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Abstract

In this thesis we consider some boundary value problems concerning nonlinear deforma-
tions and incremental motions in magnetoelastic solids. Three main problems have been
addressed relating to waves propagating on the surface of a finitely deformed half-space

and waves propagating along the axis of a thick-walled tube.

First, the equations and boundary conditions governing linearized incremental motions
superimposed on an initial motion and underlying electromagnetic field are derived and
then specialized to the quasimagnetostatic approximation. The magnetoelastic material
properties are characterized in terms of a “total” isotropic energy density function that

depends on both the deformation and a Lagrangian measure of the magnetic field.

In the first problem, we analyze the propagation of Rayleigh-type surface waves for dif-
ferent directions of the initial magnetic field and for a simple constitutive model of a
magnetoelastic material in order to evaluate the combined effect of the finite deformation
and magnetic field on the surface wave speed. Numerical results for a Mooney—Rivlin type
magnetoelastic material show that a magnetic field in the considered (sagittal) plane in
general destabilizes the material compared with the situation in the absence of a magnetic
field. A magnetic field applied in the direction of wave propagation is more destabilizing

than that applied perpendicular to it.

In the second problem, the propagation of Love-type waves in a homogeneously and finitely
deformed layered half-space is analyzed for a Mooney—Rivlin type and a neo-Hookean type
magnetoelastic energy function. The resulting wave speed characteristics in general depend
significantly on the initial magnetic field as well as on the initial finite deformation, and
the results are illustrated graphically for different combinations of these parameters. In the
absence of a layer, shear horizontal surface waves do not exist in a purely elastic material,

but the presence of a magnetic field normal to the sagittal plane makes such waves possible,



ii

these being analogous to Bleustein—Gulyaev waves in piezoelectric materials.

Then, we consider nonlinear axisymmetric deformations and incremental motions of a
cylindrical magnetoelastic tube. The effects of internal pressure, axial stretch, and mag-
netic field are studied for two different kinds of energy density functions. It is found that
in general an underlying azimuthal magnetic field increases the total internal pressure,
affects the axial load, and induces stability in the tube. Dependence of the incremental
motion on internal pressure, axial stretch, thickness of tube, and the applied magnetic

field is illustrated graphically.

Finally, we consider the general equations of Electrodynamics and Thermodynamics in
continua. In particular, we write the equations governing mechanical waves, electromag-
netic fields and temperature changes in a magnetoelastic conductor with a motivation to
describe the electromagnetic acoustic transduction (EMAT) process. This is a work in

progress and an open research problem for the future.
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Chapter 1

Introduction

Recent times have seen a rapid increase in the engineering devices that exploit and rely on
multi-physical couplings. A large subset of these devices work using the electro-magneto-
mechanical interactions in solids and liquids. In particular, many synthetic elastomers
that are capable of significant changes in their mechanical properties on the application
of a magnetic field have been developed, as highlighted in the works of [Jolly et al., 1996],
[Ginder et al., 2002], [Lokander and Stenberg, 2003], [Yalcintas and Dai, 2004], [Varga
et al., 2006], and [Boczkowska and Awietjan, 2009].

Typically these elastomers consist of a rubber matrix filled with small micron-sized
magnetically active particles (see, for example, Figure . The magnetic particles try to
arrange themselves in the direction of applied magnetic field and therefore influence the
macroscopic shape and the local elastic modulus of the material. These elastomers exhibit
remarkable properties such as tuneable elastic modulus, non-homogeneous deformation,
and a quick response to the magnetic field. Hence, they can be used in various engineering
applications like vibration dampers and robotics as demonstrated by [Bose et al., 2012].

The above-mentioned developments have motivated a considerable increase in study-
ing the coupling of electromagnetic and mechanical phenomena in the recent literature.
Specially, the problem of wave propagation under a state of finite deformation in the pres-
ence of an electromagnetic field is very important for various applications. An important
application of such analysis is in the experimental determination of the magnetoelastic
properties of the materials concerned as done by [Jolly et al., 1996], [Bose and Rdoder,
2009], and [Johnson et al., 2012]. [Jolly et al., 1996] prepared a form of magnetoelastic
elastomers by mixing carbonyl iron particles of 3—4 pm size in silicone oil and then allowing

the mixture to cure in the presence of a magnetic field. They then performed double lap
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() (b)

Figure 1.1: Schematic of a magnetoelastic material inspired from the results of [Jolly
et al., 1996] representing elastomers filled with ferromagnetic particles. (a) Randomly
distributed particles, isotropic material. (b) Particles aligned in a direction by the appli-
cation of a magnetic field during the curing process. The resulting mechanical response is

transversely isotropic.

shear tests for such specimens to determine the effective Young’s elastic modulus of the
elastomers containing 10%, 20%, and 30% iron by volume. [Johnson et al., 2012] study the
behaviour of such elastomers under a dynamic loading in the presence of an underlying
magnetic field to observe the effects on shear modulus, and natural frequency of a finite
system. They report that initial stress and an underlying magnetic field significantly alter
their results. Theoretical analysis of wave propagation under a state of finite deformation
in the presence of magnetic field is also important for non-destructive evaluation, such as
through electromagnetic acoustic transducers.

The effect of initial stress on the propagation of magnetoelastic waves was addressed as
early as 1966 by [Yu and Tang, 1966], who considered the propagation of plane harmonic
waves for some special cases of initial stress relevant to seismic wave propagation. [De
and Sengupta, 1971, 1972] used the equations of [Yu and Tang, 1966] in order to discuss
surface and interfacial waves in magnetoelastic conducting solids.

A paper by [Maugin, 1981] reviewed the major developments in deformable magnetoe-
lastic materials until that time with special emphasis on wave propagation in magnetizable
conducting materials. This was followed by a series of works, notably those by [Maugin
and Hakmi, 1985] on magnetoelastic surface waves with a bias magnetic field orthogonal to
the sagittal plane, by [Abd-Alla and Maugin, 1987] on the general form of the magnetoa-
coustic equations, by [Abd-Alla and Maugin, 1988] on magnetoelastic waves in anisotropic

materials, by [Lee and Its, 1992] on Rayleigh waves in an undeformed magnetoelastic
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conductor and by [Hefni et al., 1995a, 1995b, 1995¢| on surface and bulk magnetoelastic
waves in electrical conductors. Similar parallel developments have been there in the field
of electroelasticity, but in this thesis we focus solely on the magnetoelastic materials. Most
of the work in this field is based on the study of electromagnetic phenomena in continua
by [Pao, 1978], [Maugin, 1988], and [Eringen and Maugin, 1990a, 1990b].

Recently, a new constitutive formulation based on a “total” energy density function was
developed by [Dorfmann and Ogden, 2004], wherein the solutions of some basic boundary-
value problems were obtained using two alternative forms of the energy density with differ-
ent independent magnetic vectors; see also [Dorfmann and Ogden, 2005] for the discussion
of further boundary-value problems. This formulation was based on the equations of
nonlinear magnetoelasticity developed by [Dorfmann and Ogden, 2003a], [Brigadnov and
Dorfmann, 2003|, and [Dorfmann and Ogden, 2003b]. In the paper by [Otténio et al.,
2008], which was based on the formulation of [Dorfmann and Ogden, 2004], the equations
governing time-independent linearized incremental deformations and magnetic fields su-
perimposed on a static finite deformation and magnetic field were derived. These were then
applied to analyze the effect of the presence of a magnetic field normal to the half-space
boundary on the stability of a deformed magnetoelastic half-space.

Working with the same formulation, Bustamante and coworkers have worked on various
boundary value problems and the variational formulations for obtaining numerical solu-
tions. Static finite deformations of a magnetoelastic tube of finite length was considered
in [Bustamante et al., 2007], a variational formulation to solve the governing equations of
nonlinear magnetoelasticity using numerical methods was developed in [Bustamante et al.,
2008] and [Bustamante, 2009], and [Bustamante and Ogden, 2012] further looked at the
second variations of the energy functionals.

In this thesis, we focus on some boundary value problems concerning wave propagation
in magnetoelastic materials. In particular, we study waves on the surface of a deformed
magnetoelastic half-space and waves propagating in an axisymmetrically deformed mag-
netoelastic tube. Corresponding problems in the case of pure elasticity have been looked
at in the past by various researchers. A general theory for incremental motions in elastic
solid can be seen in [Biot, 1965], while a theory of nonlinear elasticity is presented in texts,
such as those by [Ogden, 1997] and [Holzapfel, 2000]. Study of mechanical waves on the
surface of a half-space goes back more than a hundred years when Lord Rayleigh studied

what are now called ‘Rayleigh waves’. Waves propagating on the surface of a stratified
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half-space with an out-of-plane motion of material particles are called ‘Love waves’. Such
waves, in the context of an incompressible and finitely deformed elastic solid, have been
studied by various researchers, such as [Hayes and Rivlin, 1961], [Dowaikh and Ogden,
1990], [Dowaikh, 1999], and several references therein.

Axisymmetric deformations and incremental motions of a finitely deformed thick-
walled elastic tube have been studied by various researchers in the past. In particular, we
refer to the works of [Wang and Ertepinar, 1972] and [Haughton and Ogden, 1979a, 1979b)]
with regards to stability and bifurcations of cylindrical tubes; and [Vaughan, 1979], [Das-
gupta, 1982], [Haughton, 1982], and [Haughton, 1984] on wave propagation in finitely
deformed cylinders and tubes.

Electromagnetic Acoustic Transduction (EMAT) is a technique used to generate me-
chanical waves in magnetoelastic conductors for the purpose of non-destructive testing. A
generic EMAT configuration serves a two-fold purpose, viz., the generation of mechanical
waves using electromagnetic body force and sensing of the existence of mechanical waves
due to changes in the electromagnetic fields. An EMAT configuration, as shown in Fig-
ure [1.2] comprises of an electromagnet that generates a large static magnetic field inside
the magnetoelastic material, and an AC current carrying coil that generates a time-varying
magnetic field. The time changing magnetic field causes eddy currents and a body force in
the magnetoelastic conductor that lead to generation of mechanical waves in the transmit-
ting mode. In the receiving mode, mechanical waves already present in the magnetoelastic
conductor cause a time-varying change in the existing magnetic field. This causes the
generation of a small AC current in the coil which can be measured and used to determine
the existence of such mechanical waves in the bulk material.

EMAT techniques have been greatly used in the recent decades for the purpose of non-
destructive testing in magnetoelastic conductors, see, for example, the works of [Ludwig
et al., 1993], [Ogi, 1997], [Hirao and Ogi, 2003], [Shapoorabadi et al., 2005], and [Saxena,
2009]. However, most of the existing literature still relies largely on a linear theory of
elasticity, and simplistic coupling mechanisms of displacement field with electromagnetic
fields. Very often the samples on which testing is performed are finitely deformed or under
a pre-stress. Moreover, generation of eddy currents in the material causes a change in
temperature due to resistive heating which is rarely taken into account. Such a simplified
theory has many limitations, and its use leads to, for example, a reduction in the efficiency

of EMATS by reducing the “signal-to-noise ratio”.
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Figure 1.2: Schematic showing an EMAT arrangement. A coil carrying alternating current

I(t) placed on a magnetoelastic bulk with an underlying magnetic field B.

Towards the end of this thesis, we have expressed the coupled equations of nonlinear
elasticity taking into account the effects due to electromagnetic fields and changes in
temperature. This is still a work in progress and will form a basis for future research
on theoretical analysis of thermodynamics and electrodynamics in general, and improved

mathematical modelling of EMATS in particular.

1.1 Thesis outline

In this thesis, we consider different boundary value problems in relation to wave propa-
gation in different geometries. In particular, we focus on Rayleigh type, Love type, and
Bleustein-Gulyaev type surface waves on a magnetoelastic half-space, and waves propa-
gating along an infinitely long hollow cylinder. This thesis is divided into seven chapters
(including this one) as follows.

In Chapter 2, we detail the basic equations governing nonlinear magnetoelasticity.
First, using the equations in [Eringen and Maugin, 1990a] and [Ogden, 2009], we write
the equations of electrodynamics in a deformable continua. Then, on the application of a
quasimagnetostatic approximation, the equations are simplified to consider only magnetic
effects in a finitely deformed static solid continuum. We allow for time-dependent incre-
ments on a finite deformation and, using the formulation in [Dorfmann and Ogden, 2004],

define magnetoelastic moduli tensors. For a simple case of homogeneous plane waves,
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following [Destrade and Ogden, 2011], a propagation condition is derived that leads to a
generalized strong ellipticity condition to be satisfied by the moduli tensors.

In Chapter 3, following [Otténio et al., 2008], we specialize the governing equations
and boundary conditions derived in Chapter 2 to two dimensions to consider increments
on the surface of a homogeneously finitely deformed magnetoelastic half-space. The com-
bined effect of the underlying magnetic field and the finite deformation is then studied on
wave propagation for Rayleigh type waves and numerical solutions obtained for a gener-
alized Mooney—Rivlin magnetoelastic solid. We consider three different cases — when the
underlying magnetic field is in the direction of wave propagation, when the magnetic field
is perpendicular to the direction of wave propagation but in the plane of deformation,
and when the magnetic field is out of plane. For the first two cases, we considered dif-
ferent plane strain problems and observed that in general a magnetic field tends to cause
instabilities on the surface of a half-space. The wave speed, in general, reduces on the
application of a high magnetic field and its variation has been demonstrated graphically.
For the static bifurcations, our results converge to those obtained by [Otténio et al., 2008],
while on removing the magnetic field, for the purely elastic case, our results reduce to
those obtained by [Dowaikh and Ogden, 1990]. When the magnetic field is out of plane,
for the energy function considered, it is observed that the magnetic boundary conditions
become incompatible and lead to a trivial solution for the increments in the magnetic field.
Hence, the problem is reduced to a purely mechanical problem.

In Chapter 4, we use the two-dimensional specialization of Chapter 3 but allow for
out-of-plane mechanical displacements. Thus, we analyze Love type waves on the surface
of a layered magnetoelastic half-space and show the existence of Bleustein—Gulyaev type
waves on the surface of a half-space. Bleustein—Gulyaev type waves, that have an out of
plane motion and exist without a layer on a half-space, require an out-of-plane underly-
ing magnetic field to be present and do not have a counterpart in pure elasticity. The
governing equations and boundary conditions for Love-type waves are transformed to a
secular equation relating wave speed to various deformation parameters. Multiple modes
of wave propagation are observed and we illustrate the wave propagation characteristics
for different principal stretches and different directions of the underlying magnetic field.
Numerical results are obtained for a Mooney—Rivlin type and a neo-Hookean type mag-
netoelastic material. In the absence of a magnetic field, our results converge to those

obtained by [Dowaikh, 1999] for the purely elastic case.
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In Chapter 5, we specialize the governing equations and boundary conditions from
Chapter 2 to cylindrical coordinates and consider finite deformations and motions of a
cylindrical tube. In the presence of an internal pressure, axial stretch, and an underlying
magnetic field (in either the axial or azimuthal direction), the tube undergoes a finite
deformation. We obtain numerical solutions for static finite deformations for two energy
density functions — a Mooney—-Rivlin type magnetoelastic solid, and a generalization of
Ogden-type elastic solid to magnetoelasticity. Axially homogeneous magnetic field in the
axial direction is not possible for a tube of finite length due to the boundary conditions that
need to be satisfied at the ends. A problem concerning non-homogeneous axial magnetic
field has been solved numerically by [Bustamante et al., 2007]. Hence to consider an
axially homogeneous magnetic field, we take an infinitely long tube for this problem. An
azimuthal magnetic field tends to increase the total internal pressure and generates an
extensional or compressional axial loading depending on the inflation. An axial magnetic
field, on the other hand, has no effect on the internal pressure and generates an extensional
axial loading in all the cases.

Superimposed on the finite deformation, we allow for axisymmetric incremental mo-
tions while considering two different cases of an axial magnetic field or an azimuthal
magnetic field. It is observed that the equations governing incremental motions in the az-
imuthal direction are decoupled from the equations governing incremental motions in the
axial and radial directions, hence we consider these two sub-cases separately. We finally
obtain higher order ODEs in each case which are non-dimensionalized and converted to a
system of first order ODEs to be solved numerically. An algorithm described by [Haughton
and Ogden, 1979b] is used to obtain numerical solutions in Matlab for a Mooney—Rivlin
type magnetoelastic solid. For the case of radial and axial displacements, only a purely
elastic solution is possible by taking the incremental magnetic fields to be zero. For az-
imuthal displacements, we obtain multiple modes of wave propagation and the dependence
of the wave speed on other deformation parameters is illustrated graphically. On neglect-
ing the magnetic effects and considering only pure elasticity, our equations converge to
those obtained by [Haughton and Ogden, 1979b] and [Haughton, 1984].

In Chapter 6, doing away with the quasimagnetostatic approximation used in Chapters
2-5, we use the dipole-current circuit model of [Pao, 1978] to consider the governing equa-
tions of electrodynamics in solid continua. We consider a temperature-dependent elastic

response of a finitely deformed pre-stressed conductor in the presence of an electric and
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a magnetic field. The equations derived in this chapter are useful for understanding and
mathematically modelling EMATs. Numerical solutions using Finite Element Methods of
these equations for a specified geometry are planned to be undertaken as a future work of
this research.

Key results and the conclusions of this thesis are summarized in Chapter 7. Some side
calculations are detailed in Appendices A—C.

Results from Chapter 3 have been published in the International Journal of Applied
Mechanics [Saxena and Ogden, 2011] and presented at the 2nd International Conference
on Material Modelling in Paris, France. Results from Chapter 4 have been published in
Zeitschrift fiir Angewandte Mathematik und Physik [Saxena and Ogden, 2012]. Further
results from Chapter 5 are in preparation for submission for publication, and have been

presented at the 8th European Solid Mechanics Conference in Graz, Austria.



Chapter 2

Theory of Nonlinear

Magnetoelasticity

In this chapter we first summarize the basic equations governing electrodynamics of a
solid continua based on [Eringen and Maugin, 1990a] and [Ogden, 2009]. Then, using
the constitutive formulation developed in [Dorfmann and Ogden, 2004], we define the
mangetoelastic moduli tensors and obtain the generalized strong ellipticity condition as
given in [Destrade and Ogden, 2011].

A body B is a set of points from which we can define a mapping 6 to a Euclidean space
& as shown in Figure The region of £ given by 6(B) is called a configuration of the
body. The undeformed stress-free reference configuration of a continuous body is denoted
by B, and its boundary by 9B,.. Let B;, the current configuration, be the region occupied
by the body at time ¢t and 9B5; its boundary. Elements of B are called material points and

are identified by the position vector X in B, which becomes the position vector x in B;.

2.1 Basic equations

2.1.1 Kinematics

The time-dependent deformation (or motion) of the body is described by an invertible
mapping x that maps points from B, to points in B; such that x = x(X, ). The function
x and its inverse are assumed to be sufficiently regular in space and time. The velocity v
and acceleration a of a material particle at X are defined by

2

0
v(x,t) =x; = ax (X,t), axt)=vi=xu= @x (X,t), (2.1)
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0,

B,

Body set
Eulerian configuration

B,

Lagrangian configuration
Incrementally deformed
configuration

Figure 2.1: Body set B, the Lagrangian configuration B,, the Eulerian configuration By,

and the incrementally deformed configuration.

where the subscript ¢ following a comma denotes the material time derivative.
Throughout this thesis, grad, div, and curl denote the standard differential operators
with respect to x; and Grad, Div, and Curl denote the corresponding operators with
respect to X.
The deformation gradient tensor is defined as F = Gradx(X,t) and its determinant

is denoted by J = det F', with J > 0. For an incompressible material the constraint
J=detF =1, (2.2)

has to be satisfied. Incompressibility also imposes the condition divv = 0. Associated

with F are the left and right Cauchy—Green tensors, defined by
b=FF', c¢=F"F, (2.3)

respectively.

Let T' = gradv denote the velocity gradient, tr and * the trace and transpose of a
second-order tensor, respectively, 0 the zero vector, and O the second-order zero tensor.
Then the following standard kinematic identities are noted (see, for example, [Ogden,

2009]) which will be useful for switching between Eulerian and Lagrangian descriptions:

F,=IF, (F'),=-F'I, J,=Jtl=Jdivv,

)

Div (JF') =0, div(J7'F)=0, Cwl(FT)=0, cul(F')=0. (24)
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In this thesis, we follow the convention that differentiation operates on the first index

of the following tensor. In the index notation

F'a
(divF), = aa;j . (CurlFT)

OF;
ai = 5&67@7

(2.5)

where £,4, is the alternating symbol.
Let a = a(x,t) be an Eulerian vector with a Lagrangian counterpart A = A(X,1).

Then from the above kinematic identities, we obtain
Div(JF'a) = Jdiva, Curl(FTa)=JF lcurla, (2.6)
div(J'FA) = J DivA, curl(F~TA) = J 'FCurl A. (2.7)

For the divergence identities to be equivalent, we require a and A to be connected by
the relation a = J'FA. While, for the curl identities to be equivalent, we require the
connection a = F~TA.

Let a= J 'FA and V = F~!v, then the material time derivative of a gives

a
ay = + (grad a)v, (2.8)

3}
= J'FA, = a;‘t‘ + (grada)v — Ta + (divv)a, (2.9)
= J'FA,; = % —curl(v x a) + (diva)v, (2.10)
= JF_1% =A;+ Curl(V x A) — (DivA)V. (2.11)

Here, to obtain the last equation, we have used the relation from (2.6[)2
curl(v x a) = J'F Curl[FT (v x a)], (2.12)

along with the relation FT(v x a) = V x A which can be obtained by the standard vector

identities.

2.1.2 Equations of electromagnetism

Let E, D, B, H, J, K, p., and o, be the electric field, electric displacement, magnetic
induction, magnetic field, volume electric current density, surface electric current density,
volume electric charge density, and surface electric charge density, respectively. It should
be noted that the volume current density J is different from J = det F defined in the above
subsection. We work within the non-relativistic framework, with Maxwell’s equations of

electromagnetism given in Eulerian form by

0B oD
curlE = T curlH = v +J, divD=p,, divB=0, (2.13)
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with the boundary conditions

nx[E+vxB]=0, n-[D]=o,
nx[H—-vxD]=K-oevs, n-[B]=0, (2.14)
on 9B;, where n is the unit outward normal to 0B;, v is the value of v on 0B;, and surface
polarization is not included. Here [a] represents the jump in vector a across the boundary
in the sense [a] = a® — al, where the superscripts ‘o’ and ‘i’ signify ‘outside’ and ‘inside’,
respectively.
Lagrangian forms of the physical quantities in (2.13]) are defined by (see, for example,
[Maugin, 1988], [Ogden, 2009])
D,=JF'D, E,=F'E, H =F'H, B,=JF 'B,

Jp=JF (T —pv), pe=Jpe. (2.15)
Substituting 2 in 1 and using 4 with gives
curl(FTE)) = —~J'FB;; — J'F Curl(V x B)) + J~}(DivB;)FV, (2.16)
which can be further simplified to obtain
Curl(E; +V x B;) = -By,. (2.17)

Using the process described above, we can re-write all the four Maxwell’s equations in

the Lagrangian form as

Curl(E;+V x B)) = -By;;, DivD; = pg, (2.18)

Curl(Hl -V x Dl) = Dl,t +Jg, DivB; =0, (2.19)
along with the boundary conditions

N x [[El +V x Bl]] =0, N- [[Dl]] = OE, (220)

N x [[Hl -V x Dl]] = Kl — UEVS, N- [[Bl]] = 0, (221)

on 0B,. The transformation from (2.14) to (2.20) and (2.21) requires use of Nanson’s

formula nda = JF~TNdA connecting reference and current area elements dA and da,
where N is the unit outward normal to 0B,. Here each term is evaluated on 0B,, Vj is
the value of V on the boundary, K; is the surface current density per unit area of 0B,
given by K; = F"'Kda/dA and o = 0.da/dA is the surface charge density per unit area
of 9B,
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2.1.3 Continuum electromagnetodynamic equations
In Eulerian form, the linear momentum balance equation may be written as
divr + pf = pa, (2.22)

where p is the mass density, f is the mechanical body force density per unit mass and 7
is the so-called total Cauchy stress tensor, which incorporates the electromagnetic body

forces. In Lagrangian form, the equation of motion is
DivT + p,.f = p,a, (2.23)

where T is the total nominal stress tensor and p, is the reference mass density, and we
note the connections

T =J'FT, p.=pJ. (2.24)

The transformation from (2.22)) to (2.23)) is effected by use of (2.4))5.

