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Abstract

Let V' be a non-zero finite dimensional vector space over the finite field F,. We take
the left action of G < GL(V) on V and this induces a right action of G on the dual
of V' which can be extended to the symmetric algebra F,[V] by ring automorphisms.
In this thesis we find the explicit generators and relations among these generators
for the ring of invariants F,[V]“. The main body of the research is in chapters
4, 5 and 6. In chapter 4, we consider three subgroups of the general linear group
which preserve singular alternating, singular hermitian and singular quadratic forms
respectively, and find rings of invariants for these groups. We then go on to consider,
in chapter 5, a subgroup of the symplectic group. We take two special cases for this
subgroup. In the first case we find the ring of invariants for this group. In the second
case we progress to the ring of invariants for this group but the problem is still open.
Finally, in chapter 6, we consider the orthogonal groups in even characteristic. We
generalize some of the results of [24]. This generalization is important because it
will help to calculate the rings of invariants of the orthogonal groups over any finite

field of even characteristic.
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Chapter 0

Introduction

Let V be a finite dimensional vector space over the finite field Fj, with basis e, ..., e,.
Suppose 1, ..., T, is the dual basis of the dual vector space V*. Let G < GL(V)
and consider the polynomial ring in the n indeterminates Fy[z1,...,z,]. Invariant
theory over finite fields is a branch of abstract algebra. The theory deals with those
elements of Fy[xy,...,2,] which do not change under the action of the group G.
These elements form a ring structure which is called the ring of invariants of the
group G.

This thesis is concerned with the invariant theory of finite groups. For a long time
there has been interest in finding the ring of invariants of the group G < GL(V'). The
rings of invariants of the general linear and the special linear groups were computed
early in the 20th century by Dickson in [16]. These were found to be a graded
polynomial algebras in both cases. For a modern treatment see Wilkerson [43].
Wilkerson also deals with the ring of invariants of the whole general linear group.
There is another important paper by Carlisle and Kropholler [9]. These authors
found explicit generators for the rational invariants of orthogonal and unitary groups.
In the same year they calculated the ring of invariants of the symplectic group in [8]
and their result showed that this ring of invariants is a graded complete intersection.
There are several papers [[10], [11], [12], [15]] and theses [[3], [26]] which deal with
the rings of invariants of orthogonal and unitary groups in low dimensional cases.

In 2005 Kropholler, Mohseni Rajaei and Segal [24] found explicit generators and



CHAPTER 0. INTRODUCTION 2

relations for the rings of invariants of orthogonal groups over F, but the general
case is still open. In 2006 Chu and Jow [14] computed rings of invariants of unitary
groups. In the last two cases it was found that the rings of invariants are graded
complete intersections. There is another unpublished paper [13] by Chu which deals
with rings of invariants of orthogonal groups in odd characteristics. Chu did this
work in 2007 but he discusses only two rings of invariants, and we know that when
the dimension of V' is even then up to isomorphism there are two orthogonal groups
and corresponding to these two orthogonal groups we have two invariant rings up
to isomorphism. Similarly when the dimension of the vector space V is odd then
up to isomorphism there is only one orthogonal group and corresponding to this
orthogonal group we have one invariant ring up to isomorphism. Thus by rings of
invariants in odd characteristic we mean these two rings of invariants throughout
the whole thesis.

The calculation of rings of invariants is important because once we calculate the
generators of these rings and the relations among them we can understand the struc-
ture of these rings and so we can deal with these rings according to their properties.

In this thesis we do similar calculations to those which discussed above. The
main research work in the thesis is in chapters 4, 5 and 6. Our motivation starts
by considering subgroups of the general linear group which are similar to subgroups
whose rings of invariants are already known.

In chapter 4 we consider the following groups and find rings of invariants.

Aut(V,§) ={g € GL(V) : £(gv1, gv2) = §(v1,v2) ¥V v1,v2 € V'}
Auwt(V,H) ={g € GL(V) : H(gv1, gve) = H(v1,v3) ¥V v1,v9 € V'}

In the first case V' is a vector space over the finite field F, and £ is a singular
alternating form on V while in the second case V' is a vector space over the finite
field Fi2 and H is a singular hermitian form on V. These two groups are similar
to the symplectic and unitary groups: if the forms £ and H are non-singular, then
Aut(V, §) becomes the symplectic group and Aut(V, H) becomes the unitary group.

As discussed above we know the rings of invariants of symplectic and unitary groups.



CHAPTER 0. INTRODUCTION 3

In particular we prove the following two results.

Theorem 4.7.2. Suppose G = Aut(V,&) and x1,...,Tm,Tmt1,- -, Tmin 1S the
dual basis of V* corresponding to the basis e1,...,€m,€m+1s---,€m+n Of V. Let
S = Fylx1,. s Tms Tmtls - - s Tman) and U = Rad€ = (e1,...,em). Then for y; =

(ng) (x; — ), we have SE = Fylyi,... ,ym]GL(U) ® Fylemtt, .-, mern]Sp(V/U, 3
xe *

Theorem 4.7.4. Suppose G = Aut(V,H) and x1,...,Tm, Tmi1,s- -, Tmin iS the
dual basis of V* corresponding to the basis e1,...,€m,€m+1s--,€m+n Of V. Let
S=Fpalr1, ..., Tm, Ty, - Tmgn] and W = RadH = (e1,...,en). Then fory; =

(};/IW) (z;—x), we have S¢ = Fely,. .. ,ym]GL(W)@)FqQ [Tt - - -y Tongn) U VW ")
S *

In chapter 5 we take a vector space V' over the finite field F, of dimension 2n

together with a non-degenerate alternating form £ of the following matrix

0 1
-1 0

-1 0

0 1
-1 0

filled out with zeroes. We consider the following subgroup of the symplectic group

Sp(V,§):

G ={geSp(V.¢):gU=U},
where U is a subspace of V. We consider the following two cases:
(i) U = (e1,e2,...,em) where m is even and less than 2n;
(ii) U= <61, €3,..., 62n_1>.

When we restrict the form £ to U it is non-degenerate in the first case and degenerate

in the second case. Again the above group is similar to the group

{g€ GL(V) : gU = U}
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and the ring of invariants of this group is known. The following result gives ring of

invariants SC in the first case.

Theorem 5.2.1. Let x1,...,22, be the dual basis of V* corresponding to the basis
e1,... e of V. Suppose S = Fylx1,...,x,) and U = (e1,ea,...,en) as defined

above. Then SC = Fylx1, 22, .. ,:L'm]Sp(U’ €lo) @ FylTm1, Tm2, - - - ,mgn]S”(UL’ ElyL)

In the second case we define a homomorphism ¢ : G — GL(U) by ¢(g9) = g|v.
By Witt’s Lemma ¢ is onto. Therefore G/Ker¢ = GL(U). We take N = Ker¢ and

R = Fq[yl,yg,...ygn_l,xg,x4,...,xgn,&,...{n_l] where Y; = H ((IZZ —(IZ) and
ze(V/U)*

& =xxd —xox + -+ mopgad, — xonad . We prove the following results.

Lemma 5.3.1. The following n — 1 relations hold in R:

n n—i i—1
n—1i n—1i PR n—j—i . n—i
&Yl e+ Y (C T el T Y () eyl =0

j=1 j=1 j=1
where 1 <¢<n-—1.
Theorem 5.4.9. Let S = F,lx1,..., 2, where x1,...,22, is the dual basis of V*
corresponding to the basis e1,...,ea, of V. Then

SN = Fq[yl,yg, e Yon—1,T2,T4, - - . ,x2n,§1, . fn_l].

It may be possible to use it to find S by the formula S¢ = (SV)¢/N | but we
do not know about S in this case. Thus this problem is still open.

Again in chapter 4 we consider the group

Aut(V,Q) ={g € GL(V) : Q(gv) = Q(v) Vv e V}

and find its ring of invariants. Here V is a vector space over the finite field F, and @
is a singular quadratic form on V. Note that Aut(V, @) is similar to the orthogonal
group: if the form @ is non-singular then Aut(V, Q) becomes the orthogonal group.
As discussed above the general case for the rings of invariants of the orthogonal

groups is in progress. In particular we prove the following result.
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Theorem 4.7.6. Suppose G = Aut(V,Q) and 1,...,Tm, Tmil, .- Tmtn @S the
dual basis of V* corresponding to the basis e1,...,€m,€m+1s---,€m+n Of V. Let
S = Fylz1,. .., Zm, Tmt1s - Tmtn] and U = RadQ = (e1,...,em). Then for y, =

(ng) (z; — x), we have S = Fyly1, ..., ym|“" ) @ Fy[rmit, -, T VY Q)
EAS *

From Theorem 4.7.2, Theorem 4.7.4, Theorem 4.7.6 and Theorem 5.2.1 it is
clear that once we calculate the rings of invariants of the general linear, symplectic,
unitary and orthogonal groups we can calculate the rings of invariants of Aut(V,¢),
Aut(V, H), Aut(V,Q) and G = {g € Sp(V,&) : gU = U} where U = (e1,e€2,...,€n)
as defined above.

In chapter 6 we generalize some of the results of [24]. In particular we prove the

following result.
Theorem 6.7.1. (i) Qo,(X) = Z?EO(Azn,i)zX(Ql)i+5, where § € Fo[€1,82, ..., &m].
(ii) In the ring S we have Qon(X) = 2 Q(X).

(ii3) Qon(X) = f2Q7(X)Q1(X), and Q= (X) and Q*(X) are irreducible elements
of the ring TPU: B)[X].

(v) fooQ (X) and fooQT(X) both belong to FulX, &1, ..., Ean).

Theorem 6.7.1 is motivated by Theorem 4.7.6, since we do not know about
Fq[xm+1,...,mm+n]O(V/U’ Q) when g = 2, 1 > 2. There are two advantages of
the above result. Firstly it helps us to calculate the ring of invariants over Fy, | > 2
as we mentioned in the beginning that this problem is still open. The particular case
of Theorem 6.7.1 in [24] is used to prove the main results of that paper. Thus once
we prove this result we can calculate the main results of [24] over any finite field of
characteristic 2. In particular we can calculate S¢ of Theorem 4.7.6 when ¢ = 2!,
[ > 2. Secondly, the proof of part (ii) of the above result appearing in [24] contains
an error and we give an argument to correct this.

The thesis is organized as follows. Chapter 1 consists of known background
material as well as basic results to be used in other chapters. In chapter 2, we give

a brief summary of work previously done in this area. In particular we discuss the
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rings of invariants of the general linear, symplectic and unitary groups, which were
computed in [16], [8] and [14] respectively. We also discuss the rings of invariants
of the orthogonal groups in odd characteristic, which were computed in [13]. In
chapter 3, we describe some properties of the rings of invariants of the symplectic,
unitary and orthogonal groups. In particular we can deduce from our presentations
by generators and regular sequences of relators that our rings are Cohen-Macaulay

and Gorenstein. In chapters 4, 5 and 6 we do our research work.



Chapter 1

Bilinear, hermitian, and

quadratic forms

Throughout this thesis we consider commutative rings with identity.
In this chapter we present basic definitions, results and review some of the back-

ground material, which will be of value for our later pursuits.

1.1 Sesquilinear and quadratic forms

In this section V is an n-dimensional vector space over a field F' and 6 is an auto-

morphism of F'.

Definition 1.1.1. A sesquilinear form on V with respect to #isamap f: VxV —

F such that, for all u,v,w € V and all a € F"
f(quv’w):f(u’w)Jrf(vaw) f(auvv):af(uvv)
flu,v+w) = flu,0)+ fluw)  flu,av) = a’ f(u,0).

(i) The form f is said to be bilinear if 6 = 1.

(ii) The form f is said to be hermitian if 6 is an involution and f(u,v) = f(v,u)?

for all u,v in V.
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Definition 1.1.2. We define the left and right radicals of f to be the subsets
LRadf ={ueV: flu,w) =0V we V}
RRadf ={veV: f(w,v) =0V weV}
respectively.

We define the radical of f to be
Radf ={veV: f(u,v) = f(v,u) =0V ueV}
Lemma 1.1.3. The left and right radicals of f form subspaces of V.

Proof. First note that 0 € LRadf. Now suppose u,v € LRadf and A € F, then
flu—v,w) = f(u,w) — f(v,w) = 0. Thus u —v € LRadf. Now f(lu,w) =
Af(u,w) = 0. Therefore Au € LRadf.

Clearly 0 € RRadf. Let u,v € RRadf and A € F, then f(w,u —v) = f(w,u) —
f(w,v) = 0. Therefore v — v € RRadf. Now f(w, \u) = N f(u,w) = 0. Thus
Au € RRadf. 0

Definition 1.1.4. A sesquilinear form f is said to be non-degenerate or non-singular

if its left and right radicals are zero.

Definition 1.1.5. A bilinear form B is symmetric if B(u,v) = B(v,u) for all u,v

inV.

Definition 1.1.6. A bilinear form B is skew symmetric if B(u,v) = —B(v,u) for

all u,vin V.
Definition 1.1.7. A bilinear form B is alternating if Vv € V B(v,v) = 0.

It is easily shown that every alternating form is skew symmetric. See Lemma

1.2.10 for further information.

Definition 1.1.8. A bilinear form B is reflexive if and only if for all vectors
u,v eV

B(u,v) = 0 implies and is implied by B(v,u) = 0.
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The following result is a particular case of Theorem 6.1.3 in [6], the proof of

which we present here.

Lemma 1.1.9. A non-degenerate reflexive bilinear form is either symmetric or al-

ternating.

Proof. Let B be a non-degenerate reflexive bilinear form. Then, for any vectors

u, v, w we have
B(u, B(u,v)w) = B(u,v)B(u,w) = B(u,w)B(u,v) = B(u, B(u,w)v),

and it follows that
B(u, B(u,v)w — B(u,w)v) = 0.

By reflexivity it follows that
B(B(u,v)w — B(u,w)v,u) = 0,
and therefore
B(u,v)B(w,u) = B(u,w)B(v,u). (1.1)

We call a vector u good if there exists a vector v such that B(u,v) = B(v,u) # 0.
From Equation (1.1) it follows that if u is a good vector then B(u,w) = B(w,u)
for all w. It follows that if u is good then all vectors w for which B(u,w) # 0 are
good. Suppose that u is a good vector and v is any non-zero vector. Then since
the form is non-degenerate, there exist vectors v" and v” such that B(u,v’) # 0 and
B(v,v") # 0. So v’ is good. If B(v,v’) is non-zero then v is good. If B(u,v") is
non-zero then it follows that v” is good and therefore v is good. On the other hand,
if both B(v,v") = 0 and B(u,v”) = 0 then B(u,v' +v") and B(v,v' +v") are both
non-zero and hence again v is good. It follows that if there is a good vector then
every non-zero vector is good and the form is symmetric.

Putting v = v in Equation (1.1) we obtain the identity

and so, if there are no good vectors then B(u,u) = 0 for all u and the form is

alternating. O
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Definition 1.1.10. Suppose B = {e1,...,e,} is an ordered basis for V and B is a

bilinear form on V. Then B is completely determined by the n x n matrix
Mp = (ai;) = (Blei, €5))

which is referred to as the matrix of the bilinear form B with respect to the ordered
basis B.
Observe that if u = )" ¢;e; and v = ) dje;, then

B(u,v) = ZZCiij(ei, ej) = Zci(zaijdj) = [u]%;MB[v]B (1.2)

i
where [u]p and [v]g are the coordinate matrices of u and v respectively.

Notice also that B is symmetric if and only if its matrix Mg = (a;;) satisfies
Ajj = gj;

for all 1 <i,j < n, that is, if and only if Mg is a symmetric matrix. Similarly, B is

alternate if and only if the matrix Mg = (a;;) satisfies
ai; =0, aijj = —az; (i #7j);
such a matrix is referred to as alternate.

Theorem 1.1.11. (Theorem 2.12in [35]). Let B = {e1,...,en} andC = {f1,..., fu}
be ordered bases for a vector space V.. Then
[vle = Mpclvls

where the change of basis matriz Mpc is the matric whose ith column is [e;]c.

Now let us see how the matrix of the bilinear form behaves with respect to a
change of basis. Let C = {f1,..., fn} be an ordered basis of V. Then by the above
theorem, we have

B(u,v) = ([uld M¢ 5) Mp(Me 5[vlc)

= [u]¢ (M¢ sMpMe g)[vc,
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and so

M¢ = M¢ gMpMe .
This prompts the following definition:

Definition 1.1.12. Two matrices A,C € M,,(F) are said to be congruent if there

exists an invertible matrix P for which
A= PpPCPT.
Let us summarize.

Theorem 1.1.13. (Theorem 11.2 in [35]). If the matriz of a bilinear form B on V

with respect to an ordered basis B = {ey,... ey} is
Mp = (B(ei, e;))
then
B(u,v) = [uMs[o]s
Furthermore, if C = {f1,..., fn} is also an ordered basis for V', then we have
Mc = McT,BMBMaB
where Mc g is the change of basis matriz from C to B, whose ith column is [f;]5.
Thus we have the following.

Theorem 1.1.14. (Theorem 11.3 in [35]). Two matrices A and C represent the
same bilinear form on V with respect to different choices of bases if and only if they

are congruent.

Definition 1.1.15. Let A be a matrix over a field F' and 6 an involution. Then A

is said to be a hermitian matriz if (AT)? = A.

Now suppose {e1,...,e,} is a basis for V, u = > ¢;e; and v = > d;e;. Let H be
i i

a hermitian form on V and H = (H(e;, e;)), then

H(u,v) = ZZCiH(ei’ ej)dg =cTHd (1.3)
iJ
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where ¢ = (c1,...,¢,)T and d? = (df,...,d%)" in F". Since H(u,v) = H(v,u)’
for all u,v € V we see that H = (ﬁT)e, and we say that H is a hermitian matrix.
Conversely a hermitian matrix H determines a hermitian form relative to the basis

{e1,...,en} for V by the above formula.
Definition 1.1.16. A quadratic form Q on V is a map @ : V — F such that:
(i) Forall A € Frand all v € V,
QW) = AQ(v);
(ii) The map
B:VxV=F

defined by
B(u,v) = Q(u+v) = Qu) — Q(v)

is bilinear.

Here B is called the polarization of the quadratic form Q. It is always a symmetric

form.

Now If @ is a quadratic form on a vector space V over a field F', then the pair

(V,Q) is called a quadratic space.

Definition 1.1.17. If Q : V — F is a quadratic form, then its radical is defined as

RadQ ={veV:Qu+v)—Qu) —Qv) =0V u eV and Q(v) = 0}.

Lemma 1.1.18. Rad@ is a subspace of V.

Proof. Clearly 0 € Rad@Q. Let v,w € Rad@Q and X\ € F, then

Qlut+v)—Qu) —Qv)=0YueV,
Qut+w)—Q(u) — Qw) =0V ueV,;



CHAPTER 1. BILINEAR, HERMITIAN, AND QUADRATIC FORMS 13
Now
Qutv—w) = Q) —Q(v—w) = Qu+1v) — Q1) ~ Q(v) — (Qu+w) — Q(u) — Q(w)),

and
Qu+ M) = Qu) = QM) = AQ(u + v) — Q(u) — Q(v)).

Thus by using Equation (1.4) and Equation (1.5), we get

Qu+v—w) = Qu) = Qv —w) =0,

and

Q(u+ M) — Q(u) — Q(Av) = 0.
Now putting u = —w in Equation (1.4), we have

Qv —w)—Q(—w) —Q(v) =0.
Also

QM) = A2Q(v).

Therefore by using Equation (1.6) and Equation (1.7), we get Q(v — w) = 0 and
Q(\v) = 0. O

Definition 1.1.19. A quadratic form Q) is said to be non-degenerate or non-singular

if its radical is zero.

1.2 Some properties of finite fields

In this section we define finite fields. We give some useful results. These results have

been taken from different sources: [25], [35] and [41].

Definition 1.2.1. A finite field or Galois field is a field which contains a finite

number of elements. We usually denote finite field with ¢ elements by Fj,.

Definition 1.2.2. The characteristic of a finite field is the smallest number m such

that m times the identity element is zero.
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Before stating properties of finite fields we are going to define field extensions.

Definition 1.2.3. A field extension is a monomorphism i : F — E, where F, FE

are fields.

Usually we identify F' with its image i(F), and in this case F' becomes a subfield
of E. We write E/F for an extension where F' is a subfield of E.

Theorem 1.2.4. (Theorem 6.1 in [41]). If E/F is a field extension, then the oper-
ation

(Ap) = A (ANEF, pekE)
(u,v) mu+v (u,ve€E)
turns E into a vector space over F'.

Definition 1.2.5. The degree [E : F| of a field extension E/F is the dimension of

FE considered as a vector space over F.
Definition 1.2.6. A finite extension is one whose degree is finite.

We now present some properties of finite fields which will be used in later

sections.

Lemma 1.2.7. (Theorem 2.2 in [25]). Let F be a finite field. Then F has p"™
elements, where the prime p is the characteristic of F' and n is the degree of F over

its prime subfield .

Lemma 1.2.8. (Corollary 20.9 in [41]). The multiplicative group Fy = Fy\ {0} of
a finite field Fy is cyclic.

It follows that a? = a for all a € F,.

Lemma 1.2.9. (Theorem 11.18 in [35]). Let F, be a finite field with q elements.
(i) If char(Fy,) =2, then every element of Fy, is a square.

(i) If char(Fy) # 2, then exactly half of the nonzero elements of F, are squares.
Moreover, if x is any nonsquare in Fy, then all nonsquare elements have the

form rx for some r € F,.
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Lemma 1.2.10. (Lemma 11.1 in [35]). Let V' be a vector space over the finite field
F,.

(i) If char(Fy) = 2, then a bilinear form on V is skew-symmetric if and only if
it is symmetric. Furthermore, an alternating bilinear form is symmetric (and

skew-symmetric).

(i1) If char(Fy) # 2, then a bilinear form on V is skew-symmetric if and only if it

s alternating.

Note that if the characteristic of the finite field F|, is not 2 then the quadratic
form @ can be recovered from its polarization by the formula Q(v) = 3B(v,v) and
there is a bijective correspondence between quadratic forms and symmetric bilinear
forms. If F, has characteristic 2, then the polarization is an alternating form from

which the quadratic form cannot be recovered.

1.3 The dual vector space V" and the symmetric algebra

This section is concerned with dual vector spaces and symmetric algebra. We give
some results on these. These results have been taken from [27] and [35]. At the end
of this section we prove a result which is old but we do not have a specific reference

for.

Definition 1.3.1. Let V be a vector space over a field F. A mapping ¢ : V — F is

termed a linear functional or linear form on V if for u,v € V and every a,b € F

¢(au+ bv) = ag(u) + bp(v).

In other words, a linear functional on V' is a linear mapping from V into F.

The set of linear functionals on a vector space V over a field F' is also a vector

space over F' with addition and multiplication defined by

(¢ +0)(v) = o(v) +6(v) and (ad)(v) = ag(v),
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where ¢ and J are linear functionals on V and o € F. This space is called the
dual space of V and is denoted by V*. Thus V* has a dual space V** called the
second dual of V', which consists of all the linear functionals on V*. Each v € V

determines a specific element ¢ € V** defined by

Let us present some properties of dual spaces.

Definition 1.3.2. Suppose that V is finite dimensional, and let B = {e1,...,e,}
be a basis of V. For each 1 < i < n, we define a linear functional x; € V* by the

orthogonality condition
:ci(ej) = (Sij for j = 1, ceey Ny
where d;;, known as the Kronecker delta function, is defined by

1if i=j
0 if i j.

Theorem 1.3.3. (Theorem 3.11 in [35]). Let B = {e1,...,en} be a basis of V.

ij

Then the linear functionals x1,...,x, defined by
l’i(ej‘) = 5@' fO’/’ ] = 1,...,n

form a basis for the dual space V*. This basis B* = {x1,...,xn} is called the
dual basis for B.

Corollary 1.3.4. (See also corollary 3.12 in [35]). Let F be a field. If dimpV < oo,
then dimp V* = dimp V.

Theorem 1.3.5. (Theorem 2.6 in [35]). Let V and W be vector spaces over F.
Then V =2 W if and only if dimp V = dimp W.

It follows that V = V* whenever V has finite dimension.

Theorem 1.3.6. (Theorem 11.4 in [27]). If V has finite dimension, then the map-

ping v — U is a natural isomorphism of V' onto V**.
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We are now going to define the symmetric algebra on a vector space V over a

field F.

Definition 1.3.7. Let F' be a field and V' a vector space. The symmetric algebra
on V, denoted by S(V), is the quotient algebra over F' of the tensor algebra T'(V)
by the two sided ideal I generated by the elements v ® u — u ® v of T(V'), where

u,v €V.

If V has basis e, . . ., e, then S(V') is isomorphic to the polynomial ring F'ley, . .., €,].
We shall denote the symmetric algebra on V* by F[V].
We now describe some properties of the symmetric algebra on V* which will be

used in later chapters.

Definition 1.3.8. Let V' be a vector space over a finite field Fj, where ¢ = p" for
some prime p. We define the Frobenius map ¢ : Fy[V] — Fy[V] by ¢(z) = P.

Lemma 1.3.9. The Frobenius map, ¢ is a monomorphism.
Proof. Let ,y € F,[V]. Then
P(zy) = (xy)’ = 2"y = d()¢(y)-

Also

b

2) a2y o pryP T P (1.8)

dx+y)=(z+y)P =a"+pP y+ (

by the binomial theorem. We claim that the binomial coefficient

()

is divisible by p if 1 <r < p— 1. To prove this, observe that the binomial coefficient

()=

The factor p in the numerator cannot cancel unless r = 0 or p.

is an integer, and

Hence the sum in Equation (1.8) reduces to its first and last terms, so

Pz +y) =2 + 9 = ¢(z) + ¢(y)-
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Therefore, ¢ is a homomorphism. Also Ker¢ = 0 because the symmetric algebra is

an integral domain. O
Corollary 1.3.10. The map
¢ Fy[V] = Fy[V]

defined by

z — x?

where q = p™ for prime p, is a monomorphism.

Proof. Follows from the above Lemma. O
Definition 1.3.11. Given a basis z1,...,x, of V* corresponding to the basis B =
{e1,...,en} of V. The general form of the quadratic form is

Q: E E aijxixj.
(]

Thus
Q=z"Mzx

where M is the matrix of the coefficients of the form and z is the column vector

with components x1, ..., x,.

