eB — e_B)

= 2(Q1 cos(2w) — Q2sin(2w)), (6.181)
where w = (1) — 3(&1) € R. Thus
F=eA (P +2(Q1 cos(2w) — Q2 sin(2w)) + R2 <R%e’4 + R*%e*A>> , (6.182)
where A, P,Q1,Q2, R € R. For F # 0 (in particular F' > 0), we require that
P—%2(Qlcmx2w)—wggﬂn@u0)+aR%(B%eA4—R’%e’A):>0. (6.183)
Thus, since RieA + R2e 4> 0, we can take
P+ R +2(Q1|> 2| Qs (6.184)
for F' > 0. (There are, however, other possibilities, but the inequality in (6.184) is suffi-

cient to ensure F' > 0).

We now explain the reason for the inclusion of the real constant a in our definitions
of ¢; and 1; in (6.160). From (6.176), we see that the terms in () and Q* are a conjugate
pair, hence their sum is real, and every other term in the expansion is real. Thus F is

purely real, no matter our choice of a. Expanding G in a similar manner gives

G=— <ae771+€f 4 677{+€1)

_gmﬁWMHm< a _al+d?) o« aﬂ+ﬁ)>
2piry AR(py)rT 2paR(r1)  AR(p)R(r1)
2 2 2 2
—_ em+E)+2(ni+61) < a l+a _ a + lt+a > ) (6.185)
2piry  AR(py)r1 2piR(r1)  AR(p1)R(r1)

It is clear that, for a = 1, each term in the expansion has a corresponding conjugate

partner, and thus G is purely real. Similarly, for ¢ = —1, it can be seen that G is purely
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imaginary. However, for a # 41, the terms do not combine in conjugate pairs, and hence
G consists of a real and imaginary part. Then ¢ = —2G/F is purely real for a = 1 (F and
G both real), purely imaginary for a = —1 (F real, G imaginary), and complex (consisting
of a real and imaginary part) for a # +1. Since we wish our solution ¢ to be complex, we

choose a # +1. In the plots that follow, we choose a = 2.

In order to obtain plots of the 1-soliton solution in the commutative case, we choose
the complex constants pj,r; so that the condition (6.184) holds. For various values of
these constants, we show a two-dimensional plot at one particular time value (¢t = 0.1),
along with three-dimensional plots where we see the soliton moving along the z-axis as
time progresses, giving rise to a ‘train’ of solitons. These plots are shown in Figures 6.1-6.3
below. The two-dimensional plots do not take the form of a smooth curve, however this
is due to the fact that we are plotting a complex solution with an imaginary part of an
oscillatory nature. Figure 6.1 shows the soliton train moving from negative to positive
values of x as time progresses, while Figure 6.2 shows the soliton moving in the opposite

direction. The soliton is almost stationary in Figure 6.3.
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Figure 6.3: p; =14 0.3i, r; = 0.3 — 1.
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6.6 Analysis of the 1-soliton solution

6.6.1 Soliton speed

In order to determine the factors governing the speed of the solitons we have plotted, we
firstly consider the determinant F' as given in (6.175). By removing appropriate factors
from the rows and columns of this determinant, we find that

2

N

—(nj+£1) _a” a”
e T 0 R(p1) Py
—(m+E7) a? a?
F — 2mni+€a+€) 0 c 1 P1 R(p1) (6.186)
1 1 - x
_ RD) _w e (m+E€7) 0
1 1 —(r+
_Tl _W 0 e (771 gl)
In a similar manner, we can show that
—(nj+¢€1) a’ a?
e sl 0 R P 0
_ * 2 2
0 e~ (m=+£7) %1 %f(lpl) 0
G — 62(771+77f+§1+€f) 725)?%7"1) 7% e—(m+§f) 0 1/, (6.187)
e 0 —mre) 1
0 0 1 1 0
so that the ratio G/F is given by the ratio of the two determinants above.
Now consider e~ (m+¢1) where
—(m + &) == ((p1 + D)z — 407 + (r1)°)1)
3 *\3
* P + (7’1) >
=—(p1+7r]) |z —4—74———1). 6.188
o) (- a7 (6.15%)

