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Abstract

The Baum-Connes conjecture gives a description of the K-theory of the reduced group
C*-algebra of a locally compact second countable group. In the case of a connected Lie
group G, Connes reformulated the conjecture in terms of a deformation of G' provided
by a certain continuous field of C*-algebras. The conjecture is known to be true for
complex semisimple Lie groups, and in 2008 Higson provided a new proof of this result,
using Connes reformulation and an observation due to Mackey about the representation
theories of a complex semisimple Lie group and an associated group called the Cartan

motion group.

In this thesis, we present and prove an analogue of the conjecture for the quantum group
quantum SL(2,C) in the spirit of Connes reformulation and Higson’s proof. In particular,
we define a quantum version of Connes’ field, which provides a deformation from quantum
SL(2,C) to a quantum analogue of the Cartan motion group. We show that Mackey’s
observation carries over to the quantum setting, and we then prove an analogue of the

conjecture using Higson’s method.

We also show there is compatibility between the Baum-Connes conjecture for SL(2,C)
and our quantum result, in that we can construct a continuous field which encodes Connes’
field and our quantum field, as well as a deformation of SL(2,C) to quantum SL(2,C)

and a deformation of the Cartan motion group to the quantum Cartan motion group.
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Introduction

Let G be a locally compact second countable group equipped with left Haar measure. A
well-known C*-algebra associated to G is the reduced group C*-algebra of G, denoted
C*(G). This is the closure of L'(G), acting as bounded convolution operators on L*(G),

with respect to the operator norm.

To each C*-algebra A there are two abelian groups, Ky(A) and K;(A), the K-theory
groups of A. These are invariants of A - that is, if B is a C*-algebra which is isomorphic
to A, then K,(A) = K,(B). Historically, there has been interest in the K-theory of
C*-algebras in the classification programme. For example, a theorem due to Elliott [21,
Theorem 7.1] shows that certain separable and nuclear C*-algebras are classified by K-

theoretic information.

Associated to G there is a G-space denoted by EG. This is constructed from G and
the proper actions of G, [2, Definition 1.6]. There are two abelian groups, K§(EG) and
K¢ (EG), the equivariant K-homology groups of EG (see [2, Section 3]), defined
using Kasparov’s K K-theory as introduced in [39, Section 2|. One can use index theory
(see [2, 3.14]) to define a map

p K2 (EG) = K.(C(G))

which is called the assembly map. We shall have no need to define the equivariant K-
homology groups or the assembly map in general, for often in examples one can describe
these in more concrete terms. However, let us state the Baum-Connes conjecture, [1],

[2, Conjecture 3.15] in generality.

Conjecture. Let G be a locally compact second countable group. Then the assembly map
p: KC(EG) — K.(CrH(@))
1 an isomorphism.

It is common to refer to the ‘left hand side’ and the ‘right hand side’ of the Baum-Connes

vi



INTRODUCTION vii

conjecture, which are the domain and codomain of p respectively.

If the Baum-Connes conjecture is true, then it provides a means to calculate K,(C!(G)).
The Baum-Connes conjecture also has several important corollaries in topology and alge-
bra. In topology, there is the Novikov conjecture, which is related to the classification of
high dimensional manifolds (see [62, Section 11, Unsolved Problems]| for the original work
of Novikov and [2, Theorem 7.11] for the connection to the Baum-Connes conjecture). In
algebra, there is the following conjecture, called the Kadison-Kaplansky conjecture
(see for example [2, Proposition 7.16] for the statement and connection to the Baum-

Connes conjecture).

Conjecture. Let G be a discrete torsion-free group. Then C*(G) contains no non-trivial

tdempotents.

The Baum-Connes conjecture is known to hold for a large class of groups, including
1. a-T-menable groups [33, Theorem 1.1], and so in particular amenable groups,
2. Hyperbolic groups [56, Theorem 20], and so in particular free groups,
3. Connected Lie groups [7, Corollary 4.7], and so in particular SL(n,C) for n € N.

The conjecture was first proved for many special cases within the above classes, in work
that spanned many decades. For example, in 1983, Penington and Plymen [64, Theorem
2.1] proved the conjecture held for complex semisimple Lie groups (and in particular
SL(n,C) for n € N). In 2008, Higson provided a different proof [32, 7.1] for this case,

based on a reformulation of the conjecture for connected Lie groups due to Connes.

We note that one can generalize the statement of the Baum-Connes conjecture by re-
placing groups with groupoids, or replacing the reduced group C*-algebra with a reduced
crossed product. However, it is known that such general statements are false, with various

counterexamples [34].

Let us now consider the aforementioned reformulation of the Baum-Connes conjecture
due to Connes [11, p.g. 145-146]. For concreteness, we will explain this reformulation
for SL(2,C), but the reader should bear in mind that one can make appropriate gener-
alizations in the more general setting of an arbitrary connected Lie group. We will let
G = SL(2,C) for the rest of the Introduction.

The group K = SU(2) acts on ¢, the Lie algebra of K, by the adjoint action. This is an
action generally defined for Lie groups, but in the case of matrix Lie groups such as K it

is simply given by conjugation, see [44, p.g. 44], that is,

ko X = kXEk! (1)
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for k € K and X € ¢. Therefore K acts on £ the real dual space of £, given by the

formula
(k-¢)(X) = ¢(k™" - X) = (k™' XE) (2)

for k € K, ¢ € £ and X € £ This action is called the coadjoint action. We can then

consider the so-called Cartan motion group, given by Gy := K x £*.

Mackey suggested in [52] there ought to be a correspondence between ‘most’ of the irre-
ducible unitary representations of G and Gq. This suggests there is a link between G and
Go. In [11, p.g. 146] Connes constructed a ‘deformation’ of G onto Gy. In particular,

Connes constructed a manifold G, which as a set is given by
G=Kxt x{0}UG x(0,1] =Gy x {0} UG x (0,1]

but the topology is non-trivial. From the manifold G, Connes constructed a map in K-
theory
fu: Ko (C(Go)) = K (CF(G)).

This map is induced by a C([0, 1])-algebra, which we denote by A®, constructed from G
(here the superscript C' stands for classical). Roughly speaking, for a locally compact
Hausdorff space X, a Cy(X)-algebra is a C*-algebra whose elements can be multiplied by
functions in Cy(X). This notion was originally introduced by Kasparov in [39, Definition
1.5]. The C([0, 1])-algebra A® has the property that it is trivial away from 0 and it is this
property that induces a map in K-theory.

Connes then proved the following theorem relating fi to the assembly map p [11, p.g.
145-146, Proposition 8, Proposition 9].

Theorem. There exists an isomorphism K¢(EG) = K,(C*(Gy)) such that

K.(C*(Go)) —— K.(C}(G))

4/

KS(EG)
commutes.

This theorem reduces the Baum-Connes conjecture for connected Lie groups to studying
the C([0, 1])-algebra A® and the induced map in K-theory. Higson’s proof of the Baum-
Connes conjecture for complex semisimple Lie groups [32] using this reformulation is based
on Mackey’s analogy that there is a correspondence between ‘most’ of the irreducible
unitary representations of G and Gy. Let us briefly describe the key ingredients in the

proof given in [32].



INTRODUCTION ix

The group G has some special unitary representations called the principal series rep-
resentations of G (originally due to Gelfand and Naimark in [26]) which are obtained
by inducing characters on a certain subgroup of G to G, see [52, §2]. The principal series
representations of G are irreducible, and they allow us to describe C(G) concretely. There
is a bijection between the principal series representations of G' and the irreducible unitary
representations of G, which is a formal description of Mackey’s analogy. In particular,
there is a bijection between Spec(C(G)) and Spec(C*(Gy)), where Spec(A) denotes the

spectrum of a C*-algebra A. However, this bijection is not a homeomorphism.

Higson analysed certain subquotients of C*(G) and C*(G)), and identified the spectra of
these subquotients as subspaces of Spec(C/(G)) and Spec(C*(Gy)) on which the bijection
above restricts to a homeomorphism. These subquotients can also be defined for A¢,
and these subquotients are also C'(]0, 1])-algebras which induce maps in K-theory. Higson
then proved that the assembly map is an isomorphism if each of these induced maps is an

isomorphism, and used some C*-algebra theory to prove that the latter is the case.

The objective of this thesis is to provide an analogue of the Baum-Connes theorem for the
quantum group quantum SL(2,C), as originally introduced by Podle$ and Woronowicz
in [65]. This result is in the spirit of Connes’ reformulation of the classical conjecture, and

the proof is in the spirit of the one provided by Higson in the group case.

Let us set the stage by thinking about what we would need to develop a Baum-Connes

type result for quantum SL(2,C) in analogy with the work of Connes and Higson.

1. We will need an analogue of the reduced group C*-algebra for quantum SL(2,C),
denoted C(G,). It is well known that for a quantum group there are two associated
C*-algebras which are the dual of one another in the sense of quantum groups (see
[46, Definition 8.1] for the construction of the dual in the locally compact setting).
One can be viewed as an analogue of the function C*-algebra, and one can be viewed
as an analogue of the group C*-algebra. In [65], the function algebra for SL,(2,C)

is considered. We will therefore consider the dual of this function algebra.

2. The start of Connes’ reformulation was the Cartan motion group. We need a quan-
tum version of the Cartan motion group which is a C*-algebra we denote by C*(G}).

The reason for this choice of notation will become clear later.

3. We need to construct a C([0,1])-algebra A? (where Q stands for quantum) that

induces a map in K-theory
K. (C(Gh)) = K (Cr(Gy)).

This map would play the role of the assembly map.
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4. To show the above map is an isomorphism using Higson’s method, we would need
to understand the representation theory of the quantum Cartan motion group, and

the analogue of the principal series representations for quantum SL(2,C).

These points provide the overall strategy which we take to develop the quantum Baum-
Connes theorem. We could also ask if there is any compatibility with the Baum-Connes
theorem for SL(2,C).

We conclude the Introduction by describing the structure and content of the thesis in more

detail, and give a list of conventions and notation which we will use throughout the thesis.

Thesis Structure and Content

In Chapter 1 we introduce quantum groups. We start with finite quantum groups to set
the scene and then move on to discrete and compact quantum groups and the harmonic
analysis of compact quantum groups. In this thesis, we will work extensively with quantum
SU(2), and so we devote a section to studying the general results in this context. We finish
with the construction of the so-called quantum double. This is a particularly important
construction for us because the quantum SL(2,C) group can be realized as an example of

a quantum double.

We start Chapter 2 by introducing the quantum SL(2, C) group, the corresponding group
algebra C(G,), and the analogue of the principal series representations in this case. Then,
we shall construct a C([0, 1])-algebra A?, which we call the quantum assembly field, which
plays the role of Connes’ field. This induces a map in K-theory, which is our analogue of
the assembly field. In the course of this construction we shall define a quantum analogue

of the Cartan motion group, denoted C*(GY).

In Chapter 3 we show that the map in K-theory induced by our field A% (that is, our
quantum assembly map) is an isomorphism. Our proof proceeds in much the same way as

Higson’s based on the Mackey analogy.

Finally, in Chapter 4, we link our quantum result with the original Baum-Connes theorem

for SL(2,C). Specifically, we will prove that there is a commutative square

K (C*(Go)) —— K.(CY(G))

| |

K (C*(Gh)) — K.(CF(Gy)).

The reader should note that there is also an appendix which gives a fairly self-contained
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account of basic Cy(X)-algebra theory.

The reader should also note that the author and Voigt have generalized the results of this
thesis to cover deformations of complex semisimple Lie groups, of which quantum SL(2,C)

is a special case, see [57].

Conventions and Notation

The term classical is used to refer to the setting of groups and Lie algebras, as opposed

to the quantum setting of quantum groups and quantized universal enveloping algebras.

The natural numbers N is the set {1,2,3, ...} and Ny is the set {0,1,2,3,...}. The strictly

positive real numbers are denoted by R-.
All vector spaces and algebras are assumed to be over C.
Inner products are conjugate linear in the first variable and linear in the second.

The vector space of bounded linear operators from a normed space V' to a normed space
W is denoted by B(V,W). The vector space of compact linear operators from V to W is
denoted by K(V,W). If W = V| then we write B(V,V) = B(V) and K(V,V) = K(V).
If H is a Hilbert space, the group of unitary operators on H is denoted by U(H). The
operator norm is denoted by ||—|[,,, and we sometimes omit the subscript when the context

is clear.

If Ais a C*-algebra, the multiplier algebra of A is denoted by M(A), and has unit 13¢4).
The spectrum of A is denoted by Spec(A) and the primitive ideal space is denoted by
Prim(A). The spectrum of a € A is denoted Spec(a). The centre of A is denoted by Z(A).

If Ais a C*-algebra, the x-algebra constructed from A by adjoining a unit is denoted by
AT, That is, A" is the set A x C equipped with the coordinatewise sum and involution,

and multiplication given by
(@, A)(b, ) = (ab + pa + Ab, Ap)

for a,b € A and A\, u € C. The unit in A is given by (0,1) (even if A is unital). If A is
unital with unit 1,4, then the map AT — A® C, (a, A) — (a+ A1, A) is a *-isomorphism.
If A is non-unital, then we the map A* — M(A), (a,\) — a + Alaa is an injective
s-homomorphism with image A + Cly;a)y € M(A). Therefore in any case A" can be
equipped with a norm making A" a C*-algebra. We will denote (a,\) € A" by a + .

The set of a positive elements of a C*-algebra A is denoted by A..
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We denote the C*-algebra of C-valued continuous functions on a locally compact Hausdorft
space X that vanish at infinity by Cy(X). We denote C*-algebra of bounded continuous
C-valued functions on X by C,(X). If X is compact, then these C*-algebras coincide and

we instead use the notation C'(X).

If G is a locally compact group, then L!'(G) is a Banach x-algebra with respect to the
convolution product. We denote by C.(G) the compactly supported C-valued continuous
functions on G, and this is a *-subalgebra of L'(G). Even if G is compact, we will use the
notation C,(G) to distinguish this from the C*-algebra C'(G) as defined above.

The symbol ® denotes the algebraic tensor product, and ® denotes the tensor product of
Hilbert spaces, or the minimal tensor product of C*-algebras. In any case, we will use ®

in elementary tensors.

We will write the full crossed product of a locally compact group G acting on a C*-algebra
A by an action a by G X, A, and sometimes G x A when the context is understood. On

C.(G,A) C G x4 A, the product and involution is given by the formulae

Fr)0) = [ ann(F)atsh) ds
and
Fr(k) = Aa (k™ g (F(k71)7)
for f,g € C.(G,A) and k € G. Here A¢ is the modular function of G.
The reduced crossed product of G on A is denoted by G X, , A or G %, A.

If a group G acts on a C*-algebra A, the elements of A fixed by all elements of G are
denoted by AC.

If G is a Lie group, the Lie algebra is denoted by g, the corresponding letter in the Fraktur
typeface.

If G is an abelian group, the Pontryagin dual of GG is denoted by G.



Chapter 1
Quantum Groups

In this chapter we will present a basic introduction to the theory of quantum groups.

We start with the principle of non-commutative geometry. There is a contravariant functor
Cy : locally compact Hausdorff topological spaces — commutative C*-algebras.

Here the morphisms on the spaces are proper continuous functions, and the morphisms
on the C*-algebras are non-degenerate *-homomorphisms. The functor Cj is defined by
mapping a locally compact Hausdorff space X to the C*-algebra Cy(X), and a proper

continuous function f: X — Y to

Co(f): Co(Y) = Co(X), Co(f)(g)=gof, geCoY).

In fact, the functor Cj is an anti-equivalence between the categories. This is a consequence
of the work of Gelfand and Naimark, [27, Lemma 4.1]. In particular, we can see that the
topological information of a locally compact Hausdorff space X is completely encoded
in the algebraic and analytic structure of the C*-algebra Cy(X). We can therefore take
properties of the space X and understand the corresponding properties of Cy(X), as

illustrated in the following examples.
1. The space X is compact if and only if Cy(X) is unital.
2. The space X is connected if and only if Cp(X) has no non-trivial projections.

3. If X is a compact measure space with positive measure p we obtain a positive linear

functional

C(X) = C, f»—>/deu.

In fact, any positive linear functional on C(X) comes from integration against a
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unique positive measure provided that certain regularity properties on the measure

are assumed - see [74, Theorem 2.14].

We can drop the commutativity assumption from our C*-algebras and still make sense
of the algebraic properties above. This leads us to the principle of non-commutative
geometry - that is, we view a C*-algebra as a function algebra over a ‘non-commutative’

topological space.

If we are interested in group theory, we might try to restrict Cy to locally compact groups.
That is, if G is a locally compact group, we consider the C*-algebra Cy(G), and try to
understand additional properties of Cy(G) that reflect the fact G is a group. The idea is to
then try to define a locally compact quantum group in terms of a C*-algebra equipped
with abstract versions of these properties. Strictly speaking, this C*-algebra is not the
quantum group but rather should be viewed as an algebra of functions over the quantum
group. Therefore it is common to refer to a quantum group, and an associated C*-algebra,

and we study the latter.

One property of the theory that we would like to have is that when the C*-algebra as-
sociated to a quantum group is commutative, it is isomorphic to Cy(G) for some locally
compact group G. Another desirable feature is a notion of duality for quantum groups

that extends the usual Pontryagin dual for abelian groups, [66].

There is a definition of a locally compact quantum group due to Kustermans and Vaes [46,
Definition 4.1]. However in this chapter we shall instead content ourselves with the general
definitions of finite, discrete and compact quantum groups as well as an example of a locally

compact quantum group called the quantum double.

1.1 Finite, Discrete and Compact Quantum Groups

1.1.1 Finite Quantum Groups

Let us consider finite groups first. Let G be a finite group with unit e. Then we have the
following induced maps on C(G).

1. The comultiplication, or coproduct,
A:C(G) = C(GxG)=C(G)C(G), A(f)(x,y) = flxy),

for f € C(G) and z,y € G.



CHAPTER 1. QUANTUM GROUPS 3

2. The counit, € : C(G) — C, e(f) = f(e) for f € C(G).
3. The antipode, S : C(G) = C(G), S(f)(z) = f(z7') for f € C(G) and z € G.

The group axioms mean C(G) is an example of a finite dimensional commutative C*-

algebra which also has the structure of a Hopf-*-algebra.

Definition 1.1. A Hopf *-algebra A is a unital x-algebra (with multiplication m :
A® A — A and unit 1) which is equipped with a unital *-homomorphism A: A - A® A
and linear maps € : A — C and S : A — A satisfying

(ARIDA = (Id®A)A,  (e@id)A = ([d®)A =id, m(S®Id)A =m(id®S)A = ¢(—)1.

The maps A, € and S are called the comultiplication (or coproduct), counit and antipode

respectively.

Remark 1.2. The definition of a Hopf algebra originates from the work of Cartier in
a seminar in 1955 (see [6, Introduction]). The name is motivated by the work of Hopf
in [35], where Hopf introduces a class of spaces (which we today call H-spaces) for which
there is a comultiplication in cohomology [6, p.g. 15]. We refer the reader to one of the
many contemporary accounts on the background theory of Hopf algebras, for example [78,

Chapter 1] for the definition given above, and standard results.
Remark 1.3. Let A be a Hopf-x-algebra.

1. It can be shown that € is automatically a x-homomorphism and S is anti-multiplicative
with S(S(a*)*) = a for all a € A, [79, Proposition 2.4]. In particular S is invertible,
with S7!(a) = S(a*)* for all a € A.

2. The maps € and S are uniquely determined by A, [79, Proposition 2.3].

3. The maps € and S are unital. Indeed we see that (¢ ® id)A(1) = €(1)1 = 1 since A
is unital, so (1) = 1. We also have S(1)1 =¢(1)1 =1, so S(1) = 1.

4. We will make use of the Sweedler notation for coproducts. If a € A then since
A(a) € A® A, we can write A(a) = > 7" | a;1 ® a;p for some n € N and a;1, a0 € A.

In Sweedler notation, we simply write

Aa) =) aq) ®ag)

or perhaps even A(a) = a(1) ® a(zy where in this notation the summation is implied.
We write

(1 ®A)A() = (A ®id)A(a) = a) ® a) ® ag
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where there is no ambiguity in the notation because of the first axiom in Definition

1.1. Further applications of A extend this notation in the natural way.

5. Let A°" denote the opposite algebra of A. As a vector space A°® = A, but if
m4 is the multiplication of A, then the multiplication m 0» on A°P is given by
maor (a @) = my(b®a) for a,b € A. The opposite algebra A°P is a Hopf-x-algebra,
with the same coproduct and counit. The antipode is given by S~! because for a € A

maer (S~ @ id)A(a) = malae) ® S~ (aw)) = S~ (malaq) ® S(aw)))

g-
S~ He(a)l) = e(a)l

and similarly m 400 (id @S™1)A = €(—)1.

The axioms in Definition 1.1 reflect the group axioms in the case of C'(G). For example
(A®id)A = (id ® A)A is equivalent to the statement that for all f € C(G) and z,y,2z € G

we have
f((zy)2) = f(z(yz))

and this is equivalent to the statement that (zy)z = x(yz) for all z,y,z € G, which is
of course associativity in G. This axiom is sometimes referred to as the coassociativity

axiom for this reason.
The example of C'(G) motivates the following definition.

Definition 1.4. A finite quantum group is a finite dimensional C*-algebra which is

also a Hopf-x-algebra.

Remark 1.5. The definition we give appears in [53, Definition 2.4]. This has developed
over time, for example Van Daele uses this term in [82] to mean a finite dimensional Hopf

algebra.

Let us check that this definition satisfies the first of our desired properties for quantum

groups.

Proposition 1.6. Let A be a commutative finite quantum group. Then there exists a
finite group G such that A = C(G).

Proof. Since A is a commutative C*-algebra we see A = Cy(G) for some locally compact
Hausdorff space G using the equivalence Cy. Since A is finite dimensional, we must have
that G is a finite set.

Since A : C(G) — C(G)®C(G) is a x-homomorphism, and we can identify C'(G)©C(G) =
C(G x G), then by the equivalence C there exists a map m : G x G — G such that
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A(f)(z,y) = f(m(x,y)) for f € C(G) and z,y € G, which we will call multiplication. By

the coassociativity axiom, we have

f(m(m(z,y),2)) = f(m(z,m(y, z)))

for all f € C(G) and z,y,z € G. Therefore we must have m(m(x,y), z) = m(z,m(y, z))

for all z,y, z € GG, and so the multiplication is associative.

Since € : C(G) — C is a x-homomorphism, and we can view C as the function algebra
over a one point space {pt}, we obtain a map {pt} — G using the equivalence Cy. In

particular € picks out a single element of GG, which we will call e. The axiom
(e®id)A = (id ®€)A = id

means that for all f € C(G) and z € G,

Therefore we must have m(e,x) = m(z,e) = x for all x € G, and so e is an identity for

the multiplication.

Finally we use the antipode S to produce multiplicative inverses. First note that S = S7!,
because A = A°P and the antipode is uniquely determined by the comultiplication (see
Remark 1.3). Therefore

for all f € C(G) and so S is a x-homomorphism in this case. We therefore obtain a map

t : G — G using the equivalence Cy. The final Hopf axiom
m(S ®1id)A = m(id ®S)A = ¢(—)1

means that
f(m(u(x),x)) = f(m(z,(x))) = f(e)

for all f € C(G) and = € G. Therefore if © € G, «(z) is a multiplicative inverse for .
Hence G is a finite group. O]

Remark 1.7. In fact, it is equivalent to say that A is a finite quantum group if A is
a finite dimensional Hopf-x-algebra such that for a € A, a*a = 0 if and only if a = 0,
c.f. [45, Definition 2.3]. Indeed, one can use this condition on A (see [82, Proposition 2.1])
to show there exists a positive faithful linear functional on A. One can then use the GNS
construction for x-algebras (c.f. [59, p.g. 93-94]) to show that A is in fact a C*-algebra,

and hence A is a finite quantum group in the sense of Definition 1.4.
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Let us conclude our discussion on finite quantum groups by looking at another example.

Example 1.8. Let G be a finite group. Then CG, the group ring, is an example of a
finite quantum group. We will work through the details. We denote the canonical basis
for CG indexed by G by {d,}4ec. The *-algebra structure of CG is given by

0g0n = Ogn, (0g)" = 0g-1.

where g, h € G. As a vector space, we can identify CG with C(G), where for g € G, the
basis element §, € CG is identified with the function

1 h=g
d;:G—=C, §,(h):=
0 h#g.

However this linear isomorphism is not an algebra isomorphism. Note that {d,},cc C
L?*(@G) forms an orthonormal basis. Of course, L*(G) = C(G) in the finite setting, but we

shall keep the distinction in this example so that we can make a generalization shortly.

The group ring is a C*-algebra, because the left regular representation
NG ULAG), M) = fg '), fel¥G), gheG
extends linearly to a faithful representation of the group ring, which we also denote by A,
M\ CG — B(L*(@Q))

which is given by A(d,) = Ay for ¢ € G. This equips CG with a C*-norm. Since G is
finite, CG is finite dimensional, and so is complete. Therefore CG is a finite dimensional

C*-algebra. We can equip CG with the Hopf structure
A((Sg) = 59 & 59’ 6(55,) = 1, S(59> = (5971

(where g € ) on the basis, extending linearly.

~

If G is abelian, then we note that as C*-algebras and Hopf-x-algebras we have CG = C(G),
where G denotes the Pontryagin dual of G, i.e. the group of characters of G (introduced
by Pontryagin in [66]). The isomorphism is given by

0g > evy

for g € G, where if w € G, evg(w) = w(g).
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Recall that we also want to extend the notion of Pontryagin duality to quantum groups.
Rather than define this in the finite setting, we will return to this later in the compact
setting, which subsumes the finite case. However, we note at this stage that Example 1.8
suggests that we should define the dual of a finite quantum group in such a way that the
dual of C(G) for a finite group G is CG.

1.1.2 Discrete Quantum Groups

Remark 1.7 tells us that a finite quantum group can be defined by a purely algebraic
condition. From the viewpoint of the principle of non-commutative geometry, it should
not be too surprising that we don’t need to mention C*-algebras at all because a finite
group has the discrete topology. The theory of finite quantum groups could therefore be
developed from an algebraic point of view. It is convenient to take this viewpoint in the

setting of discrete quantum groups (as originally in [81]), which we will consider now.

Let G be a discrete group. Consider C.(G), the compactly (and hence finitely) supported
functions on G. We can try to define a comultiplication, counit and antipode using the
same formulae as in the finite case, but we run into difficulty because A(f) is no longer

compactly supported.

To resolve this issue, we use algebraic multiplier algebras and multiplier Hopf-x-algebras,
as introduced by Van Daele in [80]. We refer the reader to this paper for further details,

and for the statements of the definitions.
Definition 1.9. Let A be an algebra.

(a) A left multiplier of A is a linear map L : A — A such that L(ab) = L(a)b for all
a,be A

(b) A right multiplier of A is a linear map R : A — A such that R(ab) = aR(b) for
all a,b € A.

(c) A multiplier of A is a pair (L, R) of a left multiplier and right multiplier respectively
such that R(a)b = aL(b).

We denote by M(A) the vector space of multipliers of A.
The prototypical example of a multiplier of an algebra A is the pair (L,, R,), where a € A,

defined by
L,(b) =ab, R,(b)=ba, be A
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The space M(A) is an algebra (and a *x-algebra, if A is a x-algebra), with operations
(Ll, Rl)(LQ, Rg) = (L1 o) LQ, RQ e} Rl), (L, R)* = (R*, L*)

where, for a linear map 7' : A — A, we define a linear map 7" : A — A by T*(a) = T'(a*)*
for a € A. It is a unital algebra, with identity 1) = (id,id). We call M(A) the
(algebraic) multiplier algebra of A. Note that if A is a C*-algebra, then M(A) is the
usual multiplier algebra using the double centralizer definition (see [59, p.g. 38-39]) of the
multiplier algebra of a C*-algebra.

In working with multiplier algebras, often one encounters the term non-degeneracy. Let

us recall the notions associated to this now.

Definition 1.10. Let A be an algebra. Then A is said to have non-degenerate product

if the following conditions are satisfied.
1. If a € Aand ab=0 for all b € A, then a = 0.

2. If a € Aand ba =0 for all b € A, then a = 0.

If B is an algebra, and ¢ : A — M(B) is a homomorphism, we say ¢ is non-degenerate
if
span{¢p(a)b | a € A,b € B} = B, span{bo(a) | a € A,b€ B} = B.

Remark 1.11. In the case where A, B are %-algebras and ¢ is a x-homomorphism, then

we only require one of the conditions in both parts of Definition 1.10.

If Ais a C*-algebra, then A has non-degenerate product, since if a € A satisfies ba = 0

for all b € A, then a*a = 0, and so ||a*a|| = ||a]|* = 0, so a = 0.

Note that in the case where A and B are C*-algebras, we weaken the definition of a

non-degenerate *-homomorphism ¢ : A — M (B), asking for

span{¢(a)b | a € A,b € B} = B.

If A has non-degenerate product, then M(A) contains A as a two sided ideal. Indeed,
A— M(A), aw (La, R,)

is a homomorphism, and non-degeneracy implies that the map is injective. One can check
that for (L, R) € M(A), we have

(La, Ro)(L, R) = (LRr(a), Ri@)), (L, R)(La, Ra) = (L), Ri(a))
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for all a € A, and so A C M(A) is a two-sided ideal.

Remark 1.12. If A is a commutative algebra with non-degenerate product and (L, R) €
M(A), then L = R. This is because for all a,b € A, we have

L(a)b = L(ab) = L(ba) = bR(a) = R(a)b.

Hence for each a € A, (L(a) — R(a))b = 0 for all b € B. Therefore by non-degeneracy

L = R as required.

Example 1.13. Let us consider some examples of multiplier algebras.

(a)

Let A be a unital x-algebra. Then M(A) = A.

Indeed, A has non-degenerate product, and so A C M(A) as a two sided ideal. We
have that A is unital and 1y7(4) = (L1, R1), the unit in M (A). Therefore A = M(A).

Let X be a discrete space and consider C.(X), the space of compactly supported
C-valued functions on X. In this example, we will consider C.(X) as an algebra
with pointwise multiplication. We will show that M (C.(X)) = C(X).

Note that if f € C(X), then
My : Co(X) = Co(X),  My(g) = [y,

for g € C.(X) defines a left and right multiplier of C.(X) and so we obtain an

injective homomorphism
C(X) = M(Ce(X)), [ (M, My).

We need to show that any multiplier of C.(X) is of the form (M, My) for some
f € C(X). Since C.(X) is commutative and has non-degenerate product, then by
Remark 1.12, we only need to show that any left multiplier is of the form M for
some f € C.(X).

Let L be a left multiplier of C.(X). Then for g € C.(X) and z € X, we have
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where 4, is as defined in Example 1.8. Therefore if we define f € C(X) by
[ X=C, [f(z):=L(5)(x)

for x € X then L = My, as required.

Let (n;)icr be a sequence of natural numbers. Let A = alg — @,.; M,,(C), the
algebraic direct sum of matrix algebras. Then M(A) = [[,.; M,,(C).

1€l g

Note that if X € ], ; M,,(C), then
LX:A—>A, LX(Y)ZXY, inA—)A7 Rx(Y):YX7

for Y € A define left and right multipliers of A respectively and so we obtain an

injective homomorphism

[[2..(C) = M(4), X~ (Lx,Rx).

iel

We need to check that every multiplier of A is of the form (Ly, Rx) for some X €
Hz’el an(c)

Let j € I, and let B € M,;(C). Then B defines an element of A (which we also
call B) which is B in the M, (C)-block and zero in all other blocks. If L is a left
multiplier of A, then we claim that L(B) is zero in all blocks other than the M, (C)-
block, and so the L is a direct product of left multipliers in each block. Let I; be
the element of [[,.; M,,(C) which is zero in all blocks other than the M, (C)-block,

where there is an identity matrix. Then
L(B)I; = L(BI;) = L(B)

and so L(B) is zero in all blocks other than the M, (C)-block. Since each individual
block is unital, then the left multipliers in each block are given by a matrix being
multiplied on the left. Hence L = Ly for some X € [[,.; M, (C) € M(A). A similar

argument works for the right multiplier R.

We have shown that a multiplier of A is of the form (Lx,Ry) where XY €
[Le; Mo, (C). We need to show that X = Y. This follows from the fact that

el g
for all Z, W € A, we must have

ZYW = Ry(Z)W = ZLx(W) = ZXW.

Taking Z = W = I; as defined above, we see X and Y are equal in the M, (C)-block.
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Doing this for each block shows that X =Y as required.

Remark 1.14. The algebraic multiplier algebras satisfy properties we expect from the

C*-algebraic setting. If A and B are x-algebras, we have the obvious natural embedding
M(A)® M(B) — M(A® B)

and a non-degenerate x-homomorphism A — M (B) extends to a *-homomorphism M (A) —
M (B), see [80, Proposition A.3, A.6].

Using multiplier algebras, we can generalize the definition of a Hopf algebra.

Definition 1.15. Let A be a *-algebra with a non-degenerate product. Suppose there
exists a x-homomorphism A : A — M(A ® A) such that the following conditions are
satisfied.

1. Ala)(1®b) e A® Aand (a®1)A(b) € A® Afor all a,b € A.

2. A satisfies
(e®1®1)(ARId)(Ab)(1®c) = (1d®A)((a® HAD)(1®1®c)

for all a,b,c € A.

3. The linear maps 177,75 : A® A — A® A defined by
Ti(a®b)=A(a)(1®0b), Tr(a®b)=(a® 1)A(D)

for a,b € A are bijective.

Then we call A a multiplier Hopf-x-algebra.

In the case where A = C.(G), the first condition is simply saying that if f € C.(G), and
we ‘cut down’ A(f) in one variable by multiplying by a finitely supported function in this
variable then we obtain a finitely supported function. The second condition comes from
associativity in G. The third condition is perhaps the most unusual - but this comes from

the fact we have multiplicative inverses in G, c.f. [78, Proposition 1.3.19].

It might seem unusual that we do not have a counit or antipode as in Definition 1.1, but
these can be reconstructed from this definition, see [80, Definition 3.4 and Theorem 4.6].
In this case, the counit of a multiplier Hopf-x-algebra A is € : A — C, a *-homomorphism
such that

(id®e)((a @ 1)A(b)) = ab, (e®id)(A(a)(1®@Db)) = ab
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for all a,b € A, and the antipode S : A — A is an anti-multiplicative and linear map such
that

m(id®S)((b ® 1)A(a)) = be(a), m(S®id)(A(a)(1 ® b)) =€(a)b, S(S(a*)*)=a

for all a,b € A.

We can now give the definition of an (algebraic) discrete quantum group as introduced
in [81].

Definition 1.16. A discrete quantum group is a multiplier Hopf-x-algebra whose

underlying x-algebra is the algebraic direct sum of full matrix algebras.

Clearly if G is a discrete group then C.(G) is a direct sum of copies of C and so satisfies
Definition 1.16. In fact, if A is a commutative discrete quantum group, then A = C,(G) for
some discrete group G (see [81, pg. 432]). This definition also includes the finite quantum

groups as in Definition 1.4.

The reason for allowing arbitrary matrix algebras in Definition 1.16 is due to Example
1.8. If G is a non-abelian finite group, then CG is a direct sum of matrix algebras,

see [89, Proposition 3.4].

Remark 1.17. Note that since a discrete quantum group has a C*-norm (because each
of the matrix algebras is a C*-algebra), we can complete to obtain a C*-algebra. For
us, a C*-algebraic quantum group will be a completion of a discrete quantum group
in the sense of Definition 1.16. We should note that on the C*-algebraic level, Podles
and Woronowicz considered discrete quantum groups to be duals of compact quantum
groups, and described the properties of discrete quantum groups without the terminology

of multiplier Hopf algebras, [65, Theorem 3.1].

1.1.3 Compact Quantum Groups

Finally we come to the notion of a compact quantum group. In [90] Woronowicz introduced
the notion of a compact matrix quantum group, forming the basis for the modern definition
of a compact quantum group which can now be found in many sources, such as [61,
Definition 1.1.1].

Definition 1.18. A compact quantum group is a unital C*-algebra A with a *-
homomorphism A : A — A ® A such that

1. (A®id)A = (id® A)A, and
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2. A(A)(A®1) and A(A)(1 ® A) are dense in A ® A.

We shall sometimes denote a compact quantum group A by C(G). Then we shall refer
to G as the underlying compact quantum group, and A as the corresponding function
algebra. With this terminology, a compact quantum group with commutative function

algebra is a compact group, see [61, p.g. 2].

One should notice that a quantum group that is both discrete and compact is a finite
quantum group, and that a finite quantum group is an example of a compact quantum

group. In analogy to Example 1.8, we have the following.

Example 1.19. Let GG be a discrete group. Then we can use the same definitions as in
Example 1.8 to equip CG with a norm. Then the reduced group C*-algebra C(G) is
given by the completion of CG with respect to this norm.

The C*-algebra C(G) is a compact quantum group, with comultiplication defined on CG
by A(é,) = 6, ® 0, for ¢ € G and then by extending to C(G). Note that for this one
needs to show that A is bounded with respect to the above norm, see [45, Example 3.1.3].

One might wonder if one can reconstruct a counit and antipode from the axioms of a
compact quantum group. We will see in Section 1.2 that it is possible to define these on
a dense subspace, but they need not be bounded there, so do not extend to the whole

quantum group. This is illustrated in the following example.

Example 1.20. Let G = Fy be the free group on two generators. Then by Example
1.19, A = C¥(G) is a compact quantum group. The group ring CG C C¥(G) is a unital
x-algebra with the given comultiplication. We can define a counit and antipode on CG as
in Example 1.8, and in this way CG is a Hopf-*-algebra. However, the counit here is not
bounded. Indeed, suppose it were, and consider the extension, a unital x-homomorphism
e : C¥(G) — C. However, C(G) is simple (see [67]) and so Ker(e) = 0 or Ker(e) = C*(G).

Neither are possible.
The main example of a compact quantum group that will concern us is the quantum SU(2)
group, as introduced by Woronowicz in [91].

Example 1.21. For ¢ € (0,1] define O(SU,(2)) to be the universal unital *-algebra
generated by a, v subject to the condition

(a —qv*) L
1s unitary.
7o



CHAPTER 1. QUANTUM GROUPS 14

Define C'(SU,(2)) to be the universal enveloping C*-algebra of O(SU,(2)). That is, we
consider unital *-representations 7 : O(SU,(2)) — B(#) where H is a Hilbert space, and
we define a C*-norm on O(SU,(2)) by

2l = sup [[(2)llop (1.1)

for x € O(SU,(2)). There are some details to be checked here - namely, that this makes
sense for all x € O(SU,(2)) and that the formula above defines a norm. For the former,

it is sufficient to check this on « and ~ using the triangle inequality. Since the matrix

o —q7

7ol
is unitary we can apply 7 to each entry of the matrix to obtain a unitary in Ms(B(H)).
If x € H with ||z[|;, < 1, we have

Therefore
I ()z)l7, + m(v)zl; <1

and so [|7(a)|l,,, IT(Ml,, < 1. For the fact (1.1) defines a norm, we refer the reader
to [91, (1.8)].

There is a comultiplication map
A C(SU,(2)) — C(SU,(2)) @ C(SU,(2))
which is given by
Ala)=a®@a—gy" ®y, AM)=7@a+a*®7,

see [91, Theorem 1.4].

When ¢ = 1, C(SU,(2)) is simply the algebra C'(SU(2)), see [91, p.g. 128, Remark 3].
In this case a : SU(2) — C is the coordinate projection to the top left matrix entry, and
v : SU(2) — C is the coordinate projection to the bottom left matrix entry.

If ¢,¢" € (0,1) then the algebras C(SU,(2)) and C(SU,(2)) are isomorphic (see [91,
Theorem A2.2]), but this does not mean that they are isomorphic as quantum groups.

From the point of view of the principle of non-commutative geometry, the underlying
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quantum groups are homeomorphic.

1.2 Harmonic Analysis of Compact Quantum Groups

In this section we will review basic representation theory for compact quantum groups,
and the construction of the dual of a compact quantum group. This section is mainly

theoretical in nature, and we will apply this theory to SU(2) in Section 1.3.

Much of the content here was developed from Woronowicz’s original treatment of represen-
tations of compact matrix quantum groups in the finite dimensional setting, [90, Section

2]. In what follows however we mainly take definitions and results from [53].

1.2.1 Representation Theory of Compact Quantum Groups

As is the case for groups, the representation theory of quantum groups is of interest. We
start by recalling the concept of a (unitary) representation of a compact quantum group
and associated notions, as in [53]. In the definition, we use the following leg numbering
notation. Let A be a C*-algebra and let 0 : A® A - A ® A denote the flip map. If
r € M(A® K(H)) we define x(23), r(1,3 € M(A® A® K(H)) by

Ty =id®r,  raz = (0 @id)(z@eg).

Definition 1.22. Let A = C(G) be a compact quantum group and H be a Hilbert space.

(a) A (unitary) representation of G on # is an invertible (resp. unitary) element
ve M(A® K(H)) such that

(A ®id)(v) = v 3)ves)-

(b) A closed subspace V' C H is said to be invariant under a representation v of G on
H if (id ®p)v(id ®p) = v(id ®p), where p is the orthogonal projection onto V. The
representation v is said to be irreducible if the only invariant subspaces are 0 and

H.

(c¢) Let K be a Hilbert space, and suppose v € M(A® K(H)) and w € M(A® K(K))
are representations of G on H and K respectively. An intertwiner between v and w
is an element z € B(H,K) such that (1 ® z)v = w(l ® z). If x is invertible (resp.
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unitary) then v and w are said to be equivalent (resp. unitarily equivalent).

The set of intertwiners between v and w is denoted by C(v, w).

(d) fve M(A® K(H)) and w € M(A ® K(K)) are representations of G on Hilbert
spaces H and KC respectively, then we define the direct sum v @ w, a representation
of G on HBK, to be the direct sum of v and w viewed as maps AQK (H) = AQK(H)
and A ® K(K) - A® K(K) respectively.

Remark 1.23.

1. As expected, if G = G where G is a compact group, then unitary representations of
G in the sense of Definition 1.22 correspond to unitary representations of G in the

usual sense, see [53, pg. 20].

2. We will particularly be interested in the case where v is a representation on a finite
dimensional Hilbert space H. In this case, if we choose a basis for H we can write
v = (v;;), a matrix with entries v;; € A. These entries are often referred to as the

matrix coefficients of v. The condition on (A ® id)(v) then becomes

A(Uij> = Z Vit ® Uk -

k
Example 1.24. Let A = C(SU,(2)). Consider
ub = (O‘ - ) € A K(C?)
v«

with respect to the standard orthonormal basis of C2. By the definition of the comultipli-
cation on C'(SU,(2)) this is a unitary representation of SU,(2). One can also check that

this is an irreducible representation.

The unitary representation theory of a compact quantum group is well-behaved like in
the classical case of compact groups. For example, we have the following results, see [53,

Section 6], which are generalizations from the compact group setting.
Theorem 1.25. Let A = C(G) be a compact quantum group.

a) If V is an invariant subspace for a unitary representation of G, then V= is also
(a) p y rep ;

mvariant.
(b) Any irreducible unitary representation of G is finite dimensional.

(c) (Schur’s Lemma) Ifv, w are irreducible unitary representations of G, then C(u,v) =

0, orv and w are equivalent and C(u,v) is one-dimensional.
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(d) A wunitary representation of G decomposes as a direct sum of irreducible unitary

representations of G.

We can now describe the dense Hopf-*-algebra of a compact quantum group, following [53,
Section 7]. This is analogous to the space of ‘trigonometric polynomials’ introduced when

studying harmonic analysis on a compact group G, see for example [24, pg. 131].

Theorem 1.26. Let A = C(G) be a compact quantum group. Let O(G) be the subspace of

C(G) spanned by the matriz coefficients of all finite dimensional unitary representations
of C(G).

(a) O(G) is a dense x-subalgebra of C'(G).

(b) Let {u* | X € A} be a complete set of mutually inequivalent irreducible unitary repre-

sentations of G. Then the set of all matriz coefficients of this set of representations
forms a basis for O(G).

(c) O(G) is a Hopf-x-algebra. With respect to the basis given above, the counit and
antipode are given respectively by the formulae
e(uy) = b5, S(uyy) = (uy)".
Example 1.27. Let T be the circle group. We will describe O(T') as defined Theorem
1.26.

The unitary irreducible representations of T correspond to unitary irreducible represen-
tations of 7" in the sense of Definition 1.22. Each irreducible representation of 7" is one

dimensional, and is given by z — 2™ for some m € Z (see [24, Theorem 4.5]).

Then the set of matrix coefficients O(T') is spanned by the polynomials z +— 2™ for m € Z.
Therefore O(T) = Clz, 2™ 1].

1.2.2 Haar Integrals and Duals of Compact Quantum Groups

Let G be a locally compact group. Then it is well known (see [30] for the original work
due to Haar, or [24, Theorem 2.10] for a contemporary account) that there exists a so-
called left Haar measure on . This is a non-zero Radon measure p on G that is left

translation invariant. In terms of integrals, u satisfies

/G F(ye) dulz) = / £(z) du(z)
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for all integrable functions f on G and all y € G. One can also consider right Haar
measures, which are right translation invariant. Haar measures on G are unique up to a
positive scalar multiple [24, Theorem 2.20], and on a compact group, a left Haar measure
is also a right Haar measure and vice-versa (in this case, G is said to be unimodular, [24,
Section 2.4]). On a compact group G we can normalize our choice of Haar measure by
requiring that u(G) = 1. In particular, on compact groups we talk of ‘the’ Haar measure

without any confusion.

As we saw at the start of the chapter, if X is a compact measure space with positive

measure £ we have the positive linear functional on C'(X) given by

C(X) 5 C, fro /X F@) dp(z).

In particular, if G is a compact group with Haar measure p we obtain the Haar functional
defined by

6:C(X)>C, o(f) = /G f(z) du(z)

for f € C(G). The propery u(G) = 1 is equivalent to ¢(1) = 1, where 1 € C(X) is the
constant function taking the value 1 € C. The left and right invariance conditions on pu

can be written in terms of integrals as

(id@)A(f) =o(f) -1, (9@id)A(f) = ¢(f) -1

respectively, for f € C(G). We can use this to motivate the definition of left and right

invariant functionals on a compact quantum group, as seen in [53, Definition 4.1].

Definition 1.28. Let A be a compact quantum group with unit 1. A linear functional ¢

on A is called left invariant if

(id®@¢)Ala) = ¢(a) - 1
for all @ € A and right invariant if

(0 ®id)A(a) = ¢(a) - 1

for all a € A.

We have the following theorem, [53, Theorem 4.4, Proposition 7.8] which mirrors the

classical group case.

Theorem 1.29. Let A = C(G) be a compact quantum group.
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(a) There is a unique left invariant state ¢ on C(G).
(b) The unique left invariant state ¢g is also right invariant.
(¢) The state ¢g is faithful on O(G), i.e. if a € O(G) and ¢g(a*a) =0, then a = 0.

The state is called the Haar functional or Haar state on C(G).

Let C(G) be a compact quantum group with Haar functional ¢g. Then we set
L*(G) := GNS(¢¢), (1.2)

the Hilbert space obtained by carrying out the GNS construction with respect to ¢g,
see [59, Section 3.4]. Then C'(G) acts by bounded operators on L*(G). This Hilbert space
plays the role of the L2-space of a classical group. Indeed, if G is a classical group G, then
L*(G) = L*(G).

In the theory of compact groups, the Schur orthogonality relations (see [24, 5.8]) are an

important ingredient in the representation theory. Let us recall these relations now.

Theorem 1.30. Let G be a compact group, and suppose m, p are irreducible unitary

representations of G on Hilbert spaces Hr and H, respectively. If v, w, € Hr and v,, w, €

H,, then

S 0 m and p are inequivalent
| TR k) i) =

mwmvﬂ)(wmwﬁ,) 7w and p are u. equivalent.

Note that in the latter case we identify H. and H, via an equivariant unitary to calculate

the inner products on the right hand side.

Remark 1.31. If 7 and p are unitarily equivalent, then there is an equivariant unitary
U:Hr— H, Then the right hand side of the formula in Theorem 1.30 is

Fim ) e Uve) U )

We remark that the choice of equivariant unitary used here does not matter. Indeed, if
V : H, — H, is another unitary, then by Schur’s Lemma (Theorem 1.25) there exists
A € C such that V = A\U. In fact we must have |A\| = 1 because V is also unitary. Then

(Vp, VUr) (Vwg, w,) = |A[(v,, Uvg) (Uwr, wy) = (v, Uvg) (Uwy, w,).

Note that the inner products on the left hand side of the formula in Theorem 1.30 are
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matrix coefficients for m and p respectively. Therefore these relations tell us when matrix

coefficients are orthogonal in the L?-norm with respect to the Haar measure.