Now let v = ) dyeg. If we form Q(v) = B(v,v) we find from Equation (1.2) that

Q) = ZZB(ei,ej)didj
= ZZB(eiaej)$i(U)$j(U)'

Thus, we have
Q=3 Yy
(]

where a;; = B(e;, €;).
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1.4 Equivalence of bilinear, hermitian and quadratic forms

Definition 1.4.1. Let X be a set and let ~ be an equivalence relation on X. If

x € X, then the equivalence class of x modulo ~ is the set [z]., defined as follows:
[l ={ye X :y~a}

Definition 1.4.2. A right group action of the group G on the set X is determined

by a function X x G — X, where we write (z,g) — z - g, satisfying the two axioms:
z-(gh)=(xz-g)-h

and

x-l=z (x€ X, g,h€Qq).

Lemma 1.4.3. Let G act on X. Define a relation ~ on X by x ~ y if and only if

there exists g € G such that x - g = y. Then ~ is an equivalence relation.

Proof. Firstly, x ~x as x-1 = x. Now let  ~ y. Then there exists g € GG such that

1 soy ~ x. Now let  ~ y and y ~ z. Then there exist

r-g=y. Thusx =y-g~
g,h € Gsuch that - g=yandy-h=z2 Nowz-(gh)=(x-g)-h=y-h=2z So

we get x ~ z. ]

Thus if G acts on X, then X is partitioned into blocks called orbits. We write
Orb(x) for the orbit of x € X. These are the equivalence classes under the above

relation.

Definition 1.4.4. Let G act on X and let z € X. Define the stabilizer of z in G
to be
Gy={9€eG:xz-g=uzx}.

It is easy to see that the stabilizer of x is a subgroup of G.

Theorem 1.4.5. (Theorem 3.19 in [36]). Let G act on the set X. Then for x € X,

|Orb(z)| = |G : Gg|.
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The above theorem is called the orbit stabilizer theorem.

Definition 1.4.6. If V' is an n-dimensional vector space over a field F', then GL(V')
denotes the general linear group of V, i.e the group of all invertible linear transfor-
mations on V.

Choosing a basis for V provides an isomorphism of GL(V) with the group

GL(n, F) of all invertible n x n matrices over F.

Definition 1.4.7. Two quadratic forms Q and Q' on a vector space V over a field
F are said to be equivalent if there exists g € GL(V) such that Q (v) = Q(gv) for
allv e V.

Now let v = Y dpex. From Definition 1.3.11, we have

Q(v) = [v]" M[u]

where M is the matrix of the coefficients of the form and [v] is the column vector

with components d1,...,d,. Therefore
Q(v) = Qgv)
= [g0]" Mlgv]
= [ ([g)" MIg])[v].

Thus in other words @’ is equivalent to Q if Q' is obtained from Q by replacing the
matrix M by its conjugate [g]T M|g].

Definition 1.4.8. Two bilinear forms B and B’ on a vector space V over a field F'
are said to be equivalent if there exists g € GL(V) such that B (u,v) = B(gu, gv)
for all u,v € V.

Now from Equation (1.2)

Therefore we have
B (u,v) = B(gu,gv)
= [gulEMglgv]s

= [ul5(l9)EMslgls)[v]5-
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In other words B’ is equivalent to B if B’ is obtained from B by replacing the matrix

Mp by its conjugate [g]§Mp|g)s-

Definition 1.4.9. Two hermitian forms H and H on a vector space V over a field
F are said to be equivalent if there exists g € GL(V) such that H (u,v) = H(gu, gv)
for all u,v € V.

Now from Equation (1.3)

where [u] and [v] are the coordinate matrices of u and v respectively. Thus

’

H (u,v) = H(gu,gv)
= [gu"H[gv]’

= [u" (9" H]g)") ]’

In other words H' is equivalent to H if H is obtained from H by replacing the
matrix H by the matrix [¢]7 H[g]?.

Lemma 1.4.10. Let V be an n-dimensional vector space over a finite field F of

order q and characteristic p. Then

(i) V admits a non-degenerate alternating form B if and only if n is even, in which

case B is unique up to equivalence.

(ii) V' admits a hermitian form H if and only if q is square with automorphism 6
of V defined by 6(x) = «P". If H is non-degenerate then H is unique up to

equivalence.

(117) Ifn is even V admits exactly two equivalence classes of non-degenerate quadratic

forms.

(i) If n is odd then V admits a non-degenerate quadratic form precisely when p is
odd, in which case there are two equivalence classes of forms. All forms are

equivalent up to scalar multiplication.
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Proof. Follows from Theorem 21.6 in [1]. O

Remark 1.4.11. In the situation of (iii) and (iv), there are two types of non-degenerate

quadratic forms called +type and —type.
Definition 1.4.12. A field F is said to be perfect if either:
(i) F has characteristic zero or
(ii) F has characteristic p, and every element of F' has a pth root in F.
Proposition 1.4.13. (Proposition 7.29 in [7]). Every finite field is perfect.
This can also be deduced from Lemma 1.3.9.

Theorem 1.4.14. Suppose that F' is a perfect field of characteristic 2 and @ is a

non-degenerate quadratic form on'V over F. Let V have basis ey, . . ., e, and suppose
that V* has corresponding basis x1, . ...x,. Then Q takes one of the following three
forms:

(i) If n =2m + 1 is odd, then

2
Q = 1Tm41 + T2Tm+2 + -+ TmTam + Loy -

(ii) If n = 2m is even, then either
(@) Q = 21Tmy1 + ToTmy2 + -+ Tmlom
or
(b) Q = 21Ty, + T2Tmg1 + *+* + Tm—1T2m—2 + T3,,_1 + TomTom—1 + bT3,,,
with x3, | + Tom_1 + b irreducible in Flx,_1].

Proof. Follows from Theorem 12.9 in [20]. O

Remark 1.4.15. The quadratic forms in (a) and (b) are said to be of +type and

—type respectively.
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1.5 Symplectic, unitary and orthogonal groups

In this section we define symplectic, unitary and orthogonal groups. We give the
orders of these groups along with the order of the general linear group in any char-

acteristic. We shall use these orders in chapter 6.

Definition 1.5.1. Let £ be a non-degenerate alternating form on a vector space V'

of even dimension n over a field F'. Then the symplectic group is defined to be

Sp(V.§) ={g € GL(V) : &7 =&},

where &9 is defined by
&9 (u,v) = &(gu, gv).

That is, Sp(V, &) is the largest subgroup of GL(V') under which ¢ is invariant.

Definition 1.5.2. Let F' be a field and # an automorphism of F' which is an in-
volution. Suppose H is a non-degenerate hermitian form on a vector space V of

dimension n over the field F'. Then the unitary group is defined to be
UV,H)={g9ge€ GL(V): H = H},

where HY is defined by
HO(u,v) = H(gu, gv).

That is, U(V, H) is the largest subgroup of GL(V') under which H is invariant.

Definition 1.5.3. Let @ be a non-singular quadratic form on a vector space V of

dimension n over a field F. Then the orthogonal group is defined to be
O(V,Q) ={g € GL(V) : @ = Q},

where Q)Y is defined by
Q7 (v) = Q(gv).

That is, O(V, Q) is the largest subgroup of GL(V) under which @ is invariant.
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Now from Lemma 1.4.10 and Theorem 1.4.14, it is clear that up to isomorphism
there is only one symplectic group and one unitary group corresponding to each space
V. Therefore we can write Sp(n, F') and U(n, F') for the symplectic and unitary
groups corresponding to a vector space of dimension n. There is one orthogonal
group up to isomorphism when the dimension of V is odd and so we can write
O(n, F) for the corresponding orthogonal group. There are two orthogonal groups
up to isomorphism when the dimension of V is even and so we can write O (n, F)
and O~ (n, F') for the corresponding two orthogonal groups.

In the following results F' denotes a field.

Proposition 1.5.4. If |F| = q is finite, then
n
|GL(n, F)| H q°—1).

Proof. Follows from Proposition 1.1 in [20]. O

Theorem 1.5.5. If |F| = q is finite, then

m

1Sp(n, )| = ¢™ [[(¢* - 1)

=1

where n = 2m.
Proof. Follows from Theorem 3.12 in [20]. O

Theorem 1.5.6. (Theorem 11.28 in [20]). If |F| = ¢? is finite and dimV = n, then
|U(n, F)| g b/ H ¢ — (-

Theorem 1.5.7. (Theorem 14.2 in [20]). If F is a perfect field of characteristic 2
and V' is a quadratic space of odd dimension n = 2m+1, then O(n, F) = Sp(2m, F).

Corollary 1.5.8. If |F| = 2! and dimV = 2m + 1, then

m

0@m+1,F)| = 2" T](2)H* - 1).

=1
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Proof. Follows from Proposition 1.4.13, Theorem 1.5.5 and Theorem 1.5.7. O
Theorem 1.5.9. (Theorem 9.11 in [20]). Suppose |F| = q and charF # 2. Then
(i) |0*(2k, F)| = 20"V (¢* — 1) TE (¢¥ — 1).
(ii) |07 (2k, F)| = 20" D (" + DTS (0% -~ 1).
(iii) |02k +1, F)] = 26 [T, (¢% — 1),

Note that the orders of the orthogonal groups in odd characteristic are also given

in Theorem 6.17 in [21].

Theorem 1.5.10. Suppose that |F| = 2! and Q is a non-singular quadratic form on

a vector space V' of even dimension n over the field F. If Q is a quadratic form of

+type, then
n—2
0% (n. F)| = 2(2)™ T ((2)% — 1) [T -n.
i=1
If Q is a quadratic form of —type, then
n2
0™ (n, F)| =22) 77 (2)% + 1) [T@)*-.
=1

Proof. Follows from Theorem 14.48 in [20]. O



Chapter 2

Invariant rings of symplectic,

unitary & orthogonal groups

Let V be a vector space over the finite field F,. Let S = F[V] be the symmetric
algebra on the dual V* of V. In this chapter we define the invariant ring S¢ where
G < GL(V). We discuss the invariant rings of the symplectic, unitary and orthogonal
groups. The ring of invariants of the symplectic group was calculated by Carlisle and
Kropholler in [8]. The ring of invariants of the unitary group was computed by Chu
and Jow in [14]. The ring of invariants of the orthogonal group in odd characteristic

was computed by Chu in [13]. Here we give a brief summary.

2.1 Invariant ring S¢ where G < GL(V)
The group G < GL(V) acts on V as follows:
g-v=g(v)
This is a left action of G on V and this gives a right action of G on V* as follows:
zI(v) = z(g - v).
The action of G on V* extends to an action on S by ring automorphism as follows:

(i) (y+2)7 =y + 2%

26
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(i) (y2)? = y92%;
(iii) 19 = 1.
We define the invariant ring as follows:
S¢={feS:fI=fVgeq}

The invariant ring of the general linear group GL(V) was computed early in the
20th century by Dickson in [16]. For a more modern treatment see Wilkerson [43].
It was found to be a graded polynomial algebra on certain generators {cy;}, called

the Dickson invariants.

Definition 2.1.1. The Dickson polynomial is defined as

Dy(X) = H (X —2).

eV
Here V is a vector space of dimension n over F, where ¢ = p" and p is a prime. It
should be noted that Dy (X) is invariant under the action of GL(V') as any element
g € GL(V) merely permutes the elements of V*. It follows that the coefficients of
powers of X are also invariants. The coeflicients are the Dickson invariants. Note

that Dy (X) € Fy[V][X].

The following result is similar to Proposition 1.1 of [43]. In Proposition 1.1
instead of a finite field F, the author considers a field F' containing the Fj-vector

space V. Here we do the same calculations over the finite field F.

Lemma 2.1.2. Let Dy (X) = H (X —x). Then
rzeV*

n

Dy(X) = (~1)" ey, X
=0

where cy; € Fy[V].

Proof. Let eq,...,e, be a basis of V and suppose 1, ..., Z, is the dual basis of V*

corresponding to the basis ey, ..., e, of V. In this proof, we write D,,(X) for Dy (X)
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and Dy, _1—;j(X) for Dy ), where 0 < j < n. Consider the following matrix.

Env-uaen—j>

2 n
vy i 2y o
2 n
ry w3 ozl o a4l
2 n
r3 i 2% o a2l
]:n(X):
2 n
Ty T T e T
2 n
X X9 X% ... x4

2 n
rp xf b o ad
2 n
ry xd ozl .o 4l
2 n
z3 xd ozl o 2l
det(Fn (X)) =
2 n
O S A X
2 n
X X9 X¢ ... X4

Let x € V*, then z = )" | a;,x; where a; € F, and

1 zf x‘fn
T9 xd - x%n
T3 ! e zl
det(Fn(X)) =
. 2 e zd"
X =Y ax; X1-> az! - Xq"—Zaixgn

By the linearity of the map z — 27 (See Lemma 1.2.8 and Corollary 1.3.10), we get

T zd zd
T3 4 24"
q q”
113 :L‘ e x
det(F, (X)) = ’ ’
In In xnn
X—z (X—ux)1 (X —z)1"
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It follows from above that each x € V* is a root of det(F,(X)). Let A,(X) =
det(Fn (X)), then
Ap(X) = Ap_1(zn)Dn(X).

Next we need to show that A,_1(z,) # 0. For this we use induction on n. For
n =1, Ao(xz1) = z; and x; # 0. Suppose the statement is true for vector spaces of

dimension less than n. Then
An—l()() = An—?(xn—l)Dn—l(X) # 0.

But the roots of A,_1(X) are the roots of the n — 1 dimensional subspace of V
generated by z1,...,z,-1. It follows that z, is not a root of A,_;(X). Thus
Ap—1(zn) # 0. Now define Y, ; to be the matrix obtained from F,,(X) by removing
the (n + 1)th row and (i 4+ 1)th column. Then

n

An(X) =3 (—1)"det T, ; X7

Therefore it follows that

detr, ;
detr,,,"

where cy; =
Theorem 2.1.3. (Theorem 8.1.5 in [39]).
Fq[V]GL(V) = Fq[CV,n—h “e ,CV70]

where degey; = q" — ¢ fori=1,...,n.

2.2 The invariant ring of the symplectic group

Let ¢ = p" where p is a prime and suppose V' is a vector space over Fj, of dimension
2n, with basis ey, ..., ea,. Let G be the finite symplectic group Sp(2n, F,). In this

section we describe the calculation by Carlisle and Kropholler of the invariant ring

Fq[V}SP(Qn’ Fy)
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Definition 2.2.1. If z1,..., 9, is the basis of V* dual to e, ..., ea,, then we define

q' q' q' q' q' q'
§i = 11Ty — To¥] + T3Ty — TaTy + -+ T2p—1T5, — T2nTo, -

The following results have been taken from [32] in which the author considers fi-
nite fields with odd characteristic but the results are still true when the characteristic

of the field is even.

Proposition 2.2.2. (Proposition 2.1 in [32]). For any natural number i € N we
have & € F,[V]5r@m Fo),

Lemma 2.2.3. (Lemma 2.2 in [32]). Sp(2n, F,) ={g € GL(2n,F,) : & = &1}

Theorem 2.2.4. (Theorem 6.4 in [32]). The ring F,[V]3P3™ Fa) js generated by

the elements

CV, ny---,CV, 2n—17£1; e )52%71

subject only to the following relations:

i1 2n

- . q .
E (_1)]§g—jCVJ = E (_1)35?_1'CVJ (I<i<n-1).
j=0 j=i+1

2.3 The invariant ring of the unitary group

Let V' be a vector space of dimension n over the finite field Fj2. Let V' have basis

€1, ...,en and suppose that V* has the corresponding basis x1, ..., x,. Set & = J:(fH—i—

R AR 11 [14] the authors simply state that this is a hermitian form, however this
statement needs to be amplified because there is no immediate connection between
this function of one variable and the sesquilinear Definition 1.1.1 which is a function

of two variables. For this reason we explain in more detail, the correspondence

between the two views of hermitian form. This £ determines a function
h:V — Fq2

defined by

v — m‘f“(v) + 4 20T ().
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We shall show that h determines a hermitian form on V' in both odd and even
characteristics. The idea comes from page 87 of [20]. In [20] the author considers the
field of complex numbers and do the calculations. Here we do the same calculations
over the finite field Fje.

If CharFj2 # 2 choose j € Fj2 \ {0} such that j7 = —j. Now define

H:VxV = Fp

(0,0) = b+ 0) = hu = ) + = (b -+ o) = ha = o).

If CharF,z = 2 choose A € F2 \ {0} such that A7 = A~! # X. Now define

H:VxV = Fp

by

' h(u+v) + !
T AT T T T A2 A3

H(u,v) (M(u 4 M) + XN2h(u + A1),

Let u =) a;e; and v = )_ b;e;, then in both cases we get
H(u,v) = a1b] + -+ + apbl.

We can easily check that H is a non-singular hermitian form on V. In this section we
describe explicit generators and relations for the ring of invariants Fe [V]U("’ Fe2),
Suppose &, ; == x(112i+1+1 4+ xqqfi““. It is known that &, ; € Fpe [V]U(n’ F2) and
it was computed in [9] that Fp (VU Fe2) — F2(&np, - &nn-1). First of all we

construct a polynomial, which we will denote by G;l.

We consider the following matrix:

Xo X¢ X0 Xx¢ X{
x; x¢ x¢ x¢© x¢
N=|x, x¥ x¢" xO x¢7

4 6 7

Xs x§ x¢° xI x4

3 3




CHAPTER 2. SYMPLECTIC, UNITARY & ORTHOGONAL INVARIANTS 32

where (i, j)-entry of the above matrix is

2i—1
2j—2 . .
X o 127
Let F}, be the n-minor obtained by the first n columns and rows of N, then clearly

F,, € Fy[Xo,...,X,-1]. For example
Fi=X, and Fp=XJ*' - XxIX,.

Let F,, be the n-minor obtained from the first n columns and the second row to the

(n + 1)th row of N, then clearly F, € F,[Xo,...,X,]. For example
Fl=X, and F,=X'"_xX,
Let Gy, := FgQ_qul — F, and define G, = G| = 1,Gy = X and
G i=Gn/GT, n>1.

We are now going to state a result which confirms that G;l is a polynomial.
Theorem 2.3.1. (Lemma 1.3 in [14]).

(i) G;?i3|Gn, forn >1;

(ii) G., is irreducible or a unit for n > —2;

(iii) Fy, = G;g—zG/nq forn > 0.

We now describe a connection between two results. These results concern deter-

minants and are very important in invariant theory.

Definition 2.3.2. Suppose M is an m X n matrix, S a subset of {1,2,...,m} and
T a subset of {1,2,...,n}. Define Mgz to be the submatrix of M obtained by
removing the rows in S and the columns in 7. If S = {i} and T' = {j}, we take M;;

instead of Mg.7.
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Lemma 2.3.3. (Lemma 2 on page 108 in [19]). For any p x p matrices M and N,
and 1 < k <p,
det(M) - det(N Z det(M') - det(N")

where the sum is over all pairs (M/,N,) of matrices obtained from M and N by
interchanging a fized set of k columns of N with any k columns of M, preserving

the ordering of the columns.

Example 2.3.4. Let

Then
det M - det N = 66.

By fixing the first column of N we get

2
> det(M') - det(N') = +
4 6(3 9 6 3|4 9

= 66.

Theorem 2.3.5. Let R be a ring and M € My, (R). Let N € M, _2(R) be the matriz
obtained by deleting the first row, the last row, the first column and the last column

from M. Then
det(M) - det(N) = | My | - |My1| — | M| - | M.

Proof. Suppose n is even and let

ail ai2 cee a1 n—1 Aln
a1 az2 o a2 n—1 a2n
M=
Gp—-11 An-12 --- An-1n—-1 0Qn-1n
L Gnl an2 s an n—1 Ann ]
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and

Now detM - detN =

ail ai2

a1 a2
An—11 QAanp—1 2

an1 an2

aill 0

aai a2
n—-11 0Gn-—-12

[47°%] 0

RS
ail 1 0
az1 0 a
an-11 0 ap—12

an1 0 0

Thus detM - detN =

34

a2 as3 az p—2 a2 n—1
a32 a33 a3 n—2 a3 n—1
apn—-22 AAp—23 Ap—2 n—2 Qp—2 n—1
| Gn—12 0Qn-13 ap—1 n—-2 Gp—-1n-1
al p—1 Ain 1 0 0 0
as n—1 a2n 0 ax a2 p—1 0
Ap—1 n—1 On—1n 0 ap—1 2 Ap—1 n—1 0
Ay n—1 Ann 0 0 ... 0 1
By the above lemma for £ = n — 1, we have detM - detN =
0 0 1 as a1 n—1 ain
az n—1 0 0 ag ag n—1 aonp
Gn-1n-1 0 0 ap—12 An—1 n—1 Aapn—1n
0 1 0 an2 an n—1 Ann
0 0 a1 ais A1n 0
az p—2 a2 p-1 as as3 ag, 0
p—1n-2 Qap-1n—1 p—12 Aap-1 3 ap-1n 0
0 0 an2 an3 Ann 1
a22 a23 a2 n—1 a22 a23 a2 n—1
as2 ass as n—1 a32 ass as p—1
a1 | M|+ - -—am
ap—22 0Qap-2 3 ap—2 n—1 an—22 Aap—23 ... (Ap—2 p—1
Gp—12 0p-13 Gp—1 n—1 p—12 Aap—-13 --- 0apn—-1n-1

|Mn1|
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+L—-L+ K- K,

az n—1

a3 n—1

Gn—2 n—1

Gn—1 n—1

az n—1

as n—1

an—2 n—1

n—1 n—1

ag1
asi
| M|+ - +ain—1
an—2 1

an-11

a21
a3l

|]\4nl|7L = 0p n—1

an—-2 1

an—-11

det M - det N = | My, | - | My1| — | Myn| - | M| + €,

where L =
as1 a23
as1 ass
—ai2
ap—21 AaAn—23
Apn—11 0Aap—13
and K =
a1 a23
as1 ass
an2
ap—21 Qap—23
ap—11 Qp—-13
Thus
where ) =
all 1 0
a1 0 a3
an-11 0 ap—13
an1 0 0
ail 1 0
a1 0 axp
an-11 0 ap_12
anl 0 0

az n—1

Gn—1 n—1

az n—2

ap—1 n—2

o

a2 0 a3
a2 a2 a3
n—-12 0Gp—-12 0an—-13
an2 0 an3
ai2 ail n—1
a2 a2 n—1
Gn—1 2 an—1 n—1
an2 an n—1

a2 az np—2
as2 as n-—2
an—2 2 n—2 n—2
Gn-1 2 an—1 n—2
a2 a2 n—2
as2 as n—2
an—-2 2 n—2 n—2
an—-1 2 ap—1 n—2
Qln
a2n
an—1n
Gnn
0 A1in
a2 n—1 a2n
Gpn—1 n—1 QAn—-1n
0 Gnn

| M1

| M1 |.
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Thus Q2 =
a21 a23 s a2 n—1 a21 a23 e a2 n—1
asi assy ... a3 p—1 asi ass ... a3 p—1
an2 : : : | Mp1|—ai2 | M1
p—21 ap-23 ... 0apn-2n—1 p—21 ap-23 ... 0Apn-2n—1
p—-11 Qap—-13 ... Qapn—-1n—1 p—-11 Apn—-13 ... 0apn—-1n-1
4t
as azp ... G2 p—2 as1 azp ... G2 p—2
agi a3z o a3 n—2 azi a3z oo a3 n—2
ar n—1 : : : | M| —an n—1
p—21 Aan-22 ... 0Qnpn—-2n-2 p—-21 Aapn-22 ... 0anpn—-2n-2
p—-11 an—-12 --. 04p—-1n-2 p—-11 an—-12 ... dpn—-1n-2
—-L-K

—L+K-L-K=0.

In the same way we can do this when n is odd. O

Note that there are two other proofs of the above result. See Lemma 5.5 of [3]

and Lemma 2.4 of [13] for details.

Corollary 2.3.6.
FC Fy=F'_ Gy, n>3.

Proof. This is proved by applying the above theorem to F;, and then using the fact
that Gp_y = F& " — F . O

For the sake of convenience, we define Fy = 1 so that the formula holds for n = 2.

Lemma 2.3.7. (Lemma 1.4 in [14]).

G;“L(§7L707 571717 e 7§n,n) - 0

Definition 2.3.8. Define the weight of the X; as wtX; = ¢! + 1.

|Mn1’
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It is easy to verify that F,, Fq;, G, and G;Z are all homogeneous with respect to

their weights, and it is easy to see that

(@2 — 1) (g™ +1)/(q% — 1),if n is even;

WtGIn =
("' —1)(¢""2 4+ 1)/(¢® — 1),if n is odd.

Definition 2.3.9. Define the polynomial

’

Qn(T) = G/TL(XO - Tqul? Xl - Tq3+17 s 7Xn - Tq2n+1+1)
where Q,(T) € F,[Xo, ..., X,][T]. This polynomial is designed so that
’ / 2n—
Quot(nor e sEunt#n) = GroalEno—2f o Grnr — ol

Gr1(Ens10 -+ En1m1)-

Thus, according to Lemma 2.3.7, we have
Quo1(nos -+ &nn—1,2n) = Gp1 (=10, Enm1.0-1) = 0.
Definition 2.3.10. Define the polynomials P,(T), P, (T) and Q,(T) as follows:

Pn(T) = Fn(XO _ Tq+1’X1 _ Tq3+17 o ,Xn_l _ 11(1271714»1)7

/

P (T) = FT/L(XQ — Tq+1,X1 _ Tq3—|-17 o 7Xn o Tq2n+1+1)’

n

Qu(T) = Gp(Xo — T, Xy — TTHY X, — T+,
We now give the explicit form of P,(T) and P, (T) in the following theorem.
Theorem 2.3.11. (Lemma 1.7 in [14]).
(i) Let Fi; be the (i,j)-minor of the n x n matriz defining Fy,, 1 < i,j <n. Then

n
PuT) = i 3 (1R T
’Lmjzl

(ii) Let Fi/j be the (i, j)-minor of the n x n matriz defining F,, 1 <i,j <n. Then

n
By(T) = Fy+ Y (-1 et e,
ij=1
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In the following result we are going to define R, ; which has an important role

in Theorem 2.3.17 and Theorem 2.3.18.

Proposition 2.3.12. (Proposition 1.11 in [14]).

(i) Let wtT =1, then Q., is homogeneous and

("2 =1)(¢" T 4+ 1) /(¢ = 1), ifn is even;

WtQIn =
(" =1)(¢"*+1)/(¢*> = 1), if n is odd.

(“) Let Q;%(T) = Z]]gV:O gk(XOa ey Xn)Tk) then gk‘(_anl,Oy cey _anl,n) =0 fO’f'
all k.
1) Let R, ; be the coefficient o D" Gy Q) . en
ii) Let R 7 be th . Tq2n+1 2l (—1)"q Qn TY. Th
Ry = (—1)”+1G;L_1 is the leading coefficient of Q,,;
2
Rn,i - (_1)nR7ql,27i,1Xn + f'm'(XOa v 7Xn—1); 1 S ? S [%—&-1]7 n Z 2;
Rip = Xo;
Ri1 = XquH - Xy
Ry = —XgQ_QH + Xq;

aO+1

R2,1 = X0q+1 — X9+ Gllfl(Xo,Xl).

