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Summary

Particle dynamics in the solar corona are of interest sime®é&haviour of the coronal plasma
is important for the understanding of how the solar coromgated to such high temperatures
compared to the photosphere ( million Kelvin, compared to a photospheric temperature
of ~ 6 thousand Kelvin ). This thesis deals with particle behaviouvarious forms of
magnetic and electric fields. The method via which partiakesaccelerated at reconnection
regions is of particular interest as particle acceleraiba magnetic reconnection region is
the basis for many solar flare models. Solar flares are rededsmergy in the solar corona.
The amounts of energy released range from the very small simoeleased by nanoflares,
that cannot be observed individually, to large events ssck-elass flares and coronal mass
ejections. Chapter one provides background informati@utthe structure of the Sun and
about various forms of solar activity, including solar flgrsunspots, and the generation of
the solar magnetic field.

Chapter 2 explores various theories of magnetic recororectMagnetic reconnection re-

gions are usually characterised as containing a centrdll,’auwegion where the magnetic

field is zero, and particles can be freely accelerated intibsgmce of an electric field, as they
decouple from the magnetic field and move non-adiabatic&lhapter 2 gives examples of
how such reconnection regions could be formed.

Chapter 3 deals with the construction of a 'noisy’ reconioectegion. For the purposes of
this work, 'noisy’ fields were created by perturbing the meiigmand electric fields with a
superposition of eigenmode oscillations. The method fecticulation of such eigenmodes,
and the creation of the electric and magnetic fields is d=tdikre.

Chapter 4 details the consequences for particle behauoarnioisy reconnection region.
The behaviour of electrons and protons in such fields wasestudt was found that adding
perturbations to the magnetic field caused many smalles taform, which increased the
size of the non-adiabatic region. This increased non-adiiabegion led to greater energisa-
tion of particles. The X-ray spectra that could be producethb accelerated electrons were



also calculated. In this chapter | also investigate the egnences of altering the distribution
of the spectrum of modes, and altering the value of the mladsistivity.

In chapter 5, the effects of collisional scattering on ées was also investigated. Colli-
sional scattering was introduced by integrating parti@gettories using a stochastic Runge-
Kutta method (which is a form of numerical integration). Eswfound that adding collisional
scattering at a reconnection region causes a significangehia particle dynamics in suffi-
ciently small electric fields. Particles which undergo isbdinal scattering in the presence of
a small electric field gain more energy than those which daundergo collisional scatter-
ing. This effect decreases as the size of the electric fietttreased. The correct relativistic
expressions for particle collisions were derived. It wagidthat collisions have a negligible
effect on relativistic particles.

Collisional scattering was also used to simulate the dfifesticles across magnetic fields. It
was found that adding more scattering caused the trajestofithe particles to change from
normal gyromotion around the magnetic field, and that pagimstead travelled across the
magnetic field. | also developed a diffusion coefficient towlthe calculation of a particle’s
drift across a magnetic field using only 1D equations.

Chapter 6 discusses the findings made in this thesis, andresghow these findings could
be built upon in the near future.



















































































































































































































































































































































CHAPTER 4. CONSEQUENCES FOR PARTICLE BEHAVIOUR 118

The magnetic field topology for two different values mfcan be seen in figure 4.48. It
can be seen that for smaller the form of the small-scale nulls changes slightly. Slght
more small nulls are formed at> 0.5. These could also cause particles to become highly
energised. The form of the magnetic field is also changedthearentre of the region; the
field becomes less complex when the resistivity is decrealweelvariation of the magnitude

of the magnetic field withr at¢ = 0 can be seen in figure 4.49. Here, the magnetic field is
considered to have fallen to zerg | < 0.01. By this definition three nulls are created for
n = 3.1724 x 1071° |, whilst eight are created foy = 3.1724 x 10~!2, so that more non-
adiabatic regions (sites of particle acceleration) haenlmeeated for lower resistivity.
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Figure 4.49: Magnetic field variation with distance from thél at¢ = 0.s. The resistivity,
n = 3.1724 x 10~ in the top plot, and) = 3.1724 x 10~'2 in the bottom plot.

Changing the decay time and period of the eigenmode osoiltlso causes changes in
the electric field. The change in decay time does not affetigies over the time of this
simulation, since particles are only followed for 1s, anel decay times of all of the modes
(for both values ofy) are longer than this. However, decreasiripes make the electric field
less noisy, as can be seen in figure 4.50. It can thereforermucted that it is not the nois-
ier electric field that causes particles to become more Wighérgised in the comparisons
of cases 1 to 5. Rather, it is the creation of further accetarasites within the magnetic
field.
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Figure 4.50: Electric field variation with time at= 0.s. The resistivityy; = 3.1724 x 10~1°
in the top plot, and) = 3.1724 x 10~'2 in the bottom plot.

4.7 Conclusions

In this chapter, | have investigated the behaviour of pretmd electrons in noisy magnetic
and electric fields. We have seen that adding more pertuebatodes to the fields causes
particles to gain higher energies. The reasons for thisvavotd: the perturbations change
the form of the magnetic field such that more nulls are creatad the particles become
trapped. There are therefore more regions where partialedecome energised, and par-
ticles spend longer in these regions. Since electrons ginéeli, they are more affected by
perturbations, and so are energised more quickly. Thetsefurl protons have been pre-
sented in Burge, Petkaki, and MacKinnon (2012). | have aldoutated the thin target
X-ray bremsstrahlung for the distributions of electronrgres att = 0.1s. We have seen
that adding more modes produces more realistic X-ray spelftthe electric and magnetic
fields are static, the spectrum produced is composed of #lemission. When modes are
added, we see non-thermal emission being produced.

Other work on test particle simulations of 2D reconnectiegions (e.g. Petkaki and MacK-
innon (2011)), show identical results for the energy distiions for electrons and protons
in the case where there are no perturbations (using the satia¢conditions as used in this
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thesis). Initially, it was hoped that the use of a spectrumesturbative modes would signifi-
cantly enhance acceleration due to resonant-type intenactThis was because Petkaki and
MacKinnon (2007) found that certain frequencies prefeafigtaccelerated different parts
of an initial proton spectrum, therefore it was proposed argpectrum of frequencies would
accelerate all parts of the distribution. In Petkaki and Kiaoon (2007), certain frequencies
produced bimodal distributions of proton energies, similecharacter to the energy distri-
bution for case 5 at= 1s. This makes the distribution for case 5 surprising, as thes®ns
were accelerated by fields perturbed by a superposition ofi&fes. It is possible that one
of the frequencies used was especially effective at actalgr particles, thus producing a
distribution similar in character to those seen for singégjiency disturbances. If this is the
case, we know that the eigenmode in question must be in ta0 to n = 49 range, since
this effect is not seen in any of the other cases.

| also investigated the consequences of using a differesttilolition of eigenmode oscil-
lations to compose the electric and magnetic fields. The it&undpl of the modes was dis-
tributed according to & °/3 spectrum, wheré is the wavenumber of the eigenfunction. It
was found that such a distribution did not accelerate gagtias efficiently as a flat spectrum
of modes, probably because the field produced were smaleveter, when the amplitude
of the field is sufficiently high, thé—°/3 spectrum produces a high energy tail of particles
that is more realistic than the energy distribution produmgthe flat spectrum of modes. For
the flat spectrum of modes, many patrticles leave the sinoulais they travel large distances
in the z-direction.

| have also investigated the consequences of changing the ohthe inertial resistivity. A
decrease in the value of the inertial resistivity meant thatfields were more efficient at
accelerating particles. Decreasing resistivity leadsianges in the formation of the small-
scale nulls, so that more such nulls are created away fronveghecentre of the region.
Since there are more sites of particle acceleration, pastan become more highly ener-
gised.



5. Effect of Collisions on Particle Tra-
jectories

5.1 Introduction

In this chapter | will describe work aimed at including théeets of binary collisions in test
particle calculations. | start by recalling Honeycutt'992) extension of the RK4 method
to stochastic differential equations. | will apply this inedl to the 1D problem described by
MacKinnon and Craig (1991), verifying that it reproduceslgtical results for the distri-
bution function, at least as well as simpler numerical méthd he 1D Fokker-Planck (FP)
description is only valid when electrons move adiabatycsdi | will next recast the descrip-
tion of scattering in terms of all three velocity componewts a further check | will confirm
that the 3D description applied to the 1D problem reprodtieed D results. As a first appli-
cation of this method I will study collisional cross-fieldastering of suprathermal electrons.
Finally, with confidence in the code established, | will us®istudy the modifications to
electron acceleration near null points.

5.2 Collisionsin the Solar Corona

The test particle calculations carried out in Chapter 4 ictamed particles in a collisionless
plasma. However, it seems obvious that particles in a reanph will undergo collisions.
It is also known that in order for hard X-rays (HXRS) to be dedt particles must undergo
collisions. Therefore, in order to account for coronal HX¢uces (e.g. Masudat al.
(1994Dh)), collisions must be introduced into the accelenatnechanism. Because protons
are heavier than electrons, collisions will have a greatgaict on electron trajectories.

Masudaet al. (1994b) suggested that a coronal HXR source could be creégtadrery high
temperature plasma at the top of a flaring loop. However, eliér (1995) pointed out,
a HXR source created by heating should be seen to increageiasthe plasma expands.
The fact that this is not seen would then require some kindadma confinement at the
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top of the loop (e.g. Fletcher and Martens (1998) found thatagnetic bottle could be

formed by the geometry of the current sheet). If instead dlog ltop source is a result of
non-thermal particles that are created by transport effext source of thermal emission is
required.

Hamiltonet al. (2003) developed a method of including collisions whendwihg particle
trajectories, but their method included only energy changecollisional scattering. If pitch
angle scattering via collisions is taken into account whamsalering the trajectories of par-
ticles at an X-type neutral point, it is hoped that particle return to the non-adiabatic
region more frequently, leading to particles attaininghieigenergies. In this chapter, 1 will
address scattering due to binary collisions, a processevsiagistical character is well un-
derstood.