Let us now discuss the quantum version of these relations. First we need the notion of
the contragredient representation, originally developed by Woronowicz for compact matrix
quantum groups in [90, Section 3]. We refer the reader to [61, p.g. 11] for the theory for

compact quantum groups in general.

Let A = C(G) be a compact quantum group, and let v € A® B(H) be a finite dimensional
representation of G on a Hilbert space H. Let H be the conjugate Hilbert space. That is,
H = # as sets, but the scalar multiplication changes. If h € H, then we write h € H for
the corresponding element in . Then for A € C and h € H, we define

Ah = Ah.

The inner product of H is given by

for h,h' € H.

Recall that H* = H via the Riesz representation theorem. If  has basis {e;}sc, then the

corresponding dual basis of H* under this identification is given by {€;};c;. Define

j:B(H)— B(H), j(T)h=T*h (1.3)

for T'e B(H) and h € H.

Define the contragredient representation v¢ of v by
v¢ = (id®j)(v ') € A® B(H)

One can show that v® defines a representation of G, [61, p.g. 11-13], and that in the case
where A = C(G) for some compact group G, then we recover the classical contragredient
representation. We might ask - if v = (v;;) is a unitary representation written in matrix
form with respect to a basis in ‘H, how does v¢ look with respect to the corresponding

dual basis of H#? What about v°? Let us answer these questions now.

Proposition 1.32. Let A = C(G) be a compact quantum group, and let v = (v;;) be
a finite dimensional unitary representation of G on a Hilbert space H, written as a ma-

trixz with respect to a chosen orthonormal basis {e;};cr of H. Then with respect to the
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corresponding dual basis {€;}ic; of H we have
(v)ij = S(vji) = U;}
and with respect to the chosen orthonormal basis of H we have
(v°)i; = 5% (viz)-
Proof. We can write v =3, ;v;; ® e;; € A® B(H), where for h € H,
eij(h) == (ej, h)n e

That is, if we represent e;; by a matrix, it is the usual matrix unit with a 1 in the 75

position and zeroes elsewhere. Since v is unitary, we have that v=! = v*, and so
-1 __ 2 * * E : *
2 ]

Define &;; € B(H) by

%(ﬁ) = <a7 h)ﬁ €,

for h € H. These are the matrix units with respect to the dual basis. One can check that

c __ * P
v = E V5 @ €5
i’j

Therefore as a matrix with respect to the basis {€}icr of H, (v9)y; = v = S(vj;) as

j(eij) = €5, and so

required.

For the double contragredient, we need to find v°~! (since the contragredient representation

is not necessarily unitary). We will show that
V=Y S()) @ E.
]
We have
(Z vy ® @) (Z S(vy) ® G_k;l> =
irj k,l

By Remark 1.3, m o0 (id @S™")A(vi) = e(vy)1 and so Y0, S~ (v)vyy = e(va)l = dal,

viS(y) @ =Y (S va)vy) @@
l

i’j? Z’7j7l
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Therefore

(Zv;fj@aj) (ZS(UZ,)@GT;) =Y 1o =1 A B(H).

1,J

We then finally have that
Ve — Z S(v;‘j) ® eji = Z 52(vﬂ-) ® eji = ZSQ(UU‘) ® ei;.
0] i, i\j

Therefore as a matrix with respect to the basis {e;}ic; of H, (v°);; = S?(vy;) as required.
[

Note that in the classical case S? = id (see the proof of Proposition 1.6) so v = wv.

However this is not true in the general quantum setting. We will see this with quantum
SU(2) in Section 1.3.

The Schur orthogonality relations can now be stated for compact quantum groups, as
in [61, Theorem 1.4.3], developing the result by Woronowicz for compact matrix quantum
groups in [90, (5.14), (5.15)]. One can show (see [61, pg. 14]) that for an irreducible finite
dimensional representation u of a compact quantum group G on a Hilbert space H,, the
representations u and u® are equivalent and so by Schur’s Lemma (Theorem 1.25) the
space C(u,u®) C B(H,) is one dimensional. In fact, it is also shown there that C(u,u)
is spanned by a positive invertible operator P, € B(H,). We can fix the choice of P, by
requiring Trace(P,) = Trace(P, ).

Theorem 1.33. Let A= C(G) be a compact quantum group, and let v = (v;;) be a finite
dimensional unitary representation of G on a Hilbert space H, written as a matriz with
respect to a chosen orthonormal basis of H. Then
% 5ki(Pv>jl * 5j (Pv_l)k’i
VRUS) = = Vi) = 2L 2%
Po(vuvy;) Trace(P,) Po(vijum) Trace(P,)
and if u = (uy) s another finite dimensional unitary representation of G that is inequiv-

alent to v, then gb@,(uklvfj) = ¢G(Ufjvkl) = 0.

Note that if A = C(G), and w is a finite dimensional unitary representation of G, then the

operator P, = id because u“ = u, and then we recover Theorem 1.30 from Theorem 1.33.

Now we turn to duality, and define the dual of a compact quantum group. Since the
Pontryagin dual of a compact group is a discrete group [24, Proposition 4.4], we will be
constructing a discrete quantum group. The following construction is a special case of

that given in [83, Section 4].
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Let A = C(G) be a compact quantum group with dense Hopf algebra of matrix coefficients
O(G) and Haar state ¢g. Let {u* | A € A} be a complete set of mutually inequivalent
irreducible unitary representations of G. Let Py denote the positive operator intertwining

v and u* as defined prior to Theorem 1.33. Consider the vector space
D(G) :={w e O(G)" | w(f) = ¢c(fg) for some g € O(G)} C O(G)".

This is a convenient subspace of O(G)* to work with. We will show that D(G) contains
the dual basis to the basis of matrix coefficients provided by our choice of representations
and Theorem 1.26 (b). Set

:ZTrace(PA)(P/\ ) (U ) € O(G) (1.4)

where the indices i, 7 depend on the labels given to a chosen basis for the (finite-dimensional))

carrier Hilbert space of the representation u*.

Define wjy € O(G)* by w)(f) = ¢c(fay;) for f € O(G). Then w); € D(G) by construction
and if 4 € A we have

wii () = e (upay)
= ZTrace L@G(%z( p )

B ) 1(5 P r
Y el >T—(<p>>

where k, [ depend on labels given to a chosen basis for the carrier space of u* and we have
used the orthogonality relations in Theorem 1.33. It follows that the w . form a linearly
independent set. If f € O(G), then we can write f = E”/\cfjufj Where c;\j e C. If

w € D(G), then there exists g € O(G) such that wg(f) = ¢c(fg). Then

w(f) = ¢G(fg) = Zcz]¢G z]g Z(bG l]g z]

1,5, 5,7, A

so D(G) is spanned by the wjj. Therefore {w};} is a basis for D(G). We can use the

ij
comultiplication on a Hopf algebra to give a multiplication on elements in the dual. We

define, for w,n € O(G)*, their product wn € O(G)* by

(wn)(f) = (w@n)A(f)



CHAPTER 1. QUANTUM GROUPS 24

for f € O(G). We can calculate the product of our basis elements of D(G), giving

(wi)\ngl)(u;q) = (Wz/\j ® wgl) <Z U;r ® UZq) = Ory0p0ip0jkOtg = 5Au5jkwg\l (qu)-

r

where v € A and p, ¢ depend on labels given to a chosen basis for the carrier space of u”.

It therefore follows that D(G) is a subalgebra of O(G)* and by examining the formulae for
the product of basis elements above, we see that D(G) is an algebraic direct sum of matrix

algebras, where the w;\j are matrix units. We can also equip D(G) with a x-structure. For
w € D(G) we define w* € O(G)* by

for f € O(G). On the matrix units we have

(wiy) " (uy) = Wi (S (ufy)*) = wi(ugy) = wji(ufy)

so we obtain a x-structure on D(G) and it is the usual one on D(G) when viewed as a
direct sum of matrix algebras. We can go further and show that D(G) is a multiplier Hopf
algebra, with comultiplication defined by

Aw)(f®g) =wl(gf) (1.5)

for w € D(G), f,g € O(G). Note that if D(G) = alg — @,.; M,,(C), then M(D(G) ®
D(G)) = [, jer Mn,(C) © M, ;(C), c.f. Example 1.13. It is not immediately clear that
A(w) as defined above is an element of M(D(G) ® D(G)). We refer the reader to [83, p.g.
347-348] for the technical details.

The above shows that D(G) is a discrete quantum group in the sense of Definition 1.16.
We can then complete D(G) to obtain a C*-algebraic discrete quantum group, which we

view as the dual of the compact quantum group C(G).

We can also equip D(G) with the analogue of a Haar integral. Let us first state the general

definition we need.
Definition 1.34. Let H be a multiplier Hopf algebra.

(a) Let ¢ : H — C be a linear functional. If a € A, we define (id ®¢)(A(a)) € M(A) by

(id ®¢)(A(a))b := (id®¢)(A(a)(b® 1)), bid®¢)(A(a)) = (id®@¢)((b® 1)A(a))
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for all b € B and (¢ ®id)(A(a)) € M(A) by
(¢ @id)(A(a))b = (¢ ®id)(A(a)(1®b)), b(¢®id)(Ala)) = (¢ ®id)((1®b)A(a))
for all b € B.
(b) A linear functional ¢ : H — C is left invariant if
(id ®@¢)(A(a)) = ¢(a)ar(ay

for all @ € A and right invariant if

(¢ ®id)(A(a)) = é(a)la(a)
for all a € A.
(c) An integral on H is a non-zero left or right invariant functional.

Remark 1.35. If H is a multiplier Hopf-x-algebra, then an integral is automatically
faithful, and H has a left integral if and only if it has a right integral, see [83, Theorem
3.7].

The following theorem mirrors Theorem 1.29 in the discrete case, see [83, Proposition 4.8].
Note however that one has to adjust the formulae in [83, Proposition 4.8] slightly due to
the difference between the formula (1.5) and [83, Definition 4.4].

Theorem 1.36. Let A = C(G) be a compact quantum group, with counit € on O(G). A
left invariant integral ¢z for D(G) is given by

¢a(9e(—1)) = e(f)
for f € O(G). This integral is positive, i.e. if w € D(G), then

dg(w'w) > 0.

We define, in analogy with (1.2),
L*(G) == GNS(¢g)

the Hilbert space obtained by applying the GNS construction to ¢z. Note that since ¢g is

~

positive by Theorem 1.36, and faithful by Remark 1.35, L?(G) is the completion of D(G)
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with respect to the inner product

(w,n) = dg(w™n)

o~ ~

for w,n € D(G). We note that each w € D(G) defines a linear operator L*(G) — L*(G)

by left multiplication. Since D(G) is an algebraic direct sum of matrix algebras, each
w € D(G) is represented by a finite matrix with respect to the basis {w/;} of LQ(@)

defined above. Hence w defines a bounded linear operator on L(G).

Let us close this section by linking a compact quantum group and its dual via a quantum

analogue of the Fourier transform, originally defined in [83, p.g. 346].

Let G be a compact quantum group. Define the Fourier transform

F:0(G) = D(G), F(f)9) =oelgf), fgeOG). (1.6)

The Fourier transform is a surjective linear map by definition. Suppose F(f) = 0 for some
f € O(G). Then F(f)(f*) = ¢c(f*f) = 0. By Theorem 1.29 it follows that f = 0, and

so the Fourier transform is a linear isomorphism.

We should explain why this should be viewed as an analogue of the classical Fourier

transform.

Example 1.37. Let G = T, the circle group. Then O(G) is the space of polynomials
on T as seen in Example 1.27, and since all the irreducible representations of 17" are one-
dimensional D(G) = C.(Z).

If meZand f € OG),

F() (™) =or(z"f) = /Tf(z)zm dz.

In particular, as a function on 7Z,

F(f)(m) = / f(z)em d

which is the Fourier transform for the circle, because the characters of T are of the form
z — z™. Note however that often one conjugates the character by convention in the

definition of the classical Fourier transform.

In the classical setting where GG is an abelian group, the Fourier transform gives rise to a
unitary isomorphism

F: LX(G) — LX(G).
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Let us prove the quantum analogue of this result (see [83, Proposition 4.9]).

Lemma 1.38. Let G be a compact quantum group, and w,n € D(G) with n = F(g) for
some g € O(G). Then ¢z(wn) = w(S7(g)).

Proof. We have, for f € O(G),

(wn)(f) = (w @A)
w(fw)n(fz)

)F(9)(f2)

n)

)

&H

)
oc(f2)9)
fa)oe(f)€e(90))92)
faelgw) - Doc(fi2)92)-

\

(
(f
(f
(
(

I
€ & & &

Let A®P =g o A, where ¢ is the flip map. It follows from Remark 1.3 that
m(id ® STHACP(—) = ¢(—) - 1
and so

w(fye(gw) - Doe(f2)9e) = w(fn9@ S~ (90)de(f@)9:)
i

(
= w(fw9ee(f296)5  (90)))
= w(oe(f92)S™ ((1>))
= w(S™(gm))oe(f92)
= w(S™H9m)) F(g2)(f)-

Now by Theorem 1.36

o5 (wn) = w(S™(90)))e(9i2) = w(S™(9)).
as required. O

Proposition 1.39. Let G be a compact quantum group. The Fourier transform extends

to a unitary isomorphism

F: LX(G) — LX(G).
Proof. We want to show that

(FF9) 2@ = (920
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for f,g € O(G). We have, by Lemma 1.38,

(FU)F@) 2@ = 6(F ) Fl9) =

as required. O

We finish with a description of the action of D(G) on L?(G) provided by the Fourier

transform.

Proposition 1.40. Let G be a compact quantum group and let w € D(G), viewed as a

~

bounded operator on L*(G). Then
w- = F 'wF € B(L*(G))

is given by the formula

w-g=w(S"(91)))9
for g € O(G).

Proof. By the proof of Lemma 1.38, we have, for f € O(G),

(WF(@))(f) = w(S (9)F (g)(f)

Following by the inverse Fourier transform gives the result. O

We will now apply the results in this section to the quantum group SU,(2) introduced in
Example 1.21.

1.3 Quantum SU(2)

Throughout this section, ¢ € (0, 1], unless explicitly stated otherwise.
Let us start by considering Theorem 1.26 in the context of quantum SU(2).

Example 1.41. One can show that for G = SU,(2), O(G) = O(SU,(2)) as defined in
Example 1.21. Let us demonstrate why this holds true when ¢ = 1. The ideas for ¢ < 1
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are similar and rely on extending results on the representation theory of compact groups

to the quantum setting.

The representation given in Example 1.24 is the standard 2 dimensional unitary represen-
tation of SU(2), which we will denote by 7 in this example. We can consider the tensor
product representation 7" for n > 0, and the matrix coefficients of these representations.
We can see that O(SU(2)) (in the sense of Example 1.21) can then be described as the

linear span of matrix coefficients contained in 7®" for some n.

Let £, denote the span of the matrix coefficients of a unitary representation p of SU(2).
Then the Peter-Weyl theorem [24, Theorem 5.12] states

L*(SU(2)) = P¢,

where p runs over the (equivalence classes of) irreducible unitary representations of SU(2).
Note that O(SU(2)) is dense in C(SU(2)) (with respect to the supremum norm) which is
dense in L*(SU(2)) (of course, with the L2-norm), so O(SU(2)) is dense in L*(SU(2)) in

the L2-norm.

Suppose that there is an irreducible representation p of SU(2) which does not appear in

Xn

7@ for n > 0 (that is, when we decompose each 7®™ into irreducible representations of

SU(2) using Theorem 1.25, p does not appear). Then we must have O(SU(2)) C &, C
L?*(SU(2)). This contradicts density. Therefore O(G) = O(SU(2)).

We will determine, up to unitary equivalence, all of the irreducible unitary representations
of SU,(2) for ¢ € (0,1]. These were originally described in [91, §5], but we will take a
contemporary approach. For this, we introduce the universal enveloping algebra U (sl3(C))
of the Lie algebra of SL(2,C) and an appropriate ‘quantization’ of this algebra. One can
find this approach in various sources, such as [43, p.g. 61-65].

The Lie algebra of SL(2,C), which we denote by sly(C), is given by
5(C) = {X € My(C) | Trace(X) =0}
and therefore has basis
1 1
EZ(S 0)’ FZ(? 8)’ HZ(O —01)'

It follows (see [44, Chapter III] for the general definition of a universal enveloping algebra

of a Lie algebra) that U(sl(C)) (with a slight abuse of notation) is the unital associative



CHAPTER 1. QUANTUM GROUPS 30
algebra generated by elements E, ' and H such that
EF-FE=H, HF—-FH=-2F, HE-FH=2F. (1.7)
We can turn U (sly(C)) into a Hopf-x-algebra with the formulae
E*=F, F'=FE,  H'=H,

AH)=1oH+H®1, AE)=19E+E®1, AF)=19F+F®]1

and
S(EF)=—-E, S(F)=-F, S(H)=-H, €¢E)=¢F)=¢H)=0. (1.8)

This algebra can be ‘quantized’ as seen in the following definition. These were originally
defined in generality by Drinfeld [19] and Jimbo [37].

Definition 1.42. Let ¢ € (0,1). The quantized universal enveloping algebra U,(sl;(C))
is the unital Hopf x-algebra generated by K, K~!, E and F, such that

K? - K2

KK '=1=K 'K, KEK'=qE, KFK'=q'F, EF-FE= -
q9—q

with the x-structure
E* = K*F, F*= EK*Z, K*=K,

and Hopf-structure
AK)=K®K, AE)=1E+E®K’, AF)=K’@F+F®l,

S(E)=—-EK™? S(F)=-K*F, S(K)=K' €E)=¢F)=0, eK)=1.

Note that this definition does not make sense at ¢ = 1, and so the connection to the
classical enveloping algebra is not immediately clear. An alternative presentation is given
in [40, p.g. 125] where one can make sense of the case where ¢ = 1, and realize U (sl3(C))
as a quotient of the resulting algebra. Note that there are several conventions on the
definition of U,(slz(C)) in the literature, including in [40], and so one would need to make
several adjustments for this to be compatible with our given presentation. Instead, let
us set Up(sl(C)) := U(slx(C)) so that we can work simultaneously with the classical and

quantized enveloping algebras in the sequel.
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We will work with g-numbers throughout this section. For ¢ € (0,1) and n € Z, define

_ qn _qfn

[n]q q— q_1 :

We will write [n] when the value of ¢ is clear. Note that as ¢ — 1, [n], — n, so [n], should

be viewed as a ‘quantization’ of n.

Example 1.43. Define the #-representation 7 : U,(sl2(C)) — My(C) by

0 ¢q3 0 0 ¢ 0

W%(E) = W%(F) =1, W%(K) = . q#1
0 0 gz 0 0 g2
01 0 0 1 0

W%(E) = W%(F) = W%(H) = qg=1
00 1 0 0 —1

with respect to the standard orthonormal basis of C2. We will label the standard or-

N

2

1 1 1 1 1 0
thonormal basis of C? by e? and €2, i.e. el = <0> and e*, = <1>
2 2

1

Since W%(Uq(ﬁ[Q(C)))/ =C (O

0 . o 00
. the only projections commuting with T1 are 00

10
and (0 1) whence T is irreducible.

We will determine, up to equivalence, the irreducible *-representations of U, (sly(C)). Later
we will establish the link between these representations and the irreducible unitary repre-
sentations of SU,(2).

Lemma 1.44. Suppose 7 : Uy(sly(C)) — End(V) is a finite dimensional representation

on a vector space V', and v € V' is an eigenvector of the operator

m(K) q#1
m(H) ¢=1
with eigenvalue A. Then
7(K)n(E)v = g n(E)v, #(K)r(F)v=q 'Ar(F)v q#1

T(H)mr(E)v = (A +2)r(E)v, w(H)m(F)v=(A—=-2)m(F)v ¢=1

and there ezists ann € N such that m(E)"v = 0. In particular, there exists a vector w € V
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such that w is an eigenvector for

and T(E)w = 0.

Proof. The first part follows from straightforward calculations using the relations in Defini-
tion 1.42 and (1.7). The second part follows from the fact that V' is finite dimensional. [

Definition 1.45. Suppose 7 : Uy(sl3(C)) — End(V') is a finite dimensional representation

on a vector space V. An eigenvector w € V for

such that 7(E)w = 0 is called a highest weight vector, and the corresponding eigenvalue
is called the highest weight.

Lemma 1.46. Suppose 7 : U,(sl2(C)) — End(V) is a finite dimensional irreducible rep-
resentation on a vector space V', and w € V' is a highest weight vector, with highest weight
A. Then

{fo=7(F)"w | 0<n<d}

vl

h

w
is a basis for V, where d = dim(V) — 1. Moreover, A = o
q

1
where w €
d 1

{1,-1,i,—i}.

Proof. Using the relations in U,(sly(C)) one can show that Vj = span{n(F)"w | n > 0} is
invariant under 7(U,(sl2(C))), and so V =V} by irreducibility. Note that {7(F)"w | n >
0} is a set of linearly independent vectors, being eigenvectors of 7(K) (resp. w(H))
with distinct eigenvalues by Lemma 1.44, and so forms a basis for V. Since V' is finite

dimensional, then we must have V' = span{r(F)"w | 0 <n < d}, where d = dim(V') — 1.

To obtain the formulae for A, note that Trace(m(EF — FE)) = 0. We therefore have

Trace(m(K? — K72)) q#1
Trace(m(H)) q=1.
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Both are equations involving A, which can be solved to give

d
wgr we {1, —1,i,—i}, 1
N { },oq# -

d q=1.

Let m € %NO and suppose V' is the carrier space of a finite dimensional irreducible repre-
sentation of U,(sly(C)) of dimension 2m + 1. Set

- wq’ eigenspace of (K) ¢ #1
o 2j eigenspace of m(H) ¢=1

for j € {-m,—m +1,...,m — 1,m}. By Lemmas 1.44 and 1.46 each eigenspace is one-

dimensional, and we have the diagram

m\E—/m_\—E/ r\E/_m

It is convenient in this situation to reindex the basis given in Lemma 1.46. For 0 < n < 2m,
set Up—p, = fn. Then the basis {v;} is indexed by j € {—m,—m +1,...,m — 1,m} and
v; € Vj. Such a basis of V' obtained by applying Lemma 1.46 to a highest weight vector

w €V, is called a weight basis for V' corresponding to w.

One can use the relations in U,(sl3(C)) to determine the action of an irreducible represen-

tation with respect to a weight basis, c.f. [86, Lemma 2.29].

Theorem 1.47. Suppose 7 : U,(sl2(C)) — End(V) is a finite dimensional irreducible
representation on a vector space V with dim(V') = 2m+1 for some m € %NO. Letw €V,
be a highest weight vector, with corresponding weight basis {v; L _m of V. Then

m(E)v; = w?im —jl[L + m+ jlvjp1, 7(F)vy=vjo1, 7(K)v; =wdv; q#1
T(B)v; = (m — )1 +m+jlvjpr, 7(F)v; =vio1, 7w(H)v; = 2jv; g=1

where w € {1, —1,i,—i}. One sets v_py,—1 = Vi1 = 0 so the formulae are consistent.

Comparing the formulae we see that the actions of F and F' in the quantum case tend to

those of the classical case as ¢ — 1, provided we take w = 1. From now let us take w = 1.

Suppose m € %NO, and let V' be a 2m+ 1-dimensional vector space. If {v;} is a basis,

m
j=-m

then using the above formulae one can define a representation U,(slo(C)) — End(V).

Therefore for each m € %NO one can construct an irreducible representation of dimension
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2m + 1 and then by Lemma 1.46 and Theorem 1.47 these are unique up to equivalence.
Therefore, for each m € 1Ny, there is a unique irreducible representation of Uy (sly(C)) of

dimension 2m + 1.

We note that if we take ¢ # 1, m = %, V =C? and v; = e]% as defined in Example 1.43,
then this construction defines a representation that is equivalent to T after rescaling the
basis, but it is not a *-representation with respect to the canonical Hilbert space structure
on C2. Ideally, for each m € %NO we would like to fix a Hilbert space V' (m) of dimension
2m+1 onto which both classical and quantum algebras are represented irreducibly in such

a way that both are x-representations.

We have already constructed V(3) in Example 1.43. To construct the remaining V' (m) we

make use of tensor products of representations.

Definition 1.48. Let m, my be -representations of U,(sl3(C)) on Hilbert spaces #H; and
‘H, respectively. Define the tensor product representation on H; ® Hs by the formula

m @y Uy(sla(C)) = B(H1 ® Ha), (m @ ma)(X) 1= (m & ma)A(X)

for X € U,(sly(C)). This is a *-representation.

We construct V' (m) inductively. Note that the assumptions of the following theorem are
satisfied by V(%), and so this rather complicated looking theorem is just the inductive

step in this process.

Theorem 1.49. Let m € %NO with m > % Suppose we have constructed a Hilbert space
V(m) of dimension 2m + 1 onto which U,(sly(C)) acts irreducibly as a *-representation
for all g € (0,1]. Assume we have constructed an orthonormal weight basis {e}'}7_,, for

V(m), where € is a highest weight vector, and that the actions of E, F' and K (resp. H)

are given by the formulae

E- el = ) ‘
(m—yj)2(m+j+1)2ely, q=1
oo U= Gz e, g £
o=+ Em ey, =1
K€" =¢el,
H e} =2jel".

(a) There ezist irreducible subspaces V' (m — %, q) and V (m + %, q) inV(m)@V (%) of
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dimension 2(m — 3) 4+ 1 and 2(m + 3) + 1 respectively such that

V(m)®V(%) :V(m—%,q> @V(er%,q).

(b) The vectors

ma L 1
i} =R O],
em_% = 1 em 1 ® e% ! em ® e% L
"R /1 @ 2m) 2 V14 g @m2m] T
for q # 1 and
m+i m 1
emJé =€ ® 62’
em_% _ 1 em ® 6% 1 em ® G%
md T irom ST i emy

for ¢ = 1 are unit highest weight vectors in V (m — %, q) and V (m + %, q) respec-

tively.

(¢) There are orthonormal weight bases {ef}*__, of V(k,q), k = m £} and the actions
of E, F and K (resp. H) on these bases are given by

@k — g7k +j+1)7ek,, q#1

. ]
E'ej_ .\ L . 1 5 ’
(k=jg)z(k+j+1)2efy, q=1
b VTR ke, g £
S (U R CE =1
K-ef:qjef,
H-e;?:Qjef.

Proof. The tensor product representation V (m)®V ( %) is a finite dimensional x-representation,

and so decomposes as a direct sum of irreducible representations of U, (sl3(C)). The set

moao s 1 1

Gj X en |] :_ma_m+17"'7m7 n = Ea_E
is an orthonormal basis of V(m) ® V (1) consisting of eigenvectors for the action of K
(resp. H), with eigenvalues ¢/*" (resp. 2(j + n)).

+l
+7
2(m + %)) By repeatedly applying F and normalising the resulting vectors, we obtain a

l
It is easy to check e = en® 61 is a highest weight vector of weight qm+% (resp.
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m 1 m 1 . . .
sequence {e; T2 }j_t?( L of orthonormal vectors, which span a 2(m + %) + 1 dimensional
- 2

m+
subspace, denoted V' (m + 1, ¢) on which U,(sl(C)) acts irreducibly as a -representation,

c.f. the proof of Lemma 1.46.

Let us now show there is a highest weight vector of weight ¢™ 2 (resp. 2(m — 1) in

1
V(m) ® V (3). Let us consider v = Y in Cin€]" @ en, the general form of a vector in
Vim)@V (%) If we apply K (resp. H), then we can see that if v is an eigenvector of K
(resp. H) of the desired weight if and only if v is of the form

1
— m 2 m
U=2Cp_16np ® e_% + Cm—1,1€m—1 Ke

[NIERNIE

If we now apply E, we on the one hand should obtain zero, but on the other hand we can

use the formulae for the actions of £ in V(m) and V(5). We obtain

In particular, we see that v must be in the span of the vector

1 1
en  @et — g 2mlzen @e?, q# 1
2 2
1 1
en_ ®el —(2771)%6%@63 g=1
2

m—l
Normalizing produces a unit highest weight vector e 1 of weight qm’% (resp. 2(m —
2
%)) given by the formulae in part (b). By repeatedly applying F', and normalizing the
m—1 m-1 .
resulting vectors, we obtain a sequence {ej 2}].__2( 1 of orthonormal vectors, which
= m—§

span a 2(m — 1)+ 1 dimensional subspace, denoted V (m — 1, ¢) on which U, (sl;(C)) acts

irreducibly as a x-representation, c.f. the proof of Lemma 1.46. Note that

1 1 1
Vim)V (- ]|=V m—-z,¢|®V m+=,q
2 2 2
by comparing dimensions. It remains to check the action of £, F' and K (resp. H) on the

orthonormal bases we have constructed for V' (m — %, q) and V (m + %, q).

Let k = m = 3, and let v := F¥~7 . ¢} Then by the formulae in Theorem 1.47 we have

[k—j][1+k+j] || v} ok :
B = |wmmh%ﬁF@%J’W¢uffﬁ=W?q%L
J

b =)kt |k g
Bra=""ar o
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To compute these norms, note that in the case ¢ # 1, we have, by Theorem 1.47

B2 2 ik by — 1 oF ok
HUjH = (5, 1) [m—j+1][m+j]<E i1 4)
_ 1 o Bk
_[m—j+1][m+j]<3_17E i)

1 k 2 k
= : K*F .t
g g e K
2(j—1)
q k k
=g Q)
2(j—1)
q k 2
= - ||”j—1H

[m —j + 1][m + j]

from which we can obtain the formulae for the actions. We can carry out an entirely

similar argument in the case where ¢ = 1. O]

Theorem 1.49, applied to V(3), tells us that in particular there are subspaces V(0, ¢) and
V(1,q) of V(3) ® V(3) of dimension 1 and 3 respectively, on which the action of T @y
gives the 1 and 3 dimensional irreducible representations of U, (sl(C)). We can consider
the Hilbert spaces V(0) and V(1) of dimension 1 and 3 respectively, with orthonormal
bases {ed} and {ef,el,el;}. We can identify V(0) = V(0,q) and V(1) = V(1,q) by

identifying the orthonormal bases we have chosen.

Iteratively taking tensor products allows us to fix a Hilbert space V(m) for any m € %Ng
onto which U, (sl2(C)) acts as a x-representation for all ¢ € (0,1]. We also have a canonical
choice of orthonormal basis for each V(m), and formulae for the actions of E, F' and K
(resp. H). We will from now write V(m) as the (carrier space of the) irreducible x*-

representation of U, (sly(C)).

We will use the term type I to describe x-representations of U,(sly(C)) that decompose as
a direct sum of these representations. For ¢ = 1, this is always the case, but in the case of
q # 1, we have additional irreducible representations arising from the case w € {—1, i}
in Theorem 1.47.

Let us now note some additional consequences of Theorem 1.49.

Denote by C{™ the change of basis matrix from the tensor basis of V(m) ® V(%) to the

orthonormal weight basis of V(m + 1) and V(m — 3). We need a convention for how

to label matrix entries of Cém). The columns are naturally labelled by the chosen basis

of V(m + 3) and V(m — 1) and the rows are labelled by elements of the tensor basis.

Let C’ém)((k, 0), (i,7)) denote the entry corresponding to the row labelled by e}’ ® eé and
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column labelled by eé. We can write

eh = 2Ok, 0). (i )eft @ 7

38

for i € {m+ 3} and j € {—4,—i +1,...,i}. From the formulae in Theorem 1.49 for the

highest weight vectors, and the formulae for the action of F and F' on these, we see that

for each m € %NO, the map
q— Cém)

defines an element of C((0, 1], Ma@2m11)(C)).

For m = % and g < 1, we have

1 1
1 1 -3 1 1 3 1 1
1 3 3 14 3 3 qz 3 3
eg =ei®ei, e = rei ®e?, + —e?, ®ei,
2 2 3 2 2 b3 2 2
2] [2]4
1 1 i 1 1 -1 1 1
1 1 1 0 q2 1 L q 2 L 1
e =e?, ®e’,, e = rer®e?, — re?, ®ej
2 2 [2]5 2 2 [2]5 2 2
q q

qg— 1.
11
Consider the change of basis matrix C’ 2 from {el,el, el ,eb} to {el ®e?, e}
2 2
1 1 l
e1 e’ ! ®€,1} of V(3) @V (3). Then the above formulae tell us Cq and CCEQ
2
by
1 0 0 0 1 0 0 0
0 g2 0 . 0 ¢ gt 0
1 1 — 1
oy | ey Ch N IR NS CIMN
0 < 0 -4 0o 0 0 1
21§ 214 3 -3
0 45 -1 0
0 0 1 0 7

with respect to the ordering of the bases given above.

1
el ®e

101
2,e7.®
2 2

-1
is given
(1.9)

Having determined the irreducible s-representations of U,(sl2(C)), we now explain the

connection with SU,(2).

We will consider a certain subalgebra of the dual of U,(sly(C)). First, note that the
comultiplication of U, (sly(C)) induces a multiplication on the dual defined by the formula

u,w € Uy(slh(C))*, X € U,(sh(CT)), (uw)(X) = (u®w)A®(X).

(1.10)
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Here A®P means A followed by the flip map, see the proof of Lemma 1.38. The choice
of using AP instead of A is one of convention. We will see that this choice behaves well

with respect to our other conventions shortly.

Remark 1.50. Note that ‘cop’ stands for coopposite. This name arises from the following
context. Given a Hopf-x-algebra A, one can define the coopposite Hopf-x-algebra AP as
follows. As an algebra, AP = A, but we equip A®P with the comultiplication A®P. If
€ is the counit of A, then the counit axiom for A tells us that € is a counit for A®“P. In
Remark 1.3 we saw that S™! is the antipode of A°?. We can write the antipide axiom for
A°P as

M pop (ld ®S_1)A = mA(S_l ® id)ACOp = 6(—)1

and
onp(S_l ® id)A = my(id ®S‘1)ACOP =e(—)L.

Therefore S~! is an antipode for AP, and so A®P is a Hopf-x-algebra.
One can think of the construction of AP from A as the coalgebra (that is, algebras with

a coproduct) analogue of the construction of the algebra A°° from A.

By the Hopf axioms in Definition 1.1, € is the multiplicative identity with respect to the

multiplication in (1.10). We can also define a -structure on the dual via the formula

for u € U,(sl2(C))* and X € U,(sl2(C)). We can define a comultiplication only on a
subalgebra of U,(sly(C))*. The natural choice is to try to define

A(w)(X @Y) = u(XY)

for u € U,(sl2(C))* and X,Y € U,(sl(C)), however it need not be the case that A(u) €
Uy(sl2(C))* @ U,(slx(C))*. We will shortly restrict attention to a setting where this is
the case. In this case the counit and antipode are defined by, for v € U,(sly(C))* and

X € U,(slx(C)),

Define, for m € %NO and i,j € {—m,—m + 1,...,m}, the linear functionals

ug; U‘](5[2<C)) — (Ca X = <€zm7Xe;'n>V(m)‘

ij

These are the matrix coefficients of the representation V' (m) with respect to the orthonor-

mal basis we have constructed. Let By be the x-subalgebra of U, (sl3(C)) generated by the
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set of all such matrix coefficients. Since

AW(X ®Y) =ull(XY) =3 uff(X)ufs(¥) = (Z uT @ u;;;) (X®Y) (111

for X, Y € Uy(sly(C)), we have A(uj}) € By ® By. Also, one can check ug, is the counit
of U,(sl3(C)) using the formulae in Theorem 1.49 and the definition of the counit given
in Definition 1.42 and (1.8). Therefore uj), is a unit for By and in particular By is a

Hopf-*-algebra.

It follows from Theorem 1.49 that the matrix CoefﬁClents uii for m > 1 can be expressed as

products and sums of the matrix coefficients for m = 2. In particular we can describe B

11
as the unital x-subalgebra of U,(sly(C))* generated by the matrix coefficients {ufj}zj:_ i

Lemma 1.51. We have the following product-to-sum and matriz coefficient-to-product

formulae.

(a) Form € 3Ny, i,j € {-m,—m+1,...,m} and k,l € {—1,1} we have

Pl = Z S5 C(G,k), (a, )5 ((5.0), (a, ),

a= m—f m—i—l ¢

where all sums are over the appropriate indices.

(b) Form > 1 andi,j € {—m,—m+1,..,m} we have

=SS (a,b), (my )OSR (e, 0), () gl

k4 ab

where all sums are over the appropriate indices.

Proof.

1. We have the change of basis formula

o= S S e G = S SCG 0, (a,0))el

a= m——m-‘,—2 ¢ a:m—%,m—&-% ¢

1
Applying X € U,(sl2(C)) to both sides, and taking the inner product with e* ® e}

gives

1 1 1
<€T®ez,XeT®€?>:<e eaX| 3 2aNG0 @) >

a= m—f m+
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Writing

o= S S CY(,k),(db))ef

_ 1 1
d=m—5,m+3 b

(ere e?, X ® eé> _ Z ZZO (@,5))C™((4,0), (a, ¢)) (%, Xeo).

Using the definition of the tensor product representation and the definition of mul-

tiplication in U,(slx(C))* we have

u%guz;<x>= Z ZZO ), (0, 5))CS™ (3, ), (a, 0))uie(X).

2. We have the change of basis formula
(m—1) Ny m—1 1
=3 G (K1), (mj))ey T @el.
kb

Applying X € U,(sl2(C)) to both sides, and taking the inner product with e}* gives

uii(X) = < € »ZC (md‘))X@Z’ﬁ5 ®ef>.

Writing _— - .
el = ZCq ((a,b),(m,i))es > @€

a,b

gives

= 3> (@), ()T (0, (ma ) {en T @ e Xl e )

kt ab

Using the definition of the tensor product representation and the definition of mul-

tiplication in U,(sly(C))* we have

=SS (@b, (m )OS (k£ () gty (X)), O

kL ab

1
Using Lemma 1.51 together with the matrix C'(SQ) defined in (1.9), one can check that the
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matrix

[SIERSIES

u

1
u?

[SIEY S

Ui, 1
2 2

| o=

u

33 T3

is unitary. In particular we obtain a surjective homomorphism O(SU,(2)) — By, sending
o ui and v — U%;;- One can check that this map is a Hopf-+-homomorphism
(i.e. it Sl?eserves the Hoprgstructure in the natural way). It is also possible to show that
this map is an isomorphism (c.f. [43, pg. 121-122]). In fact, there one proves something
slightly stronger, which we discuss now. First, we introduce the notion of a skew pairing

of Hopf-x*-algebras.

Definition 1.52. Let A and B be Hopf-x-algebras. A skew pairing between A and B

is a bilinear map

(—,—):AxB—C

such that
(ad' by = (a @ d',A(b)), (a,bb) = (A“P(a), b)), {(a,1)=¢€(a), (1,b) =¢(b)

<S_1(a)7 b> = <a7 S(b)>7 <CL*, b> = <CL, S(b)*>
for all a,a’ € A and b,V € B.

The skew pairing is said to be non-degenerate in the first variable if (a,b) = 0 for
all b € B implies a = 0, and the skew pairing is said to be non-degenerate in the
second variable if (a,b) = 0 for all a« € A implies b = 0. The skew pairing is said to be

non-degenerate if it is non-degenerate in both variables.

Remark 1.53. Note that in Definition 1.52 we have used the bilinear map (—,—) to

define another bilinear map, which we also denote by (—, —), given by
(—,=): (A A) X (BOB)—>C, (ad,bxl):=(a,d)b)

for all a,a’ € A and b, € B. We have also abused notation in using the same notation
for the counits and antipodes of A and B. From context one will be able to tell which is

being used.
We can define a skew pairing
(—,—) : Uy(slx(C)) x O(SU,(2)) — C (1.12)

by viewing O(SU,(2)) = By C U,(sl(C))* and then using the natural pairing given by

evaluation of functionals. In [43, pg. 121-122] it is shown this pairing is non-degenerate.
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This pairing sets up a correspondence between the representation theories of SU,(2) and

U,(sl5(C)) as shown in the following proposition.
Proposition 1.54.

(a) Let v be a unitary representation of SU,(2) on a finite dimensional Hilbert space H.,

written in terms of matriz coefficients v = (v;;). Then
7yt Uy(sle(C)) = B(H), m(X)ij = (X, vi;), X € Uy(slx(C))

is a type I x-representation of U,(sly(C)) on H.

(b) Let:U,(sly(C)) — B(H) be a type I representation on a finite dimensional Hilbert

space H. Then the matriz coefficients

™.
(T

U,(s2(C)) = C, or(X) = n(X)y, X € U,(sl(C))

]
define a unitary representation v™ = (vf;) of SU,(2) on H.
These constructions are mutually inverse, and preserve equivalence and direct sums. In

particular, irreducibility s preserved under these processes.

Proof.
(a) Let us first check that m, is a *-homomorphism. We have, for X,Y € U,(sl5(C)),
mo(XY) = (XY, 0i5)) = (X @Y, Avy;)) = (Z(X’ vie) (Y, Ukj>> = T (X)7o (V)
k

and

T (X7) = (X7, 03)) = (X, 5(035)7)) = (X, v50)) = m0(X)".

It remains to check that 7, is a type I representation. Note that if ¢ = 1, there is

nothing to check and so we now assume ¢ < 1.

Since 7, is a x-representation, it is completely reducible, and so can be written as a
direct sum of irreducible representations of U, (sly(C)). We wish to show that each of
these irreducible representations are of the form V(m) for some m € $No. This can
be determined by considering the eigenvalues of 7,(K). Indeed, if the eigenvalues are
all positive, we must have that w = 1 in each irreducible representation by looking

at the form of the eigenvalues in Lemma 1.46.

Note that C[K, K] is a sub-Hopf-*-algebra of U,(sly(C)). The skew pairing be-
tween U, (sl2(C)) and O(SU,(2)) restricts to a skew pairing between C[K, K| and
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O(SU,(2)). Let us fix X € C[K, K~'] and consider the functional
ox 1 O(SU,(2)) = C, ox(x)=(X,z), ze€O(SU,L2)).
We define a s-homomorphism
m:0(8U,(2) - O), 7(a)=2 n(y)=0 (1.13)
where O(T') as defined in Example 1.27. We then have an induced map
T O(T) = O(SU,(2))", 77(9)(x) = o(w(x)), ¢ €O(T)", xeO(SUL2)).

Define the pairing

by setting

=
N
~—
~
I
(=
[SIES
=
|
—
I
~—
S
I
’QI
N[
=
I
—
~—
~
I
QI
SIS
=
|
—_
N
L
~
N
I
K
[

and then by extending to the remaining elements according to the rules in Definition
1.52.

Since

N|=

(K,0)=q>, (K'a)=q7%, (Ka)=q2 (K'a)=¢
by Example 1.43 we have, for each X € C[K, K],
ox =7 ((X, =)7).
Therefore for each X € C[K, K] and z € O(SU,(2)) we have
(X, z) = (X, 7(z))r. (1.14)

Since 7 is a homomorphism of Hopf-x-algebras, 7(v) is a unitary representation of

C(T), which is a unitary representation of 7". Then
™ (K) = (K, vi3)) = (K, 7(vij))7)

and the latter matrix is equivalent to a positive diagonal matrix, as required.
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(b) We need to show that

A(vf) = Z v ® vg; and 0" is a unitary
k

by Remark 1.23. The first point comes from the calculation of the comultiplication

in By, see (1.11). For unitarity we have
(0™ )i = > i (0™ g
k
=D ViR
k
=D _viS()
k

— m(id ® S)A(v])

and similarly the other way around.

One can directly check that these constructions are mutually inverse, preserve equivalence

(using linearity of the pairing) and preserve direct sums. O]

Remark 1.55. Let us understand the pairing (1.12) in the case of ¢ = 1, which will give

us an alternative interpretation of Proposition 1.54 in this case.

Recall that for a Lie group G with Lie algebra g there is an exponential map exp : g — G.

For matrix Lie groups this is given by the matrix exponential map.

One can identify U(sly(C)) with an algebra of differential operators on C*°(SL(2,C)), the
smooth C-valued functions on SL(2,C), as follows. The unit in U(slx(C)) corresponds to
the identity operator. Let X = X;...X,, € U(sly(C)), where n € N and each X; € sly(C).
Then we define, for f € C*°(SL(2,C)), the function X f € C*(SL(2,C)) by the formula
877,
(XN)9) = 57—~ flgexp(tiXy)... exp(tn X))
Ot 0ty |,y g
for g € SL(2,C). We can extend to linear combinations of elements of the same form as

X above in the obvious way.

Define a bilinear map
(—,—) :U(sl(C)) x O(SU(2)) —» C
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by (X, f) = (X f)(I), where I is the identity matrix in SL(2,C), X € U(slh(C)), f €
O(SU(2)) and X acts on f as a differential operator. Note here we have used the fact
that the coordinate maps « and 7 generating O(SU(2)) extend to maps on SL(2,C) in

the obvious way to make this definition.

One can check that (—, —) is a skew pairing and then by checking the values of the pairing
on the generators F, F, H of U(sly(C)) and «,v,a*,v* of O(SU(2)) that (—, —) agrees
with the skew pairing (1.12).

Now if 7w : SU(2) — U(H) is a unitary representation of SU(2) on a finite dimensional
Hilbert space H, then applying Proposition 1.54 we obtain a Lie algebra representation
p : sly(C) — B(H) given by p(X) = %‘tzoﬂ(exp(tX)) for X € su(2). That is, on
s5u(2) C sly(C) we have p = dm, the differential of 7 at the identity.

We note that
sly(C) = {X € My(C) | Trace(X) =0}

and
su(2) = {X € My(C) | Trace(X) =0, X* =—-X}

and so we see that sl5(C) = su(2) + ¢ su(2) and this sum is direct. In particular, in the
above, if X € sl5(C), we can write X = X; +iX, for some X;, X5 € su(2) and we have

p(X) = p(Xy) +ip(Xs) = dn(Xy) + idn(Xy).
Properties of the exponential map also tell us that

su(2) — B(H)

lexp lexp

SU(2) —=— U(H)

commutes.

We can use Proposition 1.54 to transfer our knowledge of representation theory of U, (sl3(C))

to SU,(2). In particular, we denote by u™ the irreducible representation of SU,(2) on
;‘?1
Proposition 1.54 to V(m). Note that under this correspondence, u2 as given in Example

V(m), with matrix coefficients (by a slight abuse of notation) u?! obtained by applying

1.24 corresponds to T1 as given in Example 1.24.

We can now apply Theorem 1.26 (b) to see that O(SU,(2)) has basis {u? | m € 3No}.
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Note that by construction we have
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We have a useful lemma concerning products of matrix coefficients.

Lemma 1.56. For any q € (0,1], the product of two matriz coefficients up,ui in O(SUy(2))

can be expressed as a linear combination of matriz coefficients

n m_§ : .o a
ukﬁuij — C’(n,k,é,m,z,j,a,b, C, Q)ubc>

a,b,c

where the coefficient function q — C(n,k, ¢, m,i,7,a,b,¢,q) € C is continuous.

Proof. We proceed by strong induction on n € %NO. The statement is true for all m € %Ng
when n = % by Lemma 1.51. Assume that any product of the form uj,u;} for s € %NO
with s < n can be expressed as a linear combination of matrix coefficients, where each

scalar coefficient depends continuously on ¢ € (0,1]. Now by Lemma 1.51 we have

o = (Z N2 (), (. k)CY P (p, 1), (, e>>uau2‘;2) u

p,r  ab

n—l . . . o .
The product uaep *u;; can be evaluated by the inductive hypothesis. The remaining prod-

S
5
of matrix coefficients, where each scalar coefficient depends continuously on ¢ € (0,1]. O

1
ucts are of the form w;,uf;, which is the base case. The final result is a linear combination

Let us now calculate the Schur orthogonality relations (Theorem 1.33) for A = C'(SU,(2))
with respect to our chosen basis. For this we need to examine what happens to the

contragredient representation under the correspondence provided by Proposition 1.54.

Define, for a *-representation 7 : U, (sl2(C)) — B(#) on a finite dimensional Hilbert space
H the contragredient representation 7¢ : U, (sl(C)) — B(#H*) by the formula

for X € U,(slx(C)), w € H* and h € H. We will make use of the usual identification
H* = H in what follows.

Proposition 1.57.

(a) Let m : Uy(sly(C)) — B(H) be a x-representation of U,(sla(C)) on a finite dimen-
sional Hilbert space H with basis {e;}ic;. With respect to the corresponding dual
basis in H, we have m(X);; = 7(S7HX)) i for X € Uy(sla(C)).
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b) Let v = (vy;) be a finite dimensional unitary representation of SU,(2) on a Hilbert
J q
space H, written as a matriz with respect to a chosen orthonormal basis of H. In the
notation of Proposition 1.54 we have that e = 7¢, and Tyec(X);; = m,(S™3(X))y;-

Proof. By the Riesz Representation theorem, if w € H*, there exists a unique n € H such
that w = (n, —). Then for X € U,(sl5(C)) we have

T (X)((n, =) = (n,7(STHX)) =) = (w(STHX))"n, —)
and so viewed as an operator on H, we have
(X1 = w(STHX))*n.

