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l Abstract 

Abstract 

The objective of this work is to generalize the predictions of the laser cutting performance, 

in particular, of the kerf surface quality. The dynamic modelling for the reactive jet gas 

assisted laser cutting of metals is focused at the dynamic formation and development of the 

flow of the molten metal layer in the kerf and its multiple interactions with the laser beam, 

the gas jet and the substrate metallic solid The most relevant physical mechanisms are 

mathematically modelled: 

" Dynamic balances of mass, momentum and energy for the flowing molten metal layer; 

" Momentum interaction between the gas jet and the liquid at the gas / liquid interface; 

. Oxidisation reaction at the gas / liquid interface; 

" Energy loss producing the heat affect zone (HAZ) at the liquid / solid interface; 

" Dynamic absorption of the laser power by the workpiece; 

The structure of the differential governing equations for the theoretical laser cutting 

system reflects the fact that the individual physical mechanisms interact with each other 

through the time-dependent variables. The most relevant variables are treated as time- 

dependent while the others are treated as time-independent: 

"S (t), the thickness of the liquid film at the bottom of the kerf, 

"T (1), the surface temperature of the liquid at the gas / liquid interface; 

" VQ (t), the fusion front velocity at the liquid / solid interface along cutting direction; 

"y (t), the displacement of the fusion front relative to the laser beam front; 

" P,,,, 
ýb., 

(t), the absorption of the laser power by the workpiece. 

The set of the differential governing equations for the theoretical laser cutting system are 

derived; it consists of 5 or 4 coupled, 1'-order, nonlinear differential equations. The 

physical boundary conditions are also derived. The program based on the 46'-order Runge- 

Kutta method is designed in C to numerically solve the differential governing equations with 

their physical boundary conditions. 
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l Abstract 

The mathematical analysis of the differential governing equations shows that the cutting 

system is sensitive to the given initial conditions, i. e., 8, (0), T(0), VQ(0), y(O) and 

P1 
, bs (0), even in the limited time. In the long run, the differential governing equations are 

controlled by the principles of Chaos theory for the set of more than 3 coupled, 18`-order, 

nonlinear differential equations. 

The comparison of a theoretical laser cutting system and a practical laser cutting system is 

analyzed by experimentally measuring the laser power and the beam translation velocity. A 

variety of the measured striations and local kerf widths are demonstrated. 

It is concluded that the theoretical laser cutting system, in which the operating parameters 

such as the laser power and the beam translation velocity are constant, is essentially chaotic; 

the unexpected variations of the operating parameters in the practical laser cutting system 

add more complexity into the chaotic nature. Both the theoretical calculations and the 

experimental measurements reveal the nature of the generation of the striations: the variable 

S, (t) with respect to time produces the local striations with variable periodicity and thus 

variable local kerf widths. The striations can be nearly periodic, intermittent with variable 

periodicity and stochastic. The optimized kerf surface quality can be predicted by adjusting 

the operating parameters to achieve the nearly periodic variation of S (t) accompanied with 

the smallest phase space comprised of the 5 time-dependent variables. 
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/ Synopsis 

Synopsis 

Objectives 

The overall objective of this research work is to generalise predictions of the laser cutting 

performance, in particular, of the kerf surface quality. Because the kerf surface quality is 

characterised by striations, the interest is focused at the dynamic formation / development of 

the flowing molten metal layer in the kerf. By defining a theoretical laser cutting system and 

applying the concept of control volume, it is expected to dynamically construct the balance 

equations of mass, momentum and energy in the control volume which always encloses the 

flowing molten metal layer in the kerf. In order to ascertain the specific entries into the 3 

balance equations, as comprehensively as possible, there are 4 individual physical processes 

to be modelled: 

(1) Momentum interaction between the gas and metallic liquid flows; 

(2) Exothermic reaction between the gas and metallic liquid flows; 

(3) Energy loss from the metallic liquid into the substrate metallic solid; 
(4) Dynamic relation between the fusion front velocity and the beam front velocity. 

As a result, a set of governing equations are expected to be able to dynamically model this 

theoretical laser cutting system in which the multiple interactions of the metallic liquid with 

the gas, the metallic solid and the laser beam occur. Mathematically, the 5 most concerned 

variables in respect with time, as follows, are expected to be numerically calculated: 

4 (t) : the thickness of molten metal layer at the bottom of the kerf; 

T, (t) : the surface temperature of molten metal layer at the gas / liquid interface; 

V. (t): the fusion front velocity at the liquid / solid interface along cutting direction; 

y (t) : the displacement of the fusion front relative to the laser beam front; 

P,,,, b, (t): the laser power absorbed by the workpiece. 
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/ Synopsis 

After the theoretical derivations, a programme, coded in C, is made to numerically solve 

the governing equations with their specific boundary conditions for the 5 time-dependent 

variables, simultaneously. The time evolution of the thickness of the molten metal layer, 

4 (1), reflects the dynamic nature of the theoretical laser cutting system. 

In addition to the dynamic modelling, objective-oriented experimental tests are carried out. 

An X-Y table which can produce both constant cutting velocity (linear and circular cutting 

profiles) and accelerated / decelerated cutting velocity (spiral cutting profile) is designed to 

study the influence of the cutting velocity on the formation of striations in a practical laser 

cutting system. 

Major conclusions 

(1) The dynamic modelling has resulted in 3 sets of differential governing equations for the 

theoretical laser cutting system. These were found to be in the form of 5 or 4 coupled, 18`- 

order non-linear differential equations along with their specific boundary conditions for the 

5 time-dependent variables. By simultaneously solving those equations, the dynamic nature 

of the laser cutting system can be clearly demonstrated. 

(2) The type of the differential governing equations itself suggests that any practical laser 

cutting process is essentially chaotic. The recent amazing findings from Chaos theory can 

thus be employed to explain and predict the chaotic characteristics of kerf surface finishes, 

in particular, when the cutting time is long. 

(3) The most concerned physical mechanisms underlying practical laser cutting processes 

can be concluded as follows: 

* Two boundary layer flows exist and interact with each other at the gas / liquid interface. 

The shear stress is thus produced at the gas / liquid interface and it is predominantly 
responsible for the removal of the molten metal layer. 
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/ Synopsis 

* The exothermic reaction contributes a considerable amount of energy, in addition to the 

absorbed laser power, to help heat up the workpiece. The exothermic energy entering into 

the metallic liquid film comes predominantly from the oxidisation reaction of the gas (02) 

and the metallic liquid (Fe), rather than that of the gas (02) and the metallic vapour (Fe). 

* The molten metal layer, acting as a linear moving heat source, will incur the unavoidable 
heat conduction loss. It is also responsible for the retrieval of part of the heat conduction 
loss when it advances. Theoretically, however, due to the invalidity of pre-conditions when 

applying the moving heat source theory in the modelling, the heat conduction loss can be 

evaluated by the heat convection theory, i. e., the heat convected from the flowing molten 

metal layer into the liquid / solid interface can instead be calculated. 

* Keeping VV (cutting velocity) constant does not guarantee the constant value of V, 

(fusion front velocity at the liquid / solid interface), simply because there is no physical bond 

between V, and V, in reality. The oscillation of V. with respect to time is confirmed. This 

consequently changes the interacting area of the laser beam and the workpiece and thus 

influences the absorption of laser power by the workpiece. 

Orieinality 

(1) A 2-dimensional-based, dynamic model concerning the reactive jet gas assisted laser 

cutting of metals has been constructed in this thesis. As far as the author is aware, to date, 

this is the first, most comprehensive, dynamic model in the research communities of laser 

materials processing. Dynamic solutions rather than static ones are thus naturally expected, 
i. e., the 5 most concerned time-dependent variables, S (t), T (t), Va (t), y (t) and P,, (t), as 
defined above, can be simultaneously simulated in respect of cutting time. For example, the 
periodicity of striations can be calculated by analysing the periodicity of S (t). 

(2) The sets of differential governing equations for the theoretical laser cutting system have 
been derived and they are comprised of 5 or 4 coupled, 1"-order, non-linear differential 

equations. The detailed boundary conditions for the governing equations have been derived 
based on both physical and mathematical grounds; they must be satisfied in every step of 
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time evolution. Chaos theory certifies that the theoretical laser cutting system, governed by 

the differential governing equations, is essentially chaotic. 

(3) The measured striations demonstrate that the chaotic nature is embedded in a practical 
laser cutting system where any unstable factors in, for example, the laser power and cutting 

velocity will add to more complexity in the laser cutting mechanism. Essentially, the chaotic 

striations are unavoidably generated (including nearly periodic striations) regardless of how 

constant all the operating parameters are adhered to. Both the theoretical calculations and 
the experimental measurements reveal the dynamic nature of the striations: the variable 8, (t) 

with respect to time produces the local striations with variable periodicity and thus variable 
local kerf widths. The optimised operating parameters for good cuts (nearly periodic fine 

striations) can be theoretically predicted by achieving the nearly periodic variation of 8, (t) 

together with the smallest phase space comprised of the 5 time-dependent variables. 
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Nomenclature 

Nomenclature 

a 2a defined as the width of focused laser beam at 1/e2 points of the intensity 

profile (m. ) 

b 2b defined as the width of throat of jet gas (m. ) 

CV control volume which encloses the molten metal layer at any time 

Co,, combustion efficiency coefficient defined as: = CB», S (t) (kg / (m " s) ) 

Cf 
(2 )g, local skin friction coefficient, applied at gas side of gas / liquid interface 

C 
(2 ), 

W 
local skin friction coefficient, applied at liquid side of gas / liquid interface 

(2 ); 
w 

local skin friction coefficient, applied at liquid side of liquid / solid interface 

Ch Stanton number 

(ch )g, 
w 

local Stanton number at the gas / liquid interface 

(ch ),, 
W 

local Stanton number at the liquid / solid interface 

cp specific heat (J / kg"°K ) 

c p, g specific heat of gas at around T8 (J / kg °K ) 

c p, g, w specific heat of gas at around T. (J / kg-'K) 

c p's specific heat of solid Fe at around T, 
R 

(J / kg"°K ) 

CP., specific heat of liquid Fe at around 1 (J / kg"°K ) 

D thickness of metal specimen to be cut (m. ) 

e;,, energy rate carried by the mass in solid phase into the CV (W) 

e exothermic reaction energy release rate entering into the CV (W) 

6°ut energy rate carried by the mass in liquid phase flowing out of the CV (W) 

e, 
0 rate of energy loss from the CV into the solid metal (W) 

ems, rate of heat conduction from the liquid / solid interface into the solid metal (W. ) 

rate of heat convection from the gas / liquid interface to liquid / solid interface (W) 

e°OO, rate of cooling of the liquid by the gas jet (W. ) 

eC, rate of change of energy stored in the CV (W) 
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Nomenclature 

F, 
, 51 derived differential governing equation for (t) in Egs. 81,82,83, F51= 

dt 

FPS, derived differential governing equation for P,, (t) in Egs. 81, FP, = 
dt ýP1,,, 

b,, 

F, derived differential governing equation for y(t) in Eqs. 81,82,83, F,, = 
d 
dt 

[y(t)] 

Fv. derived differential governing equation for V, (1) in Egs. 81,82,83, FF= 
dV 

t 
[e(t)] 

F, derived differential governing equation for VB (t) in Egs. 81,82,83, F, 
ý = 

dt [T, (t)] 

gel heat flux convected from the liquid into the gas (W / m2 ) 

O cond 
heat flux convected from the liquid into the solid (W / M2) 

hf enthalpy of fusion of Fe at ambient pressure (J / kg) 

h enthalpy (J / kg ) 

hg enthalpy of gas in free stream (J / kg ) 

hg, 
W enthalpy of gas at T (J / kg) 

LINT enthalpy of reaction at T, for the chemical reaction identified (J / kg of Fe ) 

Io power intensity at the centre of the beam waist (W / m2 ) 

I(r) Gaussian profile of the laser power intensity in Y direction, defined as: 

I(r) = 
1, 

Io, 0: 5 r<a (W/m2) 

e1ýaý 

ks thermal diffusivity of solid Fe at around T. (m2 / s) 

km ratio of the liquid entering the exothermic reaction to the liquid leaving the CV 
, 

m defined as: k=, 0<k. <1 m°ttt 

Ko modified Bessel function of the second kind, zero order 

K thermal conductivity (W / m" °K ) 

KS thermal conductivity of solid Fe at around T. (W / m" °K ) 

K, thermal conductivity of liquid Fe at around T. (W /m" °K ) 

Kg thermal conductivity of gas at Tg (W / m" °K ) 

Kg, 
x, thermal conductivity of gas at the wall temperature of T, (W / m"°K) 
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Nomenclature 

Mg Mach number of gas jet in the exit plane of the nozzle 

MFe relative molar mass of Fe, MF8 = 55.85 x 10-3 (kg / mole ) 

MFeo relative molar mass of FeO, MF& = 71.85 x 10 ̀  (kg / mole) 

M0 relative molar mass of 02, MO, = 32 x 10-3 (kg / mole) 

ihm mass rate of the solid metal moving into the CV (kg / s) 

th, mass rate of the molten metal flowing out of the CV (kg / s) 

mout, 
max possible maximum thou: at b=5,,,, (kg / s) 

thCv mass change rate of the CV (kg / s) 

moo mass rate of the molten metal entering exothermic reaction (kg / s) 

po stagnation pressure of gaseous 02 (N / m2 ) 

pQ ambient pressure (N / m2 ) 

pg static pressure of gas in free stream (N / m2 ) 

pg, w static pressure of gas at around T. (N / m2 ) 

PI total power of laser radiation in the beam waist (W. ) 

P, 
,5 absorption of laser power by the heated workpiece (W. ) 

PI. 
abs rate of change of the absorbed laser power with respect to time t (W / s) 

(Pr)g Prandtl number for gas 

(Pr), Prandtl number for liquid 

qg, 
w 

heat flux convected from the liquid into the gas, at gas / liquid interface (W/ m2) 

41, 
w 

heat flux convected from the liquid into the solid, at liquid / solid interface (W/ m1) 

r radius of focused laser beam measured from the centre, in Y, 0: 5 r: 5 a (m. ) 

Re Reynolds number 

9? universal gas constant, %=8.3144 (J / mole-OK ) 

S co-ordinate reference in the negative direction of Y 

s magnitude of co-ordinate in S (m. ) 

s° local liquid thickness varying with x (m. ) 

t time (s. ) 

TQ absolute ambient temperature (OK) 

Tf average temperature of molten metal layer, defined as Tf = 
Tm 2T (OK) 
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T surface temperature of molten metal layer at gas / liquid interface (°K ) 

T rate of change of T with respect to time t (°K / s) 

Tm temperature of fusion of Fe at around pa, T. =1808 (OK) 

T� temperature of vaporisation of Fe at around pQ, T,, = 3133 (OK) 

To stagnation temperature of gaseous 02 
, 

To =7 (OK) 

Tg gas temperature in free stream (OK) 

Tg, 
K, gas temperature at the gas / liquid interface (OK) 

Ug gas velocity in free stream (m / s) 

u velocity in X (m / s) 

u, velocity profile of molten metal flow (m / s) 

uo surface velocity of molten metal layer at the bottom of gas / liquid interface (m / s) 

uo. ma, maximum uo (m / s) 

u10 local surface velocity of molten metal layer at the gas / liquid interface (m / s) 

u0 average value of u,, 0 along X (m / s) 

V. velocity of translation of laser beam along Y (m / s) 

VQ velocity of propagation of fusion front along Y (m / s) 

Ve 
mý possible maximum VQ at 6, = 8,,,,, 

m 
(m / s) 

V. rate of change of VB with respect to time t (m / s2 ) 

v velocity in S (m / s) 

w average measured kerf width (m. ) 

X, Y rectangle co-ordinate reference fixed on CV with moving velocity V¢ 

y displacement of laser beam front relative to the liquid / solid interface 

rate of change of y with respect to time t (m / s) 

a angle of the fusion front to horizontal plane (° ) 

p density (kg / m' ) 

Pp gas density in free stream (kg / m3 ) 

pg gas density at the wall temperature of Tg, 
x 

(kg / m3 ) 

p, density of liquid Fe at around T. (kg / m3 ) 

ps density of solid metal Fe (kg / m3 ) 
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Nomenclature 

thickness of metallic liquid boundary layer flow at the bottom (m. ) 

maximum 4 when it varies with respect to time t (m. ) 

S rate of change of 8, with respect to time t (m / s) 

T1 w shear stress applied at the liquid side of gas / liquid interface (N i m2 ) 

/ m2 shear stress applied at the liquid side of liquid / solid interface (N ) Tj x 

rg K, shear stress applied at the gas side of gas / liquid interface (N / m2 ) 

p dynamic viscosity (N s/ m2 ) 

, ug dynamic viscosity of gas in free stream (N "s/ m2 ) 

, ug, w 
dynamic viscosity of gas at the wall temperature of Tg,,, (N. s/ m2 ) 

A dynamic viscosity of liquid Fe at around T. (N "s/ m2 ) 

v kinetic viscosity (m2 / s) 

vg. W 
kinetic viscosity of gas at around T. (m1 / S) 

y specific heat ratio for 02, y=1.401 

subscript 

g represents conditions out of gaseous boundary layer flow 

/ represents conditions inside liquid boundary layer flow 

s represents conditions in solid metal at around T,. 

w represents conditions along either gas / liquid interface or liquid / solid interface 
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Introduction / Objectives of this research work 

Chapter 1. Introduction 

In this chapter, the general objectives of the theoretical modelling are stated. A typical set- 

up of coaxial oxygen gas jet assisted CO2 laser cutting of metals is introduced. Previous 

theoretical models are reviewed. Finally, the structure of this thesis is emphasised. 

1-1. Objectives of this research work 

The stability of the reactive gas jet assisted, continuous wave, CO2 laser cutting of metals 

(mild steel sheet) is analysed with the purpose of identifying mechanisms responsible for 

discontinuities evident in kerf surfaces, i. e., striations, which affect the quality of the cut. A 

theoretical laser cutting system abstracted from practical laser cutting processes is built up 

to model the dynamic characteristics of the molten metal layer covering the liquid / solid 

interface during cutting, which results in the dynamic formation of striations in the kerf. In 

the theoretical laser cutting system (the cutting system, in short form), the most concerned 

variables are treated as time-dependent while all others (laser operating parameters and 

materials' physical properties) are taken as time-independent. The time-dependent variables 

are: 

" the thickness of molten metal layer at the bottom of kerf, 4 (t); 

" the surface temperature of molten metal layer at the gas / liquid interface, T, (1); 

" the velocity of propagation of fusion front, Vs (t); 

" the displacement of laser beam front relative to the liquid / solid interface, y (t); 

" the laser power absorbed by the heated workpiece, P, (t); 

Mathematically, the dynamic characteristics of the molten metal layer are interpreted by 

the time evolution of S (t), T, (t), Vt (t), y (t) and P,, bd (t), respectively; they are expected to 

be discovered by solving the derived set of the governing equations for the cutting system. 
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A 2-dimentional quantitative physical model is established to dynamically characterise this 

cutting system, in which 4 individual mechanisms are taken into account: 

(1) Momentum interaction between gas / metallic liquid flows. 

The boundary layer theory concerning forced convection / external flows is employed. 

The governing differential equations for the gaseous boundary layer flow are solved by the 

Howarth-Dorodnitsyn transformation rather than Blasius one. The former method is able to 

describe an ideal gas flowing over a "flat plate" with higher temperature. The shear stress 

along the gas / liquid interface is thus calculated. The cooling effect by heat convection is 

evaluated by applying the modified Reynolds analogy. 

(2) Exothermic reaction between gas / metallic liquid flows. 

The energy release rate from the exothermic reaction has been experimentally testified to 

be comparable to the magnitude of laser power, e. g., 800 W. as in Appendix I, and it helps 

heat up the workpiece in addition to the absorbed laser power. The generation mechanisms 

are to be analysed for 2 kinds of chemical reactions, i. e., the chemical reaction between the 

gaseous 02 and liquid Fe with the product of FeO in liquid phase; the chemical reaction 

between the gaseous 02 and vapour Fe with the product of gaseous FeO. The former 

mechanism is analysed based on the experiment-based conclusions by Powell, and the latter 

with the calculation method of Dutta and Scott, which was based on the boundary layer 

analysis for gases in chemical equilibrium (in Appendix 4). The theory of thermochemistry 

is employed to calculate the enthalpy of reaction with the heats of formation for elements 

and compounds from standard tables. 

In calculating the rate of the mass fully participating in the chemical reaction between the 

gaseous 02 and liquid Fe with the product of FeO in liquid phase, it is assumed that the 

oxidisation occurs only at the surface of molten metal layer, i. e., at the gas / liquid interface. 

Finally, the energy releases of exothermic reaction based on the 2 exothermic mechanisms 

above are to be numerically tested with the typical data in Appendixes 1-3. 
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(3) Energy loss from the molten metal layer into the substrate solid metal 

This has been conventionally realised as the heat conduction loss which produces the heat 

affected zone (HAZ) during laser cutting. The theoretical calculations were thus associated 

with the moving heat source theory. From the viewpoint of the mechanisms of heat transfer 

across the molten metal layer, the energy is convected from the gas / liquid interface to the 

liquid / solid interface, due to the flowing nature of the molten metal layer, and it is further 

conducted only in the metallic solid substrate. 3 kinds of evaluating methods based on the 

heat conduction theory and one based on the heat convection theory are reviewed, analysed 

and numerically tested. The retrieval of part of the heat conduction loss into the molten 

metal layer is also subject to analysis. 

(4) The influence of the velocity of propagation of fusion front on the absorbed laser power 

In previous theoretical models, the velocity of propagation of fusion front, or the liquid / 

solid interface velocity (V, ), is always treated as the same as the velocity of translation of 

laser beam (Va) 
, 

i. e., Vs = V, 
ý . 

In the dynamic modelling in this thesis, VB is treated as one 

of the 5 time-dependent variables due to the fact that there is a lack of bond between Vs and 
Vc. The oscillation of V, e. g., around the constant value of VV, is thus expected and this 

phenomenon will directly influence the displacement of the laser beam front relative to the 
liquid / solid interface, y, and thus the laser power absorbed by the heated workpiece. 

The 4 individual physical processes above interact with each other in the cutting system 

and the multiple interactions should satisfy the conservation of mass, momentum and energy 
for the flowing molten metal layer. The concept of control volume (CV which always 
encloses the molten metal layer in the kerf is to be applied for the 3 dynamic equilibrium 
descriptions. As a result, a set of governing differential equations are expected to be able to 
dynamically model the cutting system. To numerically solve them will produce the time 

evolution for 5 time-dependent variables, respectively. The detailed boundary conditions 
for the governing equation should be derived based on the mathematical and physical 
meanings, and be satisfied at each step of time evolution. 
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It is noted that the dynamic modelling is effective when, practically, a thin mql±en metal 

layer in dynamic balance is first generated. The transient process during which a keyhole is 

produced, enlarged and penetrated until the formation of the first molten metal layer at the 

beginning of a laser cutting process is not within the scope of the modelling. This is due to 

the fact that the erosion front is always found to be covered by a very thin film of molten 

metal layer during cutting, which is continuously generated from the metallic solid substrate 

and simultaneously blown away by the gas jet. 

In addition to the dynamic modelling, objective-oriented experimental tests are carried 

out. An X-Y table which can produce both constant V,, (linear and circular cutting profile) 

and accelerated / decelerated VV (spiral cutting profile) is designed to study the influence of 

the variation of V, on the periodicity of striations in a practical laser cutting system. 

1-2. Reactive gas jet assisted C02 laser cutting 

As the basis for a variety of practical applications, a typical set-up of coaxial oxygen gas 
jet assisted CO2 laser cutting of metals is schematically shown in Fig. 1, where laser cutting 
power, e. g., around 1 kW, is employed for the cutting of flat metal sheet, e. g., mild steel of 

4 to 10 mm thickness. 

Laser beam 

- Focusing lens 

L Pressure gauge 

-Reactive gas 

Convergent nozzle 
Focal plane 

Striation 
Workpiece 

', -" Cutting direction 

Figure 1. A schematic of coaxial oxygen gas jet assisted CO2 laser cutting of metals 
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The basic mechanisms of laser cutting process in Fig. 1 can be qualitatively described as 
follows: 

"A certain intensity beam (1 kJf, ) of infrared light (wavelength 10.6 um and parallel in 

nature) is generated by a CO2 laser. The mode of laser beam is usually chosen as Gaussian 

distribution in continuous wave. 

"A high-quality focusing lens is used to focus the beam onto the surface of the metallic 

workpiece. 

" The focused beam heats the metal up and thus produces a tiny keyhole at their initial 

interaction. After the rapid transient process in which the keyhole becomes enlarged and 
deeper, a very localised molten metal layer throughout the depth of the sheet is generated. 

" Two interactions occur simultaneously between the molten metal layer and oxygen gas 
jet. On one hand, the molten metal layer is ejected by the pressurised gas due to their 

momentum interaction. On the other hand, due to the oxidation of the molten metal layer, 

the chemical reaction between them generates its exothermic heat which greatly helps 

increase the efficiency of the cutting process. 

" The newly produced thin melt is continuously removed and a cut kerf is thus generated. 
The relative movement between the laser and the sheet is usually achieved by moving the 

sheet fixed on a CNC controlled X-Y table. 

The reactive gas jet assisted CO2 laser cutting, shown in Fig. 1, is controlled by the 

multiple interactions of the flowing molten metal layer with the focused laser beam, the 

oxygen gas jet and the substrate solid metal. They are responsible for the dynamic 
formation and development of the local striations. This is shown in Fig. 2. 

The individual interaction mechanisms in Fig. 2 can be summarised as follows: 

" The "non-contact" interaction between the focused laser beam and heated workpiece. 
In the case that the absorption is high (nearly 1 for molten mild steel [2]) and the velocity of 
translation of laser beam (Vs) is constant, the energy absorbed by the molten metal layer is 

determined by the real interacting area of the focused laser beam and heated workpiece (as 

shown in Fig. 2, for example, part of laser beam simply passes through the kerf and does not 
"contact" with the workpiece). The interacting area is in turn subject to the displacement of 
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laser beam front relative to the liquid / solid interface (y), due to the variable velocity of 

propagation of fusion front (VB). This phenomenon is simply due to the lack of physical 

bond between Vs and V.. 

ý-- IN- Beam velocity VV 

aussian profile intensity Pt 

Gas jet flow, O2 

Boundary of beam radiation 
Fusion front velocity V. 

Molten metal film flow, Fe 

thickness 
Substrate solid metal, Fe 

Metal D 

a1 

Figure 2. In reactive gas jet assisted CO2 laser cutting, laser beam, pressurised oxygen 

gas, molten metal layer and substrate solid metal interact each other. The combinations of 

these interactions are responsible for the dynamic formation and development of striations 

" Momentum transfer from the gas jet into the molten metal layer. The molten metal layer 

is ejected by the shear stress at the gas / liquid interface. The associated cooling effect of 
the gas jet is unavoidable. 

" The exothermic reaction between the jet gas and the molten metal layer. Part of the 

molten metal mass, if not all, is oxidised and part of the exothermic reaction heat enters the 

molten metal layer adding to the absorbed laser energy. 

" The interaction between the molten metal layer and the solid substrate. Along the liquid 

/ solid interface, the energy is lost into the solid substrate by heat conduction and the mass 
transfer from the solid to the liquid occurs. A part of the heat conduction loss is retrieved 

when the heated solid metal is converted into the molten metal layer. 
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None of the mechanisms identified is susceptible to any precise theoretical modelling. It is 

more difficult to assess the combined effects of those individual mechanisms. 

1-3. Literature Review of theoretical models 

Due to unique advantages over conventional mechanical / thermal cutting techniques, the 

CO2 laser cutting technology, since its early industrial application in 1971 [1], has been 

tremendously investigated by both academic communities and industry fields. Although 

industry has seen this cutting technology increasingly utilised with great commercial 

success, the laser cutting mechanism itself is not fully understood. For instance, different 

patterns of striations which are always found to be naturally generated on the cut edge of 

workpiece, e. g., mild steel, have not quantitatively been explained [P. 80, reference 2]. 

A cut with no striations at all or homogeneously fine striations is expected in applications 
because the cut finish would be of better quality. The striations with variable periodicity in 

one cut or repeated cuts imply different edge roughness, i. e., different finish quality. The 

worst situation could also occur, i. e., the intermittence of cut and no cut at all. In large- 

scale automatic cutting processes, this directly results in higher post-process costs. Indeed, 

the striations themselves imply that the mechanism of laser cutting process is dynamic rather 
than steady, no matter how constant are the operating parameters such as laser power, gas 

pressure and laser cutting speed. In other words, a comprehensive dynamic model which 

could describe the dynamic formation / development of molten metal layer, with respect to 

time, is anticipated in order to reveal the combined effects of the multiple interactions which 

underlie and control the reactive gas jet assisted CO2 laser cutting. 

Modelling of the laser cutting mechanism was active in 1970s and 1980s but subsequently 

almost ceased. As concluded by Steen [P. 85, reference 2], existing analytic models are 
limited in their ability to model details in real world problems. In particular, to date, no 
dynamic model exists which can describe the mechanism of formation and development of 
striations. Nevertheless, research has been conducted, from several standpoints, towards 

the gradual understanding of the laser cutting mechanism. In this section, some well- 
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established analytic models and academic endeavours are reviewed as an introductory 

understanding to the laser cutting mechanism. 

One of the simplest models, e. g., by Steen [2], represents a primitive yet fundamental 

understanding of the laser cutting mechanism. This so-called "simple lumped heat model" is 

shown in Fig. 3. 

t 
Cut kerf V= Cutting Speed 

t= Thickness 

w= Average kerf width w 

tI 'ý. Material removed 
w 

Figure 3. A schematic of "simple lumped heat model " proposed by Steen [2] 

The cutting mechanism in Fig. 3 is straightforward: once the penetration hole is made and 

the cutting starts from the edge, a sufficiently strong gas jet blows away the molten metal 

which has been heated in a certain block before leaving the kerf, this process is repeated and 

a cut is thus generated. It is clear that models of this type are too simple to describe the 

complicated cutting process. 

Work by Dutta and Scott in 1975 [3] proposed a detailed analytic model, in which the 

molten metal layer was treated as a laminar boundary layer flow. Although the physical 

model looks simple (shown in Fig. 4), several individual interactions such as momentum 
interaction, cooling effect, exothermic heat generation and heat conduction loss have been 

calculated systematically. The contribution to the understanding of laser cutting process 
can be concluded as follows. 

