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Abstract

Commutative coherent rings form a standard class of rings which include commutative
Noetherian rings. The notion of completion with respect to a maximal ideal is also stan-
dard, but it seems not to have been well studied for coherent rings. The aim of this project
is to study completion for coherent regular local rings and the derived functors of comple-
tion on their module categories. In particular, the theory of L-complete modules due to
Greenlees and May should have an analogue and a major goal is to establish which parts

of it work for these rings.
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Chapter 1

COMMUTATIVE RING
THEORY

1.1 Rings, subrings and ring homomorphisms

Most of the results provided in this chapter are very standard and can be found in the
books [2], [4] and [25] with the exception of some which are explicitly referenced.

A ring is a natural object of study because it crops up in so many varied and important
mathematical contexts. The axioms defining a ring are derived from some of the important
properties of the set Z of integers. In fact, the integers may be taken as a prototype for
a ring. Like the integers a ring R is a set with two binary operations; these are usually
called addition and multiplication. R is then a ring if it forms a commutative group with
respect to addition, a semigroup with respect to multiplication and satisfies distributive
laws connecting the two operations.

More precisely, a commutative ring with identity element can be defined as:

Definition 1.1. A commutative ring R is a set with two binary operations (addition ‘+’

and multiplication ‘x’) such that
(a) R is an abelian group with respect to addition.
(b) Multiplication is associative and distributive over addition.
(¢) Multiplication is commutative.

(d) There exists a unique identity element 1.
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Throughout this thesis the word ‘ring’ shall mean a commutative ring with an identity

element, that is, a ring satisfying above axioms.

Definition 1.2. A subset M of a ring R is a subring of R if it is closed under addition
and multiplication and contains the identity element of R. The identity mapping of M

into R is then a ring homomorphism.

Definition 1.3. A ring homomorphism is a mapping ¢ of a ring R into another ring S
such that f respects addition, multiplication and the identity element. In other words, A

homomorphism of a ring R into a ring S is a map ¢ : R — S such that for all z,y € R
(&) oz +y) =e(@) + oY),
(b) p(zy) = v (2)e(y),
(©) ¢(1) = 1.
Definition 1.4. Let R and S be rings:
(a) An epimorphism R — S is a surjective homomorphism.
(b) A monomorphism R — S is an injective homomorphism.

(¢) An isomorphism R — S is a map which is both an epimorphism and a monomor-

phism, that is a bijective homomorphism.
(d) An endomorphism of a ring R is a homomorphism of R into itself.
(e) An automorphism of a ring R is an isomorphism of R into itself.

It is easy to verify that the composition of two homomorphisms is a homomorphism,
and that the same is true for any any of the ‘morphisms’ which are defined above. Fur-
thermore, if ¢ : R — S is an isomorphism of rings, then the inverse map ¢! : S — R

which exists since ¢ is bijective, is also an isomorphism.
Definition 1.5. Let ¢ : R — S be a ring homomorphism, then
(a) imp={y € S: 3z e R for which p(z) = y}.

(b) kero={z € R: p(z) =0 }.
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1.2 Ideals and quotient rings

Definition 1.6. An ideal I of a ring R is a subset of R which is an additive subgroup
and is such that RI = IR C I. It is written as [ <R if I # Rand I IR if I C R. The
quotient group R/ inherits a uniquely defined multiplication from R which makes it into
a ring, called the quotient ring R/I. The elements of R/I are the cosets of I in R, and
the mapping ¢ : R — R/I which maps each = € R to its coset x 4 I, is a surjective ring

homomorphism.
Lemma 1.7. Let R be a ring, Then

(a) Let {Sy : X\ € A} be a family of subrings (respectively ideals) of R. Then,

N s

AeN

is a subring (respectively ideal) of R.

(b) Let Sy € Sy C --- be an ascending chain of subrings(respectively ideals) of R. Then,

Us
i=1

is a subring (respectively ideal) of R.

Definition 1.8. The subring generated by a subset X of a ring R is the smallest subring
of R containing X. The ideal generated by a subset X of a ring R is the smallest ideal of

R containing X.
Lemma 1.9. Let X be a subset of a ring R. Then:

(a) The subring of R generated by X consists of all finite sums of elements +1 and

+xi29 -1, where x; € X, forn=1,2,....
(b) If R is a ring and X # (), then the ideal of R generated by X is RX.
Lemma 1.10. If Ji,...,J, are ideals of a ring R, then Y 1 | J; is an ideal of R.
Lemma 1.11. Let R and S be rings and ¢ : R — S be a ring homomorphism. Then
(a) ker o < R and ¢ is a monomorphism if and only if ker o = {Ogr}.

(b) im ¢ is a subring of S.
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Theorem 1.12. Let J < R and let o : R — R/J be the natural homomorphism. Suppose
that ¢ : R — S is a ring homomorphism whose kernel contains J. Then there exists a

unique homomorphism 1 : R/J — S which makes the diagram

R 4 S

oA

R/J

commute and ker 1 = ker ¢/J.

Theorem 1.13 (First Isomorphism Theorem). Let ¢ : R — S be a ring homomorphism.

Then there is a ring tsomorphism
R/ ker p = im¢.

Theorem 1.14 (Second Isomorphism Theorem). Let R be a ring, S be a subring and J
be an ideal of R. Then
S+J={s+j:s€8,j¢€J}

s a subring of R, SNJ <.S and
(S+J)/J=S/(SnJ).

Theorem 1.15 (Third Isomorphism Theorem). Let R be a ring and let J and K be ideals
of R with J C K. Then

K/J<AR/J and (R)J)/(K/J)= R/K.

Prime ideals play a central role in the theory of commutative rings. A prime ideal can

be defined as:
Definition 1.16. An ideal p <t R is prime if
xy €p implies z€p or yeEHp.

Definition 1.17. An ideal m < R is mazimal if m # R and if there is no ideal I <1 R such

that m C I.

Equivalently, p is prime if and only if R/p is an integral domain and m is maximal if
and only if R/m is a field. Hence a maximal ideal is prime but not conversely, in general.

The zero ideal is prime if and only if R is an integral domain.
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Theorem 1.18 (see [34]). Let ¢ : R — S be a ring epimorphism with K =kerp. If [ <R

containing K, then I is prime if and only if p(I) is prime.

Let R be a ring. A multiplicatively closed subset of R is a subset S of R such that

1 € S and it is closed under multiplication.

Theorem 1.19. Let S be a multiplicatively closed set in a ring R and let I << R mazimal

with respect to the exclusion of S. Then I is prime.

Theorem 1.20 ( [21, Theorem 7]). Let I be an ideal in R. Suppose I is not finitely
generated, and is maximal among all ideals in R that are not finitely generated. Then I is

prime.

Theorem 1.21 ( [21, Theorem 9]). Let {p;} be a chain of prime ideals in a ring R. Then

both | J, pi and (), pi are prime ideals in R.
Theorem 1.22. Every ring R has at least one mazimal ideal.

Corollary 1.23. If I <« R. Then there exists a mazimal ideal of R containing I.

1.3 Zero divisors, nilpotent elements, units and radicals

Definition 1.24. A zero divisor in a ring R is a non-zero element x which ‘divides 0, i.e.,
for which there exists y # 0 in R such that zy = 0. A ring with no zero-divisors is called
an integral domain. For example, Z and K[z1,...,z,] for K a field and z; indeterminates

are integral domains.

Definition 1.25. An element x € R is nilpotent if ™ = 0 for some n > 0. A nilpotent

element is a zero-divisor, but not conversely true (in general).

Definition 1.26. A unit in R is an element x which ‘divides 1’, i.e., an element x such
that zy = 1 for some y € R. The element y is then uniquely determined by z, and is

written =1, The units in R form a multiplicative abelian group.

The multiples 7z = zr of an element = € R form a principal ideal, denoted by (z) or
Rz. Then z is a unit if and only if () = R. The zero ideal (0) is often denoted by 0.
A field is a ring R in which every non-zero element is a unit. Every field is an integral
domain but not conversely, as Z is not a field. Every non-unit of R is contained in a

maximal ideal.
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Let R be a ring then the set of all nilpotent elements of R is an ideal, for if x,y are

elements of R such that z=y"=0, then (z + y)™*" = 0 by the binomial theorem.

Definition 1.27. Let R be a ring then the ideal of all nilpotent elements in R is called
the nilradical of R. If I < R, the inverse image under the canonical mapping R — R/I, of
the nilradical R/I is called the radical of I and is denoted by V.

Proposition 1.28. Every prime ideal of a ring R contains a minimal prime ideal.

Proposition 1.29. Let p be a minimal prime ideal of a ring R. For all x € p, there exists

s € R—p and an integer k > 0 such that sz* = 0.
The following proposition gives an alternate interpretation of the nilradical.

Corollary 1.30. The radical /T of an ideal I < R is the intersection of all the prime
ideals of R containing I and it is also the intersection of the minimal elements of this set

of prime ideals.

Proposition 1.31. Let R be a ring and I < R. Let J <\ R be a finitely generated contained
in\/I. Then there exists an integer k > 0 such that J* C I. In particular, in a Noetherian

ring the nilradical is a nilpotent ideal.

Definition 1.32. A ring R is called reduced if V0 = 0, in other words if no non-zero

element of R is nilpotent.

Definition 1.33. The Jacobson radical J(R) of R is defined to be the intersection of all

the maximal ideals of R.
It can be characterized as follows:

Proposition 1.34. x € J(R) if and only if 1 — xzy is a unit in R for all y € R.

1.4 Localization, local and semi local rings

Let R be a ring and S be a multiplicatively closed subset of R. Define a relation ~ on

R x S for a,b € R and s,t € S as follows:
(a,s) = (b,t) if and only if (at —bs)u=0 for some wu € S.

This relation is reflexive, symmetric and transitive, therefore, is equivalence relation. Let

/s denote the equivalence class of (r,s), and let RS~! denote the set of equivalence
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classes. We put a ring structure on RS~! by defining addition and multiplication of these

fractions in the same way as in elementary algebra for a,b € R and s,t € S:
(a/s)+ (b/t) = (at + bs)/st,

(a/s)(b/t) = ab/st.

We also have a ring homomorphism f : R — RS~! defined by f(x) = /1. This is not

in general injective.

Definition 1.35. The ring RS~ is called the localization or ring of fractions of R with

respect to S and is also denoted by Rg or S~!R.
It has a universal property.

Proposition 1.36. Let g : R — T be a ring homomorphism such that g(s) is a unit in

T for all s € S. Then, there exists a unique ring homomorphism h : Rg — T such that
g=hof.

Definition 1.37. If p is a prime ideal of R. Then S = R — p is multiplicatively closed
and we write Ry, for Rg in this case. The elements a/s with a € p form a maximal ideal m

in Rp. If b/t is not in m, then b is not in p, hence b € S and therefore b/t is a unit in Ry,

If R is Noetherian, integrally closed, factorial, regular, Cohen-Macaulay, Krull, Prufer,

Bezout, Pseudo-Bezout, or a valuation domain, then Rg also has the same property.

Definition 1.38 (see [32]). A commutative ring R which has exactly one maximal ideal,
m say, is said to be local. In these circumstances, the field R/m is called the residue field

of R.

Proposition 1.39. Let R be a ring and m a mazimal ideal of R, such that every element

of
l+m={l4+z:2ecm}

1s a unit in R. Then R is a local ring.
Proposition 1.40. Let R be a ring. The following properties are equivalent:
(a) The set of mazimal ideals of R is finite.

(b) The quotient R/J(R) is the direct product of a finite number of fields.
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Definition 1.41. A ring R is called a semi-local ring if it satisfies the equivalent conditions

of the above Proposition.

Every local ring is semi-local. Every quotient of a semi-local ring is semi-local. Every

finite product of semi-local rings is semi-local.

Proposition 1.42. Let R be a ring and p1, ..., pn be prime ideals of R. Write

n

S=[R-p)=R-|Jp:.
=1

i=1
(a) The ring ST'R is semilocal; if q1,...,q, are the distinct mazimal elements (with
respect to inclusion) of the set of p;, the mazimal ideals of S~'R are the S_lqj for

1 < j < r and these ideals are distinct.
(b) The ring Ry, is canonically isomorphic to (S~ 'R)g-1,, for 1 <i < n.

(c) If R is an integral domain, then in the field of fractions of R

SR = (n] Ry,.
=1

1.5 Modules and modules homomorphisms

Definition 1.43 (see [15]). Let R be a ring. An R-module is an abelian group M (written
additively) on which R acts linearly: more precisely, it is a pair (M, ), where M is an
abelian group and ¢ : R x M — M, where for r € R and x € M, we write ra for ¢(r, x).