This expression describes a wave moving with a speed given by

SR+ ()
R(p1 +r7)

enabling us to easily calculate the speeds of the solitons we have plotted above. We find

that the speed of the soliton in Figure 6.1 is 1.92 units, while in Figure 6.2, the soliton is

moving at a faster rate with a speed of —5.52 units, the negative sign indicating that the

soliton travels in the opposite direction. The soliton in Figure 6.3 is almost stationary,

with a speed of —0.44 units.
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6.6.2 Properties

We now look in more detail at the 1-soliton solution with p;,r; chosen as in Figure 6.2.
Plotting our solution ¢ for various values of the coefficient a in (6.173) gives us a better

understanding of the soliton structure.

Looking at R(q), we see that, beginning at a = —2, |R(q)| decreases, reaching zero at
a = —1 (as explained earlier), and increases for a > —1 (see Figure 6.4). There is also a
change in |J(q)| - we see a reduction in amplitude from a = —1, with | $(q) | equal to zero
for a = 1. The amplitude then begins to increase again as a increases (Figure 6.5). This

1/2
24 (%(q))2> - we see a marked difference in the

is reflected in our plot of |¢q|= ((?R(q))
plots for a = —2, a = —1 (where |R(¢)|=0), a = 0 and a = 1 (where |¥(¢)|=0). This is

depicted in Figure 6.6.
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Figure 6.4: Commutative plots of |R(q) | for top row (left to right) a = —2,—1.1, middle
row (left to right) a = —1, —0.8 and bottom row (left to right) a =0, 1.
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Figure 6.5: Commutative plots of |J(g)| for top row (left to right) a = —1,0, middle row
(left to right) @ = 0.8,1 and bottom row (left to right) a = 1.1, 2.
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Figure 6.6: Commutative plots of | g | for top row (left to right) a = —2, —1, middle row
(left to right) a = —0.5,0 and bottom row (left to right) a = 0.5, 1.
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6.7 Noncommutative (matrix) case

We now move on to the noncommutative case, where, as for the DS case in Chapter 4,
we suppose the functions ¢;,1;, x; defined in (6.160) take the form of 2 x 2 matrices. In

particular, we let

¢i = aails, (6.189a)
"Lpi = aﬂifg, (6189b)
Yi =il (6.189c¢)

for a real constant a, where «;, 3;,7; are exponentials as in (6.161) and I denotes the 2 x 2

identity matrix.

6.7.1 1-soliton solution

We begin with the 1-soliton solution (n = 1) and choose the matrix S| as in (6.147), but
replace the entries 0 and 1 by the 2 x 2 zero and identity matrices respectively. Then,
since S; (= Sy for n = 1) and Sy (= Sy for n = 1) are required to commute, the Hermitian

matrix Sy = (s45) (4,4 =1,2,...,8, ¢ < j) must take the form

S11 S12 813 S14  S15 S16  S17  S18
S12 S22 S14 S24 S25 826 S27  S28
513 S14  S11 S12 S17 S18  S15  S16
S14 S24 S12 S22 S27  S28 S25 S26
Sy = . (6.190)
S15  S25 S17 827 S55  S56  S57 S58

516 S26 S18 S28 S56 S66 S58 568

S17  S27 S15 825 S57 S58 S55  S56

818 828 516 S26 S58 S68 556 566
It then follows that, since P = ©.S; (Sy Hermitian), so that p; = 6152 in the 1-soliton

case, we have

0 0 0 0 ¢ 0 ¥ 0
0 0 0 0 0 ¢ 0 o
0 0 0 0 0 ¢F 0
P=p = Vi % Sa, (6.191)
00 0 0 0 ¢ 0 ¢
Xt 0y 0 0 0 0 0

0 x1 0 xx 0 0 0 0
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with Sy defined as above. Thus our quasi-Grammian solution ¢ (which we denote by ¢

for the 1-soliton case), defined for the commutative case in (6.162), is given by