In particular

Toe (X)ij = (v, X)
= <U:j7X>
= (vij, STHX)")
= mu(STHX)) )i
= 1, (S7H(X));i
= m,(X)y

as required. Finally
Myee (X)ij = mue (STHX))js = o (ST2(X)is- O

Note that using the relations in Definition 1.42 we have, for ¢ # 1,

S™3(E)= K EK? S?(F)=K?’FK? S ?*K)=K=K?*KK?
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and so by Proposition 1.57 we have
Tpee(X) = 1, (S7HX)) = my (K °XK?) = m,(K?) 'y (X)), (K?).

Therefore an intertwiner between , and 7, is given by m,(K~2). Under the correspon-
dence provided by Proposition 1.54 7, (K ~2) is also an intertwiner between v and v.

If we now let v = u™ (where n € $Ny), then

q—2n

m(K?) = ) (1.15)

by Theorem 1.49, and one can check that Trace(m,(K ~?)) = Trace(r,(K?)) = [2n + 1].
We can now derive the orthogonality relations for SU,(2).
Theorem 1.58. For g € (0,1) we have the orthogonality relations

o 5mn5k’i51jq_2j

m/.on\* 5mn5k251q2l
¢5Uq(2) (ug (%g) )= 21 + 1] ) ===

As q — 1 we recover the classical orthogonality relations for SU(2). We also have

Psu,(2)(Uf) = do.n-

Proof. The relations follow from Theorem 1.33, noting that P, is given by (K 2), and
using (1.15). As ¢ — 1, [2n + 1] — 2n + 1 and we see the second formulae converges to
the Schur relations in the classical case. For the final relation, put n =7 = 7 = 0 into the

formulae. O]

Finally, let us understand the dual of SU,(2).

Example 1.59. By our calculation of the irreducible unitary representations of SU,(2),

D(5U,4(2)) = alg- @ Mom11(C)

mE%No

(using our description of the dual as a direct sum of matrix algebras, Section 1.2.2) and

the completion, which we denote by C*(SU,(2)), is given by

C*(SU(2) = €D Mamsa(C).

mG%No
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Note that if ¢ = 1, this is the classical group C*-algebra of SU(2) (c.f. the construction
in Examples 1.8, 1.19 and for example [89, Proposition 3.4]).

The basis of D(SU,(2)) dual to {u;} is denoted by {wf:}. By Theorem 1.58, we see that

DU, (2) = Woo-

Note that we have an inclusion

Uylsy(€) = [ Mamer(C) = M(D(SU,(2)) (1.16)

mG%NO

given by X — (m,,(X)), where 7, is the 2m + 1 dimensional irreducible representation of
U,(sl2(C)) on V(m) constructed earlier. It is non-trivial to show injectivity - one needs to
prove that the irreducible representations of U,(sly(C)) separate points of U,(sly(C)), see
for example [86, Theorem 2.32].

Let Ap(su,(2)) be the comultiplication on D(SU,(2)). By Definition 1.15, Ap(sy,(2)) is
non-degenerate, and so extends to a x-homomorphism (see Remark 1.14) which we also

call Ap(su,(2)),
Ap(su,(2) 1 M(D(SU,(2))) — M(D(SU,(2)) © D(SU4(2)))-

Since U, (s2(C)) € M(D(SU,(2))) and Uy (sla(C))OU, (sla(T)) © M(D(SU,(2))0D(ST,(2)),

we can restrict Ap(gy,(2)) to Uy(slz(C)), and ask whether this agrees with the comultipli-
cation on U, (sl3(C)), which we denote by Ay, (1, (c)) given in Definition 1.42.

Define a linear pairing
(= =) : D(SU,(2)) x O(SU,4(2)) = €, (w, f) = w(f)-

The way we have defined the multiplier Hopf-+-algebraic structure on D(SU,(2)) means
this is a skew pairing of multiplier Hopf-x-algebras, which is essentially the same as a
pairing in the sense of Definition 1.52. The difference is that the coproduct in D(SU,(2))
may be an infinite sum of tensor products of matrix units. However, O(SU,(2)) will only
be supported on a finite part of this sum, so the pairing still makes sense. For this reason

we can also extend the pairing to

(= —): H M3n11(C) x O(SU,(2)) — C

TLE%NO

and then if we restrict the first factor to U,(sl3(C)) we obtain a pairing (for which we use
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the same notation)
(=, =) Uy(sly(C)) x O(SU,(2)) — C.

We will show that this is the same as the pairing (—, —) obtained by viewing O(SU,(2))
as the Hopf-s-algebra of matrix coefficients By € U,(sl2(C))*, as defined in (1.12). It is
enough to check this on the basis {u}} for O(SU,(2)). We have, for X € U,(slx(C)),

(X, u) = ij™ matrix element of 7, (X) = (X, uf}).

In particular, for X € U,(slz(C)) and f,g € O(SU,(2)),

(Ap(su,2)(X) — A, s (X), f @ g) = (Apsu,)(X), f @ 9) — (Av,6uc)(X), f @ g)

Ap(su,@)(X), f @ g9) = ((Av,staic)(X), [ @ g)
X, fg) — (X, fg)
X, f

=
=
=
= (X, f9) = (X, fg) = 0.

Y

Non-degeneracy of the pairing then implies that Ap(sy,(2)) ’U (s(C) = Ay, (s15(C))-
q

To understand the left Haar integral ¢sﬁ§) on D(SU,(2)), we need a formulae for the

Fourier transform (see the formula in Theorem 1.36).

Recall from the general construction of the dual that wj; = ¢k, (—aj;), where

af ==Y [2n+1]6;,¢7 (ul)* = ¢¥[2n + 1)(uf})",

T

see equation (1.4). Therefore

FHw) = ¢¥[2n + 1)(ul})*. (1.17)

]
Hence by the formula in Theorem 1.36, we have

s (Wiy) = a2+ Ue(ufy)” = ¢¥[2n + 15y, (1.18)

We conclude by noting that

see [84, p.g. 9]. This requires a more careful analysis of the coefficients in Lemma 1.56,
c.f. [12, p.g. 733], which we omit.
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1.4 The Quantum Double

Let A = C(G) be a compact quantum group, with dense Hopf-x-algebra O(G) and dual
D(G).

Generalizing Example 1.59, the way we have defined the multiplier Hopf-x-algebraic struc-

ture on D(G) sets up a skew pairing
(_7 _) : D(G) X O(G) — C’ (Wv f) = w(f)

of multiplier Hopf-x-algebras.

In this section we will construct an example of a quantum group that is not finite, discrete
or compact. This construction starts with an algebraic quantum group. This notion

arose out of Van Dacle’s work in [83], and is given in [47, Definition 1.2].

Definition 1.60. An algebraic quantum group is a multiplier Hopf-x-algebra with a

positive left integral or a positive right integral.

We now define the quantum double. This is sometimes called the Drinfeld double, and was
introduced by Drinfeld in [19, Section 13] for a pair of Hopf algebras. The construction we
show here is a slight extension of Drinfeld’s original construction, because we will define
the double for a pair of algebras, one being a Hopf algebra and the other a multiplier
Hopf algebra. This generalization is introduced in [18, Section 3|. The reader should note
that there are various conventions in the literature that amount to small changes in the

formulae that follow. We will use the same conventions as [86, Section 1.4].

The quantum double of O(G), denoted Q(G), is defined as
Q(G) :=D(G) ®O(G)
as a vector space. We can equip Q(G) with a x-algebra structure defined by

(z® Ny ®9) =2y, f0)ve @ fio(SWe), fi3)9, (1.20)

(r® f) = (iUZH), f@))ﬁz) ® f(*z)(S(f(k:’,))? f(*g)) (1.21)

for z,y € D(G) and f,g € O(G). Note that we are using the Sweedler notation (see
Remark 1.3), even though D(G) is a multiplier Hopf-#-algebra. This is because if we
identify D(G) = @,.; M,,(C) for some indexing set I, we can label the legs of elements
M,,(C) ® M,,(C).

in the image of A, viewed as elements in [, ;c;
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We can turn Q(G) into a multiplier Hopf-x-algebra using the formula
A= (ld Xo K ld) (AD(G) X A@(G))

where we have used subscripts on each comultiplication to ensure there is no confusion as
to where each is defined, and o : D(G) ® O(G) — O(G) ® D(G) denotes the flip map.
To emphasize that we are using a different multiplication on D(G) ® O(G), we will write
Q(G) = D(G) > O(G) and denote elementary tensors by x > f, where € D(G) and

f e o).

It is easy to check that
Po@c) = 95 ® de (1.22)

defines a left invariant integral on the quantum double, where ¢g is the left integral on
D(G) and ¢ is the Haar state on C(G), provided by Theorems 1.36 and 1.29 respectively.
Then ¢g(g) is then a faithful integral by Remark 1.35.

In fact, ¢g(g) is also a positive integral. This is non-trivial, but is a consequence of
the fact that Q(G) is the dual of an algebraic quantum group with positive integral
(see [86, Proposition 3.11]), and under the duality construction for algebraic quantum
groups, this positive integral induces a positive integral on the dual [83, Propositions 4.8
and 4.9] which is, in our case precisely the integral ¢o(g). Therefore Q(G) is an example

of an algebraic quantum group in the sense of Definition 1.60.

Now let us turn to the notion of a Yetter-Drinfeld module. These were first introduced
by Yetter in [93, Definition 3.6], and Majid [54, Proposition 2.2] showed that Yetter-

Drinfeld modules correspond to representations of the quantum double.

Let V' be an inner product space, and suppose we have a *-homomorphism 7 : O(G) —
B(V) and a non-degenerate *-homomorphism p : D(G) — B(V'). We ask what conditions
we need to impose on 7 and p so that p® 7 : D(G) ©® O(G) — B(V) defines a *-

representation of Q(G).

The map p ® 7 is a homomorphism if and only if

(pam)((x= f)lyxg)) =(p@7)(x>a f)pRm)(y>ag) = plx)n(f)p(y)m(g)

for all z,y € D(G) and f,g € O(G). Now

(p@m) (x> f)lypag)) = (p@ ) (2(y), fo)ye > fi)(S(ys): f2)9)
= p(z)(Y), f0)P(W@) (SWm), f3)m(fi2))m(9)
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and so p ® w is a homomorphism if and only if

m(f)ply) = (y(l), f(l))p(y(Z))(S(y(ZS))v f(3))7T(f(2))-

In fact, if p and 7 satisfy this condition, then p®m is a *-homomorphism, since if z € D(G)
and f € O(G) then

(p@m)((z>a f)7)

)(( f(*1)>x>(k2) > f(*z)(S(x’(?,)), f*3)>)
)o( ()T (f2)) (S (2 (3)), f3))

(h®
= (2, foy
m(f)p(a”) = 7(f) px)" = (p(x)n(f))" = (p @ m)(x > )"

(f*

In this case will write p ® 7 as p b4 7 to emphasize that we are viewing this linear map as

a *-homomorphism on the double.

Definition 1.61. Let A = C(G) be a compact quantum group. A unitary Yetter-
Drinfeld module for Q(G) is an inner product space V together with a unital *-
homomorphism 7 : O(G) — B(V) and a non-degenerate x-homomorphism p : D(G) —
B(V) satisfying the Yetter-Drinfeld compatibility condition

m(f)r() = (yay, f) (@) (S(We), f3)7(fi2) (1.23)

for all f € O(G), y € D(G).

We have seen that a unitary Yetter-Drinfeld module V' with *-homomorphisms 7 : O(G) —
B(V) and p : D(G) — B(V) determines a representation p x 7 : D(G) — B(V).

Conversely, we have the following.

Proposition 1.62. Let v : Q(G) — B(V) be a non-degenerate x-homomorphism, where
V' is an inner product space. Then V is a unitary Yetter-Drinfeld module equipped with
x-homomorphisms 7 : O(G) — B(V) and p : D(G) — B(V') such that v = p< .

Proof. Since v is non-degenerate, we can extend v to a x-homomorphism which we also
denote by v,
v: M(Q(G)) — B(V).

If f € O(G), we can define an element 11 f € M(Q(G)) by extending the comultiplica-
tion on D(G) to M(D(G)) and then using the formulae in the definition of Q(G) to define
left and right multiplication by 1 1 f, viewing 1 as the unit in M (D(G)). By construction,
O(G) —» M(Q(G)), f+ 1 fis a*xhomomorphism. We also have, for z € D(G) and
f€0(G),

x> f=(xxl)(1af) (1.24)
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and so v(z < f) = v(z > 1)r(1 < f). Then we define
7:0(G) — B(V), f—v(lxf)

and
p:DG)— B(V), z—v(xxl).

This pair necessarily makes V' into a Yetter-Drinfeld module, and we have v = p><tnw. [

By Proposition 1.62 we have a correspondence between representations of the double and

unitary Yetter-Drinfeld modules for the double.

Let us finish this section by describing how we can construct C*-algebras from the quantum
double. We can construct two C*-algebras - a full (universal) C*-algebra, and a reduced

C*-algebra using the techniques of [47, Section 2].

We can apply the GNS construction to the positive functional ¢o() defined in (1.22) to
obtain a Hilbert space Hg). The quantum double Q(G) acts on the dense subspace
Q(G) C Ho) by left multiplication. It is a non-trivial fact that the left multiplication
is bounded (see [47, Lemmas 2.3 and 2.4]). Therefore we obtain a faithful non-degenerate
x-representation A : Q(G) — B(Ho))-

For the reduced C*-algebra, we define C}(Q(G)) = )\(Q(G))”_||°p. We will denote the
norm on C(Q(G)) by |||,

The full C*-algebra, denoted C*(Q(G)), is the universal enveloping C*-algebra of Q(G)
(c.f. Example 1.21). That is, we consider all non-degenerate #-representions v : Q(G) —
B(#H), where H is a Hilbert space. Equip Q(G) with the seminorm

iy = SngV@)H (1.25)

for x € Q(G). First, note that (1.25) is finite. It suffices, by the triangle inequality, to
check that there exists R > 0 such that ||V(w;\] > ujy)|| < R, where uf; is an element of
the basis of O(G) provided by Theorem 1.26, and w;} is an element of the corresponding
basis of D(G) constructed in Section 1.2.2.

By Proposition 1.62, there exist *-homomorphisms 7 : O(G) — B(H) and p : D(G) —
B(H) such that v = pa 7. We have

[v(wis ) || < (o) I ()l
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and
2 k
o™ = llot@wi)ywill = ol <1
because p(wy;) € B(H) is a projection. One can show ||z(uf;)|| < 1 by an entirely similar
argument to that given in Example 1.21. Hence we have

|v(ws paufy)|| < 1. (1.26)

The seminorm (1.25) is in fact a norm on Q(G) because by definition |||, < |[—[|;. We
can then define C*(Q(G)) to be the completion of Q(G) with respect to (1.25).

We will sometimes refer to the norm ||—[|, as the reduced norm, and the norm |-/ as

the full norm.



Chapter 2

The Quantum Assembly Field

In this chapter, we will define a quantum analogue of Connes’ assembly field, as described
in the Introduction. This will be termed the quantum assembly field, and we shall see
that it induces a map in K-theory. In Chapter 3 we shall show this map is an isomorphism,

so proving a quantum analogue of the Baum-Connes conjecture.

We start by defining quantum SL(2,C) by using the double construction from Chapter
1, Section 1.4. We will introduce the principal series representations of quantum
SL(2,C) and give a result which uses these representations to describe the reduced C*-
algebra of quantum SL(2,C). We then move on to the construction of the quantum
assembly field. The main technical difficulty is in checking the field we construct has the
desired fibres.

2.1 Quantum SL(2,C) and Principal Series Represen-

tations

2.1.1 Quantum SL(2,C)

We will work with a specific example of the quantum double construction given in Section
1.4, where we take G = SU,(2) for ¢ € (0, 1]. In this case, we will use the notation

D(SL,(2,0)) = Q(SU,(2)) := D(SU, (2)) 5 O(SU,(2).

Remark 2.1. It is not clear from the definition why this quantum double is related to

SL(2,C), as indicated by our choice of notation. It is easier to illustrate the reasoning

57
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behind this definition by first trying to construct an appropriate quantized function algebra
for SL(2,C), namely Cy(SL,(2,C)).

There is a decomposition
SL(2,C)=K xAx N (2.1)

as a topological product, where K and A and N are the subgroups

K = SU(2), A:{(ex ?)MGR}, N:{(l Z>|ZGC}
0 e* 0 1

of SL(2,C). This is called the Iwasawa decomposition, for it originally appears in the
work of Iwasawa, [36, Lemma 3.12]. For the case of SL(n,C) in particular, see [44, Chapter
VI, First Example in Section 4].

Therefore
Co(SL(2,C)) =2 C(K) ® Cy(AN).

We have an appropriate quantization of C'(K'), namely C(SU,(2)). It is not immediately

clear how one should quantize the AN-part.

In [65, Equations (1.9)-(1.25)], the authors construct a quantized algebra of matrix coeffi-
cients of SL(2,C), which can be seen as analogous to how one obtains O(SU,(2)) from the
definition of SU(2). However matrix coefficients of elements in SL(2, C) are not bounded,
and in particular do not vanish at infinity. Therefore we would not expect to be able to
directly obtain a sensible definition of Cy(SL,(2,C)) from this quantized algebra. Instead,
one can use of Woronowicz’s theory of affiliated elements, as later introduced in [92], and
see that the quantized algebra can be realized as an algebra of elements affiliated to the
C*-algebra

Co(SLy(2,C)) := C(SU,(2)) ® C*(SU,(2)), (2.2)

see [65, Theorem 5.4, Part 4]. Note that we see in this quantization that Cy(AN) has been
replaced with C*(SU,(2)), the dual of C(SU,(2)) as a quantum group.

Inside Cy(SL4(2,C)) there is the dense *-subalgebra
O(5Ly(2,C)) := O(5U,(2)) © D(5U,(2))

which is an example of an algebraic quantum group, by the results in [65, p.g. 407-408].
The comultiplication on O(SL,(2, C)) is complicated by virtue of the fact that the Iwasawa

decomposition is not a direct or semi-direct product of groups.

It is possible to generalize the duality construction in Section 1.2.2 to algebraic quantum
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groups, see [83, Section 4]. If one applies this construction to O(SU,(2)) one obtains
D(5Ly(2,C)) = D(SU,(2)) b2 O(SU,(2)),

see [86, Proposition 3.11]. Intuitively, we have taken the dual of O(SU,(2)) and obtained
D(SU,(2)) and vice-versa. The multiplication on D(SL,(2,C)) arises from the comulti-
plication on O(SL,(2,C)).

To ease notation in what follows we set, for ¢ € (0,1}, G, := SL,(2,C) and K, := SU,(2).
We set K = K, but we will not do the same for Gy and SL(2,C), for reasons that will

become clear shortly.

Recall from (1.22) that we have a left integral ¢g, = qbf(\q ® ¢k, on D(G,), where (bf(\q is
the left integral on D(K,) and ¢, is the Haar state on C(K,). We denote the GNS space
corresponding to ¢g, by LZ(C/J\[]). The ‘hat’ in the notation here is to recognise the fact we
are working with a quantum object that is the ‘dual’ of GG;. Then we obtain, as explained
in Section 1.4, a faithful and non-degenerate *-homomorphism A : D(G,) — B (LQ(@)),
and so we obtain a C*-algebra which we term the reduced group C*-algebra of G, given
by

C1(Gy) = AD(Gy) ™.

We saw we could also complete D(G,) in the full norm and obtain the full group C*-algebra
C*(Gy)-

For ¢ = 1, we do not recover the classical group C*-algebras of SL(2,C). Rather, we have
the following result, which is folklore. Note that in the case of a Lie group H acting on

itself by conjugation, i.e.
HxH-—H, (h,m)~h-m:=hmh*, (2.3)

then the action is called the adjoint action (c.f. (1)).

Proposition 2.2. We have
C:(Gﬁ =K Xadj,r C(K), C*<G1) =K X adj C(K), (24)

where K acts on itself by the adjoint action (see equation (2.3)), so inducing an action on
the C*-algebra C(K) given by

adj : K — Aut(C(K)), adj,(f)(s) = f(k™'-5)

fork,s € K and f € C(K). In fact C}(G;1) = C*(G1) because the reduced and full crossed
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products in (2.4) are the same.

Proof. Let us start with the notation we will use in this proof. Consider the convolution
algebra C.(K,C(K)). Recall that our convention is that we still retain the subscript ¢ in
our notation, to differentiate it from the C*-algebra C'(K,C(K)). If f,g € C(K), then
the elementary tensor f ® g € C.(K,C(K)) is the function

(f @ g)(k) = f(k)g € C(K)

where k € K. Let us now recall the definition of the regular representation in this context.
Define

p: C(K) — BLX(K,IX(K))), (p(H)E)(k)(s) = f(ksk)e(k)

and
U: K —U(L*K,L*(K))), (Ug£)(k)=E(sk)

for s,k € K, f € C(K) and ¢ € L?(K, L*(K)). This is a covariant pair (see [89, Definition

2.10]), and then the regular representation is

U p:Co(K,C(K)) = B(L*(K, L*(K))), (U xp)(f) :/KUk:p(f(k)) dk

for f € C.(K,C(K)). This is faithful, see [89, Lemma 2.26], and

K %oy O(K) = (U % p)(Co(K.C(K))) .

We refer the reader to [89] for an account of crossed products.

Consider the map
F1®id: D(SLy(2,C)) = C(K,C(K)), xxxifr F Hz)® f. (2.5)

Here F : O(K) — D(K) is the Fourier transform, equation (1.6). It is clear that (2.5)
is an injective linear map, because the Fourier transform is injective. The image of (2.5)
is the vector space O(K) ® O(K) C C.(K,C(K)) which is dense in C.(K,C(K)) in the
L'-norm, and in particular in the full and reduced norms, see [89, Lemma 1.87]. We will

show that (2.5) is a *-homomorphism.
We let o denote the adjoint action to ease notation. We have, using the definition of

multiplication in C.(K,C(K)), for z,y € D(K), f,g € O(K) and k € K,

(F @)@ IIF ) @g)k) = / a1 (F (@) @ f)(s))(F () ® g)(s™'k) ds

K
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~ [ Fr@EF 0 Bau(fg ds
K

The image of (x > f)(y > g) under (2.5) is given by

FH zye) @ (yay, fay) fioy(Swe)s fe3)9,

using (1.20). To understand F~!(zy)) we consider, for f,g,h € O(K),

(Y1) ® 2Y2) @ Ye3))(f ® g @ h)

Yy () (@ye)(9)ye (h)
Yy (F)z(90))y2) (9) v (h)
z(g(1))y(hge) f)

= [ [ F @007 w0k 0 () ak ds
= [ ] F @6 F @) wn £r) d ds
-/ Kfl JF )5~ wh(s™ u) f(s~ ) du ds
- [F @ hf)(w) g(u) du.

Therefore

(F (@y@) @ (yay, foy)) fo) (S(y / F s 'k)ag-1,(f)g ds

(z) @ F)(F " (y) @ g) (k).
We now check that (2.5) preserves . If 2 € D(K), f € O(K) and k € K, we have
(F @)@ ) (k) = ap-1 (F ) © ) () = F L) (ka1 (f7)
using the definition of the involution in C,(K, C(K)), and
(F @id)((@ s f)7) (k) = F (@) (k) (@), [1) i (S(fs)), £3))-

using (1.21). Note that if g € O(K) and y € D(K) with F(g) =y, then for h € O(K) we

have

F(g), S(h*)) (by Definition 1.52)




CHAPTER 2. THE QUANTUM ASSEMBLY FIELD 62

I
(@)
~

s
*
~—
~~
>~
~—
=
~—~
=~
~—
o
oy

as required.

Let us now prove that C/(G;) = K Xaqj, C(K). The x-algebra D(G;) acts on Lz(é\l)
by left multiplication and on L?(K, L*(K)) by the regular representation. We need to
identify L(G1) with L2(K, L2(K)) in such a way that these actions are identified. This
would then show the s-homorphism defined in (2.5) above preserves the reduced norms.

In particular, we would obtain the desired reduced isomorphism.

We should recall from Remark 2.1 that D(G) is the dual of an algebraic quantum group,

which as a *x-algebra is given by
O(Gy) := O(K) © D(K).

It can be shown (see [86, Proposition 3.11]) that the left integral on O(G4) is given by
¢k ® ¢p, where ¢ is the Haar state on C(K) and ¢z is the left integral on D(K).
Therefore the GNS space corresponding to ¢x ® ¢, denoted by L?*(Gy), is given by

LX(Gy) 2 LK) ® L*(K) = LX(K, L*(K))

where the latter isomorphism is given by id @ F 1.

In the same way as for the duality between discrete and compact quantum groups, we

have a unitary Fourier transform
Far - LH(GY) — LA(GY)

given by the formula Fg, = F @ F ! (see [86, Theorem 1.13]). Then for z > f € D(G;)
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viewed as bounded operators on LZ(@l), we need to check that the diagram

2(Gh) T2 12(6h) O 2(K) 0 L2(K)
Mfl l(U xp)((F~1®id)(zxf))
LX(G) 275 [2(K) @ LX(K)

commutes. It suffices to check that for y g € LQ(CTl), where y € D(K,) and g € O(K,),

we have
(Fr@id)((z e f)lypag)) = (U x p)(F @id)(z e f))(F ' @id)(y > g).
For k € K,

(U % p)(F @id)(z s f))(F @id)(y = g))(k)

_ /K Usp(F~H (@) ® £)(5))(F 1 (y) @ 9)) (k) ds
_ /K P(F 7 (2) @ [)(8)(F ' (y) @ g)(s k) ds
_ /K FH @) (8)F () (s~ k) 15(f)g ds

= (F (@) @ )F y) @ 9)(k)

= (F ' @id)((z > f)(y 1 9)) (k)

as required.

Now let us turn to the isomorphism C*(G1) = K X.q; C(K). Note that the full crossed
product is the completion of C.(K,C(K)) in the norm

I £l :== sup{||(p x ©)(f)]| | (7, p) is a covariant pair of representations}

for f € C.(K,C(K)), see [89, Lemma 2.27]. Note that here 7 : C(K) — B(H) and
p: K — U(H) are representations satisfying the covariance condition of [89, Definition
2.10].

We therefore need to show that if v : D(G1) — B(H) is a non-degenerate *-representation
on a Hilbert space H, then v extends to a representation on C.(K, C'(K)) of the form px 7
as above. Then ||—[| = [[—||, where the latter is as defined in (1.25).

By Proposition 1.62, there exist representations 7 : O(K) — B(#H) and p : D(K) — B(H)
such that v = p > m. We can extend 7 to C'(K) by universality (see Example 1.21), and p
to M(D(K)) and hence C*(K) by Remark 1.14. Then one can check (7, p) is a covariant
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pair using the Yetter-Drinfeld compatibility condition (1.23), and that p x 7 = p > 7 on
D(Gh).

Finally, since K is compact (and hence amenable), the full and reduced norm on the
convolution algebra C.(K,C(K)) are equal, see [76, Proposition 2.2]. O

2.1.2 The Principal Series Representations

Throughout this section, for ¢ € (0, 1], we write G, = SL,(2,C) and K, = SU,(2), with
K1 - K

Let T be the circle group, and consider the associated compact quantum group C(T).
Recall from Example 1.27 that O(T') = C|z, 27!] € C(T') and from the proof of Proposition

1.54 that there is a *-homomorphism
7:0(8U,(2) - O(T), w(a)=2z2 mn(y)=0.

Recall that we constructed a basis {u};} for O(SU,(2)) in Section 1.3. For calculations it
is convenient to understand 7 on this basis, which is the content of the next proposition,

another folklore result.

Proposition 2.3. If 7 : O(SU,(2)) — O(T) is the x-homomorphism
7 O(SU,(2) = OT), m(a)=2, m(r)=0,

then we have (u}) = 05;2%, where {uj}} is the basis for O(SU,(2)) constructed in Section

ij
1.5.
Proof. We split the proof into two cases - for ¢ < 1 and for ¢ = 1.
For ¢ < 1, we have the pairing
(=, =) :CIK,K '] x O(T) = C

defined in the proof of Proposition 1.54 by setting

N[
N[

SIS

<KaZ>T:q%a <K_17Z>T:q_ 5 <Kaz_1>T:q_ 5 <K_1;Z_1>T:q

and then by extending to the remaining elements according to the rules in Definition
1.52. This pairing is non-degenerate in the second variable, i.e. if f € O(T) and we
have (X, f)r = 0 for all X € C[K,K™']|, then f = 0. This is because if we write
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[ =2 encmz™ € O(T), where only finitely many of the ¢,, € C are non-zero and we
have, for all | € Z,
<Kl, Zcmzm> = Z cmq%m =0,
meZ meEZ
then ¢, = 0 for all m. Now for [ € Z,
(K m(ufy) = 052°)p = (K w(uil)) e — 04 (K, 2%)p = (K' m(ufl)r — 0i5q".
Finally we note that (K', 7(uf};))r = (K', u};) = 6;;¢", by equation (1.14) and the formulae
in Theorem 1.49.

For ¢ = 1, we can see that 7 is the restriction of functions in O(K) to T'C K. Let z = €

for some z € R. We have

()6,

where 7, : K — U(V(n)) is the standard 2n + 1-dimensional irreducible representation of
K obtained by applying Proposition 1.54 to the standard 2n + 1-dimensional irreducible
representation of U(sly(C)) constructed in Section 1.3, which we also denote by ,. By

Remark 1.55 the following diagram commutes,

t e > ™ B(V(n))

¢
expl expl oo

T —— K - U(V(n))

where exp is the matrix exponential. Since, for z € R,

—2n ... O
mo(zH) =x
0 . 2n
by the formulae in Theorem 1.49, we have
e~ 0 270
z 0 ) ) ) ) i .
0 =z : 3 : :
0 ... el 0 ... 2

0 ,
Then 7(uf}) ((S _)) = 6;;2% as required. O
z
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The Haar state ¢, on C(kK,) provided by Theorem 1.29 defines a semi-definite form

<fa g)Kq = ¢Kq(f*g)7 fvg S C(Kq)

In fact the Haar state is faithful on C'(K,) (see [60, Theorem 1.1]), and so this form defines
an inner product on C'(K,), and therefore L*(K,) as defined in (1.2) is the completion of
C(K,) with respect to this inner product.

By Theorem 1.58, {uj;} forms an orthogonal basis for L*(K,), with

27

ey = s w) = 5 (26)

We can then normalise this basis to obtain an orthonormal basis of L?(K,), which we

el = q "V/[2n + uf,. (2.7)

denote by {e};}, where

For m € 37, define
O(&L) ={f € O(K,) | ([d@m)A(f) = f@ 272"}, (2.8)

a subspace of the Hilbert space L?(K,). Equip O(EY,) with the inner product restricted
from C(K,). We denote the closure of O(E%) in L*(K,) by H4,.

Proposition 2.4. An orthogonal basis for H, is given by {u} _,,}, wheren > |m|, n+m €
Z andi € {—n,—n+1,...n}.

Proof. Let f =73, . chuy € O(K,), where ¢ € C. The condition for f € O(E},) means

that
S e(ul @ 2%) = (Z ) S

n7Z7] n7Z7]

by Proposition 2.3, which is equivalent to

Z ug; ® cg-(sz — 27 = 0.

n7Z7‘7

Since the w;; are linearly independent, we must have c?j(zzj — z7%m) = (. Therefore either

n 2m

s =0 or 227 = 27 for all z. Suppose for some 7,7, j' that c?/j, # 0. Then 2% = 2~
for all z € C and so j' = —m. If j # —m, then z7*" # 2% and so ¢}; = 0. In particular,
f= ch:‘ _aulr . Note that for v _, . to be defined, we require that —n < —m < n (or

equivalently n > |m|) and that there exists k¥ € N such that n — k = —m (or equivalently
n+meZ).
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Finally note that a direct calculation using Proposition 2.3 shows that an element of O(K,)
of the form ) ¢, u?_  with n > |m|and n+m € Z is contained in O(EY,). O

ng 1 —mi

Remark 2.5. By Proposition 2.4, H, = (*({e?_,.}) := H,, independently of g.

In the case of SL(2,C), there are the so-called principal series representations of SL(2,C),
originally due to Gelfand and Naimark in [26]. These are obtained by inducing characters
of the upper-triangular subgroup of SL(2,C) to SL(2,C), see [52, §2]. The principal
series representations of SL(2,C) allow one to describe C*(SL(2,C)) concretely, because
the regular representation may be decomposed, in an appropriate sense, into principal

series representations using Harish-Chandra’s Plancherel formula, [31].

Remark 2.6. The aforementioned description of C}(SL(2,C)) is given in [64, Proposition
4.1]. We will return, in more detail, to the classical case in Chapter 4. For now the reader

should note that an analogue of the principal series for the quantum setting would be
desirable, so that we can describe C;(SL,(2,C)).

A complete classification of the irreducible unitary representations of SL,(2,C) was given
by Pusz in [68], including the quantum principal series representations (see also the re-
marks in [69, p.g. 1-2]). However these representations are introduced in terms of the
function algebra Cy(SL,(2,C)) (see (2.2)). We will instead proceed by introducing the
principal series representations in terms of Yetter-Drinfeld modules, following the approach
of Voigt and Yuncken in [86, Section 5.3].

Recall from Section 1.4 that (non-degenerate) representations of D(G,) correspond to
unitary Yetter-Drinfeld modules as in Definition 1.61. Therefore a quantum analogue of
the principal series representations can be described as a family of unitary Yetter-Drinfeld

modules, as follows.

Proposition 2.7. Let ¢ < 1. Define, for m € %Z and X\ € 1R,

O(K,y) = B(O(&)),  f—= [ (2.9)
where for f € O(K,) and £ € O(EL) we define

fr&= fn&S(fe) (K22 fo)
Here K is as in Definition 1.42. For m € %Z, we define

D(K,) — B(O(EL)), w s w (2.10)
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where for w € D(K,) and £ € O(EY) we define

Then O(EYL) equipped with (2.9) and (2.10) is a unitary Yetter-Drinfeld module for D(G,).
Proof. This is a direct calculation - one checks that the condition (1.23) is satisfied. [

Note that in the first formula in Proposition 2.7, we use the fact that U,(slx(C)) —
[Tnein, Mam+1(C) (see (1.16)) to be able to calculate K%}, and we extend the pairing

(= =) 1 D(SUL(2)) x O(SU,(2)) = €, (w, f) = w(])

to
(= =) J] Mewii(C) x O(SU,(2)) — C.

nE%No

We refer the reader back to Example 1.59 for the full details.

Recall from Example 1.59 that we have a basis {wj;} of D(K,), dual to the basis {u;} of
O(K,). By Proposition 1.40, each w € D(K,) gives rise to a bounded operator on L*(K,),
and we see from the formula there that the action of w on O(€Y) given in Proposition
2.7 is just the restriction of the former operator to O(£%). We wish to understand this

restricted operator.

Let us start by calculating a formula for the action of the basis elements of D(K,,) on the
basis elements of O(K,) C L*(K,).

Lemma 2.8. The action of D(K,) as bounded linear operators on L*(K,) (as defined in
Proposition 1.40) is given by the formula

m n __ k+i —k—i
Wi - Uy = Oy —i(—1)" g U

form,n € INg and k,l € {-m,—m+1,...,m} and i,j € {-n,—n+1,...,n}.

Proof. From Example 1.59, we have

FUwP) = ¢¥[2n +1](ull)’ (2.11)
and so

F(ul)) =q ¥ 2n+1]""w}.
Since

(’LL:L])* _ (_1>2n+i+jqj*iu7ii s (212)
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(see (1.19)), we have

F(uly ) = (=1) g7 (g2 20 4 1] 7).

Zi o
Replacing —¢ with ¢ and —j with j, we see that
Flufy) = (1) ¢ (¥ [2n + 17w, ).

v

Then

winF(uy) = wip (1)@ (¢ 2n + 1) 71w, )
= 5nm5l,—i(_1)_2n+i+jq]_l<q2] [27’L + 1] W —j)
- 5nm5l,7i(_1)72m+i+jqj7i<q2j [27’1, + 1]71wlr<zn—j)'

Applying F~!, and then using (2.11) and (2.12) we have
(F~ 1wk’l‘F)( ) = 5nm5l,fi(_1)72m+i+jqj7i<uzl ) = Opm 1, —i(— )kHka Zumk e L

Proposition 2.9. Let m € %Z. Then, forl € %No, k,je{—=l,—1+1,..1}, w,lgj acts as

a finite rank operator on H,,, with image independent of q.
Proof. By Lemma 2.8, we have, for n € iNg,n > |m|,n+m € Zandi € {—n, —n+1,...,n},
wgcj Sy —-m = nl(sj,—i(_l)k—i_iq_k_iul—k -m

(2

so we obtain using (2.7)

Z— —m

l k+i —2k—2i 1
Wi - = 0udj—i(—1)"""q €k

In particular, if X = el _,, € O(&L), then

?’L’L 74 —-—m-1 —
U X — n L n
Wi = Ci —mWEj "€ —m

_ E k:—H —2k—2i 1
sz5nl§] —1 ) €k —m

l (_1)k—]q—2k2+2j6l

= C—jm -k —m

and so Im(wy;-) = span(e’, _,). O

By Proposition 2.7 and our remarks in Section 1.4 we obtain, for each m € %Z and \ € 1R,
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a non-degenerate x-homomorphism
Ty - D(Gq) = B(HY,).

By Proposition 2.9, the image of W?m A Is contained in K (H2,). The universal enveloping

algebra of D(G,) is C*(G,), and so we obtain a non-degenerate *-homomorphism
Timyy  C7(Gg) = K(HT,). (2.13)

For a classical group G, a non-degenerate representation of C*(G) on a Hilbert space H
corresponds to a unitary representation of the group G on H, see [24, pg. 73]. Therefore,
we may view W?m ) s a representation of the underlying quantum group Gy, and we call
these the (unitary) principal series representations of G,. We will sometimes denote

HI by ”H,‘(]m N in this case to emphasise the dependence of the actions on A.

The dependence on A of the actions in Proposition 2.7 is periodic. Indeed, the only action
that depends on A in Proposition 2.7 is the action of O(K,). There the dependence on A
comes from the pairing (K22}, —), where K € U,(sl5(C)). For each n € $Ny, recall (c.f.
(1.15)) that K is represented on V' (n) by the matrix

with respect to the standard orthonormal weight basis for V(n) constructed in Theorem
1.49. Since ¢ € (0, 1], there exists h € (—00,0] such that ¢ = e". Then if A = pu + %,

n(2+2)) _

4ami Anmi .
qn(2+2u+ ) n(2+2,u)q . n(2+2,u)€4n7rz

q q q

for all n € $Ny. Since n € $Ny, 4n € 2Z and so ¢*"™ = 1. Therefore ﬂ?m’/\) = ﬂ?m,/w%).

In particular the principal series representations of G, are indexed by points in
M, =iz R, (2.14)
7 9 2mih™ 2 :

In what follows, we will write (m,\) € M,, even when X € iR. Strictly speaking we are
picking a representative of A in Z]R/Qm p—17, but the above periodicity in our irreducible

representations means the choice of representative is not important.

We have the following useful, but non-trivial facts about principal series representations.
These were known to Pusz [68], but we refer the reader to [86, Theorem 5.49] for the
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statement in the same framework which we have set up here.
Theorem 2.10. Let m € Z and A € iR.
(a) W?m’/\) is an irreducible representation of G, on H,.

(b) 7TEIm y and W?m, ) are equivalent if and only if

(m,\) = (m",X) or (m,\)=(—m',=N\).

Let W =Zy = {1,—1}. This is called the Weyl group (we will see the reasoning for this
terminology when we come back to the classical setting). We define an action of W on

My by w(m, A) = (wm,w\). By Theorem 2.10, two representations my, ) and m(, . are

(1,11)
equivalent if and only if (m, ) and (n, ) are in the same W-orbit.

The quotient M@/W can be viewed as a subset of M, obtained by identifying points
(m,\) ~ (—m,—A\). Therefore in MVW, no two distinct points represent equivalent

irreducible representations.

We now turn to describing the reduced group C*-algebra of G,. For this, we require several

constructions.

For each point in (m,\) € M,, we have an associated Hilbert space ’H?m NE the carrier
space of the principal series representation with parameter (m, ). We can define a bundle

H? over M, with surjection

pte | HE xR i — M, (2.15)

mE%Z

sending (v, A) € HIL X Z.R/zm-hqz to (m,\) € M,. The fibre over (m,\) € M, is
H‘(Im N ‘Ha . Therefore each fibre is a Hilbert space. We in fact have a Hilbert bundle in
the sense of Fell, [22, Section 1.1]. We refer the reader to [23, Chapter 2, Section 13] for

an account of the background theory.
Note that when we fix m € $Z, the restriction of the bundle H? to {m} x iR/Qm’h”Z C M,
is the trivial Hilbert bundle
iR iR
Hon X oin =12, = 7 2mih 2
therefore H? is a locally trivial bundle.

The continuous sections of the bundle vanishing at infinity is a Hilbert Cy(M,)-module.

Taking the compact operators on this Hilbert module gives a continuous field of C*-
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algebras over M,, with fibres K(H{,, ,,), see [17,10.7]. We denote this field by Co(My, K (H1)).
The local triviality of the bundle means that this field is a trivial field when restricted to

{m} x iR/Qm’h_lz’ and so

Co(Mp, K(HY) = @D C (iR/ZMh_lz, K(an)) . (2.16)

mG%Z

Note that Theorem 2.10 (b) provides unitaries Uf, ,y : H{,, \y = H(_,, _,) which intertwine
W?m y and W?_m_ »- These unitaries are known to be unique up to a scalar multiple of
modulus 1, [86, Theorem 5.42]. In fact, Voigt and Yuncken provide explicit formulae there
for these intertwiners. We fix the aforementioned scalar so that the formulae described
there hold.

We obtain an action of W on Cy(M,, K(H?)) given by

(~1- P)mA) = (U, )" F(=m, ~A)UE, . (2.17)

for f € Co(My, K(H?)), (m,\) € M, The fact this formula defines an element of
Co(M,, K(H?)) follows from the aforementioned formula in [86, Theorem 5.42] - these

formulae are continuous in .

We have the following result which determines the reduced group C*-algebra. The proof
is due to appear in [85], and we provide the proof that will be given there. Recall that if a
group G acts on a C*-algebra A, the elements of A fixed by all elements of G are denoted
by A€,

Theorem 2.11. Let ¢ € (0,1) and let H? = (H{,,,)) be the Hilbert space bundle of
unitary principal series representations of G, over M, introduced in (2.15). Then there is

an isomorphism
C:<Gq) = OO(MW K(Hq»W'

Proof. First, we consider a unitary principal series representation with parameter (m, \) €
M,

q»

Rl £ C1(Gy) = K(HY,)

In fact, this *-homomorphism factors through the reduced group C*-algebra. This is a
consequence of the Plancherel theorem for Gy, which will appear in greater generality
in [85], but is already known for Gy, see [5, Theorem 12]. Therefore we obtain a *-
homomorphism

Rl £ C1(Gy) = K(HY,)
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We can consider the x-homomorphism
CHGy) = ColMy K(HD), £ ((m,A) > 72 (). (2.18)

Note that the image of (2.18) is contained in Cy(M,, K(H4))" by construction. Another
application of the Plancherel theorem tells us that (2.18) is injective. It remains to check

surjectivity.

The irreducible representations of Cy(M,, K (H?)) are described as follows. If (m, \) € M,

Q>
then we define

Tma : Co(Mg, K(HY)) = K(HL,), T (f) = f(m, A)

for Co(M,, K(H9)). This is an irreducible representation of Cy(M,, K(#H?)), and each
irreducible representation of Cy(M,, K(#H?)) is of this form - indeed, see the description
of Co(M,, K(H7)) given in (2.16). Note that if we consider C¥(G,) C Cy(M,, K(H7))
by (2.18) then for (m,\) € M,, we have () Cr Gy = Ty The result then follows
from standard results about subalgebras of postliminal C*-algebras, see [17, 11.1.1 and
11.1.6]. O

One should compare Theorem 2.11 to the classical case originally given in [64, Proposition
4.1]. We will return to this in Chapter 4.

2.2 The Quantum Assembly Field
Throughout this section, for ¢ € (0,1}, we write G, = SL,(2,C) and K, = SU,(2), with
Kl - K

The objective of the rest of this chapter is to construct, for a fixed 0 < ¢y < 1, a continuous
C([qo, 1])-algebra A% with fibres AY = Cr(G,).

2.2.1 Constructing the Field

Counsider

B:= [[ BI*G,)),

q€[q0,1]
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—~

the C*-algebra of norm bounded sections with values in the family B(L?(G,)). The norm
is given by
16l :=sup [lb(g)]|, b€ B,

qa€lqo,1]
For each n and m in i1Np, and ¢,j € {—n,—n+1,...,n} and k,l € {—~m,—m +1,...,m},

and for each ¢ € (0, 1], we have the element
wii > ugy € D(Gy). (2.19)

Since D(G,) = D(K,) ©® O(K,) as a vector space, these elements form a basis for D(G,).

Let us denote the elements in (2.19) by (wf; > uf})(q) to signify the fact that this element

is in D(G,). We have constructed a section

q = (Wi > ugi)(q) (2.20)

ij

of the algebraic direct product alg — [ c(,,1 P(Gg). We now show that the sections

(2.20) are norm bounded, and so define elements of B. That is, we need to show that

SUD e [go.1] H(WZ D] uZ})(q)HT < 00, where ||—||,. denotes the norm of C}(G,).

Note that it suffices to show sup,e(, 1 H(WZ D> uﬁ)(q)Hf < 00, where |[—||, is the norm of
C*(SL,(2,C)), because the reduced norm is bounded above by the full norm. By equations
(1.25) and (1.26),

i @], < 1

and so

sup ([t )@, < 1
q€[qo,1]

as required.
Let A denote the *-subalgebra of B generated by the sections q — (w5 > uj})(g). Note
that C([qo, 1]) € B as a C*-subalgebra as the sections

g fla)- L@y

Let D(G) = C([qo,1])A, again a *-subalgebra of B. Let A be the C*-subalgebra of B
generated by D(G). We will show that A% is a C([qo, 1])-algebra, see Definition A.1.

If v € D(G), then we may write v = >, fivi, where f; € C([qo,1]), 7 € A, and I is a

finite indexing set. Therefore if f € C([qo,1]), fv =D s f(fivi) = D i (f fi)vi € D(G).
Therefore if f € C([qo,1]), we can define the multiplication operator

My :D(G) = D(G) C A°, M;(y) = fv, v€D(9)
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Note that My is bounded on D(G) because

MYl ae = 1 Yl[ae = 1715 < 1Al 1Vll5 = [l - 171l 0

and so M; extends to a bounded linear operator My : A? — A?. Consider A? as a
Hilbert-A® module, with A®-valued inner product

(v, W)@ =7, v, p € A9

Let us show that M/ is an adjointable operator. For v, u € D(G) we have

(Myry, )y = (Mpy) = (fy) ' =~"(f"1) = v (Mp-pp) = {7, My-ps).

From the continuity of the inner product, My and Mj«, we have that M/ is adjointable
with adjoint My~. In particular, M; defines a multiplier of A?. Since

(M) = y(Myp)
for all v, u € D(G), we have that M; € ZM (A9).

The map
¢: C(lgo, 1)) = ZM(A%), > M;

is clearly a unital *-homomorphism. In particular, A% is a C([qo, 1])-algebra. In the

following section we identify the fibres of A®.

2.2.2 Identifying the Fibres of the Assembly Field

—~

For each ¢ € [go, 1] we have a canonical evaluation map ev, : B — B(L?*(G,)), which we
can restrict to A% C B. If v € D(G), we can write

_ n,m n m
= E : Jijka Wiy DA ug

n7m7i7j7k:7l

where the indices run over a finite set, and each f;/}; € C([qo, 1]). Then

ev(V) = D fii@)(w] pauii) (@) € D(Gy).

n)m)i7j7k7l

In fact, as the elements
{(wij > uiy) (@) boam,i gk (2.21)
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form a basis for D(G,), we have that ev,(D(G)) = D(G,). Therefore ev,(A?) = C*(G,).

It is not clear that this canonical evaluation map ev, is the quotient map to the fibre of

A@ at ¢. However, we will show that this is indeed the case.

By the definition of the fibre of a Cy(X)-algebra (A.1), we need to show
A9 ~ v
AqQ = /JqAQ = C(Gy)

where J, is the ideal of functions in C([qo, 1]) vanishing at ¢. Note that J,A? C Ker(ev,)

and so there is a canonical surjective x-homomorphism
A9 A9 ~
Vg ! /JqAQ — /Ker(evq) = CT, (Gq). (2.22)

We will show that this map is an isomorphism. In particular, this will identify the quotient

map to the fibre at ¢ with ev,.
Let us prove an analogue of Lemma 1.56 for quantum SL(2,C).