Then the following axioms are satisfied for r,s € R and =,y € M:
(a) r(z+y) =rx+ry,
(b) (r+s)z =rz+ sz,
(¢) (rs)x =r(sx),
(d) lx ==

Definition 1.44. Let M, N be R-modules. A mapping f : M — N is an R-module

homomorphism if for all r € R and all z,y € M
(a) flz+y)=flz)+fy),
(b) frz) =rf(x).
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Definition 1.45 (see [23, 6]). Let M and N be R-modules. The set Homp(M,N) =
{f: M — N} of all R-module homomorphisms f is an abelian group, under the addition
defined for f,g: M — N by

(f+g9)(m)=f(m)+g(m) for me M.

If M = N, then Hompg(M, M) is a ring under addition and composition of homomor-
phisms; the ring is called the ring of R-endomorphisms of M. 1If for r € R and f €
Homp (M, M)

(rf)(m) =rf(m),

the ring Homp (M, M) may be regarded not just as a group but as an R-module.

Definition 1.46. A submodule N of M is a subgroup of M which is closed under multi-
plication by elements of R. The quotient group M /N then inherits an R-module structure
from M, defined by r(x + N) = rx + N. The R-module M /N is the quotient of M by N.

The natural map of M — M/N is an R-module homomorphism.

There is a one to one order preserving correspondence between submodules of M which
contain N and submodules of M/N.
If f: M — N is R-module homomorphism, the kernel of f is the set

ker(f) = {z € M : f(x) = 0}
and is a submodule of M. The image of f is the set
im(f) ={y € N : there exists z € M for which f(z) =y}
and is a submodule of N. The cokernel of f is the quotient module
coker(f) = N/im(f).

If N is a submodule of M such that N C ker(f), then f gives rise to a homomorphism
f:M/N — N, defined as follows: if Z € M/N is the image of z € M, then f(Z) = f(z).
The kernel of f is ker(f)/N. The homomorphism f is said to be induced by f. In

particular, taking N = ker(f), we have an isomorphism of R-modules

M/ ker(f) = im(f).
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Definition 1.47. If M and N are R-modules, their direct sum
M&®N={(z,y):x € M,ye N}
is an R-module if we define addition and scalar multiplication in the obvious way:
(z1,91) + (32, 52) = (21 + 22,91 + 42)

r(x,y) = (rz,ry).

More generally, if (M;);cr is any family of R-modules, we can define their direct sum
@ierM;; its elements are families (x;);c; such that (x;) € M; for each i € I and almost
all z; are 0. If we drop the restriction on the number of non-zero z's we have the direct
product [[,.; M;. Direct sum and direct product are therefore the same if the index set I

is finite, but not in general.

Definition 1.48. A free R-module is one which is isomorphic to an R-module of the form
;< R for some indexing set 1. A finitely generated free R-module is therefore isomorphic

to n summands of Rie. to R"=R&---® R.

M is finitely generated R-module if and only if M is isomorphic to a quotient of R™

for some integer n > 0.

Theorem 1.49. Let M be a finitely generated R-module and I < R such that IM = M.
Then there ezists a € I such that (1+ a)M = 0.

Proposition 1.50 (Nakayama’s lemma). Let M be a finitely generated R-module, let T
be an ideal of R contained in J(R). Then IM = M implies M = 0.

Corollary 1.51. Let M be a finitely generated R-module, N a submodule of M, I C J(R)
an ideal. Then

Definition 1.52. Let R be aring, f : F — G and g : G — H be two R-module
homomorphisms. The ordered pair (f,g) is called an exact sequence if ker g = im f. Of

course this implies that gf = 0.

Consider similarly a diagram consisting of four modules and three homomorphisms:
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This is exact or exact sequence if the diagram F EN F % G is exact at F and the diagram

F 2 G5 I is exact at G. More generally, a sequence of homomorphisms

. fn+l Gn f_n) G fnfl

n—1

is exact if for each n, the sequence
Fn+1
Gnt1 — Gn ﬁ) n—1
is exact. An exact sequence of the form

0—>FLG£>H—>O

is called short exact. Such a sequence is split if there is a homomorphism r : G — F' (or

equivalently j: H — G) so that rf = idp (respectively gj = idg).

F

o

lCl/ TT

4 g

0 F G H 0
f 7

. /
J .
T//ld
H

These equivalent conditions imply that G =2 F @& H. Such homomorphisms r and g are

said to be retractions, while F' and H are said to be retracts of GG. In particular,

(a) To say that 0 — E EN F is an exact sequence is equivalent to saying that f is

injective.

(b) To say that E S F 5 0is an exact sequence is equivalent to saying that f is

surjective.

(¢) To say that 0 — E EN F — 0 is an exact sequence is equivalent to saying that f is

bijective, that is f is an isomorphism.

(d) If F is a submodule of E and i denotes the canonical injection of F' into E and p

denotes the canonical surjection of E onto E/F, the diagram
0-FLELE/F-0

is an exact sequence.
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(e) If f: E — F is a homomorphism, the diagram
0= ) SELFEF/FE) -0

(where i is the canonical injection of f71(0) into E and p the canonical projection

of F/f(E)) is an exact sequence.

Theorem 1.53 (see [19, Thm 5.1]). In an arbitrary exact sequence

of R-module homomorphisms, the following three statements are equivalent:
(a) f is an epimorphism.
(b) g is the trivial homomorphism.
(¢) h is a monomorphism.

Corollary 1.54 (see [19, Cor 5.5]). If the sequence
0—-CL D=0
of R-module homomorphisms is exact, then g is an isomorphism.
Proposition 1.55 (The Snake Diagram). Consider a commutative diagram of R-modules:
A——>B——C
R
Al > B/ > Cl
u’ v’
Suppose that the two rows of the diagram are exact.

(a) If c is injective, we have

im(b) Nim(v') = im(v' 0 a) = im(bo u).

(b) If a is surjective, we have

ker(b) + im(u) = ker(v’ 0 b) = ker(c o v).

Corollary 1.56. Suppose that the above snake diagram is commutative and the two rows

are exact. Then:
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(a) If v/, a and c are injective, b is injective.
(b) If v, a and ¢ are surjective, b is surjective.

Corollary 1.57. Suppose that the above snake diagram is commutative and the two rows

are exact. Then:
(a) If b is injective and if a and v are surjective, then c is injective.
(b) If b is surjective and if ¢ and u' are injective, then a is surjective.
Proposition 1.58. Let R be a ring.
(a) The sequence of homomorphisms of R-modules
M —-M-—-M'—0
is exact if and only if for all R-modules N, the sequence
0 — Homp(M", N) — Hompg (M, N) — Hompg(M’', N)
18 exact.
(b) The sequence of homomorphisms of R-modules
0—-N —-N-—-N"
1s exact if and only if for all R-modules M, the sequence
0 — Homp (M, N') — Hompg(M, N) — Hompg (M, N")
18 exact.

Proposition 1.59 (The Snake Lemma). Let

u v

0 M M M 0
f/ l fJ/ f/l i
0 N'—>N——>N" 0

be a commutative diagram of R-modules and homomorphisms, with the rows exact. Then

there erists an exact sequence
0 — ker(f') % ker(f) > ker(f") 4 coker (f") ¥, coker(f) v, coker(f") — 0

in which w,v are restrictions of u,v, and w' v’ are induced by u’,v’ .
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Definition 1.60. Let M, N, P be three R-modules. A mapping f: M x N — P is said
to be R-bilinear if for each x € M the mapping y — f(z,y) of N into P is R-linear, and
for each y € N the mapping x — f(z,y) of M into P is R-linear

There is an R-module T, called the tensor product of M and N denoted by T'= M Qg N
with the property that the R-bilinear mappings M x N — P are in natural one-to-one

correspondence with the R-linear mappings 7' — P, for all R-modules P.

Definition 1.61 (see [7]). Let R be a ring. An R-module P is called a projective R-
module if for every R-module M and N and every R-homomorphism f and g, where f is

surjective, the following diagram can be completed

7/
£ s

M———N——0

Proposition 1.62 (see [23, Prop 5.4]). Every free R-module is projective.

The converse is not necessarily true. For example, let R = Z @ Z, the direct sum of
the ring Z of integers with itself (with product (m,n)(m’,n’) = (mm/,nn')). Then the
first summand Z, as submodule of an R-module, is an R-module. It is clearly not free but

projective according to

Proposition 1.63 (see [23, Prop 5.5]). An R-module P is projective if and only if it is a

direct summand of a free R-module.

Proposition 1.64 (see [5, Prop 2.4]). In order that P be projective it is necessary and

sufficient condition that all exact sequences
0—-M-—-N-—-P—0
split.

Proposition 1.65 (see [16, Prop 4.7]). For an R-module P the following statements are

equivalent.
(a) P is projective.

(b) For every short exact sequence
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of R-modules the induced sequence
0 — Homp (P, A) 25 Homp(P, B) <5 Hompg(P,C) — 0
18 exact.
Lemma 1.66 (see [29, Lem 10.2]). Let P be a finitely generated projective R-module.

(a) Suppose V is a finitely generated R-module and p: V — P is an R-homomorphism.
Ifn:V/J(R)V — P/J(R)P is an isomorphism, then p is also an isomorphism.

(b) If P/PJ(R) is a free R/J(R)-module, then P is a free R-module.
Definition 1.67. Let R be a ring and let M be an R-module. An exact sequence

=P P —->M-—-0

with P; projective is called a projective resolution of M. If P; are free R-modules, this
exact sequence is called a free resolution of M. If P; are finitely generated then this exact
sequence is called a finite projective (respectively free) resolution of M. If a module M

admits a finite projective (respectively free) resolution of type
0—PFP,—--—F—-M-—0,

this resolution is called a finite resolution of length n, or a resolution of finite length if

knowledge of n is not important.

Definition 1.68 (see [7]). Let R be a ring. An R-module E is called an injective R-
module if for every R-module M and N and every R-homomorphism f and g,where f is

injective, the following diagram can be completed

AN
)
f\

0——M—>N
An important example of an injective module is the Z-module M = Q/Z where Z

denotes the integers and Q the rationals.

Proposition 1.69 (see [16, Prop 6.3]). A direct product HjeJ I; is injective if and only

if each I; is injective.
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Proposition 1.70 (see [5, Prop 3.4]). In order that E be injective it is necessary and

sufficient condition that every exact sequences
0—-EFE—-M-—-N-—=0
split.

Lemma 1.71 (Baer’s Criterion). The R-module Q is injective if and only if given any
ideal I C R and any R-homomorphism o : I — @, there exists an R-homomorphism

o* : R — @ that extends o.
Proof. See [29, Lem 21.3] O
Lemma 1.72 (Baer’s Theorem). Every R-module is a submodule of an injective R-module.
Proof. See [29, Lem 21.6] 0
Lemma 1.73 (see [29, Lem 21.7]). Let R be a ring.
(a) If Q is an injective R-module and if A is a direct summand of Q, then A is injective.
(b) If Qi(i € I) is a family of injective R-modules, then [];.; Q; is injective.

Lemma 1.74 (see [29, Lem 21.8]). An R-module Q is injective if and only if it is a direct

summand of every module which contains it.

Definition 1.75. Let R be a ring and let M be an R-module. An exact sequence
0O—-M-—-FEy— FE1— -

with F; each an injective R-modules is called an injective resolution of M.

Every R-module admits an injective resolution.

Definition 1.76 (see [7]). Let R be a ring, an R-module M is called a flat R-module if

M ®pgr — is an exact functor, that is if for any exact sequence
0—-N-—=N —-N'"—-0

the sequence

0—-MRN—->MrN — MerN"—0

1s exact.
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Proposition 1.77. Let p : R — S be a ring homomorphism. We view S as an R-module.

If M is a flat R-module, then the S-module M ®@r S is S-flat.

Theorem 1.78. Let R be a ring and M an R-module. Then M is flat over R if and
only if for every finitely generated ideal I of R the canonical map I Qg M — R Qpr M is
injective, and therefore I @ M = IM.

Theorem 1.79. Let

v

0—-FE SESE"-0
be an exact sequence of R-modules; then if E' and E" are both flat, so is E.
Proposition 1.80. If P = @, P, then P is flat if and only if each P; is flat.
Proposition 1.81. Every projective module P is flat.
The converse is not necessarily true. For example, let R = Z and M = Q.

Proposition 1.82. If every finitely generated submodule of a module P is a flat, then P
itself is flat.

Proposition 1.83. Let E be an R-module. The following four properties are equivalent:

(a) For a sequence

N'% NS N
of R-modules to be exact, it is necessary and sufficient that the sequence

E®prN' 2% Eor N 2% Egp N”

be exact.
(b) E is flat and for every R-module N, the relation E @r N = 0 implies N = 0.

(¢) E is flat and, for every homomorphism v : N' — N of R-modules, the relation

1®prv =0 implies v = 0.
(d) E is flat and, for every mazimal ideal m of R, E # Em.

