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Abstract

The ring of quasi-invariants Qy, can be associated with the root system R and multiplicity
function m. It first appeared in the work of Chalykh and Veselov [CV90] in the context
of quantum Calogero-Moser systems. One can define an analogue Q) 4 of this ring for
a collection A of vectors with multiplicities. We study the algebraic properties of these
rings. For the class of arrangements on the plane with at most one multiplicity greater
than one we show that the Gorenstein property for @) 4 is equivalent to the existence of the
Baker-Akhiezer function, thus suggesting a new perspective on systems of Calogero-Moser
type.

The rings of quasi-invariants @), have a well known interpretation as modules for the
spherical subalgebra of the rational Cherednik algebra with integer valued multiplicity
function. We explicitly construct the anti-invariant quasi-invariant polynomials corre-
sponding to the root system A, as certain representations of the spherical subalgebra of
the Cherednik algebra H /p,(Smn). We also study the relation of the algebra A, 1 intro-
duced in [SV04] to the ring of quasi-invariants for the deformed root system A, (k). We

find the Poincaré series for a ‘symmetric part’ of @) 4, () for positive integer values of k.
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Chapter 1

Introduction

Recall the notation of the Coxeter root system R. This system consists of different pairs
of vectors {£a} in some Euclidean space V. The corresponding reflections

(o, )

(@, )

Sq =T — 2 a, V.

generate a group G (Coxeter group) which should be finite. It is assumed that the set
Sa,@ € R is the set of all hyperplane reflections in G and that the vectors «, 3 € R are
non-collinear unless a = £3. We also consider a G-invariant function m : R — Z, which
we call multiplicity. Say o € R has multiplicity m, under this function. Let § = S(V)
be the ring of all polynomials on V and let S be the subring of G-invariant polynomials.
The ring of quasi-invariants Qy, can be associated with the root system R and multiplicity
function m. It first appeared in the work of Chalykh and Veselov [CV90] in the context

of quantum Calogero-Moser systems. This is a key object for our work.

Definition (JCV90], see also [FV02]). We say a polynomial p € S is quasi-invariant if for
any o € R
p(sa(@)) = p(x) + O((a, 2)™*)

near the hyperplane (o, z) = 0. Equivalently, for any « € R and s =1,3,...,2mq — 1
9op =0

on the hyperplane (o, z) = 0, where J, = («, %) 1s the normal derivative for this hyper-

plane.

These polynomials form a ring, the ring of m-quasi-invariants (or just quasi-invariants)

Q.. This ring contains the ring of invariant polynomials S¢.

2



CHAPTER 1. INTRODUCTION 3

The rings @),, have an interesting algebraic structure. Their properties have been
extensively studied. Feigin and Veselov [FV02, Theorem 8] showed that the ring @, is
free over the invariants S for any dihedral system R (Cohen-Macaulay property). They
also conjectured that this is true in the general Coxeter case, and that one can take so
called m-harmonic polynomials H,, as a basis for the free module. They checked this for
dihedral systems. Etingof and Ginzburg [EG02a, Theorem 1.1] established that @, is free
over the invariants S for any Coxeter system R. However the choice of H,, as a free basis
is impossible in general (counterexample in [EG02al, Section 7]).

Feigin and Veselov |[FV02, Corollary 8] also calculated the Poincaré series P(Qm,t)
for quasi-invariants of dihedral systems. Their formula makes it clear that the series is
palindromic, and thus the ring is Gorenstein. Etingof and Ginzburg [EG02a, Theorem
1.2] established the Gorenstein property for @, in the general Coxeter case. They gave
two proofs, one of which is based on earlier results of Felder and Veselov [FV03b|. In that
paper the authors computed the Poincaré polynomial for the space H,, of m-harmonic

polynomials. It is given by the formula

P(Hpyt) = Y dim(V;)t2a mada (V) Py 1),
v

Here the external sum is carried over all non-isomorphic irreducible representations of
G and the internal sum is carried over the classes C, of conjugate reflections in G.
The polynomial P; is the Poincare polynomial for the representation V; in the space
Hy = Clxy,...,x,]/lo where Iy is the ideal in the ring of polynomials generated by the
homogeneous G-invariant polynomials of positive degree. Also
g - Pt
dimV}

where N, is the number of elements in the class C, and
Vie={ve€Vj|sav=—v for any sq € Co}.

Felder and Veselov observed that P(H,,,t) satisfies the palindromicity relation P(H,,,t) =
tMP(H,,,t™!) for some M. Etingof and Ginzburg then established the Gorenstein prop-
erty for @, via this observation and the Cohen-Macaulay property. More exactly it is
shown in [EG02a, Theorem 1.1] that

P(Hp,t)

P@n = )
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where d; are the degrees of the basic invariants.

Berest, Etingof and Ginzburg [BEGO03] presented a different approach to understanding
the structure of the rings (), in a slightly later paper. Here it is shown that quasi-invariants
can be seen as modules for certain subalgebras of the rational Cherednik algebra. The
Cohen-Macaulay property is established and the previously calculated series P(Q,t) is
also recovered.

Now we review the context of quantum integrable systems, specifically systems of
Calogero-Moser type, where the rings @, arose. This subject has roots in the work
of Calogero in 1969-1971 |Cal69,|/Cal71]. He studied a quantum system which describes
pairwise interaction of n particles on a line with quadratic and/or inversely quadratic

potential. Moser [Mos75| later famously studied the classical system with the Hamiltonian

1 -~ 1
H = —p? S — 1.1
oF +gZ(qA 32 (1.1)

and established its integrability.

Quantum analogs of the classical integrals of the Calogero-Moser system first
appeared in the work of Calogero, Marchioro and Ragnisco [CMRT75|. Olshanetksy and
Perelomov proved that these integrals commute [OP77].

Olshanetsky and Perelomov |[OP77| later introduced integrable generalizations of the
system related to an arbitrary Coxeter group. The potential of the generalized system
has singularities located on hyperplanes which are mirrors for the corresponding Coxeter
group.

The quantum Hamiltonian corresponding to the Coxeter root system R has the form

L A_ Z o ma + 1 (a,a) (1.2)

aERL

where R, is the positive part of R. Heckman [Hec91] proved that the quantum problem
related to an arbitrary Coxeter system is integrable. This was achieved via an explicit
construction for quantum integrals based on the Dunkl operators [Dun89]. He showed that
if one replaces the variable k; with the i-th Dunkl operator V; in an invariant polynomial
p(k) € S& then the restriction of the resulting differential difference operator p(V) to the
space of invariant functions is an integral for the quantum problem . The Hamiltonian
corresponds to the polynomial p(k) = k2. Explicitly, Heckman’s theorem is given by the

following. Consider differential operators Dg with coefficients from the algebra generated
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by (a,z)"!, @ € R and by constant functions. Let
D$,,={A€ Dg:[L, Al =0,9(A) = A for all g € G}.

Theorem (|[Hec91|, Theorem 1.7). There exists an isomorphism ~,, between the ring S¢
of G-invariant polynomials and the ring D%m of quantum integrals for the Hamiltonian

Vi 1 S = Dg,m.

Remarkably, the ring of quantum integrals for the generalized Calogero-Moser systems
(1.2) becomes larger than S& when the parameters m,, are integer. This crucial observation

was made by Chalykh and Veselov in 1990 [CV90]. Their work can be explained by the

following.

Theorem ([CV90], Theorem 1). There exists a homomorphism

X (E) = Ly, ) (1.3

mapping Qm nto the commutative ring of differential operators containing the Calogero-

Moser operator .

Feigin and Veselov fully explained the relation between the rings of quasi-invariants

and the rings of all quantum integrals of the Calogero-Moser systems.

Theorem (|[FV02], Theorem 2). Let D,, be the mazimal commutative ring containing
D%m as a subring. Then the map is an isomorphism between the quasi-invariant
ring Q. and the ring D,,.

The key motivation for the work in this thesis was the discovery of rings of quasi-
invariants associated to non-symmetric, integrable generalizations of the quantum Calogero-
Moser problem. In [VFC96/CFV98| Chalykh, Feigin and Veselov introduced the config-
urations Ay (m) and Cy(m,l) which can be thought of as deformations of the classical
root systems Ay and Cy. Two commuting families of differential operators corresponding
to the systems Ap(m) and Cx(m,l) were found. A physical interpretation of the Ay (m)
system is the description of Calogero-Moser-like pairwise interaction of particles where one
particle has different mass from the others.

There are quasi-invariants associated to the configurations Ax(m) and Cy(m,1). One
can consider polynomials satisfying a quasi-invariance property under the action of all hy-

perplane reflections associated to these configurations. In [FV03a| it was shown that these
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rings still have nice algebraic properties. Indeed, Feigin and Veselov were able to show
that the rings Q4 corresponding to the configurations Ay (m) and Cy(m,l) are Cohen-
Macaulay, following the scheme from [EG02a] where this property was established in the
Coxeter case. They also calculated the Poincaré series for the quasi-invariants correspond-
ing to the two-dimensional configurations Ay(m) and Ca(m,1). They point out that the
series found in this way are palindromic and thus the corresponding rings are Gorenstein.
The calculations are achieved via direct analysis of the quasi-invariance conditions. In
a similar fashion to the Coxeter case they also show that the rings Q) 4 corresponding
to the configurations Ay (m) and Cy(m,l) are maximal commutative rings containing all
quantum integrals for the corresponding generalized Calogero-Moser operator.

Thus rings of quasi-invariants can be introduced for non-Coxeter arrangements of
vectors with multiplicities. More exactly, let A be a finite set of non-collinear vectors
g, a1, Qo,. .., o, where a; € CV. Denote by II; the hyperplane (ay,z) = 0. Let m be a
function m : A — N, the multiplicity function. Say «; € A has multiplicity m; under this

function. The configuration A = (A, m) is then a set of vectors with multiplicities.

Definition. We say a polynomial p € Clz1,x9,...,xzN]| is quasi-invariant with respect to

A= (A,m) if, for all; € A and s =1,3,...,2m; — 1:
95,p =0
on the hyperplane 11;, where 0, = (v, 8%).

These polynomials form a ring, the quasi-invariant ring Q4. These rings will not in
general have the nice algebraic properties exhibited in the Coxeter case, although as we
have seen there exist interesting examples (Ax(m) and Cy(m,[)) where these properties
are apparent.

The central theme of the work in this thesis is thus the study of algebraic properties for
certain rings of quasi-invariants, in particular the Gorenstein property, and the ramifica-
tions of this property being satisfied. Before explaining what is shown in detail we would
like to explain a further connection between rings of quasi-invariants and integrability of
generalized Calogero-Moser operators.

Chalykh, Feigin and Veselov [CFV99| established the integrability of the operators
corresponding to the deformed configurations Ay (m) and Cn(m, 1) via existence of the so-

called Baker-Akhiezer function (BA function). This notion was introduced by Krichever
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[Kri77] in the theory of finite-gap solutions of nonlinear PDE’s, integrable by the in-
verse scattering method. Chalykh, Styrkas and Veselov [CV90,[VSC93|] then introduced
and studied multi-dimensional versions of such functions in the context of the quan-
tum Calogero-Moser problem. The construction of [VSC93| relates a BA function ¢

to A = (A,m). More exactly, for k = (ki,ke,...,ky) and =z = (z1,29,...,2n) let
N

(k,x) = Zklml be the standard inner product in CV. We assume that (a;,a;) # 0
=1
for any o; € A.

Definition. A function ¢(k,z),k,x € CN will be called a Baker-Akhiezer function if the

following two conditions are fulfilled:

o ¢(k,x) has the form
bk, x) = P(k, z)e)

where P(k,x) is a polynomial in k with highest term A(k) = H (k,a;)™;
a; €A

e Forallo; € A
On, (k) = 03 p(k,z) = ... = 2™ ' p(k,z) =0

on the hyperplane (k,c;) = 0, where 0y, = (i, %) is the normal derivative for this

hyperplane.

The relation of the function ¢ to the integrability of the corresponding quantum

Calogero-Moser problem is explained by the following results.

Theorem (|VSC93|, Proposition 1). If the Baker-Akhiezer function ¢ exists then it is

unique and satisfies the Schrodinger equation

Lo = —k*¢
where
_ ml(ml + 1)(0@, CMZ')
L= A+QZE:A @2)? . (1.4)

Moreover the operator (|1.4) is part of a large commutative ring of partial differential

operators described by the following theorem.

Theorem ([VSC93|, Theorem 1). If the Baker-Akhiezer function ¢ exists then for any

polynomial f(k) € Q4 there exists some differential operator L¢(x, a%) such that

Ly¢(k,z) = f(k)p(k, x).
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These operators form a commutative ring isomorphic to Q4. The operator corre-

sponds to f(k) = —k?.

The function ¢(k,z),k, 2 € CV exists only for very special configurations. An elegant
result of Chalykh, Styrkas and Veselov describes fully the situation where all multiplicities

are taken to be one.

Theorem ([VSC93|, Theorem 4). Suppose m; = 1Vi. Then the Baker-Akhiezer function
¢ exists for A = (A,m) if and only if A is a set of normals to the reflection hyperplanes

for some Cozxeter group.

The following remarkable result shows that there is an effective way to check whether

the BA function ¢ exists for a given configuration.

Theorem ([VSC93|, |CFV99]). The Baker-Akhiezer function ¢ exists for a configuration
A if and only if the following two sets of conditions hold ¥V o € A

n THiOlj,Oﬁ)zk_l
Z -1 =0

i=0, i#£j (z, )

on the hyperplane I1; for 1 <k < mj,

)2k—1

" ﬂliTni4—1 g, O ) O, O
3 ( (@i, i) (

(ai, 2)2FH1 =0

1=0,i#]

on the hyperplane I1; for 1 <k < m;.

It was these conditions that were used by Chalykh, Feigin and Veselov [CFV99] to
show that the BA function ¢ exists for the deformed Coxeter configurations Ax(m) and
Cny1(m,l).

Thus far the only explicitly constructed configurations for which ¢ is known to exist
were the Coxeter arrangements, Ay (m) and Cy(m,1).

We now turn to the results contained in this thesis. The notion underpinning the ma-
terial is the importance of the Gorenstein property. We are interested in the ramifications
of this property being satisfied. It appears that this leads, via the Baker-Akhiezer func-
tion, back to integrable systems. This provides another viewpoint on integrable systems of
generalized Calogero-Moser type. We were able to demonstrate this within specific classes
of arrangements.

We now turn to the original results of the thesis. The subsequent chapters are struc-

tured as follows. Chapter 2 does not in fact deal with Gorenstein rings of quasi-invariants.
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Instead we introduce the configuration A, 1y (Chapter 2, Deﬁnition which consists
of n + 1 non-collinear vectors in C?, n of which have multiplicity one and one of which
has arbitrary multiplicity m € N. When m = 1 this configuration is dihedral and when
n = 2 it coincides with Az(m). We are interested in the importance of A, ;») within the
class of arrangements in C? with all but one multiplicity equal to one. We investigate in

particular the possibility of existence of the BA function for A, in)

Theorem (Chapter 2, Theorems [2.5.1] [2.6.1] and [2.6.2). Let N = 2 and suppose my =

m € N and m; =1 for 1 <1i <n. Then the Baker-Akhiezer function ¢(k,x) exists for A
if and only if A= Ay 1m

In Chapter 3 we provide an introduction to the Gorenstein property in the graded case,
recalling some standard results from the literature. The material is presented in a fashion
which allows us to review Stanley’s famous criterion for when Cohen-Macaulay domains

are Gorenstein.

Theorem ([Sta78, Theorem 4.4]). Let R be a Noetherian graded commutative Cohen-
Macaulay domain. Suppose also that R is a K-algebra for a field K. Then R is Gorenstein

if and only if its Poincaré series Pg(t) is palindromic, that is if:
Pr(t™1) = (=1)%'Pr(t) where d = dim(R) and | € Z.

We also show that rings of quasi-invariants corresponding to configurations of vectors
in C? are always Cohen-Macaulay. Thus analysis of the Gorenstein property for such rings
is reduced to analysis of the Poincaré series.

In Chapter 4 we investigate the structure of the ring of quasi-invariants @ 4 for certain
classes of arrangements A in C?, by employing the results explained in Chapter 3. Thus
far the only known Gorenstein examples were the rings Q4 corresponding to the Coxeter
arrangements, As(m) and Ca(m,l). In two dimensions we show that there is only one
Gorenstein ring of quasi-invariants in the case where all multiplicities are one, namely

that corresponding to the dihedral configuration.

Theorem (Chapter 4, Theorem [4.3.1). Let N = 2 and suppose m; = 1 for 0 < i < n.
Denote by A any configuration with these properties. Then the quasi-invariant ring Q4 is

Gorenstein if and only if A is a set of normals to reflection lines for the dihedral group.

We also study the class of configurations with all but one multiplicity equal to one.
In particular we calculate the Poincaré series for the quasi-invariant ring corresponding to

the configuration A, 1») appearing in Chapter 2.
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Theorem (Chapter 4, Theorem [4.10.1). The Poincaré series for the quasi-invariant ring

QA(m,m) s given by
B 1— t2 + tn+1 + tn+2 + t2m+n + t2m+n+1 _ t2m+2n + t2m+2n+2
- @17 |

P(t)

Thus @ Amany 18 Gorenstein. Furthermore, it is proven that there is exactly one Goren-

stein ring of quasi-invariants for this class of arrangements.

Theorem (Chapter 4, Theorems 4.10.1). Let N = 2 and suppose mo = m and
m; = 1 for 1 < i < n. Denote by A any configuration with these properties. Then the

quasi-invariant ring Q4 is Gorenstein if and only if A = Ay, 1ny-

Thus we see that for planar configurations with at most one multiplicity greater than
one, the Gorenstein property for quasi-invariants is apparently equivalent to the existence
of the Baker-Akhiezer function.

We would like to remark that Theorem concerning planar configurations with all
multiplicities equal to one actually follows from Theorem which deals with the case
in which at most one vector has multiplicity greater than or equal to one. We include
Theorem in the thesis for the following reasons: firstly, Theorem [4.3.1]is proved via
slightly different techniques than those used in Theorem and we feel the strategy is
worth recording; secondly, and more importantly, the proof of Theorem [4.3.1]has structural
and conceptual similarities to the considerably longer and more technical proof of Theorem
Thus the proof of Theorem serves as a useful introduction to many of the key
features of Theorem [£.9.11

More exactly, Theorem [4.3.1] is established by calculating the Poincaré series for an
arbitrary configuration of vectors of multiplicity one in the plane and showing that this
series can only be palindromic when the arrangement is in fact a dihedral arrangement.
We show that the Poincaré series for an arbitrary arrangement includes finitely many
arbitrary coefficients. We then show that choosing the coefficient b, at degree 2n to be
n + 1 implies that the vectors of A form a dihedral arrangement (Proposition . To
complete the proof we show that if the Poincaré series is palindromic then by, = n + 1
(Lemma [4.5.4)).

The proof of Theorem follows a similar structure. In Section [4.8 we show in
particular that choosing the coefficient of the Poincaré series by, 1y,—1) at degree 2(n +
m—1) to be one implies that the vectors of A form an arrangement whose geometry is fully

fixed (Proposition |4.8.4)). We then show that this arrangement is in fact A, 1») (Theorem
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4.8.5). In Section we calculate the Poincaré series for an arbitrary arrangement of
vectors and show that there are finitely many arbitrary coefficients. We consider two cases
depending on the interaction of the parameters m and n (Lemmas . We
then show that if the series is palindromic then by, p,—1) = 1 (Theorem .

In Chapter 5 we shift our attention to quasi-invariants in the context of Cherednik
algebras. The fact that rings of quasi-invariants are modules for certain subalgebras of
Cherdnik algebras is well known. This has been established in the paper [BEGO03|. Let us
explain this result. Let G be a finite Coxeter group acting in its complexified reflection
representation V = CV. Let R be the corresponding Coxeter root system. To each G-
invariant function ¢ : R — C one can attach an associative algebra H.(G) called the
rational Cherednik algebra. For any ¢ € CV the Dunkl operator V¢ is defined as

VFZQ-‘E:Cdaikl—&O

cn, (02)

where (-,-) is the standard scalar product in CN. We have the important vector space
isomorphism

C[X] ®c C[V] ®c CG — H.(G)

where C[X] = Clx1,z2,...,zn] and C[V] is the commutative algebra generated by the
Dunkl operators V; corresponding to the basis directions e;. The rational Cherednik
algebra H.(G) can be defined as the algebra generated by the linear operators z;, V;, g
(i, =1,...,N,g € G) which act naturally in CV.

Let e = ﬁdeG g. The spherical subalgebra of H.(G) is defined as eH.(G)e. The
vector space

M, =CX]|®T

where 7 €lrrep(G) can be given the structure of an H.(G) module. This is the ‘standard
module’. Consider the ring of quasi-invariants (). corresponding to the Coxeter root system
R and Z, valued multiplicity function c. Let Q% denote the image of the homomorphism
(1.3). It is shown in [FV02, Theorem 3] (see also |[Cha98| where a similar observation
was first made) that for any u € Q% u(Q.) C Q.. In particular C.(Q.) C Q. where C.
is the centralizer of the operator L . Thus there is a natural action on ). of the
algebra B, generated by C. and C[X]“. This B, action commutes with the G-action on
Q.. It can be shown that B, is isomorphic to eH.e and thus the space Q. acquires an

(CG ® eH.e)-module structure. This structure is completely described by the following.
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For any irreducible representation 7 of G let 7'; be the representation of G for which the

monodromy representation of the Dunkl connection with values in 7, is 7, see [BC11].

Theorem (|[BEGO03|, Proposition 6.6). There is a (CG ® eH.e)-module isomorphism Q. =

@TGI’/‘T@])(G) T® eM’T‘é ’

Later, Feigin |Fei] constructed generalized Calogero-Moser systems via representations
of Cherednik algebras. Feigin showed that the invariant polynomials corresponding to
the Coxeter group S, are a module for the spherical subalgebra of the Cherednik algebra
Hy/p(Smn),m,n € Zy. This is achieved via consideration of some specific submodules
in the polynomial representation of Hj/p,(Smn). In Chapter 5 we begin to investigate
whether all quasi-invariant polynomials can be constructed in such a fashion by considering
submodules in more complicated representations.

To explain fully what we mean by this, let us explain the construction of [Fei] more

exactly. Let N = mn. Let us denote by 7, , the plane in CN given by the equations

X1 =Ty =...=Tm
Im+1 = Tm+42 = - .- = T2m
T(n—1)ym+1 = L(n—1)m+2 = - -+ = Tmn-

The associated parabolic stratum is defined as

Dm,n: U w(ﬂ'm,n)

wWESN

while the corresponding parabolic ideal is
Feigin establishes the following.

Theorem ([Fei|, Theorem 1). I and hence C[X]/I are representations for the rational

Cherednik algebra H /p,,(SN)-

From this theorem it follows that e(C[X]/I) is a representation of the spherical subal-
gebra e(Hy/,, (Sn))e. This representation can be identified with a subspace of polynomials

in Clz1, ..., zy,], namely the restrictions p(x) where p(z) € C[X]%¥. Then we have

’ﬂ'm,n

Theorem ([Fei]). The representation e(C[X]/I) of e(Hy,(Sn))e is isomorphic to the

invariant polynomials Clz1, ..., x,] in C".
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We generalize the work of Feigin in the following way. We introduce submodules N
of the standard modules M, for some specific representations 7 of S,,,. We then go on to

establish

Theorem (Chapter 5, Theorem [5.5.5). The module e(M;/N;) is isomorphic to the space

of all anti-invariant quasi-invariants for S, acting in C™.

In the second half of Chapter 5 we are interested in other rings of quasi-invariants aris-
ing from the theory of Lie superalgebras and symmetric superspaces. In the paper [SV04]
Sergeev and Veselov use the notion of generalized root systems to construct families of de-
formed quantum Calogero-Moser systems. In particular they introduce the commutative
algebra Ap p related to the generalized root system (R, B). The generalized root systems
are essentially the root systems R of the contragredient Lie superalgebras together with a
bilinear form B. They include an infinite family A(n,m) which depends on one parameter
k. Sergeev and Veselov show that for these generalized root systems and generic values
of k there is a monomorphism x from Ag p into the algebra of differential operators on V'
such that x(x?) is the corresponding generalized Calogero-Moser operator.

The algebra of integrals Ar p is of independent interest. They can be seen as a version
of algebras where quasi-invariant conditions on the hyperplanes with non-integer multi-
plicities are understood as symmetry of polynomials under reflection at these hyperplanes.
In [SV04] it was shown that for the series A(n, m) and generic values of k these algebras
are finitely generated. Also the Poincaré series were calculated.

The algebras corresponding to the series A(n,m) can be realized as the following. Let

Ay C C[V*] =Clz1,22,...,Tn,Y1,Y2, - - ., Ym] be the algebra consisting of polynomials

symmetric in the variables x1,x2,..., 2, and y1,y2, - .., Ym separately and satisfying the
conditions
0 0
— k— _,.=0
(8$1 ay])f |513z Yj
fori=1,2,...,n,j=1,2,...,m. It is easy to see that the deformed Newton sums

n m
1
pr(%%k): E .’E;—F% § yT
=1 7j=1

belong to Ay i for 7 > 0. Denote by N, ., the algebra generated by the deformed

Newton sums. We have the following

Theorem ([SV04], Theorem 2). If k is not a positive rational number then Ay i =

Nn,m,k-
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Further, Sergeev and Veselov use this to establish

Theorem (|SV04], Theorem 3). The Poincaré series of the algebra A, ., i for generic k
has the form

1 £i(n+1)

(1=t)1=¢?)...(1—t") . +; (I-t)(1—¢%)...(1 —ﬂ')]' (1.5)

Ppm(t) =

The importance of these algebras in the context of our work is as follows. Recall
the deformed root systems A, (k) and corresponding rings of quasi-invariants. The al-
gebra Ay, 1 is isomorphic to the partially symmetric quasi-invariants for the deformed
root system A, (k). Thus we have an expression for the Poincaré series for a ‘symmetric
component’ of @ 4, (x) in the case of generic k. This is in agreement with [[F'V03a] where
the Poincaré series for Q) 4,(x) was calculated.

More explicitly, we have A, 1 = inf(lk), where Qj}:(lk) consists of polynomials ¢(z1, ..., Tny1)
which are invariant under the action of the group S, which permutes the coordinates
r1,T2,...,Ty, and are quasi-invariant at the hyperplanes z; = \/Ea:nﬂ, i =1,2,...,n
which have multiplicity one. Thus the Poincaré series PQiiU:Ek) is given by the formula

(1.5) for generic k. We begin to generalize this with the following.

Theorem (Chapter 5, Theorem [5.6.3]).

1—t 4"
P sym t =
@, ) (IT—02(1—12)...(1—1t")

Vke Z,.

We also study the relation between A,, 1 ; and N, 1 x for non-integer k.

Theorem (Chapter 5, Theorem [5.6.4). Suppose k > n. Then A, = N, 1.
bl +1

by
In Chapter 6 we review the results of the thesis and mention possible generalizations
and open problems. We will discuss the conclusions presented in this thesis and highlight

possible areas of interest for future research.



Chapter 2

Baker-Akhiezer Functions

2.1 Summary

In this chapter we focus on the Baker-Akhiezer function (BA function). We will investigate
the existence of the BA function when considering the class of arrangements of non-
collinear vectors in C? with at most one multiplicity greater than one, the so-called ‘type
(m,1")” configurations. We introduce the configuration A(,, 1») which has type (m,1").
We will then show that the BA function exists for a configuration A of type (m,1") if and
only if A= Ay, in).

The results in Chapter 2 are new except for the following. Section consists of
background information and as such has no new material. Theorem is s standard

result which is well known.

2.2 Background

First let us fix some notation. Let A be a finite set of non-collinear vectors «ag, a1, o, . . ., oy,
with a; € C2. Let m be a function m : A — N, the multiplicity function. Say a; € A has
multiplicity m; under this function. Thus A4 = (A, m) is a set of vectors with multiplicities.
For k = (k1,ke) and = = (z1,22) let (k,x) = kiz1 + koxa be the standard inner product
in C2. We will assume throughout this chapter that (ay, ;) # 0,0 < < n. We are going

to study the following class of configurations in C2.

Definition 2.2.1. Suppose a configuration A = (A,m), where A C C2, satisfies the
following properties: up to relabelling of the vectors, my = m € Z4 and m; = 1 for

i=1,2,...,n. Then we say A has type (m,1").

15
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At this point we would like to make an important remark about equivalence of config-

urations.

Remark 2.2.2. We will consider two configurations to be equal if they are the same up
to rotation and dilatation of the vectors. Thus throughout the rest of the thesis if we say
that A = B, where A, B are two configurations of vectors with multiplicities in C2, we are

referring to equality up to this equivalence.
We now introduce the Baker-Akhiezer function.

Definition 2.2.3. A function ¢(k,x),k,z € C? will be called a Baker-Akhiezer function

if the following two conditions are fulfilled:

e ¢(k,z) has the form
o(k,x) = P(k, z)e™®
where P(k,x) is a polynomial in k with highest term A(k) = H (k, ;)™ ;
OfiEA

e Forallo; € A

O, bk, x) = 02 ¢k, x) = ... = P p(k,x) =0

on the hyperplane I1; : (k, ;) = 0, where 0o, = (a, %) is the normal derivative for

this hyperplane.

Combining results from [VSC93] and [CFV99] we have conditions which are both nec-

essary and sufficient for the existence of the Baker-Akhiezer function ¢.

Theorem 2.2.4 ([VSC93,CFV99|). The Baker-Akhiezer function ¢ exists for a configu-
ration A if and only if the following two sets of conditions hold ¥V o € A

" omi(ay, ag)?R

Z (a.]m)%fl =0 (aj(K))
i=0, i#£j v

on the hyperplane I1; for 1 <k < mj,

n m;(m; + 1 az,al)(oz],ai)zk_l ~
Z (a; x)2k+1 =0 (aj(k'))

1=0,1i#7]

on the hyperplane I1; for 1 <k <m

Next we are going to mention a result which will be useful in ascertaining whether

certain configurations in C? are in fact real.
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Theorem 2.2.5. Let A be a configuration of vectors ag, oy, . .., o, € R? with correspond-
ing multiplicities m; € Ry,0 <1 <n. Let§; € [0,7) be such that a; = (cos;,sin ;). Sup-
pose that 0 = 0y < 61 < ... < B0, <m. Then for any choice of the multiplicities my, ..., my,

there exists a unique configuration A which satisfies the relations (o;(1))Vj=0,1...,n

This result is established in [FJ]. The proof is adapted from a similar result in [Mul10].

2.3 Coordinate systems

Although the above introductory discourse is phrased in terms of Cartesian coordinates it
is helpful for us to make use of complex and polar coordinates. In particular we will often
need to apply Theorem To this end we show how to state Theorem in polar

coordinates with the following.

Lemma 2.3.1. Consider the non-collinear vectors (ag, a1, sz, ..., a,) € C2. Let us as-

sume that (o, ;) = 1 and let ag = (cos g, sin ¢s) for some ¢s. Put
Zs = e2i%s

Then for 1 <k <m;,

n

Z mi(ai,a]) | 0 e Z zz—i—z]) 2%k—1 »

2k—1 — p)
o (@) i—0,i %)?
and
" omy(my 4+ 1) (g, i) (i, ) 2R Ly mi(m; + 1)zi2(zi + 2;) 261 4
Z (az, 2)2FH1 I, — Z (1 — 2,)7F 01 =0.
i=0,i#j v =01 i

Proof. We prove the second identity, the first is very similar. Set z; = e’ . Since (aj,2) =

0 we take = (—sin ¢;, cos ¢;). Then we have:

=0

Zn: mi(m; + 1)(cos ¢; cos ¢; + sin ¢; sin ¢; )2+~

. 3 . . . . 2 1
i=0,i#] (— cos ¢ sin ¢; + cos ¢; sin ¢ )2k +

<~ Z ml(mz + 1) 2k_1(¢j _ (bl) =

%
i=0,ij sin®**1(¢; — ¢y)

ei(@i—0bi) 4 e~ (@5 —¢i))2k-1

iS5 =0i) — e=i(¢j—=¢i))2k+1

Zj Zi \2k—1
24 3)
= Z mi(m; +1)— el
i=0,i#j 7%
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(4 3y
= E mi(mz4—1),2']2212 - s = 0
< (25 — 27 )%kt
i=0,i7j J ¢
n 2%k—1
- lZjt %
= E m;(m; + l)z?zf( J z>2k+1 =0
v d¥ (zj — 2i)
n 2%—1
zizj (% + zj)
o m;i(m; + 1 =0.
i:%i:sﬁj me ) (zj — 2i)*F !

2.4 The A, 1~ configuration

In this section we are going to introduce a particular configuration of non-collinear vectors
in C? which we are going to denote by A(m,1n). Let z; be the same as in Lemma and
denote by €; the i-th elementary symmetric polynomial in the variables z;, (1 < i < n).

The configuration A, 1y will be defined by setting

& = (~1) (?) <m +: - 1) <m +? N 1)—1

for 1 <1i < n. In order to see that specifying these values for the €; will actually lead to a

collection of n pairwise non-collinear vectors we will establish the following.

Theorem 2.4.1. The polynomzial

P=][(z-=)=> (1)@

i=1 1=0

has no repeated roots.
In order to prove this, let us recall some standard notation and results.

Definition 2.4.2. Let

flx) = Z a;z" "
i=1

and
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be two polynomials in Clz]. The resultant of f(x) and g(z) is the determinant

apg ai ... Qp 0 0 0 0
0 a a ... ap O 0 0
0 0 a ... ... ap 0 0
R 0O 0 O 0 O Ap—2o Qp_1 Gp
bo b1 ... ... by ... 0 0 0
0 b by ... ... by ... 0 0
0 0 b bim 0
0O 0 0 0 0 ... bpo bn1 bn

of size (m+mn) x (m+n).
The following result is well known.

Theorem 2.4.3. Let
n
flx) = Z a;x" "
i=1
and

g(x) =Y bz
§=0

be two polynomials in Clz|, and let R be the resultant of f and g. Then f and g have a
common root if and only if R=0. In particular f has a repeated root if and only if the

resultant of f and f is zero.
Thus to prove Theorem [2.4.1] it is sufficient to establish the following.
Lemma 2.4.4. Let R be the resultant of P and P'. Then R # 0.