" The cutting fusion front is assumed to be always covered by a thin molten metal film, 

which is essentially a boundary layer flow. The typical average thickness of molten metal 
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layer is calculated at the magnitude of 0.01- 0.1 mm. for the mild steel of thickness of 2-3 

mm.. The surface quality of the kerf is expected to be strongly influenced by the stability of 

this film. 

y 
7ge of boundary layer 

e 
y(g)+ Gas boundary layer 

g 
(pv, )g hg -qg as / liquid interface 

L 

y(L)+ - (pv)g[hE(L)jg Molten liquid metal layer -qL 
S 

Figure 4. Analytic model used by Dutta and Scott to quantitatively analyse individual 

interactions at the gas / liquid interface and the liquid / solid interface [31 

9 The momentum interaction occurs between the gaseous boundary layer flow and the 

metallic liquid boundary layer flow. The skin friction along the gas / liquid interface is 

calculated and confirmed to control the removal of the molten metal layer, rather than the 

pressure gradient in the kerf. 

" Because there is so far no analytical solution to the 3-dimensional (3-D) Navier-Stokes 

equation, the modelling is essentially limited to the 2-D level. This 2-D analysis is justified 

by the fact that a typical measured kerf width, at the magnitude of 1 mm., is much larger 

than a typical thickness of the molten metal layer of 0.01- 0.1 mm., 

" The exothermic reaction is assumed to occur between the metallic vapour (Fe) and the 

oxygen gas (02) with the product of gaseous FeO. The exothermic reaction heat release is 

calculated based on the boundary layer analysis for gases in chemical equilibrium. This 

assumption overcomes the dilemma that, for example, if the oxidation is assumed to happen 
between the oxygen gas and the metallic liquid, the amount of the molten metal that is fully 

oxidised per unit time can not be determined. 
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Because this model seeks a steady state solution, the dynamic characteristics of multiple 
interactions during a laser cutting can not be reflected. It thus fails to explain the dynamic 

appearance of striations. 

Focused on nearly periodic striations, Arata et al in 1979 made a qualitative explanation 

shown in Fig. 5 [4], assuming a catch-up cycle between the constant cutting speed and the 

oscillating burning speed of the "erosion front". 

Spacing gap of striations Reaction starting front 

1P 
C-- __, r_, -Reaction finishing front 

P' * PFP 
-. _. _. _. _. _. _. . ý. _.. _. _ _e. g 

0g C, A 
#t'B y 

Cutting direction 

Figure S. A model proposed by Arata et al [4], qualitatively showing how nearly periodic 

striations are formed (top view) 

The most valuable parts of this research work towards the understanding of laser cutting 

mechanism may be their experimental findings by using a high speed camera and a radiation 

pyrometer, shown in Fig. 6. The contribution can be concluded as follows: 

High speed camera 

Nozzle Nozzle 

e=so 

Direction of 
Direction of workpiece travel workplace travel 

High speed camera 

(a) (b) 

Figure 6. A schematic of the arrangement of detectors, used by Arata et al, where a high 

speed camera is used to film the dimension of the cutting front and a radiation pyrometer 

to measure its temperature. (a) for normal cutting and (b) for edge cutting 
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" The high speed movie pictures (the interval of each picture is 1/1000 seconds) suggest 

that, for an acceptable normal cut rather than a edge cut, the cutting front is always covered 

with a molten metal layer along the depth of the kerf. This experimental finding very much 
justifies the physical model where the "erosion front" is assumed to be covered with a thin 

molten metal flow. 

" The temperature measurement suggests that, though it changes slightly along the depth 

of the kerf, the average temperature of cutting front is limited, i. e., between 1900 °K and 
2400 °K, in the cutting of mild steel workpiece. This proves that the average cutting front 

temperature always stays high enough to maintain itself in liquid phase but can hardly reach 
the boiling temperature. 

The work reported by Schuocker from 1983 to 1986 [5,6,7] made efforts to construct a 

dynamic analytic model. The physical model is shown in Fig. 7. 

Laser Beam 

° �Reactive gas flow 

VR 2r 

Laser powert, L Velocity of reactive gas flow 

pth of 
molten layer 

Cut wi th 
fing speed 

Solid material 
d Thiel mess 

Molten layer 

Erosio ' 
froffýtI Vs Velocity of ejection 

Cutý+tve of liquid material 

Figure 7. A schematic of cutting geometry suggested by Schuocker [5] 

From the macroscopic viewpoint, 5 steady-state balances are constructed in the molten 
metal layer, namely, the number of both reactive and pure metal particles in the melt; the 

momentum, the energy and the mass of the molten metal layer. Adding the heat conduction 
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equation for a moving point source, all the 6 equations identified are used to determine the 

6 quantities, i. e., the thickness of the molten metal layer, the temperature of the melt, the 

densities of the pure metallic particles and reactive gas particles in the melt, the velocity of 

the ejection of the molten material at the lower surface of the workpiece and the cutting 

velocity [5]. 

This steady-state analytic model is then transformed into a dynamic description, assuming 

that, for instance, the laser power or chemical reaction energy, are time-dependent [6]. The 

former reason is due to the instability of laser power itself; the latter one is caused by the 

formation of turbulence in the gas flow. The dynamic mass and energy balances are thus 

built up, in which the thickness of the molten metal layer (S) and the temperature of the melt 

(7) are treated as time-dependent, too, together with the laser power and the chemical 

reaction energy. To solve those essentially non-linear differential equations, the treatment 

by the "small perturbation approximation" is used to produce linear differential equations, 

for example, 

S(t)=So+S, (t) S, «So; 

T(t) = To + T, (t) T, « To ; 

where, both To and So are constant with respect to time. Subsequently, the frequency of 

striations is evaluated by analysing the periodicity of S(t) with respect to time. 

The approach to construct this analytic model yields a set of differential equations by 

which the dynamic characteristics in cutting, in particular, the periodicity of striations, can 
be quantitatively studied. However, as introduced above, the reasons responsible for the 

dynamics are assumed to essentially come from the instabilities of the laser power and the 

chemical reaction energy gain. In other words, the dynamic analysis only depends on the 

artificial oscillations of the laser power and the chemical reaction energy gain. 

The lesson drawn here is reflected in Chapter 2 where a theoretical laser cutting system is 

first of all defined and the governing differential equations are thereafter derived for it. All 

the input variables to this system, in particular, all the operating parameters including the 
laser power, are theoretically taken as constant with respect to time. As for the chemical 

reaction energy gain, the forced oscillating regularity is replaced by the mechanism analysis 

of exothermic reaction between the oxygen gas and the metallic liquid. In this case it is 
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expected to discover how the dynamic characteristics in cutting are generated due to the 

internal variables in the cutting system, rather than externalities such as the laser power. 

Realising that the molten metal layer behaves as a thin film flow and its instability results 
in the striations, Vicneck et al in 1986 [8,9] analysed the flow of the molten metal layer by 

solving 2-D differential governing equations for the liquid flow. This endeavour was later 

extended to complexity by Weng et al in 1993 [10], which was based on the non-linear 

stability analysis for a film flow [ 11 ]. The boundary conditions for the film flow in each of 

them, however, exhibit weaknesses in describing the multiple interaction mechanisms along 

the gas / liquid interface and the liquid / solid interface. 

In 1994, Lim and Chatwin suggested [12,13,14], for the first time, that the unstable 

striations, i. e., the intermittence of different periodicity of striations, could occur simply 
because of the chaotic nature of the so-called "non-linear laser cutting system", even when 

all of the operating parameters are constant with respect to time. Their conclusions are 

proved by the experiments; however, the theoretical modelling of the cutting system is 

simplified - it was mainly based on the analyses of the heat conduction in the molten metal 
layer [13]. This encouraging argument can be justified if the governing equations could be 

reasonably abstracted from the reality, e. g., the multiple interactions of the flowing molten 

metal layer in the kerf with the laser beam, the gas jet and the substrate metallic solid, as 
identified in Section 1-2, and further theoretically proved by Chaos theory in the subset of 
dynamic nonlinearity [15-19]. Good examples may be referred to the work by Baker and 
Gollub [18] concerning their chaotic findings in a forced pendulum system, and also by 

Slivsgaard and Ture [19] in their chaotic findings for an abstracted railway-vehicle system. 

In conclusion, all the models introduced above, more or less, have indeed contributed into 

the knowledge of understanding the extremely complicated laser cutting mechanism, 

quantitatively or qualitatively, experimentally or analytically. They have laid down a solid 
basis for the author of this thesis to construct a quantitative, dynamic, mathematical model. 
More detailed contributions from several research backgrounds are to be mentioned in the 

relevant chapters where each individual mechanism underlying the laser cutting process is 
dealt with, along with arguments for the necessary assumptions in context. 
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1-4. Structure of this thesis 

The structure of this thesis is shown in Fig. 8. 

Numerical Theoretical II Experimental 

calculations modelling measurements 

Chapter 2 
Theoretical cutting system isdescribed 

Chapter 9 Appendix 6 by a quantitative physical model 
Programming in C Striations and kerf widths 

Chapter 3 
3 dynamic equilibrium equations are used to 
describe the flowing molten metal layer 

Chapter 4 Chapter 5H Chapter 6- Chapter 7 

Momentum interaction at Oxidisation reaction at Energy loss at the Absorption of laser 

the gas / giquid interface the gas / liquid interface liquid / solid interface power by the woticpiece 

Chapter 8 
Differential governing equations 
for the theoretical nutting system 

Chapter 10,11 
Nature of striations; theoretical prediction 
of optimised kerf surface quality 

Figure 8. The structure of the thesis 

A quantitative physical model is established in Chapter 2 and it is referred to throughout 

the theoretical derivation procedures given in Chapters 3 to 8. The concepts associated 

with the physical model, e. g., theoretical laser cutting system, control volume, time- 

dependent and time-independent variables in the system, are defined. The assumptions 

required by this physical model are argued and established over there. The effective scope 

of simulation of the dynamic model is finally clarified. 
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In Chapter 3, three dynamic equilibrium equations concerning continuity, momentum 

conservation and energy conservation in the control volume, which always encloses the 

molten metal layer in the kerf with respect to time, are quantitatively established. 

Chapters 4 to 7 consider the 4 interacting mechanisms as described in Section 1-2. In 

Chapter 4, the momentum interaction between the cold, fast-flowing gas and hot, slow- 

moving metallic liquid is analysed based on the boundary layer flow theories. In Chapter 5, 

the exothermic reaction between the oxygen gas and the molten metal layer is investigated 

based on the thermo-chemistry theories. In Chapter 6, the continuous heat transfer from the 

metallic liquid into the substrate solid is analysed based on the heat conduction and heat 

convection theories. In Chapter 7, the absorption of laser power by the workpiece is 

modelled based on the geometrical analysis on the relative displacement between the front 

of laser beam and the "erosion front" of molten metal layer (the liquid / solid interface). At 

the end of those chapters, respectively, quantitative tests are presented, based on the typical 

data in Appendices 1 to 3, to exhibit the magnitudes of the derived unknowns. 

Chapter 8 deals with the combined effects of the 4 interacting mechanisms which have 

been analysed in Chapters 3 to 7. The method to derive the sets of governing differential 

equations for the laser cutting system is demonstrated. The nature of those simultaneous 

equations is analysed thereafter. Examples of the numerical solutions to the differential 

governing equations which are based on the typical data in Appendices 1-3, are respectively 

shown to demonstrate their variations with respect to time. The dynamic formation and 
development of striations can quantitatively be illustrated by analysing the variation of the 

thickness of molten metal layer, c (t). 

In Chapter 9, the objective-oriented experimental tests are introduced. An X-Y table that 

can produce both constant V, for linear and circular cutting profiles, and accelerated / 

decelerated V, for spiral cutting profile, is designed to investigate the influence of the 

variation of V. on the periodicity of striations in a practical laser cutting system. The 

different types of measured striations will be shown and analysed in this chapter. 
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In Chapter 10, all the individual conclusions from the different parts of this thesis will be 

discussed and generalised. It also provides some suggestions for the future research work. 
In Chapter 11, the major achievements in this thesis are stressed. 

Appendixes provide useful information necessary for understanding specific derivations, 

data and numerical solutions. In Appendix 1, the set of typical operating parameters used in 

the 02 jet gas assisted continuous wave CO2 laser cutting of mild steel sheet is introduced. 

The data are treated as time-independent variables for the theoretical modelling throughout 

this thesis. In Appendix 2, the flow parameters in the free stream of the gas are calculated 

with the data in Appendix I. In Appendix 3, the thermophysical properties (thermodynamic 

properties and transport properties) of oxygen gas, metallic liquid (iron) and metallic solid 
(iron) are listed with their reference sources. All of these are treated as time-independent 

variables in the theoretical modelling. In Appendix 4, the method to calculate the rate of 

exothermic heat to the molten metal layer, derived by Dutta and Scott [3], are introduced. 

In Appendix 5, the moving heat source theory and the applications for heat conduction in 

solids are introduced and analysed. In Appendix 6, a well-structured program in C source 

codes is listed. In Appendix 7, the characteristics of Lorenz's attractor are presented using 
the program in Appendix 6. In Appendix 8, more pictures of cutting results are shown. 
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Chapter 2. Theoretical laser cutting system 

In this chapter, the theoretical laser cutting system is described by a quantitative physical 

model, as shown in Fig. 9. It is referred to throughout the theoretical derivation procedures 
in Chapters 3-8. The concepts related to the physical model, e. g., control volume, time- 

dependent and time-independent variables are defined. The assumptions required by this 

physical model are argued and established. The effective scope of the dynamic modelling is 

finally clarified. 

2-1. Definition of theoretical laser cutting system 

In practical laser cutting processes, any unstable factors in laser operating parameters, 

e. g., oscillations in laser power or beam translation velocity, would to a greater or lesser 

extent affect the finish quality of kerf surface. A practical laser cutting system is the one 
into which any of its input variables, i. e., the stagnation pressure of gaseous 02 (pa ), the 

stagnation temperature of gaseous OZ (TO), the total power of laser radiation in the beam 

waist (P, ), the velocity of translation of laser beam (V, ), can change with respect to time. 

The practical laser cutting system thus symbolises general laser cutting processes. 

A theoretical laser cutting system is abstracted from the reality. It is defined as the system 
into which the inputs (p0, To, P,, V, ) are time-independent variables. It symbolises ideal 

laser cutting processes in which the operating parameters (p0 
, 

To , 
PI, V, ) are controlled as 

constantly as possible. 

In this thesis, the dynamic modelling is constructed for the theoretical laser cutting system 
(the cutting system, in short form), rather than the practical laser cutting system. Therefore, 

the possible effects of the unstable factors in P,, V, po and To in the practical laser cutting 

system are isolated from the dynamic formation and development of striations. The object 
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is thus to ascertain how the dynamic characteristics are related to the most relevant time- 

dependent variables, which are the internal unstable factors in the cutting system. 

2-2. Time-dependent and time-independent variables 

In the cutting system, all the variables are divided into time-dependent variables and time- 

independent variables. The time-dependent variables are chosen as follows: 

" the thickness of molten metal layer at the bottom of kerf, 4 (t); 

" the surface temperature of molten metal layer at the gas / liquid interface, T, (t); 

" the velocity of propagation of fusion front, Ve (t); 

" the displacement of laser beam front relative to the liquid / solid interface, y (t); 

" the laser power absorbed by the heated workpiece, P,, (t); 

The operating parameters are chosen as time-independent variables: 

" the stagnation pressure of gaseous 02 , po ; 

" the stagnation temperature of gaseous 02, To ; 

" the total power of laser radiation in the beam waist, P,; 

" the velocity of translation of laser beam, V,; 

The thickness of workpiece, D, is even and thus treated as a time-independent variable. 

The thermophysical properties (thermodynamic properties and transport properties) of the 

oxygen gas, metallic liquid (iron) and metallic solid (iron) are treated as time-independent 

variables, for example: 

9 the dynamic viscosity of gas and metallic Fe liquid, ug , u,,. and A; 

9 the specific heat of gas and metallic Fe liquid, cp. g 5cp, g, �, and cp,, ; 

9 the heat conductivity of metallic Fe liquid and metallic Fe solid, K, and K,,; 
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" the density of gas, metallic Fe liquid and metallic Fe solid, p,,, pg. w, p, and ps ; 

9 the enthalpy of fusion of Fe, hf ; 

In general, except the 5 most concerned variables identified above, which are treated as 
time-dependent variables and expected to be evaluated with respect to time, respectively, all 
the other variables associated with the modelling are taken as constant with respect to time. 

2-3. Reference co-ordinates 

A 3-D rectangular co-ordinates system is chosen as shown in Fig. 9. Its origin locates at 
the start of the molten metal layer and moves at VB (t), i. e., at the same velocity as the liquid 

/ solid interface. X co-ordinate is along the depth of the workpiece. Y co-ordinate is on the 

surface of the workpiece and along the beam translation direction. Z co-ordinate is along 
the kerf width. The dynamic modelling in this thesis is focused in the X-Y plane. 

2-4. Control volume 

A control volume is defined as such that it always encloses the molten metal layer in the 
kerf and moves with the reference co-ordinate system, shown in Fig. 9. The concept of the 

control volume makes it possible to build up the dynamic equilibrium equations of mass, 

momentum and energy, quantitatively, for the flow of the molten metal layer existing in the 
kerf. 

2-5. General assumptions for the cutting system 

The physical model representing the cutting system is shown in Fig. 9. The physical model 
shows the major variables applying at the control volume which encloses the molten metal 
layer, due to the multiple interactions around the molten metal layer. Its different simplified 
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forms will be illustrated, respectively, in analysing the individual interaction mechanisms, in 

Chapters 3 to 8. 

2a laser beam front 
Z ý-2, ---`-ºý- - 02 gas jet with pg, Tg, Ug 
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Figure 9. The physical model illustrates the major variables applying at the molten metal 
layer. In the model, the metallic workpiece is fixed and the laser beam is translated at 

constant V. while the liquid /solid interface moves at variable V, (t). X-Yplane is studied 

The basic assumptions for the physical model are established in this section and they are 

referred to throughout the theoretical derivations. 

" The interface of the molten metal layer and the solid metal substrate (the liquid / solid 
interface) is an inclined plane at T, 

n . The interface of the molten metal layer and the gas jet 

(the gas / liquid interface) is an inclined plane at the variable temperature of T, (t). Both 

interfaces start from the origin of the reference system and move along Y at the variable 

velocity of Ve (1). The liquid / solid interface has a constant angle, a, to Y. 
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" The control volume enclosing the molten metal layer in the kerf is wedge-shaped. Its 

one side is the liquid / solid interface and the other is the gas / liquid interface. 

" The modelling is focused in the X-Y plane. The variations in Z, e. g., the cut width (w), 

are not considered. In the evaluations of typical derived quantities, the measured cut width 
is used for w, assuming that 2b > 2a = w. The 2-D approach is due to the unavailability of 
theories, in particular, the analytic solutions to the 3-D differential momentum equation in 

Fluid Mechanics. Practically, it is fairly justified because 8, in Y is far less than w in Z. 

" The temperature of the molten metal layer is defined as the film temperature, i. e., 
Tr =(T+T. )/2, where T is the surface temperature of the molten metal layer at the gas 

/ liquid interface; T. is the melting temperature at the liquid / solid interface. 

9 The pressurised gas is regarded as an ideal gas; the Mach number at the nozzle outlet is 

M= 1; the gas velocity in free stream, along the depth of kerf, is constant. Therefore, the 

gas flow parameters, i. e., po, To and U8 
, are constant along the depth of kerf 

. 

In Appendix 1, a set of typical operating parameters in laser cutting, including po and To, 

is listed for reference throughout this thesis. In Appendix 2, the useful gas flow parameters 
including U., are evaluated for reference. 

" The focused laser beam is transformed into a square column with the sectional area of 
2a x 2a: in Y, the energy density holds Gaussian profile; in X and Z, the energy density is 

even, respectively. 

" The gas jet flow is transformed into a square column with the sectional area of 2b x 2b . 
In Y, if the gaseous column can not "see" the molten metal layer, the exothermic reaction is 

assumed to stop. 

In analysing the individual interaction mechanisms, further assumptions associated with 
the contexts will be introduced, in addition to the assumptions above. 
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2-6. Effective scope of the theoretical modelling 

Since attention is focused on the dynamic formation and development of striations, the 

theoretical modelling concentrates on the dynamic balances of mass, momentum and energy 
in the molten metal layer in the kerf. Therefore, the modelling is effective when, practically, 

a thin molten metal layer in dynamic balance is first generated. The transient process during 

which a keyhole is produced, enlarged and penetrated until the formation of the first molten 

metal layer at the beginning of a laser cutting process is not within the scope of the 

modelling, as shown in Fig. 9. This is due to the fact that the fusion front, i. e., the liquid / 

solid interface, is always found to be covered by a very thin film of molten metal layer 

during laser cutting, which is continuously generated from the metallic solid substrate and 

simultaneously ejected by the gas jet. 
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Chapter 3. Dynamic equations for the flow of 

molten metal layer 

In this chapter, the flow characteristics of the molten metal layer in the kerf are analysed, in 

Fig. 10, by conserving the 3 balances in the control volume enclosing the molten metal layer, 

namely, the continuity, the energy equilibrium and the momentum equilibrium. They must, 

at any time, be satisfied simultaneously. In the derivations of related quantities, some of 
them can directly be expressed in association with the 5 time-dependent variables, i. e., S (t), 

T, (t), VB (t), y (t) and P,,, b, (t). The others will be analysed and thus associated with the 5 

time-dependent variables, later in Chapters 4-7, where the relevant interaction mechanisms 

are dealt with. It is noted that Fig. 10 is a simplified form of Fig. 9, which is referred to 

throughout this thesis. 
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Figure 10. In X-O-Y, the quantities around the wedge-shaped control volume enclosing the 

molten metal layer are exhibited. They must simultaneously satisfy the continuity, energy 
equilibrium and momentum equilibrium in the control volume, with respect to time 
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3-1. Continuity in control volume 

In Fig. 10, if the vaporisation of the molten metal from the left side of the control volume 
is ignored, the continuity requires: 

m;,, = ti., +lhcv (1) 

where m; 
n : the mass rate of the solid metal moving into the CV ; 

m. r : the mass rate of the molten metal flowing out of the CV ; 

mcv : the mass change rate of the CV; 

in,,, is calculated as: 

m, 
� =p, -w"D"V. (1) (2) 

thus, m;,, is associated with the time-dependent variable, Ye(t), and the time-independent 

variables, p8 ,w and D. All the mathematical symbols have been listed in Nomenclature. 

By the definition, mc, is related to the 1'-order derivative of the time-dependent variable, 
5 (t), with respect to time, taking the control volume as wedge-shaped: 

_d 
11d 

mcv dt(2'P:. w'D'Si(t)i= 2'P1'x''D'(dt (3) 

In Fig. 10, thou: is essentially dependent on the velocity profile of the molten metal layer, 

u,, at the bottom of CV, and the local thickness, g, (t) 
. It is calculated as: 

si(t) 

moýý =fu, Aw(ds) 
0 

(4) 

where, s denotes the co-ordinate in S, which is the magnitude in the negative direction of Y. 
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To calculate fii , the profile of u, with respect to s should be known. Assuming that the 

molten metal layer is extremely thin and the removal of molten metal is dominantly by the 

shear stress applied by the fast-flowing gas at the gas / liquid interface, the flow of molten 

metal layer is treated as a quasi-shear-stress boundary layer flow*. In this case, the linear 

relationship between u, and s is assumed; the shear stresses at the gas / liquid interface and 

the liquid / solid interface, r,,,, and r; W as shown in Fig. 10, are equal in magnitude but 

opposite in direction. 

Further, the angle a, in Fig. 10, is assumed at 90° for the convenience of mathematical 

analysis's. Therefore, the liquid / solid interface is at X; z,, w 
is along the positive direction 

of X; is along the negative direction of X. The analysis can be carried out in X-O-S co- 

ordinate system. 

The boundary conditions for u, are: 

if x=D, s=0, then u, =0; 

if x=D, s= , 5, (t) 
, then u, = uo ; 

u, is thus calculated as: 

u, =sýt)"s at x=D (5) 

Contributing Eq. 5 into Eq. 4 gives: 

a, (t) u Mou: Pew 0 sds (6) 

95titi 
'A pure shear-stress boundary-layer flow, or Couette flow, is produced when a viscous fluid between two 
parallel infinite plates is set into motion by the relative velocity of one of the walls. Experimentally it is 
often studied as the flow between two concentric cylinders when the spacing between the cylinders is small 
in comparison to the radii [20). A Couette flow is characterised by (1) the velocity profile across the flow is 
linear; (2) the shear stresses applied by the two plates are equal in magnitude but opposite in direction. 

" Taken as a time-independent variable in this thesis, a will be given the value slightly less than 90° in 
the final construction of differential governing equations for the cutting system. The influence of a on the 
flow analyses of the molten metal layer is negligible. 
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where, uo is essentially related to &, (t) by z, W and z; w. 
This is analysed in Section 3-2. 

3-2. Momentum conservation in control volume 

The momentum conservation for the molten metal layer describes the fact that the velocity 

profile, u,, is controlled by the forces applying at its surface. Treating the flow of the 

molten metal layer as a quasi-shear-stress boundary-layer flow, as analysed in Section 3-1, 

the momentum conservation for CV enclosing the liquid in the kerf requires: 

du 
1u ý r1 ýx= -1 zl, 

w 
ýx = jut 

(- 
/x =(, u ,-x at xe (0, DI (7) 

where, u, is the function of both x and s. (zl 
W 
)x is the shear stress applying at the left side 

of CV by the fast-flowing jet gas. 

Eq. 7 applies to every cross section in the flow of molten metal layer, in particular, at the 
bottom of the kerf 

. Introducing Eq. 5 into Eq. 7, the shear stress at x=D, (rl, 
w 

)x=D 
, can 

be related to uo and 8, (t) : 

/1_u ý8ý Zl, 
w 

)x=D = -(Tlw)x=D = PI 
S (t ) 

Therefore, thcan be calculated by introducing Eq. 8 into Eq. 6: 

6, (r) 
w Pl 

thou, =J 
iz,. 

w)x_D 

Js. 
dc 6 

oA 

Eq. 6' is used to calculate A,., which is associated with 81(t) 
. 

(z,, 
w)x=D will be derived 

to be time-independent in Chapter 4, where the gaseous boundary layer flow is analysed for 

the momentum interaction at the gas / liquid interface. 
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3-3. Energy conservation in control volume 

It is seen that, in Fig. 10, assuming the energy loss associated with the vaporisation of the 

molten metal from the left side of the control volume is ignored, the energy conservation in 

CV requires: 

P, 
abs +eew +e; n =eout +e, os +e,,, +ecv 

where, P,,,, (1): the laser power absorbed by the heated workpiece; 

e, : the exothermic reaction energy release rate entering into the CV ; 

em : the energy rate carried by the mass in solid phase into the CV ; 

eoa, : the energy rate carried by the mass in liquid phase flowing out of the CV ; 

e10ss: the rate of the energy loss from the CV into the solid metal; 

ewo, : the rate of cooling of the liquid by the gas jet; 

ecv : the rate of change of energy stored in the CV ; 

(9) 

If the temperature reference is at 0 °K; the kinetic energy is neglected in comparison to 

the internal energy when the mass moves into and out of CV, respectively, e; 
� 

is calculated: 

ein = mjn - Cp, s - 
Tm (10) 

Combining Eq. 10 and Eq. 2 gives: 

ein =Cp. 
s'P, 'x''D-T. -V, (t) (11) 

Taking the process of fusion at T,,, into account, E0 is similarly calculated: 

e., =m., (cp,, "Tf+hf) (12) 

where, hj denotes the heat of fusion for iron. T. is the average temperature of the molten 

metal layer, defined as: 
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Tf = 
T. 2 

Contributing Eq. 6' and Eq. 13 into Eq. 12 gives: 

si 

eour =f 
(ý1 ptw (z1, 

W)x_D s' 
Tm +2 (t) 

+hf (14) 
0 µl 

It is seen that, in Eq. 11 and Eq. 14, ei,, is related to Ve (t) and eou, is related to S (t) and 

7(t). (z,, 
w 

)x=D will be evaluated in Chapter 4. 

The rate of change of energy stored in the CV 
, ecv 

, 
is calculated by the definition: 

_d(e, 
d 1j 

ecv dt dt 

112 
' p1 w- D"öi(t) "[cp. r'Tf(1)+h1J 

=2. p,. w. D. cplTf(t) +2"Pl"w"D"hf"dt['51 (t)] (15) 

+2-A"w"D"cp. l . 
6, (t). 

[jf(t)] 

It is seen that ec, is related to 8, (t), T , (t) and their 1°`-order derivatives with respect to 

time. The other quantities required in Eq. 9 will be determined later in Chapters 4-7. 
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Chapter 4. Interaction of gas and liquid flows 

This chapter analyses the interaction between the cold, fast-flowing gas jet and the hot, 

slow-moving metallic liquid film, along the gas / liquid interface. During the interaction, the 

momentum of the gas is transferred to the liquid, through the shear stress, that drives 

the liquid to flow out of the kerf, at the same time, the heat is convected from the liquid into 

the gas, making the gas cooling effect unavoidable. 

The gaseous boundary layer develops at the gas / liquid interface. This phenomenon is 

analysed by solving the 2-D differential governing equations for a laminar boundary layer 

flow, based on Howarth-Dorodnitsyn's method and Von Karman's skin friction relationship 

[20]. As a result, the shear stress applied at the gas side at the gas / liquid interface (rg, 
w 

) 

and the gas cooling effect (eat) are derived. The shear stress applied at the liquid side at 

the gas / liquid interface is eventually derived, by r,.. =- rg, �� which is required in Eq. 6' 

and Eq. 14 in Chapter 3. 

The maximum surface velocity of the liquid, uom,.,,, is analysed with Lock's solution for 

the momentum interaction of 2 parallel laminar boundary layer flows [21]. uo,,,,, occurs 

only when there is "no slip" between the 2 flows at the gas / liquid interface. It is used to 

discover the possible range of 8, (t) 
, 

i. e., 8r (t) E (0,81'. J must be adhered to at 

each step of time evolution. 