Definition 1.84. An R-module F is called faithfully flat if it has the equivalent properties

of last proposition.
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Free modules are faithfully flat; the converse is not necessarily true. To see this, note
that the R-module € Ry as m runs over all maximal ideals of R is a faithfully flat R-
module for any ring R. Faithfully flat modules are flat; the converse is not necessarily true

since for any ring R, any localization of R is a flat R-module.

Theorem 1.85. Let R be a ring and M an R-module. Then the following conditions are

equivalent:
(a) M is faithfully flat over R;
(b) M is R-flat, and N @r M # 0 for any non-zero R-module N ;

(¢) M is R-flat, and mM # M for every maximal ideal m of R.

1.6 Associated primes

We define IM C M by
IM = {Zaixi:ai €l,x; € M}.

where [ is an ideal and M an R-module, and is a submodule of M.

Definition 1.86. For every R-module M, the annihilator of M is defined as:
Amm(M)=0:pg M)={re R:rm=0 forall me M}

Definition 1.87 ( [4, 4.1.1]). Let R be a ring and M be an R-module. A prime ideal
p < R is said to be associated with M if there exists m € M such that p is equal to the
annihilator of m. The set of all prime ideals associated with M is denoted by Assr(M) or

simply Ass(M).

As the annihilator of 0 is R, an element m € M whose annihilator is a prime ideal is
necessarily non-zero. To say that a prime ideal p is associated with M amounts to saying
that M contains a submodule isomorphic to R/p namely Rm, for some m € M whose
annihilator is p.

If an R-module M is the union of a family (M;);c; of submodules, then clearly

Ass(M) = | Ass(M;).
1€l
Proposition 1.88 ( [4,4.1.1.1]). For every prime ideal p<\R and every non-zero submodule
M of R/p,
Ass(M) = {p}.
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Proposition 1.89 ( [4, 4.1.1.2]). Let R be a ring and M be an R-module. Every mazimal
element of the set of ideals (0 :r m) of R, where m runs through the set of non-zero

elements of M, belongs to Ass(M).

Corollary 1.90 ( [4, 4.1.1.3]). Let R be a Noetherian ring and M be an R-module. Then
M # {0} if and only if Ass(M) # (.

Corollary 1.91 ( [4, 4.1.1.4]). Let R be a Noetherian ring. Then the set of zero divisors
is the union of the ideals p € Ass(R).

Proposition 1.92 ( [4, 4.1.1.5]). Let R be a ring, M an R-module and N a submodule of
M. Then
Ass(N) C Ass(M) C Ass(N) U Ass(M/N).

Theorem 1.93. Let R be a Noetherian ring. If we denote by Min(R) the set of all minimal
prime ideals of R, then for M = R we have Min(R) C Ass(R) and Ass(R) is a finite set.

1.7 Finitely presented modules
Definition 1.94 (see [4]). Let R be a ring. An exact sequence
L —Ly— E—0
of R-modules, where Ly and L are free, is called a presentation of an R-module E.

Every R-module E admits a presentation. We know in fact that there exists a surjective
homomorphism v : Ly — FE, where Lg is free: if K is the kernel of wu, there exists
similarly a surjective homomorphism v : L; — K, where L; is free. If v is considered as a

homomorphism of L to Ly, the sequence
L5 Lg% E—0
is exact by definition.

Definition 1.95. Let R be aring. An R-module M is called a finitely presented R-module

if there exists an exact sequence
F1 — F() —- M —0

with F; finitely generated free R-modules.
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Lemma 1.96 (see [7, Lem 2.1.1]). Let R be a ring, let M be a finitely presented R-module,
and let
0—-—K—-N-—-M-—0

be an exact sequence with N a finitely generated R-module, then K is finitely generated.

Proof. Chase the diagram

Fy Fg M 0
I
0 K N M 0

where the upper row is obtained from the definition of M as a finitely presented module,

to obtain maps « and (3, with § surjective. O

Definition 1.97. Let R be a ring and let M be an R-module. An n-presentation of M is

an exact sequence

Fh,—-F 12— —F—-M-=0

with F; free R-modules. If, in addition, F; are finitely generated, this presentation is called

a finite n-presentation of M.
A finite 1-presentation of M is sometimes called a finite presentation of M.
Definition 1.98. If M is a finitely generated R-module, denote by:
Ar(M) = MN(M) = sup{n : there is a finite n-presentation of M}

If M is not finitely generated put \(M) = —1. It is clear that M is finitely generated
iff A(M) > 0, and M is finitely presented iff A(M) > 1.

Theorem 1.99 (see [7, Theorem 2.1.2]). Let R be a ring and let
0—-P—-N—-M-=—0
be an exact sequence of R-modules, then
(a) A(N) = inf{\(P), A\(M)}.
(b) A(M) = inf{\(N), \(P) + 1}.
(c) AM(P) = inf{\(N),\(M) — 1}.

(d) If N = M ® P then A\(N) = inf{\(M), \(P)}.
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In particular, N is finitely presented iff M and P are both finitely presented.

Corollary 1.100. Let R be a ring and let N1 and N2 be two finitely presented submodules
of an R-module M. Then N1+ N is finitely presented iff N1 N Ny is finitely generated.

Proof. We have to show that A(N; + N2) > 1 iff A(IN; N N2) > 0. Consider the exact
sequence

0—= N NNy — N &Ny — N1+ Ny — 0.
By Theorem 1.99(d) A(N; & N2) > 1. Now use Theorem 1.99(b) and (c). O
Theorem 1.101 (see [7, Thm 2.1.4]). Let R be a ring.

(a) If R is Noetherian, every finitely generated R-module is finitely presented.

(b) Every finitely generated projective R-module is finitely presented.
Proof.

(a) Any submodule of a finitely generated module over a Noetherian ring is finitely
generated; thus, in mapping a finitely generated free module onto a finitely generated

module M, we obtain a finitely generated Kernel.
(b) Let P be a finitely generated and projective and let
0—-—K—F—-P—0

be an exact sequence with F' finitely generated and free. Since P is projective the
sequence splits and K is isomorphic to a direct summand of F'. It follows that K is

finitely generated.

O

Theorem 1.102 (see [7, Thm 2.1.7]). Let R and S be rings and let ¢ : R — S be a
ring homomorphism making S a finitely generated R-module. If an S-module M is finitely

presented as an R-module, then M is finitely presented as an S-module.
Proof. Clearly M is a finitely generated S-module. Let
0 K—=F—->M-—0

be an exact sequence of S-modules with F' finitely generated and free as an S-module.
We have Ag(F') > 0, Ag(M) > 1 and Ar(K) = inf{A\r(F),Ar(M) — 1} > 0. Thus, K is

finitely generated R-module and, hence, S-module. 0
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Theorem 1.103 (see [7, Thm 2.1.8]). Let R be a ring and let I < R.

(a) Let M be a finitely presented R-module, then M/IM is a finitely presented R/I-

module.

(b) Assume that I is finitely generated and let M be an R/I-module, then M is a finitely

presented R-module iff M is a finitely presented R/I-module.
Proof.

(a) Since M/IM = M ®p R/I, tensoring a finite presentation of M over R by R/I we
obtain a finite presentation of M/IM over R/I.

(b) By Theorem 1.102, we have that if M is a finitely presented R-module, then it is a

finitely presented R/I-module. Conversely, let
0 K—-F—->M-—0

be an exact sequence of R/I-modules with F' and K finitely generated and F' free.
Since F' ~ (R/I)"™ and I is a finitely generated ideal, we have that Ag(F) > 1. Since
Ar(K) > 0 we have

AR(M) > inf(AR(K) + 1, Ag(F)) > 1.

O]

Theorem 1.104. Let R and S be rings and let o : R — S be a ring homomorphism
making S a faithfully flat R-module. An R-module M is finitely generated (resp. finitely

presented) iff M @g S is a finitely generated (resp. finitely presented) S-module.

Proof. see [7, Thm 2.1.9] O



Chapter 2

BASIC HOMOLOGICAL
ALGEBRA

2.1 Chain complexes

Definition 2.1. Let R be a ring. A sequence of R-modules and R-homomorphisms

dn+1 d
s Cpgl =5 O B Oy

is said to be a chain complex if each pair of adjacent homomorphisms (d,+1,d,,) satisfies
the relation d,, o d,+1 = 0. This is equivalent to saying that imd,; C kerd,. Such a
complex is generally denoted by (C,d) or simply C. We write (Cy, d) for a chain complex
and refer to the d,, as boundary homomorphisms. We symbolically write d> = 0 to indicate
that d,, o d,11 = 0 holds for all n. For clarity we write sometimes (C,,d") to indicate

which boundary is being used.

An ezact or acyclic chain complex is one in which each segment

dnt1 d
C'nJrl s Cn — Ch1

is exact.

If a chain complex is of finite length we often enlarge it to a doubly infinite complex
by adding in trivial modules as homomorphisms. In particular, if M is an R-module we
can view it as the chain complex with My = M and M,, = 0 whenever n # 0. It is often

useful to consider the null complex 0 = ({0}, 0).

Definition 2.2. (C,,d) is called bounded below if there is an ny such that C,, = 0 whenever

23
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n < np. Similarly, (Cs,d) is called bounded above if there is an ng such that C, = 0

whenever n > ny. (Cy,d) is called bounded if it is bounded both below and above.
The homology of the complex (C\, d) is defined to be the complex (H.(Cj,d),0) where
H,(C,,d) =kerd,/imd, .

The homology of a complex measures its deviation from exactness; in particular, (C,d)

is exact if and only if H,(Cy,d) = 0. Notice that there are exact sequences
0 — imd,4+1 — kerd,, — H,(Cy,d) — 0,

and

0 — kerd,, — C), — imd,, — 0.
Example 2.3. Consider the complex of Z-modules where

Cn=17/4, d:7/4—7/4; d(t)="2t.

Then kerd,, = 2Z/4 = imd,, and H,(Cy,d) = 0, hence (C,,d) is a acyclic.
Definition 2.4. A homomorphism of chain complexes or chain homomorphism
h: (C*7dc) - (D*adD)

is a sequence of homomorphisms h,, : C,, — D,, for which the following diagram commutes.

dy
Cn - Cnfl

hnl =

D, 5 Dy,
n

We often write h : Cy — D, when the boundary homomorphisms are clear from the
context. A chain homomorphism for which each h,, : C;,, — D,, is an isomorphism is called
a chain isomorphism and admits an inverse chain homomorphism D, — C\ consisting of
the inverse homomorphisms A L. D, —C,.

The category of chain complexes has chain complexes as its objects and chain homo-

morphisms as its morphisms. It is also an abelian category.

Definition 2.5. A cochain complex is a collection of R-modules C" together with cobound-
ary homomorphisms d" : C"* — C"™*! for which d"T'd" = 0; the cohomology of this

complex is (H*(C*,d),0) where

H"(C*,d) = kerd"/imd" .
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Given a chain complex (C),, d) we can re-index so that C" = C_,, and form the cochain
complex (C™,d); similarly each cochain complex gives rise to a chain complex. We then
have

H™(C*,d) = H_(C, d).

We mainly focus on chain complexes, but everything can be reworked for cochain complexes

using this correspondence.

Definition 2.6. Given a morphism of chain complexes h : (Cy,d) — (Dy,d) we may

define two new chain complexes
ker h = ((kerh).,d), imh = ((imh),,d),

where

(kerh)p, =kerh: Cy, — D,, (imh), =imh:Cy — D,.
The boundary homomorphisms are the restrictions of d to each of these.

Let h : (Ls,d) — (M,,d) and k : (M,,d) — (N,,d) be chain homomorphisms and
suppose that
0 = (Luyd) % (My,d) & (Nyod) — 0

is short exact, i.e.

kerh =0, imk = (N,,d), kerk =imh.

It is natural to ask about the relationship between the three homology functors H,(Lx,d),
H,(M,,d) and H.(Ny,d).

Theorem 2.7 (see [33, 1.3.1]). Let
OHA*LB*LC*HO
be a short exact sequence of chain complexes. Then there are natural maps
91 Hn(Cy) — Hp-1(Ay),
called connecting homomorphisms, such that
L () S Hy(AN L Hy(BY S Hy(C) D Hy (A L

is an exact sequence. Similarly, if

04, 5B, %c, -0
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s a short exact sequence of cochain complexes. Then there are natural induced maps
d:H"(C,) — H"(A,),

and a long exact sequence

L Spnye) S ey Loavs) L oare) L oartiay Lo

Definition 2.8. Let (C,d) and (C’,d') be chain complexes and f: C — C’, g: C — C'

be chain maps. A chain homotopy D between f and ¢ is a sequence of homomorphisms
{Dn N Cn — C’I/I-i-l}?

so that

d;H_l oDp+Dp_10d, = fn — 0gn
for each n. Thus we have the following diagram

dnt1 d
Cn—i—l — Cn — Cn—l

fn+19n+1l A \L Allfn—lgnq

/ / /
Cn—i—l d' Cn . Cn— 1
n+1 n

If there exists a chain homotopy between f and g, then f and g are said to be chain
homotopic. In particular, a chain map f : C — D is null homotopic if there are maps
Sp ¢ Cp, — Dp4q such that f = ds + sd. The maps {s,} are called a chain contraction of
f. Similarly, two chain maps f and ¢ from C' to D are chain homotopic written as f ~ g,

if their difference f — ¢ is null homotopic, that is, if
f—g=sd+ds.
The maps {s,} are called a chain homotopy from f to g.