Proof. We proceed by induction on n. We will write R,, for the resultant corresponding to

P when P has degree n. First let n =2 (n = 1 is trivial). Set e; = n%—Tl = q for simplicity.
Then

P = z% —az +1
and

P = 2z1 — a.
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So
1 —a 1 1 —a 1
Ro=|2 —a 0 |~]|0 a -2|=4-d
0 2 —a 0 2 —a
However ,
dm 1
a2:4:>m:4jm:f§

which is not possible. So Ry # 0. Now assume R; # 0 for i < n. We need to show
R, # 0. Note that the entries of R, are the coefficients of P and P’, which are given by

the elementary symmetric polynomials €. Recall that the €, are given by

()

for 1 < k < n. Observe also that within the expression for each €; the denominator
k

H(m—i—n—i) is non-zero. These observations suggest we should work with the determinants
i=1

R, = H(m +n—i) 1R,
i=1

for simplicity. So it is sufficient to establish the following:

Lemma 2.4.5.
1
Do (_1) n—3, 3n—>5 3n—>5 . . K . . ~
Rn_(n—l)'m n (2m+n—1) H(m+n_z)H(m+2_1)(”—2+1)Rn71-
’ i=1 i=1

We claim it is simple to write down the entries of any row in the matrix corresponding

to ﬁn. Denote by r; the ith row of ﬁn, and denote by rf the jth entry of r;. Then, for

instance
7j—1 n
. G [[m+i-Dm—i+)][(m+n—i) 1<ji<n+1)
W = P P (2.1)

0 (n+2<j<2n—1).

This is obvious: the first n 4+ 1 entries are the coefficients of P and the remaining entries

are 0, by definition. Similarly:

Jj—1 n
| e i ne =it D[ Jem+n -0 @ <j<n)
r) = i=1 i=j (2.2)

0 n+1<j<2n—1).
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Remark 2.4.6. sz = rg:ll, for2 <i<n, 2<j<2n—1and2n—-12> 1 > n,
2<j<2n—1.
This is immediate from the structure of ﬁn Note this makes it simple to write down

the entries for any row of En. Now, for 0 < k < n—4 we apply in turn the transformations:

Fle 1 0 0 0 By ok

k+17'2+k _ SorM 0 —1 1 kr2+k

k+17‘n+k - dopmn 0 —m —(m +n— 1) krn—i-k
k+17“n+1+k 0 -n 0 1 krn+1+k

where by *r; we mean the row 7; after the k-th transformation. Note that this transfor-

mation does not change any other rows: for any k, ¥*lr; = Fr; for i £ 1+ k, 24+ k,n+k

orn+k+1. Also Org = r]. Note that the (k + 1)-st row changes at step k only, while the

(n + k)-th row changes at the steps k, k + 1 only.

We claim that after the k-th transformation we have the following:

k+1 k
+ Tk+1 = Tk+1, (2-3)
k+1 _
T2k = MTkt1 = Tntk + Tkt (2.4)
k+1
ik = mnrp — mrpge — (m4+n— Dragp, (2.5)
and
1
k1 = =N + Pkt (2.6)

Let us prove this by induction. We shall deal with (2.4)), the rest are very similar. The

case k = 0 is clear. If Kk = s — 1 we have in particular:

s
Tnts = —Nrs41 + Tnts

by inductive assumption and

s
Tnd4s+1 = I'n4s+1

since 14541 Will only be changed after applying s+ 1 transformations. Then applying the
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transformation with k£ = s gives:

s+1 __ s s
To4s = — Tnts T Tntstl

= —(—TLTS+1 + rn—i—s) +° Tn4s+1

=NTs+1 — T'nits + Tn4s+1

as required. Let * A be the matrix corresponding to én after the k-th transformation step.
Then:
det " 1A = (—nm)(2m +n — 1) det * A. (2.7)

Denote by rf [n — 1] the j-th entry of the i-th row of the matrix corresponding to ﬁn,l.

We claim that:

07 j = 17
L T i—1 .
otk =\ wmr ekl — 1, 255 <20 -2, (2.8)
0, j=2n—1,
and
0, j=1
k1.0 - i—1 .
Ttk =\ wmaneny ekt — 1, 2<5 <20 -2 (2.9)
0, j=2n—-1.

By Remark it is sufficient to consider the case k = 0. Using (2.1) and (2.2)) we have:

0, =1,
g = Bt DO TT(m 4 i~ (n—i+ ) [[m+n—1d), 2<j<n+1,
i=1 i=j
0, n+1<j<2n—1,
\

(2.10)
and
0, j=1,
= Q B VST T+ i = Dn—i+ D) [[(m+n—i), 2<j<n+1,
i=1 i=j
0, n+2<j<2n—1.

(2.11)
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However
. (n—j+2) %= -
T{_l[n—l]—n(j]_Q)!g(m+i—1)(n—i+1)g(m+n—i), 2<7<2n-3,
and
9 n
. — i+ 1D)(n—j+2)?
Ti;ll[n_l]:(n j+Hn—j+ )H(m+i_1)(n_i+1)H(m+n—i), 2<j<2n-3

i — 2)!
n(j —2)! i=1 i=j

making the equality clear. Now, note that this sequence of transformations:
e Does not affect rq

Does not affect r,—1

e Does not affect rg,_9

Does not affect r9,_1

Changes ro,_3 only once at the last step k =n — 4.

To rectify this consider the further transformation

Tn_1 0 -1 1 0 Tn—1
Ton-3 | 0 -m —(m+n-1) 0 =3y _a
Ton—2 - mn 0 —m —(m+n-1) T9n—2
Ton—1 0 0 0 1 Ton—1

Let B be the matrix corresponding to ﬁn after applying the above transformation. Then:

det B=mn(2m +n —1)det" A, (2.12)
We also claim that under this transformation

0, 1<j<n=3,

=~ — j—n+1 n
Tan—3 = 3 (an—i—1)(2 1)(j42n—2) " . ; i j
(@n—j )((j"i:il)!)“"Ln ) H (m+i—1)(n—i+1) H (m4+n—-1), n—2<j7<2n-1,
i=1 i=j—n+3
0, 1<j<n-3,
o= j—n+1 n
T emnoenoy [l m+i-Dn—i+1) J[ (m+n-i, n-2<j<2n-1
G—n+1)! , o ’ =J = ’
=1 i=j—n+3
and
0, 1<j<n-1,
?%n%: 2n—35)(14+5—2n)(2 1 i r
Cron)U 2 Cmin=l) TTm+i—1)(n—i+1) [[ (m4+n-i) n-2<j<2n-1.

i=1 i=j—n+2
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This is clear since for n —2 < j <2n — 1:

J J J
Mg =mnr)_y —mry ,—(m+n—1r,

Jj—n+1 n
= GonT ) g (m+zf1)(n71+1)i:j1__£+2(m+n72)
_m@n—j -yt T (min_i
R E( +i—1)( +1)i:j11+2( +n—1)

mn(m+j—n)(2n —4)  m@n—j —1)(m+j - n)(2n - j)

:Hm+2—1)(n—z+1) H (m+n—1)

i=j—n+t2 (G—n+1) G—n+1)
_(m"‘"—l)(?n—J)(Zn-f—m—j—l)]
(G —n)!
T - (20— j)
- 11 (m—i—z—1)(n—z+1)i:j17_£+2(m+n—z)m[mn(m+]—n) m2n—j—1)(m+j—n)

—(m+n—1)C2n+m—j—1)(F—n+1)
n+

1 n

_ m+i—1)(n—1 m+n—1i @n-HA+s=2m)(-ntH@min-1)
= i:l( +i—1)( +1)i:j]__£+2( +n—i) G—niD) ~
Similarly
7o 3—mmﬂzL 5 mr;'n_3—(m+n—1)r§n_2
mn i -
ETE l;[1 (mﬂf1)(n71+1)i:j1__£+3(m+nfz)
m(2n —j —2) 7 {42 , , U .
B - (m+i—1)(n—i+1) (m+n—1)
G —n+2)! g i:jgz+3
7(m+n71)(2n*j*1)jin+lm i—D(n—i - m4+n—i
(j—n+1)! izl_Il( T +1)i=jl—_£.+2( " )
Jj—n+1 n ; y
B i D(n oty m A —nt D@ —j—1)
= £l( +i—1)( +Uﬁllw(—+ ) G-nt2)
m@2n—j—2)(m+j—n+1)2n—j—1)
(j—n+2)!
_(m+n—1)(2n—j—1)(m+2n—j—2)]
(G-n+1)

g - - n (m+j-—n+1)2n—j—1) o9
= g (m+i-1)(n—i+ )i:jgurg)(m'i‘n—l) G—n+2)! [mn —m(2n —j - 2)]
L nti-nm—ivn [T men-p@rmizbemtnhmi2n—j-2)

=1 i=j—n+3 G —nt1)

j—n+1

. 2n—j—Dmm+j—n+1)—(m+n—1)(m+2n—j—2)]
[T m+n-9 G—n+1)!

(m+i—1)(n—i4+1)
i=j—n+3

1V — i - n_i(2n—j—1)(2m+n—1)(j+2—2n)

(m+i—1)( +1)i:j11+3< +n—1) Gt :

.
e
3l
+ -
X

s
Il
—
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Finally:

J J J
L1 T M9 T T 3T T o

j—n+2 n

=—— (m+i—1)(n—1i+1) (m+n—1)
(Gj—mn+2) z:l_Il i:jl—_!1+3
(2’!17]72)1 n+2 n
(m+i—1)(n—1i+1) (m+n—1)
(]*TL+2 H = 3117.-&-3
(2’!17]71)] n+1 ) n
m+i1—1)(n—i+1 m4+n—1
G ) ) I )
j—n+1 n . .
= m 41— n—1 m-+n—1 mt+j—n+D@Rr-j-1)
= E( +i—1)( +1)i:j1__£+3( +n =) Gnt o
_(@n-j-2)m+j—n+1)(2n—j-1)
(j—n+2)!
@2n—j—1(m+2n—j5—-2)
* G-m+1l !
*jiﬁl(m—l—i—l)(n—i—i—l) ﬁ (m+n—i)(m+j_n+1)(2n_j_1)[n—(2n—‘—2)]
- i=1 i=j—n+3 (J—n+2)! !

n

iay Y — ot Zn=d = Dm 42— j—2)
E (m—+1i— 1)( +1)¢:j11+3( + ) Gont D)

j—n+ o o n . n_i(2n—j—1)[(m+j—n+1)+(m+2n_j_2)]
1:[1 (m+i—1)( +1)i:j11+3( + ) —

n

—n—+1 .
(- m n_i(Zn—]—l)(Qm—i-n—l)
1:[ +i—1)(n—i+ 1)1-:311”( +n—1) e .

We claim also that for 2 < j < 2n — 2:

-1 N =
n(2m +n— 1)7%“_2 = r%n—?;[n - 1}7
-1 " -
n(2m+n — 1)71%7%3 = T%nle[n —1],
1

Nl
(2m+n_1) nfl rn72[n ]

This is clear since:

-1 (2”_7‘7_1]_” — — T —i—
sl =1 = e i = =) [ man =iz
i=1 i=j—n+l
- e [ v—ien) TT men

-1 Aj
= .
n(2m +n —1) 22
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Also,
. j—n—+1 n—1
i1 (2n—j—1)"3 , ‘ .
T‘;n_4[n—1]:m H(m‘i‘l—l)(n—l) H (m"‘n_l—l)
J Toi=1 i=j—n+2
M —j—1)(2n —j—2) , . " .
:( J - ) 1"7 ) (m+i—1)(n—i+1) H (m+n—1)
n(j —n+1)! im1 i=j—n+2
___ 1
n(2m+n—1) =3
and
1 j—n+1 n—1
_1 . . .
T;iz[n—l}:m H(m+’l_1)(n—l) H (m+n_l—1)
J —— i=j—n+2
. j—n+1 n
2n—j—1) "¢ . . ,
J ) i=j—n+3
R

n(2m+n—1) "

In total the above transformations give rise to the following structure:

[Iy(m4+n—id) - .
ﬁn B 0 A\nfl 0
" - @yl m+i-D)n—i+1)

where gn_l is the matrix corresponding to ﬁn_l. So we can apply the n—2 transformations

outlined above to obtain:

n—1

~ -1 n ~
R, = (n(_i)'m"?’n?’”‘r’@m +n—1)3"7° H(m +n—1) H(m +i—1)(n—i+1)Rp_1.
’ i=1 i=1

O
We are now ready to introduce the configuration A, 1n).

Definition 2.4.7. Let z; be the same as in Lemma |2.3.1, Let A = (A,m) be a finite
collection of vectors ag,ar,qa, ..., € C? with multiplicities such that mg = m and
m; = 1 for 1 < i < n. Denote by €; the i-th elementary symmetric polynomial in the

variables z;, (1 <i <n). We say that A is the Ay, 1n) configuration if

& = (~1) (721) <m +: - 1) <m +? N 1)—1

for1 <i<n.
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By Theorem @l A(m,1n) consists of n + 1 pairwise non-collinear vectors. In fact
A(m,1) is always a real arrangement. This follows from Theorems and We will
also see in Theorem that A, 1n) is symmetric with respect to the vector ap. This
property can be rephrased as the following: zp = 1 and z;z,—44+1 = 1 for 1 < ¢ < n, for
appropriate ordering of the vectors with multiplicity 1. When m = 1 the configuration
A(m,1n) is dihedral (that is, the vectors are a set of normals to reflection lines for some
dihedral group). When n = 2, A, 1n) coincides with the configuration .Az(m) introduced
in [VFC96]. See [CFV99.,[FV03a] for more information regarding this configuration.

2.5 Type (m,1") configurations admitting Baker-Akhiezer

functions

Let A have type (m,1"). We are going to establish that the BA function ¢(k, z), k,x € C?
exists for A if and only if A = A, 1n). We will first show that if the BA function exists
for some type (m,1") configuration A then A = Ay, 1ny (Theorem [2.5.1). We will then

show that the BA function exists for A, 1») (Theorems 2.6.2).

2.5.1 Agy,1n) is necessary for BA existence

Theorem 2.5.1. Let A have type (m,1™). Suppose the BA function exists for A. Then
the identities imply that A = A, ).

The proof will consist of a series of lemmas. Suppose the BA function exists for A.

Then the conditions specified in Theorem are satisfied. Let
S; = zp€;_1 + a;€; (2.13)
for some a; € C.

Lemma 2.5.2. The identity (ag(1)) is equivalent to the relation
n .
Z C’izg_ZSi =0
i=1
for some C; € C,0 <1i <n+1. Moreover the C; satisfy the following system of equations:
Ciai 4+ Cip1 = (=1)"(n—2i), 0<i<n (2.14)

and Cy = Cpy1 = 0.
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Proof. Consider the identity («p(1)). This is the identity corresponding to the vector ag
when k = 1. It takes the form:

n

y TE (2.15)

im0 T A
We can rearrange this to
n n
Z(Z() + Zz) H (ZO - ZZ') =0. (2.16)
i=1 j=1j#i

We claim that we can write (2.16)) in the following form:

n

> (—1)i(n = 2i)z "8 = 0. (2.17)
i=0
The proof is essentially a simple observation, see Lemma Let C1,Cs,...,C, € C.

We want to write the above relation in the form:
n .
Z Cizg_ZSi =0 (2.18)
i=1

for some appropriate choice of the a; corresponding to the S;, (see (2.13])) which we will
determine later. Utilizing the S; we write ([2.18]) as:

n

> (Ciai + Cipr)eizy " =0 (2.19)
i=0
where Cy = C,41 = 0. If we now equate coefficients in (2.17) and (2.19) we derive the

following system of equations:

Cia; + Ci+1 = (—1)i(n — 2i)
]

We will return to and solve the system of equations (2.14) using information derived
from the identity (aq(1)), which we turn to now. Denote by €; the i-th elementary sym-

metric polynomials in the variables zo, z3, .. ., 2.

Lemma 2.5.3. The identity (a1(1)) is equivalent to the relation

n .
Y Dz} =0
i=1

where D;,a; € C,0 <1i < n-+ 1. Moreover the D;,a; satisfy the following two systems of
equations:

Di+Diy1 = (1) (m—-—n+2i—1), 1<i<n, (2.20)
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Dia; + Diy1ai41 = (—1)'(m+n—2i—1), 0<i<n-—1, (2.21)

and Dy = Dp41 = 0.

Proof. The identity («1(1)) has the form:

n

At g ATE (2.22)

1R T AT

We can write (2.22)) in the form

n
> (1) (m = n+2i = 1)2081 — (m+n— 2 — 1)&)z7" =0 (2.23)
=0

where €_1 = €, = 0. The proof is again easy, see Lemma [2.5.9] To proceed we attempt to

write the above expression in a form analogous to equation (2.18]). So we require

> Dz 78 =0 (2.24)
=1

using our previously defined S;. Upon substitution of the S; this gives:

n

Z((Di + Diy1)20€i-1 + (aix1Dip1 + aiD;)E) 20" =0 (2.25)
=0

with e_; =€, = 0. We now equate coefficients in (2.23) and (2.25) to deduce that:

(Di+Di+1)Zogi—1+(Diai+Di+1ai+1)gz‘ = (—1)i+1 (m—n+2i—1)zogi_1+(—1)i(m—i—n—2i—1)’e}.

(2.26)
Equating coefficients in we derive two systems of equations
Di+Diy= (-1 (m-n+2i-1), 1<i<n
where D, 1 =0 and
Dia; + Dij1ai41 = (—1)'(m+n—-2i—1), 0<i<n-—1
where Dy = 0. L]

We can now solve the various systems of equations introduced. We have
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Lemma 2.5.4. The systems of equations (2.14), (2.20) and (2.21) have the unique solu-

tion:

i(m—+n—1)
n—i+1)(m+i—1)
B (=) n—i+1)(m+i—1)

T )
m

a; =

Di= (1) (n—i4+1)(m+i—1),
where 1 <1 < n.

Proof. We will solve first. Recall that we have

D, = (=1)""Ym+n—1),

Di+ Dy = (1) m—n+2i—1) for 1 <i<n-—1.
By substituting D,, and continuing recursively it is easy to see that

Dy = ()" r+)(m+n—r—1), 0<r<n-—1
and that on settingn —r =1

Di= (-1 n—i+)(m+i-1), 1<i<n.

Moving to (2.21)),

Diai=m+n-1
and

Dia; + Diy1ai41 = (—1)'(m+n—2i—1), 1<i<n-—1.

Substituting Dia; and continuing recursively we have
Dia; = (=) (n—i+1)(m+i—1)

so that

(1) (m +n — 1)
(=)t (n—i+1)(m+i—1)
_ i(m+n—1)

mn—i+1(m+i—1)

a; =

Using this we can solve the system of equations ([2.14). By inspection

Cia; + CZ'+1 = (—1)i(n — Qi), 1< <n.
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We claim that ‘
()"t (n—i+1)(m+i—1)
m

C;i =

, 1<i<n (2.27)

so that for example C7 = n which is clear. We have

Ci+1 = —Csa; + (—1)i(n — Qi)
(—1D)*n—i+1)(m+i—1)i(m+n—1i)
m(n—i+1)(m+i—1)

(—=1)*2(n —20)ym + (=) 2i(m +n — 1)

= (=1)""(n — 2i) —

m
(=12 (im + in — i* — 2im + nm)

(—=1)"*2(n —4)(m +1)

m

which completes the induction. ]
We can now prove the following:

Lemma 2.5.5. Suppose a configuration A of type (m,1™) satisfies the identities ,

1<j5<n,1<k<mj. Then we have S; =0 for 1 <i < n.
Proof. First, note that by Lemma
Di = mCi, 1 < 1 <n. (2.28)

It remains to observe that the identities (as(1)), 2 < s < n are identical to the identity

(a1(1)) up to a permutation of the variables. So we can write, using ([2.28]):

Cr207 181 + 2207280 + C320 2S5+ ... + Cr228 809 + Cr120Sn—1 + CpSy, = 0

Clz’f_lSl + CQZ?_QSQ + ng?_SS;J, + ...+ Cn_QZ%Sn_Q + Crh_1215m-1 +C, S, =0

C12" 181 + 022" 285 4+ C32"" 2S5 + ...+ Cp_222_1Sn—2+ Cn12n-1Sn-1 + CpSy, = 0.

Writing this in matrix form we have

n—1 n—2 2 J

2 2 N 2o 1 S 0
n—1 n—2 2 <

2] 2] 1 z1 1 So B 0
n—1 n—2 2 J

201 Zn_] e Zh_q Zn—1 1 Sn 0
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where

gi = C;S;.

Since z; # z; for @ # j the left hand matrix has non-zero determinant, and we conclude

that S; =0 for 1 <i <n. O

Proposition 2.5.6. Suppose a configuration A of type (m,1™) satisfies the identities
, 0<j<n,1<k<m;. Then A is symmetric with respect to ayg.

Proof. By Lemma [2.5.5, S; = 0 for 1 <i < n. It follows from (2.13) that

& =(-1)"— (2.29)
[Tj=1
We note that
A;Ap—i4+1 = 1, 1 S 7 S n,
since we can use the values for the a; obtained in Lemma to see that:
i(m+n —1) (n—i+1)(m+n—(n—1i+1))
AiQn—i+1 = - - : - =1
m—i+1)(m+i—1)(n—(n—i+1)+1)(m+n—i+1-1)
Thus
1
a; =
An—i4+1
Using this we conclude that
e, =(—-1)"ep—, 1<i<n. (2.30)
Let
n n n
P=]]Gz-=) = > (-D@az""=> (-1)eaz (2.31)
i=1 i=0 i=0

Thus, since z; (1 < i < n) is a root of P so too is Z% due to the palindromicity of P given
by (2.30)). Thus up to relabelling z;z,—;+1 = 1, 1 <i < n. If we set zyp = 1 the proposition
follows. u

To complete the proof of Theorem [2.5.1] we need the following.

Lemma 2.5.7. Let A have type (m,1™). Suppose the BA function exists for A. Then

k

[[m+i-Dmn-j+1)

G = (—)H= _ (—1)k(2) (m +: - 1) (m e 1) T )
Hm+n )

for1 <k <n.
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Proof. If the BA function exists for a configuration A of type (m,1") then in particular
the identities , 0 <j<n, 1< k< m;are satisfied. Recall from (2.29) that in this

case
1
e = (—1)F— , 1<k<n
Hj:l aj
Also, recall from Lemma that
k —k
gy = (m+n—k) 1<k<n

n—k+1)(m+k-1) —
Combining these it is clear that

k

[[m+i-1Dmn-j+1)

()Y

k
K[ +n— )
j=1

0
Theorem [2.5.1] is now proven.
2.5.2 Equivalent forms for the identities (ay(1)) and (ay(1))
Lemma 2.5.8. We can write the identity (ag(1)) in the form
> (1) (n = 2i)z "8 = 0. (2.33)

=0
Proof. We proceed by induction on n. The first nontrivial case is n = 3. In this case the

identity ap(1) has the form
325 — 2561 — 2063 + 363 = 0.

Consider the identity (ag(1)) in the (m,1""1) case (that is, we have n + 1 lines with
multiplicity one.) Denote by f(n) the left hand side of the expression ([2.33)) for fixed n.

Then we can write the identity (ag(1)) in the (m, 1"*1) case as

F(0)(z0 = 2n41) + (20 + zn41) Y (1) = 0.
i=0

2

So we have

z20(f(n) + Z(—l)’a) + an(Z(—l)ia — f(n)) =0. (2.34)
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Let’s consider the coefficient of the term at zg_i in the expression (2.34). Denote this
coefficient by b,—;. For the induction to hold this should agree with replacing ¢ by 7 4+ 1
in f(n+1). So we expect

bn—i = (n — 21— ].)é\H_lZ’g_i.

Denote by €;(n) the ith elementary symmetric polynomial in n variables. Note that

€i+1(n) + zny1€i(n) = €;11(n + 1). Moving to ([2.34]), we observe that

bo_i = (n—2i — 1)(=1)™E1(n) + zng1(n — 20 — 1)(=1)"1e;(n)
= (n—2i — 1)(=1) ! (@41(n) + zn118:(n))

= (n — 20 — 1)€i+1(n + 1)
as required. O

Lemma 2.5.9. We can write the identity (a1(1)) in the form

> (1) ((m = n+ 20 — 1)208;1 — (m+n — 2i — 1))z " = 0. (2.35)
=0

Proof. The first nontrivial case is n = 3. It is very easy in this case to check that the

identity (a;(1)) has the form

(m+2)23 + ((m — 2)z9 — mey) 22 — (zomey — (m — 2)&) 21 + (m + 2)zp82 = 0.

We proceed by induction on n. Consider the identity (a1(1)) in the (m,1""!) case (that
is, we have n + 1 lines with multiplicity one.) Let us denote the left hand side of the
expression (2.35) by g(n) . We can then write the identity (a;(1)) in the (m, 1"*1) case
as

g(n)(z1 — znt1) + (21 + 2nt1) (21 — 20) (21 — 22) (21 — 23) ... (21 — 2) = 0.

In other words

|
—

n

g(n)(z1 — znt1) + (21 + 2n41) (21 — 20) ' (=117 =0. (2.36)

-
Il
o

We consider now the coefficient of the term z{l_i in this expression 1) This has the
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form

(=1)"2((m — n+2i + 1)208; — (m +n — 2i — 3)€41)
— zn+1(—1)i+1((m —n+2i— 1)2051'_1 - (m +n—2i— 1);;1)

(—1)" €1 — 20(—1)"€ + 2n41(—1)"€ — 20241 (1) '€

+

= (=1 ((m —n + 2i)206; — (M +n — 20 — 2)&41)
— 21 (=) ((m — n 4 20) 2081 — (M +n — 2i — 2)&)
= (=D ((m —n + 20)20(€; + zni1€i-1) — (M +1n — 20 — 2) (€41 + 2n1161))-
We can write this as
(m—mn+2i)zpe; — (m+n—2i —2)é; 1

where ¢€; is the ith elementary symmetric polynomial in the variables 23, 23, .. ., 2,41, using
the fact that &; = z,,11€;_1+¢;. Now we consider the coefficient of the term z?_i in g(n+1).

This can easily be seen from (2.35)); it is equal to

(m—(n—2i))z06; — (m+n —2i —2)éi+1

which agrees with what we calculated. O

2.6 Existence of BA function

We will now show that the BA function function exists for A, 1n). To begin with we

have:
Theorem 2.6.1. If A = A, 1n), the identities , 0<j<n, 1<k<mjand
, 7=0,1<k<m are satisfied.

Proof. This follows immediately from the fact that A,, 1) is symmetric with respect to

ap (Proposition [2.5.6) and the fact that the identities , 1<j<mn, k=1 hold
(Lemmas [2.5.2 2.5.3} [2.5.5)). O

The rest of this chapter is then devoted to establishing the following.
Theorem 2.6.2. If A= A, i), the identities (as(1)), 1 < s < n are satisfied.

This is because we can combine Theorems 2.6.1] and 2.6.2 to show that the BA function

exists for A, ).
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2.6.1 The form of the identity (a;(1))

To prove Theorem it suffices to check the identity (a;(1)); the others are identical
up to a permutation of variables. The proof of Theorem will consist of a series of

lemmas. Since some rather unwieldy calculations are involved we provide a brief outline

for convenience. Using Lemmas [2.6.3] [2.6.4] and [2.6.5| we show that the identity (a;(1))

holds if a certain polynomial @) is identically zero at z;. Recalling from (2.31)) that z; is a

root of P, we go on to show that @ is divisible by P, completing the proof. We set

fe =3 (2.37)

Z — Zj
i=2 ¢

Then we have

Lemma 2.6.3. The identity (a1(1)) is equivalent to

m(m + 1)(z1 + 20)20

Moy HIE) A )+ AT (2) =0

Proof. We need to check if the identity (av;(1)) is satisfied, that is, we need to establish

the relation:
n

m(m +1)(21 + 20)20 zi(21 + %)
2(z1 — 20)? " Z; (21— 2z)?

We now write (2.38) in a more compact manner. By using (2.37) we can deduce the

=0. (2.38)

following;:
" (214 20)z :len: (z —21)+ 21 +z": (22— 22) + 22
= (21— 2)° ~ (n-z)? 2 (a-z)
= -2 Y ! +z% " L
— (21— 2)? — (21— z)

= f(z1) +321f (21) + 22 f (1)

So we can write (2.38)) as

m(m + 1)(z1 + 20)20
2(z1 — 2)3

+ flz1) +321f (21) + 22f (21) = 0. (2.39)



CHAPTER 2. BAKER-AKHIEZER FUNCTIONS

Next we will show that we can write f(z1), f (z1) and f"(

derivatives.

Lemma 2.6.4. We have the identities

37

z1) in terms of P and its

P’ 1
f(zl) _ 2P/((Zzll)) _ 272{/1(771 1 mif1_+zcz)0) )’ (240)
/ o 1 P(s) 21) P(Q) (2’1)2
T =53~ ape ) (2.41)
" i 1 P(4)(Zl) P(S)(Zl)P(Z)(Zl) P(Q)(Zl)g
f (Zl) - Pl(zl)( 4 - 2P (21) 4P/(21)2 ) (242)
Proof. First recall from that
SN
=%,
Since
P(z) = H(z — %)
i=1
it is easy to see that
B P//(Zl)
f(z1) = 3P (21) (2.43)

Recall that the identity (a1(1)) is satisfied since A = Ay, 1), see Theorem We can

write the identity (a1(1)) in the form ([2.22)):

n

2

=2

z21+ %
21 — %

z1+ 20
m
21 — 20

=0.

‘We note that

21tz 2tz
= AT A S AT
n n
=2 — 1
RIEErRpY
1=2 =2
= 221f(Z1) — (n — 1).
Using (2.22)) and this we conclude that
1 m(z1 + 20)
) = 221 (n 21 — 20
Now, observe that:
P(z) < 1 1
P(z) _Zz—zi _f(z)—i_z—zl‘

(2.44)
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So we have the identity

_P(2)(z—2)— P(2)
1z) = Pz —z)

We want to derive identities for f'(z1), f (z1) in terms of P. We do this by using (2.45))
and considering the Taylor expansion at z;. For brevity set € = 2z — z;. We have:

(2.45)

P ()(z-=)-P()

f(z) =
P(z)(z — 21)
_(P'(21)e + P (21)e® + PO (21)e3 + L PO (z1)et +..) — (P (21)e + PP (21)e2 + L PP (1) +..)
B P'(z21)e2 + P (21)e3 + L PG (z1)et + ...
CAPD(2) 4+ PO (1) + LPW (21)e2 + ..
© P(21) + AP@(z1)e + LPB)(21)e2 + . ..
_ 1P@)(21) + LPO) (z1)e + LPW (21)e2 + . ..
P+ GrEe s Gritet+ foEe )
b @4 Lp® e s Lp@, _PO() PO PP (z)
= P,(Zl)(2P2 (21) + 3PP (z)e + o PW (1) +.)(1 2P (o) © 6P,(Z1)62+---+(2P,(z1) )?e? +..)
1 1@+ L p® e 4 Lp@® (562 PO PO=)? PO, ,
- P'(zl)(QP (1) + 3P (z)e + g P (z)e” £ 2P (1) 4P (z1)2 6P (z1) o)
_ P(2)(z1) 1 P(3)(zl) B P(2)(z1)2 1 1 ) — P(3)(z1)P(2)(z1)
=P (z) P (a) < 3 4P (21) >E+ P (o) <8P (z1) 6P (=1)
1o, PP )2 PO()
+4P2( 1)(2P/(21)2 3P’(zl)) e
+0(e%).
So we have the identities:
f,( ) 1 (P(3)(21) P(2)(21)2
z1) = -
YT P (z) 3 AP (z1)
fﬂ(z ) = 1 (P(4)(zl) B P(3)(21)P(2)(21) P(2)(21)3
VTP () 4 2P'(21) AP (z1)? "
O
Lemma 2.6.5. The identity (ay1(1)) is equivalent to the relation:
Q=P (z1) (2m(m + 1)zoz1(20 + 21) + 2(21 — 20)*((n — 1) (21 — 20) — m(21 + 20))

—3(z1 — 20)((n — 1)?(21 — 20)* — 2m(n — 1)(21 + 20) (21 — 20) + m*(21 + 20)?)

+((n —1)(z1 — 20) — m(z1 + 20))*)

+2P®) (21)22(21 — 20)? ((z1 — 20) (3 — n) + m(z1 + 20))

+ PW(z1) (F (21 — 20)*) = 0. (2.46)

Proof. By Lemmas the identity (a(1)) takes the form:
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mim D F 20020 gy s () 4 220 ()

2(z1 — 20)?
m(m + 1)(z1 + 20) 20
a 2(21 — 20)?
+ Lo Mt
221 Z1 — 20
pP3) P2 2
PV S (21)  P(1)
P'(z)" 3 4P (1)
+ 2 1 (P(4)(2’1) _ P(3)(21)P(2)(2’1) P(z)(zl)?’) -0
TP () 4 2P'(z1) AP ()2
Recall from (2.43]) that
B P//(Zl)
T =550
This means we can simplify (2.47)) further to:
m(m + 1)zp2z1(21 + 20)
+ (Zl - 20)3(n -1 m(ZI i ZO)
Z1 — 20
PB)(z)
952(51 — 2)3 _ 2
+ 227 (21 — 20)"( ) 3f(21)%)
PW(z)  PO(z)PP(z)
3 3 1 1 1 3
— 4 =0.
+ 27(21 — 20)°( 3P (o)) P ()2 +4f(2)%)
In other words
m(z1 + 20)

P/(zl)(m(m + Dzoz1(z1 + 20) + (21 — 20)3(n — 1 — pop—

. 1 . . .
+ QZf(zl - z0)3P(3)(z1) + 5z‘f(z1 — z0)3P(4) (z1) — 2zf(z1 — zo)sf(zl)P(@(zl) =0.

Now we recall from (2.44)) that

1 m(z1 + 20)
—(n—1— —2).
22’1(n Z1 — 20 )

f(z1) =

So we have

P'(z) <m(m 4+ 1)(21) (21 + 20)20 + (21 — 20)3(n — 1 — M
—623(21 — 20)3(2;(71 —-1- le_-f—Zjo)))z + 423 (2 — 20)3(2;(n -
2P0 en) (80— 20 - B - ) (0= 1 - L))

1

+ PW(z) <2z§(z1 - z0)3> = 0.

(21 + 20)

39

(2.47)

) — 623 (21 — 20)° f(21)® + 423 (21 — 20)° f(21)?)