QO1,p1) A1 A2

¢ =-2| U 00|, (6.192)
al? 0 0
where a!!, a'? are row vectors
all = (0 0 0 0 ay 0 ao 0) ) (6.193a)
al? = (O 0 00 0 ang O aa’{) (6.193b)
(choosing p; = ¢1 and hence ¢; = 11 as before), and ', v'? the column vectors
51177 + s13m1 51277 + s14M1
$127F + $14m $227Y7 + S2am1
51371 + sum 51477 + 51271
S 51477 + S12m 7 NENS 52477 + S22m 7 (6.194)

51571 + s1771
51671 + S18M1

s17Y5 4 s15M1

51871 + S1671

82571 + 2771
526777 + S287M1
So7Ys + S251

52877 + 52671

with 4! the adjoint of the penultimate row of P in (6.191), and v'2 the adjoint of the
final row of P.

Expanding in the usual manner gives

Q01,p1) Y| |Q01,01) 2

ol @ ol @
q'=—2
QO1,p1) Y| |Q01,01)
o2 @ o2 @
11
=2 qil qiz , say, (6.195)
421 922
so that, for example,
Q01,p1) M
all 0 Gl
qi, = —2 = —2%. (6.196)
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We use the same notation as in Chapter 4.

Our main difficulty in the noncommutative case concerned the choice of the matrix Ss. As
a first attempt, we replaced the entries 0 and 1 in our choice of Sy = Sy for the commu-
tative case (6.150) by the 2 x 2 zero and identity matrices respectively, that is, we chose
the entries s;5 = s96 = 1 and every other entry equal to zero. However, this resulted in
G1l, = G, = 0 and G}; = Gi,, and hence we obtained only a single 1-soliton plot in the
2 x 2 matrix case, rather than the desired four. We moved on to choose s15 # s96 and all
remaining entries of Ss equal to zero. We obtained non-identical 1-soliton plots for ¢{; and
@35, although the solutions for ¢}, and ¢3; were still trivial. The next logical step was to
choose the entries s15, s16, S25 and sog unequal and non-zero, and every other entry zero.
This enabled us to obtain four distinct 1-soliton plots in each of the four matrix entries.

It is clear that the 1-soliton solutions qi;, ¢i5, q3; and ¢d, are governed by the entries
S15, S16, S25 and Sog respectively. Choosing one of these entries to be zero results in the
disappearance of one of the soliton solutions, for example choosing s1g = 0 means that the

I-soliton solution g, is trivial.

Once again, we must ensure that our denominator F' =|(©, P)| is real and non-zero.
The determinant in this case is of size 8 x 8, and thus the expansion is rather lengthy and
difficult to work with. We have given the full expansion in Appendix B (for one particular
choice of the matrix S2), and we can clearly see that each term is either purely real or
can be paired with its complex conjugate. Thus F is purely real as required. Finding
conditions so that F' is non-zero is far more difficult in the noncommutative case than
in the commutative case described earlier. For this reason, we utilise the same condition
(6.184) as in the commutative case and, since we obtain plots of the expected form with
no singularities, we believe that these conditions give rise to a non-zero F. As for the
DS equation, we have come across a difficulty of extending to the noncommutative case
- the obtained expansions of determinants are very cumbersome and require the aid of a
computer package. Such expressions are troublesome to analyse, and hence this is why we

choose to focus only on the 1-soliton solution in the noncommutative case.

We choose the complex constants pj,r; in order to satisfy condition (6.184), and once

again show, for each of qh, qb, q%l and q%Q, a two-dimensional plot at ¢t = 0.1, and a three-
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dimensional plot in order to see the solitons progress with time. These plots are shown
in Figures 6.7-6.12. In Figures 6.7-6.10, we have chosen s;5 = 1, s15 = %, So5 = Tls and
So6 = % in (6.190), with every other entry of Sy equal to zero, and the constant a = 2 in
(6.189a), (6.189b). Figures 6.11 and 6.12 show plots with a different choice of the entries
S15, S16, S25 and so6, and again a = 2.