Finally, the derived quantities are evaluated with the typical data in Appendixes 1-3. 

4-1. Differential governing equations for gaseous boundary layer flow 

The interaction between the cold, fast-flowing gas jet and the hot, slow-moving metallic 
liquid film along the gas / liquid interface is theoretically treated in Fig. 11, where a gaseous 
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boundary layer flow develops along the gas / liquid interface. The skin friction occurs at the 

gas / liquid interface. 

It is noted that X-O-Y and X-O-S reference systems in Fig. 11 are the same as those in Fig. 9 

and Fig. 10. 

sIII 10 1 Y 

cold, free stream of gas jet molten metal film, 
acting as a hot, flat plate 

gas / liquid 

gaseous boundary layer flow 

X 

Figure 11. The gas at Tg and Ug flows fast onto the molten metal layer acting as a "hot 

flat plate " at T, (t) and u,. 0. The plate is taken as fixed, due to U. » u,. o . In the free 

stream, Tg, Ug and pg , are constant along X 

In Fig. 11, the gaseous boundary layer flow is treated as a laminar flow'. Empirically, this 

is justified by the Reynolds number for a forced external convection flow [20,22]: 

Re = 
p8"Ug"x 

lug 
(16) 

where, (Re),,,,, 
c., =3x 10 S-5x 10-' [P. 304, reference 22]. If Re < (Re),,,,,,.,, a laminar 

flow is defined; if Re > (Re)c,; ncQj ,a turbulent flow is expected. 

* With typical data in Appendixes 1-3, it can be seen: when x=D, Re.. = 5.87 x 103 <<(Re)am.,. It is 
justified that the gaseous boundary layer is treated as a laminar flow rather than a turbulent one. 
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The 2-D differential governing equations for the gaseous laminar boundary layer flow are 

as follows *, in X-O-S reference system: 

(Pu) + (Pv) =o (17) 

a, 
& F-", 

A chi äpA1 O(u2 1 2) 
&+ _ a c^ Pr a+fý(1-Pr) c, 

(19) 

with the boundary conditions: 

if x=0 and s>0 then u= Ug ; 

if x>O and s -+ oo then u -3 Ug ; 

if x> 0 and s= 0 then u= 0; 

where, u, v denote the local velocities in X and S in Fig. 11, respectively, in the gaseous 
laminar boundary layer flow; p the local density; u the local dynamic viscosity; h the local 

total enthalpy. Pr denotes Prandtl number of the gas, defined as: 

Pr=PC' 
K (20) 

where, K denotes the heat conductivity of the gas; cp the specific heat in constant pressure 

of the gas. 

The fundamental theory may be referred to Page 8-54 in [201. This set of differential governing equations 
can directly be derived from the more generally studied problem where a gas flow in chemical equilibrium 
is investigated. 
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To solve Egs. 17-19, simultaneously, the concept of "boundary layer similarity" should be 

applied to transform the original partial differential equations into the ordinary differential 

equations'. The Howarth-Dorodnitsyn's transformation of the independent variables, from 

x and s to S and q, is applied in solving Egs. 17-19. The treatment is able to deal with an 

ideal gas flowing over a "flat plate" at higher temperature", which is the case shown in 

Fig. 11. The physical properties are therefore treated as changeable. 

The new independent variables are constructed as: 

ý 
xs 

P UgPg. 
WPg. wx 

; 77 = 
Ug 

vgw o PB, 
W 

(20) 

where, the subscript w represents the reference condition for the specific properties at the 

wall of the boundary layer; U8 is the free stream velocity along X; vg,,,, the kinetic viscosity 

of the gas at the wall; ug. w the dynamic viscosity of the gas at the wall; pg.,,, the density of 

the gas at the wall; By introducing Eq. 20 into Eqs. 17-19, the transformed differential 

governing equations become: 

(Crf �), + ff"=O (21) 

U2 
(Cr)? +2 . fS r+h [C. (I -I). f i ýý 1=0 (22) 

g 

* The idea of "boundary layer similarity" was discovered by Prandtl and is the most essential element of 
boundary layer theory [20]. One of the famous solutions is the Blasius' treatment which concerns the fluid 
with constant properties. 

" The detailed derivations may be referred to Page 8-65 in [20]. 
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where, f; g= 
h; 

Cr =p; () _( )' . 
hg denotes the enthalpy of the gas 

gs Pg 

in the free stream. The subscript r represents the reference condition for the properties 

taken at the edge of the boundary layer. In Eqs. 22, the "flat plate" wall has been assumed 

at uniform surface temperature. Correspondingly, the transformed boundary conditions are: 

if 77=0 then f=f'=0 and g= h8, 
w 

/ hg ; 

if 77 - oo then f' -* 1 and g-+]; 

Assuming Cr and Pr are constant, the local skin friction coefficient, (C2 )g 
w, 

is derived: 

(cf)_ 0.332 P8. wPg. w 
/ /41's 

_ (cf PB. wPg. w 
/ Pgpg (23) 

28w 1e)8 Cr 2' cr 

where, (2 ); represents the skin friction coefficient corresponding to a constant property 

boundary layer at the same local length Reynolds number. 

The local heat transfer coefficient or the local Stanton number, ch , 
is calculated by the 

modified Reynolds' analogy: 

1Cf1/ 
lc/, = /( 

2)g, w[(P')]_2/3 (24) 

The Von Karman's skin friction relationship, expressed in Eq. 25, is used to calculate Cr 

in Eq. 23, assuming that the local physical properties at the wall would control the local skin 
friction law and heat convection law when their variations occur: 

Cr =Ig. wPg, w (25) 
Pg pg 
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Contributing Eq. 25 into Eq. 23 gives: 

/c f /cj 1 

fPgwPw 

_ 
0.332 

(23') 
12 

ý8. 
w -12 /i 

ýýQ Iýgý8 
V' 8 wUg x 111g, w 

and, 

(ý) 
0.332 frPr)] - 213 

/24 h gw 
' 

ýý gl 
ýý 

S. wUBx ý fý8. w 

C 
Knowing (2 )g,,, in Eq. 23, the local skin friction or shear stress, rg., which is applied 

by the "flat plate" onto the gas side of the gas / liquid interface is calculated: 

Cf 0.332p8, 
wU82 zg. w = -(2 )g. 

w Pg. WU8 
2=_ 

Ugx / P9.. 
(26) 

P 
g, w 

where, the negative sign denotes that rg, k, 
is in the negative direction of X. 

Knowing (ch )8., 
, 

in Eq. 24, the heat flux convected from the hot "flat plate" into the gas, 

4,1 is calculated: 

4g. 
w - 

(Ch )g. 
w 

pg. 
wUg 

(hg. 
w - 

hg) = 

O. 332pg. wU9 
[CP. 

B. w 1 (1) - ýP, g r(Pr)g l-2/3 (27) 

PBwUgx/ Ugw 
IL J 

4-2. Shear stress applied at the molten metal layer 

At the gas / liquid interface, in Fig. 11, Newton's law of action and counteraction applies, 
as in Eq. 28, regardless of whether a relative "slip" exists between the fast-flowing gas and 
the slow-moving metallic liquid: 
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( zl. 
w)x 

= -Crg. w)x 
(28 

where, r, �: the shear stress applied at the liquid side of gas / liquid interface; 

, rg, w : the shear stress applied at the gas side of gas / liquid interface; 

Knowing the magnitude and the direction of (rg 
w)x, 

from Eq. 26, (r, 
w)x 

is calculated by 

combining Eq. 28 and Eq. 26: 

0.332 pg, wUg2 1 
zl, 

w/x /' 
/pgwUgX'Pg. w 

(29) 

where, the direction of r,, W 
is along X; it changes when x varies. If x=D, the shear stress 

applied by the gas at the bottom of the surface of the molten metal liquid, at the interface of 

gas / liquid, (rl, 
w), D, is calculated as: 

1Zl, w/x=D - 

0.332 p8. wU8' 
pgwUgD/f4g, 

w 

(30) 

It is observed that, by Eq. 30, (z,, 
W)x=D only depends on the physical properties of the gas 

at around T as well as the free stream velocity of the gas. Since they are time-independent, 

(Zr, 
w)x=D 

is essentially a time-independent variable. 

Knowing in Eq. 30, it is possible to evaluate mo41 by Eq. 6' and e01 by Eq. 14, as 

shown in Fig. 10 in Chapter 3. Contributing Eq. 30 into Eq. 6' gives: 

2 

moor = 0.166 1 Pg. wUg rý ýtýlz 
A, Pg, wUBD/, ugw 

kJ 

Similarly, contributing Eq. 30 into Eq, 14 gives: 

(6�) 
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2 r 
eOut = 0.166 w'U p PU 

D/. Lc p"l 
T"' +ý (t) 

+h f1 
ýS (t)ý2 14') 

lul J ýS. 
w a 

pa, 
w 

As expected, mom,, is associated with the time-dependent variable, 6 (t), by Eq. 6"; eout is 

related to the time-dependent variables, S (t) and T (t) , by Eq. 14' . They will be used and 

contributed into Eq. 1 and Eq. 9, respectively, in Chapter 8. 

4-3. Cooling effect of fast-flowing gas 

In Section 4-1, the term of q8. 
x� 

by Eq. 27, suggests that the cooling effect of the fast- 

flowing gas exists at the gas / liquid interface, from the hot metallic liquid into the cold gas. 
The convective heat rate, e., , as shown in Fig. 10 in Chapter 3, is calculated as follows, 

assuming a is nearly 90 0: 

D wPg, 
wUB 

[c 
p, g, wT, 

(t) 
-c p'sTg 

1 
-113 ear =f 4g, 

w 
(w " dx) = 0.664 [(pr)g J (31) 

0 
(P8. 

wU8) 
/ (DMg. 

w) 

Eq. 31 shows that ems, is associated with the time-independent variable, T, (t) . Pr for 

the gas is taken as a constant when the temperature varies, as listed in Appendix 3; it is thus 

chosen at the free stream temperature. e will be used and contributed into Eq. 9, in 

Chapter 8. 
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4-4. Maximum surface velocity of the molten metal layer 

The interaction of the gas and the liquid is characteristic of Eq. 28, i. e., (zý 
w)x = 

at the gas / liquid interface. The surface velocity of the liquid, u,, o, is always bounded by 

the local shear stress, and the local liquid thickness, so ; it varies with x and reaches 

to the maximum, i. e., ul. o = uo at x= D*. ua is essentially associated with 8, (t) by: 

0.332p,, Ug2 
U0 = 8(t) /Pgw11gD 

fir 
Pg, 

w 

(32) 

It is seen that, normally, the relative "slip" between the gas and the liquid flows could 
happen, up to x=D. If the condition of "no slip" is reached at the gas / liquid interface, in 

addition to the condition of (z, 
w)x = uo would reach the maximum limit, uo,, � . 

The possible range of uo is thus expressed as: 

0<_u0 <_uo,, (33) 

It is noted that the generation of u01,,, v 
depends on the "no slip" condition at the gas / 

liquid interface; the real value of ua is always related to 8, (t) by Eq. 32. The theoretical 

description for the momentum interaction between the gas and the liquid is shown in Fig. 12, 

in which the reference system is the same as in Figs. 9-11. 

This can be mathematically expressed by combining Eq. 7 and Eq. 29, taking 
S= 

ýý) 
into account: 

0 
0.332pg. 

wUg2 uý, o = so 
UD pi, w i 

4(t) 

It demonstrates that, at a certain time, ur o will increase when so increases by increasing x. In particular, 
uo is associated with 8, (t) when so = öl (t) at x=D. 
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S0Y 

ý' 
I 

the wall of gas / liquid interface 

gas flow with 
UR 

rPiz , JURr R 11 

ýl 

molten metal flow 

with UtePt, fýt, 51 

ý. i 
uomax 

Figure 11 The momentum interaction of 2 parallel laminar boundary layer flows exists at 

the gas / liquid interface, by Lock [21]. They first meet at 0 with different velocities and 2 

boundary layers develop, respectively. If x is long enough, there is "no slip " between the 

2 flows; the interface velocity reaches to uo,,,, 

For the 2 parallel laminar boundary layer flows in Fig. 12, the theoretical solutions derived 

by Lock [21 ] are as follows, assuming that the "no slip" occurs if x is large enough: 

if A>0, then 
-_(1+I 

(34) 
P P"µ 

-1 
ifA=0, then 

8=(p"p) 
(35) 

Uo"max A+ (8 / , u) (3 6) 
Ug -ý ]+(8/14) 

where, in Eqs. 34-36,8 =; A=U, A; 
p=A 

g9 fug Pg 

4,8g : the boundary layer thickness for the gas and the liquid, respectively; 
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U, 
, 

Ug : the free stream velocity for the gas and the liquid, respectively; 

A, , ug : the dynamic viscosity for the gas and the liquid, respectively; 

p,, pg : the density for the gas and the liquid, respectively; 

Taking U, =0 and thus %=0, It is seen that pp » 1. By combining Eq. 35 and Eq. 36, 

the maximum interface velocity, where the "no slip" condition is reached, is derived: 

11 Pg 
'u8 

3 

uo.,, = Ug i 
P' At 

i_ Ug (A 
All 

(37) 

Eq. 37 can be modified to take into account the influence of temperature on the properties 

of the gas: 

1 
(_g'', 

" p8'w 
13 uo,. = Ug 

Pr 'fir 
(38) 

The analogy between Eq. 37 and Eq. 38 is based on the assumption that the local physical 

properties at the gas / liquid interface would control the local skin friction law and the heat 

convection law when their variations occur`. 

Eq. 37 shows that uo,,,, only depends on the properties of the gas and liquid, and the free 

stream velocity of the gas. uo could reach to uo. m only if x is large enough that the "no 

slip" condition at that point is reached, along the gas / liquid interface. When uo = uo,., 

81 (t) will correspondingly reach to the maximum, 5,,. 
. 

By introducing Eq. 32 and Eq. 38 

into Eq. 33; taking S (t) #0 into account, the possible range of S (t) is derived: 

The assumption was intuitively made by Von Karman. The treatment by Lock for the 2 boundary layer 
flows assumes constant properties including temperature. By comparing the similarity of theoretical results 
between the Blasius' problem and the Howarth-Dorodnitsyn's problem as introduced in Section 4-1, the 
analogy between Eq. 37 and Eq. 38 is made to better describe the phenomenon where the physical properties 
of the gas would change, due to the high temperature at the gas / liquid interface. 
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.,, 

1 FD pr0 
<8 (t) <_ ` 0.332 p8. w(6ýjug, w(6) 

raar 
(39) 

It is seen that the analysis of the maximum surface velocity of molten metal layer, uo. m"', 

is necessary because uo, �, will produce the maximum S, (t) 
, 

by Eq. 39. Although S, (t) is 

left variable with respect to time, it is essentially limited within the scope, S, (t) E (0,51,, 
�ax 

J. 

As the boundary condition for 6, (t), Eq. 39 must be adhered to at each step of time 

evolution. 

4-5. Evaluation of derived quantities 

To complete this chapter, the derived quantities associated with the mechanism of the 

momentum interaction at the gas / liquid interface are evaluated based on the typical data in 

Appendices 1-3. The same data will be used for evaluations throughout Chapters 5-8 to 

maintain the consistency. 

Maximum shear stress applied at the liquid side of the gas / liquid interface 

The shear stress applied at the liquid side of the gas / liquid interface, is calculated by 

Eq. 29. It is observed that r,.,, only depends on the situation of the gas and varies with 

respect to x. At the bottom of the kerf, x=D, 

(i,, 
w 
)x=D = 89.923 (N / m2) . 

Heat cooling effect by the gas 

The heat cooling rate by the gas, ems, is calculated by Eq. 31. Associated with (r1 )x, it 

only depends on the situation of the gas. Taking the boundary condition for T (t) into 

account: 

Tm <_ T (t) < Tv (40) 
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e. ý is calculated by introducing Eq. 40 into Eq. 31: 

ecwi ? 17.06(W). 

Maximum surface velocity of the liquid at the gas / liquid interface 

The maximum surface velocity of the liquid at the gas / liquid interface, uo, m , 
is only 

dependent on the properties of the gas and the liquid at the wall temperature, respectively. 

It is calculated by Eq. 38: 

uo , �.. = 2.43 (m / s). 

By Eq. 33, the surface velocity of the liquid at the bottom of the kerf, uo , is bounded: 

0< uo <_ 2.43 (m / s). 

Maximum thickness of the molten metal laver 

The thickness of the metallic liquid film at the bottom of the kerf, ö, (t), is essentially 

associated with the local surface velocity of the liquid at the gas / liquid interface, uo , 
by 

Eq. 32. If uo reaches to uo.,,., 81 (t) reaches to the maximum, correspondingly, by Eq. 39: 

81 
, �a. = 0.105 x 10-3 (m. ). 

By Eq. 39, the boundary condition for 8, (t) is: 

0<5, (t)50.105x10-3(m. ). 

Maximum removal rate of the liquid 

The removal of the molten metal layer occurs at the bottom of the kerf. The removal 

rate, thou: , 
is calculated by Eq. 6", taking S,, 

m =0.105x 10-'(m. ): 

0 <moot <_2.014x 10-' (kg/s). 
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4-6. Justification of theoretical treatment of liquid 

The possible range of b (t), e. g., 0< 81 (t) <_ 0.105 (mm), justifies heavily that the flow of 

the molten metal layer, in Chapter 3, has been treated as a quasi-shear-stress boundary-layer 

flow with linear velocity profiles at every section of the flow (except x=0). The 

magnitude of 8, (t) is also supported by several authors [2,3,5,8,10]. 

The fact that S (t) in Y is far less than the average measured kerf width, w, in Z, certifies 

that the 2-D modelling, in X-Y plane, is very effective in describing the 3-D practical laser 

cutting system. 
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Chapter 5. Exothermic reaction between oxygen 

gas and metallic liquid 

This chapter deals with the exothermic reaction mechanism between the oxygen gas and the 

molten metal liquid. It is generally realised that, in the oxygen jet gas assisted CO2 laser 

cutting of mild steel, the energy of the exothermic reaction entering the molten metal layer, 

e,, is at the same magnitude as the focused laser power [P. 213, reference 1], [3,5] '. Two 

possible chemical reactions are analysed, i. e., between Oa and liquid Fe with their product 

in liquid phase, and between OZ and gaseous Fe with their product in gaseous phase. The 

former is studied based on the experimental findings by Powell et al [1,31,32]. The latter is 

investigated with the method of calculation derived by Dutta and Scott [P. 84, reference 3], 

which is listed in Appendix 4. Comparing the calculated value of e. with the focused laser 

power, P,, using the data in Appendixes 1-3, the exothermic energy generated due to the 

chemical reaction of O2 and vapour Fe is disregarded. 

For the chemical equilibrium identified, the enthalpy of reaction, &Hl T, is calculated with 

Hess' principle using the respective heats of formation from standard tables [30]. &JT 

essentially depends on T (1) at which the oxidisation occurs at the gas / liquid interface. 

The mass rate of the molten metal entering exothermic reaction, tim., is evaluated on the 

assumption that all the atoms of liquid Fe existing only at the surface of the molten metal 

layer, at the gas / liquid interface, are fully oxidised; the exothermic heat generated enters 

the metallic liquid. 

* The conclusion is supported by the experimental test in Chapter 9: if the oxygen gas is replaced by inert 
gases such as argon, using the data in Appendix 1, there are no possible cuts at all, regardless of how slow 
the cutting velocity is adjusted. The result is shown in Fig. 28 
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Knowing 1Hl ,. and m. 
, the energy rate of the exothermic reaction entering the molten 

metal layer, e«, is calculated by e. = dHI,. 
I x moo, which is essentially associated with 

8, (t) and T (t). 

Finally, the derived quantities are evaluated with the data in Appendices 1-3. 

5-1. Mechanism of chemical reaction 

5-1-1. Chemical reaction of 02 and liquid Fe 

The analyses based on the experimental work, introduced by Powell ', suggest that the 

type of oxidisation reaction in cutting mild steel is expressed by the chemical equilibrium: 

2 x(02)+1 x(Fe)-1 x(FeO)+zUI . (41) 

where, the symbol () denotes the gaseous phase; {} the liquid phase. 4Hl T, (t) denotes the 

enthalpy of reaction at T, (t). 

Eq. 41 reflects the mechanism of the exothermic reaction between the 02 and liquid Fe : 

the major product is FeO in liquid phase, rather than Fe203 or Fej04. With the theory of 

thermochemistry [35], LH)T, (t) is determined with the heats of formation for two reactants 

and one product. The heats of formation are thermochemical properties and temperature- 
dependent. Due to the high temperature of the chemical reaction, the chemical equilibrium 
is assumed to be established as soon as the fresh reactants meet each other. 

` By collecting the oxidised material as it leaves the bottom of the cut zone, the wet chemical analyses for 
the ejected particles are carried out. The analysis indicates that FeO is the major constituent of the oxide. 
The details are referred to [P. 211-213, Reference 1] 
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5-1-2. Chemical reaction of 02 and vapour Fe 

Assuming that the chemical reaction occurs between the O, and the saturated metallic 

vapour of Fe with the product of FeO in gaseous phase, the work by Dutta and Scott [3] 

is able to calculate the rate of exothermic heat from the reaction zone of gases into the 

molten metal layer. The chemical equilibrium is described, correspondingly, 

2x 
(O2) +1x (Fe) =1 x (FeO) + dHI T (42) 

where, two reactants and one product are in gaseous phase, denoted by ( ). The enthalpy of 

reaction from this chemical reaction at T, (t), LW] TI(t) , can be calculated. 

By theoretically solving the laminar boundary layer governing equations for ideal gases 

(OZ , vapour Fe and vapour FeO) in chemical equilibrium, the rate of exothermic heat 

from the reaction zone of gases into the molten metal layer, e., is calculated. In this case, 

the quantity (m,, ) is assumed to be sufficient to supply a concentration of Fe vapour for 

the chemical equilibrium with the maximum concentrations of the reactants (02, Fe ), 

which can be diffused and convected through the boundary layer of the gas mixture from 

the external free stream to the interface of the gas mixture and the metallic liquid *. 

The method of calculation derived by Dutta is listed in Appendix 4. Based on the data in 

Appendixes 1-3, the typical value of e is calculated and analysed. 

* The details are referred to the Method of Calculation, in Chapter 5.6 in Dutta's PhD thesis [3] 
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5-2. Enthalpy of reaction 

As analysed in Section 5-1-1, the enthalpy of reaction for the chemical equilibrium shown 

in Eq. 41, *,, 
(t), only depends on the heats of formation for three participants at the 

reaction temperature of T, (t). It is calculated by Hess' principle [P. 6, reference 30]. 

The heats of formation at the reference temperature, T= 298 (W), are listed below each 

participants with the original units [Table A, reference 30]: 

Ix 
(O2) +1x (Fe) =1 x (FeO) + &Hl r 

heat of formation at T= 298 (K): 00- 63.2 

units: kCal / mole 

By Hess' principle, AHl Tat T= 298 (°K) is calculated: 

dHI 298K =1x (-63.2) -Ix (0) -1 x (0) = -63.2 (kcal /mole of Fe) 

4.74 x 106 (J/kg of Fe) (43) 

where, the negative sign means that the chemical reaction system releases energy. 

AHl ,y (t) at T (t) >_ 1800 (W), is modified by Kirchhoff s equation, knowing AHl 298K in 

Eq. 43 [P. 9, reference 30]: 

T1 (t) 
AM r, (r) 

jdCp dT 
298 

(44) 

where, AC,, is defined for the chemical equilibrium in Eq. 41: 

4Cp=1xCp(FeO)-2xCp(O2)-1xCp(Fe) (45) 
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where, the heat capacities for 3 participants are (Tables Cl, C2 in reference 30): 

-1 
for Fe, Cp (Fe) = 8.873 + 1.474 x 10-3 xT- 56.92 x T-2 (Call mole °K); 

for 02, Cp(02)=7.16+1.0x10-3 xT-0.4x105 xT-2 (Cal/Mole °K); 

for FeO, C. (FeO) = 11.66 + 2.0 x 10-3 x T- 0.67 x 10 SxT -2 (Cal / mole °K); 

By contributing the data above into Eq. 45, ACp is discovered: 

JCp=-0.795+0.026x10-3 xT-0.47x10-' xT-2+56.92xT2 (45') 

Combining Eq. 45' and Eq. 44 gives: 

AHIT, (, )_ -4.74x106+ 

Ti(t) 

f (-59.586 + 1.945 x 10 -3T - 35.227 x 105 T-2 + 4266.211T-0'5)dT (46) 
298 

where, the unit is: J/ kg of Fe ; the result in negative value denotes the oxidisation releases 

the heat. Eq. 46 shows that LH+ T, (: ) is essentially temperature-dependent *. 

* Let T, = 2000 (OK), for example, AM 2000K =-4.613 x 106 (J / kg of Fe). This result is supported by 

that recommended by Powell [P. 213, reference I], where AM 2000K =-4.612 x 106 (J / kg of Fe ). 
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5-3. Mass rate of the molten metal entering exothermic reaction 

For the chemical equilibrium, by Eq. 41, identified for the oxidisation mechanism in the 

cutting system, the molten metal entering the exothermic reaction must be part of the iron 

removed from the cut zone. This fact can be mathematically interpreted as: 

mexo =k- moot 10< 
kam, <1 (47) 

where, m,.: the mass rate of the molten metal entering the exothermic reaction; 

m, : the mass rate of the molten metal flowing out of the CV, as shown in Fig. 9; 

By contributing th., by Eq. 6" in Chapter 4, into Eq. 47, rir o 
is associated with 8, (t) 

and k, 

"r151(t)J 
la 9, w 

u 
ritte =k, xo " 

0.166wPr 
PU 

D9 

2 

P1 pg. 
w g 

pg, 
w 

l (47') 

In Eq. 47 or Eq. 47', k. is still an unknown variable; it is expected to be associated with 

the 5 time-dependent variables, essentially 

* As a first approximation, Powell [P. 213, reference 1] evaluated the oxidisation heat, e, 
, =1KI T, x m., 

with m,. 
o =', by assuming k. 

0=0. j. Scientifically, for the dynamic modelling in this thesis, moo is 

derived to be time-dependent. 
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It is intended to directly derive the relationship between moo and the 5 time-dependent 

variables, e. g., S (t) 
, as follows. 

Assuming that the oxidisation only occurs at the surface of the molten metal layer, that is, 

only the atoms of liquid Fe existing at the surface of the molten metal layer have chances 

to meet fresh oxygen molecules, it is seen that thexO is proportional to the average surface 

velocity of the molten metal layer, z, o, at the gas / liquid interface *: 

mexo oc Wl'o (48) 

The local surface velocity of molten metal layer at the gas / liquid interface, u10 , varies 

with x; this has been derived in the footnote in Page 37, i. e., 

0 . 332 pg, wUg 
2 0.332 pg wUg1 zD ui. o - so = and -=r (49) 

pg, wUg D Pg, wUg D So 6(t) 
lul 

p9 
wi 

/tý 
ýý 

fig 
wr 

ýti 

ül, o is defined as: 

_ 
1° 

u,, o =DJ ut. odx 
0 

(50) 

` For the extremely thin layer of thickness up to the magnitude of the atomic diameter of iron, at the 
liquid surface, its average velocity is ü, o, rh... is calculated: m. = (w 1p, ) i. The assumption that 
the oxidisation only occurs at the surface of molten metal layer yields: atomic diameter of iron. In 
this case, A. is proportional to tt1, o . 
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Contributing Eq. 49 into Eq. 50 and letting uß, 0 = uo when x=D, i 1,, is related to uo : 

2 
ul. o = 3-uo 

(51) 

Combining Eq. 48 and Eq. 51 yields: 

M. a ül. o oc uo (52) 

Eq. 52 shows that M. is proportional to the surface velocity of the molten metal layer at 

the bottom of the gas / liquid interface, uo . 
Further, uo is in linear relation with the local 

thickness of the molten metal layer, S (t), as is proved by letting u1, o = uo when x=D, by 

Eq. 49. So, m. can be found to be proportional to 8, (t), eventually, 

m ocuooc8ý(t) (53) 

Eq. 53 can be mathematically interpreted as follows, by introducing the constant, C.., 

rn8, =C. "s(1) (53') 

where, Coo is defined as the combustion efficiency coefficient. Keeping in mind that Coo 

is essentially a time-independent constant, the significance and the calculation of C. are 
discussed in the next section. As soon as C. is determined, the mass rate of the molten 

metal entering the exothermic reaction, m,,, can be directly related to S (t), by Eq. 53'. 
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5-4. Significance of combustion efficiency coefficient, C.. 

By Eq. 53', the combustion efficiency coefficient, C,.,,, holds two characteristics. On one 

hand, C. must satisfy the dynamic energy balance around the molten metal layer (Eq. 9) 

with respect to time, through moo 
. When the energy balance starts with the specific initial 

conditions for the 5 time-dependent variables, C. is correspondingly determined at the 

start of time. Therefore, it is initial-condition-dependent. On the other hand, C, 
', stays the 

same with respect to time after it is determined by the given initial conditions. Essentially, 

in conclusion, Coo is an initial-condition-dependent, time-independent variable for the 

cutting system'. The nature of Coo makes the treatment for it different from the other 

time-independent variables, listed in Appendixes 1-3. 

Knowing the method to calculate C.,,,, moo is associated with 8, (t), by Eq. 53'. The 

derivation process is independent of the definition of ken,, in Eq. 47'. The interest may be 

further to answer the question raised at the beginning of this section: how key can be 

evaluated if Eq. 47 or Eq. 47' is used to calculate m, 

This is carried out by comparing Eq. 53' with Eq. 47' to relate ken, to C. and 8, (t): 

` Being an initial-condition-dependent, time-independent variable, Cam, is mathematically determined as: 
for dynamic energy balance, in Eq. 9, which is generalised as: 
d7 (t) 

= Fr. (C. 44(t), TI (t), V 
, (t), y(t), Prýý (t)), where Fr, represents the derived function by Y Eq. 9. 