The inclusion of collisions means that the random forcescivithese collisions generate
must be modelled. This is done by describing the particl@gon using stochastic differen-

tial equations, which are easier to solve computation&tpchasticity can be modelled by
the inclusion of a Gaussian random noise process in thersystdifferential equations. This

can be done by using a Wiener process (a continuous-timieagtic process) of the required
mean and variance to calculate a new value of the Gaussiaa component each time it is
required. Then the envelope of the particle trajectorigmiserned by a Fokker-Planck (FP)
equation (e.g. Gardiner 1983).

The general form of a FP equation wiih- 1 independent variables, 1, x5, ..., x,,) IS given
by

df df Dd*f
I/ [ i 5.1
@ a2 S
where f is the distribution function being considered. According3ardiner (1985), a FP
equation can be written as a stochastic differential eqoaif the form

dx = A(X, t)dt + D(x, t)/>dW(t). (5.2)

The first term of (5.2) is a slowing down term. The second teiithbe evaluated by using
a stochastic RK4x is the vector(xy, 2o, ...x,,), W(t) is an n-variable Wiener procesb,
gives the amplitude of the scattering term.
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In 1D, the non-relativistic FP equation is (see e.g. Mackdimand Craig (1991))

%+m%§4§(§)—%%(uﬂﬁ%):& (5.3)
[ is the distribution function of the electron§, = 4re*An/m?, whereA is the Coulomb
logarithm, usually taken to be 25 in the solar coropas the cosine of the pitch angle of
the particle, and is the distance that the particle has travelled along thenetagfield line.
This equation is valid for the case where the gyroradiusig small and particles are tied to
field lines. Under these circumstances, the motion of artrelecan be described using just
its pitch angle and velocity. In a cold medium, the electrsizsv down deterministically.
Later, this will be generalised this to a 3D description, vehie evolution ob,,, v, andwv,
will be followed.

MacKinnon and Craig (1991) examined how a FP equation coeldeplaced by a set of
stochastic differential equations which can be integraecherically using Euler integra-
tion. However, in order to integrate particle trajectoie®scillating electric and magnetic
fields, a more accurate method of numerical integration Wwasen, a stochastic fourth-order
Runge-Kutta (RK4) method. The stochastic RK4 method hasjer benefit of reducing
to the deterministic RK4 methods used in the previous chaptbe absence of noise.

5.3 Stochastic | ntegration Methods

5.3.1 Deterministic RK4

In the original Runge-Kutta method (Prestsal. (1992)):

At ky 2k 2Ky k&
(A =z + (- 2 22

6 (At ar T At A (5.4)

wherez is the variable being considered, (which in this case,isv, or v,), At is the
timestep being used, and

]i]l = Atf(t(], Io)

kz = Atf(t(] + %,xo + %)
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ks = Atf(to+ 4L, mo + 22)
ko= Atf(to+ 5, mo + 2.

Att = 0,t = tg, x¢ is the value of the solutiont] att = t, and f is the function being

considered. Equation 5.4 provides a numerical estimateadf = At. This gives a solution
of the equation being considered with an associated erreabrder ofA#®.

5.3.2 Stochastic RK4

Honeycutt (1992) considered the one-variable additiveeneguation

dx = f(x)dt + DdW (t). (5.5)

W (t) is a Wiener process which scales(dst)'/2. If this is integrated from 0 ta\t, and
the Taylor expansion of is taken, an expression faf(At) is obtained which includes a
stochastic termi(At). The full form of R(At) is very lengthy, and can be seen in Honeycutt
(1992). The stochastic RK4 that is developed must have time statistical properties as
x(At) for the deterministic part, an®(At) for the stochastic part. In order to develop a
stochastic integrator, Honeycutt (1992) considered thaion

d;z:_

— = Fla). (5.6)

The algorithm for integrating this via second order Rungsdt&integration is

where

Fy = f(x0)

FQ = f(SU(] + AtFl)
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However, this algorithm cannot be used to integrate equatid directly, due to the presence
of a stochastic term. Instead, IB{z) = f(x) and introduce the stochasticity as part of the
integration algorithm.

2(At) = 20 + %(F1 + Fy) + (2DAt) 29 (5.8)

v is a random number witke)) = 0 and(¢?) = 1. D is the amplitude of the stochastic
term. For purely mathematical problems the amplitude of tian be varied arbitrarily.
For physical problems, care must be taken to select an apat®walue ofD (e.g. via
comparison with the FP equation governing the distribytidinis can then be extended to
a fourth-order Runge-Kutta via comparison with the usugihsinistic RK4 method found
in Presset al. (1992):

At 1

where

Fy = f(xo)
Fy = f(zo + AtFy + (2DAL)z1))
Fy = f(xo + AtFy + (2DAL)z1))

Fy = f(xo + AtFy + (2DAt)21))

5.4 The Test Problem

In order to develop and test an RK4 algorithm, | will considgrroblem which already has
a known solution. The problem used was that considered irkiaon and Craig (1991),

which dealt with pitch-angle scattering of particles in axmoagnetised medium. The FP
equation for this problem also has a known analytical sotutior the spatially homogeneous
case) which is given in terms of the Legendre polynomials¢civacts as a further check for
the stochastic RK4 solution. MacKinnon and Craig (1991 etflepved a stochastic system for
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calculating the variation in particle pitch angle that makese of the Ito form of a stochastic
differential equation.

The FP equation can be replaced by a system of stochasgcafiffal equations (s.d.e s).
As shown by MacKinnon and Craig (1991) this general equiaden this particular case
means that evolves according to the s.d.e.

o oa\q1/2
du:—U?gBdt+[(lv(t;;>] r(t)dt, (5.10)

wherer(t) is a Gaussian random noise process. The initial distribuSanonoenergetic.
Speeds are normalised to the initial speg, distances are normalised(tginm?)/(4me*\)
and times are normalised fo3nm?)/(4re*)), wheren is the density of the plasma and
is the Coulomb logarithm. It should be noted here thas also evolving with time; the
particles are slowing down monotonically. This can be irdégd using the Euler method or
by using stochastic RK4 with a noise term

D= [M} . (5.11)

U3
HereD is chosen by directly comparing equations (5.9) and (5.Ihis means that in
the FORTRAN code for the stochastic RK4 method, when integgaan s.d.e, all of the
r.h.s. of equation 5.10 is not evaluated. Instead, only tsetérm of the r.h.s is integrated,
and the second (stochastic term) is included as part of tiegrator itself. | carried out
a comparison of the 2 methods. A particular example is showfigure 5.1, at = 0.06
(the stopping time for these particlestis= 1/3). This shows that all three solutions are in
close agreement. Similarly good agreement is found for tatees. This apparently simple
process, of adding a Wiener noise term to each of the RK4t@gras justified in detail by
Honeycutt (1992).



CHAPTER 5. EFFECT OF COLLISIONS ON PARTICLE TRAJECTORIES 127
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Figure 5.1: Comparison of stochastic RK4, Euler integrateind the exact solution evalu-
ated using Legendre polynomials, t=0.06.

5.5 3D Description of Particle Motion

5.5.1 Equations of Motion

MacKinnon and Craig (1991) is applicable if particles agsttightly to field lines and do
not drift across the field. If particles are no longer tiedntig to field lines, e.g. near a null,
a more general 3D description is needed. In order to make=#tgtoblem more generally
applicable, 1 will now consider how to re-cast it in the forrnaoset of 0.d.e.s such as those
given in equations (4.3). | want to introduce collisionahtering by extending (4.3) to
include stochastic terms. It should be noted that this gwius merely a generalisation of
that given in MacKinnon and Craig (1991). Such a generatinaghould be made in order
to follow the evolution of the particles in, v, andv,. Once this is known, the behaviour
of particles in the presence of electric and magnetic fieats also be considered. In the
first instance | am considering a problem in which no eledrimagnetic fields are present.
Equations (4.3) are therefore rewritten as
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Ccll—f = U, (5.12a)

dy

— =y (5.12b)

dz

& _ 12

o = U (5.12c)
dp, = —A(X, t),dt + (DY2dW), (5.12d)
dp, = —A(x, t)dt, + (D'2dW), (5.12¢e)
dp, = —A(x,t)dt, + (DY2dW).. (5.12f)

The drift A(x,t) and diffusion term® will now be determined by exploring how the dis-
tribution function of the particles evolves, and using timrmation to develop drift and
diffusion terms for the behaviour of a single particle. Iiib this by drawing on the known
velocity diffusion coefficients in a FP description (Trukow (1965)) and the equivalence be-
tween FP and s.d.e. descriptions. Once the coefficientedirgt- and second-order terms
in the FP equation are knowA,andD immediately follow.