If there are no intrinsic mechanical couples, which is assumed to be the case, then, by
virtue of the definition of the total stress, the electric and magnetic couples are absorbed
in such a way that 7 is symmetric. The angular momentum balance equation is then

expressed in either of the equivalent forms
=+ (FT)' =FT. (2.25)

On any part of the boundary 0B, where the traction is prescribed, the boundary
condition may be given as

TIN = tp + to, (2.26)

where t5 and ty; are the mechanical and magnetic contributions to the traction per unit
area on the boundary 0B, in the reference configuration. The above equation in Eulerian
form can be written as

™ =ty + tm, (2.27)

where t, and t,, are the Eulerian representations of the mechanical and magnetic contri-
butions to the traction per unit area on the boundary 0B;.
2.2 Incremental equations

On the initial motion x = x(X,t), we superimpose an incremental motion given by

x = x(X, 1), (2.28)
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where here and henceforth incremented quantities are denoted by a superimposed dot.
The Eulerian counterpart of x is given by the displacement u(x,t) = %(X,¢). Then, an

increment in the velocity v is given by
V=%, =uy. (2.29)
We define L = gradu and then obtain the useful relations
F=LF, F,;=(gradv)F, (2.30)

which supplement those in (2.4).
For an incompressible material, the constraint J = 1 leads to divv = 0 and as a linear
approximation, we get

divu=0, divv=0. (2.31)

The governing equations (2.18) and (2.19) are also satisfied by the incremented quan-
tities (B + Ey), By +By), (V + V), (D +Dy), (H; + H;), Jp + Jg), and (pr + pr)-

Substituting them in the governing equations gives the incremental forms of the Lagrangian

Maxwell’s equations as

Curl(E;+V x B, + V x B)) = -By;, DivD; = j, (2.32)

Curl(Hl -V x ].)l —V x Dl) = ].)u + jE, DiVBl =0, (233)

and similarly from the mechanical balance equations (2.23)) and (2.25)), we have

DivT + pof = pyuy, LFT+FT=TTFTLT +T FT, (2.34)

wherein use has been made of (2.30]);.
Analogously to Equation ([2.15)), we define updated (i.e. pushed-forward to the Eulerian

configuration) forms of the increments T, Bl, ]f)l, El, ﬁl as
To=J'FT, By=J'FB, Dj=J'FD,
Eo=FTE, Hpy=F"TH, (2.35)

where the subscript 0 is used to indicate the push-forward operation. We use these push-

forward forms to update the incremented governing equations to obtain

curl (Eg +v x By +¥ x B) = =By, divDy = pro, (2.36)

curl (I:Ilo — Vv X ]f)m — v X D) = I.)l,t() + on, diVBlo = O, (2.37)
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and

divTy + pr.f =pruy, LT+ Ty =7L" + TOT (2.38)

It should be noted that the push-forward and material time derivative operations do not

commute in general. However, in the special case of v = 0, we have

By, = (J'FB)), = J 'FB;, + J 'TFB;;, — J !(divv)FBy,,
- J_lFBLt,

— B, (2.39)

and similarly f)lo,t = f)l,to-

2.2.1 The quasimagnetostatic approximation

We now consider the initial configuration to be purely static and subject only to magnetic
and mechanical effects, i.e. E =0, D =0, v =0 and no mechanical body forces (f = 0).
We assume that there are no volume or surface charges or currents, so that po = g, = 0
and J = 0, while H and B are independent of time. Additionally, we consider a non-
conducting material so that Jio = 0. The updated incremented governing equations then

specialize to

curl (Byg + v x B) = —=Byg, divDy =0, (2.40)
CuI‘lI:IlO = ]:.)57,50, diVBlO = 0, (2.41)

and
divTy = PrU gt (2.42)

We now focus on the magnetoacoustic (or quasimagnetostatic) approximation of the
equations, which allows the incremental electric field and displacement to be neglected. It
can be shown that they are of order v/c (< 1) times the retained terms in the equations,
where c is the speed of electromagnetic waves in vacuo and v is a typical magnitude of
the acoustic wave speed. After the approximation is applied, the remaining equations,

coupling magnetic and mechanical effects, are
curlHyp =0, divByy =0, divTy = puy. (2.43)

These are the equations we use for the interior of the material in Chapters 3-5.
Outside the material, which may be vacuum (or a non-magnetizable and non-polarizable

material) we use a superscript * to indicate field quantities. Thus, H* and B*, respectively
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are the magnetic field and magnetic induction, which follow the simple constitutive relation
B* = poH*, where pg is the magnetic permeability of vacuum. Then the magnetostatic
equations are

divB* =0, cwlH" =0, (2.44)

and in the quasimagnetostatic approximation their incremental counterparts are
divB" =0, cwlH =0, (2.45)

with B" = ,U,()I:I*.
Henceforth, we use the notations B and 98 for the (time-independent) initial deformed

configuration upon which the infinitesimal motion is superimposed.

2.2.2 Incremental boundary conditions

The boundary condition (2.14))4 for the magnetic induction is written (B —B*)-n =0 on
0B. Since there is no deformation outside the material (in the case that it is a vacuum,
which we assume henceforth) there is no physical meaning attached to a Lagrangian form
of the magnetic induction, so when the boundary condition is expressed in Lagrangian
form it becomes

(B;—JF'B*) . N=0 ondB,. (2.46)

On taking an increment of the above equation, and then updating and using the incom-

pressibility condition (2.31))2 we obtain the incremental boundary condition
(By—B +LB*) n=0 ondB. (2.47)

The boundary condition (2.14))3 for the magnetic field, with K = 0, now becomes
(H—-H*) x n =0 on 9B, and in Lagrangian form

(H -FTH")xN=0 ondB,. (2.48)
On incrementing this and updating we obtain the incremental boundary condition
(Hy—-L™H* —H)xn=0 ondB. (2.49)

In order to arrive at the corresponding incremental traction boundary condition we
need to define the Maxwell stress outside the material, denoted by 7*. This is symmetric
and given by

" =yt [B* @ B* - 1 (B*-BY)I], (2.50)
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where I is the identity tensor. The incremental Maxwell stress is then obtained as
= ! []’3* @B*+B*®B" — (]'3* : B*) I} . (2.51)

The Lagrangian form of the Maxwell stress is JF~'7*, which is defined only on the

boundary B,, and the magnetic contribution ty; to the traction on B, in is given by
ty = JT*F TN on 0B,. (2.52)
On taking an increment of this equation, we obtain
tn = JFFIN — JrF TR PN + J(divu)m*F TN, (2.53)
which on pushing forward and using the incompressibility condition 2, gives
tymo =7"n—7*LTn  on 9B. (2.54)

When there is also a mechanical traction ta, with increment ta, the incremental trac-

tion boundary condition is written
« T . .
Ton =tao + tmo (2.55)

at any point of 0B where the traction is prescribed.

2.3 Constitutive relations

Following [Dorfmann and Ogden, 2004], we consider a magnetoelastic material for which
the constitutive law is given in terms of a total potential energy density function, (2 =

Q) (F,B;), defined per unit reference volume. This yields the simple formulas

o0 o

T = — - "
oF 1T 9B

(2.56)

for the total nominal stress and the Lagrangian magnetic field. Their Eulerian counterparts

are
o0 o0
=J'F—, H=F"T__. 2.
T=J 5F I8, (2.57)

In the case of an incompressible material, we have the constraint J = 1 and the above

equations for the stresses are modified to

00 o0
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where p is a Lagrange multiplier associated with the constraint and I is again the identity
tensor.

For an isotropic magnetoelastic material, 2 can be expressed in terms of six indepen-
dent scalar invariants of ¢ = FTF and B; ® By (see, for example, [Steigmann, 2004]).

One possible set of invariants, used by [Dorfmann and Ogden, 2004], is
I =t I, — 1 2 2 _ _ 72
1 =tre, Ip= 2[(trc) tr(c”)], I3=detc=J", (2.59)
I,=B;-B;, Iy=(cB))-B;, Is=(c’B))-By. (2.60)

We adopt these here and confine attention to isotropic magnetoelastic materials.
The total nominal stress and the Lagrangian magnetic field can then be expanded in

the forms

8.& aIi
TfZQiﬁ, H, *ZQZTBI’ (2.61)
i€l i€

where Q; = 0Q/01;, 1 =1,...,6, T is the set {1,2,3,5,6}, or {1,2,5,6} for an incompress-
ible material, and J the set {4,5,6}. The derivatives of the I; with respect to F and B;

are given in Appendix A in component form. Explicitly we calculate the expressions for

T for an incompressible material and H as
T =—pl+20b + 290 (I1b —b?) +20:B® B + 206 (B bB+bB®B), (2.62)

and

H =2 (b 'B+ Q5B+ Q6bB) , (2.63)

where I3 = 1 and we recall that b = FFT is the left Cauchy-Green tensor.

2.3.1 Magnetoelastic moduli tensors

By taking the increments of (2.56|) we obtain the linearized equations
T=AF +CB,, H, =C"F+KB, (2.64)

where the magnetoelastic ‘moduli’ tensors are defined by

A 0%Q 0% v 0%Q K 9%Q
~ OFOF’ - OFOB;’ ~ OB;OF’ - 0B;0B;’

the products in (2.64)) are defined by

(2.65)

(AF)ai = Aaiﬁjpjﬁv (CBl)Oti = Cai\ﬁBw’

(CTF)ﬁ = Cﬁ|aiFia> (KBl)a = Koaﬁélﬁ, (2.66)
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and we note the symmetries
Aaiﬂj = A,Bjai; Caz|ﬂ = Cﬁ|ai) Kaﬁ = Kﬁan (267)

which reflect the commutativity of the partial derivatives. The vertical bar between the in-
dices on C is a separator used to distinguish the single subscript from the pair of subscripts
that always go together.

For an incompressible material 1 is replaced by

T = AF +CB, - pF ! + pF 'FF, (2.68)

and, subject to det F = 1, (2.64))2 is unchanged.
On updating the incremented constitutive equations (2.64) and (2.68]), we obtain

To = AL + CoBy, Hy = CIL + KoBy. (2.69)

and

To = AgL + CoByo — pI + pL, (2.70)

respectively, where Ay, Cy and Ky are defined in component form by

AOpiqj = -AOqui = J_leochﬂAaiﬂj = J_leanﬂAﬁjaz‘a (2'71)
Coijik = Corjij = EaFg_klcajm = FiaFg_klcﬁmja (2.72)
Koij = Koji = JF,;' Fi' Kag, (2.73)

which, for an incompressible material, apply with J = 1. Explicit formulas for these
components for an isotropic magnetoelastic material referred to the principal axes of the

left Cauchy—Green tensor b are given in Appendix B.

On substituting (2.69)); and (2.70)) into (2.38)) in turn, we obtain
AL + Lt = (AL)" + 71", CoByp = (CoBuo)" (2.74)

and

AoL + pL + L7 = (AL)T +pLT + 7LT,  CoByy = (CoBu)7, (2.75)

respectively.

Writing Equation (2.75))2 in component form gives

COijIkBIOR = Csz’|kBIOk- (2.76)
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The above equality holds for all the values of Bjo while Cy is a material constant.

Hence, we obtain the symmetry

Coijik = Cojilk- (2.77)
Equation (2.75));, when written in component form, gives
AoijkiLik + pLij + Ligti; = AojikiLik + pLji + Tt Ljr, (2.78)

=Aoijki Likx + poudjr Lk + du Ly = AojikiLik + p0jidki Lk + STk Lik, (2.79)

where 4;; is the Kronecker delta. The above equality holds for all the values of the dis-

placement gradient Lj; = v ;. Hence, we deduce the symmetries
Aoijkr + 0 (T + pojk) = Aojikr + 6j1(Tir + POki)s  Coijik = Cojifs (2.80)

which are additional to (2.67)). Here p = 0 in the case of an unconstrained material.

Henceforth we restrict attention to incompressible materials. We now use the constitu-

tive equations (2.69)2 and ([2.70]) together with (2.43)) to arrive at the governing equations
curl (CTL + KoBy) =0, divByy =0, divu=0, (2.81)

div(ApL + COBIO) — gradp + LTgradp = pU 4. (2.82)

If the underlying configuration is homogeneous so that p, Ag, Cp, and Ky are uniform,

then in Cartesian component form, equations (2.81)) and (2.82) become

€ijk(Copq|ktp,qj + KOkpBIO;D,j) =0, BlOi,i =0, wu; =0, (2.83)

)

Aopiqjtpg + CopilgBiogp — B = ptti . (2.84)

We note here that alternatively we can define the energy density function in terms of
F and H; that gives a different set of magnetoelastic moduli tensors. This is detailed in

Chapter 5 to work on a boundary value problem in cylindrical geometry.

2.4 Homogeneous plane waves

We now consider infinitesimal homogenous plane waves propagating with speed v in the

direction of unit vector n in the form

u=mf(n-x—ovt), By=qgm-x—uvt), p=Pn-x—ut), (2.85)
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where m and q are constant (polarization) unit vectors in the directions of the incremental
displacement and magnetic induction, respectively, and f, g and P are appropriately

regular functions of the argument n-x — vt. Substituting these expressions into Eq. ([2.83))

and Eq. , we obtain
nx {R(n)"mf”" +Koq¢'} =0, q-n=0, m-n=0, (2.86)
Q(n)mf” + R(n)ag' — P'n = pv*mf”, (2.87)
where Q(n), the acoustic tensor, and R(n), the magneto-acoustic tensor, are given by
[Qm)];; = Aopigsnpng,  [Rm)];; = Coip|jnp, (2.88)

and a prime signifies differentiation with respect to the argument n - x — vt. Note that

Q(n) is symmetric but in general R(n) is not.

A

Let I(n) = I — n ® n denote the symmetric projection tensor onto the plane with

normal n. Then, following [Destrade and Ogden, 2011], we define the notations

Q(n) =In)Qm)i(n), Rm)=Im)Rm)Iin), Kon)=In)Kom)in), (2.89)

which are the projections of Q(n), R(n), and Ky(n), respectively, onto the plane normal

to n.

Using 3 we obtain from
P' = [Q(m)m] - nf” + [R(n)q] - ng, (2.90)
and substitution of this back into enables the latter to be written as
Qm)mf” + R(n)qy’ = pv’mf". (2.91)
Similarly, from 1 we deduce that
R(n)'mf" + Koqg' = {[R(n)"m] - nf" + [Koq] - ng'}n, (2.92)
which can be written more compactly as
R(n)Tmf” + Koqg' = 0. (2.93)

As in [Destrade and Ogden, 2011] we assume that Ko is non-singular as an opera-
tor restricted to the plane normal to n and also positive definite in view of its inter-

pretation as the inverse of the incremental permeability tensor. We then obtain qg¢’ =
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—K, 1f{(n)Tm 1", and substitution into (2.91]) and elimination of f” # 0 yields the prop-

agation condition for acoustic waves under the influence of a magnetic field, explicitly
P(n)m = Q(n)m — R(n)K, R(n)Tm = pv’m, (2.94)

~ ~ ~ "1~
wherein the generalized acoustic (or Christoffel) tensor P is defined as Q(n)—R(n)K, R(n)T,
which is symmetric. This is a generalization of the propagation condition for homogeneous
plane waves in an incompressible elastic solid in the absence of a magnetic field. This

prompts a corresponding generalization of the strong ellipticity condition in the form
m - [P(n)m] > 0, (2.95)

for all unit vectors m and n such that m-n = 0, as given in [Destrade and Ogden, 2011].
This guarantees that homogeneous plane waves have real wave speeds. In component form,
which will be useful later, the generalized strong ellipticity inequality (2.95]) can be written
as

(AOpiqj — C(]ip\kk[;/gllc(]jqﬂ) m;m;inpng > 0. (296)



Chapter 3

Surface Waves on a Half-Space:

In-Plane Motion

In this chapter, Rayleigh type surface waves propagating in an incompressible isotropic
half-space of nonconducting magnetoelastic material are studied for a half-space subjected
to a finite pure homogeneous strain and a uniform magnetic field. We first specialize
the equations obtained in the previous chapter to two dimensions corresponding to a
homogeneously deformed half-space. The combined effect of the finite deformation and
the underlying magnetic field is then studied on wave propagation for different directions
of the magnetic field.

Analysis and results in this chapter have been published in [Saxena and Ogden, 2011]

and are being reproduced here in greater detail.

3.1 Two-dimensional specialization
Let the initial deformation of the material be given by the pure homogeneous strain
1 =M X1, T2= XX, 3= A3Xj3, (3.1)

where the principal stretches A1, A2, A3 are uniform. The component matrix [F| of the de-

formation gradient is then [F| = diag(A1, A2, A3). We also assume that the initial (uniform)

magnetic induction has components (Bj, Bz, 0) in the material and (B7, B;,0) outside.
In this chapter, we study two-dimensional motions in the (1, 2) plane and seek solutions

depending only on the in-plane variables 1 and x9 such that ug = Blog = Bl*o3 = 0. The

third component of the equation of motion (2.84) and the first two components of (2.83));

23
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are then satisfied trivially, and the remaining equations are

Aotiiur i + 2Ao1121u1,12 + Ao2121u1,22 + Aoti12u2 11
+ (Aor122 + Ao1221) u2,12 + Ao2122u2,22 + Cor1)1 Bior 1

+ Coorpi Bior,2 + CorrjoBioz,1 + CozppBioz,2 — b1 = puru, (3.2)

Aoizniur 1 + (Aoi221 + Aotizz) w112 + Ao2221u1 22
+ Ao1212u2,11 + 2A01222u2,12 + Ao2222u2 22 + Co12/1 Biot,1

+ 6022\13101,2 + (3012|23102,1 + C022|2Bloz,2 — P2 = puz i, (3.3)

C011|2U1,11 + (6021\2 - 6011\1)U1,12 - (3021|1u1,22
+ Cor2)2u2,11 + (Cozj2 — Cotz)1)u2,12 — Cozj1u2,22
+ Ko12Bio1,1 — Ko11Bio1,2 + Koz Bioz,;1 — Ko12 Bioz,2 = 0. (3.4)

Elimination of p from (3.2)) and (3.3)) by cross differentiation and subtraction yields

Aor211u1,111 + (Aoi221 + Aoti22 — Aorii1)u, 12 + (Ao2221 — 2A01121) U1, 122
— Ap2121u1 222 + Ao1212u2.111 + (2A01222 — Ao1112)u2,112
— (Aot122 + Ao1221 — Ao2222)uz,122 — Ao2122u2,222 + Cor211 Bior 11
+ (Cozz)1 — Conrpt) Biot,12 — Cooij Bior 22 + CorzjaBioz, 11
+ (Cozo2 — 6011\2)3102,12 - C021|2Blo2,22 = p(uz1 — u12) st (3.5)
The corresponding equations in outside the material may be written as
Bi,+B3;,=0, B3,—Bj,=0. (3.6)

Since Byo and u satisfy the equations (2.83))2,3 and B’ satisfies Equation (3.6))1, we can
define potentials v, ¢, and 1* such that

Bio1 = )9, By = 1, Ul =¢2, U=—¢1,
By =%, By =4 (3.7)
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Substituting these expressions into the governing equations (3.5)), (3.4), and (3.6))2, we

obtain the two coupled equations

ad 1111 + 200 1112 + 280 1122 + 264 1222 + VP 2222
+ a1 + b2 + o + d g = p (b1 + d22) 4 (3.8)

ag 111 + bp 112 + cd 122 + dd 222 + Ko119 22 + Koo, 11 — 2Kp1290,12 = 0, (3.9)

for ¢ and % in the material, where, for compactness of representation, we have introduced

the notations

a = Aoi212, 20 = Aoi1 + Ao2222 — 2Ao1122 — 2A01221, 7 = Ao2121,  (3.10)
§ = Aoi222 — Ao1211, € = Aon121 — Ao2221,  a = Coig)2, (3.11)
b= Coz2i2 — Cor12 — Cor2j1> ¢ = Coripp — Cozzj1 — Coz1p2: = Coo11- (3.12)

Outside the material we have the single equation
Y1+ Y5 = 0. (3.13)

When there is no time dependence and By = 0, equations (3.8) and (3.9) reduce to
equations given in Section 5.2 of [Otténio et al., 2008], but partly in different notation.

3.2 Surface waves

In this section we consider two separate cases: first, By = 0 with Bs # 0; and second,
B; # 0 with Bo = 0. The material forms a half-space Xs < 0 in the reference configu-
ration, with unit outward normal N to its boundary X3 = 0 having components (0, 1,0).
Under the deformation , the material occupies the half space x5 < 0 in the deformed
configuration and the unit outward normal n to its boundary x93 = 0 has components

(0,1,0).

3.2.1 Magnetic induction components (0, By, 0)

In this first example we take the initial magnetic induction to be perpendicular to the sur-
face of the half-space so that the components of B are (0, B2,0). The boundary condition
B -n = B* - n applied to 2 = 0 then gives By = Bs. It follows from (2.50) and ({2.51))
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that the matrix representations of 7* and 7" are, respectively,

-10 0 -Bs Bf 0
[77] b 0 1 0 [77] Bl o (3.14)
T | =— , T =— * X . .
240 o b
0 0 —1 0 0 -B;

Incremental equations and boundary conditions

For the given values of F and B, many of the components of the moduli listed in Appendix

B vanish, and equations (3.8]) and (3.9) simplify to

adi111 + 2601122 + 792022 + Y112 + dib 22 = p (11 + D 22) 4 5 (3.15)

b 112 + d@ 200 + Ko1110 22 + Ko229) 11 = 0. (3.16)

Using the values of 7* and 7* from (3.14) and assuming there is no incremental
mechanical traction on xo = 0 the components of the incremental traction are obtained
. T .
from ([2.54) with ToN =ty as

. B B2 B, B2
Toot — —2Bf — Z2up1 =0, Toee — —2B5 + 2 upp =0 onay =0, (3.17)
Ho 210 o 2410

with T023 = 0 satisfied identically. From the boundary conditions and (| - we

obtain

. . . B .
Bigs — B; + BQ'UQ,Q =0, Hj — ?211@,1 — Hik =0 onaxy=0. (3.18)
0

By substituting the updated incremented constitutive equations and 2,
appropriately specialized, into the incremental boundary conditions and -1

and making use of the connection
Ao1221 + 722 + p = Ao2121, (3.19)

which comes from (2.80]);, we obtain

B3 B
(Ao2121 — T22 — QTLQOMQ 1+ Aog121u1,2 + 6021|13101 - 17231 =0, (3.20)
B3 : . By,
Aor122u1,1 + (Ao2222 +p + 2Tto)u2’2 + Co2212Bio2 — P — %Bg =0, (3.21)
. B2 1 %
C012\1U2,1 + Comuul,z + Ko11Bio1 — %U2,1 - %31 =0, (3:22)

each holding on z9 = 0.
Next, we differentiate (3.21]) with respect to z1 and make use of (3.2 to eliminate p ;.

We then introduce the potentials ¢,, and ¥* into the resulting equation and equations
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(3-18)), (3.20)), and (3.22)) and use the notations (3.10)—(3.12]). We also note that if there

is no mechanical traction applied on the boundary zo = 0 in the underlying configuration
then the normal stress 722 in the material must balance the Maxwell stress 75, on z9 = 0,

which gives

B3
=Thy = —%. 2
T22 = Tog 2410 (3 3)
The boundary conditions can then be written as
* By .
(v — 2732) P11 — vP22 — dip2 + %%1),2 =0, (3.24)
By
(28 +7)¢112 + 7220 + (b+ d)Y11 + dp 22 — Ew,n — pd ot =0, (3.25)
Bag 1o+ 11— =0, (3.26)
B 1.
d(¢,11 — ¢22) — Ko11¢¥2 — 72¢,11 + —95 =0, (3.27)
Ho Ho

which apply on x5 = 0.
Hence, the problem is reduced to solving the governing equations (3.15)), (3.16] in
xg < 0 and (3.13) in z2 > 0, and applying the boundary conditions (3.24])—(3.27) on

x2 = 0 and appropriate decay behaviour as xo — F00.
Surface wave propagation

We now study two-dimensional surface waves propagating in the z; direction with the
increments having non-zero components lying in the (1,2) plane. We consider harmonic

solutions of the form
¢ = Pexp (skxgy + ikx; —iwt), ¢ = kQexp (skxg +ikz) —iwt) in x9 <0, (3.28)

" = kRexp (s"kxg + ikzy — iwt) in x9 >0, (3.29)

where P, ), R are constants, k is the wave number, w is the angular frequency, and s and
s* are to be determined subject to the requirements Re(s) > 0 and Re(s*) < 0 needed for

decay of the surface wave amplitude away from the boundary. Substituting these solutions

into the governing equations (3.13)), , and (3.16)) we obtain
[ — 285 + yst 4+ pv*(s? — 1)|P + (ds* — b)sQ = 0, (3.30)

(ds® —b)sP + (Ko115* — Ko22)Q = 0, (3.31)
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and s*? = 1, where the wave speed is v = w/k. For the solution ¥* to decay as zo — oo,
we necessarily take s* = —1. For non-trivial solutions for P and @ from (3.30) and (3.31)),

we set the determinant of coefficients to be zero and obtain a cubic equation for s2, namely
(vKo11 — d%)s% + [Ko11(pv? — 28) — vKoaz + 2bd]s*
+ [Ko22(28 — pv?) + Kor1 (@ — pv?) — b2]s* + (pv? — @)K = 0. (3.32)

We denote by sq, s2, s3 the three solutions satisfying the requirement Re(s) > 0. The

general solutions of the equations that satisfy the decay conditions are now given by

¢ — (Plesﬂcmg + P2e82k$2 + P3e53kx2)ei(k‘$1—wt)’ (333)
'l/) — k(Qleslkxz 4 Q2e82k$2 4 Q3eS3]€x2)ei(k’117wt)7 (334)
w* _ kRe_kx2+i(kx1_Wt). (335)

For each i, Q; is related to P; by equation (3.31]), which we re-write here as

(b= ds?)s;
Koi1s? — Koz

Qi P, i=1,2,3. (3.36)

Next, we substitute the general solutions (3.33)—(3.35) into the boundary conditions
(3-24)—(3.27) to obtain

B
(7 — 2735 Py +%;57P) + d¥;s;Q; + M—QR =0, (3.37)
0
B
(28 +7 — pv?)8;8;P; — vE;s3 Py + (b + d)%;Q; — d¥;s2Q; — M—2R —0, (3.38)
0
ByXjsi P+ X;Q; — R =0, (3.39)
2 By 1
dEj(sj + 1)Pj + Ko112;8,Q; — Eszj + %R =0, (3.40)

where ¥; indicates summation over j from 1 to 3.

We now have seven linear equations in Py, P», P3, @1, @2, @3, and R, and for a non-
trivial solution the determinant of coefficients must vanish. The result is the secular
equation relating the wave speed v to the initial deformation, the material properties and
the initial magnetic induction By, and we note that, by , the stress 75, depends on
Bs.
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Pure elastic case

Here we take the magnetic field to vanish in order to reduce our results to known results
in the purely elastic case. For this purpose we set C =0, @; = 0,7 =1,2,3, and R = 0.
Equation (3.32)) reduces to a quadratic for s?, namely

vst — (28 — pv?)s? +a — pv? =0, (3.41)

from which we deduce that the solutions s? and s satisfy

V(s +53) = 28— pv®,  ysis3 = a— po’, (3.42)

For a surface wave we take s; and sy to be the solutions satisfying Re(s) > 0, and, as
discussed in [Dowaikh and Ogden, 1990], we require v > 0 and pv? < a.
The boundary conditions ([3.24)—(3.27)) reduce to the two equations

(v —7m2)P11 — P22 =0, (2047 —T2)p112+ VD222 — pPowt =0 onxe =0, (3.43)

where, for comparison with the results of [Dowaikh and Ogden, 1990], we have assumed
that there is a normal mechanical traction 795 on x5 = 0 in the underlying configuration.