Lemma 2.12. For any q € [qo, 1], the product of two basis elements (2.21) in D(G,) can

be expressed as a linear combination of basis elements (2.21),

(wfj > UZ;)(C])(W;)IC > ugf)(Q) — Z C(/Jla np,rv,w, Q)<w5r > uZw)(q>7

u’n?p7r7v7w

where the coefficient function ¢ — C(u,n,p,r,v,w,q) € C is continuous.

Proof. For the proof we will suppress the dependence on ¢ to avoid excessive notation.
We have

(wij o ugy) (whe > )

= (wiy > ) (wh, > 1) (1 > ugy)

= (Z((W&)(l)’UZZ)WZ(CU&)@)((W?C)@), S (ug})) > U"§> (1o ugy). (2.23)

s,t

Let us fix s and ¢ and consider

((whe) (1), ugs )i (win) @) (W) 3), S~ (ug)) < uly.

The first leg is an element of D(K,). We can evaluate this functional at ¢ € O(K,) to

obtain

((wi) (1) ui )wis (wie) @) (whe) 3), S~ (i) (9) = whe(uisg@) S~ (u))wis(9a))-
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Since this leg is an element of D(K,), it may be expressed as a linear combination of
elements of the form wj . To understand the coefficient of such an element, we evaluate

the above expression at g = ujg,. This is given by
((wl()lc)(l)’ uql;r;)wznj (wgc)(Q) ((wgc)(?))’ S utl uﬁ'y Z wbc uksu6'y (u:?))wg (ugé)'

By Lemma 1.56 and the formulae in Example 1.59, we see that this scalar depends con-

tinuously on ¢q € [qo, 1]. Going back to 2.23, we have

(wfs D ) (whe D ugy) = (Z((wgc)(l), U )wi; (Whe) @) (Whe) 3, S (uif)) < U”i) (1 ugy)

st

= D (@), uia)wi (@) o) (Wi @), S (uir)) b uljugy

s,t

we see that again by Lemma 1.56, the linear combination of matrix elements obtained

from wufjul;, where the coefficient functions are continuous. O

Let us return to identifying the fibres of A9. We first consider the case where ¢ = 1. We

will see this is somewhat of a special case.

Proposition 2.13. A9 = C*(G,).

Proof. Let
.49 5 A° /1, A (2.24)

denote the quotient map.

Recall that D(G) is generated as a x-algebra by the sections
q = flg)wiy paugy(q)

Q
where f € C([qo,1]). Since 7 is surjective, the quotient A / JAQ has a dense x-algebra

generated by the elements

mi(q = f(g)wi; > ug(q)).

Define a linear map o
D(Gy) — A /JlAQ

by first defining the map on the basis elements (wj; > uf})(1) by
(wij > ugg) (1) = (g = wij >3 ugi(q))

and then extending linearly.



CHAPTER 2. THE QUANTUM ASSEMBLY FIELD 78

Let us show that p; is a *-homomorphism. The product (wf; >< ujy)(1)(wy, > ul;)(1) can

be written, by Lemma 2.12,
(wp s up) (D(wh b ud ) (1) = > Clp,s,tya, 8,7, 1) (wh saug,)(1)
p,s,t,a, B,y
where C(p, s,t,a, 3,7, —) : [qo, 1] — C is a continuous function. Then
pr((wp saup) (D (wp s ud) (1)) = > Clp,s,t, o, 8,7, Dmi(g = (wh > ug,)(q))-
p,S,t,a, B,y

By Proposition A .4,

Y. Clsitia By, Dmie = (W >ui,)(a)

D58,t,00, 8,y

=T (q = Z C<p7 S, t? Q, ﬁ? Y5 Q) (wft > ugc)(q)> :

p,s,t,a, B,y
Now we note that
pr((w] > ugy) (1)) pr((wi, b2 udf) (1))

— milq > (s b2 af)(@)mi(g = (Wi bauly) (@)
)(

= mi(q — (W) > ugy) (q) (wh, < ul) (q))

= (q = Y Clp,st,a,B,7,q) (hd ul?c)(Q))

ps;t,0uB,y
so p1 is multiplicative. One can similarly show that the map preserves the involution.

We can therefore extend the *-homomorphism
Q
p1:D(Gy) — A /JlAQ

to a *-homomorphism 0
p1: Cr(Gy) — A /JlAQ.
using the fact C(G1) = C*(Gy), see Proposition 2.2.

The composition

Q
viop: CHG) = ja = CI(GY)

(where vy is defined in (2.22)) is seen to be the identity map on the dense x-subalgebra
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D(G4) of CF(Gy) and so is the identity on C*(G;). The composition
Q Q
p1OV15A/J1AQ—>C:(G1) —>A/J1AQ

is seen to be the identity map on the dense *-subalgebra 7 (D(G)) of AQ/ T, AQ Therefore
we have AY 2 C*(G4), and the quotient map is given by ev;. O

Notice that the case where ¢ = 1 is special. We were able to extend a map on D(Gy) to a
map on C*(G;) in the proof of Proposition 2.13 using the fact C(G;) = C*(G1). This is

not possible for ¢ < 1, so we must find another approach for the remaining fibres.

Recall that by Theorem 2.11, for each ¢ € (0,1), we can view C/(G,) C Co(M,, K(H,)).
We will identify a fixed C*-algebra which contains C}(G,) as a C*-subalgebra for all
q < (0,1).

Define

1 R
M = §Z x ! /27T’iZ'

For ¢ € (0,1), we write ¢ = €" for some h € (—00,0). Then M, (recall (2.14)) is
homeomorphic to M by the formula

M — M,, (m,u) v~ (m,h™p). (2.25)

Recall also that H4, can be identified for each ¢ € (0, 1), with the fixed Hilbert space H,,,
see Remark 2.5. Let

Vi-HL — Hp,
denote this isomorphism, which is given on the orthogonal basis of Proposition 2.4 by the
formula .
wy . q—e?fm. (2.26)
[2n + 1]

by the formula (2.6).

Consider the bundle of Hilbert spaces

D |_| H,, X Z'R/QM-Z% M

mE%Z

sending (v,,, A) € Hyy X ZR/27T2’Z to (m,A\) € M. As in the case of H9, we obtain a locally

trivial bundle H of Hilbert spaces, and a continuous field of C*-algebras over M, given by
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the Co(M)-algebra

Co(M, K (1)) = @B € (Bloriz K(Hu))

mG%Z

We will show that for each ¢ € (0,1), Co(M,, K(H,)) and Co(M, K(H)) are isomorphic
as Co(M)-algebras. Note here we use the homeomorphism between M and M, defined in
(2.25) to view Co(M,, K(H,)) as a Cy(M )-algebra.

Proposition 2.14. For each q € (0,1), Co(M,, K(H,)) and Co(M, K(H)) are isomorphic
as Co(M)-algebras.

Proof. Let f € Co(My, K(H,)). Define an element F' € [, \ycps K(H(m,n)) by the for-
mula

F(m,\) = VIif(m, h ']\ (VE)*  (m,\) € M. (2.27)

We will show F' € Co(M, K(H)). To do so we fix m and check continuity in the second
variable. However continuity in the second variable is immediate as f is continuous in this

variable.

It is easy to see that (2.27) defines a *-homomorphism Cy(M,, K(H,)) — Co(M, K(H)).
This homomorphism is also a Cy(M)-module homomorphism. One can construct, in

an entirely similar way, an inverse *-homomorphism and Cy(M )-module homomorphism

Co(M, K(H)) = Co(My, K(H,)). =

Proposition 2.14 together with Theorem 2.11 tells us that for each ¢ € (0,1) we have an

inclusion

g CHG,) — Co(M,K(H)).
Lemma 2.15. For each y € D(G), the map
[90,1) = Co(M, K(H)), q > tq(evy(y)) (2.28)

1S continuous.

Proof. We wish to show that (2.28) is an element of C([qo, 1), Co(M,K(H))). This is
equivalent to the statement that for all 6 such that ¢o < 6 < 1, we have that the formula

in (2.28) defines an element of

C([QOa - 5]7 C'0(]\/[7 K(H)))



CHAPTER 2. THE QUANTUM ASSEMBLY FIELD 81

Since

Co(M, K(H)) = @D € (B, K(H))

mG%Z

we have

Cllao,1 =31, ColM, K(H))) = € { laos 1 =0}, @@ € (Brpmiz, K(Hn)

meiz
o @ C <[qo, 1-4},C (ZR/QWZ'Z’ K(Hm)>)
meiz
~Pc ([qO, 1= x By iz, K(Hm>> '
me3Z

It therefore suffices to fix m € %Z and show that

g0, 1= 8] x Bz = K (M), (a,0) = 14(evy(y)) (m, A)

is an element of C <[q0, 1—4] x iR/Qm,% K(’Hm)>

If y € D(G), we can write
y= D Jikheed

n)m)i’j’k’l

where the indices run over a finite set, and each f/\'; € C([qo, 1]) by Lemma 2.12. Then
since sums preserve continuity, it suffices to assume y = w;; > uy;. We need to show that
if (qu,\y) € [q0, 1 — 9] X iR/Qm-Z is a sequence converging to (g, A) € [qo, 1 — 0] X ZR/ZM’Z?
then
g, (evq, (¥)) (M, Av) — tq(evq(y)) (m, A)ll 3, = O-

Recall that the strong-#-topology on bounded subsets of B(H,,) coincides with the strict
topology, viewing M(K(H,,)) = B(Hnm) (see [70, Lemma C.6]). Since for all ¢ and A,
l|leq(eve(y))(m, M|l < ||y|| 4, We are considering operators in a bounded set. Therefore

op —
if we can show

I2q, (eV4, (¥)) (M, A)E = t4(evy(y)) (m, N)E]l5,,, — 0

and
g, (€v, (¥))" (M, Av)E — tq(evq(y))"(m, A)Elly, — 0

for any ¢ € H,,, then for any compact operator S € K(H,,), we have

15tq, (€vq, (1)) (m; A) = Stq(evg(y))(m, Al — 0.

Note that the operators ¢y, (evy, (y))(m, A), tq(evy(y))(m, X) have finite rank by Proposi-
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tion 2.9. The image only depends on the choice of y, and not on ¢ or \. Then we can
choose S to be the orthogonal projection onto this fixed subspace and by construction we

will have

g, (€Vq, ()) (12 A) = tq(evy(y)) (m; A, = 0.

Therefore it suffices to show that for all y € D(G) and for £ € H,, that

leq, (vq, (1)) (M, A€ = tq(evq(y)) (m, A)Elly,, — 0.

The action of the first leg of y € D(G) on H,,, depends continuously on ¢ (see the formulae
in Proposition 2.8) and is independent of the circular parameter. Therefore it suffices
to understand the action of the second leg on H,,. It also suffices to check this for
&=el' . € H, by Proposition 2.4, where n € %No, i€{-n,—n+1,..,n}. If we consider
ul.(q) € C(K,) with the formula for V4, (2.26), we have

Viug (@) (Vayer _, =q7'\/[2n + 1,V2 ui(q) - uf _,,.(q)
= ¢ \/[2n 4+ V2 g (@l (q)ul(q) (K> ul (q)).

a

¢ (q) can be expressed as a linear combination of the standard

The product ug, (q)u? _,.(q)u
basis elements, with continuous coefficients in ¢, by Lemma 1.56. The unitary V,¢ will then
rescale these basis elements by a continuous function in ¢, see the formula (2.26). Overall,
the result is a linear combination of basis elements of H,,, where the coefficients depend

continuously on ¢ and \. It then follows that

e, ¥4, () (17, )6 — 140, (3)) (m, N, = 0.

as required. O

Corollary 2.16. There is a x-homomorphism ¢ : A — Cy([qo, 1), Co(M, K(H))), such
that

Ly)(q) = tg(evy(y))

for all y € A9 and q € [qo,1). The map is injective on AQ‘[qO y = Co([go,1))A°. In
particular, for ¢ <1, the map q — |lev,(y)| is continuous for each y € A©.

Proof. Define ¢ : D(G) — C([qo, 1), Co(M, K(H))) by

L)(q) = tqleve(y)), y€D(G), g€ lg,1).

By Lemma 2.15 this is a well defined s-homomorphism. The image is contained in
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Cy([q0,1), Co(M, K(H))) because for y € D(G),

[e)l = sup [[e(y)(@)]| = sup [[eg(eve(y))ll = sup [levy(y)| <yl <oo.  (2.29)
q€lqo,1) q€[qo,1) q€[qo,1)

The above calculation also shows that ¢ is a bounded *-homomorphism on D(G) and so
¢ extends to A%. If y € Atho 1)’

therefore have equality in the last step of (2.29) and therefore ¢ is isometric, and hence

then evy(y) = 0, and so ||y = sup,c(y.1) levq(y)l|. We

injective. O

Recall that we have an action of the Weyl group W = {1} on Cy(M,, K(H?)), see
(2.17). Therefore after identifying Co(M, K(H)) = Co(M,, K(#H?)) by Proposition 2.14,
we have a W-action on Cy(M, K(H)) for each ¢. Since the formulae for the intertwiners
provided by Theorem 2.10 depend continuously on ¢, see [86, Theorem 5.42], we have
an action of W on C([go, 1), Co(M, K(H))) and t(A?) C C([qo, 1), Co(M, K(H))W. If
1 € Cllgor 1), Co(M, K(H)))" then

fla) € Co(M, K (H))™

where the action of W here depends on ¢q. We have that

M=oy < [o,au || {m} x Ra .

mE%N

Note here the distinction at m = 0. This is because we identify (0, A) ~ (0, —\), so we
quotient Z]R/QM‘Z further. We identify ZR/QM'Z with R/QTFZ’ and then the latter with S*.

-1

If z € S, the relation means we identify 2 ~ 27! = Zz. Therefore at m = 0, we are left

with the upper half semicircle, which is homeomorphic to [0, 7].

For the remaining m > 3, we have identified the upper half semicircle of {m} x Z'R/27”Z
with the lower half Sem1c1rcle of {—m} x ZR/QMZ, and the upper half semicircle of {—m} x
ZR/QMZ Wlth the lower half semicircle of {m} x /27TZZ This leaves us with a single

circle {m} x /2mZ‘

Therefore we can identify

w
Co(M, K(H))W = @ Co (Z'R/%mZ, K(Hm)>
>~ Co ([0,7], K(Ho)) ® €D Co (ﬂ%mz, K(”H,m)) = D.  (2.30)

mE%ZZl

for each q. The dependence of ¢ here is only in identifying H,, = H? 2 H? = H_,,, but
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this dependence is continuous in g because of the formula (2.26) and the formulae for the
intertwiners U{, ) given in [86, Theorem 5.42]. Then if f € C([qo, 1), Co(M, K(H)))",
we obtain, using these identifications, a map ¢ — f(q) € D that defines an element of
C([go, 1), D), where we have identified f(q) with its image in D via the above isomorphism
(2.30).

Theorem 2.17. A% is a continuous C([qo, 1])-algebra with fibres AS = C}(G,), and the

quotient map to the fibre at q is ev,. The restriction AQ|[q0 N s a trivial field.

Proof. The result about the fibres for ¢ < 1 follows from Corollary 2.16 and Proposition
A.10. We proved that AY = C*(G1) in Proposition 2.13. The quotient map to the fibre
at q € [qo, 1] is evy,.

Next we check continuity. We only need to consider continuity at the fibre at 1, because
we have continuity at ¢ < 1 by Corollary 2.16. We only need to show lower-semicontinuity
by Proposition A.7. For this we will use Proposition A.47. Recall that we have a faithful
left integral bg, = O, ® ¢x, on D(G,), where 7, is the left integral on D(K,) and ¢,
is the Haar functional on C'(K,). One can extend ¢g, to a faithful weight on each fibre
as in [47, Definition 6.1]. We now check the conditions of propositon A.7 hold for these
weights.

Since each weight is faithful, the corresponding GNS representations are injective by The-
orem A.45. The family of sections D(G) is dense in A by definition, and D(G) consists
of integrable sections, so the third condition holds. The fourth condition holds because
D(G,) is dense in the GNS space for ngé\q It remains to check the continuity condition. It
is enough to see that ¢z (wpy) and @, (ufy) are continuous in g and the fact that as ¢ — 1
these formulae behave as expected. This follows from Theorem 1.58 and Example 1.59,
(1.18).

Therefore A? is a continuous C([go, 1])-algebra as required. Finally, we note that A9| 1) =
Co([go, 1), D), where D is as defined in (2.30) - we need to show that A% o) = Co([qo, 1), D).
This follows from the Dixmier-Stone-Weierstrass theorem for continuous fields, Theorem
A.23. [



Chapter 3

The Quantum Assembly Map

By Theorem 2.17 and Proposition A.29, the continuous field A% induces a map in K-theory

p K (CF(Gh)) = K(CF(Gy, ) (3.1)

for a fixed gy € (0,1). We shall refer to this map as the quantum assembly map. In

this chapter we will show that the quantum assembly map is an isomorphism.

To do this, we will adapt the method used by Higson in [32] to prove that the classical
assembly map is an isomorphism for all complex semisimple Lie groups. The inspiration
for this method is due to Mackey. In [52] Mackey suggested that there ought to be a
correspondence between ‘most’ of the irreducible unitary representations of a connected
semisimple Lie group G and a semi-direct product group Gy, which we call the Cartan

motion group of G. In the case of SL(2,C),
Go = K x ¢

where K acts on £ by the coadjoint action defined in (2) in the Introduction. Later
Connes [11, p.g. 145-146, Proposition 8, Proposition 9] proved that there is a continuous
field over [0, 1], which we denote by A®, with fibres

CxG) t>0

At =

such that A’(o,u is trivial, and that the induced map in K-theory

K.(C"(Go)) = K.(CH(G))

85
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provided by Proposition A.29 is the assembly map in the Baum-Connes conjecture, after
identifying K. (C*(Gy)) with the left hand side of the Baum-Connes conjecture.

In [32], Higson analysed this field and showed that the induced map is an isomorphism. His
method relies on the fact that the spectra of C*(Gy) and C;(G) are the same as sets, which
formally describes the correspondence Mackey envisaged. However the topologies on the
spectra are different. These differences motivated Higson to study certain subquotients
of these group C*-algebras, which are constructed in such a way so as to remove this
difference in the topologies. A careful analysis of the corresponding subquotients of the

field allows one to prove that the assembly map is an isomorphism.

This method carries over in essentially the same way to our assembly field. First, we
will understand the representation theory of C*(G4) and C}(G,,) and the topology of the
spectra. This will motivate the subquotients that we will study, and then finally we will

conclude by using these subquotients to show that p is an isomorphism.

3.1 The Mackey Analogy

Recall (see, for example, [89, Definition 2.6]) that a dynamical system is a triple
(A, G, a), where A is a C*-algebra, G is a locally compact group and o : G — Aut(A) is

a continuous action.

If a locally compact group G acts on a locally compact Hausdorff space X then G acts on
Co(X) by

a:G— Aut(Co(X)), a(f)(x)=f(lg7' 2), ge€G, [felCyX), ze€X.

Then (Cy(X),G,a) is a dynamical system and we can form the crossed product G X,
Co(X). In this section we will seek to understand such crossed products in the case where

G is compact. Recall from propostion 2.2 that
O*(G1> =2 K X adj C(K)

and so we will be able to apply general results in this section to understand the represen-
tation theory of C*(G,).
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3.1.1 Crossed Products as Cy(X)-algebras

In this section, we will state a result that will allow us to see that certain crossed products

are Cy(X)-algebras where X is some locally compact Hausdorff space X.

Let A be a C*-algebra. We refer the reader to the literature for generalities concerning
what follows in the next three paragraphs, for example [17, Chapter 3]. Recall that
Prim(A) is the set of primitive ideals, that is, kernels of the irreducible representations,
with the Jacobson topology. This is defined by specifying the closure operation on
subsets S C Prim(A) by

S = {1 € Prim(A) | [ J C 1} . (3.2)

The spectrum Spec(A) is the set of equivalence classes of irreducible representations of
A. We clearly have a surjection Spec(A) — Prim(A), m — Ker(r). We can use this map
to define a topology on Spec(A) by the prescription

S C Spec(A) is open : <= {Ker(m) | m € S} is open.

This topology ensures that the canonical surjection Spec(A) — Prim(A) is continuous
and open. The spectrum Spec(A) is locally compact (see [17, 3.38]), and so Prim(A) is
also locally compact (being the continuous and open image of a locally compact space,
see [41, p.g. 147)).

If (A,G,a) is a dynamical system then we have a continuous action of G on Prim(A)
defined by
G x Prim(A) — Prim(A), (s,I)— s-1:= a4(I),

see [70, Lemma 5.44]. Let
o : Prim(A) — G\ Prim(A)

be the quotient map, which is continuous and open.

Since the continuous and open image of a locally compact space is locally compact (indeed,
the image of a compact neighbourhood of a point is a compact neighbourhood of the image

of the point), G\ Prim(A) is locally compact.

Assume now that G\ Prim(A) is also Hausdorff. Lee’s theorem (see [50, Theorem 4]) tells
us that A is a continuous Cy(G\ Prim(A))-algebra, with Cy(G\ Prim(A))-action

pa: Co(G\ Prim(A)) - ZM(A) = Cy(Prim(4)), f~— foo. (3.3)
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Note here that we identify ZM (A) with Cy(Prim(A)) using the Dauns-Hofmann Theorem,
originally in [13, Corollary 8.13 and Corollary 8.16].

The action o on A is a field of actions of G on A, as in Definition A.35. Indeed, if
G-I € G\ Prim(A) (where I € Prim(A)), then Js. A is a closed, two sided ideal that is
invariant under «, see [89, Lemma 8.1]. Then as explained in Remark A.36 we obtain an
action %! : G — Aut(Ag.) of G on the fibre Ag.; given by the formula

a%la+ JgrA) = ay(a) + Ja.r A

for a € A and s € G. Note that the quotient map A — Aq.; is a-a®! equivariant, so we

obtain a x-homomorphism
Wg.IZGD(aA—)G[XaGJ Ag.[. (34)

We have the following useful result that allows one to determine the irreducible represen-

tations of certain crossed products, which is a special case of [89, Proposition 8.7].

Proposition 3.1. Let (A, G, ) be a dynamical system and suppose G is amenable and
G\ Prim(A) is Hausdorff. Then G X, A is a continuous Co(G\ Prim(A))-algebra with
fibres

(GxqA)gr =G Xper Ag.;, G- 1 € G\ Prim(A)

with the evaluation map to the fibre (G X4 A)g.r given by wq.r, the x-homomorphism (3.4)
induced by the equivariant quotient map A — Agq.1.

Being able to equip a C*-algebra A with a Cy(X)-structure allows one to use Theorem
A.21 to understand the irreducible representations of the crossed product. In the following
section we will see how to apply Proposition 3.1 and induction of group representations to
understand the representation theory of crossed products arising from dynamical systems

(K, Cy(X), @), where K is a compact group and X is a locally compact Hausdorff space.

3.1.2 Induction of Representations

In this section we discuss induction of group representations. The notion of induction was
first introduced for finite groups by Frobenius in [25], and generalized by Mackey to locally
compact groups in [51]. We refer the reader to [24, Chapter 6] for a contemporary account
of induced representations. Note that here we restrict attention to compact groups which

reduces the technical difficulties.
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Let K be a compact group and let H be a closed subgroup of K. There is a process called
induction which takes a unitary representation of H and produces a unitary representa-
tion of K. Let 7 : H — U(V) be a unitary representation of H on the Hilbert space V.
Then define

Ind5 (V) := {€ € L*(K,V) | £(kh) = m(h™)&(k) for all k € K, h € H} (3.5)

equipped with the inner product given by

. gt = / (F(s)g(s)y ds,  fog € (K, V)

K

on L?(K,V). This is a Hilbert space. We then have a unitary representation 7 : K —
U(Indfy(V)) given by

(7(k)E)(s) = (k™ "s) (3.6)
for k,s € K and ¢ € Indfy (V).

Let us consider some basic examples of induction.

Example 3.2. Let K be a compact group with identity e, and 7 : K — U(V) be a

unitary representation. Then
Indg (V) =V, &+ €(e)

is an equivariant unitary. That is, induction from K to itself does not change the equiva-

lence class of the representation being induced.

Example 3.3. Let K be a compact group with identity e and let H be a closed (and

hence compact) subgroup. We can induce the left regular representation on H,
A H — U(L*(H))
to K. Then if £ € Ind%(L?*(H)), k € K and h € H we have

§(k)(h) = &(k)(he) = (A28 (k))(e) = E(kh)(e).

It follows that
Ind®(L2(H)) = LX(K), & (k— &k)(e))

is an equivariant unitary between the induced representation and the left regular represen-
tation of K. That is, induction of the left regular representation from a closed subgroup

of K is the left regular representation (up to unitary equivalence) on K.
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We have the following result about induction and tensor products that will be useful to

us later.

Proposition 3.4. Let K be a compact group, H be a closed subgroup of K and W be a
Hilbert space. Let w be a unitary representation of H on a Hilbert space V and let 1 be

the trivial representation of H on W, so that
T®1:H->UVeW), (rm&l)(h)=rh) e ly
15 a unitary representation of H on the Hilbert space V& W. Then
Ind5 (V)@ W = Ind5(V @ W)
where we view Indjg (V) @ W C Indjg(V @ W) by
E@w— (k— (k) @w) (3.7)
foré endfy(V), we W and k € K.

Proof. We start by noting that we can easily check that on the dense subspace Ind% (VoW
of Indf; (V) ® W that the map (3.7) in the statement of the proposition is isometric, and
so the map (3.7) is indeed injective. We will now show that Indf (V) ® W is dense in
Indjy (V @ W).

Since the subspace C.(K,V @ W) C L*(K,V ® W) is dense in L*-norm, then by an

averaging argument,
{feC(K, VW) | f(kh) = (x(h"") @ 1w)f(k) forall k € K, h € H} (3.8)

is dense in Indfy(V @ W).

We will now find a dense subspace of (3.8) contained in Ind% (V) ® W, from which the
result will follow. First note that C.(K,V @ W) = C(K,V ® W) now equipped with the

supremum norm,

£l =500 £ B) e S € CUEV @),

is a Hilbert C'(K)-module, and is isomorphic to C'(K,V) ® W where the tensor product
is the exterior tensor product of Hilbert modules (see [48, p.g. 34-35]). The subspace
C(K,V)®W is dense in C(K,V ® W) with respect to the supremum norm. Note that if
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FECAK, VW) C LYK,V ®W), we have

o = [ M0 ab < sup 1F G on = 1 vomy

Therefore C(K, V) ® W C C.(K,V ® W) densely in the L?-norm, and so in particular
C(K,V)® W is dense in L*(K,V ® W) in the L?>-norm. We then have that

{feCK,V)OW | (evi, @1w)(f) = (m(h 1) oevy @1y ) (f) forall k € K, h € H}

is dense in Ind% (V' ® W) and contained in Ind} (V) ® W. Therefore Indf (V) @ W =
Indf (V@ W). O

Let K be a compact group, H a closed subgroup of K and V' a unitary representation of
H on a Hilbert space V. We have a dynamical system (C(K/H), K,1t), where 1t denotes
the action by left translation, i.e. (k- f)(sH) = f(k7'sH) for k,s € K and f € C(K/H).

We will now describe two constructions of a representation of K i, C(K/H) on Indjy (V).

Construction 3.5. Note that Indf} (V) is a left C(K/H)-module with the action given
by pointwise multiplication, because if f € C(K/H), & € Ind(V), k € K and h € H we
have

(f&)(kh) = f(khH)&(kR) = f(kH)m(h™")E(k) = m(h™")(f&) (k).

Therefore we obtain a *-homomorphism p : C(K/H) — B(Ind% (V). The representations

7 (recall the definition from (3.6)) and p form a covariant pair for the dynamical system

(C(K/H), K,1t). This is because

forallk € K, f € C(K/H), ¢ € Ind% (V) and s € K. Therefore we have a %-representation
7 % p of the crossed product K x C(K/H) on Indjy (V).

Construction 3.6. There is a Morita equivalence between the C*-algebras C*(H) and
K x C(K/H) (which is originally constructed in [29, Section 2]). We avoid any generalities
about Morita equivalences, but this is a notion originally defined for rings by Morita in [58],
and by Rieffel for C*-algebras in [71].

Two Morita equivalent C*-algebras have the ‘same’ representation theories. More pre-

cisely, if A and B are C*-algebras, we can consider the categories of non-degenerate -
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representations Rep(A) and Rep(B) of A and B respectively. The objects in these cate-
gories are the s-representations of each algebra, and the morphisms are the intertwiners
between the representations. If A and B are Morita equivalent algebras, then Rep(A) and
Rep(B) are equivalent categories, [70, 3.30]. This equivalence induces a homeomorphism
between Spec(A) and Spec(B), which follows from [70, Corollary 3.33].

In particular, by the equivalence a unitary representation m of H corresponds to a *-
representation of K x C(K/H). This is of the form L = 7 x p, where 7 is a unitary
representation of K and p is a representation of C(K/H) on the same Hilbert space,
see [70, Corollary C.31].

In Constructions 3.5 and 3.6, we have described two ways in which we can take a unitary
representation of H and produce a x-representation of K x C(K/H). It can be shown
(see [20, Corollary 7.8]) that these processes give rise to equivalent representations. We

denote (the equivalence class of) such representations by Indf (V) as well.

In particular, if we take an irreducible representation of H, we can use Construction 3.5
to construct a representation of K x C'(K/H), and by the theory of Construction 3.6, this
is an irreducible representation of K x C'(K/H), and all the irreducible representations of
K x C(K/H) arise in this way.

Using these facts we can describe the representation theory of crossed products arising from
actions of compact groups on locally compact spaces. We note that this is a special case
of the Mackey-Rieffel-Green theorem concerning representions of certain crossed products,
see for example [20, Theorem 7.29]. We instead follow a more direct approach, based on

a suggestion by Voigt, which seems to be folklore.

Proposition 3.7. Let K be a compact group acting on a locally compact Hausdorff space
X. Then

(a) The space K\X is Hausdorff and K x Cy(X) is a continuous Cy(K\X)-algebra with
fibres
(K X Co(X))ko = K x C(K -x)

for K -x € K\X, where the action of K on K - x is the restriction of the action of
K to K -x. The evaluation maps

Tre s K X Cp(X) = K x C(K - x)

are induced by the restriction maps Co(X) — C(K - z).

(b) For each x € X, there is a homeomorphism K -z = K/ K,, where K, is the stabilizer

of x under the action of K. This homeomorphism is equivariant for the action of K
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on K -z and the action of K on K/K, induced by the action of K on itself by left

translation.

(c) All irreducible x-representations of K x Cy(X) are of the form
Indf (V) o7k,

where x € X, V is an irreducible unitary representation of the stabilizer group K, of
T, T 05 the evaluation map to (K x Cy(X))k.. = K x C(K - x), which we identify
with K x C(K/K,) using (b), and Indj (V) is the irreducible representation of
K x C(K/K,) defined by Constructions 3.5 and 3.6.

(d) Let x € X, and V' be an irreducible unitary representation of the stabilizer group K,
of x. Define

Tway t K = U(Indg (V), (7 (k)E)(s) = E(k71s),

pva) - Co(X) = B(Indz, (V)),  (pway()E)(s) = f(s - 2)E(s).
for s,k € K, f e Cy(X) and € € Ind[[gz(V). This is a covariant pair for the action
of K on Cy(X). Moreover,

T(WVaz) X P(Vz) = Indgf(V) OTMK.¢.

(e) If x,y € X and V, W are irreducible unitary representations of K, and K, re-
spectively, then Indj (V) o Ty, and Indﬁy(W) o Tr.y are equivalent if and only if
y=t-x for somet € K and W corresponds to V' under the identification of K, and
K, induced by conjugation by t.

Proof. We have each of the following facts.

1. The space K\ X is Hausdorff, because K acts on the locally compact Hausdorff space
X continuously and properly, see [49, Proposition 12.24].

2. For each x € X, the orbit K -z C X is closed, being the continuous image of a

compact space.
3. For each z € X, K, is compact, being a closed subset of the compact group K.

4. Themap K/K, — K-z, kK, — k-x is a homeomorphism, because it is a continuous

bijection between a compact space and a Hausdorff space.

The first point here allows us to apply Proposition 3.1. We therefore need to understand
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Co(X) as a Co(K\X)-algebra to complete the proof of (a).

The Co(K\X)-structure on Cy(X) is given by (3.3) applied to this situation. In particular,
we are in the setting of Example A.12 where the map in this Example is given by the
quotient map ¢ : X — K\X. Therefore the fibre of Cy(X) at the orbit K -z € K\X
of v € X is Co(¢'({K - 2})) = C(K - z), with evaluation map to the fibre at the point
K -2z € K\X given by restricton of functions on X to the (compact) orbit K -z C X.

It is clear by the definition of the action on Cy(X),- . as defined in Section 3.1.1 that this
is simply the action of K on X restricted to K -z C X. This completes the proof of (a).
Part (b) follows from the fourth point above, which can easily be seen to be an equivariant

map.

For (c), we note that each irreducible representation of a Cy(X )-algebra factors through an
evaluation map (see Theorem A.21). Therefore, we only need to understand the irreducible
representations of the crossed product K x C(K/K,) for each x € X. However, by
the Rieffel correspondence, these arise from the irreducible representations of K, via the

process described above this proposition.

It is easy to check that the formulae in (d) defines a covariant pair, and so we have a

x-homomorphism, for each x € X,
Tay X pvay - K x Co(X) — B(Indj (V). (3.9)

One can easily check that on C.(K,Cy(X)) C K x Co(X) that (3.9) is the same as
Indj (V) o 7., giving the result. Note here that we are using the concrete definition of

Indj (V) given in Construction 3.5.

For part (e), suppose y = t - x for some t € K and W corresponds to V' under the
identification of K, and K, induced by conjugation with ¢. Let us therefore assume that
V = W and that the representations of K, and K, on V' are denoted by 7, and 7,

respectively. Then as
K, — K, kv tkt™!

is the isomorphism induced by conjugation, we have mx, (k) = g, (tht™!) for k € K,.
Define

T :Indg (V) = Indg (W), (T¢)(k) =&(kt), & elIndg (V), ke K.
This is well defined because if k € K, s € K, and ¢ € Indj (V), then

(T€)(ks) = &(kst) = E(ktt™st) = mxe, (t st) "¢ (kt) = mxe, (5) 7 (TE) (k).
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Clearly T is a unitary isomorphism. It intertwines v,y and 7w, because left translation

is not affected by right translation. It also intertwines p(y,,) and pav,) because

for f € Cy(X), € € Indﬁy(W) and s € K. Therefore T provides an equivalence between
Indj (V) o 7k, and Indﬁy(W) o Tr., by part (d).

Conversely, suppose Indj (V) o mx., and Indgy(W) o Tk, are equivalent. For this to
happen, they must factor through the same fibre of K x Cy(X), i.e. K-z = K -y. That is,
there exists t € K with y =t - x. Using conjugation, we can view V and W as irreducible
representations of K,. For these to induce to the same representation on the crossed
product, we must have that V' and W are equivalent because the Morita equivalence
(as explained in Construction 3.6) establishes a one-to-one correspondence between the
representation theories of K, and K x C(K/K,). O

3.1.3 The Mackey Analogy in the Quantum Setting

Let us now apply Proposition 3.7 to our situation. Recall that if ¢ € (0,1] and G, :=
SL,(2,C), we have
C*(Gl) =2 K [Xadj C(K)

where K = SU(2) and K acts on itself by the adjoint action (2.3). Proposition 3.7 tells
us that for each x € K, and irreducible representation V' of K, the stabilizer of x in K,
we obtain an irreducible representation of (G; and all irreducibles are obtained in this way.

Note that K, is the centralizer of x in K in this case.

Proposition 3.7 also tells us we can choose any representative in the conjugacy class of x

for this process. Recall that we can view the circle group T" C K as the matrices of the

()

where z € T C C. For any z € K we can choose a representative for the conjugacy class of

form

x that lies in T'. Indeed, all elements of K are normal and so are unitarily diagonalizable,

i.e. there exists u € U(C?) such that uzu* is diagonal. We can rescale our unitary u so
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that det(u) = 1, and so we can assume u € K. Then uzu* € T C K.

Lemma 3.8. Letx € T'C K. Then K,, the centralizer of x in K s

K x=4]
T x+#41

K, =
where I is the identity matriz. Two distinct elements x,y € T are conjugate in K if and

b))

Proof. For a given x € T', we can write

it 0
T = ¢ |l eT
0 efzt

a _ *
for some ¢t € R. Direct calculation tells us that if ( Z
v«

only if v =y, and

) € K., then a*y = 0 or
et = e~ Therefore « =0,y =0ort =0, 7.

Ift =0, m, then x = I, —1I respectively, and clearly K, = K.

If a=0and vy +#0,t+#0,7, then

Qa _’7* eit 0 o’ ’7* _ efit 0 _ eit 0
vooak 0 e)\—y a) VL0 €] \0o e
which cannot happen. The case where v = 0 can occur, and we then see K, = T for

x# I, —1.

Note that this calculation also tells us that two distinct elements z,y € T' are conjugate

in K if and only if z = y !, and

0 —1 0 1
T =z L O
1 0 -1 0
The irreducible representations of 7" are usually indexed by integers. For notational con-

venience in what follows, we will use half integers instead. That is, each irreducible

representation of 1" is of the form

T T — U(C), (g ?) y 22m (3.10)
z



CHAPTER 3. THE QUANTUM ASSEMBLY MAP 97

for m € 3Z (see for example [24, Theorem 4.5]). Therefore for each x € T\ {I,—I}
and m € %Z we obtain an irreducible representation (using the notation as defined in
Proposition 3.7 (d))

Tm,z) = T(rma) X Plrm,z) - K X adj C(K) — B(H(m@)) (3.11)
where
Himay i= Indp (1,,) 2 {€ € L*(K) | &(kt) = 7,,(t) '€(k) for all k € K, t € T}, (3.12)

Note that it is because 7, is one dimensional that we can view H(; ) = Indjlf (Tm) C

L*(K).
Remark 3.9. The inclusion 7" C K induces the surjective x-homomorphism
C(K) =), f= [l

Note that this agrees with the x-homomorphism from Proposition 2.3 on O(SU(2)), and
so for t € T" we have, by Proposition 2.3,

Then for ke K andte T
ufy(kt) = ugy(k)ug;(t) = 75(t)ugs (k).
I

Therefore v, € Hny) if and only if j = —m. Setting ¢ = 1 in Proposition 2.4 we
see that {u_ .} forms an orthogonal basis for H ), where n > |m|, n +m € Z and
i€ {—n,—n+1,...,n}. Therefore

Hima) = C({e] o)) = Huns (3.14)

c.f. Remark 2.5.

Recall from Section 1.3 that the irreducible representations of K are indexed by elements
of INo. That is, if m € INy, there is a 2m + 1 dimensional representation V(m) of K.

Therefore for each m € %NO we obtain a pair of irreducible representations,

Tm,t1) = TV (m),+1) X pv(m)1) K Xagj C(K) = B(Hm,+1)) (3.15)
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where (v (m),+1), P(v(m)+1) are as defined in Proposition 3.7 (d) and
Him,+1) = Ind%(V(m)) = V(m)

by Example 3.2. Under this identification my () +r) : K — U(H(man) is simply the

representation V' (m), and

pvimyxr) i C(K) = B(Hum+n), pwvm),xn(f) = fF(E)1vim).

Since {I} and {—I} are singleton conjugacy classes in K, then by Proposition 3.7 (e),
T(m,+1) Tepresent two distinct equivalence classes of representations in Spec(C}(G)), and

both of these classes cannot contain any of the representations m(,, ) for m € %Z and
reT\{xl}.

Let us now consider equivalences among the representations defined in (3.11).
Proposition 3.10. Let z,y € T\ {I,—I} and m,n € %Z. Then Tz is unitarily

equivalent to ) if and only if

(m,x) = (n’y)7 or (m,x) = (_nvy_l)
and in the latter case the unitary intertwiner is given by

7_[(m,ac) — H(—m,m*1)7 g = (k = é.(k:w))

0 —1
where £ € Hmq) and w = (1 0 )

Proof. From Lemma 3.8 two distinct elements z, y € T are conjugate if and only if z = y~1,

and

wrw =7t

Under conjugation of 7" by w the representations 7, and 7_,, as defined in (3.10) are
identified. The result then follows from Proposition 3.7 (e). O

Consider the set

M = %Z x T. (3.16)

There is an action of the Weyl group W = Zy = {£I} on M by

We can now describe (as a set) the spectrum of K X,q; C(K).
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Proposition 3.11. There is a bijection
M :
/W — Spec(K X,q5 C(K)).

Proof. Consider the class of (m,+I) in M/W If m < 0, we can replace m by —m and
the class is unchanged, so we can assume that m > 0. Define the map on these classes by

[(ma i[)] = ﬂ-(m’il)'

IfxeT\{xl}and m e %Z, the class of (m,x) has two representatives, namely
(m, ), (—m, 2z ").

By Proposition 3.10, we can define the map on these classes by [(m, x)] — (.2, because

different representatives for the same class give rise to equivalent representations.

The map we have defined is clearly a bijection. O]

We now compare this to the situation for C’(G,) for ¢ € (0,1). From (2.30) we can see
that we can identify
Spec(Cy(Gy)) = M4y, (3.17)

as topological spaces, where we view M/W as a subspace of M, which in turn is equipped
with the product topology. Therefore, as sets, Spec(C*(G)) and Spec(C;(G,)) are the

same. This is the quantum version of Mackey’s analogy.

However, this identification as sets is not a homeomorphism. In the following section
we will understand the topology of Spec(C*(G1)) using an alternative description of the

crossed product.

3.1.4 The Spectrum of the Quantum Cartan Motion Group

We start with a preparatory lemma.

Lemma 3.12. Let A be a C*-algebra, and K be a compact group acting on A via two

actions

a: K — Aut(A), [: K — Aut(A),

that commute, i.e. auBs = Psay for all s,k € K. Then [ induces an action of K on
K x4 A fiting K C M(K x4 A) (which we also denote by ), a restricts to an action on
AP and

(K xo AP =2 K x, A°.
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Proof. For each s € K, the map
bs: A— A

is a-equivariant because o and [ commute. Therefore the x-homomorphism
dxfs: Co(K,A) = Co(K,A),  (dxB)(f)(k) =B:(f(k), [e€C(K,A), kek

extends to a map K x, A — K X, A (see [89, Corollary 2.48]) which we also call id x f.
Clearly on C.(K, A) have (id x ) (id X 8;) = id x B for all s, k € K, and so the extensions

define an action of K on K x, A, which we also call 5.
The copy of K inside M (K x, A) is defined by
K= M(KxaA), kU, (Uf)(s):=af(k™'s))

for f € C.(K,A), s € K, see [89, Proposition 2.34]. One can easily check that for each
ke K, 5s(Uy) = Uy, for all s € K.

If a € A?, then a,(a) is invariant under 8 because o and 3 commute. Therefore « restricts

to an action on A”.

Consider the inclusion homomorphism
L AP — A
This is clearly a-equivariant and so as above we obtain a *-homomorphism
idxe: K xg A® = K %, A. (3.18)

Since K is compact, reduced crossed products are equal to full crossed products. It is well
known that in the reduced case, faithful homomorphisms on C*-algebras induce faithful
homomorphisms between the reduced crossed products, see [20, pg. 12-13]. Therefore

id x¢ is injective.

We have (id xu)(K x, A%) C (K x4 A)? because for f € C.(K, A®) and k,s € K we have

(id x3,) (id )2 ) (f) (k) = Bs((id <e) (f) (k) = Bo(o(f (k) = e(f(F)) = (id we)(f)(F).

We will use an averaging argument to show that (id x¢)(K x, A?%) = (K x4 A)P.

If f e Kx,A, then the map K — K X, A defined by s — (id x 8)(f) is continuous and

/K 16 %B2) (Al wn 05 = Il s (3.19)
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Since K — K x4, A, s — (id x5)(f) for f € K x, A is continuous we can define

av(f):/K(id X Bs)(f) ds € K x, A.

By construction (id x8,)(av(f)) = av(f), so av(f) € (K x, A)?. Note that if f €
(K xo A)P, then av(f) = f.

If f e (K x,A)” and € > 0 there exists g € C.(K, A) such that || f — g[/ 4,4 < e Then

av(g) (k) = /K Bulg(k)) ds € A

and in particular av(g) € C.(K, A?). Then

1f = av(9)ll gupa = NaV(F) = av(9)ll e, a

- ‘ [ s —g) ds

< /K 1Gd %8 (f — D)l s ds

=1 = 9llguan <€

KxqaA

where the final equality follows from (3.19), and so (id x¢)(K x, A7) is dense in (K x, A)?,

as required. O
We now have a useful identification of certain crossed products, which originally appears
in [72, Proposition 4.3], with a proof given for finite groups.

Theorem 3.13. Let K be a compact group acting on a locally compact Hausdorff space
X. Then
K x Co(X) 2 Co(X, K(L*(K)))®

where K acts on Cy(X) wvia the action induced from that of K on X, and K acts on

K(L*(K)) with the conjugation action with respect to the right regular representation on
LA(K). If f € Cu(K,Co(X)) C K x Co(X), then

X 5 K(IAK)), 7T, (T&)r) — /K F() (s irn)e(s ) ds, €€ IA(K), reK

is the corresponding element of Co(X, K(L*(K)))X under this isomorphism.

In addition, K x Cy(X) is a postliminal C*-algebra.

Proof. For this proof, we will use many K-actions. Let us start by introducing them.



CHAPTER 3. THE QUANTUM ASSEMBLY MAP 102

1. Let a : K — Aut(Cy(X)) be the action of K on Cy(X) induced by the action of K
on X.

2. Let It : K — Aut(C(K)) be the action of K on C(K) by left translation, i.e.
1t(g)(f)(s) = f(g~'s) for g,s € K and f € C(K).

3. Let rt : K — Aut(C(K)) be the action of K on C(K) by right translation, i.e.
rt(g)(f)(s) = f(sg) for g,s € K and f € C(K).

4. Let A : K — U(L*(K)) be the left regular representation.
5. Let p: K — U(L*(K)) be the right regular representation.

6. Let v be the conjugation action of K on K(L?(K)) by the right regular representa-
tion, i.e. 1 (T) = ppTpr— for T € K(L*(K)).

7. Let v : K — Aut(Cy(X)) be the trivial action of K on Cy(X).
By the Stone-von Neumann theorem (see for instance [89, Theorem 4.24)),
K %y C(K) =2 K(L*(K)).
The isomorphism is implemented by considering the multiplication representation
M: C(K) = B(L*(K)), M(g)=fg, [eC(K), geL*K)

and showing A x M : K xy, C(K) — B(L*(K)) is faithful, and with image equal to the
compact operators (indeed, (A x M)(C.(K,C(K))) are Hilbert-Schmidt operators, and we

can also obtain all rank one operators in this way).

Under the isomorphism provided by the Stone-von Neumann theorem, the action v of K
on K(L*(K)) corresponds to the action rt of K on K xy; C(K) (see the proof of Lemma
3.12). This is because for f € C.(K,C(K)) and k € K,

(A M)()) = ( [ A ds)
= [ A as
- /K N M(f(5))p ds

and one can easily check pp M (f(s))p; = M (rtr(f(s))) for all s € K.

The actions o @ rt and ¢ ® It on Cy(X) ® C(K) commute and so a @ rt defines a ¢ ® lt-

equivariant automorphism (and consequently a group action) on K X,g; (Co(X) ® C(K)),
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which we also call a ® rt.

Now
K X1 (Co(X) @ C(K)) = Co(X) @ (K xy, C(K))

(c.f. [89, Theorem 2.75]), and a direct calculation tells us that the action a ®@rt on the left
hand side corresponds to a ® rt on the right hand side. Let us now apply all these facts.
We have

Co(X, K(L*(K)))™ = (Co(X) ® K(L*(K)))*® = (Co(X) @ (K xy C(K)))**"
= (K g (Co(X) ® C(K)))*
~ K X, @It (C()(X) &® C(K))a@)rt

where in the final step we have used Lemma 3.12. Identifying Cy(X) @ C(K) with
C(K,Cy(X)), we see that a function f € C(K,Cy(X)) is invariant under o ® rt if and
only if

ax(F(58) = (s)

for all s,k € K, or equivalently if e € K is the identity element,

f(s) = as-1(f(e))

for all s € K. In particular, evaluation at e produces an (¢®1t)-« equivariant isomorphism
C(K,Cy(X)) = Cy(X), and so we can finally identify

K X, @lt (Co(X) & C(K))a®rt =K X a Co(X>

as required.

One can take an element of C.(K,Cy(X)) C K x, Co(X) and apply the isomorphisms

above to obtain the stated formula.

Finally, we note Cy(X, K(L*(K))) is postliminal - indeed the irreducible representations
factor through the fibre algebras of this Cy(X)-algebra by Theorem A.21, and each fibre is
K(L*(K)), which has a unique class of irreducible unitary representations represented by
the identity. Any subalgebra of a postliminal algebra is again postliminal and the result
follows. O

If feCy(X,K(L*K)))X as defined in Theorem 3.13 and if x € X, then

f(z) € K(L*(K))%-. (3.20)
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Indeed, if we use the notation from the proof of Theorem 3.13 we have
(e @) (@) = n(f(k™" @) = puf (K- 2)pi " = f(2)

for all k € K. In particular, for k € K, we have p.f(z)p;' = f(z), so f(x) € K(L*(K))¥=.
Let us try to understand the fixed point algebra K (L*(K))%=. First we need a general

result about compact operators between Hilbert spaces.