According to Trubnikov (1965), the effect of collision8{”, whereC®/? is the sum of the
drift A(x,t) and diffusion term®) on a particle, moving through a medium of particles
of type 3 is given by

CHP = (=V,j*"), (5.13)

where .
" = —F fo = D"V f. (5.14)

o

The first term on the r.h.s is the slowing down term. The sedend on the r.h.s is the

scattering term. When equation 5.14 is inserted into eqndiil3, the first term on the

r.h.s of equation 5.14 turns out to be analagous to the first to the r.h.s. of equation

5.2. Similarly, the second term on the r.h.s of equation futds out to be analagous to the
second term on the r.h.s. of equation 5.2. The subsceptz, y, ) , as does the subscript
k and f, is the distribution function of particles of typeand

20
Fe/s = Za © pols (5.15)
mg 8vk
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0 — Vs
D“/B Joo/p Y Ok — Vilk (5.16)

v3

2
oo = 2 (s

47 Mg,

Here\ is the Coulomb logarithm, which is usually taken to be 25 mdblar corona, anas

is the number density of particles, which isl0°cm =2 in a typical flare loop (Aschwanden
and Benz (1997)). It should be noted that the velocity of thlel fparticles is taken to be zero,
since in this case the behaviour of a particle with a velogitich greater than the thermal
velocity is being studied.

| want to obtain an expression for the slowing-down tef{x, t)), so equation 5.15 must

be rewritten. To evaluat%Di/ ? must be rewritten as

0 o/ 0 [ 1%, —vv 0 [v%6;, —vv 0 (0%, —vv
_Da Ka/g 1T 1Yx = 1Y 1Yy 1z 1Yz
vy, (8% ( v3 ) i vy ( v3 * v, v3

(5.17)

One can then write the first term of the R.H.S as:

0 V20 —vive | _ 0 U25zz Ux v 5yac UyUz V20,0 — V00
Ovg ( T Ovug + + 3 !

v3 v

which equals

2 2
9 v 6961 —’Uz + Sy vyvz + 02020 — V05 _ 0 V™ —Vp —UyVUz —Vz Uz
Ovg 3 Ovg :

v v3

Evaluating the above, for the first term of (5.17) gives:

£J£ﬁﬂﬂﬂﬁ)=%®ﬂw+%+w—#@w+%+w»

3

And similarly, the second and third terms of (5.17) are

L(M>_L(3U2(U + vy, +v,) — v} (v, + 3v, +v,))
Ovy b AN Y z z Y 20

3

V3

&(ﬁﬁﬂ&ﬁﬁ)=%®ﬁw+%+wyﬂﬂw+%+%m,
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which gives

0 _
—D;);c/ﬁ — Koz/ﬂ (

8vk

Uy + Uy + V)
3

There is also a first-order term which is obtained from thésioh term. When this is added
in, and recalling that the slowing-down term is given by

0
A(x,t) = —Kko/8la 2 pols 5.18
(X7 ) mpg avk ik ( )
a slowing-down term of the form
Ax, 1) = K8 (e 1o (—ﬁ W —2> 5.19
S e G (5.19)

can be obtained. | now wish to sum over interactions with edéctrons and protons. The
particlea is always an electron. This because ions do not scatter vech rrollisionally in
pitch angle. The particle that it is colliding witl¥)Y can be an electron or a proton. Summing
over collisions with electrons and protons gives

A(x,t) = Ko/? <m— + My 2) ( Ve Uy —%> . (5.20)

me My v3’ w3 0l

Since protons are so much heavier than electrong/:.. = 1836), the termZ—; can be
neglected. This gives a slowing down term

B a/g (Vz Uy Uz
Therefore
Ko/By,
A(X,t), = =3 3 (5.22a)
Ko/B
A(X, t), = —3—— (5.22b)
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Ke/By,

A(X,t), = —3 3

: (5.22c)

A physically correct value oD must now be determined for this problem. This can be ob-
tained by considering the interaction of a test particldwaifield of 'background’ particles.
According to Trubnikov (1965), the diffusion term can betiam as

0 [ v¥y — vivg  Of,
DB — [gels 2 ik Ttk Za) 5.23
ik ov; ( v3 vy, ( )
| therefore need to evaluate
0 [V, —vivy  Of,
: . 24
ov; ( v3 8%) (5-24)

Expanding this gives

0 (V%6 — v;up 0fa _ 0 (126, — v;U, 0fa N 0205, — VU Ofa N v28;, — v;v, Ofa
ov; v3 vy, ov; v3 v, v3 v, v3 ov,
(5.25)

Evaluating the first term

o) (v25mfvivz . %) —

Ov; v3 Ovg

v?—v2 92f  Bug(v:—v2) 8f

v3 G2 v Ovg

ve (3Y5 Of of of
+v_3 (v2 e Uyavyavz T us

v (302 0f of _ of
+vg ( 1)2Z Ovg Uz v, Ovy Ovg ) *

Similarly, the second term of (5.25) equals:

o 028, —v;vy C0fa )
Ov; v3 vy )
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v (3vzof ., _9f _ Of
v3 \ 0?2 Auy T Qug Ovy Ovy
U2,U§ 2f 3vy(v27v§) af

T e T T o vy

vy [ 3v2 Af af af
+v_gl’ (v2 vy Uxavzavy o a_vy> )
And the third term of (5.25) equals

0 (v?émvwz . %) _

Ov; v3 Ov,

ve (302 Of of _ of
v3 v2 Ov, T vy Ov, v,
v ((3vy of of of
_'_U_?’ (v_2 v, Uyavyavz v,
+U2—Uzﬂ _ 31)2(1)2—1)3)%
v Q2 v° v, "

Bringing the 3 terms together, this can be written as theimatr

vg + U; —UpUy  —UgU,
_ 2 2
D= e —UgUy VI VS —UU, (5.26)
2 2
—VgV,  —UV, U+ vy

plus a first order term, which will be added into the slowingvdderm

) . 21135 8f 2Uy af 2vz 8f
First order part ab;;, = B T T

(5.27)

Recall that the stochastic term is given9k*/#D)*/2.r),.dt'/?, wherer is a vector contain-
ing the random numbers by whi@'/? will be multiplied (r)dt'/> = dW), thus obtaining
the noise term in the stochastic RK4 method. | therefore wakhow the ‘square root’ of
the matrixD. According to standard theory, everyx n matrix can be writte?/LV ~*. L is

a matrix whose diagonal values are the the eigenvalues ofigiiex, and whose other values
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are 0. V is a matrix whose columns are the unit eigenvectors of thgirai matrix. The
matrix D'/2 is therefore constructed as

DY/2 = VEV !, (5.28)

whereV is a matrix whose columns are the unit eigenvectorBpandV ! is its inverse.
E is a matrix whose diagonal values are the square roots ofgeealues oD, and whose
other values are 0. The eigenvaluesf a3 x 3 matrix M are calculated as follows.

det(M — \) = 0, (5.29)

where | is the identity matrix andet indicates the matrix determinant. The eigenvalues,
of D were found using Mathematica, and are given by

AL = E (5.30)

v

1
)\2 == — (531)

v
A3 = 0. (5.32)

The corresponding eigenvectorg @re found using the relation

Dx = A\x. (5.33)

Thatis,the eigenvector is the vector which, when multgbbg the corresponding eigenvalue,
returns an answer which is equal to the product of the origiadrix and its eigenvector. The
eigenvectorsx) of D are

=10 (5.34)
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—y

0
= | (5.36)
1

D2 can then be calculated, and turns out to be:

] vg + U; —UpUy  —UgU,
1/2 _ 2 2
D/ = 57 —UpUy VI VS —UU, (5.37)
2 2
—VUgU,  —UU, UL+ vy

At energies below the thermal speed, diffusion in particlergy becomes important. How-
ever, thisis notincluded here as this approach assumgsatiatie energies are much greater
than the thermal speed.

5.5.2 Different Coordinate Systems

Itis sometimes numerically expedient to use polar cootdmen order to study the stochastic
behaviour of a particle. For example, it will be seen in SBtH.9.2 that when considering
the motion of particles at an X-type neutral point, it is maceurate to use polar coordinates
since numerical errors arise when modelling the slowingrdaiva particle if Cartesian
coordinates are used.

If we change variables from,,v,, v, to v, i, 0,the Fokker-Planck equation describing a
particle undergoing drift and diffusion becomes:

sin’ (@)

DU DI (), L F gy

op sin?(¢) 020

whereD = %’;e‘l andu = cos(¢) (¢ is the particle’s pitch angle andis its azimuthal
angle). The enérgy loss and scattering terms can be reddibea from equation 5.38, and
the form of the stochastic differential equations obtaif@dhe motion of an electron can
be seen in Section 5.10.
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5.6 Redativistic Collisional Scattering

5.6.1 Slowing-Down Term

As has been noted, the above approach is not valid for redtatiparticles, that is for parti-
cles with energies greater than160 keV. Leach and Petrosian (1981) discussed collisions
in the relativistic case and found that the energy changealoellisions is given by

dE  4wrien

T (5.39)

wheren is the number density of the plasma anRds the classical electron radius, which is
given byrg = ¢?/(m.c?). The factors = v/c.

Since, in ¢.g.s unit& = (v — 1)mdc?,

dy 4meten; A

— 5.40
dt MV ( )
It is known that
dg 1 dvy
_ = 5.41
dt B3 dt’ ( )
and
dv
Therefore
dv dﬁ@ ¢ dy (5.43)

dt — dtdB g3 dt’

which means (substituting from 5.40):
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dv 1 dre*n)\ 1

i s el (5.44)
The non-relativistic slowing-down rate is
d 4retn) 1
L S (5.45)

dat m2  v?

It can be seen that the only difference between the aboveiequand the slowing-down
rate given by Leach and Petrosian (1981) is a factot /of*. Therefore in order for the
equations of motion to be relativistic, a factorigfy® must be included in the slowing-down
term.