(iv) All the coefficients of Q;Z belong to the Fp[Xo, ..., Xn_1]-module generated by

Ruo,- - By [(nt1) /2]

Definition 2.3.13. Define a map ®,, by the following rule:

Ryp-11 Ry 1ny2)
R,10""""7 Ruy_1p

P, : Fq2[X0, vy Xp—o, Y1, ... ,Yv[n/Qﬂ — Fq2 Xy, Xp—a,

Rn—l,i

n—1,0
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Definition 2.3.14. Define A,, to be the m x (m + 1) matrix

2 4

q q
91,2m—2 91,2m—4 91,2m—6
q q*
92,2m—2 92,2m—4 92,2m—6
q2
9j,2m—2 9j52m—4
2 2
q q
Im—1,2m—2 fm—1,2m—3 fm—1,2m—4
fm,2m—1 fm,Zm—2 fm,?m—?;
whose (7, j)th entry is
2j—2
q
q2(m—z)
ii—j+ms

where fij S FqQ [Xo, . .

mials.

,Xj] and gi2j € qu[Xo,..

2m—4 2m—2 2m—2
q q q
912 fi1 10
2m—6 2m—4 2m—4 2m—4
q q q q
924 fas f2o fa1
q2(@*j*1) {12(@*j) 92(@*1) (‘]2‘(771*]')
95,2 J,25—1 J:27—2 J.j—1
q2
fm—l,m—Z
fm,m—l

I1<j<m-—y

—1<j<m+1,

., X2;] are homogeneous polyno-

Note the following simple observation about A,,: Define ¢ to be the operator

which sends any polynomial to its ¢?th power, and let ¢ operate on a matrix by

operating on each of its entries. Then if we remove the first column and last row

from A,,, the resulting (m — 1) x m matrix is ¢(Ap,—1).

Definition 2.3.15. A ring R is a unique factorization domain (UFD) if it is a

commutative domain and

(i) Every non-zero non-unit element r € R can be written as a product

of irreducibles in R; and

r=2x1...Tn

(ii) If r is a non-zero non-unit in R and

r=x1...Tn="UY1---Ym,
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where xz1,...,Zn,Y1,...,Ym are irreducibles in R, then n = m and, after re-
ordering the y; if necessary, x; and y; are associates for i =1,...,n.
Lemma 2.3.16. F[X,...,X,], where F is a field, is a unique factorization domain.
Proof. Follows from Corollary 4 on page 295 in [17]. O

Theorem 2.3.17. (Theorem E, in [14]).

(i) The kernel of the ring homomorphism ®q, in Definition 2.5.13 can be generated
by (n — 1) polynomials Koy 1, ..., Konn—1 which have the following form:

Kon 91,2n—2 Y1

KQn n—1 9n—1,2n—2 Yn

)

(ii) The ring
Ron—11 Ron_1n

Fo|Xo, ... Xon o,
1 0 n=2 Ron—1p0 Ron—1p0

gFqQ[XOw"7X2n—27}/17---’Yn]/<K2n,17--‘7K2n,n—1>
is a UFD.

(iii) Let Ran C F2[V] be the subring we get by substituting Hay,; for X; in

Fp | Xo,. ., Xop g, Hn-L Fon-in| 0 < < 2n — 1. Then Ry, = Fp[V]VC™ T2,

Ron—10’" "7 Ran—1,0

Theorem 2.3.18. (Theorem O,, in [14]).

(i) The kernel of the ring homomorphism ®a,11 in Definition 2.3.13 can be gen-

erated by (n — 1) polynomials Kopt1 1, ..., Kopt1,n—1 which have the following
form:
Koni11 g1,2n—1 Y;
= : + ¢(Bn-1)
Kont1mn-1 In—12n—1 Y,

where By,_1 is an (n — 1) X n matriz whose (i, j)-entry is

q2j—2 1 < . < 3 1.
Jign—j)-1 +=J =077
2(n—i—1) . .
el n—i—1<j<n.

ii—j+n
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Here e;j € Fp[Xo,...,X;] and gi2j11 € Fjp[Xo,..., Xoj41] are homogeneous

polynomials.

(ii) The ring

R2n1 R2nn
Fol|Xo, ... Xop q, 20t Z2n,
1 0 2t Ran 0 Ran 0
= Fpe(Xo, .., Xon-1, Y1, Yol (K2nt1,15 -+ Kon1n-1)

is a UFD.

(iii) Let Roni1 C Fpe[V] be the subring we get by substituting Hopy1; for Xi in

R2n,1 R2n,n . U(2n+1, F
Fp |Xo, o Xon 1, 5220 RM}, 0 <i<2n. Then Royi1 = Fpa[V]"" ).

2.4 The invariant ring of the orthogonal group

Let ¢ = p", p an odd prime, and suppose V' is a vector space over Fj of dimension n
with basis eq, ..., e,. Let S = Fy[z1,...,z,] where x1, ..., x, is a basis of V* dual to
e1,...,en. It is known that all quadratic forms are equivalent to one of the following

two quadratic forms:

Qf =af—as+a3— -+ (-1)"zi_ + (—1)" a2k, n>1;

n

Q=27 —exdtexd — -+ (—D)"ex?_ |+ (=) tex?, n>1

where € is a non-square in Fy. Let O™ (n, F,) be the orthogonal group associated
with Q;. In this section we describe the invariant rings of O™ (n, Fy) for all n.
Suppose
Qn = €127 + €275 + -+ + €27,
where €; € F7. Let O(n, Fy) be the orthogonal group associated with @,. Suppose
mi = ax? T et 4 et T
where ¢; € Fjj. It is well known that

Fq(xlv €2, ... ’xn)O(n, Fa) = Fq(Qn,Oa Qn,17 ) Qn,n—l)

as was calculated in [9].
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Definition 2.4.1.

(i) The Legendre symbol is defined as follows:

1) g=1 . . . *
—) =072 =1, if § is a square in F;
q

5 _
() e —1, if § is a non-square in F}.
q

(ii) Define the weight of the variables as follows:
wtz; = wty; = 1 for all i; wtX; = ¢* + 1, wtT = 1.

Our aim is to construct two polynomials g/Jr and gl*. For this consider the

following matrix
X() X1 Xg X3 X4
X Xx§ x{ xi Xxi

X, X9 x@ x¢ x¢
M = 2 3 3
X; x¢ x¢ x¢ x¢

2 3 4

X, X¢ X& XU xg

whose (i, j)-entry is X‘CIJ.T;(FLFD

Suppose M (™ is the submatrix of the first n rows and n columns. Let fy =
1 and define f, = det M(™. Similarly let f; = 1 and define f, = det M{"F1). Tt is
clear that f, € Fy[Xo, X1,...,Xy—1] for n > 1 and f;L € Fy[Xo, X1,...,Xy] forn >
1. For example, fi = Xy, fo = Xg+1 - X% f{ = Xy, fé = Xf“ — X{X,. Tt is easy

to show that

fo=—fl X2 1+ &1(Xo, X1,..., Xno1), degx, ,p1=1 Vn>3;

o= (—1)n+1f,3,1Xn+fnq,2XZﬂ+¢2(X0,Xl, vy Xpo1), degyx,  p2=qV n>3.

Definition 2.4.2.

, atl
N fo—fn?, for n =0,1 (mod 4)
In = ’ g+1
fn + (_fn)Tv fOI’ n= 2>3 (mOd 4)7
, gt
3 fo+ fn?, for n =0,1 (mod 4)
In =

o (—fn)%, for n = 2,3 (mod 4).
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Definition 2.4.3. Let glil =1, gE)Jr = X, géf = 1 and define g;zi as follows:
90 = 9n/(9,72)" ¥ n>1.

Theorem 2.4.4. (Lemma 2.5 in [13]).

! ’

(i) fn= (_1)[§]gnt19n:1’
(i) (9,7)%9n
It is clear from the above theorem that g;f are polynomials.

Definition 2.4.5. Given € € F}/, define the following polynomials:
Fre(Xo, ..., X 1;T) i= fu(Xo + €T, X1 + €T Xpoy + €T7 1

F, (X0, ., Xp; T) o= fr(Xo + €T%, X1 + €T X, + €77 )
G7:‘L:76(X07 E) Xna T) = g;Lt(XO + €T27X1 + 6Tg+1> <o 7Xn + Gan+1)
GE(Xo,.. .. X T) = g5 (Xo + T2, X1 + €TI0, .., X, + T ).

We now give the explicit form of F,, ((Xo,...,Xp—1;7) and F,;}e(XO, coy X T)

in the following theorem.

Theorem 2.4.6. (Lemma 2.8 in [13]). Let f;; and f;] be the (i, j)-minors of f, and

f,;, respectively, for 1 <i,7 <n. Then

n
Foc(Xo,- -, X 13T) = fut 3 (~)Hefme e

1,7=1

n
P X ) = 30 (oo
ij=1
We now describe the weights and T-degree of the polynomials defined in Defini-
tion 2.4.5.

Theorem 2.4.7. (Lemma 2.9 in [18]). By using the definition of weight, we have

that Fy, ¢, F,;e, Ghe, G;%E are homogeneous polynomials. The weights are as follows:

n n

q" —1 / q" —1 q" —1
(a)WtFn,€:2<q_1>7 WtFn,e:(q+1)<q_1>7 vthfﬁ:(q—l—l)(q_1 .
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+1
/j: qn - 1
Wth,E = <q—]_> .

(b) If n is odd, then

(c) If n is even, then

Lemma 2.4.8. (Lemma 2.10in [13]). Consider the polynomials F,, ., F), Gy, and G;;[E

Tn,€s n,e’
as polynomials in T'. Then

(i) deg Fy, . = 2¢"" 1, deg F,;’E =q¢" g+ 1).

(i) deg G, = q—(§), deg Gy = q+(5); deg Gyt = deg Gy = ¢" (g +1), n > 2.

(iii) If n is even, then
deg G;LJ; =¢"+q2, deg G;; =q" —q2.
(i) If n is odd, then
deg Gyl = ¢" — (5)g"T . degGl=q"+ (g7 .

Lemma 2.4.9. (Lemma 2.12 in [13]). Let

1 1 1 1 i
Q;—Z_xtf-i- Q+ +x¢]+ __”_'_< 1)n (I+ +( 1)n+1w%+1’n21
and
Qi = wglﬂ ez} Ty ers R (‘Unﬁxiljll + (=) Mex? T n>1

where € is a non-square in Fy. Then
(2) gn+(Q;:[)7 Qr—;lv e 7Q7t,n) =0
(i6) 9 Qs Qrors -+ Q) = 0 for even n;

(111) g;f(Q;?O, Quis--+>Qny) =0 for odd n.
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Theorem 2.4.10. (i) Foralln > 1, GntLE( I’O, :’1, . ijL,nfﬁxn) =0, where
e=(—1)";
(i) For any positive even integer n, G;j_Le(Q;O, Quire s Qup137n) =0;

(i1i) For any positive odd integer n, G;;_L_E(Q;O, Quis--- 7Q;n_1;$n) =0.

. ’
Proof. (i) GnJr_Le( ;0, ;1, - .,Q;n_l;mn)
/ +1 n—1+1
=g ;0 +ex2, Qj{@ +extt ... ,Q;n_l + ex} )
— 4t + + +
= Gp 1 ( n—1,0’ Qn—1,1v e 7Qn—1,n—1)'

Thus by using the above lemma, we get
Gntl,e(Q:,m Q;f,la RE) Q;{,nﬂé Ty) = 0.

/
. + — — — .
(H) Gn—l,e(Qn,D7 Qn,l’ T 7Qn,n—1’xn)
/ _ _ +1 _ nfl_’_l
:gntl(Qn,0+€x%L?Qn,l —|—617% 7"'?Qn,n—l —|—6ng )
/
— 4t - - -
= gnfl(anl,(J? anl,lv e 7Qn71,n71)'

So by using the above lemma, we have
n_—l,e(Q'r:ﬁ? Q;p e Q;n_l; xn) =0.

(iii) Gfr;—l,—e(Q;,O7 Q;L,l? R Q;n—l; Tn)
= 9;1:1(@;,0 —exy, Qni1— 695%“7 L S Ex%n_lﬂ)
= 9;1_—1(62;—1,07 Q;—le e 7Q7:—1,n—1)‘
Therefore by again using the above lemma, we have
n1 (@ @t Qo3 %n) = 0.
O

Definition 2.4.11. Define the polynomials Rii(Xo, ..., X}) in the following way.

(i) If n is even, the polynomial G;;f_l(Xo, X1,...,Xpn;T) has degree ¢" + qz. Let

R;;i be the coefficient of anﬂ*ﬁ, i=0,1,...,5.
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(ii) If n is odd and (5> = 1, the polynomial G " (Xo, X1,..., Xy; T) has degree
n—1

q" — . Let R+ be the coefficient of T7" ™'~ 2 §=0,1,..., "T_l; R" ..
™o

is the constant term.

(iii) If n is odd and (5> — —1, the polynomial G, (X0, X1,..., Xy; T) has degree
—1

"+qz e . Let R, ; be the coefficient of T4" "+a 2 ,i=0,1,..., 2

Definition 2.4.12. Define a k x (k + 1) matrix A* as

2 k—2 k—1 k—1 T

q q q q q

P12k—1 Piok-3 Pigok-5 ~°° Pi3 T2 S
2 k—2 k—2 k—2

q q q q

DP22k—1 Paogp—3 Poop—5 *°° T2 723 T2
Tk,2k Tk2k—1 Tk2k—2 - Tkk+2 Tkk+1 Tkk |

whose (7, j)-entry is

J 1 . . .
pz 2k—2j+1° if j<k—i
qk i . . .
Tiktiqiogr i J>k—1,

where p;; and r;; € Fy[Xo, X1,..., X;].

Theorem 2.4.13. (Theorem Ay in [13]). Let n = 2k + 1 be a positive odd integer,
QFf =% —a3+a2%— - +22_5—22_| + 122 a quadratic form and let OF(n, F,) be

the orthogonal group associated to Q). Then

(i) The invariant subring is

+
Flx1, 2o, .. ,$n]0 (n, Fq)

QnO’Qn17""an 29

Rjz_ l,l(QnO""7an 1) (Qn07"'7an 1)]
Rn 10(Qn07"‘7Qn,n—2) “.7R7—1~_—1,0(Qn07"'7an 2)

(i) We have an isomorphism
bn : Fy[Xo, X1, X2, Y1, Yo, oo Y] (K1, K2, oo K1) —

Fq XOaXla"'>Xn—27

RZ—I,I(X()’XM vy Xno1) R:_Lk(XO,Xh coy Xn—1)
RY_yo(Xo, X1y, Xn2) T Ry (X0, X, 7Xn—2)]
defined by

X; > X; 0<i<n-2)
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R . (X0, X1,..., X0
vy TR X Xt g
Rn—1,0<X07 Xty 7Xn—2)
where the relations K, j are defined by
_ K, - C T
KTLQ = A]lz;@ n
| Knk-1 | | Yy |

(iii) The polynomials p;; and ri; € Fy[Xo, X1, ..., X;] are independent of n and
Thok = —Xok + Y(Xo, X1,..., Xop_1)
for some polynomial 1.
Moreover, they are homogeneous with respect to the weight with
wip = ¢ +q"% 1, j odd:
wtry; = ¢ + 1.

Theorem 2.4.14. (Theorem Cy, in [13]). Let n = 2k be a positive even integer,
QFf =22 —a3+2% - —22_,+22 | — 22 a quadratic form and let OF(n, F,) be

n—2

the orthogonal group associated to Q.. Then

(i) The invariant subring is

+
Fq[x]-?:’UQv cee 7$n]o (n, Fq)
+ + + N . N
=F Q+ Q+ Q+ Rn_l’l(ano’ o Qn,n—l) Rn—l,k(Qn,Oy cee an—l)
= Lyq n,00 %n,1 s Wnn—2 5F T - . " - |
Rn—l,O(Q’I’L7O7 ) Qn,n—Q) Rn—l,O(QTL,O’ ey Q’I’L,n—?)

(ii) We have an isomorphism

On  Fg[Xo, X1, ..., X2, Y1, Yo, .. YR (K1, Knoy o oo, Ky 1) —

Fq XOaXla"‘7Xn—27

Ry (X0, X100, X 1) Ry (X0, X1,y Xipe1)
R27170(X07X17 sty Xn—?) T R:7170(X07X17 s 7XTL—2)

defined by
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RY | (X0, X1y, Xn-1)
-1 0, A1, y AAn—1 i
Yy = (1<j<k)
Rn—l,O<X07 X1, Xn—2)
where the relations K, j are defined by
Knq 1
. — Y0
| Knjk—1 | | Y |
where
r / /.2 ! k—2 1 k—1 /o k—1 7]
q q q q q
Piok—2 Pirok-4 Piok-e6 P12 ™ 10
, 'q 12 . ’/"qk_Q 'r/qk_Q T/qk—z
o — Pook—2 Poor—4 Poor g 23 22 21
! ! I ! ! !
L T"k2k—1 Tk2k—2 Tk2k—3 °°° Tkk+1 Tkk  Tkk-1
whose (i,7)th entry is
7 g—1
q . . _ -,
P 2(k—j) if j <k —1;
/qk—z’

Tiim ik if j >k —1.
(iii) The polynomials p;j and r;j € Fy[Xo,X1,...,X;| are independent of n and
ok = —Xop—1 + (X0, X1, ..., Xopo)

for some polynomial 1.

Moreover, they are homogeneous with respect to the weight with

wtply = ¢+ g, even

Wt?";j =q¢ +1.



Chapter 3

Some properties of invariant

rings

One of the main reasons we want to calculate generators of invariant rings and the
relations among these generators is so that we can understand the structure of these
rings. In this chapter we define Cohen-Macaulay, Gorenstein and graded complete
intersection rings. We shall show that the information from Chapter 2 indicates
that the invariant rings of symplectic, orthogonal (in the odd characteristic case)

and unitary groups are Gorenstein and hence Cohen-Macaulay.

3.1 Projective and injective modules

In this section we define projective and injective modules. We give some examples
of projective and injective modules. We also describe some properties of these.
Before introducing the concept of projective modules it is useful to define free

modules.

Definition 3.1.1. Let R be a ring. For an R-module M the set £ C M is a basis
for M if:

(i) E is a generating set for M;

(ii) E is linearly independent.

49
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A free module is an R-module with a basis.
Example 3.1.2.

(i) Every vector space over a field F' is free.

(ii) Let B be any non-trivial finite abelian group. Then B is not a free Z-module.
(For suppose B has a Z-basis {f1,...,fn}. Then 3 m € Z,m # 0 such that
fim= fim+ fo0+---+ f,0 (take m to be the order of f1).)

(i11) R™ is a free R-module.

Definition 3.1.3. Let R be a ring. An R-module M is projective if it is a direct

summand of a free module.
Example 3.1.4.
(i) Any free module is projective.

(ii) If e = €% is a non-zero idempotent in R then eR is projective. (Since R =

eR® (1 —e)R).
Let us state a result which gives equivalent conditions for projective modules.
Theorem 3.1.5. The following conditions are equivalent for an R-module M.
(i) M is projective.
(ii) The functor Homgr(M, ) is exact. That is, the sequence
0 — Hom(M,A) — Hom(M,B) — Hom(M,C) — 0
1s exact for every exact sequence

0—-A—B—>C-—=0.

(i1i) For every epimorphism f : N — N’ and every module homomorphism g : M —

N’ there exists a homomorphism h: M — N such that fh = g.



CHAPTER 3. SOME PROPERTIES OF INVARIANT RINGS o1

Proof. Follows from the definition of projective module on page 33, Proposition 2.2.1

and Lemma 2.2.3 in [42]. O

Definition 3.1.6. Let R be a ring. An R-module J is called injective if and only

if Homp( ,J) is an exact functor.
We now state a similar result to Theorem 3.1.5 but for injective modules.
Theorem 3.1.7. The following are equivalent for an R-module J.
(i) J is injective.

(i) For any monomorphism f : 1 — I' and homomorphism g : I — J there exists

a homomorphism h: I' — J such that hf=g.

Proof. Follows from Proposition 3.1.2 part (a) and (b) in [5]. O
We now consider Z-modules and define divisible modules. See page 90 of [5].

Definition 3.1.8. Let A be a Z-module. We say that A is divisible if and only if

for all a € A and 0 # n € Z there exists ' € A with na’ = a.

Lemma 3.1.9. (Lemma 3.14 in [23]). Let J be a Z-module. Then J is injective if

and only if it is divisible.

Example 3.1.10. Q is injective as a Z-module.

3.2 Projective and injective resolution

In this section we define projective and injective resolutions. We give some examples

of these.

Definition 3.2.1. Let R be a ring. Given an R-module M, a projective resolution

of M is an exact sequence
= P,—= > PP —>FP—-M=0

with all the P;s projective.
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Example 3.2.2. Consider
0-252%2/22 0

where f(n) =2n and g(n) = n + 2Z. This is a projective resolution of Z/27.

Definition 3.2.3. Let R be a ring. Given an R-module M, an injective resolution

of M is an exact sequence
O—-M—-15 —w1hb—>1I3—>---—1,— ...
with all the I)s injective.
Example 3.2.4. Consider
0—zlos Q/Z — 0

where f(n) =n and g(n) =n+ Z. This is an injective resolution of Z.

3.3 Ext functor

In this section our aim is to define Ext functor.
Before introducing the notion of Ext functor it is necessary to define chain com-

plex and cochain complex. The following two definitions have been taken from [23].

Definition 3.3.1. Let R be a ring. A chain complex (C,,d) of R-modules consists
of a family (C), : n € Z) of R-modules together with maps d,, : C,, — C),—1 for each

n € Z such that the composite of any two consecutive maps is zero, i.e.
dp—1d, =0V n € Z.
So a chain complex looks like this
S O I O I o o o

The nth homology H,(C,) is defined as.

H,(Cs) = Kerd,,/Imd,,41.
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Definition 3.3.2. Let R be aring. A cochain complex (C*,d) of R-modules consists
of a family (C™ : n € Z) of R-modules together with maps d" : C" — C™*! for each

n € Z such that the composite of any two consecutive maps is zero, i.e.
d"d" ' =0V nez
So a cochain complex looks like this
NG e By o B Ny o R N 3 BN T SN

The nth cohomology is defined as

H"(C*®) = Kerd™/Imd" .

Consider a chain complex of projective modules
= P3P P Py—0 (3.1)
such that
= Pi— -5 P> PP —M=0 (3.2)

is a projective resolution of a fixed module M. Let N be an R-module. By applying
Hompg( ,N) to the chain complex in Equation (3.1) one gets a cochain complex as

follows:

0— HOmR(PQ,N) — HOmR(Pl,N) — HOmR(Pg,N) — ...

Ext’h (M, N) is defined to be
Exth(M,N) = H"(Hompg(P,, N)).
Now since P - Py — M — 0 is exact, so
0 — Hompg(M,N) — Hompg(Py, N) — Homp(P;, N)
is exact. Therefore

Ker(Hompg(Py, N) — Hompg(Py, N)) = Im(Hompg(M, N) — Hompg(Po, N)).
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It follows that
H°(Hompg(P,, N)) = Im(Hompg(M, N) — Hompg(Py, N)).

But Homg(M, N) — Hompg(Py, N) is injective. Therefore, we get Ext% (M, N) =
Homp(M, N).

3.4 Noetherian and Artinian modules

We defined unique factorization domains in chapter 2. This section is concerned
with Noetherian and Artinian modules. We describe some properties of Noetherian
modules. We also give some results on unique factorization domains which we shall

use in chapter 5.

Definition 3.4.1. Let R be a ring. An R-module M in which all submodules are

finitely generated is called Noetherian.
A ring R which is Noetherian as an R-module is called a Noetherian ring.

Definition 3.4.2. Let R be a ring. An R-module M which satisfies the descending

chain condition with respect to inclusion is called Artinian.
A ring R which is Artinian as an R-module is called a Artinian ring.
Example 3.4.3.
(i) Fields and division rings are both Noetherian and Artinian.
(ii) Z is Noetherian.
Now let us state a well-known result called the Hilbert Basis Theorem.
Theorem 3.4.4. If R is a Noetherian ring, then so is the polynomial ring R[X].
Proof. Follows from Theorem 3.3 of [30]. O

Corollary 3.4.5. Let F be a field and X1, . .., X, indeterminates. Then F[Xq, ..., X,]

is a Noetherian ring.
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Proof. By induction on n from the above theorem. O

Lemma 3.4.6. Let R be an integral domain. Then

(i) Every prime element of R is irreducible.
(i) If R is a UFD, every irreducible is prime.

It follows from above the lemma that prime and irreducible elements coincide in

a UFD.
Proof. Follows from Theorem 2.5.2 in [38]. O

Our next result is based on localization. Thus before stating it we define local-

iztion. The following definition has been take from [30].

Definition 3.4.7. Let R be a ring. A subset S of R is called a multiplicative closed

set, if
(i) 1 €S,
(i) z,ye S = ay e S.
Define a relation ~ on R x S as follows:
(a,s) ~ (b,t) iff (at — bs)u = 0 for some u € S.

It is easy to see that this is an equivalence relation. Let a/s denote the equivalence
class of (a,s), and S™!R denote the set of equivalence classes. Sums and products

are defined in S™!R as follows:
a/s+ b/t = (at +bs)/st, a/s-b/t = ab/st.

This makes S™!'R into a ring which is called the localization or ring of fractions.
Now define a map f: R — S~'R by f(r) = r/1. We see that f is a homomorphism.

The kernel of this homomorphism is

Kerf ={r € R:rs=0 for some s € S}.
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Hence f is injective if and only if S does not contain any zero-divisors of R. In
particular, the set of all non-zero-divisors S of R is a multiplicative set; the ring
fractions with respect to S is called total ring of fractions of R. If R is an integral
domain then its total ring of fractions is the same as its field of fractions.

Note that if P is a prime ideal of R and .S = R— P then we denote the localization
by Rp.

Lemma 3.4.8. (Lemma 6.3.1 in [4]). Suppose that R is a Noetherian integral
domain. If x € R is a prime and R[z~'] is a unique factorization domain, then R

is also a unique factorization domain.

3.5 Dimension and height

In this section we define minimal prime ideals over any ideal I. We also define
equidimensional rings, height and dimension. We show that any polynomial ring
over a field is an equidimensional ring. We give two proofs. For this we have taken
some results from [22], [31] and [37]. The others results which have been taken from
[2] and [29] as well as some of the result from [22] and [37] will be used in later

sections.