From Figures 6.11 and 6.12, we see that the 1-soliton solution can propogate with two
peaks. This phenomenon is discussed by Sasa and Satsuma in [79], where it is shown
that whether the 1-soliton solution is single- or double-peaked depends on the value of
a constant c in the 1-soliton solution. In our work, comparing Figures 6.7 and 6.8 with
Figures 6.11 and 6.12 (where the values of p; and r; are identical), we can see that the
number of peaks of our 1-soliton solution depends on the choice of the matrix entries s15,
s16, So5 and ssog. However, due to the lengthy expansions of the determinants F and G

in our noncommutative solution, determining exactly how the choice of these entries gives

rise to either single- or double-peaked solutions may not be possible.

6.8 Conclusions

In this chapter, we obtained noncommutative versions of two higher-order NLS equations.
We then focused on one of these, the Sasa-Satsuma NLS equation, and derived both quasi-
Wronskian and quasi-Grammian solutions via suitable dimensional reductions of Darboux
and binary Darboux transformations. We used the quasi-Grammian form of solution to
derive and plot soliton solutions in both a commutative and noncommutative setting. As
in the Davey-Stewartson case, limitations were encountered on extending to a noncommu-
tative situation. However, we did succeed in obtaining plots of noncommutative soliton
solutions, with the speed of the solitons in both the commutative and noncommutative

cases determined in a straightforward manner.
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1
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q1
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(ﬁz
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421

Figure 6.7: Two-dimensional 1-soliton plots at ¢ = 0.1, with p; =1—0.8i, r; = 0.3 —1i and

1 _ 1 _
s15 =1, s16 = 7, S25 = 13, S26 = 3.
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1 1
q11 qdi2

Cﬁl q22

Figure 6.8: Three-dimensional 1-soliton plots with p; =1 —0.8i, r; = 0.3 —i and s15 = 1,

1 1 1
816 = 7 S25 = 1g» 526 = 3-
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Figure 6.9: Two-dimensional 1-soliton plots at ¢ = 0.1, with p; =14 0.3i, r; = 0.3 —1i and

_ 1 _ 1 1
s15 =1, s16 = 7, S25 = 13, S26 = 3.
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Chapter 7

Conclusions and further work

7.1 Summary

Quasideterminants have proved to be a very useful tool when determining solutions of
noncommutative integrable equations, enabling these solutions to be expressed in a sim-
ple and compact manner. We derived, in Chapter 3, a noncommutative version of the
Davey-Stewartson system via a Lax pair approach and subsequently obtained solutions
to this noncommutative system in both quasi-Wronskian and quasi-Grammian form us-
ing Darboux and binary Darboux transformations. The simplicity of the quasideterminant
structure enabled solution verification to be carried out with relative ease. We then moved
on in Chapter 4 to look at one particular class of solution to our system of noncommuta-
tive Davey-Stewartson (ncDS) equations, namely dromions, and were able to obtain plots
in a noncommutative (matrix) setting. Although we succeeded in plotting the (1,1)- and
(2,2)-dromion solutions in this case, other solutions, for example the (3,3)-dromion so-
lution, proved difficult to investigate due to the increasing complexity of the expressions
involved. We considered dromion solutions in a 2 x 2 matrix setting, however our results
could, in theory, be extended to an n x n matrix setting (n > 3). Again, calculations in
such cases will be technically difficult and time-consuming. Implementation of a computer
programme may be possible in order to deal with such difficulties.

The aim of Chapter 5 was to describe the reduction of the standard (2 + 1)-dimensional
Darboux and binary Darboux transformations, applied in Chapter 3 to the ncDS sys-
tem, to a (1 + 1)-dimensional situation. Our work here followed that of Gilson, Nimmo
and Ohta, who successfully described this dimensional reduction and its application to

the self-dual Yang-Mills equations. We were then able, in Chapter 6, to apply a slightly

160
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modified version of these dimensionally-reduced Darboux transformations to a noncom-
mutative Sasa-Satsuma nonlinear Schrédinger equation, obtained in the same manner as
the ncDS system in Chapter 3. Once again, we found compact quasi-Wronskian and
quasi-Grammian expressions for the solution of our noncommutative equation. The quasi-
Grammian solution was then used to plot soliton solutions in a noncommutative setting.
Although limitations were encountered due to the determinant expressions being very
lengthy and difficult to analyse, we did succeed in obtaining plots of the 1-soliton solution
in the 2 x 2 matrix case. Further solutions, for example the 2- and 3-soliton solutions,
could, in theory, be determined and plotted in a similar manner, however this procedure

would be technically complex to carry out by hand.