5.6.2 Change in Pitch Angle

According to MacKinnon and Craig (1991), the non-relaticiserm giving change in pitch
angle is given by

Of  Ame*n\Of 2 Of
=L = L (a-»HE). 4
ot~ m2o® ou <( M) o (5.46)
Leach and Petrosian (1981) give a relativistic pitch angletwhich has the form
of me*nA3+~0f 0 Of
A — (1 - — . 5.47
ot m2vd 4% Ou (1=p )8,u ( )

It can readily be seen that equation 5.47 is equal to equé&tid® forv ~ 1. Therefore
in order to make the scattering term relativistic, the ‘eastsrength’ in the stochastic RK4
becomes

3+

D = (K°/* 4727 B)/2.r. (5.48)
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5.7 Conversion to Numerical Method

Since the stochastic differential equations have now beagtew out, they must be solved
numerically using the stochastic RK4. The scattering tesh{5.12) are therefore taken and
used to determine a value of the noise strenbth,

The stochastic term looks like:

Dy = ((2K*PD)Y2 . 1), dt"/?.
Recall that for the stochastic RK4

At 1

wherey is a random variable and the stochastic element of the iattegis contained within
the final term. Comparing the previous two equations theegjives

D = (K*/PD)1/2 ¢, (5.49)

This gives a 1 x 3 matrix of values fdp. | will extend the 1D approach of Honeycutt to
3D without further formal development. Inspection of heguanent suggests that her 1D
description should be straightforwardly extensible to Ibe algorithm for stochastic RK4
can therefore be written as

Fl = f(.CCO + (2At)1/2D)
Fy = f(xo + AtF, + (2A1)Y2D)
Fs = f(xo + AtF, + (2A1)Y2D)

Fy = f(zo + AtFy + (2A1)Y2D). (5.50)

5.7.1 Application to Test Problem

In order to test this approach, the Mackinnon & Craig tesbf@m is recast as a system of 6
0.d.e.s, as follows
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E = Vg (551a)
dy
dz
4= _ 51
priaks (5.51c¢)
LK . 12
dv, = =3— dt + ((KAtD)Y2dW)), (5.51d)
K -
dv, = —3—Ydt + (K AD)Y2dW)), (5.51e)
v
dv, = —3K”Z dt + ((KAtD)Y2dW) (5.51f)

K has unitsms—2, and is made dimensionless in accordance with the units okif@mon
and Craig (1991), so that

Ke/Pr  Ame*luinm? 1

3

K= = —
2 4y 3
vy m?2  4met v

=1, (5.52)

wherer is the normalising time for this problem. Again, only the ffiterm on the r.h.s of
equations 5.51d to 5.51f is evaluated. The second term ontilse is incorporated directly
into the stochastic RK4 as the form of the noise teiim,

I have recast the differential equations describing plarticotion in terms of Cartesian co-
ordinates to allow combination of Lorentz and collisionaides. However it is known that
particle speed decreases monotonicallyl 48. It is also known (from MacKinnon and
Craig (1991)) how the distribution of particle pitch angksould evolve with time. The
3D stochastic code should reproduce this behaviour. Thieead the pitch angle: must
therefore be calculated. This can be done using

= —. (5.53)

The resulting distributions for can be seen in figure 5.2, which compares the distribution
of . values att = 0.18 as calculated from integrating 5.51 using the stochastid,Ri¢
calculated exactly using Legendre polynomials, and asikd by using Euler integration
to integrate 5.10. All three solutions agree closely. Tlsvslg down of one electron can
be seen in figure 5.3, which compares the change in speed décetnoa as calculated by
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integrating the set of equations 5.51 using the stochastit \®ith the speed of an electron
as calculated using = (1 — 3t)'/3 (MacKinnon and Craig (1991)).

It is known thatv evolves deterministically, but here random quantitiesadded to the
components of. | therefore wish to be sure that the patrticle still slows danonotonically.
Speeds are normalised to the initial speegl, distances are normalised(tgnsm?)/(4met )

and times are normalised toingm?)/(4me)).

500 T T T T ‘ T T T T ‘

1D Euler:41 particles leave simulation
3D RK4: O particles leave simulation
Legendre Polynomial
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Figure 5.2: Comparison of stochastic RK4 integrating a §éteguations to determine the
velocity components of the particles, Euler integratioth&f same solution reduced to one
equation, evaluating the pitch angle of the particle onlynd ¢he exact solution evaluated
using Legendre polynomials, t=0.18. All three solutionseagclosely.
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Analytic Solution
3D RK4 -

0.2

0.0 L L L L L L L L L | L L L I I I I I I |

Figure 5.3: Comparison of the calculation of the slowing davf one electron calculated
using stochastic RK4 integrating a set of 6 equations andvalpating the analytic solution
of MacKinnon and Craig (1991). The two solutions agree diof® the stepsize shown,
which is 0.0001.

The effect of choosing a different stepsize was also ingattd. Figure 5.4 shows that
the slowing down of an individual particle is very sensitteethe choice of stepsize if the
particle is followed using the stochastic RK4 method. Itm®wn (e.g. Presst al. (1992))
that the error associated with RK4d5h°), whereh is the stepsize being used. When the
particle’s trajectory is calculated analytically in themnar of MacKinnon and Craig (1991),
stepsize is not as important. The analytical and numerwiattisns diverge, particularly
at highert because the analytical solution is exact, where as the ncatheplution has an
error associated with it. These errors accumulate oveiirtieeaf the simulation, and so the
solutions begin to diverge.
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Stepsize=0.01 Stepsize=0.00"1

Analytic Solution
3D RK4

Analytic Solution
3D RK4
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Figure 5.4: Comparison of the calculation of the slowing davf one electron calculated
using stochastic RK4 integrating a set of 6 equations andvalpating the analytic solution
of MacKinnon and Craig (1991). The two solutions agree mdosaty as the stepsize is
decreased.

Although the choice of stepsize has a significant effect erstbwing down of an individual
particle, it does not greatly affect the overall distriloutiof the particles’ pitch angles. The
distribution of particle pitch angles at= 0.3 for stepsizes 0.01 (figure 5.5),0.001 (figure
5.6),0.0001 (figure 5.7) and 0.00001 (figure 5.8) can be selewb

It can be seen that decreasing the stepsize does not havateefieet on the overall dis-
tribution when the pitch angles are evaluated using vel@mmponents that are calculated
using RK4. In fact, the effect of stepsize is much greatethendistribution where the pitch
angle was calculated directly using Euler integration aMacKinnon and Craig (1991).
Using a smaller stepsize meant that fewer particles lefsthreilation (i.e. fewer particles
attained non-physical pitch angles), and the solution Wasec to that given by the Legendre
polynomial solution and the RK4 solution.
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3D RK4: O particles leave simulation
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Figure 5.5: Comparison of stochastic RK4 integrating a §ét@guations to determine the
velocity components of 100 000 particles, Euler integratbthe same solution reduced to
one equation, evaluating the pitch angle of the particlg ¢rand the exact solution eval-
uated using Legendre polynomials, t=0.3. The stepsize wssd0.01 for both numerical

integration methods.

5.8 Cross-Field Scattering

It is well known that particles can diffuse across field linesmagnetised plasmas (e.g.
Galloway, Helander, and MacKinnon (2006)). In order forss-dield diffusion to happen,
there must be some kind of stochastic process involved. elffiid lines themselves are
tangled or subject to stochastic fluctuations (e.g. Reehastd Rosenbluth (1978)), particles
can diffuse across the field. Tangled field lines have beearoed by the TRACE (transition
region and coronal explorer) satellite; an example of saclyled field lines can be seen in
figure 5.9.

Particle collisions can give rise to diffusion across thgneic field. It was therefore thought
that the stochastic RK4 method could be used to simulatesdielsl scattering. In order
to test this, a simulation was constructed which considarsthgle electron starting with
velocity in thez direction only, moving through a magnetic fielt) = 1G, B, = B, = 0,
with no electric field present.
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Figure 5.6: Comparison of stochastic RK4 integrating a §ét@guations to determine the
velocity components of 100 000 particles, Euler integratbthe same solution reduced to
one equation, evaluating the pitch angle of the particlg ¢rand the exact solution eval-
uated using Legendre polynomials, t=0.3. The stepsize wssd).001 for both numerical
integration methods.

5.8.1 Equations of Motion

The equations of motion of a test particle in electric and megig fields are given in (4.3).

When the slowing down terms given in (5.51) are introducé)(is re-written for electrons

moving in a fully ionised hydrogen plasma. Recall that sdihal scattering is introduced
by integrating these equations using the stochastic RK4.egoations (5.55a) to (5.55c¢),
no noise is added. For equations (5.55d) to (5.55f), theerteisn given in equation (5.49)
is used. For this simulation times are normalised to thetreleayyroperiod,speeds to the
initial speed of the particle,and mass to the electron restsnThe non-relativistic electron
gyrofrequency is given by (in c.g.s units):

Wee = eB/m.c = 1.76 x 107 Brad/s (5.54)

Therefore whem3 = 1@, the electron gyroperiod i%.57 x 10~7s. Using the above set of
normalisations, and adding the magnetic field term, (5 $Written as:
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Figure 5.7: Comparison of stochastic RK4 integrating a §ét@guations to determine the
velocity components of 100 000 particles, Euler integratbthe same solution reduced to
one equation, evaluating the pitch angle of the particlg o@ind the exact solution evalu-
ated using Legendre polynomials, t=0.3. The stepsize ussdd001 for both numerical
integration methods.

dx
— = U{L’
dt
dy
— =
dt 4
dz B
ar
dv Ko -
—r__3=" KAtD)/*W
Me dt 3 3 + (( ) )z
dvy f(vy - 1/2
me— = —2nB,v, — 37 + ((KAtD)/“W)),
d z K z o
med_i — 27B,u, — 3—= + ((KAD)°W)).
v

(5.55a)
(5.55D)

(5.55¢)

(5.55d)

(5.55€)

(5.55f)
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Figure 5.8: Comparison of stochastic RK4 integrating a §éteguations to determine the
velocity components of 100 000 particles, Euler integratbthe same solution reduced to
one equation, evaluating the pitch angle of the particlg o@ind the exact solution evalu-
ated using Legendre polynomials, t=0.3. The stepsize ussdv0001 for both numerical
integration methods.

Here, the factoi®/? is made dimensionless, so that

N o/8
g AT (5.56)

Vo

The normalising time is (in this case, the particle gyroperiod), angdis the normalising
speed (in this case, the initial speed, 0.1c). A factavas introduced, which is the ratio of
the gyroperiod and the collision time. This was used to st&eslowing down and scattering
terms. This can be considered to be analogous to alterindethgity of the plasma that the
particle is moving through, which of course leads to changeke slowing down rate and
scattering frequency of the particles.