Definition 3.5.1. Let R be a ring. The supremum of the lengths r, taken over all
strictly decreasing chains Py D P; D --- D P, of prime ideals of R, is called the

Krull dimension, or simply the dimension of R, and denoted as dimR.
Example 3.5.2.

(i) dim F' = 0, where F is any field.

(ii) dimZ = 1.

If M is an R-module, we define the dimension of M by dimM = dim(R/ann(M))
where
ann(M)={a€ R:am=0Vm € M}.

Lemma 3.5.3. (Corollary of Theorem 5.6 in [30]). dim(F[X1,...,X,]) = n, where
F is any field.



CHAPTER 3. SOME PROPERTIES OF INVARIANT RINGS o7

Definition 3.5.4. Let R be a ring. For a prime ideal P of R, the supremum of
the lengths, taken over all strictly decreasing chains of prime ideals P = Py D P; D
.-+ D P, starting from P, is called the height of P, and denoted by htP.

It follows from this definition that ht P = dimRp and htP + dim(R/P) < dimR.

What happens if P is not a prime ideal?

Definition 3.5.5. For an ideal I of a ring R, we define the height of I to be
ht] = inf{htP : I C P € SpecR}.
It follows that
ht/ 4+ dim(R/I) < dimR.

Lemma 3.5.6. (Theorem 47 in [29]). A Noetherian integral domain is a UFD if

and only if every height 1 prime ideal is principal.
We now present a nice result which gives a relation between height and dimension.

Proposition 3.5.7. (Proposition 15 on page 45 in [37]). Let R be a domain which
is a finitely generated algebra over a field F' and n = dim R. For every prime ideal
P of R, we have

htP + dim(R/P) = n.

Definition 3.5.8. A prime ideal P in a ring R is said to be minimal over an ideal
1 if there are no prime ideals strictly contained in P that contain I. A prime ideal

is said to be a minimal prime ideal if it is a minimal prime ideal over the zero ideal.
Let us state some properties.

Lemma 3.5.9. Let R be a Noetherian ring and I an ideal in R. Then there are

only a finite number of prime ideals minimal over I.
Proof. Follows from Theorem 88 in [22]. O

Theorem 3.5.10. (Corollary 11.17 in [2]). Let R be a Noetherian ring and let
be an element of R which is neither a zero-divisor nor a unit. Then every minimal

prime ideal P over (z) has height 1.
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The above theorem is called Krull’s principal ideal theorem.
We now state some results which will help us to show that every maximal ideal

in F[Xy,...,X,] has height n.

Lemma 3.5.11. (Corollary 2 on page 44 in [37]). Let R be a finitely generated
algebra over a field F, and let m be a maximal ideal of R. Then R/m is a finite

extension of F.

Lemma 3.5.12. (Lemma 1.26 in [31]). Let R be an integral domain that contains

a field as a subring. If R is a finite dimensional when viewed as a vector space over

F. Then R is a field.

Lemma 3.5.13. (Theorem 149 in [22]). Let R be a Noetherian ring and P a prime
ideal in R with htP = n. Denote by P* = PR[X] the expansion of P to R[X], and let
Q # P* be a prime ideal in R[X]| with QR = P. Then htP* =n and htQ = n+1.

We are now going to prove that every maximal ideal in F[X7, ..., X,]| has height
n. The idea comes from page 109 of [22].

Suppose F'is a field and R = F[X1,...,X,]. Let J be a maximal ideal in R and
S = F[X1,...,Xn1]. Set I = J N S. Then

S/I=8/(JNS)=(S+.J)/JC R/

By Lemma 3.5.11 R/J is a finite field extension of F', therefore dimp(R/J) < oo.
Now since
FCS/ICR/J

it follows that dimp(S/I) < oo and S/I is an integral domain. Therefore by Lemma
3.5.12 S/I is a field and so [ is a maximal ideal in S. Now we claim that IR C J.
Define a map 6 as follows:

0:R— (S/1)[X,)

D AXPLXEm > A XL X X

It is an epimorphism and Kerf = I[X,]. It is easy to see that I[X,]| = IR so we
get R/IR = (S/I)[X,]. Since (S/I)[X,] is a polynomial ring therefore IR C J. By

induction, we may assume ht/ = n — 1. By the above lemma, htJ = n.
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Definition 3.5.14. A ring R is equidimensional if all maximal ideals have the same

height.

From our above discussion it is clear that F[X7,...,X,] is an equidimensional
ring. We are now going to define saturated and maximal chains. The following

definition has been taken from [37].

Definition 3.5.15. A chain of prime ideals is called saturated if it is not contained
in any other chain with the same origin and extremity (in other words, if one cannot
interpolate any prime ideal between the elements of the chain). It is called mazimal

if it is saturated, its origin is a minimal prime ideal, and its extremity is a maximal

ideal.

Notice that it can also be shown in the following way that F[Xi,...,X,] is an
equidimensional ring. The idea comes from the proof of Corollary 2 of Proposition
15 on page 45 in [37]. Let R = F[Xy,...,X,] and P, be a maximal ideal in R.

Consider a maximal chain of prime ideals
P> -DF.
Since it is maximal, we have Py = 0. We therefore have
dim(R/Py) = dim R and dim(R/F;) = 0.

Moreover, since the chain is saturated, one cannot interpolate any prime ideal be-

tween P; and P;_1; thus ht(P;/Pi — 1) = 1 and so by Proposition 3.5.7 we have
dim(R/P;—1) — dim(R/P;) = 1.

As dim(R/Py) = dim R and dim(R/P;) = 0, we deduce that [ = dim R. Thus it
follows that ht P, = dim R. Therefore every maximal ideal in R has the same height
which is dim R.

Lemma 3.5.16. (Theorem 155 in [22]). Let P be a prime ideal in a Noetherian
ring R and let © be an element in P. Suppose the height of P in R is k. Then the
height of P/(z) in R/{x) is k or k — 1. If x is not contained in any minimal prime



CHAPTER 3. SOME PROPERTIES OF INVARIANT RINGS 60

ideal of R (and so, in particular if x is a non-zero divisor) then the height of P/{x)
in R/(x) is k — 1.

See Remark 3.6.12 for further details.

Lemma 3.5.17. Let R be a finitely generated graded commutative algebra over a field

F of Krull dimension d and a1, ...,a; elements of R. Then dim(R/(a1,...,a;)) >

d—j.

Proof. Follows from Proposition 5.3.10 in [39]. O
It should be noted that a similar result holds when we consider R to be a local

ring with a maximal ideal m. In this case a1, ...,a; € m. See Corollary 10.9 in [18]

for further details.

3.6 Regular sequences, Depth and grade

In this section we define regular sequences, depth and grade. We give some useful

results on these. These results have been taken from [13] and [30].

Definition 3.6.1. Let R be a ring and M an R-module. An element a € R is said
to be M-regular if ax # 0 for all 0 £ x € M. A sequence ay,...,a, of elements of

R is an M-sequence (or an M-regular sequence) if the following conditions hold:

(i) ay is M-regular, ag is (M /a1 M )-regular,. .., ap is (M /(a1 M + -+ + ap—1M))-

regular;

(i) M/ a:M #0.

i=1
Example 3.6.2.

(i) Let R be a ring and S = R[X1,...,Xy]. Then Xi1,...,X, is an S-regular

sequence.

(ii) Let F be a field and A = F[X,Y,Z]. Seta; = X(Y — 1), aa =Y and a3z =

Z(Y — 1), then ay,az,as is a reqular sequence but ay,as,as is not.
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Thus it follows from the above example that a permutation of a regular sequence
need not be a regular sequence.
We are now going to state some results on regular sequences which will be used

in chapter 5.

Theorem 3.6.3. (Theorem 16.1 in [30]). Let M be an R-module and ay, ..., a, € R.

Ifai,...,apn is an M-sequence then so is ai*,...,al" for positive integers v, ..., Uy.

The following two results have been taken from [13] in which R=R; @ Ra & ...

is a positively graded ring.

Lemma 3.6.4. (Lemma 3.15 in [13]). Let x1,...,x, € R be homogeneous elements
of positive degrees. If x1,...,x, is a reqular sequence, then x1,...,Ty, s a regular

sequence in any order.

Lemma 3.6.5. (Lemma 3.17 in [13]). For any x € R, we denote its homogeneous

component of the highest degree by in(x). Suppose x1,...,x, € R, not necessarily
homogeneous. If in(x1),...,in(zy,) is a reqular sequence, then x1,...,x, is a reqular
sequence.

Lemma 3.6.6. (Lemma 3.13 part (a) in [153]). Let R be a ring. If x1,...,x;i..., Ty

/
and T1,...,Ti—1,%; Tix1,-.., Ty € R are reqular sequences. Then
/7
Tlyews Tim1,TiT5, Litly--.,Tn € R
s a reqular sequence.

Definition 3.6.7. Let R be a ring. The depth of an R-module M is the length
of the longest regular sequence for M. The depth of the ring R is its depth as an
R-module.

Example 3.6.8. Let F' be a field.
(i) depthF = 0.

(i) depthF[Xy,..., X,] =n.
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The following two definitions have been taken from [28].

Definition 3.6.9. Let R be a Noetherian ring. We define the grade of an ideal I to
be the maximal length of an R-sequence in I on R and denote it Ggr([). Similarly

for an R-module M we define Gg(I, M) to be the length of a maximal R-sequence
inI on M.

Definition 3.6.10. Let R be a ring and M an R-module. Define
r(M) := inf{i : Ext’(M, R) # 0}.
We now describe an important result which will be used in later sections.

Proposition 3.6.11. Let R be a Noetherian ring. Then G(I) = r(R/I) for every
ideal I of R.

Proof. Follows from Theorem 16.7 in [30]. O

Remark 3.6.12. Note that in Lemma 3.5.16 if z1,...,2; € P is a regular sequence in
R then it follows by induction on n that the height of P/(x1,...,z;) in R/{(z1,...,x¢)
is k—t.

3.7 Cohen-Macaulay and Gorenstein Rings

In this section we define Cohen-Macaulay and Gorenstein rings. We give some results
related to Cohen-Macaulay and Gorenstein rings which are useful here. The results
have been taken from different sources: [4], [5], [22], [28], [30] and [37]. At the heart
of this section we prove some results which are old but which we do not have specific

references for. We shall use these results in the last section.

Definition 3.7.1. Suppose that R is a Noetherian local ring and let M be a finitely
generated R-module. We say that M is a Cohen-Macaulay module (CM-module)
if M # 0 and depthM = dimM. If R itself is a CM-module, we say that R is a CM

ring or Macaulay ring.

What happens if R is not local?
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Definition 3.7.2. A Noetherian ring R is said to be a CM ring if R, is a CM local

ring for every maximal ideal m of R.
Example 3.7.3. Let F be a field.
(i) The ring F[X1,...,Xy] is Cohen-Macaulay.
(ii) The ring F[X*, X3Y, XY3, Y4 C F[X,Y] is not Cohen-Macaulay.
We now present some properties of Cohen-Macaulay rings.

Theorem 3.7.4. (Theorem 151 in [22]). Let R be a ring. Then R is a CM ring if
and only if R[X] is a CM ring.

Corollary 3.7.5. Let R be a ring. Then R is a CM ring if and only if R[ X1, ..., X,]
is a CM ring.

Proof. By induction on n from the above theorem. O

Theorem 3.7.6. (Theorem 141 in [22]). Suppose that R is a Cohen-Macaulay ring

and x € R is not a zero-divisor. Then R* = R/{(x) is a Cohen-Macaulay ring.

Corollary 3.7.7. Let x1,...,z, be a reqular sequence in a Cohen-Macaulay ring R.

Then R* = R/(x1,...,xy) is a Cohen-Macaulay ring.
Proof. By induction on n from the above theorem. O

Lemma 3.7.8. (Theorem 1.1.11 in [28]). Let R be an equidimensional Cohen-

Macaulay ring. Then for any finitely generated module M
dim R = dim M + r(M).

Lemma 3.7.9. (Theorem 136 in [22]). Grade and height coincide for every ideal in

a Cohen-Macaulay ring.

Theorem 3.7.10. Let R be an equidimensional Cohen-Macaulay ring. Then for
any ideal I
dim R = dim(R/I) + htl.
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Proof. From Lemma 3.7.8, we have dimR = dim(R/I)+r(R/I). But by Proposition
3.6.11, we have G(I) = r(R/I). Therefore dimR = dim(R/I)+G(I). Now by Lemma
3.7.9, we have G(I) = ht/. Thus dimR = dim(R/I)+htI. O

Corollary 3.7.11. Let R be an equidimensional Cohen-Macaulay ring. Suppose x

is an element of R which is neither a zero-divisor nor a unit. Then
dim(R/(z)) = dim R — 1.

Proof. By the above theorem, we have dimR = dim(R/(x))+ht(z) but according to
Theorem 3.5.10 we have ht(x) = 1. Therefore we have dim(R/(x)) =dimR—1. O

Corollary 3.7.12. Let R be an equidimensional Cohen-Macaulay ring. Suppose

T1,...Tp @S a reqular sequence in R. Then
dim(R/{x1,...,z,)) =dim R — 7.
Proof. By induction on n from the above corollary. O

It follows from page 3 of [28] that a local ring is equidimensional. Thus Theo-
rem 3.7.10, Corollary 3.7.11 and Corollary 3.7.12 are still true when R is a Cohen-
Macaulay local ring. Now we are going to state a similar result to Corollary 3.7.12
which gives an equivalent condition for Cohen-Macaulay rings. We shall use this

result in chapter 5.

Theorem 3.7.13. (Proposition 4.5.4 in [4]). Let R be a Noetherian ring and M a

finitely generated R-module. Suppose that one of the following conditions hold.

(i) R is local, with mazimal ideal m, so that F'= R/m is a field, or

(i) R =2y Rj and M = P2 M; are graded, with Ry = F' a field, and R is
finitely generated over F' by elements of positive degree. In this case, we write

m for the ideal R generated by the elements of positive degree.

If M is Cohen-Macaulay then a sequence x1,...,x, is reqular for M if and

only if
dim(M/(x1M + -+ 2, M)) = dim M —r.
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Let us state a similar result to Theorem 3.7.10. Here instead of an equidimen-

sional Cohen-Macaulay ring we consider a Cohen-Macaulay local ring.

Lemma 3.7.14. Let (R, m) be a Cohen-Macaulay local ring. For a proper ideal 1
of R we have
ht/ 4+ dim(R/I) = dim R.

Proof. Follows from Theorem 17.4 in [30]. O

Lemma 3.7.15. (Corollary 3 on page 67 in [37]) Let R be a local ring which is a
quotient of a Cohen-Macaulay ring. Let P D P be two prime ideals of R. Then

all saturated chains of prime ideals joining P to P have the same length, which is

dim(R/P) — dim(R/P").

It follows from the above lemma that if R is a Cohen-Macaulay local ring, then

every maximal chain of prime ideals in R has the same length which is dim R.

Theorem 3.7.16. Suppose R = F[Xy,...,X,] and that S = R/I, where I =
¢
ZRPi and {p1,...,pt} is a reqular sequence. Then all maximal chains of prime
i=1

;geals in S have the same length which is dim S.

Proof. Let m = m/I be a maximal ideal of S. Consider the localization Sy,. Let
mSm D prSﬁl D) pr_lsm DD plSm (33)

be a maximal chain of prime ideals in Sj. According to the above lemma the length
of this chain is

dim(Sy/P1Sm) — dim(Sy,/mSsm) = dim (S /P S ).

By Lemma 3.7.14 we have

dim(Sy/P1Sm) = dimSy, = htrm.

Now by the Correspondence Theorem m is a maximal ideal of R and we know
that R is equidimensional. Thus htm = n and so by Remark 3.6.12 htm = n — t.
From Corollary 3.7.12 dim$S = n — ¢. Thus every maximal chain of prime ideals
in Sy has the same length which is dimS. Now from Equation (3.3) we get the

following strict chain:
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mS7» NS D P.S»NS>DP_1S,NSD---DPS-»NS.

Since mSy; NS = m and P;S; NS = P; so we get the strict chain

m>P.DOP._1D>---DP

which has the same length as the length of the chain in Equation (3.3). This com-
pletes the proof. O

Note that a similar result holds if S is an integral domain which is a finitely
generated algebra. See Corollary 2 of Proposition 15 on page 45 in [37] for details.
A multiplicativey closed set S is said to be saturated if every divisor of x € S is

in S. Following Kaplansky, we note that if M is a non-zero R-module and
S={zeR:mx#0V0#me M}

then S is a saturated multiplicatively closed set and R\ S is a set-theoretic union
of prime ideals. The prime ideals maximal among these may be called the maximal

primes of zero-divisors of M.

Definition 3.7.17. Let R be a ring, M any non-zero R-module. The prime ideals
contained in and maximal within the zero-divisors of M are called maximal primes
of M. When M has the form R/I, I an ideal of R, we use the terminology mazimal
primes belonging to I, rather than of R/I.

Lemma 3.7.18. (Theorem 137 in [22]). In a Cohen-Macaulay ring R let I be an
ideal of height n, which can be generated by n elements. Then all mazimal primes

belonging to I have height n and are minimal over I.

Definition 3.7.19. Let (R, m, F') be an n-dimensional Noetherian local ring with
maximal ideal m and F' = R/m. Then R is said to be a Gorenstein ring if any of

the following equivalent conditions hold.
(i) Exth(F, R) =0 for i # n and Ext(F, R) = F for i = n.

(ii) Exti(F, R) = 0 for some i > n.
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(iil) Exth(F, R) =0 for i < n and Ext%(F, R) = F for i = n.
(iv) Ris a CM ring and Exti(F, R) = F.

Note that the equivalence of the above conditions follows from Theorem 18.1 in

[30]. Again what happens if R is not local?

Definition 3.7.20. A Noetherian ring R is Gorenstein if its localization at every

maximal ideal is a Gorenstein local ring.

It is very clear from the definition that every Gorenstein ring is CM. Let us now

describe some properties of Gorenstein rings.
Theorem 3.7.21. If R is Gorenstein then so is the polynomial ring R[X].

Proof. This is exercise 18.3 in [30] and the solution is on page 294. O

Corollary 3.7.22. If R is Gorenstein then so is the polynomial ring R[ X1, ..., X,].

Proof. By induction on n from the above theorem. O

Theorem 3.7.23. (Theorem 221 in [22]). Let R be a zero-dimensional local ring
with maximal ideal m. Then R is Gorenstein if and only if the annihilator of m is

one dimensional (as a vector space over R/m).
Example 3.7.24.
(i) The ring F[X1,...,Xy] is Gorenstein.
(ii) Let S = F[X,Y]/(X?,XY,Y?), then S is CM but not Gorenstein.
Solution:
(i) Follows from Corollary 3.7.22.

(i) Let m = (X,Y)/(X?% XY,Y?) which is a maximal ideal in S. Since m? = 0
S is a local ring with maximal ideal m. Now dimgS = 3 therefore S is both
Noetherian and Artinian. Since S is Artinian dimS = 0 and so S is CM. Now
ann(m) = m and dimp(ann(m)) = 2. Thus according to Theorem 3.7.23 S is

not Gorenstein.
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Theorem 3.7.25. If R is Gorenstein and x1,...,x, is a reqular sequence in R,
then R/(z1,...,xn) is Gorenstein.
Proof. Follows from Proposition 3.1.19 part (b) in [5]. O

3.8 Graded complete intersection

In this section we define graded complete intersections. We prove a useful result
which gives an equivalent condition for graded complete intersections. We show that
the calculations in [8], [13] and [14] indicate that the invariant rings of symplectic,

orthogonal (in the odd characteristic case) and unitary groups are Gorenstein.

Definition 3.8.1. A finitely generated graded algebra R is said be a graded complete
intersection if the minimal number of generators minus the minimal number of gen-

erating relations between them is equal to the Krull dimension dimR.

Theorem 3.8.2. A finitely generated graded algebra is a graded complete intersec-

tion if and only if the relations in the generators form a regular sequence.

Proof. Suppose R = F[Xy,...,X,] and that S = R/I, where I = Zt: Rp; and
{p1,--.,pt} is aregular sequence. We claim that it is a graded complete iZITtlersection.
By Corollary 3.7.12 we have dimS = n—t. Next we need to show that ¢ is the minimal
number of generators of I. Suppose I can be generated by w elements with w < t.
Then dimS = dim(R/I) > n—w by Lemma 3.5.17 and n —w > n—t = dimS. Thus
we get a contradiction.

Conversely suppose S = R/J, R = F[X1,...,X,] where J has minimal generat-
ing set {z1,..., 2.} and dimS = n—r. We claim that {z1,..., 2.} is an R- sequence.
Suppose that {z1,...,2;} is an R-sequence, where 0 < i < r; we need to show that
zi+1 s not a zero-divisor modulo Z;Zl Rzj. Let I = 23':1 Rz;j and R = R/I. Now
R is an equidimensional Cohen-Macaulay ring so by Theorem 3.7.10 htI = ¢. Thus
by Lemma 3.7.18, the set of zero divisors of R is )\LEJAPA where P, are minimal prime
ideals of R. Now R is Noetherian so by Lemma 3.5.9 A is a finite set. Therefore the

set of zero-divisors of R is P U---UP,,. In other words the set of regular elements of
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Ris R\ (P,U---UP,,). Suppose z;+1 € Pi, then by Theorem 3.7.16 dim(R/Rz;11) =
dimR. Therefore dim(R/ Z;ill Rz;) = dim(R/ 22:1 Rz;). By using Lemma 3.5.17
we get dim(R/ > ", Rz;) > n —r which is a contradiction. Therefore z;41 is not in

any minimal prime ideal and so z;y1 is regular modulo 23:1 Rz;. O

Notice that a similar result holds when instead of a finitely generated graded
algebra we consider a Noetherian local ring. See Theorem 21.2 and the definition of

complete intersection for a Noetherian local ring on page 171 of [30].

Corollary 3.8.3. A graded complete intersection finitely generated graded algebra

is Gorenstein and hence Cohen-Macaulay.

Proof. Let R = F[Xy,...,X,] and S = R/J where J has minimal generating set
{#z1,..., 2} and dimS = n—r. We claim that S is Gorenstein. Since R is Gorenstein
by Corollary 3.7.22 and by the above theorem, {z1,..., 2.} is a regular sequence.

Thus by Theorem 3.7.25, S is Gorenstein. O
We are now going to state a useful result.

Lemma 3.8.4. (Corollary 5.4.4 in [39]). Suppose that G is a finite group, F a field
andV a finite-dimensional FG-module. Then the Krull dimension of F[V1]% is equal

to dimp V.

Remark 3.8.5. By the above lemma, Theorem 2.2.4, Theorem 2.4.13, Theorem 2.4.14,
Theorem 2.3.17 and Theorem 2.3.18, the invariant rings of symplectic, orthogonal (in
the odd characteristic case) and unitary groups are graded complete intersections,

and so in particular these are Gorenstein and Cohen-Macaulay.

Remark 3.8.6. It should be noted that in section 8 of [40] Stanley defines Gorenstein
rings. He discusses the work of other authors. Some of these authors describe neces-
sary conditions and some of them describe both necessary and sufficient conditions
for Gorenstein rings. Then he summarizes this work in Theorem 8.1 which gives
equivalent conditions for Gorenstein rings. In particular Stanley’s account can be

used to show that graded complete intersections are Gorenstein.



Chapter 4

Invariant rings of Aut(V,¢),
Aut(V, H) and Aut(V, Q)

Let V' be a vector space over the finite field F;,. Suppose S = F,[V] is the symmetric
algebra on V*. In chapter 2 we discussed the ring of invariants S¢ in the cases
when G is the the symplectic, unitary or orthogonal group (the latter in the odd
characteristic case). In this chapter we shall find the ring of invariants of the following

groups.

Aut(V,€) = {g € GL(V) : &(gv1, gv2) = &(v1,v2) ¥V v1,v9 € V'}
Aut(V,H) = {g € GL(V) : H(gv1, gv2) = H(v1,v2) ¥V v1,v2 € V'}
Aut(V,Q) ={g € GL(V) : Q(gv) = Q(v) Vv eV}

where ¢ is a singular alternating form, H is a singular hermitian form and @ is a

singular quadratic form.

4.1 Group actions

We defined group action in chapter 1. Here we describe some results related to group

actions which we shall use in our main results.

70
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Lemma 4.1.1. If G acts on X and N <G then G/N acts on XN and (XNV)G/N =
X€.

Proof. For z € X", define gN - & = g-x. This is well defined because if gi N = go N,
then gl_lgg € N. Therefore gl_lgg -x =z and s0 g1 - = g2 - x. So we have an action

of G/N on X. The second statement is clear. O]

Lemma 4.1.2. Let G1, G2 be two groups and S1, Sy be two rings. Suppose G1 acts
on S1 and Gy acts on Sy. Then G1 X Go acts on S1 ® Ss.

Proof. Define a map S; ® Sg X (G1 x G2) — S1 ® S by (s1 ® 82)(91792) =s' ® s3?
where s1 ® s2 € S1 ® Sz and (g1, g2) € G1 X G2. We can easily show that this is an

action. ]

4.2 Integrally closed domains

In this section we define integrally closed domains. We defined unique factorization
domain in chapter 2. Here we show that every unique factorization domain is inte-
grally closed. At the end of this section we shall show that every polynomial ring in
two or more indeterminates (up to a finite number of indeterminates) can be written

as a tensor product of two polynomial rings.

Definition 4.2.1. An integral domain R is said to be integrally closed if every
element 0 of its field of fractions ff(R) which satisfies a monic polynomial with

coefficients in R is already in R itself.

Lemma 4.2.2. If R C Ry C S are integral domains such that

(i) S is integral over R

(it) ff(R) = ff(R1)
(iii) R is integrally closed

then R = R;.
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Proof. Let a € R;. By (i) choose a monic polynomial f(X) in R[X] such that
f(a) =0. By (ii) « € ff(R) and so by (iii) o € R. O

Lemma 4.2.3. If R is a UFD, then R is integrally closed.

Proof. Let R be a UFD with ff(R) the field of fractions. Let u € ff(R) be integral

over R. Then for some aq,...,a,-1 € R,
-1
" +apu" 4o 4+ap=0

c
where u = p for some ¢,d € R and ¢, d have no non-unit common divisor. Multiply-

ing both sides of the above equation by d", we get
A+ ap_1de” + o 4 agd™ = 0.

Thus
"= —d(an_1" - 4 apd™ ).

Now since R is a UFD, d must divide ¢. But ¢ and d have no non-unit common

divisor so d = +1. Therefore v € R and so R is integrally closed. O
Lemma 4.2.4. Let F be a field. Then
FIXq,. .., X0, Xns1, oo s X EF[Xq, .., X0 @ F[Xpt1, -+, Xotm)-

Proof. RHS = FIX;®1,...,X,, ® 1,1 ® Xp41,...,1 ® X 4m]. Define a map by
X1 ’—>X1®1,...,Xn 0—>Xn®1 and X?’L-i—l — 1®Xn+1,...,Xn+m — 1®Xn+m

Then we can check that this is an isomorphism. O

4.3 The Fundamental Theorem of Galois Theory

A good introduction to Galois Theory is given in [41]. We give a brief summary

here.