7.2 Open questions

A number of continuations of our work are possible. One interesting topic would be to
investigate other types of solution to our system of ncDS equations, for example solitoffs,
a hybrid of the soliton and dromion. Such a solution was found to exist for a commuta-
tive Davey-Stewartson system by Gilson in 1992, and resembles a truncated plane wave
soliton tending exponentially to a non-zero value in only one direction. We believe that
solitoff solutions in a noncommutative setting have so far not been studied in the liter-
ature. Dromion-solitoff interactions would be another possible topic of discussion in the
noncommutative case.

The process whereby a noncommutative integrable equation is derived via a Lax pair
approach, and quasideterminant solutions obtained by the application of Darboux trans-
formations, has been implemented for other equations, for example the KP equation by
Gilson and Nimmo, and the modified KP equation by Gilson, Nimmo and Sooman. How-
ever, there are many other equations for which this technique has not been applied - the
Boussinesq and Sawada-Kotera equations being two such examples, and it would be ben-
eficial to investigate these in a similar manner. We would then be in a better position
to discuss both the similarities of, and differences between, noncommutative integrable

equations and their quasideterminant solutions.



Appendix A

A.1 Uniqueness of ncSSNLS quasi-Grammian solution

As detailed in Section 6.4.6, we derive conditions to ensure that our quasi-Grammian

solution (6.134) to the ncSSNLS equation is unique. We consider the commutative and

noncommutative cases separately.

A.1.1 Commutative case

We take ¢ to be a scalar object, so that ¢" = ¢* and ¢!" = ¢. Utilising (2.14) to express

the quasi-Grammians (6.134) as ratios of determinants, we have

Q(e,P) P
© 0
20, P)|
Q(,P) Pl
© 0
2, P)|

)

¢ = -2

and hence we must show that ¢" = ¢* and ¢ = ¢, i.e.

and

Q(e,P) Pj
© 0
2, P)
Q(e,P) P}
© 0
2o, P)|

Qe,pP) Pif| |QO,P) Psf
CH 0 0, 0

Q(e,P) Pyf| |QO,P) Psf
© 0 © 0|

We only prove (A.2a), the proof of (A.2b) follows in a similar manner.
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Since P = ©Ss, we have P; = ©;52 (i = 1,2, 3), and similarly, condition (6.135) gives

0 = @5, (A.3a)
@, = ©*5, (A.3b)
@; = ©3%S,. (A.3c)

Thus
QO,P) Pitl |Q©,P) $5/0,7
CH 0 P3S; " 0

5719710(0, P)Sy; @57

P3 0
S*Q@,PTS_lTS_TT P T
_|ssawe. pyis st Py "
(D) 0
since transposing has no effect on the value of a determinant. Then, since
P =05
= SP*S; 15,5, (A.5)
by (6.135), (6.136), so that
P3 = P3*52_15152 (A.Ga)
and
P’ = 5357 (S ) Psl, (A.6b)
it can be shown that
Q(0.P) Pif| _|S:(sT)7'0(6, P)TS, s Pl (A7)

(CF 0 (ST 0

where we use the fact that (A~1)7 = (AT)~! for an invertible matrix A. We take Sy to
be Hermitian as before, so that SI = S since we assume Sy (and S;) have real entries.

Also,

Q(O,P) = /PTJ@ dz + Is, (A.8)
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and hence
0O, P) = /@TJde—i—Ins
= 5,10(0, P)Sy by (6.136), (A.9)
while
(0, P)* = 9,515 ! (/ Pfje dx) S1 + s (A.10)

by (6.135), (6.136) and the fact that SJS = J by definition. Thus
(e, P)" =0, P)" = 55100, P)*S,
= 5}s;t (/PTJ@dx) S1.S + Ins (A.11)
by (A.10). It therefore follows that