Letting 
di t) 

=0 for the given initial condition: 6, (0), 7(0), V 
, 
(O), y(0) and P (0) ,C can be 

calculated. Keeping this value constant in each step of time evolution, the differential governing equations 
including the energy equation can be numerically solved for the 5 time-dependent variables. The details are 
referred to in Chapter 8 

" Conceptually, Eq. 47 is easy to understand: m. is only part of mo , and k. 
0 simply means the ratio of 

, xi. to mz� . This concept has always been used in major research [1,2,7,23], where, as a first 
approximation, taking a certain value for k., e. g., k, = 0.5 by Powell [P. 213, reference 1], is the usual 
way to calculate M. and thus e 

,0. 
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-1 

k. (51(t)=C,.,, "I0.166 
w-i Ps. wUsZ 
Pi PgWUgD Ipgw 

(54) 

In Eq. 54, the right side of the equation is a new time-independent variable, which can be 

determined as soon as the cutting system starts from the initial dynamic balances. It can be 

concluded that ken,, by Eq. 47', is inversely proportional to the thickness of the molten 

metal layer, 8, (t). For the steady-state modelling, e. g., in the previous work [1,2,3,5,23], 

taking S, (t) as time-independent variable yields constant kexo, with respect to time. In this 

case, keo can still be calculated by Eq. 54. 

5-5. Exothermic reaction energy release, e,. 

It is intended in this thesis to use C. to calculate the rate of exothermic reaction energy 

release, e,, rather than kexo. Combining Eq. 46 and Eq. 53' yields, 

e= /iH]TI(t) X m. 

=C xs(t) x[-4.74x106+ 
Ti(t) 
f (-59.586 + 1.945 x 10-3T - 35.227 x 105 T-2 + 4266.211T-0'3)dTJ (W. ) (55) 

298 

where, e, is in the unit of watt. Eq. 55 shows that e. is essentially associated with 2 

time-independent variables, S (t) and T, (t). It is to be contributed into Eq. 9. 
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5-6. Evaluation of derived quantities 

At the completion of this chapter, the derived quantities associated with the mechanism of 

the oxidisation reaction at the gas / liquid interface are evaluated, based on the typical data 

in Appendices 1-3. Some data evaluated in Chapter 4-5 are used. 

Enthalpy of reaction 

The enthalpy of reaction, dHl ,, (, ) , 
for the chemical equilibrium in Eq. 41, 

2 x(02)+1 x (Fe) =1 x (FeO)+AHI 
r 

is calculated by Eq. 46, 

zHl , y(, ) = -4.74x 106+ 

T, (t) 
f (-59.586 + 1.945 x 10-3T - 35.227 x 10-'T -2 + 4266.211T-0'5)dT 

298 

at T(t)=T°, =1808 (°K), AM T, (, ) =4.621x103 

at T (t) =1900 (°K), AMT 
, (t) = 4.621 x 103 

at T (t) = 2000 (°K), 4F1J 7i(t) <_ 4.613 x 103 

at T(t)=2100(°K), 4 
]T, (f): _4.609x103 

at T, (t)=2200(°K), £4HJT, (t) : 4.606x10' 

at T (t) =2300 (°K), AMI T, (1) 5 4.602 x 103 
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It is seen that, although LHl ,., (t) is temperature-dependent, the variation of LHl T, (, ) at 

1 (t) = 1808 - 2300 (°K) is negligible in comparison with the base value of dHl It 

is thus precise enough to take: 

LW] T, (t) = dHj 2ýK =-4.613 x 106 (f/kg of liquid Fe) (46') 

when T (t) practically varies around 2000 (K). Eq. 46' is to be used in calculating ee 
,, 

instead of Eq. 46. 

Mass rate of the molten metal entering exothermic reaction 

The mass rate of the molten metal entering exothermic reaction, m9 
0, can be calculated by 

either Eq. 47' through ku,, or by Eq. 53' through C,,,,. The relation of k. and C. is by 

Eq. 54. Because of the nature of C. (initial-condition-dependent, time-independent), the 

intention here is to evaluate the maximum m by Eq. 47': 

z wp! PB, wU9 2 ma =k0.166 ýý (t)ý 0<k. <_ 1 
fit P8, WUgD 

/ fug, w 

Letting km� =1 and S (t) =S�=0.105 x 10--'(m), from Section 4-5; using the other 

data in Appendixes 1-3, the maximum m. is: 

0 <m o<_2.014x10-3 
(kg/s) 

Exothermic reaction energy release 

The exothermic reaction energy release, e., is calculated by Eq. 55: 

e-= d"jT, (o x m. 
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Taking 0<m. <_ 2.014 x 10-3 (kg / s) and 

r, (t) _ I2000K =-4.613 x 106 (J/kg of liquid Fe), by Eq. 46', 

into account, e is: 

0 <eexo <-9.29x103 (W. ) 

5-7. Justification of theoretical treatment of oxidisation reaction 

The exothermic reaction mechanism between the oxygen gas and the molten metal liquid 

has been analysed for two possible chemical reactions, i. e., 

2x(02)+1x(Fe)=1x(FeO) 
+iHlT (41) 

and, 

2x 
(O2) +1x (Fe) =1 x (FeO) + AH T (42) 

For Eq. 41, the calculation with the typical data shows that, when k. = 1, the maximum 

value of e, could reach 9.29 x 103 (W. ) 
. k. is essentially variable with 8, (t) ; it can 

be determined by the introduction of C which is initial-condition-dependent but time- 

independent. The determination of C,,, will be shown in Chapter 8. Variable k. makes it 

possible for e to be within the magnitude of P,, as expected. 

For Eq. 42, the calculated results listed in Appendix 4 suggest that the oxidisation heat 

generated due to the chemical reaction of OZ with vapour Fe can be ignored. 
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Chapter 6. Energy loss from liquid into solid 

The energy loss from the molten metal layer into the substrate solid, along the liquid / solid 

interface, is studied in this chapter. In a practical laser cutting system, it is responsible for 

the phenomenon of heat affected zone (HAZ). In the physical model in Fig. 9, the rate of 

the energy loss at the liquid / solid interface is denoted as elo... 

The mechanism of the heat transfer at the liquid / solid interface is analysed, i. e., how the 
heat flow goes from the surface of the liquid at T, (t), at the gas / liquid interface, into the 

surface of the solid at T,, at the liquid / solid interface. The theories of heat conduction 

and heat convection are applied. The calculation of eb., is carried out based on the heat 

convection theory for boundary layer flows, rather than the heat conduction theory. Several 

calculating methods based on the moving heat source theory, which is essentially related to 

the heat conduction in solids, are listed in Appendix 5 for reference. The justification of the 

theoretical treatment of the energy loss at the liquid / solid interface is made by comparing 
the calculating results of e,. with the typical data listed in Appendixes 1-3. 

6-1. Heat transfer mechanism at liquid / solid interface 

The heat transfer from the molten metal layer into the substrate solid at the liquid / solid 
interface is shown in Fig. 13, where, in X-O-Y system, the flow of the molten metal layer 

has been taken as a quasi-shear-stress boundary layer flowing over the "flat plate" made of 

substrate metallic solid at T. in Chapter 3-2. On the left side of the liquid / solid interface, 

the heat is convected to the liquid / solid interface due to the temperature difference of 
[T (t) - T. ], identified as ems,,,, 

. On the right side of the liquid / solid interface, the same 

amount of heat is conducted from the interface into the infinity due to the temperature 

difference of [T�, 
- Ta ], identified as ems, 

. 
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Although the heat transfer mechanisms on two sides of the liquid / solid interface are 
different, their relationship can be ascertained by Newton's law: 

at y=O, T=Tm, 

eýom = 6. d =- (WD)Ks( 
dT 

)Y=O (56) 

Eq. 56 states that the total heat convected from the gas / solid interface to the liquid / solid 
interface is due to conduction in the solid. e, 

oss 
is thus calculated as: 

eý =ego,,, = eco�d =- (wD)KS ( 
dT 
dy )y=o at y=0 (57) 

0 
S Y 

Tm 

Figure 13. The heat transfer mechanisms on two sides of the liquid / solid interface are 
different: on the left side, the heat convection exists; on the right side, the heat conduction 
exists. At y=0, e, = ems,,,, = dcmd 

It is noted that, if one tries to calculate e, 
os, 

by analysing e, it is crucial to evaluate 
dT 

(dy) at y=0 carefully. In this chapter, eco,,,, is analysed, instead, taking the molten metal 
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layer as a quasi-shear-stress boundary layer flow. In this case, e,. can be discovered by 

Eq. 57. 

6-2. Heat convection from metallic liquid flow into substrate solid 

In X-O-S co-ordinate system in Fig. 13, taking the flow of molten metal layer as a quasi- 

shear-stress boundary layer flow over the "flat plate" made of the substrate solid, the local 

heat transfer coefficient, (c,, ),. 
w , 

is calculated by the modified Reynolds' analogy *: 

/ /Cf 
0.332 PICO 

(_213) 
2K 

(58) 

Plýlox / fir r 

where, (cr the local skin friction coefficient, applied at the liquid side of the liquid / 2 

0.332 
solid interface, (f ); 

w=_ 2 Prurox /lur 

(Pr), : Prandtl number for the liquid, (Pr), _K 
r 

ü,, o : the average value of u,, 0 along X, ü, o=3 uo by Eq. 51 

p, : the density of liquid at around T. ; 

K,: the heat conductivity of liquid at around Tm ; 

c p,, : the specific heat of liquid at around T.; 

The characteristics of this liquid boundary layer are described by the governing differential equations of 
mass, momentum and energy. Similar to the treatment of gaseous boundary layer, introduced in Chapter 4, 
Blasius' solutions are applied, which concern the laminar boundary layer with constant physical properties 
(density and viscosity) [P. 8-56, reference 20] 

4* i,,, is, by the definition, taken as the reference velocity for the liquid boundary layer flow; normally, it is 
taken as the maximum velocity of the flow at the edge of the boundary layer [P. 8-56, reference 20]. 
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By the definition, the flux of heat convection from the liquid boundary layer to the wall of 
liquid / solid interface is: 

0.332p1u,, ocp., [T (t) - T. 1 
(/tjCp, t )(-ats) 

Piu,, ox / , ui K: 
(59) 

where, T (t) : the surface temperature of molten metal layer at the gas / liquid interface; 

T, 
� : the temperature of fusion of liquid at around pa, T. = 1808 (OK); 

The rate of heat convection, e.,,,,, is thus evaluated by integrating Eq. 59 along the kerf 

depth in X 

D P, üI, o eý, 
rv =f 41, (w " d') = 0.664 wcp. l T(t)- 7m I 

(-ICp, r )r ai3J (60) 
0 (P, 

t, o) 
/ (DP1) K, 

Combinin ebE. 60 and ü2 $. Yq,, o =3 uo by Eq. 51 into Eq. 57, e,. is thus derived, 

0.664 ? wp`uocp. r [T (t) - T. ] 
(lu1Cp, 1ý(-zie) 

3 (Ptuoi/(Du1) K, 
(57') 

As the surface velocity of the molten metal layer at the bottom of gas / liquid interface, 

uo , 
is essentially associated with 8(t), by Eq. 32, 

0.332 p8 ,, 
Ug2 

U0 = (t) (32) pg, wUgD PI 
14g, w 

Combining Eq. 32 and Eq. 57' yields, 

I 
ego = 0.312wD4 Pý2Cp, l(P -P, ) j [Pg, 

wPg. wUg 
4[T (t)- TmJ Tl( (57") 

K, 
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Eq. 57" shows that e,. is essentially associated with 2 time-dependent variables, 8, (t) 

and T (t). It will be used and contributed into Eq. 9 in Chapter 8. 

6-3. Evaluation of derived quantities 

In this section, the derived quantities associated with the mechanism of heat convection 

on the liquid side at the liquid / solid interface are evaluated, using the typical data in 

Appendices 1-3. The derived quantities associated with the mechanism of heat conduction 

on the solid side at the liquid / solid interface can be referred to in Appendix 5, using the 

same typical data. 

The rate of energy loss from the molten metal layer into the substrate solid, e, (W. ), is 

calculated by Eq. 57": 

1[ I All 1Z[, 
e10a = 0.312wD4 p, ýcp,, ( 

K"' 
)j pgW . 

U3 ]4[T, t- T�, }J &I 

The typical data from Appendices 1-3 are listed as follows: 

w=2x10-3(m. ); D=6x10-3(m. ); 

p, =7.86 x 103 (kg/m3); cp,, = 664.8 (J/kg"°K); 

, u, = 3.9 x 10-3(N s/m2); K, = 41.8 (W /m"°K); 

, ug�, =7.03x10-s(N"s/r2); 

Ug = 301.6 (m / s) ; 

pg. w =0.228 (kg/m3) at T�, =1808(°K); 

Taking 7(r) = 2000 (OK); 81. 
-- =0-105 x 10-3(m. ), in Chapter 4-5; 

e, 
o., 

is discovered: e= 589.2 (W. ) 
. 

60 



Energy loss from liquid into solid /Justification of theoretical treatment of heat transfer at liquid / 

solid interface 

e10., is discovered: e10., = 589.2 (W. ) 
. 

It is noted that, when 0< &1 (t) < 5,,,, and T, (1) varies around 2000 (°K ), with respect 

to time, e1 is the same magnitude as the focused laser power, P, = 800 (W) 
. 

6-4. Justification of theoretical treatment of heat transfer at liquid / solid 
interface 

The analyses of the mechanisms of heat transfer through the liquid / solid interface, 

making the heat loss (elm, ) unavoidable, suggest that e,. can be approached by calculating 

ems,,,,, due to the heat convection on the liquid side at the liquid / solid interface, or 

calculating e. d, due to the heat conduction on the solid side at the liquid / solid interface. 

In previous research [3,5,23,35], the heat conduction characteristics are focused. The 

calculating methods are usually associated with the moving heat source theory [33,34]. 

As shown in Appendix 5, the fundamental theory derived by Carslaw and Jaeger [Section 

10.7, reference 34], in X-O-Y in Fig. 13, 

T'') 
2ýcK D. exp(2k) " K0(Zk) when y #0 (A5-3) 

sss 

requires y#0, mathematically. Physically, however, its application requires that: 

T(y00) = T�� in Eq. A5-3, because T. only exists at the liquid / solid interface, i. e., y=0. 

For this reason, the calculation of e, in this thesis is carried out by evaluating ems,, 
. 

The 

test of e, with the typical data in Appendices 1-3, by Eq. 57", supports the reasonability 

of the theoretical treatment, simply by comparing e10 = 589.2 (W. ) with P, = 800 (W) 
. 
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Chapter 7. Dynamic absorption of laser power 

In this chapter, the dynamic absorption of the laser power (P, ) by the workpiece, identified 

as P,,,, bs(t), is studied by analysing the relative displacement between the laser beam front 

and the fusion front at the liquid / solid interface, identified as y(t). In the theoretical laser 

cutting system, as shown in Fig. 9, y(t) can vary with respect to time, simply because there 

is no physical bond between the laser beam at V. and the fusion front velocity at Ve (t) 
. 

The analyses of the mechanism of dynamic absorption of laser power are thus to identify the 

interrelations of the time-dependent variables, i. e., Pl ., Jt), y(t), Ve (t) 
, assuming that P 

and VV are constant with respect to time, respectively. 

The ideal 3-D laser power with Gaussian profile is transformed into the 2-D model to fit 

the interest in X-O-Y plane: along Y, the power intensity is in Gaussian profile; along Z, it 

is even, as shown in Fig. 9. 

The derived quantities are tested with the typical data in Appendices 1-3. The theoretical 

treatment of P,.,, b, (t), y(t) and V (t) will be analysed in comparison with the steady-state 

analyses in previous work. 

7-1. Mechanism of dynamic absorption of laser power 

The "non-contact" interaction between the focused laser beam and the workpiece can be 

shown in Fig. 14. If P, is constant, the absorption of the laser power, P, 
abS, 

depends on the 

absorptivity of the heated workpiece to the CO2 laser light of wavelength 10.6, um. , and 

the intersecting area of the laser beam and the workpiece. 

Experiments show that the absorptivity of mild steel to CO2 laser light increases when the surface 
temperature gets higher: it is only 3% at room temperature, showing extremely high reflectivity to the laser 
light; At T. = 1808 (W), it goes up to the greatest, 97% [1,251 
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Assuming the absorptivity of mild steel at T. is unity, it is seen that P, only depends on 

the intersecting area of the laser beam and the workpiece, as shown in Fig. 14. 

2b -' 

width ofthroat/ Vý 

of gas jet at V. 

Gaussian profile of 
focused laser powc 

[Pi -P 

fusion front 
at liquid / solid inter 

Y 

Figure 14. Dynamic absorption of laser power by the workpiece due to the "non-contact " 

intersection. When Ve (t) oscillates around V,, with respect to time, y(t) varies. This 

makes P,., b, (t) vary with respect to time, too. X-O-Y system is the same as in Fig. 9 
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The underlying reason for the dynamic absorption of laser power by the workpiece is due 

to the fact that there is no physical bond between the fusion front at Ve (t) and the laser 

beam light at V,. Therefore, keeping VV constant with respect to time does not guarantee 

the fusion front, at the liquid / solid interface, to propagate constantly. The velocity of the 

fusion front is thus treated as one of the 5 time-dependent variables in this thesis. It is 

expected that Ve (t) would oscillate around V. with respect to time. Fig. 14 shows clearly 

that the change of Ve (t) directly produces the changes of y(t) and Pt,, bs (1), respectively. 

7-2.2-D Gaussian profile of laser power intensity 

In accordance with the 2-D nature of the dynamic modelling throughout this thesis, i. e., in 

X-O-Y, the focused laser power is assumed as a 2-D model, as shown in Fig. 9 and Fig. 14: 

9 in Y, the power intensity holds Gaussian profile; in X and Z, it is even; 

9 the dimension in any section vertical to X is a square: 2a x 2a (m2 ); 

9 2a =w (m. ); 

By the assumptions, the power intensity of P in Y is, 

I 

where, r: the radius from the beam centre, in Y; 0: 5 r: 5 a (m. ); 

1: the power intensity at the beam centre (W / m2 ); 

The total laser power is defined as, 

a 

P1 = 2f [I(, )2a](dr) (62) 
0 
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Combining Eq. 61 and Eq. 62, I can be found out, 

e1 P 
Io = 2(e2 -1) 

' a2 
(63) 

By contributing Eq. 63 into Eq. 61, the assumed laser power intensity is, 

e2 P, 1 
ýa 

e2r 
rl (64) 

laJ 

It is seen that, by Eq. 64, given P, and a, the power intensity, 1(r), is the function of r. It 

assumes that, at the beam centre, I(o) =10 ; at the beam front, I(a) = 0.1353310. 

7-3. Influence of fusion front velocity on laser power absorption 

Assuming that the focused laser beam is vertical to the surface of the workpiece and the 
thickness of the molten metal film is negligible in comparison with a, as shown in Fig. 14, it 

can be observed that the magnitude of [y(t) +D" cos a] represents the absorption of laser 

power by the workpiece, P, 
" 

(t); the magnitude of [2a 
- y(t) -D" cos a] represents the 

energy which is not absorbed by the workpiece, [P, 
- P,... (t)]. P,., 6, (t) is thus calculated, 

When, a- D- cot aS y(t) < 2a - D- cot a, 

r=y+D"cota-a>_0, 

r 

P1 (t) =2+f 
[I(,. 

) 2a, (dr) 

Combining Eq. 65 with Eq. 64 gives, 

(65) 
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P, e2 r a-y(t)-D"cotalip, P,, 
ans 

(t) =2+ 2(e2 -1) 11- exp[2 
a 

(65') 

When, -D"cota <_ y(t) 5a- D- cot a, 

r=a-y-D"ctga>_0, 

Pi. it)= 2j - 
J[I(r)2a't') 

0 

Combining Eq. 66 with Eq. 64 gives: 

(66) 

PP. 
avs(t) = 

P` 
-2 1-exp 2y(t)+D"cota-a p (66') 

2 2(e-' -1) a 

li, 

When, 2a - D- cot a<_y(t)<_2a, 

Pi. 
ab, 

(t) = P! (67) 

Eq. 65', Eq. 66' and Eq. 67 reflect the fact that P,, (t) is associated with y(t) . y(t) is 

the co-ordinate of the front of the focused laser beam in Y. The boundary condition for 

y(t) in each step of time evolution can be generalised as, 

-D"cota<_y(t)S2a (68) 

for, 

0sPmo(t)sP, (69) 

If , y(t) <-D" cot a or y(t) > 2a 
, P, 

Qbs 
(1) =0 is expected. The boundary conditions 

for y(t) and P,,, (t) derived in this section will be applied and discussed in Chapter 8. 
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Further, it is intended to ascertain the relationship among y(t), Ve (t) and V, in Fig. 14, 

d 

dt[. v(t)]=v -vs(t) 
(70) 

The dynamic absorption of laser power is derived by differentiating Eq. 65' and Eq. 66' 

with respect to y(t), respectively, and then combining them with Eq. 70: 

d [P,,, 
ýu 

(t)] = 
(t) [P, 

ý (t)] x 
dt [v(t)] 

y] 
e2P Vc - Ve (t) (71) 

(e2 -1) a 
exP2L(t)+D"cota-al 

a 

where, the conditions are generally stated as: 

- D"cota < y(t) :- 2a-D"cota; 

0: 5 P,, 
abs 

(t) < PI' 

by the conditions for Eq. 65' and Eq. 66'. 

When, 2a -D" cot a<_ y(t) <_ 2a, differentiating Eq. 67 with respect to t yields: 

dt 
[P""", (ol =0 (72) 

where, the conditions are, of course, 2a -D" cot a5 y(t) s 2a. 

Generally, it is seen that the absorption of laser power by the workpiece, P, 
abS 

(1), is 

associated with relative displacement between the fusion front and the focused laser beam 

front, y(t), identified by, 

" Eq. 66'when, -D" cot a5 y(t) 5a-D" cot a; 

" Eq. 65' when, a-D"cota <_ y(t) < 2a-D"cota; 

" Eq. 67, when 2a -D" cot a<- y(t) <- 2a. 
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y(t) is further associated with the difference of V,, and VB (t), identified by Eq. 70. Hence, 

as expected, P, (t), y(t) and VB (t) are associated with each other, with respect to time. 

7-4. Evaluation of derived quantities 

As before, this section is to demonstrate the static values of the derived quantities with 

the typical data in Appendices 1-3. 

Laser power intensity 

This is calculated by Eq. 64: 

e2 p1 
1ýr) 

2(e2 _ ])'-a 2 
e2r -' 

la) 

In appendix 1: P, = 800 (W. ) ;w=2x 10 -3 (m. ). So, a=2 =1 x 10 -j (m. ) 
. 

462.61x106 1 I-l (W /m) (r) 

e2`al 

at the beam centre, I =1(r O) = 462.61 x 106 (W / m2) ; 

at the edge of the beam (along Y, front or rear): '(r a) = 62.61 x 106 (W / m2) . 

It is seen that the power intensity depends upon two factors, the focused area and the 

power intensity profile `, as expected. 

The laser power of Gaussian profile is expected in the applications of laser cutting of metals. Therefore, 
the ideal power intensity of Gaussian profile is assumed for the theoretical laser cutting system throughout 
this thesis. However, the laser power used in the experiment can only be, very roughly, treated as a 3-D 
Gaussian profile, as shown in Fig. 18 in Chapter 9. 
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Absorption of laser power by work piece 

The absorption of laser power by the workpiece, P,,, (t), is a time-dependent variable and 

it is calculated by Eq. 65' or Eq. 66' or Eq. 67, depending on y(t) . 

I 
In Appendix 1: a= 2-w =1x 10-3 (m. ) ;a= 85 (°) ;D=6x 10 -3 (m. ) ;P= 800(w 

.); 

the calculated results are: 

" at y(t) = -0.525 x 10-' (m. ), by Eq. 66', P,,. b, (t) =0 (W. ) ; 

" at y(t) = 0.0 (m. ) 
, 
by Eq. 66', Pl, (t) = 116.3 (W. ) ; 

" at y(t) = 0.475 x 10-3 (m. ), by Eq. 66' or Eq. 65', Pl. (t) = 400 (W. ) ; 

" at y(l) = 1.0 x 10 ̀  (m. ) 
, 
by Eq. 65', P, 

,, t,, 
(t) = 700.7 (W. ) ; 

" at y(t) =1.475 x 10-3 (m. ), by Eq. 65', P,,,, b� (t) = 800 (W. ); 

" at 1.475 x 10 -3 -< y(t) S2x 10 -3 (m. ) 
, by Eq. 67, P,.,,, (t) = 800 (W. ) ; 

7-5. Justification of theoretical treatment of dynamic absorption of 
laser power 

The dynamic absorption of the focused laser power, identified as F ,,,,, s 
(t) 

, 
is physically 

shown in Fig. 14. It is focused at the influence of variable y(t), due to the oscillation of 

variable V8 (t) around V,,, on the absorption of the focused laser power by the workpiece. 
Consequently, P,,, (t) is assumed to enter the liquid surface at the liquid / solid interface 

evenly. 

In the simulation of P,. (t), the angle of the fusion front to horizontal plane, a, is taken 

into account. This is because, although the thickness of molten metal layer is negligible in 

comparison with a, the quantity of (D " cot a) can not be ignored, in comparison with a. 
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This is proved by the evaluations, above, with the typical data in Appendix 1. Even in the 

situation that a= 89 (°) 
, the quantity of (D " cot a) can reach 0.105 x 10-3 (M. ), 

In connection with the steady-state considerations in the previous major work [1,3,5,8,10, 

12,23,25,35,36,37,38,39], where the assumptions (V, (t) = VV; P,, (t) = P) were always 

made, the dynamic analyses in this thesis can be easily transferred into the steady-state 

analyses: 

Let, Ve (t) = Vc 
, 

by Eq. 70, dt (y) = vý - VQ = 0; so y(t) is a constant; 

Hence, let y(t) be any constant in the scope [(2a 
- cot a), 2a], 

by Eq. 65' and Eq. 67: Pl,, 1,, (t) = P, 
. 

It is seen that, in order to better model the reality in the laser cutting of metals, in which 

there is a lack of forced physical connection between V, (t) and V, the dynamic approach 

as in Fig. 14 is necessary. For this reason, the quantities P,. b, (t) , y(t) and V, (t) are 

treated as time-dependent variables for the theoretical laser cutting system. In this case, 

their dynamic characteristics are naturally observed by analysing their 1-order derivatives 

with regard to time, respectively. 
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Chapter 8. Differential Governing equations 

The nature of the theoretical laser cutting system as shown in Fig. 9 in Chapter 2 is analysed 

with the derived differential governing equations. The construction of governing equations 

is based on the analyses in Chapters 2-7. The complicated mechanisms in the laser cutting 

of metals are characteristic of the combined interactions between the gas flow, the liquid 

flow, the substrate solid and the focused laser beam. This fact is reflected, mathematically, 

by combining the derived equations which are associated with the individual interactions in 

Chapters 4-7, respectively, according to the basic principles, i. e., the flowing molten metal 

layer in the kerf satisfying the dynamic balance equations of mass, momentum and energy, 

simultaneously. 

The method to construct the differential governing equations is first demonstrated. The 

physical boundary conditions for the 5 time-dependent variables are analysed. The method 

to determine the special variable, C., 
o , which is initial-condition-dependent but time- 

independent, derived in Chapter 5, is demonstrated. In association with C., the nature of 

the differential governing equations are analysed, from the viewpoint of Chaos theory 

concerning a non-linear dynamic system. 

Finally, a sample of the differential governing equations is shown, based on the typical 

data listed in Appendices 1-3. The dynamic solutions, i. e., 4 (t), T, (t), V, (t), y (t), P. 
ab, 

(t), 

varying with respect to time, are demonstrated. The numerical method can be referred to 

the C program in Appendix 6. The reason for doing the programming rather than using an 

existing software is stated. 

8-1.1st-order derivatives of time-dependent variables 

In this section, it is intended to derive the rate of change, with respect to time, for the 

most concerned time-dependent variables, i. e., 4 (t), T, (t), V, (t), y (t), P,,. b,, (t), based on 

the previous analyses in Chapters 3-7. 
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8-1-1. The rate of change of 8! (t), [8, (t)l 

The mass balance in CV enclosing the molten metal layer in the kerf must be dynamically 

satisfied at any time, by Eq. 1, in Chapter 3: 

min = moot +mcv (1) 

where, m, 
� 

is calculated by Eq. 2: 

m;,, = Ps "w"D" VB (t) (2) 

rnoýý is derived as in Eq. 6" in Chapter 4: 

g, wUg2 moot = 0.1662! p PU 
ýtýý2 (6") 

A pd"w 
gD/pg. w 

Mc, is calculated in Eq. 3 in Chapter 3: 

mcv =2-p, 'w. D. 
(dtLS1(t)]) 

(3ý 

Contributing Eqs. 2,3,6" into Eq. 1 gives: 

Us 2 
i . D'V`(1)=0.166 

p8. w (t)ýa +1 'Pt 'D'A Pg, 
wUg1 

/ Pg 
w2 

di 

Rearranging Eq. 1' yields: 

d rý ßt)1 _2 
pS y fit) _ 

0.332 Ps. w'g2 1) 12 (73) dt l' 1 Pr Ur D Pg. wU8,6 ý P8 w1i 
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8-1-2. The rate of change of PP,, b (t) ,d 
[P" (t)1 

P,, 6, (t) has been derived in Chapter 7; it is calculated by Eq. 66', Eq. 65' and Eq. 67, up to 

the value of y(t). Its 1``-order derivative is derived in Egs. 71,72, depending on y(t), too, 

by the conditions for Eq. 65' and Eq. 66'. 

If, -D"cota <- y(t) S 2a-D"cota; 

and, 0: 5 P, (t) <_ PI, 

d ea (t) 
) 

Pj V, - V. 
dt 

[P''" (t)ý - (ea -1) af y(t) + D. cot a- al 
71 

exp 2 
a 

If, 2a-D"cota: 9 y(t)s2a, 

and, P,,,,, (t) =P, 

[p", (t)l =U (72) 
di 

It is also noted that, 

If, y(t) <-D" cot a and y(t) > 2a; 

and, P,. (t) =O, 

d 
[P,,, (t)] =0 (74) 

8-1-3. The rate of change of y(t), [y(t)j 

This has been derived in Eq. 70 in Chapter 7, 
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d 

dt 
[Y(t )] = vý - ve (t) (70) 

It can be seen that, in Fig. 14, the value of y(t) determines both P,,,,,, (t), by Egs. 71,72, 

74, and es�o . Assuming 2b as the width of throat of jet gas which moves with the laser 

beam (2b > 2a), the influence of y(t) on e, is described: 

If, y(t) >a+b and y(t) <a-b, 

eexo =0 (75) 

Whether e, #0 or e0 =0 will be used as the critical condition for judging if the laser 

cutting can continue or not. Numerically, it is monitored by y(: ) E [a 
- b, a+ b]. 