Proposition 2.9. ~ is an equivalence relation on the set of chain homomorphisms Cy, —

D,.
The equivalence classes of ~ are called chain homotopy classes.

Proposition 2.10. Suppose that two chain homomorphisms f,g : Cy — D, are chain

homotopic. Then the induced homomorphisms fi, g« : Hi(Cy,d) — H.(Dy,d) are equal.

Definition 2.11 (see [33, 1.1.2]). A morphism C' — D of chain complexes is called quasi-

isomorphism if the induced maps H,(C) — Hy,(D) are all isomorphisms.
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Definition 2.12 (see [33, 1.4.1]). A complex C is called split if there are maps s, : C), —
Chr1 such that d = dsd. The maps s, are called the splitting maps. If in addition C' is

acyclic (exact as a sequence), we say that C' is split exact.

2.2 Categories and functors

Definition 2.13 (see [23, 7]). A category € consists of objects and morphisms which may
sometimes be composed. Formally, a category is a class of objects A, B,C,... together

with
(a) a family of disjoint sets of morphisms from A to B, €(A, B).

(b) for each triple of objects A,B,C a function which assigns to a € €(A, B) and (§ €
¢(B,C) an element fa € €(A,C).

(c) for each object A, a morphism 14 € €(A, A);

subject to the two axioms:
(a) Associativity: If « € €(A, B) , § € €(B,C), and v € €(C, D), then v(Ba) = (v8)«;
(b) Identity: If a € €(A, B) , then aly = o = 1pa.

Definition 2.14 (see [23, 7]). A morphism 6 : A — B is called an isomorphism if there
is another morphism ¢ : B — A such that @8 = 14 and 6p = 15. Then, it can be easily

seen that ¢ is unique.

Example 2.15 (see [23, 7]). A group G is a category with one object G; let Hom(G, G)
be all elements of G. If a set M is closed under an associative multiplication with an

identity, it is likewise a category with one object and composition given by multiplication.

Example 2.16 (see [23, 7]). Another example of a category is the category of R-modules
over a fixed ring R. The objects of this category are all R-modules A, B, C,.... The set
Mp = Homp(A, B) of all R-module homomorphisms of A to B, while the composite is

the usual composite of homomorphisms.

To give other examples of categories it will suffice to specify the objects and the mor-

phisms of the category;

(a) The category of topological spaces, where the objects are all topological spaces and

morphisms are all continuous maps of one space to another.
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(b) The category of abelian groups, where the objects are all abelian groups and mor-

phisms are all homomorphisms of such.

(c) The category of groups, where the objects are all groups (not necessarily abelian)

and morphisms are all homomorphisms of groups.

(d) The category of sets, where the objects are all sets and morphisms are all functions

of one set to another.

Let € and ® be two categories and suppose that to each object C' of € there is associated
an object T'(C') of ©, and also with each morphism f of € there is associated a morphism
T(f) of ®. T : € — D is called a covariant functor when the following conditions are

satisfied
(a) If f:Cy — Cy is a morphism, then so is T'(f) : T(C1) — T(Cy),
(b) T(1¢) = 1q(cy for every object C € €,
(c) If gf is defined, then T'(gf) = T(g9)T(f).

Contravariant functors are defined similarly except that the above conditions are replaced

by
(a) If f:C1 — Cy is a morphism, then so is T'(f) : T(Cy) — T(C4),
(b) T(1¢) = 1q(c) for every object C € €,
(c) If gf is defined, then T'(gf) = T(f)T(g).

Example 2.17 (see [5, 2.1]). Let R and S be any two rings. Suppose that for each R-
module A, an S-module T'(A) is given and that to each R-homomorphism ¢ : A — A’ a
S-homomorphism T'(¢) : T(A) — T(A’) is given such that
(a) T(1a) = Lpeay,
(b) T(¢'¢) = T(¢')T(p) for homomorphisms ¢ : A — A, ¢/ : A" — A”.
We then say that the pair of functions T(A), T(y) forms a covariant functor T' on

the category of R-modules with values in the category of S-modules. In the case of a

contravariant functor we have T'(¢) : T(A") — T(A) and T(¢'v) = T(p)T(¢).
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Definition 2.18 (see [19, 2.4]). Let F' and G be any two covariant functors from a category
¢ to a category ©. By a natural transformation of the functor F' into the functor G, we

mean

(a) For each X € €, we have
(X)) F(X) - G(X).

(b) For every morphism a: X — Y of €, we have

The first condition is equivalent to the condition that the products in second condition are

always defined. The second condition asserts that the following square is commutative:

2 py)

so(X)l ls@(Y)
- S G(Y

In case F' and G are contravariant functors, then the places of X and Y are replaced

with each other in the second condition.

Definition 2.19 (see [26, 1.3]). A functor T' : Mpr — Mg between the categories of
modules over the commutative rings R and S respectively, is said to be additive if whenever

fi:A— A and fo: A — A’ are two R-homomorphisms, then

T(f1+ fo) =T(f1) +T(f2)
Definition 2.20. A covariant functor T is said to be:

(a) left exact if whenever

0-A%BS 0

is an exact sequence, then
0—-1AT 1B ™ 100

is also an exact sequence.

(b) right exact if whenever

A5 B oo
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is an exact sequence, then
A % 0 0
is also an exact sequence.
A contravariant functor T is said to be:

(a) left exact if whenever

A% BE C—0
is an exact sequence, then
0—710 2B 1% 1A
is also an exact sequence.

(b) right exact if whenever

0—-a%Blc
is an exact sequence, then
yReiNy ) ; Ry

is also an exact sequence.

30

The functors which will concern us most are those of the category Mg of R-modules.

Definition 2.21 (see [31, 2.11.2]). A functor F is ezact if whenever

KL mwe N

is exact then

Ff

FE 2 pvr 29 PN

is exact for R-modules K, M and N.

Proposition 2.22 (see [27, 3.11.5]). A functor T is exact if and only if it is both left exact

and right exact.

Proposition 2.23 (see [31, 2.11.3]). A functor F is exact if and only if whenever

is exact then

0—FK XL pr 29 PN 0

1s exact for R-modules K, M and N.
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2.3 Derived functors

It was noted in various quite different settings that a short exact sequence often gives rise
to a long exact sequence. The concept of derived functor explains and clarifies many of
these observations. Suppose we are given a covariant left exact functor F' : A — B between

two abelian categories A and B. If
0-A—-B—-C—0
is a short exact sequence in A, then applying F' yields the exact sequence
0— F(A) — F(B) — F(C)

and one could ask how to continue this sequence to the right to form a long exact sequence.
Strictly speaking, this question is ill-posed, since there are always numerous different ways
to continue a given exact sequence to the right. But it turns out that if A is ‘nice’ enough,
then there is one canonical way of doing so, given by the right derived functors of F'. For

every i > 1, there is a functor R'F : A — B, and the above sequence continues like so:
0 — F(A) —» F(B) - F(C) — R'F(A) — R'F(B) — R'F(C) — R*F(A) — -

From this we see that F is an exact functor if and only if R'F = 0; so in a sense the
right derived functors of ' measure how far F' is from being exact.

If the object A in the above short exact sequence is injective, then the sequence splits.
Applying any additive functor to a split sequence results in a split sequence, so in particular
R'F(A) = 0. Right derived functors are zero on injectives: this is the motivation for the
construction given below.

The crucial assumption we need to make about our abelian category A is that it has
enough injectives, meaning that for every object A in A there exists a monomorphism
A — I where [ is an injective object in A.

The right derived functors of the covariant left-exact functor F' : A — B are then
defined as follows. Start with an object X of A. Because there are enough injectives, we

can construct a long exact sequence of the form
0-X—->1">1' 17— ...

where the I’ are all injective, an injective resolution of X. Applying the functor F to this

sequence, and omitting the first term, we obtain the chain complex

0— F(I% — F(IY) - F(I*) — --.
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Note that this is in general not an exact sequence anymore. But we can compute its
homology at the i-th spot, we call the result RF(X). Of course, various things have to be
checked: the end result does not depend on the given injective resolution of X, and any
morphism X — Y naturally yields a morphism R'F(X) — R'F(Y), so that we indeed
obtain a functor.

Note that left exactness means that
F(X)— F(I% — F(IY

is exact, so ROF(X) = F(X), so we only get something interesting for i > 0.

To produce well-defined derived functors of F', we would have to fix an injective reso-
lution for every object of A. This choice of injective resolutions then yields functors R*F.
Different choices of resolutions yield naturally isomorphic functors, so in the end the choice
doesn’t really matter.

If X is itself injective, then we can choose the injective resolution 0 — X — X — 0,
and we obtain that R'F(X) = 0 for all i > 1. In practice, this fact, together with the long
exact sequence property, is often used to compute the values of right derived functors.

An equivalent way to compute R'F(X) is the following: take an injective resolution of
X as above, and let K’ be the image of the map I*~! — I* (for i = 0, define I'"! = 0),
which is the same as the kernel of I' — I'tl. Let ¢; : I'"! — K' be the corresponding
surjective map. Then R'F(X) is the cokernel of F(y;).

If one starts with a covariant right-exact functor G, and the category A has enough
projectives (i.e. for every object A of A there exists an epimorphism P — A where P is a
projective object), then one can define analogously the left-derived functors L;G. For an

object X of A we first construct a projective resolution of the form
P2—>P1—>P0—>X—>O

where the P; are projective. We apply G to this sequence, chop off the last term, and
compute homology to get L;G(X). As before, LoG(X) = G(X).

In this case, the long exact sequence will grow to the left rather than to the right:
0—-A—-B—-C—0
is turned into

- — LoG(C) — L1G(A) — L1G(B) — [LG(C) - G(A) - G(B) — G(C) — 0.
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Left derived functors are zero on all projective objects.

One may start with a contravariant left exact functor F', the resulting right-derived

functors are then also contravariant. In this case the short exact sequence

0—-—A—-B—-C—0

is turned into the long exact sequence

0 — F(C) — F(B) — F(A) — R'F(C) — R'F(B) — R'F(A) — R*F(C) — - --

Example 2.24. Some common examples are:

(a)

Ext functors. If R is a ring, then the category of all left R-modules is an abelian
category with enough injectives. If A is a fixed left R-module, then the func-
tor Homp (A, —) is left exact, and its right derived functors are the Ext functors

Ext’ (A, B).

Tor functors. The category of left R-modules also has enough projectives. If A is
a fixed right R-module, then the tensor product with A gives a right exact covari-
ant functor on the category of left R-modules; its left derived functors are the Tor

functors Tor?(A, B).

Sheaf cohomology. If X is a topological space, then the category of all sheaves of
abelian groups on X is an abelian category with enough injectives. The functor
which assigns to each such sheaf L the group L(X) of global sections is left exact,
and the right derived functors are the sheaf cohomology functors, usually written as
H(X,L). Slightly more generally: if (X, Ox) is a ringed space, then the category of
all sheaves of Ox-modules is an abelian category with enough injectives, and we can
again construct sheaf cohomology as the right derived functors of the global section

functor.

Derived functors and the long exact sequences are ‘natural’ in several technical senses.

First, given a commutative diagram of the form

0 A, f1 B, g1 c, 0

P

0 Ay —25 By -5y 0
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where the rows are exact, the two resulting long exact sequences are related by commuting

squares:
oaﬁumiJ»ngF@)(qy—»Rl 5{ mﬁ
Fm% Fw% w% RWH@% ((@%
0 — F(4y) %F(Bg) F(g2) F(Cy) —— RI(F f (f2 )}31

Second, suppose 1 : F' — G is a natural transformation from the left exact functor F'
to the left exact functor G. Then natural transformations R'n : R'F — R'G are induced,
and indeed R’ becomes a functor from the functor category of all left exact functors from
A to B to the full functor category of all functors from A to B. Furthermore, this functor

is compatible with the long exact sequences in the following sense: if
0-AL B0

is a short exact sequence, then a commutative diagram

0 — ()™ p(B) 2 p(o) — R () LR (r(B) — -
na nB nc R'(na) R'(nB)
I i i

RY(G(f))

L G(C) — R}(G(4)) = R (G(B)) — -

0 — G(A) ~~ G(B)

is induced.

Both of these naturalities follow from the naturality of the sequence provided by the
snake lemma.