Definition 4.3.1. If F' is a field and f is a polynomial over F', then f splits over
F if it can be expressed as a product of linear factors f(t) = c(t — a1)...(t — ap)

where ¢, aq,...,a, € F.
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Definition 4.3.2. Let I’ be a field and let ¥ be an extension of F. Then ¥ is a

splitting field for the polynomial f over F' if
(i) f splits over ¥ and

(ii) If F C X' C % and f splits over &', then &' = ¥.

The second condition is clearly equivalent to:
(i) ¥ = F(au,...,a,) where ai, ..., a, are the zeros of f in 3.

Definition 4.3.3. A field extension E/F is normal if every irreducible polynomial

f over F that has at least one zero in E splits in F.

Theorem 4.3.4. (Theorem 17.10 in [41]). A field extension E/F is normal and

finite if and only if E is a splitting field for some polynomial over F'.

Definition 4.3.5. An irreducible polynomial f over a field F' is separable over F' if

it has no multiple zero in a splitting field.

Definition 4.3.6. (i) An arbitrary polynomial over a field F' is separable over F'
if all its irreducible factors are separable over F'. Otherwise, it is an inseparable

polynomial.

(ii) If E/F is an extension, then an algebraic element o € E is separable over
F' if its minimal polynomial over F' is separable over F. Otherwise, « is an

inseparable elements.

(iii) An algebraic extension E/F is a separable extension if every a € E is separable

over F. Otherwise, it is an inseparable extension.

Theorem 4.3.7. (Theorem 17.22 in [41]). If E/F is a field extension such that E

is generated over F' by a set of separable algebraic elements, then E/F is separable.

Definition 4.3.8. Let E/F be a field extension. A F-automorphism of E is an
automorphism 0 of E such that d(c) = ¢ for all ¢ € F. We say ¢ fixes ¢ € F.

Theorem 4.3.9. (Theorem 8.2 in [41]). If E/F is a field extension, then the set of

all F-automorphisms of E forms a group under composition of maps.
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Definition 4.3.10. The Galois group Gal(E/F) of a field extension E/F is the

group of all F-automorphisms of F under the operation of composition of maps.

The importance of the Galois group is made clear by the fact that, under certain

extra hypotheses, we get a one-to-one correspondence between:
(i) Subgroups of Gal(E/F) and
(ii) Subfields M of E such that F* C M.

If E/F is a field extension, we call any field M such that F C M C FE an in-
termediate field. To each intermediate field we associate the group Gal(E/M)
of all M-automorphisms of E. Thus Gal(E/F) is the whole Galois group, and
Gal(E/FE) = 1, the group consisting of just the identity map of E. Clearly, if
M C N, then Gal(E/M) D Gal(E/N) because any automorphism of £ which fixes
the elements of NV certainly fixes the elements of M.

Conversely, to each subgroup H of Gal(E/F') we associate the set
Fix(H)={z € E:d(x) =z Ve H}.
This is the fixed field of H.

Lemma 4.3.11. (Lemma 8.5 in [41]). If H is a subgroup of Gal(E/F'), then Fix(H)
is a subfield of E containing F.

It is easy to see that if H C H', then Fix(H) D Fix(H ). Let E/F be a field
extension with Galois group G. Let F be the set of intermediate fields and let G be
the set of all subgroups H of G.

Theorem 4.3.12. (Fundamental Theorem of Galois Theory: Theorem 17.23 in
[41]). Let E/F be a finite separable normal field extension, with Galois group G.
Let H € G and M € F where G and F are as defined above. Then

(i) The Galois group G has order [E : F).
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(ii) The maps
M — Gal(E/M),
H — Fix(H),
are mutual inverses, and set up an order-reversing one-to-one correspondence
between F and G.
(iii) [E: M| = |Gal(E/M)| and [M : F|[E : M] = |G|.

(iv) M/F is a normal extension if and only if Gal(E/M) is a normal subgroup of
G.

(v) If M/F is a normal extension, then the Galois group of M/F is isomorphic to
the quotient group G/Gal(E/M).

We now give an important result which will be used in later sections.

Proposition 4.3.13. (Proposition 1.2.4 in [39]). Suppose V is a finite dimensional
faithful representation of a finite group G over a field F'. Let S = F[V], then ff(S) is
a Galois (i.e., normal and separable) extension of ff(S)¢ with Galois group G. The
field ff(S)C is the field of fractions of SC, and S is integrally closed in ff(S)C.

4.4 Algebraically independent elements

In this section we define algebraically independent elements and transcendental de-
grees. We state some properties of these. The results in this section have been taken
from [4], [30], [39] and [43]. We shall use these results in this chapter as well as in

chapter 5.

Definition 4.4.1. A set of polynomials is called algebraically independent if there

are no algebraic relations between them.

The following result gives us a sufficient condition for algebraically independent
elements. Note that in Proposition 5.21 of [33] the author proves this result over the

complex field.
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Lemma 4.4.2. (Lemma 5.6.1 in [39]). Let F be a field. If f1,..., fn € Flz1,..., 2]

and
oh . Ofn
821 821
Lot #0
oh . O
Ozn, 0zp,

then fi,..., fn are algebraically independent.

Definition 4.4.3. Let E/F be a field extension. The largest cardinality of an
algebraically independent subset of E over F' is called the transcendental degree of

E over F. It is denoted by tr.degpFE.

Lemma 4.4.4. (Theorem 5.6 in [30]). Let F be a field and R an integral domain

which is finitely generated over F', then

dim R = tr.degp(ff(R)).

Note that if Ry C Ry are integral domains which are finitely generated over F,

then it follows from the above lemma that dim R; < dim Rs.

Proposition 4.4.5. (Proposition 5.4.2 in [4]) Let z1,...,x, be algebraically inde-
pendent indeterminates over a perfect field F. If f1, ..., f, are elements of F(x1,...,zy,),

then F(f1,..., fn) C F(x1,...,2,) is a finite separable extension if and only if

of ok
8$1 8%1
: . : # 0.
o, Oxp,
It follows from the above proposition and Lemma 4.4.2 that if F(f1,..., fn) C
F(x1,...,x,) is a finite separable extension then fi,..., f, are algebraically inde-
pendent.

Lemma 4.4.6. (Lemma 3.2 in [{3]) Let V' be a vector space over the field Fy.
Suppose S = Fylx1,...,xy] is the symmetric algebra on V*. Let R = Fylz1, ..., zp)
where z; are a set of algebraically independent polynomials in x;. Then the degree of

the field extension ff(R) C ff(S) is [] deg z;.
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4.5 Laurent expansion and Poincaré series

In this section we define Laurent expansions and Poincaré series. We state some
properties of these. We shall not use the results in this section in the thesis but they

are very important in invariant theory.

Definition 4.5.1. A Laurent expansion about t = 1 with coefficients in a field F’

is an expression of the form
=Y nel1— 0
k
where pi, € F and k € Z.

Definition 4.5.2. Let F' be a field. Suppose that R = @;io R; is a commutative
graded ring with Ry = F', and finitely generated over F' by homogeneous elements
x1,...Ts in positive degree ki, ..., ks. Suppose that M = @;’ifoo M; is a finitely

generated graded R-module. The Poincaré series of M is defined as follows

P(M,t) =) dimp(M;)t).
JEZ

We now give some examples.

Example 4.5.3.

1
(i) P(FyX],t) =1+t+t>+... and1+t+t2+---:1—_t.
(ii) P(E X1, ... Xulot) = —
) Xyl t) =
q 1, Y (1—t)n
1
(iii) P(FyY1,..., Y], t) =11, A= where d; = degY; fori=1,... n.

Before giving the notion of degree for a finitely generated commutative graded
F-algebra R = @?io R; with Ry = F' we are going to state some useful properties

of Poincaré series. The following two results have been taken from [4].

Theorem 4.5.4. (Theorem 2.1.1 in [4]). Let R and M be as in Definition 4.5.2.
Then the Poincaré series P(M,t) is of the form

ft)
[1j-1 (1 — %)

where f(t) is a polynomial in t with integer cofficients.
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Theorem 4.5.5. (Theorem 2.2.7 in [4]). Let R and M be as in Definition 4.5.2.
Then there exists homogeneous element fi,..., fn of positive degree in R, which
generate a polynomial subring F[f1,..., fn] in R/ann(M) over which M is finitely
generated as a module. The number n is equal to the order of the pole at t = 1 of

P(M,t) and is also equal to the krull dimension of M.

Definition 4.5.6. Let R = @?‘;0 R; be a finitely generated commutative graded
F-algebra with Ry = F. If the Krull dimension is n, then the value of the rational
function (1 —¢)"P(R,t) at t = 1 is a non-zero rational number, called the degree
of R, written as deg(R). More generally, if M = @™, M; is a finitely generated
graded R-module, we define the rational number deg(M) by the Laurent expansion

about ¢t = 1:

deg(M)
(1_t)n+....

To explain the above concept we give some examples.

P(M,t) =

Example 4.5.7.
(i) deg(Fy[X1,...,Xy]) =1.

(it) deg(Fy[Y1,...,Y,]) = where d; = deg; fori=1,...,n.

1
H?:l d;
- 1
We know that P(Fy[Y1,...,Y,],t) = H W. Let us expand this in a Lau-

i=1
rent expansion about ¢ = 1. First note that

n

1 1 n 1
H(l—tdi) - (1—t)"i1_[1(1+t_|_...+tdi1)

=1
1 1
and [T = hen t = 1. Therefore
N STy Rl s
1 1
P(E,[Yi,..., Y, t) = . 4.

[[eidi (1=t

Let us describe some properties.
Lemma 4.5.8. (Theorem 5.5.3 in [39]). Suppose that G is a finite group and V' is an
n-dimensional faithful representation of G over a field F. Then deg(F[V]%)

€

Hence the Laurent expansion of the Poincaré series of F[V]® about t =1 is

1

P(F[V]%t) = renn

+ ...
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Lemma 4.5.9. Let H = F[f1,..., fm]/{h1,...,hg), where hy,... hy is a regular

sequence of homogeneous elements in F[f1,..., fm]|. If deg f; = 1; and degh; = n;,
then
(a1 = Qi =)
[, (1= )
Proof. Clear. O

Thus by expanding this in a Laurent expansion about t = 1, we get

Hk—lni 1
P(H,t) = 1= T
0 = T 0 @ *

Note that in Proposition 3.3.2 in [34] the authors take hiy,...,h; to be alge-
braically independent and F[f1,..., fi] to be a free F[hy,..., hg]-module and get

the same result.

4.6 The invariant ring SV

Let V be a vector space over the field F,. In this section we want to compute the

invariant ring SV where S = F,[V] and we shall define N in the following discussion.

Consider
0<U <V

Let e1,...,en be a basis of U, extend this to the basis eq, ..., em, €mi1,-- -, €min Of
V. Let

G={geGL(V):gU =U}.

Suppose i, ..., Tm, Tm+t1,-- - Tmtn 1S the corresponding dual basis of V*. Now

define

¢:G— GL(U) x GL(V/U)
by

g9~ (9lu, 9)

where g(v + U) = gv + U. Then ¢ is a homomorphism. Let N = Ker¢ where

Kerg={geG:gu=uVuecUand gv—velUVve V}
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The matrix of N is

Now if g € N, then z9

Iy *
0 IV/U

+i:xm+ifor1§i§n.FixiWith1gigm,then

2y = z; + something in (V/U)*. Now

D (x;) = H (z; —z) € SN when 1 < i < m.
V/u) ze(V/U)*

Suppose

R=Fyyi, - Ym, Tm+1,-- -, Tmtn] where y; = (Vl/)U)(xi) for 1 <i<m.

Now RC SN C 8S.

(i)

We need to show that S is integral over R. This is true because for x; € S,
where m+1 < i < m+mn, there exist polynomials P;(X) = X —z; € R[X] such
that Pj(z;) = 0. Now for z; € S, where 1 < j < m, there exist polynomials

We need to show that ff(R) = ff(SN). Obviously ff(R) C ff(SY). Thus we
need to show that ff(SY) C ff(R). For this we need to check ff(R) C ff(S)
is finite separable normal field extension. The polynomials
Pi(X)= D (X —xj)forl1 <j<
J(X)= D (X =) for 1<) <m

split over ff(S), where these P;j(X) € R[X], and it is easy to see that

fFS) = fH(R) (1. .o m).

Thus by definition ff(S) is a splitting field for these polynomials and so by
Theorem 4.3.4 the extension ff(R) C ff(S) is finite and normal. Now the
elements x1,...,x,, are separable. Therefore by Theorem 4.3.7 the extension
ff(R) C ff(S) is separable. Let H be the Galois group of the field extension
ff(R) C ff(S). On the other hand Proposition 4.3.13 shows that the field
extension ff(SN) C ff(S) is Galois with Galois group N. Thus by Theorem



CHAPTER 4. INVARIANT RINGS OF AUT(V,¢) , AUT(V, H) AND AUT(V,Q) 81

4.3.12 N C H. Since the extension ff(R) C ff(S) is finite and separable, so
by the remark after Proposition 4.4.5 we have that y1,...,Ym, Tm+1-- ., Tm+n
are algebraically independent. Therefore by Lemma 4.4.6 and Theorem 4.3.12
part (ii) | H |=[[ degy; but | N |=[[degy;. Thus H = N and so by Theorem
4.3.12 ff(R) = ff(SN).

(iii) From the discussion in (ii) it is clear that R = Fy[y1,. .., Ym, Tm+1s- - - Tmtn)
is a polynomial ring. Thus by Lemma 2.3.16 and Lemma 4.2.3 R is integrally

closed. Therefore according to Lemma 4.2.2 we have
SN — Folyis - Yms Tmt1s - -+ Tl

Now consider the chain of subspaces of V' below.
0=U<Uy <--<Up=V.

Let m; = dimgpg, Ui/U;_1 for each i so that dimp, V. = mq + -+ + my. Let
€1y Emy+tm, De a basis of V' chosen by successively extending bases of the Uj;
so that eq,...,€m,+...tm,; is a basis of U;. Let z1,..., %y, +...4m, denote the dual
basis of V*. The chain of subspaces of V' gives rise to a natural chain of subspaces
in V*:

0=(V/Un)" < (V/Up1)" < < (V/Up)" = V7
in which (V/U;)* has dimension m;41+- - -+m,, and basis Ty 4 tmi+1s - - - s Trng oty -
For definiteness we shall assume that m; > 1 for each ¢ so that the inclusions in our
chains of subspaces are strict.

Associated to any subspace W of V there is the Dickson polynomial Dy /y)(X)
in F[V][X] as defined in Definition 2.1.1 and which has degree equal to the order
of (V/W)*. Thus we have deg D(yy,(X) = [(V/Us)*| = g™ttt We are

interested in the rings of invariants of two groups. First, the group
G:={geGL(V): gU; =U; V¥ i}
and secondly the kernel N of the natural surjective map

G — GL(Uy) x GL(Uz/Uy) x -+ x GL(Up /Uy _1)
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Note that the order of N is ¢¢ where

We shall use Propositions 4.5.5 and 4.5.6 of [34] to compute the ring of invariants
of N. It will obviously work when n = 2 which we have done above by a different
method. We have used a different method in our above discussion for n = 2 because
we shall use part (ii) of the above discussion in chapter 5. Firstly we are going to
define homogeneous system of parameters. The following definition have been taken

from [40].

Definition 4.6.1. Let F' be a field. Suppose R = @J‘?’;O R; is a finitely gen-
erated commutative graded F-algebra with Ry = F. If the Krull dimension is
n, then a set fi1,...,f, of homogenous elements of positive degree is said to be

homogeneous system of parameters if R is finitely generated module over the sub-

algebra F[f1,..., fn]

Lemma 4.6.2. The polynomials y(i,¢) := D, /v, - - - (Dvyu,_)(we)) and
T+ tmn_145 generate the ring of invariants SN where1 <i<n—1,1<7<m,
and my + - +mi—1 < €< mqy+--+m;. [Note that mq + - -+ + m;_1 should be

interpreted as 0 when i =1.]

Proof. We need to show that the y(i,¢) and Zy,,+...4m, ,+i form a homogeneous
system of parameters. The number of y(i,£) and X, 4...4m,_ 143 i8 D _;m; = dimV

and the product of their degrees is ¢® where

d=mi(ma+ - +mp) +ma(mg+ - +my) + -+ mp_1my, = E m;im.
1<i<j<n

The result then follows from Proposition 4.5.5 of [34] .

In order to prove that y(i,¢) and Ty, 4...m, ,+i form a homogeneous system
of parameters, the key step, just as in Neusel and Smith’s proof of the Nakajima—
Stong Theorem (Proposition 4.5.6 of [34]) is to show that F,[V] is integral over the

ring generated by the y(i,¢) and ;4. ym, ,+i- First we show that y(i,¢) and
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Ty 4-tmn_1+i are invariants and F,[V] is integral over the ring generated by the
y(i,0) and Tpyy 4+ tm,, 1 +i-

If g € N, then clearly $g11+---+mn,1+i = Tyytotm,_q+i for 1 < i < my,. The
y(n—1,€) := Dy, _,)(w¢) where £ in the range mi+- - -+my 2 < £ < my+--+my g
all belong to the ring of invariants SY. To see this, suppose that g is any element of

N. Then for any z € (V/U,—2)* we have 29 = x + z for some z = z(x, g) belonging

to (V/U,—1)*. The additive behaviour of the Dickson polynomials yields

Dwyu,_(@?) = Dyu,_ (@ + 2) = Dy, () + Dy, (2)

and since D(yy, _,) vanishes on (V/U,_1)* we have Dy, _)(z) = 0. Therefore

Dwyu,_(®)? = Dy, (29) = Dy, _1)(2).

This shows that the y(n—1, ¢) where ¢ in the range m;+---+my_o <€ <mj+---+
myp—1 are invariant as claimed. Let R; be the ring generated by the y(n —1,¢) where
fintherange 1 < ¢ < mi+---+my_1, and Tpyy+...4m,,_1+; Where 1 < j < m,,. Then
F,[V] is integral over Ry. In order to prove that it suffices to check that each z;
satisfies a monic polynomial with coefficients in the ring R;. For z; € F,[V], where
mi+---+my_1+1<j <mg+---+my, there exist polynomials Pj(X) = X —z; €
R1[X] such that Pj(z;) = 0. Now for z; € Fy[V], where 1 < j < mq+ -+ my_1,
there exist polynomials Pj(X) = Dy, _,)(X — ;) € R1[X] such that P;j(z;) = 0.

Now for each of dual space U there is a natural short exact sequence
0— (U;/Ui—1)* = U - U~ — 0.

We are going to identify each of the spaces U with a certain subspace of the sym-
metric algebra Fy[V]. First, Uy is identified with V*, the degree one component of

the symmetric algebra. Now the Dickson polynomial
Dy, »nX)= ][] -2
xE(V/Un—l)*
determines a linear function V* — F[V] with kernel (V/U,_1)*. Hence it is natural

to identify U;_; with D¢y, _,)(V*). This has the effect that elements of U;;_; have
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natural degree equal to the degree of Dy, ). [Note that the degree of Dy, )
is equal to the order of the vector space (V/U,—1)*]. We may then define like this:

Dy, X)) = I &-2.
2€(Un—1/Up—2)*

Then D, _,/u,_,) is a homogeneous polynomial provided we agree that the free
variable X has degree equal to the degree of Dy, _,). Just as Dy, _ ), the new
polynomial D, _, /v,_,) defines a linear map from U;_; to the symmetric algebra
with kernel (U,,—1/Up—2)* and its image may be identified with U}_,. The degree of
Dw,_,v,_,) 1s equal to the order of the vector space (V/Up—2)*. Continuing in this
way we define Dickson polynomials Dy, .., /v, _,) for each i, each one determining
a linear map with domain Uy;_;  ;, kernel (U, —iy1/Upn—;)* and image identified with
U,_;- The degree of Dy, .., u,_,) is equal to the order of the vector space V/Up—i.

Now U;_, is identified with the subspace generated by the y(n — 1,¢) where ¢
in the range 1 < /¢ < my + -+ my_1. By the same argument above the elements
D(Un_l/Un_Q)(y(n— 1,¢)) where ¢ in the range mj+---+my_3 < L < mi+---+my_9
are invariants of N. This means that the y(n — 2, ¢) where £ in the range mq +--- +
Mp—3 < £ < mi+ -+ my,_o are invariants of N. Let Ry be the ring generated
by Timy4-tm,_,+i Where 1 < j < my,, y(n — 1,¢) where my + -+ mp_o < £ <
mi+---+mp_1 and y(n —2,¢) where £ in the range 1 < ¢ < mjy +---+my,_2. Then
Ry is an integral over Ry. For z; € Ry, where my+---+my_1+1 < 7 <my+---+my,
there exist polynomials P;(X) = X — x; € Ry[X] such that P;(z;) = 0. Now for
y(n — 1,¢) € Ry where miy + -+ +mpy_—2 < £ < mq + -+ + my_1, there exist
polynomials Py(X) = X —y(n — 1,¢) € R1[X] such that Py(y(n —1,¢)) = 0. For
y(n—1,¢) € Ry, where 1 < /¢ < my + --- 4 my_2, there exist polynomials Pp(X) =
D, j,_o)(X —y(n —1,£)) € Ro[X] such that Py(y(n —1,¢)) = 0.

Now U;:_, is identified with the subspace generated by the elements y(n — 2, ¢))
where ¢ in the range 1 < ¢ < my + --- + mu_2. Now by the same argument above
D3 /U,_5)((y(n — 2,£)) where £ in the range my + -+ +mp_g <L <mg + -+
Mp—4 + My—3 are invariants of N. This means that y(n — 3,¢) where ¢ in the range

mi+-+mpg <l<mp+---+mu_g+ m,_3 are invariants. Let R3 be the ring
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generated by the @, 4...4m, ,+i where 1 < j < my,, y(n —2,¢) where ¢ in the range
mi+ -+ mp_3 << mg+---+my_o and y(n — 3,¢))) where ¢ in the range
1<?¢<mq+- -+ mpy_3. Then by the same method as above R, is integral over
R3. By induction we would get a ring which we let R,,_o and R,,_o is generated by
Ty +tmy,_14i Where 1 < 57 < my,, y(n —1,¢) where my + -+ +my_9 < £ < mj +
< +mp_1, y(n—2,¢)) where £ in the range my +- -+ mp_3 < € <my+---+my_oa,
y(n — 3,¢) where ¢ in the range mj + -+ mp_g <€ <mi+...mp_3, ..., y(2,¢)
where £ in the range 1 < ¢ < mj + mo.

Now Us is identified with the subspace generated by the y(2,¢) where 1 < ¢ <
m1 + ma. By the same argument above Dy, ) (y(2,¢)) where £ in the range 0 <
¢ < my are invariants of N. This means that y(1,#) where ¢ in the range 0 < ¢ <
my are invariants. Let R,_; is generated by Zm,+...4m, ,+i Where 1 < j < my,
y(n — 1,0) where my + -+ mp—o <€ <my+ -+ myu_1, y(n — 2,¢) where £ in
the range mj + -+ mp_3 < <mj+---+my_2, y(n — 3,¢) where ¢ in the range
mi+-+mp_g << mp+...my_3, ..,9(2,¢) where ¢ in the range m; < £ < ma,
y(1,¢) where ¢ in the range 0 < ¢ < my. Again by the same way R, _» is integral
over R,_1. It follows that F[V] is integral over R,_1.

Next, consider the number of y(i,¢) and Z,,4...4m, _,+i and their degrees. For
each i there are m; possible values of ¢ and so the number of generators y(i,¢) and
Ty teogmp_1+i 18 D ;mi = dimV. The degree of y(i,¢) is equal to the product
of the degrees of D,,, v,):---> D, _,) which is g™+ The degree of
Ty totm,,_;+i is one. Thus product of the degrees of all generators is ¢¢ where

d=my(mg+ - +mp) +ma(ma+ - +mp) + -t mpamy = > mmy.
1<i<j<n

Lemma 4.6.3. Let Gy = {g € GL(V) : gU = U} where U = Rad{ and Gy =
Aut(V,€). Then the maps ¢1 : Gi — GL(U) x GL(V/U) and ¢2 : Go — GL(U) x
GL(V/U) have the same kernels.

Proof. First we need to show that Gy < G;. For this let g € G, then {(gw, gv) =
&(w, ) for all w,v € V. Now let u € U, then &(gu,v) = &(u, g 'v) =0 forallv € V.
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Thus gu € U. Now it is easy to see that ¢2 = ¢1]a,, so Kergy = Kerg; N Ga2. Now
we need to show that Ker¢; C Go. For this let ey, ..., e, be a basis of U, then we

can extend this to a basis eq, ..., em,€m+1,- -, €m+n of V. Now let g € Kerg;, then
(i) Suppose i,j < m, then ge; = e;, ge; = e;. Thus &£(ge;, gej) = &(ei, €5).

(ii) Suppose i < m and j > m, then ge; = e;, ge; = e; + u for some v € U. Thus

(gei, gej) = &(eisej +u) = &(eis €5).

(iii) Suppose j < m and i > m, then ge; = e; + u for some u € U, ge; = e;. Thus
§(geir gej) = §(ei +u, e5) = &(ei €5).

(iv) Suppose i,j > m, then ge; = e; + u, ge; = e; + v for some u,v € U. Thus

&(gei, gej) = &(e; +u, €5 +v) = (e, €5).
]

Remark 4.6.4. If we replace Aut(V,¢) by Aut(V, H) or by Aut(V, Q) in the above

lemma, then it still holds.

4.7 Main results

Now we are in a position to solve our main problems.

Definition 4.7.1. Let B be a singular bilinear form on a vector space V over the field
F,. Let U = RadB, then we can define a bilinear form on V/U by B(9,w) = B(v,w).
It is easy to see that B is well defined.