All electrons are started at positian= y = 0. They are also given the same velocities,
0.06¢ in the x direction,0.06¢ in the y direction and).05¢ in the z direction. The ‘push’
in the y direction causes the particle to gyrate around the magfieletin the absence of
collisional scattering. Particles were followed unti: 12.4, which is the stopping time for
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Figure 5.9: Tangled magnetic field lines in the solar coronalaserved by TRACE (Gal-
loway, Helander, and MacKinnon (2006)). The far left parfevgs an example of regular,
ordered coronal loops. The middle and right hand panels shove tangled, disordered
loops. Galloway, Helander, and MacKinnon (2006) proposedlaionship between the
random walk of scattered particles and diffusion acrossfigid lines as a result of this
macroscopic tangling.

electrons ifA = 1. The monotonic slowing down of one electron can be seen indigLLO.
The slowing down of the particle is smooth, and monotoniexsected.

Figure 5.11 shows how an electron’s trajectory is alterednfsimple gyromotion for in-
creasing values ok, i.e. when more collisional scattering and slowing downdded. As
the size of4 (and thereforek) is increased, the particle’s trajectory begins to changen f
simple gyromotion. Wheml = 1, the particle’s trajectory is substantially altered, dae t
change in direction and increased deceleration, the padmes not travel as far in the x
direction.

Figure 5.12 shows the y position of 10 000 electrons evefyd@roperiod in the case$=0,
0.01, 0.1 and 1. All electrons began the simulatiom at y = 0. For low values of4, (i.e.

for less pitch angle scattering), the peak of the distrdoutiepends mostly on the electron
position as it spirals around the field. At smallér particles cluster around distinct points
at each half-gyroperiod. With increasing particles spread out in the y-direction as time
increases, so that their positions are not primarily detggchby gyromotion. Histograms
were plotted at = 0,0.57, 1.7, 1.57...127, 12.57, wherer is one gyroperiod. Each histogram
is plotted in a different colour. Colours closer to blackresent earlier times, colours closer
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Slowing down of electron undergoing crossfield drift
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Figure 5.10: Slowing down of one electron in the case- 1. There is no electric field, and
the magnetic field is 1G in thedirection only

to red represent later times. A total of 24 histograms weottgl for each value ofl, one
for each half-gyroperiod.

It can be seen that the peak of each distribution deviates @wad more from its expected
position as the simulation progresses. The position of dak pf the distribution is plotted
for successive gyroperiods in figure 5.13, which shows thadisplacement of the peak of
the distribution varies linearly with time. For the initiebnditionsA = 1, B = B, = 1G,
1p=0.1c andh = 1. x 10*em =2 (this high density was chosen to give a short slowing-down
time, which could be quickly simulated), the electronstdadross the field at the rate of
~ 2 x 107cms™1.

Figure 5.14 shows the average displacement of the distibbut z. As in figure 5.13, the
displacement of the peak varies linearly with time, at agppnately the same rate as the
displacement iny.
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Trajectory of 1 electron, B=B_x, E=0, A=0 Trajectory of 1 electron, B=B_x, E=0, A=1d-2
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Figure 5.11: Electron trajectory in the cases A#02,10~* and 1. There is no electric field,
and the magnetic field is 1G in the x direction only

5.8.2 Perpendicular Diffusion Coefficient

It should now be possible to construct a coefficient to desdtie diffusion of the particles
across the magnetic field. It is known that the perpendiaifusion coefficient O) in a
thermal plasma is (Helander and Sigmar (2002))

p?
D~ (5.57)
T

wherep is the particle’s gyroradius andis its collision time This expression is normally
given for thermal particles; | assume it can be extended mbh@wmal particles. The gyrora-
dius is given by

U(l _ M2)1/2

eB/mc (5.58)

p:
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Figure 5.12: Distribution ofy position at every half a gyroperiod for different am-
plitudes of slowing down and scattering terms, i.e. histogg were plotted at =
0,0.57, 1.7, 1.57...127, 12.57, wherer is one gyroperiod. Each histogram is plotted in a dif-
ferent colour. Colours closer to black represent earliaet, colours closer to red represent
later times.

where . is the cosine of the particle’s pitch angle. is taken to be equal to the energy
loss time, which is the same as the collisional scatteringg tior suprathermal electrons.
Therefore

v
= 5.59
"7 dv/dt] (5.59)
and since
4dme*An, 1
dv__ me*An, (5.60)

dt m2 %’

this gives
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Figure 5.13: Change in the megposition of the electron distribution with time for differe
amplitudes of slowing down and scattering terms. The mgpaosition was plotted every
gyroperiod, and the meanposition in the absence of scattering should be zero atrinesti
plotted.

me 3
= .61
dretAn, (5.61)
therefore
dre’An.c? (1 — u?
D, ~ me Anee” (1 - p )cmzs’l. (5.62)
B2 v

Fixing A = 1, vy=0.1c, B = 1G, | can examine the effect of varying the density of the
medium in which the electrons move. The diffusionyifor different densities can be seen
in figure 5.15 which shows that the amount of diffusion is clieproportional to the density
of the medium.

Let us now keep the density fixed (atx 104cm~2), keep a magnetic field of 1G, and vary
the value ofvy. The diffusion iny for different values of), can be seen in figure 5.16. This
figure shows that the amount of diffusion is inversely proipo&l tov,.
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Figure 5.14: Change in the meaposition of the electron distribution with time for differe
amplitudes of slowing down and scattering terms. The mepaosition was plotted every
gyroperiod, and the meanposition in the absence of scattering should be zero atriesti
plotted.

Finally, let us keep the density fixed (atx 10**cm3), fix v, = 0.1¢, and vary the value of
B. The diffusion iny for different values of3 can be seen in figure 5.17, which shows that
the amount of diffusion is inversely proportional B3.

So, the change in a particle’s position due to scatteringdsed proportional to

Ay? o —— 5.63
Yy X (5.63)

therefore

A Anoc? (1 — 112
p, = frehnec (1= o (5.64)
B2 v

Figure 5.18 shows the value of the variance @fith time at successive gyroperiods, as well
as the diffusion calculated using:
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Ay? =2D t (5.65)

It can be seen that the two methods agree reasonably welfattwe2 in equation 5.65 was
added as it was empirically found to be present. It woulddftee be possible to follow a
particle’s behaviour using only the 1D equations for chainge andv, and calculating the
diffusion of the particles in space by using the diffusioefficient.

5.9 Caoallisional Scattering At An X-Type Neutral Point

How do outcomes for the electrons | considered in sectior64&Range if collisional pitch-
angle scattering and energy loss is also included? On thka particles will lose energy
to collisions. On the other hand collisional scattering e to electrons encountering the
non-adiabatic region more frequently. Which effect willaere important? In the following
section, the dimensionless units of chapter 4 are used.
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Figure 5.16: Change in with time for different values of,. The variance of; was plotted
every gyroperiod.

5.9.1 The Dreicer Field

When considering collisional scattering, the velocity o€ telectrons must be taken into
account. If electrons have speed less than the thermaliigloalisions happen with almost
constant frequency, increasing in number as the thermatigis approached. If an electron
is moving faster than the thermal velocity, the collisicetfuency scales agv?, so collisions
become less frequent as the electron’s speed increases.{seRozelot, Klein, and Vial
(2000), Trubnikov (1965)).

Since electron energy loss rate decreases with energg, iharcritical electron energy for
which energy gain from electric field is greater than eneapg lfrom collisions. Electrons
above this critical energy can be freely accelerated ouhefthermal distribution by the
electric field. The Dreicer field is the strength of electreddifor which this critical energy
equals the thermal energy, i.e. all electrons in the plasamabe freely accelerated. The
speed at which collisions become less important as knowmeasihaway speed and is given
by (e.g. Holman (1985))
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Figure 5.17: Change in with time for different values of3. The variance of) was plotted
every gyroperiod.

1/2
v = vr, <E—ED) : (5.66)

vr, IS the thermal speed of the electrons, which is given by

k? T 1/2
vz, :< & ) . (5.67)

Me

The electric field strength, is the Dreicer field, which is given by (e.g. Holman (1985))

E—eA—233><108( n ) T\ (A gatvolsem™! (5.68)
b=, "~ 10%m—3) \ 107K 939 ) Srarvorem '

whereA is the Coulomb logarithmy, is the Debye length, arifl is the plasma temperature.
For the plasma being considerdd € 1.4 x 10" K, n = 10'%m =3, A = 25, the Dreicer field
is 1.8 x 10~ "statvoltem™!, which is5.4 x 103 V/m. The electric field applied in these
simulations isl0~2 in dimensionless units, which is 3.9 V/m for electrons.
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Figure 5.18: Change in the varianceyolvith time. The variance of was plotted every gy-
roperiod, and is marked with a cross. The solid line is theayedisplacement as calculated
using the diffusion coefficient,D, averaged over the nunolbetectrons being considered (10
000 in this simulation).

For the plasma being considereg, is 1.5 x 107ms~! This gives a runaway speed b x
10°ms~! for E=0.001, which in my units is a speed bf) x 10~3. This means that all of the
electrons in the distribution are runaway’ electrons, aad be accelerated out of a thermal
distribution.

5.9.2 Equations of Motion

Recall the set of equations 5.51, and add the appropriat&rieland magnetic field terms
for an unperturbed X-type neutral point. This gives, for Eat&on moving in a fully ionised
hydrogen plasma:

é—f — v, (5.69a)
d
d—i’ — v, (5.69b)
d
Z _ 0, (5.69¢)
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dv, Kuv,

me—t = Byv. = 3=% + (KAtD)' W), (5.69d)
K _
m@% = —B,v. - 37" + (KAtD) W), (5.69€)
v
dv. Re. -
med—i = —(E+ (Byv, = Byvy)) =3 UZ’ + ((KAtD)2W)).. (5.69)

Once againk is K expressed in the appropriate dimensionless units. In #sis ¢

Kt.