8-1-4. The rate of change of Ve (t) 
, 

IVI (t)] 

By differentiating Eq. 1' with respect to time; neglecting the second order infinitesimal 

quantity 
dt 

1dt in comparison with 
dt [8I (t), ; combining it with Eq. 73, it can be 

seen: 

dt 
[VB (01= 

0.664 PB. wUg2 SJV. (t)- 
0.332 2 P, PB. wU 

2 Zs(t) 
j 

(76) 

[J J Dfy p8 wUgD 
/ ýtg w 

Dftr Ps pg wUgD 
/ ft8, w 
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8-1-5. The rate of change of T, (t), 
- [T, (t)] 

The energy balance in CV must be dynamically satisfied at any time, in Eq. 9 in Chapter 3, 

P, 
abs(1)+e- +ein =ell +e, +e'l: +ecv (9) 

In Eq. 9, P, 
" 

(t) has been derived in Eqs. 65', 66', 67, in Chapter 7, depending on the 

value of y(t). It is noted that, only if -D" cot a5 y(t) <- 2a -D" cot a, 
dt ýPi. 

abs 
(t)] in 

Eq. 71 is valid to calculate P, 
" 

(t) 
. If 2a -D" cot a <_ y(t) <_ 2a, it is seen, P,, (t) = P, ; abs 

if y(t) <-D" cot a or y(t) > 2a, it is seen, P, 
"., 

(t) = 0. 

e, has been derived in Eq. 55, in Chapter 5, 

e. = 
*T, 

(t) x m. 

= C, x, 5, (t) x [- 4.74 x 106 + 

Ti(t) 
f (-59.586 + 1.945 x 10 -'T - 35.227 x 10' T -2 + 4266.211 T -° 5 )dT J (55) 

298 

Taking the magnitude of AH]T, (t) in Eq. 46' into account, Eq. 55 is simplified as: 

eexo = 4.613 x 106C, 8, (t) (77) 

e,, is calculated by Eq. 11 in Chapter 3: 

e,, =cv. s'A -w-D-T, �'V, 
(t) (11) 

eout has been derived in Eq. 14' from Chapter 4: 

75 



Differential governing equations /f -order derivatives of time-dependent variables 

wpl U2 
eout = 0.166 

pU 
D/ 

IcP'l T. +2 (t) 
+ hr 6(t)12 (14') 

pg.., 
g 

pg,. 

e, 
0 

has been derived in Eq. 76 from Chapter 6: 

4 2C 
-2 

A P. i 
[Pg. 

wPg wUg 
l°ýT (t) - T, 

� 
ý (t) (57") eioss = 0.312wD 

I 

K, 

e. 
O, 

has been derived in Eq. 35 from Chapter 4: 

D) wpg"wUg r` Cp, 
g. w7(t) -Cp, g7 J '-2/3 

ems, =f qg. 
w 

(w " dx) = 0.664 
T' 

(pr)g J (31) 
0 

(Pg, 
wvg)/(Dug'. 

) 

ecv is calculated in Eq. 15 in Chapter 3: 

ecv =1 PtwDcp., Tf(t) 
d [15, (t)]+ 

1 
p, wDh 

d [81 (t)ý 
2 dt 2f dt 

(15) 
+2 Pý wDc p., 

5, (t) dt 
[Tf (t)] 

Introducing Eq. 13 into Eq. 15 yields, 

ecv =1 plwDc p, i 
[T. +T, (t )] 

d [81(0] +1 prwDh fd 
[8! (0l 4 di 2 dt 

(15') 
+4 p1wDcp. i51 (t) d td 

(t)] 

By contributing P,,, (t) depending on the value of y(t) by Egs. 71,72,74, and Egs. 77,11 

into the left side of Eq. 9; Egs. 14', 57", 31,15 into the right side of Eq. 9; then contributing 

Eq. 73 into it, 
dt [T, (t)] is derived as follows, depending on the value of y(t) : 
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" when, -D"cota < y(t) 5 2a-D"cota, 

[T, (ol 
dt 

ýtý 
'rr 

ýtý7 
1 41 18.44 106 ]. 

a(o). 

[v/ (t ý, - + C. +smV. 

wDp, cp, wDp, cp., cp, 
ILU' J 

-2 -1 1.248 f hcp, 1 
-3K3 Pgw, ug, wUg) 

° [T (t) - Tm z 

P, D4t 

- 
2.656 Pg'. ug [r) -ass cPT (t) -cT, 

ýý (t)1 
T, 1 "g"w 

IPgg 
PlCp, l Pg. 

wvgD/ 
pgw 

- 
(ýPlolI 

VB (t) - 
[T. +T (tý] " 

[8, (t)1 '_ 4PChf 
VB (t) - 

[81(t)l(78) 
LlLJ Pl p,, 

d 
" when, 2a -D" cot a: 5 Y(t) <_ 2a, 

dt 
IF3(t)]O, P, (t) = P, 

, 

dt 
[T (ol 

4P I[ (t)1-, + 
18.44 x 106 

C+ 
4cp. 

sTm ye(t) (t) r 
wDp, cp,, LJ wDp, cp, cp, 

- -, 1.248 p, Cp, 
r 

-1jK PB, w'ug, wUg)4[T(t)-Tmý"ýý(t)ý- 
Pr2D4 1 

12.656 Pg, 
wUg 2/3 I 

- 
[r] 

}[Cpg. 

wTi 
(t) 

- CP. 
g 

T3 
l [81 ýtýJ 

PICP, r P,, 
wUgDl 

ug. 

_ 
2Ps 

Ve (t) [Tm +T (t), [S '- 4'°cp. 

r 

hf 
V. (t) ýýi (t)] (79) 

Pt i (t)] P, 
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" when, y(t) <-D" cot a and y(t) > 2a, 
d [P,, (t)] =09 PP, 

abs 
(t) =0, 

dt 
[T ýtý] 

18.44 x 106 
C+ VB (t) " 

[s (t)ý_ 
wDp, c.., cpl 

1.248 /J, c,., -z 1r-, 
-, 3(K 

(pg. 

w 
Alg. 

wU94[T 
(t)-Tml'[Vr(tý, 1 [piD4 

, 

12.656 
Pg. wUg 2/3 , 1Cj 

Pg WUgD 
/ 

fug w 

[(Pr)' I 
cn s wT 

(t) - cp. g 
i}. ýo, (t)l 

_ 1&t»[ 
rT. 

+T (o l" [S (t)]-, - 
4pchf 

VB (t) " 
[o, (t)]-, (80) 

Plp. r 

" when, y(t) >a+b and y(t) <a-b, it is assumed, by Eq. 75, e, = 0. In this case, it 

is seen that: e., 
o = 0; Pl. (t) =0. Because the reactive laser cutting process is driven by 

the heats of both P,,,,, and e, it is assumed that the energy balance in Eq. 78,79,80, is 

invalid. The laser cutting process stops. 

It is noted that Eq. 79 represents the situation that the absorption of laser power does not 

vary, due to the angle a being slightly less than 90 °. Eq. 80 represents the situation that 

there is no absorption of laser power and the cutting process is driven by the oxidisation 
heat, i. e., P,, 

° 
(t) =0, e. :;, -- 0. Hence, Eq. 80 reflects the reality that the focused laser 

beam simply goes through the kerf because it is too far behind the fusion front. 
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8-2. Construction of differential governing equations 

In general, when -D" cot a< y(t) < 2a -D" cot a, the differential governing equations 
for the theoretical cutting system, as shown in Fig. 8, are made of Eqs. 73,71,70,76 and 78: 

" -D"cota <_ y(t) <_ 2a-D"cota, 

d [8r 2 Ps Ys 
0.332 p8, wUg2 [8i (t)]2 - (t) - dt p, Du, PB, wUgD /, u8, w 

d_ e2 P Vý - Ve(t) 
dt LP'"bs 

(t)] 
e2 -1 a "Y(t) +DD. cot a- al 

exp 2 
a 

d 
dr 

[Y(t)J =v- ve (r) 

z 
d 

Ve(t)ý_ 
0.664 Pg. wUgz ýt(t) VB(t)- 0.332 z P, Pg. wUgz ýsi(tjý3 

dt L Dpt pg.,, UBD Dµt PS Pg. wUgD 
/ Pg 

Pg, 
w 

dt 
[' ýt)l 

[WDp, 
C, 

4 
P. (t) ýS (t)ý-, +18.44 

x106 
C+4 Cy (t) S (t) , 

1 p,, ,,, 

r_1.248 piC 
,, )=a Tý 

r 
1-1 

t, w 
(Y/3 pj ug, 

wV 

)4 [T (t) 
- 

Tm J' [8 (t )J 2 

p, 2D 
r A 

2.656 Pg, 
wUg 11 

PIC! PgwUgD/ýrýB}2/3 

}[CT 
ýr/-Cp, 

8T81 

ýý(tý1_ 

P 
V. W- [T. +T (t )] [S (ol -1 _ 

4pchr 
VB (t) " 

[si (t)l-, 
PJ 

p, i 

(81) 
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When 2a -D" cot a: 5 y(t) :5 2a, the differential governing equations for the theoretical 

cutting system are made of Eqs. 73,70,76 and 79: 

" 2a - D- cot a<y(t): 5 2a, 
dtI 

P`. (t)]=0, P" (t)=P 

d2sp 
ve 

0.332 Pg. wUg2 z 

-[ýý(t)]=(t)- [s, (t>] dt A Dpi Pg, wUgD 
/ pg. w 

dt 
l. v(t)] =v- v8 (t) 

2 

d [Ve(t)]- 0.664 ps. wUg2 
10.3322 Pi Pg. wUga [S(t)]s 

dt Dp1 pg, wUgD 
Dp, PS pg wUgD 

/ pg. w 
Pg. 

w 

dt [T (t)] 
[wDp, 

c, 
t, +14 

P10 

6+4 
sT m Výý(t)ý 1 

]c p,! c p.! 

- 1.248 Acpe 
-13 (K )3 Pg. wfýg. wUg)4[T(t)-Tm] 

[S(t)ýi 

Pý2D' 

2.656 Pg, wUg 1213 [Cp. 
g, WT g(t)-cp, gT. 

[ý(t)l [ýr) 
P1cp"l Pg, 

wUBD 
/ Pg. 

w 

- 
(2-p, 

-)V. (t)-[T. +T, (t)l-[4(t)1-, 
4p hI'JVe(t)"[(t)]' 

P, Pr p., 

(82) 
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When a-b< y(t) <-D" cot a, 2a < y(t) <a+b, the differential governing equations 

for the theoretical cutting system are made of Eqs. 73,70,76 and 80: ' "' 

" a-b<y(t)<-D"cota, 2a<y(t)<a+b, 
d [, P, (t)ý=0, P,. (t)=0, 

d2 ps Ve(t) - 
0.332 Ps. wUg2 [Si (t)]2 

dt P, Dui Pg. wUgD fý8. w 
d 
dt Ly()] 

= v' - 
ve (t) 

d 
Ve(t)1- 

0.664 Pg. wUg2 8i (t) Ve(t)- 
0.332 2 PI pg. wUg2 

a 
rsi(t)ls 

dtLDpi pg, wUBD 
Dp1 Ps pg, wUBD 

lJ 

µ8. w 

dt 
[T (ol 

18.44 x 106 
C. + 

4cn. 
sTm yeti' ýSiitiý 1 

wDp, cp, cpl 

- 1.248 P, cp1 r/ 2 V)3 
j(Pg. 

wittgwUg)[7('t)_ ,47J" 

[4 
l 

t)]- 
l 

P, zD° 
K, 

12.656 Pg, 
wy g 213 

- 

[r)] 

}[c.. 

wt_Cps? s PrCp. l pg, 
wUgD 

/ pg 
w 

_ 
2Ps 

V t) rT, 
� + 7. (t)1 r8 (t)1-r _ 

4Pshf 
VB (t) ' 

ýSi (t)ý-, 
P, lJLJ Pcp, l 

(83) 

Eq. 81, Eq. 82 and Eq. 83 are the differential governing equations for the theoretical 

cutting system, in Fig. 9, depending on the value of y(t), respectively. The characteristics 

of the solutions are related to the type of the simultaneous differential equations [ 15,18]. 

For further analyses, the type of the governing equations can be essentially generalised as 
follows: 
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-D"cota < y(t) <_ 2a-D"cota, 

s, {Ve (t), 5 (t)} d '(51 (t)] =F 
d[ Pl, abs 

(t)] = FP,.., IV, (t), Y(t)) 

d [y(t)] = Fy {V. (t)} 
dt 

[Ve (t)] = F,, {VB (t ). 8i (t)} 

dt 
[I (t)] FT, {Vs (t), 81(t), T (t), Pi. (t)} 

" 2a-D"cota: 5 y(t)52a, 

[s, (t)] = Fs, {VQ (t), s, (t)d 

d [P .. u (t)] =o 
dt 

[y(t)] = F,, {Ve (t)} 

dt 
[Ve (t)] = Fv. {Ys (t )} 

dt [T (t)] =FTC 
{Ye (t), S (t), T, (t)} 

" a-b <y(t) <-D"cota and 2a<y(t)<a+b, 

5,1Ve (t), Sý (t)} dt 
=F 

dt 
[P�ýs(t)ý =0 

dt 
[Y(t)1 = Fr {V, (t)} 

dt 
[Ve (t)ý = F; {Vs (t), Si (t )) 

dt [T, (t)ý = F, ý {VQ T, (t )ý 

(81') 

(82') 

(83') 
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where, the symbols F., 
, 

FP F,, FF, and Fri (or FTC 
, 

F, represent different functions 

which are made of non-linear or linear combinations of 5 time-dependent variables, 8, (t) 
, 

P, 
, bs (t) ,Ye 

(t) 
, y(t) and 7, (t) 

, respectively. It is noted that the functions F, 5, FTC 
, 

FP, (if it is not equal to zero) and FF. are non-linear functions. 

In conclusion, the type of the derived differential governing equations for the theoretical 

cutting system in Fig. 8, by Eqs. 81,82,83, belongs to five (or four) coupled, simultaneous, 

1 e`-order, non-linear differential equations. 

8-3. Physical boundary conditions 

The boundary conditions for the differential governing equations in Eqs. 81,82,83 have 

two-fold meaning: mathematical and physical. Mathematically, given any initial conditions, 

i. e., S (0), P,, ,, (0), Ve (0), y(O) and T, (0), the set of differential governing equations 

could be solved numerically. Physically, in this case, the 5 time-dependent variables should 

be bounded within certain scopes according to their respective physical meanings. The 

physical boundary conditions should be satisfied in each step of time evolution. It can be 

seen that the physical boundary conditions cannot be applied by simply taking the required 

volume in the phase space of the solutions according to the limits of the physical boundary 

conditions, while the solutions are obtained only by applying the mathematical boundary 

conditions, i. e., the given initial conditions. 

The physical boundary conditions are derived as follows. 

" For y(t), its physical boundary conditions are associated with e., in Eq. 75. This fact 

is also reflected in Fig. 14. 

a_b <- y(t) <_ a +b (84) 
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Eq. 84 is the most important boundary condition of all the 5 boundary conditions. When 

y(t) >a+b and y(t) <a-b, e, =0, the laser cutting stops. Even under the condition 

of Eq. 84, P,, (t) is strongly dependent on y(t), as identified in Eq. 81,82,83. 

" For P,,, (t), it is easy to understand: 

0 <_ P, 
abs 

(t) :5 (85) 

" For 8, (t), its possible maximum occurs only when the surface velocity of the molten 

metal layer, u0, reaches its possible maximum. 4,, 
� 

has been derived in Eq. 39, 

I FD 
pl(_Y)Iil(2 30 

< fi (t) 
0.166 

(39) 
pg 

x6 lug w6 

It is noted that if S (t) = 0, there is no metallic liquid and thus no cut at all. 

. For V. (t), by its physical meaning it is expected: 05 V8 (t) <_ Ve., 
�a . 

The value of V,.. 

6 (t) 
only occurs when 4, appears, with 

d 
dt =0 at In this case, the maximum 

value of mout is calculated by Eq. 6" in Chapter 4: 

U1 
moue., = 0.166 wP, Pg. " g (S 

, 
12 (86) 

fýý pg, wUgD/µ8w 
L 

By Eq. 1 for the continuity of the liquid, V. (t) can be ascertained, 

(I)(I) 
0 V. (t) 

Us P1 jA30.166psýp 
U D/ 21 (87) 

gwg , ug. w (3) iii pg, w 
Pg, 

w 

" For 7(t): T. <T (t) < Tb (88) 
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In Appendix 3, it is seen that, T. =1808 (°K) 
, 

Tb = 3133(K), 

In conclusion, the boundary conditions for the differential governing equations are made 

of Eqs. 84,85,39,87,88, as in Eq. 89: 

Ia-b<y(t)<a+b 
, )( 

Pl(3)1ý11( 1F 

gg 
0<8(t)<- ` 0.332 Pg w(6)pg w(6) 

0<_P,, abs 
(t)< P 

U8 
pi(3)lul(3) 

0.166ps_1 pg, 
x, 

UgD / P8. 
w p%. 

w(3 
)µ8. 

w(, 
) 

T, 
� <T(t)<T 

8-4. Determination of C., 

(89) 

In the differential governing equations, by Eqs. 81-83, C. remains unknown. According 

to its nature identified in Chapter 5-4, C. will remain constant during the dynamic energy 

balance with respect to time, as long as a dynamic balance starts with the certain set of 

initial conditions, i. e., S, (0), P,, (0), V, (0), y(O) and T (0). In other words, C. is a 

sensitive-to-initial-condition constant. By its nature, it can be calculated as f9llows: 

Given any initial conditions, 8, (0), P,,, b. (0), V6 (0), y(O) and T, (0), let F, (F, ' and 

FT") in the differential governing equations Egs. 81'-83', be equal to zero, i. e., 

" -D"cota < y(t) < 2a-D"cota, 

Fr, {J (0), S (0), T (0), P,,. (0), C0, }=0 (90) 
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9 2a-D"cot a<_ y(t)52a, 

FT {Vs (0), ö (0), T, (0), C. ) =0 (91) 

a-b <y(t) < -D-cola and 2a<y(t)<a+b, 

Ff'{V6(0), S(0), T, (0), C, }=0 (92) 

Eqs. 90-92 show the general treatment to determine C., respectively. The method of 

calculation will be used in the numerical approach to solve the sets of differential governing 

equations identified in Egs. 81,82,83. It can be seen that C. is sensitive to the given initial 

conditions. 

8-5. Numerical method for differential governing equations 

So far, the differential governing equations for the theoretical laser cutting system shown 

in Fig. 8 have been derived, by Eqs. 81,82,83, depending on the scope of y(t), respectively. 

They are bounded by the physical boundary conditions identified in Eq. 89, in each step of 

time evolution. Given any initial conditions, i. e., S (0), Pl, (0), V1(0), y(O) and T , (O), 

C. is determined by Eqs. 90,91,92, depending on the scope of y(t), respectively. 

The type of the governing equations are generalised in Egs. 81', 82', 83', corresponding to 

Egs. 81,82,83, respectively. It is clear that Eq. 81 belongs to the 5 coupled, 1i-order, non- 

linear, ordinary differential equations; Eq. 82 and Eq. 83 belong to the 4 coupled, 1'-order, 

non-linear, ordinary differential equations, respectively. 

To solve the differential governing equations, a feasible numerical approach is necessary. 
Commercially, several software packages, e. g., Mathematica, MathCad and NAG routine, 

are able to numerically solve the sets of 1"-order differential equations. However, these 

software packages are difficult to incorporate with the special requirement, which is the 
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physical boundary conditions for the 5 time-dependent variables, in Eq. 89, in this thesis. As 

analysed before, Eq. 89 must be satisfied in each step of time evolution, as long as the 

simulation of the laser cutting process continues (a -b <_ y(t) <_ a+b). 

In Appendix 6, a well-structured program coded in C is designed to solve Eqs. 81,82,83 

bounded by Eq. 89. The algorithm is based on the O-order Runge-Kutta method '. The 

program has been tested with several simpler 1'-order non-linear differential equations. 

8-6. An example of differential governing equations 

With the typical data listed in Appendixes 1-3, which have been used for the evaluations 

of the derived quantities in Chapters 4-7, respectively, a sample of the differential governing 

equations for the theoretical laser cutting system in Fig. 9 is demonstrated. It is to exhibit: 

" the coefficients in the sets of differential governing equations are dependent on the laser 

operating parameters and the physical properties of the gas, the liquid and the solid; 

" the sensitive-to-initial-conditions constant, C., is determined by the initial conditions; 

" the chaotic nature of the system are dependent on the choices of the coefficients and 
Coo; 

Given the initial conditions: y(O), S, (0), P1, ß (0), Vs (0) and T, (0) at t=0 (s. ), the 

differential governing equations are derived, respectively, 

* The numerical method for integration of ordinary differential equations is beyond the topic of this thesis. 
The theory and programming may be referred to [P. 707, reference 40] 
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- 0.525 x 10-3 <_ y(t) < 1.475 x 10 3 (m. ) 

0<8, (t) 5 0.105x10' (m. ) 

" When 0: 5 1 (t) S 800 (W. ) 

0<V (t) < 85.255 x 10-3 (m / s) 
1808 < T, (t) < 3133 (°K) 

the differential governing equations, 

t 
[8, (t)ý = 2.00356V8 (t) - 3.84286 x 106[, 51(1)]2 (m / s) 

d[P. 
a, s 

(t)] = 9.25214 x 105 0.015 - VB (t) 
(W / s) dt exp[2 x 10y(t) - 0.475 x 10-311 

d[ 
y(t)1 = 0.015 - Vs (t) (m / s) 

dt 
[Ve(t) 7.68572 x 1068 (t). V(t)-1.47413 x 1013[8, (t)13 (m / s2) 

t 
[T, (t)] = 6.3 7918 x 10-2 P, (t). [8, (t)ý-' + 2.94084 x 105C. 

+ 6.0593 x 103 V. (t) " 
[S (t)]-1 - 19.0872 [T, (t) - 1808. [S (t)] z 

- 5.80102 x 10-' [1.1647 x 103 T (t) - 2.29404 x 10-'] J. [s, (t)l r 

- 2.00356Ve (t) " 
[1808 + T, (t)1 " 

[S (t)]-' - 1.6395 x 10 3V (t) [S (t)](°K / s) 

the sensitive-to-initial-conditions constant, C,, 

1 
Cý`° 

2.94084 x 105 1 6.37918 x 10-2 P, 
. bs (0)'[. 6, (0)1 

1 

+ 6.0593 x 103 V. (0) " 
[81 (0)]-1 - 19.0872 [Ti (0) -1808. 

[81 (0)] 2 

- 5.80102 x 10-7 1.1647 x 103 T, (0) - 2.29404 x 10" 1" ki (0)1 

- 2.00356V, (0) " 
[1808 

+ T, (0)1 " 
[S (0)] ý-1.6395 

x 10 3 V, (0). [8, (OA 1} 
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Differential governing equations /An example of differential governing equations 

1.475 x 10-3 <_ y(t) <_ 2x 10-3 (m. ) 

0< 81 (t) <_. 0.105x10-3 (m. ) 

" When Pi., bs (t) = 800 (W. ) 

0 SV (t) <_ 85.255x10-3 (m/s) 

1808 <T (t) < 3133 (°K) 

the differential governing equations: 

dt [s, (t)] = 2.00356V, (t) - 3.84286 x 106 [s, (t)]2 (m / s) 
d 

t)] = 0015-VB(t) (m/s) 
dt 

ýY( 

d [VQ (t)] = 7.685 72 x 106 8, (t) V, (t) - 1.4 7413 x 1013 [8, (t)]3 (m / s2 ) 

t 
[T (t)] = 51.0335[x, (t)]-' + 2.94084 x 105 C. 

+ 6.0593x103V, (t). [ (01-1 - 19.0872 [i (t)-18081. [81(t)1 1 

- 5.80102 x 10-7 1.1647 x 103 T, (t) - 2.29404 x 10 S]" [S (t)1 

- 2.00356Ve (t) " 1808 + T, (t)] " 
[t (t)] 1-1.6395 

x 10 3 V, (t). [8, (t)] 1 (°K / s) 

the sensitive-to-initial-conditions constant, C., 

C_ -1 
S{2.94084 x 10 

51.0335 " 
[81 (0)]-' 

+ 6.0593x103Ye(0)"[o, (0)]-' - 19.0872[T(0)-1808]. [5(0)]2 

- 5.80102 x 10-7 [1.1647 
x 10-'T, (0)-2.29404 x 10-'1'['61(0)1-1 

- 2.00356V8 (0) " 
11808 +T (0)] " 

[8l (0)1 -' - 1.6395 x 10 - Ve (0) " 
[8, (0)1 '} 
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-1x10-3 < y(t) < -0.525x10-3; 2x10-3 < y(t) < 3x10-3 (m. ) 

0< öi (t) <- 0.105 x 10-3 (m. ) 

When 1'i. 
abs 

(t) =0 (W. ) 

0 <- Ve (t) 85.255 x 10-3 (m / s) 

1808 <T (t) < 3133 (°K) 

the differential governing equations, 

d [s, (t)] = 2.00356Ve (t) - 3.84286 x 106 [s, (t)]2 (m / s) 
d 

t)1 = 0015-Ve(t) (m/s) 
dt 

ýY( 

dt 
[V, (t)] = 7.68572 x 106 8, (t) Ve (t) - 1.47413 x 1013 [st (t)]3 (m / s2 ) 

d [T (t)] = 2.94084 x 10'5 C. 

+ 6.0593 x 10*'Ve (t) " 
[81 (t), '- 19.0872 [T, (t) -18081. 

[5, (t)] 

- 5.80102 x 10-7[1.1647 x 10 " T,, (t) - 2.29404 x 10 S [S (t )ý 1 

- 2.00356V, (t) " 
[1808 + T, (t)] " 

[s, (t)] '-1.6395 
x 10 3 V, (t) . 

[s, (t)] ' (°K / s) 

the sensitive-to-initial-conditions constant, C.., 

C_ -1 
S{6.0593 x 10-'V, (0). [, 61(0)1-1 - 19.08 72[T, (0) -1808. 

[o (0)]2 
2.94084 x 10 

- 5.80102 x 10-7 1.1647 x 10' T, (0) - 2.29404 x 105 ]" [8, (0)j -i 

- 2.00356V, (0) " 1808 + T, (0)]. [s,, (0)]1- 1.6395 x 10 3 V, (0) " 
[8, (0)J ' } 
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Differential governing equations /An example of diff erential governing equations 

Given the initial conditions: 

y(t) = 1.12 x 10-3 (m. ) 

81(t) = 0.026 x 10-3 (M. ) 

P/, abs (t) = 700 (W. ) 

VB (t) = 23.5 x 10-3 (m / s) 
T, (t) = 1900 (°K) 

at 1=0 (s. ). Fig. 15 shows the respective variations of the 5 time-dependent variables 

with respect to time, within 50 seconds. 

0.0001.05 
liquid thickness tn. ) at bottom with retspact to tine (s. ) 

0000945 X-Axis XxL Cs. ) 

%-Axis VxL Cn. ) 

. o. 

ýo 

Figure 15 (a). The thickness of the molten metal layer, 8, (t), varies with respect to time 

(50 seconds) 
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0.0032 
displacement of fusion front (n. ) with r. spsct to tins <s. ) 

0029 X-Axis :XxI Cs. ) 

V-Axis :VxI CM. ) 

_0.0024 

-0.0020 

-0.00! 6 

n-0. 

Figure 15 (b). The displacement of laser beam front relative to the liquid / solid interface, 

y(t), varies with respect to time (50 seconds) 

elm 
absorption of las. r power bw workplace (w) with rmspsct to tin. (s. ) 

720 X-Axis :x%1 Cs. ) 

Y-Axis :VxI (M. ) 

6+10 

560 

4BO 

400 

320 

160 

Bo 

5 SO !5 20 25 30 35 40 ý5 5 

Figure 15 (c). The absorption of laser power by the workpiece, Pi. 
,, b,, varies with respect 

to time (50 seconds) 
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0.070 

fusion front valocltd (n/s> with respect to tins cs. ) 

0.062 X-Axis :Kxt (s. > 

Y-Axis Yxi (n/s) 

0.054 

-0.048 

-0.038 

Ho. 

000 

20 25 30 

Figure 15 (d). The velocity of propagation of fusion front, V, (t), varies with respect to 

time (50 seconds) 

liquid surface t rsturs (k) with rsspsct to time (s. ) 

3000 X-Axis :XxI (s. > 

Y-Axis :VxI (Ki), 

2868 

2735 

2603 

2470 

293 

z20 

_ 

uuj 

1840 

5 to is 20 2 30 95 40 45 s 

Figure 15 (e). The surface temperature of molten metal layer at the gas / liquid interface, 
T (t) , varies with respect to time (50 seconds) 
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Here is one more example. Given the initial conditions: 

y(t) = 0.35 x 10-3 (m. ) 

b (t) = 0.012 x 10-3 (m. ) 
P,, m. (t) = 350 (W. ) 

Ve(t)=25x10-3 (m/s) 

T (t) = 2000 (°K) 

at t=0 (s. ) 
. 

Fig. 16 shows the respective variations of the 5 time-dependent variables 

with respect to time, within 50 seconds. 

Figure 16 (a). The thickness of the molten metal layer, 43, (t), varies with respect to time 

(50 seconds) 
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Figure 16 (b). The displacement of laser beam front relative to the liquid / solid interface, 

y(t), varies with respect to time (50 seconds) 

Figure 16 (c). The absorption of laser power by the workpiece, P,,,,,., varies with respect 

to time (50 seconds) 
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fusion 1 at C s) t tins (s. ) 

X-Axis 3.1. Cs 

V-Axis 3.1 C s) 

O 

1 

3. 

a 

0. O 4 

O. O16 

0.00$ 

110.000 S 10 15 20 25 30 35 40 47 5 

Figure 16 (d). The velocity of propagation of fusion front, Ve (t), varies with respect to 

time (50 seconds) 

liquid surface teriperature (k) with rag --Lt to time (s. ) 

X-Axis XxI (s. ) II 

V-Axis VxI. (K1) 

'1940 

s to 15 20 I 25 

Figure 16 (e). The surface temperature of molten metal layer at the gas / liquid interface, 
T (t) , varies with respect to time (50 seconds) 
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Fig. 15 and Fig. 16 demonstrate only the 2 examples of many possible solutions. It is clear 

that, when the coefficients in the sets of differential governing equations are determined by 

giving the laser operating parameters and the physical properties of the gas, the liquid and 

the solid using the typical data listed in Appendixes 1-3, the possible solutions during the 

limited cutting time are still up to the initial conditions: y(O), S, (0), P,,,,,, (0), VB (0) and 

T (0) at t=0 (s. ) as well as the sensitive-to-initial-conditions constant, C,, 
o . 