Conversely, the following characterization of derived functors holds: given a family of
functors R’ : A — B, satisfying the above, i.e. mapping short exact sequences to long
exact sequences, such that for every injective object I of A, R'(I) = 0 for every positive

i, then these functors are the right derived functors of RY.

2.4 Hom and Ext functors

Definition 2.25. Let M, N be two R-modules. Recall that we define Homp(M, N) to
be the set of all R-homomorphisms M — N. Since R is commutative so Hompg(M, N) is

an R-module.
Proposition 2.26. Let M, N be two R-modules.
(a) Given a short exact sequence of R-modules

OHle—1>M212—>M3*>O,
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the sequence

0 — Homp(Ms, N) *Z Homp(Ms, N) 75 Homp(M;, N)
18 exact.

(b) Given a short exact sequence of R-modules
0— N & Ny &Ny — 0,

the sequence

0 — Homp (M, N7) £ Homp (M, No) 25 Homp(M, N3)
s ezxact.

Therefore, Hompg (M, —) is a left exact functor and Hom(—, M) is a left exact con-

travariant functor for any R-module M.

Proposition 2.27 (see [31, 2.11.6]). Hompg(P, —) is an exact functor if and only if P is
a projective R-module. Homp(—, E) is an exact contravariant functor if and only if E is

an injective R-module.

In homological algebra, the Ext functors are the derived functors of Hom functors.

Let R be a ring and Mp the category of R-modules. Let N € Mp and set T(N) =
Homp(M, N), for fixed M € M. Then T is a left exact functor from Mg to Mp and thus
has right derived functors R™T. The Ext functor is defined by

Extia(M,N) = (R"T)N.
This can be calculated by taking any injective resolution

0—-N-—-I">T1'—...

)

and computing
0 — Homp(M, I°) — Homp(M, 1) — --- .
The (R™T')N is the homology of this complex. Note that Homp(M, N) is excluded from
the complex.
An alternative definition is given using the functor G(M) = Hompg(M, N). For a fixed

module N, this is contravariant left exact functor, and thus we also have right derived

functors R"(G, and can define

Ext: (M, N) = (R"G) M.
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This can be calculated by taking any projective resolution
=P PP M -0,
and proceeding dually by computing
0 — Homp(P° N) — Homp(P', N) — --- .

Then (R"G)M is the homology of this complex. Again note that Hompg (M, N) is excluded
from the complex.

These two constructions turn out to yield isomorphic results, and so both may be used
to calculate the Ext functor.

Ext’s has the following properties:
(a) Exth(M,N) =0 for i > 0 if either N is injective or M is projective.
(b) Exty(@oMa, N) = [1, Extliy, (Mo, N).

(c) Exth(M,T1;N5) = [T, Exthy,, (M, Np).

2.5 Tensor products and Tor functors

In homological algebra, the Tor functors are the derived functors of the tensor product
functors.

Let R be a commutative ring and Mg the category of R-modules. Pick a fixed module
N in Mp. For M € Mg, set T(M) = M ®r N. Then T is a right exact functor from
Mp to Mpg and its left derived functors L,, T are defined. We set

Tor(M,N) = (L, T)M
i.e., we take a projective resolution
= PP —>PFP—>M—0
the chop off the last term M and tensor it with N to get the complex
= PN —->PLQN—->FHN —0

and take the homology of this complex.

Torg has the following properties:
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(a) For every n > 1, Tor is an additive functor from Mpr x Mpg to Mp.
(b) If r € R is not a zero-divisor then

Tor(R/(r), N) = {n € N : rn = 0}.

(c) Tor®(M, N) can be computed by using projective resolutions of either variable and

the answers agree up to isomorphisms.

(d) Given R-module homomorphisms f : M; — My and g : Ny — Ny, there are homo-
morphisms

(f ® 9)« = fx ® gi : Tor(My, Ny) — Tor (Mo, No)

generalizing f, ® g« : M1 Qg N1 — My @p No.
(e) For a projective R-module P (resp. @) and n > 0, we have
Tor?(P,N) = 0 = Tor®(M, Q).
(f) Associated to a short exact sequence of R-modules
0— M — My — Mg —0

there is a long exact sequence

Tork,,(Ms, N)

/

Tor® (M, N) — Tor¥(My, N) — TorZ (M3, N)

/

Torf | (M, N)

= M Qr N — MyR®r N — M3®r N — 0

and associated to a short exact sequence of R-modules
0— Ny — Ny — N3 —0

there is a long exact sequence

TOI.?I’L{—i-I (M7 N3)

/

Torf (M, Ny) — Torf (M, No) — TorZ (M, N3)

/

Tornfl(Ma Nl)
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= MR N1 - M ®r No — M ®r N3 — 0.

(2) In the case of abelian groups (i.e. if R = Z), then TorZ(A, B) = 0 for all n > 2.
The reason is that every abelian group A has a free resolution of length 2, since

subgroups of free abelian groups are free abelian.

(h) The Tor functors commute with arbitrary direct sums, i.e. there is a natural isomor-

phism

Torf(@Ai,@B @@Tor (A, Bj).
i J

(j) A module M € Mp is flat if and only if Tor®(M, —) = 0. In this case, we even have
Torf (M, —) = 0 for all n > 1. In fact, to show TorZ(M, N) = 0, one may use a
flat resolution of M or N, instead of a projective resolution because every projective
resolution is a flat resolution, but the converse is not true, so allowing flat resolution

is more flexible.

Corollary 2.28. Let QQ be an R-module for which Tor (M,Q) =0 for alln >0 and M.

Then for any exact complex (Cy,d), the complez (C, ®r Q,d ® 1) is exact, and
Proposition 2.29. If F, — M — 0 is a flat resolution, then

Tor®(M,N) = Hy(F, @ N,d®1).

2.6 Homological dimensions over rings

Definition 2.30 (see [7, 1.3]). Let R be a ring and let M be an R-module. The projective
dimension of M over R, denoted by proj.dimg M is equal to the least nonnegative integer

n, for which there is an exact sequence
0O—-P,—--—>P—>F—>M—0
with P; projective R-modules. If no such n exists, set proj.dimg M = oo.

Definition 2.31 (see [7, 1.3]). Let R be a ring and let M be an R-module. The injective
dimension of M over R, denoted by inj.dimg M is equal to the least nonnegative integer

n, for which there is an exact sequence

O—-M—-LEy—F —--—E,—0



CHAPTER 2. BASIC HOMOLOGICAL ALGEBRA 39
with F; injective R-modules. If no such n exists, set inj.dimp M = oo.

Definition 2.32 (see [7, 1.3]). Let R be a ring. The global dimension of R denoted by
gl.dim R is defined by

gl.dim R = sup{proj.dimg M : M an R-module}.

Definition 2.33 (see [7, 1.3]). Let R be a ring and M be an R-module. The weak
dimension of M over R denoted by w.dimp M is is equal to the least nonnegative integer

n, for which there is an exact sequence
O—F,—--—Fr—>F—>M-—0
with F; flat R-modules. If no such n exists, set w.dimgp M = oo.

Definition 2.34 (see [7, 1.3]). Let R be a ring. The weak dimension of R denoted by
w.dim R is defined by

w.dim R = sup{w.dimr M : M an R-module}.
Theorem 2.35 ( [7, 1.3.10]). Let R be a ring, then:
(a) w.dim R < gl.dim R.

(b) If R is Noetherian then w.dim R = gl.dim R.



Chapter 3

COHERENT RINGS AND
COMPLETION

3.1 Elementary properties of coherent modules

Definition 3.1 (see [7]). Let R be aring. An R-module, M is called a coherent R-module

if it is finitely generated and every finitely generated submodule of M is finitely presented.

Every finitely generated submodule of a coherent module is a coherent module. Over

a Noetherian ring every finitely generated module is a coherent module.

Theorem 3.2 (see [7, Thm 2.2.1]). Let R be a ring and let
0PN M0

be an exact sequence of R-modules.

(a) If N is a coherent module and P is a finitely generated module then M is a coherent

module.
(b) If M and P are coherent modules then so is N.
(¢) If N and M are coherent modules then so is P.
In particular, if any two of the modules are coherent, so is the third.
Proof.

(a) Since N is finitely generated, so is M. Let M;j be a finitely generated submodule

of M. Since N is a coherent module and P is a finitely generated module, P is

40
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finitely presented. Consider the following commutative diagram with exact rows

and columns.

0 0 0
0 K Ky K3 0
0 R? Rnts R? 0

where, since 0 € M; we have that P C 871(M;), the left column is derived from a
finite presentation of P, the right column is a result of the finite generation of M;.
Now B71(M;) is a finitely generated submodule of the coherent module N; hence,

K>, and therefore K3, is finitely generated.

(b) Since by Theorem 1.99(a)
AN) = inf{\(P),A\(M)} > 1,

N is finitely presented. Let N; be a finitely generated submodule of N. Consider

the following commutative diagram with exact rows.

0 0 0

T

0)—— ker(ﬁ/Nl) L - Ny l> 5(]\71) —0

L

0 P 2 N M 0

B(N1) is a finitely generated submodule of M and, hence, finitely presented. Since
Nj is finitely generated it follows that ker(3/N7) is finitely generated. P is coherent;
therefore, ker(/3/N7) is finitely presented. We conclude that

A(ND) > inf{A(ker(8/N1)), A(B(ND))} > 1.

(c) Since

0PN Mmoo
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is an exact sequence of R-modules and N is coherent. Therefore P C N is finitely
generated. Now, P C N is a finitely generated submodule of a coherent module,

therefore, coherent. ]

Corollary 3.3 (see [7, Cor 2.2.2]). Let R be a ring, let M and N be coherent R-modules
and let ¢ : M — N be a homomorphism. Then kery, imy and coker ¢ are coherent

R-modules.

Proof. Use Theorem 3.2, and the exact sequences:
0—kerop = M —imy —0

and

0 — imp — N — coker p — 0. O

Corollary 3.4 (see [7, Cor 2.2.3]). Every finite direct sum of coherent modules is a co-

herent module.

Proof. Let {M;}?_, be a family of coherent modules. Use Theorem 3.2, and the exact
sequence

O—-My —-M®--- &M, >MyD---d M, —0

to prove the statement by induction on n. O

Corollary 3.5 (see [7, Cor 2.2.4]). Let R be a ring and let M and N be coherent submodules
of a coherent module EE, Then M + N and M N N are coherent modules.

Proof. Since M + N is a finitely generated submodule of the coherent module E, we have
that M + N is a coherent module. M @& N is a coherent module by Corollary 3.4. Now

use Theorem 3.2 and the exact sequence
O—-NNM-—-N&M—-N+M—D0. ]

Corollary 3.6 (see [7, Cor 2.2.5]). Let R be a ring and let M and N be coherent modules,
then M ®@r N and Hompg(M, N) are coherent modules.

Proof. Let
F1 — Fo - M —0

be a finite free presentation of M, then:

0 — Hompg(M, N) — Hompg(Fy, N) — Hompg(Fi, N)
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is an exact sequence. Homp(F, N) is isomorphic to a finite direct sum of copies of N, and
hence, a coherent module. It follows from Corollary 3.3 that Hompg(M, N) is coherent. A

similar argument yields M ®pr N as the cokernel of a map between coherent modules. [

Theorem 3.7 (see [7, Thm 2.2.7]). Let R and S be rings and let ¢ : R — S be a ring
homomorphism making S a finitely generated R-module. Let M be an S-module which is

coherent as an R-module, then M is coherent as an S-module.

Proof. Observe that every finitely generated S submodule of M is finitely generated as an
R-module and apply Theorem 1.102. ]

3.2 Coherent rings

Definition 3.8 (see [7]). A ring R is called a coherent ring if it is coherent module over

itself, that is, if every finitely generated ideal of R is finitely presented.

Theorem 3.9 (see [7, Lem 2.3.2]). Let R be a ring. The following conditions are equiva-

lent.
(a) R is a coherent ring.
(b) Every finitely presented R-module is a coherent module.
(c) Every finitely generated submodule of a free R-module is finitely presented.
(d) Every R-module R® with S an arbitrary set, is a flat R-module.
(e) Every direct product of flat R-modules is a flat R-module.

(f) (I :a) =4{XN € R : Xa € I} is a finitely generated ideal of R for every finitely

generated ideal I of R and any element a € R.

(9) (0:a) is a finitely generated ideal for every element a € R, and the intersection of

two finitely generated ideals of R is a finitely generated ideal of R.

Theorem 3.10 (see [7, Thm 2.3.3]). Let {Ry : o € S} be a directed system of rings and let
R = colim R,,. Suppose that for a < 3, Rg is a flat Ry-module and that R is a coherent

ring for every «, then R is a coherent ring.
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Theorem 3.11 (see [7, Thm 2.3.4]). Let R be a ring and let x1, 2, ... be indeterminates
over R. Set S = R[x1,x2,...] be the polynomial ring in x1,x2, ... over R. Assume that R

is Noetherian, then S is a coherent ring.