Z1 — 20

)
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Cancelling the denominators we obtain:

/

P'(21) (2m(m + 1)2021(20 + 21) + 2(21 — 20)*((n — 1)(21 — 20) — m(21 + 20))
—3(21 — 20)((n — 1)%(21 — 20)2 = 2m(n — 1) (21 + 20) (21 — 20) +m2(21 + 20)?)
+((n—1)(21 — 20) —m(21 + 20))?)
+2P®) (21)22(21 — 20)? (2(21 — 20) — (n — 1) (21 — 20) + m(21 + 20))

+ PW(2))25 (21 — 20)° = 0,

giving
P'(21) (2m(m + 1)z021(20 + 21) + 2(21 — 20)*((n — 1)(21 — 20) — m(21 + 20))
—3(z1 — 20)((n — 1)%(21 — 20)% — 2m(n — 1) (21 + 20) (21 — 20) + m%(z1 + 20)?)
+((n = 1)(z1 — 20) — m(z1 + 20))°?)

+ 2P (21)22(21 — 20)? (21 — 20)(3 — n) + m(z1 + 20))

+ PW(2))23 (21 — 20)° = 0.

2.6.2 The identity (a;(1)) holds

By Lemma we now know that in order to show that the identity (c;(1)) holds we
must show that a polynomial of degree n + 2 is zero at z;. To do this we prove that the
polynomial P(z1) is a factor of the polynomial @, recalling from ([2.31]) that z; is a root
of P.

Lemma 2.6.6. Let the polynomial Q defined in be expressed in the form:

n+2

Q(z1) =Y _t;2]
=0

Let zg = 1. Then

tj = €0 +€j-1q5,1 + €j-2Gj2 + €j11G;3-

with
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g0 =(—=1)7j(2m(m +1) +2(m +3n —3) + 3(n — 1)((n — 1)> + (n — 1)(m — 3) — m(m + 2)) + 3m>*(1 — m)
+ (=1 —2)(3j —6n—2m+9)),

gia =(-1)""1G - DE@m(m+1) +2(3 = 3n+m) + 3(n — 1)(—(n — 1)* + (n — 1)(3 + m) + m(m — 2))
=3m*(m +1) + (j = 2)(j - 3)(6n — 2m — 3j - 6)),

gi2 =(=1)(j = 2)(2(n =1 =m) + (n = 1)((n = 1)* = 3(n = 1)(m + 1) + 3m(m + 2)) — m*(3 + m)
+ (=30 -1 - 2n+2m+j)),

g5 =17 (G + DL —n—m) + (n = 1)(=(n = 1)* +3(n = 1)(1 = m) + 3m(2 = m)) + m*(3 - m)

+j(G—-1)(2n+2m—j—4)).

Proof. By inspection of P, the terms which contribute to t; are those proportional to
€j+1, €j, €j—1, €j—2. We exhibit how these are calculated. First consider g;o, the term

corresponding to €;. Observe the appropriate term in P':
8 J

/

P(z1)=...+(-1Yjez""+ ...
Then referring to Lemma we must calculate:

gjo =(=1)7j[2m(m + 1)z0z1 (20 + 21) + 2(21 = 20)*((n = 1) (21 = 20) — m(21 + 20))
—3(z1 — 20)((n — 1)2(21 — 20)% — 2m(n — 1)(z1 + 20)(21 — 20) + m2(z1 + 20)%)
+((n —1)(21 — 20) — m(z1 +20))°1
+ (=175 = 1)(G = 2)[228 (21 — 20)* ((21 — 20)(3 = 1) + m(z1 + 20))]3

+ (=156 = DG =26 -3 (21— 20)°la
where [f]), is the coefficient of 2} in the expression f. This gives:

g0 =(=1)7j2m(m +1)+2(m+3n—3)+3(n—1)((n —1)> + (n — 1)(m — 3)

—m(m+2))+3m*(1—m))+ (j — 1)(j — 2)(3j — 6n — 2m +9)).
For gj,1 we must calculate:

gja =(=1)""1(j = D)[2m(m + 1)z021(20 + 21) + 2(21 = 20)*((n = 1)(21 = 20) — m(z1 + 20))
—3(z1 — 20)(n — 1)%(21 — 20)? — 2m(n — 1) (21 + 20) (21 — 20) + m?(21 + 20)?)
+((n = 1)(21 — 20) — m(21 + 20))”]2
+ (=170 = 1) - 2)(5 - 3)[221 (21 — 20)* (21 — 20) (3 — 1) +m(21 + 20))]4

+ (1) -DG - 2)G - 3)(G — Dz (21 — 20)7s
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giving

gja =177 G —1)2m(m+1) + 23 = 3n +m) + 3(n — 1)(—(n — 1)
+(n—=1)3+m)+ m(m—2))

—3m*(m+ 1)+ (j — 2)(j — 3)(6n — 2m — 6 — 37)).
For g;2 we must calculate:

gj2 =(=1)"72(j = 2)[2m(m + 1)z021(20 + 21) + 2(21 — 20)*((n — 1)(21 — 20) — m(21 + 20))
—3(21 — 20)((n — 1)2(21 — 20)% — 2m(n — 1)(21 + 20)(21 — 20) + Mm% (21 + 20)?)
+((n = 1)(z1 = 20) = m(z1 + 20))°]3
+ (=172 = 2)(5 = 3)( — 4221 (21 — 20)* (21 — 20) (3 = n) +m(z1 + 20))]5

+ (=172 = 2)( = 3)(G — DU — 5)[ef (21 — 20)°l

giving

G2 =(-17 2 = 2)(2(n — 1 = m) +(n—~ 1)((n— 12— 3(n —~ )(m + 1) + 3m(m + 2))
—m2B+m)+ (G —3)(F —4)(1—2n+2m +7)).

Finally for ¢; 3 we must calculate:

gj3 =(=1)" (G + D)[2m(m + 1)z021 (20 + 21) + 2(21 — 20)*((n = 1) (21 = 20) — m(z1 + 20))
—3(2z1 — 20)((n — 1)2(21 — 20)% — 2m(n — 1)(21 + 20)(21 — 20) + m*(21 + 20)?)
+((n = 1)(21 = 20) — m(21 + 20))’Jo

+ (=G + 106G = DR (2 — 20)% (21 — 20)(3 = n) + m(z1 + 20))]2

+ (=G 1))~ DG~ 2= (21— 20)75
giving

43 =(-1)T G+ 1)1 —n—m)+ (n—1)(=(n—1)2+3(n—1)(1—m)+3m(2 —m))

+m2(3—m)+ (5 —1)(2n+2m — j — 4)).

Lemma 2.6.7.
Q=Pqg+r (2.48)
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where q, 7 € C[z1], deg r < deg P =n and q = az} + bz + ¢ with:
a =mn(—m? + 3mn —n? — 6m + 6n — 7),
b =mn(—2m?* — mn + 2n* 4+ 3m — 11n + 15),
c=—mn(m+n—2)(m+n-—3).

Proof. We divide @ by P:

tni22?  H(tng1 +tna2€1)z1 +(tn — thaofs + a1l + thi2€r)

tn+22?+2 +tn+1z?+1 +tp 2] RE
n__ o5 n—1 tn+22711+2 _tn+2é\12?+1 +tn+2/6\22? — .
z1 —eizy A+ o\ N
(tng1 + tnyoe1)2y +(tn — tnyo€2)27 —
(tns1 + tnioer) 2 —€1(tns1 + tnyo€r)2y —
(tn — tn42€s + tyi1€1 + tyioed)z} —
So the required quotient is
_ 2 ~ ~ ~ 2
q = tnt227 + (tng1 + tn2€1)21 + (tn — tni2€2 + thy1€1 + thi2ed) (2.49)

Thus to find a, b, ¢ it will only be necessary to ascertain the coefficients t,, t,11,tp12. We
need to return to the polynomial ) introduced in Lemma [2.6.5] Recall from Lemma [2.6.6]
that
tj =€jqj0 +€j-1¢j1 + €j-2qj2 + €j+14)3-
Recall also that e; = 0 for ¢« > n + 1. So using Lemma we have
tnt2 = endni22 = (—1)"Gnr2,2
=n@2n—-1-m)+(n—-1(n-1>%=3n-1)(m+ 1)+ 3m(m +2))
—m2(34+m)+ (n—1)(n—2)(3—n+2m))
= —mn(m? — 3mn +n* 4 6m — 6n + 7).
Also
tnt1 = €nGn+11 + En—1qn+12 = (=1)"Gny11 + (=1)"€1qn+12
=n2m(m +1) +23 —3n+m) +3(n —1)(—(n — 1>+ (n — 1)(3 +m) + m(m — 2))
—3m2(m+1)
+(n—1)(n—2)(3n—2m —9))
—en-1)2n—-1-m)+n—-1)((n—12=3n—-1)(m+1) + 3m(m +2))

—m2(3+m)
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+(n—2)(n—3)(2—n+2m))
= mn(9 — 4m — 3m? — 6n + 3mn + n?)

— &1 (—=m3n + 3m*n? — mn® + m* — 9m*n + 3mn? + n® + 6m?* — mn — 6n* — m + 11n — 6).
Finally

tn = €nln0 + €n—1qn1 + en—2qn2 = (—1)"qno + (—1)"€1qn1 + (—1)"€2qn 2
=n2m(m+1)+2(m+3n—-3)+3(n—1)((n— 12+ (n — 1)(m — 3) — m(m + 2))
+3m?*(1 —m)
+(n—1)(n—2)(=3n—2m +9))

—ei(n—1)(2m(m+1) +2(3 — 3n +m)
+3(n—1)(=(n—1%+(n—-1)B+m)+m(m—2))

—3m?*(m + 1)

+ (n—2)(n—3)(3n — 2m — 6))

+en—2)2n—-1-—m)+ (n—1)(n—-1)2—=3(n—1)(m+1)+3m(m +2))
—m?(3+m)

+(n—3)(n—4)(1—n+2m))

= mn(—3m? — 3mn +n? + 8m — 6n + 9)

—e1(=3m>n + 3m*n? + mn® 4 3m3 — Tm*n

— 3mn? — 3n® + 4m? 4 3mn + 18n% — m — 33n + 18)

2

+ y(—m3n + 3m?*n? — mn® + 2m3 — 12m®n

+2n% 4+ 12m? 4+ 17mn — 12n® — 26m + 22n — 12).

Recall now from ([2.32) that:

N —mn
e =———

m+n—1
A mn(m+1)(n —1)
€9 =

2(m+n—1)(m+n—2)

So the required coefficients are:
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a=—mn(m? +n? —3mn + 6(m —n) +7),

b =mn(—3m? + 3mn + n® — 4m — 6n + 9)
_ %((ﬂkm —6m? —m? — 11n — 6mn + 3m?n + 3mn? + 6n? — n3),
m-+n—
¢ =mn(—3m? — 3mn +n? + 8m — 6n +9)
_ %(_37713 +3m2n — 3mn® + 3n® — 4m? + 6mn — 18n> + m + 33n — 18)
m+n—
mn(m+1)(n — 1)
2(m+n—1)(m+n-2)

(2m?® — 6m?n — 6mn? + 2n® + 12m? + 24mn
— 1202 — 26m + 22n — 12)

2,2
+%(_m3+3m2n+3mn2—n3—6m2—6mn+6n2+m—11n+6).
m+n—

We now use the following trivial factorizations:

— 12 — 26m + 12m? 4 2m> + 22n + 24mn — 6m?n — 12n% — 6mn? + 2n3
=2(m+n—2)(3+8m+m? — 4n — 4mn + n?) (2.50)
6 +m — 6m? —m® — 11n — 6mn + 3m?n + 3mn? + 6n> — n®

= —(m+n—1)(6+Tm+m? — 5n — 4mn + n?) (2.51)
— (=18 +m — 4m? — 3m> + 33n + 6mn + 3m*n — 18n? — 3mn? + 3n?)

+ (m+1)(n — 1)(3 + 8m +m? — 4n — 4mn + n?) — mn(6 + Tm +m? — 5n — 4mn + n?)

= (=1 +m+n)(—=15 - 3m + 2m? + 11n + mn — 2n?) (2.52)
to obtain

a =mn(—m? + 3mn — n* — 6m + 6n — 7),
b =mn(—2m?* — mn + 2n* + 3m — 11n + 15),

c=—mn(m+n—2)(m+n-—3).

2.6.3 Final calculations

Referring now to (2.48)) we should multiply P by ¢ and determine the coefficient of the

degree j term. Let
n+2

S=Pqg= Z sjzln_j. (2.53)
=0



CHAPTER 2. BAKER-AKHIEZER FUNCTIONS 46
Then clearly

sj = (—1)agj_a + (=177 be;_1 + (1) ce;.
Thus the proof of Theorem has been reduced to establishing the following lemma.

Lemma 2.6.8. =S.

Proof. To check that ) = S we will show that ¢; = s; for 1 < j < n+ 2. We collect terms
and subtract to get

tj — 8

= €1 (=) (G + 1)(=11n + 6 — 11m + 60 + 12mn — 3m>n — 3n*m + 6m? — n® —m? — 352 — 3
+ 2042 + 2mj% + 45 — 2nj — 2mj)

+ & (=175 (8m?* — 3m> + 9m + 21n — 18n? — 12mn + 3n® + 3n*m — 3m?n + 35% — 6nj* — 2my% — 215
+ 18nj + 6mj) — mn(—m? — 2mn —n? + 5m + 5n — 6)]

+ &1 [(=1) (G = 1)(95% — 35 + 6nj? — 2mj* — 30n5 + 10mj + 125 — 18 + 3n + m — 4m? + 18n?
—3n3 — 3m3 — 12mn + 3mn? + 3nm?)

—mn(—2m? — mn + 2n% + 3m — 11n + 15)]

+&_2[(—1)772[(j — 2)(§® — 65% + 5j — 2nj* + 2my5* 4 14nj — 14mj — 13n + 13m + 6 — 602 + 12mn

—3n%m 4 3m?n — 6m? +n® —m®) — mn(—m? + 3mn — n? — 6m + 6n — 7)].

Recall from Definition [2.4.7] that

€j—(_1)j<7;> <m+;—1> <m+;_1>1

j!H(m—i—n—r)

for 1 < ¢ < mn. Substituting and multiplying through by 1 r=1 we
H(m+7"—1)(n—r+1)

r=1
obtain a final form for t; — s;, using the following easily checkable relations:

(=11n + 6 — 11m 4 6n% + 12mn — 3m?n — 3n*m + 6m? —n® —m?> — 352 — 53 + 2n5% + 2mj* 4+ 4j
- 2nj — 2j)

=—(1+4+j—m—n)(—=6+2j+ 5> +5m — jm —m? + 5n — jn — 2mn — n?)

(5 —2)(5% — 652 + 55 — 2nj? + 2mj* + 14nj — 14mj — 13n + 13m + 6 — 6n° + 12mn — 3n’m
+3m?n — 6m? +n® —m?) — (=Tmn — m3n 4+ 6mn? — mn® + 3n*m? — 6m?n)

=(=2+j+m)(=2+j —n)(~=3—4j + 5> —8m + jm — m? + 8n — jn + 3mn — n?).
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So we have

Fy=t; —sj

=(n— m+)n—j+1)(m+j—1)(=6+2j+ 5> +5m —mj —m?+5n—nj — 2mn —n?)
+(n—j+1D)(m4+j—1)((8m? —3m> 4+ 9m + 21n — 18n? — 12mn + 3n® + 3n*m — 3m?n + 35°

— 6nj% — 2myj% — 215 + 18nj + 6my)

— mn(—6+ 5m — m? + 5n — 2mn — n?))

+(m+n—75)7G —1)(95% = 352 + 6152 — 2mj2 — 30n5 + 10mj + 12§ — 18 + 3n + m — 4m? + 18n>
—3n% = 3m3 — 12mn + 3mn® + 3nm?

—mn(15 + 3m — 2m? — 11n — mn + 2n?))

—jG=Dm+n—Hm+n—j+1)(=3—4j+ 5> —8m+mj —m? +8n —nj + 3mn —n?).

Thus to show that (Q = .S we need the following.
Lemma 2.6.9. The polynomial F; is identically zero.

Proof. We will split F}; into four summands. First we have

(n—7)(m+5)(n—j+1)(m+j—1)(=6+ 2] + j° + 5m — mj — m? + 5n — nj — 2mn — n?)

+25m — 15n — 6)
+ j(2m4n +m3n? — 3m?n3 — 2mnt + m* — 13m3n — 4m?n? + nt 4+ 9mn3 — 6m3 + 29m?n
+ 3mn? — 4n® + 11m? — 26mn + n? — 6m + 6n)

4

—mn2—2m3n3— 2.4

m2n* — m*n + 4m3n? + 6m>n® + mn* + 6m>n — 4m?n? — 4mn’®

— 11m?n + mn? + 6mn.
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For the second summand we have

(n—j+1)(m+j—1)(G(8m? — 3m> + 9m + 21n — 18n% — 12mn + 3n° + 3n>m — 3m?n + 35°
— 6n5% — 2mg% — 215 + 18nj + 6myj)
— mn(—6 4+ 5m — m? 4 5n — 2mn — n?))
= —3;4%
m+9n + 6)
2m? + Tmn — 6n% — Tm — 33n + 18)

3m3 + m*n — 9mn? — 3n3 — 16m? — 4mn + 42n° + 26m — 42)
4

7=
4
7
(3m —8m?n? — mn® + 3nt — 14m3 + 25m?n + 35mn? — 12n® + 13m? — 51mn
—33n% — 9m + 45n + 21)

+ j(=4m*n — 4m3n? + 4m2n® + 4mn* — 3m* + 15m3n — 2m2n? — 21mn® — 3n* + 11m?

— 24m>n + 8mn? 4 1513 + m? + 36mn — 3n? — 9m — 21n)

+m*n? + 2m®n3 + m2n* + m*n — 4m®n? — 6m*n3 — mn* — 6m3n + 4m2n? + 4mn® + 11m*n

—mn? — 6mn.

For the third summand we have

(m4+n—5)j(F —1)(95% — 35% 4+ 6nj% — 2mj% — 30nj + 10mj + 125 — 18 + 3n + m — 4m? + 18n>

—3n3 — 3m3 — 12mn + 3mn? + 3nm?
—mn(15 + 3m — 2m? — 11n — mn + 2n?))
= 3¢

—m — 9n — 12)

—2m? + 4mn + 6n® + 48n — 3)

4

(

(

+ 73(3m3 — 3m®n — 3mn? + 3n® + 16m? — 12mn — 54n* + 12m — 30n + 30)
(=3m

—2m3n + 5m>n? + 2mn® — 3nt — Tm® — 10m3n — 2mn? + 1503 — 13m? + 27mn
+ 51n? — 29m — 27n — 18)
+ j(2m*n + 3m3n? — m?n? — 2mn + 3m* — 3m®n + 2m?n® 4 11mn3 + 3n? + 4m3

+ m?*n — 21mn? — 1803 — m? — 4mn — 3n? 4 18m + 18n).
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Finally the fourth summand is

—jGi—=D(m+n—j(m+n—j+1)(=3—4j+j° — 8m+mj
—m? + 8n —nj + 3mn —n?)
= —j6

i°(m + 3n + 6)

3°(

(2m —5mn —2n® —m — 21n —6)

( 3m3 + 3m?n + 5mn? — n® — 16m? + 16mn + 22n° — 10m + 24n — 2)
73

m* —m3n — 4m?n® — mn3 + n* + 12m3 + 3m?n — 15mn? — 6n° + 25m? — 5mn — 251>
+13m —3n+3)

3

+ j(=m* + m®n + 4m>n? + mn3® — nt — 9m> — 6m>n + 10mn? + 3

— 11m? — 6mn + 5n? — 3m — 3n).

Now when we add all four summands it is easy to see that the result is zero. O



Chapter 3

Cohen-Macaulay and Gorenstein

property

3.1 Summary

This Chapter comprises two sections. In Section we describe the Gorenstein property
for a graded module over a polynomial ring. We follow the approach of Benson [Ben93|.
As such, Section [3.2] contains no original material. In Section [3.3|we will show that analysis
of the Gorenstein property for rings of quasi-invariants in the plane reduces to analysis
of the Poincaré series. The result in this section has been known for some time but no

explicit reference exists.

3.2 Cohen-Macaulay and Gorenstein rings

We will be interested in establishing when the Gorenstein property holds for certain rings
of quasi-invariants in the plane, and investigating the possible implications this may have.
The importance of the Gorenstein property was recognized and explained by Bass [Bas63]
in a famous paper. The subsequent development of the notion is a long and interesting
story. An excellent reference is the paper [Hun99] which contains an introduction to key
concepts as well as providing some historical background and motivation.

There are various definitions of the Gorenstein property available. Our case involves
graded modules over polynomial rings. In Section we will describe the setting and our
notion of Gorenstein in more detail, with an aim to proving Stanley’s remarkable criterion

(Theorem [3.2.20} see [Sta78]) which will be a vital component of the work in Chapter

50
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4. In Section [3.3] we will also show that analysis of the Gorenstein property for rings of
quasi-invariants in the plane reduces to analysis of the Poincaré series.
Let us first review the most familiar definition of the Gorenstein property. Let R be a

ring and let M be an R-module. Let inj dimpM denote the injective dimension of M.

Definition 3.2.1. A Noetherian local ring R is a Gorenstein ring if inj dimpR < oo.
A Noetherian ring is a Gorenstein ring if its localization at every mazimal ideal is a

Gorenstein local ring.

Now we turn to the graded case. We present a condensed introduction to the Gorenstein
property. All results in Section are taken from Benson |[Ben93| unless stated otherwise.
Let K be an algebraically closed field of characteristic zero and let A = K[z1,xa, ...,z
be a polynomial ring in s indeterminates, graded by degree. Let M be a graded, finitely
generated A-module. Then we have the following, which is essentially Hilbert’s Syzygy

Theorem:

Theorem 3.2.2. Any graded A-module M is projective if and only if it is free. Moreover

M has a unique (up to isomorphism of chain complexes) free resolution of the form
0—-Fy,—Fs1—...>Fp— M—DO0.

We now define the homological dimension hdim (M) of a graded A-module M to be
the minimal length of a projective resolution of M. The above theorem states that every

graded A module has homological dimension at most equal to s. We also have
Theorem 3.2.3 (|[BH93|, Theorem 1.3.1). Let
§:0—-Fs—F; 71— ... Fp—M-—0
be a free A resolution of M. Then TFAE
o The resolution § 18 minimal.
e rank F; = dimgTor (M, K)Vi > 0
o rank F; = dimKExtfél(M, K)Vi > 0.

In other words, hdim (M) is equal to the largest value of ¢ for which Torf(M, K) or

Ext', (M, K) is non-zero.
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Example 3.2.4. Let A = Clx,y] and let M = Clx,y]/(x?,y?). We claim that hdim (M) =
2. To see this, recall that we can calculate Torf (M, C) by resolving in either variable. Us-

ing the Koszul complex we have the following minimal free resolution of C = Clz,y|/{x,y):

o

0—-A——A0A—- > A—-C—0.

Applying the functor — @ M to this resolution we obtain

) ()

0> ARUM —— (ADA) @AM —— A4 M — 0

L

0O—- M —M&M — M —0. (3.1)

giving

Now we can calculate Tory (M, C), which is the homology of the complex at the left
M entry. It is easy to see this is given by {\xy+ (x2,4?)|\ € C}, which is in fact the socle
of M. So dimcTors (M,C) =1 =rankaA and thus hdim (M) = 2

We now turn to a brief discussion of depth and Cohen-Macaulay rings.

Definition 3.2.5. If A is a commutative Noetherian ring and M is a finitely generated
A-module, an element a € A is regular for M if 0 # M # aM and a is not a zero
divisor on M. A sequence 01,0o,...,0, is a regular sequence for M if each 0; is regular
for M/(4M + ...+ 60;—1M). The depth of M is the length of the longest reqular sequence
for M. The depth of A is its depth as an A module. The ring A or module M is Cohen-

Macaulay if its depth is equal to its Krull dimension.

Example 3.2.6. Let A = Clz1,22,...,xs]. Then x1,z2,...,xs is a reqular sequence for
A. In fact, this is the longest possible reqular sequence, so A has depth s. Moreover, A

has Krull dimension s, and so A is Cohen-Macaulay.

We now mention another characterization of Cohen-Macaulay in the case where A and
M are graded and A is finitely generated over a field K by elements of positive degree.
Let Annga(M)={a€ Alam =0Ym € M}.

Theorem 3.2.7. TFAE
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(i) M is Cohen-Macaulay.

(ii) There exist homogeneous elements x1,...,x, (here n =dimM ) generating a polyno-
mial subring K[z, ...,x,) C A/Anna(M), such that M is a finitely generated free

module over Kz, ...,zy].

(iii) Whenever x1, ...,y are homogeneous elements (here n =dimM ) generating a poly-
nomial subring K[z1,...,x,] C AJAnna(M) over which M is a finitely generated,

M is a free K[z1,...,x,] module.

Example 3.2.8. In light of the above it is evident polynomial rings (with the variables in

positive degree) are Cohen-Macaulay.
We now move to a homological characterization of depth.

Theorem 3.2.9. The depth of M is equal to the homological codimension hcodim (M)
which is defined to be the smallestn > 0 for which Ext’y (K, M) # 0, where K = A/®;>04;.

Example 3.2.10. Let A = C[z,y] and let M = Clx, y]/(2?,y?). It is clear the depth(M )=0.
We confirm that M has heodim (M) = 0. Recall that to calculate Ext'y(C, M) we should
first take an injective resolution of M. However we can also start with a free resolution of

C. So, consider the minimal free resolution of C given by the Koszul complex:

L

0 A—— A0A— " A-C—0.

We apply Homa(—, M) to this resolution to obtain

(h2) 7]

0«— Homy(A,M) ——— Homa(A® A, M) ——— Homs(A, M) — 0

)

O—M—— MM —— M 0. (3.2)

giving

Thus, E:Ct%((C, M), which is the homology of at the right hand M entry is given by
{zy + (x2,y?)|\ € C}. So heodima(M) = 0. Notice that hdima(M)+ heodima(M) = 2,

the number of generators of A. This is no accident, as we will see in the following theorem.
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Theorem 3.2.11. If M 1is a finitely generated graded module over a graded polynomial

ring A = K[xy,z2,...,xs|, with each x; is positive degree, then
hdima(M) + heodima(M) = s.
This theorem has the following useful corollary.

Corollary 3.2.12. Let M be a Cohen-Macaulay graded module over A = Klz1,x2,. .., T4
and denote by dim(M) the Krull dimension of M. Then

hdima(M) = s — dim(M).
In other words, the minimal free resolution of M stops after s — dim(M) terms.

Example 3.2.13. Let A = Clz,y] and let M = Clz,y]/(x?,32). We have the following

minimal free resolution of M of length 2 — 0 = 2 terms:
y2
2 (—x2 y2>
0 A—— ApA— 5 A—> M —0.
Theorem [3.2.11] is the key step in establishing the following.

Theorem 3.2.14. If M is a Cohen-Macaulay graded module of Krull dimension n for a
graded polynomial ring A = K[x1, T, ..., x| with the z; in positive degree then Ext'y (M, A) =
0 fori##s—n.

Example 3.2.15. We saw already that if A = Clz,y], M = C[z,y]/{x?,y?) then
y?
2 (—x2 y2)
0 A——APA— > A—->M—>0
is a minimal free resolution of M. Applying Homa(—, A) yields
<y2 332) 2
0— Homy(A,A) ———— Homy(A® A, A) «——— Hom(A,A) — 0

ging

0— A
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We can now calculate Ext'y (M, A). Firstly Ext% (M, A) = 0 since the kernel of the right
hand map is zero. Now, we claim that ExtYy (M, A) = 0. Denote by (y* : 22) the annihilator
of £2 modulo y?, that is the set {b € A|3a € A such that ay® + bx®> = 0}. Note that an
element (a,b) € A® A is in the kernel of the middle map if and only if y?>a+x?b = 0. This
requires b € (y? : 22). Ifb € (y? : 22) there is an element a with x2b+1y*a = 0 so that (a,b)

2 is a nonzerodivisor a is uniquely determined by b and the

will be in the kernel. Since x
association b +— a is a module homomorphism. So, the kernel is isomorphic to (y? : x2).
Now an element is in the image of the right hand map if it is of the form (—cx?,cy?).
So the elements of (y* : x?) which correspond to elements of the image are the elements
of (y*). So Exty(M,A) = (v : 2%)/(y?) = 0, since ¥? is not a zerodivisor modulo y?,
since 12, y* is a regular sequence. Finally Ext}(M,A) = A/{x? y*) = M. (What we have
described is an intrinsic property of the Koszul complex: H'(M, A) vanishes since z2, 3>

1s a reqular sequence. Thus the Koszul complex can be used to determine the reqularity of

a sequence.)

Now, suppose R is a commutative Cohen-Macaulay graded ring of dimension n which
is finitely generated as an algebra over a field K by homogeneous elements x1, x2, ..., Zs
of positive degree. It is not hard to show that R is also a graded Cohen-Macaulay module

for A = K[z1,z2,...,zs]. In light of this and Theorem [3.2.14] we introduce the following.

Definition 3.2.16. The canonical module of R is the A-module
wa(R) = Ext’y " (R, A).

In fact, since the kernel of A — R acts as zero on the left hand variable of Ext’ " (R, A),
it acts as zero on the A-module w4(R) so we may regard wa(R) as an R-module. Fur-
thermore it is not hard to show that the canonical module is actually independent of the

choice of A, so we simply write w(R).

Definition 3.2.17. If R is a commutative Cohen-Macaulay graded ring which is finitely
generated over a field K by homogeneous elements of positive degree, we say that R is

Gorenstein if

Example 3.2.18. Let A = C[z,y] and let M = Clx,y]/{(z?,y?). We saw already (Ezample

that
w(M) = Exty %(M,A) = M
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and thus M is Gorenstein.

Definition 3.2.19. Let R = ©;>0R; be a graded ring, so R; is its graded component of
degree j. The Poincare series of R is given by:
PR(t) = Z diijtj
Jj=20

where R; denotes the graded component of R of degree j.

Next we present a remarkable criterion, due to Stanley, which gives a condition for

when certain Cohen-Macaulay rings are Gorenstein.

Theorem 3.2.20 ([Sta78, Theorem 4.4]). Let R be a Noetherian graded commutative
Cohen-Macaulay domain. Suppose also that R is a K-algebra for a field K. Then R is

Gorenstein if and only if its Poincaré series is palindromic, that is if:
Pr(t™) = (=1)%'Pg(t) where d = dim(R) and | € Z.

Proof. We reproduce the proof for the convenience of the reader. First we fix some nota-
tion. Let y1,y2,...ys be a set of homogeneous generators for R. Let degy; = ¢; > 1. Let
A = K[Y1,...Y] be a polynomial ring over K in s independent variables ¥;,1 < i < s.
If we define degY; = e; then A has the structure of a graded K-algebra and there is a
canonical degree preserving surjection p : A — R defined by p(Y;) = ;.

Suppose first that R is Gorenstein. By Theorem [3.2.2]and Corollary [3.2.12| we see that

R has a minimal free resolution as an A-module which looks like
0—-M), —...> M — My— R—0 (3.3)

with h = s — d, where d is the Krull dimension of R. We can choose so that
each M; is graded and all the homomorphisms preserve degree. Suppose M; has free
homogeneous generators X;1,...X;s3, with deg X;; = g;;. Since R is Gorenstein, M), = A.
This essentially follows from Theorem see also [Hun99, Proposition 3.2]. Moreover
a result of Buchsbaum and Eisenbud [BE77, Theorem 1.5] shows that there is a degree
preserving pairing M; ® My_; — M, = A which induces an isomorphism M; — M} . =
Hom 4 (M}—;, A). Let gn1 = g. It follows that we can label the generators X;; and Xj_; ;
so that g;j + gn—i; = g for 1 < j < B; = Br—;. Then if we denote by Py, (t) the Poincaré

series for M; we have
Bi i
> :j:1 t9is

P = ey

(3.4)
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Using a well-known property of exact sequences we obtain from (3.3) that
Pr(t) = Pay(t) — Pag, (8) + ... + (—1)hPMh (t). (3.5)

Combining (3.4) and (3.5) we get an explicit expression for Pgr(t). Using the fact that
Gij+9h—ij = g we see that Pr(1/t) = (=1)*"tPPp(t) = (—1)%* Pg(t) where p = > e;—g.
Now suppose that Pr(t~!) = (—1)9!Pgr(t). We are going to show that w(R) can be

graded as an R-module so that for some q € Z

Pyry(t) = (1)t Pp(1/t). (3.6)

Let * denote the functor Hom4(—, A). Applying * to (3.3) and using Theorem [3.2.14] we
obtain

0—-Mj—...— M, — M —wR)—0 (3.7)

as a minimal free resolution of w(R). As A-modules we have M; = M;. Let Xj,..., X/
be the basis of M dual to the basis X;1,...,X;3, of M;. Setting degXZ-*j = —¢;j, the
homomorphisms in will be degree preserving. Thus w(R) obtains the structure of a
graded A-module and retains this grading as an R-module. From we have

Pyry(t) = Pu(t) — Py

h—1

h
(t) + ...+ (—1) PMS (t) (38)
Since deg X}; = —g;; we have

Z]ﬂ;l 179
[ (1 —te7)

We can now combine (3.8)), (3.9), (3.4) and (3.5)) to get (3.6)). For simplicity we shift the

grading of w(R) so that the least degree of a non-zero element is zero. It follows from

Pags (1) = (3.9)

and our shift of w(R) that the elements of w(R) of degree 0 form a vector space over
K of dimension one. Let x be a non-zero element of w(R) of degree 0. We use the result
[BHI93, Corollary 3.3.19] that since R is an integral domain, w(R) is isomorphic to an ideal
of R. We identify w(R) with this ideal. Denote by R,, the n-th graded part of R and
by w, the n-th graded part of w(R). Since R is a domain we have dimy zR,, = dimy, R,,.
Also dimy R, = dimy, wy,, since by P, (r)(t) = Pr(t). However by the definition of a
graded R-module, xR, C w,. So we have 2R, = w,. Thus R 2 2R = w(R) and so R is

Gorenstein. O
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3.3 The Cohen-Macaulay property for rings of quasi-invariants

in the plane

In this section we will show that analysis of the Gorenstein property for rings of quasi-
invariants in the plane reduces to analysis of the Poincaré series. First let us introduce
the ring of quasi-invariants.

Let A be a finite set of non-collinear vectors (ag, a1, as,...,a,) € C? such that
(i, ;) # 0Va; € A. Let m be a function m : A — N, the multiplicity function.
Say a; € A has multiplicity m; under this function. We refer to the pair (A, m) as the

configuration 4; the configuration is then a collection of vectors with multiplicities.