In general, the characteristics of the solutions in Fig. 15 and Fig. 16 can be concluded as 

follows: 

The 5 time-dependent variables, namely, the thickness of the molten metal layer, 8, (t) ; 

the absorption of laser power by the workpiece, P,, (t); the displacement of laser beam 

front relative to the liquid / solid interface, y(t) ; the velocity of propagation of fusion front, 

V8 (t) ; the surface temperature of the molten metal layer at the gas / liquid interface, T, (t), 

always vary with the cutting time. All the individual variables are normally characteristic of 

non-periodic oscillations. In this sense, the laser cutting process is described as dynamic 

rather than static. 

In Fig. 15(a), the time-averaged S (t) is approximately 0.04 (mm) and its varying range is 

approximately 0< 81 (t) <_ 0.092 (mm). In Fig. 15(b), the time-averaged y(t) is roughly 

calculated at 0.38 (mm) with its varying range: - 0.83: 5 y(t) 5 1.58 (mm) 
. 

In Fig. 15(c), 

the time-averaged P,, (t) is 241.3 (W. ) with 356 <_ P,,,, b3 (t): 5 157 (W. ) 
. 

In Fig. 15(d), 

the time-averaged V, (t) is approximately 16.2 (mm / s) with 31.8 5 V, (t) <- 4.1 (mm / s) . 

In Fig. 15(e), the time-averaged T (t) is 1992 (°K) with 1890: 5 T (t) < 3133 (OK). 

The rationality of the theoretical solutions in Fig. 15 may be qualitatively proved with the 

experimental data introduced in Appendix 1* and the findings by other researchers. 

* The theoretical laser cutting system for which the differential governing equations are built is not the 
same as in the experiment. This can be referred to the tests in Chapter 9-2. It is therefore concluded that 
the time-averaged quantities from the theoretical laser cutting system can only qualitatively be checked with 
the corresponding data from the practical experiments 
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In Appendix 1, the velocity of translation of the laser beam along Y is VV = 15 (mm / s). 

By comparing V,, ( 15 mm / s) and the time-averaged VV (t) ( 16.2 mm / s) in Fig. I 5(d), it 

is seen that the theoretical laser cutting process is very reasonable. As expected, the 

oscillation of Ve (t) around V,, is verified. 

Further, the time-averaged T (t) of 1992(°K) in Fig. 15(e) is qualitatively supported by 

the experimental finding by Arata et al [4]. 

In comparison with the example in Fig. 15 where the laser cutting process does not stop in 

the limited cutting time, i. e., V, (t) #0, Fig. 16 demonstrates another example where the 

fusion front stops moving intermittently (Vs (t) =0 or VB (t) = 85.26 (mm / s) ). The time- 

averaged quantities of the 5 time-dependent variables are as follows. The time-averaged 

S (t) is approximately 0.081 (mm) with its varying range, 0< 81 Q)<_ 0.105 (mm). The 

time-averaged y(t) is 0.78 (mm) with its varying range, - 0.73 <- y(t) 5 3.2 (mm). The 

time-averaged P (t) is 358 (W. ) with its varying range, 0 <_ P, 
, 

(t) <_ 800 (W. ). The 

time-averaged Ve (t) is 20.7 (mm / s) with 0 <- V, (t): 5 85.26 (mm / s) . 
In Fig. 16(e), the 

time-averaged T (t) is 2295 (°K) with its varying range, 1843 <- T (t) < 3133 (OK). 

The discontinuities in VB (t) shown in Fig. 16(d) suggest that the fusion front does stop 

intermittently during the limited cutting time, i. e., V, (t) =0; it also intermittently stays at 

the maximum possible velocity, i. e., V8 (t) = 85.26 (mm / s) . 
To keep the laser cutting 

process carrying on, the time-averaged V, (t) is 20.7 (mm / s) and it is still comparable to 

the laser operating parameter, V. = 15 (mm / s). 

In general, the numerical calculations suggest that the respective variations of 5 time- 
independent variables are sensitive to the initial conditions, even when the coefficients in the 
differential governing equations are constant, assuming the thermophysical properties and 
the operating parameters in Appendices 1-3 are constant. 
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8-7. Chaotic nature of laser cutting system 

The nature of the dynamic solutions, e. g., in Figs. 15,16, of the differential governing 

equations for the theoretical laser cutting system, as shown in Fig. 9, can be understood by 

Chaos theory in the subset of nonlinear dynamics [ 15,16,17,18,19]. As concluded by Baker 

[P. 3, reference 18], the systems such as Egs. 81'-83' representing the differential governing 

equations Eqs. 81-83 are often chaotic for some choices of the coefficients in the equations. 

The recent findings from Chaos theory help predict the optimized operating parameters. 

One of the most significant developments in the pure mathematics community in this 

century may be Chaos theory, which is still being contributed to and established from 

different research communities. So far, one of the established branches has been able to 

deal with the so-called dynamic nonlinear systems which are controlled by the set of 

coupled first-order non-linear differential equations. The interests in chaos has rapidly 

grown since 1963 when Lorenz [15] published his numerical findings from the abstracted 

dynamic model of mass and heat convection, and discussed its implications for weather 

predictions '. His revolutionary achievement has since become one of icons in Chaos theory 

in respect of non-linear differential equations, as far as it is understood today [18]. Deep in 

the center of Lorenz's system the understanding of predictability or unpredictability for the 

nonlinear system has essentially provided a brand new approach to look at practical dynamic 

systems in science, engineering and mathematics. Lorenz's system, shown in Eq. 93, is the 

set of 3 coupled I -order non-linear differential equations, 

dx/dt=-a-x+Q-y 
dy/dt=-x"z+r"x-y (93) 

dz/dt = x" y-b"z 

* It was abstracted by Lorenz in 1963 from the complicated governing equations in the weather prediction 
modelling among temperature variation, pressure gradient and convective motion [15]. The mathematical 
symbols in Eq. 93 only apply to this equation and Fig. 17. 
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where, x, y, z are unknown time-dependent variables and a, r, b are time-independent 

variables. When a= 10, b=8/3, r= 28, found by Lorenz, this simple-looking system 

has the solution in Fig. 17. The most significant meaning is that 3 time-dependent variables 

are always attracted by the "strange attractor", when a, r, b are chosen in some ranges. 

The characteristics of Lorenz's system can be referred to Appendix 7. 

Figure 17. Strange attractor by Lorenz 's system when 6= 10, b=8/3, r= 28 

The comparison between the differential governing equations Egs. 81-83 for the cutting 

system and the differential governing equations Eq. 93 for Lorenz's system suggests the 

approach to choose the optimized operating parameters such as the laser power, P, 
, and the 

cutting velocity, L., which affect the coefficients in the differential governing equations. 

The method to predict can be carried out in 3 steps: 

" to choose the different combinations of the operating parameters; 

" to run the differential governing equations with as many initial conditions as possible; 

" the optimized operating parameters are discovered when the nearly periodic variation of 

(t) together with the smallest phase space comprised of the 5 time-dependent variables are 

reached. 

The dynamic formation and development of the striations and kerf widths are concluded 
in Chapter 10, after the variable striations from the experiments are confirmed in Chapter 9. 
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Chapter 9. Experimental measurement 

In this chapter, a practical laser cutting system is studied in comparison with the theoretical 

laser cutting system as shown in Fig. 9, for which the differential governing equations have 

been constructed in chapters 2 to 8. The practical laser cutting system symbolizes practical 

laser cutting processes in which the operating parameters, e. g., the laser power and beam 

translation velocity, could vary with respect to time. In the experiments, the laser power 

(P) and the power intensity are measured. The influence of the variation of the velocity of 

beam translation (Ys) on cutting results, i. e., striations, is studied by designing an X-Y table 

which can produce linear, circular and spiral cut profiles. Typical measured striations are 

shown. More experimental results are included in Appendix 7. 

9-1. Experimental set-up 

The experimental work was carried out in CO2 Laboratory, Laser and Optical System 

Engineering Centre, Department of Mechanical Engineering, Glasgow University. The 

arrangement is schematically shown in Fig. 1. The operating parameters are set as follows: 

" The laser power is provided with the industrial Ferranti MFKP CO2 Laser with coaxial 
02 jet gas. The laser power is set at 1 (kW. ) in continuous wave. The wavelength of the 

laser emission is 10.6 (Ium. ); 

" The diameter of laser beam before the focusing lens is measured at around 11 (mm. ); the 

transverse electromagnetic mode is Gaussian profile; 

" The focal length of the focusing lens is 110 (mm. ); 

" The gap between the focal waist and the nozzle outlet is set at 0.2 to 0.5 (mm. ); 

" The diameter of the slightly convergent gas nozzle is 1 (mm); 

" The stagnation pressure of the jet gas is set at 2 to 3 (aft); 

" The cutting velocity is controlled constant, at 600 to 1,400 (mm/min); 

" The mild steel workpiece has the thickness of 5 to 8 (mm. ). 
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9-2. Measurement of the focused laser power 

9-2-1. The stability of laser power 

The stability of laser power is measured with a Power Sticker: the irradiation time is about 

20 seconds. 

At t=0 (inin. ) At t=5 (mir. ) At t= Ill (min. ) 

Day I 720 (W. ) 750 (W. ) 695 (W. ) 

Day 2 690 (W. ) 714 (W. ) 734 (W. ) 

Table 1. The measurement of the focused laser power 

The measurement of the focused laser power. in Tab. I. shows that the laser power ( /; ) 

used in the experiments is not constant, with respect to time. 

9-2-2. The power intensity profile 

The power intensity profile is measured with acrylic cubes Ill. 

((I) the ili-culicttiun tirnc is 6 sCconds (h) the irradiation titttc is N seconds 

Figure 18. The measurement of the power intensity profile 



Experimental measurement /Artificial variation of cutting velocity 

The measurement of the power intensity profile, in Fig. 18, shows that the laser beam used 

in the experiments can only be very roughly treated as a 3-D Gaussian profile. 

9-3. Artificial variation of cutting velocity 

9-3-1. Design of X-Y table 

The objective of the design of an X-Y table is to investigate the influence of the variation 

of the velocity of beam translation (V,,, in the theoretical laser cutting system) on cutting 

results, i. e., striations. In practical laser cutting processes in which the workpiece is fixed 

and the cutting velocity is produced by moving the laser beam, any mechanical vibrations 

can generate the oscillations of the velocity of beam translation. 

In designing the X-Y table, the laser beam together with the reactive gas jet is fixed; the 

workpiece is fixed on the table which is controlled by two electrical motors. The cutting 

profiles can be chosen as linear, circular and spiral. In the case of linear and circular cutting 

profiles, the cutting velocity along the profile is constant with respect to time. In the case 

of spiral cutting profiles, the cutting velocity along the profile is artificially accelerated or 

decelerated with respect to time. 

The mechanical design of the X-Y table is shown in Fig. 19, where, 

1 -- moving box. It is controlled to move in linear direction; 

2 -- electrical motor A. It produces the rotation of the circular table; 

3 -- ball bearings; 

4 -- main axis; 

5 -- circular table, on which a workpiece is fixed; 

6 -- matching gears; 

7 -- laser beam and gas nozzle; 

8 -- roller bearings; 

9 -- lead screw; 

10 -- sliding track, on which the moving box slides; 
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11 -- electrical motor B. It produces the linear movement of the circular table; 

12 -- holders, which hold the lead screw; 

i. =----------1 

L- 

------------ 
----- 

-J 

i 

- ---- 
--------- 

i 
------------------------------------I 

Figure 19. The design of X-Y table. The laser beam and the gas nozzle are fixed. The 

cutting profiles can be chosen as linear, circular and spiral 

The local cutting velocity along the cutting profile is analyzed in Fig. 20 '. Assuming that 

cu and VR are controlled as constantly as possible; R= Ro, 9= 0o at t=0, the equation of 

the cutting profile and the local cutting velocity are derived in Eq. 94: 

The mathematical symbols for the calculations in Eq. 94 based on the analyses in Fig, 20 are not listed in 
Nomenclature. The magnitude of the velocity vector v7 has the same meaning as V, defined in the 
theoretical analyses 
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Vm V; ' ", VR 

di "A 

9/ 

11 

ýý le 
0 X 

Figure 20. In X-O-Y, the cutting profile is represented by the track of the movement of the 

point A. The local cutting velocity, V, varies along the cutting profile. The origin 0 is at 

the center of the circular table; X-O-Y plane is fixed at the surface of the circular table 

X=(VRt+ RO) cos(mf + 00 ) 

y=(VRt+RO)sin(m(+9o) (94) 

Vý =YR +VB s 
(VR )? +(VRt+Ro)'ra2 

where, 

x, y: the coordinates of the vector R, representing the equation of laser cutting profile; 

Ro : the initial distance between the beam center and the axis of the circular table at t=0; 

00 : the initial angle between R and X at t=0; 

VR . the velocity vector in the direction of R; 

V. : the velocity vector vertical to 

w: the angular velocity; 

V, : the local cutting velocity vector; 

t: the cutting time. 

Based on the design above, the experimental set-up is shown in Fig. 21. 

cutting profile 
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0 if tu = 0, a linear cutting profile is available at constant V; 

" if VR = 0, a circular cutting profile is available at constant V; 

if w #- 0, VR # 0, a spiral cutting profile is available at variable VV; 

By varying both tu and V, 
,V should be controlled within 10 to 22 (mm s) for a possible 

cut of 6 (mm. ) thickness of mild steel. 

Figure 21. The experimental set-up of X-Y table 

9-3-2. Calculation of variable laser cutting velocity 

Given 00 = 0, Ro = 85 (mm. ) ; VR= 1.5 (mm / s) ; tu = 0.11 (radi / s), Fig. 22 shows an 

example of the variation of V along the spiral cutting profile: 

" the cutting time, 80 seconds; 

" the dimension of the workpiece, 400 x 400 x6 (mm3) ; 

" the local cutting velocity, V, E [9.47,22.6] (mm / s). 
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yt 

xt 

(a. ) The laser cutting profile 

OL 
0 50 100 

t 

(b. ) The local cutting velocity 

Figure 22. An example of the laser cutting profile and the local cutting velocity 

9-4. Experimental results 

Massive cuts are achieved in the experiments, using both the original CNC control system 

and the designed X-Y table. The objective is to examine the finish quality by checking the 

striations. Usually, striations are closely associated with kerf widths, for example, bigger 

kerf widths approximately correspond to coarser local striations. Scientifically, however, 

the measurement of striations can not be precisely carried out. This is shown in Fig. 23. 

kerf width 

--- ------------------------ 
AB 

30 

20 
Vt 

10 

A 
---------- ---------------- 

II 4I 
Figure 23. Appearance of striations (top view or bottom view). The spacing gaps between 

the points A to G, at the half depth of the thickness of workpiece, can be measured. The 

spacing gaps between B/C and E/F cannot be measured 

Due to the fact shown in Fig. 23, it is intended to choose the original pictures of striations 

to present different types of cuts. In the case of circular and spiral cuts, the top and bottom 

view pictures of workpieces are shown. The measured spacing gaps of striations are used 

to help, quantitatively, understand good cuts and bad cuts. 
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Figure 24. Striations with variable periodicity. The sample is achieved using CNC control 

system. Cutting condition: mild steel; linear cutting profile, 120 mm. long; stagnation 

pressure, 2.5 atm.; thickness, 6 mm.; cutting velocity, 865 mm/min. 
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(b) striations in re clangle in (a) 

Figure 25.6 cuts in (a) are achieved in one workpiece under the same cutting condition, 

using X-Y table: mild steel; linear cutting profile, around 160 mm. long; thickness, 6 mm. , 

stagnation pressure, 3.0 atm. ; cutting velocity, 684 mm/min. The kerf widths vary in one 

cut and in different cuts in (a); the local striations show the variable periodicity in (h) 
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(a) top view of workpiece 
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(a) top view of workpiece (b) striations in rectangle in (a) 

Figure 26.4 cuts in (a) and (c) are achieved in one workpiece using X-Y table. Except for 

the cutting velocities, the cutting conditions are the same: mild steel (400 x 400 mm2); 

circular cutting profile; stagnation pressure, 2.5 atm.; thickness, 6 mm. The culling 

velocities are constant along each cutting profile, varying from 688 to 1123 mm. "min. The 

kerf widths vary in one cut and in different cuts in (a) and (c); the local striations . show the 

variable periodicity in (b) 
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(c) bottom view of workpiece 
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(h) striations in rectangle in (a) 

Figure 27. A spiral cut in (a) and (c) is achieved using X-Y table. The local kerf widths 

vary in (a) and (c); the local striations show the variable periodicity in (b). The local 

cutting velocities continuously vary along the cutting profile from 460 to 1403 mm min. 

Me cutting conditions: mild steel (400 x 400 mm`'); spiral culling profile; stagnation 

pressure, 2.5 atm. ; thickness, 6 mm. 

(a) top view of workpiece 

(c) bottom view of workpiece 
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Figure 28. Experimental tests on the importance of exothermic reaction between oxygen 

gas and metallic liquid, using X-Y table. By substituting the oxygen gas with argon gas, 

no cuts are possible. The cutting conditions: mild steel (400 x 400 mm'); linear cutting 

profile; stagnation pressure, 2.5 atm.; thickness, 6 mm. The cutting velocities are constant 

along each cutting profile; it varies from one cut to another, 328 to 1102 mm-'min. 

Figs. 24-27 exhibit the typical laser cutting finishes with linear, circular or spiral cutting 

profiles. Both qualitative observation and quantitative measurement lead to the following 

conclusions: 

" The striations always exit in the kerf except in the case of fusion cut (the example of 
fusion cut can be seen in Fig. 27(a) where the finish near the center is extremely of poor 

quality and totally unacceptable). They can be very fine or very coarse. Essentially, the 

existence of striations do not come from the oscillation of laser scanning velocity or the 

mechanical vibration. 

The intermittence of the striations with different periodicity often exists. This 

phenomenon does not qualitatively be changed even when the laser scanning velocity is 

artificially decreased, as shown in Fig. 27. 

" Along the certain striation, the local kerf width at the surface of a specimen is always 

narrower than that at the bottom (Figs. 26,27). This phenomenon strongly supports the 

argument: the thicker the local thickness of the liquid, the wider the local kerf width. In 
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Chapter 8, the local thickness of the liquid can quantitatively be calculated with the 

differential governing equations. 

. Given anything else is the same except the velocity of translation of laser beam, to 

increase the velocity will to a greater or lesser extent decrease the local kerf width, as 

shown in Figs. 26 and 27. 

" The difference of experimental conditions between Fig. 24 (the laser head is moved) and 

Fig. 25 (the specimen is moved by the designed X-Y table) demonstrates: the possible 

mechanical vibration in laser cutting practices is not the first important factor to produce 

the striations in the kerf. In Fig. 25, it is seen that the same cutting conditions even 

produce dramatically different cutting finishes on the same specimen. 

In addition, Fig-28 qualitatively demonstrates the significance of the exothermic reaction 

in the reactive gas assisted laser cutting process. In the experiment, there are no possible 

cuts at all if the oxygen gas is substituted with the argon gas. 

In Appendix 8, more pictures of different types of cut finish are included for reference, 

including the type characterized by the intermittence of cut and no cut. 

9-5. Characteristics of cut finish 

Based on over 1000 cuts on around 300 workpieces, the conclusions for a practical laser 

cutting system are as follows. 

The quality of a cut finish is determined by local kerf widths and local spacing gaps of 

striations. Smaller kerf widths require that the mechanism of removal of the thin liquid 

film is by the shear stress applied by the fast-flowing gas. In this case, striations are 

unavoidable due to the dynamic nature of the development of the metallic liquid layer. 

The dynamics of striations, i. e., the intermittence of variable periodicity, reflect the fact 

that the metallic liquid layer is removed layer by layer while the thickness of the layer is 

variable with respect to time. 
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" In the case of fusion cut, kerf widths become too big with big spacing gaps of striations. 

This situation is not expected. 

"A good cut is characterized by small kerf widths and homogeneously fine striations. A 

practical cut is always characterized by the striations with variable periodicity. In a 

practical laser cutting system, the oscillations in the laser power and the cutting velocity 

would affect the cutting surface quality, to a greater or lesser extent. 

The worst situation exists, i. e., the intermittence of cut and no cut. This fact is well 

explained by the theoretical conclusions: if the molten metal layer in the kerf can not 

satisfy the differential governing equations, in Eqs. 81-83, the cut simply stops. 

Numerically, this is monitored by checking y(t) within a certain range. 
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Chapter 10. Discussions 

In this chapter, the rationality of the dynamic modelling is first generalised. The dynamic 

formation and development of striations is analysed based on the quantitative calculations of 

the differential governing equations for the theoretical laser cutting system. The method to 

choose the optimised operating parameters in practical laser cutting processes is predicted, 

theoretically. Two challenging research directions are recommended for future work. 

10-1. Rationality of the dynamic modelling 

The dynamic modelling for the reactive jet gas assisted laser cutting of metals is focused 

on the dynamic formation and development of the flow of the molten metal layer in the kerf 

and its multiple interactions with the laser beam, the gas jet and the substrate metallic solid. 

The most relevant physical mechanisms have mathematically been modelled: 

Dynamic balance equations of mass, momentum and energy for the molten metal layer; 

" Dynamic absorption of the laser power by the workpiece; 

Momentum interaction between the gas jet and the liquid at the gas / liquid interface; 

" Oxidisation reaction at the gas / liquid interface; 

" Energy loss producing the heat affect zone (HAZ) at the liquid / solid interface; 

These individual physical processes do not exist separately. The construction of the 

differential governing equations for the theoretical laser cutting system, as shown in Fig. 9, 

reflects the fact that they interact with each other through the time-dependent variables. 

The 5 most concerned variables have been treated as time-dependent, 

S, (t), the thickness of metallic liquid film at the bottom of the kerf, 

T, (t), the surface temperature of metallic liquid film at the gas / liquid interface; 

VB (t), the fusion front velocity at the liquid / solid interface along cutting direction; 
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9y (t), the displacement between the fusion front and the laser beam front; 

0 P, ýS (t), the laser power absorbed by the heated workpiece. 

Consequently, the objective is to discover how the dynamic characteristics in the laser 

cutting system are generated due to the internal time-dependent variables of the system, 

rather than external variables such as the laser power, P,, and the cutting velocity, V, By 

numerically solving the set of differential governing equations in Eqs. 81,82,83 and the 

physical boundary conditions identified in Eq. 89, which should be satisfied in each step of 

time evolution (otherwise the cutting process stops), the dynamic characteristics such as the 

thickness of molten metal layer, 4 (t), can be quantitatively analysed. The local kerf widths 

and the local striations are closely associated with the variation of 4 (t), as shown in Fig. 29. 

The type of the derived governing equations belongs to the 5 (or 4) coupled, 1"-order, 

non-linear, ordinary differential equations. In the set of differential governing equations, the 

coefficients are characteristic of the combinations of time-independent variables, i. e., the 

operating parameters and the thermophysical properties (thermodynamic properties and 

transport properties) of the oxygen gas (at around T. and T,,, ), the metallic liquid (iron) and 

the metallic solid (iron). Chaos theory proves that systems such as these are often chaotic 

for some choices of the coefficients. 

Relation of the theoretical laser cutting system and the practical laser cutting system 

In practical laser cutting processes, any unstable factors in laser operating parameters, 

e. g., oscillations in laser power or cutting velocity, would to a greater or lesser extent affect 

the surface quality characterised by striations. A practical laser cutting system symbolizes 

general laser cutting processes, e. g., the experimental set-up introduced in Chapter 9. 

A theoretical laser cutting system is abstracted from the reality. It is defined as the system 

into which the inputs (po , 
To, Pt, V) are time-independent variables. It symbolizes ideal 

laser cutting processes in which the operating parameters (po, To, P, 
, 

V, ) are controlled as 

constantly as possible. The physical model of the theoretical laser cutting system is shown 

in Fig. 9; the dynamic laser cutting model in Chapters 2-8 in this thesis is constructed from 
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it. In this case, the possible effects of the unstable factors in P,, VV and so on in the 

practical laser cutting system are theoretically isolated from tke analyses of the dynamic 

formation and development of striations. The attention is thus focused on discovering the 

respective variations of the most relevant time-dependent variables, which are the internal 

unstable factors in the system. 

Dynamic balance equations of mass. momentum and energy for the molten metal layer 

Except for the fusion cutting that produces very poor surface quality, the molten metal 

layer in the kerf exists as a extremely thin film flow, which is continuously produced from 

the substrate solid and ejected off the kerf at the same time. To trace the dynamic 

variations of the liquid in the kerf, the application of the concept of Control Volume (CV) 

is essential. The control volume is defined as such that it always encloses the molten metal 

layer in the kerf, with respect to time. With CV, the 3 dynamic balance equations of mass, 

momentum and energy for the flow of molten metal layer can be constructed 

macroscopically. 

The continuity is constructed, in Eq. 1, assuming that the vaporisation of the molten metal 
from the left side of the CV, at the gas / liquid interface, is ignored in comparison with the 

liquid ejected at the bottom of the kerf. The momentum conservation in the CV describes 

the fact that the velocity profile of the molten metal layer, u, , 
is controlled by the forces 

applying at its two surfaces. Treating the flow of the molten metal layer as a quasi-shear- 

stress boundary-layer flow, the momentum equation is expressed in Eq. 7. Assuming the 

energy loss associated with the vaporisation of the molten metal from the left side of the 

CV is ignored, the energy conservation in the CV is interpreted in Eq. 9. 

The 3 balance equations in the CV must be satisfied simultaneously, with respect to time, 

as long as the laser cutting continues. In the derivations of the related quantities identified, 

some of them can directly be expressed in association with the 5 time-dependent variables, 
i. e., (t), T (1), V. (t), y(t)andP, (t) 

. This is carried out in Chapter 3. The others are 

discovered to be in association with the 5 time-dependent variables only when the relevant 

physical mechanisms are dealt with in Chapters 4-7, respectively. 
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Momentum interaction between the aas iet and the liquid at the aas /liquid interface 

At the gas / liquid interface, the interaction between the cold, fast-flowing gas jet and the 

hot, slow-moving metallic liquid film exists. During the interaction, the momentum of the 

gas is transferred to the liquid, through the shear stress, that drives the liquid to flow 

out of the kerf, at the same time, the heat is convected from the liquid into the gas, making 

the gas cooling effect unavoidable. 

The gaseous boundary layer develops at the gas / liquid interface. The physics is analysed 

by solving the 2-D differential governing equations for a laminar boundary layer flow, based 

on Howarth-Dorodnitsyn's method and Von Karman's skin friction relationship. The shear 

stress applied at the gas side at the gas / liquid interface (rg, 
w) and the gas cooling effect 

(ems, ) are derived. The shear stress applied at the liquid side at the gas / liquid interface is 

thus derived, by rj, =- zg, . 

The maximum surface velocity of the liquid at the bottom of the kerf, uo. m,, 
is analysed 

with Lock's solution for the momentum interaction of 2 parallel laminar boundary layer 

flows. uo.,,,. occurs only when there is "no slip" between 2 interacting flows at the gas / 

liquid interface. It is used to discover the physical boundary condition for 6, (t) 
, i. e., 5,,. 

. 
8, (t) e (0,8,, 

�, 
] must be abided by for every step of time evolution. 

The derived quantities are tested with the typical data in Appendices 1-3. The possible 

range of ((t) , e. g., 0<8, (t): 5 0.105 (mm), very well justifies that the flow of the molten 

metal layer, in Chapter 3, has been treated as a quasi-shear-stress boundary-layer flow with 

linear velocity profiles at every section of the flow (except x=0). The magnitude of 6, (t) 

is also supported by several researchers [2,3,5,8,10]. 

The fact that 5 (t) in Y is far less than the average measured kerf width, w, in Z, certifies 

that the 2-D modelling, in X-Y plane, is very effective in describing the 3-D practical laser 

cutting system. 
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Oxidisation reaction at the gas / liquid interface 

It is generally accepted that, in the oxygen jet gas assisted CO2 laser cutting of mild steel, 

the energy of the exothermic reaction entering the molten metal layer, e,, is at the same 

magnitude as the focused laser power [P. 213, reference 1], [3,5]. This is supported by the 

experimental test in Fig. 28. The exothermic reaction mechanism between the oxygen gas 

and the molten metal liquid is vital in calculating e, . Two possible chemical reactions are 

analysed, i. e., the reaction between Oz and liquid Fe with the product in liquid phase, by 

the experimental findings by Powell et al [1,28,29], in Eq. 41, 

2 
x(02)+1 x (Fe) =1 X (FeO) +dHl 

and the reaction between 02 and gaseous Fe with their product in gaseous phase, derived 

by Dutta [P. 84, reference 3], in Eq. 42, 

2 x(02)+Ix(Fe)=1 x(FeO)+4H)r . 

By comparing the tested value of e. with the focused laser power, P,, using the data in 

Appendices 1-3, the exothermic energy generated due to the chemical reaction of OZ and 

vapour Fe, is ignored. The method of calculation is listed in Appendix 4 for reference 

For the chemical equilibrium identified in Eq. 41, the enthalpy of reaction, d1YI r, is 

calculated with Hess' principle using the respective heats of formation from standard tables. 

LHI , 
is essentially dependent on T, (t) at which the oxidisation reaction exists, at the gas / 

liquid interface. However, the tests of dHI ,. at T, (t) = 1808 - 2300 (°K) show that it is 

scientifically precise enough to take * 
TI(t) 

=-4.613 x 106 (J/kg of liquid Fe), 

when T, (t) practically varies around 2000 (W). The negative sign simply means that the 

chemical reaction system releases energy. 