K = =

. (5.70)

I will integrate the set of equations 5.69 taking into acdouwilisional scattering for case
1 (constant electric field in the z-direction, and an unpbed X-type neutral point as the
magnetic field). Once again, the scattering is introduceoluth the stochastic integrator,
rather than by the inclusion of scattering terms in the aqoatof motion.

The slowing-down time was calculated using (MacKinnon amdi@(1991))v = (1 —
3t)1/3. It is important to note that this equation is in the units chdWinnon and Craig,
where speed is normalised to the initial speed of the parti@hd time is normalised to
(vingm?)/(4me*X). Electrons were chosen to all start the simulation with #reesvelocity,
0.07c, which is an energy of 1.23 keV. The simulation rardfot 5s, which is equivalent to
the electron stopping time. To concentrate on the influeficelbsions on the acceleration
process | adopted a mono-energetic initial electron tstion. Electrons were released
within the volume0 < =z < 1,0 < y < 1. In the case that no electric field is present,
the particles should slow down monotonically, This can Ense figure 5.19. The slowing
down in this figure is slightly disappointing, as it is noisiiran might be expected from the
well-behaved test problem studied at the start of this @rapt

The slowing down can be made more uniform if a sufficiently kstapsize is taken. This
can be seen in figure 5.20, which shows the slowing down ofd&reles with identical start-
ing conditions. Their trajectories were integrated usiegsizes of 0.01,0.001 and 0.0001. It
can be seen that the slowing down of the 5 electrons beginekomhore similar as a smaller
stepsize is taken. As the stepsize decreases, the ratergfdoss becomes smoother, and
there are no gains in energy, as would be expected.
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Slowing down of electron at X—point, £E=0
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Figure 5.19: Slowing down of one electron at an X-type néytoint. A stepsize 00.001
was used here. The electric field has magnitudehe slowing down in this figure is slightly
disappointing, as it is noisier than might be expected fromwell-behaved test problem
studied at the start of this chapter. This is due to numeissales which will be avoided by
considering the problem in spherical polar coordinates.

5.10 Dirift & Diffusion in Polar Co-ordinates

| do not wish to take a stepsize smaller than 0.001, as thisdw@wse the computation time
of the simulations to be increased to an impractical extiethierefore decided to re-cast the
equations of motion for an electron in polar co-ordinateamlinterested in the variation of
the particle’s velocity, azimuthal anglé)( and pitch angled). The equations of motion for

an electron in polar co-ordinates (in the absence of anyatd diffusion terms) are written

as follows:

Ccll—atj = v, = vsin(¢)cos(0) (5.71a)
% = v, = vsin(¢p)sin(6) (5.71b)
9% _ ), = veos(9) (5.710)
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Slowing down of electron at X—point, E=0, stepsize=0.01

e
5
HH‘HH

J}
’
:
?
5
3
3
3

<]
o
S|
o
ok
IS

t(s)

o
o
S|

t(s)

Slowing down of electron at X—point, E=0, stepsize=0.0001

0.05

o
ok
@

j

=]

.00 . .
0.00 0.02 0.04 0.06
t(s)

Figure 5.20: Slowing down of 5 electrons with identical 8tay conditions, including colli-
sional scattering. Three different stepsizes were useeteliB no electric field present.

d .
L mieEvV ~ L Beos(¢) (5.71d)
g q .
5= E(cot(qﬁ)(cos(@)Bx + sin(0)By)) (5.71e)
% = mie(E * sinphi/v) + (Bycos(0) — Bysin(0)) (5.71f)

Changing variables from,, v,, v, to v, 11, 6,the stochastic differential equations governing
the motion of one electron are given by

dx

o= vsin(¢p)cos(0) (5.72a)
% = vsin(¢)sin(0) (5.72b)
% — veos(6) (5.72¢)

dv — iEcos(@ _D (5.72d)

dt  me v2
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. 1/2
fl_f = mie(cot(gb)(cos(G)Bx + sin(0)B,)) + (ﬁ%) r (5.72¢)
. . - 1/2
% — ESZTH(@ + (Bycos(0) — Bysin(f)) — 2D053S(¢) + <D(SZ:3 (¢))> r  (5.72f)

wherer is a random variable. The slowing down of one electron in theeace of any
electric field can be seen in figure 5.21, which shows the req@mooth, monotonic slowing
down.

Slowing down of 1 electron, E=0
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Figure 5.21: Slowing down of one electron at an X-type néytoint. A stepsize 00.001
was used here. The electric field has magnitude

Application to X-Type Neutral Point

Now that the appropriate equations of motion in polar caratés have been obtained, the
consequences of electron drift and diffusion at an X-typatnaé point can be investigated.
[ initially considered particles being accelerated in aceic field, £=0.001 for my dimen-
sionless units. The effects on particle trajectories casdem in figure 5.22. It can be seen
that adding collisional scattering and slowing down catisedrajectories of the particles to
change, as would be expected. The particles change dimeutioe frequently, and so cross
the non-adiabatic region more often.
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Electron Trajectories, No Scattering
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Figure 5.22: Trajectories of 5 electrons for case 1, integravith and without the addition of
collisional scattering. The sample has identical startimgditions for both sets of electrons.
The electric field has magnitu@ded01 in our dimensionless units.

The effect that collisional scattering has on particle gigsr can be seen in figure 5.23.
The density of the plasma being considered her&di€cm 3. This density was chosen
as it is a reasonable density for the solar corona, and itgh Bnough to show clearly
the effect of the addition of collisions. The particles wésowed until their theoretical
stopping time, for such a density, 0.015s. The particlesnbegth an energy such that
logio(Enimiia) = —2.9. Most particles remain at this energy in both cases. In tiserade
of collisional scattering, some patrticles are acceleratethe electric field. If collisional
scattering is added, some patrticles are accelerated, im&t ae decelerated. The maximum
energy achieved is the same in both cases, although morel@aechieve this energy in the
absence of collisions.

However, one must bear in mind that if only collisional enel@ss was included, the elec-
trons which undergo collisional scattering should havesta completely at = 0.015s.
The fact that they have not stopped means that they are beiaegergised by the electric
field. This is due to the fact that adding collisional scatigicauses the particles to change
direction more often, meaning that they cross the non-adiiabegion more often, thus gain-
ing more energy.
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Figure 5.23: Energies at t=0.015s for 10000 electrons wtiageetories have been integrated
without the addition of collisional scattering (left) andtlvcollisional scattering (right). The
electric field has magnitude001 in our dimensionless units.

Figures 5.24 and 5.25 show the energy distributions fotelas if £=0.0001 and” = 10~°.
As the electric field decreases, it can be seen that lowegieseare achieved, both with
and without collisional scattering. However, once agdir,electrons undergoing collisions
should have lost all of their energy in this time.

For these simulations, a particle is considered to havealbsif its energy if its energy is
less tharb.11 x 103V (this value was chosen as our simulations normalised erteripe
electron rest mass energy, and the simulation was founddonhbe unstable if the particle
energy fell belowl0~7 in these units). It can be seen that the amount of particfesvith
energy greater thai 11 x 10~3eV decreases with decreasing electric field. Interestingly,
for the cases shown in figures 5.24 and 5.25, the distribsitidmen collisions are included
are comprised of a lower energy peak and a higher energy deskggest that the lower
energy peak is caused by electrons that have gained justjeremergy to remain above the
cut-off energy, but which have generally been slowing dowihe higher energy peak is
caused by electrons which have been accelerated. This seaotfor a higher electric field
(figure 5.23) as this field is high enough to accelerate theontgjof the electrons in the
distribution.

What happens if a sub-Dreicer field is applied to the elestPoiThe Dreicer field for an
electron density ofl0°cm = and temperaturé.4 x 107 K is 5.4 x 1072 V/m. If a field
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Figure 5.24: Energies @t= 0.015s for 10000 electrons whose trajectories have been in-
tegrated without the addition of collisional scatteringft)l and with collisional scattering
(right). The electric field has magnitude001 in our dimensionless units.
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Figure 5.25: Energies d@t= 0.015s for 10000 electrons whose trajectories have been in-
tegrated without the addition of collisional scatteringft)l and with collisional scattering
(right). The electric field has magnitude—° in our dimensionless units.

of 10~7 in our units is applied, that is equivalent3® x 10~* V/m, so the electrons will
experience a sub-Dreicer field. Electrons in a field of thignitaide have a runaway speed of
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5.7x10"ms~!, which is 0.18 in our units, meaning the electrons are iijtteavelling below
the runaway speed, and collisions will be more importane &tfiect of the sub-Dreicer field
on electrons which both do and do not undergo collisiondttecag can be seen in figure
5.26.

No Scattering With Scattering
\\\\\\\\\\\\\\\\\\ ‘\HHHH‘\HHHH‘\HHHH TITTTTTTT H\HHH‘HHH\H‘\HHHH‘\HHHH‘\HHHH‘\HHHH

Number of particles left = 805§

1000 ] 1000

100 100¢

Number of particles
Number of particles

Tl b bhed T bbb i bl L Lo
-8 -7 -6 -5 -4 -3 -2 -8 -4 -3 -2
Log(energy (Mev)) Log(energy (Mev))

Figure 5.26: Energies d@t= 0.015s for 10000 electrons whose trajectories have been in-
tegrated without the addition of collisional scatteringft) and with collisional scattering
(right). The electric field has magnitude~—" in our dimensionless units.

It can be seen that when electrons in such a low field do notrgodmllisional scattering,
their energy does not change. The electric field is too lowctzkerate the electrons. How-
ever, if the particles undergo collisional scattering these energy, but they do not all lose
all of their energy. If the electric field is less than the Begifield, collisions become more
important, and more particles are left with energies gretdtan5.11 x 103V after the
expected stopping time than are found for a small supereBrdield.