The general solution for ¢ can be rewritten as
¢ = (Presthez 4 P2632ka:2)ei(km1—wt)‘ (3.44)
Substitution into the boundary conditions then yields
(v — o2 +vs1)P1 + (v — T2 + y53) P = 0, (3.45)
28+ — 722 — pv° — ys])s1PL + (28 + 7 — T2z — pv° — 7y53)s52 Py = 0, (3.46)
from which, on use of , the explicit secular equation is obtained as
Y= po?) + (26 + 2y — 2725 — po®)y/ 7 (e — pv?) = (y — 722)°. (3.47)
Apart from some minor differences of notation, this agrees with the formula (5.17) obtained
by [Dowaikh and Ogden, 1990].
Application to a Mooney—Rivlin magnetoelastic material

For purposes of illustration we now consider the energy function of a Mooney—Rivlin

magnetoelastic material as used by [Otténio et al., 2008]. This has the form

Q= LuO)(+ V(I —3) + (1= )T~ 3] +1Ls +mi, (3.48)
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where 1(0) is the shear modulus of the material in the absence of magnetic fields. Ac-
cording to the convention in literature, the shear modulus p is a function of the invariants
Iy, I5, I in general (as has been used in Chapter 4). For this particular energy function,
we consider it to be a constant u(0). To avoid a conflict of notation, we use I, m, v, re-
spectively, in place of the a/pg, 3/po, v used by [Otténio et al., 2008]. Note that lug, mug
and v are dimensionless, with v restricted to the range —1 < v < 1, as for the classical
Mooney—Rivlin model.

For this model, from Equation (2.62), the total stress T reduces to
1 1 )
T=—-pl+ Pl 0)(1+~)b+ oK (0) (1 —~) (I1b —b*) + 2mB ® B, (3.49)
while from Equation (2.63), H is given as
H =2b"'B + 2mB. (3.50)

If I = 0 then the magnetic constitutive equation is unaffected by deformation while
if m = 0 then the the total stress is unaffected by the magnetic field. Thus, a two-way
coupling require inclusion of both the constants.

It can be seen from the above equations that the parameter [ has no effect on the
total stress. On the other hand, m, if positive, stiffens the material in the direction of the
magnetic field which is consistent with the experimental results obtained by [Jolly et al.,
1996]. Hence we require m to be positive. If m = 0 and there is no initial deformation,
i.e. b =1, then from the magnetic constitutive equation, for H and B to be in the same
direction we require [ to be positive.

The relevant non-zero components of the magnetoelastic tensors are easily calculated

from the formulas in Appendix B as

Ao = %M(O)A%[l bt (1= ) (A2 422, (3.51)

Aszzzz = Zp(O)B[1 +v + (1 = )08 + )] + 2mB3, (352

Aorars = %M(O))\%[l v+ (=N, Agsior = A2A2Ao1ois + 2mB2, (3.53)
Ao1122 = —2A01201 = (0)(1 — v)AINZ, (3.54)

Cozj2 = 2Cp12)1 = 4m By, (3.55)

Koir = 2(m + )\IQZ), Koge = 2(m + )\5%), (3.56)
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from which we deduce, using the notation defined in 7, that
28=a+~, b=d. (3.57)
With these values, Equation factorizes in the form
(s = 1) {(vKor1 — d*)s* — [7Koaz + (a — pv*)Koi1 — d*]s* + (a — pv*)Kpea } = 0. (3.58)

Let the solutions with positive real part be denoted s; (= 1), s9 and s3. Then,

2, 2 _ YKoz + (o — pv*)Ko11 — d?

(o — pv?)Kozo
s5+ s , A
20 Ko — d?

TKop — &2 (3.59)

s =

Note that when v = 0 the bi-quadratic in (3.58)) factorizes easily to give the equation
(52 = AN [(oKor1 + 4imB32)s* — 1oKoaa] = 0, (3.60)

as shown by [Otténio et al., 2008], although there is a slight error in their equation (112),
wherein their o and 3 should be replaced by 2« and 23, respectively. This has only minor
repercussions for their subsequent results. We also note in passing that for v # 0, in the
special case A = 1, the bi-quadratic factorizes as (s> — 1)[(vKo11 — d?)s? — Ko11 (a — pv?)].

Now, by specializing the generalized strong-ellipticity condition to the present
constitutive model and setting n; = 1,n9 = 0,m; = 0, mg = 1 we obtain yKg11 — d? > 0.
Then, following the same argument as used in the purely elastic case, we require s3s3 > 0
and we therefore conclude that

v < a. (3.61)

For the considered model, this upper bound is identical to that in the purely elastic case
and hence independent of the magnetic field.

We now use s; = 1 and the expressions in the boundary conditions f
and set the determinant of coefficients to zero to obtain the secular equation. The resulting
equation is too lengthy to reproduce here, and we obtain the solutions numerically. For
this purpose, we use the standard value 47 x 107" N A~2 of pg together with the value
2.6 x 10°Nm~2 of (0) that was adopted by [Otténio et al., 2008] based on data for an
elastomer filled with 10% by volume of iron particles from [Jolly et al., 1996]. We also
use a series of values of [ and m consistent with the values of the magnetoelastic coupling
constants used in [Otténio et al., 2008].

First, we consider the underlying deformation to be one of plane strain in the (1,2)

plane, and we take A\ = X, Ao = A%, A3 = 1. In this case the results are independent of
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4j (a)

Figure 3.1: Plot of ¢ = pv?/u(0) vs Ay = X\ with A\3 = 1 for By = 0,2,4,6,8,10T (curves

reading from left to right): (a) uol = 2, pom = 1; (b) pol = 0.1, ggm = 1.

the parameter n in the Mooney—Rivlin model and the upper bound is 1(0)A2. Let
¢ = pv?/u(0). Then we plot the variation of ¢ with A for a selection of values of [ and
m and a range of values of By in Figures [3.1] and We also consider a deformation
for which A\; = 1, A\ = A\, A3 = A~! and we use the value n = 0.3 in the Mooney-Rivlin
model. Then, the upper bound is £1(0)(0.65 4 0.35A72). Results for this case are
plotted in Figure for two representative pairs of values of [ and m and a range of values
of Bs.

Figures and relate to a plane strain deformation in which the half-space is
subject to compression or extension parallel to its boundary. The result for Bs = 0
corresponds to the purely elastic case and provides a point of reference. The Bs = 0 curve
cuts the A axis at A\ = A, ~ 0.5437, which agrees with the classical result for the critical
value of A corresponding to loss of stability of the half-space under compression for the
neo-Hookean model (for which n = 1); see [Biot, 1965] and [Dowaikh and Ogden, 1990] for
details. By referring to the ¢ = 0 axis in Figure and Figure [3.2(b) it can be seen that
the magnetic field destabilizes the material, i.e. instability occurs at a compression closer
to the undeformed configuration where A = 1. For each value of By there is a critical value
of A beyond which a surface wave exists, and the wave speed increases with A consistently

with the upper bound ([3.61)). Note, in particular, that the undeformed configuration A = 1
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4f (a)

Figure 3.2: Plot of ¢ = pv?/u(0) vs Ay = X with A3 = 1: (a) pol = 2, uom = 0.2 with
By =1,0,2,3,4,5T; (b) ol = 0.2, ugm = 0.2 with By = 0,1,2,3,4,5T (curves reading

from left to right in each case).

becomes unstable as By increases. In Figure (a) the situation is slightly different since
for small values of By the half-space is initially stabilized as By increases (i.e. the critical
value of A decreases below the classical value A.), but then as B is increased further
stability is lost again. Note that the By = 0 and Bs = 1 curves cross over in this case.
These results are consistent with the stability analysis of [Otténio et al., 2008].

When there is no compression or extension parallel to x5 = 0 in the sagittal plane
but there is extension (or compression) normal to the boundary and a corresponding
compression (or extension) normal to the sagittal plane the effect of the magnetic field is
different. Figure [3.3]illustrates this case.

Now there is instability for A > 1, at A\ ~ 3.4 for By = 0, and the critical value of
A decreases with increasing B, i.e. the magnetic field again has a destabilizing effect.
The wave speed increases as A decreases, again consistently with the upper bound .
Figure shows plots of the dimensionless squared wave speed as a function of By for
the undeformed configuration A = 1 for (a) a fixed value of m and a series of values of [,
and (b) a fixed value of | and a series of values of m. For By = 0 the curves cut the ¢
axis at the classical Rayleigh value (~ 0.9126). As By increases then, depending on the

values of the parameters [ and m, the wave speed either increases or decreases initially but
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25+

20+

Figure 3.3: Plot of ¢ = pv?/u(0) vs Ao = X with A\; = 1 for By = 0,1,2,3,4,5T (curves
reading from right to left): (a) uol = 2, uom = 1; (b) pol = 0.2, yom = 0.2.

Figure 3.4: Plot of ¢ = pv?/pu(0) vs Bg with A} = Ao = A3 = 1: (a) ol = 0.4,0.8,1.2,1.6,2
and pom = 1 (curves reading from left to right); (b) pol = 1 and gom = 0.9,1.1,1.3,1.5,1.7

(curves reading from right to left).
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in each case subsequently decreases to zero with further increase in Bs. This emphasizes
that the undeformed configuration is destabilized at a critical value of Bs dependent on
the material parameters. From Figure (a), for the selected value of m, it can be seen
that increasing the value of [ has a stabilizing effect, while from Figure (b) the reverse

is true for increasing m at a fixed value of [.

3.2.2 Magnetic induction components (B, 0,0)

The initial deformed configuration is considered to be the same as in Section but
now we take the magnetic induction B to have components (Bj,0,0). The corresponding

magnetic field H is given by (2.63) and has components (H1,0,0), with
Hy = 2(QuA\[2 + Q5 + Q)2 By, (3.62)

which, for the model (3.48)), reduces to H; = 2(1/\1_2 + m)B;. The magnetic boundary
conditions on xy = 0 require that Hf = Hy, so that Bf = uoH} = 2uo(IA\[? + m)By.

From ([2.50) and (2.51)), the components of Maxwell stress and its increment in xzg > 0

are given by

1 0 0 Bf By 0
(7] Bi- [77] Bil g (3.63)
T = — T | =— ¥ —B¥ . .
o | 071 0| o | B : 0.
0 0 -1 0o 0 -—B:

Incremental equations and boundary conditions

For the present situation, equations (3.8]) and (3.9) reduce to

ad 1111 + 200 1122 + VP 2022 + arh 111 + P 122 = p(P 11 + D 22) 4t (3.64)

ag 111 + @ 122 + Kogoth 11 + Ko11¢,22 = 0, (3.65)

for x9 < 0, while again holds for x5 > 0.

Using the values of 7* and +* from and assuming there is no incremental
mechanical traction on xo = 0 the components of the incremental traction are obtained
from with TOTN =ty as

Bf2
2410

. B* . . B*2
ugy =0, Tpoo+ —+Bf — L
Ho 2410

. B .

Toor — —2B5 + ug2 =0 on =0, (3.66)
Ho

with Tyo3 = 0 satisfied identically. From (2.47)) and (2.49)) we obtain

Blgg — B; + BT'LLQJ = 0, HlOl — Hikul,l — HT =0 on o = 0. (367)



Chapter 3. Surface Waves on a Half-Space: In-Plane Motion 36

Next, we substitute the updated incremented constitutive equations (2.69)) and ([2.70))
into equations (3.66|) and (3.67) and use (3.19) and the boundary condition a2 = 735, where

Tog = —Bf2 /20, and follow the same procedure as in the previous section to eliminate p.

This yields

(3 = 25)01 — v0a2 + s — oy =0, (3.68)

(26 + v)P112 + 702020 — PP 2t + Ch 12 — fg?ﬁj}g =0, (3.69)
Bigai+¢1 -7 =0, (3.70)

(c+a-— f)¢,12 - :01#7*2 =0, (3.71)

each of which holds on x5 = 0.

Surface waves in a Mooney—Rivlin magnetoelastic half-space

We again study surface waves as in Section with solutions of the form (3.28) and
(3.29). Substituting these solutions into equations ([3.64)), (3.65) and (3.13)), we obtain

[vs* — (28 — pv?)s® + a — pv*]P +i(cs* — a)Q = 0, (3.72)

i(cs® — a)P + (Ko115* — Ko22)@ = 0, (3.73)

and s*? = 1, where the wave speed is again given by v = w/k.
For the solution ¥* to decay as x93 — oo, we take s* = —1. For non-trivial solutions
for P and @), we set the determinant of coefficients to zero and obtain a cubic equation in

822

YKo118% — [Ko11(26 — pv?) + vKoaa — s
+ [Ko11 (v — pUQ) + Ko22(28 — pv2) — 2ac]32 — Koz (a — p’ug) +a%2=0. (3.74)

For the Mooney—Rivlin magnetoelastic material given by (3.48)), the non-zero compo-
nents of the magnetoelastic tensors are obtained from the general formulas in Appendix

B as

1
Aoy = Su(ON[L+v + (1= v)(A; +23)] + 2m By, (3.75)
1
Ao2222 = 5#(0))\%[1 +rv 4 (1=v)(A + 2], (3.76)
1 _
Ag2121 = 5”(0))\3[1 +rv+(1- V))\;Qg]; Aog1212 = )\%)\2 2A02121 + QmB%, (3.77)

Aot12a = —2Ao1221 = p1(0)(1 — v)ATA3, (3.78)
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Cor1p = 2Co12)2 = 4mBy, (3.79)
K011 = 2(m + )\IQZ), K022 = 2(m + )\Ezl), (380)

from which, using the notation defined in 7, we obtain
28=a+7v, c=a. (3.81)
Substitution of these values in yields the factorization
(s — 1) {yKo11s* — [vKoaz + (a — pv®)Kor1 — a?]s® + (a — pv¥)Koae — a?} = 0. (3.82)

We note in passing that the second factor in the above equation can be factorized in simple
form in two cases: for v = 0 we obtain (s? — A*)(vKo115% — 7Koaz — mA~2B?); for A = 1,
the result is (s2 — 1)[yKo115? + a? — Ko11 (a — pv?)].

Let s1 = 1, and let so and s3 be the solutions of the second factor with positive real
part. As in the previous section we require s%s% > 0, which, after noting that v > 0,
Koi1 > 0 and Kgoo > 0, and specializing the generalized strong ellipticity condition as in

Section gives
pv* < o — a® /Koga, (3.83)

the right-hand side of which is positive. As distinct from the upper bound in
does in general depend on the magnetic field.

We again take the solutions for ¢, ¢ and ¥* as and . Substituting these
into the boundary conditions 7, we obtain

B*
(7 — 2759) 55 P + 75,55 P — 1a%;Q; + iu—;R =0, (3.84)
B*
(28 +7 — pv*);5; ) — ;5 P) — icXys;Q; — iflR =0, (3.85)
0
B;%;P; —i%;Q; +iR =0, (3.86)
B 1
(c+a—-"1)%8;5Pj—i—R =0, (3.87)
Ho Ho

along with the connection between @; and P; from ([3.73]):

i(a — cs?)

Qi P, i=1,23. (3.88)

Ko11s? — Koaz

Again, ¥; signifies summation over j from 1 to 3.
As in the previous section, we have seven linear equations in Py, P, P3, Q1, 2, Q3

and R, and the solution follows the pattern therein. The results for A\; = A, Ag = A1,
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05+

Figure 3.5: Plot of ¢ = pv?/u(0) vs Ay = A with A3 = 1 for B; = 0,0.03,0.06,0.09,0.12T
(curves reading from left to right): (a) uol = 2, uom = 1; (b) pol = 1, pom = 1.

Figure 3.6: Plot of ¢ = pv?/u(0) vs Ay = A with A\; = 1 for By = 0,0.03,0.06,0.09,0.12T
(curves reading from right to left): (a) pol =2, uom = 1; (b) pol = 2, pom = 0.2.
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A3 =1and A\; =1, A\ = A\, A\3 = A~! are shown in Figures and respectively. The
results are broadly similar to those shown in Figures and except that the effect
of Bj is significantly stronger than that for By. Indeed, much smaller values of B; than
By are required to produce comparable effects. The upper bound depends on the
magnitude By but the values of ¢ shown do not reflect this because of the relatively small

values B; used.

3.3 Out-of-plane considerations

3.3.1 Magnetic induction components (0,0, Bs)

The initial and deformed configurations are considered to be the same as in Section [3.2.2
except that the magnetic induction is taken to have components (0,0, B3). The incremental
quantities are as in the previous sections, i.e. we consider only incremental motions and
magnetic induction components within the (1,2) plane. In fact, the full three-dimensional
equations decouple in this case and the out-of-plane motion can be considered separately,
as discussed in [Maugin and Hakmi, 1985].

From equations and , with the components of the moduli tensors appropri-

ately specialized, we obtain
ad 1111 + 2601122 + V92002 = p (D11 + D22) 4y (3.89)

Ko229,11 + Ko11%,22 = 0, (3.90)

which apply in z2 < 0, and again holds in z2 > 0.

The boundary conditions for the underlying configuration require that H3 = Hs. Thus,
B; = poHs = 2,u0(l)\§2 + m). If we assume there are no mechanical tractions, then
Toa = Toy. The normal components of the Maxwell stress are 755(1,1, —1), where 75, =
—B§2 /2p0. The incremental boundary conditions reduce to Tom = —Tyla1, T022 =
—ToU2,2, T023 = ,ualB;B;, Blog = B; and Hl01 = Hi‘ Note, in particular, the appearance
of the out-of-plane shear traction term. After differentiating the Togg condition with
respect to x, substituting for p ; from an appropriately specialized form of and then
substituting for the potentials ¢, ¥ and ¥*, we obtain (on dropping the factor v # 0 from

the first equation)

$11— ¢22=0, (28+7)p 112+ VP 222 — pd2rt =0 on xp =0, (3.91)
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mp 1= (L+mA3), =95, Koo =py'vh onazy=0. (3.92)

Except in the very special case for which [ = 0 and A3 = 1 the latter equations are in-
compatible unless there is no incremental magnetic field. Thus, the problem reduces to
a purely mechanical problem for the potential ¢. For the considered model none of the
moduli components depend on Bs, so the magnetic field has no effect on the propagation
of elastic surface waves. More generally, however, for the considered underlying deforma-
tion and magnetic field, equation and the boundary conditions apply for an
arbitrary form of isotropic energy function {2 and therefore the coefficients then do involve

Bs.



Chapter 4

Surface Waves on a Half-Space:

Out of Plane Motion

In this chapter, the propagation of Love-type waves in a homogeneously and finitely de-
formed layered half-space of an incompressible non-conducting magnetoelastic material in
the presence of an initial magnetic field is analyzed. The equations and the boundary con-
ditions obtained in Chapter 2 are used to study the problem for different directions of the
initial magnetic field for two different magnetoelastic energy functions. Bleustein—Gulyaev
type waves, which can exist in a half-space without a layer in the presence of a magnetic
field, are discussed briefly at the end of the chapter.

Analysis and results in this chapter have been published in [Saxena and Ogden, 2012]

and are being reproduced here in further detail.

4.1 Two-dimensional specialization

Consider a magnetoelastic material that is deformed homogeneously and the deformation
is given by

1 =MX1, o2=2XX2, x3=A3X3, (4.1)

where the principal stretches A1, A2, A3 are uniform. The component matrix of the deforma-
tion gradient is then given by [F] = diag(A1, A2, A3). The initial uniform magnetic induc-
tion vector is taken to have either components (Bj, Ba,0) in the material with (B, B3, 0)
outside the material, or (0,0, B3) in the material with (0,0, B3) outside the material. Note
that the boundary condition 4 requires that B = Bs.

41
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For such a configuration, the in-plane displacement components u; and ue are cou-
pled with each other in the governing equations, and are independent of the out-of-plane
component uz. In this chapter we seek solutions depending on the in-plane variables x
and zo such that u; = ug = 0 and wug depends on (x1,x9,t). The problem concerning
the displacement components u; and uo is discussed in the previous chapter. The incre-
mental incompressibility condition divu = 0 is then automatically satisfied, and with all

incremental quantities independent of x3, p 3 = 0 and, from (2.81))2 we obtain
Bio1,1 + Biz,2 = 0. (4.2)
On expanding the governing equations (2.81)); and (2.82)) in component form, we obtain

Aor11zusin + (Aor123 + Ao2113) us12 + Ao2123us,20 + 6011\13101,1 + COll|QBIOQ,1

+ 0011\33103,1 + 6021|1Bl01,2 + COQl|QBIO2,2 + Co21|3Blo3,2 -p1=0, (43)
Aoi213us 11 + (Aoi22s + Ao2213) us 12 + Ao2223us 22 + C012\13101,1 + Co12|23102,1

+ Cor213Bu03,1 + Coozj1 Bion 2 + ConzjoBioz,2 + ConaaBuos2 — P2 =0, (4.4)

Aoisizus 11 + 2A01323u3,12 + Ao2s23us 22 + Co13)1Bio1,1 + Co13j2 Bioz,1 + Coi3j3Bios 1

+ Cooa1 Bior 2 + CoozjaBioz,2 + CooaaBios,2 = pus ., (4.5)
(Corzjauus + Cozzjzus,2 + Kotz Bior + KozsBioz + Kosz Bios) 2 = 0, (4.6)
(Corzjatus,1 + Cozajzus,2 + Kotz Bior + KoasBioz + Koss Bios) 1 = 0, (4.7)

Corzj2us,11 + (Cozsjz — Cotsj1) us,12 — Coospus 22 + Kor2Bior,1 + Koza Bioz,1

+ Ko2s Bios1 — Ko11Bior 2 — Koi2Biog.2 — Koi3Bios.2 = 0. (4.8)

Associated boundary conditions will be considered in the specializations that follow.

From here on, we consider two separate cases, for which the underlying magnetic field
is, first, parallel to the (1,2) plane and, second, normal to the plane.

We consider a half-space of magnetoelastic material for which X < 0 in the unde-
formed configuration (z2 < 0 in the deformed configuration). A layer of a different mag-
netoelastic material of thickness h in the deformed configuration is attached on top of the
half-space as shown in Figure The layer occupies the region 0 < zo < h. Quantities

in the half-space are distinguished by a prime (’); those in the layer are unprimed.
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Wave propagation direction

Vacuum
To = h
h Layer To
ro = 0
T
z3
Half-space

Figure 4.1: Layer—Half-space configuration for Love-type wave propagation.

4.2 In-plane magnetic field: B = (B, B»,0)

Here we take B3 = B3 = 0 so that the Maxwell stress and its increment are obtained in

component form from equations (2.50) and (2.51) as

. 3(Bf* = B3?) By B; 0
[77] = m B:Bs 1(-B2 + B3?) 0 : (4.9)
0 0 3(=Bi* = B?)
and
BiB! — ByB5 BIBj;+ BiB; BiB}
1] . . : . .
[T = o | BeBi BBy ByBy — BiBy B3 B; ; (4.10)
B;B; B;Bs  —(BiBi + B;B;)
respectively.

Equations (4.3)—(4.8)) simplify to
Co11|1310171 + 6021|13101,2 + 6021|2Bl02,2 + 6011|2Bl02,1 -p1=0, (4.11)
Cor211Bio1,1 + Cor2j2Bio2,1 + Cooj2Bio2,2 + Cona1 Biot,2 — P2 = 0, (4.12)

Ao1313us 11 + 2A01323u3,12 + Ao2323u3 22 + Co133Bi03,1 + CozsjzBios2 = pusee,  (4.13)

(C013\3U3,1 + Cozaj3us,2 + Ko33Bzo3) T 0, (4.14)

)
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(%13\3“3,1 + Cozaj3us,2 + K033Bzo3) = 0, (4.15)

)

Kogz Bio.1 + Ko12Bio1,1 — Ko12Bioz.2 — Ko11 Bio1.2 = 0. (4.16)

Equations , and the assumption of independence of x3 imply that Hios
depends only on ¢ and hence we take Hyps = f(t). We also observe that Bjo1 and Bjge
are coupled through equations , (4.11)), (4.12), and (4.16]) and are independent of ug,
while u3 is coupled with Bios through equations , , and . Since we are
only interested here in ug it suffices to take Bjo1 = Bjoz = 0 in both half-space and layer.
Indeed, in general Bio1 and Bygy are overdetermined by equations , , , and
. It follows from 2 and the components of Cyp and K given in Appendix B that
Hio1 = Hypz = 0.

The governing equations now reduce to
Ao1313us 11 + 2A01323u3,12 + Ao2323u3 22 + Co133Bi03,1 + CozsizBios2 = pusee,  (4.17)

Coraj3us,1 + Coojztis,2 + KossBios = £(2), (4.18)

in the layer, while in the half-space they are
Ab1313ts 11 + 240130315 10 + Abasastsaz + CoizaBios,t + CoosaBiose = P usge:  (4.19)

0133U3,1 + Cogaj3ts 2 + Koss Bios = (1), (4.20)

where f'(t) is the counterpart of f(t) for the half-space.

The boundary conditions (2.47) and (2.49)) reduce to

B; = Bigy =0, (4.21)
B} = poH; = poHyp1 =0, (4.22)
H3 = Hys = f(t), (4.23)

on r3 = 0, and hence we may take B’f = Bi“ = 0 outside the material.
From the boundary condition (2.55) applied at the layer—-vacuum boundary the only

non-trivial component is Tyo3 = Tog, Which yields
Ao2zizuz 1 + Ao2z2zusz s + C023\3Blo3 =0 onxzy=h, (4.24)
and at the layer—half-space interface Tyos = T, 023, Which leads to

> ! ! ! ! ! 57
Ao2313us,1 + Ao2s2sus,2 + Cozsj3Bios = Apazizus,1 + Ao2sastiz 2 + CoosisBioss (4.25)
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on xo = 0. Additionally, the displacement must be continuous at the interface, i.e.

uz =uj on zy = 0. (4.26)

The problem is therefore reduced to solving equations (4.17) and (4.18]) in 0 < 29 < h

and equations (4.19) and (4.20) in x2 < 0 using the boundary conditions (4.24), (4.25)),
and (26).