The mass rate of the liquid entering exothermic reaction, rn 0, 
is vital in calculating em, , 

too. It is derived on the assumption that all of the particles of liquid Fe existing only at the 
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surface of the molten metal layer, at the gas / liquid interface, are oxidised; the exothermic 

heat generated enters the metallic liquid. The derivation of moo yields the initial-condition- 

dependent and time-independent variable, C., which is called the combustion efficiency 

coefficient. Given any initial conditions, i. e., S (0), Pl., 6, (0), V, (0), y(0) and T (0), 

the determination of C., are shown in Eqs. 90-92, respectively. 

The introduction of C reflects the fact that the ratio of the metallic liquid entering the 

exothermic reaction to the metallic liquid leaving the kerf , km, , 

k= mß`° 
,0< 

kaw <I 
thout 

is variable with respect to time. The relation of k. and C. is shown in Eq. 54: k,,, is 

inversely proportional to the thickness of the molten metal layer, S (t) . It is seen that the 

dilemma in evaluating k. in the previous work [1,5], for example, k, 
,=0.5 or k. =1, 

is overcome by the derivation of C.. 

Knowing zHl T and m.. , the energy rate of the exothermic reaction entering the molten 

metal layer, e,, is calculated by e, = dHI Tx m�, , which is essentially associated with 

81 (t) and T, (t), in Eq. 55. 

Energy loss producing the heat affect zone (HAZ) at the liquid / solid interface 

In a practical laser cutting system, the energy loss from the molten metal layer into the 

substrate solid at the liquid / solid interface, identified as e,., is responsible for the 

phenomenon of heat affected zone (HAZ) in the solid. The mechanisms of the heat transfer 

on two sides of the liquid / solid interface are essentially differern, as shown in Fig. 12. On 

the liquid side of the liquid / solid interface, the heat is convected to the interface due to the 

temperature difference of [T, (1) - T. I 
, 

identified as ems,, 
. 

On the solid side of the liquid / 

solid interface, the same amount of heat is conducted from the interface into infinity due to 

the temperature difference of [T. 
- T. 1, identified as e. d. The relation is shown by 

Newton's law, in Eq. 56: 
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at y=o, T=T�,, 

elom = ems,,, =e=- (H'D)K, ( 
dT 
d1 =o 

The analyses of the heat transfer through the liquid / solid interface, making the heat loss 

(e, ) unavoidable, suggest that e1.. can be approached by either calculating ems,, or 

calculating ems, . 
In major previous work [3,5,23,35], the heat conduction characteristics 

are focused, shown in Appendix 5. The calculating methods are usually associated with the 

moving heat source theory [33,34]. The fundamental theory derived by Carslaw and Jaeger 

[Section 10.7, reference 34] is expressed in X-O-Y in Fig. 13, 

ems, VyV, y Typ 
2ýrKD-exp(2k 

)"K0(2k) when y#0. 
ss$ 

It is essential to notice that it requires, 

y#0, mathematically. Physically, however, the application requires that: 

Ty-+O) =Tm, 

because T. only exists at the liquid / solid interface, i. e., y=0. 

Theoretically, the smaller the y, the more accurate the e 
,. d, Because KO is extremely 

sensitive when y --> 0, the evaluation of ed is not scientifically accurate. 

For this reason, the calculation of e, in this thesis is carried out by evaluating ems,,, 
, 

in 

Eq. 57". The test of e,,, with the typical data in Appendices 1-3, by Eq. 57", supports the 

reasonability of the theoretical treatment, simply by comparing e,. with P, = 800 (W) 
. 

Dynamic absorption of the laser power by the workpiece 

The dynamic absorption of the laser power (P, ) by the workpiece, identified as P,, (0, 

is studied by analysing the relative displacement between the laser beam front and the fusion 

front at the liquid / solid interface, identified as y(t). In Fig. 9, y(t) can vary with respect 

to time, because there is a lack of physical bond between the laser beam at VV and the fusion 

front velocity at V, (t). The analyses of the mechanism of dynamic absorption of laser 
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power are therefore to identify the interrelations between the time-dependent variables, i. e., 

y(t), P,., (t), Ye (t). The "non-contact" interaction between the focused laser beam and 

the workpiece is shown in Fig. 14. 

It is seen that, assuming that P, and the absorptivity of the heated workpiece to the CO2 

laser light are constant, P3 only depends upon the intersecting area of the focused laser 

beam and the workpiece. 

In the simulation of P,.. b, (t), the angle of the fusion front to horizontal plane, a, is taken 

into account. This is because, although the thickness of molten metal layer is negligible in 

comparison with a, the quantity of (D " cot a) can not be neglected, in comparison with a. 

This is proved by the tests with the typical data in Appendix 1. Even in the situation that 

a= 89 (°) , 
for example, the quantity of (D " cot a) can reach 0.105 x 10-" (m. ). 

The ideal 3-D laser power with Gaussian profile is transformed into the 2-D model to fit 

the interest in X-O-Y plane: along Y, the power intensity is in Gaussian profile; along Z, it 

is even, as shown in Fig. 9. 

The comparison between the steady-state considerations in the previous work where the 

assumptions (Vg (t) = Vý ; Pj,, b, (t) = P) were always made, and the dynamic analyses in this 

thesis has been made in Chapter 7. It is seen that, in order to better model the reality in the 

laser cutting of metals, the dynamic approach as in Fig. 14 is necessary. Practically, it is easy 

to understand that, if y(t) is out of certain limits, symbolising the laser beam / the gas 

nozzle far behind or far ahead of the fusion front, there is no laser power or even no 

oxidisation reaction energy can be absorbed by the molten metal layer. In this case, the 

cutting stops. This explains the worst cutting situation, as shown in Fig. A7 in Appendix 8, 

where the cutting profile is intermittent between cut and no cut. 
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10-2. Possible solutions of differential governing equations 

The complicated interactions of the molten metal layer with the laser beam, the gas jet and 

the substrate metallic solid are governed by the differential governing equations. 3 sets of 

differential governing equations for the theoretical laser cutting system shown in Fig. 9 have 

been derived, by Eqs. 81,82,83, depending on the scope of y(t), respectively. They are 

bounded, in each step of time evolution, by the physical boundary conditions identified in 

Eq. 89. Given any initial conditions, i. e., S (0), P,,, b, 4(0), 
V, (0), y(0) and T (0), C. is 

determined by Eqs. 90,91,92, depending on the scope of y(t), respectively. 

The type of the governing equations are generalised in Egs. 81', 82', 83', corresponding to 

Eqs. 81,82,83, respectively. It is seen that Eq. 81 belongs to the 5 coupled, 1°`-order, non- 

linear, ordinary differential equations; Eq. 82 and Eq. 83 belong to the 4 coupled, 1'-order, 

non-linear, ordinary differential equations, respectively. 

To solve the differential governing equations, a feasible numerical approach is necessary. 

A well-structured program coded in C is designed to solve Eqs. 81,82,83 bounded by Eq. 89, 

in Appendix 6. The algorithm is based on the 4-order Runge-Kutta method. The program 

has been tested with several simpler 1°`-order non-linear differential equations. 

Chaos theory has proved that systems such as these are often chaotic for some choices of 

the coefficients in the equations [P. 3, referencel8]. A good analogy for understanding the 

chaotic nature of the cutting system may be the well studied Lorenz's system [15]. The 

butterfly effect has become one of the icons of Chaos theory. The numerical calculations in 

Figs. 15,16 suggest that the respective variations of the 5 time-dependent variables with 

respect to time are extremely sensitive to the initial conditions. The experimental results in 

Figs. 24-27 and Figs. A3-A5 suggest that the intermittence of the striations with different 

periodicity often exists. By Chaos theory [P. 507-P. 766, reference 16], it is concluded that 

the practical laser cutting system, which is theoretically governed by Eqs. 81,82,83 and 
bounded by Eq. 89, is chaotic. 
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The chaotic nature of the laser cutting system matches the fact that the dynamic striations 

always exist on the kerf surface. This is because, theoretically, the thickness of the molten 

metal layer, 4 (t), always varies with respect to time and the local kerf width, w, varies 

with respect to time, correspondingly. It is impossible to have a constant 8, (t) even when 

the system starts from the special initial point at which the I -order derivatives of the time- 

dependent variables are equal to zero, respectively. 

The chaotic nature of the laser cutting system also suggests the approach to choose the 

optimized operating parameters such as the laser power, P,, and the cutting velocity, Va. 
. 

It 

is seen that they affect the coefficients in the differential governing equations. The method 

to predict is carried out in 3 steps: 

" to choose the different combinations of the operating parameters; 

" to run the differential governing equations with as many initial conditions as possible; 

" the optimized operating parameters are discovered when the nearly periodic variation of 

(t) accompanied by the smallest phase space made up of the 5 time-dependent variables is 

reached. 

10-3. Nature of striations 

The dynamic formation and development of the striations is demonstrated in Fig. 29, 

where the increased local thickness of the molten metal layer corresponds to the wider local 

kerf width at any time. The assumption is experimentally certified by the fact that the local 

kerf width at the bottom of the kerf is always bigger than that at the top of the kerf, along 

the depth of the same striation, e. g., in Figs. 26,27. Fig. 29 explains this very well: 

9 the molten metal is removed layer by layer. This is because the measured spacing gaps 

of the striations are around 0.2 -1 mm.; the calculated maximum thickness of the liquid is 

0.105 mm.. Therefore, the formation of one observable striation requires at least more than 

one liquid layer to be removed. Theoretically, the locations at which the local striations can 

be measured satisfy the condition: 
dt [8, (t)ý =0. 
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"A good cut is characteristic of the nearly periodic variation of the thickness of the liquid 

laver with the smallest varying range. In this case. the nearly homogeneous tine striations 

are developed. producing the smaller kerf width and the smoother cutting surface. 

" The intermittence of the striations with variable periodicity and the intermittence of the 

cut and no cut along the cutting direction are not strange. because of the chaotic variations 

of the thickness of the molten metal layer together with the other time-dependent variables. 

with respect to time. They produce bad cuts. 

measurable spacing gaps 

of local striations 

local kerf width 

Figure 29. The dyncunir c/evelol"c t of the /ucu/ 
. titriatic,, l. ti due to the chaotic variations 

of the thickness of the molten metal layer (top ºictii'). The thicker the /0(01 thickness of'the 
liquid, the wider the local keif tividth. The, local thickness of the liquid can quantitatively 

he culc ulcýtc cl Irith the diferentiul governing equations 

10-4. Future work 

To complete this thesis. 2 prospective research directions are recommended. 

Chaotic analysis for the differential governing equations 

Detailed theoretical work on the chaotic nature of the differential governing equations are 

necessary. especially in the long run. Because the laser cutting system is essentially chaotic, 

0 cutting direction 
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by Chaos theory, there must be windows in which the periodic points, nearly periodic points 

and period-doubling points exist. The systematic examination of the operating parameters 

is worthwhile in order to try to achieve the stable, optimized cutting surface quality. 

10-4-2. Animation of dynamic development of striations 

In applying the differential governing equations, a user-friendly interface can help both 

numerical simulations and industrial practices. The following Window95 based interface 

will make it more comfortable to theoretically predict the optimized operating parameters. 

lrýtlt. 1 I.,, r- 

e 

Anirnýting il e i, r 7nw-_ 
------------------- --- ---- 

as nozzle 

Longitudinal 
transverse-section 
of workpiece 

Good Cut f Bad Cut 

Figure 30. A user friendly interface making it more efficient to theoretically predict the 

optimized operating parameters 

The author of this thesis truly believes that this work will be useful. 
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Chapter 11. Conclusions 

To generalise predictions of the laser cutting performance, in particular, of the kerf surface 

quality, the interest of this thesis has been focused at the dynamic formation / development 

of the flowing molten metal layer in the keif By defining a theoretical laser cutting system 

and applying the concept of control volume, it is expected to dynamically construct the 

balance equations of mass, momentum and energy in the control volume which always 

encloses the flowing molten metal layer in the kerf. In order to ascertain the specific entries 

into the 3 balance equations, 4 individual physical processes have been modelled: 

(1) Momentum interaction between the gas and metallic liquid flows; 

(2) Exothermic reaction between the gas and metallic liquid flows; 

(3) Energy loss from the metallic liquid into the substrate metallic solid; 

(4) Dynamic relation between the fusion front velocity and the beam front velocity. 

As a result, a set of governing equations are built up to be able to dynamically model this 

theoretical laser cutting system in which the multiple interactions of the metallic liquid with 

the gas, the metallic solid and the laser beam occur. Mathematically, the 5 most concerned 

variables in respect with time, as follows, can numerically be calculated. 

4 (t) : the thickness of molten metal layer at the bottom of the kerf, 

T, (t): the surface temperature of molten metal layer at the gas / liquid interface; 

V. (t): the fusion front velocity at the liquid / solid interface alotig cutting direction; 

y (t): the displacement of the fusion front relative to the laser beam front; 

P,,,,,,, (t) : the laser power absorbed by the workpiece. 

The time evolution of the thickness of the molten metal layer, 4 (1), reflects the dynamic 

nature of the theoretical laser cutting system and the frequency of 4 (t) is closely related 

with that of striations in the kerf, as shown in Fig. 29. 
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To solve the differential governing equations, a feasible numerical approach is necessary. 

Commercially, several software packages, e. g., Mathematica, MathCad and NAG routine, 

are able to numerically solve the sets of 1"-order differential equations. However, these 

software packages are difficult to incorporate with the special requirement, which is the 

physical boundary conditions for the 5 time-dependent variables, in Eq. 89, in this thesis. It 

is essential to keep in mind that Eq. 89 must be satisfied in each step of time evolution, as 

long as the simulation of the laser cutting process continues (a -b< y(t) <_ a+b). In 

Appendix 6, a well-structured program coded in C has been designed to solve Eqs. 81,82,83 

bounded by Eq. 89. 

The dynamic modelling has resulted in 3 sets of differential governing equations for the 

theoretical laser cutting system. These are found to be in the form of 5 or 4 coupled, I"- 

order non-linear differential equations (Eqs. 81-83) along with their specific boundary 

conditions (Eq. 89) for the 5 time-dependent variables. To analyse the characteristics of so 

many possible solutions, it is important to understand the type of the differential governing 

equations. Mathematician Baker concluded that the dynamic systems such as Egs. 81-83 

are often chaotic for some choices of the coefficients in the equations [P. 3, reference 18]. 

The recent findings from Chaos theory help predict the optimised operating parameters. 

In addition to the dynamic modelling, objective-oriented experimental tests are carried 

out. An X-Y table which can produce both constant cutting velocity (linear and circular 

cutting profiles) and accelerated / decelerated cutting velocity (spiral cutting profile) is 

designed to study the influence of the cutting velocity on the formation of striations in a 

practical laser cutting system. 

The major conclusions are summarised as follows: 

(1) The dynamic modelling has resulted in 3 sets of differential governing equations for the 

theoretical laser cutting system. These are found to be in the form of 5 or 4 coupled, 1 '- 

order non-linear differential equations along with their specific boundary conditions for the 

5 time-dependent variables. By simultaneously solving those equations, the dynamic nature 

of the laser cutting system can be clearly demonstrated. 
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(2) The type of the differential governing equations itself suggests that any practical laser 

cutting process is essentially chaotic. The recent amazing findings from Chaos theory can 

thus be employed to explain and predict the chaotic characteristics of kerf surface finishes, 

in particular, when the cutting time is long. 

(3) The most concerned physical mechanisms underlying practical laser cutting processes 

can be concluded as follows: 

" Two boundary layer flows exist and interact with each other at the gas / liquid interface. 

The shear stress is thus produced at the gas / liquid interface and it is predominantly 

responsible for the removal of the molten metal layer. 

" The exothermic reaction contributes a considerable amount of energy, in addition to the 

absorbed laser power, to help heat up the workpiece. The exothermic energy entering 

into the metallic liquid film comes predominantly from the oxidisation reaction of the gas 

(02) and the metallic liquid (Fe), rather than that of the gas (02) and the metallic vapour 

(Fe). 

" The molten metal layer, acting as a linear moving heat source, will incur the unavoidable 

heat conduction loss. It is also responsible for the retrieval of part of the heat 

conduction loss when it advances. Theoretically, however, due to the invalidity of pre- 

conditions when applying the moving heat source theory in the modelling, the heat 

conduction loss can be evaluated by the heat convection theory, i. e., the heat convected 

from the flowing molten metal layer into the liquid / solid interface can instead be 

calculated. 

" Keeping VV (cutting velocity) constant does not guarantee the constant value of V, 

(fusion front velocity at the liquid / solid interface), simply because there is no physical 
bond between V, and V, in reality. The oscillation of Vg with respect to time is 

confirmed. This consequently changes the interacting area of the laser beam and the 

workpiece and thus influences the absorption of laser power by the workpiece. 
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Conclusions 

The structure of this thesis has been rooted in the following 3 respects: 

(1) to describe as comprehensively as possible the physics in the laser cutting process. In 

this respect, it is worthwhile to refer to the previous laser cutting models and endeavours 

[1-14]. 

(2) to abstract as reasonably as possible the so-called theoretical laser cutting system from 

the reality. By doing so, the differences between the theoretical laser cutting system and the 

practical laser cutting system are crystal clear, as analysed in Chapter 2. 

(3) to generalise the calculated results and optimise the laser operating parameters. In this 

respect, the author of this thesis has not furthered too deep during limited PhD period. 2 

prospective research directions in Chapter 10-4 are thus strongly recommended. 

At the completion of this thesis, the originality of this thesis is emphasised as follows, not 

for the author to be proud of but for the reader to be aware where he or she may start. 

(1) A 2-dimensional-based, dynamic model concerning the reactive jet gas assisted laser 

cutting of metals has been constructed in this thesis. As far as the author is aware, to date, 

this is the first, most comprehensive, dynamic model in the research communities of laser 

materials processing. Dynamic solutions rather than static ones are thus naturally expected, 

i. e., the 5 most concerned time-dependent variables, S (t), T (t), Ve (t), y (t) and P, W (t), as 

defined above, can be simultaneously simulated in respect of cutting time. For example, the 

periodicity of striations can be calculated by analysing the periodicity of 4 (t). 

(2) The sets of differential governing equations for the theoretical laser cutting system have 

been derived and they are comprised of 5 or 4 coupled, 1-order, non-linear differential 

equations. The detailed boundary conditions for the governing equations have been derived 

based on both physical and mathematical grounds; they must be satisfied in every step of 

time evolution. Chaos theory certifies that the theoretical laser cutting system, governed by 

the differential governing equations, is essentially chaotic. 
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(3) The measured striations demonstrate that the chaotic nature is embedded in a practical 

laser cutting system where any unstable factors in, for example, the laser power and cutting 

velocity will add to more complexity in the laser cutting mechanism. Essentially, the chaotic 

striations are unavoidably generated (including nearly periodic striations) regardless of how 

constant all the operating parameters are adhered to. Both the theoretical calculations and 

the experimental measurements reveal the dynamic nature of the striations: the variable S (t) 

with respect to time produces the local striations with variable periodicity and thus variable 

local kerf widths. The optimised operating parameters for good cuts (nearly periodic fine 

striations) can be theoretically predicted by achieving the nearly periodic variation of 4 (t) 

together with the smallest phase space comprised of the 5 time-dependent variables. 

The End 
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Typical operating parameters used in experiment 

Appendix 1. Typical operating parameters 

used in the experiment 

In this appendix, a set of typical operating parameters used in the experiment, introduced in 

Chapter 9, are listed for reference throughout this thesis. Theoretically, they are taken as 

time-independent variables in the modeling. Practically, any unexpected unstable factors 

contribute to a greater or lesser extent into the dynamic development of striations. 

" The ambient pressure, pa : 

P, 7 =1 (atm)= 1.015x105 (N/m2); 

" The ambient temperature, T. 

300 (OK); 

" The stagnation pressure of the gas, po : 

p0 =2 (atm) = 2.03x10' (N/m2); 

9 The stagnation temperature of the gas, To : 

To = 300 (K); 

9 Mach number of gas jet in the exit plane of the nozzle, M8 : 

Mg =1; 

9 The velocity of translation of laser beam along Y, V: 
ý: 

Vý = 900 (mm/min)= 1.5 x 10-2(m/ sec) ; 

" The total power of laser radiation in the beam waist, PI: 

800 (W); 
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Typical operating parameters used in experiment 

. The thickness of metallic sheet to be cut, D: 

D= 6 (mm. )=6 x 10-3 (m. ); 

" The average measured kerf width, w `-. 

w=2 (mm. ) =2x 10-3 (m. ) 

. The dimension of focused laser power with Gaussian profile intensity, 2a x 2a, 

2a=w= 2x10-3(m. ); a=2w= 1x10-3(m. ); 

. The width of nozzle of gas jet in Y, 2b, 

2b=4x10-3(m. ); 

. The average measured angle of the fusion front to horizontal plane, a, 

a=85 (°); 

The value of w is used in the evaluations of derived quantities for the theoretical laser cutting system. The 

dynamic modeling in this thesis only concerns the variations in X-0-Y or X-O-S planes, as shown in the 

physical model in Fig. 9. Therefore, w in Z can be essentially taken as any constant, as long as it is much 
larger than the thickness of the molten metal film. 
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Calculation for gas flow 

Appendix 2. Calculation for gas flow 

In this appendix, the flow parameters in the free stream of the gas are calculated with the 

data in Appendix 1. The pure oxygen gas is used and it is treated as an ideal gas. The data 

are used in this thesis wherever required. They are time-independent ir the Vnodeling. 

" The specific heat ratio for O2, y =1.401 [20]; 

" The relative molar mass of 02, M02 = 32 x 10-3 (kg / mole ); 

9 The universal constant for ideal gases: ¶R = 8.3144 (J / mole. °K ) 

. The gas pressure in free stream, pg , 
is calculated [24]: 

1.401 

pg_po (j+r-1 M8)1-r=2.03x10" x(1+1.401-1x12_0.401 22 (A2-1) 

=1.072x10-' (N/m2) 

" The gas temperature in free stream, T8 : 

Tg = To " (1 +Y21" Mg)-' = 300 x (1.2005)-' = 249.9 (°K) (A2-2) 

" The stagnation density, po, and the gas density in free stream, pg, respectively: 

Po'Mo, 
_2.03x10s 

x32x10"3 
PO = To "9 300 x 8.3144 - 2.6 (kg / m3) (A2-3) 

and, 

11 

pg = po . (1 +r21 Mg )'-' = 2.6 x (1.2005)-0.401 =1.65 (kg / m3) (A2-4) 
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. The free stream velocity of the gas, Ug : 

328.310 jx 249.9) 2= 301.6 (m / sec) (A2-5) U8 = M8 " (y "" Tg )2 =1 x (1.401 x 
x 10 Mo? - 

" The gas temperature at the gas / liquid interface, T,, 
x� 

is expected: 

Tg 
w=T, > T, 

� = 1808 (°K) (A2-6) 

where T: the surface temperature of molten metal layer at gas / liquid interface (OK); 

T, 
� : 

the temperature of fusion of Fe at around pa, T, = 1808 (OK); 

" The gas pressure at the gas / liquid interface, pg, �, , 
is taken as: 

pg w= pg (A2-7) 

" The gas density at the gas / liquid interface, p8, x, : 

p. w 
Mo, 1.072x105 x32x10-' 

Pg"w = Tg. 
w 

i5 1808 x 8.3144 = 0.228 (kg / m3) (A2-8) 
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Appendix 3. Thermophysical properties 

- thermodynamic and transport properties 

In this appendix, the thermophysical properties (thermodynamic and transport properties) 

for the gas, the liquid and the solid are listed for reference. Although they are all treated as 

time-independent variables in the modeling, their temperature-dependencies are considered. 

In particular, the thermophysical properties of the gas are strongly associated with the 

local temperature. Fig. A1 demonstrates the principle to choose the temperature-dependent 

thermophysical properties for the gas. 

start 

given 3 operating parameters) 
of the gas: po; To; M; 

static parameters of the 
out of boundary layer. 

-- p2; I; PA; UA 
__ 

static parameters of the ga 
along gas /liquid interface: 

--Pg, w; 1 z,.; 
Px.., 

* 
--/ 

pro perties: 
Pg; cp, g; Ka 

properties: 
pR, 

w; 
CP, 

R, w+ nR, w 

(finish 

Figure Al. The principle to choose the temperature-dependent thermophysical properties 

for the gas. The local temperatures in the free stream, Tg, and at the gas / liquid interface, 

T,,,, are listed in Appendix 2 
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" The dynamic viscosity for oxygen gas, pg, at around Tg and p8 =1 (atm) [20]: 

µg = 178.63 (micropoises) = 1.79 x 10 -s (N "s/ m2) ; 

. The dynamic viscosity for oxygen gas, , ug. x� at around T. and pg = 1(atm) : 

, ugw = 7.03 x 10"5 (N"s/m2); 

9 Prandtl number for oxygen gas, (Pr)g : 

at Tg, (Pr)g = 0.691; 

at Tm 
, 

(Pr)g = 0.704; 

It justifies the theoretical treatment in solving the boundary layer equations for the gas in 

Section 4-1, where (Pr)8 is treated as constant. For the calculation, it is taken as: 

(Pr)g = 0.698; 

. The specific heat for oxygen gas, cp. g, at Tg [20]: 

cp/R=3.534, 

cp, g = 8.3144 x 3.534 = 29.38 (J / mole. °K) = 918 (J / kg"°K) ; 

9 The specific heat for oxygen gas, cp. g. w, at around T. 

cp/93 = 4.483, 

cpgw =8.3144 x4.483 = 37.27 (J/mole. °K)=1164.7(J/kg"°K); 

" The thermal conductivity for liquid Fe, K,, at around 1808 - 2000 (°K) [23]: 

K, = 41.8 (W/m"°K); 

" The specific heat for liquid Fe, cri , at around T. = 1808 (K): 

cp,, = 664.8 (J / kg"°K) ; 
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9 The dynamic viscosity for liquid Fe, at T. = 1808 (°K) [27]: 

p1 =3.9 x 10-3(N"m/(m2); 

9 The density for liquid Fe at around T. = 1808 (K): 

Pr= 7.86x103(kg/m3); 

9 The density for solid Fe at around T,,, = 1808 (°K) [28]: 

ps=7.874x103(kg/W); 

. The thermal conductivity for solid Fe, K3 
, at around T. =1808 (°K) [23]: 

K3 = 0.35 (W / cm-'K) = 35 (W / m"°K); 

" The specific heat for solid Fe, cp.,, at around T. = 1808 (K): 

cp. s = 557 (J / kg"°K) ; 

. The enthalpy of fusion for Fe, hf, at T. = 1808 (°K) [28]: 

hf= 65.0 (Cal / g) = 2.72 x 10 5 (J / kg) ; 

The enthalpy of evaporation for Fe, h,,, at T,, = 3133 (°K) [30]: 

by=6.65x106()/kg) 

" The relative molar mass of Fe, 

MFB = 55.85 x 10-"' (kg / mole ); 

" The temperature of fusion and of vaporization of Fe, at around pQ, respectively, 

Tm =1808 (OK); 

Tv = 3133 (OK); 
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" The relative molar mass of FeO, 

MFA = 71.85 x 10-3 (kg / mole); 
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Chemical reaction between oxygen gas and metallic vapour 

-The method to calculate the rate of exothermic energy into the molten metal layer 

Appendix 4. Chemical reaction between oxygen 

gas and metallic vapour 
-The method to calculate the rate of exothermic energy into the molten metal layer 

In this appendix, the method to calculate the rate (q j,, ) of heat transfer from the boundary 

layer of the gas mixture into the molten metal layer for the oxidisation reaction between the 

oxygen gas and metallic vapour of iron with the product of FeO in gaseous phase, is listed 

for reference. This method of calculation was derived by Dutta [P. 84-P. 88, reference 3]. 

q. reflects the combined effect of the chemical reactions, the cooling and the evaporation. 

The mathematical symbols used here are the same as in the original work for the 

convenience of check-up. Since the calculation is based on the steady-state analysis, the 

typical data listed in Appendixes 1-3 are used wherever required. Consequently, the 

mathematical symbols used in the domain of this thesis are converted into the ones used in 

this appendix, by the same definitions, respectively. Some modifications of the formulas are 

made by the author of this thesis. 

The oxidisation reaction is assumed as the chemical equilibrium: 

1x(0) +1x(Fe)=1x(FeO)+LQF, 0 (A4-1) 

The objective is to evaluate the rate of heat transfer flux, 1L, , 
from the boundary layer of 

the gas mixture into the liquid metal, derived as: 

G(oo, P) 
9, ý =CH Pe'UB [(If)e-(I )8+G(ý, 

s)"hý-B3'Lv1 
(A4-2) 

Chemical reaction enthalpy, hý 

k= dQFd [(1 + B4) " (CFo )8 J (A4-3) 
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Chemical reaction between oxygen gas and metallic vapour 

-The method to calculate the rate of exothermic energy into the molten metal layer 

(1) Enthalpy of reaction at the temperature of gas / liquid interface, dQFeO 

At T= 298 (°K), AQF. 0 is calculated with Hess' principle using the respective heats of 

formation from the standard tables [30]. It is then modified by Kirchhofs equation to the 

temperature of the reaction in Eq. A4-1. The method can be referred to in Chapter 5-2. 

(2) Species mass fraction for FeO at gas / liquid interface, (CF. Q )g 

A_P; M; xA 
PER E(M1 x A) 

(A4-4) 

where, the subscript i denotes the 3 species, respectively, which are treated as ideal gases; 

M. is the relative molar mass for i. The calculation of p, is as follows. 

The mass action constant for the chemical equilibrium identified in Eq. A4-1 is defined by 

the mass action law': 

Kp., = 
PFCO (A4-5) 

PPo 

the mass action constant for the vaporisation of Fe : 

K2= Ne (A4-6) 

By Dalton's law of partial pressure: 

Pe = PF, + Po + PF. o (A4-7) 

" In Dutta' thesis, the mass action constant for the reaction was defined as: K,,, = 
Pp' P° 

. In accordance 
PAO° 

with the definition of mass action constant for the vaporisation of Fe : K,, 2 = p,, , 
it should be defined as 

Eq. A4-5 [P. 2 - P. 18, reference 30] 
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Chemical reaction between oxygen gas and metallic vapour 

-The method to calculate the rate of exothermic energy into the molten metal layer 

where, pe is the static pressure of the gas mixture at the edge of the boundary layer flow. 