Proposition 3.14. Let H,K, L and M be Hilbert spaces. Then
KHIK,LIM)=K(H,L)® K(K, M)

where

K(H, L) ® K(K,M) = K(H, L) ® K (K, M)
=span{T ® S | T € K(H.L),S € K(K, M)} C B(H®K,L® M).

Proof. Let h € H and [ € L. We have the standard rank one operators
Hh,l H — [,, 9h,l<h,) = <h, h/>l, = H.

We first note that if T € K(H,L) and S € K(K,M) then T® S € B(H® K, L& M),
and in fact is a compact operator. This is because the tensor product of two finite rank

operators is again a finite rank operator because
(Qh’l & 9k,m)<h/ X ]{?,) = <h, h/></€, k,>l Xm = ‘9h®k,l®m(h, & l{?/>

for h,h' € H, kK € K, 1 € L and m € M. This calculation also shows that we can
obtain all the finite rank operators H ® X — £ ® M in this way, and hence all the

compact operators. ]

Proposition 3.15. Let K be a compact group acting on a locally compact Hausdorff
space X. Suppose K acts on K(L*(K)) by the conjugation action with the right reqular

representation on L*(K). Then

K(LX(K) = @ K(ndg, (r)

melrr(Ky)

where K, is the stabilizer subgroup of a point v € X and Irr(K,) is the set of unitary

equivalence classes of irreducible representations of K.

Proof. Let m : K, — U(W,) be an irreducible unitary representation of K, on a Hilbert
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space W,.. As a consequence of the Peter-Weyl theorem (see [24, 5.12], but take care with
inner products - there the inner products are linear in the first variable) applied to K,
we have
LK) @ W.ow;
relrr(K,)

which is equivariant with respect to the action of K on L?(K,) by the left regular represen-
tation and the action of K on W, ® W} by 7 on the first leg and the trivial representation
in the second. This isomorphism (from the right hand side to the left) is given by

(NI

vRW > (k= dim(W,)2 (w, m(k~Hw)).
where v,w € W, and k € K,. We can induce the left regular representation of K,
on L*(K,) to K. By Example 3.3, the result is (up to equivalence) the left regular

representation on K. By Proposition 3.4,

I

LK)~ @ Indf (r)eW;

melrr(Ky)

where the map from the right hand side to the left is given by
ERW — (k — dim(W,)2 (w, £(k))). (3.21)

where ¢ € Indj (7), w € W, and k € K. Note that this isomorphism is K,-equivariant
with respect to the action of K, on W} by the contragredient of 7 (which we denote by

7*, see Proposition 1.32 and compare this with the definition in [24, p.g. 69]) and the
right translation action of K, on L?(K). Therefore

Or (107" (Kz))
K(AE)“>2K| @ dg (r)eW;
welrr(Ky)
For notational convenience, we set H,, := Indg(ﬂ). Now we can break a compact

operator on a direct sum of Hilbert spaces into blocks of compact operators between
Hilbert spaces by viewing operators in K (@Wem( K,) Hra ® W;) as infinite matrices of

the form

K(Hy, @ W}) K(Hy o, @W2E Hy , @ W)
K(HW’:E®W:,H7|—/@®W:/> K(HW/@@W:/)
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The invariance condition restricted to K(H,, ® W, Hy . ® W7) means we consider the

operators

(TeK(Hyn W Hy o, @W2) | Q@ 7*(k)T(1 @ 7*(k71)) =T} (3.22)
Inside this operator space we have the subspace
U:=span{T ®S | T € K(Hyp, Hp o), S € KW W), T®7™*(k)St*(k™") =T ® S}.

In fact U is a dense subspace of (3.22). Indeed, given ¢ > 0, and T in the operator
space (3.22) we can find a 7" € K(Hy ,, Hy ,) © K(W2, WZ) such that ||T'—T"|| < € by
Proposition 3.14. Define

= / (1o ()T @ (k) dk.
K
Then T satisfies the invariance condition in the definition of (3.22), 7" € U, and
T —T"| <e.

Now, if T'® S is an elementary tensor in U, for all h € H, ,, w € W} we have:
(T®S)(h®w)=Th®Sw=Th ™ (k)St*(kw

In particular, if Th # 0, we must have Sw = 7*(k)S7*(k~")w for all w (see [87, T.2.8]).
This means S is an intertwiner between 7'* and 7*. Schur’s lemma (Theorem 1.25) tells

us S is non zero if and only if 7 = 7/, and in this case, S is a scalar. Therefore

K(L*(K) =~ @ KH.,)®Cly.=  K(H..)

welrr(Ky) melrr(Ky)

as required. N

Let us consider Proposition 3.15 in our situation, where X = K, and K acts on itself via
the adjoint action. By Lemma 3.8, if # = £, then K, = K, and so Indj (V(n)) = V(n)
by Example 3.2. Therefore

K) = P K(V(n

TLG%NO

by Proposition 3.15, where L*(K) = @, .1y,

2
tation. If we are given T' = (T,,) € GBRE%NO K(V(n)) then T acts on this decomposition
by Dneing Tn @ Ly m)--

V(n) ® V(n)* via the left regular represen-
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Now suppose z € T\ {#I}. Recall that for m € 37,

Himry = Indf (1,,) = {€ € L*(K) | £(kt) = 1 (1) 'E(k) for allt € T, k € K} C L*(K)
see (3.12). Then by Lemma 3.8, K, = T, and by Proposition 3.15,

K(LX(K)" = P K(Hma)

mG%Z

~Y

where L*(K) = @,,c17 Himz @ W), and W, is the carrier space of 7,,,. If we are given
2
T=(Ty) € @mE%Z K (H(m,)) then T acts on this decomposition by Bmeiz Tm ® L,

Let us identify H () C L*(K) as a subspace of the right hand side of the isomorphism

L(K)= P V(n)oV(n)".

nE%NO

Applying the right regular representation p; on the left hand side means applying &, 1y ) ®

*

7 (t) on the right hand side, where 7, is the standard 2n 4+ 1 dimensional irreducible
representation of K on V(n), constructed using Theorem 1.49 and Proposition 1.54. On
H(m,z) pr must be the same as B, 1y () ® T3, () " 1y (), see the definition of H,, ) above.
We therefore have

M (m,z) = @ V(in)® (V(n))~,, (3.23)

where (V(n))*,, :={v e V(n)* | m:(t)v = 7,,(¢t)"'v}.

One can check using (3.13) that
(V(n))Z,, = Cep,, (3.24)

where {e'} is the orthonormal weight basis of V(n) constructed in Theorem 1.49. Note

therefore that (V' (n))*,, is non-zero if and only if n > |m|, and n + m € Z.

The description of the fixed point algebras given in Proposition 3.15 allows us to describe
the irreducible representations of the crossed product arising from the action of a compact
group on a locally compact Hausdorff space under the isomorphism provided by Theorem
3.13.

Proposition 3.16. Let K be a compact group acting on a locally compact Hausdorff space
X, x e X, andV be an irreducible unitary representation of the stabilizer group K, of x.

Then, under the isomorphism

K % Cy(X) = Co(X, K(LA(K))X
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provided by Theorem 5.13, the irreducible representation my ) X pv,z) corresponds to eval-
uation of functions in Co(X, K(L*(K)))X at x followed by projection onto the summand
K(Indj (V) of K(L*(K))X= (see Proposition 5.15).

Proof. Recall from (3.21) that the isomorphism

LK)~ @ Indg (v)@ W

melrr(Ky)

is given by the formula (from the right hand side to left hand side)
QW (k= dim(W,)2 (w, £(k))) (3.25)

where ¢ € Indf (7), w € W, and k € K. Let f € Co(K,Cy(X)) C K x Co(X). Then by
Theorem 3.13, f corresponds to an element g € Co(X, K(L?(K)))¥ with

(9(z)n)(k) = /Kf(s)(slk:-x)n(slk) ds, nel?*K), keK.

Taking 7 to be the map (k — dim(W,)2 (w, £(k))) as in (3.25), we have

<w,/Kf(s)(s_1k -x)€E(s7E) ds>
<’LU, ((W(V,m) X p(V,x))(f)g)(k)> .

[N

(9(x)n)(k) = dim(Wr)

= dim (W)

[NIES

The result follows. O

Let us write A = C*(G1). We will now determine the topology of Spec(A). By Theorem
3.13, we have A = C(K, K(L*(K)))¥ and so A is postliminal. In particular the canonical
surjection Spec(A) — Prim(A) is a homeomorphism (see [17, Theorem 4.3.7]). Therefore
to determine the spectrum of A as a topological space it suffices to work with primitive
ideals and the Jacobson topology. We will work with the description of A as functions on
K taking values in K(L*(K)) in the following.

We will determine all the closed sets of Prim(A) and hence we will understand the topology
of Prim(A). Let
F = A{Ker(muma) | (m,z) € S C M},
where
M = 1Z x T
2
(see (3.16)) with the usual topology, and S is a subset of M. Any subset of Prim(A) can

be written this way for a suitable choice of S. We view S as a subspace of M. Recall from
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(3.2) that
F= {PePrim(A) N Jgp}.
JeF
Suppose (m,x) is a limit point of S, with x # +I (we will deal with the case z = +I
separately). We claim that Ker(m () € F.

Since (m,z) is a limit point of S, there exists a sequence (m;,x;) € S such that (m;,z;)
converges to (m,x). Eventually m; = m and z; # +I and so by reindexing we obtain a

sequence (m,x;) € S converging to (m,x), with z; # +1.

Suppose f € (e J. In particular, f € (), Ker(m(m.q,)). By continuity of f, f(x;) — f(z)
in K(L*(K)). Let P,, denote the projection to the m'® summand of

K(IX(K))" = @ K(ndf (7).

mE%Z

Then P,,(f(x;)) vanishes for all i. Therefore we must have P,,(f(z)) = 0. In particular
f € Ker(T(mu), and so Ker(m,, ) € F as required.

Next we suppose (m, £I) is a limit point of S. We claim that Ker(m(, +1) € F.

We can assume there exists a sequence (m,x;) € S, x; # +I with ; — +I. Suppose
f € Nyer . In particular, f € (), Ker(m(mz,)). We know f(x;) = f(£I) in K(L*(K)).
We have

LK) = P Honn =D | D V)@ V),

meZ meZ ne%No

Since f(=£I) is in the image of the left regular representation, it acts on each V(n) in the
decomposition L?(K) = @nE%NO V(n) ® V(n)* by @&,m, ® ly(n)-. In particular, it acts
on V(n)® (V(n))*,, in the same way, independently of m. Since each f(z;) vanishes on
V(n)® (V(n))~,,, then f(£I) must do the same. In particular, f(41) vanishes on those
V(n) for which |m| < n, n+m € Z. Therefore f € Ker(m, o) n > |m|, n+m € Z.

So far we see that
{Ker(mmz)) | (m,x) € S,z # I U{Ker(mpn+p)) | (m, £1) € S,n>|m|,n+mcZ} CF.

We claim this is the whole of F.

Let 7(;,,2) be an irreducible representation of A whose kernel is not in the left hand side.
One can construct elements f of A such that 7(,4)(f) # 0 but 7, (f) = 0 for all
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(n,y) € S. Therefore

F = {Ker(m(my) | (m,z) € S,z # £IYU{Ker(r( 1) | (m,£I) € S,n > |m|,n+m € Z}.
In particular we have determined all the closed sets of Prim(A), and by taking complements

we can find all open sets.

It is difficult to write down this topology in a more concrete way, however we can see
that away from the points for which x = £, we have the usual topology of M, and that
any sequence converging to m, +7) (where m € %NO) converges to T, +7), M < N € %No,

n +m € Z. In particular the spectrum is not Hausdorff.

The method we employ in the following sections relies on the observation that this unusual
behaviour in the topology in the spectrum disappears when we fix m € %No and consider
only the subspace {74} where x runs over the appropriate set. To this end, we will

consider appropriate subquotients of C*(G4), which have these subspaces as spectrum.

To finish this section, we provide a folklore lemma that will be useful to us in understanding

the subquotients in the sequel (see [32, Lemma 6.1] for the statement without proof).

Lemma 3.17. Let A be a C*-algebra and let p € M(A) be a projection. Suppose that for
every irreducible x-representation m of A the operator w(p) is a rank-one projection onto

a one-dimensional subspace of the carrier Hilbert space H, of w, spanned by a unit vector
Uy € Hy. Then

(a) ApA = A, A is a liminal C*-algebra, and pAp is commutative.
(b) Spec(A) is a locally compact Hausdorff space.

(¢) If a € pAp and w € Spec(A), then m(a) = a(m)n(p), where

() = (vp, (a)vg) € C

Q)

This defines a x-isomorphism

pAp — Co(Spec(A)), aw—a.

(d) The inclusion pAp — ApA = A induces an isomorphism in K-theory K.(pAp) —
K.(A).

Proof.
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(a)

Let 7 be an irreducible representation of A on a Hilbert space H,. Then 7(p) €
K(H,) (being a rank one projection) and so m(ApA) C K(Hx).

If he H, and a,b € A, we have
m(a)w(p)m(b)h = (v, w(b)h)m(a)v,

and by appropriate choice of a,b € A and irreducibility of m, we have that 7(ApA)
contains all rank one operators. Therefore 7(ApA) = K(H,).

Since ApA is a closed ideal of A, it is the intersection of the primitive ideals containing
it. However, m(ApA) # 0 for any irreducible representation, and so ApA is not
contained in any primitive ideal of A. Hence ApA = A.

Note that in particular, we must have m(A) = K(#,), and so A is necessarily a

liminal C*-algebra.

To show pAp is commutative, it suffices to show that 7(pAp) is commutative for all

irreducible representations 7. Using the notation above,

mw(pap)h = (Vg, h) Vg, T(@) Uy )V

Therefore

7 (pap)m(pbp)h = (vx, h) (v, T(b)vr) 7 (pap)vx
= (U, h) (U, T(0) V) (U, T(@) Uy YU

Interchanging the roles of a and b we see that 7(pap)m(pbp) = w(pbp)m(pap), and so
pAp is commutative.

It is well known that Spec(A) is locally compact, see [17, Corollary 3.3.8].

For the Hausdorff condition, we will find, for two irreducible representations 7y, my €

Spec(A), a continuous function on Spec(A) that separates m; and 7.

First, we use ideas from Dixmier [17, Lemma 4.4.2]. Let y € M(A) be a positive
element such that y < p. We claim that the map 7 — Trace(n(y)) is continuous
on Spec(A). This is generally a lower semicontinuous function (see [17, Proposition

3.5.9]) regardless of the choice of y.

Let z =p—y > 0. Then

Trace(m(p)) — Trace(w(y)) = Trace(m(x))
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and since 7(p) is of rank one, we have
Trace(m(x)) + Trace(w(y)) = Trace(m(p)) =1

Then Trace(m(y)) = 1 — Trace(m(z)) is an upper semicontinuous function, being the

difference of a continuous and lower semicontinuous function.

We will now pick y appropriately so that Trace(m (y)) # 0 and Trace(ma(y)) =
Since A is liminal, we may find 0 # = € A such that m(z) = m (p) and m(x) =

see [17, Proposition 4.2.5]. We may assume that x is positive, because 7 (z :U) =

m(p*p) = m(p) and mo(z*z) = 0.

One can check that y := TP < p using Cauchy-Schwarz. Therefore the map

||~'v|

7 — Trace(m(y)) is continuous by what we have seen above. Now we note that

1

Trace(m(y)) = H H Tl"ace(ﬂ'l (pzp)) = ” [ Trace(m (") = m

and
Trace(ms(y)) = 0.
Therefore Spec(A) is Hausdorff.

Let a € pAp. Then if m € Spec(A),

m(a) = m(pap) = (v, T(a)ve)7(p)

Note that a(7) = (vg, m(a)v,) is independent of the choice of representative for the
class of 7, because if m; and 7, are equivalent, we can choose an intertwining unitary

that will send v, to vp,.

We now need to check that @ is continuous on Spec(A) and vanishes at co. For the

fact @ vanishes at infinity, note that

a(m)| = [(vx, m(a)vr)| = ||Iw(pap)|| = ||=(a)] -

Since the set {m € Spec(A) | ||7(a)|| > k} is compact for each k& > 0 (see [17, Propo-
sition 3.3.7]), we have that the map 7 +— a(m) vanishes at infinity. For continuity,
note that because a = pap, a < ||a||p using a similar argument to that in part (b).
Hence 7 ﬁTrace(ﬂ(a)) is continuous, and so 7w +— Trace(r(a)) is continuous.
Then we note that Trace(n(a)) = (v, 7(a)vy), and the result follows.
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We therefore have a well-defined map
pAp — Co(Spec(A)), a—a (3.26)

and one can easily check this is a *-homomorphism. Since |a(7)| = ||7(a)|| for all

7 € Spec(A) the s-homomorphism (3.26) is isometric and hence injective.

For surjectivity, if m, o € Spec(A) are distinct points, then there exists a € A such
that m1(a) = m1(p) and ma(a) = 0. Then a(m;) = 1 and a(my) = 0, and so surjectivity

follows by Stone-Weierstrass.

(d) This follows from the fact there is a Morita equivalence between pAp and ApA = A,
see [32, Remark 6.2]. O

3.2 Subquotients of C!(G,)

In this section we will study certain subquotients of C*(G,) for ¢ € (0, 1]. We start with
the case of ¢ = 1. Recall that C}(G1) = K X,q; C(K) by Proposition 2.2.

Forn € %No, set pp == w), 11 € D(G1) C K X,aq; C(K). Then p, is a projection, because
by (1.20) we have

(@i, B 1) (why, >0 1) = wyy, (@) (1), 1) (i) @) B 1S ((wi) 3))s 11
= Wnn€((wnn) 1) (Wrn) @ye((wWin ) 3)) >3 1
= w, w1

=uw,, X1
and by (1.21) we have

(w9 1)" = (W) ) D(win) @) © 1S (W) @), 1) = wyy, >4 1

Note that as an element of the convolution algebra C.(K,C(K)) C K Xuq; C(K), p, =
(2n+1)(ul,)* ®1, see the proof of Proposition 2.2 and the formula for the inverse Fourier

transform (1.17) given in Example 1.59.

The fact that p,, is a projection tells us that the image of p, under any representation of
K X ,q;C(K) is an orthogonal projection, and we shall shortly determine the corresponding

subspaces in the carrier space of each irreducible representation of K x,q; C'(K).
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Ifne %NO and i,j € {—n,—n+1,...,n} we define d}; € C.(K) by

dj; + K — C, d;-‘i(s) = (2n + 1)(ma(s)e}, e )vmy = (2n + 1)(2@)*(3) (3.27)

177

where e} is an element of the usual orthonormal basis for V(n), the carrier space for the
2n 4+ 1 dimensional irreducible representation m, of K, constructed using Theorem 1.49

and Proposition 1.54. Also note that in the formula (3.27) the involution (u};)* is taken

in O(K) C C(K). The index labelling is chosen so the subscripts on the d and u match.

One can directly check (using the Schur orthogonality relations, Theorem 1.25) that

m m __ n
dnn * dnn - dnn7

(drn)” =

where x is the convolution product and the involution is taken inside C.(K), so d,, is a
projection in C.(K). Note that p, = d!, ® 1 € C.(K,C(K)).

We can also view d};, € L*(K). Again using Schur orthogonality relations we have

532 ) = 20+ 1. Set

e = (2n 4+ 1) 2d% = (2n + 1)2 (u)*(s) (3.28)

so that ||€§LiHL2(K) = 1. Note that e}; € H ;) for all ¥ € T'\ {£[}, and that this is not the

same as the definition of the unit vectors given in (2.7).

Lemma 3.18. Letn € %NO. Under the isomorphism

LK)~  V(m)@V(im)*

mE%NO

the operator A(d;,,) € B(L*(K)) corresponds to peer @ Ly(ny- € B(V(n) @V (n)*), where A
is the left reqular representation of K and peen : V(n) — V(n) is the rank one projection

onto Ce!.

Proof. As an operator on @me%No V(m) @ V(m)*, Mdr,) is @ (T (d,) © Lygny-). Let

us therefore understand 7, (d!, ), which is again a projection. Let n,& € V(m). Then

(1, T () E) v oy = /K (1, % (5) T (5)€) ds
- /K (204 1) (5)els €)1 () 1 T (8)E) v oy s

=(2n+1) /K(n,wm(s)ﬁ)v(m)(ez,Wn(s)ez)v(n) ds

= Onm (1 Em) vy (€ns §)vin)
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where in the last equality we use the Schur orthogonality relations, Theorem 1.30. There-

fore 7, (dy,) = 0 unless m = n, and 7, (d,,) = pcen, the projection onto Cej.. O
Lemma 3.19. Letn € %NO. Let e} denote the highest weight vector in the representation

V(n) of K. Then if m € %Z and x € T\ {1},

orthogonal projection onto Cel,,, C Hmay |m|<n,n+meZ

T (m,x) (pn) =
0 else

and if m € %No

orthogonal projection onto Cel! CV(m) n=m
T (m,+1) (pn) =
0 else.

Proof. Consider the case where x # +1I first. Recall from (3.11) that
T(m,z) = T(rm,z) X Plrm,z) - K Xadj C(K) — B(H(m@))

where

(7 () (K)E)(8) = E(k778), (P(rn (F)E)(8) = f(s257)E(s)
for k,s € K, £ € Hima and f € C(K). Then because p, = d7, ® 1,

[ St (5)) ds
K
[ T ()51t (1) s

[ @(6)0(5) s
K

T (m,x) (pn)

Therefore
T(m,x) (pn> = Tt ,z) <d2n>

which is in turn given by the restriction of A(d}},) to H(m,.), viewed as the subspace
{¢ € L*(K) | £&(kt) = 1n(t) '€(K) for all t € T, k € K} C L*(K).
Recall from (3.23) that

Himz) = EB V(n)® (V(n))~,, C @ V(n)®V(n)

nE%No TLG%NO

where (V(n)*)_n,, = Ce,. Therefore 7, »)(dp,) is the projection onto Ce]! ® Cel, C
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Hmz) € L*(K) by Lemma 3.18. Viewing el ® ef, € L*(K), we have

(Ta(s)el, en) = (2n+ 1) 2d7,(5) = el (5)

NI

(en ® e,)(s) = dim(V(n))

nn

Im| <n,n+m e Z.

and so 7(,, 2)(dr,) is the projection onto Ce},, € H(m ). This is non-zero if and only if

Now we consider the case where x = 1. Recall from (3.15) that
T(m,41) i= T (m),21) X Pv(m)D) K Xaaqy C(K) = B(V(m))

where

(W(V(m),i]) (k’)g)(S) = g(kj_ls)a p(V(m),iI)(f) = f(j:l)]-V(m)

for k,s € K, £ € Him+r) = V(m) and f € C(K). Therefore

W(m,il)(pn) = /KW(V(m),il)(S)P(V(m),ﬂ)(]?n(s)) ds

_ /K (20 + 1)(ul, )" (5)mm(s) ds

where 7, : K — B(V(m)) is the 2m + 1-dimensional irreducible representation of K.
Note that m,,(d",) is the projection onto Ce!" C V(m) by Lemma 3.18, which is non-zero

if and only if n = m. ]

For n € %No, define
T 1= (K Waqy C(K))pu (K xaqy C(K))

This is a closed two sided ideal in K x,q; C(K). By standard results about the spectrum
of ideals of C*-algebras (see for example [70, Proposition A.27]),

Spec(J;) = {m € Spec(K X4 C(K)) | 7| # 0}
= {1 € Spec(K Xuq; C(K)) | 7(pn) # 0}.

As a consequence of Lemma 3.19,
SpeC(JTll) = {ﬂ-(m,ac) | reT \ {:l:[}v |m| <n,n+me Z} U {W(n,:l:l)}-

Note that here we regard equivalent representations as equal. Ideally we would like to cut

down this spectrum further so that we only have representations of the form 7, ,). To
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that end, define subquotients

, Y /S N R 1
o=ty =TTty o, e
2

By standard results about the spectrum of quotients of C*-algebras (see for example [70,
Proposition A.27]),

Spec (C}) = {m € Spec(K X,q; C(K)) | m(p,) #0, 7(p;) =0, i <n}, n>

N | —

From another application of Lemma 3.19 and our description of the topology on Spec(C*(G))

in Section 3.1.4 we see that

Spec (Cy) = {m0.2) faevr = W\T (3.29)

and for n > %

Spec (C’i) = {T(n2) foer = T. (3.30)

Proposition 3.20. There are isomorphisms
1~ w 1~ 1
pOO(]pO =C (T) ) pncnpn — C(T>, n e §N

Proof. Note that p, is a multiplier of C! for each n because Jj + Ji + ... + J} is an
2
ideal of C*(G7) and so p, acts as a multiplier on this ideal, and this action preserves
Jo+Ji+ ..+ J C Ui+ Ji 4 ...+ J,, again because this is an ideal. We also have that
2 2

2
pn is a rank one projection under each irreducible representation of C! by Lemma 3.19
and our descriptions of the spectra 3.29 and 3.30.
The proposition then follows by a direct application of Lemma 3.17 (c). ]
We now consider the corresponding subquotients of C#(G,) for ¢ € (0,1), with ¢ = €” for

some h € (—00,0). As before, for n € %NO, set p, = w;, > 1. Then p, is a projection in

D(Gy) € Ci(Gy).

For n € 1Ny, define J¢ := C}(G,)p.C;(G,). As in the case of ¢ = 1 we have
Spec(J;}) = {m € Spec(C7(Gy)) | 7l ;g # 0} = {m € Spec(C(Gy)) | m(pn) # 0}

and we define

q L q 1
2

2
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Then
Spec (C) = {m € Spec(C;(Gy)) | m(pn) #0, w(p;) =0, i < n}.

Recall from Section 2.1.2, (2.8) that if (m, \) € M, = 3Z x Z'R/Qm'h_l% we have a Hilbert

space H?m » that is the closure in the L*(K,)-norm of

O(&) = {f € O(K,) | (id®m)A(f) = f@ 27"} C L*(K,),

and the principal series representations (2.13) m \ : C*(Gy) = K(H{,, ). Note that if

n € iNg and m € {—n,—n + 1,...,n}, we have, by Proposition 2.3,
(id @ m)A((up,,)") = (id @ 7) A(up,,)"
= (id® ) (Z Upp @ uZm>
k
= (U ® 2")°
= (upy)” @ 277"
and so (ul,.)* € O(EL).

We have

—2m

q
2n + 1]

H(uZm)*HiQ(Kq) = ¢Kq (u2m<u’2m)*> =

by Theorem 1.58. Define, for i, 5 € %NO withi,j € {-n,—n+1,...,n}andn—jn—i €Z
e = [2n + 1]3 (ul)* € O(SU,(2)),

(c.f. (3.28), and again this is not the same as (2.7)). Then by normalising (u”,,)* € O(EL,),
we obtain e, .. That is, e, is a unit vector in H‘(Zm’)\) (again, c.f. (3.28) and the remarks
that follow).

Lemma 3.21. Letn € %NO and \ € iR/Qwih_lZ' Then

orthogonal projection onto Ce},,, C Hmyy |m| <n, n+m e Z

WE}mJ\) () = 0 else

Proof. Note that the collection {e},},; (where |m| <n, n+m € Z and i € {—n,—n +

1,...,n}) forms an orthonormal basis for H‘(Jm )" We can calculate, using Proposition 1.40,
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=D " 20+ 13w, ST (i) ) (ug,)”

=D a2+ 13 (W, uf) (ufy,)

and the result follows. O

Applying Lemma 3.21 and (3.17) we see that
Spec (CF) = {m(,iv) fvz0 = WA\T
and for n € %N
Spec (C) = {mua 2 {n} x i (Brgp-17) =T
Proposition 3.22. There are isomorphisms

N.

poCopo = C (R/Qﬂh_lz>wv pnCpn = C (R/Qﬂh—lz) , € %

Proof. Lemma 3.17 (c) applies and gives the result immediately. O

3.3 Analysis of the Quantum Assembly Map

If A:= A9 is the quantum assembly field constructed in Chapter 2, then we can define
pn, € A to be the continuous section taking constant values w;, >< 1 in each fibre. Then we

can define the following ideals and subquotients of A in analogy with the previous section,
A 1
Jo = Ap,A, ne€ §N07

and
A_qA A _JP T T 1

By Propositions A.18 and A.19, these are C([qo, 1])-algebras with fibres

(J;?)q = J, (C;?)q =}

and the obvious evaluation maps.
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Proposition 3.23. For each q € [qo, 1],

U H+. +J=CrGy)

TLE%NO

and

U 7+ +Ja=A

nE%No

Proof. Note I :=J,, J§ + ... + Jii is a closed 2-sided ideal of C*(G,). Suppose [ is a proper
ideal. Then I is contained in some primitive ideal of C}(G,). In particular, there exists
7 € Spec(Ci(G,)) such that 7|, = 0. However we have seen in Lemmas 3.19 and 3.21
that for each m € Spec(C;(G,)) there exists an m € 3Ny such that m(p,,) # 0. This is a

contradiction and so I is not a proper ideal and hence I = C}(G,).

Now consider J :=J, J&* + ... + J2, a closed 2-sided ideal of A. This is a C([go, 1])-algebra
by Proposition A.18, with fibres ev,(J). We will show ev,(J) = I as defined above, and
then from Proposition A.22 it will follow that J = A. Let a € J. Then there exists
bel, Jit+ ... + JZ approximating a. Then since |la(q) — b(q)| < |la — b|| and b(q) € I,
we see a(q) € I. Then ev,(J) = 1. O

The fields (see Proposition A.20) p,C/p, have constant fibres by Propositions 3.20 and
3.22. We will show that these fields are trivial.

Proposition 3.24. pyCi'py = C([qo, 1], C(T)V), puCilp, =2 C([qo, 1],C(T)), n € %N

Proof. First, note that if n € %N and f € C2, then p,fp, € p,Cap, and ev,(p,fp,) =
P f(Q)pn € PnCip, by Proposition A.20. The isomorphism p,Cip,, identifying this corner
with continuous functions (see Proposition 3.17) maps p, f(q)p, to the following functions
in the fibre. In the case ¢ # 1, with ¢ = e" for some h € (—o0,0),

Puf(@)pn — fla) €C (iR/gﬂihflz>  F@(=) = (el (Pem),

by Lemma 3.21. In the case ¢ =1,

o Wpn s | F1) 2y 4 G T (F)ehn) 72 £
(er, mman(fler) x==xI

e C(7).

by Lemma 3.19. Note that of course in the case n = 0 there are extra conditions on the
resulting function in both cases. However as we are only concerned with continuity we will
not worry about these extra conditions. Also note that here we have technically chosen a
lift of f in A. The functions are independent of the choice of lift.
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it 0
Let us identify T" with ]R/QTI'Z using the logarithm sending = = (60 _.t> =t + 272,
e 7

a:nd let us identify ZR/%”» p—17, With R/QWZ by the obvious rescaling. Then we view each
f(q) abvove as a function on R/QWZ' Define

[q0,1] = C (R/QWZ> , g f(q).

To show the fields are trivial, we need to show the above is continuous, or equivalently
that

40, ) xRy 7 = C, (gt +27Z) — f(g)(t + 272Z)

is continuous. By density of the linear span of the sections ¢ — (wi. < uf})(q) in A, it
suffices to consider the case f = wj. > uy;. We consider first the case where ¢ # 1, where

we have

Fl@)(t +20Z) = (el vy (he 9 W) (9)) )
= 3 ()" - e u (@)l uli (@) (K (q))

= L V) S )

_qu« 2 (Y e ult(q)e S(u(q))).

et 0
For ¢ = 1, we consider the case where t # 0, 7 first. Writing x = ( 0 it ]’ we have
e

(€hn Tn,2) (Whe DA uit) (1) €ry,)

— [ T (o 22 ) (D)€ ) )

[ T ) € Pt (4 (1)) )

— [ G [ Tt w15 ) b s
=[] ot (D)) (78 ke ds

— [ i)t (RO ) i s

= [ e s 0) (s k) (57 k.

Setting u = s~ 'k, we have (after supressing the (1) on the matrix coefficients to ease
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notation)

QN
3
~
&y
SN—
(S
e
—
»
~—
Q
Z3
/-\
|
—
?T‘
E%
\_/
A
I
—
5
SN—
ol
o
ol
»

<€Zn7 7T(717$)((wgc > uZlL))GZn>

3
3

L

(@)™ - en) (wugy (uzu™eq, (u) du

_Z/ (wi)* - em,) (w)ug (wyus (z)uli (u™)ep, (u) du

I
TS T T

=S | T et () S0 1)
- Z U (whe)" - s s S (7).
Finally for the case where ¢ =1 and t = 0 or ,
(e el b uE)eEv = [ wh(BEED (R m(s)eEvn ds
Note that we have

(s)up(s™ 'k - £D)e? (s k) dk ds

(s)ur(£D)e" (s~'k) dk ds

= () /K w2 (5) ( [ e (s ar) ds

(T (k)en, en)(m, (s~ ke, ey dk

n-n n-n

/ en (ke (s'k) dk = (2n + 1)

=(2n+1)

(e Tn(K)en)v iy (Tn(s)en, Tu(k)en) v, dk

LR

= (2n+1) [ len, ma(k)en)v i (mals)en, m(k)en)y i,y dk
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— <ez, 7Tn<3)€Z>V(n)-

Hence

(€ oty (6 5 )M y o / W (U (€, () y oy ds
(s)upr(s 'k - £I)e (s k) dk ds

- Z wbc ' 6nn’ ukzrenns( )>

It is now clear that we have continuity in both the ¢ and ¢ variables. O

We will now prove that the quantum assembly map is an isomorphism using our under-
standing of the subquotients we have considered above. This will require some homo-
logical algebra, and the notion of direct limits of abelian groups and inductive limits of
C*-algebras. The reader should note we use the same argument to that given in the proof
of [32, Conjecture 7.1].

We start by recalling the Five Lemma, see for example [88, p.g. 13]. The proof is given

by a standard ‘diagram chase’ which we omit.

Lemma 3.25. Let A, A", B,B",C,C", D, D', E, E' be abelian groups and suppose one has

the following commutative diagram

A E

L

A’ s B’ s O s D' s FY

Sy
Q
-

where all the maps in the diagram are group homomorphisms and the rows of the diagram
are exact. If a,b,d and e are isomorphisms, then c is an isomorphism.
We recall the notion of direct limits of direct systems from [77, p.g. 3-8].

Definition 3.26.

(a) A direct system of abelian groups (indexed by N) is a sequence of abelian
groups (A;);en together with a family of homomorphisms f;; : A; — A; for those
pairs (7,j) € N x N with ¢ < j such that the following properties hold.

1. f; =1id for all 7+ € N.
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We will write (A;, fi;) to denote the direct system, and refer to the homomorphisms

fi; as the connecting homomorphisms.

(b) A target for a direct system (4;, f;;) is an abelian group B together with a collection
of homomorphisms (f; : A; — B);en such that the following compatibility condition
is satisfied: for all ¢, 5 € N with ¢ < j, the diagram

lﬂ]% (3.31)

A

J
commutes.

(c) A direct limit for a direct system (A4;, f;;) is a target A (with collection of ho-
momorphisms (f; : A; — A);ey making (3.31) commute) such that the following
universal property is satisfied. If B is another target (with collection of homomor-
phisms (g; : A; — B)ien making (3.31) commute) then there is a unique group
homomorphism f : A — B such that for all i € N, the diagram

fi A
N |
g'L

B

A;

commutes.

One can prove that a direct limit always exists for a direct system of abelian groups, [77,
Theorem 3.20], and that any two direct limits for a direct system of abelian groups are
isomorphic, [77, Theorem 3.16]. Therefore it makes sense to talk of the direct limit for a

direct system (A4;, fi;), and we denote this by th,
We prove the following folklore result.

Lemma 3.27. Suppose (Ai, fij)ien and (B;, gij)ien are direct systems of abelian groups

with direct limits A and B respectively, and we have a commutative diagram

fi2 f23 f34

~

Ay Ay A
l(bl l@ l@ﬁa
B, 225 B, B;

923 934

~

where for each i € N, ¢; is a group isomorphism. Then A = B.

Proof. We can see that B is a target for the direct system (A;, fi;)ien by taking h; = g;0¢;
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for each ¢ € N. Here (g; : B; — B);en are the homomorphisms arising from the fact that
B is a target for (B;, ¢ij)ien.

Similarly A is a target for the direct system (B;, gi;)ien by taking k; = f; 0 ¢; ' for each
i € N. Here (f; : A; — A);en are the homomorphisms arising from the fact that A is a
target fOI‘ (A“ fij)iGN-

In particular there is a unique group homomorphism f : A — B making the diagram

commute for all + € N and there is a unique group homomorphism ¢ : B — A making the
diagram
B, —*- B

g
k;

A

commute for all 7 € N.

Consider A as a target for the direct system (A;, fij)ien. Because A is the direct limit,

there is a unique homomorphism A — A that makes the diagram

A

commute. Since the identity map from A to itself makes the diagram commute, this must

be the homomorphism completing the triangle. We can factorise this diagram as follows.

A A
Y

B, —% B

[ b

and so we must have that g o f is the identity map on A. An entirely similar argument,
viewing B as a target for (B;, ¢;;)ien, shows that fo g is the identity map on B. Therefore
A = B as required. O

Remark 3.28. We can define direct systems of other objects, such as algebras, and
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construct the direct limit in this case, by making the obvious replacements of objects
and morphisms in the definitions above. When all the objects in a direct system are C*-
algebras, we can also construct the C*-algebraic inductive limit from the direct limit - see
for example [87, Appendix L]. In our case, we will only need the following facts about

C*-algebraic inductive limits. These are stated or follow from statements in [87].

1. Let D be a C*-algebra, with an increasing sequence of sub-C*-algebras (4;);en of
D. We can view this as a direct system of C*-algebras with the connecting -
homomorphisms given by inclusion. Then A = (J,.y A4; is the C*-algebraic inductive

limit of the sequence.

2. If (A))ien is a direct system of C*-algebras with C*-algebraic inductive limit A, then
(K«(A;))ien is a direct system of abelian groups with connecting homomorphisms

induced by the connecting x-homomorphisms between the C*-algebras, and

KL(A) 2 lim K (A,).

We can now turn to the proof that the quantum assembly map is an isomorphism. We

break this problem down using the following lemma.

Lemma 3.29. The quantum assembly map is an isomorphism if for each n € %NO, the
evaluation map
eV i o T JO 4 TP

induces an isomorphism in K-theory
vyt Ku(J& + .+ TN — K (JE + .+ D).
Proof. The quantum assembly map p makes the diagram

K.(A)

evi m

K. (CHGY)) g » K.(Cr(Gy,))

1%

commute by the definition of the induced map in K-theory provided by the field A.
Therefore to show that u is an isomorphism it suffices to show that the map induced by

evaluation at ¢o from A to C}(G,,) is an isomorphism.

Suppose that for each n € %No, the evaluation map at ¢y induces an isomorphism in
K-theory, that is,

eVt K (J& + .+ T = K(JE + . 4 JP)
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is an isomorphism for each n € %NO.

Note that because the sequence of C*-algebras (J54+...+J;?)n€%NO is an increasing sequence

in A, the inclusion maps give us a direct system of C*-algebras, and on the level of K-

groups, a direct system of abelian groups by Remark 3.28. In the same way, the increasing

n

sequence of C*-algebras (JI° + ... + i) nein, I CF(Gy,) give us a direct system of C*-
algebras, and on the level of K-groups, a direct system of abelian groups. We therefore

have the following diagram

K.(J§) ——— K.(J§+ T —— K(JQ+ T+ T —— .

J/evqo levqO levq0

K(JP+JP) — K (JP+JP) —— K (JP+ TP+ JF) —— ..
2 2 2

Since the vertical maps are isomorphisms by assumption, we can apply Lemma 3.27, and
we conclude that K, (A) = K,.(C(G,,)). We now need to show that the map implementing
this isomorphism is ev, : K (A) = K. (C!(Gy)).

From the proof of Lemma 3.27, the isomorphism K.(A) = K,.(C}(G,,)) is implemented

by the unique homomorphism making

K.(J¢+ .. +JYH) —— K.(A)

commute for all n € %NO, where the upper arrow is induced by the inclusion map, and the
bottom arrow is induced by the evaluation map at qo, followed by inclusion into C(G,,).
We therefore see that ev,, completes the diagram, and so must implement the desired

isomorphism, as required. O
We can now reduce the problem further using the following lemma.
Lemma 3.30. If for each n € %NO, the evaluation map
evy, CA — Qb
induces an isomorphism in K-theory

Vg + KL(C) = KL (C)
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then the homomorphisms

evg P Ko (Jg + o+ ) = K (JP + . 4+ TP)
are isomorphisms for each n € %NO.

Proof. We proceed by induction.

We note that C3t = Jgt and C2° = J¥ and so
v K (J) > ()

is an isomorphism by assumption.

Let k € %NO. Assume that for all n € %No with n < k the homomorphisms
vyt K (J& + .+ T = K(JE A+ . 4 JP)

are isomorphisms.

The short exact sequence

0 —— Jt+.  +J — I+ +JA, ——CA, —— 0

k+3 k+3
induces the 6 term exact sequence
Ko (Jg' + -+ Jf) ——— KolJg + . + T ) » Ko(Cgl )
KI(CIQ%) ¢ KI(J(;“+...+J;‘+%) ——— K (J& 4.+ ).
The short exact sequence
0 ——= Jg’ +oe ) —— I+ S —— O —— 0
induces the 6 term exact sequence
K (Jgo++J]ZO) _— KQ(J((]IO—F—FJZj_l) ? KO(Ozj-l)
Kl(CZﬂr%) 4 Kl(Jgo—i—...%—J]Zi%) — K (JP+ .+ TF).
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Let us prove that
evy @ Ko(J3 + .. + ‘]1;4+§) — Ko(JE + ... + J;ji%)

is an isomorphism. The evaluation map ev,, induces homomorphisms connecting the two

6 term sequences above, as shown in Figure 3.1.

We can consider the portion of Figure 3.1 shown in Figure 3.2. By the Five Lemma 3.25,
we see that
. A A
evy, t Ko(Jg + ...+ JH%) — Ko(J + ... + J;ji%)
is an isomorphism. One can similarly show that

evy t Ki(J3 + .+ J,;“+%) = K (g 4 1)

is an isomorphism by considering another portion of the diagram in Figure 3.1. Therefore
by induction, the homomorphisms

evg t K (J& + o+ I = K(JE A+ . 4 JP)

are isomorphisms for each n € %NO. n

We can now prove that the quantum assembly map is an isomorphism.

Theorem 3.31. The quantum assembly map is an isomorphism.

Proof. By Lemmas 3.29 and 3.30, it suffices to show that for all n € %NO that the homo-
morphisms

vy | K(C) > KL(C2)
are isomorphisms.

Consider the diagram
K.(C}}) ——— K.(C¥)

[ [

K* (pncfpn) — K* (pnczopn)

where the vertical maps are induced by the inclusions, and the horizontal maps are induced
by the evaluation homomorphisms. The vertical maps are isomorphisms by Lemma 3.17.
The bottom arrow here is an isomorphism for each n € %NO because each of the fields
are trivial by Proposition 3.24, and trivial fields induce isomorphisms in K-theory by

Proposition A.30. Therefore the quantum assembly map is an isomorphism. O
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Chapter 4

Quantization Fields and Deformation

Squares

In this chapter we will provide the link between the classical Baum-Connes conjecture
for SL(2,C) and Theorem 3.31, thereby providing further evidence that we should view
Theorem 3.31 as a quantum analogue of the Baum-Connes conjecture proved for quantum

SL,(2,C).

Recall from the Introduction that if G = SL(2,C), and G is the Cartan motion group,

there is a continuous field A over [0,1] that induces a map in K-theory
K.(C%(Go)) = K.(CH(G))

which can be identified with the assembly map. In Chapter 2 we saw that the continuous

field A9 induces a map in K-theory
K (CH(Gh)) = K (CH(Gy))

for a fixed ¢ € (0, 1), which is our quantum assembly map.

In this chapter we will construct two continuous fields AX and A® (where the L and R
superscripts stand for left and right respectively, the reason for which will hopefully become
clear shortly) which we will call the left and right quantization fields respectively. We

will see that these continuous fields induce the maps
K. (C"(Go)) = K.(C™(Gh))

and
K.(Cr(G)) = K.(Cr(Gy))

132
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respectively in K-theory.

We will then show that the diagram

K.(C*(Go)) — K.(CX(G))

| |

K.(C*(Gh)) — K.(Cr(GY))

commutes, providing a link between the classical and quantum assembly maps. Here the
left quantization field provides the map on the left hand edge, and the right quantization
field provides the map on the right hand edge. We will prove this by essentially ‘gluing’
together A, A9, AL and AF to form a certain type of continuous field over [0, 1] x [0, 1],
which we will call a deformation square, and such deformation squares have the property

of inducing such commutative squares in K-theory.

4.1 The Classical Assembly Field

We start by recalling some of the details behind the construction of the classical assembly

field A° [11, p.g. 146], as we will need to understand this to construct our deformation

square. Let G = SL(2,C) and K = SU(2) throughout.

Recall from (2.1) the Iwasawa decomposition G = K x A x N as a topological product
(see [44, Theorem 6.46)), where

A:{(eg e?x)meR}, N:{(; j)w:}.

If g € G, we can then write ¢ = kan where kK € K, a € A and n € N, and this

decomposition is unique.

Note that A normalises N, and so AN C G is a subgroup. We often use the decomposition
in the form G = K X AN. Let k € K,a € Aand n € N, and let pg, pan be the projection
maps from G to K and AN respectively. We have, for an € AN and k € K, that

ank = pr(ank)pan(ank).
One can check that that K acts on AN on the right by

an — k := pan(ank). (4.1)
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and AN acts on K on the left by
an — k := pg(ank). (4.2)

These actions are called the right and left dressing actions respectively, see [8, p.g.
37).

The Iwasawa decomposition on the level of groups induces a decomposition on the level
of Lie algebras,
g=¢t®dan, (4.3)

where g, £, a and n are the Lie algebras of G, K, A and N respectively (see [44, Theorem
6.46]), where
t={X € My(C) | Trace(X) =0, X" =—-X}, (4.4)

a:{<g _‘;) xeR},
n:{(g g) Zec},
an_a@n_{C; _Zx> MR,ze@}.

Recall that for a Lie group H, there is an exponential map exp : h — H, where § is the

Lie algebra of H. For matrix Lie groups, this is given by the matrix exponential map,
given by
|
exp : M,(C) - GL,(C), X — Z EXI“
k=0

for n € N, see [44, Proposition 1.86].

We can use the (matrix) exponential map exp : an — AN to linearize the right dressing

action of K on AN to obtain an action of K on an by defining

X;k:_

pn pan (exp(tX)k)

t=0

for X €¢anand k € K. Then

pan(kk texp(tX)k) = —|  pan(k~texp(tX)k). (4.5)

t=0

t=0

To understand this derivative, we prove the following lemma.

Lemma 4.1. Let p : R — G be a differentiable path with p(0) = e, the identity in G.
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Then
d

— pan(p(t)) = pan (1'(0))
dt|,_,
where pay : G — AN, pan : @ — an are the coordinate projections provided by the Iwasawa

decomposition.

Proof. We can write u(t) = pr(t)pa(t)un(t), where pug is a curve in K, uy4 is a curve in
A and puy is a curve in N. These are differentiable curves passing through e at t = 0. By

the product rule
1 (0) = pi(0) + 14 (0) + iy (0)

and the result follows. O

If X € M,(C) then £ ’ 1o €Xp(tX) = X by differentiating the power series for the matrix

exponential term by term. By Lemma 4.1, we then have

X —k= d pan (k" exp(tX)k) = pan ( d

—| klexp(tX)k ) = paw(kT'XE) (4.
il G| ep(0k) = XE) (10)

t=0
for k € K and X € an.

We then obtain a left action of K on an given by
E— X=Xk =pu(kXk™) (4.7)

for k € K and X € an.

We note that
an = ¢*

as vector spaces (and hence groups), induced by the trace pairing

k:txan— R (X,Y)— Im(Trace(XY)).
Let us understand the action of K on & corresponding to the action (4.7) on an under
the isomorphism an = £*.

Note that if Z € an and k € K, then kZk™! = pe(kZk™) + pan(kZk™1), where py : g — &
is the projection provided by the Iwasawa decomposition (4.3). One can check that if
A, B € t, Trace(AB) € R. Therefore if A € ¢, Z € an and k € K, we have

k(A k — Z) = Im(Trace(Apg, (kZk™))) = Im(Trace(AkZk™1))
= Im(Trace(k ' AkZ))
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=r(k™' A Z),

see formula (1) in the Introduction. Hence the corresponding action of K on £* is the
coadjoint action, as introduced in the Introduction, formula (2). Hence the Cartan motion

group G = K x ¢* is isomorphic to K x an, where K acts on an by (4.7).