4.2.1 Wave propagation

On the basis of the above equations and boundary conditions we now study Love-type

waves propagating in the z; direction. We consider harmonic solutions of the form

uz = Pexpli(skxa + kx1 —wt)], 0<xzo <h, (4.27)
Bjos = Qexpli(skxy + kx1 —wt)], 0<z9 <h, (4.28)
uy = Plexp(s'kzy + ikzy — iwt), x5 <0, (4.29)
Bjos = Q exp(s'kxy + ikay —iwt), 9 <0, (4.30)

with the condition Re (s") > 0 for the wave to decay away from the surface of the half-space.
As defined earlier, i = v/—1, k is the wave number, and w is the angular frequency.

Substitution of (4.27) and (4.28) into the governing equation (4.18) yields

[((Co13/3 + sCo23j3) Pk + Koss@le! (ke tho—et) — f(¢), (4.31)

which is satisfied non-trivially only when f(¢) = 0. Similarly, we obtain f/(¢) = 0. Now
using Equation (4.17)), and defining the wave speed v = w/k we have the two equations

(pv® — Ao1sis — 2sAoisas — Aozs2ss®) Pk + 1 (Coraps + sCoazz) @ = 0, (4.32)

i (C013|3 + 86023|3) Pk + K033Q = 0. (433)

For non-trivial solutions for P and @), the determinant of coefficients must vanish,

which yields a quadratic equation for s, which we write compactly as
As®> +2Bs +C — pv? =0, (4.34)

where we have introduced the notations

2
Coa)3
Koss

2
Chos)s Co13/3C023)3
B = Agoz13 — ————

A = Ap2zez — , ;
Koss Koss

C = ./401313 — (4.35)
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Let s; and so be the two solutions of this quadratic. Then the general solution of the

considered form is
uz = <P1ei51k$2 + Pzeisgk“) expli(kz1 — wt)], (4.36)

Bios = <Q1eislkx2 n Qgei”’”?) expli (kz — wt)]. (4.37)

The coefficients P; and Q;, j = 1,2, are related by either one of the equations (4.32)) or
.33) as

Q. B _ik(cOlg‘g + 3j6023|3)
7 Koss

Substituting the solutions (4.29) and (4.30|) into equations (4.19)) and (4.20)), we obtain

P, j=1,2. (4.38)

a similar quadratic for s/, namely
A'd? £ 2iB's 4 pv® — C' =0, (4.39)
where the coeflicients are defined by

/ / 12
COlS|SCOZS\3 C 0133

C/(2)23|3
/ /
wr o CT=Apizis —

, B'= -’462313 - (4.40)

/ /
KO33 K033

This has at most one solution satisfying the requirement Re(s’) > 0. Equation (4.30) also
yields the connection

k(ic(l)13|3 + 5/6623|3)P/ + KigsQ' = 0. (4.41)

From the generalized strong ellipticity condition (2.95)), we deduce that
A>0, C>0, A >0, C' >0, (4.42)
and hence that there is a solution for s’ with positive real part provided

A(C' = pv?) = B? > 0. (4.43)

Substituting the solutions (4.29)), (4.30)), (4.36)), and (4.37)) into the boundary condi-
tions (4.24]), (4.25)), and (4.26]), we obtain

ik(Ao313 + 51.A02323) Pre* ™ + 1k (Aoasis + s2.Aoasas) Pac™*>™"
+ Co23|3 (Qleislkh + Qzei”kh> =0, (4.44)
ik(Ao2313 + 51.402323) P1 + ik(Ao2313 + 52.A02323) P2 + Cpog)3 (Q1 + Q2)
= k(iAbgs1s + 5" Abass) P’ + Coog3Q's (4.45)

P+ Py, = P. (446)
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We may then use the relations (4.38) and ([4.41)) to eliminate Q1, @2, and Q" to obtain

(514 + B)e***h P 4 (s34 + B) e'#2*' Py = 0, (4.47)
(stA+ B) Py + (s2A+ B) P, + (iSA' — B') P' =0, (4.48)
P+ P,— P =0. (4.49)

The three linear equations for Pj, P5, and P’ have non-trivial solutions provided the

determinant of their coefficients vanishes. This gives rise to the secular equation
[(s1A+ B)(s2A+ B) + (i’ A" — B')B] (eis?kh — eislkh)

+ (is’A' — B') A(s2e'*2Fh — 51e151Fh) = 0, (4.50)
where s1 and so are the solutions of equation and s’ is the solution of with
positive real part.

4.2.2 Pure elastic case

We now take the magnetic field to vanish in order to reduce our results to the purely

elastic case. For this purpose we take B =0,C = O, and Q1 = Q2 = Q' = 0. Under this

specialization, the governing equations (4.17)) and (4.19) reduce to

/ / / / /!
Ao1z13us, i1 + Ao2s2suz 22 = pugee,  Apizizusin + Aoazaztzen = P Uz y, (4.51)

in the layer and half-space, respectively. The relations (4.34) and (4.39) become

2 _ pv® — Aoizis J2_ Abiz13 — p'v? (4.52)
Ao2zaz 02323
For these simplifications, the secular equation (4.50) becomes
S/A/
tan(skh) = M, ,01)2 > Ap1313, (4.53)

s Ap2323
where s > 0 and we note that to qualify for a surface wave the inequality p'v? < Abis13
must be satisfied and that there are no real solutions for the wave speed if s> < 0. The
above equation is equivalent to Equation (3.12) in [Dowaikh, 1999]. Note, however, the

result (3.17) in [Dowaikh, 1999] corresponding to s? < 0 is incorrect. Thus,
Ap1313/p < v < A61313/p,. (4.54)

For the isotropic linear elastic case, Agiz13 = Ao2s2s = 1(0), Afyi313 = Abogos =
1’ (0), where 1(0) and 1/(0) are the shear moduli of the layer and the half-space, respec-
tively. If the transverse wave speed is denoted by vy = (u(0)/p)*/? in the layer and
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vl = (#/(0)/p')}/? in the bulk, then the above secular equation reduces to

an | (1) | = D
t [(2 1) kh] % l(ofon)? — 1] ,  ur < v < v, (4.55)

B
thus recovering the well-known dispersion relation for Love waves in linear elasticity (see,

D=
N[

N|=

for example, [Achenbach, 1975]).

4.2.3 Application to a Mooney—Rivlin magnetoelastic material

To illustrate the results, we now consider the energy function of Mooney—Rivlin type
magnetoelastic material as defined in Equation . We note that if the underlying
magnetic induction is either parallel or perpendicular to the boundary, i.e. either B =
(B1,0,0) or B = (0, B2,0), then Apiz23 = 0 = Cp133C023j3 (Corz3 = 0 if By = 0 and
Cozs3 = 0 if By = 0). Hence B = 0 and similarly B’ = 0. Equations and
then simplify to

2= (p? — C)/A, §?=(C"—pv?)/A. (4.56)

We require 5’2 > 0 for a surface wave to exist. By taking account of the strong ellipticity

condition (2.95)) this requirement imposes the conditions
C < pv® < pC'/p (4.57)

on the wave speed, and these inequalities also impose certain restrictions on the energy
functions used and the deformations in the layer and the half-space for the existence of
Love-type waves.

The secular equation (4.50)) reduces to

s’A
sA

tan (skh) = (4.58)

We now analyze this equation numerically by plotting the non-dimensionalized squared
wave speed ¢ = pv?/u(0) against the dimensionless wave number kh. We take the following

values of the material constants in order to obtain some representative solutions:
lpo =2, Upo=17 mpy=2, mu=07 v=03 1 =038,
po = 4w x 107" N/A2, pu(0) = 2.6 x 105N/m?, /(0)/u(0) =2, p'/p = 1(859)

We assume the initial deformations in the layer and the half-space to be the same,

Le. A1 = M, A2 = Ay, A3 = A;. An infinite number of propagation modes are obtained
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Figure 4.2: Dispersion curves ¢ = pv?/u(0) vs. kh for various mode numbers n satisfying
equation (4.58)), illustrated for (a) B, = 0 = B3, B; = 0.1 T, \y = 0.7 = A;l,)\g =1,
n=1ton=11;(b) By=0=B3,Ba=05T, \y =1l4d=X\  \3=1,n=1ton=09.

due to the dispersive nature of Equation . Multiple modes of wave propagation
corresponding to Equation are illustrated in Figure for two sets of representative
values (By = 0.1 T, A\; = 0.7 = \; ') and (B = 0.5 T, \; = 1.4 = \;*). For other values of
the parameters the pattern of the higher-order modes is similar and we therefore show only
the lowest mode henceforth from for each of a selection of values of the magnetic
induction and deformation.

For the pure elastic problem (no magnetic field) with a finite initial deformation the
results are shown in Figure for different values of initial stretch for the first mode. It
is noted from Figures [4.3|a) and [4.3b) that for the linear elastic case (A1 = Ay = A3 = 1),
the curves intersect the ¢ axis at p/(0)p/u(0)p’, which agrees with the classical solution
(obtained by taking the limit kh — 0 in Equation ) and is equal to 6 for the values
adopted here.

The effect of the magnetic field without a finite deformation on the wave propagation
characteristics is illustrated in Figure It is noted that as kh — 0, a magnetic (in-
duction) field By perpendicular to the boundary has no effect while that parallel to the

boundary (B;) changes the wave speed significantly. Either B; or By tends to increase
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(a) (b)

Figure 4.3: First mode dispersion curves ¢ = pv?/u(0) vs. kh under finite deformation
in the absence of a magnetic field: (a) A\; = 0.5,0.7,1,1.3,1.6, Ao = )\fl,Ag = 1; (b)
A =1,2=05071,13,16, A\3 = \; .

the wave speed.
The effect of the magnetic field when there is an initial finite deformation is illustrated
in Figure for two different values of A;: 0.7 and 1.4. The character of the results is

similar qualitatively to the situation when there is no initial stretch.

4.3 Out-of-plane magnetic field: B = (0,0, B3)

We now consider the case when the magnetic field is out of the plane, i.e. in the same
direction as the mechanical displacement. The initial and deformed configurations are
considered to be the same as in the previous section. For this value of the underlying
magnetic induction, using equations and , the components of the Maxwell

stress and its increment are given by

-1 0 0
0 -1 0|, (4.60)
0 0 1

_ B
240

(7]
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Figure 4.4: First mode dispersion curves ¢ = pv?/u(0) vs. kh for the linear elastic case
in the presence of a magnetic field: (a) By =0, B; = 0.1,0.2,0.3,0.4,0.5 T; (b) B; =0,
By = 0.1,0.2,0.3,0.4,0.5 T.
-BiB 0 BB}
] = — 0  —BiBf BiBi |, (4.61)
B{B; B3Bj BiBj
respectively.
The governing equations f reduce top1 =0, p2 =0, 310371 =0, and 310372 =
0 along with and

Aoiz13u3 11 + Ao2323us 22 + Co13|13101,1 + Co23|23102,2 = pust, (4.62)

(Cozsj2 — Corap) usi2 + Ko2a Bio2.1 — Koi1Bio12 = 0, (4.63)

for the layer, and similarly for the half-space. In this case ug, Bl()l and Bl()g are coupled

with each other through equations (4.62)) and (4.63). Clearly, since there is no dependence

on z3, we may infer that Bys is a function of ¢ which may be taken to be zero as for f(t)
in Section 4.1.1.

Let uz = ¢. Since the pairs {Big1, Bjos2}, {Bl/017 Bl’OQ} and {Bl*m, BZ*OQ} satisfy equation
, we may define potentials 1,4, and ¥* such that

Bior =32, Bie=—11, Bl =15, By=—v,, Bi=v% Bj=-¢. (4.64)
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Figure 4.5: First mode dispersion curves ¢ = pv?/u(0) vs. kh for the material under finite
deformation and magnetic field satisfying equation : (a) A1 = 0.7, X2 = )\1_1, A3 =1,
By = 0, By = 0.1,0.2,0.3,0.4,0.5 T; (b) A\ = 14,0 = A{ A3 = 1, B = 0, By =
0.1,0.2,0.3,0.4,0.5 T; (¢) A1 = 0.7, Ay = )\1_1,)\3 =1,By=0, B1 =0.1,0.2,0.3,0.4,0.5 T;
(A) A\ =142 =X 3=1, By =0, B; =0.1,0.2,0.3,0.4,0.5 T.
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Substituting these potentials in the governing equations, we obtain
Ao13130,11 + Ao23230 22 + Cor31¥,12 — Cozsp¥,12 = po it (4.65)
(Cozsj2 — Corap) @12 — Kot 22 — Kozath 11 = 0, (4.66)
in the layer, while for the half-space we obtain
Av13130011 + AbasasPlaz + Coiz ¥z — Coozp¥ie = 0 dlu, (4.67)
( 0232 — C(/)13|1) @12 — Ko11¥a2 — Kooa?¥11 = 0, (4.68)

and outside the material

Yy + e = 0. (4.69)

4.3.1 Incremental boundary conditions

From the boundary conditions (2.47)), (2.49), and (2.55) the only non-trivial remaining

components are
Toos = 753, Bz = B3,  Hio1 — ug 1 Hz — o =0, (4.70)

which, in terms of ¢ and the potential functions, yield, at the layer—vacuum interface

xo = h,
Ao23239,2 — Cozsp¥1 + ¢ Hy =0, (4.71)
Ya—¢; =0, (4.72)
(Cowsyn — H3) @1 + Kotz — Mlgwfz =0, (4.73)

and at the layer—half-space interface x5 = 0,

¢o=4q, (4.74)
Ao232302 — Coosjoth,1 = Apazazdls — C(/)23|2¢,/17 (4.75)
Co1319,1 + Koz = C(/]13|1¢f1 + K119z, (4.76)
Y1 = 1/}51, (4.77)

the first of which corresponds to continuity of displacement.

Hence the problem is reduced to solving equations and in 0 < xy < h,
equations and in z9 < 0, and equation in z5 > h using the boundary
conditions (4.71)), ([£.72), and at xo = h, and (4.74)), (4.75)), (4.76]), and at

xgz().
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4.3.2 Wave propagation

We again study Love-type waves in the same form as in the previous section and consider

harmonic solutions of the form

¢ = Pexpli(skry + kr1 —wt)], 0<zo<h, (4.78)
v = Qexpli(skxe + kx; —wt)], 0<xzo <h, (4.79)
¢ = Plexp (slkxg +ikx — iwt) , 19 <0, (4.80)
P = Qexp (s’kxz +ikxy — iwt) , 2 <O0, (4.81)
Y* = Rexp(s'kxg + ikz) —iwt), x> h, (4.82)

with the conditions Re(s") > 0 and Re(s*) < 0 for the solutions to decay as x9 — —oo and

r9 — 00, respectively.

Substituting the solutions (4.80) and (4.81)) in equations (4.67) and (4.68), we obtain
(= A1z + 2 Algsos + pv?) P+ (c(m‘1 . 0623‘2) Q' =0, (4.83)
is’ (0623|2 - (/)13|1) P’ + (Kpog — 57Kiy1) Q@ = 0. (4.84)

For non-trivial solutions of P’ and @', the determinant of the coefficients of the above

equations should be zero which gives

2
-’462323K6115/4 + {Kon (PIUQ - A61313) — Koo Aj2sas + (C(/323|2 - (/313|1) }3/2
—Kb2o (PIUQ - -’461313) =0. (4.85)

Let s} and s be the two solutions satisfying the condition Re(s’) > 0, then we note that

the condition s{s%2 > 0 gives an upper bound on the wave speed, which we express in the

form

P < Ajisis. (4.86)
With the two possible values of s’, the relevant general solutions for ¢’ and v’ are
i (Pl'esllk“””’2 + Péesék“) expli (kx1 — wt)], (4.87)
Y = < lesihee 4 Q’Qesék”) expli (kx1 — wt)], (4.88)
where P/ and Q) are related by (4.84) as

—is (Cl a1y — Cl,
Q} _ J ( 023(2 013\1) PJ{7 i=12 (4.89)

/ 22!
(K022 -5 Kon)
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Substituting the solutions (4.78) and (4.79)) into equations (4.65)) and (4.66]), we obtain

(—Aois1s — s> Aozsas + pv®) P — 5 (Corap — Cozspe) @ =0, (4.90)

s (Corzp1 — Cozspz) P+ (Korrs® + Kozz) @ = 0. (4.91)

For non-trivial solutions for P and @, the determinant of the coefficients should be

zero, which gives
2
Ao2s23Korrs® + {Koi1 (Aoisis — pv®) + AozszsKozz — (Corajn — Coajz) s
+Kozz (Ao1z13 — pv°) = 0. (4.92)

Let the solutions of this equation be si, s, s3, and s4. Then the general solutions for

¢ and 1 may be written in the form
¢ — <Pleis1ka:2 4 P2eiszkx2 4 PSeisskcL‘Q 4 P4eis4kx2) exp[i (kxl _ wt)], (4.93)
= (Qleisllm2 + Qqe's2h 2 4 Qgelsshr2 Q4eis4k“) exp(i (kz1 — wt)], (4.94)

where P; and @); are related by (4.91) as

=55 (Couzpr — Cozs)2)
(Konsg + K022>

P, j=1,2,34 (4.95)

Substituting the solution (4.82)) into equation (4.69)), we obtain s*? = 1, and to satisfy

the condition Re(s*) < 0, we take s* = —1. Hence

Y* = Rexp (—kxo + ikzy —iwt). (4.96)

Substituting the modified solutions (4.87)), (4.88), (4.93), (4.94), and (4.96) into the
boundary conditions (4.71)), (4.72), and (4.73]) at xo = h, and (4.74), (4.75)), (4.76]), and

(4.77) at x2 = 0, we obtain

4 4
Ap2393 Z Pjsjeisjkh — C023|2 Z Qjeisjkh + H;Refkh =0, (4.97)
j=1 j=1
4 .

> Qe — Re7Fh =0, (4.98)

j=1

4 . 4 . 1
i (6013\1 - Hf)f) Z Pjelsfkh +iKo11 Z stje‘sjkh + %Re*kh =0, (4.99)
j=1 j=1

Pj—) Pj=0, (4.100)

4 2
J=1 J=1
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1A02323 Z P; S5 — 1CO23|2 Z Q] A02323 Z P S + 16023‘2 Z Q (4101)
J=1 7j=1 7j=1
4 4 2 2
iCos Y Py +iKon Y Qjsj — iChygn »_ Pj — Koy > s5Q; =0, (4.102)
j=1 j=1 j=1 j=1
4 2

Y Qi-> Q=0 (4.103)

j=1 j=1

Using the relations (4.89) and (4.95) between P;—Q; and P/-Q’, we can modify the

above equations to

4
Co23j2 (Co13;1 — Coas2 . .
> [A02323 K( 52 ‘+ K 2) s P HXRe W =0, (4.104)
o 01155 + Kozz
4
COl3I1 - CO?SIQ) olsikh kh
S; P+ Re™ " =0, 4.105
z:: 7 Koins3 + Koaa ! ( )
4
o Kot (0013\1 - 0023\2) : 1
i Corzn — H3 isithp, ¢ — Re™h =0, 4.106
1; [ otan = 5 = Koi155 + Kozo ¢ it . ( )
4 2
> P-) Pj=0, (4.107)
=1 =1
4
Co23j2 (Corsj1 — Cozsj2)
Z Avzss Koi1s? + Koo i
J=1 J
2 C(/)23|2 (0613|1 - C(/)23|2)
iy | Absas K 2 K i P; =0, (4.108)
— 01155 022

i K022co13|1 + S?KOUCO??)I?P, N Z K6220013\1 5’2K6110623\2P/ —0 (4.109)
Koi153 4 Kooz ’ Kbi1s7 — Kiaa T '

j=1 j=1

Clialy — Cl, )
o13)1 — “023)2) , _,
5;P; = 0. (4.110)

/
KOllsj — Koz

! (Cors1 — Coas2) 2 (
jz:; Koné’? + K22 Kak 1;

These are seven equations for the seven constants Py, Py, Ps, Py, P{, Py, and R. For
non-trivial solutions, the determinant of the matrix formed by their coefficients should be
zero. This condition gives the secular equation for the problem. We now illustrate the

results for particular constitutive laws.
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4.3.3 Application to a Mooney—Rivlin magnetoelastic material

In the underlying configuration, the boundary conditions require that Hj = Hs = HJ.
Thus B = uoHs, B3 = 0.5M3H3/(l +mM3), By = 0.5)\’§H3/(l’ + m’)\’g). Also, we have
Coz3j2 = Co13;1 = 2mB3. Hence the governing equations (4.62) and (4.63) reduce to

Aoiz13us 11 + Ao2s23us22 = pus i, (4.111)

Ko2et,11 + Kon9 22 = 0. (4.112)

On substituting the harmonic solutions (4.78) and (4.79) in the above equations we

get one value of s? for each of the mechanical and magnetic equations, say s? and s3,
respectively, i.e.

2 _ K
2 P Aoz o Kon (4.113)

s , )
Aop2323 Ko11

Since the equations are decoupled these need not be the same, although in general there
will be a coupling of the mechanical and magnetic effects through the boundary conditions.

When the mechanical and magnetic fields are combined the general solution may be

written
¢ = (P*'eisl]m2 + P_e_isleCz) expli (kxr1 —wt)], 0<xo <h, (4.114)
v o= (Qfee 4 Qe ke Y expli (ko —wt)], O<wy<h,  (4115)
¢ = Plexp (s’lkzxg +ikx — iwt) , X9 <0, (4.116)
v = Qexp (sékxz +ikx1 — iwt) , Ty <0, (4.117)
Y* = Rexp(—kxg +ikxy —iwt), x2>h, (4.118)
where

! / 2 /
2 Apiz13 — PV 2 Ko22
1T T g
02323 011

After substituting these into the seven boundary conditions (4.71))—(4.77) we find that

(4.119)

Pt+P =P, QT+Q =Q, Qe +Q e = Re M (4.120)
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Figure 4.6: First mode of the dispersion curves ¢ = pv?/u(0) vs. kh for a Mooney-Rivlin
type material in the presence of an out-of-plane magnetic field Bz. A = X\; = 1/A9, A3 = 1.

(a) Ay = 0.7, B3 =0.01,0.1,0.14 T; (b) B3 =0.01 T, Ay = 0.3,0.5,0.7.
and the remaining four boundary conditions expressed in terms of PT, P, Q",Q™ are

51402323 (P* — P7) 4 1Alos2351 (P + P7) + (Cpagpz — Coaze) (@7 +Q7) =0,  (4.121)
(Corzjn = Corz) (P + P7) + Kons2(QF — Q7) +1iKpyys5(QT +Q7) =0, (4.122)
51A02323(P+eislkh o P—e—islkh) o C023|2(Q+6132kh + Q—e—iSQkh)
+H;(QTe M + Qe =0, (4.123)
(Corapn — Hg)(P+eislkh + P_e_islkh) + K01152(Q+ei”kh — Q‘e—is2kh)

—ipg L (QT e 1 Qe 2Ry = 0. (4.124)

We plot the variation of the non-dimensionalized wave speed ¢ = pv?/u(0) against the non-
dimensionalized wave number kh in Figure to study the effects of magnetic field and
deformation. Values of the material constants listed in are used for the numerical
calculations. In general, the wave speed decreases with an increase in the wave number and
in the magnetic field Bs. Considering a plane strain deformation (A3 = 1), a compression
represented by the stretch \; parallel to the surface in the direction of wave propagation
tends to increase the wave speed.

Equation is the same as that obtained for the pure elastic case in Section

and if the incremental magnetic field vanishes the problem reduces to a purely mechanical
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problem to solve for us. However, in the presence of a magnetic field vanishing of the
incremental magnetic field (so that Q* = Q= = 0) in general forces uz = 0. There is
an exception to this if both coefficients Cyi3;; — H3 and Coi31 — C613\1 vanish. For the

considered material we have
Corsn — Hj = —2003Bs,  Coiapn — Chygy = (Im'Xy” — 'mA3) Hs. (4.125)

Thus, for a purely mechanical wave to propagate in the presence of a magnetic field we
must have [ = 0 and either I’ = 0 or m = 0. If both [ and m vanish then the layer is not a
magnetic material. In either case it is easy to show that the wave speed does not depend
on the value of the magnetic field since, for the considered model, Ag1313 and Aga3o3 are
independent of Bj.

Similarly, if ug = 0, i.e. PT™ = P~ = 0, then in general a purely magnetic wave cannot
exist except when both Cpgjp — 6623|2 and Cog32 — Hj are zero. For the Mooney-Rivlin

model we have

)\2 m/)\/Q
Consir — HE = 21072Bs,  Copslp — Clonio = | — 228 5 ) H,. 4.126
023|2 3 3 b3 0232 — L023)2 <l+m)\§ I+ m/\2 3 ( )

If we take the deformation in the layer and the bulk half space to be the same, i.e. A3 = A},
then for a purely magnetic wave to propagate we must have [ = 0 and either I’ = 0 or
m = m’ = 0. Vanishing of both [ and m will make the layer non-magnetic.

In order to consider the case in which there is coupling through the equations we

specialize the constitutive law to a version of the neo-Hookean solid.