Combining Eqs. A4-5, A4-6, and A4-7, pr are discovered *: 

PFe - 
Kp. 

2 

iPe - KP. 

2 Po - 1+Kpr'Kp. 2 
(A4-8) 

PFeo - 
(Pe - Kp. 2) 

. Kp., ' Kp. 2 1 +Kp1 -Kp2 

In Eq. A4-8, Kp,, is calculated from: 

AG° = -4.574. T. log(KK) (A4-9) 

where, for Kp,,, 4G° is the standard Gibbs energy of reaction (Cal. ); K, 1 and K,. 2 are 

calculated when partial pressures are in the unit of atmosphere (ahn. ). iG° is found out as 

[Table E, reference 30], with the unit of Cal /mole of iron `* 

1GT_ - 55620 + 10.83 xT (A4-10) 

For Kp, 2, AG° is the standard Gibbs energy of vaporisation of liquid Fe. Here, Kp, 2 is 

calculated by assuming pF. is the saturated vapour, PFe, 
sal , 

[Table D, reference 30] "' 

`Eq. A4-8 is here derived by the author of this thesis. 

** Due to availability of data, AG ° used here is precisely for the practical chemical equilibrium [30]: 
1x 

(02) +1 x (F, ) =1 x (FO) 
2 

`** The calculation of Kp, 2 here is carried out by the author of this thesis, alternatively. In Dutta' s original 

work, it was suggested by finding AGO from the thermochemical tables. AGO of the vaporisation of liquid 
iron is essentially related with the saturated vapour pressure [30]. 
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Chemical reaction between oxygen gas and metallic vapour 

-The method to calculate the rate of exothermic energy into the molten metal layer 

log pF,.., = -19710 xT -' -1.27 x log T+ 13.27 (mmHg) (A4-11) 

PFe = PFe, sat 
(A4-12) 

(3) Mass transfer parameter B4 

B4 is calculated by, 

(CO), B4 + (CF. )8 
(A4-13) (CO )g 

1+ B4 
and (CF. )g 

- 1+ B4 

Ck) (A4-14) 

where, U, denotes the element mass fraction for the chemical elements of 0 and Fe, 

respectively. The subscripts e and g denote the situations at the edge of boundary layer and 

the surface of gas / liquid interface, respectively. The subscript k denotes 3 species. rk is 

the fraction of mass of species k which is contributed by element i. 

Quantity of 
G(co 

nS °IS 
when 77 = oo G(oo, S) = 

fexp(-ff. diY'dui' 

and , 
17p P 

G(oo, P) =fc" exp(-f c"f- 
di7")drf when 77 = oo (A4-15) 

where, S: Schmidt number; P: Prandtl number. The ratio is evaluated by analysing Lewis 

number: L=PS. In the derivation of the differential governing equations for the "frozen" 

boundary layer approximation, Lewis number has been taken as unity, P=S. Therefore, 
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Chemical reaction between oxygen gas and metallic vapour 

-The method to calculate the rate of exothermic energy into the molten metal layer 

G(co, S) 
_i 

(A4-16) 
G(oo, P) 

Mass transfer parameter, B3 

B4 = 
G(c 

, 
5) 

B3 (A4-17) 
G fr 

, 
Pi 

Heat transfer coefficient, CH 

The heat transfer coefficient, CH 
, 
is calculated ̀: 

1 (PV)g 
(A4-18) C'i 

B3 Pe Ua 

where, the density, p, , and the velocity, Ue , at the edge of the boundary layer of the gas 

mixture are assumed the same as those in the free stream of oxygen gas. They are listed in 

Appendix 2. 

Because FeO has been treated as an ideal gas, the density of gas mixture at the interface 

of liquid / gas, p8 , can be calculated by Eq. A4-4: 

__ 
PFFO 

__ 
1 MFeo ' PF. o (A4-19) pg 

CFeO CFeO 91' T 

* The calculation of C. which appears in Eq. A4-2 was not mentioned in Method of Calculation in Dutta's 

PhD thesis. B3 = 
(-PVn)U 

was defined in the Nomenclature of Chapter 5 of his work. 
hrs s 

A13 



Chemical reaction between oxygen gas and metallic vapour 

-The method to calculate the rate of exothermic energy into the molten metal layer 

For the velocity of gas mixture at the interface of liquid / gas along Y in Fig. 4, vg , 
it is 

taken as the velocity of translation of laser beam (V,, ) as shown in Appendix 1. 

The difference of partial enthalpies, (If )s - (If )g 

The partial enthalpies, (If )g and (If )s , are defined as: 

T u2 

If G- (f Cp,, dT)+ 2 
0 

[Uf)8 -(If)81= 

(A4-20) 

U2 u2 
[(C0)eC,, 0Te +2 1-[(CFe)gCp. F. Tg +(Co)gCp. oT8 +(CF. o)gCp. FeoT8 +2I (A4-21) 

where, u denotes the velocity along s co-ordinate as shown in Fig. 4; Cp, 1 is the specific heat 

at constant pressure for i. They are calculated through the following procedures: 

ue is taken as the same as Ue shown in Appendix 2. ug is taken as uo,,,, calculated by 

Eq. 38 where µl is taken as: µ, = (p, )g = 1.437 x 10-4 (kg/m s) '. The other properties 

in Eq. 38 are listed in Appendix 3. 

At the liquid / gas interface, C can be calculated by Eq. A4-4; at the liquid / gas interface, 

C; are: 

Due to (Cr o )j = 0.8357, it is justified that the physical properties of gas mixture at the liquid / gas 
interface such as the dynamic viscosity are dominated by those of gaseous FeO. The value of (u, )s is 

approximately evaluated by the author of this thesis since the transport properties of gaseous FeO are not 
available from major reference books. It is estimated with the empirical relations of data for the gases: Ar , 
02 , 

Ni , CO and air at 1800 (°K) [20]. 
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(CFFO 
)e = 0, (CF. ), =0 and (CO ), =1 (A4-22) 

This is due to the assumption of "frozen" boundary layer. C,,; is approximately taken as ': 

Cp. o = 1.2 x 10' ; CpFe = 7.5 
x 102; CPFso = 9.5 x 102 (J / kg"°K) (A4-23) 

Enthalpy of evaporation of liquid iron, 4, 

It is listed in Appendix 3. L, = 6.65 x 106 (J. /kg) 
. 

In conclusion, under the condition of typical data in Appendixes 1-3, all the quantities 

involved in the derivations identified above are listed for reference: 

p, =1.056(atm. ); T= 249.9(°K); p, =1.65 (kg/m3); U, = u, = 301.6 (m/ s); 

(CFe0 )1 
= 

0; (CF, ). 
= 

0; (Co). = 1; 

(CF6O )g = 0.8357; (CF1)g = 2.55 x 10-4; (Co )8 = 0.164; 

(pFeo )g = 0.5610 (atm) ; (PF, )8 = PF. 
�� = 2.2 x 10-4 (atm) ; (po )g=0.4947 (atm) ; 

KP2=2.2x10-4; Kp., =5.156x103; 

(CFso )g = 0.8357; (CF, )g = 2.55 x 10 -4 ; (Co )8 = 0.164; 

(CF, )g = 0.6496; (CF, ), = 0; 

pg =0.294(kg/m3); pg m(pFeo)8 = 1.437x10-4(N"s/m2); T8 = 2000(°K); 

vg = 1.5 x 10-2(m. /s. ); ug <_ 3.35 (m. /s. ); 

Cp. 
O = 1.2 X 103 ; CP, 

F1 = 7.5 x 10' ; Cp. 
�o = 9.5 x 102 (J / kg"°K); 

[(If), - (If)g]= - 1.636 x 106 (J/kg); 

The data chosen by the author of this thesis are from [Tables Cl, C2, reference 30], where, (0, ) is used 

for (0), (Fe) for (Fe) and (FeO) for (FeO) at the temperature of 1800 - 2000 (°K) 
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4 =6.65x106(J. /kg); 

CH <_7.744x10-6 ; 

Bj =B, =1.8539; 

G(c'S) 
= 1; 

G(oo, P) 

' QF& 12000K = -1.325 x 107 (J ./ kg of gaseous FeO) when 1808: 5 Tg 5 2000 (OK); 

k=-3.16 X107 (J. / kg of gaseous FeO); 

By contributing the relevant data above into Eq. A4-2,4L, is: 

4 L, = -1.08 x 105(W/m2). 

With D=6x 10-'(m. ); w=2x 10-'(m. ) in Appendix 1, the total heat rate from the gas 

mixture into the molten metal layer is calculated by knowing q, J above: 

qL, =D xw x 4, =-1.30 (W), 

where, the negative sign means that the chemical reaction system releases the energy. 
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Appendix 5. The moving heat source theory for 

heat conduction in solids 

In this appendix, 3 types of calculation method to evaluate the conductive heat rate, e.., 

at the liquid / solid interface, are introduced. The evaluations of the derived quantities are 

analysed in association with Chapter 6. The first method of calculation is derived assuming 

that the molten metal layer is extremely thin and it flows extremely slowly. The other 2 are 

derived based on the heat conduction theory for a moving heat source in solids. They are 

evaluated with the typical data in Appendices 1-3. The mathematical symbols used here are 

the same as in the main contents, except those only related with the local derivations. 

Because they only seek steady-state solutions, the 5 time-dependent variables are denoted 

without (t) wherever they are used, e. g., T for T, (t) and so on. 

The method by Dutta 

Assuming that the molten metal layer is extremely thin and it flows extremely slowly, the 

heat convection in the liquid reduces to the heat conduction [3]. In X-O-S in Fig. 13, ( 
dT 
d) 

at the liquid / solid interface, i. e., s=0, is calculated, 

()= T"' 
8T at 5=0 (A5-1) 

8, : the average thickness of molten metal layer, S, =1 8, ; 

Contributing Eq. A5-1 into Eq. 57 gives: 

T- T' 
Bloss = ems, = 2(wD)K, 

9 
(A5-2) 
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Let: T, = 2000 (OK); T°, =1808 (K); 81 (t) = 61, 
m= = 0.105 x 10 -3 (m. ) ; 

e, 
O,, can be found: e,. =1834.4 (W. ) 

. 

The method by Schuocker 

Taking the molten metal layer as a linear heat source moving ifl the solid, the steady-state 

solution, derived by Carslaw and Jaeger [Section 10.7, reference 34], can be expressed, in 

X-O-Y system in Fig. 12: 

T= e'°. 
" exp(Vey) " Ko(V`r) when r= y1 +z2 #0 (A5-3) 

O 27rKaD 2k., 2k., 

K 
where, k3 : the thermal diffusivity of the solid, ks =S. Z is vertical to X-O-Y plane. It 

Pscp. s 

z2 = 0. To apply Eq. A5-3 to is noted that the formula by Eq. A5-3 is invalid if r= y2 
; 

z2- 

the evaluation of e, 
0 at the liquid / solid interface, in X-O-Y plane, the crucial point is to 

determine the situation when y -+ 0 '. The method by Schuocker [5] is listed as follows: 

W 
By approximately assuming y=2, T,, 

) 
= T. = 1808 (W), where w is the kerf width, 

2 

e, 
a., 

is expressed by Eq. A5-3: 

In abiding by this critical condition, assuming T $l = Tm =1808 ('k), Eq. A5-3 becomes: 

22tK, DTm 

exp( -)K0( -) 
JJ 

By taking V. = VV ; ö, = el,,, is found: E, 
ý, = 725.9 (W. ) . 
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2, rKDT 
e, o8 -VwS 

mV 
w 

(A5-4) 

exp(4k )K0 (4k ) 
ss 

Using the data in Appendixes 1-3 and letting V, = V,, = 1.5 x 10 -2 (m / s), 

e, 
o., 

is found: e, = 2030.2 (W. ) 
. 

The method by Schulz 

The work proposed by Schulz [35] is listed as follows: 

ems, =4 Ks D (Tm - Q) " 
(28 )" (A5-5) 

Eq. A5-5 is valid when Peclet number, 

ro'V, 
Pe =k (A5-6) 

s 

r is between 0.2 and 4. y is slightly dependent on the aperture ratio: r, where rk is the 
o 

half of the kerf width. When rk is within the interval rk 
E (0,0.9), y varies within the ro ro 

interval: yE (0.30,0.36). 

With the typical data in Appendix 3, 

rk 
2w=1 

x10-3(m. ); ro = 
ýrk 

= 1.11 x10-3(m. ); 

y=0.33; 

VC =1.5 x 10-2 (m. Is. ); 

K3 = 35 (W / m" *K); ks = 7.98 x 10-6 (m2 / s) ; 
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T, =300 (°K); 

D=6x10-3(m. ); 

In this case, for example, e, is found: e, = 6,,,,, d= 1284.5 (W. ) 
. 

A20 



Differential governing equations program 

Appendix 6. Differential governing equations program 

This appendix demonstrates the program for numerically solving the differential governing 

equations for the theoretical laser cutting system. This program is coded in C with Turbo C 

/ C+ + 3.0; it can be successfully executed under MS-DOS. A test is shown to prove the 

applicability of the program. 

Program 

/* Copyright 1998- All Rights Reserved! */ 

#include <stdio. h> 

#include <nr. h> 
#include <nrutil. h> 

#include <math. h> 
#include <graphics. h> 
#include <conio. h> 
#include <stdlib. h> 

#define MAXSTP 1. Oe10 
#define TINY 1. Oe-3 

#define PGROW -0.20 
#define PSHRNK -0.25 
#define FCOR 0.06666666 
#define SAFETY 0,9 
#define ERRCON 6.0e-4 

#define N2 

float dxsav, *xpp, **ypp ; 
int kount, kmax ; 

------- ------- Definition of all the variables : 
y[0] - thickness of metallic liquid layer, 8, (t) ; 
y[ 1]- displacement of fusion front and laser beam front, y(t) ; 
y[2] - absorption of laser power by metallic liquid film, P,,,,,, (t) ; 
y[3] - fusion front velocity at liquid / solid interface, V, (t) ; 
y[4] - surface temperature of metallic liquid at gas / liquid interface, T, (t) ; 
x- cutting time, t; 

void derivs (x, y, dydx ) 
float x, y[ , dydx[]; 
{ 
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dydx[O] = 2*sin(y[O]) ; 
dydx[1] = 4*cos(y[1]) ; 
dydx[2] = 474.593*(14 y[3])/exp(fabs(y[1]-1)) ; 
dydx[31 = 2512.2*y[0]*y[3]-1.583*pow(10,6)*pow(y[0], 3) ; 
x=x/1., 

} 
/*________________=___________=====_====================================*/ 
void ouydbc (y , dy_dx ) 

float *y, *dy_dx; 

int i; 
for (i=0 ; i<N ; i++) 

if (y[0]<0.0) {y[0]=eps ; dy_dx[O]=0.0; } 
if (y[O]>0.21) {y[0]=0.21 ; dy_dx[0]=0.0; } 
if (y[1]<0.0) {y[1]=eps ; dy_dx[1]=0.0; } 
if (y[1]>1.0) {y[1]=1.0 ; dy_dx[1]=0.0; } 
if (y[2]<0.0) {y[2]=eps ; dy_dx[21=0.0; } 
if (y[2]>600.0) {y[21=600.0 ; dy_dx[2]=0.0; } 
ff (y[31<0.0) {y[31=eps ; dy_dx[3]=0.0; } 
if (y[4]>1808.0) {y[4]=1808.0 ; dy_dx[4]=0.0} 

Here starts main() : following parameters need to be customerized to 
meet specific needs. 

vector2[] and matri[][] should be allocated memory enough to accommodate 
*xp and ** yp, i. e., larger than kmax, which will 
determine dxsav. 

dxsav is the pre-set gap of points; when x is a bit larger than it, the 
x and corresponding y[1.. 4] will be stored within *xp and **yp. 
two-level pointers will really contain memory: xp[N] and 
yp[N][kmax]; and kount++ will turn out to be kmax to make sure. 

x2 is the endofx 
x1 = 0. 

void main() 
{ 

int i; 
float eps, h0, hmin, xl, x2, *ystart; 
float vectorl[N], vector2[50], matri[N] [50J; /* less than [4][3000] 
void ouydgraph (); 

ystart = vector!; 
xpp = vector2; 
ypp = matri; 

x1= 0.0; /* time starts from 0 (sec) to ? (sec) 
x2=50.; 

kmax = 50; 
dxsav = (x2-xl)/kmax; /* minimum dx is stored in *xp 

ystart[O] = 0.; /* (mm) */ 
ystart[1] = 1.; /* (mm) */ 
ystart[2] = 200.0; /* w 
ystart[3] =I 1.0; /* mm/sec */ 
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eps = 1. Oe-6; 
hO = 0.0001; /* control one step quality 

bruin = 0.0; /* (sec) */ 

odeint(ystart, N, xl, x2, cps, h0, hnrin, derivs, rkqc); 

p tf("\n% o/ýMn", "Stored intermediate values number : ", kount); 
printf("fin%8s %18s \n", "xppf ", "ypp[3l[l"); 

for (i=0; i<kount; i++) 
printf("%10.4f %16.6fln", xpp[i], ypp[0][i]); 

ouydgrapho; 

void odeint(ystart, nvar, xl, x2, eps, h0, hmin, derivs, rkqc) 
float ystart[], x1, x2, eps, h0, hniin; 
int nvar; 
void (*derivs)Q; 
void (*rkqc)(); 
{ 

int nstp, i; 
float xsav, x, hnext, hdid, h; 
float *yscal, *y, *dydx; 
float vector3[N], vector4[N], vector5[N]; 

yscal = vector3; 
y= vector4; 
dydx = vector5; 
x=x1; 
h= fabs(hO); 
kount = 0; 

for (i=0 ; i<nvar ; i++) 
{ 

y[il = ystart[i]; 
xpp[0] = xl; 
ypp[il[O1= y [il; 

for (nstp=1 ; nstp <= MAXSTP ; nstp++) 
{ 

(*derivs)(x, y, dydx); 

for (i=0; i<nvar; i++) 
yscal[i] = fabs(y[i])+fabs(dydx[i]*h)+TINY; 

(*rkqc)(y, dydx, nvar, &x, h, eps, yscal, &hdid, &hnext, derivs); 

x=x+hdid; 

if (x >= dxsav*(kount+1)) 
{ 

xpp[++kount] = x; 
for (i=0 ; i< nvar ; i++) 

ypp[i][kountl = y[i]; 
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h= hnext; 
} 

else 
h= hnext; 

if (fabs(hnext) <= hmin) 
printf("Step size too small in main() ! "); 

if (x >= x2) 
break; 

} 
} 

void rkqc(y, dydx, n, x, htry, eps, yscal, hdid, hnext, derivs) 
float y[], dydx[], *x, htiy, eps, yam[], *hdid, *hnext; 
void (*derivs)(); /* ANSI : void (*derivs)(float, float *, float *); */ 
int n; 
{ 

int i; 
float xsav, hh, h, temp, errmax; 
float *dysav, *ysav, *ytemp; 
float vector6[N], vector7[N], vector8[N]; 
void rk4Q; 
void ouydbco ; 

dysav = vector6; 
ysav = vector7; 
ytemp = vector8; 
xsav = (*x); 

for (i=0 ; i<n ; i++) 
{ 
ysav[i] = y[i]; 
dysav[i] = dydx[i]; 
} 

h= htry; 

for (;; ) 
{ 

hh=0.5*h; 

ouydbc(ysav, dysav); 

rk4(ysav, dysav, n, xsav, hh, ytemp, derivs); 
*x=xsav+hh; 
(*derivs)(*x, ytemp, dydx); 

ouydbc(ytemp, dydx); 

rk4(ytemp, dydx, n, *x, hh, y, derivs); 
*x = xsav + h; 

ouydbc(ysav, dysav); 

rk4(vsav, dysav, n, xsav, h, ytemp, derivs); 
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err max = 0.0; 

for (i=0 ; i<n ; i++) 
{ 

Ytemp[i] = Y[i] - ytemp[i]; 
temp= fabs(ytemp[i]/yscal[i]); 
if (errmax < temp) 

errmax = temp; 
} 

ernnax /= cps; 

if (ernnax <= 1.0) 
{ 

*hdid = h; 
*hnext = (errmax > ERRCON ? 

SAFETY*h*exp(PGROW*Iog(errmnax)) : 4.0*h ); 
break; 

} 

h= SAFETY*h*exp(PSHRNK*log(errmax)); 
} 

for (i=0 ; i<n ; i++) 
y[iJ += ytemp[il * FCOR; 

} 

void rk4(y, dydx, it, x, it, yout, derivs) 
float y[], dydx[], x, it, gout[]; 
void (*derivs)Q; /* ANSI : void (*derivs)(float, float *, float *); */ 
int n; 

I int i; 
float xh, hh, h6, *dym, *dyt, *yt; 
float vector9[N], vectorl0[N], vectorl 1 [N]; 

dym = vector9; 

dyt = vectorl0; 
yt = vector11; 

hh =h*0.5; 
h6=h/6.0; 
xh=x+hh; 

for (i=0 ; i<n ;i ++) yt[i] = y[i] + hh*dydx[i]; 

(*derivs)(xh, yt, dyt); 

for (i=0 ; i<n ;i ++) 
yr[il = y[il + hh*dyt[i]; 

(*derivs)(xh, yt, dym); 

for (ice ; i<n ;i ++) 
{ 

yt[il = y[i] + h*dym[i]; 
dym[i] += dyt[i]; 
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(*derivs)(x+h, yt, dyt); 

for (i =O ; i<n ; i++) 
yout[i] = y[i] + h6*( dydx[i] + dyt[i] + 2.0*dym[i] ); 

Graph routine, which is coded to graphically show all the 
variables y[1], y[2], y[3], y[4] and y[5] along with time x. 
The input of the function is the global variable, from the function 
odeint, *xp and **yp, starting from x1 to x2. 
It is firstly to enter graph mode; to scale the screen; to set up coordinates; 
put in the scaled data by *xp and **yp. 

void ouydgraph() 
{ 

int i, j; 
int nva; 
float xmin, xniax, ymin = 5000., ymax = -5000. ; 
char ch; 
int gmode, maxx, maxy, gdriver = DETECT ; 
float a, b, c, d; 

/* Choose which variable to be shown graphically, nvar, 
i. e., x[nvar] against y[nvar][1.. kmax] */ 

for(;; ) 
{ 

printf("Choose a variable to be graphically shown against time : fin"); 
printf("O - thickness of liquid boundary layer at kerf bottom (m)\n"); 
printf(" 1- relative displacement of fusion front and laser beam front (m)\n"); 
printf("2 - absorption of laser power by workpiece (w)\n"); 
printf("3 - fusion front velocity (m/sec)\n"); 
printf("4 - surface temperature of liquid (k)\n"); 
ch = getcheo ; 
if (ch =='0') {nva=0; break; } 
if (ch =='1') {nva=1; break; } 
if (ch '2') {nva=2; break; ) 
if (ch =='3') (nva=3; break; ) 

/* if (ch '4') (nva=4; break; ) not use at moment 
printf("Please key in a correct number corresponding to the variable you want : "); 

initgraph(&gdriver, &gmode, "\\backup\\tc\\bgi"); 

maxx = getmaxxO; 
maxy = getmaxy0; 

outtextxy(maxx/4, maxy/10, "Variables in respect with Time"); 

line(0,0,0, maxy); 
line(O, maxy, maxx, maxy); 
line(O, O, maxx, O); 
line(maxx, 0, maxx, maxy); 

for (i=1; i<=20 ; i++) 
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{ 
line((maxx+1)/20*i, maxy, (maxx+1)/20*i, mazy-5); 
} 

for (j=1; j<=20 ; j++) 
{ 
line(O, maxy-(mazy+1)/20*j, 6, mazy-(mazy+1)/20*j); 

/* Determine the maximum / minimum values of xp[1,2, .., kmax] and 
yp[nvar][1,2, .. kmax] in order to graph the points within the 
whole screen */ 

for (i=0 ; i<kmax ; i++) 
{ 

xmax = xpp[kmaxl; 
xmin = xpp[O]; 
if (Ypp[nval [il > Ymax) ymax = ypp[nval [il; 
if (ypp[nva][i] < ymin) ymin = ypp[nva][i]; 

/* Scale the coordinates between real world and specific screen */ 

a= maxx / (xmax - xmin); 
b= -a * xmin; 
c= -maxy / (ymax - ymin); 
d= maxy - c*ymin; 

/* Draw points in graph by *xp and **yp, when nvar is certain 
for variable 

for(j= 1; J<kmax; J++) 
{ 

putpixel ((a*xpp[j]+b), (c*ppp[nva][j]+d), GREEN); 
line((a*xpp[-11+b) , (c*ypp[nva] . l+d) , (a*xpp[]+b), (c*ypp[nva][l+d) ); 
line((a*xpp[j-11+b) 

, (c*ypp[nva][j-1]+d) 
, (a*xpp[l+b) , (c*Ypp[nva]G]+d) ); 

getch( ; 
closegraphO; 
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A test for the urogram 

2 coupled I'-order differential equations, 

dt 
[x, (t)ý -0.2x, (t) - x2 (t) - 

[(x, (t))2 + (x2 (t»' ]x, (t) 

dt 

[x,, (t)] -0.2x, 
(t) 

- x, (t) 
- 1(x, 

(t))2 + 
(x2 (t))2 

]x2 
(t ) 

are numerically solved with the program and MathCad6 [P363, reference 64], respectively. 

The comparison demonstrates the applicability of the program. 

In -t 1 r1th TI- ~. -I- IA -I Slit ! lw 

(a. ) the coupled equations are solved by the program 

, 
0.17416$ 

0.5 

, -0.479814--0.5 
05 10 15 20 

U, Z 
, 
16, 

. 
1.1 

f. 
ý . -...,,, 

ý2 
0 

0.257527.1 
S 10 13 20 

0, zn. o . 
16, 

(b. ) the coupled equations are solved by MathCad6 

Figure A2. A test of the program 
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Appendix 7. Characteristics of Lorenz's attractor 

This appendix is associated with Chapter 8 where the possible solutions of the differential 

governing equations for the theoretical laser cutting system can qualitatively be predicted by 

observing the well-studied Lorenz's system. In comparison with the differential governing 

equations as shown in Eqs. 81-83, Lorenz's system may be solved with the program listed in 

Appendix 6 without any boundary conditions (mathematically and physically). 

The Lorenz's system is mathematically expressed as follows: 

dxidi =-6 x+ß"y 
dy: dt=-x"z+r"x-y, (A7-1) 

dz, 1 dt = x" y-b"z 

where, x, y, z are unknown time-dependent variables and a, N, b are time-independent 

variables. When a= 10, b=8/3, r= 28, chosen by Lorenz, this simple-looking system 

has the solution in Fig. A3 (initial conditions: x=1; y=1; z=1 at != 0). 

20 

0 

-20'- 

0 20 40 

Fig. A3 (a) Time-dependent variable, x, varies with time t 
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Fig. A3 (b) Time-dependent variable, y, varies with time t 

60 

U 

40 

20 

0 20 40 

Fig. A3 (c) Time-dependent variable, z, varies with time t 

Fig. A3 (d) 3-D Phase-space comprised of 3 time-dependeizi variable, x, y and. - 
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The phenomenon of "strange attractor" as shown in Fig. A3 is only one of the solutions. 

Normally, the solutions to Eq. A7-1 could vary dramatically, due to the combinations of 

a, r, b. Fig. A4 is another example in which the long-term variation gradually becomes 

periodic. In Fig. A4, let a' = 30, b=0.67, r= 33.3. 

40 

20 

0 

-20- 
0 20 40 

Fig. A4 (a) Time-dependent variable, x, varies with time t 
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Fig. A4 (b) Time-dependent variable, y, varies with time t 
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100 

0 

50 

0 20 40 

Fig. A4 (c) Time-dependent variable, z, varies with lime t 

Fig. A4 (d) 3-D Phase-space comprised of 3 time-dependenl variable, x, y and z 
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Appendix 8. Collections of cutting results 

This appendix is associated with Chapter 9 where the experimental details are introduced. 

(a) cut I 

(b) cu12 

Figure AS. The striations are different in 2 cuts even when the cutting conditions are the 

same, using CNC control system. The local striations show the variable periodicity; the 

local kerf widths vary accordingly. The cutting conditions in both (a) and (b): mild steel; 

thickness, 6 mm.; linear cutting profile, 120 mm. long; stagnation pressure, 2.5 atm. ; 

cutting velocity, 940 mm/min. 

ttw: 
(a) cut 1 

Lý$- CIF ýSk t 

(b) cut i 

Figure A6. The striations are different in 2 cuts even when the cutting conditions are the 

same, using X-Y table. The local striations show the variable periodicity; the local kerf 

widths vary accordingly. The cutting conditions in both (a) and (h): mild steel; thickness, 

6 mm.; linear cutting profile, 320 mm. long; cutting velocity, 812 mm ntin; stagnation 

pressure, 2.5 atm. 
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"f 

(b) Top view of the workpiece 2 

Figure A7.2 cutting profiles are characterised by the intermittence of cut and no cut 

under the same cutting conditions, using CNC control system. The local kerf widths wry. 

The cutting conditions: mild steel; thickness, 6 mm.; linear cutting profile, 120 mm. long; 

stagnation pressure, 2.5 atm.; cutting velocity, 800 mm; min. 

(a) lop view of'the workpiece (b) Bottom view of'the º1'orkpiece 

Figure A8.5 cuts in (a) and (h) are achieved in one workpiece using X-Y table. The kerf 

widths vary in one cut and in different cuts and the periodicity of the local striations varies 

accordingly. Except for the cutting velocities, the cutting conditions are the same: mild 

steel (400 x 400 mm2); circular cutting profile; stagnation pressure, 2.5 atm.; thickness, 

6 mm. The magnitudes of the cutting velocities are constant along each cutting profile, 

varying from 650 to 1123 mm; min 
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Figure A 9.3 cuts in (a) and (b) are achieved in one workpiece using X-Y table. The keif 

widths vary in one cut and in different cuts and the periodicity of the local striations varies 
accordingly. Except for the cutting velocities, the cutting conditions are the same: mild 
steel (400 x 400 mm2); circular cutting profile; stagnation pressure, 3.5 atm. ; thickness, 
6 mm. The cutting velocities are constant along each cutting profile, varying from 620 to 
1220 mmimin. 
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