Proposition 4.2. Let Gy = K x € be the Cartan motion group. Then
C*(Go) = K x Cy(8),

where K acts on € by the adjoint action.

Proof. We have
C*(Go) 2 C*(K x £¥) 2 K x C*(¢)

where the action of K on C.(¢*) C C*(#*) is given by
(k- f)(p) = (k) f(E" - )

for k€ K, f € C.(¢) and ¢ € £ and § : K — R is defined by
. f(k o) dp = d(k) . fle) deg, k€K, (4.8)
see [20, Example 3.6]. Note that ¢ = E the Pontryagin dual of €, by the isomorphism
=t e (X e explip(X)))

(see [24, Corollary 4.7]) and the action of K on £ corresponds to the action of K on t
given by
(k- x)(X) = x(k™" Xk)

for ke K, x €tand X €t

Therefore

~

C(Go) 2 K x C*(¢) = K x C*(8)

o~ o~

where the action of K on C.(¢) C C*(¥) is given by

(k- f)(x) = 6(k) f(k~" - x)

where k € K, f € C,(€) and y € t and § : K — R is defined as above in (4.8). Finally,
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recall that we have the Fourier transform

~ A~

F @) Gy, FX) = /@f(x)x(X) &, feC(), Xet

~

which extends to an isomorphism C*(£) = Cy(€) (see [14, Proposition VII.1.1]). One can

~

directly check that F(k - f)(X) = F(f) (k' Xk) for f € C.(¢), k € K and X € ¢, and so
the action of K on C* (E) corresponds to the adjoint action of K on Cy(t). Therefore we
finally have

Proposition 4.2 allows us to use the machinery of Section 3.1.2 to determine the repre-
sentation theory of C*(Gy). We will come back to this later when we construct the left

quantization field. Now let us turn to the construction of A“.

Define
G=Kxanx {0} UG x (0,1] = Gy x {0} UG x (0,1]. (4.9)

We can view G as a bundle of groups over [0, 1], with fibres G;. The fibre at 0 is G and
for t > 0, G; = G. We equip G with a topology (see [32, Lemma 6.17]). Define

(k, X,Y,0) t=0
Kxaxnx|[0,1]—6G, (kXY t)— (4.10)
(k,exp(tX),exp(tY),t) t#0.

The map (4.10) is a bijection because the (matrix) exponential maps a - A and n - N

are homeomorphisms - indeed, in these cases, the matrix exponentials are given by

0 0
exp:a— A, exp v — (€ (4.11)
0 —=x 0 e™®
0 2 1 =z
exp:n— N, ex =
P P (0 0> (0 1)

for z € C, using the power series definition in each case. We denote the inverse of each of

for x € R and

these maps by log.

The domain of (4.10) is a topological space and we equip G with the topology such that
this map is a homeomorphism. The topology on G restricts to the usual ones on G, x {t}

for each t. Note that every compactly supported continuous function F on G has the form
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F(k, X,Y,0) = f(k, X,Y,0) keK, X€a Yen

(4.12)
F(k,x,y,t) = f(k,t 'log(x),t tlog(y),t) ke K, x€ A ye N, t#0

for some compactly supported continuous function f on K x a x n x [0,1]. If F'is a
compactly supported continuous function on G we denote by F; the restriction of F' to G;.
We will now equip each fibre of G with a Haar measure so that we can construct a field of

group algebras from G.

Fix Haar measures on K, a, and n, dk, dX and dY respectively. One can show that
Gy = K X an is unimodular, and the Haar measure is given by the product measure

dk dX dY (see the formulae given in [38, p.g. 9]).

On SL(2,C), a Haar measure is given by
dg = d(a) dk da dn

(see [44, Proposition 8.43]) where da, dn are Haar measures on A, N respectively, and §

is the group homomorphism defined by

d:A— Ry, / flana™) dn = 5(@)_2/ f(n)dn, a€ A
N N

To fix the Haar measures on G; for ¢ > 0, we define the Haar measures on A and N in
G (which we denote by A; and N; in this case) in terms of scalings of the fixed Haar

measures on a, n, by the integral formulae
Flay) day = / Flexp(tX)) dX, [ f(ne) dny = / Flexp(tY)) dY.  (4.13)
At a Nt n

The homomorphism ¢ is unchanged in the formula for the Haar measure of G, since both

sides of

/N Flana™Y) dn = §(a)~ /N fn)dn, ac A,

scale by the same amount when we change the Haar measure on N. Therefore a Haar

measure on (& is given by
dgt = 5(@,5) dk dat dnt. (414)

This choice of rescaling of Haar measure ensures that for each F' € C.(G),

t— F, dg;
Gt
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is continuous for ¢ € [0, 1], because, using the notation of (4.12), we have

/ E dgt = / / / F(k,at,nt,t) (5(@15) dk dat dnt
Gy K JA: J Ny

_ / / / F(k, exp(tX), exp(tY), £) 8(exp(tX)) dk dX dY

:/K//nf(k,X,Y,t) 5(exp(tX)) dk dX dY.

Equip C.(G) with fibrewise convolution (i.e. for F,G € C.(G) we have (F *G); = F;xG,),
and norm

1F] = Sup]||Ft||7 FeC(9).

tel0,1

We can complete C.(G) in this norm and obtain a C*-algebra which we denote by A“.

Pointwise multiplication of elements of C.(G) by functions in C([0, 1]) produces elements

of C.(G). This determines a unital *-homomorphism
Hac C([()? 1]) — ZM(AC>7
and so A is a C([0, 1])-algebra. One can show

C*(Go) t=0
Cr(G)  t#0,

(Ac)t =

with canonical fibre maps F + F; for ' € C.(G), and that A® is a continuous field,
see [32, Lemma 6.13]. Also, AC‘( = Cy((0,1], C*(G)). In particular, there is an induced
map in K-theory

071]

K.(C*(Go)) = K (C7(G))

which, as we discussed in the Introduction, can be identified with the classical assembly

map.

Let us conclude this section by giving a description of the principal series representations
of G, which can be found in the literature, see for example the description given by Mackey
in [52, p.g. 344-345].

The principal series representations are induced from characters of a subgroup of G called
the Borel subgroup. This subgroup is given by B = TAN, where T' C K is the circle

group. The characters of B are of the form

X = X1 X XA X1
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where yr and x4 are characters on T and A, and 1 is the trivial character on N, sending
all elements to 1. To see this, note that characters of B factor through the abelianization

of B. The commutator subgroup of B is N and the abelianization is T' x A.

The characters of 1" are given by 7, for n € 3Z (see (3.10)), and the characters of A are

7, A=C, 71, <<60 e‘“*’)) =¥ g e R (4.15)

for y € R, see [24, Theorem 4.5]. Therefore the principal series representations are indexed

given by

by parameters (n,y) € 3Z x R.

Note that in Chapter 3 we only discussed induced representations for compact groups. In
this case, we will be inducing representations in the locally compact setting. We will not
introduce any general theory - rather we will concretely describe the construction. The

reader can consult the literature, for example [24, Chapter 6] for a very general treatment.

Let ¢ : G — G/B be the canonical quotient map. Consider the vector space

{€ € C(G) | q(Supp(€)) is compact, E(gtan) = 7,(t) ‘7 (a)'0(a)'E(g)}  (4.16)

(c.f. the definition of Fy in [24, p.g. 152]). One can equip this vector space with an
inner product. The definition of the inner product is a weighted L?*norm (see the formula
in [75, (2.3)]), and we denote the completion of the space (4.16) by H (). Then we define

the principal series representation corresponding to the parameter (n,y) € %Z x R by

(M) (9)€)(R) = (g™ ) (4.17)

where g, h € G and £ is an element of the vector space in (4.16).

One can show that the norm on (4.16) is in fact equal to the L?(K)-norm, i.e.

1l = /K FRP b, e IA(K)

see the argument given in [75, p.g. 188]. Then the restriction of functions in (4.16) defines

an isometry
res : Hny) — {€ € L*(K) | {(kt) = 7,(t) '¢(k) for all k € K and t € T } = H,,

see (3.12) and (3.14). If £ € L*(K) satisfies £(kt) = 7,,(¢t)7*¢(k) for all k € K and t € T,
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then we can obtain an element of H, ) by setting

§(kan) = 1,(a)~'0(a) & (k) = T_y(a)d(a) & (k) (4.18)

for k € K, a € Aand n € N. Therefore res induces an isomorphism of Hilbert spaces.
In particular H, ) is independent of y, although the action of G is dependent on y. We
often refer to this viewpoint of the carrier space as functions on K as the compact picture.
In the compact picture, we trade off the simplicity of the definition of 7, ) for a simpler

carrier space.

Let us record a non-trivial theorem about principal series representations, originally due
to Gelfand and Naimark in [26] (in Russian).

Theorem 4.3. For each (n,y) € 1Z x R,
1. T(ny 15 unitary and irreducible.
2. T(ny) @8 unitarily equivalent to m_y, _y), and these are the only equivalences between

the principal series representations.

If we let H denote the locally trivial bundle of Hilbert spaces over %Z x R with fibres
H(m,z) = Hm, then as we have done in the quantum setting, we can form the C*-algebra
Co(3Z x R,K(H)). If we consider the Weyl group W = Zj, then we have a W-action
on this C*-algebra using the intertwiners provided by Theorem 4.3. Then one has the

isomorphism

1 w
C*(SL(2,C)) = C, (EZ xR, K(H)) (4.19)

given on C.(SL(2,C)) by f+ ((n,y) = T(ny)(f)), see [32, Theorem 3.3].

4.2 Lie Algebra to Lie Group Continuous Field

Let us consider an example of a continuous field which is fundamental to the constructions
in the rest of this chapter. This is based on a much more general construction, see [55,
Kapitel 3].

Example 4.4. Let G be a Lie group with Lie algebra g. Define

Go =g x {0} U (G x (0,1]).
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This is a groupoid, with partial product

(X,0)(Y,0) = (X+Y,0) X, Yeg, t=0
(2, 1) (y, ) = (zy,t) x,y € G, t#0.

The inversion is given by

(X,007 = (-X,0) Xeg, t=0
(z,t) ' =(2z71t) =xe€d, t#0.

We will write G instead of G in this example to avoid excessive notation.

Let us topologize G. Recall that for a Lie group, there is an exponential map exp : g — G,
where g is the Lie algebra of G. For matrix Lie groups, this is given by the matrix
exponential map. There is a neighbourhood of 0 € g on which exp is a diffeomorphism
onto its image, and we denote the inverse by log. We refer the reader to the literature for

these details, for example [44, p.g. 49 and Proposition 1.86].

Let Vo € g be a neighbourhood of 0 on which exp : g — G is a diffeomorphism onto
exp(Vp). Define

(X,0) t=0
b:ax[0,1] > G (X.t) (4.20)

(exp(tX),t) t#0.

Let 0 < e <1, and V C g be an open subset such that tV C V} for all t < €. Define a
family T of subsets of G of the following two types.

L. Uy = o(V x[0,¢)).
2. U C G x(0,1] open.
Note that on a set V' x [0, €) of the above form, ¢ is injective.

We check that T is a basis for a topology on G, using an argument based on that given
in [55, p.g. 95-97]. The sets clearly cover G. It remains to check that if x € W, NW,, with
Wy, Wy € T, then there exists W € T such that z € W C Wy N Wa, see [41, Theorem 11,

p.g. 47].

This clearly holds if W5, W5 are of the second type in our definition of 7. Let us consider
the case where W, and W5 are of the first type. Here W, and ¢; > 0, for ¢ = 1, 2, satisfy
the appropriate conditions. If x € W; N W, then there exists (Xi,t1) € Vi x [0,¢€)
and (Xo,t2) € Vo x [0,€2) such that ¢((X1,t1)) = &((Xa,t2)) = z. By definition of ¢,
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ty =ty =:t. If t =0, then X; = X,. Otherwise, exp(tX;) = exp(tXs) and ¢ # 0. Since

we are working inside V[, we can invert exp and see that X; = X5.

Now set € = min{e;, €2} and V' = V; N V5. Then we have

z €Uy =o(V x[0,€)

(VinVa) x [0,¢))

(Vi x[0,€)) N (V2 x [0,€)))
x [0,€)) N p(Va x [0,€))

Wi N Ws.

&
o
&
¢V

N

N

Finally, let U C G x (0, 1] be open, and U,y be of the second type with appropriate € > 0
and V' C g. The intersection U N U,y is open in G x (0,1] because the intersection of
oV x [0,€)) N (G x (0,1]) = ¢(V x (0,¢€)), and ¢ is a homeomorphism (and hence open)
when restricted to V' x (0,€) (taking values in G' x (0,1] - indeed, the formula for ¢ is

clearly a homeomorphism in this case). Therefore T is a basis for a topology on G.

The topology is easily seen to be second countable, locally compact and Hausdorff. Note
that by the description of the topology, a sequence (g,,t,) € G x (0,1] converges to
(X,0) € g x {0} if and only if

t, =0, g, €exp(Vp) eventually , ¢, log(g,) — X. (4.21)

This is convenient for checking functions on G are continuous - we can use the sequential
characterization of continuity to check continuity of functions because G is second (and

hence first) countable.

Note that if V' C g is open and ¢ > 0 with tV C V| for t < €, then ¢|Vx[o,e) is a
homeomorphism onto its image viewed as a subspace of G. Indeed, it suffices to check
that ¢l is a continuous open bijection. For openness, we see ¢(U x [0,¢€)) and
o(U x (a,b)) are open sets, where U C V is open and 0 < a < b < ¢, from which the
result follows. Continuity is immediate from the above sequential characterisation of the

topology.

In particular each point has a neighbourhood that is homeomorphic to an open subset of
G x (0,1] or V x [0,¢). It follows that G is a topological manifold.

Set,
g =0
G t#0

G =
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for t € [0,1] and A := Cy(G). We can multiply functions in A pointwise by functions in
C([0,1]) by

(9- M) t) =g(t)f(z,t), geC([0.1]), [feC(G), (z.t)€g. (4.22)
This defines an element of Cy(G) - this follows from the fact the projection map
proj: G — [0,1], (z,t) —t

is continuous. Indeed for this the only thing to check is that for 0 < ¢ < 1, proj*([0,¢))

is an open set of G. We have
proj ' ([0,€)) = g x {0} UG x (0,¢).

About every point X € g, there exists a bounded open neighbourhood Vy, and an ex > 0
such that for all ¢t < ex, tVx C Vj. We can ensure ex < €. Then g x {0} is covered by the
open set (Jye, Uex vy € G x (0,¢). In particular, proj ([0, ¢)) = Uxeg Uex,vx UG X (0, ¢€)

and therefore is open.
The action of C([0,1]) on A gives A the structure of a C([0, 1])-algebra.

Let us construct some elements of A. We shall refer to these functions as functions of type

1 and type 2 respectively.

1. Let f € Co(G x (0,1]) such that there exists 0 < € < 1 with f(z,t) =0 for all t < e
and z € G. Define

0 t=0,r€eg

F:G6—-C, (x,t)—
flz,t) t#0, x €G.

If (zp,t,) — (X,0) € G, then eventually ¢, < ¢ and so eventually f(x,,t,) = 0.
Hence f(zy,,t,) — 0 = F(X,0) and so F is continuous. The function F also vanishes

at infinity because compact subsets of G x (0, 1] are compact subsets of G.

2. Let g € C.(g). Then there exists a bounded open neighbourhood V' of Supp(g) and
then we can find R > 0 such that %V C Vy. Then for all t < %, t Supp(g) C V4.
Choose a continuous cutoff function y : [0,1] — R that is identically 1 close to 0 and
with support contained in [0, %) Define

t=0, z ¢
G:Usy—C (2,0) 9(@) vee (4.23)

x®)g(ttlog(z)) t#0, x €.
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Note that G is continuous on Uy 1, N (G x (0,1]), being a composition of continuous
functions. If (z,,t,) — (X,0) € G, then eventually we can define t;'log(z,) € g
and this converges to X. Therefore G(z,,t,) — G(X,0), and so the function is con-
tinuous. Because of the cutoff function, there exists a tg < % such that Supp(G) C
o(Supp(g) x [0,%0]). Since ¢ is a homeomorphism on V' x [0, %), ¢(Supp(g) % [0,t0))
is compact and hence G is compactly supported in U Ly We can extend G by zero
to obtain an element of Cy(G) by Proposition A.24.

Let D be the x-subalgebra of A generated by the functions of type 1 and type 2. It is clear
that D is dense in A by the Stone-Weierstrass theorem.

Let us now determine the fibres of A.

Let ¢t € [0,1]. We can restrict f € Cy(G) to G, x {t} C G. Note that G, x {t} = proj*({t})
and so is a closed subset of G;, and by the definition of the topology, is homeomorphic to
G; with it’s usual topology. Then f|gt><{t} € Cy(G¢) by Proposition A.26 and so we define

the restriction homomorphisms
Tesg, x {t} : CO(g) — CO(gt)> f = f(_at)

The restriction homomorphisms are onto by our constructions of functions on G above.
We claim that these are the evaluation maps of the field, from which it would follow that
Co(G) is the fibre of A at t.

We will show that for each f € Cy(G),

0,1] =R, tr ||reSQtX{t}(f)HCO(gt) = sup |f(z,1)] (4.24)
is continuous. Note that if f € Cy(G),

f = sup |f(xz,t)| = sup ||resg, f .

| ”oo(g) (w,t)eg‘ (x,1) sefo.] H gux {6} )Hoo(gt)

It therefore follows by an g-argument that it suffices to show that the map (4.24) is
continuous for f in any dense x-subalgebra of Cy(G). In particular it suffices to check

(4.24) is continuous for elements in D.

Let f € D. If t > 0, then we can choose a closed neighbourhood V' of ¢ in [0, 1] that is
disjoint from 0. Then f|,., € Co(G x V') and to check continuity of the norm map (4.24)

at t, we can restrict it to V' and check continuity of

V=R, e [resgxn ()l = sup| f(z, )]
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This follows from the fact Co(G x V) = Co(V,Cy(G)). Note that we didn’t use the fact
that f € D here.

It remains to check continuity for ¢t = 0. Note that if f € D, then for V in a sufficiently
small closed neighbourhood of 0 in [0, 1], f |proj_1(v) is the extension of sums and products
of elements in C.(g) away from 0 as in the construction of type 2 functions above. Since
sums and products of elements in C.(g) are again elements of C.(g), we can assume that
f |proj,1(v) is the extension of a single element of C.(g), after possibly shrinking V' so that

all the cutoff functions involved are identically 1 on V. Since f] V) 1 then supported

proj~*(
inside an open subset of the form U, s, where W is an open set in g and € > 0, with

tW C Vy for t < €, and ¢ is a homeomorphism, we can pull f back to a compactly
supported function on W x [0, €). Doing this, f is in fact constant with respect to ¢, and

so the norm function is necessarily continuous.

We have shown that the restriction maps satisfy the hypotheses of Proposition A.10 and
that for each f € Cy(G), the map t — || f(—,)[l¢,(g,) is continuous. Therefore the evalua-

tion maps to each fibre are given by the above restriction maps, and
Co(G): = Co(Gr).
Let us finally consider the restriction of Cy(G) to (0,1]. We have
Co(G)l (0, = Co(G x (0,1])

by Propositions A.24 and A.25. Therefore Cy(G) is trivial away from 0.

Let us illustrate Example 4.4 in the case of the circle, where we can gain geometric intu-

1tion.

Example 4.5. Let us consider the case of Example 4.4 where G = S'. We identify g
with R and S! with R/QWZ' We have the manifold

Gor =R x {0}US" x (0,1] =R x {0} uR% 5 x(0,1].
Suppose (z, + 277, t,) € R/QWZ x (0, 1] is a sequence in Gg1 and (x,, 4+ 27Z, t,) — (y,0) €
R x {0} € Ggi. Then the conditions for convergence of such a sequence in the topology

on Gg1 mean in this case that

t, — 0, eventually x, 4+ 27Z can be represented by an element in (—m,7),
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and, after possibly changing representatives so that eventually each x,, € (—m,7)
t1r, — yin R.

The way one should think about this geometrically is that the radii of the circles increase
as our field parameter approaches zero. Indeed, this is reflected in our construction as

follows.

Let us view the copy of R/QWZ over a point t > 0 in Gg1 as the quotient R/27#—12. This

is via the rescaling map
R/Qm—lz — R/27TZ, x4+ 2t 7 — to + 277,
We can then think of Cy(Gg1) as having fibres

VI 0 (Byrg) 140

Now suppose (z,, + 27t 'Z,t,) € Gs1 is a sequence converging to (y,0) € R x {0} € Gg1.
This is the case if and only if

t, — 0, eventually z, + 27t 'Z can be represented by an element in (—t;, 7, ¢, 7),
and, after possibly changing representatives so that eventually each x, € (—t 'x, ¢, 17)
Tn — yin R.

In this viewpoint we can think of the construction of type 2 functions given in Example
4.4 in the following natural way. Take g € C.(R). Then for ¢ sufficiently small, ¢! is
sufficiently large so that the interval [—t~!m, t~!7]| contains Supp(g). Then by extending g
periodically outside of this interval, we can think of g as an element of C' (R/meq Z> for
t small. We then choose a cutoff function to ensure we don’t need to worry about when ¢

is large enough that [—¢~ ', ¢~ !7] fails to contain Supp(g).

4.3 The Left Quantization Field

In this section we will construct a continuous field A that induces a map in K-theory

K, (C*(Gy)) = K. (C*(Gy)).
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From Proposition 4.2, we have

C*(Go) = K x Cy(¥)
where K acts on £ via the adjoint action and from Proposition 2.2 we have

C*(Gy) =2 K x O(K)

where K acts on K via the adjoint action. Notice that Cy(¢) and C(K), the C*-algebras
in these crossed products, are the fibres of the field from Example 4.4. In the following
example we show that we can build a field with the desired fibres from the field from

Example 4.4.

Example 4.6. Let K be a compact Lie group, and let £ be the Lie algebra of K. The
adjoint action of K on both K and ¢ is given by conjugation, if we view K C M, (C)

for some n € N. This is because a compact Lie group is necessarily a matrix Lie group,
see [24, Theorem 5.13].

By Example 4.4, there is a manifold Gx and Cy(Gk) is a continuous field over [0, 1] with
fibres

N CTCINEL:
T o)t o

In this example we will show that the adjoint action on each fibre lifts to a field of actions
on Cy(Gk) as defined in Definition A.35. We can assume that the choice of V4 in the
construction of Cy(Gk) is conjugation invariant, i.e. kVok™' C V, for all k € K, by
choosing an adjoint invariant inner product on £ and choosing 1} to be a sufficiently small

ball with respect to the resulting norm.

We can define an action of K on Gx by the formula
K x Gk — Gk, (k,x,t)—=k-(2,t), k-(x,t)=(kak ' 1t).

This is a continuous action, because if (k,,z,,t,) € Gk converges to (k,z,t) € Gk, then
kn, — k and (x,,t,) — (x,t). If t # 0, then eventually ¢, > 0, and so we can assume that
the sequence (ky,, z,,t,) € K x K x (0,1]. Clearly we then have

kn - (Xn,tn) = (kp - xp,tn) — (k- x,t)

because the adjoint action of K on itself is continuous.

If t =0, then k,, — k, t, — 0 and eventually x,, € exp(Vy) with ¢ !log(z,) — X for some

X € . We note that exp is adjoint action equivariant - indeed, in the case of a matrix
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Lie group this is clear from the formula for the matrix exponential map. Therefore we
have k,z, k! € k,exp(Vo)k ' = exp(k,Vok, ') C exp(Vp) eventually, and so we can take
logarithms. Then

t M og(kpwn k) = kot;, M log(z,) kb — kXKL
Hence k;, - (zy,t,) = (k- X,0) as required.
The action of K on G then produces an action of K on Cy(Gk) by the formula
a: K — Aut(Co(Gk)), ar(f)(z,t) = f(E7" - (x,t) = f(k ok, t)

for f € Cy(Gk) and (z,t) € Gi. Note that this action preserves the fibres of Cy(Gr ), and
so is a field of actions of K on Cy(Gk). The action on each fibre is clearly the adjoint

action.

By Theorem A.38, the crossed product K x,Cy(Gr) is a C([0, 1])-algebra which has fibres

K[Xadj C()(E) t=20
K[Xadj C(K) t#O

(K Xa CO(gK))t =

and is trivial away from 0.

Let us take K = SU(2) in Example 4.6. Then the field K x, Cy(Gk) constructed there

induces a map in K-theory,

K*(K Xadj Oo(E)) E— K*(K X adj C(K))

K.(C*(Go)) ——— K.(C"(Gh)).

This field will be referred to as the left quantization field, and the corresponding map

the left quantization map.

Let us consider a more concrete viewpoint of the left quantization field that will be useful
in the sequel. For the rest of this section, K = SU(2).

By Theorem 3.13,
K aq; Co(8) = Co(t, K(L*(K)))®

where K acts on £ via the adjoint action, and on K(L?(K)) by conjugation by the right

regular representation. We will provide an alternative description of Cy(€, K(L*(K)))¥.

First, we need two basic results.



CHAPTER 4. QUANTIZATION FIELDS AND DEFORMATION SQUARES 150
Lemma 4.7. The restriction mapping

res : Co(&, K (L*(K)))" — Co(t, K(L*(K))), [+ fl,
is injective, where t C € is the Lie algebra of T' C K.

Proof. If X € €, then there exists k € K such that k' Xk € t, because all elements of ¢
are normal (see (4.4)). If f € Cy(¢, K(L*(K)))"X we have

F(X) = w(f (k™' XFk))

where ~; denotes the conjugation action on K(L?*(K)) with respect to the right regular
representation, i.e. yx(T) = pTpp—1 for T € K(L*(K)), where p denotes the right regular
representation. If f|, = 0, then . (f(k~'Xk)) = 7(0) = 0, and so f(X) = 0. Hence
f=0. 0

Note that the elements of t C £ are given by matrices of the form

(ig _L) (4.25)

where x € R. We now consider an analogue of Lemma 3.8 on the level of Lie algebras.

Lemma 4.8. Let X € t C €. Then Kx, the stabilizer of X under the adjoint action of K

on t s
K X=0

T X #0.

Kx =

Two distinct elements X, Y € t are conjugate under K if and only if X = =Y, and

o))

Proof. For a given X € t, we can write

for some x € R, see (4.25).

Direct calculation tells us that if <a _Z ) € Kx, then a*y = 0 or x = 0. Therefore
v«

a=0,y=0o0rz=0.
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If =0 then X =0 and so clearly Kx = K.

If a=0and vy #0, z# 0, then

a = w0 a* "\ =iz 0\ fix O
vooaf 0 —iz - « 0 0 —iz
which cannot happen. The case where 7 = 0 can occur, and we then see Kx = T for

X #0.

Note that this calculation also tells us that two distinct elements X,Y € t are conjugate

under K if and only if X = —Y, and

(g —;) X (_01 ;) _x g

Let f € Co(t, K(L*(K)))X and X € t. Then by Lemma 4.8 we have T C K, and so
f(X) e K(L*(K))*x C K(L*(K)), see (3.20). In particular, res(f) € Co(t, K(L*(K))T).

Recall (see (3.10)) that for each m € 1Z, we have the irreducible representation 7, of T
on W,, = C, defined by
Tm T = UWy), Tm(2) = 2"

We have the Hilbert space
H, = Ind% (1,,) = {€ € LX(K) | €(kt) = 10 (t) (k) for all k € K, t € T}

as defined in Chapter 3, (3.5). Note that this notation is consistent with the notation in
Remark 2.5 and (3.14). By Proposition 3.15,

K(LX(K)" = @ K(Ha)

mE%Z

where L*(K) = @,,. 17 H,, ® W} by inducing the left regular representation of 7' to
K. If we are given T' = (T,,,) € D,,,c17 K(H(mz)) then T acts on this decomposition by
@meész ® 1W,;’;l

Let H = (Hyn,x) denote the bundle of Hilbert spaces over 37 x t with locally constant
fibres H,,x = Hp,. Then

Colt, K(L(K)") = Cy | t. €D K(Han) | = Co (%Z X t, K(’H))

mE%Z
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where Cy(3Z x t, K(#)) is the compact operators of the (locally trivial) Hilbert Co(37Z x t)-

module corresponding to the bundle H, c.f. our construction for Theorem 2.11 and (4.19).

By Lemma 4.7 we can view Cy(t, K(L*(K)))* C Co(3Z x t, K(H)). We now need to
take into account the invariance condition on Cy(€, K(L*(K)))X to be able to determine
Co(t, K(L*(K)))¥ as a subalgebra of Co(3Z x t, K(H)). For this, we introduce an action
of the Weyl group W. First we will introduce the Weyl group in a more abstract sense as

opposed to the rather concrete description given previously.

Let W := N(T)/T, where N (T') is the normalizer of T'in K. By Lemma 3.8, the normalizer

of T consists of the elements

0 0 —~*
“ , 7Y, ayestcc
0 af v 0

0 —1
Let w = (1 0 ) We note that

()66 )

and so W = {T,wT} = Z,. Then W acts on t by conjugation, with w-X = —X by Lemma
4.8. Strictly speaking, we pick a representative of wT' to calculate the conjugation, but

the result is independent of the choice of representative.
We will see that W also acts on Co(3Z x t, K(H)). Of course, the class T' acts trivially.
For each m € %Z, we have the unitary

U™ Hyp — Hem (4.26)

defined by U(&)(k) = £(kw) for &inH,, and k € K. Note that strictly speaking we are
picking the representative w for the class wT € W. However, the induced isomorphism
K(H,,) = K(H_,,) induced by conjugation is independent of this choice. Indeed, if
w’' € K is another representative for wT', then w = w't for some t € T. Then for &inH,,
and k € K

Uy (§)(k) = &(kw) = §(kw't) = m_pn(t) " E(kw') = T_m(t) " Ui () (k) (4.27)
and so U™ = 7_,,(¢)*U™. Ut T € K(H,), we have

(Un)'TU = (rom () Uy) " T (8) 7 UL = (U) ' TU. (4.28)

w’ w! T
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Then the formula
1
(wf)(n,X) :Ugf(_na _X)(UZ)_la (n,X) € EZXt

defines an action of W on Cy(3Z x t, K(H)).

We will check that if f € Cy(€, K(L*(K)))X, then f is invariant for the W-action on
Co(3Z x t, K(H)). Under the isomorphism

provided by inducing the left regular representation of T to K, the right regular action of
w on L*(K) maps H,, to H_p,.

Now if we view f € Co(t, K(L*(K)))¥ C Co(3Z x t, K(H)), we have, for (n, X) € 3Z x t,
(Un) " f(=n, =X)Uy = (Uy) " p=n(f(=X))Uyy = pu(pu-1 f (=X)pu) = f(n, X)  (4.29)

where p, : K(L?*(K))T — K(#,) is the projection to the n'® summand and p is the right

regular representation of K. Hence
1 W
Co(t, K(L*(K)))¥ C Cy (52 x t, K(H)) : (4.30)

For X € tand f € Cy(3Z x t, K(H)) denote by fx € K(L*(K)) the element obtained by

evaluating f in the second variable at X and viewing the result as an element of

D K(H,) € K(L(K))

mG%Z

With this notation in place we can describe Co(€, K (L*(K)))% C Cy (3Z x 4, K(H))W
completely.

Theorem 4.9. The C*-algebra K x Cy(€) is isomorphic to the subalgebra
1 W
Al = {f € Cy (52 X t,K(H)) | fo € K(LZ(K))K}

of Co(3Z x t, K (M)W .

Proof. We already observed that K x Cy(t) = Co(t, K(L*(K)))X C Co (3Z x t, K(#))" in
(4.30), and if f € Cy(€, K(L*(K)))X, then f(0) € K(L*(K))%0 = K(L?*(K))¥X. Therefore
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Co(t, K(L*(K)))® C AL. To show that K x Cy(k) = Al we aim to understand the
irreducible representations of AL, and compare them to the irreducible representations of
Co(t, K(L*(K)))X given in Proposition 3.16.

Let m : AL — B(V) be an irreducible representation of AY on a Hilbert space V. By [59,
Theorem 5.5.1] there exists an irreducible representation 7 : Co(37Z x t, K(H)) — B(K)
on a Hilbert space K such that the restriction of 7 to A} is equivalent to 7. In particular,
we can assume V' C K, and the action of m on V is given by 7. Since C’g(%Z xt, K(H)) =
Co(t, D, 1 K (Hm))), then (after possibly a unitary equivalence) 7T must be given by
point evaluation at an element X € t, followed by projection to a direct summand of
EBme%Z[( (Hom)-

In particular, each irreducible representation of AL factors through point evaluation at
elements of t. If f € A} and X € t, then

fx € K(L*(K))™

and by appropriate choice of f, we can obtain all operators in K(L?(K))%x in this way.
Now by Proposition 3.15

K(L}(K)" = K(P(K) = @ K(V(m))

and if X # 0,
K(L*(K)** = K(L*(K))" = @ K(Hu).

In particular, the irreducible representations of AL are given by point evaluations at an
element X € t followed by projection to one of these direct summands of K (L?(K))%x.
Notice that restricting irreducible representations of A} gives an irreducible representation
of Cy(t, K(L*(K)))X, by Proposition 3.16. If we restrict two inequivalent irreducible

representations of A% to the image of res, we can also see they remain inequivalent.

The result then follows from standard results about such subalgebras of postliminal C*-
algebras, see [17, 11.1.1 and 11.1.6]. O

We can obtain an analogous result to Theorem 4.9 for K x C(K). We will only outline

the argument in this case. By Theorem 3.13,
K %, C(K) = C(K, K(L*(K)))X

where K acts itself via the adjoint action, and on K (L*(K)) by conjugation by the right
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regular representation. The restriction mapping
res : C(K, K(L*(K)))* — C(T, K(L*(K))), f+~ flr

is an injection because the conjugacy class of any element of K meets T, see the discussion
at the start of Section 3.1.3.
Let f € O(K,K(L*(K)))X and # € T. By Lemma 3.8 the centralizer of x in K is

K x=4I1
T x# =+l

K, =

Therefore in any case, T C K,, we have f(z) € K(L*(K))¥= C K(L*(K))?, see (3.20).
In particular, res(f) € C(T, K(L*(K))T).

Let H = (Hm,) denote the bundle of Hilbert spaces over 37 x T with locally constant
fibres Hypp = Hyn. Then

C(T,K(L*(K)" ) =C (T, @ K(Hm) | =Co (%Z x T, K(H))

mG%Z

where Co(37Z x T, K(H)) is the compact operators of the (locally trivial) Hilbert Co(3Z x
T)-module corresponding to the bundle H.

By our observations so far we have C(K, K(L*(K)))¥ C Co(3Z x T, K(H)). We now
need to take into account the invariance condition on C(K, K(L*(K)))¥ to be able to
determine C(K, K(L*(K)))¥ as a subalgebra of Co(3Z x T, K (H)).

By Lemma 3.8, W acts on T' by conjugation, as the choice of representative makes no
difference to the calculation. Also W acts on Cy(3Z x T, K(H)) by the formula

1
(w- f)(n,2) = (U)" f(=n,a U, (n,x) € SLXT,
where for each m € 1Z, we have the same unitaries defined in (4.26), namely

Up i Hn = Hom, UG (E)(R) = E(hw), £ €Hpm, ke kK.

w

As in (4.29), if f € C(K,K(L*(K)))X, then f € Co(3Z x T, K(H)) is contained in the
W-invariant part of Co(3Z x T, K(H)).

For z € T and f € Co(3Z x T, K(H)) denote by f, € K(L*(K)) the element obtained by
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evaluating f in the second variable at  and viewing the result as an element of

P K(H.) € K(LH(K)).

mEZ

With this notation in place we can describe C(K, K(L*(K)))* C Cy (3Z x T,K(H))W
completely.

Theorem 4.10. The C*-algebra K x C(K) is isomorphic to the subalgebra
1 w
Af = {feco( ZxTK(H)) |fi[€K(L2(K))K}

of Co(AZ x T, K(H))"
Proof. This is essentially the same as the proof of Theorem 4.9. n

Let us consider again the left quantization field K x Cy(Gk) in the light of Theorems 4.9
and 4.10. We will define another continuous field of C*-algebras AL over [0, 1] whose fibres
are isomorphic to A} at 0 and A¥ away from 0. We will then identify this field with the
left quantization field introduced above. This will give us a concrete description of the left

quantization field.

First, we consider the C*-algebras

Co (%Z x t,K(”H)) =G |t P KHn) | =Co) ® P K(Ha) (4.31)

meLz meLz

Co (;Z x T, K(H ) @ KHn) | =C (1) @@ K(Hn). (4.32)

me3Z meLZ

Note here we are abusing notation by using H for both of our Hilbert bundles. However

the context means there should be no confusion.

Combining Example 4.4 for the circle group 7" and Theorem A.34 with the identifications
(4.31) and (4.32) we obtain a field B over [0, 1] with fibres

Co(3Zxt, K(H)) t=0

B, =
Co(3ZxT,K(H)) t#0.

The Weyl group action on each fibre gives a field of actions of W on B in the sense of

Definition A.35. Indeed, the action of W on t and T give rise to actions on the Lie algebra-
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Lie group field, and the action is constant on the compact operators. Then by Proposition
A.37, we have obtain a field C over [0, 1] with fibres

Co(AZx t, K(H))" =0

Ot — w
Co(3ZxT,K(H))" t#0.

The algebras A} and A defined in Theorems 4.9 and 4.10 are subalgebras of the fibres
above. If we take an element f € C. (t, @mG%ZK (Hm)> with the condition that f, €
K(L*(K))X, then f € AL, and we can extend it to a section F of C' using the formulae
for the type 2 functions defined in Example 4.4, (4.23). By examining these formulae we
see that

evi(F)(—, 1) € K(L*(K)X, ev(F)(—,—I1)=0

for all ¢. In particular, we obtain a subfield of C', which we denote by A, with fibres

AF t=0
AF t£0.

1%

Ay

We will now show the left quantization field K x Cy(Gx) is isomorphic to AL,

Theorem 4.11. The continuous field A" is isomorphic to the left quantization field.

Proof. We consider elements of the convolution algebra C.(K,Cy(Gk)) C K x Cy(Gk) of
the form g ® h, where g € C(K) and h € Cy(Gk) is of type 1 or type 2, as defined in
Example 4.4. The linear span of such functions is dense in K x Cy(Gk) by [89, Lemma
1.87]. We will show that such functions define continuous sections of A*  and then our

result will follow from Theorem A.23. In the type 1 case, these functions are elements of
C.(K,Cy((0,1],C(K))) which clearly define continuous sections of A*.

Now suppose f is of the form f = g ® h, where g € C(K) and h € C.(Gk) is a type 2
function obtained by extending a compactly supported function hgy in C.(£) to an element
of C.(Gk), as explained in Example 4.4. Under the isomorphism provided by Theorems
4.9 and 3.13, we have

(g ® ho)(m, X))(€) (k) = /K g()ho(s 7k - X)E(s k) ds

for m € %Z, X et & e H, and k € K. Similarly, under the isomorphism provided by
Theorems 4.10 and 3.13, we have

((g © hy)(m, exp(X)))(E) (k) = /Kg(S)ho(tlslk - X)E(s k) ds
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for t > 0 small. From these formulae and the description of the topology on the field
Gr (see (4.21)) we can see that under these isomorphisms on each fibre, the element f is

mapped to a continuous section of A%, as required. O

4.4 The Right Quantization Field

Let G = SL(2,C) and K = SU(2) throughout this section. For a fixed ¢ € (0,1) we will

construct a continuous field A® that induces a map in K-theory
KA(CHG)) = K (Cr(Gy))
where G, = SL,(2,C).
Recall from Section 4.1, (4.19) that
1 W
CHG) =G (52 X R,K(’H)) :
Recall from Theorem 2.11 that
1 p v

Cr(Gy) = Co (52 X orh 17 K(Hq))

where ¢ = " (and so h € (—o0,0)) and HY, is the closure of
O(&r) = {f € O(SU,(2)) | (d@m)A(f) = f @z} € L*(K,)

with respect to the L2-norm on C(SU,(2)), see (2.8). Recall also that H%, can be identified
for each ¢ € (0,1) with a fixed Hilbert space which is isomorphic to H,,, see Remark 2.5.
Let

Vi:HL —H,

denote this unitary, which rescales the standard orthonormal basis elements of H,, by a
scalar which is continuous in ¢, and converges to 1 as ¢ — 1, see (2.26). Therefore we will

make the identification

* ~ 1 v
Cr (Gq) = CO <§Z X R/27Thilz’ K(H)) .

We see from the above concrete description of C(G,) that these algebras are naturally

parameterized by h. Since it will be convenient to define A® to be a C([0, 1])-algebra, let
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us fix ¢ € (0,1) with ¢ = €”, and then use t € [0,1] to scale h to th, so our quantum
parameter is ¢' = e, varying between ¢ and 1. We will therefore construct the field A%

to have fibres
Cx(@G) t=20

AR =
CH(Gy) t#0.

By Theorem A.34 and Example 4.5, we have a continuous field B over [0, 1] with fibres

= C, (—Z « R, K(H)) (4.33)

and

Bii=Co (Ryppz) @ | @ Kw) | =G (lz <R 1, K(H)) L (434)

mG%Z 2
Now we note that for ¢ > 0,
x ~ l, R v 1, R
Cr (th) = CO §Z X /27Th71t71Z’ K(H) - 00 §Z X /27_‘_15712, K(%) = Bt

by rescaling the circular parameter using the map
R/ —1y-1rp = R/ -1 r+2rh 7 1Z — ha +27t71Z
2rh™ "t~ Z — 72wt L '
Since we have rescaled the quantum case, we need to also scale the classical case, i.e.
. 1 v 1
CHG) = Cy §Z><]R,K(”H) C Cy EZXR,K(H) = By
where we rescale the real parameter using the map

R—R, x+ hx.

We have therefore identified the group C*-algebras as subalgebras of the fibre algebras of
a continuous field B. We now identify a field of actions of W on B so that we may apply
Proposition A.37, and obtain a field with the group C*-algebras themselves as fibres. This
is achieved by taking the actions of W on

1 1
Co (52 x R, K(H)) e (52 xR/ 11y, K(’H)>
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provided by the equivalences between the principal series representations (Theorems 2.10
and 4.3) and scaling them so that they define actions on By and B, respectively. If we can
then show that the action on each fibre lifts to a field of actions on B, then we can take
AR = BW (see Proposition A.37) and then A" will have the desired properties.

We need to understand how the action of the intertwiners in both the classical and quantum

cases provided by Theorems 2.10 and 4.3 behave with respect to t.

Let us start with the classical case. For each m € lZ and x € R, we have G acting on H,,
by the principal series representation (4 : G — U(Hn), given in (4.17). Therefore in
particular, we can restrict m(,, ;) to K and decompose H,, as a direct sum of irreducible
representations of K. We saw in Section 3.1.4, (3.23) and (3.24) that

Him E Hine) @ Vn).

n>|m|,n+meZ

The intertwiner Uy, ,) between 7y, »y and 7, ) is an intertwiner of the underlying K-
representations. In particular, by Schur’s lemma (Theorem 1.25), U,z is a direct sum of

scalar operators

Umay: B V)= @ Vm), Uno= P Anlve, (435

n>|m|n+mezZ n>|m|,n+mez n>|m|,n+mez

where the scalars )\?m 2 € S1 C C are determined by the fact that U, (m,z) 18 an intertwiner

of G-representations.

We should note that we can carry out a similar argument in the quantum case. In this
case, for each m € 1Z and x + 2nh™'Z € R/Zﬁh”Z’ we have that C}(G,) acts on H,, by

the principal series representation 7r 1 CHGy) = B(Hupm), see (2.13).

(myix) *

We can restrict m(, ;. to a s-representation of D(K,) = D(K,) =1 1 C D(Gy), and then
using Remark 1.14 we can extend this to a s-representation of M(D(K,)). Recall that
U,(sl,(C)) € M(D(K,)) (see (1.16)), and so W(mlz
U,(sl3(C)) on H,,. By considering the action of K, we can see this is a type 1 representa-

) gives rise to a *-representation of

tion, and so H,, decomposes as a direct sum of the irreducible representations constructed

@ V(n).

n>|m|,n+mez

in Section 1.3. In fact,

I

Hon

denoted U qn” is a direct sum of scalar

LE

. . q
The intertwiner between T (i) and 7T i —iz)

operators

Ui D V- @ V), (4.36)

n>|m|n+mez n>|m|,n+meZ
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given by

n>|m|,n+mez

We have the following theorem (see [86, Theorem 5.42]) which gives formulae for these

scalars.
Theorem 4.12. Let m € 1Z and q € (0, 1).

1. Let z € R and n € iNg, n+m € Z with n > |m|. The scalars Al defining the
intertwiners U gy Hm — Hom in (4.35) are given by

m " ook —ix
Alma) =1 Alma) = Ft iz
k=|m|+1

2. Let v+ 2rh™1Z € R/Qwh_lz and n € tNg, n+m € Z with n > |m|. The scalars
)\TL

(m,izx)

q) defining the intertwiners Ul . : H,o — H_,, in (4.37) are given by
(m,ix)

[k — iz
A =1, A} . = | I LS [
(malz)(Q) ’ (miz) (Q) i [k T ’l.]?]q

We should note that the scalars in the classical case in Theorem 4.12 are obtained from
the statement in [86, Theorem 5.42] by noting that the coefficients arise from the scalars
in Theorem 1.49 which we know are continuous in ¢ and converge to the ‘correct’ limits

as q — 1.

We now define our action on each fibre of B. For t = 0, define, for f € By (see (4.33)),
the element w - f € B,y

(w ’ f) (m7 I’) = U(jnl,h—lx)f<_m7 _x)U(m,h—lx)

where m € %Z and xz € R. Note this is well defined because the coefficients in Theorem

4.12 depend continuously on z € R.

For t > 0, define for f € B; (see (4.34)),

(- F)m, ) = (Ul ) Fm,—0)UL s

where m € %Z and x € R/th*IZ'

Let us now check that w- f € B. For this, consider (x,+27Z,t,) — (y,0) € Rx {0} € G
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as in Example 4.5, i.e.
t, — 0, eventually x, + 27Z can be represented by an element in (—m,7),
and, after possibly changing representatives so that x,, € (—m, )
t e, —yin R.

We need to show that U(qt — U1y strongly. If we consider the scalars in

m,ihfltﬁlxn)

Theorem 4.12, we have that

T N Y k—ihly
)\n ' B tn — [ n nlq N — )\n 3
manrizten (@) = 11 R k4ihly )

k=|m|+
as required.

Now Proposition A.37 provides a field A% over [0, 1] with fibres

cHG =0
[0
C:(th) t#0

which we call the right quantization field. Note that we have triviality away from 0 because
we started with a field with this property, and all the constructions we used from there

preserved this property.

Let us now summarize the situation so far. We have constructed a left quantization field

AL that induces a map in K-theory
K.(C"(Go)) = K. (C*(Gh))

and a right quantization field A that induces another map in K-theory,
K (CHG)) = K (G (G))-

We now ask whether the diagram

K.(C*(Go)) — K.(CX(G))

| |

K.(C*(Gh)) — K.(Cr(GY))

commutes, where the upper map is the classical Baum-Connes assembly map, and the

lower map is the quantum Baum-Connes assembly map. This would link the classical
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and quantum Baum-Connes results. We will next give an alternative description of the

assembly fields that will allow us to show the above diagram commutes.

4.5 An Alternative Description of the Assembly Fields

Let G = SL(2,C) and K = SU(2) throughout this section.

In this section we will describe a concrete picture of the classical assembly field A® and

quantum assembly field A9 that we will use to ‘glue’ together all of our fields.

Recall the Iwasawa decomposition (2.1) G = K x A x N, where

a={( L) iwer) w={(2)1sec]

and that we have a corresponding Iwasawa decomposition on the level of Lie algebras,
g=tda®n, where g, &, a and n are the Lie algebras of G, K, A and N respectively, see
(4.3).

Recall from (4.11) that for matrices in a, the exponential map is given explicitly by

0 v 0
exp:a— A, exp Y N
0 —y 0 e

for y € R, which one can see by using the power series definition of the matrix exponential.
The exponential map in this case is bijective, with the inverse given by the logarithm

function

0 1 0 1 0
log: A—a, log * — (& — (87 , x € Ry
0 z7! 0 logz~! 0 —logx

Note that the logarithm map here is differentiable because the natural logarithm log :

R.¢ — R is differentiable. We need the following technical result later.