Theorem 4.7.2. Suppose G = Aut(V,€) and z1,...,Tm,Tmil, .-, Tmin 1S the
dual basis of V* corresponding to the basis €1,...,€m,€m+1,---,€m+n Oof V. Let
S = Fylz1,...,Zm, Tmi1,- - s Tman) and U = Rad€ = (e1,...,em). Then for y; =

(EU) (z; — ), we have SE = Fyly1, ..., ym] D) @ Fyltmet, - - - Tmn] 7 V0 O,
IS *

Proof. Defineamap ¢ : G — GL(U)xGL(V/U) by ¢(g9) = (g9|v, g) where g(v+U) =
g(v) 4+ U, then ¢ is a homomorphism. Let N = Ker¢, then by the first Isomorphism

Theorem, we have G/N = Im¢. Further, we have Im¢ = GL(U) x Sp(V/U,§).
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Therefore, G/N = GL(U) x Sp(V/U,§). From Lemma 4.6.3, we have SV =
Folyt, -, Yms Tmt1, - - - s Tmn). S0 according to Lemma 4.1.2 and Lemma 4.2.4, we
have (SM)ON = Filyr,. . ym|9P ) @ Fyloman, .. 2] (/U 9. By applying

Lemma 4.1.1, we get S¢ = F,[y1, ..., Ym] M) @ Fylxmyt, - ) PVU O O

Definition 4.7.3. Suppose H is a singular hermitian form on a vector space V over
the finite field F2. Let U = RadH, then we can define a hermitian form on V/U by
H(v,w) = H(v,w). It is easy to check that H is well defined.

Theorem 4.7.4. Suppose G = Aut(V,H) and x1,...,Tm, Tmi1,s-. ., Tmin iS the
dual basis of V* corresponding to the basis e1,...,€m,E€m41,---Cmtn of V. Let
S=Fplr),...,Tm Tmi1,- -, Tmin] and W = RadH = (e1,...,en). Then fory; =

(};/IW) (zi—z), we have S€ = Fpalyi, . .. ,ym]GL(W)®Fq2 [T, - - - s Tongn] VW B
S *

Proof. Define a map ¢ : G — GL(W) x GL(V/W) as in Theorem 4.7.2. Let
N = Ker¢, then G/N = Im¢. Further, we have Im¢ = GL(W) x U(V/W, H).
Therefore, G/N = GL(W) x U(V/W, H). From Remark 4.6.4, we have SV =

Felyt, - Ym> Tma1s - -, Tmyn). By using Lemma 4.1.2 and Lemma 4.2.4, we have
(SN)G/N = F‘q2 [ylv cee 7ym]GL(W) X Fq2 [merl’ cee 7xm+n]U(v/W7 H) So by Lemma
4.1.1, we get S = Fpalyi, ...  ym]CFW) © Fp[mt,- - - Ty VW HD) 0

Definition 4.7.5. Let @@ be a singular quadratic form on a vector space V over
the finite field F,. Let U = Rad@. We can define a quadratic form on V/U by
Q(v) = Q(v). It is easy to check that Q is well defined.

Theorem 4.7.6. Suppose G = Aut(V,Q) and x1,...,Tm, Tmil, .-, Tmtn 0 the
dual basis of V* corresponding to the basis €1,...,€m,€mt1,---,€min 0of V. Let
S =Fyx1,..., Tm, Tmt1s - Tmn) and U = RadQ = (e1,...,en). Then fory, =

H (xl - Z'), we have SG = Fq[yla v 7ym]GL(U) ® Fq[mm-‘rla v 7xm+n}O(V/U, Q)
ze(V/U)*

Proof. Define a map ¢ : G — GL(U) x GL(V/U) as in the theorems above. Let
N = Ker¢. Then since Im¢ = GL(U) x O(V/U,Q) we have G/N = GL(U) x
O(V/U,Q). By Remark 4.6.4, we have S = F,[y1, ..., Ym,Tm+1, - - - » Tmin]. There-
fore by Lemma 4.1.2 and Lemma 4.2.4, we have (SN)S/N = F,[y1, ...,y V)
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Fylxmst, .- , Tgn] VU Q). Thus by Lemma 4.1.1, we get S¢ = F, [y, . .. L ym] W

Fq[$m+1, c. 7xm+n]O(V/U, Q) ]

Remark 4.7.7. From Theorem 4.7.2 and Theorem 4.7.4 it is easy to see that S¢
is a graded complete intersection, and so in particular it is Gorenstein and Cohen-
Macaulay. But from Theorem 4.7.6 S¢ is a graded complete intersection when the

characteristic of the field Fy is odd or ¢ = 2 as we do not know about

Fylxmyt, .-, $m+n]O(V/U, Q) when g=2L1>2.



Chapter 5

Invariant rings of subgroups of

the symplectic group

Let V' be a vector space over the field Fj,. Suppose e,...,e2, is a basis of V' and
U is a subspace of V. Let £ be the non-degenerate alternating form on the vector

space V with the following matrix:

0 1
-1 0

-1 0

-1 0

filled out with zeroes.
In this chapter we want to find the invariant ring S¢ where S = F,[V] and

G ={g € Sp(V,§) : gU = U}. We shall consider the following two cases:

(i) U = (e1,e2,...,en) where m is even and less than 2n;

(11) U= <€1, €3,..., €2n—1>-

89
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5.1 The orthogonal complement and some related re-

sults

Definition 5.1.1. Let £ be an alternating form on V. For a subspace U of V', we

denote the orthogonal complement of U by U~+. This is defined as
Ut ={veV:&uwv)=0YucU}.

Now let us present some nice properties of the orthogonal complement which are

important.

Lemma 5.1.2. Let V' be a vector space over the field Fy; and & be a non-degenerate
alternating form on V. Suppose U is a subspace of V. If |y is a non-degenerate

alternating form on U, then
(i) V=UaU' and
(ii) &|i71 s a mnon-degenerate alternating form on U+.

Proof. Follows from Theorem 11.8 in [35]. O

Lemma 5.1.3. Let V be a vector space over the field F, and & be a non-degenerate

alternating form on V. Suppose U is a subspace of V, then (UJ-)L =U.

Proof. Follows from Theorem 11.7 in [35]. O

Theorem 5.1.4. Let H = {g € Sp(V,¢) : gUL = UL}, then H =G.

Proof. If g € G and w € U+, then we have &(u, gw) = £(g~ u, w) = 0 for all v € U.
This implies that gw € UL. Conversely, suppose that ¢ € H and w € U, then
E(u, gw) = €(g'u,w) = 0 for all u € U+. This implies that gw € (UL)L. Hence
gw € U by Lemma 5.1.3. 0

We now state a useful result which is called Witt’s Lemma. Witt’s Lemma is

very important in invariant theory and we shall use this result in our later sections.

Theorem 5.1.5. (Witt’s Lemma on page 81 in [1]). Let V' be an orthogonal, sym-
plectic or unitary space. Let U and W be subspaces of V' and suppose o : U — W is

an isometry. Then a extends to an isometry of V.
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5.2 Main result in the first case

Theorem 5.2.1. Let x1,...,x9, be the dual basis of V* corresponding to the basis
e1,...,em of V. Suppose S = Fylx1,...,x2,] and U = (e1, €a,...,em) as defined on
page 88. Then S¢ = F,lx1,22,. .. ,:Em]Sp(U’ §|U)®Fq[xm+1,xm+2, e xgn]Sp(UL’ ElyL),

Proof. First note that |y is non-degenerate on U. Define a map ¢ : G — GL(U) x
GL(U*) by ¢(9) = (glv, gly+) where gly(u) = g(u) for all u € U and gl (w) =
g(w) for w € U*. We can check ¢ is a homomorphism. By Lemma 5.1.2 (i) ¢ is
injective with Im¢ = Sp(U, &|y) x Sp(U+, €|y2). Thus we have G = Sp(U, €|y) x
Sp(U~+,€|;1). Therefore by Lemma 4.1.2 and Lemma 4.2.4,

1
§G o~ Fylzq,z0,. .., xm]Sp(U’ €lv) @ Foylzmi1, Tm2, - - ,mgn]Sp(U > €lyL) O

Remark 5.2.2. From the above theorem it is clear that S is a graded complete

intersection, and so in particular it is Gorenstein and Cohen-Macaulay.

5.3 Research strategies for the second case

Consider U = (ej,es,...,ea,-1). Here &|y is a degenerate alternating form on U
and U = UL, Define a homomorphism ¢ : G — GL(U) by ¢(g) = g|l. By Theorem
5.1.5 ¢ is onto. If N = Ker¢p = {g € G : g(u) = I(u) Vu € U}, then G/N = GL(U).

The matrix of N is

1 a2 0 au o aroam—2 0 aron
0 1 0 0 0 0 0
0 az2 1 asza -+ az2m—2 0 agzon
0 0 0 0 e 1 0 0
0 agn-12 0 agp-14 -+ a2p-12n2 1 a2p-12n
0 0 0 0 e 0 0 1
with ags = a14,...,02n-1 2 = a1 2n, A54 = A36,---,02n-1 4 = A3 20, -+, A2n—1 20—2 =

a2n—3 2n-
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Let g € N, then 2§ = x9,...,2J, = z9,. Now 2! = x;+ something in (V/U)*
for all odd ¢ in the range 1 <14 < 2n — 1, where (V/U)* = (x2, 4, ...,%2,). Look at

yi= [] (z;—2)cSNfori=1,3,....2n—1. Also & € SN for 1 <i <n— 1.
ze(V/U)*

Let R = Fq[yl,yg, e YIn—1, T2, Ty e+ -y T2m, &1y - - 7577,—1]7 then R C SN cCS.
Before stating our next result it should be noted that it shall be convenient to use

Cn,i instead of cyy; in the following result and in the later section in this chapter.

Lemma 5.3.1. The following n — 1 relations hold in R:

r n—t i—1
n-i n—i itid1 n—j—i . n—i
& +ngj Y251+ E (—1)7+e Cn,n—j—iqu + E :(_1)J0n,n—j§g_j -0
j=1 j=1 =1

where 1 <1< n-—1.
Proof. We start by proving the first relation. For simplicity suppose n is even. Since

q' q' q' q'
§i =m1Ty — T2x] + -+ Top—1T9, — Tanloy, 1,

then
7 =l e o e e e
Also
i =20 = epn12? + cpnaa? =t = cpaa? + cnomi.

Multiplying vy; by x;ﬂ:l for odd 7 in the range 1 < i < 2n — 1 and adding £fn_1,

we get

qn—l qn—l qn— qn—l qn—l
51 +x5 yi+xy Ys+-o+ 2y, oYon—3+ Ty, Y2n-—1

n—1 n

_.q q" "t " =t " q q
=Ty Ty +T3 Ty +oo Ty, 3Ty, ot Ty, T,

—1 n—1 n—1 n—1 n—1 n—1 n—1 n—1
q" q q q q q q
cnn—1(z] x5  +@y wp e+ my, Ty, o+ Ty, Ty, )

qn—Q qn—l qn—2 qn—l qn—2 qn—l qn—2 qn—l
cnn—2(2] x5 @y Ty A+, 3Ty, o+ g, Ty, )—

n—1

q..q" 1 q q" 1 q gt q q
=TTy tagry o+ T, 3Th, ot Ty, 1Ty, )t

- n—1 n—1

gt q
+ o+ Ton-3Ty, o+ Top-1Ty, ).

gt q
cno(xis 4 x3x]
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Thus, we have

93

gt ! gt g1 g1 g2 q
51 +T5  Y1+Ty Y3t To, oYan—3+T5, y2n—1_cn,n—2§1 +-- ‘+Cn,1fn_2_cn,0§n—1
=af 2 vl ] el b jad -
enno1(x§ alaf b ead gl +ad af )+
enna(e] T ] g e e, )
L€ S s R e SN, (P g s
Cn,O(x({n71$2 + xg"*1$4 + -+ xg::_lg;w2n—2 + xg:;_llaf?n)-

Hence we need to show that

X2 T4 Ton—2
q q q
) Ly Lop—2
—2 n—2 n—2
q" q q
) Ly Lop—2
—1 n—1 n—1
q" q q
) Ty Lop—2
T3 T4 Ton—2
q q q
) Ly Lop—2
—2 n—2 n—2
q" q q
) Ty Lop—2
n n qn
Lo Ty Lop—2
T2 Ty Top—2
-3 n—3 n—3
q" q q
|z Ly Lop—2
qn—l qn—l qn—l
) Ty Lop—2
n n n
Lo Ty Lop—2

Ton

q
Lon

T2n

Ton

n—3
Lon
n—1
Lon
n

Lon

(

q

n—

Ty

(

q
Ty

1

n—1

q
)

n—2

qn qnfl qn qnfl qn qn
Ty +T3 Xyt tTo, 3To, oo,

qnfl qnfl qn
qn—l qn—2 qn

—1

—1

-1

¢t q
—3%9, 9T

n—2

q q
—3Top_o Ty

n

flxgn)

n—1 n—1

n—1%2n )

n—1 n—2

n—1T2n )



X2 x4
2 2
q q
Lo Ty
n—1 n—1
) 33?1
q" q"
Lo Ty
q q
) Ly
2
q q
Lo Ty
n—1 n—1
xg Ly
qn qn
) Ty
Now L.H.S =
T2 T4
q q
La Ly
n—2 n—2
xy
qn qTL
) Ty
X2 T4
2 2
q q
Lo Ty
n—1 n—1
xy
q" q"
) Ly

Lop—2

Lop—2

Z2

To2n—2

Lop—2

n—1
Lop—2
T

Lop—2

Ton

Tq

Ton

(«f"

(zf"

—1

1 qn
To+1]

T2n—2

q
Lon—2

Lop—2
n—1

Lop—2

n—1

Ty

)
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n—1

q,,..a" ' q "' g q q
To+ay Tyt T, 3To, otTo, 1To,)

n—1

1 qnfl q
x4+”'“F%zn_3$2n—2%ﬂx2n_lx2n)

Ton
23,
qnfl qn
Ty Ty
g
g
Z2 X4 Tan—-2  T2n
S S R S
e, ol
wgn 5174n x32—2 w%Z
x% xZ x%n—Z x%n
o ol o
+ x(f
x|
of 2 o, o
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T2

T2

T4

Tq

1) T4
q q
) T4
qn—2 n—2
Lo Ty
—1 n—1
qn
Lo Ty
Topn—2 T2n
q q
Lop—o Loy
qn—Q qn—2
Lop—2 Loy
q" q"
Lop—2  Top
Topn—2 T2n
2 2
q q
Lop—2  Top
r n—1 an—l
2n—2 2n
q" q"
Lop—2  Top
x2 Tyq
q
) Ly
n—2 n—2
xy
n—1 n—1
zd T}
Top—2 Ton
q q
Lop—2  Top
- n—2 an—Q
2n—2 2n
T n
q
Lop—2 Loy

Top—2  Top
q q
Lop—2  Top
qn—l qn
T3 Ty
qn—2 qn—2
Lop—2 Loy
—1 n—1
q" q
Lop—2 Top
X2 X4
qn_l qn_l qn73 qn73
$3 $4 xz x4
qn—l qn—l
q" q"
Lo Ty
xy @
2 2
q q
T T
2 4
" g
$3 $4+_
qn—l qn—l
) Ly
q" q"
Lo Ty
Ton—2 Ton
q q
Lop—2 Loy
—1 n
q" q
Lop—3Lop—2
—2 n—2
q" q
Lop—2 Lo
—1 n—1
q" q
Lop—2 Loy
Z2 T4
—1 n—1
q” q qn—3 qn—3
Top_3Ton ot Ty Ty
qn—l qn—l
) Ty
q" q"
La Ly

Ton—2

n—3
Lon—2
n—1

Lop—2

q
Lop—2

Lop—2

Lop—2

n—1
Lop—2
)

Lop—2

Ton—2

n—3
Lop—2

n—1
Lop—2
T

Lop—2

Lon

Lon

Lon

Lon
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Ton

n—3
Lon
n—1

Lon

Lon

n—1

n

Ton

n—3

Lop,
n—1

Lon

n

Lap

n—1

Zq

n—1 n—2

q q
Lop—3TLon—2
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T2 T4
2 2
q q
) Ly
et g
La Ly
n n
q
Lo Ty
T2 T4
q q
Lo Ly
" g
L Ly
q" q
Lo Ty
T2 T4
2 2
q q
) Ly
n—1
Lg Ly
q" q
Lo Ty

Ton—2 Ton
2 2
q q
Lop—2 Loy
qnfl qnfl
Lop—2 TLop
q" q"
Lop—o Loy
T2 T4
q q
) Ly
qn72 qn72
Lo Ly
qn—l qn—l
) Ty
Ton—2 Ton
q q
Lop—2 Loy
qn72 qn72
Lop—2 Loy
q" q"
Lop—o Loy
Ton—2 Ton
2 2
q q
Lop—2 Loy
n—1 qnfl
Lop—2 TLop
q" q"
Lop—2  Top

q q
) Ty
2 2
q q
—1
q" q
Top_3Ton_ot
n—1 n—1
xy 2
q" q"
) Ty
Ton—2 T2n
q q
Lon—2  Laop
—1 n
q" q
Lop—1TLap
n—2 qn72
Lopn—2 TLop
qn—l qn—l
Lop—2 Loy
T2 T4
—1 n—1
q" q qn73 qn73
Top_ 1Ty, + Ty €Ty
n—1 n—1
zy
q" q"
) Ty
xy
2 2
xy
—1
q" q
Top_1Topt+
n—1 n—1
) Ly
n n
vy

Lop—2

Lop—2

Ton—2

2
q
Lop—2

n—1
Lop—2

qn
Lop—2
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Lon

Lop

n—1

Lo,

Lon

T2n

Lon
2

q
Lo,

-1
q’n
Lo,

qn
Lon

Thus by expanding each determinant of L.H.S by the first column in part one,

by the second column in part two and so on, we shall get 0. In the same way we can

do this when n is odd.

Now we prove the last relation. For simplicity suppose n is odd, then

Yi =

q
— Cpn—17;

n—1

+ Cn,n—Qx;;]

n—2

q
— T Cp 1T — Cnp 0T

n—1

q
Lopn—3T2n—2

n—1 n—2

Lop—1TLon

n—1

q
Lop—1L2n-
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Now
q _ ,.49.9" ,.4q.9" q q" _ .q 9"
n—1 = 122 ToXy + 0+ Ty 1Ty, = TopTopn_q-

Multiplying y; by 7, for odd i in the range 1 < i < 2n — 1 and adding &} _ |,

we get

q q q q q

§po1 T Toyr +x4y3 + -+ X5, oY2n-3 + Ty, Yon—1
_ .9..9" q,.9" q q" q q"
=TTy + 3Tyt F Ty, 3Tg, o T Ty, 1 To,—

"t q "t q "t q "t q
Cnn—1(T] TG+ X3 TG A+ XY, 3Ty, o+ TG, T9,)+

"% g "2 _q "% q "% q
cnn—2(x] x5 +x3  wi A+ x5, 375, o+ x5, 175,)—
. q 7 q q? q q? q
s —en2(@] TG+ X3 TG A+ Ty, 3Ty, o+ Ty, Ty, )+
a9 , 4.4 q q q q
e (g + 23T + -+ X5, 375, o+ X5, 1T5,)—
q q q q
n,0(T125 + 2374 + - + Top—3T5, o + Ton—123,).

Thus, we have

q q q q q q q q
n—1tTToy1+xy3+- - '+x2n72y2n—3+x2ny2n—1_Cn,n—1€n72+cn,n—2§n73_’ : '_Cn,2€1 +Cn,0€1

_ .9..9" q,.9" q q" q q"
=TTy + 3Ty A Ty, 3Tg, o T Ty, 1 To,—

n—1 n—1 n—1

q..q"? q..4q q q q q
cnn—1(ziTy  +a3Ty A+ 4TG5, 375, o+ a5, 175, )+
q..q"?2 q.q" 2 q qn 2 q qn 2
cnn—2(2iTy  +a3Ty A+ XY, 3T, o+ T, 1T5, )—
q..4° q._q° q ' q q?
s —cna(@{Ty +a3TG A+ Ty, 3To, o+ Ty, Ty )+
cna(z]2g +2§x] + -+ 2, 525, o +ad, j23,)-
q q q q
Cn,O(m1$2 + X324+ + Ty, _3Top-—2 + fon,len)-

Hence, we need to show that

{3 T4 o Xopn—2 Ton
q q q q

) Ly Tt Top_o Loy

q,.9" q,.49" q q" q q"
(2725 + 237 + -+ Ty, 3To, o+ Ty, 1T3,)

n—2 n—2 n—2 n—2
:Ug 93?1 x%nf2 xgn

—1 n—1 n—1 n—1

q" q q q

L Ly Lop—2 Loy
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T2

Tq

Ton—2
q
Lop—2
n—2
Lop—2

Lop—2
Ton—2

n—3
Lon—2
n—1

Lop—2

Lop—2

Ton—2
q

Lop—2

Lop—2

n

Lop—2

Ton

Ton

n—3
Lo
n—1

Lop

Lon

Ton

Lon

n

Lo,

Ton

2 2 2
q q,.9 q..4 q q q q
Top, (z{ry + T3y + + T, 375, ot Lo 1T9,)

q.q"r g q"! q 7t q q
(2725 +asw Tt Ty, _3T9, 9T, 1T

q,.q4" %, q q"? q "2 | q q
(zixy  +a3x]  ++x5, gT5, otTy, 1T5

2

q,.9 q,.9 q q q q
(2725 + 32y + -+ X5, 375, o+ Ty, 1T5,)

q q q q
(xiwo + w324 + -+ 23, _3Ton—2+ T3, 1T2,)

n—1

n )

n—2

n )
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Now L.H.S =
T3 T4
q q
L Ly
n—2 n—2

xy
q" q"
Lo Ty

Z2 Tyq
xy
3 3

| af o
n n
xy
q q
) Ty
2 2
q q
Lo Ty
n—1 n—1
xy
n n
) Ty
X2 T4
q q
Lo Ly
n—2 n—2
xy
q" q"
) Ty

Toan—2

q
Lon—2

X2 T4
xy
—2 n—2
q" q
Ly
—1 n—1
q" q
Ly
Ton—2 Ton
q q
Lop—2 Loy
—2 n—2
q" q
Lop—2 Loy
q" q"
Lop—o Loy
Ton
q
x2n
3
q q,.9
LTop | T1%2
q’ﬂ
.732”
q q
Lop—2  Top
2 2
q q
Lop—2  Top
—1 n—1
q" q
Lop—2 Topn
q" q"
Lop—o Loy
Ton—2 Ton
q q
Lop—2  Top
-2 n—2
q" q
Lop—2 Topn
q" q"
Lop—o Loy

Ton—2 Ton
q q
Lop—2  Top
—2 n—2
q" q
Lop—2 Topn
—1 n—1
q" q
Lop—2 Loy
T2
q q" ! g3
xle +' xz
n—1
3
n
s
xI9 T4
2 2
q q
) Ly
ﬁ_
n—1 n—1
xy
q" q"
L Ly
x2
q
)
q
TiTo+
—2
q’ﬂ
)
—1
qTL
)
X2
q,q""" g3
x3x4 +' x2
n—1
3
n
s

Lq

Tq

99

Ton—2 Ton
qn—3 qn—3 quq"72
Lop—2 Top 1+2
—1 n—1
q" q
Lop—2 Loy
q" q"
Lop—2 Loy
Ton—2 Ton
2 2
q q
Lop—2  Top
q,.9
L1To
—1 n—1
q" q
Lop—2 Loy
q" q"
Lop—2 Top
Ton—2 T2n
q q
Lop—1  Topn
q,.9"
L3Ly
—2 n—2
q" q
Lop—2 Lo
—1 n—1
q" q
Lop—2 Top
Ton—2 Ton
qn—3 qn—3 q qn72
Lop—2 Top L3Ly
—1 n—1
q" q
Lop—2 Lo
q" q"
Lop—o Loy
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Ton

Lop—2

q
Lop—2

Ton
Lon

Lon

Lon

Lop—2

Lop—2

n—1
Lop—2
T

Lop—2

100
€T T4 Lon—2 Ton
o af Wy 1Y
1‘ng2+ azgxz
P
2§ ol _,  al
z3 T2 T4 Ton—2  Top
z4, o a2l
x§x4+- Tt l”gnf#ngz
L2n T2 T4 Ton—2 ZTop
74,
x%n,3w32112+ :v%n_g xZn_s :UZZ__Z 1‘%2_3 ‘Tgnfiixg;;:z
g A SRPPRN S
<5, f 2  ,  al
xT9 T4 Lon—2 Ton
& af ey 1Y
xgn—333%i—2+ x%n—3¢”%n—2
P
2§ ol g, ol
zd T2 T4 Ton—2  Top
zd, zf Wy T
5["(21n73$2n*27L ‘Tgnflajgz
zd A
x5, L
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T2

Tq

Ton—2  T2n T2 T4
"Bgn—2 :Egn
o8, 128, + 20 0
Wy al
o 74, of af
Ton—2 IL2n ) T4 Ton—2
Wy T, ¥ af s
TEAP A EC W W
n—1 n—1 g1
Ty Ty Lon—2
ng—2 x%:; ' ' wg:z—2
x% xéql m%n72 xgn
¥ af Wy T,
xgn—1$2n'
1 1 1 -1
xgn x4n x22_2 w%Z
o a2l e al, al

Ton—2

n—1

Lon—2

q
Lon—2

T2n
Lap
n—1
Lon

Lon

n—3

Lon—2

101

T2on

n—3
Lop
n—1

Lon

q
Lop—17T

Lon

q q
Lop—1L2n

Thus by expanding each determinant of L.H.S by the first column in part one,

by the second column in part two and so on, we shall get 0. In the same way we can

do this when n is even.

Similarly, we can verify the rest of the relations.

5.4 The Computation of the invariant ring SV

Let S =

Fq[a;l,..

2] and N = {g € G : g(u)

O]

u V¥ u € U} as defined on

page 90. In this section we show that the generators and relators found above give

a presentation of SV. Before doing this we discuss an earlier failed attempt at a

proof. Our earlier attempt worked in dimension 4 but failed in dimension 6. The

investigation is described in the following results. The reader interested only in the

n—2

2n
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general case may skip Theorem 5.4.3, Theorem 5.4.4 and Remark 5.4.5. The next
two results formed a part of our failed proof but are also essential for establishing

the presentation in general.

Lemma 5.4.1. Let R = Fy[y1,y3,- -, Y2n—1,%2, - - Tom, &1, - -, En—1] and
S = Fylx1,...,x2,]. Then S is integral over R.