Definition 3.3.1. We say a polynomial P € Clx1,x2] is quasi-invariant with respect to

A if, foralla; € A and s =1,3,...,2m; — 1:
0,,P=0
on the hyperplane 11; : (aj,x) = 0, where On, = (v, 0y).

These polynomials form a ring, the quasi-invariant ring Q 4. We now turn to the key

result of this section.

Theorem 3.3.2. Let A = (A, m) be any configuration of vectors in C? with some multiplic-

ities. Let QQ 4 be the corresponding ring of quasi-invariants. Then Q4 is Cohen-Macaulay.

Proof. Let us first introduce the polynomials
Pl = H (Oéi,-iU)Qmi
a; EA
and

Py = a3 4 23 = (21 — izg)(x1 + ix9)

It is very easy to check that P;, P» € Q4. Since we are assuming that (o, ;) # 0Va; € A
we have (1,17), (1,—i) ¢ A, and so P> and P; have only x; = 22 = 0 as a common zero.
Let I be the ideal generated by Pi, P,. The dimension of the quotient Clxy,z2]/I is
finite. This follows from standard results about isolated zeros of analytic maps [AVGZ85].
Thus the ring C[z1,z2] is finitely generated as a module over C[P;, P»]. Since C[Py, Ps]
is Noetherian @) 4 is finitely generated as a module over C[P;, P»]. We also know that
Q.4 is a finitely generated algebra. This follows from the Hilbert-Noether Lemma |[AMG69,

Proposition 7.8].
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We are going to prove that @ 4 is in fact free as a module over C[Py, P5]. Let ¢1,...,qn
be a generating set for Q) 4 as a C[P;, P;] module. We claim that we can choose ¢1, ..., gn to
be homogeneous with the following property: ¢; # >_,.; 0;(P)q;, where 5;(P) € C[Py, P»].
Indeed, we can construct qp,...,qy inductively. Let Q4 = >, Qa, where Q4, is the
graded component of () 4 of degree s. Let us take ¢ = 1 and suppose we have constructed
qi, ..., qs Consider Q%) = {Zle 0i(P)gi|loi(P) € C[Py, P»]}. We take the lowest graded
component () Ay, such that Q Ay 2 Q%)k where Qi’fl)k is the graded component of degree [
inside Q¥). We then extend q1, . . . , gx by adding a basis gx41,. . ., @k+s, in the complement
of fol)k in @ A where s = dim @ Ay, / fol)k. Then we continue the process.

It is clear from the construction that g; obtained in this way are homogeneous and
satisfy the property g; # >, ,; 0;(P)q;, where 5;(P) € C[P1, P»]. To see that this gener-
ating set is indeed finite, recall that @ 4 is finitely generated as a module over C[Py, Ps]
and is thus a noetherian R = C[Py, Py]-module. By construction the Q) are C[Py, Py)-

submodules, and gx11 ¢ Q™ 5o the chain
R=QW cQ® cq@®c... (3.10)

is strictly ascending. By noetherianity it must be finite.

Now we are ready to show that the generating set ¢1...,qn is a basis. Suppose we
have
N
> oj(P)g; =0 (3.11)
j=1

where 0;(P) € C[Py, ] for j =1,2,...,N and o,(P) # 0 for some k. Since the g;, 1 <
j < N are homogeneous we may consider the relation expressed by (3.11]) of least degree,
that is, we choose o}, ¢; such that the overall degree of the polynomial in x expressed by
the left hand side is minimal, giving another expression
N
> 7i(P)g; =0 (3.12)

j=1
where 7;(P) € C[P;, P3| and not all of the 7;(P) are 0. Notice that since {q1,¢2,...,qn}
are by construction linearly independent over C, we can moreover say that the degree of
the homogeneous polynomials 7;(P) is strictly positive. Let us represent the polynomials
7;(P) in as linear combinations of monomials in P;, P» and move terms containing
P; to the right hand side. So the right hand side is divisible by P». Since we are assuming

that the set of generators ¢i,...,qy is minimal in the sense described above we have

P1(Z 0iqi) = PQ(Z ;) (3.13)
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where &;, 0; € C[P1, P»]. We know that P | Pi(>,; 05¢;). Thus (x1 +ix2) | Pi(>_,; 0i¢i)-
However (x1%ix2) { Py so (x1£ix) | ), 0iq; and thus Py | Y, 0¢; and thus ), 6;¢; = P»g.
It is easy to see that ¢ € Q4. Thus ¢ =), 53q; s0 >, 6:¢; = P> ), 6;¢;, which contradicts

the minimality of (3.12)).
[

Combining Theorems 3.3.2/and [3.2.20] we now see that if A = (A, m) is a configuration

of vectors in C? then Q4 is Gorenstein if and only if its Poincaré series is palindromic.

Thus we can approach the Gorenstein property via analysis of the Poincaré seres.



Chapter 4

Gorenstein rings of

quasi-invariants in the plane

4.1 Summary

In this chapter we will investigate the structure of the ring of quasi-invariants @) 4 for
certain classes of arrangements A in C?. We will show that there is only one Gorenstein ring
of quasi-invariants in the case where all multiplicities are one, namely that corresponding
to the dihedral configuration.

We also study the class of configurations of type (m,1"). In particular we calculate the
Poincaré series for @ Aiman) and use this to show that ) Aiman) is Gorenstein. Furthermore,

we will show that @ A(m.1n) 18 the only Gorenstein ring of quasi-invariants for this class of

1)
arrangements.

Chapter 4 consists entirely of new results with the exception of the following. Section
4.2 consists of background information and as such contains no new results. Theorem [4.3.2

is taken from the literature.

4.2 Background

Let A be a finite set of non-collinear vectors (g, a1, 2, . . ., ay) € CV, such that (v, o) #
0Va; € A. Let m be a function m : A — N, the multiplicity function. Say «; € A has
multiplicity m; under this function. We refer to the pair (A, m) as the configuration A;

the configuration is then a collection of vectors with multiplicities.

61
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Definition 4.2.1. We say a polynomial P € Clz1,z2,...,zN] is quasi-invariant with

respect to A if, for all a; € A and s =1,3,...,2m; — 1:

95 P =0
on the hyperplane II; : (o, x) = 0, where 0n;, = (0, Oy).

Let Q4 be the ring of all quasi-invariant polynomials. Then Q4 is a graded ring,
Quq = @k’ZOQEf) where fof) consists of homogeneous polynomials P such that deg P = k.

Let P4(t) be the Poincaré series of the ring Q 4,

Py(t) = f: bit". (4.1)
k=0

where b, = dim ny).

4.2.1 Schur polynomials

A key ingredient in some of the proofs we present is that of elementary symmetric poly-

nomials and Schur polynomials. For a detailed examination see [Mac98|.

Definition 4.2.2. Denote by e, the rth elementary symmetric polynomial in the variables
r1,%2,...,TN, the sum of all products of the r distinct variables x; so that eg = 1 and

€pr = E Tj1 Lijg « o« Ty

1<i1<i2<...<i <N

for 1 <r < N. Let Ay = Z[z1, 9, ... ,J:N]SN, the ring of symmetric polynomials in
N variables. We have Ay = Z[e1,e2,...,en| and the e; are algebraically independent.
Consider the partition 6 = (N — 1, N — 2,...,1,0) and we let A be any partition of

Xj+N—j
i )

length at most N. Put ay;s = det(z; 1<i,j<n- This determinant is divisible by the

Vandermonde determinant:
H (i —xj) = det(a:fv_j) = ag.
1<i<j<N
Definition 4.2.3. The quotient
S\ = axis/as

s called the Schur function in the variables x1,xa,...,xN corresponding to the partition

A
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It is clear that each Schur function Sy € Ay. Thus we can express each Sy as a

polynomial in the elementary symmetric functions e,. We have

Sx =det(ey ;i )i<ij<n (4.2)

where N > I(\) and X" denotes the conjugate partition of A.

4.2.2 Hypergeometric series and alternating binomial sums

We will need to use some of the properties of the generalized hypergeometric series, as
well as a famous identity of Gauss. The generalized hypergeometric series is given by the

following, see [OLB10).

Definition 4.2.4.

: N (@) (ap)n 2
qu(al,...,ap,bl,...,bq,z)—ngo(bl)n“.(bq)nn!

where (a), =ala+1)...(a+n—1).
We have the following well known identity, see [AS65].

Theorem 4.2.5 (Gauss).

I'(c)T'(c—a —b)

o Fi(a,byc;1) = T(c —a)l(c— b)

forc#0,-1,-2,..., Re(c—a—"5b) > 0.
We will also need to use the following result.

Theorem 4.2.6 (Saalschiitz, [GS85]).

(c—a)p(c—Db)y

3F2(a,b,—n;c,1—l—a—l—b—c—n;l):(C) c—a—b),

Finally, the following simple result is well known.

Lemma 4.2.7. Let n € N. Let P(x) be a polynomial of deg P < n. Then

Proof. This can be seen by evaluation of the identity
" /n
1 n _ %
ray =3 (1)
=0
and its first n — 1 derivatives at x = —1. The left hand side of the corresponding relations

vanishes and (4.3)) follows by taking appropriate linear combinations. ]
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4.3 Planar arrangements with multiplicities one

Assume for the rest of this chapter that N = 2. We are going to prove the following.

Theorem 4.3.1. Suppose m; = 1 for 0 < i < n. Denote by A any configuration with
these properties. Suppose the quasi-invariant ring Q4 is Gorenstein. Then A is a set of

normals to reflection lines for the dihedral group.

The Poincaré series for the quasi-invariant rings corresponding to dihedral arrange-

ments in the case of constant multiplicity were found by Feigin and Veselov in [F'V02].

Theorem 4.3.2 ([FV02], Theorem 8). Let A be the dihedral arrangement consisting of

n + 1 vectors with multiplicity one. Then we have

14 2t712 4 2g2ntl 4 ¢3nd3
Palt) = (1= @) (1 — 1)

These series are palindromic, so by establishing Theorem we will have shown the

following.

Theorem 4.3.3. Suppose m; = 1 for 0 < i < n. Denote by A any configuration with
these properties. Then the quasi-invariant ring Q4 is Gorenstein if and only if A is a set

of normals to reflection lines for the dihedral group.

4.3.1 Overview of proof

We give a rough outline of the proof of Theorem for reference. The key idea is the
following. We calculate the Poincaré series for a generic configuration of n + 1 lines in
the plane and show that this series can only be palindromic when the arrangement is in
fact a dihedral arrangement (that is, a set of normals to reflection lines for the dihedral
group.) This is tackled in a number of parts. We prove some general results about the
form of the Poincaré series for any n + 1 line configuration, in order to show that certain
‘parts’ of the series (this will be made explicit) do not depend on the geometry of our
configuration. We then show that there are strong restrictions on the possibilities for the
remaining coefficients in the Poincare series, and that choosing bo,, = n + 1 ( where by, is
the coefficient of the term with degree 2n in the Poincaré series) implies that the vectors of
A form a dihedral arrangement. To complete the proof we show that if P4 is palindromic

then by, = n + 1.
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4.3.2 Coordinate systems

Although the key definition of quasi-invariance given above (4.2.1]) is introduced through
Cartesian coordinates, it is convenient to shift into the language of polar coordinates to

tackle the proof of our theorem.

k
Lemma 4.3.4. Let a; = (cos;,sinb;) € A. Let P(x,y) = Zaszsék_s be a homogeneous

s=0
polynomial of degree k. Then P is quasi-invariant with respect to A if, for all a; € A and

i=13,...,2m; — 1,
k

Z as(2s — k) ei(2s=k) — g, (4.4)
5=0

Proof. Let P(x,y) be a homogeneous polynomial of degree k. We transform (x,y) into

the complex coordinates (z,z) by putting

T =rcosb,

y =rsinf
and

z = re'?
Then
k k k
P = Z aszszk—s _ T'k Z asezsee—zﬁ(k—s) T'k Z a867,9(25—k:)
s=0 s=0 s=0

Note that

Op = Oy cos B + Oy sind,

Op = Oy (—rsinf) + 0yr cos O
The first level quasi-invariant condition requires
(ady +b0y)P =0 on ax+by =0

where (a,b) = (—sin6;,cos ;). It is easily seen that:

Oy = cos 00, — 1sin 00y,
T

Oy = sin 00, + %cos 00y
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SO

1 1
ady + b0y, = —sin 6;(cos 00, — — sin B9y) + cos 0;(sin 60, + — cos )
r r
1
= (—sin#; cosd + cos ; sin 0)0, + —(sin 6; sin @ + cos 8; cos 0)y
r

=sin (0 — 6;)0, + % cos (6 — 60;)0p. (4.5)

We want to consider what happens on the line §# = 6;. In this case the right hand side of
1D reduces to %39. Then we can see that

1
(ady + bay)P ‘ax-i-by:O: ;GGP ‘9:91‘ .

Finally then, the first level quasi-invariant condition takes the form

k
O Z aseiﬁ(Qs—k) |9:9i: 0 (4.6)
s=0
giving
k
Z as(2s — k:)ewi(Qs_k) =0
s=0

and it is clear that we apply (4.6) repeatedly to obtain the higher odd derivatives, giving

k
Z as(2s — k) e?i2=k) — g (4.7)
s=0

forj=1,3,...,2m; — 1. O

4.4 Structure of the Poincaré series

We are going to study the Poincaré series (4.1)) for a configuration of lines with all mul-
tiplicities equal to one. First we prove a useful result which can be established in a more
general situation. Let A be a collection of n + 1 vectors on the plane with arbitrary

multiplicities. Then we have the following.
Lemma 4.4.1. Let k <n + 1. Then in the Poincaré series the following hold:
o Ifk is even, by = 1.

o Ifk is odd, by, = 0.

Proof. Suppose first that m; =1 Vi =0,1...,n. Let P be a homogeneous polynomial of

odd degree k, with kK < n + 1. Our quasi-invariant condition for P takes the form
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k
Z as(2s — k)e%i 2=k — ¢ (4.8)
s=0

for all 0; with 0 < ¢ < n. Expressing these conditions in matrix form we have the equation

0
_kekif0 (9 _ j)e@=Rifo (4 _ })el—R)ibs  pokifo a0
0
_kefk‘igl (2 _ k.)e(ka)igl (4 _ k.)e(4fk)i91 . kek’iel a1
a - 0
_kefkwn (2 . k)e(ka:)iGn (4 . k)e(4fk:)i9n o kekiOn
a 0
(4.9)
Now let
e'li =¢; (4.10)
for 0 < j <n. Put
_ke—kwg (2 . k)e(2—k)i00 (4 . k:)e(4_k)i00 kekz‘@g
_kefkigl (2 _ k)€(2fk)i01 (4 _ k)€(4*k)7:91 . keki91
A= _ _ _ . . (4.11)
_kefkien (2 _ k.)e(27k)1'9n (4 _ k.)e(llfk)iﬁn o kekwn
Then using (4.10) we have
—keg® 2= k)T (4= E) Jock
A —ker® (2- k:)cg%k) (4— k:)ciﬁl*k) O 76
—ke k(2 - k:)cg*k) (4— k:)cglfk) N

k

Let us multiply the ith row of A by ¢. Under these elementary row operations A is

transformed to the following matrix

—k (2—k)2 (4—k)c ... ke
B_ —k (2-k)E (4—k)t ... ke
—k 2-k)E (4—-k)c ... kk

Put c% = d;. Then we can rewrite |' as
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a 0
ai 0
B ag == 0
ag 0
where
—k (2—=k)dy (4—k)d(2) kdlg
-k (2—-k)d 4—K)yd? ... kd*
p_| Tk @-Pa @-nd i o)
-k (2—k)d, (4—k)d% kdﬁ

Now, suppose the columns of B are linearly dependent. Then we have r; B; = 0 for some

r; € C, not all zero, where the B; denote the columns of B. Let p(z) be the polynomial

p(x) =ro(—k) +r1(2—k)x + 14 —K)x® +... + reka”.

By inspection in we can see that p has the n + 1 distinct solutions dy, d, ..., dy,.
However the degree of the polynomial p is strictly less than n + 1 so this is possible only
if p is zero. We conclude that the columns of B are linearly independent and thus A has
full rank, so rkA =k + 1. Thus for odd k, by = (k+1) — (k+1) =0.

If k is even the situation is slightly different. In this case non-trivial dependence of
the columns of B is possible but we still have to have p(z) = 0, so r; = 0 for i # k/2.
Hence rkA = k. In order to establish the statement for any m; it is sufficient to present a

non-trivial quasi-invariant in the even degrees k. Such a quasi-invariant is given explicitly

as P = (22)"/2, O
Assume that m; =1Vi=1,2,...,n+ 1.

Lemma 4.4.2. Let k > n+ 1. Then in by, can take only two possible values. They

are:
e bp=k—n or
e bp=k+1—n.

Further, by = k —n if k is odd or k is even such that k > 2(n+ 1).
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Proof. Consider first the case k is odd. Let P be a homogeneous polynomial of odd degree

k, with £ > n + 1. Our quasi-invariant condition for P takes the form

k
Z as(2s — k)ewi@s*k) =0
s=0
for all 0; with 0 <1¢ < n. For 6, this gives the expression

ao(—k)e "% 4 4y (2 — k)eP R0 4 go(4 — k)PP 1 4 gy (k)et =0

and a similar expression holds for the other values of #;. Expressing these conditions in

matrix form we have the equation

ag 0
aq 0
M a9 - 0
ag 0
where
—kag® (2 - k)aéQik) (4— k)agl*k) O
—ka® 2-8)a®Y @-kd*Y L kdb
M= . 1 ( ) 1 ( ) 1 . 1 (413)
—ka* 2-K)a?? 4-k)al™Y L ket

with a; = €%, 0 < j < n. Multiplying the ith row of M by af we see that M is row

equivalent to

—k (2—k)co (4—Kk)2 ... kck
T —k (2—k)er (4—k)E ... kd}
—k 2—Kk)cn (4—k)E ... kc

where ¢; = a?, 0 < j < n. Consider the following submatrix of M

—k (2—-k)eg (4—k)3 (2n —k)cg
N -k 2—-Fk)a 4 —‘k:)c% (2n — k)c}
~k (2—Kk)cpn (4—k)E ... (2n—k)®

Considering possible linear dependence in the columns of this matrix N produces a

polynomial of degree at most n with n + 1 solutions which is not possible unless the
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polynomial is zero, so that N has rank n + 1 if k is odd. Thus the rank of the matrix M
is n + 1 in this case. We also note that the same arguments apply if k/2 > n + 1, so in
this case we also have kM = n + 1. However if k is even and k/2 < n then the terms
with coefficient ay /5 in the quasi-invariant condition for each vector appear alongside zero
and thus when k is even the matrix for the system of linear equations corresponding to

the quasi-invariance conditions can be transformed to

—k (2—Keo (A—k)E ... =27 0 kAT gk
fv; —k (2-ke (4—k)f ... —20’16/271 0 26119/2Jr1 O 76
—k (2—k)ep, (4—k)E ... —ock/Ah g ockAT kck

In this case we should consider the following submatrix of M:

—k (2—K)eo (A—k)E ... =2 0 2P (2n— k)
N ~k (2—k)ey (4—k)2 ... —2clf/2_1 0 2le/2+1 oo (2n—Ek)c}
-k (2—FKc, (4—k)E ... —ock/At g ockAt (2n — k)cp

and proceed as above to see that N has rank n and thus M has rank at least n. Thus
the rank of the matrix for the system of linear equations coming from the quasi-invariance

conditions is either n or n 4+ 1, and we are done. ]

In light of Lemma [4.4.2] we will say that a configuration of n + 1 vectors is generic if

b, =k —n for even k with n +1 < k < 2n.

4.5 How the terms of the Poincaré series affect the config-

uration

Assume m; = 1Vi in Section Lemmas [£.4.1] and [£.4.9] fix all the coefficients in the

Poincaré series (4.1) for an arbitrary configuration with all multiplicities one except the

coefficients by, with k even, n +1 < k < 2n.

Proposition 4.5.1. Suppose that in bon, = n + 1. Then the configuration A is
dihedral.
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Proof. Let P be a homogeneous polynomial of degree 2n. Our quasi-invariant condition

for P takes the form

2n '
Z as(2s — 2n)e’9i(2872") =0
s=0

for all 8; with 0 <1¢ < n. For 6y this gives the expression

ao(—2n)e_2m90 +a1(2 - 2n)e(2_2")i90 +as(4 — 2n)e(4_2”)i9° + .+ agy2ne?™if —

and a similar expression holds for the other values of #;. Expressing these conditions in

matrix form we have the equation

_one(=2if0 (2 _ 9n)e@-2mif0 (4 _ 9p)e(d=2mibs | ope(nifo @0
Cone(=2mifi (9 _ 9p)e@=2mift (4 _op)ed-2m)i0i | 9pe(2n)ifs “
a9 -
_Qne(—Qn)iQn (2 _ 2n)6(2—2n)i9n (4 _ Zn)e(4—2n)i0n o 2ne(2n)i9n
a2n
Let
—9ne(—2n)ibo (2 _ 2n)6(2—2n)i90 (4 _ 2n)6(4—2n)i90 . 9pe(2n)ito
p _2ne(—2n)i01 (2 _ 2n)€(2—2n)i91 (4 _ 2n)€(4—2n)191 o 2ne(2n)i01
_2ne(—2n)i€n (2 _ 2n)€(2—2n)i9n (4 _ 2n)€(4—2n)i0n o 2ne(2n)i0n
and for 0 < j < n let
e = aj.
Multiplying the ith row of J by a}' we get
—2n (2—2n)ag (4—2n)aZ ... —2a07' 0 20T ... 2nad"
F_ —2n (2—2n)a; (4—2n)a? ... —2a}7' 0 2a7Tt ... 2na?"
-2n (2—2n)a, (4—2n)a? ... —2a71 0 24Tt ... 2na?"

Now, suppose that in (4.1)) by, = n+1. Thus the rank of J must be n. So any (n+1)x (n+1)

minor of J must be zero (otherwise the rank of J is equal to n + 1). Let us consider the

minor
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—2n (2-2n)ag (4-2n)a% ... —2a0"' 240"
—2n (2—2n)ay (4—2n)a? ... —2a7' 247!
Ay =
—2n (2-2n)a, (4—2n)a2 ... —2a7"1 2q7*!
1 ag a% e ag_l a8+l
n—1 2 n—1 n+1
1 ag a7 ... a a
=2 ] @i -2n) ! ! !
=0
1 a, a2 ... a¥ ! o't

We know that A; = 0. We are going to find another expression for A;. If we divide A; by

the Vandermonde determinant

1 ap a2 ... ag‘fl ag

1 ap a% a’f_l ay
By =

1 a, a? avt a?

we are left with the Schur polynomial corresponding to the partition A\ = (1,0,0,...,0)
which we denote by Sy,. So we have
n—1

(1/2) [ i - 2n)1gi = Sy,. (4.14)

7=0
However by (4.2]) we can express Sy, in terms of elementary symmetric polynomials, using

the formula

€1 €2 €3 ... ep_1 Eptl
0 1 €1 ... €ep—2 €en_1
Sy = det(ex’,fiﬂ') = . . .. n. n_ =eq. (4.15)
0 0 0 0 1
Then using (4.14) and (4.15) we see that
n—1
A =2 H(Zj —2n) H(ak —ay)ey.
j=0 k<l

Recall that we require A; = 0. So, we conclude that e; = 0 since a; # a; if 7 # j. Bearing
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this in mind we go on to consider

—2n (2-2n)ag (4—2n)a} ... —2a07' 4al*?
A —2n (2—2n)ay (4—2n)a? ... —2a}7' 4at"?
g =
—2n (2—2n)a, (4—2n)a? ... —2a"! 4a"*?
1 ag a3 ... ap' apt?
n—1 2 n—1 n+2
1 ag a7y ... a a
=4J] (2 —2n) ! ! !
5=0
1 a, a2 ... a» ! a't?

Following the same strategy as above we use (4.2)) again to see the Schur polynomial

derived is given by the equation

€1 €2 €3 ... (%% €n+1
1 e ey ... en1 e
S>\2 =10 0 1 ... en3 ep9o|= 6% — €2
0o 0 0 ... 0 1
where \y = (2,0,...,0). So we conclude that e; = 0 since we know e; = 0. Continuing,
we consider the minor
—2n (2-2n)ag (4—2n)a} ... —2a07' 6alT?
s —2n (2—2n)ay (4—2n)a® ... —2a77' 6a7?
3=
—2n (2—2n)a, (4—2n)a?2 ... —2a%"! 6at3
1 ag a3 ... ad™' apt?
1 a; a ... "' o'

n—1
=6 ][] (2i - 2n)
j=0

2 n—1 n+3
1 ap a; ... ay a,
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and we arrive at

0 0 €3 €4 ... €Ep4l

1 0 0 e3 en

01 0 O en—1

Sxs = =e3

00 0 1 €n—3

00 0 0 ... 1
where A3 = (3,0,...,0). Thus e3 = 0. It is easy to see that we can continue on in this
way to deduce that

e1=es=e3=...=e, =0.

Indeed, at the i-th step we deal with the Schur polynomial for A\; = (4,0,...,0) and the
left top corner submatrix of size i x i has determinant e; if e; = 0 for 1 < j <7 — 1. Now,

consider the polynomial

qg=(z—ap)(x—ar)(z —az)...(x —ap).
We can write this as

1

g==x —e1x™ +e x4+ ...+ epx — apgaias ... ay

and since we know that e; = ey =e3 =... = e, = 0 we can rearrange q as

q=1x — apaias ... an,.

Put agaias . ..a, = p. Since each a;,0 < i < n is a solution of the equation ¢ = 0 we can
see that for 0 <7 <n

al™ =p (4.16)
which means the configuration A is dihedral. O

Suppose A is generic, so that by = k—n for even k with n+1 < k < 2n. Denote by Pft

the Poincaré series for a generic configuration. In order to complete the proof of Theorem

we need to calculate Pi]l'

Lemma 4.5.2. One has L o
P = L2
A - (1 _ t)2
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when n+ 1 is even and

1+22J 1( )jtj_tn+1+tn+2

Falt) = (E=nE

when n + 1 s odd.

Proof. Suppose n + 1 is even. Lemmas [4.4.1| and [4.4.2] fix all the coefficients b; except

those b; with 7 even, n + 1 < i < 2n. For such b; we have b; = i — n since A is generic. So

we have
(n-1)/2 00 ~ (-p/2 0o
Pity= Y 7+ > (G-nt= Y 7"y G+ 1)
§=0 j=n+1 =0 §=0
-1)/2 —1)/2 94
_ (ni/ t2] N tn+1 _ (Zgio )/ tzj)(l — 2t + t2) + tn+1
_ )2 Y
= (1 t) (1—1)
AT
Similarly, when n + 1 is odd we have:
n/2 n/2
gt)zzt2] Z ]_nt]72t2]+tn+lz‘]+1
7=0 j=n+1
n/2 tn+1 (Z’?/Q 127) (1 — 2t + t2) + ¢t
= Zt% 7 = =0
—1)? (1—1)2
1+22 ( )]tj _tn-l-l _|_tn+2

(1-1)?
O

Note that in both cases the generic series is not palindromic. Recall that Lemmas4.4.1
and [4.4.2 show that, for any configuration A, P4 can differ from P only in even degrees

between n + 1 and 2n. Thus we can establish the following.

Lemma 4.5.3. The only possible Poincaré series P4(t) are given by the formulas

14230 (=108 + Sa(1 - t)?
(1—1)?

Py(t) =
when n + 1 is even and

1+ 2370 (1)1 — " 4472 4 S (1 — t)?

Py(t) = A= 1?
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when n + 1 is odd, where
(n—1)/2

Z ot (4.17)

when n + 1 is even and
(n—2)/2

when n + 1 is odd. Furthermore the coeﬁlczents c; can take only the values 0 or 1 Vi.

Proof. Lemmas [£.4.1] [£.4.2) and [£.5.2] O

Finally we need to check whether, given a palindromic P4(t) it follows that be, = n+1

and thus the arrangement is dihedral.
Lemma 4.5.4. Suppose P4(t) is palindromic. Then in bon, =n+ 1.

Proof. Recall that generically be,, = n. So we only have to check that if P4(t) is palin-

dromic then Cno1 = 1in 1) in the even case and Cn_2 = 1in 1D in the odd case.

Consider the even case first. If ¢g = 1 then the numerator has the form

n+1
142 Z DI 4" Ot +?)

=1+2 Z(—l)jtj + 3"+ O(t"+?)

where O(t"*2) denotes the terms in the numerator divisible by ¢"*2. It is clear that

no term other than ¢"*! can have coefficient 3. The palindromicity of P4(t) implies we

have exactly n + 1 non-zero terms to the right of "', so that ¢; =1 Vi =0,1,..., ”Tfl

e

In particular cn—1 = 1 and thus we are in the dihedral case. Suppose then that ¢y =
2

Then since the series is palindromic we must have ¢; = 1 for some ¢ with 1 < ¢ < ”T_l

Choose the first non-zero ¢;. Then the numerator has the form

n+1
1+2 Z(—l)jtj AL g 202 ynd 2043 | g (ynt2it3)

Consider the term t"*2*1 By inspection this is not the ‘mirror’ term. (That is, the
coefficients of the numerator are not symmetric around the term #"+2*+1). Since we have

less than n+ 1 terms to the right of t"*2*1 the mirror term must lie to the left of t"+2+1,

However, to the left of t"*+2+1 only the term with degree 0 has coefficient 1. This means
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that if the mirror term does lie to the left of " T2*1 then the total degree of the numerator
must be n + 2¢ + 1, a contradiction. Thus ¢y = 1 and we are done.

In the case when n + 1 is odd the numerator has the form:

n
142 (=18 — " g2 O+,
7=1

Note that t"t! has coefficient —1 and no other term can have coefficient —1. Thus t" !

must be the ‘mirror’ term which immediately implies that ¢; =1 for all ¢ =0,1,..., "772

tn+1

This is easy to see, since if is to be the mirror term then the numerator must have

total degree 2n + 2. In particular this means cn.—2 = 1 and we are done. O
2

Theorem now follows by combining Lemma and Proposition

4.6 Arrangements of type (m,1")

Let A be a finite set of non-collinear vectors (o, f1, ..., On. Let B; = (1,4), o € C. We
fix By = (0,1). Recall the arrangements of type (m,1™) from Definition Recall also
the arrangement A, 1») introduced in Definition @ The remainder of this chapter will
be devoted to proving the following:

Theorem 4.6.1. Let A have type (m,1™). Then the quasi-invariant ring Q 4 is Gorenstein
if and only if A= Agy, iny-

4.7 Preliminary lemmas

In this section we will prove some technical lemmas which will be useful when studying
the matrix of the system of quasi-invariance conditions as equations for the coefficients of
polynomials of certain degrees. This type of analysis will be the focus of Section [4.8

Let A = H (af — a?). Refer to the elementary symmetric polynomials in the
1<i<j<[n/2]
variables a2, a3, ... ,afnm as €;,0 <1i < [n/2] (ep = 1). Throughout Section H let B be

the [n/2] x (n — s) matrix, where 0 < s < n — 1, with the columns:
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(20 —1)a? 2 — (2X 4 2n — 2i + 1)a?
(20 — 1)a3"™? — (2X + 2n — 2i + 1)a?’
Ci(X)=| (2i—1)a3"2—(2X +2n —2i+ 1)

(20 — 1)a? [/2] —(2X +2n—2i+1)a? [n/2]

where 1 <3 <n—s.

Lemma 4.7.1. Let s < [n/2]. Let By, be the minor of B formed by taking the determinant
of the square submatriz with columns Cr(X),Cr41(X), ..., Crqjns2—-1(X) where 1 < L <
n—s—[n/2]+ 1. Then

/2] EN i1
Br=A H a2t 22 Y JI @ln/2—2r +2L = 3) [ (2X +2r + 2n — 2[n/2] — 2L + 3)e;.
r=t r=0

(4.19)

Proof. For 1 <i<n — s let us introduce the column vectors

of oy

o al

:(i+1) aé ,yi:(2X—|—2n—i+1) ag
O‘fn/m O‘fn/zl

Thus C;(X) = z2;—2—y2;. Consider B; and suppose n is even, odd case is extremely similar.

Let B% be the determinant of the matrix with the columns y,,, y,—2, .

ey Yn—2t42, Tn—2t—2, - - -, LQ
where 0 <t < n/2. Note that
al ... o/f_QH'Q a’f_Qt_Q |
[n/2]-1 t—1 n n—2t+2 n—2t—2
« RNsY Q o1
B! = H (n—2r—1)H(2X—|—2T+n—|—1) _2 2. 2
r=t r=0 : :
n n 2t+2 n 2t—2
Unj2l - Vg2 gy ]
(n/2)—1 1
= H (n—2r— 1)H(2X+2r+n+1)Aet
r=t r=0

since we can express the elementary symmetric polynomials e; via determinants, see Def-
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inition and (4.2). So

n/2
By = Z(—l)th
t=0
[n/2] [n/2]-1 t—1
=AY (-1 J[ (m=2r =) JJ@X +2r +n+ ey
t=0 r=t r=0

It is not hard to see that we can adopt the same strategy used to expand B; to deal with

each B, 1< L<n-s—[n/2]+1. O

Lemma 4.7.2. Let

r

[1ln/2] - 2i+1)

(N
< " ) ﬁ(2m+2¢—1)

i=1
where 0 < r < [n/2]. For1<s < [n/2| let By, be defined by with X =m —s. Then
B, =0.