4.3.4 Application to a neo-Hookean type magnetoelastic material

We consider a generalization of the neo-Hookean energy function for the magnetoelastic
case which is a slight modification of the one used in [Dorfmann and Ogden, 2005] and
given by

0
Q= M(2)(1—|—CYI4)(11 —3)+lI4+mI5—|—qI6, (4127)

where p(1y) = p(0) x (1 + aly) is a shear modulus that varies with the magnetic field,

and «,l,m, and ¢ are magnetoelastic coupling parameters. For this function, the relevant
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Figure 4.7: First mode dispersion curves ¢ = pv?/u(0) vs. kh for a neo-Hookean type
material in the presence of an out-of-plane magnetic field Bs = 0.03 T: (a) A3 =1, e

A =0.7,0.8,0.9,1.1,1.2; (b) Ay = 1,A; " = A3 = 0.7,0.8,0.9, 1.1, 1.2.

components of the moduli tensors are

Aoizis = p(0)A3 (1 + ady) + 20IB3q,  Aozsas = p(0)A; (1 + aly) + 203 B3,
Coraj = 2Bs[m + (AT + A3)ql,  Coaspp = 2Bs[m + (A3 + A3)q],
Koi1 = )\IQ [,U,Oz(.[l — 3) + 2[] +2m + 2(_])\%7
Kooz = Ay 2 [pa(ly — 3) + 2] + 2m + 2¢)\3.  (4.128)
For this model, we use equations (4.104))—(4.110) to study the variation of the non-
dimensionalized wave speed ¢ = pv?/u(0) with the underlying magnetic field and de-
formation. We use the following values of the material parameters for the numerical
calculations:
1(0) =2.6 x 10°N/m?,  4/(0) =2u(0), p'=2p, a=2 o =07,
lwo=2, Upo=17, muo=2, muo=0.7 quo=2, ¢po=0.1.(4.129)
The equations are dispersive and we obtain an infinite number of wave modes. We
plot ¢ against the non-dimensionalized wave number kh for the first modes in Figures 4.7
and 4.8.

In general the wave speeds decrease with increasing wave number and a higher magnetic

field tends to increase the wave speed for the material described by the generalized neo-
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Figure 4.8: First mode dispersion curves ¢ = pv?/u(0) vs. kh for a neo-Hookean type
material in the presence of an out-of-plane magnetic field Bz. A = 0.7 = A, L =1,

Bs = 0.03,0.06,0.09,0.12,0.15 T.

Hookean model. Considering an underlying deformation of plane strain (A3 = 1), a larger
stretch A1 parallel to the surface in the direction of wave propagation tends to increase
the wave speed. When a plane strain in the plane perpendicular to the wave propagation
direction is considered (A = 1), a larger principal stretch A3 in the out-of-plane direction

tends to decrease the wave speed.

4.4 Shear horizontal surface waves without a layer

We now consider a magnetoelastic half-space without a layer and seek the possibility of
waves with an out-of-plane displacement component. Waves of this type, first described
in [Parekh, 1969a, 1969b], are similar to the Bleustein—Gulyaev waves in electroelasticity
(see, for example, [Bleustein, 1968]) and do not have a counterpart in pure elasticity. We
consider the two cases of in-plane and out-of-plane directions of the underlying magnetic

induction.

4.4.1 B = (B, B,,0)

The relevant governing equations are (4.13)), (4.14)), and (4.15) in x5 < 0 with the boundary
condition (4.24) at xo = 0. We consider solutions of the type (4.29) and (4.30) and




Chapter 4. Surface Waves on a Half-Space: Out of Plane Motion 62

substitute into the boundary conditions to obtain
(i’ A" — B )P = 0. (4.130)

This cannot be satisfied since for a non-trivial wave we must have P’ # 0, but also, since A’
and B’ are real, and, by strong ellipticity A’ > 0 the real part of s’ must vanish. Therefore
such a mode of wave propagation does not exist when the underlying magnetic field is

in-plane.

4.4.2 B=(0,0,Bs)

In this case, we consider the governing equations (4.67)) and (4.68) in z2 < 0, and equation

(4.69) in x5 > 0 to solve with the boundary conditions (4.71)), (4.72)), and (4.73) at 2o = 0.
We consider solutions similar to (4.87)), (4.88]), and (4.96)). Substituting into the boundary

conditions we obtain

Abozas (1Pl 4 s5P3) — iCog3)2(Q) + Q5) +1HZR = 0, (4.131)
Q1 +Q5 - R=0, (4.132)
i(Corsp — H3)(P{ + P3) + Kon(s1Q7 + s5Q5) + p15 ' R =0, (4.133)

while Equation (4.84) gives the relations
is} ( (,)23\2 - 613\1) Pl + (Koo — 87Kpn) Q1 = 0, (4.134)

is5 (%23\2 - 613\1) Py + (Kpao — s5Kon1) @5 = 0, (4.135)

Here s} and s, are the solutions of Equation satisfying the criterion Re(s’) > 0.

For non-trivial solutions for P/, Py, Q}, @5, and R, the determinant of their coefficients
should be zero which gives an equation to solve for the wave speed. We therefore illustrate
the results in Figure by considering again the modified neo-Hookean energy function
defined in ([4.127). The non-dimensionalized wave speed ¢ = p/ v2 /1 (0) is plotted against
the underlying axial stretch for different values of the underlying magnetic field.

For a plane strain deformation (A3 = 1) illustrated in Figure [4.9(a), it is observed that
a stretch parallel to the direction of wave propagation A; tends to increase the wave speed.
A higher underlying magnetic field also increases the wave speed.

For the plane strain deformation when there is no compression or extension parallel

to the wave propagation direction (A\; = 1) as shown in Figure b), a critical value
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Figure 4.9: Variation of ¢ = p'v?/u/(0) with the underlying deformation and the underlying
magnetic field for a Bleustein—Gulyaev type wave in a neo-Hookean type solid. Bz =

0.6,0.7,08,0.9,1T; (a) A=A = A\, A3 =1 (b) Ay =1, A3 = A" = A,

of A3 = ). is observed at which the wave speed becomes independent of the underlying
magnetic field Bg. The critical stretch . depends on the parameters of the energy function
used. When A3 < A, the wave speed decreases with an increase in B3 while in the region
A3 > A, the wave speed increases with an increase in Bs. For large values of compression
(small \3) ¢ goes to zero which coincides with the onset of instability in the material. The
wave speed increases with an increase in A3 and reaches an asymptotic value dependent
on the underlying magnetic field Bs.

When there is no underlying deformation, for the considered model we have C613\1 =
C(’)23|2 and Kf;; = K{g. Equation can be factorized to obtain the roots s? =
1 — p'v?/Api313 and s = 1. This results in becoming identically zero and hence

the above procedure yields no solution for the wave speed. So in this case we consider the

solutions

¢' = P'exp (shkxy + ikzy —iwt), x2 <0, (4.136)
' = Q exp (slglmg + ikx1 — iwt) , xg <0, (4.137)
Y* = Rexp (—kxg + ikzy — iwt), x>0, (4.138)

where the boundary conditions are (4.71)—(4.73)), applied on x5 = 0. These yield R = @’
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and

Abazozsi P +i(H3 — 623|2)Q/ =0 (4.139)

—i(H3 — Coy3) P + (g + 55K11)Q' =0, (4.140)

Requiring a non-trivial solution yields the following explicit formula for the wave speed:
* 4
(H3 o C613|1)
(1o "+ Koi1)2 Apizis

The value of the wave speed thus obtained for the linear elastic case is consistent with

pv? = Ab1s13 — (4.141)

those illustrated in Figure [4.9
The Mooney—Rivlin type energy function requires special treatment, and we follow the
procedure as above for the linear elastic case and obtain an explicit formula of the wave

speed
(H§ o 6613|1)4

71 )
(Mo + K611K622)2A62323

When the specific forms of the Mooney-Rivlin constants are substituted (for the case

pv? = Abi313 — (4.142)

v =1 for illustration), we get
—8
161°)\;° B3

Pv? /i (0) = A} — . (4.143)
™+ 2/ (m 4+ IAT2) (4 10, )23 (0)°

The above formula suggests that there is an upper bound on the underlying magnetic field
for the wave speed to be real. When evaluated for no underlying deformation this reduces

to
161 B3

(g "+ 2(1 + m))2p (0)*

P2/ (0) =1~ (4.144)



Chapter 5

Finite Deformation and

Axisymmetric Motions of a

Cylindrical Tube

In this chapter, we specialize the equations of nonlinear magnetoelasticity to cylindrical
coordinates to consider deformations and motions of a thick-walled tube. In the presence
of an internal pressure, axial force, and an underlying magnetic field in the azimuthal or
axial directions, the tube undergoes a finite deformation. Nonlinear static deformation of
the tube and its dependence on the intensity of the applied magnetic field are analyzed
for two different kinds of energy density functions. Thereafter we study the axisymmetric
motions of the said finitely deformed tube and their dependence on the applied magnetic

field, internal pressure, and axial stretch.

5.1 Constitutive relations

For specialization to cylindrical geometry, it is useful to consider H; as an independent
variable of the energy density function rather than B; (see [Dorfmann and Ogden, 2005]
for details). The two different energy functions are related by the Legendre transformation

as

Q(F, H)) = Q*(F,B,;) — B, - H,. (5.1)

The above equation when combined with the constitutive relations (2.56) yields

(5.2)
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for the total nominal stress and the Lagrangian magnetic induction vector. If the material

is incompressible, then the first of above equations becomes

T="r—0F ", (5.3)

where p is a Lagrange multiplier associated with the constraint of incompressibility. The

above equations when written in Eulerian form, become

o0 o0
_ 71 _ _7-1
T=J FaF’ B=-J F(?Hl’ (5.4)

for compressible materials, while for incompressible materials the first of the above equa-

tions becomes

T = Fa—F —pL (5.5)

For an incompressible isotropic magnetoelastic material, the energy function can be

expressed in terms of five scalar invariants which we choose to be

L =tre, L= (I} —tr(c?)),

Ki=H;-H;, Ks=(cH)) -H;, K¢=(c’H))- H, (5.6)

N | —

where ¢ = FTF is the right Cauchy-Green tensor. We use Ky, K5, K¢ above instead of
14, I, I to maintain consistency as the latter are used in Chapter 2 to define invariants
in terms of By, and I3 = det ¢ is unity in the present case of incompressibility. Hence, the
constitutive relations (5.2)2 and (5.3) can be expanded to be written in the form
T =—pF '+ 20, FT + 20y (I,FT — cF") + 20:H, ® FH,
+ 2Q (Hl R FcH; +cH; ® FHZ) R (57)
and
B, =-2 (Q4Hl + QscH; + QGCQHI) , (5.8)
where Q = 0Q/01) for k = 1,2 and Qi = 0Q/0K}, for k = 4,5,6. In the Eulerian form
the above equations are
T = —pl+2Q1b+2Q, (I;b — b?) +2Q;bH®bH 4206 (bH ® b°’H + b>’H® bH) , (5.9)
and
B = —2 (Q4bH + Q5b°H + Qsb°H) (5.10)

where b = FF7 is the left Cauchy—Green tensor.
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On incrementing the equations (5.2))2 and (5.3)), we get

. 920 . 920 . .
T = F H —pF '+ pF 'FF! 11
oFOF  oFom, ' Pt TP ’ (5.11)
. 0%Q . 920 .
B, = H;. (5.12)

COH;0F OH,0H;,
Using the relations in Equation (2.35) with J = 1, we update the above equations to

get
Ty =FAF + FCH, — pI + pL, B,y = —-FC'F — FKH,, (5.13)

where we have used the notations
9%Q 9%Q T 9%Q) 9%Q)

_ _ _ 97 L 14
oFoF° © OFOH,’ OH,0F’ OH,0H,’ (5.14)

which now redefine the magnetoelastic moduli tensors. The updated magnetoelastic ten-
sors, Ap, Co and Ky can be defined in component form as
Aoipjq = Aojgip = FiaLjsAaps:
Coijix = Cojijx = FmnglCajm,
Koij = Koji = Foyi Fi' Kag. (5.15)
It is worth noting that the magnetoelastic moduli tensors above are different from those
used in Chapter 2 and elaborated in Appendix B. Here they are defined in terms of the
magnetic field vector H; while earlier they were defined in terms of the magnetic induction
vector B;. These are substituted in the updated incremented constitutive equations above
to give

To = AoL + CoHyp — pI + pL, By = —CJL — KoHy. (5.16)

On substituting the above forms of constitutive equations in the governing equations

(2.43))2,3 (assuming no mechanical body forces) we get
div (COTL + KOHZO) —0, (5.17)

div (.A{)L + CoHyo + pL) —grad p = pu 4. (5.18)

Using (5.16))1, and from the symmetry of the total stress tensor in incremental form
(2.38)2, we obtain the identities

Aoipjq + 0iq (Tjp + POjp) = Aopijq + Opq (Tij + i), Coijik = Cojilk (5.19)
the first of which can be used to obtain the useful relation

p = Ao1313 — Aoizz1 — 711 = Ao1212 — Aoi221 — T11- (5.20)
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5.2 Specialization to a cylindrical geometry

We consider an infinite circular cylindrical tube made of an incompressible non-conducting
magnetoelastic material. We work in terms of cylindrical polar coordinates, which in the
reference configuration B, are denoted by (R, 0, Z) and in the deformed configuration B
by (r,6,z). In the reference configuration, let the internal and external radii of the tube
be given by A and B, respectively.

The tube is deformed by inflating and stretching in the radial and axial directions,
respectively, and then by the application of a magnetic field in the azimuthal and the axial
direction to maintain axisymmetry. After the deformation, the new inner and outer radii

are a and b such that a < r < b. The deformation assumes the form

1
) s
r= a4 o (R 4%) S i=\Z 6=0, (5.21)

2
where the first relation is due to incompressibility and A, is the (uniform) axial stretch.
Let e, eq,e3 denote the basis vectors corresponding to the r, 0,z coordinates and
A1, A2, Az be the corresponding principal stretches. From here onwards, we will take (1,2, 3)
to correspond to (1,6, z). Hence the underlying magnetic field is given as H = (0, Ha, H3).
Using the constraint of incompressibility AjAaA3 = 1, the principal stretches in the az-

imuthal, axial, and radial directions are given by

Ay = A= %, A=A, A=A (5.22)

respectively, wherein the notation A is introduced.

From Equation (5.9)), we obtain

T = —p—+ 291/\% + 292/\% ()‘% + )‘g) ?
To2 = —p + 200 + 20003 (A + A3) + 205N H3 + 4Q6ASH3,

T3 = —p + 20003 + 2073 (M + \3) + 2Q5 A3 H5 + 4Q6\SH5 . (5.23)

The equilibrium equation divT = 0 gives

drm1 1

o = (T2 1) (5.24)

which on substituting the values of 711 and 792 becomes

d 1
% = {201 (A3 = A3) + 20002 (A3 = A2) + 205\ 3 H3 + 4Q6ASHS ) . (5.25)
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Boundary conditions on the lateral surfaces of the cylinder (r = a,b) are given by the

balance of traction (2.27) as
m=71—Pn at r=a, and 7111 =77 — FPour at r=20. (5.26)

Here, P, and P, are the mechanically applied internal and external pressures, respec-
tively, while 7§, obtains the value —uo(H3 + H3)/2 from Equation (2.50).

We note here that in the case of a tube of finite length, the magnetic boundary condi-
tions at the two ends of the tube are easily satisfied if the magnetic field is in azimuthal
direction. For an axial magnetic field, a detailed analysis for a tube of finite length has
been done by [Bustamante et al., 2007].

Since the independent parameters of the deformation process are A, \,, Hjo, and H;s,

we can write the energy function as
Q(F, Hy) = QA \., Hip, His). (5.27)
The scalar invariants can be then written in the form

L=X+X A0 L=X 2402402

z

Ky=Hj + HE, Ks=MNHjy+ N HE, Ke=MHE+ MNHE, (5.28)

using which we write

o0 ol ol 0K 0K

= Qo Oy + Qg 2
ox gy Ty T TR (5:29)
2
=3 (Q1 + QA2) (A2 = A7202) + 205 Hp, + 4Q6 N Hy, (5.30)
which gives R
dri1 A0Q
_ N0 31
dr r o\’ (5.31)

where use has been made of (5.25]).
We also mention the following useful relations for a finitely deformed tube, which are
derived in Appendix C and can be seen in, for example, [Haughton and Ogden, 1979b]

dA
r—

r

= A(1—\2\,), (5.32)

Ny A A2

ATPB2 (D20, —1) =X\, —1=R?2A2()\2\. — 1 = )

(5.33)

Here A\, = A|y—q and Ay = Al .
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On integrating Equation ((5.25)) using the boundary conditions (5.26]), we obtain
b
1
/ = {201 (A3 = A7) 4+ 2073 (A3 — A7) + 2Q5 A3 H3 + 4Q6ASH3 } dr
r
a
_ Ho 2 2
= P = Pout + 5 (H3|a — H3b) (5.34)
using which along with (5.21]);, we can evaluate the inner and outer radii (a, b) of the tube
after deformation for a given pressure difference and magnetic field. (The contributions

due to Hs in the above formula cancel out.) We now use the above calculated value of

the inner radius a to evaluate the value of 71 as a function of r by integrating Equation
B2 as
0
T = —% (H3 4+ H3) |o — P
T
1
+ / ~ {2 (A3 = AD) + 2073 (A3 — AD) + 2Q5 03 H3 +4Q6ASH3 }dr.  (5.35)
a
The above process can be equivalently repeated by using Equation ([5.31)) instead of
(5.25) depending on the requirements of the energy density function used.
In the following subsections we study the total pressure and the axial force gener-

ated in the tube due to static nonlinear axisymmetric deformations in the presence of an

underlying magnetic field.

5.2.1 Total internal pressure in the tube

We define the net total internal pressure Pr as the difference between the surface traction

per unit area on the inside and on the outside of the tube.

Pr = (Pln - 7'1*1|a) - (Pout - Tik1|b) (5.36)

= (P + 52083 + H3)a) — (Pou + 52 (13 + H) ) (5.37)
On integrating Equation (5.31]) using the boundary conditions ([5.26)), we get

b ~
0
Pr = %a—dr. (5.38)

which is slightly more general than the formula (127) given in [Dorfmann and Ogden,
2005]. We use Equation ([5.32) to change the variable of integration from r to A

A1 90
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On differentiating this with respect to A\, and using Equation (5.33))1, we get

AN, —1)0P 1 0 A 1 9 4
( X ) 8)5 = Yaag(/\y)\mHlZle?))‘/\:/\a - TbﬁQ(A’AZ’HZZ’HB)’)‘:)‘b' (5.40)

This is a generalization of the formula (15) obtained by [Haughton and Ogden, 1979b]

in the context of pure elasticity. It is evident from the above equation that a necessary

condition for the pressure turning points to exist is

0 (10 4
oY (A(?)\Q()\’ )\27H12,Hl3)) =0, for at least one X € (Ap, \g) - (5.41)

For rubber-like solids it is observed experimentally (at least for thin-walled tubes) that
as A increases, the internal pressure increases up to a maximum, then decreases until it
attains a minimum and then again increases monotonically until rupture. We can predict
a similar behaviour for the total pressure Pr if the above condition is satisfied. To show
this we use a generalization of the energy function used in [Haughton and Ogden, 1979b]

to the magnetoelastic context.

3
Q = QN ., Hyp, Hyg) = Z Br (A% + A2T + AT A9 — 3) + ¢KG, (5.42)

where the last term is K5 = (\2H} + A2H3). Here, u,’s are material constants with the
dimensions of stress, «,-’s are dimensionless constants while ¢ is a magnetoelastic coupling
parameter with ¢/uo being dimensionless. Following the terminology in [Haughton and
Ogden, 1979b], we call it a three-term magnetoelastic energy function.

The non-dimensionalized total internal pressure Pr = Py /u calculated for this energy
function is plotted in Figure for different values of the underlying magnetic field and
the following values of the energy function parameters (as used by [Haughton and Ogden,

1979b]):
ar =13, as=95, az3=-2, pu =149, uz = 0.003u,
p3 = —0.023p, p=2.6x10°N/m? q=po/2=2r x 1077 N/A%. (5.43)
The ratio of the internal radius to the external radius is taken as A/B = 0.6, while we

plot for two values of the axial stretch, viz. A, = 2 and A, = 0.7. The axial magnetic field

Hj has no effect on the internal pressure for this energy function due to the nature of the

expressions in (5.30]) and ([5.39)). A reference value Hj is taken for the azimuthal magnetic

field so that at a radius r, Hs is given by

HQ(?") = H()B/T‘. (5.44)
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Figure 5.1: Plot of the non-dimensionalized total internal pressure Pr against the stretch
A, for different values of an underlying azimuthal magnetic field for the three-term mag-
netoelastic energy function; A/B = 0.6. (a) A, = 2; (b) A\, = 0.7. (i) Hy = 0; (ii)
Hy=1x10° A/m; (iii) Hp = 2 x 10° A/m.

The plot starts from the value of A, that corresponds to zero internal mechanical pressure
and A, is then increased quasi-statically.

At the starting point when there is no internal pressure, an underlying magnetic field
tends to inflate the tube when A\, = 2, and it tends to deflate the tube when A\, = 0.7.
A larger underlying magnetic field creates higher total internal pressure while stretching
(increasing A,) the tube in the axial direction decreases Pr. The behaviour of a rubber-
like material is captured from the graphs since it is observed that as A, increases, the
internal pressure first rises, then falls and then increases monotonically. This agrees with
the results in [Haughton and Ogden, 1979b] for the purely elastic case.

We now analyze this problem for a different form of magnetoelastic material defined

by a Mooney—Rivlin magnetoelastic energy function given as

Q=2[1+7)1=3)+ (1 —7)(2 = 3)] + mK5, (5.45)

=

similar to the one defined in Equation (3.48) but with a different term corresponding to
energy of the magnetic field. Here p is the shear modulus of the material in the absence
of a magnetic field, v is a dimensionless parameter in the range —1 < v < 1, and m is

a magnetoelastic coupling constant such that m/pg is dimensionless. The total internal
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Figure 5.2: Plot of the non-dimensionalized total internal pressure Py against the stretch
Aq for different values of an underlying azimuthal magnetic field for a Mooney—Rivlin
magnetoelastic model; A/B = 0.6. (a) A\, = 2; (b) A\, =0.7. (i) Hp = 0; (ii) Hyp = 1 x 10°
A/m; (iii) Hp = 2 x 10° A/m.

pressure calculated using this energy function is plotted in Figure for different magnetic

fields and the following values of the material parameters:
p=26x10°N/m* =03, m=pu/2. (5.46)

The axial magnetic field Hs has no effect on the internal pressure for this energy
function and therefore we consider dependence only on Hs. For this function, unlike for
the previous one, the total internal pressure increases monotonically as a function of A,.
However, the effect of the magnetic field and the axial stretch is qualitatively the same as
before, i.e. a larger magnetic field tends to increase while a larger axial stretch tends to

decrease the total internal pressure.

5.2.2 Total axial load on the cylinder

The principal stress in the axial direction is given as

o0
T33 = >\387)\3 - D, (5.47)

which on using Equation (C.18) from Appendix C can be rewritten as

1 Q00 1d,,
733 — 5 (2)\za)\z — )\8)\> + 55 (7“ 7'11) . (548)
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This can also be expressed in terms of the scalar invariants defined in Equation (5.6

and their derivatives using Equation (C.19) as

T33 291(3)\§ — Il) + QQ(IQ - 3)\%/\%)

Q5 (2\HZ — MHZ) + 205 (20SHZ — ASHZ) + ;di‘i (r2r11). (5.49)

The total axial force on the cylinder is given as

2 b
N = //ngrdr do, (5.50)
0 a

which on using the value of 733 from Equation (5.48) can be rewritten as

b

o0 o0 1o
N = ﬂ/ (2)\2% - )\8)\> rdr + 7 (a*Pn — b*Poyy) — TH;% (v —a®),  (5.51)

which is similar to the formula (128) obtained by [Dorfmann and Ogden, 2005]. Using
Equation (5.32)), we can change the variable of integration in the first term from r to A to
get
T OGS,
N=71A%(A2), -1 / 2X.=— — A= | d\
4% (% ) (\2x, — 1)2 EI V)Y
Ap

7 (a* B — b Pou) — “52H3 (1” — a®). (5.52)

Alternatively, we can use Equation (5.49) to write the expression for 733 in terms of

the invariants and their derivatives
b
N=rx /[91(3A§ — L) + Qo(I> — 3AIN3) + Q5 (2\3HS — A\3H3)

+206 (203HF — NH3)Jr dr + 7 (a? P — b Pout) — 00 H} (1 —a?),  (5.59)

which on changing the variable of integration from r to A, gives

Aa
A
b ‘
+Q5 (2A3H; — A\3H3) + 2Q6 (20SH3 — A\SH3)] dX
7 (a* P — b Pou) — "5 H3 (1* = o). (5.54)

We now study the dependence of the axial load N on the underlying magnetic fields

Hy and Hs, the axial stretch ., and the inflation given by the stretch \,. The numerical
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Figure 5.3: Plot of the non-dimensionalized axial force N against the stretch A, for the
three-term magnetoelastic energy function. (a) A, = 2; (i) Ho = 0, (ii) Hyp = 5x 10°> A/m,
(iii) Hop = 1x10% A/m. (b) A, = 0.7; (i) Ho = 0, (ii) Hy = 2x 10% A/m, (iii) Hp = 5 x 10°
A/m.

calculations are done for the values A/B = 0.6, P, = 0.2u, and Py, = 0. We consider
a tube of finite length in the presence of azimuthal magnetic field and take two values of
axial stretch A\, = 0.7 and A\, = 2. In the presence of an axial magnetic field, we consider
a tube of infinite length and consider only an extensional axial stretch A\, = 2.

We plot the variation of the non-dimensionalized axial load N=N /e with A, for the
three-term magnetoelastic energy function in Figure Increasing the radius of the tube,
keeping A, fixed, causes an increase in the axial load N. In the absence of magnetic field,
as expected, there is a positive (extensional) N for A\, > 1 and a negative (compressional)
N for A, < 1. An underlying magnetic field tends to create a compressional loading in the
axial direction and hence reduces N.

Results for the Mooney—Rivlin type magnetoelastic energy function are plotted in
Figure Similar to the previous case, N increases with an increase in Aq keeping A,
constant. However, there exists a value of A\, (say A°) depending on A, such that when
Aq < A, an underlying magnetic field decreases N while it increases N for A, > A°.