Proof. For x; € S, where i = 2,4, ...,2n, there exist polynomials P;(X) =X —x; €
R[X] such that Pj(x;) = 0. Also for z; € S, where j = 1,3,...,2n — 1, there exist
polynomials P;(X) = Dy (X — x;) € R[X] such that Pj(z;) = 0. O

Theorem 5.4.2. Let R = Fyly1,y3,...,Y2n—1,22, .., Zon, &1 - - -, €n—1] and S =
Fq[fclv- . '7752n]; then ff(R) = ff(SN)

Proof. Since R C SV C S, then obviously ff(R) C ff(SY). Thus we need to
show that ff(SY) C ff(R). For this we need to check that ff(R) C ff(9) is a
finite separable normal field extension. The polynomials P;(X) = (VZ/DU)(X — x;) for
Jj = 1,3,...,2n — 1 split over ff(S), where P;(X) € R[X], and it is easy to see
that ff(S) = ff(R)(z1,23,...,22,—1). Thus by definition ff(S) is the splitting
field for these polynomials and so by Theorem 4.3.4 the extension ff(R) C ff(S) is
finite and normal. Now the elements 1,3, ..., T2, 1 are separable. Therefore by
Theorem 4.3.7 the extension ff(R) C ff(S) is separable. Let H be the Galois group
of the field extension ff(R) C ff(S). On the other hand Proposition 4.3.13 shows
that the field extension ff(SY) C ff(S) is Galois with Galois group N. Thus by
Theorem 4.3.12 N C H. Let R = Fylyi,--.,y2n—1,22, ..., T2, and H' be the Galois
group of the field extension ff(R') C ff(S). If we take U = (e, e3,...,€2,_1) and
G' ={g € GL(V) : gU = U}, then from section 4.6 part (i) we have H = {g €
G :gu=uVuecUandgv—veUVYwveV} By Theorem 4.3.12 H C H. On
the other hand 5{‘ = ¢ for all h € H. Thus by Lemma 2.2.3 it follows that H C N.
Therefore H = N and so by Theorem 4.3.12 ff(R) = ff(S™). O

Our first attempt to establish the presentation applied to the case n = 2.
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Theorem 5.4.3. Let S = F,[x1, 22, x3,x4] where x1,x2, 23,24 is the dual basis of
V* corresponding to the basis e1,ez,e3,es of V. If R = Fyly1,y3, T2, 24,61], then R

is integrally closed.

Proof. We introduce formal variables Y7, Y3, Xo, X4, =1 and define a map
¢:T = Fy[Y1,Y3, X2, X4,51] = R

by sending Y; to y;, X; to z; and =1 to £&. Obviously this is an epimorphism and so

T/Ker¢ = R. Let
p= E? — 5102’0 + Yng + YEJ,XZ (51)

Now T/Ker¢ is an integral domain and 7/Ker¢ C S. Thus by Lemma 4.4.4
dim(T/Ker¢) < 4. Let R = Fyly1,y3, 22, 24]. Now the polynomials P;(X) =
(vl/)U)(X — ;) for j = 1,3 split over ff(S), where P;(X) € R'[X], and it is easy to
see that ff(S) = ff(R)(x1,z3). Thus by definition ff(S) is the splitting field for
these polynomials and so by Theorem 4.3.4 the extension ff(R') C ff(S) is finite
and normal. Now the elements z1, x5 are separable. Therefore by Theorem 4.3.7 the
extension ff(R') C ff(S) is separable. Since the extension ff(R') C ff(S) is finite
and separable, so by the remark after Proposition 4.4.5 we have that y1,y3, z2, x4
are algebraically independent. Since R C T /Kerg, therefore again by Lemma 4.4.4
dim(7'/Ker¢) > 4. It follows that dim(7/Ker¢) = 4. Note that (p) C Kergp. We
need to show that Ker¢ = (p). By Proposition 3.5.7, htKer¢p = 1, so by Lemma
3.5.6 Ker¢ is a principal ideal. Also p is irreducible because if we consider it as a
polynomial in Y7, it is linear in Y7 and the coefficient X3 of ¥ does not divide all
the other terms. Therefore, we have Ker¢ = (p). Let X4 + (p) = X, and consider
the localization T'/{p) [X471] of T/{p). Then

. 5o s g g = 5 -1
as the relation p enables us to express Y3 in terms of Y7, X, X4,=Z1 and Xy

and so eliminate Y3 from the generators of the ring. Note that the images of
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Y1, Xo, Xy, and Z; in T'/(p) are algebraically independent as the only relations im-
posed on T'/(p) are multiples of p. Hence the sub-algebra L of T'/(p) generated by
the images of Y1, Xo, X4, and =1 is a polynomial algebra. But

LIXy 1 =T/ ()X ).

Thus we see that T'/{p) [Xl;l} is a UFD, being a localization of a polynomial ring .
We observe that
T/(p)/(Xs) = T/(Xu, p)
= Fy[1,Y3, Xo, X4, 5]/ (X4, p)
= FyV1, Y3, Xo, 1] /(2] + Y1 X3)
where pg = =Y + Y1 XJ is irreducible since py is linear in Y7 and the coefficient XJ
of Y7 does not divide the other term =. Now since F,[Y1,Y3, X4, E1] is a UFD, by

Lemma 3.4.6, po is prime. Therefore F,[Y1,Ys, X2, Z1]/(E{ + Y1 XJ) is an integral
domain and so by Lemma 3.4.8 T'/(p) is a UFD. This completes the proof. O

Theorem 5.4.4. Let S = F,lx1,x2,x3,24] as in the above lemma, then SN —
FQ[y17y37$27m47§1].

Proof. Follows from Lemma 5.4.1, Theorem 5.4.2, Theorem 5.4.3 and Lemma 4.2.2.
O

This completes the proof when n = 2 but does not solve the problem when n = 3
Remark 5.4.5. The case n = 3. Let S = F[x1, x2, x3, T4, Ts5, 6] where 1, T2, 23, T4, T5,
xg is the dual basis of V* corresponding to the basis ey, eo, e3, €4, e5,e6 of V. Let
R = F,ly1,Y3, 5, T2, T4, T6, &1, &2]. We are going to show that the method used in
Theorem 5.4.3 to show that R is integrally closed does not work here. We introduce

formal variables Y7, Y3, Y5, Xo, X4, X4, 21, 29 and define a map
¢ : T == Fq[Y17Y37Y57X27X47X67E175'2] _> R

by sending Y; to y;, X; to x; and =; to &. Obviously this is an epimorphism and so
T/Ker¢ = R. Let

2 2 2 2
p1 =20 + XY+ X] Y5+ X7 Y5+ C30=2 — C51E] (5.2)
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and
P2 = Eg + XgYi + XZYE; + XgY5 + 037051 — ngQE(f. (53)
We need to show that Ker¢ = (p1, p2). Since (p1, p2) C Ker¢p, we have
¥ N
W =T/ (p1,p2) > T/Ker¢ C 5.

Now T'/Ker¢ is an integral domain and it has Krull dimension 6. We would like to
prove that W is an integral domain of Krull dimension 6. Note that p; and py can
be written as:

pr =27 mod(Xs, X4, Xe)

and

p2 = Eg mod(Y7, Y3, Y5, =1).

It follows that p1,p2 is a regular sequence. Thus by Theorem 3.7.13 dimW = 6.

Equation(5.2) and Equation(5.3) can be written in matrix form as follows:

52 gl N g2 5q2 % N A g
X2 X4 Y: B —=] — X6 Ys — 0370:2 + 0371.:1
v d v d v B =4 v ay SN SN
Xy Xy Y; 25— XgY5 — C3021 + U325

Let
2 2
q q
X2 X4
A= and let 0 = |A].
q q
X2 X4

Since Xo, Xg, =21, 22 and Xy, Xg, =1, 2o are regular sequences, by Theorem 3.6.3 and
Lemma 3.6.6 XSQXZ,Xg,Ef,Eg is a regular sequence. Thus by Lemma 3.6.4 and
Lemma 3.6.5 it follows that pi1,p2,6 is a regular sequence. To show that W is an
integral domain we need to show that the localization W[sfl] is an integral domain.
Now

~ A

W[&*l] = Fq[Y57X2)X47X67é175A276 1]

since p; and ps enable us to express Y; and };:3 in terms of Y5, XQ, X'4, X6, él, ég, 51
and so eliminate ¥; and Y3 from the generators of the ring. Note that the images
of Y5, Xo, X4, Xg, =1, 22 in W are algebraically independent. Hence the sub-algebra
U generated by the images of Y3, Xo, X4, Xg, =1, 22 is a polynomial algebra. But
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Ul6~'] = W[6~']. Thus we see that W[6~!] is a UFD, being a localization of a
polynomial ring. In particular, W is an integral domain. Thus we deduce that
is an isomorphism. To prove W is integrally closed we would like to know that b}
generates a prime ideal in W. That is, we want to prove that T/{p1, p2,d) is an
integral domain. From Equation(5.2) and Equation(5.3), we get

(XT2L - XIZT + XT 04021 — XIC50Zs — XT O350 + XIC5159) + (p1, pa, 8)
= (X§XE = X§ X5+ (p1, pa, ).

Let § = Xng2 —XSQXg. If p1, p2,6,0 is a regular sequence and if the images of
Y3, Xo, X4, X6, 21,22 in T/{p1, p2,0) are algebraically independent then T'/{p1, p2, )
is an integral domain by the argument above. But pi, ps, 9, 8 is not a regular se-
quence because X5 appears in both § and ¢, and the images of Y3, X5, X4, Xg, 21, =9
in T/{p1, p2,d) are not algebraically independent because § = X§2 X1 — Xng and
=) XgQXZ - ng(f = (p1, p2,9). Thus our method fails here.

Similarly if we consider

x¢ x¢ X Xy
or A =
X5 X§ Xi Xg

A =

2 2 2 2
Then § = XJ X{ — XJX$ or 6 = X] X — XX . In both cases we can show that
p1, p2,0 is a regular sequence. If § = XSQXg - Xng2, then from Equation(5.2) and
Equation(5.3) we get 6 = XZQXg—XZXg2 but since X appears in both ¢ and &', we
see that p1, pa2, 8,8 is not a regular sequence. Also the images of Y7, Xa, X4, X¢, 21, Zo
in T/{p1, p2,d) are not algebraically independent because § = ng X - Xng2 and
A~ 2 A A~ ~ 2 2 2

so XJ X¢{ — XJX¢ = (p1,p2,0). Now if § = X] X — X]X? | then from Equa-
tion(5.2) and Equation(5.3) we get § = XSXZQ - XSQXZ but since X, appears in
both § and &', we see that p1, P2, 0, 8 is not a regular sequence. Also the images
of Y5, Xo, X4, X6,Z1,Z2 in T/{p1, p2,9) are not algebraically independent because
§=XT X4 - XIXE and so X4 X¢ — XIXE = (py, pa, 6).

Now if we insert one more generator &3 into R, then

R= Fq[@/1>y3,y5, 962,904,%,51,52,53].
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We get one more relation which is as follows:

§3 + Tay1 + Tay3 + weys + 3181 — 3282 = 0.

In the same way we introduce formal variables Y7, Y3, Y5, Xo, X4, Xg, =1, =2, =3 and
define a map

¢ T = Fq[)/lyi/éaY5aX27X4aX67517£2aE3] — R
by sending Y; to y;, X; to x; and =; to . Obviously this is an epimorphism and so
T/Ker¢ = R. Let
p3 =23+ XoY1 + XyuYs + XgYs5 + 037151 — 037252. (5.4)
We need to show that Ker¢p = (p1, p2, p3). Since (p1, p2, p3) C Kere, so we have

”
W =T/{p1, pa, ps) - T/Kerg C SV.

Now T'/Ker¢ is an integral domain and it has Krull dimension 6. We would like to
prove that W is an integral domain of Krull dimension 6. For this ps can be written
as

p3 = E3 mod (Y1, Y3, Y5, 21, Ey).

Thus it follows that p1, p2, p3 is a regular sequence. So by Theorem 3.7.13 dimW = 6.

Equation(5.2), Equation(5.3) and Equation(5.4) can be written in matrix form as

follows:
A2 A2 A2 N a2 A A A oA
q q q =4 = i’}
X2 X4 XG Y —=7 — 0370._42 + 03,1_1
Xg XZ Xg Ys = —Eg — 037051 + 03725({
Xo Xy Xs Ys —=3— 3181 + (325
Suppose

2

x{ x{ X
A= XxJ Xxi X¢ | and let § = |A|.
Xo X4 X
By Theorem 3.6.3, Lemma 3.6.4, Lemma 3.6.5 and Lemma 3.6.6 we see that p1, ps2, p3,

0 is a regular sequence. To show that W is an integral domain we need to show that
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the localization W[0~!] is an integral domain. Now

W6~ = Fy[Xs, X4, X6,Z1,E0,E3,0 ]

since p1, p2 and p3 enable us to express }}1,1?3 and Ys in terms of XQ,X4,X6, él,
ég, 25 and 6! and so eliminate Yl, Y3 and Y5 from the generators of the ring. Note
that the images of Xo, X4, Xg,Z1,Z2 and Z3 in W are algebraically independent.
Hence the sub-algebra U generated by the images of Xo, X4, Xg,=Z1,=Z2 and =3 is a
polynomial algebra. But U[6~1] = W[6~1]. Thus we see that W[6~1] is a UFD, being
a localization of a polynomial ring. In particular, W is an integral domain. Thus
we deduce that v is an isomorphism. To prove that W is integrally closed we would
like to know that & generates a prime ideal in W. That is, we want to prove that
T/{p1, p2,p3,0) is an integral domain. For this, from Equation(5.2), Equation(5.3)
and Equation(5.4) we get

2 2
(XSXZ _Xg XZ)‘:‘:S + <P17P27,0375>
2 2_ _ — - — -
= ((XZ — Xg 1X4)(X2:g + XQC&O\:l — XgC;g,l:l — XQC&Q\:? + X§C372:2)+
2 2_ _ 2 _
(XoX{—X§X4)(—E] —C30Z0+C51 294 XS ' C3151-X] ' C3252))+(p1, p2, p3. 6).-

Let § = Xng — X§2Xff. If p1,p2,p3,0,8 is a regular sequence and if the im-
ages Y5, Xo, X4, X6,Z1,Z2 in T/{p1,p2,ps3,0,) are algebraically independent then
T/{p1, p2, p3,6) is an integral domain by the argument above. But p1, pa, 3,4, is a
not a regular sequence because X, and X, appear in both § and §', and the images of

Y5, Xo, X4, X6, 21,22 in T/{p1, p2, p3,d) are not algebraically independent because
5= XEXIXg — XT X4 XT - XIXT X+ XoXT X+ XIX,XE — X, XIXE

and so

X XIX— X X XI-XIXT X+ X, XT X9+ XIX,XE - X XIXE = (p1,p2,0,6)).

Thus again our method fails here.
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Establishing the presentation in the general case

Now we state the result, to be found in Matsumura [30], which we use to show that

R=Fyly1,Y3, - - Y2n—1,72, T4, - - -, T20, &1, - - - En—1]
is integrally closed in the general case for all n > 2.

Lemma 5.4.6. (Theorem 20.2 in [30]). Let R be a Noetherian integral domain, T
a set of prime elements of R, and let S be the multiplicative set generated by I'. If

STIR is a unique factorization domain then so is R.

Theorem 5.4.7. Let S = Fylx1,...,x2,| where x1,..., %2, is the dual basis of V*

corresponding to the basis ey, ..., ean of V. If

R = Fq[ylv Y3y ooy Y2n—1,L2, T4,y - - - ,.%'Qn,fl, ce ,fn—l],
then R is integrally closed.

Proof. We introduce formal variables Y7, Y3, ..., Yo, 1, X0, X4,..., Xopn, 21,..., 201

and define a map
¢ T = Fq[Y17)/37'"aYanlaXQ,Xlla"'7X2n7515--~75n71] — R

by sending Y; to y;, X; to z; and Z; to &;. This is an epimorphism and 7/Ker¢ = R.

Let
) n ) n—i o i—1 )
o ’:‘qnfl qnfz ) ]+Z+1 ) ":‘qnfjfz ] 4:qn71
pi=2] + E Xy, Yaj-1+ E (1) Chn—j—iZ] + E (=1 Crn—jEi
J=1 J=1 J=1

(5.5)

where 1 < i < n — 1. We need to show that Ker¢ = (p1,...,pn—1). Since

(p1,.--,pn-1) C Kerg, so we have
¥ N
W =T/(p1,...,pn-1) = T/Kerepp C 5.

We need to prove that ¢ is an isomorphism. We know that 7/Ker¢ is an inte-
gral domain and T'/Ker¢ C S. Thus by Lemma 4.4.4 dim(7T/Ker¢) < 2n. Let
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R = F,[y1, .. Y2n-1,%2,. - -, T2,]. Now the polynomials P;(X) = (vl/)U)(X — x;) for
J =1,3,...,2n—1 split over ff(S), where P;(X) € R'[X], and it is easy to see
that ff(S) = ff(R)(x1,23,...,22n—1). Thus by definition ff(S) is the splitting
field for these polynomials and so by Theorem 4.3.4 the extension ff(R') C ff(S)
is finite and normal. Now the elements z1,x3,...,x2,_1 are separable. Therefore
by Theorem 4.3.7 the extension ff(R) C ff(S) is separable. Since the exten-
sion ff(R) C ff(S) is finite and separable, so by the remark after Proposition
4.4.5 we have that y1,...,Y2,-1,%2,...,T2, are algebraically independent. Since
R C T/Kerg, therefore again by Lemma 4.4.4 dim(T/Ker¢) > 2n. It follows that
dim(7'/Ker¢) = 2n. We would like to prove that W is an integral domain of Krull

dimension 2n. Since from Equation(5.5) we have
pi = Egn_im0d<X2, ooy Xon)
it follows that
pi = 27" 'mod(Xa,. .., Xon,Z1,.. ., Zic1). (5.6)

Now

Xo, ..o, Xon, 21, -+, En—1
is a regular sequence. By Theorem 3.6.3
X X, = =49
290y A2ny =1y ey =]
is a regular sequence. Thus by Equation(5.6)
XQ, N ,Xgn, El, RN ,En_Q, Pn—1
is a regular sequence. Again by Theorem 3.6.3
—_ .—q2
XQ, e ,Xgn, Sl 59y Pn—1

is a regular sequence. Thus again by Equation(5.6)

X27 MR} X2’ﬂu El) MR} En—?n pn—Q’ pn—l
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is a regular sequence. By continuing the process we eventually get that
s Pn—1

XQ, .. .,Xgn,pl, .
is a regular sequence. So by Lemma 3.6.4 it follows that
’ XQ?’L

apn717X27 s

PLs- -
, Pn—1 is a regular

is a regular sequence. Thus it follows that pq,

fore by Theorem 3.7.13 dim W = 2n. Write & for the coset = + (p1, .
x € T. Then Equation(5.5) can be written in matrix form as follows:
- %

111

sequence. There-
, Pn—1) Where

3_

n—j—1

A n—2

A 2q
+ Cn,n—b—*l

J—1—=j

—j—2

and let § = |A]

B Aqn—l Aqn—l Aqn—l
X2 X4 in—2
Aqn72 Aqn72 Aqn72 A~
X2 X4 X2n72 Y3
< <l v q Y
| X2 X4 X2n72 L Yon—
B &qn—l Aqn—l A n—1 19 A
—={" — X Yauo1 — Y0 (- 120 0
&qn72 A Nn—2 A _ i3 ~ &qn
=2 — Xon Yono1 - Zj:l (_1)]+ Cn,n—j—2~j
=q q v 1A = n—2
| T—pn—1 " XgnY2n—l - (_1)n+ C'n,O*—'l - Zj:l
Suppose
r qn 1 qn 1 qnfl T
X2 X4 X2n—2
qn—2 qn—2 qn—2
A— X2 X4 X2n—2
q q q
L X2 X4 X2n—2
Now as above
Plye-esPn-1,X2,...

is a regular sequences. Let A,_1 # 0, then it foll

pl,...,pn_l,XQ,...,XQ

7X2n

ows that

n—1

n—4, Z AiX2;

i=1
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is a regular sequence. So by Lemma 3.6.4 it follows that

n—1

Py Pr—1, Z AiXoi, Xo, .o, Xop g
=1

is a regular sequence. It follows that

n—1
P, ,pn—l,Z/\iX%
i—1

is a regular sequence. Now by comparing the definition of § with the construction
of the Dickson invariants in section 2.1, we see that J is a product of non-zero linear
combinations of X, ..., Xo,_9. Thus by Lemma 3.6.6 it follows that p1, ..., pp—1,6
is a regular sequences. To show that W is an integral domain we need to show that

the localization W [6~!] is an integral domain. Now

W6 = Fy[Yon_1, X2, X4, .., Xon, E1, oo, Zp1, 0

since the p; enable us to express Yl, cen an_g in terms of Xg, X4, cen Xgn, él, R én_l
and 6! and so eliminate Yl, .. ,an,g from the generators of the ring. Notice that
the images of Yo,_1, X2, X4,... Xon,Z1,...,2,—1 in W are algebraically indepen-

dent. Hence the sub-algebra U generated by the images of Ya,_1, Xo, X4, ... Xop,
Z1,...,8n_1 is a polynomial algebra. But U[6~1] = W[6~!]. Thus we see that
W[S_l] is a UFD, being a localization of a polynomial ring. In particular, W is
an integral domain. By using Proposition 3.5.7 we have htKeriyY) = 0 and so we
deduce that 1 is an isomorphism. Let I' = {Xg, X4, ey Xgn} and let S be the mul-
tiplicative set generated by all non-zero linear combinations of Xg, X4, ... ,Xgn. To
prove that W is integrally closed we use Lemma 5.4.6. We need to show that each
non-zero linear combination Z?:l )\iXQZ' of elements of I' is prime in W and that
S~'W is a unique factorization domain. By symmetry it is sufficient to show that
Yoy X\;Xo; is prime when ), # 0. To see this note that if ¢ is any permutation of
{1,...,n} then the map ey; — €25(i)» €2i—1 — €24(j)—1 Preserves the symplectic form
and induces the map xg9; — To,-1(;), T2i—1 > To,-1(5—1 on V*. Therefore given an
arbitrary linear combination we can choose a permutation preserving the invariants

and moving it to one in which A, # 0. To prove that Z?:l )\i)z'gi is prime in W we
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need to show that T'/(p1,..., pn—1,2 ;1 AiX2;) is an integral domain. Write Z for
the coset ©+ (p1, ..., pn—1, Y 1y \iX2;) where z € T. Then again Equation(5.5) can

be written in matrix form as follows:

[ -, n—1 —n—1 —n—1 —

q q q

X5 X, o Xon o Y

— n—2 — n—2 — n—2 —

q q q
X5 X, e X5 o Y3
el v a v a v
X X, coo Xop o || Yon-3 |
B =gn—1 —.n—1 — 1 . _ —gn—i—1 9
-2 - X3, Yo - Y0 (-1 C0 1 E]
= n—2 - n—2 — _9 . — = n—j—2 — = n—2
_:g - Xgn Yon—1 — Zj:l (_1)]+3Cn,nfj72:ﬂ;]' + Cn,nflz(f
—_ v Y, 1~ —_ n—2 e —_
| = - XS Y1 = ()" Cu0Er = Y (1) Con B
Now again as above
Pl - - .,pn_l,Xg,... ,Xgn
is a regular sequence. Thus for A\,_1 and A, # 0 it follows that
n—1 n
Py s Pn—1, Z AiXoi, Z AiXo;
i=1 i=1

is a regular sequence. Just as in the argument to show that pi,..., pp—1, 9 is a regular

sequence, we again use the fact that by comparing with the construction in section
2.1 we know that § is a product of non-zero linear combinations of X, ..., Xo,_o.

Thus it follows that

n
Pl pre1, 0, ) AiXy
i=1
is a regular sequence. By Lemma 3.6.4 it follows that

n
Pl s Py D NiXai, 0
i=1

is a regular sequence. Let W' = T/(p1,--sPn—1,9 1y NiX2i). To show that w'
is an integral domain it is sufficient to show that the localization W' [67Y is an
integral domain. Now since the p; enable us to express Yi,...,Ya,_3 in terms of
X0, X4,..., Xon_9,Z1,...,2n_1 and 6! so we get

’

W'Y = Fy[ X, Xay- oo, Xon2s St s Sty Yono1,67 ]
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Note that the images of X9, X4, ... Xop—2,21,...,20-1, Yo,_1in W' are algebraically
independent. Hence the sub-algebra U / generated by the images of X9, X4, ... Xop—2,
Z1,...,5n_1, Yap_1 is a polynomial algebra. It is clear that U’ (61 = w' [6~1], hence
we see that W' [6~1]is a UFD, being a localization of a polynomial ring. In particular,

7. . .
W' is an integral domain. Now
—1 -1 S5 S s
STWwW=Ss§ FQ[X27X4a"'7X2na:‘1a"'7‘:‘71717}/27171]

since & € S and so the p; enable us to express }71, e Yon_3 in terms of Xg, X4, . ,Xgn,

(11>

Tyevns én,l and 6~L. Tt should be noted the images of Xo, X4,...Xon, Z1,..., 201,
Yon—1 in W are algebraically independent. Hence the sub-algebra U generated by the
images of Xo, X4, ... Xon, Z1,...,2,-1, Yor—1 is a polynomial algebra. It is easy to
see that STIU = S™'W, hence S™'W is a UFD, being a localization of a polynomial

ring. [

Theorem 5.4.8. Let S = Fylz1,...,x2,] where x1,...,x2, is the dual basis of V*

corresponding to the basis e1,...,ea, of V. Then

SN = Fq[y17y3a - Yon—1,22,24, - .- axQnaéla e °£TL71]'

Proof. Follows from Lemma 5.4.1, Theorem 5.4.2, Theorem 5.4.7 and Lemma 4.2.2.
O

Remark 5.4.9. It can be easily seen from the above theorem and Lemma 5.3.1 that
SN is a graded complete intersection, and so in particular it is Gorenstein and

Cohen-Macaulay.

Remark 5.4.10. We still do not know about S in our second case. Thus this problem

is still open.



Chapter 6

Invariant rings of orthogonal

groups over Fy,

Let V be a vector space over the field F». We know S¢ where S = F5[V] and G is the
orthogonal group preserving a non-singular quadratic form on V. It was computed
by Kropholler, Mohseni Rajaei and Segal in [24]. In this chapter we generalize some
of their results which will help us to compute S over any finite field of characteristic

2.

6.1 The Steenrod algebra and Chern polynomials

Let V be a vector space over the field Fy and S = Fyu[V].

Definition 6.1.1. The Steenrod algebra is an Fy-algebra generated by elements
P, for i > 0 where P’ is homogeneous of degree (2! — 1)i. The action on S is

determined by the following facts.

(i) P acts as the identity operation on S.
(ii) Each P! is a linear transformation.

(iii) For all z € V*, PL(z) = 2% and P"(z) = 0 for n > 2.

115
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(iv) The Cartan formula holds: for all s and ¢ in S,

Pr(st) =Y (P's)(P"'t).
1=0
(v) For any homogeneous element s of S of degree d, P%(s) = 2" and Pi(s) =0 if

j>d.

(vi) The total Steenrod operation P® = P%+ P+ P2+ ... acts as a ring endomor-

phism of S.