Proof. Suppose first that n is even. Then for 1 < L <n/2 — s+ 1 we have

n/2 n/2 n/2—1 i—1
By =AJJe?* > (-1)" [] (n—2r+2L—3)]](2m —2s+2r+n—2L+3)e;
=1 =0 r=1t r=0
n/2 n/2 n/2—1 i1 n/2 H(n72r+1)
=AJJe* 2> (1) ] (n—2r+2L-3) H(?m—23+2r+n—2L+3)< : ) r=1
. y ! (3 v
i=1 i=0 r=i r=0 H(Qm + 2r — 1)
r=1
n/2 TL/2 n/2—1 4 i—1
:yZ(—l)’( : > I n—2r+20-3)[(n—2r+ 1) [ (2m — 25 + 2r + n— 2L + 3)
1=0 r=1 r=1 r=0
n/2—i—1
< ] @m+2i+2r+1)
r=0
n/2 ‘ n/2 n/2—s—L L—2
yzZ(w( : > [T @n+2i+2r+1)[](n—2i+2r+1).
(3
=0 r=0 r=0
where
n/2 n/2
y = H(Qm +2r — 1)_1AH04?L_2
r=1 =1
and
n/2—1 L—1
z= II em+2r+1 J[ (-20+2r+1).
r=n/2—s—L+1 r=2L—n/2—-1
Now set
n/2—s—L L-2

U(z) = H (2m+2a:+27“+1)H(n—2x+2r+1).
r=0 r=0
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Note that U(x) has degree n/2 — s. Then we have

n/2

=yz Z <n/2) (i) =0

by Lemma If n is odd we can proceed in exactly the same way to see that

S ) -3
L yzZ( 1)< ; ) H (2m+2z+2r+1)H(n 2i 4 2r)
=0 r=0 r=0
where
n—1 n—1
2 2
Y= H(Zm +2r—1)7'A H oz?L*Q
r=1 i=1
and
n—=3
5 _
z= II em+2r+1) ] (-20+2r+2)
r=241 s L4l r=2L—"t 1
Now set
n+1 —_s—L L—3
V(z) = H (2m+2x+2r+1)H(n—2x+2r)
r=0 r=0
and continue as in the even case to complete the proof. O

Lemma 4.7.3. Let s =0 and let By, be defined by with X = m+t. Then for even
n3L,1<L<n/2+1st B,#0. Foroddn 3L,2< L < ™2 st By #0.

Proof. By Lemma we have

[n/2] [n/2] [n/z] 1 i1
BL_AHa2L QZ H 2[n/2] — 2r + 2L — 3) [ [ (2m + 2t + 2r + 2n — 2[n/2] — 2L + 3)e;
r=0

(4.20)
Suppose By, =0 for 1 < L <n/2+1if nis even and suppose By, =0 for 2 < L < ”T‘H)’ if

n is odd. Let us cancel A Hz[i/f} o?'=2 and consider the resulting conditions as a system

i
of linear equations for the unknowns e, e1, ..., €[, /9. Refer to the corresponding matrix
as Q. We will show that the determinant |@Q| # 0, which would be a contradiction as there
are non-zero e; for some 7. We consider |@| as a polynomial in m. First we show |Q)| is
not identically zero in m. Set 2m + 2t +n + 1 = 0. Let us enumerate the rows of @) by
L=1,2,...,n/2+ 1 when n is even and L = 2, .. ”—*‘3 when n is odd, and the columns
of @ by i =0,1,...,[n/2]. Then it follows from ) that the only non-zero entries in
the i-th column are the entries of the last [n/2] — i+ 1 rows. So |Q| is just the product of

the diagonal entries and this is clearly non-zero.
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Next we will show that there are no positive values of m for which || = 0. Note that
as a polynomial in m |@| has degree ZEZ/OQ] i= % Let us subtract the (i + 1)st
column from the ith column of @, i = 0,1...,[n/2] — 1. Then the Lth entry of the ith

column is given by

[n/2]-1 i—1
(-" I @n/2—2r+2L—3) [](2m + 2t + 2n — 2[n/2] — 2L + 3 + 2r)
r=i r=0
[n/2)-1 i
+(-1" [ @r/2—2r+2L—3)[](2m+2t+2r + 2n— 2[n/2] — 2L + 3)
r=i+1 r=0
[n/2)-1 i1
= (1" J] (@n/2] - 2r+2L - 3)J[(2m+ 2t + 2n — 2[n/2] — 2L + 3 + 2r)
r=i+1 r=0

x ((2[n/2] = 2i + 2L — 3) + (2m + 2t + 2i + 2n — 2[n/2] — 2L + 3))

[n/2)-1 i1
= (1" J] (@n/2] - 2r+2L = 3) J[(2m + 2t + 2n — 2[n/2] — 2L + 3+ 2r)(2m + 2n + 2t).
r=i+1 r=0

Let us repeat this process and subtract the (i + 1)st column from the ith column for

i=0,1,...,[n/2] — 2. Then the Lth entry of the ith column becomes
[n/2]-1 i—1
(-" I @n/2) —2r+2L - 3) [](2m + 2t + 2n — 2[n/2] — 2L + 3 + 2r)
r=i+1 r=0
[n/2)-1 i
+(-1" ] @n/2]—2r +2L = 3) [[(2m + 2t + 2n — 2[n/2] — 2L + 3+ 2r)
r=i+2 r=0
[n/2]-1 i—1
= (1" [ @n/2] - 2r+2L—-3)J[(2m+ 2t +2n — 2[n/2] — 2L + 3 + 2r)
r=i+2 r=0

x ((2n/2] —2i —2+2L —3) + (2m + 2t + 2n — 2[n/2] — 2L + 3 + 2i))

[n/2]—-1 i—1
= (1" [ @n/2] = 2r+2L—=3)[[(2m+ 2t + 2n — 2[n/2] — 2L + 3+ 2r)(2m + 2n + 2t — 2).
r=i+2 r=0

We can continue to see that the expression

/2]
I @m+2t+ 2n + 2 — 20)lr/A=+1
=1

is a factor of |@|. This expression has the same total degree in m as |@| and is non-zero

for positive values of m. So |@| # 0 and we are done. O

Lemma 4.7.4. Let s = 1 and let By, be defined by with X = m — 1. The system
of equations By, = 0 where 1 < L <n/2 if n is even and 2 < L < ”T‘H if n is odd as the

system of linear equations for the unknowns ei,...e[, 9 has a unique solution.
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Proof. By Lemma [4.7.1] we have

/2] EN i1
Br=A H a?t- 22 Y TI @ln/2—2r +2L = 3) [[(2m + 2r + 2n — 2[n/2] — 2L + 1)e;.
r=t r=0

(4.21)

Suppose By, =0 for 1 < L < n/2 if n is even and suppose By, = 0 for 2 < L < ’%1 if n
is odd. Let us cancel A H£1/12] a?L_Q and consider the resulting conditions as a system of
linear equations for the unknowns ey,. .., e[, 9. Refer to the corresponding matrix as R.
We can follow the proof of Lemmaclosely to show that |R| # 0. Setting 2m+n—1=0

shows that |R| is not identically zero as a polynomial in m. We can then proceed as in

Lemma to see that |R| has no positive roots as a polynomial in m. O

Lemma 4.7.5. Let DI@J be the minor of B formed by taking the determinant of the square
submatriz with columns CL(X), Cr41(X), ..., Cprypm/2—2(X) where 1 < L <n—s—[n/2]+
2 and we include all except the k-th row of B. Then

[n/2] [n/2]-1 [n/2]-2 i—1
Di=AT[ "2 Y (-1 [] @n/2]—2r+2L—5) [[(2X +2r + 2n — 2[n/2] — 2L + 5)e}
2;]16 =0 r=1% r=0
(4.22)
where we denote by ef the elementary symmetric polynomials in the variables
2 2 2 2 2
O, gy v ey A1 Qi 15 -5 O /9]
Proof. 1t is easy to follow the method of Lemma to see that
[n/2] [n/2]—1 [n/2]-2 i—1
D =AJ[ "2 > (1" ] @n/2]—2r+2L-5) [[(2X + 2r + 2n — 2[n/2] — 2L + 5)ef
:;i 1=0 r=1% r=0
O

Lemma 4.7.6. For 1 < s < [n/2] let D} be defined by with X = m — s. Then for
any L, 1 <L <n—s—[n/2]+2, 3k such that DX £ 0.

Proof. Using Lemma [4.7.5] we have

[n/2] [n/2]-1 [n/2]—2 i1
D =A [ oi* 2 > (-1 ] @n/2]—2r+2L—5) [[(2m+2r + 2n — 2[n/2] — 2L — 25 + 5)e}.
=1 1=0 r=i r=0
i#k

Let us fix L and set D¥ =0 for all k = 1,2,...,[n/2]. We cancel the terms A H n/2] a2l=?

and consider the resulting expressions as a system of linear equations for the unknowns
[n/2)-2 i—1
zi=(=1)" [] (@n/2] —2r+2L—5) [[(2m + 2r + 2n — 2[n/2] — 2L — 2s + 5),
r=0

r=i
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where j =0,1,...,[n/2] — 1. Note z; # 0Vi. The system takes the matrix form
AX =0

where A = (ag), 1 <k <[n/2[,0<1<[n/2]—1, ap = ef“ and X = (20, T1, - -+, T|n/2)—1)-
Note that the determinant of A has degree

(/2] — 1) = A= D(/2) ([n/2]>

14+2+...+ 5 9

as a polynomial in o3, ... ,a[Qn/Q}. We claim that det(A) # 0. This can be seen by setting
o? = a2, for | < m. In this situation it is clear that e! = e/ for all 0 < i < [n/2] — 1 and

thus det(A)=0. Since det A has degree (["42}) we are done. O

Lemma 4.7.7. Let [n/2]+1<s<n-—1. Let k= (ki ka, .. oy kg2 —n) where 1 < k; <
[n/2]. Let EF be the minor of B formed by taking the determinant of the square submatrix
with columns C1(m — s),Ca(m — s),...,Ch_s(m — s) and we include all rows of B except

rows ki, kg, ... ksy[nj2)—n- Then

. [n/2] n—s— 1 1—1 o
AH&LQ: ) TI @n—2r—2s— 1) J]@m+1+2r)ef (4.23)
r=i r=0
zgk

where we denote by e £ the elementary symmetric polynomials in the variables a ,1<i<

[n/2] but not including o, , aj,, ..., aj ol

Proof. Tt is easy to follow the method of Lemma to see that

[n/2] n—s n—s—1 i—1 .
AHa2L 22 H 2n—2r—23—1)H(2m+1+2r)e§.
r=i r=0
zgk

O]

Lemma 4.7.8. For [n/2]+1<s<n-—1let EF be defined by . Then 3k such that
EBF £0.
Proof. Using Lemma we have

[n/2] n—s n—s—1 i—1 .
AHaQL 22 H 2n—2r—23—1)H(2m+1+2r)f

r=i r=0
zgk
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Let us set EF = 0 for the following collection of k: fc}- =(1,2,...,s+[n/2] —n —1,7)

2L—2

3 3

idk
and consider the resulting expressions as a system of linear equations for the unknowns

where j = s+ [n/2] —n,s+ [n/2] —n+1,...,[n/2]. We cancel the terms AH[Z/IQ] a

n—s—1 i—1
z; = (—1) H (2n —2r —2s —1) H(Qm + 14 2r),
r=i r=0

where 1 =0,1,...,n — s. Note z; # 0Vi. The system takes the matrix form
AX =0
where A = (a;),1<j<n—-s+1,0<1<n-—s, ajl:elgj and
X = (20, @15+, Tp—s)-

Note that the determinant of A has degree

(ns)(ns+1):<ns+1>

1+2+...+(n—s) = 5 )

as a polynomial in the appropriate oz?. We claim that det A # 0. This can be seen by
setting af = a2, for | < m where s + [n/2] —n <1 < m < [n/2]. In this situation it is
clear that efl = ef’" for all 0 < i < n — s and thus det(4) = 0. Since det A has degree

("75’“) we are done. O

Lemma 4.7.9. For s =1 let DE be defined by with X = m — 1. Let k be fized.
Then 3L,2 < L <n—[n/2] + 1 such that DX 0.

Proof. Using Lemma we have

[n/2] [n/2]-1 [n/2]-2 i1
Di=AT[ "2 Y (-1 ] @ln/2] —2r+2L—5)[](@m+2r+2n —2[n/2] — 2L — 25 + 5)e}.
i=1 =0 r=1 r=0
1#k

Let us fix k and set D¥ =0 for 2 < L < n—[n/2]+1. We cancel the terms A HEZ/IQ] al—?
ik

and consider the resulting conditions as a system of linear equations for the unknowns

elg, elf, e efn/mil. Refer to the corresponding matrix as (). We can set 2m +n —1 =10

to see that |@| is not identically zero as a polynomial in m. We can then proceed as in

Lemma to see that |@Q] has no positive roots as a polynomial in m. O

4.8 Statements about quasi-invariants of specific degree

We are now ready to begin the proof of Theorem [£.6.1] We will need various components

to do this. Firstly, in Section we are going to analyze the dimension of the space of
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quasi-invariants of certain degree. Recall the Poincaré series (4.1|)

Pyu(t) = i bit". (4.24)
k=0

In Proposition we will show that for an arbitrary arrangement A of type (m,1"), b;
is fixed for odd ¢ with ¢ > 2m +n — 1. In Proposition we will show that b; is fixed
for even ¢ with ¢ > 2m + 2n. Finally in Proposition @ we will show that bop,qon—2 is
the same for any configuration A, except one configuration whose geometry is fully fixed.

From now on let A be of type (m,1").

Lemma 4.8.1. If n is even then in bomin—1 = m. If n is odd then in ,

bomin—2=m — 1.

Proof. Let g be a homogeneous polynomial of degree 2m + n — 1;

2m+n—1
qg= Z aix2m+n—1—zyz'
i=0
for some a; € C. Recall the definition of quasi-invariance (Definition [4.2.1)). It is easy to
see that if the quasi-invariance condition for the vector Gy = (0, 1) is satisfied (that is, if
0yq = 0 when y = 0 for s = 1,3,...2m — 1) then a; = 0 for i = 1,3,...,2m — 1. Before

we consider the quasi-invariance conditions for the other vectors ; we rewrite g as

m 2m+n—1
q= Z a2i$2m+n—1—2zy21 + Z ail,Qm-l-n—l—zyz' (425)
i=0 i=2m+1

The quasi-invariance conditions for the vectors 3; for 1 < j < n state that

(Or + @j0y)q = 0 on the line x + oy = 0.

That is
m 2m+n—1
(O + a0y )q = Z agi(2m +n — 20 — 1)g2minTin2, 2 Z ai(2m +n — i — 1)g2min—i=2yi
=0 i=2m+1
m 2m—+n—1
+ O‘j(z 2ia2ix2m+n—1—21y22—1 + Z iaime—&-n—l—zyz—l) -0 (426)
=0 i=2m+1

if x = —ajy for 1 < j < n. We can express the equations (4.26]) in matrix form. We have
AC =0,

where

T _
¢ —(ao a2 . . a2m Aa2m+1 A2m+4+2 - - a2m+n—1>
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and the matrix A consists of the columns Ay, As, ..., Apty given by the following. For
0<r1<m:

(2m +n —1—2i)a7" 7272 — 2jqmHn—2
(2m +n — 1 — 2i)a3mTn=22 _ 9jq2min=2

Ay = | (2m+n—1-2i)a3" "2 = 2iad" " |,

(2m tn—1-— Qi)a%m+n72i72 _ 2iaim+n72i

while for 2m +1<:<2m+n— 1:

2m+n—1-— i)a%m“‘_’_g — ia%m'm_’
(2m 4 n —1 —i)admTn=im2 _ jgdmin=

A; = (-1)° 2m+n—1- i)angm*i*Q — ia%mﬂl*i

2m+n—1-— i)a%m‘”‘_i_Q — ia%m+"_i

We need to find the rank of A. Recall that application of elementary row and column
operations does not change the rank of the matrix. Note that
2m+n—2

a

Ag=(2m+n—1)| a2min-2

and

aq
(6%

Agpin—1=(=1)"Cm+n—-1) [ a3

Qn,
Suppose now that n is even. We can apply appropriate elementary column transformations
to reduce the matrix A to the form

2m+n—2 2m+n—4 2 1 n—1 n—3 3

oy oy ..o o8 oy ai o
2m—+n—2 2m—+n—4 2 n—1 n—3 3

o5 o5 oo 1 g oy L.y o
2m—+n—2 2m—+n—4 2 n—1 n—3 3

a3 o3 ooz 1 ag as ... oy ag
2m—+n—2 2m+n—4 2 n—1 n—3 3

o o a; 1 o oy oy o
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Note that we have the n X n minor

™t ol A L ad ot a1
ad™l alm? ot L a3 a1
-1 ) _
Q=| aj ay af™ o ad a2 a3 1 (4.27)
n—1 n—2 n—3 3 2
oy ay or ooy o a1

Since @ # 0 we get rkA=n. Hence by1n—1 = m +n —rkA = m as stated.
If n is odd the same type of analysis lets us transform the matrix of the system of
linear equations for the coefficients of a homogeneous polynomial p of degree 2m + n — 2

into the form

2m—+n—3 2m—+n—>5 2 n—2 n—4 3

o] o] oo 1o o T o oq
2m—+n—3 2m—+n—>5 2 n—2 n—4 3

aj % oo 1 ag Qy ... 0y
2m+n—3 2m+n—>5 2 n—2 n—4 3

Qs Q3 o031 ag Qs ... a3 ag
2m—+n—3 2m—+n—>5 2 n—2 n—4 3

o o ooan 1ol al™t o ay oy

We still have the non-zero minor @ given by (4.27)). Hence boyipn—2 = m4+n—1—n=m—1

as stated. O

It is easy to find all the odd coefficients of the Poincaré series for terms larger than a

certain degree.
Proposition 4.8.2. Let i > 2m +n — 1 with i odd. Then in bi=i+1—m—n.

Proof. As in the proof of Lemma we have b; = i+ 1 — m — rkA, where A is the
matrix of the system of quasi-invariance conditions as equations for the coefficients of a
polynomial of degree i. By the same reasons as in Lemma we get kA = n, so the

Lemma follows. O

In the next Proposition we determine all the even coefficients of the Poincaré series

starting with a certain degree.
Proposition 4.8.3. Leti = 2m+2n+2t wheret € Z>o. Then in b =i+1—m—n.

Proof. Let ¢ be a homogeneous polynomial of degree 2m + 2n + 2t,

2m—+42n+-2t
_ 2m—42n+42t—i, 1
q= E a;T Y.

1=0
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where a; € C. The matrix of the system of linear equations for the coeflicients of ¢ has

the following structure after elementary transformations

a2m+2n+2t71 a2m+2n+2t73 o OéS a3 a;

1 1 1 1

2m+2n+2t—1 2m+2n+2t—3 5 3

a5 a5 e B e - Ao 2>

2m—+2n+2t—1 2m—+42n+2t—3 5 3

as as a3 a3 a3z |A (4.28)
2m—+2n+2t—1 2m—+42n+2t—3 5 3

o o o o O

where the block A consists of n + ¢ columns A;

(2 — )32 — (2m +2n + 2t — 2i + 1)a?!
(20 — 1)a3d"™2 — (2m + 2n + 2t — 2i + 1)a?’
Ai=| (20 —1)a22 — (2m+2n + 2t — 2i + 1)’

(20 — 1)a272 — (2m + 2n + 2t — 2i + 1)

with 1 <4 < n+t. Suppose the rank of the matrix (4.28)) is not full, so the rank is less
than n. This means that any n X n minor must be zero. We are going to show that at
least one n x n minor is non-zero, a contradiction which implies the rank of the original
matrix is in fact n. First we assume that o; = —ap, 944, 1 < i < [n/2], and o, = 0 if n is
odd. This assumption will be justified later. Under this assumption the matrix can

be rearranged to the matrix

a%m+2n+2t—1 a%m+2n+2t—3 L ai) ai{; a
a§m+2n+2t71 a§m+2n+2t73 o Oég Oé% Qs
om+2n+2t—1  2m+2n+2t—3 5 3
le’ « - « a a3 0
3 s ° ° (4.29)
[2;7;]2%%_1 0‘[257312"%_3 e O‘?n/2] O‘?n/2] Yn/2]
B
0
where block B consists of n + ¢ columns of the form
(20 — 1)a2 ™2 — (2m + 2n + 2t — 2i + 1)a?’
(20 — 1)a2™2 — (2m + 2n + 2t — 2i + 1)ad
(2i — )32 — (2m + 2n + 2t — 2i + 1)ad
C; = _ (4.30)

. 2i—2 ; i
(20 — 1)ag, 5 — (2m + 2n + 2t — 2i + 1)af,
(26 — 1)0%—2
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where 1 < i <n+t and n is odd, so in particular a;,, = 0. When n is even C; has the same
form with the final row removed. By Lemmathe block B contains at least one
non-zero n/2 x n/2 minor when n is even. When n is odd B contains a non-zero ”T‘H X "7“
minor which contains the last row and column of B. In order to show that the rank of the
original matrix is n we have to justify the assumption o? = 04[2n oy <0< [n/2],
and «,, = 0 if n is odd, which allowed us to write in the form detailed in .
We make the following elementary observation: since the block B contains at least one
non-zero [“42] x [2#1] minor, it contains at least one non-zero minor of each size k x k,

where 1 < k < ["T‘H} Armed with this observation, consider the matrix (4.28)). If its rank

is not n then any n X n minor must be zero. Consider

a%n_l a%"_s a%”_‘r’ o a? o
a%”_l agn_3 a%”_5 .. a% s
Qu=| ozt ai"? " ... ol a3
O(,%n_l a%n—?) a%n—S Oé% ap,
a%n—? a%n—4 a%n—G OL% 1
2n—2 2n—4 2n—6 2
« « « a5 1
n 2 2 2 2
= H ;| a3"? a%"*‘l a3t a2 1
i=1
2n—2 2n—4 2n—6 2
oy ay oy a; 1

So @1 =0 — oz2:a]2-forsomel§i<jSn,orak:Oforsomek,lgkgn.

%

Suppose first that after relabelling a; = 0. Then the original matrix has the following

form
0 0 ... 0 0 0
om42n42t—1  2m+2n+2t—3 5 3
a; a; .03 a3 an

2m—+2n+2t—1 2m—+42n+2t—3 5 3
fo% fo% .03 a3 oz | A

a%m+2n+2t71 aim+2n+2t73

Q
S,
Q

w

o2
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where the block A consists of n + ¢ columns each with the following structure
(20 —1)0%—2

(20 — 1)a3" ™% — (2m + 2n + 2t — 2i + 1)aZ’

Di= ] (2i—1)a3"? - (2m+2n + 2t — 2i + 1)a?’

(20 — 1)a2=2 — (2m +2n + 2t — 2i + 1)a®

with 1 <7 <n +¢. In this situation the determinant

0 0 0 ... 0
agn—3 agn—5 agn—'? as
o 2n—3 2n—>5 2n—T7
Q1 =| o3" az” az” ... a3 | Dy |#0.
a%n—?) a%n—5 a%n—? ay,

So we may assume that if the rank of the matrix (4.28)) is less than n then o? = o3 after
relabelling. In this situation the matrix (4.28)) is equivalent by row transformations to the

matrix
0 0 ... 0 0 0
a§m+2n+2t71 a§m+2n+2t73 o a? O‘i’ ay

2m—+2n+2t—1 2m—+2n+2t—3 5 3
Q3 Q3 ... Q3 Q3 Q3

)

(4.31)

2m—+2n+2t—1 2m-+2n+2t—3 5 3
o o e >

o, (67%

where the block A consists of n + ¢ columns each with the following structure

(2i — 1)a?™% — (2m + 2n + 2t — 2i + 1)
0

(2i — 1)a3" ™% — (2m + 2n — 2i + 2t + 1)ad

(26 — 1)a2=2 — (2m + 2n — 2i + 2t + 1)a?

n

with 1 < i < n+t. Note that the rows 1,3. .., [n/2], [n/2]+1 of A coincide up to relabelling
of the a;s with the matrix B formed by the first [n/2] rows of the matrix B from (4.29),
1} As tkB = [”TH] the first row of the matrix A contains some non-zero entry which
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we will denote by Bixi. Now, consider the following minor of the matrix (4.31))

0 0 0 ... 0 0 Bixi
2n—3 2n—>5 2n—"7 3

o o o ..oy a0
2n—3 2n—>5 2n—T 3

0 as as as ..oy a3
2 =

2n—3 2n—>5 2n—7 3

oy oy oy oooay oy .
2n—3 2n—>5 2n—7 3

o o o oy Oy

Since Bix1 # 0, Q2 = 0 <~ oz2—oz?forsome3§i<j§norozk:Of0rk:7é1,2.

D =

Suppose az = 0 up to relabelling. In this situation (4.31]) is equivalent to a matrix which

has minor
0 0 0 0 0
Boxo
0 0 0 0
2n—>5 2n—T 2n—9 3
Q. o o o oo o
2 p—
2n—>5 2n—"7 2n—9 3
oy oy oy oooay oy .
2n—>5 2n—"7 2n—9 3
o o o oy Oy

where Bayo is a 2 X 2 submatrix of the first two rows of A such that the corresponding
minor |Bayxa| # 0. Such a submatrix exists since kB = (2] So we have Q, # 0.
So we may assume that if the rank is less than n then of = o3 and o} = af up to
relabelling. It is not hard to see that we can continue in this way to deduce that if the

rank is less than n then (up to relabelling) a? = oz[Qn/Q] 1 <i<[n/2]. If nis even we

+i?
stop at this point. Now, we need to record what happens when n is odd. Thus far we

have seen that if the rank of the matrix 1) is less than n then we have the "T_l pairs
a? = O‘%n—l)/?ﬂ" 1 <i<(n—1)/2. In this situation 1} is equivalent to

2m—+2n+2t—1 2m—+2n+2t—3 5 3

o o] oo fa% o
2m—+2n+2t—1 2m—+2n+2t—3 5 3
fa%s fa% e % fa%; 1%
2m+2n+2t—1 2m+2n+2t—3 5 3
fa% fa%s N e% 1 o az | 0
(4.32)
fmiana2t=l o G2mind2=3 05 a8 e
2 2 2 2 2
0 B
2m-+42n+2t—1 2m—+2n+2t—3 5 3
(0% (0% e ap (0% (67%% *
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where the block B is up to relabelling the first [n/2] rows of the block B introduced in

(4.29), (4.30). Thus we can consider the following minor of (4.32))

0 0 0 0 0
anl X n—1
0 0 0 0 0 2 2
n n—2 n—4 3
Qg Oén+1 O[n+1 Ay A n+1
2 2 2 2 2
!
_ n n—2 n—4 3
Qn-1=| by a5 oy Sy Qnss .
2 2 2 2 2
n n—2 n—4 3
Ap—1 ¥p-1 Op1 - OFp_1 On-l
ol aﬁ_Q aﬁ“l ai ay,

. e ’
where Brn_1,, n-1 corresponds to a non-zero minor of B. We have (),,_; =0 <= o, =0.
2 2

X

So if the rank of lb is less than n and n is odd then o = a?n_l 1<i<(n-1)/2

)/ 2437

and a,, = 0. This is the case we started our analysis with. To conclude, we return to

(4.29). If n is even consider the following n x n minor of (4.29))

n—1 n—3 5 3
o oy .o oy oy
n—1 n—3 5 3
fa% oy 03 fa%s %
n—1 n—3 5 3
os Qs ... Qs o3 a3 0

n—1 n—3 5 3
n/2 n/2 " an/2 an/2 On /2

0 Bn/2><n/2

It is non-zero. Similarly if n is odd consider the following n x n minor of (4.29))

Al At oAb ol o
A as Qo
ag_Q ag_‘l a3 as s 0
a”? and o, Al an-

2 2 2 2 2

0 Bri1 o ntl
2 2
which is also non-zero, and we are done. ]

Now we study the dimension of quasi-invariants of degree 2(m + n — 1). It appears
that this dimension is the same for any configuration A except one configuration whose

geometry is fully fixed.
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Proposition 4.8.4. In , bomton—2 =m+n — 1 unless

[1ln/2] —2i+1)

(e
< ' ) ﬁ(2m+2i—1)

i=1

where 0 < r < [n/2] and

2 2
QG = Q944>

1<i<[n/2], and if n is odd, a, =0, in which case bapyton—2 = m + n.

Proof. Let q be a homogeneous quasi-invariant polynomial of degree 2(m +n — 1), let

2m—+2n—2

_ 2m+2n—2—1_ 1
q= E a; Yy,
=0

where a; € C. The matrix of the system of linear equations for the coeflicients of ¢ has

the structure.

2m+42n—3 2m+42n—5 5 3
o o ooa) o) og
2m—+2n—3 2m—+2n—>5 5 3
fa%s o5 UNGY S e 2 S e D)
o 2m—+2n—3 2m+2n—>5 5 3
M=| o a; ooy a3 ag | A, (4.33)
2m+2n—3 2m+2n—>5 5 3
ot o o o Op

where the block A consists of n — 1 columns each with the following structure
(20 — 1)a2 =2 — (2m +2n — 2i — 1)a?
(2 — 1)a3™2 — (2m + 2n — 2i — 1)a!
Ai=| (20 —1)a3"? — (2m+2n —2i — 1)

(2i — 1)a272 — (2m + 2n — 2i — 1)a2
with 1 < i < n—1. We will show first that tkM > n — 1. Assume initially that
a? = a[zn/ﬂﬂ., 1 <i<[n/2], and a;, = 0 if n is odd. Under this assumption the matrix M

is equivalent to

2m+2n—3 2m—+2n—>5 5 3
o) o] o oy o
2m—+2n—3 2m—+2n—>5 5 3
fa% fa% %t %t 1%
a2m+2n73 a2m+2n75 . 045 Oé?) as 0
3 3 3 3
(4.34)
2m+2n—3 2m—+2n—>5 5 3
/2] /2] S ) Y I UTEe)
B
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The block B consists of n — 1 columns, each of which has the following structure

(20 = 1)a7"™* — (2m + 2n — 2i — 1)af’
(20~ 1)a3"™2  (2m + 20 — 2i — 1)a}’
2i —1)a3""? — (2m + 2n — 2i — 1)a’

. ( Ja2i=2 _ ( . Jas (4.35)
N

where 1 <4 < n — 1, and the last row should be removed if n is even. Now, by Lemma
there exists a non-zero ([n/2] — 1) x ([n/2] — 1) minor of B where B is the submatrix
of B formed by the first [n/2] rows. The existence of this ([n/2] — 1) x ([n/2] — 1) minor
B(in/21-1)x([n/2)-1) allows us to reproduce the arguments from Proposition which

justify the assumption a? = oz[Qn/Z} 1 <i<[n/2], and ay, = 0 if n is odd, if the rank of

+i)
M is less than n. If n is even there is a non-zero (n — 1) x (n — 1) minor of (4.33) of the

form
™t At o b m
ay™t el L A as Qs
ozg‘_l ozg’_g co.aj ai Qs 0
: 5
aZ/iz1 O‘Z/}S 0‘2/2 ai/z On/2
0 Bn/2-1)x(n/2-1)
while if n is odd there is a non-zero (n — 1) X (n — 1) minor of of the form
a7t L} af o
R a3 as
af™? ay ™t ... A} % o 0
)
ai o} R A )
Bn 1 n—1
2

so the rank of M is at least n — 1.
Now, suppose the rank of M is n — 1. Then any n X n minor must vanish. Returning

to the block B, by Lemma [4.7.1] in its notation we have

/2] [n/2] [n/21 1 i1
B =A Ha2L 22 Y I @ln/2] - 2r + 2L = 3) [[(2m + 2r + 2n — 2[n/2] — 2L + 1)e;
r=t r=0

where 1 < L <n/2if niseven and 2 < L < ”TH if n is odd. Note that when n is odd

we do not consider the minor Bj. In this case the minors By, 2 < L < ”TH, we consider
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have size ”Tfl X %71 However we can then include the last row and column of B in each
of these minors to create a minor of size %"1 X ”T‘H Adding the last row and column does
not change the expression for each By, 2 < L < ”T‘H Thus we can consider both the odd
and even cases together. Suppose all the By, vanish. Regard the resulting conditions as
a system of linear equations for the unknowns ey, ...,ep, /9. Then by Lemma the
corresponding matrix is non-degenerate. The system can be solved by setting

e — <[n/2]> ﬁ (2[n/2] — 2i + 1)

r 2m+2i—1)

for 1 <r < [n/2] and ey = 1. This follows from Lemma [£.7.2] O

Theorem 4.8.5. Suppose the configuration A satisfies the following properties

2 _ 2
QG = QA /9)+i

where 1 <i < [n/2], an, =0 if n is odd, and

(/2] 19 (2[n/2] — 2i + 1)
67"‘( r >Ul (2m +2i — 1) (4.36)

where 0 <7 < [n/2]. Then A= A(p 1n)-

We will establish this theorem using the following strategy. Suppose that the ele-
mentary symmetric polynomials €; in the variables z; (see Lemma take the values
specified in Definition that zp = 1 and that z;z,—;11 = 1 for 1 < ¢ < n which
means that A = A, 1»). We will show that this happens if and only if the following two
properties are satisfied after rotation by 7/2 and relabelling: the elementary symmetric
polynomials e,, where 0 < r < [n/2], take the values specified in Theorem and

2

a; = oz[zn Joj+; Where 1 <@ < [n/2], and o, = 0 if n is odd. First we collect some useful

observations and introduce some notation.

(i) Note that of = cot?(6;) where 6; is such that the i-th vector of A, 1n) has the form
(cos b;,sin ;). We have cot?(6;) = —— — 1.

sin? 0,
(ii) Let u; = sin?(6;) for 1 < i < [n/2]. Recall from Definition m that z; =
cos(26;)+isin(260;) and that (since zjz,—j41 = 1) 8; = =011, so that zj+2,_j41 =

2cos(20;) = 2(1 — 2sin?(0;)) = 2(1 — 2u;).

(iii) Finally note that, since 6; = —6,,_;11, oz? = cot?(0;) = cot?(0p_iy1) = afkl-ﬂ. So,

up to relabelling the property a? = a[2n J9]+i is satisfied. If n is odd note that (since
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ZjZn—j+1 = 1), 22, =150 0n1 = 7/2 and thus o?,, = cot?(fnt1) = 0. Thus up
2 2 2 2

to relabelling a,, = 0.

Denote by f;, 0 < i < [n/2], the i-th elementary symmetric polynomials in the variables
uj = sin2(0j), j=1,2,...,[n/2]. We are going to relate the configuration A with e,
given by and the configuration A, 1») in two steps. First we find the values of the
elementary symmetric polynomials f; for the configuration A, i») (Lemmas
below). Then we check in the proof of Lemma that these f; lead to the relations
(14.36]).