Lemma 4.13. Let u: R — A be differentiable path. Then
R —a, t~logu(t) (4.38)

is differentiable with

© (log u(1)) = )10,

Proof. The map (4.38) is the composition of differentiable functions and so is differentiable.
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x(t) 0
0 )t

log pu(t) = (log;j(t) 1ng0(t)1)

We can write u(t) = ( ) , where x : R — R is a differentiable path. Then

and so

log p(t

(di log z(t) 0 )
g Qoga(t)™)

/L(tll. O

Recall from Section 4.1 that the classical assembly field AC is constructed from the man-
ifold
G=Kxanx {0} UG x (0,1] = Gy x {0} UG x (0,1].

We can view G as a bundle of groups over [0, 1], with fibres G;. The fibre at 0 is G and
for t > 0, Gy = G. We fixed the Haar measures on K, a, and n to be dk, dX and dY

respectively. We fixed the Haar measure on G, for ¢t > 0, namely
dgt = 5(@,5) dk d(lt dnt

(see (4.14)), where

Flar) day = / Flep(tX)) dX, [ F(n) dny = / Flexp(tY)) dY-

At Nt

Recall from (4.19) that we have the isomorphism
w

CHG) = G (%Z <R, K(”H))

given on C.(SL(2,C)) by f = ((n,y) = T(ny)(f)), Where 7, is the principal series
representation of G with parameter (n,y) € %Z x R. We adjust this construction slightly

to reflect the fact we are working with G;. For t > 0, define an isomorphism

1 w
0i GG =G (FEXREGD) - 6(D0) =l (439
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for f € C.(G;), where
(T (HE)(r) = ; F(g0)€(gr'r) dge (4.40)

is the principal series representation of Gy with parameter (n,y) € %Z X R, § € Huy
and r € K. Note that this amounts to rescaling the characters of A; C G} from those we
described in Section 4.1, (4.15). The W-action on Cy (1Z x R, K(H)) in this case is given
by

(w- f)(n,2) =U" yf(=n, —2) U =10y, (n,2) € %Z X R,

(nt= 1z

for f € Cy (32 x R, K(H)).

For the case t = 0, we have

CHGo) = f e (%ZxR,K(’H)) | f(—0) e @ K(V(m) C K(L¥K))

TI’LE%NO

by Theorem 4.9, after identifying t = R. Let us denote the above isomorphism by ¢q. We

will now provide a formula for ¢, by following the construction in Section 4.3.

We can identify C*(Gy) = K x C(an) = K x Cy(€) via the Fourier transform, given by

the formula
F:Colan) = Co(¥), F(HH(W) = / f(Z)etm(TraceW2)) q 7 f e Cy(an), W €t

see the proof of Proposition 4.2, where dZ = dX dY.

By Theorem 3.13, if we take f € C.(K x an), then the above maps give an element
F e Cy(t, K(L*(K)))¥X defined by

(F(X))(r) = / (d@F)(f)(s. s~ X)e(s™r) ds

K

= / f(s, Z)eiImmace((sfl’”'x)z))f(s_lr) ds dZ (4.41)
K Jan

for X € €, & € K(L*(K))and r € K. We can then use the identification of Cy(€, K (L?(K)))¥

with A% to describe the corresponding element of AY by the formula
F(m,z) = pp(eviy(F))

for m € $7Z, x € R and where p,, : @ K(H,) = K(H,,) is the coordinate map. Here,

and in what follows, we will often identify iR and t (a space of matrices) without changing

nG%Z
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notation.

Now we have identified each fibre of A” with a subalgebra of Cy (3Z x R, K(H)), we can
consider the C(]0, 1])-algebra

B={FecC ([0, 11,C <%Z xR, K(H))) | F0)(—,0) € @ K(V(m)) C K(I*(K))

mE%No

which is a subalgebra of a trivial field and so has the obvious evaluation maps. The fibre
B; contains (AY);. We will now show that A® C B, i.e. if f € C.(G), the map

(t,n,x) — ¢ fr)(n, )

defines an element of B, where f; is the evaluation of f in the fibre at ¢ (i.e. an element of

C*(Gy)). For this we will have need to consider a convenient dense subspace D of C.(G).

Lemma 4.14. The subspace O(K) ® C.(an) ® C([0,1]) is dense in C.(G) in the norm

[F|| == sup [|[F4]l, F € Ce(G).
te(0,1]

Here we view elements of O(K) ® C.(an) ® C([0,1]) as functions on K x an x [0,1] and
then as functions on G via the homeomorphism K x an x [0,1] — G.

Proof. Let f € C.(G). Viewing f as a function on K x an x [0, 1], there exists compact
sets C; C a,Cy C n such that Supp(f) C K x Cy x Cy x [0,1]. By inflating Cy, we can
assume (] is a closed ball around the origin, so that for all ¢t < 1, if X € 4, tX € C}.

Let p denote the product measure on K x an x [0, 1]. Set

€ = ma{u(K % Cy x Gy x [0,2]),u(K x Gy x C x [0,1]) - sup [5(exp(X))]}

There exists g € O(K) ® C.(Cy x Cy) ® C([0,1]) € O(K) ® Ce(an) © C([0,1]) with
1f =9l <& We claim that || f — g|| < e. We have, for ¢ > 0,

Hft _gt|

< \Ife = 9ellpray)

= / / | fe(kamy) — gi(kagny)|6(ar) dk da, dny
KJa, JN,

Cr(Gt)

= /K/ | fi(kexp(tX)exp(tY)) — gi(kexp(tX) exp(tY))|d(exp(tX)) dk dX dY

:// |f(k, X, Y, t) — g(k, X, Y, t)|§(exp(tX)) dk dX dY
K JaJn
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< (K x Cy x Cy x [0,1]) sup |0(exp(tX)|[[f — gl

XeC

< (K x Oy x Gy x [0, 1])525 |0(exp(X)) [/ = 9ll

<Clf =gl <e

and
[.fo — go’c* (Go) = 1fo — QOHLl(Go
/ / F(k, X,Y.0) — g(k, X,Y,0)| dk dX dY
< (K x Cyx Gy x [0, 1)) [1f = gl
SCONf =gl <e
Therefore || f — g|| < €, as required. O

We will take D := O(K) ® C.(an) ® C([0,1]) C C.(G). We will see shortly why this is a

convenient choice.

Lemma 4.15. Let h € C.(K x [0,1]) with sup,ejo 1 [[h(—,1)]

a multiplier of A® with respect to convolution given by

o (k) < 00 Then h defines

(hx F)(k, X, Y1) = /K h(s,t) f(s~k, X, Y1) ds,  (k, X,Y.4) € K x an x [0, 1]

for f € C.(G).

Proof. Clearly convolution by A defines a linear map C.(G) — C.(G). The convolution is
fibrewise, i.e. we have, for f € C.(G) and ¢ € [0, 1],

(h*f)(_> ) _7t> = h(_at) *f(_> ™ _7t>

with the latter convolution taking place in C,.(K xan). Convolution here defines a bounded

linear map, because

Hh(_vt) *f(_v _7 _’t)H < ||h(_7t)|

Cr(K) /(== =Dl < sup [|h(—,1)] Cr(K) /1
te(0,1]

Then convolution by h extends to a linear map A — A®. In the same way convolution
with h* extends to a bounded linear map A® — A®, which is the adjoint of convolution

by h, where we view A® as a Hilbert A“-module in the usual way. Note here that

h*(k,t) .= h(k=1,t), keK, tel0,1].



CHAPTER 4. QUANTIZATION FIELDS AND DEFORMATION SQUARES 168

Therefore convolution by h defines a multiplier of A“. m

Lemma 4.16. Let f ® g € O(K) ® (C.(an) ® C([0,1])) be an elementary tensor. If
h € C.(K) (defining an element of C.(K x [0,1]) that is constant on [0,1]) then

hx(f@g)=(hxf)@g
where the convolution on the right hand side is taken in C.(K).

Proof. This is a direct calculation. O]

Lemma 4.17. Let f € D. There exists h € O(K) (defining an element of C.(K x [0,1])
that is constant on [0,1]) such that

h* f=f.
Note that h only depends on the O(K)-leg of f.

Proof. We can write f =Y. f;® g; € O(K) ® (Ce(an) ® C([0, 1])), where the summation
is finite. Then Lemma 4.16 tells us that for h € C.(K), we have hx f =Y .(h fi) ® g;.
The Fourier transform as defined in Section 1.2.2, (1.6)

F:O(K) = D(K)=alg—~ € Man1(C)

TLG%NO

transforms convolution in O(K) to matrix multiplication in D(K). Each F(f;) is non-
zero in only finitely many of the matrix blocks of D(K') so choose N sufficiently large so
that each F(f;) can be viewed as an element of @nNG%NO My,+1(C). Since F is invertible,
there exists h € O(K) such that F(h) = (lony1) € @ﬁ:}e%NO Ms,4+1(C) € D(K), where
Iyni1 € My, 1(C) is the identity matrix. Then h x f; = f; for each i, and the result

follows. O]

Recall in the following that ¢, for ¢ > 0 is introduced in (4.39) and ¢y is the isomorphism
provided by Theorem 4.9.

Lemma 4.18. If h € C.(K) (defining an element of C.(K x [0,1]) that is constant on
[0,1]) then
¢t(h(_7t))

defines an element of [],,c1, Co(R, K(H,,)) that is constant on R and independent of t.
2

Proof. For each t > 0, and z € R, direct calculation shows

T NEC) = [ B = €)0r)

K
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for h € Co(K), f € Ce(Gy), € € Hyn and r € K and so 7, (k) = A(h) (restricted to H,)
where A\ is the left regular representation of K. Therefore an,x)(h) is compact and since
h(—,t) = h(—) for all ¢ is independent of t. Therefore ¢;(h(—,t))(n,x) is independent of
t >0 and z.

Now we consider the case of t = 0. If f € C.(K x an), then the element hx f € C.(K x an)
defines the element H of Cy(t, K(L?(K)))X given by (4.41), and so we have

H)O) = [ [ (o Pl 2y e 020g(s710) a5 az

:/ / / h(k’)f(k‘_ls, Z>6z‘Im(Trace((s*1r'X)Z))€(S—1T) ds d7z
KJK Jan

:/ h(k)/ f(kfls’Z)eiIm(Trace((s’lr-X)Z))§<871T) ds dZ
K K Jan

:/ h(k?)/ f(u, Z)eiIm(Trace((u_lk_lrvX)Z))g(u—lk—lr> du dZ
K K Jan

= [ MEOR ) ak

where dZ is the Haar measure on an, and X € ¢ ¢ € K(L*(K)), r € K and F is
the element of Cy(€, K(L?*(K)))¥X corresponding to f. Therefore ¢o(h(—,0))(n,z) = A(h)

exactly as above. The result follows. O]

We can now prove the desired result.

Theorem 4.19. For f € C.(G), the map

(t,n,x) = ¢ fr)(n, )
defines an element of B,
B:=<FeC ([0, 1], Cy (%Z x R, K(H))> | F(0)(—,0) € @ K(V(m)) C K(L*(K))
mE%No
Proof. 1t suffices to fix n € %Z and f € C.(G) and show that the map
0,1] x R = K(H,), (t,z)— é&(fi)(n,x)

is continuous. That is, we need to show that if (¢;, z;) € [0,1] X R is a sequence converging
to (t,x), then
161, (i) (n, 23) = Ge(fi) (n, ) ||, = 0.

Recall that the strong-*-topology on bounded subsets of B(#,,) coincides with the strict
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topology, viewing B(H,,) = M (K (H,)). In particular, if we can show that for f € D that

we have

||¢tl(ftl)(n, xz)£ - ¢t(ft)(nax>§||’;-[n =0

and
P2, (fe,) (0, 2:)*E — e (fe)(n, 2)*E]l,, — 0
for any ¢ € H,,, then for any compact operator S, we have

HS(btz(ftz)(naxl) - S¢t<ft)(n,x)|‘0p — 0.

Since f € D, we can then find h as in Lemma 4.17. Taking S to be the compact operator
provided by Lemma 4.18, we have

¢, (fr.) (0, 25) — de(fo)(n, )| — O

and the proof is complete, because D is dense in C.(G) by Lemma 4.14.

It is therefore sufficient to show that for each f € C.(G), we have

H¢tz(ftz)(n’ xl)£ - ¢t(ft)(n,$)5HHn —0

for any & € H,. In fact, by density, it suffices to show this for £ a continuous function in

Hp.

We need to examine the formulae for each isomorphism carefully. We have already done

this in the case t = 0 in (4.41), where we have
(do(fo)(n, 2)E)(r) = / Flk, X +Y,0)¢ Traceltra) (XD e (1=1p) df dX dY (4.42)
K Jan

where we view f € C.(G) as a function on K x an x [0, 1] using (4.10).

For ¢t > 0 we have, using (4.14) and (4.13),

(@:(fe)(n, 2)€)(r)
= ft(gt)(ﬁfn,rlz) (9:)€)(r) dg,

Gt

= / f(k,amy, )é(n  a; k) 0(ay) dk da, dny
K JAN,

= / f(k,exp(tX)exp(tY), t)é(exp(—tY) exp(—t X))k 'r)d(exp(tX)) dk dX dY
K Jan

= / f(k, X +Y,t)é(exp(—tY) exp(—tX )k 'r)d(exp(tX)) dk dX dY.
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Note that here we have extended ¢ from K to G, using (4.18). This extension satisfies

EYORTr) = E(v(t) = K)o m1a(pa(y(t) == ET'0)3(pal(y(t) — k7))~

where v : R — AN, y(t) := exp(—tY ) exp(—tX), pa : G — A is the coordinate projection
provided by the Iwasawa decomposition, 7_;-1, is defined by (4.15), and «, — are the
dressing actions as defined in (4.1) and (4.2). Note that 7/(0) = =X — Y.

One can directly check that the diagram

T

_¢—1
t x Sl

A
exp(t)]\ Texp(i_)
a

Kk(—iz,—) R

commutes. Hence

T ra(pa(3(t) = K 7Tr)) = e a0 (07 (143

where

k:txan— R (X,Y)— Im(Trace(XY)).

is the trace pairing. Notice that

~ log(pa(y(t) - k).

d
. 1 s —1 —
11:1_1% t~ log(pa(y(t) — k™ 'r)) dt

By Lemma 4.13 and the proof of Lemma 4.1, we have

d

log(pa(1(1) K1) = -

dt

dt

pa(y(t) = k7'r) = pa (

y(t) — k1r> :

t=0 t=0 t=0

Finally, we know from (4.6) that linearizing the right dressing action on AN gives

d

p” V() = k' =pa (—r T R(X +Y)ET'r) = —pa (rm R(X + Y)ETr)

t=0

and substituting into (4.43) (noting that the trace pairing vanishes on n) we see that

i Trace((k~trar—1k)(X+Y)) i Trace((k~1r-2)(X+Y))

lim 71, (pa(y(t) = k~'r)) = e =e -

t—0

If we compare the cases t = 0 and t > 0, we see that the integrand of the ¢t > 0 case
converges pointwise to that of the ¢ = 0 case as t — 0. We now show that this gives us

convergence in the L2-norm.
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Let Iy, »,)(k, X, Y,7) denote the integrand of (¢:(f;)(n,x)&)(r). We need to show that

//I(ti,mi)(k,X,Y,r) dk dX dY—>/ / Loy (k, X,Y,r) dk dX dY
K Jan K Jan

in L?-norm as x; — x, t; — t, i.e. for all € > 0, we can take i sufficiently large so that

Iz:/
K

The measure of Supp(f) is bounded above by a constant M > 0 so that

2

/ / I(ti,xi)<kaX7KT) — I(tjx)(k‘,X,Y,T) dk dX dY dr < e.
K Jan

I; < M? sup Ly, oy (k, X, Y1) = Luay (K, X, Y, 7))
k,X,Y,r

Assume that f has support in K x C' x [0, 1] where C is a compact subset of an. We can
also assume that t;, t, x; and x lie in a compact set as we are interested in local behaviour
in these variables. We note that I(;,) depends continuously on k, X,Y,r,¢ and x. Here
we use the fact the dressing action is continuous (being the composition of products and
coordinate projection), and ¢ is a continuous group homomorphism, and the fact that
It 2y — Iom) if t = 0. Therefore I_ _y is a continuous function on a compact set, and
hence uniformly continuous on this compact set. That is, there exists a 6 > 0 such that
if (k,X,Y,r;t,x) € K xan x K x [0,1] x R is given, and (k/, X', Y’ r' ', 2") is d-close to
(k,X,Y,r t,x), then

=I5

‘[(t,z)(ka X7 Y7 T) - I(t’,m’)(kla Xla Y/a TI)’ <
In particular for ¢; and x; sufficiently close to t, z, then

L < M? sup I, 00)(k, X, Y1) — Inoy (K, X, Y, 7)) <e
kX)Y,r

and the result follows. O

We then have the following.

Corollary 4.20. The map C.(G) — B defined by Theorem 4.19 extends to an inclusion
A€ C B of continuous fields.

Proof. This follows from the fact that C,(G) is dense in A® and the map defined by
Theorem 4.19 is defined by fibrewise inclusions. m

To complete the identification, we need to define an action of W = Z, on B that is a field
of actions so that A® = BW. For each t € [0, 1] we have the action of W on the fibre B;,
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where
1
By={ feC (§Z><R,K > | fo € @N K(V(m)) C K(L*(K))
me 0

and

1
B, =C, (52 xR, K(H)) . t>0.
For t > 0 this is given by
_ 1
(w- fi)(n,z) = U(n}t,lx)ft(—n, —2)Un12y, (n,7) € EZ x R (4.44)

where f, € B; and
U(n,t—lx) . Hn — an

is the intertwiner between the representations 7, ;-1,) and m_, _4-1,) provided by Theorem

4.3. Recall from Theorem 4.12 that this is a direct sum of scalar operators defined by

U(”:t_lff) = @ )\?’rlz,tflx)lv(m% )\?n,tfla:) = 17 ?;Lz,tflz) =

m2>|n|n+mezZ k=|n|+1

For t = 0 this is given by
1
(w ) fo)(ﬂ,l‘) = Urjlf(](_na _:C>Un; (n, l') € §Z x R

for fy € By, where for each n € %Z,

Un My — Hony Un(E)K) = E(bw), w = (0 _1),

see (4.26), but note the change in notation for convenience here.

Therefore U, = p,, where p is the right regular representation of K, restricted to H,.
Decomposing H,, and H_,, with respect to the left regular representation (see (3.23))

M= @ Vim) e (Vim),, Ho.= @ Vim)e(V(m);.

mE%No mE%No

gives

In the decompositions above, p,, acts by Ly, @ 7, (w) on V(m) ® (V(m))*,,, where 7}, is

the contragredient of the 2m + 1 dimensional irreducible representation 7, of K on V' (m).

Since (V(m))*,, = Cem™ (see (3.24)), and 7, (w) must map (V' (m))*,, to (V(m))%, we must

have that p, decomposes as a sequence of scalar operators A1 : V(m) ® (V(m))*, —
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V(m)® (V(m)):, and

n’

V(m)- (4.45)

Therefore we must understand how w acts on V(m) to determine these scalars. This is

done in the following lemma.

0 —1
Lemma 4.21. Let n € %NO and w = Lo | Then for i € {—n,—n +1,...,n}, we

have m,(w)e? = (—1)"""e™,, where 7, is the 2n + 1-dimensional irreducible representation

—

of K on V(n), and €} is one of the basis elements constructed in Theorem 1.49.

Proof. Recall from Theorem 1.49 that V(n) CV (n— 1)@V (3), and the standard choice

n 1 11
of highest weight vector ej under this inclusion is e ¥ ® ei. Note that ! (w)ei =e?,.
2 2

2

-

We prove that for n € 1Ng 7,(w)el = €, by induction. Assume that for k € INo, k <n
we have mp(w)ef = e*,.

The vector e”,, is a lowest weight vector in V' (n — %) QV (%) This just means that e”

is an eigenvector for m,(H) and m,(F)e”, = 0, c.f Definition 1.45. One can check that

1 1

n—i 1
ei( 27l ® 62

n—3) -3
A2
n
€ = A€
- = (1)

applying F' and normalizing. From the formulas from Theorem 1.49 we see that A must

is a lowest weight vector, and since our weight spaces are one dimensional

1
®e?, for some A € S*. Recall that e”, is constructed from e by repeatedly
2

be a positive scalar, and so A = 1.

We then have, using the inductive hypothesis,

_1 1
ma(w)ey, = (m,_1(w) @ w1 (w))(e, 3 @ e})
2 2 n P} 2
:
= Wn—%(w)en,% ® T (w)e%
1 1
_ L2 2
= e,(n,%) & 67%
=e

Recall from Remark 1.55 that the representation m, gives rise to a Lie algebra represen-
tation of sly(C) on V(n), which we will denote by p,. The representation p,, is given by

the formula
pn(X) = dmp(X1) + idm,(Xa)
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where X € sl,(C) and we have written X = X; +iX, for some X, X5 € su(2).

The representation p,, is the standard irreducible algebra representation of U(sly(C)) on
V(n) as constructed in Section 1.3, by the calculations in Remark 1.55. The actions of E,

F and H on V(n) are the same under this correspondence whether viewed as elements of

5l5(C) or U(sly(C)).

If X € sl3(C) and we write X = X; +iX, for some Xj, X5 € su(2) then we have

d d
pn(wXw ™) = —|  mlexptwXiw ™)) +i—| m(exp(twXow ™))
dt|,_, dt|,_,
d 4 . d 4
= —| m(wexp(tX)w ) +i—| m(wexp(tX)w )
dt|,_, dt|,_,

d . d
= m,(w) (E ma(exp(tXy)) +1 pr
=0

= (W) pn(X) Ty (w_l)

Wn(exp(th))> To(w™)

t=0

We have that wFw™ = —FE in sly(C), and so
pu(—E) = (W) p(F)mn(w™)

or —pp(E)mn(w) = 7 (w) pn (F).

Let us now consider 7, (w)e”_, for some 1 < k < 2n. Recall that ¢ , = u p,(F)*e" for

some positive scalar u, provided by the formulae in Theorem 1.49. Then
n _ k. n __ k k n __ k k n
Ta(w)en_x = p To(w)pn(F) ey = (1)1 pu(E) T (w)en = (=1)"w pp(E)"el,,.

Now p,(E)*e™, = fe, ., = fie" ,,_, for some positive scalar i by Theorem 1.49. Then
Ta(w)en_y, = (1) ue” )

Since 7, (w) is unitary, we must have that |(—1)*uf| = 1, and so uji = 1. Therefore

ma(w)en = (1), )

which gives the formula in the statement of the lemma. m

By Lemma 4.21, we have A" = (m,,(w)el', €™ v = (—=1)" (™, " ) vm) = (=1)™7".
Notice that A = (—1)?", which is 1 when n € Z, and —1if n ¢ Z. If n ¢ Z, let us redefine
U, by multiplying by —1. The conjugation action is the unchanged, and so we may do

this. This choice forces A7 =1 in any case.
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Let us now show that Af . ) = A7 as t — 0. We have

(nt= 1z

— itz =tk —ix -
| | = I I — | I -1 t— 0.
”tl k’+zt k4 it-lz tk 4 ix (=1) as
k=|n|+1 k=|n|+1 k=|n|+1

Counting powers of —1 we have that )\z?v,t—lx) — A as t — 0. In particular, the action by

W on each fibre is continuous in t. Therefore W lifts to a field of actions on B.

We therefore have
1 w
A°~{FecC ([o, 1], Co (52 x R, K(H))) | F @ K(V(m)) C K(L*(K))

by the analogue of the Stone-Weierstrass theorem, Theorem A.23.
We now provide a similar concrete picture of the quantum assembly field.

Let us fix ¢ € (0,1) with ¢ = €” for some h € (—00,0). Recall that in chapter 3 we con-
structed the quantum assembly field A9 over [g, 1]. This is not an ideal parameterization
for us now, because A¢, AL and A® are fields over [0, 1]. The map [0,1] — [¢,1], t — ¢*

is a homeomorphism, and we can therefore view A? as a field over [0, 1] with fibres

AP = CH(Gy).

T

For t # 0, we have an isomorphism

1
C:(Go) = o (5

w
23 B, K(H)) :

We can identify

1 v 1
O() (§Z X R/Qﬂ't_lh_lz’ K(H)) - C() ( 7 X /27Th lz, K(H))
by the rescaling the circular parameter using the map
R R ~1p-1 -1
/27Tt_1h_1Z — /Qﬂ_h—lZ, T+ 2nt h™Z w— tx + 2nh™ 7.

Let ¢ be the inclusion C}(G,) C Cj <%Z X R/QWh_lz’ K(”H)), and so this is given by,
for f € CHGy),
i)y + 2mh ') = 7,y ()

where 7T(n i

o) is the quantum principal series representation with parameter (n, it 'z),
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see (2.13). Compare this formula to that of ¢; in the classical case, (4.39).

By Theorem 4.10 we have an isomorphism

W
C*(Gy) = {f e (Cy (%Z X R/ZWZ’K<H)> | fo € K(LQ(K))K} : (4.46)
We can identify
C*(Gy) € Gy (%Z X R/Qﬂh—lz»[((%))

by the rescaling the circular parameter using the map
R R 3 -1 ~1
S onz, = Vorn-lg, T+2rL hw+ 21k Z,

Let ¢o be the inclusion C(Gy) C Cy (%Z X R/Znh—lzv K(’H)), and so this is given by,
using the concrete description of C*(Gy) in (4.46),

do(f)(n,x +27h™'Z) = f(n, ha + 277), (4.47)

where f € C;(Gy) C Cy (%Z <B4z, K(H)> and (n,z +27h"'Z) € 3Z x By 1y

Now we have identified each fibre of our quantum assembly field with a subalgebra of

1, R
CO <§ZX /27rh_12’ K(%))

we can consider the C([0, 1])-algebra B defined by

FeC ([o, 1],Cy (%z X R/27Th1Z,K(H)>) | F(0)(—,00€ @ K(V(m)) .

mG%NO

which is a subalgebra of a trivial field and so has the obvious evaluation maps. The fibre
B, contains C*(G ) using the inclusions above. We will show that A9 C B, i.e. if we take
f € A%, the map

(t,n,x +2rh ' Z) = ¢(f))(n, x + 27h ™' Z)

defines an element of B, where f; is the evaluation of f in A9 at ¢ (i.e. an element of

CrH(Gyr))-

For the classical case, we constructed a special dense x-subalgebra on which we checked
the above. In the quantum case, we will use the dense x-subalgebra D(G) C A?. Let us

recall the definition from Chapter 2, reformulated in this context.
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Let A denote the x-subalgebra of A? generated by the sections ¢ — (wj; ba ugj)(¢'), where
wis € D(Ky) and uj € O(K,) are the usual basis elements. Then D(G) = C([0,1])A4,

again a x-subalgebra of B.

Theorem 4.22. For f € D(G), the map
(t,n, x4+ 2m0h™'Z) = ¢ (f))(n, z + 2rh™'Z)

defines an element of B,

FecC ([0, 1], G (%Z x R/%h_lZ,K(H))) | F0)(—0) e @ K(V(m))

mE%NO

Proof. 1t is sufficient to prove this in the case f = wl 1 ult € A9, because the C([0, 1])-

linear span of such elements is D(G).

It is sufficient to fix an n € %Z and show that the map
0,1 x B o1 = K(H,),  (t,a+20h7Z) = ¢4(f)(n, @ + 270~ Z)

is continuous. By an entirely similar argument to that given at the start of the proof of
Theorem 4.19 and Proposition 2.9, it is sufficient to show that for each £ € H,,, the map

0,1 xR o1 = Hay  (ta+ 2007 Z) & 6,(f)(n,x + 2rh ™ Z)E

1S continuous.

For the wj. part this follows from Lemma 2.8. For the uj; part, continuity follows by
inspecting the explicit formulae involved. Indeed in the quantum case (¢ > 0), we have

the formulae
O(Ky) = BOER)), €= fuéS(fin) (K*¥7 fi)
for f € O(K,) and € € O(EZ) by Proposition 2.7. Therefore
ufi() - € = D uih(aeS (i (a) (K27 k(e
= Z up(¢)ES (ufy (g)) g )
= Z u(q°)ES (ul (q°)) et o)
= Z uin(q")ES (ury (")) e* e,
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For ¢t = 0, recall from Proposition 3.7 (d) that the action of O(K) on H,, C L*(K) is

given by
eihz 0
(F-€)0) = (k ( . ) k:) 0

for f € O(K), £ € Hy, and k € K. Note that the presence of h in this formula is a

consequence of the rescaling in (4.47). Therefore

(- ) = Sy (R ((O O)) ) E)

(&

=D up(k)E(R)ug (ke
= > i (R)ER)S () (k)e>m™

and so

upy - €=y up&S(ul)e?
T

The result then follows from the fact that multiplication of matrix elements in O(K )
depends continuously on ¢ € [0,1] by Lemma 1.56, and a comparison of the formulae

above. O

We then have the following.

Corollary 4.23. The map D(G) — B defined by Theorem 4.22 extends to an inclusion
A% C B of continuous fields.

Proof. This follows from the fact that D(G) is dense in A® and the map defined by Theorem
4.19 is defined by fibrewise inclusions. O]

To complete the identification, we need to define an action of W = Z, on B that is a field
of actions so that A? = BW. For each t € [0, 1] we have the action of W on the fibre B;.
For t > 0 this is given by

t

(w- fi)(n,x +2rh™7Z) = (Uq

n,it—lz
( b

—1 t
) fi(=n, —z + 2rh ' Z)U!

(n,it—1z)

where f; € B; and (n,x + 2rh™'Z) € %Z X R/Qﬂ'h_1Z' For t = 0 this is given by

(- fo)n,2) = Uy fol o~} (m.2) € 22 x By g
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where for each n € %Z,

Up: Hp = Hen, Un(©)(k) = E(kw), w:= (? _01) .

We recall that the intertwining unitaries are direct sums of scalar operators as given in

Theorem 4.12. We need to show that these formulae depend continuously on t.

We need to show that (using the same notation as in Theorem 4.12) A" — A as

(nyit—1z)
t — 0. We have

m o ﬁ [k‘ — Z'tfll'}qt

(nyit—lz) — i [k + it_lm]qt
m a1 i (fip—1

- 11 S S
k=|n|+1 q — 4

- 11 S
k=|n|+1 q —4q

— H (1) ast—0.
k=|n|+1

Counting powers of —1 we have that )\’(7}1 it-1g) A as t — 0. In particular, the action

by W on each fibre is continuous in ¢. Therefore W lifts to a field of actions on B.

We therefore have A2 = BYW by the analogue of the Stone-Weierstrass theorem for con-
tinuous fields, Theorem A.23.

4.6 Deformation Squares

In this section we will ‘glue’ together A¢, A? AL and A into one continuous field.
The resulting field will be an example of a deformation square, a notion that we will
define now. Deformation squares are continuous fields which have the special property
that they induce commutative diagrams in K-theory, from which our desired result will
follow. We note that deformation squares were first introduced by the author and Voigt
in [57, Definition 7.1].

Definition 4.24. Let X := [0, 1] x [0, 1] be the unit square in R?. A deformation square

is a continuous C'(X)-algebra A such that the following conditions are satisfied.

1. The restriction A| . 18 trivial.
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2. The restriction A, o) 18 trivial away from (0,0).

3. The restriction Al ), gy 18 trivial away from (0,0).

We can restrict A to the lines {1} x[0,1] € X and [0,1] x {1} € X. As a result of the first
condition in Definition 4.24 and Example A.28, there the field will be trivial away from a
single point. Then by Proposition A.29, together with the second and third conditions in

Definition 4.24 we have four maps in K-theory, namely

K.(A©o) = K(Aw))
K.(Awp) = Ki(Aqp)
K.(Apy) = K(Aay))
K.(Aq) = K(Aq)

and the following proposition tells us that the maps behave in the way one might hope.

Proposition 4.25. Let A be a deformation square. Then the diagram

K*(A(0,1)) — K*(A(l,l))

I I

K.(Awp) — K(Aqp)
commutes.

Proof. We may assume that A is a unital field. Indeed, if A is not a unital field, we may
adjoin a unit to obtain the C(X)-algebra Ag( x) as defined in Section A.1, which is again

a deformation square. By Lemma A.33, the maps

K, (A((],o)) — K*(A(O,l))
K*(A(()’o)) — K*(A(I,O))
K*(A(O,1)> — K*(A(Ll))
K*(A(ljo)) — K*(A(1,1)>
are direct summands of the maps
K.(Aj ) = K.(Aj )
K*(AEB,O)> — K*(A?_l,()))
K*(A?ro,n) — K*(Aal))
K*(A?FI,OQ — K*(Azil))
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respectively, where these maps are induced by the fact AJCC( X) is a deformation square.

Then if we can show

K. (AZBJ)) — K, (Azrm))

| |

K*(AZE),O)) — K. (Aao))

commutes, we have that
K*(A(o,1)) I K*(A(l,l))

| |

K. (Awp) — K.(Aq)

commutes.

Let p € M,(Aq,0)) be a projection. By the same argument given in the proof of Lemma
A.31, we can lift p to a projection ¢ € M, (A) such that ¢(0,0) = p. Then the composition

Ko(Aw,0) = Ko(A@,) = Ko(Aq,n)
maps [p]O to [Q(la 1)]07 and
Ko(A@0) = Ko(Au,) = Ko(Aq,1)

maps [plo to [¢(1, 1)]o, by the description of these maps provided by Lemma A.31. We can

also carry out a similar argument for Ky, using Lemma A.32. [

Theorem 4.26. There is a deformation square AP such that the following conditions are
satisfied.

D ~ L
1. A ‘{O}X[O,l] = A"

D ~ R
2. A ‘{1}x[0,1} = AT
3. AP, AC.

0,1]x{0} =
D )
4. A ‘[0,1])({1} > A9,
Proof. We build up the deformation square in stages. First, note there is a field B over
[0,1] x [0, 1] with fibres
By = Co (32 x Borg, K(H)) tef0.1]5 € (0,1]
Boy =Co (3Z x R, K(H)) t€(0,1]

This can be obtained from Example 4.5 and Theorem A.34 with D = C([0,1]). Now we
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can consider the subfield C with fibres

(Cey = Co (%Z xRz K(’H)> t,s #0
) Gl ={F € Co (32 x Bz K(H)) | fur € K(LA(K)S} 5 #0

Cito) = Co (3Z x R, K(H)) t#0
(Clo0) = {f € Co(3Z xR, K(H)) | fo € K(L*(K))*}

Let us now fix ¢ € (0,1) with ¢ = €".

Let s € (0,1). In the construction of the quantum assembly field, one can take the
quantum parameter to be ¢° € (0,1). Let us denote this rescaled version of this field by
A3 Of course we have A9! = A? with ¢y = ¢ in the construction in chapter 3. From

the concrete version of the field seen in Section 4.5, we can define a map
AQs Cloayxisy» fr ((n,z+27Z) — f(n,s 'h™ 'z +2rs 'h'Z)).

This defines an inclusion of A9 into C 0.1 (s} @s fields.

Consider the classical assembly field A®, for which we have a concrete description provided
in Section 4.5. The sections of A® define sections of Clioayxqoy if we rescale the real
parameter by

R—R, z— h 'tz

Let t € (0,1). In the construction of the right quantization field, one can take the quantum
parameter to be ¢' € (0,1). Let us denote this rescaled version of this field by A®%f. Of
course we have Af! = AR From the definition of the right quantization field, we can

define a map
ARt Cliyxpony: [+ (n,z +27Z) — f(n,s 'z + 2ws 7)) .

This defines an inclusion of A% into C| (tyx[o,1] s fields.

Finally, consider the left quantization field A%, specifically the concrete version provided
by Theorem 4.11. The sections of A define sections of C| (0yx[0,1] 1f We rescale the circular

parameter by
R/QTI'S_IZ — R/Qﬂ_s—lh—lz, x4+ 215 ' Z— h iz + 2rs ' W Z

and the real parameter by

R—R, z+— h 'z
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Under these identifications we see that by construction
c
AFC C|{0}><[0,1]7 Al C C|{1}><[0,1]7 A¥ C C|[0,1}><{0}7 A9 C C|[0,1]><{1}'

Finally we construct an action of W = Z, on C' using the action of W on each fibre of

C coming from the principal series interwiners. Note that from the formulae above, for
(t,s) € (0,1) x (0,1) the action of W arising from the fact A% = AZ® = C*(G ) is the

same, so we have a well-defined action on each fibre. This is given by the formulae
(w- fies)(n, x4 27Z) = (U(q;,tisfltflh,lm)) -1 fit.s)(—n, —x + QWZ)Ug;fis,lt,lh,lm)
for (t,s) € (0,1) x (0,1), fus) € Crs), (n, 2+ 27Z) € 37 x R/QWZ’ and
(w - fo8)(n,x+27Z) = U, fo.5)(—n, —x + 27Z)U,
for s € [0,1], fo.s) € Csp), (0, + 27Z) € %Z X R/ZWZ7 and

(- fie0)(n,2) = Ul a1 Fie0) (=10 =) U 110

for t € [0,1], fi0) € Cu0) and (n,x) € %Z x R. One can check that if F' € C, the action
on each fibre depends continuously on all the variables involved by using the formulae in

Theorem 4.12 in much the same way that we did for each field individually in this chapter.

We therefore have a field of actions of W on C, and we set A” = C"'. Then by construction

we have
L _ AW R _ AW C_ AW Q _ AW
Av=0C ‘{O}X[O,l} , AT=0C |{1}><[O,1] , AT=0C |[0,1]><{0}’ A¥=0C ‘[U,l]x{l}'
by the analogue of the Stone-Weierstrass theorem for fields, Theorem A.23. [
Corollary 4.27. We have the commutative square

K.(C*(Go)) — K.(CF(G))

| |

K (C*(Gh)) — K. (CH(G))

where the top arrow is induced by the classical assembly field A, the bottom arrow is
induced by the quantum assembly field A%, the left arrow is induced by the left quantization
field ALY and the right arrow is induced by the right quantization field AT

Proof. The deformation square AP constructed in Theorem 4.26 together with Proposition
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4.25 gives the desired commutative diagram in K-theory. O]

4.7 Concluding Remarks

Let us conclude the main body of the thesis by discussing extensions to the work carried

out in this thesis.

e In [57], the author and Voigt have generalized the results of this thesis to cover
deformations of complex semisimple Lie groups, of which quantum SL(2,C) is a
special case. In this work, it is shown that the vertical maps in the square appearing
in Lemma 4.27 are split injective, which requires some additional K K-theoretic

arguments using the Dirac operator.

e Recall that the classical assembly field arises from a groupoid G (4.9). Therefore one
might ask if it is possible to define a notion of a quantum groupoid, from which
A@ and perhaps more generally A", arises. One might start by studying the work

of Blanchard [4], where fields of quantum groups are introduced.

e On a related note to the above point, the work of de Commer and Floré [16] con-
structs a field from the C*-algebras of functions on quantum GL(n,C), with fibre
at 1 being Cy(GL(n,C)). This in some sense ‘dual’ to our right quantization field
A and it may be possible to link these two constructions using Blanchard’s duality

results in [4].



Appendix A

Cy(X)-algebras

Throughout this appendix, we let X be a locally compact Hausdorff topological space.

The purpose of this appendix is to give a fairly complete and self-contained study of the
basic theory of Cy(X)-algebras. Roughly speaking, a Cy(X)-algebra is a C*-algebra in
which we can multiply elements by functions in Cy(X). They were originally introduced
by Kasparov in [39, Definition 1.5].

A Cy(X)-algebra ‘fibres” over X. That is, there are C*-algebras A, and ‘evaluation’ maps

ev, : A — A, for each x € X. We can then view A as an algebra of sections of the bundle

HAm—>X.

rzeX

Later we shall see that generally A should be viewed as a C*-algebra of upper-semicontinuous
sections of this bundle. In certain nice examples, A is in fact an algebra of continuous

sections. In this case A is often referred to as a continuous field of C*-algebras.

The fact A fibres over X means that we can often turn problems in studying A to problems
in studying each A,. For example, each irreducible representation of A factors through a
fibre A, for some z € X [89, Proposition C.5], and A is nuclear if and only if each fibre
A, is nuclear, [4, Proposition 3.23].

First we consider the basic definitions and subalgebras and quotients of Cy(X)-algebras.
We then study certain C([0, 1])-algebras that induce maps in K-theory. We also construct
new Cy(X)-algebras from old using tensor products, group actions and and crossed prod-
ucts. Finally we give a sufficient condition for continuity of a Cy(X)-algebra where each

fibre is equipped with a weight, extending results from [4].

We will make use of standard references for material on Cy(X)-algebras, such as [89,

186
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Appendix C] and [17, Chapter 10].

A.1 Basic Definitions

The starting point is the definition of a Cy(X)-algebra, [39, Definition 1.5].

Definition A.1. A Cy(X)-algebra is a C*-algebra A together with a x-homomorphism
pa: Co(X) — ZM(A)
that is non-degenerate in the sense that

pa(Co(X))A :==span{pa(fla| f € Co(X),a € A} = A.

For brevity, we sometimes write fa for pa(f)a. When X is compact, we will say that A

is a C'(X)-algebra. In this case j14 is non-degenerate if and only if p4 is unital.

Remark A.2. Note that p4(Cy(X)) is a commutative C*-subalgebra of ZM(A) and so
in particular is isomorphic to Cy(Y') for some locally compact Hausdorff space Y. Since
pa can be viewed as a surjective x-homomorphism Cy(X) — Cy(Y), we have a proper
continuous injection Y — X. The inclusion map is closed (because a continuous proper
map between locally compact Hausdorff spaces is closed, see [49, Theorem 4.95]), and so
we can view Y C X as a closed subspace via this injective map. From this point of view

4 is the restriction homomorphism Cy(X) — Cp(Y).

As a consequence, the action of Cy(X) on A only ‘sees’ the function restricted to Y, so
we can assume (after possibly relabelling X') that Co(X) C ZM(A) if necessary. We will
take this slightly further in Proposition A.5 and give a sufficient condition for g4 to be

injective, which allows us to see that this is the case in the examples we consider too.

Example A.3. The following are examples of Cy(X)-algebras.

(a) Any C*-algebra A is a C({pt})-algebra. This is because C'({pt}) = C and we have
a (unique) unital *-homomorphism s : C = ZM(A), z — 2 - 1yg(a).

(b) Let D be a fixed C*-algebra. Then A := Cy(X, D) is a Cp(X)-algebra. The *-

homomorphism g4 is given by

pa: Co(X) = ZM(A),  (pa(f)g)(z) = f(z)g(z), [feCo(X), ged zeX
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To show non-degeneracy, it is enough to show pa(Cy(X))A contains Cy(X) ® D
which is dense in A. We note that pa(Co(X))(Co(X) ® D) = (Co(X) - Co(X)) ® D
and an approximate identity argument shows that Cy(X) - Cyp(X) = Cp(X).

This example is often referred to as the trivial field over X with fibre D.
(c) Let A:={f € C([0,1], My(C)) | f(0) is diagonal}. This is a C([0, 1])-algebra with

x-homomorphism g4 is given by

pa - C([0,1]) = Z(A),  (pa(f)g)(x) = f(x)g(x), feC([0,1]), geA zeX

and we can see that p, is unital.

Let A be a Cy(X)-algebra. For x € X, let J, C Cy(X) denote the ideal of functions on X

vanishing at z. Set
I, == pa(Jy)A=span{pua(fla| f € J,,a € A}.

By the Cohen Factorization Theorem [9, Theorem 1], any element a € I, admits a fac-
torization a = fb, where f € J, and b € A. We can ‘localize’ A at x by considering the

quotient space
A=A/l (A.1)

This is called the fibre of A at z.

In Example A.3 (a), we see that A,y = A. We will determine the fibres of the algebras in
parts (b) and (c) shortly.

Let ev, : A — A, be the canonical quotient maps to each fibre. We use the notation
evg(a) = a(z) for a € A. This notation is intended to be suggestive - indeed, we can think
of A as a C*-algebra of sections of the bundle [, A, — X.

The evaluation map behaves like we expect on functions, as seen in the following propo-

sition.
Proposition A.4. Let A be a Co(X)-algebra. If f € Co(X) and a € A, then (fa)(x) =
f(@)a(z).

Proof. Let (uy)aea be an approximate unit in Cy(X). Then (fuy— f(x)uy)a € I, for all A,
and converges to fa— f(x)a. Since I, is closed, fa—f(x)a € I, s0 (fa)(x) = f(z)a(z). O

Proposition A.5. Let A be a Cy(X)-algebra.

(a) If Ay # 0 for all x € X, then py is injective.
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(b) Identifying ua(Co(X)) = Co(Y) for some closed subspace Y C X as in Remark A.2,

then A, =0 forallz € X \ Y.

Proof.

(a)

If ua(f) =0 for some f € Cy(X), then

pa(fla=0

for all @ € A. By Proposition A.4, then f(z)a(z) =0 for all z € X and a € A. If
A, # 0 for all x € X, then it must be the case that f(z) =0 for all z, so f = 0.

We will show that I, = pa(J,)A = A for each x € X\ Y. To do so, we will show that
we can extend a function f € Cy(Y) to a function f € Cy(X) that vanishes at z.
From this it follows that pa(J,) = Co(Y), and pa(J,)A = Co(Y)A = pa(Co(X))A =
A, and the result follows.

Let f € Cp(Y) and x € X\ Y. Since Y is closed in X, there exists an neighbourhood
U of x disjoint from Y. Then by Urysohn’s Lemma [74, 2.12] there exists a continuous
function y : X — [0, 1] such that x(x) = 1, and Supp(yx) C U.

Because Y is closed in X, the inclusion Y C X is proper, and so we obtain a surjective
s-homomorphism Cy(X) — Cy(Y') which is given by restriction. We can therefore
extend f to a Cy function on X, which we also call f. Then f := f(1— ) € Co(X),
f(z)=0and f(y) = f(y) forally € Y. O

The following proposition records some further basic properties of Cy(X)-algebras, as seen

in [4,

2.2).

Proposition A.6. Let A be a Cy(X)-algebra.

(a) For each a € A, the norm map N, : X — R, x — |a(x)|, wvanishes at infinity.

(b) For each a € A, |lal|, = sup,cx |a(z)||4, = sup,ex No(®) and the supremum is

attained.

(c) If A is unital and a € A, Spec(a) = |J, . Spec(a(x)).

Proof.

(a)

By the Cohen Factorization Theorem, any element a € A admits a factorization
a = fbwhere f € Co(X) and b € A. Then N,(x) = || f(z)b(z)||,, < |f(z)][]b]|, for

all x € X. Since f vanishes at infinity, we must have that N, does too.
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(b) From [4, Proposition 2.8]. Since the quotient maps ev,, are necessarily norm-decreasing,
we have [la(z)]|,, < |[la]|, for all z € X. We need to show that [[a]| , is attained by

some x € X.

Let a € A. Consider the C*-algebra B := C*(Cy(X),a*a) C M(A). This is a
commutative C*-algebra, so functional calculus tells us there exists a character ¢ on
B such that ¢(a*a) = |ja||%. The restriction of ¢ to Cy(X) is again a character, and
so is necessarily an evaluation map at some z € X. Then ¢ descends to a character
(which we still denote by ¢) on ev,(C*(a*a)) C A,. In particular

laly = ¢(a*a) = ¢a(x) a(x)) < [la(z)|;

so [lall4 < lla(@)]]4,-

(¢) From [4, Proposition 2.9]. Clearly if a — A - 1 were invertible in A, then a(x) — A -1
would be invertible in A, for all z € X. This shows that |, v Spec(a(z)) € Spec(a).

In general, if o is a positive element in a C*-algebra, then « is not invertible if
and only if [[(1+ )| = 1. To see this fact we can work inside the commutative

C*-algebra C*(«) which we identify with a function algebra. Then we can see that

« is not invertible <= a > 0 with equality attained
<= (1+a) ! <1 with equality attained.

Also note that an element of a C*-algebra b is invertible if and only if both the

positive elements b*b and bb* are invertible. Therefore

A € Spec(a) <= b:=a— A-1is not invertible
<= b*b, bb" are not invertible
= @+ o) | = [+ 0e7) 7], =1
= gSClel)}? H(l + b(x)*b(x))_lHAw = ilel)fg ||(1 + b(x)b(x)*)_l‘

=1

In particular, by part (b), there exists y € X such that ||(1+ b(y)*b(y))*lﬂAy =1,
which shows b(y) = a(y) — A - 1 is not invertible, whence A\ € Spec(a(y)). O

One may ask whether the sections of A are continuous in the sense that for each a € A,
the norm map N, is continuous. In generality, one can only say the following.

Proposition A.7. Let A be a Cy(X)-algebra. For eacha € A, the norm map N, : X — R,

x> |la(w)] 4, s upper-semicontinuous.
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Proof. Adapted from [42, Lemma 2.3]. Let € > 0, a € A and z € X be given. We need to
show there exists a neighbourhood U, of - such that for ally € Uy, [la(y)| 4, < [la(z)]] 4, +e.