Sy (SO, P)T sy tsyt = Sy(ST)~1sl syt </ PU@dm) + So(ST)ts, ts

(A.12)
The right-hand side is equal to (0, P) if and only if the conditions
Sy(ST)1818 ! = I, (A.13a)
and
So(SHY7L1S 1S = I, (A.13b)
hold. We impose a relation on S; such that
Sy is orthogonal, i.e. ST =S, (A.14)

and, since we assume S7 has real entries, it follows that SI =57 ! Then (A.13a) is

satisfied. To satisfy (A.13b), we require
598185 ST = I,s (A.15)

using the relation on S; above, so that
5152 = 52.57. (A.16)

By imposing conditions (A.14) and (A.16) on the matrices S; and Sy, we therefore obtain

Q(e,P) P,yf _ |6, P) P3' (A17)
O3 0 (S 0
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as required. Thus in the commutative case, we have solutions

Q(0,P) Pyl
@3 0 G
q= -2 = —2;, say, (A.18a)
2, P)|
and
Q(O,P) P,y
O3 0
- =-2 = —2%, say. (A.18Db)
2, P)|

It remains to show that these solutions are indeed complex conjugate, i.e. we prove that
F is real, and G* = K. From (6.170), the determinant F' can be expressed in the form
F =|Q(©,P)]
| L + So 0, (A.19)
where U = ©1.J0, so that T = ¥. Then
F =[S .S, 4+ W, (A.20)

so that

F* =851 (S Y) + v
=I5 18y + w|
=F (A.21)
since So, ¥ are Hermitian and transposing has no effect on the value of a determinant.
Note that this is the reason for our decision to achieve a dimensionally-reduced Darboux
transformation by replacing 9, by —i\, rather than simply A as was done by Gilson, Nimmo
and Ohta for the self-dual Yang-Mills equation [73]. If we replace d, by A, it then follows

that
F =|1y, —iS2¥|, (A.22)

and thus we cannot prove F* = F' as above due to the change of sign when we take the

complex conjugate of the complex constant i.

We also show that

- . (A.23)
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Note that, by (A.5), we have Py = Pl*Sz_lsng, and also ®3 = @351 by (A.3c). Thus
QO,P) Pl |Q©,P) 5,59, Pyt
O3" 0 ©35] 0
S287 155100, P)*syt Pyt

= . (A.24)
O 0

Using our definition of Q(©, P)* in (A.10) and conditions (A.14), (A.16), it can be shown
that

S28;1851(0, P)* syt = (e, P), (A.25)
and hence

- (A.26)

as required.

A.1.2 Noncommutative case

In the noncommutative case, we have four distinct solutions ¢, ¢*, ¢' and ¢'", each one a
2 x 2 matrix. We choose the entries of ©, P to be of size 2 x 2, so that ©, P are now of

size 6 x 2N, i.e.
T
O = <@1 @2 e @6> ) (A'27a)

and

PT:(P; P, ... Pg), (A.27b)

where the ©; (i = 1,2,...,6) are row vectors of arbitrary length 2NV, and the P;! column

vectors of the same length. It then follows that

Q(,pP) Pl |9@©,P) P}

O} [0] O, [0]
q11  q12

q=—2 = -2 , say. (A.28)

q21 422
Q(,pP) Pl |Q@©,P) P}

O [0] ©2 [0]
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Similarly,
Q(,pP) Pl |9@©,P) P}
@ [0] @ [0] o
q* = -2 = -2 1 G2 , (A29)
41 @
Q,P) Pl |@,P) P Sl
®, [0] @, [0]
Qe,pP) Pi| |Q@©,P) P}
® [o] ® [0] too ot
¢ =—2 =2 q? qf : (A.30)
q q
Qe,r) Pl |ae,r) Pl Sl
® 0] @ 0]
and
Q©,P) PLl |Q@©,P) Pl
95 @ G').5 @ ;o T
g =2 = T T2 ) (A.31)
q q
a©,p) Pl |oe,pr) Pl S
® [0] @ [0]