An underlying magnetic field in the axial direction tends to cause an extensional loading
and hence a higher magnetic field increases N. Similar behaviour is observed for both the

kinds of materials as shown in Figure [5.5



Chapter 5. Finite Deformation and Axisymmetric Motions of a Cylindrical Tube 76

35 570
30 (i) 1 60f (i)
% ‘ 0F -~ — - (i)
20 40 | (111)
15 30}
10 20}
5 10}
0 0
% 1 2 3 4 s ¢ 1 2 3 4 5
Aa Aa
(a) (b)

Figure 5.4: Plot of the non-dimensionalized axial force N against the stretch A, for the
Mooney—Rivlin type magnetoelastic material. (a) A, = 2; (b) A\, = 0.7. (i) Hp = 0, (ii)
Ho =5 x 10° A/m, (iii) Hy =1 x 105 A/m.
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Figure 5.5: Plot of the non-dimensionalized axial force N against the stretch A, in the
presence of an axial magnetic field Hs (in A/m). A\, = 2. (a) Three-term magnetoelastic
material; (i) Hs = 0, (ii) H3 = 1 x 10° A/m, (iii) H3 = 2 x 10° A/m. (b) Mooney-Rivlin
type magnetoelastic material; (i) Hs = 0, (ii) Hs =5 x 10° A/m, (iii) H3 = 7 x 10°> A/m.
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5.3 Incremental motions

We now consider time-dependent increments in the displacement and the magnetic field on
top of the underlying finite deformation. Consider a small increment u in the deformation
such that u = {u1,us,us}. The constraint of incompressibility requires u to satisfy the
condition divu = 0. We consider only axisymmetric motions so that there is no depen-
dence on 6 and the components of the displacement gradient and the increment in the

deformation gradient are given in matrix form by

u171 —U,Q/T ’U,Lg
L] = [gradu] = | wp1 wi/r w2z |- (5.55)

u31 0 u33

A I\ ug gy —dug/r Mg
[F] = [Grad u] = [LF] = | A"\Tlugy  Aw/r Asuss | (5.56)
A I tug 0 Azu33
where here and henceforth we use the subscript i followed by a comma to denote a deriva-
tive with respect to the ith coordinate, i € {1, 3}.
In vacuum, the governing equations can be written in component form as

Tk

i)+ % +Hj5 =0, (5.57)
H;g— Hiy =0, (5.58)
H;4=0, (5.59)

3, + Ii? =0, (5.60)

while the incremental incompressibility constraint (divu = 0) is given as
u
ui,1 + 71 +usz3 =0. (5.61)

Boundary conditions on the curved faces (n = e; for outer surface and n = —e; for

inner surface) of the cylindrical tube are Hy = Hj, H3 = Hj, and given by equations
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7 , and as

Tou 1 1Lt + 19 L12 + {5113

Torz ¢ =19 71 ¢ = 7Ll +7plie+75lis (o (5.62)

Tois 731 751 L11 + Tag Lo + 13313
By — B + BiL1o + BiL13 = 0, (5.63)
Hypo — H3 — HyLoy — HyLsy = 0, (5.64)
Hiy3 — Hj — HyLoz — HsLsz = 0. (5.65)

In the case of a tube of finite length L (and in the absence of H3), boundary conditions

at the ends (2 = 0, \;L and n = +e3) for the incremental magnetic fields are given as

Hypy — Hf — Hyug1 = 0, (5.66)
Hypy — H3 — Hyuy /1 = 0, (5.67)
Bys — B = 0. (5.68)

Boundary conditions for increments in the deformation and traction at the ends of the
cylinder are given later in the sections that follow. We now consider the two cases of the

underlying magnetic field being in the axial and in the azimuthal directions separately.

5.4 Axial magnetic field: H = (0,0, H3)

In this first case, we consider an infinite tube with a uniform initial magnetic field in the
axial direction. From the boundary condition (2.14))3, we note that Hs = Hj at the lateral

surfaces r = a,b. The Maxwell stress and its increment are given in component form by

-1 0 0 -B; 0 B

[7*] = B 0 -1 0 [+] _ B 0 -B: B: (5.69)
210 ’ o _ o
0 0 1 Br By B

In the presence of an axial magnetic field, the non-zero components of the magnetoe-
lastic tensors are Aojiii, Aoiijj» Aoijijs Aoijjis Coiifs» Coisir Koii for 4,7 € {1,2,3} and i # j.
Expanding the incremental governing equations (2.43))1, (5.17)), and ([5.18]) in component

form, we obtain

Hipp3 =0, Hio1+ - = 0, (5.70)

)

Hyo1 3 — Hypz =0, (5.71)
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1 .
- {r (COlgu(ul,g +ug1) + K011Hzo1)} .

+ <C011\3U1,1 + Coazjsu1 /1 + Cozzj3us,s + Kosgffzos) ,=0 (5.72)
1 .
- {7“ ((A01111 + p)ui 1 + Aorizeur /7 + Aorizzus 3 + C011\3Hlo3> } )
1 .
- <A01122u1,1 + (Aog2222 + p)ur /1 + Ap2a33us s + Coz2|3H103>

+ <A03131U1,3 + (Aosz113 + p)us + Co13|1f.f101) , P1 = pui, (5.73)

S|

} — Ao2121u2/7 + (Aog1221 + P)uz,l]

r/Ja

{{T <A01212u2,1 — (Aopi221 +p) u2)
I

{A03232U2,3 + Co32\2ﬂ102} g = Put; (5.74)

1 .
- {7“ (A01313U3,1 + (Aoizz1 + p)uiz + COI3|1Hl01)} )

+ {A01133U1,1 + Ag2233ur /7 + (Aossss + p)us 3 + Cos3|3H103} 5 p3=pusy. (5.75)

If we consider the purely elastic case (neglecting HlO and C) and only quasi-static
bifurcations (no dependence on time), then the equations and reduce to
equations (47) and (48) of [Haughton and Ogden, 1979b] after taking into account the
differences in notation. We can eliminate p from equations (5.73)) and (5.75)) to get

1

. 1
- {r (Ao1313u3,1 + (Aoizs1 + p)ui sz + 6013|1H101)} 4 + 3 {r (Ao1313u3 .1

. 1
+(Ao1331 + p)uiz + C013|1Hl01)} . + . {r ((Ao1111 + p)ur,1 + Aorizour /7

)

+Aor13zus,3 + 6011\3Hl03>} 5 (Ao113zu1,1 + Ao2zzzur /7 + (Aossss +p)us s

JrCozf,:’)\:ﬂifl03> 3 + {«403131U1,3 + (Aoizs1 +p) usq + C031|1Hzo1} 4

1 U .
- {A01122u1,1 + (Ao2222 + p) 71 + Ap2233u3 3 + 6022|3H103} y p(u13 —uz1)s (5.76)

It can be seen from the equations above that uo and Hloz are coupled with each other
and are independent of uq,us, Hlm, and Hlog which are related to each other. We now

consider both these cases separately.

5.4.1 Displacement in the (r,z) plane

We now work only with the equations that have incremental motion in the radial and the

axial directions. Considering that the magnetoelastic moduli tensors are uniform along
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the z direction, we can rewrite Equation (5.76) as
Aruyz + Agug i3 + Azui 113 + Agus + Asus i + Agusz i1 + A7ug sz + Agusz 3z
Aguy 333 + A1oHior + A Hior 1 + Ao Hyor11 + Az Hyos 3 + AraHios 13
—A1aHyo133 = p (1,3 — us,1) 4y
where
1 1
Ay = —(Aozz1 +p) 11 + ;(A01122 — Aop2233 — Aoi3z1 — p) 1 + 72(«401331 + Ao2233
1
—Aop2222), A2 = (Ao1111 — 2401331 — Ao1133 —p) 1 + ;(«401111 — Aoi331 — Ao2233),

Ao1z13,1 | Aoi3zis
+—3
.

A3z = Ao1111 — Ao1313 — Ao1133, Az = —Ao1313,11 —

)

Ao1313
As = T 2A01313,1,  As = —Ao1313, A7 = Ao1133 — Ao3333 + Aoi331,

Ao1133 — Ao2233
Ag = (Ao1133 — Aoszzz —p) 1 + " , Ag = Apzi31,
~ Coisp Corgnn Coi3)1

72

Ajg —Cozjia1,  An=-— —2Co13p,1, A2 = —Coigji

Co11j3 — Co223
Az = (COH|3 — 6033|3)’1 + %7 Ay = COll|3 - CO33|3'
Equation (5.72)) gives

Coizn Coizj1 + Cozz|3
<60131,1 + . | > ug,1 + <60131,1 + ||> u1,3 + (6013|1 + Con|3) 1,13

r

Ko11

+Co1311u3,11 + Co333u3,33 + (KOH,I + r> Hior + Kor1 Hior 1 + Koss Hios 3 = 0,

while from the boundary conditions ((5.62)—(5.65)), we get

U1 . .
Aoti11ur1 + «4011227 + Ao1133us,3 + Cor13Hios — P+ pua
poH3
2

poH3

= —poH3Hj; +

Ui,

Aoizizus,; + Aoizziuiz + C013\1H.101 +puy 3 = poHs Hy — U3,
— Corgpr (w13 +us1) — Kot Hior — poH7 + poHzu s = 0,
Hyoz — Hauz 3 — Hi =0,

atr=aand r =0b.

(5.77)

(5.78)

(5.79)

(5.80)

(5.81)
(5.82)

(5.83)

We differentiate Equation ([5.80]) with respect to z and replace p 3 using Equation ({5.75])

to get

Eruy 3 + oty 13 + Exusy + Equz sz + Agus i + EsHior + A1aHior 1 + Aoz 3

+uoH3H3 5 + pug i = 0,

(5.84)
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where

1
€1 = (Aonzz — Aozs1 — Aozzss — p) — (Aowsst +p) 1,

2
oH. Ao1313
& = Aor111 — Aoizz1 — Aor1ss — K 5 3. &G=-— <«401313 1+ " > ;

C
€4 = Ao11zs — Aozszss —p, & =— <Co13|1,1 + 0;31> : (5.85)

Since u; and wug satisfy Equation (5.61)), Hyo1 and Hyps satisfy Equation (5.71), and
Hi‘ and H?f satisfy Equation (5.58)), we can define the potentials ¢(r, z,t), ¥ (r, z,t), and
¥*(r, z,t) such that

Uy = @, uz = _f’l, I’.IZOI =1, HZOS =13, Hf = w,*h H§ = 1/’,*3' (5.86)

r

Substituting the potentials and their derivatives in the governing equations, we get

A Ag A A Asg A A
¢1( - 2%+6 >+¢11< =y j—G >+¢,111<—5+326>
r r 2 r r

A A A A A A A
—¢1111+¢33( ! 22+2§>+¢,133<2_223_8 27)
r r T T r
A3 A7 Ay
+.1133 T + 7¢,3333 + Ao + A + A 111 + A1z 33

+ (A —A2) Y33 =p <¢33 o _ i;) ,  (5.87)
tt

r

Coizpi Coiap Cozjii | Cosp\  Coisp
¢,1( r2|’ - T3>+¢,11<— T" + I) |<1>111

r2
+ <60131,1 + COZ2|3 - COll|3> 33 ¢,13

3
(Cors1 + Cor1j3 — Cossjs)

r r2
Kot
<K011 1+ ) Y1+ Kot + Koszh sz = 0, (5.88)
for a <r < band
* 1 * *
Yo+ ;1/1,1 + 133 =0, (5.89)

for r < a and r > b.

The boundary conditions become

A A A + H2 .
(;}2313 o1 — 01313¢ 11+ ¢33 ( 013:;1 Py M(;T 2 > + Coz1¥1 — poHsyy =0, (5.90)
Co13)1 Co13 1 Co13j1 — HoH3 .
r2| b1 — | o1+ <|r> ¢33 + Kor1 + po; =0, (5.91)
Y3 — Y5 =0, (5.92)
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b1 <€§ - 2A§> + o1 <_§3 + 2A§> + <—§§ + 61) b33+ d133 <€2 — 54)
T T T T r r

r

A *
~20m + G + Avbn + At + poHat s — Do =0, (5.93)

atr=aand r =0b.

Wave propagation solutions

For the above partial differential equations, by separation of variables we consider wave

type solutions of the form

¢ = F(r)exp (tkz —iwt), a<r <b, (5.94)
Y =G(r)exp (ikz —iwt), a<r<b, (5.95)
* = Mi(r)exp (ikz —iwt), 71 <a, (5.96)
W* = Ma(r)exp (ikz —iwt), 1> b, (5.97)

which convert the equations to a system of coupled ODEs as follows

A A A Ay — A A; —2A
+{4_25+66_k2<2 s A 3>_pw}F,

7r2 73 rd r 72 r

A A A As— A 2 A A
+{_4—225—6 36_k2 3 7+Pw }F/I+<326— 5>F///

r r r r r r r

A
_—6FN” — kQAlgG + {AIO + k‘2 (A12 — A14)} ey + AHG” + A12G”/ = O, (598)

r
kz ( 013]1,1 0223 011|3) F ( 013|1,1 013|1> )2l

r 72 r r2
Coisp Coizjig K2 Co13)1
+ {— r3| + TQ‘ - (Corzj1 + Coraps — C033|3)} F'— T‘F"' — k*Kos3G

K
+ <K011,1 + (;11> G+ KonnG”" =0, (5.99)

for a < r < b, and

1 1
MY+ M~ KMy =0, r<a, M+ Mj~kM=0 r>b (5.100)

Here and henceforth, a prime denotes a derivative with respect to r. The boundary

conditions reduce to

g2 ((Aossi+p L poH3 P Aotz oy Aotsis
a 2a a? a

+Co131G" — poHz M = 0, (5.101)
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k2 C C
01§|1F, ~ Lo

—E (6013” - MOHg) F + F// + KOllG/ + /J,(]M{ == 0, (5102)

H
G+ 73F’ — M; =0, (5.103)

& € § Ag K LA
w (S r{S - De-a+ 2 r

A A
+ ( & 4 2a§) F'— Z0F" _ k2 A14G + &G + ApG' — K ugHsM, =0, (5.104)

a a

at r = a and

g2 («401331 P, M0H32) p o Aosis gy Aowsis gy

b 2 b2 b
+Co131G" — poH3z M = 0, (5.105)
2 C C
—5 (Con = moHs) F + =3 F - 023'1F "+ Ko G’ + poMj = 0, (5.106)
H
G+ %F’ — M, =0, (5.107)
ol & & & ﬁ_kj B pc?k? ,

A A
+ (—gb?’ + 2526> F" — TﬁF’” — k?AuG + &G + A1aG” — K ugH3sMy =0, (5.108)

at r = 0.

Let the governing equations (5.98) and (5.99)) be written in the form

PLF + poF' + p3F" 4 paF" + psF"" + p6G + prG' + psG” + poG" = 0, (5.109)

O F + @F + @F" + @F" 4+ ¢sG + ¢6G" + ¢:G" = 0, (5.110)
where p;’s and ¢;’s are the coeflicients in and , and let
n=F wyp=F, p=F' w=F" y=G y=G, y=G", (5111)
then the above equations can be written as a system of first order ODEs of the form

Iy =g. (5.112)
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Here II,y’, and g are matrices of size 7 x 7, 7 x 1 and 7 x 1, respectively, and are given by

- 1 ( )

10 0 0 0 0 O Y1
01 0 0 0 0 O yh
00 1 0 0 0 O s
=100 0 0 1 0 0|, ¥=94v ¢> (5.113)
00 0 0 0 1 0 s
00 0 ps 0 0 pg Ys
10 0 g« 0 0 g7 O | vy
Y2
Y3
Y4
g= Y6 : (5.114)
Y7
—P1Y1 — P2Y2 — P3Y3 — PAY4 — PeYs — P7Ye — P8Y7
—q1Y1 — qQ2Y2 — 43Y3 — 45Y5 — 46Ye

Here we have eight boundary conditions but have to solve for nine variables, viz.
Y1, .-, Y7, M1, and Ms. Hence we have infinitely many solutions to this problem and a
unique solution is only possible when Hs = 0. Vanishing of the underlying magnetic field
would cause the increments in magnetic field to be identically zero (G = M; = M = 0)
and only the increments in mechanical displacement F' remain. Such purely elastic waves
have already been studied in papers, such as those by, [Vaughan, 1979] and [Haughton,
1984].

5.4.2 Displacement in the azimuthal direction

Now considering the set of equations that contain only us and H, 102, the governing equations

(5.70) and (5.74) are written in component form as

Aoi2121 — 71,1 Ao2i21 Api212
- ( 77“ — + 2 ug + | Ao1212,1 + ., ug,1 + Agi212u2,11

+Apsesaus 3z = puzy,  (5.115)

Hygp3 =0, Hygoy+ - 0, (5.116)
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in a < r < b, along with (5.59)) and (5.60) in vacuum. The boundary conditions (/5.62))

and (5.64)) give

=0, (5.117)

poH3 \ ug
2 T

Api212u21 — <A01221 +p—
Hypp — HI =0, (5.118)

at r=aand r =b.

Due to 1, the governing equations for us and Hloz are decoupled. So, equation
is of the form what one would normally obtain for a purely mechanical problem
except that the coefficients still depend on Hj3. The governing equations for Hjps and Hé‘
can be integrated analytically to give Hlog =c/rina<r<b, H; =cy/r inr < a, and
H;‘ = c3/r inr > b. The boundary conditions at r = a, b require that ¢; = c5 = c3.

For the mechanical displacement, if we consider propagating wave type solution of the
form

up = F(r)exp (ikz — iwt) , (5.119)

the governing equations and boundary conditions are transformed to

—Aoi212,1 + 1111 Ao2121
r 72

A
— — k* Aozaze + Pw2> F+ <«401212,1 + 0i212> F

+Ag1212F" =0, (5.120)

for a < r < b, and

=0, (5.121)

H?\ F
Ap1212F" — <A01212 —T11 — N02 3> .

at r =a,b.

The above set of equations can be non-dimensionalized by defining

2 - - F
P o _F0)

C_E7 A’

I
\
™
|
e
o
=
|

and are rewritten as

L (3, - A A A (0 A\ B
{ (7'{1 - A61212> — 22 Asas + C} F+ <A61212 + 0;212) -

Ph? 7252

Aoi212
k2

F" =0, (5.123)

for 4 < # < b, and

=0, (5.124)

poHZ\ F
20 7

. . ) R
Ap1212F" — <«401212 —T11 —
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Figure 5.6: Plot of the non-dimensionalized squared wave speed ( against the non-
dimensionalized wave number k for the first three modes of wave propagation for \, =

1.5, P = 0.2, H3 = 1 x 10° A/m.

The above equations are converted to a system of two first order ODEs and solved
numerically using the algorithm described in Section Variation of wave speed with
various deformation parameters is illustrated in the following plots.

We observe existence of more than one mode of wave propagation due to presence of
a finite length scale (B — A) in the problem. These are illustrated in Figure for the
Mooney—Rivlin type magnetoelastic material of Equation and the following material

and deformation parameters

p=26x10°N/m? ~=03, m=p, A/B=0.6,

A\ =15 Pn,=02u Hz=1x10"A/m. (5.125)

Dispersion relations for different magnetic fields are plotted in Figure and it is
observed that a large magnetic field tends to increase the speed of wave propagation. In
general, the wave speed decreases with an increasing wave number. Figure [5.8|illustrates
the variation of wave speed with the underlying axial stretch for the deformation param-

eters in Equation ([5.125]) and k=1. Stretching the tube in the axial direction causes an
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Figure 5.7: Plot of the non-dimensionalized squared wave speed ( against the non-

dimensionalized wave number k for an underlying magnetic field in axial direction.

(i) H3 =0, (ii) Hy =1 x 10> A/m, (iii) H3 = 2 x 10° A/m.

increase in the speed of wave propagation.

In Figure [5.9] we consider the effect of the magnetoelastic coupling parameter m
through the underlying magnetic field on the wave speed. Wave speed increases with
an increase in H3 and is also higher for a material with a larger value of m. As Hj tends
to zero, the problem tends to a purely elastic case and m has no effect on . Hence the

three curves in Figure [5.9| converge in that region.

5.5 Azimuthal magnetic field: H = (0, H>,0)

We now consider an initial magnetic field in the azimuthal direction. Such a field can be
generated by a long current carrying wire placed on the axis of the hollow tube so that
Hj has dependence only on r. From the boundary condition (2.14)3, we have Hy = Hj at
the lateral surfaces r = a,r = b. We shall consider the tube to be of infinite length for the
current problem.

For this specialization, the Maxwell stress and its increment are given in the component
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Figure 5.8: Variation of wave speed with axial stretch for P, = 0.2y, H3 =1 X 10° A/m.
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Figure 5.9: Variation of wave speed with the underlying magnetic field for different values

of the magnetoelastic coupling parameter m and A\, = 1.5, P, = 0.2u. Hj is in 10° A/m,

(i) m = pop/2, (ii) m = po, (iil) m = 2up.



Chapter 5. Finite Deformation and Axisymmetric Motions of a Cylindrical Tube 89

form by
-10 0 -B; By 0
. B2 .w B3 . . .
0 0 -1 0 B} —Bj

To work with the governing equations and in the presence of an azimuthal
magnetic field, the non-zero components of the magnetoelastic tensors are Ag;iii, Aoiij;,
Aoijijs Aoijjir Coiif2s Coizlis Koii for 4,5 € {1,2,3} and i # j. Explicit formulas for these
components for the generalized Mooney—Rivlin magnetoelastic material given by Equation

(5.45)) are given below as

Aot = 2203 {1 + (A3 + 23}, (5.127)

Apazzo = 203 {0 + (A\] + A3)Q + A3 H3Q5 ), (5.128)

Aozzss = 2)\3 {0 + (N2 + )\%)92} , (5.129)

Apii2 = 4NN, Apiiss = 4AIA3Q,  Apass = 4A3M300, (5.130)
Aoi21z = 207 (1 + A3Q2) , Aozizr = 2A3 (1 + A5Q2) + 203 H3Qs, (5.131)
Aoiziz = 247 (1 + A52),  Aoziz = 273 (2 + A\{ ), (5.132)
Ao2323 = 2)\% (Ql + )\%92) + 2)\§H2295, Aosz2z2 = 2)\% (Ql + )\%Qz) > (5.133)
Aorazr = —201A3Q,  Agizzi = —2A1A5Q,  Agasze = —2A3A30, (5.134)
Cor1)2 = 0="Cozzj2, Coop2 = ANFH5Q5 = 2Co121 = 2Cp32)3; (5.135)

Koi1 = 207 2Q4 + 205, Kooz = 205204 + 205, Kosz = 223204 + 2Q5. (5.136)

Expanding the incremental governing equations (2.43))1, (5.17)), and (5.18) in compo-

nent form, we obtain

Hygo3 =0, Hypzy+ % =0, (5.137)
Hio1 3 — Hip31 = 0, (5.138)

1 U . .
- [7” {6012|1 <U2,1 - 72) + K011H101}] T <0032|3U2,3 + K033Hl03> s = 0, (5.139)

)

S |-

U .
[{7‘ ((«401111 +plui + u40112271 + Ao1133u3,3 + 6011|2H102)} )

(51 .
- {(«402222 + p)7 + Aori2eu 1 + Ao223suss + C022\2Hl02}]

+ {Aogiz1u1,3 + (Aoisst +p)usa}t 3 — P = puru, (5.140)
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S

U .
[{7’ (A01212U2,1 — (Ao1221 +p)72 + Co12|1H101>} .t (Ao1221 + p) u21

u . N
—AO212172 + C012\1H101} + («403232162,3 + 0032\3H103> - pU2 i, (5.141)

(A01133U1,1 + A02233% + (Aosssz + p)uss + C033\2ﬁ102> 5

) ;

r

in the material along with the equations f in vacuum and the constraint of
incompressibility . We can eliminate p from equations and and use

(5.137))1 to get

Aruy 3 + Aguy iz + Azug 113 + Agusy + Asus i + Agus i1

[r{Aois13us,1 + (Aoisst + p)wast] | — D3 = pus,u, (5.142)

+A7us3,133 + Aguz 3z + Aguizss = p(uiz —us1) e, (5.143)

where we have assumed that the magnetoelastic moduli tensors are uniform along the axial
z direction and Ay, ..., Ag are defined in .

From the above governing equations, we observe that u2,fIlOl, and .Hl()g are related
to each other and independent of ui,us, and Hloz. Hence we analyze these two cases

separately.

5.5.1 Displacement in the azimuthal direction

We now consider the set of equations with u2,ﬁ101,f[103,f[f, and Hg" Since Hl(n and
Hios satisfy Equation (5.138)) while H 1 and H 3 satisfy Equation ([5.58)), we can define the
potential functions ¢ and ¢* that satisfy equations ([5.86))34,56. On substituting them in

to the governing equations ([5.139)) and (5.141)), we obtain

Us Ko11
Co12/1,1 <u2,1 — 7) + Cor2j1u2,11 + Cozj3u2,33 + (r + Kot1,1 ) .1

+Ko119,11 + Koss 33 = 0, (5.144)

Ag2121 (Ao1221 +p) 4 Ao1212
- < 2 + , = uz + Y + Ao1212,1 | u2,1 + Ao1212u2,11

Co12)1
T

+Ao3232u2,33 + (2 + Co121,1> Y1+ Corgnh11 + Cozaj3¥ 33 = puzse,  (5.145)

for a < r < b along with Equation (5.57)) in vacuum. Boundary conditions are given by

the equations (5.62))—(5.65) as

H2\ u *
- <A01221 +p+ /1«02 2 > 72 -+ A01212U2,1 + 0012|1w,1 — poH, w71 =0, (5.146)
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u9 %
(Cora)1 — poHa) gl Corgnuz,1 — Kouthn — popy =0, (5.147)
Y3 — 3 — Haugz = 0, (5.148)

atr=aand r =0b.