By the definition of the quotient norm, there exists f € J, and b € A such that |ja — fb]| , <
|a(z)|l 4, +5. Since f(z) = 0, there exists a neighbourhood U, of z such that | f(y)| < ST
for all y € U,. Then for y € U,,

la@)lL,, < lla(y) = F@RG)L0, + 1F@)BW)]L,

= [lla = o) (W)ll4, + [[F(@)0(y)ll 4,
< lla(z)]l 4, + € i

However, there are Cy(X)-algebras A and a € A for which the norm map N, fails to be
lower semicontinuous - see [89, Example C.8] for a basic example. This leads us to the

following definition.

Definition A.8. Let A be a Cy(X)-algebra. If for each a € A, the norm map N, : X — R
is continuous, then we say A is a continuous Cy(X)-algebra, or a continuous field

of C*-algebras over X.

Kirchberg and Wassermann gave a necessary and sufficient condition for lower semiconti-
nuity of the norm functions in [42, Lemma 2.2]. We reformulate the result in our context.

First, let us introduce some terminology.

Let A be a C*-algebra, and let { B; };c; a family of C*-algebras. A family of *-homomorphisms
m; + A — B; is said to be a faithful family if for all a € A,

fall = sup i(a) |,

ic
This is equivalent to the condition that if a € A satisfies m;(a) = 0 for all i, then a = 0.

For a family {B;};c; of C*-algebras, define

iel
Lemma A.9. Let A be a Cyo(X)-algebra. Then the following are equivalent.
1. The norm maps No : X — R, x> [la(z)]| 4. are lower semicontinuous for all a € A.

2. For any closed subset X' C X and dense subset Y of X', the morphisms evy :=

Drey €V, and evy: := Buexr eV, have the same kernel.
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3. For any closed subset X' C X and dense subsetY of X', {ps}rey is a faithful family

of x-homomorphisms on evx/(A).

Proof. We prove that 1 and 2 are equivalent.

Suppose the norm maps are lower semicontinuous and a € Ker(evy). Let € > 0 and
x € X'. There exists a neighbourhood U, of = such that for all y € U,, [la(z)[|, —€ <
la(y)[l4,- Since Y is dense in X', then Y N U, is non empty and for all y € Y N Uy,
la(@)[l4, < lla(y)ll4, + €= €. Therefore for all z € X', a(z) = 0.

Suppose now that N, is not lower semicontinuous for some a € A at some x € X. Then for
some € > 0, there exists anet (x))xea in X such that ) — z and ||a(:1:>\)||AwA < la(x)|| 4, —€
for all \. The continuous functional calculus tells us that |[|a(x)|||,, = [la(z)]] 4, for all
so we can replace a by |a| and still have the same inequality. Therefore we can assume

that a is positive.

The inequality ||a($)\)HAI/\ < |la(x)|| 5, — € tells us that Spec(a(xy)) € [0, [la(x)|| 5, —¢], and
the spectral radius formula tells us there exists elements of Spec(a(z)) accumulating at
|a(z)[| 4, . Choose a continuous function x on Spec(a) which vanishes on [0, [|a(z)|| ;. — €]
and is non-zero outside this interval. Then x(a)(z)) = 0 and x(a)(x) # 0. Set Y = {z,}

and X’ =Y. Then evy and evy: do not have the same kernel.

Now we prove that 2 implies 3. Let ¢ € evy/(A) and suppose that p,(c) =0 for all x € Y.
We have that ¢ = evy/(a) for some a € A, and so p,(c) = 0 implies ev,(a) = 0 for all
x € Y. Then since Ker(evy/) = Ker(evy), and so ev,(a) = 0 for all x € X'. Therefore
c=0.

Finally we prove that 3 implies 2. Let a € Ker(evy). Then ev,(a) =0 for all x € Y, and
so pz(evg(a)) =0 for all z € Y. Then ev,(a) =0 for all x € X', and so a € Ker(evy/). O

Sometimes we might find it difficult to identify the fibres of a Cy(X)-algebra. However,
we may have a faithful family of *-epimorphisms which we think should be the evaluation

maps. The following proposition helps us with this identification, and it is adapted from
[42, Lemma 2.3].

Proposition A.10. Let A be a Cy(X)-algebra, and {B,}rex a family of C*-algebras.
Suppose there is a faithful family of x-epimorphisms w, : A — B, and for each x € X and
all a € A,

T2 (na(f)a) = f(z)me(a).

If the map X — R, z — |7 (a)lp, is upper semicontinuous for each a € A, then
Ker(m,) = pa(Jp)A. In particular, A, = B, and ev, = m,.
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Proof. Clearly pa(J,)A C Ker(m,) by the assumptions about our family of epimorphisms.

If a € Ker(m,), then by upper semicontinuity there exists a neighbourhood U, of x such
that for y € Uy, |[my(a)|| 5, < §- By Urysohn’s Lemma, there exists f € Co(X) satisfying,
0<f<1, f(x) =1and f(y) =0fory € X \ U,. Then 1 — f € Cy(X) vanishes at x.
By non-degeneracy, we can write a = p4(g)b, where g € Cy(X) and b € A, and we can
extend fia to Cp(X). Then pa(l — fla = pua((1 — f)g)b € pa(Jz)A, and

la — pa(l = flall, <e
by the assumptions about our family of epimorphisms. Therefore a € pa(J,)A. n

Example A.11. Let us apply Proposition A.10 to parts (b) and (c¢) of A.3. In each case,
the usual pointwise evaluation maps {ev,} (a slight abuse of notation which we resolve
shortly), where x € X or [0, 1] respectively, is a faithful family of x-epimorphisms satisfying
the conditions in Proposition A.10. Since the norm maps x +— ||ev,(g)| are continuous
(where x € X or [0, 1] respectively) for all ¢ € A, Proposition A.10 applies, and so for
part (b), A, = D for all z € X, and for part (c),

C? r =
My(C) 20

A, =

and the evaluation maps are ev, as expected.

Let us look at another example of a Cy(X)-algebra, as seen in [89, Example C.4].

Example A.12. Let Y and Z be locally compact Hausdorff spaces and let o : Y — Z
be a continuous surjective map. Then Cy(Y) is a Cy(Z)-algebra, with fibres Cy(Y), =
Co(o71({z})) for z € Z, and with evaluation map to the fibre at z € Z given by restriction

of functions from Y to the closed set o= ({z}) C Y.

First, let us describe the Cy(Z)-algebra structure on Cy(Y'). Recall that M (Cy(Y)) can
be identified with Cy(Y), the continuous and bounded C-valued functions on Y, see [70,
Proposition 2.55]. Using this description of M (Cy(Y')), we can define a *-homomorphism

i Co(Z) — M(Co(Y)), frs foo

Let us check that p is non-degenerate. It suffices to see that u(Cy(Z))Co(Y) is an ideal of

Co(Y) which does not vanish at a common point.

Let y € Y. Then we can find a function f € Cy(Z) such that f(o(y)) = 1, and a
function g € Cy(Y) such that g(y) = 1, and (u(f)g)(y) = f(o(y))g(y) = 1. Therefore
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w(Co(Z))Co(Y) is an ideal of Cy(Y) which does not vanish at a common point and so
Co(Y) is a Cy(Z)-algebra.

Define for each z € Z the surjective restriction homomorphisms

res, : Co(Y) = Co(o7'({2})), [+ f|g*1({z})’

and the ideals
J.={f € Co(Z) | f(z) =0} C Co(Z).

We will show that Ker(res,) = u(J,)Co(Y'), from which it follows that Co(Y'), = Co(o7({z}))

with evaluation map res,.

We first show that u(J,)Co(Y) C Ker(res,). Indeed, it suffices to show that if f € J, and
g € Co(Y), then u(f)g € Ker(res,). We have, for y € o' ({z}),

res. (1(f)g)(y) = (u(f)9) () = flo(y))g(y) = f(2)g(y) =0

because f(z) = 0.

Now p(J,)Co(Y) is an ideal of Cy(Y'), and so is the intersection of the primitive ideals of
Co(Y) containing it. We need to show that

wu(J,)Co(Y) = ﬂ Ker(ev,) = Ker(res,),
)

yEo~1(z

where for y € Y, ev, is as in Example A.11. It suffices to show that if y ¢ o7'(2), then
there exists a function in pu(J,)Co(Y) that does not vanish at y.

Since y ¢ o !(z), then 2’ := o(y) # z. Therefore there exists a function f € Cy(Y)
such that f(z) = 0 and f(2') = 1. In particular f € J,. We can also choose a function
g € Co(Y) such that g(y) = 1. We then have that (u(f)g)(y) = f(2')g(y) = 1, and so we
must have that Ker(res,) = u(J,)Co(Y), as required.

To finish this section, we consider adjoining units to Cy(X)-algebras. This is in the same
spirit as to how one adjoins a unit to a C*-algebra. This is an adaptation of the definition
given in [4, Définition 2.7]. We will restrict to the case where X is compact, as this is all

we shall need in the thesis.

Remark A.13. We note that one can generalize what follows to non-compact locally com-
pact spaces X by replacing C'(X) with Cy(X), but the result will only be a Cy(X)-algebra
with unital fibres, rather than a unital C'(X)-algebra. To obtain a unital algebra, one

could directly follow [4, Définition 2.7] where Blanchard constructs, from a Cy(X)-algebra



APPENDIX A. Cy(X)-ALGEBRAS 195

A, a unital C(X)-algebra AJCC(X+),
X. Here the fibres are (Ag(xﬂ)x = Al for x € X and (Ag(xﬂ)oo =C.

where X denotes the one-point compactification of

For the compact case, Blanchard’s definition gives a slightly larger algebra than the one

we will consider, for it includes pathological sections of the form
r—=0€A, forallze X, co—AeC

for A # 0.

For the rest of this section, X is a compact Hausdorff space.

Since A and C(X) are C'(X)-algebras, the direct sum A & C'(X) is a C(X)-algebra, with
C(X)-action

p:CX) = ZM(A® C(X)), pu(f)la,g) = (pa(fa, fg)

for f,g € C(X) and a € A. The fibres are clearly (A& C(X)), = A, ®C with the obvious
evaluation maps. Note that y is injective, because for f € C(X), u(f)(0,1) = (0, f).

Now define A&X) =A+p(C(X)) C M(A® C(X)).
Lemma A.14. Let A be a C(X)-algebra. Then

(a) The algebra AJCF(X) C M(Ae® C(X)) is a unital C*-algebra. If A is unital, then
Abxy = A0 O(X).

(b) There is a split ezact sequence of C*-algebras

0 y A » Ay — C(X) —— 0.
*—

Proof.
(a) We consider the unital and non-unital cases separately.

Suppose that A is unital. Then if a € A and f € C(X), we have that u(f) =
(fla, f) € A® C(X). Therefore

a+p(f) = (a,0) + (fla, f) = (a+ fla, f) € A® C(X)

In particular we can obtain any element of A @ C(X) in this way, and so Ag( x) =
A @ C(X) in this case. This is of course a unital C*-algebra.
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Suppose that A is not unital. We start by noting that A&X) is an algebra, being
closed under sums and products. We need to show that Ag( x) is a C"*-subalgebra of
M(A® C(X)). We will do this by showing AJCC(X) is complete in norm.

_l’_
We note that A C Ag( x) 8sa closed subspace. Therefore, the quotient space AC(X VA

is a normed space.

Since A is not unital, AN u(C(X)) =0in M(A® C(X)), and so A+ u(C(X)) =
A @ p(C(X)) as vector spaces. Therefore

Abxy =A@ CX))/ )~ (o(X)) = C(X)

as vector spaces. This linear isomorphism is isometric, because we have in general

that for f € C(X),

60D + Allag,, < Mgy = 1oy

because the quotient map is decreasing, and for the reverse inequality, we note that

() + AlLgs, = inf lla+ p(f)lLaz,

+
AC(X)/A )

= inf sup a+u(f))(b,g
it sw ot H)E e

(b.g)lI<1

= inf sup ab+ fb, fg
mt s Maseon

ll(®,9)lI<1

= inf1 sup max{l\ab—i-fbHAaHngC(X)}
€42 (b,g)€ABC(X)
I(b.g)]I<1

= inf max < sup [[ab+ fbll,, sup [[fgllcx
acA beA geC(X)
lloll<1 llgll<1

= inf b b > .
inf max { sup lab+ foll 4 1 fllcxy ¢ = 1 e

€
lloll <1

+
Therefore AC(X )4 = C(X) as Banach spaces, and since A, and C'(X) are complete,
then A&X) is complete. We note that p(1) is a unit for A&X).

(b) If A is unital, then clearly we have a split exact sequence

0 > A » Abxy — C(X) —— 0
_
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where the map AJCC(X) = A® C(X) = C(X) is the coordinate projection, and
C(X) — AJCF(X) = A @ C(X) is the inclusion into the second factor.

+
In the non-unital case, the isomorphism of Banach spaces AC(X )4 = C(X) seen in
part (a) is in fact an isomorphism of C*-algebras, as the maps preserve the algebraic

structure too. Therefore we have the split exact sequence

0 > A » Abxy — C(X) —— 0
<
w
where the map AJCC( x) C(X) is the quotient map. ]

Clearly if A is a unital C'(X)-algebra, then Ag(x) =A@ C(X) is a unital C'(X)-algebra.

If A is a non-unital C(X)-algebra the map p defines a unital x-homomorphism C(X) —
Z(Al(x)) and so in this case Af y, is also a C'(X)-algebra. Let us now determine the

fibres in this case.

Lemma A.15. Let A be a non-unital C(X)-algebra. Then (AJCC(X)):B =~ Af forxz e X,
with evaluation maps a + p(f) — a(x) + f(x).

Proof. Since p is injective, we can define a linear map, for each x € X,
A+p(C(X)) = A u(C(X)) = A7, a+p(f) = az) + f(2).

By the definition of multiplication in A}, this is a *-homomorphism. The kernel is given
by

as a vector space. Therefore

(A0

Jo = ATHONL A+ ey = A

as vector spaces, and the isomorphism preserves the multiplication. Therefore this is an

isomorphism of C*-algebras. m

Let us consider a basic example of adjoining a unit to a trivial field.

Example A.16. Let D be a C*-algebra. Let A = C(X,D). We have that Ajy, =
C(X,D"). Indeed,

Adx = C(X,D) + C(X) € M(A® C(X))
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and we can see that this can be identified with C(X, DT).

Finally, we note that adjoining a unit to a C'(X)-algebra does not affect continuity. We
follow [4, Proposition 3.2].

Proposition A.17. Let A be a continuous C(X)-algebra. Then Ag(x) 18 continuous.
Proof. This is clear if A is unital, so we suppose A is not unital. Let

ev, : Ag(x) = AL, atp(f) = al@) + f(@)
be the evaluation map to the fibre at x € X. Let a € A&X). We want to show that

X =R,z |evi(o)

AF
is continuous. It suffices to show that

2

X =R,z |levi(o)] ur =

Hev;(a)* evif(a)| at

is continuous, and so we can assume that « is positive. If & = a + u(f) for some a € A

and f € C(X), and o > 0, then in particular « is self-adjoint and so

levi ()| 4+ = r(evi(a)) = r(a(z) + f(x))
(see [59, Theorem 2.1.1]) where r is the spectral radius.

Now a > 0 in Af,y, if and only if there exists = b+ u(g) € Afy, (Where b € A and
g € C(X)) such that

a=p"0="0"b+pu(g)b" + pu(g)b+ g g).

Then a = b*b+pu(g)b*+(g)b is self-adjoint, and p(f) = p(g*g) is positive. By the spectral
mapping theorem (see [59, Theorem 2.1.14]) we have that

Spec(evy(a)) = Spec(a(z) + f(x)) = Spec(a(z)) + f(z)

and so

rlevi(a)) = sup |z| = sup z = ( sup z) + f(x).
(a)) )

z€Spec(evy (a)) z€Spec(evy (a z€Spec(a(z

Since a is self-adjoint, then we can write a = a™ — @~ in terms of its positive and negative

parts in A. Then a(z) = a™(x) — a™(z) is the corresponding decomposition for a(z). It
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follows that

levz (a)]

ar = < sup ; z) + f(z) = HaJ’(x)HA; + f(z).

z€Spec(a™t (z

which is clearly continuous in z, as required. O

A.2 Subalgebras, Ideals and Quotients of Cj( X )-algebras

In this section we shall study results concerning subalgebras and quotients of Cy(X)-

algebras. The Propositions A.18 and A.19 appear to be folklore.

Proposition A.18. Let A be a Cy(X)-algebra, and I C A be an ideal. Then I is a Cy(X)-
algebra with fibres I, = ev,(I) C A, for each x € X. In particular if A is continuous then

I is continuous.

Proof. If T'€ M(A), then T is an adjointable operator from A to itself (viewing A as a
Hilbert A-module). We note that 7'(I) C I, and so T restricts to an element of M (I).
Indeed, if (uy) is an approximate unit for A and j € I, then Tuyj — Tj. But Tuyj =

(T'wy)j € I since [ is an ideal, and since I is closed, we must have that T'j € I.

Therefore we can define a *-homomorphism p; : Co(X) — M (1), f — pa(f)|;. Note that
the image is contained in the centre of M (), since it suffices to check that p;(Co(X))
commutes with / C M(I), and this follows from that fact pa(Co(X)) C ZM(A).

Note that if (f,) is an approximate unit for Cy(X), then non-degeneracy of pa tells us
pa(fy)a — a for all a € A. Then restricting to a € I, we see that I C u;(Co(X)) - I, and

so jir is non-degenerate.

Let I, denote the fibre of I at x. The inclusion I — A induces a *-homomorphism
I, - A, j+J. I — j+J,Afor j € I. This is in fact an injection, for if j+ J, A =k+ J, A
for j,k € I, then j — k = f-a for some f € J,, a € A. Then if (v)) is an approximate
unit for I, (j — k)uy = f - (avy) € J, I, converging to j — k. Since J, I is a closed ideal of
I, then j — k € J,I, and so j + J.I =k + J,I. We can see that

A

A

S~

—
—

8

commutes and so the evaluation map on I at x € X is simply the restriction of the

evaluation map on A at z € X to I, so I, = ev,(I). The continuity statement is then
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obvious. O

Proposition A.19. Let A be a Cy(X)-algebra, and I C A be an ideal. Then A/] is a
Co(X)-algebra, with fibres <A/]> = AfVIx, and evaluation map ev.(a+ I) = evy(a) + I,
for each r € X. ’

Proof. Define pa;r : Co(X) = ZM (A/[>, payi(f)a+1) = pa(fla+1 for f € Co(X)
and a € A. This is well defined since if a,b € A with a —b € I and f € Cy(X), then
pa(f)(a—>) € pa(f)I € I by Proposition A.18. The formula defining 14/, is clearly a

x-homomorphism.

Note that if (f,) is an approximate unit for Cy(X), then non-degeneracy of pa tells us
pa(f,)a — a for all a € A. Then

(palf)a —a) + 1| < [lpa(fi)a —all =0

and so jia/r(fy)(a+ 1) = a+ I. Non-degeneracy of ji4,; follows. Hence A/[ is a Co(X)-
algebra.

Define, for each x € X, the map

(“1),

L (47~ (A/JQCA)/(

L) @+ 1)+ (A7) = (a+ LA + g

We need to show this map is well defined. Note that here we view I/ J. IS A/ T A where

the inclusion is induced by the inclusion of I into A (see Proposition A.18).

Suppose (a + I) + J, (A/[> =b+1)+J, (A/[>, where a,b € A. We want to show

(@ —0b)+ J,A € ]/Jac]’ which is the case if and only if there exists an ¢ € I such that
(a —b)+ J,A =1+ J,A. This is the case if and only if there exists f € J,, ¢ € A such
that a — b — fc=1.

Since (a+ 1) + J, (A/[) — b+ 1)+ J, (A/[) then (a—b)+1 € J, (A/[), which means
there exists f € J,, ¢ € Asuch that (a—b)+1 = f(c+1)= fc+I. Thena—b— fcel,

and we conclude the map is well defined by the above paragraph.

This map is clearly a surjective *-homomorphism, so it remains to show injectivity. Sup-
pose (a+ 1)+ J, (A/ I) (where a € A) maps to the zero element under the above map.
Then a + J, A € ]/JII' Then there exists an ¢ € I such that a + J,A =i+ J, A, and
therefore there also exists an f € J,, b € A such that a —i = fb.

We want to show that (a + I) + J, (A/I> =0,ie.a+1€J, (A/]>. This is the case if
and only if there exists f € J,, b € A such that a+ 1 = f(b+ I) = fb+ I, which is the
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case if and only if there exists f € J,, b € A such that a — fb € I. We have exibited such
an f and b in the paragraph above.

To complete the proof, we see that for x € X the quotient map A/ T (A/ I> = Afv/ T,
is given by a + I + ev,(a) + I,. : O

Proposition A.20. Let A be a Cy(X)-algebra, and let p € A be a projection. Then pAp
is a Co(X)-algebra with fibres p(x)Axp(x). In particular if A is continuous then pAp is

continuous.

Proof. Note that if T € ZM(A), then T'(pAp) C pAp, and so T restricts to an element of
M (pAp).

We can then define a *-homomorphism 1,4, : Co(X) = ZM (pAp), f = pa(f)],a,-

For each z, restrict the evaluation ev, to pAp. This is clearly a surjection onto p(x)A,p(z).

We need to look at the kernel of the evalutation map to identify the fibres.

We have Ker(ev,|,,,) = pAp N Ker(ev,) = pAp N J,A. We will show Ker(ev,|,,,) =
JupAp = pJo Ap.

If d € pAp N J, A, then d = fc = pap for some f € J,, a € A and ¢ € A. Then
pfep = ppapp = pap = d. Therefore d € pJ, Ap.

If d € pJ.Ap, then d € pAp, and d € Ker(ev,), so d € Ker(ev,|,,,). Therefore we must
have Ker(ev,|,,,) = pJ. Ap.

The continuity statement is then obvious. O]
For the next result concerning subalgebras, we need to understand the irreducible repre-

sentations of a Cy(X)-algebra. We will state the following well-known result without proof
(see [89, Proposition C.5] for the statement).

Theorem A.21. Let A be a Cy(X)-algebra. Then every irreducible representation of A

is lifted from an irreducible representation of a fibre A, for some x € X. In particular,
Spec(A) = |_| Spec(A,)

as sets.

Proposition A.22. Let A be a Cy(X)-algebra, and let I C A be an ideal. Suppose I, = A,
forallx € X. Then I = A.
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Proof. The spectrum Spec(A) is as a set the disjoint union of Spec(A,) by Theorem A.21.
Therefore Spec(A) = Spec(I). In particular, no irreducible representations of A vanish on

I, and so [ is not contained in a primitive ideal of A. Therefore we must have I = A. [

Let us conclude this section by considering an extension of Proposition A.22 for subalgebras
of continuous fields due to Dixmier, [17, 11.5.3]. It should be viewed as an analogue of the
Stone-Weierstrass theorem for continuous fields. It is based on a Stone-Weierstrass result
for C*-algebras due to Glimm, [28, Theorem 1]. We state it without proof.

Theorem A.23. Let A be a continuous field over X. Suppose B C A is a C*-subalgebra,
and for x1,x9 € X and a; € Ay, a9 € Az, (where we require a; = ay when x1 = x3) there
exists b € B with b(x1) = a1, b(zy) = as. Then B = A.

A.3 K-Theory and Continuous Fields

The results in this section are folklore, and we provide our own proofs.

We can restrict Cy(X)-algebras to open or closed subspaces of X. That is, if A is a
Co(X)-algebra, and V' is an open or closed subspace of X, then we will define Al,,, the
restriction of A to V, which is a Cy(V)-algebra. First, we will motivate this definition
by considering the most basic Cy(X)-algebra, Cy(X). We would expect the restriction of
Co(X) to V in either case to be Cy(V).

Proposition A.24. Let V' be an open subset of X. Then Co(V) C Co(X), by extending
Co-functions on V' by zero on X \ V. Furthermore

Co(V)=Z{feCo(X) | f(x)=0 forallz € X\ V}.

Proof. Let f € Cy(V'). We check that we can extend f from V to X by setting f(z) =0
for x € X \ V. The only potential points of discontinuity are on dV. Since V' is open
avnv =0.

Let € > 0 and x € JV. There exists a compact set K C V such that for all y € V '\ K,
|f(y)| < €. Since K is compact in V', K is compact in X, and in particular closed in X,

but K does not contain x. Therefore there exists an open neighbourhood U, of x such
that U, N K = 0. Then for all z € U, NV,

[f(z) = (@) = [f(2)] <e

and so the extension to X is continuous.
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For the stated isomorphism, we need to show that a function f € Cy(X) that vanishes for
all x € X \ V vanishes at infinity in V. Let § > 0. Let us find a compact set K C V such
that for all z € V' \ K, |f(x)| < 0. There exists a compact set C' C X such that for all
r e X\C, |f(x)] <d. It may not be the case that C' is contained in V', so we will show

we can make C' slightly smaller to ensure it is contained in V.

Since V' is open, dV is disjoint from V', so f vanishes on dV. For each point x € 9V, there
is an open neighbourhood U, of z in X on which |f(2)| < ¢ for all z € U,. By taking
the union of all these sets, we obtain an open neighbourhood U of the boundary of V' on
which |f(z)| < 6. The complement of U, which we denote by W, is closed in X. Note
that by construction W N oV = (.

By the definition of the subspace topology, C’ :== CNVNW is a closed subset of C' because
VAW is closed in X. Hence C” is compact. But €’ is contained in V because VUV =V
since V is open, so C' =CNVNW =Cn(VUIV)NW =CNV NW. Therefore C’ is
a compact subset of V', and by construction, for x € V'\ C’, |f(z)| < 0. ]

Proposition A.24 suggests we could try to define the restriction of a Cy(X)-algebra to an
open subset V' C X considering the subalgebra of elements of A that vanish (when viewed
as sections) outside of V. The following proposition gives us a concrete way of describing

the algebra of such sections.

Proposition A.25. Let A be a Cy(X)-algebra, and suppose V- C X is open. Then
{a€A|a(x)=0 forallze X\V}=Cy(V)A (A.2)
where Co(V') C Co(X) as functions that vanish outside of V.

Proof. By Proposition A.24, Cy(V')A is contained in the left hand side of (A.2). We will
show that Cy(V')A is dense in the left hand side of (A.2), from which the result follows.
Note that for elements a in the left hand side of (A.2), the function z + [|a(z)|| ,, vanishes

at infinity in V. This is by essentially the same argument given in the proof of Proposition
A.24.

Let € > 0. Then there is a compact set K C V' such that [a(y)[|,, < § forallz € V'\ K.
By Urysohn’s Lemma, there exists a continuous function f € C.(X) such that 0 < f <1,
f =1on K and Supp(f) C V. In particular, f € Co(V) by Proposition A.24 and by

construction ||ja — fal| , < e. The result follows. O

Now we consider the case of closed sets. Extension by zero no longer works. However we

can view Cy(V') as a quotient of Cy(X).
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Proposition A.26. Let V be a closed set. The restriction homomorphism
res : Co(X) — Co(V)
15 surjective, has kernel
Ker(res) = Co(X \ V)Co(X)

and
Co(V) = CO(X)/JVco(X)'

where Jy C Co(X) is the ideal of functions in Cy(X) that vanish on V.
Proof. Let f € Cy(X). Note that since V' C X is closed, the inclusion map is proper, and

so we obtain a surjective *-homomorphism Cy(X) — Cy(V') given by the restriction map.
The kernel is

Ker(res) = {f € Co(X) | f(z) =0forallz € V} = Co(X \ V)Co(X) = JyCo(X)

by Proposition A.25 and Proposition A.24, and the final statement follows from the first

isomorphism theorem. O

We are then prompted to make the following definition.
Definition A.27. Let A be a Cy(X)-algebra. Let V' be a subspace of X.
(a) If V' is open, define A, := Cy(V)A.

(b) If V is closed, define A|,, := A J,, A» where Jy is the ideal of functions in Cy(X)

vanishing on V.

We can then see from our general results about quotients and ideals in Propositions A.18
and A.19 that the restriction of a Cy(X)-algebra A to an open or closed set is again a
Cp(X)-algebra. For open subsets, we can easily see that (A|,,) = A,, and for closed
subsets, we note that

(JyA)e =0

because if x € V, all elements of Jy evaluate to zero. Therefore (A|), = A"VO = A,.
Since the evaluation maps to each fibre are the usual ones, if A is continuous, then A, is

continuous.

Example A.28.
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(a) Let D be a fixed C*-algebra and let A = Cy(X, D). Let V be an open or closed
subspace of X. Then A|,, = Cy(V, D). Indeed, if V' is open, we have

Aly = Co(V)Co(X, D) = Co(V)Co(X) @ D = Co(V, D)

by Propositions A.25 and A.24. If V is closed and Jy, denotes the ideal of functions
in Cy(X) vanishing on V', then

JVCO(X, D) - C()(X \ V)Oo(X, D)
by Proposition A.24. The surjective restriction map Cy(X, D) — Cy(V, D) then has
kernel JyyCy(X, D) by Proposition A.25, and so

Al = GoX, D>/JVCO(X7D> =~ Cy(V, D).

(b) Let A:={f € C([0,1], M2(C)) | f(0) is diagonal}. Then

Al o = Co((0, 1)) A = Co((0, 1], M3(C)).

Part (b) of Example A.28 is special in the sense that we took a non-trivial field and upon
restriction obtained a trivial field. In the above example, we say A is trivial away from
0 in [0,1]. The following proposition allows us to obtain maps in K-theory from such

algebras.

Proposition A.29. Let A be a C([0,1])-algebra. There is a short exact sequence of C*-

algebras

0 —— Al » A 2 A > 0.
If Ao, is a trivial field, then there is an induced map in K-theory
K.(Ap) — K.(Ay)
fort > 0.

Proof. For exactness at A| (0.1]> Dote that this algebra may be viewed inside A because
(0,1] is open in [0,1]. We have Ker(evo) = {a € A | a(0) = 0} = A ,; by Proposition
A.25, which is exactness at A. Surjectivity of evy is immediate and so we have exactness
at Ao.
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This short exact sequence induces a 6 term exact sequence in K-theory

Ko(Alg) — Ko(A) ——— Ko(Ao)

I !

Ki(Ag) ¢ Ki(A) +—— Ki(Algy)-

Since Ao is a trivial field, then for t > 0, A, = B, a fixed C*-algebra, and A =
Co((0,1], B). This is homotopy equivalent to the zero C*-algebra (see [87, Proposition
6.4.7 and Proposition 7.1.6]), which has vanishing K-theory. In the above 6 term sequence

we obtain an isomorphism K,(Ay) = K.(A). Following by the induced map ev, for t > 0
we obtain a map K,(Ag) — K.(A). O

The induced map behaves as one might expect on trivial fields over [0, 1].

Proposition A.30. Let D be a fized C*-algebra, and let A = C([0,1], D). Then the map
induced by A in K-theory, K.(D) — K.(D), is an isomorphism.

Proof. The induced map in K-theory makes

evg evy

K.(D) » K.(D)

commute. It therefore suffices to show that the map induced by evaluation at 1 is an
isomorphism. This is an isomorphism by exactly the same reason that the left arrow is an

isomorphism - we use the six-term exact sequence on

0 —— Cy([0,1), D) y A % D

~
o

and use the fact that Cy([0,1), D) = Cy((0, 1], D) is contractible. O

Let us conclude this section by giving a concrete description of the map provided by
Proposition A.29. We start with the case of A a unital continuous C([0, 1])-algebra such

that A|(0 ) is trivial. Note that in particular in this case each fibre of A is unital.

Lemma A.31. Let A be a unital continuous C([0,1])-algebra such that Al ) is trivial.
Let n € N and p € M,(Ay) be a non-zero projection. Then there exists a projection
q € M,(A) such that evo(q) = p.

Proof. We can find a positive element a € M, (A) such that evo(a) = p because evy is
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Figure A.1: The graph of y = 2% — x.
surjective. We have that
0,1] 5 R, ¢ [levi(a® — a)”At
is continuous, and ||evq(a® — a)ll4, = Ip? —pll4, = 0. Therefore for € > 0, there exists a

0 > 0 such that if t <9,

|evi(a® — a)HAt < e.

Now for each t € [0, 1], since ev,(a) € M, (A;) is positive, it is normal, and so C*(ev¢(a)) C
M, (A;) is commutative. Therefore there exists a locally compact Hausdorff space X such
that C*(evi(a)) = Co(X). If evy(a) is identified with f € Cy(X), then Spec(evi(a)) =
Spec(f) = Im(f) U {0}. We have

Hevt(az—a)HAt <e = ||[fP-f||<e = —e<f(x)*—f(z) <eforallze X.

In particular, for all s € Spec(evi(a)), —¢ < s* — s < e. If we choose ¢ sufficiently small
(in fact, € < 1), then we see that Spec(ev(a)) C [0, 1] has a gap which includes s = £ (see

2
Figure A.1).

Therefore there exists § > 0 such that for all ¢ < 4, Spec(evy(a)) does not include 1. For
t > 6, we can redefine a so that ev;(a) = evs(a). This still defines an element of M,,(A)
by the triviality of the field away from zero. In particular, we have that a is a lift of p
and because Spec(a) = Usejo,1) Spec(eve(a)) by Proposition A.6, Spec(a) does not contain

5. In particular, the function

0 t<
X:R—=>C, t—

N= N

1 t>

is continuous on Spec(a) and so we may define ¢ := x(a) € M,(A) by the continuous
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functional calculus. The result is a projection, and we have

evo(q) = evo(x(a)) = x(evo(a)) = x(p) =p

because x = id on Spec(p) = {0, 1}. O

From Lemma A.31, the class of a projection p € M,,(Ay) in Ky(Ay) can be lifted to the
class of the projection ¢ € M, (A) with evg(q) = p, and then under the map given by
Proposition A.29, the class [p]o is mapped to [evi(q)]o. Note that by the definition of the
map, the result is independent of the choice of lift g.

We can carry out an entirely similar argument for K as follows.

Lemma A.32. Let A be a unital continuous C([0,1])-algebra such that Al ) is trivial.
Letn € N and u € M, (Ap) be a unitary. Then there exists a unitary v € M, (A) such that

evo(v) = u.

Proof. The proof proceeds in much the same way as the proof of Lemma A.31. We will

only highlight the main ideas.

We can find a lift b € M,,(A) of u. For t € [0, 1] small, we have
levi(bb —1)|l,, <1, |leve(bb™ —1)[|,, < 1.

In particular, ev,(b*b) and ev,(bb*) are invertible for ¢ small, and so ev,(b) is invertible for
t small. By redefining b constantly at some point away from 0, we can assume that evy(b)

is invertible for all ¢, and hence we can assume b is invertible by Proposition A.6.

We now note that v = b|b| ™! € A is unitary (the polar decomposition of b is b = v|b|), and

we have evy(v) = u. O

From Lemma A.32, the class of a unitary u € M, (Ap) in Ky(Ap) can be lifted to the class
of the unitary v € M,,(A) with evg(v) = u, and then under the map given by Proposition
A.29, the class [u]; is mapped to [evy(v)];. Note that by the definition of the map, the

result is independent of the choice of lift v.

We finish by considering the non-unital case. We have the following result.

Lemma A.33. Let A be a non-unital C([0, 1])-algebra such that Al is trivial. Then
Aé([o 1) 15 trivial, thus inducing a map in K-theory

(0,1]

K.(Ag) = K.(AY).
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The induced map K.(Ao) — K.(A1) from the triviality of Al ) is a direct summand of
the above map K.(A$) — K.(A]).

Proof. For the first point, we note that

Aoy = Co((0,1])(A+ C([0,1])) = Co((0,1])A + Co((0,1]) € M (A& C([0,1])).

(0,1]

Since Co((0,1])A = Co((0, 1], A1), we have Al
A.16.

>~ (Op((0,1], A), c¢f. E 1
) 0.1] 0(( ) ]7 1)7 C Xample

For the second point, by Lemma A.14, we have the split exact sequence

0 > A » Aboyy — C([0,1])) —— 0

*
i

and so we obtain an isomorphism K*(AZ*([O ) = K (A) @ K.(C([0,1])). Now consider the
evaluation maps
evi : A

+
(o1 — A

for ¢ € [0, 1], which restrict to the usual evaluation maps on A and C([0,1]). We then

have the following diagram

K.(AY) = K.(A;) @ K.(C)
K.(A o) = K.(A) @ K.(C([0,1]))
K.(A) = K. (Ay) @ K.(C).

The first column describes the map K, (Aj) — K.(A]), and the second describes the map
K,(Ap) — K.(A;), and the result follows. O

A.4 Tensor Products, Group Actions and Crossed
Products

In this section we collect together some general results about constructing new Cy(X)-
algebras from old, by means of taking tensor products and letting groups act on Cy(X)-

algebras.
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We start with tensor products. This theorem tells us we can take a C(X)-algebra and take

the tensor product with a fixed nuclear C*-algebra and obtain a new Cy(X)-algebra. Parts

(a) and (b) are originally in [42, Section 2.2], and parts (c) and (d) are straightforward

extensions.

Theorem A.34. Let A be a Cy(X)-algebra and D be a fized nuclear C*-algebra. Then

(a) A® D is a Cy(X)-algebra with fibre A, ® D at v € X.

(b) If A is continuous, then A® D is continuous.

(¢) If V.C X is open then (A® D)|,, = Al,, ® D.

(d) If V C X is open and Al is a trivial field, then (A ® D)|,, is a trivial field.

Proof.

(a)

For the proof of part (a), we adapt [42, Lemma 2.4 and Lemma 2.5].

Let f € Co(X). Then pa(f) € ZM(A). Then
pa(f)®id: A® D - A® D

is a central multiplier of A® D, and pagp : Co(X) = ZM(A® D), f+— pa(f)®id

is a non-degenerate *-homomorphism.

Consider, for each x € X, the short exact sequence

e

0—— J,A y A > A,

Since D is nuclear, minimal tensor products are the same as maximal ones. Therefore

we have an exact sequence
0 —— (bkA®D — A®D — A, @D —— 0,

see [3, 11.9.6.6]. Note that pagp(J.)(A® D) = (J,A) ® D. Therefore (A® D), =
A, ® D, and the evaluation map is ev, ® id.

We assume that A is continuous. Upper semicontinuity of A ® D is immediate from
Proposition A.7. For lower semicontinuity, we use Lemma A.9. Let X’ C X be
closed and Y be dense in X’. Then by Lemma A.9 the family of x-homomorphisms
{pz}zey as defined just before the Lemma is a faithful family on evy:(A). Then
taking tensor products we see that {p, ®id},cy is a faithful family on evx/(A)®@ D =
(evx ®id)(A®D). Then applying Lemma A.9 again we see that A® D is continuous.
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(c) We have
(A® D), =Co(V)(A® D) = (Co(V)A)®@ D = A|, ® D

as required.
(d) This follows immediately from part (c). O
We will be interested in constructing Cy(X )-algebras when groups act on them. Let us
first introduce some terminology which first appears in [73, Definition 3.1].

Definition A.35. Let G be a locally compact group, and A be a Cy(X )-algebra. Suppose
a: G — Aut(A) is an action of G on A, and that

a,(J,A) C J,A

for all g € G and x € X. Then « is said to be a field of actions of G on A.

Remark A.36. If A is a Cy(X)-algebra and G is a locally compact group that acts on
A as a field of actions, then « induces an action of GG on each fibre of A, justifying the
terminology. Indeed, if z € X, then we define o : G — Aut(A,) by

ag(a+ J.A) == ag(a) + J.A

for a € A and g € GG. This is well-defined because if a + J,A = b+ J, A for a,b € A, then
a—be J,A and so ay(a —b) € ay(J,A) C J,A. Note that the definition above can be

rewritten as

eva(ay(a)) = af(ev,(a)).
For finite groups, we have the following general result. This is a folklore result but we
note that a generalization to compact groups is present in [15, Lemma 1.7].

Proposition A.37. Let G be a finite group, and A be a Co(X)-algebra on which G acts
by a field of actions .

(a) The fized point algebra A% is a Cy(X)-algebra, with fibre (A%), = AY at z € X.
(b) If A is continuous, then AY is a continuous field.
(c) If V C X is open, then (A],) = (A9)],.

(d) If V C X is open and Al,, is a trivial field, then (AG)|V is a trivial field.

Proof.
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(a) If a € A, f € Cy(X), and g € G, we have, for all z € X,

and so o, (fa) = fa,(a). Therefore if a € A%, then fa € AY. Therefore pi4 restricts

to a Cp(X)-action on AC.

Clearly the evaluation map to the fibre at x € X is given by the restriction of ev,
to AY. The image is contained in A by Remark A.36. To see that ev,(AY) = A,

we use an averaging argument. Define for a € A the averaging map

av(a) := |G|Zag EAG

geG

If v € AY, then there exists a € A such that ev,(a) = v. Then

€ & CL Ze « CL ZO& € CL ZU_U
valavle) = jap 2 velon(®) = 1y e

geG geG geG
and so (AY), = AS.
(b) This is immediate because A€ C A.

(c) Note that G acts on the restriction A|;, by the calculation in part (a). We have
A% = Co(V)AT = (Co(V)A)T = (Aly)¢

again by the calculation in part (a), as required.

(d) Finally, if Al is trivial with constant fibre D, then by part (c), (A%) ’V = Cy(V, DY),

whence (A%)|  is trivial.

v

O

Finally we turn to crossed products. Results about crossed products first appear in [73,
Section 3]. In [42, p.g. 682], Kirchberg and Wassermann indicate that there is the following

result (without proof). One can find a complete statement and proof in [89, Corollary 8.6].

Theorem A.38. Let A be a Cy(X)-algebra and let G be an locally compact group. Suppose
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G acts on A by a field of actions. Then
(a) G xy A is a Cy(X)-algebra with fibres G Xqe A,.
(b) If A is continuous and G is amenable, then G X, A is continuous.
(b) If V.C X is open, then (G xq A)|,, =2 G xq Ay,

(¢) If V.C X is open and Al is a trivial field, then (G x, A)|,, is a trivial field.

Proof. For parts (a) and (b) we refer the reader to [89, Corollary 8.6]. However, we should
note the Cy(X)-action on G x,, A is given by

HGx oA - CO<X) — ZM(G Xa A)7 (/vLGlxaA(f)g)(S) = MA(f)g(S)

for f,g € C.(G,A) CG x4 Aand s €G.

(c) We have
(Gxa Ay =Co(V)(G xq A) =G xq Co(V)A =G %, Ay,

as required. Note that in the second equality we use [89, Lemma 3.17].

(d) This follows immediately from part (c). O

A.5 Weights and Continuous Fields

In this final section, we consider Cy(X )-algebras with weights on each fibre and give a
sufficient condition for continuity of the Cy(X)-algebra which is described in terms of
the weights. We start with a brief recap of weight theory on C*-algebras. Weights were
originally introduced by Combes in [10]. There are a few sources in the literature that
describe the theory of weights - see for example [3] and [63] - and we will state, without

proof, results from these sources.

Definition A.39. Let A be a C*-algebra. A weight on a C*-algebra is a map ¢ : A, —

[0, oo] satisfying the following conditions.
L. ¢(Aa) = A¢p(a) for all a € Ay and A € Ry,.
2. ¢(a+b) =¢(a) + ¢(b) for all a,b e Ay.

Remark A.40. For a weight ¢ on a C*-algebra A, we have ¢(0) = 0. This is because
#(0) = (04 0) = ¢(0) 4+ ¢(0), using the second condition of Definition A.39.
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The prototypical example to bear in mind is the case where A = L*°(R). Then the
Lebesgue integral [ : L>(R); — [0,00] is a weight. To a given weight, there are special

associated sets which we now define. The terminology is motivated from this key example.
Definition A.41. For a weight ¢ on a C*-algebra A, we define the following sets.

(a) M :={a€ Ay | ¢(a) < oo}, the positive ¢-integrable elements of A.

(b) Ny :={a € A| ¢(a*a) < ox}, the ¢-square-integrable elements of A.

(c) My = span /\/l;f, the ¢-integrable elements of A.

Proposition A.42. Let ¢ be a weight on a C*-algebra A. If a € A, and b € Ny, we have

o((ab)*ab) < lal|* (b*b).

It follows from Proposition A.42 that N is a left ideal of A.

Proposition A.43. Let ¢ be a weight on a C*-algebra A. Then we have the following.
(a) Mg is a x-subalgebra of A and My = span NjNj.

(b) There is a unique, positive, hermitian functional My, — C that extends ¢ on M7,
and we also call this extension ¢. This extension satisfies the Cauchy-Schwarz in-
equality

(@B < Bla’a)o(b'b),  a,be N,

Definition A.44. Let A be a C*-algebra, and let ¢ : Ay — [0, 00] be a weight on A. The
weight is said to be faithful if for a € A, ¢(a*a) = 0 implies a = 0.

We also have a GNS construction for weights.

Theorem A.45. Let A be a C*-algebra, and let ¢ : Ay — [0,00] be a weight on A. Then
there is a *-representation 7, of A on a Hilbert space Hy, and a linear map Ny : Ny — Hy
such that

¢(a’d) = (Ag(a), Ay(D)) a,

for a,b € Ny and such that ws(a)Ay(b) = Ag(ab) for a € A and b € N,. The Hilbert space

H, is the completion of the quotient inner product space
Hy =Nk,

where Ky := {a € Ny | ¢(a*a) = 0}. If, in addition, ¢ is faithful, then my is a faithful

representation.
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We will now consider Cy( X )-algebras where each fibre has a weight. We will need to restrict
attention to elements of these algebras which have desireable properties with respect to

the weight. This leads one to the following definitions.

Definition A.46. Let A be a Cy(X)-algebra with fibres {A,},ex. Suppose each fibre

carries a weight ¢,.

(a) We call a section a € A integrable if for each z € X, a(z) € M,,. We denote by
A the set of integrable sections in A.

(b) We call a section a € A square integrable if for each z € X, a(z) € Nj,. We
denote by A the set of square integrable sections in A.

Note that since M, is a x-subalgebra of A, by Proposition A.43, and N, is a left ideal
of A, by Proposition A.42, then A, is a *-subalgebra of A and A, is a left ideal of A.

We now conclude with the result concerning continuity.

Proposition A.47. Let A be a Cy(X)-algebra with fibres {A,}rex. Suppose each fibre

carries a weight ¢, and that the following conditions are satisfied.

1. For each v € X, the GNS representation my, : A — B(Hy,) associated to the weight
¢z (see Theorem A.}5) is injective.

2. For each a € A, the function X — C, x — ¢,(a(x)) is continuous.
3. Anq is dense in A.

4. For each x € X, the space {a(x) | a € Ny} is dense in Ny, in the Hilbert space

norm.

Then X — R, z — |la(z)] is lower semi-continuous (and hence continuous) for each

a€A.

Proof. Fix x € X, and let a € Ay Note that it is enough to prove continuity of the

€

norm map on Ay by the third condition and an g-argument. Since 7y, is injective, it is

isometric, and therefore

la(@)[l 4, = N7, (al))]]
= sup{|(hz, 74, (a(@)) k)| huy bz € Hy,, [[hal| < 1, [[Raf| < 1}

Let € > 0. Approximating this supremum we find h,, k, € Hy, of norm at most 1 such
that

la(z)[l4, — € < [(he, T, (a())Ka) | (1)
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By the GNS construction in Theorem A.45, there exists b, + Ky, ,c, + K4, € Hg, that

approximate h,, k, respectively. By an appropriate choice of b,, ¢, € Ny, , we can assume

| [, o, (a(2)) k)| = {0z + K, o, (a(2))(co + Ko, ))| | < €

by continuity of the inner product. In particular,

(P, o, (a(@)) Ra) | < [(br + K, g, (a())(ca + Ko, ))| + €. (2)

So by (1) and (2),

la(z)ll4, <[(bs + Ko, mo, (alx))(ca + Ko, ))| + 2€ = [(ba(x)ca)| + 2€ (3)

We can also use the fourth assumption to assume that b,, ¢, are evaluations of some
square integrable sections - i.e. there are square integrable sections b,c € A which have

evaluations b(z) = b, and ¢(z) = ¢, at z.

By the second assumption, there exists an open neighbourhood U of = such that for all
yeU,

Oy (b(y)*0(y)) < 14€  @ylc(y) ely)) <1+e |ou(blx) alz)c(x)) =y (b(y) aly)e(y))] <e,

where we have used the fact Ay is a left ideal of A to make sense of the third inequality
here. The third inequality implies |¢,(b(z)*a(x)c(z))| < |¢y(b(y)*a(y)c(y))|+€. Using this
n (3) gives, for y € U,

la(z)[ . < [@y(b(y)*aly)c(y))| + 3e.

Now note that, using Cauchy-Schwarz and Proposition A.42,

|6y (b(y) a(y)e())]* < ¢y (b(y) b)) by ((aly)e(y)) aly)e(y))
< lla()Is, 64 (by) b))y (c(y) c(y))
<1+ [lal)l, -

Putting all this together, and using the fact the quotient map A — A, is norm decreasing,

we get the estimate
la(@)lla, < lla(@)lla, (1 +€)+3e <lla()ll4, + ellla)lla, +3) < lla@)ll4, +(lal +3).

for y € U and lower semicontinuity follows. n
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