Theorem 3.12 (see [7, Thm 2.4.1]). Let R be a ring and let I be a finitely generated ideal
of R. Then an R/I-module M is R/I-coherent iff it is R-coherent. In particular, for a

ring R and an ideal I of R, we have

(a) If R is a coherent ring and I is a finitely generated ideal, then R/I is a coherent

ring.
(b) If R/I is a coherent ring and I is a coherent R-module, then R is a coherent ring.

Proof. Note that an R/I module is finitely generated iff it is finitely generated as an
R-module. Now apply Theorem 1.103. O

Theorem 3.13 (see [7, Thm 2.2.6]). Let R be a ring and let U be a multiplicatively closed
subset of R. Let M be a coherent R-module, then the localization of M, i.e. My 1is a

coherent Ry-module.

Proof. Clearly, My is a finitely generated Ry module. A finitely generated Ry submodule
of My is of the form Ny, where N is a finitely generated submodule of M. Since Ry is a

flat R-module, Ny is finitely presented along with N. O

Theorem 3.14 (see [7, Thm 2.4.2]). Let R be a ring and let U be a multiplicatively closed

subset of R. If R is a coherent ring, then the localization Ry is a coherent ring.

Theorem 3.15 (see [7, Thm 2.4.3]). Let R; with 1 < i < n be a family of coherent rings,

then R =[[;_, R; is a coherent ring.

Proof. Using induction on n, it suffices to prove the assertion for n = 2. In the exact

sequence

0—-R —R—R/Ri —0

the quotient R/R; is the coherent ring Ry. Since R; is finitely generated as an R-ideal,
it follows from Theorem 3.12 that R/R; is R-coherent; that is to say, Rg is a coherent
R-module. It now follows from Theorem 3.12(b) that R is a coherent ring, because Rj is
a finitely generated R-ideal and a coherent R-module, and because R/R3 is the coherent

ring R;. O
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Theorem 3.16. Let R and S be rings and let ¢ : R — S be a ring homomorphism making
S a faithfully flat R-module. Let M be an R-module. If M ®gr S is a coherent S-module

then M is a coherent R-module.
Proof. see [7, Thm 2.4.4] O

Corollary 3.17 (see [7, Cor 2.4.5]). Let R and S be rings and let ¢ : R — S be a ring
homomorphism making S a faithfully flat R-module. If S is a coherent ring, then R is a

coherent ring.

Theorem 3.18 (see [7, Thm 2.4.6]). Let R be a semilocal ring with mazimal ideals
my,mo,...,m, and such that Ry, is a coherent ring for each 1 < @ < n, then R is a

coherent ring.

Proof. By Theorem 3.15, we have that S = [[ ; Ry, is a coherent ring, and S is a

faithfully flat extension of R; therefore, R is a coherent ring. O

3.3 Homological dimensions over coherent rings
Theorem 3.19 ( [7, 2.5.1]). Let R be a coherent ring and let
0—-P—->N-—->M-—>0

be an exact sequence of R-modules. If any two of the modules P, N and M are finitely

presented, so is the third.

Theorem 3.20 ( [7, 2.5.2]). Let R be a coherent ring and let M be a finitely presented

R-module, then M admits a finite free resolution, that is, there exists an exact sequence
o B Fy—>M-—0

with F; finitely generated free R-modules.

Theorem 3.21 ( [7, 2.5.3]). Let R be a coherent ring and let M and N be two coherent
R-modules, then for each n > 0, Torl(M, N) and Ext(M, N) are coherent modules.

Theorem 3.22 ( [7, 2.5.4]). Let R be a coherent ring and let M be a finitely presented

R-module. The following conditions are equivalent

(a) proj.dimg M < n.
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(b) Tork, (M, R/I) =0 for all finitely generated ideals I < R.
(b) Ext};™' (M, R/I) =0 for all finitely generated ideals I < R.

Theorem 3.23 ( [7, 2.5.5]). Let R be a ring and let M be an R-module admitting a finite
free resolution, then w.dimg M = proj.dimg M. In particular, this equality holds for any

finitely presented module M over a coherent ring R.

Corollary 3.24 ( [7, 2.5.10]). Let R be a coherent ring and let M be a finitely presented
R-module, then proj.dimg M < n if and only if TorffH(M, R/m) = 0 for every mazimal

ideal m < R.

3.4 Weakly associated prime ideals and Euler characteristic

Recall Section 1.6, that for a ring R and for an R-module M, the associated primes of M,
denoted by Ass(M) is defined as the set of all prime ideals associated with M.

Definition 3.25 (see [4, IV-1, Ex. 17]). Let R be a ring and M an R-module. A prime
ideal p of R is said to be weakly associated with M if there exists x € M such that p is a
minimal element of the set of prime ideals containing Ann(x); we denote by Asss(M) the

set of ideals weakly associated with M. Then
Ass(M) C Ass¢(M).

Definition 3.26 (see [7, 3.3]). Let (R, m) be a local ring. R is called a self-associated if
m € Assf(R).

A self-associated ring R satisfies the following property:
(P) : Every proper finitely generated ideal of R has a nonzero annihilator.

Corollary 3.27 (see [7, 3.3.19]). Let (R,m) be a local ring satisfying (P), and let M be

an R-module admitting a finite free resolution

O—>FndLl---d—O>F0—>M—>O.

Then M is free.

Corollary 3.28 (see [7, 3.3.20]). Let (R,m) be a local coherent ring satisfying (P), and
let M be a finitely presented R-module. If w.dim M < oo, then M 1is free.
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Definition 3.29 (see [7, 3.2]). Let R be a domain with field of fractions K, and let M
be an R-module, the rank of M over R denoted by rankgz M or rank M, if there is no
ambiguity, is defined as rankp M = rankg M ®pg K, that is, the cardinality of the basis of
the vector space M ®r K over K.

Definition 3.30 (see [7, 3.4]). Let R be a domain and let M be a finitely generated

R-module admitting a finite free resolution of finite length
0—F,— - —F—M—D0.

The Euler characteristic of M, denoted by xr(M) or x(M) when there is no ambiguity,

is defined as

Xr(M) = Z(—l)i rank F;.
=0

As a direct consequence of Schanuel’s lemma, the Euler characteristic of a module is

independent of the free resolution.

Theorem 3.31 (see [7, 3.4.6]). Let R be a ring and let M be a finitely generated R-module

admitting a finite free resolution of finite length, then:
(a) x(M) = 0.
(b) x(M) =0 if and only if (0: M) # 0.

Corollary 3.32 (see [7, 3.4.7]). Let R be a ring and let I be an ideal of R admitting a

finite free resolution of finite length
0—F,—--—Fy—>1-0
then (0: 1) =0.

Lemma 3.33 (see [7, 4.2.3]). Let R be a coherent local ring in which every principal ideal

has finite projective dimension. Then R is a domain.

3.5 Regular and super regular coherent rings

Definition 3.34 ( [7, 6.2]). A ring R is called a regular ring if every finitely generated

ideal of R has finite projective dimension.

Theorem 3.35 ( [7, 6.2.1]). Let R be a coherent ring, then R is a regular ring iff every

finitely presented R-module has finite projective dimension.
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Definition 3.36 ( [7, 6.2]). Let (R, m) be a coherent local ring. R is called a super regular

ring if gl.dim R = w.dim R < oo.
Theorem 3.37. If R is a coherent super reqular local ring, then it is a domain.

Proof. Let R be a coherent super regular local ring and M be a finitely presented R-
module. Then M has a finite projective dimension. Since R is coherent and local, there

exists finitely generated free modules F; for 0 < ¢ < n such that
0O—F,—--—F—>F—>M-—0
is exact. By Lemma 3.33 we get, R is a domain. 0

Theorem 3.38. Let (R,m) be a coherent super regular local ring. Then m is finitely

generated ideal of R.

Proof. See [7, 6.2.15]. O

3.6 Filtration and completion

Definition 3.39 (see [1, 4.1.1]). A graded ring is a ring that is expressible as P, Rn

where the R, are additive subgroups such that

Sometimes R, is referred to as the n'* graded piece and elements of R, are said to be
homogeneous of degree n. The prototype is a polynomial ring in several variables, with Ry

consisting of all homogeneous polynomials of degree d (along with the zero polynomial).

Note that the identity element of a graded ring R must belong to Rg. For if 1 has a
component a of maximum degree n > 0, then 1a = a forces the degree of a to exceed n, a

contradiction.

Definition 3.40. A graded module over a graded ring R is a module M expressible as

@n>0 M,,, where

Now suppose that { R"} is a filtration of the ring R, in other words, the R™ are additive
subgroups such that

R=R'DR'D...DR"D...
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with
R™R™ C R™t™,

We call R a filtered ring. A filtered module
M=M'DM'D2...DOM"D ...

over the filtered ring R may be defined similarly. In this case, each M" is a submodule
and we require that

R™M™ C M™t",

If I <R and M is an R-module, we will be interested in the I-adic filtration of R and of
M, given respectively by R = I" and M"™ = I"M.

Definition 3.41 ( [25, 3.8]). Let R be a ring and M an R-module. Suppose that S =
{M)} e for a directed set A, is a family of submodules of M indexed by A and such
that A < p = My D M,. Then taking S as a system of neighborhoods of 0 makes M
in to a topological group under addition. In this topology, for any z € M a system of
neighborhoods of z is given by {x+ M)} xca. In M addition and subtraction are continuous,
as is scalar multiplication x +— rz for any » € R. When M = R each M) is an Ideal, so

that multiplication is also continuous:
(r1 4 My)(r2 + My) C r1ra + M),

This type of topology is called a linear topology on M; it is separated (that is, Haus-
dorff) if and only if (), M) = 0. Each M) C M is an open set, each coset x + M) is again
open, and the complement M — M), of M) is a union of cosets, so is also open. Hence M)
is an open and closed subset; the quotient module M /M) is the discrete in the quotient
topology. M/ (), M) is called the separated module associated with M. Moreover, since
for X < p there is a natural linear map ¢y, : M/M, — M/M), we can construct the

inverse system {M/My; @y, } of R-modules; its inverse limit
lim M /M,

is called the completion of M, and is written M. We give each M /M), the discrete topology,
the direct product [, M /M), the product topology, and M the subspace topology in
[[\M/M). Let ¢ : M — M be the natural R-linear map; then 1 is continuous, and (M)

is dense in M. Write Ty - M — M /M)y for the projection, and set My = ker 7y; it is easy
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to see that topology of M coincides with the linear topology defined by S = {Mj}en.

The map 7y is surjective, in fact
mA(p(M)) = M/My,

so that ]\/4\/M/’\‘ >~ M /M), and the completion of M coincides with M itself. If ¢ : M — M
is an isomorphism, we say that M is complete. If S = {M} er is another family of
submodules of M indexed by a directed set I',then S and S’ give the same topology on M
if and only if for each M, there is a v € I" such that M’ C M), and for every M. there
is a p € A such that M, C J\Jfy It is then easy to see that there is an isomorphism of
topological modules

li/r\n M/My = li$1M/M§.
Thus M depends only on the topology of M, as does the question of whether M is complete.
When M = R, {M/M);¢x,} becomes an inverse system of rings, M=Risa ring, and
Yv:R— Ra ring homomorphism. My C A is not just an R-submodule, but an ideal of
f{; this is clear from the fact that ) : R — R/M)y is a ring homomorphism. If N C M is
a submodule, then closure N of N in M is given by the following formula:

N = ﬂ(N + My).
A

Indeed,
rEN <<= (z+M)NN#D <= x&N+M, forall

If we write M for the image of M) in the quotient module M /N, the quotient topology of
M/N is just the linear topology defined by {M}}\ € A. In fact, let G C M be the inverse
image of G’ C M/N; then G’ is open in the quotient topology of M/N if and only if G is
open in M if and only if for every x € G there is an M) such that x 4+ M) C G if and only
if for every a’ € G’ there is an M} such that 2’ + M} C G’. Hence the condition for M /N
to be separated is that (), M} = 0, that is (), (N + M) = N, or in other words, that N is
closed in M. Moreover, the subspace topology of IV is clearly the same thing as the linear

topology defined by {N N My}xea. Set M/N = M’; then
0— N/(NNM,) — M/My — M'/M\ =M/(N + M) — 0
is an exact sequence, so that taking the inverse limit, we see that
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is exact. If we view N as a submodule of M, the condition that E=(&)ren € M belongs
to N is that each &\ can be represented by an element of N, or in other words that
£ € Y(N) + M; for each X\. Hence N is the same thing as the closure of Y(N) in M. In
general it is not clear whether M — m is surjective, but this holds in the case N. In
fact then

M/N = lim M/ (N + My);

given an element & = (&{,&,...) € M/N, with &, € M/(N + M,), let 21 € M be an
inverse image of &|, and y2 € M an inverse image of &; then yo — x1 € N + M7, so that
we can write

Yo — 1 =t+my

with t € N and my € M;. If we set xo = yo — t then 29 € M is also an inverse image
of &, and satisfies o — 21 € Mj. Similarly we can successively choose inverse images
xn € M of the &, in such a way that for n = 1,2, ..., we have x,, 41 — z,, € M). If we write

&, € M /M, for the image of z,,, then by construction § = (£1,£&2,...) is an element of
lim M /M = M
which maps to ¢ € M/\N This proves the following theorem.