5.5.2 Wave propagation solutions

Using separation of variables we assume solutions of the form

ug = F(r)exp (ikz —iwt) for a<r<b, (5.149)

= G(r)exp (ikz —iwt) for a <r <b, (5.150)

* = Mi(r)exp (ikz — iwt) for r <a, (5.151)

* = Ms(r)exp (ikz —iwt) for r >0b, (5.152)

with i = v/—1, k being the wave number, and w being the frequency.
On substituting these solutions in the governing equations we obtain
Co12/1,1
- (T| + k26032|3) F + Corop 1 F' + Coron F” — k*KossG
K
+ (K011,1 + (;’11) G+ Ko1G" =0, (5.153)

k272 k2r k2

1 1 Coi2i Coizia
+ﬁA01212F” — Cos2sG + 15 (2 o+ kg‘

A Ao1221 +p 1L (A
<_ o ! 1 _ Aoz232 + Pvz> e < 071’212 * Ao1212,1> d

) G/ + C012‘1G” - 0, (5154)

for a < r < b, and

/ /

M M.
M + 71 —k*M; =0 for r <a, MY+ 72 —k’My=0 for r>b, (5.155)

where we have taken a prime to denote a derivative with respect to r and v = w/k is the

wave speed. The boundary conditions are

A NOI_IQ2 F / / gl
= (Ao Fp+ == )+ Aor212F" + Co19nG" — poHy M™ = 0, (5.156)
F / ! !
(Coraj1 — poHy) P Corzn ' — KonnG" — poM" = 0, (5.157)
G — HoF — M, =0, (5.158)
at r = a, and
H2\ F .
- <A01221 +p+ ,u02 2> - + Aor212F" + Co1op G' — poH; M' = 0, (5.159)
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F
(Coraj1 — roHy) P Coropn F' — KonnG' — poM' = 0, (5.160)
G — HyF — My =0, (5.161)
at r =b.
To obtain numerical solutions, we non-dimensionalize the above governing equations

and boundary conditions. For this purpose we define Hy, = Hs|,—, and define the following

non-dimensional quantities (with a superposed hat) in addition to those in ([5.122))

, C . Ko G e M(r)
C= K=—, G = , M) = ,
HQGLMO Ho ( ) HQaA ( HQaA
~ “ Ml(T) ~ R MQ(’I“)
M = = —"——. 162
() = g V() = (5.162)
On non-dimensionalization, the governing equations become
C(l)12\1 29
_ - + k 0032|3 F+C()12|1F +6012|1F - ]{7 K033G
R :
+ | Kby + —— | @+ KonG" =0, (5.163)

272 27 k2

./Zl A, + . N 1 A i
_ ( 02121, Mowan TP + Aosz2z2 — C) F+ — ( 0i212 +~A01212> F

A . HZ | -9s 4 C e

+ (;%12212 F'"+ % {—k200323G + ( et +00121> G’ +00121G"} =0, (5.164)
"

fora<r< b and

M M}
M{'+71—k2M1:0 for? < a, M§’+7—k2 5 =0 forr>b (5.165)

where a prime now denotes a derivative with respect to 7. The boundary conditions are

. . H2\ F R R N
- <A01221 +p+ u;;ﬁ) + Agrara P + e (C012\1G/ — M{) =0, (5.166)
5 F 5 al y At or/
(6012|1 - 1) T Coron " — KonnG" — My = 0, (5.167)
G—F—M =0, (5.168)

. H2\ F A A H
<A 01221 + D + 'UOMQ) + Ao1212F" ¢ (Co12|1G/ H; Mz) =0, (5.169)

Hy\ F
<C0121 - H;) = = Corap ' — Ko &' — M5 = 0, (5.170)
a
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~ Hy - ~
G- =2F—My,=0, (5.171)
2a

at 7 = b.

Equations are modified Bessel’s equations and the solution not diverging at
#=0and 7 = oo are M; = e5J0(if/l%), My = 66J0(if/l%), where Jj is the Bessel’s function
of first kind and order zero, and e5 and eg are scaling parameters. To obtain a numerical
solution of the system of coupled ODESs, we convert them into a system of first order ODEs
by defining

yp=F p=F, p3=G u=G" (5.172)

Let the ODEs be then given by
PLY1 + P2y2 + P3Ys + Pay3 + Dsya + peyy = 0, (5.173)
QY1 + QY2 + q3Y5 + qays + ¢sYa + geyy = 0, (5.174)

where p;s and ¢;s (i = 1,...,6) correspond to the coefficients in the equations (5.163) and
(5.164)) respectively.

Hence, we obtain the following system of first order ODEs
Iy =g, (5.175)

to be solved for & < # < b where the matrices I, y’, and g are given by

\

1 0 0 0 )
00 1 0 !
= Cy=y b (5.176)
0 p3 0 pg Ys
0 g 0 g s
Y2
g = v . (5.177)

—P1Y1 — P2Y2 — P4Y3 — P5Y4

—q1Y1 — q2Y2 — q4Y3 — 45Y4

Given the internal pressure, the underlying magnetic field, and the axial stretch, we
first evaluate a using Equation and then consider the initial value problem defined
by

yi(a) =i, 1=1,....4 (5.178)

for each of kK = 1,...,4, d;; being the Kronecker delta. Subject to these initial conditions,

we solve the differential equation described by Equation (5.175)) using the ‘ode15s’ solver
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in MATLAB. The four solutions thus generated are denoted by y* (k = 1,...,4) and a
general solution to the problem is expressed as

4
y = Z ekyk, Ml = 65J0(if’/]27), Mg = €6J0<if/i€>, (5.179)
k=1

where e; (k = 1,...,6) are constants. For the solutions to exist, there should be a set of
non-trivial constants {ek}2:1 such that the general solution ((5.179)) satisfies the following

boundary conditions.

: A H? X HZ /. .
— <A01221 +p+ M;/ﬁ) % + Ao1212y2 + ,uolu 2 <6012\1y4 - Mi) =0, (5.180)
(6012|1 - 1) % - 6012|1Z/2 - R0113/4 - M{ =0, (5.181)
ys —y1 — My =0, (5.182)

A  ugH2 A H2 [, Hy -
- <-A01221 +p+ ,u02> 1 Agiorays + 020 <C0121y4 - 2M§> =0, (5.183)
2 )T 7 Ha,

5 Hy Ny 4 - ~
<00121 - H2> 7 Co12/192 — Ko11ya — M; =0, (5.184)
a

H, N
— My, =0 5.185
H2ay1 2 s ( )

Ys —
at 7 = b.
This yields a 6 x 6 determinant of the coefficients of e, vanishing of which gives

the relationship between ¢ and other parameters. This solution process is similar to the

numerical routine described by [Haughton and Ogden, 1979b].

5.5.3 Numerical results

We solve the above equations numerically for the Mooney—-Rivlin type magnetoelastic
material defined in Equation . Internal and external radii of the tube are taken to
have the ratio A/B = 0.6, the external pressure is taken to be zero while the material
parameters are taken to have the values as in . Multiple modes of wave propagation
are obtained as in Section and we plot only the first modes here.

Dispersion curves are plotted in Figure for different values of the underlying
magnetic fields, P, = 0.2u, A, = 1.5. Here Hy is the reference value of the magnetic field
as defined in Equation . It is observed that the non-dimensionalized wave speed (
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Figure 5.10: Variation of ¢ with k for Py, = 0.2u, A, = 1.5, A/B = 0.6, (i) Hy = 0; (ii)
Hp=1x10° A/m; (iii) Hy =2 x 10° A/m.

1 1.2 1.4 1.6 18 2
Az

Figure 5.11: Variation of ¢ with A, for Py, = 0.2, k = 1, Hy = 1x10° A/m, (i) A/B = 0.6;
(i) A/B = 0.8.
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Figure 5.12: Dependence of ¢ on the underlying magnetic field Hy (in A/m) for different
values of the magnetoelastic coupling parameter m. Here, A\, = 1.5, P, = 0.2,u,l;: =1, (i)

m = 0.5u0, (i) m = po, (iii) m = 2uo.

decreases with an increasing non-dimensionalized wave number k. An underlying magnetic
field may increase or decrease ¢ depending on k and other parameters.

Influence of the tube thickness (A/B) and the underlying axial stretch A, on the wave
speed is illustrated in Figure As )\, is reduced, the wave speed decreases eventually
becoming zero which corresponds to an onset of buckling/instability in the tube. The
nearly linear variation of ( with A, is similar to what is shown by [Haughton, 1984] for the
problem with purely elastic waves. Tube with thinner walls (A/B = 0.8) has waves with
a higher speed than a tube with thicker walls (A/B = 0.6).

We plot the variation of ¢ with the magnetic field for different values of the magne-
toelastic coupling parameter m in Figure The wave speed ( first decreases up to a
minimum and then increases with an increasing magnetic field. A small m increases ( for

small magnetic fields while it decreases ( for large magnetic fields.

5.5.4 Displacement in the (r,z) plane

We now consider the incremental displacements in the radial and axial directions and

hence deal with the equations involving u1, us, and HZOQ. Since uy and ug satisfy Equation
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(5.61)), we can define a potential ¢ that satisfy equations (5.86)1 2 and substitute in the
governing equation (5.143)) to get

A A A A A Ag A A
¢1<4—25+6 6)+¢,11 (—4-1-25—6 >+¢,111 (—5—1—36)

r2

A A A Ay — A A7 —2A
—¢1111+¢33< - 2-1'2 3)+¢,133< 2r e 2 3)

r

As— Ay A n
b 1133 ——" + *9<l5 3333 = P <¢H¢33 - gb;) . (5.186)
r r 2 )

Equations (5.137)) govern Hypo while H2 satisfies equations and - The
boundary conditions ((5.62)—(5.65) give

OH*Z uy
<A01111 +p— a 5 2 ) ui,1 + «4011227 + Ao1133u3,3

+Co11|2ﬁ102 + poHa Hy — p =0, (5.187)
H2
<A01331 +p— M022) u1,3 + Aigziuz, =0, (5.188)
. Ul .
Hyps — Hy— — Hy =0, (5.189)
T

at r = a and r = b. We differentiate Equation ([5.187) with respect to z and substitute p 3
from Equation (5.142)) to get

1
u1,3 (T (Aor122 — Ao2233 — Ao1331 — p) — (Aoi3al +p),1> — Ao1313u3,11

Ao1313 oH3?
—us31 ( , + Aoiz13,1 | + w113 | Aotiir — Aor13z — Aoizst — K 5 2

+ (Ao1133 — Ao3333 — p) uz,33 + pug s = 0. (5.190)

Using the definition of ¢ from Equation (5.86))1 2 in the above boundary conditions, we

get
b1 <A01313 A013131) +on («401313,1 B «4012313> n Ap1313 é.
r r r
(Ao13z1 +p) 1 H?2
+¢,33 {—r’l ) (NO2 2 1 Ao1122 — Ao2233 — Ao111 + Ao1133
H2
—P) & <A01111 + Aosszzz — 2401133 — Aoi3s1 +p — MOQ 2)
P _
f;qb’ltt =0, (5.191)
H2
Aoiz13 <— o1 + ¢21> + (A01331 +p— MO2> a3 _ 0, (5.192)
r r 2 r
. ¢’3 L2 B
Hypy — Hy 22 — 15 =0, (5.193)
T

atr=aand r =b.
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5.5.5 Wave propagation solutions

We consider the solutions of the above mentioned differential equations of the form

¢ =F(r)exp (ikz — iwt), a<r<b, (5.194)
Hypo =G(r)e ™ a<r<b, (5.195)
H3 = My(r)e ™ for r < a, Hj = My(r)e ™! for r > b. (5.196)

Substituting these solutions in the governing equations ((5.60]), (5.137), and ({5.186]

gives

k2 2
(—k2b4 + bkt — pw2r> F+ (b1 — K25 — ”:;) F'

2
— <rb1 T k2bg — p“’) F" £ boF" £ b3 F" =0, a<r<b, (5.197)
T

e
G+—=0, a<r<hb, (5.198)

T

M M.
M+~ =0, r<a,  My+=2=0, r>b, (5.199)

T

r

where prime denotes a derivative with respect to » and we have defined

A A A —A A A A
b= -G 6T b= 48T hy=-T0 b=
r r r r r r r
A A A Ay — A A7 —2A A3 — A
rooor r r r T
1 H2
Cl = {ﬁ <_A01111 + A01122 + A01133 — A02233 —p + MO22>
1 A
Do o)) G- (A uts _ 0”’;3’1) oy = Ao,
T T r r
1 H2
Cs = - <A01111 — Ao1zz1 — 2Ao1133 + Aosszs +p — H02 2) . (5.200)

The boundary conditions (5.191)—(5.193]) become

2
— K2C\F + <02 — K2C5 + p“’) F —rCoF" + C4F" =0 atr=a,r=b, (5.201)
T

H2
— k2 <C4+ bR 2> F+ %F/ —C4F" =0, atr=a,r=b, (5.202)
T 2r r
1 .
G — SikHyFe* — My =0 atr =a, (5.203)
T
1 .
G — SikHyFe* — My =0 atr=b. (5.204)
T

Since the last two boundary conditions apply for all z and considering the fact that

G, M;, and My do not depend on z, they can be split into

G=DM atr=a, G=DM; atr=b, (5.205)
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HsF =0 atr=a,b. (5.206)

The governing equations for G, My and M> can be integrated analytically to get G =
ci/rina<r<b, My =cy/rinr <a,and My =c3/r in r > b. The boundary conditions
, however, require that ¢; = co = c3.

The fourth order ODE , with the boundary conditions , , and

(5.200]) is overdetermined for non-zero Hs, a solution is possible only for Ho = 0 which
reduces the problem to the purely elastic case. A non-trivial solution (for incremental
magnetic field) can be obtained only in a very special case when the parameters C1, ..., Cy

obtain values such that two of the boundary conditions become linearly dependent.



Chapter 6

Wave Propagation in a
Finitely-Deformed Pre-Stressed

Conductor

In this chapter, we discard the quasimagnetostatic approximation as used in Chapters 2-5
and work with complete equations of electrodynamics in continua. Specifically, we consider
the equations required to study wave propagation in a magnetized electric conductor with
residual stress. This analysis is useful for an accurate description of the electromagnetic
acoustic transduction process which is an important experimental tool for non-destructive
evaluation techniques (see, for example, the works of [Ludwig et al., 1993] and [Hirao and
Ogi, 2003]). Sections 6.1 and 6.2 are based on the existing literature by, for example, [Pao,
1978] and [Eringen and Maugin, 1990a] and our calculations and analysis is presented in

Section 6.3 onwards.

6.1 Basic equations

The governing equations of Electrodynamics in Continua are given by the Dipole-current

Circuit Model [Pao, 1978] as

B
divB =0, curlE—i—aat =0, ¢odivE = p, —divP, (6.1)
1 OE 0P
gcurlB S0 = + curl M + J, (6.2)

where we have used the field relations
D=¢gE+P, B=pH+M), (6.3)

100
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P being the electric polarization and M being the magnetization. Here all other terms
have their meanings as defined in Chapter 2.

The first four equations can be used to derive the law of balance of electric charge as

Ipe _
ot

divdJ + 0. (6.4)
Defining the pushback version of the field variables P and M as
P,=JF'P, M,=F'M, (6.5)

and using Equation (2.15]), we rewrite the above Maxwell’s equations in Lagrangian form

as
DivB; = 0, (6.6)
Curl(El +V x Bl) = —Blﬂf, (67)
eoDiv (Jc'E) = pg + Div Py, (6.8)

-1
Curl <JMCBZ — &0V X (JclEl)> — €O(Jc*1EZ)7t
0

=P+ Curl(M; +V x P;) + Jg, (6.9)

where as defined previously pg = Jp. and Jg = JF~1(J — pev).

At the boundary, the following conditions need to be satisfied

N x [E; +V x B]] =0, (6.10)
N [B;] =0, (6.11)
N - [D;] = o, (6.12)
N x [J 'ugteB, — M, — V x (egJe 'E; + P))] = K; — 0p V. (6.13)

6.1.1 Mechanical balance laws

We consider an elastic body which, in the reference configuration, has a residual stress S.

Hence, the equation of equilibrium is
DivS = 0. (6.14)

After a finite deformation, in the current configuration, the balance of linear momentum
is given by

divrt + f. = pa, (6.15)
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where 7 is the Cauchy stress tensor and the electromagnetic body force is

f. = p.E+J x B+ (grad E)TP + (grad B)™™ + ;(P x B) + div[v @ (P x B)]. (6.16)

Balance of angular momentum gives
eT + L. =0, (6.17)

where € is the third order permutation tensor with components €;;;, and (e7); = €;xTjk-

L. is the electromagnetic body couple vector given by
L.=PxE+ (M+vxP)xB. (6.18)

The total stress tensor of [Dorfmann and Ogden, 2004] that incorporates the magnetic
body force and has been utilized in Chapters 2-5 cannot be used here since the above
expressions for electromagnetic body force and electromagnetic body couple have terms
including both electric and magnetic quantities. The above balance equations can be

written in Lagrangian form using the nominal stress tensor T = JF ™17 as
DivT + J fg = pra, (6.19)

and

e(FT) + JLg = 0, (6.20)

where fr and L are Lagrangian counterparts of the corresponding vectors and are given

by

fp = J 'pgF TE; + J2(FJ)) x (FB)) + F 1 [Grad(F—TEZ)]T (J7'FP))
+F T [Grad(J'FB))] T (FTM) + % [J72(FP;) x (FB))]

+J7'Div [J7'V @ {(FP)) x (FB))}],  (6.21)

Lg=J'(FP) x (FTE) +J ' (F™,) x (FB)). (6.22)

On any part of the boundary where the traction is prescribed, the boundary condition
may be given as

TIN = t,, (6.23)

where t4 is the Lagrangian representation of the traction force.



Chapter 6. Wave Propagation in a Finitely-Deformed Pre-Stressed Conductor 103

6.1.2 Energy balance laws

First law of Thermodynamics gives the balance of energy as

au

Py =T gradv — divq + ¢ + we, (6.24)

where U is the internal energy, q is the heat flux at the surface, ¢ is the volumetric heat
generation, the symbol : denotes a scalar product between two second order tensors given

in component form as 7: I' = 7;;I';, and we is the electromagnetic power given by

d (P aB
c=Je Eetpi(Z) Bo-M, -2 2
w +pdt(p> p (6.25)

where for a dynamic problem we have defined the effective field variables as

Je=J—pev, Ec.=E4+vxB, M.,=M+vxP. (6.26)

Let ¢ be the absolute temperature, then we can write the above first law of Thermo-
dynamics as

09
Pepgy = q+ we + 7: gradv — divq. (6.27)

Here ¢, is the specific heat capacity and p is the mass density. On defining the pushback

versions of the physical quantities
a=JF"'q, q=Jg wp=Jw., 9 =.J9, (6.28)
the above equation can be written in Lagrangian form as
0 ,. 4 .
Prépy, (J7'9;) = T: Grad(FV) + ¢, + wg — Divq,. (6.29)

Here, the Lagrangian form of electromagnetic power is given as

wp = (F3.) - (FEy) + p, [a <FPl> + Grad (FPI> V} (F"Eq)

8t Pr Pr
—JFTM,,; - [gt (J7'FB,) + Grad (J~'FB)) V} . (6.30)

If S is the entropy density, then the second law of Thermodynamics gives

p % | diy (f) - % > 0. (6.31)
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6.2 Constitutive relations

Substituting equation (6.24]) to (6.31)), we get
au dsS
(dt_ﬁdt> + divq — vdiv (3) —7:gradv —w, < 0. (6.32)
We consider a free energy W obtained by U through a Legendre transformation of the
form

P
e (6.33)

using which we can rewrite the entropy inequality as

d\II dEe . . q d
N — —= < .
< n —|—S ) m < ) T: gradv+M J E 0. (6 34)

We consider the free energy to be dependent on the deformation gradient F', the electric
field, the magnetic field, temperature, and the push-forward residual stress o = J~'FS;
and is given as ¥ = U(F,E., B,9,0). Considering the pre-stress to be independent of

time, we have

dv 0V dF 0¥ dE. 0¥ dB 0V dy

@ " oF dt OB, & " oB 4t T avdi (6.35)
substituting which in the above entropy inequality gives
ov 4 d9 n ov dE, 8\11 LML ~dB
Bl dat  \"oE, it ' \"oB dt
ov dF
_F )42 < .
+ ( pog —F > o + 1 5 -gradd —J. B <0. (6.36)

For the above inequality to be satisfied for all admissible processes, the following con-

stitutive laws should be satisfied

S = —%, (6.37)
P _pgi, (6.38)
M, = _p%, (6.39)
T = ng—i, (6.40)
and the entropy inequality reduces to
Je - E. — % -grad ¥ > 0. (6.41)

We take the constitutive law relating the heat flow to temperature gradient to be given

by the Fourier’s law of heat conduction as

q = —kgrad v, (6.42)
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where K is a positive definite symmetric tensor quantifying thermal conductivity that, in
general, varies with the underlying electromagnetic fields, deformation and pre-stress. The

above equation is given in Lagrangian form as
q = —JF 'kF~TGrad(J19)). (6.43)

The constitutive law relating electric current density to electric field is assumed to be
given by Ohm’s law as

J=¢E, (6.44)

where £ is a positive definite symmetric tensor quantifying electrical conductivity that

varies with the underlying electromagnetic fields, deformation, and initial stress. The

above equation is given in Lagrangian form as
J, = JF Y¢FTE,. (6.45)
Substituting these constitutive equations in the entropy inequality gives

%gradﬁ (kgrad ) + E- (EE)+ (§)E- (vxB) —pov-E > 0. (6.46)

6.2.1 Alternative constitutive formulation

We may rewrite the Equations (/6.3) in Lagrangian form using the pushback relations ([2.15])
as

1
D; = goJc 'E; + Py, ﬁcBl =H; +M,, (6.47)
0

where we have defined new pushback relations for P; and M; as
P, =JF'P, M;=F'M. (6.48)

We may now equivalently consider an energy function ® that depends on the La-
grangian variables rather than the Eulerian variables. Let E,; = FTE., M, = FTM,,
and

(P(FaEebBlvﬁlvs) = pT\IJ(FvEevB7197U)ﬂ (649)

such that ® is energy per unit volume rather than per unit mass. This gives

0P OE. 0V 1 0P 0B 0¥ T
= =—JF'P, — =p,——=—-F"M.,. 6.50
OE. " OE. OE, ' 9B, "B, 0B ¢ (6.50)
Thus, we have the constitutive relations
0P 0P 0P
T=-rn Pi=—5— = —ae 6.51
8F 9 l aEel bl €l 8Bl ( )
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6.3 Incremental equations

On the initial motion and underlying electromagnetic fields, we consider an incremental
mechanical motion u(x, ), and increments in electromagnetic fields which are denoted by
a superposed dot.