5.10.1 The Relativistic Case

Recall that the set of equations of motion used above is riotivethe relativistic case. How-
ever, using the arguments set forth in section 5.6, | carevarget of relativistic equations of
the form:

dz , .
- = vsin(¢)sin(0) (5.73a)
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d
W _ cos(s) (5.73b)
% = vcos(9) (5.73c)
d 1D
d—: = mieEcos(gb) i (5.73d)
do b \"
== mie(cot(gb)(cos(G)Bx + sin(0)B,)) + (W) r (5.73e)
. . 1/2
d¢  Esin(¢) . 3+ 2Dcos(¢) 3+ D(sin?(¢))
T + (Bycos(0) — Bysin(6)) — o 3 + ( 12 3 r
(5.73)

5.10.2 Application to X-Type Neutral Point

In order to investigate the consequences of collisionsHativistic electrons, electrons were
started with an energy of 65keV. Energies of greater thamatd60keV are too high for sim-
ulations to model the collisional behaviour of particlesinon-relativistic manner (Leach
and Petrosian (1981)). Therefore if these particles arelaated by more than 2.5 times
their original energy, the calculations will need to be tiglatic in order to be accurate. In
order to reduce the simulation time, | have increased thenpdadensity here to0'2cm =3,
which gives a stopping time for 65 keV electron)di4s.

The energy distributions for relativistic particles, wathd without the inclusion of collisional

scattering can be seen in figure 5.27. The inclusion of cofied scattering does not make
any difference to the energy distribution of the electrdribey start the simulation at high

energies. This is also true for a much smaller electric fi€ld=( 1 x 10~7), as can be seen

in figure 5.28.

Figures 5.27 and 5.28 reproduce the quantitative resultiseohon-relativistic case. Colli-
sions cause electrons to achieve a greater spread of enértjie electric field is relatively
large. If the electric field is relatively small, particlamply lose energy due to collisions. In
both cases, particles remain at higher energies than weutatfprected, as they are energised
by the electric field.
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Figure 5.27: Energies at = 0.04s for 10000 electrons whose trajectories have been in-
tegrated without the addition of collisional scatteringft)l and with collisional scattering
(right), using the relativistic expressions for collisadscattering and collisional energy loss.
The electric field has magnitu@de)01 in our dimensionless units.
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Figure 5.28: Energies at = 0.04s for 10000 electrons whose trajectories have been in-
tegrated without the addition of collisional scatteringft) and with collisional scattering
(right), using the relativistic expressions for collisabiscattering and energy loss. The elec-
tric field has magnitudé x 10~7 in our dimensionless units.
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5.11 Conclusion

In this chapter, | have developed a method for includingigiolhs in the calculation of par-
ticle trajectories. This method was developed by extenthegstochastic RK2 method of
Honeycutt (1992) to an RK4 method, which was then testedguitia problem of colli-
sional scattering in an unmagnetised plasma, as studiedatKMnon and Craig (1991).
The stochastic integrator performed better than the Eategration used in MacKinnon and
Craig (1991) for this 1D problem. The integrator was thereeded for use in 3D calcula-
tions, with the drift and diffusion terms calculated usihg method outlined in Trubnikov
(1965). This method also performed well when used to find at®ol to the test prob-
lem.

With confidence in the integration method, | then used thetststic RK4 integrator to fol-
low electrons gyrating around a constant magnetic fieldctic along the x axis, in the
absence of an electric field. Increasing the magnitude doditifteand diffusion terms caused
the electrons to drift across the field. An analytical exgpi@s for this drift was then ob-
tained.

Finally, the stochastic integrator was used to add colisito particle trajectories at an X-
type neutral point. The addition of collisions causes théiglas to lose energy, but because
the particles are scattered in pitch angle, they returnemtutral point and are energised
by the electric field. Therefore, even though the partickesfallowed for one stopping
time, some of them still have energy. The amount of partildé&svith energy greater than
5.11 x 10~3eV decreases with decreasing electric field. However, if thetdt field is less
than the Dreicer field, collisions become more important] arore particles are left with
energies greater thanll x 10-3¢V after the expected stopping time than are found for a
small super-Dreicer field.

For relativistic electrons, collisions caused electranadhieve a greater spread of energies
if the electric field was relatively large. If the electriclievas relatively small, particles
simply lost energy. This is a quantitative reproductiontef tesults for the non-relativistic
case.

I have shown that in the presence of an electric field, elasttbat undergo collisions will
still be energetic after their expected stopping time. Ehasergised electrons will continue
to produce Bremsstrahlung radiation, and could potegtmaiduce a visible HXR source in
the solar corona.



6. Conclusions and Future Work

What you do in this world is a matter of
no consequence. The question is what
can you make people believe you have
done.

Sherlock HolmesA Study In Scarlet

This thesis has focused on the behaviour of particles iemfft forms of electric and mag-

netic fields, both with and without the inclusion of collisal scattering. Such behaviour has
been explored in the context of magnetic reconnection regiio solar flares, and for cross
field drift in magnetised plasmas.

6.1 Noisy Electric & Magnetic Fields

The main body of this work has dealt with creating a simutatirowhich particles move in
a magnetic field based on a perturbed X-type neutral poidtaéso in a noisy electric field
which was created via a superposition of cold plasma eigeesoA large amount of time
during this project has been devoted to developing the ctetipnal method used to calcu-
late the hypergeometric function quickly and accuratelglcGlating the eigenmodes of the
hypergeometric function via integrating the hypergeoioelifferential equation (e.g. Press
et al. (1992)) proved to take an excessive amount of time comunaily when superposi-
tions of many modes were required. Instead, an analytidrogetion of the summation for
the hypergeometric function was used. Analytic contirarathethods are used to extend the
region in which a particular analytic function can be usedthis case, the hypergeometric
function can be represented as the summation of a seriesws te the region: < 1. How-
ever, outside of this region, this series no longer conwergenalytic continuation solves
this problem, allowing us to continue representing the hypemetric function as a series.

167
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This was found to reproduce the results of Presal. (1992), and the computation time was
decreased by several orders of magnitude.

Adding many eigenmode oscillations caused the X-type aepwoint to be dramatically
changed and a complex magnetic field containing many sméHlend O-type nulls was
produced. An accompanying noisy electric field was alsotetkan the z-direction only.
This work follows particles in the presence of a 2D magnestdfi A third componenf3,

of the equilibrium field would modify the structure éf and B, but Hamiltonet al. (2005)
show that a regime of sufficiently smal, exists in which the resulting modifications are
negligible for particle acceleration purposes. LarBewould result in reduced reconnection
rate (and thus electric fields) as well as introducing tirepahdent structure in the z direc-
tion, a more complex situation which I do not investigateshéFhe addition of a non-zero
B. component merely increases the efficiency of the accederadis particles tend to stay
within the current sheet (see also Litvinenko (1996)). Theans that the energies gained by
particles in these simulations are likely to be at the lowet ef the energy range that could
be achieved with a 3D geometry.

Various physical effects would result from relaxing the 2DBId plasma model. Gruszecki
et al. (2011) show that non-linear effects become important agwavopagate towards the
null, at a distance determined by plasma beta and the amelé the disturbance. De-
partures from azimuthal symmetry occur along with localisarrent spikes, all of which

would have implications for accelerated particles. Thepla beta here is identically zero,
which minimises these effects although they could beconmoitant in a more realistic

treatment.

6.1.1 Consequences for Protons

Protons and electrons were released into these fields, emd#haviour was studied. Pro-
tons were easier to study since their greater mass mearthéhabrmalising timescale was
greater. It was found that as more eigenmodes were addedc¢tieéeration region became
more efficient. This is due to the creation of a larger noralagiic region, and the fact that
particles become trapped within this region. Adding morgysbative modes also causes
particle pitch angles to vary more often, meaning that plagiin the noisy fields undergo a
kind of non-resonant pitch angle scattering. They changeetion more often, which may
lead them to crossing the non-adiabatic region more fretfpuefihe smaller nulls that are
created by a superposition of modes could also be sites foclpaacceleration.
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While there have been many studies of test particle acdelaran reconnection regions,
the small volume involved in these regions is a problem iflirge numbers of particles
apparently accelerated in flares are to be accounted forefféets described here open up
the possibility of a much larger volume being involved intpe acceleration.

The effect of varying the distribution of the amplitude oethigenmode oscillations was
also investigated. It was found that letting the amplitutide eigenmodes fall of agk 5/
(where k is the wavenumber of the mode, andis an arbitrary amplitude) produced a
smaller total disturbance than for a flat spectrum of moddse fields created by such a
disturbance produced a high energy tail of particles whiels wiuch smoother and more
regular in character than that produced by a flat spectrunoofesfor the same,.

Finally, the effect of varying the inertial resistivity watudied. It was found that decreasing
resistivity caused protons to become more highly energid@elcreasing resistivity leads
to changes in the formation of the small-scale nulls, so thate such nulls are created
away from the very centre of the region. Since there are mtwe of particle acceleration,
particles can become more highly energised. Decreasingatue of the resistivity also
causes the electric field to become less noisy. Howevericlesrtare still accelerated to
higher energies in this less noisy field. It can thereforedreltided that it is not the noisier
electric field that causes particles to become more energsenore perturbations are added
in cases 1-5. Rather, it is the changes in the topology of thgnetic field, and the creation
of more nulls, which are the sites of particle acceleration.

6.1.2 Consequences for electrons

It was more difficult to study electrons as their normalisiingescale was much shorter due
to their smaller mass, and smaller time steps had to be usezstdve the behaviour of
the particles. In order to compensate for this, the norimagilength scale for protons was
changed to ten times the particle’s gyroradius at the sy&teomdary, rather than simply
the gyroradius at the system boundary, as it was for protdhg. electron mass was also
increased td0m,.. This improved the computation time but still meant thatetens were
only followed for a tenth of the time of protons. The massesheftest particles are still
much less than those of ions and | expect major differenceedes electrons and ion to be
revealed by these calculations.