Theorem 3.42 (see [25, 3.8.1]). Let R be a ring, M an R-module with a linear topology,
and N C M a submodule. We give N the subspace topology, and M/N the quotient

topology.

(a) These are linear topologies on N and M/N.

(b) The sequence

is exact and N is the closure of Y(N) in ]\7, where ¥ : M — M is the natural map.
(c¢) If the topology of M is defined by a decreasing chain of submodules
My DMy 2D -,

then
0—>K7—>]\/4\—>(m)—>0

is exact. In other words,

M/N = M/N.
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Definition 3.43. The I-adic topology of an R-module M is defined by taking the sub-
modules I"M as basic neighborhoods of 0. A filtration {M,} of M is an I-filtration
if

IM, € My,

for all n and an I-good filtration if
IM, = Mn+1
for all sufficiently large n. Thus {I"M} is an I-good filtration.

Lemma 3.44. If {M,}nen and {M]},en are I-good filtrations of M, then they have

bounded difference: that is, there exists an integer ng such that

Mytn, €M, and M,

n+no

C M, for sufficiently large n.

Hence all I-good filtrations determine the same topology on M, namely the I-adic topology.

Now, let M be an R-module with filtration {M,,}. The filtration determines a topology
on M as discussed above, with the M,, forming a base for the neighbourhoods of 0. We

have the following result.

Proposition 3.45 (see [2]). If N is a submodule of M, then the closure of N is given by
oo
n=0

Proof. Let = be an element of M. Then x fails to belong to N iff some neighbourhood of

x is disjoint from N, in other words, (x + M,) N N = () for some n. To justify the last
step, note that if x isin N + M,,, thenx =y + 2z, y € N, z € M,,. Thus

y=x—z¢€ (x+ M, NN.
Conversely,if y € (x + M,,) N N, then for some z € M,, we have y =z — z, so
r=y+z€N+M,. O

Let {M,} be a filtration of the R-module M. Recalling the construction of the reals
from the rationals, or the process of completing an arbitrary metric space, let us try to
come up with something similar in this case. If we go far out in a Cauchy sequence, the

difference between terms becomes small. Thus we can define a Cauchy sequence {z,} in
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M by the requirement that for every positive integer r there is a positive integer N such
that x,, — x,, € M, for n,m > N. We identify the Cauchy sequence {z, } and {y,} if they
get close to each other for large n. More precisely, given a positive integer r there exists
a positive integer N such that z, —y, € M, for all n > N. Notice that the condition
Ty — Ty € M, is equivalent to x, + M, = x,, + M,. This suggests that the essential
feature of the Cauchy condition is that the sequence is coherent with respect to the maps

On : M/M,, — M/M,_;.

Definition 3.46 (see [2]). Let {M,,} be the filtration of an R-module M. We define the

completion of M by

o~

M = lim(M/M,).

The functor that assigns the inverse limit to an inverse system of modules is left exact,

and becomes exact under certain conditions.

Theorem 3.47. Let {M/,0.},{M,,0,}, and {M] .0} be inverse systems of modules,

n»vn n»’n

and assume that the diagram below is commutative with exact rows.

/ In+1 gn+1 7
04>Mn+1 Mn+1 Mn+1 —()

9Z+1l 9n+1l 95+1J/
In

0 M/, M, —2—~ M 0

Then the sequence

0— limM;l — lim M,, — limM;{
n n n
is exact. Moreover, if 0!, is surjective for all n, then
0— limM/I — lim M,, — limM,’{ — 0
n n n
18 exact.

Proof. Let M = [],, M,, and define an R-homomorphism dy; : M — M by dy(z,) =
(n, — Ont1(xnt1)). The kernel of dyps is the inverse limit of the M,,. Now the maps f,, and
gn induce f=[[fn: M =[[M) — M and g =[] g, : M — M" =] M. We have the

following commutative diagram with exact rows.

0 ML 0

dwjll d]wl dﬂ{//i
f

0 M M —L= pp7 0
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We now apply the Snake lemma, which results in an exact sequence
0 — kerdy; — kerdy;s — kerdp»w — cokerdyy,

proving the first assertion. Now, if €/, is surjective for all n, then dys is surjective, and

consequently the cokernel of d;; is 0. The second assertion follows immediately. O

Corollary 3.48 (see [2]). Suppose that the sequence
oML mL M —o

is exact. Let {M,} be a filtration of M, so that {M,} induces filtrations {M' N f~1(M,)}
and {g(My,)} on M' and M" respectively. Then the sequence

—_—— o~

0—-(M)—->M—(M")—0
1S exact.

Proof. Exactness of the given sequence implies that the diagram below is commutative

with exact rows.

0——=M'/(M' N fH(Mys1)) —= M/My1y —— M"/g(Myp11) —0

GLLH\L 0n+1l 9;{+1i

0——=M"/(M' N f~H(My)) — M/My ——= M"/g(My) —0

Since 0], is surjective for all n, therefore, Theorem 3.47 allows us to pass to the inverse

limit. O

Remark 3.49. A filtration {M,,} of an R-module M induces in a natural way a filtration
{NNM,} on a given submodule N, and a filtration {(N NM,)/N} on the quotient module
M/N. We have already noted this in Corollary 3.48 with f the inclusion map and ¢ the

canonical epimorphism.

Corollary 3.50 (see [2]). Let {M,} be the filtration of an R-module M. Let M, be the
completion of M, with respect to the induced filtration on M,. Then ]\/4\n is a submodule
of]\/Z and

M /M, = M/M,

for all n.
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Proof. Apply Corollary 3.48 with M’ = M,, and M" = M/M,, to obtain the exact se-
quence

OHMZ—)M%WHO.

Thus we may identify M\n with a submodule of M , and
M /M, = M/M, = M".
Now the m!" term of the induced filtration on M” is
M = (M, + My,)/ My, = M, /M, =0

for m > n. Thus M"” has the discrete topology, so cauchy sequences (and coherent se-
quences) can be identified with single points. Therefore M" is isomorphic to its completion,

and we have

M /M, = M/M,,
for all n. ]

Definition 3.51. Two filtrations {M,} and {M] } of a given R-module are said to be
equivalent if they induce the same topology. For example, the filtrations {I" N} and
{NNI"M} of the submodule N are equivalent. Since equivalent filtrations give rise to the
same set of Cauchy sequences, it follows that completions of a given module with respect

to equivalent filtrations are isomorphic.

3.7 Completion of coherent rings

Proposition 3.52. Let R be a commutative coherent ring, I a finitely generated ideal and
M a finitely generated R-module. Then all the I-good filtrations on M define the same

I-adic topology.

Proof. Let {M,} be an I-good filtration on M. As this filtration is exhaustive, every
element of M belongs to one of the M,, and, M is finitely generated and the M, are
R-modules, there exists an integer n; such that M,, = M. On the other hand, let ng be

such that IM, = M, for n > ng. Then for n > ng — ny,

I"M C My, = "M 70N, C [PHMTM0 ), O
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Let R be a ring, I a finitely generated ideal of R. Then we can form a graded ring

R :ézn.

Similarly, if M is an R-module and M,, is an [-filtration of M, then

M* =P M,
n
is a graded R*-module, since I"M,, C M, 1n.

Lemma 3.53. Let M be a coherent module over a coherent ring R, I <R finitely generated
and {My,} an I-filtration of M. Suppose that each M, is coherent. Then the following

conditions are equivalent:
(a) M* is a finitely generated R*-module.
(b) {M,} is an I-good filtration.

Proof. Each M, is finitely generated, hence so is each N,, = @', M;. This is a subgroup

of M™ but not in general an R*-submodule. However, it generates one, namely
M =My®...® M, ®IM, ®I*M, & ...

Since, N, is finitely generated as an R-module, M, is finitely generated as an R*-module.
By definition, M* is the union of the M over all n > 0. Therefore, M* is finitely generated

over R* if and only if M* = M}, for some m, In other words,
My = I¥ My,
for all k£ > 1. Hence, {M,,} is an I-good filtration. O

Proposition 3.54. Let M be a coherent module over a coherent ring R, I < R finitely
generated and assume that { My} is an I-good filtration of M such that each M, is coherent.
If N is a coherent submodule of M, then the filtration {N, = N N M,} induced by M on

N s also an I-good filtration.
Proof. We have
I(INNM,) CINNIM, CNNM,;1.

Hence, {N N M,} is an I-filtration. Therefore, it defines a graded R*-module N* which is
a submodule of M* and therefore finitely generated. Now, using Lemma 3.53, it follows

that N N M, is an I-good filtration of N. O
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Taking M,, = I" M, we obtain a version of the Artin-Rees Lemma.

Corollary 3.55. There exists an integer ¢ such that for alln > ¢
(I"M)NN=I"°I°MNN).

Theorem 3.56. Let M be a coherent module over a coherent ring R, I <@ R finitely
generated and N a coherent submodule of M. Then the I-adic topology of N coincides
with the topology induced by the I-adic topology of M on N.

Proof. By Corollary 3.55, for n > ¢ we have,
I"NCI"MNN CI"°N.

The topology of N as a subspace of M is the linear topology defined by {I"M N N },>1
and the above formula says that this defines the same topology as {I"N},>1. O

Now let M = lim, M /I™ M be the I-adic completion of an R-module M. In particular

~

R =lim,R/I"R.

Theorem 3.57. Let R be a coherent ring, I<AR a finitely generated ideal and M a coherent
R-module. Then
M KRR E = M\

Proof. Since, the I-adic completion of an exact sequence of finitely generated R-modules

is again exact. Now, given M, let
RF—- R —- M —0

be an exact sequence; since completion commutes with direct sums, the commutative

diagram

o~

RP RY M 0

]

RPROIR—>RIQR—> M ® R—>0

has exact rows. The vertical rows are the natural maps; the two left hand arrows are

obviously isomorphisms, and hence, the right hand arrow is an isomorphism proving
M ® R E = ]/W\ . Il

Theorem 3.58. Let R be a coherent ring, I < R be finitely generated. Then R is flat over
R.
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Proof. By Theorem 3.57, we know

M@rR=M.
So, to prove R is flat over R, it is enough to show that for any finitely generated ideal J

of R, J® R— Ris injective. But

~

J

1

JoR
and so, J— Ris injective, proving J ® R—Ris injective. i.e, R is flat over R. O
Proposition 3.59. Let I << R be finitely generated where R is a coherent ring. Then
(a) I=RI~R®gl
(b) (I") = (1)
(c) I"/I"+ = In T+t
(d) T is contained in the Jacobson radical of R.

Proof.

(a) By Theorem 3.57, we know
R\ KRR = f

It follows that the map R® rlI— 1. , whose image is RI , is an isomorphism.
(b) Apply (a) to I"™, we get

— o~ ~

(I") = RI" = (RI)" = (I)"
(¢c) Since R/I™ ~ R/I" proving that I™/["+1 & [n /Tl
(d) Since R is complete for its IT-adic topology, hence for any = € 7
Q—z)t=14+z4+22+--
converges in R, so (1 — ) is a unit. This shows that 7 is contained in J(R) of R.

O]

Theorem 3.60. Let (R, m) be a coherent local ring and m be finitely generated. If M:n 18

the m-adic completion of an R-module M, then
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(a) (M) = M.
(b) If M is finitely generated then M;n = R:n ®Qr M.
(c) R:n is flat over R.
(d) If f : M — N is an epimorphism, then so is the induced map M;n — N:n.
Proof.
(a) Because M;1 is defined as the inverse limit of {M/m*M}, there is a map
et M, — M/mFM.

Because the maps in the inverse system are epimorphisms, so the map 7 is also an

epimorphism. It is clear that 7 factors through an epimorphism
M, JmF M — M/m* M.

On the other hand, the obvious map M — M;1 induces a map
M/m*M — M, /mF M.

One can check that these maps are mutually inverse, so that

A A

(M) = Him My /M, = lim M /m*M = M,
(b) and (c) are clear from Theorem 3.57 and Theorem 3.58 respectively.