Lemma 4.8.6. When n is even we have
o — %
& =) (-1)72* <n .Z> fi (4.37)

for 0 <r <n/2. When n is odd we have

r

R 5 fm—21—1\ 2r—n
e = ;—1)’2”( o >Wf (4.38)
for 0 <r < "T_l

Proof. First suppose that n is even. Recall that the e, are the elementary symmetric
polynomials in the variables z;. Recall also that if A = A, 1») then 22,41 = 1 for
1<i<n/2. Sofor 0 <r <n/2 we have

Er = E i1 Ry« o+ Ry

1<i1<i2<...<ir<n

= Z Tiy Tiy - T +(n/2—142) Z Xy Ty« Ty

1<i1<i2<...<8r<n /2 1<i1<ia<...<ip_2<n/2
+(n/2—r+4) g iy Tig - - Ty,
1§7§1<i2<.‘.<i7v,4§n/2
+(’I’L/2—7"+6) E Li1 Ly -« Tjp_g

1<i1<i2<...<ip_<n/2

+...

where z;, = z;, + zp—i,+1. Since z; + zp—i+1 = 2(1 — 2u;) we have

6, =2" > (1 —2us,)(1 — 2uy,) ... (1 — 2u;)
1§i1<i2<.4.<irﬁn/2
+ (n/2 —r+2)272 > (1—2u; (1 —2us,) ... (1—2u; )
1<i1<i2<...<ip—2<n/2
+(n/2—r+4)27* > (1 —2u;, )1 — 2ug,) ... (1 —2u; )

1<y <ip<...<ip_g<n/2

+...
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.

2

In other words we have

T

e =23 (-1 (”/2

r—
j=0 J
T—

+27 2n/2—r+2

+277 ()2 —r + 4)

+ ...

We can rearrange this to

~ (-1 22’“(”/2 i

~

e, 0
yr—lg2r- 1(”/2_7'+1>
Jr=292r- 2(”/2_7"+2> 4 (—1)7 202 4(”/2_17’+2> (”/2_()7'+2)]fr_2
)r=392r= 3<”/2_T+3) 4 (—1)r392r- 5(”/2—17""‘2) (”/2—17’+3>]fr_3
¥

T [i/2]

Sy S 28(n/2 —sr+2s) (n/?:;’:i)ﬂ_i).

i=0 s=0
—r+28\(n/2—r+i\ [(n—2r+2i
i—-2s ) i '

Now, we are going to show that

[i/2]

> (M

(4.39)

We have
[i/2]

Z it <n/2 —r 25) <n/?:;“5+ 1)

(n)2 =1 + 1)) f (=i/2)s(1/2 = i/2).
T (/2= 0N/2)/2 - 1/2)(i/2 - 3/2) ... 12 &= sl(n/2—r + 1),
(n)2 =7+ i)

T (/2= n)i/2)1(i/2 = 1/2)(i/2 — 3/2) . ..

7 oFy(—i)2,1/2 —i/2:n/2 — r +1;1)

(n/2 —r+1)!

I'(n/2—r+1DI'(n/2—r+1i/2+1/2)

(n)2 —r)(i/2)(i/2 —1/2)...
L(n/2—7r+i+1/2)

_ 2i(n/2 —r +1)!

1/2T(n/2 —r+1+i/2)T(n/2 —r+1i/2+1/2) (by Theorem

0!

(n/2—r+i/2)T(n/2 —r+i/2+1/2)
2in/2 —r+i)(n/2—r+i—1)...

n/2—r+i/2+1)(n/2—r+i—-1/2)...(n/2 — 7 +1i/2

4.2.5

+1/2)

(n—2r4+2)(n—2r+2i—1)(n—2r+2i-2)...

il
(n—2r+i+1)

B (n—2r+2i>
. )

il
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So if n is even we have

R r o _9 92 r o _ 9
e = Z(_l)r 122r 2 <TL :’+ ’L) fr—z‘ _ Z(_1)1221 <7;_il> fZ

1=0 i=0

Now suppose that n is odd. Recall that in this case zn+1 = —1. Let us denote by
2
e,(n—1) the elementary symmetric polynomials in the variables z1, z9, ..., z,—1. Then up

to relabelling of the z; we have

€r = E Zi1 Rig «  » Ry

1<i1<i2<...<ir<n

= g Ziy Bigy - - Riy — g Ziy i -+ Ripy

1<41 <i2<... < <n—1 1< <i2<...<ipr—1<n—1

— & (n—1)—&1(n—1)

i m—2i—1 = g (n—2i—1
Tkl G VB Ve (i V¢

=0

3 (1 (” no 1) - (Z__ii__f))ﬁ

I
™

as required. ]

Lemma 4.8.7. If the elementary symmetric polynomials f; take the following values
n/2)\ IT'—; (2m + 2[n/2] — 25 + 1)
fi= (" Sk
t 2 Hs:1(m+n_ 5)
for 0 <i < [n/2], then for n even the relation

()T g ()

1=0

holds, while for n odd the relation

o ()T g ()

i=0
holds.

Proof. First suppose n is even. We need to check if the relation

aecr () ()

_ i(—l)@ <n—2i> <n/2) [Toey (2m + 1 — 25 +1) (4.40)

i—0 r—i t Hé:l(m"’_n_s)
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holds. We claim that the identity (4.40) can be seen as a special case of Saalschiitz’s
Theorem, see Theorem The identity - ) follows upon considering

sFo(=r,r —n,—m —n/24+1/2;—n/2+1/2,—m —n+ 1;1).

To see this, note first that

(—=n/2+1/247)min2-1/2(n/2+1/2 = ") pynjo—1/2
(_n/2 + 1/2)m+n/271/2(n/2 + 1/2)m+n/271/2
_ (-1 mm+1)(m+2)...(m+i—1) '
(m+n—-1)(m+n—-2)...(m+n—1)

Also, note that

sFy(=r,r—n,—m —n/2+1/2;,—n/2+1/2,—m —n+1;1)

B = (=1)i(r —n)i(—m —n/2 +1/2);
_Z n/2+1/2>< m—n+1);i!

r(r—1)...(r—i+1)(n—r)(n—r—1)...(n—r—i+1)H(2m+n—2s+1)

- i:()(_l)i I SRR S S TS R CE T

%

n(n—1)...(n—r+1)(n—r)(n—r—1)...(n—r—i+1)H(2m+n—2s+1)

=) (=1)'! - s=1
= (r—i)l(n—-1).. (n—2i—|—1)H(m—|—n—s)i!n(n—1)...(n—7‘—|—1)
s=1
. f[(n/z—s) ﬁ (n—2i—s)[[@m+n—2s+1)
— ( 1) |2Ls 0 s=0 s=1
i=0 (T*Z)'Hﬂ(m*”*S) im(n—1)...(n—r+1)
, ﬁ(2m+n—23+ 1)
i fm—20\ (n/2\ ;=1 il
o .
— r—1 i i nn—1)...(n—r+1)
=0 H(m+n75)
So
sFy(—r,r —n,—m —n/2+1/2;—n/24+1/2,—m —n+ 1;1)

(=20 (n/2\ [ @m 4 n =25+ 1) 7l

0( 1)2<7"_i><i> Mo (m4+n—-s) nr-=1..(n—r+1)
m(m+1)(m+2)...(m+i—1)

(m+n—1)(m+n—-2)...(m+n—1)

1=

—(-1y
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Thus we have

_ viei (T 20 (/2 [T (2m+n—2s+1)
o () ()
;mm+1)(m+2)...(m+i—nn—-1)...(n—r+1)

rim+n—-1)(m+n—-2)...(m+n—1)

e (T

Now suppose n is odd. We need to check if the relation

e ()T

_ i(—l)@ <n ~2i- 1) <";1> n—2r [[\_,(2m+n—2s) (4.41)

i—0 r—t i Jn—i=r Tli_(m+n—s)

holds. The identity (4.41)) can again be seen as a special case of Saalschiitz’s Theorem. It

1=0

—~

~1)

follows upon considering

-1 -1
sFy(—r,r —n,—m — nT + 1/2;—n

+1/2,—m —n+1;1).

To see this note that
(23 1/24 1) nct (05 12 =) n
(2 12Dyt 1o (CBFEH1/24 0] acs

= (=1)" m(m+1)(m+2)...(m+i—1) n
B (m+n—1)(m+n—-2)...(m+n—i)n—2r

Also, note that

-1 -1
3F2(—r,r—n,—m—n —}—1/2;—n2 +1/2,—m—n+1;1)
i
. ‘ ) (2m +n — 2s)
~ N ()i n—2i—1\ ("5 =1 r! 1
— r—i i i m—1)...n—r+1)n—i—r
= H(m+n—s)
s=1
The identity (4.41]) now follows. O

Lemma 4.8.8. Suppose that for 0 <r < [n/2]

e (T

Then for 0 < r < [n/2] we have

(02 [Ty (2In/2] ~ 25 4+ 1)
= (V) e m oy 2
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Proof. First note that by Lemma we know that for 0 < i < [n/2]

_ (n/2]\ [T 1(2m +2[n/2) - 25 +1)
fl ( 7 > QZHS 1(m+n—5)

We have
a= 3 DG Do)
(02 ([n/2] -1 1 ([n/2]-2 1 ([n/2] -3 1
= ( 1)< r > ( r—1 )zz:ul—'_( r—2 )Z;uluj < r—3 >Z§£kulujuk
+...
+ Z U ulu
n/2| —1
_Z < ;ll >fz
where
f:f[n/g]z < (n/2) > ["/21—"<2m+2[n/2}—23+1)2[n/2}n[5’;/f}(m+n_8)
Y fing (/2] = i) gln/2=i [T (40 — ) [T 2 (2m + 2[n/2] — 25 + 1)
L ([n/?])Hi L(m + [0/2] + 5)
[T—p@2m+2s+1)
So we have

e, = i(_l)iQi ([n/2] - Z) ([n/Q]) Hi;%)‘(_m +n—[n/2+s)

i=0 ree ! [Ti=o(2m +2s + 1)

So we just need to check if the identity

i (/2 =0\ (/2 Tz (m + n = /2 +5)  ([n/2]\ [Teey (2In/2] — 25 + 1)
2. 2< r—1 >< i ) T2 (2m + 25 + 1) _< r ) [T_,(2m+2s—1)
(4.43)

=0

holds. Multiplying by the denominator of the right hand side the left hand side becomes

g(_lyﬂéi <[”/2] i Z> <W2]> ﬁ(m +n—[n/2] + ) ﬁ@m +2s+1)

ret t s=0 s=1
[n/2] T  /r i—1 r—1
= S (=02t ) [[m+n—[n/2] +s) [[(2m + 25 + 1).
" i=0 Y 2o s=i
We are going to consider each side of (4.43]) as a polynomial in n and show that these
polynomials are equal. First, note that the coefficient of the highest term in n (namely

n") is clearly the same on both sides. Both sides are zero when n = 0. Suppose now that
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n is even. The non-zero roots in n of the polynomial in the right hand side of (4.43) are
n=1,35,...,2r — 1. When n = 1 the left hand side of (4.43]) becomes

<n7{2> g(_l)r—igi (:) le)(m +1/2+5) E@m +25+1)
_ ﬁ(2m 4254 1) i(_ly (:) o
5=0 =

using Lemma Similarly if n = 3 the left hand side becomes

(%2) g(_l)r—igi C) ﬁ(m +3/24 5) ﬁ(2m +25+1)

s=0 s=1

r—1 r
=[I@m+2s+1) (—1)i<f)(2m+2z’+1):0
s=1 =0

7

1
again using Lemma If we continue in this way, it is easy to see that for each
n=1,3,5,7,...,2r — 1 we can write the left hand side of (4.43]) in the form

i=0
where @ has degree less than r and P is some polynomial in m. (When n is 2r+1 or higher
@ has degree r or higher). Thus forn =1,3,5,...,2r—1 Lemma shows that the left
hand side of is equal to zero. Suppose now that n is odd. The polynomial in the
right hand side of has roots n = 2,4,...,2r. It is easy to see that the polynomial
in the left hand side has the same roots, so both polynomials coincide. Hence holds
for odd n as well. O

Theorem now follows from Lemmas [4.8.6] [4.8.7 and [£.8.8

4.9 Qg4 is Gorenstein for type (m,1") = A = Ag, 1)
In this section we are going to prove the following theorem.
Theorem 4.9.1. Suppose Q 4 is Gorenstein where A has type (m,1"). Then A = Ay, 1n)-

We will do this by completing the following steps. First we will calculate the Poincaré
series for an arbitrary arrangement of type (m,1™). We refer to this series throughout
as P(t). We show that any restrictions on the geometry of the arrangement lead to only
finite freedom in the coefficients of P(t). We will state these possible series explicitly. We

will then show that if any such series is palindromic then the arrangement in question has
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to be A(y, 1n). More specifically when calculating P(t) we will make use of the important
fact that the rank of the matrices at certain degrees depends only on two parameters: the
number of different oz% and the number of «; that are equal to zero. The latter is O or
1. By this we mean that the rank at certain degrees can change by a natural number
determined wholly by the number of pairs a? = 0432-, 1 # j and the number of «; that are
equal to zero. This will make calculating possible Poincaré series significantly easier. To
this end we set

r = number of different o?,i =1,2,...,n

and we introduce the parameter § which is defined by

5 1 if a; = 0 for some j,

0 ifa; #0V 4.
The interaction of the parameters m and n is important in the considerations to follow.
We will need to modify our analysis slightly when moving between the cases m > n and
m < n. With this in mind we first state and prove lemmas which do not require any
assumptions regarding the interaction of m and n before analyzing specific cases.
Recall the definition of the Poincaré series (4.24). We intend to calculate P(t) making

use wherever possible of the parameters r, 4. To this end let

l
kil 4
Pr,(5 - Z bit
i=k
and
kL _ o420+
Pr,6,odd - Z bQH‘lt
k<2i+1<I
and
k.l o 421
Pr,(s,even - Z bQZt
k<2:<l

for any arrangement A, where the series calculated depend on r,4. If r or § or both do
not affect the answer we will omit them from this notation.
At this point we will prove two elementary lemmas which will be useful in the calcu-

lation of P(t).

Lemma 4.9.2. Let a,b € Z with b > a and suppose that b_?a € 7. Then

b—a

2 e — ta+2 o tb+2 + 2«/.b—|—4

Z ta+23 _
@17

s=0
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Proof.

b—a
2
Zta+2s :ta+ta+2 —{—...—l—tb
s=0

=191+ t2 4.+t

:t‘l(

(1 _ tb—a+2)(1 _ t2)

=t®

=t

1— tb—a+2
1—¢2

)

(=12

(1 _ t2 _ tb_a+2 + tb—a+4)
a

@17

te — ta+2 _ tb+2 + tb+4

@17

Lemma 4.9.3. Let a,b € Z with b > a and suppose that b_?a € 7. Then

o

—a

(

v ‘

©
Il
o

a+ 28)t =

at® + (2 — a)t®*2 — (b + 2)tv*2 4 ptd+4

@17

(a+28)t972 = at® + (a + 2)t" T2 + ...+ bt

=at®(1+ 2+ .+t 2 214262 4. 4 (

= at®

1— b—a+2

b—a

2

1—th=t2  p—q42 e

:atG(WHzta*?( (e —( )
1— b—a+2 1— 2 1— b—a+2
e i —bat)

)t

a—2)

Ja+2 (1— )t
1- )

at® — atb+2 _ ata+2 + 75()—&—4 + 2ta+2 o 2tb+4 _ (b —a+ 2)(tb+2 o tb+4)

(@17

at® + (2 — a)t®2 — (b4 2)th*+2 4 ptd+4

@ -17

Now we are ready to begin calculating P(t). We have the following.

Lemma 4.9.4.

when n 1s even and

when n is odd.

PO,TL —

PO,n —

1 _ t2 _ tn+2 + tn+4
@ =17
1 _ t2 _ tn+1 + tn+3

@17
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Proof. From Lemma [£.4.1] we know that for n even
PO =142 4ttt

1 _ t2 _ tn+2 + tn+4
@17

A similar argument holds for odd n. O

Lemma 4.9.5. Suppose n is even. Then

t2m+2n+1 o (m 4 n)t2m+2n—1 - mt2m+n+3 4 (m 4 2)t2m+n+1

p2mAn+12m+2n—3 _ (m+n—2)
odd - (t2—1)2

Similarly if n is odd

P2m+n,2m+2n73 B (m In— 2)t2m+2n+1 _ (m + n)t2m+2n71 + (m 4 1)t2m+n _ (m _ 1>t2m+n+2
odd - (t2 _ 1)2 '

Proof. If n is even from Lemma we have

P2m+n+1,2m+2n*3 — (m 4 2)t2m+n+1 + (m 4 4)t2m+n+3 4 (m + 6)t2m+n+5 N (m +n— 2)t2m+2n73

odd
(m +n— 2)t2m+2n+1 _ (m + n)t2m+2n—1 _ mt2m+n+3 + (m + 2)t2m+n+1
=1y |

Similarly if n is odd we have

P()21;3+n,2m+2n—3 — (m + 1)t2m+n + (m + 3)t2m+n+2 + (m + 5)t2m+n+4 o+ (m +n— 2)t2m+2n73

(m +n— 2)t2m+2n+1 _ (m + n)t2m+2n71 + (m + 1)t2m+n _ (m _ 1)t2m+n+2
@17 |

Lemma 4.9.6.

P2m+2n—1,o<> _ (m + n)t2m+2n—1 + (m +n+ 1>t2m+2n + (_m —n+ 2)t2m+2n+1 _ (m +n— 1)t2m+2n+2 .

@ -1

Proof. Using Proposition [4.8.2] and Proposition [4.8.3] we have

p2m+2n—loo _ Z (i+1—m—n)t = Z it" — (m4+n—1) Z t

>2m+2n—1 1>2m+42n—1 i>2m+2n—1
- (m + n)t2m+2n—1 + (m +n+ 1)t2m+2n + (_m —n+ 2)t2m+2n+1 _ (m +n— 1)t2m+2n+2
- (2 —1)2

7 (m + n)t2m+2n71 + (1 —m - n)t2m+2n
(1—1)
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4.9.1 The case m >n

Lemma 4.9.7. Suppose that m > n. Then

T e L e el (VR S o | e

7,0 o (t2 —1)2
L (m= P — (o= + 6 4 2)t 2 4 (mo— v 4 0 + 12T
(=12

if n is even and

nt1.2m gl gnA3 g g2r 4l 4 4202042 _ (m — 1+ 1)$2m+1

7,0 o (t2 —1)2
N (m— )23 — (m—r + 0+ )22 4 (m —r + 5 4 1)+
@17
if n is odd.

Proof. Let g be a homogeneous quasi-invariant of degree i. We suppose n 4+ 1 < i < 2m,
so g has no odd powers of y. Suppose first that ¢ is odd. The matrix of linear equations

on the coefficients of ¢, which express quasi-invariance conditions, is equivalent to

i—1 2
o af 1
ab ! ad 1
A= ;
i—1 2
Q. ay 1

where we removed zero rows. There are “t} columns and r rows, so kA = min(2, ).
Now, the dimension of homogeneous quasi-invariants of degree i is b; = i+1— % —rkA =

% —1kA, so b; = 0 unless % > r, that is unless 7 > 2r + 1. Further, for ¢ > 2r + 1 we

have b; = % — r. Notice that the parity of n does not affect these considerations. So the

odd part of the segment of the series has the form

P:;&Z’Zm_l = t2r+1(1 24 3tt 4+ (m — T)t2m72r72)

B t2r+1((m — )22 (g — 4 )22 4 1)
- @17 |

Now let ¢ be even. The matrix expressing the quasi-invariance conditions is equivalent to

i—1 3
o e a1
i—1 3

1
« h Oé_é‘ Op_§
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where we again omit zero rows. There are 5 columns and r rows, so rkA = min(%,r —4).
The dimension of homogeneous quasi-invariants of degree i is b; = % +1- rkg, sob, =1
unless r — ¢ < i/2, that is unless 2r + 2 — 2§ < 4. In the latter case b; =i/2+ 1 —r + .

So the even part of the segment of the series has the form
n+2,2m _ n+2 +4 2r—26—4 | ,2r—26—2
roeven —=U T AT +

2B 42 43 4 (m— 1 §) P2 E20)
B tn+2 + t27‘—25+2 o tn+4 - t27"—2(5

-1y
+ 77 SRRV )
(t?—1)
if n is even and
1B 422 4 3t L+ (m— 1 8P
tn+1 + t21"725+2 _ tTL+3 _ t21‘725
- (2 —1)2
-1
if n is odd. O
Lemma 4.9.8. Suppose that m > n. If n is even then
2m—+1,2m+n—1
r,odd
(’l“ _ m)t2m+3 + t2m+2n72r+1 + (m +1 - T)t2m+1 _ (m + 2)t2m+n+1 + mt2m+n+3
N (12 —1)2
while if n is odd
2m+1,2m+n—2
Proaa "
(7, _ m)t2m+3 4 t2m+2n—2r+1 + (m 4+1— T)t2m+1 _ (m + 1)t2m+n 4 (m _ 1)t2m+n+2
- - 17 |

Proof. Let q be a homogeneous quasi-invariant of degree ¢ with 2m+1 < ¢ < 2m+n—1, and
7 is odd. The matrix expressing quasi-invariance conditions as equations on the coefficients

of ¢ can be rearranged to the form
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where the block A consists of % — m columns A;

2j—1
o

n—r
where 1 < j < % — m, while the block B consists of % columns B;

2j—2
ay

c il
where 1 < j < 55=.

Thus tkD > min(r, &) + min(2 — m,n — r). However, &2 > m +1 >n > r so

min(r, 1) = r. It is easy to see that in this case tkD = r 4+ min(“2 — m,n —r), so we

have

T‘Jr%—m if%fmgnfr,
rkD =

n if%—m>n—r.

So the dimension of the space of homogeneous quasi-invariants of degree 4

%—7’ if%—mgn—r,
b =
i—m-—-n+1 if%—m>n—r.
Thus when n is even
2m+2n—2r—1 i + 1 2m—+n—1
2m+1.2m+n—1 7 . i
P = E (—— —r)t'+ E (i—m—n+ 1)t
i=2m+1 i=2m+2n—2r+1
todd iodd
Now,
2 2n—2r—1 . 2 2n—2r—1 2 2n—2r—1
m-+2n—2r i+ 1 . 1 m~+2n—2r . ; m~+2n—2r .
1=2m+1 1=2m-+1 1=2m-+1
iodd todd iodd

2n+2-2r 42 y2n-2r 4
@=1p

(n—7r— 122" — (n—p)t?n=2r=2 11

=17

=" (m+1-r)
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and
2m+n—1 . 2m+4n—1 . 2m—+n—1 A
Z (t—m—-—n+1)t'= Z it' —(m+n—1) Z t*
1=2m+2n—2r+1 1=2m+2n—2r+1 1=2m+2n—2r+1
todd todd sodd
t2r—n+2 o t2 o t2'r—n 41
= (m + n — 2,r + 2 t2m+2n—27‘+1
( ) (tg _ 1)2
+ t2m+2n—2r+3 (27’ —n-— 2)t27«7n — (27. B n>t2Tin72 +2
=17 |
Adding these expressions we get
2m—+1,2m+n—1
r,odd
(T‘ o m)t2m+3 4 t2m+2n—2r+1 4 (m 41— ,r.)t2m+1 o (m 4 2)t2m+n+1 4 mt2m+n+3
- @-1p |
When n is odd a similar argument shows that
2m—+1,2m+n—2
r,odd
(7" _ m)t2m+3 + 7j2m-i-2n—2r‘-&-1 + (m +1— ’r’)th—H _ (’ITL + 1)t2m+n + (m _ 1)t2m+n+2

@-17

O]

Suppose now that the arrangement A is generic in the sense that the rank of the matrix
corresponding to the quasi-invariance conditions for polynomials of degree i with ¢ even,

2m+2 < i <2m+ 2n — 2 is n. Then we have the following.

Lemma 4.9.9. Suppose that m > n. Then

p2mt22mi2n-2 _ (m+3—n)t2m*2 4 (n—m — D2+ 4 (m+n — DE2mE2+2 4 (o —n — 1)2m+2n
even - (tQ _ 1)2 .

Proof. We assume the arrangement is generic so the rank of the matrix corresponding to
the quasi-invariance conditions for the polynomials of degree ¢ with 2m+2 < i < 2m+2n—2

is n. Then

P2m+2,2m+2n72 _ (m 43— n)t2m+2 + (m 45— n)t2m+4 + (m L7 n)t2m+6 N (m 4+n— 1)t2m+2n72

(m+3—n)t>" 2 + (n—m — )2 4 (m +n — DE2mTIT2 4 (g —n — 1)2mF2n
1P '

O

Lemma 4.9.10. Suppose that m > n. Then for any arrangement of type (m,1™) the
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possible Poincaré series are given by the following

1— t2 4 t2r+1 4 t2r726+2 4 t2m+2n72r+1 4 (1 Lr—n— 6 4 a2m+2)t2m+2
@17
t2m+4

P(t) =

(a2m+4 — 2a2m+2 +n—-—r—+ (5)

" @17

m+n—1

Y (agj—a = 2azj—2 + as)t”
j=m+3

GENE

(@2mt2n—a — 202m42n—2)
CEE

t2m+2n + a2m+2n_2t2m+2n+2

Jr
where az; €N, m+1<j<m+n-—1.

Proof. Lemmas[4.9.4] [£.9.5] [£.9.6] [£.9.7, [£.9.8| and [£.9.9 make it clear that the only degrees

for which the rank is not controlled by the choice of the parameters r and § are even

degrees i with 2m+2 < i < 2m+2n —2. Assuming that the arrangement is generic within
fixed r, 0 we have that the Poincaré series is given by

1— 2 4 2 4 2002720 4 (T p — = §)PMF2 4 (n — 1 4 §)2m A 4 g2mt2n—2rd]
(#? =1)?

By(t) =

where we denote by Py(t) the Poincaré series under this specific genericity assumption.
The only possible modifications to P,(t) are given by adding the terms in the even degrees

i with 2m + 2 < i < 2(m + n — 1) with arbitrary coefficient. So the possible forms for

[{29) are

P(t) = Pg (t) + a2m+2t2m+2 + a2m+4t2m+4 + ...+ a2m+2n,2t2m+2”_2
1— t2 4 t2r+1 4 t2r725+2 4 t2m+2n727‘+1 4 (1 Lr—n— § 4 a2m+2)t2m+2
@ =17
(agm_;,_4 — 2a2m+2 +n—-—r+ 5)t2m+4 + Z;n:t:_:;((lgj_4 — 2a2j_2 + agj)th
-1y
t2m+2n +a2m+2n72t2m+2n+2

(@2m42n—14 — 202m42n—2)
717

+
for some ag; € N, m +1 < j <m+n — 1, as required. ]

Theorem 4.9.11. Suppose m > n and suppose Q4 is Gorenstein where A has type
(m,1"). Then A = A(yany-

Proof. We have P(t) is palindromic. Consider the possibilities for P(t) given by Lemma
Observe that the only terms of odd degree in the numerator are t***! and
t2m+2n=2r+1 " Now, suppose the degree of the numerator is not 2m + 2n + 2. Then ¢?7+!
and t2m+27=27+1 cannot ‘match’, so the total degree must be odd. However this means —¢2

must match with some term with odd power, which is not possible. So the total degree is
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2m + 2n + 2. This means that a2,,42,—2 is non-zero. Now, we see from Lemma [.8.4] that

G2m+2n—2 can only take the values 0 or 1. So agpm42,—2 = 1 and from Lemma and

Theorem it follows that A = Ay, 1n). O

4.9.2 The case m <n

Lemma 4.9.12. Suppose m <n. Letn+1<i<2m+n—1 with ¢ odd. Let M be the
matriz expressing the quasi-invariance conditions for a polynomial q of degree i. Suppose

the arrangement A is generic in the sense that if

4+ 1 + 1
Lt §Tandn—7’<l—;

—m

then M has maximal possible rank, that is tkM = min(i + 1 — m,n). Then if n,m are
even

Pn+1,2m+n—1 _ 2tm+n+1 — (m + 2)t2m+n+1 i mt2m+n+3

odd - (t2 _ 1)2

If n,m are odd then

il 2min—t 28D — (g )2 4 (1)t
Podd - (t2 — 1)2 .

If n is even, m is odd then

prrl2min—1 _ g gmAnt2 (g g 9)g2mndl gy p2ment3

odd (t2 _ 1)2

If n is odd, m is even then

it amanct _ ALY (g DR (o — 1)

odd 1)
Further, if
2r<m-+n
then
nilgman—1 T4 2R (g g )AL 4 g2mndS
r,0dd = 1)

if n is even and

t2r+1 + t2n+2m—27’+1 _ (m 4 1)t2m+n + (m _ 1)t2m+n+2

n+2.2m+n—2
Pr,odd - (t2 _ 1)2

if n is odd.
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Proof. First let ¢ be a homogeneous quasi-invariant of degree ¢ withn+1<i<2m—1, 1
odd. The matrix M expressing quasi-invariance conditions as equations on the coefficients

of ¢ consists of # columns B;

2j-2
Qy

2j—2
Q9

2j—2

where 1 < j < ©1. We have rkM = min(r, 1), so that

0 fn+l1<i<2r—1,
4l if2r+1<i<2m-—1.

Now let ¢ be a homogeneous quasi-invariant of degree i with max(n+1,2m+1) <i <
2m+n — 1, and ¢ is odd. The matrix expressing quasi-invariance conditions as equations

on the coefficients of ¢ can be rearranged to the form

0 A
B x
where the block A consists of % — m columns A;
2j—1
2j—1
a2j
o 2j—1
Aj = ag
2j—1
an—r

where 1 < j < # — m, while the block B consists of # columns B;

where 1 < 5 < % Suppose first that 2r < m + n and n is even. Then there are three

possibilities for the shapes of the blocks A, B:
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41 +1
I 5 <r 5

; —msn-—r,

) 2 >r 2l —m<n-—r,
) 4>y Hom>sp—r

Note that kM = i+1—m in the case (I), tkM = r+“5 —m in the case (II) and kM = n
in the case (IIT). Hence the dimension b; of homogeneous quasi-invariants of degree i where
n+1<7<2m+n— 1, with 4 odd, is given by the following.
0 iti <2r—1,
bi=q L —r if2r+1<i<2m+2n—2r—3,
i+1—m—-mn U2m+2n—-2r—-1<i¢<2m+n-—1.

Thus we have

2m+2n—2r—3 . 2m+n—1

+1,2m+n—1 1+ 1 ; . ;
Pload = Z (72 —r)t' + Z (i+1—m—n)t
i:?g;rl i=2n+'22ndf2r71
10 10
2r+1 2n+2m—2r+1 _ 2m~+n+1 2m+n+3
gy (m + 2)t + mt
- (2 -1y

When n is odd a very similar set of arguments can be applied to see that

n42.2min—2 t2'r+1 + t2n+2m—2r+1 _ (m + 1)t2m+n + (m o 1)t2m+n+2

r,odd (t2 - 1)2

Suppose now that 2r > m + n, n is even and m is odd. The other cases are very similar.

Then there are three possibilities for the shapes of the blocks A, B:
I Fr<r, HHom<n—r,

I &<y, Flom>n—r,

) 4>y Hom>p—r

Note that tkM = ¢ + 1 — m in the case (I), rkM = min(i + 1 — m,n) in the case (II)
and rkM = n in the case (III). Hence the dimension b; of homogeneous quasi-invariants

of degree ¢ where n+1 < i <2m +n — 1, with ¢ odd, is given by the following.

0 ifi<m+n-—2,

i+1—-—m—-n ifm+n<i<2m+n-—1.
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Thus we have

2m+n—1
n+1,2m+n—1 . i
P = E (i+1—m—n)t
i=m-+n
iodd
tm—l—n + tm+n+2 _ (m + 2)t2m+n+1 + mt2m+n+3

@17

O

Lemma 4.9.13. Suppose m < n. Suppose that the arrangement A is generic in the sense
that the rank of the matriz corresponding to the quasi-invariance conditions for polynomials
of degree i with i even, n+ 1 < i < 2m + 2n — 2 is maximal. Then we have the following.

Suppose n is even. Then

Pn+2,2m+2n72 B tn—i—? . tn+4 + tm+n+1 4 tm+n+3 + (m +n— 1)t2m+2n+2 . (m +n4+ 1)t2m+2n
even - (t2 o 1)2

when m 1s odd and

Pn+272m+2n_2 B tn+2 _ tn+4 + 2tm+n+2 + (m + n — 1)t2m+2n+2 _ (m + n + 1)t2m+2n
even - <t2 o 1)2

when m is even. Similarly if n is odd

Pn+1,2m+2n—2 B thrl _ tn+3 + tm+n+1 4 tm+n+3 + (m - 1)t2m+2n+2 _ (m In4 1)t2m+2n
even - (t2 _ 1)2

when m is even and

Pn+172m+2n—2 B tn+1 _ tn+3 + 2tm+n+2 + (m + n — 1)t2m+2n+2 _ (m + n _|_ 1)t2m+2n
even - (t2 _ 1)2

when m is odd.

Proof. Suppose that n is even, m is odd. The other cases are very similar. Consider the
matrix M corresponding to the quasi-invariance conditions for the polynomials of degree ¢
withn+2 <i<2m+2n—2, i even. M has n rows and ¢ —m columns. Thus if i < m+n,
M has at least as many columns as rows. We assume the arrangement is generic so that

rkM = min(i — m,n).

m+n—1 2m—+2n—2
prfzamtn=t — N gy N (i 1-m—n)t!
i=n-+2 i=m+n+1
tn+2 - tn+4 + tm+n+1 + tm+n+3 + (m 4 — 1)t2m+2n+2 o (m 4+n 4 1)t2m+2n

@ -17

O
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Suppose now that the arrangement is generic (in the sense of Lemma [4.9.13) within
fixed r. Let us denote by Py(t) the Poincaré series (4.24]) under this assumption. Then

one has the following.

Lemma 4.9.14. Suppose m < n. If 2r < m+n and m + n is odd then

(t) _ 1—¢#2 4 t2r+1 + $2n+2m—2r+1 + mtntl + pmtn+3
g\t) = L .

If 2r <m+n and m +n is even then

1— t2 4 t2r+1 + t2n+2m72r+1 4 2tm+n+2
(=17

Pg(t) =

If 2r > m+n and m +n is odd then

m+[n/2]—2
i=(2]

1— t2 + tmtn + tm-i—n—i—l + 75771—&-n-|—2 4 tm+n+3 + (t2 _ 1)2 Z
t) =
9( ) <t2 _ 1)2

241
agip1t*t

If 2r > m+n and m +n is even then

1 — 2 4 opmtntl 4 gpmtnt2 4 (t2 - 1)2 Em+[n/2}—2 i1 2T

Py(t) = )
9( ) - (t2f1)2

where agiy1 € N, [”TH] <i<m+[n/2] —2.