We consider the solutions in the (1, 1) positions only. Since each is a scalar 1 x 1 entity
(as the ‘boxed’ element in each quasi-Grammian is 1 x 1), we are free to implement (2.14)

to express the (1,1) solutions as a ratio of determinants, so that

Q(e,P) PL Q(e,P) PL
0, 0 a O3 0 H
qu=-—2—"—"—""=- ok ¢ =—2——F———F— = _2f= (A.32a)
2, P)| 2, P)|
Q(e,pP) Pl Q(e,P) P
@5 0 J % 65 0 K
‘Q(@,P)’ ‘Q(@,P))

We firstly show that the solutions for g1 and gj; are complex conjugate, i.e. we show that

Fisreal, and G* = H.
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In a similar manner to the commutative case detailed above, we see that F' is real since
So is a Hermitian matrix. (The matrix ¥ in (A.19) is still Hermitian when we extend to

the noncommutative case).

We also prove that G* = H, i.e.

Qo, P P5| |Q@O,P) Py

(0.P)" PsT|_ 0O, P) Pst) (A.33)
0" 0 ®3 0

In the noncommutative case, each entry of the permutation matrix S defined in (6.40) is

of size 2 x 2, so that

O 1 O
S=|r o of. (A.34)
O 0 I

where O and I denote the 2 x 2 zero and identity matrices respectively. By (A.5), we have
Ps = P5*S§15152, and ©1" = @35 since © = SO*S;. Then we can easily prove (A.33)

in a similar manner to the commutative case above, imposing conditions (A.14), (A.16).

We must also show that the solutions for ¢i; and qL in (A.32) are Hermitian conju-
gate, the solutions for ¢;; and qh* are transpose to one another, and so on. We do not
detail the calculations here, however each one can be shown in a straightforward manner,

once again imposing conditions (A.14), (A.16).
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B.1 Noncommutative SSNLS determinant expansion

Here we give the expansion of the denominator F' of the noncommutative 1-soliton solution
obtained in Section 6.7.1. It can then easily be seen that this expansion is purely real. We
have
2
PR <1e2(7ﬁ+£1) N 162(n1+§f)>
i1 p1ry

4 2
Ci < 1 A+ 1264(n1+£{)> + A7a67h+77’1“+£1+£’1“

D (pT)%“% p%(T‘T) 4Eprerre
4 4
+< a { 7 K }+ a { MK }) o2m 0 +E1ED)
ppy | Jrirs 2L(rpe)? A(pre)? |AN(rpe)?  Lriry
6
Pa ( 1 - 1 - 1 > e2(2m+An]+61+2¢7)
piry \@pipirirs  AR(pre)?riri  ARp1p;(rre)?

N <Pa6 { 1 1 1 }
pir | @pipiriry  AR(pre)?rir;  ARpipi(rre)?

6
R it { L }) C20m 2+ 260 +E)
168(]97«6)2(7"73)2 pirl pITT

R C e E
—— (1/ —
4p1p>{prerre 4L(Tre)3 J"AITT

_ 1 { 1 _ L }) e3(m+ni+61+£7)
16(pre)3rre | Lriry 4N (rpe)?

4
+ Ca ( 1 6771+377f+3§1 +£7 + 1 63771 +n7 +§1+3§T>
AT prerre \PIT1 piry

1 1 1 1
Ua® _
o (p%(p*f)? {2Vr%(ri‘)2 " 32W (rpe )t 4Qr1rf(m)2}

1 1 1 1
+ —_ —
4p1p] (Pre)? { 4Jryry (rre)?  16S(rpe)? QT’% (TT)Q }

1 1 1 1 d(m+ni+&+E€7)
— B.1
HEST L {Wﬁ(@)? T Bt 25mr (rre)? }) ¢ ) (B.1)

where ppe, 7. denote R(p1),R(r1) respectively, 17 and & are defined in (6.178), and

A,B,C,... are constants. We see that each term in the expansion is either purely real, or
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else has a complex conjugate partner. We have chosen the entries of the matrix Sy (= Sy
for the 1-soliton solution) in (6.190) so that s15 = 1, s16 = %, S95 = Tlsv S96 = %, and every
other entry equal to zero. Corresponding expansions for other choices of the entries of S5
will also be real in a similar manner. However, the expansion of F' for an arbitrary S is

too lengthy to write down.
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