(d) Tt is easy to see that the induced maps M/m"M — N/m"N and m"M — m"™N are
epimorphisms, and thus that m"M/m" ' M — m”N/m"T! N is also an epimorphism.
Let K, be the kernel of the map M/m"M — N/m"N. We get a diagram as follows,

in which the columns and the last two rows are exact

L——m"M/m" "M —— m"N/m" 1N

| | |

Kpy1 —— M/m" 1M N/m""1N

| | |

K, M /m" M N/m"N

It follows from the snake lemma that the map K, +1 — K, is epimorphism, and thus

that lim}, K,, = 0. We therefore have a short exact sequence
lim K, — lim M/m"M — lim N/m"N
n n n

so M,, — N,, is an epimorphism as claimed.
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Note that completion does not preserve monomorphisms and is not right exact.

Proposition 3.61. Let (R,m) be a coherent local ring with m a finitely generated ideal.

Then the m-adic completion R of R is a local ring with mazimal ideal m.

Proof. Since R/m = R/f, the quotient R/f is a field, hence @ is maximal. But @ is

contained in J(R) of R, so @ is the unique maximal ideal. Therefore R is a local ring. [



Chapter 4

DERIVED FUNCTORS AND
COMPLETIONS

4.1 Derived functors of /-adic completion

Recall the theory of local (co)homology and the derived functors of the completion functor.
One can define the left derived functors of any additive functor F. One only needs F' to be
right exact in order to prove that the zeroth derived functor of F' is F' but this is false in
the present context. J.P.C. Greenlees and J.P. May in [8] studied the left derived functors
LiM of completion in the following sense.

Let R be a Noetherian regular local ring with a unique maximal homogeneous ideal m,
which is generated by a regular sequence of homogeneous elements (xg, -+, Zp—1).

For any = € R we let K*(x) denote the complex R — R[1/z|, with R in degree 0 and
R[1/z] in degree 1. We also write

K*(m)=K*z0)® @ K*(xp_1);

there is then a natural map K°®(m) — R. Note that K*®(m) is complex of flat modules. In
fact, K®(m) is the finite acyclisation of R determined by R/m in the derived category of
R, so it is determined by the ideal m up to quasi-isomorphism over R. To see this, write

K*(z) as the colimit of the complexes

xT

R— R

and tensor these complexes together. We also write PK*®(x) for the complex of projectives

(1,tz—1)
—_—

R @ R]t] RJt],

61
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which is quasi-isomorphic to K*®(x). Here the map
tr —1: R[t] — R|[t]
is the R[t]-module map which takes 1 to tz — 1. We write
PK®*(m) = PK®*(20) ® --- ® PK*(zy—1),

which is quasi-isomorphic to K*®(m) by flatness. The local homology and cohomology

groups of a module M are
L.M = HM) = H,(Hom(PK®(m), M))
H,(M)=H"(PK*(I)®@ M)=H*(K*(I)® M).

The last equality again uses the flatness of K*®(m). Because R is a regular local ring, we

have
0 k<n

R/(xg?, - yapy) k=mn

HY(R) =

Let R be a commutative ring (it is not assumed here that R is Noetherian) and M be
an R-module. Let I <t R and M} be the I-adic completion of M. The I-adic completion is
an additive covariant functor from the category of Mg. Let L!(M) be the i-th left derived
module of M}

Remark 4.1.

(a) Since the tensor functor is not left exact and the inverse limit is not right exact
on the category of R-modules, the functor of the I-adic completion is neither left
nor right exact. Therefore, in general, L{ (M) # M} However, L} is a right exact
functor and its left derived functor for ¢ > 0 are the same as those of the functor of
I-adic completion. Let

be a short exact sequence of R-modules with P projective. Then we get a sequence

N L e o o,

which is not necessarily exact. But im( f;) C ker(g}) and g} is surjective, so
Lo(M) = P/im(f;) and M= Py/ker(gy).

Therefore, there is a natural epimorphism ¢y, : L{(M) — M}
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(b) Two ideals I and J of the ring R are called radically equivalent if there are positive
integer n and m such that I C J and J™ C I. If the ideals I and J are radically

equivalent then M} = M:, for all R-modules M. Therefore we have

LEM)=L{(M) forall i>0.

(2

(c) Suppose that R is a Noetherian ring and M a finitely generated R-module. Since
the functor is exact on finitely generated R-modules, we get L (M) = 0 for all i > 0
and LL(M) = M,.

In general, the natural epimorphism ¢js defined in Remark 4.1(a) is not isomorphism.

The following theorem gives us a condition for ¢jy; to be an isomorphism.

Theorem 4.2 (see [6, Theorem 2.3]). Let M be an R-module and I <A R. Suppose that the
system {I'M} is stationary, i.e. there exists a positive integer n such that I'M = I"M for

allt = n:n € N. Then the natural epimorphism ¢y : LE(M) — M} s an isomorphism.

Let (R,m) be a commutative Noetherian regular local ring, and let n = dim R. We

consider its left derived functors Ly = LT (s > 0).

Theorem 4.3. Let R be a commutative Noetherian regular local ring with a maximal ideal

m, and let n = dim R. Let M be an R-module. Then

(a) There are natural maps

M P4 LoM S M

Moreover, € is an epimorphism, and the composite M — M;n s the obvious map.

(b) There is a short exact sequence
0— 111?11 Torf, | (R/m*, M) — LM — lim Tor®(R/m* M) — 0.
In particular, there is a short exact sequence
0 — lim' Torf!(R/m*, M) — LoM — M, — 0.
(c) For any short exact sequence
0—M —M— M —0
there is a long exact sequence

LggaM" — LM — LM — LpyM" — Ly M’
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(d) There is a natural isomorphism
LM = Ext"*(H"(R), M).

Moreover, both sides vanish if s <0 or s > n. Thus Lg is right exact and L, is left

exact.
(e) If M is projective then ey is an isomorphism.

Proof. See [18, Theorem A.2]. m

4.2 L-complete modules

Let (R,m) be a commutative Noetherian regular local ring, and let n = dim R.

Definition 4.4 (see [18, A.5]). An R-module M is L-complete if ny : M — LoM is
an isomorphism. We write M r for the full subcategory of Mg consisting of L-complete

modules.

Proposition 4.5. Let R be a commutative Noetherian reqular local ring and let M, N be

R-modules with M finitely generated. Then there is a natural isomorphism
M KRR LoN — LO(M QR N)

In particular,

LoM = M, =~ Rap M,
R/m* @r LoN = R/m* @x N = N/mFN.
Hence, if N is a bounded m-torsion module then it is L-complete.
Proof. See [3, Prop 1.1]. O
Another analogue of Nakayama’s Lemma provided by [3, Proposition 1.2] is.

Proposition 4.6 ( [3, Proposition 1.2]). For M € Mg,

This can be used to prove many analogues of standard results in the theory of finitely

generated modules over commutative rings.
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Corollary 4.7 ( [3, Corollary 1.3]). Let M € /\//\IR and suppose that N C M is the image
of a morphism N' — M in Mpg. Then

M=N+mM =— N=M.

Corollary 4.8 ( [3, Corollary 1.4]). Let M € M\R and suppose that F' is a free module
for which there is an isomorphism F/mF = M/mM. Then there is an epimorphism

LoF — M.

Proposition 4.9 ( [3, Proposition 1.6]). Let M, N be L-complete R-modules, when N is

a finitely generated m-torsion module. Then
—R R ——R
Tor, (M, N) = Tor,'(M, N) = Tor, (N, M).

When N is a finitely generated m-torsion module, we may also consider the composite
functor Mg — /\//I\R for which

M — Lo(N ®5 M).

Since

Lo(N®RM):N®RLOM:N®RM,

this functor has for its left derived functors Torf(N, —) and there is an associated com-

posite functor spectral sequence.

Proposition 4.10 ( [3, Proposition 1.7]). Let N be a finitely generated m-torsion module.

Then for each R-module M, there is a natural first quadrant spectral sequence
2 _mok R R
EZ = Tory (N, LiM) = Torg (N, LiM) = Torg,,(N, M).

Lemma 4.11 ( [3, Lemma 1.8]). Let M be a flat R-module. Then

M., if s=0
LM — m i
0 otherwise,

and LoM is pro-free.

It is also important that if M is a finitely generated R-module then it has bounded
m-torsion, hence by [8, Theorem 1.9], LoM = M:n and LsM = 0 for s > 0. More generally,

If F'is a free module, then F' ® M has bounded m-torsion, so

L(F&rM)=F,@r M if s=0,
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Proposition 4.12 ( [3, Proposition 1.9]). Let P € M\R be L-flat, then P is pro-free.

In general, tensoring with a pro-free module need not be left exact on M R as is shown

by an example in [3, Appendix B].

4.3 L-complete modules for super regular coherent local
ring

Now, let R be a super regular coherent local ring as in Definition 3.36 and n = gl.dim R.
We write M’ for the category of coherent R-modules, and X/I\’R for the subcategory of

L-complete modules.
Theorem 4.13.

(a) For any M € M'g, the modules M:n and LM lie in X/l\’R. In particular, LM =
LoM.

(b) If M € M'p, then LyM =0 for k > 0.

(¢) LoM =0 if and only sz;1 =0 if and only if M = mM.

(d) If M € M'p and M =mM, then M = 0.

(e) X/l\’R is an abelian subcategory of M', which is closed under extensions.
(f) Lo: M' — Mg is left adjoint to the inclusion Mp— M.

(g9) If {My} is a collection of L-complete modules, then [, My, is L-complete. If they
form an inverse system then limy My is L-complete. If they form a tower then

limy ' M, is also L-complete.
Proof.

(a) Suppose N = M;n or N = LyM then LyN = N and LyN = 0 for k& > 0 by [8,
Theorem 4.1]. It follows that the modules M;n and LM are L-complete.

(b) It also follows that if M is L-complete and k > 0 then LyM = LyLoM = 0.

(c) We have epimorphisms

LoM — M, — M/mM,
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SO

LoM=0 = M_ =0 = M=ml.

Suppose that M = mM. Then M = mFM for all k by induction on k, so M;1 = 0.
We will also prove that LoM = 0. Since M = m* M, we have R/m* @ M = 0 for all

k. Using the short exact sequences
mb /mf o R/mf T R/
and the fact that m*/m**! is a free module over R/m, we get an exact sequence
Torf(m* /mF 1, M) — Torf(R/m* 1, M) — Torf(R/m* M) — 0.

From this we see that the maps in the tower

-« Torf(R/m"* M) «— Torf(R/m* 1 M) — ...
are surjective, so that

h;Ignl Torf*(R/m"* M) = 0.

Now, using the fact that M:n = 0 and that

0 — lim' Torf!(R/m*, M) — LoM — M, — 0,
is exact, we get that LoM = 0 as claimed.
If M € M’y and M = mM, then M = LyM = 0 by (c).

First, we claim that the image of any map f : M’ — M" of L-complete modules is L-
complete. To see this, factor f as a composite M’ % M L M”, with ¢ epimorphism

and j monomorphism, so that M is the image of f. We have a diagram as follows:

q J

M M M
Lok

!/ "
LQM ?oq-LoMT()])LOM

Note that Lgg is epimorphism because Lg is right exact. Because the left square
commutes, we see that 7 is epimorphism; because the right square commutes, we see

that it is monomorphism. Thus 7 is an isomorphism, and M is L-complete.

Next suppose that
0N —-N-—-=N'"-=0
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is a short exact sequence, and that any two of the terms are L-complete. We can
easily see that the third of these is also L-complete because of the long exact sequence
relating the Li-groups of N',N and N”. Thus M’y is closed under extensions, and
under kernels and cokernels of epimorphisms and monomorphisms. For any map
f: M — M", we have ker f = ker ¢ and coker f = cokerj. It follows that M'g is

closed under kernels and cokernels, and thus that it is Abelian.

Suppose that N is L-complete and M is arbitrary. We need to show that n : M —
LoM induces an isomorphism 7}, : Homp(LoM, N) — Hompg(M,N). There is a
map A : Homp(M,N) — Homp(LoM,N), defined by the commutativity of the
following diagram:

MLN

l A(f) i
nm >IN

LOM Tf‘ L()N

It is clear that 1}, A(f) = f, so that 1}, is epimorphism. Suppose that f € ker(n},),
so that f can be factored as LyM - M’ % N, where M’ is the cokernel of ny;. By
the above argument, we have an epimorphism 75, : Hom(LoM’, N) — Hom(M', N).
However, because Lg is right exact and idempotent, we see that LoM’' = 0. It
follows that g = 0 and thus f = 0. Thus 7}, : Hom(LoM, N) — Hom(M, N) is an

isomorphism, as required.

It is easy to see from the definitions that H([[, Mk) = [, HI(My). It follows
that a product of L-complete modules is L-complete. If the modules {M}} form an
inverse system involving various maps u : M} — M; then limy M}, is the kernel of a
map [[, My — [, My, so it is L-complete by (d). If the inverse system is a tower,

then lim,lg M, is the cokernel of a map [[, My — [[, My, and thus is L-complete.
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