Proof. Combine Lemmas [£.9.4] [4.9.5] and [£.9.6] £.9.12] and [£.9.13]

O

Lemma 4.9.15. Suppose that m < n. Then for any arrangement of type (m,1™) the
possible Poincaré series are given by the following. If 2r < m+n and n+m is odd
we have
1— t2 + t27‘+1 + t2n+2m—2r+1 + tm+n+1 + tm+n+3
@=17
a2 U]+ (g — 205125
-1y

P(t) =

+

m+n—1
Z (agj,4 —2ag;_2 + agj)tgj

i=["$°]

" @1y

(@2m+42n—a — 202m42n—2)
G

N t2m+2n + a2m+2n72t2m+2n+2
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If 2r <m+n and n +m is even we have

1— t2 + t2r+1 + t2n+2m—2r+1 + 2tm+n+2

P(t) =

(12 —1)2
QP () — 200021
(t2—1)2
m+4n—1
Z (a2j—4 — 2a2;—2 + a2j)t2‘7
n i=[244]
(t2—1)2
n (A2mson—1 — 2a2msan_2) 220 4 qg s on_ot2 2042

=17
Here azj € N, [HTH] <j<m+n-1. If2r >m+n and m+n is odd we have

1— t2 + tm-‘rn + tm—i—n—i—l + tm+n+2 + tm+n+3 + (t2 _ 1)2 ZZT%Q]]*Q
@17 2

2075

i 121
P(t) =

[ n+2

T (agags) — 2ay42))
@17

Aprng2)t

+

m+n—1

> (agj—4 — 2a5j_5 + ag;)t
i=1"5°]

+

@ -1

(@2m42n—14 — 202m42n—2)
CE:

If 2r > m+n and n +m is even we have

t2m+2n + a2m+2n72t2m+2n+2

+

1 — 2 4 opmtntl 4 opmant2 | (t2 _ 1)2 Zm+[N/2lf2 a21‘+1t2i+1

P(t) = =2
@ -1
az[ﬁ]t2[ﬂ;2] + (GQ[LH] _ 2a2[n7+2])t2[%]
+ 2 2 2
2 —1)2
m+n—1
Z (a2j74 - 2a2j—2 + Cbgj)tgj
j—[nt6
i =751
CENE
i (@omaon—1 — 2asmaon_o 2T H20 4 g o0 o2mt2nt2

-1

Here azj € N, [%"2] <j<m+n-—1and a1 €N, [%“]gigm+[n/2]—1.

Proof. Lemmas [4.9.4] [£.9.5] [£.9.6], [4.9.12] and [£.9.13] make it clear that the only degrees for

which the rank is not controlled by the choice of the parameter r are even degrees ¢ with
n+2<i<2m+2n—2 whenniseven and n +1 < ¢ < 2m + 2n — 2 when n is odd.
This means the only possible modifications to P(t) are given by adding these degrees with

arbitrary coefficient. O

Theorem 4.9.16. Suppose m < n and suppose Q4 is Gorenstein where A has type
(m,1"). Then A = A(yny-
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Proof. We have P(t) is palindromic. Suppose first that 2r < m + n. Consider the possi-
bilities for P(t) given by Lemma Observe that the only terms of odd degree in the
numerator are t2" 1 and t?"+27=2r+1 Now, suppose the degree of the numerator is not
2m 4 2n 4+ 2. Then ¢+ and #?m+2n=2r+1 cannot ‘match’, so the total degree must be
odd. However this means —t? must match with some term with odd power, which is not
possible. So the total degree is 2m + 2n + 2. This means that agp,12,—2 is non-zero. Now,
we see from Lemma@ that agm42n—2 can only take the values 0 or 1. So agmion—2 =1
and from Lemma and Theorem it follows that A = Ay, 1n)-

Now suppose that 2r > m + n. Note that in this case r # [”T‘H] and so A # Ay ).
This means that asnton—2 = 0. Suppose that n, m are even, the other cases are similar.
First we will show that the total degree of P(t) has to be even. For, consider the coefficient

tm*7+2 in the numerator of P(t). Suppose this coefficient is zero. Then we

of the term
have
Um4n+2 — 2am+n + Gmyn—2 + 2=0

so that in particular a,,, > 0. Continuing, consider the coefficient of the term t™+"+4 in

the numerator of P(t). Suppose this coefficient is zero. Then we have

Amtntd — 20mini2 + Qmyn =0

so that in particular a;m4n+2 > 0. It is easy to see that we can continue this process to

deduce that agpm12on—4 7# 0 so that the total degree is even. So we can assume that gmtn2

or some higher even power appears in the numerator with non-zero coefficient. Since P(t)
is palindromic t™*"*+2 must match with some degree > n + 1, so that the total degree is
>m+2n+3 > 2m + n+ 3 so that in particular the total degree is even. Suppose that
the total degree is 2m + 2n — 2s, s =0,1,2,...,[n/2] — 2. Tt follows immediately that

A2m+n—2s—4 = A2m+n—2s—2 = - - - = A2m+2n—25—6 — A2m42n—25—4 = 1.

Since P(t) is palindromic we know that the coefficients are equal at degrees 2m+n—2s—2

and n + 2. This means that
2m4n—25—6 — Gnt2 = 1

By comparing degrees 2m +n — 2s — 4 and n + 4 we see that
A2m+4n—2s—8 — Un+4 = 1

We can continue like this to deduce that

A2m4n—2s—2t — Ani2t—4 = 1
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where 3 <t < m%% At the next stage we compare the degrees m+n+2 and m+n—2s—2.

This time we have

Umtn—2 — Amtn—2s—2 = —1.
We can continue to compare the degrees m + n and m 4+ n — 2s. This time we have
Amtn—4 — Qmin—2s = —9.
It is not hard to see that we can continue this process to deduce that

2mAn—2s—2t — An42t—4 = 2(Q2m4n—2s—2t+2 — Any2t—6) — (A2mtn—2s—2t44 — Gn42t—8)-

m—2s+2
2

where <t< [m_TSH] If m — s is even it remains to check if the coefficients at

degrees m +n — s+ 2 and m +n — s — 2 are equal. This would require that

2(am+nfs - am+n7874) - (am+nfs+2 - am+n7376) =0

which is not possible. If m — s is odd it remains to check if the coefficients at degrees

m+n—s+1and m+n — s — 1 are equal. This would require that

_3(am+n—s—1 - am+n—s—3) + (am-l—n—s—l—l - am+n—s—5) =0

which is not possible. Thus we can conclude that if 2r > m + n then P(t) cannot be

palindromic, and we are done.

O
Theorem 4.9.17. Suppose Q. is Gorenstein where A has type (m,1"). Then A =
A(mJn).
Proof. Combine Theorems 4.9.11| and 4.9.16| ]

4.10 Qa4 n is Gorenstein
In this section we are going to prove the following theorem.

Theorem 4.10.1. Let A = A, 1n). Then the Poincaré series for the quasi-invariant ring
Q4 1s given by

B 1— t2 4 tn—i—l 4 tn+2 + t2m+n 4 752m+n—i—1 _ t2m+2n + t2m+2n+2

P(t) GESY:
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An immediate corollary is the fact that the quasi-invariant ring @ A(man) 18 Gorenstein.
We will approach the proof in the following manner. In the previous section we calcu-
lated all possible expressions for the Poincaré series P(t). The expressions calculated (we
considered three cases depending on the interaction of the parameters m and n) involved
some arbitrary coefficients. We will show how to specify these coefficients in the case
A = Agp,1n). Also, we will show that these values give P(t) palindromic, thus implying

that @ 4 is Gorenstein.

Lemma 4.10.2. Suppose A = Ay 1n). Leti=2(m+n—s), s=2,3,...,[n/2]. Then in
bi:z’—m—n+2.

Proof. Let g be a homogeneous quasi-invariant of degree i, where i = 2(m + n — s),
s =2,3,...,[n/2]. Recall that a? = a[2n/2]+i’ 1 <i < [n/2], and ay, = 0 if n is odd.
Then the matrix M expressing the quasi-invariant conditions as linear equations for the

coefficients of ¢ is equivalent to

a%m+2n72571 a%m+2n72573 o 04? a? o
a§m+2nf2sfl a§m+2n72573 o Oég Oég Qs
a§m+2n—23—1 a§m+2n—2$—3 o Oég Oég Qs 0
M= | | A (4.44)
2m—+2n—2s—1 2m+2n—2s—3 5 3
[n/2] /2] Mgz Yz Yn/2)
B
0
The block B consists of n — s columns C4,...,C,_s with the following structure

(25 — 1) > — (2m +2n — 25 + 1 — 2s)a’
(2 — a2 — (2m+2n — 2j + 1 — 25)ad’
(2 — a2 — (2m +2n — 2j + 1 — 2s)a3’

: 22 : 2
(27 = Dag, o) = (2m +2n = 2j + 1 = 2s)o ) oy

(2 = 1P

where 1 < j < n — s, and the last row should be removed if n is even. We are going to
show that the rank of the matrix M cannot be n. For, consider any n X n minor. Such a
minor is automatically zero unless we take exactly ["TH] columns from the block B. Now,
consider the block B. Let By, be the minor formed by taking the determinant of the square
submatrix with columns Cp,Cr41,...,CLy[n/2-1- Suppose n is even. By Lemma

Br,=0for1 <L <n-—s—[n/2]+1. Consider B;. Since B; = 0 we have ZZ[Z/IQ] AiCi
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for some \; € Z. We claim A\; # 0. Indeed, by Lemma [£.7.6] we can find a non-zero
([n/2] = 1) x ([n/2] — 1) minor in the block with columns Cs, ..., C}, /9. We can construct
the linear dependence Zgi/f] XiC; = 0 using appropriate ([n/2] — 1) x ([n/2] — 1) minors
as coefficients so we can take A\; # 0. Thus C; €< C9,Cj,...,Cp, 9 >. By repeated
application of Lemma we can go on to deduce that for 1 < j < n —s — [n/2],
C; €< Cp_s_jnj2)+15- - -, Cn—s > . This means that any [n/2] x [n/2] minor taken from the
block B must be zero. So the rank of the matrix is at most n — 1. If n is odd by
Lemma [4.7.2) B, = 0 for 2 < L < n—s — [n/2] + 1. We can proceed as in the even case
to see that the dimension of the space spanned by the columns of B is ”T_l

We will now show that the rank of the matrix is precisely n—1. To see this we will
construct a non-zero (n—1) x (n—1) minor. For 1 <k < [n/2],2 < L <n—s—[n/2]+2let
DE be the minors formed by taking the determinant of the square submatrix with columns
CL,CrL+1, -+, Crqfn/2—2 Where we include all but the kth row of B. Then by Lemma

3k such that D} # 0. Thus we can find a non-zero minor of B of size [%51] x [%51]. Denote

this minor by D[anl]X[nT—l]. Consider the following (n — 1) x (n — 1) minor of {D

™t o ol o
ap™t el L A as Qo
ozg_l ag_?’ ce.aj as Qs 0 40
n—1 n—3
Uzl Yozl o+ Ofujal Olnjz) /2l
0 Dincapuqngt)
The result follows. ]

Lemma 4.10.3. Suppose A = Apyny. Let i = 2m +2n — 2s, s = [n/2] + 1,[n/2] +
2,...,min(n — 1,m + [252]). Then in b =1i/2—[n/2]+ 1.

Proof. Let i = 2m + 2n — 2s, s = [n/2] + 1,[n/2] + 2,...,n — 1. Then the matrix
M of the system of linear equations for the coefficients of g at such degrees under the
assumption A = A, 1) is equivalent to the form with the block B as detailed
in the previous Lemma. It is not hard to see that the maximal possible rank for M is
[n/2] +n —s. We will show the rank is exactly [n/2] +n — s. To do this we will construct
an ([n/2]4+n—s)x([n/2]4+n—s) minor which is non-zero, in a similar fashion to the previous

Lemma. Using Lemma we see that the block B contains a non-zero (n —s) x (n —s)
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minor B, _g)x(n—s)- S0 We can construct the ([n/2] +n —s) x ([n/2] +n — s) minor

n—1 n—3 5 3

o o . o o a7
n—1 n—3 5 3
o o . o o5 Qs
n—1 n—3 5 3
o fo% e o3 o3 Qas 0

n— n—3
]

1
Yny2] Yns2 Ol szl 2

B(n—s) X (n—s)

0
which is non-zero. Thus the rank of M is [n/2] +n — s, and since i = 2m + 2n — 2s we

have tkM = [n/2]+n— (m+n—1i/2) = [n/2] — m+1i/2 as required. O

Theorem 4.10.4. Let A = A, 1ny. Suppose that m > n. Then the Poincaré series

s given by

_ 1— t2 4 tn+1 + tn+2 + t2m+n + t2m+n+1 _ t2m+2n + t2m+2n+2

P(t) o

In particular it is palindromic.

Proof. Recall from Lemma that the possible Poincaré series in the situation
m > n are given by the following
1 f2 201§ g2r=2042 4 2mAdn=2rtl (] L agy, )22
@ -17?
(a2mia — 2a2my2 +n — 1+ 62T 4 ZT:Z:; (agj—4 — 2az; 9 + ag;)t*

(7 17
2 2 2 2n—+2
t m+2n + a2m+2n—2t m—+2n+

P(t) =

(@2m+2n—a — 2a2m42n—2)
(=17

+

where az; € N, m+1 <57 <m+n—1. Now using Lemmas 4.10.2 and 4.10.3| we can

specify the values of each parameter azj, m +1 < j < m +n — 1. We have

n—(n/2+j—m), m+1<j<m+[-1,
agj:
1L, m+ 2] <j<m+n-1

Suppose n is even. Then since A = A, 1») we know that r = n/2, § = 0. It is easy to

check that Z;n:t:;;(agj_zl — 2ag;_2 + az;)t¥ = >t Thus we have

Pt) = 1— 2 4l pqnd2 pg2mintl 4 (1 4 n/2 —n+n/2 — 1)t +2 4 (—n/2 +n —n/2)t?mH
- (2 —1)?

t2m+n _ t2m+2n + t2m+2n+2

@17
1 _ t2 + tn+1 + tn+2 + t2m+n+1 + t2m+n _ t2m+2n + t2m+2n+2

(&~ 1)

+
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which is clearly palindromic. If n is odd, r = ”TH, 0 = 1 and thus we have
1— t2 tn+2 tn+1 t2m+n
p ( t) _ + + +
- 1p
+ t2m+n+1 _ t2m,+2n + t2m+2n+2
@ =17
1 — t2 + tn+2 + tn+1 + t2m+n + t2m+n+1 _ t2m+2n + t2m+2n+2
- @ -1
which is again palindromic. ]

Theorem 4.10.5. Let A = Ay, 1ny. Suppose that m < n. Then the Poincaré series

s given by

B 1— t2 + 7511—5—1 + tn+2 4 t2m+n + 252m-i—n—i—1 _ t2m+2n + t2m+2n+2
- @ —1)2

P(t)
In particular it is palindromic.

Proof. Note that r = ["TH], s0 2r < m + n and there are two possibilities for P(t) given

by Lemma Note that 2m +n > m + n so we can directly apply Lemma
to find the parameters ag; with m + [n/2] < j < m 4+ n — 1 and deduce that these
parameters are all equal to one. We now apply Lemma to find the remaining asg;,
[242] < j < m+ [n/2] — 1. Armed with these observations we have the following. When
n is even and m is odd we have
j—n/2, << MR
azj =4q4n/2—j+m, ZHE <j<m4n/2-1,
1, m+n/2<j<m+n-—1.
When n is even and m is even
j—n/2, << e,
azj =4q4n/2—j+m, ZHE2 < j<m4n/2-1,
1, m+n/2<j<m+n-—1.

When n is odd and m is even

agj = L — j 4 m, 7m+§+1§j§m+”7_1—1,

1, m+”771§j§m+n71.
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Finally when n is odd and m is odd

j_nfl nJ2rl S]Sm;n,

L, m+2t<j<m+n-—1

Putting all of this together we have

B 1— t2 + tn+1 + t71,+2m+1 + tm+n+1 _|_ tm+n+3

P(t) =
( ) (t2 o 1)2
tn+2 _ tm—i—n—i—l _ tm+n+3 + t2m+n _ t2m+2n + t2m+2n+2
(=17
1 _ t2 + tn+1 + tn+2 + t2m+n + tn+2m+1 _ t2m+2n + t2m+2n+2
B (1)

when n is even and m is odd,

1 _ t2 + tn+1 + tn+2m+1 + 2tm+n+2

P(t) =
® "
tn+2 _ 2tm+n+2 + t2m+n _ t2m+2n + t2m+2n+2
@17
_ 1— t2 + tn+1 + tn+2 + t2m+n + tn+2m+1 _ t2m+2n + t2m+2n+2

-1

when n is even and m is even,

_ 1— t2 + t’l’L+2 + t2m+n + t7rL+n+1 + tm+7z+3

P(t
( ) (t2 _ 1)2
tn+1 _ tm+n+1 _ tm+n+3 + t2m+n+1 _ t2m+2n + t2m+2n+2
i @1y
1 _ t2 + tn—i—l + tn+2 + t2m+n + tn+2m+1 _ t2m+2n + t2m+2n+2
B (- 1)2

when n is odd, m even and

1—¢2 + $n+2 + $2m+n + opmtn+2

P(t) =

@17
tn+1 _ 2tm+n+2 + t2m+n+1 _ t2m+2n + t2m+2n+2
GRS
1— t2 + tn-i—l + tn+2 + t2m+n + tn+2m+1 _ t2m+2n + t2m+2n+2

@ -1

when n is odd, m is odd. So P(t) is palindromic in all cases.

O]

Theorem 4.10.6. Suppose A = Ay, 1ny. Then the quasi-invariant ring Q 4 is Gorenstein.

Proof. Theorems [4.10.4] and [£.10.5]

O]



Chapter 5

Quasi-invariant modules for

Cherednik algebras

5.1 Summary

This chapter is composed of two related parts. In the first part we show the following.
We consider all anti-invariant quasi-invariant polynomials for the group S, acting in C"
with multiplicity m. We realize this space as a module for the spherical subalgebra of the
Cherednik algebra Hy /p,(Syn). This is achieved by considering certain submodules of the
standard modules.

In the second part we study the algebra A,, ; 5, introduced by Sergeev and Veselov. This
consists of the partially symmetric quasi-invariants for the deformed root system A, (k).
For generic values of the parameter k Sergeev and Veselov [SV04] show that this algebra
is generated by deformed Newton sums and use this fact to calculate the Poincaré series
of Ay 1. We find the Poincaré series for Ay, 1 for any k € Z. We also study the relation
between A, 1 1 and the algebra generated by deformed Newton sums for non-integer k.

Chapter 5 consists entirely of new results with the exception of the following. Section

[.2] consists of background material and as such contains no new results. Theorems [5.6.1]

and appear in the literature.

5.2 Background

We provide a short history of quasi-invariants in the context of Cherednik algebras. The

fact that rings of quasi-invariants are modules for certain subalgebras of Cherednik algebras

124
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is well known. This has been established in the paper [BEGO03]. In order to explain the
results of this paper, let us first fix some notation. We follow [BEGO03|. Let G be a finite
Coxeter group acting in its complexified reflection representation V = CV. Let R be the
corresponding Coxeter root system. To each G-invariant function ¢ : R — C one can
attach an associative algebra H.(G) called the rational Cherednik algebra. This is the
algebra generated by the vector spaces V, V* and the set G with defining relations

-1

wrw ™t = w(z), wyw "

=w(y),YyeV,x eV, wed
T1T2 = Ta%1, Y1Y2 = Yoy1, VY1, Y2 € V, 21,20 € V™

yr—ay=(y,x) = Y caly,a)(a’,z)sa,Vy € V,z € V",
a€R/{+1}

For any ¢ € CV the Dunkl operator V is defined as

Ve=0— ), aldat) )

aERL (O{, .’E)

where (+,) is the standard scalar product in CN. We have the important vector space
isomorphism

C[X] ®c C[V] ®c CG — H.(G)

where C[X] = C[z1,x9,...,zy] and C[V] is the commutative algebra generated by the
Dunkl operators V; corresponding to the basis directions e;. The rational Cherednik
algebra H.(G) can be defined as the algebra generated by the linear operators z;,V;, g
(i,j =1,...,N,g € G) which act naturally in CV. We will always deal with the rational
Cherednik algebra, and we will refer to this as the Cherednik algebra from now on.

Next we are going to describe certain subalgebras of H.(G). Let e = |—61;| > gec 9- The

spherical subalgebra of H.(G) is defined as eH.(G)e. The vector space

where 7 €lrrep(G) can be given the structure of an H.(G) module. This is the ‘standard
module’. The module M, has the natural action of the Cherednik algebra by polynomials
and G. If we let p® v € M; then the Dunkl operator V¢ acts as follows (see [EGO02b])

cala, C)
(v, )

Velp@v)=dp— Y

aER

(1 —54)p ® squ.

We now explain how quasi-invariants can be seen as a module for the spherical subalgebra.

Consider the ring of quasi-invariants Q. corresponding to the Coxeter root system R and
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Z valued multiplicity function c. Let Q% denote the image of the homomorphism (1.3)). It
is shown in [F'V02, Theorem 3] (see also [Cha98] where a similar observation was first made)
that for any u € Q%, u(Q.) C Q.. In particular C.(Q.) C Q. where C. is the centralizer of
the operator L . Thus there is a natural action on ). of the algebra B. generated by
C. and C[X ]G. This B, action commutes with the G-action on Q.. It can be shown that
B, is isomorphic to e H.e and thus the space Q. acquires an (CG ® e H.e)-module structure.
This structure is completely described by the following. For any irreducible representation
7 of G let 7, be the representation of G for which the monodromy representation of the

Dunkl connection with values in 7, is 7, see [BC11].

Theorem 5.2.1 ([BEGO03|, Proposition 6.6). There is a (CG®eH e)-module isomorphism
Qc = @‘re[m“ep(G) T eMTé :

Later, Feigin |Fei| constructed generalized Calogero-Moser systems via representations
of Cherednik algebras. This paper provides the primary motivation for the work in the
first half of this chapter. Feigin showed that the invariant polynomials corresponding to
the Coxeter group .5, are a module for the spherical subalgebra of the Cherednik algebra
H, /m(Smn), m,n € Z,. This is achieved via consideration of some specific submodules in
the polynomial representation of Hj,,(Smn). Note that the multiplicity function takes
the constant non-integer value 1/m, in contrast with the theorem from [BEGO03| explained
above. In this chapter we begin to investigate whether all quasi-invariant polynomials
can be constructed in such a fashion by considering submodules in more complicated
representations.

To explain fully what we mean by this, let us explain the construction of [Fei] more

exactly. Let N = mn. Let us denote by 7, ,, the plane in C™" given by the equations

Tl =2 = ... =Ty
Tm+1 = Tm42 = .-« = T2m
x(n_l)m+1 = .Z‘(n_l)m+2 = ... =Tmn-

The associated parabolic stratum is defined as

Dm,n: U w(ﬂ'm,n)

wWESN

while the corresponding parabolic ideal is

I ={p € C[X]lplp,,. =0}
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Feigin establishes the following.

Theorem 5.2.2 ([Fei|, Theorem 1). I and hence C[X]/I are representations for the ra-
tional Cherednik algebra Hy p,(Smn)-

From this theorem it follows that e(C[X]/I) is a representation of the spherical subal-
gebra e(Hy /, (Sn))e. This representation can be identified with a subspace of polynomials

in Clzy,...,x,], namely the restrictions p(z) where p(z) € C[X]°N. Then we have

’W’m,n

the following.

Theorem 5.2.3 ([Fei]). The representation e(C[X]/I) of e(Hy 1, (Sn))e is isomorphic to

the invariant polynomials Clxy, ..., x,]%" in C™.

Indeed, this is clear since the basis By = {3, 2% k > 1} of Newton sums for the
invariant polynomials C[X]°N becomes a basis B, = {31, z¥,k > 1} for Clx1,...,z,)%"

SN We would also like to mention

under the restriction p(z) — p(z)lr,,., p(z) € C[X]
that Etingof, Enriquez and Calaque have obtained C[zy, ..., wn]S" as a representation of
et/ (Sn)e via a different construction, see [CEE10, Section 8]

In the first half of this chapter we will generalize this construction in the following
way. Let us first detail a general notion. Consider the anti-invariant quasi-invariants
corresponding to some Coxeter group GG and integer valued multiplicity function c: these
are polynomials p € Q). satisfying sop = —p for all s, € G. These polynomials actually
have the form [],cp, (o, x)2¢atlg(z), where R is the root system corresponding to G and
q(z) € C[X]C.

We are going to introduce submodules N; of the standard modules M, for some specific

representations 7 of Sy,,. We will then show that e(M,/N;) is isomorphic to the space of

all anti-invariant quasi-invariant polynomials for .S,, acting in C".

5.3 Definitions and notation

In this section we will fix some notation and explain some concepts which will be of use
throughout this chapter. This exposition is taken from the book [Ful97|. First we recall
some information about representations of the symmetric group.

Let 7 be a partition of n € N. A Young diagram is a collection of n boxes arranged
in left-justified rows, with a weakly decreasing number of boxes in each row. Any way of

putting the integers one until n in the boxes will be called a Young tableau. A tabloid
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is an equivalence class of Young tableaux in which tableaux are equivalent up to row
permutations. S, acts on the set of tabloids and thus on the module with the tabloids as

a basis. Now, let T" be a Young tableau and set

Vr= Y elq)q(T)

qeC(T)
where C(T') is the column group of 7" (that is, those g € S,, that permute the entries of
each column amongst themselves), € is the sign of a permutation and ¢(7") is the tabloid
corresponding to the Young tableau obtained from T by the action of q. The Specht
module of 7 is the module generated by the Vpr as T runs through all tableaux with shape
T.

Let 7 be an irreducible representation of S,,, with rectangular Young diagram con-
sisting of n rows with m boxes in each row. Let dim(7)=s and let {V7, }, 1 < v <'s, be
the basis of the corresponding Specht module. One can take the standard Young tableaux
to get a basis in the Specht module (that is, each T, has a numbering which is increasing
along the rows and down the columns). Identify S,,,, with A,,n—1; Smn acts naturally on
Specht modules, and acts on C[X] = C[z1, z2,. .., ZTmys] by permuting the subscripts. In

C™™ consider the plane given by, for 1 < j <n

1‘(j_1)m+1 = x(j—l)m—i—? = ... = Tjm-
(5.1)
We are going to associate to this plane the n x m rectangular tabloid
1 2 3 m
m—+1 m—+2 m—+3 Ce 2m
v = (5.2)

(n—1)m+1 (n—1)m+2 (n—1)m+3 e mn
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Define an equivalence relation ~ on the set of tabloids as follows. We will say two tabloids
are equivalent under ~ if we can obtain one from the other via swapping rows. So for

instance

1/2 3[4
3[4 112/

We are going to introduce a correspondence between planes and tabloids with the following
form

Planes ~ Tabloids/ ~ .

Consider the set of planes in C™" obtained by action of S, on the plane with equations
given by . Refer to the planes obtained in this way as Il;, 1 < ¢ < Z. Let v; be a
tabloid corresponding to the plane II; for each i, 1 <17 < Z.

Let T; be a Young tableau that is row increasing and corresponds to the tabloid v;.
Let Vr, be the corresponding element of the Specht module. Throughout, let II; be the
plane given by with associated tabloid v1. Now, note that there are n!Z tabloids of
shape n x m. Let us denote the set of all such tabloids as {u;,,1 < j < Z,1 <k < nl}, so
that any two tabloids with the same first index j are equivalent under ~ and correspond

to the plane II;. Further, suppose u;1 = v; Vj.

5.4 The Submodules N-

Let F =5, f, ®Vr, € M; and let Vg, = > _a%ug,. Here the V7, are the basis elements
of the Specht module corresponding to 7, f, € C[X], and we expand each basis element
through column preserving permutations to obtain a sum of tabloids of shape n x m which

we denoted by ug,. Define V;jk = alus. We also define

FY = Zagfy

7 = ajy. This is the sum of terms in F' containing the tabloid v; after expanding

where a ;

the basis of the Specht module through tabloids. Let IV be defined as
Ny ={F € M; | F" |i;= 0V j}.
We are going to establish the following.
Theorem 5.4.1. N, is an Hl/m(Smn) module.

The proof will consist of a series of lemmas. We will show that N, is invariant under

the action of S,,,, and the Dunkl operators V;.
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Lemma 5.4.2. Let g € Sy, and let F € N,.. Then
[9F]" |n;= 0 Vj.
Proof. For g € Sy, and f(X) € C[X] let gf(X) = f9. We have
[9F]% |u, = Y _ f4(coefficient of v; in gVi,) |,
= Z fu(coefficient of g~1v; in Vr,) 111,

=0 (since F € N;).

To show that N, is invariant under the Dunkl operators, it is sufficient to consider

Z (1/m)(a,e1)(1 — sq) ® 5. (5.3)

Vi=hel- (o)

Oée(Amnfl)+

Thus Theorem [5.4.1] is reduced to
Lemma 5.4.3. [V1F]% [g,= 0 Vj.

Note that

_ 1 ) v
Vi = 0F - Y S s = (A4 B O) I
Oée(Amn—l)+

where A, B, C are given by the following.

vj
1 (Oé, 61) Sa
A= - Z (o 7) Zfl/ ® sa V1, where (o, z) [, % 0.
ae(Amn71)+ v
We call A the ‘reflected’ terms.
v

B = —% Z ((z,ve;)) where (o, z) [, 7 0.

Oée(Amnfl)+

[Z fz/ & SaVTD

We call B the ‘non-reflected’ terms.

vj

_ i (Oé,€1)
C=F - >

Oée(Amnfl)+

Z(fl/ - Safu) b2y SaVT,,

where (o, z) [1;= 0

—~~
L

E

| ——
<

We call C' the ‘singular’ terms.
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5.4.1 ‘Reflected terms’

Lemma 5.4.4. Let a € A1 with (o, ) |, # 0. Then

[Z fﬁa 02¢ SaVTU

Proof. For any such o € A,,,—1 apply Lemma [5.4.2 O

vj

I, = 0.

1
(o, )

5.4.2 ‘Non-reflected terms’

Let F =5, f,®Vr, € N;. Let by, by ..., by, be the entries of any row of v; not containing
1. Suppose a1, ..., ap, are the vectors in A,,,—1 of the form a; = e; — ¢;,. Consider the
terms in [V1F]% |1, of the form:

S LS @ s V)Y I,

2 (ar0)

Lemma 5.4.5. Let by, by ..., by, be the entries of any row of a tabloid v; and suppose that

this row does not contain one. Then

m

1 ,
SR
k=1 v
Proof. First we note that
1 1 1
= = . =— . . 5.4
el I, pr— I, (5.4)
Recall that since F' € N,
D @ V] =0 (5.5)
14

Using (5.4) and (5.5 we see we must show that

[Z fo®Vr, + Z Z fv ® 51, V1, ] |1, = 0.

k=1 v
It is sufficient to establish that
m
VI, + Y s1, Vi ] =0V .

k=1

Thus Lemma follows from the following useful result.
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Lemma 5.4.6. Let by,bs ..., by, be the entries of any row of a tabloid v; and suppose that

this row does not contain 1. Then we have

[Vr + Z s16, V|7 =0 (5.6)
k=1

for all Young tableaux T .

Proof. Let
Vr = Z AskUsk-
k

Recall ug; = vs. Consider first the case aj; # 0. Let

t
stV = E AgpoUs-
Let v, = s13,v;. Then
t
ajl#() — arl#o.

Now, via column operations we can obtain sy, v; from v; but we cannot obtain syp,v; for
t # 1. So we conclude that a,1 # 0 <= ¢ =1 and that in the case t = 1, a,1 = —a,1. So

we have shown that, if a;; # 0 then

[VT + Z SlkaT]Uj =0.
k=1

Now suppose aj1 = 0 but a}l = 0, say. We show that we can reduce this situation to the

previous case. Let 2 < k < m. We have
[S16, V)7 = [Sbyb,, S1b,, V] 0106
= [SblbktslkaT]Uj (since Sb1bkvj = Uj)
= [s10, 516, V7" (since s1p, 516, = Spiby, S1by,)
— [Slbk‘/slblT]vj

This shows that

m m
[Vr + Z S1by, V] = [V;wlT + Z S1by, VS1b1T]Uj' (5.7)
k=1 k=1
Now if we let Vz = leT the right hand side of 1D becomes
m
[Vf + Z Slkaf]Uj (5.8)
k=1
where [Vz]" # 0. This is the original case we considered. O

Lemma [5.4.5| is now proven.
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5.4.3 ‘Singular terms’

Lemma 5.4.7. Consider the row of v; with entries 1,a2,a3,...,amn. Let as,as,...,an

be the vectors from Appn—1 of the form a; =e1 —eq;, 1 =2,3,...,m. Then

1Y fr@Vn, = /m S (o = Sapfo) ® 50, V1Y 1, = 0

Proof. The relevant terms take the form

m

C=an) fooVn - % > . D (= ) @ 510,V . (5.9)

g T1 T Tar 7
Let
VT,, = )\ij + Z Arslys

UrsFV;

where A, A5 € Z. Since F' € N, we have

> At =0

SO we can write
m

Z )\Vfl/ = Z(wl - xak)gk +h

k=2

where the g;, are some polynomials that do not vanish on II; and by h we mean combina-
tions of the terms of the type (zp, — xp,)hij where b;, b; are elements of any row of v; not

containing 1. Thus we have

00)  f@VE]Y =01 kv ;= gk
v v k=2

Now, note that

WV, = [s1a, V1, ]

since s14,v; = vj. Using this we can conclude that

[Z(fzz - 51%) & SlatVTu]vj = [Z(f,, — 51%) X VTU]”J' — Z )\y(fu _ 51az)‘

v v

Observe that

Do Alf = fo) = (w1 = e )96+ 97" ) + D (21— Ta )9k — (Tay = Ta ) gy ) +h— b1

k£t
k=2
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So (5.9) gives, in total

m 1 m 1 sta,
C lu,= Zgz‘ )i o Z ﬁ((ml —Za,) (9t + 9, ")
i=2 t=2 71 Tat
m
+ > (21 = T )9k — (Ta, — Ta)gp ™) + b — B7%)) |,
k£t
k=2
= gilm ==Y ———— @1 = a9t + (¥1 = Ta,) Y k) I,
X m — T _xat
=2 t=2 k#t
k=2
=D 0l —— > 20+ 0r) lmy;=D_gi ln, —— > _mgr I, = 0.
=2 t=2 r= =2 t=2

=2
r#t
[

Lemma [5.4.3 now follows from Lemmas [5.4.4] [5.4.5] [5.4.7. Hence Theorem is
established.

5.5 The Operator ), V?

Lemma 5.5.1. There is an injection 0
0:e(M;/N;)— K
where K = {p € Cly1,...yn] | 04jp = (—1)™p for any simple transposition o;; € Sy }.