Definition 6.1.2. Suppose that S is a non-empty subset of V* which contains d
elements. The C'hern polynomial associated to S is the polynomial

[T &+

z€eS, )\EF;

Let’s write f; for the coefficient of X @' =Dd=i g4 that

l_ l_ _
[T X +x2)=fox@ g fxEDt g g fo ),
z€S, )\GF;Z

Let’s write foo = [] . Then filfl = fi—1a-
zeS

Lemma 6.1.3. For each i in the range 0 <1 < d,

P'(foo) = foofi-1)i

Proof. Since P* is a ring homomorphism, by applying the total Steenrod operation

to foo We get

P(f) = [[G@+2%)

€S

= foo- H(l + x2l_1)

zeS

= foo' H (l—i-)\.%')

z€eS, AEF;Z

= foo(fot+fit++ fla1)a)

This completes the proof. O
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6.2 Rank of a bilinear form

Definition 6.2.1. The rank of a bilinear form B is the rank of the matrix which

represents that form.
Lemma 6.2.2. The rank of an alternating matriz with entries in a field is even.
Proof. Follows from Corollary 1 of Theorem 6.3 in [21]. O

Note that alternating forms are determined up to equivalence by rank and ac-

cording to the above lemma, the rank is even.

Lemma 6.2.3. Let Q and Q' be quadratic forms on a vector space V' over Fyi. Then

the following are equivalent:
(i) Q and Q' have the same polarization;
(i) Q+ Q = z? for some x € V*.

Proof. (i) = (ii) Let B and B’ be the polarizations of @ and Q' respectively.
Since

(B + B')(u,v) = B(u,v) + B (u,v).

It is sufficient to prove that if (B + B)(u, v) =0, then Q + Q = z2. Let
Q-+ Q' = Zzbz‘jxi%‘-
t g
Then
(B+B)(ener) =YY bigaizj(en +er) + y_» bigwij(er) + ) byjwizj(er)
i i g g
= ZZbUzi(ek +e)zj(er +e) + Zzbiﬂi(ek)l‘j(ek) + Zzbijxi(el)xj(el)
i j ig i j
= bij(0irdjn + Gubjk + Sixdji + 0udi) + D bigbindie + Y bijdud;
i g i J g
= ZZbi]‘(Sil(Sjk - Zzbij5ik5jl
i g iJ
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= Zblj5ll5jk + Zbkj(skkéjl

J J

= bi + by
Therefore
(B + B/)(ek,el) =0 = blk = bkl for [ 75 k.
Thus
Q+Q = > by
i
By using Lemma 1.2.9 (i) each element of Fi is a square, so there exist a; € Fiy

such that b;; = a?i. Therefore
Q+Q =) aiai.
Now using Lemma 1.3.9, we get
Q+Q = (Zaii«Tz‘)Q-
So
Q +Q/ = 2?2 for some z € V*.
(i) = (i) Let Q + Q" = 2 for some z € V*, then it is sufficient to prove that
(B + B')(u,v) = 0. Since
(B+B)(u0) = (Q+Q)(u+v)+(Q+Q)(w) +(Q+Q)W)

= 22(u +v) + 2%(u) + 2%(v)
=z(u+v)r(u+v)+ z(u)z(u) + z(v)z(v)
=0. O

We consider quadratic forms in the presence of a fixed alternating form to which
it polarizes. We shall use the term symplectic space to refer to a finite dimensional
vector space endowed with an alternating form of maximum possible rank. The
group of automorphisms of a symplectic space is called a symplectic group. On a

symplectic space, we say that two quadratic forms @ and Q' are equivalent if and
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only if there exists some ¢ in the symplectic group such that Q' (v) = Q(gv) for all
v. It follows from Theorem 1.4.14 (ii) that on a non-zero even dimension symplectic
space there are two types of non-singular quadratic forms up to equivalence, called

+type and —type.

Theorem 6.2.4. Let V be a vector space of dimension 2n over the field Fy. Given
a non-degenerate alternating form B on V, there are (21)*" quadratic forms which
polarize to B, and of these quadratic forms 221 +2n=1 gre of +-type and 22"—1 —

21 are of —type.

Proof. Tt follows from the above lemma that there are (2!)?" quadratic forms which
polarize to B. Now let G = Sp(2n,Fy) and ' = {Q : @ is a quadratic form
polarizing to B}. Then G acts on I" as Q9(v) = Q(gv) for g € G and v € V. Thus
we get two orbits, say Orb(Q™") and Orb(Q™), where

Orb(Q") = {PTel:PT~Q"}

= {PTeTl:(P")?=Q" for some g € G}

and
Orb(Q™) = {P €T":P ~Q}
= {P el: (P_)g = @~ for some g € G}.
Now let
Gor={9€G:(Q") =Q"}
and

Go ={9€G: Q) =Q}.
Then by Theorem 1.4.5, we have
Orb(QT)| = |G : G+

and

Or(@Q)] = |G G|

Thus the number of quadratic forms of +type is |G : Gg+| = |G : O]
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Hence by using Theorem 1.5.5 and Theorem 1.5.10, we see that the number of
quadratic forms of +type is
) ,
2™ TTia ((2)* = 1)
2(2)rn=1 (2 — 1) IS ((2D)% = 1)

_ 22ln—1 + 2ln—l.

Now the number of quadratic forms of —type is |G : Ggo-| = |G : O~
Hence by using Theorem 1.5.5 and Theorem 1.5.10, we see that the number of
quadratic forms of —type is
()" [Ty (@)% - 1)
2202 + 1) T (2% — 1)

_ 221n—1 _ 2ln—1

6.3 Orthogonal and symplectic groups

In this section we state our definitions of symplectic and orthogonal groups and
consider some of their representations.

Let n be a positive integer. Henceforth we suppose that V' has dimension 2n + 1
over Fy and that & is a non-singular quadratic form on V. Let B denote the
polarization of &. The radical of B is one dimensional. Choose a basis ey, ..., e,
of V where eq is the non-zero vector in RadB.

We refer the reader to Cameron’s notes [6] for the background of the following

lemma and definition.

Lemma 6.3.1. It is possible to choose the e; for i > 1 so that the matriz M with

(,7)-entry b; ; = B(e;, e;) is
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filled out with zeros.

We write My for the non-singular alternating matrix obtained by omitting the

first row and column of M.

Definition 6.3.2. (i) O(V,&p) denotes the orthogonal group of automorphisms of

V' which preserves the quadratic form &.

(ii) Sp(V, B) denotes the symplectic group of automorphisms of V' which preserves

the alternating form B.

(iii) U denotes the quotient space V/(ep). This space inherits the alternating form,

but it does not inherit any natural quadratic form.

(iv) Sp(U, B) denotes the symplectic group of automorphisms of U which preserves

the inherited alternating form B.

Let xg, ..., z2, be the basis of V* which is dual to our chosen basis of V. Suppose
S = Fylxo,...,T2,]. We remark that when the basis e; is chosen in accordance with

Lemma 6.3.1, then the quadratic form is given by
o = a5 + 2122 + T34 + - + Top_1T2n.

The canonical surjection V' — U induces an injection U* — V*. We identify
U* with its image in V*: thus U™ is the subspace of V* spanned by xi,...,To,.
The symmetric algebra on U* is the subring of S generated by zi,...,22,. Let

T = FQZ[:El, NN ,:an].
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Now If V is an odd-dimensional symplectic space, then according to Theorem
1.4.14 (i) there is only one kind of non-singular quadratic form up to equivalence. If
&o is such a form and B is its polarization, then according to Lemma 6.2.3, each form
having the same polarization is equal to & + 22 for some 2 € V*. There are three
kinds of quadratic forms: the non-singular forms (all equivalent to &), the singular

forms of +type, and the singular forms of —type.

Lemma 6.3.3. IfdimV =2n+1 > 3 then

(i) 22n=1 4 2n=1 of these forms have +type, and each is equal to & + x2 + x2 for

some x € U*;

(i3) 2%n=1 — 2In=1 of these forms have —type, and each is equal to & + x3 + % for

some x € U*;

(i4i) 22t — 22 of these forms are non-singular, and each is equal to & + 22 for

some x € V* such that x # xo +y for any y € U*.
Proof. (i) Suppose
fo = T2 + 2120 + T3T4 + -+ Top 172y
is a non-singular quadratic form on V. Now let
§ =z + 2324 + -+ + Ton—1T2n

be a singular quadratic form on V' which is non-singular of +type on U. Thus
according to Lemma 6.2.3 if B is its polarization then each form having the
same polarization must be of the form ¢ + 22 for some = € U*. Now ¢ is of
+type, so according to Theorem 6.2.4 the number of such forms is 2271 2/n—1,
Therefore 221 4 2n=1 of these forms have +type, and each is equal to & + 2
for some x € U*. But £ = & + x3. Therefore each of these forms is equal to

o + 23 + 2? for some x € U*.



CHAPTER 6. ORTHOGONAL INVARIANTS IN CHARACTERISTIC 2 123
(ii) Suppose
§ =212 + 2374 + -+ + Top_3T2n—2 + x%n_l + Top_1Top + Bw%n

where 23, | + x,_1 + 8 is irreducible in Fy[rg,_1]. Here £ is a singular
quadratic form on V' but is non-singular on U of —type. Thus according to
Lemma 6.2.3 each form having the same polarization must be of the form & +z2

for some x € U*. Now £ is of —type, so according to Theorem 6.2.4 the number

22ln71 _ 2ln71 22[7171 _ 2ln71

of such forms is . Therefore of these forms have
—type, and each is equal to & + 22 for some x € U*. But £ = &+ 33(2) + :L'%n_l +
Bz3,. Thus each of these forms is equal to & + 22 + 23, ; + B3, + 22 for
some z € U*. Now according to Lemma 1.2.9 (i) each element in Fy is a
square. So there exists 8 € F such that 5'2 = . Thus each form is equal to
o+ (zo+zon—1 + B zon, +x)? for some x € U*. Writing T = zop_1+ 8 Ton +1,
then obviously = € U*, so we see each form is equal to & + (xo+ x/)z for some

& € U*. This completes the proof.

(iii) From (i) and (ii) the number of quadratic forms of +type and —type having
the same polarization is equal to 22, but the total number of such forms is

22n+l - Thus the number of quadratic forms which are non-singular on V is

22+l _ 92In - Now since &) is a non-singular quadratic form on V then, again
according to Lemma 6.2.3, each form having the same polarization is equal to
& + 22 for some z € V*. But the fact that x = ¢ + y for any y € U* makes

22ln+l _ 22ln

the form singular. Thus of these forms are non-singular and each

is equal to & + 22 for some x € V* such that = # xg + y for any y € U*

Definition 6.3.4. The sequence £1,&9,&3, ... is defined recursively by

n—1

& =P (g, ).

When the basis e; is chosen in accordance with Lemma 6.3.1, then

ol)d 21]‘ 21]‘ 21]' 21]‘ 21]‘
& = xg ) To + a:lxg ) + Ié ) T4+ xgsci ) + -+ argn),lazgn + xgn_lxén)
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for each j > 1. In general, for j > 1, each &; belongs to the symmetric algebra on

U*. For each j > 1, & has degree (21)j + 1.

Now

[[x+)=x- J] X+x)

zeU* €S, AEF,
where S is a set consisting of one non-zero vector of U* from each 1-dimensional
subspace of U*. But the number of k-dimensional subspaces of a vector space W

over a finite field Fj can be found by the following formula:

<n> (" =)@ =) (" ="
(" =" —q)...(¢" = ¢ 1)’

where n is the dimension of the vector space W. Therefore

2%n__1

k q

Thus
[T (X +2) = X" + AXT" Vot fgm X
xeU*

Let foo = [ . Then gé_l = f(o2m_1y and we have the following lemma.
€S

Lemma 6.3.5. Let U = V/{eg) as defined in Definition 6.53.2. For 0 <i < 2n

(21)2n7(2l>i

P 21 (fx) = foolU,i-

Proof. By Lemma 6.1.3, for each ¢ in the range 0 < i <| § | we have

P'(foo) = foof@i—1yi-

But by Lemma 2.1.2, we have

2n .
[T o) =" cux@.
j=0

zeU*

This means that

CU,() = f(22ln_1), CU71 = f(221n_21), CU72 = f(22ln_22l), e 7CU,2n = fO

and the rest of f;’s are zero. Thus for each 0 < i < 2n, we have

(21)2n7(2l)i

P21 (fso) = foolu,i-
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In the above lemma the cy;’s are Dickson invariants as we defined in the proof

of Lemma 2.1.2. Clearly cyo = gé_l. Let Ny denote the matrix

T €2 zs3
2l 2 2l
Ty ) T3
2 2 2
x§2l) xg2l) (24
3 3 3
(24 (2) 2h
Ly Lg 3
2n—1 2n—1 2n—1
(24 (2 (2h
T T3

Ton

2l
Lon
(2
Lon
3
(2 ’
Lop,

2

2n—1
(2"
Lon

then fo is a scalar multiple of det/Ng and by appropriate scaling of one of the

vectors in § we may assume that detNg = fo. Thus fo -

the determinant

X T xTo
XQZ x%l "L’%l
X(2l)2 x§-2l)2 $é2l)2
X(QZ)B x(12l)3 ngI)S

X(Ql)Qn x§21)2n $2

2[ 2n 2[ 2n
CORNCY

Lemma 6.3.6. The following matriz identity holds.

Proof. Clear.

CU0
CU,1

T
Ny CU,2

L CU2n—1 |

2n
(2H
Ty
2n
2H
Lo
2n
(2
T3

2n
@
Lop

[1 (X + ) is equal to
zeU*

For later use, we write N for the (2n 4 1) X 2n-matrix
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X1 o X3 T2on
2t 73 73 73,
N2 N2 N2 N2
x? )3 22 )3 :(32 )3 xgi)s
! l ! l
22 2" :())2 ) xéi)
\2n—1 \2n—1 \2n—1 \2n—1
T LT U
y=n 1y2n 1\2n 20
e e e e
and we write N for the (2n + 1) x (2n + 1)-matrix
7o 231 T2 3 Ton
O U S SEEEER
)2 )2 )2 )2 2
R U L
1 1 l l 1
R S 7
1\2n \2n 1\2n 1\2n 1\2n
e |

6.4 Some families of polynomials arising from determi-

nants

Let m be a positive integer. In the abstract commutative polynomial ring

ZX,&1,62,83,. .. ],
consider the polynomial

2X & &2 &3 Em
a 2x¥ ¢ AT
P - > B L
m — 2 3
&g ) axeY €27,

1\2 1\3 m

En €24 Q(TQL—)Q fg—)s 2x ()




CHAPTER 6. ORTHOGONAL INVARIANTS IN CHARACTERISTIC 2 127

This is the determinant of a symmetric matrix. On passing to the ring

FQl[X7§17€27£37 s ]

the matrix is alternating. Since, according to Lemma 6.2.2, alternating matrices
have even rank, it follows that the determinant is zero modulo 2 whenever m is

even, and we can make the following definition:

Definition 6.4.1. For each even integer m > 0, we write £2,,,(X) for the image of
the polynomial %Hm in FulX,&1,82,&3,...]. As an example, in case m = 2 we find
that

0(X) = X+ @x% + PX + e

When m is odd, the image of H,, in Fyu[X,&1,&2,&3,...] is non-zero and does not

involve X. In fact it is the square of a polynomial in Fy[X, &1, &2,&3,...].

Lemma 6.4.2. The determinant of an alternating matriz with entries in a field is

a square. We call the square root of this determinant the pfaffian.
Proof. Follows from corollary 1 of Theorem 6.3 in [21]. O
Thus we can make the following definition:

Definition 6.4.3. For each even integer m, we write A, for the square root of the
image of the polynomial H,,—1 in Fy[X, &,&2,83,...], that is, the pfaffian of the

12
matrix defining A,,. For example, Ay = &, Ay = §§2 ARt §§l+1 + f%lﬁg etc.

6.5 How to understand A,

Working in 5, recall from section 6.3 that the matrix Ny has determinant equal to
foo- As before let My denote the 2n x 2n matrix with (7, j)-entry B(e;, e;), 7,7 > 1.

Then Mj is a non-singular alternating matrix and so it has determinant 1. Moreover
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0 &1 &2 & 0 a1

I 1 l
& 0 { 5o 8y
12 2l)2
& 2o B )

T n
NoMoNo = ¢ 2 g @)
3 2 1 2n—4

! 2[ 2 2l 3
i §2n—1 %an énZS énzél e 0 i

and so

det(NoMoNE) = 2.

As NOMONg is clearly congruent to the matrix of Ho,_1 modulo 2, it follows that

Ao, = fo in S and fo itself can be expressed as a polynomial in the Sp(U, B)-

invariants &1, ..., &2,—1. Playing this game with NN in place of Ny, we have
0 &1 13 & o St &on
! l l !
51 0 % % T %an %nfl
! 2[ 2 2l 2 QL 2
l ol)? ol)3 o3
NMyNT = &3 2 55 ) o - 657),14 fénzs
1 2l 2 2l 3 2l 2n—1
62”*1 6%11—2 génzii énz4 e 0 65 )
1 2l 2 2[ 3 2l 2n—1
L an %nfl 557112 gnli’) e £§ ) 0 J

Definition 6.5.1. We define polynomials Ay, ; for each n > 2 and 0 <7 < 2n by

i

@)™ -2}

AQn,i =P 2 (Agn)
Lemma 6.5.2. Let U = V/{eg) as defined in Definition 6.3.2 For each i in the
range 0 <1 < 2n, we have Ay, ; = fooCui. Each Mgy, can also be interpreted as the
pfaffian coming from the appropriate 2n x 2n matriz obtained by omitting a row and

the corresponding column from NMoNT.

Proof. We noted above that Ag, = fo. By Lemma 6.3.5 it follows that As,; =

foocu,i- The second statement is clear. O
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6.6 The Chern Polynomials

In this section we define Chern polynomials whose coefficients can be plainly seen
to be invariants of the orthogonal group O(V, &) and quadratic Chern polynomials

whose coefficients are plainly invariants of the symplectic group Sp(U, B).

Definition 6.6.1. Let AT denote the set
{x € V*: & + 2° has + type}
and let A~ denote the set
{z € V*: & + 22 has — type}.
Let A= AT UA~. Polynomials P*(¢) and P~ (¢) in the polynomial ring S[t] in one
variable t of degree 1 are defined as follows:

Pty = ] t+a), P(t):= [] (t+a),

€At TEA™

P(t) =[]t +=).

T€EA

The orthogonal group O(V, &) permutes the elements of AT and A~, so it is clear
that the coefficients of P*(t) and P~(t) belong to the invariant ring SO(V> ). Note
that P(t) = PT(t)P~(t).

Definition 6.6.2. Let CT be the set of all quadratic forms on V of +type and C~
the set of all those of —type. Let C = CT U C~. From Lemma 6.3.3 we note that
C = {&+ad+2? : x € U*}. We define quadratic Chern polynomials @ (X), Q= (X)
and Q(X) in the polynomial ring T'[X] in one variable X of degree 2 as follows:

QT (X) =[] X+, Q (X)= ] X+,

qeC+ qeC—

QX) = [[(X +aq).
qeC
The symplectic group Sp(U, B) permutes the elements of C* and C~. Thus the
coefficients of QT (X) and Q~(X) are invariants of the symplectic group Sp(U, B).

Note also that Q(X) = QT (X)Q (X).
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Lemma 6.6.3. (i) The coefficients of Q~ (X)) belong to the subring of Fy[z1, . .., Toy]

generated by

§1,- -5 &m—1,CU2n—15- - - CUn-

Moreover they are linear in the Dickson invariants cyan—1,- .., CUn-
(ii) The polynomial foo@Q (X) has all coefficients in the ring Ful&1,. .., &n).

(111) The coefficients of Q1 (X) belong to the subring of Fy[x1, ..., xo,], wherel > 2,
generated by

§1,-- 5 &m-1,CU2n—1,- - - CUn-

Moreover they are linear in the Dickson invariants cyan—1,- .., CUn.

(v) The polynomial foQT(X) has all coefficients in the ring Fy &1, . . ., o] where
[ > 2.

Proof. (i) The coefficients of @~ (X) are symplectic invariants and so, by knowl-
edge of the invariants of the invariant ring for that case, these coefficients
lie in the subring Fy (&1, ..., m, CU2n—1,-.-,CUn]. Since by Theorem 6.2.4
there are 22"—1 — 2in—1 quadratic forms of —type, the degree of Q~(X) is
2(22In=1 _oln=1y — 92In_9ln  On the other hand, the least degree of an element
of Fuléi, ..., m,cU2n-1,- ., Cun) which is quadratic in the Dickson invariants
is deg 6(2]7%_1 — 2((2)2 — (20)2n—1) = 92n 4 92n—1 | 92n=2 | . 4 92n—(I-1)
and this is greater than the degree of Q™ (X). Hence the coefficients of Q™ (X)

are, at worst, linear in the cy ;.

(ii) We know that for each j, foocy; belongs to Fyl[éi,. .., ] by Lemma 6.5.2.

Part (i) says that the coefficients are linear in the ¢y ; and so the result follows.

(iii) The coefficients of Q@ (X) are symplectic invariants and so, by our knowledge
of the invariants of the invariant ring for that case, these coefficients lie in
the subring Fyi[&1, ..., &, CU2n—1, - - -, cUn]. Since by Theorem 6.2.4 there are
22in=1 4 9ln=1 quadratic forms of +type, the degree of Q1 (X) is 2(22n~1! 4

2ln=1y = 22In 4 9" On the other hand, the least degree of an element of
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Fyléi, ..., mn, cU2n-1,-.,cuy| which is quadratic in the Dickson invariants is
degc%],2n—1 — 2((2l)2n _ (2l)2n—1) — 92In + 92in—1 + 92in—2 4ot 22ln—(l—1) and
this is greater than the degree of Q1 (X). Hence the coefficients of QT (X) are,

at worst, linear in the cy ;.

(iv) We know that for each j, focy,; belongs to Fyi &1, ..., &2, by Lemma 6.5.2.
Part (iii) says that the coefficients are linear in the cy; and so the result follows.

O]

Remark 6.6.4. A version of (iii) and (iv) is present in [24] when | = 1.

6.7 How to understand ,,(X)

We shall study the image of Q,,(X) in the polynomial ring S[X] over our symmetric

algebra S, using the specialization
Fyu[X, 61,862,863, ..] = S[X]
defined by X — X and &; — &;.
Theorem 6.7.1. (i) Qon(X) = 322 (Aoni)2 X @) 4+, where § € Fyl€1, 6, ..., €.
(ii) In the ring S we have Q2,(X) = 2 Q(X).

(ii3) Qon(X) = f2Q7(X)Q1(X), and Q= (X) and Q*(X) are irreducible elements
of the ring TSPU: B)[X].

(v) fooQ (X) and fooQT(X) both belong to FulX, &1, ..., Ean).

Proof. (i) Looking at the standard expansion of the determinant Hy, we see first
that the coefficient of any term involving a product of two or more of the
diagonal entries will be divisible by 4. So these make zero contribution to .
For 0 < 7 < 2n, we see that the coefficient of X @' in o, is precisely the
determinant of the matrix Hy, ; obtained by omitting the ith row and column
(counting from 0 to 2n) from NMyN7T. This determinant is equal to (Agy ;)2

as noted in the proof of Lemma 6.5.2.
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(ii) Recall from Definition 6.6.2 that Q(X) = [] (X +¢q) where C = {&+ 23+ 2% :
qeC
x € U*}. Using Lemma 2.1.2, we know that the zero set of the polynomial

D'(X) = 22220 czU?iX(Ql)i is precisely {z? : © € U*}. (Note that D'(z?) =
(Dy(z))?.) Thus

Q(X)=D'(X + & +13) =D (X) + D'(¢ + 7).

We claim that Q,(X) = f2Q(X). First, it follows from Lemma 6.5.2 that
fAD(X) = Z?ZO(A2n7i)2X(2l)i and by part (i), this coincides with the part of
02, (X) which involves X. Therefore

F3Q(X) + Q2,(X)
does not involve X and to prove that it is zero it suffices to prove that
Qon (&0 + x(z)) = 0.

To this end we need to work over Z rather than Fi and we shall temporar-

ily work with two abstract polynomials rings and the ring homomorphism as

follows:
Q Z[X, 51752,53, .. ] — Z[a:l,xg, . ,Jjgn]
where
I 1\?
a(&) = Z(w%zlwzk + mzk_lzvgi) )
k=1
and

a(X) = Z Tok—1L2 -
k=1

Consider the matrices N and MyN” and insert respectively a column and a
row of zeros to make the matrices square. Then clearly they have determinant
equal to zero, and further by using the Binomial Theorem we have a matrix

equation:
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(iii)

2yo &1
&1 2y + 4dy
52 %l + 2a1
2[
L 5271, §2n71 + 2a2,-1
[ il T2 I3
A
)2 )2 )2
_ l’f ) lé2 ) :ng )
1\2n 1\2n 1\2n
$§2 ) 1352 ) x:(f )
where y; =

&2
5? + 2a1
2ys + 4ds

Ton
2l
Lon
(2h?
Lon

2n
(2"
Lon

0
0
0

0

N2
géizz + 2b2n—2

2l
5271_1 + 2a9n—1

N2
géizz + 2b2n—2

€2n

2y2n + 4day, J
_ l 2
T9 x% l‘g )
! 2l)?
T x% l'g )
! o3
T4 xi 13(1 )
2
2! (2h
Lon—1 Top—1 Lopg
0 0 0

(x120+- - -—&—xgn_lx%)@l)i for 0 <i<2nanda;b;,d; € Z[xy,z2,...

Let L.H.S = A, then by using the multilinearity of determinants,

detA =

2y0
3
&2

£2n

&1

21

2l
1

2l
5271—1

)

2l
1

2y

(21
2n—2

5271

2l
2n—1
(2h?
2n—2

2y2n

(mod 4).

133

Now from the right hand side of the above equation, we have detA = 0. There-

fore a(Hz,) = 0 mod 4 and hence a(3Hz,) = 0 mod 2. (Recall from the

remarks preceding Definition 6.4.1 that Ha, is divisible by 2.) By definition,

Qop(X) = (%Hgn) mod 2. Now the image of a(%Hgn) under the map Z — Fly

is Qo (& + 22) and hence Q,,(& + 23) = 0 as required.

By part (i), Q2,(X) = f2Q(X) = f2Q°(X)QT(X). The quadratic Chern

polynomials Q*(X) are irreducible as the symplectic group transitively per-

mutes their factors.
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(iv) Follows from Lemma 6.6.3 (ii) and (iv).

O]

Remark 6.7.2. Note that in part (ii) of the above proof we temporarily work over
Z rather than F,. We multiply the two matrices and get another matrix. In [24]
the authors use the fact that (z + y)? = 22 4+ y? when they multiply the matrices
which is only true when x and y are elements of finite fields of characteristic 2. As

promised in the introduction, the proof of part (ii) here corrects this flaw.
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