It was found that the magnetic and electric fields of case $axhthe electron distribution
to gain energy as a whole (i.e. the plasma was heated). Whenrande oscillations were
added, this heating did not occur, but instead the additfasuperposition of eigenmode
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oscillations caused the distribution to develop a high gn@&onthermal tail. Again these
effects appear to be due to the trapping of particles withénrton-adiabatic region. Recall
also that many smaller nulls are formed when more pertwdatiodes are added to the
magnetic field.

| also calculated the X-ray spectra that would be producethbytarget bremsstrahlung
from the energy distributions of electrons calculated iaptkr 4. It was found that adding
more modes produced X-ray spectra that were similar in charto those that are observed:
the spectra are comprised of both thermal and non-thernoabph. It is of course difficult
to make quantitative statements here; the idealised nafute simulations mean that the
electron distributions are merely illustrative of thosattinay be found when some of the
conditions are relaxed (for example, the introduction dB.acomponent to the magnetic
field). However, the fact that the X-ray spectra producedcaraitatively comparable to
those which are observed is encouraging.

In integrating the trajectories for protons and in partacuh integrating the electron trajec-
tories for a superposition of modes, a major difficulty wae lgngth of time taken for the
simulations to run. The simulations took a long time to rurthes gyromotion of the in-
dividual particles was being resolved at all times. The $atons could be sped up if the
gyromotion was only followed within the non-adiabatic @wi At largerr, | could merely
follow the guiding centre of the particle’s motion. This isial quicker to calculate as the
equations of motion are much simpler. However, a difficuliges in matching the calcu-
lations at the boundary between the two regimes. If the métion about the,, v, and
v, components of the particle’s velocity was not preservegsehwould have to be inferred
in order to have detailed information about particle dyresmear the null. Calculating
these quantities accurately (and quickly enough that tinepcation time saved by using
the guiding centre approach further from the null is not nedjpwill be an important issue
to be resolved.

6.2 Collisional Scattering

In order to model collisional scattering of particles, acht@stic Runge-Kutta integrator was
developed, in the manner of Honeycutt (1992). This integraias seen to reproduce the
results of MacKinnon and Craig (1991) when tackling the samdlem. The stochastic

RK4 method was found to reproduce the distribution of perfpitch angles, and in fact per-

formed better than the method of MacKinnon and Craig (19€IBYer times. The monotonic

slowing down of electrons was also well modelled.
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With confidence in the stochastic RK4 established, | usesdrttéthod to model cross field
drift. Electrons were followed in the presence of a magniid in the x-direction only.
It was found that adding more collisional scattering caubesparticles to drift across the
field, disrupting their usual gyromotion. An analyticalfdgion coefficient was obtained,
and the drift across the field lines predicted by this matakiell with the results obtained
when particle trajectories were integrated using a stdachiamegration method. This gave
us further confidence in the accuracy of the stochasticiateg In this case, the monotonic
slowing down of particles was also well modelled.

Stochastic RK4 was also used to add collisional scattedregectrons at an X-type neutral
point. It was found that adding collisional scattering aiparticles to achieve a greater
spread of energies, and to remain energised after theirdtieal collisional stopping time.
As the size of the electric field is decreased, fewer elestr@main energised after one
stopping time, if the electric field is above the Dreicer fighdue. If the electric field is
below the Dreicer value, more particles remain energisiapoagh because the magnitude
of the field is necessarily small, they do not achieve highigias.

This is because electrons in a field greater than the Dreieler dire ‘runaway’ electrons,
l.e. they are less affected by collisions, and so they aeliksly to have their direction
changed by a collision. Collisions merely cause such pastito lose energy. For electrons
in a sub-Dreicer electric field, collisions are more impotiaTherefore the trajectories of
these particles are more likely to be altered, meaning et tross the neutral point more
times than particles that do not undergo collisional sdatje When particles cross the
neutral point, they gain energy. Therefore particles whicklergo collisional scattering
in the presence of a sub-Dreicer electric field will gain menergy than those which do
not undergo collisions (for small electric fields). The eutrexpressions to describe the
collisions of relativistic electrons were also derived.

The fact that energetic electrons are still seen is intergsts these electrons will be pro-
ducing Bremsstrahlung radiation for longer than one migipeet if only their collisional
stopping time is considered. With high enough electric figtdese electrons could produce
a coronal HXR source. The highest electric field | used foctetes was3.9V/m. Electric
fields has high askV//m have been observed in solar flares (Gorbachev and Somov)§1989
It is therefore possible that electrons could be emittingRHXa collisional Bremsstrahlung,
and yet remain energised for times much longer than thgapstg time.

The stochastic integrator performed slightly disappamli in this case when it came to
modelling the slowing down of the patrticles. Although thenficof the slowing down is still
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correct, the slowing down does not happen smoothly, bueratbisily. This is interesting
since this did not occur in the other two problems studiedgchvisuggests that the 'noisy
slowing down’ is a result of the set-up of this problem. | gdate that since the drift and
diffusion terms in the stochastic integration algorithra ealculated from the,, v, andv,

of the particles, large changes in these quantities neamuiheould cause anomalously high
drift and diffusion terms, which could lead to the 'noisywlog down’ seen in this work.
This problem was avoided by switching to a polar co-ordirsgem, which recovered the
expected monotonic slowing down.

6.3 Future Work

In order to better investigate the dynamics of electronstefacodes should be developed.
One way in which the speed at which particle trajectoriescateulated could be increased
is by parallelizing the code. Currently the time-scaleeaisged with electron transport
mean that such simulations are computationally experaigkrun for impractical lengths of
time. Developing fast numerical integration methods, atifig quickly evaluated, analytical
expressions which describe the turbulent fields in whiclp#récles move would be a crucial
part of this work. Once these rapid simulations are credbey,could be applied to problems
involving turbulent magnetic fields in a variety of astroploal contexts.

In this work, | followed the orbit of each test particle inalually, integrating the entire orbit
for one particle before moving on to calculating the orbit fiee next particle. The only
way to integrate the trajectories of many particles quickéys to start several runs at once.
This is a reasonably good method of decreasing the simaolétioe, but there are clever
ways of doing this that make better use of the processing pavalable to us. If | was to
rewrite the code for integrating particle orbits so thatlibbaviour of all of the particles was
followed simultaneously (i.e. take one timestep, evaladltquantities of interest for all of
the particles in the simulation, and then take the next tiegsthen | could parallelise the
code. Running a process in parallel means that instead gfrtieessor doing each of its
required tasks in sequence, several processors are useddmpseveral tasks at once. The
amount by which this could speed up the processing time &gy Amdahl’s law (Amdahl
(1967)), which states

Tine = (6.1)

-
Ts+ o
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wherer is the fraction of the code that has not been parallelisgds the fraction of the
code that has been parallelised, and n is the number of marsesvailableT;,,. is the factor
by which the running code of the time could be shortened. ifi@ans that if | was to rewrite
the code so that half of it is in parallel, by running this jaib 16 processors | could cut the
running time of the code in half. If | was able to make 95% of coale parallel, our running
time on 16 processors would be a tenth of that of a serial code.

Of course, it is possible to speed up calculations by makmegdalculations themselves
simpler, and therefore quicker to evaluate. If one movesguoiding centre approximation,
the equations of motion are much simpler. The cross-fieldgldn coefficient | developed
will allow guiding centre studies of electron dynamics, ystems with a guide field. Such
systems allow the use of a guiding centre everywhere (Wodd\sukirch (2005)). If the
diffusion in pitch angle and the diffusion across the fielth t® modelled, then one can
model all changes in the orbit of particles, whilst using @ien equations of motion, which
will be able to be evaluated more quickly.

Numerical methods for stochastic differential equatioagehpoorer convergence properties
than similar methods for ordinary differential equatioaswas illustrated by the small step-
size needed to accurately follow the monotonic slowing dodparticles. While my adop-
tion of Honeycutt's (1992) stochastic RK4 method providedoad description of pitch-
angle scattering, future work should investigate more stighted variants of stochastic
RK4 methods, e.g. as described in Burrage and Burrage (18998)yder to improve the
accuracy of the integrator.

| speculate that the stochastic RK4 integrator does not htleelslowing down of an electron
at the X-type neutral point accurately because the pastarie not tightly tied to the magnetic
field lines when they encounter the null point. This meansuthay, andv, can vary by large
amounts as the particle gains energy in this region. Sineeltift and diffusion terms are
dependent om,, v, andv,, these changes may cause the drift and diffusion terms o var
inappropriately. A more accurate approach was achieveddasting the problem in a polar
coordinate system.

The stochastic RK4 integrator was also used to model crddsifié. In the problem studied
in this work, the consequences for particles are simplejgbes drift across the field lines
as they undergo collisions. If the field lines were not simgilaight field lines, but were
instead tangled (as has been observed in the solar coranagston 5.8), then diffusion
across these field lines could have interesting conseqaéoicparticle dynamics. Diffusion
across the tangled magnetic field will cause particles teetrtp different spatial locations
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than they would be able to reach by diffusing across strdight lines, since they would
be able to follow these tangled field lines to locations thatytcould not access via drift
alone.

| am also interested in determining how magnetic field togpinfluences turbulent interac-
tions, and how the turbulent interactions can change mayjinet topology. | have already
studied weak turbulence at an x-type neutral point, but | &0 mterested in simulating
particle dynamics in fields such as the Arnold-Beltramii@tass field, which is an example
of a deterministically chaotic flow. Could such a flow be usediodelling turbulent flows

in the solar corona or solar wind? Previous work on the ABQifles focussed on more
generalised models of turbulent flows; it would be interesto see if such flows could be
applied in astrophysical contexts.
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