Proof. A element F' € M,/N; is uniquely determined by the collection of functions
{F"% |n,}. Further, for the invariants F' € (M- /N,)%mn these collections are fully deter-
mined by a single function, e.g. F'*! |11,. This is because F"! |1, = F9 v lg-111, Y9 € Smn-
Moreover by considering g € Sy, s.t. g(II1) = II; (i.e. g swaps two rows in v1) we get the

property g(F* |m1,) = (=1)"F"" |m,. O

Lemma allows us to consider operators from eHy/p,(Smn)e acting in e(M;/N;)
as operators acting on a subspace of anti-invariant polynomials. If L € eH} ,,(Smn)e then

let us define L |11, as the action of L on F"! |1, € e(M,/N;).

Proposition 5.5.2. Let L =" V2. Then

Llm= fLommf ™!
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where

" 2m

Loym =0y = (Oy: — Oy,) (5.10)

i< Yi — Yy

and
f= H —(m+1)
1<J

with y = (y1,...,Yyn) orthonormal coordinates on the plane Iy and A, the Laplacian in

the y; coordinates.

Proof. We are going to show that

L= A+Z » )_zn:Zm(m—i-l)

EPYRY
ij=1 o Wi )
1<j 1<J
where y = (y1,...,yn) are orthonormal coordinates on the plane II; and A, is the Lapla-

cian in the y; coordinates. (It is easy to see that f~'L |;, f = Lomm.) It is easily
seen (see for instance [Fei] for a similar calculation) that the operator L = Y, V? acts on
(M /N,)Smn by
Aol- Y (2(/7”) ® S0 + Z 1/m - O‘) ® (5 — 1).
A€ Amn—1 a€Ay,
We want to trace how L acts on FY* after restriction to II;. For each block of colliding
coordinates

T(h—1)mg1 = -+ = Tkm, 1L <k <n

let us introduce the orthogonal coordinates

T(k—1)ym+1 t -+ T Thkm

Y © = Jm
y o Tle—1)ym+r — L(k—1)m+r+1
n+(k—1)m+r « — \/m

, 1<k<n

, 1<k<n,1<r<m-—1.

First consider

(Y Bk R,

aeAmnfl (Oé’ l‘)
Suppose s, stabilizes II;. Consider constant extension of the functions f, from Il in the
normal direction to II;. Then

Bfy |11, = 0. (5.11)

Now suppose by, b, . . ., by, are the entries of any row of v; not containing 1. Let oy; = e —ey,

for 1 <i < m. Now, suppose 1 < g < h < m. Then for any v

(2/m)0a, (2/m)0a,
(0g, x) (aup, x)

fl/ ’H1 fl/ ‘Hl .
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So we have

- (2/m)8ak s U1
S © o)1 I

= (> S @ s Vi I

o ()

Ms

QZ Fo ® 50, V)™ Iy

k::l

=Q) [he Z S, V1, ] I
k=1

1
v

where QQ = Q = Olk)-i) . Then using Lemma [5.4.6

we have

QY If ®Zsavay 1 o, = QZ fo®

Thus we have

(V)" = —QF" |,

V1
Uy T ) |H1
_ QF’“ ’H1
—— Z Yi y] F’U1
t,j=1
1<J
Now consider
1/m)(a, « v
Y S e - (S n e v (5.12)
a€(Amn—1)+ ’ v

Firstly, let s, be a reflection with the property s,v1 = v1. Then s, stabilizes I1; and

[(sa = DF" [m=0
NOW, let bl,bg,

b, be the entries of any row of v; except the row containing 1. Let
ar =e1 —ep,. If 1 < g <h<mitis clear that for any v

(1/m)(ag, ag) (1/m)(an, ap)
fu ‘Hl

(ag.2)? (an,a)? v m-

136
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So using Lemma [5.4.6] we can see that

Sk an) o D e VeI I

k=1 (Ctk,l')Q

m

(1/m)(ag, ag) o
Z—W D F ® (S0 = V)" I,

= R[szy ® 504, Vi, I |y —R[ZZfV ® V)" |,

k=1 v k=1 v

— RF'(14+m) |,

where R = Ry, = % So we have

oMk ak) ST @ V)]

= (o)

—Z m+1 2/7”'?(\/5)2?;1
< —yj)?

_ Z —2m(m —l— 1
i<j

In total then

L= y+z i )_Z2m(m+12)

ij=1 o Wi w)
1<j 1<J
upon noting that A, = Ay, and so the Proposition is proved. O

Next we will show that we can identify K = e(M,/N,) C K with the space of all
©)

anti-invariant quasi-invariants in C". Let us denote by Lg), ., the j-th quantum integral
for the operator Lcoasy,. This operator has the form Lg])\/[m =y, 8§i+lower order
terms, and is homogeneous of degree —j. We define these operators as follows. Let

L;: K — K,Pj: K — K be defined by
nm )
Lj=)_ VI,
=1
nm .
P=> .
i=1
Then Proposition above shows that
S Laof = Lowm (5.13)

where f=T[,.;(vi —y;)” (m+1) Tt is also clear that

fIPif =P
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Using and the commutativity of Dunkl operators we have
[f ' Lifs Lovm] =0
and since f~!L;f has homogeneous degree —j
FLif = L

Let £ be the algebra generated by L(CZ])\/Lm, P;Vvj >1.
Lemma 5.5.3. L: f‘ll? — f‘ll?.
Proof. f~ Lof(f 1K) = f~'Ly(K) C f~'K so that Loy : fK — f'K. 0

Finally then we have
Lemma 5.5.4. f'K = {all anti-invariant quasi-invariants in C"}.

Proof. Let w € f_ll? of minimal degree. Then Lg;w’mw = 0. Recall the m-harmonic
polynomials which are defined as the joint kernel of the operators L(ng\/[,mv 1 <5<
n. Recall 3! anti-invariant m-harmonic polynomial w of minimal degree, where w =
[Toc(a, 1), (@ y)*"F1, see [FV02]. So FIK o {Cly;)5*w}. Take q = [occa, ). (o, y)™p
where p is some invariant polynomial # 0 on (a, ) = 0. Take m minimal for ¢ € f -1K.
Assume m < 2m + 1. If t = (a,z) and II : (a,z) = 0 then L(C]"J)\/[,mq = (m(m —1) —
2mm)t™ 2r+(higher order zeros on II), where 7 is a polynomial which does not vanish
on II. Thus, since m — 1 < 2m, ng)wvmq has a lower order zero at («,z) = 0 than ¢. So

m = 2m + 1 and we are done. O

Theorem 5.5.5. The module e(M;/N,) is isomorphic to the space of all anti-invariant

quasi-invariants in C".

Proof. Combine Lemmas and O

5.6 The algebra Arp and relation to quasi-invariants

In the paper [SV04] Sergeev and Veselov use the notion of generalized root systems to
construct families of deformed quantum Calogero-Moser systems. In particular they in-
troduce the commutative algebra Ar p related to the generalized root system (R, B). The
generalized root systems are essentially the root systems of the contragredient Lie super-

algebras together with a bilinear form B. They include an infinite family A(n,m) which
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depends on one parameter k. Sergeev and Veselov showed that for these generalized root
systems R and generic values of k there is a monomorphism x from Ag p into the alge-
bra of differential operators on V such that y(22) is the corresponding Calogero-Moser
operator related to R.

The algebra of integrals Ar p is of independent interest. They can be seen as a version
of algebras where quasi-invariant conditions on the hyperplanes with non-integer multi-
plicities are understood as symmetry of polynomials under reflection at these hyperplanes.
In [SV04] it was shown that for the series A(n, m) and generic values of k these algebras
are finitely generated. Also the Poincaré series were calculated.

The algebra corresponding to the series A(n,m) can be realized as the following. Let

Apom i C C[V*] =Clz1,22,...,Tn, Y1,Y2, - - ., Ym] be the algebra consisting of polynomials
symmetric in the variables x1,x2, ..., 2, and y1,y2,- .., Ym separately and satisfying the
conditions
(o - kfyj)f iy =0 (5.14)
fori=1,2,...,n,5=1,2,...,m. It is easy to see that the deformed Newton sums
n m
pr(z,y, k) = Zaz % Z Y5 (5.15)
i=1 j=1

belong to A, y, 1 for 7 > 0. Denote by Nn,m,k the algebra generated by the Newton sums
B.15).

We would like to remark here that it follows from [Fei] that N, and A, 5 are
both representations of the spherical subalgebra of the Cherednik algebra H i (Snkim)-
This is based on an analogue of Theorem above. More exactly, consider the plane

II ¢ C™+™ with equations

] =Ty =...= Tk
Tht+1 = Th+2 = .- - = T2k
T(n—1k+1 = L(n—1)k+2 = - -+ = Tnk-

Then let D = Uyes,, ., w(Il). It is proven in |Fei| that I = {p € Cx1,...,Tpk+m), P D=

nk+m
0} is a Hy i (Spkqm) module. Then e(Clz1, ..., Tnk1m]/I) is amodule for e(Hy /(Snk+m))e
generated by the deformed Newton sums (5.15) in appropriate variables, i.e. N, =

6(@[1’1, ce 7xnk+m]/1)-
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We are going to study the embedding of the algebras Nmm’k C Aymx- We have the

following

Theorem 5.6.1 ([SV04], Theorem 2). If k is not a positive rational number then Ay, 1 =
Nn,m,k~

Further, Sergeev and Veselov use this to establish

Theorem 5.6.2 ([SV04], Theorem 3). The Poincaré series of the algebra A, 1 for
generic k has the form
1 m fi(n+1)

R“““_(1_wu_¢a”x1—wﬂl+ggu—%Ml—ﬂ%~il—ﬂy

(5.16)

The importance of these algebras in the context of our work is as follows. Recall the
deformed root systems A, (k) and corresponding rings of quasi-invariants. The configura-
tion A, (k) consists of the vectors e; — e; with multiplicity & where 1 <1 < j < n and the
vectors e; — \/Eenﬂ with multiplicity 1.

The algebra A, 1 is isomorphic to the partially symmetric quasi-invariants for the
deformed root system A, (k). Thus we have an expression for the Poincaré series for a
‘symmetric component’ of ()4, ) in the case of generic k. This is in agreement with
[FV03a] where the Poincaré series for @Q 4,(r) was calculated.

More explicitly, we have A, 1 = inf(lk), where in’:zk) consists of polynomials ¢(z1, ..., Tny1)
which are invariant under the action of the group 5, which permutes the coordinates
r1,T2,...,Ty, and are quasi-invariant at the hyperplanes z; = \/Ea;nﬂ, i =1,2,...,n
which have multiplicity one. Thus the Poincaré series PQi\y:EM is given by the formula

(5.16) for generic k. We generalize the work of [SV04] with the following theorem.

Theorem 5.6.3. One has

1—t "
Pgsvm (1) =

Vke Z,.
SN T e S TRy B

We also study the relation between A, 1 ; and N, 1 x for non-integer k.

n,l

Theorem 5.6.4. Let k > n. Then A"vl’%ﬂ =N

5.7 The algebra A, ;; and deformed Newton sums

Denote by AnN’ 1 the homogeneous component of A,, 1 of degree N. Let A be any partition

of N with corresponding Young diagram and denote by Dy (n) the number of partitions
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of N such that A\,4+1 < m, which is the number of diagrams lying in the ‘fat hook’. In
[SV04] Sergeev and Veselov established in particular that dim Afx 1x = Dn(n) for generic
k. Thus to prove Theorem it suffices to establish the following.

Proposition 5.7.1. If k # 0 then dim Aﬁ:’ljk = Dn(n).

We follow [SV04] in introducing the following notation. Let I = (i1,i2,...45),J = (j)

be some (unordered) sequences of non-negative integers such that

n
> ip+j=N.
r=1

Let N(J) be the number of non-zero elements of J and let M(I,J) be the number of
elements of I that are greater than or equal to N(J), so that M(I,J) < n. Following
[SVO04] let

Breg = {(I,J) | M(I, J) = n} (5.17)

and

Bureg = {(I,J) | M(I,J) < n}. (5.18)

Elements of E,., are in 1:1 correspondence with the partitions inside the ‘fat hook’ of
height of semi-infinite horizontal strip n and width of semi-infinite vertical vertical strip
1. Prescribe to each pair (I,.J) a variable C(I,J) such that C(I,J) = C(o(I),J) for
any o € Sy,. Let us write C(1, J),eq for any C(I,J) with (I,J) € Ereq and C(I, J)preq
correspondingly. The number of different C(I,J),¢q is equal to Dy(n,1). This is due to
the following. From a given sequence I = (iy,12,...,i,) construct a Young diagram by
reordering to weakly decreasing order and placing x; boxes in the kth row where xj, is the
k-th entry of I after reordering. Then attach the transposed diagram obtained in the same
way from J = (j), which is a single column, to the bottom. If j = 0 then any sequence
I produces a diagram. Suppose j # 0. Then the condition M (I, J) = n ensures we have
a diagram since each element in I is > 1 so there are no zero rows. Obviously such a
diagram lies in the fat hook as there are n rows in I and 1 column in J7T.
Let f =Y. C(I,J)z'y’ be a homogeneous polynomial of degree N symmetric in the
variables z. Choose r,p € N with 1 <r <n and 1 <p < N and consider
> (i—kj)CI,J)=0 (5.19)
i+j=p
where ¢ occupies the rth place in I and the other elements of I are fixed. Then the

system ([5.19)) is nothing more than the quasi-invariance condition ([5.14) for polynomials
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f from A, 1, see [SV04]. The meaning of p is that it is the degree of some terms of
f as polynomials in x, and y. Thus to prove Proposition [5.7.1] it is sufficient to show
that every element C([, J)nreq can be uniquely expressed via the system (5.19) as a linear

combination of elements of C(1,J)eq -

Lemma 5.7.2. Let f = Y, C(I,J)x'y’ € An1x with k # 0. Then every element of
C(1,J)nreg can be uniquely expressed via the system as a linear combination of
elements of C(I,J)req -

Proof. We collect the coefficients C(I, J)nreg into subsets defined by the number of zero
entries in I. Let

I=IyuLu...ul,

where I; is the set of those I = {i1,12,...,i,} where exactly j entries i,, 1 < r < n are
equal to zero. Then .
E(I )nreg = |_| E(Ti; Dureg. (5.20)
i=1
Note that Z
E(1;,0)preg =0V i=0,1,2,...,n (5.21)
E(Io, f)ureg = 0 if j # 0. (5.22)

Before we can use this to our advantage, let’s consider the equations in the system

(5.19). As above, Let f = >.C(I,J)z'y’ be a homogeneous polynomial of degree N

symmetric in the variables z. Consider an arbitrary monomial term g = z{*x5*... 2",

where > ;a; = N — 1, in the polynomial obtained by applying the quasi-invariance
condition ([5.14]) to f. Each equation in ([5.19) represents the vanishing of the sum of the
coeflicients of such a term. We consider which monomial terms in f give rise to g and

what the coefficients of these terms are. It is clear that the operation
(Ozy = kOy) [ |a1=y
applied to each of the monomials
gt gyt (5.23)

where 0 <t < aj + 1, gives rise to z{*25? ... z%". The monomials (5.23) appear with the

coefficients

Cart1-tas,as, .ant = C(I,J) with [ = (a1 +1 —t,a2,a3,...,a,) and J = (t)  (5.24)
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where 0 <t < a; + 1. So each equation in (5.19) has the form

a1+1
> a1+ 1=tk +1))Cayt1-tasas,...ant = 0. (5.25)
t=0

Now, let {as,...,a,} be non-zero elements in I;. We are going to show that any element

of C(I1,J)nreg can be expressed through coefficients belonging to C(I,J)rey from the
equation . To do this we show that the coefficient Cp gy.45,....anp € C(I, J)nreg can
be expressed through coefficients belonging to C(I, J),ey from the equation . To see
this, let p = a; + 1. Then is simply

p
(p - t(k + 1))Cp—t,a2,a3,...,an;t =0. (526)
t=0

For any value of p, 1 < p < N, it is clear that the equations ([5.26|) will include one and only
one coefficient that lies in C(I, J)preg : the coefficient in corresponding to t = p,
which is the aforementioned Cp g, .45,....an;p- Clearly all elements of C(I1,J)nreq have this
form. We see that these coefficients appear alongside —pk # 0 and using and
we see that all other coefficients correspond to elements of C(I, J),ey . Moving on, let us
now show that C(I2,J)nreq can be expressed through C(lz,J)eq and C(I1,J) using the
equation . Let {as,...,a,} be non-zero elements in I. This time becomes

p

> (p =tk +1)Cpt0as...ant = 0. (5.27)
t=0

Now, if t # 0 or p the corresponding coefficient is an element of C(I1, J)nreg. These were
expressed through C(I, J),c, at the previous stage. The only other entries in C(I, J)nreq
that can appear lie in C'(Is, J )meg: these are the entries corresponding to ¢ = p. These
occur with coefficient —pk which is non-zero. We can continue in this way and express all
elements of the set C(1, J),req as a linear combination of elements of C(1, J),¢q . It is clear
from this process that each element of C(I, J)preq is uniquely expressed through elements

of C(1,J)req and the elements of C(1, J),e4 can be chosen to be completely arbitrary. [

Proposition now follows. Hence Theorem is proven.

5.8 Poincaré series for deformed Newton sums
We now turn to the proof of Theorem Recall the Poincaré series

pr(t) = Zdiijtj
Jj=0
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of an algebra R, where R; denotes the graded component of R of degree j. Recall from
Theorem that for generic k the Poincaré series of the algebra A, ; 5, has the form

1—t+4 ¢t
(1—t)2(1—t2)...(1—tn)

We are going to investigate a way to realize the algebra generated by the Newton

Ppi(t) =

(5.28)

polynomials. For M € N let Clzy,x2,23,...,20]°M = C[X]°™ be the algebra of sym-
metric polynomials in M variables. Define the ideal I, = {f(z1,22,...,zy) € C[X]™
flei=ao=. =0y = 0,1 <k <M — 1}

For k, M > 0 let

¢NT+NZ+N3+..Ng—M

A(k, M) = (5.29)
NIZNQZZ---ZNk O NN () NN - - - (E) Ny vy (B)
S N=M
N .
where (t)y = H(l —t') and by convention (t)o = 1. We put A(k, M) =0 if M < 0.
i=1

Theorem 5.8.1 ([FS94|, Theorem 2.7.1). The Poincaré series of Iy, is given by P(I;) =
A(k, M).

It is clear that V), ; 1 = C[X]*™ /Ij. Then immediately we have the following

n, ’k+1

Corollary 5.8.2. The Poincaré series for N, | L is given by
+1

M

— ). (5.30)

n,1 ’k+1 N
=

We are now ready to begin the proof of Theorem We need some preliminary

results.
Lemma 5.8.3.
(i) If M > k then

(%]
k t27‘M—T(T’+1)]€

Ak, M) =S ——
<0

r—=

A(k—1,M —rk). (5.31)

(ii) If M < k then

A(k, M) = A(M, M). (5.32)
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Proof. (i) Suppose M > k. Consider Nj. This partition element can take any value
between 0 and [2£]. If we set N = 0 the corresponding term in the sum A(k, M) is
precisely A(k — 1, M). Motivated by this we consider Ny, =0,1,2,..., [%] to see that

5] $(N1+7)2 4+ (Na+7)?+(N3+7) 2+ (N1 1) 22 =M

Ak, M) =A(k—1,M)+>_ >

r=1 N1>N2..>Nj_1
ST Ni=M-—rk

()N, (t)szNs e (t)Nk—Z*Nkfl (t)NkA (t)T'

We know from the definition that

fNPHNFANG+. NE_ —(M—rk)

Ak —1,M —rk) = >
N1>No...>Np_1
ZNZ':M—T]C

(t)Ny—n, (t)Nz—N:a s (t)Nk—2_Nk—l(t)Nk:—l '

So we can conclude that

(5] /X N242r Y Nikr? =M
Ak, M) =A(k — 1, M) +
(M) =AE=1LMFD, 2 B O O O
STNi=M-—rk

(5]
k tQTMfr(rJrl)k

=A(k — 1, M) +ZTA(1€ —1,M —rk)
r=1 r
[%} $2rM—r(r+1)k
=Y ——A(k—1,M —rk).
r=0 (t)r
(ii) If M < k then the final k£ — M integers N; in the sum A(k, M) must be zero. Thus
A(k, M) = A(M, M). O
Lemma 5.8.4.
k+1 1 1
Alk,k+1) = - — — 5.33
R I P (5.33)

Proof. Let M = k+1 and consider I, = {f(z1, %2, ..., 2541) € CIX] ¢ f | —gpm. map =
0} C C[X]°M. If we consider any homogeneous polynomial f of degree N in I} then it
is clear that the ideal membership restriction imposed merely implies that the sum of
the coefficients of every term of f must vanish. So, the dimension of the homogeneous

component of degree N of I} is just one less than that of the homogeneous component of

degree N of C[X]5M. O

Recall from Corollary [5.8.2 that P(N,, | 1 ) = M, ﬁ — A(k,M). With this in

k+1

mind we establish the following.

Proposition 5.8.5. Assume that k > n. Then Hf’:{lﬂ 1_1#- —A(k,n+k+1) = P,1(t)
where Py, 1(t) is given by (5.25).
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Proof. We proceed by induction on n. The base case n = 0 is immediate from ([5.33)). Let
us assume that for k£ > n

k+n+1
Bk,n+k+1):= H
i=1

= P,1(b). (5.34)

1
1—¢

—Alk,n+k+1)

Now, we can use (5.31)) and the inductive hypothesis (5.34) to see that for k > n + 1

B(k,n+k+2)
n+k+2 1
- A
H i Al +k+2)
=1
ntk+2 [552) 12r(ntk+2)—r(r+1) (k+1)
=11 5 A+ Ltk +2)+ D Alk,n+k+2—r(k+1))
=1 r=1 T
n+k+2]
1 —t + t’n+1 k+1 t2’l‘(n+k+2)f’r(’l‘+1)(k7+1) A k k 2 k 1
Ta—P-o).. -t | > (kntk+2-r(k+1)).

Since k >n+1,k>nso Alk,n+k+2—r(k+1))#0 < r=1. If r =1 then

1 _t+tn+1 t2n+2
I—020—2)... 0= " A(k,n + 1).

Bk,n+k+2)=

Again since k > n we see from (5.32)) that A(k,n+1) = A(n+1,n+ 1). Using (5.31)) we

have
0

t
Aln+1,n+1)=An,n+1)+ WA(?”L, 0). (5.35)
1
Again using (5.32) note that A(n,0) = A(0,0) = 1. We can use the inductive hypothesis

once again to see that

n+1 1 1
A 1) = - — 5.36
Putting this together ([5.35) becomes
n+1 n+1
1 1 1 1
A 1 1) = - — = - .
(ntint )=+t =1l1=% (5.37)

i=1 =1
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So we can see that

1—t+ ¢! g2
B(k k+2)= .
(hntk+2) =G —pra—e . a=m * @ S S
- 1—t+ tn+1 N 23271—1—2
=021 (1=t () 1()nsr
1
_ (t) (t) [(1 it tn+1)(1 _ tn+1) + t2n+2]
1 n+1
1
= [1—t+¢"F?
GROITR
= Ppi1.1(t)
which completes the induction. ]

Proposition m gives a simplification of the general formula (5.29)) for the Poincaré
series of the ideal Iy C C[zq,...,Zp1k+1] in the case k > n. Further we have the following

corollary.

Corollary 5.8.6. Let k >n. Then N, ;| 1 =A | 1
O BT D BT

Proof. Let k > n. By Proposition [5.8.5 dim]\/;iv 1 =dim Aan ~, for generic k. By the
"L L 'L 1

results of [SV04] this dimension equals Dy (n) and we know from Proposition that
dim AY, < = Dy(n) for § # 0 and in particular for § = O

1
k+1°

Theorem is now proven.

5.9 Further analysis of deformed Newton sums and A-algebra

To prove Theorem we had to assume that k > n. We now investigate the case k < n.
Firstly, suppose that k+1 <n < 2(k+1). So,0 <n—(k+1) < kand k >n/2—1. Thisis

the case where we allow two ‘colliding particles’. We are going to establish the following.

Proposition 5.9.1. Suppose that n — (k+ 1) =1 for 0 <r < k. Then
t2n+1—7‘

(®)2()r

Proof. We proceed by induction on n. For n = 1 the condition n — (k + 1) = r cannot

PNy ) =P, 1) - (1 -2 41712). (5.38)

be satisfied as £ > 1. Suppose n = 2. Then the only possibility is Kk = 1 and in this case
n — (k4 1) = 0. The inequality & > n/2 — 1 is also satisfied. We can easily see that

t5

P(./\/’27171/2) = P(A271,1/2) - m

(5.39)
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For,
PNyjiay2) = : 4) = ﬁ 1 ﬁzl—tu:1+t4+t8:t6_t5+t3_t+1
el SL1 -t (1) (t)a (t)3 1 —0)2(1— 12
and since
P(Ay11/2) = L—t+ 1

(1—1)*(1 =%

the statement is clear. Now we proceed inductively. We have

n+k—+2 1
P(NnJrll—): H l_tz_A(k7n+k+2)

T
i=1
ntkt2 242

= — Ak +1,n+k+2
g AR+ Ln+E+2)+ o

An—2k+2
A(k,n+k+2—2(k+1)) using (5.31)

t2n+2 t4n—2k+2
A(k 1
T (t)l ( ot ) + (t)g

Recall that we are assuming n+1—(k+1) =rsothat n—k=r. Also,n—(k+1+1) =

Alk,n+k+2— (k+1))

A(k,n — k).

n—(k+2)=n—k—2=r—2. So, we can express P(N 1l ) for fixed r through the

n,

case r — 2. This means that we have

t2n+3—r 9 2n+2 2n—+2r+2
P = P(A ————— (1=t +t" Ak, k 1)+—A(k
(Nn—l—l,l k+1> ( ml,ﬁ_l) (t)g(t)r_Q( + )+ (t)l ( y KA1+ >+ (t)g ( ,7’)
(5.40)
upon noting that
n+l=k+r+1
and
An—2k+2=2n—k)+2n+2=2r+2n+2
Since r < k, using (5.31]) we have
9 | 1 1 1
A =A(r—1 —A(0,0) = - — = . 5.41
= Ar -1+ Ao =Tl -ttt e 6

Now consider the term A(k,k +r + 1). We use (5.31)) again to deduce that
$2(k+r+1)—2(k+1)

(t)h

Al k+r+1)=A(k+1,k+r+1)— A(k,r)

— Ak +1,k+7r+1) -
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However we can again apply , this time to the term A(k+ 1,k +r+ 1) in the above.
We see that
2(ktr+1)—2(k+2)
(t)
A(r—1,r —1).

Ak + 1, k+r+1)=A(k+2,k+r+1) — Ak +1,r —1)

2r—2
(t)1
We can continue in this way, applying (5.31) to A(k+2,k+7r+1), A(k+3,k+r+1) and

—Ak+2k+r+1)—

so on until we reach the term

2(k+r+1)=2(k-+r)

Alk+r—1k+r+1)=Ak+rk+r+1)— @ Alk+r—1,1)
1
£2
=Ak+nrk+r+1)— —A(1,1).
(th
Recall from Lemma [5.33] that
k+r+1 1 1
A 1) = - — A2
(k+rk+r+1) }:[ T3 (5.42)
In total we have
tQT‘—Q tQ,r
WA(T 1,7" 1) EA(T, 7")
k+r+1 r 2
1 1 t<J
= I;[ 17 1—7" zg: on (4,5)
=1 Jj=1
1 1 2L
_ - Z ' (5.43)

upon recalling that A(j,j) = ﬁ Let us take stock of the situation. We can now write
J

(5.40) as

t2n+2 t2n+3—r

+ —
) O 020
t2n+2r+2 t2n+2 1 t2 T t2j

MRCEORRR G TP Yo,

P(Nn+1,1,k%rl) = P(An,l,%ﬂ (1—t241t")

. . t2n+2 o

Recall from the final step in the proof of Proposition [5.8.5( that P(An,l,ﬁ) + o =
P(An+1,17%+1)' Also note that

~ tY 1=t (5.44)

(t)j (t)s

Jj=0
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This is easy to see: first note that 1 + % = 17(;‘/;; 2 Then proceed by induction and

consider

§ 427 B Zs: 127 N 42542 1 —tgstl . 12542

=W, =W D 0s B
R e )= ()
B (t)s 1—tstl7 (t)s+1 .

Putting all of this together we have

PN, )= P(A o BT g ey L )
)= i1l L) = e (1= t" ") + - —ttt
N1k +LL (t)2(t)r—2 ()2(t)r OHOINOZ
B P(A ) t2n+3—r (1 t2 N tr)
— TLJFLL%H (t)Q(t)’r‘72
2nt2 ot
(1t 1-)(1—-1¢
()1 ()1(t)r ( " (t)2 oo
P(A ) t2n+3—'r (1 5 ) t2n+2 (1 +1 t2’r )
_ e —t° + tr - —t4+ tr - 3
UL T (1)5(6)— (B1():1(8)r Lrt
. | ﬁm&4(1 24 2n+2 (1— 2 4 1 g2 _ oy
— 1 N D)D) -
L) T ()50, (£)2()r
= P(An+1,1,k$1)
$2n+3-r 5 1 1 2 +1 +2 2
~(1)a(t) (A= + )1 =)L ="+t 1 =2 7 712 —¢27))
t2n+3*7“ 9 +2
= P(A Erwrn Gl
( n+1,1,ﬁ_1) (t)z(t)r( "+t )
as required. -

We now consider the situation 2(k + 1) < n < 3(k+ 1). This corresponds to allowing
three possible ‘colliding particles’. To illustrate what happens consider the case n — 2(k +

1) = 0. We will look at k = 1,n = 4 first. Clearly this satisfies both inequalities. We have
6

1

PNipap) = =5 —A40.6)

=1

1—¢30
— (t)
L+10 4412 4418 442

(t)s

].—t+t5—t7+t10—t13+t15—t19+t20

()1(t)a

Recall that P(A,; 1 )= L g,

L/ T O1()a”

£7(1 =3 446 — 48 4 12 — 413
PRy p2) = PN ) = (D)3 |

A=)+ ) A+t =3+ 17 + 10— 8+ ¢10)
- ()1(t)a '
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Now consider n = 6,k = 2. Again this satisfies both inequalities. We have

9
P(N6,1,1/3) = 11— ,9)
=1
1— t56 t64 t36 t32
B (75) (O)r()1 (B)s(t)2  (D)3(t)3s  ()1(t)a
1
= W( —t? Ot P B P S (1 - )
9
— A+t + 2+ 2+ ) —tHA +thHA + 21 —1Y)
A+t + 2+ A -P) 1+ A —t)A +tHA +2)(1 - 1Y)
— (Lt 82+ 0+t - )1 =) (1 = %) (1~ %))
1T—t+¢7 — 10 14 4 416 417 _ 419 4 421 4 423 _ 426 4 430 _ 433 _ 436
a (t)1(t)7
37 4444 4 446 | 448 464 _ 466 _ 468
(t)1(t)7
So we have

P(Ag1,1/3) — P(Ns1,1/3)
S 1 - A+ A +)A =t + A+t + A+t + 2+ 411
(t)1(t)7

This information suggests that, somewhat surprisingly, it is not possible to prove an anal-
ogous result to Proposition in the situation 2(k+1) <n < 3(k+1). This is because
the two cases we considered, k = 1,n = 4 and k = 2,n = 6 both satisfy n—2(k+1) = 0 but
the differences P(Ay11/2) — P(Ny1,1/2) and P(Ag1,1/3) — P(Ng1,1/3) have the following

structure. We can rearrange to

P P
(Aapa/2) = PWapp2) = t7QEg
and
P P
(As2,1/8) = PWNo,1/3) = tloQ((;))

where P, P’,Q are polynomials in ¢ and the degrees of P/Q, P,/ Q@ are different. Thus it
seems P(A) — P(N) has the structure 4" R(t)/Q(t) where g(r,n) is some function of

r,n and R(t) is a polynomial in ¢ whose degree depends on n.



Chapter 6

Conclusions and open problems

The work contained in this thesis suggests a number of possible avenues for further explo-
ration. We have answered a number of questions within the specific areas we considered.
However, there is still much interesting work to be done. We highlight three areas of
particular interest that we feel could reap rewards if investigated further.

The material contained in Chapters 2 and 4 can be summarized succinctly with the
following statement. We have shown that within the class of arrangements of type (m, 1™)
the Gorenstein property for the rings of quasi-invariants is equivalent to the existence of the
Baker-Akhiezer function ¢. We expect that this is true in the much more general setting
of arbitrary multi-dimensional configurations of vectors with multiplicities. In principle
moving from existence of the Baker-Akhiezer function to the Gorenstein property is easier
due to the wealth of structures associated with the Baker-Akhiezer function. However
even this direction is unclear at present. Establishing this conjecture would provide a very
interesting new perspective on systems of Calogero-Moser type.

Another question, which is long-standing and predates the work in this thesis, is about
the algebraic structure of the rings @ 4,,(m) and Qc, (m,)- Recall that these rings have been
shown to be Cohen-Macaulay in arbitrary dimension, and Gorenstein in two-dimensions
[FV03al. It is known that the Baker-Akhiezer function exists for A, (m) and C,(m,l).
Presumably the rings @ 4, (m) and Qc, (m,) are Gorenstein in arbitrary dimension. Thus
calculation of the Poincaré series for Q 4, (m) and Qg, (m,) would be a useful result.

The final direction we would like to mention is the relation to representations of Chered-
nik algebras. We have seen in Chapter 5 that it is possible to construct the space of all
anti-invariant polynomials in the quasi-invariant ring corresponding to the root system A,

as a module for the spherical subalgebra of the Cherednik algebra Hj /,,, (S ). A natural

152
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question is whether all quasi-invariants can be constructed in such a fashion as special
representations of Cherednik algebras. In particular it would be interesting to ascertain
whether all quasi-invariants corresponding to A, can be realized in such a fashion, and not
just the anti-invariants. We have attempted to complete such a construction via consid-
ering different representations of S,,, but this is not clear at present. A similar question
would be whether the quasi-invariants @ 4,,(m) and Qc, (m ;) can be realized in this way. As
a whole this direction is potentially exciting and interesting due to the rich representation
theory of Hy/p,.

In conclusion we have seen that questions about the algebraic structure of rings of
quasi-invariants lead to interesting areas of exploration in integrable systems, algebra
and representation theory. It seems there any many more questions to be answered and

hopefully many exciting discoveries.
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