The incremented forms of the Lagrangian Maxwell’s equations — are given as

DivB; = 0, (6.52)
Curl Ey = —Byy, (6.53)
g0 Div [J(div u)c B, + Je B — JFHL + LT)F*TEZ} = jg + DivP,, (6.54)

pig Curl [J—l {(div u)cB; + 2FTLFB; + cBlH — £oCurl [\'f x (Je )
TV x {J(div u)e By + Je B — JF UL + LT)F*TE,H
& [J {J(div u)e B, + Je B, — JFYL + LT)F_TEZ}] t

= Pu + Curl Mel + an (6.55)

which can be updated to Eulerian form using the relations (2.35)) to get

divBjy =0, (6.56)
curl Egp = [T — (divv)T] Byg — Bios, (6.57)
codivE = pgo 4 div Py, (6.58)

p1g teurl | {(1 + divu)I + 2L} BIO] — gpcurl <u7t xE+v x E) — B,

= curl Mo + Py s + [(divv)T — T Po+Jro,  (6.59)

where
E = Ej + (divu)E — (L + LNE, (6.60)
Eeo=F TEy =Ep+v x By + (uy — Lv) x B, (6.61)
Jpo=J 'FJp =¢E — PEOV — pe (Ut — Liv). (6.62)

The incremented momentum and angular momentum balance equations are given as

DivT + J(divu)fg + Jfg = p,a, (6.63)
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e(LFT 4+ FT) + J(divu)Lg + JLg = 0. (6.64)

where the increments in electromagnetic body force and moment are given by

fp=J! {—(div w)ppFTE; + ppFTE;, - ppL"FTE, + pEF_TEl}
—J'LF T [Grad(FTE)] " (FP))

g IpT [Grad(—LTF’TEl + F*TEZ)} " (FP))

+J7F T [Grad(FTE)] [—(div u)FP; + LFP; + FP,}

+272(div u)(FJ;) x (FBy) + J 2 (LFJ, + Fjl) x (FB;)

+J7%(FJ;) x (LFB; + FB;) - LTF~T [Grad (J—lFBl)]T (F~TM)
4T [Grad (—J’l(div u)FB, + J 'LFB, + J*lFB,)} L FTM)

+F " [Grad(J'FB)] " (~LTF"M, + FTNL, )

L9

ot

+J72(FP)) x (LFBZ + FB,)} — J7 (divu) Div [J7'V @ {(FP; x (FB))}]

[2J’2(div u) (FP;) x (FBy) + J 2 (LFPZ + FPZ> « (FB))

+J 'Div [J—l\'f @ {(FP;) x (FB))} — J }(divau)V ® {(FP;) x (FB;)}

+J7'V @ {(LFP, + FP) x (FB)) + (FP)) x (LFB, + FB,) }|  (6.65)

Lp = —J Ydivu) {(FP)) x (F"TE) + (F"T™M,) x (FB))}
gt <LFPZ + FPZ) x (F~TE,) + J7' (FP)) x (—LTF_TEZ n F_TEl>
+J7H (FTMy) x (LFBZ + FB,) ! <—LTF_TMBZ + F—TME,) « (FB;). (6.66)
When updated to Eulerian form, the balance equations become
div Ty + (divu)f, + £ = PU 1, (6.67)
e(Lt +Tg) + (divu)L, + Lgo = 0, (6.68)

where .on and L are the push-forward forms of the incremental body force and moment,
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respectively, and are given by

fro = —(divu)peE + ppoE — peLTE + peEj — LT (grad E)*
+ [grad (—LTE + Elo)} "P 4 (eradB)" [—(div u)P + LP + Plo}
—2(divu)J x B + (LJ n jlo) X B+J x (LB n Blo) ~ LT (grad B)'M
n [grad (—(div wB + LB + Blo)] "M+ (grad B)" (—LTM n Mm)
+§t [2(div WP x B + (LP + Plo) « B+ P x (LB n 1'3,0)}
—(divu)div[v® (P x B)] +div[(v — Lv) ® (P x B) — (divu)v® (P x B)

Ve {(LP + on) X B} P x (LB v Blo)] . (6.69)

Lro = —(divu) (P x E + M, x B) + (LP+1’3,0) X« E+P x (—LTE+EZO)

+M, x (LB + Blo) n (—LTMe + Melo) xB. (6.70)
The heat equation (6.29) can be incremented to give

) , .
< [J‘lz?l — JY(div u)z?l] = ¢ +wp + T: Grad(FV)

Div c.ll + prcpat

+T: Grad(LFV + FV), (6.71)
which when updated to the Eulerian configuration becomes
divqp + P [1950 — (divu)d| = gy + wpo + To: gradv + 7: grad v. (6.72)

We have used the push-forward relations ¢;g = J‘qul,'t% = J‘lzi‘l,u'}Eo = J Mg, and
dio = J1q; to effect the above transformation, and the increments in the electromagnetic

power is given by
iop = (LFI,+ Fia) - (FTEq) + (FI) - (-LTF "B, + F7 -y

LFP, + FP LFP, + FP
8( 1+ l>+Grad< 1+ FP, V]

ot Pr

C(FTEa) + o, {8 <FPPZ> + Grad (FPZ) V] ( L'F"E,+F " Eez)
)

Pr

) V + Grad

ot pr
—J ((divu)F_TMel ~LTF "M, +F‘T1\'/Iel) : [ (J7'FB;

+Grad (J7'FB) V] — JF~TM,, - [gtJ ( (divu)FB; + LFB; +FBZ)

+Grad J {—(div wFB, + LFB, + FB,} V + Grad (J"'FB) \'f} . (6.73)
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In the Eulerian form, this gives

U.)EO = (LJe + jelO) . Ee + Je . <_LTE€ + Eel())

d (LP + Py P\ . d (P - .
p[dt( p >+grad(p>(v—Lv) ~Ee+pdt(p>~<—L E6+Eelo>

- {(divu)Me L™, + 1\'/1610} B [d {—(divu)B +LB + Blo}

dt dt
+ (grad B) (¥ — Lv)].  (6.74)

On incrementing the constitutive equations ((6.51)), we obtain

T = AF + BE,, + CB, + D, (6.75)
Pl = — (]:'F + gEel + HBZ +Ii§l> ) (676)

and
Mel = — <’CF + ﬁEel + MB[ +N1§l) , (6.77)

where the moduli tensors are defined as

A_a27c1> 0% 0% 0%
OFOF’ OE¢OF’ OB OF’ d0,0F’
Fo 9*® _ e = 9*® 0%
OFOE.’ OEqOEy’ BB’ 09,0E¢’
_ e 9’0 A 9’0 (6.78)
OFOB;’ OE¢0B;’ OB0B;’ d0,0B; '

We note that A and C defined here are different from those in Chapters 2-5 and in
Appendices A and B. Products in (6.75)), (6.76]), and (6.77) are defined in component form

as

(AF)oi = AaipiFig,  (BE)ai = BuijgBes, (CBi)ai = CaisBis,
(FF)i = FiaiFjar  (GEe)a = GapLeas, (HB)a = HasBis,

(KF); = KijajFja,  (LE)a = LagBas, (MB))a = MasBis, (6.79)

and

K=c', F=8B" L=H" (6.80)

On updating the incremented constitutive equations (6.75)), (6.76), and (6.77), we

obtain

Ty = AL + BoEo + CoBio + Dodio, (6.81)
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Py =— (BOTL + GoEao + HoBupo + I(ﬂ%) ; (6.82)
and
Mo = — (COTL + HEeo + MoByg + N(ﬂ%) ; (6.83)
where the updated moduli tensors are defined as
Aopigj = I FpaFypAaips,  Boijik = I FiaFipBajips  Coijik = FiaFy Cajiss
Doij = FixDrjy  Goij = J 'FiaFjgGap, Moij = FiaFy3 Hag,
Toi = FirTr, Moij = JF, Fy! Mag, Noi = J'F' Ny, (6.84)
and 1910 = J@l.
Incrementing and updating the constitutive equation , we get
o = —(divu)k grad 9 + 2Lk grad 9 — k grad [1910 ~ (div u)ﬂ} , (6.85)
while the updated incremented form of is
Jio = xi [{(div wWI-L-L"}E+ Em} . (6.86)

On substituting the incremented updated constitutive equations into the incremented

updated balance equations (6.58|), (6.59)), (6.67)), (6.68|), and (6.72)), we obtain

co div [E,O +{(divu)l — (L +LT)} E] = pEo

—div (BOTL +GoEe + HoByo + 1—01910) , (6.87)

f1g Feurl [{(1 +divu)I + 2L} ].310} — gpcurl (uyt x E+4+ v x E) — B,
= —curl (COTL + HEBeo + MoByg + N01910> + Jro

~[(divu)I — T (BOTL + GoEeo + HoByo + 1019,0)

- (BOTL + GoEeo + HoBio + Ioi%) K (6.88)
div (.AOL + BoE.o + CoBio + ’Dm%) + (divu)f, + Fro = pu, (6.89)
e (LT + AL + BoEeo + CoBig + Dmélo) 4 (divu)Le + Lgo=0,  (6.90)
div [—(div u)k grad ¢ 4+ 2Lk grad ¥ — k grad (19;0 — (div u)z?)]
= —pcpgt [1910 — (div u)z?] + G0 + Wpo + T: graduy
+ (.AOL + BoEo + CoBio + ’Dm%) . grad v, (6.91)

along with (6.56|) and (6.57)).
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6.4 Application to Electromagnetic Acoustic Transduction

(EMAT) process

We now specialize the equations derived until now for application to EMATSs. Let the
magnetoelastic conductor occupy a region B while the current carrying coil occupy the
region P. Let their respective boundaries be denoted by 0B and 0P. In the presence of
a bias magnetic field (which is a uniform field B at infinity), the current coil carries an
alternating current /() as shown in Figure

If the relative electric permittivity and relative magnetic permeability of the current
carrying coil be given by constants €, and p, respectively, then the governing Maxwell’s

equations of the incremental fields to be satisfied in P are

divB=0, &divE =0, (6.92)
. oB 1 . ok
curlE = T EcurlB =J+ e gy (6.93)

The electric current density J is integrated along the cross-section of the current-
carrying wire to obtain I(t). At the boundary 0P, the following conditions need to be
satisfied

(]’3—1’3*>.n:0, (H—H) xn=0, (6.94)

where n is the normal to the boundary and a superscript * represents a quantity in vacuum.
In the magnetoelastic conducting bulk, we consider the material to be incompressible.
This imposes the constraint

divu =0, (6.95)
and the constitutive law for stress is modified to

_ 0% -1
T=n—pF (6.96)

to include the Lagrange multiplier p which is associated with the incompressibility con-

straint. This changes the incremental nominal stress to
To = AL + BoEy + CoByg + Doty — pI + pL. (6.97)

Normally, in the context of EMATS, the material is magnetized with a bias field. Hence,
we assume that there is no underlying finite electric field or charges. There will, however,

be incremental electric field generated due to secondary effects. For further simplicity we
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take the underlying underlying configuration to be static (v = 0). Then the incremental

governing equations (6.56)), (6.57)), (6.87)—(6.90) are simplified to

divBy =0, (6.98)
curl Egp = —Byo,, (6.99)
€0 diVElo = —div (BOTL + goEelo + HOB[O + I(ﬂélo) R (6.100)

,ualcurl [(I +2L) Blo} — €0Elo,t = —curl (CUTL + ’HEEelo + MoBlo + Nm%)

+Jgo — (BOTL + GoEepo + HoByo + 1'01910) g (6.101)

div (A()L + BOEeIO + C(]Blo + DOﬁlO) —gradp + ‘fE() = pu g, (6.102)

€ (LT + AL + BOEeZO + COBZO + D(ﬂélo —pI —|—pL> + LEO =0. (6.103)
. : d . .

div [n gradﬂlo} = pcpaﬁlo — gy — T: grad uy. (6.104)

For the above-stated simplifications, .on, L Eo, and Wwgg are reduced to

. . r . 1T
fro =Jj0 x B—LT(grad B)™M + grad(LB + Blo) M

gt (on % B>

. r . 1T
=J; x B—LY(grad B)™™ + |grad(LB + Byg)| M

+ (grad B)T (—L™™ + M,O)

— (grad B) (LTM +CL + HIEy + MoBy + N, m%)

+ % |B x (BIL + GoEao + HoBuo + Toduo) | (6.105)

Lo = M, x (LB n Blo) n (—LTME n Melo) « B,

~M x (LB " Blo) _ (LTM +CTL + HIE,

FMoBy + N, 019,0) % B, (6.106)
. B d
Wro = { LM, + Melo} o - M. [ = {LB + Blo} (grad B) u,t] ,
. . . 1 dB
= [LTM +CoL + Hj Eao + MoByo + NOﬁIO} e
M. |42 {LB v Blo} (grad B) u,| . (6.107)
dt :
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As a simplification, we take k = kI, & = &I, I being the identity tensor, and consider
the finite deformation and the initial (residual) stress to be homogeneous. This causes
the moduli tensors to be uniform and hence we can now consider the propagation of bulk
homogeneous waves whose direction of propagation is given by the unit vector n and the
wave speed is given by v. Thus, we seek the solutions of the above incremental equations

of the form

u=m/f(n-x—ot), Bpy=qgn-x—uvt), Ego=rh(n -x—out),

p=Pm-x—ot), J=T(n- x—uvt), (6.108)

where m, q, and r are unit vectors specifying the polarizations of u, Blo, and Ey, respec-

tively. From equations (6.95) and (6.98)), we get

m-n=0, q-n=0, (6.109)

while equations 76.104 give

n x rh’ = vg'q, (6.110)

—eoh'r -n —gof’vn - (m x B)

= (Bon): (m®@n)f"+Go: (r@n)h’ + Ho: (q®@n)g +Zo-nT’, (6.111)

ty'n x qg’ —eovh'r = —n x [Cj (m @ n) f” + Hyrh' + Moag' + N T’

—&rh + pevf'm +v (f'Bg (m ® n) + h'Gor + ¢ Hoq + T'To) , (6.112)

(Ao(m @ n))" nf” + (Ber)" nh' + (Coq)" ng’ + DonT’ — nP’
+éhr x B+ f/(n®@n)(B®m)M + ¢'(n ® )M

—vB x (Bj (m®n)f” + h'Gor + ¢ Hoq + ZoT') =pv*mf”, (6.113)

{m x (tTn) + € (Ag(m ® n)) + pm x n} f' + +e (Borh + Coag + DoT)
+Mx (f/(m®n)B+gq) +Bx (fn®@m+ fCf(m®n) + hHjr

+9Moq+ NoT) =0, (6.114)
pve, T+ kT"n-n—vr: (m®n)+vgM-q=0. (6.115)

The above equations should, in theory, yield a propagation condition for bulk homo-

geneous waves similar to that in Equation (2.95)). The governing equations (6.98))—(6.104))
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can be solved numerically to analyze wave propagation characteristics in the context of
EMATSs. Such analysis has been done, albeit for simpler cases of linear theory, in papers
by [Ludwig et al., 1993], [Ogi, 1997], [Shapoorabadi et al., 2005], [Ribichini et al., 2010] and
many references therein. For the more general problem presented here, our work is still in

progress and we plan to deploy 3-D Finite Element Method for numerical simulations.



Chapter 7

Conclusions

7.1 Summary

Problems concerning electromagnetic and mechanical interactions in a solid continuum
are both mathematically interesting and useful for engineering purposes. In particular,
with the development of various synthetic magneto-sensitive elastomers, a need has arisen
for better mathematical models explaining this phenomena. In this thesis, following the
mathematical models of magnetoelasticity developed by [Dorfmann and Ogden, 2004], we
have studied three boundary value problems concerning nonlinear deformations and wave
propagation in finitely deformed magnetoelastic materials.

The basic governing equations of nonlinear deformations and incremental motions in
magneoelastic solids were detailed in Chapter 2 where we also defined the magnetoelastic
moduli tensors.

Rayleigh type waves on the surface of a finitely deformed magnetoelastic half-space
were considered in Chapter 3. It was shown that magnetic field can have a significant
effect on the speed of surface waves propagating in a half-space of magnetoelastic material
and on the mechanical stability of the half-space. For each of the in-plane directions of
the magnetic field an upper limit on the wave speed is obtained, similar to that obtained
in the purely elastic case but with, in general, dependence on the magnetic field. In the
absence of a magnetic field, the equations reduced to those of the purely elastic case given
by [Dowaikh and Ogden, 1990], and for the purely static problem results on the stability
of a magnetoelastic half-space due to [Otténio et al., 2008] were recovered.

For a Mooney-Rivlin type magnetoelastic material an initial magnetic induction in

the sagittal plane in general destabilizes the material and surface waves exist only for
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values of the stretch beyond a certain critical value (which depends on the chosen material
parameters). If the magnetic induction is in the direction of wave propagation, it has a
significantly stronger effect than in the case when it is perpendicular to the direction of
wave propagation within the sagittal plane. For configurations in which the half-space is
stable the dependence of the surface wave speed on both the underlying finite deformation
and the magnitude of the magnetic induction was illustrated graphically.

Love type waves on the surface of a finitely deformed layer magnetoelastic half-space
were considered in Chapter 4. Similar to the previous case of Rayleigh type waves, the
magnetic field can have a significant effect on the wave speed. A secular equation is ob-
tained for the wave speed which is dispersive and multiple modes of wave propagation are
obtained. In the absence of a magnetic field, the equation reduces to that of a purely elastic
case given by [Achenbach, 1975] and [Dowaikh, 1999]. For a Mooney—Rivlin type magne-
toelastic material, upper and lower bounds for wave speed were obtained which depend on
the underlying magnetic field and material parameters in general. This imposes certain
restrictions on the deformation and the admissible parameters of the energy functions of
the layer and half-space for the existence of Love-type waves.

Dependence of wave speed on the finite deformation and in-plane magnetic field for
a Mooney—Rivlin type material is illustrated graphically. For this material the problem
reduces to a purely-elastic one when the underlying magnetic field is out-of-plane and
we then consider a neo-Hookean magnetoelastic material to obtain solutions in this case.
Wave speeds, in general, decrease with an increasing wave number. An in-plane magnetic
field tends to increase the wave speed while an out-of-plane field decreases the wave speed
in general. It is also shown that waves with an out-of-plane displacement can exist in
the presence of an out-of-plane magnetic field without a layer. Such waves, analogous to
Bleustein—Gulyaev waves in piezoelectric materials, do not exist in pure elasticity.

In Chapter 5, we considered finite axisymmetric deformations and motions of a thick-
walled magnetoelastic tube in the presence of an axial and an azimuthal magnetic field.
Variation of the total internal pressure and the axial load with magnetic field was studied
for a Mooney—Rivlin type and a three-term (Ogden type) magnetoelastic energy function.
An azimuthal magnetic field tends to increase the total internal pressure while an axial
magnetic field has no effect for the type of materials considered. For these materials, an
azimuthal magnetic field causes a compressional loading in general; while an axial magnetic

field tends to create an extensional loading.
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Thereafter, we considered axisymmetric waves propagating along the axis of the tube.
When the underlying magnetic field is either in the axial or in the azimuthal direction,
it is observed that the equations governing displacements in the azimuthal direction are
decoupled from the equations governing displacements in the axial and radial directions.
In the latter case, a unique solution is possible only when the underlying magnetic field
vanishes and the problem is reduced to a pure elastic case as considered by [Vaughan,
1979] and [Haughton, 1984]. For azimuthal motions, multiple modes of wave propagation
are obtained and the dependence of wave speed on axial stretch, underlying magnetic
field, and material parameters is illustrated graphically. Numerical solutions obtained for
a Mooney—Rivlin type magnetoelastic material show that, in general, increasing the axial
magnetic field increases the wave speed monotonically, while increasing the azimuthal
magnetic field first decreases and then increases the wave speed.

Finally, using the equations given by [Pao, 1978|, we write the general equations of
electrodynamics and thermodynamics in a finitely deformed, electrically conducting con-
tinuum. The equations are then linearized to consider wave propagation with a motivation

to mathematically model EMATS.

7.2 Future work

Chapter 6 of this thesis is written with a motivation to form a basis for future research
towards a general theoretical development of Thermodynamics and Electrodynamics in
continuum solids. In particular, this could lead to development of better models and a
proper understanding of EMATSs.

The synthetically developed polymers as discussed in Figure [I.1] in Chapter 1 are, in
general, not just elastic, but viscoelastic. Hence, to get a proper understanding of such
materials and for a proper explanation of the experimental results, a theory of magneto-

(visco)-elasticity that takes dissipation into account is required.



Appendix A

Derivatives of the Invariants

The first and second derivatives of the invariants (2.59)) and (2.60]) with respect to F and

B; were given in [Otténio et al., 2008]. We repeat the non-zero ones here for ease of

reference.
611 812 6]3 1
OF;q, = 2Fa, OF;, = 2(¢yyFia — CarFiy), OF. =2I3F,;,
8I5 816
= 2Bio(FiyBiy), OE. 2(Fiy BiycapBip + Fin ¢y BipBia),
=2B —— = 2¢c.38B — =2 B ——— = 26;i0a8,
OB las 9B CaBDIg, 9B CanCypDigs, aFiaaFjﬁ i70a3
021,
OFm0F,; 2(2FiaFjp = FigFja + ¢470ij0ap = bijdap — Capdij) ,
0%I5 11 11 9?15
————— =4I3F F, —2I3F " F.. ——2 = 26;:B;,Bi3,
6Fm8Fm 3 ai '35 3aj Fpi o 8FiaaFjﬂ JPlalp
%I
OFia0F;5 2[9ij(cay BryBig + ¢y By Bia) + Sap iy Biy Fjs Bis
+ FiyBiyFjaBig + FjyBiyFigBia + bij Bia Big],
0?1
OF ;00 5Bw = 200ty Biy + 2BiaFig,
(160}
0?1,
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OF;a0Byg
82I4 = 20, 8215 = 2¢ ﬂ = 92¢..C
aBlcuaBlB n ap 8BlaaBlﬁ a b aBlaan o ay=yB:
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Magnetoelastic Tensors

For an isotropic material, Ay, Co and Ky can be expanded in terms of the derivatives of

the invariants as follows, with Q,, = 9Q/91,, and Q.,, = 0*Q/01,,01,:

Ay = TS Qg 20 Ol 150 gy O
Opiqy — mnt'palqp OF iy 8Fj5 po qﬁ OF; GF]g
meZL nel nel

6

o 0 51 0L 0L, 0. F F-) &I,
Oj“k_%% mn ]oe 5]€ 8ch‘9F +Z Jjo 5km

ol,, 0I, %1,
KOij:JZ ZanF lFﬁ_jl JZQ Fale,B_Ji
meJ neJ 0Bia 0B neJ 0B1a0B3

We recall from Section that Z = {1,2,3,5,6} and J = {4,5,6}. For an incompressible
material Z = {1,2,5,6} and J = 1.

When referred to the principal axes of the left Cauchy—Green tensor b with principal
stretches A1, A2, A3 and components (Bj, B2, Bs) of the magnetic induction B the compo-

nents of Ay, Cg and Kg are given explicitly for a compressible material as, for i # j # k # 1,
Ao = 207001+ 03+ X0, + X0+ ANB9; +6370)
+ o ATTIAH Q1 + 2007 + A2 + (AT + A7) Qs
+ ATAZ[203 + 2(AF 4 A7) Qa3 + AR 33] + 20N B Q15 + 2076
+ (AT 4 AR)Qas + 227 (AF + A7) Qa6 + AJAT 235 + 2138236

+ NJALB] Q55 44X Qs6 + 4] Q) },
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Agiiij = 4BiB;JN2{Q6 + Q5 + (/\32 + A9 Qo5 + /\32')\2935
+ (A7 AN [6 + (AT + A7) Qa6 + ATAR Q6]

+ NAEB?[Qs5 + (3A7 + A2) Q6 + 207 (A + A3)Q66]},

Aviiji = 2BiB;J{Qs 4+ (A] 4 3X7)Q6 + 207 [Q15 + (AF 4+ A7) Q25 + AZAEQss)
+ 202\ + A?)[QIG + ()\]2 + A2) Q6 + )\?)\2936]

+ 2J°B7[Q55 4+ (3A7 + A7) Qs6 + 207 (A7 + A7)}

Aviij; = AT TINNH{Q2 + \iQ3 + Qi1 + (I + AF) Q2 + (T2 + Ap) Q2
+ AROF + A2 Qus + (L2 + ATAT) Q23 + I3Qs3]
+ MATB? + A BY)(5 + AiQas) 4 2I3(AIBF + A3 B3) (€26 + Ajf236)
+ I3(B} + B7)(206 + Qa5 + 207006 + Ais5)

+ IsAB}B3[Qs55 4 2(A7 + A7) + 4A7 AT Q61

Avijij = 277001 + AiQs + B§A§A§Q5 + A?Ai(zBfAf + B§A§ + B?A?)QG

+ 2BIBFIPNIA[Q55 + 2(AF + A2)Qs6 + (A7 4 A7) Q6]

Avijji = 20 INXH{—Qy — AiQs + AL (N B7 + A7B7)Qs

+ 2BIBFJIA[Q55 4 2(A7 + A Q56 + (A + A7) Q]

Aoviiji = AB;BrdN{ Qs + (A2 + A2)(Qa5 + Qug) + (A2 + A7) %6 + A2A3 Q35

+ NIAZA + A Q6 + BIAIA Q55 + (11 + A1) Q56 + 227 (AF + A7) Q6]

Avijki = Avijik = 2B BrJ {2 Q¢ + 2B2J%[Qs5 + (I + 2\2)Qs6 + (I2 + X))},
Aojiki = 2B; B J{Qs + [1Q6 + 2B2J% Q55 + (I + A7) Q36 + (I + X))},

Coii = ABiJ{Q5 + 2076 + Qua + A Q15 + Af Q6
+ ()\32 + A0 (24 + A7 Q25 + Xi Q26) + )‘?)‘%(934 + A2Q35 + A\ Q36)

+ BINIAG[Qus + A5 + AfQs6 + 227 (Que + AT Q56 + A{Q6s)] )
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Coj = 4BjJ)\12)\j_2{Ql4 + )\?Qm + A?Qw + ()\3 + A2)(Qoy + /\?(225 + /\ij%)
+ AIAR(Q34 4 A5 + AjQ36) + BIAIAL Qs + A3 Q55 + Aj €6

+ 207 (Qus + AT Q56 + Aj%6)] )

Coijii = 2BjJ{Qs + (A} + A3)Q6 + 2B AN [Qs + A7 Qs5 + A Qs6

+ (O + X5) (Quo + A6 + A{Qe0)]
COij\k = 4BZ'BjBkJ)\?)\§ [945 + )\iQ55 + /\éQSG + ()‘12 + /\]2)<Q46 + )\%956 + /\éQ66)]7

Koii = 2JA72{Qu 4+ NQs5 + A/ Qg + 2B AN [Qua + A Qs + A Que

+ AZ(Qus + A2Qs5 + AP Qs6) + A (e + A2Qs56 + AF Q6] 1,

Koij = AB;iBjJA[Qus + AP Qus + XfQus -+ A2 (Qus + A7 Q5 + A Qs6)
4 2 4
+ A5 (Que + A7 Q56 + A Q66)]-

For an incompressible material the above formulas apply with J = 1,3 = 1 and with

all terms in €2 carrying a subscript 3 omitted.



Appendix C

Some Calculations

Here we list some of the calculations used in Chapter 5 for reference. The derivations can

be seen in, for example, [Haughton and Ogden, 1979b] and [Shams, 2010].
e Change of the variable of integration from r to A

As given in Equation (5.21))1, due to incompressibility the deformation of the tube is

of the form
1
72:a%+X4R2—A%. (C.1)

On differentiating both sides with respect to r, we get

dR rA
o7z C.2
dr R’ (C.2)
while on differentiating r = AR with respect to r, we obtain
dR dA
1=X\— —. .
dr TR dr (C.3)
Together, the above two equations give
dA
— = A1-2%\,). 4
P = A1 A) (C.4)

e Stretch relations

We define A\, = a/A and \y = b/B. On substituting » = b, R = B in Equation (5.21]);

b? a? 1 A?

we get
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This can be rewritten as
ATPB2(NN, — 1) = A2\, — 1. (C.6)
On dividing (5.21)); throughout by R, we obtain
r? a® 1 A?
= 4= [1-= .
R? R2+)\ ( R2>’ (C.7)
2 A%
A\, — 1= 7 (A2X: — 1) (C.8)
Hence we obtain the relationship
ATPBE (N, —1) = N2A, —1=R°A2 (W%, —1). (C.9)
which gives
Ny AgA?
= . 1
ONa B2 (C.10)
Also, Equation (C.9)) gives the condition
Ay <A< Ag. (C.11)
e Expression of the stress 733
Equation (5.5)) gives the axial component of the principal Cauchy stress as
o0
=A C.12
Soxs D (C.12)
o0 o0 00 O 9)
- 2, Pr_on, 20\ 1
=Mon PPN T han T (A O Aax) (C.13)
o0 o0 90 o0 o0 90 o0
=A 20, — — A= =2\, 2\ A—— A C.14
D W A WY W WAL S W W W
o0 90
=2\, — — A—— — Ts3, 1
o oy T 22— T (C.15)
1 IO INGY)
= 3 <2)\Za)\z — )\a + 2711 + o9 — 7‘11) (C.16)
1 o0 BlY) dr1
= (22 242 =1 1
2()\8)\2 )\8)\+ T11+rd7“> (C.17)
1 o0 90 1d,,

where we have used Equation ((5.27)).
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Writing the above expression in terms of the invariants defined in Equation (5.6 and
their derivatives, we get
T33 291(3)\§ — Il) + QQ(IQ — 3)\%)\%)

1d
+ Q5 (2N3HE — N3HpB) + 206 (2N3HE — ANHpB) + T (r*7i1) - (C.19)
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